
ACTA
TECHAICA

A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

R E D I G I T :  M . M A J O R

T O M U S  7 3  

F A S C I C U L I  1 —  2

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  1 9 7 2 ACTA TECHN. HONG.



ACTA TECHNICA
S ZERKESZTŐ BI ZOTTSÁG

B A R T A  I S T V Á N ,  B Ö L C S K E I  E L E M É R ,  G E S Z T I  P.  O T T Ó ,
L É V A I  A N D R Á S

Az Acta Technica  a n g o l, fran c ia , n ém e t és orosz n y e lv en  közöl é rtek ezések e t a m ű szak i 
tu d o m á n y o k  köréből.

Az Acta Technica  v á lto z ó  te rjed e lm ű  fü zetek b en  je len ik  m eg , n ég y  füzet a lk o t egy 
k ö te te t.

A közlésre sz á n t k é z ira to k  a köve tk ező  cím re k ü ld en d ő k :

A cta  Technica
B udapest V ., M ü n n ich  Ferenc  u. 7.

U gyanerre  a c ím re  k ü ld en d ő  m in d en  szerkesztőségi és k ia d ó h iv a ta li  levelezés.
M egrendelhető a b e lfö ld  szám ára  az „A k ad ém ia i K iad ó ” -nál (B u d a p e s t V., A lk o tm án y  

u tc a  21. B ankszám la 05-915-111-46), a k ü lfö ld  szám ára  pedig  a „ K u l tú r a ”  K önyv- és H írlap  
K ülkereskedelm i V á lla la tn á l (B u d ap es t I ., Fő  u tca  32. B an k szám la : 43-790-057-181) vag y  
a n n a k  külföldi k ép v ise le te in é l és b izom ányosainá l.

D ie Acta Technica  v e rö ffen tlich en  A b h and lungen  aus dem  B ereiche der tech n isch en  
W issenschaften  in d e u ts c h e r , englischer, französischer u n d  ru ss isch er Sprache.

D ie Acta Technica  e rsch e in en  in H eften  w echselnden U m fanges. V ier H efte  b ilden  einen
B a n d .

D ie zur V e rö ffen tlich u n g  b es tim m ten  M anuskrip te  sind  an  fo lgende  A dresse zu sen d en :

A cta  Technica 
M ü n n ich  Ferenc u. 7.

B udapest V.
Ungarn

An die gleiche A n sc h rif t  is t au ch  jed e  fü r  die S ch riftle itu n g  u n d  den  V erlag b es tim m te  
K orrespondenz  zu r ic h te n . A b o n n em en tsp re is  pro  B an d : S 16.00.

B estellbar bei d em  B uch- u n d  Z e itu n g s-A u ß en h an d e ls-U n te rn eh m en  »K ultura« (B u d a ­
p e s t I ., Fő u tca  32. B a n k k o n to  N r. 43-790-057-181) oder bei se inen  A u s la n d sv e rtre tu n g en  
u n d  K om m issionären .



A C TA  T E C H N I C A

T O M U S 73 

IN D E X

A ntal, К . — Bella, I .:  P h o to -Io n iza tio n  w ith o u t  T herm al E q u ilib r iu m  in  C om bustion  
G as-P o tass iu m  W o rk in g  M edium  — P h o to io n isa tio n  a u ß e rh a lb  des te rm isch en  
L eich tgew ich ts in  R auchgas K a liu m -A rb e itsm ed ien  — Антал, K -, Болла, И. : 
Фотоионизация вне термического равновесия в магнитогидродинамической 
среде дымосых газав с к а л и е м .............................................................................................. 460

Barta, Е .:  R eflex ionsm essung  im  In f ra ro te n  zu r K en n ze ich n u n g  v o n  d iffu n d ie rten  
S ch ich ten  — In fra re d  R e fle x to m e try  fo r C harac teriz ing  D iffused  L ayers 
Барта, Э. : Измерение рефлексии в И К  спектре для характерис3ики диффун- 
дированных слоев .....................................................................................................................  445

B en ed ik t, О .: D ie nom o g rap h isch e  M ethode  d e r  B erechnung  k o m p liz ie rte r  m ag n e tisch er 
K re ise  hei d e r  A n w en d u n g  der e le k tro n isch e n  R ech en m asch in e  — T he N om o­
g rap h ic  C o m p u ta tio n  of C om plicated  M ag n e tic  Circuits w ith  C o m p u te r — Венедикт,
О.: Комбинация номографического метода расчета слож ны х магнитных цепей 
с применением електронной вычислительной машины .............................................. 3

B u dincsevits , A . :  D isp en se r C athodes w ith  H ig h  C u rren t D e n s ity  — Y o rra tsk a th o d e n  
m it ho h er S tro m d ic h te  — Будинчевич, А . : Катоды с непрерывным восстановле­
нием активного слоя и большой плотностью  т о к а ........................................................ 83

D ey, D . К . —D as, А .  К . :  T h erm al S tresses in  a  F in ite  T ran sv e rse ly  Iso tro p ic  H ollow  
C ircular C ylinder H e a te d  on th e  O u te r  C urved  Surface a n d  w ith  E n d s  in  Con­
ta c t  w ith  S m o o th  In su la tin g  P la te s  — W ärm esp an n u n g en  in  e inem  endlichen , 
in  de r Q u e rric h tu n g  iso topen, a n  f la c h e  W ärm e iso lie ru n g sp la tten  an sto ß en d en  
u n d  an  de r g e k rü m m ten d  A uß en fläch e  e rw ärm ten  leeren  K re iszy lin d er — Дей,
Д. К., Даш, А . К .:  Термическая напряж ение в некотором конечно изотроп­
ном по поперечному сечению полом круглом цилиндре, нагреваемом на его 
внешней кривой поверхности и соприкасающемся на его концах с плоскими 
термоизоляционными пластинами ......................................................................................... 434

D ziçcielak, R . : On th e  D e te rm in a tio n  of th e  C o n s ta n ts  o f a C o nso lidating  M edium  — Ü b er 
die E rm itte lu n g  d e r F estw erte  e ines B efestigungsstoffes — Дзнцнлак, P . : Опре­
деление постоянных некоторого усилителя  ..................................................................... 427

E rd é ly i, Е . A . :  M agnetic  F ie lds in  N o n lin ea r H e te ro p o la r  R o ta tin g  M achines — M agne­
tisch e  F e ld e r in  n ich tlin earen , h e te ro p o la re n  D reh m asch in en  — Эрдеи, Э. ; 
Магнитные поял в нелинейных гетерополярны х вращ ающ ихся машинах . . . .  291

F a lk , S .:  E in  ein faches I te ra tio n sv e rfa h re n  z u r  B estim m ung  d e r E ig e n w e rte  eines H e r­
m itesch en  (ree llsym m etrischen) M a tr iz en p a a re s  — A  S im plified  Successive 
A p p ro x im atio n  M eth o d  fo r D e te rm in a tio n  of th e  E ig en v alu es o f H e rm ite ’s (R eal 
S ym m etric) P a ir  o f  M atrices — Фальк, Ш. : Простой итерационный методй 
определения собственных значений матричной пары Т Е Р М И Т Е  (вещественно 
симетричной) ................................................................................................................................. 325

Geszti, Р . О. — Patkó, J .  • O verhead L in es w ith  In su la ted  P h ase  C o nducto rs — F re i­
le itu n g en  m it iso lie rten  P h a se n le ite rn —Гесши, П .О ., Пашко, Я- : Л иния воз­
душной электропередачи с изолированными фазовыми п р о вд о ам и ......................  265



H a jd ú , L . —Zahorán, J . :  R e c e n t  R esearch  R esu lts  in  th e  F ie ld  o f H e rm e tic a lly  Sealed 
M in iatu re  Z inc-S ilver S to rag e  B a tte rie s  — N eue  F o rsch u n g serg eb n isse  au f dem  
G ebiet der h e rm e tisch  versch lossenen  M in ia tu r-Z in k -S ilb e r-A k k u m u la to ren  — 
Хайду,Л., Захоран, Я ■ ■' Новые результаты исследований в области герметизиро­
ванных серебряно-цинковых ак к у м у л ято р о в ..............................................................  117

H o rvá th , L .:  D e te rm in a tio n  o f th e  O p tim u m  N u m b er o f F ilte r  P la te s  fo r F ilte r  Presses 
— B estim m ung d e r o p tim a le n  A nzah l de r F il te rp la t te n  v o n  F ilte rp re sse n  —
Хорват, Л. : определение оптимального числа фильтрующих элементов пресс- 
фильтров .......................................................................................................................................... 209

H o rvá th , L . : Role of C ost F a c to rs  in  th e  O p tim isa tio n  of F ilte r  P resses O p era tin g  a t  
C o n stan t P ressu re  D ie  R olle de r K o s te n fa k to re n  bei d e r O p tim ie ru n g  der 
F ilte rp ressen  m it k o n s ta n te m  D ru ck  — Хорват, Л .:  Ролч факторов расходов 
при оптимализации пресс-фильтров постоянного д а в л е н и я ...................................... 253

H u sz th y , L .:  Gear C a lcu la tio n  b y  U sing C om plex E xpressio n s — K o m p lex e  Schreib­
weise im  E n tw erfe n  v o n  Z ah n rä d ern  — Xycmu, Л. : Комплексное представле­
ние зубчатых колес при их проектировании ................................................................  360

M ichelberger, Р .:  B e rec h n u n g  d e r  d u rch  die F ertig u n g su n g en au ig k e iten  des Fahrgeste lls  
hervorgeru fenen  M o n tag esp an n u n g en  m it H ilfe  des M a trizen -K raftg rö ü en -V er- 
fah ren s — C alcu la tio n  o f M ounting  S tresses In d u c ed  b y  In a c c u ra te  M an ufac tu ring  
o f Vehicle F ram ew o rk s  w ith  th e  A id o f th e  M a trix  Force  M ethods — Михельбер- 
гер, П. : Расчет н апряж ений, образующисхя при сборке от неточного изготов­
ления конструкций транспортных ср ед ств ..................................................................  333

M u sp ra tt, М. A .:  N u m erica l A nalysis o f C ircu lar O rth o tro p ic  P la te s  — N um erische 
A nalyse von k re is fö rm ig en  o rth o tro p e n  P la t te n  — Mycnpam, M .A .:  Числовой 
анализ круглых ортотропных пластин ...........................................................................  397

M rs . К . Pásztor-Varga: O n  Som e M inim izing A lg o rith m s of B oolean  F u n c tio n s  — Ü ber 
einige A lg orithm en  fü r  d ie M inim ierung v o n  B ooleschen F u n k tio n e n  — Пастор,
Э. : О нескоторых минимализирующих алгоритмах функций Б у л я  .................. 316

P rohászka , J . : D e te rm in a tio n  o f th e  S te reo g rap h is  P o le  F igu res o f H e x ag o n a l C rystals 
w ith o u t P lo ttin g  — B estim m u n g  der ste reo g rap h isch en  P o lb ild e r v o n  hexagonalen  
K rista llen  ohne Z e ich n en  — Прохаска, Й . : Определение без черчения сте­
реографической конфигурации гексагональны х к р и с т а л л о в ...............................  278

R e m é n y i, К .:  In fluence  on  th e  Ig n itio n  of th e  In je c te d  F u e l E x e r te d  b y  H e a t  T ransfer 
and  M aterial M otion  — Ü b er die W irk u n g  de r W ärm e- u n d  S toffbew egung  au f 
die E n tzü n d u n g  des au s  d em  B ren n er s trö m en d e n  B ren n sto ffes  — Ремени, К . :
О воздействии движ ения тепла и материала на воспламенение топлива, отека­
ющего из форсунки ...................................................................................................................  143

R em én y i, К . : A nalysis o f  Ig n itio n  P rob lem s C oncern ing  S ta b ili ty  o f  B u rn e rs  in  P u lv er­
ized Coal C o m b u stio n  S y stem s — A nalyse  v o n  Z ü n d u n g sfrag en  in  e iner S ta u b ­
kohlenfeuerung  m it  R ü c k s ich t a u f  die B re n n e rs ta b ili tä t  — Ремени, К . : Анализ 
проблем воспламенения, возникающих в случае пылеугольных топок, с точки 
зрения стабильности пылеугольных г о р е л о к ............................................................  237

R oósz, А ,  — Fuchs, Е .:  A u flö su n g  e u tek tisch e r P h a se n  w äh ren d  des L ösungsg lühens in 
G uülegierungen — K in e tic s  o f th e  D isso lu tio n  of E u te c tic  P h a se s  in  Cast A lloy 
S tru c tu res  — Рос, А .,  Фукс, E. : К инетика растворения эвтектических фаз 
в структуре литы х сплавов .................................................................................................  195

Sebők, F .:  S ta t is c h e  U n t e r s u c h u n g  e in e r  lä n g s v e r s t e i f t e n  T o n n e n s c h a le  m it  g e le n k ig e m  
K r e isr a n d  d u r c h  A n w e n d u n g  F o u r ie r s c h e r  R e ih e n  — D e s ig n  A n a ly s is  fo r  a 
H i g ed  C ircu la r  C y lin d e r  w ith  A x ia l  R ib s  b y  th e  F o u r ie r  S e r ie s  M eth o d  — 
Шебек, Ф. : Статическое исследование цилиндрической оболочки с продольной 
жесткостью и с шарнирным круговым краем, применяя ряды Ф у р ь е .................  408

S in g er , D .:  N etw ork  T h e o ry  of B ar S tru c tu re s  — Ü b er die N e tzw e rk th eo rie  der S ta b ­
k o n stru k tio n en  — Сингер, Д . : О сетевой теории стерж новых конструкций 217



Szabó, J . —Rózsa, P .:  G roße V ersch ieb u n g en  v o n  S ta b k o n s tru k tio n e n  — Большие сме­
щения стержневых конструкциий .....................    53

Szőke, В .:  E lastisch e  Schw ingungen  in  W älzlagern , I I .  T eil — E la s tic  V ib ra tio n s in  
R olling B e am in g s , P a r t  I I .  — Сёке, Б .:  Эпастичные колебания подшипников 
качения, I I .  В ращ аю щ аяся масса не уравновешена относительно своей собст­
венной оси ...................................................................................................................................  61

Varga, L .:  D iscussion  o f th e  B en d in g  T h eo ry  of C ylindrical Shells o f  O rthogonally  
A nisotropic S tru c tu ra l  M a teria l, b y  In tro d u c in g  th e  D isp lacem en t F u n c tio n  — 
B ehandlung  d e r  B iegetheorie  v o n  zy lind rischen  S chalen  au s o rth o g o n al an i­
so trop ischem  M ate ria l m itte ls  E in fü h ru n g  de r V ersch ieb u n g sfu n k tio n  — Варга,
Л .: Трактовка теории изгиба цилиндрических оболочек из ортогонально анизо­
тропного конструкционного материала .............................................................................. 175

Weber, G y.: New M eth o d  fo r th e  D e te rm in a tio n  of D ifference O p e ra to rs  fo r P la te s  and 
Grids — E in  neu es V erfah ren  z u r  E rm itte lu n g  von  D ifferen zo p era to ren  in  Z u­
sam m enhang  m it  P la tte n  u n d  T räg e rro s ten  — Вебер, Д . : Новый метод опре­
деления дифференицальных операторов в связи с плитами и балочными ре­
шетками .......................................................................................................................................... 97

Zám bó, J . — M olnár, L . :  Causes o f th e  P a r t ia l  D issolu tion  o f th e  V an ad iu m  C on ten t 
in  th e  B ayer P ro cessin g  of H u n g a r ia n  B au x ite s  — U rsach en  des teilw eisen  In ­
lösungsgehens des V a n ad iu m g eh a lts  bei de r V e ra rb e itu n g  de r ung arisch en  B a u ­
x ite  nach  dem  B ay er-V erfah ren  — Замбо, Я -, Мольнар, Л .:  Причины расточ­
ного растворения содержания ванадия при переработке венгерских бокситов 
методом Байера ............................................................................................................................  151

K ECEN SIO N ES

B ogárdi, J . L .:  S ed im en t T ra n s p o rta tio n  in  A lluv ia l S tream s (S taro so lszk y , О .) ............  471

B e to n -K alen d e r 1971, T asch en b u ch  fü r  B e to n  u . S ta h lb e to n b au  u n d  die V e rw an d ten
F äch er (C sonka, P . ) ...............................................................................................................................  472

S á ly i, I . :  T echnische M ech an ik  B an d  1. E le m e n te  der K in e m a tik  (C hoinoky , T .) ................. 470

Szabó, J . —Roller, B . : T h eo rie  u n d  B e rec h n u n g  der S ta b k o n s tru k tio n e n  (R osznay , Á.) 469





ACTA
TECHNICA
ACADEMIAE SCIENTIARUM HE NGARICAE

R E D I G I T :  M . M A JO R

T O M U S  73

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  1 9 7 2



■
.

\



Acta Technica Academiae Scientiarum Hungaricae, Tomus 73 (1 — 2), jop. 3—51 (1972)

DIE NOMOGRAPHISCHE
METHODE DER BERECHNUNG KOMPLIZIERTER 
MAGNETISCHER KREISE BEI DER ANWENDUNG 

DER ELEKTRONISCHEN RECHENMASCHINE
O. B E N E D IK T *

O iilJ. M ITG LIED  D E R  (JNG. A KA D EM IE D E R  W ISS.

[E ingegangen  am  8. M ai 1972]

A u to r ist es v o r ku rzem  gelungen, d ie M öglichkeit der A n w en d u n g  se iner nom ograph i- 
sch en  M ethode — die er in  seinem  B u ch e: »Die nom ographische M ethode  d e r B erech n u n g  
k o m p liz ie rte r  u n d  s ta rk  g e sä ttig te r  m ag n e tisch en  K reise e lek trisch er M aschinen« (A kadem ie­
v e rla g  1960) beschrieben  h a t  — an  e le k tro n isch en  R ech enm asch inen  a u sz u a rb e ite n  u n d  h ie ­
d u rc h  diese M ethode q u a lita tiv  s ta rk  w e ite r  zu en tw ickeln . Zwecks B e le u ch tu n g  de r B e d eu tu n g  
d ieser T atsach e  ste llt A u to r in  seinem  A rtik e l in  k o m p rim ie rte r  F o rm  z u e rs t die M ängel der 
b ish e r ge leh rten  k lassischen B e rech n u n g m e th o d en  d a r u n d  zeigt n ach h e r auf, wie diese M ängel 
m it H ilfe  seiner nom ograph ischen  M eth o d e  in  e in facher W eise b eh o b en  w erden  k önnen . 
H ie ra u f  z ä h lt  er k ritisch  d ie b isher a n g ew en d e ten  M ethoden  der B e rech n u n g  g e sä ttig te r  m ag ­
n e tisc h en  K reise m it H ilfe der A n w en d u n g  e lek tro n isch er R ech en m asch in en  auf. E r z e ig t  jen e  
Schw ierigkeiten  auf, die die A nw endung  se in e r nom ograph ischen  M ethode a n  R ech en m asch in en  
b ish e r p ra k tisc h  v e rh in d e rte . Schliesslich e r lä u te r t  A u to r die v o n  ih m  v o r  k u rzem  en td e ck te  
M öglichkeit, die e rw äh n te  Schw ierigkeiten  in  e in facher W eise zu üb erw in d en .

E inleitung

Im  Ja h re  1960 ersch ien  im  V erlag  der U ngarischen  A kadem ie  d er W issen­
sc h a fte n  ein B uch  des A u to rs u n te r  dem  T ite l »Die nom og rap h isch e  M ethode 
d er B erechnung  k o m p liz ie rte r u n d  s ta rk  g esä ttig te r  m ag n e tisch e r K reise  
e lek trisch e r M aschinen«.

N u n  is t es Zweck des vorliegenden A u fsa tzes  zu zeigen, d aß  es dem  A u to r 
in n e rh a lb  der le tz ten  M onate gelungen  ist, die im  e rw äh n ten  B uche ausführlich  
sow ohl theo re tisch  als auch  an  H a n d  v ieler p ra k tisc h e r B eispiele e r lä u te r te  
nomographische Methode dadurch sprungartig  weiter zu entw ickeln, d a ß  die im  
B uche aufgezeigten neuartigen Zusam m enhänge und die a u f  ihrer Grundlage 
abgeleiteten , der Lösung kom pliziertester Probleme dienenden, einfachen I n ­
struktionen  a u f  eine elektronische Rechenm aschine übertragen werden können. 
H ie rd u rc h  w ird  der zeitliche A b la u f d er no tw end igen  no m o g rap h isch en  V er­
fa h re n  in  au ß ero rd en tlich  hohem  M aße w eite r v e rk ü rz t u n d  die in  der p h y s i­
schen  u n d  geistigen S phäre  des B erechners liegenden  F eh le rq u e llen  sehr s ta rk  
v e rrin g e rt.

* P rof. Dr. 0 .  B e n e d i k t , S zépvölgy i u . 4 /b  B u d ap es t, I I . ,  U n g a rn

1 * A da Technica Academiae Scientiarum Hungaricae 73, 1972
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U m  die p ra k tisc h e  B ed eu tu n g  d e r M öglichkeit, d ie V orteile  der no- 
m ograph ischen  M ethode  m it denen der B en ü tzu n g  d er e lek tro n isch en  R echen­
m asch ine  zu v e rb in d en , voll w ürd igen  zu kö n n en , ist es notw endig , den Leser 
vorher an die w ichtigsten Ergebnisse des erwähnten Buches zu erinnern. A uf 
diese W eise möge ih m  b e w u ß t w erden , w elch große V orte ile  gegenüber den  
b ish e r u n te rr ic h te te n  »klassischen« M ethoden  der B erech n u n g  der m ag ­
n e tisch en  K reise e lek trisch e r M aschinen  die im  e rw ä h n te n  B uche a b ­
g e le ite ten  neuen  M eth o d en  b ed eu ten , die w ir zum  U n te rsch ied  von  den  am  
E n d e  des vo rlieg en d en  A ufsatzes e rw ä h n te n  »m aschinellen« M ethoden  v o r­
läu fig  als „m an u e lle”  nom ograph ische  M ethoden  b eze ich n e t w erden.

Im  folgenden so llen  in  sehr k o m p rim ie rte r  W eise die w ich tig sten  w issen­
sch aftlich en  E rg eb n isse  des e rw äh n ten  B uches au fg ezäh lt w erden .

A. Die sich in fo lge der m agnetischen Sättigung bei komplizierten  
K onfigurationen ergebenden Schw ierigkeiten der klassischen  

M ethoden der Berechnung m agnetischer K reise

1. Bild A l ze ig t schem atisch  B eispiele fü r  versch ied en e  G esta lten  fe r­
ro m ag n etisch er K ö rp e r , die p rak tisch  in  e lek trisch en  M aschinen  V orkom m en. 
H ie rb e i h an d e lt es sich  v o rläu fig  n u r  um  jen e  a lle re in fach sten  G ru n d g esta lten , 
d ie  dadurch  gek en n ze ich n e t sind , d aß  der Q u e rsch n itt längs der H öhe k o n s ta n t 
b le ib t (Bild A l, a) o der, wie in  säm tlich en  an d eren  F ä llen , sich m onoton  n u r

f g h 

Bild A l

in  einer b e s tim m ten  R ich tu n g  ä n d e rt. Selbst in  diesen e in fach sten  F ä llen  g ib t 
es n u r einen einzigen  F all, in  dem  die F rag e  der geom etrischen  K o n fig u ra tio n  
fü r  die k lassischen  M ethoden  keine S chw ierigkeiten  b e d e u te t. Dies is t der 
ejuaderföm ige K ö rp e r  gem äß Bild A l ,  a. B ezeichnen  w ir näm lich  den überall 
k o n s ta n te n  Q u e rsc h n itt  m it Q u n d  die H öhe des K ö rp ers  m it h, fe rn er den  
h in d urchgehenden  m agn etisch en  F lu ß  m it 0  u n d  die d u rch  le tz te ren  längs 
d e r H öhe sich ergebende  m agnetische  S p an n u n g  m it V, so kön n en  w ir die
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gegebene m agnetische  K enn lin ie  H  — f ( B )  der b e n ü tz te n  E isen so rte  au ch  als 
K ennlin ie

(A ,l)

au ffassen  u n d  d e ra r t  fü r  e inen  q u ad erfö rm ig en  K ö rp er m it be lieb igen  D im en ­
sionen  so fo rt zum  gegebenem  W e rt 0  d ie en tsp rechende  G röße V  b estim m en  
(oder u m g ek eh rt).

F ü r  säm tliche  d er ü b rig en  d er im  B ild  A l d a rg es te llten  F ä lle  v o n  b) 
bis i) is t ab er diese M ethode n ich t m eh r an w en d b ar, da sich  j a  Q längs der 
H öhe ä n d e rt. N ehm en  w ir vo rläu fig  den dem  B ild A l, b en tsp rech en d en  F all

Bild A2

eines keilförm igen  K ö rp ers , (B ild  A2) d er die H öhe h u n d  die L änge 
y  ■ l b esitzen  m öge, w obei y  den  E isen fü llfak to r  da rs te llt. D ie B re ite  bx m öge 
m it d er H öhe x  des b e tre ffen d en  Q u e rsch n itte s  linear v o n  d er k le in sten  
B re ite  b2 bis zu r g rö ß ten  b0 zunehm en .

S elbst in  diesem  e in fach sten  F a lle  b e s te h t im  allgem einen  die k lassi­
sche R ech en m eth o d e  d er B erech n u n g  d e r vom  F lu ß  0  e rzeu g ten  m ag n etisch en  
S p an n u n g  V  da rin , d aß  der K ö rp e r in  eine b es tim m te  A nzahl v o n  au fe in an d er 
fo lgenden  Teilen  ze rs tü ck e lt, diese als q u aderfö rm ig  a u fg e faß t, a u f  G ru n d  
d er G leichung (1) fü r  je d e n  m ittle re n  Q u e rsch n itt u n d  die angenom m ene  
T eilhöhe die en tsp rech en d e  T e ilsp an n u n g  b e s tim m t u n d  le tz te re  su m m iert 
w erden . W ie im  e rw äh n ten  B uche nachgew iesen  w urde, sind  b e i d ieser M e­
th o d e , w enn  m an  genaue R e su lta te  erzielen  w ill, m indestens e tw a  18 R ech en ­
o p era tio n en  d u rch zu fü h ren .

B e s te h t ab er die A ufgabe d a rin , zum  gegebenen W ert V  je n e  G röße 0  
zu b es tim m en , die ih m  bei der gegebenen  K o n fig u ra tio n  e n tsp r ic h t, so is t es
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offen b ar n o tw end ig , die o b en erw äh n te  u m stän d lich e  R ech n u n g  fü r v ersch ie ­
dene angenom m ene W erte  0  solange zu w iederho len , b is sich der gegebene 
W e rt V  e rg ib t. H ieb e i e rg ib t sich  die genügende G en au ig k e it e rst nach  e tw a  
44 R ech en o p era tio n en .

2. N och g rö ß ere  S chw ierigkeiten  tre te n  auf, w enn  —  was den allgem ei­
n en  F a ll d a rs te llt  —  gem äß  B ild  A3 eine N u t p a ra lle l zum  ferrom agnetischen  
K ö rp er (Zahn) g e sc h a lte t is t, w obei w ir w ieder vom  e in fach sten  Falle ausgehen  
w ollen, in  dem  d e r Z ah n  keilförm ig  is t u n d  die N u t p ara lle le  W ände b es itz t. 
B ezeichnen w ir die B re ite  der le tz te re n  m it 6, fe rn e r d en  aus dem  Z ahn  und  
zwei b e n a c h b a rten  N u th ä lf te n  b esteh en d en  als den  d e r N u ten te ilu n g  Tn e n t­
sp rechenden  Z ah n -N u t-B e re ich , so v e r te ilt  sich der d u rch  die le tz te ren  h in ­
du rchgehende F lu ß  0 T gem äß B ild  A4 a u f einen  Z ah n flu ß  <t>x und  einen 
N u ten flu ß  0 nx, w obei sich  deren  W erte  m it w ach sen d er H ö h e  x  in  sehr k o m ­

p liz ie rte r W eise ä n d e rn . D ie k lassische M ethode z e r te ilt  in  diesem  F a lle , w enn  
sie aus 0 T den  e n tsp re c h e n d en  W e rt V  b e rech n en  w ill, den  Z ah n -N u t-B ere ich  
analog  zu d er im  P u n k te  1 da rg e leg ten  M ethode in  eine R eihe von  längs der 
H öhe e in an d er fo lg en d en  T eilbereichen . D a  ab er in  d iesem  Falle au ß erd em  fü r 
jed en  der le tz te re n  das der H öhe x  en tsp rech en d e  V erhä ltn is  v o n  &xf&nx 
b e s tim m t w erd en  m u ß , v o n  dem  d er en tsp rech en d e  T eil der Größe V  a b h ä n g t, 
w ächst die Z ah l d e r n o tw end igen  R ech en o p e ra tio n en  w e ite r s ta rk  an . G em äß 
dem  im  P u n k te  1 G esag ten  w ird  ih re  Z ah l n och  w e it g rößer sein im  F a ll der 
u m g ek eh rten  A u fg ab e , aus e inem  gegebenen W erte  V  den en tsp rech en d en  
W ert 0 T zu b es tim m en .

3. N u n  is t  a b e r m it dem  e rw ä h n te n  Z ah n -N u t-B ere ich  in e lek trisch en  
M aschinen im  allgem einen  noch  der e n tsp rech en d e  T eil eines L u ftsp a lte s  
m agnetisch  in  R eihe  g esch a lte t, so d aß  es sich fü r  d en  B erechner n ic h t um  
einen Z ah n -N u t-B e re ich , so n d ern  u m  den im  B ild  A5 d a rg este llten  Z ah n -N u t-  
L u ftsp a lt-B e re ich  1— 2— 3 —4— 1 h a n d e lt. B e s itz t d e r L u ftsp a lt an  d ieser 
Stelle die D icke Ô, so v e rg rö ß e rt sich  die vom  F lu ß  0 T erzeug te  S p an n u n g  noch
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u m  einen  der G röße b und  dem  C arte rsch en  K oeffiz ien ten  en tsp rech en  W e rt, 
d er zusam m en  m it V  die zw ischen d er P o lfläche  und  dem  Z ah n g ru n d  w irk en d e  
S p an n u n g  e rg ib t, d ie w ir m it V 0 beze ich n en  wollen. O ffenbar w ird  n u n m e h r 
die A ufgabe, aus dem  gegebenen W e rt V n den  W ert @T zu bestim m en , noch  
w eit schw ieriger, als die im  P u n k te  2 e rw äh n te  A ufgabe, zu einem  gegebenen 
W ert V  die G röße 0 T zu  berechnen . D en n  im  F alle  des B ildes A5 w issen w ir

ja  e rs t g ar n ich t, wie sich  V 0 au f den  L u f ts p a lt  u n d  a u f  den  Z ah n -N u t-B ere ich  
a u fte ilt , das h e iß t, es is t n ich t n u r 0 T so n d ern  auch  V  u n b e k a n n t. L e tz te re  
S chw ierigkeit zeigt sich besonders in  je n e n  häu figen  F ä llen , in denen  die 
B reite  des L u ftsp a lte s  sich längs des U m fanges des L äufers v e rä n d e rt (B ild  
A6). U m  in  diesem  F a ll die V erte ilung  d e r L u ftsp a ltin d u k tio n  längs des U m -

7

fanges zu e rm itte ln , is t es no tw endig , fü r  jed e  N u ten te ilu n g  diese B erechnung  
g e tre n n t d u rch zu fü h ren . S tellen w ir u n s  v o r, daß  w ir fü r  den  Z ah n -N u t - 
L u ftsp a lt-B e re ich  6 — 7— 8 —9 fe s tg es te llt h ab en , w ie sich V 0 zw ischen den  
P u n k te n  1 u n d  2  bezw . 2  und  3 a u fte ilt u n d  schließlich  den du rch  diesen B e­
reich  h in d u rch g eh en d en  F lu ß  <Z>T b e s tim m t h ab en . D an n  ist o ffenbar der 
analog  d u rch  den  b e n a c h b a rten  Z ah n -N u t-L u ftsp a lt-B ere ich  4 — 5— 7— 6 h in ­
du rchgehende  F lu ß  k le in e r als <Z>T, d a  j a  d er m agnetische  W id e rs tan d  des 
Z ah n -N u t-B ere ich es derselbe, aber der m it d iesem  in  R eihe g escha lte te  m ag n e­
tische  W id e rs ta n d  des betre ffen d en  L u ftsp a ltte ile s  g rößer gew orden is t.
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W enn also sich unter dem sich verändernden L u ftsp a lt gleichzeitig viele N u tte i­
lungen befinden, so erkennen wir leicht, d a ß  eine so wichtige Aufgabe, wie z .B . 
die der B estim m ung  der Verteilung der L u ftsp a ltin d u k tio n  längs des Läufers  
einer Gleichstrommaschine fü r  die klassischen Berechnungsm ethoden sogar bei 
L e e r la u f einen ganz außerordentlich großen  A rbeitsaufw and bedeutet. I s t  die 
e rw ä h n te  V erte ilung  au ch  fü r versch iedene  B e las tu n g szu stän d e  festzu ste llen , 
so e rfo rd e r t jed e  B e la s tu n g  eine fü r  säm tlich e  N u ten te ilu n g en  vo llkom m en 
neue B erechnung , d a  ja  n u n m eh r in  irg en d e in e r beliebigen E n tfe rn u n g  ± y  
v o n  d e r P o lm itte  a n s ta t t  d er S p an n u n g  V 0 die S p an n u n g  V 0jr y A  w irk t, w obei 
A  d ie a u f 1 cm A n k e ru m fan g  en tfa llen d e  A m p ereb e lastu n g  d a rs te llt.

4. In  all den b ish e r e rw äh n ten  F ä lle n  h a n d e lte  es sich u m  die B estim ­
m u n g  d er m ag n e tisch en  S pannung , die einem  b es tim m ten  F lu ß  e n tsp ric h t 
(oder u m g ek eh rt) , also  u m  eine A ufgabe, die d er B erechnung  der einem  elek­
tr isc h e n  S trom  en tsp ech en d en  S p an n u n g  (oder u m gekehrt) analog  is t. W äh ren d  
ab e r im  allgem einen die le tz te re  A ufgabe le ic h t is t, weil die F o rm en  der e le k tr i­
schen  W id ers tän d e  als v e rh ä ltn ism äß ig  e in fach  u n d  ihre G röße im  allgem einen  
als k o n s ta n t an g en o m m en  w erden k ö n n en , zeig t sich, daß  die analoge m ag n e­
tisch e  A ufgabe g roße S chw ierigkeiten  b e re ite t . D abei h an d e lte  es sich b ish e r 
u m  v e rh ä ltn ism ä ß ig  ein fach  gefo rm te  m agnetische  K ö rp er oder B ereiche, 
w obei sich die S chw ierigkeiten  aus d er T a tsa c h e  ergaben , d aß  d er m agnetische  
W id e rs ta n d , also das V erhä ltn is  der m ag n e tisch en  S p an n u n g  zum  F lu ß , n ic h t 
k o n s ta n t  w ar, so n d e rn  von  der G röße des F lusses ab h ing . E s ist jedoch  
offenbar klar , daß  die sich fü r  die klassischen Berechnungsmethoden ergebenden 
Schw ierigkeiten m it der Zunahm e der K om pliziertheit der geometrischen K o n fi­
gura tion  in  einer im m er rascher zunehm euden W eise zunehm en m üssen und  
im m er weniger zu einer praktisch  brauchbaren Lösung fü h ren  können. Aus d iesem  
G ru n d e  ist es n ich t verw u n d erlich , d aß  hei einem  b es tim m ten  G rad  d er K om - 
p liz ie rh e it der g eo m etrisch en  K o n fig u ra tio n  es viele A ufgaben  gibt, die die 
klassische Theorie nicht nur nicht zu lösen im stande war, sondern sie — offenbar 
in E rken n tn is  ihrer Unlösbarkeit —  niem als als speziell denkbare A ufgaben  
fo rm u liert hat, obwohl die analogen Probleme bei elektrischen Strom kreisen allge­
m ein  bekannt und  äußerst einfach lösbar sind .

Diese in te re ssa n te  T a tsach e  sei an  H a n d  ein iger B eispiele aufgezeig t.
5. B e k an n tlich  is t es in  der E le k tro te c h n ik  im  allgem einen sehr e in fach , 

e inen  W id erstan d  v o n  gegebener K o n fig u ra tio n  d u rch  einen an d ern  von  g lei­
ch er G röße, ab e r vo llkom m en a n d e re r  K o n fig u ra tio n , zu erse tzen . D ieser 
A ufgabe w äre hei m agnetischen  K ö rp e rn  das folgende P ro b lem  analog : E in  
fe rro m ag n e tisch er K ö rp e r von  b e s tim m te r  K o n fig u ra tio n  m öge d u rch  einen 
a n d e rn  e rse tz t w erd en , der zw ar eine andere  K o n fig u ra tio n  b e s itz t, ab e r 
tro tz d e m  dem  e rs te n  m agnetisch  v o llk o m m en  äq u iv a le n t is t in  dem  S inne, d aß  
sein  m agn etisch er W id ers tan d  V/@ bei jedem  beliebigen W ert von  0  d ieselbe 
G röße an n im m t, w ie im  ersten  K ö rp e r.
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Diese interessante und  — wie wir sofort sehen werden — sehr wichtige 
Aufgabe wurde von der klassischen Theorie niem als als A ufgabe gestellt, offenbar 
weil der vollkom m en unübersichtliche Zusam m enhang zw ischen einer K o n fig u ­
rationsänderung und  der ihr entsprechenden Ä nderung  der magnetischen P ara ­
meter dieses vom  A u to r  zum  ersten M a l form ulierte Problem von vorneherein als 
gänzlich unlösbar erscheinen ließ .

6. D iese T a tsa c h e  h a t te  zu r Folge, daß  auch eine andere sehr wichtige 
A ufgabe, deren analoge bei elektrischen Strom kreisen im  allgemeinen äußerst 
einfach zu  lösen ist, f ü r  die klassische Theorie der Berechnung magnetischer K reise  
niem als gelöst u n d  vor dem A u to r auch niem als gestellt wurde. E s handelt sich  
um  die Ersetzung von in  Reihe geschalteten W iderständen durch einen einzigen  
äquivalenten. D a  es, wie soeben a u sg e fü h rt w urde, in  e lek trisch en  S trom kre isen  
prinzip ie ll sehr e in fach  is t, je d e n  der in  R eihe g esch a lte ten  e lek trischen  W ider* 
s tä n d e  einzeln d u rc h  einen  gleich großen, n u r anders gefo rm ten  zu erse tzen , so 
is t es n u r  se lb s tv e rs tän d lich , d aß  auch  die E rse tzu n g  säm tlich e r d ieser in  
R eihe  g esch a lte ten  W id e rs tän d e  d u rch  einen einzigen W id e rs ta n d  von  ä q u i­
v a le n te r  G röße a u f  e in fachste  W eise gelöst w erden  k a n n . V ollkom m en anders 
s te h t es aber m it d er ana logen  A ufgabe im  Falle d e r m ag n etisch en  K reise. 
H ier h a n d e lt es sich  u m  das P ro b lem , daß  solche fe rro m ag n e tisch e  K ö rp er, 
die in bezug a u f  den  d u rch  sie h in d u rch g eh en d en  F lu ß  m ite in an d e r in  R eihe 
g esch a lte t sind , d u rc h  einen  einzigen resu ltie ren d en  fe rro m ag n e tisch en  K ö rp er 
von  e infacher K o n fig u ra tio n  e rse tz t w erden  m ögen, d er d en  in  R eihe geschal­
te te n  K ö rp ern  in  dem  Sinne m ag n etisch  vo llkom m en ä q u iv a le n t sei, daß  das 
V erhältn is 27V j0  bei jedem  beliebigen Wert von  denselben  W ert annehm e, 
wie die Sum m e d e r in  den  e inzelnen  K ö rp ern  sich e rgebenden  versch iedenen  
W erte  Vj@. Da  —  wie w ir soeben gesehen haben —  die klassische Theorie sich  
niem als die Aufgabe gestellt hat, irgendeinen der einzelnen K örper durch einen  
äquivalenten von anderer K on figura tion  zu ersetzen, so ist es n ur selbstverständ­
lich, daß  das noch weit schwierigere Problem, mehrere solche K örper durch einen  
einzigen magnetisch äquivalenten zu  ersetzen, die klassische Theorie noch weniger 
im  Stande war zu  lösen, oder auch nur als Aufgabe zu  stellen.

Im  e rsten  A ugenb lick  k ö n n te  n a tü rlic h  die F rag e  a u fta u c h e n , ob n ich t 
v ie lle ich t die F o rm u lie ru n g  d ieser A ufgabe u n d  ihre L ösung  d u rch  die k lassi­
sche Theorie e in fach  deshalb  u n te rb lieb , weil diese A ufg ab en  keine p ra k t i ­
sche R ed eu tu n g  fü r  den  B erechner e lek trischer M aschinen  b esitzen ?

W ie aber die fo lgenden Beispiele zeigen werden, wäre nicht nur die Lösung  
der erwähnten A ufgabe von großer praktischer B edeutung, sondern es gibt auch  
eine Reihe von Problem en, die sehr wichtig, aber fü r  die klassische Theorie noch 
weit weniger lösbar sind .

7. B ild  A7 ze ig t den  in  A synchronm asch inen  seh r h äu fig  v o rkom m enden  
Z ahn  eines D o p p e ln u tro to rs . V ergleichen w ir ihn m it Bild A l ,  so sehen w ir 
so fo rt, d aß  er als die m agnetische  R eih en sch a ltu n g  v o n  v ie r E inze lkö rpern
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a u fg e fa ß t w erden k a n n , v o n  denen  zw ei den  im  B ild  A l ,  b gezeig ten  u n d  zwei 
d en  im  B ild A l, e gezeig ten  K ö rp e rn  en tsp rech en . Es is t fü r  je d e n  In g en ieu r 
m it p rak tisch em  Sinne k la r , w elch  große V orteile  es fü r  die B erech n u n g  dieser 
M asch in en art h ä tte , w en n  es z.B . m öglich  w äre, den  im  B ild  A7 gezeigten 
Z a h n  d u rch  einen einzigen  von  e in fach ste r G esta lt zu e rse tzen , der bei jed e r 
G röße  des d u rchgehenden  F lusses 0  d ieselbe m agnetische  S p an n u n g  V  längs 
d e r Z ahnhöhe H ervorrufen  w ürde , wie d er im  B ild A7 gezeigte kom pliz iert 
g efo rm te  Zahn.

8. D abei g ib t es sehr w ich tige p rak tisch e  A ufgaben , deren  Lösung 
fü r  die klassische T h eo rie  noch  w eit schw ieriger w äre als die im  B ild A7 an ­
g ed eu te te . D enn so, w ie es sich  im  F a lle  des B ildes A4 zeig te , s te h t  ja  vo r dem  
B erech n er niem als die F rag e  d er B estim m u n g  der im  Z ahne allein  sich a b ­
sp ie lenden  m ag n e tisch en  V orgänge, so n d ern  die A ufgabe b e s te h t d arin , die 
P a ra m e te r  des g e sam ten  Z ah n -N u t-B ere ich es zu b es tim m en . Im  F alle  des 
Z ah n es gem äß B ild  A7 h a n d e lt es sich  also in  W irk lich k e it u m  die F ests te llu n g  
d e r P a ra m e te rv e rte ilu n g  in n erh a lb  des im  B ild  A8 a n g e d e u te ten  Z ahn -N u t- 
B ereiches 1—2— 3— 4, w obei ein  B lick  a u f  diese K o n fig u ra tio n  zeigt, um  
w ie v iel ko m p liz ie rte r sich  in  d iesem  F a ll die Z ahnflüsse  u n d  N u ten flü sse  zu ­
e in a n d e r v e rh a lten , als im  F a ll des B ildes A4. U nd  w enn  w ir die im  B ild A8 
s ich  ergebende A ufgabe  e x a k t w issenschaftlich  fo rm ulie ren  w ollen, so geh t 
h e rv o r , daß es sich hier nicht mehr um  die Ersetzung von in  Reihe geschalteten 
ferro m a  netischen K örp ern  durch einen einzigen magnetisch äquvivalenten K örper , 
sondern um  die E rsetzung  der m agnetisch n u n  hinsichtlich des F lusses 0 r in  Reihe 
geschalteten vier Z ahn-N u t-B ereiche  1— 2— 6— 5, 5— 6— 8— 7, 7— 8— 10— 9 
u n d  9— 10— 3— 4 durch einen einzigen magnetisch äquivalenten Z ahn-N u t-B e-  
sreich von einfacher K on fig u ra tio n  handelt. A u f  G rund des weiter oben Gesagten 
is t es nur selbstverständlich, daß  auch diese Aufgabe niem als von der klassischen  
Theorie form uliert wurde.
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D abei g ib t es noch viele an d ere  F ä lle , in  denen  die L ösung der soeben  
gesch ilderten  A ufgabe große p ra k tisc h e  B ed eu tu n g  besitzen  w ürde. Als B ei­
spiel sei d er im  B ild  A9 d a rgeste llte  F a ll gezeigt, d er in  den  v e rsch ied en sten  
A rte n  v o n  M asch inen  (z.B. G le ichstrom m asch inen  m it K o m p en sa tio n sw ick ­
lung , S yn ch ro n m asch in en  m it D äm pferw ick lu n g , usw .) v o rk o m m t u n d  
d a d u rc h  g ekennze ichne t ist, d aß  a u ß e r  den Z ah n -N u t-B ere ich en , die an

der P e rip h e rie  des R o to rs liegen u n d  d u rch  die A n bringung  d er R o t .  

o rw icklung  b e d in g t sind , auch  an  d er in n eren  O berfläche  des S tä n d e rs  
Z ah n -N u t-B ere ich e  angeo rdnet sin d , die d u rch  die A n bringung  b e s tim m te r  
en tsp rech en d er S ta to rw ick lu n g en  b e d in g t sind . In  d iesen  F ä llen  is t m it i r ­
gendeinem  Z ah n -N u t-B ere ich  des R o to rs  n ic h t n u r  d er en tsp rech en d e  T eil des 
L u ftsp a lte s  so n d e rn  auch noch d e r en tsp rech en d e  Z ah n -N u t-B ere ich  des 
R o to rs  m ag n e tisch  in  R eihe g escha lte t.

E s is t k la r , w elch große K om p liz ie ru n g  der B erechnung  dies b e d e u te t,  
da ja  in  d iesem  F alle  die vom  Z a h n g ru n d  im  R o to r b is zum  Z ah n g ru n d  im  
S ta to r  zu rech n en d e  S pannung  V 0 sich  a u f  d re i S ch ich ten  in  einer v o n  v o rn e- 
lierein  u n b e k a n n te n  W eise v e rte ilt. D a h e r is t es ab e r auch  k lar, w elchen  
großen  V orte il es h ä tte ,  w enn —  analog  zum  B ild  A8 —  die beiden  m ag n e tisch  
in  R eihe g esch a lte ten  Z ah n-N u t-B ere iche  des B ildes A9 d u rch  einen einzigen 
m agnetisch  ä q u iv a le n te n  Z ah n -N u t-B ere ich  von  e in facher K o n fig u ra tio n  
e rse tz t w erden  k ö n n te n  u n d  d e ra r t d er F a ll des B ildes A9 au f den e in fachen  
des B ildes A6 zu rü ck g efü h rt w erden  k ö n n te .

9. In  säm tlichen weiter oben behandelten Fällen des vollkom m enen V er­
sagens der klassischen Theorie handelte es sich darum , daß  ein F lu ß  durch m it 
einander in  Reihe geschaltete K örper oder Bereiche hindurchgeht. E  s g i b t  
a b e r  s e h r  w i c h t i g e  F  ä 11 e, in  denen der V erla u f der Flüsse noch weit 
kom plizierter is t und  hiedurch sich noch weitere, fü r  die klassische Theorie u n ­
lösbare, zusätzliche Probleme ergeben. E in en  in  der P ra x is  des M asch inenbaus 
sehr häu fig  v o rk o m m en d en  F a ll zeigen die B ilder AIO, a; AIO, b u n d  AIO c, 
u n d  zw ar den  d e r P o lvo rsp rünge  am  E n d e  des Polbogens.

W ir w ollen  ih n  in  drei Teile von  v e rsch ied en ere r G esta lt te ilen , in  den en  
sich, wie w ir s p ä te r  sehen w erden , ganz versch iedene m agnetische  V e rh ä lt­
nisse ergeben . A u f diese W eise lassen  sich  also drei Teile I , I I  u n d  I I I  u n te r ­
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sch e id en  (B ild AIO, a) v o n  denen  die Teile I  u n d  I I  den e igen tlichen  V o rsp ru n g  
b ild en , w ährend  der Teil I I I ,  obw ohl er e igen tlich  zum  P o lk ö rp e r gehört, in  
u n se re  U n te rsu ch u n g  m ite inbezogen  w erd en  m u ß , da  in n e rh a lb  dieses Teiles 
eben fa lls  ein Teil des m ag n e tisch en  S p an n u n g sab fa lle s  e n ts te h t , v o n  dem  im  
w e ite ren  die R ede sein  w ird.

B ezeichnen w ir (B ild AIO, b) die E n tfe rn u n g  zw ischen den  P u n k te n  
4 u n d  5, 5 u n d  6 hezw . 6 und  7 m it a, b bzw . c, jene  zw ischen den  P u n k te n  4

u n d  3 , 3 u n d  2, bzw . 2  u n d  1 m it d, e bzw . f ,  fe rn e r die p e rip h e ria l gem essenen  
E n tfe rn u n g e n  von  d e r P o lm itte  b is zu r M itte  der S treck en  a, b  bzw . c m it 
y , ,  y n  bzw . y n i (B ild  AIO, b) u n d  die F lü sse , die aus dem  A n k er in  die F la n ­
k en  a, b bzw. c e in tre te n , m it 0 yi, O yu  bzw . O y\\\ u n d  sch ließ lich  die S tre u ­
flü sse , die aus dem  zw ischen H a u p tp o l u n d  W endepo l b e fin d lich en  L u f tra u m  
d u rc h  die F lan k en  d, e, bzw . f  in die T eile I ,  I I  bzw. I I I  e in tre te n  m it 0 a \ ,  
0 O \ J bzw . 0<?ui (B ild AIO, a), so k ö n n en  w ir folgendes fests te llen .

D ie F lüsse u n d  0<Ti sind in n e rh a lb  des Teils I  gezw ungen, ih re R ic h tu n g  
zu ä n d e rn  u n d  in  p e rip h e ria le r R ic h tu n g  gem einsam  d u rch  den  d er L inie 3— 5

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



D IE  NOM OGRAPHISCHE M ETH O DE D ER  BERECHN U NG 1 3

e n tsp re c h e n d en  e ffek tiven  E ise n q u e rsc h n itt  in  den  K ö rp e r I I  e in z u tre te n . 
D a sich diese R ich tu n g sän d e ru n g  o ffen b ar a u f  säm tlich e  In d u k tio n s lin ie n  
d ieser beiden  F lü sse  bezieht, w irk t d er im  K ö rp e r I  en ts teh en d e  S p a n n u n g s ­
ab fa ll V\ (B ild AIO, c) offenbar län g s  d e r zw ischen P u n k t  4 u n d  der M itte  d e r 
L inie 3 — 5  zu d en k en d en  H öhe hi des Teiles I  (B ild  AIO, b). H ier u n d  im  
w e ite ren  m öge angenom m en w erd en , d a ß  die L in ien  3— 5, 2— 6 und  1— 7 
Ä q u ip o te n tia llin ie n  sind.

In n e rh a lb  des K örpers I I  t r e te n  zum  F lu ß  0 y i -)- 0O[ du rch  die F la n k e n  
b u n d  e noch die F lü sse  0 y u  u n d  0 a n  d azu , deren  In d u k tio n slin ien  o ffen b ar 
ih re  R ic h tu n g  in n e rh a lb  des E isen s ebenfalls än d e rn  u n d  zusam m en m it 
0 y i  -)- 0 a I d u rch  d en  der Linie 2 — 6 en tsp rech en d en  Q u ersch n itt aus dem  
I I - te n  in  den IH - te n  Teil übergehen. D er im  T eil I I  en ts teh en d e  S p a n n u n g s­
ab fa ll F n  w irk t o ffen b ar längs d er H ö h e  h\\ dieses Teiles. Schließlich e rg ib t 
sich  analog , d aß  d ie d u rch  die F la n k e n  c u n d  f  in  den  Teil I I I  e in tre te n d e n  
F lü ß e  0 y \ u  u n d  0 a \ \ \  sam t d em  F lu ß  0 y \  -)- 0 y u  +  0 a  i -(- 0 a \\  d u rc h  
d en  d er L inie 1— 7 en tsp rech en d en  Q u e rsc h n itt des Teiles I I I  einen längs 
d er H öhe km  dieses Teiles w irk en d en  S p an n u n g sab fa ll F m  h erv o rru fen  
w erden . Im  w eite ren  vere in ig t sich  d er F lu ß  0 y \  -j- 0 y \ \  -j- 0 y \ \ \  -p 0O \ -j- 
-p 0 a il ~p 0 a in  m it  den  übrigen T e ilen  des H au p tflu sse s  0 m  u n d  g eh t m it 
diesen zusam m en in  d er der S ym m etrie lin ie  jedes Poles para lle len  R ic h tu n g  
d u rch  den  P o lkern .

D u rch  das A u ftre te n  der m agn etisch en  S pan n u n g sab fä lle  Vi, V u  u n d  
F m  w ird  die B erech n u n g  der aus d em  R o to r  in  den  P o l ü b e rtre te n d en  F lu ß ­
te ile  0 y \ ,  0 y u  u n d  0 y \ \ \  zusätzlich  zu  den  im  Z u sam m en h an g  m it B ild A 6, 
g esch ild e rten  P ro b lem en  au ß ero rd en tlich  e rsch w ert. Im  F a lle  des B ilder A6 
is t fü r  jed e  E n tfe rn u n g  p y  von  d e r P o lm itte  die zw ischen Polfläche u n d  
Z a h n g ru n d  w irkende  m agnetische S p a n n u n g  F 0 +  y  • A  b ek an n t. Bei den  
g e sä ttig te n  P o lv o rsp rü n g en  en tfä llt s e lb s t diese B ed ingung . D an k  ih re r S ä t t i ­
gung  w ird  die zw ischen  die P o lfläche  u n d  den  N u tb o d en  en tfa llende  P o ­
ten tia ld iffe ren z  k le in e r  sein. Das A u sm aß  d ieser A b n ah m e h ä n g t von d er 
G röße des Flusses ab , d er durch  den  P o lv o rsp ru n g  h in d u rch g eh t. D ieser F lu ß  
h ä n g t seinerseits v o n  d e r Größe je n e r  T eilflüsse ab , die ü b e r die e inzelnen  
N u te n te ilu n g e n  aus d em  L äufer in  d ie  V o rsp rü n g e  e in tre te n : diese T eilflüsse 
h än g en  dagegen  v o n  d e r oben e rw äh n ten  P o ten tia ld iffe ren z  ab , die zw ischen 
dem  V orsp rung  u n d  dem  N utboden  e n ts te h t.

D as P rob lem  w ird  noch m ehr e rsch w ert d a d u rc h , d aß  zw ischen den aus 
dem  H a u p tp o llu f ts p a lt  kom m enden F lü sse n  0 y i ,  0 y \ \  u n d  0 y m  (B ild AIO, a) 
e inerse its , u n d  den au s d er Pollücke e in tre te n d e n  S treu flü ssen  0 a j, 0 a n u n d  
0 a u i an d e re rse its , e in  kom pliz ierter Z u sam m en h an g  b e s te h t.

W äre  der P o lv o rsp ru n g  n ich t g e s ä tt ig t ,  so ließen  sich obige beide F lu ß ­
teile  g eso n d ert u n te rsu ch en  und m an k ö n n te  an n eh m en , d aß  der w irkliche 
F lu ß  des V orsprunges d e ren  Sum m e is t . I s t  ab e r d er V o rsp rung , w ie dies z .B .
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bei Z u g m o to ren  h äu fig  d er F all is t, s ta rk  g e sä ttig t, so w irk t sich d er in  ihm  
a u f tre te n d e  m agnetische  S p annungsab fa ll n ic h t n u r au f die G röße d er F lüsse 
0 y ,  so n d e rn  auch  a u f  die S treuflüsse 0 a  au s. Fliezu ist noch  folgendes zu b e ­
m erk en .

D ie klassische M ethode h a t, w ie dies B ild  A l l  zeig t, ein  v o n  L e h m a n n  
u n d  R ic h t e r  en tw ick e ltes  M itte l a u sg e a rb e ite t, d u rch  das die G röße der 
e rw ä h n te n  S treuflüsse  v e rh ä ltn ism äß ig  e in fach  b es tim m t w erden  k a n n . H ie rzu

is t es n u r  n ö tig  —  u n te r  der A n n ah m e, d aß  die E rre g e rd u rch flu tu n g  d u rch  
e in e n  u nend lich  d ü n n e n  S trom belag  m it unend lich  großer S tro m d ich te  an g e­
d e u te t  w ird  —  das en tsp rech en d e  N e tz  v o n  Ä q u ip o ten tia l—  u n d  In d u k tio n s ­
lin ie n  zu b estim m en .

N u n  g eh t ab e r diese M ethode -von d er vere in fachenden  A n n ah m e aus, 
d a ß  die O berfläche des E isens e iner Ä q u ip o ten tia llin ie  e n tsp r ic h t, d .h . also 
z .B . zw ischen den  P u n k te n  3 u n d  4 k e in  m agnetischer P o te n tia lu n te rsc h ie d  
b e s te h t . In  W irk lich k e it b e s te h t ab e r, w ie w ir dies im  B ild . AIO, c fe s tg e s te llt 
h a b e n , zw ischen ih n en  der uns v o rlä u fig  u n b ek an n te  P o te n tia lu n te rsc h ie d  
V \. A nalog b e s te h e n  längs der S treck en  e bzw. f  P o te n tia lu n te rsc h ie d e  V  u  
b zw . V iu- D arau s fo lg t aber, daß  die G röße z.B . des S treuflusses 0 a j  in  W irk ­
lic h k e it b ed e u te n d  k le in e r sein w ird , als sich ohne B erü ck sich tig u n g  d e r  
G röße  V i +  V u  -)- V iu  aus B ild A l l  e rgeben  w ürde.

E s zeigt sich also nicht nur, d a ß  die Flüsse &y und  0 a  in  kom plizierter  
W eise a u f  einander einw irken, sondern auch eine große Schw ierigkeit, die zu  

fo lgendem  circulus vitiosus fü h rt:  So lange w ir die G rößen  F j , V u  bzw . V m  
n ic h t  kennen , s ind  u ns auch  die W e rte  d e r F lüsse 0 y , sowie der F lüsse 0 a  u n ­
b e k a n n t. A n d ererse its  k ö nnen  w ir d och  offenbar die W erte  V  n u r  d a n n  b e ­
s tim m e n , w enn die G röße der F lüsse  0 y  u n d  0 a ,  du rch  deren  G esam th e it d ie  
S p an n u n g sab fä lle  V i, V u  u n d  V m  h e rv o rg eru fen  w ird , b e s tim m t w urde .
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E s is t v o llk o m m en  k lar, daß  fü r  die k lassische  T heorie  die oben b esch rie ­
b en en  u n d  bei d e r S ä ttig u n g  der P o lsp itz e  a u f tre te n d e n  E rsch e in u n g en  a u ­
ß e ro rd en tlich  große Schw ierigkeiten  h e rv o rru fe n , da  sie ja  keinerlei M ethode 
au sg e a rb e ite t h a t ,  d ie  g e s ta tte t, die V erte ilu n g  der m ag n etisch en  In d u k tio n e n  
u n d  P o te n tia le  in n e rh a lb  sehr s ta rk  g e sä ttig te r , k o m p liz ie rt gefo rm ter, fe r ­
ro m ag n e tisch er K ö rp e r  zu bestim m en , d u rc h  die sich noch  d azu  versch iedene 
solche F lüsse  sch ließen , die durch ganz  versch ied en e  A rten  v o n  D u rch flu tu n g en  
u n d  a u f  d u rch au s versch iedenen  m ag n e tisch en  W egen h erv o rg eru fen  w erden . 
E s ist k la r , daß  im  F a ll des sich längs des A nkerum fanges ändernden L u f t ­
spaltes , der j a  — wie w ir weiter oben gesehen haben  —  sogar bei nicht gesättigtem  
Polvorsprung bei A n w en d u n g  der klassischen Rechenmethoden äußerst großen  
A rbeitsau fw and  erfordert, die Sättigung des Polvorsprunges die klassische Theorie 
vor f ü r  sie p raktisch  unlösbare Probleme stellt.

D ies b e d e u te t a b e r  p rak tisch , d a ß  solange die G rößen  V \, V i\ u n d  V m  
n ic h t b e k a n n t sin d , w ir die Größen 0 y i , 0 y u  u n d  0 y \u  n ich t berechnen  k ö n n en , 
d .h . gerade unter dem  Polvorsprung die Verteilung der L u ftsp a ltin d u k tio n  nicht 
kennen. D ies ist um so bedauerlicher, als gerade an dieser Stelle von dieser V er­
teilung zum  großen T e il die Größe der verschiedensten A rten  von Verlusten u n d  
außerdem  auch die vom  S tandpunkt der R undfeuergefahr entscheidende Verteilung  
der S pannungen  zw ischen den benachbarten Stromwenderstegen abhängt.

Z um  A bsch luß  dieses K apitels m öge nochm als b e to n t  w erden , daß  die 
oben au fg ezäh lten  P ro b lem e  n u r e inen  k u rz e n  U berlick  ein iger solcher A u f­
gaben  d e r B erech n u n g  der m agnetischen  K reise  e lek trisch e r M aschinen d a r ­
ste llen , deren  L ösung  große p rak tische  B e d e u tu n g  b es itz t, ab e r v o n  der k lass i­
schen  T heorie  n u r  m it seh r großen S chw ierigkeiten  oder g ar n ic h t gelöst w erden  
können .

B. Der prinzipielle W eg der m anuellen nom ographisehen Lösung  
der im  Abschnitt A geschilderten Schw ierigkeiten

Die fü r  die klassische Methode der B erechnung elektrischer M aschinen  äußerst 
schwer oder überhaupt n icht lösbaren Problem e, von denen im  A bschn itt A  einige 
kennzeichnende B eispiele angeführt w urden, können durch das im  erwähnten 
B uch des A u tors beschriebene System  m anueller nomographischer M ethoden a u f  
einfache W eise und trotzdem m it großer G enauigkeit gelöst werden.

E s beruht a u f  der Entdeckung, d a ß  es p r in z ip ie ll möglich ist, neben den 
m agnetischen Param etern 0  und V  die geometrische K on figura tion  als einen  
eigenen dritten Param eter darzustellen. Eliebei kann  jeder beliebige ferrom agne­
tische K örper durch einen  seiner geometrischen K onfigura tion  entsprechenden 
K o effiz ien t g gekennzeichnet werden, wobei zu  jedem  möglichen W ert von q je  
eine K u rve  gehört, deren Abszissen dem durch den betreffenden Körper h in ­
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durchgehenden F lu ß  0  und dessen O rdinateti dem durch letzteren hervorgerufenen 
W ert Ventsprechen. H ie rd u rch  e rg ib t sich  o ffen b ar p rinzip iell sofort die M öglich­
k e it ,  be i gegebener K o n fig u ra tio n , d .h . also bei b e s tim m tem  W ert g fü r  i r ­
g en d e in en  W ert von  0  den b e tre ffe n d en  P u n k t der p -K u rv e  zu b estim m en  
u n d  aus diesem  die m ag n etisch e  S p a n n u n g  V  u n m itte lb a r  abzulesen. G enau  
so e in fach  is t die —  wie w ir im  A b sc h n itt A gesehen h ab e n  —  fü r die k la ss i­
sche  T heorie  noch  schw ierigere, u m g e k e h rte  A ufgabe zu lösen, näm lich  zu 
gegebenem  W e rt V  den  bei e iner b e s tim m te n  geom etrischen  K o n fig u ra tio n  
d azu g eh ö ren d en  W e r t 0  zu b e s tim m e n . E s b ra u c h t n u r  zu r gegebenen O rd in a te  
d e r b e tre ffen d en  p -K urve  die d azugehörige  Abszisse b e s tim m t zu w erden . M ehr  
als das, es ergibt sich p r in z ip ie ll sogar ein fach  auch die Lösung des fo lgenden P rob­
lem s, das die klassische Theorie wegen ihrer Schwierigkeit niem als fo rm u lier t, ge- 
schweigedenn gelöst hat: D ieses P ro b le m  b e s te h t d a rin , die K o n fig u ra tio n  jen es  
fe rro m ag n e tisch en  K örpers zu b e s tim m e n , in  dem  ein gegebener F lu ß  0  einem  
g ew ü n sch ten  W ert von  V  e n tsp r ic h t. A u f G rund  des oben  A n g efü h rten  w ürde  
d ie  L ösung  dieser A ufgabe n u r  d a r in  besteh en , fes tzu ste llen , a u f  w elcher 
g -K u rv e  je n e r  P u n k t  lieg t, dessen  A bszisse dem  gegebenen W ert 0  u n d  dessen 
O rd in a te  dem  gegebenen W e rt V  e n tsp r ic h t.

Bevor w ir darangehen, au fzuzeigen , wie die erwähnte, den verschiedenen 
W erten  g entsprechende K urvenschar bestim m t werden ka n n , wollen w ir schritt­
weise darstellen, welche p riz ip ie llen  Probleme sich hierbei ergeben.

W ir w ollen von  dem  im  B ild  B l ,  a d a rg este llten  K ö rp e r ausgehen , d er 
in  B ezug  a u f  seine G esta lt p rin z ip ie ll dem  im  B ild  A l ,  d gezeig ten  K ö rp e r  
e n tsp r ic h t. Seine B reite  in  d er H ö h e  x  sei bx, w obei bx irgendeine  F u n k tio n  
v o n  x  sei gem äß der F orm el

(B .l)

H ie rb e i k en n ze ich n et f  (x/h) die G e s ta lt des K örp ers  u n d  b0 is t  die g rö ß te  
B re ite . Die k le in ste  B re ite  sei b2, w obei w ir im w eite ren  das V erh ä ltn is  62/6 0 
m it a  bezeichnen  w ollen. E s g ilt also

(B .2)

Die F e ld s tä rk e  H x in  der H ö h e  x  sei eine F u n k tio n  von  d er In d u k tio n  
B x im  Q u ersch n itt bx • y  ■ l. E s  is t  also

und

B ,
0

bx ' Y ' l
(B .3 )

H x =  f ( B x). (B .4 )
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D er d u rc h  d en  F luß 0  län g s der g esam ten  H öhe h erzeugte m ag n e tisch e  
S p an n u n g sab fa ll V  ist

V  =  $ H x d x .  (B .5)

U n te r  B erü ck sich tig u n g  d e r  F o rm eln  B . l ,  B .3, B .4 e rh a lten  w ir a n s ta t t  
B .5 den  fo lgenden  Z usam m enhang :

• W hf'\-h
d x . (B .6 )

W ie diese le tz te re  F orm el ze ig t, h ä n g t die G röße V  außer vom  m ag n e ­
tisch en  M ateria l einerseits von  0  u n d  an d ere rse its  von  den  A bm essungen  und  
d er geo m etrisch en  G estalt ab.

Die B e tra c h tu n g  der F o rm el B.6 zeig t n u n  folgendes P rob lem . D a m it 
w ir die o b en e rw äh n te  K u rv en sch a r e rh a lte n , d a r f  o ffenbar die S p an n u n g  V  
au ß e r vom  F lu ß  0  n u r  von einer e inzigen , eben  die K o n fig u ra tio n  k en n ze ich ­
n en d en  G röße ab h än g en .

In  der W irk lich k e it jedoch , w ie F o rm el (B .6) zeig t, h ä n g t der W e rt V  
a u ß e r  von  0  n o ch  v o n  60, yl, h u n d  f ^ x /h ) ,  d .h . v o n  v ie r beliebigen P a ra m e te rn  
ab .

Diese Schw ierigkeit w ird dadurch behoben, daß  der B e g r iff  des »E in h e its ­
körpers« eingeführt w ird.

N ennen  w ir v o n  je tz t  an  B 0 d ie m agnetische  In d u k tio n , die im  g rö ß te n  
Q u e rsch n itt b0y l  des K örpers e n ts te h t ,  w obei also

B n
0

b0 yl

(B .7 )

F ern e r beze ich n en  wir den a r ith m e tisc h e n  M itte lw ert der versch iedenen  
F e ld s tä rk e n  H x lä n g s  der H öhe h m it H . E s is t also gem äß B.5

H
V

h
(B .8)

W enn  w ir d ie  beiden  Seiten d e r  G leichung (B.6) d u rch  h te ilen , e rh a lte n  
w ir u n te r  B erü ck sich tig u n g  der F o rm e ln  (B.7) u n d  (B.8) a n s ta t t  (B .6) fo l­
gende G leichung:

(B .9 )

2 Acta Technica Academiae Scientiarum Hungaricae 73, 1972



18 O. B E N E D IK T

D iese F o rm el fü h r t  den  im  B ild B l ,  a ab g eb ild e ten  K ö rp e r m it d er H öhe 
k, d e r  g rö ß ten  B re ite  b0 u n d  der k le in s ten  B re ite  b2, dessen S p an n u n g  V  u n d  
dessen  F lu ß  0  is t , a u f  e inen  äh n lichen  K ö rp e r  zu rück , der im  B ild  B l , b  ab g e­
b ild e t is t  unddessen  H öhe , L änge u n d  g rö ß te  B re ite  gleich 1 cm , se inek le inste  
B re ite  gleich b2jb n =  er, sein  F lu ß  gleich d e r In d u k tio n  B 0, gem äß  (B.7) is t.

E s is t k la r , d aß  in  der H öhe x /h  d ie  B re ite  des E in h e itsk ö rp e rs  6x/6 0 
b e tr ä g t ,  seine M in d estb re ite  h ingegen b2/b 0, w obei b0 die H ö c h s tb re ite  des 
u rsp rü n g lich en  K ö rp ers , b2 seine M in d estb re ite , bx seine B re ite  in  d er H öhe 
X  b ed e u te n . In d u k tio n  u n d  F e ld s tä rk e  w erd en  in  säm tlich en  die H öhe x /h  
b e s itzen d en  Q u e rsch n itten  des im  B ild  B l ,  b  gezeigten E in h e itsk ö rp e rs  die 
g le ichen  sein wie in  den  en tsp rech en d en  die H ö h e  x  besitzen d en  Q u ersch n itten  
des K örp ers  im  B ild  B l ,  a. Aus dem  u rsp rü n g lich en  K ö rp er soll in  H öhe x  
e in  P rism a  von  d er seh r k le inen  H öhe A x ,  aus dem  E in h e itsk ö rp e r in  H öhe 
x jh , eines v o n  der H öhe A x/h  h e ra u sg e sc h n itte n  w erden. D an ach  w ird  die a u f  
die H öhe A xjh  des aus dem  E in h e itsk ö rp e r  h e rau sg esch n itten en en  P rism as 
en tfa llen d e  P o ten tia ld iffe ren z  H x ■ A xjh  se in , w ährend  a u f  die H öhe A x  des 
u rsp rü n g lich en  K ö rp ers  eine P o ten tia ld iffe ren z  von  H XA X e n tfä llt. D a diese 
k le in en  P rism en  in  beid en  K ö rp ern  des B ildes B l  in  der g leichen Z ah l V o r k o m ­
m en  (ihre Z ahl is t h/A x), is t die a u f  die G esam thöhe  des E in h e itsk ö rp e rs  e n t­
fa llen d e  P o ten tia ld iffe ren z  gleich V/h =  H , w enn  du rch  ih n  ein F lu ß  v o n  der 
G röße B n = 0 l(b oyl) h in d u rc h tr i t t .

D ie E in fü h ru n g  des Begriffes »E inheitskörper«  is t m it d en  fo lgenden  
g ro ß en  V orte ilen  v e rb u n d e n : der g rap h isch e  Z usam m enhang  zw ischen V  u n d  
0  m u ß  n ich t fü r  den  w irk lichen  K ö rp e r g esuch t w erden , wo h, b0 u n d  y l  e r­
scheinen  w ü rd en , so n d ern  der K ö rp e r k a n n  du rch  den  en tsp rech en d en  E in ­
h e itsk ö rp e r e rse tz t w erden  u n d  w ir e rh a lte n  einfach den  Z u sam m en h an g  
zw ischen  der längs dieses E iu h e itsk ö rp e rs  herrschenden  P o ten tia ld iffe ren z  H  
u n d  dem  W ert B 0, als den Z u sam m en h an g  zw ischen den  O rd in a te n  H  u n d  
d en  A bszissen B () e in iger K u rv en  (B .2). D ie w ahre m agnetische  S p an n u n g  V
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bek o m m en  w ir, w enn w ir die O rd ina te  C K  e ines P u n k te s  C d ieser K u rv e n  m it 
h m u ltip liz ie ren ; der w ah re  F lu ß  erg ib t s ich  d u rc h  M u ltip lik a tio n  d er A bszisse 
LC  des P u n k te s  C m it b0yl. W enn  d an n  zu  je d e r  K u rv e  eine an d ere  G esta lt 
des E in h e itsk ö rp e rs  d .h . eine andere, b e s tim m te  F u n k tio n  f f x l h )  g eh ö rt, 
so k ö n n en  d a n n  auch die m ag n etisch en  V erh ä ltn isse  der v e rsch ied en  gefo rm ­
te n  K ö rp e r u n te r  B en ü tzu n g  einer einzigen d e ra rtig e n  K u rv e n sc h a r b e s tim m t 
w erden .

Unsere Aufgabe ist daher, ein Verfahren zu  fin d e n , welches einfach und  
dabei genau die F unktionen  f f x / h ) ,  d.h. den E in f lu ß  der Gestalt des K örpers a u f  
die magnetischen Verhätnisse, zu  bestimmen gestattet.

H iebei ergibt sich aber folgende p r in z ip ie lle  Schwierigkeit.
Z w ar is t es p ra k tisc h  im m er zu lässig , d ie  F u n k tio n  f f x / h )  d u rch  eine 

q u a d ra tisc h e  G leichung zu  erse tzen , da es s ich  ja  um  den au ch  in  d e r N ähe des 
k le in sten  Q uersch n ittes  sich  sehr san ft ä n d e rn d e n  Z usam m enhang  zwischenB* 
und  x jh  h a n d e lt. A ber au ch  be i einer q u a d ra tis c h e n  P a ra b e l b ra u c h e n  w ir 
bei gegebenem  W ert b0 noch  m indestens zw ei 6X-W erte  in  zw ei be lieb igen  
H öhen , z .B . b2 u n d  die in  d er H öhe h/2 gem essene  B reite  bv  Ä h n lich  v e rh ä lt  
es sich au ch  m it den K ö rp e rn  an d erer F o rm e n , sow eit die B re ite  sich n u r  in  
einem  S inne u n d  s te tig  ä n d e r t . Z ur C h a rak te ris ie ru n g  der F o rm en  d er th e o re ­
tisch m öglichen  E in h e itsk ö rp e r m üssen d e m n a c h  im  allgem einen  zwei P a r a ­
m eter, n äm lich  die V erh ä ltn isse  62/£>0 u n d  61/6 0 b e k a n n t sein.

In  d iesem  Falle m ü ß te  m an  also fü r  alle m öglichen W e rte  b jb 0 eine 
K u rv e n sc h a r h ab en  u n d  jed e  K u rv e  w ü rd e  einem  b e s tim m te n  W ert b jb ,, 
en tsp rech en . E s is t k la r, d aß  m an , um  au c h  alle W erte  von  b2/b 0 zu erfassen , 
eine seh r große Z ahl so lcher K u rv en sch a ren  k o n s tru ie re n  m ü ß te , w obei jed e  
dieser einem  b e s tim m te n  W e rt von  b jb 0 e n tsp re c h e n  w ürde. D ieser U m stan d  
w ürde a b e r o ffenbar eine p rak tisch e  V erw en d u n g  dieser M ethode unm öglich  
m achen .
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D a m it kom m en w ir zu dem entscheidenden Problem , wie es möglich werden  
könnte, jeder beliebigen Gestalt der E inheitskörper n u r  eine einzige K u rve  z u ­
zuordnen, wodurch der gewünschte einfache und  anschauliche Z usam m enhang  
zwischen den magnetischen Param etern  B 0 und  H  sowie den geom etrischen  
Param etern gegeben wäre.

Dieses Problem w ird a u f  G rund fo lgender Gedankengänge gelöst: 
a)  W ir bestim m en die K urvenschar n ur fü r  keilförm ige E inheitskörper, 

die eindeutig durch eine einzige K u rve  gekennzeichnet s in d , da der W ert 
b.Jbn eindeutig  seine Gestalt kennzeichnet.

b) W ir suchen einen rein geometrischen  (also v o n  m ag n etisch en  P a r a ­
m e te rn  u n ab h än g ig en ) Z usam m enhang zwischen der Gestalt des im  P u n k t  a )  
erwähnten keilförm igen E inheitskörper und  den verschiedenen anderen uns  
interessierenden F orm en von E inheitskörpern . H iebei besteht das P ostula t dieses 
Zusam m enhanges darin , daß  der m agnetische W iderstand  (also das V e rh ä ltn is  
H /B 0), des unter a )  erwähnten E inheitskörpers bei allen praktisch  in  Frage  
kom m enden G rößen  H  und  B 0 dem m agnetischen W iderstand der verschiedenen  
anders gestalteten E inheitskörper gleich sei.

A u f  diese W eise kann  offenbar erreicht werden, daß fü r  jede mögliche 
Gestalt eines E inheitskörpers die m agnetische B erechnung a u f  G rund einer e in ­
zigen K urvenschar durchgeführt werden ka n n . A u f diese W eise g ib t je d e r  P u n k t  
d e r le tz te re n  n ic h t n u r  den Z u sam m en h an g  zw ischen  d en  G rößen H  u n d  B n, 
so n d e rn  au ch  je n e n  zw ischen diesen  G rößen  u n d  je n e n  geom etrischen  F o rm e n  
v o n  E in h e itsk ö rp e rn , die du rch  die d en  b e tre ffe n d en  P u n k t  b e rü h ren d e  K u rv e
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g ek en n ze ich n e t sind . A u f  diese W eise ergibt sich offenbar die M öglichkeit, 
die oben erwähnten drei grundlegenden A u fgaben  der m agnetischen Berechnung  
a u f  einfachste W eise zu  lösen.

G ehen w ir n u n m e h r d a ran , d en  soeben  sk izzierten  W eg sch rittw e ise  zu  
verfo lgen :

Z u erst fü h ren  w ir den B egriff des „ ä p u iv a le n ten  E in h e itsk ö rp e rs“  ein. 
W äh len  w ir einen solchen E in h e itsk ö rp e r, dessen in  der H ö h e  x /h  sich erge­
b en d e  In d u k tio n  B x ' vom  W erte  B 0 im  g rö ß ten  Q u e rsch n itt lin ea r  b is zu 
einem  größeren  W e rt qB  n im  k le in s ten  Q u e rsc h n itt  s te ig t, also d e r G leichung  
G enüge le is te t:

B , — B n i +  e - i
h  X

h
(B .10 )

D er In d u k tio n  B x' e n tsp ric h t eine F e ld s tä rk e  H x'. O ffen b ar is t die 
längs d e r H öhe genom m ene m ittle re  F e ld s tä rk e , die w ir w ieder m it H  bezeich­
n en  w ollen , gleich

( B . l l )

D ifferenzieren  w ir (B.10) n ach  x ,  so e rh a lte n  wir

dB'x Bp( e - l )
dx h

(B .12)

S e tzen  w ir aus (B.12) den A u sd ru c k  dxfh  in  ( B .l l )  ein , so e rg ib t sich 
fo lgender, fü r  die w eite ren  A u sfü h ru n g en  g rund legender Z u sam m en h an g :

H
1

(B .13)

D er Z usam m enhang  zw ischen d en  In teg ra tio n sg ren zen  x /h  =  0 u n d  
x /h  =  1 in  der G leichung ( B . l l )  e in e rse its  u n d  den  In te g ra tio n sg re n ze n  
B x =  qB 0 u n d  B x =  B 0 in  der G le ichung  (B .13) andererse its  e rg ib t sich  offen­
b a r  aus d er T a tsach e , daß  die In d u k tio n  B'x fü r  x/h  =  0 ih ren  M ax im alw ert 
qB 0 u n d  fü r  x /h  =  1 ih ren  M in im alw ert B 0 an n im m t.

Z eichnet m an  die M ag n e tis ie ru n g sch a rak te ris tik  H'x — f ( B 'x) (B .3 K u rv e  
O A B )  u n d  n im m t an , daß  die O rd in a te  A D  d e r Abszisse OD =  B 0 u n d  die 
O rd in a te  B C  der A bszisse OC =  qB 0 e n tsp r ic h t, so is t die G röße S  d er F läch e  
A  B  C D  gleich

S  =  H x d B x . (B .14)
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N ennen w ir d ie  E n tfe rn u n g  d er P u n k te  D  u n d  C im  w eiteren  m , w obei also

m =  ( e - l ) - B 0 (B .15)

is t u n d  setzen  w ir au s  den  G leichungen  (B .14) u n d  (B .15) in  die G le ichung  
(B.13) ein, so e rh a lte n  w ir die e in fache  B eziehung

H  =  —  . (B .16)
m

A uf G ru n d  d ieser B eziehung k a n n  also , wie B ild  B3 zeigt, bei gegebenen  
W erten  B 0 u n d  p d e r W ert H  genau  e rm itte lt  w erden .

Durch diesen Zusam m enhang w ird  ermöglicht, die gewünschte K urvenschar  
besonders ein fach u n d  schnell, gleichzeitig aber auch sehr genau zu konstruieren. 
M it H ilfe dieser K urvenschar vermag m an danach, wie im  weiteren ausführlich  
gezeigt werden w ird , die verschiedenen verwickelten A ufgaben  der B erechnung  
der magnetischen K reise leicht zu lösen.
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A n der M ag n etis ie ru n g sk en n lin ie  des E isens (K u rv e  O A B )  soll die 
O rd in a te , die e iner b e s tim m ten  A bszisse  k  b e igeo rdne t is t (z.B . zu 10 000 G) 
g eze ichnet w erden  —  wie es B ild B .4 zeig t. V on der erfo rderlichen  G en au igke it 
ab h än g ig , soll irgende in  W ert q (z .B . q =  1,13) angenom m en u n d  die zu r 
A bszisse 1,13 k  gehörige n äch ste  O rd in a te  gezeichnet w erden , so d an n  zu 
1,132 • k  die zw eite , zu 1,133 • k  die d r i t te ,  usw .

Die G rund lin ien  m x, m2, m3, u sw . d er a u f  diese W eise gew onnenen  E le ­
m e n ta rf lä ch e n  n eh m en  von  links n a c h  rech ts  im  V erhä ltn is  1 : 1,13, 1 : 1,132: 
1 ,133 usw . zu.

D ie K o n s tru k tio n  soll bis zu d e r in  d er P rax is  v o rk o m m en d en  H ö c h s tin ­
d u k tio n  fo rtg ese tz t w erden . Som it e rh ä lt  m an  einige F läch en  Sx, S2, usw .

W erden  säm tlich e  F lächen  d u rc h  die eigenen G rund lin ien  gete ilt, so 
e rh ä lt  m an  die R eihe  d er W erte  S 2lm 2 usw.

H ierbei b e d e u te t S Jm , die d er S treck e  m 1 en tsp rech en d e  M itte lo rd in a te , 
d .h . den  M itte lw ert d er F e ld s tä rk e n , w enn  die In d u k tio n  v o n  k  bis 1,13 k  
lin ea r  zun im m t. M it anderen  W o rte n  a u sg ed rü ck t, is t das V erh ä ltn is  S Jm ,
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gleich jen em  W ert H ,  d e r im ä q u iv a le n te n  E in h e itsk ö rp e r bei B 0 =  k  u n d  
p — 1,13 a u f tr i t t .  D u rc h  S2/m2 w ird ganz ana lo g  je n e r  W e rt H  geliefert, d e r  
in  dem selben  ä q u iv a le n te n  K örper bei B () =  1,13 k  v o rk o m m t. D arau s fo lg t, 
d aß  zu r K o n s tru k tio n  d e r K urve  O E  (B 4, a), die die A b h än g ig k e it der m ittle re n  
F e ld s tä rk e  H  vom  F lu ß  ®j(b0yl) =  B 0 des gegebenen äq u iv a le n te n  E in h e its ­
k ö rp e rs  bei dem  F a k to r  p =  1,13 c h a ra k te ris ie r t, m a n  lediglich  die P u n k te  
a u f tra g e n  m uß , d e ren  O rd in a ten  S J m ^  S 2lm 2, S J m 3 usw . u n d  deren  A bszissen  
k , 1,13 k , 1,132 k , usw . sind .

Bild B5

B erech n e t m a n  ähnlicherw eise die W erte  (S1 - j -  S2)/(m 1 - ) -  m2), (S2 +  s 3)i 
l(m„ -|- m3) usw . u n d  t r ä g t  diese als O rd in a te n  zu den  en tsp rech en d en  A bszissen 
k , 1,13 k , 1,132 k , u sw . au f, so e rh ä lt m a n  eine zw eite K u rv e  OG (B ild  B 4, b ) , 
die d en  m ag n e tisch en  W id e rs tan d  fü r  e inen  a n d e ren  äq u iv a le n te n  E in h e its ­
k ö rp e r  m it dem  F a k to r  p =  1,132, d .h . die zum  F lu ß  <PI(b0yl) gehörigen W erte  
H  an ze ig t. A nalog  e rgeben  die W e rte  (Sx -f- S2 +  S3)/(m , -j- m2 -|- m3) usw . 
eine d r i t te  K u rv e  fü r  den  m it p =  1 ,133 c h a ra k te ris ie r te n  äq u iv a le n te n  E in ­
h e itsk ö rp e r, usw .

S e tz t m an  die K o n s tru k tio n  b is z .B . p =  2,66 fo rt, so e rh ä lt m an  a c h t 
K u rv e n  fü r  die n a c h s teh en d en  W erte : 1,13, 1,28, 1,44, 1,63, 1,84, 2,08, 2,36 
u n d  2,66 (B .5).

D ie P rax is  h a t  gezeigt, daß  a u ß e r  den obigen a c h t G ru n d k u rv en  noch  
zw ischenliegende K u rv e n  in  belieb iger A nzah l bei au sre ichender G enau igke it,
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d u rch  In te rp o la tio n  gew onnen w erden  k ö n n en . Im  Bild B.5 s ind  die e rw ä liten , 
zw ischen den  G ru n d k u rv en  liegenden  K u rv e n  der D eu tlich k e it h a lb e r n ic h t 
e ingezeichnet.

D aß  es genüg t, die K u rv e n sc h a r n u r  bis p =  2,66 zu k o n s tru ie ren , 
e rg ib t sich  aus folgender Ü berlegung .

W ird  die in  den  e lek trischen  M aschinen  p rak tisch  v o rk o m m en d e  H ö c h s t­
in d u k tio n  m it ungefäh r 25 000 G angenom m en , so w ird bei oc =  0,4 im  g rö ß ten  
Q u e rsc h n itt des K örpers eine In d u k tio n  a u ftre te n , die k le iner als 10 000 G is t. 
D ie b e ig eo rd n e te  F e ld s tä rk e  w ird  also im  V ergleich zu den  F e ld s tä rk e n , die im  
B ere ich  des k le in sten  Q u ersch n itts  a u f tre te n , sehr k lein  sein. H ierau s fo lg t, 
d aß  es b e i den  p rak tisch en  B erech n u n g en  genüg t, w enn m an  n u r  je n e n  T eil h ' 
d e r H öhe h des K örpers in  B e tra c h t z ieh t, innerhalb  w elcher die In d u k tio n  
g rö ß er is t als 4 0 %  der H ö c h s tin d u k tio n , d .h . also a 0,4. D er üb rig e  Teil 
h —  h ' d e r H öhe k a n n  gänzlich v e rn ach lä ss ig t w erden.

D ie sich a u f  die beschriebene Weise ergebende K urvenschar w ird  im  weiteren  
als »N om ogram m « und die vom Verfasser ausgearbeitete, sich a u f  ihre B enü tzung  
stützende Methode als »nom ographisch« bezeichnet werden.

A u f  G rund der E in fü h r in g  des B egriffes des äguivalenten E inheitskörpers  
s in d  w ir vorläufig  im stande den Z usam m enhang  der Werte H , B 0 sowie des den 
betreffenden äquivalenten E inheitskörper kennzeichnenden Wertes q e in fach bes­
tim m en  zu  können ( B ild  B .2 ) . N u n m eh r wollen wir untersuchen, a u f  G rund  
welcher Gedankengänge w ir den rein geometrischen Z usam m enhang zw ischen  
verschieden geformten E inheitskörpern einerseits und den ihnen  zuzuordnenden, 
in  m agnetischer H insich t äquivalenten E inheitskörpern  andererseits bestim m en  
können.

W ir w ollen zu erst um  die F o rd e ru n g  des P u n k te s  a) zu  e rfüh len  diese 
F rag e  an  keilförm igen  E in h e itsk ö rp e rn  p rü fen .

D ie M indest- bzw . H ö ch stb re ite  des keilförm igen K örpers b e tra g e  b2 
bzw . 60, deren  V erhältn is  fe2/6 0 =  a . D ieser K örper soll d u rch  einen k e ilfö r­
m igen  E in h e itsk ö rp e r (Bild B6, a) e rse tz t u n d  die In d u k tio n e n  0 l(bxy / ) ,  d ie 
in  den  Q u e rsch n itten  der B re iten  1, oc u n d  1 a)/2 a u f tre te n , solle n  m it
B 0, Bo u n d  B L bezeichnet w erden . D en  an g efü h rten  In d u k tio n e n  e n tsp rech en  
im  B ild  B 6, b , die S trecken  ab, cd u n d  ef. O hne einen n en n en sw erten  F e h le r  zu  
b eg eh en , k a n n  angenom m en w erden , d aß  sich die w irk liche  In d u k tio n  B x 
zw ischen  diesen S trecken  gem äss einer so lchen  P a rab e l zw eiten  G rades ä n d e r t ,  
d ie d u rc h  die P u n k te  b, f ,  u n d  d  h in d u rc h g e h t. D ieser In d u k tio n sv e r te ilu n g  
en tsp re c h e  die F e ld s tä rk e n v e rte ilu n g  H x, die m it irg en d e in er uns u n b e k a n n ­
te n  K u rv e  m n gekennzeichnet sei.

N u n m eh r wollen w ir den keilförm igen E inheitskörper durch einen  »äqui­
valenten E inheitskörper« ersetzen, in  dem defin itionsgem äß die In d u k tio n  linear 
ansteigt, wobei w ir offenbar von Ä quiva lenz nur dann sprechen können, w enn das 
V erhältn is H  zu B 0 bei verschiedenen W erten von B 0 dasselbe ist, wie im
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gegebenen keilförm igen E inheitskörper. W ir w ollen  an n eh m en , daß  die m in im ale  
In d u k tio n  d ieselbe is t ,  w ie im  ke ilfö rm igen  E in h e itsk ö rp e r, also B 0 =  ab. 
D a n n  is t noch die m ax im a le  In d u k tio n  g • B 0 zu w äh len . W äre  sie gleich d em  
W e rte  B 2 =  cd, so w ä re  die V erte ilung  d er In d u k tio n  in  diesem  Falle d u rc h  
d ie G erade bd g ek en n ze ich n e t. W ie w ir sehen , w äre  die In d u k tio n , die w ir in  
d iesem  Falle B"x n e n n e n  wollen (in B ild  B 6 feh lt d ieser B u ch stab e), fü r  alle

Æ>

Bo
a m  b

Bild B6

W e rte  von  x /h  (a u ß e r  fü r  0 u n d  1) g rößer als die der K u rv e  h fd  en tsp rechende, 
w o rau s w ir sch ließ en  können , d aß  be i d e r In d u k tio n sv e rte ilu n g  gem äß d er 
G erad en  bd  der sich  ergebende B e trag  H "  h ö h er is t als d e r w irkliche W ert H .

N unm ehr n e h m e n  w ir an, daß die m ax im ale  In d u k tio n  des ä q u iv a len ten  
E in h e itsk ö rp e rs  e in en  an d eren  geringeren  W e rt cg b e s itz t, bei dem  die F läch e  
des T rapezes ab g ca  gleich  der F läche abfdca is t. In  d iesem  F a ll schneiden sich  
d ie  P a rab e l bfd u n d  die G erade bg im  P u n k t q, w as zu r Folge h a t ,  daß  die G leich­
h e it  der F lächen  abgc u n d  abfdca an a ly tisch  wie fo lg t geschrieben  w erden k a n n :

rx,!h

Jo
( Bx- B f ) d — Bf) d =  0 , (B .17)

w obei B f  die A bszissen  der G eraden bg, B x h ingegen  die A bszissen der K u rv e  
bfd  u n d  xqjh  die H ö h e  des P u n k te s  q b ed eu ten .

D er neuen  In d u k tio n sv e rte ilu n g  B f  d e r G eraden  bg en tsp rich t eine 
neue  n ich t e ingezeichnete  F e ld s tä rk ev e rte ilu n g  H f .  D a einer gewissen I n ­
d u k tio n sän d e ru n g  a n  d en  S tellen von  k le iner In d u k tio n  eine geringere F e ld ­
s tä rk e n ä n d e ru n g  e n ts p r ic h t als an  den  S te llen  v o n  g roßer In d u k tio n , is t das 
V erhä ltn is
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H x-  H f

B x B f
im  B ereich

0 < J L < 3 l  
h h

größer als bei

h h

S e tz t m an  also in  G leichung (B .17) s t a t t  B x — B "' den  A usd ruck  
H x —  H'x ein, so k ö n n en  w ir folgende U n g le ich h e it au fsch re iben :

rx,!h X r 1 X
(H x - H f ) d -  (H " ' H x)d

Jo h JXqjh h

A n s ta t t  d ieser k ö n n en  w ir auch  sch re iben :

(B .18)

f  H x d
’ X

>  f  H f d *
Jo h Jo h

(B .19)

oder, w as dasselbe b e d e u te t:
H > H " .  (B .20)

D er zu r In d u k tio n sv e rte ilu n g  der G erad en  bg b e ig eo rd n e te  W ert H'" 
is t also im m er k le in e r als die w irkliche S p an n u n g  H .

D a m it wurde bewiesen, daß  die gesuchte, den äquivalenten E inheitskör per  
kennzeichnende Gerade b h , längs derer sich die In d u k tio n  derart verteilt, daßsich  
eine dem w irklichen W ert H  gleiche mittlere Feldstärke ergebe, zwischen den 
Grenzgeraden b d  und  b g  liegen m u ß . W ird  das V erh ä ltn is  d er S trecke k l zu r 
S trecke  ko m it e b eze ich n e t, d .h . also angenom m en, daß

(B .21)

w obei m it k , l bezw . 0 die die O rd in a te  1/2 b es itzen d en  P u n k te  der G eraden  
bg, b h  bezw . b d  b eze ich n e t w erden, so k a n n  das e rh a lten e  R e su lta t fo lgen­
d e rm aß en  fo rm u lie rt w erden :

0 <  e <  1 . (B .22)

D ie genaue Lage der Geraden b h  zwischen den Grenzen b d  und bg, die durch  
den W ert e bestim m t w ird  —  kann  a u f  G rund nachstehender Überlegung ge­
schätzt werden.
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B ezeichnen w ir m it p  den  S c h n ittp u n k t der die lineare  V erte ilu n g  d e r  
I n d u k t io n  B x d a rs te llen d en  G eraden  bh u n d  der die ta tsä c h lic h e  V erte ilu n g  
d e r  In d u k tio n  B x d a rs te llen d en  K u rv e  bfd  u n d  nennen  die zu den  W erten  B'x 
g eh ö rig en  F e ld s tä rk en  H'x, so g ilt o ffen b ar d e fin itionsgem äß  fü r  die rich tig e  
L ag e  d e r  G eraden bh d ie G leichung

r xPh
(H X~ H 'X) d

*
-  f  (H'x- H x) d

' X '

Jo h J  xp!h h
(B .23)

w obei Xp/h die H öhe is t , in  w elcher sich  der dem  P u n k te  p  en tsp rech en d e  
Q u e rsc h n itt  b efin d e t.

A ndererseits is t es k la r , d aß  je  g rößer bei gegebener In d u k tio n  B 0 d ie  
G röße  o is t, je  g rößer also auch  die m ax im ale  In d u k tio n  is t, desto  g rö ß er is t 
in  d e r  N ähe des k le in s ten  Q u e rsch n itte s  die der In d u k tio n sd iffe ren z  B x —  B x 
en tsp rech en d e  F e ld s tä rk en d iffe ren z  H x —  H'x. D arau s fo lg t, d aß , d a m it die 
G le ichung  (B.23) w e ite r  G eltung  h a b e , die G erade bh desto  n ä h e r zu r G renz­
g e ra d e n  bd  liegen m u ß , d .h . also s d esto  größer sein m u ß , je  höhere  W erte  g 
a n n im m t. W ie w e ite r oben  a u sg e fü h rt w urde , liegen die fü r  die P ra x is  in 
F ra g e  kom m enden  W e rte  von  g zw ischen  1 u n d  2,6. E s ze ig t sich, d aß  zw i­
sch en  diesen G renzen m it p ra k tisc h e r  G enau igkeit d er W e rt e dem  W e rt v o n  
g p ro p o rtio n a l is t u n d  d er m ittle re  W e rt e =  0,5 dem  m ittle re n  W e rt g — 1,8 
e n ts p r ic h t. W ir k ö n n e n  also setzen

e = (B .2 4 )

B erücksich tigen  w ir, daß  gem äß  d er D efin itionen  der G erad en  bg, bd 
u n d  bh die G leichungen gelten:

ek =
B 0~\-'iB l JrB,,

6
(B .25)

fe rn e r

u n d

eo =
B q +  Bn

2

el B ü^~qB 0

(B .26)

(B .27)

so e rg ib t sich, daß

kl --- -- el — ek =  g °  +  e - °

u n d  daß
, — —f  B 0-{-Bi
kn = eo  — ek = -------------

B 0 + 4 B i + B 2

6

l><) L H  “ B  ,
6

(B .2 8 )

(B.29>
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S etzen  w ir in G leichung (B .21) fü r  kl aus (B .28), fü r  ko  aus (B .29) u n d  
f ü r  e aus (B .24) ein, so e rh a lte n  w ir:

N ach d em  ab er

u n d

L,8  •
B 2+ 4 B ,  2B 0

(B .30)
B., +  2B 1 +  4 ,4 B 0

b„
=  -=- =  OC (B .81)

K

B , b„ 2 «
(B .32)

^ 2 6 , 1 + a

is t ,  so e rh a lte n  w ir, w enn w ir in  (B.30) sow ohl den  Z äh le r als d en  N en n er 
d u rc h  B 2 d iv id ie ren  u n d  fü r  B J B 2 aus (B.31) u n d  fü r  B JB ., aus (B .32) ein- 
se tzen , als E ndergebn is

Q =  1,8
1 + 7«— 2«2 

—1 + 7,4« + 4,4«2
(B .33)

D ie  B e tra c h tu n g  der F o rm el (B .33) zeig t also die R ich tig k e it d er b e re its  am  
B eg inn  des A b schn ittes B e rw ä h n te n  g rund legenden  B e h a u p tu n g , d aß  es 
m öglich  is t  —  vorläufig  z u m in d est fü r  den  F a ll des ke ilfö rm igen  K örp ers  
des B ildes B .6  —  den die G e s ta lt kennze ichnenden  K oeffiz ien ten  q e in fach  
aus d er gegebenen K o n fig u ra tio n , die im  F alle  des keilfö rm igen  K ö rp ers  ja  
eb en  d u rc h  den W ert oc gek en n ze ich n e t is t, zu berechnen .

D a  w ir b isher diese T a tsa c h e  n u r  fü r  den  keilfö rm igen  E in h e itsk ö rp e r 
g em äß  P u n k t  a) nachgew iesen  h ab e n , w ollen w ir zeigen, w ie aus dem  b ish e r 
E n tw ic k e lte n  es m öglich is t d e r F o rd e ru n g  d e t P u n k te s  b) e n tsp rech en d  den 
K o e ffiz ien ten  q auch fü r  E in h e itsk ö rp e r von  an d ere r G es ta lt zu  b es tim m en  
(bei d en en  also die F u n k tio n  f^ x /h )  eine andere  is t). H ie rb e i g en ü g t es, 
dies b e i dem  K ö rp er gem äß B ild  A l ,  c nachzuw eisen , da  die prinz ip ie lle  
M ethode  fü r  die anderen  K ö rp e rg e s ta lte n  a u f analogen  G esic h tsp u n k te n  b e ru h t .

U n te rsu ch en  w ir solche E in h e itsk ö rp e r, deren  Q u e rsch n itt sich gem äß 
e in e r  P a ra b e l zw eiten  G rades ä n d e r t  (B ild  B.7).

A ls einzige E in sch rän k u n g  w ird  v o rau sg ese tz t, d aß  sich die B re ite  des 
K ö rp ers  längs der H öhe n u r  in  e iner b e s tim m ten  R ic h tu n g  ä n d e r t . Unsere 
A ufgabe besteht in  der B estim m u n g  einer einzigen K urvenschar zur A ngabe des 
m agnetischen W iderstandes aller derartigen K örper, obgleich die geometrische 
F orm  des K örpers von zw ei Param etern defin iert w ird.

B ei d er M ethode zu r B estim m u n g  d er m agn etisch en  V erh ä ltn isse  von  
keilfö rm igen  K ö rp ern  w urde  angenom m en, daß  die d er W irk lich k e it e n t­
sp rech en d e  V erte ilung  d er m ag n e tisch en  In d u k tio n  längs d er H ö h e  des E in ­
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h e itsk ö rp e rs  du rch  e ine  parabo lische  e rse tz t w erd en  k a n n . D em nach  k ö n n te  
m an , falls sich die In d u k t io n  im  K ö rp e r (B ild  B 7, a) gleichfalls nach  einer 
be lieb igen  P a rab e l zw e iten  G rades v e rte ilen  W ü rd e , auch  fü r  diesen K ö rp er 
die gleiche M ethode an w en d en . M it anderen W orten: W ürde m an den F a ll des 
im  B ild . B 7, a gezeigten E inheitskörpers a u f  den F a ll des keilförm igen Körpers  
reduzieren, so könnte m a n  die oben besprochene K urvenschar f ü r  diesen  »redu­
zierten E inheitskörper« konstruieren und die vorherige nomographische Methode 
anwenden.

Bild B7

Z u diesem Z w eck w erd en  fo lgende O p e ra tio n en  d u rch g efü h rt:

D e r E in h e itsk ö rp e r A C D B  (B ild B 7, a) w ird  d u rch  einen  keilförm igen 
K ö rp e r A G E F H B  e rse tz t , d er von  den T a n g e n te n  E G A  u n d  F E IB  beg renz t 
is t, d ie zu  den P a ra b e ln  A K C  u n d  B L D  in  den  P u n k te n  A  u n d  B  k o n s tru ie rt 
w u rd en . N ehm en w ir a n , d aß  sich die dem  F lu ß  & l(b0yl) en tsp rech en d e  In ­
d u k tio n  B x in diesem  F a ll  gem äß einer K u rv e  bed v e r te il t , die w ir ohne p ra k ­
tisc h e n  F eh ler ebenfalls als p arabo lisch  a n n eh m en  w erden  (B ild  B7, b). Beim 
V erg leich  der beiden  K ö rp e r  k a n n  m an  fests te llen , d aß  ih re  H ö ch stin d u k tio n en  
gleich sind , und  daß  die B re ite  des K örpers A G E F H B  in  d er N ähe des k le in sten  
Q u e rsch n itts  von  d er B re ite  des K örpers A K C D L B  n u r  seh r w enig abw eich t. 
D esha lb  is t der U n te rsc h ie d  d er In d u k tio n  der b e id en  K ö rp e r in  diesem  B e­
re ich  u n d  folglich au c h  je n e  der F e ld s tä rk e n  v e rn ach läss ig b ar.

S om it k an n  m it K e c h t angenom m en w erden , d aß  die A bszissen der 
P a ra b e l bed in der N äh e  des P u n k te s  d zugleich au ch  die In d u k tio n sv e rte ilu n g  
des K ö rp ers  A K C D L B  d a rs te llen . D as gleiche g ilt auch  fü r  andere  beliebige 
P a ra b e ln , w enn diese d u rc h  den  P u n k t d h in d u rch g eh en  u n d  in  diesem  P u n k t 
ih re  D iffe re n tia lq u o tien te n  m it dem  D iffe re n tia lq u o tien te n  der P a rab e l bed 
id en tisch  sind. W enn  m a n  v o n  allen m öglichen, d e ra r t  d efin ie rten  P a rab e ln
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jen e  P a ra b e l b 'e 'd  w äh lt, d e re n  Abszisse im  P u n k t xjh  =  1 gleich der im  Q u er­
sc h n itt  CD  ta tsäch lich  h e rrsch en d en  In d u k tio n  ist, so w ird  d u rc h  die A bszissen 
d er P a ra b e l b 'e 'd  die w irk lich e  In d u k tio n sv e rte ilu n g  sow ohl in  der N ähe des 
g rö ß ten  als auch  in  d er N äh e  des k le in s te n  Q u ersch n itts  seh r genau  w id er­
gesp iegelt.

Im  allgem einen w e ich t aber die w irk lich e  In d u k tio n  fe"  im  m ittle re n  
Q u e rsc h n itt K L  von  der A bszisse fe ' der P a ra b e l b 'e ’d  e tw as ab , weil die K u rv e  
d er w irck lichen  In d u k tio n sv e rte ilu n g  (im  B ild  B .7, b n ic h t e ingetragen) einer 
P a ra b e l n ic h t völlig g le ichkom m t. Es soll v o rau sg ese tz t w erd en , dass fe"  ^ > /e ';  
d a n n  w ird  d er W ert H , w elcher der In d u k tio n sv e rte ilu n g  d e r K u rv e  b 'e ’d 
e n tsp r ic h t, e tw as k leiner a ls d er w irkliche W e rt sein.

W ü rd e  m an  die P a ra b e l b 'e 'd  du rch  d ie  P a rab e l b'e"d e rse tzen , so w ürden  
die A bszissen  der le tz te re n  im  Bereich des P u n k te s  xjh  =  1/2 die w irkliche 
In d u k tio n sv e rte ilu n g  d a rs te lle n , doch w ü rd e  m an  im  B ere ich  d er P u n k te  
x jh  0 u n d  x /h  =  1 e tw as zu  große In d u k tio n sw e rte  e rh a lte n . Folg lich  w äre 
d er n ach  d e r P a rab e l b 'e 'd  b e rechne te  W e rt H  etw as größer als d er w irkliche.

Som it können wir f ü r  die Werte H  zw ei Grenzen angeben: der genaueste 
Wert von  H  w ird durch eine solche Parabel b 'e '" d  (sie ist im  B ild  B  7, b 
nicht gezeigt)  geliefert, die zwischen die beiden Grenzparabeln b 'e 'd  und  b 'e "d  
fä llt. Z u r  Schätzung der Lage des Punktes e'" kann  m an von folgender Über­
legung ausgehen. In  der N ä h e  des P u n k te s  x/h  =  0 sind die A bszissen der 
P a ra b e l b'e"'d  etw as g rößer als die von b 'e ’d, die an  d ieser S telle  der w irk ­
lichen  In d u k tio n sv e rte ilu n g  en tsp rechen . Im  B ereich  des P u n k te s  x/h  =  1/2 
sind  die A bszissen  der P a ra b e l b'e"'d e tw as k le iner als die v o n  b 'e 'd , die im  
gegebenen  B ereich  der w irk lich en  V erte ilu n g  en tsp rechen . D er F eh le r, den 
m an  bei d er In d u k tio n sb e re c h n u n g  im B ere ich  des P u n k te s  x /h  =  0 infolge 
des Ü berganges au f die P a ra b e l  b'e"'d b eg eh t, w irk t sich ab e r a u f  den  re su ltie ­
ren d en  W e rt v o n  H  m ehr au s , als der im  B ere ich  des P u n k te s  x /h  — 1/2 b e ­
gangene, w eil die P e rm e a b ili tä t  der fe rro m ag n e tisch en  K ö rp e r  fü r  große 
In d u k tio n e n  k le in  ist. P u n k t e'" m uß  daher n ä h e r  zum  P u n k t e ' als zum  P u n k t 
e" fa llen . Im  w eiteren  w ird v o rau sg ese tz t, d a ß  d ie  S trecke e'e" d u rc h  den  P u n k t 
e'" im  V erh ä ltn is  von 1 : 2 g e te ilt w ird, d a ß  also

e' e* =  0,5 e"' e" (B.34)

g i! t-
D em nach wurde bewiesen, daß  die tatsächliche Induktionsverteilung  im  

K örper  A K C D L B  m it parabolischen W änden durch die Induktionsverteilung  
nach der nicht gezeichneten Parabel b 'e " 'd  ersetzt werden ka n n . D ies bedeutet, 
daß  der »wirkliche E inheitskörper« a u f  einen solchen  »reduzierten E inheitskörper«  
zurückgeführt werden kann , in  welchem sich die Ind u k tio n  der obigen Parabel 
gem äß  verteilt.
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D er red u z ie rte  E in h e itsk ö rp e r b e s itz t in  d er H öhe x jh  =  1 die In d u k tio n

—  0
ab = -------=  B,,,

b0y l

in  d e r H öhe x/h  =  0 die In d u k tio n

cd
0

b.yyl
B , ,

(B .35)

(B .3 6 )

u n d  in  der H öhe x /h  =  1/2 die v o rläu fig  noch  u n b e k a n n te  In d u k tio n  fe '"
B ezeichnen w ir d as  V erhä ltn is  fe " 'IB 2 m it ß, so k ö n n en  w ir sch re ib en

(B .37 )

F ü r den K o effiz ien ten  q eines K ö rp ers , in  dem  sich  die In d u k tio n  g em äß  
e in e r q u ad ra tisch en  P a ra b e l v e rte ilt, h ab e n  w ir b e re its  die allgem eine F o rm e l 
(B .30) ab gele ite t. S e tzen  w ir in  diese fü r  By den  W e rt Je'" aus (B.37) u n d  fü r  
B 0 aus (B.31) ein , e rh a lte n  w ir die F o rm el

e =  i ,8  - 1 — 2 a + 4 ß
l  +  4,4« +  2/?

(B .38)

W as den K o effiz ien ten  ß  b e tr if f t , so is t seine G röße gem äß der F o rm e l 
(B .36) gleich

V
ß

cd
(B .39)

D a d u rch  die im  Z usam m enhang  m it der im  B ild  B7 beschriebene M e th o ­
de  der B estim m u n g  d e r d u rch  die P u n k te  b’e'" u n d  d  festgeleg ten  q u a d r a t i ­
sche  P arab e l le tz te re  als F u n k tio n  d er d re i B re iten  CD  =  1, K L  =  bßb0 und  
A B  =  b2jbn des gegebenen  ferrom agnetischen  K ö rp ers  genau  d e te rm in ie r t is t, 
k ö n n en  w ir Je'" sow ie cd berechnen  u n d  e rh a lte n  sch ließ lich  fü r ß

4
— t 0 +  4fe1 b2

1 +  1 1
2 (- &0 +  4&! -  262) 2b0 n by

(B.40)

D as gleiche E rg eb n is  h ä tte  m an  auch  d an n  e rh a lte n , w enn m an  v o n  der 
B ed ingung  Je" <  J e ' ausgegangen  w äre.

D eshalb is t  die F orm el (B.40) v o n  a llgem einer G ültigkeit.
A u f  G rund ähnlicher Gedankengänge, wie die die Form eln ( B .3 8 )  und  

( B .4 0 )  ergebenden, w ird  ermöglicht, das N om ogram m  u n d  die a u f  ihm  basierende
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nomographische M ethode auch fü r  die übrigen der im  B ild  A l  gezeigten K örper 
anzuw enden. W ir h a b e n  also an  H a n d  von  zwei B eisp ielen  e x a k t die G ru n d ­
th ese  des no m o g rap h isch en  V erfah ren s nachgew iesen, d aß  ta tsä c h lic h  p r in ­
z ip ie ll jed e r beliebige d e r im  B ild  A l gezeigten G ru n d k ö rp e r v o n  belieb iger 
m o n o to n er G esta lt d u rc h  einen  n u r  a u f  G rund der geom etrisc  .ien K o n fig u ra tio n  
zu berechnenden  K oeffiz ien t 5 d a rg e s te llt w erden k a n n , w obei die G röße q 
je d e sm a l du rch  zwei d e n k b a re , seh r nahe zu e in an d e r liegende ex trem e

Bild B8

W erte  gefunden w ird . D ie diesem  W e rt q en tsp rech en d e  K u rv e  des B ildes 
B5 w iderspiegelt genau  die B eziehungen  zw ischen den  m ag n e tisch en  u n d  geo­
m etrisch en  P a ra m e te rn . N u n m eh r wollen wir im  iveiteren die Lösung der übrigen 
im  A bschnitt A aufgezählten Probleme n u r kurz andeuten.

So wurde z .B . im  A bschn itt A die Tatsache erw ähnt, daß  die klassische 
Theorie das Problem der E rsetzung eines ferrom agnetischen Körpers durch einen  
m agnetisch äquivalenten von anderer Gestalt nie gestellt hat. Demgegenüber möge 
B ild  B 8  wenigstens andeuten, daß die Lösung dieser Aufgabe fü r  die nom ographi­
sche Methode durchaus m öglich ist. N eh m en  w ir z.B . an , d aß  einem  b estim m ten  
K ö rp e r die K urve  Oy im  B ild  B 8  e n tsp r ic h t. D er P u n k t  Cy m öge jen en  P u n k t 
d ieser K u rv e  an d eu ten , bei dem  d er In d u k tio n  B 0 v o n  d er Grösse LCX die 
m ittle re  F e ld stä rk e  H  =  V /h  en tsp ric h t. D enken  w ir uns n u n m e h r den  P u n k t 
Cy bei derselben  O rd in a te  H  nach  links verschoben , so b e d e u te t dies, daß  der 
K o effiz ien t sich a u f  die B eträg e  q2, g3 u .sw . v e rg rö ß e rt u n d  gleichzeitig  die 
A bszisse B 0i sich a u f  b e s tim m te  W erte  B 0,, B 0, usw . v e rr in g e rt h a t, D enken  
w ir uns die V erringerung  v o n  B 0 d a d u rc h  e in g e tre ten , d aß  d er g röß te  Q uer­
s c h n itt  Q0i des K örpers be i g leichbleibendem  W ert des F lusses 0  dem entsp re-
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c h e n d  sich auf die W e rte  Q0,, Q0a usw . v e rg rö ß e rt, so sehen  w ir, d aß  die m a­
g n e tisch en  H a u p tp a ra m e te r  0  u n d  V  sich  n ich t g e ä n d e rt h ab e n , dagegen die 
K o n fig u ra tio n  in  s ta rk e m  M aße. E s zeig t sich h ierbei, d aß  die versch ied en sten  
K o n fig u ra tio n en  des ä q u iv a le n te n  E in h e itsk ö rp e rs  d ense lben  W e rte n  0  u n d  
V  en tsp rech en , z .B . d ie , bei d er die In d u k tio n  vom  W e rte  B 0i lin ear a u f  
d en  W ert px • B 0j a n w ä c h s t, oder die, be i der die k le inere  In d u k tio n  B 0 
d em en tsp rech en d  s te ile r  a u f den  W e rt g2 • B 0 an w äch st, d er g rößer is t als 

Qi ■ B o r  u s w -

f

A u f  diesem P r in z ip  weiterbauend, wollen wir im  weiteren auch kurz a n ­
deuten , a u f  welchem W eg das im  Zusam m enhang m it B ild  A l  gestellte Problem  
der Ersetzung von in  R eihe geschalteten ferrom agnetischen K örpern nomographisch  
gelöst werden ka n n . B ild  B9 zeige dies fü r zwei d e ra rtig e  äq u iv a le n te  
K ö rp e r. D er eine b es itze  die H öhe h\ u n d  seine In d u k tio n  w achse lin ea r  
län g s der G eraden b— c v o n  B 0[ a u f  den  W ert gj ■ B 0 . D er zw eite besitze  die 
H ö h e  hu  und seine In d u k tio n  w achse längs der G erad en  e—f  von  B na a u f  
Pu • B 0 . N un h a b e n  w ir a u f  G ru n d  des B ildes B 8  fe s tg e s te llt, daß  z.B. d ie  
In d u k tio n sv e rte ilu n g  längs der G eraden  b— c d u rch  eine ä q u iv a le n te  e rse tz t 
w e rd en  k an n , be i d e r B 0l g rößer w ird , ab e r gi • B 0l k le in e r w ird . E in e  d e ra r ­
tig e  denkbare ä q u iv a le n te  In d u k tio n sv e rte ilu n g  k ö n n te  also fü r  den  K ö rp e r 
m it  d er H öhe hi z .B . die V erte ilu n g  längs der G eraden  h— k  sein. A nalog k ö n n en  
w ir uns vorstellen , d a ß  im  K ö rp e r m it der H öhe hu  die In d u k tio n sv e rte ilu n g  
gem äß  der G eraden  e—f  d u rch  eine äq u iv a len te  V erte ilu n g  gem äß der G e­
ra d e n  k — 1 erse tz t w ird . Solche ä q u iv a len te  G eraden  g ib t es o ffen b ar wie au s 
B ild  B 8  hervorg ing , v iele  m ögliche. W enn  w ir ab er v o n  diesen jen e  G eraden  
m — k  und  k— 1 aus w äh len , die zusam m en  eine einzige G erade m — 1 ergeben , 
so b ed e u te t dies o ffen b ar, daß  w ir die beiden  m ag n etisch  in  R eihe  geschalte­
te n  K örper m it d e r H öhe hi bezw . hu  du rch  einen  einzigen äq u iv a le n te n  
e rse tz t haben, der die H öhe h\ -\- h\\ b e s itz t u n d  in  dem  die In d u k tio n  v o m  
W e rt J3(l au f e inen  W e rt pres • B 0res ü n ear a n s te ig t. D ies b e d e u te t, daß  es
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m öglich ist, die b e id en  K örper, v o n  denen  d e r eine du rch  h\ B 0[ und  Qi u n d  
der an d ere  d u rch  h  , B nn und  gn gek en n ze ich n e t is t, d u rc h  einen einzigen 
resu ltie ren d en  zu e rse tzen , der d u rc h  die W erte  h\ -f- /in-, B 0 a und  qres ge­
k en n ze ich n et is t.

D a im  B uch  des A utors der hier angedeutete Weg der Lösung der beiden 
erwähnten Probleme genau geschildert w ird, wollen w ir die E inzelheiten dieser 
Frage nicht mehr weiter verfolgen, sondern zu  einem  anderen Problem, näm lich  
dem der W irkung  der parallelgeschalteten N u t gem äß  B ild  M4 übergehen.

E s lä ß t sich  bew eisen , daß  die F lüsse  des B ildes A4 d u rch  zwei solche 
e rse tz t w erden k ö n n e n , die fü r je d e n  W e rt x  dieselbe G röße besitzen . D en  
d u rch  den  Z ahn g eh en d en  F luß  w erd en  w ir m it <2>z bezeichnen  u n d  den du rch  
die N u t gehenden  m it &n. D er W ert des le tz te re n  is t

w obei d er K oeffiz ien t
h

C = f ( Q ) >  1

(B .41)

(B.42)

is t u n d  fü r  jedes b e re c h n e te  q le ich t b e s tim m b a r  is t. F ü r  d iesen  F a ll sind im  
N om ogram m  gem äß B ild  BIO au ß e r d en  K u rv e n  q auch  noch  vom  M itte l­
p u n k t 0  ausgehende G eraden  vo rgesehen , von  den en  jen e , m it A  bezeichnete  
au sgew äh lt w ird , fü r  die

t g /5 =
0 ,4 tt • C 

b o Y l i
(B .43)

is t. In  diesem  F a ll is t o ffenbar die S treck e  L M  gleich 0 n/(6o • yl.-,) wobei Z, 
die ideale L änge des A nkers ist. D a, w ie w ir b e re its  w issen, die S trecke LC

3* Acta Technica Academiae Scientiarum Hungaricae 73, 1972



3 6 O. B E N E D IK T

d e r G röße B 0 =  0 zl(b oyli) e n tsp r ic h t, g ib t die S trecke M C  jen en  W e rt der 
In d u k tio n

ß r = ~ ~ - ,  (B .44)
K  rh

au s dem  fü r den  gegebenen W e rt V  =  H  ■ h der en tsp rech en d e  W e rt &x 
(u n d  um gekehrt) le ic h t b e s tim m t w erd en  k an n .

In  diesem  Z u sam m en h an g  m öge au ch  kurz  a u f  fo lgende T a tsach e  h in g e­
w iesen  w erden. N ach  äh n lich en  P rin z ip ien , wie die E rse tz u n g  von  m ag n e tisch  in  
R e ih e  geschalte ten  K ö rp e rn  (z.B . g em äß  B ild  A7) d u rch  einen  einzigen m ag n e ­
t is c h  äq u iv a len ten  K ö rp e r von  e in fach er G esta lt erfo lg t, is t es auch  m öglich , 
in  R eihe  geschalte te  Z ah n -N u t-B ere ich e , v o n  deren  je d e r  aus je  einem  Z ahn  
u n d  einer paralle l g e sch a lte ten  N u t b e s te h t, (z.B . gem äß  B ild  A 8  bezw . A9) 
d u rc h  einen einzigen äq u iv a le n te n  Z ah n -N u t-B ere ich  v o n  e in facher K o n fi­
g u ra tio n  zu erse tzen , d e r den  in  R eihe  gescha lte ten  m ag n e tisch  in  dem  Sinne 
ä q u iv a le n t ist, d aß  je d e r  beliebige F lu ß  Í>T im  äq u iv a le n te n  B ereich  jen e  S p a n ­
n u n g  X V  erzeugt, die die Sum m e d e r d u rc h  <PX in  den  e inzelnen  B ere ichen  h e r­
vo rg eru fen en  S p an n u n g en  V  d a rs te ll t . D a diese M ethode im  e rw äh n ten  
B u ch e  des A utors g en au  d a rg es te llt is t, wollen w ir a u f  diese F rag e  n ich t 
w e ite r  eingehen.

N unm ehr erzeugen auch die in  bezug a u f  B ild  A 5 und A 6  sich f ü r  die 
klassische Theorie ergebenden Probleme keinerlei p rin zip ie lle  Schivierigkeit 
m ehr, wenn sie nom ographisch gelöst werden.

V orher se tzen  w ir fest, daß

V "- =  H 0 . (B .45)
h

N un b e trä g t im  B ild  A5 der S p an n u n g sab fa ll längs des Z ahnes V  =  H  ■ h 
u n d  die m agnetische  S p an n u n g  zw ischen der in n e ren  P o lfläche  u n d  dem  
Z ah n g ru n d  F 0 =  H 0 ■ h. D ie D ifferenz V 0 —  V  is t gleich

V 0— V  =  B 6 ■ , (B .46)
0,4 n

w obei

B ő =  (B .47)
V, ’ h

gleich ist der m itt le re n  L u ftsp a ltin d u k tio n  des F lusses der N u tte ilu n g  t n.
Setzen w ir aus (B.44) in (B .47) fü r <PT ein und  aus (ß .47 ) in (B .46) fü r  

B s ein, so e rh a lte n  w ir  die F o rm el

B (H 0 H )  •
0,4t?:hrn 

dkcb0y
(B .48)
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M ultip lizieren  w ir beide S e iten  d ieser G leichung m it H J ( H 0 —  H ), 
so e rh a lten  wir

0 Arrhr
h 0 ' : B * =  H ° : H "> • (B -49)

In  dieser G leichung  sind bei gegebener G röße H iy also bei gegebener 
G röße V 0/ die b e id en  W erte  B r u n d  H  u n b e k a n n t. Sie k ö n n en  ab er n u n m eh r 
gem äß  Bild B l l  a u f  G ru n d  fo lgender n o m o g rap h isch er Z u sam m enhänge  ge­

fu n d e n  w erden. W ir bestim m en  a u f  d er G eraden  O A , die dem  gew ählten  der 
N u t en tsp rech en d en  tg  ß  e n tsp r ic h t, jen en  P u n k t  D , dessen  O rd in a te  D E  
gleich

Ü Ë  =  H U, (B .50)

is t, u n d  au f der A bszissenachse je n e n  P u n k t F , dessen A bszisse die G röße

O F
l j E  " -  I-t / i t .

ökcbuy
(B .51)

b e s itz t. W enn w ir die P u n k te  D  u n d  F  d u rch  die G erade  D F  m ite in an d e r v e r ­
b in d en , schneidet le tz te re  aus der p -K u rv e  einen P u n k t C h e rau s , dessen O rd i­
n a te  gleich H  is t u n d  dessen  h o rizo n ta le  E n tfe rn u n g  C M  v o n  d er G eraden  OA  
die G röße B r b e s itz t. D ies geh t aus d e r Ä h n lich k e it d er D reiecke DO F  u n d  
D M C  he rvor, da d iese zu r Folge h a t ,  daß

O F : M C  =  H 0 :(H 0~ H ) , (B .52)

w as genau  dasselbe a u sd rü c k t, wie d ie  G leichung (B .49). W ie frü h e r ergeben  
sich  m it der Größe B r auch  die W e rte  B n bzw . B 0 in  G es ta lt d er S trecken  
M L  bzw . LC.
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W ir sehen also, d aß  w ir zu dem  gegebenen W ert V 0 =  H Jh  in  e in fach ste r 
W eise die G rößen V m =  H h , 0 r =  b0y ltB z, 0 Z — b0y l jB 0 u n d  0>n — bQyliB n 
n o m o graph isch  b es tim m en  können .

E s zeigt sich also, daß  a u f  G rund der nom ographischen K o n stru k tio n  
g em ä ß  B ild  B l l  nicht n ur f ü r  die gegebene Größe H 0 und  L u ftspa ltd icke  ò im  Falle 
des B ildes A S  sofort die dazu gehörigen magnetischen Param eter gefunden werden 
kö n n en , sondern, d a ß  a u f  diese W eise nunm ehr auch im  Falle des B ildes A 6 , 
der der klassischen Theorie so große Schw ierigkeiten bereitet, in  äußerst einfacher 
W eise sämtliche uns interessierenden Param eter abgelesen werden können.

N ehm en w ir zu e rs t an , d aß  die M aschine lee rläu ft u n d  d a h e r  an  s ä m t­
lich en  S tellen des L u ftsp a lte s  dieselbe G röße V 0 w irk t. I n  d iesem  F a ll m üssen 
w ir n u r  fü r jed e  N u te n te ilu n g  den  zu  d ieser Stelle gehörigen  W e rt ò • kc 
des sich än d e rn d en  L u ftsp a lte s  b e s tim m en  u n d  e n tsp re c h e n d  d e r V er­
g rö ß eru n g  des L u ftsp a lte s  die E n tfe rn u n g  O F  gem äß d e r F o rm e l (B .51) 
v e rk le in en . D en so e rh a lten en  n eu en  P u n k t F  m it dem  gleichgebliebenen  
P u n k t  D  v e rb in d en d , e rh a lte n  w ir einen  neuen  S c h n ittp u n k t C u n d  d e m e n t­
sp rech en d  die neu en  P a ra m e te r  H  u n d  B z, d .h . w ir e rk en n en  u n m itte lb a r , 
u m  wie viel gem äß  F o rm el (B.47) u n d  (B.44) die L u ftsp a ltin d u k tio n  B ò m it 
d e r  V ergrößerung  des L u ftsp a ltc s  a b n im m t.

H an d e lt es sich  n ic h t um  L eerlau f, sondern  u m  den  F a ll d er B e lastu n g , 
so is t die B estim m u n g  der V erte ilu n g  der L u f tsp a ltin d u k tio n  B ò genauso 
e in fach . D a n u n m e h r in  irg en d e in e r E n tfe rn u n g  v o n  d e r P o lm itte  f y  die 
zw ischen  P o lfläche u n d  Z a h n g ru n d  w irkende m ag n etisch e  S p an n u n g  a n s ta t t  
des W ertes V 0 den  W e rt V 0 +  y  ' A  b e s itz t, e rh ä lt D Ë  n u n m e h r die G röße

D E  =  V < ,±yA  , (B .53)
h

d .h . fü r  versch iedene S te llen  des L u ftsp a lte s  e rh a lten  n u n m e h r n ic h t n u r  die 
P u n k te  F  gem äß (B .50), so n d ern  au ch  die a u f d er G erad en  O A  liegenden 
P u n k te  D  andere  en tsp rech en d e  L agen . W erden  die d e ra r t  sich  e rgebenden  
P u n k tp a a re  v e rb u n d e n , ergeben  sich  analog  zum  F a ll des L eerlaufes die 
e n tsp rech en d en  P u n k te  C u n d  d a m it die m agn etisch en  P a ra m e te r  H  u n d  B r. 
W ir sehen also auch die interessante Tatsache, daß  fü r  die nom ographische Methode 

L e e r la u f und B elastung sich nur dadurch unterscheiden, d a ß  der erste den Grenz­
fa l l  der letzteren darstellt.

W ir können aber genauso ein fach, wie die soeben geschilderten, auch andere 
praktisch  äußerst w ichtige Fragen beantworten, z .B . die Frage, welche Gestalt 
der L u ftspa lt besitzen soll, dam it die Verteilung der Größen B d eine gewünschte  
Gestalt erhält. H ie rzu  is t es o ffen b aren u r no tw end ig , au ß e r d en  zu e iner b e s tim m ­
te n  Stelle des L u ftsp a lte s  gehörigen  P u n k t D  auch  noch  den  zu r gew ünsch ten  
G röße B ő gehörigen P u n k t C festzu legen . D ie V erb in d u n g sg erad e  DC  schn e id e t
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offenbar aus d er A bszissenachse jen en  P u n k t F  h e rau s, fü r  den  sich gem äß 
der F orm el (B.51) die no tw end ige G röße bkc e rg ib t. A uch  in  diesem  F all 
is t es o ffenbar p rin z ip ie ll g leichgültig , ob die gew ünsch te  F o rm  der p e rip h e ri­
schen  V erte ilung  d e r G rößen  B ò sich bei L eerlau f oder B e la s tu n g  ergeben soll.

Bis je tz t  h a b e n  w ir in  diesem  A b sc h n itt die P rin z ip ien  aufgezeigt, a u f  
G ru n d  derer die nom og rap h isch e  M ethode die v e rsch ied en sten , im A b sch n itt 
A au fg ezäh lten  P ro b lem e  löst.

A ls  letztes wollen w ir noch ganz kurz das G rundprinzip  an führen , a u f  Grund  
dessen nomographisch auch die magnetischen Parameter des gesättigten Polvor­
sprunges bestim m t werden können. W ir gehen h ierbei im  A n fan g  ähn lich  vor, wie 
w ir dies bei d er B e rech n u n g  der K oeffiz ien ten  q ge tan  h ab en . W ir suchen  
näm lich zwei einander nachliegende Grenzen, innerhalb derer sich die gesuchten 
magnetischen Param eter befinden m üssen. Der Grundgedanke ist hierbei folgender.

W ir gehen zu e rs t v o n  der A nnahm e aus, daß  V\ — 0, V u  =  0 und  
T̂ iix =  0. F ü r  d iesen  F a ll lassen  sich o ffen b ar die en tsp rech en d en  W erte  

0 yt, 0 y \\  und  0 yu \ in  e in facher W eise, a u f  G ru n d  der in  dem  B ild  B l l  ge­
zeig ten  M ethode fe s ts te llen . E benso  k ö n n en  die G rößen  &aj, &a u n d  <Z>„ in 
e infacher W eise gem äß  d er L eh m an n -R ich te rsch en  M ethode b e rech n e t w erden. 
A uf dies W eise k ö n n en  fü r  den  e rw äh n ten  F a ll auch  die sich  ergebenden  S um ­
m enflüsse in  jed em  d e r Teile I ,  I I  u n d  I I I  b e s tim m t w erd en . Schließlich 
k ö n n en  w ir n o m o g rap h isch  fü r  jed en  der Teile I ,  I I  u n d  I I I  je n e  m agnetischen  
S p an nungsab fä lle  F imax, F n max u n d  Vuimax b estim m en , die du rch  die e r­
w ä h n te n  F lüsse  h e rv o rg e ru fen  w erden . H ieb e i ste llen  die W e rte  V imax, Vumax 
u n d  V \u  max eine obere  m ax im ale  G renze fü r  die w irk lichen  g esu ch ten  W erte  V \, 
V u  u n d  V m  dar. D ies e rg ib t sich einfach aus d er T a tsach e , d aß  die oben erw äh n ­
te n  F lüsse w egen der an fän g lich en  V ernach lässigung  der schw ächenden  W irkung  
d er G rößen  V  g rößere  W erte  an n ah m en , als sie in  W irk lich k e it besitzen .

B erechnen  w ir n u n m e h r zum  zw eiten  M ale die v ersch ied en en  F lüsse í>y 
u n d  0 a m it B e rü ck sich tig u n g  der soeben e rh a lten en  G rößen  F imax, Fiimax 
u n d  F u i max í so e rh a lte n  w ir o ffenbar F lüsse, die geringer sind  als die w irklichen. 
D ie a u f G rund  d ieser F lü sse  in  den Teilen I ,  I I  u n d  I I I  sich e rgebenden  G rößen 
Fimin» Fnmin u n d  F m mjn ste llen  d ah e r n u n m e h r den m in im alen  G renzfall 
fü r  die W erte  F j, F n u n d  F ln  dar. Die F rag e , wie zw ischen den  a u f die ge­
sch ilderte  W eise e rh a lte n e n  G renzfällen  die le tz te re n  b e s tim m t w erden , wollen 
w ir im  w eiteren , als n ic h t p rinzip iell, n ich t w eite r b eh an d e ln , uzw . deshalb  n ich t, 
weil sie ja  in  dem , am  B eg inn  dieses A rtike ls e rw äh n ten  B u ch  des A utors au s­
fü h rlich  besch rieben  is t

H ierbei möge n u r  noch eine fü r  die ganze nom ographische M ethode sehr 
wesentliche Tatasche erw ähnt werden, die im  A bschn itt D eine wichtige Rolle 
spielen w ird. D ies ist der U m stand, daß  im  B uch  sämtliche Lösungen  in  Form  
von ganz einfachen, durch praktische Berechnungsbeispiele demonstrierten  
In struk tionen  gegeben werden.
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C. D ie b isherige A n w endung  e lek tro n isch er 
R ech en m asch in en  z u r B e rech n u n g  m ag n etisch er K re ise  e lek trisch er

M asch inen

In  den letzten Jahre  wurden von vielen Autoren elektromagnetische Probleme 
m it H ilfe  der A m vendung  elektronischer Rechenm aschinen gelöst. D iese M ethode 
h a t  sich als um so f ru c h tb a re r  erw iesen , je  m ehr es sich  u m  d e ra rtig e  F ra g e n  
h a n d e lt , deren B e a n tw o rtu n g  die L ö su n g  ko m p liz ie rte r S ystem e v o n  D iffe­
ren tia lg le ich u n g en  e rfo rd e rt. N eh m en  w ir z.B . das P ro b le m , die im  B ild  A l l  
an g e d e u te te  In d u k tio n sv e rte ilu n g  fü r  den  F all zu b es tim m en , in  dem  die 
E rre g e rd u rch flu tu n g  n ic h t d u rch  e in en  unend lich  d ü n n en  S tro m b elag  e rse tz t 
w ird , sondern  ta ts ä c h lic h  den  g rö ß te n  T eil des R au m es zw ischen P o l u n d  
W endepo l ausfü llt. In  jed em  P u n k t  d e r D u rch flu tu n g  g e lten  in diesem  F alle  
B eziehungen , die die d iffe ren tia le  Ä n d eru n g  der D u rc h flu tu n g  m it der diffe­
re n tia le n  Ä nderung  d e r In d u k tio n sv e rh ä ltn is se  gegenseitig  v e rb in d en  u n d  
k o m pliz ie rte  D ifferen tia lg le ich u n g en  ergeben . Es is t k la r , d aß  in diesem  F alle  
die R echenm asch ine, w enn  sie m it d en  den  R an d b ed in g u n g en  en tsp rech en d en  
D a te n  gespeist w ird  u n d  w enn d er zu  u n te rsu ch en d e  R a u m  in eine genügende 
A n zah l von  sehr k le in en  E le m e n te n  au fg e te ilt w ird , im s ta n d e  ist, die s ä m t­
lich en  dieser Teile en tsp rech en d e  L ösung  rasch  u n d  g en au  zu b e rech n en , 
w odurch  sich sch ließ lich  die gesu ch te  Lage der In d u k tio n s lin ie n  e rg ib t.

Es ist auch  k la r , daß  P ro b lem e , die m it der N o n lin e a r itä t  der fe rro m a­
g ne tischen  K ö rp er Z usam m enhängen , m it H ilfe  d er e lek tro n isch en  R ech en ­
m asch ine  gelöst w erd en  kö n n en . W en n  w ir z.B . im  Q u e rsc h n itt  einer G leich­
strom m asch ine  n ic h t n u r  die den  versch ied en en  D u rc h flu tu n g e n  e n tsp rech en ­
d en  R äum e sondern  auch  das g esam te  E isensystem  in  eine sehr große Z ahl 
v o n  äu ß erst k le inen  e lem en ta ren  F lä c h e n  aufte ilen , so is t es o ffenbar m öglich, 
d ie  In d u k tio n slin ien  n ic h t n u r  in  d en  v o n  der D u rc h flu tu n g  erfü llten  R äu m en , 
so n d e rn  auch im  E isen  zu e rh a lte n , w ofern  die R ech en m asch in e  fü r  jed en  der 
e rw äh n ten  E lem en ta rf läch en  das sich  b es tän d ig  ä n d e rn d e  V erh ä ltn is  zw ischen 
d e r F e ld stä rk e  H  u n d  d er In d u k tio n  B  b e rü ck sich tig t. O ffen b ar e rfo rd e rn  diese 
u n d  ähnliche A ufg ab en  eine seh r kom p liz ie rte  u n d  langw ierige A rb e it der 
P ro g ram m ieru n g . D iese zah lt sich  u n b ed in g t in  je n e n  F ä llen  aus, in  denen  
eine andere M ethode einfach  n ic h t zum  Ziele fü h re n  k a n n . Als B eispiel fü r  
e inen  solchen F a ll sei z.B . die B estim m u n g  der V erte ilu n g  von  W irb e ls trö m en  
in  g esä ttig ten  E isen te ilen  e rw ä h n t. D ie sich in einem  d e ra r tig e n  F all e rgebenden  
D iffe ren tia lg leichungen , in  denen  a u ß e r  der von  P u n k t  zu  P u n k t sich ä n d e rn ­
d en  S trom dich te  au ch  die von  P u n k t  zu P u n k t sich a u f  k o m p liz ie rte  W eise 
ä n d e rn d e  P e rm e a b ilitä t fu n g ie rt, s in d  offenbar p ra k tis c h  n u r  m it H ilfe der 
e lek tron ischen  R ech en m asch in e  lö sb a r, u n d  in  diesem  F a ll is t es e infach  u n ­
v e rm eid b ar, die en tsp rech en d e  große P ro g ram m ie ru n g sa rb e it a u f  sich zu 
nehm en .
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N u n  kom m en aber bei der praktischen  Berechnung von elektrischen M asch i­
nen derartige A ufgaben  n ur verhä ltn ism äßig  selten vor, da m an im  allgemeinen  
—  wie dies die Abschnitte  A und  B des vorliegenden A rtike ls  an H an d  einiger 
B espiele gezeigt haben —  sich die m agnetische Verteilung der gesam ten M aschine  
a u f  einzelne verhältn ism äßig  einfache magnetische K reise aufgeteilt denkt, 
uiobei die gesuchten Param eter fü r  jeden  dieser Kreise getrennt berechnet werden. 
D a in  d iesen, den  w e itau s  g rö ß ten  Teil d e r p rak tisch en  A ufg ab en  d a rs te llen d en  
F ä llen  die sich au f die gesam te  M aschine beziehende g enaue V erte ilu n g  der 
m ag n e tisch en  P a ra m e te r  (die auch  d en  Ü bergang  zw ischen den  e rw äh n ten  
e inzelnen  m agnetischen  K reisen  zeigen w ürde) überflüssig  is t, is t es k la r , daß  
die L ö su n g  dieser A u fg ab en  m it H ilfe e iner solchen P ro g ram m ie ru n g , a u f  
G ru n d  derer die e lek tron ische  R ech en m asch in e  die sich a u f  säm tlich e  P u n k te  
d er M aschine bezeichnende genaue G esam tv erte ilu n g  e rg ib t, zu kostsp ie lig  
w äre  u n d  einen zu g roßen  A rb e itsau fw an d  b ean sp ru ch en  w ü rd e . A us diesem  
G ru n d  h a t  sich die oben  beschriebene A rt der A nw endung  d er e lek trisch en  
R ech en m asch in e  in  d er P ra x is  der B erech n u n g  e lek trischer M aschinen  b ish er 
n u r  b e i w issen sch aftlich -th eo re tisch  zu n en n en d en  A ufgaben , w ie es die oben 
a u fg ezäh lten  sind , p ra k tis c h  d u rch se tzen  können .

A ndererse its  h a b e n  w ir ab e r im  A b sc h n itt A dieses A rtike ls  gezeigt, 
d aß  die p rak tisch e  B erech n u n g  der in  d en  e rw äh n ten  einzelnen  m ag n etisch en  
K  re isen  a u ftre te n d en  m ag n etisch en  P a ra m e te r  m it H ilfe  d er k lassischen  
B erech n u n g sm eth o d en  be i Z unahm e d e r S ä ttig u n g  und  d er K o m p liz ie rth e it 
d er geom etrischen  K o n fig u ra tio n  n u r m it H ilfe eines sehr großen  A rb e itsa u f­
w andes oder ü b e rh a u p t n ic h t m öglich  is t.

N a tü rlic h  ist es au ch  m öglich, die F orm eln , deren  sich  die k lassische 
M ethode b ed ien t, als G run d lag e  fü r  die P ro g ram m ieru n g  d er e lek tro n isch en  
R echenm asch ine  zu v e rw en d en  u n d  so die zu r B erechnung  no tw end ige  Z eit 
b e d e u te n d  zu v e rk ü rzen . D a aber, wie w ir gesehen haben, die klassische Methode 
dazu fü h r t ,  daß  die Lösungsversuche im m er wieder wiederholt werden m üssen  
und zw ar desto öfter, je  kom plizierter der Zusam m enhang zivischen Sättigung und  
geometrischer K on figura tion  ist, ivürde m it dieser K om pliziertheit auch die der 
Program m ierungsarbeit rasch anwachsen und  die Zw eckm äßigkeit der Verwen­
dung der Rechenmaschine im m er mehr in  Frage gestellt sein . A uß erd em  m öge 
d a ra n  e rin n e rt w erden , d aß  die k lassische M ethode gewisse, wie w ir gesehen 
h ab en , große prinzip ielle  W ich tig k e it b esitzen d e  A ufgaben  n iem als fo rm u lie rt 
h a t ,  w ie z.B . die F rag e  d er m ag n etisch en  Ä quivalenz von  K ö rp e rn  v ersch ied e­
n e r K o n fig u ra tio n , die E rse tz u n g  v o n  in  R eihe gescha lte ten  K ö rp e rn  du rch  
einen  Ä q u iv a len ten  u n d  ü b e rh a u p t die F rag e  der genauen  D ars te llu n g  u n d  
U n te rsu ch u n g  der W echselw irkung  zw ischen  der K o n fig u ra tio n  u n d  den 
m ag n e tisch en  P a ra m e te rn . A ll  diese Fragen konnte die klassische Theorie nicht 
stellen, weil es von vornherein klar ivar, d a ß  die Lösung derartiger Fragen eine 
ganz ungeheure M enge von ständigen Versuchsberechnungen sowie die stän-
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dige Entscheidung darüber nötig m acht, in  welche R ich tungen  die Versuche zu  
ändern sind . B ei der Verw endung der Rechenm aschine würde dementsprechend  
die Program m ierungsarbeit so langivierig und  kom pliziert werden, daß  m an  
letzten Endes aus diesem  Grunde a u f  die Lösung der erwähnten Probleme auch  
bei Verwendung der elektronischen Rechenm aschine p ra k tisch  verzichten m üßte. 
D ies w ürde ab er fo lgendes b ed eu ten : D ie A n w endung  d er R echenm asch ine 
w ü rd e  n u r  zur B esch leun igung  der L ösung derjen ig en  verh ä ltn ism ässig  e in ­
fach en  A ufgaben  v e rw e n d e t w erden , die der B erech n er von  e lek trischen  
M asch inen  im  B e trie b e  b ish e r au f G ru n d  d er k lassischen  M ethoden m an u ell 
d u rch g e fü h rt h a t. D ie große Zahl der vom A u to r  in  seinem  Buche ausführlich  
aufgezählten , hier n u r  teilweise und oberflächlich berührten, praktisch  w ichtigen, 
aber bisher fü r  unlösbar gehaltenen A ufgaben  w ürden auch weiter als unlösbar 
gelten und m üßte sich  der Berechner wie bisher m it dieser Tatsache abfinden.

Unter diesen U m ständen  ist es nur selbstverständlich, d a ß  sich als möglicher 
A usw eg  aus der geschilderten bedauerlichen Lage der Gedanke ergab, die Berech­
n u n g  der Parameter der erwähnten einzelnen von einander getrennten m agneti­
schen Kreise m it H ilfe  der elektronischen Rechenm aschine, nicht ausgehend von 
den die klassischen M ethoden kennzeichnenden Form eln durchzuführen, sondern  
ausgehend von den Gedankengängen der nom ographischen Methode des A u to rs . 
D a fü r  sp rich t o ffen b a r die T a tsach e , d aß  bei der le tz te re n  —  wie dies im  A b ­
s c h n it t  B gezeigt w u rd e  —  die geom etrische K o n fig u ra tio n  als se lb s ts tän d ig e r 
P a ra m e te r  a u f t r i t t ,  w o d u rch  die Z usam m enhänge  zw ischen der K o n fig u ra tio n  
u n d  den  m ag n e tisch en  P a ra m e te rn  seh r v e re in fach t w erden  und  d ah e r die 
no tw end ige  B e rech n u n g sa rb e it im  V ergleich zu r k lassischen  M ethode v e rh ä l t ­
n ism äß ig  sehr w enig  A rb e itsau fw an d  e rfo rd e rt. E s lag also der Gedanke nahe, 
d a ß  auch die P rogram m ierung einer elektronischen M aschine bei Verwendung  
der durch die nom ographische Methode ausgearbeiteten einfachen Formeln u n d  
Zusam m enhänge verhä ltn ism äßig  einfach ist und  es ermöglicht, die Zeit, die die 
m anuelle A n w endung  der nomographischen Methode erfordert, in bedeutendem  
M a ß e  zu verringern.

Soweit es d em  A uto r b e k a n n t is t, h ab e n  sich zum  ers ten  Mal eine zu 
d iesem  F rag en k o m p lex  gehörige A ufgabe die S o w je tau to ren  B. A. K i t a i t - 
s c h i k  und  G . G . G r o m o v  in  einem  in d er N r. 6  der Z e itsch rift Isvestija  vüs- 
schih Utschebnih Z aved en ii (E lek tro n ik a) im  J a h re  1970 verö ffen tlichen  A rtik e l 
g este llt.

D ie A ufgabe b e s ta n d  darin , die V erte ilu n g  der L u ftsp a ltin d u k tio n  in  
d em  längs der P e r ip h e rie  des A nkers eines Z ugm oto rs veränderliche  D icke 
b esitzen d en  L u f ts p a lt  gem äß der im  Z u sam m en h an g  m it dem  Bild B l l  b e ­
schriebenen  n o m o g rap h isch en  M ethode festzu ste llen , w obei aber die B erech ­
n u n g  m it H ilfe e in e r e lek tron ischen  R echenm asch ine  d u rch g efü h rt w u rd e . 
Z u  diesem  Zw ecke b e rech n e ten  die g en an n ten  A u to ren  den  den keilfö rm igen  
A nkerzäh n en  e n tsp re c h e n d en  K oeffizien t o =  1,6, n a ch h e r b e s tim m ten  sie
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die zu  den  versch ied en en  m öglichen A bszissen  gehörigen O rd in a ten  d er ge­
w ü n sch ten  K u rv e  fü r  p =  1,6. Die d e ra r tig  e rh a lten en  A bszissen u n d  O rd i­
n a te n  d ieser K u rv e  w u rd en  in  der e lek tro n isch en  R echenm asch ine  gespeichert. 
A uß erd em  w u rd en  die G leichungen e in p ro g ra im n ie rt, d ie gem äß  des am  B eg inn  
dieses A rtik e ls  e rw äh n ten  B uches des A u to rs  die Lage d er G eraden  D F  fü r  die 
zu v e rsch iedenen  S te llen  des L u ftsp a lte s  gehörigen W erte  ő • kc k en n ze ich ­
nen , w o ra u f die R echenm asch ine  die g esu ch ten  m ag n e tisch en  P a ra m e te r  d e r 
P u n k te  C b e rech n e te , die sich als S c h n ittp u n k te  d er versch iedenen  G erad en  
D F  m it d er im  S peicher fix ie rten  K u rv e  fü r  q =  1,6 ergaben .

A u f die F rag e , oh die M ethode d er L en in g rad er A u to ren  ta tsä sc h lic h  
e in en  p ra k tisc h e n  W eg zu r Ü b erfü h ru n g  des gesam ten , b ish er a u f  m anuellen  
V erfah ren  b e ru h en d en  nom ograph ischen  S ystem s a u f  die e lek tron ische  R e c h e n ­
m asch in e  zeig t, m u ß  festg este llt w erden , d a ß  dies le ider aus den im  W eite ren  
a u sg e fü h rten  G rü n d en  n ic h t der F a ll is t.

A n d er e rw ä h n te n  B erechnung  fä llt  n äm lich  auf, daß  n u r  ein  einziger W e rt 
p =  1,6 fu n g ie rt, w ährend  im  allgem einen bei den im  B uche au fg ezäh lten  
A ufgaben  die v e rsch ied en sten  W erte  v o n  q zu berechnen  sind . Dies w ar den  
A u to ren  e inerse its d a d u rc h  m öglich, d aß  die Z ähne des zu b erech n en d en  
Z ug m o to rs  keilfö rm ig  w aren , w ährend  zu r B erechnung  so lcher Z ahnfo rm en , 
die sich  aus m eh re ren  in  R eihe g esch a lte ten  Teilen  zusam m ensetzen , die 
W erte  q fü r  jed en  d e r e rw äh n ten  Teile b e k a n n t sein m ü ß te n . A ndererseits v e r­
z ic h te te n  die be id en  A u to ren  au f die B erech n u n g  des S pannungsabfa lles im  
P o lv o rsp ru n g , d e r, wie im  A b sch n itt A  e rw ä h n t w urde , sich aus m eh reren  
T eilen  zu sam m en se tz t, fü r  die ebenfalls die en tsp rech en d en  versch iedenen  
K oeffiz ien ten  q b e s tim m t w erden  m üssen.

N u n  is t es n a tü r lic h  den  e rw äh n ten  A u to ren , die S pezialisten  a u f dem  
G eb ie t v o n  Z u g m o to ren  sind , sehr gu t b e k a n n t, daß  gerade in  dieser A rt v o n  
M otoren  die S p an n u n g sab fä lle  V j, V \\ u n d  Uni in den  P o lv o rsp rü n g en  oft 
eine seh r große R olle sp ielen  und  d ah e r be i ih re r V ernach lässigung  die sich 
d e ra r t  e rgebende  p e rip h eria le  V erte ilung  der rad ia len  L u ftsp a ltin d u k tio n  
s ta rk  v o n  d er w irk lichen  abw eichen k a n n . A ndererse its  b e ru fen  sie sich se lb st 
a u f  das e rw ä h n te  B u ch  des A utors u n d  k en n en  d ah er o ffen b ar auch  die v o n  
ih m  v orgesch lagene nom ograph ische  M ethode der B estim m u n g  der S p an n u n g s­
ab fä lle  in  den  P o lv o rsp rü n g en . Die T a tsa c h e , daß  sie tro tz d e m  n ich t v e rsu ch t 
h ab en , au ch  diese M ethode m it H ilfe d er e lek tron ischen  R echenm asch ine  zu 
v e rw irk lich en  u n d  es vorgezogen h ab en , b e trä c h tlic h e  A bw eichungen  d er 
V erte ilu n g  d er L u f tsp a ltin d u k tio n  in  K a u f  zu  nehm en , d ü rf te  d ah er fo lgende 
U rsache  h ab en .

W enn  im  L aufe  d er nom ograph ischen  B erechnung  viele versch iedene 
p -K u rv en  V orkom m en, ergeben sich o ffen b ar bei d er v o n  den  L en in g rad er 
A u to ren  v e rw en d e ten  M ethode folgende zwei M öglichkeiten : D ie eine b e s te h t 
d a r in , dass die D a te n  je d e r  p-K urve m it H ilfe  der oben e rw äh n ten  M ethode
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v o n  d e r R ech en m asch in e  b e re c h n e t u n d  in  ih rem  S peicher fix ie rt w ird . 
D ies w ürde  ab er — w enn  w ir die g roße  Z ahl von  versch ied en en  g -K u rv en , 
die im  L aufe einer nom o g rap h isch en  B erech n u n g  V orkom m en können , u n d  die 
g ro ß e  Z ahl d er zu r genauen  F ix ie ru n g  je d e r  o-K urve  no tw en d ig en  P u n k te  
b e rü ck sich tig en  — eine sehr s ta rk e  B ean sp ru ch u n g  d er S p e ic h e rk a p a z itä t 
b e d e u te n . Die andere  M öglichkeit b e s te h t d a rin , daß  die R echenm asch ine  ohne 
zu sä tz lich e  B ean sp ru ch u n g  der S p e ic h e rk a p a z itä t die e inzelnen  P u n k te  je d e r  
d e r im  L aufe der B erechnung  v o rk o m m en d en  (und  in  v ie len  F ä llen  m eh rm als  
v o rk o m m en d en ) ^ -K u rv en  im m er w ied er von  neuem  b e rech n e t. D ieser V o r­
g an g  w ürde  aber zu r s ta rk e n  V erg rö ß eru n g  der P ro g ram m ie ru n g sa rb e it u n d  
d e r B erechnungsze it fü h ren . D ie in  beiden Fällen  auftretenden erwähnten N a ch ­
teile w ürden dazu fü h re n , daß die Z w eckm äßigkeit der A n w endung  der Recheti- 
m aschine bei der D urchführung nom ographischer Berechnungen von m agnetischen  
K reisen  gerade fü r  die wichtigsten und  häufigsten  solcher nomographischen A u f ­
gaben in  Frage gestellt wäre.

D. Die nom ograph ischen  M ethoden  bei der A nw endung 
der e lek tro n isch en  R echenm asch ine.

A uto r ist überzeugt, daß die A n w en d u n g  der elektronischen Rechenm aschine  
woferne die im  A bschnitt C angedeuteten sich im  Zusam m enhang m it dem  

Vorkom m en vieler q-K urven auftretenden Schwierigkeiten in  einfacher W eise  
ausgeschaltet werden könnten — eine außerordentlich große Redeutung f ü r  die 
E rhöhung der praktischen A u sn ü tzu n g  der nomographischen Methode der B e ­
rechnung stark gesättigter und kom pliziert geformter magnetischer Kreise besitzen  
w ürde. Z u  den im  A bschnitt B  aufgezählten Vorteilen gegenüber den klassischen  
M ethoden kom m t näm lich auch noch der U m stand h inzu , daß  die nomographische  
M ethode es ermöglicht, das durchzuführende Verfahren in  Gestalt einfacher I n ­
struktionen  niederzulegen, die es au ch  w eniger qualifiz ie rten  B erechnern  e rm ö g ­
lich en , die au fe in an d er fo lgenden S tu fen  d er Lösung sozusagen m echan isch  zu 
ve rw irk lich en . E s ist klar, daß die Verw andlung dieser In struktionen , d ie im  
e rw ä h n te n  B uche des A u to rs  in  g ro ß er Z ah l au fgezäh lt s in d , in  die entsprechen­
den A lgorithm en sehr einfach erfolgen ka n n , was die A nw endung  einer elektroni­
schen Rechenm aschine sehr erleichtern würde.

E s war aber vorher notwendig, eine solche Methode der Program m ierung  
auszuarbeiten , bei der die oben erw ähnten, bei der Berücksichtigung vieler ver­
schiedener q-K urven auftretenden Schivierigkeiten wegfallen.

Dem  A utor ist es im  R ahm en der von ihm  im  F orschungsinstitu t fü r  A u to m a ­
tisierung  der Ungarischen A kadem ie der W issenschaften geleiteten A  rbeit gelungen, 
dieses interessante Problem zu lösen und  zwar a u f  G rund von Überlegungen, die 
er im  folgenden darlegen wird.
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D ie G rundlage, von der er ausgegangen ist, ist die E ntdeckung, daß es 
möglich ist, jede irgendeinem  beliebigen W ert von q entsprechende K urve  des 
Nom ogram m es in  einfacher Weise a u f  eine beliebige andere q-K urve zu rü ck ­
zu führen . In  B ild D .l .  sei dies am B eisp iel e in er belieb igen  g -K u rv en  d arg e leg t, 
die im  gegebenen F a ll  a u f  die q =  1 K u rv e  zu rü ck g efiih rt w erden  m öge.

Bild D l

N ehm en w ir irg e n d  einen m itt le re n  W e rt der zu r g -K urve  g ehörigen  
W erte  H  an  u n d  beze ich n en  ihn  m it H a. B ezeichnen  w ir das V erhä ltn is  d e r 
A bszisse  des zu H a gehörigen  P u n k te s  a d e r K u rv e  q =  1 zu r Abszisse des zu 
H a gehörigen  P u n k te s  b der p -K urve m it a„. D an n  g ilt, w ie A u to r fe s tg este llt 
h a t,  folgendes G esetz: M ultip lizieren  ivir die zu  einem  beliebigen Wert H  gehörige 
A bszisse  B 0 der q -K urve  ( wir wollen diesen W ert m it B 0(? (H ) bezeichnen)  m it 
der Größe a„, so ergibt sich eine Größe, die sich von dem zur selben Größe H  
gehörigen Wert der A bszisse  der q =  1 -K urve  (er möge im  weiteren m it B 0el(H ) 
bezeichnet werden)  n u r  um  einen verhä ltn ism äßig  geringen B etrag unterschei­
det. Letzteren wollen w ir  — der E in fa ch h e it halber den In d e x  0 weglassend 
im  weiteren  /IB (H ) nennen , wobei

A B (H ) =  aQ • B 0e(H )  -  B 0rjl(H )  (D .l)

W enn  w ir n u n m e h r  die sich fü r  versch ied en e  W erte  H  e rgebenden  W erte  
A B (H ) als F u n k tio n  v o n  H  au fzeichnen , e rh a lte n  w ir K u rven , die w ir genügend  
genau durch zwei Gerade ersetzen können.

Es ist le ich t e inzusehen , d aß  die W erte  A B (H )  bei d er U m rech n u n g  
d e r K u rv e  q =  2,66 a u f  die K urve  q =  1 am  g rö ß ten  sein  w erden , da  sich
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j a  die G esta lt d er e rs te ren  von  d e r d e r  le tzeren  m ehr u n te rsc h e id e t als die 
G e s ta lt der ü b rigen  p -K urven . D a rau s  fo lg t o ffenbar auch , d aß  bei d e r E r s e t ­
zung  dieser A B (H ) — K u rv e  d u rch  G erade  die sich fü r  d iesen  F a ll e rg eb en d en  
F e h le r  am  g rö ß ten  sein w erden . N u n  is t es ab er m öglich , die sich  bei d e r vom  
A u to r  en tw ick e lten  M ethode e rg eb en d en  m ax im alen  F eh le r noch  b e trä c h tlic h  
w e ite r  zu v e rk le in e rn .

W ie näm lich  an fan g s a u sg e fü h rt w u rd e , is t es p rin z ip ie ll m öglich , eine 
belieb ige g -K urve  a u f  eine belieb ige an d e re  g-K urve  zu rü ck zu fü h ren . W ir  
können  also die q-K urve anstatt, wie es bisher der E in fachheit halber gezeigt 
w urde, a u f  die K urve  f ü r  q =  1, a u f  eine beliebige andere, z .B . a u f  eine ungefähr 
in  d e r M itte  zw ischen den  ex trem en  K u rv e n  (g =  1 bezw . q =  2,66) liegende 
zu rü ck fü h ren , die w ir m it qm beze ich n en  w erden . In  d iesem  F alle  ä n d e r t  sich 
o ffen b ar in bezug  a u f  den  K o effiz ien ten  aQ n u r  das eine, d aß  seine W erte  n u r  
zw ischen der K u rv e  fü r  q =  2,66 u n d  d e r fü r  q =  qm g rößer als eins sein 
w erd en , w äh ren d  sie zw ischen d er le tz te re n  K u rv e  u n d  d e r fü r  q =  1 k le in e r 
a ls eins w erden . D ie W erte  A B (H )  e rgeben  sich gem äß d e r G leichung

à B (H )  =  ae • B 0q(H ) -  B 0em( H ) , (D .2)

w o b ei d er A u sd ru ck  B 0gm(H )  d ie A bszissen  d er K u rv e  fü r  q =  qm als F u n k tio n  
v o n  H  d a rs te llt. D ie W erte  A B (H )  g em äß  der F o rm el (D .2) sind  o ffen b ar 
k le in e r  als die gem äß  d e r F o rm el (D .l) ,  d a  ja  z.B . d er U n te rsch ied  d e r F o rm  
d e r  K u rv e  fü r q =  2 ,66 im  V ergleich  zu  d e r  der K u rv e  fü r  q =  qm en tsp rech en d  
k le in e r  sein w ird , als im  V ergleich zu  d er d er K urve  fü r  q =  1. E rse tz e n  w ir 
d ie d e ra r t k le inergew ordenen  A bszissen besitzende K u rv e  A B (H )  d u rc h  e n t­
sp rech en d e  G erad en , so w erden  o ffen b ar auch  die sich h ierbei e rgebenden  
F e h le r  en tsp rech en d  k le iner w erden .

Vom  S ta n d p u n k t des Speichers d er e lek tron ischen  R echenm asch ine  
ä n d e r t  sich in  d iesem  F a lle  n ich ts  an d eres , als d aß  in  ihm  n ic h t die K u rv e  
fü r  q =  1 sondern  die K u rv e  B oem(H )  f ix ie r t  w ird.

Von den  o ben  e rw ä h n te n  G erad en , du rch  die w ir die zlB (H ) K u rv e n  
e rse tzen  können , g ilt die eine fü r  d en  s ta rk  g e sä ttig ten  B ereich , d .h . von  
irg en d  einem  W ert H  ~ H k au fw ärts  u n d  en tsp ric h t dem  A usdruck  bQH - \ - c Q, 
w ä h re n d  die zw eite  fü r  den  schw ach  g e sä ttig te n  B ereich  g ilt, d .h . v o n  H k a b ­
w ä r ts  u n d  dem  A u sd ru ck  b'gH  -f- c'g e n tsp r ic h t.

H ierbei e rgeben  sich die K o n s ta n te n  b„, cg, b'e u n d  e ', die po sitiv e  
o d e r neg a tiv e  W erte  an n eh m en  k ö n n en , als F u n k tio n  von  q. E s e rg ib t sich  also 
genügend  genau die G ese tzm äß ig k e it:

aQ ' Bee(H ) =  B ogm(H )  +  bg ■ H  -j- cg (D .3)
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fü r  den  B ereich H  >  H k und

aa ' Boe(H) — Bogm(H )  +  K  ' H  -f- c' (D .4)

fü r den  B ereich H  <C H k.
A u f  Grund dieser Form eln können w ir jede  nom ographisch a u f  Grund einer 

bestim m ten Q-Kurve zu  bestim m ende Aufgabe leicht a u f  eine solche Aufgabe  
zurückführen, in  der anstatt der q-K urve n ur die K urve  q =  qm fu ng iert und

außerdem  lineare F unktionen  von H  sowie K onstan ten . D ies sei a u f G rund des 
fo lgenden B eispieles illu s tr ie r t.

G ehen w ir aus vom  B ild  B . l l ,  w elches ze ig t, w ie bei der du rch  den  
W e rt q gekennzeichneten  gegebenen K o n fig u ra tio n  des Z ahnes, ferner d er 
d u rc h  den A u sd ru ck  tg  ß  g ek ennzeichneten  K o n fig u ra tio n  d er ihm  p ara lle l­
g e sch a lte ten  N u t, fe rn e r der gegebenen der S treck e  O F  v e rk e h r t  p ro p o rtio n a len  
G röße des L u ftsp a lte s  u n d  sch ließ lich  der d u rc h  die O rd in a te  H 0=  V 0 f ^ y - A l h  
gegebenen m agnetischen  S p an n u n g  der P u n k t C als S c h n ittp u n k t der o -K urve 
m it e iner solchen G eraden  gefundenen  w ird , die den  P u n k t  F  m it jenem  P u n k t 

D  v e rb in d e t, der die O rd in a te  H 0 b es itz t u n d  bei dem  das V erhältn is  K 0 /Jfo 
gleich is t dem  gegebenen  W ert t g ß .

N ehm en w ir n u n m e h r an , d a ß  w ir gem äß  B ild . D .2 säm tlich e  A bszissen 
des B ildes B . l l  m it dem  W e rt ae m u ltip liz ie ren , ab e r die W erte  säm tlich er 
O rd in a ten  u n v e rä n d e rt lassen . A n s ta t t  tg  ß  e rh a lte n  w ir also den  W ert ae • tg  ß , 
d .h . a n s ta t t  der S treck e  O E  e rh a lte n  w ir eine S treck e  von  d er G röße ae ■ O E.
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A n s ta t t  d er S trecke  O F  e rh a lte n  w ir eine S trecke von d er G röße aQ ■ O F . 
W ü rd e n  w ir auch  säm tlich e  A bszissen  d er K urve  g m it aQ m u ltip liz ie re n , so 
w ü rd e  sich  o ffenbar zu dem  sich  n a c h  B ild  D.2 ergebenden  S c h n it tp u n k t der 
n e u e n , m it ae m u ltip liz ie rte  A bszissen  b esitzenden  p -K urve  in  B ild  B . l l  sich 
d ie  Abszisse pg • B 0 e rgeben . Aus an a lo g en  G ründen  w ü rd en  sich  in  B ild  D.2 
a n s ta t t  d er W erte  B r u n d  B n aus B ild  B . l l  die W erte  aQ • B r u n d  ae • B r 
e rg eb en , w obei die G röße H , e n tsp rech en d  d er als g leichbleibend  angenom m enen  
H 0, in  B ild  D .2 denselben  W e rt b e h ä lt ,  wie in  B ild  B . l l .  W ir sehen  also, 
d a ß  sich  zw ischen den  E rg eb n issen  in  B ild  B . l l  u n d  je n e n  in  B ild  D.2 
k e in e rle i U n te rsch ied  ze ig t, w oferne  w ir die in  B ild  D .2 e rh a lte n e n  G rößen 
ne ■ B r, ae ■ B 0 u n d  ae ■ B n d u rc h  die gegebene K o n s ta n te  ae d iv id ie ren .

N u n  k ö nnen  ab er gem äß  d e r G leichung (D.3) bezw . (D .4) die m it ag 
m ultip lizierten  A bszissen  B 0g(H ) irgendeiner q-Kurve a u f  die A bszissen  B ogm(H) 
der K urve  f ü r  q =  qm zurückgeführt werden. Das bedeutet also, daß  zur Lösung  
irgendeiner nomographischen A ufgabe m it H ilfe  einer elektronischen Rechen­
m aschine bei beliebigem W ert von q n ichts anderes notwendig is t, als die A bszissen  
säm tlicher vorkom m enden Geraden m it der erwähnten K onstanten  a„ zu m u ltip li­
zieren und  die q-K urve durch K u rven

B oem(H) +  be • H  +  ce bzw . B oem(H )  - f  b'g ■ H +  c'

zu ersetzen. D ies bedeutet also, daß  bei beliebigen Werten von q im  Speicher der 
elektronischen Rechenm aschine die D aten einer einzigen K urve , näm lich  der 
K u rve  fü r  q =  qm f ix ie r t  sein m üssen , d.h. das im  Z usam m enhang  m it dem  
erw ähnten A rtike l der genannten Sow jetautoren beschriebene, bisher die A nw endung  
der nomographischen M ethode bei elektronischen Rechenm aschinen erschwerende 
Problem gelöst ist.

Im  w eite ren  sei noch  k u rz  a n g e d e u te t, wie die den  v e rsch ied en en  q-W er­
te n  en tsp rech en d en  versch ied en en  K o n s ta n te n  ae, bg, cQ bezw . b'0 u n d  c ' fe s t­
g e s te llt w erden  können .

Z u e rs t w ird  die K u rv e  q =  1 v o rü b erg eh en d  in  den  Speicher d er R ech en ­
m asch in e  f ix ie rt u n d  m it H ilfe d e r le tz te re n  die gew ünsch te  Z ah l v o n  P u n k ­
te n  d er sich  bei der L ösung von  nom ograph ischen  A ufgaben  p ra k tis c h  als 
g en ü g en d  erw eisenden g -K u rv en  b e re c h n e t, wobei d er zu r P ro g ram m ie ­
ru n g  no tw end ige  A lgorithm us je n e n  F o rm eln  en tsp rich t, a u f  G ru n d  deren  sich 
d ie  in  B ild  B .4, a u n d  B .4 , b d a rg es te llte  K o n s tru k tio n  e rg ib t. A us den 
d e ra r t  von  der R echenm asch ine  abgegebenen  D a ten  k a n n  das p rin z ip ie ll dem  
B ild  B.5 en tsp rech en d e, die g ew ü n sch te  Zahl von  p -K u rv en  e n th a lte n d e  
N om ogram m  genau  gezeichnet w erd en . A u f G rund dieser M ethode h ab e n  m eine 
w issenschaftlichen  M ita rb e ite r, d ie H e rre n  A lexander B enkö u n d  G abrie l R en ­
n e r  die p -K urven , die dem  B ild  B .5 en tsp rechen , m it H ilfe e iner e lek tro ­
n isch en  R echenm asch ine  e rh a lten .
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N u n m eh r w ird  eine b es tim m te  G röße v o n  H a g ew äh lt u n d  aus den  ih r  
en tsp rech en d en  A bszissen d er den versch iedenen  W erten  v o n  p en tsp rech en d en  
K u rv en  w erden  die K o n s ta n te n  aQ b e rech n e t. D arau s ergehen  sich  fü r die v e r­
schiedenen W erte  von  H  aus den den le tz te re n  e n tsp rech en d en  A bszissen 
B 0e(H )  der p -K u rv en  die D ifferenzen A B f H J  gem äß G leichung (D.2) als 
F u n k tio n en  von H . W ird  jed e  d ieser K u rv en  d u rch  zwei solche G eraden 
e rse tz t, die v o n  G esich tsp u n k t der e n ts teh en d en  g rö ß ten  A bw eichungen , die 
o ffenbar den sich e rgehenden  F eh le rn  en tsp rech en , op tim a l sin d , so ergeben sich 
fü r  die im B ereich  H  H k liegende G erade, die der F u n k tio n  b„ ■ H  +  ce 
e n tsp ric h t, die d er b e tre ffen d en  p-K u rv e  en tsp rech en d en  K oeffiz ien ten  6„ u n d  
cQ und  fü r die im  B ere ich  H  <  H k liegende G erade , die der F u n k tio n  b'Q • H + c ' 
en tsp ric h t, die der b e tre ffen d en  p-K urve  en tsp rech en d en  K oeffiz ien ten  b'g 
und  c'. A uf diese W eise e rh a lten  w ir schließlich  die K o n s ta n te n  u„, 6„, ce, 
b'„, c'e u n d  H k als F u n k tio n e n  von  p. A u s  diesen bestim m t die elektronische 
Rechenm aschine , nachdem  sie den zu einer gegebenen K on fig u ra tio n  gehörigen 
K oeffizienten  p berechnet ha t, die zu letzteren gehörigen erwähnten K onstanten  
und a u f  G rund der Gleichungen  (D .3) bzw. (D .4) m it B enü tzung  der Werte B 
die vorher anstatt der K urve  o =  1 im  Speicher zu  f ix ir e n  sin d , die zur Lösung  
einer bestimmten A ufgabe notivendigen P unkte  der K urve  B oe(F[).

B ild D .3 zeig t jen e , von  m einen e rw äh n ten  M ita rb e ite rn  fü r  den F a ll 
H a =  1400 u n d  pm =  1,44 e rha ltenen  beiden  Z lB (f/)-K u rv en , die im  V erhältn is 
zu den üb rigen  A B (if)-K u rv e n  die g rö ß ten  /l-B (if)-W erte  aufw eisen. Dies sind  
offenbar die sich  fü r  die E x tre m w e rte  p =  2 ,66 bzw . p =  1 ergebenden 
K u rv en . A uch is t in  d iesem  B ild  gezeigt, wie je d e d ie se r  be idenZ lB (H )-K urven  
d u rch  je  zwei G erade  b„H CQ bzw . bgH  -f~ c' e rse tz t w erden  k a n n , die sich 
bei einem W erte  H  =  H k schneiden .

Die P ro g ram m ie ru n g  m uß  d a fü r sorgen , d aß , w enn  die O rd ina te  den 
W ert H k e rre ich t, die K o n s ta n te n  be bzw . ce m it den  K o n s ta n te n  b'Q bzw. c'Q den 
P la tz  tau sch en . W en n  die O rd in a te  bis a u f  den  W ert H  =  50 h e rab s in k t, m uß  
die P ro g ram m ie ru n g  d a fü r  sorgen, d aß  b'Q =  0 u n d  c ' =  0 w ird . Die sich in 
B ild  D .3 in  B ezug a u f  die In d u k tio n  e rgebenden  F eh le r e rre ichen  die m ax i­
m ale G röße von  85 G, w as fü r  die K u rv e  pm =  1,44 zw ischen 3000 und  100 
A/cm  p rozen tu e ll h ö ch sten s  e tw a 0 ,6%  d er In d u k tio n  au sm a c h t. N och w ich­
tig e r  is t die F rag e  des sich in  bezug a u f  die F e ld s tä rk e  e rgebenden  Fehlers. 
E r  b e trä g t bei 3000 A/cm  m axim al 65 A/cm  und  n im m t m it abnehm ender 
F e ld s tä rk e  ab , da  die N eigung d er K u rv e  p m =  1.44, in  bezug  a u f  welche 
sich die e rw äh n ten  F eh le r beziehen, en tsp rech en d en d  a b n im m t. U n te r­
halb  von H  =  100 A /cm  b e trä g t d ieser F eh le r m ax im al 7 A /cm , d .h . e r 
is t v ern ach läß ig b ar k lein . A us diesem  G runde w urde  im Bild D .3 d er zum  B ereich 
H</100 A/cm gehörige Teil d er zlB /H / — K u rv en  als u n w esen tlich  w eggelassen.

S elb stv ers tän d lich erw eise  w äre es m öglich , a u f  die Z eichnung  der p- 
K u rv en  zu v e rz ich ten , da  es ja  m öglich is t, die soeben d a rg es te llte  B erechnung
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d e r W erte  ae, bQ, c0, b'Q c' u n d  H k fü r irg en d e in en  b es tim m ten  W ert H a n u r  d u rch  
d ie  R echenm asch ine  d u rch fü h ren  zu  la ssen . A u to r is t  ab e r d er M einung, d aß  
t r o tz  dieser T a tsach e  d ie  N iederzeichung  säm tlicher g -K u rv en  sehr e rw ü n sch t 
is t .  E s kommen näm lich  bei der A n w en d u n g  der nom ographischen M ethode oft

auch solche Fragen vor, deren B eantw ortung sich direkt aus dem gezeichneten  
N om ogram m  ergibt, ohne daß die Frage der A nw endung  einer Rechenm aschine  
entstünde. A ls  ein B e isp ie l vieler solcher Fragen sei a u f  e in  Problem hingewiesen, 
d a ß  von der klassischen Methode n iem als gestellt wurde, obwohl seine Lösung  
außerordentlich große Bedeutung besitzt. Dies is t das P ro b lem  d er A uffin d u n g  
je n e r  K o n fig u ra tio n  eines fe rro m ag n etisch en  K ö rp ers , d e r fü r  eine gegebene 
m agnetische  S p an n u n g  V  einen b e s tim m te n  m agn etisch en  F lu ß  0  e rg ib t (oder 
u m g ek eh rt) . Die L ösung  dieses außerordentlich kom pliziert erscheinenden P ro­
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blems kann  aus der gezeichneten K urvenschar  d irek t abgelesen  w erden  als jen e r 
W e rt Q, bei dem  a u f  d er zu ih m  gehörigen  K urve  d er P u n k t  m it d er A bszisse 
Ф/Ь0у1  u n d  d er O rd in a te  V /h  lieg t.

E in  zweites B e isp ie l einer direkt a u f  Grund der K urvenschar unm ittelbar 
beantwortbaren Frage ist das in  B ild  B .8 gezeigte Problem, welcher Zusam m enhang  
zw ischen der Ä nderung  der Größe д und  der Ä nderung der Größe B 0 sich unter 
der B edingung ergibt, daß der W ert H  konstant bleibt. W eitere derartige Beispiele  
s in d  das Problem des sich zwischen den W erten  H  und q ergebenden Z u sam m en­
hanges, unter der B ed ingung , daß  B 0 konstant bleibt, u n d  das Problem des sich 
zw ischen den W erten  B 0 und  H  ergebenden Zusam m enhanges, woferne ein be­
stim m ter W ert von q konstant bleibt.

A u s  diesem G runde ist A u to r  der M einung, daß der weitaus allergrößte 
T eil der sich ergebenden nomographisch zu lösenden Probleme m it H ilfe  der 
A nw endung  der elektronischen Rechenm aschine bearbeitet w ird , bestimmte derar­
tige Probleme aber — wie bisher — m it H ilfe der gezeichneten K urvenschar. 
O b die nom og rap h isch e  M ethode m asch inell oder m an u e ll anzuw enden  is t, 
d a rü b e r  en tsch e id e t die F rag e  d e r k o n k re te n  Z w eckm äß igkeit.

The Nom ographic Computation of Complicated M agnetic Circuits w ith  Computer
A u th o r  succeeded in  m ak in g  possib le th e  ap p lica tio n  of th e  n o m o g rap h ic  m eth o d  — elabo­
ra te d  b y  h im self and  d e ta iled  in  his book: “ T he N om ographic C o m p u ta tio n  of C om plicated  an d  
H igh ly  S a tu ra te d  M agnetic  C ircu its”  (P e rg am o n  Press, 1962) — to  a  c o m p u te r an d  
th e re b y  in  develop ing  re m a rca b ly  his m eth o d . F o r  th row ing  lig h t u p o n  th e  significance of th e  
p rob lem , he p o in ts  o u t b riefly  th e  deficiencies in  th e  usual co m p u tin g  m eth o d s ta u g h t  u n till  
now , a n d  describes how  th ese  could  sim p ly  be  e lim inated  by  m ak in g  u se  o f  his nom ograph ic  
m eth o d . H e rea fte r , th e  m eth o d s of calcu la tio n  of th e  sa tu ra te d  m ag n e tic  c ircu its  b y  using  
c o m p u te rs  kno w n  so fa r  a re  su rv ey ed , a n d  i t  is p o in ted  o u t w hy th e  use  o f these  la t te r  for 
th e  n o m ograph ic  m eth o d  caused  d ifficu lties . L as tly , th e  possib ility  to  overcom e th e  d ifficu lties 
m en tio n ed , d iscovered  n o t long ago b y  th e  a u th o r , is presen ted .

Номографический метод расчёта сложных сильно насыщенных магнитных цепей 
с применением электронных вычислительных машин

Автору недавно удалось разработать возможность применил предложенного им 
номографического метода — изолженного им детально в его книге «Номографический 
метод расчёта сложных сильно насыщенных магнитных цепей электрических машин» 
выпущенной Госэнергоиздательством в 1953-ом году с использованием электронных вы­
числительных машин и таким образом качественно сильно усовершенстовать упомянутый 
номографический метод. Для освещения значения этого факта в статье в сжатой форме 
показаны недостатки преподаваемых до сих пор методов расчёта и потом излагется, ка­
ким образом можно просто устранить эти недостатки с помощью номографического метода. 
После этого критически рассматриваются применяемые до сих пор методы расчёта насы­
щенных магнитных цепей на ЭВМ. Автор указывает на те трудности которые до сих пор 
практически крепятствовали применению номографического метода с использованием 
ЭВМ Наконец этого он изагает на основании каких соображений эту недавно удалось 
простим образом преодолеть эти трудности.
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GROSSE VERSCHIEBUNGEN 
VON STABKONSTRUKTIONEN

J .  SZABÓ *

K O R R E SPO N D IE R E N D E S M ITGLIED D E R  UNG. AKA D EM IE D ER  W ISSEN SCH A FTEN

u n d

P. R Ó ZSA **

[E ingegangen a m  24. S ep tem b er 1971]

Bei d e r U n te rsu ch u n g  g ro ß er V e rsch ieb u n g en  von S ta b k o n s tru k tio n e n  is t  die 
d iesen  en tsp rec h en d e  m om entane  g eo m e trisch e  Lage in den G leichgew ich tsg leichun­
gen zu  b e rü ck sich tig en . In  diesem  A u fsa tz  w ird  an g enom m en , d a ß  die geom etrische  
L age d e r S ta b k o n s tru k tio n  eine s te tig  d iffe ren z ie rb a re  F u n k tio n  d e r V ersch iebungen  
is t. Im  fo lgenden  w ird  das lineare  D ifferen tia lg le ich u n g ssy stem  m it v e rän d e rlich en  
K oeffiz ien ten  fü r  große V ersch iebungen  d e r  S ta b k o n s tru k tio n  en tw ick elt. D er H y p e r- 
m a tr ix -K o e ff iz ie n t des G le ichungssystem s is t  eine F u n k tio n  des V ersch iebungs- u n d  
S p a n n u n g sz u sta n d es  de r S ta b k o n s tru k tio n . E s  w ird der A lg o rith m u s zur L ösung  de r 
A n fan g sw ertau fg ab e  von großen V ersch ieb u n g en  angegeben.

1. Einleitung

In  un serem  frü h e ren , die M atrizen g le ich u n g  v o n  S ta b k o n s tru k tio n e n  
b e tre ffen d en  A u fsa tz  [1] w aren n u r k le in e  V ersch iebungen  zugelassen. D ie d o r t  
angegebenen  Z u sam m en h än g e  g elten  —  d en  vorgesch riebenen  G en au ig k e its­
an fo rd e ru n g en  e n tsp rech en d  — n u r  so lange die W irk u n g  d e r V ersch iebungen  
in  den  geo m etrisch en  D a ten  der G le ichgew ich tsg le ichungen  v e rn ach lä ss ig t 
w erden  darf. B ei k in em a tisch  u n b e s tim m te n  K o n s tru k tio n e n  u n d  bei d er 
P rü fu n g  d er g roßen  V ersch iebungen  v o n  K o n s tru k tio n e n  is t diese d er T heorie  
e rs te r  O rd n u n g  en tsp rech en d e  V o rau sse tzu n g  unzulässig . Im  vo rliegenden  A u f­
sa tz  soll d ah e r die M atrizeng le ichung  fü r  die großen  V ersch iebungen  d er S ta b ­
k o n s tru k tio n e n  angegeben  w erden. E s w ird  gezeigt, w ie das S tab m o d ell zu 
w äh len  is t, u n d  wie sich  die der T heorie  e rs te r  O rdnung  en tsp rech en d en  G leich­
gew ich tsb ed in g u n g en  u n d  V ersch iebungsg le ichungen  än d e rn . W enn  m an  a n ­
n im m t, d aß  die E le m e n te  der g eo m etrisch en  M atrix  d e r S ta b k o n s tru k tio n  
s te tig e  F u n k tio n e n  d e r V ersch iebungen  s in d , k a n n  m an  die M atrizen d iffe ren ­
tia lg le ich u n g  m it v e rän d erlich en  K o effiz ien ten  fü r die in fin ite s im a le  Z u s ta n d s ­
ä n d e ru n g  in  d er U m gebung  des A n fan g szu stan d s  der S ta b k o n s tru k tio n  a n ­
schre iben . Diese G le ichung  e n tsp ric h t d er fü r  große V ersch iebungen  d er S ta b ­
k o n s tru k tio n  g ü ltig en  Theorie d r i t te r  O rd n u n g . S ch re ib t m an  die G leichung 
m it H ilfe d er en d lich en  D ifferenzen au f, so e rh ä lt m an  die d er Theorie zw eiter

* Prof. D r. J .  S z a b ó  Ménesi ú t  21, B u d a p e s t X L , U ngarn  
** P ro f. D r. P . R ó z s a , T ulipán  u. 15, B u d a p e s t I I . ,  U ngarn
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O rd n u n g  e n tsp rech en d e  Z u stan d sg le ich u n g  d er S ta b k o n s tru k tio n e n . A u f 
G ru n d  dieser G le ichung  w ird ein L ö su n g sa lg o rith m u s d er A n fan g sw ertau fg ab e  
fü r  große V ersch iebungen  geb ildet.

2. D er S tab

B e tra c h te n  w ir einen  S tab  m it k o n s ta n te m  Q u e rsc h n itt , d e r in la s t ­
fre iem  Z u stan d  eine gerad lin ige A chse b e s i tz t1.

D em  A nfangs- bzw . E n d p u n k t des S tab es  is t je  ein  A chsenkreuz  £, t], £ 
z u g e o rd n e t, die A chse £ lieg t in  d e r A chse des S tab es, die A chsen Tj u n d  £ 
fa lle n  m it den H a u p tträ g h e its a c h s e n  des Q u e rsch n itts  zusam m en. In  b e la ­
s tu n g sfre iem  Z u s ta n d  fa llen  also die dem  A nfangs- u n d  E n d p u n k t zu g eo rd n e­
te n  £-A chsen zu sam m en  u n d  die en tsp re c h e n d en  r]-bzw . £-A chsen sind  p a ra lle l 
zu e in a n d e r. In fo lge d e r V ersch iebung  u n d  V erzerru n g  des S tabes w erden  sich  
d ie  a u f  das A chsenkreuz  des A n fan g sp u n k te s  bezogenen  re la tiv e n  K o o rd in a te n  
d es  E n d p u n k te s  ä n d e rn , das A chsenkreuz  e rle id e t V ersch iebung  u n d  V e r­
d re h u n g  (im fo lgenden  sollen die ü b lich en  V ersch iebungen  u n d  die V e rd reh u n ­
g en  des A chsenkreuzes m it dem  A u sd ru ck  »V erschiebungen« b eze ichnet w er­
d en ).

D ie m o m en tan e  Lage des m it den  In d izes  i, j  b eze ich n e ten  S tahes w ird  
d u rc h  folgende D a te n  g ekennze ichne t: d u rc h  die K o o rd in a te n  Xj, y t, z ,• bzw . 
Xj, j j , Zj des A nfangs- bzw . E n d p u n k te s , d u rch  die o rth o g o n a len  M atrizen  
T i)0 bzw . Ty>0, d e ren  E lem en te  den  K osin u s d e r von  den  A chsen  | (-, rj,-, £, bzw . 
£y, r] j, £y und  v o n  d en  K o o rd in a ten ach sen  x , y , z  e ingeschlossenen  W in k e ln  
g le ich  sind:

Ti I.O cos (£,-, x) cos (£,-, y )  cos (£,-, z)
cos (rç,-, x) cos {rii, y )  cos (Vb z)
cos (£,-, *) cos (£,-, y )  cos (£,-, z) _

fe rn e r  d u rch  die a u f  das K o o rd in a te n sy s te m  des A n fan g sp u n k tes  bezogenen  
K o o rd in a te n  |,.y, rj;;y, £,-.; des E n d p u n k te s . A us d e r O rth o g o n a litä t d e r 
M a tr ix  l i;0 fo lg t, d aß

T ,;„T * 0 =  E

i s t ,  w o T *;0 die T ran sp o n ie rte  v o n  T i;0 u n d  E  die E in h e itsm a tr ix  b e d e u te n .
A ngenom m en, d aß  der m it d en  In d ize s  i, j  b eze ich n ete  S tab  n u r  an  

se in em  A nfangs- bzw . E n d p u n k t d u rc h  K rä f te  b e la s te t w ird  (B ild l ) 2 u n d

1 Diese B esch rän k u n g  is t n u r  von  p ra k tisc h e r  B ed eu tu n g . D ie Z usam m enhänge k ö n  - 
n e n  m it  gewissen, n ic h t  en tscheidenden  Ä n d e ru n g en  fü r  e inen  S ta b  m it v e rän d e rlich em  
Q u e rsc h n it t  u n d  k ru m m lin ig e r Achse v e ra llg em ein e rt w erden.

2 Diese V o rau sse tzu n g  d ien t n u r  de r V ere in fach u n g  der A u sd rü ck e . E ine  a llg em einere  
F a ssu n g  v e ru rsac h t n u r  eine geringe Ä n d eru n g , d ie  das E n d erg eb n is  fo rm al n ich t, in h a ltlic h  
in  n u r  geringem  M aße b eein flu ß t.
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die K o m p o n en ten  d ieser im  lok a len  K o o rd in a ten sy stem  angegeben  sind , la u te t  
die G leichgew ichtsg leichung des S tabes m it den  Ind izes i, j

H ie r sind :

8, +  b v t , t ;  äy =  о . ( i )

Im  fo lgenden  w ird  d er V ek to r der im  E n d p u n k t des S tab es  i, j  an g re i­
fe n d e n  K rä f te  S ta b k ra f t  g e n a n n t u n d  m it sUj bezeichnet. E s sind  d ah e r:

8, . = - в ^ т , т ; 8,.;,  (2 )

D er sich a u f  den  S tab  beziehende k in em atisch e  Z u sam m en h an g  g ilt fü r 
d ie  in fin itesim ale  Ä n d eru n g  d e r V ersch iebungen  und  der S ta b k rä f te  u n d  d rü c k t 
die T a tsa c h e  aus, d aß  sich  die V ersch iebungsänderung  des P u n k te s  j  aus der 
V ersch ieb u n g sän d eru n g  des P u n k te s  i u n d  aus der re la tiv e n  V erschiebung 
längs des S tabes b estim m en  lä ß t:

duj  =  T* B i ; T, du,.+T* FM T,. t;  d S i J + T j  d t u , ( 3)
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wo die einzelnen S p a lte n  d e r M atrix  F di e V e rsch ieb u n g sk o o rd in a ten  des 
P u n k te s  j  im K o o rd in a te n sy s te m  des P u n k te s  i an geben , w enn im P u n k t j  
e ine E inze lk ra ft d e r G röße 1 w irk t.

F e rn e r ist

"jy
VJZ

<Pjx 

Vi y 
<Pjz

u n d  t j j  b ed eu te t d en  V e k to r  d er re la tiv en , aus sonstig en , v o n  den S ta b k rä f te n  
u n ab h än g ig en  G rü n d en  längs des S tabes a u ftre te n d en , im  K o o rd in a ten sy stem  
des P u n k te s  j  an g eg eb en en  V ersch iebungen .

3. Die Stabkonstruktion

D urch die K o p p lu n g  d e r S ta b e n d p u n k te  w ird  aus d en  S täb en  eine S ta b ­
k o n s tru k tio n  g eb ild e t, indem  gewisse V ersch ieb u n g sk o o rd in a ten  der K n o te n ­
p u n k te  als id en tisch  vo rg esch rieb en  w erden . Es h a n d e lt  sich um  eine s ta rre  
K o p p lu n g , w enn die V ersch ieb u n g sk o o rd in a ten  der g ek o p p elten  E n d p u n k te  
g leich  sind.

B e trach ten  w ir eine S ta b k o n s tru k tio n , die aus den  S täb en  1, 2; 2, 3 u n d  
3 , 4 b e s teh t (B ild 2). D ie G leichgew ichtsg leichungen  d e r einzelnen K n o te n ­
p u n k te  sind:

T* B * , Tt T ís 1(2+ q i =  0 ,

- T J  s1i2+ T* B?, T, TJ s2,3 +  q, =  0 ,
T* s2 3-)-T.j B*4 T.j T* s3 4-f  q3 =  0 , 

ï*»3 ,4+ q i =  o ,

2

o d e r ged räng te r gesch rieb en :

G*s +  q =  0 , ( 4 )
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wo q den  im  K o o rd in a ten sy stem  x ,  y ,  z angegebenen V e k to r d er in  den K n o ­
te n p u n k te n  w irkenden  ä u ß e ren  K rä f te  b ed eu te t.

F e rn e r  sind

u n d

я1,2

T* B* 4 T3 T*
-T*

З3,4 -I

D ie k in em atisch en  G leichungen  d er gekoppelten  S täb e  la u te n  nach  (3)

(5)

sind .
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4. Z ustan d sg le ich u n g  der S tab k o n stru k tio n

In  der G leichgew ich tsg leichung  (4) der S ta b k o n s tru k tio n  w ar s till­
schw eigend  angenom m en , d aß  die d er L a s t q e n tsp rech en d en  S ta b k rä fte  s die 
G leichgew ich tsg le ichung  in  einer geom etrischen  L age befried igen , w elche im  
V erg leich  zum  la s tfre ie n  Z u stan d  nach  e iner V ersch iebung  u  zu stan d e  ko m m t. 
D iese geom etrische L ag e  w ird  du rch  die M atrix  G gekennze ichne t, die eine 
F u n k tio n  der V ersch ieb u n g en  is t:

G =  G (u).

W en n  d er L a s tv e k to r  d en  W ert q -f- dq a n n im m t, so n eh m en  der S ta b k ra f t­
v e k to r  die F orm  s -f- ds u n d  der V ersch ieb u n g sv ek to r die F o rm  u  -f- du an . 
E s  w erde  angenom m en, d a ß  sich die V ek to ren  q, s, u  s te tig  ä n d e rn  u n d  daß  die 
M a tr ix  G eine m in d es ten s  einm al s te tig  d iffe renz ierbare  F u n k tio n  des V ek to rs 
u  is t. D am it w ird  die geom etrische  M a trix  G(u -)- du) d u rc h  d en  V ersch iebungs­
v e k to r  u  -f- du  b e s tim m t. Die der v e rä n d e rte n  e rh ö h te n  L a s t en tsp rechende 
G le ichgew ich tsg le ichung  is t d aher:

G*(u +  du) ( s - f  d s )-f-(q + d q ) =  0 . (6 )

W ird  G(u) in  eine T ay lo rsch e  R eihe en tw ick e lt:

G (u-f-du) =  G (u )-f  d u +  . . .,
0U

die G leichung (4) in  (6 ) e ingesetz t u n d  das G lied

[ j a o - d u
I 8 u

d s ,

da  es in fin itesim al zw e iten  G rades is t, v e rn ach lä ss ig t, so e rg ib t sich die G leich­
gew ichtsg leichung fü r  d ie  L a s tä n d e ru n g  in  der F o rm

G*(u) ds +
3G*(u)

8 u
du s-f-dq =  0  . (? )

D as zw eite Glied in  G le ichung  (7) e n th ä l t  den zum  V ersch ieb u n g sv ek to r u  ge­
h ö re n d e n  W ert des A b le itu n g sten so rs  von  G. N ach  E in fü h ru n g  der B ezeich­
n u n g en

G = [ G y ] ,

u  =  [u k] ,

s =  [s;] ,

i = 1 , 2 , . . . . ,  m.
j  = 1 , 2 , . . . . , n ,
k  = 1 , 2 ,. . . ,  m,
1 = 1 , 2 , . . . . ,  n ,

D (u, s) =  [D ik] ;
n

D ik =  2
7 =  1

0G„(u)
-----------SJ

8  uk
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k a n n  das zw eite G lied des A usdruckes (7) in  d er F o rm

2
j = i k= 1 öuk I k= 1

( J  0- £ M S j
J =  1 ^ u k

m
d u k =  Dik d u h

k = 1

angesch rieben  w erd en , w odurch  sich die G leichgew ich tsg leichung  (7) d er L a s t­
ä n d e ru n g  in  der F o rm

D (u, s) d u + G * (u )  d s-|-dq  =  0 (8)

e rg ib t. W erden  die G leichungen  (5) u n d  (8) in  ein einziges G le ichungssystem  zu ­
sam m en g efaß t, so e rh ä lt  m an

D (u , s) G*(u) ■ du + dq
_G (u) F ds dt

D iese G leichung w ird  die Z u stan d sg le ich u n g  der S ta b k o n s tru k tio n  g en an n t. 
G le ichung  (9) g ilt fü r  die der g eom etrischen  Lage G(u) en tsp rech en d e , d u rch  
d ie  V ersch iebung  u  u n d  d u rch  die in n ere  K ra f t  s g ekennze ichne te  in fin itesim ale  
V erän d eru n g , wo d e r E in fach h e it h a lb e r  die S te if ig k e itsm a trix  F  in  einer en d ­
lichen  U m gebung v o n  u u n d  s als k o n s ta n t  angenom m en is t. D u rch  eine von  
d ieser abw eichende A nnahm e w ird  die G es ta lt d er G leichung (9) n ich t b eein ­
f lu ß t.

5. Große Verschiebungen der Stabkonstruktion

D ie M atrizend ifferen tia lg le ichung  (9) g ilt in  e rs te r  A n n äh e ru n g  au ch  fü r 
d ie  end lichen  D ifferenzen  d er V erän d erlich en . D em gem äß k a n n  die G leichung 
in  d e r F orm

D G* A u + Aq
G F As A t

( 10)

an g esch rieb en  w erd en , die den  in  d e r so g en an n ten  T heorie  zw eite r O rdnung  
g ü ltig en  Z u sam m en h an g  e rg ib t. D ie G leichung (10) e ignet sich  zu r B ildung  
eines A lgorithm us, d er der n um erischen  L ösung d er A n fan g sw ertau fg ab e  (9) 
g ro ß e r V ersch iebungen  d ien t. E s sei angenom m en, d aß  alle irg en d e in en  A n­
fan g szu stan d  d er S ta b k o n s tru k tio n  k en nze ichnenden  P a ra m e te r  (G0, u 0, s 0 
u n d  F) b e k a n n t sin d  u n d  d aß  sow ohl die V ek to ren  der m it ih n en  v e rträg lich en  
K n o te n p u n k tla s te n  q 0 bzw . k in em a tisch en  L asten  t 0 als au c h  ih re  m it den 
vo rgesch riebenen  L a s tv e k to re n  q, t g eb ilde ten  D ifferenzen

^ q  =  q qo> A t =  t — t0

b e s tim m t w erden  k ö n n en . Die den  L astän d e ru n g en  Zlq, zlt en tsp rech en d en  
N äh eru n g sw erte  d er V ersch iebungs- u n d  K ra ftä n d e ru n g en  A u ^ \  Zls^l k an n  
m a n  aus der G leichung (10) berechnen . In  K en n tn is  des V ersch ieb u n g sv ek to rs
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u*1* u -j- /du*1* k a n n  die geom etrische  M atrix  G*1* e rre c h n e t w erden . So 
k ő im e n  die m it dem  K ra f tv e k to r

g(l) — s-j-/d sri)

bzw . m it dem V ersch ieb u n g sv ek to r
u<« =  u-t-zW 1*

v e rträg lich en  L a s tv e k to re n  q*1* bzw . t*1* u n d  auch  ih re  m it den vo rg esch rie ­
b en e n  L astv ek to ren  g eb ild e ten  D ifferenzen

Zlq*11 =  q q*1*; Zit*1) =  t  t*1)
e rm itte l t  w erden.

W erden die a u f  d iese W eise e rh a lten en  D ifferenzen  d er L a s tv e k to re n  m it 
d e r vorgeschriebenen  G en au ig k e it b e s tim m t, so k a n n  die B erech n u n g  als b e e n ­
d e t gelten . W idrigenfa lls k ö n n en  sich drei M öglichkeiten  ergeben:

a) N ach w ie d e rh o lte r  A nw endung  des g esch ild e rten  V erfahrens b e frie ­
d igen  die W erte zJq*'* u n d  zdt(l* die G enau ig k e itsfo rd eru n g en .

b) D er der v o rg esch rieb en en  L a s t en tsp rech en d e  Z u s ta n d  k an n  n u r d u rch  
die allm ähliche S te ig e ru n g  d er L a s t b e s tim m t w erden . I n  solchen F ä llen  m u ß  
die I te ra tio n  im  e rs te n  S c h ritt  m it den  W erten  sZlq, eZlt (0 <  e <  1) begon­
n en  w erden.

c) Der A n fan g szu stan d  s te llt in  d er s tab ilen  Z u s tan d sän d e ru n g  d e r 
S ta b k o n s tru k tio n  e inen  G ren zzu stan d  d a r, wo m it e in er in fin itesim alen  L a s t­
ä n d e ru n g  kein d u rc h  in fin ites im ale  V ersch ieb u n g sän d eru n g  e rre ich b are r 
G le ichgew ich tszustand  h e rg es te llt w erden  k an n ,

L iegt also n ic h t F a ll c) v o r, so w ird  die I te ra t io n  be i geeigneter W ah l des 
W erte s  e im F alle  b) k o n v e rg en t sein. F a ll c) w ird  im  R ah m en  der A nalyse  
d e r S ta b ilitä t d er Z u s ta n d sä n d e ru n g  b e h a n d e lt.

SC H R IF T T U M
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Large Displacem ents o f  T russes. In  ana ly sin g  large d isp lacem en ts o f la ttic e  s tru c tu re s , th e  
in s tan ta n eo u s  position  o f th e  s tru c tu re  asso c ia ted  w ith  th e  d isp lacem en t should  be con­
sid e red  by  the e q u ilib riu m  eq u atio n s. A u th o r assum es th a t  th e  geom etric  position  of th e  
la t t ic e  s tru c tu re  is a c o n tin u o u s  deriv ab le  fu n c tio n  of th e  d isp lacem en ts . The se t of l in e a r  
d iffe re n tia l equations w ith  v a riab le  co effic ien ts fo r large  d isp lacem en ts  will be estab lish ed . 
T h e  h y p e r-m a trix  co effic ien ts  o f th e  se t o f eq u a tio n s  is a fu n c tio n  of d isp lacem en t an d  s tre s s  
s ta te  o f the  truss. T he a lg o rith m  of th e  so lu tio n  to  th e  p ro b lem  o f th e  in itia l value  of large  
d isp lacem en ts is given.

Больш ие смещения стерж невых конструкций (Й. Сабо, П. Рожа). При исследовании 
больш их смешений терж невы х конструкций в уравнениях равновесия необходимо учи­
ты вать мгновенное геометрическое положение, соответствующее этим смешениям. П ри 
данной трактовке исходят из предположения, что геометрическое положение стерж не­
вой конструкции является постоянно дифференцируемой функцией смещений. В даль­
нейшем выводится система линейных дифференциальных уравнений с переменными ко­
эффициентами для больш их смещений стерж невых кострукций. Гиперматричный коеф- 
фициент системы уравнений представляет собою функцию состояния смещений и напр­
яж ен ий  стержневой конструкции. В статье приводится алгоритм для решения задачи 
начального значения больш их смещений.
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ELASTISCHE SCHWINGUNGEN IN WÄLZLAGERN
I I .  T E IL . D IE  R O T IE R E N D E  M A SSE IST  A U F  D IE  E IG E N E  A C H SE 

N IC H T  A U S G E W U C H T E T

B. SZ Ő K E*

[E ingegangen  am  29. S e p tem b e r 1969]

D ieser T eil des A ufsatzes b ie te t  e inen  k u rz en  Ü berb lick  über E rsch ein u n g en , 
die n ach  A uffassung  des V erfassers bei e in e r » ro tie ren d en  K raft«  a u f tre te n  m ögen. 
A nsch ließend  g ib t de r V erfasser a u f  G ru n d  e ines planim etrischen M odells se iner V er­
m u tu n g  A u sd ru ck , d aß  in e inem  W älz lag er m it  Spiel v o n  d e r ro tie ren d en  K ra f t  eine 
V erfo rm ung  d e r R o llb ah n  d e ra r t  h e rv o rg e ru fen  w ird , d a ß  sich dabei der W älz Vor­
gang a u f  e in e r m öglichst k le in en  F läch e  ab sp ie lt.

X III. Die K onfiguration der w irksam en Kräfte

1. Wälzlager ohne radiales Lagerspiel

In  d er F a c h li te ra tu r  [17] u n te rsc h e id e t m a n  n ach  J ürgensmeyer [2] 
zwei B elastu n g sfä lle : e rstens die »Pendellast«  u n d  zw eitens die »U m fanglast« 
uzw . als die B e la s tu n g  d u rch  eine u n v e rän d e rlich e  K ra f t ,  z. B. des E ig en g e­
w ichts d er ro tie re n d e n  Teile, u n d  d u rch  eine u m k re isen d e , aus M angel der 
A usw u ch tu n g  e n ts te h e n d e  K ra f t.

F a lls  die s tän d ig e  K ra f t  g rö ß er is t als die um k re isen d e  Z en trifu g a lk ra ft, 
so is t d er S chw ingungsw inkel d er R e su lta n te n  k le in e r als 180° (Bild 27: P e n d e l­
la s t) . W ird  ab e r be i g le ichb le ibender E in ze lla s t die Z en trifu g a lk ra ft g rößer, so 
w ird  au ch  d er Schw ingungsw inkel g rößer. W enn  die g en an n ten  K rä f te  gleich 
groß sind , so e rre ic h t d er Schw ingungsw inkel d en  W e rt von 180° (B ild  28: 
G renzfall d er P en d e lla s t) . D ie R e su lta n te  is t im  oberen  S ch e ite lp u n k t N ull, 
und  im  u n te re n  S c h e ite lp u n k t is t sie d o p p e lt so g roß  wie die s tänd ige  E in ze l­
la s t. W enn  n u n  die Z e n tr ifu g a lk ra f t die s tän d ig e  E in ze lla s t an G röße ü b e r ­
tr if f t , so h ab e n  w ir eine k re isende  R e su lta n te , deren  R ich tu n g  vom  M itte l­
p u n k t aus im m er n ach  au sw ärts  ze ig t (B ild  29: U m fang last).

Die obige B e trach tu n g sw eise  is t s tic h h ä ltig , sow eit m an  vom  R ad ia lsp ie l 
ab sieh t. E s g ib t in  d er P rax is  k a u m  F älle , wo das R ad ia lsp ie l bese itig t oder das 
W älz lager in  v o rg e sp a n n te m  Z u s ta n d  m o n tie r t  w erden  m uß. D er U m sta n d , 
daß  m an  W älz lag er gerade w egen e iner h o h en  D reh zah l m it V orliebe als zuver- 
H albm esser e d u rc h fü h r t , oder oh d ieser M itte lp u n k t irgendw ann  und  irg e n d ­
wie v o n  d ieser Z w an g sb ah n  a u f  eine an d ere  a b g e le n k t w ird . W ir k ö n n en  a b e r

* B. Sző k e , B a tth y á n y  u. 139. B u d a p es t X V II I . ,  U n g a rn
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lässige  S tü tz e le m e n te  v erw en d et u n d  in  d iesem  Z usam m enhang  ein L a g e rsp ile  
als u n e rlä ß lic h  m it in  K a u f  n im m t, u m  e in er E rw ärm u n g  v o rzu b eu g en , lie fe rt 
u ns d en  zw ingenden  G ru n d , den ob igen  B e la s tu n g sfa ll in  K o m b in a tio n  m it d em  
ra d ia le n  L agersp ie l e tw as n äh e r zu b e tra c h te n .

B ild  27. »Pendellast« . S ch w erp u n k t U  r o t ie r t  B ild  28. G renzfall zw ischen P e n d e lla s t  u n d  
im  sp ie lfre ien  L ag er u m  den  W ellenm itte l- U m fan g la s t im  sp ie lfre ien  L ager

p u n k t  O

B ild  29. U m fan g la s t am  sp ie lfre ien  Lager

D ie D arste llungsw eise  in  den  B ild e rn  27, 28 u n d  29 is t bei w eitem  n ic h t 
au sre ich en d , um  d ie  überaus k o m p liz ie rten  Z usam m enhänge v e rs tä n d lic h  zu 
m ach en . E s d a r f  n ic h t vergessen w erd en , d a ß  u n te r  den gegebenen  K rä f te ­
w irk u n g en  —  be i V orhandense in  eines L agersp ie ls  —  der W e lle n m itte lp u n k t 
m öglicherw eise in  jed w ed er R ic h tu n g  b in n e n  d er E x z e n tr iz itä t e sich  verlegen  
k a n n ;  au ch  h ä n g t es von  einigen U rsach en  ab , ob n u n  der W e lle n m itte lp u n k t 
e in en  T eil e iner u m k re isen d en  B ew egung  am  U m fang des K reises m it dem
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die w ich tig sten  A sp ek te  dieser F rage u n te r  A nw endung  des im  V. A b sc h n itt  
ab g e le ite ten  H ilfssa tzes beleuch ten .

2. Im aginärer U m laufm echanism us im  F a ll eines radialen Lagerspiels

W ir gehen aus fo lgendem  F all au s: G egeben  is t eine, m it der W in k e l­
geschw ind igkeit co ro tie re n d e  W elle, w obei d e r  S ch w erp u n k t U  d e r M asse m  
in  einem  A b sta n d  t  v o m  W e llen m itte lp u n k t 0  lieg t. D ieselbe W elle v e rr ic h te t  
fe rn e r eine d u rch  die B a u a r t  des W älz lag ers  erm öglich te  bzw . b e s tim m te  
k re isende B ew egung m it d er W inkelgeschw ind igkeit cok u m  den  M itte lp u n k t 
K  des A ußenringes. D ie E n ts te h u n g  der U m lau fzah l n k d e r k re isenden  B ew e­
gung k a n n  noch  in  je n e r  W eise g edach t w e rd e n , d aß  m an  sich  in  d er W ellen ­
q u e rsch n itts f läch e  e inen  K reis m it dem  H a lb m esse r rx u n d  dem  M itte lp u n k t 
0  als an  dem  K reis  m it dem  H albm esser r2 u m  den  M itte lp u n k t K  ab ro llen d  
v o rs te llt. Im  Sinne d e r Gl. (5) lä ß t sich sch re ib en :

rx : r2 =  d : (D  +  d),
w oraus m it

U +  r2 =  e

d er H albm esser des ab ro llen d en  K reises sich  als

r l e ---------- — =  e l v
2 d + D

au sd rü ck en  lä ß t. F e rn e r  g ilt fü r  den G ru n d k re ish a lb m esse r

r 2
d + D
2 d + D

=  e

(67)

( 68 )

N ach Gl. (12) (s. A b sc h n itt V) lieg t d e r  K rä f te m itte lp u n k t S  in  R ic h ­
tu n g  d er B esch leun igung  a, in  einem  A b s ta n d  vom  m o m en tan en  R o ta tio n s ­
m itte lp u n k t 0  v o n :

W enn n u n  P u n k t O d as  K reisen  fo r tse tz t, so v e rle g t sich d er K rä ftep o l S  d e r ­
a r t  in  die neue L age , d a ß  auch  er eine k re isen d e  B ew egung an  dem  K reis vom  
H albm esser e u . zw. g leichfalls m it der W inkelg esch w in d ig k e it cok d u rc h fü h rt, 
w obei die G röße des P o lab s tan d es , die sich  p a ra lle l zu sich versch ieben  lä ß t , 
u n v e rä n d e r t  b le ib t. D iese Z usam m enhänge s in d  im  Bild 30 d a rg es te llt: m an  
sieh t den  W e lle n m itte lp u n k t in  einer aufs G era tew oh l angenom m enen  L age 
0 1 m it dem  dazug eh ö rig en  K räftepo l u n d  d en  neuen  S ch w erp u n k t Ul m it 
der a u f  denselben  e in w irk en d en  K ra f t Q.
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!

D as B ild lä ß t  die n ach steh en d en  F o lg eru n g en  zu:

(1) D er S ch w erp u n k t U  b e sch re ib t eine E p izyk lo ide , w obei d iese B a h n  
eine geschlungene F o rm  aufw eist, fa lls r  r t is t. M it r  =  rx w eist sie die 
b e k a n n te n  S p itzen  a u f u n d  w enn n u n  т <C rx is t, so is t sie gestreck t.

(2) F alls das V erh ä ltn is

Z 2 =  d +  D
r1 d

eine ganze Z ahl is t, t r i t t  bei e iner g le ichb le ibenden  K ra f t  P  die rege lm äß ige  
W iederho lung  derse lben  K ra ftw irk u n g  n ach  je d e r  Tg/r^-ten U m d reh u n g  auf.
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I s t  a b e r  diese V erh ä ltn iszah l keine ganze Z ah l, so w ird  bei einer neu en  K o n ­
s te lla tio n  d er P u n k te  S , K , 0  die L age des S ch w erp u n k tes  U  im m er eine a n d e re , 
als zu v o r, d. h. auch  die R ic h tu n g  S U  d e r K ra f tw irk u n g  Q w ird  von  d e r f rü h e ­
re n  abw eichen .

(3) W enn  m an  in  dem  D reieck  O S U  die Lage zw eier P u n k te  k e n n t, so 
k a n n  m an  die L age des d r it te n  m it H ilfe d er E p izy k lo id e  geom etrisch  b e s tim ­
m en.

(4) B ei d e r B eu rte ilu n g  der S chw ingungserscheinungen  h a t  d e r  F a ll 
s ich erlich  eine b esondere  B ed eu tu n g , w enn  die E x z e n tr iz i tä t  x u n d  das ra d ia le  
L ag ersp ie l gleich g roß  sind .

(5) W enn  d er A b s ta n d  r  des S ch w erp u n k tes  U  d e r u n au sg ew u ch te ten  
M asse vom  R o ta tio n s m itte lp u n k t e iner b ed e u te n d  höh eren  G rö ß en o rd n u n g  
a n g e h ö rt als das ra d ia le  L agersp iel, d a n n  h a t  m an  es m it S chw ingungserschei­
n u n g e n  zu tu n , die sch em atisch  in  den  B ild e rn  27, 28 u n d  29 d a rg e s te llt s in d .

3. B estim m u n g  der K ipp lage

E in fa c h h e itsh a lb e r  h ab en  w ir in  dem  im  B ild  30 d a rg este llten  B eisp iel 
eine A u sg an g sk o n fig u ra tio n  gew äh lt, in  w elcher der U m k re isu n g sm itte lp u n k t 
K n des k re isen d en  K rä ftep o ls  S , u n d  die P u n k te  K , 0  u n d  U  sich in  K o n s te lla ­
tio n  befin d en . D er U rsp ru n g  des K o o rd in a ten sy stem s (x , y ) liegt in  K .  D as K ip ­
p e n  t r i t t  ein , w enn  die D re ip u n k tg ru p p e  S 1U1B 1 an  derse lben  G eraden  lieg t 
(u n d  K ra f t  Q den  B e lastungsw inke l v e r lä ß t) . In  d ieser K o n ste lla tio n  is t  d er 
W ert d e r D e te rm in a n te , d u rch  w elche die D reieck fläche  S 1U1B 1 b e s tim m t is t, 
g leich N ull.

B eim  A u ssch re iben  der K o o rd in a ten  d ieser d rei P u n k te  w ollen w ir n eb en  
R k d en  W ert e u n b e rü c k s ic h tig t lassen ; so e rh a lte n  w ir n ach  einer, dem  gesuch ­
te n  W inke l cp en tsp re c h e n d  v o llen d e ten  D reh u n g :

fü r  S 1
A'S1 =  e sin  <p,

y  st =  e cos <p — p;

fü r  U,
atyi =  e sin (p -\- x sin  vçs, 

y m  =  e cos <p -j- t  cos v<p;

fü r  B,
Ubi =  R k sin  (<P —  y)> 

y  B l  =  R k COS (<P —  }’)■
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D a ra u s  e rg ib t sich  als B edingung fü r  das K ip p en :

1 X S1 y  si 1 e sin cp e cos cp —  p
1 X U1 y  ui = 1 e sin cp t  sin  v cp e cos cp X cos vcp
1 X B1 y  bi 1 R k sin ( 9 9  —  y) R k cos (cp —  y)

Z erleg t m an  diese D e te rm in a n te  n ach  d er e rs te n  S palte , u n d  o rd n e t m an  die 
G lieder, so e rh ä lt m an :

re(sin  cp cos vcp — cos cp sin vcp) +  t Ra,[sin vip cos (cp —  y) —  cos vcp sin  (cp —  y)] —

—  P (x Bl — x u 1 ) =  0.

W ir k ö n n en  p  a u ß e r  a c h t lassen , falls u>2 u m  ein V ielfaches g rößer is t als d:

e sin  (cp — vcp) - f  R k sin  (vcp —  cp -)- y) — 0

u n d  w e ite r v e re in fa ch t

e sin  [99(1 — v)] —  R k sin  [99(1 —  v) —  y] =  0, 

e sin  [99(1 —  »»)] —  R k {sin [99(1 —  n)]cos y  —  cos [99(1 —  i')]sin y \  =  0, 

sin [99(1 —  n)][e —  R k cos y] =  — R k sin  y  cos [99(1 —  v)],

R k sin  y
ta n  [99(1 — v)] =

R k cos y- e

N u n  w ollen w ir n eb en  R k cos y  den  W ert e vernach lässigen , so e rh ä lt m an  a u f  
G ru n d  der Gl. (67):

tan
d +  D

d
cp ta n  y ,

(70)

99 =  (180° y)
d +  D

B em erk en sw ert is t, daß  der k ritisc h e  W e rt von  cp —  bei d en  a n g e d e u te ­
te n  V ern ach lässigungen  —  n ich t von  d er L age des S chw erpunk tes U  bzw . von  
d e r  G röße des A b stan d es  t  a b h än g t.

D ie B ew egungen , die infolge e in er v o n  der B e las tu n g  v e ru rsa c h te n  
D efo rm atio n  e n ts te h e n , lassen sich  a u f  G ru n d  der E rö rte ru n g e n  im  A b sch n itt 
IX  an a lysie ren .
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XIV. K reisende K ra f t

1. Der F a ll m it einem  tragenden K ugelpaar

Es g ib t einen b eso n d eren  F all, in w elchem  die R o ta tio n sach se  para lle l 
zu r R ich tu n g  der K ra f t  P  is t :  gem äß der A u sfü h ru n g en  im  A b sch n itt V, s te h t 
h ie r d er P o la b s ta n d  p  s e n k re c h t zu r R o ta tio n seb en e . D ieser F a ll der K ra f t ­
w irkung  t r i t t  ein , w enn  eine vertikale Welle n u r  v o n  d e r rotierenden M asse  
b e la s te t ist. Es w irk t a u f  je d e n  einzelnen M assep u n k t d e r  R o ta tio n seb en e  die 
K ra f t  Q, w elche den  P o lp u n k t S  passie rt, w obei d er P o la b s ta n d  nach  Gl. (12), 
w ie b e k a n n t, d u rch

b e s tim m t ist. (D as K rä f te b ild  g leicht einem  Schirm .) W ir wollen h ier die 
b e re its  oben an g e fü h rte  A b le itu n g  n ich t w iederho len , gem äß  w elcher der 
Beweis e rb rach t w urde , d a ß  die R esu ltan te  d er a u f  das ro tie ren d e  System  w ir­
k en d en  K rä fte  den S ch w erp u n k t passiert. W en n  n u n  d e r A b stand  r  des 
S chw erpunk tes U  n ach  d e r G rößenordnung  den  H a lb m esse r e d er U m lau fb ah n  
\ ielfach ü b e rtr iff t , d a n n  k ö n n e n  w ir Q als eine kreisende  K ra f t  b e tra c h te n . N un  
ab e r w issen w ir, d aß  die ra d ia le n  Schw ingungen des M itte lp u n k te s  0 , w elche 
den e igentlichen  G eg en stan d  u n se re r U n te rsu ch u n g  d a rs te lle n , n u r von  den  
K ra ftk o m p o n en ten  in  d e r R o ta tio n seb en e  b e e in flu ß t w erd en ; dem gem äß k ö n ­
nen  w ir h ier von  den  ax ia len  K ra ftk o m p o n en ten  ab seh en , u n d  folglich h aben  
w ir im B ild 31 m it Q die K ra ftk o m p o n e n te  in  d er R o ta tio n seb en e  bezeichnet.

Im  Bild 31 is t jen e  K o n fig u ra tio n  der tra g e n d e n  K u g e ln  B und  C d a r ­
geste llt, in w elcher die k re isen d e  K ra ft Q m it dem  L e its tra h l der K ugel C 
ko in z id ie rt, u n d  es soll d e r W inkel cp gefunden  w erden , b e i w elchem  die k re i­
sende K ra f t nach  V erlassen  d e r K ugel C die K ugel B  e rre ic h t, w odurch  das 
K ippen  hervo rgeru fen  w ird . B ei dem  hier v o rk o m m en d en  W inkel 2y  und  cp 
kön n en  w ir im  V erh ä ltn is  zu  R k die Größe e v e rn ach lässig en ; es genüg t, die 
E x z e n tr iz itä t e bei d er B e h a n d lu n g  der S chw ingungsphasen  zu berücksich tigen .

D a nun  die W inkelgeschw ind igkeit co des S ch w erp u n k tes  U  g rößer is t 
als die W inkelgeschw ind igkeit cok des K ugelk ranzes u n d  m it R ü ck sich t a u f (7), 
w onach

mk d 1
co d + D  j  I D  

d

is t, k a n n  festg este llt w erden , d aß  d er L e its tra h l v o n  U  sozusagen  dem  L e it­
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B ild  31. K ip p lag e  be i e iner ro tie ren d en  K ra f t

B ild  31a. »Z ickzack«-U m laufbahn  des W ellen m itte lp u n k tes

s t r a h l  von  В  »folgt« bzw . der e rs te  den  zw eiten  n ach  e in er D reh u n g  von  cp 
n a c h  folgender F o rm el e inho lt:

cp : {cp —  2y) =  (d +  D) : d,

b zw .

< V K U ,  =  cp =  2y  ( l +  — ) ’ (71)

u n d  daher

^ B K B ^ c p  2y =  2 y - ^  . (72)
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In  dem  A ugenb lick , w enn B  von  U  e in g eh o lt w u rd e , w ird  der K u g e lk ä fig  
u m  das m o m en tan e  K ip p zen tru m , also u m  die K ugel B 1 u m k ip p en , g le ich ­
zeitig  ge langen  die K u g e ln  (A , B) als tra g e n d e s  K u g e lp aa r in  die Lage (A v  B x) 
u n d  tr e te n  als solche a n  Stelle des P a a re s  (B , C).

2. B ei mehreren tragenden Kugelpaaren

B ei e iner G esam tzah l von  z K ugeln  sei ng die Z ah l d e r trag en d en  K u g e l­
p aa re . M it d ieser B eze ichnung  lä ß t  sich d e r »V erfolgungsw inkel« nach Gl. (71), 
w ie fo lg t, fo rm ulie ren :

ç> =  3 6 0 ° -^ -  
z

D + d
D

(73)

Also w ird  d er W e lle n m itte lp u n k t an  dem  E x z e n tr iz itä tsk re is  sprungw eise eine 
Z ickzack -B ahn  besch re ib en , u n d  die Z ah l d e r  S prünge g le ich t der V e rh ä ltn is ­
zah l nc =  360°/çp. N ach  Gl. (73) is t also die Z ah l der S p rünge :

nc
z I D  

ng ( D  +  d
(74)

D iese Schw ingungsbew egung  des M itte lp u n k te s  0  k a n n  äh n lich  dem  B ild  31a 
d a rg es te llt w erden .

D ie Gl. (73) is t  zugleich geeignet, d ie  zu  einem  gegebenen  tp k o o rd in ie rte  
V e rh ä ltn iszah l ngjz  zu e rrechnen . I s t  also d e r V erfo lgungsw inkel rp =  180°, 
so is t

ng 1 D
z 2 D + d

(73a)

m it an d eren  W o rten  in  je d e r  h a lb en  U m d re h u n g  sp ie lt sich  eine S chw ingung 
a b ; und  w enn cp =  360°, so is t

"g _  D
z D  +  d  ’

d. h . jed e  U m d reh u n g  is t zugleich m it e in e r Schw ingung v e rb u n d e n  (im m er im  
Sinne der E rö rte ru n g e n  im  A b sch n itt X I I ) .

XV. Eine planim etrische Analogie

Aus u n se ren  b ish e rig en  A u sfü h ru n g en  g e h t k la r  h e rv o r, daß  die g enaue 
K re isfo rm  d er H ü llku rve  des K ugelkranzes  w äh ren d  d er D rehbew egung d e r 
W elle keinesfalls g esich ert is t. J a  sogar, obw ohl m an  d ie  äu ß ere  R o llb ah n  
k o n seq u en te rw eise  s te ts  als einen ech ten  K re is  d a rs te llt , is t  w äh ren d  d er W el-
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le n ro ta tio n  bzw. w ä h re n d  d er m it K ip p en  v e rb u n d en en  U m laufsbew egung  des 
K u g e lk ran zes  auch  diese R o llb ah n  e iner D efo rm atio n  u n te rw o rfen . W ir k ö n ­
n e n  a u f  die w irk liche F o rm  der b esag ten  H ü llk u rv e  aus d en  E rö rte ru n g e n  im  
A b s c h n itt  V I I I ,  in sb eso n d ere  im  Z u sam m en h an g  m it B ild  11, gewisse F o lg e ­
ru n g e n  ziehen.

D a die K ugeln  gew issen A b p la ttu n g e n  un terliegen  u n d  an  der R o llb a h n  
E in d rü c k u n g e n  e n ts te h e n , geben uns diese beid en  D efo rm atio n sersch ein u n g en , 
o b w o h l w ir sie v e rn a c h lä ss ig t h ab en , e inen  A nlaß  zur A u fste llu n g  e iner aus

B ild  32. U m drehung  eines g leichseitigen  D reiecks in  einem  regelm äß igen  V iereck m it d e r ­
selben S e iten lan g e

d e r  P lan im etrie  genom m enen  A nalogie; es is t näm lich  n aheliegend , das fo lgende 
B eisp ie l an zu fü h ren : in  w elcher W eise is t  es m öglich, ein  V ieleck m it e iner 
gegebenen  S e iten zah l in  einem  an d eren , m it einer um  1 g rößeren  S e itenzah l, 
je d o c h  nahezu  v o n  derse lb en  S eiten länge, u m  eine volle U m d reh u n g  (zu 360°) 
u m z u d re h e n  ?

Im  B ild 32 b ild e t,  gem äß  u n se rer A n n ah m e, die halbe Seiten länge  des Q u ad ra te s  die 
E in h e it .  N un  soll, in n e rh a lb  dieses Q u ad ra ts , ein  gleichseitiges D reieck  m it derselben S e ite n ­
la n g e  (a  =  2) u m g ed re h t w erden . D er H a lb m esser des um  dieses D reieck  um sch rieb en en  
K re ise s  is t

u n d  die K reisfläche

D er F lä ch e n in h a lt des Q u ad ra ts  u n d  des u m  d a s  Dreieck um sch rieb en en  K reises s teh en  
in  fo lgendem  V erh ältn is  zu e in an d er:

0 ,955 .

J e tz t  soll fo lgende F rag e  b e a n tw o rte t  w erd en : W ie groß is t d as g leichseitige D re ieck , 
w elches in dem  V ieleck  u m g ed reh t w erden k a n n  u n d  welches d a d u rc h  e n ts te h t, d a ß  das 
u rsp rü n g lich  angenom m ene Q u a d ra t n ach  B ild  33 d e ra r t  eingeengt w ird , daß  m an  aus d ieser
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B ild  33. U m d reh u n g  eines g leichseitigen  D reiecks in einem  regelm äßigen  V iereck m it v e r­
en g tem  P ro fil

B ild  34. U m d reh u n g  eines Q u a d ra ts  in  dem  e in g een g ten  P rofil eines reg e lm äß ig en  Fünfecks* 
w enn  die S e iten  b e id e r Po lygone gleich sind

Q u a d ra tf läc h e  die F läche  des D re iecks A B C  v ie rm al abzieh t. D er W inkel a  in dem  V ier 
eck soll d e ra r t  b e s tim m t w erden, d aß  bei e iner D reh u n g  des D reiecks u m  den  P u n k t C, w eder 
zw ischen dem  E c k p u n k t E  des D re iecks u n d  de r n eu en  Grenzlinie des V ierecks, noch zw ischen 
E c k p u n k t G des D reiecks u n d  E c k p u n k t  J  des V ierecks, ein S toß e n ts te h e n  soll.

M an sieh t in  dem  B ild  den  fo lgenden  Z usam m enhang:

A C  =  B C  =  —  .
cos a
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A u f G rund  der D re h b a rk e it  is t  die halbe  S e iten lange  des g leichseitigen  Dreiecks:

E H  — H F
cos 2a 
cos a  ’

u n d  d ie Höhe des D re ieck s:

GH
cos 2a

- u

D er E ck p u n k t G l ä ß t  sich  u n te r  fo lgender B ed ingung  v e rd re h e n :

d . h.

D C  =  t a n  a
2 - G H

2
cos 2a

2 cos a y 3 =
sin a  
cos a  ’

2 cos a  — 2 sin a  — cos 2 a  |^3 =  0.

N u n  is t

u n d  d ah er erg ib t sich:

2 (cos a
bzw.

u n d  d aher:

d. h.

cos 2a =  cos2 a  — sin2 a

sin a) —  y 3 (cos a  +  sin  a )  (cos a  —  sin a )  =  0,

cos a -l-s in  a  =  y i- f - s in  2a =  ——-
1̂ 3 ’

sin 2a =  2 sin a  cos a  =  —  >

sin 2a  1
sin a  cos a  =  — - —  =  — 2 o

Dieser Z u sam m en h an g  is t ein H inw eis a u f  eine e in fache E rm ittlu n g  des W inkels a . 
W ir zeichnen m it d em  D u rch m esse r A D  =  1 e inen  Thalesschen K re is. D u rch  A ufträgen  de r 
S treck e  M L  =  1/6 e rg ib t  sich  de r W inkel <£ A D L  =  a.

In  dem rech tw in k lig en  D reieck A L D  h ab en  w ir die W inkel

«fc ALM =  <£ A D L  =  a,
w eil die Höhe

L M  =  sin  a  c o sa  =  —  .6

N un ist es v o n  In te re s se , das F läch en v erh ä ltn is  zw ischen dem  neuen A chteck  u n d  
d em  u m  das D reieck g eze ich n e ten  K reise zu  k ennen .

Zu dem W ert sin  2a  =  1/3 gehört de r W inkel a  =  9°44/.
Die Seitenlänge des gleichseitigen D reiecks is t

2 E H  =
2 cos 2a 

cos a
1 ,914,

u n d
DC =  ta n  a  =  0,17153.

D ie Dreieckfläche A  A B C  v ie rm al genom m en is t:

4 • 0,17153 =  0,68612.
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D ie v o m  O rig in a lq u ad ra t d u rc h  E in e n g e n  e rh a lten e  A chteck fläche  is t:

T 0 =  4 —  0,68612 =  3,31388.

D e r H albm esser des u m  das g leichseitige  D reieck  gezogenen K re ises is t:

D 2 cos 2a  y -  0,957 V I - 2 
R l =  T  ----------3-------- ’

u n d  d e r  F läch en in h alt des u m sch rieb en en  K reises ist:

7 \  =  i? j Ti =  3,915.

H ieraus e rg ib t sich fü r  die V e rh ä  ltn iszah l de r e ingeengten  A ch teck fläch e  zum  F läch en  
in h a l t  des u m schriebenen  K re ises :

■■ ] :

im  G egensatz  zu der Z ah l =  0,955 des e r s te n  Fa lles.
B ild  34 zeig t u n s  den  F a ll, in  dem  ein  Q u a d ra t in  einem  v e re n g te n  F ünfeck  v e rd re h t  

w ird ; de r M itarbe ite r d e r F o rsc h u n g sa n s ta lt  fü r  M a th em atik  d e r U n g arisch en  A kadem ie 
d e r  W issenschaften . A. H e p p e s , e rb ra c h te  den Bew eis, daß  h ie r  d ie  F läch e  des e ingeengten  
F ü n fe c k s  k leiner ist, a ls d ie F läch e  des u m  das V iereck g esch riebenen  K reises.

E s liegt uns zw ar ke in  B ew eis v o r, d aß  die in  d en  B eisp ie len  au fgezeich­
n e te n  v e ren g ten  F läch en  die k le in s te n  u n te r  den m ög lichen  w ären , tro tz d e m  
e rsc h e in t es sich zu lo h n en , a u f  die augenschein liche Ä h n lic h k e it zw ischen den  
h ie r  b eh an d e lten , d u rc h  das K ip p en  defo rm ierten  L a u fb a h n lin ie n  u n d  den  
soeben  e rw äh n ten  v e re n g te n  V ielecken hinzuw eisen. E s is t  näm lich  h ö ch st 
w ahrschein lich , daß  das E in d rü c k e n  gen au  u n te r  der als K ip p z e n tru m  fig u rie ­
re n d e n  K ugel g rößer is t  als in  d er M itte  des B elastu n g sb o g en s; dies k a n n  ab er 
g ru n d sä tz lich  als ein  F a ll des »eingeengten  Vielecks« bzw . je n e r  F läche  a u f­
g e fa ß t w erden , die k le in e r is t  als die en tsp rech en d  u m sch rieb en e  K reisfläche  
u n d  w ir e rlauben  uns die m u tm a ß lic h e  A ussage, daß  die d e fo rm ie rte  L a u fb a h n  
dem  P rin z ip  fo lg t, d ie F o rm  eines so lchen  e ingeengten  V ielecks an zu n ch m en ; 
an d e rs  au sg ed rü ck t: in  einem  W älzlager m it Spiel fo lg t die D eform ation der 
L a u fb a h n  dem Gesetz, wonach das Abrollen der Rollkörper sich an dem möglich 
kleinsten  Um fang abspielen soll.

XVI. Auswirkung der gemäß der vorausgesetzten K onfiguration  
wirkenden Kräfte au f die in der Literatur beschriebenen Erscheinungen

1. D ie von  F . J ürgensmeyer behandelten Fälle

W ir haben  im  P u n k te  1 des A b sc h n itte s  X I I I  d a ra u f  h ingew iesen, d aß  
sich  in  einem  W älzlager m it Spiel die k in em atisch en  E rsch e in u n g en  ganz 
an d e rs  absp ielen , als in  dem  v o n  J ürgensmeyer b esch rieb en en  [2] W älzlager.

N ach  J ürgensmeyer is t d e r e in fach ste  B e la s tu n g sfa ll d a d u rc h  g ek en n ­
ze ich n e t, daß  der A u ß e n rin g  des d u rch  E I N E  k o n s ta n te  K ra f t  b e la s te te n
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W älz lag ers  fe s ts te h t; d iesen  F a ll b eze ich n e t J ürgensmeyer als die » P u n k t­
last« . W ie w ir diese F ra g e  im  I. T eil d ieses A ufsatzes b e sp ro ch en  haben , k a n n  
v o n  e in er solchen » P u n k tla s t«  in  einem  W älzlager m it Sp ie l ü b e rh a u p t keine 
R ed e  sein, denn die L age m it 2 la s ttra g e n d e n  K ugeln  k o m m t viel frü h e r 
z u s ta n d e  als das V e rh a rren  einer einzigen K ugel u n te r  L a s t  in  d er M ittellin ie.

Ü brigens w eist J ürgensmeyer in  seinem  B uch m it rich tig em  G efühl 
a u f  d ie  Pendelbewegung u n d  a u f  die Schaukelbewegung  h in , ohne jedoch  eine 
A n a ly se  d arzu b ie ten .

2. D ie von  Stribeck als Berechnungsgrundlage  
angenom m ene K ugelanordnung

Stribeck w eist in  seiner M itte ilu n g  ü b e r die u n te rs u c h te n  Fälle  von 
b e la s te te n  K ugeln  u n d  K ugellagern  [1] d a ra u f  h in , d aß  »jene V orbed ingun­
gen«, die er als G ru n d lag e  seiner B erech n u n g en  gew ählt h a t ,  d aß  näm lich  die 
K u g e ln  noch vo r dem  A u ftre te n  einer b e la s ten d en  K ra f t  zw ischen  den L ag e r­
r in g e n  sich frei bew egen  u n d  diese R inge keine D u rch b ieg u n g  erleiden, g ar 
n ic h t  erfü llt sind. E r  fü h r t  die B erech n u n g  fü r  ein sp ielfreies K ugellager m it 
e in em  B elastungsbogen  v o n  180° in  je n e r  L age aus, in  w elch er eine K ugel sich 
g e n a u  in  der v e r tik a le n  M itte llin ie  b e fin d e t.

W ir h aben  im  A b sc h n itt V II  d a ra u f  h ingew iesen, d a ß  fü r  ein Wälzlager 
m it S p ie l  n u r eine A n o rd n u n g  als s tab ile  Lage an g en o m m en  w erden d a rf, in  
w e lch er in  der M itte llin ie  ü b e rh a u p t k e ine  K ugel v e rh a rr t;  w ir  h ab en  fo lgerich­
t ig  d ie  R echenm ethode  v o n  Stribeck u n te r  E inbez iehung  d e r Hertzschen F or­
m eln  a u f  den, der W irk lich k e it v iel m eh r n ä h e rs te h e n d en  F a ll  ausg ed eh n t, wo 
d ie  S ta b ili tä t  durch eine tragende K ugelgruppe  gesichert is t u n d  w ir zeig ten  den 
W eg , wie jene Z ahl v o n  K ugeln  zu b e s tim m e n  is t, die b in n e n  des B e lastu n g s­
b o g en s effek tiv  als la s ttra g e n d  zu e ra c h te n  sind.

3. D ie A n n a h m e nach  E . Meldau

A uch Meldau b e to n t  die B e d e u tu n g  einer v o rh a n d e n e n  s tab ilen  Lage 
d e r  K u geln  und  ih re r  R olle im  B e trieb  [9].

E r  n im m t n äm lich  in  seinen B erech n u n g en  (s. o. c. S. 309) —  ähn lich  wie 
Stribeck [1], (s. o. c. S. 121) —  das V o rh an d en se in  e iner K ra f t  P n in der M it­
te le b e n e  an. Diese A n n ah m e is t jed o ch  bei Stribeck m it e in er zw eiten A n ­
n a h m e  verb u n d en , n äm lich , d aß  sich  au ch  in  der M itte leb en e  eine K ugel b e fin ­
d e t , d ie  m it dem  V o rh an d en se in  der K ra f t  P 0 g le ich b ed eu ten d  is t. H in g eg en k an n  
v o n  einer solchen K ra f t  in  lab ilem  Z u s ta n d  keine R ede se in ; auch Meldau 
sc h re ib t davon, d a ß  die V o rau sse tzu n g  e iner solchen K ra f t  u n n ö tig  sei. D ie 
N u tz lo sig k e it d ieser A n n ah m e, aus d er sich  n u r  U n s tim m ig k e iten  ergeben, is t 
in  un serem  A b sc h n itt V I I  k o n seq u en t k la rg e leg t.
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4. K ugeldruck-K urve nach  H . Perret

In  der z itie r te n  A rb e it w eist M e l d a u  d a ra u f  h in , d aß  seine U n te rsu c h u n ­
gen sich  a u f  den  F a ll k le iner D reh zah len  beziehen . In  d er M itte ilung  v o n  
P e r r e t  [3] w ird  eine k o n s ta n te  K ra f t  angenom m en , w oraus m an  d a ra u f  
sch ließen  k a n n , d aß  auch  seine U n te rsu ch u n g en  sich a u f  kleine D reh zah len  
(also a u f  die TVit/Zdrehzahl) beziehen .

Im  B ild 2 d e r z itie r te n  A rb e it von  Perret is t dem  B elastungsbogen  eine 
D ru ck v e rte ilu n g sk u rv e  zu g eo rd n e t; d ieser K u rv e  gem äß  w irk t au f die R o ll­
k ö rp e r au ch  bei A nnahm e einer u n v e rä n d e rte n  E x z e n tr iz itä t ,  d. h. eines k o n ­
s ta n t  b le ib en d en  Spiels, ein v e rän d erlich e r D ruck . D iese V orausse tzung  b e d e u ­
te t ,  d aß  die a u f  die u n te r  d ieser K u rv e  d u rch w an d e ln d en  K ugeln  m o m en tan  
w irk en d en  K rä f te  von  der im  R au m  fe s ts te h e n d e n  D ru ck v e rte ilu n g sk u rv e  
b e s tim m t w erden . Diese A nschauungsw eise s tim m t ab e r m it den w irk lichen  
E rsch e in u n g en  n ic h t ü b ere in ; die L age der K ugeln  ä n d e r t  sich, und  d a n n  is t 
die in  d er z itie r te n  A bb ildung  festg ese tz te  D ru ck v e rte ilu n g sk u rv e  n ich t m eh r 
s tic h h ä ltig  (z. B . m u ß  die D ru ck v e rte ilu n g  bei e iner g erad en  Zahl von t r a g e n ­
den  K ug eln  sich an d ers  g e s ta lten  als bei e iner u n g erad en  Z ahl). Also ändert sich  
die B elastungskurve m it der Ä nderung  der Lage der K u g e ln ; im  lab ilen  Z u s ta n d  
k a n n  m an  die v o n  Stribeck [1] au fgeste llte  u n d  b e k a n n te  10. F orm el a k z e p ­
tie re n , ab e r im  s ta b ile n  Z u stan d  is t die Gl. (23), A b sc h n itt V II  fü r die K u g e l­
d rü ck e  m aß g eb en d .

XVII. Der W eg zur Verringerung der Schwingungserscheinungen

1. B erücksichtigung der Belastungsart

W enn  m an  vom  L agersp ie l sp ric h t, m u ß  m an  an  das S prichw ort d en k en : 
»K leine U rsach en  h ab en  große Folgen.«

E s is t ke inesfalls irr tü m lich , d a ra u f  h inzuw eisen , d aß  eine B erechnungs 
w eise, die a u f  d en  w irkenden  K rä f te n  b e ru h e n  k ö n n te , infolge der m an g e l­
h a f te n  K en n tn is  d er d u rch  das L agersp iel h e rv o rg eru fen en  E rsche inungen  n ic h t  
a b g e le ite t w erden  k a n n , u n d  w ir deshalb  gezw ungen  sind , W älzlager a u f  G ru n d  
d er experim entell e rm itte lte n  L eb en sd au e ran g ab en  zu d im ensionieren .

W ie dies in  den  L eh rb ü ch ern  ü b e r »M aschinenelem ente« [21] sc h a rf  b e ­
to n t  w ird , lä ß t  sich  durch sorgfältige Beachtung der möglichen Belastungsfälle  
die gew ünsch te  L eb en sd au er bei A nw endung  d er k o n v en tio n e llen  und  e x p e ri­
m en te ll e rp ro b te n  W älz lag erty p en  in  zuverlässiger W eise erzielen.

W ir w ollen  beispielsw eise den  U n te rsch ied  in  d en  a u ftre te n d en  D re h ­
zah len  einzelner B estan d te ile  fü r  den  F a ll ausfind ig  m achen , w enn an  S telle  
d er W elle das G ehäuse des A ußenringes in  D reh u n g  v e rse tz t  w ird; n eb s tb e i,
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die  Ä n d eru n g  bzw . der U n te rsch ied  d e r D rehzah len  b r in g t au ch  Ä nderungen  
u n d  U n te rsch ied e  in  d er Zahl der K ippb ew eg u n g en  m it sich.

N ach  dem  im  A b sch n itt JA a n g e fü h rte n  B eispiel k ö n n en  w ir die D re h ­
zah la n g a b en  wie fo lg t zusam m en ste llen .

U m d reh u n g en

des im a g in ä re n  
A rm es  e'

des Inn en rin g es  
0  d

d er K u g el 
0  b

des A u ß en rin g es  
0  D

W äh re n d  einer U m drehung  des gan­
zen  System s + 1 + i + 1 + i

W en n  bei unbew eglichem  A rm  ~e' 
d e r In n e n rin g  d  in  die ursprüngliche 
L age zu rü ck g ed reh t w ird

0 — l
d

b

d

D

R esu ltie ren d e  U m drehung + i 0 i +  ±  
b

l + - d -
D

W en n  also d e r A ußenring  1 U m d re h u n g  a u s fü h rt, m a c h t d er A rm  e r 
(u n d  au ch  d er K ugelkäfig ) eine D reh b ew eg u n g  gleich

1 D
I . d D + d  

D

u n d  w äh ren d  n  U m d reh u n g en  des A u ß en rin g es D  is t die D reh zah l des Armes- 
e ' (u n d  des K äfigs)

D
=  n ---------- .

D  +  d
(75)

W en n  w ir diese D reh zah l m it je n e r  verg le ich en , die n ach  (5) be i U m d re h u n g  
d e r W elle e n ts te h t, so sehen w ir, d aß  die D reh zah l des K äfigs im  V erh ä ltn is  
D jd  gestiegen  is t.

D iese V erh ä ltn iszah l ist zugleich c h a ra k te ris tisch  fü r das A nste igen  der 
K u g e ld reh zah l.

N ach  der T abe lle  im  A b sch n itt IV  is t die K ugeld rehzah l bei einer W ellen- 
u m d re h u n g :

i - A
_____ b _d_ ( b - D )

" ,  D  b (d + D ) ’
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u n d  n ach  d e r n euen  T abelle is t die K u g e ld reh zah l bei einer U m d reh u n g  des 
A ußenringes:

1 + 

1 +

d
b

d
D

ü ( b + d )  

b(d +  D)

D er Q u o tien t d ieser D rehzahlen  is t:

D (b + d ) dJJ) D ) _  D (b + d ) 
b(d +  D ) ‘ b(d +  D ) ~  d(b D)

D a ab e r die a b so lu te n  W erte

\b +  d\ =  |6 —  D\

e in an d e r gleich sin d , s te ig t die K u g e ld reh zah l um  das V erh ä ltn is  D /d, w enn  
sich  an  S telle  d e r W elle der A ußenring  d re h t , die D reh rich tu n g  jedoch  in  den  
zwei F ä llen  eine en tgegengese tzte  is t.

W ir k ö n n e n  n ic h t u m hin , nochm als a u f  die W ich tigkeit der h ier b e sp ro ­
chenen  S chw ingungserscheinungen  h in zu w eisen : es is t k la r, d aß  d u rch  A u f­
tre te n  d er K ippb ew eg u n g en  die S ch lag w irk u n g en  im m er h äu fig e r w erd en ; 
au ch  is t die S te lle , die von  den S c h la g k rä fte n  gehäm m ert w ird , bei u n v e r ­
ä n d e r te r  D reh zah l —  bis zu einer gew issen G ren zd reh zah l —  im m er d ieselbe; 
so b e s te h t also die e rs te  A rt der A bhilfe d a r in , d a ß  m au bei der A usw ahl eines 
W älzlagers die A r t d e r B e lastung  u n d  die beg le iten d en  B e trieb sv e rh ä ltn isse  
g rü n d lich  e rw äg t.

In  dem  au sg eze ich n eten  W erk  v o n  J ürgensmeyer [2] w ird  au ch  d e r 
E in flu ß  d er B e la s tu n g sa r t a u f  das E in tre te n  d e r  W anderbew egung  der L a u f­
ringe g rü n d lich  a n a ly s ie rt.

2. K onstruktive  A u sb ildung  der Wälzlager

a) Verringerung des W inkels y . N ach  Gl. (1) is t  bei einem  gegebenen Spiel 
h  die E x z e n tr iz i tä t  e um so k leiner je  k le in e r d e r  Teilw inkel 2y ,  d. h . je  g rößer 
die Z ahl der K u g eln , u n te r  B e ib eh a ltu n g  d e rse lb en  m ittle ren  K ra n z d u rc h ­
m essers 2jR/(, is t.

B ei zw eireih igen  R ollen lagern  is t die V ersch iebung  einer R eihe d er R o l­
len  um  einen  h a lb en  T eilungsw inkel y  g eg en ü b er anderen  R ollenreihen  g leich­
b ed eu ten d  m it d er H e rab se tzu n g  des T eilungsw inkels.

b) Verringerung des Spiels  h . E s g ib t k o n s tru k tiv e  L ösungen, bei denen  
m an d u rch  ax ia le  V ersch iebung  eines d er b e id e n  L aufringe gegenüber dem
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a n d e ren  das Spiel v e rm in d e rn , bzw . b e h eb en  k an n . Zu diesen gehören K u g e l­
lager, P endelkugel- u n d  P en d e lro llen lag er, Schrägkugellager und  K eg e lro l­
len lager.

A uch  w ird  das Spiel bei der M on tage  k le in er, falls m an  den  In n e n r in g  
m it k o n isch er B o h ru n g  so schw ach a u s fü h r t ,  d aß  e r sich beim  A ufziehen  a u f  
die W elle e tw as d eh n en  k an n .

3. H inw eise f ü r  die M ontage

a) A r t des E in b a u s. D ie W älz lagererzeuger sind  sich der h ier e rö r te r te n  
A n fo rd e ru n g en  b e w u ß t; se lb s tv e rs tän d lich  w u rd en  dem gem äß B a u a r te n  e n t ­
w ick e lt, in  denen  z. B . eine w illkürliche V errin g eru n g  des Spiels m öglich  is t;  
in e inzelnen  F ä llen  h a t  m an  auch  schon  T y p en  m it B estan d te ilen  u n te r  V o r­
sp a n n u n g  ang ew en d e t. A us der F a c h li te ra tu r  [24] b rin g en  w ir das B eisp iel 
e in er B au a n o rd n u n g  m it F ed e rsp an n u n g  be i Spindellagern  fü r S chleifscheiben
(B ild  35).

b) W ahl der P assung . Zum  Z w ecke e in er no rm g erech ten  P a ssu n g sv o r­
sc h rif t fü r  die L au frin g e  (W ellen to leranz  fü r  den In n en rin g , B o h ru n g sto le ran z  
fü r  den  A ußen rin g ), k o m m t die en tsch e id en d e  Rolle dem  V erb in d e rn  des 
»W anderns« d er L au frin g e  zu. J ü r g e n s m e y e r  h a t  in  seinem  B uch  [2] die 
U rsach en  des W a n d e rn s  der L au frin g e  in  einem  eigenen K ap ite l a n a ly s ie r t. 
N ach  seiner M einung lä ß t  sich diese E rsch e in u n g  a u f  die Ä h n lich k e it eines 
W älz lagers m it e inem  P la n e te n tr ie b w e rk  zu rü ck fü h ren . Zu dieser S te llungs- 
n a h m e  k ö n n en  w ir als A nalogie eine eigene A nsich t des ungarischen  P ro fesso rs  
B á n k i  an fü h ren , d e r in  seinen V orlesungen  ü b e r D am p ftu rb in en  [22] (Seite  
403— 404) die M einung aussp rach , d a ß  aus ähn lichen  G ründen  eine W a n d e r­
bew egung  e n ts te h e n  m uß , w enn m a n  T u rb in en lag erb u ch sen  aus in e in a n d e r  
geschobenen  R o h ren  h e rs te llt. W ir w ollen  a u f  diese, in  der F a c h li te ra tu r  au s­
fü h rlich  b esp ro ch en en  U rsachen  n ic h t n ä h e r  e ingehen, es soll aber n a c h d rü c k ­
lich  a u f  den  Z u sam m en h an g , der zw ischen  den  h ie r an a ly sie rten  S ch w in g u n g s­
e rsch e in u n g en  u n d  d er R in g w an d eru n g  o ffenkund ig  b es teh t, h ingew iesen 
w erden .

In  den  b e k a n n te n  R ich tlin ien  fü r  den  E in b a u  von  W älzlagern  [23] w ird  
z. B . die B e la s tu n g sa r t im  Falle eines fe s ts te h e n d e n  G ehäuses u n d  e in e r  ro t ie ­
re n d e n  W elle m it N ach d ru ck  d a d u rc h  gekennze ichne t, daß  die L a st den fe s t­
sitzenden A u ß e n r in g  stets nur in  einem  P unkte  in  A nspruch  n im m t, w ogegen 
jeder einzelne U m fangspunk t des m it d e r W elle ro tie ren d en  In n nenringes bzw. 
der In n en la u fb a h n  einm al während einer U m drehung der Belastung ausgesetzt ist.

Die E rsch e in u n g en , die im  ersten T e il b e h a n d e lt w urden , w eisen h ie r  ganz 
versch ied en e  M erkm ale  au f: am  A u ß en rin g  k a n n  n ich t eine einzige U in fang - 
ste lle  als b e la s te t  e rk lä r t w erden: es g ib t einen P u n k t an  der ä u ß e re n  L a u f­
b a h n , wo die Schlagw irkungen sich im m er wiederholt auch m ehrm als w ährend
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einer W ellenum drehung ereignen, u n d  zw ar in n e rh a lb  eines b e s tim m te n  U m d re ­
hung sb ere ich es, au ch  b e i u n v e rä n d e r te r  D reh zah l. A uch  e n ts te h t eine W an d e ­
ru n g  d e r »gehäm m erten«  S telle , deren  G renzen  m an  e rrech n en  k a n n , u . zw. im  
G eb ie te  zw ischen d e r iVuZZdrehzahl bis zu d e r B e trieb sd reh zah l.

I n  diesem  Z u sam m en h an g  s te h t  die T a tsa c h e  fest, d aß  die »H am m er­
schläge« a u f  den  rotierenden In n en rin g  bzw. a u f  die innere L au fbahn  rundherum  
u n d  gleichzeitig )>losregnen«.

B ild  36. D ie D eh n u n g  d e r  äu ß eren  M ateria lsch ich te  u n te r  E in w irk u n g  rasch  au fe in an d er
fo lgender H am m ersch läge

Ü ber die W irk u n g  v o n  H am m ersch lägen  a u f  den  W erk sto ff seien h ier zwei E rfah ru n g s-  
beisp ie le  an g eführt.

(1) W äh ren d  e in e r S tills ta n d p e rio d e  h a tte  m an  vergessen , die g e sp an n ten  T ra n s­
m issionsseile, die an  e iuer Seite  de r ru h en d en  Seilscheibe aufliegen, zu en tsp an n en . Die Folge 
w a r, d aß  ein Teil d e r  b e la s te te n  Seilradspeichen  d e fo rm iert w urden  das Se ilrad  n ah m  eb en ­
fa lls  eine »hinkenden F o rm  an . U rsache  d ieser V erze rru n g  w ar das e inseitig  w irkende B iege­
m o m en t de r an g esp an n ten  Seilzüge (B ild  36). E s gelang, das gußeiserne R a d  n ach  A ufziehen 
a u f  e inen  D orn  u n d  A b s tü tz e n  d u rc h  P rism e n  (zur K o n tro lle  de r ru n d e n  F o rm ) d u rc h  die 
a u f  d ie Speichen lo sh ä m m e rn d en  le ich ten  H am m ersch läge  w ieder a u f  die genaue F o rm  zu 
b rin g en . Das W erkzeug  w a r  ein  le ich te r H an d h am m er, dessen  P in n e  sorg fä ltig  d u rch  Schlei­
fen  (a u f den H a lb m esser v o n  2 -4- 3 m m ) ab g e ru n d e t w urde . E s genüg te , die k o n k av en  S eiten  
d e r Speichen le ich t d u rch zu k lo p fen : h ied u rch  e rfu h r d e r k o n k av e  A u ß en ran d  eine D eh n u n g , 
d ie d azu  genüg te , das S e ilra d  w ieder au f die u rsp rü n g lich e  k re isru n d e  F o rm  zu bringen.
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(2) E s is t eine b e k a n n te  E rsch e in u n g , d a ß  m an , w enn m an  be im  Z erlegen v o n  a lte n  
R o h rv e rb in d u n g en  eine M uffe vom  R o h r ab z ieh en  w ill, o ft a u f  eine D eh n u n g  d u rc h  E rw ä r ­
m en v erz ich ten  kann , d e n n  b e re its  d u rch  e in ige  ru n d h e ru m  w ied erh o lt a n g eb ra ch te  H a m ­
m ersch läge  k an n  die M uffe le ich t e n tfe rn t w e rd en .

D ie innere  L a u fb a h n  eines W älzlagers w ird  v o n  solchen »rundherum  a u f  treffenden  
Hammerschlügen«  g e tro ffen , u . zw. bei je d e r  e inzelnen  U m d reh u n g  der W elle. D eshalb  w ird  
bei T o le ran z  V orschriften fü r  W ellen  u m  e in em  D urch m esser von  1 0 0 -i-140 m m  die P a s ­
sung  n  6 vo rgeschrieben , a b e r  zu L agern  m it  e inem  g rößeren  Spiel g eh ö rt eine W elle m it der 
en g eren  Passung  p  6.

Elastic Vibrations in  Rolling Bearings. Part II.: The R otating Mass in  not Balanced  
w ith respect to its Centre Line. In  th is  p a r t  o f th e  p a p e r a g lance is th ro w n  to  som e p h e ­
n o m en a  connected  to  a  ro ta t in g  force an d  a n  a ssu m p tio n  is a tte m p te d  acco rd ing  to  w hich  
th e  d isp lacem en t of th e  ro llin g  e lem ents c au sed  b y  th e  ro ta tin g  force g en era te s  a d e fo rm a ­
tio n , in  consequence of w h ich  th e  rolling m o v em e n t of those  e lem en ts ta k e s  p lace  on  th e  
sm allest a rea  possible.

Эластичные колебания подшипников качения, И. Вращающаяся масса не уравнове­
шена относительн своей собственной оси (Б.  Секе). Данная часть сообщения дает краткий 
обзор явлений, которые по представлению автора могут возникать при некоторым «враща­
ющемся усилии». В дальнейшем автор на основе планиметрической модели вы раж ает то 
свое представление, что в некотором подшипнике качения при игре вращающегося усилия 
возникает деформация дорож ки качения таким  образом, что при этом процесс обкатки 
происходит на возможно малой поверхности.
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DISPENSER CATHODES 
WITH HIGH CURRENT DENSITY

A. B U D IN C SE V IC S*

D R. ENG. SC.

[M an u sc rip t received  O ctober 2, 1970]

T he o p e ra tio n  p rincip le  o f th e  “ L ”  cathode, its  c h a ra c te ris tic  featu res an d  th e  
possib ilities o f ap p ly in g  it,  a re  d iscussed  b y  th e  a u th o r , a n d  considerab ly  sim plified  
as com pared  to  th e  ca th o d e  o f L e m m e n s  an d  o thers . T h e  new  v ersio n  of “ L ”  ca th o d e  
design in a  tu b e  fo rm , so-called “ M”  cath o d e, is p re sen ted  in  w h ich , in stead  of po ro u s 
sin tered  tu n g s ten , th e  m u ltila y e r tu n g s te n  w ire is u sed . T h e  m eth o d  of p rep arin g  
f la t  “ L ”  ca th o d es w ith  porous tu n g s te n  lay e r p ressed  d irec tly  in  m olybdenum  tu b e  
an d  sin tered  is p resen ted . E m ission  p ro p erties  o f developed  ca th o d es are  given.

1. In tro d u c tio n

The w idesp read  research  w ork  concern ing  ca th o d e  in v e s tig a tio n  is due  
to  th e  fac t th a t  th e  effic iency , life tim e an d  re lia b ility  o f  th e  elec tron  tu b e s  
depend  on th e  q u a lity  o f th e ir  ca th o d es w hich are m a in ly  exposed  to  w earing .

The p ap e r deals w ith  th e  ch a rac te ris tic s  o f ca th o d es  w ith  h igh c u rre n t 
d en sity , ca rry ing  o n to  th e  su rface  o f a m e ta l h av in g  a h ig h  m e ltin g -p o in t —  
e.g. on W . —  an  ad so rb ed  m o n o ato m ic  e a rth -a lk a li m e ta l lay er. I n  such 
system s th e  w ork fu n c tio n  decreases from  4,5 eV to  1,6— 2,0 eV an d  b y  a p p ly ­
ing  th em , ca th o d es w ith  h igh  c u rre n t d en sity  are  o b ta in a b le .

The d iffe ren t c a th o d e  co n stru c tio n s  are  u su a lly  d iv id ed  in to  3 m ain  
groups.

1. P u re  m e ta l ca th o d es w ith  h igh m elting  p o in ts  (T u n g sten  and  T a n ta l 
e m ittin g  over 2000 °C).

2. C athodes h av in g  an  ad so rb ed  a tom ic  film  o f e lec tro p o sitiv e  e lem ent 
on th e ir  tu n g s te n  surface. F ilm -ca th o d es T horium -W olfram  ca th o d es , “ L ”  an d  
“ M ”  cathodes. E m ission  te m p e ra tu re  from  900 °C to  1600 °C.

3. O xide ca th o d es: e a r th -a lk a ly  oxides on m eta l g ro u n d . E m ittin g  from  
560 °C to  850 °C.

T u n g sten  m e ta l ca th o d es, h av in g  decreased  w o rk  fu n c tio n , due to  an  
adso rbed  a tom ic lay e r of an  e lec tro p o sitiv e  e lem ent, w ere f ir s t  described b y  
Langmuir an d  Dushman [1].

* D r. A. B t j d i n c s e v i c s , T o b o rzó  u . 1., B u d ap est X I I I . ,  H u n g a ry
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De Boer an d  Wagener [2] su b seq u en tly  rev iew ing  th e  o p era tio n  of 
c a th o d e s  hav ing  a to m ic  surface s tru c tu re , a rriv ed  a t  new  re su lts . T hey  found  
t h a t  if  in  betw een  th e  a to m s of th e  ad so rb ed  e lec tro p o sitiv e  e lem en t are  in te r ­
m e d ia te ly  atom s of an  e lec tro n eg a tiv e  gas p laced , e.g. CL on  th e  surface of 
p u re  tu n g s te n  m e ta l, th is  in te rm e d ia te  lay e r w ill decrease th e  w ork  fu n c tion , 
a n d  w ill fav o u rab ly  a ffec t th e  v a p o risa tio n  o f the  lay e r, a n d  th e  s ta b ility  of 
th e  em ission as well.

Moore an d  Allison [3] seek ing  th e  effect of ad so rb ed  B a ev ap o ra ted  
o n  p u re  W  surfaces, w ith o u t in te rm e d ia te  O o b ta in ed  th e  sam e resu lts . B u t 
th e  m onoatom ic  B a  lay e r soon becam e  d estroyed  an d  w as n o t su itab le  for 
p re p a rin g  p rac tica l u sab le  ca th o d es .

Lemmens [4] an d  co llab o ra to rs  w ere successful in  p re p a rin g  ca thodes, 
co n sis tin g  of ad so rb ed  B a  on W  su rfaces, using  a new  design . T h e  ev ap o ra tin g  
B a  w as p e rm an en tly  co m p en sa ted , from  a reserve su p p ly , th ro u g h  th e  pores 
o f  th e  porous W . N ow  th ese  ca th o d es  a re  called “ L ”  (L em m ens) or d ispenser 
c a th o d es .

T he em ission p ro p e rtie s  o f th e  d ispenser ca th o d es a re  v e ry  favourab le . 
T h e y  allow  th e  o u tp u t  o f g rea t c u rre n t densities, b o th  in  p e rm a n e n t o p era tio n  
a n d  in  im pulse w ork . T h ey  w ork  in  H .F . o p era tio n  w ith o u t sp a rk in g , are  n o t 
a ffe c ted  b y  io n b o m b a rd m e n t, a n d  reco v er qu ick ly  a fte r  free  se t gas and  po ison­
in g  effects.

T he d ispenser ca th o d es are  s ig n ifican t for th e  p re p a ra tio n  of m icrow ave 
tu b e s  w ith  g rea t specific  c u rre n t d e n s ity , w here th e  g eo m etrica l size is lim ited  
b y  th e  w avelen g th , so t h a t  o ften  p o in tlik e  ca thodes w ith  h igh  specific c u rre n t 
d e n s ity  are needed . T h e  o b ta in a b le  va lu es  are  of 2 -^4  A /cm 2 in p e rm a n e n t 
o p e ra tio n , an d  100 A /cm 2 in  im p u lse  w ork. M ostly  th e y  are  applied  in  
im p u lse m a g n e tro n s , k ly s tro n s , p la n e rtr io d e s  and  in  som e ty p e s  of trav e lin g - 
w a v e  tubes.

O x ide-cathodes also possess g re a t specific em ission, b u t  due  to  th e  sem i- 
co n d u c tiv e  c h a ra c te r  o f th e  o x id e-lay er, th e y  b ehave d isad v an tag eo u sly  u n d e r 
th e  above m en tio n ed  co n d itions.

As is k now n , i t  is v e ry  d ifficu lt to  secure th e  c o n s tru c tio n  an d  o p era tio n  
co n d itio n s fo r th e  d isp en se r ca th o d es , described  b y  Lemmens, p a r tly  because 
o f  th e  co m plica ted  p ro d u c tio n  tech n o lo g y , p a r tly  b ecau se  o f th e  d im in u a tio n  
o f  th e  em ission c u rre n t. T he l a t te r  is due to  th e  g rea t p ro b a b ili ty  of poisoning  
a n d  accessory d isp ro p o rtio n a te  B a  ev ap o ra tio n .

To solve th e  ab o v e  m en tio n ed  p rob lem s, we se t ourse lves th e  ta sk  to  w ork 
o u t  a technology  w hich  secures b o th  th e  cond itions fo r th e  o p era tio n  m ech an ­
ism  an d  for th e  p ro d u c tio n  o f g re a t q u a n titie s  of d isp en ser ca th o d es , w ith  h igh  
c u rre n t d en sity  a n d  d u ra b ility .
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2. The w o rk ing  m ech an ism  of dispenser ca thodes

S everal au th o rs  ex am in ed  an d  described  th e  p h y sica l a n d  chem ical p ro ­
cesses occuring d u rin g  th e  o p e ra tio n  o f d ispenser ca th o d es . D u  P r é  and  
Rittner [5] w orked o u t a com plete  th e o ry , w hich gives th e  follow ing schem e 
fo r th e ir  opera tion .

F ig . 1 gives th e  sch em atic  sk e tc h  of a d ispenser c a th o d e  co nstruc tion . 
I t  is b u ilt  up  from  a ho llow  Mo cy lin d e r 1 (coated  w ith  BaCO s 2) an d  is closed

u p  b y  a cy linder 3 of a p o ro u s tu n g s te n . T h e  h ea tin g  of th e  ca th o d e  4 is p rovided  
b y  a W  sp ira l coated  w ith  A120 3. U n d e r  th e rm a l t r e a tm e n t in  h igh  vacuum , 
th e  B a C 0 3 is decom posed to  B aO , w h ich , co n tac tin g  th e  h o t W  w all, is reduced  
acco rd ing  to  Eq.

6B aO  - f  W =  B a3W 0 6 +  3B a .

A t h igh  te m p e ra tu re s  th e  chem ical reduc tion -p rocess is ab le  to  supp ly  
B a m e ta l w ith o u t a c u r re n t  load, so t h a t  a tension  of B a v a p o u r  develops, 
w hich  is ba lanced  th ro u g h  th e  pores o f  th e  W . T he B a d iffu n d in g  th ro u g h  
th e  po rous W  spreads o n to  th e  su rface , decreases th e  w o rk -fu n c tio n  and  th en  
ev a p o ra te s .

O n th e  surface, th e  B a is c o n tin u o u s ly  com pensa ted  th ro u g h  th e  pores. 
T h e  life tim e of Ba a to m s on th e  W  su rface  depends on th e  a d so rp tio n  and  
d e so rp tio n  energies, an d  is v e ry  g rea tly  in fluenced  b y  im p u ritie s , e.g. residual 
gases.

I f  on th e  W  surface th e re  are  a d so rb ed  O atom s as well, th e se  as in te rm ed ia te  
a to m s h av e  an  o r ie n ta tio n  effect on th e  B a atom s d u rin g  th e ir  adso rp tion , 
fo rm in g  dipoles w ith  th e m  an d  causing  p o te n tia l g rad ien ts  on  th e  surface. 
T h e  presence  of 0  effects a fu r th e r  d ecrease  of th e  w o rk -fu n c tio n , stabilizes 
th e  em ission and  m o d e ra te s  th e  e v a p o ra tio n  of th e  ca th o d e .

T he h igh  em ission c u rre n t of th e  d ispenser ca th o d es is a sc rib ed  to  th e  
a to m ic  B a an d  0  adso rbed  on th e  p u re  W  surface. In  re la tio n  w ith  th is , w ide­
sp read  resea rch  w ork w as m ad e  by  Brode an d  Rittner as w ell as b y  J enkins 
an d  Allen [6].

In  every  case of lessen ing  em ission i t  w as asce rta in ed  th a t  i t  w as caused 
b y  se t free , gases or e v a p o ra tin g  im p u ritie s  from  th e  anode o r o th e r  c o n s titu ­
en ts , called ca thode p o ison ing .
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T he adsorbed  a to m ic  la y e r  on  th e  W  surface is v e ry  sensible to  gas 
im p u ritie s . C oncerning th e  p o iso n in g  effects J enkins an d  Trodden [7] 
m e a su re d  and  d e te rm in ed  th e  te n s io n  of several po iso n in g  gases c ritica l to  
th e  em ission.

0 2 1 0 - 8 to r r .
h 2o 1 0 - 7 to r r .
c o 2 1 0 - 6 to r r .
a ir 5 x 1 0 - ° to rr .

CO, N2 and  H 2 a re  less p o iso n in g  a t  sim ilar p ressu res . A fte r  th e  tension  o f 
th e  poisonous gas becom es less th a n  th e  c ritica l v a lu e , th e  recovery -tim e  o f 
th e  ca th o d e  is a b o u t 5-7-10 sec.

T he a c tiv a tio n  t r e a tm e n t  u sin g  cu rren t lo ad  s ta r ts  on ly  a th e rm a l 
p rocess w hich releases gas from  th e  anode, th u s  a lte r in g  th e  chem ical ba lan ce  
o f  th e  cathode. To d e m o n s tra te  th e  above m en tioned , long  im pulses of 100 /xsec 
w ere  used  and  i t  w as fo u n d  th a t  th e  c u rre n t b reak -dow ns a n d  tra n s ie n ts  are th e  
fu n c tio n s  of th e  an o d e  m a te r ia l  a n d  th e  te m p e ra tu re . I n  ex p e rim en ta l diodes, 
u s in g  T i. anodes, th e  c u rre n t b reak -d o w n s and  tra n s ie n ts  are  sm aller.

3. Production technology of dispenser cathodes

C oncerning th e  p re p a ra tio n  o f d ispenser c a th o d es , p ap ers  o f severa l 
a u th o rs  give th e ir  re su lts . T he c ritic a l analysis o f th e se  m e th o d s  led to  th e  re su lt  
t h a t  th e  shape of th e  ca th o d e  in fluences th e  techno logy  o f ca th o d e  p re p a ra tio n . 
I t  is advisab le  to  use d iffe ren t tech n ics  for th e  p re p a ra tio n  o f cy lind rica l a n d  
o f  p lan e  d ispenser ca th o d es.

F o r th e  p re p a ra tio n  o f cy lin d rica l d ispenser ca th o d es  we used  po rous 
W  b ars  s in te red  to  2 8 % , a n d  sh ap ed  m echan ically . F o r  p lan e  ca thodes w e 
developed  a m e ta llu rg ica l an d  s in te r  m ethode using  W  pow der.

To m ake cy lin d rica l c a th o d es  we om itted  fo re ig n  m e ta l sa tu ra tio n , to  
av o id  im purities in  th e  W .

In  accordance  w ith  th e  w o rk ing  m echanism , a p ressu re  of B a v a p o u r  
m u s t develop in  th e  d isp en ser space, th e  eq u a liza tio n  o f w hich w ith  th e  
v a c u u m  space can  ta k e  p lace  o n ly  th ro u g h  th e  pores. T h e  tw o spaces h av e  to  
b e  sep ara ted  co m p le te ly , to  av o id  th e  p e n e tra tio n  o f B a  th ro u g h  th e  leak ag e  
o f  th e  s tru c tu re  co m p o n en ts . T h e  super cleanness o f th e  porous W  surface is 
n o t  securable if  we a p p ly  th e  w eld ing  techn ique o f m e ta ls  w ith  h igh  melting- 
p o in ts  like W  a n d  Mo.

E xam in ing  th e  s itu a tio n  from  th e  p o in t o f v a c u u m  techn ics tw o q u e s ­
tio n s  arise. 1. W h a t is th e  a llow ab le pressure d ifference be tw een  th e  v a cu u m  
a n d  th e  d ispenser space  ? 2. W h a t is th e  to le ra te d  leak ag e  betw een  th e  co m ­
p o n en ts .
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A ccording to  th e  m easu rem en ts  o f B a v a p o u r  p ressu re , ca rried  o u t b y  
Classen an d  Venemann [8] a t  1400 °K

th e  ten s io n  o f B a on W — B aO  is 8 x l 0 ~ s to r r .
M o— B aO  1 X 10~6 to rr .

In  th e  ca th o d e  space, th e  v a c u u m  is genera lly  b e t te r  th a n  l x l 0 ~ 7 to r r .  
E x p erim en ts  show , in  cases o f  th e  above m en tio n ed  low  p ressures, t h a t  th e  
ap p lica tio n  o f t ig h t  fittin g s  is su ffic ien t to  stop  th e  eq u a lisa tio n , if  th e  f i t t in g  
is long in  re la tio n  to  th e  g re a t m ean  free p a th . T h u s th e  eq u a lisa tio n  o f th e  
low B a v ap o u r te n s io n  tak es  p lace  on ly  th ro u g h  th e  pores.

Rittner, Ahlert and  Rutledge [9] d e te rm in ed  th e  m o b ility  o f B a  on 
W  surfaces. I f  th e  roughness o f  th e  surface is less th a n  3 //m  th e  m ig ra tio n  
p a th  can  be 0,1 m m /sec.

T he n u m erica l d a ta  m ake i t  possib le  to  design th e  techno logy  to  p rep a re  
d ispenser ca th o d es, securing th e  th e o re tic a l co n d itions an d  th e  rea lisa tio n  o f 
m ass p ro d u c tio n .

T ak ing  in  ac c o u n t th e  g re a t m ig ra tio n  p a th  o f  B a , th e  th ick n ess  of 
th e  porous W  w all has to  be 0,5 m m  an d  th e  len g th  o f th e  f i t t in g  surfaces 
5 m m . This ensu res th a t  th e  B a  w ill ge t s tu ck  one th e  t ig h t  f i t t in g  su rface , 
an d  th e  p e n e tra tio n  in to  th e  v a c u u m  space ta k e s  p lace  on ly  th ro u g h  th e  
porous wall.

T here  rem ain s th e  questio n  w h e th e r th e  h e a te d  ca th o d e  w hen h o t —  
becom es loose a n d  perm eab le  fo r  B a  v a p o u r or n o t.

T he th e rm a l expansion  fa c to r  o f Mo is 5.3 X 1 0 _6/degree
W  is 4 .4 X 10~6/degree

T he s tru c tu re  o f th e  ca th o d e  is such, th a t  th e  Mo cy linder w ith  th e  
g re a te r  expansion  fa c to r  is p laced  inside th e  porous W  b o d y . W hen  h e a te d , 
th e  f i t t in g  becom es m ore close, w ith o u t destro y in g  th e  e lastic  porous W .

T he closing u p  o f th e  d isp en ser space is so lved  b y  a w ell-know n an d  in  
m a n y  respects  ad v an tag eo u s  cold techno logy . I ts  success w as p roved  b y  ex ­
p e rim en ts  in  ev e ry  respec t.

W e exam ined  th e  question  o f  th e  po ro sity  o f W  in  d e ta il, an d  a new  
d e te rm in a tio n  m e th o d e  was g iven  fo r th e  rap id  ex a m in a tio n  of th e  surfaces 
an d  th e  po ro sity  o f  th e  porous W  body .

The in te rn a l a n d  ex te rn a l su rface  of th e  po rous W  w as m easured  w ith  
th e  c a th a ly tic  decom position  of H 20 2 on th e  W  su rface . T he p o ro sity  of W 
w as d e te rm ined  w ith  th e  aid of th e  flow ing  ve lo c ity  o f a ir  th ro u g h  th e  pores. 
T h e  resu lts  of b o th  m ethods w ere in  good ag reem en t w ith  th e  ca lcu la ted  
va lues, an d  we rece iv ed  for th e  p o ro u s surface 10-j-12 tim es th e  v alue  o f th e  
co m p ac t W  surface.

W e also d e te rm in ed  th e  specific  surface of W  p ow der, w ith  0 ,5 -i-3 f i m  
g ra in  size. W e fo u n d  th e  specific p o ro u s  area  of a s in te red  W  cube to  be 1,100-f- 
-r-1,200 cm 2/cm 3.
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T h e com plete in n e r  an d  o u te r  su rface  of an  ex p e rim en ta l c a th o d e  is 
a b o u t 49,000 cm2.

I t  is ev id en t t h a t  h ig  pores decrease th e  in te rn a l su rface  as w ell as th e  
e x te rn a l  one, and  a consequence  o f th e  fine  pores is th e  increase  o f th e  areas. 
H o w ev er, th e  p ra c tic a l v a lu es  m ove b e tw een  n a rro w  lim its , b ecau se  th e  size 
o f  th e  porous surface is a fu n c tio n  of th e  equ ilib riu m  of B a e v a p o ra tio n .
A t th e  sam e tim e  th e  roughness of th e  su rface  shou ld  n o t be m ore  th a n  3 ^m .

l . m A

In  th e  p rac tice  th e  m ain  p rob lem  am ong th e  p ro d u c tio n  of porous W  
bod ies is, to  find  a su ita b le  m e th o d , to  open  th e  pores w hich go t closed d u rin g  
th e  step s  of p re p a ra tio n . T he W  bodies w ere chem ically  c leaned  an d  e tched , 
f i r s t  to  open th e  closed  pores, second ly  to  secure th e  a d so rp tio n  o f B a.

The chem ical t r e a tm e n t  is th e  fo llow ing. Corrosion for 24 h ours in 30%  
H F  a n d  fu r th e r  24 h o u rs  in  10%  HC1 follow ed b y  quench ing  in  b id is tilled  w a te r, 
w h ich  w as changed  m a n y  tim es d u rin g  48 hours, till  th e  re s is tan ce  of th e  la s t 
r in s in g  w a te r becam e  500 000 ohm /cm . T hen  d e h y d ra tio n  w ith  acetone  an d  
w h en  d ry , a glow tr e a tm e n t  is ap p lied  a t  900 °C in  flow ing  d ry  H 2.

The Mo c y lin d e r is also c leaned  an d  glowed in d ry  H 2. T he d ispenser 
sp ace  of th e  Mo cy lin d e r is coa ted  w ith  ca rb o n a tes . T he co m position  is: 50%  
B a C 0 3 -j- 45%  S rC 0 3 -(- C aC 03. T he sp ray  is a suspension  in  iso b u th y la lco h o l 
w ith o u t fas ten in g  m a te r ia l. T he q u a n t i ty  o f co a ting  m a te r ia l w as 15-1-20 
m g /p er cm2.
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T he n e x t step  is th e  a d ju s tm e n t o f th e  ca thode . T he po rous W  cy lin d er 
is h e a te d  to  100 °C an d  th e  cold Mo cy lin d e r is p u sh ed  in to  th e  W b o d y .

D iodes were m ad e  b y  using  th e  above ca thodes a n d  b u ilt  m ag n e tro n s  
o f  th e  ty p e  of 2J32 w ith  th em . T he a n o d e —cath o d e  d is tan ce  of th e  ex p e ri­
m e n ta l diodes was 5 m m . T he anode m ad e  of Mo sh ee t h as  in  th e  m iddle  a 
2 m m  p erfo ra tio n  for p y ro m é trie  m easu rem en ts .

T h e  tu b es  were p u m p e d  to  10 “ 4 * 6 to r r .  an d  h e a te d  a t  450 °C fo r 4 hou rs. 
T he follow ing step  w as th e  slow  th e rm ic  decom position  of th e  ca th o d e . W e raised  
th e  te m p e ra tu re  in  such  a w ay  th a t  th e  p ressure  sh o u ld  n o t be m ore th a n  
l X l O -5 to rr . In  ab o u t 15-1-20 m in th e  ca thode reach es th e  te m p e ra tu re  of 
800 °C, an d  an  ion c u r re n t o f a few  p A  flow s b e tw een  an o d e  a n d  ca th o d e . 
D u rin g  th e  ac tiv a tio n  process th is  slow ly  decreases, an d  th e  s ta r t in g  e lec tron  
c u r re n t ap p ears . The te m p e ra tu re  w ill b e  raised  th e n  fo r 5 m in  to  1100 °C and  
th e  a lte ra tio n  of th e  s ta r t in g  c u rre n t observed , w hich reaches th e  v a lu e  of 
0 ,2 -y 0 ,3  m A /cm 2. T hen  th e  te m p e ra tu re  of th e  ca th o d e  is decreased  to  900 °C 
a n d  th e  anode is loaded  b y  elec tron  b o m b a rd m e n t. D u rin g  th is , gas is se t free 
a n d  co n seq u en tly  th e  ca th o d e  becom es po isoned . The d im in u a tio n  of th e  em is­
sion c u r re n t should  n o t be  m ore th a n  10 %  of th e  s a tu ra tio n  c u rre n t.

T h e  degased and  a c tiv a te d  diode is sealed off from  th e  p u m p  an d  b y  ev a­
p o ra tin g  th e  g e tte r th e  v a cu u m  is im p ro v ed . A fter th e  d iodes w ere loaded 
w ith  200 m A  for 50 h o u rs , th e  em ission c u rre n ts  were m easu red  in  con tin u o u s 
an d  im pulse  w ork.

F ig . 2 shows th e  c u rre n t vo ltage  cu rves, a) in co n tin u o u s an d  b) in im ­
pu lse  w ork .

4. The tech n o lo g y  of p lan e  cathode p rep ara tio n

O ur research  w ork concern ing  th e  d isp en ser ca thodes in c lu d ed  th e  p lane  
ca th o d es  too . W e p rep a red  several p la n e  an d  concave P ierce  ca th o d es w ith  
d ia m e te rs  from  10 m m  to  2,8 m m .

T h e  techno logy  ap p lied  w as b ased  o n  a s in te r m e th o d , w hich  grew  w ith ­
o u t sh rin k in g  th e  pressed  W  pow der. T h e  o th e r co n s titu e n ts  o f th e  d ispenser 
c a th o d e  a re  m ade b y  deep -d raw in g  of Mo shee ts , or b y  c u ttin g  from  Mo b ars .

T he Mo in g rad ien t c leaned  chem ica lly  an d  glow ed in  H a is p laced  in  
a tw o-p iece  in s tru m e n t, a n d  th e  W  p o w d er —  a fte r  th e  ab o v e  m en tio n ed  
e tch in g  a n d  cleaning t r e a tm e n t  —  is m easu red  in to  th e  too l. T h en  i t  is pressed 
in to  a h y d ra u lic  press w ith  0 ,6 — 0,8 t/cm 2. T h e  p ressure  w as ap p lied  successively  
fo r 20 sec an d  was also d im in ished  to  20 sec. U sing th is  m e th o d , fau ltless , 
po rous W  bodies w ith o u t c rack s, w ith  0,8 m m  th ickness w ere o b ta in ed .

T he pressed  porous e lem en ts w ere g low ed in w et H , flow  a t  1550 °C, in 
a covered  Mo vessel.
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D u rin g  the  glow ing p rocess th e  W  an d  th e  v a p o u r  o f w a te r  reac t in  th e  
k n o w n  w ay:

W +  2H20  - W 02 +  4H  
WO, +  4 H  =  W +  2H,0

As a resu lt b ig g er W  p artic le s  an d  a s tro n g  b in d in g  to  th e  Mo sh ee t 
w ere  o b ta in ed  w hich h a s  a g re a te r  h e a t expansion  fa c to r  th a n  W . T he a rising  
fo rce  is com pensated  b y  th e  e la s tic ity  o f th e  po rous W . C arefu lly  a d ju s tin g

th e  op tim a l te m p e ra tu re  a n d  d u ra tio n  tim e  of th e  h e a tin g  process, i t  is possib le  
to  ensure  th a t  th ro u g h  in co m p le te  sin te rin g  th e  pores rem a in  open. U sing th is  
m e th o d , W  cathode w as p ro d u ced  hav in g  bodies w ith  th e  necessary  s tre n g th  
a n d  porosity  an d  th e  w eld ing  process w ith  th e  re su ltin g  im p u ritie s  could b e  
av o ided .

A fter s in te rin g  th e  p lan e  ca thodes, th e  sam e p ro ced u re  o f cleaning a n d  
e tc h in g  was used as d esc rib ed  in  th e  case of cy lin d rica l W  bodies. The chem ical 
c lean ing  and  th e  o p en in g  o f  pores ensures th e  superc leanness of th e  ca th o d e  
su rface .

The w eighed c a rb o n a te s  a re  dosed in to  th e  c leaned  ca th o d e  space, a n d  
f i t t in g  i t  in to  th e  c losing  sh e a th , i t  is p ressed  to g e th e r , u sing  a too l. A ccord ing  
to  th e  tig h t f i t t in g  b lo c k a d e , long surfaces w ere ap p lied . F ig . 3 shows th e  sec­
t io n  of th e  s tru c tu re  o f  a n  “ L ”  ca thode.

D ispenser c a th o d e s  g en era lly  need 2,5-i-3 ,0  tim es  as m uch  h ea tin g  energy  
as oxide cathodes. T h is  is due to  th e ir  h igher w o rk ing  te m p e ra tu re  an d  b ig g er 
a n d  b lacker ra d ia tin g  su rface .

The te m p e ra tu re  of th e  co n stru c tio n  acco rd ing  to  F ig . 3 was a d ju s te d  
b y  10~7 to rr. to  900 °C. T his v a lu e  is 100 °C less th a n  th e  d a ta  given in  th e
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p a p e rs  fo r “ L ”  ca th o d es . T he efficiency o f th e  ca th o d e  w as im p ro v ed  b y  su r­
ro u n d in g  it  w ith  a th re e fo ld  h e a t sh ield  from  T a n ta l folia. T he low  v a lu e  of th e  
b a la n c e  of Ba e v a p o ra tio n  an d  re d u c tio n  is due  to  th e  low  c o n ta m in a tio n  ra tio  
w h ich , to g e th e r, lead  to  th e  re q u ire m e n t o f less h ea tin g  energy . I t  is less th a n  
2 tim es  th e  value c o m p ared  to  oxide ca th o d es.

D iodes w ith  p la n e  ca thodes an d  m easu red  em ission w ere p rep a red . F ig . 
4 show s th e  c u rre n t v o ltag e  d iag ram  of a d ispenser ca th o d e  w ith  3 m m  d iam ­
e te r , a t  various co lou r te m p e ra tu re s  o f th e  W .

T he sub jec t fo r fu r th e r  ex p e rim en ts  w ere th e  em ission an d  life tim e . 
A g re a t num ber of m icrow ave tu b e  ca th o d es  h av e  been in v e s tig a te d , th e  re su lts  
a re  show n on Fig. 5.

5. Migration “ M” cathodes

O ur research  w o rk  w as d irec ted  to  fu r th e r  im p ro v em en ts  concern ing  th e  
d isp en se r ca thodes. A  new  s tru c tu re  o f th e  m ig ra tio n  ty p e  “ M ” ca th o d e  w as  
sug g ested . Fig. 6 show s th e  schem atic  design  of th e  “ M”  ca th o d e .

T he “ M” c a th o d e  is b u ilt  fro m  a ca thode-n ickel c y lin d e r c o n ta in in g  
0 ,0 2 %  of th e  u su a l re d u c tin g  m a te r ia l, Mg. T he cy linder is co a ted  w ith  e a r th -  
a lk a li ca rbona tes. T h e  com position  of th e  th re e  ca rb o n a tes  is th e  sam e as in  
th e  case of “ L ”  c a th o d es  an d  th e  ra te :  20-1-30 m g /c m l T h en  a n  e tched  a n d  
re d h e a te d  W  w ire o f  25-^20  ftm d ia m e te r  was w ound a ro u n d  th e  c o a tin g . 
T h e  w indings w ere close to  each o th e r. T he w inding  w en t 2 m m  bey o n d  th e  
en d s of th e  co a tin g , in  o rder to  sh u t o ff th e  d ispenser space, 2 -^ 4  rows of th e  
w in d in g  were ap p lied  depend ing  on  th e  th ickness of th e  w ire.

The p u m p in g  a n d  a c tiv a tio n  process w as carried  o u t s im ila r to  th a t  o f  
th e  “ L ”  ca th o d e . F ig . 7 show s th e  illu s tra tio n s  of th e  “ M ”  ca thodes w ith  
0 ,8 -M 4  m m  d ia m e te rs .

The w orking  m echan ism  o f th e  “ M”  cathodes is in  m a n y  resp ec ts  s im ila r 
to  th a t  o f th e  d isp en se r ca th o d es w ith  a porous W  w all.
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T hey  differ o n ly  in  th e ir  s t ru c tu ra l  design. T he d isp en ser space o f the  
“ M”  cathodes is co m p le te ly  filled  w ith  th e  oxide m a te ria l, as th e  w ind ing  is 
a d ju s te d  close to  th e  oxide lay e r. C onsequen tly , th e  B a a to m s, w hich  are 
re d u ced  w ith  th e  aid  of W  from  th e  ox ide  lay e r, are sp read in g  d ire c tly  th ro u g h  
m ig ra tio n  onto  th e  su rface  of th e  W  w ire, an d  decrease th e  w ork  fu n c tio n  
in  th e  sam e w ay as in  th e  case o f th e  porous W . T he c o n tin u a l B a su p p ly  of 
th e  “ M ” cathode is en su red  as w ell.

F ig .  7

T h e p roperties o f th e  m ig ra tio n  ty p e  “ M ” cathodes are  s im ila r to  those  
o f  th e  “ L ”  ca thodes, on ly  th e ir  p ro d u c tio n  techno logy  is m ore sim ple. T heir 
f u r th e r  ad v an tag e  is th e  possib ility  to  p re p a re  cy lindrica l an d  p lan e  d ispenser 
c a th o d e s  o f less th a n  1 m m  d iam e te r . F ig . 8 shows th e  c u rre n t v o ltag e  curve  
o f  a “ M ”  cathode in c o n tin u o u s  w ork .

T ab le  I  con ta in s th e  resu lts  o f in v e s tig a tio n  carried  o u t in  m ag n e tro n s 
w ith  “ L ”  an d  “ M” ca th o d es , in  o sc illa tio n  an d  im pulse o p e ra tio n .

T h e  lifetim e of d ispenser c a th o d es  is d e te rm in ed  b y  th e  e v a p o ra tio n  of 
th e  B a . D urin g  th e  p re p a ra tio n  w ith  th e  dynam ic  equ ilib riu m  o f th e  ca th o d e  
i t  is in e v ita b ly  in fluenced  b y  im p u ritie s  an d  gases set free. I t  is desirab le  to  
d im in ish  th e  ev ap o ra tio n  o f Ba.

In  ou r fu rth e r  in v es tig a tio n s  w e searched  for th e  co n d itio n s ensu ring  
th e  B a  b a lan ce  as well as th e  role o f Ca in  decreasing  th e  e v a p o ra tio n  an d  th e  
w o rk  fu n c tio n . This q u es tio n  w as th o ro u g h ly  s tu d ied  on s in te r  ca th o d es b y  
C o p p o l a  an d  H u g h e s  [12]. In  s in te r  c a th o d es  th e  d ispenser space  is p laced  
in to  th e  pores, th a t  is th e  d ifference b e tw een  “ L ”  an d  s in te r  ca th o d es . T hey  
a re  a sp ec ia l version of th e  d ispenser ca th o d es . T he w ork ing  m ech an ism  of th e
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s in te r  ca thode is in  e v e ry  re sp e c t th e  sam e as in  th e  case o f th e  dynam ic  eq u i” 
l ib r iu m  of th e  ad so rb ed  a to m ic  B a lay e r on th e  su rface  o f W  crysta ls .

Fig. S

There are sev e ra l m ore  questions to  be answ ered . W hich  h ith e r to  u n ­
c lea red  processes d e te rm in e  th e  em ission p ro p e rtie s  o f B aO  layers, an d  th e  
o p tim a l conditions o f  th e  s ta te  of equ ilib rium  ? W h a t p a ra m e te rs  are s t im u la t­
in g , a n d , on th e  c o n tra ry ,  h in d erin g  th e  fo rm a tio n  o f p e rfec t equ ilib rium  a t  th e  
w o rk in g  te m p e ra tu re  o f  th e  cathode?

These q u estio n s w ill be answ ered  in  a fo llow ing p ap e r.
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E m is s io n s e ig e n s c h a f te n  d e r  so  h e r g e s te l l t e n  D io d e n .

Катоды с непрерывным восстановлением активного слоям большой плотностью тока
(А . Будичевич). Автор описывает механизм действия, характерны е свойства и область 
применения катодов «L ». Он дает критическую  оценку технологии, опубликованной 
Лемменсом и сотрудниками, а такж е конструкции цилиндрических и плоских катодов 
«L» и сообщает воздействие конструкции на параметр эмиссии. В  дальнейшем автор сооб­
щ ает об одном новом конструкционном решении в случае катодов «М», при котором по­
ристый вольфрам замещ ается многослойной обмоткой из вольфрамовой проволоки. 
Обсуждаются изготовление катода «L » , далее некоторые проблемы прессованных и 
спеченых пористых тел и эмиссионные свойства изготовленных таким  образом диодов.
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NEW METHOD FOR THE DETERMINATION 
OF DIFFERENCE OPERATORS 

FOR PLATES AND GRIDS
GY. W E B E R *

[M anuscrip t rece iv ed  M ay 7, 1970]

A grid m odel is described w h e rew ith  th e  b iharm onic  d ifference  o p e ra to rs  m ay  
be produced  by  ta k in g  in to  acco u n t th e  m o st d ifferen t b o u n d a ry  cond itions. T he 
d ivergences be tw een  th e  b o u n d a ry  c o n d itio n s of th e  a c tu a l free-edge p la te s  an d  grids 
a re  d em o n stra ted . T h is  m eth o d  o f p ro d u c tio n  of th e  d ifference o p e ra to rs  has been  
developed  and succesfu lly  u tilized  fo r th e  p u rpose  of c o m p u te r p ro g ram m in g .

Sym bols

K  =  flex u ra l rig id ity ;
H  — to rs io n al rig id ity ;
X, y  =  co o rd in a te  d irec tio n s or su b scrip ts; 
iv =  v e r tic a l d isp lacem en t:
M  =  b en d in g  and to rs io n a l m om ents;
Q =  sh ea r force;
D =  d im ension  of th e  re tic u la r  div ision  fo r calcu la tion : 
i . j  =  su b scrip ts ;
p  — d is tr ib u te d  load  a c tin g  on th e  su rface ;
P  =  c o n cen tra ted  load  a c tin g  on th e  jo in t .

1. Introduction, preceding special literature

In  p ap ers  of th e  specia l lite ra tu re , th e  m ethod  of th e  “ f in ite  d ifferences”  
has sev e ra l tim es been recom m ended  fo r th e  num erical so lu tio n  of th e  b ih a r ­
m onic difference (p late-) eq u a tio n , fo r  exam ple  by  Girkmann [2], Kantaro- 
vitch—Krylov [3], Marcus [4], Rózsa [5], Szabó [6]. In  th e  tech n ica l 
li te ra tu re , in connection  w ith  th e  e s ta b lish m e n t of th e  b o u n d a ry  cond itions 
an d  co n n ec ted  problem s on ly  references can  be found . T he v a rio u s a lte rn a tiv e s  
of th e  “ re flec tio n ” p rin c ip le  applied  a t  th e  pe rim e te r are  described  b y  Girk­
mann [2], Marcus [4] a n d  Timoshenko—Woinowsky—Krieger [7].

Kantarovitch—Krylov [3] d iv id e  th e  region in v e s tig a te d  in to  tw o 
p a r ts :  to  p o in ts  belonging  to  an in te rn a l an d  to  an  e x te rn a l b o u n d a ry  zone. 
To th e  in te rn a l po in ts th e  difference e q u a tio n  associated  w ith  th e  b ih a rm o n ic  
d iffe ren tia l equation  m a y  be e stab lish ed , an d  therefo re , in th is  reg ard  no

* Gy. W eber , Sollner u . 26/a, B u d a p es t X I I I . ,  H u n g ary
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fu r th e r  difficulties a re  en co u n te red . In  th e  case o f th e  p o in ts  being in th e  
b o u n d a ry  zone, th e  b o u n d a ry  conditions shou ld  be ta k e n  in to  considera tion ; 
th e se  are  e ith er g iven a t  th e  po in ts of th e  n e tw o rk  or m a y  be de te rm ined  b y  
estim a tio n . S u b seq u en tly , th e  various m e th o d s o f so lu tio n  o f th e  d ifference 
eq u a tio n s , e s tim a tio n  o f  th e  erro r in th e  c a lcu la tio n  an d  th e  convergence o f 
th e  procedure  are  d esc rib ed .

The intention o f  th is  paper is to present a neui method o f  development o f  the 
difference operators whose essence is to lead back the problem  o f  the plate to a grid  
model.

T he bearing  g rid  m odels, in  connection  w ith  th e  su b jec t in  qu estio n , 
h av e  been tre a te d  b y  B é r e s  [1], R ózsa  [5] an d  Szabó  [6]. F rom  these , f irs t 
o f  all, th e  s tu d y  o f S z a b ó  [6] has to  be m en tio n ed , w here in  th e  a u th o r  p o in ts  
o u t th a t  th e  ca lcu la tio n  m odel of th e  p lan e  g rid  is th e  ap p ro x im a te  so lu tio n  
o f th e  p la te  eq u a tio n . I t  should  be n o ted  th a t  th e  p rec ision  of th e  m eth o d  
o f th e  “ fin ite  d iffe ren ces”  m ay  be increased  acco rd ing  to  K a n t a r o v it c h —  
K r y l o v  [3] and  th e  e r ro r  m ade in th e  ca lcu la tio n  m a y  be reduced  to  a desired  
degree.

A d van tage  o f th e  new  procedure is th a t  i t  sim plifies and  m echanizes 
th e  considera tion  o f th e  b o u n d a ry  cond itio n s, fu r th e r , in  th e  cases w here th e  
so-called  “ reflec tion  p rin c ip le ”  can n o t be  em ployed , i t  m ay  prov ide p ra c tic a b le  
re su lt. Such are, fo r ex am p le , in  th e  case o f free edges, th e  corners of v a rio u s 
ty p e s  or, w here fo r th e  d e te rm in a tio n s o f e x te rn a l p o in ts  such a ssu m p tio n  
shou ld  be m ade as m ig h t lead  to  a co n tra d ic tio n  (for ex am p le , a t  th e  concave 
co rn er of a p la te  su p p o r te d  a t  th e  edges). B y  a p p ly in g  th e  new p ro ced u re , 
th e  b o u n d ary  co n d itio n s  m ay  be p rescribed  a rb itra r ily  (sep ara te ly  fo r each  
p o in t) , how ever, a t  th e  sam e tim e, in  th e  s tru c tu re , in te rn a l openings as w ell 
as convex  and  co n cav e  corners m ay ex ist.

2. Relationships describing the stress pattern in the orthotropic plate

2.1. A n a ly tic  relations

B oth  for th e  p la te  an d  grid, th e  basic  re la tio n sh ip s  describ ing th e  s tre ss  
d is tr ib u tio n  are  fa m ilia r  from  th e  special l i te ra tu re  on  th e  sub jec t. (G i r k - 
m a n n  [2], T i m o s h e n k o  W o i n o w s k y  K r i e g e r  [7]), th e  deduc tion  and  co n d i­
tio n s  of th e ir  a p p lic a tio n  are ta k e n  from  th e  w ork  of T i m o s h e n k o — W o i n o w ­
s k y  K r i e g e r  [7]; th e  stiffness conditions of th e  grid  system s should be d e te r ­
m ined  accord ing  to  th e  th e o ry  of G i r k m a n n  [2] an d  T i m o s h e n k o — W o i n o w ­
s k y — K r i e g e r  [7].
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D ETERM IN A TIO N  OF D IFF E R E N C E  OPERATORS 9 9

The re la tio n sh ip  b e tw een  th e  deflection , stiffness co n d itio n s and  e x te rn a l 
load  is

( 1 )

Since, here in , an  a p p ro x im a te  ca lcu la tio n  an d  a sum m ariz in g  p re sen ta tio n  is 
d e a lt  w ith , th e  P o isson-effec t is ignored , how ever, its  con sid era tio n  in  th e  
ca lcu la tio n  does n o t invo lve essen tia l d ifficu lties because  its  influence is of 
a c o n s ta n t n a tu re , in  fa c t, i t  o n ly  m akes th e  fo rm ulas m ore  in tr ic a te .

The re la tio n sh ip s  se rv ing  th e  d e te rm in a tio n  o f th e  m om ents an d  
sh e a r forces, a re  as follow s:

Q _  3M y ___ ЭM xy
Эу Ъх

( 6 )

In  th e  case o f edges of v a rio u s ty p es , th e  b o u n d a ry  cond itions are  as 
follow s.
R e s tra in e d  edge:

H in g ed  edge:

F ree  edge:

( 7 )

( 8 )

(9)

( 10)

(И)
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or

(12)

U pon  th e  s t ru c tu re  a q u a d ra n g u la r  ne tw ork  shou ld  be f i t te d , id e n tic  
w ith  th e  re ticu la tio n  o f  th e  m eth o d  o f ca lcu la tion . F o r  each  of th e  in te rn a l 
in te rsec tio n  p o in ts  th e  “ fin ite  d ifference”  a lte rn a tiv e  o f E q . (1) shou ld  b e  
w r it te n  dow n, co m p le ted  w ith  th e  d ifference a lte rn a tiv e s  (7) to  (12) o f  th e  
b o u n d a ry  cond itions in  th e  b o u n d a ry  zone. B y  w ritin g  dow n th e  e q u a tio n s  
fo r each  of th e  jo in ts , one o b ta in s  a sy s tem  o f linear e q u a tio n s  w hose so lu tio n  
p ro v id es  th e  deflec tion  o f th e  s tru c tu re . T h e  stresses in d u ced  in  th e  s tru c tu re  
m a y  b e  de term ined  b y  m eans of th e  d ifference a lte rn a tiv e s  of E qs (2) to  (6 )

2.2. Establishm ent o f  the appropriate difference equations

B y  w riting  d ow n  th e  difference eq u a tio n s , th e  fo llow ing sym bols an d  
re tic u la r  division fo r  th e  ca lcrdation  a re  used :

The w ell-know n difference e q u a tio n s  of fo u r th  a n d  th ird  o rd e r a re  as 
follow s:

Э4 tv 

dx4
: ( 1 / A x )  (u ’i,j-2  ~~ ̂ w i,j—l  +  6 m ' ( j 4mj,7 + 1 " vi,j+2:), (13)
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T h e w ay o f w ritin g  down a sy m m e tr ic  d ifferences h as  been  selected  in  
su ch  a  w ay  th a t  in  th e  re la tionsh ip , th e  deflec tion  of th e  “ im ag in a ry  p o in t”  
b e in g  fa r th e s t  fro m  th e  perim eter, sh o u ld  be  inv o lv ed , an d  th e  values o f  th e  
b in o m ia l coefficients should  no t change . B y  sa tisfy in g  th ese  cond itions, th e  
a sy m m etric  d ifferences should be w r it te n  dow n, resp ec tiv e ly , for th e  cases 
o f  th e  jo in ts  of v a r io u s  locations:

T h e  difference a lte rn a tiv e s  of th e  re la tio n sh ip s  (1) to  (12) m ay  be e s ta b ­
lished  b y  m aking  use  o f E qs (13) to  (23). T hese w ill n o t be  tre a te d  h e re in .
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2.3. D ifference equations rela ting  to d ifferent in ternal 
and external p o in ts

2.3 .1 . In tern a l po in ts

A t th e  nodes in c lu d ed  in  th e  in te rn a l  regions of th e  s tru c tu re , th e  d iffe r­
ence e q u a tio n s  co rrespond ing  to  E q . (1), m a y  be w ritte n  as

KJf jDf)  (h>,v_ 2- 4,wiiH1 +  6iVij- 4wi'j+1+ w ij +2) +
+  H(1IDI) (1 /Dl) (2wi_1j _ 1 -4wl_1J+ 2 u>t_1J+1-  
-  4M),- + 8 w itj -  4w iJ+l - f  2w i+ltH1—4w t+1J+  2to/+w+1) +  ( 24 )

P
+  A >,(1/ p y) (m>,-_2j—  4w,-_w + 6 t» i>y- 4w,+1J+ i r , +2iy) =  —  ,

U x Uy

w h ere in  P itj =  p (* , y )D xD y.
In  th e  case of p o in ts  ly ing  in  th e  b o u n d a ry  zone, th e  b o u n d a ry  c o n d i­

tio n s  shou ld  be ta k e n  in to  acco u n t, a n d  th e  d ifference a lte rn a tiv e s  of th e  
E q s  (2) to  (12) app lied .

2 .3 .2 . B oundary  condition o f  a convex corner on restrained supports at both sides

A rra n g e m e n t schem e:

Subscripts j - 2  j -1  j j+1 j+2

- y - D . f y ~ D .  -

M ak in g  use of E q s  (1), (7), (8), (13), (22) an d  (23) an d  red u c in g  th e m , in  th e  
case  o f jo in ts  i, j  y ie ld  th e  follow ing re su lt:

K x(D y!D%) (7w i j -  4k>,v+1+ w iJ+2)+

+ H ( l l D x)(IIDy)(8WiJ-  4wt.j+i— 4% i , / +  2wi+ij+ i)+
+KyDjD*(7u>IJ- 4 M l+1J+ w l+ij) =  Puj. (25)
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T he v a lu e  o f th e  enclosed sym bol w is, as a m a tte r  of course, eq u a l 
to  zero.

In  th e  case o f re s tra in ed  edges, th e  re su lt m ay  be found  w ith  th e  help  
o f a s im ila r p ro ced u re  in th e  m iddle  segm en t of th e  edge, and  in th e  case of 
concave co rn er p o in t.

2.3.3. B oundary  condition o f  a convex corner on hinged supports at both sides 

A rran g em en t schem e:

M aking  use of, an d  reducing  E qs (1), (9), (10), (13), (15), (20) and  (21) 
in  th e  case o f nodes i, j  y ield  th e  follow ing re su lt.

K fD y I D f)  (5m;,v —4 w iJ+1+ w iJ+2) +

+H(l/-Dy) (1 /Dx) (8m>,;~  'íwij +i -  3wi+1j Jr 2wi+1j +1) +  

+ K yD xID3y (5 w ij- -4 w i+ltj+ w i+2J) =  P ij .  (26)

T he v a lu e  o f th e  enclosed (ïïTj a t  th e  edge, eq u a ls , as a m a tte r  o f cou rse ,
zero.

T he re su lt m ay  be  o b ta in ed  in  a sim ilar w ay  in  th e  case of h inged  edges 
a t  th e  m idd le  segm en t o f th e  edge, an d  in  th e  case o f a concave corner jo in t .
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2.3 .4 . B oundary condition o f  a concave corner on hinged supports at both sides 

A rran g em en t schem e:

S ubscrip ts

i 2 

i l

1

i + 2

M aking use of, an d  reducing  E qs (1), (9), (10), (13), (15) and  (20), in th e  
case of jo in ts  i, j  y ie ld  th e  follow ing eq u a tio n .

K fD y /D l)  ( w t j - i — í t V i j - i + S u J i j )  +

~ r H ( l / D x) (1 / D y )  ( 2 w i_ 1j _ 1- 4 < W i _ 1J- ~  /h v jj _ 1- {- 8i v itj - \ -  

+  2m>/+!,/_! — 4m’i+1j )  +

f K y ( D xID ^){w i_ ^ j - 4 w i_ 1j + 6 w i r  4w i+ltj+ w i+2J) =  P 'j .  (27)

I t  shou ld  be n o te d  th a t  in  th e  case o f concave corner jo in t ,  th e  “ re flec­
t io n ’’ p rinc ip le  c a n n o t be app lied  u n eq u iv o ca lly , because an  a ssu m p tio n  should  
he in tro d u ced , th e  ap p lic a tio n  o f w hich  a lre a d y  leads to  a co n tra d ic tio n , or 
a fu r th e r  new  a ssu m p tio n  should  be ta k e n . N am ely , a tw o -lay er im ag in a ry  
c o n tin u a tio n  shou ld  be assum ed. T his a ssu m p tio n  has n o t been  n ecessary  as 
y e t.  H ow ever, in  th e  case w here, as in  th e  p reced ing  figure, th e  ax is d raw n
w ith  a d a sh -a n d -d o t line (—  ---- -—•— •— ) is n o t an  axis of sy m m etry , n o r is
th e  load  o f th e  s tru c tu re  sym m etric , th e  “ re flec tio n ”  p rincip le  leads to  c o n tra ­
d ic tio n .

In  th is  case, th e  difference eq u a tio n  correspond ing  to  E q . (1) shou ld  be 
w r itte n  dow n fo r p o in ts  i t , - a n d  wi+2)/-+2 in  th e  a rran g em en t schem e, and  
assu m ed  th a t  th e  n e g a tiv e  values o f th e  deflec tions witj an d  tvi+2j j - 2  a re  th e  
sam e as th o se  o f th e  p o in t witj +2. M ore s im p ly  w ritte n  iVjj =  w j+ 2 ,-+2. This
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is a co n trad ic tio n  because  th e  e x te rn a l  load  is n o t sy m m e tric  an d , acco rd ing ly , 
th e  deflections w itj  an d  w i + 2j + 2 c a n n o t be equal. In  a p p ly in g  th e  p ro ced u re  
described  in  th e  foregoing, no assu m p tio n s  could be m ad e  in resp ec t to  th e  
deflec tion  cond itions o f th e  im a g in a ry  p o in ts , c o n seq u en tly , th e  c o n tra d ic tio n  
m en tio n ed  does n o t occur, an d  i t  is n o t necessary  to  assum e th e  tw o -lay e r 
im ag in a ry  co n tin u a tio n , nor is i t  n ecessary  to  describe  th e  zero-value o f  th e  
an c h o rin g  force.

2.3 .5 . Boundary conditions o f  the fre e  edge 

A rran g em en t schem e:

M aking  use o f th e  E q s (1), (11), (12), (13), (15) an d  (21), of po in ts  i, j  
y ie ld  th e  following.

KfDyjDf)  (te,->;- 2—4teiJ._1+ 6 m>,v — 4wiJ+1+ w itj+2)

+H(IIDX) (1 IDy) ( - 2 w fiy_ 1 +  4wii/-

~ ~  2‘w i , j+ i+ 2 w i+ i,j~ i— 4>‘w i+ i , j + 2 w i+i,j+i) +

+  K y iD J D f)  (w ij— 2wi+1J+  w i+2J) =  Pu j. (28)

I t  is to  be n o ted  th a t  the  m ean s app lied  so fa r —  th e  “ re flec tio n ”  p r in ­
ciple in c lu d ed  — c a n n o t be em ployed  in  th e  case of th e  free  edge to  th e  con­
v ex  an d  concave co rn er jo in ts  b ecau se  th e  value of d eflec tion  o f each of th e  
im ag in a ry  p o in ts , a f te r  d ed u c tio n , w ill also be inc luded  in  th e  com bined  e q u a ­
tio n .
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T he co n trad ic tio n s  m a y  be e lim inated  in  tw o w ays:

—  a n  assum ption  sh o u ld  be  m ade in  co n n ec tio n  w ith  th e  jo in t  in  question  
a n d  e lim inated  from  th e  eq u a tio n . (E ssen tia lly , th is  is to  re tu rn  to  th e  p roce­
d u re  o f th e  “ re flec tio n ”  p rin c ip le  and  to  th e  m eth o d  o f e s tim a tio n  described 
in  [3]);
—  one should  t ry  to  se a rc h  fo r th e  p h ysica l m odel co rresp o n d in g  to  th e  d iffer­
en ce-m ethod  and  b y  m a k in g  use of it, th e  d ifference o p e ra to rs  shou ld  be d e te r­
m in ed .

I n  th is  paper, w e w ill t r y  to  find  th e  re su lt  b y  m eans o f th is  la t te r  m ethod . 
A ccordingly, th e  p ro b lem  is to  c o n s tru c t such a p h y sica l m odel as to  

s a tis fy  th e  difference e q u a tio n s  (24) to  (28), a n d  those to  be  estab lish ed  acco rd ­
in g  to  th e ir  concep t, th e n , b y  m aking  use o f th em , it shou ld  be tried  to  find  
th e  re su lt a t th e  co n v ex  an d  concave co rners in  th e  case o f a free edge.

3. M odel o f  the biharmonic difference operators

In  com pliance w ith  [6] th e  ap p ro x im a te  so lu tion  o f th e  eq u a tio n  of the  
p la te  is th e  c a lcu la tio n  m odel of th e  g rid . A s tru c tu re  co n sis tin g  of four rig id  
b a rs  being connected  in  b o th  d irections b y  bend ing , an d  th e  opposite  bars  b y  
to rs io n -p rev en tin g  b a rs , shou ld  co rre la te  to  a p a r t  of p la te  o f th e  q u ad ran g u la r  
re tic u la tio n . A ccord ing  to  th e  assu m p tio n s, th e  jo in ts  can  only  he ve rtica lly  
d isp laced  sim ilarly  to  th e  cen tra l p a r t  o f th e  p la te .

The fo rm atio n  o f  th e  m odel m ay  be seen in F ig . 1.
The load m a y  o n ly  a c t v e rtica lly  on  th e  n oda l p o in t.
L e t us in tro d u c e  a v e rtic a l u n it d isp lacem en t a t  jo in t  i, j ; w hich causes 

b en d in g  m om ents ( l /2 )K y D xIDy and  (1/2)JCxD y/.Dx a t  jo in ts  i — 1, j ;  i -j- L  j  
a n d  i, j  — 1; i, j  -(- 1, resp ec tiv e ly , a t  each  bend ing  sp rin g . T he an g u la r ro ta ­
t io n  is tw o-fold b o th  in  th e  x  an d  y -d irec tio n s  a t  jo in t  i ,  j ,  th e re fo re  th e  m ag n i­
tu d e s  of th e  m o v em en ts  a re  K yD x/Dy a n d  K xD yID x re sp ec tiv e ly . F o r c o n tra ­
b a lan c in g  th e  m o m e n ts , a t  th e  jo in ts  v e r tic a l forces are  in d u ced ; th e  m e th o d  
o f th e ir  ca lcu la tion  is rep resen ted  in  F ig . 2.

U nder th e  e ffec t o f  th e  u n it d isp lacem en t be tw een  th e  b a rs  j  and  j  -f- 1 
a  to rs io n  of 1 /D y m a g n itu d e  takes p lace , in  consequence o f w hich a to rsiona l 
m o m en t of H  1 /D y m a g n itu d e  will be in d u ced  in  th e  sp rin g  connecting  th e  tw o 
opposite  bars, in  th e  o th e r  d irection  th e  va lu e  of th e  to rs io n a l m om ent be ing
H  1IDX.

The ca lcu la tio n  o f th e  v e rtica l forces caused b y  th e  to rs io n a l m om ents 
is p resen ted  in  F ig . 3.

The v e rtic a l fo rces w ill be d e te rm in ed  b y  ta k in g  th e  to rs io n a l m om en ts 
in to  considera tion  as bend in g  m o m en ts  ac ting  on th e  pe rp en d icu la r b a rs .
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U n d e r th e  effect o f th e  u n it  d isp lacem en t, all of th e  in d u ced  v e rtica l forces 
a re  d ep ic ted  in  F ig . 4.

T he forces show n in  F ig . 4 express th e  effect caused  b y  th e  u n it  d isp lace­
m e n t in tro d u ced  a t  th e  n oda l p o in t in  questio n  a t th e  p lace  i, j ,  t h a t  is, if  th e  
v alue  of th e  d isp lacem en t a t  th e  jo in t i — 2 , j  is и>j-2j  th e n , a t  th e  jo in t i , j ,

a fo rce  of K y D x/ D y  m a g n itu d e  is ac tin g , in  th e  case, w here  ac tu a lly
b o th  o f th e  bars  of th e  m odel ex ist.

If , a t  an  in te rn a l jo in t  i, j ,  th e  v e rtic a l forces ac tin g  on  th e  m odel are  
su m m ed  up  b y  ta k in g  in to  acco u n t th e  deflections th e n , a d ifference  eq u a tio n , 
id e n tic  w ith  E q . (24) w ill be o b ta in ed  w here th e  v e rtic a l force is ac tin g  on th e  
jo in t  i , j ,  is P (j .  T hus E q . (24) m ay  be  considered  as b o th  th e  v a r ia n t  d ed u c ted

A cta  Technica A cadem iae S c ien tia ru m  H ungaricae 73, 1972
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b y  m ak ing  use of th e  d ifferences o f th e  p la te  e q u a tio n  a n d  th e  equ ilib rium  
e q u a tio n  of th e  grid m odel. T his ag reem en t, a t  th e  sam e tim e , also ju s tif ie s  
th e  correctness o f th e  p h y sica l m odel.

L e t us now look a t  th e  p rob lem , how  one can  use th e  m odel in  th e  case 
o f th e  po in ts  s itu a te d  in  th e  b o u n d a ry  zone, in  o rd er to  w rite  dow n as a re su lt

Bending spring

Rigid bars

Fig. 2. V e rtic a l forces ac tin g  on  th e  m odel caused  b y  bend ing

th e  difference e q u a tio n s  for th e  p o in t in question  d ire c tly , w here in  a lread y  also 
th e  b o u n d a ry  co n d itio n s are  inc luded .

The difference e q u a tio n s  re la te d  to  th e  p a r tic u la r  n o d a l p o in ts  or th o se  
y ing  a t  th e  edges, m a y  be  e stab lish ed  w ith  th e  a id  o f  th e  m odel as follow s:

—  In  th e  case of a re s tra in e d  edge th e  system  o f forces of th e  la ck in g  p a r t  
(or p a rts ) being in  eq u ilib riu m  shou ld  n o t be ta k e n  in to  acco u n t. T he sp ring  
ra te  of th e  bend ing  sp rin g  ac tin g  on th e  edge, shou ld  be ta k e n  in to  acco u n t 
b y  its  double v a lu e . N o r shou ld  th e  v e rtic a l forces in d u ced  a t  th e  re s tra in e d  
edges be considered  because  here , th e  b o u n d a ry  co n d itio n s  are: (w)x=edge =  0
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o r =  0. T h u s, in  th e  case o f  th e  convex  corner jo in t  a d ifference
e q u a tio n  being  id en tic  w ith  E q . (25) is o b ta in e d ;
—  in  th e  case of a h in g ed  edge, th e  sy s te m  o f forces o f th e  lack ing  p a r t  (or 
p a r ts )  b e in g  in  equ ilib riu m  should b e  ign o red . T he vertica l forces induced  a t

th e  su p p o rts  are  left o u t o f co n sid e ra tio n  ow ing to  th e  b o u n d a ry  cond ition . 
T hus, in  th e  case of a co n v ex  corner jo in t  b e in g  h inged  a t  b o th  sides, a d iffe r­
ence e q u a tio n  is o b ta in ed , id en tic  w ith  E q . (26); in  th e  case of a concave corner 
jo in t  h in g ed  a t  b o th  sides, a difference e q u a tio n  iden tic  w ith  E q . (27) w ill be 
th e  re su lt;

A c ta  Techn ica  A cadem iae Scientiarum  H ungaricae 73, 1972
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—  in  th e  case o f a free  edge, only  th e  sy stem  o f forces o f th e  lack ing  p a r t  
(or p a rts )  being in  eq u ilib riu m , shou ld  be left o u t o f considera tion .

I t  should  be n o te d  th a t  th e  p ro ced u re  recom m ended  is also successfu l 
in  th e  case of co n v ex , concave an d  in te rm e d ia te  p a r ts , w h ilst th e  ap p lic a tio n  
of th e  d iffe rence-m ethod  or “ re flec tio n ”  p rin c ip le  does n o t give a p ra c tic a b le

F ig . 4. V ertical fo rces ac tin g  on th e  m odel. O nly  one fo u r th  o f  th e  m odel is d ep ic ted

re su lt. H ow ever, in  th e  case of a free  edge, th e  a c tu a l p la te  an d  g rid  sh o u ld  
be  d istin g u ish ed . E q . (28) is va lid  in  th e  case w here an  in te rm ed ia te  se g m e n t 
o f  th e  free edge o f  a n  ac tu a l g rid  is d e a lt w ith .

The m odel m a y  also be em ployed  an d  d ifference equations m ay  be  e s ta b ­
lished  in  th e  case , w here th e  b o u n d a ry  co n d itions are prescribed  s e p a ra te ly  
fo r  each jo in t (see “ A pplica tions” ).
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4 . Divergence o f the biharm onic difference operator m odel 
from the actual plate and gridwork

L et us f irs t exam ine in  th e  case o f a free edge th e  d ifference be tw een  th e  
a c tu a l p la te  an d  grid. In  th e  m odel —  as w as m en tio n ed  above —  th e  p a r ts  
w ith in  th e  a c tu a l s tru c tu re  h av e  been  s u b s titu te d  b y  b a rs ; b y  look ing  a t  F ig . 5

Substituting system of bars

In the case of plate In the case of grid

Fig. 5. F o rm a tio n  of th e  su b s ti tu tin g  sy s te m  of th e  a c tu a l free-edge p la te  an d  grid

i t  becom es obvious th a t  in  th e  case o f  th e  ac tu a l p la te  on ly  one o f th e  su b ­
s t i tu t in g  sy s tem  of bars is in c lu d ed , w h ils t in  th e  case of th e  a c tu a l g rid  b o th  
of th e  b a rs  m a y  be found  on th e  edges. T herefo re , in  th e  case of th e  p la te , in  
th e  ca lcu la tio n s only th e  h a lf, w h ilst in  th e  case of grid  th e  w hole o f th e  g iven 
sp ring  ra te s  shou ld  be ta k e n  in to  co n sid e ra tio n .
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5. A pplications

5.1. Convex corner o f  a free-edge plate  

T he d ifference eq u a tio n  e stab lish ed  fo r th e  p o in t i, j  is:

K x(D y lD * ) [(1/2) M » /J+1 +  (l/2) w u + 2 ] +

+ H ( l l D x ( l l D y) (2 w ij - 2w iJ+1- 2wi+1j + 2 w i+lj+1) +  (29)

K y DylD3y[( l l2 )  W i j - w i+lj +  ( l l2 )  iwi+2J] =  Pi j.

5.2. Convex corner o f  a free-edge plate  

T he difference eq u a tio n  w ritte n  fo r th e  p o in t i, j :

K x(DylDx) 2w,,y+i + w iJ+2) +
+ H ( 1 / D X) (1 /Dy) (2 w i j— 2wij+1 2ivi+1J+ 2 w i+1J+1) +  (30)

Ky Hx!Pyf^i,] 2?e,-LijT - /) P y .

5.3. Concave corner o f  a free-edge plate

The d ifference eq u a tio n  w ritte n  fo r th e  p o in t i, j :

K x(D yID f)  4«),v_ 1+ (1 1 /2 ) ic,v-  Зм>,-у+1 +  (1/2)и>,,;+2] +

+  Я (1 /В Х) ( l l D y) ( 2 w i_ 1J_ l ~ 2 w i_ lJ - A w i j ^  +  e w i j -  

- 2 w i J + 1  +  2 u } i+ 1 j _ - i  +  i w i + l j + 2 w i + l i j + 1 ) - \ - K y ( D x I D 3y ) [(1 /2 ) ic,_ 2j—  

3wí_ u + ( 1 1 /2)ic(V—4u;i+1J-+M;i+2,y] =  P,,y. (31 )

5.4. The problem is the same as 5.3, only the row i -\- 1 is to be supported

T he difference eq u a tio n  w ritte n  dow n for th e  p o in t i, j :

5.5. The problem is the same as 5.3, however, the row i - f-1 is to be restrained 

The difference eq u a tio n  w ritte n  dow n for th e  p o in t i 1:

K x(DylDx) [( l/2 )n ), j _ 2 y_ 1 +  ( l l/2 )u ) ,>y— 3» u + 1  +  ( l / 2 K i/w ] +

+ Я ( 1 /Я Х) (1 /Dy) (2wi_ 1J_ 1- 2wi_h r  4w ij _ 1+ 6 w iij- 2 w ij+1) +  

+ K y(D xj(D 3) [(1 /2H _ 2J- 3 u , , _ w + ( 1 3 / 2 H y] =  PtJ . (33)
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subscripts j j+ 2

 ̂ free edge

free edge
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subscripts j 2 J j + 2

i-2

i - I

i + 2

free edge

in problems 5.5 and 5.6 
this point is an accesory 
of the structure
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E in  neues V erfah ren  zu r E rm itte lu n g  von D ifferenzoperatoren  in  Z u sa m m e n h an g  m it 
P la tte n  und T rägerrosten . E s w ird  ein T räg e rro stm o d e ll in der A b h an d lu n g  d a rg este llt , w o m it 
b iharm on ische  D ifferen zo p era to ren  d u rc h  B erü ck sich tig u n g  d e r v e rsch ied en s ten  R a n d b e d in -
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gun g en  h e rgeste llt w erd en  k ö n n en . F e rn e r w erden  die U n te rsch ied e  h e rv o rg eh o b en , die sich  
bei den  R an d b ed in g u n g en  u n d  R än d ern  de r ta tsä ch lich e n  P la t te  u n d  des ta tsä ch lich e n  T räg e r­
ro s te s  hervorkom m en . D iese A r t der H e rste llu n g  von D ifferen zo p era to ren  w u rd e  zum  Zw ecke 
d e r P rog ram m ieru n g  fü r  R e ch e n au to m a te n  au sg e arb e ite t u n d  m it g u tem  E rfo lg  b e n u tz t .

Новый метод определения дифференциальных операторов в связи  с плитами и 
балочными решетками (Д. Вебер). П редставляется модель балочной решетки в такой 
трактовке, при которой можно вывести бигармонические дифференциальные операторы при 
учете самых различных краевы х условий. Кроме того, подчеркиваются те отклонения 
которые встречаются по краевы м условиям и краям  действительной плиты и действительно, 
балочной решетки. Т акой способ вывода дифференциальных операторов разработан длй 
цели программирования дл я  решающих автоматов и используется очень эффективно, я
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RECENT RESEARCH RESULTS IN THE FIELD 
OF HERMETICALLY SEALED MINIATURE 

SILVER ZINC STORAGE BATTERIES

L. H A JD Ű * a n d  J .  Z A H O R Á N **

[M anuscrip t rece iv ed  O ctober 29, 1970]

T he a u th o r  p re sen ts  th e  o p e ra tio n  of th e  so-called “ double  d ep o larizer”  system  
w hich  essen tia lly  consists in using  a second  d ep o larizer com posed m ain ly  o f  cad m iu m  
o x yde , besides th e  silver oxyde m ain  depolarizer. T h is p e rm its  to  develop in  th e  cell 
c h a rac te ris tic  a v o ltag e  level below  th e  no m in a l one. In  ad d itio n  to  th e  o p e ra tin g  
m echanism  o f th e  silver electrode th e  a u th o rs  describe  th e  p a ram e te rs  o f  a sto rag e  
cell w hich can  be  o p e ra ted  in th e  so-called  “ m onoxide  p h ase”  w ith  a cap ac ity  eq u al 
to  th a t  o f a t ra d it io n a lly  a rran g ed  cell.

1. In tro d u c tio n

A fte r  th e  end  o f W orld  W ar I I ,  a te n d e n c y  to w ard s m in ia tu r iz a tio n  
becam e a special fe a tu re  o f th e  rap id  ev o lu tio n  in te leco m m u n ica tio n  eng ineer­
ing  an d  in s tru m e n t techno logy  all o v e r th e  w orld . B eside m in ia tu re  com po­
n en ts  o ften  reduced  to  m icroscopic sizes in  te leco m m u n ica tio n  an d  m easu rin g  
c ircu its , a re la tiv e ly  la rg e  space is re q u ire d , how ever, b y  energy  sources su p p ly ­
ing th e  necessary  pow er.

In  an  early  perio d  of d ev e lo p m en t, pow er sources w ere only  rep resen ted  
b y  d iffe ren t ty p es  o f  d ry  b a tte r ie s  w ith  a re la tiv e ly  large energy  s to rag e  
c a p a c ity  as co m p ared  to  th e ir  sm all vo lum e and  w eight. D ry  b a t te ry  m a n u ­
fa c tu re rs  can  h a rd ly  keep  pace w ith  th e  ra p id ly  increasing  dem an d , so th a t  
th e re  is a sh o rtag e  a t  p re se n t in  d ry  b a tte r ie s  all over th e  w orld . O n th e  o th e r  
h an d , an  ever increasing  em phasis is p laced  u p o n  econom ic p roblem s inc lud ing  
th e  fac t th a t  th e  w idely  used and  c o m p a ra tiv e ly  cheap  ty p es  h av e  a sh o rt 
shelf life w ith  th e  re su lt th a t  in  sp ite  o f th e ir  low  prices su b s ta n tia l rep lace ­
m en t costs are  im posed  on th e  users o f  eq u ip m en t energized by  d ry  b a tte r ie s  
in  a con tinuous o p e ra tio n .

As a consequence, a n  ever increasin g  im p o rtan ce  is a tta c h e d  to  rech arg e­
ab le  m in u te  energy  sources —  m in ia tu re  sto rage  b a tte r ie s  —  rep resen ted  u p  
to  th e  la s t years m a in ly  b y  th e  n ick e l -c a d m iu m  a lka line  b a tte r ie s  of th e  
W est-G erm an  c o rp o ra tio n  Y A R T A -D E A C . H erm etica lly  sealed , th ese  m in ia ­
tu re  n ickel — cad m iu m  b a tte r ie s  can  b e  b u ilt  in to  th e  e q u ip m en t in  an y  posi-

* L . H a jd ú , Szilágy  E . fasor 107, B u d a p e s t I I . ,  H u n g a ry
** D r. J .  Za h o r á n , Sajó  u  6, B u d a p es t X X ., H u n g a ry
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t io n , an d  requ ire  no  m a in ten an ce  if  used  in  accordance  w ith  p resc rip tio n s. 
T h e ir  specific energy  s to rag e  c a p a c ity  is 6 0 m W h /cm 3, even  fo r ty p e s  enclosed 
in  a vo lum e of 1 to  2 cm 3. The sig n ifican t d isad v an tag e  of th ese  ty p e s  is th e ir  
h ig h  sen sitiv ity  to  o verload ing . In  th is  re sp ec t a m uch  m ore ad v an tag eo u s  
s i tu a tio n  is ta k e n  b y  th e  n ickel — cad m iu m  m in ia tu re  b a tte r ie s  w ith  s in te red  
e lec trodes of th e  F re n c h  com p an y  S A F T ,  a lth o u g h  th e ir  specific energy  sto rage  
c a p a c ity  is sligh tly  low er th a n  th a t  o f th e  V A R TA -D EA C  ty p es .

2. H istorical background o f silver — zinc storage batteries

As early  as in  th e  years  before  W o rld  W ar I I ,  p ro fessor H en ri A n d r é  of 
F ra n c e  in v estig a ted  th e  problem s of develop ing  sto rage  b a tte r ie s  w ith  silver 
o x id e  as a positive a c tiv e  su b stan ce  a n d  zinc as th e  n eg a tiv e  a g en t, th e  electro- 
li te  be ing  an  aqueous so lu tio n  o f p o ta ss iu m  hydro x id e . P ro d u ced  ch iefly  u n d e r 
la b o ra to ry  co n d itions, A n d r e ’s b a tte r ie s , a lth o u g h  h av in g  a n u m b e r o f in itia l 
tro u b le s  and  d ifficu lties , th e y  d e fin ite ly  p ro v ed  to  a t ta in  an  energy  s to rage  
c a p a c ity  3 or 4 tim e s  h ig h er th a n  t h a t  o f a s ta n d a rd  lead  or n ickel s to rage  
b a t t e r y  w ith  th e  sam e  vo lum e an d  w eigh t an d  to  h av e  in  a d d itio n  a m uch 
h ig h e r  lo ad ab ility  as co m p ared  to  th e  la t te r .  A t th e  v e ry  s ta r t  th e  o b ta in ed  
re su lts  show ed th a t  th e se  sto rage  b a tte r ie s  w ere v e ry  p rom ising  in  such  ap p lica ­
tio n s  w here h igh en e rg y  s to rage  c a p a c ity  an d  h igh load ing  c a p a c ity  w ith  a 
sm a ll volum e an d  low  w eigh t are  o f c a p ita l im p o rtan ce .

A n d r e ’s f irs t  p a te n t  was a d o p te d  in  F ran ce  in  1936, an d  up  to  th e  b eg in ­
n in g  of W orld W a r I I  ab o u t 2ÖA-25 th o u sa n d  m idd le-pow er s ilv e r—zinc 
s to ra g e  b a tte rie s  (10-f-20 Ah) w ere p ro d u ced  in  F ran ce  an d  ta k e n  possession 
o f  b y  th e  G erm an tro o p s  in v ad in g  th e  co u n try .

To evade o c c u p a tio n , A n d r é  fled  to  th e  U n ited  S ta te s , w here he could 
co n tin u e  his ex p e rim en ts  w ith  th e  co -o p era tio n  an d  fin an c ia l ass is tan ce  of 
M ichel Y a r d n e y .

In  th a t  tim e  a  g re a t n u m b er o f p a te n t  specifications w ere p u b lish ed , all 
re la tin g  to  v a rio u s c o n s tru c tio n a l a rra n g e m en ts  m ain ly  to  increase  th e  life 
t im e  to  an  accep tab le  level.

As a re su lt o f th e se  effo rts, th e  new  pow er source fo u n d  m ilita ry  ap p lica ­
t io n  soon in  W orld  W a r  I I .  In  th e  U n ite d  S ta te s  a su b m arin e  w as b u ilt  to  be 
energ ized  w ith  s ilv e r—zinc sto rage  b a t te ry ,  th e  f irs t  of h e r k in d  ( th e  B a rra ­
c u d a ). The b a t te ry  co n ta in ed  15 to n s  of silver as ac tiv e  m a te ria l. A fte r th e  
w o rld  w ar A n d r é  re tu rn e d  to  F ran ce  an d  b u ilt  an  electric  m o to r car ( P anhard)  
w h ich , once ch a rg ed , covered a d is tan ce  of 400 km  a t  an  av erag e  speed  of 
60 km /h .

These w ere th e  f irs t  serious a t te m p ts  to  in v es tig a te  th e  perfo rm ances 
o f  a h igh pow er en e rg y  source p r im a rily  in  those  fields of ap p lica tio n  w here
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a h igh  energy d e n s ity , t h a t  is, a la rg e  a m o u n t of energy  in  a sm all volum e an d  
a t  a low  w eight, is o f g re a t im p o rtan ce .

A fte r th e  w ar, a jo in t  v e n tu re  w as lau n ch ed  in  F ra n c e  ( A n d ya r , fo r 
A n d r é — Y a r d n e y ) a n d  th e  silver — zinc s to rag e  b a tte r ie s  b eg an  to  be p ro ­
duced  in  E u rope . L a te r  on, Venner Accum ulators L td . in  E n g lan d  and  F rie­
m ann  und W o lf  in  G erm an y  in tro d u c e d  th e  m a n u fa c tu re  o f  s ilv e r—zinc b a t ­
te rie s  on th e  basis o f th e  aw ard ed  p a te n ts . A t th e  sam e tim e , experim en ts w ere 
u n d e rw a y  in  th e  E a s t-E u ro p e a n  co u n trie s , an d  p ro d u c tio n  w as s ta r te d  f irs t 
in  th e  Soviet U nion , a n d  th e n  in  a n u m b e r o f o th e r  co u n trie s  includ ing  Czecho­
slo vak ia , P o land , a n d  H u n g a ry .

T he in te re s t in  such  b a tte r ie s  has been  g re a tly  en h an ced  b y  supersonic 
f ly in g  an d  space re sea rch , these  b e ing  now  th e  defin ing  fa c to rs  of th e ir  ap p lica ­
tio n s , to  say th e  le a s t. I n  ad d itio n  to  supersonic  aerop lanes h av in g  s ilver—zinc 
s to rag e  b a tte rie s  as exclusive e lec tr ic ity  sources, th e  A m erican  in te rc o n tin e n ta l 
ro ck e t M inu tem an , a rtif ic ia l sa te llite s , space sh ips in  g enera l use such b a tte rie s  
to  sa tis fy  all energy  req u irem en ts .

In  th e  d ev e lo p m en t of s ilv e r—zinc pow er sources a n  im p o rta n t re su lt 
d eserv ing  a tte n tio n , even  ab ro ad , h as  been  o b ta in e d  in  H u n g a ry  by  develop­
ing  th e  firs t h e rm e tica lly  sealed  s ilv e r—zinc s to rag e  b a t te r y  [1] on th e  basis 
o f H u n g a rian  p a te n ts  [2, 3],

O f these, th e  m o st im p o r ta n t  H u n g a ria n  p ro ced u re  re la te s  to  th e  p ro ­
d u c tio n  of a silver e lec tro d e  in  an  ac tiv e  fo rm , a te c h n iq u e  w ith o u t para lle l 
in  th e  -world for w h ich  p a te n ts  h av e  been  g ra n te d  in  sev e ra l countries. T he 
m ain  p o in t in  th is  p ro ced u re  is an  e lec tro ly tic  (anodic) ch lo rin a tio n  to  ac tiv a te  
th e  su rface of a th in  s ilver w ire, follow ed b y  a ca th o d ic  t r e a tm e n t  (reduction) 
w ith  th e  resu lt o f o b ta in in g  fin e-g ra in ed  ac tiv e  silver h a v in g  a large surface. 
T h is h as  a s tro n g  ad h esio n  to  th e  in ta c t  core re su ltin g  in  a h igh ly  un iform  
c o n ta c t surface to  co n v ey  c u rre n t. A nodic o x id a tio n  o f th e  ac tiv e  silver ob ­
ta in e d  in  th is  w ay  leads to  a silver ox ide e lec trode  used  as a d ep o la riza to r in th e  
s ilv e r—zinc s to rage  b a tte r ie s . S im ilarly , a special p rocess is used  to  produce 
a zinc electrode. T h e  p ro ced u re  fo r w hich  a p a te n t  has b een  g ra n te d  relates in  
th is  case to  a s tru c tu ra l  p ro p e rty  (an d  p ro ced u re), th is  o ffering  th e  only pos­
s ib ility  to  ensure th e  necessary  rev e rs ib ility  co n d itio n s ev en  in  a herm etica lly  
enclosed space fo r th e  zinc to  be used  in  a sealed s to rag e  b a t te ry .  A n essential 
fe a tu re  is th e  e lec trochem ica lly  re fin ed  zinc to  w hich  a c o tto n lik e  cellulose is 
ad d ed  to  o b ta in  a hom ogeneous m ix tu re  w hich  ensures a u n ifo rm  electro ly te  
su p p ly  inside th e  e lec tro d e  du ring  o p e ra tio n . T h is m akes i t  possible for th e  
zinc electrode to  be rev e rs ib ly  ox id ized  and  red u ced  p e rm a n e n tly  (even for 
sev e ra l years).

B o th  of th ese  p ro ced u res  are  used  in  p rac tice  b y  th e  M edicor M űvek  in 
th e  m an u fac tu re  o f sea led  s i lv e r—zinc b u tto n  a c cu m u la to rs  an d  o th e r b a t ­
te rie s .
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3. Operating principle o f silver — zinc storage batteries

T he o p era tio n  o f th e  c u rre n t sources in  w hich ch em ica l energy  is con­
v e r te d  in to  electric  energy  is b a sed  on  th e  fac t th a t  th e  chem ical reac tio n  
u n d e rly in g  th e  energy  p ro d u c tio n  can  be b roken  up in to  tw o  p a r ts  an d  th e  tw o 
p a r t ia l  reactions ta k e  p lace p e rfec tly  sep a ra te d , even to p o lo g ica lly . T his sep a ­
ra b i l i ty  in  space is th e  basis of th e  o p e ra tio n  of e lec trochem ical c u rre n t sources 
a n d  th e ir  m ain  c rite rio n .

A ccording to  m odern  e lec tro ch em ica l n o m en c la tu re  a n y  process in v o lv ­
in g  a loss of e lec trons is considered  an  o x ida tion  an d  a p rocess invo lv in g  an

2 e” [External circuit]

Fig. 1. O p e ra tio n  p rin c ip le  o f  silver —zinc sto rag e  b a tte rie s

e lec tro n  gain is called  a re d u c tio n . In  o th e r w ords, a chem ical co m p o u n d , 
ra d ic a l or e lem ent y ie ld ing  e lec trons is oxidized and , converse ly , a n y  com pound , 
ra d ic a l, or elem ent tak in g  up  e lec trons is reduced. C orrespond ing ly , all chem ical 
p rocesses are o x id a tio n -red u c tio n  processes for all chem ica l changes invo lve  
a tra n s p o r t  of e lec trons (valence e lec trons), or, m ore p rec ise ly , a re a rra n g e ­
m e n t o f e lectrons, w here th e  e lec tro n  o rb its  in th e  m olecules of th e  reac tio n  
p ro d u c ts  are d e te rm in ed  b y  th e  com pounds tak in g  p a r t  in  th e  reac tio n  as 
e le c tro n  donors o r e lec tron  accep to rs .

W hen th e  process of e lec tro n  y ie ld  and  e lectron  ga in  in  such  a reac tio n  
is re s tr ic te d  to  th e  d im ension  o f  a m olecule, an  o rd in a ry  chem ical reac tio n  
ta k e s  place accom pan ied  b y  a th e rm a l effect (ex o th e rm ic  an d  en d o th e rm ic  
reac tio n s), for exam ple , th e  co m b u stio n  of coal.

In  a chem ical reac tio n  ta k in g  p lace under co n tro lled  co n d itions in  such 
a w ay  th a t  th e  elec trons are  tra n s fe r re d  over p rescribed  p a th s  th ro u g h  a con­
d u c tin g  m eta l w ire, th is  e lec tron  flow  can  be forced to  do w ork  (e lectric  w ork) 
a n d  its  m ag n itu d e  is d e te rm in ed  b y  th e  th e rm o d y n am ic  energy  d epend ing  
u p o n  th e  d ifference o f chem ical p o te n tia ls . T hus, a p a r t  o f  th e  energy  invo lved  
in  th e  chem ical reac tio n  is co n v e rte d  in to  electric energy .
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T he processes ta k in g  place in  a silver — zinc s to rag e  b a t te ry  can  be  illu s­
t r a te d  sch em atica lly  as is show n in  F ig . 1.

In  th e  in te re lec tro d e  space filled  w ith  p o tassiu m  h y d ro x id e  as an  e lec tro ­
ly te  th e re  is a sem i-perm eab le  m em b ran e  (p a r ti t io n  w all) th ro u g h  w hich  ions 
a re  allow ed to  m ove freely .

In  th is  w ay , e lec tric  cu rren t is ca rried  b y  e lec trons in  a co n d u c to r an d  
b y  ions in  th e  in te re lec tro d e  space.

a) Charging process. The e lec tro d e  m a te ria ls  in  s ta te  I  a re  co n v e rted  in to  
m a te ria ls  in  s ta te  I I  accord ing  to  th e  p a r tia l  processes described  b y  th e  e q u a ­
tions

2Ag =  2 A g (- +  2e~  (1)

2Ag+ +  2 0 1 1 -  =  Ag20  +  H 20  (2)

2Ag +  2 0 H  -  =  Ag20  +  H 20  -|- 2e ^Ag/Ag2o =  -T-0,344 V. (3)

Losing its  e lec tro n  w hich flow s th ro u g h  th e  co n d u c to r to  th e  n eg a tiv e  
e lec trode  (and polarizes it) , silver is ox idized in to  silver ions and  becom es 
positive  because of th e  elec tron  loss. The h y d ro x y l ions in  th e  e lec tro ly te  
m ig ra te  to  th e  p o sitiv e  electrode a lre a d y  p o la rized  an d  are  co n v erted  in  th e  
ne ighbourhood  of th e  silver e lec trode  in to  w a te r  w hile y ie ld ing  oxygen  as 
show n b y  th e  eq u a tio n

2 0 H -  =  H 20  +  1/2 0 2 +  2 e " . (4)

O xygen is th u s  in co rp o ra ted  in to  th e  silver e lec trode .
W hen  th e  process A g —Ag20  is co m p le ted  o r w ell a d v an ced  to  an  e x te n t 

d epend ing  on th e  m orphological p ro p e rtie s  o f s ilver an d  th e  ac tu a l c u rre n t 
d en sity , o x id a tio n  o f A g20  as a consecu tive  re a c tio n  begins,

Ag20  +  2 0 H -  =  2AgO +  H 20  +  2e~ E Ag2o A g o  =  + 0 .5 7 0  V. (5)

N a tu ra lly , th is  p a r t  of th e  ch a rg in g  process ta k e s  place a t  a d iffe ren t 
p o te n tia l level because  of th e  d ifference in  o x id a tio n  -re d u c tio n  p o te n tia ls . 
A m ore d e ta iled  acco u n t of th is  tw o -s tag ed  m echan ism  o f th e  silver o x id a tio n  
will be  g iven la te r  because  i t  has a decisive effect on th e  e lec trical p a ra m e te rs  
o f s to rag e  b a tte r ie s  an d , co n seq u en tly , i t  is a c e n tra l p rob lem  of research .

T h e  electrode w ith  Zn(O H )2 is p o la rized  as a n eg a tiv e  e lec trode  b y  th e  
elec trons a rriv ing  th ro u g h  th e  w ire, re su ltin g  in  a m ig ra tio n  o f th e  k a lium  ions 
in  th e  e lec tro ly te  to w ard s  th e  n eg a tiv e  e lec trode . K + ions w ith  p ositive  charges 
reach ing  th e  e lec trode  ta k e  p a r t  in th e  reac tio n

Z n(O H ), +  2K + +  2e~  =  Zn +  2K O H  (6)
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th u s  reducing  th e  zinc h y d ro x id e  e lec tro d e  to  m eta llic  zinc.
A n o th e r m ain  p o in t  is th e  fa c t t h a t  th e  zinc e lec trode  is a lw ays d issolved 

to  a  sm all degree in  th e  fo rm  of K 2[Z n(O H )4]. T ak in g  th is  in to  a cco u n t, th e  
re a c tio n  also tak es  p lace  as

K 2[Z n (O H )4] +  2K +  +  2e~ =  Zn +  4 K 0 H . (7)

O f these processes, process (6) is q u a n ti ta t iv e ly  decisive b ecause , in  a d is­
c h a rg e d  b a tte ry , th e  n e g a tiv e  e lec trode  is p re se n t m ain ly  as Z n(O H )2 a n d  only  
a sm a lle r  p a r t  of i t  is dissolved.

b) Discharging process. In  a d isch arg in g  process, t h a t  is, d u rin g  th e  elec­
t r ic i ty  p roduc tion , a p rocess show n in  th e  low er p a r t  o f F ig . 1 ta k e s  p lace, 
w h ich  is essentially  th e  opposite  o f th e  ch arg ing  process.

As a resu lt o f th e  elec trons reach in g  th ro u g h  th e  c o n d u c to r th e  silver 
o x id e  electrode, th is  e lec tro d e  becom es n eg a tiv e , th u s  a t t r a c t in g  th e  positiv e ly  
c h a rg e d  ions K + p re se n t in  th e  e lec tro ly te ,

Ag20  +  2K + +  H 20  - f  2 e -  =  2Ag +  2 K O H , (8)

th is  b e ing  reduced  to  m eta llic  silver. T he h y d ro x y l ions o f th e  e lec tro ly te  
m ig ra te  to  th e  zinc e lec trode  th ro u g h  th e  sem i-perm eab le  m em b ran e . As a 
m a t te r  o f fact, zinc loses its  e lec trons an d  is tran sfo rm ed  in to  p o sitiv e  ions, 
w h ich  w ill a t t r a c t  th e  h y d ro x y l ions,

Zn =  Z n ++ +  2e_ , (9)

Z n++  +  2 0 H -  =  Z n(O H )2, (10)

Zn -f- 2 0 H -  =  Z n(O H )2 -f- 2e~ E z n zn(OH)2 =  —1.245 V. (11)

A  p a r t  of th e  o b ta in e d  zinc h y d ro x id e  is fu r th e r  d issolved in  th e  K O H  
e le c tro ly te  w ith  th e  lib e ra tio n  o f p o ta ss iu m  zincate ,

Z n(O H )2 +  2 K O H  =  K 2[Z n(O H )4] (12)

a n d  th e  g rea ter p a r t  o f i t  form s th e  e lec trode  m a te ria l in  a h y d ra te d  fo rm . 
T h e re  is a p o ssib ility  fo r zinc h y d ro x id e , especially  a f te r  a long s to rag e  tim e , 
to  y ie ld  its  w ate r c o n te n t  an d  change in to  zinc ox ide, a h a rd  su b stan ce  w hich 
c a n n o t be dissolved a n y  fu rth e r ,

Z n(O H )2 =  ZnO  +  H 20 .  (13)

I t  is to  be n o tic e d  th a t  th e  p a r t ia l  processes (half-reactions) show n above 
co m p le te ly  fulfil th e  cond itions w hich  define an  elec trochem ical pow er source.
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E lec tric  c u rre n t is c a rried  b y  e lectrons in  a c o n d u c to r a n d  b y  ions in  an  e lec tro ­
ly te .

T oge ther w ith  th e  re a c tio n  equations (3), (5), a n d  (11) illu s tra tin g  th e  
o x id a tio n —re d u c tio n  processes of b o th  electrodes red o x  p o te n tia l  o f silver an d  
zinc h av e  also b een  show n allow ing th e  e lec tro m o tiv e  fo rce  o f th e  b a t te ry  to  
be  calcu la ted .

B y  sum m ing  u p  processes (1) to  (12), th e  doub le  re a c tio n  p roducing  an  
electric  c u rre n t c an  be w r itte n  as

I . AgO +  Zn +  H 20  =  Ag +  Z n(O H )2 U ei =  1,815 V (14)

I I .  A g20  +  Zn +  H 20  =  2Ag +  Z n(O H )2 U eII =  1,589 Y. (15)

I n  th e  fo regoing , basic  processes u n d erly in g  th e  o p e ra tio n  of s ilv e r— 
zinc sto rage  b a tte r ie s  w ere discussed. H ow ever, due  a t te n tio n  should  also be 
given to  som e a d d itio n a l processes w hich are th e  m a in  causes of d isadvan tages 
en co u n tered  in  s ilv e r—zinc s to rag e  b a tte rie s . T hese can  be  b rie fly  sum m arized  
as follows:

1. C ellophane p a r ti t io n s  used  in  s ilv e r—zinc b a tte r ie s  as well as for 
o th e r  p a r titio n s , fu n d a m e n ta lly  d ifferen t from  th o se  m ad e  o f cellophane, and  
th o se  w hich a re  b e ing  te s te d  o r u n d e r research , do n o t fu lfil th e ir  functions 
p e rfec tly  so fa r. A  p a r t i t io n  w all in  m ost cases is a decisive fa c to r  in  d e te rm in ­
in g  lifetim e an d  th is  is one o f th e  reasons fo r th e  life tim e  o f a s ilv e r—zinc 
s to rag e  b a t te ry  b e ing  a t  p re se n t sh o rte r th a n  th o se  o f a co n v en tio n a l s to rage  
b a tte ry .  P a r ti t io n in g  w alls w ith s ta n d  e lec tro ly tes on ly  fo r  a lim ited  period  
a f te r  w hich th e y  a re  d eg rad ed , destru c ted , th u s  causing  sh o rt c ircu its in  a 
b a tte ry .

2. A fter a longer exposu re  to  th e  ac tive  m a te r ia l o f po sitiv e  electrodes 
AgO, th e  su b stan ces ac tin g  as a fram e in  or a d d itiv e s  to  th e  p a r titio n  u sua lly  
m ade o f organic m a te ria ls  is oxidized so th a t  chain  b re a k in g  in  po lim er m ole­
cules w ill occur. T his process co n trib u tes  to  an  early  fa ilu re  of th e  cellophan 
m a te ria l.

A m ong th e  d isad v an tag es  caused b y  silver th e re  is a collo idal d isso lu tion  
o f  th e  electrode an d  silver deposition  in th e  pores of th e  p a r ti t io n  (a t least 
th e  sam e degree of re d u c tio n  is experienced !), th u s  le ad in g  to  an  undesirab le  
increase  in  cell re s is tan ce  due  to  a clogging of th e  pores.

3. The m o st im p o r ta n t  d e tr im e n ta l process of th e  zinc electrode d u ring  
o p e ra tio n  is t h a t  w hich  p re v e n ts  zinc from  e x h ib itin g  a p e rm a n e n t ten d en cy  
to  reversib le  o p e ra tio n  as w ith  silver electrodes, w hich  a lte rs  th e  equ ilib rium  
cond itions of th e  s to rag e  b a t te r y  w ith  regard  to  in itia l v a lu es . A no ther d is­
a d v a n ta g e  of th e  zinc e lec trode  is th a t  th e  p a r t  w hich  is d isso lved  in  th e  e lec tro ­
ly te  ten d s to  be reduc ib le  in  th e  f in a l period  of ch a rg in g  on ly  in  a so-called 
d e n d rite  form  (as ac icu la r c ry sta ls), th u s  p iercing  th e  p a r ti t io n . T hus, a sh o rt
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c irc u it  in  th e  b a t te ry  can  occur. I n  a co n tin u o u s o p era tio n , n o t on ly  an  im p a ir­
m e n t of rev e rs ib ility  can  be o b se rv ed , b u t  also im p o r ta n t  m orpho log ical 
chan g es as a consequence can  ta k e  p lace  in  th e  e lectrode.

4. Hermetically sealed m iniature silver — zinc storage batteries

As has a lread y  been  m en tio n ed , a new  p a th  has been  opened  u p  in  devel­
op in g  silver - z in c  s to rag e  b a tte r ie s  b y  a fam ily  of h e rm e tica lly  sealed  m in ia ­
tu r e  silver -  zinc b a tte r ie s  dev e lo p ed  an d  m a n u fac tu red  since sev era l years 
in  H u n g ary , com bin ing  th e  a d v a n ta g e o u s  p roperties o f sealed  m in ia tu re

n ic k e l—cadm ium  s to rag e  b a tte r ie s  w ith  th o se  of an  “ o pen”  s ilver — zinc accu­
m u la to r . T heir specific energy  s to ra g e  cap ac ity  is 120 to  150 m W h/cm 3 w ith  
a m uch  higher lo a d a b ility  th a n  t h a t  o f a n ic k e l-  cad m iu m  s to rag e  b a tte ry .

Fig. 2 show s sch em atica lly  th e  design of a h e rm e tica lly  sealed  s ilv e r— 
zinc sto rage  b a tte ry  p laced  in a d isc-like m eta l case. I t  is a so-called  b u tto n  
accu m u la to r. T he p ressed  case 1 m ad e  of a co rro sio n -resis tan t sh ee t m e ta l and 
c o a te d  on th e  inside w ith  a n o n -p o ro u s silver layer, co n ta in s  a specially  m an u ­
fa c tu re d  silver e lec trode  2. L ead -in  to  th e  electrode is p ro v id ed  b y  th e  m etal 
case. T he zinc e lec trode  4 is p ressed  in to  a lid 3 m ade o f th e  sam e corrosion- 
r e s is ta n t sheet m e ta l and  covered  on  th e  inside w ith  a doub le  lay e r of zinc 
am alg am . The tw o e lectrodes a re  se p a ra te d  by  a m icroporous p a r ti t io n  5. 
H e rm e tica l sealing  an d  electric  in su la tio n  betw een  lid an d  case is ensured  by 
th e  use of a p lastic  g ask e t ring  6. B efore assem bling th e  b a t te ry ,  b o th  electrodes 
a re  im p reg n a ted  w ith  a so lu tio n  o f p o tassiu m  h y d ro x id e  o f a corresponding  
com position  to  allow  th e  e lec tro lite  to  w et each e lectrode p a rtic le  an d  ensure 
a h igh  a c tiv ity  o f th e  e lec trodes. A th eo re tica l q u a lita tiv e  o p e ra tio n  as de-
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scribed  above can n o t be  com pletely  ach iev ed  in  p rac tice , a c tu a l processes being  
m uch  m ore com p lica ted . C onsequently , a n u m b e r of fu n d a m e n ta l th eo re tica l, 
co n stru c tio n a l, and  techno log ica l p rob lem s h ad  to  be c leared  up and  solved 
when developing  th ese  m in u te  storage b a tte r ie s  in o rd er to  ensure a herm etica l 
sealing . A basic  co n d itio n  for o b ta in in g  herm etica l seal is th a t  th e  e lec tro ­
chem ical processes in  th e  b a tte ry  ta k e  p lace  q u a n ti ta t iv e ly  to  such an  e x te n t 
as to  h av e  no gas p ro d u c tio n  in the  b a t te r y  d u ring  a n o rm a l charging or d is­
charg ing  process. I t  is n o t  th e  purpose o f  th is  p ap e r to  give a detailed  d esc rip ­
tio n  o f all th e  co n s tru c tio n a l and techno log ica l p rincip les allow ing th e  m a n u ­
fac tu re  o f these  h e rm e tic a lly  sealed m in ia tu re  silver — zinc storage b a tte r ie s , 
so on ly  th e  basic  p ro b lem s th a t  are a b so lu te ly  necessary  to  an  u n d e rs tan d in g  
of th e  follow ing sec tions will be d iscussed.

S ilver electrodes a re  m ade of a s ilv e r w ire of an  a d e q u a te ly  chosen d ia ­
m ete r b y  passing  th e  w ire  betw een  tw o to o th e d  wheels w ith  a su itab le  to o th in g  
to  o b ta in  an  u n d u la tin g  w ire w hich is th e n  irreg u la rly  b a lled . The ha ll com ­
prising  a desired  a m o u n t o f silver w ire w ith  a ran d o m  f ila m e n t d is tr ib u tio n  is 
p ressed  so as to  o b ta in  a disk of th e  a p p ro p ria te  d im ensions. The s tru c tu re  
of th e  ag g lom era ted  e lec tro d e  is s im ila r to  th a t  of a w ire  sponge, th e  w av y  
silver f ilam en ts  g iv ing  th e  s tru c tu re  o f  sponge cells. B y  th e  use of a su itab le  
e lec trochem ical process, these  silver-w ire cakes are th e n  tran sfo rm ed  for th e  
m ost p a r t  in to  AgO [2]. In  th is  a c tiv a tio n  process, if  c a rr ie d  ou t to  a p ro p er 
e x te n t [4], th e  in n er core  of the  w ire rem a in s  in  th e  o rig in a l s ta te  as in ta c t  
m eta llic  silver ensu ring  a high c o n d u c tiv ity  o f th e  e lec tro d e  even du ring  th e  
charg ing  — d ischarg ing  cycles of th e  b a t te ry .  Cyclic ch lo rin a tio n , red u c tio n , 
an d  o x id a tio n  app lied  in  th e  e lectrochem ical a c tiv a tio n  p rocess ensure a fo rm ed  
and  charged  s ta te  o f th e  electrodes w h en  p laced  in to  th e  b a tte rie s . B efore 
assem bling , th e  e lec trode  is im p reg n a ted  in  an  e lec tro ly te . As a basic m a te ria l 
for th e  zinc e lec trode  a h igh p u rity , e lec trochem ica lly  ac tiv e  zinc ra ff in a te  
h av in g  a co tto n lik e  s tru c tu re  is used w ith  a n  ad d itiv e  to  b u ild  up a fram e and  
to  s to re  e lec tro ly te , a n d  an  in h ib ito r to  p re v e n t n a tu ra l  chem ical so lu tion  of 
zinc in  th e  p o tassium  o x ide  electro ly te  [3]. T h is m ix tu re  is th e n  fed in to  a press 
to  o b ta in  zinc e lec trode  pelle ts. The zinc e lectrode m a n u fa c tu red  as described  
above is im p reg n a ted  in  a so lu tion  of p o ta ss iu m  h y d ro x id e  added  to  po tassium  
z incate  in  th e  n ecessary  p roportion . W ith  a p ro p er e lec tro ly te  co n cen tra tio n , 
n a tu ra l  d isso lu tion  o f zinc [16] invo lv ing  h y d ro g en  g en e ra tio n  is alm ost com ­
p le te ly  e lim in a ted :

Zn +  2 K O H  +  2 H ,0  =  K 2[Z n(O H )4] +  H 2. (16)

In  general, chem ica l so lu tion  o f zinc is likew ise p ro m o ted  by  m eta llic  
im p u ritie s  e lec trically  po sitiv e  w ith  re sp e c t to  zinc w hich  m ay  he p re se n t in  
a h igh  p u r ity  zinc in  tra c e s  (10~4 to  1 0 -5 p e r cent) a n d  fo rm  local cells w ith
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zinc . I n  these  local cells, zinc is th e  anode an d  a m eta l im p u r ity  th e  ca th o d e . 
B ecau se  of a local e ffect, zinc is d isso lved  anod ically  w hile h y d ro g en  is lib e r­
a te d  a t  th e  ca th o d e , th a t  is, a t  a n  im p u r ity . T he last few  y e a rs  m a n y  re se a rc h ­
ers h a v e  been engaged  in  s tu d y in g  zinc b eh av io u r in  a lk a lin e  so lu tions a n d  
a  g re a t  n u m b er o f p ap ers  h av e  b een  p u b lish ed  [5— 7]. I n  co m p le te  ag reem en t 
w ith  th e  a u th o rs ’ e a rly  o b se rv a tio n s , th e se  resu lts  show  t h a t  as th e  b e s t in ­
h ib i to r  m ercu ry  can  be used to  d isso lve im p u r ity  e lem ents a n d  d is tr ib u te  th e m  
in  th e  zinc m a te ria l to  m inim ize local effects. P rac tica lly , th is  p rev en ts  sp o n ­
ta n e o u s  hydrogen  gen era tio n  as well. As a d irec t consequence of th e  e lec tro - 
ch em ica lly  p ro d u ced  ac tiv e  zinc m a te r ia l h av in g  a c o tto n lik e  s tru c tu re  a n d , 
th e re fo re , an  e x tra o rd in a rily  g re a t su rface  w hen  reg a rd ed  from  an  e le c tro ­
ch em ica l p o in t o f v iew , th e  describ ed  zinc electrode has a h ig h  load  c a rry in g  
c a p a c ity  during  th e  c u rren t g en e ra tin g  processes (14) a n d  (15) an d  ex h ib its  
o n ly  a sligh t te n d e n c y  to w ard s  th e  a lre a d y  described d e n d rite  fo rm a tio n  
d u r in g  th e  charg ing  period , w hile zinc h y d ro x id e  is re d u ced  to  m eta llic  z inc, 
th u s  effectively  p reserv in g  th e  p a r t i t io n  an d  increasing life tim e  of th e  b a t te ry .

T he m icroporous p a r t i t io n  u sed  in  th e  b a tte rie s  is m ad e  b y  sup erp o sin g  
a n u m b e r  of layers o f a reg en e ra ted  good q u a lity  cellophane film . The p a r t i t io n  
h a v in g  th e  form  o f a d isk  is flex ib ly  m o u n te d  in to  th e  flan g e  as a m em b ran e , 
as is show n in th e  figu re , in  o rd e r to  p e rfe c tly  sep ara te  th e  e lec tro d e  spaces b u t  
a llow ing  ion tra n s p o r t  th ro u g h  th e  p a r t i t io n  wall, as i t  is n ecessary  fo r th e  
o p e ra tio n  of th e  b a tte ry .

T he p o ro sity  o f th e  e lec trodes is designed  in  such a w ay  th a t  th e  a m o u n t 
o f  e lec tro ly te  s to red  in  th e  e lec trodes an d  p a r titio n  is t h a t  req u ired  b y  th e  
re a c tio n s  tak in g  p lace  in  th e  b a t te ry .

T h e  am o u n t o f b u ilt- in  a n d  a c tiv a te d  agen ts is d e te rm in e d  to  ensu re  a t  
le a s t  tw ice th e  no m in a l c a p a c ity  o f th e  s to rag e  b a tte ry  d u rin g  th e  f irs t  d is ­
c h a rg e  a fte r  assem bly , th is  o p e ra tio n  being  an  in teg ra ted  p a r t  o f m a n u fa c tu re . 
T h is  is achieved b y  a co rrespond ing  sizing of th e  zinc e lec tro d e , so t h a t  th e  
a m o u n t of e lec tric ity  availab le  fro m  th e  b a t te ry  in  th e  course  of th e  f irs t d is­
c h a rg e  is d e te rm in ed  b y  a to ta l  conversion  of th e  zinc m a te r ia l. On th e  o th e r  
h a n d , th e  q u a n ti ty  o f th e  p o sitiv e  a g en t (silver oxide) sh a ll be  chosen in  such  
a  w a y  th a t  a c e r ta in  am o u n t of ac tiv e  m a te r ia l rem ains a f te r  th e  to ta l  zinc 
co n v ers io n  because in  th e  reverse  case th e  rem ainder of zinc le ft a fte r a to ta l  
r e d u c tio n  of th e  p o sitiv e  ag en t [accord ing  to  E q . (17)] w ould  be  oxidized, w hile 
a H , d ep o la riza tion  ta k in g  p lace a t  th e  po sitiv e  electrode, t h a t  is, w ith  lib e ra ­
t io n  o f hydrogen  on th e  p o sitive  side.

2H 20  +  Zn =  Z n(O H ), +  H 2. (17)

O b v io u sly , in  a h e rm etica lly  sea led  s to rag e  b a tte ry  th is  is inadm issib le .
A ccording to  th e  d ischarge  c h a ra c te r is tic  o f a silver — zinc sto rage  b a t te r y  

(F ig . 3) th e  v o ltag e  estab lished  w ith in  a re la tiv e ly  sh o rt tim e  a fte r  th e  beg in -
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ning  o f th e  d ischarge  a t  th e  nom ina l v a lu e  o f 1,5 V falls v e ry  ra p id ly  to  a v a lu e  
p ra c tic a lly  eq u a l to  zero w ith  a given d isch arg in g  cu rren t. T his p ro p e rty , w hile 
v e ry  a d v a n ta g e o u s  from  a consum er p o in t of view , p ra c tic a lly  p re v e n ts  th e  
ap p lica tio n  o f th e  o p e ra tio n  p re sc rip tio n  v a lid  fo r o th e r  s to rag e  b a tte r ie s , 
accord ing  to  w h ich  th e  end  v alue  of d isch arg e  vo ltag e  shou ld  n o t g re a tly  d iffer 
from  th e  no m in a l v a lu e , a req u irem en t w h ich  is im possib le to  m eet because

Fig. 3. D ischarg ing  ch ara c te ris tic  o f a  sea led  s ilv e r—zinc sto rage  b a tte ry
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Fig. 4. C harg ing  c h a ra c te ris tic  o f a h e rm e tica lly  sealed  silver
15 hours
-z in c  sto rage b a tte ry

of th e  ra p id  v o ltag e  b reak -d o w n . T herefo re , an  excess of th e  positive  ac tiv e  
m a te ria l in  m in ia tu re  silver — zinc s to rag e  b a tte r ie s  is a lw ays ju s tif ie d  espe­
cially  in  cases w hen  the  b a t te ry  is used  b y  unsk illed  persons, th a t  is, u n d e r 
d ifficu lt co n d itio n s.

T he ch arg in g  c h a ra c te r is tic  of a sea led  m in ia tu re  s ilv e r—zinc s to rag e  
b a tte ry  is show n in  F ig . 4. D u rin g  ch arg in g  w hich  lasts  15 hours a t  a c u rre n t 
of / Ch =  C/15, as w ith  o th e r  m in ia tu re  s to rag e  b a tte rie s  (n icke l—cad m iu m  
accu m u la to rs), th e re  are  tw o  d e fin ite  v o ltag e  step s  accord ing  to  th e  tw o o x id a ­
tio n  phases of silver. T he f ir s t  vo ltage  level co rrespond ing  to  Ag20  g en era tio n
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la s ts  ab o u t 45 p er c en t of th e  to ta l  ch arg ing  tim e  or useful c ap ac ity , s im ila rly  
to  a n  o p en -ty p e  h igh-pow er s ilv e r—zinc s to rag e  b a t te ry  of good q u a lity . I t  is 
in te re s tin g  to  n o te  t h a t  a lth o u g h  a g re a te r  p a r t  of th e  e lec tric ity  is s to red  a t  
a v o ltag e  co rrespond ing  to  th e  h ig h er p o te n tia l  o f AgO gen era tio n , th e  v o ltag e  
level co rrespond ing  to  th is  h igher p o te n tia l  is m a in ta in ed  only  d u ring  th e  f irs t  
m in u te s  of th e  d isch arg in g  cycle (F ig . 3) an d  th e  vo ltage  co n tinuously  decreases

Fig. 5. D ischarging ch a ra c te ris tic  o f a  silver —zinc sto rag e  b a tte ry  ty p e  B 300 w ith  v a rio u s
load ing  re sistan ces

Table I

1
Type

Dimensions 
(mm) ±0,1 4

Nominal
voltage

V

5
Nominal
capacity

mAh

6
Nominal
energy
storage
capacity

mWh

Equivalent nickel — 
cadmium battery

6/92
Dia­

meter
3

Height
7

Type
8

Manufacture
9

mWh

B 50 11.5 5,2 1.5 50 75 20 D K D E  AC 24 3.1

B 80 15.5 6,0 1.5 80 120 50 D K DEAC 60 2

B 150 20.0 6,3 1.5 150 225 — — — -

B 200 20.0 7,0 1.5 200 300 D 0.1 Soviet 120 2.5

B 300 25.0 6,4 1.5 300 450 150 DK DEAC 180 2.5

to  th e  vo ltage  level co rrespond ing  to  Ag.,0 in  a re la tiv e  sh o rt period  o f tim e . 
A d e ta iled  d iscussion  of th is  p rob lem  w ill be g iven in  C h ap te r 6.

T he series o f  m in ia tu re  s ilv e r—zinc b u t to n  accu m u la to rs  developed  in  
H u n g a ry  an d  th e ir  m ain  tech n ica l ch a rac te ris tic s  are  lis ted  and  co m p ared  
w ith  th e  e q u iv a le n t nickel cadm ium  ty p e s  w ith  w hich th e y  can he rep laced  
can  be found  in  th e  enclosed Table. A co m p ariso n  of th e  energy  sto rage  c a p a c ity  
o f each ty p e  w ith  th a t  o f th e  e q u iv a le n t n ickel — cadm ium  ty p es rev ea ls  a 
specific  energy  s to rag e  c a p ac ity  a t  2 to  3 tim es g rea te r. In  a d d itio n  to  th e  
h igh  energy s to rag e  cap ac ity , an  im p o r ta n t a c tiv ity  an d  a low inner re s is tan ce
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o f  th e  electrodes allow  these  s to rag e  b a tte r ie s  to  be overloaded  to  a g re a t e x te n t 
w ith o u t any  ap p rec iab le  decrease e i th e r  in  cap ac ity  or in  life tim e . F ig . 5 shows 
th e  d ischarge c h a rac te ris tic s  o f a s to ra g e  b a t te ry  ty p e  B 300 w ith  a nom inal 
v o ltag e  1.5 Y an d  no m in a l c a p a c ity  300 m A h for d isch arg in g  resistances 
50 ohm s (I =  C/10), 25 ohm s (I =  C/5), and  15 ohm s (I =  C/3).

In  th e  d iscussion of th e  c h a rg in g  ch a rac te ris tic s  a p o in t t h a t  m ay  s u r ­
p rise  th e  read er, is th e  fac t, th a t  w ith  a charg ing  c u rre n t C/15, t h a t  is, one 
f if te e n th  of th e  no m in a l cap ac ity , th e  charg ing  process itse lf  la s ts  15 hours so 
t h a t  an  am o u n t of e lec tric ity  e q u a l to  nom inal c a p a c ity  is in tro d u c e d , and , 
a t  th e  sam e tim e , th e  ava ilab le  a m o u n t of e lec tric ity  th a t  can  be ta k e n  o u t 
d u rin g  a discharge is p ra c tic a lly  th e  sam e as th e  n o m in a l c a p a c ity  accord ing  
to  d ischarge  ch a rac te ris tic s  in  F ig . 5. A s a n o th e r a d v a n ta g e  s ilver — zinc storage 
b a tte r ie s  have a c u r re n t y ield  of n e a r ly  100 p er cen t so th a t  i t  is good p ractice  
to  in tro d u ce  in to  a b a t te ry  an  a m o u n t o f e lec tric ity  eq u a l to  th e  nom inal 
c a p a c ity .

5. The problem of reversing the polarity and its elim ination  
in a herm etically sealed silver —zinc storage battery

T he ty p ica l d ischarg ing  c h a ra c te r is tic  of a s ilv e r—zinc s to ra g e  b a tte ry  
as show n in Fig. 3 is v e ry  a d v a n ta g e o u s  fo r th e  consum ers, g en era lly  req u irin g  
a c o n s ta n t vo ltage  su p p ly . The ra p id  v o ltag e  b reak -d o w n  a t  th e  en d  of a dis-

9V

1,5V
1.5 V 
0 V

1.5 V 
1,5V 
1,5V

Fig. 6. C ircu it d iag ram  of a b a t t e r y  fo r a te rm in a l vo ltag e  o f 9 Y

ch a rg in g  process also seem s to  be a d v an tag eo u s  because  i t  consp icuously  
in d ic a te s  th e  m o m en t w hen  th e  b a t t e r y  tu rn s  to  be d ischarged .

In  p rac tice , how ever, m an y  co n su m ers  requ ire  a su p p ly  v o lta g e  th a t  is 
g re a te r  th a n  th e  o u tp u t  o f a single cell an d  often  am o u n ts  to  6-1-12 Y, w hich 
is o b ta in e d  b y  con n ec tin g  a n u m b er o f  cells in  series.

In  m ass p ro d u c tio n  th e re  is a lw ay s som e s c a tte r  concern ing  various 
p a ra m e te rs  in  in d iv id u a l cells. As a consequence, in  a series connec tion  of 
sev e ra l cells th e  ra p id ly  declining d isch a rg in g  ch a rac te ris tic  causes th e  cell w ith  
th e  low est cap ac ity  to  com plete ly  ru n  dow n a sh o rt tim e  before  th e  discharge
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o f th e  o th e r cells a n d  so its  v o ltag e  will fall to  zero. In  F ig . 6 , a series connec­
tio n  o f six silver — zinc cells giv ing 9 Y nom inal v o lta g e  is show n sym bolically , 
as an  exam ple. W hile  each  cell ta k e s  p a r t  in en erg y  p ro d u c tio n , th e  vo ltag e  
o f th e  w hole b a t te ry  is eq u a l to  th e  sum  of th e  cell v o ltag es  each  o f w hich b e ing  
1.5 V , th e  re su ltin g  v o ltag e  is a b o u t 9 V (see sec tio n  a in  F ig . 7). F igure  6 , b 
show s a s itu a tio n  in  w hich  th e  cell w ith  th e  low est c a p a c ity  has ju s t  b een  
e x h a u s te d  and  its  v o lta g e  has fa llen  to  zero. T he re su ltin g  v o ltag e  o f th e  b a t te r y  
is th e n  ab o u t 7.5 Y  (section  b in  F ig . 7). A n a p p a ra tu s  need ing  9 V n o m in a l

Fig. 7. D ischarg ing  p rocess o f a sto rag e  b a tte ry  w ith  a  te rm in a l vo ltag e  of 9 V

v o ltag e , how ever, w ill op e ra te  sa tis fac to rily  a t th is  v o ltag e  an d  even a t  som e 
low er voltages. T h u s , a d ischarg ing  c u rren t d e te rm in ed  b y  th e  load ing  re s is t­
ance  R l rep resen tin g  th e  consum er, on th e  one h a n d , an d  th e  reduced  b a t te ry  
v o ltag e , on th e  o th e r , w ill con tinue  to  flow  th ro u g h  th e  cell a lread y  d ischarged  
w ith  th e  resu lt t h a t  th e  d ischarged  cell now begins to  be charged  a t  th e  op p o ­
s ite  p o la rity , w hile th e  b a t te ry  v o ltag e  con tinues to  decrease. This p h en o m e­
non  is called p o la r ity  reversa l an d  gives rise to  th e  g re a te s t problem  in all 
ty p e s  of b a tte ry  sy s tem s. Special d ifficu lties are  e n c o u n te re d  in  a he rm etica lly  
sealed  silver — zinc b a t te ry  because  in  th e  cell w ith  th e  reversed  p o la r ity  
oxygen  is g en era ted  accord ing  to  th e  reaction

Ag20  +  Z n(O H ) 2 =  2Ag +  Z n (O H ) 2 +  1/2 0 2 (18)

in  th e  ne ighbourhood  o f th e  n eg a tiv e  electrode a f te r  th e  com plete  conversion 
o f  ox idable  zinc even  in  case of an  excess in  p o sitiv e  ac tiv e  m a te ria l w hen no 
h y d ro g en  d ep o la riza tio n  can ta k e  place in th e  space  o f th e  positive e lec trode  
(see section  c in  F ig . 7). In  th e  course of ch arg ing  — d ischarg ing  cycles, th is  
p rocess is fu r th e r  en h an ced  an d  leads u ltim a te ly  to  an  in fla tio n  an d  con-
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seq u en tly  to  a fa ilu re  o f th e  h e rm etica lly  sealed cell. In  th is  w ay , th e  life tim e o f 
a b a tte ry  w ith  a n u m b e r o f cells will be m uch  sh o rte r  th a n  th a t  o f a single cell.

This gave th e  im p e tu s  to  a research  group u n d e r  th e  a u th o rs ’ gu idance 
to  a tte m p t th e  p re v e n tio n  of p o la riza tio n  reversal b y  th e  use of a sim ple design 
in stead  of th e  a rra n g e m en ts  p roposed  so fa r for th is  p u rp o se , w hich are, in  
general, ex trem ely  co m p lica ted  [8, 9]. T he idea was to  in se r t a double d ep o la r­
izer in to  th e  b a t te ry  to  ensu re , a f te r  th e  b reakdow n  o f th e  te rm in a l vo ltage
1,5 ch a rac te ris tic  o f  Ag20 ,  a second v o ltage  level a t  a b o u t 0.3-1-0.6 V w idely 
d iffering  from  th e  f irs t  one an d  ac tin g  even in th e  case o f  a forced d ischarg ing  
c u rre n t m en tioned  above [10]. This is th e  essence o f a re c e n t H u n g a rian  p a te n t  
a lread y  in use a t  M edicor M üvek , w hich solved th e  p ro b lem  o f connecting  in  
series a n u m b er of h e rm e tica lly  sealed cells and keep ing  th e  b a t te ry  so o b ta in ed  
in con tinuous o p e ra tio n .

W ith  th is  so lu tio n  th e  cell w hich is f irs t d ischarged  in s tead  of d ro p p in g  
its  vo ltage  to  zero will co n tin u e  to  o p era te  a t  th e  second v o ltage  level o f th e  
in se rted  second dep o la rize r m a te ria l w ith  respect to  th e  zinc anode, u n til all 
th e  o th e r cells reach  th is  vo ltage  level, p rov ided  th a t  th e  q u a n ti ty  of th e  second 
depo larizer m a te ria l can  ensure a cap ac ity  co rrespond ing  to  th e  tim e  d u ra tio n  
a t  th e  given load c u rre n t. W ith  th e  nom inal b a t te ry  v o ltag e  o f 9 Y as in  th e  
prev ious exam ple an d  b y  assum ing  a p o ten tia l o f a b o u t 0,4 Y a t  th e  second 
depolariz ing  ag en t w ith  resp ec t to  zinc, th e  re su lting  te rm in a l vo ltage  o f th e  
s ix  cells connected  in  series will be 6 x 0 .4  =  2.4 V a f te r  a to ta l  red u c tio n  of 
s ilver oxide in  each cell.

A t th is  v o ltag e  eq u a l to  a b o u t 37 p e r cen t o f th e  n o m in a l va lue , no con­
su m er a p p a ra tu s  will o p e ra te  in d ica tin g  th a t  th e  b a t te ry  has been  discharged . 
I n  th is  case, th e  zinc e lec trode  should  obviously  be oversized  w ith  re sp ec t to  
th e  cap ac ity  of th e  silver oxide elec trode , so as to  p re v e n t oxygen  genera tio n  
in  th e  n egative  e lec trode  space accord ing  to  E q . (18).

A ny m eta l ox ide, th e  o x id a tio n —red u c tio n  p o te n tia l o f w hich in an  a lk a ­
line m edium  is 0 ,9 -i- l,2  V, low er th a n  th a t  of silver m onox ide  (-(-0.344) can 
be  used as a seco n d ary  depo lariser.

In  selecting  th is  ag en t a n u m b er o f ad d itio n a l p o in ts  should  be k e p t in
m ind :

(a) T he app lied  m e ta l oxide an d  th e  reduced  m e ta l itse lf  should  have  
a negligible so lu b ility  (10 4 mole) in an  a lkaline e lec tro ly te  because th e  d is­
solved ac tive  a g e n t w ill slow ly diffuse in to  th e  p a r ti t io n  se p a ra tin g  th e  positive  
e lectrode space from  th e  neg a tiv e  electrode space an d  th u s  being reduced  
d u rin g  su b seq u en t cycles gives rise to  a leakage c u rre n t or, in  a w orse case, 
a n  inner sh o rt c ircu it be tw een  th e  e lectrode spaces.

(b) The p resence  o f th e  m e ta l oxide or reduced  m e ta l shou ld  n o t enhance 
th e  spon tan eo u s decom position  of th e  o therw ise m e ta s ta b le  [11] AgO p resen t 
in  th e  alkaline so lu tio n , 2AgO =  Ag20  +  1/2 0 2, invo lv ing  oxygen  g enera tion .
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(c) The m e ta l ox ide  and  re d u c e d  m eta l used  shou ld  h a v e  a good con­
d u c tiv ity , or a c o n d u c tiv ity  th a t  can  be  increased  b y  a d e q u a te  m eans, to  such 
an  e x te n t th a t  no im p o r ta n t  ohm ic p o la risa tio n  is possible.

B ased on p a r t ia l  re su lts  of th e  re sea rch  w ork  co n d u c ted  in  th is  d irec tion , 
cad m iu m  oxide (CdO) h ad  been chosen . In  th e  presence of an  a lkaline so lu ­
tio n , CdO is im m ed ia te ly  co n v erted  in to  cadm ium  h y d ro x id e  accord ing  to

CdO +  H 20  =  C d(O H )2 . (19)

O xidation  - re d u c t io n  p o te n tia l o f th e  red o x  sy stem  Cd C d(O H )2 is 

Ecd Cd(OH)2 =  —0.815 V,

Cd +  2 0 H -  =  C d(O H )2 (20)

w hich , w hen co m p ared  w ith  th e  o x id a tio n —red u c tio n  p o te n tia l  -(-0,344 V of 
A g20 ,  E q . (3), show s th a t  th e  o x id a tio n —red u c tio n  p o te n tia l  o f Cd(O H )2 is 
-f-0,344 — (—0.815) =  1,159 V low er th a n  th a t  o f Ag20  so t h a t  its  p o te n tia l 
w ith  respect to  th e  zinc anode is 1,589 — 1,159 =  0,43 V th u s , serv ing  th e  
p u rp o se .

In  an  a lka line  m ed ium , C d(O H )2 an d  Cd are  p ra c tic a lly  insoluble and , 
th e re fo re , m eet re q u ire m e n t (a). S ta b ili ty  o f AgO in an  a lk a lin e  m edium  will 
be  la te r  discussed in  d e ta il. I t  w ill suffice here to  say  th a t  in  accordance  w ith  
v e ry  deta iled  in v es tig a tio n s  re c e n tly  p u b lished  b y  T v a r u s h k o  [11], th e  
a u th o rs  showed th a t  cadm ium  im p u ritie s  increase th e  s ta b ili ty  o f AgO, in stead  
o f  reducing  it, n o t o n ly  in  a n o n -p o la risa tio n  s ta te , b u t  also in  a po larized  s ta te  
co rrespond ing  to  th e  e lec trochem ical g en era tio n  of AgO, w hich  reduces oxygen 
gen era tio n . The a ssu m p tio n s  say in g  th a t  th e  effect of o x ygen  overvo ltage  is 
responsib le  for th is  p h enom enon  seem  to  be ju s tif ie d . In  o th e r  w ords, th e  use 
o f cadm ium  also co rresponds to  c rite r io n  (b).

A serious p ro b lem  was c re a te d  b y  th e  v e ry  low c o n d u c tiv ity  of Cd(O H )2, 
p rev en tin g  th is  m a te r ia l  from  b e ing  used  as a second d ep o la rizer in sp ite  of 
a ll its  ad v an tag eo u s p ro p erties . I t  seem ed logical to  use co n d u c tiv e  ad d itives 
to  o b ta in  a sa tis fa c to ry  so lu tion . A possib le w ay  in  th is  d irec tio n  is to  have 

% a m ix tu re  of AgO w ith  CdO or C d(O H )2, th e  co n d u c tiv ity  o f AgO being v e ry  
h ig h  b o th  in  an  o x id a te d  form  an d  reduced  to  Ag. T h is, how ever, w ould 
p re v e n t th e  use o f a s tab le  silver e lec tro d e  m ade of silver w ire accord ing  to  [2] 
a n d  exh ib iting  a long  cycle life. T h erefo re , a n o th e r a lte rn a tiv e  w as chosen and  
th e  conductance  o f  th e  secondary  depo la rizer CdO to  be  in se rted  beside an  
elec trochem ically  a c tiv a te d  silver-w ire  electrode of th e  desired  cap ac ity  an d  
size was increased to  such an  e x te n t as to  allow  an  a d e q u a te  load ing  o f  th e  
e lec trode  itse lf w ith o u t an  excessive ohm ic po larisa tio n . As a conduc tive  ad d i­
tiv e  such  a su b stan ce  can  only be u sed  w hich is in ac tiv e  in th e  system  (it is n o t
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F ig. 8a. D isch arg in g  ch arac te ris tic  o f  a  s to rag e  b a tte ry  w ith  a  double depo larizer

so lved , nor o x id ized  of reduced , does n o t reduce  oxygen  overvo ltage , etc .) o r  
ta k e s  p a r t  a c tiv e ly  an d  usefully  in  reac tio n s  d u rin g  th e  cycles.

In v e s tig a tio n s  showed th a t  th e  b e s t cond u c tiv e  a d d itiv e  is an  electro- 
chem ically  ac tiv e  silver pow der o f  a h igh  p u r ity  a d m ix tu re d  to  CdO pow der.

The load c a rry in g  capac ity  o f a seco n d ary  e lec trode  m ade of a C dO —A g 
m ix tu re  of th e  p ro p e r  com position  an d  p ressed  to  th e  desired  p o rosity  is so

Fig. 8b. C harg ing  ch arac te ris tic  o f a sto rag e  b a tte ry  w ith  a double  depolarizer

exce llen t th a t  in  a b a t te ry  w ith  su ch  an  e lec trode  th e  ra te d  loading  c u rre n t 
w ould  resu lt in a p o la risa tio n  of o n ly  a b o u t 30 mV. T he use of an  electro- 
chem ically  ac tive  s ilv e r pow der of th e  co rrespond ing  p u r i ty  an d  d is tr ib u tio n  
as a conductive a d d itiv e  would h a v e  an  a d d itio n a l a d v a n ta g e : during  th e  
ch a rg in g  process a f te r  th e  firs t d isch arg e  o f a b a t te ry  assem bled  in  an  ac tiv e  
s ta te , th is  silver is ox id ised  to  a g re a t e x te n t an d  ta k e s  p a r t  in  th e  o p e ra tin g  
process during th e  su b seq u en t cycles as well. A d e ta iled  discussion of its  effect 
a n d  th e  d eve lopm en t possibilities w ill be g iven in  C h ap te r 6.
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T y p ica l d isch arg in g  and  ch arg in g  ch arac te ris tic s  of a s to rag e  b a t te ry  
desig n ed  in acco rdance  w ith  the  p rin c ip les  d iscussed above are  show n in F ig . 8. 
O n th e  d ischarg ing  ch a ra c te ris tic  (F ig . 8 ,a), sec tion  a co rresponds to  th e  re d u c ­
tio n  o f  AgO as in  E q . (5) and  sec tio n  6 corresponds to  th e  red u c tio n  o f  
A g20 ,  E q . (3), fo llow ed by  th e  re d u c tio n  of cadm ium  h y d ro x id e  re p re ­
se n te d  b y  section  c. I t  should  be m e n tio n e d  here  th a t  th e  a m o u n t of CdO to b e  
b u ilt- in  can  be g re a tly  varied . W h en  p ro p e rly  chosen, th e  q u a n ti ty  o f CdO 
sh o u ld  a t  least y ie ld  a useful Cd p h a se  co rrespond ing  from  3 to  4 hours d is ­
c h a rg in g  tim e  a t  a n o m in a l d ischarg ing  c u rre n t. This obv iously  m eans th a t  th e  
q u a n t i ty  o f zinc sh o u ld  also be chosen  to  ensu re  th e  red u c tio n  o f C d(O H )2 a f te r  
th e  to ta l  red u c tio n  o f th e  silver a c tiv e  m a te ria l. A t a n o rm al d ischarge , an  
im p o r ta n t  q u a n ti ty  o f  m etallic  zinc rem a in s  in th e  neg a tiv e  e lec trode  if  th e  
d isch arg e  is s to p p ed  a sh o rt tim e a f te r  th e  appearence  of th e  Cd phase . A cco rd ­
ing  to  a u th o rs ’ ex p e rim en ts  th is  is a d v a n ta g e o u s  as fa r as th e  rev e rs ib ility  o f 
zinc electrodes is concerned . As an  a c c e p tab le  ex p lan a tio n , th e  pa rtic le s  of th e  
re m a in in g  m eta l h a v in g  a h igh ly  a d v a n ta g e o u s  s tru c tu re  due  to  th e  m a n u ­
fa c tu r in g  process a re  assum ed to  re p re se n t c ry s ta l nuclei fo r zinc rega in ing  its  
m e ta llic  s tru c tu re  d u rin g  the  ch a rg in g  process and  to  h av e  a p ositive  effect 
on th e  reduced  zinc s tru c tu re .

T h e  ch arg ing  ch a rac te ris tic  show n  in  Fig. 8 ,b fo r a ch arg ing  c u rre n t 
C/15 in  o rder to  a llow  a com parison  w ith  Fig. 4 has th re e  w ell d iscern ib le  
sec tio n s . Section  a in d ica tes  th e  rech a rg in g  of phase Cd d ischarged  d u rin g  th e  
p re v io u s  d ischarge , a n d  sections b a n d  c correspond to  Ag20  an d  AgO, re ­
sp ec tiv e ly . As co m p ared  to  Fig. 4 , sec tio n  b is m uch longer to  th e  expense of 
se c tio n  c. This is ex p la in ed  in tw o  w ays.

F irs t , in  a s to ra g e  b a tte ry  w ith  a double  depo larizer th e  w hole a m o u n t 
o f  s ilv e r oxide can  be  reduced  w ith o u t th e  risk  of a H , d ep o la risa tio n  on th e  
p o s itiv e  side, so t h a t  only  reduced  s ilv e r will be p resen t a t  th e  p o sitive  elec­
tro d e  w hen a sw itch  over to  a ch a rg in g  process occurs. P ra c tic a l experience  
show s th a t ,  as a ch a ra c te ris tic  fe a tu re , a h ig h -q u a lity  silver e lec trode  receives 
1 6 0 -fT 7 0  m A h e le c tr ic ity  per g ram  o f ac tiv e  silver in  Ag20  p h ase  a t  a v o ltage  
lev e l co rrespond ing  to  th e  p o te n tia l  in  E q . (3). This is m uch  low er th a n  th e  
th e o re tic a l va lu e  o f  248 m A h/g as ca lcu la ted  from  th e  re a c tio n  eq u a tio n s (3) 
a n d  (5). All th e  sam e, th e  a m o u n t o f e lec tric ity  w hich can  be rech arg ed  in  
p h a se  Ag20  is eq u a l to  abou t one th i rd  of th e  nom inal c a p a c ity  due to  th e  
a c tiv e  silver o rig in a lly  applied  a n d  red u ced  during  th e  f irs t  d ischarge.

Second, th e re  is an  am o u n t o f ac tiv e  silver ad m ix ed  as a co n d u c tiv e  
a d d itiv e  to  th e  a c tiv e  agen t CdO w h ich  is likewise to  be  charged  in  an  Ag20  
p h a se . This is th e  second reason  w h ich , to g e th e r w ith  th e  f irs t one, ensures 
th e  u n u su a l le n g th  o f  section  b in  F ig . 8,6.

T here are  a n u m b e r of ad v a n ta g e s  fo r a s ilv e r—zinc s to rag e  b a t te ry  w hich  
o b ta in s  its  charges in  phase A g ,0  o n ly . T he recogn ition  o f these  a d v an tag es
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to  be  d iscussed  in  d e ta il in C h ap te r 6, to g e th e r  w ith  th e  possib ility  offered  b y  
th e  in se rtio n  o f  a double depo larizer —- in h e re n tly  ensu ring  th a t  th e  a m o u n t 
o f e lec tr ic ity  co rrespond ing  to  8 0 —85 p e r cen t o f nom ina l cap ac ity  w ill be  
ch arg ed  in  Ag20  p h ase  in a new s to ra g e  b a t te r y  (w ith  on ly  a few c h a rg in g —d is­
ch arg in g  cycles) —  gave the idea  o f ex te n d in g  th e  A g20  phase to  a len g th  
covering  n ea rly  th e  en tire  nom inal c a p a c ity  in  a new  b a t te ry  w ith o u t an  in ­
crease o f th e  a m o u n t of silver a lre a d y  b u ilt- in . D uring  th e  following cycles th is  
len g th  shou ld  n o t  be decreased to  a g re a t e x te n t.

6. Oxidation of silver electrodes in an alkaline medium

In  th e  y ea rs  a f te r  the  c rea tio n  o f s ilv e r—zinc s to rag e  b a tte rie s  re sea rch  
w ork  w as o rien ted  tow ards zinc-e lectrode  an d  p a r ti t io n  problem s.

W ith  th e  g en era l use of th is en e rg y  source  re sea rch  w as ex tended  to w a rd s  
silver, a lth o u g h  few er problem s w ere in itia lly  en coun tered  w ith  th e  silver- 
e lec trode , an d  a t  p re se n t a g reat n u m b e r o f p ap ers  are  pu b lish ed  on th is  su b je c t.

As a f irs t ap p ro x im atio n , th e  o x id a tio n  o f silver as an  e lectrode in  an  
a lk a lin e  m ed ium  (e ith e r  for a fine g ra n u la te d  ac tiv e  m a te ria l w ith  a la rge  s u r ­
face on a w ire o r fo r a sheet m a te ria l p ressed  an d  s in te red  from  a pow der) w ill 
ta k e  p lace  in  tw o  s tep s  according to  th e  tw o  silver oxides so fa r know n, E q .
(3) an d  (5).

S tru c tu ra l investig a tio n s p reced in g  m echan ism  in v estig a tio n s have  e s ta b ­
lished u n an im o u sly  th a t  silver oxide w ith  a h igher o x id a tio n  n u m b er is a b i­
v a le n t silver ox ide in s tead  of be ing  a p e rox ide  as w as earlier assum ed . In  
acco rdance  w ith  th is  s ta te m e n t th e  p ro p e r  d efin itio n  fo r Ag20  is silver(I)ox ide  
an d  th a t  for AgO is silver(II)ox ide.

A ccord ing  to  Dirks«e [12] an d  Gaines [13], chem ical com pounds w ith  
h ig h er o x id a tio n  n u m b ers  such as A g 0 1)2, A g 0 1>5, A g 0 1;6 m ay  also occur an d  
th e y  c o n ta in  o x y g en  in  an  ab so rbed  s ta te  ra th e r  th a n  chem ically  b o u n d . 
E xp erien ce  show s th a t  oxygen in th e se  oxides is b o u n d  d u rin g  a longer perio d  
an d  is ineffec tive  in  a depo larisa tion  (d ischarg ing) process, and  during  a d is­
charge  i t  o ften  leaves th e  electrode w ith o u t an y  energy  p ro d u c tio n . As wras 
m en tio n ed , anod ic  o x id a tio n  takes p lace  a t  tw o p o te n tia l levels of w hich th e  
f irs t, t h a t  is, th e  low er one, corresponds to  Ag20  p ro d u c tio n  and  th e  second 
corresponds to  AgO p roduction . O x id a tio n  begins a t  th e  b o u n d a ry  su rface  
betw een  th e  e le c tro ly te  and  solid ph ase  an d  th e  p ro d u c tio n  of Ag20  co n tin u es 
u n til a c e rta in  d e p th  is reached (F ig . 9).

W h en  Ag20  g en era tio n  has reach ed  a ce rta in  d e p th  w ith o u t th e  w hole 
o x id a tio n  o f th e  s ilv e r p artic le , AgO g e n e ra tio n  begins a t  th e  surface w ith  an  
im m ed ia te  increase in  o x ida tion  p o te n tia l. V arious theo ries on oxygen bu ild in g - 
in  m echan ism  h av e  b een  proposed [12],
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W ith  e ith e r o f th e se  m echan ism s, som e im p o r ta n t s ta te m e n ts  a b o u t th e  
o p e ra tio n  of sto rage  b a tte r ie s  have  been  m ad e  in  th e  course of research , m a in ly  
rev ea lin g  th e  fac t t h a t  A g20  an d  AgO a p p e a r  in  th e  ac tiv e  e lec trode  m a te r ia l 
as d isc re te  phases re a d ily  se p a ra te d  from  each  o th e r in s tead  o f being m ixed . 
AgO is only  p ro d u ced  on an  a lread y  p re se n t A g20  lay er a n d  can  n ev er be

Potential determing layer

S o l i d - l i q u i d  b o u n d a r y  
s u r f a c e

F ig . 9. O x id a tio n  process o f ac tiv e  silver

fo u n d  d irec tly  on th e  m eta llic  silver su rface . T he c o n d u c tiv ity  of AgO is m u ch  
h ig h e r th a n  th a t  o f Ag20 ,  a fa c to r  th a t  m a y  determ ine  th e  m echan ism  in 
m a n y  respects.

F u r th e r  anod ic  o x id a tio n  will lead  to  oxygen  g enera tion , an d  th e  a p p e a r ­
an ce  o f  h igher oxides (solid so lu tions or alloys) is un likely .

B o th  a t  hom e an d  ab ro ad  resea rch  w as conducted  to  in v es tig a te  th e  
e ffec ts  o f p a rtic le  size, pression, d en sity , and sin tering  te m p e ra tu re  on th e  
an o d ic  o x id a tio n  o f silver. As a com m on re su lt of»various research  w orks i t  
h as  been  estab lished  th a t  th e  p a rtic le  size o f  ac tiv e  m a te ria l has a v e ry  im p o r­
t a n t  role in  oxygen  co n su m p tio n  [13], w hile th e  pressing  cond itions an d  d e n s ity  
m a in ly  affect m ech an ica l p ro p ertie s  an d  life tim e . S in tering  te m p e ra tu re  ex e rts  
in flu en ce  upon  anod ic  o x id a tio n  w ith  a v e ry  f la t  m ax im um  [14]. E x p erien ce  
show s th a t ,  w ith  a good c o n ta c t to  th e  an o d ica lly  oxidized elec trode , th e  f ir s t  
p a r t  of th e  p o la risa tio n  curve  ex h ib its  p o te n tia l  values co rrespond ing  to  A g20  
g en e ra tio n  on a sec tion  rep resen tin g  a b o u t 1/3 of th e  e lec tric ity  th a t  can  be 
in tro d u c e d  anod ica lly , an d  th e  rem ain in g  sec tion  has th e  p o te n tia l v a lu es  o f  
a n  AgO gen era tio n . In  general, th e  q u a n t i ty  of e lec tric ity  th a t  can  be in t ro ­
d u ced  th ro u g h  o x id a tio n  in to  th e  ac tiv e  s ilver is ac tu a lly  only  1 ,2 -h l ,4  Q or 
300-1-350 m A h/g in s tead  of th e  th e o re tic a l electric charge 2Q =  2 x 9 6 ,5 4 0  
cou lom bs/g ram  e q u iv a len t or 496 m A h/g  th a t  could be u tilized  th e o re tic a lly .

The use of AgO in a sto rage  b a t te ry  is ce rta in ly  ad v an tag eo u s  in  o rd e r 
to  u tilize  the  specific charge m ore effec tively . E lec trochem ical g en e ra tio n  o f
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AgO a lread y  ta k e s  p lace a t  a p o te n tia l  h ig h er th a n  th a t  o f 0 2 lib e ra tio n  w hich  
is o n ly  possible w h en  ov erv o ltag e  o f 0 2 on silver is h igh  enough to  increase  
th e  lib e ra tio n  p o te n tia l  above th e  o x id a tio n  p o te n tia l o f AgO. H ow ever, th e  use 
o f AgO has som e d isad v an tag es  w hich w ill be d iscussed  la te r  and , th e re fo re , 
i t  w ould  be ad v isab le  to  m in im ize th e  ra tio  A gO/AgaO in  th e  ac tive  e lec trode  
m ate ria l.

H ow ever, th e  p rocedure  o f anod ic  o x id a tio n  described  prev iously  does 
n o t re su lt th a t  th e  ra tio  A gO /A gaO in th e  charged  e lec trode  will be 2/3 : 1/3, 
b u t  i t  will be less th a n  th a t .  I t  show s, th e re fo re , th a t  th e  curve of o x id a tio n  
p o te n tia l  fails to  rev ea l q u a n ti ta t iv e ly  th e  p h enom ena  because  Ag20  is p ro ­
d u ced  even in  th e  second p a r t  o f th e  charg ing  process. F u r th e r , w hen  th e  
possib le  am o u n t 1 ,2 - p i ,4 Q has been  in tro d u ced  (gas lib e ra tio n ), AgO w ill ta k e  
p a r t  in  a d isp ro p o rtio n  process w ith  m e ta llic  silver a lw ays being  p resen t u n d e r 
such  cond itions,

2AgO +  2Ag =  2Ag20  (22)

so th a t  th e  ra tio s  co n tin u e  to  decrease w ith o u t a loss in  th e  q u a n tity  of charge .
O n im p ro v in g  e lec trical a n d  life tim e  p a ra m e te rs  o f sto rage  b a tte r ie s , 

a v i ta l  p o in t is to  increase  th e  a m o u n t o f A g20  to  a m ax im u m  w ith o u t d ec reas­
ing  th e  p rac tica l a m o u n t of charge  to  a v a lu e  m uch  low er th a n  th e  th e o re tic a l 
a m o u n t 1 Q. F ro m  th is  p o in t o f  v iew , a d isp ro p o rtio n  process proves to  be 
ad v an tag eo u s , b u t  i t  is exceed ing ly  slow. To achieve th is , th e re  w ere tw o 
possib ilities in  p ra c tic e  accord ing  to  th e  in v es tig a tio n s  so fa r com pleted . 
N am ely ,

a )  decreasing  anod ic  c u rre n t d en sity , and
b) using v a rio u s  h e a t tre a tm e n ts  to  c o n v e rt AgO in to  Ag20 .
T he firs t p ro ced u re  w ould  lim it th e  ap p lica tio n  of s to rag e  b a tte rie s  since 

th e  charg ing  tim e  o f a sto rage  b a t te ry ,  w hich  genera lly  am o u n ts  to  1 0 -p l5  
h ou rs in  p rac tice , shou ld  n o t be  increased  considerab ly . T he second p rocedure , 
on th e  o th e r h a n d , w ould  im p ly  a h a rd ly  con tro llab le  p ro d u c tio n  te c h n iq u e  
re su ltin g  in  a f in a l p ro d u c t w ith  a v a ria b le  com position  d ep en d in g  on a n u m b er 
of fu r th e r  c o n s tru c tio n a l fac to rs .

M ost recen t re sea rch  resu lts  su p p o rte d  b y  th e  a u th o rs  o f th is  pap er h av e  
show n th a t  th ere  w ere o th e r m eans of o b ta in in g  good re su lts  in  th is  resp ec t. 
This w ill possib ly  allow  for som e new  idea a b o u t th e  m echan ism  of anodic  
o x id a tio n  to  com p le te  and  p e rh a p s  com bine th e  v a rious assum p tio n s m ade so 
fa r in  th is  regard .

A ccording to  a p a te n t  o f th e  Y ardney  In terna tiona l Corp. [15] th e  ra tio  
o f o x id a tio n  p o te n tia ls  A g0 /A g 20  in  th e  ano d ic  o x id a tio n  cu rve  is such as to  
co rrespond  to  Ag20  g en era tio n  up  to  45 p e r  cen t (0.9 Q) if  th e  size of th e  
ac tiv e  partic les  v a rie s  be tw een  1 an d  5 p  (in  p rac tice  m uch  la rger partic les
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a re  u sed ). This is follow ed b y  gas l ib e ra tio n  a t  th e  electrode a f te r  a v e ry  sh o rt 
A gO  phase .

In v e s tig a tin g  sp o n tan eo u s AgO decom position  due to  v a rio u s m eta llic  
im p u ritie s , G a i n e s  [13] and T v a r u s h k o  [11] have estab lished  —  q u ite  in d e ­
p e n d e n tly  from  th e  in v estig a to rs  m e n tio n e d  above —  th a t  sm all q u a n titie s  
o f  le ad  and  cadm ium  have a po sitiv e  effec t, p robab ly  due  to  an  increase in 
o x ig én  overvo ltage  in  th a t  th e y  red u ce  oxygen  genera tion , a n  ex trem ely  im ­
p o r ta n t  cond ition  fo r th e  o p era tio n  o f a h erm etica lly  sealed  sto rage  b a tte ry .  
W ith in  th e  scope of the p resen t re search  w ork, the  role o f b o th  ad d itiv e s  in  
th e  process of anod ic  o x id a tio n  (charg ing) w as closely in v es tig a ted .

In  th e  course o f these  in v es tig a tio n s  i t  was estab lished  th a t  in  th e  in itia l
s ta te

1. a d ispersion  of th e  ac tiv e  p a rtic le s  during  su b seq u en t charg ing  cycles 
is cau sed  b y  a P b  co n te n t of 0,8 p e r  c en t in  ac tiv e  silver w ith  va riab le  p a rtic le  
size;

2. p ro p o rtio n a te ly  to  th e  d ispersion , an  increasing  Ag20  p o ten tia l is 
o b ta in e d  on th e  charg ing  curves to  such  an  e x te n t as to  give th e  hope o f p ro ­
d u c in g  a sto rage  b a t te ry  o p e ra tin g  n u m erica lly  in  an  A g 0 2 ph ase ; and

3. oxygen lib e ra tio n  due to  a sp o n tan eo u s  AgO decom position  is red u ced  
b y  a n  order o f m ag n itu d e  w ith  re sp ec t to  th e  p resen t p ra c tic a l values.

F ro m  these  observ a tio n s, th e  fo llow ing consequences can  obv iously  be 
d ra w n :

A ccording to  Y a rd n e y ’s p a te n t  a lre a d y  referred  to , a sm all fra c tio n  of 
p a r tic le  sizes led to  th e  fa c t th a t  in  th e  course of an  anod ic  o x id a tio n  process 
th e  p a rtic le  can  be  ox idized p ra c tic a lly  en tire ly  to  Ag20  w ith o u t th e  gen era tio n  
o f  AgO tak in g  p lace  a t  th e  b o u n d a ry  su rface betw een  th e  e lec tro ly te  an d  
A g20 .  The su b seq u en t gas lib e ra tio n  sec tio n  is to  all c e r ta in ty  due to  th e  d is­
a p p e a ra n ce  of th e  in ta c t  silver core en su rin g  a high elec tric  con d u c tan ce , as 
th e  ac tiv e  silver pa rtic le s  are  co m p le te ly  oxidized to  Ag20 .  As is genera lly  
k n o w n , th e  re s is tiv ity  of Ag.,0 is h igh  w ith  respect to  t h a t  of silver o r AgO.

W hen  th e  p a rtic le  size is la rg e r (th is  being  generally  th e  case in  p rac tice ), 
a  c r itic a l Ag20  lay e r is b u ilt  b efo re  a to ta l  ox idation  (see d in  F ig . 10).

D uring  a fu r th e r  o x id iza tio n  o f silver, an  im p o r ta n t an d  co n tin u a lly  
in c reasin g  ohm ic p o la risa tio n  is ta k in g  p lace a t  th e  c ritica l AgO layer. I f  th e  
co rresp o n d in g  v o ltag e  reaches th e  d ifference betw een  th e  tw o  o x id a tio n  p o te n ­
tia ls  (F ig. 10) AgO genera tio n  on th e  p a rtic le  surface can  occur w ith  a low er 
en e rg y  dem and  as com pared  to  a fu r th e r  o x ida tion  of th e  silver core. T he peak  
a t  th e  p o te n tia l s tep  in  th e  ch a rg in g  ch a rac te ris tic  o f a s ilv e r—zinc s to rag e  
b a t te r y  in d ica tes  in  th is  case th e  a c tiv a tio n  energy of AgO genera tion .

The m ag n itu d e  of th e  v o ltag e  g ra d ie n t in an  Ag20  la y e r  of c ritica l d e p th  
d ep en d s  up o n  tw o  d e te rm in in g  fac to rs  according to  th e  experiences so fa r
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gain ed . The f irs t  o f th ese  is an  ohm ic vo ltage  d rop  due to  th e  resistance  o f th e  
Ag20  layer, an d  th e  second is th e  co m p o n en t caused  b y  diffusion.

F u r th e r  re sea rch  will be needed to  decide w hich  of th e se  fac to rs  is d om i­
n a tin g  in  a g iven  case a lthough  diffusion seem s to  p lay  a secondary  role to  
th e  usual c u rre n t densities  and  becom es consp icuous on ly  a f te r  an  im p o rta n t 
increase in  c u rre n t d en sity .

^-AgO ^ A g 20

F ig. 10. O x id a tio n  of a silv er p a rtic le

W ith o u t know ledge of th e  m echanism  o f p a rtic le  d ispersion  process, lead  
ad d itiv e  allows th e  fo rm a tio n  of a p a rtic le  size, d u rin g  a few o x id a tio n  cycles, 
so as to  correspond to  th e  p resum ed o x id a tio n  m echan ism . T he s ta r tin g  m a te ria l 
consists of la rg e r p a rtic le s  w ith  a he terogeneous in itia l com position .

So as to  s u p p o r t th is  s ta te m e n t, th e re  is no increase in  A g20  p o te n tia l 
level if  an  ac tiv e  m a te r ia l  w ith  in itia l p a rtic le  sizes o f 50 — 150 /j, is used.

These re su lts  a re  o f special im p o rtan ce  w hen  on a w ire e lec trode  electro- 
litica lly  p roduced  AgCl is used to  give ac tiv e  silver, since in  th is  w ay  an  in ta c t  
m e ta l ensuring  c u r re n t flow  is a u to m a tic a lly  o b ta in e d , an d  d ispersion  on ly  
tak es  place a t  th e  s ilv e r partic les on th e  core. In d iv id u a l s to rag e  b a tte r ie s  
o p era tin g  in  an  A g20  phase , p roduced  u n d e r la b o ra to ry  co n d itio n s b y  th e se  
tech n iq u es, o b ta in  th e  am o u n t of e lec tric ity  co rresp o n d in g  to  th e ir  n o m in a l 
c a p a c ity  a t  a v o ltag e  level corresponding  to  A g.,0 ; th is  re su lt be ing  o b ta in ed  
w ith o u t an y  change in  specific silver co n su m p tio n .

W ith  re sp ec t to  a n o rm al b a tte ry , s ilv e r— zinc sto rage  b a tte r ie s  charged  
in  an  Ag20  phase  h a v e  a n um ber of ad v a n ta g e s , th e se  are  as follow s:

a)  A n im p o r ta n t  red u c tio n  o f th e  oxygen  gen era tio n  v e ry  h a rm fu l in  
a sealed b a tte ry .

b) Ag20  is m u ch  less aggressive to  th e  p a r t i t io n  th a n  AgO. (D uring  th e  
fo rm atio n  or deco m p o sitio n  of AgO, th e  lib e ra te d  oxygen  in  statu nascendi 
also exerts  an  ox id iz ing  effect.) In  th e  axra ilab le  ch arg ing  — d ischarg ing  cycles 
th is  p ro v es  to  be a fav o u rab le  condition .
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c) A sto rag e  b a t te ry  w hich can  be  charged  a t  Ag.,0 v o ltag e  leve l can  
be  used  w ith  a ch arg er th a t  will s to p  th e  charg ing  process a u to m a tic a lly  w hen  
a v o ltag e  ju m p  o f a b o u t 0,3 Y co rrespond ing  to  AgO fo rm a tio n  is reach ed , 
th u s  offering a p ra c tic a lly  perfec t p ro te c tio n  ag a in st overcharge.

F ig . 11. D ischarge c h a rac te ris tic  o f a s to rag e  b a tte ry  w ith  c o n s ta n t te rm in a l v o ltag e

d)  A n a p p a ra tu s  w ith  m odern  in te g ra te d  c ircu its  is ra th e r  sen sitiv e  to  
th e  m ag n itu d e  o f su p p ly  vo ltag e . W h en  energized b y  a n o rm al s ilv e r—zinc 
b a t te r y  w hich is charged  in  an  AgO ph ase  th is  will in e v ita b ly  lead  to  a s itu a tio n  
in  w hich  th e  b a t te ry  ju s t  charged  will p ro d u ce  1,8/1,5 =  1,2 tim es th e  n o m in a l 
v o ltag e  of 1,5 V, th u s  dam aging  th e  c ircu its .

W hen  a b a t te ry  is charged  on ly  in  an  Ag20  p h ase , it  is ab so lu te ly  im ­
possib le  to  get a h ig h er vo ltag e  co rrespond ing  to  AgO (F ig . 11).
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Neue Forschungsergebnisse a u f dem  Gebiet der herm etisch verschlossenen M iniatur- 
Silber— Zink-Akkum ulatoren. Die V e rfasse r  ste llen  das so g en an n te  »D oppel-D epolarisato r- 
System « vor, w elches d ie nach te iligen  E ig en sch aften  der Zelle b e se itig t u n d  welches im  w e­
sen tlich en  d a rau s b e s te h t, daß  n eb en  d em  S ilb e ro x y d -H au p td ep o la risa to r  au ch  ein zw eiter, 
h a u p tsäc h lic h  aus K ad m iu m o x y d  b e s te h e n d e r  D epo larisa to r v e rw e n d e t w ird . Dies e rm ög­
l ic h t  die A usb ildung  eines u n te r  dem  n o m in a len  N iveau liegenden  S p an n u n g sn iv eau s in der 
Z ellen ch arak te ris tik . Ü b e r den W irk u n g sm ech an ism u s der S ilb ere lek tro d e  h inau sg eh en d  
besp rech en  die V erfasser die P a ra m e te r  e ines A k k um ulato rs, dessen  N e n n k a p a z itä t  im  V er­
g leich  zu einem  herk ö m m lich  a u fg e b a u te n  A k k u m u la to r u n v e rä n d e r t  is t  u n d  de r in de r 
so g en an n ten  »M onoxyd-Phase« b e tr ie b e n  w erd en  kann .

Новые результаты исследований в области г рметированных миниатюрных сереб­
ряно цинковых аккумуляторов (Л. Х айду , Я . Захоран). Авторы описывают работу системы 
о т . н.«двойной деполяризацией», устраняю щ ей отрицательные свойства таких элементов; 
суть ее заключается в том, что н аряд у  с основным деполяризатором из окиси серебра 
используется такж е еще и второй деполяризатор, состоящий в основном из окиси кадмия. 
П ри таком решении для  храктеристики элемента можно получить уровень напряж ения 
ниж е номинального. Кроме описания механизма действия серебряного электрода авторы 
излагаю т параметры такого аккум улятора, который можно эксплуатировать по так на­
зываемой «моноксидной фазе» при неизменной (номинальной) емкости по отношению к обыч­
ной конструкции аккумулятора.
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INFLUENCE ON THE IGNITION 
OF THE INJECTED FUEL EXERTED 

BY HEAT TRANSFER AND MATERIAL MOTION
K . R E M É N Y I*

CAND. OF TECHNICAL SC.

[M anuscrip t rece iv e d  J a n u a ry  5, 1971]

W hen, w ith  d u e con sid eration  o f  ig n itio n , th e  e x te n sio n  o f  th e  recircu lation  
zon e is changed  b y  a sp in n in g  m o tio n , re-c ircu la tion  shou ld  b e  gen erated  from  a zone  
from  w hich  a re -m ix in g  o f  co m b u stion  p rod u cts , h a v in g  a h igh  tem p era tu re , an d  o f  
a lread y  burn ing p arts  o f  flam e can  be e ffe c tu a ted . Ig n itio n  co n d itio n s sh ou ld  not 
be altered  b y  th e  q u a n tity  o f  retu rn in g  in er t  gases. W ith  regard  to  th e  a c tu a l s ta te  
o f  ig n itio n , it  is a d v isa b le  to  co n v ey  in to  th e  co m b u stio n  ch am ber a fu e l-a ir  m ix tu re  
a t an e lev a ted  tem p era tu re  in  order to  lessen  th e  need  o f  h e a t  to  be tran sferred  from  
th e  surroundings. B y  in te n s ify in g  th e  sp in n in g  m o tio n , th e  resu ltin g  v e lo c ity  o f  a 
tu rb u len t ign ition  a c ts  as an accelera tor  o f  th e  f la m e  ex p a n sio n  v e lo c ity . T h is in v o lv e s  
in te n sifica tio n  o f  ig n it io n , im p r o v em en t o f  burner s ta b ility  and  d ecrease o f  flam e  
d im en sion s, too.

Ig n itio n  of th e  fuel en te ring  th e  co m b u stio n  ch am b er co u n ts  fo r th e  
m o st in tr ic a te  period of th e  bu rn in g  process! U n d o u b ted ly , as fa r  as ign ition  
co n d itio n s are concerned , th e  influence o f th e  physico-chem ical p ro p ertie s  of 
th e  fuel, and  th a t  o f a m b ie n t c ircum stances is h igh ly  im p o r ta n t. O th e r cond i­
tio n s being  given, ig n itio n  te m p e ra tu re  is d e te rm in ed  b y  fuel ch a rac te ris tic s  
an d  cond itions in th e  com b u stio n  ch am b er.

In  general, th e  te m p e ra tu re  of th e  fuel en te rin g  th e  com b u stio n  ch am b er 
is low er th a n  w hat w ould be  necessary  fo r p ro m p t ign ition . T h u s, a d d itio n a l h e a t 
tra n s fe r  is needed to  reach  th e  real ig n itio n  te m p e ra tu re .

H e a t tran sfe r m e th o d s:

—  irrad ia tio n ,
—  re-c ircu lation  of h o t  com bustion  gases.

T here  is no clear ev idence re ferring  to  th e  role of these  tra n s fe r  m e th o d s . 
A c tu a lly , i t  is considered  as a basic p rin c ip le  th a t  a re liab le  re -c ircu la tio n  of 
th e  h o t com bustion  gases shou ld  be p e rm itte d  b y  an  a d e q u a te  a rra n g e m en t 
of th e  en tire  com bustion  eq u ip m en t. N o o b jec tio n  is m ade a g a in s t a re -c ircu la ­
tio n  a long  th e  flam e su rface . A nyhow , fo r u p -to -d a te  b u rn e rs , and  especially  
w hen  h y d ro carb o n s serve as fuel, i t  is u su a l to  a rran g e  an  in te rn a l re -c ircu la tio n  
w ith in  th e  flam e by  th e  ap p lica tio n  o f a so-called flam e-stab ilizer.

* K . R e m é n y i, U ri u. 38. B u d a p e s t  I . ,  H u n g a r y
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In  [1] we fin d  a n  o vera ll rev iew  of som e p ap ers  dealing  w ith  ex p erim en ta l 
re sea rch  w ork in  th e  fie ld  o f re -c ircu la tio n  processes induced  b y  a flam e s ta b i­
lizer. I n  Fig. 1 a d ia g ra m  show s th e  flo w -p ic tu re  b eh in d  th e  stab ilize r acco rd ­
ing to  th e  conclusion  se t dow n in  th e  review  [1] q u o ted  above.

G enerally , th e  flow -function

¥  =  j o  Ua rd r

is considered  as th e  a d e q u a te  p a ra m e te r  fo r se ttin g  dow n flow -curves, 

w here

U a —  th e  a x ia l c o m p o n e n t  o f  th e  v e lo c ity -v e c to r , 
r —  rad ial d ista n ce .

T he size o f th e  re -c ircu la tio n  sphere  depends on th e  perfo rm ance  o f th e  
stab ilize r.

As for th e  m easu re  of th e  sp in , th e  follow ing eq u a tio n  serves to  d e te rm in e  
th e  “ spin  c h a ra c te r is tic ”  “ S ” : (See [1])

Ga R
w here

G0[ —  im p u ls io n -m o m en tu m , ca lcu la ted  for th e  a x is  o f  sy m m etr y  b y  ta k in g  in to  a cco u n t  
th e  m ass f lo w in g  in  an ax ia l d irection ,

Ga —  linear im p u lse  o f  th e  m ass f lo w in g  in  a x ia l d irection ,
R  —  o u tle t-su rfa ce  rad ius.

The q u a n titie s  G0t an d  Ga a re  ca lcu la ted  as follows:

G0t — Jo • r • dr • U a • Q • W • r =  2n  • g Jo U aWt r2 dr
w here

p —  m ater ia l d e n s ity ,
2Vf —  ta n g e n tia l co m p o n e n t o f  th e  v e lo c ity -v e c to r .

G a — j o  2n • r • dr • Ua Q U a-\- jo  2n ■ r ■ dr • P  =

=  2 Tt'Q- jo  U'a • r ■ dr-\-2n  J 0” P r - d r  

w ith  P  —  s ta tic  p ressu re .
The sh ap e  a n d  size of th e  re -c ircu la tio n  sphere v a ry , depend ing  u p o n  

th e  sp in  c h a ra c te ris tic . In  F ig . 2 we fin d  in fo rm a tiv e  d a ta  for a few  k in d s o f  
flam e-stab ilizers.

T aken  a g a in  from  [1], th e  cu rve  in  th e  d iag ram  (F ig . 2) show s th e  e x p e ri­
m e n ta l resu lts  concern ing  th e  change of th e  len g th  o f th e  re -c ircu la tio n  sphere  
depend ing  on th e  sp in  ch a rac te ris tic .
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K eeping  in m ind  th e  real co n d itio n s of flam e fo rm a tio n , we can  observe, 
b y  a p a r tic u la r  s tu d y  of th e  curves in  F ig . 2 and  3, som e a p p a re n t c o n tra d ic ­
tio n s . N am ely , w hereas b y  increasin g  th e  spin w ith in  th e  u su a l lim its  th e  
re -c ircu la tio n  sphere is also increasin g : in  some c o n tra s tin g  w ay  th e  flam e size 
decreases an d  th e  flam e app roaches th e  b u rn e r; th is  seem ing  p a ra d o x o n  m ay

x/d
F ig . 2

be ex p la in ed  b y  due co nsidera tion  of som e in te rac tio n  of p h y sica l an d  chem ical 
processes w ith  each o th e r, w ith in  th e  f lam e .

In  s tu d y in g  th e  flow  fo rm atio n  in d u ced  by  re -c ircu la tio n , we observe 
m a n y  fac to rs  w hich ex e rt som ew hat co n tra rio u s  influence on  th e  ign ition  an d
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co m b u stio n  cond itions o f  th e  fuel en te rin g  th e  com bustion  cham ber. A m ong 
th e m , th e  m ain fa c to rs  a re :

—  change o f th e  tu rb u le n t  ign ition  ve lo c ity ;
—  re-c ircu la ting  co m b u stio n  gases; v iz . th e  in fluence o f  N 2, C 0 2, H 2 e tc . 

e x e r te d  upon h e a t- tra n s fe r  and ign ition  ch a rac te ris tic s ;
—  v a ria tio n  o f  th e  size of th e  re -c ircu la tio n  sphere ;
—  flam e e lem en ts  w hich  have a lread y  reached  th e  s tag e  being ign ited , 

fo rm  som e ign ition  n u c le i in  th e  re -c ircu la tin g  gases.

In  w hat follow s we shall t ry  to  ana lyse  in  d e ta il th e se  various effects.
W hen speak ing  o f  a tu rb u le n t ig n itio n  velo c ity , reference  should  be m ad e  

to  th e  defin ition  as g iv en  in  [2]. In  considering  a tu rb u le n t f lam e , th e  tu rb u le n t 
flow  velocity  is d efin ed  in  te rm s of a p u lsa tin g  velo c ity  co m p o n en t superposed 
on  an  average v e lo c ity . H ence, th e  m o m en tan eo u s v a lu e  o f flow  velocity  is 
exp ressed  by:

U =  ü + U '

w here

U  —  average v e lo c ity  o f th e  tu rb u le n t flow ,
[ / '  — pu lsating  v e lo c ity  com ponent.

A ccording to  th e  above co rre la tions, th e  ra tio  b e tw een  the  tu rb u le n t  
ig n itio n  velocity  St a n d  th e  lam in ar ig n itio n  ve lo c ity  S4 is expressed  as:

S , _ , j 2Ü ~ ïir- ■ +m  •
In  general, th e  v a lu e  U ‘ of th e  p u lsa tin g  velo c ity  com ponen t am o u n ts  

to  10%  of th e  av e rag e  flow -velocity . T h u s, w ith  an  av erag e  velocity  of 20 m /s 
(v iz. w ith  V  =  2 m /s) and  w ith  th e  lam in a r v e lo c ity  v a lu e  =  0,4 m /s 
(nam ely  for m e th a n e  C H 4), th e  v alue  St o f tu rb u le n t flow  velocity  am o u n ts  
to  som ew hat h ig h e r th a n  th e  ten fo ld  of th e  lam in a r v e lo c ity  S v

W hen re -c irc u la tio n  is h igh ly  in ten sified , ex trem ely  h o t  com bustion  gases 
a re  added to  th e  a ir-co m b u stib le  m ix tu re  n o t ig n ited  y e t. In  order to  o b ta in  
th e  necessary  ig n itio n  h e a t in  a dep en d ab le  w ay , i t  seem s desirable to  h av e  
la rg e  masses re -c irc u la te  an d  th is  a t  an  e lev a ted  te m p e ra tu re . In  th is connec­
tio n  a longer zone o f  re -c ircu la tio n  involves b e tte r  co n d itio n s, so fa r as th e  flam e  
te m p e ra tu re  is h ig h e r  in  a m ore developed  stage  of co m b u stio n , u n d e rs to o d  
w ith in  a ce rta in  u p p e r  lim it.

H ow ever, a lo n g e r re-c ircu lation  zone involves a la rg e r con ten t o f in e r t  
gases (N2, C 02, H 20 )  in  th e  re -c ircu la tin g  m asses th a t  obv io u sly  causes a d e te r i­
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o ra tio n  o f ign ition  co n d itio n s. W h en  th is  c o n te n t o f in e r t  gases su rpasses 
a c e r ta in  lim it, i t  w o u ld  re su lt in  a com pletely  f ru s tra te d  ig n ition .

In  Fig. 4 th e  tr ia n g u la r  d iag ram  tak en  from  [2] show s th e  in fluence of 
n itro g en  exerted  u p o n  ign itio n  lim it in  the  case of som e k in d s  of a ir-com bus­
tib le  m ix tu res . S im ilar d iag ram s can  b e  set dow n for o th e r  ty p e s  o f com bustib le  
m ix tu re s .

I t  is to  be n o ted  th a t  th e  re -c ircu la tin g  m asses co n ta in  som e a lread y  b u rn ­
ing  pa rtic le s  o rig inating  í r o m  th e  s ta r t in g  period o f com b u stio n . T hese partic les  
ad d ed  to  th e  new ly a rr iv in g  fuel m asses form  ce rta in  ig n itio n  nuclei w hich  
serve as a k ind  of p ro m o tin g  fac to r  fo r flam e p ro p ag a tio n . T he im p o r ta n t role 
o f th ese  nuclei in  c rea tin g  a stab le  flam e  fo rm atio n  shou ld  n o t  be overlooked.

As is seen from  th e  d iag ram  in  F ig . 3, th e  increase o f th e  len g th  of th e  
re -c ircu la tio n  zone goes on  on ly  up to  a ce rta in  c ritica l va lu e  o f increased  sp in ,
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b u t  b ey o n d  th is lim it, re -c irc u la tio n  le n g th  begins to  decrease. A nyhow , g rea te r 
sp in  va lu es  are alw ays acco m p an ied  b y  th e  in tensified  effect of h o t  re -c ircu la t­
in g  m asses which a c t in  p ro m o tin g  th e  ign ition .

In  fac t, it  goes w ith o u t an y  ju s tify in g  m o tiv a tio n  th a t  a h igher spin 
in v o lv es  a decrease o f th e  f lam e  size; n am ely , co m bustib le  p a rtic le s  are  bound  
to  p a ss  th ro u g h  a lo n g er s tre tc h  to  reach  th e  sam e ax ia l d is ta n c e : th is  a lready  
se rv es  as a fac to r to  re d u c e  th e  len g th  o f  th e  flam e, to  sh o rte n  th e  flam e tip . 
A n y h o w , th e  m o v em en t o f  com bustib le  pa rtic le s  a long  a helical p a th  on th e  
co n ica l surface can n o t y ie ld  a su ffic ien t basis fo r an  im p ro v e m e n t o f th e  ign i­
t io n  conditions, o r/an d  fo r  som e ap p ro ach in g  m o v em en t to w a rd s  th e  b u rn e r’s 
o rifice  of the  flam e-su rface  th a t  form s an  envelop a ro u n d  th is  orifice. W hen 
lo o k in g  for some e x p la n a tio n , re -c ircu la tio n  cond itions shou ld  be  ta k e n  in to  
a c c o u n t toge ther w ith  th e  in fluence o f flam e size re d u c tio n  ex e rted  by  an  
in c rea se  of the  av erag e  te m p e ra tu re  o f th e  re -c ircu la tio n  zone. R e-c ircu la tion  
a n d  th e  use of oxygen  a lo n g  th e  flam e surface are in flu en ced , f ir s t  of all, b y  
th e  d ifference betw een  th e  velocity  v alues o f th e  flow ing  m asses a t  b o th  sides 
o f  th e  b o undary  su rface . B esides, th e  re su lta n t o f th e  ax ia l an d  ta n g e n tia l 
v e loc ity -com ponen ts in  sp in-flow  is la rg e r th a n  th a t  o f a sp in -free  flow , even 
a t  supposed ly  id en tica l geom etric  fo rm a tio n  of th e  b u rn e r  an d  id en tica l b u rn ­
in g  cap ac ity : hence, w h en  th e  en tire  m a te ria l flow ing from  th e  b u rn e r in to  
th e  com bustion  ch a m b e r perform s a sp inn ing  m otion , th e n  th e  effect of th e  
h ig h  sp in  onto th e  o u te r  re -c ircu la tio n  re su lts  in  affec ting  ig n itio n  conditions.

B y  an  ap p rec iab le  increase o f th e  spin , th e  v e lo c ity  of th e  tu rb u le n t 
ig n itio n  increases, to o . T h e  re -c ircu la tio n  sphere size becom es la rg e r, com bus­
t io n  gases having a h ig h e r  te m p e ra tu re  can  fin d  a w ay  to  re -c ircu la te , an d  
a m ore  in tensive su p p ly  o f  th e  n ecessary  h e a t for ig n itio n  follow s. A t th e  sam e 
tim e , reduction  of flam e  size is invo lved . W ith  a too  sh o rt size o f th e  re-c ircu la ­
tio n  zone, re -c ircu la tio n  m ain ly  s ta r ts  from  an  a ir co m b u stib le  m ix tu re  th a t  
co u ld  n o t reach th e  s ta g e  o f  being  ig n ited  y e t; o f course, in  such  a case ign ition  
co n d itio n s  canno t be  im proved .

Ig n itio n  co n d itio n s can be im p ro v ed  b y  a forced sp in  b y  w hich  th e  above 
d esc rib ed  double fe a tu re d  influence w ill be  exerted  a n d , in  ad d itio n , a re -m ix ­
in g  o f  a lready  b u rn in g  fu e l e lem ents p lay s a su p p le m e n ta ry  role.

O n the  o th e r h a n d , th e re  is a r a th e r  d isad v an tag eo u s  in fluence  ex erted  
b y  a forced re -c ircu la tio n  induced  b y  a g rea te r sp in . T h is is obvious because 
th e  re tu rn in g  in e rt gases ac t as a fa c to r  th ro u g h  w hich  th e  lim its  o f p ro b ab le  
ig n itio n  become n a rro w e r. T here are  cases w hen a com ple te  e x tin c tio n  of th e  
f la m e  results.

U nder ex trem e co n d itio n s, th e  u n fav o u rab le  fe a tu re  o f re -c ircu la tio n  m ay  
re s u lt  in  a re-flow o f gases only  from  a ra th e r  cold zone lo ca ted  b eh in d  th e  zone 
o f  com plete  co m b u stio n , re su ltin g  in  a v e ry  d isad v an tag eo u s  fo rm a tio n  of th e  
w h o le  ignition  process.
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In  sum m ing  u p , m easures th a t  can  be ad v an tag eo u s  fo r p ro m o tin g  ig n i­
tio n , are  th e  follow ing:

—  W hen th e  in te n tio n  is to  m odify  th e  re -c ircu la tio n  sphere  size in  th e  
presence of a f lam e  stab ilize r b y  m eans o f a forced sp in , i t  is im p o rta n t to  
a rran g e  a s ta r tin g  zone from  w hich in ten se ly  h o t com bustion  gases and  a lready  
b u rn in g  pa rtic le s  m ay  be re-m ixed .

—  The w hole process o f re-m ix ing  shou ld  be con tro lled  in  such a w ay  
th a t  th e  m ass o f re tu rn in g  in e r t gases shou ld  n o t affect ig n itio n  conditions.

—  O f course, im p ro v em en t of ign itio n  cond itions shou ld  be reached  b y  
a possib ly  feab le  re -c ircu la tio n . To th is  p u rpose , i t  is adv isab le  to  have th e  air- 
com bustib le  m ix tu re  in tro d u ced  in to  th e  co m b u stio n  ch am b er a t  a te m p e ra ­
tu re  as h igh as possib le  (of course in  due co n sid e ra tio n  of th e  in flam m atio n  
po in t) in o rd er th a t  th e  necessary  a m o u n t o f su p p lem en ta ry  h e a t from  th e  
su rround ings shou ld  be k e p t low. In  th is  w ay , ign itio n  co n d itions in  th e  com ­
b u stio n  cham ber can  be k e p t in d ep en d en t o f th e  load  cond itio n s. H ow ever, 
w hen  a p recisely  com posed a ir-co m b u stib le  m ix tu re  h ap p en s  to  reach  th e  
ign itio n  stage , explosive p h enom ena  are  liab le  to  occur, th u s  causing  a sudden  
increase o f p ressu re . A nyhow , to  b rin g  an  a ir-co m b u stib le  m ix tu re  n ea r to  th e  
ex ac t ig n itin g  ra tio  in to  th e  com bustion  ch am b er, th is  seem s to  yield  th e  m ost 
effective im p ro v em en t of ign itin g  cond itions.

B y a forced  sp in  th e  effect o f th e  tu rb u le n t ign itio n  v e lo c ity  resu lts  in an  
in tensified  flam e p ro p ag a tio n . C onsequen tly , ign itio n  in te n s ity  increases, 
b u rn e r  s ta b ility  im proves, flam e size becom es reduced .
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R E F E R E N C E S

1. Chigler , N . A .— G ilber t , J. L .: R ü c k w ärts  g e rich te te  W irbe l in  de r Lee v o n  F lam m en ­
h a lte rn . Öl- u n d  Gasfeuerung 2 (1969), 109— 120.

2. F ritsch, W . N .: Z w eisto ffb renner. V erlag  A. W . G en tn er K G ., S tu t tg a r t .

Über die W irkung der W ärm e- und Stoffbewegung auf die Entzündung des aus dem  
Brenner strömenden Brennstoffes. W enn  u n te r  B erü ck sich tig u n g  de r E n tz ü n d u n g  die A us­
d eh n u n g  der R ezirk u la tio n szo n e  d u rch  ein  A nw irbeln  g e än d e rt w ird , so soll die R ü c k strö ­
m ung  aus einem  G ebiet s ta ttf in d e n , aus w elchem  es m öglich  sei, eine R ück m isch u n g  von 
B re n n p ro d u k te n  ho h er T e m p e ra tu r  u n d  be re its  b re n n en d e r F lam m en te ile  zu  verw irk lichen . 
E n tz ü n d u n g su m stä n d e  d ü rfen  von  de r M enge de r zu rü ck k eh ren d en  in e rten  G ase n ic h t beein­
trä c h tig t  w erden. U n te r  B erü ck sich tig u n g  des E n tz ü n d u n g sz u stan d e s  is t eine m öglichst hohe 
T e m p e ra tu r  des dem  V e rb ren n u n g srau m  zu g efü h rten  B ren n sto ff-L uft-G em isches anem pfoh­
len , u m  den B ed arf an  W ärm ezu fu h r aus de r U m gebung  je  n ied riger a n s te llen  zu können. 
D u rc h  In ten s iv ie ru n g  de r W irbelbew egung  e rg ib t sich eine G eschw indigkeit d e r  tu rb u le n ten  
E n tz ü n d u n g , durchw eiche die F lam  m e n v e rb  r e i tu  ri g s ge s c h  w in  di gkei t  k rä ftig  a n s te ig t. Dies is t 
g le ichbedeu tend  m it e iner In ten s iv ie ru n g  de r E n tz ü n d u n g , e iner S te igerung  de r B e trieb s­
s ta b il i tä t  des B ren n ers  u n d  m it e iner V erringerung  de r F lam m end im ension .
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О воздействие движения тепла и материала на воспланение топлива, истекающего из 
форсунки (К. Ремени). Е сл и  при учете воспламенения производится изменение размеров 
рециркуляционной зоны с помощью некоторого завихрения, тогда должен иметь место 
обратный ток из некоторой области, а именно из которой можно осуществить обратный ток 
продуктов горения высокой температуры, а такж е частей горящего факела пламени. Н а 
условия воспламенения не должны воздействовать количества возвратных инертных газов. 
Д л я  состояния воспламенения следует учитывать некоторую возможно высокую темпера­
туру  подаваемых в камеру горения смесей топлива и воздуха, чтобы потребность в подводи­
мом из окружающей среды тепле можно было брать возможно низкой. Путем интенсифика­
ции вихревого движ ения получается так ая  скорость турбулентного воспламенения, при 
которой скорость распространения пламени возрастает в очень большом масштабе. А это 
однозначно, собственно говоря, интенсификации самого воспламенения, или ж е стабиль­
ности работы форсунки, а такж е уменьшению размеров факела пламени.
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CAUSES OF THE PARTIAL DISSOLUTION 
OF THE VANADIUM CONTENT 
IN THE BAYER PROCESSING 
OF HUNGARIAN BAUXITES

J .  ZÁM BÓ
CAND. ENG. SCI. 

and
L. M O LN Á R

[M anuscrip t rece ived  A pril 2, 1971]

On th e  b asis o f lite ra ry  d a ta ,  a u th o rs  en u m era te  th e  form s of v a n ad iu m  occur­
rence  in n a tu re , a n d  survey  th e  p o ss ib ility  o f th e ir  app earan ce  in connection  w ith  
b au x ite s . In  th e  e x p erim en ta l p a r t  th e y  d iscuss th e  co rre la tio n  be tw een  th e  com ­
p o n en ts  and v a n a d iu m  co n ten t o f  b a u x ite , an d  th e  p o ten tia l increase  o f d isso lu tion . 
In  conform ity  w ith  th e  p re sen t geochem ical know ledge, th e  te s t  re su lts  revea l th a t ,  
in  th e  case o f H u n g a ria n  b a u x ite s , a g re a te r  p a r t  of th e  v a n a d iu m  c o n te n t is d is­
covered as an  isom orphous c o n ta m in a n t o f th e  iron m inerals (m ain ly  goe th ite ) and , 
th erefo re , i t  c an n o t be  recovered  u n d e r  th e  u su a l opera tio n a l co n d itions. An increased  
d isso lu tion  can o n ly  be expected  th ro u g h  th e  th e rm al or h y d ro th e rm a l decom position , 
o r th e  red u ctio n  o f th e  goeth ite  s tru c tu re .

In tro d u c tio n

A m ong th e  p r im a ry  v an ad iu m  carrie rs  to  be found  in  H u n g a ry , a t  p re ­
se n t on ly  b au x ite  can  be  considered as a raw  m a te ria l su itab le  for in d u str ia l 
scale v an ad iu m  sa lt p ro d u c tio n  [1], D epen d in g  on th e  site  o f o rig in , H u n g a rian  
b a u x ite s  generally  c o n ta in  0,10 to  0,14 p e r cen t V20 . ,  w ith  on ly  sligh t dev ia ­
tio n s.

In  th e  B ayer ty p e  a lum ina p ro d u c tio n , ab o u t 25 to  33 p e r cen t of th e  
V20 5 c o n te n t of th e  b a u x ite  will be d isso lved  du ring  recovery , an d  en riched  in 
th e  a lu m in a te  so lu tion  p resen t in th e  cycle. T he m ajo r p a r t  of th e  v an ad iu m  
c o n te n t w ill rem ain  in  th e  red  m ud , an d  be lost for u tiliza tio n . F ro m  th e  a lu ­
m in a  p la n t  cycle a b o u t 80 to  85 p e r  cen t o f th e  dissolved v an a d iu m  can be 
reco v ered  in th e  form  o f a c rysta lline  sa lt m ix tu re , w hich th e n  rep resen ts  th e  
raw  m a te r ia l of V ,0 5 p ro d u c tio n .

T he e x te n t of d isso lu tion , m o st likely , depends on th e  m inera l a p p e a r­
ance fo rm  of th e  v a n a d iu m  in b a u x ite , so ou r investig a tio n s w ere aim ed a t  
th e  e s tab lish m en t th e reo f. In  ad d itio n  to  th e  re la tiv e ly  sm all q u a n ti ty , phase 
analy sis  difficulties are  due  to  th e  fa c t th a t  v an ad iu m  canno t be o b ta in ed  from  
b a u x ite s  in  th e  a m o u n t necessary  fo r d irec t m ineral d e te rm in a tio n . In  f irs t * **

* D r. J .  ZÁMBÓ, F e h é rv á r i  ú t  146, B u d a p e s t X I . ,  H u n g a ry
** L . M olnár , F e jé r  L ip ó t u. 32, B u d a p e s t X I . ,  H u n g a ry
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a p p ro x im a tio n , th e re fo re , th e  possible occurrence form s o f v an ad iu m  in n a tu re  
w ill b e  assessed, th e n , on  th e  basis o f th e  av a ilab le  in fo rm a tio n  on th e  ra re  
e lem en t co n ten t of s e d im e n ta ry  rocks, th e  ev e n tu a l fo rm s o f th e  given occu r­
ren ces w ill be su rv ey ed , a n d  th e ir  p o te n tia litie s  rev iew ed.

1. F o rm s o f van ad iu m  occurrence

V anad ium , as a tra n s itio n a l e lem ent o f th e  period ic  system , d isp lays 
a p e c u lia r  behav iou r in  c ry s ta l s tru c tu re s . I ts  co -o rd in a tio n  n u m b er an d  con­
f ig u ra tio n  w ith  o th e r a to m s varies in  th e  fu n c tio n  o f th e  o x id a tio n  degree, an d  
th e  p H  of the  m ed ium .

Sm aller v a n a d iu m  q u a n titie s  are  o ften  p re se n t in  th e  m agm a b u t  th e y  
do n o t  freq u en tly  fo rm  in d e p e n d e n t m inera ls . I n  such  cases it  can  usu a lly  be 
fo u n d  in  a tr iv a le n t fo rm , an d  since th e  rad iu s  of th e  V 3+ ion (0,61 Â) is a lm ost 
id e n tic a l to  th a t  o f F e 3+ (0,67 Â), v an ad iu m  is inc lined  to  follow iron w hen 
fo rm in g  m inerals. T h u s , m inor v an ad iu m  q u a n titie s  can  be discovered in  
m a g n e tite , py roxene, am p h ib o le  an d  b io tite .

1.1. F orm s o f  vanadium  occurrence in  the earth's crust

G eocheniically , v a n a d iu m  m ay  be co n c e n tra ted  w ith in  four d iffe ren t 
fo rm a tio n s  w here i t  w ill ex h ib it d iffe ren t c rysta llochem ical beh av io u r [2]. 
T h ese  fo rm ations are

1.1.1 Sulphides,
1.1.2 O xidized su lp h id e  ores,
1.1.3 S ilicates, an d
1.1.4 Oxides

1 .1 .1 . Sulphides

There are  tw o  v an ad iu m  su lph ide  m inera ls  know n: su lv a n ite
Cu 4̂]V ^ S 4 and  p a tro n i te  V ^ S 4. In  ad d itio n , v a n a d iu m  m ay  be found  in 
sp h a le rite , co lusite  Cu^4](As, Sn, V, F e ) ^ S 4, an d  in  a sy n th e tic  com pound o f  
th e  spinel ty p e : CuV2S4.

1 .1 .2 . Oxidized su lph ide  ores

In  some p laces secondary  v a n a d a te  m in era l g roups can be observed  
w ith in  th e  ox idized zones above copper, lead , zinc ores w hich reveal a fo rm al 
s im ila rity  to  p h o sp h a te s  an d  a rsen a tes , a lth o u g h  s tru c tu ra l id e n tity  can  b e
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d iscovered  only  in  tw o such cases. V an ad iu m  is alw ays q u in q u e v a le n t in  such  
m inera ls . So fa r, th e  follow ing m in era l s tru c tu re s  h av e  b een  te s te d :

C hileite P ld 8'(Z n, C u ) ^ [ \ '410 ,] (O H ) , of a s tru c tu re  id en tica l to  th a t  of 
C onichalcite  CaCu [A s0 4](0 H ) ,
P y ro b e lo n ite  P b '7]M n'6][V[410 4] (0 H ) ,
B rack eb u sch ite  P b l8]P b [l0i(M n, F e ) l6][V(4]0 4]2H 20 ,
B u ch erite  B i ^ [ V ^ 0 4] and
V a n a d in ite  P b |9̂ P b ^ [V W 0 4]3Cl w hose s tru c tu re  is id e n tic a l to  th a t  o f 

ch lo ra l a p a tite  Ca5[ P 0 4]3Cl.

1.1 .3 . Silicates

L arge  q u a n titie s  o f v an ad iu m , as a su b s titu tin g  e lem en t, can  be found  
in  m usco v ite  m ica, fo rm ing  th e  m in e ra l roscoelite. In  th e  o c tah ed ro n  layers 
o f th e  m ica, v a n a d iu m (III)  p lus som e iro n (II)  rep lace a lu m in u m , and  can 
b rin g  a b o u t a w ide range o f fo rm atio n s . A  ty p ica l roscoelite  from  Colorado 
m ay  be  ch a rac te rized  b y  th e  follow ing fo rm ula :

(K o >75Ca0,25)I,2,(V t t6A lo,72F eo>M g0,08) i6HSi3,lsA l0,82)[4i 0 10(O H )li97F e 0i03

In  th e  course of roscoelite  o x id a tio n  an d  w ea th e rin g  som e m on tm oril- 
lo n ite  an d  ch lo rite  ty p e  clays of a c e r ta in  v an ad iu m  c o n te n t w ill be p roduced . 
In  th e se  m inerals, v an ad iu m  is a lw ays te tra v a le n t, an d  lo ca ted  in  th e  o c ta ­
h ed ro n  s tr a ta .  F u r th e r , o x id a tio n  is assoc ia ted  by  th e  decom position  of th e  
s ilica te  s tru c tu re , and  th e  ap p earan ce  o f  th e  q u in q u ev a len t v an ad iu m .

1.1 .4 . Oxides

In  som e sand sto n e  s tr a ta ,  p a r tic u la r ly  over th e  C olorado h ig h lan d , v a n a ­
d ium  h a d  form ed as an  oxide, th e n  w ea th e red  aw ay p a ra lle l to  an  ex tensive  
m in era l fo rm atio n . T he orig inal fo rm a tio n  m ain ly  includes tr iv a le n t  oxide- 
h y d ro x id e s , an d  m o n tro se ite  V ^ O (O H ) w hich, s im ilarly  to  th e  goeth ite  
F eO (O H ) and  g ro th ite  M nO (O H ), fe a tu re s  a diaspore s tru c tu re . A t such an  
o x id a tio n  degree, v an ad iu m  u su a lly  rev ea ls  a no rm al o c ta h e d ro n  co-o rd ina­
tio n  w ith  oxygen , a n d  its  c ry sta llo ch em icai b eh av io u r resem bles th a t  o f  
i ro n ( I I I )  or m an g an ese (III) . Iro n  is u su a lly  p resen t in  m o n tro se ite , in  th e  form  
o f a so lid  so lu tion . V an ad iu m  m ay  fo rm  a n u m b er of sy n th e tic  sp inel ty p e  
oxides as V 3+Mg20 4, V3+Z n 0 4, V4+M gO, an d  V4+Z n 0 4. T he n o n a lite  seam  
m in e ra l F e2,5Vi1;Vg ' 0 16 has a h ex ag o n a l s tru c tu re  and  is close to  a spinel,, 
w here  v a n a d iu m  ex h ib its  b o th  o c ta h e d ra l an d  te tra h e d ra l co -o rd ina tion .

T h e  o c tah ed ra l ox ide-hydrox ide  s tru c tu re  m ay  co n ta in  te t r a v a le n t  v a n a ­
d ium  as well, th e re b y  chang ing  th e  o c ta h e d ra l re la tion  as in  th e  hägg ite
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ofy^6]0 2(0 H )3, With an  average  oxide n u m b er of 3,5 o r in  a n  anonym ous 
“ B ”  m ineral phase  ^,Vjj6' 0 3(0 H )5 w ith  an  average  oxide n u m b e r  of 3,67 or, 
ag a in , changing th e  h y d ro g en  c o n te n t, as in  th e  p a ra m o n tro se ite  V l6102 an d  
do lo rese ite  V3 + ̂ 0 4( 0 H ) 4. P a ra m o n tro se ite  m ay  be  considered  as th e  o x id a ­
tio n  p ro d u c t of m o n tro se ite , in th e  solid phase  (its g enera l s tru c tu re  is m a in ­
ta in e d  during  h y d ro g en  losses), w hich  p o in ts  to  a m e ta s ta b le  c h a ra c te r  as 
co m p ared  to  sy n th e tic  V 0 2 w hose s tru c tu re  resem bles t h a t  of th e  ru tile . 
D o lo rese ite  is s im ila r to  th e  an onym ous “ B ” phase. I n  a ll these  s tru c tu re s  
th e  double  o c tah ed ro n  ch a in  d iaspo re  com position  is d o m in a n t.

In  its  te tra -  a n d  q u in q u e v a le n t co n d ition  th e  v a n a d iu m  usually  m a in ­
ta in s  its  a p p ro x im a te ly  o c tah ed ra l co -o rd ina tion  w ith  oxygen , b u t the  con­
f ig u ra tio n  is seriously  d is to rte d  because  of one or tw o  m u ltip le  chem ical 
b o n d s , a lthough  th e  q u a d ra tic  p y ram id  co n figu ra tion  is q u ite  freq u en t.

M ontroseite  o x id a tio n  an d  w ea th e rin g  m ake possib le th e  following a l te r ­
n a tiv e  sequence:

M ontroseite  Y O (O H ) -*■ doloreseite  Y 30 4(0 H )4 —► d u tto n ite  V O (O H )2 —*■ 
— corvusi te  V30 13(O H )3 X H o0 (  ?) —► h ew e ttite  CaV60 1G X H 20 .

The fully  q u in q u e v a le n t ox idized v an ad iu m  can he m uch  b e tte r  reso lved , 
a n d  th e  fu r th e r  e ssen tia l m od ifica tions o f th e  s tru c tu re  d ep en d  on th e  p H  o f 
th e  m edium . I f  th e  v a n a d iu m  c o n te n t o f th e  g ro u n d w a te r  is increased , in  th e
2,5 to  6 p H  range  a n  o range coloured  sa lt p re c ip ita tio n  w ill be observed, iso ­
po lycom plex  d e c a v a n a d a te  ions are p ro d u ced  V10C>28, as rep re sen ted  b y  pasco- 
i te  Ca[6lCat7l[VS60]O28]1 7 H 2O and  h u em u lite  N a4M g[V[1601O28]24H 2O.

M any tra n s it io n a l elem ents from  groups 5 an d  6 as V, T a , N b, Mo, W  
p ro d u ce  large p o ly n u c lea r  ions, b u t  so fa r  only d e c a v a n a d a te  has been fo u n d  
in  n a tu re . The s tru c tu re  of d e c a v a n ad a te  ions is r a th e r  pecu lia r, co n ta in in g  
10VO6 o c tah ed ro n s. As th e  ac id ity  of such  a com plex so lu tio n  decreases (for 
exam ple , w hen p assin g  th ro u g h  a ca lc ite  ty p e  san d sto n e  lay e r), th e  d e c a v a n a ­
d a te  com plex w ill be decom posed to  m ino r polyions of u nknow n  s tru c tu re , 
an d  colorless ro ss ite  ^C a t8![V[5̂ 03]24 H 20 ,  m e ta ro ss ite  J^Ca18'[V15)0 3]22 H 20  
o r th e  K [1°i [V l5]0 3]H 20  c ry s ta l m ay  be p roduced . A t a p H  of 11 in  r a th e r  
a lk a lin e  m edia, a lth o u g h  never enco u n tered  in n a tu re , m ononuclear ions 
[H V 0 4]2_ an d  [V 0 4]3“ sim ilar to  p h o sp h a te  an d  a rse n a te  will be fo rm ed .

1.2. Probable fo rm s o f  vanad ium  occurrence in  bauxites

No p u b lica tio n  refers to  th e  presence of in d ep en d en t v anad ium  m inera ls  
in  b aux ites b u t , acco rd ing  to  th e  in fo rm atio n  o b ta in e d  from  B á r d o s s y , G y . 
[8], he succeeded in  sep a ra tin g  from  th e  A u strian  U n te rlau ssa  b au x ite , an d  
to  iden tify  m e ta tu y a m u n ite .

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



CAUSES O F T H E  PA RTIA L DISSOLUTION 1 5 5

A ccording to  Hammer, A. I .  [3], who s tu d ied  v a n a d iu m  occurrences in  
clays, and  Terenteva and  c o n d u c te d  in v estig a tio n s on ra re  e lem en ts in  
b au x ite s  [4], as w ell as o ther p u b lic a tio n s  on th e  v an a d iu m  c o n te n t o f b a u x ite  
as such , v an ad iu m  m ay  be p re se n t in  b au x ite s  in  th e  follow ing form s.

1.2 .1 . Isom orphous contam inant in  the m ain  m ineral
components o f  bauxite

In v e s tig a tin g  on th e  re la tio n  betw een  th e  m ain  com ponen ts an d  th e  
v a n a d iu m  co n te n t, Beneslavsky [5] found in th e  h igh  iron  co n te n t oolites 
o f T a r ta r ia n  and  S ofievsky  b a u x ite s  a 2 -^ 2 ,5-tim es v an a d iu m  en rich m en t, as 
com pared  to  th e  b as ic  m ateria l o f  th e  b a u x ite , an d  a 3 to  5-tim es en rich m en t 
in  th e  p y rite  f ra c tio n  of th e  N o rth -U ra lia n  b au x ite s , in  a com parison  to  th e  
average .

In  b au x ite s  o f d ifferen t o rig in , Tenyakov [6] d iscovered  ra th e r  close 
co rre la tio n  betw een  th e  v an ad iu m  an d  iron co n ten t, w ith  an  average  V /Fe 
ra tio  o f 2,8 X 10 ~3.

Dudich, J r . ,  a n d  Mrs. SiKLÓssY [7] found  a co rre la tio n  betw een  th e  
F e 20 3 an d  V ,0 5 c o n te n ts  of d iffe ren t H u n g arian  b au x ite s  (th e  co rre la tio n  coef­
fic ien t w as a ro u n d  -(-0,9). This c o rre la tio n  betw een  th e  T i0 2 an d  V20 5 com ­
p o n en ts  was very  close in  b au x ite s  fro m  G án t and  H a lim b a  ( +  0,927), w hereas 
in  th o se  from  F enyőfő  an d  Iszka no such  corre la tion  could be d e tec ted  ( — 0,909, 
— 0,996). The c o rre la tio n  te s t betw 'een  A120 3 and  V20 5 d id  n o t rev ea l an y  
re g u la rity , a lth o u g h  a n  F e20 3 +  A120 3/V20 5 co rre la tio n  could  be observed  b y  
v e r tic a l d is tr ib u tio n  exam in a tio n s in  ce rta in  seam s.

A n o th er large q u a n ti ty  m in era l com ponen t o f th e  H u n g a ria n  b a u x ite s  
is k ao lin ite  whose p o te n tia l  v an a d iu m  c o n te n t, how ever, has n o t been  re fe rred  
to  in  l ite ra tu re  so fa r.

1.2.2. Contam inant o f  the tributary m inerals o f bauxite

M any of th e  sm all q u a n tity  m in e ra ls  in b au x ite  m ay  co n ta in  v an ad iu m . 
T hus, th e  fine c ry s ta l ru b b le  co n sisting  of p rim ary  rock  residues, f re q u e n tly  
found  in  b au x ite , such  as ru tile , a n a ta s e , sphene, ilm en ite , or th e  v a rious clay  
m inera ls  and  decom position  p ro d u c ts  like m uscov ite , to u rm a lin e , k y a n ite , 
g a rn e t, a p a tite , z ircon , chlorite , e tc . [8]. T heir q u a n ti ty  in  th e  H u n g a ria n  
b a u x ite s  is, how ever, ra th e r  sm all.

1.2.3. Secondary vanadate precip ita tion  results

T he v an ad iu m  e n te rin g  a so lu tio n  form  during  b a u x ite  fo rm a tio n  m ay  
p roduce , depending  on th e  pH , an io n s of d ifferen t com positions. A ccord ing  to  
Ivekovitch, H. [9], th e  acidic m ed iu m  of th e  soil tran sfo rm s th e  v a n a d a te
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io n  in to  vanad ile  (V 0 2 + ) ion , th ro u g h  a h y p erg en e tic  process, w hich th e n  
re -tra n sfo rm s  in to  an  H 2V 0 7  ion w ith  a tm o sp h e ric  oxygen . B etw een  2 and  
6,8 p H , th e  la t te r  w o u ld  po lym erize in to  H 3V 50[(f w hich , in  acidic m edia, 
slow ly  reac ts  w ith  th e  F e 3+ ion, lead ing  to  th e  p ro d u c tio n  o f sa lts . This is how  
Ivekovitch explains th e  lin ea r  co rre la tio n  be tw een  th e  iro n  oxide and  v a n a ­
d iu m  co n ten ts  of th e  D rn is  b au x ite s . Tenyakov, V ., in  a su b se q u e n t w ork  [6], 
has a rr iv e d  a t  th e  sam e  conclusion  w ith  o th e r  b au x ite s .

1 .2 .4 . Adsorbed fo rm

O ver th e  su rface  o f  th e  sed im en ta ry  rock  com ponen ts th e  ions of ra re  
e lem en ts  m ay  be a d so rb e d . T he surface a c t iv i ty  of b a u x ite  a n d  its  m ain  com ­
p o n e n ts  is qu ite  w ell-know n  (ac tive  b a u x ite , ac tiv e  a lu m in a , etc.).

Hammer has demonstrated that the clay minerals and, particularly, the 
oxide hydrates of bauxite are capable of adsorbing a considerable quantity 
of vanadium from vanadate ion content solutions. H e believes that the rela­
tively large quantity of vanadium in magnetite and ferrotitanium ores may be 
explained by the isomorphous incorporation of vanadium, whereas in the sedi­
mentary iron ores by adsorption capacity.

1.2 .5 . In  complex organic compounds

C ertain  ra re  e lem en ts  can  o ften  be  fo u n d  in  se d im e n ta ry  rocks as th e  
co m p o n en ts  of com plex  o rgan ic  com pounds. V an ad iu m  is know n  to  have been 
fre q u e n tly  d iscovered  in  p la n t an d  an im al origin organic m a t te r  such  as p e tro ­
le u m , b lood, e tc . I n  a d d itio n , v an a d iu m  w as observed  to  be read ily  bonded  
a n d  adsorbed  b y  o rg an ic  substances.

A ccording to  Gedeon, T. [TO], th e se  v an ad iu m  c o n te n t o rganic com ­
p o u n d s  belong to  th e  p o rp h y rin e  g roup  (C, H , O, N  co n ten t) . T hese com pounds 
a re  v e ry  stab le , th e ir  d ecom position  is b e tw een  150 an d  400 °C, th e y  are  gener­
a lly  a lkali and  ac id  re s is ta n t, an d  can  be  d estro y ed  only  b y  ex trem ely  s tro n g  
ox id iz ing  agents. I n  h is ex p erim en ts , a b o u t 2 to  3 p e r cen t K 2S20 8 (or N a20 2) 
red u ced  th e  usual 0 ,16 p e r cen t V20 5 c o n te n t of th e  red  m u d  to  0,06 p er cen t. 
BogÁrdi, E . [11], o b se rv ed  sim ilar v an a d iu m  reso lu tio n  increase  in  his ex p eri­
m e n ts  involv ing  N a20 2.

1.3. The valence and caustic so lubility  o f  vanad ium

V anadium  m a y  b e  d i-, tr i- , te tra - , q u in q u e-, or h e p ta v a le n t. In  n a tu re , u s u ­
a lly  th e  q u in q u e v a le n t v an ad iu m  is th e  m o st s tab le  ty p e , w ith  a d efin ite ly  
ac id ic  ch arac ter. T h e  te tr a v a le n t  v a n a d iu m  has am p h o te ric  p ro p erties  w ith  
how ever, an  ex p ressed  basic  c h a ra c te r , w hereas th e  low er v a len cy  ty p es are
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s im p ly  basic. So i t  m ay  be assu m ed  th a t  only th e  q u in q u e v a le n t v an ad iu m  
c o n te n t of the  b a u x ite , or w lia t h a d  been  earlier ox idized in to  a q u in q u ev a len t 
fo rm  w ould e n te r  th e  a lu m in a te  base  d u rin g  recovery  [11].

N um erous la b o ra to ry  e x am in a tio n s  and  p la n t m a te r ia l ba lan ce  d a ta  show  
t h a t  in  th e  H u n g a rian  b au x ite s  th e  v a lu e  of Y d isso lu tion  v a rie s  w ith in  a re la ­
t iv e ly  narrow  range  depend ing  on  th e  s ite  of origin [12, 13].

F ro m  caustic  so lu b ility  a sp e c ts , th e  p o ten tia l V o ccu rrence  form s can  be 
c lassified  in to  th ree  categories:

T h a t p a r t of th e  v an ad iu m  c o n te n t w hich en te rs  th e  so lu tio n  even u n d e r 
th e  p re sen t techno log ica l con d itio n s includes th e  isom orphous van ad iu m  
e v e n tu a lly  co n ta ined  b y  th e  a lu m in u m  an d  clay m inerals o f th e  b a u x ite , an d  
th e  v an ad iu m  com pounds soluble in  base.

T he second g roup  includes t h a t  p a r t  o f th e  v a n a d iu m  c o n te n t w hich is 
decom posed  b y  c a lc in a tio n  or u p o n  th e  effect o f s tro n g  ox id izing  agen ts, or 
w ill becom e accessible fo r th e  so lv e n t base due to  d e s tru c tio n  or re lax a tio n .

T he th ird  g roup  can n o t be m ad e  to  e n te r  th e  so lu tio n  b y  e ith e r b a u x ite  
t r e a tm e n t  or any feasib le  m o d ifica tio n  of th e  a lkaline d igestio n  process.

T ak in g  th e  ab o v e  co n sid era tio n s in to  accoun t, th e  possib ilities can  be 
f u r th e r  reduced  b y  som e specially  selec ted  acidic, a lk a lin e , and  com bined 
t r e a tm e n t  o f th e  b a u x ite s  and  th e ir  red  m ud . O ur in v e s tig a tio n s  w ere a im ed, 
th e re fo re , a t  the  d e m o n s tra tio n  a n d  v erifica tio n  of th e  in d iv id u a l V occu r­
ren ce  form s.

2. Distribution o f the V content in bauxites

I n  o rder to  fu r th e r  exam ine th e  co rre la tions o b serv ed  in  th e  various 
b a u x i te  seam s, tw o m u ltico lou red  b a u x ite  ty p es from  th e  K ineses I I  p la n t 
w ere  selected , th en  se p a ra te d  b y  co lo u r in to  lig h t an d  d a rk  groups. The a n a ­
ly sis  d a ta  o f these b a u x ite s  and  th e ir  frac tio n s  are p re sen ted  in  T ab le  I.

T h e  analysis d a ta  reveal th a t ,  in  th e  b au x ite s  te s te d , th e  co rre la tion  
b e tw e e n  th e  iron an d  v an ad iu m  c o n te n t can  be u n eq u iv o ca lly  d em o n stra ted  
ev e n  in  th e  1— 2 cm areas  o f th e  m u ltico lo u red  b au x ite s . I n  o rd e r to  de te rm ine  
w h e th e r  th is  co rre la tion  exists u n d e r  m icrodim ensional co n d itions as well, 
th e  e lec tron  m icroprobe e x am in a tio n  o f th e  v an ad iu m  d is tr ib u tio n  was 
a t te m p te d , a lthough , due  to  th e  p h y sica l lim ita tio n s o f th e  X -ra y  reflexions, 
th e  Y  c a n n o t be d e te rm in ed  in  th e  p resence  of a large T i q u a n ti ty . T hese in ­
v es tig a tio n s  were c o n d u c ted  b y  Vassel, K . R . e t al., b y  m eans of a JE O L - 
J X A -5  elec tron  m icroprobe.

F igu res 1, 2, an d  3 show  th e  a re a l d is tr ib u tio n  of th e  F e -K a, T i-K a, an d  
V -K œ reflex ions, in  a 400-tim es a c tu a l m agn ifica tion , as g iven  b y  a b a u x ite  
sam p le  o b ta in ed  from  th e  A lm ásfüzitő  A lum ina W orks. T he d is tr ib u tio n  of th e  
e le m e n t stud ies is il lu s tra te d  by  th e  b r ig h t po in ts , an d  th e  p a t te rn  of these
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F ig . 1. T he areal d is tr ib u tio n  o f th e  Fe —K a of 
a b a u x ite  from  A lm ásfüzitő  A lu m in a  W orks

F ig . 2. The area l d is tr ib u tio n  of th e  T i—K a of 
a b a u x ite  from  A lm ásfü z itő  A lum ina W orks

F ig . 3. The area l d is tr ib u tio n  of th e  V —K a of 
a  b a u x ite  from  A lm ásfüzitő  A lum ina  W ork s

p o in ts , sc in tilla tin g  on th e  ca th o d e  ra y  tu b e  in  th e  course o f scanning. W hile 
th e  d is tr ib u tio n  p a t te r n  of iron  ex h ib its  local en rich m en ts  an d  a tte n u a tio n s , 
a n d  th e  a p p a re n tly  u n ifo rm  Ti d is tr ib u tio n  is a sso c ia ted  w ith  sim ilar local 
en rich m en ts  w hich re fe r  to  an  in d ep en d en t T i m inera l, th e  Y d is tr ib u tio n  does 
n o t  show  any  such  local densities re flec tin g  m inera l fo rm a tio n  a t  th is  m ag n i­
f ic a tio n  e ither, a lth o u g h  ce rta in  reg u la ritie s , lin ear a rra n g e m en ts  can defin ite ly  
be  de tec ted . In  o th e r  p a r ts  o f th e  p a tte rn  s till g rea te r  F e  an d  Ti co n cen tra tio n s  
can  be fo und , b u t  in  th e  n e ighbourhood  of these  p a rtic le s  th e  Y te s t  c a n n o t 
be  p e rfo rm ed .
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Table I

A nalysis data o f  multicoloured bauxites and their parts separated by colour

Type AIA Si02 Fe20S TiOa CaO MgO v ,° , s o ,

Ignition
losses

1. M ulticoloured 
K ineses I I

bau x ite ,
52,3 8,0 12.1 3.0 0,7 0,5 0,142 0,24 20,9

2. M ulticoloured 
lig h t p a r t

bau x ite ,
58,7 8,7 6,0 3,3 0,7 0,5 0,092 0,19 22,0

3. M ulticoloured 
d a rk  p a r t

bau x ite ,
50,5 7,2 14,3 2,9 0,7 0,4 0,126 0,26 20,0

4. M ulticoloured 
K ineses II

bau x ite ,
53,2 7,8 11,6 2,7 0,7 0,5 0,121 0,29 21,5

5. M ulticoloured 
lig h t p a r t

bau x ite ,
57,6 8.0 7,1 3,1 0,7 0,3 0,083 0,24 22,2

6. M ulticoloured 
d a rk  p a r t

bau x ite ,
46,9 6,5 18,0 2,8 0,7 0,3 0,168 0,22 20,2

Table II

Count numbers measured on the reflected electron image o f  selected bauxites

Al Fe Si Ti V

1. A lm ásfüzitő , p lan t ty p e
2. M ulticoloured bau x ite , “ red  p a r t”

46 000 10 000 6 000 500 100
42 000 10 000 13 000 350 90

3. M ulticoloured b aux ite , “ yellow  p a r t” 52 000 2 000 13 000 350 50
4. L ignite  baux ite 40 000 800 16 000 300 50

F ig . 4 p resen ts  a re flec ted  e lec tro n  p a tte rn  on th e  A lm ásfüzitő  b a u x ite  
re fe rred  to  earlier, F ig . 5 on th e  m u ltico lo u red  b a u x ite  te s te d , an d  F ig . 6 on 
a lign ite  b a u x ite  poor in  iro n  b u t  rich  in organic m a tte r . T he p ic tu re  is reso lved  
b y  th e  e lectrons re flec ted  from  th e  phases o f th a t  p ro p e rty , inc luded  b y  th e  
e lec tron  beam  scann ing  th e  sam ple su rface . T he areas of h ig h er average  a to m  
w eigh t, th a t  is, th e  phases  o f a g rea te r e lec tro n  reflecting  c a p a c ity  are b r ig h te r  
in  th e  p ic tu re  th a n  th o se  rich  in  lig h t-w eig h t elem ents. A ll th ree  exposures 
w ere m ad e  w ith  an  acce le ra tio n  p o te n tia l o f 20 kV, a t  an  a c tu a l m agn ifica tion  
o f 430.

In  th e  above ex p e rim en ts , m icroscopic d is tin c tio n  w as a tte m p te d  b y  
using  m acroscop ically  se p a ra te d  m u ltico lo u red  b a u x ite  sam ples b u t ,  because 
of th e  m ag n ifica tion , th is  could n o t he perfo rm ed  clearly  enough w ith  th e  
e lec tro n  m icroprobe. In  F ig . 5, th e  lig h t fie ld  corresponds to  th e  red  p a r t ,  
w hile th e  d a rk e r veins to  th e  yellow  section .

In  th e  area  of th e  p h o to s  show n, th e  re la tiv e  changes an d  ra tio  of th e  
Al, F e , Si, Ti, and  Y co n cen tra tio n s  h av e  been  stud ied  on th e  basis of th e
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e lem en t d is tr ib u tio n  p a t te r n ,  and  th e  m e asu rem en t of th e  c o u n t n u m bers. T he 
la t te r  is p resen ted  in  T ab le  I I .

R ep ea ted  ex a m in a tio n s  u n d er co n d itio n s sim ilar to  th e  earlie r s itu a tio n  
p e rfo rm ed , how ever, a t  d iffe ren t m easu rem en t p o in ts , gave a lm o st th e  sam e 
c o u n t num bers. T ab le  I I I  illu s tra te s  th e  a p p ro x im a tiv e  m e ta l co n cen tra tio n s 
d e te rm in ed  on th e  b as is  of th e  co u n t n u m b ers  m easu red .

The analysis d a ta  o f  th e  b au x ite s  te s te d  are show n in  T ab le  IV .
M icroprobe te s t  re su lts  reveal t h a t  th e  Fe-Y  co rre la tio n  can he d em o n ­

s tr a te d  for th e  te s te d  b a u x ite s  even in  m icrod im ensions. T hese in v es tig a tio n s , 
how ever, can n o t le ad  to  conclusions on  th e  Ti-Y  co rre la tio n , as th e  Ti con-

Table III

M eta l content percentage according to the count numbers

AI Fe Si Ti V

1. A lm ásfüzitő , p la n t ty p e 27 7 3,5 0,6 0,1

2. M ulticoloured b a u x ite , “ red  p a r t” 25 7 7,5 0,4 0,09

3. M ulticoloured b a u x ite , “ yellow  p a r t” 30 1,5 7,5 0,4 0,05

4. L ignite  bauxite 23 0,6 10 0,3 0,05

Table IV

A n a lysis  data o f  different organic matter content bauxites, per cent

Type Al.O, Si02 *V>, TiO, CaO MgO v2o6 SO, Corg.
Ignition
losses

1. A lm ásfüzitő.
p la n t type 49,0 7,0 18,0 2,6 0,09 0.062 20,3

2. A jka, p lan t type
3. Bagolyhegy,

47,9 6,4 23,1 2,6 0,110 19,6

lignite  bauxite  
4. M ulticoloured

36,2 12,6 2,3 2,5 2,4 0,8 0,091 0,46 9,42 43,1

bauxite , 
K ineses II 52,3 8,0 12,1 3,0 0,7 0,5 0.142 0,24 0,010 20,9

5. M ulticoloured
bauxite , 
K incse I I 53,2 7,8 11,6 2,7 0,7 0,5 0,121 0.29 0,011 21,5

6. G rey bauxite ,
Kincses I I  

7. V iolet iron-rich
47,7 20,2 7,0 2,2 1,1 0,5 0,093 7,0 0.12 21.2

bauxite , 
K ineses II 28,7 19,2 36,0 1,3 0,06 0,06 11,3
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F ig . 6. R eflected  e lec tro n  p a tte rn  on  a lignite  
b a u x ite  from  B ag o ly h eg y

c e n tra tio n  p o in ts  h av e  been  avoided . No local У  co n cen tra tio n  could be d e tec ted  
in  th e  sam ples, a n d  th e  d is tr ib u tio n  was s ta tis t ic a lly  un ifo rm . As was ex p ec ted , 
a sign ifican t C c o n c e n tra tio n  could be d iscovered  on ly  in  th e  sam ple d isp layed  
b y  Fig. 6 , w ith  a hom ogeneous d is tr ib u tio n , n o t associa ted  how ever w ith  
a V en rich m en t.
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3. Investigations on the correlation between vanadium  
and other bauxite components

3.1. Correlation between va n a d iu m  and organic matter

H ith e r to  c o rre la tio n  stud ies d id  n o t  cover th e  organ ic  m a tte r  c o n te n t, 
b u t ,  since such  a co n n ec tio n  can well be  assu m ed  on th e  basis of l i te ra ry  d a ta , 
fu r th e r  ex p erim en ts  in  th is  field ap p e a re d  to  be ind ispensable .

D iffe ren t o rgan ic  m a tte r  c o n te n t b a u x ite  sam ples w ere co llected . T h e ir 
an a ly s is  d a ta  are  p re se n te d  in T ab le  IV . A lth o u g h  th e y  do n o t rev ea l a n y  co r­
re la tio n  betw een  th e  te s te d  com ponen t q u a n titie s , technological ex p erim en ts  
w ere con d u c ted  in  o rd e r to  s tu d y  jo in tly  th e  b eh av io u r of b o th  co m p o n en ts .

T he b a u x ite s  w ere d igested  u n d e r  th e  u su a l cond itions (240 °C fo r tw o 
h o u rs , 200 g /lit N a20 2), an d  th e  v a n a d iu m  d is tr ib u tio n  b e tw een  th e  red  m ud  
an d  th e  base was d e te rm in ed . In  th e  sequence  of th e  sam ples, th e  d isso lu tio n  
va lu es  w ere 27,6, 32,0, 55,0, 47,2, 47 ,8 , 72,2, an d  6,1 p er cen t.

I n  th e  R esea rch  In s t i tu te  fo r M eta l In d u s try , Fehér, I . s tu d ie d  in  
d e ta il organic m a t te r  d isso lu tion  d u rin g  b a u x ite  recovery  [14] an d  fo u n d  th a t  
a b o u t 60 per cen t o rgan ic  m a tte r  w ould  be dissolved from  th e  A lm ásfü z itő  
b a u x ite  u n d er n o rm a l recovery  co n d itio n s, w hich is m uch m ore th a n  th e  u su a l 
v a n a d iu m  d isso lu tio n  values. S im ilar va lu es  w ere o b ta in ed  fo r th e  o th e r 
H u n g a ria n  b a u x ite s  as well.

In  o rder to  decom pose organ ic  m a t te r ,  th e  b a u x ite  was ca lc in a ted  fo r 
tw o  hours a t  d iffe re n t te m p e ra tu re s , each . T he com position  of raw  an d  ca l­
c in a te d  b au x ite s  is p resen ted  in T ab le  V.
A ccord ing ly , th e  o rgan ic  m a tte r  can  be  read ily  b u rn t  off d u rin g  ca lc in a tio n . 
T h e  raw  and  ca lc in a ted  b au x ites  th u s  o b ta in e d  were d igested  u n d e r id en tica l 
co n d itio n s, an d  th e  o rganic  m a tte r  as w ell as th e  v an ad iu m  c o n te n t in  th e  red  
m u d  an d  a lu m in a te  base , re sp ec tiv e ly , w ere m easured . A ccord ing  to  th e  
m easu red  an d  ca lcu la ted  d a ta  (T able V I), a considerab le  v an ad iu m  q u a n t i ty  
w ill be left over in d igested , even if  th e  o rganic  m a tte r  was fu lly  b u r n t  o u t. 
D e te rm in a tio n  o f th e  organic m a t te r  c o n te n t of th e  sam ples w as m ad e  b y  
Maros, L., et ah , o f th e  D e p a rtm e n t o f In o rg an ic  and  A n a ly tica l C h em istry , 
“ E ö tv ö s  L o rá n d ”  U n iv e rs ity  of Sciences, B u d ap est. A ccording to  th e se  in v e s ti­
g a tio n s , no co rre la tio n  betw een  th e  o rgan ic  m a tte r  an d  v an a d iu m  c o n te n ts  o f 
th e  b au x ite s  could  be d etec ted , because

—  th e re  w as no correlation  b e tw een  th e  q u a n titie s  of th e  tw o co m p o n en ts  
in  th e  b au x ite s ,

—  th e  o rg an ic  m a tte r  was d isso lved  to  a m uch g rea te r e x te n t d u rin g  
reco v ery , th a n  th e  v an ad iu m ,

— th e  o rg an ic  m a tte r  was decom posed  a t  a fa r  m ore ra p id  ra te  u p o n  
th e  effect o f ca lc in a tio n , th a n  th e  d isso lu tio n  of V20 5 w as increased .
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Table V

Composition o f  the bauxite processed in  the A lm á sfü zitő  A lu m in a  P lant, 
in  raw condition , and calcinated at different temperatures

Type A1A SiO, Fei°s TiOs Ignition
losses Girg.

Green bau x ite 49.0 7.0 18,0 2.6 0,09 20,3 0,062
C alcinated a t  350°C 53,9 7,7 20,9 2,9 0,10 11,2 0,025
C alcinated a t 550°C 55,2 8,4 22,5 3,1 0,108 4,8 0,006
C alcinated a t  750cC 55,8 8,5 22,8 3,2 0.11 3,1 0,002

Table VI

Organic matter and V  content dissolution data during the digestion o f  green 
and calcinated bauxites o f  the A lm á sfü zitő  p la n t type

Type

Organic C v ,° s

in the base
s/i

in the 
slurry

%

in the 
base
g/i

in the 
slurry

%
%

Green b a u x it 0,043 0,033 0,028 0,084 25
C alcinated  a t  350°C 0,020 0,010 0,044 0,064 39
C alcinated  a t  550°C n o t m easurable 0,060 0,064 53,6
C alcinated  a t  750°C n o t m easurable 0,078 0,042 69,8

T hese ex p erim en ta l re su lts , how ever, do n o t exclude th e  possib ility  of 
h av in g  a m inor p a rt o f th e  v an ad iu m  c o n te n t bonded  to  th e  o rgan ic  com pounds.

3.2. Correlation between the V  and  T i  contents o f  bauxites

Since d irec t p h y sica l an d  m ineral m e th o d s  could  n o t be em ployed  for 
th e  d iscovery  of th is  co rre la tio n , tech n o lo g ica l in v es tig a tio n s  h av e  been 
a t te m p te d . Mrs. Hazai a n d  Solymár [15] fo u n d  th a t ,  d u rin g  recovery , th e  
ti ta n iu m  m inerals p a r tia lly  re a c t w ith  th e  cau stic  lye of soda, a n d  form  sodium  
ti ta n a te .  T he reac tio n  o f  th e  an a tase  a n d  ru tile  c o n te n t o f th e  b a u x ite  w ith  
th e  recovery  base d ep en d s, in  ad d itio n  to  th e  te m p e ra tu re  a n d  tim e  of diges­
tio n , on th e  co n cen tra tio n  a n d  mole ra tio  o f th e  recovery  b ase . I f , du ring  re ­
covery , a high mole ra tio  is p ro v id ed  for, th e  en tire  an a ta se  a n d  ru ti le  con ten t 
w ill be  tran sfo rm ed  to  sod iu m  t i ta n a te  v ia  th e  so lu tio n  p h ase , w hereby  th e  
e v e n tu a lly  inco rpo ra ted  V will also becom e accessible fo r th e  d igestion  base. 
T he effect of excess a lk a li on th e  d isso lu tio n  of th e  v a n a d iu m  c o n te n t w as, 
th e re fo re , te s ted  w ith  A lm ásfü z itő  b a u x ite  u n d e r id en tica l o p e ra tio n a l condi­
tio n s (240 °C for 2 hours). T h e  ex p erim en ta l re su lts  are  p re sen ted  in  T ab le  V II.
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T h e  resu lts  ren d ered  b y  sam ple No 1 c a n n o t be e v a lu a te d  as, due to  th e  in su f­
f ic ie n t desilification , th e  silicic acid  le f t in  th e  so lu tio n  h a d  g re a tly  d is to r te d  
th e  re su lts  because  o f  th e  low b a u x ite  m easu rem en ts . T h e  soda c o n te n t o f 
sam p les  No 2 an d  3 above th e  av e rag e  refers to  a co m p le te  sod ium  t i ta n a te

Table VII

Digestion data o f  the A lm á sfü z itő  p lant type bauxite , 
under different measurement mole conditions ( base 150 m l)

Slurry analysis, %

1 Measure- 
1 ment 

6

Slurry
g AIA Si08 FeA TiO, Y206 Na2° Ignition

losses
V dis­
solution

%

l 5 1,7 13,8 9,6 48,0 6,8 8,4 9,7

2 10 4,5 17,1 11,1 37,5 5,1 0,15 14,5 13,0 30,4

3 20 9,3 18,4 12,7 37,0 5,1 0,15 13,8 11,3 29,2

4 30 13,7 18,5 13,3 37,4 5,1 0.15 12,8 10,2 29,8

5 43 20,0 19,7 13,2 36,9 5,2 0,15 10,5 10,6 29,1

6 60 33,7 29,6 11,5 31,1 4,5 0,13 12,6 10.9 24,8

Base analysis

Na^O
g/1

A 'A  
g ß Mole ratio g/i

V dissolution
%

1 122,6 68,0 2,97 0.0095 42,4

2 128,1 73,0 2,89 0,0189 42,0

3 126,1 89,0 2,33 0,0336 37,5

4 121,6 105,5 1,95 0,049 36,5

5 117,6 129.0 1,49 0,060 31,7

6 110,6 138,0 1,31 0.074 27,6

fo rm a tio n . T h u s , th e  resu lts  rev ea l th a t ,  even in th e  case of a com plete  t r a n s ­
fo rm a tio n  o f th e  T i co n ten t o f th e  b a u x ite , th e  e x te n t  o f Y d isso lu tion  will n o t  
change to  a s ig n ifican t degree a n d , th e re fo re , a co n sid erab le  p a r t  of th e  Y co n ­
te n t  c an n o t be asso c ia ted  to  th e  T i m inera ls , e ither. A sm alle r increase o bserved  
o n  th e  basis o f th e  alkali an a ly sis  m a y  be a t t r ib u te d  to  th e  g re a te r  a c t iv i ty  
o f th e  O H ~  ions.

3.3. Investigations on the correlation o f  Fe and  V  contents

S u b seq u en t in v estig a tio n s in v o lved  the  g ra d u a l rem o v al of th e  F e co n ­
te n t  o f th e  b a u x ite , by  acid ic tr e a tm e n t,  w ith  a s im u ltan eo u s  d e te rm in a tio n  
o f  th e  V d isso lu tion . D ifferen t q u a n titie s  of av e rag e  A lm ásfüzitő  an d  A jk a

Acta Technica Acadcrniae Scientiarum Hungaricae 73, 1972



CAUSES OF TH E  PA R TIA L DISSOLUTION 1 6 5

b au x ite s  w ere tre a te d  in  100 m l of 10 per cen t hyd ro ch lo ric  acid  so lu tion  for 
15 m in, u n d e r bo iling  cond itions.

F igures 7 an d  8 p re se n t th e  percen tag e  q u a n titie s  of d isso lved  F e20 3 an d  
V20 5. I t  can  c learly  be  observed  th a t ,  in  th e  case o f  an  acid ic  t r e a tm e n t, on ly  
a fte r  th e  d isso lu tion  of a b o u t 1/3 o f th e  Fe c o n te n t will th e  Y so lu tio n  s ta r t

Measurement in 100 ml 10 % 
hydrochloric acid /g bauxite/

Fig. 7. D isso lu tion  of th e  iro n  oxide and 
v an ad iu m  oxide c o n te n t o f A lm ásfüzitő  te c h ­
nological b a u x ite s  in  th e  fu n c tio n  of h y d ro ­

chloric  acid  excess

hydrochloric acid/g bauxite/
Fig. 8. D isso lu tion  of th e  iro n  oxide an d  

v a n ad iu m  oxide c o n te n t o f A jka

Table VIII

Fe20 3 and F ./l- content (% ) o f  acid treated 
and base digested bauxite slurries

Type
Almásfüzitő Ajka

*V>, VO 2 6 F',O, v . ° .

1 2 8 ,0 0 ,1 2 3 3 4 ,8 0 ,1 2 5

2 12 ,6 0 ,0 4 4 15 ,0 0 ,0 5 6

3 11 ,0 0 ,0 3 8 9,1 0 ,0 4 4

4 7 .9 0 ,021 6 ,6 0 ,0 3 8

an d , w ith  b o th  b a u x ite  ty p e s , on ly  ab o u t 2/3 to  3/4 of th e  Y c o n te n t w ill e n te r  
th e  so lu tion . I t  follows th a t  b y  a lkaline  d igestion  an d  acid ic t r e a tm e n t  th e  
en tire  V q u a n ti ty  m ig h t be d isso lved  an d , for th is  reason , th e  b a u x ite s  tre a te d  
w ith  d iffe ren t acids h av e  been  d igested  in  a lu m in a te  base  u n d e r  th e  usual 
cond itions. T he resu lts  are  sum m arized  in  T ab le  V II I .
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A lth o u g h  in  a lkaline  d ig estio n  th e  v a n a d iu m  d isso lu tion  w ill increase b y  ab o u t 
10 p e r cen t in  th e  case o f slig h tly  ac id ified  b au x ite s , an d  b y  a b o u t 5 p e r cen t 
if  h igh ly  deironized b a u x ite s  are  b e ing  d ea lt w ith , considerab le  v an ad iu m  
reco v e ry  could o n ly  be  ach ieved  b y  th e  rem oval o f th e  iron  oxide co n te n t. 
T h u s , th e  n ex t s tep  w as to  s tu d y  th e  role of iro n  m inera ls  in  th e  b a u x ite  
d u rin g  the  d isso lu tion  o f th e  v a n a d iu m  c o n ten t.

Table IX

Chemical analysis data o f  p lan t type bauxites, %

Type Ab°, Si02 F' A TiO, v ,° .
Ignition
losses

1. M agyaróvár b au x ite 47,6 5,6 25,5 2,7 0,133 15.7

2. A jk a  bauxite 47,9 6,3 23,1 2,7 0,116 19,6

3. A lm ásfüzitő b au x ite 48,7 6,9 18,3 2,5 0,100 20,6

Table X

Chemical red m ud analysis data o f  p lan t type bauxites, %

Type A 'A Si02 Fe.O, Ti02 v ,°. NasO Ignition
losses v .° 5recovery

1. M agyaróvár b a u x ite 16,8 11,2 50,0 5,5 1,160 9,4 6,9 39.0

2. A jka  bauxite 18,0 11,9 46,4 5,3 0,152 9,9 7,6 35,7

3. A lm ásfüzitő b a u x ite 20,6 13,2 37,9 5,1 0,150 10.4 9,7 28,8

Table XI

F e20 3 content phase analysis data o f  p lan t type bauxites

Type
Magyaróvár Ajka Almásfüzitő

bauxite

G oeth ite  (FeO O H ) 5,5 5,5 9,3

H e m a tite  (Fe20 3) 19,4 17.6 9,0

T o ta l iro n  (Fe20 3) 25,5 23,1 18,3

The chem ical analysis d a ta  of th e  b au x ite s  o b ta in ed  from  th ree  H u n g a r­
ian  a lum ina p la n ts  a re  p re se n te d  in  T ab le  IX . T ab le  X  co n ta in s  th e  red  m u d  
analysis d a ta  co llec ted  d u rin g  b a u x ite  d igestion , a n d  th e  v an a d iu m  recovery  
values. T able X I  show s th e  q u a n ti ta t iv e  d a ta  of th e  iron  m inerals of b a u x ite s ,
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w hile T able X I I  p re se n ts  th e  F e20 3 to  V20 5 co n ten t ra tio  o f th e  vario u s b a u x ­
ite s , th e  V20 5 q u a n t i ty  dissolved w h en  processing 1 to n  of b a u x ite , an d  th e  
ra tio  of h em a tite  c o n te n t to  th e  d isso lved  V,,05 q u a n ti ty .

In  th e  b au x ite s  te s te d , th e  close co rre la tio n  be tw een  iron  an d  v an ad iu m  
c o n te n ts  can  clearly  be  seen, w hereas th e  q u a n tity  of d isso lved  v an ad iu m  m ay  
be considered , on th e  basis of th e  few  ex p erim en ts  com p le ted , as p ro p o rtio n a l 
to  th e  h em a tite  c o n te n t o f th e  b a u x ite s .

Table XII

Ratio o f vanadium  dissolution and iron mineral phase analysis data

Type Dis solved 
V.O, kg/t

Hematite, kg/t
v ,°,% Dissolved V205, kg/t

1. M agyaróvár b a u x ite 192 0,52 373
2. A jka bauxite 199 0.41 430

3. A lm ásfüzitő b a u x ite 183 0,28 320

4. Experiments to increase the dissolution of the vanadium content

4.1. B a u x ite  calcination

L ab o ra to ry  ex p e rim en ts  and  o p e ra tio n a l experiences rev ea led  th a t  ca l­
c in a tio n  w ould fa v o u ra b ly  affect th e  d isso lu tio n  of v a n a d iu m  d u rin g  th e  B ay e r 
p rocess, in  th e  case o f H u n g a rian  b a u x ite s .

In  o rder to  d e te rm in e  th e  n u m erica l co rre la tion , id en tica l q u a n titie s  of 
A lm ásfü z itő  b au x ite  w ere  ca lc in a ted  a t  350, 550, 750, a n d  1000 °C, in  each  
case fo r tw o hours. A fte r m easuring  th e  re d u c tio n  in  w eigh t, th e  b a u x ite  sam ples 
w ere d igested  in id e n tic a l com position  an d  q u a n tity  a lu m in a te  base m edia , 
a t  a te m p e ra tu re  of 240 °C, for 2 ho u rs .

T h e  recovery  values ca lcu la ted  on  th e  basis of th e  red  m u d  analysis d a ta  
a re  p re sen ted  in Fig. 9.

As ag a in st th e  g en e ra l opinion, th e  A120 3 recovery  w as n o t im p aired  b y  
a c a lc in a tio n  a t  550 °C, because such a red u c tio n  could be observed  on ly  a t  
750 an d  1000 °C, re sp ec tiv e ly . Since th e  Y  d isso lu tion  was g rad u a lly  increased  
w ith  an  increased  te m p e ra tu re , th e  e ffec t o f th e  ca lc in a tio n  period  w as te s te d  
b u t ,  acco rd ing  to  th e  experiences ga in ed , n o t even a 24-hour ca lc in a tio n  period  
w ould  m odify  th e  d isso lu tio n  resu lts  to  a sign ifican t degree a t  th e  given 
te m p e ra tu re .

To s tu d y  the  p h ase  tra n s fo rm a tio n s  d u rin g  ca lc in a tio n , th e  X -ra y  dif- 
frac to g ram s of th e  b a u x ite s  te s te d , an d  th e ir  red  m ud , w ere p lo tte d  as p resen ted  
in  F ig . 10.
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T hese reveal th a t ,  o f th e  a lum inum  ox ide  h y d ra te s , th e  h y d ra rg illite  
p e a k  d isap p ears  a t  350 °C, w hile th e  b ö h m ite  line c an n o t be  seen in  th e  ca l­
c in a te d  sam ple a t  550 °C. A m ong th e  iro n  m inera ls , th e  g o e th ite  peak  g ra d u ­
a lly  d isap p ears  before  550 °C, while th a t  o f th e  h e m a tite  will increase , a lth o u g h  
n o t  to  th e  expected  d eg ree  w hich m igh t be reach ed  if  th e  g o e th ite  tra n sfo rm a -

90 H 
80

c  60- о
-P 50- 
o A0 -

30-
20 -

AljOj

-Ay
f f

Green 350°C 550°C 750°C 1000T 
Calcination tem perature

F ig . 9. V aria tio n  of A L 20 3 a n d  V 20 5 d isso lu tio n  in  A lm ásfüzitő  tech n o lo g ical b au x ite s  ca l­
c in a te d  a t  d iffe ren t te m p e ra tu re s  d u rin g  d ig es tio n

Hem -  hem atite  G i-gibbsite Kao-kaolinite G ö-goethite Bö-boehmite Hsz=Na-AI-hydros!licate

F ig . 10. X  ray  d iffra c to g ra m  o f raw  an d  c a lc in a te d  tech n o lo h ica l b a u x ite s  an d  th e ir  red
m uds from  A lm ásfüzitő

t io n  in to  h e m a tite  w ere  com pleted . T he X -ra y  d iffrac to g ram s ex h ib itin g  u n i­
fo rm  goeth ite  p eak s  u p  to  750 °C even  in  th e  case o f  ca lc in a ted  b a u x ite  red  
m u d  clearly  show  t h a t  th e  tra n s fo rm a tio n  had  n o t b een  com pleted  to  reach  
th e  h em a tite  s tag e . T h is refers u n eq u iv o ca lly  to  th e  decom position  of th e  
m in era l s tru c tu re s  co n ta in in g  b o n d ed  w a te r  d u rin g  ca lc in a tio n , because o f 
th e  loss of w a te r, w h en  th e  la ttic e  s tru c tu re  will lose its  s ta b ility , re a rra n g e ­
m e n t will s ta r t ,  b u t  th is  process w ill n o t be com pleted  a t  th a t  te m p e ra tu re ,
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so th e  m a jo rity  of th e  goeth ite  w ill be  re -tran sfo rm ed  b y  w a te r  u p ta k e  d u rin g  
d igestion . T he so lu b ility  of a lu m in u m  m inerals s im ila rly  leads to  conclusions 
on th e  deve lopm en t o f in s tab le  la t t ic e  s tru c tu re s  as th e  y  an d  oc A120 3, d ifficu lt 
to  d isso lve, will n o t be p roduced  in  considerab le  q u a n titie s  a t  th e  te m p e ra tu re s  
te s te d .

S o l y m á r , K . [16] proved  th a t  in  th e  H u n g a rian  b a u x ite s  goeth ite  con­
ta in e d  a considerab le  q u a n tity  of a lu m in u m  b u ilt in to  th e  la tt ic e  th ro u g h  iso- 
m o rp h o u s su b s titu tio n  w hich , upon  d ig estio n , could n o t becom e accessible for 
th e  b ase . A lum inum  can  be in c o rp o ra te d  by  th e  h e m a tite  la ttic e  as well, 
a lth o u g h  only  in a m u ch  sm aller q u a n t i ty .  T hus th e  in c reased  ALjOg recovery  
can  o bv iously  be exp la ined  b y  th e  la tt ic e  rea rran g em en t a c tio n  o f ca lc ina tion .

4.2. D igestion at an elevated tem perature

T he s tru c tu ra l re lax a tio n  of th e  iron  m inerals, an d  th e  tra n s fo rm a tio n  
o f g o e th ite  can  be p erfo rm ed  acco rd ing  to  our earlier in v e s tig a tio n s  no t only  
b y  th e rm a l b u t  also b y  h y d ro th e rm a l t r e a tm e n t [17]. D ep en d in g  on th e  con­
c e n tra tio n  an d  mole ra tio  of the  reco v ery  b ase , th e  tra n s fo rm a tio n  will be com ­
p le ted  w ith in  1 or 2 h o u rs  a t  a te m p e ra tu re  of 280-^320 °C. T h is is w hy th e  
e x te n t  o f Y d isso lu tion  w as s tud ied  in  th e  course o f e le v a te d  te m p e ra tu re  
d igestion .

A lm ásfüzitő  an d  A jk a  b au x ite s  w ere d igested  a t  308 °C fo r 1,5 hou rs, 
in a 4 m ole ra tio  a lu m in a te  base c o n ta in in g  200 g /lit N a20 2. T he red  m ud 
an a ly sis  d a ta  are p re sen ted  in T able X I I I .

T able  X III

S lurry  analysis data o f  p la n t type bauxites digested at an elevated temperature

Type Measure­
ment Slurry A',0, SiO! Fei°s TiO„ Na,0 Y°.

Ignition
losses

A lm ásfüzitő  bau x ite 43 18,5 17,6 15,5 42,0 6,0 11,7 0,08 4,7
A jka b a u x ite 43 19.0 16,1 13,9 48,6 5,6 11,1 0,14 4,8

T he A120 3 an d  V2Oä recoveries ca lcu la ted  on  th e  basis of th e  iro n  ox ide  co n ten t 
w ere 84,2, 66,6, and  84,1, 42,6 per c e n t, re spec tive ly , w hich  confirm s our 
a ssu m p tio n  since, as w as expected , th e  Y  d isso lu tion  will in crease  from  th e  
h ig h er g o e th ite  co n ten t A lm ásfüzitő  b a u x ite . The g rea te r  th a n  u su a l A120 3 
recoveries can  also be ex p la in ed  by  g o e th ite  decom position .
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4.3 . O xidizing additive  experim ents to increase vana d iu m  dissolution

In  order to  re p ro d u c e  l ite ra ry  d a ta ,  ex p erim en ts  in v o lv in g  A lm ásfüzitő , 
M ag y aró v ár, and  A jk a  av e rag e  b a u x ite  ty p e s  w ere c o n d u c ted , in  such a m an n er 
as to  feed the  d iffe ren t ox id izing  agen ts in to  th e  slu rries p re p a re d  for d igestion  
(150 m l base, 43 g b a u x ite ) , th e n  th e  e x te n t of v a n a d iu m  disso lu tion  w as 
m easu red  a fte r a d ig es tio n  of 2 hours a t  a te m p e ra tu re  o f 240 °C. The analysis 
d a ta  o f the  b au x ite s  a n d  th e ir  red  m u d  p ro d u c ts  are  p re se n te d  in  T able X IY . 
A ccord ing  to  th e  e x p e rim e n ta l re su lts , th e  ox id izing  ag en ts  ad d ed  even in  
g re a t  q u an titie s  to  th e  s lu rry  p rep ared  fo r d igestion  w ould  n o t increase v a n a ­
d iu m  dissolution  s ig n ifican tly  or bey o n d  th e  analysis  e rro r  lim it, only  th e  
K 2S2Og add itive  b ro u g h t a b o u t a s lig h t Y reco v ery  increase  from  th e  
A lm ásfü z itő  b a u x ite .

5. E v a lu a tio n  of th e  experim en tal resu lts

On th e  basis o f th e  te s t  resu lts  concern ing  th e  a p p ea ran ce , d is tr ib u tio n , 
a n d  alkaline so lu b ility  of th e  v an ad iu m  co n te n t o f H u n g a ria n  bau x ite s , it  m ay  
b e  estab lished  th a t

—  th e  v a n a d iu m  d is tr ib u tio n  in these  b au x ite s  is s ta tis tic a lly  un ifo rm , 
a n d  no in d ep en d en t v a n a d iu m  m ineral or local c o n c e n tra tio n  can be d e te c te d ;

—  th ere  is a close co rre la tio n  be tw een  th e  iron  an d  v an ad iu m  c o n te n t, 
resp ec tiv e ly , b o th  in  m acro- and m icrodim ensions;

— a g rea te r  p a r t  o f th e  v an ad iu m  can n o t he in  con n ec tio n  w ith  e ith e r  
th e  organic m a tte r  o r th e  t i ta n iu m  m inera ls;

— th e  m u sco v ite , to u rm alin e , k y a n ite , g a rn e t, a p a tite , zircon, an d  
ch lo rite  m inerals o f  th e  b au x ite s  m ay  co n ta in  v a n a d iu m , b u t  th e  q u a n ti ty  is 
r a th e r  sm all in  th e  sam ples te s te d ;

—  in th e  B a y e r  ty p e  d igestion  of b au x ite s  th e  q u a n ti ty  of d isso lved  
v an a d iu m  can be  considered  as p ro p o rtio n a l to  th e  h e m a tite  co n ten t;

— fey in c reas in g  th e  te m p e ra tu re  o f d igestion  to  300-^320 °C, v a n a d iu m  
d isso lu tion  from  g o e th ite  b au x ite s  can  be considerab ly  increased ;

—- th e  a d d itio n  o f oxidizing ag en ts  to  th e  d ig estio n  base  does n o t a ffec t 
v an ad iu m  so lu b ility ;

—  b au x ite  ca lc in a tio n  will s ig n ifican tly  increase  th e  a lkaline so lu b ility  
o f  vanad ium ;

— com plete  v a n a d iu m  recovery  is feasible o n ly  b y  th e  d isso lu tion  of 
o f  th e  iron oxide c o n te n t.

On th e  b asis  o f  these  find ings, a conclusion on  th e  ap p earan ce  o f v a ­
n ad iu m  m ay be  a r r iv e d  a t , accord ing  to  w hich v a n a d iu m  h ad  been p re se n t a t  
th e  sed im en ta tio n  o f  th e  m a te ria l concerned  as ea rly  as d u rin g  th e  in itia l s tag e
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Table XIV

The effect o f  oxid izing  additives on V  solubility

Type A1A Si02 FeA Ti02 NasO VA
Ignition
losses V 20 5 re-covery, %

A lm ásfüzitő  technological
bau x ite 48.7 6,5 17,9 2,5 0.106 21.0

„  digested
w ith o u t add itiv es 17.8 13,5 37,6 5,5 11.9 0.13 10.1 41,2

„  d igested w ith  3 
ml H ypo  de-
te rg en t 18,4 13.4 37,6 5,6 11,8 0,13 9.8 41,0

,, digested w ith  
0,3 g N a20 2 
de te rg en t

„  digested w ith  
0,3 g K 2S ,0 ,

17,9 13,3 37,5 5,6 11,8 0,13 9,8 41,3

detergen t
,, digested w ith

18,0 13,1 35,9 5,6 12,5 0,1 10,1 52,4

2,5 ml H 20 2 
de te rg en t 15,0 14,1 40,9 5,4 11,5 0,124 8,7 45,4

„  digested w ith  
5,0 ml H 20 2 
de tergen t

„  digested w ith  
7,5 ml H .,0 ,

16,3 14,7 39,6 5,3 12,0 0,118 8,3 46,1

de te rg en t 16,1 14,6 40,6 5,3 12,0 0,132 8,3 41,4
„  digested w ith

10,0 m l H 20 2 
de tergen t 16,6 14,3 39,9 5,3 12,0 0,137 8,4 38,2

M agyaróvár technological
bauxite 47,9 5,5 26,5 2,9 0 0.13 15,7

,, digested
w ithou t a d d itiv es 12,5 9.7 50,0 4.9 9,6 0,137 8,1 45.0

„  digested w ith  
3 ml H ypo  
de tergen t

,, digested w ith
0,3 g Na,O.,

11,7 10,0 50,7 5,5 9,4 0,129 7,3 48,8

detergen t 13,0 10,0 50,2 5,2 9,4 0.129 7.9 48.9
,, digested w ith  

0,3 g K 2S ,0 8 
de tergen t 13,5 10,0 49,2 5,2 9,6 0.133 7,9 46,1

A jk a  technological b a u x ite 47,9 6,3 23,1 2,9 0,116 16,3
„  digested w ithou t 

add itives 13,3 13,6 48,7 5,8 10,5 0,11 7.3 55.0
,, d igested  w ith 1 g 

NaClOg de tergen t 13,0 13,4 48,0 5,8 10,3 0,11 7,3 54,4
,, d igested w ith  1 g 

K 2S20 8 de tergen t 13,3 13,9 48,0 5,8 10,5 0,10 5,4 59,1
,, d igested w ith  5 m l 

H ypo detergen t 13,5 13,6 51,1 5,8 10,6 0,13 6.3 48.6

o f b a u x ite  fo rm atio n , an d  has m o st lik e ly  been  p re c ip ita te d  to g e th e r w ith  th e  
fe rrig e l w hich th e n  tran sfo rm ed  its e lf  during  th e  b a u x ite  fo rm atio n . 
A ccord ing  to  B á r d o s s y  [8], a f te r  S c h e f f e r , W e l t h e  an d  L u d w i e g , th is  
tra n s fo rm a tio n  is as follow s, d ep en d in g  on th e  p H  v a ria tio n :
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goeth ite
ageing a t  an  f !
a lkaline  pH  |

f e r r i g e l -------------------------------------*-
ageing a t  a 
n e u tra l and
acidic pH  1 I

lim onite
(Siderogel)

d e h y d ra tio n  
ab o v e  130 °C

-------- »- h e m a tite
ageing

In  H u n g ary , th e  fo rm a tio n  of sed im en ta tio n  and  b a u x ite  to o k  place in 
a h ig h ly  oxidizing m ed iu m , th u s  th e  in itia l iron  c o n te n t could  h av e  heen 
re p re se n te d  en tire ly  b y  ferrige l. T his, th e n , has undergone  ageing  a t  a n eu tra l 
p H , w h e rea fte r  g o e th ite  w as form ed a t an  a lk a lin e  p H . T he fo rm a tio n  of these  
tw o m in era ls  varied  d u rin g  th e  b au x ite  fo rm a tio n  w ith  th e  f lu c tu a tio n  of th e  
pH . L im o n ite , how ever, has been  tran sfo rm ed  in to  h e m a tite  a t  a re la tiv e ly  
rap id  ra te  th ro u g h  th e  loss o f w ate r, w hereas go e th ite  w as tran sfo rm ed  in  
n a tu re  in to  h em atite  on ly  a t  a m uch slow er ra te . Q u a n tita tiv e ly , th e  v an ad iu m  
c o n te n t o f th e  orig inal gel could  be em bedded  in to  th e  g o e th ite  b u t ,  a t  a n e u tra l 
and  ac id ic  p H , lim onite  w as fo rm ed  an d  c ry sta llized  in to  h e m a tite  a t  a re la ­
tiv e ly  ra p id  ra te  ag a in ; since th e  la ttic e  s tru c tu re  of th e  la t te r  w as m uch m ore 
co m p ac t, a g rea te r p a r t  o f  th e  v an ad iu m  w as d isp laced  from  th e  h e m a tite  
la ttic e  in to  the  cracks a n d  over th e  surface o f  th e  c ry s ta l th u s  p roduced , in  
a v e ry  fine  d is trib u tio n . T h is v an ad iu m  m ay  p ro d u ce  v a rious c ry s ta ls  b y  fu r th e r  
o x id a tio n  or w eathering  (m o n tro se ite , do lo rese ite , d u tto n ite , co rv u site , etc.) or, 
w ith  o th e r  elem ents, i t  m a y  c rea te  certa in  m inera ls  (h ew e ttite , n o n a lite , etc .), 
or a g a in , i t  can he in c o rp o ra te d  by  o th e r m inera ls  p ro d u ced  d u rin g  b a u x ite  
fo rm a tio n  (pyrite , ru tile , a n a ta se , m uscov ite , ch lo rite , e tc .).

T h e  van ad iu m  q u a n t i ty  d isp laced  from  th e  la ttic e  d u rin g  th e  re -c ry s ta l­
liza tio n  o f the  ferrigel m u s t be p ro p o rtio n a l to  th e  h e m a tite  co n te n t, if i t  is  
assu m ed  th a t  th e  to ta l  q u a n t i ty  of th e  v a n a d iu m  orig inally  p re se n t in  th e  gel 
could  b e  em bedded in to  th e  new c ry s ta l in  th e  course of th e  go e th ite  t r a n s ­
fo rm a tio n , and  only a sm all p a r t  could be in co rp o ra ted  b y  th e  h e m a tite  s tru c ­
tu re .

A ccordingly , th e  causes of only a p a r t ia l  d isso lu tion  of th e  v an ad iu m  in 
p rocessing  H u n g arian  b a u x ite s  w ith  th e  B ay e r tech n iq u e  are  rep resen ted  m ost 
likely  b y  the  fac t th a t  a considerab le  p a r t  o f th e  v an a d iu m  co n te n t in th ese  
b a u x ite s  is p resen t in  th e  fo rm  of isom orphous c o n ta m in a n ts  o f iron  m inera ls  
(m a in ly  goethite) a n d , th e re fo re , it is n o t accessible to  th e  d igestion  b ase  
u n d e r  o p era tio n a l co n d itio n s . In  o th e r w ords, u n d e r th e  u su a l d igestion  cond i­
tio n s  on ly  th a t  p a r t  o f  th e  v an ad iu m  vóli be d isso lved  w hich  is p re sen t in th e
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b a u x ite  in  th e  form  of an  a lk a li so luble  com pound , or th e  isom orphous co n sti­
tu e n t  o f a b a u x ite  co m p o n en t w hich itse lf will be  d isso lved  d u ring  d igestion .

A n increased  d isso lu tion  can  on ly  be ex p ec ted  b y  th e  th e rm a l or hyd ro - 
th e rm a l decom position  of th e  g o e th ite  s tru c tu re , o r th ro u g h  its  re lax a tio n .
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U rsachen  des teilw eisen  In lösunggehens des V aiiad ium gehalts bei der V erarbeitung  der 
ung arisch en  B auxite  n ach  dem  B ayer-V erfahren . A uf G rund  d e r e inschlägigen L ite ra tu r  
u n te rsu ch e n  die V erfasser der R eihe n a ch  die E rscheinungsfo rm en  des V anad ium s in  der 
N a tu r  u n d  erw ägen  die M öglichkeit ih res  V orkom m ens in  den B a u x ite n . Im  ex perim en tellen  
Teil u n te rsu ch e n  sie die B eziehungen  zw ischen den K o m p o n en ten  des B a u x its  u n d  seinem  
V an ad iu m g eh a lt, u n d  die M öglichkeiten  fü r  die E rh ö h u n g  der L ösung  des V anad ium s. In 
Ü b ere in stim m u n g  m it den  goechem ischen K en n tn issen  ste llen  die V erfasser au f G rund  der 
U n te rsu ch u n g en  fest, d aß  im  Falle  der u n g arisch en  B au x ite  ein b e d e u te n d e r  Teil des V an a ­
d iu m g eh a lts  als isom orphe V eru n re in ig u n g  de r E isenm inerale  ( in n ers te  R eihe  des G oeth its) 
zu f in d en  is t u n d  so u n te r  den ü b lich en  B e triebsbed ingungen  n ic h t aufgeschlossen w erden 
k a n n . V erg rößerung  des In lösungsgehens k a n n  n u r  au f dem  W ege d e r therm isch en  oder 
h y d ro th e rm a le n  A ufschließung, bzw. L o ck eru n g  des G oeth itgefüges e rw a r te t  w erden.
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Причины частичного растворения содержания ванадия при преработке венгерских 
бокситов методом Байера (Я- Замбо, Л. Молънар). Н а основе литературных сообщений 
авторы подряд рассматривают формы появления ванадия в природных условиях и взве­
шивают возможности их существования в отношении бокситов. В экспериментальной части 
производится исследование связи компонентов бокситов и содержания ванадия, а затем 
возможностей повышения степени его растворения. На основе экспериментальных дан­
ных в согласии с геохимическими сведениями можно установить, что в случае венгерских 
бокситов значительная часть содерж ания ванадия пристствует в качестве изоморфной при­
меси минералов ж елеза (в первую очередь геотит) и, таким образом, при обычных произ­
водственных условиях не разлагается. Повышения степени растворения можно ожидать 
только путем термического или гидротермического разлож ения или ж е разрушения 
геотитной структуры.
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DISCUSSION OF THE BENDING THEORY 
OF CYLINDRICAL SHELLS OF ORTHOGONALLY 

ANISOTROPIC STRUCTURAL MATERIAL,
BY INTRODUCING THE DISPLACEMENT FUNCTION

L. VARGA*

CAND. ENG. SCI.

[M anuscrip t received A pril 16, 1971]

T he general b en d in g  th eo ry  of cy lind rica l shells o f o rth o g o n a lly  an iso tro p ic  
s tru c tu ra l m a te ria l (e.g. glass re in fo rced  p las tic ) in th e  case o f edge loads no rm al to  
th e  shell surface is discussed . F irs t ,  th e  corre lations betw een  in te rn a l  forces and  d e fo r­
m atio n  are ex p la ined , th en  th e  d iffe ren tia l equ atio n s o f b en d in g  are  p resen ted . T h is  
hom ogeneous d iffe ren tia l e q u a tio n  system  is solved by  in tro d u c in g  th e  d isp lacem en t 
fu n c tio n . D e te rm in a tio n  of th e  d isp lacem en t fu n c tio n  an d  b e n d in g  stress s ta te  in  th e  
case of period ica lly  chang ing  edge loads ac tin g  along th e  g e n e ra tr ix  and  th e  g re a t  
circle is d e a lt w ith  in d e ta il. On th e  basis of th e  re la tio n s th u s  d e riv ed , th e  ben d in g  
stress s ta te  caused b y  an  edge lo ad  v a ry in g  accord ing  to  an  o p tio n a l fu n c tio n , re ad ily  
described  b y  th e  F o u rie r  series, can  also be d e te rm ined . F in a lly , a num erica l exam ple  
i llu s tra tin g  th e  ro o t d ev elo p m en t o f th e  c h arac te ris tic  e q u a tio n  is show n.

Symbols

m
n

x 2 =  :
B,
B„
B,
D1
D„
d 3
E,
E„
E3
M,
M„
Ml
Ni
JV,
jv;
PA*i)
P-A**)
R

h'R
cJR

g en era trix  d irec tio n a l w ave n u m b er 
p e rip h e ra l w ave n u m b er 
shell th ick n ess (cm)
g en era trix  d irec tio n a l d isp lacem en t (cm )
p erip h era l d isp lacem en t (cm )
rad ia l d isp lacem en t (cm )
g en era trix  d irec tio n a l co -o rd in a te  (cm)
p erip h era l co -o rd ina te  (cm )
rad ia l co -o rd ina te  (cm )
dim ensionless co -o rd in a te  re la te d  to  th e  g en era trix  d irec tio n  
d im ensionless co -o rd in a te  re la te d  to  th e  p e rip h eral d irec tio n  
g en era trix  d irec tio n a l b end ing  stiffness (kp/cm ) 
p e rip h era l b end ing  stiffness (kp/cm ) 
to rsional stiffness (kp /cm )
g en era trix  d irec tio n a l e longation  stiffness (kp/cm ) 
pe rip h eral e longation  stiffness (kp/cm ) 
shear stiffness (kp/cm )
g en era trix  d irec tio n a l Y oung  m odu lus (kp/cm 2) 
peripheral Y oung  m odu lus (kp/cm 2) 
shear Y oung  m odu lus (kp /cm 2)
g en era trix  d irec tio n a l specific  m o m en t (cm kp/cm ) 
peripheral specific  m o m en t (cm kp/cm ) 
to rsional specific m o m en t (cm kp/cm ) 
g en era trix  d irec tio n a l section  force (kp/cm ) 
p e rip h era l section  force (kp/cm ) 
shear sectional force in  th e  shell p lane  (kp/cm )
edge load  no rm al to  th e  shell surface, a n d  acting  along th e  g en era tr ix  (kp/cm ) 
edge load  no rm al to  th e  shell surface, an d  acting  p e rip h e ra lly  (kp/cm ) 
cu rv a tu re  rad iu s  of th e  m iddle  surface (cm)

* D r. L. Varga, G ábor Á. u . 42, B u d a p es t I I . ,  H u n g a ry
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<2.

Qi

A
A
£i
£2
8»
»?

Vn
CTi

=  sectional fo rce  p e rp en d icu la r  to  th e  m iddle  surface, as re la te d  to  th e  g e n era tr ix  
d irection  (k p /cm )

=  sectional fo rce  p e rp en d icu la r  to  th e  m iddle  surface, as re la te d  to  th e  p e rip h e ry  
(kp/cm )

=  shell c o n s ta n t  re la te d  to  th e  g e n e ra tr ix  d irection  
=  shell c o n s ta n t re la te d  to  th e  p e r ip h e ry  
=  specific e lo n g a tio n  in  th e  g e n e ra tr ix  d irection  
=  peripheral sp ec ific  elongation  
=  specific a n g u la r  d isp lacem en t 
=  deriva tion  in d e x
=  Poisson co effic ien ts  (the  f irs t  in d ex  refers to th e  d irec tio n  of d e fo rm atio n , 

while th e  seco n d  one to  th e  fo rce  d irection)
=  peripheral d a m p in g  function  
=  gen era trix  d irec tio n a l dam ping  fu n c tio n  
=  gen era trix  d irec tio n a l n o rm al s tre ss  (kp /cm 2)
=  p erip h eral n o rm a l stress (kp /cm 2)
=  shear s tre ss  in  th e  shell p lan e  (k p /cm 2)

F u r th e r  sym bols a re  ex p la in ed  in th e  te x t .

1. In tro d u c tio n

D iscussion o f th e  general b en d in g  th e o ry  of shells o f usual (isotropic) 
s t ru c tu ra l  m ateria l c a n  rep ea ted ly  be  found  in l i te ra tu re , see for exam ple 
F lügge [1] and  Wlassow [2]. P a p e rs  dealing  w ith  th e  ex am in a tio n  of an iso ­
tro p ic  shells can  s im ila r ly  be fo u n d , as review ed b y  Ambartsumian [3]. 
P a r t ic u la r  a tte n tio n  is d eserv ed  by  th e  p ap ers  of Ambartsumian [4, 5] w hich 
c o n ta in  a de tailed  d iscussion  of b e n d in g  an iso trop ic  a n d  o rth o tro p ic  shells, 
re sp ec tiv e ly .

A m ajo rity  o f th e  p ap ers  referred  to  th e  p resen t fu n d a m e n ta l co rre la tions 
fo r  th e  d e te rm in a tio n  o f  th e  stress s ta te ,  and  in tro d u c in g  general m ethods. 
I n  p rac tica l ca lcu la tio n s , these  fu n d a m e n ta l co rre la tio n s rep re sen t th e  basis 
o f  investiga tions, b u t  th e  m ethods described  do n o t exclude  th e  possib ility  of 
fu r th e r  co nsidera tions, or th e  e lab o ra tio n  of m ore ex p ed ien t ca lcu la tio n  
tech n iq u es .

B y  m aking u se  o f  th e  basic co rre la tio n s derived  fo r o rth o tro p ic  shells, 
g lass reinforced p la s tic  shells (p ressu re vessels, co n ta in e rs , p ipelines, etc .) can  
also  be stud ied  w h ich , due  to  th e ir  good corrosion re s is tan ce , re la tiv e ly  high 
s tre n g th , and  low sp ec ific  g rav ity , a re  increasing ly  accep ted . B ecause of th e ir  
s tre n g th  c h a rac te ris tic s , th e y  can be considered  as o r th o tro p ic  m a te ria ls . T heir 
fle x ib ility  p ro p erties  c a n  be m easu red  or ca lcu la ted  if  th e  elastic  p ro p erties  
o f  b o th  the  glass f ib re  a n d  th e  p las tic , th e  ra tio  of co m p o n en ts , an d  th e  o rien ­
ta t io n  of th e  re in fo rcem en t are k n ow n . (See, for ex am p le , [6] in th e  l i te ra tu re  
c ited .)  T heir d e te rm in a tio n  will n o t be  d ea lt w ith  he re , an d  th e  e la stic ity  
ch a rac te ris tic s  of th e  m ain  tren d s  o f o r th o tro p y  w ill be  assum ed as know n.

O rtho trop ic  cy lin d rica l shells w ill be s tu d ied . T h e  p rin c ip a l d irec tions 
o f  o rth o tro p y  are id e n tic a l to  th e  g e n e ra tr ix  and  p e rip h e ra l d irec tions of th e  
shell here.
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In  o u r in v estig a tio n s hom ogeneous a n iso tro p y  will be reckoned  w ith , an d  
th e  ab so lu te  values o f th e  specific d e fo rm a tio n s  caused b y  tensile  or com pressive  
s tresses w ill be reg a rd ed  as equal, fo llow ing  th e  H ooke law .

W ith  a cy linder sa tisfy ing  th e  co n d itio n s  specified , th e  effect of edge lo a d ­
ing n o rm a l to  th e  su rface  and local in  c h a ra c te r  will be s tu d ied . T he fu n c tio n  
d escrib ing  th e  v a r ia tio n  of the  e x te rn a l lo ad  is assum ed  to  be read ily  ex p an d ed  
to  a F o u rie r  series. I n  o rder to  en su re  easy  su rv ey , an d  to  sim plify  th e  en tire  
d e sc rip tio n , only  one m em ber (m -th  o r n -th ) o f th e  fu n c tio n  series will be ta k e n  
in to  co n sid era tio n , as th e  ca lcu la tions on th e  o th e r  m em bers can  be p erfo rm ed  
in  th e  sam e w ay.

E la b o ra tio n  of th e  calcu lation  m e th o d  a d a p ta b le  for th e  d e te rm in a tio n  o f 
th e  b en d in g  stress s ta te  produced  in  th e  o rth o tro p ic  cy lind rica l shell is b y  
in tro d u c in g  th e  idea o f d isp lacem en t fu n c tio n .

2. Correlations between internal forces and deformations

T he re la tio n s b e tw een  the  stre sses  p ro d u ced  in  th e  o rth o tro p ic  m a te ria l 
an d  th e  specific defo rm ations in th e  m a in  stiffness d irec tions m ay  be expressed , 
acco rd ing  to  th e  H ooke law (and b y  assu m in g  a p la n a r s tress s ta te ) , in  th e  
fo llow ing form :

E
ai =  - ------ 1----- (« l+ V u « * ).

1 ~ v12 V21
E

° 2  =  - ------ ------ («2 + ^ 2 1  £i), ( l a  c)
1 -> T 2  *21

°3 =  E 3 £3 .

As is w ell know n, specific defo rm atio n s can  be expressed  b y  m idd le  surface 
d isp lacem en ts  [1]:

ei
u ’
R

w"

83

V x 3 w + w

R R R -\-x 3 R + x  3
•)

u I W ‘ X3 X 3

R  R ^\-x 3R +
1

* 3 R - R

(3a c)

In  th e  above re la tio n s, th e  sym bols re p re se n tin g  d e riva tion  m ean

8( ) =  9( )
d x J R  dxi

9( ) _  3( )
3 x J R  dx2

( )’

( )■•
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T he co -o rd in a te  sy s tem  on th e  m id d le  su rface , an d  th e  in te rn a l forces are  
i l lu s tra te d  in  Fig. 1. W ith  th e  re la tio n s  ( l a  — c) an d  (2a — c) th e  fu n c tio n s  
d escrib in g  th e  co n n ec tio n  betw een  sec tio n a l forces, specific m om ents an d  d is­

p lacem en ts , re sp ec tiv e ly , can  read ily  b e  p ro d u ced  an d  expressed , w ith  th e  p e r­
m issib le  neglections in  th e  case of th in  shells, as follows (Fig. 1):

w here
E 1 s E y s3
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In  deriv ing  re la tio n s  (3 a—f), th e  te rm s  m u ltip lied  b y  B t in  th e  precise e x p re s ­
sion  o f th e  edge forces h av e  been neg lec ted  [ I ] .  T he e rro r  due  to  th is  n eg lec tion  
will develop in  th e  fu n c tio n  o f fac to r

k = B j
R 1 Dj 1 2 R 2

w hich is an  ex trem e ly  sm all value (R /s  100) in  th e  case o f th in  w alls, w h ereb y
its  neg lection , as com pared  to  th e  u n it ,  is fu lly  ju s tif ied . A n o th e r neg lec tion  
is to  om it th e  low er o rd er d e riv a tiv es  o f th e  d isp lacem en ts, as ag a in s t th e  
h ig h er o rd er ones, in  th e  expression of th e  specific m om en ts [I] .

F o r  th e  th in  shells s tud ied , re la tio n s o f an  accu racy  accep tab le  in  p rac tice  
an d  easy  to  h an d le  w ill be o b ta ined  a f te r  th e  neg lections re fe rred  to  above.

3. D ifferential equa tions o f bending

T he d iffe ren tia l equ a tio n s describ ing  th e  stress s ta te  o f  a cy lind rica l 
shell can  be com posed b y  m aking  use o f re la tio n s  (3 a—f), an d  w ith  th e  re le v a n t 
equ ilib riu m  eq u a tio n s  know n. The eq u ilib riu m  eq u a tio n s o f a shell com ponen t 
can  be expressed  w ith  good ap p ro x im a tio n , as is well know n, in  th e  follow ing 
form  [1]:

N[ +  N i =  0,

N i + ' N i ~  0,

@1 Q l  “l" -^2 — 0*

M 2 +  M ’3 -  R Q 2 =  0, ( 5 a - e )

M i -j- M j — RQx =  0.

In  connection  w ith  th e  above equ ilib rium  eq u a tio n s  it  m u s t be n o ted  th a t ,  in  
E q . (5b) describ ing  th e  equ ilib rium  o f forces, th e  v e ry  sm all p e rip h era l com ­
p o n en t of th e  re la tiv e ly  sm all section  force Q2 w as o m itte d  an d , fu rth e rm o re , 
th e  re la tio n  expressing  th e  m om ent eq u ilib riu m  a ro u n d  ax is a:3 is also m issing 
because , as i t  is ir re le v a n t, it  will h av e  to  be  fo rg o tten  h e re a f te r  [1].

In  o rd er to  express th e  d ifferen tia l eq u a tio n s  describ ing  th e  stress s ta te , 
th e  equ ilib riu m  eq u a tio n  (5c) should  be  re w ritte n , b y  m ak in g  use o f E qs 
(5d — e), in  th e  follow ing form :

R N 2 +  M{’ +  M 2- +  2 M £ =  0. (5c ')

S u b s titu tin g  th e  expressions (3 a—f) of th e  sec tio n  forces an d  specific m om ents 
in to  equ ilib rium  eq u a tio n s  (5a —c '), an d  a f te r  rea rra n g em e n t, th e  d iffe ren tia l 
eq u a tio n s so u g h t fo r w ill be read ily  o b ta in e d :

v"-\-v12 w' — 0 ,
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w here

I E., \ £ ,+  vaiJ « ’•+»■■+ —  v" +  w  -  0 ,

v.n  u ’-\-v'-\-w -{-k E , „—— w „ L  -Eo "
” +  2 2 — ~  4  v21 w'"'-\-w::

e 2 l E*
=  0

(6 a — c)

k
1

12
E? _ Æl .

1 - V , . .  V.,.

T h e stress  s ta te  w ill th e n  be defined  b y  th e  so lu tion  o f th e  hom ogeneous d if­
fe re n tia l eq u a tio n  sy s te m  (6 a—c).

4. Solution of the differential equations 
by introducing the displacem ent function

T h e re la tiv e ly  sim ple so lu tio n  o f  th e  hom ogeneous d iffe ren tia l e q u a tio n  
sy s tem  (6a — c) d esc rib in g  the  b e n d in g  s tre ss  s ta te  p ro d u ced  b y  local edge load  
is o b ta in ed  b y  in tro d u c in g  th e  d isp la c e m e n t fu n c tio n

of =  aFfa, x2). (7)

F o r  th is  p u rpose , le t  us firs t ex p ress  th e  d isp lacem en t of th e  m idd le  su rface , 
b y  m eans o f th e  d isp lacem en t fu n c tio n . I t  is to  be n o ted  th a t  th is  fu n c tio n  
re la tio n  can  be fo u n d  in  a  volum e b y  W l a s s o w  [ 2 ]  for th e  case o f iso tro p ic  
s tru c tu ra l  m a te r ia ls . This will now  b e  generalized  to  o rth o tro p ic  m a te ria ls , 
as follow s:

~IIa

5

( E .
v = - S ~ -  - ~  - v 9.

\ e 3
E . _ E.

W =  -  -  c f  + -  2 v „ ,
e 2 [ E  3 ,

(8a c)

S u b s titu tin g  th e  (8 a —c) expressions o f d isp lacem en t in  th e  (6a — c) eq u a tio n  
sy s te m , th e  id e n t i ty  w ith  th e  f ir s t  tw o  equ a tio n s w ill be a rriv ed  a t ,  w hereas 
fro m  th e  th ird  one  th e  following d iffe ren tia l eq u a tio n  will be o b ta in ed :

$vm -f 4nxofVI: +6n2JF1V:: + 4 n 3lfII:;: +  n4lf:::: +  4^!FIV = 0 .  (9)

H ere  th e  R o m an  figures above th e  d isp lacem en t fu n c tio n  in d ica te  th e  n u m b e r 
o f  d e riv a tio n s  w ith  respect to  x v

T he coeffic ien ts  can be c a lc u la te d  from  th e  follow ing eq u a tio n s:

E \  Uî 4 2?3J’
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e 2
1  +

1 4 £ 3
2

E ,
2̂1

3 E 3 3 E*

re3 =
e 2

i " 1’

n4 =
( A
E i

2
9

A  = /  3(1 —v r ) A
ß  l2

s  J *

(10a e)

N a tu ra lly , section forces an d  specific m o m en ts  can also be  expressed  by  m eans 
o f th e  d isp lacem en t fu n c tio n . S u b s titu tin g  th e  (8a — c) d isp lacem en t ex p res­
sions in to  (3a — f), an d  ta k in g  th e  (5d — e) equ ilib rium  e q u a tio n s  in to  considera­
tio n , th e  follow ing fo rm u lae  are  o b ta in ed :

N , = ^ ( l  - * la
K

* 2 = ^ ( 1K

N 3 =  — ( l —v12v21)§:IU',
K

M i

M, =

A
R 2

A
R 2

E 1 ffVI +

va S ” 1 +

A
E i

l + v 2i

ffIV: + E
1+ V 12 — —2r,a V

-2»'l2>'21

£■>

áfIV: +

ia

( A
\ e 3

E,
V 1 2 \

m 3 = 2 f r C1A
^ f v . + l - 2 r 21 — '-

E J
frUL-_L A _ .

E i

E ,
E,

ofVI I . 2  A  +  EJ  a | f f V :  +

E* E3 1
(1 1 a—h)

E E
+  | 3 + v12— l -  4j»21 ^  - 4 v 12 v21

■̂ 3 ^1
ofI,,::+  12 + v 12 PI:::

A
Ri

+  V21 ffvi- + 3 —}- v221
E 2 
E,

„ A  ,4r01 —-  - 4r10 v,
E t

12  "21 f f IV" +

+ 12 A  + A
Ei* E3

t o E °-
E i
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T h e  a c tu a l form  of th e  d isp lacem en t fu n c tio n  in  th e  sec tio n a l force; d isp lace­
m e n t, and  specific m o m e n t expressions can  be d e te rm in ed  b y  solving th e  
d iffe re n tia l eq u a tio n  (9), i f  th e  e x te rn a l load  is know n. T he m eth o d  o f th is  
so lu tio n , and  th e  d e te rm in a tio n  o f th e  a c tu a l form  of th e  d isp lacem en t fu n c tio n  
as w ell as o f th e  s tre ss  s ta te  w ill be described  below  fo r tw o  fu n d a m e n ta l load  
cases.

5. D eterm ination o f the bending stress condition caused  
by the edge load along the generatrix ( x 2 =  constant)

F o r th e  sake o f easy  u n d e rs ta n d in g , le t us assum e th a t  in  ou r in v es tig a ­
tio n s  th e  ex te rn a l edge lo ad  n o rm a l to  th e  shell su rface  is described  b y

P i( i i )  — P m cos (mXp), (12)

(see F ig . 2).

F ig . 2

The d isp lacem en t fu n c tio n  has a form  sim ilar to  th a t  o f th e  load:

of =  o?! =  @m cos (m i]). (13)

T h e  ac tu a l form  o f th e

=  < M * 2) (14)

d am p in g  fu n c tio n  in  (13) is o b ta in ed  b y  solving th e  d iffe ren tia l eq u a tio n  (9) 
w h ich , a f te r  th e  su b s ti tu t io n  o f (13) an d  th e  perfo rm an ce  o f th e  n ecessary  
o p era tio n s , w ill a ssum e th e  follow ing fo rm :

H ere

—  4m 1m2<2>;(; - f  6 —  4 m s m e&:m -f- 

-f- -(- 4/?i rni 0 m] cos (m x j) =  0. (15)

E , 1 E 1
m, = ------------ •>

E* 4 e 3

E ,m., =  ----- 1 +
1 e 2 4 E  s 4

---------i. Voi — — V12 —  p
E t 3 F s 3 E f 3
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E 1
m 3 — m i 9

E 2

m t = E i Y  
E j  ’

4

II /  3(1 — Vi
X E l

l V 2 l) -  “
E  2

R_ 2

s

(16a —e)

As a so lu tion , le t us ta k e

(T) -— f  Am* a (17

w here th e  coefficients can  be ca lcu la ted  from  th e  c h a ra c te r is tic  equation

)?m — 4m 1 m 2 )ßm -f- 6m 2 ire4 — 4ire3 m6 -)- m 4 ire8 =  — 4/?J in4 . (18)

T he expressions o f th e  co n ju g a te  com plex ro o t rep re sen tin g  th e  so lu tion  a r t

^m l =  x ml “h  ß m i  b

?-m2 =  ' Kmi ß m i  t»

•̂m3 =  a m2 ß m 2 6

^m4 =  a m2 ß m i  6

■̂m5 =  "A i^mi Î» 

■̂m6 == a ml ß m i  t? 

A/737 =  a m2 d- ßm21»

■̂m8 —  &m2 ßm2 ì"

(19a—h)

As is know n, in  th e  case o f re la tiv e ly  long cy lind rica l shells [1] i t  will suffice 
to  reckon  w ith  on ly  th e  ro o ts  u n d e r (19a — d). T hus th e  d a m p in g  function  can  
be w ritte n  in th e  form

®m =  Cml (K l  +  C m2 $ m2 +  C m,  ®m3 +  C mi =  2  C"'> ' (20)
j - 1

th e  &mj func tions o f w hich  can  be ca lcu la ted  from  th e  re la tio n s

0 m l  — e ’ COS ( ß m i x 2 ) i

& m2  ~  Q mi a gjn (ßm2 X2 )l (21a—-d)

& m 3 ==  & mI COS { ß m 2 x 2 ) i  

— C m. a gjn (ßm2 ^2) *

T hus th e  ac tu a l form  o f th e  d isp lacem en t fu n c tio n , in  th e  case of th e  s tu d ied  
edge load , will be

&i =  2  Cmi®mj cos (mx4). (22)
y=i
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T h e  in te g ra tio n  c o n s ta n ts  Cmj can  be d e te rm in ed  b y  ta k in g  th e  b o u n d a ry  con­
d itio n s  in to  acco u n t. T h is requ ires f ir s t  th e  expression o f  th e  d isp lacem en ts, 
th e n  th a t  of th e  sec tion  forces an d  th e  specific m om ents, b y  usin g  th e  d isp lace­
m e n t fu n c tio n  (22).

A ccording to  re la tio n s  (8 a—c):

um -  y  Cmj(m0'mj +  v21 m 3 0 mj) sin  ( m r j ,
7 = 1

v m  C m j

7 = 1

™,n =  £  Cmi
7 = 1

e 3

E 1-----  1
En

V21 m 1 0 m  j  - 0  'h'ij cos (m xx) (23a c)

i4 0 ,mj
E 1

2v21 t ï l ~ 0 f n j ~ \ - 0 m j cos (mXy) ,

a n d  w ith  respect to  expressions (11a — h):

D
N lm =  - ~ ( l - v 12v21) ^  - C m jrnr0mj cos ( m ^ ) ,  

K  7=1

D  4 -  _
iV2m =  — L ( 1 v12v21) J ?  Cm] m 4 0 mj cos (m x ,) ,

K  7=1

D  4 — _
N 3m =  — L ( 1 - » ’i 2 »'2i ) ^  Cm jm 3 0mj sin (m x j) ,

R

M lm =  ^  Cmj

+

7 =  1

£ lVi30 fn j— — ----- 2 r12 r 21 m 2í*my-f-
E

E 1 »»I 4 (J) iy, . _ Æ l  m  6  0

£ 3

—  V21 in 'i'mi]
i ? 2  H
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-fi y=4
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—y- —
En
~----- ’Tï

Ey ^3

my

M 3m 2 (1 i'i2 v2i) ^  Cmj
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m & 0mI
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sin ( m r j ,

m 2 0m  j —{“

cos 111* 7) ,

£ 31 2r,
E j

m 3 0'in ;

En __
— 2 ---- + f 12 m 0tn j +

_ E f  J
3 +  Vi2 — — 4 r21

E , EX
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4Vi2 v21 m ' E s , -Ei
ES E ,

m 5<P'mj-\- “ -m70 mj
hjc,

Qlm — y  c
R 3 f è i  m j

E ,
- 4v21 ~  l  -+ 3 +  vn  — 2

E 3 E f

r e , Í E 3 E ,
—- 0m j — 2 — r  + —  112

l .E 1 E* E 3

4 r 12 V21 lit4 0fnj-
ES

4~V21

sin (mXj) ,

m 2 fIyinj +  

m c 0m cos (jnx4) . 

( 2 4 a - h )

D eriv a tiv es  of th e  d am p in g  func tions in  th e  d isp lacem en t, section  force, an d  
specific m om en t expressions can be ca lcu la ted  as follow s:

0m i =  e - *"“** [-41?i cos (ßmiX2) +  A 2rj sin (/?ml*2)],
0ml =  e [-4l7) sin (ßm lx 2) — ,427) cos (/Sml*2)], (25a—d)

0ml =  [A3v cos (ßm2x 2) +  A 4v sin  (ßm2x 2)],

0 m  =  e~ am,x‘ [A Sv sin (ßm2x 2) -  A lr] cos (ßm2x 2)].

Coefficients A j  , on th e  o th e r  h an d , lead  to  th e  fo llow ing eq u a tio n s:

w here

-/4 « =  l7? «ml ^ l G j - l )  4 “ /^ml ^2(77-1)’

= «mi ^2(77-1) ßtnl A ( 2 6 a - d)

^  = «m 2 ^3(77—1) 4 “ ßm2 ^4(77-1)’

= «m2 ^4(77-1) ßn-.2 -^3(77-1)

^ 1 0  =  ^ 3 0  =  Ed

0II0m ( 2 7 a - b)

In  th e  case of edge lo ad s (x2 =  0) a lo n g  th e  g en e ra trix , th e  Cmj in teg ra tio n  
co n stan ts  are defined b y  th e  follow ing f i t t in g  cond itions:

vm{*V °) =  °>
w'm{xv  0) =  0, (28a —d)

N 3m{xi, 0) =  0,

Q U * »  0) =  1/2 P ^ ) .

E x pressing  th e  f i t t in g  cond itions b y  m ean s of th e  d isp lacem en t fun c tio n , we 
o b ta in

y  ( - i ) j+i c mj A ji =  o .
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2  ( - l ) y+1CIBy^ya =  0 ,
7 = 1

2 '  ( - i y +1Cm;^ 5 =  0 ,  ( 2 9 a - d )
7 = 1

i "  ( - 1)7'+1 CmJA j,  =  2 ß i — ^ ~ .
7 =  1 s  # 7

A fte r  th e  d e te rm in a tio n  o f th e  in te g ra tio n  c o n s ta n ts , we can express 
th e  a c tu a l form  of th e  d isp lacem en t fu n c tio n  re la ted  to  th e  e x te rn a l load  u n d e r 
te s t .  T h en , w ith  th is  know ledge, th e  d efo rm atio n s, sec tion  forces, an d  specific 
m o m en ts  (thus stresses) re p re se n tin g  th e  bend ing  stress s ta te  can  be ca lcu la ted  
w ith o u t an y  d ifficu lty .

6. D eterm ination of the bending stress state caused  
by an edge load along the great circle ( x 1 =  constant)

S im ilarly  to  a n  edge load  a long  th e  g en era trix , le t us assum e th a t  th e  
e x te rn a l edge load  n o rm a l to  th e  shell surface varies  acco rd in g  to  re la tio n

P2(x2) =  P n  cos {n*2) (30)

(see F ig . 3).
C orrespond ing  to  th e  c h a ra c te r  o f  th e  load , th e  d isp lacem en t fu n c tio n  can  be 
w r it te n  as

IF =  c?2 =  W n cos (nx2). (31)

T he a c tu a l form  o f th e  dam p in g  fu n c tio n

Vn =  Y n P  i) (32)

in  th e  expression (31) can  again  he o b ta in e d  b y  solving th e  d iffe ren tia l eq u a tio n  
(9) w hich , a fte r th e  s u b s ti tu tio n  o f (31) and  th e  p e rfo rm an ce  of th e  necessary  
o p e ra tio n s , can be re w r it te n  in  th e  follow ing form :

[ ï ™ 111 -  4 n x n 2 Ï™ 1 _|_6 „ 2 n i  „6 x p n  +

+  n1 n 8ï / „ + 4 ^ 'P J 1v] cos (n x 2) =  0 . (33)

S o lu tio n s of th e  d iffe re n tia l eq u a tio n  can  be w ritte n  ag a in  as

W n =  Cn eV , (34)

a n d  th e  coefficients A„ m a y  be ca lcu la ted  from  th e  c h a ra c te r is tic  equa tion

A® — 4re1n 2A,® -f- 6n2n4A* — 4 n3n6À?t +  n i n 8 — — 4/32A„. (35)
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BEN D IN G  TH EO RY  OF CYLINDRICAL SHELLS 1 8 7

E xpressions o f th e  co n ju g a te  com plex roo ts rep re sen tin g  th e  so lu tion  are

W ith  th e  fou r ro o ts  u n d e r  (36a — d) ta k e n  in to  co n sid e ra tio n  (since we s tu d y  
re la tiv e ly  long cy lin d rica l shells), th e  dam p in g  fu n c tio n  can  he  re w ritte n  as

w n =  с п1 'рп1+ с п2 v n2+ c n3 ÿ n3+Cni ÿ ni =  V  Cnj 4>nj ( 3 7 )

7=1

w here th e  fu n c tio n s  Wnj m ay  be ca lcu la ted  from  th e  follow ing eq u a tio n s:

W nl =  e-*"*' cos ( t ó ) ,

Wn2 =  sin ( t ó t ) ,  (38a —d)

ns =  cos (ßn2*l),
Wn3 =  e - “"**' sin ( & ,* ) .

A ccordingly , th e  a c tu a l fo rm  of th e  d isp lacem en t fu n c tio n , in th e  case of 
th e  s tu d ied  edge load , w ill be

t ó  2  Cnj 4'n> cos ( t ó  (39)
7=i

A fte r su b s titu tin g  (39), th e  d isp lacem en ts, forces, an d  m om ents can be d e te r ­
m ined  accord ing  to  (8 a — c) as follows:

un = Cnj (n2 ̂ kj+Voi ПУ) cos (nx2) ,
7=i
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4 F ,
= 2  En, 

7 = 1

1
F ,

- V21

Ei  11/í v ' F ,
nj

f 3

ni sin (n x 2) , (40a —c)

«>n= 2  C 
7= 1

F u rth e rm o re , w ith  re sp e c t to  ( l i a  — h):

2)'., n 2 W,ni cos (n x 2) .

N  m =  (1 — v12v2i) ^  Cnj n2 W ln) cos (n x2) ,
K  7 = 1

N. D i2n —  —  (1 -V12V2i) J ?  Cnj^ 'nJ  COS (nx2) , 
K  7=1

N 3n =  (1 - v 12r 21) Cnj-nW^y sin (n*2) ,
K  7=1

R  4
M ln =  —  y  c ni

R 2 p i  1
Ex X T f1V^ n j  ~

A
F i

+ 2î i2
E„

n " P H j - v 12n " P nJ

n - n y +

cos (n * 2) 5

(4 1 a—h)

" „ n ; - 1 +  v2i ---- 2r12 v21 n 2 -f-
E

+
En

n ' K )  J  r ,« 'l'ni
Ex

cos (n x 2) ,

M 3n =  2 ~ { 1~ v 12v2 l ) ^  Cnj
R 2 P l

1 —2v, Ea
Ex

n 31? ” 1

—  n 5^ 1
F 2 ^

B 4
Q ^ n = ^ ^ C n j

R  7 = 1

A
En

m inj

sin  (nx2) ,

2 ^  +  ^ -
E t  E 3

n 2n j +

+ 3 + Vi A
F ,

4r„21
E j
E*

B 4
Q-ln =  j ^  Enj

E  j= i

-4v10 V,

F„

n 4n y
F*

2 - “  + v 21 »« % , +

+  Vl2

F ,

» « n -

3 +  v21 — ------41’.,! — -
F 3 E t

cos (n*.,), 

En

4l’i, V.y n * n  y-
2 - F 3- _ F ^ _

E t  F s E x
sin (n * 2) •
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BENDING T H E O R Y  O F CYLINDRICAL SHELLS 1 8 9

D eriv a tiv es  o f th e  dam ping  fu n c tio n , like th a t  in  th e  p rev ious c h a p te r , can  
be ca lcu la ted  from  th e  follow ing fo rm u lae :

ÿ d ’rt =  e - a"‘x‘ [Blv cos (ßnlXj) +  B 2v sin (ßnlx ß ] ,

l]A n }  =  [ B l v  s i n  ( ß n l x l )  -  B 2V c o s  ( ß n l x l ) ] ’ (42a — d)
\B 3v c o s  (ßn2x ß  +  B iv sin (ßn^ ) ] ,  

lK 1  =  [B3v sin  (ßr2x ß  -  B Wj cos (ft* * ,)] .

R e la tio n s a d a p ta b le  for th e  d e fin itio n  o f coefficients B jn:

B lrj =  x n l B l ( v - l )  “I-  ß n l B 2(-t]—i p

B 2 », =  x n l B 2 ( i] - l)  ß n l B \{rl-l)->

B 3q —  x n2B 3 ( q - l )  “l-  ß n 2 B i(-q -l)i

B irj =  X n2B i( -q - l)  ßrt2B 3('q~l)

w here

B io =  B 30 =  1,

B 2 o —  B i o  =  0 .

( 4 3 a - d )

( 4 4 a - b )

In te g ra t io n  c o n s ta n ts  C„j can  be d e te rm in e d , in th e  case of an  edge load  a long  
th e  g rea t circle aw ay  from  th e  cy lin d e r ends (x± =  0), if  th e  f i t t in g  co n d itio n s 
below  are  sa tisfied :

wn(fb x ß) ~~ 0 ’
w ’n(0, x 2) =  0, (45a — d)

-^3n(0 ’ *2) =  O5

* 2) =  1 /2  -̂ *2(^2) -

A fte r  th e  in tro d u c tio n  o f th e  d isp lacem en t fu n c tio n , th e  f i t t in g  cond itions m ay  
th u s  be sim plified :

2  ( 1)7+1 CnJ B j!  =  0 ,
i= i

2  ( i ) 7+1 Cnj B j3 =  0 ,
j =1

2  ( ~ i y + i c n]B ]s =  o ,
7 = 1 2

2  ( 1 )J+1 Cn j  B p  =  2/?| —  
7=1 s

(46a d)
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n

4

8

12
16

20
24

28

32

36

40

44

48

52

56

60

64

68

72

76

80

84

88

92

96

100

104

108

112
116

120
124

128

132

136

140

144

L. VARGA

Table I

Coefficients o f  orthotropic materials

a»i a«2 ß*i ßriz

14,7989 0,8210 13,4034 0,7435
16,7565 3,6098 11,3962 2,4550
17,9127 9,7116 6,8028 3,6882
19,7994 16,8059 4,8984 4,2341
24,3577 21,3951 6,0155 5,2838
29,0538 25,8482 7,1292 6,3425
33,8071 30,2445 8,2739 7,4019
38,5868 34,6148 9,4319 8,4609
43,3803 38,9713 10,5967 9,5196
48,1815 43,3202 11,7562 10,5780
52,9868 47,6649 12.9357 11,6363
57,7950 52,0069 14,1075 12,6945
62,6051 56,3469 15,2803 13,7527
67,4165 60,6856 16,4536 14,8107
72,2284 65,0239 17,6272 15,8688
77,0409 69,3615 18,8011 16,9268
81,8540 73,6986 19,9752 17,9848
86,6673 78,0354 21,1495 19,0428
91,4809 82,3719 22,3239 20,1008
96,2948 86,7082 23,4984 21,1588

101,1083 91,0448 24,6728 22,2168
105,9225 95,3808 25.8474 23,2748
110,7364 99,7171 27,0119 24,3328
115,5506 104,0530 28.1966 25,3907
120,3649 108,3889 29,3713 26,4487
125,1792 112,7247 30,5460 27,5066
129.9934 117,0606 31,7207 28,5646
134,8082 121,3960 32,8957 29,6225
139.6222 125,7322 34,0702 30,6805
144,4366 130,0679 35,2450 31,7385
149,2508 134,4038 36,4197 32,7964
154,0651 138,7394 37,5944 33,8544

158,8597 143,0753 38,7692 34,9123
163,6941 147,4110 39,9440 35,9703
168,5085 151,7468 41,1188 37,0283
173,3230 156,0824 42.2936 38,0862
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B EN D IN G  TH EO RY  O F CY LIN D RICA L SHELLS 1 9 1

n S “n, ft., ßnt

148 178,1374 160,4182 43,4683 39,1442

152 182,9520 164,7538 44,6432 40,2021

156 187,7661 169,0897 45,8178 41,2601

160 192,5812 173,4249 46,9929 42,3180

164 197,3955 177,7607 48,1676 43,3760

168 202,2093 182,0970 49,3421 44,4340

172 207,0242 186,4322 50,5171 45,4919

176 211,8386 190,7681 51,6919 46,5499

180 216,6534 195,1034 52,8668 47,6078

184 221,4671 199,4398 54,0413 48,6658

188 226,2819 203,7752 55,2162 49,7237

192 231,0962 208,1110 56,3909 50,7817

196 235,9112 212,4462 57,5660 51,8396

200 240,7254 216,7821 58,7407 52,8976

I t  is to  be n o ted  here  th a t  th e  cy lin d er is considered  as of an  in fin ite  len g th  
so th e re  are  no su p p o rt b o u n d a ry  co n d itio n s  ex isting .

D e te rm in a tio n  o f th e  in te g ra tio n  c o n s ta n ts  m eans th a t ,  essen tia lly , th e  
p ro b lem  has been  solved. S u b s titu tin g  th e  n u m erica l values o f th e  Cnj con­
s ta n ts  in to  th e  expressions of d isp lacem en ts , edge forces, an d  edge m o m en ts , 
th e  b e n d in g  stress s ta te  caused  b y  th e  edge load  n o rm al to  th e  shell surface 
a n d  a c tin g  along th e  g rea t circle w ill b e  a rr iv e d  a t.

Numerical exam ple

In the determ ination of the bending stress sta te , the m ost difficult problem  is repre­
sen ted  by the calculation o f the roots o f the characteristic  equations (18) and (35). Our num er­
ical investigations, therefore, have been concentrated  on the determ ination of the root 
coefficients.

The calculation involved a glass fibre reinforced polyester tube, w ith  the assum ption  
o f  an edge load acting along the great circle.

The e lastic ity  characteristics o f polyester are:

E m  =  40 000 kp/cm 2, 
vm  =  0,35,

the sam e for the glass fibres:

E q  =  730 000 kp/cm 2,
VQ =  0,22,

G« = W w i  = 299 180 kp/cm2-
Acta Technica Academiae Scientiarum Hungaricae 73, 1972
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Table II

Coefficients o f  isotropic materials

aWl «n. P m ß n 2

13,5033 0,6492 12,2643 0,5897
15,6059 2,7518 10,9272 1,9268
18,8772 6,0231 9,7447 3,1092
22,6288 9,7748 8,9765 3,8775
26,5322 13,6782 8,4815 4,3725
30,4883 17,6342 8,1437 4,7103
34,4657 21,6116 7,9002 4,9538
38,4530 25,5989 7,7168 5,1372
42,4452 29,5912 7,5738 5,2802
46,4403 33,5862 7,4593 5,3947
50,4370 37,5829 7,3656 5,4884
54,4347 41,5806 7,2874 5,5666
58,4331 45,5790 7,2213 5,6327
62,4318 49,5778 7,1645 5,6894
66,4309 53,5769 7,1154 5,7386
70,4302 57,5762 7,0724 5,7816
74,4297 61,5756 7,0344 5,8196
78,4293 65,5752 7,0007 5,8533
82,4289 69,5749 6,9705 5,8835
86,4287 73,5746 6,9433 5,9107
90,4284 77,5744 6,9187 5,9352
94,4282 81,5742 6,8964 5,9576
98,4281 85,5740 6,8760 5,9780

102,4279 89,5739 6,8573 5,9967
106,4278 93,5738 6,8400 6,0130
110,4277 97,5737 6,8242 6,0298
114,4277 101,5736 6,8095 6,0445
118,4276 105,5736 6,7958 6,0582
122,4275 109,5735 6,7831 6,0709
126,4275 113,5743 6,7712 6,0828
130,4274 117,5734 6,7601 6,0939
134,4274 121,5733 6,7497 6,1043
138,4274 125,5733 6,7399 6,1141
142,4273 129,5733 6,7307 6,1233
146,4273 133,5732 6,7220 6,1319
150,4273 137,5732 6,7138 6,1401
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BEN D IN G  TH EO R Y  OF CY LIN DRICA L SHELLS 193

n ßni ßnz

148 154,4272 141,5732 6,7061 6,1479

152 158,4272 145,5732 6,6987 6,1552

156 162,4275 149,5731 6,6918 6,1622

160 166,4272 153,5731 6,6852 6,1688

164 170,4272 157,5731 6,6789 6,1751

168 174,4272 161,5731 6,6729 6,1811

172 178,4272 165,5731 6,6671 6,1868

176 182,4271 169,5731 6,6617 6,1923

180 186,4271 173,5731 6,6565 6,1975

184 190,4271 177,5731 6,6515 6,2025

188 194,4271 181,5730 6,6467 6,2073

192 198,4271 185,5730 6,6421 6,2118

196 202,4271 189,5730 6,6377 6,2162

200 206,4271 193,5730 6,6335 6,2205

T he e la s tic ity  ch arac te ris tics  o f th e  p rin c ip a l d irec tions o f o r th o tro p y  w ere c a lcu ­
la ted  [6] b y  assum ing  co =  54°45' w inding angle an d  a 65 p e r cen t glass f ib re  c o n te n t, w ith  
th e  follow ing resu lts :

£ i  = 102 526 kp/cm 2.
E„ = 195 904 kp/cm 2.
K  = 125 487 kp/cm 2.
J>12 = 0,7708,
J>2i = 0,4034.

T ak in g  in to  considera tion  th e  above c h a ra c te ris tic s  an d  th e  va lue  o f R /s  =  100, th e  
ch ara c te ris tic  eq u atio n  (35) w ill assum e th e  follow ing form  accord ing  to  (1 0 a —e):

A8 -  4,034732 n-A® +  3,717818 ra4A4 — 9,429139 n eA* +  3,651041 n 8 =
=  -1 5 7 9 9 9 ,9  A„.

D e te rm in a tio n  o f th e  ro o ts, resp ec tiv e ly , th e  <xm , a n2, ß nl an d  ß m  w as b y  m eans o f  
an  ICT-1905 co m p u te r, follow ing th e  e la b o ra tio n  of a re la tiv e ly  so p h is tica ted  p ro g ram , fo r 
w ave n u m b ers  n — 4, 8, . . . , 200. T he re su lts  th u s  o b ta in e d  are  p re sen te d  in  T ab le  I.

F o r th e  sake of com parison, th e  coeffic ien ts o f an  iso trop ic  s tru c tu ra l m a te ria l w ere 
s im ilarly  ca lcu la ted , b y  tak in g  th e  e la s tic ity  c h arac te ris tic s

£ , =  £ , =  E ,
T]> =  v2l =  V =  0,3,

F =  E
2(1 + v)

in to  acco u n t.
In  th is  case th e  c h a rac te ris tic  e q u a tio n  can  be  reduced  to  second degree , w h ereb y  

th e  d e te rm in a tio n  of th e  roo ts will be g re a tly  sim plified  [7]. T he coefficients th u s  ca lcu la ted  
are  show n in  T ab le  I I .

A ccording to  T ables I an d  I I ,  th e re  is no  s ig n ifican t difference to  be fo u n d  be tw een  
th e  d ev e lo p m en t o f th e  coefficients ca lcu la ted  fo r o rth o tro p ic  an d  iso trop ic  shells , re sp ec ­
tiv e ly , a n d  n a tu ra lly  th e  sam e applies to  ro o t d ev elo p m en t. T h u s, th e  a d a p ta b ility  of he  m e th c d  
described here  can  be concluded from  th e  n u m erica l in v estig a tio n s co n d u cted  fo r iso tro p ic
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shells th e  lite ra tu re  re fe rre d  to  m ay  be fo u n d  u n d e r  [7] A ccordingly , fo r ex am p le , even 
th e  m ax im u m  stresses cau sed  by  a c o n s tan t edge lo ad  a c tin g  along a u n it  arc  len g th  can  be 
ca lcu la te d  in  a re la tiv e ly  sim ple  m anner w ith  accep tab le  accu racy , b y  tak in g  a b o u t 25 te rm s  
o f th e  F o u rie r series in to  considera tion . T h u s, on  th e  basis o f th e  above find ings, in tro d u c tio n  
o f th e  d isp lacem en t fu n c tio n  sim plifies th e  in v es tig a tio n s  on o rth o tro p ic  shells as well.
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Behandlung der B iegetheorie von zylindrischen Schalen aus orthogonal anisotropischem  
Material m ittels E inführung der Verschiebungsfunktion. G egenstand  de r A rb e it is t die a llge­
m eine B iegetheorie v o n  zy lindrischen  S chalen  aus o rth o g o n a l an iso trop ischem  W erk s to ff  
(z. B . g las fase rv e rs tä rk tem  K un sts to ff) fü r  den  F a ll v o n  a u f  d ie S chalenoberfläche n o rm alen  
L in ien b elas tu n g en . Z u e rs t w erden die Z u sam m en h än g e  zw ischen den in n eren  K rä f te n  u n d  
d en  F o rm än d eru n g en  besch rieben  und  d a n n  w erden  die D ifferen tia lg le ichungen  de r B iegung 
vorge leg t. Das hom ogene  D ifferen tia lg le ichungssystem  w ird  d u rch  die E in fü h ru n g  d e r V e r­
sch ieb u n g sfu n k tio n  ge lö s t. E ingehend w erd en  die B erech n u n g  der V ersch ieb u n g sfu n k tio n  
u n d  des B iegespan n u n g szu stan d es v o rg e fü h rt, fü r  den  F a ll von  period isch  w echselnden L in ien ­
b e la stu n g en  en tlan g  d e r  E rzeugenden  u n d  des L eitk re ises. A u f G rund  de r ab g ele ite ten  B ezie­
h u n g en  kan n  auch  ein so lcher B ieg esp an n u n g szu stan d  b e rec h n e t w erden , w elcher von  e iner, 
gem äß  einer beliebigen durch  eine F o u rie rsch en  R eihe besch re ib b aren  — F u n k tio n  w ech­
se ln d en  L in ien b elas tu n g  v e ru rsac h t w ird. Z um  S chluß  v e rö ffen tlich t de r V erfasser ein Z ah len ­
beisp ie l, welches den V e rlau f der W urzeln d e r ch a ra k te ris tisch e n  G leichung v e ran sch au lich t.

Трактовка теории изгиба цилиндрических оболочек из ортогонально анизотроп­
ного конструкционного материала ( Л .  В а р г а ) .  Работа рассматривает общую теорию 
изгиба цилиндрических оболочек из орготонально анизотропного материала (напр. арми­
рованная стекловолокном пластическая масса) в случае нагрузки, прикладываемой к  
вершине, перпедникулярной к поверхности. Сначала описываются зависимости между 
внутренними силами и деформациями, а затем сообщается дифференциальное уравнение 
изгибания. Система гомогенных дифференциальных уравнений решается путем введения 
функции сдвига. Д етально излагается определение функции сдвига и состоямия н апряж е­
ния изгиба, в случае нагрузок на вершину, действующих по образующей и главному кругу 
и меняющихся периодически. На основе выведенных зависимостей можно определить со­
стояние напряж ения изгиба, вызванное нагрузкой на вершину, меняющейся по произволь­
ной функции, описываемой рядом Ф урье. В завершение автор сообщает числовой при­
мер, который в наглядной форме показывает изменение корней характеристического ура­
внения.
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AUFLÖSUNG EUTEKTISCHER PHASEN 
WÄHREND DES LÖSUNGSGLÜHENS 

IN GUSSLEGIERUNGEN
A. R O Ó SZ* 

u n d

E. G. FU C H S**
K A N D ID A T DER TECH N ISCH EN  W ISSENSCHAFTEN 

[E ingegangen am  5. Ju li  1971]

Im  Gefüge d e r gegossenen L eg ierungen  sind  o ft P hasen  anw esend , die als F o l­
gen d e r K o rn seigerung  erscheinen, das V e ra rb e iten  des M aterials erschw eren , u n d  
die d u rc h  ein L ösungsg lühen  bei en tsp rec h en d  h o h e r T e m p e ra tu r  in de r M ischkristall- 
M a trix  de r L egierung aufgelöst w erden kön n en . E s w ird  eine neue T heorie  e rö r te r t,  
die d ie K in e tik  de r A uflösung  rich tig er b e sc h re ib t als die b isherigen T heorien .

1. E in le itung , Z ie lse tzung

E in  w esen tlich er Teil der d u rch  A u ssch e id u n g sh ärtu n g  v e rg ü tb a re n  
L eg ierungen  w ird  in  B löcke vergossen, aus den en  durch  spanlose V erfo r­
m ung H alb zeu g e  (B leche, R ohre  usw.) h e rzu s te llen  sind . D ie bei d er K ris ta lli­
sa tion  a u ftre te n d e n  Seigerungen, und  b eso n d ers  die als Folge einer K o rn ­
seigerung e rsche inenden  zw eiten  P h a se n  v e rh in d e rn  oft das u n m itte lb a re  
V e ra rb e iten  des gegossenen M aterials. D ie  ro h en  B löcke m üssen  deshalb  v o r 
dem  W alzen , S tran g p re ssen  m eist g eg lü h t, h om ogen isiert w erden.

M it d en  w äh ren d  des E rs ta rre n s  u n d  G lühens sich absp ie lenden  V o r­
gängen b e fa ß t sich h eu te  bere its  eine u m fan g re ich e  F a c h lite ra tu r . T ro tzd em  
k an n  die K in e tik  d er A uflösung  der u n e rw ü n sc h t im Block v o rh an d en en , 
spröden  P h asen  n ich t fü r  en tsp rech en d  g e k lä rt b e tra c h te t  W erden. In  d er 
vo rliegenden  A rb e it sei deshalb  ein neuer Gedankengang  an g efü h rt, m it dessen 
H ilfe die Auflösungsvorgänge richtiger beschrieben werden können  als a u f  G rund  
der b isherigen  T heorien .

2. P h asen v erh ä ltn isse  des G ußgefiiges

D as G efüge der m it K ornseigerung , das h e iß t du rch  E n tfa lle n  von  
D iffusionsvorgängen  e rs ta r r te n  L eg ierungen  k a n n  eine von  drei c h a ra k te r i­
stischen  G efü g earten  aufw eisen  [1, 2]. V om  S ta n d p u n k t un sere r U b erleg u n ­

* A. R o ö sz , T. U. fü r  Schw erindustrie , L eh rs tu h l M etallkunde, M iskolc (U n g arn )
** E . G. F u c h s ,  E isen fo rsch u n g sin s titu t, B u d a p e s t
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1 9 6 A. ROÓSZ und  E. G. FUCHS

gen m u ß  n u r der G efügetyp  I I I  b e a c h te t  w erden . Solche L eg ierungen  b e s te ­
h e n  im  gegossenen Z u stan d  aus g ese igerten  M ischkrista llen  u n d  aus e in e r  
zw e iten  P hase, w obei die zw eite P h a se  infolge eines bei genügend  h o h e r  
T e m p e ra tu r  d u rc h g e fü h rte n  G lühens im  M ischkrista ll restlos au fg e lö st w e r­
d en  k an n .

B ild  1 zeig t d as  P rinzip  des Z u stan d ssch au b ild es  von  e u te k tisc h e n  
S y stem en ; die L ö slich k e it des L eg ie rungse lem en tes is t s ta rk  te m p e ra tu ra b -

B ild  1. E u te k tisch e s  Z u s tan d sd iag ram m  m it den v e rw en d e ten  B ezeichnungen

h än g ig . Die beispielsw eise durch  den  d u rc h sch n ittlich en  L eg ie ru n g se lem en ten ­
g e h a lt c0 c h a ra k te ris ie r te  L eg ierung  is t deshalb  d u rch  A u ssch e id u n g sh ä rtu n g  
v e rg ü tb a r . Die K o n z e n tra tio n e n  c r 1? c r 2, . . . b ed eu ten  das L öseverm ögen  des 
M ischkrista lles be i d en  T e m p e ra tu ren  T v  T2, . . . usw.

D ie g en an n te  L egierung  b e g in n t im  S inne des Z u stan d ssch au b ild es , bei 
E rre ich en  der L iq u id u s-T em p era tu r, m it dem  E n ts te h e n  von  M ischkrista ll- 
D e n d rite n  zu k ris ta llis ie ren . D er G elia lt cj an  L eg ierungselem en ten  ist liie r 
n och  gering. Bei s in k en d er T e m p e ra tu r  w erden  w eitere  S ch ich ten  au sg esch ie ­
d en , indem  an  d en  K ris ta llisa tio n sfro n te n  die Z usam m ense tzungen  d er jew e ili­
gen  Solidus- bzw . L iqu iduslin ie  en tsp rech en . Bei E rre ichen  d e r e u te k tisc h e n  
T e m p e ra tu r  T e is t  also am  R an d e  d e r D e n d rite n ä s te , in den z u le tz t e r s ta r r te n  
M isch k ris ta llte ilen , d e r L eg ie ru n g se lem en ten g eh a lt cm. D er d u rc h sc h n ittlic h e  
L eg ie ru n g se lem en ten g eh a lt der oc-Dendrite is t dagegen ca. D ie e u te k tisc h e  
Z u sam m en se tzu n g  b e trä g t  cc, d ie Z u sam m en se tzu n g  der 0 -P h a s e  cö .
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In  u n se ren  B e tra c h tu n g e n  sei bezüg lich  d er K ris ta llisa tio n  angenom ­
m en , d aß  d ie  L egierung  bei v o llkom m enem  E n tfa lle n  des D iffusionsaus­
gleiches e r s ta r r t ;  dies is t auch  d er G ru n d  d a fü r, d aß  ca <  cm is t. D ad u rch  
k a n n  im  G efüge auch  ein E u tek t iku m  e rscheinen , w as im  G leichgew ich tszustand  
n ich t m öglich  w äre. Die M enge eines solchen E u te k tik u m s  k an n  einfach  
b erech n e t w erd en  [4]:

%eut "
1 / 1 - A

( 1 )

(B ild 1). D er W ert k  d rü c k t die N eigung  d er L eg ierung  zur Seigerung aus, 
u n d  zw ar als d as  V erhä ltn is  des L eg ie ru n g se lem en ten g eh a lte s  d er beim  E r s ta r ­
ren  zusam m engehörigen  k r is ta llin e n  u n d  flüssigen  P h asen . D ie G röße von  k 
k a n n  m it g u te r  A n n äh eru n g  b e s tim m t w erden , indem  die L iqu idus- bzw. die 
Soliduslin ie des Z ustan d ssch au b ild es  d u rch  G erad en  e rse tz t w ird , und  in  die 
F orm el die K o n z e n tra tio n e n  d er E u te k tik a le n  e in g ese tz t w erden :

k  =  ^SL  . (2)
G

A ufgabe des L ösungsglühens is t das A uflösen  d er n ich tg le ichgew ich ts­
m äßigen  zw eiten  P hase  (oder g en au er, des E u te k tik u m s). D ie M enge d e r 
0 -P h a s e  e rg ib t sich aus

f e  =  f e u , £ îZ -£îîL , (3)
ce c m

und  die d u rc h sc h n ittlic h e  Z u sam m en se tzu n g  ca d e r M ischkrista llphase  ist

ca
■ £ eut

1 Veut
(4)

3. Das verw endete  m orphologische M odell

D er id ea lis ie rte  A u fb au  einer un seren  V o rau sse tzu n g en  en tsp rech en d  
e rs ta r r te n  L eg ie rung  is t a u f  B ild  2 d a rg es te llt. D ie h ie r gu t e rk en n b a ren  p r i­
m ären  u n d  se k u n d ä re n  D e n d rite n ä s te  b e tra c h te n  w ir als solche, die e inheitlich  
aus P la t te n  b es teh en , die die M aße v o n  l. h. d. b esitzen . D as E u te k tik u m  is t 
zw ischen d iesen  P la tte n  e n ta r te t ,  g le ichm äßig  v e r te il t . D as A uflösen d e r  
0 -P h a s e  k a n n  u n te r  diesen U m stä n d e n  so b esch rieb en  w erden , als ob die 
L ösung aussch ließ lich  an  den  F läch en  l. h. s ta t tf in d e n  w ürde (p la te like  m o r­
phology). D ie k o n k re te n  B erech n u n g en  w erden  d u rc h  das besprochene M odell
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B ild  2. Schem atische  S tru k tu r  eines d e n d r it is c h  e rs ta r r te n  G ußstückes [5]; 1 p rim ä re  Ä ste :
2 s e k u n d ä re  Ä ste

B ild  3. A n fan g sv e rte ilu n g  des L eg ierungselem en tes en tlan g  e iner D e n d rite n -P la tten n o rm a le
(M odell)

b ed eu ten d  e r le ic h te rt:  infolge d e r p la tte n a r tig e n  A no rd n u n g  g en ü g t es n ä m ­
lich , die V e rte ilu n g  des L eg ierungselem en tes n u r e iner P la tte n n o rm a le n  e n t­
lan g  zu verfo lgen .

B ild 3 ze ig t die V erte ilung  d e r  L eg ierungselem ente (das so g en an n te  
Konzentrationsprofil)  zw ischen d en  M itte lebenen  d er 0 -P h a se  u n d  d e r D e n d ri­
te n p la t te . Als A bszisse w urde d ie  P la tte n n o rm a le  gew äh lt, u n d  als O rigó
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zw eckgem äß die an fän g lich e  B erü h ru n g sfläch e  der b e id en  P h asen  b e tra c h te t .  
W ie ersich tlich , is t d e r  L eg ie rungse lem en tengeha lt in  d er M itte  der D e n d ri­
te n ä s te  n iedrig  (c;,), am  R ande dagegen  e n tsp rech en d  cm. Die Z u sam m en ­
se tzu n g  ä n d e r t  sich in n e rh a lb  der D e n d rite  p rin z ip ie ll m o n o to n . In  d er W irk ­
lichkeit k an n  diese V erte ilu n g  infolge v o n  U n te rk ü h lu n g  bzw . ö rtlichen  S trö ­
m ungen  der Schm elze au ch  sehr ko m p liz ie rt sein. D ie V e rte ilu n g  w ird im  W e ite ­
ren  tro tz d e m  n u r  lin e a r  angenähert.

Die B re ite  ò des sch iefen  A b sch n itte s  d er V erte ilu n g  w ird  aus der Ü b e r­
legung berech n e t, d a ß  die O berfläche u n te r  dem  lin ea ris ie rten  K o n z e n tra ­
tio n sp ro fil im m er p ro p o rtio n a l zum  L eg ie ru n g se lem en ten g eh a lt der M isch­
k ris ta llp h ase  sein m u ß :

Ä hnlich  e rg ib t sich d ie D icke S0 so lcher © -P h a se n p a rtik e l-H ä lfte n , die zu 
einer l-h -F läche  der D e n d rite n p la tte n  gehören . D er W ert S(l b e d e u te t also 
die halbe D icke von  e in e r 0 -P h a se n sc h ic h t, die zw ischen zwei b e n a c h b a rten  
D e n d rite n p la tte n , im  A usgangszustand  v o rh a n d e n  is t:

g  _JA _ d '
° _  9« ' 2 ‘ l - | e '

In  (6) sym bo lisiert d ie D ich te  des a -M isch k ris ta lle s  u n d  Qtí die D ich te  
d er 0 -P h a se .

4. Der Lösevorgang

4.1 Allgemeine Überlegungen

Die anfäng liche  V erte ilu n g  des L eg ie ru n g se lem en tes  w urde an  H a n d  
von  B ild 3 c h a ra k te ris ie r t. N ehm en w ir n u n  an , d aß  ein iso therm es L ö su n g s­
g lühen  bei der T e m p e ra tu r  T  d u rch g efü h rt w ird  (B ild 1). W äh ren d  des A u f­
w ärm ens m uß  sich die ran d lich e  Z u sam m en se tzu n g  des M ischkrista lles v o n  
cm a u f  er än d ern . D as a u f  diese Weise, u n te r  s ta rk  v e re in fa ch te n  B ed ingungen  
en ts ta n d e n e , an fäng liche  K o n zen tra tio n sp ro fil v e ra n sc h a u lich t im  B ild  4 d er 
dünnere , k o n tin u ie rlich e  L iniengang.

W ä h re n d  des G lühens w ird  die an fän g lich e  h a lb e  S tä rk e  S 0 der 0 -P h a s e  
m it der Z eit t im m er k le in e r . Die Dicke des aufgelösten Teiles sei m it S  b eze ich ­
n e t (B ild 4a). Die V e rte ilu n g  des L eg ierungselem entes w ird  auch  w eiterh in - 
als linear b e tra c h te t .  In fo lg e  des L ösevorganges w a n d e rt deshalb  der E n d -
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©

B ild  4. V erte ilung  des L egierungselem entes in  versch iedenen  S ta d ie n  des A u flö su n g sv o r­
ganges

p u n k t  b des sch iefen  G eradeteiles ab in  das In n ere  d er D e n d r ite n p la tte  (f  im 
B ild  4a), e rre ich t die M itte lebene (B ild 4b) und  bew eg t sich d a n n  e n tla n g  
d e r  m ittle ren  E b en e  au fw ärts  (B ild  4c).
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D ie K in e tik  des A uflösens k a n n  a u f  G rund  des I .  FlCKSchen G esetzes 
d u rch  die D ifferen tia lg leichung

0 c
ge(ce - cT) d S  =  D v — — dt (7)

dx

gekennze ichne t w erden , wo d S  die D icke d e r w äh ren d  d er Z e itspanne  dt a u f­
gelösten  S ch ich t u n d  D v den  K oeffiz ien ten  d er Y olum endiffusion  bei d er G lüh ­
te m p e ra tu r  T  b ed eu ten . D er partie lle  D iffe re n tia lq u o tien t 8ca/8« b e d e u te t die 
jew eilige R ic h tu n g s ta n g e n te  der a u f B ild  4 m it e f  b eze ich n eten , schiefen  
S trecke  der lin e a ris ie rte n  V erte ilu n g sk u rv e .

A us dem  w e ite r G esagten  geht h e rv o r, daß  die A b h än g ig k e it der R ic h ­
tu n g s ta n g e n te  von  d er G lülizeit an fangs an d ers  is t, als in  d er zw eiten  E ta p p e  
der A uflösung . D ie beid en  G ese tzm äß ig k e iten  gehen d a n n  in e in an d er ü b er, 
w enn das gelöste L eg ierungselem ent eben  die M itte leb en e  der D e n d rite n ­
p la t te  e rre ich t (B ild 4b).

4.2 Erste Etappe der A u flö sung

Bei B eginn der A uflösung  k an n  a u f  G ru n d  des G esetzes von  der E rh a l­
tu n g  d er M asse geschrieben  w erden, d aß

/•0 /"•() /'S *  r'ö
oH cBdx  — pe cTfdx =  Q \  cl fd x  — c&d x  (8)

J  ~s J - S  Jo Jo

sei. In  (8) b e d e u te t ca6 den  L eg ie rungse lem en tengeha lt im  In n e re n  der D en d rite , 
bei B eginn  der G lühung , en tlan g  d er «-A chse:

cjj denselben  W ert im  Z e itp u n k t t :

cFf — CT ----------- ~  ( «  +  <S)
8«

(9)

( 10 )

(B ild  4). S* g ib t end lich  den A b stan d  zw ischen dem  P u n k t /  u n d  der G renz­
fläch e  Dendrit—6 -P h a se  an.

N ach  In te g rie re n  d er G leichung (8) u n d  W eglassen d er v ern ach lässig ­
b a ren  G lieder e rg ib t sich

Ho co -S-j-Pe
3c* S 2

dx 2

cTs>  !
8« 2

^  s s » -  C r + C f e  Ò
dx  2

( H )
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w obei S*  nach

S* CT cb ÿ
d c j d x

( 12 )

b e re c h n e t w erden  k an n .
D ie G leichung (12) in  (11) e in g ese tz t, e rh ä lt m an  n ach  U m o rd n en  fü r  

d en  g esu ch ten  D iffe ren tia lq u o tien ten

9ca __ 4 ( 4  - 4 ) 1 2

8 *  Qece^f~Qa[(cTJt cb)l^¥>
(13)

S e tz t  m an  le tz te re n  A u sd ruck  in  (7) ein , u n d  löst m an  die so en ts teh en d e  
D iffe ren tia lg le ich u n g , so e rh ä lt m an :

—  S  
9a

C e+ —  Sò(cT- 
9a

-Cft) =
D V

( 4  c \ ) t . (14)

S c h re ib t m an  anste lle  von  Ò die re c h te  S eite  von  (5), so e rh ä lt m an  end lich  
d ie  fo lgende ■— die erste E tappe der A u f lö su n g  im  allgemeinen beschreibende —  
im pliz i te  Gleichung :

\ e + ^ S d { c ai - cb) ^ ^ -  =  ^ ~ ( c l - c l ) t .  (15)
l e*  9« cm cb ce ~ cT

P ra k tis c h  k an n  noch  in  B e tra c h t gezogen w erden , d aß  et, m eistens k le in  is t 
im  V ergleich  zu den  an d eren  K o n z e n tra tio n sw e rten . D ad u rch  v e re in fach t sich 
d ie  G leichung zu

2 c„ + - ^  Sdca --r- =  — - c \ l .  (16)
9  a 9a  Cm CT

D ie D ich te  d er e inzelnen  P h asen  p fleg t n ich t sehr u n te rsch ied lich  zu  sein 
Ì9elQa ^  1) u n d  bei den  b e tr ie b sm ä ß ig e n , p rak tisch en  G lü h te m p e ra tu ren  g ilt 
m e is ten s  auch , d aß  e r  cm is t. D ie e rs te  E ta p p e  der A uflösung  k a n n  also 
a u c h  d u rch  die v e re in fach te , ex p liz ite  F o rm el

S  = Dy
ce(ce ~ cT)

4 1  +

«
IO 2" 1/2 d e ,

2 c e 2 c e

gek en n ze ich n e t w erden .

(17)
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4.3 Der Wechselpunkt

Die e rs te  E ta p p e  der A u flö su n g  d a u e r t  —  wie e rw ä h n t —  so lan g e , b is 
d as  in  L ösung  gehende L eg ie ru n g se lem en t die M itte lebene der D e n d rite n ä s te  
n ic h t e rre ich t (B ild  4h). Die b is  zu d iesem  Z e itp u n k t aufgelöste  P h asen d ick e  
S change k an n  d u rc h  In teg rie ren  d e r  G leichung  (8) b e rech n e t w erden , v o ra u sg e ­
s e tz t , daß  die B ed ingung  S* =  d/2 sow ie die a u f G ru n d  von  B ild  4b u n m it ­
te lb a r  au fsch re ib b a re  B eziehung

3ca cT—cb

dx  d /2 - \ -S
(18)

e rfü llt ist. A u f  G ru n d  dessen k a n n  w e ite r  geschrieben  w erden , d aß

CT  S change 

C T - C b  d

Qs ce ^change  A  Qq

d

Q2
^change

AI  ^  " 4 “  ^change

1 C1 c b

2 d /2 -t-S c/ d /2  +  S.change
Jchange '

c T ~ \~ c b

2
Ó (19)

sei. D a Spange <§ d/2 ist, e rh ä lt m a n  u n te r  gew issen V ernach lässigungen :

S  Change ( 8 a  ce - Qecb)+eÁcT~ Cf,) ^ 7 — =  Q*-d--(cT +  cb)-  ( 2 0 )

D as zw eite G lied d e r linken S eite  d ieser G leichung ist im  allgem einen  b e d e u ­
te n d  k leiner als das erste, u n d  k a n n  deshalb  v e rn ach lässig t w erden . D ie 
G le ichung  (5) in  die so aufgeschriebene G leichung (20) e ingese tz t, e rh ä lt m an :

c  _  8« d
^ change

8e ce cb

1

4
(cr + cf>)- ( 21 )

E s w urde schon  e rw äh n t, daß  in  d e r  P ra x is  m eistens cb 0 is t. D ie F o rm el 
(21) k a n n  d a d u rc h  a u f  die G es ta lt

Schange
l

4
1 G
2 cm ,

Cf

CB
( 22)

g e b ra c h t w erden . W enn  noch an g en o m m en  w ird , d aß  ^  1 sein k a n n
sow ie, daß  bei d en  b e trieb sm äß ig en , hohen  T e m p e ra tu ren  e r ^  cm sei, g e lan g t 
m a n  zum  w en igstens in  N äh eru n g srech n u n g en  g u t b ra u c h b a ren  E rgebn is

Schange
2cc

Cy

. 2
(23)
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D en Z e itp u n k t tchange des F u n k tio n sw ech se ls  k an n  m an  d u rch  s in n g e­
m äßes E in se tz e n  des W e rte s  S change in  die G le ichungen  (15) bzw . (16) e rm it­
te ln . Im  F alle  der m e is t zulässigen V ern ach lässigungen  is t es zw eckm äßig* 
die aus d en  G le ichungen  (22) oder (23) b e re c h n e te n  S change~W erte sowie die 
d u rch  U m o rd n en  d er G leichung (16) e rh a lte n e  B eziehung

^change
Go &̂

change
2

ce + S de —E° change w ca
LI Q, Q* cm _

c e  c r

r 2CT
(24>

zu verw enden . B e s te h t w eite r, daß  q&Iqx ^  1 u n d  ct ^  cm is t, k o m m t m a n  
zum  E n d erg eb n is :

• c9~\~ ̂  change ^  ’ 2
CT

(2 5 )t  Chan ge change
l ) v

4 .4  Zweite E tappe der A u f lö su n g

F ü r  die zw eite E ta p p e  der A uflösung  k a n n  m an  ebenfalls a u f G ru n d  
des G esetzes von d e r E rh a ltu n g  der M asse au fsch re ib en :

J
S  c h a n g e  / ' ®  Ç d / 2

ce dx — ge \ Cff dx  — Qa \ <

- s  J - s  Jo

ceJ d x  O, change . (26)

D ie G leichung in te g r ie r t , die B eziehung (10) in  B e tra c h t gezogen, u n d  d ie  
v e rn ach lä ss ig h a ren  G lieder w eggelassen, e rg ib t sich:

^ change) Qo ^

1 3Cq
2 3*

d A 2
2

CT ~ c«
“1“  ̂ change (27)

Sjach U m ordnen  e rh ä lt  m an  — analog  zu  (13) — :

9Cq
9a:

8

d2

C]—  c d
f?o(c 0  ct ) 3  G y(c 8 ~  c t ) $  change £?q “  ^ (28)

S e tz t m an diese G leichung in (7) ein , so e rh ä lt m an  —  n ach  U m o rd n en  
und T ren n en  der V erän d erlich en :

dS

( S ~ S ehan„) -

8 n  ,—  Du  ■ d t .
d 2

(29)

8 e  ce  c t  4

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



AUFLÖSUNG EU TE K T ISC H ER  PHASEN 2 0 5

D u rch  Lösen d ieser G leichung e rh ä lt  m an  die Form el

ln change)
Qol c t  —  c a d  

Qe ce c t  4
ln K  =  - i -

d2
D v t , (30)

in  d e r K  eine In te g ra tio n sk o n s ta n te  is t. W enn S  =  S ci,ange is t , so is t  s in n ­
gem äß  t =  tçhange'i diese D a te n  als R a n d b ed in g u n g  b e h a n d e lt, k a n n  m a n  die 
G röße von  ln  K  e rm itte ln . S e tz t m an  das E rgebn is in  (30) ein , so e rh ä lt  m an  
d ie  gesuch te  B eziehung

o   ç  I d 9 ol c t  G  [ -I
^  ^ changeH t  ~ 1 1 e x p

4 Qe ce cr  (

8
d2

D y { t  tchange) (31)

die d en  V erlau f d er zweiten Etappe der A u f lö su n g  beschreibt. D u rch  E in fü h ru n g  
d e r im  Z u sam m en h an g  m it den G le ichungen  (16) und  (24) besp ro ch en en  V er­
n ach lässig u n g en  e rg ib t sich endlich  die v e re in fach te  G esta lt zu:

S =  Schange
CT  c * 

c e ~ c T
1 e X P  D v ( t changea~

(32)

5. D arste llung

D ie ab g e le ite ten  B eziehungen sind  d azu  geeignet, den  A uflösevorgang  
von  n ich tg le ichgew ich tsm äß igen  P h asen  des G ußgefüges in  A b h äng igke it von 
d e r G lü h te m p e ra tu r  und  der G lü h d au er zu besch re iben . B ild  5 zeig t a n sc h a u ­
lich  den  V erlau f d er K u rv en  bei d re i versch ied en en  T e m p e ra tu ren  u n d  bei

B ild  5. E in flu ß  der T e m p e ra tu r  a u f  d en  A uflösungsvorgang
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einer w illk ü rlich  gew äh lten  L egierung , d e ren  D en d riten as t-D ick e  dj is t. D ie 
k leinen  leeren  K reise a u f  den  K u rv en  b e d e u te n  die S telle  des F u n k tio n s ­
w echsels. —  Die m ittle re  K u rv e  a u f B ild  6  s t im m t m it d er zu r T e m p e ra tu r  
T2 gehörigen  K u rv e  a u f  B ild  5 ü b ere in . D ie b e id en  an d eren  K u rv en  des B il­
des 6  bez iehen  sich a u f  ein  gröberes (d2) u n d  a u f  ein  feineres (d3) G ußgefüge, 
als das d u rch  dl c h a ra k te ris ie r te . A u f B ild  6  is t  also eigen tlich  die W irk u n g

d er S 0-A usgangsd icken  d e r au fzu lösenden  P h a se n  in  A b h än g ig k e it vom  Z e it­
b e d a r f  d er A uflösung  d a rg es te llt.

D ie R ich tig k e it d e r in  d er vo rlieg en d en  A rb e it e rö r te r te n  T heorie  k a n n  
q u a n t i ta t iv  bew iesen w erd en  [6 ].
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K inetics o f the Dissolution of Eutectic Phases in Cast Alloy Structures. In  c a s t a l­
loys th e re  o ften  occur nonequ ilib rium  second p h ases w hich h in d er th e  fu r th e r  p rocessing  
of th e  m ate ria l and  w hich , hy  h eatin g  a t  an  a d e q u a te  e levated  te m p e ra tu re , can  be  d isso lved  
in th e  b asic  solid so lu tion . T he p ap er p re sen ts  a  new  th eo ry  w hich g ives a b e tte r  d e sc rip tio n  
of th e  k in e tics  of th e  d isso lu tion  process th a n  th e  th eo ries know n so fa r.

Кинетика растворения эвтектических фаз в структуре литых сплавов (А. Роос, 
Е. Фукс). В сплавах литого состояния часто можно встречать такую неравновесную вторую 
фазу, которая затрудняет переработку материала и которую можно растворить в основном 
материале твердого раствора путем негрева, выполняемого при достаточно высокой тем­
пературе. В работе сообщается такая новая теория, которая правильнее чем известные до 
сих пор теории описывает кинетику процессов обработки.
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DETERMINATION OF THE OPTIMUM NUMBER 
OF FILTER PLATES FOR FILTER PRESSES

L. H O R V Á T H *

[M anuscrip t rece ived  O c to b er 7, 1971]

T he p a p e r  f i r s t  sum m arises th e  m eth o d s of o p tim isa tio n  of f i lte r  p la te  n u m b e r  
in  case o f b a tc h  f i l te r  presses o p e ra tin g  a t  c o n s ta n t p ressu re , to  be found  in tech n ica l 
l ite ra tu re , a n d  f u r th e r  develops th e m  to  su ch  form s w hich  can  be d irec tly  u se d  fo r 
o p era tio n a l co n d itio n s  in in d u stry , too. F in a lly , those  eq u a tio n s  have  been m od ified  
so th a t  th e y  can  be  used  to  de te rm in e  o p tim u m  filte r  p la te  n u m b e r for d ifferen t ty p e s  
o f p ressure  f ilte rs .

Sym bols

K
bo = bm 6 1

b i
bm
L
M

P  2
P,
P  4 O'

VP
S

l c
t '  =  tc -  tdi
lch
*d

U i
Ui

li
l i  —  lf  +  l pb 
tn

slope f i l t r a te  co n stan t
in te rc e p t f i l t r a te  co n stan t expressing  th e  in itia l resistance
in te rc e p t f i l t r a te  co n stan t expressing  th e  in itia l cake resistance
in te rc e p t f i l t r a te  c o n s ta n t expressing  th e  resistan ce  of th e  filte ring  m ed ium
th ick n ess o f  th e  f i lte r  cake or f i lte r  fram e  (cham ber)
d ry  solid th ro u g h p u t
ra tio  o f th e  vo lum e of w ash  liq u id  to  th a t  o f th e  f i ltra te  
solid th ro u g h p u t  p e r u n it  p u rc h ase  cost o f th e  f ilte r  
n u m b er o f f i l te r  p lates 
p u rch ase  co st o f filte r
p u rch ase  co st o f the  fram e s tru c tu re , an d  p la te s , open ing  and  closing s tru c ­
tu re  etc.
p u rch ase  c o s t o f a recessed f i lte r  p la te s
p u rch ase  c o s t o f a filte r p la te
p u rch ase  c o s t o f a filte r fram e
purch ase  c o s t o f a filte r fram e  of u n it  th ick n ess
f i l t r a te  th ro u g h p u t
f i ltra te  th ro u g h p u t  per u n it  p u rch ase  co st o f th e  filte r
d ry  w e ig h t o f th e  f ilte r ra k e  in one ch am b er
m ain  f i l t r a tio n  period
a c tu a l f i l t r a t io n  period
cycle tim e
cycle tim e  less discharge tim e
tim e  of c h an g in g  from  filtra tio n  to  w ashing
d o w n-tim e, i.e . a ll th e  tim e of th e  cycle tim e  exclud ing  m ain  f iltra tio n  tim e  
an d  w ash ing  t im e  
d ischarg ing  tim e  of th e  cake
d isch arg in g  tim e  of a ch am ber (fram e) o r th e  tim e  e lapsed  in th e  m ovem en t
of th e  tw o  c o n se c u tiv e  f ilte r p la tes
filling  t im e  o f th e  filte r
in itia l f i l t r a t io n  tim e
n o n -f iltra tio n  tim e

* L. H orvá th , M in ing  R esearch  G roup a t  th e  T ech n ica l U n iv e rs ity  fo r H eav y  I n d u s t ­
ries, M iskolc, H u n g ary
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1 OC 
l pb  
*r

t IV
V

y

opening a n d  closing tim e of th e  f i l te r
tim e  of p re ssu re  bu ild -up  to  c o n s ta n t  pressure
tim e of co n so lid a tio n  or tim e  d u r in g  w hich  m oistu re  o f th e  cake is red u ced  
secondary  f i l t r a tio n  tim e, i.e. a ll th e  f i ltra tio n  tim e  ex clu d in g  m ain  f i lt ra tio n  
tim e
w ashing tim e
filtra te  vo lu m e flow ing o u t o f one  f i lte r  fram e (ch am b er) d u rin g  m ain  f i l t r a ­
tio n  tim e
f i ltra te  vo lu m e from  one fram e  (ch am b er) du rin g  cycle tim e
f iltra te  v o lu m e from  one fram e  (ch am b er) du rin g  in itia l f i ltra tio n  tim e
f i ltra te  vo lu m e from  one fram e  (ch am b er) du ring  con so lid a tio n  tim e

V r f i ltra te  v o lu m e from  one fram e  (ch am b er) du rin g  seco n d ary  f i lt ra tio n  tim e  
so lid -filtra te  ra tio ,  i.e. ra tio  o f th e  w e igh t o f d ry  solid  m a te ria l to  th e  f i l t r a te  
volum e
fac to r o r th e  ra tio  of th e  flow  r a te  o f th e  final f i l t r a te  vo lum e to  th a t  o f  th e  
w ashing liq u id
n u m b er o f f i l te r  cham bers (fram es).

1. W ell-know n m ethods for fin d in g  a n  optim um  filte r  p la te  n u m b er

T he th o ro u g h  s tu d y  of te ch n ica l li te ra tu re  on p ressu re  f ilte rs  reveals 
th e  fa c t  th a t  th e  d e te rm in a tio n  o f o p tim u m  filte r p la te  n u m b e r (expressed  
as O p tim isa tio n  o f P la te  N um ber in  th e  following) in  case o f b a tc h  f ilte r  
p ress has n o t been  d e a lt w ith  to  th e  req u ired  e x te n t, th o u g h  th e re  is an  
im p o r ta n t  aspect to  b e  considered in  case of large, m o d ern  p ressu re  f ilte r  
p la n ts  because i t  w ou ld  be sim ply  im possib le  to  ach ieve m in im um  filte r in g  
co s t w ith o u t due co n sid e ra tio n  of th is  fa c t.

N o t long ago, on ly  d a ta  b a se d  on  experience w ere av a ilab le  fo r th e  
O p tim isa tio n  of th e  P la te  N um ber. C hem ical E n g in eer’s H an d b o o k  [1] sug­
g e s ts , as an  a p p ro x im a te  ru le, t h a t  th e  n u m b er of f i l te r  p la te s  in  case of 
p la te -a n d -fra m e  o r ch am b er filte rs  sh o u ld  be equal to  th e  len g th  of th e  p la te  
exp ressed  in  inches. T h is w ould, h o w ev er, give a low er lim it and  so som e 
h ig h e r  v a lue  could he  expected .

T he sam e book  gives d iagram s from  w hich op tim u m  p la te  n u m b e r can 
he  d e te rm in ed  in  case of p la te -a n d -fra m e  and  ch am b er filte rs , m ade o u t of 
m e ta l as well as p la te -an d -fram e  filte rs  m ad e  of wood w hich  assures m in im um  
in v e s tm e n t cost o f th e  filte ring  e q u ip m e n t. In  th e  follow ing, these  d iag ram s 
h a v e  n o t been d e a lt w ith  as th e y  a re  on ly  em pirical, because  th e y  n e ith e r  
ta k e  in to  co n sid e ra tio n  th e  f i l tra b ili ty  ch a rac teris tic s  of th e  s lu rry , n o r th e  
d o w n-tim e  (so ch a rac te ris tic s  of th e  f i l te r  u n it) , no r th e  w ashing  co n d itions 
o f  th e  f ilte r  cake. A c tu a lly  speak ing , th e  a u th o r neg lec ted  th e  above fac to rs  
a t  th e  v e ry  s ta r t .

In  th e  te ch n ica l lite ra tu re , Hooton—Thomas [2] are  th e  f irs t  to  deal 
w ith  th e  ca lcu la tio n  o f th e  o p tim u m  f il te r  p la te  n u m b er. T he eq u a tio n s  fo r 
ca lcu la tio n s p re sen ted  b y  th em  in  th e ir  paper [2] can  be re w ritte n  w ith  
sym bo ls used b y  th e  a u th o r  of th is  p a p e r  as follows. As a s ta r t ,  th e  in v e s tm e n t

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



OPTIMUM NUM BER O F F IL T E R  PLATES 211

cas t o f  ch am b er f ilte r  presses (recessed p la te  filte r presses) can  be ca lcu la ted  
from

P  =  P 1 +  P 2 (z -  1).

T h e  solids th ro u g h p u t can  be expressed  b y

S - z  S - z
M  = -------= -------------------------------.

h t-\-tf-\-toc-\-tw-\-z ■ t'di

( 1 )

( 2)

T he solids th ro u g h p u t p e r  u n it pu rch ase  cost can  be expressed  b y

S - zM
P ( í - |- t /+ f oc-f-íu, +  2 • t'di) (-F̂  +  Z - I i ~ P 3)

= / ( * ) • (3)

D iffe ren tia tin g  (3) w ith  ch am b er n u m b er as va riab le  an d  eq u a tin g  i t  to  zero, 
th e  o p tim u m  ch am b er n u m b e r accord ing  to  p a p e r [2]:

z opt
(* +  */ +  *oc +  *u,) (Pj

t'di-p2
(4)

C oncern ing  E q . (4), th e  follow ing com m en ts are  w o rth  n o tin g :

1. As an  a p p ro x im a te  m od ifica tion  w hich  w ould  n o t a ffec t th e  f in a l 
re su lt s ig n ifican tly , i t  w ou ld  be a p p ro p ria te  to  use (z — 1) in s tead  o f z in  
th e  d en o m in a to r of (2) because  th e  f irs t  ch am b er gets em p tied  d u ring  th e  
open ing  tim e  o f th e  e n d -p la te  an d  so does n o t req u ire  se p a ra te  tim e.

2. A ccording to  th e  a rtic le , op tim u m  f ilte r  tim e  is eq u a l to  dow n tim e , i.e. :

C p t  —  td —  tf -)~ toe - f -  tdj . ( 5 )

In  th e  E q . (5), so m an y  fa c to rs , e.g. co nso lida tion  tim e , th e  in itia l f i l tra te  
vo lum e, th e  in itia l re s is tan ce  w hich are  so ch a ra c te ris tic  o f th e  ac tu a l f i l te r ­
ing  co n d itio n s, have  been  neg lec ted . T hus, E q . (5) can  be on ly  a p p ro x im a te . 
T he e x a c t eq u a tio n s for th e  d e te rm in a tio n  of o p tim u m  f ilte r  tim e  h av e  been  
p a r t ly  g iven in  th is  a rtic le  b u t  have  been  d e a lt w ith  in  d e ta il in  p ap ers  [3, 4, 5].

3. In  th e  E q . (4) for th e  d e te rm in a tio n  of th e  op tim u m  ch am b er n u m b er, 
w ashing  tim e  tw also occurs b u t no t its  o p tim u m  value . I t  does n o t even 
d iffe re n tia te  th e  o p tim u m  f il te r  tim e  fo r th e  case w hen  th e  f ilte r  cake is 
w ashed , in  w hich  case th e  f i l te r  tim e  w ould  n a tu ra lly  be  d iffe ren t from  th e  
case w hen  th e  f ilte r  cake is n o t w ashed. T h u s, i t  is n o t ad v isab le  to  use E q . (5) 
even  in  th e  case w hen  th e  f ilte r  cake is w ashed . T he o p tim isa tio n  eq u a tio n
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fo r  th e  f i l te r  cake w ash in g  has been  g iven  in th is  a rtic le  b u t  has been discussed 
in  d e ta il  in  ref. [3].

B earing  in  m in d  th e  above discussion, E q s  (2) an d  (4) h av e  been  
co n sid ered  as fu n d a m e n ta l ones for th e  o p tim isa tio n  of th e  p la te  n u m b er and  
h a v e  fu r th e r  been d ev e lo p ed  to  fin d  m ore ex ac t re la tio n sh ip s .

2. Advanced m ethods for the optim isation o f filter  plate number

T h e ac tua l solids th ro u g h p u t o f a b a tc h  filte r w ork ing  a t  c o n s tan t p re s ­
su re  c a n  be exp ressed  m ore  prec ise ly  b y  th e  follow ing e q u a tio n  com pared  
to  E q . (2):

( 6 )

w here:

As during th e  ca lcu la tio n  o f th e  cycle tim e , th e  ch am b er n u m b er is 
th e  on ly  variab le , o th e r  fac to rs  can  be considered c o n s ta n t and so:

t c =  tc -\- {z 1) td j  (7)

w here

tc =  t ts toe tel, -|- tw . (8 )

In  th e  case of p re ssu re  filte rs  w ith  th e  w ashing  o f th e  f ilte r  cake, th e  o p ti­
m u m  filte r  tim e and  o p tim u m  w ash ing  tim e  occurring  in (8 ) can be expressed  
as follows:

1 -f-2 m y

w here :

td — ts 4 " tn

( 10)

Vcopt =  V,opt

К *  =  - К +
bj( l  +  8 m j )

■ n K. ( 1 1 )
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T hus, th e  m odified  e q u a tio n  for th e  solids th ro u g h p u t p e r u n it  p u rch ase  cost 
o f th e  filte r is

S ta r tin g  from  E q . (12) and com plete ing  th e  d iffe re n tia tio n , o p tim u m  ch am b er 
n u m b er:

T h u s , o p tim u m  cham ber n u m b e r  depends on th e  cost fac to rs  (Pj ,  P 2) 
co n stru c tio n  of th e  f i l te r  un it (tdi, toc, hft), s lu rry  pu m p  used  (t,), p ro p erties  
of th e  s lu rry  (t, ts) to  be  filte red  a n d  th e  w ash ing  cond itions (tw) of th e  f ilte r  
cake. F rom  th e  ab o v e  i t  can be concluded  th a t  i t  w ould n o t be econom ic 
to  p lan  a cham ber f i l te r  press h av in g  a fixed  o p tim u m  filte r  p la te  n u m b er 
supp lied  b y  th e  m a n u fa c tu re r , w ith o u t ta k in g  in to  consid era tio n  th e  p ro p ­
erties o f th e  s lu rry  o r th e  fac to rs a ffec tin g  th e  w ash ing  tim e .

In  th e  p ap er [2 ], on th e  b as is  of ca lcu la tio n , genera lly  60 has been  
found to  be th e  o p tim u m  p la te  n u m b e r. T he above  resu lt can  be accepted  
w ith  th e  following co m m en ts :

F irs t , let us a ssu m e  th a t  th e  original s lu rry  has been  tre a te d  w ith  
chem ical reagen ts to  give b e tte r  f ilte r in g  p ro p e rtie s , th u s , increasing  th e  
o p tim u m  filte r tim e  w h ich  in tu rn  increases zopt- A t th e  sam e tim e , h igher 
iopt m eans th ick e r f i l te r  cake w hich increases th e  th ick n ess  of th e  f ilte r  ch am ­
ber. T hus, th e  len g th , i.e. th e  op tim um  p u rch ase  cost o f th e  f ilte r  u n it increases, 
due to  h igher f ilte r  p la te  num ber, on  th e  one h a n d , and  to  th e  th ic k e r  f ilte r  
ch am b er (fram es), on th e  o ther. D ue to  th is , th e  to ta l  vo lum e of th e  f ilte r  
ch am b er is increased co m p ared  to  th a t  in  case of u n tre a te d  orig inal s lu rry  w hich 
m eans th a t ,  using th e  sam e  slu rry  p u m p , th e  filling  tim e  (t/) w ould  also increase ,
i.e. zopt w ould  increase , unless a new  p u m p  of h ig h er cap ac ity  is  u tilized  to  
reduce th e  increased f illin g  tim e.

S econdly , in th e  p a p e r  [2], th e  f i l te r  tim e occuring  in  th e  eq u a tio n s has 
been  de te rm ined  b y  th e  equa tions v a lid  fo r idea l cond itions only  w hich 
genera lly  y ield  a low er th a n  th a t  re q u ire d  b y  o p e ra tio n a l co n d itions. T his is 
also th e  m ain  reason  t h a t  the  a u th o rs  advise th e  selection  of a h ig h er f ilte r  
p la te  n u m b e r th a n  th e  o p tim u m  v a lu e  ca lcu la ted  from  th e  know n  eq u a tio n s.

T h ird ly , the  o p tim u m  filte r p la te  n u m b er w ould  be d iffe ren t in  case of 
f ilte r  cake w ashing co m p ared  to  t h a t  w ith o u t w ash ing . In  th e  la t te r  case, 
E qs (8 ), (9), (11) can  be sim plified to  th e  follow ing form s:

m ( 12 )

(13)

t'c — t -(- ts -f- toc 1 ( 8 a )
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íopt — td ~b b0V copt T* 2b1V s — 261F S F copt — 260F S ,

Fopt= - F s+

(9a)

( 1 1 a)

3. Application of the optim isation of the plate number 
to different types o f filter presses

T he abeve e q u a tio n s  a re  va lid  on ly  fo r ch am b er f i l te r  presses fo r w hich 
th e  cost of recessed f i l te r  p la te  d ep en d s in sig n ifican tly  on th e  ch am b er th ic k ­
ness w hich itse lf  ch an g es in  n arro w  ran g es  in  case of such  ty p es . In  th e  follow ­
in g , app licab ility  o f  o p tim isa tio n  e q u a tio n s  w ill be ex ten d ed  also to  th e  fol­
low ing  typ es of f i l te r  presses.

a) The p la te -a n d -fra m e  filte rs  w ith  c o n s ta n t f ilte r  cake th ick n esses .
b) The p la te -a n d -fra m e  filte rs  w hose f ilte r  cake th ick n ess  can  be  changed  

w ith in  a given fra m e .
c) P ressure f i l te rs  w ith  h o riz o n ta l f ilte r  p la te s , i.e. closed p ressu re  filte rs .
In  case o f p la te -a n d -fra m e  filte rs  w ith  a c o n s ta n t th ick n ess  o f filte r

cak e , th e  basic e q u a tio n s  for p u rch ase  cost an d  f in a l equ a tio n s d eriv ed  from  
th e m  are, re sp ec tiv e ly :

In  case o f p la te -a n d -fra m e  f il te r  presses w ith  a changeab le  th ick n ess  o f  
th e  cake, th e  e q u a tio n  tak es  th e  follow ing form :

P  =  P x +  P 3 (* -  1) +  P , z ,

z o p t

t'c P,

(18)

(19)

F inally , in  case o f p ressu re  f ilte rs  w ith  h o rizo n ta l f ilte r  p la te s , th e  eq u a ­
tions are as follow s:

P  =  P t +  P 2n, (20)
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Q {V + V s)n  '
t'c+t'din

n opt
P>

P*

( 21 )

( 22 )

I f  in  case o f f i l te r  presses w ith  h o rizon ta l f i l te r  p la te s , th e  filte r cake 
is w ashed , E qs (9), (10), (11) fo r th o ro u g h  w ash ing , can  he  w ritte n  in  th e  
follow ing form s a d o p te d  in  case of sim ple w ashing:

ôpt
1 -f- 2 m y

+  Lropt +  261 V- — 2by Vs Vcopt

- K K l  +  m r

l  +  2my
(23)

opt =  my
2 td

1 +  2 m y
-\-b0Vcopt + 4 £ q  V f ~ 4 b l Vs Vc t — b0Vi

K Pt — - L j+
* i(l +  2 m j)

+ v *  - 1 + m y --------l>0 V
1 +  2 m y  b,

1 +  my 

1 +  2 m y

1/2

1

(24)

(25)

W ith in  th e  above ty p es o f f ilte r  presses itself, th e re  a re  so m an y  v a r ia ­
tio n s  in  th e  co n stru c tio n s of filte rs  fo r w hich th e  above eq u a tio n s  lose th e ir  
sense, in  m any  cases, because  th e ir  em p ty in g  m ay  n o t be  b ased  on th e  h and  
o r m echan ical m o v em en t of th e  f ilte r  p la tes or f ilte r  fram es in sequence. 
F o r  exam ple , th e  f ilte r  presses w ith  h o rizon ta l f ilte r  p la te s  a re  o p era ted  in 
such  a w ay  th a t  th e re  is a reserve  f i l te r  p la te  assem bly  fo r th e  f ilte r  w hich 
is rep laced  once com plete  w ith  f ilte r  cake.

4. S um m ary  an d  conclusions

D uring  th e  o p tim isa tio n  o f th e  f ilte r  p la te  n u m b er fo r f ilte r  presses, 
th e  follow ing tw o m ost im p o r ta n t fac to rs  have  to  be ta k e n  in to  considera tion : 

As a basis of p lan n in g , i t  w ould  be of th e  u tm o s t e ssen tia lity  to  use 
e q u a tio n s  su iting  th e  ty p e  of th e  f ilte r  press;

in  th e  so-selected r ig h t eq u a tio n s , d a ta  specifying th e  given s lu rry  to  
be  filte red  and  th e  g iven o p e ra tio n a l conditions of th e  f i l te r  p la n t  have to  
b e  used . F o r exam ple, in  case of f ilte r  cake w ashing, su itab le  o p tim u m  filte r 
tim e  an d  w ashing tim e  h av e  to  be used  as co n stan ts  in  th e  equ a tio n s for 
o p tim u m  filte r  p la te  nu m b er.
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T he o p tim isa tio n  ca lcu la tio n s  h av e  to  be genera lly  c rr r ic d  o u t in steps 
b y  th e  m eth o d  of a p p ro x im a tio n . T h is is necessarily  due  to  th e  fac t, th a t  th e  
o p tim u m  filte r  tim e (an d  w ash in g  tim e  also) is a fu n c tio n  o f th e  dow n-tim e 
w h ich  is in  itse lf a fu n c tio n  o f th e  f i l te r  p la te  n u m b er. T o  s ta r t  w ith , in  th e  
f i r s t  s tep , f ilte r  tim e is ta k e n  to  be equal to  th e  d o w n-tim e  m ultip lied  by  a 
fa c to r  depend ing  on th e  f i l t ra b il i ty  ch a rac te ris tic s  of th e  s lu rry , as well as 
ty p e  an d  opera tin g  co n d itio n s  o f th e  filte r . This can  be u sed  ag a in  to  ca lcu late  
f i l te r  an d  w ashing tim e  a n d  th e  w hole process has to  be re p e a te d .

T he m ethod  d iscussed  above  for th e  o p tim isa tio n  of th e  f i l te r  p la te  num ber 
h as  its  im p o rtan ce  on ly  in  case of large filte rin g  p la n ts . I f  one or tw o filte r 
u n its  are  used only, th e  o p e ra tin g  cond itions m ay  lim it th e  use of th e  op tim um  
f i l te r  p la te  num ber.
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NETWORK THEORY OF BAR STRUCTURES
D. S IN G E R *

[M anuscrip t rece iv ed  A ugust 24, 1971]

The n e tw o rk  th eo re tica l b a s is  of b a r s tru c tu re  s ta tic s  w as exp la ined . I t  was 
d em o n stra ted  t h a t ,  as com pared to  h ith e rto  m a trix  tech n iq u es, th e  ne tw o rk  concept 
w ould perm it a d e ep e r fo rm u la tio n  o f th e  prob lem s en co u n tered . D iacop tic  m eth o d s 
so fa r  hard ly  em p lo y ed  in b a r  s tru c tu re  s ta tic s  was th o ro u g h ly  d e a lt  w ith , and  th e  
d e riv a tio n  of a fu n d a m e n ta l re la tio n  in  b a r ne tw ork  d iacoptics w as p resen ted . F in a lly , 
th e  relative tim e sa v in g  to  be ach iev ed  b y  th e  ap p lication  of th is  m e th o d  was estim ated .

1. In tro d u c tio n

In  the  s ta tic s  o f  su p p o rts , aw kw ard  g ra p h o a n a ly tic a l m ethods are  
b e in g  g rad u a lly  rep laced  b y  c o m p u te r  techn iques based  on m a tr ix  a lgebraic 
considera tions. A g re a t  a d v a n ta g e  o f  th e  m a trix  ca lcu la tio n  m ethod  is its  
im p ro v in g  the  p o ss ib ility  of su rv ey in g  th e  co rre la tions, an d  its  fac ilita ting  
th e  com position  of c o m p u te r  p ro g ram s. This is m ost im p o r ta n t  p a rticu la rly  
in  th e  case of so p h is tic a te d  su p p o rt s tru c tu re s .

In tro d u c tio n  o f  th e  m a trix  m e th o d  to  su p p o rt s ta tic s  is r a th e r  im p o rta n t 
from  o th e r  aspects as w ell, as it  w ill p a v e  th e  w ay  lead ing  to  a v iew  re p re se n t­
ing  th e  foundation  o f a problem  com plex . This new  co n cep t w hich  has p e r­
m itte d  th e  correct in te rp re ta tio n  o f th e  m ost diverse p h ysica l phenom ena in  
th e  l i te ra tu re  of recen t y ea rs  is called  th e  “ th eo ry  of d iscre te  sy s tem s” , “ n e t ­
w ork  m echanics” , o r “ p h ysica l n e tw o rk  th e o ry ” . E sse n tia lly , th e se  theories 
genera lize  th e  reg u la ritie s  and  ca lcu la tio n  m ethods of e lectric  n e tw o rk s w hich 
is b a sed  on the  p ioneer w ork  of G. K r o n  [2]. The g rap h  th e o ry  a n d  ten so r a n a ­
ly tica l considerations in tro d u ced  b y  K r o n  have released th e  th e o ry  of electric 
sy stem s from  the  n a rro w  h y d rau lic  co n cep ts . T he form alism  th u s  o b ta in ed  lends 
itse lf  to  th e  in v es tig a tio n  of o th e r sy stem s as well, inc lud ing  b a r  s tru c tu re s , 
w ith o u t dealing w ith  a n y  “ flow ing”  m edium  in th is  case.

H e rea fte r  only p h y s ica l n e tw o rk s , th a t  is, especially  b a r  sy stem s re la ted  
to  th e  s ta tic s  of s u p p o r ts  will be d e a lt  w ith . A p h ysica l n e tw o rk  m eans a 
ph y sica l system  th a t  c a n  be d iv id ed , ac tu a lly  or th e o re tic a lly , in to  discrete

* D r. D. Singer, F u ru ly a  u. 9. B u d a p e s t X L , H u n g ary
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e le m e n ts  whose in te rre la tio n s  m ay  be  ch a rac te rized  b y  a g rap h . In  th e  
case  o f  b a r  system s, th e  e lem en ts a re  “ b a rs”  loaded  o r  s tressed  b y  forces 
a n d  fo rce  pairs, th a t  is, so lid  co n fig u ra tio n s  w hich h a v e  a d im ensionof p rio ­
r i ty  as ag a in st th e ir  o th e r  d im ensions. T he g raph  of th e  sy stem  describes th e  
to p o lo g y  o f th e  e lem en t connec tions a n d , therefo re , in  th e  case o f a b a r  n e t­
w o rk  th is  should n o t b e  con fused  w ith  th e  geom etrical configu- ra tio n  o f th a t  
n e tw o rk  (which m ig h t be  changed  b y  th e  load).

T h is defin ition  re q u ire s  a su p p le m e n ta tio n  an d , a t  th e  sam e tim e , some 
re s tr ic tio n s . The e lem en ts m ay  o n ly  be  rep resen ted  b y  th e  so-called b ipole 
e le m e n t ty p e , th a t  is, th e y  can  be  connected  to  o n ly  tw o  ju n c tio n  p o in ts  
o f  th e  netw ork . E q u a tio n s  describ ing  th e  in d iv id u a l e lem en ts shou ld  have 
th e  fo rm

e =  Z  ( i ) ,  i =  Y(e)

w h ere  i resp. e are th ro u g h  or across v ariab les  or v ec to rs .
W ith o u t a t te m p tin g  to  offer a p recise  d efin itio n  o f  th ro u g h  and  across 

v a r ia b le s , th e  tw o q u a n tit ie s  can  be ch a rac te rized  as v a riab le s  analogous to  
e le c tr ic a l cu rren t i a n d  v o ltage  e, so th e ir  in d ic a tio n  w as selected  to 
re m in d  us of th is  an a lo g y . H ence, fo r th e  sake of a b b re v ia tio n , v ariab les  i 
a n d  e w ill be spoken o f  in s te a d  o f th ro u g h  and  across v a riab les .

2. Som e g rap h  th eo ry  corre la tions

Since th e  e q u a tio n s  of th e  p h y sica l ne tw ork  will h a v e  to  be derived  in  a 
g ra p h ic  form , le t us com pose th e  g rap h  th e o ry  co rre la tio n s req u ired  for th a t  
p u rp o se  [1]. G raph  tre e  m eans a p a r t ia l  se t of b ra n c h e s  w hich  do n o t form  
a closed  loop, an yw here . T he links a re  graph  b ran ch es  com pleting  th e  tree  
to  closed loops. T he g ra p h  s tru c tu re  can  be c h a ra c te riz e d  in  severa l w ays. 
H en ce , for th is p u rp o se , th e  b ra n c h  node incidence m a tr ix  an d  th e  loop 
m a tr ix  will be u sed , u n d e r  th e  d en o m in a tio n  A an d  C m atrices.

A n a,y elem ent o f th e  A m a tr ix  can  be defined  as follows:

1, if  th e  d irec tio n  o f th e  b ran ch  p o in ts  aw ay  from  th e  node; 
— 1, if  th e  d irec tio n  o f the  b ran ch  p o in ts  to  th e  node;

0, if  th e  b ra n c h  c a n n o t be connected  to  th e  node.

Fig. 1. I f  th e  co lum ns co rrespond ing  to  fix e d  po in ts  are o m itted  
íro m  m a trix  A (such  as th e  ju n c tio n  po in ts  co rresp o n d in g  to  th e  clam ps 
o f  a su p p o rt system ), a red u ced  b ra n c h  node incidence m a tr ix , th a t  is, m a trix  A 
w ill be ob tained .
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A cij e lem en t o f m a tr ix  C m ay  be defined  in  th e  follow ing w ay:

-f-l, if  th e  d irec tio n  o f th e  b ra n c h  is id en tica l w ith  th e  loop 
d irec tio n ;

— 1 , if  th e  d irec tio n  o f th e  b ra n c h  is opposite  w ith  th e  loop 
d irec tio n ;

0 , if  th e  loop does n o t co n ta in  th e  b ran ch .

©
A

1 2 3
1 1 -1
2 1 " I

3 -1

4 1

5 1

S -1 1

C

I II III
1
2

1
1

3 -1  1
4 -1 1
5 1 ' I
6 1

T h e follow ing re la tio n s  ex ist b e tw een  m atrices  A and  C:

( 2)

(3)

A*C =  0, 

C*A =  0.

M atrices A and  C can  be d iv ided  in to  su b m atrices  co rrespond ing  to  th e  g rap h  
tre e  an d  its  links re sp ec tiv e ly :

(4)

As fo r defin ition , CL equals u n it m a tr ix  U. Since A t is a q u a d ra tic  and  n o n ­
sing u la r m a trix , th e  follow ing eq u a tio n  m ay  be w ritte n  on th e  basis o f [2 ]:

t h a t  is

[A ? A t] C7

u
A J  A* — 0 ,

CT =  [A ? ] - 1 A t ; C = c r  ' = - - ( A t )“ 1 A t  '
u U

(5)

( 6 )
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3. General equations of the physical networks

F o r  th e  sake of g en e ra lity , le t us assum e th a t  each b ra n c h  o f th e  n e t­
w ork  co n ta in s  e and  i sources ( th a t is, c e r ta in  specified  E  an d  I  v a lu es , respec­
tiv e ly ) , [2], [3], [4]. In  th is  case, a single b ra n c h  of th e  n e tw o rk  m ay  be illus­
t r a te d  b y  th e  schem e show n in Fig. 2. T his reveals th a t  b ra n c h  ch a rac te ris tic s  
e an d  i are  no t id en tica l w ith  th e  across an d  th ro u g h  v a riab les , re spec tive ly , 
o f th e  tw o bipole e lem en ts  w hich  are now  in d ica ted  by  V  an d  J .  A ccording 
to  th is  F ig u re ,

V  =  e +  E,  resp  . J  =  i -\- I .  (7)

In  linear system s, th e  bipole e lem en t equa tions are

(e +  E ) =  Z (i  +  I) ,  resp . (i +  I)  =  Y(e  +  E ) .  (8 )

Z  a n d  Y  =  Z - 1  re p re se n t th e  im p ed an ce  an d  a d m itta n c e , re sp ec tiv e ly , of 
th e  e lem en t. On th e  b as is  o f (8 ), th e  to ta l i ty  of th e  (unconnec ted ) b ran ch es 
o f  th e  linear n e tw o rk  can  be ch a rac te rized  b y  th e  v ec to r eq u a tio n s

(e +  E) =  Z ( i  +  I)  (9a)

an d

i +  I  =  Y (e  +  E)  (9b)

w here  Z and  Y are  th e  so-called prim it ive  im pedance  and  a d m itta n c e  m atrices , 
a g a in  respective ly , o f th e  netw ork .

In  a connec ted  n e tw o rk , b eyond  (9), tw o m ore fu n d a m e n ta l re la tio n s 
w ill ex ist, accord ing  to  w hich in th e  n o d a l po in ts  th e  a lgeb ra ic  sum  of th e  
i v a riab le s  will eq u a l zero , ju s t  like th a t  o f th e  e v a riab les in  th e  loops, th a t  is ,

A* i =  0 ,  (10)

C* e =  0 . (11)

O n th e  basis o f (7), th e se  expressions m ay  be w ritten  as

A *{J  -  I )  =  0, th a t  is, A *J  =  A *1 =  E , (10’)

an d
C*(V  — E ) =  0, th a t  is, C * F = C *E  =  E ' ,  ( I F )

w here  I '  m eans th e  v e c to r  of i n oda l source variab les , w hile E ' th a t  of th e  
e loop source v a riab le s . I t  is to  be n o te d  here  th a t  these  tw o re la tio n s know n 
as th e  K irchoff law  o f electric  ne tw o rk s do n o t rep resen t a law  for th e  th e o ry
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of physica l n e tw o rk s, b u t give th e  defin itio n  of v a riab les i an d  e. E x pressions 
(9), (10) and  (11) which re p re se n t th e  p rim a ry  m a th e m a tic a l m odel o f th e  
n e tw o rk  re p re se n t, a t  the sam e tim e , a 2 X 6 n u m b er of eq u a tio n s  fo r th e  
d e te rm in a tio n  o f th e  2 x 6 n u m b e r  of un k n o w n  v ariab les, w here 6 is th e  
n u m b e r of b ran ch es.

F rom  th e  p rim ary  m a th e m a tic a l m odel it  is b e s t to  derive seco n d ary  
m odels w here, in s te a d  of a 2 X 6 n u m b er of eq u a tio n s, on ly  a low er n u m b e r

I
l ± _______ L

F ig . 2

of eq u a tio n s  shou ld  be solved s im u ltan eo u sly , w hile th e  o th e r  un k n o w n  
v a riab le s  can be o b ta in ed  th ro u g h  sim ple su b s titu tio n . In  a m a tr ix  sense 
th is  m eans th a t  fo r  secondary  m odels in s tead  o f th e  (2 6 x 2 6 ) m a tr ix  on ly  
one or  m ore sm aller-size  m atrices w ill have  to  be  in v e rted , w hich rep resen ts  
a considerab le  m ach in e  tim e sav in g . O f th e  secondary  m odels th e  tw o m ost 
im p o r ta n t  on es are  th e  so-called n o d a l an d  loop m odels, resp ec tiv e ly .

B y  th e  re a rran g em en t of (9b) we get th e  expression

Ye =  i + J  —YE (12)

M u ltip ly ing  b o th  sides by  A*, a n d  ta k in g  in to  consid era tio n  E q . (10), we 
o b ta in

A* Ye =  A * (I  Y E ) . (13)

T he e v ariab les  p e rta in in g  to th e  in d iv id u a l b ran ch es, th a t  is, v ec to r  e can 
be exp ressed  b y  v e c to r  e ' associa ted  w ich th e  n o d a l p o in ts . As a defin itio n :

e = A e \  (14)
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S u b s titu tin g  (14) in to  (13), we o b ta in

A * Y A ( e '= A * ( J  Y E )  (15)
an d

e — (A*  Y A )~l A * ( I  Y E ) ,  (16)

T h is is th e  nodal fo rm  o f th e  n e tw o rk  eq u a tio n s .
T h e  loop form  can  be sim ilarly  o b ta in e d . O n th e  basis  o f  (9a),

Z i =  e + ( E  Z  I ) .  (17)

M u ltip ly in g  b o th  sides b y  C*, an d  ta k in g  (11) in to  c o n sid e ra tio n , we ge t

C *Z i =  C * ( E - Z i ) ,  (18)

V ariab les  i can  be expressed  b y  th e  i '  loop v a riab les . W ith  re sp ec t to  th e  
d e fin itio n  of loop m a tr ix  C, we o b ta in

i =  C i ' .  (19)

B y  su b s titu tin g  (19) in to  (18), th e  loop fo rm  so u g h t fo r w ill be a rr iv e d  a t :

V =  (C* ZC ) - 1 C*(E- Z I ) .  (20)

In  th e  case o f th e  nodal fo rm , th e  node a d m itta n c e  m a tr ix  YN =  A*YA 
is o f  an  ( n X n )  size, w here  n is th e  n u m b e r  of free nodes. T he loop im p ed an ce  
m a tr ix  in  th e  case o f  a loop fo rm , t h a t  is, Z H =  C*ZC has a [(6  — n ) x ( b  — re)] 
size. T he use o f (16) a n d  (20), re sp e c tiv e ly  is ju s tif ie d , above all, b y  th e  n e t­
w o rk  s tru c tu re : fo r m o d e ra te ly  looped  (tree  ty p e ) ne tw o rk s th e  use o f a 
loop , w hereas for h ig h ly  looped sy stem s th e  em p lo y m en t of th e  n o d a l form  is 
a d v a n ta g e o u s . H ow ever, in ad d itio n  to  th e  n u m b er o f nodes an d  b ra n c h e s , 
in  m a n y  cases severa l o th e r aspects  m a y  also be reck o n ed  w ith  w hen  se lec t­
in g  th e  m odel.

4. Bar netw ork equations

E q u a tio n s  (9) — (20) ap p ly  to  cases w hen th e  p h y sica l n e tw o rk  is lin ea r, 
a n d  th e  b ran ch es can  be described  b y  sca la r re la tio n s  (8 ). I t  is easy  to  realize 
t h a t  fo rm ally  s im ila r  equ a tio n s can  be  o b ta in ed  w hen  a single b ra n c h  is 
describ ed  by  a v e c to r  re la tio n , as th e  en tire  n e tw o rk  w as earlie r. E q u a tio n s  
o f  these  h y p er-n e tw o rk s  differ from  (9) — (20) on ly  b y  th e  rep lacem en t o f
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vecto rs e, i, E ,  I ,  e tc ., b y  th e  co rrespond ing  h y p e rv ec to rs . M atrices A , C, Z , 
and  Y are  h e re  sim ilarly  h y p e rm a trices .

This is th e  case w ith  b a r  ne tw o rk s. B e tw een  th e  ex te rn a l an d  in te rn a l 
forces, an d  th e  d e fo rm atio n  (d isp lacem ent) o f a single b a r  th e  follow ing re la ­
tio n  ex ists  ([5 ], p . 78):

4 . ^ , 0 Bjk u f ' ^ + F ^ S j b  +  t,-jk öjk I ljk ( 21)

w here u k a n d  uj  a re  th e  to ta l  b ra n c h  d is to rtio n  v ec to rs  of b a r  te rm in a ls  к 
and  j ,  re sp e c tiv e ly , sjk is th e  induced  m em b er force vec to r, an d  t Jk is th e  
v ec to r  o f a p p lie d  b ran ch  d is to rtio n s . Hjk is th e  tra n s fe r  m a trix , F jk is th e  
flex ib ility  m a tr ix  of th e  b a r , w hile j  an d  к  a re  th e  b a r  te rm in a l ind ices. T he 
u k, u j  t jk six -d im ensional v ec to r  com ponen ts re p re se n t th e  d isp lacem en ts  
co rrespond ing  to  th e  eigencoord inates f ,  rj, f  o f th e  b a r , and  th e  ro ta tio n s  
conform ing to  th e se  axes. T h e  sJk com ponen ts are  th e  forces or to rq u es ex e rtin g  
th e ir  effect in  th e  sam e d irec tio n . F le x ib ility  m a tr ix  F jk has th e  fo llow ing 
form :

4k  : ( 21)

w here L  is th e  b a r  len g th , A  th e  cross sec tio n a l a rea  o f  th e  b a r , E  an d  G th e  
e la s tic ity  an d  sh e a r m oduli, re sp ec tiv e ly , GJç th e  to rs io n a l rig id ity  p er u n it 
le n g th , E r/ a n d  E^ th e  specific rig id ities re la te d  to  th e  Г] an d  f  b a r  axes, re ­
sp ec tiv e ly .

(22)
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I f  th e
u < ^ ,0  =  ujk (23)

exp ression  is in tro d u c e d , E q . (21) m a y  be w ritte n  in th e  fo llow ing fo rm :

[ u jk~I-  t j k \  =  —F/-fc S j k . (24)

I f  (24) is com pared  to  (8 ) an d  (7), fo rm a lly  id en tica l re la tions a re  seen. In  ou r 
case , d e fo rm atio n  u jk co rresponds to  b ra n c h  ch a rac te ris tic  e, an d  th e  app lied

Table I

General
characteristic

Bar system 
characteristic Denomination Co-ordinate

system

e U to ta l  b ra n ch  d isto rtion l

e ' u ' nodal d isp lacem en t g

E t app lied  b ra n ch  d isto rtion l

V V induced  m em ber d istortion l

i q to ta l  b ra n ch  force l

i ' q ' loop force g

I Q ap p lied  b ra n ch  force 1

J S induced  m em ber force 1

r Q' app lied  no d a l force q
z F flex ib ility  m atrix g

Y K stiffness m a trix g

b ra n c h  d is to rtio n  t jk to  th e  source c h a ra c te ris tic  E.  J  co rresponds to  th e  
in d u ced  force v e c to r  sj k.

W ith  a s tr ic t  adherence to  th e  sym bols used in  (5), Table I  p resen ts  
th e  eq u iv a len ts  o f  th e  v ariab les considered  in  th e  th eo ry  of p h y sica l ne tw orks 
as ap p lied  to  th e  s ta tic s  of b a r sy stem s (as ag a in s t th e  sym bols in  [4], th e  nodal 
v a r ia b le s  are  in d ic a te d  here sim ply  b y  ad d in g  a com m a to  th e  co rrespond ing  
b ra n c h  v a riab le  sym bols).

P r io r  to  exp ressing  th e  co n n ec ted  b a r  ne tw o rk  nodal an d  loop equ a tio n s 
on th e  basis o f (16) an d  (2 0 ), tw o  asp ec ts  m issing from  a n e tw o rk  consisting  
o f  sca la r e lem ents m u st be ta k e n  in to  considera tion , nam ely , th a t

a) th e  v a riab les  o f b ran ch  e q u a tio n s  (24) are given fo r local, t h a t  is, 
d iffe ren t co -o rd in a te  system s co rresp o n d in g  to  th e  d ifferen t b ra n c h e s , w hereas 
E q s  (16) and  (20), as well as th e ir  h y p e rv e c to r  form s ap p ly  on ly  to  th e  global 
co -o rd in a te  sy s tem , th a t  is, th e  one re la te d  to  th e  en tire  n e tw o rk ;
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b) th e  nodes do n o t necessarily  tra n s fe r  ev e ry  an d  each co m p o n en t of 
th e  force an d  d isp lacem en t v ec to rs ; for exam ple , in  th e  case o f a ba ll jo in t 
connected  b a r  on ly  th e  co m p o n en t exerting  its  effect along th e  axis ( f  local 
co -ord inate) w ill be tran sfe rred .

T hus, f ir s t  i t  should  be d e te rm ined  w h e th e r th e  v ariab les  to  be su b ­
s ti tu te d  from  Table I  in to  E q s (16) and  (20) are  defined  in  th e  global (re la ted  
to  th e  en tire  n e tw o rk ) or in  a local co -o rd inate  sy s tem  (see colum n 4 of Table I);  
in th e  la t te r  case th e  a p p ro p ria te  tran sfo rm a tio n s  w ill have  to  be perfo rm ed .

The u j an d  u fc te rm in a l d isp lacem en t v ec to rs  o f b ra n c h  j ,  k  will be t r a n s ­
form ed from  th e  f ,  tj, £ local co -o rd inate  sy stem  in to  th e  g lobal co -o rd in a te  
system  x, y ,  z in  th e  follow ing m an n er (5):

u(f,i,i) __ j
j  l j k u ( x ,y , z )

J

w here th e  tra n s fo rm a tio n  m a tr ix  T jk has th e  follow ing form :

' J k

cos ( $ j k ,  x) cos (l;j k ,  y )  cos (SA, z)
cos ( j j j k,  x)  cos (rjj k , y )  cos ( i y k,  z) 0
cos ( f Jk, x) cos {Cjk, y )  cos ( £ y f c ,  z)

cos ( | y k, x) cos (ÇJk, y )  cos ( | y f t ,  z)
0  cos (rjjk, x) cos (r)jk, y )  cos z)

cos (£;*, x) cos ( C j k ,  y)  cos (fyfc, z) _

(25)

E xpression  (23) w ill be tran sfo rm ed  as follows:

u f r y *  =  Bj k Tjk u f ’>-*y T j k u < ? ^

w hich can be w ritte n  as

u j k  =  \ B j k  T j k  —  T j k ]

w here
L u k

G j k  u j k

Tyk -  Tyk —  Gj k  ,

U,7 =  u■jk-

(26)

(27)

(28)

On th e  basis o f (27) describ ing  th e  tran sfo rm a tio n  o f th e  in d iv idua l b ra n c h  
defo rm ations in to  th e  global co -o rd in a te  system  x , y ,  z, an d  accord ing  to  (14), 
th e  following re la tio n  can be fo u n d  betw een  th e  u  b ra n c h , and  u ' nodal d is­
p lacem en ts of th e  en tire  n e tw o rk :

u  =  Gr P u ' =  G c u' (29)

15 Acta Technica Academiae Scientiarum Hungaricae 73, 1972



226 D. SIN G ER

w here  Gr is th e  h y p e rm a tr ix  o b ta in ed  from  m atrices  Gj k p e r ta in in g  to  th e  
in d iv id u a l b ranches, Gc =  GrP , w here P  is th e  topo log ica l m a tr ix  expressing  
th e  re la tio n s  of th e  b ra n c h e s  an d  nodes concerned , o r th o se  o f th e ir  v ec to r  
co m p o n en ts , while u  a n d  u '  a re  th e  h y p e rv e c to rs  of th e  b ra n c h  a n d  node 
d e fo rm a tio n s , re sp ec tiv e ly .

I t  is qu ite  s im ila r as to  how  th e  sJk in d u ced  m em ber force o f th e  j ,  k  
b ra n c h , expressed in  loca l co -o rd ina tes, is tran sfo rm ed . T he Qk force ex e rtin g  
its  e ffec t in  p o in t k  w ill p ro d u ce , on th e  basis  o f th e  ac tio n -reac tio n  p rinc ip le , 
a to ta l  b ran ch  force Sjk in  th a t  b ran ch . T h e  force p ro d u ced  b y  th e  Qk force 
a c tin g  in  p o in t j  o f th e  b ra n c h  is B *Jk Sjk, w here B *jk is th e  tra n sp o se  of 
t r a n s fe r  m a trix  (22). T h u s  th e  force eq u ilib riu m  of th e  b a r  is exp ressed  b y

R *Djk Sjk = [ < ? / l
u

(30)

S ince th e  ex te rn a l forces a re  genera lly  g iven  in  g lobal, w hereas th e  in te rn a l 
fo rces in  local co -o rd in a tes , E q . (30) m u s t be m u ltip lied  b y  th e  T*/( t r a n s ­
fo rm a tio n  m a trix :

T *  R *
Ljk  n jk SJK = Qj

I H ??
*

Qk \
(31)

Since (10) an d  (10’) ap p ly  to  th e  g lobal co -o rd inate  sy stem , in  ne tw o rk  
th e  follow ing re la tio n s w ill ex ist:

P* G* s P* G? Q =  0 or Gc s Gc Q' =  0 (32)

w h re
Gc P* G* ; 0 '  =  P*G*Ç (33)

q, s, O ’ are h y p e rv ec to rs  com posed of v ec to rs  qjk, Sjk, QJk, a n d  Q is th e  
n o d a l load  (source p ressu re) h y p erv ec to r. G*, G* are th e  tran sp o ses  of th e  
p rev io u s  h y p erm atrices  Gr an d  Gc, resp ec tiv e ly , re la ted  to  th e  en tire  n e tw o rk .

U sing (32) an d  (29) in s tead  of (10) an d  (14), on th e  basis o f (12) th e  
fo llow ing  node eq u a tio n  w ill be o b ta in ed  fo r th e  b a r  n e tw o rk  (see Table I ) :

u '  =  [ G * K G c] ~ ^ [ Q  K t]  (34)

A  c e r ta in  n u m b er of b a r  system  nodes are  fixed . Self-ev iden tly , Gc canno t 
c o n ta in  th e  colum ns co rrespond ing  to  th e  fixed  ju n c tio n s  or else (34) w ould 
b e  fa r  overd e te rm in ed . E q . (34) co n ta in s , therefo re , th e  G p a r t ia l  (hyper) 
m a tr ix  of (b X n) d im ension  in stead  of Gc:

u =  [G* K G ] - 1  G*[Q —K t] (35)

w h ere  G is a p a r tia l  m a tr ix  co rrespond ing  to  th e  free nodes o f Gc, th a t  is, 
Gc =  (Gp; G) w here, in  tu rn ,  Gp is a p a r t ia l  m a tr ix  co rrespond ing  to  th e  fixed
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n o d a l po in ts  of Gc. If, on th e  basis o f (33), th e  Q b ra n c h  lo ad  v e c to r  is rep laced  
by  nod a l load  v ec to r  Q' th e n

u =  [G *K G ] ^ 1 Q' -  [G* K G ] - 1 G* K< (36)

m ay  be w ritte n  in s tead  of (34). T his expression is id en tica l to  th e  so-called 
d isp lacem en t e q u a tio n  of b a r  system  s ta tic s , if  th a t  is exp ressed  in  a m a trix  
form .

E q . (34) is seen to  be fo rm ally  analogous to  th e  genera l n ode  eq u a tio n  
(16) of physica l ne tw orks. As th e  on ly  difference, th e  A topo log ica l m a tr ix  
consisting  of 1 an d  0 te rm s is rep laced  b y  h y p e rm a tr ix  G w hose elem ents are  
g iven expressions con ta in in g  th e  d irec tio n a l cosinus an d  le n g th  figures of th e  
b a rs , an d  0  te rm s.

U sually , expressions (1 2 )—(16) re la te d  to  a general p h y sica l ne tw ork , 
an d  th e  o th e r re la tions derived  th e re fro m  are m odified  in  such  a m an n er as 
to  rep lace A b y  G. T hus, for exam ple , th e  s =  (q -)- Q) s tre ss , m o st essen tia l 
in  s ta tic  ca lcu lations, can  be co m p u ted  on th e  basis o f (12) an d  (14):

J  =  i +  I  =  Y [ A e ' + E ] ,  (37)

S u b s titu tin g  th e  expression  of e’ from  (16), we get

J  =  Y A [A *Y A ] - 1 [ U - A *  Y E ]+ Y E  (38)

w here, on th e  basis of (10 '), A *1 w as rep laced  b y  S u b s titu tin g  now  th e  
co rrespond ing  b a r  system  ch a rac te ris tic s  in to  (38), on th e  b asis  o f Table I ,  
an d  rep lac ing  m a tr ix  A b y  G, th e  follow ing expression w ill be  o b ta in ed  for 
th e  induced  m em ber force:

s =  K G [G *K G ]-1 [Q '-G * K t]  K /. (39)

T h is re la tio n  m akes th e  d e te rm in a tio n  o f th e  reac tio n  forces co rrespond ing  to  
th e  fixed  ju n c tio n s  possible. A ccording to  (10'), th e  follow ing re la tio n  exists 
b e tw een  th e  n oda l source v a riab les I ’ of th e  physica l n e tw o rk  (inc lud ing  th e  
reac tio n  forces), an d  th e  J  v ariab les  o f th e  b ranches:

A *J  =  T .  (40)

I f  th e  fixed  ju n c tio n s  are  sep a ra te ly  reckoned  w ith , th e  above eq u a tio n  m ay 
be w ritte n , fo r a b a r  n e tw o rk , in  th e  follow ing form :

G *s = Qp (41)
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w h ere  th e  vectors m a rk e d  b y  an  in d ex  p  ap p ly  to  fix ed , w hereas tho se  w ith o u t 
a p  in d ex  to  th e  free  nodes. D e te rm in a tio n  of th e  Qp re ac tio n  force of fixed  
nodes is, therefore , b y

O/i =  G* s . (42)

S u b s titu tin g  th e  exp ression  of s from  (39), th e  fo llow ing eq u a tio n  will be o b ­
ta in e d  for Qp:

Qp — G* KG[G* K G ] ^ 1 [Q' G * K i ] - G p K i .  (43)

So fa r  it  was assum ed  th a t  each co m p o n en t of th e  fix ed  n oda l d isp lacem en t 
v e c to rs  would be s im ila rly  fixed . I f  th is  fixed  c h a ra c te r  applies only to  som e 
o f th e  u com ponen ts, th e  above re la tio n s  will rem ain  essen tia lly  va lid , b u t  th e  
p a r titio n in g  of Gc w ill h av e  to  be p e rfo rm ed  a t  a m a tr ix  in s tead  of a h y p e r­
m a tr ix  level.

T he eq u iv a len t o f th e  loop e q u a tio n  (20) of a g enera l p hysica l n e tw o rk , 
su ita b le  for b a r  sy s te m  calcu la tio n s, can  also be exp ressed . H ere again , as 
in  th e  derivation  o f th e  n oda l e q u a tio n , th e  topo log ica l m a tr ix  is rep laced  b y  
a n o th e r  one w hich reckons n o t o n ly  w ith  th e  topo lo g ica l cond itions of th e  
n e tw o rk  b u t also w ith  th e ir  m etrics .

The best w ay  is to  express loop m a tr ix  C, on th e  basis of (6 ), b y  m a tr ix  
A o r its  A j  tree  or A t lin k  co m p o n en ts . I f  th e n , ju s t  like above, A, A 7-, and  
A t are replaced b y  G, G7  and  GL, respective ly , th e  m a tr ix

r (G* )- 1  G*
[ u

w ill be ob ta ined , w ith  th e  sam e ro le  in  a b a r  sy s tem  as th a t  of m a tr ix  C in  
connection  w ith  th e  genera l e q u a tio n  (20). T hus th e  loop eq u a tio n  of th e  b a r  
n e tw o rk  can be d ire c tly  o b ta in ed  from  (20), by  m ak in g  use of Table I:

q ' =  [D * F D ] _1 D *(t—FQ ) (45)

E q . (45) co rresponds to  the fu n d a m e n ta l e q u a tio n  of th e  process called force 
m eth o d  in s ta tic s  (see page 131 in  [5] o f th e  l i te ra tu re  c ited).

(44)

5. Bar network diacoptics

I t  was show n th a t  th e  ap p lica tio n  of th e  p h y sica l n e tw o rk  th eo ry  w ould 
lead  to  the  sam e re la tio n s w hich could  be o b ta in e d  in  th e  s ta tic s  of su p p o rts  
b y  using th e  w ell-know n d isp lacem en t or force m e th o d , on th e  basis of classic 
m echanical con sid era tio n s. I t  w ill now  be d e m o n s tra te d  th a t ,  in ad d itio n , th is
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view  m ay  offer sign ifican t p rac tica l ad v a n ta g e s . F irs t of all th e  m e th o d  called 
d iaco p tics  b y  G. K ron  should be co n sid e red  w hich  m ig h t p e rm it th e  b u ild in g  
o f th e  n u m erica l so lu tio n  of n e tw o rk  eq u a tio n s  from  p a r t  so lu tions [6 ] . S uch  
a t im e  sav ing  m a y  be  p a rticu la rly  co n sid e rab le  w hen  ca lcu la tin g  so p h is tic a te d  
s tru c tu re s .

F ig . 3 b

In  th e  s ta tic s  o f  supports, th e  m e th o d  o f d iv ision  has n o t p rev iously  
been u n k n o w n , e ith e r . Such a m e th o d  is, fo r exam ple , th e  s ta tic a lly  in d e­
te rm in a te  m ain  s u p p o r t technique. I t  is be lieved , how ever, th a t  th e  ne tw o rk  
th e o ry  v iew  m ay  g re a tly  assist th e  fu r th e r  deve lopm en t o f these  m eth o d s. 
O f th e  sev era l d iaco p tic  m ethods here  o n ly  one w ill be d ea lt w ith , as th is  seem s 
to  be re a d ily  a d a p ta b le  fo r bar sy s tem  s ta tic s .
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Since b a r n e tw o rk  conditions a re  to  a ce rta in  degree co m plica ted  b y  
th e  necessity  o f tra n sfo rm in g  th e  re la tio n s  expressed  in  local co -o rd in a te  
sy stem s re la ted  to  th e  in d iv idua l e lem en ts  in to  a global co -o rd inate  sy stem , 
f irs t  le t us derive th e se  relations for a p h y sica l ne tw o rk  s tru c tu ra lly  id en tica l 
w ith  th e  b a r  sy stem . B y  elim inating  b ra n c h e s  7 an d  8 , th e  ne tw ork  p re sen ted  
in  F ig . 3a m ay be d iv id ed  in to  p a r t  n e tw o rk s  I  and I I .  O ur d u ty  is now  to  
d e te rm in e , b y  so lv in g  th e  equations o f  th e  tw o p a r ts , th e  nodal v a riab les  
ea, eb, ec, ea, p ro d u ced  b y  th e  nodal i sources Ia ,  Ib, Ic, Id  o f th e  o rig inal 
n e tw o rk .

In  order to  co m p en sa te  for th e  e lim in a tio n  of b ranches 7 and  8 , h y p o ­
th e tic  flows ia, ib, icy id m ay  he assum ed  in  th e  a, b, c, d nodes, w hose m ag n i­
tu d e  an d  d irec tion  a re  assum ed n o t to  m odify  th e  nodal e v a riab les in  sp ite  
o f th e  division. F ro m  th e  v iew point o f b ran ch es  7 and  8 , p a r t  system s I  and  
I I  m a y  be considered  as e sources p ro d u c in g  th e  sam e i values in  th e  excluded  
b ra n c h e s  as those  o f  th e  original n e tw o rk . T hese ê7, e8 values, in  tu rn ,  m ay  
be  reg a rd ed  as th e  ch a rac te ris tic s  of th e  e sources series connected  to  e lem ents 
7 an d  8 , see F ig . 2b .

This F igure  rev ea ls  th e  follow ing equa lities :

l a — 1%
h  =  — h  (46)
Ic == 7̂
id ==

~en =  e'b — e'c 
èg =  €a (id

In  v e c to r  form :

(47)

i a = 0 — 1

i b —  1 0

i c 1 0

i d _ 0 1

i1 ~e7 = 0  1  - I  o '

_h_ (46’) 1 0  0 - 1 (47’)

O r in  a still m ore  sim ple  w ay:

l '  =  G Li k (46 ') 5ft =  Cf c '  (47 ')

w here  Cx is a co n n ec tin g  m atrix .
N odal e q u a tio n s  (16) can be  s e p a ra te ly  w ritte n  for p a r t  n e tw o rk s I  

a n d  I I .  I t  is easy  to  check th a t  th e  tw o  eq u a tio n s can  be expressed  as

' ( * 1  +  Y t ) -  Y , e'a = la +  ia
. - ( Y y  +  Y s) e'b Ib ib

' Y t + Y 6 -  ^ 4 Ic +  ic
_ -  Y , ^ 4 + ^ 6 L ed Id +  id

(48)

(49)
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In d ices  1 an d  2 re fer to  p a r t  n e tw o rk s I  an d  I I ,  resp ec tiv e ly . E qs (48’) an d  
(49’) can  be expressed  in  th e  form  o f a single h y p e rm a tr ix  eq u a tio n :

(50)

In d ic a tin g  th e  d iagona l h y p e rm a tr ix  b y  E q . (50) can  be expressed  in  
th e  form

Ŷd e '  —  I ' ~ \ ~ i  ■ (50')

F o r th e  connec ting  b ran ch es (7) an d  (8 ), th e  follow ing eq u a tio n  m ay  be 
w ritte n  on th e  hasis of Fig. 2b:

Y f 1 0

0 y«-1

I f  th e  p rim itiv e  a d m itta n c e  an d  im p ed an ce  m atrices  o f b ranches 7 an d  8 

are  in d ica ted  b y  Y K an d  Z K, re sp ec tiv e ly , th e n  th e  follow ing expression  w ill 
be o b ta in e d :

^K 1 %  — — eK- (51 ')

A ccord ing  to  (46’) an d  (47’), h y p o th e tic a l v ec to rs  e an d  i can  b» 
from  (50’) and  (51’):

; e lim inated

^ N d e = 1 , JT ^ \ Í k  

=  — C* e .
(52)

E x p ressin g  e' from  th e  f irs t  eq u a tio n  o f  (52) we get

e' =  Z ^ [ I ' + C t i,] . (53)

S u b s titu tin g  now  in to  th e  second eq u a tio n  of (52) w ill give

iK = -  M - 4 4 Y лЙ Г (54)
w here

M =  ZK+ C f  Y^JC1. (5 4 ')

B y su b s titu tin g  (54) in to  (53), fin a lly  th e  follow ing expression 
for th e  d e te rm in a tio n  o f th e  n oda l e v a riab les :

is o b ta in ed

e' =  Y ^ [ F  Y ^ C j M ^ C f Y  ̂ Г ] . (55)
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I t  is easy  to  realize th a t  (56) is in d e p e n d e n t o f th e  n u m b er o f p a r t  system s 
th e  n e tw o rk  h a d  been  d iv ided  in to . G en era lly , th e  d iagona l h y p e rm a tr ix  
Y Nd o f  an  (m X m) d im ension  assum es th e  form

0

^Nm -

(56)

w here  Y Ni is th e  n o d a l a d m itta n c e  m a tr ix  o f th e  i- th  p a r t  n e tw o rk , an d  m  
is th e  n u m b e r o f p a r t  system s. F in a lly , Z K is th e  p rim itiv e  im pedance m a tr ix  
o f th e  links:

Z K =

Zi
Zj

0

0

(57)

a n d  i t  is a d iagonal m a tr ix  of (bk X b k) d im ension , w here bk is th e  link  n u m b er. 
C o n nec ting  m a tr ix  Cx is a m a trix  o f  (n X b k) d im ension , consisting  o f 1, —1 , 0  
e lem en ts , w here n is th e  n u m b er o f nodes in  th e  en tire  ne tw o rk  (excep t th e  
fix ed  po in ts). T he e lem ents of C, a re  d efin ed  as follows:

Caj =
1 , if  th e  d irec tion  of th e  j '- th  link  p o in ts  to  node a ;

— 1 , if  th e  d irec tio n  o f th e  y - th  link  po in ts  aw ay  from  node a, 
0 , if  th e  y -th  link  does n o t co n ta in  node a.

L e t us now  ap p ly  (55), in tro d u ced  fo r general p h ysica l n e tw orks, an d  th e  
d iaco p tic  consid era tio n s lead ing  th e re to , fo r b a r  system s. T he fa c t th a t  th e  
b ran ch  an d  n oda l ch a rac te ris tic s  e an d  i o f th e  ne tw ork  are  here n o t scalars 
b u t  v ec to rs , does n o t g rea tly  m od ify  th e  re su lt fo rm ally . The d ifference is 
t h a t  w here p rev io u sly  we h ad  v ec to rs  a n d  m atrices , now  we shall h av e  h y p e r­
v ec to rs  an d  h y p e rm a trices  (h y p erv ec to rs  an d  h y p erm atrices , in tu rn , will be 
rep laced  b y  th e  co rrespond ing  h ig h er o rd e r figures).

So in s tead  o f (50’), we m ay  w rite

K Vd w( w ) ' =  Q ^ y ^ ' + q ^ ) '  (58)
w here

IIs:
*

G* K pl Gj
G ? K p2 G2

0

=

K N1
K N2

0

0 P* K rAVpm 0 KjVn - (59)
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H ere  u',  Q' are  liy p e rv ec to rs  of th e  n o d a l d isp lacem en ts  an d  n o d a l loads o f 
th e  p a r t  n e tw o rk s , an d  q is th e  h y p e rv e c to r  of th e  v ir tu a l nod a l loads.

T he eq u a tio n  corresponding  to  (51’) an d  va lid  in  th e  case of b a r  n e t ­
w orks is

¥ k ^  =  - G k u ^  (60)

w here iik and  sk a re  th e  h y p e rv ec to rs  o f h y p o th e tic  source d isp lacem en ts 
an d  in te rn a l lin k  forces, resp ec tiv e ly , an d  Gk is th e  tra n sfo rm a tio n  m a tr ix  
o f  th e  links or co n n ec tin g  bars.

T he eq u a tio n  corresponding to  (46’) can  be expressed  on th e  basis  o f 
re la tio n s  betw een  th e  s in te rn a l an d  q te rm in a l forces o f th e  connecting  b a rs :

q'(x,y,z) _  Q *  s tó,»;,C) ( 6 1 )

w here h y p e rm a tr ix  C2 creates a co n n ec tio n  betw een  th e  te rm in a ls  o f th e  
connec ting  b a rs  a n d  th e  nodal p o in ts  o f th e  en tire  n e tw o rk , w hile th e  ele­
m en ts of C„ are e ith e r  U (6 x 6 ) u n it m a tr ic e s  or 0 ( 6 x 6 )  zero m atrices, d e p e n d ­
ing on w h e th e r th e  te rm in a ls  of th e  c o n n ec tin g  b a rs  (links), ac tu a lly  do connect 
th e  n o d a l p o in t in  qu estio n , or n o t.

T he form  o f (47’), correspond ing  to  th e  b a r  n e tw o rk , is:

=  _ c * M' ( w )  ( 6 2 )

M atrix  CÎ c rea tes a connection  b e tw e e n  th e  nodal p o in ts  of th e  en tire  n e t ­
w ork , an d  th e  te rm in a ls  of the  links. T o  fa c ilita te  an  easier su rv ey , (60), (61), 
an d  (62) in d ica te  w h e th e r  the  v a riab le s  shou ld  be in te rp re te d  in  a local or 
g lobal co -o rd in a te  sy stem .

B y  m ak in g  use o f (61) and (62), th e  h y p o th e tic  v ec to rs  q and  u can 
he e lim in a ted  from  (58) and  (60):

K Ndu' — +  (63)

F/; Sfc =  G,t. C f u .

E x p ressin g  u '  from  th e  firs t eq u a tio n  o f (63), and  su b s titu tin g  it  in to  th e  
second, we get

u ' =  K ^ « ? '+ C 2 Gk* s k) (64)

Sfc =  W - i  G,cC2* K ^ < 7  (65)

w here

W  =  F k- GA. C ? K ^ C 2 Gk*.
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S u b s titu tin g  Sii from  (65) in to  (64), th e  n o d a l d isp lacem en ts w ill be expressed  
b y  th e  follow ing e q u a tio n :

u  =  K*â[<?' C2 G* W - i  G,C? Q' ] . (6 6 )

E q .  (6 6 ) defines th e  n o d a l d isp lacem en t o f th e  b a r  n e tw o rk  for an  o p tio n a l 
d iv is io n  thereof. O bv iously , it  is a d v a n ta g e o u s  to  d iv ide  th e  system  in to

p a r t  ne tw orks in te rco n n ec ted  on ly  b y  a sm all n u m b er of links. T his en su res  
a sm all-size m a tr ix  W , w hereby  th e  tim e  req u ired  for inversion  w ill be s im ila rly  
sh o rt.

Inversio n  o f th e  K Nd m a tr ix , since h ere  we have  to  deal w ith  a d iag o n a l 
h y p e rm a tr ix , is b y  in v e rtin g  th e  p a r t ia l  m a trices . T he m ach ine  tim e  is a ll 
th e  sh o rte r , th e  sm alle r size th e  p a r t ia l  m a trices  are , th a t  is, th e  g rea te r  n u m b e r 
o f p a r ts  th e  sy s tem  h a d  heen  d iv id ed  in to . P a r tic u la r ly  sign ifican t sav ings 
can  be achieved , i f  th e  system  is c o n s tru c te d  of id en tica l m odules since, in  
su ch  a case, th e  m a trice s  of th e  co rresp o n d in g  p a r t  ne tw o rk s w ill h av e  to  be  
in v e r te d  only  once.

L e t us ro u g h ly  e stim a te  th e  tim e  sav in g  due to  th e  ap p lica tio n  o f (6 6 ), 
as com pared  to  u sin g  th e  sim ple n o d a l m e th o d . L et us assum e th a t  th e  sy s tem  
h a d  been  d iv ided  in to  m  — (my -f- m 2) p a r ts  eq u a l in  size, w here m 1 is th e  n u m ­
b e r of p a rts  o f id e n tic a l design. L e t us assum e, fu rth e rm o re , th a t  th e  p a r t  
sy stem s are co n n ec ted , on th e  av erag e , b y  k  n u m b er o f links. So we can  
assum e th a t  th e  m ach in e  tim e  req u ired  fo r m a tr ix  inversion  is q u a d ra tic a lly  
p ro p o rtio n a l to  th e  n u m b er of ju n c tio n s , an d  th e  m ach ine  tim e  o f th e  in d i­
v idua l o p era tions in  (6 6 ) are  neg lec ted  a t  an d  as com pared  to  th is  m a tr ix
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inversion . T he tim e  req u ired  for th e  inversion  o f m a trices  W  an d  K Nd, re sp ec ­
tiv e ly , will be p ro p o rtio n a l to

1т Г
п 2

an d  (m w  x —(— 1 )
n

1 2 1 m m

re spec tive ly . Since th e  inversion  of (non-d iagonal) m a tr ix  K N req u ired  fo r 
th e  d isp lacem en t m ethod  is rough ly  p ro p o rtio n a l to  n2, th e  re la tiv e  tim e  
sav ing  T  w ill he

m m 1-\-k2l 4 -)- l 
m2

(67)

F ig . 4, p lo tte d  on th e  basis of (67), d e m o n s tra te s  w h a t a trem en d o u s tim e  
sav ing  can  be ach ieved  b y  th e  em p lo y m en t o f th e  d iaco p tic  m ethod  described  
above. A ccord ing  to  F ig . 4, if  m l =  1 an d  к =  0,5 an d  if  th e  system  has been  
d iv ided  in to  5 p a r ts , th e  m ach ine tim e  re q u ire m e n t w ill be reduced  to  its  
one-fifth .
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Über die Netzwerktheorie der Stabkonstruktionen. D ie A rb e it b eh an d e lt die n e tz ­
w erk th eo re tisch e  F o rm u lie ru n g  de r S ta tik  von  S ta b trä g e rsy s tem e n . E s w ird gezeigt, daß  
d ie  N e tzw erk an sch au u n g  e inen  tie fe ren  E inb lick  in  diese P ro b le m a tik  erm öglich t. Die U n te r ­
such u n g  r ic h te t  sich  d e r b isher noch  w enig an g ew an d ten  d iak o p tisch en  M ethoden zu u n d  
g ib t die A b le itu n g  e in e r g rund leg en d en  B eziehung de r D ia k o p tik  von  S tab träg ersy stem en . 
E s w ird  schließlich  eine A bsch ä tzu n g  der m itte ls  d ieser M ethode  erz ie lbaren  R ech en ze itv e r­
m in d eru n g  gegeben.

О сетевой теории стержневых конструкций (Д. Сигнер).  В статье излагается трак­
товка с точки зрения теории сетей статики стержневых конструкций. Показано, что в про­
тивоположность применявшимся до сих пор матричным методам сетевая теория позволяет 
давать более глубокую трактовку данной проблематики. Статья глубоко занимается диа- 
коптическими методами, мало использованными до сих пор в статике стержневых конст­
рукций, и, кроме того, дается вывод одной основной зависимости диакоптики стержневых 
конструкций. Наконец, дается оценка относительной экономии времени при применении 
указанного выше метода.
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ANALYSIS OF IGNITION PROBLEMS 
CONCERNING STABILITY OF BURNERS 

IN PULVERIZED COAL COMBUSTION SYSTEMS
K . R E M É N Y I*

CAND. OF TECHN. SC.

[M anuscript rece iv ed  J a n u a ry  5, 1971]

A g re a t m a n y  problem s re la tin g  to  ig n itio n  co nd itions of an  a ir-p u lv erized  coal 
m ix tu re  a re  n o t  c leared  up ye t. T h e  process o f p u lv erized  coal ign ition  in v o lves re a c ­
t io n  phen o m en a, hom ogeneous a n d  he te ro g en eo u s a lik e ; o f course, an  a t te m p t  to  d ea l 
w ith  these  q u estio n s reveals a lo t o f  d isp u tab le  m a tte r ,  especially  from  th e  v iew p o in t 
•of th e  k in e tic  th e o ry  of gases. Ig n ita b ili ty  is m o stly  defined  by  flam e p ro p ag a tio n  
v e lo c ity , o r j u s t  as a n  ignition v e lo c ity ; in  th is  line , re sea rch  w ork  concerns th e  in flu en ce  
o f  various p a ra m e te rs , chem ical a n d  physical. T h erefo re , w hen dealing  w ith  ig n itio n  
c o n d itio n s, th e  in te ra c tio n  betw een  chem ical a n d  p h y sica l p rop erties  shou ld  be ta k e n  
a s  a basis. As re g a rd s  a stable ig n itio n , th e  in flu en ce  of th e  blow ing v e lo c ity  o f  th e  
p r im a ry  a g en t is considerable. W h en  assessing th e  o p tim u m  of a re c ircu la tio n  in  th e  
co m b u s tio n  ch am b er, th e  resu lt is in flu en ced  b y  th e  h e a t  q u a n ti ty  re -tra n sfe rre d  b y  
th e  fo rm atio n  o f ig n itin g  nuclei, a n d  b y  re -m ix ed  in e r t  gases. A la rg e r c o n te n t  o f 
v o la tile s  in  th e  coal involves an in c reased  flam e  p ro p a g a tio n  veloc ity . A ny h o w , th e  
flam e  p ro p a g a tio n  v e lo c ity  counts fo r  a v a lu e  of m in o r im p o rtan ce  w hen  th e  com ­
b u s tio n  process in  a  system  of p u lv e rize d  coal b u rn e rs  is considered. O nce th e  con­
c ep tio n  of a  tw ofo ld  an d  a m anifold ig n itio n  process is accep ted , th e  desirab le  a m o u n t 
o f  p r im a ry  a ir  is la rg e r th an  th e  q u a n ti ty  ca lcu la ted  on th e  basis o f a g iven  flam e  
p ro p a g a tio n  ve lo c ity .

1. Ignition defined in terms o f kinetic reaction phenomena

S ta r t in g  o u t in  1968, a u th o r in it ia te d  a large scale research  a c tiv i ty  
to  w hich  p la n t ex p e rts  an d  researchers jo in ed  in  o rd e r to  ca rry  o u t th e o re tic a l 
and p ra c tic a l ex p e rim en ts , especially  to  analyse  ig n itio n  problem s o f b u rn e rs  
for pu lv erized  coal com bustion  sy s tem s, and  fu r th e r , to  th row  lig h t on th e  
role o f  p a ram e te rs  w hich  m ay influence th e  c rea tio n  o f a stab le  ign ition  process. 
In  th is  p ap e r, re su lts  o f  bo th  th e o re tic a l an d  p ra c tic a l te s tin g  ex p erim en ts  
are m a d e  know n [1 — 8 ]. B ased on th e se  re su lts , a u th o r  endeavours to  derive  
th e o re tic  ou tlooks on th e  ignition o f  a pu lverized  coal je t .

2. Ignition defined in terms o f kinetic reaction phenomena

N . N . Se m e n o v  w as the first to  set dow n th e  b ases o f  d ea lin g  w ith  
ig n itio n  co n d itio n s in  term s o f k in e tic  reaction  p h en om en a . In  co n tin u a tio n  
o f  th is  w ork , a m ore precise d efin itio n  is a sso c ia ted  w ith  th e a c t iv ity  o f

* K . R e m é n y i ,  U ri u . 38. I. 10, B u d a p e s t I .,  H u n g a ry
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F r a n k  —  K a m e n e t z k i y . A v ery  d e ta ile d  d esc rip tio n  o f th e  basic  th e o ry  is to  
be fo u n d  in  [1 ], th u s  w e can  confine ou rse lv es  to  th e  en u m era tio n  o f  th e  s t a r t ­
ing con d itio n s in  w h a t follows.

H ere  th e  exp ression  o f th e  h e a t l ib e ra te d  fro m  th e  fuel in  th e  tim e  u n it  
d u rin g  th e  period  o f  som e chem ical re a c tio n :

( ! )
Qi =  k 0 e RT r(c) H i V

w here

m u ltip ly in g  fa c to r  o f  the  reac tio n -v e lo c ity  c o n s tan t; 
a c tiv a tio n  e n erg y ; 
gas c o n s ta n t, u n iv e rsa l; 
te m p e ra tu re , ab so lu te ;
fu n c tio n  to  describe  th e  v a ry in g  reac tio n -v e lo c ity  depending  on th e  degree of 
co n cen tra tio n ;
inferior calo rific  v a lue  of th e  fuel; 
volum e of th e  com bustion  ch am b er.

B y  link ing  a ll th e  coefficients o f  th e  ex p o n en tia l v a riab le  we o b ta in :

k()
or ---Ö

R  —  
T  —

r(c) —  

Hi
V  —

( 2)

S im u ltan eo u sly , th e  h ea t q u a n t i ty  tra n s fe rre d  to  th e  su rro u n d in g s is

<?n =  a  F ( T  — T 0) ( 3 )

w here

a  —  h e a t  tra n s fe r  coefficient; 
F  —  tra n s fe r  a re a ;
T 0 —  am b ie n t te m p e ra tu re .

A ssum ing t h a t  th e  ign ition  process h ap p en s  to  proceed  u n d e r  c ritica l 
co n d itio n s, b o th  th e  above v alues th em se lv es  and  th e ir  d e riv a tiv e s  equal 
each  o th e r, v iz .:

Qi =Qu  and
dQi _ dQu
d T  d T

(4)

F ro m  th ese  eq u a tio n s  we o b ta in , a f te r  h av in g  perfo rm ed  th e  re le v a n t 
o p e ra tio n s , th e  o rig in a l fo rm ula o f S em enov , nam ely

w here  T,-„ —  th e  ig n itio n  tem p e ra tu re .

( 5 )
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3. Ignition process of pulverized coal discussed on the basis 
of a unidimensional jet moving through a flowing air-coal mixture

B y  m ak in g  use o f th e  ign itio n  th e o ry  based  on reac tio n  k in e tics , th e  
w ork ing  g roup  of D . M. H zmalyan c a rried  o u t te s tin g  experim en ts in  o rd e r 
to  in v es tig a te  th e  in fluence ex e rted  b y  th e  m ain  p a ra m e te rs  on th e  ig n itio n  
process w ith  th e  a ssu m p tio n  o f a quasi-u n id im en sio n a l j e t  com posed o f a ir  
an d  pu lv erized  coal [2]. These s tu d ies  w ere ex ten d ed  to  an  analysis o f th e  
estab lish ed  m a th e m a tic a l m odel an d  to  an  ex p erim en ta l v e rifica tion  of som e 
te s ts  perfo rm ed  in  con fo rm ity  w ith  th e  m odel. T he m a th e m a tic a l m odel re p re ­
sen ts th e  in fluence ex e rted  b y  th e  flow  ve loc ity , b y  th e  co n cen tra tio n  o f 
pu lv erized  coal an d  oxygen , by  th e  fra c tio n a l d is tr ib u tio n  of partic les  e tc . 
upon  th e  ign itio n  process. O f course, in  estab lish in g  th e  m odel, some a p p ro x i­
m a tiv e  s im plifica tions h a d  to  be to le ra te d  th a t  do n o t co rrespond  to  rea l co n d i­
tio n s. W h a t is m ore, th e  essen tia l physico-chem ical c o n te n t of th e  m odel is 
liab le  to  be co n tested  since some p ro p o sitio n s ta k e n  from  th e  k ine tic  th e o ry  
of gases are  ap p lied  for th e  case of p u lv e rized  coal, in  sp ite  o f ce rta in  h e te ro ­
geneous p henom ena occurring . H e a t, th a t  is lib e ra ted  d u rin g  chem ical re a c ­
tio n s, is p a r t ly  expended  to  increase th e  te m p e ra tu re  o f th e  m ix tu re , an d  is 
p a r tly  co n d u c ted  aw ay.

W h en  solving th is  un id im ensional p ro b lem , i t  is assum ed  th a t  a t  th e  
sec tional a rea  F x all th e  re lev an t p a ra m e te rs  (velocity , c o n cen tra tio n , te m p e ra ­
tu re ) are k e p t c o n s ta n t, an d  th e ir  v a r ia tio n  occurs on ly  along th e  len g th  o f  
th e  cham ber. T he v e lo c ity  of fuel-grains w ith in  th e  rec tilin ea r  gas-flow can 
be considered  as id en tica l w ith  th e  local va lu e  of gas-velocity .

D u rin g  th e  period  p reced ing  th e  ig n itio n  of th e  p a rtic le , gas te m p e ra tu re  
w ith in  th e  air-coal je t d ev ia tes  b u t  l i t t le  from  th e  te m p e ra tu re  of th e  p a rtic le , 
and  d u rin g  th e  reac tio n  period  th e  values o f th e  tw o te m p e ra tu re s  m en tio n ed  
above increase in  p a ra lle lity , th u s , th e  m ix tu re  a ir-coalg rains can be co n ­
sidered  as being  hom ogeneous.

Since th e  ign ition  process develops w ith in  th e  c ritica l ran g e , some b u rn ­
ing o u t th a t  h ap p en s before  ign ition  to o k  p lace, can  be neg lec ted . W ith  th e se  
assu m p tio n s, th e  equ ilib riu m  form ula fo r th e  air-coal m ix tu re  tak es  th e  fo rm  
of th e  follow ing d iffe ren tia l eq u a tio n :

E
2732 ~ W r  dT  4a

ß h  c0 HofHj ■ — e  - W 0(Cl+ V o cp) ~  (T — T0) =  0  (6 )
1 z  d x  a

where ß  —  stoechiom etric coefficient determ ined when the air quantity needed for
coalcom bustion is known:

E
k 0e R T  —  constant coefficient o f he reaction -velocity; by the coefficient fc0, th e  

volatile contents are taken into account;
/ i 0 and C0 —  concentration of coalgrains and of oxygen, respectively;
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/ -  
Hi -  

C[ a n d  Cp — 
Wo -

X  —

a  —•

d —

specific  su rface  of a coal g ra in ;
low er ca lo rific  cap ac ity  o f  coal;
specific  h e a t  o f a ir and  co a lg ra in , respec tive ly ;
coal g ra in  v e lo c ity  a t  n o rm al s ta te  conditions;
c o o rd in a te  (o f leng th );
h e a t  tran sm iss io n  coefficient;
in itia l te m p e ra tu re  equalling  th e  cham ber-w all tem p e ra tu re : 
m o m e n tan e o u s  tem p e ra tu re  v a lu e ; 
co m b u s tio n  ch am b er d iam ete r.

A fte r  re -a rran g e m e n t o f th e  d im ensionless fac to rs  we hav e ;

d&

dx
Q{0 0O) =  0 (?)

w here —  dim ensionless te m p e ra tu re -v a lu e ;

X — —  —  dim ensionless co o rd in a te -v a lu e ;71

ß  =

W0(Cj +  VoCp) E 3 
ß  - K 0 ■ Cofi 0f H ,  273* H ' 

4 a £ 3
d ß K 0C0p 0f H j  273* R 3

—  p a ra m e te r  as th e  index  b y  w hich  th e  reac tiv e  c a p a c ity  
of th e  fu e l a n d  th e  course of th e  process a re  c h a rac te rized ;

—  d im ension less coefficien t th a t  c h arac te rizes  h ea t-
a b s trac tio n . (9)

A ccord ing  to  th e  ab o v e  m entioned  con d itio n s considered as being  c ritic a l for 
th e  process of ig n itio n , th e  in s ta n tly  l ib e ra te d  h ea t a t  ig n itio n  equals th e  h e a t  
a b s tra c tio n ; an d  ta k in g  in to  acco u n t th e  f irs t de riv a tiv es , w ith  te m p e ra tu re  
o f th e  functions w h ich  describe th e  processes in  question , are equal to  each  
o th e r . In  these  te rm s , v iz. ad ap tin g  fo rm u la  (7) to  th e  c ritic a l s ta te , an d  fo rm ­
ing its  f irs t d e riv a tiv e  (for th e  c ritica l s ta te ) , we o b ta in  th e  follow ing eq u a tio n , 
w here  th e  su b sc r ip t k  denotes th e  c ritic a l s ta te :

an d

T h e  solu tion  is:

_ JL

_ J_ _ I
rj 2 ©* 1 e*ÎJ,. = ---------e +  -------  e

0, 0„= e 'k

1 — 2 0 ,
_ J_

1 &k

0A — 0,

( 10)

( H )

( 12)

(13)
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N ow , we are in  a p o s itio n  to  d e te rm in e  th e  c ritica l d ifference o f te m p e ra tu re  
( T jg —  T in) and  th e  d im ensionless c ritic a l v a lue  of th e  h e a t-a b s ta c tio n  p a ra m ­
e te r.

These fo rm u lae  are  su itab le  fo r  a n u m erica l e v a lu a tio n  o f th e  coal-grain  
ig n itio n  process.

In  p a r tic u la r , th e se  fo rm ulae  can  be used for th e  p u rp o se  of analyzing  
th e  in fluence ex e rted  b y  the  re a c tiv e  c a p ac ity  of th e  fuel, b y  some service

Table I

Ig n ition  temperature values tjg at various degrees o f  coal 
concentration  // and at various blow velocities w 0 and w

(A =  0.2 fj, =  0.4 /X =  0.6

u'0 =  7,7 Nm /s 942 877 842

ív — 12,0 m /s 

Wq =  9,0 N m /s 967 892 862

w =  14,0 m /s 

w 0 =  10,5 N m /s 

tv =  16,0 m /s

987 907 877

cond itions (viz. co n c e n tra tio n  of reag en ts , m o tion  v e lo c ity  o f  th e  air-coal 
m ix tu re  etc.) on to  th e  ig n itio n  process. T h u s, we m ade ca lcu la tio n s re ferring  
to  th e  species of G yöngyös lign ite  fo r w hich  we assum ed p h y s ica l an d  chem ical 
indices sim ilar to  w h a t are  know n as tru e  values in  n o rm a l o p e ra tin g  condi­
tio n s. In  th is  w ay , in  T ab le  (I) th e  ign itio n  te m p e ra tu re  v a lu es , understood  
fo r a long itu d in a l sec tio n  of 1 m , are  ta b u la te d  in  co o rd in a tio n  to  various values 
o f  co n cen tra tio n  a n d  o f b low ing v e lo c ity  [9]. This re la tio n sh ip  can  be ex ­
p ressed , in o th e r w ords, th a t  in  o rder to  be ign ited , th e  in jec ted  m ix tu re  should  
m ee t w ith in  th is  space  a t  1 m  d is tan ce , th e  te m p e ra tu re  v a lu e  as quo ted  in  
th e  ta b le . E xperiences ca rried  o u t w ith  th is  G yöngyös species o f  lign ite  n ea rly  
ju s tif ie d  th e  sam e v a lu es  as ca lcu la ted .

4. Special p roblem s of ign ition  w ith  bu rners for pu lverized  coal

As can be u n d e rs to o d , bu rn ers  m o u n te d  fo r boiler in s ta lla tio n s  are su p ­
posed  to  c rea te  s ta b le  ig n itio n  cond itions an d  con tinuous ig n itio n  process fo r 
a w ide range of b o ile r o u tp u t. T hus, i t  is im p o r ta n t, in s te a d  o f considering 
te m p e ra tu re  cond itio n s, to  ca lcu la te  w ith  som e m u tu a l in te ra c tio n s  occurring  
b e tw een  a fuel (ch a rac te rized  b y  its  p h y sica l an d  chem ical p ro p ertie s), an d  
th e  a c tu a l su rro u n d in g s [1]. This is th e  m ore s ign ifican t fo r th e  case of pu lver-
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ized  coal com bustion  w ith  special re g a rd  to  th e  d ifferring  sim u ltan eo u s reac ­
t io n  processes of th e  hom ogeneous gas-p liase  and  th e  heterogeneous solid 
p h a se . I n  view  of th e  com plex  n a tu re  o f  th e  concurring  processes as a w hole, 
we sh a ll n o t con tinue ex p an d in g  ou r in v es tig a tio n  to  th e se  d e ta ils : our fu r th e r  
ra tio n a liz a tio n  will p ro v id e  som e m acroscop ic  o b se rva tions to  show  th e  ch a rac ­
te r is tic s  of com bustion  processes an d  th e ir  in fluencing  pow er.

10 20 304050 60 70 8090100110120130

Fig. 1

In  general, w hen  s ta b le  co m b u stio n  conditions are  a t  s ta k e , p la n t ex p erts  
n e v e r  use term s p e r ta in in g  to  a th e o re tic , chem ico-physical conception  of 
ig n itio n : the  usual w ay  is to  d e te rm in e  th e  flam e p ro p a g a tio n  velocity  th a t  is 
g en era lly  referred  to  as “ ign itin g  v e lo c ity ” . In  concre to , th is  velocity  refers to  
th e  p ro p ag a tio n  of a flam e  a lread y  ig n ited ; i t  in co rp o ra te s  a no tion  th a t  is 
consid ered  as a m ain  in d ex , as fa r as th e  re la tiv e  lo ca tio n  o f th e  flam e tow ards 
th e  b u rn e rs ’ orifice is concerned . W h en  th e  o u tle t v e lo c ity  of th e  m ix tu re  is 
less th a n  th e  flam e p ro p ag a tio n -v e lo c ity , th e  flam e m a y  be th ru s te d  b a c k ­
w a rd s  in to  the  b u rn e r; again , w hen  o u tle t-v e lo c ity  su rp asses  th e  value of th e  
f la m e  velocity , a b ru p tio n  m ay  ta k e  p lace, th e  flam e m oves aw ay from  th e  
o rifice  and  ac tu a lly  s ta b il i ty  is q u ite  o u t of question . T h u s, a g rea t n u m b er 
o f  investig a tio n s w ere carried  o u t in  o rd er to  c larify  th e  in fluence of various 
ch em ica l and p hysica l p a ra m e te rs  on to  th e  flam e p ro p a g a tio n  velocity .

W hen considering  a system  o f pu lverized  coal co m b u stio n , ign ition  s ta b il­
i ty  depends m ain ly  on  th e  a c tu a l coal species. T he m o st in tensive  in fluence  
can  be  ascribed to  th e  v o la tile  c o n te n t o f th e  coal. In  g en era l, experiences show~ 
t h a t  keeping  o th e r fa c to rs  un ch an g ed , a la rger c o n te n t o f vo la tiles fav o u rab ly  
a ffec ts  th e  ign ition  ve loc ity . On th e  o th e r han d , w ith  u n changed  co n ten t o f 
v o la tile s , th e  m ost ad v an tag eo u s  ig n itio n  conditions a re  n o t reached w hen th e
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oxygen  q u a n ti ty  fed  in co rresponds to  th e  tru e  th e o re tic  v a lu e ; ta k in g  in to  
acco u n t th e  la rg e  m asses o f th e  accom pany ing  n itro g en , th e  b e s t co n d itions 
are  ob ta ined  w hen  th e  oxygen  q u a n ti ty  rem ains s lig h tly  below  th e  th e o re tic a l 
va lue . W hen co m p ared  to  co n d itio n s  th a t  a re  c h a ra c te ris tic  for a com bustion  
in  pure oxygen , —  in  p resence  o f vo latiles —  no m ono tone  increase of th e  
ch a rac te ris tic  cu rv e  up  to  th e  th eo re tic  v a lu e  o f th e  necessary  q u a n ti ty  o f

Q ----V /  X /  л / / л ------- ------- -------
0 10 20 30 AO 50 60 70

F ig . 2

oxygen  is ex p erien ced : th e re  is a m ax im um  th a t  occurs a t  a p o in t w here th e  
a ir  q u a n tity  is less th a n  th e  th eo re tica lly  co rrec t one; th e  p lo ttin g  of th is  
m ax im um  depends on th e  c o n te n t  o f vo latiles.

In  Fig. 1 w e can  see th e  ch an g e  of ign itio n  v e lo c ity  as a fu n c tio n  of a ir  
in p u t for th e  case o f  tw o coal species.

As is m o tiv a te d  by  th e  d iag ram  in F ig . 1, th e  in fluence  of p rim a ry  a ir  
q u a n tity  should b e  considered  as decisive, in asm u ch  as th is  q u a n tity  can be  
reg u la ted  during  o p e ra tio n . N o ta b ly , d ev ia tion  from  th e  op tim u m  air q u a n ti ty  
does n o t exert th e  sam e in fluence  as w hen th e  m ix tu re  is richer th a n  th e  o p ti­
m um  (less air q u a n tity )  or w hen  i t  is w eaker (la rg er a ir  q u a n tity ) . In  th e  f irs t 
case, decrease o f v e lo c ity  is q u ick er. I t  follows th a t  in  con fo rm ity  w ith  o th e r 
cond itions to  be d e a lt w ith  la te r ,  com bustion  is p re fe rab le  w ith  a w eaker 
m ix tu re  (larger a ir  q u a n tity )  ev en  w hen considering  ig n itio n  velo c ity  cond i­
tio n s.

A tru ly  m o n o to n e  curve (F ig . 2) shows th e  m ax im u m  ign ition  ve lo c ity  
values as a fu n c tio n  o f th e  c o n te n t o f vo latiles in  v a rio u s coal species, o b ta in ed  
b y  te s tin g  ex p erim en ts .

The curve in  th e  d iagram  (F ig . 2) corresponds to  a p a rab o la  of th e  1 ,5 -th  
degree, accord ing  to  th e  follow ing equa tion :

W z — c(vo latiles ) 1’5 (14)
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w h ere

W z —  ignition  v e lo c ity ;
c —  co n stan t (d e te rm in e d  ex p erim en ta lly ).

A nyhow , w hen  th e  rea l co m b u stio n  cond itions of pu lv e rized  coal are 
ta k e n  in to  accoun t, a ll th ese  ex p e rim en ta l resu lts  req u ire  som e m o d ifica tion .

N am ely , in th e  case of pu re  g as-com bustion , va lues o f th e  flam e  p ro p a g a ­
tio n  v elocity , as ex p erien ced  for d ivers gas species p ro v ed  to  be  a lm o s t near 
th e  m ix tu re  ra tio  co rrespond ing  to  th e  stoech iom etric  p ro p o rtio n . F o r  p u lv e r­
ized  coal, dev ia tions sh o u ld  be ascribed  to  th e  s im u ltaneous p resence  o f  hom o­
geneous and  hetero g en eo u s processes, an d  to  th e  d ifferences w hich  p reva il 
b e tw e e n  th e  fea tu res  a n d  p a ram e te rs  belonging , f irs t to  th e  solid p a rtic le s  and 
second  to  th e  v o la tile  m a tte r .

In  form er te x tb o o k s  we fin d  th e  s ta te m e n t accord ing  to  w hich  th e  q u a n ­
t i t y  o f  p rim ary  a ir  fo r pu lverized  coal equals th e  q u a n tity  needed  fo r th e  com ­
b u s tio n  of th e  v o la tile  m a tte r . In  o th e r  h an dbooks th e  p rim a ry  a ir  q u a n tity  
ex p ressed  in  p e rcen ts  o f  to ta l  a ir  L 0 n u m erica lly  equals th e  p e rcen tag e  of th e  
v o la tile  con ten t.

W ith  a view  to  th e  com bustion  process as a w hole, all th e se  suggestions 
sh o u ld  be revised . O n considering  ig n itio n  o f th e  coal g rains we p roceed  w ith ­
o u t  ta k in g  in to  ac c o u n t th e  com plete  com bustion  o f th e  fuel, th e  ab o v e  derived  
conclusions concern ing  p rim ary  a ir  re su lt on th e  basis of flam e p ro p ag a tio n  
v e lo c ity  values.

A gain, w ith  a v iew  to  th e  en tire  com bustion  process, a q u ite  d ifferen t 
p o in t  o f view  shou ld  be  accep ted  fo r th e  pu rpose  of find ing  th e  co rrec t a ir  ra tio . 
F ro m  experim en ts m ad e  in  te s tin g  th e  s im u ltaneous com b u stio n  o f oil an d  gas, 
i t  w as found  th a t  d u e  to  b e tte r  m ix in g  cond itions a h igh ly  in ten s iv e  oxigen- 
co n su m p tio n  b y  gas is observed ; in  th e  follow ing phase , w hen  oil d rops come 
to  b e  ign ited , th e  a c tu a l co n cen tra tio n  of oxigén decreases, an d  lack  o f a ir  m ay  
re s u lt ,  too . T he sam e consequences can  be  expec ted  in  th e  case o f pu lverized  
coal, y e t a t  a h ig h er degree. B y  v o la tile s  in ten s iv e ly  m ixed  w ith  th e  p rim ary  
a ir , a qu ick  co n su m p tio n  o f oxygen occurs; th e  rem ain ing  a ir q u a n t i ty  m ig h t be 
in su ffic ien t for th e  ig n itio n  of th e  solid partic les. C onsequen tly , in  th e  firs t 
p e rio d  of coal-grain  com bustion  we h av e  to  re ly  on th e  th eo rem  o f a double 
ig n itio n  process. A ccord ing  to  th is  th e o ry , in  th e  com bustion  sy stem  o f p u lv e r­
ized  coal in itia l ig n itin g  of th e  coal gra in  je t  involves tw o s im u ltan eo u s p h en o m ­
en a , th a t  should  b e  ta k e n  in to  ac c o u n t in  o rder to  o b ta in  m ore e x a c t resu lts . 
A s a ru le , w ith  a p r im a ry  a ir  q u a n t i ty  th a t  corresponds to  th e  a ir  needed  for 
th e  com bustion  o f v o la tile s , in  consequence of fav o u rab le  m ix ing  cond itions, 
th e  com bustion  o f th e  vo la tiles invo lves a qu ick  com plete  co n su m p tio n  of th e  
p r im a ry  a ir fed in . Solid p a rtic le s , a lread y  d ifficu lt to  ig n ite , now  encoun ter 
r a th e r  d isad v an tag eo u s cond itions. A long th e  affec ted  reg ion , in  lack  of oxy ­
gen , no con tinuous flam e fo rm a tio n  is possible. W h a t hap p en s h ere  is m ain ly
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som e gasifying process developed b e tw een  com bustion  gases a n d  ca rb o n  p a r ­
tic les. O f course, su ch  a process re m a in s  as a s ign ifican t fa c to r  d u rin g  th e  n e x t 
p e rio d  o f com bustion . In  any  case, th e  necessity  o f a re p e a te d  ig n itio n  o f th e  
solid partic les  has to  be  expected . A n d  here , th e  efficiency o f a seco n d ary  a ir 
becom es ev ident. I n  v iew  of g rea t d e v ia tio n s  of th e  v isco sity  v a lu e  o f th e  v a r i­
ous com ponents, th e  p rob lem s re la tin g  to  th e  m ix ing  co n d itions o f th e  ex tre m e ­
ly  h o t com bustion  gases and  of th e  re la tiv e ly  cool o th e r  ag en ts  are  w ell know n.

N ow , by  in tro d u c in g  the  new  co n cep tio n  of a doub le  or m u ltip le  ign ition  
p rocess, f irs t the  n eed  to  m odify a ir  feed  cond itions becom es obvious.

I t  is qu ite  conceivab le  th a t  b a se d  on a com plete  su rv ey  o f th e  to ta l  
co m b u stio n  p rocedure , including ig n itio n  cond itions, i t  is n ecessary  to  feed in  
an  a ir  q u a n tity  t h a t  is fa r la rger th a n  th a t  w hich has been  considered  as 
su ffic ien t up  to  now . D oing so, th e  te m p e ra tu re  o f p re h e a te d  a ir  becom es 
a s ig n ifican t fac to r, to o . W hen a low  te m p e ra tu re  o f th e  p re h e a te d  a ir  is 
assu m ed , th e  firs t p e rio d  of vo latile  co m b u stio n  has to  be  considered  as a fac to r  
im p o r ta n t  from  th e  a sp e c t of sp en d in g  h e a t for a fu r th e r  h e a tin g  of th e  m ix ­
tu re . M ay be, u n d er su ch  c ircum stances , a sm aller q u a n t i ty  o f p rim a ry  a ir 
w ou ld  suffice, m ain ly  because th e  h e a t  lib e ra ted  b y  th e  v o la tile  com bustion  
process is b ad ly  needed  fo r a fu r th e r  h e a tin g  of th e  m ix tu re . A gain , w hen  th e  
p r im a ry  a ir  te m p e ra tu re  is higher, th e  m ax im um  value  o f ig n itio n  v e lo c ity  is 
p lo tte d  tow ards th e  ra n g e  of larger a ir  q u a n titie s : sum m ing  u p  a ll w h a t has 
been  exp la ined  in th is  p o in t, the  q u a n t i ty  o f th e  p rim a ry  a ir  g re a tly  depends 
on th e  tem p e ra tu re  o f  th e  p reh ea ted  a ir  m ass.

5. Pilot p la n t experim ents

O n th e  a u th o r’s in itia tiv e , th e se  ex p erim en ts  w ere carried  o u t b y  th e  
R esea rch  S ta tio n  in D orog , a p ilo t p la n t  o f th e  Y E IK I  (R esearch  In s t i tu te  
o f  th e  E lec tr ic  E nergy  In d u s try ) . F ir s t  i t  w as necessary  to  d e te rm in e  th e  group  
o f p a ra m e te rs  the  v a r ia tio n  of w hich sh o u ld  serve as th e  basis  o f o b se rv a tio n s 
an d  m easu rem en ts. T hese  were: co a l-g ra in  indices, b low ing  v e lo c ity , va lues 
of th e  a ir  tem p era tu re , te m p e ra tu re  d is tr ib u tio n , excess a ir  ra tio . In  th e  re p o rts
[5] an d  [6 ] one can f in d  a survey  o f th e  resu lts  o b ta in ed .

N ow , this our e v a lu a tio n  will b e  b ased  p a r tly  on m easu rem en t re su lts , 
p a r t ly  on  conclusions t h a t  were in fe rred  from  these. S om etim es o u r p re se n t 
s ta te m e n t will differ from  form er ones.

T h e  p ilo t p lan t com b u stio n  c h a m b e r  is show n in  th e  sk e tch  F ig . 3. This 
rep re sen ts  a m odel, th e  m ag n itu d e  of w h ich  is ab o u t 1/7 o f th e  o rig inal p la n t  
in  O roszlány , th is  la t te r  h av in g  a b o ile r o u tp u t  o f 230 t/h . C ross-section  o f th e  
m odel ch am b er is 1,32 m 2. T he helical tu b e ’s to ta l  p ro jec tio n  o n to  th e  ch am b er 
w all is 6 ,8  m 2. Cooling ra tio  equals 0,4 v iz . considerab ly  less th a n  is u su a l u n d e r
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n o rm a l p la n t co n d itio n s: th is  w as d e lib e ra te ly  chosen  in  o rd e r to  have  a te m ­
p e ra tu re  of th e  co m b u stio n  gases ( th a t  leave th e  cham ber) n ea rly  th e  sam e as 
th e  te m p e ra tu re  o f th o se  gases in  n o rm al p la n ts .

C harac te ristic  ind ices o f th e  coal species used  in  th ese  ex p erim en ts , in ­
c lu d in g  gra in  size d a ta  are  sum m arized  in  T ab le  I I .

Since th e  coal species group  as e n u m era ted , inc ludes o lder an d  younger 
ones, th e  gen era liza tio n  o f in ferred  conclusions m ay  be considered  as ju s t i f i ­
ab le .

Table II

l 2 3 4 5 6 7

Coal species
Species Lignite Semi- Semi- Species Species LigniteTata­
bánya Gyöngyös product

Pécs
product

Pécs Oroszlány Oroszlány Gyöngyös

Date 1968 1968 1968 1968 1969 1969 1969
XI. 26 XI. 26, 29

XII. 6, 10 XII. 10 XII. 10 XII. 4 XII. 4 XII. 10

Indices
to ta l  m oisture, % 24.2 24,8 4,7 0,7 2,7 2.7 6,02
ash , % 13.6 42,2 56,5 56,5 42,5 42,5 41.2
v o latile s, % 31.0 18,3 11,4 11,4 — —
S u lp h u r, com bustib le,%  
h e a t  o f com bustion,

2,8 1,4 2.4 1,5 —

kcal/kg 4574 1946 — 3533
calorific  value, kcal/kg 4243 1707 2782 3354 2728

Grain size 
over 1 m m , % 0 0 0,04 0 0,1 0 0,6
over 0,5 m m , % 1,8 2,87 1,84 0,4 4,6 0,9 9,2
over 0,2 m m , % 18,6 53,13 16,64 4,8 26,0 12,3 33,0
over 0,09 m m , % 53,6 65,54 45,24 19,8 54.4 40.4 59.2

6. Influence o f the blow velocity, primary and secondary

U nder te s tin g  cond itio n s, th e  la rger in fluence  could  be  ascribed  to  th e  
v a r ia tio n  of th e  b low  velo c ity  of th e  p rim a ry  a ir-coal m ix tu re . As can be seen 
in  colum n 2 of T ab le  I I ,  resu lts  o f th e  te s tin g  ex p e rim en ts  ca rried  o u t on th e  
species G yöngyös lig n ite  show ed an  increase o f th e  ign itio n  len g th  w hen —  
w ith  unchanged  g ra in  size —  th e  p rim a ry  b low  v e lo c ity  w as increased  w ith in  
th e  values from  7,5 m /s up  to  9,5 m /s. W ith  a fu r th e r  increase of ve lo c ity  up  
to  12,7 m /s, th e  f ire  su d d en ly  ceased. W hen  th e  com b u stio n  w as supp lied  b y  
a secondary  a ir  c o n d u c ted  th ro u g h  a ja c k e t- tu b e , ign itio n  cond itions w ere 
d e te rio ra ted . T h is seco n d ary  a ir  supp ly  re su lted  in  an  increase o f th e  p rim a ry  
a ir  excess from  10%  up  to  40% .

W ith in  th e  ran g e  of te s tin g  ex p e rim en ta l re su lts  com ply  w ith  th e  re la ­
tio n sh ip  as disclosed in  T ab le  I , accord ing  to  w hich  s ta b ility  is a ffected , f ir s t  
b y  an  increase o f th e  blow  v elocity , second b y  decrease of g ra in  c o n c e n tra tio n .
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T he role of seco n d a ry  blow  w as in v e s tig a te d  in  th e  case o f th e  coal species 
T a ta b á n y a . W hen b low  v e lo c ity  w as d im in ished  from  12,5 m /s dow n to  1,6 m /s, 
ig n itio n  d istance b ecam e  sh o rte r.

In  sum m ing u p  th e  resu lts  o f b low  ex p erim en ts , th e  d im in u tio n  of th e  
p r im a ry  blow  v e lo c ity  in v o lv ed  b e t te r  ig n itio n  con d itio n s; b y  th e  increase of 
th e  secondary  blow  v e lo c ity  ig n itio n  co n d itions w ere d e te r io ra ted .

As exp la ined  in  [5], i t  h ad  b een  in fe rred , from  th e  ab o v e  m entioned  
re su lts , th a t  h e a t t r a n s fe r  b y  ra d ia tio n  ex e rts  a decisive in fluence . In  our 
op in io n , th is  conclusion  is ra th e r  e rroneous. T he observed  p h enom enon  should  
b e  ascribed  to  som e o th e r  causes. As can  be  seen from  th e  ex p erim en ts , cond i­
tio n s  can no t be k e p t  s ta b le  w hen  b low  v e lo c ity  su rpasses th e  v a lu e  of 12,7 m /s. 
T h e  o p tim um  v e lo c ity  v a lu e , in  g enera l, is considerab ly  low er th a n  th e  c ritica l 
e x tin c tio n  v alue; o b v io u sly , in  th e  ran g e  u n d e r d iscussion , a decrease of blow  
v e lo c ity  corresponds to  a change in  th e  d irec tio n  o f th e  o p tim u m . F u rth e r , th e  
d e te rio ra tin g  in fluence  o f a seco n d ary  a ir  sup p ly , co n d u c ted  th ro u g h  a ja c k e t 
tu b e , seems to  in d ic a te  th e  significance o f h e a t re - tra n s fe r  b y  th e  rec ircu la tin g  
gases, and  of th e  ig n itio n  nuclei c re a te d  b y  th e  re - tra n sp o r t  o f  b u rn in g  g rains.

U nder te s tin g  c ircu m stan ces , th e  envelope-like fo rm a tio n  o f th e  secondary  
a ir  hav ing  a re la tiv e ly  low  te m p e ra tu re  o f 180 °C an d  b e in g  loca ted  a t  th e  
in it ia l  p o rtion  of th e  f lam e , ac ts  as a h in d ran ce  to  rec ircu la tio n .

W hen th e  c o m b u s tio n  process is o p e ra ted  w ith o u t u sin g  a system  of 
seco n d ary  air, m ay b e  a d im in ished  p r im a ry  a ir  blow  affec ts  th e  m ass tra n sp o r t  
to  th e  je t  in jec ted , an y h o w , th e  a c tu a l ex istence  o f an  o p tim u m  can be con­
sidered  as p ro b ab le . A forced  re -c ircu la tio n  th a t  invo lves th e  re tu rn  of a la rge  
q u a n t i ty  of in e r t gases (n itrogen , ca rbon-d iox ide , etc .) a n d  s team , causes a 
re s tr ic tio n  of th e  ig n itin g  range. T h e  chance m ay  com e a b o u t, th a t  in  sp ite  
o f  th e  presence o f a h ig h  te m p e ra tu re , no ign itio n  occurs. A gain , w hen along 
th e  ign ition  zone th e  oxygen c o n c e n tra tio n  d im in ishes, a su b seq u en t increase 
o f  ign iting  te m p e ra tu re  m ay  re su lt. T h u s , i t  w ould  be  erroneous, in  v iew  of 
a  favourab le  e ffec t o f  a low er v e lo c ity  o f th e  p rim e ry  b low , to  ascribe less 
im p o rta n c e  to  th e  h e a t  tra n sfe r  b y  re -c ircu la tio n .

7. In flu en ce  o f the  g ra in  size

The species o f  a sem i-ground Pécs coal-grain , w hich  is d ifficu lt to  ig n ite , 
w as th e  m ost su ita b le  for th e  in v e s tig a tio n  o f th e  in fluence  o f grain  size. 
R e tu rn in g  to  th e  re su lts  g a th e red  in T a b le  I  f irs t we re fe r to  co lum n 3 (w — 0,4.) 
W ith  these  re la tiv e ly  coarse g ra in s, i t  w as n o t possib le  even  fo r a sh o rt tim e  
to  reach  a n o rm a l com b u stio n  b y  keep ing  th e  b low  v e lo c ity  a t  th e  o p tim u m  
level, and  we h a d  to  re so rt to  an  a u x ilia ry  oil in jec tio n ; aga in , w ith  th e  con­
c e n tra tio n  p  — 0,6 (finer g ra ins, co lum n 4), ig n itio n  cond itions w ere m uch
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b e tte r . W hen o p e ra tin g  w ith o u t a secondary  b low , th e re  w as no need to  ap p ly  
o il-burners if  th e  p r im a ry  blow  v e lo c ity  rem ain ed  w ith in  th e  range  of 6,9 m /s 
up  to  7,5 m/s.

W hen finer g ra in s  are in jec ted , th e  flam e’s loca tio n  com es n ea re r to  th e  
b u rn e r ’s orifice. As i t  is to  be fo u n d  in  th e  R e p o rt F  32/a (issued b y  th e  F lam e  
R a d ia tio n  R esearch  F o u n d a tio n  Ijm u id en ), th e  degree o f m ix tu re , u n e x p e c t­
ed ly , p roved  to  d ep en d  on th e  g ra in  fineness. A ccord ing  to  th is  rep o r ' th is  
phenom enon  m ay  b e  ascribed  to  som e im p ro v em en t o f flow  condii o, viz. 
to  th e  increase of tu rb u le n c e  to  th e  acco u n t of th e  a p ti tu d e  o f th e  fin . g rains 
to  f i t  b e t te r  in to  th e  stream  lines.

In  th e  sam e re p o r t  th e  s ig n ifica tion  of g ra in  size as fa r  as flam e rad ia tio n  
is concerned  is d u ly  em phasized . A ccord ing  to  th e se  ex p e rim en ta l o bserva tions, 
coarser grains cause a considerab le  d im in u tio n  o f flam e ra d ia tio n .

W ith o u t a p a r tic u la r  analysis  o f  th e  in fluence  ex e rted  b y  various com ­
b u stio n  facto rs, th e  ex p lan a tio n s  re la tin g  to  th e  ro le  o f g ra in  fineness c an n o t be 
considered  as fu lly  sa tis fac to ry . F la m e  p ro p ag a tio n  co n d itions w ere te s te d  in  
th e  I E n  Research Ins t i tu te  Warsaw  in  P o land . T hese ex p erim en ts  were ca rried  
o u t in  a com bustion  ch am b er w ith o u t cooling. T h e  coal species te s te d  w ere th e  
follow ing:

Scavina-coal, g ra in  range 60 — 120, calorific capa  ity  Hi =  5200 k eal/kg , 
to ta l  m oistu re  n — 4 ,7 % ;

Javozhno-coal, ran g e  60—120, H , =  4900 k ea l/k g , n =  7 ,5% ;
Szersa-coal, ran g e  60 —120, Hi =  4000 k ea l/k g , n  =  7 % .
In  all the  th re e  cases, finer g ra in s  involve increased  flam e p ro p ag a tio n  

v e lo c ity  values [7]. B esides, th e re  o ccu rred  ve lo c ity  values less th a n  th e  u su a l 
ones (as low as 1 ,0  — 1 ,6  m /s).

T h u s, w hen look ing  for an  ex p la n a tio n  of p a ra m e te r  effects, one has to  
p roceed  w ith  g rea t c ircum spection  b y  tak in g  in to  acco u n t all p a r tic u la r  
m om en ts of the  ex p erim en ts , th u s , th e  ac tu a l ran g e  w ith in  th e  su b jec t in  
questio n  alw ays re m sin s  essential.

F ir s t  of all, i t  m akes a g rea t d ifference w h e th e r ign itio n  an d  com bustion  
of th e  coal je t  ta k e s  p lace  in  a cooled , or in a non-cooled , space. In  a non- 
cooled, b u t  highly  h e a te d  cham ber ra d ia tin g  p h en o m en a  com ing  from  th e  su r­
ro und ings m ay ascend  to  a h igh im p o rtan ce . In  th is  case, th e  ir ra d ia tio n  of 
w alls m a y  reach  a d eep er p e n e tra tio n  in to  th e  j e t  w hen  gra ins are coarser.

T here  is a special range  of g ra in  size w ith in  w hich  coarser grains m ay  a c t 
in  th e  d irection  of in creasin g  flam e p ro p a g a tio n  v e lo c ity . A nyhow , such a re la ­
tio n sh ip  can be ex p ec ted  only in  th e  case w hen p e n e tra tio n  o f th e  h e a t ray s  
re flec ted  b y  the  w all app roaches th e  m ag n itu d e  o f ac tu a l f lam e  dim ensions.

C om bustion  ch am b er walls o f bo ilers genera lly  h av e  a m u ch  low er te m ­
p e ra tu re  th a n  th e  flam e  te m p e ra tu re . I n  a ch am b er in ten s iv e ly  cooled, th e
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r a d ia t io n  h ea t exchange b e tw een  flam e an d  th e  cooled w alls, an d  b e tw een  th e  
f la m e  elem ents h av in g  a h igh  te m p e ra tu re , ta k e s  p lace , on th e  o u te r  surface 
o f  th e  coal-grain je t ,  a t  a p e n e tra tio n  d e p th  co rrespond ing  to  th e  a c tu a l grain 
size. In  th e  cool reg io n , deeper p e n e tra tio n  invo lved  b y  coarser g ra in  size 
e x e r ts , a t  any  case, a d isad v an tag eo u s  in fluence . W ith o u t cooling, h e a t  t r a n s ­
fe r  b y  rad ia tio n  m a y  occu r from  th e  w alls to  th e  coal je t ;  again , w hen  the  
c h a m b e r  is in ten siv e ly  cooled dow n, h e a t tra n sfe r  p roceeds, from  th e  je t  in 
a s ta te  of s ta r tin g  ig n itio n , to  th e  w alls; a p rocedure  t h a t  s tro n g ly  affects 
ig n itio n  conditions. I n  o th e r  w ords, u n d e r special h e a t tra n s fe r  co n d itions of 
th e  coal je t  (to or from ) th e  role o f th e  ra d ia tio n  d ep th  m a y  be co n tra rio u s , and 
th e  sam e can be s ta te d , w ith in  a specia l ran g e , of th e  ro le of g ra in  size.

In  a cooled co m b u stio n  ch am b er, a h igher fineness of g ra in  size is, as 
a w hole, m ore a d v a n ta g e o u s  fo r th e  ig n itio n  process.

W ith  fine ly  g ro u n d  coal g ra ins, ra d ia tio n  to  th e  cool w alls, a ffec ts  only 
a sm all o u te r lay e r o f th e  flam e: h e a t exchange w ith in  th e  je t  is accom pan ied  
b y  a n  in tensive  tu rb u le n c e  th ro u g h  m a ss tra n sp o rt. W ith  coal g ra in s of an 
e le v a te d  fineness, th e  c o n te n t o f a lread y  ig n ited  pa rtic le s  in  th e  re -c ircu la tin g  
g ases is considerab ly  h igh , an d  th is  m eans a g rea t m a n y  n u m b e r o f p robab le  
n u c le i p rom oting  ig n itio n .

8 . In flu en ce  of th e  g ra in  concen tra tion

W hen th e  g ra in  co n cen tra tio n  in  th e  air-coal m ix tu re  decreases, th ere  is 
a c e r ta in  critica l lim it p o in t a t  w hich ign itio n  can  n o t be  in d u ced  a n y  longer. 
N o ta b ly , th ere  is som e in te ra c tio n  b e tw een  co n cen tra tio n  an d  air-excess, and  
w h a t is m ore, th e  fin a l fo rm atio n  o f ign ition  cond itions is su b je c t to  th e  
jn flu en ce  of load ch an g e  effects.
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Brennerstabilität. F ü r  d ie B eu rte ilu n g  der G esta ltu n g  de r Z ü n d u n g sv e rh ä ltn isse  is t die m ög­
liche W echselw irkung  zw ischen chem ischen  u n d  ph y sik a lisch en  F a k to re n  m aßgebend . B ezü g ­
lich  de r E n ts te h u n g  eines s tab ilen  Z ündungsvorganges is t in sbesonders d ie E inb lasegeschw in­
d ig k e it d e r  p rim ären  B ren n u n g sk o m p o n en ten  en tsch e id en d . D ie S ch affu n g  einer o p tim alen  
R e z irk u la tio n  im  V erb ren n u n g srau m  is t  e igen tlich  das E rgebn is de r k o m b in ie rten  B eein flus­
su n g  d u rc h  die R ü ck w ärm e, die G esta ltu n g  v o n  Z ü n d h erd en , d u rc h  in e r te  Gase. W enn in  
d e r K oh le  der G eh alt a n  flü ch tig en  T eilen  a n s te ig t, v e r lä u f t  die F la m m e n v e rb re itu n g  m it 
e in e r g rößeren  G eschw indigkeit. H ingegen , fü r  die V erh ältn isse  e in e r S tau b k o h len feu eru n g  
k a n n  d e r W ert d e r F lam m en v erb re itu n g sg esch w in d ig k e it n u r  als in fo rm a tiv  a k ze p tie rt 
w e rd en . N ach  de r E in fü h ru n g  de r T heorie  eines d o p p e lten  bezw . v ie lfach en  Z ündvorganges 
soll, m an  die em pfohlene M enge de r p rim ären  L u ft h ö h e r an se tzen  als diejenige, die a u f  
G ru n d  de r F lam m en v erb re i-tu n g sg esch w in d ib k eit b e s tim m t w erden  so llte .

Анализ проблем воспламенения, возникающих в случае пылеугольных топок, 
сточки зрения стабильности пылеугольных горелок ( К . Ремени ). У словия воспламенения 
необходимо рассматривать с точки зрения взаимодействия химических и физических харак ­
теристик. С точки зрения стабильности воспламенения очень важ н а  скорость вдувания 
первичной среды. Оптимум рециркуляции, возникающий в камере сгорания, формируется 
в качестве результирующей совместного действия поданного обратно количества тепла, 
образования центра горения и инертных газов. С ростом содержания летучих угля возра­
стает такж е скорость распространения пламени. Однако, рассматривая весь процесс 
горения в целом, скорость распространения пламени в случае пылеугольной топки можно 
принять только в качестве ориентировочного параметра. Введением двойного или ж е 
многократного воспламенения в отношении количества подаваемого первичного воздуха 
на основе скорости распространения пламени рекомендуется принимать более высокое 
значение, чем заданное.
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ROLE OF COST FACTORS IN THE OPTIMISATION 
OF FILTER PRESSES OPERATING 

AT CONSTANT PRESSURE

L. H O R V Á T H *

[M anuscript rece ived  O c to b er 7, 1971]

T he a rtic le  deals w ith  th e  ro le o f d iffe ren t expense facto rs in fluencing  th e  
m in im u m  f i l t r a t io n  cost for b a tc h  p ressu re  filte rs  o p e ra tin g  a t  co n stan t p ressu re . 
I t  fu r th e r  d iscusses th e  d iffe ren t o p tim isa tio n  equ atio n s w ith  regard  to  th e ir  a p p li­
c ab ility  to  d iffe re n t ty p es of p ressu re  f i lte rs  u n d e r d iffe ren t o p era tin g  conditions to  
achieve th e  b e s t  results.

S ym bols

A  f i lte r  area
a =  P . -J- zPo — P«
b =  zP'4x \A
bi slope f i ltra te  c o n s ta n t
bm in te rc e p t f i l t r a te  co n stan t
C  a n n u a l to ta l  co st
Cd th e  p a r t  of a n n u a l  v ariab le  cost re la te d  to  dow n tim e 
C j a n n u a l in v ariab le  (fixed) cost
(J f a n n u a l in v a r ia b le  cost reduced b y  a n n u a l a m o rtisa tio n  of th e  filte rin g  eq u ip m en t
Gn n u m b er  of cycle  in a year
Cp a n n u a l a m o rtisa tio n  of filte ring  eq u ip m e n t
Cf th e  p a r t  o f a n n u a l variab le  cost re la te d  to  f i ltra tio n  tim e
C v a n n u a l v a riab le  co st
C3 th e  p a r t  of a n n u a l  invariab le  cost w h ich  is a  fu n c tio n  of y e a r ly  o p era tio n  hours 
C 4 th e  p a r t  of a n n u a l invariab le  cost w h ich  is re a lly  c o n s ta n t an d  does no t depend  on th e  

a n n u a l o p e ra tio n  hours 
c specific  f i ltra tio n  cost
cd th e  p a r t  o f sp ec ific  runn ing  cost re la te d  to  dow n tim e 
c j  specific  in v a riab le  cost
c j  specific  in v a ria b le  co st excluding specific  a m o rtisa tio n  cost o f th e  filte rin g  eq u ip m en t
Cp specific  a m o rtisa tio n  of the filte r, i.e. ra tio  o f th e  a n n u a l am o rtisa tio n  and a n n u a l p ro ­

d u c tio n
Ci th e  p a r t  of specific  ru n n in g  cost re la te d  to  f i lt ra tio n  tim e 
cv specific  ru n n in g  co st
c3 th e  p a r t  of th e  spec ific  invariab le  cost w h ich  is a  fu n c tio n  o f th e  a n n u a l o p eration  hours 
c4 th e  p a r t  o f th e  specific  invariab le  co st w hich  does n o t  d epend  on an n u al op eratio n  hours 
D  th e  a m o rti sa tio n  o f th e  f ilte r in p e rce n ta g e  of its pu rch ase  cost 
k x ru n n in g  co st p e r  u n i t  f iltra tio n  tim e  
k 2 ru n n in g  co s t p e r  u n i t  down tim e
k 3 a p p a re n t  i n v a r ia b le  cost pe r u n it  o f o p e ra tio n  tim e 
k 3 to ta l  in v a  riab le  c o st p e r u n it filte r in g  a rea  o f th e  p ressu re  filte r  
k 4 a c tu a l in v  a riab le  co st pe r u n it filte r in g  a rea  o f th e  p ressu re  f ilte r  
P  p u rc h ase  cost o f  th e  f ilte r

* L. H o rvá th , M ining R esearch G roup  a t  th e  Technical U niversity  fo r  Heavy In d u stries , 
M isko lc , H u n g ary

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



254 L. HORVÁTH

P j co st o f  su p p o rtin g  s tru c tu re ,  en d -p la tes , closing  a n d  opening s tru c tu re s  e tc . o f th e  p re s­
su re  f ilte r

P3 co st o f one f ilte r  p la te  
P j  co s t o f filte r  fram e  o f u n i t  leng th  
Q f i l t r a te  th ro u g h p u t in  an  hour 
T  n u m b e r  of y ea rly  o p e ra tio n  hours 
t d life o f th e  f i lte r  in  h o u rs  
t f i l t r a tio n  tim e 
tc t t.I - f i lte r  cycle tim e

d o w n  tim e (non f i l t r a tio n  tim e)
V  f i l t r a te  volum e in  a cycle 
Vy f i l t r a te  volum e in  a  y e a r 

X  r a t io  o f cake an d  f i l t r a te  volum e

1. Summary o f methods for determ ining the m inim um  filtration cost 
to be found in technical literature

D e te rm in a tio n  o f m in im um  f il tra tio n  cost is genera lly  a co m p lica ted  
ta s k  a n d  so lias n o t  b een  ad eq u a te ly  d e a lt w ith  in  tech n ica l l i te ra tu re  e ith e r . 
T h e  p re se n t a rtic le  discusses o p tim isa tio n  o f a given filte rin g  eq u ip m en t. I t  
has b e e n  a tra d itio n a l m ethod  to  o p e ra te  th e  f ilte r  a t  its  m ax im u m  c a p a c ity  
to  ach ieve  m in im um  f iltra tio n  cost in  case o f c o n s ta n t p ressu re  filte rs . T h e  
e q u a tio n  for th e  d e te rm in a tio n  o f th is  f i l tra tio n  cost:

__C
Cmin “  T O± vrr

E q u a tio n s  for o p tim u m  filtra tio n  p a ra m e te rs  assuring  m ax im u m  f i l t r a te  
th ro u g h p u t can  be  found  in a n u m b e r  o f artic les and  books [1, 2]. T hese 
e q u a tio n s  are as follow s:

opt

^opt bm n Pt *

( 2)

(3)

<?m a x
l

2] t J h + b m
(4)

H o w ev er, in  p ra c tic e  i t  is alw ays to  be  experienced  th a t  th e re  ex ists a d iffe r­
ence  betw een  th e  so -ca lcu la ted  m ax im u m  f il tra te  th ro u g h p u t an d  th a t  a c tu ­
a lly  found  in  in d u s tr ia l  o p e ra tions. O u t o f th e  m any  reasons causing  th is  
d ifference, p ro b a b ly  th e  m ost im p o r ta n t  one is th a t  th ese  o p tim isa tio n  e q u a ­
tio n s  have been d e riv ed  for ideal f ilte r in g  conditions w hich  are  h a rd ly  to  be 
rea lised  in p rac tice . The ex ac t o p tim isa tio n  equa tions fo r a c tu a l o p e ra tin g  
co n d itio n s have  b een  discussed in  [3, 4, 5] in  deta il.
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In  con n ec tio n  w ith  o p tim isa tion , ta k in g  th e  cost fac to rs  also in to  co n ­
sid e ra tio n , [6 ] c an  be  m en tioned  as th e  m o st im p o r ta n t one on th is  su b je c t. 
T he basic  e q u a tio n  expressing  cost w ith o u t w ashing  is:

C =  Cn(t fci +  id k .,)-\-A kÿ . (5)

In  (5) th e  a n n u a l cycle n u m b er and  f i l tra tio n  tim e  can be expressed , as a fu n c ­
tio n  o f f i l t ra te  v o lu m e, as follows:

c -  yy'-'ri 1 ( 6)
V

Ih V 2 + b m V . ( 7)

The a n n u a l f i l tra te  vo lum e in (6 ) has been  ta k e n  to  be c o n s ta n t in th e  p a p e r
[6 ] an d  so in  th e  cost eq u a tio n  (5), all th e  fa c to rs  ex cep t th e  f i l tra te  vo lum e are  
c o n s tan t. F in d in g  th e  m ax im a-m in im a, we com e to  th e  follow ing resu lts :

opt / h .  
K

k.,

f c i
( 8 )

I t  is ch a ra c te ris tic  o f (8 ) th a t  th e  in v ariab le  cost fac to r does n o t occur in  th is , 
th o u g h  it  was th e re  in  th e  basic  E q . (5). T he reaso n  for its  d isap p earan ce  is th e  
fa c t th a t  th e  a n n u a l f i l t r a te  volum e can n o t be  considered  c o n s ta n t because if 
so, th e  f ilte rin g  a rea  c an n o t be co n stan t, in  w hich  case f i l t r a te  co n stan ts  also 
do change. E q . (5) can  be solved only w h en  th e  a n n u a l cycle n u m b er be 
expressed  as a fu n c tio n  of f i l tra te  volum e in  th e  follow ing m an n er:

T

t. 6 ]_ V lJr bm V  +  id
f ( V ) . ( 9 )

F u rth e r , i t  is essen tia l to  tu rn  to  specific cost eq u a tio n s from  th e  ann u a l ones. 
S u b s titu tin g  (9) in to  basic  E q . (5), we o b ta in  th e  fo llow ing cost eq u a tio n :

, Í, , Ak'zc — f - ------- V + t d k„
A k '

k i-f-
A k '

( 10)

V* opt

[

K

A k i
T

A K
T

( H )
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T h e  o p tim u m  f il t ra te  vo lum e E q . (11) is o b ta in e d  b y  d iffe re n tia tin g  (10) w ith  
re s p e c t to  f iltra te  vo lum e. E q . (11) o f o p tim u m  filtra te  vo lu m e is itse lf  a fu n c ­
tio n  o f  in v a riab le  cost fac to rs  an d  a n n u a l o p e ra tio n  hours. E q u a tio n s  fo r o p ti­
m u m  fil tra tio n  tim e  e tc . h av e  been  d iscussed  in  deta il in  p a p e r  [7], ta k in g  also 
ca k e  w ash ing  in to  co n sidera tion .

E q u a tio n s  reg a rd in g  m in im um  ru n n in g  cost of f i l t r a t io n  can be fo u n d  
in  [8 ]. Also accord ing  to  [8 ], we ge t th e  sam e eq u a tio n  (8 ) fo r th e  o p tim u m  
f i l t r a te  volum e.

I t  has to  be n o ted  th a t  E q . (8 ) is co rrec t in  itse lf  an d  gives Vopt co rre ­
sp o n d in g  to  m in im um  specific ru n n in g  cost a n d  n o t th a t  re la tin g  to  m in im um  
specific  m an u fac tu re  cost (f iltra tio n  cost). H ow ever, i t  c a n n o t be co rrec t if  it 
is th e  re su lt derived  from  basic  E q . (5) because  co rrec tly  we have to  com e to  
o p tim isa tio n  E q . (11).

2. Further developed method for the determ ination of m inim um  filtration cost

As is well know n, th e  to ta l  cost c an  be d iv ided  in to  tw o m ain  g roups: 
v a r ia b le  cost (C„) an d  in v ariab le  (fixed) cost (Cj). The v a ria b le  cost consists of:

cv — Ct +  Cd ,

th j ko
c„ ■

V
cr\~cd- ( 12)

A fte r  d iffe ren tia tin g  th e  specific cost E q . (12) w ith  re sp ec t to  f iltra te  vo lum e, 
E q . (8 ) is o b ta in ed  giv ing th e  m in im um  specific ru n n in g  cost.

T he above d iv ision  of v a riab le  co st is, f irs t of all, ju s tif ie d  on ly  in  case 
o f  b ig  filte rin g  p la n ts  in  w hich  n u m ero u s classical p la te -an d -fram e  or ch am b er 
f i l te r s , b y  h an d  or h y d rau lica lly  o p e ra te d  opening a n d  closing s tru c tu re s  
o p e ra te .

T here s till ex ists o th e r  in d u s tr ia l cases for w hich th e  above d iv is io n  of 
v a r ia b le  cost is n o t ju s tif ie d . In  such  cases:

_ 1

T V
è i F  +  6m+ h

I
(13)

A s a re su lt of d iffe ren tia tin g  E q . (13), w ell know n E q . (2) is o b ta in ed  w hich 
ca n  generally  be sa tis fac to rily  used  u n d e r  th e  follow ing in d u s tr ia l cond itions: 

In  case of sm all f ilte r  p la n ts  w here few classical filte rs  are  o p era tin g . 
T h ese  are h an d led  (d ischarg ing , open ing , closing, h a n d lin g  during  f iltra tio n  
e tc .) and  m ain ta in ed  b y  one group  o f w orkers in d e p e n d e n t of th e  f i l tra tio n
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tim e . In  such cases, therefo re , one p a r t  o f v a riab le  cost, i.e. lab o u r w ages is 
a fix ed  one, d iv ision  o f w hich fo r f i l tra tio n  an d  dow n tim e  has no in flu en ce  
on m in im um  ru n n in g  cost. F u r th e r , in  case of sm all f iltra tio n  p la n ts  w here  
f ilte r in g  o p e ra tio n  is only a p a r t  o f th e  w hole process, energy  and  m a te r ia l  
cost, fo rm ing  p a r ts  of v ariab le  cost, can  h a rd ly  be sep a ra te d  in to  th e  p a r ts  
re la tin g  to  f i l t ra t io n  and  dow n tim e  in book-keeping .

In  case of au to m a tic  filte r  p resses, th e  lab o u r cost is included in  p u r ­
chase cost. This fix e d  am o u n t is in d e p e n d e n t of th e  o rd e r of dow n tim e  w ith in  
cycle tim e , i.e. in d ep en d en t of cake th ickness. T hus, lab o u r cost c an n o t be 
a t t r ib u te d  to  dow n tim e  because one w orker o p era tes  m ore filte rin g  u n its ,  
in d e p e n d e n t of th e  o rd er of f i l tra tio n  tim e .

W e are fo rced  to  tak e  off from  th e  d iv ision  o f va riab le  cost in  case 
of su ch  filte r p la n ts  also w here cost is n o t p roperly  booked  due to  a d m in is ­
t r a t iv e  reasons.

F in a lly , in  case of such f ilte r  presses w here cost re la tin g  to  f i l tra tio n  
tim e  is nearly  e q u a l to  th a t  re la tin g  to  dow n tim e , th e re  is p rac tica lly  no 
sign ificance of th e  d iv ision  of v a ria b le  cost and  ca lcu la tin g  op tim um  from  
th em .

T h e  in v ariab le  cost can, how ever, be  d iv ided  accord ing  to  th e  fo llow ing:

Cf =  Cp-\-C'f,

Ptr
c„v T V

— C p-f-C f. (14)

The in v a riab le  costs can  be fu r th e r  d is tr ib u te d  accord ing  to  th e  fo llow ing:

Cf — C3 -f- C4

Tk^-tpAki k ‘t$ tc A k^  tc
V  T V

C3~I_C4 ' (15)

In  case o f th e  cost eq u a tio n s  no t d e a lt w ith  as y e t, follow ing th ree  s im p lifica ­
tions w ere used:

F ir s t  of all, id ea l filte ring  cond itions w ere assum ed, i.e. effect of filling , 
in itia l res is tan ce  d u rin g  pressure b u ild -u p  was neg lec ted . I ts  influence on 
o p tim u m  f iltra tio n  p a ram e te rs  ( F opt, iopt etc.) an d  m in im u m  filtra tio n  cost 
can be fo u n d  in [4, 9, 10].

Secondly , cake  w ashing  was also neg lec ted . The effect o f w ashing has 
been d iscussed  in  [6 , 7].

T h ird ly , effect o f  feeding back  th e  tu rb id  f iltra te  form ed in th e  b eg in ­
ning o f f i l tra tio n  w as also neglected.
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T he above th re e  s im plifica tions w ere  in tro d u ced  to  e m p h a tica lly  stress 
th e  e ffec t of cost fa c to rs . The s im p lifica tio n s are  all of such  n a tu re  th a t  th e y  
do n o t  change th e  ch a ra c te ris tic  in flu en ce  o f  th e  cost fac to rs  on op tim u m  
f i l t r a t io n  p a ra m e te rs  o r m in im um  f i l t r a t io n  cost an d , th e re fo re , th e y  w ill also 
be  accep ted  in  th e  follow ing.

T he specific f i l t ra t io n  cost e q u a tio n s  can  be w ritte n  in  th e  follow ing 
v a r ia tio n s :

1 .  C =  C( - f -  cd - |~  C p T "  Cj,
2 . c =  cv +  cp +  cf-,
3. c — c/ Cd Cf,
4. c =  cv +  cf ,
5. c =  ci -T Cd -(- c3 c4,
6 . c — cv -)- c3 -j- c4,
7. S im ilar to  v a r ia t io n  3.
8 . S im ilar to  v a r ia t io n  4.

In  case of v a ria tio n s  1 an d  2 , th e  fo llow ing tw o  cases have  to  be d iffe ren tia ted :

a) The p u rc h a se  cost o f f ilte r  c a n  be  ta k e n  to  be c o n s ta n t or n ea rly  
c o n s ta n t w ith in  c e r ta in  range o f ch an g e  in  th e  cake th ick n ess . F o r exam ple, 
th is  holds good fo r  cham ber f ilte r  p resses a n d  pressure f ilte rs  w ith  h o rizon ta l 
f i l te r  p lates.

b) The p u rc h a se  cost of th e  f i l te r  is n o t c o n s tan t if  th e  cake th ickness 
chan g es because  in  th a t  case, a la rg e r o r sm aller f ilte r  fram e th ickness is 
re q u ire d  and  so th e  purchase  co st d iffers. This is tu ie  fo r p la te -and - 
f ra m e  f ilte r  p resses.

In  th e  fo llow ing , i t  has been  ex am in ed  as to  for w h a t o p tim u m  volum e 
o f  th e  f i l tra te  co s t eq ua tions, w r it te n  in  d ifferen t v a ria tio n s , reach  th e ir  
m in im um .

V aria tion  1

a) For P  =  constant.

tk i-\-td k 2 IC =  — y —  + tç_ 
V  '

(16)

S u b s titu tin g  (7) in to  th e  above e q u a tio n  an d  d iffe ren tia tin g  it  w ith  re sp ec t 
to  f iltra te  v o lu m e  as well as e q u a tin g  i t  to  zero, we o b ta in :

opt :
- r D t

1 +  T D ' T

(17)
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T h u s , i f  P  =  c o n s ta n t  (e.g. c h a m b e r  f ilte r  p resses and  p ressu re  filte rs  w ith  
h o riz o n ta l p la te s), th e  f iltra te  v o lu m e  is in fluenced , n o t on ly  b y  v a riab le  co st 
fa c to rs  (Aq, k2) b u t  also b y  in v a ria b le  cost fac to rs  an d  in  th e  w ay  th a t  th e  
q u o t ie n t  k 2 lk 1  te n d s  to  1 .

b) For P  constant.

S ta r tin g  fro m  th e  equa tion  re fe rrin g  to  th is  case in  a rtic le  [5], th e  
fo llow ing  eq u a tio n  is ob tained:

P  =  P 1+ z P i P 3 + z P ' * V = f ( V ) ,
A

(18)

P  =  a +  bV, (18a)

a — f*i +  zP 3  —  P 3 ,

, zP'tX
0  — ---------  .

A

S u b s titu tin g  (18a) in to  (16) and c a rry in g  o u t n ecessary  m a th e m a tic a l o p e ra ­
tio n s , w e o b ta in :

2646
K k i + ^ ~  +  -~r +

bm b
V 2  - k . Cf_

T
0 .

(19)
T he g enera l po lynom  form  of (19) is:

axF 3 -f- a 2 V 2  —  a 4 =  0.

I t  c an  also be so lved  b y  d ifferent m e th o d s . F o r  exam ple , i t  can  be so solved 
if, f ir s t  o f  all, o p tim u m  filtra te  v o lu m e  co rrespond ing  to  m ax im um  f il tra te  
th ro u g h p u t ca lcu la ted  on ly  from  te c h n ic a l fac to rs  shou ld  be found  and  th is  
v a lue  be  increased  o r decreased till (19) is equal or n ea rly  equal to  zero. F rom  
iopt a n d  L opt co rrespond ing  to  th is  F opt, zopt can  be ca lcu la ted  accord ing  
to  [5]. I f  th is  does n o t  differ m u ch  from  th e  p rev io u sly  ca lcu la ted  v a lu e , 
th e re  is no need to  re p e a t  the ca lcu la tio n .

A ccord ing  to  (19), op tim um  f i l t r a te  vo lum e correspond ing  to  m in im um  
f iltra tio n  cost dep en d s on:

th e  filte rin g  e q u ip m e n t (td, kx, k 2, P v  P 3, P (, z, A ,  T D); 
p ro p e rtie s  of s ludge  and filte r m ed iu m  (6 t, bm, x); 
o th e r  in v a riab le  costs (C)); 
n u m b e r  of a n n u a l operation  h o u rs  (T ).
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I f  i t  is re q u ire d  o n ly  to  find  o u t as to  fo r w h a t o p tim u m  f i l tra te  vo lum e 
th e  a m o rtisa tio n  o f  filte rin g  e q u ip m e n t co rrespond ing  to  u n it  p ro d u c t is 
m in im u m ; fo r th e  case a) we o b ta in :

P D P D

T
byV-]-bm -\- t_d_

V ,
( 20)

E q . (2) is th e  so lu tio n  o f (20). In  th is  case (e.g. in  case of cham ber f i l te r  presses) 
m in im u m  specific a m o rtisa tio n  co st is ach ieved  fo r th a t  o p tim u m  f i l t r a te  
vo lum e w hich assu res  m ax im um  f i l t r a te  th ro u g h p u t.

F o r th e  case b ):

CP =  y ( a  +  b V ) { b l V  +  bm+ ± v ( 21 )

2b1b V 3 -)- {bxa +  bmb) V 2 —  tda — 0. ( 22 )

E q . (22) is a sim p lified  form  of p o ly n o m  (19) because v a riab le  co st fac to rs  
a n d  in v ariab le  costs  excluding  p u rc h a se  cost of th e  f i l te r  are  lack ing . T h u s, 
th e  a m o rtisa tio n  co s t corresponding  to  u n it  f i l tra te  vo lum e of th e  classical 
p la te -a n d -fra m e  f il te r  w ould he m in im u m  fo r th e  f i l t ra te  vo lum e sa tisfy in g  
E q . (22).

V aria tion  2

a) Por P  =  constant.

Cv-\-PD-\-C} tc . /OQ\
c = ----------—--------- • — , w ill give know n E q  (2). ( 2 o)

T h is  could also be  expec ted  from  (17) if  k l — k2.

b) For P  7 =̂ constant, i.e.

P  =  « +  b V = f ( V ) ,  

Cv+ a D  +  b D V + C f K V+bm+ * H =f(V), (24)

2bjbDV* +  [6X(CV +  aD  +  C}) +  bmbD] V 2— td(Cv +  aD  +  C'f ) =  0. (25)

P o lynom  (25) can  he deduced from  (19) also if  1 /T D =  D /T  and  k i =  k 2 = C J T  
a re  su b s ti tu te d  in  (19).

V aria tion  3

tk 1-j-td k., Cf  td

V  T V  ’
(26)
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V*opt

k 2+ - %

1 ft,
Cf_
T

(27)

E q . (27) is a red u ced  form  of (17). E q . (27) can  be  deduced  from  (17) if  
1 /T d =  D /T  is s u b s ti tu te d  and  th e n  P D  -f- C'r =  Cf sim p lifica tion  is in ­
tro d u ced .

V aria tion  4

c _  Cy +  Cf
cnv

Cy -̂Cf
T

h V + b m +  ^  = f { V ) . (28)

S o lu tion  o f specific cost E q. (28) is th e  w ell-know n E q . (2) w hich can  be 
o b ta in ed  from  th e  re la tio n sh ip  Q =  V jtc. T h a t  is w hy , m an y  tim es in  in d u s tr ia l 
p rac tice , m in im um  specific f iltra tio n  cost is d e te rm in ed  b y  op tim u m  f i l t ra te  
vo lum e co rresp o n d in g  to  m ax im um  f i l t r a te  th ro u g h p u t.

V aria tion  5

c — ct -\- Cd -f- c3 -f- c4 •

This can  be f irs t so lved  g raph ically . E a c h  te rm  can  be expressed  as a fu n c tio n  
of f i l t ra te  vo lum e as follows:

ct =
tk x
V

6 1 ft1 E + 6m ft1 = / ( F ) .

E q . (29) rep re sen ts  a s tra ig h t line show n in  F ig . 1.

Cd =  irfft‘2 —  = / ( F ) .

Fig. 1 also show s th e  hyperbo la  re p re se n te d  b y  E q . (30).

Tfc,
b > --- --- fl/Oc„v b1V + b m +  ^

A k t A k i 

C „ V  T
b r V  +  bm + td

f ( V )

=  /(F )

(29)

(30)

(31)

(32)
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r opt o b ta in e d  from  (31) an d  (32) se p a ra te ly  w ill be equal and  th e y  assu re  
m ax im u m  th ro u g h p u t to  w hich c3min an d  c4min re la te . F in a lly , g ra p h ic a l 
su m m a tio n  of d iffe ren t cost fac to rs h as  been  carried  ou t in  F ig . 1.

T he basic e q u a tio n  of th e  f if th  v a r ia tio n  an d  th e  re su lt of its  a n a ly tic a l 
so lu tio n  are as follow s:

Cn(tk i -\-td k.,) -\-T k3-\-A k i
C — _ nc„v (33)

K Pt =

Í  k ,  ! k , . p
I ld ______ 1

^  &1 +  &3
A k 4

(34)

E q . (34) is th e o re tic a lly  of sim ilar n a tu re  as E q . (17), o b ta in ed  in  case a) o f  
v a r ia tio n  1. The on ly  difference b e tw een  th e  tw o equ a tio n s lies in  th e  m eth o d  
o f expressing  th e  in v ariab le  cost fac to rs .

V aria tion  6

I f  th e  v a riab le  cost is no t d is tr ib u te d  in to  those  co rrespond ing  to  f i l t r a ­
tio n  an d  dow n tim es , th e n  from  th e  cost eq u a tio n :

C =  Cv +  C3 +  C4 •

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



ROLE O F COST FACTORS 2 6 3

Also, o p tim um  f i l t r a te  volum e e q u a tio n  co rrespond ing  to  m ax im um  f i l t r a te  
th ro u g h p u t can he  o b ta in e d , s im ilar to  case a) of v a r ia tio n  2.

3. Summary and conclusions

T he effect o f d iffe re n t cost fa c to rs  on  m in im u m  specific f iltra tio n  cost 
can  be  b rie fly  su m m arised  in the  fo llow ing :

E x a m in a tio n  o f  d iffe ren t cost fa c to rs  se p a ra te ly  is, f irs t of all, ju s tif ie d  
in  th e  case of big f i l te r  p lan ts , m a in ly , if  so m a n y  classical f ilte rs  are  o p e ra t­
ing  fo r w hich th e  ru n n in g  cost per u n i t  dow n tim e  is h ig h er th a n  th a t  p e r 
u n it  f i l tra tio n  tim e.

In  case of sm all f iltra tio n  p la n ts  w ith  only  a few  f ilte r  u n its  an d  a u to ­
m atic  pressu re  f ilte rs  as well as in  th e  case w hen  kx — /c2, f i l tra tio n  cost can  
he ca lcu la ted  in one. In  such  cases, m in im u m  specific f i l tra tio n  cost is ach ieved  
b y  th e  use of o p tim u m  filtra te  vo lu m e co rresp o n d in g  to  m ax im u m  f i l tra te  
th ro u g h p u t, i.e. th e  g iv en  filte r u n it c a n  be se t u p  to  o p tim u m  w ith o u t ta k in g  
in to  co nsidera tion  th e  cost factors.
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Die Rolle der K ostenfaktoren bei der Optimierung der Filterpressen m it konstantem  
D ruck. Die A rb e it b e sp rich t den  E in flu ß  d e r  v ersch iedenen  K o s ten fak to ren  bei de r B estim ­
m u n g  d e r m in im alen  F iltr ie rk o sten  von F ilte rp re sse n  m it k o n s ta n te m  D ruck , u n d  b e fa ß t  
sich  a u ch  d am it, w elche d e r v ersch iedenen  F o rm e ln  fü r  die O p tim ie ru n g  de r F iltr ie rg e rä te  
fü r  w elche T y p en  v o n  F ilte rp re ssen , u n d  u n te r  w as fü r  B e trieb sv erh ä ltn issen , am  v o rte il­
h a f te s te n  an g ew en d e t w erden  kann .

Роль факторов расходов при оптимализации пресс-фильтрации постоянного давле­
ния (Л. Хорват). В статье излагается воздействующая роль различных факторов расходов, 
фильтрации при пресс-фильтрации периодического режима и постоянного давления. В 
дальнейш ем статья занимается тем, что которая из различных формул оптимализации, при­
меняемых для оптимализации фильтр-аппаратов, пригодна для какого типа пресс-фильтра, 
и при каких реж имах работы может быть использован некоторый данный тип наиболее 
выгодно.
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B e n e d i k t , O . :  The N om ographic C om putation o f  Complicated and H ighly  
Saturated M agnetic C ircuits w ith  Computer

A uthor succeeded in  m ak in g  possible th e  ap p lic a tio n  of th e  nom ograph ic  
m ethod  — e lab o ra ted  by  h im self and d e ta iled  in  his book: “ T he N om o­
graph ic  C o m p u ta tio n  of C om plicated a n d  H ig h ly  S a tu ra te d  M agnetic  
C ircuits”  (A kadém iai K iadó  1960) — to  a c o m p u te r an d  th e re b y  in  devel­
oping rem arcab ly  his m e th o d . F o r th ro w in g  lig h t u p o n  th e  significance 
of th e  p rob lem , he p o in ts  o u t  b riefly  th e  deficiencies in  th e  u su a l co m p u tin g  
m ethods ta u g h t  u n tili now , a n d  describes how  th ese  could  sim ply  be e lim in ­
a ted  by  m ak in g  use o f h is nom ographic  m eth o d . H e rea fte r , the  m eth o d s 
of calcu la tio n  of th e  sa tu ra te d  m ag n e tic  c ircu its  b y  using  co m p u te rs  
know n so fa r are su rv ey ed , and it  is p o in te d  o u t w hy th e  use  o f these  
la t te r  fo r th e  nom ograph ic  m eth o d  caused  d ifficu lties . L as tly , th e  possib i­
lity  to  overcom e th e  d ifficu lties  m en tioned , discovered  no t long ago by  
th e  a u th o r , is p resen ted .

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  3 — 51

Acta Techn. H ung. 73 (1972), 53—60

S z a b ó , J .  — R ó z s a , P .: Large D isplacem ents o f  Trusses

In  an a ly s in g  large  d isp lacem en ts  of la t t ic e  s tru c tu re s , th e  in s tan ta n eo u s  
position  o f th e  s tru c tu re  asso c ia ted  w ith  th e  d isp lacem en t sh o u ld  be con­
sidered  b y  th e  eq u ilib riu m  equations. A u th o r  assum es th a t  th e  geom etric  
position  of th e  la ttic e  s tru c tu re  is a co n tin u o u s  deriv ab le  fu n c tio n  of th e  
d isp lacem en ts . T he se t o f  lin ea r d ifferen tia l eq u a tio n s  w ith  v a riab le  coef­
fic ien ts fo r large  d isp lacem en ts  will be e stab lish ed . T he h y p e r-m a tr ix  coef­
fic ien ts o f th e  se t o f eq u a tio n s  is a fu n c tio n  of d isp lacem en t an d  stress 
s ta te  o f  th e  tru ss . T he a lg o rith m  of th e  so lu tio n  to  th e  p ro b lem  of th e  
in itial v a lu e  of large  d isp lacem en t is given.

A cta  Techn. H ung. 73 (1972), 6 1 —81

S z ő k e , B .: Elaestic V ibrations in  Rolling Bearings. P art I I . :  The R otating  
M ass in  not Balanced ivith Respect to its Centre L ine.

In  th is  p a r t  of th e  p a p e r a  glance is th ro w n  to  som e phen o m en a  connected  
to  a ro ta t in g  force an d  a n  assu m p tio n  is a tte m p te d  acco rd ing  to  w hich 
th e  d isp lacem en t o f th e  ro lling  e lem ents cau sed  b y  th e  ro ta tin g  force 
genera tes a de fo rm atio n  in  consequence of w hich  th e  ro lling  m o v em en t 
of those  e lem en ts tak e s  p lace  on th e  sm allest a rea  possible.
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B u d in c sev ic s , A.: Dispenser Cathodes w ith H igh Current D ensity

The o p e ra tio n  princip le  of th e  “ L ”  ca th o d e , its  c h a rac te ris tic  fe a tu re s  and  
the possib ilities o f  app ly ing  it,  a re  d iscussed  b y  th e  a u th o r, a n d  co n sid er­
ably  sim plified  as com pared to  th e  ca th o d e  of L em m en s  a n d  o th ers . T he 
new version  o f “ L ”  cathode design  in  a tu b e  form , so-called “ M ”  ca th o d e , 
is p resen ted  in  w hich, in stead  o f p o rous sin tered  tu n g sten , w ire is used 
The m eth o d  o f p rep arin g  f la t “ L ”  ca th o d es w ith  porous tu n g s te n  lay er 
pressed d irec tly  in  m olybdenum  tu b e  and  sin tered  is p resen ted . E m ission  
properties o f developed  ca thodes a re  given.

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  8 3  —  95

Acta Techn. H ung. 73 (1972) 9 7 - 1 1 5

W e b e r , Gy .: IVete Method fo r  the Determ ination o f  D ifference Operators 
fo r  Plates and Grids

A grid m odel is described w h e rew ith  th e  b iharm on ic  d ifference o p e ra to rs  
m ay  be p ro d u c e d  by  tak in g  in to  acco u n t th e  m o st d iffe ren t b o u n d a ry  
conditions. T h e  d ivergences b e tw een  th e  b o u n d a ry  cond itions o f th e  a c tu a l 
free-edge p la te s  a n d  grids are d e m o n s tra ted . T his m eth o d  o f  p ro d u c tio n  
of th e  d ifference o p erato rs has b e en  developed  an d  succesfu lly  u tilized  
for the  p u rp o se  o f co m puter p ro g ram m in g .

Acta Techn. H u n g . 73 (1972), 117— 141

H a jd ú , L . — Za h o r á n , J . :  Recent Research R esults in  the F ie ld  o f  H erm e­
tically Sealed M in ia tu re  S ilver-Z inc Storage Batteries

The au th o r p re se n ts  th e  o p e ra tio n  o f th e  so-called “ double  d e p o la rize r” 
system  w hich  essen tia lly  consists in  using  a second d ep o larizer com posed 
m ain ly  o f cad m iu m  oxyde, besid es th e  silver oxyde m ain  depolarizer. 
This p e rm its  to  develop in  th e  cell ch a ra c te ris tic  a v o ltag e  lev e l below' 
th e  nom inal one. In  ad d itio n  to  th e  o p e ra tin g  m echanism  of th e  silver 
electrode th e  a u th o rs  describe th e  p a ra m e te rs  o f a sto rage  cell w h ich  can 
be o p era ted  in  th e  so-called “ m o n o x id e  p h ase”  w ith  a c ap a c ity  eq u al to  
th a t  of a tra d it io n a lly  a rran g ed  cell.
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Reményi, K.: Influence on the Ig n ition  o f the In jected  Fuel Exerted by 
Heat Transfer and M aterial M o tio n

W hen, w ith  due  considera tion  o f  ig n ition , th e  ex ten sio n  of th e  recircu la tion  
zone is ch an g ed  b y  a sp inning m o tio n , re -c ircu la tio n  sh o u ld  be g enera ted  
from  a zone fro m  w hich a re -m ix in g  of com b u stio n  p ro d u c ts , hav in g  a 
high te m p e ra tu re , and of a lre ad y  b u rn in g  p a r ts  o f flam e  can  be  e ffec tua ted . 
Ign ition  c o n d itio n s should n o t  b e  a lte red  b y  th e  q u a n ti ty  o f re tu rn in g  
in ert gases. W ith  regard  to  th e  a c tu a l s ta te  o f ig n itio n , i t  is adv isab le  to  
convey in to  th e  com bustion  c h am b er a fue l-a ir m ix tu re  a t  a n  e levated  
tem p e ra tu re  in  o rder to  lessen  th e  need of h e a t  to  be  tran s fe rre d  from  
th e  su rro u n d in g s. By in ten sify in g  th e  sp inn ing  m o tio n , th e  resu ltin g  
velocity  o f a  tu rb u le n t ig n itio n  a c ts  as an  acce le ra to r o f th e  fiaméi ex p an ­
sion v e lo c ity . T h is involves in te n sif ica tio n  of ig n itio n , im p ro v em en t of 
burner s ta b il i ty  and  decrease o f  flam e  dim ensions, too .

Acta Techn. H u n g . 73 (1972), 1 5 1 -1 7 4

Zámbó, J . — Molnár, L.: Causes o f  the Partial D isso lu tion  o f  the Vanadium  
Content in  the Bayer Processing o f  H ungarian B a uxites

On th e  b asis o f l ite ra ry  d a ta , a u th o rs  en u m era te  th e  fo rm s of v an ad iu m  
occurrence in  n a tu re , and su rv e y  th e  possib ility  o f  th e ir  ap p earan ce  in 
connection  w ith  baux ites. In  th e  ex p erim en ta l p a r t  th e y  discuss th e  cor­
re la tion  b e tw ee n  th e  co m p o n en ts  an d  v an ad iu m  c o n te n t o f  b a u x ite , and  
th e  p o ten tia l increase  of d isso lu tio n . In  confo rm ity  w ith  th e  p re sen t geo­
chem ical know ledge, th e  te s t  re su lts  reveal th a t ,  in  th e  case of H u n g a rian  
bauxites, a g re a te r  p a r t  of th e  v a n a d iu m  co n te n t is d iscovered  as a n  iso- 
m orphous c o n ta m in a n t of th e  iro n  m inerals (m ain ly  g o e th ite )  and , th e re ­
fore, i t  cannot, be  recovered  u n d e r  th e  u sua l o p e ra tio n a l conditions. An 
increased d isso lu tio n  can on ly  b e  expected  th ro u g h  th e  th e rm a l or hydro - 
therm al decom position , or th e  re d u c tio n  of th e  g o e th ite  s tru c tu re .

Acta Techn. H u n g . 73 (1972), 175 - 1 9 4

Varga, L. : D iscussion  o f the B en d in g  Theory o f  C ylindrical Shells o f  Ortho­
gonally A n iso tro p ic  Structural M ateria l, by In troducing  the D isplacem ent 
Function

The general b en d in g  th eo ry  o f cy lind rica l shells o f o rth o g o n ally  an iso­
trop ic  s t ru c tu ra l  m ate ria l (e.g. g lass re in forced  p las tic )  in  th e  case of edge 
loads n o rm al to  th e  shell su rface  is discussed. F irs t ,  th e  co rre la tio n s b e ­
tween in te rn a l forces and d e fo rm a tio n  are ex p la ined , th e n  th e  d ifferen tia l 
equations o f  b en d in g  are p re sen te d . T his hom ogeneous d iffe ren tia l e q u a ­
tio n  system  is so lved by in tro d u c in g  th e  d isp lacem en t fu n c tio n . D e te r­
m ination  of th e  d isp lacem en t fu n c tio n  and  ben d in g  s tre ss  s ta te  in  th e  case 
o f period ica lly  changing edge lo ad s  acting  a long  th e  g e n e ra tr ix  and  th e  
g reat circle is d e a lt  w ith  in  d e ta il. O n th e  basis o f  th e  re la tio n s  th u s  derived , 
th e  bending  s tre ss  s ta te  cau sed  b y  an  edge lo ad  v a ry in g  acco rd ing  to  an  
op tional fu n c tio n , read ily  d e sc rib ed  by  th e  F o u rie r  series, can  also be 
de term ined . F in a lly , a n u m erica l exam ple illu s tra tin g  th e  ro o t d evelop ­
m ent of th e  c h arac te ris tic  e q u a tio n  is shown.
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H o r v á t h . I,.: Determination o f the O ptim um  N um ber o f  F ilter Plates fo r  
Filter Presses

T he p ap er f irs t sum m arises th e  m eth o d s of o p tim isa tio n  of f ilte r p la te  
nu m b er in  case o f b a tc h  f ilte r  presses o p e ra tin g  a t  c o n s ta n t p ressure , to 
be found in  tech n ica l lite ra tu re , and  fu r th e r  develops th em  to  such form s 
which can be d irec tly  used for o p e ra tio n a l cond itions in  in d u s try , too. 
f inally , those  equ atio n s have  been  m odified so th a t  th e y  can he used  to 
de term ine  o p tim u m  filte r p la te  n u m b er for d ifferen t ty p es  of pressure 
filte rs.

Acta Techn. H ung. 73 (1972), 2 1 7 -2 3 5  

Singer, D.: Network Theory o f Bar Structures

T he ne tw ork  th eo re tica l basis o f b a r s tru c tu re  s ta tic s  was exp lained . It was 
d em o n s tra ted  th a t ,  as com pared  to  h ith e r to  m a tr ix  techn iq u es, th e  n e t­
work concept w ould p e rm it a deeper fo rm u la tio n  of th e  p rob lem s e n co u n t­
ered. D iacoptic  m ethods so fa r h a rd ly  em ployed in b a r  s tru c tu re  s ta tic s  
was th o ro u g h ly  dea lt w ith , and  th e  d e riv a tio n  of a fu n d a m e n ta l re la tio n  
in b a r ne tw ork  d iacoptics was p resen ted . F in a lly , the  re la tiv e  tim e saving 
to  be achieved by th e  ap p lica tio n  of th is  m eth o d  was estim a ted .

A cta  Techn. H ung. 73 (1972), 237 - 251

REMÉNYI, K. : A n a ly sis  o f  Ig n itio n  Problems Concerning S tab ility  o f  Burners  
in Pulverized Coal Combustion Sytem s

A g rea t m any  prob lem s re la tin g  to ig n ition  cond itions of an  a ir-pu lverized  
coal m ix tu re  are no t c leared  up  ye t. T he pròcess o f pu lverized  coal 
ign ition  involves reac tio n  phenom ena, hom ogeneous an d  heterogeneous 
alike; of course, an  a tte m p t to  deal w ith  these  questions revea ls a lo t of 
d isp u tab le  m a tte r , especially  from  th e  v iew p o in t o f th e  k in e tic  th eo ry  of 
gases. Ig n ila b ili ty  is m ostly  defined by  flam e p ro p ag a tio n  veloc ity , or 
ju s t  as an  ign ition  v e loc ity ; in  th is  line, re sea rch  w ork  concerns th e  in ­
fluence of va rio u s p a ram ete rs , chem ical a n d  physical. T herefore, w hen 
dealing  w itli ig n itio n  cond itions, th e  in te rac tio n  be tw een  chem ical and 
physical p ro p erties  should  be  ta k e n  as a basis. As reg ard s a s tab le  ign ition , 
th e  influence of th e  b low ing ve loc ity  of th e  p rim a ry  a g en t is considerable. 
W hen assessing th e  o p tim u m  of a  rec ircu la tio n  in  th e  co m b u stio n  ch am b er, 
th e  re su lt is in fluenced  b y  th e  h e a t q u a n ti ty  re -tra n sfe rre d  b y  th e  fo rm a­
tio n  of ig n itin g  nuclei, an d  b y  re-m ixed  in e r t gases. A la rg e r c o n te n t of 
vo latiles in  th e  coal involves an  increased  flam e p ro p ag a tio n  velocity . 
A nyhow , th e  flam e  p ro p ag a tio n  v e loc ity  co u n ts  for a va lue  of m inor 
im p o rtan ce  w hen  th e  com b u stio n  process in  a system  of pu lverized  coal 
b u rn e rs  is considered.





H orváth, L .: Role o f  Cost Factors in the O ptim isation o f  F ilter Presses 
Operating at Constant Pressure

T he artic le  deals w ith  th e  role o f d ifferen t expense fac to rs  in fluencing  th e  
m in im um  filtra tio n  cost for b a tc h  pressure  filte rs o p e ra tin g  a t  co n stan t 
p ressure. I t  fu r th e r  discusses th e  d iffe ren t o p tim isa tio n  equ atio n s w ith  
reg ard  to  th e ir  a p p licab ility  to  d iffe ren t ty p es o f pressure  filte rs  un d er 
d ifferen t o p e ra tin g  cond itions to  ach ieve th e  best resu lts .

Acta Techn. Hung. 73 ( 1 9 7 2 ) ,  2 5 3 — 2 64
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OVERHEAD LINES
WITH INSULATED PHASE CONDUCTORS

P. O. G E S Z T I*
CORR. MEMBER O F T H E  H U N C. AC. OF SC. 

a n d

J .  P A T K Ó

[M anuscript re ce iv e d  J u ly  5, 1971]

In  th e  s te ad y -s ta te  o p e ra tio n  of h ig h -v o lta g e  overhead  tran sm iss io n  lines, th e  d ie lec tric  
s t r e n g th  o f th e  air m ay  b re a k  down p a r tia l ly  cau sin g  th u s  corona effec ts ; du rin g  tra n s ie n t  
s ta te s  sh o rt-c ircu its  m ay  occur betw een a p h a se  c o n d u c to r an d  th e  e a r th  o r be tw een  p h a se  
c o n d u c to rs  m ain ly  due  to  th e  sw itching o v e rv o ltag e s . F o r e lim in a tin g  or reducing  th ese  
e ffec ts  th e  au th o rs  p ro p o se  to  coat the  p h a se  c o n d u c to rs  w ith  a  th in , sm oo th , self-cleaning 
in su la tio n  layer. The th e rm a l load  cap ac ity  o f  th e  line w ould n o t  change  a t  all, o r o n ly  
in s ig n ifican tly . The re su lts  o f m easures show ed t h a t  th e  critica l v o ltag e  (an d  th e  corona loss 
to o ) a re  considerab ly  re d u ce d  by  th e  in su la tin g  la y e r  covering th e  su rface  of th e  cab le, a n d  
th e  re s is tan c e  against sw itch in g  overvo ltages is  considerab ly  im p ro v e d  as well.

1. Introduction

In  the construction of high-voltage overhead lines th e  insulation o f th e  
phase conductors cause m any problem s. This chiefly m eans the problems o f  
insu lation  by air of the phase conductors, because during steady-state oper­
ation th is insulation m ay partly break dow n, which phenom enon causes th e  
corona effect.

As far as high vo ltage lines in tran sien t state are concerned, the sw itching  
overvoltages should be m entioned w hich  m ay cause short-circuits betw een a 
phase conductor and the earth or betw een  tw o phase conductors.

I t  is an obvious idea to exam ine a solution where the phase conductors 
are covered with a th in , smooth, selfcleaning insulation layer which does 
not alter the thermal capacity of the lin e , or at least not essentially  and which  
insu lation  might be suitable for favourab ly  influencing the corona effect as 
well as the arcing due to  the switching overvoltages.

The authors th ink  that such a th in  insulation, which is not suitable for 
insu lating the whole phase voltage b u t on ly  a sm all part o f it, m ust —  
am ong others —  have the effect that th e  alternating voltage does not —  or at 
least, only insignificantly —  generate a space charge in the v icin ity  o f the  
conductor (under norm al conditions w ith  stationary phenom ena) and th at  
under sw itching overvoltages it prevents breakdowns through the air (such

* P rof. Dr. P. O. G eszti, Jagelló  u. 13, B u d a p e s t X I I . ,  H u n g a ry .
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an insulating layer can also be adapted for the armatures at the end of th e  
insulation  chains).

In the present paper the authors present the results o f  investigations 
carried out —  so far under laboratory conditions —  w ith  insulated conductors 
in order to exam ine

a)  the corona phenom ena,
b)  the breakdow ns due to the sw itch ing overvoltages.

T he authors are fu lly  aware that laboratory experim ents are not uncon­
d itionally  conclusive for real conditions even  in case of favourable results. T hey  
are convinced th at even  in this case prolonged research is needed in order to  
clarify how a system  w ith  insulated phase wire behaves under conditions o f  
contam ination, w ith  various precipitations and naturally experim ents m ust 
be carried out w ith  a synthetic m aterial w hich is stable under outdoor con ­
ditions for a long tim e and meets the various requirem ents o f overhead tran s­
m ission lines.

2. The corona effect

In designing transm ission lines for 120 kV or higher nom inal vo ltage , 
it  is one of the principal points of view  to consider the corona effect conditions. 
U nder unfavourable circum stances above the losses, acoustic and radio in ­
terference m ay be considerable.

The increase o f corona losses is caused by the dim inuation of the corona  
threshold voltage (U k). This may cause especially  large disturbances if the co ­
rona threshold v o ltage  drops below the phase voltage. The corona threshold  
vo ltage can be increased, among others, b y  the insulating layer applied to th e  
conductor.

The conductors of high-voltage transm ission lines have sm all corona  
losses already at operating voltages but under unfavourable m eteorological 
conditions, the corona loss is considerably greater.

The authors have investigated the above ideas b y  m easurem ents too . 
Som e theoretical relations concerning th e  m easurem ents are presented in  
th e  Appendix.

The data o f  the cables used in the tests  were:

D bare =  18 m m  diameter
D ins - 24 m m  diameter
Pins =  3 m m  (thickness o f insulating layer)

r f e i e m . w i , e  =  2>5 mm diameter
nac =  7 (number of steel wires)
nA1 =  30 (number of alum inium  wires)
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M easurem ents w ere m ade w ith  3 d iffe ren t cables:

a)  b a re  cab le ,
b)  cable w ith  F  ty p e  p las tic  layer,
c)  cable w ith  К  ty p e  p las tic  layer.

C o m p ara tiv e  m easu rem en ts w ere m ade on b lan k  cables o f 240, 300, 600 
m m 2 nom ina l cross section  an d  on sm oo th  m eta l cylinders o f 30 an d  o f 50 m m  
d iam e te r.

T he increase o f th e  corona effect th re sh o ld  vo ltage w as d e te rm in ed  from  
th e  dependence  o f th e  loss fac to r  ( ta n  ô) on v o ltage . T he loss fa c to r  w as m eas­
u re d  w ith  a Schering bridge (F ig. 1). (This b ridge  is also su itab le  fo r d irec tly

I-----------------1

in d ic a tin g  th e  beg inning  of th e  corona effect.) A n oscilloscope w as co n n ec t­
ed to  th e  b ridge  on th e  screen of w hich  th e  s ta r tin g  of th e  co rona effect could  
be  d ire c tly  observed . T he Uk d e te rm in ed  in  th is  w ay  w as alw ays sm aller 
th a n  th e  Uk d e te rm in ed  from  th e  ta n  0 ( Uk) curves.

F o r m easu ring  th e  loss fa c to r  a su itab le  electrode sy s tem  h a d  to  be 
a rran g ed . F ig . 2 show s th a t  th e  ex am in ed  cable  is p laced in  th e  ax is o f a 
cy lin d er. T he tw o ends of th e  e x te rn a l cy lin d er are  in su la ted  from  th e  ce n tra l 
p a r t  an d  are connected  accord ing  to  th e  F ig . 1.

1* A cta  Technica Academ iae Scientiarum  H ungaricae 73, 1972

Fig. 1. C ircu it o f th e  Schering  bridge
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Fig. 3 show s th e  re su lt o f th e  m easu rem en ts  ca rried  ou t on th e  cable 
covered  w ith  F  ty p e  in su la tio n  (6), an d  also w ith  an  ad d itio n a l m e ta l foil. 
T h e  role of th e  m e ta l fo il w as to  d e m o n s tra te  th e  effect o f increasing  th e  d ia m ­
e te r  (m etal in s te a d  o f  p lastic).

Fig. 4 show s th e  re su lts  o f th e  cab les covered  w ith  К  ty p e  in su la tio n  (c), 
w ith  and w ith o u t m e ta l foil coating .

F ig . 3. ta n  ô( [ / )  fo r c o a tin g  F , u n til  100 kV F ig. 4. t a n  <5(U )  fo r coating  К , u n t i l  
100 kV

Fig. 5 show s to g e th e r  th e  resu lts  o f th e  m easu rem en ts  a, b an d  c, i.e. of 
th e  cable w ith o u t in su la tio n , w ith  F  an d  w ith  К  ty p e  in su la tio n , re spec tive ly .

I t  is ev id e n t t h a t  e.g. in  th e  v ic in ity  of th e  p h ase  vo ltage  o f  a 120 kV 
ne tw o rk  (120/yil ^  60 kV) th e  cables w ith  layers b a n d  c are  b o th  b e tte r  th a n

A cta  Technica A cadem iae  Sc ien tia ru m  Hungaricae 73, 1972
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the bare cable.
tan Òa 820 , 
tan Ò b ^  270 , 
tan òc ^  12,5 .

This means that in the case c when u sin g  the K  layer the loss is approxim ately  
the 820/12,5 ^  65th part of the corona loss occuring in the cased bare cable.

The other adv antage of the coated  cable is that for a small increase o f  th e  
voltage (10% m ay occur) the loss factor is not increased or hardly, while the  
corona loss of a hare cable rapidly rises.

Fig.  5. t a n  <5([7) fo r b a re  conductor a n d  fo r coatings F  a n d  K ,  u n til  100 kV

The cables covered with plastic w ere then provided w ith an additional 
m etal foil, in order to show that Uk can  be reduced som ew hat by solely in ­
creasing the diam eter o f the bare w ire. (Due to the n o t perfect sm oothness  
of the m etal foil surface these curves are in cases b and c only inform ative.)

The results o f the measures clearly show that for a considerable dom ain  
(w ith in  the application zone) the corona loss (and also th e  space charge) can be  
reduced b y  one order o f magnitude and even more b y  an insulation layer. 
This favourable effect o f the insulating layer is lost on ly  at extrem ely h igh  
voltages (which anyhow  are outside th e  dom ain of application).

The m easurem ents also showed th a t  the reduction o f losses is far m ore 
im portant than can be attained b y  increasing the diam eter and the surface
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sm oothness. The som e percents m agnitude voltage taken up b y  the insu lating  
layer —  which m ay b e a qu ite th in  layer —  cannot greatly  im prove the  
situ a tion  either in such  a way. The authors attribute the m ain cause to the  
fact th a t the insulating layer prevents the em ission of electrons from the m etal 
— quasi from an in fin ite  storage tank —  and thus space charges can develop  
only  corresponding to th e  very small leak age current, i.e. the developm ent o f  
the sp ace  charges is strongly  hindered and reduced.

3. Switching overvoltages

E xperim ents were carried out w ith th e  above insulated cables and w ith  
tw o parallel bare tubes o f diameters equal to that of the cables and placed  
w ith  190 cm spacing. The voltage w ave used was 300/3000 /usee, positive. 
A ccord ing  to the tests  the 50% breakdow n voltage betw een the two bare 
tu b es w as approx. 100 k V pea corresponding to a circ. 900 kV peak w ithstand  
vo ltage .

For the insulated  conductors the resu lts were as follow s. Three shocks at 
1200 kVpeak were w ithstood  forthwith. A t 1300 kVpealt two shocks were resisted, 
b u t th e  third was not. So the w ithstand vo ltage can be appreciated at 1200  
kVpeak and the increase o f the w ithstand voltage due to the insulation w as 
300 kVpeaj, equivalent to  33%. In th is sense, due to the presence of the 3 m m  
in su la tion  layer, a considerable im provem ent in the resistiv ity  against sw itch­
ing overvoltages could be observed.

4. Sum m ary

In the laboratory tests of h igh-voltage overhead transm ission lines w ith  
in su lated  phase conductors, the use o f a th in  insulation layer considerably  
im p roved  the behaviour against corona effects and sw itching overvoltages.

Possibly, after finding a su itab le insulating m aterial, considerable 
tech n ica l and econom ical advantages can be drawn from th e use of an over­
h ead  line with insu lated  phase conductors.

The authors w ish to express their thanks to Dr. Gábor B á n  who carried  
ou t th e  m easurem ents related to sw itch ing overvoltages.

A P P E N D IX

1. Some th e o re tic a l re la tio n s referring  to  th e  m easu rem en ts are  p resen ted  h e re a f te r .

E max =  f Eaverage average
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w here /  >  1 is th e  fa c to r o f in h o m o g en ity ,
T) <  1 is th e  so-called coefficient o f  u til iz a tio n , o r else

^ m a x  =  k U  =

w here A; is a ch ara c te ris tic  depending  on  g eo m e trica l configu ra tion , 
a  is th e  so-called v ir tu a l  e lectrode d is tan c e .

Fig. 6. Coaxial c y lin d e r w ith  sm o o th  conductor

Fig.  7. Coaxial c y lin d e r  w ith  cable

T he m ax im u m  field  s tre n g th  —  as a  fu n c tio n  of vo ltag e  — was d e te rm in ed  for tw o 
cases (o f th e  co n d u cto r used  in  th e  tests):

a) th e  surface  of th e  conducto r is sm o o th ,
b) th e  co n d u cto r consists o f e le m e n ta ry  w ires (cable).
In  one case —  coaxial cy linders —  a llo w in g  th e  in n er electrode to  be a sm o o th  m eta l 

cy lin d er (F ig . 6), in th e  o th e r  case th e  in n er e lec tro d e  is a cable consisting  of 37 e le m en ta ry  
w ires (F ig . 7). T he d im ensions of th e  coax ial c y lin d e r are:

rj =  0,9 cm
r0 =  50 cm
n '  =  37 (n u m b er of e le m e n ta ry  w ires) 
n  =  18 (n u m b er of w ires  in  th e  ex te rio r layer)

In  th e  f ir s t  case th e  field  s tre n g th  is given b y

In  th e  second case

In r k

1

0,9 In
50
OS

U  =  0,278 U

E m a x  c a b l e

w

" v r +1” ? )
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w here

Hence

A =  n  I 1 =  18
18 sin

18

=  22,65 .

-'max cable : u = 22,65

( » l n - i + l n — )  0,9 („ ,9 |1 8 1 » ^ + l n « 5 .
U .

Emax. cable — 0,348 U

Fig. 8. C o ax ia l cy linder a rra n g e m e n t w ith  s tra tif ie d  insu lation

On th e  surface  of th e  c ab le  th e  field  s tre n g th  in  th is  case is

0,348 U  
0,278^17

=  1,25 tim es

larg e r.
T h e  m ax im um  fie ld  s tre n g th  in th e  a ir  w as ca lcu la ted , if  th e  co n d u cto r o f  ra d iu s  r, 

is c o a ted  w ith  p las tic  (F ig . 8). T he d im ensions are:

r, =  0,9 cm , 

r„ =  1,2 cm ,

r 3 =  50 cm.

A t th e  p lace  r 2 —  r ] th e re  is a  m ate ria l o f p e rm it tiv i ty  F ,. a t  th e  p lace r 3 —  r2 a  m ate ria l o f 
p e rm it tiv i ty  e2.

e1 =  3,5,

«2 = 1  (air).

On th e  in su la tio n , th e  m axim um  fie ld  s tre n g th  arises a t  rad iu s r , ,

F  -  1max «j A

In  th e  a ir  th e  field  s tre n g th  is m axim um  a t  ra d iu s  r2,

w here

U____ 1 _
r2 e2A

A  =  • l i l á ­ in
J  1,2
3,5 lu  0,9

1 i 50 -J o
T  n l 2  =  3 , 8 ’
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H ence

E \  шах
1
Ei A  0 ,9  • 3,5 ■ 3,8

U  =  0,084 U

1 1
Ê2max “  гг Ч А  1,2 • 1 • 3,8

U  =  0,22 U  .

T h e  dielectric  s tre n g th  o f th e  air be long ing  to  rx =  0,9 is

E,

a n d  to  r j  =  1,2 cm  belongs

'dsn

ds Г2

40/У2 kV /cm ,

37/У2 kV/cm.

H ere  th e  la t te r  v a lu e  is o f in terest.

£ 2max =  0,22 1 /+  [/ = E , 37
• =  119 kV .

°>22 0,22 У2

A t th is  vo ltage  th e  d ie lectric  s treng th  o f  th e  a ir  b reak s dow n a lread y .

F ig . 9. P a ra lle l cy lin d ers  n o t enveloping e a c h  o th e r , w ith  s tra tif ie d  in su la tio n , and  th e ir
p o te n tia l  d is tr ib u tio n

T he b es t ap p ro x im a tio n  of th e  re a l co n d itio n s  is n o t th e  coax ial cy linder a r ra n g e ­
m en t, b u t  th e  field  o f th e  paralle l cy linders w i th  sm all rad ii (F igs 9, 10), th e  cy linders be ing  
covered  w ith  p lastic . In  th e  field of s tra tif ie d  in su la to rs  th e  v o ltag e  is
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L e t u s  assum e th a t  Qt =  -  Q and  Q.t =  —Q, th e n  th e  field  s tre n g th  a t  th e  p o in t F  is

e  Q Í  1 : 1 Ì
F 2iieF e 0 l d2F )

F ro m  th ese  tw o re la tio n s th e  field  s tre n g th  is

E F  =  U A B

Fig. 10.  Cylinders n o t en v elop ing  each o th e r , w ith  s tra tif ie d  in su la tio n  (en largem ent)

Fig. 11. t a n  <)([/) for cable ty p e  F  m easu red  u n til  150 kV

2. F o r th e  sake o f com pleteness th e  m easu rem en ts  w ere e x ten d ed  u p  till  150 kV. F ig . 11 
rep re sen ts  th e  c o n d u c to r w ith  F  type  coatin g . C urve I shows th e  re su lts  o f th e  f irs t m easu re ­
m e n t, cu rve  I I  th e  re su lts  o f th e  second m easu rem en t. P re su m ab ly  such  voids were p re se n t 
in  th e  sy n th e tic  in su la tio n  w hen  there w as co ro n a  a t  th e  f irs t  m easu rem en t and  th e re  w as 
no  co rona  a t  th e  second  m easu rem en t (possib ly  h av in g  been rig id ified  a t  th e  f irs t m ea su re ­
m en t).

F ig . 12 shows th e  t a n  ô(U)  d iagram  o f th e  b a re  cables an d  tu b es , while Fig. 13 show s 
th e  ta n  ó(U)  d iag ram s o f  th e  240 m m 2 cab le  fo r th e  b a re  and  fo r th e  in su la ted  cond itions.
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Fig. 12. ta n  ò(U)  m easu red  on bare  
cab les  and  tu b es  u p  till  150 kV

Fig. 13. t a n  ô(U)  m easu red  on b a re  
jF-coated an d  on K -co ated  240 mm* 

cable
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if  dax

=  1,8 ■ 1010Qa In —  —  [V ]; R red =  / д С - D ,  [m]

]

Freileitungen m it isolierten Phasenleitern. Im  s ta tio n ä re n  B etrieb  von  H o c h sp a n ­
n u n g s-F re ile itu n g en  k a n n  die e lek trische  F e s tig k e it d e r  L u ft teilw eise zusam m en b rech en , 
w as K o ro n a -E rsch e in u n g en  v e ru rsach t; w äh ren d  tra n s ie n te r  Z ustände , insbesondere  u n te r  
de r W irk u n g  von S ch a ltü b e rsp an n u n g en , en ts te h en  Ü bersch läge  zw ischen P h asen le ite r u n d  
E rd e , even tuell zw ischen P hasen le ite rn . Zw ecks B ese itigung  bzw. R eduzierung  dieser F e h le r  
sch lagen  die V erfasser v o r, die P h a se n le ite r  m it e in e r d ü n n en , g la tten , se lbstre in igenden  
Iso lie rsch ich t zu ü b e rz ieh en . Die th erm isch e  B e la s tb a rk e it  de r L eitung  ä n d e rt  sich so n ich t 
o d er n u r  in u n b e d eu ten d e m  M aße. D ie M eßergebnisse  zeigen, daß  die k ritische  S p a n n u n g  
der K o ro n a  (und  au ch  d e r K o ro n av erlu st) u n te r  d e r W irk u n g  der die O berfläche des Seils 
überz ieh en d en  Iso lie rsch ich t bed eu ten d  a b n im m t u n d  d aß  auch  die F estig k e it geg en ü b er 
den  S ch a ltü b e rsp an n u n g e n  sich b e trä ch tlic h  e rh ö h t.
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Линия воздушной электропередачи с изолированными фазовыми проводами.
При стационарном режиме высоковольтных воздушных линий электропередачи элек­
трическая прочность воздуха может частично упасть, а это создает коронный эффект, 
а в переходном режиме, в соновном под воздействием коммутационных перенапря­
ж ений, могут иметь место разряды м еж ду фазовым проводом и землей, или даж е 
между фазовыми проводами. Авторы в интересах устранения упомянутых выше дефектов, 
или ж е их уменьшения предлагают покры вать фазовые провода тонким изоляционным 
слоем, имеющим гладкую поверхность и обладающим самоочищающим свойством. Таким 
образом, допускаемая термическая нагрузка линии или не изменяется совершенно, или ж е 
только незначительно. Результаты  проведенных измерений показывают, что начальное 
напряж ение короны (такж е и коронные потери) значительно снижается под воздействием 
изоляционного слоя, покрывающего поверхность провода, кроме того значительно улуч­
шается такж е сопротивляемость коммутационным перенапряжениям.
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DETERMINATION
OF THE STEREOGRAPHIC POLE FIGURES 

OF HEXAGONAL CRYSTALS WITHOUT PLOTTING
J .  P R O H Á S Z K A *

CORRESP. MEMBER OF THE HUNG. ACADEMY OF SCI.

[M anuscrip t rece iv ed  S ep tem b er 30, 1971]

T he p a p e r describes a m ethod  for th e  sim p le  d e te rm in a tio n  of th e  pole d iag ram s o f cub ic  
an d  h ex ag o n a l crysta ls. In s te a d  of th e  u su a l  d ra ftin g  tech n iq u e , d e te rm in a tio n  of th e  in d i­
v id u a l po le  positions is b y  tw o po in t c o -o rd in a te s  th a t  can be m easu red  in  th e  basic  p lan e . 
F o r  th e  d e te rm in a tio n  o f these  co -o rd in a tes  sim ple re la tio n s a re  in tro d u ced  w hose com ­
p u te r ize d  so lu tion  g re a tly  sim plifies th e  c o n s tru c tio n  of th e  pole d iag ram . F in a lly , a m e th o d  
is desc rib ed  w hereby a pole d iagram  of a n y  ax is  ra tio  can be  sim ply  re p lo tte d  fro m  th e  0001 
pole d iag ra m  of a given c/o ra tio  hex ag o n a l crysta l.

For the solution of orientation problems of hexagonal crystals usually  
stereographic pole figures are required. A lthough the literature offers a few  
such pole figures [1— 3], their u tilization  is rather lim ited, as th ey  apply on ly  
to  crystals of a predetermined c/o ratio  and since th ey  contain, in addition, 
only th e  poles of directions normal to  the crystallographic planes. For the  
solution  of certain problems, how ever, often pole figures m issing from the  
literature would be needed. The p lo ttin g  o f a new pole figure demands m uch  
work, since first the angles included b y  the respective la ttice  elem ents m ust be  
defined, then m easured by means o f  the W ulf net when searching for 
the location  of the corresponding poles. The acceptance of com puters facilitated  
the sim plification o f the calculation problem s, but p lotting itse lf did not 
change. The present paper describes a m ethod for the com position of the pole  
figures o f hexagonal crystals where p lottin g  is reduced to a simple linear 
m easurem ent and m akes possible, b y  using the 001 pole figure of a crystal o f  
given c/a ratio, the sim ple drawing o f  the 001 pole figure o f another crystal 
w ith  any optional c/o quotient.

E ssentia lly , the m ethod involves th e  determ ination o f the correspondents 
of th e  crystallographic planes and directions of the hexagonal system  in a 
cubic co-ordinate system , and the calculations are then performed b y  using  
these correspondent la ttice  members. In  a cubic crystallographic system  the  
perpendicularity of any optional crystallographic plane to  a crystallographic  
direction o f the same index is valid w ith ou t any restriction w hatsoever, th at is, 
(hkl) _L [hkl]. In the cubic system  this geom etrical relation w ill greatly sim plify

* P ro f. D r. J .  P ro h á sz k a , Tigris u. 48 , B u d a p es t I., H u n g a ry .
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the calculation, and reduce the work of p lottin g  by about 50 per cent, because 
in th e  pole figures o f cubic system  crystals the poles o f directions and planes 
of th e  same index w ill b e found in a single p o in t, due precisely to the above 
geom etrical relation. In  non-cubic crystallographic system s this coincidence 
can be observed only  in  the case of special planes and directions. The pole 
figtires of non-cubic crystallographic system s determ ine, therefore, only the 
poles o f either the directions normal to  th e  planes, or those of the crystallo­
graphic directions. T hus, actually tw o pole figures are required: one on the  
poles of the directions, and another one on those of the planes. N aturally, the 
tw o pole sets can be p lo tted  in a single pole figure but in this case the poles of 
identical indices w ill be doubled, and either an excessively  sm all number of 
poles will be obtained, or the possibility o f  their survey w ill be greatly impaired.

The necessity to  h ave two pole diagram s m ay be best realized by an 
exam ple. In a hexagonal pole diagram o f c/o =  1,633 axial ratio, the great 
circles of twin planes (1012) and (0112) can be easily drawn, and their point of 
intersection  will ind icate the pole of the line of intersection of the two twin  
planes. Thereby, since hitherto literary pole diagrams render the poles of 
crystallographic planes, the figure 3368 w ill be found at the point of in ter­
section  of the two great circles, although the tw o tw in planes referred to, 
intersect each other in the 2241 direction. I t  follows th at in a hexagonal system  
of the possibly m ost com pact fit the plane (3368) is norm al to  direction [2241]. 
This exam ple quite clearly illustrates th a t in non-cubic, such as hexagonal 
crysta l system s the use o f  a pole diagram m ust be very carefully made, because  
of th e  discrete character o f planes and directions of an identical index. This is 
w h y the application o f tw o pole figures is considered to give m uch better  
results, and the relevant calculation process is introduced.

The method w ill be presented in  connection w ith cubic crystal pole 
diagram s, then the problem s of hexagonal system s will be reduced to cubic 
system  problems.

The fundam ental equation of crystals is

r =  r0 -f- ma -j- nb -|- p c (1)

w here r0 is the vector directed to any optional point o f the crystal, whereas 
vector r points to another point of the sam e crystal, equivalent thereto from  
every  aspect, while m, n and p  are integers and a, b and c represent the three 
translational unit vectors of the crystal system  in question. Thus, any [hkl] 
crystallographic direction m ay determ ined by a single vector:

r =  ha -)- kb +  Ic (2)

where h, k and / are integers, and the indices of the corresponding crystallo­
graphic directions.
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In  the cubic system  let us in d icate th e  three translational unit vectors 
of identical length and normal to one another b y  e x,  e 2 and e 3 . T hus, the cubic 
system  directions expressed by the indices m ay be written as

r =  he1 +  ke2 -)- le3 . (3)

W ith the r vectors known, determ ination o f the geometrical relations of the  
la ttice  members w ill now be a sim ple task . Thus, for exam ple, the cosinus o f  
the angle included b y  the two directions equals the scalar product of the  
vectors pertaining to  the given directions, divided by the product of the  
absolute values of the tw o vectors. The cosinus of the angle included by tw o

F ig .  1

planes can be obtained in the sam e w ay, on ly  here the norm al o f the tw o  
planes m ust be used in the calculation. D eterm ination of the line o f inter­
section  o f tw o planes is likewise very  sim ple as this is the vectorial product of 
the norm al vectors o f the two planes involved .

N ow  let us have a look at the problem s o f plotting a stereographic pole 
diagram . Let e 15 e 2,  e 3 be the unit vector system  connected to  the crystal, 
according to Fig. 1. L et furthermore, r2 be the vector defining th e  pole given  
b y  0  in the centre o f  the pole figure. If, in addition, an optional vector r or 
its pole P  and image P'  are also g iven , the position  of the projection or basic 
plane has already been determined. N ow  the co-ordinate system  w ill have to 
be fitted  to  vector rz, so as to m ake th e  axis z parallel, and axes x and y  per­
pendicular thereto, and the same applies to the corresponding rx and ry vectors. 
According to what has been said before these can be readily selected  as the  
scalar product of the vectors sought for equals 0 .  Thus, a vector rx normal to  
rz and, in order to sim plify the calcu lation , o f an index expressed b y  small
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num bers will have to  be looked for if  possible, w hereafter ry will be obtained as 
the vector product o f  r- and rx.

This gives the O origo in the basic circle, w hich is the pole of vector r ,2 
and the vectors rx and ry normal to  the latter w hich , in turn, give th e  co ­
ordinate axes X  and y .

The next problem  is how to define the pole of an optional r[hkl] crystallo­
graphic direction in th is co-ordinate system . U sing th e  sym bols o f F ig. 1, let 
r be this optional direction, and let its pole be the m eeting point P  o f the  
reference sphere and vector r. The im age P'  of this pole on the basic plane is 
the m eeting point o f  th e  line connecting projection centre S  and pole P  w ith  
the base plane. This is to  be determ ined since th is pole figure represents the  
pole of vector r.

D istance OP  depends on the length  o f  the reference sphere radius. Once 
th is distance has been  defined, it will h ave to be used as a basis for the solution  
o f each subsequent problem . So far, in  our considerations only angles have  
been dealt w ith the values of which are independent o f  the vector lengths and, 
as a consequence, th ey  are not affected b y  the length  o f  the radius.

Let us have a u n it radius. In th is case pole P  w ill be cut out from  the  
sphere by vector r at a unit distance. P oin t P  on th e  reference sphere is ind i­
cated  by unit vector r' o f  vector r. I f  we now use u n it vector r'z of vector r2, the  
vector connecting projection centre S  and pole P  w ill be readily determ ined as 
it is the vectorial sum  o f vectors r' and and r' (hereafter the ' at a vector  
m eans the unit vector o f  the r vector in question).

H owever, for th e  determ ination o f the x and y  co-ordinates of the pole  
we need the distance OP' and its projections to axes * and y .  This OP' d istance  
is, from the SOP' triangle,

OP' =  tan  a , (4

since the length of vector  
vector algebra

— r- is ex a ctly  a unit. According, however, to  the

tan a =
[ r ' x (r '+ r ')[

r 2 ’ ( r ' + r i )
(5)

Co-ordinate x  is obtained by m ultip lying d istance OP'  with cos cp. This, 
however, is the scalar product of the OP'  directed u n it vector, and vector r(. 
In other words,

x  =  tan  a cos <p 

Sim ilarly, co-ordinate y  is:

Wz x ( r ' + r ( ) |

« v ( r ' + u )

l OP

\rOP’\

y  =  tan  <x cos (90° — f )
rz X (r '+ r 2)[ _ 

r ; ( r '  +  r ' )

lop
lr OP'l

( 6 )

(?)
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N ow , there is only the determ ination of vector rop, left over. Vector r 0P, is 
in the plane o f vectors r2 and r, and is norm al to vector r2. This relation can be 
expressed by tw o vector equations.

L et us determ ine the n  norm al vector in  the plane o f r2 and r:

n =  r X r2. ( 8)

The rop, vector sought for is perpendicular to the normal vector n, and is in  
the plane of r2 and r. This condition is satisfied by the vectorial product o f  n  
and r2, th a t is,

r0P. =  r, X n . (9)

Thereby all the vectors required for the determ ination o f the co-ordinates have  
been calculated. Substituting the value o f rop, into the equations defining the 
co-ordinates, we obtain as a final result that

| r ; x ( r ' + r 0 |  . r x r 2 X (rX r,)
(10)

r z ' ( r ' + r z) lr xl*!r zX (rX r2)! ’

ir z X ( r '- f r ') |  _ r v - r2x ( r X r 2)
( H )

r H r ' + r ' ) lr yl • lr zX (rX r2)|

Thus, all the relations required for the determ ination o f the pole diagrams o f  
m aterials crystallizing in the cubic system  have been defined, since the last 
tw o equations are suitable for the calculation of the desired points of any  
stereographic pole diagram o f an optional hkl pole. Calculation can be further 
sim plified b y  the appropriate selection  o f vectors r', xÿ and r2. If, for exam ple, 
the so-called 001 standard pole diagram  is to be p lotted , th en  rx w ill cor­
respond to the crystallographic diagram  [100], r], to [010], and r2 to  [001]. In  
th is case, the co-ordinates will be given b y  the follow ing sim ple formulae:

and

h
I  +  Y h ? ~ + k 2+  l 2 ’

______^  __
i + yw+w+p

( 12)

(13)

It is easy to realize that p lo ttin g  a given pole diagram  is m uch simpler 
b y  m eans o f the last tw o equations than  in  the usual w ay.

The next task is to define th e  location  o f the hexagonal crystal poles 
in the sam e sim ple w ay. As was m entioned earlier, th is w ill be done b y  finding  
in the cubic system  the elem ent corresponding to  each hexagonal lattice
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m em ber, and then perform ing the calculation in the cubic system  as described  
above. Thus, the reduced problem is to  define the individual lattice elem ents 
of th e  hexagonal system  in the cubic system .

The hexagonal ax is system  of a general layout is shown in Fig. 2. The 
geom etrical relations am ong the three translational unit vectors are

!al =  |b| 4= |c| (14)
and

— a ^— = -----— and ac =  be =  0 . (15) (16)
a| - 1 b I 2

F ig .  2

The hexagonal system  o f general arrangem ent, but replotted in the cubic 
system , is illustrated in Fig. 2b. Let us indicate the crystallographic directions 
b y  V in the hexagonal, and by r again in the cubic system . In the hexagonal 
system  an optional crystallographic direction can be defined, as shown below, 
if  its  indices are H ,  K  and L  (the indices of the hexagonal system  are expressed  
b y  capitals to d istinguish from those o f the cubic la ttice  members):

V =  H a  +  K b +  L c  . (17)

The V vectors in the hexagonal, and the r vectors in the cubic system  are 
naturally  parallel and equal in length , and since (see Fig. 2b):

a — h a ê  -f- k a e 3 la c 3 ,

b ■ ht, e x —|— k b e3 lb 5

c =  h c e 1 +  k c e2 +  h  e3
V w ill be

V =  H ( h a e ,  +  k a e2 - f  la e3) +  K ( h h +  k b e 2 +  lh e 3)  +  

-j- L ( h c e 1 - f -  k c e 2 lc e 3) ,

(18)

(19)
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th at is,
V =  ( H h a -)- K h b  L h c) e 1 -j- ( H k a -(- K k b -f- L k c)c 2 -(- 

■ (H l a -|— Klfj } - L l c) e 3 =  h c j -|- A’P) / © 2  =  r .

The latter m ay be w ritten as

h ha hb hc H
k = ka kb kc K
1 l'a là le _ L

( 20)

( 21)

( 22 )

On the basis of the latter expressions, each crystallographic direction in  the  
[HKL]  hexagonal system  can have a crystallographic direction from the [hkl] 
cubic system  associated, whereby n ot on ly  the location of the stereographic 
pole diagram points can be determ ined, but also the problem s related to  the  
crystallographic directions of the hexagon al system  can be solved ju st as in  
the cubic system . Accordingly, the pole diagram  o f hexagonal crystal structures 
can be obtained b y  looking for the rx, ry and r2 vectors o f vectors Vx, Vy and  
\ z as explained by Eqs (20)— (22), and then  these vectors can be used, b y  
m eans o f Eqs (10) and (11), to define th e  location of the pole of any optional 
V  ~  [HKL]  crystallographic direction. The calculation w ill again be quite  
sim ple, if  the co-ordinates of the h exagonal and cubic system s are selected as, 
for exam ple, shown in Fig. 3, because in  th is case several coefficients o f  E q. 
(20), and a number o f elem ents of m atrix  A  in Eq. (21) w ill be 0.

In other words:

-  - r  1/3 -  _
h O O H

k _ — —  1 0 K
2

l O O 1 ^ L
_ _ L- a  J _ _

(23)

Accordingly, when selecting the co-ordinate system  as show n in Fig. 3, the  
cubic system  direction

will correspond to  the [HKL]  crystallographic direction o f the hexagonal 
system .
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In  solving problem s we often encounter the d ifficulty o f having to look  
for th e  hexagonal system  corresponding to  a given r cubic system  orientation. 
This, how ever, can easily  be done on the basis o f Eq. (22):

v =  A ~ 1 r .  (24)

If, on the other hand, the relation show n in Fig. 3 is m aintained, this can be  
w ritten  in the form

(25)

From  am ong the previous relations derived in connection w ith  the pole d ia­
gram s, E qs (12) and (13) m ay be w ritten  in the follow ing form, if  the 001 
standard pole diagram o f the hexagonal system  orientations is to  be determ ined:

and

(26)

(27)

In th is pole diagram Vx =  [210], Vy =  [010], and V- =  [001].
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B y  means o f the last two equations, the 001 pole diagram o f any hexag­
onal crystal can be determined in a very  sim ple w ay by calculation. H owever, 
it  w ill have to be noted  here that in  th e  literature usually not the pole diagram  
of th e  orientations discussed above is being dealt w ith, but th a t o f the crystallo­
graphic planes. The following paragraphs describe the calculation o f the pole 
diagram s of hexagonal crystal p lanes.

As is shown in Fig. 4, let an (H K L ) crystallographic plane be given by  
its axial sections 1/H, 1/K  and 1/L. The pole o f this plane can be determ ined  
as explained above, if  the normal vector n perpendicular to  th is plane is

F ig .  4

know n. This, in turn, is given by the vectoria l product of any tw o [t,; p.;f vectors, 
if p. m eans the vectors parallel to the lines o f  intersection of the crystallographic  
plane in question, and the planes defined b y  the co-ordinate axes. Thus, 
norm al vector n perpendicular to th e  crystallographic plane is

n =  X 1*2 =  1*2 X f*3 =  1*3 X 1*!. (28)

V ectors ft parallel to  the lines of in tersection , on the other hand, are obtained  
as the difference vectors of the p,; p« vectors directed to the point of in ter­
section  o f the plane studied and the tw o co-ordinates, that is

t*i =  P2 Pi ==

1*2 =  P3 p2 =  

1*3 =  Pl P3 =

b a

K H

c b

L K

a c

H L

as it follows from F ig . 4.

(29)
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Thus,
e l  e 2 e 3

(30)

The last expression m ay be rewritten as

or
ír =  Bp , (31)

H ere vector p =  H a  X b  -)- Lc should be considered as an auxiliary vector  
w hereby the norm al n  of the (H K L ) hexagonal system  plane m ight be d e­
term ined. Since, furtherm ore, the relations w hereby the orientation poles can  
be determ ined had already been given, th e  problem raised at the beginning is 
thus solved.

Simple relations excellently suitable for calculation  purposes are obtained, 
if  again the connection outlined in Fig. 3 is m ade use of. In  this case the m atrix  
of tensor В w ill assum e the form

(33)

So with the relation referred to in Fig. 3 taken into account, the cubic system  
direction

Я +
К p

2e l +  ~ с Г  - ^ e 2 +  '
P
2 Le„

w ill be normal to  th e  (HKL)  crystallographic plane of a hexagonal crystal. 
Again the problem  m ay be faced that the correspondent of the (hkl) cubic  
system  plane m ust he found. The relevant equation follows from Eq. (30):

р =  5 - ! п .  (34)
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W ith the co-ordinate relation of F ig . 3, th is corresponds to the expression

-  -  
H

y  3 a 
2

0 0

K =
a
2

a 0
1— i__ _ 0 0 C_

h

k

l _

(35)

Poles of the directions normal to th e  crystallographic planes o f the hexagonal 
system , on the other hand, can be found b y  means of th e  following equations, 
if  the 001 standard pole diagram is to  be obtained:

and

" + Í

1/3 a Í  , 3 a 2
/  H 2+ K 2+ H K +  —  

4 c
L2

f 3

a L +2 c L + 4
a
c

2
L 2

(36)

(37)

In  this pole diagram , axis x intersects the origo and th e  pole defining the  
(100) hexagonal system  plane, axis y  the origo and th e  (120) plane, while 
again axis z the origo and plane (001).

Figure 5 illustrates the standard 001 pole diagram defining the poles o f  
the hexagonal system  directions, for a c/o =  1,633 axial ratio. Figure 6 presents 
the 001 pole diagram  related to the crystallographic planes o f the same system .

Each pole diagram  related to  a hexagonal system  applies to a given c/o 
ratio. The H K L  crystal elements identical in the 001 pole diagrams although  
of different c/a quotients, fit along th e  sam e line starting from the centre. 
This is illustrated in Fig. 7 for the planes o f tw o identical (HKL)  index crystals 
of different c/a ratios in the hexagonal system . Here (H K L ) X means the poles 
of the planes o f th e  (c/o)x ratio crystal, and (HKL)2 th ose o f the crystal w ith  
the (c/a)2 ratio. Thus, if  a 001 pole diagram  of any (c/o)1 ratio is given, another 
001 pole diagram o f any c/o ratio can readily be replotted , even faster than  
described above.

The pole distance of an [HKL]  crystallographic direction from the origo, 
in the case of a (c/o)]  ̂ ratio, is

rdi =  'Nn+Jdi Vh - + K 2 H K
( c l / c 2

I t .
L +

1
1 H 2+ K 2 H K + a

L 2
l

(38)
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F ig .  7

T he distance of a pole w ith the sam e index but (e/a)9 ratio can he determ ined  
from  th e latter equation but then, o f course, (c/a)9 will have to  be substituted . 
T hus, in  the 001 pole diagram related to the new crystal nothing will change, 
on ly  th e  original rrfl d istance will be replaced by

C

7 L  +
1

H -  +  K 2 H K  + a
c L 2

l

(~c - L +
I

j  H -  +  K -  H K - i r
a 2

’  L -
l n c 2

Sim ilarly, the rs d istance of the poles o f crystallographic planes can be deter­
m ined as follows:

n
2 It !

L +
i

/ /  ' K- U K  , ~
4

a
c L1

l
V3
2

a
c

L  +
2

* W + K 1 + H K +  A
a
c

iß
2

(40)

H ere rs2 means the pole distance o f the new  (c/a)2 ratio (H K L ) index plane  
from  the origo, w hile rsl indicates the sam e for the old (c/a)1 ratio plane.
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B estim m u n g  der stereograp h isch eii Polbilder v o n  h ex a g o n a len  K rista llen  oh n e Z e ic h ­
n en . ln  der A rb e it w ird  ein ü b e ra u s  einfaches V e rfah ren  fü r die B estim m u n g  der s te reo g ra ­
ph ischen  P o lb ild e r v o n  k u b isch en  u n d  hexagonalen  K ris ta lle n  m itg e te ilt . Die e inzelnen 
Pollagen  w erden s t a t t  d u rc h  die zeichnerische T ech n ik , d u rch  zwei in de r B asis ebene 
m eß b a re  L ag ek o o rd in a ten  d e fin ie rt. F ü r  die B e rech n u n g  d ieser L ag ek o o rd in a ten  w erden  
einige einfache B ezieh u n g en  e in g e fü h rt, durch  d e ren  B estim m u n g  m itte ls  R ech n ern  die 
B erechnung des P o ld iag ram m s au ß ero rd en tlich  v e re in fac h t w ird . Schließlich  w ird eine M ethode 
beschrieben , m itte ls  w elcher aus dem  0001 P o ld iag ra m m  eines hexag o n a len  K ris ta lls  m it  
gegebenem  V erh ältn is  c/a e in  P o ld iag ram m  m it be lieb igem  A ch sen v erh ä ltn is  e/a e in fach  
um gezeichnet w erden  k an n .

Определение без черчения стереографической конфигурации гексагональных 
кристаллов. В статье автор описывает такой метод, с помощью которого можно очень 
просто определить конфигурацию  полюсов кубических и гексагональных кристаллов. 
Вместо обычно принятой техники черчения определение отдельных положений полюсов 
производится с помощью двух измеряезмых в основной плоскости местных координат. 
Д л я  определения этих местных координат автор вводит простые зависимости и при их 
решении на вычислительной машине сильно упрощ ается определение полюсной диаграм­
мы. Наконец, дается описание такого метода, с помощью которого на основе полюсной 
диаграммы гексагонального кристалла 0001 с данным отношением с/а можно просто отоб­
разить полюсную диаграмму с любым соотношением осей. •
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MAGNETIC FIELDS
IN NONLINEAR HETEROPOLAR ROTATING 

MACHINES*
E. A. E R D É L Y I* *

[M an u sc rip t received  S ep tem b er 30, 1970]

W hen  th e  n o n -lin ea ritie s  caused b y  iro n  sa tu ra tio n  are  considered , th e  u su a l lin ea r 
th eo rie s  for th e  d e te rm in a tio n  o f th e  p e rfo rm an ce  c h a rac te ris tic  o f  ro ta t in g  e lectrica l m achines 
c a n n o t be  used . In  th is  p a p e r  m ethods are d ev elo p ed  by  th e  a u th o r  fo r solving th e  b o u n d a ry  
v a lu e  p ro b lem  of th e  n o n -lin e a r  tw o -d im en sio n a l v ec to r p o ten tia l. T he tran s fo rm a tio n  of 
th e  p a r tia l  d ifferen tia l e q u a tio n s  in to  d ifference eq u atio n s is ex p la in ed  and  n u m erica l m ethods 
developed  to  ob ta in  so lu tio n s . T he p ro ced u re  is illu s tra te d  b y  ap p lica tio n s to  h e teropo lar 
sa lien t ro ta tin g  m achines.

I. In trodu ction

Tlie design m ethods of rotating m achinery are based considerably on the 
so-called “ Magnetic O hm ’s Law” and on experience. The excitation  for no-load  
operation is found b y  first assum ing an airgap flu x  density. N ex t the flu x  
densities in  individual parts of the m agnetic paths are estim ated and the  
necessary field in tensities are found from  the B —H  characteristics of the  
m aterials. The field  am pere-turns are th en  found b y  adding the individual 
m agnetom otive p otentia l drops. On load  an attem pt is m ade to evaluate the  
m agnetom otive force in  th e  various parts of the airgap and the iron parts, and 
to estim ate the reluctance from point to  point as determ ined b y  the configu­
ration of the airgap and the field. B asica lly , this is a process of trial and error 
in which an attem pt is m ade to draw the probable tubes o f flu x  in order to 
calculate the reluctance o f the ind ividual flu x  tubes. Follow ing this tedious 
work, the m agnetom otive force is established along a closed path and compared  
w ith  the available excitation . The in itia l assum ptions are then su itably m odified  
and the process is repeated until the desired agreem ent is achieved.

This slow and cum bersom e m ethod does not lead always to good results 
and it  is generally recognized that the m agnetic Ohm’s Law is not sufficiently  
a fundam ental conception. The search for a more system atic m ethod for 
finding the m agnetic fields in d. c. m achines has engaged m any workers. 
Carter [1], in his classical paper, has g iven  a solution based on the Schwartz—  
Christoffel transform ation for the flu x  distribution betw een the main pole and

* A lec tu re  p re p a re d  fo r th e  H u n g a rian  A cadem y of Sciences in  B u d a p es t, Ju n e  1970.
** Professor of E le c tr ic a l E ng ineering , U n iv e rsity  o f Colorado.
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th e  armature o f d.c. m achines. Carter’s m athem atical achievem ent was ad­
m irable but applicable only to  very sim ply, idealized m achine contours.

H ag ue  [2] has review ed and extended Carter’s m ethod basing it on th e  
direct solution of M axw ell’s field  equations. His treatm ent refers m ainly to  
non-salient pole m achines. H a g u e  and all the investigators before him  sought 
an explicit solution o f the field  problem , and thus were necessarily restricted  
to  very idealized m achine cross sections. Motz and W o r t h y  [3] described a 
m ethod of finding th e  m agnetic fields of electrical m achines using Southw ell’s 
relaxation m ethod. In  all these early efforts the perm eability o f the iron has 
been assumed to be in fin ite and discrete currents were replaced b y  current 
sheets.

B e n e d ik t  [4] described in great detail a nom ographic m ethod established  
b y  him , and he illustrated  his procedure w ith a number of im portant exam ples. 
B e n e d ik t  does consider the non-linearity of the appropriate equations caused  
b y  iron saturation. A  research group at the U niversity  of Colorado has for 
several years now developed a num erical m ethod for the determ ination o f  
fields in electrical m achines. The field  quantities are obtained everywhere in the  
cross section of rotating m achines from  the solution of M axwell’s field  equations. 
The quasi-Poissonian partial differential equation used is nonlinear, and a 
solution  satisfying the exacting boundary conditions is found using a rela­
xa tion  method com bined w ith block relaxation procedures. In  the present 
paper the schem e is described to find  the fields in salient pole m achines on-load. 
The saturation o f the iron is considered fu lly  and the actual currents in th e  
slots are taken into account.

Some designers m ay suggest th at existing m ethods in w hich the magnetic 
path  is subdivided into separate portions are satisfactory. W e feel that th is is 
not so and that m any im portant problems of rotating m achine analysis cannot 
be solved successfully. The abandonm ent of the m any usual sim plifications 
and the use of high-speed electronic com puters have considerably increased th e  
range of problems am enable to solutions.

Based on th e  so-called tw o-reaction theory, the theory of synchronous 
m achines under load was developed at the beginning of this century b y  
B l o n d e l  [5] and others. In this theory, the reaction of the arm ature currents 
w as resolved into tw o com ponents, both  assum ed sinusoidally distributed. The 
am plitude of one com ponent was in line w ith the axis of a pole, the so-called  
direct axis; the am plitude of the other coincided w ith  the axis o f the interpolar 
space, the so-called quadrature axis. B l o n d e l ’s theory was firm ly based on the  
principle of superposition and thus could not take w ell into account the n on­
linear characteristics o f the iron circuit. The performance characteristics o f  
the m achine itse lf have been established by the use o f a phasor diagram.

S umec [6] h as im p roved  th is  d iagram  b y  in trod u cin g  certa in  con d ition s  
to  ta k e  care o f sa tu ra tio n  effects estim a ted  from  th e  n o-load  ch aracteristics o f
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th e  sa lien t pole synch ronous m ach ine . Doherty an d  Nickle [7] h av e  fu r th e r  
developed  th e  th e o ry  o f synch ronous m achines on lo ad  b y  a series o f classical 
p ap ers . I n  all th e  ab o v e  w orks, th e  p e rm ean ce  of th e  a irg ap  has b een  assum ed 
to  be  a q u a n tity  in d ep en d en t of th e  load , and  in  all, th e  lin ea r  princip le  of 
superp o sitio n  is used freely . In  1926, Wieseman [8] p u b lish ed  a set of curves 
b ased  on flu x  p lo ts, designed  to  f in d  th e  effect of load  c u rre n ts  on th e  m agnetic  
in d u c tio n  in  th e  a irg ap , assum ing t h a t  a sine w ave a rm a tu re  m agnetom otive  
force excites the  fie ld , i f  its  axis co incides e ither w ith  th e  d irec t o r q u a d ra tu re  
axis.

In  th e  sim plified tre a tm e n t o f th e  s te a d y -s ta te  an d  tra n s ie n t  perfo rm ance 
o f a lte rn a to rs , th e  a ssu m p tio n  of in f in ite  or c o n s tan t p e rm e a b ility  of th e  iron  
is genera lly  m ade. T he ap p lica tio n  o f  th is  assum ption  m a y  b e  th e  reason  th a t  
th e  resu lts  of ca lcu la tions using th e  tw o -reac tio n s m eth o d  o ften  d id  n o t agree 
w ith  th e  ch arac teris tics  o f synch ronous m achines found  b y  te s ts .

G rea t changes h a v e  tak en  p lace  in  th e  econom ics o f ro ta tin g  m achine 
design since Blondel estab lished  th e  tw o -reac tion  th e o ry . D esign  has becom e 
less an d  less an  a r t  b ased  on ex p e rim en ta tio n . T he size of m o st m odern  a p p a ­
ra tu s  is so e x o rb ita n tly  h igh  th a t  ex p e rim e n ta tio n  becom es p ro h ib itiv e  and  a 
m ore ex ac t p re d e te rm in a tio n  of th e  p e rfo rm an ce  of a design  becom es necessary.

T he accep tance o f th e  tw o -reac tio n  th eo ry  is so g enera l th a t  m ost of th e  
u sers h av e  lost sigh t o f th e  s im plify ing  assum ptions m ade b y  th e  orig inato rs. 
D irec t and  q u a d ra tu re  ax is fluxes c a n n o t be superposed  w hen  lin e a rity  sim pli­
f ic a tio n s  are  aban d o n ed .

E v e n  th ough  i t  m a y  seem to so m e designers sacrileg ious to  suggest th a t  
th e  tw o -reac tio n  th e o ry  should  be ab a n d o n e d , a m e th o d  is p re sen ted  here  for 
fin d in g  th e  flux  d is tr ib u tio n  in  sa lie n t pole h e te ro p o la r  m ach ines, a t  any  
b a lan ced  load , based  on th e  n u m e ric a l so lu tion  of th e  n o n lin ea r m agnetic  
v e c to r  p o te n tia l eq u a tio n  w ith o u t reco u rse  to  th e  tw o -reac tio n  th e o ry  based  on 
lin e a r ity  assum ptions.

II. The nonlinear partial differential equation of the m agnetic field 
of heteropolar machines

a) A ssu m p tio n s

In  o rd er to  red u ce  th e  enorm ous ta s k  of fin d in g  th e  fie ld  of m agnetic  
in d u c tio n s  in  the  rad ia l cross section  o f  h e te ro p o la r m ach ines, th e se  sim plifying 
assu m p tio n s are m ade:

1. T he he te ro p o la r m achine is in fin ite ly  long in  th e  d irec tio n  of th e  
sh a f t, an d  th e  problem  is th u s  red u ced  to  tw o dim ensions.

2. T he m agnetic  m a te r ia l is iso tro p ic , and  th e  s a tu ra t io n  curve  is single 
v a lu ed , i.e.', hysteresis effects are n o t  considered.
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3. The d iscre te  c u rre n ts  in  th e  field w indings are  rep laced  b y  uniform  
c u r re n t  density  fields o f th e  v e c to r  J  over th e  cross sec tio n  o f th e  fie ld  coils.

4. The m ag n etic  in d u c tio n  ou tside  th e  co n to u rs  of th e  m achine is 
neg lig ib le.

T he assum ption  o f in fin ite  p e rm eab ility  or of a p e rm e a b ility  in d ep en d en t 
o f  th e  m agnetic  in d u c tio n s  w ill n o t be m ade.

b) The Constituent Relation in  Magnetic Materials

T he m ag n e tiza tio n  c h a rac te ris tic  rep re sen tin g  th e  re la tio n sh ip  betw een  
th e  m agnetic  field v ec to rs  is genera lly  given as

B  =  p H ( 1 )

w h e re  th e  p e rm eab ility  p  is a fu n c tio n  of H.
In  th is p ap er, an  a lte rn a tiv e  fo rm u la tio n , suggested  b y  m an y , including 

K in g , Tralli and o th e rs  [9], is used  w ith  th e  c o n s titu e n t re la tio n  expressed 
as

H  =  vB  (2)

w h ere  v is th e  re lu c tiv ity  of th e  m ed iu m  an d  a fu n c tio n  o f B.  T he  re lu c tiv ity  v 
is obv iously  th e  rec ip ro ca l o f th e  p e rm e a b ility  p. I ts  u n it  in  th e  ra tio n a lized  
M K S  system  is th e  m e te r  p e r h en ry .

c) The partia l  differential equation o f  the vector potential

N eglecting  d isp lacem en t c u rre n ts , M axw ell’s f ir s t  eq u a tio n  a t pow er 
frequenc ies reduces to

curl H  =  J .  (3)

T he vecto r p o te n tia l  A  is defined  by  its  curl

B  =  curl Ä  (4)

a n d  b y  its  sources. A ccord ing  to  C oulom b’s co n v en tio n  one assum es th a t

d iv  A  =  0.

T h e  co n tin u ity  e q u a tio n  for th e  c u rre n t d en sity  v ec to r  is expressed  as

d iv  J  =  0 .
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E q u a tio n s  (3) a n d  (9) can  be com bined  b y  using  (2)

curl (V cu rl Ä )  =  0. (5)

B ecause of A ssu m p tio n  1, th e  fie ld  is tw o-d im ensional an d  one can  p u t

F u rth e rm o re ,

so th a t

B . 0 ; =  0 .
dz

Jx o ; J y  =  0 ; J -  =  J  

A x — A y  =  0 ; Ä  =  A z .

T he p a r tia l  d iffe ren tia l e q u a tio n  (5) can  be w ritte n  ex p lic itly  in  re c ta n g u la r  
an d  p o la r sy stem  o f co o rd ina tes resp ec tiv e ly  as

8 QA)
r i r j

9  Í

+  % (Qx

9 QA V— V ------- H------
9r Qr r

QA

9y

QA
Qr

+

J,

1 J L
r 2 9 0

9 A  
9 0

J.

( 6)

( ? )

In  E q s (6 ), (7) x ,  y ,  r an d  0  den o te  o rtho g o n al coo rd in a tes . T he z axis 
of th e  co o rd in a te  sy s tem  coincides w ith  axis of th e  sh a ft o f th e  m achine.

d ) Calculation o f  the magnetic induction

T he so lu tion  o f E q s  (6 ) an d  (7) y ields th e  v e c to r  p o te n tia l over th e  
cross sec tion  o f a h e te ro p o la r  m ach ine . T he m agnetic  in d u c tio n  B  is found  
as th e  cu rl o f th e  v e c to r  p o te n tia l A .  In  re c ta n g u la r  co o rd in a tes  one o b ta in s 
fo r th e  com ponen ts o f th e  m agnetic  in d u c tio n

B,. =
dA_
9y

£ „ = —
QA

Qx
( 8 )

Sim ilary , one o b ta in s  in  p o la r  coo rd inates fo r th e  co m p o n en ts  of th e  m agnetic  
in d u c tio n

B r 1 dA  
r 9 0

B„
QA

dr
(9)

T he m ag n etic  in d u c tio n  is th e n  co m p u ted  as th e  sq u are  ro o t o f th e  sum  o f th e  
sq u are  o f th e  co m p o n en ts  of B.
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e) Boundary  conditions

T he so lu tion  o f E q . (6 ) an d  E q . (7) m u st sa tis fy  th e  follow ing b o u n d a ry  
co n d itio n s:

1. In  th e  d irec t ax is  a t no-load  an d  a t  p u re ly  reac tiv e  loads th e  v ec to r 
p o te n tia l  is co n s tan t. T h e  flu x  lines m u s t be p e rp en d icu la r to  th e  q u a d ra tu re  
ax is.

2. A t air—iro n  in te rfaces  th e  ta n g e n tia l co m p o n en t of th e  m agnetic  
in te n s ity  H  and  th e  n o rm a l co m ponen t of th e  m ag n e tic  in d u c tio n  B  is con­
tin u o u s . A t in te rface  co rners th e  above b o u n d a ry  cond itions m u s t he sa tisfied  
a t  th e  in fin itesim al d is tan ce  from  th e  corners a t  b o th  b o u n d aries  form ing  th e  
co rners.

3. A t th e  b o u n d a ry  of c u rren t fields, th e  cu rre n t-c a rry in g  co n d u cto r has 
th e  sam e p e rm eab ility  as th e  a ir or in su la tio n  su rro u n d in g  th e  co nduc to r. T he 
ta n g e n tia l  com ponen t of I I  is d iscon tinuous b y  th e  lin ea r c u rre n t d en sity  and  
th e  no rm al co m p o n en t o f B  is con tinuous.

4. On load th e  v e c to r  p o te n tia l rem ains a period ic  fu n c tio n  of th e  double 
po le  p itch . T he v e c to r  p o te n tia l A p a t  a p o in t P  w ill be eq u a l in  m ag n itu d e  
a n d  opposite  in sign to  th e  v ec to r p o te n tia l  A p. a t  a co rrespond ing  P '  a pole 
p itc h  aw ay on th e  sam e arc.

5. The v ec to r p o te n tia l  of th e  a rm a tu re  of fie ld  o u te r  co n to u r an d  th e  
b o re  of th e  ro to r is zero , assum ing ft of a ir  is zero o u ts id e  th e  m achine.

III. The transform ation of the partial differential equation  
into finite difference form

a) The discretization and grid system

A n explicit so lu tio n  to  (6 ) an d  (7) can n o t be fo u n d  w hich  tak es  in to  
a cco u n t th e  co m p lica ted  con tours of th e  d iffe ren t regions, th e  b o u n d a ry  
cond itions, and  th e  n on linearities.

As a f irs t s tep  in  th e  num erica l so lu tion  th e  p a r tia l  d iffe ren tia l eq u a tio n  
is rep laced  b y  p a r t ia l  d ifference eq u a tio n s. F o r th is  reason , th e  con tinuous 
reg ion  of th e  m ach ines cross section  is rep laced  b y  grid  system s w ith  sm all b u t  
f in ite  m esh len g th s . I n  these  difference eq u a tio n s, th e  p a r tia l  deriv a tiv es  of 
th e  orig inal eq u a tio n s  a re  rep laced  b y  algebraic difference expressions w hich 
a p p ro x im a te  th e  d e riv a tiv e s . T he resu ltin g  se t o f a lgebra ic  equa tions w ith  
v a ria b le  coefficients a re  th e n  solved sim u ltan eo u sly  fo r th e  v ec to r p o ten tia l. 
T h e  resu lts  p rov ide  th e  values o f th e  v ec to r p o te n tia l A  a t  each of these  d is­
c re te  grid po in ts  w h ich , in  tu rn , y ie ld  th e  a p p ro x im a te  so lu tio n  of th e  n o n ­
lin ea r problem .
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b) Grid systems (Figs 1, 2 )

In  o rder to  in d ex  grid  p o in ts  w ith  a m in im um  o f log ical d iscrim ination  
or special p rocedure , i t  w as considered  im p e ra tiv e , in  p rev io u s  p apers, to  e x ten d  
b o th  rad ia l and  tra n sv e rs ia l grid  lines en tire ly  across th e  m ach ine  section  in  
w hich  th e  analysis  w as done. T he n u m b er o f rad ia l g rid  lines is generally  d e ­
te rm in e d  b y  th e  g eo m etry  an d  loca tio n  of th e  ra d ia l or n e a rly  rad ia l boundaries 
of slo ts and  te e th . A t b o u n d aries  th e  g rid  lines shou ld  b e  closely a rranged  in  
o rd e r to  sa tisfy  b o u n d a ry  cond itions. Since th e  grid  lines req u ired  by  th e  ro to r  
co n stru c tio n  an d  s ta to r  co n stru c tio n  are in  general n o t co n g ru en t, th ere  will be  
a considerab le  econom y of grid  po in ts , an d  hence o f core m em ory , in using  
se p a ra te  grid  sy stem s in  th e  s ta to r  and  a rm a tu re  as re q u ire d  b y  th e ir  respective  
s tru c tu re s . I t  becom es co n v en ien t, therefo re , to  te a r  th e  s ta to r  and  ro to r g rid  
sy stem s ap a rt.

Fig. 1. G rid system  of s ta to r

T he a irgap  in  th e  schem e of tea rin g  a p a r t  is also covered  by  tw o p o la r 
grid  system s, one a tta c h e d  to  th e  s ta to r  an d  th e  o th e r  to  th e  ro to r. The con­
t in u ity  o f th e  v e c to r  p o te n tia ls  is p rov ided  b y  a lin ea r in te rp o la tio n  p rocedure. 
T he s ta to r  and  ro to r  g rid  system s have tw o c ircu la r g rid  lines in  th e  air gap.

T he tra n sv e rse  c ircu lar g rid  lines are  d en o ted  w ith  th e  le tte r  K  a n d  
n u m b ered  consecu tive ly . K  38 c ircu lar grid  of th e  ro to r  g rid  system  of F ig . 2 
coincides w ith  th e  K  40  c ircu la r grid  line of th e  s ta to r  g rid  system  of F ig . 1. 
S im ilarly , th e  K  39  c ircu la r g rid  line of th e  ro to r  grid  sy s tem  is iden tical w ith  
th e  K  41 c ircu lar g rid  line of th e  s ta to r  grid  system . A ll ra d ia l grid  lines of th e  
s ta to r  grid  sy stem  end  on th e  K  40 c ircu lar grid  line o f th e  S ta to r  ( K  38  
c ircu la r line of th e  ro to r). S im ilarly , all ro to r  rad ia l g rid  lines end on ro to r
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Fig. 2. G rid  sy s te m  of ro to r

c ircu la r grid  line K  39 (K  41 c irc u la r  g rid  line of th e  s ta to r  system ). T h e  rad ia l 
g rid  lines, or in  th e  case of th e  slo ts  th e  g rid  lines p a ra lle l to  th e  slo t sides, will 
b e  d en o ted  w ith  th e  le t te r  J  an d  n u m b e re d  consecutively .

c) Stator grid  system

In  Fig. 1, th e  quasi-c ircu la r g rid  lines of th e  s ta to r  s ta r t  w ith  g rid  line 
K  40  an d  e x te n d  to  th e  o u te r  c o n to u r  o f th e  s ta to r  s ta m p in g  rep re sen ted  b y  
th e  K  59 grid  line. T he grid  lines K  55  to  K  59 are circles. T h e  grid  lines K  42 
to  K  54 consist p a r tly  of arcs an d  p a r t ly  o f chords. T h is is because  th e  s lo tted  
a reas  of th e  s ta to r  are covered  w ith  re c tan g u la r  grids. As a n  ex am p le , th e  J  
lines 2 to  8  o f s lo t 1 in  Fig. 1 b e tw een  th e  K  42 and  K  47  a rcs a re  all p a ra lle l to
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th e  slot sides o f  slo t 1. T h e  slo t sides are defined  b y  th e  J  3 an d  J  7 lines. T h e  
po rtio n s o f th e  K  42  to  K  47 grid arcs b e tw een  th e  J  2  a n d  J  8 grid lines a re  
chords p e rp e n d ic u la r  to  th e  slo t sides. B e tw een  grid  lines K  40 to  K  42  a n d  
K  55 to  K  59, th e  J  lines p ara lle l to  th e  slo t sides are  co n tin u ed  as rad ia l lines 
d raw n  from  th e  bo re  cen te r. T he slots are  assum ed  to  be  rec tan g u la r an d  th e  
slo t wedge n o tch es  a re  n o t considered. A  m ore  re fin ed  g rid  system  a t  th e  
to o th h ead s  could  easily  ta k e  care of th e  s a tu ra tio n  effects caused b y  th e  
no tches.

A p o la r  g rid  sy stem  is chosen fo r th e  rem ain d er o f th e  s ta to r  to o th  
betw een  slo t 1 an d  2. T h e  origin of th is p o la r  sy stem  is a t  th e  in te rsec tio n  o f  
th e  co n tin u a tio n  of g rid  lines J  8 (para lle l to  th e  sides o f slo t 2). S im ilar in ­
d iv idual p o la r  grid  system s are used for a ll o th e r  to o th  p o rtio n s  betw een  a d ­
ja c e n t slots. T h e  n am e “ p o ly cen tric”  has b een  a d o p te d  fo r such  grids. I n  th e  
case of th e  s ta to r  all p o lycen tric  origins a re  on  th e  p e rip h e ry  of a circle, th e  
cen te r o f w h ich  is a t  th e  bo re  cen ter.

d) Rotor grid system

The c ircu la r K  g rid  lines in  Fig. 2 e x te n d  in  th e  ro to r  from  1 to  39. I t  
is assum ed also t h a t  th e  sh a ft has a bore b e tw een  th e  orig in  an d  th e  grid  line  
K  1. This a ssu m p tio n  is necessary  in  o rder t h a t  th e  d iffe ren tia l equations a n d  
th e  d ifference expressions do n o t becom e sin g u la r. T he K  lines of th e  ro to r  
grid system  a re  all p e rfec t circles because a p u re ly  p o la r coo rd in a te  system  is 
used  for th e  d isc re tiz a tio n  o f th e  field  system .

Two co n secu tiv e  ra d ia l grid lines b e tw een  J  1 an d  J  14  are  a t  d istan ces  
of 3/4 degree. T h e  d is tan ce  b e tw een  tw o n e ig h b o u rin g  ra d ia l g rid  lines betw een  
J  14 and  J  58 is 1/2 degree. T he grid  a r ra n g e m e n t is sy m m etrica l ab o u t th e  
q u a d ra tu re  ax is  ( J  39 line), so th a t  all g rid  lines be tw een  J  58  and  J  72 a re  
again  a t  d is tan ces  o f 3/4 degree.

e) Partial difference algorithm

In  o rd e r to  fa c ilita te  th e  logic of th e  co m p u te r  p ro g ram , i t  is o f g re a t 
ad v an tag e  to  develop  a difference a lgo rithm  th a t  is v a lid  fo r all ty p es  of m esh  
blocks, i.e ., in  C a rte s ian  coo rd ina tes, in  p o la r  co o rd in a tes , a n d  also for th o se  
rep resen ted  b y  a C a rte s ian  system  com bined  w ith  a p o la r coo rd ina te  system  
as show n in  F ig . 3.

U sing A m p ere ’s law , i t  has been  fo u n d  th a t  th e  v e c to r  p o ten tia l in  a 
grid  p o in t J ,  K  d en o ted  as A 0 can  be exp ressed

2^' «/» i =  1, 2, 3, 4 . ( 10)

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



3 0 2 E R D É L Y I

Fig. 3. M eshblocks. a j  C a rte s ian ; b) Po lar; c)  C om bined

I n  th is  e q u a tio n  th e  a,- a re  functions o f th e  m esh geom etry  an d  of th e  re lu c tiv ­
ities as follows:

a , =  (v2 h2 +  iq /j4)/2 /i 1 ; a 3 =  (v3 h3 - f  r 4 A4) /2 A3 , ( 1 1 a, b)

a 2 =  [v2(hi +  h5) +  V3{h3 +  ft6)]/4A2 ; a 4 =  [v4(/i3 +  h2) +  v l(h1 +  A8)]/4A4 (1 1 c, d)

T h e  c u rren t te rm  I 0 is a func tion  o f th e  cu rren t densities an d  m eshh lock  
g eo m etry

I 0 =  (1/8) [J\(hi +  hs)h t -f- J 2{hi +  h2)h i J 3(/i3 +  h6)h2 +  J i(h3 +  A7)A4]. (12)

T h e  follow ing re la tio n sh ip  exists fo r th e  m esh distances.
F o r re c ta n g u la r  m eshes

h l =  hH =  hj ; h2 — hs =  h6 . (18a, b)

F or cy lind rica l p o la r coo rd ina tes, th e  m esh d istances hl to  hs are

=  R n 0l ; h2 =  R 2 —  R 0; h3 =  R 3 03 ; hi =  R 0 —  H4, (14a, b , c, d) 

/i3 =  R 2 02 ; A6 =  K2 03; h 7 =  K4 03 ; Ag =  R , 04. (14e, f, g, h)

T h e  cu rren ts  I 0 in  (10) an d  th e  c o n s ta n ts  given by  (11) an d  (12) are  re ta in e d  in 
th e  co m p u ter m em o ry . F o r each ite ra t io n  only th e  a,- c o n s ta n ts , d efin ed  by  
( 1 1 ), th e  v ec to r p o te n tia ls  defined  b y  a lg o rith m  in (1 0 ), an d  th e  re lu c tiv itie s  
described  below  h a v e  to  be ca lcu la ted .

f) Difference expressions f o r  magnetic inductions

T he average  v a lu e  of th e  re lu c tiv ity  v in  a m esh d e te rm in ed  as a fu n c tio n  
o f  th e  m agnetic  in d u c tio n  B  in  th e  g eo m etric  cen ter of th e  m esh. F o r exam ple , 
th e  average v a lue  o f th e  rad ia l c o m p o n en t of th e  m agnetic  in d u c tio n  in  m esh
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0, 1, 5, 2 of Fig. 3a can be established as

The tangential com ponent is given as

B,Ф 1  ~

(15a)

(15b)

In (15) the A’s are determ ined by (13a) and (13b) for rectangular m eshes, and  
b y  (14a— h) for polar m eshes. The m agnetic induction at the geometric center  
of a m esh is then found as the square root of the sum o f the squares of the radial 
com ponent and the tangential com ponent of induction. The reluctivity v cor­
responding to the m agnetic induction В is found by a numerical process 
described below.

g) Computer representation of the magnetization curve (Fig. 4)

I t  has been found th at only very rarely can a good fit be obtained b y  a 
single function over the whole useful range o f a m agnetization characteristic. 
D uring the iteration procedures used, the flu x  densities m ay also overshoot 
into the high-saturated region, so th at a reasonable fit  also has to be obtained  
beyond the saturation point. In order to achieve th is, the m agnetization curve

Fig. 4. In te g ra tio n  p a th  for ad d itiv e  acce lera tion  of convergence
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h a d  to  be  subd iv id ed  in  tw o to  fou r p a r ts  to  a sce rta in  th a t  th e  re la x a tio n  p ro ­
ced u re s  converge w ell. T he ca lcu la tio n  o f th e  re lu c tiv ity  in  th e  s a tu ra te d  
reg io n  from  an  im p ro p e r f i t  can  lead  to  la rg e  va lu es  of re lu c tiv itie s  th a t  h a m p e r 
convergence, because  in  th e  s a tu ra te d  reg io n  a sm all change o f th e  m ag n etic  
in d u c tio n  B  requ ires v e ry  large changes in  th e  m agnetiz ing  in te n s ity  H .

T h e  subd iv ision  of th e  m a g n e tiz a tio n  cu rve  can  be  easily  o b ta in ed . 
H o w ev er, w hen used  in  a com p u ter p ro g ra m , an  a rtifice  has to  be  in co rp o ra ted  
fo r  sensing  th e  p o rtio n  of th e  m a g n e tiz a tio n  curve  to  be  used  fo r th e  ca lcu ­
la t io n  o f th e  re lu c tiv ity  fo r a given m ag n e tic  in d u c tio n  or fo r re lu c tiv ity .

O nce a decision  has been  m ade to  su b d iv id e  th e  m a g n e tiza tio n  curve  i t  
re a lly  does n o t m a t te r  if  i t  is su b d iv id ed  in  a few  or m an y  sections. T he sensing 
tim e  w ill be in d e p e n d e n t of th e  n u m b e r of sec tions chosen. To m ake th e  ca l­
c u la tio n  p rocedure  fa s t, i t  is im p e ra tiv e  to  keep  th e  calcu la tion  o f th e  m agnetic  
in te n s i ty  or of th e  m ag n e tic  in d u c tio n  in  each  sec tio n  to  a v e ry  few  o p era tions. 
T h is  is b e s t ach ieved  b y  a m eth o d  o f lin e a r  in te rp o la tio n  in  ad e q u a te ly  sm all 
sec tio n s  as described  b y  T rutt  an d  E r d é l y i  [10].

IV. The point-to-point relaxation method

a) Alternating  method

A fte r  all th e  f in ite  d ifference e q u a tio n s  h av e  been  w ritte n  fo r th e  N  
g rid  p o in ts , an  ite ra tio n  m ethod  is used  to  f in d  th e  s im u ltaneous so lu tion  o f th e  
N  e q u a tio n s . T he so lu tio n  of th e  se t o f N  eq u a tio n s  yields th e  p o te n tia l a t  th e  
N  g r id  p o in ts . To a llev ia te  th e  d iff icu lty  cau sed  b y  n on linearities, th e  i te ra tio n  
p ro c e d u re  is sp lit in to  tw o steps. I n  th e  f ir s t  th e  v ec to r p o te n tia ls  are re lax ed , 
a ssu m in g  th a t  th e  re lu c tiv itie s  are  lo ca lly  f ix e d  during  th e  ite ra tio n . In  th e  
seco n d  step  th e  re lu c tiv itie s  are  re c a lc u la te d  from  th e  v e c to r  p o ten tia ls , as 
e x p la in e d  below . E x p erien ce  w ith  sev era l p ro g ram s has show n th a t  fo r v e c to r  
p o te n tia l  p rob lem s th is  can  be  b e s t accom plished  in  a sequence of th re e  step s  :

1. R e lax a tio n  o f th e  p o te n tia ls ;
2. A cceleration  o f th e  p rocedure  o f s tep  1;
3. U n d e rre la x a tio n  of th e  re lu c tiv itie s .

b) Relaxation o f  the potentials

In itia l va lu es  are  assum ed fo r th e  p o te n tia ls  an d  re lu c tiv itie s . T he J 0 

v a lu e  of th e  c u rre n ts  are  ca lcu la ted  u sin g  E q . (12). The p o te n tia ls  are  re lax ed  
a t  a ll grid  po in ts  b y  rep lacing  th e  o rig in a l va lu es  b y  th e  re su lts  o f ca lcu la tio n s 
u s in g  a lgo rithm  o f E q . (10).
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c) Acceleration o f  convergence by multiplicative block relaxation

I f  no m ean s a re  u sed  to  accelerate  th e  ite ra tio n s  p ro ced u res  convergence, 
severa l h u n d re d  ite ra tio n s  w ould be req u ired  befo re  th e  v ec to r p o ten tia ls  
a t ta in  th e ir  f in a l v a lu es . A block re la x a tio n  te c h n iq u e  b ased  on S to k es’ 
th eo rem  is u sed . W e a t  th e  U n iv e rsity  of C olorado h a v e  in tro d u c e d  th e  m u lti­
p lica tiv e  acce le ra tio n  o f convergence (MAC) as su g g ested  b y  A h a m e d  [11 ]. 
A m pere’s law

< Ç )H -d ï=  n j - d ~ s  (16)
c  's

m u st be sa tisfied  in  ev e ry  subdom ain  of th e  field . I n  th e  MAC procedure a 
su itab le  closed p a th  is chosen  a ro u n d  th e  reg ion  (g enera lly  th e  ou te r co n to u r), 
an d  th e  line in te g ra l of H  fo rm ed  a fte r th e  r - th  ite ra tio n  a n d  deno ted  F f  r) .  T h e  
surface in teg ra l of th e  c u rre n t density , th e  ex c ita tio n  I ,  is th e  in d ep en d en t 
variab le . T he ra tio  of I  a n d  F ( r )  is deno ted  as C (r ) .  E q . (16) is generally  n o t  
sa tisfied  a t  th e  r - th  i te ra tio n . To force an  ag reem en t a ll p o te n tia ls  w ith in  th e  
in te g ra tio n  p a th  a re  m u ltip lied  b y  C (r) .

A n ex te n d e d  MAC p rocedure  inc lud ing  severa l in te g ra tio n  p a th s  a n d  a 
fo rm u la  for p o te n tia l  a d ju s tm e n t is given in  a p a p e r  b y  E r d é l y i  e t al. R e e c e  
[1 2 ] concluded th a t  successful ap p lica tion  of th e  m e th o d  depends on ju d g m e n t 
an d  experience o f th e  a n a ly s t, and  a safe a u to m a tic  ro u tin e  is n o t likely to  b e  
econom ical.

d) A ddit ive  acceleration o f  vector potentials

T he a d d itiv e  acce le ra tio n  of convergence (AAC) dev ised  b y  de L a - 
V a l l é e -P o u s s in  a n d  L io n  [13] is now used  a t  th e  U n iv e rs ity  of Colorado. 
T he th eo re tica l p ro o f  is b a sed  on th e  a ssu m p tio n  t h a t  th e  a ir  dom ains, th e  
“ w indow s” , a re  fu lly  enclosed  b y  iron  of zero re lu c tiv ity .

In  th e  p ro ced u re  a closed in teg ra tio n  p a th  is d ra w n  in  th e  iron, Fig. 5,

hugg ing  closely th e  co n to u rs  of th e  w indow , and th e  line  in teg ra l (j) H  -dì

along  th e  closed p a th  is fo rm ed . A gain, accord ing  to  A m p ere ’s law  th is  in teg ra l

Fig. 5. To non linear accel. o f  convergence
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sh o u ld  be equal to  th e  c u rre n t I c enclosed  b y  th e  p a th . T h is , h ow ever, w ill n o t 
be  th e  case a t  th e  ea rly  stage  of i te ra tio n s . T he resu lting  d iffe rence  d iv ided  w ith  
a w e ig h ted  len g th  o f th e  in te g ra tio n  p a th  yields a q u a n t i ty  A A .  A co rrec ted  
v a lu e  o f th e  v ec to r p o te n tia l A '  is d e fin ed ,

A '  =  A  +  A A  . (17)

I f  th e  a ssum ption  o f th e  analysis w o u ld  be  m et, th is  a r tif ic e  shou ld  acce lera te  
th e  ite ra tio n  p ro ced u re  of th e  v e c to r  p o te n tia l p a r tia l d ifference  eq u a tio n . 
T h e  convergence w ould  be th e n  th e  sam e  as though  th e  re lu c tiv ity  differences 
o f  th e  regions w ould  be sm all.

H»----  1 POLE PITCH— HI I

F i g .  6 .  P er iod icity  condition

S evera l co m p u ter p rog ram s h a v e  in d ic a te d  th a t  th e  acce le ra tio n  artifice  
m a y  lead  to  im p ro v ed  convergence ev en  if th e  ideal a ssu m p tio n s  are  n o t 
e x a c tly  fu lfilled. T h is is alw ays th e  case in  p rac tica l m ach in es  in  w hich  th e  
w indow s, th a t  is th e  slo ts, are n o t closed  and  th e  iron  re lu c tiv ity  is n o t zero. 
R e su lts  of c o m p u ta tio n s  have show n t h a t  add itiv e  acce lera tio n  of convergence 
p ro v id es  some d am p in g  for o sc illa tions o f overre laxations.

T he m ethod  h as  n o t been e x te n d e d  to  nonlinear p ro b lem s b y  th e  o rig i­
n a to rs . E r d é l y i  e t al. [16] h av e  d ev e lo p ed  the  n o n lin ear fo rm u la  based  on 
F ig . 6

A A  =  [ I c +  2  (*■• d «■) (A 'i -  ■+)]/ 2  M i  ( W . ( i s )
i i

I c ^ ^ i
vfe

A A -=

h 14 -f- h23 

i ^12+^34
lA l - A 2 +  A i ~A i\

S i r , . ) ,  - H r 1
"12  + " 3 4

(18a)

h12 ; hu  — h23

a n d  E q . (18a) becom es sim pler:

A A =  (^t4 (A l "A ti~hA 4 A 3)
vfe (^ 14/^ 12)

(18b)
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e) Underrelaxation o f  reluctivities

E x p erien ce  lias show n th a t  th e  use of r ’s ca lcu la ted  from  E q . 15 m ay  
lead  to  o scilla tions an d  th e  ra te  of convergence is reduced . F o r th is  reaso n  th e  
re lu c tiv ity  vr + 1 ca lcu la ted  a fte r (r -)- l ) t h  ite ra tio n  using  E q . 15 is u n d e r­
relaxed to

vr + 1 =  (vr + 1 —  vr)co(u) -)- vr . (19)

V. The successive line overrelaxation technique (SLOR)

In  o rd e r to  achieve a fa s te r convergence of th e  re la x a tio n  ite ra tio n s  i t  is 
adv isab le  to  involve m ore  th a n  fo u r ne ighboring  p o in ts  to  d e te rm in e  th e  
p o te n tia l o f  a p o in t. F o r th is  reason th e  line i te ra tio n  tech n iq u e  is in tro d u ced  
in  th e  p re se n t p lan . I n  th e  p o in t- to -p o in t ite ra tio n  m eth o d  described  above, 
th e  v ec to r  p o te n tia l a t  a p o in t was a fu n c tio n  of four ne ighboring  p o in ts  a t  
so u th , w est, n o r th  an d  east. In  th e  line ite ra tio n  m eth o d  all p o ten tia ls  on one 
gridline are  found  from  p o ten tia ls  on tw o neighboring  grid lines. T he n a tu re  of 
th e  v e c to r  p o te n tia l difference expressions based  on line ite ra tio n s  h av e  th e  
so-called Y o u n g ’s p ro p e r ty  liA ” [14]. A m ild o v e rre lax a tio n  th u s  becom es 
possible ev en  for th e  n o n lin ea r t re a tm e n t of m agnetic  fields.

To overcom e th e  slow convergence o f th e  p o in t-b y -p o in t re lax a tio n s , in 
th e  fa s te r  converg ing  S L O R  m ethod  th e  p o ten tia ls  of all po in ts  on a g rid line 
are  re lax ed  s im u ltan eo u sly ; indeed , th e y  can  be o v erre laxed  as described  below .

a) The difficulties o f  sa tis fy ing periodicity conditions

T he im p lic it so lu tio n  of th e  p o te n tia ls  on a line leads to  a trid iag o n a l 
m a tr ix  if  th e  b o u n d a ry  cond itions are  o f D irich le t or N eu m an n  k ind . T he 
p o te n tia ls  on a line can th e n  be found  b y  a sim ple recursion  fo rm ula [15]. On 
lo a d  b o th  th e  s ta to r  an d  ro to r  co n d u c to rs  ca rry  c u rre n ts  an d  th e  so-called 
p e rio d ic ity  cond itio n  show n in  Fig. 7 m u s t be sa tisfied . T he p o ten tia ls  on a 1C 
line  m u s t sa tis fy  th e  co n d ition :

A ( J ,  K )  =  — A ( J  +  P , K )

w here  2P  is th e  n u m b er of grid  po in ts  o f th e  co n to u r’s period on th e  K  line. 
T h e  p o te n tia ls  on th e  K  line d u ring  th e  r - th  ite ra tio n  can  th e n  be  form ed 
from  th e  e q u a tio n

1 *1(1) 0  0  0  *3(1) 
- * 3 ( 2 )  1 * 1 (2 ) 0 0 0

A ( 1 , K )
A ( 2 , K )

C( 1) 
C( 2)

o - g i ( P - i )  
*1(P ) 0 0 * 3 (P ) 1 A ( P  ,K ) C (P)
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9

10

8

Fig.  7. F lo w c h a rt o f one sweep

or
\ G \ - \ A \  =  \ C \ .  (20a)

The coefficients g and C denote the following:

в 1(1)=--*1(1 )/Г / а /( 1 ) ; . . . ^ 1 ( Р )  =  «1(Р ) /Г / * г( Р ) ,  (21a n)

$3(1) =  a3(l)/ZV a ,( l)  ; . . . g3(P) =  «8(Р )/Г , a ,( P ) , (22a n)

C(1) =  [ * 2 ( 1 M ( 1 .^ + 1 ) + « 4( 1 ) ^ ( L - K - 1 ) + I o(1.X ) ] /^ /« /(1 ) ,  (23a)
C(P) =  [oc2( P ) A ( P ,K + l ) + ^ ( P ) A ( P , K  - 1 ) + I 0( P , K ) ] I Z M P )  (23n)

w here i =  1 ,2 ,  3, 4.
The m atrix E q. (20) is “ cleaned” b y  transferring the term s g 3 (l)  and  

g l(P )  to  the right o f the equation sign o f Eq. (20) and com bining them  w ith th e  
term s C (l) and C (P ) respectively o f the vector C. The m odified C vector is now  
denoted as D. In  th is artifice the potentials ^4(1, 7<i)r_1 and A (P , K )r-1 ensuing  
from  the (r— l) th  iteration are used for the calculation o f the potentials 
A (J ,  K)' during the r-th iteration.

|G'j • \A\ =  |C( (24)

(24a, b)

The new  m atrix | G' | w ill be purely tridiagonal and the well-know n recursion 
form ula [16] can be used.
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b) Overrelaxation o f  the vector potentials

In  solving ellip tic  p a r tia l d iffe ren tia l equations u sing  re lax a tio n  m ethods, 
i t  has been  show n th a t  th e  r a te  o f convergence of th e  s im u ltan o u s so lu tion  of 
th e  d ifference eq u a tio n s  m ay  b e  im p ro v ed  g rea tly  b y  th e  use of a w eighing 
fac to r , know n as th e  o v e rre la x a tio n  fac to r. I t  is used in  th e  follow ing w ay:

A ' ( J ,  K ) r+1 =  A ( J ,  K ) r +  W [ A (J ,  K ) r+1 —  A ( J ,  K ) r].  (25)

In  E q . (25) W  is th e  o v e rre la x a tio n  fac to r, r is th e  n u m b e r of com pleted  i te r a ­
tio n s , an d  A r+1 is th e  new  c a lcu la ted  value of th e  p o te n tia l  a t  th e  m esh p o in t.

This m e th o d  m ay  be  used fo r non linear d iffe ren tia l eq u a tio n s , a lth o u g h  
th e re  is no ju s tif ic a tio n  fo r i t ,  b a sed  on p resen t th e o ry . T h e  d e te rm in a tio n  of 
th e  o p tim um  v a lu e  o f W ,  for m o st ra p id  convergence, c a n n o t be  found  a n a ly t­
ica lly  fo r n o n lin ea r p rob lem s, a n d  has to  be found  ex p e rim en ta lly .

T he line ite ra tio n  te c h n iq u e  allows o v erre lax a tio n  fo r i t  satisfies p ro p ­
e r ty  “A ” . E x p erien ce  gained  w ith  sca lar p o te n tia l p ro b lem s has in d ica ted  
th a t  o v e rre lax a tio n  can  be  ap p lied  also in  n o n lin ear p ro b lem s if  th e  o v erre ­
la x a tio n  fac to r  is reduced . G enera lly , th is  fac to r shou ld  be  decreased  w ith  in ­
creased  sa tu ra tio n . E x p e rim e n ts  ca rried  ou t for a d .c. m ach ine  h av e  show n 
th a t  o v e rre lax a tio n  of th e  v e c to r  p o te n tia ls  can be ap p lied  if  th e  o v erre lax atio n  
fa c to r  is ab o u t 1.3 an d  if  som e d am p in g  is p rov ided  fo r th e  oscillations o f th e  
p o te n tia ls  and  residues.

c) M onitoring  o f  convergence

B ecause of h igh  c o m p u ta tio n  costs ite ra tio n s a re  d iscon tinued  w hen 
resu lts  accep tab le  from  an  en g in ee r’s p o in t of v iew  a re  ach ieved . R esiduals 
Q are  defined  as:

q(J , K )  =  [A (J ,  K ) - J 0( J ,  K ) + Z i(xl A i)\IZoci i =  1, 2, 3, 4 . (26)

T he residuals of th e  r - th  SL O R  ite ra tio n  are o b ta in ed  fro m  th e  equa tion

\Qr( J , K)\ =  \G '(A r{J, K ) ) I • IA r(J, K )! -  \D ( A r(J ,  K ) ) \ . (27)

In  th e  p re se n t p ro g ram s o f th e  au th o rs  [17] th e  sum  of th e  abso lu te  
va lues o f th e  residua ls R s defined  b y

R s =  Z K Z j  |íf ( J ,  K ) I; K  =  1, . . . K { m ax); J  1, . . . J ( m a x ) , (28)

an d  th e  m ax im u m  re s id u a l R M a re  used  as c rite ria  o f convergence. I f  b o th
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q u a n titie s  R s and  jR m a re  below  c e r ta in  p red e te rm in ed  sm all b o u n d s  e(S) and  
e ( M)  an d  b o th  R s  an d  R M decrease m onoton ica lly , i t  is assu m ed  th a t  a sa tis ­
fa c to ry  set of th e  so lu tions of A  is o b ta in ed  and  th e  ite ra tio n s  are  s topped .

d) Sequence o f  operations o f  one sweep (F ig . 8 )

T he choice of th e  sequence  o f o p era tions for fin d in g  th e  v e c to r  po ten tia ls 
a t  a given load co n d itio n  an d  ro to r  p o sition  is based  on ex perience  w ith  several 
fo rm e r program s. Som e 30 sh o rt ru n s  an d  several longer ru n s  using  the  com ­
p u te r  p rogram s described  b y  flow  c h a rts  below  w ere used  to  o b ta in  additional

Fig. 8. In te rn a ] p. f. angle

gu ide. D uring one sw eep from  grid  line K  59 to  K  1 (or in  th e  opposite  direction) 
th e  re lax a tio n  ite ra tio n s  w ere ca rried  ou t in th e  follow ing step s:

1 . Successive line o v e rre lax a tio n  in th e  s ta to r  (from  K  59 to  K  21);
2. In te rp o la tio n  on  line K  21;
3. Successive line o v e rre la x a tio n  in  th e  ro to r (from  K  19 to  K  1);
4. A dditive acce le ra tio n  o f convergence b y  b lock  re la x a tio n  of all th e  

w indow s;
5. The ca lcu la tio n  of th e  residues a t  each in te rio r  g rid  p o in t;
6 . D e te rm in a tio n  of th e  sum s o f th e  abso lu te  va lues, R s , o f th e  residues;
7. Searching fo r th e  p o sitio n  in  th e  grid and  th e  m a g n itu d e  o f th e  m ax i­

m u m  residue, R M ;
8 . T est if  th e  sum  of th e  ab so lu te  values of th e  residua ls R s and  th e  

m ax im u m  residual R M a re  less th a n  p resen t q u an titie s  es a n d  eM;
9. C alculation  of re lu c tiv itie s  an d  u n d e rre lax a tio n  o f th e  new re luc­

tiv itie s .

e) F ina l sequences o f  computing

The steps 1 to  9 w ere re p e a te d  u n til  th e  cond itions specified  in  step  eight 
w ere  satisfied . A t th is  p o in t th e  follow ing fin a l p rocedure  w as in itia ted :
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10. T he o v e rre la x a tio n  fac to rs o f s te p  1 an d  3 w ere red u ced  to  1.00 an d  
th e  ad d itiv e  acce lera tion  o f convergence (step  4) o m itted . I te ra tio n s  w ere 
co n tin u ed  as long  as c rite ria  6  an d  7 d ecreased  m onoton ica lly . A t an  increase 
of th e  ab so lu te  sum s of residues th e  ite ra tio n s  w ere s to p p ed , an d

1 1 . th e  ra d ia l com ponen ts of th e  m ag n etic  in d u c tio n s on th e  ro to r  
surface ca lcu la ted . A fte r th is

1 2 . all th e  f in a l v ec to r  p o ten tia ls , re lu c tiv itie s , residues, sum s of a b ­
so lu te  va lues o f residues, position , an d  m ag n itu d e  of th e  m ax im u m  residue 
an d  th e  rad ia l in d u c tio n s w ere p rin ted  o u t.

YI. R esults o f co m pu ta tions 

a) Point-to-point iterations

T he tech n iq u es  described  have b een  used  on a n u m b e r o f sa lien t po le  
m achines. T he p o in t- to -p o in t p rocedure  h as  been used  to  fin d  th e  rad ia l 
m agnetic  in d u c tio n s in  th e  a irgap  of a th ree -p h ase  a lte rn a to r  h av in g  th e  fol­
low ing d a ta :  ra tin g , 2750 k v a ; 2300 v o lts  b e tw een  lines, w ye-connected ; 60 H z, 
900 r/m in , 8  pole (Figs. 1, 2). T he rad ia l a irg ap  m agnetic  in d u c tio n s h av e  been

Fig. 9. R a d ia l a irgap  in d u c tio n  (co m p u ter o u tp u t)

fo u n d  for n o rm a l ex c ita tio n  of 10 500 am p ere -tu rn s  p er pole an d  a t  fu ll lo ad  o f  
696 am peres a t  zero degree in te rn a l p ow er fa c to r  angle. B ecause o f th e  n o n ­
lin ear c h a ra c te r is tic  o f th e  prob lem  th e  new  co n cep t of th e  in te rn a l pow er 
fa c to r  angle h a s  b een  in tro d u ced  (Fig. 10).
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I t  is th e  n a tu re  of th e  n o n lin ea r analysis  of synch ronous m ach ines th a t  
th e  angle ip has to  be  selected  as an  in d e p e n d e n t v a riab le  an d  n o t th e  te rm in a l 
p ow er fac to r u su a lly  chosen as th e  in d e p e n d e n t v a riab le  in  th e  lin ear th e o ry  
o f  u n sa tu ra te d  a lte rn a to rs . In  th e  m e th o d  p roposed , th e  in te rn a l p o w er-fac to r 
h a s  to  be estim a ted  f irs t;  th e  to rq u e  angle an d  th e  p o w er-fac to r angle 0 will 
b e  th e  resu lts  of calcu lations.

Fig.  10. R ad ia l a irg ap  in d u c tio n  (syn thesis of h a rm , com p.)

A ty p ica l resu lts  of c o m p u ta tio n  of th e  rad ia l a irgap  in d uc tions a t  th e  
a rm a tu re  bore is show n in F ig . 11. D ig ita l-an a lo g  conversion  a rran g em en ts  a re  
u sed  to  d raw  th is  cu rve. T his fig u re  is n o t v e ry  usefu l for th e  designer because  
i t  contains h a rm o n ic  com ponen ts th a t  h av e  th e ir  origin in  th e  a rm a tu re  g rid  
sy stem  design. I n  o rd er to  h a v e  a p ra c tic a l re p re se n ta tio n  of th e  re su lts , th e  
o u tp u t  w as su b jec ted  to  F o u rie r  analysis . T he sum  of th e  harm onics, in c lu d in g  
th e  second slo t harm on ics, w ere th e n  co m p u ted . T he re su lta n t f lu x  d is tr ib u tio n  
is th e n  estab lished  as th e  sum  o f th e se  harm on ics an d  is show n in  Fig. 12.

b) S L O R  applied to d.c. machine  [17]

The new  S L O R  p ro ced u re  h as  been  app lied  to  a W estinghouse 500 h p , 
7500, 544A, 300/900 r/m in , four-po le  m o to r, show n schem atica lly  in  F ig . 11. 
T h e  grid system  used  is show n fo r h a lf  a pole p itch  in  Fig. 13.
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Fig. 12. C o m m u ta tin g  zone cu rre n ts , a)  R o to r p osition  1. b) R o to r  p o sitio n  2. c) R o to r
p o sitio n  3 . d )  R o to r  position  4

4 A c t a  T e c h n ic a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  7 3 , 1 9 7 2

Fig. 11. S ch em atic  cross section  of a  d .c. m ach in e
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Operation at fu ll load was calculated at four rotor positions, and double­
load operation in rotor position  1. The currents and excitations were as follows: 
armature current 544 A; m ain field excitation , 8300 At; compounding 
winding excitation , 540 A t; com m utating pole excitation , 5450 At; com ­
pensating winding excitation , 8720 A t. The com m utating zone conductor 
currents are show n in F ig. 1.

The overrelaxation factor for the vector potentia l was chosen 1,3. This 
m agnitude is based on experim entation described below . The underrelaxation  
factor for the reluctiv ities was kept constant during all iterations as 0,1. The

“ Í
TESLA

predetermined acceptable m axim um  of the sum o f the absolute values of the  
residual es was 2,2 X l0  1 W b/m ; the acceptable eM of the residues was set at 
1,75 X lO  3 W b/m . The com putations were carried out on three different com ­
puters. On the average 90 to 100 iterations were required to reach convergence 
criteria es and eM. T w en ty  iterations w ithout overrelaxations and acceler­
ation of convergence were carried out after es and eM were attained. Generally 
the com putations were discontinued after a to ta l o f 110 =  130 iterations. Thus 
in all cases the u ltim ate values of R s and R M were smaller than ss and sM.

Resultant airgap radial inductions. The full-load resultant airgap in­
duction at the arm ature surface in the four-rotor positions are shown in Fig. 14. 
The inductions on the individual radial grid lines were connected by straight 
segm ents; consequently, the initial results seem  rugged. This is partly caused  
b y  edge effects at the slot corners and partly b y  the choice o f the grid system .

4 * A cta  Technica A cadem iae S c ien tia ru m  Hungaricae 73, 1972

Fig. 14. R a d ia l a irgap  in d u c tio n  a t  tw ice fu ll load
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Fig. 15. G rid sy s tem  o f large  w aterw heel a lte rn a to r
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F o r p rac tica l re su lts  th e  in d uc tions rep resen ted  b y  th e  se t o f connected  b ro k e n  
lines are  su b jec ted  to  a F o u rie r analysis , an d  th e  sig n ifican t harm on ics up  to  
th e  th ird  slo t h a rm o n ic  are sum m ed. T he sy n th esized  curves are show n h eav ie r.

As seen from  F igs 14a to  d an d  on F ig . 15, th e  co m pensa tion  is q u ite  
com ple te  on th is  m achine. T he changes of th e  m ag n e tic  in d u c tio n  a t  th e  
d iffe ren t ro to r  positions and  th e  changes in  th e  c o m m u ta tin g  zone are  c learly  
discernible.

c) S L O R  applied to large synchronous machine

T he new  p ro g ram  has b een  also app lied  to  an  82,5 MYA, 16,5 K V , 40- 
pole, 60 H z, th ree -p h ase , w y e-co n n ec ted  w aterw heel g en era to r. T he g rid  
sy stem  is show n in  F ig . 16. B ecause of th e  large  n u m b e r of poles, th e  a lte rn a to r  
has been  developed. T he rad ia l a irg ap  in d u c tio n s  h av e  been  found  an d  th e  
no -load  ch a rac te ris tic  Fig. 17 d e te rm in ed . As seen, th e  ca lcu la ted  p o in ts  are  
in  good ag reem en t w ith  m easu rem en ts.

F i g . 1 6 . N o-load ch ara c te ris tic  o f w a terw h ee l a lte rn a to r

T he ra te d  lo a d  case was ca lcu la ted  fo r an  in te rn a l pow er fac to r  y> =  yr/ 6  

ra d ia n s , a t  1680 A ex c ita tio n  c u rre n t an d  2886,75 A a rm a tu re  phase  c u rren t. 
T he ra d ia l in d u c tio n  on th e  s ta to r  bo re  is show n b y  th e  rugged  d ashed  line in  
Fig. 18. This d is tr ib u tio n  w as su b jec ted  to  a F o u rie r analysis to  d ispense w ith  
th e  h a rm o n ic  th a t  has been in tro d u ced  b y  th e  g rid  sy stem . In  o rd er to  ca l­
cu la te  th e  q u a n titie s  of th e  p h aso r d iag ram  th e  ra d ia l in d u c tio n  on th e  line 
conn ec tin g  th e  slo t cen ters has also b een  ca lcu la ted , b u t  is n o t show n here.

T he no-load v o ltag e  E 0 c a lcu la ted  from  th e  f lu x  d is tr ib u tio n  F ig . 18 is 
18 892,0 V olts fro m  L  —  L.  The a irg ap  v o ltag e  E  has been  ca lcu la ted  from  th e  
F o u rie r  analysis (5,2) as 16 931,0 V olts from  L  — L .  T he  in te rn a l pow er fa c to r  
ip w as assum ed 30°; th e  angle ß  b e tw een  th e  no -load  v o ltag e  E 0 an d  th e  a irgap  
v o ltag e  E  was found  from  th e  F o u rie r analysis to  4,76° (electrical). T he te rm in a l 
v o ltag e , ca lcu la ted  from  th e  p h aso r d iag ram , w as 16 300,0 V olts from  L  — L ;
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Fig. 18. P h aso r d iag ram

th e  to rq u e  angle 0 = 1 2 ° (electrical), th e  e x te rn a l pow er fa c to r  was cos 0 =  
0,951 lead ing , an d  th e  a rm a tu re  leakage reac tan ce  X ni =  0,142 p .u . T he 
p h aso r diagram  is sim ple, as all d a ta  are  o b ta in e d  from  th e  F ourie r analysis,
Fig. 19.

d) The f lu x  plots

In  o rder to  h av e  a m ore g raphical v iew  o f th e  f lu x  d is tr ib u tio n  a p ro g ram  
has been  w ritte n  fo r f lu x  p lo ttin g  w ith  th e  a id  of a co m p u te r  and  an  x —y  
p lo tte r . This new  p ro g ram  [16] carries o u t th e  follow ing s tep s : Scanning of th e  
g rid  lines in  th e  cross sec tion  to  fin d  th e  p o in ts  o f d e fin ite  m ag n etic  p o ten tia ls  
from  th e  d iscre te  v e c to r  p o te n tia l e s tab lished  b y  th e  m e th o d  described. N ex t, 
th e  location  of th e  p o in t of th e  m esh co n ta in in g  th e  g iven  v e c to r  p o ten tia l is 
fo u n d  b y  in te rp o la tio n . T h en  th e  positions o f th e  p o in ts  are  expressed in  
rec tan g u la r coo rd inates an d  all po in ts of th e  sam e v e c to r  p o te n tia ls  are found  
a n d  p rin te d  ou t b y  a p lo tte r . T his procedure  is ca rried  o u t fo r several values of 
th e  v ec to r p o ten tia ls  to  o b ta in  a com prehensive  p lo t o f f lu x  lines. The resu lts  
o f  th is  flu x  p lo ttin g  p ro g ram  are  show n in  F ig . 19 fo r th e  fu lly  loaded 500 h p  
d.c. m achine. F igs. 20a, b  an d  c show th e  d e ta iled  f lu x  p lo t in  th e  co m m u ta tin g  
zone a t  th ree  d iffe ren t ro to r  positions. F ig . 21 show s th e  co m m u ta tin g  zone 
f lu x  p lo t a t  double  ra te d  load . Fig. 22 is th e  flu x  p lo t o f 82 MYA, 40-pole 
a lte rn a to r  a t  fu ll load  an d  0,95 p .f. leading.

e) S tu d y  o f  convergence o f  S L O R

Before fu ll-scale ca lcu la tio n s, ex perim en ts w ere ca rried  o u t to  s tu d y  th e  
in fluence of ad d itiv e  acce le ra tio n  of convergence. F ig . 22 show s clearly th e  
effect. Chain d o tte d  cu rv e  I  is th e  g rap h  of R s w ith o u t A A C  an d  curve I I
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Fig. 20 (a)
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Fig. 20 (c )  F lu x  d is tr ib u tio n  in c o m m u ta tin g  zone, a)  R o to r p osition  1. b)  R o to r  p o sitio n
c) R o to r  position  3.

Fig.  21.  F lu x  d is tr ib u tio n in  com . zone a t d o ub le  lo ad

Acta Tuchnica Academiae Scientiarum Hungaricae 73, 1972



M A G N E T IC  F I E L D S  I N  R O T A T IN G  M A C H I N E S 323

with AAC.  The dam ping influence and the faster reduction of R s is clearly  
visible. The integration paths can be drawn either separately for each iron  
domain, or jo int paths can be chosen. The effect o f either choice is seen from  
Fig. 23. Jo in t paths provide a faster rate of convergence.

A cta  Technica A cadem iae Sc ien tia ru m  H ungaricae 73, 1972

Fig. 22. F lu x  d is tr ib u tio n  in  large  w aterw heel a lte rn a to r  a t  fu ll load



3 2 4 E R D É L Y I

Fig. 24 shows th e  effect o f th e  choice of th e  o v e rre lax a tio n  fa c to r  on th e  
i te ra t io n  process in  co n ju n c tio n  w ith  a d d itiv e  acce lera tio n  o f convergence. 
Ju d g in g  from  th e  b e h a v io u r  of R s a n d  R M co =  1.3 p rov ides th e  fa s te s t  ra te  
o f  convergence. T h is fa c to r  has been  used  in  o th e r  analyses [17] a n d  has been  
fo u n d  very  useful.

Fig. 23. E ffec t o f  a d d it iv e  Fig.  24. S e p a ra te  a n d  jo in t  p a th
acceleration  of co n v erg en ce

Fig.  25.  E ffec t of o v e rre lax a tio n  fa c to r on  convergence
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V II. Concluding re m a rk s

T he p rocedure  described  here for th e  ca lcu la tio n  o f th e  m agnetic  v e c to r  
p o ten tia ls  in  e lec trical devices consisting o f successive line overre lax atio n s , 
a d d itiv e  accelera tion  o f convergence an d  o f  c o n s ta n t m o n ito rin g  of th e  re ­
siduals  has a good ra te  o f convergence. T h e  oscillations o f th e  p o ten tia ls  an d  
residuals are  k e p t  to  v e ry  sm all am p litu d es. S u itab le  o v erre lax a tio n  fac to rs  
fo r  ro ta tin g  m ach ine  p rob lem s have been  ex p e rim en ta lly  found .
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M agnetische F elder in  n ich tlin ea ren , h e te ropo laren  D rehm asch inen . W erden  d ie d u rch  
d ie  S ä ttig u n g  des E isens v e ru rsac h ten  N ic h tlin e a r itä te n  in B e tra c h t gezogen, so sind  d ie zu r 
B e stim m u n g  der B e triebseigenschaften  v o n  e lek trisch en  D reh m asch in en  v e rw en d e ten  ü b li­
c h en  lin e a re n  T heorien  n ic h t an zuw enden . D ie  vorliegende A rb e it e n th ä lt  die vom  V erfasse r 
a u sg e a rb e ite te n  V erfah ren  zu r L ösung des G renzw ertp rob lem s des zw eid im ensionalen  n ich t-  
l in e a re n  V e k to rp o te n tia ls  u n d  die U m w a n d lu n g  der p a rtie llen  D ifferen tia lg le ichungen  in 
D ifferenzeng leichungen  sowie die zu  d e ren  L ö su n g  au sg earb e ite ten  nu m erisch en  V erfah ren . 
D as V erfah ren  w ird in  bezug  a u f  D re h m asc h in en  m it h e rv o rs teh en d en  Polen  d a rg este llt .

Магнитные поля в нелинейных гетерополярных вращающихся машинах. Если 
учитывать нелинейности, вызванные от насыщения стали, то нельзя использовать обыч­
но применяемые для определения эксплуатационны х свойств электрических вращ аю щ их­
ся машин линейные теории. Д анная работа излагает разработанный автором метод, 
предназначенный для решения проблемы i раничного значения двумерного нелинейного 
векторного потенциала и преобразования парциальных дифференциальных уравнений в 
дифференциальные уравнения, а такж е числовой метод, разработанный для их решения. 
Метод излагается в связи с вращающ имися машинами с выступающими полюсами.
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EIN EINFACHES ITERATIONSVERFAHREN 
ZUR BESTIMMUNG DER EIGENWERTE 

EINES HERMITESCHEN (REELLSYMMETRISCHEN) 
MATRIZENPAARES

S. FA L K *

Gegeben is t  e in  H erm itesch es M a trizen p aa r, das h e iß t die H erm itesch en  q u a d ra t i­
schen  n-reih igen M atrizen  A und  B, w obei B au ß e rd e m  p o sitiv  o d er n e g a tiv  d e fin ie rt is t, 
u n d  gesuch t w erden  d ie E ig en w erte  u n d  E ig en v ek to ren  des M a trizen p aa res. M it H ilfe des 
R itz sch en  V erfah ren s w ird  eine I te ra tio n sm e th o d e  aufgezeig t, die d ie k le in sten  E igenw erte  
in au fste igender bzw . d ie g rö ß ten  E ig e n v erte  in  a b s te in g en d e r R eihenfo lge m it geringem  
R ech en au fw an d  zu  e rm itte ln  g e s ta t te t .

1. Aufgabenstellung

G egeben seien die H erm itesch en  (bzw. ree llsym m etrischen ) q u a d ra ti­
schen  n-reih igen M atrizen  A  u n d  B, w obei B au ß erd em  p o sitiv  oder n eg a­
t iv  d efin it is t, in  F o rm eln

A* A  ; B* =  B d e f in it. ( 1 )

M ach t m an den R ay le ig h -Q u o tien ten

R
z *  A z  

z* B z
( 2)

e x trem a l bezüglich  a lle r von  N ull versch iedenen  V ek to ren  z, so fü h r t  dies a u f 
die M atrizene igenw ertau fgabe

A x  /.B x , (3 )

d e ren  E igenw erte  A(- die ex trem a len  R ay le ig h -Q u o tien ten  (2), g eb ild e t m it den 
E ig en v ek to ren  z =  x ; sind. A u f G ru n d  der V orau sse tzu n g  (1) ex is tie ren  genau  
n  reelle  E igenw erte  A,-, die der G röße nach  g eo rd n e t seien:

<  *2 <; *3 • • • <  K  • (4 )

D ie zugehörigen E ig en v ek to ren  xy sind A -u n itä r  u n d  B -u n itä r  (bzw . im  
R eellen  A -o rth o g o n a l u n d  B -o rthogonal), das h e iß t es gilt:

X* Axj  =  0 ; x*Bx; =  0 fü r i ^  j  . (3)

* P ro f. D r. In g . S. F a lk , P o s tfa c h  7050, 33 B raunschw eig , B R D
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B ei den m eisten  A ufgaben  d er P rax is  sind v o n  den  n  E ig en w erten  
(E igenschw ingungszah len , K n ic k w e rte n  usw .) n u r die n k le in s ten  (m an ch m al 
au ch  die y g röß ten ) E ig en w erte  v o n  In te resse , u n d  w ir w erden  d a h e r  im  
fo lgenden  m it H ilfe des R itz sch en  V erfah ren s eine I te ra tio n sm e th o d e  au f­
zeigen, die die k le in s ten  E ig en w erte  in  au fste igender bzw . die g rö ß ten  E ig en ­
w e rte  in  ab ste ig en d er R eihenfo lge m it m in im alem  R ech en au fw an d  zu e rm itte ln  
g e s ta tte t .

2. Das Verfahren von Ritz

O bw ohl das V erfah ren  v o n  R itz  eines der b e w ä h rte s te n  V erfah ren  der 
n u m erisch en  A nalysis is t, f in d e t m a n  es seltsam erw eise in  d er L ite ra tu r  fa s t 
n iem als a u f  M atrizenp rob lem e an g ew en d e t, obw ohl es gerade  h ie r d u rch  das 
F eh len  von  R an d b ed in g u n g en  b eso n d ers  einfach zu h a n d h a b e n  u n d  au ch  sehr 
w irk sam  ist. E s sei d a h e r noch  e in m al k u rz  beschrieben . M an w ä h lt g lin ear 
u n ab h än g ig e  V ek to ren  k, u n d  k o m b in ie r t diese m it noch u n b e k a n n te n  sk a la ren  
F re iw erten  f ( in  d er F o rm

z  =  ’k J l + k . , f , +  . . .  +  k e/ e , (6 )

w as w ir k ü rze r in  der F o rm
z =  K/  (7)

sch re iben  k ö nnen  m it der aus g Z eilen  u n d  n S palten  b esteh en d en  R ech teck s­
m a tr ix

K =  ( k 15k 2, k 3 . . .  k e) (8)
u n d  dem  V ek to r

f  =

A  
A  
A

U
(9)

D er R ay le ig h -Q u o tien t (2) als F u n k tio n  des V ek to rs f  is t d an n

z* A z  f* K* A K f  f * Ä f

z* Bz  f* K* B K f  f* g f
( 10)

m it den  p-reihigen q u a d ra tisc h e n  M atrizen

Ä  =  K* A K ,  B =  K* B K ,  (11)

die, wie m an  le ich t zeig t, ebenfa lls d er B edingung (1) genügen. M ach t m an  
j e t z t  den  R ay le ig h -Q u o tien ten  e x tre m a l bezüglich  f, so e n ts te h t analog  zu
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(3) die E rsa tze ig en w ertau fg ab e

Äf =  Àgi (12)

deren  q E igenw erte  X] ebenfalls der Größe nach  g eo rd n e t w erden ; es b estehen  
d an n  n ach  M inim uin-M axim um prinzip  die be iden  fo lgenden  U ngleichungen:

h  <L !,• ; / =  1, 2, . . . q , (13)

Xj <; i.j ; j  = n, n  —  1, . . . n  — q + 1 . (14)

In  W o rte n : die q N äh eru n g sw erte  X sind der R eihe  n a c h  säm tlich  größer als 
die q k le in sten  und  säm tlich  k le in e r als die q g rö ß ten  E ig en w erte  X.

F ü r  jed en  d er q E ig en w erte  Xj f in d e t m an  aus d e r E rsa tzau fg ab e  (12) 
den  zugehörigen E ig e n v e k to r fy u n d  daraus aus (7) au ch  den  zugehörigen 
gesuch ten  N äh e ru n g sv ek to r zy. Diese N äherungen  w erd en  um  so besser, je  
g rößer q is t  u n d  je  m eh r die w illkürlich  gew ählten  V ek to ren  ky m it den q 
e rs ten  bzw . q le tz te n  E ig en v ek to ren  zusam m enfallen .

3. R itz-A nsatz mit p 2 Variablen

M it p =  2 la u te t  d er A n sa tz  (6 )

z =  k i / i+ k 2/ 2. (15)

W ir w ollen v o rau sse tzen , d aß  ist, dann  k a n n  m an  infolge d er H om o­
g e n itä t  d er A ufgabe au ch  f x =  1 setzen und fe rn e r zu r A b k ü rzu n g  f 2 =  f ;  
d an n  geh t (15) ü b e r in

z =  k! +  k , / .  (16)

Speziell möge n u n  k2 =  ey d er E in h e itsv ek to r d e r N u m m er y sein; au ß e r­
dem  w ollen w ir k x m it zv u n d  Z m it Zy+1 bezeichnen , u m  an zu d eu ten , daß  es 
sich u m  ein I te ra tio n sv e rfa h re n  h a n d e lt, bei dem  die K o m p o n e n te  der N um m er 
j  des V ek to rs z v e rb esse rt w ird . D er A nsatz  (16) la u te t  som it

z , .+ l  =  z ,  +  e y / -

D ie M atrix  K h a t  zwei S p a lten  u n d  n  Zeilen

K =  (z^ey)
u n d  der V ek to r f  is t:

f  =  1 .
1/

(17)

(18)

(19)
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Berechnet man dam it die zweireihigen Matrizen (11) so wird

U n d  nun führt die E rsatzaufgabe (12) auf die quadratische G leichung

( 21)

( 2 0 )

\Ä~XB\ =  0 (2 2 )

m it den Wurzeln
h  =  к , Д2 =  g  , (23)

w o, wie verabredet, <i Ä2 ist, und das heißt nach (13) bzw . (14), es bestehen  
die Ungleichungen

(24)
bzw .

(25)

D ie zu к und g gehörigen W e r t e /  findet man leich t, indem  man in der 
je tz t  zweireihigen E rsatzaufgabe (12) eine Zeile streicht und f  aus der ver­
bleibenden Gleichung berechnet. D am it ist dann auch der verbesserte Vektor 
zv+1 (17) bekannt.

4. Iteration gegen den kleinsten bzw. größten Eigenwert

Wir wählen je tz t einen beliebigen Ausgangsvektor z L und verbessern der 
R eihe nach gemäß der Vorschrift (17) seine K om ponenten auf folgende Weise:

Zl + e l / l  =  Z2 K g l
22“Ье 2./*2 ~  Z3 *" ^2•> g'l 

Zn +  enfn =  *n + l ~̂  kn-)gn

( 2 6 )

W ählen wir jedesm al die kleinere W urzel к der quadratischen Gleichung 
(22), so kann die Folge k v  k2 . . .  immer nur kleiner (jedenfalls nicht größer) 
w erden, da ja der freie Param eter /  den R ayleigh-Q uotienten jeweils zum  
M inim um  m acht, siehe B ild 1. E s werden nun so viele Touren (26) gerechnet, 
bis die gewünschte G enauigkeit erreicht ist. D en letzten  V ektor z sieht man 
als Näherung für x x an und berechnet abschließend, um  sich von  allen vorange-
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gangenen  R undungs- u n d  R ech en feh lern  zu  befreien , n o ch m als  den  R ay le igh- 
Q u o tien ten

R
z* A z

5.* Bz
(27)

A u ß erd em  w ird  d er E ig e n v e k to r x t abschließend  zw eckm äß ig  no rm iert:

X *  B xt =  1. (28)

D ie eigentliche R ech en a rb e it b e s te h t im  E d d en  d e r  S k a la rp ro d u k te  
a i 2  =  z *ay und  b12 =  z*by in  (20) bzw . (21). Die H a u p td iag o n a len e lem en te  
ó22 =  ajj und  &22 =  bjj fa llen  ohne R ech n u n g  an , u n d  die q u a d ra tisc h e n  F o r-

B ild  1. V e rlau f der W u rze ln  =  k  u n d  /i3 =  g  als F u n k tio n  der I te ra tio n s s tu fe  v bei I t e r a ­
tio n  gegen den  k le in s te n  E igenw ert /.j

m en ä u  u n d  bn  b ra u c h t  m an  n u r  zu  A nfang  m it dem  V ek to r z x exp liz it zu b e ­
rech n en ; bei den fo lgenden  S c h ritte n  b e n u tz t  m an  dazu  d en  V ek to r (19) u n d  
k o m m t du rch  jew eils n u r  v ie r M u ltip lik a tio n en  u n d  A d d itio n en  zum  Ziel.

D a  auch  das A uflösen  d er q u a d ra tisc h e n  G leichung (22) sowie das B e­
rech n en  der zu den W urze ln  (23) gehörigen W erte  / b e i  g roßen  O rdnungszah len  
n  —  w ir denken  d abei im m er an  n =  100 oder n =  1000 —  n ic h t  ins G ew icht 
fä llt , k o s te t  jed er I te ra tio n s s c h r it t  ru n d  2n  M u ltip lik a tio n en  u n d  A dd itionen , 
jed e  T o u r nach  (26) so m it ru n d  2re2 M u ltip lik a tio n en  u n d  A d d ito n en , im m er
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v o rau sg ese tz t, d aß  A  u n d  B V o llm atrizen  sind. Bei B a n d m a tr iz e n  is t d er 
R ech en au fw an d  e n tsp rech en d  geringer.

W ü n sch t m an  die K onvergenz gegen den  g rö ß ten  E ig en w ert Xn, so is t 
je d e sm a l die größere W u rze l g  der q u a d ra tisc h e n  G le ichung  (22) zu w äh len .

5. Iteration gegen weitere Eigenwerte

I s t  der k le in s te  E ig en w ert }̂  m it zugehörigem  E ig e n v e k to r  x x genügend  
g enau  b e s tim m t, so verlegen  w ir A1 n a c h  rech ts , u m  P la tz  fü r  die n ä c h s te  
I te ra tio n sfo lg e  zu schaffen . Dies gesch ieh t d ad u rch , d aß  m a n  anstelle  des ge­
gebenen  P aares  A ; B m it dem  P a a r  C t ; B rech n e t, wo, w en n  w ir zu r A b k ü rzu n g

Bxf =  V,. (29)

se tzen , C j von  fo lgender F o rm  ist:

C , =  A  +  eVj v f . (30)

M u ltip liz ie rt m an  diese G leichung von  rech ts  m it dem  E ig e n v e k to r x15 so w ird  
w egen der N o rm ie ru n g  (28)

C , x 1 =  (A  +  evj V*) Xj =  A x 1-f-«v1 -1 / ,  • Bx1 +  eB x1 =  (A1-)-e) Bxx. (31)

Som it h a t  das P a a r  B zum  E ig e n v e k to r Xĵ  d en  E igenw ert X1 -j- e. 
M td tip liz ie rt m an  dagegen  die G leichung  (30) m it e inem  a n d e ren  E ig en v ek to r 
v o n  rech ts , so w ird  a u f  G rund der O rth o g o n a litä tsb ez ieh u n g  (5):

C , x j  =  (A +evjV *) Xj A x j + o  = Xj Bxy; j=j= 1 ,  (32)

u n d  das b e d e u te t, d aß  alle übrigen  E ig en w erte  u n d  E ig en v ek to ren  des P a a re s  
C x; B m it dem  des gegebenen P aa re s  A ; B ü b ere in stim m en .

D am it diese V ersch iebung ih ren  Zw eck e rfü llt, m u ß  X1 -f- e g rößer sein 
als / 2. E s is t d a h e r  no tw end ig , au ch  d ie  größere W u rze l g  der q u ad ra tisch en  
G leichung (22) zu  b erech n en , deren  k le in s te r  W ert g n a c h  (25) größer als X2 
sein  m uß , so d aß  e — g —  sicher is t ;  siehe auch  B ild  1.

I s t  n u n  A2 u n d  d e r dazugehörige E ig en v ek to r x2 b e re c h n e t, so v e rsch ieb t 
m an  auch  X2 um  e n a c h  rech ts usw . U m  den  E ig en w ert Xk+J zu berechnen , h a t  
m an  som it das gegebene P a a r  A ; B d u rch  das P a a r  C^; B zu ersetzen m it

C/, =  A  +  e v^v*. (33)
^=1
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W ill m an  an d ere rse its  die g röß ten  y  E ig en w erte  in  ab s te ig en d er R eihenfolge 
e rm itte ln , so sind  en tsp rech en d  die b e re its  b e rech n e ten  E igenw erte  um  eine 
G röße e n ach  links zu versch ieben .

N u n  b ra u c h t m a n  die in  (33) a u f tre te n d e n  D y ad en  v^ v* gar n ic h t e x ­
p liz it zu b erechnen , da  ja  die M atrix  A  (20) als E lem en te  led ig lich  q u ad ra tisch e  
F o rm en  von  A  e n th ä lt . Beispielsweise w äre  das E lem en t Ujj =  e* A ey je tz t  zu  
erse tzen  d u rch

"V y y*
n=i

e / =  a j j+ e
k

(M=l
(35)

Die V ek to ren  v l; =  B xa sind  d ah e r im  Speicher au fzu b ew ah ren .

6. Varianten

Zu dem  h ie r in  seinen  G rundzügen  g esch ild e rten  V erfah ren  sind z ah l­
reiche V a ria n te n  d e n k b a r. So k an n  m an  beispielsw eise die K onvergenz b e ­
schleunigen, indem  m a n  R itz -A n sä tze  m it q >  2 m ach t u n d  die jew eils a n ­
fallenden  E rsa tz m a tr iz e n p a a re  A ; B n ach  (26) ite r ie r t. B ei g roßen  O rdn u n g s­
zah len  is t be i M aschinen m it geringer S te llen zah l h in  u n d  w ieder eine A u f­
frischung  der R ech n u n g  erforderlich , indem  m a n  n ach  e iner gewissen A nzah l 
von  T o u ren  m it dem  z u le tz t im  Speicher s te h e n d e n  V ek to r z die R echnung  
von  v o rn  b eg in n t, das h e iß t die E lem en te  ä n  u n d  bn  in  (20) bzw . (21) ta ts ä c h ­
lich als q u ad ra tisch e  F o rm en  b e rechne t. D ie V ersch iebung  d e r E igenw erte  
nach  (33) se tz t n a tü r lic h  v o rau s , daß die V ek to ren  (29), also auch  die E ig en ­
v e k to ren  Xj e x a k t b e k a n n t sind . In  W irk lich k e it sind  diese V ek to ren  u n d  
d am it auch  die aus ih n e n  b erechne te  M a trix  Ck fe h le rb e h a fte t, was die E r ­
m ittlu n g  d er nach fo lg en d en  E igenw erte  u n sich e r m ach t. M an sollte d a h e r 
jedesm al, w enn  ein n eu e r E ig en v ek to r b e s tim m t w urde , m it H ilfe  der Jaco b i- 
schen R o ta tio n  [1] die b e rech n e ten  N äherungs V ektoren v e rbessern . Zahlreiche 
du rchgerechne te  Beispiele h ab e n  jedoch  gezeig t, das selbst ohne die Zw ischen­
sch a ltu n g  solcher R o ta tio n e n  säm tliche n  E ig en w erte  in  au fste igender bzw . 
ab ste ig en d er R eihenfo lge v erh ä ltn ism äß ig  sicher b e rech n e t w erden  können .

K e n n t m an  kein en  N äh e ru n g sv ek to r fü r  x x, so b eg in n t m an  zw eckm äßig 
m it z1 =  en, w o m it d a n n  die B erechnung  d er E lem en te  (20) bzw . (21) tr iv ia l 
w ird , d enn  es is t ä n  =  ann u n d  bn  — bnn sow ie ä12 =  a Ln u n d  bl2 =  bln. E s 
em pfieh lt sich, die zu  g  gehörigen  V ek to ren  z >■ ebenfalls m itzu fü h ren  u n d  den  
zum  k le in sten  W e rt g (siehe B ild  1) gehörigen V ek to r als A u sgangsvek to r fü r  
die n äch ste  Ite ra tio n sfo lg e  zu benu tzen .

D as V erfah ren  is t besonders dann  em p feh lensw ert, w enn  n u r w enige 
E igenw erte  in  au fs te ig en d er bzw . abste igender R eihenfo lge zu  berechnen  sind  
u n d  w enn g u te  N äh e ru n g sv ek to ren  vorliegen, w as in  v ielen  p rak tisch en  An-
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W endungen z u tr if f t , zum  B eispiel d a n n , w enn ein gegebenes M a triz e n p a ar 
А ;  В geringfügig  a b g eän d e rt w u rd e . B em erk en sw erte  V orzüge des V erfah rens 
s in d , d a ß  eine e tw a  v o rh an d en e  B a n d g e s ta lt  von  A  oder В vo ll a u sg e n u tz t 
w ird  u n d  d aß  die K e h rm a tr ix  В n ic h t  b erech n e t w erden  m uß .

A Sim plified Successive Approxim ation M ethod for Determ ination of the E igenvalues 
o f  H erm ite’s (R ea l Sym m etric) Pair o f M atrices. A H e rm ite - ty p e  p a ir  o f m a trice s  
—  i.e . H e rm ite ’s q u a d ric  m atrice s  A  a n d  В  n th  o rd e r, from  w hich  В  is a p o sitiv e  o r n e g a tiv e  
d e f in ite  —  is a ssum ed  to  b e  g iven , an d  th e  e ig en v alu es of th e  p a ir  o f m atrices  shou ld  b e  d e ­
te rm in e d . T h e  m eth o d  o f successive a p p ro x im a tio n  based upon  R itz ’s p ro ced u re  is p re sen te d  
w h ic h  p e rm its  th e  d e te rm in a tio n  w ith  a  re a so n a b le  calcu la tion  w o rk  th e  m in im u m  eigen­
v a lu e s  in  a n  in creas in g  sequence, a n d  th e  m ax im u m  eigenvalues in  a  decreasing  sequence .

Простой итерационный метод определения собственных значений матричной 
пары ТЕРМИТЕ (вещественной симметричной) Принимается в качестве заданной мат­
ричная пара Т ЕРМ И ТЕ — т. е. квадратные матрицы ТЕРМ И ТЕ А и Б  n-ного порядка, 
среди которых Б  является положительными или отрицательным дефинитом — и необ­
ходимо определить собственные значения матричной пары. Описывается итерационный 
метод, основывающийся на способе РИ Т Ц А  и который позволяет определять наименьшие 
собственные значения в возрастаяющем порядке, а наибольшие собственные значения 
падающем порядке при выполнении относительно умеренных по масштабам вычисли­
тельны х работ.
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BERECHNUNG
DER DURCH DIE FERTIGUNGSUNGENAUIGKEITEN 

DES FAHRGESTEULS HERVORGERUFENEN 
MONTAGESPANNUNGEN MIT HIUFE 

DES MATRIZEN-KRAFTGRÖSSEN-VERFAHRENS*
P . M IC H E L B E R G E R * *

D O K TO R D ER  T E C H N IS C H E N  W ISSENSCHAFTEN 

[E in g eg a n g en  am  10. S ep tem b er  1970]

Zur B erech n u n g  der M o n ta g esp a n n u n g en  v o n  F ah rgeste llen , bzw . der n ach  d en  v o r ­
sc h r iftsm ä ß ig en  B ean sp ru ch u n gen  zu lässigen  E e r tig u n g su n g en a u ig k e iten  k ön n en  durch  V ere in ­
fa c h u n g  d es sta tisch en  M odells v o r te ilh a ft  D iffer en zen g le ich u n g en  v erw e n d et w erd en . Zur 
E r m ittlu n g  der zu läss igen  F er tig u n g sto lera n z  k ö n n e n  e in fach e gesch lossene F o rm eln  ab g e­
le it e t  w erd en . Im  F a ll v o n  u n regelm äß igen  K o n str u k tio n e n  d ie m it  gen ü gen d er G en au igk eit  
d u rch  d a s v ere in fach te  M odell n ich t m eh r e r se tz t  w erd en  k ön n en , is t  es zw eck m ä ß ig , 
d ie k in em a tisc h e n  B e la s tu n g e n  m it H ilfe  der M atrizen rech n u n g  zu a n a lysieren . D a b ei k an n  
d ie  a u c h  an son sten  zur V erfü gu n g  steh en d e  R e z ip ro k e  der K o effiz ien ten m a tr ix  der K o m ­
p a tib ilitä tsg le ic h u n g  a n g ew en d et w erden . In  so lc h e n  F ä llen  k an n  die in  der tech n o lo g isch en  
A n w e isu n g  vorgesch r ieb en e  F er tig u n g sto lera n z  (d . h .,  d ie  zu lässige F ertig u n g su n g en a u ig k e it  
a n ste lle  einer e in zigen  sk a laren  U n g le ich h e it  ( im  G renzfall: G leich h eit) aus ein er  M atrizen ­
u n g le ic h h e it  erm itte lt w erd en .

1. E in le itu n g

B ei den  e rs ten , zu  B eginn d er sechziger J a h re  gefertig ten  F a h rg e s te ll­
om nib u ssen  tr a te n  serienw eise u n reg e lm äß ig e  B rüche u n d  Risse auf. A us den 
e ingehenderen  U n te rsu ch u n g en  ging h e rv o r , d aß  ein gewisser Teil d er B rüche  
sich  a u f  die Ü b e rla s tu n g  der F ah rzeu g e  zu rü ck fü h ren  ließ, d er G roß te il d e r­
selben  a b e r n ich t m it d en  au f die F a h rz e u g e  w irkenden  B elastu n g en  e rk lä r t 
w erden  k o n n te . Die w eiteren  A nalysen  bew iesen , daß  diese B eschäd igungen  
d u rch  gewisse F e rtig u n g su n g en au ig k e iten  v e ru rsa c h t bzw . m it den  w äh ren d  des 
Z u sam m en b au s a u ftre te n d e n  B ean sp ru c h u n g e n  e rk lä rt w erden  können . 
U n te r  den  techno log ischen  B ed ingungen , im  F a ll eines nachlässig  d u rch g e­
fü h r te n  Z u sam m enbaus, können  B ean sp ru ch u n g en  au ftre ten , die die G rößen­
o rd n u n g  d er s ta tisch en  B elastung  des F ah rzeu g es  erreichen können . W äh ren d  
d er U n te rsu ch u n g en  w urde  das F a h rz e u g  in  e rs te r  N äherung  d u rch  ein sehr 
e in faches M odell d a rg es te llt, da sow ohl d a s  F ah rg este ll, als auch  d er W ag en ­
k a s te n  d u rch  je  einen B alk en  von g le ich b le ib en d er S te ifhe it e rse tz t, die Q uer­
trä g e r  des W ag en k asten s fü r unen d lich  s te if  u n d  ihre A b stände  als g leich­
fö rm ig  angenom m en w u rd en . D urch  A n w en d u n g  des einfachen M odells w urde 
die B e n u tz u n g  von D ifferenzeng le ichungen  fü r  die B erechnungen  e rm öglich t,

* D a s  T hem a d ieser A b h an d lu n g  w u rd e g e le g e n tlic h  eines P riva tgesp rä ch s m it  D r . J . 
Szabó, k orresp ond ieren dem  M itg lied  der U n g a r isc h e n  A k ad em ie der W issen sch a ften , auf­
gew orfen . D er V erfasser m ö ch te  auch  a u f d ie se m  W eg e  se inen  D an k  für das A u fw erfen  des  
in te r e ssa n te n  T h em as und für  d ie w ertvo llen  B em erk u n g en  aussprechen .

** P rof. D r. P . M ichelberger, E gri J . u . 1 9 -2 1 , X I . ,  B u d a p e s t, U n garn
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u n d  die S p an n u n g sv erte ilu n g  k o n n te  b e i e iner b e k a n n te n  M on tageungenau ig ­
k e it m it H ilfe v o n  e in e r einfachen geschlossenen F o rm el e rm itte lt  w erden  [1]. 
D a die U n g en au ig k e iten  w ährend  d er F e r tig u n g  n ich t s tän d ig  b e o b a c h te t 
w erden  können , is t es zw eckm äßig, diese U n g en au ig k e iten  als Zufalls v e rä n d e r­
liche zu b e tra c h te n . V orausgesetz t, d a ß  die an  d en  einzigen V e rb in d u n g s­
p u n k te n  m eß b aren  M aßabw eichungen  paarw eise  u n ab h än g ig e  Z u fa llsvariab len  
sind , w eiters angenom m en , daß  je d e  derse lben  m it g u te r N äh eru n g  e iner 
n o rm alen  V erte ilu n g  fo lg t, k an n  auch  —  u n te r  B e ib eh a ltu n g  der V ere in fach u n ­
gen fü r  das M odell —  das Problem  d er W ah rsch e in lich k e itsrech n u n g  m it H ilfe  
v o n  D ifferenzeng leichungen  b e h a n d e lt u n d  au ch  d er M itte lw ert u n d  die 
S treu u n g  der B ean sp ru ch u n g , sowie die V erte ilu n g sfu n k tio n  können  a n h a n d  
einer geschlossenen F o rm e l e rm itte lt  w erden  [2].

D ie inzw ischen  d u rch g efü h rten  M essungen u n d  B erechnungen  erw iesen , 
d aß  bei den F ah rg este llo m n ib u ssen  die Q u e rträ g e r des W agenkastens n ic h t 
fü r  unend lich  s te if , sondern  elastisch  angenom m en  w erden  können . Je d o c h  
w u rd en  d ad u rch  d ie sich  au f die A ufgabe bezüg lichen  G ru n d zu sam m en h än g e  
n ic h t m ehr b e e in f lu ß t;  n u r das die E rsch e in u n g  beschreibende D iffe renzen ­
g le ichungssystem  e rg ab  sich als v ie r te r , an ste lle  v o n  zw eiter O rdnung ; d u rc h  
die A nalyse d er S te ifh e itsv e rh ä ltn isse  d er K o n s tru k tio n  k o n n te  ab e r au c h  
dieses D ifferenzeng leichungssystem  a u f  ein solches zw eiter O rdnung  z u rü c k ­
g e fü h rt w erden [3].

D ie in den  B erech n u n g en  an g ew an d ten  A n n ah m en  (die paarw eise U n a b ­
h än g ig k e it, N o rm alv erte ilu n g ) w u rd en  d u rc h  im  B e trieb  angestellte  M essun­
gen m it g u te r N ä h e ru n g  erwiesen [4], u n d  so h a b e n  w ir fü r  das H e rs te lle ru n te r­
n eh m en  eine geschlossene Form el a b g e le ite t, m it der die K o n s tru k te u re  die. 
e rforderliche F e rtig u n g sg en au ig k e it (den  M aßto leranzbere ich) —  in K e n n tn is  
d er S te ifh e itsp a ra m e te r  — e rm itte ln  k ö n n en .

D essen u n g each te t w erden die a u f  die R ege lm äß igke it des Modells b ez ü g ­
lichen  A n n ah m en  n ic h t im m er m it d er e rfo rderlichen  G enauigkeit e rfü llt, u n d  
so —  obw ohl d a d u rc h  die E rgebn isse  d er B erech n u n g en  der G rö ß en o rd n u n g  
n ach  n ich t b e e in f lu ß t w erden —  ersch e in t au ch  die A u sarb e itu n g  der B e rech ­
n u n g  der sich au s  den  M on tag eu n g en au ig k e iten  der unregelm äßigen  K o n ­
s tru k tio n  e rg eb en d en  B ean sp ru ch u n g en  als erforderlich .

Im  fo lgenden  w ird  also bei dem  den  O m nibus e rse tzenden  M odell z u g e ­
lassen , daß  sich  d ie  S te ifhe it des F ah rg es te ll-E än g sträg e rs  u n d  des W a g e n ­
k a s te n s  en tlan g  d e re n  Länge ä n d e r t;  die Q u e rträ g e rab s tä n d e  sind  n ic h t n o t ­
w endigerw eise g le ich m äß ig  u n d  au ch  die T rag fäh ig k e it der einzelnen B a u te ile  
k a n n  sich e n tla n g  deren  Länge ä n d e rn . A u fg ru n d  der M eßergebnisse b le ib en  
w ir auch  w eite r d ab e i, daß die U n g en au ig k e iten  be i w eitgehender N ä h e ru n g  
m it no rm aler V e rte ilu n g  beschrieben  w erden  k ö n n en , sowie daß  sie paa rw e ise  
u n ab h än g ig  sind . A n  den einzelnen V e rb in d u n g sp u n k te n  können  n a tü r lic h  d ie  
V e rte ilu n g sfu n k tio n en  (E rw artu n g sw erte  u n d  S treuungen) versch ieden  se in .
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2. Zusammenbau eines Fahrgestells (U ntergestells) 
und eines W agenkastens von gegebenen M aßabweichungen

D ie ganze Fahrzeugkonstruktion wird durch ihr vereinfachtes ebenes 
M odell ersetzt (Bild 1). Im  B ild ersetzt der untere Balken den Längsträger des 
Fahrgestells und der obere den W agenkasten; die die beiden B alken verbin­
denden Stäbe sym bolisieren die Querträger des W agenkastens, die bei den 
Fahrgestellfahrzeugen m it guter N äherung als elastisch und für В odenrahm en-

0____ 1____ 2 i k-1 к

B i ld  1

Aufbau

Querträger des 
Wagenkastens

Fahrgestell

B i l d  2

fahrzeuge als ste if angenom m en w erden können. D ie Aufgabe kann m it H ilfe  
des Kraftgrößenverfahrens gelöst w erden, wozu das G rundsystem  durch eine 
Zahl der Querschnitte des W agenkastens gebildet wird. A uf B ild  2 ist das 
G rundsystem  des den Omnibus ersetzenden Modells dargestellt; gleichzeitig  
wurden auch die angegebene A bm essungsungenauigkeit y (, die bei dem i-ten  
Querträger auftritt, sowie die dadurch hervorgerufenen Bew egungen ( . . .  . . . )
angeführt. Der W ert der durch die gegebene U ngenauigkeit verursachten  
Bew egungen (vorausgesetzt, daß y l im  Vergleich zu Z, k lein  ist) ist w ie fo lgt:

öj 0 =  0 , w enn j  И i —  1, i, i  -f- 1 .

B ezeichnet man den aus den W erten 0; 0 gebildeten Spaltenvektor m it 
dj, so erhält m an die die Verträglichkeitsbedingungen beschreibende Gleichung
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D xi +  ili =  0 , (1)

WO D =  ( m in* ás/J E  b e d e u te t,  w orin m e in  S p a lte n v e k to r d er B eansp ru ch u n g en  
(d er B iegem om ente) is t ,  die durch  die in  den  einzelnen  Q u ersch n itten  w irk en ­
d en  E in h e itsb e la s tu n g sp a a re  erreg t w erden , se lb s tv e rs tän d lich  in  A bhäng igkeit 
v o n  d er B ogenlänge s des T rägers. H a t  m an  ab e r be i d er B erechnung  der 
F o rm än d eru n g en  a u ß e r  dem  B iegem om ent au ch  die W irk u n g  an d ere r In n e n ­
k rä f te  (N orm al- u n d  S ch u b k rä fte , V erd rehungsm om en te) zu  b e rücksich tigen , 
so m u ß  die M atrix  D  sinngem äß  g eän d e rt w erden . D ie Ä n d eru n g  b ee in flu ß t 
zw ar n ic h t den C h a ra k te r , den b a n d a rtig e n  A u fb au  d er M atrix , jed o ch  k ö n n en  
sich  die W erte  der e inze lnen  E in h e its fa k to re n  u n d  die Z ah l der in  einer R eihe 
befin d lich en  E in h e its fa k to re n  gew isserm aßen än d ern .

A us G leichung (1) e rh a lten  w ir die W erte  der u n b e k a n n te n  In n e n k rä fte , 
die in  den  einzelnen S c h n itte n  en ts teh en :

x i =  — D _1 d i ,

u n d  die B ean sp ru ch u n g  des T rägerw erks:

M  =  m* \ l =  — in* D 1 d, . ( 2)

W enn z. B. d ie  W erte  y 0, y v  y 2, . . . y t . . . y k aus den  M eßergebnissen 
b e k a n n t sind, so k a n n  aus denselben d2 in  einem  S c h ritt  u n m itte lb a r  b e rech n e t 
w erden . F ü r  die B e rech n u n g  is t es zw eckm äßig , die einzelnen  W erte  von  y, in 
e inen  S p a ltv ek to r zu  o rd n en :

y =  ,“ jo

j i

j i

-V k  -
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A us den geom etrischen  A bm essungen  des T rägers w ird  es zw eckm äßig  
sein, eine P ara lle lo g ram m -M atrix  L zu  k o n stru ie ren . (D iese M atrix  h a t  eine 
B a n d s tru k tu r , in  je d e r  R eihe  m it d re i, von  der N ull u n te rsch ied lich en  E le ­
m en ten ).

D er S p a lten v ek to r d er aus den M aß u n g en au ig k e iten  (aus der k in e m a ti­
schen  B elastung) e n ts te h e n d e n  B elastu n g sk o effiz ien ten  k a n n  m it H ilfe v o n  
L u n d  y e rm itte lt w erd en :

da = L y ,  (3)

u n d  die B ean sp ru ch u n g  des T räg erw erk s w ird  sinngem äß  aus d er G leichung

D x2 +  d2 =  0 (4)
e rrech n e t:

M  — m* x2 =  — m* D “ 1 d2 . (5)

E s is t le ich t e inzusehen , daß w en n  J 0 =  J i  =  J 2 =  • • • =  y,- =  . . . y k — 
=  k o n s ta n t  sind; d an n  <5,- 0 =  0 und A f(k o n stan t) =  0 is t, d. h . es e rg ib t sich 
keine k inem atische  B e las tu n g .

3. E ffek t e in er vorgegebenen M aßungenau igkeit

W en n  die Z ufa llsveränderliche  y , u n d  ih re  V erte ilung  als n o rm a l b e tra c h ­
te t  w erden  k an n , so k a n n  der E rw a rtu n g sw e rt der M aß u n g en au ig k e it an  den  
e inzelnen  V erb in d u n g sp u n k ten  m it (y  0, y v  y 2t • • ■ JA • • Yk) b eze ichnet w er­
den ; die S treuung  sei: ÿ 0, y v  y 2, . . . j „  . . . y k. (5a)

A us dem  E rw a rtu n g sw e rt der A b m essu n g su n g en au ig k e it k a n n  der aus 
den k in em atisch en  B e la s tu n g en  e n ts te h e n d e n  S p a lte n v e k to r m it s inngem äßer 
A n w endung  der F orm el (3) e rm itte lt w erd en , d. h .,

d =  L ÿ . (6)

D ie B erechnung d e r B ean sp ru ch u n g  k a n n  aus dem  E rw a rtu n g sw e rt der 
M aßungenau igkeiten  a u f  ganz  ähn liche W eise d u rch g e fü h rt w erden , wie jen e  
aus der gegebenen M aß ungenau igke it (5), d. h .,

Dk +  d =  0 (7)
u n d  d av o n

X =  — D 1 d . (7a)

W eiters  e rg ib t sich als M itte lw ert der B ean sp ru ch u n g  des T räg erw erk s

M ( s )  —  — m* D -1 d . (8)
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A us der S treu u n g  d er einzelnen  A b m essu n g su n g en au ig k e iten  k a n n  die
P ara lle lo g ram m -M atrix  D gebildet w erden

D = o© á i,o (ji) • • ôiA ÿ k )

á2,o(jo) <Vo(ÿi) ■ ■ K o iÿk )

-ôn, o(Äo) <Vo(Ÿl) • ■ ôn,o(ÿk)

D iese aus der S tre u u n g  d e r U n g en au ig k e iten  geb ild e te  P ara lle lo g ram m - 
M a tr ix  k a n n  aus dem  P ro d u k t d er die g eom etrischen  A bm essungen  e n th a lte n ­
d en  P ara lle lo g ram m -M atrix  L u n d  der v o n  den  S treu u n g sw erten  au fg e ­
b a u te n  Y D ia g o n a lm a trix  e rzeu g t w erden .

D =  L Y , (9)
w o:

Y =  <Ÿo>ÿi> • ■ -ÿn  ■ ■ -ÿk> (9 a )
is t.

D ie den  S tre u u n g e n  d e r e inzelnen  M aß u n g en au ig k e iten  zugehörigen  
K o m p a tib ilitä tsg le ic h u n g e n  k ö n n en  a u f  eine einzige M atrixg le ichung  re d u z ie rt 
w erd en , deren  F o rm  w ird :

DZ I D =  O (10)
w ovon:

Z = -  D “ 1 D . (10a)

M it H ilfe v o n  Z k ö n n e n  aus d er S treu u n g  der A b m essu n g su n g en au ig k e i­
te n  der einzelnen (punk tw eise) u n ab h än g ig en  S te llen  0 , 1 , i, k  d ie
E in ze ls treu u n g en  d er B ean sp ru ch u n g  des T ragw erks, M, e rm itte lt  w erden , d .h .

wo
M* =  — m* D 1 D

M,_

M,.

( 11)

L M k_,
is t.

(H iezu sei b e m e rk t, d aß  von  der b ish er b e n u tz te n  B ezeichnung abw ei­
chend , die M ajuskel (M) n ic h t eine P a ra lle lo g ram m -M atrix , sondern  e inen  
S p a lten v ek to r b e d e u te t.)

D as E lem en t Af(- des S p a lten v ek to rs  e rg ib t in  A b h än g ig k e it v o n  s d ie  
S treu u n g  der B ean sp ru ch u n g , die u n te r  d er W irk u n g  d e r S treu u n g  an  d er i- te n
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Stelle  m eß b a ren  M aßabw eichung  e n ts ta n d , v o rau sg ese tz t, d aß  an  den  ü b rig en  
V erb in d u n g sste llen  die S treu u n g  d e r M aßabw eichung g leichzeitig  gleich N ull 
is t, d . h ., d aß  die be iden  v e rb in d en d en  E lem en ten , m it A u sn ah m e des i- te n  
V erb in d u n g sp u n k te s  an  allen  ü b rig en  V erb indungsste llen  m it genauen  A b­
m essungen  gefertig t w erden.

D ie S treu u n g  der vo llen  B ean sp ru ch u n g , d. h ., die S treu u n g  der u n te r  
g leichzeitiger B erücksich tigung  d er A b m essungsungenau igke iten  gerechneten  
B ean sp ru ch u n g  k a n n  d u rch  die v o n  der Q u ad ra tsu m m e d e r T e ilstreuungen  
gezogene Q u ad ra tw u rze l e rm itte lt  w erden:

M  =  Y m I + M I + .  . , + M f + .  . . +  M£= Km * M ,  (12)

oder k u rz g e fa ß t:
M ( s )  =  |M (s ) |. (12 ')

D am it k a n n  in  K en n tn is  d er S treu u n g  d er einzelnen M aßung en au ig k e iten  
(d. h ., bei n o rm a le r V erte ilung  in  K e n n tn is  der M itte lw erte  u n d  S treuungen) 
au ch  die V erte ilu n g sfu n k tio n  d er B ean sp ru ch u n g  des F ah rg es te lls  oder k ö n n en  
au ch  d er E rw a rtu n g sw e rt u n d  die S treu u n g  der vollen B ean sp ru ch u n g , die die 
o b en e rw äh n te  F u n k tio n  völlig ch a rak te ris ie ren , in A b h än g ig k e it von der je ­
w eiligen K o o rd in a te  s erzeug t w erden .

4. Verwendung der m it H ilfe der W ahrscheinlichkeitsrechnung  
erhaltenen Ergebnisse zur Bem essung des Fahrgestells

S e tz t m an  eine norm ale  U n g en au ig k e itsv e rte ilu n g  v o rau s , u n d  n im m t 
m an  an , d aß  d er B ereich  der vö lligen  B ean sp ru ch u n g  u m  den  E rw a rtu n g sw e rt 
d er B ean sp ru ch u n g  d u rch  das +  D reifache der S treu u n g  b e g re n z t w ird  (und  
B ean sp ru ch u n g en , die von  einer 0,3 p rozen tigen  W ah rsch e in lich k e it, g rößer 
oder k le iner, als die g erechneten  M axim al- oder M inim alw erte m öglich sind), so 
k a n n  die G ru n d re la tio n  der B em essung  in  fo lgender e in facher F o rm  angegeben  
w erden

|M 2ui(S) |> | M ( s ) ± |3 M ( s ) | i ,  (13)

w obei M zui(s) die v o n  uns vorgeschriebene zulässige B e a n sp ru c h u n g  (in diesem  
Z u sam m en h an g : das B iegem om ent) in  einem  P u n k te  des T rag w erk s defin ie rt 
d u rch  die K o o rd in a te  s  b eze ich n et w ird .

In  den p ra k tisc h e n  R ech n u n g en  is t es n ich t zw eckm äßig , die B ean sp ru ­
ch u n g  als eine k o n tin u ie rlich e  F u n k tio n  von  s zu  bezeichnen . E s k a n n  ein e in ­
facheres R ech en v erfah ren  a n g ew an d t w erden , w enn m an  a n n im m t, daß  die 
von  den  E in h e itsb e la s tu n g en  e rreg ten  B eansp ru ch u n g en  e n tla n g  der T räg e r­
länge, m it F u n k tio n e n  u n d  den einzelnen  A b sch n itten  von  k o n s ta n te m  W erte ,
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o d e r nach  einer g rö ß eren  G enau igkeit s treb en d  m it sich  in  den  A b sch n itten  
lin e a r , even tuell p a rab o lisch  än d ern d en  F u n k tio n e n  a n g e n ä h e rt w erden k ö n ­
n en . Im  folgenden sei angenom m en , d aß  be i einer genügend  d ich ten  A b sc h n itt­
e in te ilung  eine in  d en  einzelnen  A b sch n itten  lineare  N ä h e ru n g  m öglich u n d  die 
S te ifh e it des T räg e rs , w en igstens in n e rh a lb  eines A b sc h n itte s , k o n s ta n t ist. 
D ie  lineare N ä h e ru n g sfu n k tio n  k a n n  d u rch  zwei, zw eckm äßig  am  A nfang u n d  
am  E n d e  des A b sc h n itte s  angenom m ene F u n k tio n sw e rte  angegeben w erden . 
D a m it können  die aus d en  E in h e itsb e la s tu n g en  b e rech n e ten  B eansp ruchungen  
an ste lle  des S p a lte n v e k to rs  m  du rch  die P a ra lle lo g ram m -M atrix  N gegeben 
w erd en , die im  F a lle  v o n  einer n-facli u n b es tim m ten  K o n s tru k tio n  n R eihen  
u n d  im  Falle v o n  p  A b sc h n itte n  2p S p a lten  e n th ä lt.

Die K o e ffiz ien ten m a trix  der V erträg lich k eitsg le ich u n g  k a n n  in der F orm

D NRN*

erzeu g t w erden , w o R  eine aus B löcken v o n  2 x 2  erzeu g te  diagonale H y p e r­
m a tr ix , d. h ., die sog. F e d e rm a tr ix  is t. U n te rsu c h t m an  m it H ilfe derselben die 
B ean sp ru ch u n g en  n u r  m eh r an  den A b sch n ittsg ren zen , so e rh ä lt m an

||M zUl| | > | | -  -N*(NRN*)“ J d ±  3 !N*(JVRN*)-1 D |||. (14)

( M it Mzlll b eze ich n e t m a n  in  dieser A b h än g ig k e it e inen  S p a lte n v e k to r v o n  2p  
E lem en ten . D er m it v e r tik a le n  D op p els trich en  b eze ich n ete  A bso lu tw ert w eist 
d a ra u f  h in, daß  d er V e k to r  aus A b so lu tw erten  zu sam m en g ese tz t is t; der du rch  
d ie einfachen v e r tik a le n  S triche  eingeschlossene A b so lu tw ert b e d e u te t einen 
S p a lten v ek to r, eben fa lls  m it 2p E lem en ten , geb ildet aus den  zum  R eih en v ek to r 
d e r P a ra lle lo g ram m -M atrix  der S treu u n g  gehörigen N orm en.)

Die M atrix u n g le ich u n g  (bzw. im  G renzfall: G leichheit) (14) is t im  F alle  
v o n  p  A b sch n itten  den  2p  ska la ren  U ngle ichungen , bzw . im  G renzfall der 
G leichheit, g le ichw ertig .

5. B estim m u n g  einer e inheitlichen  M aßto leranz

Zufolge d er G eb u n d en h e iten  der techno log ischen  B ed ingungen  ist es in  der 
P ra x is  der In d u s tr ie  zw eckm äßig , fü r  die k o m p le tte  K o n s tru k tio n  oder w enig­
sten s  fü r  die H a u p tte i le  (U n tergeste ll, W ag enkasten ) derse lben  eine e in h e it­
liche M aßto leranz  v o rzusch re iben .

Die F e s ts te llu n g  einer e inheitlichen  M aß to le ranz  erm öglich t au ch  die 
L ösung  der In v e rse  d e r oben  b e h an d e lten  A ufgabe, n a m e n tlic h  bei F estse tzu n g  
d e r zulässigen B ea n sp ru c h u n g  k a n n  die in  den V erb in d u n g sp u n k ten  e rfo rder­
liche G enau igkeit, d. h ., d er B ereich  der M aß to le ran zen , vorgeschrieben  w erden .

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



M ONTAGESPANNUNGEN DES FAH RG ESTELLS 343

E s soll v o ra u sg e se tz t w erden , daß  das v o rläu fig  u n b e k a n n te  ganze 
T o leranzgeb ie t in  a lle n  Y ere in ig u n g sp u n k ten  a cm  b re it is t  (m it A usnahm e der 
im  e rs ten  S c h ritt des Z u sam m enbaus s ta tisc h  b e s tim m t v e rb u n d en en  P u n k te , 
wo d e r M itte lw ert d e r  A b m essu n gsungenau igke it u n d  die S treu u n g  gleich N ull 
sind) u n d  die A bm essu n g en  der K o n s tru k tio n s te ile  sich v o rau ssich tlich  u m  die 
M itte  des T o le ran zg eb ie ts  v e rd ic h te n , d. h ., die K o n stru k tio n se lem en te  
g rö ß ten te ils  m it N o m in a lab m essu n g en  h e rg este llt w erd en  u n d  von  diesen 
N o m ina labm essungen  höchstens u m  +  (a/2) cm  ab w eichen  können . E s soll 
w eite rs  angenom m en w erden , daß  99,7 P ro z e n t der säm tlich en  he rg este llten  
S tü ck e  sich in n e rh a lb  des vorgeschriebenen  T o leranzgeb ie ts  befinden , d . h ., 
das T oleranzgeb ie t g leich  dem  S echsfachen  d er S treu u n g  d e r A bm essungen  is t.

In  diesem F a lle  k ö n n en  d u n d  D aus d e r B re ite  des T oleranzbere iches a 
u n d  aus d' gerechne t v o n  der M aß u n g en au ig k e it von  1 cm , u n d  aus D \  gerech ­
n e t aus der fü r 1 cm  angenom m enen  M aß u n g en au ig k e it, e rm itte lt  w erden : *

und

(14a)

D urch  A n w en d u n g  dieser A b h än g ig k e it e rh ä lt m an

M zul( . s ) | ^
a
2

[ m *(s) D -1 d' i  |m *(s) D _1 (15)

F ü r  jedes s, o d e r w enn  m an die B ean sp ru ch u n g  an s te lle  der k o n tin u ie rli­
chen  F u n k tio n  v o n  s ab schn ittsw eise  d u rch  die lineare  B ean sp ru ch u n g  su b s ti­
tu ie r t ,  so erh ä lt m a n

IM, l > n [ N*(NRN*)-1 d ±  |N*(NRN*)_1 D'[] !M,mg II (15 ')

fü r  den  A nfang u n d  fü r  das E nde jed es  A bschn ittes.
M it Mmg w urde  d e r  S p a lte n v e k to r m it 2p E lem en ten  d er fü r  die G renzen  

der einzelnen A b sc h n itte  e rh a lten en  B ean sp ru ch u n g en  beze ichnet. D ie U n ­
g leichheiten  ü b erg eh en  im  G renzfall in  G le ichheiten  u n d  aus den  G le ichheiten  
ergeben  sich fü r a 2p ,  im  allgem einen versch iedene T o leranzgeb ie tsw erte . D as 
M inim um  von diesen a -W erten  g ib t d ie fü r  die G e sa m tk o n s tru k tio n  e inhe itlich  
e in zu h a lten d e  B re ite  des T oleranzgeb ie ts.
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6 . Z ahlenbeisp iel

D ie Ä nderung  d er S ta b k rä f te  des a u f  B ild  3 d a rg es te llten  einfach  u n b e ­
s tim m te n  G itterw erks soll u n te rsu c h t w erden , w enn:

1. das T o leran zg eb ie t d er L änge des S tab es 6  dem  N o m in a lm aß  + 1  m in 
g le ich  is t;

2. das T o leranzgeb ie t d er S tab län g e  5 u n d  6  dem  N o m in a lw ert + 1  m m  
e n ts p r ic h t;

3. das T o leran zg eb ie t der säm tlich en  S täbe  d er N om ina labm essung  
+  1 m m  en tsp rich t;

4. das T o le ranzgeb ie t d er äu ß eren  B e la s tu n g sk ra ft d er N o m ina lbe la ­
s tu n g  +  30 P ro zen t e n tsp ric h t.

D ie B erechnungen  w u rd en  m it H ilfe d er in  der A b h an d lu n g  d a rg este llten  
w ah rsch e in lich k eits rech n erisch en  E rw äg u n g  d u rch g e fü h rt, d. h ., es w urde 
an g en o m m en , daß  sow ohl die A bm essungen  d er S täbe , als au ch  die G röße der 
K r a f t  einer norm alen  W ah rsch e in lich k e itsv e rte ilu n g  fo lg t, w eiters , daß  sowohl 
d ie  L än g en  der S täb e , als auch  die G rößen  der K rä fte  paarw eise  v o n e in an d er 
u n a b h ä n g ig  sind. B ei d e r B erech n u n g  d e r k in em atisch en  B e lastu n g en  h ab en  
w ir  d en  V orteil a u sg e n u tz t, d aß  die M aßabw eichung  d er S tä b e  im  V ergleich zur 
L ä n g e  derselben —  u n d  folglich auch  zu den  D im ensionen  d e r G e sa m tk o n s tru k ­
t io n  —  u n b ed eu ten d  is t , d. h ., w ir h ab en  in  den  B erech n u n g en  angenom m en, 
d a ß  d e r durch  die e inzelnen  S täb e  m ite in a n d e r gebildete  W in k e l sich, t ro tz  der 
M aß u n g en au ig k e it, n ic h t m e rk b a r ä n d e rt. D ie E rgebn isse  d e r B erech n u n g  sind 
in  d en  Tafeln  I  u n d  I I  zu sam m en g efaß t.
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T afel I

Die Stabkräfte und deren S treuung  ermittelt durch wahrscheinlichkeitsrechnerische Erwägung

Zeichen
des

Stabes

Größe der 
Nominal­
stabkraft 

kp

Infolge der 
Abmessungs- 

streuung 
des Stabes 
6 (1/3 mm) 
auftretende 
Stabkraft­
streuung 

kp

Infolge der 
Abmessungs­

streuung 
der Stäbe 
5 und 6 
(1/3 mm) 

auftretende 
Stabkraft­
streuung 

kp

Infolge der 
Abmessungs­

streuung 
der Stäbe 
1, 2, 3,4,
5 und 6 
(1/3 mm) 

auf tretende 
Stabkraft­
streuung 

kp

Infolge der 
Streuung 

der äußeren 
Belastung 

(10%) 
auftretende 
Stabkraft­
streuung

Stabkraft­
streuung
gerechnet

unter
gleichzeitiger 

Berück­
sichtigung 
der Länge 
des Stabes 
6 und der 
äußeren 

Belastung

Stabkraft­
streuung
gerechnet

unter
gleichzeitiger 

Berück­
sichtigung 
der Länge 
der Stäbe 
5 und 6 
und der 
äußeren 

Belastung

Stabkraft­
streuung 
gerechnet 

unter 
Berück­

sichtigung 
der Längen 
der Stäbe 
1,2, 3,4,
5 und 6, 
und der 
äußeren 

Belastung
1 2 3 4 5 6 7 8 9

l +  500

2 +  500 98 137 193 50 109 146 199
3 — 500

4 — 500

5

6

— 707 

+ 7 0 7
138 194 274 71 154 207 284

T afel II

Die Stabkräfte und  deren Toleranzgebiet ( -\-3fache S treuung) ermittelt 
durch wahrscheinlichkeitsrechnerische Erwägung

1 2 3 4 5 6 7 8 9

1 + 5 0 0

2 + 5 0 0 +  293 +  411 +  580 +  150 +  327 + 4 3 8 +  597
3 — 500

4 — 500

5

6

— 707 

+ 7 0 7
+  414 +  582 +  820 ± 2 1 0 +  462 +  620 +  852

Z um  V ergleich w urde  d ie  Ä n d eru n g  d er S ta b k rä f te  a u c h  m it H ilfe der 
M axim um -M in im um -M ethode e rm itte lt , u. zw. u n te r  B erü ck sich tig u n g  je n e r  
in  d er P rax is  n u r  m it seh r g e rin g er W ah rsche in lichke it e rfü llten  A n n ah m e, daß  
das S tab län g en m aß  au sn ah m slo s a u f die G renze des T o le ranzgeb ie ts  en tfä llt, 
u n d  zw ar d e ra rt, daß  die d a d u rc h  e rreg ten  B ean sp ru ch u n g en  ungün stig  
ü b e rla g e rt w erden  (z. B ,, d aß  be id e  D iagonale  a u f  die obere, u n d  gleichzeitig 
die säm tlich en  G u rts tä b e  a u f  d ie  u n te re  G renze des T o leranzgeb ie ts  oder um ge­
k e h r t  en tfa llen ). A uch  d er F a ll  w urde  u n te rsu c h t, wo, bei d er u n g ü n stig s ten  
A n o rd n u n g  der S ta b k rä f te  a u c h  die äußere  B e las tu n g  a u f die G renze des T ole­
ran zg eb ie ts  en tfä llt. D ie E rg eb n isse  der M ax im um -M in im um -U ntersuchung  
sind in  T afel I I I  an g e fü h rt. (D ie K opfle isten  d er T afe ln  I I  u n d  I I I  können  der 
K o p fle is te  der T afe l I  e n tn o m m e n  w erden.)
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T afel I I I

D ie  Stabkräfte und deren Toleranzgebiet errechnet nach der M axim um -M in im um -M ethode

1 2 3 4 5 6 7 8 9

+  1552

1

2

3

4

+ 5 0 0  

+ 5 0 0  

— 500 

- 5 0 0

+  293 + 5 8 6 +  1402 +  150 +  443 ±  736

5 — 707 I
+  414 + 8 2 8 +  1998 +  210 +  624 +  1038 +  2208

6 + 7 0 7

Die E rgebn isse  der e inzelnen  B erechnungen  (die p ro zen tu e llen  A bw ei­
ch u n g en  von N o m in a lw ert d er S ta b k rä fte )  sind a u f  B ild  4 auch  g raph isch  
d a rg este llt. Es is t zu  b em erk en , d aß  im  D iagram m  n u r  die m it einem  K reuz 
beze ichneten  P u n k te  in te rp re tie r t  w erden  können , die m ittle re n  L in ien  w urden  
n u r  der le ich teren  Ü b e rs ich tlich k e it h a lb e r e ingezeichnet.

±7o Stabkraftabweichung von der
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Im  Z ahlenbeisp iel w u rd en  die K o n seq u en zen  der infolge d er zusätz lichen  
B e las tu n g  even tuell a u f tre te n d e n  p la s tisch en  F o rm än d e ru n g e i., bzw . der 
d u rc h  die A usbeugung  d e r g ed rü ck ten  S tä b e  erreg ten  B e an sp ru ch u n g en  n ich t 
u n te rsu c h t.
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C alcu lation  o f  M ou n tin g  Stresses In d u ced  by In accurate  M an u fa c tu r in g  o f  V eh ic le  
F ra m ew ork s w ith  the  A id  o f  th e  M atrix  F o rce  M ethods. F o r  th e  calcu la tio n  of 
th e  m o u n tin g  stresses of veh ic le  s tru c tu re s , o r in  th e  case of sp ec ifica tio n  of th e  perm issib le  
s tre ss  v a lues, b y  sim plifying th e  s ta tic  m odel, d ifferen ce  equations m a y  successfu lly  be app lied . 
F o r  th e  d e te rm in a tio n  of th e  perm issib le  fa b r ic a t io n  to lerances, sim ple , closed fo rm ulas m ay  
be derived . In  th e  case o f  ir reg u la r  s tru c tu re s  w h ich  c an n o t be  s im u la ted  w ith  sa tis fac to ry  
accu racy  b y  a sim plified m odel, i t  is c o n v en ien t to  analyse  th e  k in em a tic  lo ad s w ith  th e  aid  
o f  m a tr ix  calcu la tion . H ere, th e  inverse  o f th e  coefficien t m a trix  o f  th e  c o m p a tib ility  e q u a ­
tio n  being  an y w ay  availab le, m ig h t be used. T h e  size to le ran ce  (i.e., th e  p e rm iss ib le  in accu racy  
in  fab rica tio n ) to  be  p rescrib ed  b y  th e  tech n o lo g ica l in stru c tio n s m ay , in  such  cases, b e  d e ­
te rm in e d  from  a m a tr ix  u n e q u a lity  in s tead  o f  a  single scalar u n e q u a lity  (in th e  lim iting  
case: eq u ality ).

Расчет напряжений, образующихся при сборке от неточного изготовления кон­
струкций транспортных средств. Д ля расчета степени допускаемой неточности изго­
товления при заданных уровнях  нагрузки, а  такж е сборочных напряж ений конс­
трукций транспортных средств в случае упрощ ения статической модели можно выгод­
но использовать дифференциальные уравнения. Д л я  допускаемого размера зазора при 
изготовлении можно вывести замкнутые уравнения. В случае конструкций неправильной 
формы, которые упрощенной моделью уж ене замещ аются с удовлетворительной точностью, 
целесообразно с помощью матричного исчисления проанализировать кинематические 
нагрузки. Здесь можно использовать обратный матричный коэффициент, который и в 
прочем имеется в распоряж ении, матричного коэффициента уравнения компатибильности. 
Размер зазора (допускаемая неточность изготовления), задаваемый в в технологии, в таких 
случаях  вместо единственного скалярного неравенства (в граничном случае уравнения) 
определяется по матричному неравенству.
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ON SOME MINIMIZING ALGORITHMS 
OF BOOLEAN FUNCTIONS

M rs. K . PÁ SZTO R -V A R G A *

[M an u scrip t rece ived  A pril 17, 1969]

T he p a p e r  p resen ts a lg o rith m s for ca lcu la tin g  th e  d is ju n c tiv e  n o rm al fo rm  co n ta in in g  
a m in im u m  n u m b er o f v a riab les  o f com ple te ly  an d  incom plete ly  d e te rm in ed  B oolean  fu n c ­
tio n s , w hich  a lg o rith m s are m ore effic ien t, fro m  an e lectrical design  en g ineer’s p o in t o f view , 
th a n  th e  ex is tin g  ones. —  T he a lg o rith m  called  th e  algebraic  m eth o d  uses c e r ta in  b asic  e lem en ts 
o f th e  Q uine a lg o rith m  an d  of th e  consensus m eth o d . T he basic  id ea  of th e  t r ia l  m e th o d  can  
be tra c e d  to  a  p a p e r  b y  G a v r i l o v . —  T he m eth o d s p resen ted  here  do n o t  assum e t h a t  th e  
fu ll d is ju n c tiv e  no rm al form  of th e  B oolean fu n c tio n  w hich is to  be  m in im ized  is g iven , b u t  
an  a rb itra ry  d is ju n ctiv e  no rm al fo rm  of th e  fu n c tio n  can be g iven. T he a lg o rith m s u tilize  
th e  special possib ilities in h e re n t in  th e  g iven  d is ju n c tiv e  no rm al fo rm , th u s  th e  n u m b e r of 
step s a n d  th e  m em o ry  req u ire m e n t a re  g re a tly  red u ced . —  T he a lg o rith m  y ields th e  e n u m e ra ­
tio n  of all p rim e  im plican ts  o f th e  fu n c tio n  a n d  of its  essen tia l p rim e  im p lica n ts ; a n d  th e  
covering  ta b le  fo r th e  no n -essen tia l p rim e im p lican ts  and  for th e  fu n c tio n  p o in ts  n o t  y e t  
covered  b y  th e  essen tia l p rim e im p lican ts .

1. In tro d u c tio n

A n im p o r ta n t p rob lem  in  th e  th e o ry  of th e  a b s tra c t syn th esis  o f a u to m a ta  
is how  to  c o n s tru c t o th e r a u to m a ta  from  sim ple a u to m a ta  b y  com bin ing  th e m  
in to  an  a p p ro p ria te  n e tw ork . I n  connec tion  w ith  th is  p ro b lem  th e  questio n  
arises w h e th e r a fin ite  se t o f a u to m a ta  can  be found  w ith  w hich  a n  a rb itra ry  
a u to m a to n  n e tw o rk  could be  c o n stru c ted . As is know n ([1], C h ap te r  4) w ith  
th e  de lay ing  e lem ent as an  a u to m a to n  an d  som e basic  se t o f B oo lean  fu n c tio n s  
an y  a rb itra ry  a u to m a to n  can  be  co n stru c ted . Such a basic  se t is e.g. (A , V?- !} 
o f th e  Sheffer o p era tion  alone etc . So, w hen  realizing an  a u to m a to n , th e  rea li­
za tio n  of B oo lean  functions on th e  base  o f som e basic  se t is needed . T herefo re , 
i t  is an  im p o r ta n t ta sk  to  com plete ly  m in im ize, or a t  le a s t to  a c e r ta in  e x te n t, 
th e  B oolean  fu n c tio n s c o n s tru c te d  from  th e  various basic  se ts , p o ssib ly  w ith  
lim itin g  cond itions for th e  d e fin itio n  d om ain , fu rth e rm o re  to  m echan ize  th e  
m in im izing  p rocedure . F o r th is  p u rpose  th e  a u th o r  has e lab o ra ted  a lg o rith m s 
w hich , using  ce rta in  e lem ents of th e  a lread y  know n a lg o rith m s, ta k e  in to  
co n sid e ra tio n  th e  m em ory  lim ita tio n s  o f m edium -size co m p u te rs . L e t th e  
fu n c tio n  to  be  m inim ized be g iven  b y  an  a rb itra ry  (no t a lw ays full) d is ju n c tiv e  
n o rm a l fo rm . In  th is  p a p e r th e  aim  of m in im iza tio n  is alw ays to  e s tab lish  such  a
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d is ju n c tiv e  norm al fo rm  w here th e  n u m b e r of v a riab les  —  co u n ting  each as 
m a n y  tim es as i t  occurs —  is as sm all as possib le. T he a lg o rith m s have several 
phases w hich a p p ro ach  th e  so lu tion  successively . T h e  a lg o rith m s are  re la ted  to  
th e  base  {A, V i"1 }? th e  m ax im u m  n u m b e r of v a riab le s  is 14 in  th e  p rog ram  
e lab o ra ted  for th e  M IN S K — 22 co m p u ter.

I n  m ost cases th e  m in im izing  a lg o rith m s assum e th a t  th e  fu n c tio n  is
g iven in  its  full d is ju n c tiv e  n o rm al fo rm . T h e  s ta te m e n t of th e  p rob lem  as
g iven  here  perm its  to  s t a r t  from  an  a rb itra ry  d is ju n c tiv e  n o rm a l form  in s tead  
of a fid i d is ju n c tiv e  n o rm a l fo rm , an d  to  avo id  d u rin g  th e  d iffe ren t p rocedures, 
th e  g rea t increase in  th e  q u a n ti ty  of in te rm e d ia te  d a ta .

S ta rtin g  from  th e  fu ll d is ju n c tiv e  n o rm al fo rm  o f th e  B oolean fu n c tio n  
th e  Q u ine-a lgo rithm  [6 ] gives its  m in im um  d is ju n c tiv e  n o rm a l form . D urin g  
th e  a lg o rith m  th e  so -ca lled  reduced  d is ju n c tiv e  n o rm a l fo rm  o f th e  fu n c tio n  is 
o b ta in e d  b y  successively  using  th e  s im p lifica tions o f th e  ty p e

ax V ax  =  a (1)

ax  V a =  a (2)

(x  is a single v a riab le , a is an  e lem en ta ry  co n ju n c tio n  n o t co n ta in in g  x), i.e. th e  
d is ju n c tio n s of all p r im e  im p lican ts  of th e  fu n c tio n . A  m in im um  d is ju n c tiv e  
n o rm a l form  consists o f th e  e ssen tia l p rim e  im p lican ts  an d  th o se  non-essen tia l 
p rim e  im p lican ts  th e  d is ju n c tio n  o f w hich  still im p lica tes  th e  fu n c tio n  an d  
co n ta in s  a m in im um  n u m b e r of v a riab les; th e re fo re  selec ting  b y  all possible 
w ays from  th e  n o n -e ssen tia l p rim e im p lican ts , th o se  w hich  sa tis fy  th e  m in im um  
cond itio n s, all m in im u m  d is ju n c tiv e  n o rm al form s are  o b ta in ed .

T his a lgorithm  can  he re -s ta te d  as follow s: le t us call minterm  every  co n ­
ju n c tio n  a:**, x%‘, • • • x n" w hich  co n ta in s  ev e ry  v a ria b le  ex ac tly  once, non- 
n eg a ted  or n eg a ted , o f  th e  given fu n c tio n  (a =  0, 1; x f  =  x x ? =  x ) .  To 
ev ery  m in te rm  can  be  m ad e  to  co rresp o n d  a p o in t o f th e  B n =  {0, 1}” ri­
d imensionai  b it  sp ace , i.e. to  x]1, x%!, . ■ ■ x “* th e  p o in t (a ls a 2, . . ., a„). In  th is  
case th e  f irs t ap p lic a tio n  o f th e  id e n tity  (1) w ith in  th e  Q u ine-a lgo rithm  w hen 
a is th e  co n ju n c tio n  o f  n — 1 or n o n -n eg a ted  v a riab le s , m eans th a t  tw o a d ­
ja c e n t p o in ts  d iffering  only b y  one co -o rd in a te  are  fusioned  in to  one in te rv a l. 
U se of th e  id e n tity  (2) (ab so rp tio n  ru le) m eans th a t  every  p o in t is o m itte d  
w hich  is an  e lem ent o f  som e in te rv a l c re a te d  d u rin g  th e  fusion. T he rem ain ing  
m in te rm s rep resen t su ch  po in ts  w hich  are  n o t  a d ja c e n t to  an y  p o in t co r­
respond ing  to  an y  sing le  m in te rm  o f th e  fu n c tio n . In  general, a t  th e  k - th  re ­
p e titio n  of th e  tw o  s te p s , b y  using  (1 ), tw o a d ja c e n t (fc —  l)-d im en sio n a l 
in te rv a ls  (con ta in ing  2k ~1 po in ts) co rrespond ing  to  a co n ju n c tio n  consisting  
o f n  —  (k  —  1) v a r ia b le s  are  fusioned . B y  ap p ly in g  (2) every  k  —  1 d im ensional 
in te rv a l is o m itte d  w h ich  is p a r t  o f som e new  fc-dim ensional in te rv a l. T he 
in te rv a ls  w hich c a n n o t b e  o m itted  are  n o t a d ja c e n t to  an y  of th e  o th e r k  —  1 -
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dim ensional in te rv a ls , so th e y  c a n n o t be fu sioned , hence  th e ir  n u m b er o f 
dim ensions and  to g e th e r  w ith  th is , th e  n u m b e r o f po in ts  th e y  co n ta in  can n o t 
be increased  (th e  n u m b e r  of v a ria b le s  of th e  co rrespond ing  co n ju n c tio n  can n o t 
be reduced). T hese co rrespond  to  th e  co n ju n c tio n s w hich i t  is n o t possible to  
fu r th e r  sim plify in  th e  fc-th sim p lifica tion  s te p  of th e  Q u ine-a lgo rithm , th e y  
b e ing  prim e im p lican ts .

T he p ro ced u re  is fin ished  w h en  (1) c a n n o t be ap p lied  an y  longer, i.e. 
am ong  th e  in te rv a ls  o f  h ighest d im ension  th e re  are  n o t a d ja c e n t ones. In  th is  
w ay  a ll possible in te rv a ls  are o b ta in e d  w hich c o n ta in  th e  m ax im u m  n u m b er of 
p o in ts  o f th e  fu n c tio n , i.e. th e  p r im e  im p lican ts .

T he search  fo r  a ll p rim e im p lican ts  is th e re fo re  e q u iv a le n t to  th e  search  
for a ll in te rv a ls  w h ich  i t  is possible to  co n stru c t from  th e  p o in ts  o f th e  fu n c tio n  
an d  con ta in ing  th e  m ax im u m  n u m b e r of th e se  p o in ts .

O ne of th e  a lg o rith m s described  in th e  p a p e r  d e te rm in es these  in te rv a ls  
on th e  base of an  arbitrary  d is ju n c tiv e  no rm al form  of th e  fu n c tio n . F o r th is  
p ro ced u re  those in te rv a ls  m ust b e  found  w h ich  o rig ina te  from  fusioning th e  
p a r t ia l  in te rva ls  o ccu rrin g  in  th e  in te rv a ls  co rrespond ing  to  d ifferen t con­
ju n c tio n s  in th e  g iven  form  of th e  fu n c tio n . F o r th is  purpose th o se  con junctions 
w hich correspond to  th e  m ax im um  in te rv a ls  consisting  of th e  ad jacen t p o in t 
p a irs  o f th e  in te rv a l possessing a d ja c e n t p o in ts , are jo in ed  to  th e  given form  
of th e  function , on  th e  base of th e  so-called ex p ansion  th eo rem

abx V acx =  abx Y acx  V abc , (3)

(a, b, c are e le m e n ta ry  co n ju n c tio n  w ith o u t com m on v a riab les , r  is a single 
v a ria b le ; accord ing  to  th e  te rm in o lo g y  of [8 ], § 7, th e  co n ju n c tio n  abc added  
to  i t  is th e  consensus o f  abx and  acx).

2. Boolean functions and the n-dim ensional bit-space B„

I f  according to  th e  above a m in te rm  is m a d e  to  co rrespond  to  a p o in t o f 
space B n, a B oolean  fu n c tio n  can b e  considered  as th e  c h a rac te ris tic  fu n c tio n  of 
th e  su b se t of space B n. W ritin g  a B oolean  fu n c tio n  f  in  th e  fo rm  of fu ll d is­
ju n c tiv e  norm al fo rm  is eq u iv a len t to  en u m era tin g  th e  p o in ts  o f th e  se t: th ese  
p o in ts  can  also be  ca lled  th e  p o in ts  of f .  In  th e  follow ing “ fu n c tio n ”  will 
a lw ays m ean  a B oo lean  function .

D efin it ion  1

A  po in t  of space  B n is a sequence  of len g th  n  consisting  o f (ax, a2, • • •, a„) 
0,1 e lem ents. T he f i r s t ,  second, . . . n - th  co-ordinate of th is  p o in t w ill be 
x v  a 2, . . ., a„. [The ch a ra c te ris tic  fu n c tio n  o f th is  p o in t is th e  m in te rm  
*iS x 2 % ■ ■ • *nS ° f  w h ich  we can sa y  th a t  i t  covers th e  p o in t (ax, a2, . . . a n).]
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D efin it ion  2

A n in te rv a l of rank  k  or of dim ension n  —  k (k ■< n) of space B n is th e  
to ta l i ty  o f those  p o in ts  (a x, a 2, • • -, oc„) th e  k  co -o rd ina tes oq, a,-, . . a ijfc of 
w h ich , corresponding  to  th e  indices i 1? i2, . . ik, are fix ed , w hile th e  o th e r  co­
o rd in a te s  m ay  a rb itra r ily  assum e th e  v a lu es  0 an d  1. (The c h a ra c te ris tic  fu n c tio n  
o f  th is  in te rv a l, th u s  co n sisting  o f 2n~k p o in t, is th e  co n ju n c tio n  x f ‘, x j f ,  . . ., 
x f f ;  w e can say th a t  i t  covers th e  in te rv a l. E .g . th e  co n ju n c tio n  x 2 x 3 x 5 cor­
re sp o n d in g  to  th e  in te rv a l  — 1 0  —  1 covers th e  p o in ts  0 1 0 0 1 , 0 1 0 1 1 , 1 1 0 0 1 , 
11011). F u rth e rm o re , u n d e r  th e  te rm  co n ju n c tio n  we alw ays u n d e rs ta n d  
a co n ju n c tio n  of th e  fo rm  x*‘\  x*'% . . . x*1* every  fa c to r  (co n ju n c tio n  m em ber) 
o f  w h ich  is e ither som e v a ria b le  or th e  n eg a tio n  o f som e v a riab le , an d  every  
v a r ia b le  occurs a t  th e  m o st once (in  a n eg a ted  or in  a n o n -n eg a ted  form ). 
B e tw een  th e  co n ju n c tio n s an d  th e  in te rv a ls  th e re  ex ists th e re fo re  a one-to -one 
co rrespondence  an d  hence  we m ay  say  th a t  (a ;i, . . ., « (J) is th e  in te rv a l cor­
re sp o n d in g  to  th e  co n ju n c tio n  a -- x*'1 . . . i s l a n d  converse ly . I f  su b seq u en tly  
a n o tio n  is defined fo r  in te rv a ls , we w ould  consider i t  as be ing  a u to m a tic a lly  
d e fin e d  for the  co rresp o n d in g  co n ju n c tio n , an d  conversely . T he sym bo l fo r the  
r a n k  o f th e  co n ju n c tio n  a or th e  in te rv a l correspond ing  to  a will be r(a).

D efin it ion  3

T he in te rva ls  o f m in im um  ra n k  w hich  can be c re a te d  from  th e  p o in ts  of 
th e  su b se t R  of th e  space  B n, i e. th o se  w hich  are n o t su b se ts  of an  in te rv a l of 
lo w er ra n k  consisting  o f th e  p o in ts  o f R ,  are  called p r im e  intervals  o f R ;  th e  
co n ju n c tio n s  co rrespond ing  to  these  a re  th e  prim e im plicants  o f th e  c h a ra c te r ­
is tic  fu n c tio n  of R (see In tro d u c tio n ) .

D efin it ion  4

T he distance o f tw o  p o in ts  o f space  B n is th e  n u m b e r of th e ir  co -o rd ina tes 
d iffe rrin g  from  each  o th e r  (H am m in g ian  d istance).

A  new n o tio n  o f d ev ia tio n  b e tw een  th e  in te rv a ls  o f space B rl w ill be 
in tro d u c e d .

D efin ition  5

T he deviation o f tw o  in te rv a ls  o f ra n k  k 1 an d  k 2 is th e  n u m b e r of dif­
f e re n t  co-ord inates fix ed  in  b o th  in te rv a ls . I ts  sym bol is g(ax, o2), w here a1 
a n d  a2 are th e  in te rv a ls  in  questio n  or th e  co rrespond ing  co n ju n c tio n s. E . g. 
fo r  th e  in te rva ls  co rrespond ing  to  th e  con junctions a =  x Lx 2x 3x-x7 a n d  a2 =  
=  x 2x 3x4x5 g(av  a2) =  1 , as is ev id en t from  th e  schem e show ing th e  co-
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o rd in a tes:
1 2 3 4 5 6  7

1 0  1 — 1 — 1 

—  0  0  1 1 ----------

This no tio n  of d e v ia tio n  p lay s an  im p o r ta n t ro le in  th e  sim ple descrip tion  
of th e  m in im iza tio n  p ro ced u re , as w ill be  show n  la te r.

Definition  6

T he in te rv a ls  of d ev ia tio n  0 will be called  similar.

Defin ition  7

T he in te rv a ls  of d ev ia tio n  1 are  called adjacent. Rem ark:  The no tio n  o f  
dev ia tio n  as in tro d u c e d  in  th e  5 th  d e fin ition  —  excep t th e  case w hen th e  sam e 
co-ord inates are  f ix e d  —  on ly  satisfies th e  sy m m e try  ax iom  from  am ong th e  
u su a l d istance  ax iom s [7], b u t  satisfies n e ith e r  th e  id e n tity  ax iom : tw o in te r ­
vals o f d ev ia tio n  0  a re  n o t a lw ays id en tica l (e.g. th e  d e v ia tio n  of different 
in te rv a ls  co rrespond ing  to  x 1oĉ tcz an d  x^.pc-x^ is 0 ), no r th e  tr ia n g le  axiom  (e.g. 
fo r a1 =  AjXgAjVg, a 2 =  x 3x 2 a n d  a3 =  x ix 2x lx-, g(a1, a2) +  g(a2, a3) <7 g(av  a3). 
B u t th is  d ev ia tio n  n o tio n  is v e ry  suggestive fo r  giving th e  d is tan ce  of th e  v a ­
rious in te rv a ls  considered  as sets o f po in ts . T h e  d ev ia tio n  is 0, if  tw o in te rv a ls  
h av e  a t  least one p o in t in  com m on and , in  genera l, th e  d ev ia tio n  is / if  th e  
d is tan ce  of th e  tw o  n ea re s t p o in ts  of th e  in te rv a l  is l. W ith  th is  term ino logy  
th e  ru le  of th e  consensus (3) c learly  m eans th e  jo in in g  to  th e  ad jacen t in te r ­
vals  abx  and  acx th e  in te rv a l abc, w hich is o b ta in e d  b y  th e  red u c tio n  of th e  
sub in te rv a ls  abcx a n d  abcx of id en tica l r a n k  a n d  d ev ia tio n  1 , con tained  in  
th e  in te rv a ls  abx  an d  acx.

Defin ition  8

T he in te rv a ls  a an d  b are  connectable, if  th e re  ex ists such  a fin ite  sequence 
of in te rv a ls  at (i =  1 , 2 , . . . , n) t h a t

a =  av  b — a n
and

e ( « i ,  ai + i) =  o
fo r every  i.

Defin it ion  9

A sequence of p o in ts  consisting  of n  p o in ts  o f space  B n, w here th e  
d is tan ce  of th e  i - th  an d  of th e  i +  1 -st (i =  1 , 2 , . . . , n  —  1 ) p o in t is 1 , is- 
called a path.
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D efin it ion  10

A subset of th e  space B n is ca lled  connected if  fo r tw o of its a rb itra r )  
p o in ts  th e re  is a t least one p a th  w hich  con ta ins b o th  p o in ts .

D efin it ion  11

A Boolean fu n c tio n  w hich is th e  cha rac teris tic  fu n c tio n  of a su b se t R  
o f  sp ace  B n is said  to  cover R  o r to  co v er th e  po in ts o f R.

Rem ark:  I t  is easy  to  see t h a t  th o se  prim e im p lican ts  of a B oolean 
f u n c t i o n /  co rrespond ing  to  th e  in te rv a ls  o f a connected  subse t o f sp ace  B n, 
a re  connectab le. H ence , if  th e  se t covered  by  f  is n o t connec ted , th e  se t of 
a ll p rim e  in te rva ls  o f th is  set b reak s  dow n in to  such su b se ts  th a t  th e  in te r ­
v a ls  belonging to  each  su bse t a re  connec tab le  and  in te rv a ls  b e long ing  to  
d iffe re n t subsets a re  n o t connectab le .

D efin i t io n  12

T he disjunct dom ain  of a B oo lean  f u n c t io n /  are th o se  sp a tia l m ax im um  
se ts  o f po in ts B n h av in g  no com m on p o in t, th e  un ion  o f  w hich is t h a t  se t R  
w h ich  is covered b y  /  an d  from  w hich  sets th e  in te rv a ls  co rrespond ing  to 
e v e ry  prim e im p lican t can  be g e n e ra te d  only b y  un ion .

K now ing th e  p rim e  im p lican ts , i t  is easy to  p ro v e  th e  ex istence  o f the  
d is ju n c t dom ains a n d  to  c o n s tru c t th e m . L e t p* th e re  be  n eg a tio n  o f th e  con­
ju n c tio n  p , if a 0  a n d  p ,  if  a =  1 .

L e t ppp,, . . . , pm th e re  be a ll p rim e  im p lican ts o f / .  L e t us ta k e  all 
po ssib le  (a15 . . . , a m) co m b in a tio n s o f va lu es  consisting o f zeroes and  ones and 
le t  us form  th e  expression

d  -- 7)*1 n ar  1 ’ j r  2 •>•■■•> r n 2 ^ 2m
k= 1

Theorem: th e  se ts  of po in ts  co v ered  by  th e  fu n c tio n s  dj d iffering  from  
ze ro , w here j  =  1 , 2 , . . . , 2 m —  1 fo rm  th e  d is ju n c t dom ains o f / .

Proof:  since p , =  1 for th e  p o in ts  w hich it  covers, p ( == 1 for th e  po in ts  
w h ich  pi  does n o t cover, for a g iven  j  th e re  is dj =  1 fo r th e  p o in ts  covered  
b y  ev ery  p rim e im p lic a n t co n ta in ed  in  dj w ith  an  ex p o n en t a =  1 (non- 
n e g a te d ) , b u t n o t covered  b y  a n o th e r  p rim e im p lican t. I f  th e re  a re  no such 
p o in ts , dj =  0. F ro m  th is  i t  follow s th a t :

a) dj =  1 is possib le  only fo r th e  p o in ts  of / .  (T he p ,-s  cover on ly  th e  
p o in ts  o f / )
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b) dj • dk =  0, if  j  k. (T here ex ists a t  le a s t one p ,, w hich is non- 
neg a ted  in  dk, an d  is n e g a te d  in dj.)

c) A n a rb itra ry  p rim e  im p lican t of f  can  b e  w ritte n  in  th e  fo rm  p t =
ki

=  V  djs. (I.e . as th e  d is ju n c tio n  of a ll dj in  w hich  th e re  is a non -n eg a ted  p t.)
S = 1  2”* - l

d) f  =  V  dj. In  a n y  dj th e re  is a t  least one n o n -n eg a ted  p t, th a t  fa c t
j= i

p rovides fo r dj — 1 b e in g  tru e  only fo r  p o in ts  covered  b y  f .  E v e ry  p o in t o f  f  
is covered b y  som e dj,  i.e . th a t  w here  p rim e  im p lic a n ts  covering  th e  p o in t 
in  question  are n o n -n eg a ted  and  th e  o th e r  ones a re  n eg a ted .

e) I t  is easy  to  see th a t  th e  n u m b e r o f p o in ts  o f dj c an n o t be increased  
while m a in ta in in g  the  p ro p e rtie s  of th e  d is ju n c t dom ains. I t  follows from  th e  
co n stru c tio n  th a t  dj  covers all p o in ts  w hich a re  covered  b y  an y  one p rim e  
im p lican t o f dj an d  a re  n o t covered b y  an y  one p rim e  im p lican t co n ta in ed  
in  dj in  a neg a ted  fo rm . A dding  a single p o in t o f  f  to  a se t o f po in ts  covered 
b y  dj, th e re  ce rta in ly  is a t  least one p rim e im p lic a n t p k w h ich : a) covers 
th is  p o in t an d  does n o t cover th e  p o in ts  of dj, o r b) does n o t cover th is  p o in t, 
b u t  covers th e  po in ts  o f dj. In  b o th  cases i t  is im possib le  to  o b ta in  th e  ab o v e  
p rim e im p lican t p k in  th e  form  of

Pu =  V dJs.
S= 1

In  th e  a) case th e  p o in ts  of dj w ill occur besides th e  p o in ts  p k, and  in  
th e  b) case besides th e  po in ts  o f p k th e re  w ill occur th e  p o in t added  to  
the  p o in ts  of dj. T h erefo re , th e  set o f po in ts  covered  b y  dj ( j  =  1 , 2 , . . . ,  2m) 
is a m ax im um  one. T h is p roves th e  th eo rem .

Algorithms fo r  determining all p r im e  implicants

T he p rim e im p lic a n t o f a B oolean fu n c tio n  w ith  n  v a riab les  is an  /i-di- 
m ensional in te rv a l o f m in im u m  ran k  consisting  o f th e  p o in ts  o f th e  fu n c tio n . 
(This follows from  th e  s tep s  of th e  Q u in e -a lg o rith m  [6 ].) T h e  tw o  a lgorithm s 
below  seek fo r all possib le  in te rv a ls  w ith  su ch  q u a litie s , i.e. for all p rim e  
im p lican ts . L e t th e  fu n c tio n  be given in  an  a rb i t r a ry  d is ju n c tiv e  n o rrm l form . 
W e m ay  assum e th a t  th e  dom ain  w here  th e  fu n c tio n  is defined  is th e  w hole 
space B n, th u s  a co m p le te ly  d e te rm in ed  fu n c tio n  is t re a te d .

1. Algebraic method

Phase 1. To define  th e  p rev io u sly  red u ced  d is ju n c tiv e  no rm al fo rm .
S ta r tin g  o u t from  th e  in te rv a ls  co rrespond ing  to  th e  m em bers (con­

ju n c tio n s) co n ta in ed  in  th e  given d is ju n c tiv e  n o rm a l fo rm , th o se  in te rv a ls  
of m in im um  ra n k  a re  d e te rm in ed  b y  w hich  th e y  m ay  be rep laced  w ith o u t 
increasing  th e  n u m b er o f  in te rva ls .

Acta Technica Academiae Scientiarum Ilungaricae 73, 1972



356 PÁ SZTOR

T h e  a lgo rithm  s ta r ts  w ith  th e  com parison  of th e  f ir s t  tw o  in te rv a ls , 
e v e ry  su b seq u en t s tep  consists in  co m p arin g  th e  follow ing in te rv a l w ith  th e  
in te rv a ls  crea ted  a t  th e  p reced ing  s tep s . I f  th e  dev ia tio n  b e tw een  th e  com pared  
in te rv a ls  is 2 or m ore , b o th  are  le f t u n ch an g ed . I f  th e  d e v ia tio n  is 0, th e  
g en e ra l law  of a b so rp tio n  a Y ab =  a is u sed ; if  th e  d ev ia tio n  is 1 , a n y  of th e  
id e n tit ie s  ax Y ax =  a , acx  Y ax =  ac Y  ax, acx V ax =  ac is u sed , p ro v id ed  
t h a t  th is  is possible, in  th e  opposite  case again  b o th  in te rv a ls  a re  le f t u n ­
c h an g ed  (x  is a B o o lean  va riab le , a, 6 , c are  in te rv a ls  an d  a a n d  b as w ell 
as a an d  c have  no v a ria b le  in  co m m o n , r(a) >  0 , r(b) >  0 , r(c) 0  are 
a rb itr a ry .  I f  in  th is  w ay  th e  ra n k  o f th e  n e x t in te rv a l is red u ced , th e  new  
in te rv a l  of low er ra n k  is again  c o m p ared  to  th e  in te rv a ls  c re a te d  in  th e  course 
o f th e  p receding  s tep s . T he d is ju n c tiv e  n o rm al fo rm  o b ta in e d  a t  th e  end  o f  
th e  a lg o rith m  is called  p rev iously  re d u c e d  d isjunc tive  n o rm a l fo rm  (P R D N F ).

Phase  2. To d e fin e  th e  d is ju n c tio n s  o f all p rim e im p lican ts , i.e . to  define  
th e  red u ced  d is ju n c tiv e  no rm al fo rm s.

T h is p rocedure  m ean s m in im izing  th e  ran k  of th e  in te rv a ls  fo rm in g  p a r t  
o f  th e  P R D N F  an d  w ith  th is , sea rch in g  fo r all possible in te rv a ls  o f m in im um  
r a n k  consisting  of th e  p o in ts  of th e  fu n c tio n . The a lg o rith m  s ta r ts  b y  co m p ar­
in g  th e  f irs t tw o in te rv a ls  of th e  P R D N F , every  follow ing step  consists in  
co m p arin g  th e  n e x t in te rv a l w ith  th e  in te rv a ls  c rea ted  a t  th e  p rev io u s steps. 
I f  th e  d ev ia tion  b e tw e e n  th e  tw o c o m p ared  in te rv a ls  is 2 o r m ore , b o th  a re  
le f t unch an g ed . I f  th is  d ev ia tio n  is 1, w e in v estig a te  w h e th e r i t  is possib le  
to  a p p ly  th e  ru le o f th e  consensus to  th e m  (3). I f  th is  is n o t possib le , again  
b o th  in te rv a ls  are le f t unchanged . B u t  if  i t  is possible, so befo re  jo in in g  th e  
co n sensus abc to  th e  in te rv a ls  p rev io u sly  c rea ted , i t  is com pared  to  one a fte r  
th e  o th e r  to  p rev io u sly  c rea ted  in te rv a l  b u t  now  n o t on ly  from  th e  p o in t o f  
v iew  w h e th e r th e  ru le  of th e  consensus (3) can  be ap p lied  to  th e m , b u t  in  
th e  case of d is tan ce  0  also from  th e  p o in t of v iew  w h e th e r som e in te rv a l 
c re a te d  p rev iously  does n o t “ a b so rb ”  th e  consensus in  th e  sense o f th e  law  
o f ab so rp tio n  a V ab — a, or converse ly . T he ex ten sio n  is a d d ed  to  th e  in te r ­
v a ls  c rea ted  p rev io u sly , if  none o f th e m  absorbs i t .  T he  sam e p ro ced u re  is 
fo llow ed  w ith  th a t  ex ten s io n  to  w hich  a n d  to  some p rev io u sly  c re a te d  in te rv a l 
th e  ru le  of th e  consensus (3) can  be  a p p lied , to g e th e r w ith  th e  new  ex ten sio n  
c re a te d  b y  its  ap p lica tio n , etc. (T here  is no need here  fo r using  th e  s im p lify ­
in g  id en titie s  ax Y  ax  =  a, acx V ax  =  oc, acx V ax  =  ax,  b ecau se  th e y  can  
b e  t ra c e d  to  th e  ap p lic a tio n  of th e  ru les  of th e  consensus an d  of a b so rp tio n . 
E .g . th e  consensus o f ax  an d  ax  is o, w h ich  absorbs ax  an d  ax  as w ell, w hile  
th e  consensus of acx a n d  ax  is ac, w h ich  absorbs acx.)

I t  can  easily  b e  u n d ers to o d  t h a t  th e  a lgo rithm  w hen  i t  is no longer 
possib le  to  app ly  th e  ab so rp tio n  id e n t i ty  and  w hen use o f th e  id e n ti ty  (3) does 
n o t  give a consensus w hich  does n o t  occur am ongst th e  in te rv a ls  o b ta in e d  
so fa r , fin a lly  p ro v id es  th e  reduced  d is ju n c tiv e  n o rm al form  (R D N F ).
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2. Method o f  trial

T he m e th o d  o f tr ia l  was f irs t  used  b y  G a v k i l o v  in  a lec tu re  de livered  
in  1954; ([2] is a la te r  p u b lica tio n  on th e  su b jec t) , and  has a g a in  been  discussed 
in  [9]. [3] an d  [5] each  describes one co m p u terized  re a liz a tio n  of th e  m e th o d .

T he m e th o d  is b ased  on th e  reco g n itio n  th a t  th o se  co n junc tions w h ich  
co n ta in  th e  le a s t possib le  variab les an d  im p lica te  th e  fu n c tio n  f  are th e  p rim e  
im p lican ts  o f th is  fu n c tio n . T hus in v e s tig a tin g  one b y  one a ll co n junc tions 
x** (i =  1 , 1 , . . . , n) co n ta in in g  one v a ria b le  an d  re ta in in g  from  am o n g st 
th em  th o se  w hich  im p lic a te / ,  all p rim e im p lican ts  o f /w i th  r a n k  1 are o b ta in ed . 
A fte rw ard s all co n ju n c tio n s x f  x f  of ra n k  2 co n ta in in g  tw o  variab les a re  
ex am in ed  w hich  are  n o t  abso rbed  b y  th e  p rim e  im p lican ts  o f /  found  so fa r , 
an d  am ong  th e m  th e  co n junc tions im p lica tin g  /  are  th e  to ta l i ty  of p rim e im ­
p lican ts  o f /  w ith  ra n k  2. T he procedure  is co n tin u ed  as long  as e ith er k  — n,  
o r u n til  th e  d is ju n c tio n  of th e  o b ta in ed  co n ju n c tio n s are  eq u iv a len t to  th e  
w hole / .  G a v r i l o v  also considers th e  case of th e  in co m p le te ly  d e te rm in ed  
B oolean  fu n c tio n s. In  t h a t  case th e  t r u th  ta b le  of /  g iven  in  tho se  po in ts o f 
B n w h e r e /  is d e te rm in ed  (i.e. th e  0-places an d  th e  1-places o f /  are g iven). 
In  [3], [5], [9] th e  com ple te  t r u th  ta b le  o f th e  fu n c tio n  is g iven , i.e. in  ev e ry  
p lace  /  assum es e ith e r  th e  v alue  1 or th e  v a lu e  0 , or is n o t de te rm ined .

A co n ju n c tio n  is considered  to  be  th e  im p lican t o f /  if  i t  covers no p o in t 
w here  th e  va lu e  o f /  is zero an d  if  i t  covers a t  le a s t one p o in t w here  th e  v a lu e  
o f /  is 1 (it covers n o t on ly  such po in ts  w here  /  is n o t d e te rm in ed ). P rim e  
im p lican ts  a re  called  th o se  im p lican ts o f /  from  w hich, b y  o m ittin g  one o r 
sev e ra l fac to rs , o n ly  a co n ju n c tio n  can  o rig in a te  w hich  is a lread y  n o t a n  
im p lican t of / .  O n th is  b ase , an d  w ith  th e  a id  of th e  m e n tio n e d  tab les, th e  
a lg o rith m  for se lec ting  th e  prim e im p lican ts  is co n stru c ted .

B ased  on th e  above  p rincip le  an  a lg o rith m  has been  c o n s tru c te d  w hich  
gives all p rim e  im p lican ts  o f th e  fu n c tio n  in  th e  cases w h en  in  an  a rb itra ry  
d is ju n c tiv e  no rm al fo rm  is given

a) th e  co m p le te ly  de te rm in ed  fu n c tio n  / .
b) each of th e  fu n c tio n s /  and  / ,
c) in  th e  case of a n o t com plete ly  d e te rm in ed  fu n c tio n  /  th e  c h a ra c ­

te ris tic  func tions of its  p laces 1 an d  0 , f x a n d  / 0.
R em ark:  In  th e  cases b) and  c) th e  a lg o rith m  s im u ltan eo u sly  prov ides 

all p rim e  im p lican ts  of /  an d  / ,  an d  of fy  a n d  / 0, re sp ec tiv e ly , an d  in a m ore 
sim ple w ay  th a n  if  th e  a lg o rith m  w ere se p a ra te ly  ap p lied  to  /  an d  / ,  an d  to  
f y  an d  / 0, re spec tive ly .

I n  th e  a lg o rith m  described  here  th e  n u m b e r of v a riab le s  (rank) of th e  
con ju n c tio n s to  be ex am in ed  f irs t is n o t necessarily  1 , b u t  d ep en d s  on th e  fo rm  
o f th e  fu n c tio n , th e re fo re , th e  n u m b er of tr ia ls  m a y  he red u ced  su b stan tia lly . 
F o r  a t ta in in g  th e  m in im u m  d isju n c tiv e  n o rm a l fo rm  it is n ecessa ry  to  define
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all p rim e  im plican ts [4], there fo re , i t  is n o t  sufficient to  f in d  only  th o se  p rim e 
im p lic a n ts  th e  d is ju n c tio n  of w hich im p lica tes  f .  T he fo llow ing th eo rem  p ro ­
v id es  a criterion  fo r check ing  w h e th e r in  some ph ase  o f  th e  p ro ced u re  all 
p rim e  im plican ts are  defined .

Theorem:  L e t f  b e  a n -variab le  B oo lean  fu n c tio n , fu rth e rm o re  vct =  f ,  
w h ere  every  c,- is a c o n ju n c tio n  and  a m o n g s t th e  ran k s  o f th e  c,-s th e  m in im um  
is Z, th e  m ax im um  is k ,  an d  Z k  <C n.  L e t us also assum e th a t  all c(- s  of 
h ig h e r  ra n k  th a n  Z th e re  is no c o n ju n c tio n  of ran k  Z im p lica tin g  f .  L e t q be 
th e  m ax im u m  am ong th e  ran k s  of th e  ex tensions belong ing  to  a d ja c e n t p a irs  
o f th e  above im p lican ts  c;. T hen , a n d  o n ly  th en , will f  n o t  h av e  p rim e im p li­
c a n ts  o f ra n k  h igher th a n  k, if  it  h as  n o t  a single p rim e  im p lican t o f ra n k  s 
fo r  w h ich  k  <  s <  q.

Proof:  F rom  a n  a rb itra ry  d is ju n c tiv e  norm al fo rm  of a fu n c tio n  all 
p r im e  im p lican ts o f th e  fu n c tio n  a p p ly in g  th e  ru le o f th e  consensus (3) and  
th e  ab so rp tio n  id e n ti ty  can  be ded u ced  ([8 ], 7).

L e t us assum e t h a t  th e re  is no p rim e  im p lican t o f ra n k  s(k <  s < : g); 
th is  m eans th a t  th o se  ex tensions (consensus) w hich can  be  o b ta in ed  b y  one 
sing le  consensus o p e ra tio n  and  are  o f  h ig h er ran k  th a n  k ,  are  ab so rb ed  b y  
so m e Cj. I t  will he show n  th a t  in  th is  case no prim e im p lic a n t of ra n k  h ig h er 
th a n  q ex ists.

As an  im p lican t o f  ra n k  h ig h er th a n  q can he o b ta in e d  from  th e  c,-s 
o n ly  b y  a series of ex ten sio n s and as th e  ex tensions o f tw o  a rb itra ry  a d ja c e n t 
Cj a n d  Cj is absorbed  b y  som e cm, th e re fo re , for th e  series o f ex tensions th e re  
ex is ts  a t  least one cp w h ich  absorbs th e  fin a l ex ten sio n  b ro u g h t a b o u t b y  
th e  series of ex tensions. T hus, none o f  th e  prim e im p lican ts  of h ig h er ra n k  
th a n  q can  be a p rim e  im p lican t. T h is  proves th e  th eo rem .

N ow  an a lg o rith m  fo r th e  d e te rm in a tio n  of all p rim e  im p lican ts , using  th e  
t r ia l  princip le , can  b e  p resen ted .

Phase 1. D e te rm in ing  th e  P R D N F

L e t th e  desig n a te  r min, th e  ra n k  o f th e  in te rv a l w ith  m in im um  ra n k , 
c o n ta in e d  as m em ber o f a d is ju n c tio n  given in  cases a), b) in  th e  fo rm  of f ,  
in  th e  case c) in  th e  fo rm  of f v  T h e  a lg o rith m  exam ines a ll th e  (n /rmin)2rmin 
possib le  in te rv a ls  o f  ra n k  rmin an d  selec ts those im p lica tin g  f  or f x, re sp ec ­
t iv e ly . T h e n  one b y  one  i t  exam ines th o se  of th e  in te rv a ls  o f ra n k  r min - f  1, 
r min +  2 , . . . w hich  a re  n o t ab so rb ed  b y  th e  p re lim in arily  selected  in te rv a ls  
a n d  re ta in s  those  im p lica tin g  f  or f v  respectively .

T he a lgorithm  is con tinued  u n til  th e  d is ju n c tio n  o f th e  selected  in te r ­
v a ls  are  a lready  e q u iv a le n t to  f  o r respectively , th e n  th e  v alue  q o f  th e  
th eo rem s is ca lcu la ted  an d  th e  a lg o rith m  is con tin u ed  u n til  we fin d  th e  in te r-
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vais of ran k  q. W h en  a fu r th e r  p rim e im p lic a n t is o b ta in e d , th e  new  q is ca l­
cu la ted  and  th e  p ro ced u re  is co n tin u ed  u n til  i t  is f in ish ed  e ith e r  because q =  n  
or because no new  p rim e  im p lican t o f  m ax im u m  ra n k  q is fo u n d .

To th e  in te rv a ls  o f ra n k  r ]> r min o b ta in ed  in  th is  w ay  correspond  th e  
prim e im plican ts o f f  an d  f v  re sp ec tiv e ly , i.e. all th e se  a re  p rim e in te rv a ls .
I.e . because of th e  m e th o d  of se lection  none of th ese  in te rv a ls  is a p a r t  o f  
an y  o f th e  in te rv a ls  im p lica tin g  th e  in itia l f  or f v  re sp ec tiv e ly , an d  o f a ra n k  
low er th a n  it  is, b u t  n o t low er th a n  r min. As in  th e  f irs t  s tep  all in te rv a ls  o f 
ra n k  rmin have b een  selected  w hich im p lica te  th e  g iven  fu n c tio n , th e re  are 
am ong  these  in te rv a ls  a ll su b in te rv a ls  of ra n k  r mjn im p lica tin g  th e  in te rv a ls  
o f low er ran k . I f  a n y  in te rv a l of ra n k  r  rmin w ould  be  abso rbed  b y  an  in ­
te rv a l o f ran k  low er th a n  rmin, th is  w ould  h av e  a su b in te rv a l o f ra n k  r min 
w hich  i t  w ould also  abso rb . As th e re  is no such  a th in g , th e  s ta te m e n t has 
been  p roved .

H ence, a f te r  f in ish in g  th e  a lg o rith m , all p rim e  im p lican ts  of ra n k  r >  r min 
and  all im p lican ts o f  ra n k  rmin of th e  fu n c tio n  are  o b ta in ed . L e t us n o te  th a t  
th e  s itu a tio n  is th e  sam e a fte r  th e  (n —  rmin —  l ) th  s tep  o f th e  Q uine a lg o ­
r ith m  [6 ]. T herefore, in  th e  search  fo r  th e  p rim e im p lican ts  of ra n k  below  
r min here , too , on ly  th e  in te rva ls  of ra n k  rmin should he used .

Phase 2. D e te rm in ing  th e  R D N F

F ro m  am ong th e  in te rv a ls  c re a te d  du ring  th e  f irs t  p h ase  th e  algorithm  
exclusively  uses th o se  o f ra n k  r min. L e t k  be th e  n u m b e r o f these  in te rv a ls  
of ra n k  r min. I f  k  ■ r min >  (fc/2), th e  a lg o rith m  co n tin u es accord ing  to  a), 
o therw ise accord ing  to  ß).

a) All possible s im p lifica tions are  carried  o u t acco rd in g  to  th e  id e n tity  
ax  V ax  =  a. T hose in te rv a ls  w hich d id  n o t ta k e  p a r t  in  th e  sim p lifica tion , 
be ing  p rim e in te rv a ls , a re  lis ted  w ith  th e  p rim e  in te rv a ls  o b ta in e d  in  p h ase  1 . 
T he  p rocedure  is co n tin u e d  b y  th e  l, new  in te rv a ls  o f ra n k  r  (<( rmin), in  th e  
w ay  w h e th e r a or ß  dep en d s on  I ■ r  >  (Z/2 ) or n o t; th e  p ro ced u re  is te rm in a te d  
if l =  0  o r r =  1 .

ß) L e t us fo rm  a ll in te rv a ls  of ra n k  r  —- 1 b y  ab so rb in g  th o se  of ra n k  r 
(the  in itia l value of r is rmin). L e t us in v es tig a te  w h e th e r th e  con ju n c tio n  
correspond ing  to  th e  in te rv a l is still im p lican t. T hose w hich  are  im p lican t 
are  re ta in ed . The in te rv a ls  of ra n k  h ig h e r b y  one an d  s im ila r to  th e  new  
in te rv a ls  are  re ta in ed  a n d  th e  p ro ced u re  is co n tin u ed  fo r th e  new  in te rv a ls  
of ra n k  r according to  oc) or to  ß), on th e  base of a sim ilar c rite rio n  th a n  in  a). 
T he p rocedure  is fin ish ed  w hen it  does n o t  p rov ide  an y  new  in te rv a l, i.e. r  =  1 
is reached .
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In  order to  decide  w h e th e r a co n ju n c tio n  im p lica tes  th e  fu n c tio n  / ,  in 
th e  case a) th e  fo llow ing  th eo rem  is used :

Theorem, : T h e  in te rv a l  a  is a p a r t  o f th e  se t covered  b y  th e  in te rv a ls
k k

■fej, b2, . . . , bk, i.e. V  bj A  a  =  a if  a n d  on ly  if  \J b- =  I  w here  b{ is o b ta in e d  
í= 1 i=i

b y  o m ittin g  from  th e  com m on co -o rd in a tes  of a an d  6 ,-.
P roof:  I t  is en o u g h  to  show  t h a t  as fa r  as V  A  a =  a an d  even m ore 

so V  b'iA  a  =  a  h o ld s  t ru e , V  b- / \ ä  =  ä  is tru e , too . L e t us assum e th a t  
V  b'j ä  Û. T hen  ä  h a s  a t  least one p o in t P  w hich is n o t  covered  b y  V  b\. 
T h e  co-ord inates f ix e d  in  a an d  n o t b e in g  fix ed  in  th e  bps, V  6 ,- does n o t cover 
e ith e r  P  or th a t  in te rv a l  w hich is o b ta in e d  from  P  b y  om itting , th e  co -o rd ina tes 
f ix e d  in  a. F ix ing  th e  m issing co -o rd in a tes  of th is  in te rv a l in  th e  sam e w ay  
as th e  co-ord inates o f  a , such  p o in ts  o f a a re  o b ta in ed  w hich  are  n o t  covered  
b y  V  b'i in  c o n tra d ic tio n  to  th e  cond itio n . T his proves th e  th eo rem . I t  follows 
fro m  th e  theorem  t h a t  i f  th e  co n ju n c tio n  a is an  im p lican t o f / ,  th e n

k
V c ' =  1 ,
1=1

w h ere  c15 c2, . . . , ck a re  a ll con ju n c tio n s fo rm in g  p a r t  o f th e  given fo rm  o f / ,  
s im ila r  to  a.

I n  th e  cases b) a n d  c) a sim pler p ro ced u re  is possib le in  o rd er to  o b ta in  
a  decision. (The fo llow ing  s ta te m e n ts  are  tru e  also if  in s te a d  of f , f k is ta k e n  
a n d  in stead  of / ,  / 0) .

I f  a co n ju n c tio n  is an  im p lic a n t o f / ,  i t  does n o t im p lica te  a p o in t o f / ,  
th u s ,  every  po in t o f /b e in g  a t  leas t a t  a d is tan ce  1 from  th e  p o in ts  of / ,  g(a, c,) 9  ̂

0  w here /  =  V  c(-
Rem ark : In  som e cases i t  is n ecessary  to  m inim ize /  as well as / .  W ith  

th e  decision p ro c e d u re , as described  above, all p rim e  im p lican ts  of /  as w ell 
as o f  /  are o b ta in ed .

In  cases b) a n d  c) th e  decision p ro ced u re  is as follow s: W e check w h e th e r 
in  th e  given d is ju n c tiv e  no rm al fo rm  th e re  ex ists a co n ju n c tio n  w hich  resem bles 
t h e  in v estig a ted  c o n ju n c tio n . I f  th e re  is none, th e  in v e s tig a te d  co n ju n c tio n  
is a n  im p lican t o f / .  I f  one does ex is t, th e  in v es tig a tio n  is w h e th e r in  th e  g iven  
d is ju n c tiv e  n o rm a l fo rm  of /  th e re  is a con ju c tio n  s im ila r to  th e  exam ined  
co n ju n c tio n . I f  n o t ,  th e  co n ju n c tio n  is n o t an  im p lican t of /  o r / .

Selection o f  essential p rim e  im plicants

M aking use o f  th e  theo rem s co nnec ted  w ith  d e fin itio n  12, th e  B oo lean  
fu n c tio n s covering  th e  d is ju n c t dom ains of th e  fu n c tio n  are  w ritte n  dow n. 
T h o se  non-0 d p s a re  selec ted  w here on ly  one p t is n o n -n eg a ted . T he correspond-
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m g p r s are th e  essen tia l p rim e im p lican ts , because  th e  p o in ts  covered b y  dj 
a re  covered  on ly  b y  p , (d e fin itio n  1 2 ) and  because  all p o in ts  covered b y  p (- 
a re  only  p o in ts  o f dj.

R em ark : A d is ju n c t do m ain  can be rep re sen ted  b y  a single one o f its 
p o in ts , each p o in t b eh av in g  in  th e  sam e w ay  as reg a rd s  th e  covering  b y  th e  
p rim e im p lican ts.

N ot com pletely determined fu n c tio n s

A ll  p rim e  im plicants  can  be  defined  b y  using  th e  p reced in g  m ethods 
in  th e  follow ing w ay : le t g  be  th e  ch a rac te ris tic  fu n c tio n  of th a t  set of po in ts  
of space B n w here  f  is n o t d efined . A ccording to  th e  ab o v e , all p rim e im p li­
can ts  of f  V  g  can  be  defined  an d  from  am ong th em  th o se  a re  dele ted  w hich 
do n o t co n ta in  a p o in t belonging  to  f g  or in  o th e r  w ords th o se , th e  d ev ia tion  
o f  w hich from  an y  im p lic a n t of f g  is a t  le a s t 1 .

The essential p r im e  im plicants  are  also selected  on th e  base  of th e  m ethod  
a lread y  used. T h e  d is ju n c t dom ains o f f  ' ' /g  a re  defined  (defin itio n  12). F o r

k
all dj =  I I  p “‘ th e  p ro d u c ts  dj g =  d* are  fo rm ed , i.e. th o se  d is ju n c t dom ains

i = l
are  o m itted  w hich  h av e  no p o in t in  fg .  F ro m  th e  d *-s fo rm ed  in  th is  w ay

(for th e  case of d* A  0 ) are  selected  those  in  fo rm ula  d ì = \ / f p .
i = 1

g of w hich

th e re  is a single non-0  ex p o n en t a, only . W ith  th is  selection  m eth o d  all essential 
p rim e im p lican ts o f f  V  g concern ing  f g  are o b ta in ed  .

Research o f  the m in im u m  disjunctive norm al fo rm

As in m ost concre te  cases i t  is su ffic ien t to  in d ica te  th e  essen tia l p rim e 
im p lican ts  an d  a ta b le  eq u iv a len t to  th e  ta b le  of th e  Q uine— M cCluskey 
a lg o rith m  [4], [6 ], th e re  are  tw o possib le  te rm in a tio n s  of th e  a lgorithm , 
accord ing  to  w h e th e r th e  said  ta b le  is considered as th e  f in a l re su lt, or w hether 
on th e  base  of th e  ta b le  th e  possib le m in im um  d is ju n c tiv e  n o rm al form s are 
lis ted . T he row s o f th e  m en tio n ed  ta b le  co rrespond  here  to  th e  non-essen tia l 
p rim e  im p lican ts , its  colum ns correspond  to  th e  p o in ts  rep re sen tin g  th e  dis­
ju n c t  sets n o t covered  b y  essen tia l p rim e im p lican ts  o f th e  fun c tio n . W hen  
m ak in g  th e  ta b le , th e  com plete ly  an d  th e  incom plete ly  d e te rm in ed  functions 
can  be h an d led  in  th e  sam e w ay , only  for th e  co m ple te ly  dete rm in ed  case
g =  o .

Preparation o f  tables

L et us fo rm  th e  fu n c tio n s f g p j p 2 . . . p s ( p 15 p 2, . . . , p s a re  all essential 
p rim e  im p lican ts). F ro m  th e  p o in ts  rep resen tin g  th e  d is ju n c t dom ains of th e  
orig inal fu n c tio n  on ly  those  are  re ta in e d  w hich a re  p o in ts  o f th e  set covered
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b y  th e  o b ta in ed  fu n c tio n . In  o th e r  w o rd s, those  d is ju n c t dom ain s are  o m itte d  
w h ich  are covered b y  an  essen tia l p rim e  im p lican t. T h e  lis t o f th e  p o in ts  so 
o b ta in e d  is given a n d  to  ev e ry  p o in t th e  lis t o f th o se  n o n -essen tia l p rim e 
im p lic a n ts  is g iven  w h ich  are n o n -n e g a te d  in  th e  re p re se n te d  dj.  F in a lly , th e  
n o n -essen tia l p rim e im p lican ts  a re  lis ted .

Two possible ends o f  the algorithm

1 .  T he lis t o f th e  e ssen tia l p rim e  im p lican ts an d  th e  ta b le  as described  
a b o v e  are given.

2. U sing th e  m e th o d  of M cC luskey [4], on th e  b ase  o f th e  ta b le  th e  
m in im u m  d is ju n c tiv e  n o rm al fo rm  o f th e  fu nc tion  is w r it te n  dow n.

*

T he p resen t p a p e r  is based  on p a r t  of th e  a u th o r ’s w ork  fo r th e  A u to ­
m a tic s  R esearch  In s t i tu te  of th e  H u n g a ria n  A cadem y o f Sciences; th e  a u th o r  
w ishes to  express h e r  th a n k s  to  P ro f. L . K a l m á r  fo r th e  en co u rag em en t an d  
h e lp  due to  w hich th e  p a p e r a ssu m ed  its  p resen t fo rm .

Über einige A lgorithm en für die M inimierung von B ooleschen Funktionen. Die
A rb e it  b rin g t A lg o rith m en  fü r  die B e rech n u n g  der d is ju n k tiv e n  N o rm alfo rm  m it m in i­
m a le r  A nzahl von  V erän d erlich en  v o n  v o lls tän d ig  u n d  u n v o lls tä n d ig  b e s tim m te n  Boole­
sc h e n  F u n k tio n en , w elche A lg o rith m en  v o m  S ta n d p u n k te  des p ro jek tie re n d en  E le k tro ­
in g en ieu rs  zw eckm äßiger sind  als d ie b ish e rig en . D er »algebraische M ethode« g en an n te  A lgo­
r i th m u s  verw en d e t gew isse G ru n d e lem en te  des Q u ine-A lgorithm us u n d  de r C onsensus-M etho­
de. D e r G ru n dgedanke  d e r V e rsu ch sm eth o d e  k a n n  au f eine A rb e it v o n  Gavrilov zu rü ck g e fü h rt 
w e rd en . D ie h ier angegebenen  V erfah ren  se tzen  n ich t vo raus, d aß  die zu  m in im ierende  Boole­
sche  F u n k tio n  d u rch  ih re  volle  (au sg eze ich n ete ) d is ju n k tiv e  N o rm alfo rm  gegeben is t, sondern  
d ie  F u n k tio n  k an n  in  e in e r be lieb igen  d is ju n k tiv e n  N orm alfo rm  gegeben  sein. D ie A lg o rith ­
m en  n ü tze n  die in  d e r gegebenen d is ju n k tiv e n  N orm alform  v o rh a n d en e n  speziellen  M öglich­
k e ite n  aus, u n d  so w erden  die Z ahl d e r S c h r itte  u n d  der B ed arf an  S p e ic h e rk a p a z itä t erheb lich  
v e rrin g e r t.  E rgebn is d e r A lg o rith m en  is t  d ie  A ufzäh lung  säm tlich er P r im im p lik a n ten  u n d  de r 
w esen tlich en  P rim im p lik a n ten  de r F u n k tio n , sowie die B elegungstafe l fü r  die v o n  den n ich t 
w esen tlich en  P rim im p lik a n ten  u n d  d e n  w esen tlichen  P rim im p lik a n ten  no ch  n ic h t beleg ten  
P u n k te  der F u n k tio n .

О некоторых минимализирующ их алгоритмах функций Буля- В работе даются 
более целесообразные с точки зрения электротехнического проектирования — чем 
имеющиеся — алгоритмы для получения полностью и не полностью определенных 
функций Б уля в разделительной нормальной форме, содержащей минимальное число 
переменных. Алгоритм, называемый алгебраическим методом, использует определенные 
основные элементы квинового алгоритма и консенсусного (согласительного) метода. Мысль 
метода испытания можно свести к  одной работе Гаврилова. Приведенные здесь методы не 
предполагаю т того, что минимализируемая Булева функция является данной в полной 
(предпочтительной) разделительной нормальной форме, а может быть дана в произвольной 
разделительной нормальной форме. Алгоритмы используют специальные возможности, 
кроющиеся в данной разделительной нормальной форме, таким образом в большой мере 
уменьшают число переходов и потребную емкость памяти. Результатом алгоритмов являет­
с я  перечисление всех примимпликантов и существенных примимпликантов функции, 
далее — таблица покрытия, касаю щ аяся функциональных точек, еще не покрытых су­
щественными примимпликантами, и касаю щ аяся существенных примимпликантов.
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GEAR CALCULATION 
BY USING COMPLEX EXPRESSIONS

L . H U S Z T H Y *

[M anuscript rece iv e d  S ep te m b er  10, 1970]

In th is  p a p er , so m e  geom etric  an d  m ech a n ica l prop erties o f  p a irs o f  spur gears, ch a r ­
acterized  b y  s tr a ig h t  t e e th  and p ara lle l a x es , are trea ted . T h e m a in  p o in ts  are: d e f in it io n  
o f  th e  m a tin g  p ro file  o f  a g iv en  one; a n a ly sis  o f  th e  lin e  o f actio n ; a n a ly sis  o f  th e  g eo m e tr ic  
an d  m ech an ica l co n d itio n s  o f  m atin g; in v e s t ig a t io n  o f  th e  gear ra tio  m o d ifica tio n  m o tiv a te d  
b y  som e d ev ia tio n  o f  th e  in tera x is; ca lcu la tio n  o f  th e  r e la tiv e  to o th -s lid in g  v e lo c ity ;  c a lc u la ­
t io n  o f  th e  m o m en ta n eo u s norm al to o th -fo rc e . O ne o f  th e  m a tin g  p ro file s , u su a lly  th e  p in io n  
p rofile , is  co n sid ered  as g iv en ; b y  th is  d a tu m , th e  lin e  o f  a ctio n  is  d eterm in ed  and  so is  th e  
o th e r  m a tin g  p ro file . A  rem arkab le fea tu re  o f  th e  ca lcu la tio n  m e th o d  as described  b e lo w , 
b esid es th e  u sa g e  o f  co m p le x  exp ression s, is  th e  d er iv a tio n  o f  th e  r e su lts  from  g iven  fu n c t io n s  
b y  w h ich  th e  p ro file  o f  th e  p in ion  is d e term in ed .

Introduction

Since th e  l i te ra ry  source [2] inc ludes b o th  th e  descrip tio n  of th e  p in io n  
pro file  on a co m p lex  p lane , an d  th e  d e riv a tio n  of th e  eq u a tio n  by  w hich  th e  
line o f ac tio n  is d e te rm in ed , a n d  co n ta in s  also  th e  fo rm a tio n  of th e  m a tin g  
profile  in  d e ta il, h e re  th is  will be  su m m arized  only  b rie fly  as follows (N B : as 
regards th e  d e fin itio n  o f th e  m a tin g  pro file , th e  m e th o d  ap p lied  in  th e  q u o te d  
lite ra ry  source so m ew h a t d ev ia tes  from  th e  one p ro p o sed  in  th e  p re se n t 
paper).

In  w h a t fo llow s, in  considering  a p a ir  of s tra ig h t sp u r gears h a v in g  
para lle l axes,

th e  c e n tre  d is tan ce  a, 
an d  th e  gear ra tio  i

are  given v a lu es , a n d  i is c o n s ta n t. In  o th e r  w ords, th e  a ssu m p tio n  is ta k e n  
as g ran ted  acco rd in g  to  w hich th e  d iv ision  ra tio  o f th e  cen tre  d is tan ce  as 
defined  b y  th e  com m on  no rm al o f th e  m a tin g  profiles a t  th e  p itch  p o in t is a 
c o n s ta n t va lue .

1. Based on a given profile, determ ination of the m ating profile

In  F ig . 1, th e  system  of p la n a r  co -o rd in a tes  is show n th a t  serves as 
th e  basic  p rin c ip le  o f  ou r ca lcu la tion . T h e  p o in t 0 1 b e ing  th e  origin o f th e  
sy stem , coincides w ith  th e  ro ta tio n  cen tre  of th e  p in ion . A xis y  passes th ro u g h

* D r. L . H u sz th y , R á cz  A d ám  u . 13, M isko lc , H u n gary .
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th e  tw o  centres 0 , an d  0 ,, o f th e  p in ion  an d  of th e  gear, re sp ec tiv e ly ; axis x  
is p e rp e n d ic u la r  to  ax is  y .  In  th e  fo llow ing , su bscrip t 1 refers to  th e  p in io n  
a n d  2  refers to  th e  gear.

A ccording to  th e  accep ted  co n v en tio n , th e  real q u a n titie s  are rep re sen ted  
b y  ax is  x ,  and  axis y  rep resen ts  th e  im a g in a ry  ones. O n ax is y ,  th e  u n ity  
e q u a ls  j  (w ith  j 2 =  — 1 ).

A nyone of th e  p ro files in  q u es tio n  is described b y  m eans of com plex  
n u m b e rs ; th is  n u m b e r is com posed as u su a l o f a rea l a n d  o f an  im ag in a ry  
p a r t ,  b o th  of w hich a re  rep resen ted  b y  a rea l function . B y  conform ly  chosen  
p a ra m e te rs , th e  geom etric  p ic tu res  of th e  profiles of b o th  th e  p in ion  a n d  th e  
g ear a re  ch arac terized  b y  th e  origin 0 ,  a n d  0 2 respective ly , an d  b y  an  e n d ­
p o in t th a t  delineates th e  respective  p ro file  curve.

V ec to r q u a n titie s  w hich  serve to  describe th e  pro files of th e  p in io n  
a n d  th e  gear, re sp ec tiv e ly , are d en o ted  b y  Z , and  Z2. T h e ir com ponen t p a r ts  
a re  X „  X 2 and  Y ,, V 2, w ritte n  as c a p ita ls  in  o rder to  av o id  an y  confusion  
w ith  sm all le tte rs , since z , an d  z2 re fe r to  th e  te e th  n u m b ers , x  rep re sen ts  
th e  ad d en d u m  m o d ifica tio n  fac to r a n d  y  rep resen ts th e  m o d ifica tion  o f th e  
c e n tre  d istance .

N ow , f irs t we sh a ll f ix  th e  to o th  p ro file  o f th e  p in ion  a t  an y  a rb itra ry  
t im e , t =  0. This p ro file , considered as b e ing  in  th e  in itia l position  can  be 
d esc rib ed  b y  th e  com plex  expression:

Zoi=  +  J Y  oiOpi) • (i)
F u r th e r ,  ç>, rep resen ts  a rea l p a ra m e te r  su itab ly  chosen as an  angle, o r a 
d is ta n c e , etc. T he v e c to r  Z 0, is c h a ra c te riz e d  by  its  o rig in  in  0 ,  and  its  e n d ­
p o in t trav e llin g  a long  th e  profile  cu rv e  w hen  th e  p a ra m e te r  v a lue  <p, v a rie s  
w ith in  a given range. S u b scrip t 0 refers to  th e  in itia l p osition .

F o r  th e  sake o f fu r th e r  co n sid e ra tio n , th e  functions X 0,(q9,) , Y ,,,^ ,)  an d  
th e ir  f ir s t  and  second d e riv a tiv es  are  a ll assum ed as b e ing  con tinuous.

W h en  considering  th e  profile as ro ta t in g  in  a positive  sense a t  an  a n g u la r  
v e lo c ity  co, th e  com plex  fu n c tio n  Z 01 h as  to  be m u ltip lied  b y  th e  q u a n t i ty

Z f1 =  cos (Oyt -\- j  sin co, t.

In  te rm s of g eo m e try , referring  to  som e given p o in t o f th e  profile  be ing  
o rig in a lly  in  th e  in itia l positio n , th e  v e c to r  Z 01 revolves in  a positive  sense, 
th ro u g h  an  angle co, t. T he  ro ta tin g  p ro file  is expressed  as follows:

z A<Pii 0  =  [X 01(9>i) +  j Y oi(<n ) ]  [cos co, t + j  sin co, t]
viz.

Z,(co,;  t) =  [X 01(9?,) cos co, t —  Y 01(<p,) sin co, i] +
( 2)

+  j  [ * o i ( ? i )  S ln  ° > i 1 +  V o i f a )  c o s  w i  *]•
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In  considering  th e  fu n c tio n  Z 1 an d  w ith  th e  a ssu m p tio n  th a t  t is con­
s ta n t  a n d ç q is  v a ria b le , th e n  th e  en d po in t o f v e c to r  Z 1 de lineates th e  profile  
a t  th e  chosen m o m en t. A gain , tak in g  (p1 as c o n s ta n t an d  t as v ariab le , th e  
e n d p o in t o f Z l tra v e ls  along th e  curve t h a t  co rresponds to  th e  p a th  of th e  
p ro file  p o in t d e te rm in ed  b y  th e  chosen (in itia l) p a ra m e te r  va lue . T ak ing  th e  
to o th  profile  of p in io n  (1 ) as know n , th e  p ro file  o f th e  gear (2 ) can  be d e te r­
m ined  as follows:

T he gear rem ain s in  a fix ed  position . T h e  p in io n ’s ro lling  circle rgl rolls 
a long  th e  gear’s ro lling  circle rg2. B y  th e  fam ily  o f cu rves rep resen ted  as th e  
p in io n ’s profile  p o sitions d u rin g  th is  rolling  m o tio n  an  envelope is genera ted  
th a t  corresponds to  th e  g ea r’s to o th  profile .

F o r  th e  p o in t o f tim e  t =  0, in  th e  in it ia l  p o sitio n , th e  p in io n ’s to o th  
profile  is ch a rac te rized  b y  e q u a tio n  (Fig. 2):

Zoi ~  Z o lfo )-

D urin g  th is  ro lling  m o tio n , w hereas th e  ra d iu s  0 o0 Y revo lves a ro u n d  cen tre  
0 2 th ro u g h  an  angle ip, f in d s  its  new p o s itio n  in  O f, an d  P*  is th e  new  
p o sitio n  of th e  in itia l P . I n  o th e r  te rm s, th e  a rc  i ■ rgl • ip o f th e  p in ion  per-
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fo rm s a rolling  m o tion  along th e  arc  rg2 ip of th e  gear. H ere fro m , th e  angle 
o f ro ta t io n  of th e  p in io n  a ro u n d  its  cen tre  am o u n ts  to :

V +  i f  =  (1  +  i) V>-

O f course , th e re  ex ists a rig id  con n ec tio n  betw een  th e  to o th -p ro file  an d  
th e  ro llin g  circle o f th e  p in ion . A ccord ing ly , tak in g  th e  v e c to r  Z ol (d raw n  
fro m  th e  origin 0 1 to  a ce rta in  p o in t P )  an d , w hen th e  p in ion  p erfo rm ed  th e  
a b o v e -m e n tio n e d  ro lling  m o tio n , considering  th e  v ec to r  Z *j (d raw n  from  th e  
n ew  c e n tre  0*  to  th e  p o in t P*  in  a new  position), th e  ang le  in c lu d ed  b y  these  
v e c to rs  also am o u n ts  to  (1  -)- i)ip.

F i g .  2 .

In  o rder to  f in d  a m ore “ n a tu ra l”  expression of th e  gear p ro file , we 
chose b y  sim ple sh iftin g , th e  cen tre  0 2 as th e  new  orig in  of our sy s tem  of 
co -o rd in a te s , th e  d irec tio n  of th e  axes being  k e p t u n ch an g ed . A gain , am ong 
th e  fam ily  curves we shall consider a cu rve  co -o rd in a ted  to  a c e r ta in  rolling  
an g le  y>, w hen th e  p in io n  p erfo rm s th e  ro lling  m o tio n  a long  th e  ro llin g  circle 
o f  th e  gear. Now, th e  local v ec to r Z s (d raw n from  0 2) o f th e  p o in t P*  th a t  
lies on th e  curve belong ing  to  ang le  ip, can  be derived  as follow s:

W e shall consider th e  v e c to r  — ja  t h a t  o rig inates from  0 2 a n d  po in ts
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to  0 r  T h is v ec to r w ill rev o lv e  th ro u g h  th e  angle xp, i.e. i t  is m u ltip lied  h y  th e  
ro ta tin g  u n ity  v ec to r

cos xp -f- j  sin  ip;
so we o b ta in :

—ja  (cos xp -(- j  sin  xp),

in  w hich position  th e  new  vecto r, o r ig in a tin g  from  0 2, p o in ts  to  0 *.
To th is  v ec to r w e ad d  th e  o th e r  v e c to r  Z * x; th is  la t te r ,  o rig in a tin g  

from  0 *  an d  p o in tin g  to  P * , form s w ith  v e c to r  Z 01 an  angle (1 -|- i)xp. 
A ccordingly

z*n  =  Z 01 [cos (1 4 - i)xp +  j  sin  (1  +  i)xp],

w here th e  v ec to r  in  sq u a re  b rackets re p re se n ts  th e  ro ta tin g  u n ity  v ec to r . 
F in a lly , we o b ta in :

Z s =  — ja  (cos xp -\- j  sin  xp) -f- Z 01 [cos (1 +  i)y> +  j  sin  (1 +  x)xp] =

=  —ja  (cos xp +  j  sin  xp) +  [ X ol(cpj) +  j Y 01(<pj)] ■

• [cos (1  i)y> +  j  sin (1 +  i)xp].

A fter th e  necessary  a rra n g e m en t:

Z s(<pv y>) =  [Xoi(yi) cos (1  +  i)xp —  Y ^ c p J  sin (1 +  i)xp +  a s in tp] +  

+  j  [X 0i(<7i) sin (1 +  i)xp +  ^nii^i) cos (! +  i)xp —  a cos xp].
(3)

L e t us deno te  th e  re a l p a r t  (of v e c to r  Z s) as X s, an d  th e  im ag in a ry  p a r t  
as  Y s. As we a rriv e  fro m  th e  profile p o in t  be lo n g in g  to  th e  p a ra m e te r  v a lu e  
q)x to  th e  o th e r  p o in t h a v in g  th e  p a ra m e te r  v a lu e  (cp1 -(- drpj), an d  th e  p in io n  
ro ta te s  a t  an  angle dxp, w e can  observe t h a t  th e  to ta l  change of th e  v ec to r Z s 
is equal to

d Z s
® XS , . QYS 

+ J -
d <Pi Q(P i

d(px
9 X S , . 9Ys
”ä------Joxp dxp

d xp. (4)

T h e  p o s tu la te  is obvious t h a t  th is  v ec to r sh o u ld  be  p a ra lle l to  th e  d iffe ren tia l 
change dZf,rpl viz. to  a ta n g e n t of th e  v e c to r  Zb =  Z 02(q?1) w hich  rep resen ts 
th e  desired  envelope; th is  change is ex p ressed  b y

dZb(p,
9X 6 ! 9Y6 ’

9?>i 9  9̂ 1 ,
dcp1 , ( 5 )
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of course, every single point of th e  envelope coincides w ith  a point ly in g  on  
one curve belonging to the fam ily . T hus, for all these points:

a n d

(6)

In  view  of the parallelity betw een  th e  vectors dZj an dZs, the quotient o f  
th em  is a purely real quantity , v iz . w ith  an im aginary part equalling zero. 
T hus, w ith the equalities of (6) we obtain:

A fter division and sim plifying arrangem ent we obtain:

dcp1 • d ip =  0 ,

== 0  . (7)

The partial derivatives of X s and Y s w ith respect to  (p1 and y> w ill be  
substitu ted  in D  (7). Since in th e  present exam ination the actual relationship  
betw een  X 01 and cp1 (and betw een  Y 01 and cpi respectively) are not defined, 
th e  derivatives w ith  respect to <рг are indicated by an upper com m a; further, 
th e  denotation (1 -)- i) =  к is introduced. Thus we can write:

X'n  cos kip —  Уц. sin kip — X 01 к sin kip —  Y 01 к cos kip a cos ip 
X'01 sin kip YgX cos kip X 01 к cos kip —  Y 01 к sin kip +  a sin ip

th a t gives (with к —  1 =  i)

=  0 ,

(i +  1) ( x 0 1  X'n  +  Y 01 Y qj) -  « (X'01 sin iip +  Y'n  cos i f )  =  0. (8)
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F ro m  th is , p a ra m e te r  f  will be exp ressed  as a fu n c tio n  of cpv  B y  su b s titu tin g  
th e  re su ltin g  v a lu e  in to  th e  exp ression  of Z s, e q u a tio n  o f th e  gear p ro file  is 
o b ta in e d  in  a sy s tem  of co-ord inates o f axes p ara lle l to  th e  orig inal axes a n d  
h av in g  th e  o rig in  in  0 2. This e q u a tio n  ta k e s  th e  form :

z s h  P  v # i ) ]  =  z s(<Pi)-

I t  is possib le , th a t  th e  a c tu a l expression  is r a th e r  in tr ic a te ; its  m a in  
a d v a n ta g e  consists  in  th e  fac t th a t  th e  g ear profile  is described  as a fu n c tio n  
of ç)j, th is  la t te r  b e in g  th e  p a ra m e te r  o f  th e  p in ion -p ro file . In  th is  w ay , to  ev e ry  
single p o in t of th e  gear profile , a specia l m a tin g  p o in t o f th e  p in ion  p ro file  
is co -o rd in a ted . I n  som e ac tu a l cases i t  is possib le to  m odify  th e  e q u a tio n  o f 
th e  gear p ro file  in  such  a w ay, b y  w hich  a m ore su itab le  p a ra m e te r  can  b e  
estab lished .

2. E quation  o f th e  line of action

T he basis o f  th is  equation  is g iven  b y  th e  co n d itio n  th a t  th e  com m on  
n o rm a l of th e  m a tin g  profiles a lw ays passes th ro u g h  th e  p o in t C as in d ic a te d  
in  F ig . 3.

A ccording to  o u r considera tion , p o in t P  is th e  new  p o in t o f c o n ta c t 
a t  th e  period  o f  tim e  t elapsed a f te r  th e  in itia l p osition . The local v e c to r  
z \{<Px', t) refers to  th e  ac tu a l m a tin g  p o in t o f  th e  p in io n ’s to o th  p rofile . T he 
d e riv a tiv e  w ith  re sp ec t to  cpl sha ll u su a lly  b e  in d ica ted  b y  an  u p p er com m a; 
co n seq u en tly , Z[ den o tes  th e  ta n g e n t o f  th e  p ro file  in  p o in t P , an d  jZ [  d en o tes  
a t  th e  sam e p o in t th e  perp en d icu la r to  th e  p rofile . T hus, th e  local v e c to r  Z n
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b elong ing  to  an  a rb itr a ry  p o in t ly ing  on  th e  no rm al of th e  profile  a t  th e  
m o m en tan eo u s p o in t o f c o n ta c t is exp ressed  as follows:

z n(<p I ? *; -*) =  Z i(99i ;  t) +  j* z i(<p i? *);

(— OO A -fo o )

w ith  A as a rea l p a ra m e te r . P o in t P  is e ffec tively  a p o in t of m a tin g  c o n ta c t, 
i f  th e  above described  n o rm al to  th e  p ro file  passes th ro u g h  th e  m en tio n ed  
p o in t  C. In  o th e r  w ords, a tr ia d  o f th e  p a ra m e te r  v a lu es  ((pv  t, A) shou ld  
e x is t fo r w hich

B y  using  E q . (2) b y  w hich  Z 1 is d efin ed , th e  norm al line of th e  p ro file  is 
described  b y  th e  eq u a tio n :

Z n =  [ (X 01 cos co1 t —  Y 01 sin œ 1 1) —  sin co1 t -f- cos coj ()] -|-

-j- j  [ (X 01 sin  co1 1 +  Y 01 cos cox t) -(- À ( X ' n  cos co1 t —  Y g X sin  co1 t)],

f ro m  w hich  th e  d e ta ile d  cond itions im p lied  b y  equ a tio n s (9) can  be w r it te n :

(X 01 cos œ 1 1 —  Y 01 sin  co1 1) —  sin  cox 1 +  Y'0l cos co1 1) =  0 , ^

(X 01 sin co1 1 -f- Y 01 cos co1 t) À(X'01 cos i —  Y'n  sin aq  t) =  rgl .

T h e  above E qs (10) describe th e  re la tio n sh ip  betw een  th e  p a ra m e te r  q>1 b elo n g ­
in g  to  a ce rta in  p o in t o f th e  p in ion  p ro file  an d  th e  p o in t o f tim e  t a t  w h ich
th e  p ro file  p o in t re fe rred  to  rep resen ts  a p o in t of ac tive  m atin g .

T he f irs t eq u a tio n  accord ing  to  (10) gives us th e  expression

R e Z n =  0, 

Im  Z n =  rgl .
(9)

X 01 cos cox t— sin co, t
• (X^j, sin  co1 t-\-Y0[ cos co1 t=j= 0 ) ,

w ith  th is , th e  second eq u a tio n  of (1 0 ) can  be w ritte n  as follows:

X 01 sin  co1 t+EJ)! cos ca11 -f-
X 01 cos cox t — sin  coj t

(X qj cos cojt—Y'ol sinet)1i) =  rgl.
X qX sin c o ji- l-  Y qX co s  mx t

A fte r  e lim ina tion  o f th e  frac tione l m em bers and  rea rran g em en t

x 01 x 0 1  -|- Y qj Y 01 rgl (X 01 sin  oq t -j-  Y 01 cos oq t) — 0,
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w ith  rgl =  a /( l  +  i) we o b ta in :

(1 +  i) (X 01 X'01 +  Y 01 Y#,) — a(X'01 sin  co1 1 +  YjJ, cos o q t) =  0 =
( H )

=  V (V li t).

T his fu n c tio n  Y(çq; t) =  0 rep resen ts th e  in te rc o n n e c tio n  b e tw een  th e  p a ra m ­
e te r  o f an  a rb itra ry  p o in t on th e  p ro file  an d  th e  p o in t of tim e  t a t w hich 
th e  p o in t re ferred  to  fo rm s th e  ac tu a l p o in t o f ac tiv e  m a tin g .

W ith  th e  a ssu m p tio n  dV /d t 0, b y  E q . (11) we can  o b ta in  an  exp lic it 
expression  of th e  tim e  t as a function  o f  th e  p a ra m e te r  <pv  W hen  th is  fu n c tio n

t =  t{<pi)

is su b s ti tu te d  in to  E q . (2) of th e  ro ta tin g  p ro file  (1), th e  follow ing e q u a tio n  
o f  th e  line of ac tio n  is o b ta ined :

Z k =  Z ifa i;  *(Wi)] =  [ X i f a i )  cos oq  t(<pi) —  Y 01(gq) sin  oq  i(qp3)] +  

+  /[-X ifai) sin °h tifi)  +  y oi(<Pi) cos «1 *(?>i)]-
( 12)

3. Conditions o f m ating

I n  th e  E q . (11) o f th e  function  E(qq; t) =  0 th e  second m em ber on th e  
le f t-h a n d  side can b e  tran sfo rm ed :

X ’m sin a q 1-\- Y  ói cos co1 1

=  V x $ + Ÿ %

an d  b y  using  th e  d en o ta tio n s :

Y ó i

F X Î  +  X Ï  Y x ó ì  +  Y 'ï
cos to . t

X i

K X I + Y '0r,ìL0l “T -*■ 01

Y '1 01

cos <5,

we o b ta in :
V X & + Y I

=  sin  d,

an d

Xóx s in  <x>i t-f- Y '0i cos col t =  Y'0{ sin  (oq t -)-d)

( l  +  i)(X 01 X '3+ Y 01 Y Í0  « VXÓÌ +  Y  ól sin (co, t+ d )  =  0 .
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a n d  fin a lly :

t(<Pi) = -----
co1

( K i  *  0 )

(1 +  i K X n X ^ + Y n Y ^
a Y x &  +  Y  a

arc  ta n Y}*
X ’

(13)

C onsidering  th e  c o n ta c t of a p a ir  o f m a tin g  te e th , tw o co n d itions sh o u ld  be 
fu lfilled :

a )  every  p o in t of th e  p ro file  m u s t form  a m a tin g  p o in t once, an d  
o n ly  once;

b)  a t  a n y  p o in t of tim e , o n ly  one p o in t o f th e  p ro file  m u s t fo rm  a 
m a tin g  p o in t.

© ® ©
F ig. 4.

A c e rta in  ty p e  of a line o f a c tio n  is show n in F ig . 4a  t h a t  fu lfills  th e  
co n d itio n s (a )  (b )  given above.

In  th e  ty p e  o f a line of a c tio n , as de linea ted  in  F ig . 46, th e re  a re  p ro file  
p o in ts  w hich , d u rin g  th e  m a tin g  a c tio n , come tw ice in to  co n tac t.

T h e  case show n in  Fig. 4c is ch a rac te rized  b y  a sim u ltan eo u s m a tin g  
c o n ta c t of tw o p o in ts  o f a p rofile .

In  o rd e r to  avoid  th e  above m en tio n ed  tw o possib ilities, i t  is p o s tu la te d  
t h a t  the fu n c tio n  t — t(<pj) accord ing  to  (13) m ust rigorously  fo rm  a m onotonie  
fu n c tio n  d u rin g  th e  m ating  period .

In  E q . (13) th e  abso lu te  a rg u m e n tu m  value of th e  fu n c tio n  a rc  sin  
m u s t  h av e , o f course, a m ax im u m  eq ua lling  1 :

I ( l  +  t) (X 0, X ^ + F ^ i Y qi) ^  1 / 14n

a  ] fX ’l  +  Y ’l

T h e  geom etric  sense of th is  co n d itio n  can  be fo rm u la ted  as follow s:
W e estab lish  th e  q u o tien t w ith  a v e c to r  Z 01 as n u m era to r  d raw n  to  an  a rb itr a ry
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p o in t of th e  p ro file , and  w ith  th e  ta n g e n t v ec to r  (a t th e  sam e p o in t)  as 
d en o m in a to r:

Z qi _  * «. + y  y »  _  ( x 0, ^ 0 1 + ^ 0 1 ^ 01) + j  (x ^ y>i ~ - .y 01 y ó i )

Z a  X u + jY 'u  X ’ol+Y'oì

L et ß  be th e  sign o f th e  angle form ed b y  v e c to r  Z 01 w ith  vec to r Z'ol (F ig . 5)? 
we shall f in d  as th e  real p a r t  of th e  q u o tie n t defined  above:

there

R e J2 !» =  Re
K i

r—- (cos ßß~ j  sin  ß)

ÌZoi | co8 /8 =  z ;„ l ie  ^  ,
An

-  i r V ' 2  I V ' 2  * 0 1 * 0 1  +  X l l  * 0 1  
K A 0I +  Y 01 Y /2 , V i2~

-A-01 “I" 1  01

•^01
\ 7 /  I

cos ß ,

* 01 * , ; ,+ > ; ,  y (;

equals th e  len g th  o f th e  im age of v ec to r  Z,n  p ro jec ted  on to  th e  d irec tio n  o f 
v ec to r ZgV

In  v iew  of
l  +  i 1

E q . (14) ta k e s  th e  fo rm :

! Xqi Xqi + X i  Y 01
I P Q  +  Ÿ l l

<  rgL (15)

A ccord ing  to  th e  E q . (15) we can s ta te  that, considering a local vector co­
ordinated to an arbitrary pro file  po in t, the length o f  its image projected onto the
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direction o f the tangent at the same p o in t equals, at m a x im um , the radius o f  the 
rolling circle.

W e shall f in d  in  F ig . 6  th ree  d iffe ren t p o in ts  of th e  p in io n  p rofile . Con­
sid e rin g  th e  p o in t P 2, we can see t h a t  th e  len g th  of th e  im age of its  loca l 
v e c to r  Z 01(P 2) p ro je c te d  on to  th e  d ire c tio n  of its  ta n g e n t v e c to r  Z'01(P 2) 
e x a c tly  equals th e  ra d iu s  rgl of th e  ro llin g  circle. T his p o in t P 2 m ay  be  a 
m a tin g  p o in t, n am ely , w hen  considering  th e  profile  n o rm a l a t  p o in t P 2, w e 
f in d  th a t ,  b y  ro ta tio n  o f th e  p in ion , i ts  ta n g e n tia l p o in t P '  on th e  ro lling  
circle  falls so as to  coincide w ith  p o in t C.

F i g .  6 .

T he profile  n o rm a l a t  p o in t P 1 in te rse c ts  th e  rolling  circle in  tw o p o in ts  
P j  an d  P j .  W hen, d u rin g  ro ta tio n  p o in t coincides w ith  p o in t C, th e  p ro file  
p o in t  P 1 comes in to  th e  m a tin g  positio n  Qv  A fte r a fu r th e r  p e rio d  of ro ta t io n , 
i t  is p o in t P" w hich  coincides w ith  th e  p i tc h  p o in t C, th u s  th e  orig inal p ro file  
p o in t  P 1 again  com es in to  m a tin g  p o s itio n : th is  co rresponds to  th e  special 
case as show n in  F ig . 46: one special p o in t o f th e  profile  com es tw ice in to  a 
m a tin g  position . U su a lly  th e  m atin g  p e rio d  o f th e  p ro file  ta k e s  such  a sh o rt 
t im e  th a t  th e re  is, fo r  such  a profile  p o in t, no o p p o rtu n ity  to  com e to  m a tin g  
a second tim e.

A gain, p ro file  p o in t P 2 assum es a m a tin g  position  on ly  once.
F u rth e r , th e  n o rm a l to  th e  p ro file  a t  p o in t P 3 has no in te rsec tio n  w ith  

th e  ro lling  circle a n d  hence th is  p o in t n e v e r assum es an y  m a tin g  positio n .
F o r th e  fu n c tio n  (13) th e  p o s tu la te  is cogent th a t

o therw ise  th e  expression

becom es m eaningless.

X '01 ¥=  0 ,

arc  ta n X k
x h

(16)
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Since th e  expression

Z'ox — * i i  +  J *o'i

re p re se n ts  th e  d irec tional v e c to r  of th e  ta n g e n t a t  som e (a rb itra ry )  p o in t o f  
th e  p ro file , th e  geom etric sense of fo rm u la  (16) can be conceived  as follow s: 
in  th e  p ro file  th e re  does n o t ex is t a n y  specia l po in t fo r w h ich  th e  e q u a lity  
X'ox =  0 m ig h t be tru e . N am ely , in  th e  opposite  case, th e  p ro file  fu n c tio n

*  =  / ( * )

cou ld  n o t be d iffe ren tia ted  a t  th is  p o in t, an d  th e  re sp ec tiv e  ta n g e n t line 
w ould  b e  para lle l to  th e  Y  axis. In  te rm s  o f geom etry , i t  is possib le to  f in d  
a ta n g e n t line th a t  is p ara lle l to  th e  Y  ax is. In  order to  so lve th e  p ro b lem  o f  
su ch  a case, fo r w hich th e  eq u a lity

X X )  = o

ho lds tru e , th e n  th e  second m em ber o f fu n c tio n  (13) w ould reach  th e  lim it jt/ 2 
as co rrespond ing  to  th e  tre n d

< P i^ r ì -

F o r th e  fo rm ula  (13) th e  in e q u a lity

*01*01 1 01*01  0 (17)

in c o rp o ra te s  a cond ition  sine q u a  non.
N am ely , w hen th e  e q u a lity

* 01*01  +  * 01*01  =  0 

w ould  ho ld  tru e , we h ad  to  se t up

* 01* i l  =  — * 0 1  • *01  ,
or

* 0 1  _  * 0 1 _ _______1 QO\
* 0 1  ~  '  *01 ~~ ~ (*o i/* o i) '

In  p la in  w ords, Y ^ J X ^  rep resen ts  th e  slope o f th e  ta n g e n t line  a t  th e  m a tin g  
p o in t o f th e  profile, an d  Y 0J X 01 re p re se n ts  th e  slope of th e  local v e c to r  a t  
th e  sam e p o in t. In  o th e r te rm s , th e  e q u a lity  (18) should re p re se n t a p o sitio n , 
in  w h ich  th e  local v ec to r o f th e  m a tin g  p o in t w ould be p e rp e n d ic u la r  to  th e
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ta n g e n t line a t  th e  sam e  p o in t (Fig. 7). In  such  a case, no no rm al force ac tio n  
c a n  ex ist be tw een  th e  te e th  (the  lim it case o f fric tio n ).

To sum up : w h en  th e  to o th in g  of a p a ir  o f gears h as  to  be designed , 
we are , in  p rinc ip le , free  to  choose th e  p ro file  cu rve  o f one of th e  p a irs : 
p o s tu la te d  is th a t  th e  fu n c tio n  (13) shou ld  be s tro n g ly  m onotonie , an d  th a t  
th e  re la tionsh ips sp ec ified  in  E qs (15), (16) an d  (17) sh o u ld  hold tru e .

Of cou rse , a m o n o to n ie  fu nc tion  (13) invo lves th e  re la tionsh ip , t h a t  
w ith  increasing v a lu es  o f th e  pinion p ro file  p a ra m e te r  (px, th e  leng th  o f local 
v ec to rs  should also increase .

4. Sensitive alteration of the gear ratio to any variation 
of the centre distance

W hen th e  basic  p rinc ip le  concerning th e  n o rm a l to  th e  profile is m a in ­
ta in e d , th en  th e  g ea r ra tio  is co n stan t d u rin g  th e  m a tin g  action , if on ly  th e  
cen tre  d istance e x a c tly  equals th e  th e o re tic  v a lu e  ca lcu la ted .

Now, som e d e v ia tio n  of th e  cen tre  d is tan ce  m a y  occur, due e ith e r  to  
technological e rro rs  o r fa u lty  assem blage, o r else to  defo rm ations caused  b y  
large  forces. W hen  som e a lte ra tio n  of th is  d is tan ce  h a p p e n s  to  exist, g enera lly , 
th e  com m on n o rm a l o f th e  m ating  p ro files does n o t p ass  th ro u g h  th e  p itc h  
p o in t (C); w h a t is m o re , th e  in te rsec tio n  p o in t o f th e  n o rm al to  th e  p ro file  
w ith  th e  cen tra l lin e  0 j 0 2 m ay  m ove aw ay  d u rin g  th e  m atin g  of one p a ir  
o f te e th ; co n seq u en tly , th e  gear ra tio , f ir s t ,  does n o t eq u a l th e  th eo re tic  one, 
an d  secondly i t  v a r ie s  du ring  the  m a tin g  period , too .

T aking in to  co n sid e ra tio n  the  case w hen , from  th e  k in em atica l v iew -p o in t, 
th e  p a ir of gears h a v e  correct profiles, b u t  in  ru n n in g  th e  cen tre  d is tan ce  
becom es a lte red , w e a re  allowed to  assum e th a t  a c e r ta in  value of th e  c e n tre  
d is tan ce  is given, a n d  to  s ta te  th a t  th e  fo rm a tio n  o f th e  profile curves does
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n o t conform  w ith  th e  basic  th eo rem  as reg a rd s  th e  com m on n o rm al. T h u s , 
th is  p ro b lem  can be  p u t  up  b y  assu m in g  a g iven cen tre  d is tan ce  a n d  som e 
g iven  pro files th a t  do n o t com ply w ith  th e  k n o w n  p rincip le  u n d e rly in g  th e  
com m on norm al. T hese profile  curves m a y  b e  qu ite  a rb itra ry  ex cep t fo r th e  
co n d itio n  of a con tin u o u s m ating  c o n ta c t.

F i g .  8 .

L e t us estab lish , according to  F ig . 8 , th e  follow ing e q u a tio n s : f ir s t

Zoi =  ^■oi(<7,i) “t-  in o l i v i )

re p re se n ts  th e  local v e c to r  to  th e  p ro file  o f p in io n  (1 ) expressed  in  th e  sy s tem  
o f co -o rd in a tes  atjyq h av in g  th e  orig in  0 ^  second ly

^02 =  ^ 02(92 ) “1“ 02(72)

rep re sen ts  th e  local v e c to r  to  th e  p ro file  o f  g e a r (2 ) in  th e  system  o f co -o rd in a tes  
x 2, y 2 h a v in g  th e  orig in  0 2.

S uppose th a t ,  in  th e  in itia l p o s itio n  in d ica ted  b y  th e  in d e x  “ 0”  th e  
te e th  o f th e  tw o w heels are  ju s t  in  c o n ta c t ,  a n d , o f course, th e  v a lu e  a o f th e  
c e n tre  d is tan ce  is g iven.

W h e n  th e  p in io n  revolves, in  a  p o s itiv e  sense, a t  th e  a n g u la r  speed

COi =  1 ,

so does th e  gear rev o lv e  in  a nega tive  sense , a t  an  angular speed
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a n d  w ith  toí =  1 w e h av e :

co2 =  —  =  co2(t)
i

w here, in  general, i is a fu nc tion  o f tim e .
In  a period  o f  tim e  t th e  p in ion  revo lves th ro u g h  th e  angle

o>1 • i =  1 ■ t =  t

an d  th e  revo lv ing  ang le  o f th e  gear is, a t  th e  sam e tim e :

T  =  Jó " 2 (0  dt •

W e shall f in d  th e  e q u a tio n  of th e  pro files rev o lv in g  a t  the  co rresp o n d in g  
an g u la r ve locity  b y  m u ltip ly in g  th e  re sp ec tiv e  p ro file  v ec to r w ith  th e  c o r­
respond ing  ro ta tin g  u n ity  vecto r. T h u s, we can  w rite  th e  for pinion (1) p ro file :

Z i — Z 01 ' Zf i  ,
w here

Z / l =  cos t j  sin t

is th e  u n ity  v e c to r  ro ta tin g  in a p o sitiv e  sense a t  th e  angu lar v e lo c ity  aq
(aro u n d  th e  c e n tre  Oj);
an d  for th e  gear Z 2 =  Z 02 • Z /2 ,

w here
Z/ 2 =  cos T  — j  sin T

is th e  u n ity  v e c to r  ro ta tin g  th ro u g  angle T  in  a n eg a tiv e  sense (a ro u n d  th e  
c e n tre  0 2).

T hus, th e  rev o lv in g  profiles are  exp ressed  as follows:

Z 1 =  Z OlZ f l  =  (X 01 +  i y oi) (COS ( + j  sin *)’
Z 1 =  (X 01 cos t —  Y 01 sin  t) -)- j ( X 01 sin  t +  Y 01 cos t), (19)

an d

Z 2 =  Z 02 Zf2 =  (X 02 +  Ì Y 02) (COS T  —  j  SÌn T )’
Z2 =  ( X 02 cos T  - f  Y 02 sin T) -f- j ( — X 02 sin  T  -(- Y 02 cos T ). (20)

C onsidering th e  ra n g e  of m a tin g  ac tio n  ch a ra c te riz e d  by  t, <Ç t  <T t2, th e  
p o s tu la te  m u st be  fu lfilled  th a t  th e  tw o  pro files a lw ays co n tac t a t  a m u tu a l  
p o in t in  w hich th e  respective  ta n g e n t lines are  in  coincidence. In  th is  sense ,
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th e  follow ing equ a tio n s can  be  w ritte n  as:

■̂ 1 — j a +  1

Z'l =  v (j a +  Z2y  =  fiZ'2 .
( 21)

(Sym bols w ith  an  u p p er com m a rep re sen t th e  co rrespond ing  f irs t d e r iv a tiv e  
w ith  re sp ec t to  q)x and  cp2, re sp ec tiv e ly ; ^  deno tes a fa c to r  o f p ro p o rtio n a lity .)  
A fte r  sep e ra tin g  in to  co m ponen t p a r ts  we o b ta in :

X 01 cos t —  Y 01 sin  t — X 02 cos T  -|- Y 02 sin  T,

X 01 sin t -f- Y 01 cos t =  a  —  X 02 sin T  -f- Y 02 cos T , 

X'01 cos t —  Y'al cos t =  [i(X'02 cos T  +  Y q2 sin  T), 

X'01 sin t +  Y'0i cos t =  Ju(— X q2 sin  T  -f- Y q2 cos T). 

T he 4 th  e q u a tio n  of (22) will be  d iv ided  b y  th e  3 rd :

w ith

and

X'01 sin  t-\-Y '01 cos t —  X q2  sin  T + Y ’2 cos T  

Xót cos t—Yóx sin  t X'02 cos T - \ - Y ’02 sin  T

X'01 cos t —  Y qX sin t 0

X q2 c o s  T  Y q2 sin T  0.

(22)

T h ere  follows th e  opera tio n  of s im u ltan eo u s d iv ision , n am e ly , n u m e ra to r  a n d  
d e n o m in a to r a t  th e  left side w ill be d iv ided  b y  cos (, an d  th e  sam e has to  be  
done b y  cos T  a t  th e  rig h t side, w here  cos t ^  0, an d  cos T  0:

X q! ta n  t +  Yp! =  X q2 ta n  T  +  Y&
X'n -  Y ^ t a n î  X q24 -Y q2 ta n  T

an d  rea rran g ed :

X ii X '02 ta n  t + X '01 Y '2 ta n  t ■ ta n  T + X '2 Y ^ + Y ^  Yó2 ta n  T  =

=  — x '01 X'02 ta n  T + X '01 Y '2+ X '02 Y'n ta n  t ta n  T  —  Y ', Y0'2 ta n  t; 

viz. ta n  T [ ta n  t (X'tl  Y0'2 —  Xô2 Y 'x) +  X'01 X ' 2 +  Y'0i Y 0'2] =

=  X'n  X '02 -  X '02 Y'n  -  ta n  t (X'n  X '2+  Y'n  Y'02),

w here  from :

t a n T  (X '2 Y '2- X '2 Y j Q - t a n  t (X '2 X ^ + Y ' ,  Y j 2) 
ta n  t ( X 'x Y ô2—Xô2 Y ^ ) + ( X ' t  X '2+ Y ' t Y '2)
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B y  u n itin g  th e  sy s tem  o f equa tions (22) a n d  th e  above fo rm u la  fo r ( ta n  T) 
w e o b ta in :

X 01 cos t —  Y 01 sin t =  X 02 cos T  Y 02 sin T,

X 01 sin t -f- Y 01 cos t =  a —  X 02 sin  T  -)- Y 02 cos T , (23)

ta n  T  =  (X U  Y q2 X'02 Y U )  -  (X U  X '2+  Y U  Y ', )  ta n  t 
(X U  Y '2 -  X '2 Y U )  t a n  t +  (X U  X'02 +  Y U  Y '2) ’

a sy s tem  th a t  gives a so lu tio n  for th e  p ro b lem  in qu estio n .
W hen  th e  p a ra m e te rs  <p1 an d  cp2 a re  cancelled , an d  b y  due rea rran g em en t, 

th e  q u a n ti ty  T  w ill a p p e a r  as a fu n c tio n  o f  t, th e n  th e  gear ra tio  i(t) can  a lread y  
be  expressed  in  an  ex p lic it form , n am e ly :

a n d  fin a lly

~ ~  Í  f®2(0  =  T '( t)  , 
dt Jo

m2(t) =  T '( t) ,

. CUj 1

" " ^ 7  _  T '( t )  '

O f course, th e  n a tu re  of th e  p ro file  fu n c tio n  is decisive as fa r  as th e  
so lu tio n  o f th e  e q u a tio n s  m ay  becom e d ifficu lt o r easy . I n  som e given case 
th e  m e th o d  for f in d in g  a so lu tio n  is h ig h ly  in tr ic a te . Cases m ay  occur w here 
th e  tra n sc e n d e n ta l exp ressions can  n o t b e  solved in  a closed form . A n issue 
is possib le  b y  f in d in g  som e a p p ro x im a tio n , generally , b y  ap p ly ing  som e 
i te ra t iv e  m eth o d  o f e s tim a tin g , o ften  b y  m eans of an  electron ic  co m p u ter.

C onsidering th e  m e th o d s  kn o w n  a t  p re se n t, th e  d ifficu lty  can  be  d e ­
sc rib ed  as follows: B y  m eans of su ita b ly  chosen p a ra m e te rs , and  fo r p rofile  
cu rv es  in  co n tac t a t  th e  in itia l positio n , genera lly , w ith  a th eo re tica lly  co rrec t 
c e n tre  d istance , th e  re sp ec tiv e  e q u a tio n  is ra th e r  sim ple.

In  th e  case o f a v a ried  cen tre  d is ta n c e  (e.g. w hen  i t  increases), one of 
th e  gears has to  b e  ro ta te d  th ro u g h  a v e ry  sm all ang le  in  o rder to  c rea te  
a  new  m atin g  p o s itio n . F o r fu r th e r  ca lcu la tio n , such  a new  config u ra tio n  
re p re se n ts  th e  in it ia l  positio n . In  su ch  a position , th e  new  e q u a tio n  th a t  
describes th e  p ro file  c u rv e , a f te r  rev o lu tio n  th ro u g h  a sm all angle, m ay  assum e 
a r a th e r  co m plica ted  fo rm .

O ur ca lcu la tio n  can  be sim plified  w hen  we re ly  on th e  usual e q u a tio n  
co -o rd in a ted  to  th e  in it ia l  position  w ith  an  ex ac t th e o re tic  cen tre  d istance .
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In  th is  w ay  we shall in v es tig a te  angle (for th e  p in ion) a n d  angle (for 
th e  gear) th ro u g h  w hich  th e  re spec tive  rev o lu tio n  shou ld  be  perfo rm ed  fo r 
th e  p u rp o se  th a t  eq u a tio n s  (2 1 ) re la tin g  to  th e  com m on p ro file  p o in t and  to  
th e  p a ra lle lity  of th e  ta n g e n t lines shou ld  ho ld  tru e .

F o r  th e  ca lcu la tio n  of th e  gear ra tio  i th e  sy stem  (23) o f equa tions is 
q u ite  ad e q u a te  ; on ly  in s te a d  of te rm  t i t  is angle Aj, a n d  in s te a d  of T  i t  is 
angle À2 th a t  shou ld  be su b s titu te d  in  all th re e  e q u a tio n s  o f  system  (23). 
In  concre to , angle v a lu e  À1 o f th e  p in ion  rev o lu tio n  is ta k e n  as a g iven d a tu m , 
b y  m ean s of w hich th e  p a ra m e te r  va lues qq an d  qq, an d  th e  ang le  X2 have  to  
be ca lcu la ted .

W h en  once th e  gear rev o lu tio n  angle X2 is o b ta in ed , i t  is obvious th a t  
in  th is  positio n  th e  p ro file  p o in ts  defined  b y  qp1 an d  qq are  in  m a tin g  co n tac t. 
W ith  th e  values an d  q q , th e  eq u a tio n  of th e  no rm al to  th e  profile  can  
be  se t dow n, th is  line being  th e  com m on no rm al. T h en  th e  m om en taneous 
p itc h  p o in t C "  is fo u n d  as th e  in te rsec tio n  p o in t o f th e  sa id  n o rm a l an d  th e  
ce n tra l line 0 ,0 2.

T h e  q u o tien t
r a ,

( r ö ;

equals th e  m om en taneous v a lu e  of th e  gear ra tio . B y  i te ra t in g  th is  ca lcu la­
tio n  fo r vario u s values of a series of p a irs  of co -o rd in a ted  va lu es  X1 an d  i 
are  o b ta in ed .

B esides, th is  m e th o d  of ca lcu la tio n  is well su ited  fo r fin d in g  th e  gear 
ra tio  o f a cam  ty p e  gearing , to o , w hen  th e  cam  profile  is a g iven  curve.

5. The re la tive  sliding velocity of te e th

In  o rder to  get th e  va lu e  of th e  re la tiv e  to o th ’ slid ing  v e lo c ity , th e  ac tu a l 
p e rip h e ra l ve locity  values g en era ted  b y  th e  rev o lu tio n  a ro u n d  th e  cen tres 
an d  0 2 shou ld  be ca lcu la ted . In a sm u ch  as th e  p ro file  cu rves com ply  w ith  
th e  co n d itio n  as p o s tu la te d  fo r th e  com m on n o rm al, th e  im ages o f th e  respec­
tiv e  v ec to rs  p ro jec ted  on to  th e  com m on n o rm al are equal to  each  o th e r. In  th is 
sense, th e  vec to ria l d ifference of th e  tw o p e rip h era l ve locities is p ara lle l to  
th e  com m on ta n g e n t line an d  a lread y  equals th e  re la tiv e  slid ing  velocity  
(F ig . 9). L e t us suppose a po sitiv e  an g u la r v e loc ity  co1 a ro u n d  th e  cen tre  0 t for 
th e  p in io n , an d  of course, a re su ltin g  n eg a tiv e  an g u la r v e lo c ity  co2 =  ® i/i 
a ro u n d  th e  cen tre  0 2 fo r th e  gear. L e t p o in t P  be th e  locus of th e  m a tin g  
c o n ta c t. To th is  p o in t, v e c to r  Z x d raw n  from  orig in  0 15 a n d  v e c to r  Z 2 d raw n 
from  orig in  0 2 are  co -o rd in a ted . T hus, we o b ta in  as th e  v a lu e  of th e  p e rip h ­
eral ve lo c ity  I tq [ in  p o in t P  a ro u n d  cen tre  0 1

I tq  I =  J Z j I co1 (w ith  tq  as a com plex n u m b e r);

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



382 H USZTHY

F i g .  9

Vj, b e ing  p e rp en d icu la r to  Z x, rep resen ts  th e  v e lo c ity  v e c to r  in  th is  fo rm :

Z i\ °h  ' j:

\ Z \ \

w hen  j  Z J I Z l I re p re se n ts  th e  u n ity  v ec to r  w hich is p e rp e n d ic u la r  to  v ec to r Z v  
C onsequen tly ,

v i =  j °>l Z \ ■ (25)

I n  m uch the sam e w ay  (for p o in t P  revolv ing  a ro u n d  c e n tre  0 2)

j t>2 I — \Z i\ 0)‘>

tliis  v2 being a co m p lex  n u m b er, too .
Now, »2 be ing  p e rp en d icu la r  to  v ec to r Z2 a t  a d irec tio n  d e te rm in ed  b y  

a revo lu tio n  th ro u g h  (— 90°), we o b ta in : i

i

(26)
l
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A t every  m atin g  p o in t we h av e :

or
ja  f  Z 2 — Z j , 

Z 2 =  Zy —  ja ,

th a t  will be s u b s ti tu te d  in  to  (26):

»2 =  j  ~  (Z 1 Ja)I

acox . œ 1
. J . ^  l •i i

(27)

T he re la tiv e  slid ing  v e lo c ity  vr is o b ta in ed  as th e  d ifference betw een vec­
to rs  (25) and  (27):

• ry , « W1 , . <»1 r jVr =  v x -V., = J ( 0 1 Z 1 -\---- ;---- \ - J  - Z,
I l

aft),
« 1Z 1+ - ; ,- Z 1

i

r ,  f t ) ,
a . 1 +  i
T  + J “ - T “ Z il l

(28)

O f course, Z l is c o -o rd in a ted  to  th e  line of ac tio n ; in o th e r  w ords, for vec­
to r  Z 1(ç?1; f) th e  te rm  t =  t(çq) is understood  in  acco rdance  w ith  equa tion  (13).

F o r com m on p rac tice , in  general, th e  m a g n itu d e  o f  th e  re la tive  sliding 
velocity  is req u ired . W e ca lcu la te  th e  ab so lu te  va lu e  o f  v e c to r  vr as defined  
b y  form ula (28) as follow s: 
since

Z 1 =  [X 01 cos œ 1 1 —  Y 01 sin m1 1] - f  

+  J [^ 0 1  sin °h  1 +  ^ 0 1  cos œ i *]>
therefore

a 1-f i  .
—---------- -—  (A 01 sin col t -j- Y 01 cos coj i)
i i

— (X 01 cos aq i ^ 01. sin  Ml t) 
i

and

+

< 0 1 ,

» v r  =  — a1 2a (1 - f i )  (X 01 sin aq i - f c o s  oq  ( ) - f  (1 +  i ) 2 ( X j^ + Y ^ )  ,

or

k |  =  - ^ -  f a 2- 2 a ( l + i ) ( X 0i s in  nq t+ Y 01 cos ftq t) +  ( l + i ) 2 (* § 1+ * ^ )  (29)
l

an d  t =  t((p1) accord ing  to  E q . (13).
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In  som e p ap ers  (e.g. [3] a n d  [4]) dealing  w ith  fr ic tio n a l losses o f gears 
we f in d  th e  s ta te m e n t accord ing  to  w hich  it  can be in fe rred  from  e x p e ri­
m e n ts  w ith  c ircu la r discs, th a t  th e  fr ic tio n  ra tio  is a fu n c tio n  of disc rad ii 
a n d  v e lo c ity  values. W hen  th ese  re su lts  should  be ta k e n  in to  co n sid e ra tio n  
in  d ea lin g  w ith  to o th e d  gears, th e  fr ic tio n  losses can  o n ly  be fo u n d  w hen 
th e  v a rio u s  rad ii a t  th e  m a tin g  p e rio d s  of th e  profile c u rv a tu re s  a re  ta k e n  
in to  acco u n t. N ow , w ith  a given c e n tre  d istance  a an d  a g iven  gear ra tio  i, 
th e  g ea r profile  is un ivoca lly  d e fin ed  b y  th e  assum ed p in io n  pro file ; conse­
q u e n tly , w ith  a lread y  know n v a lu es  o f  th e  angu lar v e lo c ity , th e  re la tiv e  slip 
v e lo c ity  depends on th e  geom etric fo rm a tio n  of th e  profiles —  th u s , a ce rta in  
u n iv o c a l re la tio n sh ip  betw een  th e  re la tiv e  sliding v e lo c ity  a n d  th e  c u rv a tu re  
ra d iu s  a t  th e  m a tin g  p o in t is a n  ir re fu ta b le  consequence.

F i g .  10

L e t th e  cen tre  0 1 of th e  p in io n , th e  cen tre  d is tan ce  a an d  th e  gear ra tio  
i b e  g iven . B y  th e se  d a ta , th e  fo rm  o f th e  line of ac tio n  (fe) is defined  (F ig . 10).

L e t p o in t P  be th e  c o n ta c t p o in t  o f th e  tw o profiles a t  a p o in t o f tim e  t; 
a t  th e  sam e tim e , th e  ta n g e n t lin e  (ép) a t  p o in t P  is p e rp e n d ic u la r  to  th e  
co m m o n  no rm al (n p) a t  th e  p itc h  p o in t. W hen  th e  e le m e n ta ry  period  o f tim e  
A t h a s  elapsed, i t  is in  p o in t Q w h ere  th e  m ating  c o n ta c t ta k e s  p lace. D uring  
th is , in  consequence of a rev o lu tio n  th ro u g h  angle z lí^ , p o in t P  m oves to  P ';  
an d  Q m oves to  Q'.
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T he ta n g e n t line (ép,) a t  p o in t Q' is p e rp en d icu la r  to  th e  p ro file  n o rm al 
(rep,). T he angle b e tw een  th e  tw o n o rm als (n p an d  np,) w ill be  d en o ted  as A x n.

T he angle be tw een  th e  ta n g e n t lines a t  P  a n d  Q, as well as th a t  b e tw een  
th e  ta n g e n t lines a t  P '  a n  Q ' is in v a ria b ly  A x p.

Since a t  th e  in itia l position  ta n g e n t (ep) is p e rp e n d ic u la r  to  th e  n o rm al 
(tip), an d  a fte r  a tim e  A t elapsed th e  ta n g e n t (ép ) w ill be p e rp en d icu la r  to  
th e  n o rm al (np-), so we h av e :

<  (ép; ép') =  A x n . (30)

On th e  o th e r h a n d , th e  angle b e tw een  (ép) a n d  (ép,) can  be conceived 
as th e  sum  of Aa.p an d  A 0 1 because A x p is th e  ang le  b e tw een  th e  ta n g e n ts  
a t  P  an d  Q in  th e  in it ia l  position , a n d  th e  ta n g e n t  (ép) reaches th e  p o sitio n  
^ép) a fte r  a rev o lu tio n  th ro u g h  th e  ang le  A 0 X; co n seq u en tly

<  (épi ép ) =  A x p +  A 0 1 . (31)

F rom  (30) an d  (31) we h av e

Accn =  Axp +  A 01, 

Axp =  Aotn —  A01 .
(32)

W e deno te  th e  len g th  o f th e  profile arc  P Q  as A sv  T he m atin g  p o in t 
m oves, du ring  th e  tim e  A t along th e  a rc  Zls^ th u s ,  th e  average  v e lo c ity  o f 
th e  m a tin g  p o in t b e tw een  P  and  Q a m o u n ts  to

A sì

A t

D ividing b o th  n u m e ra to r  an d  d en o m in a to r by  A x p:

A sJ A x p  A s1 A x p A s t Aocn — A 0 l
At/Aoip A x p A t Aoip A t

Asj^ A x n
Axp A t

A 0 j 

A t
.(3 3 )

A ssum ing a tre n d  to  th e  lim it At -»■ 0 th e  angle Aocp will s im ilarly  tre n d  to  
Axp  -> 0 .

In  th is  sense

lim
/hXp-*-0

lim  ----------- - = ----
A x p/A s1 g 1

w here, in  conform ity  w ith  its  defin ition , g 1 deno tes th e  c u rv a tu re  o f th e  pro 
file a t  p o in t P .
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T h u s, the  a n g u la r  velocity  of th e  n o rm al to  th e  profile  rev o lv in g  a ro u n d  
p o in t C is found to  be:

lim
A t- 0

Ax.,

A t
COn ’

a n d  th e  angu lar v e lo c ity  of th e  p in io n ’s

lim
A t -  0 m r = ® i  -

S ince th e  average v e lo c ity  vrav [ a t  th e  le f t-h a n d  side of E q . (33)] assum es, 
w h en  th e  lim it At —*• 0 is reached , th e  v a lu e  v t t w hich  rep resen ts  th e  m om en- 
ta n e o u s  tan g en tia l v e lo c ity  of th e  p in io n  in  p o in t P , we o b ta in :

vlt =  —  (co„- -co j.
S i

In s te a d  o f th e  rec ip ro ca l o f c u rv a tu re , th e  rad iu s  of c u rv a tu re  (gq in  p o in t P )  
can  be  su b s titu te d , n am ely :

»11 =  Qi(mn —  ®i) • (34)

A ccord ing  to  a s im ila r reasoning  th e  ta n g e n tia l  ve lo c ity  of th e  g ear a t  th e  
m a tin g  p o in t is fo u n d  to  be equal to :

v2t =  Qi{mn —  " 2) (3 5 )

w here  g2 is th e  ra d iu s  o f cu rv a tu re  o f th e  gear pro file  a t  P .
T h u s, we f in d  th e  re la tiv e  slid ing  velocity  to  be  exp ressed  as:

vr =  \ v lt —  v2t\ =  I g1(con —  CO!) —  g2(con —  co2) |, 

an d  reaaran g ed :

Vr  =  I ( e i  —  Q i ) m n  —  ( ö l  ® 1  —  Ô2 w a) I- (3 6 )

F o r  th is  expression, th e  angu la r v e lo c ity  con w ill be ca lcu la ted  as follow s:
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T he d irec tion  of a p ro file  n o rm al co -o rd in a ted  to  an  a rb itr a ry  m ating  
p o in t is defined  b y  th e  v e c to r  (F ig . 11)

j rgl •

T ak in g  in to  co nsidera tion  th e  angle betw een  th is  v ec to r  a n d  th e  axis x , 
an d  form ing  th e  f irs t  d e riv a tiv e  o f th is  arc w ith  resp ec t to  tim e , we o b ta in  
th e  an g u la r ve lo c ity  in  q u estio n :

" n  =  4 ”  arc  (Z k j r gl). 
at

T he v ec to r  Z k, w hich  describes th e  line of ac tion , is a fu n c tio n  of th e  pinion- 
p a ra m e te r  q>v  A ccord ing  to  th e  chain  rule we h av e :

con =  j  arc  (Z k-  j r gl) . (37)
d<p1 at

B y using th e  know n fu n c tio n  ZJcpj) and  b y  m ak ing  th e  fo llow ing tr a n s ­
fo rm atio n

arc (Z , — j r gl) =  arc ( X k +  j Y k— j r gl) =  arc [X fc + j ( Y k —  rgl)]

rsiarc  ta n Y k -  r„

X„

th e  d e riv a tiv e  of th e  la t te r  w ith  re sp ec t to  cpk can  be  d ire c tly  deduced, the  
d iffe ren tia l q u o tien t drpjdt can  be ca lcu la ted  from  th e  fu n c tio n  V{(px\ t) =  0 
accord ing  to  E q . (11).

6. The tooth force in  norm al direction

Suppose th a t  —  b y  n eg lec ting  th e  fric tio n a l force —  th e  p in ion  is 
ro ta te d  b y  a c o n s ta n t m o m en t M k: C on tact p o in t o f th e  profiles is th e  p o in t P  
on th e  line of ac tio n  (F ig . 12). T h en , th e  to o th  force ac tin g  in  th e  no rm al d irec­
tio n  is expressed :

F  - MY
n ~  k

w ith  k  b e in g  th e  lever a rm  of th e  force F n. T h is k  is fo u n d , w h en , consider­
ing  th e  local v ec to r  co -o rd in a ted  to  th e  m a tin g  p o in t P ,  w e d raw  its p ro ­
je c tio n  on to  th e  d irec tio n  o f th e  ta n g e n t v ec to r kZ[ co -o rd in a ted  to  p o in t P. 
(The le ft-h a n d  ind ex  in d ica tes  th e  co -o rd ina tion  o f th is  v e c to r  Z[  to  th e  line 
of action .)

In  con fo rm ity  w ith  th e  geom etric  ex p lan a tio n  o f E q . (14), we have:

h  X ,  X i+ Y . Y j

f x (2 +  y ;2 (38)
t =  t(g9x).
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0 = 0 - X

F i g .  12

A p p ly in g  E q . (2) b y  w hich  th e  v e c to r  Z x =  Z 1(q91; () is described , th e  n u m er­
a to r  in  (38) can  be  exp ressed  as follow s:

=  [*oi(«Pi) cos wi % i) — Volici) sin ®i K^i)] •
• [ X ó i ( < P i )  c o s  a>i t(<Pi) —  Y 'oA<Pi) s i n  " i  *(<Pi)] +  

+  [ * o i ( ? i )  s in  co1 % ! )  +  Y 0l(<pd cos cal t ^ ) ]  •

'  [ X 'o A f i )  s i n  « 1  * ( < P i )  +  Y ÓA<Pi) c o s  o > i  t(<Pi)] =

=  X ol(V l ) X '01(f l ) +  Y n (9 J  Y ' M )  ■

A s can  be seen, n e ith e r  th e  n u m e ra to r  no r th e  d e n o m in a to r of k  is a fu nc tion  
o f  t. W ith o u t re fe rrin g  to  th e  d ep en d en ce  on < we can  w rite :

S h o u ld  th e  n u m e ra to r  eq u a l zero, th e  ro ta tin g  m o m en t w ould v an ish . A gain, 
acco rd ing  to  E q . (17), th e  n u m e ra to r  can n o t be e q u a l to  zero, n e ith e r  can 
th e  deno m in a to r be eq u a l to  zero [in  com pliance w ith  E q . (16)].

C onsidering th e  profiles in  q u estio n , th e  q u a n t i ty  k  can  n ev er be  equal 
to  zero. T hus, w ith  E q . (39), th e  n o rm a l to o th  force is expressed  b y :

T h e  deno m in a to r is expressed :

V X Î Ï f o J + Y S f o ) .

(39)

(40)
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7. A pplications

W e shall d e m o n s tra te , in  p o in t 7 .1 , a ce rta in  ap p lic a tio n  of th e  re la ­
tio n s  as show n in  c h a p te rs  1 . . .  6  especially  fo r th e  case o f  a p a ir  o f gears 
co n sisting  of a to o th e d  w heel h av in g  cyclo idal p rofiles a n d  o f a n o th e r gear 
h a v in g  rec tilinear p ro files. T h is special exam ple  can  be  ta k e n  as being useful 
because  th e  resu lts  as w ell as th e  m a n n e r  of th e ir  d ed u c tio n  b y  m eans of 
e lem en ta ry  notions are  w ell know n.

In  p o in t 7.2, a spec ia l case is d e a lt w ith .

7.1 P a ir  o f  gears having a rectilinear and  a cycloidal toothing, respectively

W ith  reference to  F ig . 13, th e  to o th e d  w heel (1) h as  epicycloidal p ro ­
files. T his profile is g e n e ra te d  b y  a circle h av in g  a ra d iu s  c an d  revo lv ing  
along  th e  p itch  circle. I n  th e  in itia l p o s itio n  of th e  pro file , th e  revo lv ing  circle 
to u ch es th e  p itch  circle o f  gear (1) a t  th e  p itc h  p o in t C. N ow , th e  angle betw een  
th e  axis y  and th e  line con n ec tin g  c e n tre  0 1 w ith  th e  cen tre  of th e  rolling
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c irc le  should  be chosen  as th e  desired  p a ra m e te r  <pv  W h en  th e  ro lling  circle 
ro ta te s  a round  its  c en tre  th ro u g h  th e  angle ß ,  we h av e , w ith  a p u re  ro lling  
m o tio n  (w ithou t a n y  sliding):

r i  < P i  =  cß,

ß  =  — V i -  (41)
c

T h e  profile  is d e lin ea ted  b y  a p o in t o f th e  rolling  circle, th e  in itia l p o sitio n  
o f  w h ich  lies a t  th e  p itc h  p o in t C. I n  accordance w ith  F ig . 13, th e  co -o rd in a tes  
o f  th e  cycloidal p o in t P  are exp ressed :

X 01 =  (rx c) sin qcy —  c cos oc 

Y 01 =  (rx -f- c) cos cp1 —  c sin a.
In  v iew  of

a =  90° — ( ß  +  çoj),
o r

« +  ß  +  <Pi =  90°,
w e can  w rite :

X 0i =  (r i +  c) s in  <Pi —  c cos [90° ~ ( ß  +  <Pi)] =
=  (ri +  c) sin <Pi — c sin ( ß  +  <Pi)

Y 01 =  (r i  +  c) cos <Pi —  c s in  [90° —  (ß +  V t)] =
=  (r1 +  c) cos cp1 —  c cos ( ß  -)- (pß

a n d  com bined w ith  E q . (41) we o b ta in :

X 01 =  (rx-)-c) síit 9?i — c sin 

=  (rx4-c) cos (p1 — c cos

—  + 1

^  +  1

rPi ■

<Pi ■

For our n u m eric  ex a m p le  w e sh a ll co u n t w ith  th e  con crete  v a lu es:  

rx =  r2 =  2, c =  1 

a  =  4 , i  =  1.
fro m  w here

W ith  these  d ata , w e ca n  w rite:

X 0i =  3 sin  —  sin  3<pl ,

Y oi =  3 cos <pl  —  cos 3 9 ?!,

a n d  for  the  profile ( p 1) in  in itia l p o s it io n , w ith  reference to  E q . (1 ) w e  ob ta in :

Z Ql =  (3 sin  (pl —  sin  3 9 ^ ) -f~ j (3 cos (p1 —  cos 3çp^).

(42)

(4 3 )

(7/1)
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L e t th e  gear (1) ro ta te  in  a  positive sense a t  a n  a n g u la r  v e lo c ity  to, =  1, th e n  th e  v e c to r b y  
w h ich  th e  ro ta tin g  p ro file  (p ,)  is d escribed  can  be  expressed , w ith  re fe ren ce  to  E q . (2), as 
follow s:

Z x =  [(3 s in  (p1 —  sin 3ipf) cos t —■ (3 cos <pl —  cos 395̂  sin  t] -f-

+  j  [(3 sin  Ipx —  sin 3ipx) s in  t  +  (3 cos <pl —  cos 3tpx) cos t]. (7/2)

In  o rd e r to  find  th e  fo rm u la e  fo r  profile  (2), E q . (8) serves as b asis; f i r s t ,  we will express th e  
co n cre te  fo rm ulae  of th e  respec tive  d e r iv a tiv e s :

XjJi =  3 cos tp, —-3  cos 3<px =  3(cos <p1 —  cos Sipj);
and

E q! =  — 3 sin ipj +  3 s in  3tp, =  3(— sin tp, -(- sin  3g),).

T h u s, th e  E q . (8) tak e s  th e  form :

2 [(3 sin  tp, —  sin 3 ^ )  • 3(cos cpl —  cos SçDj) +  (3 cos <Pi —  cos ty x )  ' 3(— sin tp, +  sin  3y,)] —  

—  4 [3(cos tp, —  cos 3<p) sin  tp -)- 3(— sin tp, +  sin 395,) cos v ] =  0. (44)

N ow , in  o rder to  express the variable tp a s  a fu n c tio n  of 1p„  we f ir s t  sha ll d iv ide  th e  expres­
sion (44) b y  th e  p ro d u c t 2 • 3; th is  re su lts  in  th e  form :

(3 sin tpx —  sin 3 ^ )  (cos tp, —  cos 3<px) -f- 

+  (3 cos tp, —  cos 3<p ,)  ( — sin tp, -f- sin 395,) =

=  2 [(cos tp, —  cos 39̂ )  sin  tp +  (— sin tp, sin  397,)  cos 9)]. (44a)

sion:
A fte r  perform ing  th e  operations a t  th e  left-hand side in  (44a), we o b ta in  th e  expres-

4 s in  <px cos tp, .

A fte r division a n d  m u ltip lica tio n  o f  th e  r ig h t-h a n d  side in  (44a), b y  th e  follow ing 
m em b er:

/ ( c o s  <pi —  cos 395j)2 (— sin  tp, -f- sin  3tp,)- — 2 sin  <px;

the right-hand side w ill ta k e  th e  form :

2 • 2 sin  9?j
cos tp, — cos 39?!

„ . sin V i  „ .2 sin tp, 2 sin  tp,

A fte r tran sfo rm in g  th e  m em bers w ith in  th e  sq u are  b ra ck e ts , b y  u sin g  th e  re la tio n

sin 39̂ sin  V,
v]

cos tp, —  cos 39o, =  4 cos tp, sin2 95, , 

th e  f i r s t  frac tio n  can  be  w ritte n  as follow s:

4 cos 9o, sin2 95j
sin tp,

=  2 cos tp, sin tp, =  sin 295, ,

an d  sim ilarly , by  using  th e  re la tio n

sin 3<px —  sin 9̂x =  2 sin 9), cos 29̂  , 

th e  second frac tion  is w r it te n :

2 sin tp, cos 2tp,
=  cos 295̂

2 sin tp.

W ith  th ese  sim plified m em b ers , E q. (44a) ta k e s  th e  form :

4 sin  tp, cos tp, =  4 sin tp, [sin  tp sin  2tp, +  cos tp cos 2tp,\,
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a n d

or

viz.

cos cpl =  cos (2^! — ip) 

<Pi =  2<Pi — V’

V =<Pi ■ (45)

T h e  expression  of p ro file  (p 2) is o b ta in ed , w hen  th e  re la tio n  (45) is su b s ti tu te d  in to  E q . (3):

Z s \rf  \- V # i) l  =  U<Pi) =  z o2 =
=  [(3 sin <p1 —  sin  Sgq) cos 2<p1 —  (3 cos <pl  —  cos Sqq) sin  2tp1 +  4 sin çq] -f- 

-f- j  [(3 sin rp1 —  sin  3çq) sin 2çq +  (3 cos q>l —  cos 3<p,) cos 2çq —  4 cos çq].

T h e  re a l p a r t  o f v e c to r Z 02 can  be  w r itte n  as:

X 02 =  3 sin <jq cos 2 ^  —  sin  3(p1 cos 2<p1 —  3 cos ip1 sin  2<pl -f- cos 3<pj sin  2çq +  4 sin çq =  

=  — 3 sin (pl —  sin  çq -|- 4 sin  (pl — 0,

a n d  th e  im aginary  p a r t  is:

Y 02 =  3 sin çq sin 2çq —  sin 3çq sin 2çq +  3 cos çq cos 2çq —  cos 3çq cos 2çq —  4 cos çq =  

=  3 cos çq —  cos Ijq — 4 cos ip1 =  — 2 cos <p1 .

T h u s , th e  profile (p2) is expressed  in  th e  sy s tem  of co -o rd in a tes  (*2; y 2) as follows:

■̂ 02 — 0 

Y 02 =  2 cos (p.
(46)

T h is  represen ts, in  w o rd s , a  s tra ig h t line th a t  coincides w ith  th e  ax is  y .  T h is re su lt could  
b e  ex p ected , u n d o u b ted ly , since th e  ro lling  circle has a ra d iu s  c =  1, v iz. h a lf  as large  as th e  
ra d iu s  r2 =  2 of th e  p i tc h  circle w ith in  w hich  th e  ro lling  m o tio n  ta k e s  p lace.

In  th is w ay  th e  p ro b lem  as se t u p  in p o in t 1 is solved.
We shall f i n d  the equation o f  the line o f  action. T he co n cep t o f  th e  fu n c tio n  V(<p1; t) 

acco rd in g  to  E q. (11) is o f  a  sim ilar fo rm  as is th e  re la tio n  in  E q . (8) t h a t  served to  define  
th e  envelope curve. T h e  d ifference consists in su b s ti tu tio n  aq  t (as a rg u m e n t o f th e  tr ig o n o ­
m e tr ic  functions) in s te a d  o f itp. As fa r  as th e  form  of th e  line  o f a c tio n  is concerned, th e  v a lu e  
o f th e  angular v e lo c ity  h a s  no im p o rtan ce . F o r th e  sake o f s im p lic ity  we assum e Ctq =  1. 
W h en  according to  E q . (8) th e  envelope cu rve  was ex am in ed  (w ith  a  gear ra tio  i =  1), we 
o b ta in e d

iy, = c p  =  ( f1

[see E q . (45)], and  in  th e  p re sen t case, we f in d  in  an  analogous w ay , th a t

cu1 1 =  t =  <p1 . (47)

P u t t in g  th is expression  in to  E q . (2) of p rofile  (p j), th e  v e c to r t h a t  describes th e  line o f ac tio n  
is fo u n d  to  be:

Zy =  [(3 sin  çq —  sin 3çq) cos çq —  (3 cos çq —  cos 3<px) sin çq] -f-

-f- j  [(3 sin  <p1 —  sin 3çq) sin  (pl -(- (3 cos çq —  cos 3çq) cos çq ] , (7/12)

T h e  real p a r t  is ex p ressed  by :

X y  =  (3 sin  çq —  sin 3çq) cos çq —  (3 cos q>l  —  cos 3çq) sin  çq =

=  — (sin  3çq cos Ipx —  cos 3çq sin çq) =  — sin (3cpi —  çq) =  — sin 2<p1 ,
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an d  th e  im aginary  p a r t  by :

Y k =  (3 sin  <p1 —  sin 3yij) sin  <pl +  (3 cos <p1 —  cos 3 ^ )  cos cpt =

=  3 —  (cos 3<p1 cos <pl +  sin  3<pl sin  g5t) =  3 —  cos (3ç3x —  çq) =

=  3 —  cos 2(f l .

T h u s, th e  p a ram e tric  e q u a tio n s  o f  th e  line  o f action  go as follow s:

X k =  —-sin 2:pl , Y k =  3 —  cos 2<pl . (48)

file  p a ram e te r <p, can  be  cancelled  in  th e  follow ing w ay:

X k =  — sin  2<pt , Y i; — 3 =  — cos 2<p1 .

B y  tak in g  th e  sq u ares an d  a d d in g  th em , we ob ta in :

X l  +  ( Y k -  3)2 =  1.

C onsequently , th e  line o f action  re p re se n ts  an  arc  as a p o rtio n  of a  circle as show n in Fig. 14. 
T his is qu ite  u n d e rs t-an d a b le , because  of th e  follow ing re la tio n sh ip : w hen  profile  (p2) m oves 
a ro u n d  cen tre  0 2, we f in d  a r ig h t-an g led  trian g le  form ed b y  th e  h y p o ten u se  0 2C an d  th e  
sides P C  an d  0 2P  w here  P C  re p re se n ts  a p o rtio n  of th e  n o rm al to  th e  profile  coord in a ted  
to p o in t P ,  and  0 ,P  is th e  rad iu s . C onsequently , p o in t P  re p re se n tin g  th e  rig h t-ang le  corner 
m oves along a c ircu lar arc.

The gear ratio varia tion  w hich  occurs when th e  o rig inal c en tre  d is tan ce  a gets a lte red  
should  be exam ined ; e.g. we allow  th e  v a lu e  a 0 to  be  decreased  to  a =  a 0— /)a. In  F ig . 15 th e  
d a sh  curves rep re sen t th e  in it ia l  p o sitio n  of th e  m atin g  pro files w h en  d istan ce  a is k e p t 
unch an g ed  a n d  ra tio  i  rem a in s c o n s ta n t. ( In  th is  position , C re p re se n ts  th e  m atin g  c o n ta c t 
p o in t.)

The cen tre  d istan ce  a should  be  m odified  inasm uch  as cen tre  rem a in s in th e  orig inal 
p o sition , w hereas cen tre  0 2 com es n e a re r  to  0 1 by  th e  d ec rem en t Zia, a n d  reaches th e  new  
positio n  0*.

W hen th e  tw o  gears h av e  p e rfo rm ed  som e rev o lu tio n  th ro u g h  th e  angles , an d  ).2 
resp ec tiv e ly  (m easured  fro m  th e  in itia l position ), th e  new  m a tin g  p o in t  is a t  P * . In  th is  posi­
tio n , th e  no rm al to  th e  p ro file  a t  th e  new  p itc h  p o in t will n o t  p ro d u c e  th e  sam e div ision  
ra tio  o f th e  cen tre  d is tan ce  a as w as w ith  th e  orig inal d istance  a 0; th u s  th e  gear ra tio  i is also 
su b jec ted  to  som e change, c h a rac te rized  b y  th e  new  d iv id ing  p o in t C*. Now , we re tu rn  to  
E q s  (23) b y  w hich th e  m a tin g  co n d itio n s a re  estab lished , b u t  w e s u b s ti tu te  A, in s tead  of t, 
a n d  A2 in stead  of T.
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F o r th is p u rp o se , we ap p ly :

a n d

X 01 — 3 sin <p1 —  sin  3g?j , X 02 =  0,
Y 01 =  3 cos I-p1 —  cos 39?x , Y 02 =  — 2 cos ,

X'ol =  3(cos <p1 —  cos 3çp,), X'02 =  0,
Y 'i  =  3(— sin go, +  sin  3 ^ ) ,  Y'02 =  2 sin tp1 .

T hus, E qs (23) a re  re w ritten :

(3 sin <pl — sin 3q p , )  cos Ax —  (3 cos go1 —  cos 3ipj) sin Ax =  —2 cos <pt sin  A2 ,
(3 sin <pt — sin 3g?j) sin  Ax +  (3 cos (pl —  cos 3 ^ )  cos Ax =  a —  2 cos g9x cos Â2 , (7/23)

3(cos <pj —  cos 3ç7x) 2 sin  rpl —  3 (— sin gpj -f- sin 3g>j) 2 sin  q>1 t a n  Ax 
2 3(cos I■pl  —  cos 3g5j) 2 sin  <pl t a n  Ax +  3(— sin gq +  sin  3<px) 2 sin  g3x

Some k ind  of s im p lifica tio n  seem s to  be possible on accoun t o f th e  p a ra m e te r  i■p1 being  
th e  sam e for b o th  p rofiles. T he 3rd  e q u a tio n  am ong E qs (7/23) can  be  re a rra n g ed . T here is 
a  s im plifica tion  b y  6 a n d  b y  sin ip1 possib le , an d  th e  know n re la tio n s

cos <pt —  cos 3<pt =  4 cos Ipj sin2 ip1 =  2 sin q>l sin  2gpx , 

— sin <P[ -f- sin  3<p1 =  2 sin <px cos 2gtq

can  b e  applied:

ta n  A2 2 sin gq sin  2<pl —  2 sin gq cos 2gq t a n  Ax 
2 sin gq sin  2g? | ta n  A, • 2 sin g , cos 2Y1

B o th  n u m era to r an d  d e n o m in a to r can  b e  d iv id ed  by

to  o b ta in :
2 sin  gq cos 2gq 

ta n  2gq —  ta n  Ax
ta n  A2 —

ta n  2gq ta n  Ax -j 1-  =  ta n  (2çq —  A,,) ,

Ág =  2gq —  Aj , Aj +  A2 — 2gq . ( 4 9 )
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W e are  able to  tran sfo rm  th e  1 st an d  th e  2 n d  fo rm u lae  am ong E q s (7/23):

3 sin  ipl cos Aj -— sin  3 ^  cos Aj —  3 cos <pl sin  At +  cos 3ç?x sin Ax =  — 2 cos <p1 sin  A2 ,
3 sin  9o1 sin At —  sin 3 ^  sin  Ax 3 cos tp1 cos Ax —  cos 3 ^  cos Ax =  a —  2 cos <py cos A2 ,

3 sin (çjj —  Ai) —  sin ( 3 ^  —  At) =  — 2 cos sin A2 ,
3 cos (<p1 —  Aj) —  cos (39?j —  A!) =  a —  2 cos <p1 cos A2 .

W e fo rm  th e  square  o f b o th  sides and  ad d  th e m  to g e th e r

10 —  6 cos 29?j =  4 cos2 9>! —  4a cos cp1 cos A2 -f- a 2,

, 2 cos2 9?! +  6 cos 29?j +  a2 —  10
cos A, = -------- — — - -----—---------------- .

4a  cos 9?!

I n  a n u m erica l exam ple, we p u t

th u s ,
zia =  — 0,1, v iz. a  =  3,9,

, 4 cos2 9?, —  6 cos 29?, 4- 5,21
cos A2 = ----------- r------------------ —------------ - .

1 5 , 0  CO S 9?!

(50)

(51)

W ith  v a rio u s va lues of 9?! a n d  b y  using  E q . (49) th e  angles A, o r, b y  E q . (51), th e  angles A2 
are  ca lcu la ted . T he resu ltin g  v a lu es (9̂ , A,. A2) g ive  u s ev ery  re q u ire d  p o in t o f c o n ta c t, a t  th e  
sam e tim e  being th e  m atin g  p o in t in  a  p o sitio n  w hen  gear (2) rev o lv ed  th ro u g h  angle  A2. 
T h e  a c tu a l  no rm al to  th e  p ro file  passes th ro u g h  th e  re su ltin g  p o in t P *  (X * , Y *), a n d  its  
e q u a tio n  goes as follows:

Y —- Y* =  m ( X  — X *),
w here

X *  =  — 2 cos 9>! sin A2 ,
Y* =  3,9 —  2 cos 9?! cos A2 , 

m =  — ta n  A, .

N ow  w e fin d  th e  co-ord inates o f p o in t C* w h ich  rep re se n ts  th e  in te rsec tio n  p o in t o f th e  n o rm al 
to  th e  p ro file  w ith  th e  cen tre  line  0 , 0 2 : (X *  =  0),

an d
Yc * =  Y* +  t a n  A2X * =  O fi* , (52)

(53)

re p re se n ts  th e  m o m entaneous v a lu e  of th e  g e a r ra tio . O ur n u m erica l re su lts  are  show n in  th e  
fo llow ing T able:

Vi K X* Y* o xc* 0 2 C* i

0° — 12°50T0" 12°50T0" — 0,444 1,950 1,849 2,051 1,109
1° — 12°52'50,/ 14°52/50" — 0,446 1,951 1,850 2,050 1,108

a n d  so fo rth .

F or calculating the relative slid ing  velocity  we sha ll re tu rn  to  E q . (29).
L e t th e  given cen tre  d is tan c e  a equal 4 a n d  th e  a n g u la r v e lo c ity  co1 eq u al 1; th u s , 

th e  expression  as exposed u n d e r  th e  square  ro o t  sign in  (29), o f course, w ith  t =  tp1 [accord-
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in g  to  (47)] has to  be w r itte n  as:

I vr I2 =  42 —  2 • 4 (1 +  1) [(3 sin <pl —  sin Sipj) sin <p, +  (3 cos <pt 

- f  (1 +  l ) 2 [(3 sin <p1 —  sin 39?x)2 +  (3 cos rpx — cos Sç^)2]

cos 395j) cos  tp, -f- 

16 (1 —  cos 2i j , )
2

or

W F16 (1 —  cos 2̂ )  
2

cos 2 
2 =  4 sin  <pl . (7/29)

Calculation o f  the norm al tooth force according to to Eq. (40):

P  =  M  _______________y  [3 (cos <p, —  cos 3ffi)P  +  [3 (— sin tp1 +  sin  S^ )]2
n 1 (3 sin 9?! — sin  3 (cos 3<px—  cos 39?1)-f-(3 cos (pY —  cos 39̂ )  3(—  s in ^ j-f-s in  3(px)

w here  th e  expression u n d e r  th e  squ are  ro o t sign is red u ced  to :

36 sin2 (pi ,

th u s , th e  n u m era to r eq u als  =  6 sin (f x and  th e  d e n o m in a to r is red u ced  to

12 sin 9?j cos (p1 ,
a n d  co n sequen tly :

Fn
M  6 sin 7 ,

12 sin (f x cos y L
Mi 2 cos (p1

(7/40)

7.2 Case o f  a special application

7 .2 .1 . E xam ple o f  a earn profile

T h is case is show n in  Fig. 16. H ere, th e  p rofile  o f m em ber (1) is ch arac te rized  as a  
s t r a ig h t  line passing  th ro u g h  cen tre  Ol9 an d  th e  p rofile  o f m em b er (2) rep re sen ts  a  circle 
h a v in g  th e  rad ius r w h ich  sw ings, w ith  a co n n ec tin g  lev er of th e  le n g th  m, a ro u n d  c en tre  02; 
th e  p o ss ib ility  th a t  th is  circle  can , a t  th e  sam e tim e  ro ta te , a ro u n d  cen tre  M  has no  m ec h an ­
ical significance. The m ech an ism  as show n in  F ig . 16, assum es its in itia l position . F o r p ro file  (1), 
th e  e q u a tio n  in th e  sy s te m  o f co-o rd ina tes x 1y 1 can  be  w ritte n  as:

X 01 =  çp1 cos a  X qX =  cos a
(54)

Y oi =  (p1 sin a  =  sin a

F u r th e r ,  cpl  rep resen ts th e  d istan ce  of th e  m oving  p o in t o f p rofile  (1) from  cen tre  a n d  
th e  positio n  of th is  s tra ig h t  profile  is ch a rac te rized  b y

(55)

sin  a  =  / 1 V (a  — m)2 -
(a —  in)2 a — m

A s fo r  th e  profile (2), exp ressed  in th e  system  o f co-o rd ina tes ^2y 2, we can  w rite:

X 02 =  r  cos <p2 , X'02 =  — r sin (f2 ,

Y o2 =  (m  - f  r  sin  <p2), Y '02 =  — r cos (p2

w here  angle (p2 is to be  u n d e rs to o d  in accordance w ith  Fig. 16.

(56)
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Suppose t h a t  m em ber (1) ro ta te s  a ro u n d  c en tre  0 1 in  th e  p o sitiv e  sense a t  th e  
v e lo c ity  co1 =  1.

W h a t is req u ired , is to  know  th e  g e a r  ra tio  cojca2 =  i:
R ecu rrin g  to  E qs (23) we can  w rite

<p1 cos a  cos t — <p, sin a  sin  t — r cos <p 2 cos X —  (m  -f- r sin  <p2) sin  X 

<Pi cos a  sin  t +  99,  sin  a  cos t =  a —- r  cos <p2 sin  X —  (m  -j- r  sin <p2) cos X

_ (— cos a  r  cos <p2 —  r  sin <p2 sin  a ) —  (—  r  cos a  sin <p2 — r  sin  a  cos qp2 )  ta n  t
(—  cos a  r  cos (p2 +  r sin  V2 sin a ) t a n  1 +  (— r cos a  sm  2̂ —  r sm  a  cos ^ 2)

A fte r sim p lifica tio n  and  re a rran g em en t:

(fi cos (a -f- t) =  r cos (tp2 +  X) —  m  sin X,

<Pi sin (a +  t) =  a —  r  s in  (<p2 +  X) —  m  cos X,

ta n  X =
sin (<p2 -f- <*) ta n  t —  cos (<p2 +  a)
-s in  (q>2 +  a )  —  cos (<p2 -f- a) ta n  t 

In  th e  la t te r  e q u a tio n  an  am plification  b y  — 1 seem s to  be su itab le :

ta n  X =  cos (ffg +  «) —  sin (<72 +  «■) ta n  t
sin (ip2 -)- a )  +  cos (<p2 +  a) ta n  t ’

a n d  a f te r  a  second am plification  b y  1/cos (<p2 +  <*), we o b tain

1 —  ta n  (<p2 -f- a )  t a n  t 1
ta n  X

ta n  ((p2 -)- a )  +  t a n  t ta n  [(çj2 +  a )  +  t]

=  cot [(<p2 +  a ) +  l] =  t a n  (90° —  [(<p2 +  a )  +  t ] },

a n g u la r

• (57)

(58)
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or
T  =  90° —  [(y2 +  a )  +  t] =  90° —  <p2 —  a  —  t 

(pï  +  T  =  90° —  a  —  t.

B y  su b s titu tin g  th is  fo rm u la  in to  th e  1st a n d  2nd  E q s  (58) we o b ta in :

cp1 cos (a  +  t) =  r  cos [90° —  ( a + t ) ]  —  m sin T , 

q>l s in  (a  -(- t) =  a —  r sin  [90° —  (a  +  01 —  m  cos T ,

ipi cos (a  +  t) =  r  sin (a +  t) —  m sin X,

(ft s in  (a  +  0 =  a —  r cos (a +  t) —  m cos X.

D iv id in g  th e  la t te r  e q u a tio n  b y  th e  fo rm er we h av e:

t a n  (a  +  t ) =
a —  r cos (a  +  t) —  m cos X 

t sin (a  +  t) —  m  sin X

( 5 9 )

(60)

t h a t  se ts down a re la tio n  b e tw ee n  I and  X. A fte r c an ce lla tio n  o f th e  frac tio n s  and re a rran g e  
m e n t, we can w rite:

r

r

m sin  (a  +  í) sin X 
cos (a  +  t) 

m  s in  (a  +  0 sin  T

—  a =  — m V l —  sin2 T ,

— a cos (a +  t) =  — m cos (a  +  t) Y l  —  sin2r .

F o rm in g  th e  squares o f  b o th  sides:

r2 +  m2 sin2 (a  +  t) sin2 T  +  a2 cos2 (a  +  t) —  2rm  sin (a  +  t) sin  T  —

—  2 a r cos (a  +  t) +  2am  sin (a +  t) cos (a  +  t) sin  T  =

=  m2 cos2 (a  +  t) —  m2 cos2 (a +  t) sin2 T

a n d  rearran g ed :

m2 sin2 T -|-2m  sin (a  +  t) [a cos (a-j-i) —  r] sin  T-\- {[r —  a  cos ( a + t )]2 —  m2 cos2 ( a + t)}  =  0.

B y  using  th e  ro o t-fo rm u la  o f a  second-degree eq u a tio n , sin  T  c an  b e  calculated .
F irs t, th e  d isc r im in a n t should be ex p an d ed :

4m2 sin2 (a +  t) [a cos (a +  i) —  r ]2 — 4m2 {[a cos (a +  t) —  r ]2 —  m2 cos2 (a +  f)} =

=  4 m 2 cos2 (a +  t) {m2 —  [a cos (a +  t) —  r ]2},
a n d  consequently

. _  [r — a cos (a +  t)l sin (a +  t) +  cos (a +  t) \  m2 — [a cos ( a + t )  —  r ]2
sin I  =  — ------------------------------------------------------------------------------------------------------------  (

m

o f  course, we ap p ly  th e  p o sitiv e  root.
W ith  th e  n u m eric  d a ta :

a =  4, r  =  1, m  =  2
we h av e:

a  =  a rc  cos
1 1

=  arc  cos —------ — =  arc  cos - ,
4 —  2 2

3 ’
an d

. j ,  [1 — 4 cos (t +  Ji/3)] sin (t +  ji/3) +  cos (t +  jt/3) V 4 —  [4 cos (t +  tt/3) —  l ]2 (ßZ)

Acta Technica Academiae Scientiarum Iiungaricae 73, 1972



GEAR CALCULATION 399

F ro m  th is  we o b ta in  th e  a n g u la r  rev o lu tio n  of th e  gear m em b er (2) th ro u g h  th e  tim e  t: 

T  — a rc  sin [1 —  4 cos (t +  Ji/3)]sin (i +  j i /3 )  +  cos (t +  jr /3 )  V 4  —  [4  cos (t +  j i /3 )  —  l ]* 2
2 ~

a n d  w ith

1 — [1 — 4 cos (t +  jr/3)]sin (t +  ji/3) +  cos (t +  ji/3) j' 4 —  [cos (t +  tt/3) —  l ] 2]
_  2

• j l  sin2 (i +  ji/3) +  [1 —  4 cos (t +  ji/3)] cos (i +  tt/3) —

— sin (t +  n ß ) \ \  —  [4 cos (i +  ji/3) —  l ] 2 -|-

2 [4 cos (t +  nl3) —  1] 4 sin (t : rr 3 ) j 

+  C0S (i +  n ß )  2 [4 cos (t +  ti/3) —  i p  1 •

In s te a d  o f a general re d u c tio n  of th is  e q u a tio n , we m ay  confine ou rse lves to  th e  d e te rm in a ­
tio n  o f th e  gear ra tio  a t  a  c e r ta in  p o in t o f tim e , say  a t  ( =  ji/6.

T hus,

co2 (tt/6) 4 — f 3  
Í3

a n d

y 3
4 —y3

0,76.
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T h e  sam e re su lt can be o b ta in e d  b y  u sin g  E q s (62). F ir s t  we can  s ta te  t h a t  a f te r  a rev o lu tio n  
th ro u g h  angle t =  n \6 in  w hich  po sitio n  th e  edge o f m em b er (1) com es in to  coincidence w ith  
ax is  y ,  we o b ta in

sin T  =  1/2,

T  =  a rc  sin  1/2 =  ?r/6,

in  w o rds, th e  m em ber (2) likew ise p e rfo rm ed  a rev o lu tio n  th ro u g h  a n  ang le  T  =  tt/6. In  th is  
p o sitio n , th e  profile n o rm al passes th ro u g h  p o in t C*. As can  be seen fro m  Fig . 17, th is  p o r­
tio n  is charac te rized  b y  th e  re la tio n :

9  i/o  _
0 2C* =  2 cos 3t/6 =  — - —  =  y 3 ,

O^C* =  4 —  V 3 ,

a n d  th e  m om entaneous v a lu e  of th e  g ear ra tio :

i Ofi* _  V3 
eye* 4 — V3

in  c o n fo rm ity  w ith  ou r f ir s t  re su lt.
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k e it . V D I-V erta g u n g  E ssen , V D I-B erich te , N o . 47 (1961).

K om plexe Sch reib w eise im  E n tw erfen  von  Z ahnrädern . H ier  w o lle n  w ir m it b eson d erer  
R ü c k s ic h t  au f G rundfragen  des E n tw erfen s  e in ige  g eom etrisch e u n d  m ech a n isch e  E ig en sch a f­
te n  v o n  g erad verzah n ten  zy lin d r isch en  R äd erp aaren  b esp rech en , u . zw .: B estim m u n g  d es  
G egen p rofils zu  e in em  geg eb en en ; U n tersu ch u n g  der E in griffs lin ie ; A n a ly se  der g eo m etr i­
sc h e n  u n d  m ech an isch en  B e d in g u n g en  d es E in griffs; U n tersu ch u n g  der in fo lg e  eines A ch sen ­
a b sta n d feh lers en tsta n d e n e n  Ü b ersetzu n g sä n d eru n g ; B e rech n u n g  der re la tiv en  G le itg e­
sc h w in d ig k e it  der Z ähne; B e rech n u n g  der m o m en ta n en , n orm alen  Z a h n k raft. B e i g eg eb en em  
P r o fil  e in es der b e id en  Z ahnräder (un d  d ies is t  g ew öh n lich  das k le in e  R a d ) ersch ein t d ie  
E in g r iffs lin ie  e in d eu tig  b e st im m t, u n d  dasselbe g ilt  für das P ro fil d es großen  R ad es. D ie  
h ier  b ek a n n tg em a ch ten  R ech n u n g sm eth o d e n  sind —  n eb st der k o m p le x e n  A usd ru ck sw eise  —  
d a d u rch  g ek en n ze ich n et, d aß  d ie E r geb n isse  a llg em ein  m it H ilfe  v o n  d en , das P rofil d es  
k le in eren  R ad es b estim m en d en  F u n k tio n e n  a u sged rü ck t w erden.

K o M n jieK C H o e n p e flC T aB Jie H H e  3 y 6 u a T b ix  K o jie c  n p H  h x  n p o e K T H p o ß a H H H  Æ ä H H a n  p a -  
6o T a  3aiiH M aeTC>i tükhmh reo M ex p H u ecK H M H  h M e x a iin a e c K iiM H  cbohctb3MH n a p  n p u M O - 
3 y 6 b i x  3 y Ö H aT b ix  K o jie c  c n a p a Ju ie J ib H b iM H  ochmh, KOTOpbie i i p n  n p o e K T H p o ß a H H H  3 y 6 b e B  
H r p a io T  ocH O B H yio  p o j i b ,  a  H M eH H o: o n p e a e j ie H H e  K O H T pnpoijjH JiH , cooTBeTCTByiomero itaH H O M y 
n po< })H jno ; aH a jiH 3  KOHTaKTHOH jihh h h ; a H a j i i r a  re o M e rrp n q e c K H X  h M exaH H neC K H X  y c jiO B iif i koh- 
T a K T a  ( 3 a n e n a c H n > i ) ;  a H a jiH 3  iiS M e n e irn H  c o o T H O iu e n n H  n e p e ; u i ' i n ,  B 0 3 H H i< a io u te ro  bcjicactohc 
nO rpeU IH O C T H  paCCTOHHHH Me>KAy 0CHMHJ BbIMHCJieHHe OTHOCHTejIbHOH CKOpOCTH CKOJIbHteHHH 
3 y 6 b e B  h M TH O BeH H oro 3H au eH H H  ycHJTHH 3 y 6 b e B  b H opM aJibH O M  H a n p a B J ie H H H . n p H H H M a n  
3 a a a H H 0 H  n p o (j)H Jib  o j tH o r o  K O Jie ca  (oöhuho M e H b u ie ro ) ,  sto 0 A H 0 3 H au H 0  o n p e a e A H e T  (j)opM y 
KOHTaKTHOH jihhhh , a  a r a  (})opM a >Ke o n p e n e n a e T  (jjo p M y  K O H T npo(j)H jiH ; oahhm h3 x a p a K T e p -  
H b ix  u e p T  o n n c b iB a e M b ix  b a a .'ib H e H ii ie M  mctoahk pacnexa n a p n .x y  c K OM njieK CHbiM  n p e .x c x a B J ie -  
HHeM  H B jin e x o i  to, hto p e 3 y j ib T a T b i boooihc B u p a > K a io x  c n o M o m b io x ;a n H b ix  (J>yHKitHH, o n H C b iB a io -  
tp H X  n p o iJ)H Jib  M a J io ro  K O Jie ca .
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NUMERICAL ANALYSIS 
OF CIRCULAR ORTHOTROPIC PLATES

M. A. M U SPR A T T*

[M anuscrip t rece iv ed  F e b ru a ry  3, 1971]

L ow er b o u n d  p las tic  analysis te c h n iq u es  are described fo r o r th o tro p ic  a x isy m in e tric  
p la te s  an d  slabs. T he procedures in v o lv e  a n u m erica l o p tim isa tio n  b y  m a th e m a tic a l p ro ­
g ram m ing  o f e ith e r lin ea r o r n o n lin ea r sy s tem s.

Orthotropy in  p lane  co n tin u o u s s tru c tu re s  m ay  be p ro d u ced  e ith e r  b y  
an  o rth o tro p ic  co n tin u u m  or b y  a rra n g e m en t of iso trop ic  m a te ria l such  th a t  
th e  s tru c tu re  has d irec tio n -d ep en d en t p roperties, e.g. b y  rein fo rcing  or b y  
p rov ision  of ribs. T hese ty p es of o r th o tro p y  are u sua lly  re fe rred  to  as physica l 
(c rystalline) an d  technical (geom etric) respective ly . In  low er b o u n d  p la s tic ity , 
th e  d ifference be tw een  physica l an d  tech n ica l o r th o tro p y  ap p ears  in  th e  eq u a ­
tions of th e  y ield  surfaces —  th e  fo rm er requires a sim ple geom etric  re p ro ­
p o rtio n in g  o f th e  y ield  su rface , w hile th e  la t te r  involves a m ore ted io u s s tra in  
m ap p in g  p ro ced u re  (ref. 1, 2, 3).

S tra in  m ap p in g  p rocedures w ill n o t  be considered in  th is  p ap e r. I n  ad d i­
tio n , as p h y sica l o r th o tro p y  is n o t  com m on for stee l p la te s , m o st so lu tions 
derived  ap p ly  to  re inforced  co n cre te  slabs w hich are  assum ed  hom ogeneous 
enough  to  d isp lay  p h ysica l o rth o tro p y .

To sim plify  th e  system  d efin itio n , only  ax isy m m etric  p rob lem s w ill be 
considered  —  th u s  th e  to rs io n a l m o m e n t is absen t, re in fo rcem en t is o rth o g o n a l 
to  y ie ld  lines, an d  th e  sim ple re c ta n g u la r  y ield  crite rion  m a y  be in v o k ed  [4, 5].

1. P lastic analysis

T he p ro b lem  is to  fin d  th e  m ax im u m  lower b o u n d  to  th e  collapse load  
of th e  six slabs w hose rein fo rcing  p a t te rn s  are show n in  F ig . 1. T hese sp a tia l 
co n fig u ra tio n s w ere chosen because  th e  au th o r h a d  p rev io u sly  co n d u c ted  
d e s tru c tiv e  te s ts  on th ese  slabs [6 ] a n d  so a com parison  of th e o ry  w ith  ex p e ri­
m en t w as possib le. S labs w ere lo ad ed  w ith  a c o n cen tra ted  load . T he foo ting  
slabs w ere su b jec t to  a un ifo rm ly  d is tr ib u te d  su b g rad e  reac tio n , w hile th e  
s im p ly -su p p o rted  slabs h ad  sim ple edge supports .

* M. A. M u sp ra tt, R esearch  A ssocia te , D e p a rtm en t o f Civil E ng in eerin g , McGill 
U n iv ersity , M ontreal, P . Q., C anada.
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SIMPLY SUPPORTED SLABS FOOTING SLABS
(A )  ISOTROPIC YIELD LINE (D ) ISOTROPIC YIELD LINE

(B ) OPTIMUM (E ) OPTIMUM

The moment fie ld s for the yield-line slabs are isotropic —  the solution  
m ethod is developed for these slabs and subsequently extended to the ortho­
tropic moment fields for the optim um  and elastic solutions. The material is 
assum ed rigid p lastic and obeys the cylindrically isotropic square yield crite­
rion. No negative reinforcing was provided.
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CIRCULAR O R T H O T R O P IC  PLATES 4 0 3

1.1 F ooting  slab
1.1.1 Y ie ld  line solution

T he m eth o d  used  is to  rep lace  th e  co n tin u u m  w ith  a d isc re tised  fo rm  
—  i.e. th e  d ifferen tia l e q u a tio n  of e q u ilib riu m  is rep laced  b y  f in ite  d ifferences. 
A s ta tic a lly  adm issib le m om en t fie ld  is o b ta in e d  if these  f in ite  eq u a tio n s  are 
so lved  su b jec t to  y ie ld  co n stra in ts  o n  th e  m om ents [7].

T h e  so lu tion  in  s ta n d a rd  fo rm  becom es —

1 . ob jec tiv e  fu n c tio n  =  — p
2 . co n stra in ts

(a) e q u a lity  :
—  six  equ ilib rium  equations

2 -  [ R 2 ( S c 5 ) 2 ]  +  —  ( m * + 1  m f - 1) +  m sr - m g  =  0

2 2

—  tw o b o u n d a ry  cond itions

m°0 .

=  0 .

(b) in eq u a lity :
—  six  of each o f th e  follow ing

m sr <  1 L e ttin g  th e  specific  p las tic  cap ac ity  p e r u n it  w id th  in  
flex u re  of th e  y ie ld  line slabs w ith  re in fo rc ing  b a rs  spaced  

m l <  1 a t  3 in . cen tres b e  u n ity  [6 ].

w here, S  
6 

m , 
me
P
R

n u m b er o f m esh  p o in t —  ta k e n  as 0, 1, 2, . . .  , 5,
g rid  size —  ta k e n  as 0,2,
specific d im ension less rad ia l m o m e n t,
specific d im ensionless c irc u m fe re n tia l m om ent,
specific d is tr ib u te d  load,
specific foo ting  rad iu s  =  1,0.

T h u s we h av e  a sy stem  com posed o f

13 rea l v ariab les,
24 slack v a riab les, and  
2 0  co n stra in ts

T he ob jec t is to  m axim ise th e  lo a d  on  th e  slab su b je c t to  th e  above 
e q u a lity  and  in eq u a lity  co n stra in ts ; a n d  because  th is  u n d e rd e te rm in ed  sy stem  
is com plete ly  linear, b y  fa r  th e  m ost e ffic ien t m ethod  o f so lu tio n  is b y  lin ea r 
p ro g ram m in g  using th e  rev ised  S im p lex  m eth o d  [8 ].
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1.1.2 O ptim um  solu tion

In  th is  p ro b lem , th e  y ield  co n s tra in ts  w ere m odified  as follows to  a c c o m ­
m o d a te  absence o f  ra d ia l re in fo rcem en t:

15
m sr =  0  .

|S = 1

As the  spac ing  (D ) o f th e  c ircu m feren tia l re in fo rcem en t is va riab le , a n d  
th e  y ield  cap ac ity  is lin ea rly  p ro p o rtio n a l to  th is  spacing , th e  following a p p ro x ­
im a te  q u an tities  h o ld  fo r a 12  in . d ia m e te r  b ase  p la te .

Table I

Si5 m r De  ( in ) m0

0,16 0,0 3 1,0
0,2 0,0 3 1,0
0,4 0,0 4 0,75

0,6 0,0 5 0,6
0,8 0,0 6 0,5

1,0 0,0 7 0,43

T h u s  for SÒ =  0 .8 , th e  y ield  crite rio n  is

0 <  m g <  0,5

w here  m e is th e  specific  y ield  cap ac ity  ag a in  w ith  re sp ec t to  a 3 in . b a r  sp ac in g .

1.1.3 Elastic so lu tion

The re in fo rc ing  p a t te rn  for th e  elastic  so lu tion  a lm o st conform s to  t h a t  
o f a po lar ne t. T h e  a n a ly tic a l ap p ro ach  to  th is  p ro b lem  of low er bound  an a ly s is  
[9] is qu ite  cu m b erso m e b u t  th e  n u m erica l ap p ro ach  using  m a th e m a tic a l 
p rog ram m ing  is a lm o s t tr iv ia l. T he p rob lem  m ay  be tr e a te d  exac tly  as ab o v e  
ex cep t in  th is  case b o th  th e  rad ia l an d  c ircu m feren tia l specific yield cap ac ities  
v a ry  w ith  th e  ra d iu s . T he m om ents a t  th e  s in g u la rity  in  th e  cen tre  o f th e  
slab  are no t eq u a l b u t  are p ro p o rtio n a l to  th e  d e n s ity  o f rad ia l and  c ircu m ­
fe ren tia l re in fo rcem en t.

1.2 S im p ly-supported  slab

E xpressions a re  as above excep t t h a t  th e  d im ensionless form  o f th e  
eq u a tio n  of eq u ilib riu m  is:

nir-1) +  m* mjj =

A du Technica Academiie Scientiarum Hungaricae 73, 1972

P

2 71



CIRCU LA R ORTH OTROPIC PLATES 40Ö

w here P  =  p lm 0 , m0 is th e  specific  y ield  cap ac ity  of th e  slab , 
p  =  co n cen tra ted  load.

H ere  th e  shear te rm  is in d ep en d en t of rad ius. N ote th a t  fo r th e  o p tim um  
so lu tio n  —

m, 0 ; m g
l»=i

w here m 0 is th e  y ield  cap a c ity  w ith  6 in . spac ing  of reinforcing  b a rs .

P lo ts  of th e  m o m en t d iag ram s o b ta in ed  from  th e  m a th e m a tic a l p ro ­
g ram m in g  solutions are  show n in Fig. 2.

I t  should be n o ted  th a t  generally  th e  rad ia l steel ta k e s  an  in sign ifican t 
p o rtio n  of th e  load even  in  th e  elastic  so lu tions. T his agrees well w ith  R oz-

(a) Footing slabs 
-unit moment for 

3 in. bar spacing

( 1 ) Yield line

Yield line

(2) Optimum

(3 ) Elastic

(b) Simply-supported s lab s  
-unit moment for 

6 in. bar spacing
1

(1) Yield line 0-

(2) Optimum

(3) Elastic

F ig. 2
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v a n y ’s hypo thesis  [1 0 ]; in  fa c t, th e  re su lts  fo r th e  s im p ly -su p p o rted  case 
ag ree  exactly .

Som e d isc rep an cy  occurs a t  th e  cen tre  s in g u la rity  o f  th e  slab an d  th e  
assu m ed  b o u n d a ry  co n d itions th e re . I f  a tru e  s in g u la rity  is assum ed  to  occur 
a t  th e  edge of th e  lo ad  d is tr ib u tio n  p la te , an  in co rrec t in d ica tio n  of y ield  
lo a d  is ob ta in ed  because  o f th e  re la tiv e ly  coarse f in ite  d ifference m esh size 
chosen . A s in g u la rity  does occu r, b u t  th e  ra d ia l m o m en t fa lls to  zero v e ry  
ra p id ly  w ith  rad iu s , so th a t  th e  a rea  u n d e r th e  rad ia l m o m en t d iagram  is 
sm all, and  little  lo ad  c a p a c ity  is g en era ted  from  it. T h u s  i f  th e  s in g u la rity  
c o n s tra in t is re lax ed  th e  t ru e  cond itions of effectively  zero  rad ia l m o m en t 
a t  th e  cen tre  o f th e  slab  are  rea lised , an d  th e  p ro p o g a tio n  o f th e  s in g u la rity  
m o m en t in  th e  ra d ia l d irec tio n  because o f th e  coarse g rid  size is avoided . 
T h e  m ore ex ac t u n c o n s tra in e d  m o m en t d iag ram s are also show n in F ig . 2.

T he effect o f re lax in g  th e  s in g u la rity  c o n s tra in t in  th e  p rog ram m ing  
ap p ro a c h  com pared  w ith  th e  co n stra in ed  values (in  b ra c k e ts )  is show n in  
T a b le  I I .  T he fo rm er a p p ro ach  achieves g rea te r  load  c a rry in g  cap ac ity  in  
a ll cases, w ith  th e  ra d ia l re in fo rcem en t less well dev e lo p ed  a t  yield (see 
F ig . 2, also).

Table II

Sum m ary  o f  results

Solution

Slab capacity (kips) at yield

Footing slab Simply-supported slab

Design Programming Experi­
mental Design Programming Experi­

mental

Y ield line 13,1 9,3 11,0 4,48 4,5 5,0
(7,3) (3,5)

O p tim um 13,1 8,0 9,0 4,48 4,5 4,8

E la s tic 13,1 11,9 14,0 4,48 5,8 5,0
(10,7) (5,7)

T he h igh y ie ld  loads o b ta in e d  b y  p ro g ram m in g  an a ly sis  fo r th e  elastic  
slab  com pared  w ith  th e  o th e r  slabs is a d irec t re su lt o f re in fo rcem en t c u r ta il­
m e n t and  bond  len g th  re q u ire d  in  p rio r design. These co n sid e ra tio n s are pecu lia r 
to  e lastic  so lu tion  fo r th e  sp a tia l  cases considered.

T he above analyses are  a p p ro x im a te  because o f sy s tem  sim plification  
b y  neglect o f seco n d ary  effects such  as sh ear an d  m em b ran e  stresses, deflec­
tio n s , tim e-dependence , m a te r ia l h e te ro g en e ity , e tc . T h u s , th e  use o f sub- 
o p tim a l analysis seem s d esirab le  —  th ese  analyses h a v e  a reserve cap ac ity  
to  absorb  overload  or ab u se  a n d  are  im m ed ia te ly  av a ilab le  fo r perform ance 
u p g rad in g  w hich  is a s ta n d a rd  p a r t  o f som e in d u stries.
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2. Transverse orthotropy

W a s t i  [1 1 ] h as  o b ta in e d  an  a n a ly tic a l value of th e  collapse lo ad  o f  a 
sim p ly -su p p o rted , tra n sv e rse ly  o r th o tro p ic  p la te  su b jec t to  u n ifo rm ly  d is tr ib ­
u te d  lo ad . The T resca y ie ld  criterion  fo r  th is  m ateria l is

mr, m fJ <  +  fc, 
m r —  m 0 <  + 1 ,0 .

k  =  coefficient o f  o r th o tro p y  in  th e  tra n sv e rse  d irection .

CL.

T his y ie ld  criterion  m a y  he su b s titu te d  fo r th e  square  y ie ld  crite rio n  in  th e  
system  defin ition  fo r p la s tic  analysis (Section  1).

A s an  exam ple, fo r  k =  2, th e  a n a ly tic  and  n u m erica l so lu tions a re  
6  X l,8 7 6  =  11,25 an d  11,06 resp ec tiv e ly . T h e  m om ent d is tr ib u tio n  from  th e  
n u m erica l so lu tion  is show n in Fig. 3.

3. Nonlinear systems

I n  all p revious ex am p les , lin ear a n d  piecew ise lin ea r ob jec tiv e  fu n c tio n s  
an d  c o n s tra in ts  have b e e n  used. H ow ever, if  say  von  Mises’s in s te a d  of T re sca ’s 
y ield  c rite rio n  is used, n o n lin ea r y ie ld  c o n s tra in ts  ap p ear in  th e  system  d e fin i­
tio n . T h e  so lu tion  m e th o d  involves in v o k in g  non linear p ro g ram m in g  a lgo­
rith m s  —  th e  p a r tic u la r  a lgorithm  u sed  su b seq u en tly  is th e  seq u en tia l u n ­
co n s tra in e d  m in im isa tio n  techn ique (S .U .M .T .) and  is described  in  m ore 
d e ta il in  [6 ].
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3.1 A n a ly s is

F o r th e  pu rpose  o f illu stra tio n , low er b o und  p las tic  analysis o f steel 
p la te s  w ith  m a te ria l conform ing  to  b o th  v o n  Mises an d  T resca ’s yield c rite ria  
a re  o b ta in ed . S im ply  su p p o rte d  p la te s  u n d e r  b o th  d is tr ib u te d  and  co n ­
c e n tra te d  load  and  fo o tin g  p la tes are all considered . As a check  on accu racy , 
a n a ly tic  values are  also q u o ted  for th e  f irs t  case.

System  d efin itio n  is as described p rev io u sly  in  th e  section  on p lastic  
an a ly sis , except t h a t  th e  y ie ld  co n stra in ts  becom e

n tf— <  1 ,0
a t  each  node.

F o r th e  p la te  sp a tia l  configura tions used , no n eg a tiv e  m om ents a p p e a r 
—  th u s  th e  T resca a n d  sq u are  yield c rite r ia  give id en tica l resu lts.

R esu lts  are show n in  F ig . 4, while v a lu es  given below  are  for th e  sim ply- 
su p p o rte d  p la te  u n d e r d is tr ib u te d  load [7].

Table I I I

Tresca
von Mises

s Analytical Numerical

M r Me M r m 8 M r Me

0,0 1,0 1,0 1,0 1,0 0,99 0,99

0,2 0,96 1,0 0,95 1,0 0,96 1.03

0,4 0,84 1,0 0,85 1,0 0,87 1,08

0,6 0,64 1,0 0,63 1,0 0,66 1,15

0.8 0,36 1,0 0,38 1,0 0,44 1,14

1,0 0,00 1,0 0,00 1,0 0,00 0,99

P 6,00 5,88 6,33

T he use of com posite  m ateria ls is in c reasin g  ra p id ly  [12], especially  in 
th e  aerospace in d u s tr ie s  w here co n cu rren t ap p lica tio n  o f  w eigh t o p tim isa tio n  
tech n iq u es  is m a n d a to ry . T he yield c rite r io n  for tra n sv e rse ly  an iso trop ic  
m a te ria l has a lread y  b een  discussed. I t  is now  proposed  to  include H ill’s 
y ie ld  crite rion  fo r com posite  o rth o tro p ic  m a te ria l in  th e  p lastic  analysis  
p rocedure .

F o r th e  tw o -d im en sio n a l case, H ill’s c rite rio n  d egenera tes in to  th e  von  
Mises crite rion  fo r a coeffic ien t of o r th o tro p y  o f one, an d  to  a circle

m-r -f- nil <  1

fo r a coefficient o f o r th o tro p y  of in fin ity .
The so lu tion  fo r th e  la t te r  yield c rite r io n  is show n in Fig. 4.
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( a ) Simply -  supported plate w ith  d is tr ib u ted  load

--------  Tresca (P = 5 ,8 8 )

-------- von Mises ( P= 6,33)

-------- Hill ( P=4,96 )

(b )  Simply -  supported plate w ith concentrated load

Tresca (P = 2 ,0 )  

von Mises (P =2 ,1 0 )

Tresca (P = 2 ,0 0 ) 

von Mises ( P = 2,02)

C. L.

F ig . 4

3.2 Extensions

E x ten sio n s of th e  p rev ious m e th o d s for o rth o tro p ic  an d  non linear 
sy s tem s to  include shakedow n as well as lim it c m ditions, to  in c lu d e  stoch astic  
as w ell as de te rm in is tic  v a riab les , an d  to  include d iscre te  as well as c o n ti­
n u o u sly  valued  v ariab les h av e  been  described  elsewhere [7, 13] —  pow erful 
n u m erica l m ethods invok ing  th e  m a th e m a tic a l p ro g ram m in g  o p tim isa tio n  
a lg o rith m s are fu r th e r  u tilised  to  illu s tra te  th e  trem en d o u s p o te n tia l  ap p lica­
tio n  horizons.

P iecew ise linearisa tion  of th e  equ ilib riu m  equa tions a n d  in teg ra ls  b y  
f in ite  differences m ay  be in a c c u ra te  because of d isco n tin u itie s  of firs t an d  
second  deriv a tiv es  a t  node p o in ts . B ir o n  e t al. [14] h av e  used  q u a d ra tic  
sp lin in g  to  ensure c o n tin u ity  o f f ir s t  d e riv a tiv e s  —  how ever w ith  th e  develop­
m e n t o f sop h is tica ted  n o n lin ea r p ro g ram m in g  a lgorithm s, th e  use of cubic 
sp lines to  ensure c o n tin u ity  o f second  deriva tives is a d v an tag eo u s  [15].
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Piecew ise cu rv ilin ear re p re se n ta tio n  of m o m en t fie lds w ith  collocation  p o in ts  
o n ly  a t  nodes to  en su re  th e  y ie ld  c rite rio n , if  n o t v io la te d , m a y  lead  to  unsafe  
ana ly ses  and  designs due  to  y ield  v io la tio n  betw een  n o d es, especially  if  nodes 
a re  w idely  spaced.

W ith  tw o p a ra m e te r  system s invo lv ing  b o th  ra d ia l a n d  c ircum feren tia l 
m o m en ts , cubic sp line re p re se n ta tio n  of say  th e  e q u ilib riu m  eq u a tio n  is q u ite  
te d io u s ; h u t  as th e  c ircu m fe ren tia l m o m en t field  is a lw ays p re se n t and  usu a lly  
d o m in a n t for ax isy m m etric  slabs [7], re p re se n ta tio n  o f  th is  fie ld  only in  spline 
fo rm  m ay  he considered .

D escrip tion  o f s t ru c tu ra l  ensem bles in  te rm s of stiffness m atrices in s te a d  
o f equ ilib rium  e q u a tio n s  could  ad d  to  f lex ib ility  o f sy s tem  defin ition  an d  
p e rm it inclusion o f a sy m m etrie s  of geo m etry  an d  lo ad in g .

4. Conclusions

T he inclusion o f o r th o tro p y  an d  n o n linearities in  low er b ound  p la s tic  
analy sis  m ay  be easily  ach ieved , p ro v id ed  num erica l o p tim isa tio n  procedures 
u s in g  m a th e m a tic a l p ro g ram m in g  are invoked .
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d e r P la s tiz itä ts th eo rie  b e ru h en d e  V erfah ren  fü r  die A nalyse von  o rth o tro p e n , a ch sen ­
sy m m etrisch en  P la tte n  u n te r  E rm itte lu n g  des u n te re n  G renzw ertes d e r B ru ch la s t b e h an d e lt. 
U n te r  den  V erfahren  b e fin d e t sich eine n u m erisch e  O p tim ierung  v o n  e n tlin ea ren  u n d  n ic h t­
lin ea ren  System en d u rch  m ath e m a tisc h e  P ro g ram m ie ru n g .

Числовой анализ круглых ортотропных пластин. Описание методов исследования 
ортотропных осесимметричных пластин, основывающихся на теории излома, с целью 
определения нижнего предела разрушающей нагрузки. Среди методовфи гурирует метод 
числового определения оптимума линейных и нелинейных систем с помощью матема­
тического программирования.
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STATISCHE UNTERSUCHUNG 
EINER UÄNGSVERSTEIFTEN TONNENSCHAUE 

MIT GELENKIGEM KREISRAND 
DURCH ANWENDUNG FOURIERSCHER REIHEN

F. S E B Ő K *

[E ingegangen am  15. M ärz 1971]

Die d u rc h  ax ia le  R ippen  v e rste ifte  K reiszy linderschale  is t als o p tim a le  F o rm  eines 
th e rm isc h  b ean sp ru c h ten  S p a n n b e to n d ru c k b eh ä lte rs  anzusehen. Zu ih re r  A n w endung  m u ß te  
z u n ä c h s t eine geeignete  B erechnungsm ethode  en tw ick e lt w erden, d a  d as P ro b lem  in  de r 
e insch läg igen  F a c h li te ra tu r  noch n ich t b e h a n d e lt  bzw. fü r u n lö sb a r g eh a lten  w orden  ist. 
D er h ie r  b esp rochene  R echengang fu ß t  au f d em  herköm m lichen  K ra ftg rö ß e n v e rfa h re n . Alle 
s ta tisc h e n - u n d  V erform ungsgrößen  w erden  in  trigonom etrische  R e ih en  en tw ick elt. Als 
H a u p tsy s te m e  w u rd en  dabei u n b estim m te  T rag w erk e , die niedrige Z y linderschale  sowie der 
a u f  d e r R ingw ick lung  elastisch  aufliegende B a lk e n  gew ählt. D as (u n b e k an n te )  K o n ta k t-  
K rä f te sy s te m  w u rd e  au fg ru n d  de r V erträg lich k e itsb ed in g u n g  b e s tim m t. In  K e n n tn is  se iner 
ra d ia le n  u n d  ax ia len  K o m ponen ten  k o n n ten  d ie  w ahren  S chn itt- u n d  V erfo rm ungsgrößen  
e rm it te lt  w erden . D ie M ethode g e s ta t te t  au ch  d ie sekundären  E in flü sse  in die B erechnung  
einzubeziehen , w as m it R ü ck sich t au f die u n te r  B e trieb su m stän d en  erfo lgende E rw ärm u n g  
d e r B au te ile  von  g ro ß er B ed eu tu n g  ist.

1. E in le itu n g

D ie Id ee , D ru ck b eh ä lte r aus S p a n n b e to n  zu b au en , h a t  sich in  den  
sechziger J a h re n  du rch g ese tz t. E s w u rd e  d a m it eine neue A rt v o n  In g e n ie u r­
k o n s tru k tio n e n  geschaffen, deren  Y erw irk lichungsfo rm en  sich  einstw eilen  in  
E n tw ick lu n g  befinden .

D ie h e u te  üb lichen  G esta ltu n g sfo rm en  sind d u rch  eine dicke W an d  
geken n ze ich n e t. D ieses K o n stru k tio n sp rin z ip  w ird d am it b e g rü n d e t, d aß  a u f 
d ieser W eise au ch  die F estig k e it des A b sch irm betons a u sg e n ü tz t w erd en  k a n n . 
D iese A uffassung , so logisch sie au ch  k lin g en  m ag, is t a b e r n u r  zum  T eil 
r ich tig . D er U m sta n d , daß  die (insbesondere  d u rch  T em p era tu rg efä lle  b e d in g ­
te n ) B e tr ie b s la s te n  au f K o n s tru k tio n s te ile  beach tlich er S te ifh e it e inw irken , 
h a t  e rh ö h te  B eansp ru ch u n g en  zur Folge. E s sind som it S c h n ittk rä f te  a u fz u ­
n eh m en , die ü b e rh a u p t n ich t a u f tre te n  w ü rd en , h ä tte  m an  dem  B e to n  n ic h t 
eine s ta tisc h e  R olle beim essen wollen.

Die hohen  T e m p era tu rla s ten  k ö n n e n  n a tü rlich  d u rch  H eran z ieh u n g  
k ü n s tlic h e r M itte l (z. B. W ärm eiso lierung , dau erh a fte  In n e n k ü h lu n g ) v e r ­
r in g e r t w erden . W ir v e r tre te n  jed o ch  d ie  A nsich t, d aß  die K e rn frag e  d er 
W e ite ren tw ick lu n g  von D ruckgefäßen  d a r in  b e s teh t, D u rch b ild u n g sm ö g lich ­
k e ite n  zu f in d e n , welche die e rfo rderliche  B iegesteifigkeit sichern  k ö n n en  
ohne d abei den  B eh ä lte r zum  T ragen  g ro ß er T e m p era tu rla s ten  zu zw ingen .

* Sebők F ., M arczibányi té r  9/b B u d a p e s t I I .  U ngarn
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D iese Z ielsetzung k a n n , u nsere r M einung n ach , d u rch  »aufgelöste« K o n s tru k ­
tio n e n  erreich t w erd en .

E ine  B eh ä lte rfo rm  dieser A rt e n ts te h t  d a d u rc h , d aß  m an die d icke 
W an d  in  m ehrere S c h ic h te n  au fte ilt. D ie In n e n rä u m e  zw ischen den trag en d en  
B aue lem en ten  sind  m it  e inem  F ü lls to ff v o n  e rw ü n sch ten  w ärm e- bzw. s tra h le n ­
sch ü tzen d en  E ig e n sc h a fte n  (z. B. G laßperlen , S and  oder W asser) auszufü llen . 
D a m it en tfä llt au ch  d a s  Problem  der a u f tre te n d e n  R isse [1], Die L ösung 
w u rd e  in  einer f rü h e re n  A rbeit [2] besch rieb en , u n d  se itd em  in m an ch en  
Z ügen  in  F orm  eines M odells von der F irm a  K ru p p  v e rw irk lich t [3]. H ie r  
w ird  du rch  den E in b a u  e iner kostsp ieligen  V o rrich tu n g  fü r  die V erteilung  des 
In n en d ru ck es u n te r  d en  einzelnen S ch ich ten  gesorg t. S innvo ll w äre es auch  eine 
an d ere  W irkungsw eise anzu streb en , wo d ie  K o n stru k tio n se lem en te  n ich t v o n ­
e in an d e r g e tren n t, so n d e rn  in  Form  einer S andw ichschale  Z usam m enarbeiten .

E ine  g ru n d sä tz lic h  andere  A lte rn a tiv e  zu r V errin g eru n g  von  T e m p e ra tu r­
sp an n u n g en  b ild e t d as  b e rip p te  T ragw erk  (das se lb s tv e rs tän d lich  gleichfalls 
m ehrsch ich tig  a u sg e fü h r t  w erden k an n ). H ie r  k o m m t die V erdrängung  des 
m assiven  B etons d u rc h  einen  losen u n d  b illigen  A b sch irm sto ff der W ir ts c h a f t­
lich k e it und  der S ic h e rh e it ebenfalls zu g u te . E in  ganz besonderes A ugenm erk  
sei ab e r au f den U m s ta n d  gerich te t, d aß  b e i d ieser K o n stru k tio n sfo rm  alle 
D u rch fü h ru n g en , In s tru m e n te  und  selbst die V o rsp an n k ab e l leicht zugänglich  
u n d  ih re  Ü b e rp rü fu n g , das N achspannen  u n d  gegebenfalls sogar der A u stau sch  
seh r einfach sind.

D as Zerlegen d ic k e r B e to n b eh ä lte r in  d ü n n w an d ig e  K re iszy linderscha­
len  bzw . s ta b a r tig e  R ip p e n  is t auch in  H in b lick  d er Z uverlässigkeit d er s t a ­
tisc h e n  B erechnung  zu  befü rw orten . W ie a llgem ein  b e k a n n t, h a t  die m oderne  
R ech en tech n ik  eine R e ih e  num erischer M ethoden  en tw ick e lt, die die E rfa ssu n g  
des K räftesp iels im  d re id im ensionalen  R a u m  g e s ta tte n . M an verlie rt dagegen  
m an ch m al vor A ugen , d aß  einige p h y sik a lisch en  G ru n d k en n tn isse , w o rau f d ie  
en tw icke lten  R e c h en v e rfah ren  fußen , n ic h t e inm al in  zwei D im ensionen im m er 
s ta n d h a lte n . Als so lche  is t zum  B eispiel die augenb lick liche  F eu ch tig k e it des 
po rösen  M aterials zu  n en n en , die n ich t n u r  a u f  die T em p era tu rv e rte ilu n g  u n d  
so m it a u f  die th e rm isc h e n  L asten  au sw irk t, so n d ern  u n te r  anderen  den  w irk ­
lichen  W ert des E la s tiz itä tsm o d u ls , des S chw indens u n d  K riechens b e s tim m t.

Die h ier b e sp ro ch en e  K o n stru k tio n sfo rm  f in d e t a u f  v ie len  F ach g eb ie ten  
d e r In g en ieu rw issen sch aften  in  zunehm endem  M aße A nw endung. D ie B a u ­
te c h n ik  ist dabei e tw a s  in  H in te rg ru n d  g e ra ten . D ieser U m stan d  k a n n  w a h r­
schein lich  d a ra u f  z u rü c k g e fü h rt w erden , d aß  zu r B erück sich tig u n g  der A n iso ­
tro p ie  n u r en tw ed er in  die P rax is  schw er u m se tz b a re  m a th em atisch e  T h eo rien  
o d er ziem lich u n zu v erläss ig e  N äh eru n g sm eth o d en  zu r V erfügung  stehen . A us 
d iesem  G runde m u ß te n  para lle l zu r A u sa rb e itu n g  d er neuzeitlichen  B e h ä l­
te rk o n s tru k tio n  U n te rsu c h u n g e n  zum  E n tw ick e ln  eines geeigneten  R ech en v e r­
fah ren s d u rch g e fü h rt w erden .
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2. S ta tisch es Modell

D ie vorliegende K o n s tru k tio n  b e s te h t aus flach en  A bsch lu ß d eck e ln  und  
d e r S eitenw and. Die E rs tg e n a n n te n  s in d  im  sta tisch en  S inne K re is r in g p la tte n , 
die h ie r e in fach h e itsh alb er als u n e n d lic h  s te if an g en o m m en  w erden. D ie 
U n te rsu ch u n g  b e sc h rä n k t sich so m it a u f  die W and . W en n  im  folgenden  ü b e r 
B e h ä lte r  bzw. G efäß gesprochen w ird , so is t u n te r  d iese r B en en n u n g  die 
S e iten k o n stru k tio n  zu  v ers teh en .

B ild .  1

D en  A bschlußdeckel u n d  die S e ite n w a n d  w ollen w ir ge lenkig , d. h. e n t ­
lan g  eines G elenkringes m ite in a n d e r v e rb u n d e n  a n n eh m en . D ie gew isser­
m a ß e n  n eu artig e  L ö su n g  k ö n n te  ä h n lic h  wie in  [4] v e rw irk lic h t w erden. Sie 
h a t  d en  V orteil, daß  d e r  S p a n n u n g sz u s ta n d  in  den a u f  d ieser W eise von  den  
L än g sm o m en ten  b e fre ite n  R an d zo n en  k la re r  ü b e rb lick t w erd en  k an n . D ie 
d a d u rc h  bed in g t e rh ö h te  M an te lv e rfo rm u n g  t r ä g t  zu r sin n v o llen  A u sn ü tzu n g  
d er in  R in g rich tu n g  aufgew ickelten  L itz e n  bei.
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D ie genaue S te lle , wo sich das G elenk ausb ild e t, is t das E n d e  des K ab e l­
ro h re s  in  dem  die se n k re c h te n  L itzen  u n te rg e b ra c h t sin d . A us dieser A n o rd ­
n u n g  folgend w ird  die K re iszy linderschale  eigentlich  a u sm ittig  gelagert. W ir 
b e tra c h te n  jedoch  d iesen  E in flu ß  als n ic h t seh r b ed e u te n d  u n d  n ach  dem  allge­
m ein en  B e rech n u n g sv erfah ren  der S chalen  m it R a n d trä g e rn  wollen w ir uns 
h ie r  m it der d a d u rc h  b e d in g te n  K o rre k tu r  n ich t n ä h e r  befassen .

D ie B e h ä lte rw a n d  b e s te h t som it aus zwei E le m e n te n , u n d  zw ar aus 
e in e r k re isru n d en  Z y lin d ersch a le  sowie aus ax ia len  R ip p e n , die in  g leich­
m äß ig en  A b stän d en  a n  d er äußeren  S cha lenoberfläche  geb ild e t sind . Alle 
R ip p e n  besitzen  im  S c h n it t  die gleiche, th eo re tisch  g leichschenkelige, D re ieck ­
fo rm . Es sei h ier an g en o m m en , daß  alle A bm essungen  e n tla n g  der B e h ä lte r­
h ö h e  u n v e rä n d e rt b le ib en .

Die V o rsp an n u n g  k a n n  am  zw eckm äßigsten  d u rch  zw ei g e tren n te  S ystem e 
erfo lgen . D ie se n k re c h te n  L itzen  w erden  in  R öhrchen  (ohne n ach träg lich en  
V erb u n d ) m it d er e in g ep lan ten  (und  ev en tu e ll au ch  veränderlichen ) A us­
m ittig k e it  r in den  R ip p e n  g efü h rt und  an  den R an d rin g en  d er D eck e lp la tten  
v e ra n k e r t . Die w aa g e re ch te  W ickelung lieg t an  den R ip p e n k a n te n  auf. Diese 
A n o rd n u n g  g ew äh rt dem  S p an n stah l den  g röß tm ö g lich en  S chutz  v o r E in ­
w irk u n g  der T e m p e ra tu r  sowie der N e u tro n e n s tra h lu n g .

D as s ta tisch e  M odell w ird  durch  die Skizze v e ra n sc h a u lich t, von w elcher 
au c h  die w ich tig sten  B ezeichnungen  d er geom etrischen  D a te n  abzulesen sind. 
M it R ü ck sich t a u f  d ie  zugehörige K o n s tru k tio n ss tä rk e  w eist der In d e x  h 
a u f  den  Zylinder, d e r In d e x  /  dagegen a u f  die R ippe  h in .

3. Lastannahm en

Die au f die K o n s tru k tio n e n  e inw irkenden  N u tz la s te n  bzw . die einzelnen 
B e la s tu n g szu stän d e  w u rd en  in  Tafel I  üb ersich tlich  zu sam m engeste llt.

T afel I

Übersicht der Lastfälle

Zeit- Belastungsfall Nutzlasten Vor- Betonzustand
punkt (P +  T) Spannung Feucht. Sehw. -|-

Kr.

B auzustand 0 m ax. no rm al 0

0 Probebelastung wie vorgeschr. norm al n orm al 0

B etriebszustand B etriebslast norm al no rm al 0

B etriebszustand B etriebslast min. au sg e tro ck n et m ax.
oo

B etriebspause 0 min. au sg e tro ck n et m ax.

K atastrophenfall* K a tas tro p h en la st min. au sg e tro ck n et m ax.

* Im  K a tas tro p h en fa ll d a r f  die B erechnung n ach  der P la s tiz itä ts th eo rie  du rch g efü h rt w erden.
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A ufgrund  d er sich aus E rw ärm u n g  des In n e n ra u m e s  sowie aus d e r  
d u rch  S tra h le n a b so rp tio n  en tw ick e lten  W ärm e in  d er W an d  zu sam m en ­
se tzen d en  T em p e ra tu rb e la s tu n g  is t z u n ä c h s t die en tsp rech en d e  T e m p e ra tu r­
v e rte ilu n g  in  den  B aue lem en ten  zu e rm itte ln . R echnerisch  ru f t  ih r  g leich­
m äß ig er Teil (T,)) eine N o rm alk ra ft, d er ungleichm äßige (T ^) B iegem om ente 
h e rv o r.

4. G rundzüge des R echenganges

U nsere B erechnungsm ethode b e ru h t a u f  dem  K ra f tg rö ß e n v e rfa h re n . 
Z um  H a u p tsy s te m  w urden  u n b es tim m te  T räg e r gew ählt, u n d  zw ar ein (n ie d ­
riger) K re iszy linder u n d  ein, a u f der R ingw ickelung  e lastisch  au fliegender, 
in  L än g srich tu n g  v o rg esp an n te r B a lken . B eh an d e lt m an  die einzelnen  E lem en te  
rechnerisch  g e tre n n t v o n e in an d er, so erle iden  sie u n te r  den  B e trieb s la s ten  
un te rsch ied lich e  V erform ungen . Ih re  G leichheit w ird , d e r V e rträ g lic h k e its ­
b ed in g u n g  en tsp rech en d , du rch  ein zu bestim m endes, v e rte ilte s  K o n ta k t-  
K rä fte sy s te m  h erg este llt, das in  die rad ia le  K o m p o n en te  q u n d  die ax ia le  
K o m p o n en te  t zerlegt w ird. D ie A u sm ittig k e it von  t zu r Schw erlin ie des 
Schalen- bzw . zum  S ch w erp u n k t des R ip p en q u e rsch n itte s  w ird  h ie r v e r ­
n ach lässig t.

K ennze ichnend  fü r  die M ethode is t die D arste llu n g  aller B e lastu n g en , 
s ta tisc h e r  u n d  V erfo rm ungsgrößen  in  trig o n o m etrisch en  R eihen . D ie E n t ­
w ick lung  erfo lg t als F u n k tio n  von  rjx, w obei

ari =  in  —
I

u n d  i =  1, 3, 5, . . . sind.
U m  die a llgem ein  übliche Schreibw eise b e izu b eh a lten , w ird  die L än g s­

k o o rd in a te  X vom  u n te ren  Z y lin d erran d  gem essen; die ax ia le  V ersch iebung  u 

geben w ir dagegen  aus S y m m etrieg rü n d en  v o n  der K o n s tru k tio n sh a lb h ö h e  an .

5. E in fluß  von B etriebslasten

5.1 K reiszylinder-H auptsystem

5.1.1 Verschiebungen in  radialer R ich tung

D ie b e k a n n te  G leichung der K reiszy linderschale  w ird  in  der F o rm

- ^ Ä -  +  4A**w(A)= p *  (1)
d x 1

aufgeschrieben , wo die S tö rfu n k tio n  p*  eine g leichm äßig v e rte ilte  L a s t, die 
B iegefestigkeit m ite inbezogen  d a rs te llt. D ie rad ia le  V ersch iebung  w ird  m it w  
b eze ichnet.
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Die D iffe ren tia lg le ichung  k an n  d u rch  die trig o n o m etrisch e  R eihe

VW =  y  sin  t]i— ( 2 )

b e frie d ig t w erden , wo die B eiw erte sich d u rch  die F o rm el

r t =  A -711
(3)

42*1

e rm itte ln  lassen u n d  p*  h ie r ebenfalls in  eine F ourie rsehe  R eihe en tw ick e lt 
w ird . D ie R an d b ed in g u n g en  an  den  S te llen  x  =  0 u n d  x  — l lau ten  (dem  
gelenk igen  V erb u n d  en tsp rechend)

u n d
w(h) =  0

i\/r _ K  ^ w (h)  a
m x(h )  —  JS - / i -------— —  u  -

dx-

u n d  w erden  d u rch  d ie  S in u sfu n k tio n  e rfü llt.
Im  F a ll eines D ru ck b eh ä lte rs  k a n n  die L a s t p*  von  versch iedenen  

G rü n d en  h e rrü h ren , u n d  zw ar vom  In n e n d ru c k  (p)

Pp a K h p ; (4)

v o n  der g leichm äßigen  E rw ärm u n g  (N T)

1 [X
JTq =  "

v o m  T em p era tu rg efä lle  (M T)

P t „ —  r r  N T ( h )  ; 
a K h

P t a ,
n i)

Vi
CL

K

+  4A*4

M T ( h )  •

( 5 )

( 6)

wo w egen der e in h e itlich en  B eh and lung , au ch  das th e rm isch e  M om ent in  
F o rm  einer S tö rfu n k tio n  au sg ed rü ck t w ird .

5.1.2 Verschiebungen in  axialer R ichtung

D ie axialen  V ersch iebungen  w erden  am  H a u p tsy s te m  u n te r  E in w irk u n g  
v o n  B etriebslasten  n u r  d u rch  L än g sk räfte  h e rvo rgeru fen . E n tw ick e lt m an  sie
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gleichfalls in  eine Sinusreihe, so k a n n  die V ersch iebung  m it der F o rm el

u0>) - i - fö j
N x dx

4/

r2 D h
■JV, > ' cos rj/ (V

e rm itte lt  w erden ; u w ird h ier v o n  der h a lb en  H öhe des B eh ä lte rs  gem essen.
F ü r  die einzelnen L a s ta r te n  k ö n n en  die L än g sk rä fte  au fg ru n d  fo lgender 

Ü berlegungen  angenom m en w erd en :
—  der In n e n d ru c k  ü b t  a u f  den  A bsch lußdeckel eine K ra f t  aus, w elche 

die W an d  a u f  Z ug b ean sp ru ch t. Im  V erh ä ltn is  d er Schalen- bzw . R ip p e n ­
ste ifig k e iten  fä llt davon

/ i l 2
a

«r _  Dh ___  %]_ /p \
m  2,17,1) kl) ~ 2a P *

d er U m fan g se in h e it zu,
—  die d u rch  ung le ichm äß ige  E rw ärm u n g  hervo rgeru fene  therm isch e  

N o rm a lk ra ft is t vorgegeben,
—  die ungleichm äßige E rw ä rm u n g  v e ru rsa c h t keine L ä n g sk ra f t und  

so m it auch  k eine  ax iale V ersch iebung .

5.1.3 Schnittkräfte

In  K en n tn is  der V erfo rm ungen  kön n en  die S c h n ittk rä f te  e rm itte lt  w er­
den. D ie en tsp rech en d en  A u sd rü ck e  lau ten  fü r  das axiale M om ent

M x{h> =  J ?  r i sin V i  —  » (9)
a -  i a

fü r das in  R in g rich tu n g  w irkende M om ent

■= (iM X(h), (19)

fü r  die (zur B estim m u n g  der R a n d k ra f t  d ienende) S ch u b k ra ft:

Q(h, =  ~  r i hl cos r)i—  . (1 1 )
o z , a

D ie N o rm a lk rä fte  s ind  in  ax ia ler R ic h tu n g  n ach  P u n k t  6.1.2, in  R in g ric h tu n g  
d u rch  die F o rm el

Wh =  2 * .  2  r t sin  rj i - -  ( 1 2 )
a  a  i a

zu berechnen .
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5.2 B a lken -H aup tsystem

5.2.1 Verschiebungen in  radialer R ich tung

Bei der E rm ittlu n g  der V erfo rm ung  d e r s ta b a r tig e n  R ip p en  sen k rech t 
zu  ih re r  A chse s in d  folgende E in flü sse  zu  b erü ck sich tig en :

—  die ung le ichm äß ige  T e m p e ra tu rv e r te ilu n g  en tlan g  der R ip p en h ö h e  
h a t  das th e rm isch e  B iegem om ent M T zu r Folge, w oraus die rad ia le  V er­
sch iebung  d u rch  trig o n o m etrisch e  R e ih en en tw ick lu n g  sich zu

w t a U )  —
412
7t3

M T U ) 1

K f
sin  rii (13)

e rg ib t;
—  die v e r tik a le  V o rsp a n n k ra ft V  w irk t d u rch  die A u sm ittig k e it rA zu r 

R ip p en ach se , w as einem  V o rsp an n m o m en t d er G röße

M vU) V rA (14)

e n tsp r ic h t. D ie zugehörige V ersch iebung  k a n n  n ach  (13) b e re c h n e t w erden , 
—  die aus d e r U m w ickelung  s ta m m e n d e  w aagerech te  V o rsp a n n k ra f t W  

je  L än g en e in h e it ü b t  den  g leichm äßig  v e r te ilte n  D ruck

s — 2 W  sin  —  (15)
2

a u f  die R ip p e n k a n te  aus, w om it die V ersch iebung  sich du rch  v ie rfache  I n ­
te g ra tio n

W  s l  . X
w » ( J )  =  — r — ^  —  s i n » ? , - -  ( 16)

7ia K f  i i°  a

b estim m en  läß t.

5.2.2 Verschiebungen in  axialer R ich tung

Die ax ia len  V ersch iebungen  k ö n n en  wie u n te r  P u n k t 5.1.2 b e s tim m t 
w erden . Es sind  d ab e i folgende L as ten  zu berück sich tig en :

—  der In n e n d ru c k , der die R ip p e  d u rch  den  »Deckelzug« in  A nsp ruch  
n im m t (vgl. F o rm el 8 )

h
a -----

2

D f 2

NpU) 2 an  D h+ k ü 2a P i (17)

—  die aus g leichm äßiger E rw ä rm u n g  s tam m en d e  N o rm a lk ra ft N T
—  die v e r tik a le  V o rsp a n n k ra ft V , d ie n ach  P u n k t 5.2.1 als zen trisch  

angenom m en w erd en  k an n .
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5.2.3 Schnittkrä fte

B ei E rm itt lu n g  d er V erform ungen  sind  die s ta tisc h e n  G rößen sch o n  
b e k a n n t. E rm it te l t  w erden  m uß noch zu sä tz lich  die jew eilige S ch u b k ra ft, d ie 
sich d u rch  D ifferenzieren  zu

Q(f) cos rji —  (18)
/ i a

erg ib t.
E s tr e te n  in  d er R ippe n a tü rlich  k eine  S c h n ittk rä f te  in  U m fan g srich ­

tu n g  auf.

6 . E influß der K o n ta k tk rä f te

6.1 K reiszylinder-H a u p tsy  stem

6.1.1 A u flö su n g  der Grundgleichung

Es sei z u n ä c h s t der E in fluß  einer einzigen R ip p e  u n te rsu ch t, d er m it 
dem  K o n ta k t-K rä f te sy s te m  (q, t) en tlan g  d er E rzeu g en d en  cp =  0 s im u lie rt 
w ird. In  d iesem  F a ll verschw indet die K re issy m m etrie  und  bei der m a th e ­
m atischen  B eh an d lu n g  is t von der a llgem einen  D o n n e i— K á rm á n —J e n k in s ’- 
schen D iffe ren tia lg le ich u n g  [5]

8 2 32 \ i
a2 — -  H-------- n>{̂ + 4 / l 4 a 4

3* 2 3ç>2 ) 1 ;
84 «W  =  0 

3* 4

auszugehen . Ih re  A uflösung  w ird in d er F o rm

(19)

*®(A) = A e mip sin  rji ( 20 )

gesuch t, die sow ohl die G leichung, als au ch  die R endbed ingungen  e rfü llt . 
Z unächst sei n u r  ein  einziges Glied der F o u rie rsch en  R eihe  b eh ande lt.

F ü r  die ch a rak te ris tisch e  G leichung k a n n

(m2 — r fY  -f- 4A4 rj4 =  0 (21)

geschrieben w erden , wo die kom plexen  W urze ln

m i =  a i +  iß i 
m 2 =  <x 1 —  iß 1

m 3 =  a 2  +  i ß 2

— oc2
sind.

m 5 = — m  L

m 6 = — m2

m-t — — m 3

3 oo II — m i
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D ie B eiw erte  a u n d  ß  s te llen  reelle , positive  G rößen d a r  u n d  sind aus 
d en  Z u sam m en h än g en

* 1  =
/ qx.

f l  +  l
2

+  1 + (l  +  f )
2 L X) X

1 r]X

2
( 22 )

a., =
rjX
2

1 — 1 1 1 — ßz
1 7]X
a 2 2

(23)

zu  e rm itte ln . E s fo lg t aus der A b le itu n g  d e r D K J-D iffe ren tia lg le ich u n g , d aß  
fü r  den  D äm p fu n g sb e iw ert

A = 1^3(1—(i2) =  aX* (24)

an zu se tzen  is t.
N ach  W eglassen  der G lieder m it P o te n z e n  positiven  V orzeichens, e rh ä lt  

m a n  sch ließ lich  d u rc h  m a th em atisch e  U m fo rm u n g  fü r die ra d ia le n  V ersch ie ­
b u n g en :

W(h) =  [-dti e °ll<p cos ß i cp -f- A 2 e *1<p s in  ß 1cp +  A 3 e CL'‘,p cos ß2 cp -f-

X
-)- A i e a‘lp sin ß 2 9 9 ] sin  rj —  •

a

6.1.2 Verform ungsgrößen

D ie B estim m ungsg le ichung  fü r  die ax ia le  V ersch iebung la u te t

o* 96 ̂ 0 . +  2a2 J_6.”W +  '
d4x  8 2 cp d2x  di (p 9cp6

u n d  fü h r t  zu r F o rm el

U ( h )  =  __1 _
Qx3 4Xl a3

( 2 5 )

(26)

U(h) ~  ~2X A l  e ~*1<P
cos ^ 9 9

Y]
+  1 sin ß x cp +

-j- A 2 e - “1'
7] + 1

A i e“ **’’

X

cos ß2 rp

A  ß

cos ßx^p-f sin  ßx cp 

' V 1 sin p2<p
J 27)

1 ß 2 95 +  SÍn ß2 (p COS Tj
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D ie V ersch iebung  in  U m fa n g sric h tu n g  k a n n  m it H ilfe des Z u sam m en ­
h anges

a 4
V ( h )

l

a* 4 4A4 a 4

e rm itte l t  w erden u n d  erg ib t:

1

+  i a >2 2 ? »  +  5 a - 2 2 ? »  +  2a* ^
d x 2 Q(ps Qxi a cp3 a^a^pa (p1

(28)

vO>):
2  rjX

Ay  C- “1’’ X1 ßl l - f - l l l COS ßy cp 4 “ X1 ± - l ß~ßl sin ßycp\
A ) A I

+  A a e -“'? f - f - 1 - ß l COS ^ 9 9  + «1 ß l  — 1 )
( u L U  i J

« 2- / 5 2| y  +  l

« 2 h r +  1

cos /32 99 4- 

cos /32 95 +

»? +  1

a 2- ß..

+  ß-2

sin  ßy cp 

sin  ß2 cp 

sin  ß 2cp

(29)

sin T]

Z u r B estim m u n g  der In te g ra tio n sk o n s ta n te n  w ird  schließlich  au ch  d e r 
A u sd ru ck  fü r die V erd reh u n g  in  U m fan g srich tu n g  b e n ö tig t, d er n ach  D if­
fe renz ieren

e rg ib t.

K =  - W(h'1 — [  A 1 e~CLl<p (oc1 cos ß1 <p-\-ßi sin ßy cp) +  
dcp

-(- A 2 e~*'(p (ß 1 cos ßy cp — Xy sin ßy cp) —

— A 3 e~Xl<p ( a 2 cos ß 2 cp-\-ß2 sin ß2 cp) 4-

-f- M4e~ c'!,î’ (ß2 cos ß2 cp — «2 sin ß.2 99)] sin  rj —•
a

(30)

6.1.3 Schnittkräfte

D ie allgem einen F orm eln  fü r  d ie  S c h n ittk rä f te  u n te r  E in w irk u n g  v o n  
einem  Glied der e n tla n g  einer E rz e u g e n d en  in  trigonom etrische  R eihe e n t ­
w ick e lten  K o n ta k tla s t  lau ten  fü r  d a s  ax ia le  M om ent

M  _  y  82 w W  M x(h) — -  K h ~
ox1

i 2 712 — — (Ay  cos ßycp-\-A2 e- “14’ sin  ßy <p-\-
l2

(31)
+  A 3 e *«»’ cos ß 2 <p-\-Ay e~x*v s in  ß2 cp) sin rj —  ,

a
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fü r  das M om ent in  R in g

K .  I

’r i c u i u u g

M  r(h)
K h
a 2

+  A 2e - x'V

rjX ]^Aj e~x‘'p 

— cos ß 1 <p-\-

T  +
l |  cos ßy cp A  sin  ßy <p -f-

■y +  l j  s i n ßi<P +

-\- A  3 e

+  A t e - * '*  

fü r  die axiale N orm

a2? 2 L _ \ cos ß 2 99 + sin  ß2 cp
X

D h rj 

m  2a X

cos ß 2 99+  

la lk ra ft

- A 1e~*'

------ l |  sin ß2 <p I sin  r]

—  A 2e 

-\- A  3 e

+  ^ 4  e

-Oli?

— a 2?

]I+I
cos ß2 cp-

[ f - 1

l Yj \
cos ß 1 cp - ------1-  1 sin ßi <p

cos ß1 cp -f- sin  ßyCp -f- 

1 sin  ß2 <p -f-

cos ßo 99+ sin  ß„ cp [s in ? ; —JJ o
sow ie fü r  die in R in g ric h tu n g

2
[ A 1 e~*lV sin  ßy <pß-A2* « » >  =  -  ~  

Za

w irkende N o rm a lk ra ft

A  y e~rL''f  sin  ßy cp-\-A2 e~*l,p cos ßy cp - f

X
,-a‘2?’ cos ß2 9 9 ] sin»; —• .

a
- f  A 3 e - *2’’ s in  ß 2 cp— A  y e 

Sch ließ lich  ist die F o rm e l fü r die S c h u b k ra f t

o3 I 9rp3 dx2 9cp

K h
aá

rjX — *i9>

+  A 2 - w  j

+  A 3 e - w

+  A y e - ^ f

A y e

CCy- ßy

a ,

*1 -  -1  + ß l  COS ßyCf - %lß~ßl

(32)

sir

Ít  - 1) COS ßy(p -\- X y -2 - 1
(A X

ÍT  +  1 +  ̂ 2 c o s ß 2cp A a2 +  î 2(t  +  1 I. X X

a,'2 ß ‘2 COS• ß i  <p + a, A 1 + ß ,
X

s in /9 ^ 1  +

sin ß2<p̂  +  

sin/S299
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6.1.4 E rm ittlung  der Integrationskonstanten

D ie In te g ra tio n sk o n s ta n te n  A v  A 2, A 3 u n d  A t g e s ta tte n  die E rfü llu n g  
von  v ie r  R an d b ed in g u n g en  en tlan g  d e r E rzeu g en d en . A m  ein fach sten  sind  
fo lgende w irk lich k e itsn ah en  A nfo rd eru n g en  zu stellen:

—  D ie K o n ta k tla s te n  u n d  die S c h n ittk rä f te  b ilden ein G leichgew ich ts­
sy stem . D ie A ussage k a n n  in  rad ia le r R ic h tu n g  als

X
q sin  T) —- =  2Qv(h), (36)

a

in ax ia le r R ich tu n g  als

t sin r\ =  2 N x(h) (37)
a

fo rm u lie rt w erden. D ie V erdoppelung  d er S c h n ittk rä f te  w ird  d a d u rc h  b ed in g t, 
daß  sich  die angreifende K o n ta k tla s t  a u f  zw ei S chalenhälften  v e rte ilt.

—  D ie K o n tin u itä t  der S chalenfläche  in  U m fan g srich tu n g  m uß  v e rh a l­
te n  b le ib en , dem zufolge

v(h) =  0 (38)
ist.

—  D ie Z ylinderschale  v e rfo rm t sich  sy m m etrisch  zur A ngriffslin ie d er 
K o n ta k tla s t .  E s  dü rfen  dam it h ie r ke ine  V erzerrungen  erfolgen

du(h) ! =  o _
3 y  3*

da a b e r  — 0 is t, red u z ie rt sich die R an d b ed in g u n g  zu

=  0 . (40)
8  ff

—  E s fo lg t gleichfalls aus den  S y m m etrie rv e rh ä ltn issen , d aß  die E in - 
d rü ck u n g  d er Z ylinderschale  en tlan g  d er u n te rsu c h te n  E rzeu g en d en  m it k e i­
ner R in g v e rd reh u n g  v e rb u n d en  ist

(39)

x  =  0. (41)

D ie a n g e fü h rten  R an d b ed in g u n g en  k ö n n e n  in  ein lineares G leichungs­
system  zu sam m en g efaß t w erden , dessen  L ö su n g  die In te g ra tio n sk o n s ta n te n  
fü r den  F a ll q bzw . t erg ib t.
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D ie Gleichung l .a  bezieht sich au f die radiale K ontaktlast q, l .b  d age­
gen auf die axiale K ontaktlastkom ponente t.

D ie G leichungen 2, 3 und 4 sind in beiden Fällen identisch.
Es sei nachdrücklich betont, daß die erm ittelten  W erte F unktionen  

von r] bzw. i sind und so für jedes Glied der Fourierschen Reihe neu bestim m t 
werden müssen.

6.1.5 Berücksichtigung aller Rippen

U bersichtshalber wurde bislang nur die von  der Erzeugenden cp — 0 
ausgehende Störung betrachtet. D ie som it gewonnenen Ergebnisse bedürfen  
aber Korrekturen in zweifachem Sinne.

Erstens darf m an nicht vergessen, daß von der Angriffslinie der K o n ta k t­
last zwei Störungen ausgehen: die eine in positiver, die andere in negativer  
Um fangsrichtung. D ie beiden E inflüsse überlagern sich.

Zweitens ist dem  U m stand R echnung zu tragen, daß aus der Sym m etrie  
der D urchbildung folgend, alle R ippen in gleichem  Maße belastet sind und  
auf die untersuchte Stelle einwirken. D ie Sum m ierung kann sinngem äß durch  
A nwendung des M axwellschen Satzes erfolgen.
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6.2 B alken-H auptsystem

6.2.1 E rm itt lung  der Bettungsziffer

U n te r  E in w irk u n g  e iner nach a u ß e n  g e r ic h te te n  K o n ta k tla s t w ird  die 
R ippe  gegen die nachg ieb ige  R ingw ickelung  g ed rü ck t. S ind die A b s tä n d e  
zw ischen den  einzelnen R ippen  gering , so k a n n  die V erform ung n a c h  d e r  
M em b ran th eo rie  (K esselform el) b e re c h n e t w erd en . B ei einer spezifischen  
S p an n stah lfläch e  F w b e tr ä g t  die F o rm ä n d e ru n g

h
a —  —

2
~  E F P ’-t-'w W

was e iner S chw erpunk tversch iebung  v o n

(42)

»</> (43)

en tsp rich t. D ie B e ttu n g sz iffe r kann  so m it d e fin itionsgem äß  als

angegeben w erden .

(44)

6.2.2 Differentialgleichung des gekrümmten Balkens

B ei d em  zum  H a u p tsy s te m  g ew äh lten  B alk en  erfo lg t u n te r  E in w irk u n g  
der B e tr ie b s la s te n  (insbesondere infolge d e r  T em p era tu rg efä lle  sowie d er A u s­
m ittig k e it d e r  ax ia len  V orspannung) e ine  D urchb iegung . W ird  die U n te r ­
suchung n u n  m it R ü c k s ic h t au f die K o n ta k tla s te n  d u rch g efü h rt, so is t dem  
U m sta n d  R ech n u n g  zu  tra g e n , daß d e r T rä g e r schon  ü b e r die A n fan g sk rü m ­
m ung  Q v e rfü g t.

O hne u ns h ier m it d e r m a th e m a tisc h e n  A b le itu n g  [6 ] au se in an d erzu ­
setzen , geben  w ir die en tsp rechende  G le ichung  als

d 4 W(f-) 
dxi

2 d2 W(f-)

P2 dx2
-\- C* — J L

K f

X
si nrj —  

a
(45)

an, wo u n te r  K / =  E / J f  v e rs tan d en  w ird  u n d  die »erw eiterte« B e ttu n g sz iffe r

(46)
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d a rs te ll t . Im  fo lgenden  v e rfä h rt m an  äh n lic h  dem  P u n k t 5.1.1 u n d  su ch t d ie  
A tiflösung  m it dem  A n sa tz

w(f) =  £ < l i Q i sin Vi
X

a
(47)

D er F a k to r  Í3, w ird  d u rch  S u b s titu ie ren  e rm itte lt  und  ist

1
Q,

K f Hl 4 2 Vi 2
+  c*

. a , Q1 d

(48)

D ie S in u sfu n k tio n  e n tsp r ic h t den dem  gelenkigen V erbund  e n tsp rech en d en  
R an d b ed in g u n g en .

6.2.3 Schnittgrößen aus der radialen Verschiebung

W egen d er e in fach en  Schreibw eise em p fieh lt es sich die H ilfs fu n k tio n

K ,
2 1

a e 2
Q, (49)

e in zu fü h ren . D a m it k ö n n en  die S c h n it tk rä f te  in fo lgender F o rm  geschrieben  
w erd en :

u n d

M (/) = di ™U) ,
d x l Q2

2 Î 1 sin v, (50)

<?</>
n  _  . *>  iqilJ*  cos rji —  .
/ TT a

(51)

6 .2 .4  E in f lu ß  der axialen Kontaktlast

U n te r  E in w irk u n g  einer L ä n g sk ra f t k o m m t die besondere  A rt d er L a g e ­
ru n g  n ich t zu r G e ltu n g . Die U n te rsu c h u n g  k a n n  gleich P u n k t  5.2.2 d u rc h ­
g e fü h rt w erden.

D ie ax iale  V ersch iebung  U(/) w ird  d u rc h  In te g ra tio n  d er in  eine S in u s­
re ih e  en tw ick e lten  K o n ta k tla s t  b e re c h n e t.

7. Ermittlung der wirklichen Kontaktlastgrößen

Die V ersch iebungen  der zwei H a u p tsy s te m e  w urden  in  der T afe l I I  
ü b e rs ich tlich  zu sam m en g este llt. D ie h ie r  an g efü h rten  W erte  sind  d u rch  d ie  
e in w irkenden  B e trieb s la s ten  bzw . K o n ta k tla s tk o m p o n e n te n  q u n d  t d e r G rö ß e  
1 b ed in g t.
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Tafel II

Übersicht der Trägerverformungen

Hauptsystem

Einfluß Zylinderschale Balken

radial axial radial axial

Innendruck  (p ) w P(h) up(h) 0 “ p(/>

B etriebs-
g leichm äßige  

E rw ärm ung (T 0) WT  о(Л) UT o(h) 0 u To(f)
la sten

ungleichm äßige  
E rw ärm ung (Т д ) WT A (ft) 0 w TA(f) 0

K on ta k t-

radiale K om pon en te
(? =  i) Z Z u q i b ) W 4(f ) 0

la sten axia le  K om pon en te  
6  =  1) S Z w t (h ) Z Z u t(h) 0 “/(/)

axia le  V orspannung ( V) 0 0 wv(f) u t < f )

V orsp ann ­
kräfte tan gen tia le  

U m w ick elu ng  ( W ) 0 0
w 4 f ) 0

A lle  A ngab en  b eziehen  sich  a u f das G lied  i  der trigon om etrischen  R eih en en tw ick lun g .

D ie ta tsä c h lic h e n  W erte  d er K o n ta k tla s t  k ö n n en  au fg ru n d  d er V e r­
trä g lich k e itsb ed in g u n g  b es tim m t w erd en . D ie K o n tin u itä t  des T ragw erkes 
e rfo rd e r t n äm lich , daß  die V erfo rm ungen  der beiden  B au te ile  sow ohl in  ax ia le r, 
als au ch  in  ra d ia le r  R ich tu n g  ü b e re in s tim m en . D ie Ü berlegung  fü h r t  zu  einem  
S ystem  lin ea re r B estim m ungsg le ichungen :

м р(й )< + и  T 0(h)t +  w TA(h)i +  <?, S  S  w q(h)iJr t i ^ S  W tW i  =
(52)

— WTAi)iJr4 i w qU)i+w vÜ)i+w MI)i »

u p m  +  U T 0(h)i +  qi S S  u q(h)i +  t i  S S  Ui(h). =
. . , (53)

=  u p Ü ) i + u T 0( f ) i  + h  u t U ) i + u A l ) i  > 

die d u rch  E in fü h ru n g  der H ilfsw erte

R, =  Ф /  [ W T JU ){+ «4/)l +  W M J ) , ] — 0 h [ W p ( h ) { +  w T 0(h)i + U ) T J ( h ) , ]  (54)
R q t  —  S S  Wq(h)t Wq(j)i, (55)
R ti =  S S  mi,(Л),., (56)

bzw.
Xi =  Ф) [updh+UTMh + u v(f)i] -  0 h [ир(К),+ иТп(п). ] ,  (57)
Xq, =  S S  Uq(h)i , (58)
X t( =  S S  u,(ft)4— (59)
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fü r  die K o iita k tla s tk o m p o iie n te n

u n d

R i x ti—X , R„

RqiX-ti X q jR u
(60)

.. X tR qi- R t X ql (61)
Xfi Rqj Rii X qj

zw. 0 /  w ird  n ach  der T heorie  von D ischinger
d e r E n d w e rt von  S chw inden  u n d  K riech en  berech n e t. Ih r  E in flu ß  is t in  die 
B erech n u n g  u n b e d in g t e inzubeziehen , d a  w egen der u n te rsch ied lich en  T e m ­
p e ra tu rz u s tä n d e  d e r  B au te ile  au c h  d a ra u s  Z w angsk räfte  en ts teh en .

In  K en n tn is  v o n  q u n d  t k ö n n e n  d ie w irk lichen  S c h n ittk rä f te  au fg ru n d  
des Ü b erlag e ru n g sp rin zip s  b e rech n e t w e rd en . D a alle s ta tisc h e n  u n d  V er- 
fo rm u n g sg rö ß en  in  trig o n o m e trisch en  R e ih en  angegeben  sind , m uß  der R ech en ­
g an g  se lb s tv e rs tän d lich  fü r  jed e  P erio d e , d. h . fü r  jedes G lied w iederho lt w er­
den . D ieser U m sta n d  h a t  einen b e a c h tlic h e n  M ehraufw and  an  R ech en arb e it 
zu r Folge, obw ohl d a n k  der g u te n  K o n v e rg en z  schon d er B e itra g  des v ie r te n  
G liedes (i =  7) e rfah ru n g sg em äß  u n w esen tlich  ist.

8 . E rm ittlu n g  der w irk sam en  Y orspannkraft

A bschließend  m ü ssen  w ir u ns no ch m als  m it den  W erten  der V o rsp a n n ­
k rä f te  V  u n d  IF  b e fa ssen , d ie  b is lan g  als A u sg an g sd a ten  g a lten . D iese A n n ah m e 
t r i f f t  aber n u r in  e rs te r  N äh e ru n g  zu. I n  W irk lich k e it erle iden  näm lich  die 
e in g e trag en en  Y o rsp a n n k rä fte  infolge d e r  W ärm eau sd eh n u n g  d er L itzen  eine 
S p a n n u n g sab n ah m e , die m it R ü ck s ich t a u f  die ö rtlic h e n T e m p e ra tu r  än d e ru n - 
gen  e indeu tig  b e re c h n e t w erden  k a n n .

Viel schw ieriger is t dem  U m sta n d  R ech n u n g  zu tra g e n , d a ß  sich d er 
B e h ä lte r  u n te r  B e tr ie b su m stä n d e n  v e rg rö ß e rt. D ie E rsc h e in u n g  ru f t  ein  
zusätz liches N a c h sp a n n e n  der S tä h le  h e rv o r, w as, wie in  [7] e ingehend  b e h a n ­
d e lt  w orden  is t, e ine g ru n d sä tz lic h e  U m lag eru n g  der K rä f te  zu r Folge h a t .  
U m  den  se k u n d ä re n  V o rg an g  rech n erisch  zu erfassen, s in d  d ah er die V o r­
sp a n n k rä f te  n a c h  d en  F o rm eln

V*+EvFv0f 2  u ( f ) x ~ o —  x t

I
(62)

hzw .

W =  - W* +  E w Fw 0 j
w ( f )  i 

X = T (63)

a +  Y + f
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zu ermitteln. Die Größen iv und и  sind am Anfang des Rechenganges unbe­
kannt. Das Endergebnis kann som it nur durch sukzessive Approximation 
erzielt werden.

*

D ie obigen U n te rsu ch u n g en  w u rd en  a m  L eh rs tu h l fü r S tah lb e to n k o n s tru k tio n e n  de r 
T U  B u d a p e s t d u rc h g e fü h rt. D er V erfasser is t  fü r  d ie  v ielfachen  A nregungen  u n d  s tän d ig e  
U n te rs tü tz u n g  den H e rre n  Prof. D r.-ln g . E . B ö l c s k e i  sowie D r.-In g . J .  S z a l a i  z u  au f­
rich tig em  D an k  v e rp flic h te t.
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D esign A nalysis for a  Hinged Circular Cylinder w ith Axial Ribs by the Fourier Series 
Method. R esearch  ca rried  o u t  a t  th e  C hair fo r  R e in fo rced  C oncrete S tru c tu re s  of th e  B u d a ­
p e s t T ech n ica l U n iv e rs ity  h a s  led  to  th e  co n clu sio n  t h a t  th ick w alled  p restressed  co n cre te  
vessels n o t  on ly  invo lve  d ifficu lties in c a lcu la tin g  b u t  are  basica lly  uneconom ical, since larg e  
d im ensions e n tra in  in c re a sed  th e rm al stresses. S o lu tio n  is sough t fo r b y  ap p ly ing  d isengaged  
s tru c tu re s , ex em p t f ro m  sign ifican t th e rm a l g ra d ie n ts  and  th o u g h  of suffic ien t rig id ity . 
R esea rch  w ork  is focused  on c ircular cy lin d rica l shells w ith  ax ia l rib s . R ib  in te rstice s  a re  
filled  o u t  w ith  a good sh ie ld ing  and h e a t  in su la tin g  m ate ria l w ith o u t in h ere n t s tre n g th . 
P re s tre ss  is due to  ax ia l w ires led  in d ucts in  th e  r ib s  an d  tan g e n tia l ones w ound  a ro u n d  rib  
crests . A  s tru c tu ra l a n a ly s is  has been w ork ed  o u t  fo r th e  vessel basin g  on th e  co n v en tio n al 
en ergy  m eth o d . As p r im a ry  m em bers th e  h in g ed  sh o r t  c ircu lar cy lin d rica l shell and  th e  b eam  
su p p o rte d  e lastica lly  on  th e  tan g en tia l p re s tre ss in g  w ires, are chosen. A ll loads are e x p an d ed  
in F o u rie r  series. E q u a li ty  o f d isp lacem ents y ie ld  fo r each w ave p e rio d  a  system  of lin ea r 
eq u a tio n s .

Статическое исследование цилиндрической оболочки с продольной жесткостью 
и с шарнирным круговым краем, применяя ряды Фурье. У крепленная аксиаль­
ными ребрами круговая  цилиндрическая оболочка является оптимальной формой 
напорного резервуара из напряженного бетона, работающего под тепловой нагрузкой. Д л я  
ее применения сначала необходимо было разработать подходящую для  этой цели методику 
расчета, так  как  эта проблема в литературе по данной теме еще не рассматривалась, или ж е 
считалась нерешимой. Рассматриваемая в данной статье методика расчета исходит из 
существующих методов расчета соотношений усилий. Все статические и деформационные 
данные разлагаю тся в тригонометрические ряды. В качестве основной системы выбраны 
при этом неопределенные несущие конструкции, низкие цилиндрические оболочки, а 
такж е эластично прилегающие к кольцевой оболочке балки. Система контактных усилий 
(неизвестная) была определена на основе условий совместимости. Исходя из данных 
радиальных и аксиальных компонентов, мож но определить действительные размеры попе­
речных сечений и деформаций. Методика позволяет учитывать такж е первичные воздейст­
вия при расчетах, а это имеет большое значение, если учитывать, что при рабочих усло­
виях имеет место нагрев конструкционных частей резервуара.
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ON T H E  D E T E R M IN A T IO N  O F  T H E  C O NSTANTS  
O F A C O N SO L ID A T IN G  M E D IU M

R. D Z IÇ C IE L A K *

[M anuscrip t received : A u g u s t 12 1971]

In  th is  p a p e r  th e  m eth o d  of calcu la tion  fo r th e  d e te rm in a tio n  o f th e  elastic co effic ien ts 
of th e  th eo ry  o f con so lid a tio n  fo rm u la ted  b y  B io t  is described . I t  is show n th a t  to  th e se  
calcu la tions th e  k n o w n  p h y sical p rop erties  o f  solid  a re  su ffic ien t.

1. Introduction

T he basis o f ou r considerations is th e  th e o ry  o f th e  defo rm ation  o f a 
porous elastic  so lid  con ta in in g  a viscous com pressib le  f lu id  fo rm u la ted  b y  
M. A. B iot [1]. T h e  physica l re la tions fo r th e  iso trop ic  case are

2 Ae,-y -f- (A e A  Q 0 ) &ij , (1.1)

Qe +  R 0 , (1.2)

in  w hich th e  a tj a re  com ponen ts of th e  stress  te n so r ca rried  b y  th e  e lastic  
skeleton, e,7- are  com ponen ts of th e  sk e le to n  s tra in  te n so r, e =  ekk is th e  
skeleton d ila ta tio n , 0  is th e  flu id  d ila ta tio n , an d  a  =  — p f  is th e  red u ced  
pressure of th e  f lu id  (p  is th e  pressure in  th e  flu id  a n d  f  th e  p o rosity  o f th e  
m edium ). A ,  N , Q an d  R  a re  co n stan ts  o f th e  m ed ium . T hus, we h a v e  to  
know  fo u r m a te r ia l co n stan ts  for th e  d e te rm in a tio n  o f  th e  s tre ss-s tra in  
relations.

2. Analysis o f the constants o f the m edium

The p hysica l in te rp re ta tio n  of th e  c o n s ta n ts  o f th e  conso lida ting  m edium  
is given b y  B iot  an d  W il lis  [2]. T his p a p e r  is th e  basis  of our ow n co n ­
sidera tions. In  th is  p ap e r th e  au th o rs  p ro p o sed  to  ca lcu la te  th e  c o n s ta n ts  
of th e  m ed ium  from  th e  following fo rm ulae:

* D r. ing. R . D ziçcielak , ul. R ogalinskiego 7, P o z n a n , P o lan d .
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N  — p ,

A  =

Q =

R  =

W*+ / a+ ( l  —2 / H 1-3 /* )
y+<5— ô 2j x  

/ ( ! - / -  à jx ) 
y - f ô  — ô 2\ x

P ______
y-|-<5 — ô2/%

( 2 . 1)

F ro m  th e  f irs t  of th e  re la tions i t  is to  be seen (2.1) t h a t  th e  c o n s ta n t N  
is th e  eq u iv a len t of sh ea r m odulus p  o f th e  b u lk  m a te ria l w hich  th e re fo re  
c a n  be  o b ta in ed  d irec tly . T he rem ain in g  co n stan ts  A ,  Q, R  are ca lcu la ted  
fro m  th e  th ree  m easu red  p a ram e te rs :

—  coefficien t o f ja c k e te d  co m p ressib ility  x\
—  coefficien t o f u n ja c k e te d  com p ressib ility  <5;
—  coeffic ien t o f flu id  co n te n t y  fo r a n  u n jack e ted  co m p ressib ility  te s t . 

T h e  ab ove-m en tioned  m easured  p a ra m e te rs  an d  th e  sh ear m odulus (m od u lu s 
o f  e la s tic ity  an d  P o isson ’s ra tio ) shou ld  b e  de te rm ined  b y  ex p erim en ts .

W e shall assum e, th a t  th e  n e x t p ro p e rtie s  of th e  m ed iu m  (solid) are  
k n o w n :

1) th e  m odulus of e las tic ity  E  a n d  P oisson’s ra tio  v;
2) th e  m odulus of vo lum e e la s tic ity  K g of th e  gra ins o f solid;
3) th e  com pressib ility  c of th e  f lu id  filling  th e  pores o f th e  solid.
These p ro p ertie s  o f th e  conso lid a tin g  m edium  will he u sed  to  ca lcu la te

th e  m easu red  p a ra m e te rs  x, Ò, y.

2.1 The coefficient o f  jacketed  compressibility  [2]

This coefficient is defined  b y

e
X = -------- ,

P
( 2. 2)

w h ere  p  is th e  o u ts id e  h y d ro s ta tic  p ressu re  acting  on th e  ja c k e te d  sam ple  
co n n ec ted  to  th e  a tm o sp h ere  th ro u g h  a tu b e . F rom  th e  d efin itio n  (2.2) one 
can  see th a t

(2.3)

w here

K  =
E

3 (1  — 2v)
(2.4)
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is th e  m odulus of vo lu m e e lastic ity  o f th e  solid. B y  su b s titu tin g  fo rm u la
(2.4) in to  fo rm ula  (2.3) we ob tain

3 ( 1 — 2v) 

E
(2.5)

T h e  m odu lus of e la s tic ity  in  fo rm ula  (2.5) is co nnec ted  w ith  th e  oed o m ete r 
m odulus of e la s tic ity  E e b y  re la tion  [8 ],

E ( l + r ) ( l - 2 r )
1 — V

( 2 . 6 )

O ne can  d e te rm in e  th e  coeffic ien t x  b y  m easu ring  th e  volum e change 
A V  fo r a sam ple u n d e r  th e  action  o f  h y d ro s ta tic  p ressu re . In  th is  case th e  
d ila ta tio n  of a sam ple  is

(2.7)

w here V  is th e  in itia l vo lum e of th e  sam p le . T h is te s t  can  be m ake in  a tr ia x ia l  
a p p a ra tu s  w here th e  m easuring  of th e  v o lu m e  change of th e  sam ple is possib le 
(for d e ta ils  see [3]).

T he coeffic ien t x  in  an  oedom eter can  also be de te rm in ed . In  th is  case 
th e  d e fo rm atio n  o f th e  sam ple is o ne-d im ensiona l, th e re fo re , th e  s tra in s  a re

ei  = - ~ r K - * ’(ff2 + <T3)]>
E

e ,  =  ~  [(J.y t ( o-1+ o-3) ]  =  0 , ( 2 . 8 )
E

e3 =  —  [cr3 v(a +  o2)] =  0  .
E

F ro m  E q s (2.8) we o b ta in  the  re la tiv e  vo lu m e change as

#  _  P . ( ! + * ) ( !  - 2 v )
U1 --  £1 — -, , ’ (2.9)

w here p  is th e  su rface  load . In  the  tr ia x ia l  a p p a ra tu s  th e  re la tiv e  volum e 
change is

#o= 3(1 2v) ■ - P - ,
E

( 2 . 10)
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w here  p  is th e  h y d ro s ta tic  p ressu re. I f  we know  th e  s tra in  ex o f th e  sam p le  
in  th e  oedom eter, we can  d e te rm in e  d ila ta tio n  e .  F rom  th e  fo rm ulae  (2.9) 
an d  (2 .1 0 ) we find

£ =  ^ 0 =  - Ì L t ì’) £i (2 .1 1 )
1 -\-v

a n d  from  th e  defin itio n  (2 .2 ) one can  ca lcu la te  th e  coefficien t x.

2.2 The coefficient o f  unjacketed compressibility  [2]

T h is coefficient is defined  b y

ô = ----- — . (2 .1 2 )
P

“ I n  th e  u n jack e ted  com pressib ility  te s t ,  a sam ple of th e  m a te ria l is im m ersed  
in  a  f lu id  to  w hich  is app lied  a p ressu re  p .  W hen  th e  flu id  p ressu re  has com ­
p le te ly  p e n e tra te d  th e  pores, th e  d ila ta tio n  of th e  sam ple is th e n  m easu red ”  [2 ]. 
I n  th is  case th e  vo lum e change of a sam p le  is derived  b y  th e  com p ressib ility  
o f  g ra in s  of a solid only . T hus th is  in d ica te s  th a t  th e  coefficien t is th e  eq u i­
v a le n t  o f th e  com pressib ility  o f g ra ins o f a solid skeleton . T h e  coeffic ien t o f 
u n ja c k e te d  com pressib ility  was d e te rm in e d  b y  F att  [6] fo r a san d sto n e  
(Ô =  3,1 • 10 ~ 6 cm 2/kg ). T he a u th o r  u sed  h igh  pressure (140.8 an d  493.0 a t) 
a n d  s ta te d  th a t  th is  com pressib ility  is th e  possible m easu rab le  m in im u m . 
I t  is c lear th a t  in  a com m on la b o ra to ry  o f soil m echanics i t  is n o t possib le  
to  m ak e  th is  te s t.

I f  we know  th e  m inera l com p o sitio n  o f th e  soil an d  th e  co m p ressib ility  
o f g ra in s, we can  d e te rm in e  th e  coeffic ien t o f u n jack e ted  com pressib ility . 
I f  th e  solid co n ta in s tw o k inds of g ra in s  w ith  com pressib ility  Cx an d  C2, th e  
coeffic ien t

Ò =  a1 C1 +  a2 C2 , (2.13)

w h ere  ay an d  a2 a re  th e  gra in  c o n te n ts  [5]. Since a2 =  1 —  a 1

Ô =  a , (C, -  C2) +  C2 .

I f  th e  solid  co n ta in s severa l k inds o f g ra in s  w ith  com pressib ility  Cx, C2, . . . , 
C„ . . . , Cn, one can  w rite  th e  vo lum e change as

w here

AV = 2>AV,,
( = i

"  1 '
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and

or

w here

and  we o b ta in

Yl
V

AV =
«  V  

1  =  1  t v ,

AV 4 .  Y  1

pV~~ V Kj  ’

n
9  ^  —

i  =  l '•Ì  ' •

A V

p V
=  <5,

ô
n

i = l
(2.14)

T he com p ressib ility  of grains is know n  and  i t  is g iven in  th e  li te ra tu re  
b y  m an y  a u th o rs . F o r exam ple F lo r in  [7] gives th e  com pressib ility  of g ra ins 
of th e  solid as 1 0 - 5  cm 2/kg , B ish o p  an d  H e n k e l  [3] —  (1,42 2,85) • 10 - 6

cm 2/kg . F att  [5] gives th e  com pressib ility  o f th e  q u a r tz , fe ldspars, and  rock  
frag m en ts  as 2,28 • 10  B cm 2/kg.

2.3 The coefficient o f  f lu id  content fo r  an unjacketed compressibility test [2] 

Th is coefficien t is defined  by

„ = f t z 0 )Y
p

W hen th e  m a te ria l of porous m a tr ix  is hom ogeneous and  iso trop ic  an d  
th e  flu id  com ple te ly  s a tu ra te s  th e  pores, th e  coefficien t o f fluid co n ten t y  
can  be d e te rm in ed  from  th e  re la tio n

y = f ( c - ö ) ,  (2.16)

w here c is th e  flu id  com pressib ility . T he re la tio n  (2.16) resu lts  from  d efin itio n  
(2.15). F att  [6 ] used  th e  fo rm ula  (2.16) fo r th e  d e te rm in a tio n  of coefficien t 
y  for san d sto n e .

T he m a te r ia l  c o n s ta n ts  are  d e te rm in ed  b y  fo rm ulae  (2.1) an d  th e y  
depend  on th e  m easu red  p a ram e te rs . T hese fo rm ulae  re su lt from  th e  analysis 
o f th e  p h ysica l re la tio n s fo r th e  in d iv id u a l te s ts  (for d e ta ils  see [2 ]).

(2.15)
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3. Calculation of the constants o f consolidating medium  

Conclusions

T he m a te ria l co n stan ts  of th e  s a n d y  s ilt an d  flo u r of san d  are  ca lcu la ted  
in  th is  p a r t  of th e  p ap er. W e assum e th e  oedom eter m odulus o f e la s tic ity  
to  b e  E e =  200 k g /cm 2, th e  P oisson  ra tio  as v =  0,3 (see W i l u n  [ 8 ] ) ,  a n d  th e  
co m p ressib ility  o f w a te r  as c =  5 • 1 0 ~ 5 cm 2/kg  (see [3], [4], [7]). T he m odulus 
o f  e la s tic ity  w as ca lcu la ted  from  th e  fo rm u la  (2.6): E  =  148 kg /cm 2. F ro m  
th e se  d a ta  can be  o b ta in ed : sh ea r m o d u lu s IV =  p. =  57 k g /cm 2 a n d  th e  
coeffic ien t o f ja c k e te d  com pressib ility  n =  8,3 • 10 ~ 3 cm 2/kg  (from  fo rm ula
[2 .5]). T he m a te ria l co n stan ts  A ,  Q, R  w ere ca lcu la ted  fo r th e  d iffe ren t va lues 
o f th e  coefficient o f u n jack e ted  com p ressib ility  ô. T he  re su lts  are  show n 
in  F ig . 1.

T able I

The modulus of volume 
elasticity of grains 

K g  X 1 0 -  kg/cm2
1,0 1,5 2,0 2,5 3,0 3,5 4,0 4,5 5,0

<5 X 108 cm2/kg 10.0 6,7 5,0 4,0 3,3 2,9 2,5 2,2 2,0

y  X IO6 cm2/kg 8.0 8,7 9,0 9,2 9,3 9,4 9,5 9,6 9,6

A  kg/cm 2 35 500 41 450 45 750 48 500 50 860 52 060 53 060 53 360 55 25

Q kg/cm 2 8 890 10 400 11 420 12 110 12 700 13 000 13 330 13 560 13 800

R  kg/cm 2 2 220 2 600 2 860 3 030 3 170 3 250 3 330 3 390 3 450

T he values of th e  co n stan ts  o f a conso lida ting  m edium  on ly  are show n 
in  F ig . 1 for o rien ta tio n . In  all cases th e se  co n stan ts  shou ld  be  ca lcu la ted  
from  fo rm ulae  (2.1) a fte r  th e  d e te rm in a tio n  of th e  m easured  p a ra m e te rs  x, <5, y  
in  th e  w ay p re sen ted  in  th is  p a p e r or from  experim en ts (if possible).
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Über die Erm ittelung der Festwerte eines B efestigungsstoffes. E in e  M ethode zu r re c h ­
nerischen  E rm itte lu n g  de r E la s tiz itä tsk o e ffiz ien ten  de r von  B io t  a u sg earb e ite ten  F e stig u n g s­
th eo rie  w ird  b e h an d e lt. E s w ird  nachgew iesen, d a ß  fü r diese B e rech n u n g en  die K e n n tn is  
de r p h y sischen  E ig en sch aften  des K örpers g en ü g t.

Определение постоянных некоторого усилителя. Излагается методика расче­
та, служащая для определения постоянных упругости теории прочности Biot, далее 
дается доказательство того, что для данных расчетов достаточно знать физические свой­
ства рассматриваемого вещества.
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T H E R M A L  S T R E S S E S  IN A  F I N I T E  T R A N S V E R S E L Y 1 
ISO T R O PIC  H O L L O W  C IR C U L A R  C Y L I N D E R  H E A T E D  

ON T H E  O U T E R  C U R V E D  S U R F A C E  A N D  W IT H  E N D S  
IN  CONTACT W I T H  SMOOTH IN S U L A T IN G  P L A T E S

D. K . DEY* an d  A . K . DAS**

[M anuscrip t received J u n e  4, 1971]

In  th is  p a p e r  th e rm al s tre ss  has been o b ta in e d  in  th e  case o f a  f in ite  tran sv erse ly  
iso trop ic  hollow  cy linder h e a te d  sym m etrically  o n  a  p a r t  o f th e  o u te r  cu rv ed  surface  of th e  
cylinder, w hile on  th e  in n er su rface  rad ia tion  ta k e s  p lace. A ll stresses an d  d isp lacem en ts are  
ob ta in ed  in  series form .

1. In tro d u c tio n

T he th e rm a l stress prob lem  of a h o llow  cy linder o f f in ite  len g th  w ith  
p rescribed  te m p e ra tu re  on  th e  curved su rfa c e  w as considered  b y  Me l a n  an d  
P a r k u s  [1]. T he so lu tio n  ob tained  b y  th e m  w as in  a p p ro x im a te  m an n e r 
only. D as [2] (1962) o b ta in e d  the  so lu tion  o f th e  th erm o -e lastic  p rob lem  of a 
c ircu lar c y lin d e r w ith  c o n s ta n t te m p e ra tu re  on  th e  p lan e  ends w hile th e  cu rved  
surface w as enclosed in  a sm ooth  rigid core  im perv ious to  h e a t. R ecen tly  
Ch a t t o p a d h y a  [3] (1966) h as  considered th e  th e rm o -e lastic  p rob lem  of solid 
iso trop ic  c y lin d e r u n d er p rescribed  te m p e ra tu re  on th e  cu rved  surface an d  th e  
p lane ends in  co n tac t w ith  sm ooth in su la tin g  p la tes. H e has show n th a t  all 
th e  b o u n d a ry  conditions a re  satisfied e x a c tly . T he o b jec t o f th is  p ap e r is to  
fin d  th e  e x a c t so lu tion  o f  th e  th e rm o -e lastic  p rob lem  o f a c ircu lar hollow  
tran sv e rse ly  iso trop ic  cy lin d e r having th e  te m p e ra tu re  p rescribed  on th e  
o u te r cu rv ed  surface, th e  en d s being in c o n ta c t  w ith  sm oo th  in su la tin g  p la te s .

2. Method o f so lu tio n

A ssum ing  th e  axis o f  th e  cylinder as th e  axis of z, in  th e  cy linderica l 
po la r co -o rd in a tes  (r, 6, z), th e  d isp lacem en t v ec to r  w ill h av e  com ponen ts 
(u, o, w) an d  th e  non -v an ish in g  com ponen ts o f the  stress te n so r will be oy, a0, 
a z and  Trz.

* D. K . D ey, D e p a r tm e n t o f M athem atics , R o u rk e la  Science College, R o u rk e la  —  
2., Ind ia.

** A. K . D as, D e p a r tm e n t of M ath em atics , R eg ional E ng in eerin g  College, R o u r­
kela — 8., In d ia .
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T he s tre ss -s tra in  re la tio n  in  such  a tran sv e rse ly  iso trop ie  solid su b je c te d  
to  a s te a d y  te m p e ra tu re  field m a y  be  w ritte n  as

a r  =  C11 err~ \~ c 12 e ea +  c 13 ezz ^1  ^

(Tq —  C12 e r r ~ 1“ C1X e 08 +  c 13 ezz ^1  T  , 

a Z =  c 13 ( e r r  “I- eee) “Hc 33 e zz~  ^2  T  ,

Try    C tt €r

( 1 )

l 44 v rz

b 1 —  (c l l  “I-  ^ 12) a l  "I" C13 a 2 ’ ^2 —  ^ C13 a l  "i-  C:33 ^ 2 ( 2)

. a re  elastic  c o n s ta n ts , T  is th e  change in  te m p e ra tu re  o f  th e

w here 

an d  cn , c
solid  from  th e  s ta te  of zero s tress a n d  s tra in  an d  x v  x 2 a re  th e  coeffic ien ts  of 
lin e a r  expansions o f th e  solid in  th is  co -o rd in a te  system .

T he s tra in  com ponen ts in  te rm s  o f d isp lacem ents are

du u dw du dw
er r  =  “7  5 eee =  ’ e zz ~  ~ Z  > erz ~  ~  I ~

or r  dz 9z or

T h e  equa tions o f equ ilib rium  red u ce  to

( 3 )

~Z (°V ) +  ~ ~  { T rz )  H {a r °ô )  —  0  , 
dr dz r

—  ( Trz )  +  — —  ( ° z )  H---------T r.
dr 9z r

(4)

0  .

S u b s titu tin g  th e  va lu es  of th e  s tre ss  com ponen ts in  th e  tw o  eq u a tio n s o f  (4) 
an d  using  (3) we get

( 8 2 u
+

1 8  u
U ] + c

dr2 r 8 r r2 1 +

' d2w I 1 dw t 9 2w

dr2
r

r dr ' C:W 9z2

8 2u 8 2 n.
44 _ ,  I ( C13 I C44l

9z-

9 T
1

9r9z  9r

+  ( C13 +  C44)
9z

du
8  z

b„
8  T

dz

( 5 )

L e t us assum e

u = ---- (<<P+f*iW) ,  w =  —  (A<p+p2f )
or oz

( 6)

w here  <j> and  f  are  functions o f r  a n d  z; X, n v  fx2 are  som e co n stan ts . E q u a ­
tio n s  (5) are  sa tisfied  if

8 2 <p
+

1 8 ip
C11

dr2 r dr

fX1 cu
8  2 ip

+
1 dtp

dr2 r dr

+  [C4 4 + ^ ( C13 +  C44)]
8 2 rp
8 z2

0 ,

d2ip
( ? )

+  [ ^ 1  C44 +  /“ 2 (C13 +  C4 4 ) ] ’7 T T  “  b y T ,
8  z-
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and

( c 1 3  +  c 4 4  +  ̂ c 4 l )

3 2 cp 1  0 Ç 5

3r2 r 3r
+A c3

[iMl ( C13 +  c 4 4 )+ /M2 c 4l]
0 2  y> 1  dxp
dr2 r dr

3  2 cp 
dz2

“I- ft 2  C 3 3

0 ,

32 i/>

3z2

( 8 )

bn T  .

3. Temperature distribution

I n  th e  s te a d y  s ta te , th e  te m p e ra tu re  T  =  T(r, z) a t  an y  p o in t (r, 0, z) 
satisfies th e  h e a t co n d u c tin g  e q u a tio n

32T  , 1  d T  , d2T
--------- 1--------------- b p 1 -------
3r2 r 3r 3z2

=  0 (9)

w here ß  is a c o n s ta n t depend ing  on  th e  ra tio  of th e  coefficients o f th e rm a l 
co n d u c tiv ity  o f th e  solid.

W e h a v e  to  fin d  th e  so lu tion  of (9) sa tisfy in g  th e  b o u n d a ry  co n d itio n s

(e)

(f)

and

(g)

t T0 fo r I z I <  c , fo r r — b 

0  for |z| c , fo r r — b

3 T
— - -j- h T  =  0 , fo r r — a
dr

( 10)

3 T  

3 z
for z =  + 1  (Z is th e  leng th  of th e  cy linder)

w here a, b are  th e  in n e r an d  o u te r ra d ii re sp ec tiv e ly , an d  h is th e  ra tio  o f  
th e  em iss iv ity  o f th e  surface an d  th e  th e rm a l co n d u c tiv ity  o f th e  m a te r ia l 
o f th e  cy linder. As a so lu tion  of (9) we can  ta k e

T{r, z) =  2  [A k I 0 (cck ßr) +  B k K 0 (a k ßr)] c o s a  k z j(ll)
k =  1

w here x k =  kic/l, an d  A k, B k are a rb itra ry  fu n c tio n s o f x k; / 0, K 0 are m od ified  
Bessel fu n c tio n s  o f o rd er zero, f ir s t  an d  second k in d s , respectively .

4. Expressions of displacem ents and stresses

F o r th e  p a r tic u la r  in teg ra l of th e  second eq u a tio n s o f (7) an d  (8 ) we can  
assum e

V =  J ?  - ^ z r [ A k I o(*kßr) +  B k K 0{xk ßr)]cosctk z .  (12)
Ä  x kß*

1 2 *  Acta Technica Academiae Scientiarum Hungaricae 73, 1972



4 4 4 D EY  etc.

In s e r tin g  th e  va lu es  o f T  an d  y  in  th e  second  equ a tio n s of (7) an d  (8 ) we get

M l (^11 ß 2 Q l) M2 ( ^ 1 3  +  Q 4) —  ^ 1  ß ~ i

a n d
M l ( C 1 3  +  Cu )ß2 +  / i2 (ß2 C44 —  C33) =  b2 ß2 (13)

w h ich  are  sa tisfied  if

Mi
^ [ M /3 2 C44- C 33)+ fc 2(C13+ C 44)]

C41C 44/34— C 33 C41 /52 + C33 C44+ Cf3 ß2-\-2Cn Cu  ß2 ’
(13a)

M2
/32 [62(Cu /S2- C 44) M 2(C13+ C 44)]

(13b)
^11 ^44 ß i — C33 Cn  ß- -j- C33 C44+ C?3 ß2 -f- C13 C44 /32

T h e  so lu tions of e q u a tio n s  of equ ilib riu m  a re  o b ta in ed  in  te rm s o f tw o s tress 
fu n c tio n s  <pv  cp2 a n d  th e  expressions fo r  stresses an d  d isp lacem en ts can  be 
w r it te n  as

r 92
or —

9r2

ae = C12
8 2

dr2

° 1
92

°Z -'Iß
9r2

rt 92
T r z \ 4 9 r 9z
a n d

—  (<Pi+<P2+^iV)+C13~ ( ^ 1<p1+ ^ 2<p2+ ^ 2 V ) - h T  ̂ ( 14)r or oz1

—  ( P i + ^ + jMi VO +  C i s t TT ( . h < P i + h < P i . + W ) - t > i T ,  (1 5 )
r  or oz1

X 3 02
' (9’i+9>2+/b.vO +  C3.i — -(AiÇ>i+A2?>2+j«aV)-\ T ,  (16)

o a r

(17)

(18a)u =  —  (cpi +  <p2+[2i y>),
or

=  —  (*i <Pl +  *2< P 2+ W ) ■ 
oz

(18b)

T h e  f ir s t  e q u a tio n s  o f  (7) and  (8 ) w ill g ive non-zero so lu tions if  th e y  are  
id e n tic a l an d  th is  h ap p en s  if

o r
C n C

Á(Cl3+ C u ) + C ^  = ------- AC33------- m 2 (say)
Cu  AC4i+ C 13+ C 44

44 m i  “b (C13 ~h 2C13 C44 C13 C33) m- -)- C33 C44 =  0.

T h e n  <p4, cp2 are  th e  so lu tions of

( a2 . 1 8  a2 )
( 9 r2 r 9r 9z2 j

<Pi =  0 , ( £ =  1 , 2 )

(19)

( 20 )

( 21)
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w h ere  ml  are th é  ro o ts  o f  equa tion  (2 0 ) an d  A15 A2 a re  th e  tw o  values of A 
co rrespond ing  to  m\  a n d  resp ec tiv e ly .

F o r th e  so lu tion  o f (21) we can  ta k e

<Pi =  2  -
k=l

<?2 =  2
k~ 1

w here  Ck, D k, E k, F k 
b o u n d a ry  conditions

—— y- [Ck h  A  "»1 r) + D k K 0(cck m, r)] cos cck z , (2 2 a)
X k  m l

-  T1 y  [E k I 0{xk m i r) + Fk A  A  m 2 r)] cos x k z , (22b)
xk mr.

a re  co n stan ts  a n d  are  chosen in  such  a w ay  th a t  th e

O r =  0

t rz =  0

are  sa tisfied .
A t z =  + 1  co n d itions t rz 

ica lly . B y  10(e) we h a v e

for r =  a, r =  b

for r  =  a, r — b
(23)

0  =  w  a n d  3 T/Qz =  0  a re  sa tisfied  a u to m a t­

i c  =  2  lA k I o(lXk ß b) +  B k K 0 (xk ß b ) ] c o s x kz , fo r \z\ <  c, r =  b .
k =  1

H ence,

2  ̂ JCti
A k Io (x kßb) + B k K o(akßb) =  — p — s in a ^ c ,  w here  x k = ------

CK7Z l

a n d  from  1 0 (f) we h av e

A -  A / A  A / 3 « )  +  / i i o  A / 3 “ ) ]  +  B k i h K o ( x k ß a ) — <*kßK i  A i 3 “ ) ]  =

F ro m  these  tw o re la tio n s we have

w here

A  —

B k =

2 r o i „ ; _  . [^ o (% W  xk ß K 1(xk ßa)]--------- s in  c -----------------------------------------------
ckn

2 T J sin a,. c •

h R 1— x k ß R 1

[ x k ß 1i(xkßa) + h l 0{xkßa)]
ckn  " x k [ÌR ,— h R I

A  =  Jo A i 36) A  A  ßa) —  h  ixkßa) K o A i 36)*

Rn h  (xk ß a) K o (xkßb) +  A / 36) A  A i 3“)'

(24)

(25)

(26a)

(26b)
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W ith  th e  aid o f (22a), (22b), (13a) and  (13b) we get th e  d isp lacem en t co m ­
p o n e n ts  from  (18a) a n d  (18b) as

» =  2ft= 1 cck m 1
{Ck I j [ x k m j r) D k K ^ x k m l r)} +

H----- 1—  { E k h  (<** m , r ) - F k K k (xk m , r)} +

k= 1

Pi
<*k ß
Á

{ A k I ,  (<xk ßr) B k K 1 (xk ßr)} cos x k z ,

+

+

<*km 1
3 7  {Cft1o (xk m , r) +  D k K 0 (xk m, r)} +  

\ E k I 0 (xk m , r ) + F k K 0 (xk m,  r)} +
X kml

* k ß 2
{ A k I 0 (xk ß r ) + B k K 0 (Xk ßr)} H-21 ’

(27)

(28)

w here  [av  are g iven  b y  (13a) an d  (13b).
In se rtin g  th e  v a lu es  of q>k, cp2, yi and T  from  (22a), (22b), (12) an d  (11) in  

e q u a tio n s  (14) to  (17) we h av e ,
co [ C l

a , =  Ck Cu  I 0(xk m 1 r) —  - I,(cck m, r) +
k = l  L  r  “ f t m  l

+  —  —1 — J i(“ ft m 1 r ) -----I 0 (“ ft («J r) I cos akz  +r ock Tti± til ! j

+  £  D k [ Cll  A 0 (ak m 1 r ) + (ß±- -  1—  A £ (a /f mj r) —
ft=i L r “ft mi

— —  - —  A', (a fc m i r) — A i l * .  K„ (ak ni! r ) l  cos +
7* OCŷ  Ü l j  111 y J

co r  C l
+  -1 ' Eft \C U I  o (a* m2 r ) ----- "  — —  h  (“ ft m2 r) +

fc=l L r aft mj
Cjo 1 T . V A2 C13 _ . v"l ._j----- I L ------- -- (a/f m2 r ) --------- - i -  / 0 (cck m 2 r) cos cck z  +

r ex./. m 2 tyi2 J

°° r C l
+  2 l ' Eft Cu  A 0 (aft m2 r)  +  - W  - - - - -  A , (a /f m„ r) —  

ft=l L r ak m 2

-----_2—  X , (ak m2 r ) ---------------,13- A 0 (“ ft m2 r) I cos ak z  +
f* (Z^ m 2 zm 2 J

+  1 ’ f̂c L  C„ /„ (“ft ß r) -  - V  fi (“ft ßr) +
ft=1 L r  “ ft P

+  —  7  — -  1 j  h  (“ft ßr) — /„ (“ft /?r) — &! / 0 (“ft /?r)j o s  “ft 3 +

+  £ ’ Eft U  Cu  A 0 (aft /ír) +  " , í ; "  - i g -  A j (aft ßr)  -  
ft I I r  a;( p

-  — -f i12 — ~  A , (a/; ßr) — " 2̂ 13- A 0(aft ;?r)— fcjAoía,. /ìr) J  cos a /£ a, (29)
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448 D EY  etc.

F ro m  (23) we h a v e ,

cry =  0  fo r r — a, r =  b,
Xrz =  0  fo r r =  a, r =  b.

E m ploy ing  these  in  (29) an d  (32), respective ly , we get,

C/t-h o +  D k M 0 -|- E k N 0 +  F k P 0 =  A k X 0 +  B k Y 0 , 

CkL Ó -f- D k Mg +  E k Ng +  F k Pg =  A k Xg  +  B k Yg  ,

Ck L x —  D k M 1 +  E k N 1 —  F k P x =  A k X 1 +  B k Y x , 

Ck L[ -  D k M [  +  E k N i  -  F k P[ =  — A k X ’x +  B k Y(

w here

(33)

Cu  I 0 (a.k ml a)

1, A ,
a m t

t-'ll X 0 (“/( ml “) +

a a/c 

A  (a j-m j a)

C„ 1

A (“ft "h «) +  

A. C
I  g (a,, r r ij a ) ,

“ftmi
JCi (afc m1 a) —

---- íl!L — Ì— A , (afc ni] a)
a ock m1 n s  1 '

Af C13 . .
2 K0 (“ft ml «) »

Y 0 =  Cu  J0 (a*. m2a)

C

1
CC/f m2 11 (aft m2 a) +

H----- — — ------A (aft m2 a ) ------ 2̂J^13 A  (aft m2 a) ,Cl OC;- TIT a III 1)

C„ =  Cn Kg (aft m2 a) a “ft m.
K i (aÄ m2 a)

1

x„ =

------ —----- -—  K ,  (at. m2 a)a a ft m2 1 v * 2 7

f t  Cn 1

A c ,: K„ (a/f m2 a) ,

a aft/?
A (aft 0a) + /r 2 A

02 I o («ft 0a) +  A  A> (aft/?a) —

- f t  Cn 7o (“ft 0 a) — f t  c X! 1
a aft 0 A (aft 0 a ) ,

/,, C12 _ 1  K| (Bft ^  +  a o (aft 0a) +  6t K0 (afc0a) -
a  cl j{ p  p

Pi Cn -K0 (aft 0a) 

C„

f t  Cn
“ft0

X, (aft 0 a ) .

A) =  Cn /„ (aft m, 6) -

+  £ «  1
b CL/, ml

b CLfr m 1

A (a/f 6)

A (“ft "»1 6) +

A § L j 0 («fcm1 6),
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Solving (33)

M ú =  Cn  K 0 (ak m , b)
1

olu m1 K i («ft mi b) —

Cf  « 1  K ' h) ~  A'mV - K - '') -o â . Híj mj

C 1
JVÍ =  C11 h  («ft m2 b ) ------ ---  — ------ J j  (a.k m2 b) +o Oífc m2

P 0 — Clx J í 0 (aft m2 6) -{-
“ft ■

Á j (afc m2 6) —

C» 1
b ak m2 ■Ki (a/; m2 6) Al Cl 3 K 0 (a,- m2 6) ,

* í  =  L  («ft /») +  - 2| ' 3 í„ («ft iff*) +

+  6t I 0 (<xk ß b ) - f i ,  Cu  I 0 (ak ßb) +  a/1 -  J , (aft /S6) ,

Y , =  P iC n _  _ ± _  K i  (afr ^  +  Ko (afc w  +  6j Ko  (aft W  _

-  /,, C „  K 0 («ftßb) -  ■ _ L -  K , (aftßb) .

r  _ 1 +  Aj
h  K  m i « ) . L \  = 1 +  Aj

l i  («ft mj 6) ,m 1 m l

M i  =
1 +  Ai

K j  (aft mj a ) , m ; = l  +  ^i
■Ki (a* »‘ i 6) ,nij m l

iV1 = 1 -}- A2
J j  (a /{ m2 a) , N [ =

1 -f- A2
l i  (a,f m2 6) ,m 2 m2

]> — 1 — A2
-Kj (aft m2 a) , P ’i =

1 +  A2
K j (aft m2 6) ,m 2 m 2

x , = Pi +  Pí í j  (aft /?a) , x ;  = Pi +  Pi
A  (« f tW »ß ß

^1 =
Pi +  p%

ß
K i («ft /?«) - V, = li \ +  1*2

ß
K j (afc ßb) .

we get,

A k X 0+ B k Y0 M 0 N 0 ^ 0
A k X i + B k Y ’0 m ; n ;>
A k X k-\-Bk Yk - M j iVj - P i
A k X [ + B k Y [ ÍVÍ - P i

1
i o A k X 0+.Bft % N 0 Po
K ^ f tX '+ B f t .Y ' Nó Pó

T L i —^4ftX0+-Bft Yj N r - P i
L i - A k X [ + B k Y i N [ - P i
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L0 M 0 Ah7C0-\-Bk Y0 P0
Ló M'o A k X'0+ B k Y'0 Pi
i t - M x ~ A k X 1-\-Bk Y1 - P ,
L i - M i - A kX[ + P,k Y i  - P i

i o M 0 A k N 0+ B k Y0
i ó M'0 N'o A k X'o+Bk Y'o
i t ~ M X N x - A k X ,+ B k Y,
Li —M[ N i A kX i+ B k Y i

Lo Mo N 0 P0
L'o M'o NÓ P'o
i t ~ M X N x P ,

Li - M i N i P[

5. N um erica l resu lts

L et us consider th e  case of m ag n esiu m  fo r w hich th e  ro o ts  o f  th e  eq u a tio n  (20) a re  
rea l. T h e  elastic c o n stan ts  are

C u  =  0,565 X lO 12 d y n /cm 2, C12 =  0,232 X 1072 d y n /cm 2,

C i3 =  0,181 X lO 12 d y n /cm 2, C.a =  0,587 X lO 12 d y n /cm 2,

Cu  =  0,168 X I  O'2 d y n /cm 2.

ö®
2T0 r= t
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T he coefficients o f l in e a r th e rm al expansion  along an d  p e rp en d icu la r to  th e  z axis are 

olx =  27,7 X IO“ 6/°C, a 2 =  26,6 X 10“ 6/°C.

T ak ing  ß =  1, th e  ro o ts  o f  th e  eq u atio n  (20) are

m \ =  1,986, m l =  0,524.

W ith  a =  1 cm , 6 =  2 cm , c =  0,1 cm , / =  10 cm  an d  h =  0,393 we g e t th e  following

6X =  26,82 d y n /cm 2, 62 =  25,64 d y n /cm 2,

=  2,733, l 2 =  0,367, =  — 1,4551/°C, ju2 =  0,58586/°C.

W ith  these  values o f  c o n s ta n ts  we hav e  ca lcu la ted  th e  stress (cTß)ra.i  fo r d ifferen t values o f  z. 
T he v a ria tio n  of ( ^ ) r=1 fo r d iffe ren t va lues o f z is show n in  Fig. 1. I t  is c learly  observed t h a t  
(ав)г= l tak es  its  m ax im u m  v a lu e  a t  th e  ends o f th e  cy lin d er a n d  v an ish es a p p ro x im ate ly  
a t  th e  m iddle  p o in t o f th e  cy linder. F o r z  g re a te r  th a n  0,5 th e  stress is tensile , and for z less 
th a n  0,5 i t  is com pressive . N ear th e  p o in t 0,5 i t  is zero.
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In su la tin g  P la te s . In d . Jour, o f  Pure and A p p l. P hysic. 4 (1966), N o. 1.

4. N o w a c k i , W .: T h erm o e la s tic ity . A ddison W esley P u b lish in g  C o m pany , Inc . 1962, p. 134.

W ärm espannungen in einem  endlichen, in der Querrichtung isotropen, an flache W ärm e­
isolierungsplatten anstoßenden und an der gekrüm m ten Außenfläche erwärmten leeren K reis­
zylinder. E s w erden d ie in einem  endlichen , in Q u e rrich tu n g  iso tro p en , leeren  Zylinder u n te r  
E in w irk u n g  einer an  e inem  Teil de r g ek rü m m ten  O berfläche desse lben  u n te r  E in w irk u n g  
einer sy m m etrisch en  E rw ärm u n g  a u ftre te n d e n  W ärm esp an n u n g en  fü r  den  Fall e rrech n e t, 
d aß  an  der in n eren  F läch e  des Z ylinders eine S tra h lu n g  a u f tr i t t .  A lle Spannungen  u n d  V e r­
sch iebungen  w erden in  Z eilenform  erh a lten .

Термические напряжения в некотором конечном изотропном по поперечному 
сечению полом круглом цилиндре, нагреваемом на его внешней кривой поверхности и 
соприкасающемся на его концах с плоскими термоизоляционными пластинами. Расчет 
тепловых напряжений на некотором конечном и в трансверсальном направлении изот­
ропном полом цилиндре в случае симметричного нагрева, возникающего на одной части 
его изогнутой поверхности, если во внутренней части цилиндра возникает излучение. Все 
напряж ения и смещения получаются в форме рядов.
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R E F L E X I O N S M E S S U N G  IM I N F R A R O T E N  
Z U R  K E N N Z E I C H N U N G  

Y O N  D I F F U N D I E R T E N  S C H IC H T E N

E L IS A B E T H  BARTA*

[E ingegangen  a m  20. D ezem ber 1971]

E s w ird  gezeigt, d a ß  d u rc h  die zu sä tz lich e  A ngabe der L age des in fra ro ten  R eflex ions­
m in im um s einer d iffu n d ie rten  S ch ich t en tsch ied en  w erden k a n n , ob  de r D o tie ru n g sv erlau f 
d e r S ch ich t d e r th eo re tisch  e rw arte te n  k o m p le m en tä re n  F eh le rfu n k tio n  e n tsp r ic h t oder n ich t. 
E s w ird  die N o tw en d ig k eit e in e r solchen E n tsch e id u n g  bei de r B estim m u n g  der O b erfläch en ­
k o n z e n tra tio n  b e to n t.

1. E in le itu n g

D ie zwei w ich tig sten  K en n g rö ß en  einer d u rch  D iffusion  h ergeste llten  
d ü n n en  S ch ich t sind die O b e rfläch en k o n zen tra tio n  N s u n d  die E in d rin g tie fe  
d er D iffusion, x,.  D ie B estim m u n g  d er E in d rin g tie fe  g esch ieh t d u rch  die 
S ich tb a rm ach u n g  des p  —  n Ü berg an g es an  einem  Q uersch liff. D ie O b er­
fläch en k o n zen tra tio n  w ird  in K e n n tn is  des durch  die V iersp itzen m eth o d e  
b e s tim m te n  spezifischen F läch en w id erstan d es R s u n d  d e r E in d rin g tie fe  a n ­
h an d  von  Irwins [1] K u rv e n sc h a ren  b erechnet.

B ei d e r B erech n u n g  w ird  v o rau sg ese tz t, daß  d ie  V e rte ilu n g sfu n k tio n  
d er d iffu n d ie rten  V eru n re in ig u n g  e n tw ed e r durch  eine k o m p le m e n tä re  F e h le r­
fu n k tio n  oder d u rch  eine G ausssche V erteilung  in  g u te r  N äh e ru n g  e rse tz t 
w erden  k a n n . Die O b e rfläch en k o n zen tra tio n  (d. h . die K o n z e n tra tio n  der 
fre ien  L ad u n g sträg e r in  e iner d ü n n e n  O berflächensch ich t) k a n n  jed o ch  auch  
d u rch  die U n te rsu ch u n g  d er o p tisch en  E igenschaften  b e s tim m t w erden , da  
die diese besch re ib en d en  op tischen  K o n s ta n te n  in  dem  W ellen längenbere ich  

Agap (im F all des Silizium s ^gap =  1 ,2 ^ ) von  d e r W echselw irkung  zw i­
schen  den  freien  L a d u n g s trä g e rn  u n d  d er e lek tro m ag n e tisch en  S trah lu n g  
a b h än g en  [2 ]:

n 2—k 2 — n 2
0

4 jz N  e 2 

/n*(cü2+ r ~ 2)
( 1 )

2 nk
2n N  t

cor m*{co2-\-r 2)
(2)

* E lisa b e th  B a rta , H o n v éd  u . 22 -24 , B u d a p es t V., U n g arn
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n: B rechungsindex , w ellen län g en ab h än g ig ; 
k =  Aa/(47i): E x tin k tio n sk o e ffiz ie n t; 
a : A b so rp tionskoeffiz ien t;
n 0: B rechungsindex  d e r  re in en  S ub stan z , w e llen län g en u n ab h än g ig  in  dem  u n te rsu ch ­
ten  W ellen längenbere ich  (rc0 =  3,42 fü r S ilizium );
N : freie L ad u n g s trä g e rd ic h te ; 
m *: effektive M asse d e r freien L ad u n g s träg er: 
o j : K reisfrequenz d e r u n te rs u c h te n  S trah lu n g ; 
r :  R elaxationszeit.

(1) u n d  (2) sind  in  C G S -E inheiten  angegeben . D ie o p tischen  K o n s ta n te n  des n -le iten ­
d en  Silizium s sind als F u n k tio n  de r W ellenlänge u n d  der V eru n re in ig u n g sd ich te  in der A rb e it 
v o n  Sato e t al. [3] e n th a lte n .

Die R eflexion, d ie  an  d e r G renzfläche  L u f t-S u b s ta n z  bei senkrechtem  
E in fa ll erfolgt, w ird  d u rch  die oben angegebenen  o p tisch en  K o n s ta n te n , wie 
fo lg t, b e s tim m t [4]:

R  =  J n j = } ) i ± »  . (3)
( n  +  l ) 2  +  fc2

D as R e flex io n ssp ek tru m  e n ta r te te r  H a lb le ite rsu b s ta n z en  w eist ein M ini­
m u m  auf, aus dessen L ag e  a n h a n d  des Z usam m enhanges (4) die freie L ad u n g s­
trä g e rd ic h te  b e s tim m t w erd en  k a n n  [5, 6 ]:

N  = m* tOmmfoo 1 ) 
47t e2

(4)

D ieser Z u sam m en h an g  g ilt u n te r  d e r V o rau sse tzu n g , d aß  m2 t 2 1 u n d  
n ^  k  is t. Diese V o rau sse tzu n g  w ird  jed o ch  im  F a ll des e n ta r te te n  Silizium s 
n ic h t erfü llt [3, 7].

U m  die B estim m u n g  d e r fre ien  L a d u n g s trä g e rd ich te  aus der Lage des 
R eflex ionsm in im um s tro tz d e m  zu erm öglichen , w u rd en  a n h a n d  von  zah lre i­
chen  M essungen em pirische  E ic h k u rv e n  au fgenom m en (B ild  1 u n d  2).

Aus Bild 1 bzw . 2 is t  e rsich tlich , d aß  eine T rä g e rk o n z en tra tio n  v o n
4,5 XlO 18 N n <[ 6 x  1021 c m - 3  bei n -le itendem  Si, bzw . 4,5  X 1018 <j N p <[ 
<[ 8 x  IO20 c m ^ 3 bei j» -le itendem  Si im  W ellen längenbere ich  2— 25 jj, b e s tim m t 
w erden  kan n .

Z unächst w urde  die op tische  B estim m u n g  d er fre ien  L ad u n g sträg e r­
d ich te  n u r an  solchen E in k ris ta lle n  vorgenom m en, in  d en en  die V erunrein i­
gung  hom ogen v e r te il t  w a r [9—11]. 1965 schlugen P h il l ip s  u n d  M itarbei­
te r  v o r, die O b erfläch en k o n zen tra tio n  auch  d iffu n d ie rte r  S ch ich ten  aus dem  
M inim um  des R eflex io n ssp ek tru m s zu b estim m en  [ 12]. D iesem  V orschlag 
fo lg te  eine R eihe v o n  V ersuchen  au ch  an d e re r A u to ren  [13— 15], die bei der 
B estim m ung  der O b e rfläch en k o n zen tra tio n  d er d iffu n d ie rte n  Schich ten  die 
E ich k u rv en  fü r E in k ris ta lle  hom ogener V e ru n re in ig u n g sv erte ilu n g  zuhilfe
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nah m en . D aß  ih re  E rgebn isse  tro tz d e m  rich tig  w aren , k a n n  d a ra u f  z u rü c k ­
g efü h rt w erd en , d aß  die E in d rin g tie fen  d er von  ih n en  u n te rsu c h te n  D ü n n ­
sch ich ten  in  d e r G rößenordnung  von  e tw a  100 ji lagen .

E rs t  1968 le n k te n  A b e  u n d  N i s h i  [16] die A u fm erk sam k e it d a ra u f , 
daß  die L age des R eflex ionsm in im um s n ic h t a lle in  v o n  der O b erfläch en ­
k o n z e n tra tio n , so n d ern  auch  von  d er D iffusio n sv erte ilu n g  a b h än g t (B ild  3).

Sie fo lg erten  d a rau s , daß die O b erfläch en k o n zen tra tio n  n u r d an n  e in ­
d eu tig  aus d e r L age des R eflex ionsm in im um s, Amin, b e s tim m t w erden k a n n ,

B ild  1. /lmin in  A b h än g ig k e it von  der fre ien  L ad u n g s trä g e rd ic h te  im  F a lle  des n - le iten d en
Siliziums nach Schumann [8]

B ild  2. Amin in  A b h än g ig k e it v o n  der freien  L a d u n g s trä g e rd ic h te  im  F a lle  des p -le iten d e n
Siliziums nach Schumann [8]
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fa lls  sich die freie L a d u n g s trä g e rd ich te  in n erh a lb  der E in d rin g tie fe  der in f ra ­
ro te n  S tra h lu n g  d er W ellen länge Amin n ic h t w esentlich  ä n d e r t. A b e  u n d  
N i s h i  b erech n e ten  d ie  W ellen län g en ab h än g ig k e it des R eflex ionsverm ögens 
d iffu n d ie r te r  S ch ich ten  u n te r  der V o rau sse tzu n g  eines d u rch  eine F e h le rfu n k ­
tio n  bzw . eines d u rch  eine G ausssche V erte ilu n g  b esch re ib b aren  D o tie ru n g s­
ve rlau fes . A us dem  V ergleich ih re r  B erech n u n g en  m it den  E rgebn issen  v o n  
I r w i n  erh ie lten  sie die im  B ild 4 d a rg e s te llte n  K u rv en sch a ren , an h an d  d e re r 
e inem  gem essenen W e rte p a a r  (R s-, Amin) das gesuchte  W e rte p a a r  ( N s-, xj) e in ­
d e u tig  zugeo rdne t w erden  k an n , falls d ie  von  den A u to ren  g en a n n te n  B ed in ­
g u n g en  e rfü llt w erden .

B ild  3. R eflex io n ssp ek tru m  einer S i-Probe ho m o g en er V eru n rein ig u n g sv erte ilu n g  (g estrich elte  
K u rv e )  u n d  e iner d iffu n d ie rte n  P ro b e  (ausgezogene K urve). O bw ohl d ie O b erfläch en k o n ­
z e n tra tio n  de r d iffu n d ie rte n  Probe gleich d e r fre ien  L ad u n g s träg erd ich te  der hom ogenen  

P ro b e  is t ,  t r i t t  in  der L age des Amjn eine V ersch iebung  au f

In  unserem  L a b o ra to riu m  w u rd en  S i-P roben  u n te rsu c h t, in die eine 
As- bzw . P -D iffusion  u n te r  k o n s ta n te m  äußerem  A ngebo t vo rgenom m en 
w u rd e . B ei an  so lchen  S ch ich ten  a u sg e fü h rten  B erechnungen  w ird  im m er 
v o rau sg ese tz t, d aß  d er D o tie ru n g sv e rlau f m it einer k o m p lem en tä ren  F eh le r- 
fu n k tio n  a n g e n ä h e rt w erden  k an n . D ie an  diesen S ch ich ten  au sg efü h rten  R s-, 
Xj-  u n d  Amjn-M essungen w idersp rachen  jed o ch  den n ach  [16] e rw a rte ten  
E rg eb n issen , indem  das von uns gem essene R eflex ionsm in im um  im m er bei 
län g eren  W ellen längen  a u f tra t  als au fg ru n d  des gem essenen W ertep aare s  
(R s-,Xj) u n d  der o b en g en an n ten  B erech n u n g en  e rw arte t w u rd e  [17]. E s w urde  
angenom m en , d aß  d ieser W idersp ruch  du rch  die A bw eichung des ta ts ä c h ­
lichen  D o tieru n g sv erlau fes  von  d er v o rau sg ese tz ten  F o rm  einer k o m p le m e n tä ­
ren  F e h le rfu n k tio n  v e ru rsa c h t w ird.
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D as Ziel d e r vorliegenden  A rb e it b e s te h t darin , diese A n n ah m e u n d  ih re  
A usw irk u n g en  zu üb erp rü fen . W e ite rh in  soll u n te rsu c h t w erden , w elche z u s ä tz ­
liche In fo rm a tio n e n  aus dem  in fra ro te n  R eflex io n ssp ek tru m  bzgl. d iffu n d ie rte r  
S ch ich ten  gew onnen w erden  k ö n n en .

a , b,

B ild  4. R s —  /.min — X j  — N s-R e la tio n en  n a ch  A b e  u n d  N i s h i  [16] im  F a lle  eines D o tie ru n g s ­
v e rlau fes , de r d u rch  eine a)  k o m p lem en tä re  F e h le rfu n k tio n , b) G ausssche G lo ck en k u rv e

e rse tz t  w erden  k an n  2

2. Experim entelles

W ie b e re its  in  der E in le itu n g  e rw ä h n t, w urden  in unserem  L a b o ra to r iu m  
so lche As- bzw . P -d iffu n d ie rte  S ch ich ten  u n te rsu c h t, bei d en en  a n h a n d  d e r 
D iffu s io n sv erh ä ltn isse  ein d u rch  eine F e h le rfu n k tio n  b esch re ib b a re r  D o tie ­
ru n g sv e rla u f  e rw a rte t w urde.

D er spezifische F läch en w id e rs tan d  d er Schich ten  w u rd e  m it d er V ier- 
sp itzen m e th o d e  b es tim m t. D er p —n -Ü b erg an g  w urde an  einem  Q u ersch liff 
von  2,5° m itte ls  chem ischer Ä tzu n g  s ic h tb a r  gem acht. D ie E in d rin g tie fe  
w u rd e  ansch ließend  u n te r  einem  In te rfe ren zm ik ro sk o p  gem essen.

D ie R eflex io n ssp ek tren  w u rd en  m it H ilfe  eines Zeiss-U R  10 —  In f ra ro t  —■ 
S p e k tro p h o to m e te rs  an  einem  von  Zeiss gelieferten R eflex io n sau fsa tz  a u f­
genom m en.

D er D o tie ru n g sv erlau f w u rd e  n ach  e iner von  Tannenbaum [18] a n g e ­
gebenen  M ethode aufgenom m en. D u rch  chem isches Ä tzen  (55 g C u S 0 4 1
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-f- 65 m l H F  -j- 937 m l H 20  [19]) w u rd en  d ü n n e  S ch ich ten  der u n te rsu c h te n  
P ro b e  abgetragen , d e re n  D icke durch  In te rfe ren zm essu n g en  b es tim m t w u rd e . 
N a c h  jed e r A b tra g u n g  w u rd e  die V ie rsp itzenm essung  d u rch g efü h rt, um  den  
F läch en w id e rs tan d  zu  e rm itte ln  [20]:

. . u 71
K s(x) = -----------

I  ln  2
—  4 ,53 . (5)

*§ [% r

B ild  5. 4,53IRS als F u n k t io n  de r von  der O b erfläche  gerech n eten  E n tfe rn u n g  x  im  F a lle  de r
Probe  201/2

4,53/_RS w urde in  A b h än g ig k e it der v o n  d er O berfläche  gem essenen E n tfe r ­
n u n g  x  d argeste llt (B ild e r 5, 6 und  7) u n d  g raph isch  d ifferenziert. N ach e iner 
D iv ision  durch  4 ,53 e rh ie lten  wir:

dR“1 d rxi
-----—  =  ------- a{x) dx  =  <t ( x )  — N ( x )  e/t, (6)

dx dx J0

wo a(x)  die spezifische L e itfäh igke it in  d e r E n tfe rn u n g  x  von  der O berfläche  
b e d e u te t. Aus I r w i n s  D arste llungen  (er)-1 =  f ( N )  fü r  S i-P roben  hom ogener 
D o tie ru n g sv e rte ilu n g  k o n n te  die freie L a d u n g s trä g e rd ic h te  N(x)  fü r jed e  E n t ­
fe rn u n g  x  b e s tim m t w erden .
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W o ]

B ild  6. 4,53 /R s als F u n k tio n  d e r  von  de rJO berfläche  g e rech n e ten  E n tfe rn u n g  x  im  Falle  der
P ro b e  256

w

B ild  7. 4,53/R s als F u n k tio n  d e r v o n  der O b erfläch e  gerech n eten  E n tfe rn u n g  x  im  F alle  de r
Probe  B E  12
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3. Meßergebnisse

D ie B ilder 8 u n d  9 ste llen  einige der an  den  d iffu n d ie rte n  S ch ich ten  
aufgenom m enen  R e flex io n ssp ek tren  d a r. D iesen B ild ern  k a n n  en tnom m en  
w erd en , daß  die M in im a w o h ld e fin ie rt sind und  ih re  L age d a h e r  m it einer 
G en au igke it von  e tw a  + 2 %  b e s tim m t w erden  k a n n .

Diese Amin-W erte w u rd en  m it den  W erten  verg lich en , die sich du rch  
d as  E inse tzen  des W e rte p a a re s  (R sl X j)  in  die von  A b e  u n d  N i s h i  b erechne te  
K u rv en sch a r e rg ab en . A us B ild  10 bzw . Tafel I  k a n n  das E rgebn is dieses 
V ergleiches en tn o m m en  w erd en : D as experim en te ll b e s tim m te  W e rte p a a r 
(JRS, Amin) w id e rsp rich t dem th e o re tisc h  e rw a rte ten  W e rte p a a r , indem
'̂min exp Änin theor ist.

Tafel I

P ro b e
D iff.
V e r­

u n re in i­
g u n g

* < [ « / □ ] M
E rw a r tu n g s ­

w e rt n a c h  [16] 
^•min ÍM]

ex p . b e s t, 
^•min IM-]

B E  11 p 1,56 6,15 2 < ,  A ^ 3 4,3

B E  12 p 1,55 6,15 2 < A ^ 3 4 ,4 + 0 ,2

B E  13 p 1,41 6,15 2 ^ A < 3 —

B E  14* p 9,90 1,62 3 <  A < ;  4 4,4 +  0,1

B E  15* p 10,91 — — —

B E  16* p 11,05 1,89 3 ^  A < ;  4 5,1 +  0,1

P  108 p 3,00 4,00 2 <  A < [  3 4 ,6 + 0 ,1

199/2 A s 9,75 1,64 3 4 ,8 +  0,1

200/2 As 9.90 1,64 3

i-H©+1m

201/2 As 9,40 1,78 3 5 ,0 + 0 ,1

256 As 17,00 1,37 3,5 4 ,9 + 0 ,1

257/1 As 18,80 1,10 3,5

258/1 As 18,80 1,23 3,5 5,95 +  0,05

258/3 As 24,10 1,37 4 5 ,9 5 + 0 ,0 5

* Die so gekennzeichneten  P ro b en  wiesen eine Inhom o g en itä t von  10%  in  R s auf.

Die an der als 201/2 b eze ich n e ten  A s-d iffund ie rten  P ro b e  vo rgenom m e­
n e n  M essungen e rg ab en  R s =  9,4 & /□  und  Xj =  1,78 p. D as W e rte p a a r ( R sJ 
X j )  erg ib t an h an d  v o n  I r w i n s  K u rv en sch a ren  eine O b erfläch en k o n zen tra tio n  
v o n  N s 4,2 X IO2" c m -3, falls d ie  im  Bild 11 d a rg es te llte  F e h le rfu n k tio n  
(gestrichelte  K u rv e ) als D o tie ru n g sv e rlau f v o rau sg ese tz t w ird . (Die F e h le r­
fu n k tio n  w ird d u rc h  die O b e rfläch en k o n zen tra tio n  u n d  die fü r  den p — ra­
ti  bcrg an g  c h a ra k te ris tisch e  L ad u n g sträg e rd ich te  die be i all den u n te r ­
su ch ten  S chich ten  IO15 c m -3 b e tru g , bestim m t.) D as R eflex ionsm in im um
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B ild  8. R eflex io n ssp ek tren  ein iger 
A s-D iffusion  e n th a lte n d e n  P ro b en  

1 : 199/2; 2 : 200/2; 3 : 258/3
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Bild 9. R eflex io n ssp ek tren  ein iger 
ÿ. [n /ü ] P -D ilfu sicn  e n th a lte n d en  Proben

1 : B E  11; 2 : B E  12; 3 : B E  14

B ild  10. B id 4a m it e igenen M eßw erten  erw eite rt. X D ie n ach  [16] e rw a rte te n  (R s, Amin)* 
W erte , Q  die von  u n s  gem essenen (R s, /.min)-W erte
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e in e r solchen S ch ich t so llte  nach  d en  B edingungen  v o n  [16] bei ft auf-
t r e te n .  D em gegenüber w u rd e  ein Amj„ =  5,0 ft gem essen. D er als E rgebn is 
d e r  g raph ischen  D iffe re n tia tio n  d e r im  B ild  6 d a rg es te llten  F u n k tio n  e rh a lten e  
w a h re  D o tie ru n g sv e rlau f (o —  o im  B ild  11) b e k rä f tig t  unsere , b e re its  in 
d e r  E in le itu n g  e rw ä h n te  A n n ah m e, n a c h  der der zw ischen dem  e rw a rte ten  
u n d  dem  gem essenen R s, Amin b e s te h e n d e  W idersp ruch  a u f  eine A bw eichung 
des w ahren  D o tie ru n g sv erlau fes  v o n  d er theo re tisch  e rw a rte ten  V erte ilu n g s­
fu n k tio n  b e ru h t.

B ild  11. E x p erim en te ll b e s tim m te r  D o tie ru n g sv e rlau f de r P ro b e  201/2 (im  T e x t au sführlich
e rk lä r t)

Beim  E in se tzen  des W e rte p a a re s  ( R s, 2 mi„) in  die von  A b e  u n d  N i s h i  

b e rech n e te  K u rv e n sc h a r fin d en  w ir, d a ß  diesem  W e rte p a a r  eine d u rch  N s =  
=  1,3 XlO20 c m -3 u n d  x .  =  4,2 ft c h a ra k te ris ie rte  F e h le rfu n k tio n  en tsp ric h t 
(B ild  4a). D ie B e rech n u n g  d ieser F u n k tio n  aus T afe lw erten  [21] ergab den 
im  B ild  11 du rch  volle K reise  geken n ze ich n e ten  K u rv en v e rlau f, d er sich b is zu 
e in e r Tiefe von  e tw a  0,9 ft als g u te  N äherung  an  d en  w ah ren  D o tie ru n g s­
v e r la u f  erwies. D as in  d ieser E n tfe rn u n g  gem essene W e rte p a a r  (R s =  50,1 
£ ? /□ , Amin =  5,9 ft) w eis t beim  E in se tz e n  in  die a u f  B ild  4a  d a rg este llten  
K u rv e n sc h a r  a u f  eine d u rch  iV, =  5,3 X 1019 cm""3 u n d  Xj =  2,0 ft ch a rak te ri-
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s ie rte  F eh le rfu n k tio n  h in . Diese F u n k t io n  w urde  im  B ild 11 d u rch  D reiecke 
gekennze ichne t u n d  erwies sich, eb en fa lls  als gu te  N äh eru n g  an  den  w ah ren  
D o tie ru n g sv erlau f.

Die an  der P ro b e  256, in die eb en fa lls  As d iffu n d ie rt w u rd e , ausgefüh r- 
te n  M essungen e rg ab en  folgende R e s u lta te :  Aus dem  gem essenen W e rte p a a r  
(jRs =  17,0 ß / ö ,  Xi =  1,37 /{) w u rd e  u n te r  V orausse tzung  d er im  B ild  12 als 
g estrich e lte  K u rv e  darg este llten  F e h le rfu n k tio n  die O b e rflä c h en k o n z e n tra ­
tio n  zu  N s =  2,2 X 1020 c m -3 b e re c h n e t. D ies is t ein höherer W e rt als N s exp =  
=  l x l O 20 c m -3, d e r du rch  die E x tra p o la t io n  der g raph ischen  D iffe ren tia tio n  
d e r a u f  B ild 7 d a rg este llten  F u n k tio n  e rh a lte n  w urde. A us B ild 12 k a n n  das

B ild  12. E x p erim en te ll b e s tim m te r D o tie ru n g sv e rla u f  de r P robe  256 (im  T e x t a u sfü h rlich
e rk lä r t)

M aß d e r A bw eichung des w ahren  D o tie ru n g sv erlau fes  (o —  o) v o n  der, den  
B erech n u n g en  i. a. zugrundegeleg ten , F e h le rfu n k tio n  en tn o m m en  w erden . D er 
d u rch  D reiecke gekennzeichnete  V e r la u f  is t  eine du rch  N s =  l x l 0 20 c m ~ 3 
u n d  X j  =  2,8 li  gekennzeichnete  F e h le rfu n k tio n , die du rch  das E in se tzen  des 
gem essenen W ertep aares  (Rs, Amjn) in  die v o n  [16] b erech n e te  K u rv e n sc h a r 
e rh a lte n  w ird  und  die b is zur e tw aigen  E in d rin g tie fe  der in fra ro te n  S tra h lu n g  
d e r W ellenlänge / min eine gu te  N ä h e ru n g  an  den  w ahren  D o tie ru n g sv e rla u f 
d a rs te llt .
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A us den E rg eb n issen  dieser b e id en  P ro b en  k a n n  geschlußfo lgert w er­
den , d aß  der zw ischen  dem  a n h a n d  des W e rte p a a re s  (Rs, Xj) b e re c h n e ten  
W e rt der O b e rfläch en k o n zen tra tio n  e inerse its  u n d  dem  d u rch  die E x tra p o la ­
tio n  d er g raph ischen  D iffe ren tia tio n  d e r spezifischen  L e itfäh ig k e itsv e rte ilu n g  
e rh a lten en  W ert an d e re rse its  b es teh en d e  U n te rsch ied  d u rch  die A bw eichung  
des w ahren  D o tieru n g sv erlau fes  v o n  d e r  bei den  B erechnungen  i. a. an g e ­
nom m enen  F e h le rfu n k tio n  v e ru rsach t w ird . A u f die E x is ten z  einer so lchen

B ild  13. E x p erim en te ll b e s tim m te r  D o tie ru n g sv erlau f de r P ro b e  B E  12 (im  T ex t au sfü lu lic h
e rk lä r t)

A bw eichung w ird  d u rc h  den sche inbaren  W id ersp ru ch  zw ischen dem  gem esse­
n en  u n d  dem  v o n  A b e  u n d  N i s h i  b e re c h n e ten  W e rt (R s, Amin) h ingew iesen . 
U nsere  U n te rsu ch u n g en  ergaben w e ite rh in , d aß  d ieser V ergleich auch  einen  
H inw eis au f die P a ra m e te r  einer F e h le rfu n k tio n  g ib t, falls irgendein  A b sc h n itt 
des w ahren  D o tieru n g sv erlau fes  d u rch  eine solche näherungsw eise besch rieb en  
w erden  kann .

Bild 13 d ie n t z u r V eranschau lichung  u n serer, an  P -d iffu n d ie rten  S ch ich ­
te n  e rha ltenen  E rg eb n isse . Die a n h a n d  d er an  d er P ro b e  BE12 gem essenen
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R s =  1,62 ß / Q  u n d  Xj =  6,15 fi n a c h  Irwin b erechne te  O b erfläch en k o n zen ­
tr a t io n  ergab sich zu  N s =  l x l O 21 c m -3 . Die bei der B erech n u n g  v o ra u s ­
g ese tz te  F eh le rfu n k tio n  ist im B ild  13 d u rch  die g estrichelte  K u rv e  d a rg e ­
s te llt . A us dem  gem essenen (R s, xj)  e rg ib t sich Amin ^ 3 / 1  n ach  Abe u n d  
Nishi. D em gegenüber w urde Amin =  4,2 n  gem essen. A us B ild  13 g e h t die 
A bw eichung  des w ahren  D o tie ru n g sv erlau fes  (o —  o) v o n  d er a n g en o m ­
m en en  F eh le rfu n k tio n  hervor. D ie  w ah re  V erte ilu n g sfu n k tio n  w eist einen  
e tw a  2,0 fi lan g en  A b schn itt a u f , d er d u rch  eine k o n s ta n te  fre ie  L a d u n g s ­
trä g e rd ic h te  gekennzeichnet is t. D ies s tim m t m it den  E rfa h ru n g e n  a n d e re r  
A u to re n  bzgl. d er P -D iffusion ü b e re in  [18, 22]. D a der A b so rp tio n sk o effiz ien t 
oc des w -leitenden Silizium s dieser V eru n re in ig u n g sk o n zen tra tio n  fü r  die W ellen ­
län g e  des M inim um s etw a 2,5 X 104 c m -1 b e trä g t [23], is t die E in  d rin g tie fe , 
d =  a _1, dieser S trah lu n g  e tw a 0,4 fi. F a lls die d iffu n d ie rte  P ro b e  einen  
D o tie ru n g sv e rlau f m it k o n s ta n te m  A n fan g sab sch n itt d er L änge x  >  d  a u f­
w e is t, k a n n  die O b e rfläch en k o n zen tra tio n  u n m itte lb a r  aus d er L age des 
R eflex ionsm in im um s bestim m t w e rd e n , da sich die P ro b e  in  d iesem  F a ll der 
in f ra ro te n  S trah lu n g  gegenüber w ie  eine S chich t hom ogener V eru n re in ig u n g s­
v e rte ilu n g  v e rh ä lt. I n  Tafel I I  s in d  einige W erte  von  d  in  A b h än g ig k e it d e r  
fre ien  L ad u n g sträg e rd ich te  d a rg e s te llt.

Im  F alle  d er P robe  B E12 s tim m te  die aus dem  P.min =  4,2 fj, zu  N s =  
=  (2,7 +  0,3) X 1020 c m “ 3 e rm itte lte  O b erfläch en k o n zen tra tio n  in n e rh a lb  d er 
M eßgenau igkeit m it  dem  W ert v o n  (2,2 +  0,3) XlO20 c m “ 3 üb ere in , d e r au s  
d e r a u f  B ild 8 da rg este llten  F u n k t io n  e rh a lte n  w urde.

Tafel II

N, [cm -3]
^min M  

homogene 
Verteilung

dip.]

l x lO 21 3 ,0 0 ,2 0

5 X 1 0 20 3 ,5 0 ,4 3

1 X 1020 6 ,0 0 ,7 0

5 x  10 19 7 ,9 1 ,30

1 x  1019 16 ,0 1 ,60

4. Schlußfolgerungen

E s w urde gezeigt, daß h ä u fig  erheb liche  D ifferenzen zw ischen d en  aus 
den  R s- u n d  x.-  W erten  anhand  v o n  Irwins D aten  b e rech n e ten  W erten  d er 
O b e rfläch en k o n zen tra tio n  e inerse its , u n d  d er aus der E x tra p o la tio n  des w a h ­
ren  D o tierungsverlau fes gew onnenen  O b erfläch en k o n zen tra tio n  a n d e rse its , 
b e s teh en . D as A u ftre te n  dieser U n te rsch ied e  w ird  au f die o ft b e o b a c h te te
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[18, 24— 28] A b w eich u n g  des w ah ren  D o tie ru n g sv erlau fes  von  der th e o re ­
tisc h  e rw arte ten  F e h le rfu n k tio n  zurück  g e fü h rt. D ie aus den  R s-und  x; -W erten  
b es tim m te  O b e rfläch en k o n zen tra tio n  w ird  im  F a ll e iner so lchen A bw eichung 
zu  einer p u ren  Z ah l o h n e  physikalischen  In h a lt .  D ah er m uß  en tsch ieden  w er­
den , ob der D o tie ru n g sv e rla u f der u n te rsu c h te n  P ro b e  m it der th eo re tisch  
e rw a rte ten  F e h le rfu n k tio n  ü b e re in s tim m t o d er n ich t. D iese E n tsch e id u n g  
k a n n  u n te r  Z u h ilfen ah m e der Lage des R eflex ionsm in im um s getroffen  w er­
den , da die gem essenen  R s-, rty-und Amin-W erte  n u r  d an n  in  Ü b ere instim m ung  
m it der K u rv e n sc h a r v o n  A b e  u n d  N i s h i  g eb ra c h t w erden  kö n n en , w enn der 
w ah re  D o tie ru n g sv e rla u f m it einer F e h le rfu n k tio n  besch rieben  w erden  k a n n . 
S o m it k a n n  also d u rc h  eine op tische  M essung, die k e ine  w eitere  Z ers tö ru n g  
d er P robe  v e ru rsa c h t, en tsch ieden  w erd en , ob d er a u f  herköm m liche  W eise 
b e rech n e te  W ert d e r  O b erfläch en k o n zen tra tio n  den  T a tsach en  e n tsp ric h t 
o d er n ich t.

W eiterh in  w u rd e  festg este llt, d aß  die O b e rfläch en k o n zen tra tio n  im  
F a lle  der P -D iffu sio n en , bei denen d er A n fan g sa b sc h n itt des D o tie ru n g sv er­
lau fes häufig  d u rc h  N s =  const, g ek en n ze ich n e t is t, u n m itte lb a r  aus der 
L age des R eflex io n sm in im u m s b e s tim m t w erden  k an n .

D araus e rg ib t sich  die Sch lußfo lgerung , d aß  die K ennzeichnung  der 
d iffu n d ie rten  S ch ich ten  d u rch  N s u n d  Xj a lle in  n ic h t g en ü g t, da auch  die Lage 
des R eflex ionsm in im um s zur C h a rak te ris ie ru n g  so lcher S ch ich ten  herangezo ­
gen w erden m uß .

M ein D an k  g ilt F r a u  J .  R ónai u n d  H e rrn  D r. J .  Schanda fü r  ih re  w ertvo llen  D isk u s­
sionsbeiträge, w e ite rh in  F ri .  M. Ferencz u n d  F ra u  K . Simon fü r  ih re  H ilfsb e reitsch aft bei 
d e r  A usführung  der M essungen .
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Измерение рефлексии в ИК-спектре для характеристики диффундированных слоев.
П оказано, что путем дополнительного указан ия полож ения инфракрасного рефлексион- 
ного минимума некоторого диффундировавшегося слоя можно установить, что процесс до­
тации слоя соответствует или не соответствует ли теоретически ожидаемой комплемен­
тарной функции ошибки. Подчеркивается необходимость такого установления при опре­
делении поверхностной концентрации.
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ФОТОИОНИЗАЦИЯ ВНЕ ТЕРМИЧЕСКОГО РАВНОВЕСИЯ 
В МАГНИТОГИДРОДИНАМИЧЕСКОЙ СРЕДЕ ДЫМОВЫХ

ГАЗОВ С КАЛИЕМ

К. Г. АНТАЛ* и И. Ф. БОЛЛА**

(Поступило 8. X II . 1971 г.)

Рассматривается возможность поддерж ания требуемой степени ионизации рабочего 
газа после его адиабатического расш ирения в М ГД канале с помощью фотоионизационного 
действия раскаленных угольных частиц, одновременно введенных в канал МГД. По урав­
нениям ионизационного и энергетического балансов получены критические температуры 
для  раскаленны х угольных частиц и их необходимое весовое количество, при ш ироких 
значениях параметров.

1. Введение

Известно, что в среде дымовые газы — калий, подогретой в камере сгора­
ния до соответствующей температуры, достигается удовлетворительная сте­
пень ионизации [1]. При адиабатическом расширении, газ с высокой скоростью 
попадает в канал МГД, причем температура его резко падает. Таким 
образом, в упомянутой рабочей среде образуется значительная объемная 
рекомбинация электрон-ионов, что можно выразить следующим уравне­
нием:

dtXç , ,  / 1  \

----- (объемная рекомбинация) =  — от‘ , (1)
dt

где пе — плотность электронов;
I — время;
а — коэффициент (объемной рекомбинации).

В соответствии с предложением [1] замедление (вернее компенсация) 
процесса рекомбинации достигается за счет ввода в канал раскаленных 
частиц угля. Частицы угля развивают замедляющее действие за счет фото­
ионизации, вызванной радиацией. Для возможности применения предложен­
ного процесса необходимо обеспечить следующие условия:

1. Частицы угля необходимо раскалить до такой температуры, при кото­
рой термическая радиация способна осуществить ионизацию атомов калия — и 
этим компенсируются потери от рекомбинации.

2. Окислительная тепловая энергия, накопленная в частицах угля, 
должна быть достаточной для поддержания ионизационного энергобаланса 
на время, пока рабочая среда находится в МГД канале.

* A n ta l К . G , Vécsei ú t i  l tp . 4. B u d a p e s t X X .
** B olla  I .  F .,  K ertész  u . 43. B u d a p e s t V II .
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2. Определение критической температуры угольных частиц

По первому условию рассмотрим термическую радиацию частиц угля, 
вызывающую фотоионизацию. Предположим, что радиацию можно харак- 
теризировать излучением абсолютно черного тела, т. е. зависимостью Планка. 
В общем виде скорость фотоионизации получается по следующей зависи­
мости:

— —^ (фотоионизация) —  У  Qi Ф; Д ,  (2)
dt I

где ríj — концентрация ионизируемых атомов;
Qi — эффективное сечение фотоионизации;
Ф, — фотонный поток (количество ионизирующих фотонов, падающих в стерад- 

ной единице на единицу площ ади);
Oj — стерад (пространственный угол).

Исходя из спектральной плотности энергии абсолютно черного тела, имеем:

dEv 8лк V3
с 3 g h y /k T ( 3 )

где h — постоянная П ланка; 
с — скорость света;
V — частота;

Т  — абсолю тная температура; 
к — постоянная Больцмана.

Вернее, написав спектральную интенсивность

dJ„ = — dEv, (4)
4л

при условии, что кТ  <Ç hv0, фотонный поток для частот V >  v0 можно записать 
в следующем виде:

J'°° d Т 2 Г°°
—  = ----- в -  Л̂ т  Г2 dv , (5)

„„ hv с2 J,.o

где г0 — частота, соответствующая ионизационной энергии.

Если примем эффективное сечение зависимым от энергии (длины волны) и 
его запишем в следующем общем виде:

Q =  Q(fy =  а2.2-\~ЬА-\-с, (6)
где А — длина волны ;
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тогда мы должны его учесть под интегралом, вместе с фотонным потоком. 
Значит, для записи уравнения (2) следует подвергнуть детальному анализу 
нижеследующее выражение:

ß — h v /k T Ш - * .
1 2

(? )

Решение интеграла можно представить в следующем виде (при решении 
задачи мы пока не пользовались пренебрежениями):

«?Ф > =  2 г0 0 1

хп

elf)
+

4

d » d e
d l d L

( 8 )

где x0 — безразмерный «большой» параметр, характеризирую щ ий отношение тем­

пературы абсолютно черного тела к ионизационной энергии х 0 =  ;k l
Ej — ионизационная энергия;

0  — безразмерный параметр 0  =  ;

Q — ионизационное сечение при величине. Я=Я0 ;
Я0 — длина волны, соответствующая ионизационным потенциалам; 
с — скорость света.

В дальнейшем исходим из предположения, что температура угольных 
частиц за время нахождения их в МГД канале не меняется, значит, они будут 
сгорать беспрерывно. Таким образом, с учетом вышеизложенных, баланс, 
характеризирующий процессы ионизации и рекомбинации, можно записать 
в следующей форме:

— -  (ионизация) =  (фотоион.) +  (ступенчатая ион.) +  (тепловая ион.) (9) 
dt

—— (рекомбинация) =  (объемн.рек.) +  (поверхности, рек.) (10)
dt

Фотоионизацию можно характеризовать зависимостью (2). Начнется 
взаимодействие фотонов со всеми компонентами рабочей среды, из которых, 
однако, учитывается нами только ионизация (в данном слуае) калия. Про­
цессы диссоциации и возбуждения, вызванные фотонами, дают в результате 
потери фотонов, а ионизация прочих компонентов рабочего газа — прибыток 
электронов. Однако, влиянием этих явлений можем пренебрегать.

В зависимости (9) также пренебрегаем влиянием ступенчатой иониза­
ции —- однако, в результате получается дальнейший прибыток, т. е. повыше­
ние эффективности ионизации. Ионизация теплового характера, в связи с 
относительно низкими температурами, существующими в канале после рас­
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ширения, не вызывает значительных добавочных явлений. В зависимости 
(10) объемная рекомбинация рассматривается в смысле зависимости (1). Как 
известно, поверхностная рекомбинация состоит из дувх составляющих. Из по­
верхностной рекомбинации, образующейся на изоляционной стенке генератора 
и «стеновой» рекомбинации, образующейся на поверхности угольных частиц, 
введенных для пополнения ионизационных потерь. Ввиду того, что нашей 
целью является исследование возможностей фотоионизации при помощи 
угольных частиц, мы здесь не занимаемся исследованием первой составляю­
щей, а последней рекомбинационной возможностью, ввиду с большой работой 
выхода угля, в первомпруближении можно пренебречь. Таким образом, в 
смысле вышеизложенных, уравнение, характерное для ионизационного 
баланса получает следующую форму:

П ,«?Ф >£ =  *П?. (11)

Величина стерада зависит от размеров и распределения введенных 
угольных частиц. Точная величина его должна быть конкретно проверена 
для каждой отдельной задачи. По литературным данным она может меняться 
в пределах от 0,1 до полного значения, т. е. до 4л.

Записанный в такой форме ионизационный баланс, определяет крити­
ческую температуру частиц угля. При определении температуры можно ввести 
дальнейшую поправку на разность тепловой радиации угольной частицы и 
абсолютно черного тела, которая может быть охарактеризована фактором 
излучения.

Уравнение (8) рассматривается в дувх конкретных случаях:
а) С учетом экспериментальной зависимости эффективного сечения Q от 

энергии, изложенной в труде [2], из (3) получаем приближенное выражение:

@(А) =  aA2+ 6A ~f-c ,

[@] c m 2 ; [А] =  cm  ,

где а =  1,504- 10~9;
Ь =  - 8 ,3 7 - 10-14 см; 
с =  1,173-10-18 см2.

С учетом вышеизложенных для х 0 можем получить следующее трансце- 
дентное уравение:

2v0 п I ÍJ 

are2

b c 1 b 2 c , 1 2  c
a  4----------1----------------- — h — ~\-------

_N
>

c H O IA>
9

*5 T
(13)

Результаты, полученные нами при помощи итерационного метода при различ­
ных величинах a, пе, re,, Ü, сведены в табл. I.
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б) Принимая эффективное сечение независимым от энергии, т.е. посто­
янным, трансцедентное уравнение для х0 можно записать в следующем виде-

е■*о 2v0 пIÜQ 1 ^  2 ^  2
(ХПе До [ *0 х о *0

(14)

Решения, полученные также итерационным методом при различных вели­
чинах а, пс, п,, Q, Q, дают в результате табл. И.

3. Определение необходимого количества угольных частиц

Для удовлетворения 2-го условия проверим содержание энергии вве­
денных угольных частиц; на основе чего можно определить количество 
угольных частиц, необходимое для возможного поддерживания ионизаци­
онного равновесия.

Предиоложим, что масса одной угольной частицы составляет:

Л(Рт =  -——Q, 
о

где d — диаметр частицы;
q — плотность угля , и

при сжигании 1 кг угля в воздухе при давлении р и температуре Т образу­
ются дымовые газы обемом V. Если количество угольных частиц

М

тогда объем на одну частицу составляет

п

В изложенном в предыдущем пункте смысле в течение 1 сек в объеме 
1 см3 рабочего газа осуществляется рекомбинация а/4электронных-ионно пар. 
Значит, нам необходимо позаботиться о пополнении указанной потери энер­
гии. Проанализируем, сколько энергии требуется для пополнения рекомби­
национных потерь в элементарном объеме, приведенном на одну угольную 
частицу, за время нахождения рабочего газа в канале:

Е  =  осп% V  т£', ( 15)
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где: т — время нахож дения среды в канале

_  L_
V ’

L — длина канала;
V — скорость потока среды.

При полном сжигании угольной частицы массой т образуется следующее 
количество тепла

E g f f  =  m x r j , ( 1 5 ' )

которое можно использовать для ионизации,

где: к — удельная теплота угля;
г} — коэффициент полезного действия.

В зависимости (15’) г\ характеризирует реализацию температурной 
радиации в ионизационной энергии; величину его определим ниже. Энергети­
ческий баланс, — приведенный к элементарному объему в системе координат, 
движущейся вместе с рабочей средой, — будет иметь следующий вид:

2 таo u i ;  V ------в ;  X  =  т щ .м ( 1 6 )

На основе энергетического баланса можно определить небходимое ко­
личество угольных частиц в расчете на 1 кг угольного топлива:

м _  ccn-ret v
XTj

( 1 7 )

Вернемся к определению коэффициента г). Предполагая, что частицы 
осуществляют излучение в виде черного тела, необходимо проинтегрировать 
зависимость (3) от 0 до оо, и получаем следующее выражение:

.Г *  dv  =  а я к ‘ Т ‘  Г  - i l -  J ,  =  . « * •  * -  Т * . (1 8 )
с3 J o  elu'lkT — 1 с3 Л3 J o  ех — 1 15с3 h3

А это представляет собою полный энергоспектр черного тела, излучае­
мый при температуре T. С точки зрения ионизации калия интересная для нас 
область находится в пределах от е,- до оо. Итак, полезная с точки зрения 
ионизации доля полной радиационной энергии составляет:

п =  f ä x * e - x dx псп

После вычисления двух интегралов и проведения соответствующих пре-
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образований для rj можем получить следующее окончательное выражение:

— р е  х » ( л ^ + 3 ^ + 6 л :0 + 6 ) .

я 4
( 20 )

4. Численные результаты расчетов

Н иж е, прибегая к  подстановке некоторых литературных данных, произведем число­
вой анализ полученных выражений.

а) В выраж ении (13) эффективное сечение фотоионизации атомов калия учитываем 
на основе цифровых данных, приведенных в (12). Величины, или ж е пределы величин 
прочих параметров для  калия:

vo = 1.04935 X  1015 сек-1
= 2.85694 X  1 0 -5 см

ne = 1012 см~3
Щ = 10!9 - 101« см~3
a  = 1 0 -9 - i o - 8 см3 сек
Ű  = A n  — 10-2 х 4 я —

П одставляя приведенные выше цифровые данные, результаты, полученные на основе 
итерационного метода, обобщены в табл. 1. П араметр у, приведенный в первой строчке 
таблицы, является целочисленным показателем степени десятичного фактора, который 
можно записать на левую сторону итерационного выраж ения, и правильным выбором его 
величины можно воспроизвести любую комбинацию параметров, приведенных в ряде 
исходных данных. Случаю у  =  0 отвечает подстановка цифровых данных, записанных в 
первую колонку ряда данных.

Таблица I

У 0 - 1 - 2 - 3 - 4 - 5 - 6

X« 19,2 17,1 15,1 13,1 11,2 9,3 7,6
T 2620 2950 3340 3850 4490 5420 6630

V 5,8 x lO -6 3,4 x lO - 5 1,8x10-* 8,9 x lO - 3 3,9 x lO “3 1,5 x lO - 2 5,1 x lO “ 2

Примечание: Температуры, фигурирующие в таблице, даны в °К , а итерационные 
шаги выполнены с точностью до +  5 °К . По величинам х 0 и у произведено округление до 
третьей или четвертой цифры.

а) Е сли  предполагать, что эффективное сечение фотоионизации атома калия я в л я ­
ется постоянным, необходимо применять итерационное выражение (14) и тогда ряд дан­
ных дополняется величиной

Q =  1 0 -17 — 1 0 -1» см2.

Параметр у и в этом сгучае служ ит для  лучш ей и простейшей наглядности всех комбина­
ционных возможностей.

Таблица II

У 0 - 1 —2 - 3 - 4

*0 25,6 23,4 21,2 19,0 16,9
T 1960 2150 2380 2650 2980

V 2,2 x lO - 8 1,5 x lO - 7 1,1 x lO - 6 6,9 x lO “ 6 4,1 x lO -6
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в) На основе вы раж ения (17) можно вычислить общий вес угольны х частиц, вводи­
мых в канал МГД для  обеспечения фотоионизационного эффекта, с пересчетом на 1 кг у гля , 
введенного в камеру сгорания. Д ля оценки этого, в качестве примера подставляем следу­
ющие цифровые величины, взаимствованные из литературы [1]:

a  =  1 0 -9 см3 сек~1ne =  1012 CM~3
T =  5 x l 0 - 2 сек

г,- =  4,34 эв
к =  8,1 ккал г -1
V  =  19,6 м3 (объем дымовых газов, образующихся при сжигании 1 кг у гля  

при давлении 1 am  и температуре 600° К)
r] =  2,5 X  10~3 (при Т  =  3430° К)

учиты вая нижеследующие отношения меж ду единицами измерения:

IeV =  1 ,6 х 1 0 ~ 12 эрг; 1 ккал  =  4 ,187х Ю 10 эрг.

Закончив вычисление по выражению (17), получаем общую массу

М =  51,6 г,

что соответствует примерно 0,41 весовому проценту, так  как  при сж игании 1 кг угля  в 
воздухе, образуется 12,49 кг дымовых газов.

5. Заключение

икончательно необходимо отметить, что при вышеупомянутых прене­
брежениях, предложенный в литературе [1] метод для замедления, вернее 
компенсации рекомбинационного процесса, происходящего в МГД канале, 
может быть осуществлен в относительно узком диапазоне параметров, харак­
терных для генератора МГД.

Указанные параметры можно определить на основе балансовых выра­
жений, приведенных в настоящей работе, и этим станет возможным опреде­
лить оптимальный режим.

В заключение авторы выражают благодарность члену корреспонденту 
АН Венгрии д-р Карой Сенди за предложение темы и за ряд ценных замеча­
ний.

Авторы также выражают истинную благодарность д-р техн. наук 
Яношу Бито за полезные дискуссии.
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Photo-Ionization without Thermal Equilibrium in Combustion G as-Potassium  W orking  
M edium. T he p a p e r analyses th e  p o ss ib ility  o f m ain ta in in g  th e  re q u ire d  io n iza tio n  degree of 
th e  w ork ing  gas in th e  ch an n e l o f th e  M H D  g e n e ra to r a fte r th e  a d ia b a tic  ex p an sio n , b y  in jec tio n  
o f in can d escen t coal g ra ins. On th e  basis o f th e  ion iza tion  eq u a tio n  a n d  th e  en erg y  ba lan ce , 
th e  a u th o rs  s ta te  for d iffe ren t possib le  M H D -p aram ete rs  th e  c ritica l te m p e ra tu re  a n d  th e  
q u a n ti ty  o f th e  incan d escen t coal g ra in s  n ecessary  for m a in ta in in g  th e  io n iza tio n .

Photoionisation außerhalb des term ischen Gleichgewichts in  R auchgas-K alium  Arbeits­
m edien. Die V erfasser u n te rsu ch en  die M öglichkeit fü r  die A u fre ch te rh a ltu n g  des no tw endigen  
Io n isa tio n sg rad es des A rbeitsgases im  K a n a l des M H D -G enerators d u rc h  Z ugabe von  g lühenden  
K o h lek ö rn ern . A uf G rund  der Ion isa tio n sg le ich u n g  u n d  der E n erg ieb ilan z  w erden  die k ritische  
T e m p e ra tu r  u n d  die zur A u fre ch te rh a ltu n g  de r Ion isa tion  no tw en d ig e  M enge de r g lühenden  
K o h lek ö rn er bei versch iedenen  m öglichen  M H D -P aram ete rn  angegeben .
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RECENSIONES

J .  Szabó— B .  Roller

T H E O R IE  U N D  B E R E C H N U N G  D E R  S T A B K O N S T R U K T IO N E N

[R Ú D SZ E R K E Z E T E K  E L M É L E T E  ÉS SZÁMÍTÁSA]

M űszaki K ö n y v k iad ó , B u d a p es t 1971, 268 Seiten, 85 B ilder

D en  B edürfn issen  d e r P ra x is  en tsp rech en d , v e ra n la ß t  durch  die S c h ö n h e it der T heorie  
u n d  d en  v o n  der e lek tro n isch en  D a te n v e ra rb e itu n g  gebotenen M öglichkeiten , e rsch ienen  
u n d  e rsch e in en  zahlreiche W erke , die die M a trix -M eth o d en  der T heorie d e r K o n s tru k tio n en  
b e h an d e ln . D as vorliegende W erk  setzte  sich —  wie a u ch  aus dessen T ite l e rs ich tlich  is t  —  
die d e ra rtig e  A nalyse d e r S tab k o n s tru k tio n e n  zum  Ziel. Die k o n k re ten  E rö rte ru n g en  des 
W erkes beziehen  sich a u f  d ie e in fachsten , aus d em  H ookeschen Gesetz fo lgenden  p r ism a ti­
schen S tä b en  e rb au ten  M odelle, doch k an n  a u f  d iese W eise auch das V e rh a lten  v o n  aus ge­
k rü m m te n  oder aus S tä b en  m it v e rän d e rlich em  Q u ersch n itt b e steh en d en  K o n s tru k tio n e n  
a n n ä h e rn d  e rm itte lt  w erden . D ie allgem ein g ü ltig e n  F ests te llu n g en  des W erkes kön n en  au ch  
a u f  K o n s tru k tio n e n  bezogen w erden , die aus be lieb ig en , elastischen E le m en ten  besteh en , sie 
k ö n n en  also au ch  als eine T heorie  der M ethode en d lich er E lem ente  e ra c h te t  w erden.

D as e rs te  de r v ie r K a p ite l  des B uches f a ß t  d ie, im  folgenden angew en d e ten  Sätze  u n d  
e inzelne  n u m erisch e  V erfah ren  der M atrix a lg eb ra  in  e in e r leich t v e rstän d lich en  W eise zu sam ­
m en. Im  n ä ch s te n  K ap ite l w ird  diese T heorie in  bezug  a u f  die K leinbew egungen, e insch ließ­
lich  e in e r T heorie  der g ed äm p ften  u n d  u n g e d ä m p fte n  Schw ingungen, en tw ick elt. D en G egen­
s ta n d  des d r i tte n  K ap ite ls b ilden  die A nalyse  d e r  a u f  de r bisherigen G rund lage  b e ru h en d en  
T heo rien  zw eite r u n d  d r i t te r  O rdnung , sowie d ie  D a rs te llu n g  jenes num erischen  V erfah rens, 
d a s  ih re  A n w endung  in de r S ta tik  erm öglicht. Im  le tz te n  K ap ite l w ird de r S ta b ili tä tsv e r lu s t  
(g e n au e r d a s  V erzw eigungsproblem ) in irg en d e in em  Z u stan d  der S tab k o n s tru k tio n  au f G rund  
je n e r  D efin itio n  der S ta b ili tä t  u n te rsu ch t, d ie b e sa g t, d aß  der G leichgew ich tszustand  d an n  
s ta b il is t ,  w enn , bei u n v e rä n d e rte n  L asten , d u rc h  d ie V aria tio n  der V ersch iebungen  u n d  der 
m it  d iesen  v e rträg lich en  in n eren  K rä fte , in  d e r  N äh e  des u n tersu ch ten  Z u stan d es kein  »be­
n a ch b a rte r«  Z u stan d  geschaffen  w erden k a n n , in  w elchem  sich die K o n s tru k tio n  ebenfalls 
im  G le ichgew ich tszustand  b e fin d en  w ürde.

D en  oben  sk izzierten  S to ff  fassen die A u to re n  in  einen einheitlichen  R ah m en  zu sam ­
m en, in d em  sie das M a trix — D ifferen tia lg le ich u n g ssy stem  der Z u stan d sän d e ru n g  des S ta b ­
system s au fste llen . Dieses G leichungssystem  e n th ä l t  alle m echanischen (s ta tisc h en , k in em a ­
tisch e n , d ie F estig k e it b e tre ffen d en ) und  g eo m e trisch en  G esetzm äßigkeiten .

A lle w e ite ren , im  B u ch  behandelten  a llg em ein en  oder E inzelheiten  b e tre ffen d en  U n te r ­
su ch u n g en  w erd en  als E inzelfä lle  des o b e n e rw ä h n ten  D ifferen tia lg le ichungssystem s (das in  
e in fach eren  F ä llen  zu e inem  algebraischen e n ta r te t )  darg este llt. A uch in  an d eren  W erken  
de r F a c h li te ra tu r  sind solche B estrebungen  n a c h  V ereinheitlichung  v o rzu fin d en . D as v o r ­
liegende W erk  zeichnet sich  d u rc h  die A u sb re itu n g  seines G ültigkeitsbereiches sowie d a d u rch  
aus, d aß  es in  de r W eise eine S yn these  schafft, bei de r die aus physisch  ve rsch ied en  e rac h te ten  
Q uellen h e rrü h re n d e n  G ese tzm äßigkeiten  n ic h t  u n tr e n n b a r  m ite in an d er verschm olzen  w er­
den . D ies e rm ög lich t in  bezug  au f die v e rsch ied en s ten  V erfahren  der A nalyse  v o n  S ta b k o n ­
s tru k tio n e n  fa s t  sofort nachzuw eisen , daß sie in  d em  v o n  den V erfassern en tw ick elten  a llge­
m einen  G leichungssystem  d e r Z u stan d sän d e ru n g  e n th a lte n  sind.

Bei d e r A nw endung  des allgem einen V erfah re n s  au f k onkre te  Fä lle  is t n a tü r lic h  die 
s ta tisc h e  bzw . k in em atisch e  B estim m th e it, U n b e s tim m th e it  oder U b e rb es tim m th e it zu 
b e rü ck sich tig en . Aus der a llgem einen Theorie k ö n n e n  a u ch  die allgem ein b e k a n n te n  A rb e its ­
sä tze  le ic h t abgele ite t w erden . D ie fü n f B lo ck d iag ram m e  a u f  Bild 4 v e ran sch au lich en  d e u t­
lich jen e  P a rtit io n e n  der M atrizen  der a llgem einen  M atrixg le ichung , die bei de r L ösung von 
s ta tisc h  b es tim m ten  K o n s tru k tio n en  oder bei d e r E rö rte ru n g  sta tisch  u n b e s tim m te r  K o n ­
s tru k tio n e n  a u f  G rund des V ersch ieb u n g sv erfah ren s, des verallgem einerten  V ersch iebungs­
v e rfah ren s, de r K ra ftm e th o d e  oder des V e rfah ren s  des u n b estim m ten  H a u p tsy s te m s  a n zu ­
w enden  sind .
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Im  W erk w ird a u ch  d ie  A nw endung des a llgem einen  V erfah ren s in bezug au f m eh re re , 
p ra k tisc h  b edeu tende  K o n s tru k tio n s ty p e n , w ie u n v e rsch ieb b are  u n d  versch iebbare  R a h m e n ­
k o n stru k tio n e n , einige A r te n  von  elastisch  u n te r s tü tz te n  T räg e rn , T rägerroste , ebene S ta b ­
k e tte n , hängende S ta b n e tz e  u n d  rech tw inklige  Seilnetze , e ing eh en d  behandelt.

D as E rscheinen  des B uches ist, sow ohl w egen de r S ch ö n h e it de r darin  e n tw ick e lten  
T heorie, als auch  w egen se in er B rau ch b a rk e it in  de r P ra x is , m it  F reude  zu b eg rü ß en . D er 
an sp ruchsvo lle  K o n s tru k te u r  u n d  der T h eo re tik e r dieses F ach g eb ie te s  dü rften  das v o rlie ­
gende W erk k au m  e n tb e h re n  können.

A . B o szn a y

I .  Sá ly i

T E C H N IS C H E  M E C H A N IK

[MŰSZAKI M ECH AN IK A  L ]

BAND I . ELEM EN TE D E R  K IN E M A T IK

D rit te , v e rbesserte  A u sg ab e , T an k ö n y v k iad ó , B u d a p es t 1970, 331 Seiten, 306 B ilder

D as erste  K a p ite l  des Buches b ie te t e inen  en tsp rech en d  bem essenen gesch ich tlich en  
Ü berb lick  u n d  le n k t so d a n n  die A u fm erk sam k eit des L esers a u f  einige allgem eine G ru n d ­
begriffe.

D as zweite K a p ite l  b eh an d e lt die K in e m a tik  des P u n k te s  in der gew ohnten  R e ih e n ­
folge: B ew egungsgesetz, G eschw indigkeit. B esch leunigung . D ie U n te rsu ch u n g  der B ew eg u n ­
gen erfo lg t e rs t in  e inem  rech tw ink ligen , d a n n  in  e inem  beso n d eren  zylindrischen K o o rd in a ­
ten sy stem . Im  fo lgenden  w erd en  die V erfah ren  zu r B estim m u n g  der B ew egungen a n h a n d  
d e r versch iedenen  k in em a tisc h en  K ennw erte  b e h an d e lt. Im  Z u sam m enhang  m it d iesen  sin d  
die in  der P rax is  am  h ä u fig s te n  v o rk o m m en d en  B ew eg u n g sty p en  eingehend d a rg es te llt .

D as d r itte  K a p ite l  b e fa ß t sich m it de r B ew egung der s ta r re n  K örper u n d  e rö r te r t  in  
a llen  E inzelhe iten  d en  G eschw indigkeits- u n d  B esch leu n ig u n g szu stan d  des K ö rpers. E in  
so rg fä ltig  b e a rb e ite te r  T eil des W erkes b e h a n d e lt  die B ew egungsm erkm ale  in sich  im  V e r­
h ä ltn is  zueinander b ew eg en d en  K o o rd in a ten sy stem en . A bsch ließend  w erden die B ew egungen  
des K ö rp ers  in G ru p p en  e in g e te ilt und  einige w ich tigere  B ew egungstypen  e rö rte r t.

D er A nhang  f a ß t  d ie  E lem ente  d e r V ek to r- u n d  T en sorrechnung  zusam m en. D e r 
V ek to r- u n d  T en so ra lg eb ra  fo lg t die B eh an d lu n g  de r V e k to r—S kalar- und  T en so r-S k a la r-  
F u n k tio n en .

K ennzeichnend  fü r  d a s  L ehrbuch is t die besondere  G abe des V erfassers, den  S to ff  in  
le ic h t v e rstän d lich e r W eise  zu  erk lären . Die g lück lich  g ew äh lten  Beispiele erm öglichen a u ch  
die E rlan g u n g  einer e n tsp rech en d en  Ü bu n g  in  de r A n w endung  des gelern ten  Stoffes. A u ch  
das P rinz ip  der P ro g ress io n  k o m m t in de r B eh an d lu n g  des S toffes zur G eltung, in d em  d e r  
L eser von  den e in fa ch s te n  P roblem en ausg eh en d , zu den zu sam m engese tz teren  g e lan g t. 
A u ß er der le ic h tv e rs tän d lich e n  A bfassung ze ich n e t sich  das W erk  besonders du rch  d ie m a th e ­
m atisch e  Präzision  au s, d ie  vornehm lich  fü r  In g en ieu re  v o n  besonderer W ich tig k e it is t ,  
in  m an ch en  W erken  a b e r  bedauerlicherw eise  feh lt. H ier v e re in ig t ab e r die P erso n  des V e r­
fassers die Q u a litä ten  d es M a th em atik ers m it jen e n  des W issenschaftle rs au f dem  G eb ie t 
d e r M echanik, was n o tg ed ru n g e n  die m a th e m a tisc h e  P räz is io n  zu r Folge h a t.

Im  Z u sam m en h an g  m it dem  L eh rb u ch  k a n n  m an  h ö ch sten s die F rage ste llen , ob  d e r 
um fangre iche , die Z u sam m en fassu n g  der V ek to r- u n d  T en so rrech n u n g  b e in haltende  A n h an g  
a u ch  h eu te  noch —  wie n o ch  vor einigen J a h rz e h n te n  —  n o tw en d ig  ist. An den tech n isch en  
U n iv e rs itä ten  bilden h e u te  diese T hem enkre ise  ebenso g ru n d legende  Teile des M a th e m a tik ­
u n te rrich te s , wie z. B. die D ifferen tia l- u n d  In teg ra lre c h n u n g  usw . Diese F ragen  k ö n n en  zw ei­
fellos n u r  an h an d  de r be im  U n te rrich t g e sam m elten  E rfah ru n g e n  b e an tw o rte t w erden , d ie  
jed o ch  seitens der zu s tän d ig en  Fach leu te  ge leg en tlich  de r A n n ah m e  der T hem atik  des W e r­
kes, sicher auch  r ich tig  e rw ogen  w urden.

Schließlich k a n n  zusam m enfassend  fe s tg es te llt  w erden , d a ß  das W erk auch  in  se in er 
d r i t te n  A usgabe seinen w esen tlichen  C h a rak te r  b e ib eh a lten  h a t  u n d  eines der h e rv o rra g e n d ­
s te n  u n g arischen  U n iv e rs itä ts leh rb ü c h er ist.

T . C holnoky
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J .  L.  Bogárdi

SE D IM E N T  T R A N S P O R T A T IO N  IN  A L L U V IA L  STR E A M S

[V ÍZFOLYÁ SOK  H ORDALÉKSZÁLLÍTÁSA]

P u b lish in g  H ouse of th e  H u n g a rian  A cadem y of Sciences, B u d a p es t 1971, 837 pages

I t  m ay  be regarded  as a M irect consequence of specia lisation  in  va rio u s b ran ch es o f 
science, t h a t  w hereas a few decades age th e  a r t  a n d  scientific  b ack g ro u n d  of h y d rau lic  en g in eer­
ing cou ld  be rev iew ed  in de ta il w ith in  th e  scopes o f a single han d b o o k , to d a y  sep ara te  vo lum es 
w ould  be  necessary  for any  d e ta iled  tr e a tm e n t  o f p a r tic u la r  ex p ec ta tio n s  thereof. A s tr ik in g  
ex am p le  o f  such w ork is th e  co m prehensive  vo lu m e on sed im en t t ra n s p o r ta tio n  in a llu v ia l 
s tre am s, w here in sp ite  of th e  am ple  spaces o f 837 pages th e  a u th o r  w as com pelled to  r e s tr ic t  
th e  su b je c t t re a te d  in  order to  co nw ay  due  com prehensive  an d  th o ro u g h  in fo rm a tio n  on  
th e  m o st im p o r ta n t  problem s. I t  is fo r th is  reaso n  th a t  a general rev iew  is only p re sen te d  
on th e  re la tio n s  be tw een  sed im en t t ra n s p o r ta tio n  an d  r iv e r reg u la tio n , fu r th e r  on th e  s iltin g  
of re serv o irs , as well as on scouring  in  th e  v ic in ity  o f s tru c tu re s  a n d  th e  m easu rem en t o f 
sed im en t.

T h e  su b jec t m a tte r  of th e  boo k  “ T he th e o ry  of sed im en t tra n s p o r ta tio n ”  w ritte n  b y  
th e  a u th o r  in  1954— 55 is in th is  sence so m ew h at re s tr ic te d  in  th e  new  volum e, b u t  th is  is 
m ore  th a n  em ply  offse t by  th e  so rroughness o f t r e a tm e n t  w hich reflects th e  advances ach iev ed  
in  th e  in te rv en in g  period  in th is  field . A considerab le  m erit of th e  book is th a t  th e  in d iv id u a l 
ap p ro ach e  developed by  th e  a u th o r  on  th e  basis of his o rig inal in v es tig a tio n s  an d  s tu d ie s  
cou ld  be successfully  am alg am ated  w ith  th e  w e a lth  o f in fo rm atio n  ga in ed  from  th e  re le v a n t 
in te rn a tio n a l lite ra tu re , su b m ittin g  a t  th e  sam e tim e  th e  la t te r  to  sound  criticism  an d  ana ly sis  
as a re su lt  o f w hich often  a p p a re n tly  co n flic tin g  th eo ries could be reconciled  in to  a u n ifo rm  
p ic tu re . T he bases und erly in g  th is  a p p ro ac h  is th e  e x ac t physical desc rip tio n  to w hich  th e  
a u th o r  ad h eres consequently .

T h e  significance of th e  p re se n t book  exceeds th e  dom ain  of sed im en t t ra n s p o r ta tio n  
b y  th e  ap p lica tio n  of th e  general t r a n s p o r t  eq u a tio n s  a m odel ex am p le  being g iven  for 
th e  successfu ll ap p licatio n  of ad v an ces in  a n o th e r  b ra n ch  of science to  sed im en t t r a n s p o r ta ­
tio n  a n d  a t  th e  sam e tim e to  o th e r  h y d ra u lic  p h en o m en a  as well.

T h e  discussion of nu m ero u s re su lts  a tta in e d  ab ro ad , to g e th e r w ith  th e  re le v a n t 
re fe ren ces an d  b ib liog raphy  c o n tr ib u te  to  m ak in g  th e  book a fu n d a m e n ta l source of in fo rm a ­
tio n  fo r th o se  in te res ted  in  p a r tic u la r  p ro b lem s n o t  on ly  in  H u n g a ry , b u t  a ll over th e  w orld . 
B ro ad  in te rn a tio n a l p ractice  and  p e rso n a l c o n ta c ts  p la id  an  im p o r ta n t  ro le in th e  care fu ll 
se lec tion  o f th e  w orks m en tioned  in th is  vo lu m e th e  discussion of w hich  is all th e  m ore v a lu a b le  
b y  th e  p e rso n al discussions w hich  th e  a u th o r  h a d  o p p o rtu n ity  to  c a rry  o u t e ith e r p e rso n a lly  
o r b y  co rrespondence w ith  th e  co rresp o n d in g  a u th o rs .

I t  shou ld  be em phasized as a specia l m erit o f th is  book p a r tic u la r ly  fo r th e  sc ien tis ts  
an d  in v es tig a to rs  dealing w ith  sed im en t t ra n s p o r ta tio n  prob lem s —  th a t  th e  q u estio n s 
asso c ia ted  w ith  hy d rau lic  sim ila rity  are  an a ly sed  from  a new  ap p ro ach . O f g rea t sign ificance 
is th e  su m m ary  p resen ted  on th e  m odel law s re la tin g  to  alluv ial s tream s, includ ing  d is to r te d  
m odels, in  w hich  th e  a u th o r could  re ly  on his p e rso n al ach ievem ents. T he novel ap p lic a tio n  
of th e  t r a n s p o r t  eq u ations should be  rece ived  w ith  in te re s t by  th e  in te rn a tio n a l e x p ert p u b lic .

T he a u th o r  does no t re s tr ic t  h im self to  th e  general desc rip tio n  and  d iscussion  of 
th e  m eth o d s b u t  based  on th e  re su lts  o f sed im en t m easu rem en ts in ic ia ted  b y  him  in  H u n ­
g a ry  a n d  a rriv ed  a t  in  th e  lab o ra to ry  of th e  R esearch  In s t i tu te  F o r W a te r  R esources D ev elo p ­
m en t, p roceeds to  p re sen t a d e ta iled  p ic tu re  on sed im en t tra n s p o r ta tio n  in  H u n g a rian  w a te r  
courses m en tio n in g  also th e  re le v a n t figures.

T he co n ten ts  o f th e  book can  be  classified in to  th ree  m ain  p a r ts , nam ely  th o se  on  
the  th e o ry  of sed im en t tra n sp o r ta tio n , th e  in te r-re la tio n s  ex is ting  b e tw een  sed im en t a n d  th e  
w a te r  course, fin ally  on th e  d iscussion  of sed im en t t ra n sp o r ta tio n  s tu d ies  in  H u n g a ry . 
O f th ese  th e  f irs t  p a r t  is th e  w id est, covering  460 pages, th e  second a n d  th ird  ex ten d in g  to  
220 a n d  100 pages, respec tive ly . T he d e ta iled  b ib lio g rap h y  covers ad d itio n a l 20 pages.

W ith in  th e  f ir s t  m ain  p a r t  th e  fu n d a m e n ta ls  o f in v estig a tio n s re la te d  to  th e  sed im en t 
an d  th e  m o v em en t thereof, th e  th eo ries  concerned  w ith  th e  m o v em en t o f bed -load , a n d  
su sp en d ed  sed im en t are  described . In  con n ec tio n  w ith  bed-load tra n s p o r ta tio n  sp ec ia lly  
m en tio n  m u s t be m ade of th e  v a ria b le  c ritica l t ra c tiv e  forces and  th e  law s of v a riab le  c r it ic a l  
v e loc ities , w hich  are th e  resu lts  o f  re ce n t in v es tig a tio n s  by  th e  au th o r. T h e  general t r a n s p o r t  
eq u a tio n s  hav e  been  applied  f irs t  b y  th e  a u th o r  to  th e  s tu d y  of susp en d ed  sed im en t t r a n s ­
p o rta tio n .
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T he second m ain  p a r t  is d evo ted  to th e  em p irica l re la tio n sh ip s , to  th e  hy d rau lic  p a ra m ­
e te rs  o f  sed im ent an d  th e  w ater-cource , to  reg im e th eo ry , to  th e  in te rre la tio n s  o f sed im en t 
m o v em e n t and  riv er re g u la tio n , as well as to  th e  law s govern ing  h y d rau lic  s im ila rity  in 
se d im e n t tran sp o rta tio n . F ro m  th e  theo re tica l v iew p o in t th is  d iscussion  of s im ilarity  m ay  be 
re g a rd e d  as of basic im p o r ta n c e  in  th a t  th e  expressions derived fro m  th e  balance equ atio n s 
fo r th e  condition  e q u a tio n s  en su ring  th e  s im ila rity  o f a lluv ia l s tre am s are discussed here  for 
th e  f i r s t  tim e in th e  re le v a n t  in te rn a tio n a l l ite ra tu re .

A histo rical rev iew  o f  sed im en t m easu rem en ts  and  resea rch  in  H u n g a ry  is p resen ted  
in  th e  th ird  m ain p a r t  l is tin g  also th e  ach iev em en ts  thereof. S ed im en t t ra n sp o rta tio n  in  th e  
r iv e rs  in  H u n g ary  is i l lu s tra te d  th ro u g h  m ea su re m e n t d a ta , th e  p rocessing , analysis and  
re p re se n ta tio n  of th e  d a ta  o b ta in e d  giving th u s  sim u ltan eo u sly  an  exam ple  for such  w ork . 
A tte n tio n  is here focussed  m ain ly  on th e  D a n u b e  and  th e  T isza  rivers , b u t  references 
a re  m ad e  also to  sed im en t t ra n s p o r ta tio n  in  th e  R á b a , Z ala, Szam os, Sajó , H e rn ád , F ek e te - 
K ö rös, Sebes-K örös, B e re t ty ó  an d  M aros riv ers  as well. This m ain  p a r t  w ould form  an in d e ­
p e n d e n t  volum e alone. I t  sh o u ld  be received w ith  g re a t in te re s t p rim a rily  b y  designers and  
h y d ra u lic  engineers engaged  in  riv er reg u la tio n , b u t  i t  should be s ig n ifican t also for read ers  
a b ro ad  since the  d a ta  p u b lish ed  on sed im en t t ra n s p o r ta tio n  m ay  be com pared  w ith  those  
on r iv e rs  elsew here, p e rm it tin g  th u s  valuab le  p a ra lle ls  to  be d raw n  an d  checks to  be  m ade 
on m ethodo logy . In  th is  m a n n e r  i t  m ay  co n trib u te  to  th e  g en era lisa tion  o f regu larities observed .

In te re s tin g  new  re s u lts  in  one of th e  co n v en tio n al fields o f H u n g a rian  sc ien tific  
a c t iv ity , m ain ly  th e  s tu d y  o f a lluv ia l channels a re  p resen ted  in th is  book  on  sed im ent t r a n s ­
p o r ta t io n , co n trib u tin g  th u s  to  th e  general ad v en c em e n t o f th is  b ra n c h  of science.

T he p resen t book m ak e s  prove  to  be o f b e n e fit beyond  th e  circle o f hy d rau lic  engineers 
engaged  in  riv er re g u la tio n  a lso to  those dealing  w ith  w a te r th re a tm e n t, fu r th e r  to  geologists 
an d  geographers as w ell as to  those  perfo rm ing  h y d ra u lic  m odel te s ts .

T h e  Publish ing H o u se  of th e  A cadem y is to  be  co n g ra tu la ted  fo r th e  g rea t care an d  
ta s te  i t  has  devoted  to  th e  e x te rn a l appearence o f th is  book.

Ö. Starosolszky

B E T O N -K A L E N D E R  1971

T A S C H E N B U C H  F Ü R  B E T O N -U . S T A H L B E T O N B A U  U N D  D IE  V E R W A N D T E N  F Ä C H E R

Verlag W ilh e lm  u. Sohn. B e rlin — M ünchen -D üsseldorf,

60. J a h rg a n g , I. Teil: 1312 S ., I I .  Teil: 816 S.

Seit nu n m eh r 60 J a h r e n  is t der B eton-K alender  das S ta n d a rd h a n d b u ch  des B e to n ­
u n d  S tah lbe ton faches. Sein S ch riftle iter is t D r.-In g . G. F r a n z , P rofessor der T echnischen  
U n iv e rs itä t  K arlsruhe, e in  w e ltb e k an n te r  h e rv o rra g e n d e r F ach m an n  des B eton- u n d  S ta h l­
b e to n b a u es . Die V erfasser d e r  einzelnen K a p ite l s in d  erstrang ige  G eleh rte  des Faches.

D e r au f dem  G eb iet des B eton- u n d  S ta h lb e to n b au e s  tä tig e  F ach m an n  w ird  in  d ie ­
sem  B uche  all jene A n g ab en  u n d  R egeln v o rfin d en , d ie er im  L aufe  se iner a lltäg lichen  A rb e it 
b e n ö tig t.  B esonders w ich tig  is t  es, daß  all dies in  allgem ein  v e rs tän d lich em  V o rtrag  m it den  
e rw ü n sch ten  E rk lä ru n g en  v o rg e tra g en  w ird. E s is t  herv o rzu h eb en , d aß  in  dem  B uche alle 
A n g ab en  den neuesten  F e sts te llu n g e n  der s te ts  fo r tsc h re ite n d e n  W issenschaft an g ep aß t sind.

Im  ersten Teil des B u ch es is t das K ap ite l F estig k e its leh re  (V erfasser: P rof. W. D i m i t r o v , 
K a rls ru h e ) neu. Es b e h a n d e lt  die Fragen der F estig k e its leh re , b esonders des S tah lb e to n b au es  
in  m o d ern e r A uffassung u n d  v ie l ausführlicher als es im  frü h eren  Ja h rg a n g  der F a ll w ar. 
An g leicher Stelle b e h a n d e lt  d as K ap ite l, das sich  m it der B em essung  von  S ta h lb e to n k o n ­
s tru k tio n se lem en ten  b e fa ß t (V erfasser D r.-Ing . E . G r a s s e r , M ünchen , sowie Prof. D r.-Ing . 
K . K o r d i n a  und  D r.-In g . V . Q u a s t , B raunschw eig) die n-freie Q u e rsch n ittsb e rech n u n g  sowie 
die F ra g e  der K n ick sich erh e it. Dieses re ich illu s tr ie rte s  K ap ite l m ach en  m it den neuen , 
a u f  w irk lichkeitsnahen  A n n a h m en  b eruhenden  B erech n u n g sv erfah ren  b e k an n t u n d  zw ar 
a n h a n d  zahlreicher E rk lä ru n g e n  u n d  Beispiele.

D e r A nhang des ersten Teiles b ed eu te t e inen  besonders w ertv o llen  B ehelf fü r das S ta h l­
b e to n fa ch , da  er den E n tw u r f  der neuen d e u tsch e n  S tah lb e to n -B estim m u n g en  (D IN  1045) 
e n th ä lt .  Diese B estim m u n g en  m achen  gegenüber d en  a lten  B estim m ungen  einen b ed eu ten d en  
S c h r i t t  n ach  v o rw ärts  in  d e r  R ich tu n g  ra tio n e lle r  B em essung. S e lb stv e rs tän d lich  m ac h t
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die E in fü h ru n g  des n eu en  n-freien B em essu n g sv erfah ren s die U m w ertu n g  zah lreicher Begriffe 
u n d  R egeln  des a lte n  V erfahrens no tw en d ig . D as H a n d h u c h  p a ß t  sich au ch  in  dieser H in sich t 
t re u  den v e rä n d e rte n  A nsprüchen  an.

Im  zweiten T e il des Buches k an n  d as  K a p ite l  (V erfasser: P rof. D r .-In g . F . L e o n h a r d t , 
S tu ttg a r t)  ü b e r  d ie B ew ehrung der S ta h lb e to n k o n s tru k tio n e n  a u f  allgem eines In te re sse  
A n sp ru ch  erheben . V o n  reichlichem  B ild m a te r ia l  b eg le ite t u n d  au f au sg ed eh n te  p rak tisch e  
E rfah ru n g en  g e s tü tz t  f a ß t  dieses K a p ite l d ie  R eg eln  rich tig e r B ew ehrung  v o n  S ta h lb e to n ­
k o n stru k tio n e n  u n d  d ie  Folgen u n rich tig e r B ew eh ru n g  zusam m en.

D er A n hang  des zweiten Teiles m a c h t  m it  d en  S tah lb e to n b es tim m u n g en  de r V erein ig ­
ten  S ta a te n  b e k a n n t, u n d  zw ar m it A n g ab en  d ie a u f  kg  u n d  cm  u m g erech n e t sind, w as die 
rich tig e  B eh an d lu n g  d ieser B estim m ungen  seh r e rle ich tert.

Z usam m enfassend  k a n n  festg es te llt w erd en , d a ß  de r Jahrgang  1971 des Beton-K alenders 
e in , seinem  a lten  R u f  w ürdiges, ausgezeichnetes H a n d b u c h  is t, das m it seinem  re ichen  A n g a­
ben- u n d  W issen sm ateria l zur Lösung v e rsch ie d en e r P rob lem e des E n tw u rfes , der B em es­
sung  u n d  A usfü h ru n g  w ertvolle  Hilfe g e w äh rt. A ls solches k a n n  es au f w eltw eites, leb h aftes  
In te re sse  A n spruch  e rheben .

P. Csonka
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Geszt i, P . O. — P a tk ó , J .:  Overhead L in es w ith  Insu la ted  Phase Conductors

In  th e  s te a d y -s ta te  op eratio n  of h ig h -v o ltag e  o v e rh ead  tra n sm u ssu in  lines, 
th e  d ielectric  s tre n g th  of th e  a ir  m ay  b re a k  dow n  p a r tia lly  cau s in g  th u s  
corona effects; d u rin g  tran s ie n t s ta te s  sh o rt-c irc u its  m ay  occur be tw een  a 
phase  c o n d u c to r a n d  th e  e a rth  o r b e tw een  p h a se  co n d u cto rs  m ain ly  due 
to  th e  sw itch in g  overvoltages. F o r  e lim in a tin g  or red u cin g  th ese  effect 
th e  au th o rs  p ro p o se  to  coat th e  p h ase  c o n d u c tio rs  w ith  a  th in ,  sm ooth , 
self-cleaning in su la tio n  layer. T h e  th e rm a l lo ad  c ap a c ity  o f th e  lin e  w ould 
no t change a t  a ll, o r only in sig n ifican tly . T he re su lts  o f m easu res show ed 
th a t  th e  c ritica l v o ltag e  (and  th e  co rona  loss to o ) a re  co n sid erab ly  reduced  
by  th e  in su ltin g  la y e r  covering th e  su rface  o f th e  cab le, a n d  th e  resistan ce  
against sw itch in g  overvo ltages is con sid erag ly  im p ro v ed  a s  well.

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  2 6 5  —  2 7 7

A cta  Techn. H u n g . 73 (1972) 2 7 8 —290

P rohászka , J . :  D eterm ination o f  the Stereographic Pole F igures o f  H exa­
gonal Crystals w ithout Plotting

The p ap er describes a m ethod  fo r th e  sim ple  d e te rm in a tio n  of th e  pole 
d iagram s of cu b ic  a n d  hexagonal c ry s ta ls . In s te a d  of th e  u su a l d ra ftin  
techn ique, d e te rm in a tio n  of th e  in d iv id u a l pole positio n s is b y  tw o  p o in t 
co -ord inates t h a t  c an  be m easu red  in  th e  b asic  p lan e . F o r th e  d e te rm in a ­
tio n  of th ese  co -o rd in a tes  sim ple re la tio n s  a re  in tro d u c ed  w hose com ­
pu terized  so lu tio n  g re a tly  sim plifies th e  c o n s tru c tio n  of th e  pole d iag ram . 
F inally , a  m e th o d  is described w h e reb y  a po le  d iag ram  of a n y  ax is  ra tio  
can  be sim ply  re p lo t te d  from  th e  0001 pole d iag ram  o f a  g iv en  c /a  ra tio  
hexagonal c ry s ta l.

A cta Techn. H u n g . 73 (1972) 291 — 324

E r d é l y i, E . A .: M agnetic F ie lds in  N on linear Heteropolar Rotating  
M achines

W hen th e  n o n -lin ea ritie s  caused b y  iro n  s a tu ra t io n  are  co n sid ered , th e  
u su a l linear th eo rie s  fo r th e  d e te rm in a tio n  o f th e  p e rfo rm an ce  c h a ra c t­
eris tic  o f ro ta t in g  e lectrical m ach in es c a n n o t b e  u sed . I n  th is  p ap er 
m ethods are  d ev elo p ed  by  th e  a u th o r  fo r so lv in g  th e  b o u n d a ry  v a lu e  
problem  of th e  n o n -lin ear tw o -d im en sio n a l v e c to r  p o ten tia l. T h e  t r a n s ­
fo rm atio n  of th e  p a r t ia l  d ifferen tia l eq u a tio n s  in to  d ifference e q u a tio n s  
is expla ined a n d  nu m erica l m e th o d s developed  to  o b ta in  so lu tio n s . T he 
procedure  is i l lu s tra te d  by  ap p lica tio n s  to  h e te ro p o la r  sa lie n t ro ta t in g  
m achines.



(



F a lk , S.: A  sim p lified  successive A p p ro x im a tio n  M ethod fo r  D eterm ination  
o f the E igenvalues o f H erm ite's ( R eal S ym m etr ic ) P a ir  o f  M atrices

A H e rm ite - ty p e  p a ir of m a trice s  — i.e. H e rm ite ’s q u ad ric  m atrices A  
and  B  rath o rd er, from  w hich  B  is a  p o sitiv e  o r n eg a tiv e  d e fin ite  — is 
assum ed to  be  given, and  th e  e igenvalues o f  th e  p a ir  o f m a trice s  should  
be d e te rm in e d . The m eth o d  o f successive a p p ro x im a tio n  based  up o n  
R itz ’s p ro c e d u re  is p resen ted  w hich  p e rm its  ; th e  d e te rm in a tio n  w ith  a 
reaso n ab le  calcu la tio n  w ork th e  m in im um  eigenvalues in  a n  increasing  
sequence, a n d  th e  m axim um  eigenvalues in  a d ecreasing  sequence.

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  3 2 5 - 3 3 2

yícta Techn. H u n g . 73 (1972) 346 — 359

Mrs. P á sz t o r -Varga , K .: On Som e M in im iz in g  A lgorithm s o f  Boolean  
F unctions

The p ap er p re se n ts  algorithm s fo r  calcu la tin g  th e  d is ju n c tiv e  norm  form  
co n ta in in g  a  m in im u m  n u m b er o f  v a riab les  o f co m p le te ly  a n d  incom plete ly  
d e te rm in ed  B o o lean  functions, w hich  a lg o rith m s are  m ore e ffic ien t, from  
an e lec trica l design  engineer’s p o in t of v iew , th a n  th e  ex is tin g  ones. — 
The a lg o rith m  called  th e  a lg eb raic  m eth o d  uses c e r ta in  b asic  e lem en ts of 
th e  Q uine a lg o rith m  and of th e  consensus m eth o d . T he b asic  id ea  of th e  
tr ia l m e th o d  c an  be traced  to  a  p a p e r b y  Ga v r il o v . — T h e  m ethods 
p resen ted  h e re  do  n o t assum e t h a t  th e  fu ll d is ju n c tiv e  n o rm al fo rm  of th e  
B oolean fu n c tio n  w hich is to  be  m in im ized  is g iven , b u t  a n  a rb itra ry  
d is ju n ctiv e  n o rm a l form  of th e  fu n c tio n  can  be g iven. T h e  a lgo rithm s 
u tilize  th e  sp ec ia l possibilities in h e re n t in  th e  g iven  d is ju n c tiv e  norm al 
form , th u s  th e  n u m b er of step s a n d  th e  m em o ry  re q u ire m e n t are  g rea tly  
reduced . — T h e  a lgorithm  y ields th e  e n u m e ra tio n  of all p rim e  im plican ts  
o f th e  fu n c tio n  an d  of its  e ssen tia l p rim e  im p lica n ts ; a n d  th e  covering 
tab le  fo r th e  n o n-essen tia l p rim e  im p lican ts  a n d  fo r th e  fu n c tio n  p o in ts t  
no t y e t co v ered  b y  th e  essen tia l p rim e  im p lican ts .

Acta Technica H ung. 73 (1972) 360 — 396

H u szth y , L .: Gear Calculation by  U sing C om plex E xpressions

In  th is  p a p e r , som e geom etric a n d  m echan ical p ro p e rtie s  o f p a irs  o f  spu r 
gears, c h a ra c te riz e d  by  s tra ig h t te e th  an d  p a ra lle l axes, a re  tre a te d . T he 
m ain  p o in ts  a re :  defin ition  of th e  m a tin g  p ro file  o f a  g iven  one; analysis 
o f th e  lin e  o f  a c tio n ; analysis o f  th e  geom etric  a n d  m ech an ica l conditions 
o f m atin g ; in v e s tig a tio n  of th e  g ea r ra tio  m o d ifica tio n  m o tiv a te d  b y  some 
dev ia tio n  o f th e  in te rax is ; c a lcu la tio n  of th e  re la tiv e  to o th -s lid in g  v e loc ity ; 
ca lcu la tio n  o f  th e  m o m entaneous no rm al to o th -fo rce . O ne o f th e  m atin g  
profiles, u su a lly  th e  p in ion  p ro file , is considered  as g iven ; b y  th is  d a tu m  
th e  ine o f a c tio n s  is determ ined  a n d  so is th e  o th e r  m a tin g  p rofile . A rem -, 
arkab le  f e a tu re  o f  th e  calcu la tion  m eth o d  as desc rib ed  below , besides th e  
usage of co m p lex  expressions, is th e  d e riv a tio n  o f th e  re su lts  from  given 
functions b y  w h ich  th e  profile  o f  th e  p in io n  is d e te rm in ed .





Mu sp r a t t , M. A .: N um erical A n a ly s is  o f  Circular Orthotropic Plates

L ow er b o u n d  p a s tic  analysis tech n iq u es are  described  fo r o rth o tro p ic  
ax isy ram etric  p la te s  an d  slabs. T he p ro ced u res in v o lv e  a  num erical 
o p tim isa tio n  b y  m a th e m a tic a l p ro g ram m in g  of e ith e r lin e a r  o r nonlinear 
system s.

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  3 9 7 - 4 0 7

A cta  Techn. H ung . 73 (1972) 408 — 426

Seb ő k , F .: D esign A n a ly s is  fo r  a H inged Circulár Cylinder w ith  A x ia l  R ibs  
by the F ourier Series M ethod

R esearch  c a rried  o u t  a t  th e  C hair fo r R e in fo rced  C oncrete  S tru c tu re s  o f 
th e  B u d a p es t T ech n ica l U n iv e rsity  h as led  to  th e  conclusion  t h a t  th ick - 
w alled p re stressed  concre te  vessels n o t o n ly  inv o lv e  d ifficu lties  in  calcu l­
a tin g  b u t  a re  basica lly  uneconom ical, since large  d im ensions e n tra in  
in creased  th e rm a l stresses. So lu tions is so u g h t for b y  a p p ly in g  disengaged 
s tru c tu re s , e x em p t from  sign ifican t th e rm a l g rad ien ts  a n d  th o u g h  of 
su ffic ien t rig id ity . R esearch  w ork  is focused on c ircu la r cy lin d rica l shells 
w ith  ax ia l rib s. R ib  in te res tices  are  filled  o u t w ith  a  good sh ie ld ing  and 
h e a t in su la tin g  m a te ria l w ith o u t in h e re n t s tre n g th . P re s tre ss  is due to 
ax ia l w ires led  in  d u c ts  in  th e  rib s  an d  ta n g e n tia l  ones w o u n d  a ro u n d  rib  
crests . A s tru c tu ra l  analysis has been  w orked  o u t fo r th e  vessel basing  
on th e  co n v en tio n al energy  m ethod . As p r im a ry  m em bers th e  h in g ed  sho rt 
c ircu la r cy lin d rica l shell an d  th e  beam  su p p o rte d  e lastica lly  on  th e  t a n ­
g en tia l p re stress in g  w ires, a re  chosen. A ll loads a re  e x p an d e d  in  Fourier 
series. E q u a li ty  o f d isp lacem en ts y ield  fo r each  w ave p e rio d  a sy s tem  of 
lin e a r eq u ations.

A cta Techn. H ung . 73 (1972) 434—444

D e y , D . K . —D a s , A. K .: Therm al Stresses in  a F in ite  Transversely Isotropic  
Hollow Circular C ylinder Heated on the Outer Curved Surface a n d  with  
E n d s in  Contact w ith  Smooth In su la tin g  P lates

In  th is  p a p e r th e rm a l stress  h as been o b ta in e d  in  th e  case o f a  fin ite  
tran sv erse ly  iso tro p ic  hollow  cy linder h e a te d  sy m m etrica lly  on  a p a r t  of 
th e  o u te r  cu rv ed  su rface  of th e  cy linder w hile on  th e  in n er su rface  ra d ia tio n  
tak e s  place. All stresses a n d  d isp lacem en ts re  o b ta in e d  in  series fo rm .
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Dz ie c ie l a k , R .: On the D e term ina tion  o f  the Constant o f  a Consolidating  
M edium

In  th is  p a p e r  th e  m ethod  of c a lc u la tio n  fo r th e  d e te rm in a tio n  o f th e  elastic  
coefficients o f th e  th eo ry  of co n so lid a tio n  fo rm ula ted  b y  B io t  is  described. 
I t  is show n t h a t  to  these c a lc u la tio n s  th e  know n p h y sica l p ro p e rtie s  of 
solid are su ffic ien t.

Acta Techn. Hung. 7 3  ( 1 9 7 2 )  4 2 7 - 4 3 3

A cta Techn. H ung . 73 (1972) 4 4 5 - 4 5 9

Barta  E l is a b e t h : Infrared R e flec tiv ity  Characterizing D iffu sed  Layers

T he d e te rm in a tio n  of th e  w a v e le n g th  of th e  m in im um  o ccu rrin g  in  th e  
in frared  re fle c tio n  spectrum  o f  a  d iffu sed  layer enables to  decide  w he th er 
th e  diffusion  p ro file  follows th e  th eo re tica lly  ex p ec ted  co m p lem en ta ry  
error fu n c tio n  o r n o t and th u s  to  p ro o f  th e  v a lid ity  of th e  su rface  concen­
tra t io n  d a ta  o b ta in e d  from  4 -p o in t m easurem ents.

A cta Techn. H ung . 73 (1972) 460  — 468

An ta l , K . G .— B olla , I. F . : P hoto-Ion iza tion  icilhout Therm al E qu ilib ­
r iu m  in  C om bustion G as-Potassium  W orking M edium

T he p ap er an a ly se s th e  p o ss ib ility  o f m ain ta in in g  th e  re q u ire d  io n iza tio n  
degree of th e  w o rk in g  gas in  th e  c h an n e l o f th e  M HD g e n e ra to r  a f te r  th g  
ad iab a tic  e x p an s io n , by  in jec tio n  o f in candescen t coal g ra in s . O n  th e  basis 
o f th e  io n iza tio n  eq u atio n  a n d  th e  en erg y  balance th e  a u th o rs  s ta te  for 
d iffere t possib le  M H D  p a ra m e te rs  th e  critica l te m p e ra tu re  a n d  th e  
q u a n tity  o f th e  in candescen t c o a l g ra in s necessary fo r m a in ta in in g  th e  
ionization .
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Mic h e l b e r g e r , P .: Calculation o f  M o un ting  Stresses Induced  by In a c­
curate M an u fa c tu rin g  o f  Vehicle Fram ew orks w ith  the A id  o f  the M a tr ix  
Force M ethods

, F o r  th e  c a lcu la tio n  of th e  m o u n tin g  stresses o f v eh ic les s tru c tu re s , o r in  
th e  case o f sp ec ifica tio n  of th e  perm issib le  stress v a lu es, b y  sim plify ing  
th e  s ta tic  m odel, d ifference eq u a tio n s  m ay  successfu lly  be  app lied . F o r 
th e  d e te rm in a tio n  of th e  perm issib le  fab ric a tio n  to le ran ces , sim ple, closed 
form ulas m ay  be  derived . In  the. case o f irreg u lar s tru c tu re s  w hich  c an n o t 
be sim u la ted  w ith  sa tis fac to ry  accu racy  by  a sim plified  m odel, i t  is con­
v en ien t to  an a ly se  th e  k in em atic  lo ad s w ith  th e  a id  o f  m a tr ix  calcu la tio n . 
H ere , th e  in v erse  o f th e  coefficient m a tr ix  o f th e  c o m p a tib ility  e q u a tio n  
being  an y w ay  a v a ilab le , m ig h t be u sed . T he size to le ran c e  (i.e. th e  p e r­
m issible in ac cu ra c y  in  fa b rica tio n ) to  be  p rescribed  b y  th e  technolog ical 
in stru c tio n s  m ay , in  such  cases, be  d e te rm in ed  from  a m a tr ix  u n e q u a lity  
in s tead  of a  single u n e q u a lity  (in  th e  lim itin g  case: eq u a lity ) .
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