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DIE NOMOGRAPHISCHE
METHODE DER BERECHNUNG KOMPLIZIERTER
MAGNETISCHER KREISE BElI DER ANWENDUNG
DER ELEKTRONISCHEN RECHENMASCHINE

O. BENEDIKT*

OiilJ. MITGLIED DER (JNG. AKADEMIE DER WISS.

[Eingegangen am 8. Mai 1972]

Autor ist es vor kurzem gelungen, die Mdglichkeit der Anwendung seiner nomographi-
schen Methode — die er in seinem Buche: »Die nomographische Methode der Berechnung
komplizierter und stark gesattigter magnetischen Kreise elektrischer Maschinen« (Akademie-
verlag 1960) beschrieben hat — an elektronischen Rechenmaschinen auszuarbeiten und hie-
durch diese Methode qualitativ stark weiter zu entwickeln. Zwecks Beleuchtung der Bedeutung
dieser Tatsache stellt Autor in seinem Artikel in komprimierter Form zuerst die Méngel der
bisher gelehrten klassischen Berechnungmethoden dar und zeigt nachher auf, wie diese Méangel
mit Hilfe seiner nomographischen Methode in einfacher Weise behoben werden kénnen.
Hierauf zahlt er kritisch die bisher angewendeten Methoden der Berechnung geséttigter mag-
netischen Kreise mit Hilfe der Anwendung elektronischer Rechenmaschinen auf. Erzeigt jene
Schwierigkeiten auf, die die Anwendung seiner nomographischen Methode an Rechenmaschinen
bisher praktisch verhinderte. Schliesslich erldutert Autor die von ihm vor kurzem entdeckte
Mdglichkeit, die erwahnte Schwierigkeiten in einfacher Weise zu lberwinden.

Einleitung

Im Jahre 1960 erschien im Verlag der Ungarischen Akademie der Wissen-
schaften ein Buch des Autors unter dem Titel »Die nomographische Methode
der Berechnung komplizierter und stark gesdttigter magnetischer Kreise
elektrischer Maschinenc.

Nun ist es Zweck des vorliegenden Aufsatzes zu zeigen, dal es dem Autor
innerhalb der letzten Monate gelungen ist, die im erw&hnten Buche ausfihrlich
sowohl theoretisch als auch an Hand vieler praktischer Beispiele erlauterte
nomographische Methode dadurch sprungartig weiter zu entwickeln, daf die im
Buche aufgezeigten neuartigen Zusammenh&nge und die auf ihrer Grundlage
abgeleiteten, der Ldsung kompliziertester Probleme dienenden, einfachen In-
struktionen auf eine elektronische Rechenmaschine Ubertragen werden kdnnen.
Hierdurch wird der zeitliche Ablauf der notwendigen nomographischen Ver-
fahren in aufRerordentlich hohem MaRe weiter verkirzt und die in der physi-
schen und geistigen Sphdre des Berechners liegenden Fehlerquellen sehr stark
verringert.

* Prof. Dr. 0. Benedikt, Szépvdlgyi u. 4/b Budapest, Il., Ungarn
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4 O. BENEDIKT

Um die praktische Bedeutung der Madglichkeit, die Vorteile der no-
mographischen Methode mit denen der Benlitzung der elektronischen Rechen-
maschine zu verbinden, voll wirdigen zu kénnen, ist es notwendig, den Leser
vorher an die wichtigsten Ergebnisse des erwdhnten Buches zu erinnern. Auf
diese Weise mdge ihm bewuBt werden, welch groRe Vorteile gegenuber den
bisher unterrichteten »klassischen« Methoden der Berechnung der mag-
netischen Kreise elektrischer Maschinen die im erwé&hnten Buche ab-
geleiteten neuen Methoden bedeuten, die wir zum Unterschied von den am
Ende des vorliegenden Aufsatzes erwdhnten »maschinellen« Methoden vor-
laufig als ,,manuelle” nomographische Methoden bezeichnet werden.

Im folgenden sollen in sehr komprimierter Weise die wichtigsten wissen-
schaftlichen Ergebnisse des erwdhnten Buches aufgez&hlt werden.

A. Die sich infolge der magnetischen S&ttigung bei komplizierten
Konfigurationen ergebenden Schwierigkeiten der klassischen
Methoden der Berechnung magnetischer Kreise

1. Bild Al zeigt schematisch Beispiele fur verschiedene Gestalten fer-
romagnetischer Kdrper, die praktisch in elektrischen Maschinen Vorkommen.
Hierbei handelt es sich vorldufig nur um jene allereinfachsten Grundgestalten,
die dadurch gekennzeichnet sind, daB der Querschnitt l1&ngs der Héhe konstant
bleibt (Bild Al, a) oder, wie in sdmtlichen anderen Fé&llen, sich monoton nur

f g h
Bild Al

in einer bestimmten Richtung &ndert. Selbst in diesen einfachsten Féllen gibt
es nur einen einzigen Fall, in dem die Frage der geometrischen Konfiguration
fir die klassischen Methoden keine Schwierigkeiten bedeutet. Dies ist der
ejuaderfomige Korper gem&R Bild Al, a. Bezeichnen wir nd&mlich den lberall
konstanten Querschnitt mit Q und die Hohe des Kd&rpers mit h, ferner den
hindurchgehenden magnetischen FIuR mit 0 und die durch letzteren langs
der Hohe sich ergebende magnetische Spannung mit V, so kénnen wir die

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



DIE NOMOGRAPHISCHE METHODE DER BERECHNUNG 5

gegebene magnetische Kennlinie H — f(B) der benitzten Eisensorte auch als
Kennlinie

(AD)

auffassen und derart fur einen quaderformigen Kdrper mit beliebigen Dimen-
sionen sofort zum gegebenem Wert 0 die entsprechende GroRe V bestimmen
(oder umgekehrt).

Fur sdmtliche der ubrigen der im Bild Al dargestellten Félle von b)
bis i) ist aber diese Methode nicht mehr anwendbar, da sich ja Q ldngs der
Hohe dndert. Nehmen wir vorlaufig den dem Bild Al, b entsprechenden Fall

Bild A2

eines keilféormigen Korpers, (Bild A2) der die Hdéhe h und die Lé&nge
y =l besitzen mdge, wobei y den Eisenfiullfaktor darstellt. Die Breite bx mdge
mit der Hohe x des betreffenden Querschnittes linear von der kleinsten
Breite b2 bis zur gréRten b0 zunehmen.

Selbst in diesem einfachsten Falle besteht im allgemeinen die klassi-
sche Rechenmethode der Berechnung der vom FluRR O erzeugten magnetischen
Spannung V darin, dall der Kdrper in eine bestimmte Anzahl von aufeinander
folgenden Teilen zerstiuckelt, diese als quaderférmig aufgefalt, auf Grund
der Gleichung (1) fir jeden mittleren Querschnitt und die angenommene
Teilhohe die entsprechende Teilspannung bestimmt und letztere summiert
werden. Wie im erwdhnten Buche nachgewiesen wurde, sind bei dieser Me-
thode, wenn man genaue Resultate erzielen will, mindestens etwa 18 Rechen-
operationen durchzufihren.

Besteht aber die Aufgabe darin, zum gegebenen Wert V jene GrdfRe 0
zu bestimmen, die ihm bei der gegebenen Konfiguration entspricht, so ist es

Acta Technica Academiac Scientiarum Hungaricae 73, 1972



6 O. BENEDIKT

offenbar notwendig, die obenerwé&hnte umstdndliche Rechnung fir verschie-
dene angenommene Werte 0 solange zu wiederholen, bis sich der gegebene
Wert V ergibt. Hiebei ergibt sich die genligende Genauigkeit erst nach etwa
44 Rechenoperationen.

2. Noch gréRere Schwierigkeiten treten auf, wenn — was den allgemei-
nen Fall darstellt — gemdR Bild A3 eine Nut parallel zum ferromagnetischen
Korper (Zahn) geschaltet ist, wobei wir wieder vom einfachsten Falle ausgehen
wollen, in dem der Zahn keilfdrmig ist und die Nut parallele Wéande besitzt.
Bezeichnen wir die Breite der letzteren mit 6, ferner den aus dem Zahn und
zwei benachbarten Nuth&lften bestehenden als den der Nutenteilung Th ent-
sprechenden Zahn-Nut-Bereich, so verteilt sich der durch die letzteren hin-
durchgehende FIuR 0T gem&R Bild A4 auf einen ZahnfluR <x und einen
NutenfluB 0 nx, wobei sich deren Werte mit wachsender Hohe x in sehr kom-

plizierter Weise dndern. Die klassische Methode zerteilt in diesem Falle, wenn
sie aus 0 Tden entsprechenden Wert V berechnen will, den Zahn-Nut-Bereich
analog zu der im Punkte 1 dargelegten Methode in eine Reihe von ldngs der
Hdéhe einander folgenden Teilbereichen. Da aber in diesem Falle auRerdem fir
jeden der letzteren das der Hdhe x entsprechende Verhdltnis von &xf&nx
bestimmt werden muf}, von dem der entsprechende Teil der GroRe V abhéngt,
wdchst die Zahl der notwendigen Rechenoperationen weiter stark an. GemaR
dem im Punkte 1 Gesagten wird ihre Zahl noch weit gréer sein im Fall der
umgekehrten Aufgabe, aus einem gegebenen Werte V den entsprechenden
Wert 0 Tzu bestimmen.

3. Nun ist aber mit dem erwdhnten Zahn-Nut-Bereich in elektrischen
Maschinen im allgemeinen noch der entsprechende Teil eines Luftspaltes
magnetisch in Reihe geschaltet, so daR es sich fir den Berechner nicht um
einen Zahn-Nut-Bereich, sondern um den im Bild A5 dargestellten Zahn-Nut-
Luftspalt-Bereich 1—2—3—4—1 handelt. Besitzt der Luftspalt an dieser
Stelle die Dicke O, so vergréRert sich die vom FIuR 0 Terzeugte Spannung noch

Acta Technica Academiae. Scientiarum Hungaricae 73, 1972



DIE NOMOGRAPHISCHE METHODE DER BERECHNUNG 7

um einen der GrofRe b und dem Carterschen Koeffizienten entsprechen W ert,
der zusammen mit V die zwischen der Polflache und dem Zahngrund wirkende
Spannung ergibt, die wir mit VO bezeichnen wollen. Offenbar wird nunmehr
die Aufgabe, aus dem gegebenen Wert Vn den Wert @T zu bestimmen, noch
weit schwieriger, als die im Punkte 2 erwédhnte Aufgabe, zu einem gegebenen
Wert V die Groe 0 Tzu berechnen. Denn im Falle des Bildes A5 wissen wir

ja erst gar nicht, wie sich VOauf den Luftspalt und auf den Zahn-Nut-Bereich
aufteilt, das heit, es ist nicht nur 0 Tsondern auch V unbekannt. Letztere
Schwierigkeit zeigt sich besonders in jenen haufigen Fallen, in denen die
Breite des Luftspaltes sich langs des Umfanges des L&ufers verdndert (Bild
A6). Um in diesem Fall die Verteilung der Luftspaltinduktion ld&ngs des Um-

fanges zu ermitteln, ist es notwendig, fiir jede Nutenteilung diese Berechnung
getrennt durchzufihren. Stellen wir uns vor, dal wir fur den Zahn-Nut-
Luftspalt-Bereich 6—7—8—9 festgestellt haben, wie sich V0 zwischen den
Punkten 1 und 2 bezw. 2 und 3 aufteilt und schlieBlich den durch diesen Be-
reich hindurchgehenden FIluR <&T bestimmt haben. Dann ist offenbar der
analog durch den benachbarten Zahn-Nut-Luftspalt-Bereich 4—5—7—6 hin-
durchgehende FIuB kleiner als <&, da ja der magnetische Widerstand des
Zahn-Nut-Bereiches derselbe, aber der mit diesem in Reihe geschaltete magne-
tische Widerstand des betreffenden Luftspaltteiles gréRer geworden ist.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



8 O. BENEDIKT

Wenn also sich unter dem sich verdndernden Luftspalt gleichzeitig viele Nuttei-
lungen befinden, so erkennen wir leicht, dall eine so wichtige Aufgabe, wie z.B.
die der Bestimmung der Verteilung der Luftspaltinduktion langs des L&ufers
einer Gleichstrommaschine fiir die klassischen Berechnungsmethoden sogar bei
Leerlauf einen ganz auBerordentlich groBen Arbeitsaufwand bedeutet. Ist die
erwdhnte Verteilung auch fur verschiedene Belastungszustande festzustellen,
so erfordert jede Belastung eine fir s&mtliche Nutenteilungen vollkommen
neue Berechnung, da ja nunmehr in irgendeiner beliebigen Entfernung *y
von der Polmitte anstatt der Spannung VO0die Spannung VOjryA wirkt, wobei
A die auf 1 cm Ankerumfang entfallende Amperebelastung darstellt.

4. In all den bisher erwéhnten Fdllen handelte es sich um die Bestim-
mung der magnetischen Spannung, die einem bestimmten FIuR entspricht
(oder umgekehrt), also um eine Aufgabe, die der Berechnung der einem elek-
trischen Strom entspechenden Spannung (oder umgekehrt) analog ist. Wéahrend
aber im allgemeinen die letztere Aufgabe leicht ist, weil die Formen der elektri-
schen Widerstdnde als verhé&ltnismaRig einfach und ihre Gréfe im allgemeinen
als konstant angenommen werden kdnnen, zeigt sich, dal die analoge magne-
tische Aufgabe grofRe Schwierigkeiten bereitet. Dabei handelte es sich bisher
um verhéltnismdaRig einfach geformte magnetische Korper oder Bereiche,
wobei sich die Schwierigkeiten aus der Tatsache ergaben, daB der magnetische
W iderstand, also das Verhéltnis der magnetischen Spannung zum FIluB, nicht
konstant war, sondern von der GroRe des Flusses abhing. Es ist jedoch
offenbar klar, daB die sich fir die klassischen Berechnungsmethoden ergebenden
Schwierigkeiten mit der Zunahme der Kompliziertheit der geometrischen Konfi-
guration in einer immer rascher zunehmeuden Weise zunehmen mussen und
immer weniger zu einer praktisch brauchbaren Lésung fuhren kdnnen. Aus diesem
Grunde ist es nicht verwunderlich, dalR hei einem bestimmten Grad der Kom-
plizierheit der geometrischen Konfiguration es viele Aufgaben gibt, die die
klassische Theorie nicht nur nicht zu l6sen imstande war, sondern sie — offenbar
in Erkenntnis ihrer Unldsbarkeit — niemals als speziell denkbare Aufgaben
formuliert hat, obwohl die analogen Probleme bei elektrischen Stromkreisen allge-
mein bekannt und &uBerst einfach ldsbar sind.

Diese interessante Tatsache sei an Hand einiger Beispiele aufgezeigt.

5. Bekanntlich ist es in der Elektrotechnik im allgemeinen sehr einfach,
einen Widerstand von gegebener Konfiguration durch einen andern von glei-
cher GroRe, aber vollkommen anderer Konfiguration, zu ersetzen. Dieser
Aufgabe wdére hei magnetischen Koérpern das folgende Problem analog: Ein
ferromagnetischer Korper von bestimmter Konfiguration mdge durch einen
andern ersetzt werden, der zwar eine andere Konfiguration besitzt, aber
trotzdem dem ersten magnetisch vollkommen &quivalent ist in dem Sinne, daR
sein magnetischer Widerstand V/@ bei jedem beliebigen Wert von 0 dieselbe
GroBRe annimmt, wie im ersten Kdrper.
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Diese interessante und — wie wir sofort sehen werden — sehr wichtige
Aufgabe wurde von der klassischen Theorie niemals als Aufgabe gestellt, offenbar
weil der vollkommen unibersichtliche Zusammenhang zwischen einer Konfigu-
rationsanderung und der ihr entsprechenden Anderung der magnetischen Para-
meter dieses vom Autor zum ersten Mal formulierte Problem von vorneherein als
ganzlich unlésbar erscheinen lieR.

6. Diese Tatsache hatte zur Folge, dal auch eine andere sehr wichtige
Aufgabe, deren analoge bei elektrischen Stromkreisen im allgemeinen &auBerst
einfach zu l6sen ist, fir die klassische Theorie der Berechnung magnetischer Kreise
niemals gelést und vor dem Autor auch niemals gestellt wurde. Es handelt sich
um die Ersetzung von in Reihe geschalteten Widerstdnden durch einen einzigen
aquivalenten. Da es, wie soeben ausgefihrt wurde, in elektrischen Stromkreisen
prinzipiell sehr einfach ist, jeden der in Reihe geschalteten elektrischen Wider*
stdnde einzeln durch einen gleich groen, nur anders geformten zu ersetzen, so
ist es nur selbstverstdndlich, dal auch die Ersetzung s&mtlicher dieser in
Reihe geschalteten Widerstdnde durch einen einzigen Widerstand von &qui-
valenter GroRe auf einfachste Weise geldst werden kann. Vollkommen anders
steht es aber mit der analogen Aufgabe im Falle der magnetischen Kreise.
Hier handelt es sich um das Problem, dall solche ferromagnetische Kdrper,
die in bezug auf den durch sie hindurchgehenden FIuR miteinander in Reihe
geschaltet sind, durch einen einzigen resultierenden ferromagnetischen Kdrper
von einfacher Konfiguration ersetzt werden mdogen, der den in Reihe geschal-
teten Kdérpern in dem Sinne magnetisch vollkommen dquivalent sei, daR das
Verhéltnis 27VjO0 bei jedem beliebigen Wert von denselben Wert annehme,
wie die Summe der in den einzelnen Kd&rpern sich ergebenden verschiedenen
Werte Vj@. Da — wie wir soeben gesehen haben — die klassische Theorie sich
niemals die Aufgabe gestellt hat, irgendeinen der einzelnen Kd&rper durch einen
dquivalenten von anderer Konfiguration zu ersetzen, so ist es nur selbstverstand-
lich, dall das noch weit schwierigere Problem, mehrere solche Kérper durch einen
einzigen magnetisch adquivalenten zu ersetzen, die klassische Theorie noch weniger
im Stande war zu ldsen, oder auch nur als Aufgabe zu stellen.

Im ersten Augenblick kdnnte natirlich die Frage auftauchen, ob nicht
vielleicht die Formulierung dieser Aufgabe und ihre Lésung durch die klassi-
sche Theorie einfach deshalb unterblieb, weil diese Aufgaben keine prakti-
sche Redeutung fir den Berechner elektrischer Maschinen besitzen?

Wie aber die folgenden Beispiele zeigen werden, wéare nicht nur die Lésung
der erwdhnten Aufgabe von grofer praktischer Bedeutung, sondern es gibt auch
eine Reihe von Problemen, die sehr wichtig, aber fir die klassische Theorie noch
weit weniger losbar sind.

7. Bild A7 zeigt den in Asynchronmaschinen sehr hdufig vorkommenden
Zahn eines Doppelnutrotors. Vergleichen wir ihn mit Bild Al, so sehen wir
sofort, dall er als die magnetische Reihenschaltung von vier Einzelkdrpern
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aufgefalt werden kann, von denen zwei den im Bild Al, b gezeigten und zwei
den im Bild Al, e gezeigten Kdrpern entsprechen. Es ist fiir jeden Ingenieur
mit praktischem Sinne klar, welch grofRe Vorteile es fur die Berechnung dieser
Maschinenart hatte, wenn es z.B. mdglich wéare, den im Bild A7 gezeigten
Zahn durch einen einzigen von einfachster Gestalt zu ersetzen, der bei jeder
GrolRe des durchgehenden Flusses 0 dieselbe magnetische Spannung V ldngs
der Zahnhohe Hervorrufen wirde, wie der im Bild A7 gezeigte kompliziert
geformte Zahn.

8. Dabei gibt es sehr wichtige praktische Aufgaben, deren Ld&sung

fir die klassische Theorie noch weit schwieriger wdére als die im Bild A7 an-
gedeutete. Denn so, wie es sich im Falle des Bildes A4 zeigte, steht ja vor dem
Berechner niemals die Frage der Bestimmung der im Zahne allein sich ab-
spielenden magnetischen Vorgénge, sondern die Aufgabe besteht darin, die
Parameter des gesamten Zahn-Nut-Bereiches zu bestimmen. Im Falle des
Zahnes gemdl Bild A7 handelt es sich also in Wirklichkeit um die Feststellung
der Parameterverteilung innerhalb des im Bild A8 angedeuteten Zahn-Nut-
Bereiches 1—2—3—4, wobei ein Blick auf diese Konfiguration zeigt, um
wie viel komplizierter sich in diesem Fall die Zahnflisse und Nutenflisse zu-
einander verhalten, als im Fall des Bildes A4. Und wenn wir die im Bild A8
sich ergebende Aufgabe exakt wissenschaftlich formulieren wollen, so geht
hervor, daR es sich hier nicht mehr um die Ersetzung von in Reihe geschalteten
ferroma netischen Kdrpern durch einen einzigen magnetisch dquvivalenten Koérper,
sondern um die Ersetzung der magnetisch nun hinsichtlich des FlussesO r in Reihe
geschalteten vier Zahn-Nut-Bereiche 1—2—6—5, 5—6—8—7, 7—8—10—9
und 9—10—3—4 durch einen einzigen magnetisch &quivalenten Zahn-Nut-Be-
sreich von einfacher Konfiguration handelt. Auf Grund des weiter oben Gesagten
ist es nur selbstverstandlich, dafl auch diese Aufgabe niemals von der klassischen
Theorie formuliert wurde.
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Dabei gibt es noch viele andere Félle, in denen die Ldsung der soeben
geschilderten Aufgabe grofRe praktische Bedeutung besitzen wirde. Als Bei-
spiel sei der im Bild A9 dargestellte Fall gezeigt, der in den verschiedensten
Arten von Maschinen (z.B. Gleichstrommaschinen mit Kompensationswick-
lung, Synchronmaschinen mit Ddampferwicklung, usw.) vorkommt und
dadurch gekennzeichnet ist, dal auBer den Zahn-Nut-Bereichen, die an

der Peripherie des Rotors liegen und durch die Anbringung der Rot.

orwicklung bedingt sind, auch an der inneren Oberflaiche des Stédnders
Zahn-Nut-Bereiche angeordnet sind, die durch die Anbringung bestimmter
entsprechender Statorwicklungen bedingt sind. In diesen Fdllen ist mit ir-
gendeinem Zahn-Nut-Bereich des Rotors nicht nur der entsprechende Teil des
Luftspaltes sondern auch noch der entsprechende Zahn-Nut-Bereich des
Rotors magnetisch in Reihe geschaltet.

Es ist klar, welch grofe Komplizierung der Berechnung dies bedeutet,
da ja in diesem Falle die vom Zahngrund im Rotor bis zum Zahngrund im
Stator zu rechnende Spannung VO0sich auf drei Schichten in einer von vorne-
lierein unbekannten Weise verteilt. Daher ist es aber auch klar, welchen
groflen Vorteil es h&tte, wenn — analog zum Bild A8 — die beiden magnetisch
in Reihe geschalteten Zahn-Nut-Bereiche des Bildes A9 durch einen einzigen
magnetisch dquivalenten Zahn-Nut-Bereich von einfacher Konfiguration
ersetzt werden kénnten und derart der Fall des Bildes A9 auf den einfachen
des Bildes A6 zuriickgefiihrt werden kdnnte.

9. In s&mtlichen weiter oben behandelten Fé&llen des vollkommenen
sagens der klassischen Theorie handelte es sich darum, daR ein Flufl durch mit
einander in Reihe geschaltete Korper oder Bereiche hindurchgeht. Es gibt
aber sehr wichtige F &1le, in denen der Verlauf der Flisse noch weit
komplizierter ist und hiedurch sich noch weitere, fiir die klassische Theorie un-
losbare, zusatzliche Probleme ergeben. Einen in der Praxis des Maschinenbaus
sehr h&ufig vorkommenden Fall zeigen die Bilder AlIO, a; AIO, b und AIO c,
und zwar den der Polvorspriinge am Ende des Polbogens.

W ir wollen ihn in drei Teile von verschiedenerer Gestalt teilen, in denen
sich, wie wir spéter sehen werden, ganz verschiedene magnetische Verhdlt-
nisse ergeben. Auf diese Weise lassen sich also drei Teile I, Il und IIl unter-
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scheiden (Bild AlO, a) von denen die Teile I und Il den eigentlichen Vorsprung
bilden, wéhrend der Teil IlIl, obwohl er eigentlich zum Polkdrper gehért, in
unsere Untersuchung miteinbezogen werden muf, da innerhalb dieses Teiles
ebenfalls ein Teil des magnetischen Spannungsabfalles entsteht, von dem im
weiteren die Rede sein wird.

Bezeichnen wir (Bild AlO, b) die Entfernung zwischen den Punkten
4 und 5, 5und 6 hezw. 6 und 7 mit a, b bzw. c, jene zwischen den Punkten 4

und 3, 3und 2, bzw. 2 und 1 mit d, e bzw. f, ferner die peripherial gemessenen
Entfernungen von der Polmitte bis zur Mitte der Strecken a, b bzw. ¢ mit
y,, yn bzw. yni (Bild AIO, b) und die Flisse, die aus dem Anker in die Flan-
ken a, b bzw. c eintreten, mit 0yi, Oyu bzw. Oy\\ und schliellich die Streu-
flusse, die aus dem zwischen Hauptpol und Wendepol befindlichen Luftraum
durch die Flanken d, e, bzw. f in die Teile I, Il bzw. Ill eintreten mit Oa\,
00\J bzw. 0<?ui (Bild AIO, a), so kénnen wir folgendes feststellen.

Die Fliusse und O<Ti sind innerhalb des Teils | gezwungen, ihre Richtung
zu &ndern und in peripherialer Richtung gemeinsam durch den der Linie 3—5
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entsprechenden effektiven Eisenquerschnitt in den Kdrper Il einzutreten.
Da sich diese Richtungsidnderung offenbar auf sdmtliche Induktionslinien
dieser beiden Fliusse bezieht, wirkt der im Kd&rper | entstehende Spannungs-
abfall V\ (Bild AlO, c) offenbar l&ngs der zwischen Punkt 4 und der Mitte der
Linie 3—5 zu denkenden Hdéhe hi des Teiles |I (Bild AIO, b). Hier und im
weiteren mdge angenommen werden, daB die Linien 3—5, 2—6 und 1—7
Aquipotentiallinien sind.

Innerhalb des Kdérpers Il treten zum FluB Oyi -)- 0O[ durch die Flanken
b und e noch die Flusse Oyu und Oan dazu, deren Induktionslinien offenbar
ihre Richtung innerhalb des Eisens ebenfalls &ndern und zusammen mit
Oyi -)-0al durch den der Linie 2—6 entsprechenden Querschnitt aus dem
Il-ten in den IH-ten Teil Ubergehen. Der im Teil Il entstehende Spannungs-
abfall Fn wirkt offenbar l&ngs der Hdéhe h\\ dieses Teiles. SchlieBlich ergibt
sich analog, daB die durch die Flanken c und f in den Teil 11l eintretenden
FluBRe Oy\u und Oa\\\ samt dem FIluB Oy\ -)-0yu + Oai -(-0a\\ durch
den der Linie 1—7 entsprechenden Querschnitt des Teiles 11l einen l&ngs
der Hohe km dieses Teiles wirkenden Spannungsabfall Fm hervorrufen
werden. Im weiteren vereinigt sich der FIuB Oy\ -j- Oy\\ -j- Oy\\\ -p 0O\ -j-
-p Oail ~p0Oain mit den ubrigen Teilen des Hauptflusses O m und geht mit
diesen zusammen in der der Symmetrielinie jedes Poles parallelen Richtung
durch den Polkern.

Durch das Auftreten der magnetischen Spannungsabfdlle Vi, Vu und
Fm wird die Berechnung der aus dem Rotor in den Pol Ubertretenden FIluRR-
teile Oy\, Oyu und Oy\\\ zusatzlich zu den im Zusammenhang mit Bild A6,
geschilderten Problemen auferordentlich erschwert. Im Falle des Bilder A6
ist fur jede Entfernung py von der Polmitte die zwischen Polflache und
Zahngrund wirkende magnetische Spannung FO+ y <A bekannt. Bei den
geséttigten Polvorspringen entfdllt selbst diese Bedingung. Dank ihrer Sé&tti-
gung wird die zwischen die Polflaiche und den Nutboden entfallende Po-
tentialdifferenz kleiner sein. Das Ausmal dieser Abnahme héngt von der
GroRe des Flusses ab, der durch den Polvorsprung hindurchgeht. Dieser Fluf}
hdngt seinerseits von der Grofe jener Teilflisse ab, die Uber die einzelnen
Nutenteilungen aus dem Ldaufer in die Vorspriinge eintreten: diese Teilflisse
hdngen dagegen von der oben erwdhnten Potentialdifferenz ab, die zwischen
dem Vorsprung und dem Nutboden entsteht.

Das Problem wird noch mehr erschwert dadurch, dafl zwischen den aus
dem Hauptpolluftspalt kommenden Flissen Oyi, Oy\\ und Oym (Bild AlO, a)
einerseits, und den aus der Pollicke eintretenden Streuflissen Oaj, 0Oan und
Oaui andererseits, ein komplizierter Zusammenhang besteht.

W &re der Polvorsprung nicht geséttigt, so lieBen sich obige beide Fluf3-
teile gesondert untersuchen und man kdénnte annehmen, dal der wirkliche
Flu des Vorsprunges deren Summe ist. Ist aber der Vorsprung, wie dies z.B.
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bei Zugmotoren h&ufig der Fall ist, stark gesdattigt, so wirkt sich der in ihm
auftretende magnetische Spannungsabfall nicht nur auf die GréRe der Flisse
0y, sondern auch auf die Streuflisse Oa aus. Fliezu ist noch folgendes zu be-
merken.

Die klassische Methode hat, wie dies Bild All zeigt, ein von Lehmann
und Richter entwickeltes Mittel ausgearbeitet, durch das die GréRe der
erwdhnten Streuflisse verh&ltnisméaRig einfach bestimmt werden kann. Hierzu

ist es nur ndtig — unter der Annahme, dall die Erregerdurchflutung durch
einen unendlich dinnen Strombelag mit unendlich grofer Stromdichte ange-
deutet wird — das entsprechende Netz von Aquipotential— und Induktions-
linien zu bestimmen.

Nun geht aber diese Methode -von der vereinfachenden Annahme aus,
daR die Oberfliche des Eisens einer Aquipotentiallinie entspricht, d.h. also
z.B. zwischen den Punkten 3 und 4 kein magnetischer Potentialunterschied
besteht. In Wirklichkeit besteht aber, wie wir dies im Bild. AlO, c festgestellt
haben, zwischen ihnen der uns vorldufig unbekannte Potentialunterschied
V\. Analog bestehen ldngs der Strecken e bzw. f Potentialunterschiede Vu
bzw. Viu- Daraus folgt aber, dall die GrofRe z.B. des Streuflusses Oaj in Wirk-
lichkeit bedeutend kleiner sein wird, als sich ohne Beriicksichtigung der
Grole Vi+ Vu -)- Viu aus Bild All ergeben wirde.

Es zeigt sich also nicht nur, daR die Flusse &y und Oa in komplizierter
Weise auf einander einwirken, sondern auch eine grofRe Schwierigkeit, die zu
folgendem circulus vitiosus fihrt: Solange wir die Gréfen Fj, Vu bzw. Vm
nicht kennen, sind uns auch die Werte der Flisse Oy, sowie der Fliisse 0a un-
bekannt. Andererseits kénnen wir doch offenbar die Werte V nur dann be-
stimmen, wenn die GrofRe der Flisse 0y und Oa, durch deren Gesamtheit die
Spannungsabfdlle Vi, Vu und Vm hervorgerufen wird, bestimmt wurde.
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Es ist vollkommen klar, daB fiir die klassische Theorie die oben beschrie-
benen und bei der Séttigung der Polspitze auftretenden Erscheinungen au-
Rerordentlich groBe Schwierigkeiten hervorrufen, da sie ja keinerlei Methode
ausgearbeitet hat, die gestattet, die Verteilung der magnetischen Induktionen
und Potentiale innerhalb sehr stark geséttigter, kompliziert geformter, fer-
romagnetischer Kdérper zu bestimmen, durch die sich noch dazu verschiedene
solche Flusse schlieBen, die durch ganz verschiedene Arten von Durchflutungen
und auf durchaus verschiedenen magnetischen Wegen hervorgerufen werden.
Es ist klar, daB im Fall des sich ldngs des Ankerumfanges &ndernden Luft-
spaltes, derja —wie wir weiter oben gesehen haben — sogar bei nicht gesattigtem
Polvorsprung bei Anwendung der klassischen Rechenmethoden &uferst groBen
Arbeitsaufwand erfordert, die Sattigung des Polvorsprunges die klassische Theorie
vor fir sie praktisch unlésbare Probleme stellt.

Dies bedeutet aber praktisch, daB solange die GroRen V\, Vil und Vm
nicht bekannt sind, wir die GréBenOyi,0yu und Oy\u nicht berechnen kénnen,
d.h. gerade unter dem Polvorsprung die Verteilung der Luftspaltinduktion nicht
kennen. Dies ist umso bedauerlicher, als gerade an dieser Stelle von dieser Ver-
teilung zum grofen Teil die GroRe der verschiedensten Arten von Verlusten und
auBerdem auch die vom Standpunkt der Rundfeuergefahr entscheidende Verteilung
der Spannungen zwischen den benachbarten Stromwenderstegen abh&ngt.

Zum AbschlulR dieses Kapitels mdge nochmals betont werden, dafl die
oben aufgezdhlten Probleme nur einen kurzen Uberlick einiger solcher Auf-
gaben der Berechnung der magnetischen Kreise elektrischer Maschinen dar-
stellen, deren Ldsung groBe praktische Bedeutung besitzt, aber von der klassi-
schen Theorie nur mit sehr groBen Schwierigkeiten oder gar nicht gelést werden
kdnnen.

B. Der prinzipielle Weg der manuellen nomographisehen Ld&ésung
der im Abschnitt A geschilderten Schwierigkeiten

Die fur die klassische Methode der Berechnung elektrischer Maschinen &uRerst
schwer oder Uberhaupt nicht Iésbaren Probleme, von denen im Abschnitt A einige
kennzeichnende Beispiele angefiihrt wurden, kénnen durch das im erwd&hnten
Buch des Autors beschriebene System manueller nomographischer Methoden auf
einfache Weise und trotzdem mit groBer Genauigkeit gel6st werden.

Es beruht auf der Entdeckung, dal es prinzipiell mdglich ist, neben den
magnetischen Parametern 0 und V die geometrische Konfiguration als einen
eigenen dritten Parameter darzustellen. Eliebei kann jeder beliebige ferromagne-
tische Korper durch einen seiner geometrischen Konfiguration entsprechenden
Koeffizient g gekennzeichnet werden, wobei zu jedem mdglichen Wert von qje
eine Kurve gehort, deren Abszissen dem durch den betreffenden Kérper hin-
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durchgehenden FIuB 0 und dessen Ordinateti dem durch letzteren hervorgerufenen
Wert Ventsprechen. Hierdurch ergibt sich offenbar prinzipiell sofort die Mdglich-
keit, bei gegebener Konfiguration, d.h. also bei bestimmtem Wert g fur ir-
gendeinen Wert von 0 den betreffenden Punkt der p-Kurve zu bestimmen
und aus diesem die magnetische Spannung V unmittelbar abzulesen. Genau
so einfach ist die — wie wir im Abschnitt A gesehen haben — fir die klassi-
sche Theorie noch schwierigere, umgekehrte Aufgabe zu lésen, ndmlich zu
gegebenem Wert V den bei einer bestimmten geometrischen Konfiguration
dazugehdrenden W ert0 zu bestimmen. Es braucht nur zur gegebenen Ordinate
der betreffenden p-Kurve die dazugehdrige Abszisse bestimmt zu werden. Mehr
als das, es ergibt sich prinzipiell sogar einfach auch die Losung desfolgenden Prob-
lems, das die klassische Theorie wegen ihrer Schwierigkeit niemals formuliert, ge-
schweigedenn geldst hat: Dieses Problem besteht darin, die Konfiguration jenes
ferromagnetischen Kdrpers zu bestimmen, in dem ein gegebener FIuB 0 einem
gewinschten Wert von V entspricht. Auf Grund des oben Angefuhrten wirde
die LoOsung dieser Aufgabe nur darin bestehen, festzustellen, auf welcher
g-Kurve jener Punkt liegt, dessen Abszisse dem gegebenen Wert 0 und dessen
Ordinate dem gegebenen Wert V entspricht.

Bevor wir darangehen, aufzuzeigen, wie die erw&hnte, den verschiedenen
Werten g entsprechende Kurvenschar bestimmt werden kann, wollen wir schritt-
weise darstellen, welche prizipiellen Probleme sich hierbei ergeben.

W ir wollen von dem im Bild B, a dargestellten Kdrper ausgehen, der
in Bezug auf seine Gestalt prinzipiell dem im Bild Al, d gezeigten Kdrper
entspricht. Seine Breite in der Hohe x sei bx, wobei bx irgendeine Funktion
von x sei gem&R der Formel

(B.1)

Hierbei kennzeichnet f (x/h) die Gestalt des Kdrpers und b0 ist die grdéfite
Breite. Die kleinste Breite sei b2, wobei wir im weiteren das Verhéaltnis 6260
mit a bezeichnen wollen. Es gilt also

(B.2)

Die Feldstirke Hx in der HoOhe x sei eine Funktion von der Induktion
Bx im Querschnitt bx ey ml. Es ist also

(0]
B, (B.3)
bx'Y 'l
und
Hx = f(B x). (B.4)
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Der durch den FIuf O l&ngs der gesamten HOhe h erzeugte magnetische
Spannungsabfall V st
V = $H xdx. (B.5)

Unter Bertcksichtigung der Formeln B.l, B.3, B.4 erhalten wir anstatt
B.5 den folgenden Zusammenhang:

dx. (B.6)

. W hfh

Wie diese letztere Formel zeigt, hdngt die GréBe V auller vom magne-
tischen Material einerseits von 0 und andererseits von den Abmessungen und
der geometrischen Gestalt ab.

Die Betrachtung der Formel B.6 zeigt nun folgendes Problem. Damit
wir die obenerwé&hnte Kurvenschar erhalten, darf offenbar die Spannung V
auBer vom FIuB 0 nur von einer einzigen, eben die Konfiguration kennzeich-
nenden GroRBe abhdngen.

In der Wirklichkeit jedoch, wie Formel (B.6) zeigt, hdngt der Wert V
auBer von 0 noch von 60, yl, hund fAx/h), d.h. von vier beliebigen Parametern
ab.

Diese Schwierigkeit wird dadurch behoben, daR der Begriff des »Einheits-
korpers« eingefihrt wird.

Nennen wir von jetzt an B 0 die magnetische Induktion, die im gréf3ten
Querschnitt bOyl des Kdorpers entsteht, wobei also

gn O (B.7)

Ferner bezeichnen wir den arithmetischen Mittelwert der verschiedenen
Feldstdrken Hx ldngs der Hohe h mit H. Es ist also geméaR B.5

WV (B.8)
h

Wenn wir die beiden Seiten der Gleichung (B.6) durch h teilen, erhalten
wir unter Bericksichtigung der Formeln (B.7) und (B.8) anstatt (B.6) fol-
gende Gleichung:

(B.9)
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Diese Formel fihrt den im Bild B, a abgebildeten Kd&rper mit der Hdhe
k, der groBten Breite bOund der kleinsten Breite b2 dessen Spannung V und
dessen FIuB 0 ist, auf einen &hnlichen Kdérper zuriick, der im Bild B I,b abge-
bildetist unddessen Hohe, L&nge und gréfRte Breite gleich 1 cm, seinekleinste
Breite gleich b2jbn= er, sein FluR gleich der Induktion BO, gemé&R (B.7) ist.

Es ist klar, dal in der Hohe x/h die Breite des Einheitskdrpers 6x/60
betrdgt, seine Mindestbreite hingegen b2b0, wobei b0 die Hd6chstbreite des
urspriunglichen Kdrpers, b2 seine Mindestbreite, bx seine Breite in der Hdhe
X bedeuten. Induktion und Feldstdrke werden in sdmtlichen die Hdhe x/h
besitzenden Querschnitten des im Bild B, b gezeigten Einheitskdrpers die
gleichen sein wie in den entsprechenden die Hohe x besitzenden Querschnitten
des Kdorpers im Bild BIl, a. Aus dem urspringlichen Kdérper soll in Hdhe x
ein Prisma von der sehr kleinen Hdhe Ax, aus dem Einheitskdérper in Hdhe
xjh, eines von der Héhe Ax/h herausgeschnitten werden. Danach wird die auf
die Hohe Axjh des aus dem Einheitskdrper herausgeschnittenenen Prismas
entfallende Potentialdifferenz Hx mAxjh sein, wé&hrend auf die Hohe Ax des
urspringlichen Kdrpers eine Potentialdifferenz von HXAX entféallt. Da diese
kleinen Prismen in beiden Kdérpern des Bildes B in der gleichen Zahl Vorkom-
men (ihre Zahl ist h/Ax), ist die auf die Gesamthdhe des Einheitskérpers ent-
fallende Potentialdifferenz gleich V/h = H, wenn durch ihn ein Fluf von der
GroRe Bn =0I(boyl) hindurchtritt.

Die Einfihrung des Begriffes »Einheitskérper« ist mit den folgenden
groBen Vorteilen verbunden: der graphische Zusammenhang zwischen V und
0 muB nicht fur den wirklichen Kdrper gesucht werden, wo h, bOund yl er-
scheinen wirden, sondern der Kdrper kann durch den entsprechenden Ein-
heitsk6rper ersetzt werden und wir erhalten einfach den Zusammenhang
zwischen der l&ngs dieses Eiuheitskérpers herrschenden Potentialdifferenz H
und dem Wert BO, als den Zusammenhang zwischen den Ordinaten H und
den Abszissen B () einiger Kurven (B.2). Die wahre magnetische Spannung V
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bekommen wir, wenn wir die Ordinate CK eines Punktes C dieser Kurven mit
h multiplizieren; der wahre FluB ergibt sich durch Multiplikation der Abszisse
LC des Punktes C mit bOyl. Wenn dann zu jeder Kurve eine andere Gestalt
des Einheitskdrpers d.h. eine andere, bestimmte Funktion ffxlh) gehdort,
so kénnen dann auch die magnetischen Verhé&ltnisse der verschieden geform-
ten Korper unter Benltzung einer einzigen derartigen Kurvenschar bestimmt
werden.

Unsere Aufgabe ist daher, ein Verfahren zu finden, welches einfach und
dabei genau die Funktionen ffx/h), d.h. den Einflul der Gestalt des Kérpers auf
die magnetischen Verhd&tnisse, zu bestimmen gestattet.

Hiebei ergibt sich aber folgende prinzipielle Schwierigkeit.

Zwar ist es praktisch immer zuldssig, die Funktion ffx/h) durch eine
gquadratische Gleichung zu ersetzen, da es sich ja um den auch in der Ndhe des
kleinsten Querschnittes sich sehr sanft &ndernden Zusammenhang zwischenB*
und xjh handelt. Aber auch bei einer quadratischen Parabel brauchen wir
bei gegebenem Wert b0 noch mindestens zwei 6XWerte in zwei beliebigen
Hohen, z.B. b2 und die in der Héhe h/2 gemessene Breite bv Ahnlich verhélt
es sich auch mit den Kdrpern anderer Formen, soweit die Breite sich nur in
einem Sinne und stetig &ndert. Zur Charakterisierung der Formen der theore-
tisch moglichen Einheitsk6rper mussen demnach im allgemeinen zwei Para-
meter, namlich die Verhéaltnisse 620 und 61/60 bekannt sein.

In diesem Falle muRte man also fur alle moéglichen Werte bjb0 eine
Kurvenschar haben und jede Kurve wiirde einem bestimmten Wert bjb,,
entsprechen. Es ist klar, daB man, um auch alle Werte von b2b0 zu erfassen,
eine sehr groe Zahl solcher Kurvenscharen konstruieren miifRte, wobei jede
dieser einem bestimmten Wert von bjb0Oentsprechen wirde. Dieser Umstand
wirde aber offenbar eine praktische Verwendung dieser Methode unmadglich
machen.
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Damit kommen wir zu dem entscheidenden Problem, wie es méglich werden
konnte, jeder beliebigen Gestalt der Einheitskdérper nur eine einzige Kurve zu-
zuordnen, wodurch der gewiinschte einfache und anschauliche Zusammenhang
zwischen den magnetischen Parametern BO und H sowie den geometrischen
Parametern gegeben ware.

Dieses Problem wird auf Grund folgender Gedankengénge geldst:

a) Wir bestimmen die Kurvenschar nur fur keilférmige Einheitskdrper,
die eindeutig durch eine einzige Kurve gekennzeichnet sind, da der Wert
b.Jbn eindeutig seine Gestalt kennzeichnet.

b) Wir suchen einen rein geometrischen (also von magnetischen Para-
metern unabhé&ngigen) Zusammenhang zwischen der Gestalt des im Punkt a)
erwdhnten keilformigen Einheitskdrper und den verschiedenen anderen uns
interessierenden Formen von Einheitskdrpern. Hiebei besteht das Postulat dieses
Zusammenhanges darin, daB der magnetische Widerstand (also das Verhéltnis
H/BO0), des unter a) erwadhnten Einheitskérpers bei allen praktisch in Frage
kommenden GréBRen H und BOdem magnetischen Widerstand der verschiedenen
anders gestalteten Einheitskdrper gleich sei.

Auf diese Weise kann offenbar erreicht werden, dafl fur jede mdgliche
Gestalt eines Einheitskdrpers die magnetische Berechnung auf Grund einer ein-
zigen Kurvenschar durchgefihrt werden kann. Auf diese Weise gibt jeder Punkt
der letzteren nicht nur den Zusammenhang zwischen den GrdéfRen H und Bn,
sondern auch jenen zwischen diesen Gréfen und jenen geometrischen Formen
von Einheitskdrpern, die durch die den betreffenden Punkt beriihrende Kurve
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gekennzeichnet sind. Auf diese Weise ergibt sich offenbar die Mdglichkeit,
die oben erwdhnten drei grundlegenden Aufgaben der magnetischen Berechnung
auf einfachste Weise zu ldsen.

Gehen wir nunmehr daran, den soeben skizzierten Weg schrittweise zu
verfolgen:

Zuerst fihren wir den Begriff des ,dpuivalenten Einheitskdrpers® ein.
W &hlen wir einen solchen Einheitskdrper, dessen in der Héhe x/h sich erge-
bende Induktion Bx' vom Werte BO im groBten Querschnitt linear bis zu
einem groReren Wert gBnim kleinsten Querschnitt steigt, also der Gleichung
Genlige leistet:

B, —BN j+ e-i (B.10)

Der Induktion Bx' entspricht eine Feldstdrke Hx'. Offenbar ist die
l&ngs der HOhe genommene mittlere Feldstdrke, die wir wieder mit H bezeich-
nen wollen, gleich

(B .11)
Differenzieren wir (B.10) nach x, so erhalten wir
dB'x Bp(e-1) (B.12)
dx h

Setzen wir aus (B.12) den Ausdruck dxfh in (B.ll) ein, so ergibt sich
folgender, fir die weiteren Ausfihrungen grundlegender Zusammenhang:

1
H (B.13)

Der Zusammenhang zwischen den Integrationsgrenzen x/h = 0 und
x/h = 1 in der Gleichung (B.Il) einerseits und den Integrationsgrenzen
Bx= gBOund Bx = BO0in der Gleichung (B.13) andererseits ergibt sich offen-
bar aus der Tatsache, daB die Induktion B'x fir x/h = 0 ihren Maximalwert
gBOund fur x/h = 1 ihren Minimalwert B0 annimmt.

Zeichnet man die Magnetisierungscharakteristik H'x — f(B'x) (B.3 Kurve
OAB) und nimmt an, daR die Ordinate AD der Abszisse OD = BO und die
Ordinate BC der Abszisse OC = gB 0 entspricht, so ist die GroRe S der Flache
A B C D gleich

S = HxdBx. (B.14)
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Nennen wir die Entfernung der Punkte D und Cim weiteren m, wobei also
m= (e-1)-BO (B.15)

ist und setzen wir aus den Gleichungen (B.14) und (B.15) in die Gleichung
(B.13) ein, so erhalten wir die einfache Beziehung

H=—. (B.16)
m
Auf Grund dieser Beziehung kann also, wie Bild B3 zeigt, bei gegebenen
Werten BOund p der Wert H genau ermittelt werden.

Durch diesen Zusammenhang wird ermdéglicht, die gewiinschte Kurvenschar
besonders einfach und schnell, gleichzeitig aber auch sehr genau zu konstruieren.
Mit Hilfe dieser Kurvenschar vermag man danach, wie im weiteren ausfuhrlich
gezeigt werden wird, die verschiedenen verwickelten Aufgaben der Berechnung
der magnetischen Kreise leicht zu ldsen.
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An der Magnetisierungskennlinie des Eisens (Kurve OAB) soll die
Ordinate, die einer bestimmten Abszisse k beigeordnet ist (z.B. zu 10 000 G)
gezeichnet werden — wie es Bild B.4 zeigt. Von der erforderlichen Genauigkeit
abhéngig, soll irgendein Wert g (z.B. g= 1,13) angenommen und die zur
Abszisse 1,13 k gehdrige néchste Ordinate gezeichnet werden, sodann zu
1,132 « k die zweite, zu 1,133 <k die dritte, usw.

Die Grundlinien mx, m2 m3, usw. der auf diese Weise gewonnenen Ele-
mentarflachen nehmen von links nach rechts im Verhéaltnis 1:1,13, 1:1,132
1,133 usw. zu.

Die Konstruktion soll bis zu der in der Praxis vorkommenden Hd&chstin-
duktion fortgesetzt werden. Somit erh&lt man einige Fldchen Sx S2 usw.

Werden s&mtliche Fldchen durch die eigenen Grundlinien geteilt, so
erhédlt man die Reihe der Werte S2Am2 usw.

Hierbei bedeutet SJm, die der Strecke mlentsprechende Mittelordinate,
d.h. den Mittelwert der Feldstdrken, wenn die Induktion von k bis 1,13 k
linear zunimmt. Mit anderen Worten ausgedrickt, ist das Verhdltnis SJm,
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gleich jenem Wert H, der im &quivalenten Einheitskérper bei BO= k und
p — 1,13 auftritt. Durch S2m2 wird ganz analog jener Wert H geliefert, der
in demselben &quivalenten Kdrper bei B()= 1,13 k vorkommt. Daraus folgt,
daB zur Konstruktion der Kurve OE (B4, a), die die Abh&ngigkeit der mittleren
Feldstairke H vom FIluR ®j(bOyl) = B0 des gegebenen &quivalenten Einheits-
koérpers bei dem Faktor p = 1,13 charakterisiert, man lediglich die Punkte
auftragen muB, deren Ordinaten SIJm” S2Am2 SJm3usw. und deren Abszissen
k, 1,13 k, 1,132k, usw. sind.

Bild B5

Berechnet man ahnlicherweise die Werte (S1-j- S2/(m1-- m2, (S2+ s3Ji
I(m,, -|- m3) usw. und trédgt diese als Ordinaten zu den entsprechenden Abszissen
k, 1,13 k, 1,132k, usw. auf, so erh&lt man eine zweite Kurve OG (Bild B4, b),
die den magnetischen W iderstand fiir einen anderen &quivalenten Einheits-
kérper mit dem Faktor p = 1,132 d.h. die zum Flufl <PI(bOyl) geh6rigen W erte
H anzeigt. Analog ergeben die Werte (Sx-f-S2+ S3)/(m, -j- m2-|- m3) usw.
eine dritte Kurve fur den mit p = 1,133 charakterisierten &quivalenten Ein-
heitskdrper, usw.

Setzt man die Konstruktion bis z.B. p= 2,66 fort, so erhdlt man acht
Kurven fir die nachstehenden Werte: 1,13, 1,28, 1,44, 1,63, 1,84, 2,08, 2,36
und 2,66 (B.5).

Die Praxis hat gezeigt, daB auBer den obigen acht Grundkurven noch
zwischenliegende Kurven in beliebiger Anzahl bei ausreichender Genauigkeit,
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durch Interpolation gewonnen werden kénnen. Im Bild B.5 sind die erwéliten,
zwischen den Grundkurven liegenden Kurven der Deutlichkeit halber nicht
eingezeichnet.

DaR es genugt, die Kurvenschar nur bis p= 2,66 zu konstruieren,
ergibt sich aus folgender Uberlegung.

Wiird die in den elektrischen Maschinen praktisch vorkommende Hdchst-
induktion mit ungefédhr 25 000 G angenommen, so wird bei@= 0,4 im grdoRten
Querschnitt des Kdrpers eine Induktion auftreten, die kleiner als 10 000 G ist.
Die beigeordnete Feldstidrke wird also im Vergleich zu den Feldstiarken, die im
Bereich des kleinsten Querschnitts auftreten, sehr klein sein. Hieraus folgt,
daB es bei den praktischen Berechnungen geniigt, wenn man nur jenen Teil h'
der Hoéhe h des Koérpers in Betracht zieht, innerhalb welcher die Induktion
groBer ist als 40% der Hdochstinduktion, d.h. also a 0,4. Der Ubrige Teil
h— h' der Hohe kann gdnzlich vernachldssigt werden.

Die sich aufdie beschriebene Weise ergebende Kurvenschar wird im weiteren
als »Nomogramm« und die vom Verfasser ausgearbeitete, sich aufihre Benilitzung
stitzende Methode als »nomographisch« bezeichnet werden.

A ufGrund der Einfihring des Begriffes des dguivalenten Einheitskdrpers
sind wir vorlaufig imstande den Zusammenhang der Werte H, BOsowie des den
betreffenden &quivalenten Einheitsk6rper kennzeichnenden Wertes g einfach bes-
timmen zu kénnen (Bild B.2). Nunmehr wollen wir untersuchen, auf Grund
welcher Gedankengdnge wir den rein geometrischen Zusammenhang zwischen
verschieden geformten Einheitskdrpern einerseits und den ihnen zuzuordnenden,
in magnetischer Hinsicht &quivalenten Einheitskdrpern andererseits bestimmen
kénnen.

W ir wollen zuerst um die Forderung des Punktes a) zu erfiihlen diese
Frage an keilfdrmigen Einheitsk6rpern prifen.

Die Mindest- bzw. Hd&chstbreite des keilformigen Kdrpers betrage b2
bzw. 60, deren Verhdltnis ®/60= a. Dieser Kdrper soll durch einen keilfor-
migen Einheitskérper (Bild B6, a) ersetzt und die Induktionen 0 I(bxy/), die
in den Querschnitten der Breiten 1, @ und 1 a)/2 auftreten, solle n mit
B0, Bound BLbezeichnet werden. Den angefihrten Induktionen entsprechen
im Bild B6, b, die Strecken ab, cd und ef. Ohne einen nennenswerten Fehler zu
begehen, kann angenommen werden, daB sich die wirkliche Induktion Bx
zwischen diesen Strecken geméss einer solchen Parabel zweiten Grades dndert,
die durch die Punkte b, f, und d hindurchgeht. Dieser Induktionsverteilung
entspreche die Feldstdrkenverteilung Hx, die mit irgendeiner uns unbekann-
ten Kurve mn gekennzeichnet sei.

Nunmehr wollen wir den keilférmigen Einheitskdrper durch einen »aqui-
valenten Einheitskdrper« ersetzen, in dem definitionsgemdaR die Induktion linear
ansteigt, wobei wir offenbar von Aquivalenz nur dann sprechen kénnen, wenn das
Verhaltnis H zu BO bei verschiedenen Werten von BO dasselbe ist, wie im
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gegebenen keilformigen Einheitskdrper. Wir wollen annehmen, dall die minimale
Induktion dieselbe ist, wie im keilférmigen Einheitskdrper, also B0 = ab.
Dann ist noch die maximale Induktion g » B0 zu wdahlen. Wdre sie gleich dem
Werte B2= cd, so wdre die Verteilung der Induktion in diesem Falle durch
die Gerade bd gekennzeichnet. Wie wir sehen, wére die Induktion, die wir in
diesem Falle Bx nennen wollen (in Bild B6 fehlt dieser Buchstabe), fir alle

Bo

Bild B6

W erte von x/h (aufRer fiir 0 und 1) groRer als die der Kurve hfd entsprechende,
woraus wir schlieRen kdnnen, daR bei der Induktionsverteilung gemaR der
Geraden bd der sich ergebende Betrag H" hdher ist als der wirkliche Wert H.

Nunmehr nehmen wir an, daB die maximale Induktion des dquivalenten
Einheitskdrpers einen anderen geringeren Wert cg besitzt, bei dem die Flache
des Trapezes abgca gleich der Flache abfdca ist. In diesem Fall schneiden sich
die Parabel bfd und die Gerade bgim Punkt g, was zur Folge hat, dall die Gleich-
heit der Flachen abgc und abfdca analytisch wie folgt geschrieben werden kann:

rx,'h
; (Bx-B f)d _ Bf)d =0, (B.17)
0

wobei Bf die Abszissen der Geraden bg, Bx hingegen die Abszissen der Kurve
bfd und xgh die Héhe des Punktes q bedeuten.

Der neuen Induktionsverteilung B f der Geraden bg entspricht eine
neue nicht eingezeichnete Feldstidrkeverteilung H f. Da einer gewissen In-
duktionsé&nderung an den Stellen von kleiner Induktion eine geringere Feld-
stdrkendnderung entspricht als an den Stellen von grofer Induktion, ist das
Verhdltnis
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Hx- Hf
Bx Bf
im Bereich
0<JL< 31
h h
groler als bei
h h

Setzt man also in Gleichung (B.17) statt Bx— B"' den Ausdruck
Hx — H'x ein, so kénnen wir folgende Ungleichheit aufschreiben:
rx,!h

(Hx -HHd * - "™ (H™ Hxd : (B.18)

Jo h IXgjh

Anstatt dieser konnen wir auch schreiben:

"X
f Hxd > fHid * (B.19)
Jo h Jo h

oder, was dasselbe bedeutet:
H>H". (B.20)

Der zur Induktionsverteilung der Geraden bg beigeordnete Wert H™
ist also immer kleiner als die wirkliche Spannung H.

Damit wurde bewiesen, dall die gesuchte, den &quivalenten Einheitskdrper
kennzeichnende Gerade bh, l&ngs derer sich die Induktion derart verteilt, daBsich
eine dem wirklichen Wert H gleiche mittlere Feldstéarke ergebe, zwischen den
Grenzgeraden bd und bg liegen muB. Wird das Verhéltnis der Strecke kIl zur
Strecke ko mit e bezeichnet, d.h. also angenommen, daf

(B.21)

wobei mit k, | bezw. 0 die die Ordinate 1/2 besitzenden Punkte der Geraden
bg, bh bezw. bd bezeichnet werden, so kann das erhaltene Resultat folgen-
dermafen formuliert werden:

0 < e< 1. (B.22)

Die genaue Lage der Geraden bh zwischen den Grenzen bd und bg, die durch
den Wert e bestimmt wird — kann auf Grund nachstehender Uberlegung ge-
schatzt werden.
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Bezeichnen wir mit p den Schnittpunkt der die lineare Verteilung der
Induktion Bx darstellenden Geraden bh und der die tatsdchliche Verteilung
der Induktion Bx darstellenden Kurve bfd und nennen die zu den Werten B'x
gehodrigen Feldstarken H'x, so gilt offenbar definitionsgemdR fur die richtige
Lage der Geraden bh die Gleichung
- vy

h
(HX~H'Xd - f  (Hx-H x)d (B.23)
Jo h J xph h

rxP

wobei Xp/h die Héhe ist, in welcher sich der dem Punkte p entsprechende
Querschnitt befindet.

Andererseits ist es klar, daB je grofRer bei gegebener Induktion B O die
Grole o ist, je groBer also auch die maximale Induktion ist, desto groRer ist
in der Ndhe des kleinsten Querschnittes die der Induktionsdifferenz Bx — Bx
entsprechende Feldstdrkendifferenz Hx — H'x. Daraus folgt, daB, damit die
Gleichung (B.23) weiter Geltung habe, die Gerade bh desto ndher zur Grenz-
geraden bd liegen muf}, d.h. also s desto groBer sein muf}, je héhere Werte g
annimmt. Wie weiter oben ausgefiihrt wurde, liegen die fiur die Praxis in
Frage kommenden Werte von g zwischen 1 und 2,6. Es zeigt sich, da zwi-
schen diesen Grenzen mit praktischer Genauigkeit der Wert e dem Wert von
g proportional ist und der mittlere Wert e = 0,5 dem mittleren Wert g — 1,8
entspricht. Wir kénnen also setzen

e- (B.24)

Berlicksichtigen wir, dal gemdlR der Definitionen der Geraden bg, bd
und bh die Gleichungen gelten:

B 0~\-'iBIJrB,,

ek = (B.25)
6
ferner
€0 . B g+ Bn (B.26)
2
und
el Bu*~qgBO (B.27)
so ergibt sich, daf
Bo+4Bi+B2
KI ——el —ek = 4 - . .- | (B.28)
6
und daf
kn =60 — ok = BOLBL 9L 6” B (B.29>
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Setzen wir in Gleichung (B.21) fir kl aus (B.28), fur ko aus (B.29) und
fir e aus (B.24) ein, so erhalten wir:

B2+4B, 2Bo
L8 » (B.30)
B.,+ 2B1+ 4,4B0

Nachdem aber

b
=2 -g (B.81)
K
und
B , 2
b ¢ (B.32)
Ay 6, 1+a

ist, so erhalten wir, wenn wir in (B.30) sowohl den Z&hler als den Nenner
durch B2 dividieren und fur BJB 2 aus (B.31) und fur BJB., aus (B.32) ein-
setzen, als Endergebnis

1+ 7«—2«2

- B.33
Q- 18 —1+7,4«+4 4«2 (8:33)

Die Betrachtung der Formel (B.33) zeigt also die Richtigkeit der bereits am
Beginn des Abschnittes B erwdhnten grundlegenden Behauptung, daBR es
mdoglich ist — vorldufig zumindest fur den Fall des keilférmigen Kdorpers
des Bildes B.6 — den die Gestalt kennzeichnenden Koeffizienten g einfach
aus der gegebenen Konfiguration, die im Falle des keilférmigen Kdrpers ja
eben durch den Wert @wgekennzeichnet ist, zu berechnen.

Da wir bisher diese Tatsache nur fir den keilférmigen Einheitskdrper
gemé&Rl Punkt a) nachgewiesen haben, wollen wir zeigen, wie aus dem bisher
Entwickelten es mdglich ist der Forderung det Punktes b) entsprechend den
Koeffizienten g auch fur Einheitskdrper von anderer Gestalt zu bestimmen
(bei denen also die Funktion fAx/h) eine andere ist). Hierbei genlgt es,
dies bei dem Korper gem&RB Bild Al, ¢ nachzuweisen, da die prinzipielle
Methode fir die anderen Kdrpergestalten auf analogen Gesichtspunkten beruht.

Untersuchen wir solche Einheitskdrper, deren Querschnitt sich gemaR
einer Parabel zweiten Grades &ndert (Bild B.7).

Als einzige Einschrdnkung wird vorausgesetzt, daR sich die Breite des
Korpers langs der HOhe nur in einer bestimmten Richtung &ndert. Unsere
Aufgabe besteht in der Bestimmung einer einzigen Kurvenschar zur Angabe des
magnetischen Widerstandes aller derartigen Korper, obgleich die geometrische
Form des Kdérpers von zwei Parametern definiert wird.

Bei der Methode zur Bestimmung der magnetischen Verhdltnisse von
keilférmigen Korpern wurde angenommen, dal die der Wirklichkeit ent-
sprechende Verteilung der magnetischen Induktion l&ngs der Hdohe des Ein-
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heitskdrpers durch eine parabolische ersetzt werden kann. Demnach kdnnte
man, falls sich die Induktion im Kod&rper (Bild B7, a) gleichfalls nach einer
beliebigen Parabel zweiten Grades verteilen Wirde, auch fir diesen Kdrper
die gleiche Methode anwenden. Mit anderen Worten: Wirde man den Fall des
im Bild. B7, a gezeigten Einheitskdrpers auf den Fall des keilfdrmigen Kdrpers
reduzieren, so kénnte man die oben besprochene Kurvenschar fir diesen »redu-
zierten Einheitskdrper« konstruieren und die vorherige nomographische Methode
anwenden.

Bild B7

Zu diesem Zweck werden folgende Operationen durchgefuhrt:

Der Einheitsk6rper ACDB (Bild B7, a) wird durch einen keilfdrmigen
Korper AGEFHB ersetzt, der von den Tangenten EGA und FEIB begrenzt
ist, die zu den Parabeln AKC und BLD in den Punkten A und B konstruiert
wurden. Nehmen wir an, daR sich die dem FIluR &I(bOyl) entsprechende In-
duktion Bx in diesem Fall gemaR einer Kurve bed verteilt, die wir ohne prak-
tischen Fehler ebenfalls als parabolisch annehmen werden (Bild B7, b). Beim
Vergleich der beiden Kdrper kann man feststellen, dafl ihre Héchstinduktionen
gleich sind, und daR die Breite des Korpers AGEFHB in der N&dhe des kleinsten
Querschnitts von der Breite des Korpers AKCDLB nur sehr wenig abweicht.
Deshalb ist der Unterschied der Induktion der beiden Kdrper in diesem Be-
reich und folglich auch jene der Feldstdrken vernachléssigbar.

Somit kann mit Kecht angenommen werden, dafl die Abszissen der
Parabel bed in der Ndhe des Punktes d zugleich auch die Induktionsverteilung
des Korpers AKCDLB darstellen. Das gleiche gilt auch fir andere beliebige
Parabeln, wenn diese durch den Punkt d hindurchgehen und in diesem Punkt
ihre Differentialquotienten mit dem Differentialquotienten der Parabel bed
identisch sind. Wenn man von allen mdéglichen, derart definierten Parabeln
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jene Parabel b'e'd wéhlt, deren Abszisse im Punkt xjh = 1 gleich der im Quer-
schnitt CD tatsachlich herrschenden Induktion ist, so wird durch die Abszissen
der Parabel b'e'd die wirkliche Induktionsverteilung sowohl in der N&he des
groBten als auch in der N&he des kleinsten Querschnitts sehr genau wider-
gespiegelt.

Im allgemeinen weicht aber die wirkliche Induktion fe" im mittleren
Querschnitt KL von der Abszissefe' der Parabel b'e’d etwas ab, weil die Kurve
der wircklichen Induktionsverteilung (im Bild B.7, b nicht eingetragen) einer
Parabel nicht véllig gleichkommt. Es soll vorausgesetzt werden, dassfe" ~>/e';
dann wird der Wert H, welcher der Induktionsverteilung der Kurve b'e’d
entspricht, etwas kleiner als der wirkliche Wert sein.

W irde man die Parabel b'e'd durch die Parabel b'e"d ersetzen, so wiirden
die Abszissen der letzteren im Bereich des Punktes xjh = 1/2 die wirkliche
Induktionsverteilung darstellen, doch wirde man im Bereich der Punkte
Xjh 0 und x/h = 1 etwas zu groBe Induktionswerte erhalten. Folglich wére
der nach der Parabel b'e'd berechnete Wert H etwas grofer als der wirkliche.

Somit kénnen wir fir die Werte H zwei Grenzen angeben: der genaueste
Wert von H wird durch eine solche Parabel b'e™d (sie ist im Bild B 7, b
nicht gezeigt) geliefert, die zwischen die beiden Grenzparabeln b'e'd und b'e"d
fallt. Zur Schatzung der Lage des Punktes e™ kann man von folgender Uber-
legung ausgehen. In der N&he des Punktes x/h = 0 sind die Abszissen der
Parabel b'e™'d etwas grdRer als die von b'e’d, die an dieser Stelle der wirk-
lichen Induktionsverteilung entsprechen. Im Bereich des Punktes x/h = 1/2
sind die Abszissen der Parabel b'e"'d etwas kleiner als die von b'e'd, die im
gegebenen Bereich der wirklichen Verteilung entsprechen. Der Fehler, den
man bei der Induktionsberechnung im Bereich des Punktes x/h = 0 infolge
des Uberganges auf die Parabel b'e"'d begeht, wirkt sich aber auf den resultie-
renden Wert von H mehr aus, als der im Bereich des Punktes x/h — 1/2 be-
gangene, weil die Permeabilitdt der ferromagnetischen Kdrper fir groRe
Induktionen klein ist. Punkt e™ mufl daher ndher zum Punkt e' als zum Punkt
e" fallen. Im weiteren wird vorausgesetzt, dal die Strecke e'e” durch den Punkt
e™ im Verhdltnis von 1:2 geteilt wird, dall also

e'e* = 05e"e" (B.34)

ilt-

’ Demnach wurde bewiesen, daR die tatsdchliche Induktionsverteilung im
Kdrper AKCDLB mit parabolischen W&nden durch die Induktionsverteilung
nach der nicht gezeichneten Parabel b'e"'d ersetzt werden kann. Dies bedeutet,
dall der »wirkliche Einheitskérper« aufeinen solchen »reduzierten Einheitskérper«
zuriickgefihrt werden kann, in welchem sich die Induktion der obigen Parabel
gemaR verteilt.
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Der reduzierte Einheitskdrper besitzt in der Hohe xjh = 1 die Induktion

ab = - = B,, (B.35)
boyl
in der Hohe x/h = 0 die Induktion
0
cd B,, (B.36)
b.yyl

und in der Hohe x/h = 1/2 die vorldufig noch unbekannte Induktion fe'™
Bezeichnen wir das Verhaltnis fe"'IB2 mit B, so kdnnen wir schreiben

(B.37)

Fir den Koeffizienten g eines Kdrpers, in dem sich die Induktion geméR
einer quadratischen Parabel verteilt, haben wir bereits die allgemeine Formel
(B.30) abgeleitet. Setzen wir in diese fur By den Wert Je'™ aus (B.37) und fur
B 0 aus (B.31) ein, erhalten wir die Formel

e= ig. LT2arab (B.38)
|+ 4,4« + 2I?

Was den Koeffizienten R betrifft, so ist seine Groe gemdal der Formel
(B.36) gleich

iV (B.39)

cd

Da durch die im Zusammenhang mit der im Bild B7 beschriebene Metho-
de der Bestimmung der durch die Punkte b’™ und d festgelegten quadrati-
sche Parabel letztere als Funktion der drei Breiten CD = 1, KL = bRb0 und
AB = DbZbn des gegebenen ferromagnetischen Kdrpers genau determiniert ist,
kdnnen wir Je™ sowie cd berechnen und erhalten schlieRlich fur B

4

_tordfel b2 2(- @+ d&-260 T obon g OO

Das gleiche Ergebnis hé&tte man auch dann erhalten, wenn man von der
Bedingung Je" < Je' ausgegangen ware.

Deshalb ist die Formel (B.40) von allgemeiner Giultigkeit.

Auf Grund &hnlicher Gedankengénge, wie die die Formeln (B.38) und
(B.40) ergebenden, wird ermdéglicht, das Nomogramm und die aufihm basierende

Ada Technica Academiae Scientiarum Hungaricae 73, 1972



DIE NOMOGRAPHISCHE METHODE DER BERECHNUNG 33

nomographische Methode auch fir die Ubrigen der im Bild Al gezeigten Korper
anzuwenden. Wir haben also an Hand von zwei Beispielen exakt die Grund-
these des nomographischen Verfahrens nachgewiesen, daf tatsdchlich prin-
zipiell jeder beliebige der im Bild Al gezeigten Grundkdrper von beliebiger
monotoner Gestalt durch einen nur auf Grund der geometrisc .ien Konfiguration
zu berechnenden Koeffizient 5 dargestellt werden kann, wobei die GrdéBe q
jedesmal durch zwei denkbare, sehr nahe zu einander liegende extreme

Bild B8

Werte gefunden wird. Die diesem Wert g entsprechende Kurve des Bildes
B5 widerspiegelt genau die Beziehungen zwischen den magnetischen und geo-
metrischen Parametern. Nunmehr wollen wir im iveiteren die Losung der ibrigen
im Abschnitt A aufgezéhlten Probleme nur kurz andeuten.

So wurde z.B. im Abschnitt A die Tatsache erwéahnt, daB die klassische
Theorie das Problem der Ersetzung eines ferromagnetischen Kdérpers durch einen
magnetisch dquivalenten von anderer Gestalt nie gestellt hat. Demgegenlber mdge
Bild B8 wenigstens andeuten, dall die Losung dieser Aufgabe fur die nomographi-
sche Methode durchaus mdéglich ist. Nehmen wir z.B. an, dall einem bestimmten
Korper die Kurve Orim Bild B8 entspricht. Der Punkt Cy mdge jenen Punkt
dieser Kurve andeuten, bei dem der Induktion B0 von der Grosse LCX die
mittlere Feldstdrke H = V/h entspricht. Denken wir uns nunmehr den Punkt
Cy bei derselben Ordinate H nach links verschoben, so bedeutet dies, dall der
Koeffizient sich auf die Betrdge g2 g3 u.sw. vergréfRert und gleichzeitig die
Abszisse B0 sich auf bestimmte Werte BO, BO, usw. verringert hat, Denken
wir uns die Verringerung von B0 dadurch eingetreten, dal der gréfte Quer-
schnitt QO des Kdrpers bei gleichbleibendem Wert des Flusses 0 dementspre-
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chend sich auf die Werte Q0, QGusw. vergréBRert, so sehen wir, dal die ma-
gnetischen Hauptparameter 0 und V sich nicht gedndert haben, dagegen die
Konfiguration in starkem Male. Es zeigt sich hierbei, dall die verschiedensten
Konfigurationen des dquivalenten Einheitskdrpers denselben Werten 0 und
V entsprechen, z.B. die, bei der die Induktion vom Werte B0 linear auf
den Wert pxe B0Oj anwéchst, oder die, bei der die kleinere Induktion BO
dementsprechend steiler auf den Wert g2« B0 anwdchst, der gréfer ist als

Qi mB or usw-

Auf diesem Prinzip weiterbauend, wollen wir im weiteren auch kurz an-
deuten, auf welchem Weg das im Zusammenhang mit Bild Al gestellte Problem
der Ersetzung von in Reihe geschalteten ferromagnetischen Kérpern nomographisch
gelést werden kann. Bild B9 zeige dies fur zwei derartige &dquivalente
Korper. Der eine besitze die Hohe h\ und seine Induktion wachse linear
l&ngs der Geraden b—c von B Q[ auf den Wert gj mB 0. Der zweite besitze die
Hohe hu und seine Induktion wachse ldngs der Geraden e—f von Bna auf
Pu «BO. Nun haben wir auf Grund des Bildes B8 festgestellt, dal z.B. die
Induktionsverteilung ldngs der Geraden b—c durch eine dquivalente ersetzt
werden kann, bei der B Ol gréBer wird, aber gi « BOl kleiner wird. Eine derar-
tige denkbare dquivalente Induktionsverteilung kdnnte also fir den Kdérper
mit der Hohe hi z.B. die Verteilung langs der Geraden h—k sein. Analog kénnen
wir uns vorstellen, daR im Kdrper mit der Hdéhe hu die Induktionsverteilung
gemdR der Geraden e—f durch eine &quivalente Verteilung gemdaR der Ge-
raden k—1 ersetzt wird. Solche dquivalente Geraden gibt es offenbar wie aus
Bild B8 hervorging, viele mogliche. Wenn wir aber von diesen jene Geraden
m—k und k—1 auswéhlen, die zusammen eine einzige Gerade m—1 ergeben,
so bedeutet dies offenbar, dal wir die beiden magnetisch in Reihe geschalte-
ten Korper mit der Héhe hi bezw. hu durch einen einzigen &quivalenten
ersetzt haben, der die Hohe h\ -\- h\\ besitzt und in dem die Induktion vom
Wert J31 auf einen Wert pres » BO&s Unear ansteigt. Dies bedeutet, dalR es
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maoglich ist, die beiden Kdrper, von denen der eine durch h\ B und Q und
der andere durch h , Bnnund gn gekennzeichnet ist, durch einen einzigen
resultierenden zu ersetzen, der durch die Werte h\ -f- /in-, BO aund qres ge-
kennzeichnet ist.

Da im Buch des Autors der hier angedeutete Weg der Ldsung der beiden
erwdhnten Probleme genau geschildert wird, wollen wir die Einzelheiten dieser
Frage nicht mehr weiter verfolgen, sondern zu einem anderen Problem, nadmlich
dem der Wirkung der parallelgeschalteten Nut gemaR Bild M4 ubergehen.

Es lalRt sich beweisen, dall die Fliisse des Bildes A4 durch zwei solche
ersetzt werden kdénnen, die fir jeden Wert x dieselbe GrdfRe besitzen. Den
durch den Zahn gehenden FIuB werden wir mit <z bezeichnen und den durch
die Nut gehenden mit &n. Der Wert des letzteren ist

(B.41)

wobei der Koeffizient
C=f(Q)> 1 (B.42)

ist und fir jedes berechnete q leicht bestimmbar ist. Fur diesen Fall sind im
Nomogramm gemdR Bild BIO aufer den Kurven g auch noch vom Mittel-
punkt 0 ausgehende Geraden vorgesehen, von denen jene, mit A bezeichnete
ausgewdhlt wird, fir die

0,4weC
tg s = (8.43)
boYli

ist. In diesem Fall ist offenbar die Strecke LM gleich 0n/(60 *yl.-) wobei Z
die ideale Lénge des Ankers ist. Da, wie wir bereits wissen, die Strecke LC
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der Grofe BO= 01z(boyli) entspricht, gibt die Strecke MC jenen Wert der
Induktion

Br=~~-, (B.44)
K rh

aus dem fir den gegebenen Wert V = H mh der entsprechende Wert &x
(und umgekehrt) leicht bestimmt werden kann.

In diesem Zusammenhang moge auch kurz auf folgende Tatsache hinge-
wiesen werden. Nach dhnlichen Prinzipien, wie die Ersetzung von magnetisch in
Reihe geschalteten Kdérpern (z.B. gemé&RB Bild A7) durch einen einzigen magne-
tisch dquivalenten Kdrper von einfacher Gestalt erfolgt, ist es auch maéglich,
in Reihe geschaltete Zahn-Nut-Bereiche, von deren jeder aus je einem Zahn
und einer parallel geschalteten Nut besteht, (z.B. gem&R Bild As bezw. A9)
durch einen einzigen &dquivalenten Zahn-Nut-Bereich von einfacher Konfi-
guration zu ersetzen, der den in Reihe geschalteten magnetisch in dem Sinne
dquivalent ist, daB jeder beliebige FIuR I>Tim &quivalenten Bereich jene Span-
nung XV erzeugt, die die Summe der durch <Xin den einzelnen Bereichen her-
vorgerufenen Spannungen V darstellt. Da diese Methode im erwdhnten
Buche des Autors genau dargestellt ist, wollen wir auf diese Frage nicht
weiter eingehen.

Nunmehr erzeugen auch die in bezug auf Bild A5 und A6 sich fir die
klassische Theorie ergebenden Probleme keinerlei prinzipielle Schivierigkeit
mehr, wenn sie nomographisch gelést werden.

Vorher setzen wir fest, dafl

V= HO. (B.45)

Nun betrédgt im Bild A5 der Spannungsabfall langs des Zahnes V = H mh
und die magnetische Spannung zwischen der inneren Polfliche und dem
Zahngrund Fo= HO mh. Die Differenz VO— V ist gleich

VO—V = B6m , (B.46)
0,4n
wobei
B6= (B.47)
V,’h

gleich ist der mittleren Luftspaltinduktion des Flusses der Nutteilung tn.
Setzen wir aus (B.44) in (B.47) fur <PTein und aus (R8.47) in (B.46) fur

Bs ein, so erhalten wir die Formel
0,4€hrn
dkcbOy

B (HO H) (B.48)
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Multiplizieren wir beide Seiten dieser Gleichung mit HJ(HO0O— H),
so erhalten wir
0 Arrhr
hO' :B*= H°: H (B-49)

In dieser Gleichung sind bei gegebener GroRe Hiy also bei gegebener
Grole VU die beiden Werte Brund H unbekannt. Sie kénnen aber nunmehr
gemdl Bild BIl auf Grund folgender nomographischer Zusammenhénge ge-

funden werden. Wir bestimmen auf der Geraden OA, die dem gewdhlten der
Nut entsprechenden tg R entspricht, jenen Punkt D, dessen Ordinate DE
gleich

UE = HU, (B.50)
ist, und auf der Abszissenachse jenen Punkt F, dessen Abszisse die Grolle

OF IjJE "- lt/it. (851)
Okcbuy
besitzt. Wenn wir die Punkte D und F durch die Gerade D F miteinander ver-
binden, schneidet letztere aus der p-Kurve einen Punkt C heraus, dessen Ordi-
nate gleich H ist und dessen horizontale Entfernung CM von der Geraden OA
die GroRe Br besitzt. Dies geht aus der Ahnlichkeit der Dreiecke DOF und
DMC hervor, da diese zur Folge hat, dal

OF:MC = HO:(HO~H), (B.52)

was genau dasselbe ausdriickt, wie die Gleichung (B.49). Wie friher ergeben
sich mit der GroRe Br auch die Werte Bn bzw. B0 in Gestalt der Strecken
ML bzw. LC.
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Wir sehen also, dal wir zu dem gegebenen Wert VO= HJh in einfachster
Weise die GroRen Vm= Hh, Or= bOyItBz, 0Z— bOyIjBO0 und &n — bQliBn
nomographisch bestimmen kénnen.

Es zeigt sich also, dal auf Grund der nomographischen Konstruktion
gemal Bild B Il nichtnurfir die gegebene GréRe HOund Luftspaltdicke 0 im Falle
des Bildes AS sofort die dazu gehdrigen magnetischen Parameter gefunden werden
kénnen, sondern, daB auf diese Weise nunmehr auch im Falle des Bildes A6,
der der klassischen Theorie so groe Schwierigkeiten bereitet, in duferst einfacher
Weise sdmtliche uns interessierenden Parameter abgelesen werden kdénnen.

Nehmen wir zuerst an, daB die Maschine leerlauft und daher an samt-
lichen Stellen des Luftspaltes dieselbe GroRe VOwirkt. In diesem Fall missen
wir nur fir jede Nutenteilung den zu dieser Stelle gehdrigen Wert 0 ¢ kc
des sich &ndernden Luftspaltes bestimmen wund entsprechend der Ver-
groBerung des Luftspaltes die Entfernung OF gem&R der Formel (B.51)
verkleinen. Den so erhaltenen neuen Punkt F mit dem gleichgebliebenen
Punkt D verbindend, erhalten wir einen neuen Schnittpunkt C und dement-
sprechend die neuen Parameter H und Bz d.h. wir erkennen unmittelbar,
um wie viel gemaR Formel (B.47) und (B.44) die Luftspaltinduktion Bo mit
der VergroBerung des Luftspaltcs abnimmt.

Handelt es sich nicht um Leerlauf, sondern um den Fall der Belastung,
so ist die Bestimmung der Verteilung der Luftspaltinduktion BO genauso
einfach. Da nunmehr in irgendeiner Entfernung von der Polmitte fy die
zwischen Polflache und Zahngrund wirkende magnetische Spannung anstatt
des Wertes VOden Wert VO + y 'A besitzt, erhdalt DE nunmehr die GroRe

DE = V<, #yA , (B.53)
h

d.h. fur verschiedene Stellen des Luftspaltes erhalten nunmehr nicht nur die
Punkte F gemdR (B.50), sondern auch die auf der Geraden OA liegenden
Punkte D andere entsprechende Lagen. Werden die derart sich ergebenden
Punktpaare verbunden, ergeben sich analog zum Fall des Leerlaufes die
entsprechenden Punkte C und damit die magnetischen Parameter H und Br.
W ir sehen also auch die interessante Tatsache, daf fir die nomographische Methode
Leerlaufund Belastung sich nur dadurch unterscheiden, dafl der erste den Grenz-
fall der letzteren darstellt.

Wir kénnen aber genauso einfach, wie die soeben geschilderten, auch andere
praktisch &uferst wichtige Fragen beantworten, z.B. die Frage, welche Gestalt
der Luftspalt besitzen soll, damit die Verteilung der GréRBen Bd eine gewiinschte
Gestalt erhdlt. Hierzu ist es offenbarenur notwendig, auller den zu einer bestimm -
ten Stelle des Luftspaltes gehdrigen Punkt D auch noch den zur gewiinschten
GroRe B&gehorigen Punkt C festzulegen. Die Verbindungsgerade DC schneidet
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offenbar aus der Abszissenachse jenen Punkt F heraus, fir den sich gemaR
der Formel (B.51) die notwendige GroRe bkc ergibt. Auch in diesem Fall
ist es offenbar prinzipiell gleichgultig, ob die gewilnschte Form der peripheri-
schen Verteilung der GroRen Bosich bei Leerlauf oder Belastung ergeben soll.

Bis jetzt haben wir in diesem Abschnitt die Prinzipien aufgezeigt, auf
Grund derer die nomographische Methode die verschiedensten, im Abschnitt
A aufgezédhlten Probleme I&st.

Als letztes wollen wir noch ganz kurz das Grundprinzip anfihren, aufGrund
dessen nomographisch auch die magnetischen Parameter des geséattigten Polvor-
sprunges bestimmt werden kénnen. Wir gehen hierbei im Anfang &hnlich vor, wie
wir dies bei der Berechnung der Koeffizienten g getan haben. Wir suchen
namlich zwei einander nachliegende Grenzen, innerhalb derer sich die gesuchten
magnetischen Parameter befinden mussen. Der Grundgedanke ist hierbei folgender.

Wir gehen zuerst von der Annahme aus, daB V\ — 0, Vu = 0 und
Thix = 0. Fur diesen Fall lassen sich offenbar die entsprechenden Werte
O0yt, Oy\\ und Oyu\ in einfacher Weise, auf Grund der in dem Bild B Il ge-
zeigten Methode feststellen. Ebenso kénnen die Grofen &aj, &a und <%, in
einfacher Weise geméaR der Lehmann-Richterschen Methode berechnet werden.
Auf dies Weise kénnen fiir den erwdhnten Fall auch die sich ergebenden Sum-
menflusse in jedem der Teile I, Il und IlIl bestimmt werden. SchlieBlich
kénnen wir nomographisch fir jeden der Teile I, Il und Ill jene magnetischen
Spannungsabfédlle Fimax, Fnmax und Vuimax bestimmen, die durch die er-
wéhnten Flisse hervorgerufen werden. Hiebei stellen die Werte Vimax, Vumax
und V\u max eine obere maximale Grenze fir die wirklichen gesuchten Werte V\,
Vu und Vm dar. Dies ergibtsich einfach aus der Tatsache, dafl die oben erwé&hn-
ten Flisse wegen der anfédnglichen Vernachldssigung der schwéchenden Wirkung
der GroRen V groRere Werte annahmen, als sie in Wirklichkeit besitzen.

Berechnen wir nunmehr zum zweiten Male die verschiedenen Flisse i>y
und O0a mit Berlicksichtigung der soeben erhaltenen GrdBen Fimax, Fiimax
und Fuimaxiso erhalten wir offenbar Flusse, die geringer sind als die wirklichen.
Die auf Grund dieser Flusse in den Teilen I, 11 und 111 sich ergebenden Grdfen
Fimin» Fnmin und Fm mjn stellen daher nunmehr den minimalen Grenzfall
fir die Werte Fj, Fn und FIn dar. Die Frage, wie zwischen den auf die ge-
schilderte Weise erhaltenen Grenzfallen die letzteren bestimmt werden, wollen
wir im weiteren, als nicht prinzipiell, nicht weiter behandeln, uzw. deshalb nicht,
weil sie ja in dem, am Beginn dieses Artikels erwdhnten Buch des Autors aus-
fuhrlich beschrieben ist

Hierbei moge nur noch eine fiir die ganze nomographische Methode sehr
wesentliche Tatasche erwahnt werden, die im Abschnitt D eine wichtige Rolle
spielen wird. Dies ist der Umstand, da im Buch sa&mtliche Lésungen in Form
von ganz einfachen, durch praktische Berechnungsbeispiele demonstrierten
Instruktionen gegeben werden.
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C. Die bisherige Anwendung elektronischer
Rechenmaschinen zur Berechnung magnetischer Kreise elektrischer
Maschinen

In den letzten Jahre wurden von vielen Autoren elektromagnetische Probleme
mit Hilfe der Amvendung elektronischer Rechenmaschinen gelést. Diese Methode
hat sich als umso fruchtbarer erwiesen, je mehr es sich um derartige Fragen
handelt, deren Beantwortung die Ldsung komplizierter Systeme von Diffe-
rentialgleichungen erfordert. Nehmen wir z.B. das Problem, die im Bild Al
angedeutete Induktionsverteilung fir den Fall zu bestimmen, in dem die
Erregerdurchflutung nicht durch einen unendlich dinnen Strombelag ersetzt
wird, sondern tatsdchlich den grdéfRten Teil des Raumes zwischen Pol und
Wendepol ausfillt. In jedem Punkt der Durchflutung gelten in diesem Falle
Beziehungen, die die differentiale Anderung der Durchflutung mit der diffe-
rentialen Anderung der Induktionsverhaltnisse gegenseitig verbinden und
komplizierte Differentialgleichungen ergeben. Es ist klar, daB in diesem Falle
die Rechenmaschine, wenn sie mit den den Randbedingungen entsprechenden
Daten gespeist wird und wenn der zu untersuchende Raum in eine genligende
Anzahl von sehr kleinen Elementen aufgeteilt wird, imstande ist, die samt-
lichen dieser Teile entsprechende Ld&sung rasch und genau zu berechnen,
wodurch sich schlieBlich die gesuchte Lage der Induktionslinien ergibt.

Es ist auch klar, dal Probleme, die mit der Nonlinearitat der ferroma-
gnetischen Kdrper Zusammenhdngen, mit Hilfe der elektronischen Rechen-
maschine gelést werden kénnen. Wenn wir z.B. im Querschnitt einer Gleich-
strommaschine nicht nur die den verschiedenen Durchflutungen entsprechen-
den Raume sondern auch das gesamte Eisensystem in eine sehr grofle Zahl
von dufBerst kleinen elementaren Fldchen aufteilen, so ist es offenbar mdéglich,
die Induktionslinien nicht nur in den von der Durchflutung erfiillten Rdumen,
sondern auch im Eisen zu erhalten, wofern die Rechenmaschine fir jeden der
erwédhnten Elementarflichen das sich bestdndig &ndernde Verhéltnis zwischen
der Feldstdrke H und der Induktion B berlicksichtigt. Offenbar erfordern diese
und &hnliche Aufgaben eine sehr komplizierte und langwierige Arbeit der
Programmierung. Diese zahlt sich unbedingt in jenen Fallen aus, in denen
eine andere Methode einfach nicht zum Ziele fithren kann. Als Beispiel fur
einen solchen Fall sei z.B. die Bestimmung der Verteilung von Wirbelstromen
in geséttigten Eisenteilen erw&hnt. Die sich in einem derartigen Fall ergebenden
Differentialgleichungen, in denen aufler der von Punkt zu Punkt sich d&ndern-
den Stromdichte auch die von Punkt zu Punkt sich auf komplizierte Weise
&ndernde Permeabilitdt fungiert, sind offenbar praktisch nur mit Hilfe der
elektronischen Rechenmaschine losbar, und in diesem Fall ist es einfach un-
vermeidbar, die entsprechende grofe Programmierungsarbeit auf sich zu
nehmen.
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Nun kommen aber bei der praktischen Berechnung von elektrischenMaschi-
nen derartige Aufgaben nur verhdltnismé&Rig selten vor, da man im allgemeinen
— wie dies die Abschnitte A und B des vorliegenden Artikels an Hand einiger
Bespiele gezeigt haben — sich die magnetische Verteilung der gesamten Maschine
auf einzelne verhdltnismaRig einfache magnetische Kreise aufgeteilt denkt,
uiobei die gesuchten Parameter fur jeden dieser Kreise getrennt berechnet werden.
Da in diesen, den weitaus groRten Teil der praktischen Aufgaben darstellenden
Féllen die sich auf die gesamte Maschine beziehende genaue Verteilung der
magnetischen Parameter (die auch den Ubergang zwischen den erwihnten
einzelnen magnetischen Kreisen zeigen wirde) uberflissig ist, ist es klar, daR
die Ldsung dieser Aufgaben mit Hilfe einer solchen Programmierung, auf
Grund derer die elektronische Rechenmaschine die sich auf sdmtliche Punkte
der Maschine bezeichnende genaue Gesamtverteilung ergibt, zu kostspielig
wadre und einen zu groBen Arbeitsaufwand beanspruchen wirde. Aus diesem
Grund hat sich die oben beschriebene Art der Anwendung der elektrischen
Rechenmaschine in der Praxis der Berechnung elektrischer Maschinen bisher
nur bei wissenschaftlich-theoretisch zu nennenden Aufgaben, wie es die oben
aufgezahlten sind, praktisch durchsetzen kdnnen.

Andererseits haben wir aber im Abschnitt A dieses Artikels gezeigt,
daB die praktische Berechnung der in den erwdhnten einzelnen magnetischen
Kreisen auftretenden magnetischen Parameter mit Hilfe der klassischen
Berechnungsmethoden bei Zunahme der Séttigung und der Kompliziertheit
der geometrischen Konfiguration nur mit Hilfe eines sehr groBen Arbeitsauf-
wandes oder Uberhaupt nicht mdéglich ist.

Natirlich ist es auch mdglich, die Formeln, deren sich die klassische
Methode bedient, als Grundlage fir die Programmierung der elektronischen
Rechenmaschine zu verwenden und so die zur Berechnung notwendige Zeit
bedeutend zu verkirzen. Da aber, wie wir gesehen haben, die klassische Methode
dazu fihrt, daR die Ldsungsversuche immer wieder wiederholt werden mussen
und zwar desto 6fter, je komplizierter der Zusammenhang zivischen S&ttigung und
geometrischer Konfiguration ist, ivirde mit dieser Kompliziertheit auch die der
Programmierungsarbeit rasch anwachsen und die Zweckmé&Rigkeit der Verwen-
dung der Rechenmaschine immer mehr in Frage gestellt sein. Auflerdem madge
daran erinnert werden, daB die klassische Methode gewisse, wie wir gesehen
haben, grofRe prinzipielle Wichtigkeit besitzende Aufgaben niemals formuliert
hat, wie z.B. die Frage der magnetischen Aquivalenz von Kérpern verschiede-
ner Konfiguration, die Ersetzung von in Reihe geschalteten Kdérpern durch
einen Aquivalenten und (berhaupt die Frage der genauen Darstellung und
Untersuchung der Wechselwirkung zwischen der Konfiguration und den
magnetischen Parametern. All diese Fragen konnte die klassische Theorie nicht
stellen, weil es von vornherein klar ivar, dall die Lésung derartiger Fragen eine
ganz ungeheure Menge von stdndigen Versuchsberechnungen sowie die stén-
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dige Entscheidung dariiber ndtig macht, in welche Richtungen die Versuche zu
dndern sind. Bei der Verwendung der Rechenmaschine wiirde dementsprechend
die Programmierungsarbeit so langivierig und kompliziert werden, dafl man
letzten Endes aus diesem Grunde auf die Losung der erwd&hnten Probleme auch
bei Verwendung der elektronischen Rechenmaschine praktisch verzichten mifRte.
Dies wirde aber folgendes bedeuten: Die Anwendung der Rechenmaschine
wirde nur zur Beschleunigung der Ldsung derjenigen verhéltnismé&ssig ein-
fachen Aufgaben verwendet werden, die der Berechner von elektrischen
Maschinen im Betriebe bisher auf Grund der klassischen Methoden manuell
durchgefiihrt hat. Die groBe Zahl der vom Autor in seinem Buche ausfuhrlich
aufgezahlten, hier nur teilweise und oberflachlich berihrten, praktisch wichtigen,
aber bisher fiir unlésbar gehaltenen Aufgaben wiirden auch weiter als unlésbar
gelten und miRte sich der Berechner wie bisher mit dieser Tatsache abfinden.

Unter diesen Umsténden ist es nur selbstverstandlich, daf sich als moglicher
Ausweg aus der geschilderten bedauerlichen Lage der Gedanke ergab, die Berech-
nung der Parameter der erwdhnten einzelnen von einander getrennten magneti-
schen Kreise mit Hilfe der elektronischen Rechenmaschine, nicht ausgehend von
den die klassischen Methoden kennzeichnenden Formeln durchzufiihren, sondern
ausgehend von den Gedankengéngen der nomographischen Methode des Autors.
Dafir spricht offenbar die Tatsache, daB bei der letzteren — wie dies im Ab-
schnitt B gezeigt wurde — die geometrische Konfiguration als selbststdndiger
Parameter auftritt, wodurch die Zusammenhdnge zwischen der Konfiguration
und den magnetischen Parametern sehr vereinfacht werden und daher die
notwendige Berechnungsarbeit im Vergleich zur klassischen Methode verhalt-
nisméfRig sehr wenig Arbeitsaufwand erfordert. Es lag also der Gedanke nahe,
daR auch die Programmierung einer elektronischen Maschine bei Verwendung
der durch die nomographische Methode ausgearbeiteten einfachen Formeln und
Zusammenhadnge verhé&ltnismaRig einfach ist und es ermdglicht, die Zeit, die die
manuelle Anwendung der nomographischen Methode erfordert, in bedeutendem
Male zu verringern.

Soweit es dem Autor bekannt ist, haben sich zum ersten Mal eine zu
diesem Fragenkomplex gehdrige Aufgabe die Sowjetautoren B. A. Kitait-
schik und G. G. Gromov in einem in der Nr. 6 der Zeitschrift Isvestija vius-
schih Utschebnih Zavedenii (Elektronika) im Jahre 1970 verdffentlichen Artikel
gestellt.

Die Aufgabe bestand darin, die Verteilung der Luftspaltinduktion in
dem l&dngs der Peripherie des Ankers eines Zugmotors verdnderliche Dicke
besitzenden Luftspalt gemdaR der im Zusammenhang mit dem Bild B Il be-
schriebenen nomographischen Methode festzustellen, wobei aber die Berech-
nung mit Hilfe einer elektronischen Rechenmaschine durchgefiihrt wurde.
Zu diesem Zwecke berechneten die genannten Autoren den den keilférmigen
Ankerzdhnen entsprechenden Koeffizient o= 1,6, nachher bestimmten sie
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die zu den verschiedenen mdglichen Abszissen gehdrigen Ordinaten der ge-
winschten Kurve fir p= 1,6. Die derartig erhaltenen Abszissen und Ordi-
naten dieser Kurve wurden in der elektronischen Rechenmaschine gespeichert.
AuRerdem wurden die Gleichungen einprograimniert, die geméaR des am Beginn
dieses Artikels erwdhnten Buches des Autors die Lage der Geraden DF fur die
zu verschiedenen Stellen des Luftspaltes gehdrigen Werte 6 ¢kc kennzeich-
nen, worauf die Rechenmaschine die gesuchten magnetischen Parameter der
Punkte C berechnete, die sich als Schnittpunkte der verschiedenen Geraden
DF mit der im Speicher fixierten Kurve fir q = 1,6 ergaben.

Auf die Frage, oh die Methode der Leningrader Autoren tatsdschlich
einen praktischen Weg zur Uberfiihrung des gesamten, bisher auf manuellen
Verfahren beruhenden nomographischen Systems auf die elektronische Rechen-
maschine zeigt, mufB festgestellt werden, dal dies leider aus den im Weiteren
ausgefihrten Grinden nicht der Fall ist.

An der erwédhnten Berechnung fallt ndmlich auf, da nur ein einziger Wert
p= 1,6 fungiert, wdhrend im allgemeinen bei den im Buche aufgezéhlten
Aufgaben die verschiedensten Werte von g zu berechnen sind. Dies war den
Autoren einerseits dadurch mdglich, daf die Z&hne des zu berechnenden
Zugmotors keilférmig waren, wéhrend zur Berechnung solcher Zahnformen,
die sich aus mehreren in Reihe geschalteten Teilen zusammensetzen, die
Werte qfir jeden der erwédhnten Teile bekannt sein miBRten. Andererseits ver-
zichteten die beiden Autoren auf die Berechnung des Spannungsabfalles im
Polvorsprung, der, wie im Abschnitt A erw&hnt wurde, sich aus mehreren
Teilen zusammensetzt, fur die ebenfalls die entsprechenden verschiedenen
Koeffizienten g bestimmt werden missen.

Nun ist es naturlich den erwé&hnten Autoren, die Spezialisten auf dem
Gebiet von Zugmotoren sind, sehr gut bekannt, da gerade in dieser Art von
Motoren die Spannungsabfélle Vj, V\\ und Uni in den Polvorspringen oft
eine sehr grofe Rolle spielen und daher bei ihrer Vernachldssigung die sich
derart ergebende peripheriale Verteilung der radialen Luftspaltinduktion
stark von der wirklichen abweichen kann. Andererseits berufen sie sich selbst
auf das erwédhnte Buch des Autors und kennen daher offenbar auch die von
ihm vorgeschlagene nomographische Methode der Bestimmung der Spannungs-
abfalle in den Polvorspringen. Die Tatsache, daB sie trotzdem nicht versucht
haben, auch diese Methode mit Hilfe der elektronischen Rechenmaschine zu
verwirklichen und es vorgezogen haben, betrdchtliche Abweichungen der
Verteilung der Luftspaltinduktion in Kauf zu nehmen, dirfte daher folgende
Ursache haben.

Wenn im Laufe der nomographischen Berechnung viele verschiedene
p-Kurven Vorkommen, ergeben sich offenbar bei der von den Leningrader
Autoren verwendeten Methode folgende zwei Mdéglichkeiten: Die eine besteht
darin, dass die Daten jeder p-Kurve mit Hilfe der oben erw&hnten Methode
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von der Rechenmaschine berechnet und in ihrem Speicher fixiert wird.
Dies wirde aber — wenn wir die groBe Zahl von verschiedenen g-Kurven,
die im Laufe einer nomographischen Berechnung Vorkommen kdénnen, und die
groBe Zahl der zur genauen Fixierung jeder o-Kurve notwendigen Punkte
berlcksichtigen — eine sehr starke Beanspruchung der Speicherkapazitit
bedeuten. Die andere Mdglichkeit besteht darin, dal die Rechenmaschine ohne
zusatzliche Beanspruchung der Speicherkapazitdt die einzelnen Punkte jeder
der im Laufe der Berechnung vorkommenden (und in vielen Féallen mehrmals
vorkommenden) ~-Kurven immer wieder von neuem berechnet. Dieser Vor-
gang wirde aber zur starken VergréRerung der Programmierungsarbeit und
der Berechnungszeit fuhren. Die in beiden Fallen auftretenden erwdhnten Nach-
teile wiurden dazu fuhren, dall die ZweckmdaRigkeit der Anwendung der Recheti-
maschine bei der Durchfuhrung nomographischer Berechnungen von magnetischen
Kreisen gerade fir die wichtigsten und h&ufigsten solcher nomographischen Auf-
gaben in Frage gestellt ware.

D. Die nomographischen Methoden bei der Anwendung
der elektronischen Rechenmaschine.

Autor ist Uberzeugt, daB die Anwendung der elektronischen Rechenmaschine
woferne die im Abschnitt C angedeuteten sich im Zusammenhang mit dem
Vorkommen vieler g-Kurven auftretenden Schwierigkeiten in einfacher Weise
ausgeschaltet werden kdnnten — eine auBerordentlich groe Redeutung fir die
Erhdhung der praktischen Ausniitzung der nomographischen Methode der Be-
rechnung stark geséattigter und kompliziert geformter magnetischer Kreise besitzen
wiirde. Zu den im Abschnitt B aufgezahlten Vorteilen gegeniber den klassischen
Methoden kommt ndmlich auch noch der Umstand hinzu, dall die nomographische
Methode es ermdéglicht, das durchzufuhrende Verfahren in Gestalt einfacher In-
struktionen niederzulegen, die es auch weniger qualifizierten Berechnern ermdg-
lichen, die aufeinander folgenden Stufen der LOsung sozusagen mechanisch zu
verwirklichen. Es ist klar, dafl die Verwandlung dieser Instruktionen, die im
erwdhnten Buche des Autors in grofRer Zahl aufgezéhlt sind, in die entsprechen-
den Algorithmen sehr einfach erfolgen kann, was die Anwendung einer elektroni-
schen Rechenmaschine sehr erleichtern wirde.

Es war aber vorher notwendig, eine solche Methode der Programmierung
auszuarbeiten, bei der die oben erw&hnten, bei der Beriicksichtigung vieler ver-
schiedener g-Kurven auftretenden Schivierigkeiten wegfallen.

Dem Autor ist esim Rahmen der von ihm im Forschungsinstitutfir Automa-
tisierung der Ungarischen Akademie der Wissenschaften geleiteten A rbeitgelungen,
dieses interessante Problem zu Iésen und zwar auf Grund von Uberlegungen, die
er im folgenden darlegen wird.
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Die Grundlage, von der er ausgegangen ist, ist die Entdeckung, dafl es
moglich ist, jede irgendeinem beliebigen Wert von g entsprechende Kurve des
Nomogrammes in einfacher Weise auf eine beliebige andere g-Kurve zuriick-
zufihren. In Bild D .l. sei dies am Beispiel einer beliebigen g-Kurven dargelegt,
die im gegebenen Fall auf die g = 1 Kurve zurickgefiihrt werden mage.

Bild DI

Nehmen wir irgend einen mittleren Wert der zur g-Kurve gehdrigen
Werte H an und bezeichnen ihn mit Ha Bezeichnen wir das Verhé&ltnis der
Abszisse des zu Ha gehdrigen Punktes a der Kurve q = 1 zur Abszisse des zu
Ha gehdrigen Punktes b der p-Kurve mit a,. Dann gilt, wie Autor festgestellt
hat, folgendes Gesetz: Multiplizieren ivir die zu einem beliebigen Wert H gehorige
Abszisse Bo der g-Kurve (wir wollen diesen Wert mit BQ? (H) bezeichnen) mit
der GroBe a,, so ergibt sich eine GroRe, die sich von dem zur selben GrolRe H
gehdrigen Wert der Abszisse der q = 1-Kurve (er mdge im weiteren mit Boel(H)
bezeichnet werden) nur um einen verh&ltnism&Rig geringen Betrag unterschei-
det. Letzteren wollen wir —der Einfachheit halber den Index 0 weglassend
im weiteren /IB(H) nennen, wobei

AB(H) = aQ+ BOe(H) - B Orji(H) (D.1)

Wenn wir nunmehr die sich fir verschiedene Werte H ergebenden Werte
AB(H) als Funktion von H aufzeichnen, erhalten wir Kurven, die wir geniigend
genau durch zwei Gerade ersetzen kdnnen.

Es ist leicht einzusehen, daB die Werte AB(H) bei der Umrechnung
der Kurve q= 2,66 auf die Kurve ¢ = 1 am groften sein werden, da sich
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ja die Gestalt der ersteren von der der letzeren mehr unterscheidet als die
Gestalt der Gbrigen p-Kurven. Daraus folgt offenbar auch, dafl bei der Erset-
zung dieser AB(H)— Kurve durch Gerade die sich fir diesen Fall ergebenden
Fehler am gréfRten sein werden. Nun ist es aber mdglich, die sich bei der vom
Autor entwickelten Methode ergebenden maximalen Fehler noch betrdchtlich
weiter zu verkleinern.

Wie ndmlich anfangs ausgefihrt wurde, ist es prinzipiell mdéglich, eine
beliebige g-Kurve auf eine beliebige andere g-Kurve zurickzufihren. Wir
kénnen also die q-Kurve anstatt, wie es bisher der Einfachheit halber gezeigt
wurde, aufdie Kurvefir q = 1, aufeine beliebige andere, z.B. aufeine ungefahr
in der Mitte zwischen den extremen Kurven (g = 1 bezw. gq= 2,66) liegende
zuriickflihren, die wir mit gm bezeichnen werden. In diesem Falle &ndert sich
offenbar in bezug auf den Koeffizienten aQnur das eine, daR seine Werte nur
zwischen der Kurve fir q= 2,66 und der fir g= gm gréfer als eins sein
werden, wahrend sie zwischen der letzteren Kurve und der fiir g= 1 kleiner
als eins werden. Die Werte AB(H) ergeben sich gemdaR der Gleichung

AB(H) = ae * BOg(H) - BOem(H), (D.2)

wobei der Ausdruck B Ogm(H) die Abszissen der Kurve fiir g = gmals Funktion
von H darstellt. Die Werte AB(H) gemdR der Formel (D.2) sind offenbar
kleiner als die gemdR der Formel (D.l), da ja z.B. der Unterschied der Form
der Kurve fiir g= 2,66 im Vergleich zu der der Kurve fiir g = gmentsprechend
kleiner sein wird, als im Vergleich zu der der Kurve fiir g = 1. Ersetzen wir
die derart kleinergewordenen Abszissen besitzende Kurve AB(H) durch ent-
sprechende Geraden, so werden offenbar auch die sich hierbei ergebenden
Fehler entsprechend kleiner werden.

Vom Standpunkt des Speichers der elektronischen Rechenmaschine
andert sich in diesem Falle nichts anderes, als daR in ihm nicht die Kurve
fir g = 1sondern die Kurve Boem(H) fixiert wird.

Von den oben erwdhnten Geraden, durch die wir die zIB(H) Kurven
ersetzen koénnen, gilt die eine fur den stark gesattigten Bereich, d.h. von
irgend einem Wert H ~ H k aufwérts und entspricht dem Ausdruck b -\-cQ
wéhrend die zweite fir den schwach gesdattigten Bereich gilt, d.h. von Hk ab-
wdarts und dem Ausdruck bgH -f- cg entspricht.

Hierbei ergeben sich die Konstanten b, cg be und e', die positive
oder negative Werte annehmen kdnnen, als Funktion von g. Es ergibt sich also
genligend genau die GesetzmdaRigkeit:

aQ' Bee(H) = Bogm(H) + bg mH -j- cg (D.3)
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fir den Bereich H > Hk und

aa' Boe(H) — Bogm(H) + K 'H -f- ¢’ (D.4)

fur den Bereich H <C Hk.

AufGrund dieser Formeln kénnen wir jede nomographisch aufGrund einer
bestimmten Q-Kurve zu bestimmende Aufgabe leicht auf eine solche Aufgabe
zuruckfuhren, in der anstatt der q-Kurve nur die Kurve q = gmfungiert und

aullerdem lineare Funktionen von H sowie Konstanten. Dies sei auf Grund des
folgenden Beispieles illustriert.

Gehen wir aus vom Bild B .Il, welches zeigt, wie bei der durch den
Wert q gekennzeichneten gegebenen Konfiguration des Zahnes, ferner der
durch den Ausdruck tg B gekennzeichneten Konfiguration der ihm parallel-
geschalteten Nut, ferner der gegebenen der Strecke OF verkehrt proportionalen
GroRe des Luftspaltes und schlieRlich der durch die Ordinate HO0= VOf*ry-Alh
gegebenen magnetischen Spannung der Punkt C als Schnittpunkt der o-Kurve
mit einer solchen Geraden gefundenen wird, die den Punkt F mit jenem Punkt
D verbindet, der die Ordinate H O besitzt und bei dem das Verhaltnis K0/Jfo
gleich ist dem gegebenen Wert tgR.

Nehmen wir nunmehr an, dall wir gemaR Bild. D.2 sdmtliche Abszissen
des Bildes B.lIl mit dem Wert ae multiplizieren, aber die Werte sdmtlicher
Ordinaten unverdndert lassen. Anstatt tg R erhalten wir also den Wert ae *tg B,

d.h. anstatt der Strecke OE erhalten wir eine Strecke von der GroRBe ae mOE.
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Anstatt der Strecke OF erhalten wir eine Strecke von der GréfRe aQmOF.
W irden wir auch sdmtliche Abszissen der Kurve g mit aQmultiplizieren, so
wirde sich offenbar zu dem sich nach Bild D.2 ergebenden Schnittpunkt der
neuen, mit ae multiplizierte Abszissen besitzenden p-Kurve in Bild B .1l sich
die Abszisse pg e B0 ergeben. Aus analogen Grinden wirden sich in Bild D.2
anstatt der Werte Br und Bn aus Bild B.ll die Werte aQe Brund ae*Br
ergeben, wobei die GrolRe H, entsprechend der als gleichbleibend angenommenen
HO, in Bild D.2 denselben Wert behéalt, wie in Bild B.Il. Wir sehen also,
dall sich zwischen den Ergebnissen in Bild B.lIl und jenen in Bild D.2
keinerlei Unterschied zeigt, woferne wir die in Bild D.2 erhaltenen Gréf3en
ne mBr, ae mBOund ae mBn durch die gegebene Konstante ae dividieren.

Nun kdénnen aber gem&B der Gleichung (D.3) bezw. (D.4) die mit ag
multiplizierten Abszissen Bog(H) irgendeiner gq-Kurve auf die Abszissen BogmH)
der Kurve fur q = gm zuriuckgefihrt werden. Das bedeutet also, dal zur Lésung
irgendeiner nomographischen Aufgabe mit Hilfe einer elektronischen Rechen-
maschine bei beliebigem Wert von g nichts anderes notwendig ist, als die Abszissen
sdmtlicher vorkommenden Geraden mit der erwdhnten Konstanten a, zu multipli-
zieren und die g-Kurve durch Kurven

Boem(H) + beeH + ce bzw. Boem(H) -f bg mH + ¢

zu ersetzen. Dies bedeutet also, dalR bei beliebigen Werten von q im Speicher der
elektronischen Rechenmaschine die Daten einer einzigen Kurve, namlich der
Kurve fir g = gm fixiert sein missen, d.h. das im Zusammenhang mit dem
erwadhnten Artikel dergenannten Sowjetautoren beschriebene, bisher die Anwendung
der nomographischen Methode bei elektronischen Rechenmaschinen erschwerende
Problem geldst ist.

Im weiteren sei noch kurz angedeutet, wie die den verschiedenen g-Wer-
ten entsprechenden verschiedenen Konstanten ae, bg, cQbezw. b0 und c' fest-
gestellt werden kdnnen.

Zuerst wird die Kurve g = 1 vorlibergehend in den Speicher der Rechen-
maschine fixiert und mit Hilfe der letzteren die gewinschte Zahl von Punk-
ten der sich bei der Ldsung von nomographischen Aufgaben praktisch als
geniigend erweisenden g-Kurven berechnet, wobei der zur Programmie-
rung notwendige Algorithmus jenen Formeln entspricht, auf Grund deren sich
die in Bild B.4, a und B.4, b dargestellte Konstruktion ergibt. Aus den
derart von der Rechenmaschine abgegebenen Daten kann das prinzipiell dem
Bild B.5 entsprechende, die gewinschte Zahl von p-Kurven enthaltende
Nomogramm genau gezeichnet werden. Auf Grund dieser Methode haben meine
wissenschaftlichen Mitarbeiter, die Herren Alexander Benkd und Gabriel Ren-
ner die p-Kurven, die dem Bild B.5 entsprechen, mit Hilfe einer elektro-
nischen Rechenmaschine erhalten.
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Nunmehr wird eine bestimmte GroBe von Ha gewdhlt und aus den ihr
entsprechenden Abszissen der den verschiedenen Werten von p entsprechenden
Kurven werden die Konstanten aQberechnet. Daraus ergehen sich fir die ver-
schiedenen Werte von H aus den den letzteren entsprechenden Abszissen
BOe(H) der p-Kurven die Differenzen ABfHJ gemdR Gleichung (D.2) als
Funktionen von H. Wird jede dieser Kurven durch zwei solche Geraden
ersetzt, die von Gesichtspunkt der entstehenden gréfRten Abweichungen, die
offenbar den sich ergehenden Fehlern entsprechen, optimal sind, so ergeben sich
fur die im Bereich H Hk liegende Gerade, die der Funktion b, mH + ce
entspricht, die der betreffenden p-Kurve entsprechenden Koeffizienten 6, und
cQund fir die im Bereich H < Hkliegende Gerade, die der Funktion BQeH +c¢'
entspricht, die der betreffenden p-Kurve entsprechenden Koeffizienten Bg
und c'. Auf diese Weise erhalten wir schlieBlich die Konstanten u,, 6,, ce,
b,, ce und Hk als Funktionen von p. Aus diesen bestimmt die elektronische
Rechenmaschine, nachdem sie den zu einer gegebenen Konfiguration gehérigen
Koeffizienten p berechnet hat, die zu letzteren gehdrigen erwd&hnten Konstanten
und aufGrund der Gleichungen (D.3) bzw. (D.4) mit Benlitzung der Werte B
die vorher anstatt der Kurve o= 1 im Speicher zu fixiren sind, die zur Ldsung
einer bestimmten Aufgabe notivendigen Punkte der Kurve B oe(F[).

Bild D.3 zeigt jene, von meinen erwdhnten Mitarbeitern fir den Fall
Ha= 1400 und pm = 1,44 erhaltenen beiden ZIB(f/)-Kurven, die im Verhéltnis
zu den Ubrigen AB(if)-Kurven die groften /I-B(if)-Werte aufweisen. Dies sind
offenbar die sich fir die Extremwerte p= 2,66 bzw. p= 1 ergebenden
Kurven. Auch ist in diesem Bild gezeigt, wie jededieser beidenZIB(H)-Kurven
durch je zwei Gerade b,,H @bzw. bgH f~c' ersetzt werden kann, die sich
bei einem Werte H = Hk schneiden.

Die Programmierung mull dafir sorgen, daf, wenn die Ordinate den
Wert Hkerreicht, die Konstanten bebzw. cemit den Konstanten bQbzw. ¢Qden
Platz tauschen. Wenn die Ordinate bis auf den Wert H = 50 herabsinkt, muf
die Programmierung dafur sorgen, dafl BQ= 0 und c¢' = 0 wird. Die sich in
Bild D.3 in Bezug auf die Induktion ergebenden Fehler erreichen die maxi-
male GroRe von 85 G, was fir die Kurve pm= 1,44 zwischen 3000 und 100
Alcm prozentuell héchstens etwa 0,6% der Induktion ausmacht. Noch wich-
tiger ist die Frage des sich in bezug auf die Feldstdrke ergebenden Fehlers.
Er betrdgt bei 3000 A/cm maximal 65 A/cm und nimmt mit abnehmender
Feldstdrke ab, da die Neigung der Kurve pm= 1.44, in bezug auf welche
sich die erwé&hnten Fehler beziehen, entsprechendend abnimmt. Unter-
halb von H = 100 A/cm betrdgt dieser Fehler maximal 7 A/cm, d.h. er
ist vernachlaRigbar klein. Aus diesem Grunde wurde im Bild D.3 der zum Bereich
H</100 A/cm gehorige Teil der zIB/H/—Kurven als unwesentlich weggelassen.

Selbstverstdndlicherweise wdére es mdglich, auf die Zeichnung der p-
Kurven zu verzichten, da es ja mdglich ist, die soeben dargestellte Berechnung
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der Werte ae, bQc0, bQc' und Hk flir irgendeinen bestimmten Wert Hanur durch
die Rechenmaschine durchfihren zu lassen. Autor ist aber der Meinung, dal
trotz dieser Tatsache die Niederzeichung sdmtlicher g-Kurven sehr erwiinscht
ist. Es kommen n&mlich bei der Anwendung der nomographischen Methode oft

auch solche Fragen vor, deren Beantwortung sich direkt aus dem gezeichneten
Nomogramm ergibt, ohne dafl die Frage der Anwendung einer Rechenmaschine
entstiinde. Als ein Beispiel vieler solcher Fragen seiaufein Problem hingewiesen,
dall von der klassischen Methode niemals gestellt wurde, obwohl seine Lésung
aullerordentlich groBe Bedeutung besitzt. Dies ist das Problem der Auffindung
jener Konfiguration eines ferromagnetischen Kdorpers, der flir eine gegebene
magnetische Spannung V einen bestimmten magnetischen Flul 0 ergibt (oder
umgekehrt). Die Lésung dieses aulerordentlich kompliziert erscheinenden Pro-
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blems kann aus der gezeichneten Kurvenschar direkt abgelesen werden als jener
Wert Q bei dem auf der zu ihm gehdrigen Kurve der Punkt mit der Abszisse
®/boyl und der Ordinate V/h liegt.

Ein zweites Beispiel einer direkt auf Grund der Kurvenschar unmittelbar
beantwortbaren Frage ist das in Bild B .8 gezeigte Problem, welcher Zusammenhang
zwischen der Anderung der GréRe g und der Anderung der GroRe Bo sich unter
der Bedingung ergibt, dal der Wert H konstant bleibt. Weitere derartige Beispiele
sind das Problem des sich zwischen den Werten H und g ergebenden Zusammen-
hanges, unter der Bedingung, dal Bo0 konstant bleibt, und das Problem des sich
zwischen den Werten BO und H ergebenden Zusammenhanges, woferne ein be-
stimmter Wert von q konstant bleibt.

Aus diesem Grunde ist Autor der Meinung, daR der weitaus allergroRte
Teil der sich ergebenden nomographisch zu I8senden Probleme mit Hilfe der
Anwendung der elektronischen Rechenmaschine bearbeitet wird, bestimmte derar-
tige Probleme aber — wie bisher — mit Hilfe der gezeichneten Kurvenschar.
Ob die nomographische Methode maschinell oder manuell anzuwenden ist,
daruber entscheidet die Frage der konkreten ZweckmaéRigkeit.

The Nomographic Computation of Complicated Magnetic Circuits with Computer
Author succeeded in making possible the application of the nomographic method — elabo-
rated by himselfand detailed in his book: “The Nomographic Computation of Complicated and
Highly Saturated Magnetic Circuits” (Pergamon Press, 1962) — to a computer and
thereby in developing remarcably his method. For throwing light upon the significance of the
problem, he points out briefly the deficiencies in the usual computing methods taught untill
now, and describes how these could simply be eliminated by making use of his nomographic
method. Hereafter, the methods of calculation of the saturated magnetic circuits by using
computers known so far are surveyed, and it is pointed out why the use of these latter for
the nomographic method caused difficulties. Lastly, the possibility to overcome the difficulties
mentioned, discovered not long ago by the author, is presented.

Homorpagwmyeckiii MeTof, pacyéTa ClIOKHBIX CWIbHO HACILLEHHBIX MArHUTHbIX LIEMeit
C MPYIVEHEHVEM 3MIEKTPOHHBIX BbMUC/UTENBHBIX MALLMH

ABTOpPY HeflaBHO YAaioch paspadoTarb BO3MOXHOCTb MPUMEHWT MPEL/IOKEHHOTO WM
HOMOTPaMHECKOro METOfa — W30/DKEHHOTO VM [IETaslbHO B €ro KHure «Homorpagmyeckuii
METO/, pacyéra. CMOXHbBIX CW/IbHO HACBILLEHHBLIX MarHWUTHbIX LIEMeN SMIEKTPUYECKMX MaLLMH»
BbIMYLLEHHO "OCaHeprovsparesibcTBoM B 1953-0M rogy C MCMO/b30BAHNEM 3/IEKTPOHHDIX Bbl-
UVC/MTENbHBIX MALLVH 1 TaKM 00pasOM KaueCTBEHHO CW/IbHO YCOBEPLLIEHCTOBATL YMOMAHYTHIN
HOMOrpamyeckuin MeTog, [N OCBELLEHUA 3HAYeHUs 3Toro qiakTa B CTaTbe B CKaTon (lopme
MoKa3aHbl HEOCTaTKW MPenojasaembIX [0 CUX MOp METOfOB pacyéTa W MOTOM M3naretcd, Ka-
KM 06pa30M MOXKHO MPOCTO YCTPaHWTL 3TV HEAIOCTATKM C MOMOLLIsHO HOMOTPatMHECKOT 0 METO/.
[Mocne aToro KPUTUYECKN PacCMaTpUBAtOTCA MPUMEHAEMbIE 0 CUX MOP METOAb! pacyéTa Hacbl-
LLEHHbIX MarHUTHLIX Lienert Ha SBM. ABTOP YKasbIBaeT Ha Te TPYAHOCTM KOTOpble 40 CKX Mop
MPAKTUYECKM KPEMATCTBOBA/IM MPUMEHEHMIO HOMOrpafMyeckoro Metoda C WCTO/b30BaHNeM
3BM HakoHeL, 3Toro OH M3araeT Ha OCHOBaHUM KaKUX COOOPaKEHWIA 3Ty HEAABHO YAanoCh
MPOCTMM 06pa3oM MPEOAONETb 3TV TPYAHOCTW.
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GROSSE VERSCHIEBUNGEN
VON STABKONSTRUKTIONEN

J. SZABO*

KORRESPONDIERENDES MITGLIED DER UNG. AKADEMIE DER WISSENSCHAFTEN
und
P. ROZSA**

[Eingegangen am 24. September 1971]

Bei der Untersuchung groRer Verschiebungen von Stabkonstruktionen ist die
diesen entsprechende momentane geometrische Lage in den Gleichgewichtsgleichun-
gen zu bericksichtigen. In diesem Aufsatz wird angenommen, daR die geometrische
Lage der Stabkonstruktion eine stetig differenzierbare Funktion der Verschiebungen
ist. Im folgenden wird das lineare Differentialgleichungssystem mit verdnderlichen
Koeffizienten flir groBe Verschiebungen der Stabkonstruktion entwickelt. Der Hyper-
matrix-Koeffizient des Gleichungssystems ist eine Funktion des Verschiebungs- und
Spannungszustandes der Stabkonstruktion. Es wird der Algorithmus zur Ldsung der
Anfangswertaufgabe von groBen Verschiebungen angegeben.

1. Einleitung

In unserem friheren, die Matrizengleichung von Stabkonstruktionen
betreffenden Aufsatz [1] waren nur kleine Verschiebungen zugelassen. Die dort
angegebenen Zusammenhdnge gelten — den vorgeschriebenen Genauigkeits-
anforderungen entsprechend — nur solange die Wirkung der Verschiebungen
in den geometrischen Daten der Gleichgewichtsgleichungen vernachléssigt
werden darf. Bei kinematisch unbestimmten Konstruktionen und bei der
Priufung der grofRen Verschiebungen von Konstruktionen ist diese der Theorie
erster Ordnung entsprechende Voraussetzung unzuléssig. Im vorliegenden Auf-
satz soll daher die Matrizengleichung fur die groBen Verschiebungen der Stab-
konstruktionen angegeben werden. Es wird gezeigt, wie das Stabmodell zu
wahlen ist, und wie sich die der Theorie erster Ordnung entsprechenden Gleich-
gewichtsbedingungen und Verschiebungsgleichungen &ndern. Wenn man an-
nimmt, dal die Elemente der geometrischen Matrix der Stabkonstruktion
stetige Funktionen der Verschiebungen sind, kann man die Matrizendifferen-
tialgleichung mit verdnderlichen Koeffizienten fur die infinitesimale Zustands-
&nderung in der Umgebung des Anfangszustands der Stabkonstruktion an-
schreiben. Diese Gleichung entspricht der fiir groBe Verschiebungen der Stab-
konstruktion gultigen Theorie dritter Ordnung. Schreibt man die Gleichung
mit Hilfe der endlichen Differenzen auf, so erhadlt man die der Theorie zweiter

* Prof. Dr. J. Szabs Ménesi Gt 21, Budapest XL, Ungarn
** Prof. Dr. P. Roézsa, Tulipan u. 15, Budapest Il., Ungarn
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Ordnung entsprechende Zustandsgleichung der Stabkonstruktionen. Auf
Grund dieser Gleichung wird ein Ldsungsalgorithmus der Anfangswertaufgabe
fir groRe Verschiebungen gebildet.

2. Der Stab

Betrachten wir einen Stab mit konstantem Querschnitt, der in last-
freiem Zustand eine geradlinige Achse besitztl

Dem Anfangs- bzw. Endpunkt des Stabes ist je ein Achsenkreuz £, t], £
zugeordnet, die Achse £ liegt in der Achse des Stabes, die Achsen Tjund £
fallen mit den Haupttrdgheitsachsen des Querschnitts zusammen. In bela-
stungsfreiem Zustand fallen also die dem Anfangs- und Endpunkt zugeordne-
ten £-Achsen zusammen und die entsprechenden r]-bzw. £-Achsen sind parallel
zueinander. Infolge der Verschiebung und Verzerrung des Stabes werden sich
die auf das Achsenkreuz des Anfangspunktes bezogenen relativen Koordinaten
des Endpunktes &ndern, das Achsenkreuz erleidet Verschiebung und Ver-
drehung (im folgenden sollen die Ublichen Verschiebungen und die Verdrehun-
gen des Achsenkreuzes mit dem Ausdruck »Verschiebungen« bezeichnet wer-
den).

Die momentane Lage des mit den Indizes i, j bezeichneten Stahes wird
durch folgende Daten gekennzeichnet: durch die Koordinaten Xj, yt, ze bzw.
Xj, jj, Zj des Anfangs- bzw. Endpunktes, durch die orthogonalen Matrizen
Ti)0 bzw. Ty>0, deren Elemente den Kosinus der von den Achsen | ¢ rj,-, £, bzw.
£y, r]j, £y und von den Koordinatenachsen x, y, z eingeschlossenen Winkeln
gleich sind:

Tio cos (E-, x) cos (E-y) cos (E- 2)
cos (g, x) cos {rii,y) cos (Vb 2)
cos (E-, *) cos (E-,y) cos (E- 2)

ferner durch die auf das Koordinatensystem des Anfangspunktes bezogenen
Koordinaten |.y, rj;y, £-; des Endpunktes. Aus der Orthogonalitdt der
M atrix | i;0 folgt, daR

T,,,T*0= E

ist, wo T*0 die Transponierte von Ti0 und E die Einheitsmatrix bedeuten.
Angenommen, dall der mit den Indizes i, j bezeichnete Stab nur an
seinem Anfangs- bzw. Endpunkt durch Krafte belastet wird (Bild )2 und

1Diese Beschrankung ist nur von praktischer Bedeutung. Die Zusammenhange kon -
nen mit gewissen, nicht entscheidenden Anderungen fiir einen Stab mit veranderlichem
Querschnitt und krummliniger Achse verallgemeinert werden.

2 Diese Voraussetzung dient nur der Vereinfachung der Ausdricke. Eine allgemeinere
Fassung verursacht nur eine geringe Anderung, die das Endergebnis formal nicht, inhaltlich
in nur geringem MaRe beeinfluRt.
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die Komponenten dieser im lokalen Koordinatensystem angegeben sind, lautet
die Gleichgewichtsgleichung des Stabes mit den Indizes i, j

8,+ bvt,t; &= 0. (i)

Hier sind:

Im folgenden wird der Vektor der im Endpunkt des Stabes i, j angrei-
fenden Krafte Stabkraft genannt und mit sy bezeichnet. Es sind daher:

8,.= -B"T1,T;8,;, (2)

Der sich auf den Stab beziehende kinematische Zusammenhang gilt fur
die infinitesimale Anderung der Verschiebungen und der Stabkrifte und driickt
die Tatsache aus, daB sich die Verschiebungsédnderung des Punktes j aus der
Verschiebungsédnderung des Punktes i und aus der relativen Verschiebung
l&ngs des Stabes bestimmen 14Rt:

duj = T*Bi;T,du,.+T* FMT,. t; dsiy+ Tj dtu , (3)
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wo die einzelnen Spalten der Matrix F die Verschiebungskoordinaten des
Punktes j im Koordinatensystem des Punktes i angeben, wenn im Punkt j
eine Einzelkraft der GréBRe 1 wirkt.

Ferner ist

und tjj bedeutet den Vektor der relativen, aus sonstigen, von den Stabkréaften
unabh&ngigen Grinden l&ngs des Stabes auftretenden, im Koordinatensystem
des Punktes j angegebenen Verschiebungen.

3. Die Stabkonstruktion

Durch die Kopplung der Stabendpunkte wird aus den Stdben eine Stab-
konstruktion gebildet, indem gewisse Verschiebungskoordinaten der Knoten-
punkte als identisch vorgeschrieben werden. Es handelt sich um eine starre
Kopplung, wenn die Verschiebungskoordinaten der gekoppelten Endpunkte
gleich sind.

Betrachten wir eine Stabkonstruktion, die aus den Staben 1, 2; 2, 3 und

3, 4 besteht (Bild 2). Die Gleichgewichtsgleichungen der einzelnen Knoten-
punkte sind:

T*B* TtTisl2+qi= 0,
-TJ s+ T*B?,T,TIs23+q, = 0,
T*$23)-Tj B*4T,jT*s34-fg3= 0,

*»3,4+qi = o0,

oder gedréngter geschrieben:

G*s+ q= 0, (4)
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wo q den im Koordinatensystem x, Yy, z angegebenen Vektor der in den Kno-
tenpunkten wirkenden dufReren Krdafte bedeutet.

Ferner sind

T* B*4T3T*
_T*
und
A12
334 -l
Die kinematischen Gleichungen der gekoppelten Stdbe lauten nach (3)
(5)
sind.
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4. Zustandsgleichung der Stabkonstruktion

In der Gleichgewichtsgleichung (4) der Stabkonstruktion war still-
schweigend angenommen, dafl die der Last q entsprechenden Stabkréafte s die
Gleichgewichtsgleichung in einer geometrischen Lage befriedigen, welche im
Vergleich zum lastfreien Zustand nach einer Verschiebung u zustande kommt.
Diese geometrische Lage wird durch die Matrix G gekennzeichnet, die eine
Funktion der Verschiebungen ist:

G = G(u).

Wenn der Lastvektor den Wert g -f- dg annimmt, so nehmen der Stabkraft-
vektor die Form s -f- ds und der Verschiebungsvektor die Form u -f- du an.
Es werde angenommen, daf sich die Vektoren q, s, u stetig &ndern und dal® die
M atrix G eine mindestens einmal stetig differenzierbare Funktion des Vektors
u ist. Damit wird die geometrische M atrix G(u -)- du) durch den Verschiebungs-
vektor u -f- du bestimmt. Die der verdnderten erhdhten Last entsprechende
Gleichgewichtsgleichung ist daher:

G*(u+ du) (s-fds)-f-(q+dq) = 0. (6)

Wird G(u) in eine Taylorsche Reihe entwickelt:

G(u-f-du) = G(u)-f du+ ...,
ouU

die Gleichung (4) in (6) eingesetzt und das Glied

[jao-du ds,
I 8u

da es infinitesimal zweiten Grades ist, vernachldssigt, so ergibt sich die Gleich-
gewichtsgleichung fur die Lastdnderung in der Form
3G*(u
G*(u) ds+ ) du s-f-dg= 0. ?)
8u

Das zweite Glied in Gleichung (7) enth&lt den zum Verschiebungsvektor u ge-
hérenden Wert des Ableitungstensors von G. Nach Einfuhrung der Bezeich-
nungen

G=[Gy], i=1,2,.....,m
- 1,2,.....n,
u = [uk], kZ 12
s= [s]], 1= 1,2,....,n,
. N 0G,(u)
D(u,s) = [Dik]; Dik=2 .. N
7-1  8uk
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kann das zweite Glied des Ausdruckes (7) in der Form

m
2 (3 8E£M S| duks= Dik duh
ji=i k=1 o0Ouk | k=1 =1 ~uk k=1
angeschrieben werden, wodurch sich die Gleichgewichtsgleichung (7) der Last-
&nderung in der Form
D(u,s)du+G*(u) ds-|-dg = 0 (8)

ergibt. Werden die Gleichungen (5) und (8) in ein einziges Gleichungssystem zu-
sammengefallt, so erhdlt man

D(u,s) G*(u)m du + dq
_G(u) F ds dt

Diese Gleichung wird die Zustandsgleichung der Stabkonstruktion genannt.
Gleichung (9) gilt fir die der geometrischen Lage G(u) entsprechende, durch
die Verschiebung u und durch die innere Kraft s gekennzeichnete infinitesimale
Verédnderung, wo der Einfachheit halber die Steifigkeitsmatrix F in einer end-
lichen Umgebung von u und s als konstant angenommen ist. Durch eine von
dieser abweichende Annahme wird die Gestalt der Gleichung (9) nicht beein-
flugt.

5. GrolRe Verschiebungen der Stabkonstruktion

Die Matrizendifferentialgleichung (9) gilt in erster Anndherung auch fir
die endlichen Differenzen der Verénderlichen. DemgemaR kann die Gleichung
in der Form

D G* Au + Aq (10)
G F As At

angeschrieben werden, die den in der sogenannten Theorie zweiter Ordnung
gultigen Zusammenhang ergibt. Die Gleichung (10) eignet sich zur Bildung
eines Algorithmus, der der numerischen Lésung der Anfangswertaufgabe (9)
groBer Verschiebungen dient. Es sei angenommen, dafl alle irgendeinen An-
fangszustand der Stabkonstruktion kennzeichnenden Parameter (GO, u0, sO
und F) bekannt sind und dall sowohl die Vektoren der mit ihnen vertrédglichen
Knotenpunktlasten g0 bzw. kinematischen Lasten t0 als auch ihre mit den
vorgeschriebenen Lastvektoren g, t gebildeten Differenzen

"g=4q Qo> At = t—t0

bestimmt werden kdnnen. Die den Lastdnderungen Zlg, zIt entsprechenden
Né&herungswerte der Verschiebungs- und Kraftdinderungen Au”\ ZIs"l kann
man aus der Gleichung (10) berechnen. In Kenntnis des Verschiebungsvektors
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u*®* U -j- /du** kann die geometrische Matrix G*I* errechnet werden. So
kéimen die mit dem Kraftvektor

g(l) — s-j-/dsri)
bzw. mit dem Verschiebungsvektor

u<« = u-t-zW1*
vertrdglichen Lastvektoren g*I*bzw. t*1*und auch ihre mit den vorgeschrie-
benen Lastvektoren gebildeten Differenzen

Zlg*1= q qg*1* Zittkh) =t t*)

ermittelt werden.

Werden die auf diese Weise erhaltenen Differenzen der Lastvektoren mit
der vorgeschriebenen Genauigkeit bestimmt, so kann die Berechnung als been-
det gelten. Widrigenfalls kénnen sich drei Mdglichkeiten ergeben:

a) Nach wiederholter Anwendung des geschilderten Verfahrens befrie-
digen die Werte zJg** und zdt(* die Genauigkeitsforderungen.

b) Der der vorgeschriebenen Last entsprechende Zustand kann nur durch
die allmédhliche Steigerung der Last bestimmt werden. In solchen Fallen muf
die Iteration im ersten Schritt mit den Werten sZlqg, eZlt (0 < e < 1) begon-
nen werden.

¢) Der Anfangszustand stellt in der stabilen Zustandsdnderung der
Stabkonstruktion einen Grenzzustand dar, wo mit einer infinitesimalen Last-
&nderung kein durch infinitesimale Verschiebungsdnderung erreichbarer
Gleichgewichtszustand hergestellt werden kann,

Liegt also nicht Fall ¢) vor, so wird die Iteration bei geeigneter Wahl des
Wertes e im Falle b) konvergent sein. Fall ¢) wird im Rahmen der Analyse
der Stabilitdt der Zustandsdnderung behandelt.

SCHRIFTTUM

[1] Szabo, J .- Roézsa, P.: Die Matrizengleichung von Stabkonstruktionen, Acta Techn. Hung.
71 (1-2), pp. 133— 148 (1971)

Large Displacements of Trusses. In analysing large displacements of lattice structures, the
instantaneous position of the structure associated with the displacement should be con-
sidered by the equilibrium equations. Author assumes that the geometric position of the
lattice structure is a continuous derivable function of the displacements. The set of linear
differential equations with variable coefficients for large displacements will be established.
The hyper-matrix coefficients of the set ofequations is a function of displacement and stress
state of the truss. The algorithm of the solution to the problem of the initial value of large
displacements is given.

BONblIME CMElLeHNs CTepPXHEBbIX KOHCTpyKuuii (M. Ca6o, M. Poxka). Mpu wnccnesosaHum
6ONMbLWUX CMELLEHUA TEpXHEBbIX KOHCTPYKLUWIA B ypaBHEHUAX PaBHOBECUS HEOGXOAMMO yuu-
TbiBaTb MFHOBEHHOE FeOMETpUYECKOoe MOJI0XEHWE, COOTBETCTBYHOLIEE 3TUM CMelleHuam. Mpu
JAHHO TPaKTOBKE UCXOAAT M3 MPefnonoXeHWs, UTO reoMeTpumuyeckoe MOMOXEHUE CTepXHe-
BOM KOHCTPYKLUUM SIBNSETCA MOCTOSHHO AuddepeHLUpyeMoii yHKUMEN CMeleHunii. B ganb-
HelllleM BbIBOAMTCA CUCTEMa NUHENHbIX AU depeHLUanbHbIX YpaBHEHW C NepeMeHHbIMU KO-
ahpuyMeHTaMn AN 60MbLINX CMeLleHUid CTepXHeBbIX KOCTPYKLMA. TnnepmMaTpuuHblii Koed-
(ULUNEHT cuCTeMbl YpaBHEHWIE NpeacTaBAseT COGO QYHKUWIO COCTOSIHUS CMeLeHWi 1 Hanp-
SKEHWI CTepXHEBOW KOHCTPYKLMU. B cTaTbe MPUBOAWUTCA anropuTM A1s pelleHus 3afauu
HayaNbHOro 3HaYeHMs 6OMbLINX CMELLEHNA.
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ELASTISCHE SCHWINGUNGEN IN WALZLAGERN

Il. TEIL. DIE ROTIERENDE MASSE IST AUF DIE EIGENE ACHSE
NICHT AUSGEWUCHTET

B. SZOKE*

[Eingegangen am 29. September 1969]

Dieser Teil des Aufsatzes bietet einen kurzen Uberblick Gber Erscheinungen,
die nach Auffassung des Verfassers bei einer »rotierenden Kraft« auftreten maogen.
AnschlieBend gibt der Verfasser auf Grund eines planimetrischen Modells seiner Ver-
mutung Ausdruck, daB in einem Waélzlager mit Spiel von der rotierenden Kraft eine
Verformung der Rollbahn derart hervorgerufen wird, daB sich dabei der WaélzVor-
gang auf einer mdglichst kleinen Flache abspielt.

XI1Il. Die Konfiguration der wirksamen Krafte

1. Walzlager ohne radiales Lagerspiel

In der Fachliteratur [17] unterscheidet man nach Jurgensmeyer [2]
zwei Belastungsféalle: erstens die »Pendellast« und zweitens die »Umfanglast«
uzw. als die Belastung durch eine unverdnderliche Kraft, z. B. des Eigenge-
wichts der rotierenden Teile, und durch eine umkreisende, aus Mangel der
Auswuchtung entstehende Kraft.

Falls die stdndige Kraft groRer ist als die umkreisende Zentrifugalkraft,
so ist der Schwingungswinkel der Resultanten kleiner als 180° (Bild 27: Pendel-
last). Wird aber bei gleichbleibender Einzellast die Zentrifugalkraft gréRer, so
wird auch der Schwingungswinkel gréfer. Wenn die genannten Kréafte gleich
grof3 sind, so erreicht der Schwingungswinkel den Wert von 180° (Bild 28:
Grenzfall der Pendellast). Die Resultante ist im oberen Scheitelpunkt Null,
und im unteren Scheitelpunkt ist sie doppelt so groR wie die stindige Einzel-
last. Wenn nun die Zentrifugalkraft die stdindige Einzellast an GrdfRe Uber-
trifft, so haben wir eine kreisende Resultante, deren Richtung vom Mittel-
punkt aus immer nach auswaérts zeigt (Bild 29: Umfanglast).

Die obige Betrachtungsweise ist stichhdltig, soweit man vom Radialspiel
absieht. Es gibt in der Praxis kaum Fdlle, wo das Radialspiel beseitigt oder das
Wilzlager in vorgespanntem Zustand montiert werden muB. Der Umstand,
dall man Wélzlager gerade wegen einer hohen Drehzahl mit Vorliebe als zuver-
Halbmesser e durchfiuhrt, oder oh dieser Mittelpunkt irgendwann und irgend-
wie von dieser Zwangsbahn auf eine andere abgelenkt wird. Wir kénnen aber

* B. Széke, Batthydny u. 139. Budapest XV IIIl., Ungarn
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ldssige Stiitzelemente verwendet und in diesem Zusammenhang ein Lagerspile
als unerldBlich mit in Kauf nimmt, um einer Erwdrmung vorzubeugen, liefert
uns den zwingenden Grund, den obigen Belastungsfall in Kombination mit dem
radialen Lagerspiel etwas n&her zu betrachten.

Bild 27. »Pendellast«. Schwerpunkt U rotiert Bild 28. Grenzfall zwischen Pendellast und
im spielfreien Lager um den Wellenmittel- Umfanglast im spielfreien Lager
punkt O

Bild 29. Umfanglast am spielfreien Lager

Die Darstellungsweise in den Bildern 27, 28 und 29 ist bei weitem nicht
ausreichend, um die Uberaus komplizierten Zusammenhdnge verstandlich zu
machen. Es darf nicht vergessen werden, da unter den gegebenen Kréfte-
wirkungen — bei Vorhandensein eines Lagerspiels — der Wellenmittelpunkt
moglicherweise in jedweder Richtung binnen der Exzentrizitidt e sich verlegen
kann; auch hdngt es von einigen Ursachen ab, ob nun der Wellenmittelpunkt
einen Teil einer umkreisenden Bewegung am Umfang des Kreises mit dem
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die wichtigsten Aspekte dieser Frage unter Anwendung des im V. Abschnitt
abgeleiteten Hilfssatzes beleuchten.

2. Imaginarer Umlaufmechanismus im Fall eines radialen Lagerspiels

Wir gehen aus folgendem Fall aus: Gegeben ist eine, mit der Winkel-
geschwindigkeit co rotierende Welle, wobei der Schwerpunkt U der Masse m
in einem Abstand t vom Wellenmittelpunkt 0 liegt. Dieselbe Welle verrichtet
ferner eine durch die Bauart des W4élzlagers ermdglichte bzw. bestimmte
kreisende Bewegung mit der Winkelgeschwindigkeit cok um den Mittelpunkt
K des Aulenringes. Die Entstehung der Umlaufzahl nk der kreisenden Bewe-
gung kann noch in jener Weise gedacht werden, daR man sich in der Wellen-
querschnittsflaiche einen Kreis mit dem Halbmesser rxund dem Mittelpunkt
0 als an dem Kreis mit dem Halbmesser r2um den Mittelpunkt K abrollend
vorstellt. Im Sinne der GI. (5) 14kt sich schreiben:

rx:r2=d: (D + d),
woraus mit
U+ r2= e

der Halbmesser des abrollenden Kreises sich als

rl @ mmmmm———— = elv (67)

ausdrucken l&4Rt. Ferner gilt fir den Grundkreishalbmesser

d+D
2 = e (68)
2d+D
Nach GI. (12) (s. Abschnitt V) liegt der Kréftemittelpunkt S in Rich-
tung der Beschleunigung a, in einem Abstand vom momentanen Rotations-
mittelpunkt 0 von:

Wenn nun Punkt O das Kreisen fortsetzt, so verlegt sich der Kréaftepol S der-
art in die neue Lage, dalR auch er eine kreisende Bewegung an dem Kreis vom
Halbmesser e u. zw. gleichfalls mit der Winkelgeschwindigkeit cok durchfihrt,
wobei die GroBRe des Polabstandes, die sich parallel zu sich verschieben 14Rt,
unverédndert bleibt. Diese Zusammenhédnge sind im Bild 30 dargestellt: man
sieht den Wellenmittelpunkt in einer aufs Geratewohl angenommenen Lage
01 mit dem dazugehdrigen Kréftepol und den neuen Schwerpunkt Ul mit
der auf denselben einwirkenden Kraft Q.
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Bild 30. Umfanglast am Lager mit Spiel

Das Bild |48t die nachstehenden Folgerungen zu:

(1) Der Schwerpunkt U beschreibt eine Epizykloide, wobei diese Bahn
eine geschlungene Form aufweist, falls r rt ist. Mit r = rxweist sie die

bekannten Spitzen auf und wenn nun T <Crx ist, so ist sie gestreckt.

(2) Falls das Verhéltnis
Z2 = d+D
ri d

eine ganze Zahl ist, tritt bei einer gleichbleibenden Kraft P die regelméaRige
W iederholung derselben Kraftwirkung nach jeder Tg/r*-ten Umdrehung auf
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Ist aber diese Verhéltniszahl keine ganze Zahl, so wird bei einer neuen Kon-
stellation der Punkte S, K, 0 die Lage des Schwerpunktes U immer eine andere,
als zuvor, d. h. auch die Richtung SU der Kraftwirkung Qwird von der friithe-
ren abweichen.

(3) Wenn man in dem Dreieck OSU die Lage zweier Punkte kennt, so
kann man die Lage des dritten mit Hilfe der Epizykloide geometrisch bestim -
men.

(4) Bei der Beurteilung der Schwingungserscheinungen hat der Fall
sicherlich eine besondere Bedeutung, wenn die Exzentrizitdt x und das radiale
Lagerspiel gleich groB sind.

(5) Wenn der Abstand r des Schwerpunktes U der unausgewuchteten
Masse vom Rotationsmittelpunkt einer bedeutend hdéheren GrdéBenordnung
angehort als das radiale Lagerspiel, dann hat man es mit Schwingungserschei-
nungen zu tun, die schematisch in den Bildern 27, 28 und 29 dargestellt sind.

3. Bestimmung der Kipplage

Einfachheitshalber haben wir in dem im Bild 30 dargestellten Beispiel
eine Ausgangskonfiguration gewdhlt, in welcher der Umkreisungsmittelpunkt
K ndes kreisenden Kréftepols S, und die Punkte K, 0 und U sich in Konstella-
tion befinden. Der Ursprung des Koordinatensystems (x,y) liegt in K. Das Kip-
pen tritt ein, wenn die Dreipunktgruppe S1U1B1 an derselben Geraden liegt
(und Kraft Q den Belastungswinkel verldaRt). In dieser Konstellation ist der
Wert der Determinante, durch welche die Dreieckflache S1U1B1 bestimmt ist,
gleich Null.

Beim Ausschreiben der Koordinaten dieser drei Punkte wollen wir neben
Rkden Wert eunberilicksichtigt lassen; so erhalten wir nach einer, dem gesuch-
ten Winkel g entsprechend vollendeten Drehung:

ASl = esin <
fur S1

yst = ecos P—p;

atyi = esin (p -\- x sin v,
fur U,

ym = ecos -j- t cos W

Ubi = Rksin P— y)>
fur B,

yBl = RKOOS (P— })m
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Daraus ergibt sich als Bedingung fir das Kippen:

1 xst ysi 1 esing e cos — p
1 xur yui = 1 esin@ tsinve ecos@  Xcoswp
1 XBl yhbi 1 Rksin @ —y) Rk cos @— Y)

Zerlegt man diese Determinante nach der ersten Spalte, und ordnet man die
Glieder, so erhalt man:

re(sin g cos vp— cos @sin wp) + tRa[sin vip cos (p— y) — cos wpsin (@— y)] —

— P(xBl —xul) = 0.
Wir kénnen p aufler acht lassen, falls '’2 um ein Vielfaches gréBer ist als d:
esin (@— wp) -f Rksin ep— @ -)-y) — 0
und weiter vereinfacht

esin [991 — v)] — Rksin [991 — v) — y] = 0,

e sin [99(1 — m)] — Rk {sin [99(1 — n)]Jcos y — cos [99¢1 — i")]sin y\ = 0,
sin [99(1 — n)][e — Rkcosy] = —Rksiny cos [99(1 — V)],
Rk siny

tan [99(1 —V)] =
Rk cos y- e

Nun wollen wir neben Rkcosy den Wert e vernachl&ssigen, so erhdlt man auf
Grund der GI. (67):
d+ D
tan [04] tany,
d
(70)

9 = (180° )
d+ D

Bemerkenswert ist, dal der kritische Wert von @ — bei den angedeute-
ten Vernachldssigungen — nicht von der Lage des Schwerpunktes U bzw. von
der GroRe des Abstandes t abhéngt.

Die Bewegungen, die infolge einer von der Belastung verursachten
Deformation entstehen, lassen sich auf Grund der Erdrterungen im Abschnitt
IX analysieren.
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XI1V. Kreisende Kraft

1. Der Fall mit einem tragenden Kugelpaar

Es gibt einen besonderen Fall, in welchem die Rotationsachse parallel
zur Richtung der Kraft P ist: gem&R der Ausfuhrungen im Abschnitt V, steht
hier der Polabstand p senkrecht zur Rotationsebene. Dieser Fall der Kraft-
wirkung tritt ein, wenn eine vertikale Welle nur von der rotierenden Masse
belastet ist. Es wirkt auf jeden einzelnen Massepunkt der Rotationsebene die
Kraft Q, welche den Polpunkt S passiert, wobei der Polabstand nach GI. (12),
wie bekannt, durch

bestimmt ist. (Das Kréaftebild gleicht einem Schirm.) Wir wollen hier die
bereits oben angefiihrte Ableitung nicht wiederholen, gemdaR welcher der
Beweis erbracht wurde, dafl die Resultante der auf das rotierende System wir-
kenden Kréfte den Schwerpunkt passiert. Wenn nun der Abstand r des
Schwerpunktes U nach der GréBenordnung den Halbmesser e der Umlaufbahn
\'ielfach Ubertrifft, dann kénnen wir Q als eine kreisende Kraft betrachten. Nun
aber wissen wir, dall die radialen Schwingungen des Mittelpunktes 0, welche
den eigentlichen Gegenstand unserer Untersuchung darstellen, nur von den
Kraftkomponenten in der Rotationsebene beeinfluRt werden; demgemal kon-
nen wir hier von den axialen Kraftkomponenten absehen, und folglich haben
wir im Bild 31 mit Q die Kraftkomponente in der Rotationsebene bezeichnet.

Im Bild 31 ist jene Konfiguration der tragenden Kugeln B und C dar-
gestellt, in welcher die kreisende Kraft Q mit dem Leitstrahl der Kugel C
koinzidiert, und es soll der Winkel @ gefunden werden, bei welchem die krei-
sende Kraft nach Verlassen der Kugel C die Kugel B erreicht, wodurch das
Kippen hervorgerufen wird. Bei dem hier vorkommenden Winkel 2y und @
kénnen wir im Verhdltnis zu Rk die GroBe e vernachléssigen; es geniigt, die
Exzentrizitdt e bei der Behandlung der Schwingungsphasen zu beriicksichtigen.

Da nun die Winkelgeschwindigkeit o des Schwerpunktes U grofer ist
als die Winkelgeschwindigkeit cok des Kugelkranzes und mit Ricksicht auf (7),
wonach

mk d 1
[04] d+D j o

ist, kann festgestellt werden, dafl der Leitstrahl von U sozusagen dem Leit-
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Bild 31. Kipplage bei einer rotierenden Kraft

Bild 3la. »Zickzack«-Umlaufbahn des Wellenmittelpunktes
strahl von B »folgt« bzw. der erste den zweiten nach einer Drehung von @
nach folgender Formel einholt:

¢ :f{ep— 2y) = (d + D) :d,
bzw.

<VKU,=o@p=2y I+ — )" (71)
und daher

ABKB”*cp 2y=2y-" . (72)
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In dem Augenblick, wenn B von U eingeholt wurde, wird der Kugelkdfig
um das momentane Kippzentrum, also um die Kugel B1 umkippen, gleich-
zeitig gelangen die Kugeln (A, B) als tragendes Kugelpaar in die Lage (Av BX)
und treten als solche an Stelle des Paares (B, C).

2. Bei mehreren tragenden Kugelpaaren

Bei einer Gesamtzahl von z Kugeln sei ng die Zahl der tragenden Kugel-
paare. Mit dieser Bezeichnung 148t sich der »Verfolgungswinkel« nach GI. (71),
wie folgt, formulieren:

D+d

¢= 360°-A- 7 (73)

Also wird der Wellenmittelpunkt an dem Exzentrizitdtskreis sprungweise eine
Zickzack-Bahn beschreiben, und die Zahl der Spriinge gleicht der Verhéltnis-
zahl nc= 360°¢p. Nach GIl. (73) ist also die Zahl der Springe:

z | D

nc 74
ng (D+d (74

Diese Schwingungsbhewegung des Mittelpunktes 0 kann &hnlich dem Bild 31la
dargestellt werden.

Die GI. (73) ist zugleich geeignet, die zu einem gegebenen tp koordinierte
Verhdltniszahl ngjz zu errechnen. Ist also der Verfolgungswinkel m= 180°,
S0 ist

D
ng 1 (73a)
z 2 D+d
mit anderen Worten in jeder halben Umdrehung spielt sich eine Schwingung
ab; und wenn @@= 360°, so ist

g _ D
z D+d "’

d. h. jede Umdrehung ist zugleich mit einer Schwingung verbunden (immer im
Sinne der Erdrterungen im Abschnitt X 11).

XV. Eine planimetrische Analogie

Aus unseren bisherigen Ausfiihrungen geht klar hervor, daR die genaue
Kreisform der Hullkurve des Kugelkranzes wéhrend der Drehbewegung der
Welle keinesfalls gesichert ist. Ja sogar, obwohl man die &ufere Rollbahn
konsequenterweise stets als einen echten Kreis darstellt, ist wdhrend der Wel-
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lenrotation bzw. wéhrend der mit Kippen verbundenen Umlaufsbewegung des
Kugelkranzes auch diese Rollbahn einer Deformation unterworfen. Wir kén-
nen auf die wirkliche Form der besagten Hullkurve aus den Erdrterungen im
Abschnitt VI1II, insbesondere im Zusammenhang mit Bild 11, gewisse Folge-
rungen ziehen.

Da die Kugeln gewissen Abplattungen unterliegen und an der Rollbahn
Eindriuckungen entstehen, geben uns diese beiden Deformationserscheinungen,
obwohl wir sie vernachldssigt haben, einen AnlaR zur Aufstellung einer aus

Bild 32. Umdrehung eines gleichseitigen Dreiecks in einem regelméBigen Viereck mit der-
selben Seitenlange

der Planimetrie genommenen Analogie; es ist ndmlich naheliegend, das folgende
Beispiel anzufihren: in welcher Weise ist es mdglich, ein Vieleck mit einer
gegebenen Seitenzahl in einem anderen, mit einer um 1 groReren Seitenzahl,
jedoch nahezu von derselben Seitenldnge, um eine volle Umdrehung (zu 360°)
umzudrehen ?

Im Bild 32 bildet, gemdaR unserer Annahme, die halbe Seitenldnge des Quadrates die
Einheit. Nun soll, innerhalb dieses Quadrats, ein gleichseitiges Dreieck mit derselben Seiten-
lange (a = 2) umgedreht werden. Der Halbmesser des um dieses Dreieck umschriebenen
Kreises ist

und die Kreisflache

Der Flacheninhalt des Quadrats und des um das Dreieck umschriebenen Kreises stehen
in folgendem Verhdltnis zueinander:

0,955.

Jetzt soll folgende Frage beantwortet werden: Wie grof ist das gleichseitige Dreieck,
welches in dem Vieleck umgedreht werden kann und welches dadurch entsteht, dal das
urspriinglich angenommene Quadrat nach Bild 33 derart eingeengt wird, dal man aus dieser
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Bild 33. Umdrehung eines gleichseitigen Dreiecks in einem regelméaBigen Viereck mit ver-
engtem Profil

Bild 34. Umdrehung eines Quadrats in dem eingeengten Profil eines regelm&Bigen Finfecks*
wenn die Seiten beider Polygone gleich sind

Quadratflache die Flache des Dreiecks ABC viermal abzieht. Der Winkel a in dem Vier
eck soll derart bestimmt werden, daB bei einer Drehung des Dreiecks um den Punkt C, weder
zwischen dem Eckpunkt E des Dreiecks und der neuen Grenzlinie des Vierecks, noch zwischen
Eckpunkt G des Dreiecks und Eckpunkt J des Vierecks, ein StoR entstehen soll.

Man sieht in dem Bild den folgenden Zusammenhang:

AC = BC = —
cos a
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Auf Grund der Drehbarkeit ist die halbe Seitenlange des gleichseitigen Dreiecks:

EH —HF cos 2a '
cosa
und die Hohe des Dreiecks:
cos 2a
GH -

Der Eckpunkt G 148t sich unter folgender Bedingung verdrehen:

DC = tan a 2-GH cos 2a _ sina
- 2 2cosa Y°T cosa
d. h
2cosa —2sina —cos2al|*3= 0.
Nun ist

cos 2a = co0s2a —sin2a

und daher ergibt sich:

2 (cos a sina) — y3(cosa + sina) (cosa — sina) = 0,

bzw.
cos a-l-sina = yi-f-sin 2a = —-
3’
und daher:
sin 2a = 2sina cosa = — >
d. h

sina cosa = Si =
2

Dieser Zusammenhang ist ein Hinweis auf eine einfache Ermittlung des Winkels a.
W ir zeichnen mit dem Durchmesser AD = 1 einen Thalesschen Kreis. Durch Auftrdgen der
Strecke ML = 1/6 ergibt sich der Winkel <€ ADL = a.

In dem rechtwinkligen Dreieck ALD haben wir die Winkel

f ALM = <€ ADL = a,
weil die Hohe

LM = sina cosa = —« .
6

Nun ist es von Interesse, das Flachenverhéaltnis zwischen dem neuen Achteck und
dem um das Dreieck gezeichneten Kreise zu kennen.

Zu dem Wert sin 2a = 1/3 gehdrt der Winkel a = 9°44/.
Die Seitenlange des gleichseitigen Dreiecks ist

und
DC = tana = 0,17153.

Die Dreieckflaiche A ABC viermal genommen ist:

4 +0,17153 = 0,68612.
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Die vom Originalquadrat durch Einengen erhaltene Achteckflache ist:
TO= 4 — 0,68612 = 3,31388.

Der Halbmesser des um das gleichseitige Dreieck gezogenen Kreises ist:

D 2 cos2a y- 0,957 V1-2
RI=T e R ’

und der Flacheninhalt des umschriebenen Kreises ist:
7\ = i?j Ti= 3,915.

Hieraus ergibt sich fur die Verha ltniszahl der eingeengten Achteckflache zum Flachen
inhalt des umschriebenen Kreises:
| ]:

im Gegensatz zu der Zahl = 0,955 des ersten Falles.

Bild 34 zeigt uns den Fall, in dem ein Quadrat in einem verengten Funfeck verdreht
wird; der Mitarbeiter der Forschungsanstalt fur Mathematik der Ungarischen Akademie
der Wissenschaften. A. Heppes, erbrachte den Beweis, daR hier die Flache des eingeengten
Finfecks kleiner ist, als die Flache des um das Viereck geschriebenen Kreises.

Es liegt uns zwar kein Beweis vor, dall die in den Beispielen aufgezeich-
neten verengten Fldchen die kleinsten unter den mdglichen wdren, trotzdem
erscheint es sich zu lohnen, auf die augenscheinliche Ahnlichkeit zwischen den
hier behandelten, durch das Kippen deformierten Laufbahnlinien und den
soeben erwédhnten verengten Vielecken hinzuweisen. Es ist ndmlich hdéchst
wahrscheinlich, dal das Eindricken genau unter der als Kippzentrum figurie-
renden Kugel gréfRer ist als in der Mitte des Belastungsbogens; dies kann aber
grundsdtzlich als ein Fall des »eingeengten Vielecks« bzw. jener Fldche auf-
gefallt werden, die kleiner ist als die entsprechend umschriebene Kreisflache
und wir erlauben uns die mutmalliche Aussage, daB die deformierte Laufbahn
dem Prinzip folgt, die Form eines solchen eingeengten Vielecks anzunchmen;
anders ausgedruckt: in einem Wa@&lzlager mit Spiel folgt die Deformation der
Laufbahn dem Gesetz, wonach das Abrollen der Rollkérper sich an dem madglich
kleinsten Umfang abspielen soll.

XVI. Auswirkung der gemaR der vorausgesetzten Konfiguration
wirkenden Krafte auf die in der Literatur beschriebenen Erscheinungen

1 Die von F. Jurgensmeyer behandelten Félle

W ir haben im Punkte 1 des Abschnittes X IIlI darauf hingewiesen, daR
sich in einem WAélzlager mit Spiel die kinematischen Erscheinungen ganz
anders abspielen, als in dem von Jurgensmeyer beschriebenen [2] Wilzlager.

Nach Jurgensmeyer ist der einfachste Belastungsfall dadurch gekenn-
zeichnet, da der Aufenring des durch EINE konstante Kraft belasteten
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Wailzlagers feststeht; diesen Fall bezeichnet Jurgensmeyer als die »Punkt-
last«. Wie wir diese Frage im I. Teil dieses Aufsatzes besprochen haben, kann
von einer solchen »Punktlast« in einem W&lzlager mit Spiel Uberhaupt keine
Rede sein, denn die Lage mit 2 lasttragenden Kugeln kommt viel friher
zustande als das Verharren einer einzigen Kugel unter Last in der Mittellinie.

Ubrigens weist Jurgensmeyer in seinem Buch mit richtigem Gefihl
auf die Pendelbewegung und auf die Schaukelbewegung hin, ohne jedoch eine
Analyse darzubieten.

2. Die von Stribeck als Berechnungsgrundlage
angenommene Kugelanordnung

Stribeck weist in seiner Mitteilung (iber die untersuchten Fille von
belasteten Kugeln und Kugellagern [1] darauf hin, daf »jene Vorbedingun-
gen«, die er als Grundlage seiner Berechnungen gewdhlt hat, daB n&mlich die
Kugeln noch vor dem Auftreten einer belastenden Kraft zwischen den Lager-
ringen sich frei bewegen und diese Ringe keine Durchbiegung erleiden, gar
nicht erfullt sind. Er fuhrt die Berechnung fir ein spielfreies Kugellager mit
einem Belastungsbogen von 180° in jener Lage aus, in welcher eine Kugel sich
genau in der vertikalen Mittellinie befindet.

Wir haben im Abschnitt VII darauf hingewiesen, daf fir ein Walzlager
mit Spiel nur eine Anordnung als stabile Lage angenommen werden darf, in
welcher in der Mittellinie Uberhaupt keine Kugel verharrt; wir haben folgerich-
tig die Rechenmethode von Stribeck unter Einbeziehung der Hertzschen For-
meln auf den, der Wirklichkeit viel mehr ndherstehenden Fall ausgedehnt, wo
die Stabilitdt durch eine tragende Kugelgruppe gesichert ist und wir zeigten den
Weg, wie jene Zahl von Kugeln zu bestimmen ist, die binnen des Belastungs-
bogens effektiv als lasttragend zu erachten sind.

3. Die Annahme nach E. Meldau

Auch Meldau betont die Bedeutung einer vorhandenen stabilen Lage
der Kugeln und ihrer Rolle im Betrieb [9].

Er nimmt ndmlich in seinen Berechnungen (s. 0. ¢c. S. 309) — &hnlich wie
Stribeck [1], (s. 0. ¢. S. 121) — das Vorhandensein einer Kraft Pnin der Mit-
telebene an. Diese Annahme ist jedoch bei Stribeck mit einer zweiten An-
nahme verbunden, ndmlich, dafl sich auch in der Mittelebene eine Kugel befin-
det, diemitdem Vorhandensein der Kraft POgleichbedeutend ist. Hingegenkann
von einer solchen Kraft in labilem Zustand keine Rede sein; auch Meldau
schreibt davon, dall die Voraussetzung einer solchen Kraft unndtig sei. Die
Nutzlosigkeit dieser Annahme, aus der sich nur Unstimmigkeiten ergeben, ist
in unserem Abschnitt VII konsequent klargelegt.
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4. Kugeldruck-Kurve nach H. Perret

In der zitierten Arbeit weist Meldau darauf hin, dafl seine Untersuchun-
gen sich auf den Fall kleiner Drehzahlen beziehen. In der Mitteilung von
Perret [3] wird eine konstante Kraft angenommen, woraus man darauf
schliefen kann, daR auch seine Untersuchungen sich auf kleine Drehzahlen
(also auf die TVit/Zzdrehzahl) beziehen.

Im Bild 2 der zitierten Arbeit von Perretist dem Belastungsbogen eine
Druckverteilungskurve zugeordnet; dieser Kurve gemdaR wirkt auf die Roll-
kdérper auch bei Annahme einer unverédnderten Exzentrizitdt, d. h. eines kon-
stant bleibenden Spiels, ein verdnderlicher Druck. Diese Voraussetzung bedeu-
tet, daB die auf die unter dieser Kurve durchwandelnden Kugeln momentan
wirkenden Kréafte von der im Raum feststehenden Druckverteilungskurve
bestimmt werden. Diese Anschauungsweise stimmt aber mit den wirklichen
Erscheinungen nicht Uberein; die Lage der Kugeln &ndert sich, und dann ist
die in der zitierten Abbildung festgesetzte Druckverteilungskurve nicht mehr
stichhdltig (z. B. muB die Druckverteilung bei einer geraden Zahl von tragen-
den Kugeln sich anders gestalten als bei einer ungeraden Zahl). Also &ndert sich
die Belastungskurve mit der Anderung der Lage der Kugeln; im labilen Zustand
kann man die von Stribeck [1] aufgestellte und bekannte 10. Formel akzep-
tieren, aber im stabilen Zustand ist die GI. (23), Abschnitt VII fiir die Kugel-
dricke malgebend.

XVIIl. Der Weg zur Verringerung der Schwingungserscheinungen

1. Bericksichtigung der Belastungsart

Wenn man vom Lagerspiel spricht, mul man an das Sprichwort denken:
»Kleine Ursachen haben groBe Folgen.«

Es ist keinesfalls irrtimlich, darauf hinzuweisen, dall eine Berechnungs
weise, die auf den wirkenden Kréaften beruhen kdénnte, infolge der mangel-
haften Kenntnis der durch das Lagerspiel hervorgerufenen Erscheinungen nicht
abgeleitet werden kann, und wir deshalb gezwungen sind, Wdlzlager auf Grund
der experimentell ermittelten Lebensdauerangaben zu dimensionieren.

W ie dies in den Lehrbichern Gber »Maschinenelemente« [21] scharf be-
tont wird, 148t sich durch sorgfaltige Beachtung der mdglichen Belastungsfalle
die gewlilinschte Lebensdauer bei Anwendung der konventionellen und experi-
mentell erprobten Wadlzlagertypen in zuverldssiger Weise erzielen.

Wir wollen beispielsweise den Unterschied in den auftretenden Dreh-
zahlen einzelner Bestandteile fir den Fall ausfindig machen, wenn an Stelle
der Welle das Gehduse des AuBenringes in Drehung versetzt wird; nebstbei,
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die Anderung bzw. der Unterschied der Drehzahlen bringt auch Anderungen
und Unterschiede in der Zahl der Kippbewegungen mit sich.

Nach dem im Abschnitt JA angefiihrten Beispiel kénnen wir die Dreh-
zahlangaben wie folgt zusammenstellen.

Umdrehungen

des imaginaren des Innenringes der Kugel des AuBenringes

Armes €' od 0o b oD
W é&hrend einer Umdrehung des gan-
zen Systems +1 +i +1 + i
Wenn bei unbeweglichem Arm -~ d d
der Innenring d in die urspriingliche 0 —1
Lage zurlickgedreht wird b D
Resultierende Umdrehung +i 0 i+ tb |+ -B-

Wenn also der AuBenring 1 Umdrehung ausfuhrt, macht der Arm er
(und auch der Kugelkéfig) eine Drehbewegung gleich

1 D
I . d D+d
D

und wdahrend n Umdrehungen des AuBBenringes D ist die Drehzahl des Armes-
e' (und des Kaéfigs)

= N e . (75)

Wenn wir diese Drehzahl mit jener vergleichen, die nach (5) bei Umdrehung
der Welle entsteht, so sehen wir, dall die Drehzahl des Ké&figs im Verhdltnis
Djd gestiegen ist.

Diese Verhéltniszahl ist zugleich charakteristisch fiir das Ansteigen der
Kugeldrehzahl.

Nach der Tabelle im Abschnitt IV ist die Kugeldrehzahl bei einer Wellen-
umdrehung:

b d (b-D)
", D b (d+D)’
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und nach der neuen Tabelle ist die Kugeldrehzahl bei einer Umdrehung des
Aulenringes:

d
1+
b U(b+d)
d b(d+ D
L+ (d+ D)
D
Der Quotient dieser Drehzahlen ist:
D (b+d) dJ) D) _ D(b+d)
b(d+ D) ‘ b(d+D) ~ d(b D)

Da aber die absoluten Werte

b+ d = |6— D\

einander gleich sind, steigt die Kugeldrehzahl um das Verhdltnis D/d, wenn
sich an Stelle der Welle der AuRenring dreht, die Drehrichtung jedoch in den
zwei Fdllen eine entgegengesetzte ist.

Wir kénnen nicht umhin, nochmals auf die Wichtigkeit der hier bespro-
chenen Schwingungserscheinungen hinzuweisen: es ist klar, daB durch Auf-
treten der Kippbewegungen die Schlagwirkungen immer hdaufiger werden;
auch ist die Stelle, die von den Schlagkréften gehdmmert wird, bei unver-
&nderter Drehzahl — bis zu einer gewissen Grenzdrehzahl — immer dieselbe;
so besteht also die erste Art der Abhilfe darin, daB mau bei der Auswahl eines
Wilzlagers die Art der Belastung und die begleitenden Betriebsverhéltnisse
grindlich erwdégt.

In dem ausgezeichneten Werk von Judrgensmeyer [2] wird auch der
EinfluR der Belastungsart auf das Eintreten der Wanderbewegung der Lauf-
ringe grindlich analysiert.

2. Konstruktive Ausbildung der Walzlager

a) Verringerung des Winkelsy. Nach GI. (1) ist bei einem gegebenen Spiel
h die Exzentrizitdt e umso kleiner je kleiner der Teilwinkel 2y, d. h. je groBer
die Zahl der Kugeln, unter Beibehaltung derselben mittleren Kranzdurch-
messers 2R/, ist.

Bei zweireihigen Rollenlagern ist die Verschiebung einer Reihe der Rol-
len um einen halben Teilungswinkel y gegeniiber anderen Rollenreihen gleich-
bedeutend mit der Herabsetzung des Teilungswinkels.

b) Verringerung des Spiels h. Es gibt konstruktive L6ésungen, bei denen
man durch axiale Verschiebung eines der beiden Laufringe gegenuber dem
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anderen das Spiel vermindern, bzw. beheben kann. Zu diesen gehdren Kugel-
lager, Pendelkugel- und Pendelrollenlager, Schragkugellager und Kegelrol-
lenlager.

Auch wird das Spiel bei der Montage kleiner, falls man den Innenring
mit konischer Bohrung so schwach ausfihrt, daB er sich beim Aufziehen auf
die Welle etwas dehnen kann.

3. Hinweise fir die Montage

a) Art des Einbaus. Die Wélzlagererzeuger sind sich der hier erdrterten
Anforderungen bewuRt; selbstverstdndlich wurden demgemdaB Bauarten ent-
wickelt, in denen z. B. eine willkurliche Verringerung des Spiels mdglich ist;
in einzelnen Féllen hat man auch schon Typen mit Bestandteilen unter Vor-
spannung angewendet. Aus der Fachliteratur [24] bringen wir das Beispiel
einer Bauanordnung mit Federspannung bei Spindellagern fir Schleifscheiben
(Bild 35).

b) Wahl der Passung. Zum Zwecke einer normgerechten Passungsvor-
schrift fur die Laufringe (Wellentoleranz fiir den Innenring, Bohrungstoleranz
fir den AuBenring), kommt die entscheidende Rolle dem Verbindern des
»Wanderns« der Laufringe zu. Jurgensmeyer hat in seinem Buch [2] die
Ursachen des Wanderns der Laufringe in einem eigenen Kapitel analysiert.
Nach seiner Meinung laBt sich diese Erscheinung auf die Ahnlichkeit eines
Wélzlagers mit einem Planetentriebwerk zurlckfihren. Zu dieser Stellungs-
nahme konnen wir als Analogie eine eigene Ansicht des ungarischen Professors
Banki anfiihren, der in seinen Vorlesungen uUber Dampfturbinen [22] (Seite
403—404) die Meinung aussprach, daB aus dhnlichen Grinden eine W ander-
bewegung entstehen muB, wenn man Turbinenlagerbuchsen aus ineinander
geschobenen Rohren herstellt. Wir wollen auf diese, in der Fachliteratur aus-
fuhrlich besprochenen Ursachen nicht ndher eingehen, es soll aber nachdrick-
lich auf den Zusammenhang, der zwischen den hier analysierten Schwingungs-
erscheinungen und der Ringwanderung offenkundig besteht, hingewiesen
werden.

In den bekannten Richtlinien fur den Einbau von Waélzlagern [23] wird
z. B. die Belastungsart im Falle eines feststehenden Geh&uses und einer rotie-
renden Welle mit Nachdruck dadurch gekennzeichnet, dal die Last den fest-
sitzenden AuBenring stets nur in einem Punkte in Anspruch nimmt, wogegen
jeder einzelne Umfangspunkt des mit der Welle rotierenden Innnenringes bzw.
der Innenlaufbahn einmal wéhrend einer Umdrehung der Belastung ausgesetzt ist.

Die Erscheinungen, die im ersten Teil behandelt wurden, weisen hier ganz
verschiedene Merkmale auf: am AufBenring kann nicht eine einzige Uinfang-
stelle als belastet erkldrt werden: es gibt einen Punkt an der &uBeren Lauf-
bahn, wo die Schlagwirkungen sich immer wiederholt auch mehrmals wé&hrend
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einer Wellenumdrehung ereignen, und zwar innerhalb eines bestimmten Umdre-
hungsbereiches, auch bei unverdnderter Drehzahl. Auch entsteht eine Wande-
rung der »gehd&mmerten« Stelle, deren Grenzen man errechnen kann, u. zw. im
Gebiete zwischen der iVuzZZdrehzahl bis zu der Betriebsdrehzahl.

In diesem Zusammenhang steht die Tatsache fest, daB die »Hammer-
schldge« auf den rotierenden Innenring bzw. auf die innere Laufbahn rundherum
und gleichzeitig )>losregnen«.

Bild 36. Die Dehnung der duBeren Materialschichte unter Einwirkung rasch aufeinander
folgender Hammerschlage

Uber die Wirkung von Hammerschlagen auf den W erkstoff seien hier zwei Erfahrungs-
beispiele angefihrt.

(1) Waéhrend einer Stillstandperiode hatte man vergessen, die gespannten Trans-
missionsseile, die an eiuer Seite der ruhenden Seilscheibe aufliegen, zu entspannen. Die Folge
war, daB ein Teil der belasteten Seilradspeichen deformiert wurden das Seilrad nahm eben-
falls eine »hinkenden Form an. Ursache dieser Verzerrung war das einseitig wirkende Biege-
moment der angespannten Seilziige (Bild 36). Es gelang, das guReiserne Rad nach Aufziehen
auf einen Dorn und Abstitzen durch Prismen (zur Kontrolle der runden Form) durch die
auf die Speichen loshammernden leichten Hammerschldage wieder auf die genaue Form zu
bringen. Das Werkzeug war ein leichter Handhammer, dessen Pinne sorgfaltig durch Schlei-
fen (auf den Halbmesser von 2 -4 3 mm) abgerundet wurde. Es genugte, die konkaven Seiten
der Speichen leicht durchzuklopfen: hiedurch erfuhr der konkave Aufenrand eine Dehnung,
die dazu genigte, das Seilrad wieder auf die urspringliche kreisrunde Form zu bringen.
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(2) Es ist eine bekannte Erscheinung, daf man, wenn man beim Zerlegen von alten
Rohrverbindungen eine Muffe vom Rohr abziehen will, oft auf eine Dehnung durch Erwér-
men verzichten kann, denn bereits durch einige rundherum wiederholt angebrachte Ham-
merschlage kann die Muffe leicht entfernt werden.

Die innere Laufbahn eines Walzlagers wird von solchen »rundherum auftreffenden
Hammerschliigen« getroffen, u. zw. bei jeder einzelnen Umdrehung der Welle. Deshalb wird
bei ToleranzVorschriften fur Wellen um einem Durchmesser von 100-i-140 mm die Pas-
sung n 6 vorgeschrieben, aber zu Lagern mit einem gréBeren Spiel gehort eine Welle mit der
engeren Passung p 6.

Elastic Vibrations in Rolling Bearings. Part Il.: The Rotating Mass in not Balanced
with respect to its Centre Line. In this part of the paper a glance is thrown to some phe-
nomena connected to a rotating force and an assumption is attempted according to which
the displacement of the rolling elements caused by the rotating force generates a deforma-
tion, in consequence of which the rolling movement of those elements takes place on the
smallest area possible.

AnacTnuHble KongbaHys NOALLMMHVKOB KaueHus, . BpaluatoLascs macca He ypaBHOBe-
LLIEHa OTHOCWTENbH CBOE COBCTBEHHOM OCK (B. Ceke). [laHHaa yacTb cOO6lIeHNA faeT KpaTKuii
0630p fBNEHUIA, KOTOPblE MO NpPeACTaBNEHWNI0 aBTOpa MOTYT BO3HMKaTb NP HEKOTOPbIM «Bpalia-
louiemca ycunmmn». B ,Cl,al'leeVILLIeM aBTOp Ha OCHOBE I'InaHI/IMeTpMLIECKOVI Moenn BblpaXxaeT TO
CBOe npeacrtas/ieHMe, YTO B HEKOTOPOM NOAWINNHUKE KadeHUA Npu urpe ppaljarouieroca ycumnua
BO3HUKaeT fedopMauuns LOPOXKKM KayeHUA Takum o06pa3om, 4TO Mpu 3TOM npouecc 06KaTKu
nponucxoanuT Ha BO3MOXHO manoi MNOBEPXHOCTMW.
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DISPENSER CATHODES
WITH HIGH CURRENT DENSITY
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The operation principle of the “L” cathode, its characteristic features and the
possibilities of applying it, are discussed by the author, and considerably simplified
as compared to the cathode of Lemmens and others. The new version of “L” cathode
design in a tube form, so-called “M” cathode, is presented in which, instead of porous
sintered tungsten, the multilayer tungsten wire is used. The method of preparing
flat “L” cathodes with porous tungsten layer pressed directly in molybdenum tube
and sintered is presented. Emission properties of developed cathodes are given.

1. Introduction

The widespread research work concerning cathode investigation is due
to the fact that the efficiency, lifetime and reliability of the electron tubes
depend on the quality of their cathodes which are mainly exposed to wearing.

The paper deals with the characteristics of cathodes with high current
density, carrying onto the surface of a metal having a high melting-point —
e.g. on W. — an adsorbed monoatomic earth-alkali metal layer. In such
systems the work function decreases from 4,5 eV to 1,6—2,0 eV and by apply-
ing them, cathodes with high current density are obtainable.

The different cathode constructions are usually divided into 3 main
groups.

1. Pure metal cathodes with high melting points (Tungsten and Tantal
emitting over 2000 °C).

2. Cathodes having an adsorbed atomic film of electropositive element
on their tungsten surface. Film-cathodes Thorium-W olfram cathodes, “L” and
“M?” cathodes. Emission temperature from 900 °C to 1600 °C.

3. Oxide cathodes: earth-alkaly oxides on metal ground. Emitting from
560 °C to 850 °C.

Tungsten metal cathodes, having decreased work function, due to an
adsorbed atomic layer of an electropositive element, were first described by
Langmuir and Dushman [1].

*Dr. A. Btjdincsevics, Toborzé u. 1., Budapest XIIl., Hungary
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De Boer and Wagener [2] subsequently reviewing the operation of
cathodes having atomic surface structure, arrived at new results. They found
that if in between the atoms of the adsorbed electropositive element are inter-
mediately atoms of an electronegative gas placed, e.g. CL on the surface of
pure tungsten metal, this intermediate layer will decrease the work function,
and will favourably affect the vaporisation of the layer, and the stability of
the emission as well.

Moore and Allison [3] seeking the effect of adsorbed Ba evaporated
on pure W surfaces, without intermediate O obtained the same results. But
the monoatomic Ba layer soon became destroyed and was not suitable for
preparing practical usable cathodes.

Lemmens [4] and collaborators were successful in preparing cathodes,
consisting of adsorbed Ba on W surfaces, using a new design. The evaporating
Ba was permanently compensated, from a reserve supply, through the pores
of the porous W. Now these cathodes are called “L” (Lemmens) or dispenser
cathodes.

The emission properties of the dispenser cathodes are very favourable.
They allow the output of great current densities, both in permanent operation
and in impulse work. They work in H.F. operation without sparking, are not
affected by ionbombardment, and recover quickly after free set gas and poison-
ing effects.

The dispenser cathodes are significant for the preparation of microwave
tubes with great specific current density, where the geometrical size is limited
by the wavelength, so that often pointlike cathodes with high specific current
density are needed. The obtainable values are of 2-"4 A/cm2 in permanent
operation, and 100 A/cm2 in impulse work. Mostly they are applied in
impulsemagnetrons, klystrons, planertriodes and in some types of traveling-
wave tubes.

Oxide-cathodes also possess great specific emission, but due to the semi-
conductive character of the oxide-layer, they behave disadvantageously under
the above mentioned conditions.

As is known, it is very difficult to secure the construction and operation
conditions for the dispenser cathodes, described by Lemmens, partly because
of the complicated production technology, partly because of the diminuation
of the emission current. The latter is due to the great probability of poisoning
and accessory disproportionate Ba evaporation.

To solve the above mentioned problems, we set ourselves the task to work
out a technology which secures both the conditions for the operation mechan-
ism and for the production of great quantities of dispenser cathodes, with high
current density and durability.
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2. The working mechanism of dispenser cathodes

Several authors examined and described the physical and chemical pro-
cesses occuring during the operation of dispenser cathodes. Du Pré¢ and
Rittner [5] worked out a complete theory, which gives the following scheme
for their operation.

Fig. 1 gives the schematic sketch of a dispenser cathode construction.
It is built up from a hollow Mo cylinder 1 (coated with BaCOs 2) and is closed

up by acylinder 3of a porous tungsten. The heating of the cathode 4 is provided
by a W spiral coated with A1203. Under thermal treatment in high vacuum,
the BaCO03is decomposed to BaO, which, contacting the hot W wall, is reduced
according to Eq.

6BaO -f W = Ba3W 06+ 3Ba .

At high temperatures the chemical reduction-process is able to supply
Ba metal without a current load, so that a tension of Ba vapour develops,
which is balanced through the pores of the W. The Ba diffunding through
the porous W spreads onto the surface, decreases the work-function and then
evaporates.

On the surface, the Ba is continuously compensated through the pores.
The lifetime of Ba atoms on the W surface depends on the adsorption and
desorption energies, and is very greatly influenced by impurities, e.g. residual
gases.

Ifon the W surfacethere are adsorbed O atoms as well, these as intermediate
atoms have an orientation effect on the Ba atoms during their adsorption,
forming dipoles with them and causing potential gradients on the surface.
The presence of 0 effects a further decrease of the work-function, stabilizes
the emission and moderates the evaporation of the cathode.

The high emission current of the dispenser cathodes is ascribed to the
atomic Ba and 0 adsorbed on the pure W surface. In relation with this, wide-
spread research work was made by Brode and Rittner as well as by Jenkins
and Allen [6].

In every case of lessening emission it was ascertained that it was caused
by setfree, gases or evaporating impurities from the anode or other constitu-
ents, called cathode poisoning.
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The adsorbed atomic layer on the W surface is very sensible to gas
impurities. Concerning the poisoning effects Jenkins and Trodden [7]
measured and determined the tension of several poisoning gases critical to
the emission.

02 10-8 torr.
h 20 10-7 torr.
co?2 10-6 torr.
air 5x10-° torr.

CO, N2 and H2 are less poisoning at similar pressures. After the tension of
the poisonous gas becomes less than the critical value, the recovery-time of
the cathode is about 5-7-10 sec.

The activation treatment using current load starts only a thermal
process which releases gas from the anode, thus altering the chemical balance
of the cathode. To demonstrate the above mentioned, long impulses of 100 /xsec
were used and it was found that the current break-downs and transients are the
functions of the anode material and the temperature. In experimental diodes,
using Ti. anodes, the current break-downs and transients are smaller.

3. Production technology of dispenser cathodes

Concerning the preparation of dispenser cathodes, papers of several
authors give their results. The critical analysis of these methods led to the result
that the shape of the cathode influences the technology of cathode preparation.
It is advisable to use different technics for the preparation of cylindrical and
of plane dispenser cathodes.

For the preparation of cylindrical dispenser cathodes we used porous
W bars sintered to 28%, and shaped mechanically. For plane cathodes we
developed a metallurgical and sinter methode using W powder.

To make cylindrical cathodes we omitted foreign metal saturation, to
avoid impurities in the W.

In accordance with the working mechanism, a pressure of Ba vapour
must develop in the dispenser space, the equalization of which with the
vacuum space can take place only through the pores. The two spaces have to
be separated completely, to avoid the penetration of Ba through the leakage
of the structure components. The super cleanness of the porous W surface is
not securable if we apply the welding technique of metals with high melting-
points like W and Mo.

Examining the situation from the point of vacuum technics two ques-
tions arise. 1. W hat is the allowable pressure difference between the vacuum
and the dispenser space ? 2. W hat is the tolerated leakage between the com-
ponents.
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According to the measurements of Ba vapour pressure, carried out by
Classen and Venemann [8] at 1400 °K

the tension of Ba on W—BaO is 8xl0~s torr.

Mo—BaO 1X 10~6 torr.
In the cathode space, the vacuum is generally better than Ix10~7 torr.
Experiments show, in cases of the above mentioned low pressures, that the
application of tight fittings is sufficient to stop the equalisation, if the fitting
is long in relation to the great mean free path. Thus the equalisation of the
low Ba vapour tension takes place only through the pores.

Rittner, Ahlert and Rutledge [9] determined the mobility of Ba on
W surfaces. If the roughness of the surface is less than 3 //m the migration
path can be 0,1 mm/sec.

The numerical data make it possible to design the technology to prepare
dispenser cathodes, securing the theoretical conditions and the realisation of
mass production.

Taking in account the great migration path of Ba, the thickness of
the porous W wall has to be 0,5 mm and the length of the fitting surfaces
5 mm. This ensures that the Ba will get stuck one the tight fitting surface,
and the penetration into the vacuum space takes place only through the
porous wall.

There remains the question whether the heated cathode when hot —
becomes loose and permeable for Ba vapour or not.

The thermal expansion factor of Mo is 5.3 X 10_6/degree

W is 4.4X 10~6Gdegree

The structure of the cathode is such, that the Mo cylinder with the
greater expansion factor is placed inside the porous W body. When heated,
the fitting becomes more close, without destroying the elastic porous W.

The closing up of the dispenser space is solved by a well-known and in
many respects advantageous cold technology. Its success was proved by ex-
periments in every respect.

We examined the question of the porosity of W in detail, and a new
determination methode was given for the rapid examination of the surfaces
and the porosity of the porous W body.

The internal and external surface of the porous W was measured with
the cathalytic decomposition of H202 on the W surface. The porosity of W
was determined with the aid of the flowing velocity of air through the pores.
The results of both methods were in good agreement with the calculated
values, and we received for the porous surface 10-j-12 times the value of the
compact W surface.

We also determined the specific surface of W powder, with 0,5-i-3 fim
grain size. We found the specific porous area of a sintered W cube to be 1,100-f-
-r-1,200 cm2cm 3.
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The complete inner and outer surface of an experimental cathode is
about 49,000 cm2

It is evident that hig pores decrease the internal surface as well as the
external one, and a consequence of the fine pores is the increase of the areas.
However, the practical values move between narrow limits, because the size
of the porous surface is a function of the equilibrium of Ba evaporation.
At the same time the roughness of the surface should not be more than 3 *m.

In the practice the main problem among the production of porous W
bodies is, to find a suitable method, to open the pores which got closed during
the steps of preparation. The W bodies were chemically cleaned and etched,
first to open the closed pores, secondly to secure the adsorption of Ba.

The chemical treatment is the following. Corrosion for 24 hours in 30%
HF and further 24 hours in 10% HC1 followed by quenching in bidistilled water,
which was changed many times during 48 hours, till the resistance of the last
rinsing water became 500 000 ohm/cm. Then dehydration with acetone and
when dry, a glow treatment is applied at 900 °C in flowing dry H2

The Mo cylinder is also cleaned and glowed in dry H2 The dispenser
space of the Mo cylinder is coated with carbonates. The composition is: 50%
BaC03-j- 45% SrC03-(- CaC03. The spray is a suspension in isobuthylalcohol
without fastening material. The quantity of coating material was 15-1-20
mg/per cm2
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The next step is the adjustment of the cathode. The porous W cylinder
is heated to 100 °C and the cold Mo cylinder is pushed into the W body.

Diodes were made by using the above cathodes and built magnetrons
of the type of 2J32 with them. The anode—cathode distance of the experi-
mental diodes was 5 mm. The anode made of Mo sheet has in the middle a
2 mm perforation for pyrométrie measurements.

The tubes were pumped to 10“8torr. and heated at 450 °C for 4 hours.
The following step was the slow thermic decomposition of the cathode. We raised
the temperature in such a way that the pressure should not be more than
IX10-5 torr. In about 15-1-20 min the cathode reaches the temperature of
800 °C, and an ion current of a few pA flows between anode and cathode.
During the activation process this slowly decreases, and the starting electron
current appears. The temperature will be raised then for 5 min to 1100 °C and
the alteration of the starting current observed, which reaches the value of
0,2-y0,3 mA/cm2. Then the temperature of the cathode is decreased to 900 °C
and the anode is loaded by electron bombardment. During this, gas is set free
and consequently the cathode becomes poisoned. The diminuation of the emis-
sion current should not be more than 10% of the saturation current.

The degased and activated diode is sealed off from the pump and by eva-
porating the getter the vacuum is improved. After the diodes were loaded
with 200 mA for 50 hours, the emission currents were measured in continuous
and impulse work.

Fig. 2 shows the current voltage curves, a) in continuous and b) in im-
pulse work.

4. The technology of plane cathode preparation

Our research work concerning the dispenser cathodes included the plane
cathodes too. We prepared several plane and concave Pierce cathodes with
diameters from 10 mm to 2,8 mm.

The technology applied was based on a sinter method, which grew with-
out shrinking the pressed W powder. The other constituents of the dispenser
cathode are made by deep-drawing of Mo sheets, or by cutting from Mo bars.

The Mo ingradient cleaned chemically and glowed in Ha is placed in
a two-piece instrument, and the W powder — after the above mentioned
etching and cleaning treatment — is measured into the tool. Then it is pressed
into a hydraulic press with 0,6—0,8 t/cm2. The pressure was applied successively
for 20 sec and was also diminished to 20 sec. Using this method, faultless,
porous W bodies without cracks, with 0,8 mm thickness were obtained.

The pressed porous elements were glowed in wet H, flow at 1550 °C, in
a covered Mo vessel.
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During the glowing process the W and the vapour of water react in the
known way:
W+ 2HD -WO02+ 4H
WO, + 4H = W+ 2H,0

As a result bigger W particles and a strong binding to the Mo sheet
were obtained which has a greater heat expansion factor than W. The arising
force is compensated by the elasticity of the porous W. Carefully adjusting

the optimal temperature and duration time of the heating process, it is possible
to ensure that through incomplete sintering the pores remain open. Using this
method, W cathode was produced having bodies with the necessary strength
and porosity and the welding process with the resulting impurities could be
avoided.

After sintering the plane cathodes, the same procedure of cleaning and
etching was used as described in the case of cylindrical W bodies. The chemical
cleaning and the opening of pores ensures the supercleanness of the cathode
surface.

The weighed carbonates are dosed into the cleaned cathode space, and
fitting it into the closing sheath, it is pressed together, using a tool. According
to the tight fitting blockade, long surfaces were applied. Fig. 3 shows the sec-
tion of the structure of an “L” cathode.

Dispenser cathodes generally need 2,5-i-3,0 times as much heating energy
as oxide cathodes. This is due to their higher working temperature and bigger
and blacker radiating surface.

The temperature of the construction according to Fig. 3 was adjusted
by 10~7torr. to 900 °C. This value is 100 °C less than the data given in the
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papers for “L” cathodes. The efficiency of the cathode was improved by sur-
rounding it with a threefold heat shield from Tantal folia. The low value of the
balance of Ba evaporation and reduction is due to the low contamination ratio
which, together, lead to the requirement of less heating energy. It is less than
2 times the value compared to oxide cathodes.

Diodes with plane cathodes and measured emission were prepared. Fig.
4 shows the current voltage diagram of a dispenser cathode with 3 mm diam-
eter, at various colour temperatures of the W.

The subject for further experiments were the emission and life time.
A great number of microwave tube cathodes have been investigated, the results
are shown on Fig. 5.

5. Migration “M” cathodes

Our research work was directed to further improvements concerning the
dispenser cathodes. A new structure of the migration type “M” cathode was
suggested. Fig. 6 shows the schematic design of the “M” cathode.

The “M” cathode is built from a cathode-nickel cylinder containing
0,02% of the usual reducting material, Mg. The cylinder is coated with earth-
alkali carbonates. The composition of the three carbonates is the same as in
the case of “L” cathodes and the rate: 20-1-30 mg/cml| Then an etched and
redheated W wire of 25-720 ftm diameter was wound around the coating.
The windings were close to each other. The winding went 2 mm beyond the
ends of the coating, in order to shut off the dispenser space, 2-*4 rows of the
winding were applied depending on the thickness of the wire.

The pumping and activation process was carried out similar to that of
the “L” cathode. Fig. 7 shows the illustrations of the “M” cathodes with
0,8-M4 mm diameters.

The working mechanism of the “M” cathodes is in many respects similar
to that of the dispenser cathodes with a porous W wall.
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They differ only in their structural design. The dispenser space of the
“M?” cathodes is completely filled with the oxide material, as the winding is
adjusted close to the oxide layer. Consequently, the Ba atoms, which are
reduced with the aid of W from the oxide layer, are spreading directly through
migration onto the surface of the W wire, and decrease the work function
in the same way as in the case of the porous W. The continual Ba supply of
the “M” cathode is ensured as well.

Fig. 7

The properties of the migration type “M” cathodes are similar to those
of the “L” cathodes, only their production technology is more simple. Their
further advantage is the possibility to prepare cylindrical and plane dispenser
cathodes of less than 1 mm diameter. Fig. 8 shows the current voltage curve
of a “M” cathode in continuous work.

Table | contains the results of investigation carried out in magnetrons
with “L” and “M” cathodes, in oscillation and impulse operation.

The lifetime of dispenser cathodes is determined by the evaporation of
the Ba. During the preparation with the dynamic equilibrium of the cathode
it is inevitably influenced by impurities and gases set free. It is desirable to
diminish the evaporation of Ba.

In our further investigations we searched for the conditions ensuring
the Ba balance as well as the role of Ca in decreasing the evaporation and the
work function. This question was thoroughly studied on sinter cathodes by
Coppola and Hughes [12]. In sinter cathodes the dispenser space is placed
into the pores, that is the difference between “L” and sinter cathodes. They
are a special version of the dispenser cathodes. The working mechanism of the
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sinter cathode is in every respect the same as in the case of the dynamic equi”
librium of the adsorbed atomic Ba layer on the surface of W crystals.

Fig. S

There are several more questions to be answered. Which hitherto un-

cleared processes determine the emission properties of BaO layers, and the
optimal conditions of the state of equilibrium ? W hat parameters are stimulat-
ing, and, onthe contrary, hindering the formation of perfect equilibrium at the
working temperature of the cathode?

These questions will be answered in a following paper.
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Vorratskathoden mit hoher Stromdichte. Der Verfasser legt die Theorie der Wirkungs-
weise, die charakteristischen Eigenschaften und das Anwendungsgebiet der »L«-Kathoden
dar. Er wertet die von Lemmens und seinen Mitarbeitern publizierte Technologie sowie die
Konstruktion der zylindrischen und ebenen »L«-Kathoden kritisch aus und erértert den Ein-
fluB der Konstruktion auf die Emissionsparameter. Des weiteren berichtet der Verfasser
Uber eine neue konstruktive Ldsung fir »M«-Kathoden, in welchen das pordése Wolfram durch
eine mehrlagige Wolframdrahtwicklung ersetzt wird. Die Herstellung der »L«-Kathoden
wird diskutiert, ferner einige Probleme der gepreBten und gesinterten pordsen Korper und die
Emissionseigenschaften der so hergestellten Dioden.

KaTO,qu C HenpepbIBHbIM BOCCTAHOB/IEHMEM aKTUBHOIO C/105M 60/bLLION MNOTHOCTLIO TOKA
(A. Byguuesny). ABTOp ONUCbIBAeT MeXaHU3M [eliCTBUA, XapakTepHble cBOWCTBA M 06/1acTb
NPUMEHEHUS KaTofoB «L». OH [aeT KPUTUYECKYH OLEHKY TEXHONOrMu, OonyGAUKOBaHHO
JleMMEHCOM U COTPYAHWKaMW, & TakXXe KOHCTPYKUUM UUAMHAPUYECKUX W MNOCKUX KATOAOB
«L» U cO06LLaeT BO3AeCTBME KOHCTPYKLWUM HA MapamMeTp 3MUCCUW. B fabHelillemM aBTop C006-
waet 06 OHOM HOBOM KOHCTPYKLMOHHOM peleHun B cnyvae KaTtofoB «Mx», Mpy KOTOPOM Mo-
pUCTbLIA  BOMb(pam 3ameliaeTcs MHOFOCMOMHONW 06MOTKOW ©3 BONMb(PaMOBO/ MPOBOMOKMU.
O6cyxpalTcs W3roToBNeHMEe KaTofa «L», [Janee HEKOTOpble NpoGaemMbl MPECCOBAHHbIX U
CreyeHblX MOPUCTbIX TeN W IMUCCUOHHbIE CBOMCTBA WM3rOTOBAEHHbIX TakUM 06pasoMm WO[OB.
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NEW METHOD FOR THE DETERMINATION
OF DIFFERENCE OPERATORS
FOR PLATES AND GRIDS

GY. WEBER*
[Manuscript received May 7, 1970]

A grid model is described wherewith the biharmonic difference operators may
be produced by taking into account the most different boundary conditions. The
divergences between the boundary conditions of the actual free-edge plates and grids
are demonstrated. This method of production of the difference operators has been
developed and succesfully utilized for the purpose of computer programming.

Symbols
K = flexural rigidity;
H — torsional rigidity;
X, y = coordinate directions or subscripts;
iv = vertical displacement:
M = bending and torsional moments;
Q = shear force;
D = dimension of the reticular division for calculation:
i.j = subscripts;
p — distributed load acting on the surface;
P = concentrated load acting on the joint.

1. Introduction, preceding special literature

In papers of the special literature, the method of the “finite differences”
has several times been recommended for the numerical solution of the bihar-
monic difference (plate-) equation, for example by Girkmann [2], Kantaro-
vitch—Krylov [3], Marcus [4], Rézsa [5], Szab6 [6]. In the technical
literature, in connection with the establishment of the boundary conditions
and connected problems only references can be found. The various alternatives
of the “reflection” principle applied at the perimeter are described by Girk-
mann [2], Marcus [4] and Timoshenko—Woinowsky—Krieger [7].

Kantarovitch—Krylov [3] divide the region investigated into two
parts: to points belonging to an internal and to an external boundary zone.
To the internal points the difference equation associated with the biharmonic
differential equation may be established, and therefore, in this regard no
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further difficulties are encountered. In the case of the points being in the
boundary zone, the boundary conditions should be taken into consideration;
these are either given at the points of the network or may be determined by
estimation. Subsequently, the various methods of solution of the difference
equations, estimation of the error in the calculation and the convergence of
the procedure are described.

The intention of this paper is to present a neui method of development of the
difference operators whose essence is to lead back the problem of the plate to a grid
model.

The bearing grid models, in connection with the subject in question,
have been treated by Béres [1], Ré6zsa [5] and Szabs [6]. From these, first
of all, the study of Szabé [6] has to be mentioned, wherein the author points
out that the calculation model of the plane grid is the approximate solution
of the plate equation. It should be noted that the precision of the method
of the “finite differences” may be increased according to Kantarovitch—
Krytov [3] and the error made in the calculation may be reduced to a desired
degree.

Advantage of the new procedure is that it simplifies and mechanizes
the consideration of the boundary conditions, further, in the cases where the
so-called “reflection principle” cannotbe employed, it may provide practicable
result. Such are, for example, in the case of free edges, the corners of various
types or, where for the determinations of external points such assumption
should be made as might lead to a contradiction (for example, at the concave
corner of a plate supported at the edges). By applying the new procedure,
the boundary conditions may be prescribed arbitrarily (separately for each
point), however, at the same time, in the structure, internal openings as well
as convex and concave corners may exist.

2. Relationships describing the stress pattern in the orthotropic plate

2.1. Analytic relations

Both for the plate and grid, the basic relationships describing the stress
distribution are familiar from the special literature on the subject. (Girk-
mann [2], Timoshenko Woinowsky Krieger [7]),the deduction and condi-
tions of their application are taken from the work of Timoshenko—W oinow-
sky Krieger [7]; the stiffness conditions of the grid systems should be deter-
mined according to the theory of Girkmann [2] and Timoshenko—W oinow-
sky—Krieger [7].
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The relationship between the deflection, stiffness conditions and external
load is

(1)

Since, herein, an approximate calculation and a summarizing presentation is
dealt with, the Poisson-effect is ignored, however, its consideration in the
calculation does not involve essential difficulties because its influence is of
a constant nature, in fact, it only makes the formulas more intricate.

The relationships serving the determination of the moments and
shear forces, are as follows:

Q _ 3My __ OMxy

3 o (6)

In the case of edges of various types, the boundary conditions are as
follows.
Restrained edge:

(7)

(8)
Hinged edge:
(9)
(10
Free edge:
(n)
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or

(12)

Upon the structure a quadrangular network should be fitted, identic
with the reticulation of the method of calculation. For each of the internal
intersection points the “finite difference” alternative of Eq. (1) should be
written down, completed with the difference alternatives (7) to (12) of the
boundary conditions in the boundary zone. By writing down the equations
for each of the joints, one obtains a system of linear equations whose solution
provides the deflection of the structure. The stresses induced in the structure
may be determined by means of the difference alternatives of Eqs (2) to (6)

2.2. Establishment of the appropriate difference equations

By writing down the difference equations, the following symbols and
reticular division for the calcrdation are used:

The well-known difference equations of fourth and third order are as
follows:
Aty

O W2~ Wijd s s AMo, e vij+2), (13)
Gea Ao W e sm 741 j+2)
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The way of writing down asymmetric differences has been selected in
such a way that in the relationship, the deflection of the “imaginary point”
being farthest from the perimeter, should be involved, and the values of the
binomial coefficients should not change. By satisfying these conditions, the
asymmetric differences should be written down, respectively, for the cases
of the joints of various locations:

The difference alternatives of the relationships (1) to (12) may be estab-
lished by making use of Egs (13) to (23). These will not be treated herein.
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2.3. Difference equations relating to different internal
and external points

2.3.1. Internal points
At the nodes included in the internal regions of the structure, the differ-

ence equations corresponding to Eq. (1), may be written as

KJIFjDF) (hv_2- 4wiiHL+ 6iVij- dwij+l+wij+2)+
+ H(LIDI) (/D) (2wi_1j_1 -dwl_1J+ 2wt 1J+1-

- AN +8witj- Awid+l-f 2wi+ItH1—4wt+1J+ 2to/+w+1) + (24)
P
+ A31/py) (m>-2]— 4w,- W +6t» iy 4w, +1J+ir,+2y) = —
Ux Uy

wherein Pit = p(*, y)DxDy.

In the case of points lying in the boundary zone, the boundary condi-
tions should be taken into account, and the difference alternatives of the
Eqs (2) to (12) applied.

2.3.2. Boundary condition of a convex corner on restrained supports at both sides

Arrangement scheme:

Subscripts j-2 j-1 j j+1 jt2
-y-D .fy~D . -

M aking use of Eqs (1), (7), (8), (13), (22) and (23) and reducing them, in the
case of joints i, j yield the following result:

K x(Dy!'D%) (7w ij- 4kv+1+ wil+2)+
+H (D X)(I1DY)(8WIJ- AWt j+i— 49 i,/+ 2wi+ij+i)+
+KyDjD*(7u>13-4M |+13+ w [+ij) = Puj. (25)
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The value of the enclosed symbol w is, as a matter of course, equal
to zero.

In the case of restrained edges, the result may be found with the help
of a similar procedure in the middle segment of the edge, and in the case of
concave corner point.

2.3.3. Boundary condition of a convex corner on hinged supports at both sides

Arrangement scheme:

Making use of, and reducing Eqs (1), (9), (10), (13), (15), (20) and (21)
in the case of nodes i, j yield the following result.
KfDyIDf) (5myv —4wiJ+1+ wiJ+2)+
+H(I/-Dy) (1/Dx) (8rw,~ "iwij +i - 3wi+lj Jr 2wi+lj +1) +

+ KyDxID@ (5wij--4wi+ltj+ wi+2J) = Pij. (26)

The value of the enclosed (iTj at the edge, equals, as a matter of course,
zero.

The result may be obtained in a similar way in the case of hinged edges
at the middle segment of the edge, and in the case of a concave corner joint.
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2.3.4. Boundary condition of a concave corner on hinged supports at both sides

Arrangement scheme:

Subscripts

i+2

Making use of, and reducing Eqgs (1), (9), (10), (13), (15) and (20), in the
case of joints i, j yield the following equation.

KfDy/DI) (wtj-i—itvij-i+Sulij) +
~rH(1/Dx) (1/Dy) (2wi_1j_1-4<Wi_1J-~ hvjj_ 1-{-8ivitj-\-
+ 2m>/+1 [ 1 —Ani+]) +
fKy(D XIDM){wi_"j-4wi_lj+6wir Awi+ltj+wi+2]) = P'j. 27)

It should be noted that in the case of concave corner joint, the “reflec-
tion”’ principle cannot be applied unequivocally, because an assumption should
he introduced, the application of which already leads to a contradiction, or
a further new assumption should be taken. Namely, a two-layer imaginary
continuation should be assumed. This assumption has not been necessary as
yet. However, in the case where, as in the preceding figure, the axis drawn
with a dash-and-dot line (— --——-—e—+—) is not an axis of symmetry, nor is
the load of the structure symmetric, the “reflection” principle leads to contra-
diction.

In this case, the difference equation corresponding to Eq. (1) should be
written down for points it,-and wi+2)/+2 in the arrangement scheme, and
assumed that the negative values of the deflections witj and tvi+2jj.. are the
same as those of the point witj+2. More simply written iVjj = wj+2 42, This
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is a contradiction because the external load is not symmetric and, accordingly,
the deflections witj and wi+2j +2 cannot be equal. In applying the procedure
described in the foregoing, no assumptions could be made in respect to the
deflection conditions of the imaginary points, consequently, the contradiction
mentioned does not occur, and it is not necessary to assume the two-layer
imaginary continuation, nor is it necessary to describe the zero-value of the
anchoring force.

2.3.5. Boundary conditions of the free edge

Arrangement scheme:

Making use of the Eqs (1), (11), (12), (13), (15) and (21), of points i, j
yield the following.

KfDyjDf) (te-> 2—4teid._1+ 6 my —4AwiJ+1+ w itj+2)

+H(11DX (LIDy) (-2w fiy_1+ 4wii/-

- 2WiLjH i+ 2wt j~i— Wi+ 0L j+ 2wt i) +

+ KyiDJDf) (wij—2wi+1J+ wi+2J) = Puj. (28)

It is to be noted that the means applied so far — the “reflection” prin-
ciple included — cannot be employed in the case of the free edge to the con-
vex and concave corner joints because the value of deflection of each of the
imaginary points, after deduction, will also be included in the combined equa-
tion.
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The contradictions may be eliminated in two ways:

— an assumption should be made in connection with the joint in question
and eliminated from the equation. (Essentially, this is to return to the proce-
dure of the “reflection” principle and to the method of estimation described
in [3]);

— one should try to search for the physical model corresponding to the differ-
ence-method and by making use of it, the difference operators should be deter-
mined.

In this paper, we will try to find the result by means of this latter method.

Accordingly, the problem is to construct such a physical model as to
satisfy the difference equations (24) to (28), and those to be established accord-
ing to their concept, then, by making use of them, it should be tried to find
the result at the convex and concave corners in the case of a free edge.

3. Model of the biharmonic difference operators

In compliance with [6] the approximate solution of the equation of the
plate is the calculation model of the grid. A structure consisting of four rigid
bars being connected in both directions by bending, and the opposite bars by
torsion-preventing bars, should correlate to a part of plate of the quadrangular
reticulation. According to the assumptions, the joints can only he vertically
displaced similarly to the central part of the plate.

The formation of the model may be seen in Fig. 1.

The load may only act vertically on the nodal point.

Let us introduce a vertical unit displacement at joint i, j ; which causes
bending moments (1/2)KyDxIDy and (1/2)JCxDy/.Dx at joints i — 1,j; i -j- L j
and i,j — 1;1i,j -(- 1, respectively, at each bending spring. The angular rota-
tion is two-fold both in the x and y-directions at joint i, j, therefore the magni-
tudes of the movements are KyDx/Dy and KxDylDx respectively. For contra-
balancing the moments, at the joints vertical forces are induced; the method
of their calculation is represented in Fig. 2.

Under the effect of the unit displacement between the barsj andj -f- 1
a torsion of /Dy magnitude takes place, in consequence of which a torsional
moment of H /Dy magnitude will be induced in the spring connecting the two
opposite bars, in the other direction the value of the torsional moment being
H 1IDX

The calculation of the vertical forces caused by the torsional moments
is presented in Fig. 3.

The vertical forces will be determined by taking the torsional moments
into consideration as bending moments acting on the perpendicular bars.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



DETERMINATION OF DIFFERENCE OPERATORS 107

Under the effect of the unit displacement, all of the induced vertical forces
are depicted in Fig. 4.

The forces shown in Fig. 4 express the effect caused by the unit displace-
ment introduced at the nodal point in question at the place i, j, that is, if the
value of the displacement at the joint i — 2,j is u>j-2j then, at the jointi,j,

Fig. 1. Model of the biharmonic difference operators

a force of KyDx/Dy magnitude is acting, in the case, where actually
both of the bars of the model exist.

If, at an internal joint i, j, the vertical forces acting on the model are
summed up by taking into account the deflections then, a difference equation,
identic with Eq. (24) will be obtained where the vertical force is acting on the
jointi,j, isP(. Thus Eq. (24) may be considered as both the variant deducted
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by making use of the differences of the plate equation and the equilibrium
equation of the grid model. This agreement, at the same time, also justifies
the correctness of the physical model.

Let us now look at the problem, how one can use the model in the case
of the points situated in the boundary zone, in order to write down as a result

Bending spring

Rigid bars

Fig. 2. Vertical forces acting on the model caused by bending

the difference equations for the point in question directly, wherein already also
the boundary conditions are included.

The difference equations related to the particular nodal points or those
ying at the edges, may be established with the aid of the model as follows:

— In the case of a restrained edge the system of forces of the lacking part
(or parts) being in equilibrium should not be taken into account. The spring
rate of the bending spring acting on the edge, should be taken into account
by its double value. Nor should the vertical forces induced at the restrained
edges be considered because here, the boundary conditions are: (w)x=edge = 0
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or = 0. Thus, in the case of the convex corner joint a difference
equation being identic with Eq. (25) is obtained;

— in the case of a hinged edge, the system of forces of the lacking part (or
parts) being in equilibrium should be ignored. The vertical forces induced at

Fig. 3. Vertical forces acting on the model caused by torsion

the supports are left out of consideration owing to the boundary condition.
Thus, in the case of a convex corner joint being hinged at both sides, a differ-
ence equation is obtained, identic with Eq. (26); in the case of a concave corner

joint hinged at both sides, a difference equation identic with Eq. (27) will be
the result;
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— in the case of a free edge, only the system of forces of the lacking part
(or parts) being in equilibrium, should be left out of consideration.

It should be noted that the procedure recommended is also successful
in the case of convex, concave and intermediate parts, whilst the application
of the difference-method or “reflection” principle does not give a practicable

Fig. 4. Vertical forces acting on the model. Only one fourth of the model is depicted

result. However, in the case of a free edge, the actual plate and grid should
be distinguished. Eq. (28) is valid in the case where an intermediate segment
of the free edge of an actual grid is dealt with.

The model may also be employed and difference equations may be estab-
lished in the case, where the boundary conditions are prescribed separately
for each joint (see “Applications”).
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4. Divergence of the biharmonic difference operator model
from the actual plate and gridwork

Let us first examine in the case of a free edge the difference between the
actual plate and grid. In the model — as was mentioned above — the parts
within the actual structure have been substituted by bars; by looking at Fig. 5

Substituting system of bars

Inthe case of plate Inthe case of grid

Fig. 5. Formation of the substituting system of the actual free-edge plate and grid

it becomes obvious that in the case of the actual plate only one of the sub-
stituting system of bars is included, whilst in the case of the actual grid both
of the bars may be found on the edges. Therefore, in the case of the plate, in
the calculations only the half, whilst in the case of grid the whole of the given
spring rates should be taken into consideration.
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5. Applications
5.1. Convex corner of a free-edge plate
The difference equation established for the point i, j is:

Kx(DyID*) [(L/2) M » [J+1+ (1/2) wu+2] +
+H(IIDx(IIDy)(2wij - 2wiJ+1- 2wi+lj+ 2 w i+lj+1)+ (29)
KyDyID[(112) Wij-wi+lj+ (112) wi+2J] = Pij.

5.2. Convex corner of a free-edge plate
The difference equation written for the point i, j:
K x(DyIDx) 2w, yH +WiJ+2) +
+H(1/DX) (1/Dy) (2wij—2wij+1  2ivi+1J+ 2w i+1J+1) + (30)
Ky HXIPyfAL]  2%e-LijT- ) Py.

5.3. Concave corner of a free-edge plate
The difference equation written for the point i, j:
K x(DylDf) 4Q,v_1+(11/2)icy- 3msy+l+ (1/2)u>,;+2] +
+ A/BXY (DY (2wi_1J_I~2wi_lJ-Awij*+ewij-
S2wid+1+ 2uli+lj_-i+ iwi+lj+ 2w i+lij+1)-\-K y(D xID ¢) [(1/2)ic,_2j—

3wi_u + (11/2)ic(V—A4u;i+1J-+M;i+2,y] = P,y. (31)

5.4. The problem is the same as 5.3, only the row i -\- 1 is to be supported

The difference equation written down for the point i, j:

5.5. The problem is the same as 5.3, however, the row i -f-1 is to be restrained

The difference equation written down for the point i 1:
K x(DyIDx) [(1/2)n),j_2 y 1+ (I/2)u),y—3» u+1+ (/2K i/lw]+
+A(1/9 X (1/Dy) (2wi_1J_1- 2wi_hr 4wij_1+6wiij-2 w ij+1)+
+ Ky(Dxj(D3) [(1/2H _23-3u,,_ w+(13/2HYy] = PtJ. (33)
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i j+2

A free edge

free edge
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bscripts j 2 J j+2
free edge

i-2
i-1
i+2

in problems 5.5and 5.6

this point isan accesory

of the structure
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Ein neues Verfahren zur Ermittelung von Differenzoperatoren in Zusammenhang mit

Platten und Trégerrosten. Es wird ein Tragerrostmodell in der Abhandlung dargestellt, womit
biharmonische Differenzoperatoren durch Berlicksichtigung der verschiedensten Randbedin-
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gungen hergestellt werden kénnen. Ferner werden die Unterschiede hervorgehoben, die sich
bei den Randbedingungen und Ré&ndern der tatsdchlichen Platte und des tatsdchlichen Tréger-
rostes hervorkommen. Diese Art der Herstellung von Differenzoperatoren wurde zum Zwecke
der Programmierung fir Rechenautomaten ausgearbeitet und mit gutem Erfolg benutzt.

HoBbiii MeToh onpefeneHus auddepeHUManbHbIX ONepaTopoB B CBA3W C NAUTAMU U
GanoyHbiMu pelwetkamu (. Bebep). MpegcTaBnsetcs Modenb 6ano4yHOi pelweTKM B TaKoii
TpPaKTOBKE, MPM KOTOPOI MOXHO BbIBECTM 6UrapMoHMUecKre JuddepeHLinanbHble onepaTopbl npu
yyeTe cambiX pasfMYHbIX KpPaeBblX YcnoBuii. Kpome TOro, noguyepKuBalTca Te OTKIOHEHUS
KOTOpble BCTPEUarTCs M0 KPaeBbIM YCMOBUAM U KPasM 4eiiCTBUTENbHOR NANTLI U AeliCTBUTENLHO,
6anouYHoil peweTkn. Takoil cnoco6 BbiBoAa AuddepeHLnanbHbIX onepaTopoB pas3paboTaH Anii
e NporpaMMupPOBaHUA ANS pelallymx aBTOMAaToOB U WCNO/b3yeTcs O4eHb IP(HEKTUBHO, 1
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RECENT RESEARCH RESULTS IN THE FIELD
OF HERMETICALLY SEALED MINIATURE
SILVER ZINC STORAGE BATTERIES

L. HAJDU* and J. ZAHORAN™**
[Manuscript received October 29, 1970]

The author presents the operation of the so-called “double depolarizer” system
which essentially consists in using a second depolarizer composed mainly of cadmium
oxyde, besides the silver oxyde main depolarizer. This permits to develop in the cell
characteristic a voltage level below the nominal one. In addition to the operating
mechanism of the silver electrode the authors describe the parameters of a storage
cell which can be operated in the so-called “monoxide phase” with a capacity equal
to that of a traditionally arranged cell.

1. Introduction

After the end of World War Il, a tendency towards miniaturization
became a special feature of the rapid evolution in telecommunication engineer-
ing and instrument technology all over the world. Beside miniature compo-
nents often reduced to microscopic sizes in telecommunication and measuring
circuits, a relatively large space is required, however, by energy sources supply-
ing the necessary power.

In an early period of development, power sources were only represented
by different types of dry batteries with a relatively large energy storage
capacity as compared to their small volume and weight. Dry battery manu-
facturers can hardly keep pace with the rapidly increasing demand, so that
there is a shortage at present in dry batteries all over the world. On the other
hand, an ever increasing emphasis is placed upon economic problems including
the fact that the widely used and comparatively cheap types have a short
shelf life with the result that in spite of their low prices substantial replace-
ment costs are imposed on the users of equipment energized by dry batteries
in a continuous operation.

As a consequence, an ever increasing importance is attached to recharge-
able minute energy sources — miniature storage batteries — represented up
to the last years mainly by the nickel -cadmium alkaline batteries of the
West-German corporation YARTA-DEAC. Hermetically sealed, these minia-
ture nickel—cadmium batteries can be built into the equipment in any posi-

*L. Hajdu, Szilagy E. fasor 107, Budapest Il., Hungary
** Dr. J. Zahoran, Saj6 u 6, Budapest XX., Hungary
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tion, and require no maintenance if used in accordance with prescriptions.
Their specific energy storage capacity is 60mWh/cm3, even for types enclosed
in a volume of 1 to 2 cm3. The significant disadvantage of these types is their
high sensitivity to overloading. In this respect a much more advantageous
situation is taken by the nickel—cadmium miniature batteries with sintered
electrodes ofthe French company SAF T, although their specific energy storage
capacity is slightly lower than that of the VARTA-DEAC types.

2. Historical background of silver —zinc storage batteries

As early as in the years before World War 11, professor Henri Andr¢ of
France investigated the problems of developing storage batteries with silver
oxide as a positive active substance and zinc as the negative agent, the electro-
lite being an aqueous solution of potassium hydroxide. Produced chiefly under
laboratory conditions, Andre’s batteries, although having a number of initial
troubles and difficulties, they definitely proved to attain an energy storage
capacity 3 or 4 times higher than that of a standard lead or nickel storage
battery with the same volume and weight and to have in addition a much
higher loadability as compared to the latter. At the very start the obtained
results showed that these storage batteries were very promising in such applica-
tions where high energy storage capacity and high loading capacity with a
small volume and low weight are of capital importance.

Andre’sfirst patent was adopted in France in 1936, and up to the begin-
ning of World War Il about 20A-25 thousand middle-power silver—zinc
storage batteries (10-f-20 Ah) were produced in France and taken possession
of by the German troops invading the country.

To evade occupation, Andreé fled to the United States, where he could
continue his experiments with the co-operation and financial assistance of
Michel Yardney.

In that time a great number of patent specifications were published, all
relating to various constructional arrangements mainly to increase the life
time to an acceptable level.

As a result of these efforts, the new power source found military applica-
tion soon in World War Il. In the United States a submarine was built to be
energized with silver—zinc storage battery, the first of her kind (the Barra-
cuda). The battery contained 15 tons of silver as active material. After the
world war Andreé returned to France and built an electric motor car (Panhard)
which, once charged, covered a distance of 400 km at an average speed of
60 km/h.

These were the first serious attempts to investigate the performances
of a high power energy source primarily in those fields of application where
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a high energy density, that is, a large amount of energy in a small volume and
at a low weight, is of great importance.

After the war, a joint venture was launched in France (Andyar, for
André—Yardney) and the silver—zinc storage batteries began to be pro-
duced in Europe. Later on, Venner Accumulators Ltd. in England and Frie-
mann und Wolfin Germany introduced the manufacture of silver—zinc bat-
teries on the basis of the awarded patents. At the same time, experiments were
underway in the East-European countries, and production was started first
in the Soviet Union, and then in a number of other countries including Czecho-
slovakia, Poland, and Hungary.

The interest in such batteries has been greatly enhanced by supersonic
flying and space research, these being now the defining factors of their applica-
tions, to say the least. In addition to supersonic aeroplanes having silver—zinc
storage batteries as exclusive electricity sources, the American intercontinental
rocket Minuteman, artificial satellites, space ships in general use such batteries
to satisfy all energy requirements.

In the development of silver—zinc power sources an important result
deserving attention, even abroad, has been obtained in Hungary by develop-
ing the first hermetically sealed silver—zinc storage battery [1] on the basis
of Hungarian patents [2, 3],

Of these, the most important Hungarian procedure relates to the pro-
duction of a silver electrode in an active form, a technique without parallel
in the -world for which patents have been granted in several countries. The
main point in this procedure is an electrolytic (anodic) chlorination to activate
the surface of a thin silver wire, followed by a cathodic treatment (reduction)
with the result of obtaining fine-grained active silver having a large surface.
This has a strong adhesion to the intact core resulting in a highly uniform
contact surface to convey current. Anodic oxidation of the active silver ob-
tained in this way leads to a silver oxide electrode used as a depolarizator in the
silver—zinc storage batteries. Similarly, a special process is used to produce
a zinc electrode. The procedure for which a patent has been granted relates in
this case to a structural property (and procedure), this offering the only pos-
sibility to ensure the necessary reversibility conditions even in a hermetically
enclosed space for the zinc to be used in a sealed storage battery. An essential
feature is the electrochemically refined zinc to which a cottonlike cellulose is
added to obtain a homogeneous mixture which ensures a uniform electrolyte
supply inside the electrode during operation. This makes it possible for the
zinc electrode to be reversibly oxidized and reduced permanently (even for
several years).

Both of these procedures are used in practice by the Medicor Mivek in
the manufacture of sealed silver—zinc button accumulators and other bat-
teries.
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3. Operating principle of silver —zinc storage batteries

The operation of the current sources in which chemical energy is con-
verted into electric energy is based on the fact that the chemical reaction
underlying the energy production can be broken up into two parts and the two
partial reactions take place perfectly separated, even topologically. This sepa-
rability in space is the basis ofthe operation ofelectrochemical current sources
and their main criterion.

According to modern electrochemical nomenclature any process involv-
ing a loss of electrons is considered an oxidation and a process involving an

2¢” [External circuit]

Fig. 1. Operation principle of silver—zinc storage batteries

electron gain is called a reduction. In other words, a chemical compound,
radical or element yielding electrons is oxidized and, conversely, any compound,
radical, or element taking up electrons is reduced. Correspondingly, all chemical
processes are oxidation-reduction processes for all chemical changes involve
a transport of electrons (valence electrons), or, more precisely, a rearrange-
ment of electrons, where the electron orbits in the molecules of the reaction
products are determined by the compounds taking part in the reaction as
electron donors or electron acceptors.

When the process of electron yield and electron gain in such a reaction
is restricted to the dimension of a molecule, an ordinary chemical reaction
takes place accompanied by a thermal effect (exothermic and endothermic
reactions), for example, the combustion of coal.

In a chemical reaction taking place under controlled conditions in such
a way that the electrons are transferred over prescribed paths through a con-
ducting metal wire, this electron flow can be forced to do work (electric work)
and its magnitude is determined by the thermodynamic energy depending
upon the difference of chemical potentials. Thus, a part of the energy involved
in the chemical reaction is converted into electric energy.
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The processes taking place in a silver—zinc storage battery can be illus-
trated schematically as is shown in Fig. 1.

In the interelectrode space filled with potassium hydroxide as an electro-
lyte there is a semi-permeable membrane (partition wall) through which ions
are allowed to move freely.

In this way, electric current is carried by electrons in a conductor and
by ions in the interelectrode space.

a) Charging process. The electrode materials in state | are converted into
materials in state Il according to the partial processes described by the equa-
tions

2Ag = 2Ag( + 2e~ (1)
2Ag+ + 2011- = AQg20 + H2 2)
2Ag + 20H - = Ag®d + H2 -|- 2¢ "Ag/Agd = -T-0,344 V. 3)

Losing its electron which flows through the conductor to the negative
electrode (and polarizes it), silver is oxidized into silver ions and becomes
positive because of the electron loss. The hydroxyl ions in the electrolyte
migrate to the positive electrode already polarized and are converted in the
neighbourhood of the silver electrode into water while yielding oxygen as
shown by the equation

20H- = H20 + 1/202+ 2e". (4)

Oxygen is thus incorporated into the silver electrode.

When the process Ag—Ag2 is completed or well advanced to an extent
depending on the morphological properties of silver and the actual current
density, oxidation of Ag2 as a consecutive reaction begins,

Ag20 + 20H- = 2AgO + H2 + 2e~ EAg20 Ago = +0.570 V. (5)

Naturally, this part of the charging process takes place at a different
potential level because of the difference in oxidation -reduction potentials.
A more detailed account of this two-staged mechanism of the silver oxidation
will be given later because it has a decisive effect on the electrical parameters
of storage batteries and, consequently, it is a central problem of research.

The electrode with Zn(OH)2is polarized as a negative electrode by the
electrons arriving through the wire, resulting in a migration of the kalium ions
in the electrolyte towards the negative electrode. K+ ions with positive charges
reaching the electrode take part in the reaction

Zn(OH), + 2K+ + 2e~ = Zn + 2KOH (6)

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



122 L. HAJDU and J. ZAHORAN

thus reducing the zinc hydroxide electrode to metallic zinc.

Another main point is the fact that the zinc electrode is always dissolved
to a small degree in the form of K2[Zn(OH)4]. Taking this into account, the
reaction also takes place as

K2[Zn(OH)4 + 2K+ + 2e~ = Zn + 4KOH. @)

Of these processes, process (6) is quantitatively decisive because, in a dis-
charged battery, the negative electrode is present mainly as Zn(OH)2and only
a smaller part of it is dissolved.

b) Discharging process. In a discharging process, that is, during the elec-
tricity production, a process shown in the lower part of Fig. 1 takes place,
which is essentially the opposite of the charging process.

As a result of the electrons reaching through the conductor the silver
oxide electrode, this electrode becomes negative, thus attracting the positively
charged ions K+ present in the electrolyte,

Ag20 + 2K+ + H2 -f 2e- = 2Ag + 2KOH, 8)

this being reduced to metallic silver. The hydroxyl ions of the electrolyte
migrate to the zinc electrode through the semi-permeable membrane. As a
m atter of fact, zinc loses its electrons and is transformed into positive ions,
which will attract the hydroxyl ions,

Zn = Zn++ + 2e_, 9)
Zn++ + 20H- = Zn(OH)2 (10)
Zn f 20H- = Zn(OH)2 - 2e~ Eznzn(OH)2= —1.245V. (11)

A part of the obtained zinc hydroxide is further dissolved in the KOH
electrolyte with the liberation of potassium zincate,

Zn(OH)2+ 2KOH = K2[Zn(OH)4] (12)
and the greater part of it forms the electrode material in a hydrated form.
There is a possibility for zinc hydroxide, especially after a long storage time,

to yield its water content and change into zinc oxide, a hard substance which
cannot be dissolved any further,

Zn(OH)2= ZnO + H20. (13)

It is to be noticed that the partial processes (half-reactions) shown above
completely fulfil the conditions which define an electrochemical power source.
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Electric current is carried by electrons in a conductor and by ions in an electro-
lyte.

Together with the reaction equations (3), (5), and (11) illustrating the
oxidation—reduction processes of both electrodes redox potential of silver and
zinc have also been shown allowing the electromotive force of the battery to
be calculated.

By summing up processes (1) to (12), the double reaction producing an
electric current can be written as

I. AgO + Zn+ H2 = Ag+ Zn(OH)2 Uei = 1,815V (14)
Il. Ag20 + Zn + H2 = 2Ag + Zn(OH)2 Uell = 1,589 Y. (15)

In the foregoing, basic processes underlying the operation of silver—
zinc storage batteries were discussed. However, due attention should also be
given to some additional processes which are the main causes of disadvantages
encountered in silver—zinc storage batteries. These can be briefly summarized
as follows:

1. Cellophane partitions used in silver—zinc batteries as well as for
other partitions, fundamentally different from those made of cellophane, and
those which are being tested or under research, do not fulfil their functions
perfectly so far. A partition wall in most cases is a decisive factor in determin-
ing lifetime and this is one of the reasons for the lifetime of a silver—zinc
storage battery being at present shorter than those of a conventional storage
battery. Partitioning walls withstand electrolytes only for a limited period
after which they are degraded, destructed, thus causing short circuits in a
battery.

2. After a longer exposure to the active material of positive electrodes
AgO, the substances acting as a frame in or additives to the partition usually
made of organic materials is oxidized so that chain breaking in polimer mole-
cules will occur. This process contributes to an early failure of the cellophan
material.

Among the disadvantages caused by silver there is a colloidal dissolution
of the electrode and silver deposition in the pores of the partition (at least
the same degree of reduction is experienced !), thus leading to an undesirable
increase in cell resistance due to a clogging of the pores.

3. The most important detrimental process of the zinc electrode during
operation is that which prevents zinc from exhibiting a permanent tendency
to reversible operation as with silver electrodes, which alters the equilibrium
conditions of the storage battery with regard to initial values. Another dis-
advantage ofthe zinc electrode is that the part which is dissolved in the electro-
lyte tends to be reducible in the final period of charging only in a so-called
dendrite form (as acicular crystals), thus piercing the partition. Thus, a short
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circuit in the battery can occur. In a continuous operation, not only an impair-
ment of reversibility can be observed, but also important morphological
changes as a consequence can take place in the electrode.

4. Hermetically sealed miniature silver —zinc storage batteries

As has already been mentioned, a new path has been opened up in devel-
oping silver -zinc storage batteries by a family of hermetically sealed minia-
ture silver - zinc batteries developed and manufactured since several years
in Hungary, combining the advantageous properties of sealed miniature

Fig. 2. A hermetically sealed silver - zinc button accumulator

nickel—cadmium storage batteries with those of an “open” silver—zinc accu-
mulator. Their specific energy storage capacity is 120 to 150 mWh/cm3 with
a much higher loadability than that of a nickel- cadmium storage battery.

Fig. 2 shows schematically the design of a hermetically sealed silver—
zinc storage battery placed in a disc-like metal case. It is a so-called button
accumulator. The pressed case 1 made of a corrosion-resistant sheet metal and
coated on the inside with a non-porous silver layer, contains a specially manu-
factured silver electrode 2. Lead-in to the electrode is provided by the metal
case. The zinc electrode 4 is pressed into a lid 3 made of the same corrosion-
resistant sheet metal and covered on the inside with a double layer of zinc
amalgam. The two electrodes are separated by a microporous partition 5.
Hermetical sealing and electric insulation between lid and case is ensured by
the use of a plastic gasket ring 6. Before assembling the battery, both electrodes
are impregnated with a solution of potassium hydroxide of a corresponding
composition to allow the electrolite to wet each electrode particle and ensure
a high activity of the electrodes. A theoretical qualitative operation as de-
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scribed above cannot be completely achieved in practice, actual processes being
much more complicated. Consequently, a number of fundamental theoretical,
constructional, and technological problems had to be cleared up and solved
when developing these minute storage batteries in order to ensure a hermetical
sealing. A basic condition for obtaining hermetical seal is that the electro-
chemical processes in the battery take place quantitatively to such an extent
as to have no gas production in the battery during a normal charging or dis-
charging process. It is not the purpose of this paper to give a detailed descrip-
tion of all the constructional and technological principles allowing the manu-
facture of these hermetically sealed miniature silver—zinc storage batteries,
so only the basic problems that are absolutely necessary to an understanding
of the following sections will be discussed.

Silver electrodes are made of a silver wire of an adequately chosen dia-
meter by passing the wire between two toothed wheels with a suitable toothing
to obtain an undulating wire which is then irregularly balled. The hall com-
prising a desired amount of silver wire with a random filament distribution is
pressed so as to obtain a disk of the appropriate dimensions. The structure
of the agglomerated electrode is similar to that of a wire sponge, the wavy
silver filaments giving the structure of sponge cells. By the use of a suitable
electrochemical process, these silver-wire cakes are then transformed for the
most part into AgO [2]. In this activation process, if carried out to a proper
extent [4], the inner core of the wire remains in the original state as intact
metallic silver ensuring a high conductivity of the electrode even during the
charging —discharging cycles of the battery. Cyclic chlorination, reduction,
and oxidation applied in the electrochemical activation process ensure a formed
and charged state of the electrodes when placed into the batteries. Before
assembling, the electrode is impregnated in an electrolyte. As a basic material
for the zinc electrode a high purity, electrochemically active zinc raffinate
having a cottonlike structure is used with an additive to build up a frame and
to store electrolyte, and an inhibitor to prevent natural chemical solution of
zinc in the potassium oxide electrolyte [3]. This mixture is then fed into a press
to obtain zinc electrode pellets. The zinc electrode manufactured as described
above is impregnated in a solution of potassium hydroxide added to potassium
zincate in the necessary proportion. With a proper electrolyte concentration,
natural dissolution of zinc [16] involving hydrogen generation is almost com-
pletely eliminated:

Zn + 2KOH + 2H,0 = K2[Zn(OH)4 + H2 (16)

In general, chemical solution of zinc is likewise promoted by metallic
impurities electrically positive with respect to zinc which may he present in
a high purity zinc in traces (10~4to 10-5 per cent) and form local cells with
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zinc. In these local cells, zinc is the anode and a metal impurity the cathode.
Because of a local effect, zinc is dissolved anodically while hydrogen is liber-
ated at the cathode, that is, at an impurity. The last few years many research-
ers have been engaged in studying zinc behaviour in alkaline solutions and
a great number of papers have been published [5—7]. In complete agreement
with the authors’ early observations, these results show that as the best in-
hibitor mercury can be used to dissolve impurity elements and distribute them
in the zinc material to minimize local effects. Practically, this prevents spon-
taneous hydrogen generation as well. As a direct consequence of the electro-
chemically produced active zinc material having a cottonlike structure and,
therefore, an extraordinarily great surface when regarded from an electro-
chemical point of view, the described zinc electrode has a high load carrying
capacity during the current generating processes (14) and (15) and exhibits
only a slight tendency towards the already described dendrite formation
during the charging period, while zinc hydroxide is reduced to metallic zinc,
thus effectively preserving the partition and increasing lifetime of the battery.

The microporous partition used in the batteries is made by superposing
a number oflayers of a regenerated good quality cellophane film. The partition
having the form of a disk is flexibly mounted into the flange as a membrane,
as is shown in the figure, in order to perfectly separate the electrode spaces but
allowing ion transport through the partition wall, as it is necessary for the
operation of the battery.

The porosity of the electrodes is designed in such a way that the amount
of electrolyte stored in the electrodes and partition is that required by the
reactions taking place in the battery.

The amount of built-in and activated agents is determined to ensure at
least twice the nominal capacity of the storage battery during the first dis-
charge after assembly, this operation being an integrated part of manufacture.
This is achieved by a corresponding sizing of the zinc electrode, so that the
amount of electricity available from the battery in the course of the first dis-
charge is determined by a total conversion of the zinc material. On the other
hand, the quantity of the positive agent (silver oxide) shall be chosen in such
a way that a certain amount of active material remains after the total zinc
conversion because in the reverse case the remainder of zinc left after a total
reduction of the positive agent [according to Eq. (17)] would be oxidized, while
a H, depolarization taking place at the positive electrode, that is, with libera-
tion of hydrogen on the positive side.

2H2 + Zn = Zn(OH), + H2 (17)

Obviously, in a hermetically sealed storage battery this is inadmissible.
According to the discharge characteristic of a silver—zinc storage battery
(Fig. 3) the voltage established within a relatively short time after the begin-
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ning of the discharge at the nominal value of 1,5V falls very rapidly to a value
practically equal to zero with a given discharging current. This property, while
very advantageous from a consumer point of view, practically prevents the
application of the operation prescription valid for other storage batteries,
according to which the end value of discharge voltage should not greatly differ
from the nominal value, a requirement which is impossible to meet because

Fig. 3. Discharging characteristic of a sealed silver—zinc storage battery
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Fig. 4. Charging characteristic of a hermetically sealed silver -zinc storage battery

of the rapid voltage break-down. Therefore, an excess of the positive active
material in miniature silver—zinc storage batteries is always justified espe-
cially in cases when the battery is used by unskilled persons, that is, under
difficult conditions.

The charging characteristic of a sealed miniature silver—zinc storage
battery is shown in Fig. 4. During charging which lasts 15 hours at a current
of /G = C/15, as with other miniature storage batteries (nickel—cadmium
accumulators), there are two definite voltage steps according to the two oxida-
tion phases of silver. The first voltage level corresponding to Ag20 generation
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lasts about 45 per cent of the total charging time or useful capacity, similarly
to an open-type high-power silver—zinc storage battery of good quality. It is
interesting to note that although a greater part of the electricity is stored at
a voltage corresponding to the higher potential of AgO generation, the voltage
level corresponding to this higher potential is maintained only during the first
minutes of the discharging cycle (Fig. 3) and the voltage continuously decreases

Fig. 5. Discharging characteristic of a silver—zinc storage battery type B 300 with various
loading resistances

Table |
Dimensions 6 Equivalent nickel —
(mm) +0,1 4 5 Nominal cadmium battery
1 Nominal Nominal energy 6/9

Type D_2 3 vol\t?ge camty storagtey 7 8 9

ia- i capacl

meter Height nevvh Type Manufacture mwWh

B 50 11.5 52 1.5 50 75 20 DK DEAC 24 3.1
B 80 15.5 6,0 1.5 80 120 50 DK DEAC 60 2
B 150 20.0 6,3 1.5 150 225 — — — -
B 200 20.0 7,0 1.5 200 300 D 0.1 Soviet 120 25
B 300 25.0 6,4 1.5 300 450 150 DK DEAC 180 2.5

to the voltage level corresponding to Ag.,0 in a relative short period of time.
A detailed discussion of this problem will be given in Chapter 6.

The series of miniature silver—zinc button accumulators developed in
Hungary and their main technical characteristics are listed and compared
with the equivalent nickel cadmium types with which they can he replaced
can be found in the enclosed Table. A comparison ofthe energy storage capacity
of each type with that of the equivalent nickel—cadmium types reveals a
specific energy storage capacity at 2 to 3 times greater. In addition to the
high energy storage capacity, an important activity and a low inner resistance
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of the electrodes allow these storage batteries to be overloaded to a great extent
without any appreciable decrease either in capacity or in lifetime. Fig. 5 shows
the discharge characteristics of a storage battery type B 300 with a nominal
voltage 1.5 Y and nominal capacity 300 mAh for discharging resistances
50 ohms (I = C/10), 25 ohms (I = C/5), and 15 ohms (I = C/3).

In the discussion of the charging characteristics a point that may sur-
prise the reader, is the fact, that with a charging current C/15, that is, one
fifteenth of the nominal capacity, the charging process itself lasts 15 hours so
that an amount of electricity equal to nominal capacity is introduced, and,
at the same time, the available amount of electricity that can be taken out
during a discharge is practically the same as the nominal capacity according
to discharge characteristics in Fig. 5. As another advantage silver —zinc storage
batteries have a current yield of nearly 100 per cent so that it is good practice
to introduce into a battery an amount of electricity equal to the nominal
capacity.

5. The problem of reversing the polarity and its elimination
in a hermetically sealed silver —zinc storage battery

The typical discharging characteristic of a silver—zinc storage battery
as shown in Fig. 3 is very advantageous for the consumers, generally requiring
a constant voltage supply. The rapid voltage break-down at the end of a dis-

15v

15V

™ oV
15V

15V

15V

Fig. 6. Circuit diagram of a battery for a terminal voltage of 9 Y

charging process also seems to be advantageous because it conspicuously
indicates the moment when the battery turns to be discharged.

In practice, however, many consumers require a supply voltage that is
greater than the output of a single cell and often amounts to 6-1-12 Y, which
is obtained by connecting a number of cells in series.

In mass production there is always some scatter concerning various
parameters in individual cells. As a consequence, in a series connection of
several cells the rapidly declining discharging characteristic causes the cell with
the lowest capacity to completely run down a short time before the discharge
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of the other cells and so its voltage will fall to zero. In Fig. 6, a series connec-
tion of six silver—zinc cells giving 9 Y nominal voltage is shown symbolically,
as an example. While each cell takes part in energy production, the voltage
of the whole battery is equal to the sum of the cell voltages each of which being
1.5 V, the resulting voltage is about 9 V (see section a in Fig. 7). Figure 6, b
shows a situation in which the cell with the lowest capacity has just been
exhausted and its voltage has fallen to zero. The resulting voltage of the battery
is then about 7.5 Y (section b in Fig. 7). An apparatus needing 9 V nominal

Fig. 7. Discharging process of a storage battery with a terminal voltage of 9 V

voltage, however, will operate satisfactorily at this voltage and even at some
lower voltages. Thus, a discharging current determined by the loading resist-
ance R1representing the consumer, on the one hand, and the reduced battery
voltage, on the other, will continue to flow through the cell already discharged
with the result that the discharged cell now begins to be charged at the oppo-
site polarity, while the battery voltage continues to decrease. This phenome-
non is called polarity reversal and gives rise to the greatest problem in all
types of battery systems. Special difficulties are encountered in a hermetically
sealed silver —zinc battery because in the cell with the reversed polarity
oxygen is generated according to the reaction

Ag20 + Zn(OH)2= 2Ag + Zn(OH)2+ 1/202 (18)

in the neighbourhood of the negative electrode after the complete conversion
of oxidable zinc even in case of an excess in positive active material when no
hydrogen depolarization can take place in the space of the positive electrode
(see section c in Fig. 7). In the course of charging —discharging cycles, this
process is further enhanced and leads ultimately to an inflation and con-
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sequently to a failure of the hermetically sealed cell. In this way, the lifetime of
a battery with anumber of cells will be much shorter than that of a single cell.

This gave the impetus to a research group under the authors’ guidance
to attempt the prevention of polarization reversal by the use of a simple design
instead of the arrangements proposed so far for this purpose, which are, in
general, extremely complicated [8, 9]. The idea was to insert a double depolar-
izer into the battery to ensure, after the breakdown of the terminal voltage
1,5 characteristic of Ag20, a second voltage level at about 0.3-1-0.6 V widely
differing from the first one and acting even in the case of a forced discharging
current mentioned above [10]. This is the essence of a recent Hungarian patent
already in use at Medicor Mivek, which solved the problem of connecting in
series a number of hermetically sealed cells and keeping the battery so obtained
in continuous operation.

W ith this solution the cell which is first discharged instead of dropping
its voltage to zero will continue to operate at the second voltage level of the
inserted second depolarizer material with respect to the zinc anode, until all
the other cells reach this voltage level, provided that the quantity of the second
depolarizer material can ensure a capacity corresponding to the time duration
at the given load current. With the nominal battery voltage of 9 Y as in the
previous example and by assuming a potential of about 0,4 Y at the second
depolarizing agent with respect to zinc, the resulting terminal voltage of the
six cells connected in series will be 6x0.4 = 2.4 V after a total reduction of
silver oxide in each cell.

At this voltage equal to about 37 per cent of the nominal value, no con-
sumer apparatus will operate indicating that the battery has been discharged.
In this case, the zinc electrode should obviously be oversized with respect to
the capacity of the silver oxide electrode, so as to prevent oxygen generation
in the negative electrode space according to Eq. (18).

Any metal oxide, the oxidation—reduction potential of which in an alka-
line medium is 0,9-i-1,2 V, lower than that of silver monoxide (-(-0.344) can
be used as a secondary depolariser.

In selecting this agent a number of additional points should be kept in
mind:

(@) The applied metal oxide and the reduced metal itself should have
a negligible solubility (10 4 mole) in an alkaline electrolyte because the dis-
solved active agent will slowly diffuse into the partition separating the positive
electrode space from the negative electrode space and thus being reduced
during subsequent cycles gives rise to a leakage current or, in a worse case,
an inner short circuit between the electrode spaces.

(b) The presence of the metal oxide or reduced metal should not enhance
the spontaneous decomposition of the otherwise metastable [11] AgO present
in the alkaline solution, 2AgO = Ag2 + 1/2 02 involving oxygen generation.
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(c) The metal oxide and reduced metal used should have a good con-
ductivity, or a conductivity that can be increased by adequate means, to such
an extent that no important ohmic polarisation is possible.

Based on partial results of the research work conducted in this direction,
cadmium oxide (CdO) had been chosen. In the presence of an alkaline solu-
tion, CdO is immediately converted into cadmium hydroxide according to

CdO + H2 = Cd(OH)2. (19)

Oxidation -reduction potential of the redox system Cd Cd(OH)2is

Ecd CdOH)2= —0.815 V,

Cd + 20H- = Cd(OH)2 (20)

which, when compared with the oxidation—reduction potential -(-0,344 V of
Ag20, Eqg. (3), shows that the oxidation—reduction potential of Cd(OH)2 is
-f-0,344 — (—0.815) = 1,159 V lower than that of Ag20 so that its potential
with respect to the zinc anode is 1,589 — 1,159 = 0,43 V thus, serving the
purpose.

In an alkaline medium, Cd(OH)2 and Cd are practically insoluble and,
therefore, meet requirement (a). Stability of AgO in an alkaline medium will
be later discussed in detail. It will suffice here to say that in accordance with
very detailed investigations recently published by Tvarushko [11], the
authors showed that cadmium impurities increase the stability of AgO, instead
of reducing it, not only in a non-polarisation state, but also in a polarized state
corresponding to the electrochemical generation of AgO, which reduces oxygen
generation. The assumptions saying that the effect of oxygen overvoltage is
responsible for this phenomenon seem to be justified. In other words, the use
of cadmium also corresponds to criterion (b).

A serious problem was created by the very low conductivity of Cd(OH)2
preventing this material from being used as a second depolarizer in spite of
all its advantageous properties. It seemed logical to use conductive additives
to obtain a satisfactory solution. A possible way in this direction is to have

%a mixture of AgO with CdO or Cd(OH)2 the conductivity of AgO being very
high both in an oxidated form and reduced to Ag. This, however, would
prevent the use of a stable silver electrode made of silver wire according to [2]
and exhibiting a long cycle life. Therefore, another alternative was chosen and
the conductance of the secondary depolarizer CdO to be inserted beside an
electrochemically activated silver-wire electrode of the desired capacity and
size was increased to such an extent as to allow an adequate loading of the
electrode itself without an excessive ohmic polarisation. As a conductive addi-
tive such a substance can only be used which is inactive in the system (it is not
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Fig. 8a. Discharging characteristic of a storage battery with a double depolarizer

solved, nor oxidized of reduced, does not reduce oxygen overvoltage, etc.) or
takes part actively and usefully in reactions during the cycles.
Investigations showed that the best conductive additive is an electro-
chemically active silver powder of a high purity admixtured to CdO powder.
The load carrying capacity of a secondary electrode made of a CdO—Ag
mixture of the proper composition and pressed to the desired porosity is so

Fig. 8b. Charging characteristic of a storage battery with a double depolarizer

excellent that in a battery with such an electrode the rated loading current
would result in a polarisation of only about 30 mV. The use of an electro-
chemically active silver powder of the corresponding purity and distribution
as a conductive additive would have an additional advantage: during the
charging process after the first discharge of a battery assembled in an active
state, this silver is oxidised to a great extent and takes part in the operating
process during the subsequent cycles as well. A detailed discussion of its effect
and the development possibilities will be given in Chapter 6.
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Typical discharging and charging characteristics of a storage battery
designed in accordance with the principles discussed above are shown in Fig. 8.
On the discharging characteristic (Fig. 8,a), section a corresponds to the reduc-
tion of AgO as in Eq. (5) and section 6 corresponds to the reduction of
Ag20, Eq. (3), followed by the reduction of cadmium hydroxide repre-
sented by section c. It should be mentioned here that the amount of CdO tobe
built-in can be greatly varied. When properly chosen, the quantity of CdO
should at least yield a useful Cd phase corresponding from 3 to 4 hours dis-
charging time at a nominal discharging current. This obviously means that the
quantity of zinc should also be chosen to ensure the reduction of Cd(OH)2after
the total reduction of the silver active material. At a normal discharge, an
important quantity of metallic zinc remains in the negative electrode if the
discharge is stopped a short time after the appearence of the Cd phase. Accord-
ing to authors’ experiments this is advantageous as far as the reversibility of
zinc electrodes is concerned. As an acceptable explanation, the particles of the
remaining metal having a highly advantageous structure due to the manu-
facturing process are assumed to represent crystal nuclei for zinc regaining its
metallic structure during the charging process and to have a positive effect
on the reduced zinc structure.

The charging characteristic shown in Fig. 8b for a charging current
C/15 in order to allow a comparison with Fig. 4 has three well discernible
sections. Section a indicates the recharging of phase Cd discharged during the
previous discharge, and sections b and c correspond to Ag20 and AgO, re-
spectively. As compared to Fig. 4, section bis much longer to the expense of
section c. This is explained in two ways.

First, in a storage battery with a double depolarizer the whole amount
of silver oxide can be reduced without the risk of a H, depolarisation on the
positive side, so that only reduced silver will be present at the positive elec-
trode when a switch over to a charging process occurs. Practical experience
shows that, as a characteristic feature, a high-quality silver electrode receives
160-fT70 mAh electricity per gram of active silver in Ag20 phase at a voltage
level corresponding to the potential in Eq. (3). This is much lower than the
theoretical value of 248 mAh/g as calculated from the reaction equations (3)
and (5). All the same, the amount of electricity which can be recharged in
phase Ag20 is equal to about one third of the nominal capacity due to the
active silver originally applied and reduced during the first discharge.

Second, there is an amount of active silver admixed as a conductive
additive to the active agent CdO which is likewise to be charged in an Ag20
phase. This is the second reason which, together with the first one, ensures
the unusual length of section b in Fig. 8,6.

There are a number of advantages for a silver—zinc storage battery which
obtains its charges in phase Ag,0 only. The recognition of these advantages
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to be discussed in detail in Chapter 6, together with the possibility offered by
the insertion of a double depolarizer — inherently ensuring that the amount
of electricity corresponding to 80—85 per cent of nominal capacity will be
charged in Ag20 phase in a new storage battery (with only a few charging—dis-
charging cycles) — gave the idea of extending the Ag2 phase to a length
covering nearly the entire nominal capacity in a new battery without an in-
crease of the amount of silver already built-in. During the following cycles this
length should not be decreased to a great extent.

6. Oxidation of silver electrodes in an alkaline medium

In the years after the creation of silver—zinc storage batteries research
work was oriented towards zinc-electrode and partition problems.

W ith the general use of this energy source research was extended towards
silver, although fewer problems were initially encountered with the silver-
electrode, and at present a great number of papers are published on this subject.

As a first approximation, the oxidation of silver as an electrode in an
alkaline medium (either for a fine granulated active material with a large sur-
face on a wire or for a sheet material pressed and sintered from a powder) will
take place in two steps according to the two silver oxides so far known, Eq.
(3) and (5).

Structural investigations preceding mechanism investigations have estab-
lished unanimously that silver oxide with a higher oxidation number is a bi-
valent silver oxide instead of being a peroxide as was earlier assumed. In
accordance with this statement the proper definition for Ag20 is silver(l)oxide
and that for AgO is silver(ll)oxide.

According to Dirkse [12] and Gaines [13], chemical compounds with
higher oxidation numbers such as Ag01)2 Ag01% Ag0L6 may also occur and
they contain oxygen in an absorbed state rather than chemically bound.
Experience shows that oxygen in these oxides is bound during a longer period
and is ineffective in a depolarisation (discharging) process, and during a dis-
charge it often leaves the electrode without any energy production. As wras
mentioned, anodic oxidation takes place at two potential levels of which the
first, that is, the lower one, corresponds to Ag2 production and the second
corresponds to AgO production. Oxidation begins at the boundary surface
between the electrolyte and solid phase and the production of Ag20 continues
until a certain depth is reached (Fig. 9).

When Ag20 generation has reached a certain depth without the whole
oxidation of the silver particle, AgO generation begins at the surface with an
immediate increase in oxidation potential. Various theories on oxygen building-
in mechanism have been proposed [12],
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W ith either of these mechanisms, some important statements about the
operation of storage batteries have been made in the course of research, mainly
revealing the fact that Ag20 and AgO appear in the active electrode material
as discrete phases readily separated from each other instead of being mixed.
AgO is only produced on an already present Ag20 layer and can never be

Potential determing layer

Solid-liquid boundary
surface

Fig. 9. Oxidation process of active silver

found directly on the metallic silver surface. The conductivity of AgO is much
higher than that of Ag20, a factor that may determine the mechanism in
many respects.

Further anodic oxidation will lead to oxygen generation, and the appear-
ance of higher oxides (solid solutions or alloys) is unlikely.

Both at home and abroad research was conducted to investigate the
effects of particle size, pression, density, and sintering temperature on the
anodic oxidation of silver. As a common result of»various research works it
has been established that the particle size of active material has a very impor-
tant role in oxygen consumption [13], while the pressing conditions and density
mainly affect mechanical properties and lifetime. Sintering temperature exerts
influence upon anodic oxidation with a very flat maximum [14]. Experience
shows that, with a good contact to the anodically oxidized electrode, the first
part of the polarisation curve exhibits potential values corresponding to Ag20
generation on a section representing about 1/3 of the electricity that can be
introduced anodically, and the remaining section has the potential values of
an AgO generation. In general, the quantity of electricity that can be intro-
duced through oxidation into the active silver is actually only 1,2-hl,4 Q or
300-1-350 mAh/g instead of the theoretical electric charge 2Q = 2x96,540
coulombs/gram equivalent or 496 mAh/g that could be utilized theoretically.

The use of AgO in a storage battery is certainly advantageous in order
to utilize the specific charge more effectively. Electrochemical generation of

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



RECENT RESEARCH RESULTS 137

AgO already takes place at a potential higher than that of 0 2liberation which
is only possible when overvoltage of 02 on silver is high enough to increase
the liberation potential above the oxidation potential of AgO. However, the use
of AgO has some disadvantages which will be discussed later and, therefore,
it would be advisable to minimize the ratio AgO/AgaO in the active electrode
material.

However, the procedure of anodic oxidation described previously does
not result that the ratio AgO/AgaO in the charged electrode will be 2/3 : 1/3,
but it will be less than that. It shows, therefore, that the curve of oxidation
potential fails to reveal quantitatively the phenomena because Ag2 is pro-
duced even in the second part of the charging process. Further, when the
possible amount 1,2-pi,4 Q has been introduced (gas liberation), AgO will take
part in a disproportion process with metallic silver always being present under
such conditions,

2Ag0 + 2Ag = 2AgD (22)

so that the ratios continue to decrease without a loss in the quantity of charge.

On improving electrical and life time parameters of storage batteries,
a vital point is to increase the amount of Ag20 to a maximum without decreas-
ing the practical amount of charge to a value much lower than the theoretical
amount 1 Q. From this point of view, a disproportion process proves to be
advantageous, but it is exceedingly slow. To achieve this, there were two
possibilities in practice according to the investigations so far completed.
Namely,

a) decreasing anodic current density, and

b) using various heat treatments to convert AgO into Ag2.

The first procedure would limit the application of storage batteries since
the charging time of a storage battery, which generally amounts to 10-pl5
hours in practice, should not be increased considerably. The second procedure,
on the other hand, would imply a hardly controllable production technique
resulting in a final product with a variable composition depending on a number
of further constructional factors.

Most recent research results supported by the authors of this paper have
shown that there were other means of obtaining good results in this respect.
This will possibly allow for some new idea about the mechanism of anodic
oxidation to complete and perhaps combine the various assumptions made so
far in this regard.

According to a patent of the Yardney International Corp. [15] the ratio
of oxidation potentials Ag0/Ag20 in the anodic oxidation curve is such as to
correspond to Ag20 generation up to 45 per cent (0.9 Q) if the size of the
active particles varies between 1 and 5 p (in practice much larger particles
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are used). This is followed by gas liberation at the electrode after a very short
AgO phase.

Investigating spontaneous AgO decomposition due to various metallic
impurities, Gaines [13] and Tvarushko [11] have established — quite inde-
pendently from the investigators mentioned above — that small quantities
of lead and cadmium have a positive effect, probably due to an increase in
oxigén overvoltage in that they reduce oxygen generation, an extremely im-
portant condition for the operation of a hermetically sealed storage battery.
W ithin the scope of the present research work, the role of both additives in
the process of anodic oxidation (charging) was closely investigated.

In the course of these investigations it was established that in the initial
state

1. a dispersion of the active particles during subsequent charging cycles
is caused by a Pb content of 0,8 per cent in active silver with variable particle
size;

2. proportionately to the dispersion, an increasing Ag20 potential is
obtained on the charging curves to such an extent as to give the hope of pro-
ducing a storage battery operating numerically in an Ag02phase; and

3. oxygen liberation due to a spontaneous AgO decomposition is reduced
by an order of magnitude with respect to the present practical values.

From these observations, the following consequences can obviously be
drawn:

According to Yardney’s patent already referred to, a small fraction of
particle sizes led to the fact that in the course of an anodic oxidation process
the particle can be oxidized practically entirely to Ag2 without the generation
of AgO taking place at the boundary surface between the electrolyte and
Ag20. The subsequent gas liberation section is to all certainty due to the dis-
appearance of the intact silver core ensuring a high electric conductance, as
the active silver particles are completely oxidized to Ag20. As is generally
known, the resistivity of Ag.,0 is high with respect to that of silver or AgO.

W hen the particle size is larger (this being generally the case in practice),
a critical Ag20 layer is built before a total oxidation (see d in Fig. 10).

During a further oxidization of silver, an important and continually
increasing ohmic polarisation is taking place at the critical AgO layer. If the
corresponding voltage reaches the difference between the two oxidation poten-
tials (Fig. 10) AgO generation on the particle surface can occur with a lower
energy demand as compared to a further oxidation of the silver core. The peak
at the potential step in the charging characteristic of a silver—zinc storage
battery indicates in this case the activation energy of AgO generation.

The magnitude of the voltage gradient in an Ag20 layer of critical depth
depends upon two determining factors according to the experiences so far
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gained. The first of these is an ohmic voltage drop due to the resistance of the
Ag2 layer, and the second is the component caused by diffusion.

Further research will be needed to decide which of these factors is domi-
nating in a given case although diffusion seems to play a secondary role to
the usual current densities and becomes conspicuous only after an important
increase in current density.

AAgO  AAg20

Fig. 10. Oxidation of a silver particle

W ithout knowledge of the mechanism of particle dispersion process, lead
additive allows the formation of a particle size, during a few oxidation cycles,
so as to correspond to the presumed oxidation mechanism. The starting material
consists of larger particles with a heterogeneous initial composition.

So as to support this statement, there is no increase in Ag2 potential
level if an active material with initial particle sizes of 50 —150 Jj, is used.

These results are of special importance when on a wire electrode electro-
litically produced AgCl is used to give active silver, since in this way an intact
metal ensuring current flow is automatically obtained, and dispersion only
takes place at the silver particles on the core. Individual storage batteries
operating in an Ag20 phase, produced under laboratory conditions by these
techniques, obtain the amount of electricity corresponding to their nominal
capacity at a voltage level corresponding to Ag.,0; this result being obtained
without any change in specific silver consumption.

W ith respect to a normal battery, silver—zinc storage batteries charged
in an Ag2 phase have a number of advantages, these are as follows:

a) An important reduction of the oxygen generation very harmful in
a sealed battery.

b) Ag2 is much less aggressive to the partition than AgO. (During the
formation or decomposition of AgO, the liberated oxygen in statu nascendi
also exerts an oxidizing effect.) In the axrailable charging —discharging cycles
this proves to be a favourable condition.
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c) A storage battery which can be charged at Ag.,0 voltage level can
be used with a charger that will stop the charging process automatically when
a voltage jump of about 0,3 Y corresponding to AgO formation is reached,
thus offering a practically perfect protection against overcharge.

Fig. 11. Discharge characteristic of a storage battery with constant terminal voltage

d) An apparatus with modern integrated circuits is rather sensitive to
the magnitude of supply voltage. When energized by a normal silver—zinc
battery which is charged in an AgO phase this will inevitably lead to a situation
in which the battery just charged will produce 1,8/1,5 = 1,2 times the nominal
voltage of 1,5 V, thus damaging the circuits.

When a battery is charged only in an Ag2 phase, it is absolutely im-
possible to get a higher voltage corresponding to AgO (Fig. 11).
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Neue Forschungsergebnisse auf dem Gebiet der hermetisch verschlossenen Miniatur-
Silber— Zink-Akkumulatoren. Die Verfasser stellen das sogenannte »Doppel-Depolarisator-
System« vor, welches die nachteiligen Eigenschaften der Zelle beseitigt und welches im we-
sentlichen daraus besteht, daB neben dem Silberoxyd-Hauptdepolarisator auch ein zweiter,
hauptsdchlich aus Kadmiumoxyd bestehender Depolarisator verwendet wird. Dies ermdg-
licht die Ausbildung eines unter dem nominalen Niveau liegenden Spannungsniveaus in der
Zellencharakteristik. Uber den Wirkungsmechanismus der Silberelektrode hinausgehend
besprechen die Verfasser die Parameter eines Akkumulators, dessen Nennkapazitdt im Ver-
gleich zu einem herkémmlich aufgebauten Akkumulator unverdndert ist und der in der
sogenannten »Monoxyd-Phase« betrieben werden kann.

HoBbE pesy/ibTaTbl UCCIEA0BaHWIA B 0G/IACTU I PMETVIPOBAHHBIX MUHIATHOPHLIX Cepes-
PAHO LIMHKOBbIX aKKYMYJIATOPOB (/1. Xaiiay, 1. 3axopaH). ABTopbl ONUCLIBalOT paboTy CUCTEMBI
OT. H.«[IBONHOI flenonapusaLmeii», ycTpaHatolWw e oTpuLarensHble CBONCTBA TakWX 31eMEHTOB;
CyTb €e 3ak/uyaetcd B TOM, Y4TO Hapffy C OCHOBHbIM [enonspu3atopom W3 OKucu cepebpa
MCcnonb3yeTca Takxe elle W BTOPOW Aenonspn3atop, COCTOALWMNA B OCHOBHOM W3 OKUCU Kaamus.
Mpu TakoM pelleHun ANA XPaKTepUCTUKU 3neMeHTa MOXHO MONYy4YUTb YPOBEHb HaMpsKeHUS
HUXe HOMWHanbHoro. Kpome onucaHua mMexaHwusma [eiAcTBuA cepeOGpAHOro 3nekTpoja aBTopbl
n3naratT napaMmeTpbl TaKOro akKymynaTopa, KOTOpbl/i MOXHO 3KCMNyaTWpoBaTb MO Tak Ha-
3bIBaEMOW «MOHOKCUAHOI hase» npu HensmeHHol (HOMUHANBLHO) eMKOCTM MO OTHOWEHMWIO K 06bIY-
HOW KOHCTPYKLUWMWU aKKymynaTopa.
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INFLUENCE ON THE IGNITION
OF THE INJECTED FUEL EXERTED
BY HEAT TRANSFER AND MATERIAL MOTION

K. REMENYI*
CAND. OF TECHNICAL SC

[Manuscript received January 5, 1971]

When, with due consideration of ignition, the extension of the recirculation
zone is changed by aspinning motion, re-circulation should be generated from a zone
from which a re-mixing of combustion products, having a high temperature, and of
already burning parts of flame can be effectuated. Ignition conditions should not
be altered by the quantity of returning inert gases. With regard to the actual state
of ignition, it is advisable to convey into the combustion chamber a fuel-air mixture
at an elevated temperature in order to lessen the need of heat to be transferred from
the surroundings. By intensifying the spinning motion, the resulting velocity of a
turbulent ignition acts as an accelerator of the flame expansion velocity. This involves
intensification of ignition, improvement of burner stability and decrease of flame
dimensions, too.

Ignition of the fuel entering the combustion chamber counts for the
most intricate period of the burning process! Undoubtedly, as far as ignition
conditions are concerned, the influence of the physico-chemical properties of
the fuel, and that of ambient circumstances is highly important. Other condi-
tions being given, ignition temperature is determined by fuel characteristics
and conditions in the combustion chamber.

In general, the temperature of the fuel entering the combustion chamber
is lower than what would be necessary for prompt ignition. Thus, additional heat
transfer is needed to reach the real ignition temperature.

Heat transfer methods:

— irradiation,
— re-circulation of hot combustion gases.

There is no clear evidence referring to the role of these transfer methods.
Actually, it is considered as a basic principle that a reliable re-circulation of
the hot combustion gases should be permitted by an adequate arrangement
of the entire combustion equipment. No objection is made against a re-circula-
tion along the flame surface. Anyhow, for up-to-date burners, and especially
when hydrocarbons serve as fuel, it is usual to arrange an internal re-circulation
within the flame by the application of a so-called flame-stabilizer.

* K. Reményi, Uri u. 38. Budapest I., Hungary
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In [1] we find an overall review of some papers dealing with experimental
research work in the field of re-circulation processes induced by a flame stabi-
lizer. In Fig. 1 a diagram shows the flow-picture behind the stabilizer accord-
ing to the conclusion set down in the review [1] quoted above.

Generally, the flow-function

¥ = jo Uardr

is considered as the adequate parameter for setting down flow-curves,

where
Ua — the axial component of the velocity-vector,
r — radial distance.

The size of the re-circulation sphere depends on the performance of the
stabilizer.

As for the measure of the spin, the following equation serves to determine
the “spin characteristic” “S”: (See [1])

GaR

where

GO[ — impulsion-momentum, calculated for the axis of symmetry by taking into account

the mass flowing in an axial direction,
Ga — linear impulse of the mass flowing in axial direction,
R — outlet-surface radius.
The quantities GOt and Ga are calculated as follows:
GOt — Jo eredreUacQeW er = 2ne+g Jo UaWtr2dr

where

p — material density,

2Vf — tangential component of the velocity-vector.

Ga—jo 2neredreUaQUa-\- jo 2n mr mdr P =
= 2Tt'Q- jo Uaermdr-\-2n JO Pr-dr

with P — static pressure.

The shape and size of the re-circulation sphere vary, depending upon
the spin characteristic. In Fig. 2 we find informative data for a few kinds of
flame-stabilizers.

Taken again from [1], the curve in the diagram (Fig. 2) shows the experi-
mental results concerning the change of the length of the re-circulation sphere
depending on the spin characteristic.
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Keeping in mind the real conditions of flame formation, we can observe,
by a particular study of the curves in Fig. 2 and 3, some apparent contradic-
tions. Namely, whereas by increasing the spin within the usual limits the
re-circulation sphere is also increasing: in some contrasting way the flame size
decreases and the flame approaches the burner; this seeming paradoxon may

x/d
Fig. 2

be explained by due consideration of some interaction of physical and chemical
processes with each other, within the flame.

In studying the flow formation induced by re-circulation, we observe
many factors which exert somewhat contrarious influence on the ignition and
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combustion conditions of the fuel entering the combustion chamber. Among
them, the main factors are:

— change of the turbulent ignition velocity;

— re-circulating combustion gases; viz. the influence of N2, C02 H2etc.
exerted upon heat-transfer and ignition characteristics;

— variation of the size of the re-circulation sphere;

— flame elements which have already reached the stage being ignited,
form some ignition nuclei in the re-circulating gases.

In what follows we shall try to analyse in detail these various effects.

When speaking of a turbulent ignition velocity, reference should be made
to the definition as given in [2]. In considering a turbulent flame, the turbulent
flow velocity is defined in terms of a pulsating velocity component superposed
on an average velocity. Hence, the momentaneous value of flow velocity is
expressed by:

U= 0+U"
where
U — average velocity of the turbulent flow,
[/' — pulsating velocity component.

According to the above correlations, the ratio between the turbulent
ignition velocity St and the laminar ignition velocity S4is expressed as:

20 ~i

Ir- m4Hm o

In general, the value U*‘ of the pulsating velocity component amounts
to 10% of the average flow-velocity. Thus, with an average velocity of 20 m/s
(viz. with V = 2 m/s) and with the laminar velocity value = 0,4 m/s
(namely for methane CH4), the value St of turbulent flow velocity amounts
to somewhat higher than the tenfold of the laminar velocity Sv

When re-circulation is highly intensified, extremely hot combustion gases
are added to the air-combustible mixture not ignited yet. In order to obtain
the necessary ignition heat in a dependable way, it seems desirable to have
large masses re-circulate and this at an elevated temperature. In this connec-
tion alonger zone of re-circulation involves better conditions, so far as the flame
temperature is higher in a more developed stage of combustion, understood
within a certain upper limit.

However, a longer re-circulation zone involves a larger content of inert
gases (N2 C02 H20) in the re-circulating masses that obviously causes a deteri-
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oration of ignition conditions. When this content of inert gases surpasses
a certain limit, it would result in a completely frustrated ignition.

In Fig. 4 the triangular diagram taken from [2] shows the influence of
nitrogen exerted upon ignition limit in the case of some kinds of air-combus-
tible mixtures. Similar diagrams can be set down for other types of combustible
mixtures.

It is to be noted that the re-circulating masses contain some already burn-
ing particles originatingirom the starting period of combustion. These particles
added to the newly arriving fuel masses form certain ignition nuclei which
serve as a kind of promoting factor for flame propagation. The important role
of these nuclei in creating a stable flame formation should not be overlooked.

As is seen from the diagram in Fig. 3, the increase of the length of the
re-circulation zone goes on only up to a certain critical value of increased spin,
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but beyond this limit, re-circulation length begins to decrease. Anyhow, greater
spin values are always accompanied by the intensified effect of hot re-circulat-
ing masses which act in promoting the ignition.

In fact, it goes without any justifying motivation that a higher spin
involves a decrease of the flame size; namely, combustible particles are bound
to pass through a longer stretch to reach the same axial distance: this already
serves as a factor to reduce the length of the flame, to shorten the flame tip.
Anyhow, the movement of combustible particles along a helical path on the
conical surface cannot yield a sufficient basis for an improvement of the igni-
tion conditions, or/and for some approaching movement towards the burner’s
orifice of the flame-surface that forms an envelop around this orifice. When
looking for some explanation, re-circulation conditions should be taken into
account together with the influence of flame size reduction exerted by an
increase of the average temperature of the re-circulation zone. Re-circulation
and the use of oxygen along the flame surface are influenced, first of all, by
the difference between the velocity values of the flowing masses at both sides
of the boundary surface. Besides, the resultant of the axial and tangential
velocity-components in spin-flow is larger than that of a spin-free flow, even
at supposedly identical geometric formation of the burner and identical burn-
ing capacity: hence, when the entire material flowing from the burner into
the combustion chamber performs a spinning motion, then the effect of the
high spin onto the outer re-circulation results in affecting ignition conditions.

By an appreciable increase of the spin, the velocity of the turbulent
ignition increases, too. The re-circulation sphere size becomes larger, combus-
tion gases having a higher temperature can find a way to re-circulate, and
a more intensive supply of the necessary heat for ignition follows. At the same
time, reduction of flame size is involved. W ith a too short size of the re-circula-
tion zone, re-circulation mainly starts from an air combustible mixture that
could not reach the stage of being ignited yet; of course, in such a case ignition
conditions cannot be improved.

Ignition conditions can be improved by a forced spin by which the above
described double featured influence will be exerted and, in addition, a re-mix-
ing of already burning fuel elements plays a supplementary role.

On the other hand, there is a rather disadvantageous influence exerted
by a forced re-circulation induced by a greater spin. This is obvious because
the returning inert gases act as a factor through which the limits of probable
ignition become narrower. There are cases when a complete extinction of the
flame results.

Under extreme conditions, the unfavourable feature of re-circulation may
result in a re-flow of gases only from a rather cold zone located behind the zone
of complete combustion, resulting in a very disadvantageous formation of the
whole ignition process.
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In summing up, measures that can be advantageous for promoting igni-
tion, are the following:

— When the intention is to modify the re-circulation sphere size in the
presence of a flame stabilizer by means of a forced spin, it is important to
arrange a starting zone from which intensely hot combustion gases and already
burning particles may be re-mixed.

— The whole process of re-mixing should be controlled in such a way
that the mass of returning inert gases should not affect ignition conditions.

— Of course, improvement of ignition conditions should be reached by
a possibly feable re-circulation. To this purpose, itisadvisable to have the air-
combustible mixture introduced into the combustion chamber at a tempera-
ture as high as possible (of course in due consideration of the inflammation
point) in order that the necessary amount of supplementary heat from the
surroundings should be kept low. In this way, ignition conditions in the com-
bustion chamber can be kept independent of the load conditions. However,
when a precisely composed air-combustible mixture happens to reach the
ignition stage, explosive phenomena are liable to occur, thus causing a sudden
increase of pressure. Anyhow, to bring an air-combustible mixture near to the
exact igniting ratio into the combustion chamber, this seems to yield the most
effective improvement of igniting conditions.

By a forced spin the effect of the turbulent ignition velocity results in an
intensified flame propagation. Consequently, ignition intensity increases,
burner stability improves, flame size becomes reduced.
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Uber die Wirkung der Warme- und Stoffbewegung auf die Entziindung des aus dem
Brenner stromenden Brennstoffes. Wenn unter Berlicksichtigung der Entzindung die Aus-
dehnung der Rezirkulationszone durch ein Anwirbeln geéndert wird, so soll die Rickstro-
mung aus einem Gebiet stattfinden, aus welchem es mdglich sei, eine Rickmischung von
Brennprodukten hoher Temperatur und bereits brennender Flammenteile zu verwirklichen.
Entziindungsumstédnde dirfen von der Menge der zuriickkehrenden inerten Gase nicht beein-
trachtigt werden. Unter Bericksichtigung des Entziindungszustandes ist eine mdéglichst hohe
Temperatur des dem Verbrennungsraum zugefiihrten Brennstoff-Luft-Gemisches anempfoh-
len, um den Bedarf an Warmezufuhr aus der Umgebung je niedriger anstellen zu kdnnen.
Durch Intensivierung der Wirbelbewegung ergibt sich eine Geschwindigkeit der turbulenten
Entziindung, durchweiche die Flam menverbreiturigsgeschwindigkeit kraftig ansteigt. Dies ist
gleichbedeutend mit einer Intensivierung der Entzindung, einer Steigerung der Betriebs-
stabilitdt des Brenners und mit einer Verringerung der Flammendimension.
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0] Bos,qeﬁmsme OBVXEHWA Tenna U Matepihasia Ha BOCT/TaHEHKE TON/MBa, UCTEKatOLLEro 13
(hOpCYHKM (K. PemeHn). Ecnu npu yuete BOCNIAMEHEHUS MPOU3BOAMTCA U3MEHEHUE Pa3MepoB
PeLUPKYNALUOHHOW 30HbI C MOMOLLbIO HEKOTOPOTO 3aBUXPEHUs, TorAa LO/KEH MMeTb MecTo
06paTHbIi TOK M3 HEKOTOPOI 06/1acTK, a UMEHHO M3 KOTOPO MOXHO OCYLLECTBUTbL 06paTHbIA TOK
NpoAYKTOB rOpeHUst BbICOKOW TemnepaTypbl, a TakXe 4acTeil ropswero gakena nnameHu. Ha
YCNOBUSA BOCM/aMEHEHNUs He J0/MKHbI BO3AeACTBOBATL KOMMYECTBA BO3BPATHbIX WHEPTHbIX ra3oB.
L Nns cOCTOAHWS BOCMAAMEHEeHUs CneAyeT YUMTbiBaTb HEKOTOPYIO BO3MOXHO BbICOKYID Temmepa-
TYypy NoAaBaeMblX B KAMepY ropeHMs CMeceil TONNMBA U BO3AYXa, YTOGLI NOTPe6HOCTL B NOABOAN-
MOM U3 OKpY>Katollei cpedbl Tenne MoXHo 6bi10 6paTh BO3MOXHO HWU3KOIA. TyTeM UHTeHCU(UKA-
LMW BUXPEBOrO ABUWXEHMS NONyvaeTcs TakKas CKOPOCTb Typ6YNeHTHOro BOCMAaMeHeHus, npu
KOTOPOW CKOPOCTb pacnpocTpaHeHMs MaameHuW Bo3pacTaeT B O4YeHb 60MbLIOM MacluTabe. A 3To
04HO3HAYHO, COGCTBEHHO FOBOPS, MHTEHCU(MKALUM CAMOr0 BOCM/IAMEHEHUs, UN Xe CTabuib-
HOCTM paBoTbl (POPCYHKM, a TAKXKe YMeHbLUEHUIO pa3MepoB (hakena nnameHu.
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On the basis of literary data, authors enumerate the forms of vanadium occur-
rence in nature, and survey the possibility of their appearance in connection with
bauxites. In the experimental part they discuss the correlation between the com-
ponents and vanadium content of bauxite, and the potential increase of dissolution.
In conformity with the present geochemical knowledge, the test results reveal that,
in the case of Hungarian bauxites, a greater part of the vanadium content is dis-
covered as an isomorphous contaminant of the iron minerals (mainly goethite) and,
therefore, it cannot be recovered under the usual operational conditions. An increased
dissolution can only be expected through the thermal or hydrothermal decomposition,
or the reduction of the goethite structure.

Introduction

Among the primary vanadium carriers to be found in Hungary, at pre-
sent only bauxite can be considered as a raw material suitable for industrial
scale vanadium salt production [1], Depending on the site of origin, Hungarian
bauxites generally contain 0,10 to 0,14 per cent V2., with only slight devia-
tions.

In the Bayer type alumina production, about 25 to 33 per cent of the
V20 5 content of the bauxite will be dissolved during recovery, and enriched in
the aluminate solution present in the cycle. The major part of the vanadium
content will remain in the red mud, and be lost for utilization. From the alu-
mina plant cycle about 80 to 85 per cent of the dissolved vanadium can be
recovered in the form of a crystalline salt mixture, which then represents the
raw material of V,05 production.

The extent of dissolution, most likely, depends on the mineral appear-
ance form of the vanadium in bauxite, so our investigations were aimed at
the establishment thereof. In addition to the relatively small quantity, phase
analysis difficulties are due to the fact that vanadium cannot be obtained from
bauxites in the amount necessary for direct mineral determination. In first*

* Dr. J. ZAMBO, Fehérvari Gt 146, Budapest X1., Hungary
** L. Molnar, Fejér Lip6t u. 32, Budapest XI., Hungary
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approximation, therefore, the possible occurrence forms of vanadium in nature
will be assessed, then, on the basis of the available information on the rare
element content of sedimentary rocks, the eventual forms of the given occur-
rences will be surveyed, and their potentialities reviewed.

1. Forms of vanadium occurrence

Vanadium, as a transitional element of the periodic system, displays
a peculiar behaviour in crystal structures. Its co-ordination number and con-
figuration with other atoms varies in the function of the oxidation degree, and
the pH of the medium.

Smaller vanadium quantities are often present in the magma but they
do not frequently form independent minerals. In such cases it can usually be
found in a trivalent form, and since the radius of the V3+ ion (0,61 A) is almost
identical to that of Fe3+ (0,67 A), vanadium is inclined to follow iron when
forming minerals. Thus, minor vanadium quantities can be discovered in
magnetite, pyroxene, amphibole and biotite.

1.1. Forms of vanadium occurrence in the earth's crust

Geocheniically, vanadium may be concentrated within four different
formations where it will exhibit different crystallochemical behaviour [2].
These formations are

1.1.1 Sulphides,

1.1.2 Oxidized sulphide ores,

1.1.3 Silicates, and

1.1.4 Oxides

1.1.1. Sulphides

There are two vanadium sulphide minerals known: sulvanite
Cu™MVA"S4 and patronite V~S4 In addition, vanadium may be found in
sphalerite, colusite Cu™(As, Sn, V, Fe)*S4, and in a synthetic compound of
the spinel type: CuV2S4.

1.1.2. Oxidized sulphide ores

In some places secondary vanadate mineral groups can be observed
within the oxidized zones above copper, lead, zinc ores which reveal a formal
similarity to phosphates and arsenates, although structural identity can be
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discovered only in two such cases. Vanadium is always quinquevalent in such
minerals. So far, the following mineral structures have been tested:

Chileite PId8(zn, Cu)~[\'40,](OH), of a structure identical to that of

Conichalcite CaCu [As04](0H),

Pyrobelonite Pb'7]Mn'6][V[4I0 4](0H),

Brackebuschite PDbISPb[IOi(Mn, Fe)l6][V 4]0 42H 20,

Bucherite Bi*[V ~04] and

Vanadinite Pb|PbA[VW 04]3ClI whose structure is identical to that of
chloral apatite Ca5[P 04]3Cl.

1.1.3. Silicates

Large quantities of vanadium, as a substituting element, can be found
in muscovite mica, forming the mineral roscoelite. In the octahedron layers
of the mica, vanadium(Ill) plus some iron(ll) replace aluminum, and can
bring about a wide range of formations. A typical roscoelite from Colorado
may be characterized by the following formula:

(K 0¥5Ca0,25)1,2,(V tt6Alo,72Feo>M g0,08)i6H Si3IsA 10,82)[4i 0 10(O H )Ii97F e 0i03

In the course of roscoelite oxidation and weathering some montmoril-
lonite and chlorite type clays of a certain vanadium content will be produced.
In these minerals, vanadium is always tetravalent, and located in the octa-
hedron strata. Further, oxidation is associated by the decomposition of the
silicate structure, and the appearance of the quinquevalent vanadium.

1.1.4. Oxides

In some sandstone strata, particularly over the Colorado highland, vana-
dium had formed as an oxide, then weathered away parallel to an extensive
mineral formation. The original formation mainly includes trivalent oxide-
hydroxides, and montroseite VAO(OH) which, similarly to the goethite
FeO(OH) and grothite MnO(OH), features a diaspore structure. At such an
oxidation degree, vanadium usually reveals a normal octahedron co-ordina-
tion with oxygen, and its crystallochemicai behaviour resembles that of
iron(l111) or manganese(lll). Iron is usually present in montroseite, in the form
of a solid solution. Vanadium may form a number of synthetic spinel type
oxides as V3+Mg20 4 V3+Zn04, V4+MgO, and V4+Zn04. The nonalite seam
mineral Fe25Vil;Vg'016 has a hexagonal structure and is close to a spinel,,
where vanadium exhibits both octahedral and tetrahedral co-ordination.

The octahedral oxide-hydroxide structure may contain tetravalent vana-
dium as well, thereby changing the octahedral relation as in the héggite
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dy”6]0 200H)3 With an average oxide number of 3,5 or in an anonymous
“B” mineral phase "Vjj60 3(0H)5 with an average oxide number of 3,67 or,
again, changing the hydrogen content, as in the paramontroseite V16102 and
doloreseite V3+~ 0 40H )4. Paramontroseite may be considered as the oxida-
tion product of montroseite, in the solid phase (its general structure is main-
tained during hydrogen losses), which points to a metastable character as
compared to synthetic V02 whose structure resembles that of the rutile.
Doloreseite is similar to the anonymous “B” phase. In all these structures
the double octahedron chain diaspore composition is dominant.

In its tetra- and quinquevalent condition the vanadium usually main-
tains its approximately octahedral co-ordination with oxygen, but the con-
figuration is seriously distorted because of one or two multiple chemical
bonds, although the quadratic pyramid configuration is quite frequent.

Montroseite oxidation and weathering make possible the following alter-
native sequence:

Montroseite YO(OH) -m doloreseite Y30 40H )4 —duttonite VO(OH)2 —=
— corvusite VO 13 OH)3X HO( ?) —» hewettite CaV6e0 IGX H20.

The fully quinquevalent oxidized vanadium can he much better resolved,
and the further essential modifications of the structure depend on the pH of
the medium. If the vanadium content of the groundwater is increased, in the
2,5 to 6 pH range an orange coloured salt precipitation will be observed, iso-
polycomplex decavanadate ions are produced V10C28, as represented by pasco-
ite Ca[6lCat7I[VS028]17H20 and huemulite NadMg[V[BIO28]24H 20.

Many transitional elements from groups 5 and 6 as V, Ta, Nb, Mo, W
produce large polynuclear ions, but so far only decavanadate has been found
in nature. The structure of decavanadate ions is rather peculiar, containing
10VO6 octahedrons. As the acidity of such a complex solution decreases (for
example, when passing through a calcite type sandstone layer), the decavana-
date complex will be decomposed to minor polyions of unknown structure,
and colorless rossite "Cat8I[V[5'03]24H20, metarossite J*Cal8[V15)03]2H20
or the K[I°i[VI5]0 3]H20 crystal may be produced. At a pH of 11 in rather
alkaline media, although never encountered in nature, mononuclear ions
[HVO04]2_ and [V 04]3“ similar to phosphate and arsenate will be formed.

1.2. Probable forms of vanadium occurrence in bauxites

No publication refers to the presence of independent vanadium minerals
in bauxites but, according to the information obtained from Bardossy, Gy.
[8], he succeeded in separating from the Austrian Unterlaussa bauxite, and
to identify metatuyamunite.
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According to Hammer, A. 1. [3], who studied vanadium occurrences in
clays, and Terenteva and conducted investigations on rare elements in
bauxites [4], as well as other publications on the vanadium content of bauxite
as such, vanadium may be present in bauxites in the following forms.

1.2.1. Isomorphous contaminant in the main mineral
components of bauxite

Investigating on the relation between the main components and the
vanadium content, Beneslavsky [5] found in the high iron content oolites
of Tartarian and Sofievsky bauxites a 2-72,5-times vanadium enrichment, as
compared to the basic material of the bauxite, and a 3 to 5-times enrichment
in the pyrite fraction of the North-Uralian bauxites, in a comparison to the
average.

In bauxites of different origin, Tenyakov [6] discovered rather close
correlation between the vanadium and iron content, with an average V/Fe
ratio of 2,8 X10~3.

Dudich, Jr., and Mrs. SiKLOssY [7] found a correlation between the
Fe2 3and V,05contents of different Hungarian bauxites (the correlation coef-
ficient was around -(-0,9). This correlation between the Ti02 and V20 5 com-
ponents was very close in bauxites from Gant and Halimba (+ 0,927), whereas
in those from Feny6f6 and Iszka no such correlation could be detected (—0,909,
—0,996). The correlation test betw'een A1203 and V205 did not reveal any
regularity, although an Fe203+ A120 3V20 5 correlation could be observed by
vertical distribution examinations in certain seams.

Another large quantity mineral component of the Hungarian bauxites
is kaolinite whose potential vanadium content, however, has not been referred
to in literature so far.

1.2.2. Contaminant of the tributary minerals of bauxite

Many of the small quantity minerals in bauxite may contain vanadium.
Thus, the fine crystal rubble consisting of primary rock residues, frequently
found in bauxite, such as rutile, anatase, sphene, ilmenite, or the various clay
minerals and decomposition products like muscovite, tourmaline, kyanite,
garnet, apatite, zircon, chlorite, etc. [8]. Their quantity in the Hungarian
bauxites is, however, rather small.

1.2.3. Secondary vanadate precipitation results

The vanadium entering a solution form during bauxite formation may
produce, depending on the pH, anions of different compositions. According to
Ivekovitch, H. [9], the acidic medium of the soil transforms the vanadate
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ion into vanadile (V02+) ion, through a hypergenetic process, which then
re-transforms into an H2V 07 ion with atmospheric oxygen. Between 2 and
6,8 pH, the latter would polymerize into H3V50[(f which, in acidic media,
slowly reacts with the Fe3+ ion, leading to the production of salts. This is how
Ivekovitch explains the linear correlation between the iron oxide and vana-
dium contents of the Drnis bauxites. Tenyakov, V., in a subsequent work [6],
has arrived at the same conclusion with other bauxites.

1.2.4. Adsorbed form

Over the surface of the sedimentary rock components the ions of rare
elements may be adsorbed. The surface activity of bauxite and its main com-
ponents is quite well-known (active bauxite, active alumina, etc.).

Hammer has demonstrated that the clay minerals and, particularly, the
oxide hydrates of bauxite are capable of adsorbing a considerable quantity
of vanadium from vanadate ion content solutions. He believes that the rela-
tively large quantity of vanadium in magnetite and ferrotitanium ores may be
explained by the isomorphous incorporation of vanadium, whereas in the sedi-
mentary iron ores by adsorption capacity.

1.2.5. In complex organic compounds

Certain rare elements can often be found in sedimentary rocks as the
components of complex organic compounds. Vanadium is known to have been
frequently discovered in plant and animal origin organic matter such as petro-
leum, blood, etc. In addition, vanadium was observed to be readily bonded
and adsorbed by organic substances.

According to Gedeon, T. [TO], these vanadium content organic com-
pounds belong to the porphyrine group (C, H, O, N content). These compounds
are very stable, their decomposition is between 150 and 400 °C, they are gener-
ally alkali and acid resistant, and can be destroyed only by extremely strong
oxidizing agents. In his experiments, about 2 to 3 per cent K2520 8 (or Na20 2
reduced the usual 0,16 per cent V20 5content of the red mud to 0,06 per cent.
BogArdi, E. [11], observed similar vanadium resolution increase in his experi-
ments involving Na20 2

1.3. The valence and caustic solubility of vanadium

Vanadium may be di-, tri-, tetra-, quinque-, or heptavalent. In nature, usu-
ally the quinquevalent vanadium is the most stable type, with a definitely
acidic character. The tetravalent vanadium has amphoteric properties with
however, an expressed basic character, whereas the lower valency types are
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simply basic. So it may be assumed that only the quinquevalent vanadium
content of the bauxite, or wliat had been earlier oxidized into a quinquevalent
form would enter the aluminate base during recovery [11].

Numerous laboratory examinations and plant material balance data show
that in the Hungarian bauxites the value of Y dissolution varies within a rela-
tively narrow range depending on the site of origin [12, 13].

From caustic solubility aspects, the potential V occurrence forms can be
classified into three categories:

That part of the vanadium content which enters the solution even under
the present technological conditions includes the isomorphous vanadium
eventually contained by the aluminum and clay minerals of the bauxite, and
the vanadium compounds soluble in base.

The second group includes that part of the vanadium content which is
decomposed by calcination or upon the effect of strong oxidizing agents, or
will become accessible for the solvent base due to destruction or relaxation.

The third group cannot be made to enter the solution by either bauxite
treatment or any feasible modification of the alkaline digestion process.

Taking the above considerations into account, the possibilities can be
further reduced by some specially selected acidic, alkaline, and combined
treatment of the bauxites and their red mud. Our investigations were aimed,
therefore, at the demonstration and verification of the individual V occur-
rence forms.

2. Distribution of the V content in bauxites

In order to further examine the correlations observed in the various
bauxite seams, two multicoloured bauxite types from the Kineses Il plant
were selected, then separated by colour into light and dark groups. The ana-
lysis data of these bauxites and their fractions are presented in Table I.

The analysis data reveal that, in the bauxites tested, the correlation
between the iron and vanadium content can be unequivocally demonstrated
even in the 1—2 cm areas of the multicoloured bauxites. In order to determine
whether this correlation exists under microdimensional conditions as well,
the electron microprobe examination of the vanadium distribution was
attempted, although, due to the physical limitations of the X-ray reflexions,
the Y cannot be determined in the presence of a large Ti quantity. These in-
vestigations were conducted by Vassel, K. R. et al., by means of a JEOL-
JX A-5 electron microprobe.

Figures 1, 2, and 3 show the areal distribution of the Fe-Ka, Ti-Ka, and
V-Kereflexions, in a 400-times actual magnification, as given by a bauxite
sample obtained from the Almasfizité Alumina Works. The distribution ofthe
element studies is illustrated by the bright points, and the pattern of these
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Fig. 1. The areal distribution of the Fe —Kaof Fig. 2. The areal distribution of the Ti—Ka of
a bauxite from Almasfiuzit6 Alumina Works a bauxite from Almaéasfizit6é Alumina Works

Fig. 3. The areal distribution of the V—Ka of
a bauxite from Alméasfuzit6é Alumina Works

points, scintillating on the cathode ray tube in the course of scanning. While
the distribution pattern of iron exhibits local enrichments and attenuations,
and the apparently uniform Ti distribution is associated with similar local
enrichments which refer to an independent Ti mineral, the Y distribution does
not show any such local densities reflecting mineral formation at this magni-
fication either, although certain regularities, linear arrangements can definitely
be detected. In other parts of the pattern still greater Fe and Ti concentrations
can be found, but in the neighbourhood of these particles the Y test cannot
be performed.
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Table 1

Analysis data of multicoloured bauxites and their parts separated by colour

Type AIA  Si02 pgg TiOa GO MO ., 'fadon
1. Multicoloured bauxite,
Kineses 1l 52,3 8,0 12.1 3.0 0,7 0,5 0,142 0,24 20,9
2. Multicoloured bauxite,
light part 58,7 8,7 6,0 3,3 0,7 0,5 0,092 0,19 22,0
3. Multicoloured bauxite,
dark part 50,5 7,2 14,3 2,9 0,7 0,4 0,126 0,26 20,0
4. Multicoloured bauxite,
Kineses 11 53,2 7,8 11,6 2,7 0,7 0,5 0,121 0,29 21,5
5. Multicoloured bauxite,
light part 57,6 8.0 71 3,1 0,7 0,3 0,083 0,24 22,2
6. Multicoloured bauxite,
dark part 46,9 6,5 18,0 2,8 0,7 0,3 0,168 0,22 20,2
Table 11
Count numbers measured on the reflected electron image of selected bauxites
Al Fe Si Ti \%
1. Almésfizité, plant type 46 000 10 000 6 000 500 100
2. Multicoloured bauxite, “red part” 42 000 10 000 13 000 350 90
3. Multicoloured bauxite, “yellow part” 52 000 2 000 13 000 350 50
4. Lignite bauxite 40 000 800 16 000 300 50

Fig. 4 presents a reflected electron pattern on the Almasfizité bauxite
referred to earlier, Fig. 5 on the multicoloured bauxite tested, and Fig. 6 on
a lignite bauxite poor in iron but rich in organic matter. The picture is resolved
by the electrons reflected from the phases of that property, included by the
electron beam scanning the sample surface. The areas of higher average atom
weight, that is, the phases of a greater electron reflecting capacity are brighter
in the picture than those rich in light-weight elements. All three exposures
were made with an acceleration potential of 20 kV, at an actual magnification
of 430.

In the above experiments, microscopic distinction was attempted by
using macroscopically separated multicoloured bauxite samples but, because
of the magnification, this could not he performed clearly enough with the
electron microprobe. In Fig. 5, the light field corresponds to the red part,
while the darker veins to the yellow section.

In the area of the photos shown, the relative changes and ratio of the
Al, Fe, Si, Ti, and Y concentrations have been studied on the basis of the
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element distribution pattern, and the measurement of the count numbers. The
latter is presented in Table 1I.

Repeated examinations under conditions similar to the earlier situation
performed, however, at different measurement points, gave almost the same
count numbers. Table 111 illustrates the approximative metal concentrations
determined on the basis of the count numbers measured.

The analysis data of the bauxites tested are shown in Table IV.

Microprobe test results reveal that the Fe-Y correlation can he demon-
strated for the tested bauxites even in microdimensions. These investigations,
however, cannot lead to conclusions on the Ti-Y correlation, as the Ti con-

Table 111

Metal content percentage according to the count numbers

Al Fe Si Ti \%
1. Alméasfuzits, plant type 27 7 3,5 0,6 0,1
2. Multicoloured bauxite, “red part” 25 7 7,5 0,4 0,09
3. Multicoloured bauxite, “yellow part” 30 15 7,5 0,4 0,05
4. Lignite bauxite 23 0,6 10 0,3 0,05
Table 1V
Analysis data of different organic matter content bauxites, per cent
. . Ignition
Type ALO,  Si02 sy TIO, GO MO vd6 SO, Qug  oeses
1. Almasfuzits.
plant type 49,0 7,0 18,0 2,6 0,09 0.062 20,3
2. Ajka, plant type 47,9 6,4 231 2,6 0,110 19,6
3. Bagolyhegy,
lignite bauxite 36,2 12,6 2,3 2,5 2,4 0,8 0,091 0,46 9,42 43,1
4. Multicoloured
bauxite,
Kineses 11 52,3 8,0 12,1 3,0 0,7 05 0.142 0,24 0,010 20,9
5. Multicoloured
bauxite,
Kincse 11 53,2 7,8 11,6 2,7 0,7 05 0,121 0.29 0,011 21,5
6. Grey bauxite,
Kincses 11 47,7 20,2 7,0 2,2 11 05 0,093 7,0 0.12 21.2
7. Violet iron-rich
bauxite,
Kineses 11 28,7 19,2 36,0 1,3 0,06 0,06 11,3
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Fig. 4. Reflected electron pattern on the Fig. 5. Reflected electron pattern on the
Almasfizitéd bauxite multi-coloured bauxite from Almasfizité

Fig. 6. Reflected electron pattern on a lignite
bauxite from Bagolyhegy

centration points have been avoided. No local Y concentration could be detected
in the samples, and the distribution was statistically uniform. As was expected,
a significant C concentration could be discovered only in the sample displayed
by Fig. 6, with a homogeneous distribution, not associated however with
a V enrichment.
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3. Investigations on the correlation between vanadium
and other bauxite components

3.1. Correlation between vanadium and organic matter

Hitherto correlation studies did not cover the organic matter content,
but, since such a connection can well be assumed on the basis of literary data,
further experiments in this field appeared to be indispensable.

Different organic matter content bauxite samples were collected. Their
analysis data are presented in Table 1V. Although they do not reveal any cor-
relation between the tested component quantities, technological experiments
were conducted in order to study jointly the behaviour of both components.

The bauxites were digested under the usual conditions (240 °C for two
hours, 200 g/lit Na20 2), and the vanadium distribution between the red mud
and the base was determined. In the sequence of the samples, the dissolution
values were 27,6, 32,0, 55,0, 47,2, 47,8, 72,2, and 6,1 per cent.

In the Research Institute for Metal Industry, Fehér, I. studied in
detail organic matter dissolution during bauxite recovery [14] and found that
about 60 per cent organic matter would be dissolved from the Almasfizit
bauxite under normal recovery conditions, which is much more than the usual
vanadium dissolution values. Similar values were obtained for the other
Hungarian bauxites as well.

In order to decompose organic matter, the bauxite was calcinated for

two hours at different temperatures, each. The composition of raw and cal-
cinated bauxites is presented in Table V.
Accordingly, the organic matter can be readily burnt off during calcination.
The raw and calcinated bauxites thus obtained were digested under identical
conditions, and the organic matter as well as the vanadium content in the red
mud and aluminate base, respectively, were measured. According to the
measured and calculated data (Table V1), a considerable vanadium quantity
will be left over indigested, even if the organic matter was fully burnt out.
Determination of the organic matter content of the samples was made by
Maros, L., et ah, of the Department of Inorganic and Analytical Chemistry,
“Eo6tvos Lorand” University of Sciences, Budapest. According to these investi-
gations, no correlation between the organic matter and vanadium contents of
the bauxites could be detected, because

— there was no correlation between the quantities of the two components
in the bauxites,

— the organic matter was dissolved to a much greater extent during
recovery, than the vanadium,

— the organic matter was decomposed at a far more rapid rate upon
the effect of calcination, than the dissolution of V20 5was increased.
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Table V

Composition of the bauxite processed in the Almasfizit6 Alumina Plant,
in raw condition, and calcinated at different temperatures

Ignition

Type AA Sio, Fei°s Ti0s sses Girg.
Green bauxite 49.0 7.0 18,0 2.6 0,09 20,3 0,062
Calcinated at 350°C 53,9 7,7 20,9 2,9 0,10 11,2 0,025
Calcinated at 550°C 55,2 8,4 22,5 3,1 0,108 4.8 0,006
Calcinated at 750cC 55,8 8,5 22,8 3,2 0.11 3,1 0,002

Table VI

Organic matter and V content dissolution data during the digestion of green
and calcinated bauxites of the Almasfizité plant type

Organic C V.°s
Type in the base in the in the in the
si slurry base slurry %
% gfi %

Green bauxit 0,043 0,033 0,028 0,084 25
Calcinated at 350°C 0,020 0,010 0,044 0,064 39
Calcinated at 550°C not measurable 0,060 0,064 53,6
Calcinated at 750°C not measurable 0,078 0,042 69,8

These experimental results, however, do not exclude the possibility of
having a minor part ofthe vanadium content bonded to the organic compounds.

3.2. Correlation between the V and Ti contents of bauxites

Since direct physical and mineral methods could not be employed for
the discovery of this correlation, technological investigations have been
attempted. Mrs. Hazai and Solymar [15] found that, during recovery, the
titanium minerals partially react with the caustic lye of soda, and form sodium
titanate. The reaction of the anatase and rutile content of the bauxite with
the recovery base depends, in addition to the temperature and time of diges-
tion, on the concentration and mole ratio of the recovery base. If, duringre-
covery, a high mole ratio is provided for, the entire anatase and rutile content
will be transformed to sodium titanate via the solution phase, whereby the
eventually incorporated V will also become accessible for the digestion base.
The effect of excess alkali on the dissolution of the vanadium content was,
therefore, tested with Almasfiizité bauxite under identical operational condi-
tions (240 °C for 2 hours). The experimental results are presented in Table VII.
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The results rendered by sample No 1 cannot be evaluated as, due to the insuf-
ficient desilification, the silicic acid left in the solution had greatly distorted
the results because of the low bauxite measurements. The soda content of
samples No 2 and 3 above the average refers to a complete sodium titanate

Table VII

Digestion data of the Almasfizité plant type bauxite,
under different measurement mole conditions (base 150 ml)

Slurry analysis, %

1 I
Measure- iti V dis-
1 ment S"g”’ NA S8 pen  TO, Y206 Naz  'fon sltion
0
I 5 1,7 13,8 9,6 48,0 6,8 8,4 9,7
2 10 4,5 17,1 11,1 37,5 51 0,15 14,5 13,0 30,4
3 20 9,3 18,4 12,7 37,0 51 0,15 13,8 11,3 29,2
4 30 13,7 18,5 13,3 37,4 51 0.15 12,8 10,2 29,8
5 43 20,0 19,7 13,2 36,9 5,2 0,15 10,5 10,6 29,1
6 60 33,7 29,6 11,5 31,1 4,5 0,13 12,6 10.9 24,8
Base analysis
Na"O A'A . V dissolution
g1 o Mole ratio gii %
1 122.,6 68,0 2,97 0.0095 42,4
2 128,1 73,0 2,89 0,0189 42,0
3 126,1 89,0 2,33 0,0336 37,5
4 121,6 105,5 1,95 0,049 36,5
5 117,6 129.0 1,49 0,060 31,7
6 110,6 138,0 1,31 0.074 27,6

formation. Thus, the results reveal that, even in the case of a complete trans-
formation of the Ticontent of the bauxite, the extent of Y dissolution will not
change to a significant degree and, therefore, a considerable part of the Y con-
tent cannot be associated to the Ti minerals, either. A smaller increase observed
on the basis of the alkali analysis may be attributed to the greater activity
of the OH~ ions.

3.3. Investigations on the correlation of Fe and V contents

Subsequent investigations involved the gradual removal of the Fe con-
tent of the bauxite, by acidic treatment, with a simultaneous determination
of the V dissolution. Different quantities of average Almasfizit6 and Ajka
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bauxites were treated in 100 ml of 10 per cent hydrochloric acid solution for
15 min, under boiling conditions.

Figures 7 and 8 present the percentage quantities of dissolved Fe20 3 and
V2 5. It can clearly be observed that, in the case of an acidic treatment, only
after the dissolution of about 1/3 of the Fe content will the Y solution start

Measurement in 100 m 10 %
hydrochloric acid /g bauxite/ hydrochloric acid/g bauxite/

Fig. 7. Dissolution of the iron oxide and Fig. 8. Dissolution of the iron oxide and
vanadium oxide content of Alméasfuzité tech- vanadium oxide content of Ajka
nological bauxites in the function of hydro-

chloric acid excess

Table VIII

Fe203 and F./l- content (%) of acid treated
and base digested bauxite slurries

Almasfizitd Ajka
Type
*V/>, V8g F.0, v.e.
1 28,0 0,123 34,8 0,125
2 12,6 0,044 15,0 0,056
3 11,0 0,038 9,1 0,044
4 7.9 0,021 6,6 0,038

and, with both bauxite types, only about 2/3 to 3/4 of the Y content will enter
the solution. It follows that by alkaline digestion and acidic treatment the
entire V quantity might be dissolved and, for this reason, the bauxites treated
with different acids have been digested in aluminate base under the usual
conditions. The results are summarized in Table VIII.
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Although in alkaline digestion the vanadium dissolution will increase by about
10 per cent in the case of slightly acidified bauxites, and by about 5 per cent
if highly deironized bauxites are being dealt with, considerable vanadium
recovery could only be achieved by the removal of the iron oxide content.
Thus, the next step was to study the role of iron minerals in the bauxite
during the dissolution of the vanadium content.

Table IX

Chemical analysis data of plant type bauxites, %

Type A0, si02 FA TiO, v.e. Ignition

1. Magyarovar bauxite 47,6 5,6 25,5 2,7 0,133 15.7

2. Ajka bauxite 47,9 6,3 23,1 2,7 0,116 19,6

3. Almasfuzité bauxite 48,7 6,9 18,3 2,5 0,100 20,6
Table X

Chemical red mud analysis data of plant type bauxites, %

. . Ignition °
Type AA  Si02 RO, Ti02 yo NaO  Yozes  refovely
1. Magyar6var bauxite 16,8 11,2 50,0 55 1,160 9,4 6,9 39.0
2. Ajka bauxite 18,0 11,9 46,4 5,3 0,152 9,9 7,6 35,7
3. Almasfiizité bauxite 20,6 13,2 37,9 51 0,150 10.4 9,7 28,8
Table XI

Fe203 content phase analysis data of plant type bauxites

Magyarévar Ajka Almasfiizitd
Type
bauxite
Goethite (FeEOOH) 55 55 9,3
Hematite (Fe203) 19,4 17.6 9,0
Total iron (Fe203 25,5 23,1 18,3

The chemical analysis data of the bauxites obtained from three Hungar-
ian alumina plants are presented in Table I1X. Table X contains the red mud
analysis data collected during bauxite digestion, and the vanadium recovery
values. Table X1 shows the quantitative data of the iron minerals of bauxites,
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while Table X Il presents the Fe203to V20 5content ratio of the various baux-
ites, the V205 quantity dissolved when processing 1 ton of bauxite, and the
ratio of hematite content to the dissolved V,,05 quantity.

In the bauxites tested, the close correlation between iron and vanadium
contents can clearly be seen, whereas the quantity of dissolved vanadium may
be considered, on the basis of the few experiments completed, as proportional
to the hematite content of the bauxites.

Table XII

Ratio of vanadium dissolution and iron mineral phase analysis data

Dissolved Hematite, kg/t
Type V.°.% V.0, kgt Dissolved VD5, kg/t
1. Magyarévar bauxite 192 0,52 373
2. Ajka bauxite 199 0.41 430
3. Almasfizité bauxite 183 0,28 320

4. Experiments to increase the dissolution of the vanadium content
4.1. Bauxite calcination

Laboratory experiments and operational experiences revealed that cal-
cination would favourably affect the dissolution of vanadium during the Bayer
process, in the case of Hungarian bauxites.

In order to determine the numerical correlation, identical quantities of
Almasfluzit6é bauxite were calcinated at 350, 550, 750, and 1000 °C, in each
case for two hours. After measuring the reduction in weight, the bauxite samples
were digested in identical composition and quantity aluminate base media,
at a temperature of 240 °C, for 2 hours.

The recovery values calculated on the basis of the red mud analysis data
are presented in Fig. 9.

As against the general opinion, the Al120 3recovery was not impaired by
a calcination at 550 °C, because such a reduction could be observed only at
750 and 1000 °C, respectively. Since the Y dissolution was gradually increased
with an increased temperature, the effect of the calcination period was tested
but, according to the experiences gained, not even a 24-hour calcination period
would modify the dissolution results to a significant degree at the given
temperature.

To study the phase transformations during calcination, the X-ray dif-
fractograms ofthe bauxites tested, and their red mud, were plotted as presented
in Fig. 10.
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These reveal that, of the aluminum oxide hydrates, the hydrargillite
peak disappears at 350 °C, while the béhmite line cannot be seen in the cal-
cinated sample at 550 °C. Among the iron minerals, the goethite peak gradu-
ally disappears before 550 °C, while that of the hematite will increase, although
not to the expected degree which might be reached if the goethite transforma-

90 H Alej
80

¢ 60-

o]

-P 50-

0 Ao- Ay
30- ff
20.

Green 350°C 550°C 750°C 1000T
Calcination temperature

Fig. 9. Variation of ALD 3and V2 5dissolution in Almasfiizits technological bauxites cal-
cinated at different temperatures during digestion

Hem - hematite Gi-gibbsite Kao-kaolinite Go-goethite Bo-boehmite Hsz=Na-Al-hydros!licate

Fig. 10. X ray diffractogram of raw and calcinated technolohical bauxites and their red
muds from Almaésfizité

tion into hematite were completed. The X-ray diffractograms exhibiting uni-
form goethite peaks up to 750 °C even in the case of calcinated bauxite red
mud clearly show that the transformation had not been completed to reach
the hematite stage. This refers unequivocally to the decomposition of the
mineral structures containing bonded water during calcination, because of
the loss of water, when the lattice structure will lose its stability, rearrange-
ment will start, but this process will not be completed at that temperature,
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so the majority of the goethite will be re-transformed by water uptake during
digestion. The solubility of aluminum minerals similarly leads to conclusions
on the development of instable lattice structures as the y and a A120 3 difficult
to dissolve, will not be produced in considerable quantities at the temperatures
tested.

Solymar, K. [16] proved that in the Hungarian bauxites goethite con-
tained a considerable quantity of aluminum built into the lattice through iso-
morphous substitution which, upon digestion, could not become accessible for
the base. Aluminum can be incorporated by the hematite lattice as well,
although only in a much smaller quantity. Thus the increased ALjOg recovery
can obviously be explained by the lattice rearrangement action of calcination.

4.2. Digestion at an elevated temperature

The structural relaxation of the iron minerals, and the transformation
of goethite can be performed according to our earlier investigations not only
by thermal but also by hydrothermal treatment [17]. Depending on the con-
centration and mole ratio of the recovery base, the transformation will be com-
pleted within 1 or 2 hours at a temperature of 280-7320 °C. This is why the
extent of Y dissolution was studied in the course of elevated temperature
digestion.

Almasfizité and Ajka bauxites were digested at 308 °C for 1,5 hours,
in a 4 mole ratio aluminate base containing 200 g/lit Na202. The red mud
analysis data are presented in Table XI1II.

Table XI1I

Slurry analysis data of plant type bauxites digested at an elevated temperature

Type Vet Sy a0, SO Rgss TO,  Na0  ye e
Almasfizité bauxite 43 185 17,6 155 420 6,0 11,7 0,08 47
Ajka bauxite 43 190 16,1 13,9 48,6 5,6 11,1 0,14 4,8

The A120 3and V20&recoveries calculated on the basis of the iron oxide content
were 84,2, 66,6, and 84,1, 42,6 per cent, respectively, which confirms our
assumption since, as was expected, the Y dissolution will increase from the
higher goethite content Almasfiizit6 bauxite. The greater than usual A120 3
recoveries can also be explained by goethite decomposition.
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4.3. Oxidizing additive experiments to increase vanadium dissolution

In order to reproduce literary data, experiments involving Almasfizitd,
Magyarovar, and Ajka average bauxite types were conducted, in such a manner
as to feed the different oxidizing agents into the slurries prepared for digestion
(150 ml base, 43 g bauxite), then the extent of vanadium dissolution was
measured after a digestion of 2 hours at a temperature of 240 °C. The analysis
data of the bauxites and their red mud products are presented in Table XIY.
According to the experimental results, the oxidizing agents added even in
great quantities to the slurry prepared for digestion would not increase vana-
dium dissolution significantly or beyond the analysis error limit, only the
K2S20g additive brought about a slight Y recovery increase from the
Almasfizité bauxite.

5. Evaluation of the experimental results

On the basis of the test results concerning the appearance, distribution,
and alkaline solubility of the vanadium content of Hungarian bauxites, it may
be established that

— the vanadium distribution in these bauxites is statistically uniform,
and no independent vanadium mineral or local concentration can be detected;

— there is a close correlation between the iron and vanadium content,
respectively, both in macro- and microdimensions;

— a greater part of the vanadium cannot he in connection with either
the organic matter or the titanium minerals;

— the muscovite, tourmaline, kyanite, garnet, apatite, zircon, and
chlorite minerals of the bauxites may contain vanadium, but the quantity is
rather small in the samples tested;

— in the Bayer type digestion of bauxites the quantity of dissolved
vanadium can be considered as proportional to the hematite content;

— fey increasing the temperature of digestion to 300-~320 °C, vanadium
dissolution from goethite bauxites can be considerably increased;

— the addition of oxidizing agents to the digestion base does not affect
vanadium solubility;

— bauxite calcination will significantly increase the alkaline solubility
of vanadium;

— complete vanadium recovery is feasible only by the dissolution of
of the iron oxide content.

On the basis of these findings, a conclusion on the appearance of va-
nadium may be arrived at, according to which vanadium had been present at
the sedimentation of the material concerned as early as during the initial stage
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Table XIV

The effect of oxidizing additives on V solubility

Type

Almaéasfizité technological
bauxite
" digested
without additives
" digested with 3
ml Hypo de-
tergent
. digested with
0,3 g Na202
detergent
" digested with
0,3 g K2S,0,
detergent
. digested with
25 mlH202
detergent
" digested with
50 ml H20 2
detergent
" digested with
7,5 ml H.,0,
detergent
" digested with
100 ml H20 2
detergent
Magyarévar technological
bauxite
. digested
without additives
" digested with
3ml Hypo
detergent
. digested with
0,3 g Na,0.,
detergent
. digested with
0,3 g K25,08
detergent
Ajka technological bauxite
" digested without
additives
,, digested with 1 g
NaClOg detergent
,, digested with 1 g
K 2520 8 detergent
,, digested with 5 ml
Hypo detergent

AlA

17,9

18,0

15,0

Si02

13,3

13,1

14,1

14,7

14,6

143
55

9.7

FeA

37,5

35,9

40,9

39,6

49,2

Tio2

2,5

55

5,6

5,6

5,6

5,4

53

53

53
2,9

4.9

55

52

52

2,9

5,8

5,8

58

5,8

NasO

12,0

12,0

12,0

9,6

9,4

9,4

VA

0.106

0.13

0,13

0,13

0,1

0,124

0,118

0,132

0,137
0.13

0,137

0,129

0.129

0.133

0,116

0,11

0,11

0,10

0,13

Ignition
0sses

21.0

10.1

9.8

9,8

10,1

8,7

8,3

7.9
7,9
16,3
7.3
7,3
54

6.3

171

re;
colrery, %

46,1

55.0
54,4

59,1

of bauxite formation, and has most likely been precipitated together with the
the bauxite formation.

According to Bardossy [8], after Scheffer, Welthe and Ludwieg, this
transformation is as follows, depending on the pH variation:

ferrigel which then transformed

itself during
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goethite
ageing at an fo dehydration
alkaline pH | above 130 °C

ferrigel S » hematite

ageing at a ageing
neutral and
acidic pH 1 1

limonite

(Siderogel)

In Hungary, the formation of sedimentation and bauxite took place in
a highly oxidizing medium, thus the initial iron content could have heen
represented entirely by ferrigel. This, then, has undergone ageing at a neutral
pH, whereafter goethite was formed at an alkaline pH. The formation of these
two minerals varied during the bauxite formation with the fluctuation of the
pH. Limonite, however, has been transformed into hematite at a relatively
rapid rate through the loss of water, whereas goethite was transformed in
nature into hematite only at a much slower rate. Quantitatively, the vanadium
content of the original gel could be embedded into the goethite but, at a neutral
and acidic pH, limonite was formed and crystallized into hematite at a rela-
tively rapid rate again; since the lattice structure ofthe latter was much more
compact, a greater part of the vanadium was displaced from the hematite
lattice into the cracks and over the surface of the crystal thus produced, in
a very fine distribution. This vanadium may produce various crystals by further
oxidation or weathering (montroseite, doloreseite, duttonite, corvusite, etc.) or,
with other elements, it may create certain minerals (hewettite, nonalite, etc.),
or again, it can he incorporated by other minerals produced during bauxite
formation (pyrite, rutile, anatase, muscovite, chlorite, etc.).

The vanadium quantity displaced from the lattice during the re-crystal-
lization of the ferrigel must be proportional to the hematite content, if it is
assumed that the total quantity of the vanadium originally present in the gel
could be embedded into the new crystal in the course of the goethite trans-
formation, and only a small part could be incorporated by the hematite struc-
ture.

Accordingly, the causes of only a partial dissolution of the vanadium in
processing Hungarian bauxites with the Bayer technique are represented most
likely by the fact that a considerable part of the vanadium content in these
bauxites is present in the form of isomorphous contaminants of iron minerals
(mainly goethite) and, therefore, it is not accessible to the digestion base
under operational conditions. In other words, under the usual digestion condi-
tions only that part of the vanadium vdli be dissolved which is present in the
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bauxite in the form of an alkali soluble compound, or the isomorphous consti-
tuent of a bauxite component which itself will be dissolved during digestion.

An increased dissolution can only be expected by the thermal or hydro-
thermal decomposition of the goethite structure, or through its relaxation.
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Ursachen des teilweisen Inlésunggehens des Vaiiadiumgehalts bei der Verarbeitung der
ungarischen Bauxite nach dem Bayer-Verfahren. Auf Grund der einschlagigen Literatur
untersuchen die Verfasser der Reihe nach die Erscheinungsformen des Vanadiums in der
Natur und erwégen die Mdglichkeit ihres Vorkommens in den Bauxiten. Im experimentellen
Teil untersuchen sie die Beziehungen zwischen den Komponenten des Bauxits und seinem
Vanadiumgehalt, und die Mdoglichkeiten fiur die Erh6hung der Ldésung des Vanadiums. In
Ubereinstimmung mit den goechemischen Kenntnissen stellen die Verfasser auf Grund der
Untersuchungen fest, dal im Falle der ungarischen Bauxite ein bedeutender Teil des Vana-
diumgehalts als isomorphe Verunreinigung der Eisenminerale (innerste Reihe des Goethits)
zu finden ist und so unter den Ublichen Betriebsbedingungen nicht aufgeschlossen werden
kann. VergroRerung des Inlésungsgehens kann nur auf dem Wege der thermischen oder
hydrothermalen AufschlieBung, bzw. Lockerung des Goethitgefliges erwartet werden.
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IMpMUMHBI YaCTHHOMO PAaCTBOPEHIS COAePXaHNs BaHaAus Mpy NpepaboTKe BEHrepcKux
6okcuToB MeTofoM baitepa (A- 3am6o, /1. MonbHap). Ha ocHoBe NUTepaTypHbIX COO6LieHMI
aBTOpPbl MoApAf PaccMaTpuBalOT (GOPMbl MOSBAEHUS BaHaAUs B NMPUPOAHbLIX YCMOBUAX W B3Be-
LWMBAKT BO3MOXHOCTU UX CYLLECTBOBAHUS B OTHOLWEHUU GOKCUTOB. B 3KCNepUMeHTaNbHOMR YacTu
NnpoM3BOAMTCA UCCNeO0BaHME CBA3M KOMMOHEHTOB 6OKCUTOB W COAEpXaHUs BaHafus, a 3aTem
BO3MOXHOCTEl MOBbILLEHMS CTENeHU ero pacTBOpPeHWs. Ha OCHOBE 3KCMEepUMeHTaNbHbIX AaH-
HbIX B COFlaciM C FeOXMMUYECKUMU CBEAEHUAMU MOXHO YCTaHOBUTb, YTO B C/y4ae BEHTePCKUX
GOKCMUTOB 3HaUMTeNbHAA YacTb COLEPXaHUs BaHaAWs NMPUCTCTBYET B KauecTBe M30MOpP(HOI Npu-
Mecu MUHepanoB Xenesa (B NepByl0 o4yepedb reoTUT) W, TaKUM 06pa3oM, Npu 06bIYHLIX MPOU3-
BOACTBEHHbIX YCNOBUAX He pa3naraetcs. MOBbIWEHUA CTENeHW PacTBOPEHUS MOXHO OXWAaTb
TONbKO MyTeM TepMUYecKoro MAM TUAPOTEPMUYECKOTO Ppas3fNoXeHUs WAW e paspylleHus
reoTUTHO! CTPYKTYPbI.
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DISCUSSION OF THE BENDING THEORY

OF CYLINDRICAL SHELLS OF ORTHOGONALLY

ANISOTROPIC STRUCTURAL MATERIAL,

BY INTRODUCING THE DISPLACEMENT FUNCTION
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The general bending theory of cylindrical shells of orthogonally anisotropic

structural material (e.g. glass reinforced plastic) in the case of edge loads normal to
the shell surface is discussed. First, the correlations between internal forces and defor-
mation are explained, then the differential equations of bending are presented. This
homogeneous differential equation system is solved by introducing the displacement
function. Determination of the displacement function and bending stress state in the
case of periodically changing edge loads acting along the generatrix and the great
circle is dealt with in detail. On the basis of the relations thus derived, the bending
stress state caused by an edge load varying according to an optional function, readily
described by the Fourier series, can also be determined. Finally, a numerical example
illustrating the root development of the characteristic equation is shown.

Symbols

generatrix directional wave number
peripheral wave number

shell thickness (cm)

generatrix directional displacement (cm)
peripheral displacement (cm)

radial displacement (cm)

generatrix directional co-ordinate (cm)
peripheral co-ordinate (cm)

radial co-ordinate (cm)

h'R dimensionless co-ordinate related to the generatrix direction
:cJR dimensionless co-ordinate related to the peripheral direction
generatrix directional bending stiffness (kp/cm)
peripheral bending stiffness (kp/cm)
torsional stiffness (kp/cm)
generatrix directional elongation stiffness (kp/cm)
peripheral elongation stiffness (kp/cm)
shear stiffness (kp/cm)
generatrix directional Young modulus (kp/cm?2)
peripheral Young modulus (kp/cm2)
shear Young modulus (kp/cm?2)
generatrix directional specific moment (cmkp/cm)
peripheral specific moment (cmkp/cm)
torsional specific moment (cmkp/cm)
generatrix directional section force (kp/cm)
peripheral section force (kp/cm)
shear sectional force in the shell plane (kp/cm)
edge load normal to the shell surface, and acting along the generatrix (kp/cm)
edge load normal to the shell surface, and acting peripherally (kp/cm)
curvature radius of the middle surface (cm)
*Dr. L. Varga, Gébor A. u. 42, Budapest Il., Hungary
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2 = sectional force perpendicular to the middle surface, as related to the generatrix
direction (kp/cm)

peripheral normal stress (kp/cm2)
shear stress in the shell plane (kp/cm2)
Further symbols are explained in the text.

Qi = sectional force perpendicular to the middle surface, as related to the periphery
(kp/cm)
A = shell constant related to the generatrix direction
A = shell constant related to the periphery
fi = specific elongation in the generatrix direction
£ = peripheral specific elongation
& = specific angular displacement
N = derivation index
= Poisson coefficients (the first index refers to the direction of deformation,
while the second one to the force direction)
= peripheral damping function
V4! = generatrix directional damping function
a = generatrix directional normal stress (kp/cm?2)

1. Introduction

Discussion of the general bending theory of shells of usual (isotropic)
structural material can repeatedly be found in literature, see for example
Flugge [1] and Wlassow [2]. Papers dealing with the examination of aniso-
tropic shells can similarly be found, as reviewed by Ambartsumian [3].
Particular attention is deserved by the papers of Ambartsumian [4, 5] which
contain a detailed discussion of bending anisotropic and orthotropic shells,
respectively.

A majority of the papers referred to the present fundamental correlations
for the determination of the stress state, and introducing general methods.
In practical calculations, these fundamental correlations represent the basis
of investigations, but the methods described do not exclude the possibility of
further considerations, or the elaboration of more expedient calculation
techniques.

By making use of the basic correlations derived for orthotropic shells,
glass reinforced plastic shells (pressure vessels, containers, pipelines, etc.) can
also be studied which, due to their good corrosion resistance, relatively high
strength, and low specific gravity, are increasingly accepted. Because of their
strength characteristics, they can be considered as orthotropic materials. Their
flexibility properties can be measured or calculated if the elastic properties
of both the glass fibre and the plastic, the ratio of components, and the orien-
tation of the reinforcement are known. (See, for example, [6] in the literature
cited.) Their determination will not be dealt with here, and the elasticity
characteristics of the main trends of orthotropy will be assumed as known.

Orthotropic cylindrical shells will be studied. The principal directions
of orthotropy are identical to the generatrix and peripheral directions of the
shell here.
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In our investigations homogeneous anisotropy will be reckoned with, and
the absolute values of the specific deformations caused by tensile or compressive
stresses will be regarded as equal, following the Hooke law.

W ith a cylinder satisfying the conditions specified, the effect of edge load-
ing normal to the surface and local in character will be studied. The function
describing the variation of the external load is assumed to be readily expanded
to a Fourier series. In order to ensure easy survey, and to simplify the entire
description, only one member (m-th or n-th) of the function series will be taken
into consideration, as the calculations on the other members can be performed
in the same way.

Elaboration of the calculation method adaptable for the determination of
the bending stress state produced in the orthotropic cylindrical shell is by
introducing the idea of displacement function.

2. Correlations between internal forces and deformations

The relations between the stresses produced in the orthotropic material
and the specific deformations in the main stiffness directions may be expressed,
according to the Hooke law (and by assuming a planar stress state), in the
following form:

E
ai = - - L («1+Vu«*).
1~ v2va
E
co T = mmmemm e («24721 £), (la ¢
1->T2 *21
°3 = E3£3.

As is well known, specific deformations can be expressed by middle surface
displacements [1]:

. u’ w
ei
R
v 3
' + ! ) (3a «¢)
R R R-\-x3 R+x3
u | w3 X 3
83 1
R+ -5 R- R R RM-x3

In the above relations, the symbols representing derivation mean

8() = 9) ,
dxJR dxi )
9( ) _ 3()

3xJR dx2 Cm
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The co-ordinate system on the middle surface, and the internal forces are
illustrated in Fig. 1. With the relations (la—c) and (2a—c) the functions
describing the connection between sectional forces, specific moments and dis-

placements, respectively, can readily be produced and expressed, with the per-
missible neglections in the case of thin shells, as follows (Fig. 1):

where
Els Eyss3

4cla Technica Academiae Scientiarum Hungaricae 73, 1972



BENDING THEORY OF CYLINDRICAL SHELLS 179

In deriving relations (3a—f), the terms multiplied by Btin the precise expres-
sion of the edge forces have been neglected [I]. The error due to this neglection
will develop in the function of factor

Bj
R 1Dj 12R2

which is an extremely small value (R/s  100) in the case of thin walls, whereby
its neglection, as compared to the unit, is fully justified. Another neglection
is to omit the lower order derivatives of the displacements, as against the
higher order ones, in the expression of the specific moments [I].

For the thin shells studied, relations of an accuracy acceptable in practice
and easy to handle will be obtained after the neglections referred to above.

3. Differential equations of bending

The differential equations describing the stress state of a cylindrical
shell can be composed by making use of relations (3a—f), and with the relevant
equilibrium equations known. The equilibrium equations of a shell component
can be expressed with good approximation, as is well known, in the following
form [1]:

N[ + Ni = 0,

Ni+'Ni~ 0,

@1l Ql “I" -~2 — 0*

M2+ M3- RQ2= 0, (5a-e)

Mi -j- Mj — RQx = 0.

In connection with the above equilibrium equations it must be noted that, in
Eq. (5b) describing the equilibrium of forces, the very small peripheral com-
ponent of the relatively small section force Q2was omitted and, furthermore,
the relation expressing the moment equilibrium around axis a3is also missing
because, as it is irrelevant, it will have to be forgotten hereafter [1].

In order to express the differential equations describing the stress state,
the equilibrium equation (5c¢) should be rewritten, by making use of Eqgs
(5d —e), in the following form:

RN2+ M{"+ M2+ 2M£ = 0. (5¢")

Substituting the expressions (3a—f) of the section forces and specific moments
into equilibrium equations (5a—c'), and after rearrangement, the differential
equations sought for will be readily obtained:

v'-\-v2w' — 0,
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IE. : £
s va|h<<’.+>>--+ — v'+w - 0, (6a—c)
vn u’-\-v'-\-w-{-k —E‘—W”"+ 2 LZ;E(-)~ 4 vA w''-\-w: = 0
e?2 I E*
where
1
12 1 -V,. V..

The stress state will then be defined by the solution of the homogeneous dif-
ferential equation system (6a—c).

4. Solution of the differential equations
by introducing the displacement function

The relatively simple solution of the homogeneous differential equation
system (6a—c) describing the bending stress state produced by local edge load
is obtained by introducing the displacement function

of = aFfa, x2. )

For this purpose, let us first express the displacement of the middle surface,
by means of the displacement function. It is to be noted that this function
relation can be found in a volume by w 1assow [2] for the case of isotropic
structural materials. This will now be generalized to orthotropic materials,
as follows:

D = t 5
(E.
Vv=-S~- _ ~ -vQo (8a ¢
\e 3
E. _ E
W= - -c¢cf =+ - 2v,,
e?2 [Es )

Substituting the (8a—c) expressions of displacement in the (6a—c) equation
system, the identity with the first two equations will be arrived at, whereas
from the third one the following differential equation will be obtained:

$vm -f4nxofM: +6n2JFIV: +4n3Ifll;: + ndlf+ 4AMNEFIV=0. ©))

Here the Roman figures above the displacement function indicate the number
of derivations with respect to xv
The coefficients can be calculated from the following equations:

ey UT 4 2T’
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e?2 4
2 1+ 1 1 £3
E, 3 E3 3 E*
e?2
re3 = (10a )
it
2
(A
4=
: Ei
12
A= /31—v ')A
s J *

Naturally, section forces and specific moments can also be expressed by means
of the displacement function. Substituting the (8a—c) displacement expres-
sions into (3a—f), and taking the (5d —e) equilibrium equations into considera-
tion, the following formulae are obtained:

N ,= 2 (Il -*la
K(
* 2 e /\K(l
N3= — (11220810,
E
mi A Elgu+ A ffivV+ 1+v2 ——2r@aV
R2 Ei >
E
M, = A S”1+ i oot afve+ (A '
R 2 va I+va 2»12>21 a \e 3
— MNfvoot Lo — frUL'_LA_.
m3=2 {raQ £ £
E.oVIl. 24 + B a [ffV: + (11a—h)
E, E* E3 1
E E
+ [3+v1i2—1 - 4p2l A -4vI12v2 ofl,+ 12 +vi P
3 S
A oo fvi-+ 33vg B2 ar AL - argy, v
Ri E, Et

+ 12A + A to E<
BE* E3 Ei
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The actual form of the displacement function in the sectional force; displace-
ment, and specific moment expressions can be determined by solving the
differential equation (9), if the external load is known. The method of this
solution, and the determination of the actual form of the displacement function
as well as of the stress state will be described below for two fundamental load

cases.

5. Determination of the bending stress condition caused
by the edge load along the generatrix (x2 = constant)

For the sake of easy understanding, let us assume that in our investiga-
tions the external edge load normal to the shell surface is described by

Pi(ii) — Pmcos (mXp), (12)

(see Fig. 2).

Fig. 2

The displacement function has a form similar to that of the load:
of = 0?2l = @m cos (mi]). (13)
The actual form of the

= <M*) (14)

damping function in (13) is obtained by solving the differential equation (9)
which, after the substitution of (13) and the performance of the necessary
operations, will assume the following form:

— dm1m2<( -f 6 — 4msmeé&m -f-
-f- -(- 4?1 mi0 m] cos (mxj) = 0. (15)
Here
E, 1 E1
L >
E* 4 &3
1 2 4 Es 4
m, = £z 14 -roeet. Voi— — v — P
Et 3 Fs 3 Ef 3
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E1
m3 — mio9 (16a—e)
E2
mt = EiY
Ej
4
XEI R_2
= / 3(1—Vi _a -
( -
As a solution, let us take
Mm —f Am*a (17

where the coefficients can be calculated from the characteristic equation
M —4Amim2)m -f- 6m2ired  — 4ire3m6  -)- m4ire8 = — 4/2]in4. (18)

The expressions of the conjugate complex root representing the solution art

Aml = xml “h Rmi b mnb = "A i"mi
M2 = ' Kmi o Bmit a6 ==aml  &mit? (19a—h)
~mB = am2  Rm26 A7 = anm? d- Bm2»
m4 = am2 Bmi 6 a8 — &m2 Bm2i"

As is known, in the case of relatively long cylindrical shells [1] it will suffice
to reckon with only the roots under (19a—d). Thus the damping function can
be written in the form

®m = Cml K | + Cm2$ m2+ Cm, ®m3+ Cmi =2 c™ ' (20)
j-1

the &mj functions of which can be calculated from the relations

oml — e *COS (Rmix2)i
&m2 ~ Q ni agjn (Bm: X)I (21a—d)
&m3 ==& m COS {gm2x2)i

— C m agjn (Bm272)*

Thus the actual form of the displacement function, in the case of the studied
edge load, will be

&i = 2 Cmi®mj cos (mx4). (22)
y=i
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The integration constants Cnj can be determined by taking the boundary con-
ditions into account. This requires first the expression of the displacements,
then that of the section forces and the specific moments, by using the displace-
ment function (22).

According to relations (8a—c):

um- y Cmj(m0'mj+ v2Lm30 mj) sin (mrj,

21 mlomj- o wij COS (MXX) (23a ¢

vm Cmj

7=1 e 3

™n= £ Cmi -I-é-;]} 1i40mj E1l 2y2l til~ofnj~\-omj €OS (MXy),

7=1
and with respect to expressions (1la—h):

D
NIm= -~ (l-vi1zv2)~ -C mjrnrOmj cos (m*),
K 7=1

D 4 -
iVvan= — L (1 vi2v2)J? Cm]m40mj cos (mX,),
K 7=1

D 4 —
N 3m = —RL(1-» i2»2i) A Cmjm30mj sin (mXj),
7=1

MIm= ACmy Vi30fnj— —IEEI--——-ZrIZrﬁ m 2 i*my-f-

+ E. v if'l“@-ﬁj— 1 mso cos (mxj),

£3 i?72 H
R 4
,tf —_— — LV r —y- J— %rj____ Ti m20 mJ _G
fi y=4 Ey "3

E
1+ >N —-—-2r2r211m40mj—v2im6 ~ yy COS Ur*7),

M3an 2 (1 ii2v2)r cmj  —Ttomj} 1 2r, *3 m30in;
R J=1 Ey Ej
m&ml sin (m rj,
En 1
B 4 En ,
Cmy — 2-—-- +f]% m0tnj + 3+ Vi2— — 4r2
R 7=1 _ Ef E, EX
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M2v2a m’ Es , B m5P'mji-\- “ -m70m sin (mXj) ,
ES E, hic,
re, . I E3 E, "
Qlm — y ¢ — omj — 2—r + — 112 m21lyinj +
R3fei mjlE1 E* E3
E . . .
+ 3+wvn —2 - A2~ | - 4.y lit40fnj- 4~\pl mcOm cos (jnx4).
E3 Ef ES
(24a-h)

Derivatives of the damping functions in the displacement, section force, and
specific moment expressions can be calculated as follows:

Omi = e-*** [-414 cos(BmiX2 + A2jsin (/2ml*2)],
oml = e [-417) sin  (RmIx2) —,42)cos (/SmI*2)], (25a—d)
Oml = [A3/cos (Rm2x2) + Advsin (Rm2x2)],
Om = e~amx' [ASvsin(Bm2x2) - Al cos (Bm2x2)].

Coefficients Aj , on the other hand, lead to the following equations:

An=" «ml MG j-1) 4% Aml A2(77-1)
= «min2(77-1)  Btnl A (26a- d)
A= «am2A3(77—1) 4 B A4(77-1)
= «am2 M(77-1)  Rn-2-A3(77-1)
where
~10 = ~30 = E
= o = (27a-b)

In the case of edge loads (x2= 0) along the generatrix, the Cmj integration
constants are defined by the following fitting conditions:

vm{*V °) = °>
wm{xv 0) = O, (28a —d)
N 3m{xi, 0) = O,

QU*» 0) = 1/2P ~).

Expressing the fitting conditions by means of the displacement function, we
obtain

y (-1i)jticmjAji = o.
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2 (-1)y+iCiB/rya = 0,

7=1

2' (-iy +1Cm;» 5= 0, (29a-d)

7=1

i" (- 1)T+1ICmIAj, = 2Ri— A~ .

7=1 S #7

After the determination of the integration constants, we can express
the actual form ofthe displacement function related to the external load under
test. Then, with this knowledge, the deformations, section forces, and specific
moments (thus stresses) representing the bending stress state can be calculated
without any difficulty.

6. Determination of the bending stress state caused
by an edge load along the great circle (x1 = constant)

Similarly to an edge load along the generatrix, let us assume that the
external edge load normal to the shell surface varies according to relation

P2(x2 = pn cos {n*?) (30)
(see Fig. 3).
Corresponding to the character of the load, the displacement function can be
written as

IF= ¢?2= Wncos (nx2?. (31)
The actual form of the damping function

Vn = YnPi) (32)

in the expression (31) can again he obtained by solving the differential equation

(9) which, after the substitution of (31) and the performance of the necessary
operations, can be rewritten in the following form:

[i™ 111- 4nxn2T™ 1 |6, 2ni LB xpn +
+ nln8i/,,+47'PJ¥] cos (nx2) = 0. (33)
Solutions of the differential equation can be written again as
Wn= CneV, (34)
and the coefficients A, may be calculated from the characteristic equation

D — dreln2 A®-f- 6n2n4A* — 4n3n6A% + nin8 — — 4/32A, (35)
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Expressions of the conjugate complex roots representing the solution are

W ith the four roots under (36a—d) taken into consideration (since we study
relatively long cylindrical shells), the damping function can he rewritten as

wn= cml'pnl+cm2vn2+cmyn3+Cniyni- v Cn&n (37)
7=1
where the functions Wnj may be calculated from the following equations:
Wnl = e-*"*' cos (t6 ),
Wwn2 = sin (tot), (38a—d)
ns = cos (Bn2*1),

Wn3 = e-"“"**sin (&,*).

Accordingly, the actual form of the displacement function, in the case of
the studied edge load, will be

téd 2 Cnjdn>cos (to (39)
7=i

After substituting (39), the displacements, forces, and moments can be deter-
mined according to (8a—c) as follows:

U’l:7:' @_](I’Q'H-l\b |_]>6 cos (DQ) ,
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4 Fl .
=2 En, Y ni sin (nx2), (40a—c)
7=1 F
S F 2. n2 W, cos (nx2)
«>n= 2 CI"IJ " ni '
f 3

7=1

Furthermore, with respect to (lia —h):

Cnjn2Wh) cos (nx2),

Nm= (1 —vi2v2i) ~
K 7=1
Nn- PTo@ viavd) 32 cnjrnd cos (nx?),
K 7=1
N3n = 1 -vizr2y) Cnj-nW?y sin (n*2), (41a—h)
K 7=1
R 4 "
MiIn=— y cni Ay~ n-ny+
R2pi 1 J Fi
+ £ 22 N"PHj-vI2n"Pnl cos (n*2)5
",n;- 1+ wvai —2r2v2l n2 -f-
En
+ n'K) J r«'I'ni €0S (nx2),
Ex
Man= 2~ é 1~ v12v2I2>" Cnj 1—2v, Ea n3?"1
R | Ex
— n5* 1 sin (nx2),
F2 A
B 4 . .
Q "n=A"rANCnj A mnji 2 A 4 AL n2n j+
R 7=1 En Et E3
A Ej | "
+ 3+ M 4 4vI0V, nany + M2 »«n- C€O0s (n*.),
F, E* E*
I "ir" En 2.5 iva 3+ v eearry BT
n= - +v 0% + —_—————— -
¢ EJj:i n >, F3 Et
Al . 2-F3  _F~_ in (n*2)
i,vy n*ny- sin (n*2)e
! y Et Fs E x
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Derivatives of the damping function, like that in the previous chapter, can
be calculated from the following formulae:

ydr = e-a'x [Blvcos (BnIXj) + B2vsin (BnIxR],

NAn} = [BIvsin (Bnixl) - B2Vecos (Bnix1)]’ (42a—d)
\B3vcos (BB + Bivsin (An")],

K1l = [B3ssin (Br2xB - BWcos (ft**,)].

Relations adaptable for the definition of coefficients Bjn:

Blrj = xnIBI(v-1) “F BnIB 2(}—-p
B 25 = xn1B 2(i]-1) BnIB \{rl-)-> (43a-d)
B 3q — xn2B 3(q-1) “F Bn2B i(-q-1)i
Birj = Xn2B i(-q-1) Rrt2B 3('q~I)
where
Bio= B30 = 1,
B2o — Bio = 0. (44a-b)

Integration constants C,,j can be determined, in the case of an edge load along
the great circle away from the cylinder ends (xx = 0), if the fitting conditions
below are satisfied:

wn(fb xB) ~ 0’
wh(0, x2) = 0, (45a—d)
-A3n(0” *2) = Os

* = 12 MA*D-

After the introduction of the displacement function, the fitting conditions may
thus be simplified:

2 ( 1)7+1CnIBj!' = 0,
i=i

2 ( iyr+1cnjBj3= 0,
=1 (46a d)

2 (~iy+icn]B]s= o,
=2

2 ( 1)J+1CnjBp = 2/?|—
7=1 S
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44
48
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56
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68
72
76
80
84
88
92
96
100
104
108
112
116
120
124
128
132
136
140
144

L. VARGA

Table 1

Coefficients of orthotropic materials

a»i

14,7989
16,7565
17,9127
19,7994
24,3577
29,0538
33,8071
38,5868
43,3803
48,1815
52,9868
57,7950
62,6051
67,4165
72,2284
77,0409
81,8540
86,6673
91,4809
96,2948
101,1083
105,9225
110,7364
115,5506
120,3649
125,1792
129.9934
134,8082
139.6222
144,4366
149,2508
154,0651
158,8597
163,6941
168,5085
173,3230

a2

0,8210
3,6098
9,7116
16,8059
21,3951
25,8482
30,2445
34,6148
38,9713
43,3202
47,6649
52,0069
56,3469
60,6856
65,0239
69,3615
73,6986
78,0354
82,3719
86,7082
91,0448
95,3808
99,7171
104,0530
108,3889
112,7247
117,0606
121,3960
125,7322
130,0679
134,4038
138,7394
143,0753
147,4110
151,7468
156,0824
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B*i

13,4034
11,3962

6,8028

4,8984

6,0155

7,1292

8,2739

9,4319
10,5967
11,7562
12.9357
14,1075
15,2803
16,4536
17,6272
18,8011
19,9752
21,1495
22,3239
23,4984
24,6728
25.8474
27,0119
28.1966
29,3713
30,5460
31,7207
32,8957
34,0702
35,2450
36,4197
37,5944
38,7692
39,9440
41,1188
42.2936

[riz

0,7435

2,4550

3,6882

4,2341

5,2838

6,3425

7,4019

8,4609

9,5196
10,5780
11,6363
12,6945
13,7527
14,8107
15,8688
16,9268
17,9848
19,0428
20,1008
21,1588
22,2168
23,2748
24,3328
25,3907
26,4487
27,5066
28,5646
29,6225
30,6805
31,7385
32,7964
33,8544
34,9123
35,9703
37,0283
38,0862
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n S “n, ft., Bnt
148 178,1374 160,4182 43,4683 39,1442
152 182,9520 164,7538 44,6432 40,2021
156 187,7661 169,0897 45,8178 41,2601
160 192,5812 173,4249 46,9929 42,3180
164 197,3955 177,7607 48,1676 43,3760
168 202,2093 182,0970 49,3421 44,4340
172 207,0242 186,4322 50,5171 45,4919
176 211,8386 190,7681 51,6919 46,5499
180 216,6534 195,1034 52,8668 47,6078
184 221,4671 199,4398 54,0413 48,6658
188 226,2819 203,7752 55,2162 49,7237
192 231,0962 208,1110 56,3909 50,7817
196 2359112 212,4462 57,5660 51,8396
200 240,7254 216,7821 58,7407 52,8976

It is to be noted here that the cylinder is considered as of an infinite length
so there are no support boundary conditions existing.

Determination of the integration constants means that, essentially, the
problem has been solved. Substituting the numerical values of the Cnj con-
stants into the expressions of displacements, edge forces, and edge moments,
the bending stress state caused by the edge load normal to the shell surface
and acting along the great circle will be arrived at.

Numerical example

In the determination of the bending stress state, the most difficult problem is repre-
sented by the calculation of the roots of the characteristic equations (18) and (35). Our numer-
ical investigations, therefore, have been concentrated on the determination of the root
coefficients.

The calculation involved a glass fibre reinforced polyester tube, with the assumption
of an edge load acting along the great circle.

The elasticity characteristics of polyester are:

Em = 40000 kp/cm2
vm = 0,35,

the same for the glass fibres:

Egq = 730000 kp/cm2
VQ = 0,22,

Ge=W wi =299 180 koar¥
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20
24
28
32
36
40
44
48
52
56
60
64
68
72
76
80
84
88
92
96
100
104
108
112
116
120
124
128
132
136
140
144

Coefficients

aw

13,5033
15,6059
18,8772
22,6288
26,5322
30,4883
34,4657
38,4530
42,4452
46,4403
50,4370
54,4347
58,4331
62,4318
66,4309
70,4302
74,4297
78,4293
82,4289
86,4287
90,4284
94,4282
98,4281
102,4279
106,4278
110,4277
114,4277
118,4276
122,4275
126,4275
130,4274
134,4274
138,4274
142,4273
146,4273
150,4273

L. VARGA

Table 11

«n.

0,6492
2,7518
6,0231
9,7748
13,6782
17,6342
21,6116
25,5989
29,5912
33,5862
37,5829
41,5806
45,5790
49,5778
53,5769
57,5762
61,5756
65,5752
69,5749
73,5746
77,5744
81,5742
85,5740
89,5739
93,5738
97,5737
101,5736
105,5736
109,5735
113,5743
117,5734
121,5733
125,5733
129,5733
133,5732
137,5732
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of isotropic materials

Pm

12,2643
10,9272
9,7447
8,9765
8,4815
8,1437
7,9002
7,7168
7,5738
7,4593
7,3656
7,2874
7,2213
7,1645
7,1154
7,0724
7,0344
7,0007
6,9705
6,9433
6,9187
6,8964
6,8760
6,8573
6,8400
6,8242
6,8095
6,7958
6,7831
6,7712
6,7601
6,7497
6,7399
6,7307
6,7220
6,7138

502

0,5897
1,9268
3,1092
3,8775
4,3725
4,7103
4,9538
5,1372
5,2802
5,3947
5,4884
5,5666
5,6327
5,6894
5,7386
5,7816
5,8196
5,8533
5,8835
5,9107
5,9352
5,9576
5,9780
5,9967
6,0130
6,0298
6,0445
6,0582
6,0709
6,0828
6,0939
6,1043
6,1141
6,1233
6,1319
6,1401
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n Bni Bz
148 154,4272 141,5732 6,7061 6,1479
152 158,4272 145,5732 6,6987 6,1552
156 162,4275 149,5731 6,6918 6,1622
160 166,4272 153,5731 6,6852 6,1688
164 170,4272 157,5731 6,6789 6,1751
168 174,4272 161,5731 6,6729 6,1811
172 178,4272 165,5731 6,6671 6,1868
176 182,4271 169,5731 6,6617 6,1923
180 186,4271 173,5731 6,6565 6,1975
184 190,4271 177,5731 6,6515 6,2025
188 194,4271 181,5730 6,6467 6,2073
192 198,4271 185,5730 6,6421 6,2118
196 202,4271 189,5730 6,6377 6,2162
200 206,4271 193,5730 6,6335 6,2205

The elasticity characteristics of the principal directions of orthotropy were calcu-
lated [6] by assuming co = 54°45' winding angle and a 65 per cent glass fibre content, with
the following results:

£i = 102 526 kp/cm2
E,, = 195904 kp/cm2
K = 125 487 kp/cm2
X = 0,7708,
X = 0,4034.

Taking into consideration the above characteristics and the value of R/s = 100, the
characteristic equation (35) will assume the following form according to (10a—e):

A8 - 4,034732 n-AR+ 3,717818 radAd — 9,429139 neA* + 3,651041 n8 =
= -157999,9 A,

Determination of the roots, respectively, the sm, an2, Bnl and Bm was by means of
an ICT-1905 computer, following the elaboration of a relatively sophisticated program, for
wave numbers n — 4, 8, ..., 200. The results thus obtained are presented in Table I.

For the sake of comparison, the coefficients of an isotropic structural material were
similarly calculated, by taking the elasticity characteristics

£, = £,=E,
> = W=V =03
F = E

2(1 +v)

into account.

In this case the characteristic equation can be reduced to second degree, whereby
the determination of the roots will be greatly simplified [7]. The coefficients thus calculated
are shown in Table II.

According to Tables | and 11, there is no significant difference to be found between
the development of the coefficients calculated for orthotropic and isotropic shells, respec-
tively, and naturally the same applies to root development. Thus, the adaptability of he methcd
described here can be concluded from the numerical investigations conducted for isotropic
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194 L. VARGA

shells the literature referred to may be found under [7] Accordingly, for example, even
the maximum stresses caused by a constant edge load acting along a unit arc length can be
calculated in a relatively simple manner with acceptable accuracy, by taking about 25 terms
of the Fourier series into consideration. Thus, on the basis of the above findings, introduction
of the displacement function simplifies the investigations on orthotropic shells as well.
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No. 3. und No. 4.

Behandlung der Biegetheorie von zylindrischen Schalen aus orthogonal anisotropischem
Material mittels Einfiuhrung der Verschiebungsfunktion. Gegenstand der Arbeit ist die allge-
meine Biegetheorie von zylindrischen Schalen aus orthogonal anisotropischem W erkstoff
(z. B. glasfaserverstarktem Kunststoff) fir den Fall von auf die Schalenoberflache normalen
Linienbelastungen. Zuerst werden die Zusammenhédnge zwischen den inneren Kréaften und
den Forménderungen beschrieben und dann werden die Differentialgleichungen der Biegung
vorgelegt. Das homogene Differentialgleichungssystem wird durch die Einfiihrung der Ver-
schiebungsfunktion gelést. Eingehend werden die Berechnung der Verschiebungsfunktion
und des Biegespannungszustandes vorgefihrt, fir den Fall von periodisch wechselnden Linien-
belastungen entlang der Erzeugenden und des Leitkreises. Auf Grund der abgeleiteten Bezie-
hungen kann auch ein solcher Biegespannungszustand berechnet werden, welcher von einer,
gemaR einer beliebigen durch eine Fourierschen Reihe beschreibbaren — Funktion wech-
selnden Linienbelastung verursacht wird. Zum Schlufl verdffentlicht der Verfasser ein Zahlen-
beispiel, welches den Verlauf der Wurzeln der charakteristischen Gleichung veranschaulicht.

TPaKTOBKa TEOPUM M3rba LWMMHAPUYECKX 00Q/OHEK M3 OPTOrOHabHO aHK30TpON-
HOM0 KOHCTPYKLIMOHHOIO MaTepUa/ia (n. Bapra). PaboTa paccmaTpuBaeT o06LULyl0 Teopuio
n3rnéa LMANHAPNYECKUX 060N0YEK N3 OProTOHANbHO aHW30TPOMHOrO Matepuana (Hanp. apMu-
poBaHHas CTEK/IOBOJOKHOM MfacTM4eckas Mmacca) B CAy4yae Harpysku, npuknagbiaemoit K
BepLUMHE, MeprnefHUKYNApHOW K moBepxHOCTU. CHayana OMWCLIBAKTCA 3aBUCUMOCTU MEXAY
BHYTPEHHUMW cunamy u fedopmauusmu, a 3atem coobuiaetcs AuddepeHLnansHoe ypaBHeHUe
n3rnb6aHus. Cuctema roMOreHHbIX AU depeHLManbHbIX ypaBHEHWA pelwaeTcs NyTeM BBeLEHUS
(hyHKUUK caBura. [leTanbHO n3naraetcs onpegeneHune yHKUUM CABWUIa U COCTOAMUSA Hanpsaxe-
HUS 13ruba, B cNyyae Harpy3oK Ha BepLIMHY, Ae/CTBYOLWMUX N0 06pasytoLeil U rNaBHOMY Kpyry
N MEHSIOLWMNXCA NepuouYeckn. Ha OCHOBe BbIBELEHHbIX 3aBUCMMOCTEN MOXHO ONpeaenuTb Co-
CTOSIHME HaNPsXEHUs N3rn6a, BbI3BaHHOE HArpy3Koii Ha BEPLIMHY, MeHsAKLWecs No Npou3BONb-
HOW (hyHKLUM, onucbiBaemoii psgom ®ypbe. B 3aBeplieHWe aBTOp COOGLLaeT YMCNOBOW Mpu-
Mep, KOTOpbIVi B HarnsigHoi dopMe MokasbiBaeT U3MEHEHWE KOPHEA XapaKTepucTUYeCKoro ypa-
BHEHUS.
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AUFLOSUNG EUTEKTISCHER PHASEN
WAHREND DES LOSUNGSGLUHENS
IN GUSSLEGIERUNGEN

A. ROOSZ*
und

E. G. FUCHS**
KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN

[Eingegangen am 5. Juli 1971]

Im Geflige der gegossenen Legierungen sind oft Phasen anwesend, die als Fol-
gen der Kornseigerung erscheinen, das Verarbeiten des Materials erschweren, und
die durch ein Ldsungsglihen bei entsprechend hoher Temperatur in der Mischkristall-
Matrix der Legierung aufgelost werden kdnnen. Es wird eine neue Theorie erdrtert,
die die Kinetik der Aufldsung richtiger beschreibt als die bisherigen Theorien.

1. Einleitung, Zielsetzung

Ein wesentlicher Teil der durch Ausscheidungshdrtung vergiltbaren
Legierungen wird in Blocke vergossen, aus denen durch spanlose Verfor-
mung Halbzeuge (Bleche, Rohre usw.) herzustellen sind. Die bei der Kristalli-
sation auftretenden Seigerungen, und besonders die als Folge einer Korn-
seigerung erscheinenden zweiten Phasen verhindern oft das unmittelbare
Verarbeiten des gegossenen Materials. Die rohen Bldcke mussen deshalb vor
dem Walzen, Strangpressen meist gegluht, homogenisiert werden.

Mit den wdhrend des Erstarrens und Glihens sich abspielenden Vor-
gédngen befallt sich heute bereits eine umfangreiche Fachliteratur. Trotzdem
kann die Kinetik der Auflésung der unerwiinscht im Block vorhandenen,
spréden Phasen nicht flr entsprechend gekldrt betrachtet Werden. In der
vorliegenden Arbeit sei deshalb ein neuer Gedankengang angefuhrt, mit dessen
Hilfe die Auflésungsvorgénge richtiger beschrieben werden kénnen als auf Grund
der bisherigen Theorien.

2. Phasenverhéltnisse des Gulgefiiges

Das Gefuge der mit Kornseigerung, das heit durch Entfallen von
Diffusionsvorgédngen erstarrten Legierungen kann eine von drei charakteri-
stischen Gefligearten aufweisen [1, 2]. Vom Standpunkt unserer Uberlegun-

*A. Roosz, T. U. fur Schwerindustrie, Lehrstuhl Metallkunde, Miskolc (Ungarn)
** E. G. Fuchs, Eisenforschungsinstitut, Budapest
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gen muB nur der Gefligetyp IlIl beachtet werden. Solche Legierungen beste-
hen im gegossenen Zustand aus geseigerten Mischkristallen und aus einer
zweiten Phase, wobei die zweite Phase infolge eines bei geniugend hoher
Temperatur durchgefihrten Glihens im Mischkristall restlos aufgeldst wer-
den kann.

Bild 1 zeigt das Prinzip des Zustandsschaubildes von eutektischen
Systemen; die Ldslichkeit des Legierungselementes ist stark temperaturab-

Bild 1. Eutektisches Zustandsdiagramm mit den verwendeten Bezeichnungen

hdngig. Die beispielsweise durch den durchschnittlichen Legierungselementen-
gehalt cO charakterisierte Legierung ist deshalb durch Ausscheidungshdrtung
vergltbar. Die Konzentrationen cr1?cr2, ... bedeuten das Lésevermdgen des
Mischkristalles bei den Temperaturen Tv T2 ... usw.

Die genannte Legierung beginnt im Sinne des Zustandsschaubildes, bei
Erreichen der Liquidus-Temperatur, mit dem Entstehen von Mischkristall-
Dendriten zu kristallisieren. Der Gelialt cj an Legierungselementen ist liier
noch gering. Bei sinkender Temperatur werden weitere Schichten ausgeschie-
den, indem an den Kristallisationsfronten die Zusammensetzungen der jeweili-
gen Solidus- bzw. Liquiduslinie entsprechen. Bei Erreichen der eutektischen
Temperatur Teist also am Rande der Dendritenéste, in den zuletzt erstarrten
Mischkristallteilen, der Legierungselementengehalt cm. Der durchschnittliche
Legierungselementengehalt der oc-Dendrite ist dagegen ca. Die eutektische
Zusammensetzung betrdgt cc, die Zusammensetzung der 0-Phase co.
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In unseren Betrachtungen sei beziglich der Kristallisation angenom-
men, dall die Legierung bei vollkommenem Entfallen des Diffusionsaus-
gleiches erstarrt; dies ist auch der Grund daflir, dal ca< cm ist. Dadurch
kann im Gefuge auch ein Eutektikum erscheinen, was im Gleichgewichtszustand
nicht moglich wére. Die Menge eines solchen Eutektikums kann einfach
berechnet werden [4]:

1/1-A
%ot " (1)

(Bild 1). Der Wert k driuckt die Neigung der Legierung zur Seigerung aus,
und zwar als das Verhé&ltnis des Legierungselementengehaltes der beim Erstar-
ren zusammengehdrigen kristallinen und flussigen Phasen. Die Grdofe von k
kann mit guter Anndherung bestimmt werden, indem die Liquidus- bzw. die
Soliduslinie des Zustandsschaubildes durch Geraden ersetzt wird, und in die
Formel die Konzentrationen der Eutektikalen eingesetzt werden:

k = ASL . (2)

Aufgabe des Ldsungsglihens ist das Auflésen der nichtgleichgewichts-
maRigen zweiten Phase (oder genauer, des Eutektikums). Die Menge der
0-Phase ergibt sich aus

fe = feu, E£7Z£0L, (3)
ceé cm

und die durchschnittliche Zusammensetzung cader Mischkristallphase ist

E eut

a 4)

3. Das verwendete morphologische Modell

Der idealisierte Aufbau einer unseren Voraussetzungen entsprechend
erstarrten Legierung ist auf Bild 2 dargestellt. Die hier gut erkennbaren pri-
maren und sekundaren Dendritenaste betrachten wir als solche, die einheitlich
aus Platten bestehen, die die MaRe von I|. h. d. besitzen. Das Eutektikum ist
zwischen diesen Platten entartet, gleichmdRig verteilt. Das Auflésen der
0-Phase kann unter diesen Umstanden so beschrieben werden, als ob die
Losung ausschlieBlich an den Flachen I. h. stattfinden wirde (platelike mor-
phology). Die konkreten Berechnungen werden durch das besprochene Modell
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Bild 2. Schematische Struktur eines dendritisch erstarrten GuBstiickes [5]; 1 primére Aste:
2 sekundire Aste

Bild 3. Anfangsverteilung des Legierungselementes entlang einer Dendriten-Plattennormale
(Modell)

bedeutend erleichtert: infolge der plattenartigen Anordnung genigt es n&dm-
lich, die Verteilung des Legierungselementes nur einer Plattennormalen ent-
lang zu verfolgen.

Bild 3 zeigt die Verteilung der Legierungselemente (das sogenannte
Konzentrationsprofil) zwischen den Mittelebenen der 0-Phase und der Dendri-
tenplatte. Als Abszisse wurde die Plattennormale gewdahlt, und als Origd
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zweckgemaRB die anfdngliche Berlhrungsflache der beiden Phasen betrachtet.
Wie ersichtlich, ist der Legierungselementengehalt in der Mitte der Dendri-
tendste niedrig (c;,), am Rande dagegen entsprechend cm. Die Zusammen-
setzung &ndert sich innerhalb der Dendrite prinzipiell monoton. In der W irk-
lichkeit kann diese Verteilung infolge von Unterkihlung bzw. értlichen Stré-
mungen der Schmelze auch sehr kompliziert sein. Die Verteilung wird im W eite-
ren trotzdem nur linear angendhert.

Die Breite 0 des schiefen Abschnittes der Verteilung wird aus der Uber-
legung berechnet, dal die Oberflaiche unter dem linearisierten Konzentra-
tionsprofil immer proportional zum Legierungselementengehalt der Misch-
kristallphase sein muR:

Ahnlich ergibt sich die Dicke SO solcher ©-Phasenpartikel-Halften, die zu
einer |-h-Flache der Dendritenplatten gehdren. Der Wert S( bedeutet also
die halbe Dicke von einer 0-Phasenschicht, die zwischen zwei benachbarten
Dendritenplatten, im Ausgangszustand vorhanden ist:

g _JA _d
° 9t 2 “l-le

In (6) symbolisiert die Dichte des a-Mischkristalles und Qi die Dichte
der 0-Phase.

4. Der Ldésevorgang

4.1 Allgemeine Uberlegungen

Die anfdngliche Verteilung des Legierungselementes wurde an Hand
von Bild 3 charakterisiert. Nehmen wir nun an, daR ein isothermes L&sungs-
glihen bei der Temperatur T durchgefiihrt wird (Bild 1). Wéahrend des Auf-
wdarmens mufl sich die randliche Zusammensetzung des Mischkristalles von
cmaufer &ndern. Das auf diese Weise, unter stark vereinfachten Bedingungen
entstandene, anfadngliche Konzentrationsprofil veranschaulicht im Bild 4 der
dinnere, kontinuierliche Liniengang.

W é&hrend des Gluhens wird die anfdngliche halbe St&rke SO der 0-Phase
mit der Zeit t immer kleiner. Die Dicke des aufgeldsten Teiles sei mit S bezeich-
net (Bild 4a). Die Verteilung des Legierungselementes wird auch weiterhin-
als linear betrachtet. Infolge des Ldsevorganges wandert deshalb der End-
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Bild 4. Verteilung des Legierungselementes in verschiedenen Stadien des Aufldsungsvor-
ganges

punkt b des schiefen Geradeteiles ab in das Innere der Dendritenplatte (f im
Bild 4a), erreicht die Mittelebene (Bild 4b) und bewegt sich dann entlang
der mittleren Ebene aufwérts (Bild 4c).
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Die Kinetik des Auflosens kann auf Grund des |I. FICKSchen Gesetzes
durch die Differentialgleichung

Oc
ge(ce- cT)dS = Dv—d—dt (7)
X

gekennzeichnet werden, wo dS die Dicke der wéhrend der Zeitspanne dt auf-
geldsten Schicht und Dv den Koeffizienten der Yolumendiffusion bei der Glih-
temperatur T bedeuten. Der partielle Differentialquotient 8ca/8« bedeutet die
jeweilige Richtungstangente der auf Bild 4 mit ef bezeichneten, schiefen
Strecke der linearisierten Verteilungskurve.

Aus dem weiter Gesagten geht hervor, dall die Abhdngigkeit der Rich-
tungstangente von der Glilizeit anfangs anders ist, als in der zweiten Etappe
der Auflésung. Die beiden GesetzmdRigkeiten gehen dann ineinander uber,
wenn das geldste Legierungselement eben die Mittelebene der Dendriten-
platte erreicht (Bild 4b).

4.2 Erste Etappe der Auflésung

Bei Beginn der Auflésung kann auf Grund des Gesetzes von der Erhal-
tung der Masse geschrieben werden, dal
/0 ) I's* r'e

oH cBdx —pe cTfdx = Q\  clfdx — c&dx (8)
J~s J-S Jo Jo

sei. In (8) bedeutet ca6den Legierungselementengehalt im Inneren der Dendrite,
bei Beginn der Glihung, entlang der «-Achse:

9)

cjj denselben Wert im Zeitpunkt t:

cHF—CTI "-"““8“ ~ (« + <S) ( 10)

«

(Bild 4). S* gibt endlich den Abstand zwischen dem Punkt/ und der Grenz-
flache Dendrit—6-Phase an.

Nach Integrieren der Gleichung (8) und Weglassen der vernachldssig-
baren Glieder ergibt sich

3c* S2

Ho co -S-j-Pe
dx 2

cTs> ' . ss.. c¢icre O (H)
8« 2 dx 2
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wobei S* nach

g* CT «cb y (12,
dcjdx

berechnet werden kann.
Die Gleichung (12) in (11) eingesetzt, erhdlt man nach Umordnen fir
den gesuchten Differentialquotienten

9ca __ 4 (4 -4)12
8* QeceM~Qa[(cTJt ch)Ir¥>

(13)

Setzt man letzteren Ausdruck in (7) ein, und I8st man die so entstehende
Differentialgleichung, so erhélt man:

— S Ce+ — SO(cT- O = PV oot (14)

9a 9a

Schreibt man anstelle von O die rechte Seite von (5), so erhalt man endlich
die folgende m— die erste Etappe der Auflésung im allgemeinen beschreibende —
implizite Gleichung:

\'e+~rSd{cda-ch) - =~"~~(cl-cl)t. (15)
le* 9« cm cb ce~cT

Praktisch kann noch in Betracht gezogen werden, dall et meistens klein ist
im Vergleich zu den anderen Konzentrationswerten. Dadurch vereinfacht sich
die Gleichung zu

2c,+ -” Sdca--r-= — -c\l. (16)
9 a 9a Cm CT

Die Dichte der einzelnen Phasen pflegt nicht sehr unterschiedlich zu sein
19ela® 1) und bei den betriebsméaBigen, praktischen Gliihtemperaturen gilt
meistens auch, dal er cm ist. Die erste Etappe der Auflésung kann also
auch durch die vereinfachte, explizite Formel

o) 2" 112
s = Dy 4.+ = ae. (17)
ce(ce ~ cT) 2ce 2ce

gekennzeichnet werden.
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4.3 Der Wechselpunkt

Die erste Etappe der Auflésung dauert — wie erw&dhnt — so lange, bis
das in Loésung gehende Legierungselement die Mittelebene der Dendritenéste
nicht erreicht (Bild 4h). Die bis zu diesem Zeitpunkt aufgeldste Phasendicke
Schange kann durch Integrieren der Gleichung (8) berechnet werden, vorausge-
setzt, dal die Bedingung S* = d/2 sowie die auf Grund von Bild 4b unmit-
telbar aufschreibbare Beziehung

3ca cT—cb
(18)
dx d/2-\-S
erfallt ist. Auf Grund dessen kann weiter geschrieben werden, daf
~th
Qs ce ~changeA (g change CT S change
Al oy Achange
d 1 cl cb CT -Chb d T\ech A
Jchange® -~ O (19)
2 d/2-t-Sd d/2 + Schange crange 2
sei. Da Spange <8 d/2 ist, erh&lt man unter gewissen Vernachldssigungen:
S Change (8a Ce - Qecb)+eAcT~ cry~ v — = Q*-d-(cT+ ch)- (20)

Das zweite Glied der linken Seite dieser Gleichung ist im allgemeinen bedeu-
tend kleiner als das erste, und kann deshalb vernachldssigt werden. Die
Gleichung (5) in die so aufgeschriebene Gleichung (20) eingesetzt, erh&lt man:

c 8 d 1
A change ~ ¢ (cr + cb (21)
8ece ch 4

Es wurde schon erwahnt, dal in der Praxis meistens cb 0 ist. Die Formel
(21) kann dadurch auf die Gestalt

| Cf
Schange 1 G (22)
4 2 cm, B
gebracht werden. Wenn noch angenommen wird, daf A1 sein kann

sowie, dall bei den betriebsméaRigen, hohen Temperaturen er *# cm sei, gelangt
man zum wenigstens in Ndherungsrechnungen gut brauchbaren Ergebnis

oy
Sch (23)
change ZCC . 2
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Den Zeitpunkt tchange des Funktionswechsels kann man durch sinnge-
males Einsetzen des Wertes Schange in die Gleichungen (15) bzw. (16) ermit-
teln. Im Falle der meist zul&ssigen Vernachldssigungen ist es zweckmé&Rig*
die aus den Gleichungen (22) oder (23) berechneten Schange~Werte sowie die
durch Umordnen der Gleichung (16) erhaltene Beziehung

Go &

2
“change change C€+ 'Schange Q@a —£ o (24>
uaQ @ cm_ &

zu verwenden. Besteht weiter, daB g&gx” 1 und ct” cmist, kommt man
zum Endergebnis:

tChange h change *Cg\-n change "’ 2 (25)
\'

4.4 Zweite Etappe der Aufldsung

Fur die zweite Etappe der Auflésung kann man ebenfalls auf Grund
des Gesetzes von der Erhaltung der Masse aufschreiben:

change "8 cdi2
J cedx—ge \  Ofdx —Q\ <€eJdx O, change - (26)
s J-s Jo

Die Gleichung integriert, die Beziehung (10) in Betracht gezogen, und die
vernachldssigharen Glieder weggelassen, ergibt sich:

A change) Qo n

1 3 dA2 (Cr-~c«

5 3w 9 “1' " change (27)
Sjach Umordnen erhdlt man — analog zu (13) —:
8 Cc
Zm f?20(c0 ct) 3 Gy(c8~ ct) $change £x “ n (28)
a
Setzt man diese Gleichung in (7) ein, so erhdlt man — nach Umordnen
und Trennen der Verdnderlichen:
dS
8 Bumit. (29)
d2
(S~ Sehan,,) -
8e ce ct 4
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Durch Ldsen dieser Gleichung erh&lt man die Formel

Qd ct—ca d

In change) InK = -i- Dvt, (30)
Qe ce ct 4 d2

in der K eine Integrationskonstante ist. Wenn S = Sd,ange ist, so ist sinn-
gemdl t = tchange'i diese Daten als Randbedingung behandelt, kann man die
GrolRe von In K ermitteln. Setzt man das Ergebnis in (30) ein, so erh&lt man
die gesuchte Beziehung

8

1 d
R "CchangeH t exp D y{t tchange) (31)
4 Qe ce cr ( d2

9d ct G~£-Il

die den Verlauf der zweiten Etappe der Auflésung beschreibt. Durch Einfihrung
der im Zusammenhang mit den Gleichungen (16) und (24) besprochenen Ver-
nachldssigungen ergibt sich endlich die vereinfachte Gestalt zu:

_ CT c*
S = Schange 1 eXP . D v (tchange (32)

ce~cT

5. Darstellung

Die abgeleiteten Beziehungen sind dazu geeignet, den Auflésevorgang
von nichtgleichgewichtsméBRigen Phasen des GuRgefiiges in Abhédngigkeit von
der Gluhtemperatur und der Glihdauer zu beschreiben. Bild 5 zeigt anschau-
lich den Verlauf der Kurven bei drei verschiedenen Temperaturen und bei

Bild 5. EinfluR der Temperatur auf den Aufldsungsvorgang
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einer willkurlich gewdhlten Legierung, deren Dendritenast-Dicke dj ist. Die
kleinen leeren Kreise auf den Kurven bedeuten die Stelle des Funktions-
wechsels. — Die mittlere Kurve auf Bild 6 stimmt mit der zur Temperatur
T2 gehdrigen Kurve auf Bild 5 Gberein. Die beiden anderen Kurven des Bil-
des 6 beziehen sich auf ein gréberes (d2) und auf ein feineres (d3) GuBgefige,
als das durch dl charakterisierte. Auf Bild 6 ist also eigentlich die Wirkung

Bild 6. EinfluB der Dicke der Dendritenplatten auf den Auflésungsvorgang

der SO-Ausgangsdicken der aufzulésenden Phasen in Abhé&ngigkeit vom Zeit-
bedarf der Auflésung dargestellt.

Die Richtigkeit der in der vorliegenden Arbeit erdrterten Theorie kann
quantitativ bewiesen werden [6].
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Kinetics of the Dissolution of Eutectic Phases in Cast Alloy Structures. In cast al-
loys there often occur nonequilibrium second phases which hinder the further processing
of the material and which, hy heating at an adequate elevated temperature, can be dissolved
in the basic solid solution. The paper presents a new theory which gives a better description
of the kinetics of the dissolution process than the theories known so far.

KuHeTnka pacTBOpeHUs 3IBTEKTUMYECKUX (Pa3 B CTPYKType NUTbIX criasoB (A. Pooc,
E. ®ykc). B cnnaBax MTOr0 COCTOSAAHWS 4acTO MOXHO BCTpeUaTh TaKyH HepaBHOBECHYIO BTOpPYIO
(hasy, KoTopas 3aTpyAHseT NepepaboTKy MaTepuana u KOTOPY MOXHO PacTBOPUTL B OCHOBHOM
mMatepuane TBepAOro pacTBopa NyTeM HErpesa, BbIMOJHAEMOro NpU JOCTAaTOYHO BbICOKOW TeM-
nepatype. B pa6oTe coo6buiaeTcs Takas HOBas Teopus, KOTOpas MpaBU/bHee YeM U3BECTHbIE [0
CUX NOP TEOPMU OMMUCLIBAET KMHETUKY NPOLLECCOB 06paBOTKMU.
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DETERMINATION OF THE OPTIMUM NUMBER
OF FILTER PLATES FOR FILTER PRESSES

L. HORVATH*
[Manuscript received October 7, 1971]

The paper first summarises the methods of optimisation of filter plate number
in case of batch filter presses operating at constant pressure, to be found in technical
literature, and further develops them to such forms which can be directly used for
operational conditions in industry, too. Finally, those equations have been modified
so that they can be used to determine optimum filter plate number for different types
of pressure filters.

Symbols
K slope filtrate constant
bo= bm . intercept filtrate constant expressing the initial resistance
b i intercept filtrate constant expressing the initial cake resistance
bm intercept filtrate constant expressing the resistance of the filtering medium
L thickness of the filter cake or filter frame (chamber)
M dry solid throughput

ratio of the volume of wash liquid to that of the filtrate

solid throughput per unit purchase cost of the filter

number of filter plates

purchase cost of filter

purchase cost of the frame structure, and plates, opening and closing struc-

ture etc.
P2 purchase cost of a recessed filter plates
P, purchase cost of a filter plate
Ry purchase cost of a filter frame
purchase cost of a filter frame of unit thickness
filtrate throughput
P filtrate throughput per unit purchase cost of the filter
S dry weight of the filter rake in one chamber

main filtration period
actual filtration period

le cycle time
t' = tc- tdi cycle time less discharge time
Ich time of changing from filtration to washing

down-time, i.e. all the time of the cycle time excluding main filtration time

and washing time

Ui discharging time of the cake

Ui discharging time of a chamber (frame) or the time elapsed in the movement
of the two consecutive filter plates

l filling time of the filter

i — 1t + 1pp initial filtration time

tn non-filtration time

*d

*L. Horvath, Mining Research Group at the Technical University for Heavy Indust-
ries, Miskolc, Hungary
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opening and closing time of the filter

1& time of pressure build-up to constant pressure
*r time of consolidation or time during which moisture of the cake is reduced
secondary filtration time, i.e. all the filtration time excluding main filtration
time
ty washing time
Y filtrate volume flowing out of one filter frame (chamber) during main filtra-
tion time
filtrate volume from one frame (chamber)during cycle time
filtrate volume fromoneframe (chamber) during initial filtration time
filtrate volume from oneframe (chamber) during consolidation time
Vr filtrate volume from one frame (chamber) during secondary filtration time
solid-filtrate ratio, i.e. ratio of the weight of dry solid material to the filtrate
volume
y factor or the ratio of the flow rate of the final filtrate volume to that of the

washing liquid
number of filter chambers (frames).

1. Well-known methods for finding an optimum filter plate number

The thorough study of technical literature on pressure filters reveals
the fact that the determination of optimum filter plate number (expressed
as Optimisation of Plate Number in the following) in case of batch filter
press has not been dealt with to the required extent, though there is an
important aspect to be considered in case of large, modern pressure filter
plants because it would be simply impossible to achieve minimum filtering
cost without due consideration of this fact.

Not long ago, only data based on experience were available for the
Optimisation of the Plate Number. Chemical Engineer’s Handbook [1] sug-
gests, as an approximate rule, that the number of filter plates in case of
plate-and-frame or chamber filters should be equal to the length of the plate
expressed in inches. This would, however, give a lower limit and so some
higher value could he expected.

The same book gives diagrams from which optimum plate number can
he determined in case of plate-and-frame and chamber filters, made out of
metal as well as plate-and-frame filters made of wood which assures minimum
investment cost of the filtering equipment. In the following, these diagrams
have not been dealt with as they are only empirical, because they neither
take into consideration the filtrability characteristics of the slurry, nor the
down-time (so characteristics of the filter unit), nor the washing conditions
of the filter cake. Actually speaking, the author neglected the above factors
at the very start.

In the technical literature, Hooton—Thomas [2] are the first to deal
with the calculation of the optimum filter plate number. The equations for
calculations presented by them in their paper [2] can be rewritten with
symbols used by the author of this paper as follows. As a start, the investment
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cast of chamber filter presses (recessed plate filter presses) can be calculated
from

P= Pl+ P2(z- 1) (1)
The solids throughput can be expressed by

S-z S-z
M = = i (2)
h t-\-tf-\-toc-\-tw-\-z mdi

The solids throughput per unit purchase cost can be expressed by

S-z

=/(*)e 3
P (i-]-t/+foc-f-iu, + 2 «tdi) (-F*+ Z-1i~P 3) *) ®)
Differentiating (3) with chamber number as variable and equating it to zero,
the optimum chamber number according to paper [2]:

(*+ ¥+ “*c+ "u) (Pj
zopt . (4)
t'di-p2

Concerning Eq. (4), the following comments are worth noting:

1. As an approximate modification which would not affect the final
result significantly, it would be appropriate to use (z — 1) instead of z in
the denominator of (2) because the first chamber gets emptied during the
opening time of the end-plate and so does not require separate time.

2. According to the article, optimum filter time is equal to down time, i.e.:

cpt — td— tf .- toe s tdj . (5)

In the Eq. (5), so many factors, e.g. consolidation time, the initial filtrate
volume, the initial resistance which are so characteristic of the actual filter-
ing conditions, have been neglected. Thus, Eq. (5) can be only approximate.
The exact equations for the determination of optimum filter time have been
partly given in this article but have been dealt with in detail in papers [3, 4, 5].
3. In the Eq. (4) for the determination of the optimum chamber number,
washing time tw also occurs but not its optimum value. It does not even
differentiate the optimum filter time for the case when the filter cake is
washed, in which case the filter time would naturally be different from the
case when the filter cake is not washed. Thus, it is not advisable to use Eq. (5)
even in the case when the filter cake is washed. The optimisation equation

14% Acta Technica Academiae Scientiarum Hungaricae 73, 1972



212 L. HORVATH

for the filter cake washing has been given in this article but has been discussed
in detail in ref. [3].

Bearing in mind the above discussion, Eqs (2) and (4) have been
considered as fundamental ones for the optimisation of the plate number and
have further been developed to find more exact relationships.

2. Advanced methods for the optimisation of filter plate number

The actual solids throughput of a batch filter working at constant pres-
sure can be expressed more precisely by the following equation compared
to Eq. (2):

(6)

where:

As during the calculation of the cycle time, the chamber number is
the only variable, other factors can be considered constant and so:

tc = tc-\- {z 1) tdj )
where
tc=t ts  toe tel, -|- tw . (8)

In the case of pressure filters with the washing of the filter cake, the opti-
mum filter time and optimum washing time occurring in (8) can be expressed
as follows:

1-f-2my
(10
where:
td —ts 4" tn
Veopt = Voppt
K* = -K + _ _ mn K. (11)
bj(l + 8mj)
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Thus, the modified equation for the solids throughput per unit purchase cost
of the filter is

m (12)

Starting from Eq. (12) and completeing the differentiation, optimum chamber
number:

(13)

Thus, optimum chamber number depends on the cost factors (Pj, P2
construction of the filter unit (tdi, toc, hft), slurry pump used (t,), properties
of the slurry (t, ts) to be filtered and the washing conditions (tw) of the filter
cake. From the above it can be concluded that it would not be economic
to plan a chamber filter press having a fixed optimum filter plate number
supplied by the manufacturer, without taking into consideration the prop-
erties of the slurry or the factors affecting the washing time.

In the paper [2], on the basis of calculation, generally 60 has been
found to be the optimum plate number. The above result can be accepted
with the following comments:

First, let us assume that the original slurry has been treated with
chemical reagents to give better filtering properties, thus, increasing the
optimum filter time which in turn increases zopt- At the same time, higher
iopt means thicker filter cake which increases the thickness of the filter cham-
ber. Thus, the length, i.e. the optimum purchase cost of the filter unit increases,
due to higher filter plate number, on the one hand, and to the thicker filter
chamber (frames), on the other. Due to this, the total volume of the filter
chamber is increased compared to that in case of untreated original slurry which
means that, using the same slurry pump, the filling time (t/) would also increase,
i.e. zopt would increase, unless a new pump of higher capacity is utilized to
reduce the increased filling time.

Secondly, in the paper [2], the filter time occuring in the equations has
been determined by the equations valid for ideal conditions only which
generally yield a lower than that required by operational conditions. This is
also the main reason that the authors advise the selection of a higher filter
plate number than the optimum value calculated from the known equations.

Thirdly, the optimum filter plate number would be different in case of
filter cake washing compared to that without washing. In the latter case,
Eqs (8), (9), (11) can be simplified to the following forms:

tc—t -(- ts -f- toc: (8a)
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iqt —td ~b boveqt T 2b1vs —261F S Fcopt —260F S, (9a)

Fopt= - F s+ (112)

3. Application of the optimisation of the plate number
to different types of filter presses

The abeve equations are valid only for chamber filter presses for which
the cost of recessed filter plate depends insignificantly on the chamber thick-
ness which itself changes in narrow ranges in case of such types. In the follow-
ing, applicability of optimisation equations will be extended also to the fol-
lowing types of filter presses.

a) The plate-and-frame filters with constant filter cake thicknesses.

b) The plate-and-frame filters whose filter cake thickness can be changed
within a given frame.

c) Pressure filters with horizontal filter plates, i.e. closed pressure filters.

In case of plate-and-frame filters with a constant thickness of filter
cake, the basic equations for purchase cost and final equations derived from
them are, respectively:

In case of plate-and-frame filter presses with a changeable thickness of
the cake, the equation takes the following form:

P= Px+ P3(*- 1)+ P,z (18)

tc P,
zopt (19)

Finally, in case of pressure filters with horizontal filter plates, the equa-
tions are as follows:

P= Pt+ P, (20)
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Q {V+Vs)n ' (21
t'c+t'din

is (22)
P*

n opt

If in case of filter presses with horizontal filter plates, the filter cake
is washed, Eqs (9), (10), (11) for thorough washing, can he written in the
following forms adopted in case of simple washing:

"opt +  Lropt+ 261V-—2byVs Vcopt
1-f-2my
I+
-K K mr 23)
I + 2my
o= my 29 boveopt+d£q Vi-4blveve t—bovi TV g
L+ 2my 1+ 2my
(24)
172
KPt —- LJ+ N — R (25)
*i(l+ 2mj) 1+ 2my b,

W ithin the above types of filter presses itself, there are so many varia-
tions in the constructions of filters for which the above equations lose their
sense, in many cases, because their emptying may not be based on the hand
or mechanical movement of the filter plates or filter frames in sequence.
For example, the filter presses with horizontal filter plates are operated in
such a way that there is a reserve filter plate assembly for the filter which
is replaced once complete with filter cake.

4. Summary and conclusions

During the optimisation of the filter plate number for filter presses,
the following two most important factors have to be taken into consideration:

As a basis of planning, it would be of the utmost essentiality to use
equations suiting the type of the filter press;

in the so-selected right equations, data specifying the given slurry to
be filtered and the given operational conditions of the filter plant have to
be used. For example, in case of filter cake washing, suitable optimum filter
time and washing time have to be used as constants in the equations for
optimum filter plate number.
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The optimisation calculations have to be generally crrricd out in steps
by the method of approximation. This is necessarily due to the fact, that the
optimum filter time (and washing time also) is a function of the down-time
which is in itself a function of the filter plate number. To start with, in the
first step, filter time is taken to be equal to the down-time multiplied by a
factor depending on the filtrability characteristics of the slurry, as well as
type and operating conditions of the filter. This can be used again to calculate
filter and washing time and the whole process has to be repeated.

The method discussed above for the optimisation of the filter plate number
has its importance only in case of large filtering plants. If one or two filter
units are used only, the operating conditions may limit the use ofthe optimum
filter plate number.
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Bestimmung der optimalen Anzahl der Filterplatten von Filterpressen. Die Arbeit
falt zuerst die im Schrifttum bekannten Methoden fir die Optimierung der Plattenzahl von
Filterpressen zusammen und entwickelt dann diese Methoden weiter, so da sie auch den tat-
sachlichen Betriebsverhéltnissen entsprechen. Zum SchluB gibt die Arbeit auch fur ver-
schiedene Typen von Filterpressen diejenigen Zusammenhdnge bekannt, welche fir die Be-
stimmung der optimalen Filterplattenzahl geeignet sind.

OnpeaejieHHe onTHMajibHoro mtcjia(j)HJibTpyK)LHHX3.neMeHTOB npecc-(})HJibTpOB (JI. Xop-
eam). B craThe CHauana o6oBmaioTCH MeTOflbi, H3BecTHbie NO jiHTepaType h CRywaiHHe &jih
onTHMUUjiH3aHHH (@HCJia (jmjibTpyiomHX ajieMeHTOB npecc-(j)HJibTpoB, nocjie nero, ycoBepuieH-
CTByn cymecTByroiHHe, uejiaeT hx npHroflHbiMH h &jih fleficTBH TejibHbix p« khmob <j)HjibTpaUHH.
HaKOHeu, CTaibH Taxwe UNIt npecc-()HJibTpoB pasjiHMHoro THna /taeT Te 3aBHCHMOCTH, KOTopbie
npHroflUbi fljiH onpe/tejieHHH onTHM ajibHoro MHCJia (jmnbTpyioiHHX aneMeHTOB.
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NETWORK THEORY OF BAR STRUCTURES

D. SINGER™*

[Manuscript received August 24, 1971]

The network theoretical basis of bar structure statics was explained. It was
demonstrated that, as compared to hitherto matrix techniques, the network concept
would permit a deeper formulation of the problems encountered. Diacoptic methods
so far hardly employed in bar structure statics was thoroughly dealt with, and the
derivation of a fundamental relation in bar network diacoptics was presented. Finally,
the relative time saving to be achieved by the application of this method was estimated.

1. Introduction

In the statics of supports, awkward graphoanalytical methods are
being gradually replaced by computer techniques based on matrix algebraic
considerations. A great advantage of the matrix calculation method is its
improving the possibility of surveying the correlations, and its facilitating
the composition of computer programs. This is most important particularly
in the case of sophisticated support structures.

Introduction of the matrix method to support statics is rather important
from other aspects as well, as it will pave the way leading to a view represent-
ing the foundation of a problem complex. This new concept which has per-
mitted the correct interpretation of the most diverse physical phenomena in
the literature of recent years is called the “theory of discrete systems”, “net-
work mechanics”, or “physical network theory”. Essentially, these theories
generalize the regularities and calculation methods of electric networks which
is based on the pioneer work of G. Kron [2]. The graph theory and tensor ana-
lytical considerations introduced by K ron have released the theory of electric
systems from the narrow hydraulic concepts. The formalism thus obtained lends
itself to the investigation of other systems as well, including bar structures,
without dealing with any “flowing” medium in this case.

Hereafter only physical networks, that is, especially bar systems related
to the statics of supports will be dealt with. A physical network means a
physical system that can be divided, actually or theoretically, into discrete

*Dr. D. Singer, Furulya u. 9. Budapest XL, Hungary
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elements whose interrelations may be characterized by a graph. In the
case of bar systems, the elements are “bars” loaded or stressed by forces
and force pairs, that is, solid configurations which have a dimensionof prio-
rity as against their other dimensions. The graph of the system describes the
topology of the element connections and, therefore, in the case of a bar net-
work this should not be confused with the geometrical configu- ration of that
network (which might be changed by the load).

This definition requires a supplementation and, at the same time, some
restrictions. The elements may only be represented by the so-called bipole
element type, that is, they can be connected to only two junction points
of the network. Equations describing the individual elements should have
the form

e= Z(i), i= Y()

where i resp. e are through or across variables or vectors.

W ithout attempting to offer a precise definition of through and across
variables, the two quantities can be characterized as variables analogous to
electrical current i and voltage e, so their indication was selected to
remind us of this analogy. Hence, for the sake of abbreviation, variables i
and e will be spoken of instead of through and across variables.

2. Some graph theory correlations

Since the equations of the physical network will have to be derived in a
graphic form, let us compose the graph theory correlations required for that
purpose [1]. Graph tree means a partial set of branches which do not form
a closed loop, anywhere. The links are graph branches completing the tree
to closed loops. The graph structure can be characterized in several ways.
Hence, for this purpose, the branch node incidence matrix and the loop
matrix will be used, under the denomination A and C matrices.

An a)yelement of the A matrix can be defined as follows:

1, if the direction of the branch points away from the node;
—1, if the direction of the branch points to the node;
0, if the branch cannot be connected to the node.

Fig. 1. If the columns corresponding to fixed points are omitted
irom matrix A (such as the junction points corresponding to the clamps
of a support system), a reduced branch node incidence matrix, that is, matrix A
will be obtained.
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A cij element of matrix C may be defined in the following way:

-f-1, if the direction of the branch is identical with the loop
direction;

—1, if the direction of the branch is opposite with the loop
direction;

0, if the loop does not contain the branch.

©

A c

123 11
1141 11
2 1 2
3 1 3 1
4 1 4 1 1
5 1 5 1l
S -1 1 6 1

The following relations exist between matrices A and C:

A*C 0, (2)

C*A

0. (3)

Matrices A and C can be divided into submatrices corresponding to the graph
tree and its links respectively:

4)

As for definition, CL equals unit matrix U. Since At is a quadratic and non-
singular matrix, the following equation may be written on the basis of [2]:

[A? At] TJY Al A* —0, (5)

that is
CT= [A2]-1At; C= cr' = (Ap<1At’ (6)

u U
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3. General equations of the physical networks

For the sake of generality, let us assume that each branch of the net-
work contains e and i sources (that is, certain specified E and | values, respec-
tively), [2], [3]. [4]. In this case, a single branch of the network may be illus-
trated by the scheme shown in Fig. 2. This reveals that branch characteristics
e and i are not identical with the across and through variables, respectively,
of the two bipole elements which are now indicated by V and J. According
to this Figure,

V==e+ E, resp .J=1i-\1 7)
In linear systems, the bipole element equations are
e+ E) = zZ(@(+ 1), resp. (i+ 1) = Y(e + E). (8)

Z and Y = Z-1 represent the impedance and admittance, respectively, of
the element. On the basis of (8), the totality of the (unconnected) branches
of the linear network can be characterized by the vector equations

e+ E)=2z2@(i+ 1 (9a)
and
i+ 1= Y+ E) (9b)

where Z and Y are the so-called primitive impedance and admittance matrices,
again respectively, of the network.

In a connected network, beyond (9), two more fundamental relations
will exist, according to which in the nodal points the algebraic sum of the
i variables will equal zero, just like that of the e variables in the loops, that is,

A*i= 0, (10)
C*e= 0. (11)

On the basis of (7), these expressions may be written as
A*{J- 1) = 0, thatis, A*J= A*1= E, (107

and
C*(V —E) = 0, thatis, C*F=C*E = E°, (1F)

where |I' means the vector of i nodal source variables, while E' that of the
e loop source variables. It is to be noted here that these two relations known
as the Kirchoff law of electric networks do not represent a law for the theory
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of physical networks, but give the definition of variables i and e. Expressions
(9), (10) and (11) which represent the primary mathematical model of the
network represent, at the same time, a 2X 6 number of equations for the
determination of the 2x6 number of unknown variables, where 6 is the
number of branches.

From the primary mathematical model it is best to derive secondary
models where, instead of a 2X 6 number of equations, only a lower number

Fig. 2

of equations should be solved simultaneously, while the other unknown
variables can be obtained through simple substitution. In a matrix sense
this means that for secondary models instead of the (26x26) matrix only
one or more smaller-size matrices will have to be inverted, which represents
a considerable machine time saving. Of the secondary models the two most
important on es are the so-called nodal and loop models, respectively.

By the rearrangement of (9b) we get the expression

Ye= i+J —YE (12)

Multiplying both sides by A* and taking into consideration Eq. (10), we
obtain
A*Ye = A*(l YE). (13)

The e variables pertaining to the individual branches, that is, vector e can
be expressed by vector e' associated wich the nodal points. As a definition:

e=Ace)\ (14)
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Substituting (14) into (13), we obtain

A*YA(e'=A*(J YE) (15)
and
e —(A* YA)~IA*(l YE), (16)

This is the nodal form of the network equations.
The loop form can be similarly obtained. On the basis of (9a),

Zi=e+(E ZI). (17)

Multiplying both sides by C*, and taking (11) into consideration, we get

C*Zi= C*(E-Zi), (18)

Variables i can be expressed by the i' loop variables. With respect to the
definition of loop matrix C, we obtain

i = Ci'". (19)
By substituting (19) into (18), the loop form sought for will be arrived at:
V = (C*ZC)-1C*(E- ZI). (20)

In the case of the nodal form, the node admittance matrix YN= A*YA
is of an (nXn) size, where n is the number of free nodes. The loop impedance
matrix in the case of a loop form, that is, ZH= C*ZC has a [(6 — n)x(b — re)]
size. The use of (16) and (20), respectively is justified, above all, by the net-
work structure: for moderately looped (tree type) networks the use of a
loop, whereas for highly looped systems the employment of the nodal form is
advantageous. However, in addition to the number of nodes and branches,
in many cases several other aspects may also be reckoned with when select-
ing the model.

4. Bar network equations

Equations (9) — (20) apply to cases when the physical network is linear,
and the branches can be described by scalar relations (8). It is easy to realize
that formally similar equations can be obtained when a single branch is
described by a vector relation, as the entire network was earlier. Equations
of these hyper-networks differ from (9) —(20) only by the replacement of
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vectors e, i, E, I, etc., by the corresponding hypervectors. Matrices A, C, Z,
and Y are here similarly hypermatrices.

This is the case with bar networks. Between the external and internal
forces, and the deformation (displacement) of a single bar the following rela-
tion exists ([5], p. 78):

4.7.0  Bjk uf'h+ F MR Bk H Bk (21

where uk and uj are the total branch distortion vectors of bar terminals K
and j, respectively, sjk is the induced member force vector, and tJk is the
vector of applied branch distortions. Hjk is the transfer matrix, Fjk is the
flexibility matrix of the bar, whilej and k are the bar terminal indices. The
uk, uj tjk six-dimensional vector components represent the displacements
corresponding to the eigencoordinates f, rj, f of the bar, and the rotations
conforming to these axes. The sJkcomponents are the forces or torques exerting
their effect in the same direction. Flexibility matrix Fjk has the following
form:

4k : (21)

where L is the bar length, A the cross sectional area of the bar, E and G the
elasticity and shear moduli, respectively, GJ¢ the torsional rigidity per unit
length, E¥ and E” the specific rigidities related to the I] and f bar axes, re-
spectively.

(22)
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If the
u<n,0 = ujk (23)

expression is introduced, Eq. (21) may be written in the following form:

[ujk~Ftjk\ = —F-fcsjk . (24)

If (24) is compared to (8) and (7), formally identical relations are seen. In our
case, deformation ujk corresponds to branch characteristic e, and the applied

Table 1
General Bar system _— Co-ordinate
characteristic characteristic Denomination system

e u total branch distortion |
e’ u' nodal displacement g
E t applied branch distortion |
v % induced member distortion |
i q total branch force |
i q' loop force g
| Q applied branch force 1
J s induced member force 1
r Q' applied nodal force q
z E flexibility matrix g
Y K stiffness matrix

branch distortion tjk to the source characteristic E. J corresponds to the
induced force vector sjk.

W ith a strict adherence to the symbols used in (5), Table | presents
the equivalents of the variables considered in the theory of physical networks
as applied to the statics of bar systems (as against the symbols in [4], the nodal
variables are indicated here simply by adding a comma to the corresponding
branch variable symbols).

Prior to expressing the connected bar network nodal and loop equations
on the basis of (16) and (20), two aspects missing from a network consisting
of scalar elements must be taken into consideration, namely, that

a) the variables of branch equations (24) are given for local, that is,
different co-ordinate systems corresponding to the different branches, whereas
Eqs (16) and (20), as well as their hypervector forms apply only to the global
co-ordinate system, that is, the one related to the entire network;
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b) the nodes do not necessarily transfer every and each component of
the force and displacement vectors; for example, in the case of a ball joint
connected bar only the component exerting its effect along the axis (f local
co-ordinate) will be transferred.

Thus, first it should be determined whether the variables to be sub-
stituted from Table | into Eqs (16) and (20) are defined in the global (related
to the entire network) orin a local co-ordinate system (see column 4 of Table I);
in the latter case the appropriate transformations will have to be performed.

The uj and uftterminal displacement vectors of branch j, k will be trans-
formed from the f, tj, £ local co-ordinate system into the global co-ordinate
system x, y, z in the following manner (5):

fi,i j Xy
uffhD) g
where the transformation matrix Tjk has the following form:

€os (sjk, X) cos (Ljx,y) cos (SA, z)

coSs (jjjk, X) €OS (rjjk, y) €OS (iyk, 2) 0
Ik cos ({Jk, x) cos {gk,y) cos [ty 2) (25)
cos (|y k, x) cos (CJk,y) cos (yf. 2)
0 cos (rjjk, x) cos (njk,y) cos 2)

cos (£;*, x) cos (cjk, y) cos (fyfc 2)
Expression (23) will be transformed as follows:
ufry* = BjkTjkuf>*y Tjku<?” (26)

which can be written as

ujk = \Bjk Tik— Tjk] G ik uik (27)
Luk
where
Tyk- Tyk — Gjk, (28)
U = Uaje

On the basis of (27) describing the transformation of the individual branch
deformations into the global co-ordinate system x,y, z, and according to (14),
the following relation can be found between the u branch, and u' nodal dis-
placements of the entire network:

u= GrPu'= Gcecu' (29)
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where Gr is the hypermatrix obtained from matrices Gjk pertaining to the
individual branches, Gc= GrP, where P is the topological matrix expressing
the relations of the branches and nodes concerned, or those of their vector
components, while u and u' are the hypervectors of the branch and node
deformations, respectively.

It is quite similar as to how the sJk induced member force of the j, k
branch, expressed in local co-ordinates, is transformed. The Qk force exerting
its effect in point k will produce, on the basis of the action-reaction principle,
a total branch force Sjk in that branch. The force produced by the Qk force
acting in point j of the branch is B*JX Sjk, where B*jk is the transpose of
transfer matrix (22). Thus the force equilibrium of the bar is expressed by

bfk Sjk = [<2/1 (30)

u

Since the external forces are generally given in global, whereas the internal
forces in local co-ordinates, Eq. (30) must be multiplied by the T*( trans-
formation matrix:

ik

—
H >=o

y( SK=Qj (31)
: Qk\

[N
(o

Since (10) and (10°) apply to the global co-ordinate system, in network
the following relations will exist:

P* G*s P*G?Q =0 or Gecs GecQ'=0 (32)
whre
Gc P*G* ; 0'= P*G*C (33)

g, s, O’ are hypervectors composed of vectors qjk, Sjk, QJk and Q is the
nodal load (source pressure) hypervector. G*, G* are the transposes of the
previous hypermatrices Gr and Gc, respectively, related to the entire network.

Using (32) and (29) instead of (10) and (14), on the basis of (12) the
following node equation will be obtained for the bar network (see Table I):

u'= [G*KG~"[Q Kt] (34)

A certain number of bar system nodes are fixed. Self-evidently, Gc cannot
contain the columns corresponding to the fixed junctions or else (34) would
be far overdetermined. Eq. (34) contains, therefore, the G partial (hyper)
matrix of (b X n) dimension instead of Gc:

u = [G* KG]-1 G*[Q —Kt] (35)

where G is a partial matrix corresponding to the free nodes of Gc, that is,
Gc = (Gp; G) where, in turn, Gpis a partial matrix corresponding to the fixed
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nodal points of Gc. If, on the basis of (33), the Q branch load vector is replaced
by nodal load vector Q' then

u = [G*KG]~1Q' - [G* KG]-1G* K< (36)

may be written instead of (34). This expression is identical to the so-called
displacement equation of bar system statics, if that is expressed in a matrix
form.

Eq. (34) is seen to be formally analogous to the general node equation
(16) of physical networks. As the only difference, the A topological matrix
consisting of 1 and 0 terms is replaced by hypermatrix G whose elements are
given expressions containing the directional cosinus and length figures of the
bars, and 0 terms.

Usually, expressions (12)—(16) related to a general physical network,
and the other relations derived therefrom are modified in such a manner as
to replace A by G. Thus, for example, the s = (q -)- Q) stress, most essential
in static calculations, can be computed on the basis of (12) and (14):

J=1i+1=Y[Ae'+E], 37)
Substituting the expression of e’ from (16), we get
J = YA[A*YA]-1[U-A* YE]+YE (38)

where, on the basis of (10'), A*1 was replaced by Substituting now the
corresponding bar system characteristics into (38), on the basis of Table I,
and replacing matrix A by G, the following expression will be obtained for
the induced member force:

s= KG[G*KG]-1[Q'-G*Kt] KI. (39)

This relation makes the determination of the reaction forces corresponding to
the fixed junctions possible. According to (10", the following relation exists
between the nodal source variables I’ of the physical network (including the
reaction forces), and the J variables of the branches:

A*J=T. (40)

If the fixed junctions are separately reckoned with, the above equation may
be written, for a bar network, in the following form:

G*s = Qe (41)
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where the vectors marked by an index p apply to fixed, whereas those without
a p index to the free nodes. Determination of the Qp reaction force of fixed
nodes is, therefore, by

Ofi = G*s. (42)

Substituting the expression of s from (39), the following equation will be ob-
tained for Qp:

Qp— G*KG[G* KG]*1[Q' G*Ki]-GpKi. (43)

So far it was assumed that each component of the fixed nodal displacement
vectors would be similarly fixed. If this fixed character applies only to some
of the u components, the above relations will remain essentially valid, but the
partitioning of Gc will have to be performed at a matrix instead of a hyper-
matrix level.

The equivalent of the loop equation (20) of a general physical network,
suitable for bar system calculations, can also be expressed. Here again, as
in the derivation of the nodal equation, the topological matrix is replaced by
another one which reckons not only with the topological conditions of the
network but also with their metrics.

The best way is to express loop matrix C, on the basis of (6), by matrix
A or its Aj tree or At link components. If then, just like above, A, A7, and
At are replaced by G, G7 and GL, respectively, the matrix

r (G*)-1G*

[ . (44)

will be obtained, with the same role in a bar system as that of matrix C in
connection with the general equation (20). Thus the loop equation of the bar
network can be directly obtained from (20), by making use of Table I:

q'= [D*FD]_1 D*(t—FQ) (45)

Eq. (45) corresponds to the fundamental equation of the process called force
method in statics (see page 131 in [5] of the literature cited).

5. Bar network diacoptics

It was shown that the application of the physical network theory would
lead to the same relations which could be obtained in the statics of supports
by using the well-known displacement or force method, on the basis of classic
mechanical considerations. It will now be demonstrated that, in addition, this
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view may offer significant practical advantages. First of all the method called
diacoptics by G. Kron should be considered which might permit the building
of the numerical solution of network equations from part solutions [6]. Such
a time saving may be particularly considerable when calculating sophisticated
structures.

Fig. 3b

In the statics of supports, the method of division has not previously
been unknown, either. Such a method is, for example, the statically inde-
terminate main support technique. It is believed, however, that the network
theory view may greatly assist the further development of these methods.
Of the several diacoptic methods here only one will be dealt with, as this seems
to be readily adaptable for bar system statics.
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Since bar network conditions are to a certain degree complicated by
the necessity of transforming the relations expressed in local co-ordinate
systems related to the individual elements into a global co-ordinate system,
first let us derive these relations for a physical network structurally identical
with the barsystem. By eliminating branches 7 and 8, the network presented

in Fig. 3a may be divided into part networks | and Il. Our duty is now to
determine, by solving the equations of the two parts, the nodal variables
ea, eb, ec, ea, produced by the nodal i sources la, Ib, Ic, Id of the original
network.

In order to compensate for the elimination of branches 7 and 8, hypo-
thetic flows ia, ib, icy id may he assumed in the a, b, ¢, d nodes, whose magni-
tude and direction are assumed not to modify the nodal e variables in spite
of the division. From the viewpoint of branches 7 and 8, part systems | and
Il may be considered as e sources producing the same i values in the excluded
branches as those of the original network. These é7 e8 values, in turn, may
be regarded as the characteristics of the e sources series connected to elements
7 and 8, see Fig. 2b.

This Figure reveals the following equalities:

la— i)
h = —h (46) n= eb— €ec 47)
lc == N ¢g = €a (id
id =
In vector form:
ia = 0 —1 il e7 = o 1 -1 o
ib —1 0 h (467) 10 0 -1 47)
ic 1 0
id_ 0 1
Or in a still more simple way:
I' = GLik (46" 5f= Cfc' (47"

where Cxis a connecting matrix.
Nodal equations (16) can be separately written for part networks |

and Il. It is easy to check that the two equations can be expressed as
(*1 + Yit) -y, ea = la + ia (48)
B (Yy + Ys) b Ib ib
'Yt+ Y 6 - ag Ic + ic (49)
-y, na+rg led Id + id
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Indices 1 and 2 refer to part networks | and II, respectively. Eqs (48’) and
(49’) can be expressed in the form of a single hypermatrix equation:

(50)
Indicating the diagonal hypermatrix by Eq. (50) can be expressed in
the form

For the connecting branches (7) and (8), the following equation may be
written on the hasis of Fig. 2b:

Yfi o
0 wel

If the primitive admittance and impedance matrices of branches 7 and 8
are indicated by YK and ZK, respectively, then the following expression will
be obtained:

"NK1% — — eK- (519
According to (46°) and (47’), hypothetical vectors e and i can b»; eliminated
from (50°) and (51°):

ANde = 1,JTM\ik

(52)
= —C*e .
Expressing e' from the first equation of (52) we get
e'= Z~A[I'+Cti]. (53)
Substituting now into the second equation of (52) will give
iK=- M -44Y niAT (54)
where
M= ZK+Cf YNICL. (547

By substituting (54) into (53), finally the following expression is obtained
for the determination of the nodal e variables:

e'= YA[F YACjMACEYAT]. (55)
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It is easy to realize that (56) is independent of the number of part systems
the network had been divided into. Generally, the diagonal hypermatrix
YNd of an (mXm) dimension assumes the form

(56)
ANm -

where YNi is the nodal admittance matrix of the i-th part network, and m
is the number of part systems. Finally, ZKis the primitive impedance matrix
of the links:

Zi 0
ZK = Zj (57)

and it is a diagonal matrix of (bkXbk) dimension, where bk is the link number.
Connecting matrix Cx is a matrix of (nXbk) dimension, consisting of 1, —1,0
elements, where n is the number of nodes in the entire network (except the
fixed points). The elements of C, are defined as follows:

1, if the direction of the j'-th link points to node a;
Caj = —1, if the direction of the y-th link points away from node a,
0, if the y-th link does not contain node a.

Let us now apply (55), introduced for general physical networks, and the
diacoptic considerations leading thereto, for bar systems. The fact that the
branch and nodal characteristics e and i of the network are here not scalars
but vectors, does not greatly modify the result formally. The difference is
that where previously we had vectors and matrices, now we shall have hyper-
vectors and hypermatrices (hypervectors and hypermatrices, in turn, will be
replaced by the corresponding higher order figures).

So instead of (50°), we may write

KMww )'= QA ryr'+qn)’ (58)
where

G* K pl Gj 0 K NL 0
. G?Kp2G2 _ K N2

0 P* Mnr 0 KjVn-

(59)
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Here u', Q' are liypervectors of the nodal displacements and nodal loads of
the part networks, and q is the hypervector of the virtual nodal loads.

The equation corresponding to (51°) and valid in the case of bar net-
works is

¥kr = -G ku ~ (60)

where iik and sk are the hypervectors of hypothetic source displacements
and internal link forces, respectively, and Gk is the transformation matrix
of the links or connecting bars.

The equation corresponding to (46°) can be expressed on the basis of
relations between the s internal and g terminal forces of the connecting bars:

q'(x,y,z) _ Q* st6,»,C) (61)

where hypermatrix C2 creates a connection between the terminals of the
connecting bars and the nodal points of the entire network, while the ele-
ments of C, are either U(6 x 6) unit matrices or 0(6x6) zero matrices, depend-
ing on whether the terminals of the connecting bars (links), actually do connect
the nodal point in question, or not.

The form of (47°), corresponding to the bar network, is:

= c*M(w) (62)

Matrix Cl creates a connection between the nodal points of the entire net-
work, and the terminals of the links. To facilitate an easier survey, (60), (61),
and (62) indicate whether the variables should be interpreted in a local or
global co-ordinate system.

By making use of (61) and (62), the hypothetic vectors g and u can
he eliminated from (58) and (60):

KNdu' — + (63)
F/;c= GitCfu

Expressing u* from the first equation of (63), and substituting it into the
second, we get

u'= K*«?'+C 2GKsk) (64)
F= W-i GcCFK " <7 (65)
where

W = Fk- GAC?K "C 2Gk.
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Substituting Si from (65) into (64), the nodal displacements will be expressed
by the following equation:

U = K*a[<? C2G*W -i G,C? Q1. (66)

Eq. (66) defines the nodal displacement of the bar network for an optional
division thereof. Obviously, it is advantageous to divide the system into

part networks interconnected only by a small number of links. This ensures
a small-size matrix W, whereby the time required for inversion will be similarly
short.

Inversion of the KNd matrix, since here we have to deal with a diagonal
hypermatrix, is by inverting the partial matrices. The machine time is all
the shorter, the smaller size the partial matrices are, that is, the greater number
of parts the system had heen divided into. Particularly significant savings
can be achieved, if the system is constructed of identical modules since, in
such a case, the matrices of the corresponding part networks will have to be
inverted only once.

Let us roughly estimate the time saving due to the application of (66),
as compared to using the simple nodal method. Let us assume that the system
had been divided into m — (my -f- m2) parts equal in size, where mlis the num -
ber of parts of identical design. Let us assume, furthermore, that the part
systems are connected, on the average, by k number of links. So we can
assume that the machine time required for matrix inversion is quadratically
proportional to the number of junctions, and the machine time of the indi-
vidual operations in (66) are neglected at and as compared to this matrix
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inversion. The time required for the inversion of matrices W and KNd, respec-
tively, will be proportional to

2
n
and (m  wx—+%)
2l m

respectively. Since the inversion of (non-diagonal) matrix KN required for
the displacement method is roughly proportional to n2 the relative time
saving t will he

m m1-\-k24-)-I

67
2 (67)

Fig. 4, plotted on the basis of (67), demonstrates what a tremendous time
saving can be achieved by the employment of the diacoptic method described
above. According to Fig. 4, if ml = 1and k = 0,5 and if the system has been
divided into 5 parts, the machine time requirement will be reduced to its
one-fifth.
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Uber die Netzwerktheorie der Stabkonstruktionen. Die Arbeit behandelt die netz-
werktheoretische Formulierung der Statik von Stabtrdgersystemen. Es wird gezeigt, daB
die Netzwerkanschauung einen tieferen Einblick in diese Problematik ermdéglicht. Die Unter-
suchung richtet sich der bisher noch wenig angewandten diakoptischen Methoden zu und
gibt die Ableitung einer grundlegenden Beziehung der Diakoptik von Stabtrdgersystemen.
Es wird schlieBlich eine Abschéatzung der mittels dieser Methode erzielbaren Rechenzeitver-
minderung gegeben.

OceTeBOM TEOPUM CTEPXKHEBBIX KOHCTPYKUMIA (. CurHep). B cTaTbe u3naraetcs Tpak-
TOBKa CTOYKM 3pEHNA TEOPUN ceTeli CTaTUKM CTEPXHEeBbIX KOHCprKU.I/II7I. Moka3aHO, 4TO B npo-
TUBOMONOXXHOCTb NPUMEHABLIMMCA A0 CUX NOP MaTpuU4yHbIM MeToAaM ceTeBada TeOpPWUA NO3BONAET
naBaTb 6onee rny60Kyt TPaKTOBKY faHHOW npo6nemaTuku. CTaTbs rny60Ko 3aHMMaeTcs gua-
KONTNUYeCKNMN MeTodaMKn, Mano UCNOIb30BaHHbIMM A0 CUX NMOP B CTaTUKe CTEPXHEBbIX KOHCT-
PYKLWiA, N, KpOMe TOFO, JaeTcs BbIBOJA OfHOW OCHOBHOW 3aBUCUMOCTU AUAKONTUKU CTEPXHEBbIX
KOHCTPYKUMIA. HakoHel, faeTca OueHKa OTHOCUTENbHOW 3KOHOMUU BPEMEHU MPU MPUMEHEHUU
YKa3aHHOro Bbllle MeToaa.
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IN PULVERIZED COAL COMBUSTION SYSTEMS
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A great many problems relating to ignition conditions of an air-pulverized coal
mixture are not cleared up yet. The process of pulverized coal ignition involves reac-
tion phenomena, homogeneous and heterogeneous alike; of course, an attempt to deal
with these questions reveals a lot of disputable matter, especially from the viewpoint
«of the kinetic theory of gases. Ignitability is mostly defined by flame propagation
velocity, or just as an ignition velocity; in this line, research work concerns the influence
of various parameters, chemical and physical. Therefore, when dealing with ignition
conditions, the interaction between chemical and physical properties should be taken
as a basis. As regards a stable ignition, the influence of the blowing velocity of the
primary agent is considerable. When assessing the optimum of a recirculation in the
combustion chamber, the result is influenced by the heat quantity re-transferred by
the formation of igniting nuclei, and by re-mixed inert gases. A larger content of
volatiles in the coal involves an increased flame propagation velocity. Anyhow, the
flame propagation velocity counts for a value of minor importance when the com-
bustion process in a system of pulverized coal burners is considered. Once the con-
ception of a twofold and a manifold ignition process is accepted, the desirable amount
of primary air is larger than the quantity calculated on the basis of a given flame
propagation velocity.

1. Ignition defined in terms of kinetic reaction phenomena

Starting out in 1968, author initiated a large scale research activity
to which plant experts and researchers joined in order to carry out theoretical
and practical experiments, especially to analyse ignition problems of burners
for pulverized coal combustion systems, and further, to throw light on the
role of parameters which may influence the creation of a stable ignition process.
In this paper, results of both theoretical and practical testing experiments
are made known [L—s8]. Based on these results, author endeavours to derive
theoretic outlooks on the ignition of a pulverized coal jet.

2. lIgnition defined in terms of kinetic reaction phenomena

N. N. Semenov was the first to set down the bases of dealing with
ignition conditions in terms of kinetic reaction phenomena. In continuation
of this work, a more precise definition is associated with the activity of

*K. Remeényi, Uri u. 38. I. 10, Budapest I., Hungary
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Frank —Kamenetzkiy. A very detailed description of the basic theory is to
be found in [1], thus we can confine ourselves to the enumeration of the start-
ing conditions in what follows.

Here the expression of the heat liberated from the fuel in the time unit
during the period of some chemical reaction:

. . )
Qi = kOe RTr(c)HiV
where
k() multiplying factor of the reaction-velocity constant;
@ - activation energy;
R — gas constant, universal;
T — temperature, absolute;
r(c) — function to describe the varying reaction-velocity depending on the degree of
concentration;
Hi inferior calorific value of the fuel;
v — volume of the combustion chamber.
By linking all the coefficients of the exponential variable we obtain:
(2)
Simultaneously, the heat quantity transferred to the surroundings is
<n=aF(T—TO0 (3)
where
a — heat transfer coefficient;
F — transfer area;
TO — ambient temperature.

Assuming that the ignition process happens to proceed under critical
conditions, both the above values themselves and their derivatives equal
each other, viz.:

0Q _ dQu (4)

i=Qu d
Qi=Qu and . daT

From these equations we obtain, after having performed the relevant
operations, the original formula of Semenov, namely

(5)

where T,-, — the ignition temperature.
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3. Ignition process of pulverized coal discussed on the basis
of a unidimensional jet moving through a flowing air-coal mixture

By making use of the ignition theory based on reaction kinetics, the
working group of D. M. Hzmalyan carried out testing experiments in order
to investigate the influence exerted by the main parameters on the ignition
process with the assumption of a quasi-unidimensional jet composed of air
and pulverized coal [2]. These studies were extended to an analysis of the
established mathematical model and to an experimental verification of some
tests performed in conformity with the model. The mathematical model repre-
sents the influence exerted by the flow velocity, by the concentration of
pulverized coal and oxygen, by the fractional distribution of particles etc.
upon the ignition process. Of course, in establishing the model, some approxi-
mative simplifications had to be tolerated that do not correspond to real condi-
tions. W hat is more, the essential physico-chemical content of the model is
liable to be contested since some propositions taken from the kinetic theory
of gases are applied for the case of pulverized coal, in spite of certain hetero-
geneous phenomena occurring. Heat, that is liberated during chemical reac-
tions, is partly expended to increase the temperature of the mixture, and is
partly conducted away.

When solving this unidimensional problem, it is assumed that at the
sectional area Fxall the relevant parameters (velocity, concentration, tempera-
ture) are kept constant, and their variation occurs only along the length of
the chamber. The velocity of fuel-grains within the rectilinear gas-flow can
be considered as identical with the local value of gas-velocity.

During the period preceding the ignition of the particle, gas temperature
within the air-coal jet deviates but little from the temperature of the particle,
and during the reaction period the values of the two temperatures mentioned
above increase in parallelity, thus, the mixture air-coalgrains can be con-
sidered as being homogeneous.

Since the ignition process develops within the critical range, some burn-
ing out that happens before ignition took place, can be neglected. With these
assumptions, the equilibrium formula for the air-coal mixture takes the form
of the following differential equation:

E
. 2732 ~wr dT 4
Rh cOHofHj m— e -W O(Cl+Vo cp)~
i x

11

a
(T—T0) = o (6)

a

where g — stoechiometric coefficient determined when the air quantity needed for
£ coalcombustion is known:
k0e RT — constant coefficient of he reaction-velocity; by the coefficient f0, the
volatile contents are taken into account;
/i0 and CO — concentration of coalgrains and of oxygen, respectively;
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| - specific surface of a coal grain;
Hi - lower calorific capacity of coal;
C[and Cp — specific heat of air and coalgrain, respectively;
Wo - coal grain velocity at normal state conditions;
x - coordinate (of length);

a —e heat transmission coefficient;
initial temperature equalling the chamber-wall temperature:
momentaneous temperature value;

d — combustion chamber diameter.

After re-arrangement of the dimensionless factors we have;

d&
Q{O Oo=0 (?)

dx

where — dimensionless temperature-value;
X — = — dimensionless coordinate-value;
WOG + VoCp) E3 — parameter as the index by which the reactive capacity
B -KOmCofiO0fH, 273* H ' of the fuel and the course of the process are characterized;
- 4a£3 — dimensionless coefficient that characterizes heat-

dRKOCOQOFH j 273* R 3 abstraction. 9)

According to the above mentioned conditions considered as being critical for
the process of ignition, the instantly liberated heat at ignition equals the heat
abstraction; and taking into account the first derivatives, with temperature
of the functions which describe the processes in question, are equal to each
other. In these terms, viz. adapting formula (7) to the critical state, and form-
ing its first derivative (for the critical state), we obtain the following equation,
where the subscript k denotes the critical state:

_JL
(10)
and
1 _ I*
ﬂl = - 2 --e @+ -1 e € (H)
The solution is:
o, 0,= .. 12
) 7 1—20, ( )
]
1 &
(13)
OAD0,
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Now, we are in a position to determine the critical difference of temperature
(Tjg— Tin)and the dimensionless critical value of the heat-abstaction param-
eter.

These formulae are suitable for a numerical evaluation of the coal-grain
ignition process.

In particular, these formulae can be used for the purpose of analyzing
the influence exerted by the reactive capacity of the fuel, by some service

Table 1

Ignition temperature values tjg at various degrees of coal
concentration // and at various blow velocities w0 and w

(A= 02 fi= 04 X= 06
u'do= 7,7 Nm/s 942 877 842
fv. — 12,0 m/s
Wg= 9,0 Nm/s 967 892 862
w = 14,0 m/s
w0 = 10,5 Nm/s 987 907 877

tv = 16,0 m/s

conditions (viz. concentration of reagents, motion velocity of the air-coal
mixture etc.) onto the ignition process. Thus, we made calculations referring
to the species of Gydngyds lignite for which we assumed physical and chemical
indices similar to what are known as true values in normal operating condi-
tions. In this way, in Table (I) the ignition temperature values, understood
for a longitudinal section of 1 m, are tabulated in coordination to various values
of concentration and of blowing velocity [9]. This relationship can be ex-
pressed, in other words, that in order to be ignited, the injected mixture should
meet within this space at 1 m distance, the temperature value as quoted in
the table. Experiences carried out with this Gydngyds species of lignite nearly
justified the same values as calculated.

4. Special problems of ignition with burners for pulverized coal

As can be understood, burners mounted for boiler installations are sup-
posed to create stable ignition conditions and continuous ignition process for
a wide range of boiler output. Thus, it is important, instead of considering
temperature conditions, to calculate with some mutual interactions occurring
between a fuel (characterized by its physical and chemical properties), and
the actual surroundings [1]. This is the more significant for the case of pulver-
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ized coal combustion with special regard to the differring simultaneous reac-
tion processes of the homogeneous gas-pliase and the heterogeneous solid
phase. In view of the complex nature of the concurring processes as a whole,
we shall not continue expanding our investigation to these details: our further
rationalization will provide some macroscopic observations to show the charac-
teristics of combustion processes and their influencing power.

10 20 304050 60 70 8090100110120130

Fig. 1

In general, when stable combustion conditions are at stake, plant experts
never use terms pertaining to a theoretic, chemico-physical conception of
ignition: the usual way is to determine the flame propagation velocity that is
generally referred to as “igniting velocity”. In concreto, this velocity refers to
the propagation of a flame already ignited; it incorporates a notion that is
considered as a main index, as far as the relative location of the flame towards
the burners’ orifice is concerned. When the outlet velocity of the mixture is
less than the flame propagation-velocity, the flame may be thrusted back-
wards into the burner; again, when outlet-velocity surpasses the value of the
flame velocity, abruption may take place, the flame moves away from the
orifice and actually stability is quite out of question. Thus, a great number
of investigations were carried out in order to clarify the influence of various
chemical and physical parameters onto the flame propagation velocity.

When considering a system of pulverized coal combustion, ignition stabil-
ity depends mainly on the actual coal species. The most intensive influence
can be ascribed to the volatile content of the coal. In general, experiences show~
that keeping other factors unchanged, a larger content of volatiles favourably
affects the ignition velocity. On the other hand, with unchanged content of
volatiles, the most advantageous ignition conditions are not reached when the
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oxygen quantity fed in corresponds to the true theoretic value; taking into
account the large masses of the accompanying nitrogen, the best conditions
are obtained when the oxygen quantity remains slightly below the theoretical
value. When compared to conditions that are characteristic for a combustion
in pure oxygen, — in presence of volatiles — no monotone increase of the
characteristic curve up to the theoretic value of the necessary quantity of

Q-—-V/ XI a1 N e e
0 10 20 30 ADO 50 60 70
Fig. 2

oxygen is experienced: there is a maximum that occurs at a point where the
air quantity is less than the theoretically correct one; the plotting of this
maximum depends on the content of volatiles.

In Fig. 1 we can see the change of ignition velocity as a function of air
input for the case of two coal species.

As is motivated by the diagram in Fig. 1, the influence of primary air
quantity should be considered as decisive, inasmuch as this quantity can be
regulated during operation. Notably, deviation from the optimum air quantity
does not exert the same influence as when the mixture is richer than the opti-
mum (less air quantity) or when it is weaker (larger air quantity). In the first
case, decrease of velocity is quicker. It follows that in conformity with other
conditions to be dealt with later, combustion is preferable with a weaker
mixture (larger air quantity) even when considering ignition velocity condi-
tions.

A truly monotone curve (Fig. 2) shows the maximum ignition velocity
values as a function of the content of volatiles in various coal species, obtained
by testing experiments.

The curve in the diagram (Fig. 2) corresponds to a parabola of the 1,5-th
degree, according to the following equation:

Wz — c(volatiles) 15 (14)
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where
Wz — ignition velocity;
¢ — constant (determined experimentally).

Anyhow, when the real combustion conditions of pulverized coal are
taken into account, all these experimental results require some modification.

Namely, in the case of pure gas-combustion, values of the flame propaga-
tion velocity, as experienced for divers gas species proved to be almost near
the mixture ratio corresponding to the stoechiometric proportion. For pulver-
ized coal, deviations should be ascribed to the simultaneous presence of homo-
geneous and heterogeneous processes, and to the differences which prevail
between the features and parameters belonging, first to the solid particles and
second to the volatile matter.

In former textbooks we find the statement according to which the quan-
tity of primary air for pulverized coal equals the quantity needed for the com-
bustion of the volatile matter. In other handbooks the primary air quantity
expressed in percents of total air LOnumerically equals the percentage of the
volatile content.

W ith a view to the combustion process as a whole, all these suggestions
should be revised. On considering ignition of the coal grains we proceed with-
out taking into account the complete combustion of the fuel, the above derived
conclusions concerning primary air result on the basis of flame propagation
velocity values.

Again, with a view to the entire combustion process, a quite different
point of view should be accepted for the purpose of finding the correct air ratio.
From experiments made in testing the simultaneous combustion of oil and gas,
it was found that due to better mixing conditions a highly intensive oxigen-
consumption by gas is observed; in the following phase, when oil drops come
to be ignited, the actual concentration of oxigén decreases, and lack of air may
result, too. The same consequences can be expected in the case of pulverized
coal, yet at a higher degree. By volatiles intensively mixed with the primary
air, a quick consumption of oxygen occurs; the remaining air quantity might be
insufficient for the ignition of the solid particles. Consequently, in the first
period of coal-grain combustion we have to rely on the theorem of a double
ignition process. According to this theory, in the combustion system of pulver-
ized coal initial igniting ofthe coal grain jet involves two simultaneous phenom-
ena, that should be taken into account in order to obtain more exact results.
As a rule, with a primary air quantity that corresponds to the air needed for
the combustion of volatiles, in consequence of favourable mixing conditions,
the combustion of the volatiles involves a quick complete consumption of the
primary air fed in. Solid particles, already difficult to ignite, now encounter
rather disadvantageous conditions. Along the affected region, in lack of oxy-
gen, no continuous flame formation is possible. W hat happens here is mainly
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some gasifying process developed between combustion gases and carbon par-
ticles. Of course, such a process remains as a significant factor during the next
period of combustion. In any case, the necessity of a repeated ignition of the
solid particles has to be expected. And here, the efficiency of a secondary air
becomes evident. In view of great deviations of the viscosity value of the vari-
ous components, the problems relating to the mixing conditions of the extreme-
ly hot combustion gases and of the relatively cool other agents are well known.

Now, by introducing the new conception of a double or multiple ignition
process, first the need to modify air feed conditions becomes obvious.

It is quite conceivable that based on a complete survey of the total
combustion procedure, including ignition conditions, it is necessary to feed in
an air quantity that is far larger than that which has been considered as
sufficient up to now. Doing so, the temperature of preheated air becomes
a significant factor, too. When a low temperature of the preheated air is
assumed, the first period of volatile combustion has to be considered as a factor
important from the aspect of spending heat for a further heating of the mix-
ture. May be, under such circumstances, a smaller quantity of primary air
would suffice, mainly because the heat liberated by the volatile combustion
process is badly needed for a further heating of the mixture. Again, when the
primary air temperature is higher, the maximum value of ignition velocity is
plotted towards the range of larger air quantities: summing up all what has
been explained in this point, the quantity of the primary air greatly depends
on the temperature of the preheated air mass.

5. Pilot plant experiments

On the author’s initiative, these experiments were carried out by the
Research Station in Dorog, a pilot plant of the YEIKI (Research Institute
of the Electric Energy Industry). First it was necessary to determine the group
of parameters the variation of which should serve as the basis of observations
and measurements. These were: coal-grain indices, blowing velocity, values
of the air temperature, temperature distribution, excess air ratio. In the reports
[5] and [6] one can find a survey of the results obtained.

Now, this our evaluation will be based partly on measurement results,
partly on conclusions that were inferred from these. Sometimes our present
statement will differ from former ones.

The pilot plant combustion chamber is shown in the sketch Fig. 3. This
represents a model, the magnitude of which is about 1/7 of the original plant
in Oroszlany, this latter having a boiler output of 230 t/h. Cross-section of the
model chamber is 1,32 m2 The helical tube’s total projection onto the chamber
wall is 6,8 m2 Cooling ratio equals 0,4 viz. considerably less than is usual under
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normal plant conditions: this was deliberately chosen in order to have a tem-
perature of the combustion gases (that leave the chamber) nearly the same as
the temperature of those gases in normal plants.

Characteristic indices of the coal species used in these experiments, in-
cluding grain size data are summarized in Table II.

Since the coal species group as enumerated, includes older and younger
ones, the generalization of inferred conclusions may be considered as justifi-
able.

Table 11

| 2 3 4 5 6 7
Species Lignite Semi- Semi- Species  Species Lignite
Coal species ata- BNave roduct roduct 5 z SIS
ec bana Gyongyds p o p oS Oroszlany  Oroszlany — Gydngyos

1968 1968 1968 1968 1969 1969 1969
Date Xl  XL26,2 X100 X100 XilL4 o X4 o Xl 10

XIl. 6, 10
Indices

total moisture, % 24.2 24,8 4,7 0,7 2,7 2.7 6,02
ash, % 13.6 42,2 56,5 56,5 42,5 42,5 41.2

volatiles, % 31.0 18,3 11,4 11,4 — —

Sulphur, combustible,% 2,8 1,4 2.4 15 —

heat of combustion,
kcal/kg 4574 1946 —_ 3533
calorific value, kcal/kg 4243 1707 2782 3354 2728
Grain size

over 1 mm, % 0 0 0,04 0 0,1 0 0,6
over 0,5 mm, % 1,8 2,87 1,84 0,4 4,6 0,9 9,2
over 0,2 mm, % 18,6 53,13 16,64 4.8 26,0 12,3 33,0
over 0,09 mm, % 53,6 65,54 45,24 19,8 54.4 40.4 59.2

6. Influence of the blow velocity, primary and secondary

Under testing conditions, the larger influence could be ascribed to the
variation of the blow velocity of the primary air-coal mixture. As can be seen
in column 2 of Table 11, results of the testing experiments carried out on the
species Gyongyds lignite showed an increase of the ignition length when —
with unchanged grain size — the primary blow velocity was increased within
the values from 7,5 m/s up to 9,5 m/s. With a further increase of velocity up
to 12,7 ml/s, the fire suddenly ceased. When the combustion was supplied by
a secondary air conducted through a jacket-tube, ignition conditions were
deteriorated. This secondary air supply resulted in an increase of the primary
air excess from 10% up to 40%.

W ithin the range of testing experimental results comply with the rela-
tionship as disclosed in Table I, according to which stability is affected, first
by an increase of the blow velocity, second by decrease of grain concentration.
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The role of secondary blow was investigated in the case of the coal species
Tatabanya. When blow velocity was diminished from 12,5 m/s down to 1,6 m/s,
ignition distance became shorter.

In summing up the results of blow experiments, the diminution of the
primary blow velocity involved better ignition conditions; by the increase of
the secondary blow velocity ignition conditions were deteriorated.

As explained in [5], it had been inferred, from the above mentioned
results, that heat transfer by radiation exerts a decisive influence. In our
opinion, this conclusion is rather erroneous. The observed phenomenon should
be ascribed to some other causes. As can be seen from the experiments, condi-
tions can not be kept stable when blow velocity surpasses the value of 12,7 m/s.
The optimum velocity value, in general, is considerably lower than the critical
extinction value; obviously, in the range under discussion, a decrease of blow
velocity corresponds to a change in the direction of the optimum. Further, the
deteriorating influence of a secondary air supply, conducted through a jacket
tube, seems to indicate the significance of heat re-transfer by the recirculating
gases, and of the ignition nuclei created by the re-transport of burning grains.

Under testing circumstances, the envelope-like formation of the secondary
air having a relatively low temperature of 180 °C and being located at the
initial portion of the flame, acts as a hindrance to recirculation.

When the combustion process is operated without using a system of
secondary air, maybe a diminished primary air blow affects the mass transport
to the jet injected, anyhow, the actual existence of an optimum can be con-
sidered as probable. A forced re-circulation that involves the return of a large
quantity of inert gases (nitrogen, carbon-dioxide, etc.) and steam, causes a
restriction of the igniting range. The chance may come about, that in spite
of the presence of a high temperature, no ignition occurs. Again, when along
the ignition zone the oxygen concentration diminishes, a subsequent increase
of igniting temperature may result. Thus, it would be erroneous, in view of
a favourable effect of a lower velocity of the primery blow, to ascribe less
importance to the heat transfer by re-circulation.

7. Influence of the grain size

The species of a semi-ground Pécs coal-grain, which is difficult to ignite,
was the most suitable for the investigation of the influence of grain size.
Returning to the results gathered inTable I first we refer to column 3 (w—20,4.)
W ith these relatively coarse grains, it was not possible even for a short time
to reach a normal combustion by keeping the blow velocity at the optimum
level, and we had to resort to an auxiliary oil injection; again, with the con-
centration p — 0,6 (finer grains, column 4), ignition conditions were much
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better. When operating without a secondary blow, there was no need to apply
oil-burners if the primary blow velocity remained within the range of 6,9 m/s
up to 7,5 mis.

W hen finer grains are injected, the flame’s location comes nearer to the
burner’s orifice. As it is to be found in the Report F 32/a (issued by the Flame
Radiation Research Foundation Ijmuiden), the degree of mixture, unexpect-
edly, proved to depend on the grain fineness. According to this repor' this
phenomenon may be ascribed to some improvement of flow condii 0, Viz.
to the increase of turbulence to the account of the aptitude of the fin. grains
to fit better into the stream lines.

In the same report the signification of grain size as far as flame radiation
is concerned is duly emphasized. According to these experimental observations,
coarser grains cause a considerable diminution of flame radiation.

W ithout a particular analysis of the influence exerted by various com-
bustion factors, the explanations relating to the role of grain fineness cannot be
considered as fully satisfactory. Flame propagation conditions were tested in
the 1En Research Institute Warsaw in Poland. These experiments were carried
out in a combustion chamber without cooling. The coal species tested were the
following:

Scavina-coal, grain range 60—120, calorific capa ity Hi = 5200 keal/kg,
total moisture n — 4,7%;

Javozhno-coal, range 60—120, H, = 4900 keal/kg, n = 7,5%;

Szersa-coal, range 60—120, Hi = 4000 keal/kg, n = 7%.

In all the three cases, finer grains involve increased flame propagation
velocity values [7]. Besides, there occurred velocity values less than the usual
ones (as low as 1,0—1,6 m/s).

Thus, when looking for an explanation of parameter effects, one has to
proceed with great circumspection by taking into account all particular
moments of the experiments, thus, the actual range within the subject in
question always remsins essential.

First of all, it makes a great difference whether ignition and combustion
of the coal jet takes place in a cooled, or in a non-cooled, space. In a non-
cooled, but highly heated chamber radiating phenomena coming from the sur-
roundings may ascend to a high importance. In this case, the irradiation of
walls may reach a deeper penetration into the jet when grains are coarser.

There is a special range of grain size within which coarser grains may act
in the direction of increasing flame propagation velocity. Anyhow, such a rela-
tionship can be expected only in the case when penetration of the heat rays
reflected by the wall approaches the magnitude of actual flame dimensions.

Combustion chamber walls of boilers generally have a much lower tem -
perature than the flame temperature. In a chamber intensively cooled, the
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radiation heat exchange between flame and the cooled walls, and between the
flame elements having a high temperature, takes place, on the outer surface
of the coal-grain jet, at a penetration depth corresponding to the actual grain
size. In the cool region, deeper penetration involved by coarser grain size
exerts, at any case, a disadvantageous influence. Without cooling, heat trans-
fer by radiation may occur from the walls to the coal jet; again, when the
chamber is intensively cooled down, heat transfer proceeds, from the jet in
a state of starting ignition, to the walls; a procedure that strongly affects
ignition conditions. In other words, under special heat transfer conditions of
the coal jet (to or from) the role of the radiation depth may be contrarious, and
the same can be stated, within a special range, of the role of grain size.

In a cooled combustion chamber, a higher fineness of grain size is, as
a whole, more advantageous for the ignition process.

W ith finely ground coal grains, radiation to the cool walls, affects only
a small outer layer of the flame: heat exchange within the jet is accompanied
by an intensive turbulence through masstransport. With coal grains of an
elevated fineness, the content of already ignited particles in the re-circulating
gases is considerably high, and this means a great many number of probable
nuclei promoting ignition.

8. Influence of the grain concentration

When the grain concentration in the air-coal mixture decreases, there is
a certain critical limit point at which ignition can not be induced any longer.
Notably, there is some interaction between concentration and air-excess, and
what is more, the final formation of ignition conditions is subject to the
jnfluence of load change effects.
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Analyse von Zundungsfragen in einer Staubkohlenfeuerung mit Ruicksicht auf die
Brennerstabilitat. Fir die Beurteilung der Gestaltung der Zindungsverhéaltnisse ist die mog-
liche Wechselwirkung zwischen chemischen und physikalischen Faktoren mafRgebend. Beziig-
lich der Entstehung eines stabilen Zindungsvorganges ist inshesonders die Einblasegeschwin-
digkeit der primédren Brennungskomponenten entscheidend. Die Schaffung einer optimalen
Rezirkulation im Verbrennungsraum ist eigentlich das Ergebnis der kombinierten Beeinflus-
sung durch die Ruckwéarme, die Gestaltung von Zindherden, durch inerte Gase. Wenn in
der Kohle der Gehalt an fluchtigen Teilen ansteigt, verlduft die Flammenverbreitung mit
einer groReren Geschwindigkeit. Hingegen, fir die Verhéltnisse einer Staubkohlenfeuerung
kann der Wert der Flammenverbreitungsgeschwindigkeit nur als informativ akzeptiert
werden. Nach der Einfihrung der Theorie eines doppelten bezw. vielfachen Zindvorganges
soll, man die empfohlene Menge der priméren Luft hdoher ansetzen als diejenige, die auf
Grund der Flammenverbrei-tungsgeschwindibkeit bestimmt werden sollte.

AHann3 npobnem BOCM/IAMEHEHNS, BO3HMKAKOLUMX B Cy4vae MblUIeyrofibHbIX TOMOK,
CTOYKW 3PEHUS CTabUIbHOCTY MbLIeYrofibHbIX rOpesioK (K. PeMeHn). Y cnoBus BocnnaMmeHeHus
Heo6X0MMO paccMaTpMUBaTh CTOUKM 3pEHUS B3aUMOAEACTBUS XUMUUECKUX M (HU3UYECKUX XapaK-
TepucTuk. C TOUYKU 3peHUst CTaBUILHOCTM BOCMIAMEHEHWS OuYeHb BaXKHa CKOPOCTb BAYBaHWA
nepBUYHOI cpedbl. ONTUMYM PeLUPKYNALUN, BOSHUKAIOW WA B Kamepe cropaHus, hopMupyeTcs
B KauecTBe pe3y/bTUpylolleli COBMECTHOro feiicTBUA MoJaHHOTro 06paTHO KOMWYecTBa Tenna,
06pa3oBaHUA LLEHTpa FOPeHUs 1 UHEPTHbIX ras3oB. C pOCTOM COfepXaHus feTyumx yrias sospa-
CTaeT TakKXe CKOpPOCTb pacnpocTpaHeHus nnamenu. OfHako, paccMaTpusas Becb MpoLecc
ropeHus B Lie/IOM, CKOPOCTb PacnpocTpaHeHUs nnamMeHu B CAy4vae MbineyrofbHOW TONKU MOXHO
NPUHATL TONMbKO B KayecTBE OPWEHTUPOBOYHOrO napameTpa. BBefeHMeM [BOMHOrO UAU Xe
MHOFOKPAaTHOr0 BOCMaMeHeHUs B OTHOLIEHMM KONMMYecTBa NOAaBaeMOro MepBMUYHOrO BO3fyXa
Ha OCHOBE CKOPOCTM pacnpoCTpaHeHWs MJamMeHU PeKOMeHAyeTcs NPUHUMATbL 6onee BbICOKOE
3HauyeHwWe, YeM 3afjaHHOe.
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ROLE OF COST FACTORS IN THE OPTIMISATION
OF FILTER PRESSES OPERATING
AT CONSTANT PRESSURE

L. HORVATH*

[Manuscript received October 7, 1971]

The article deals with the role of different expense factors influencing the
minimum filtration cost for batch pressure filters operating at constant pressure.
It further discusses the different optimisation equations with regard to their appli-
cability to different types of pressure filters under different operating conditions to
achieve the best results.

Symbols

filter area

= P. J zP0 — P«

= zP'&\A

slope filtrate constant

intercept filtrate constant

annual total cost

the part of annual variable cost related to down time

annual invariable (fixed) cost

annual invariable cost reduced by annual amortisation of the filtering equipment
number of cycle in a year

annual amortisation of filtering equipment

the part of annual variable cost related to filtration time

annual variable cost

the part of annual invariable cost which is a function of yearly operation hours

the part of annual invariable cost which is really constant and does not depend on the
annual operation hours

specific filtration cost

the part of specific running cost related to down time

specific invariable cost

specific invariable cost excluding specific amortisation cost of the filtering equipment
specific amortisation of the filter, i.e. ratio of the annual amortisation and annual pro-
duction

the part of specific running cost related to filtration time

specific running cost

the part of the specific invariable cost which is a function of the annual operation hours
the part of the specific invariable cost which does not depend on annual operation hours
the amorti sation of the filter in percentage of its purchase cost

running co st per unit filtration time

running cost per unit down time

apparent invariable cost per unit of operation time

total invariable cost per unit filtering area of the pressure filter

actual inv ariable cost per unit filtering area of the pressure filter

purchase cost of the filter

*L. Horvath, Mining Research Group at the Technical Universityfor Heavy Industries,

Miskolc, Hungary
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Pj cost of supporting structure, end-plates, closing and opening structures etc. of the pres-
sure filter

P3 cost of one filter plate

Pj cost of filter frame of unit length

Q filtrate throughput in an hour

T number of yearly operation hours

td life of the filter in hours

t filtration time

tc t tl - filter cycle time
down time (non filtration time)

VvV filtrate volume in a cycle

Vy filtrate volume in a year

X ratio of cake and filtrate volume

1. Summary of methods for determining the minimum filtration cost
to be found in technical literature

Determination of minimum filtration cost is generally a complicated
task and so lias not been adequately dealt with in technical literature either.
The present article discusses optimisation of a given filtering equipment. It
has been a traditional method to operate the filter at its maximum capacity
to achieve minimum filtration cost in case of constant pressure filters. The
equation for the determination of this filtration cost:

) _C
ain“ 19,

Equations for optimum filtration parameters assuring maximum filtrate
throughput can be found in a number of articles and books [1, 2]. These
equations are as follows:

opt (2)
opt bmn Pt* (3)
I
iy (4)
2] tJh+bm

However, in practice it is always to be experienced that there exists a differ-
ence between the so-calculated maximum filtrate throughput and that actu-
ally found in industrial operations. Out of the many reasons causing this
difference, probably the most important one is that these optimisation equa-
tions have been derived for ideal filtering conditions which are hardly to be
realised in practice. The exact optimisation equations for actual operating
conditions have been discussed in [3, 4, 5] in detail.
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In connection with optimisation, taking the cost factors also into con-
sideration, [6] can be mentioned as the most important one on this subject.
The basic equation expressing cost without washing is:

C = Cn(tfai+ idk.,)-\-Aky. (5)

In (5) the annual cycle number and filtration time can be expressed, as a func-
tion of filtrate volume, as follows:

Gri - Wl (6)
hv.+bmv. %

The annual filtrate volume in (6) has been taken to be constant in the paper
[6] and so in the cost equation (5), all the factors except the filtrate volume are
constant. Finding the maxima-minima, we come to the following results:

k.,
opt /h. (8)
K foi

It is characteristic of (8) that the invariable cost factor does not occur in this,
though it was there in the basic Eq. (5). The reason for its disappearance is the
fact that the annual filtrate volume cannot be considered constant because if
so, the filtering area cannot be constant, in which case filtrate constants also
do change. Eq. (5) can be solved only when the annual cycle number be
expressed as a function of filtrate volume in the following manner:

-
. f(v). (v)
t. 6] VIIrbmV + id

Further, it is essential to turn to specific cost equations from the annual ones.
Substituting (9) into basic Eq. (5), we obtain the following cost equation:

C 0, AK Ak’ Ak’
c— -85 vad K, Ki-f- (10)
Aki
[
y T
opt ‘ AK (H)
T
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The optimum filtrate volume Eq. (11) is obtained by differentiating (10) with
respect to filtrate volume. Eq. (11) of optimum filtrate volume is itself a func-
tion of invariable cost factors and annual operation hours. Equations for opti-
mum filtration time etc. have been discussed in detail in paper [7], taking also
cake washing into consideration.

Equations regarding minimum running cost of filtration can be found
in [8]. Also according to [8], we get the same equation (8) for the optimum
filtrate volume.

It has to be noted that Eq. (8) is correct in itself and gives Vopt corre-
sponding to minimum specific running cost and not that relating to minimum
specific manufacture cost (filtration cost). However, it cannot be correct if it
is the result derived from basic Eq. (5) because correctly we have to come to
optimisation Eq. (11).

2. Further developed method for the determination of minimum filtration cost

As is well known, the total cost can be divided into two main groups:
variable cost (C,) and invariable (fixed) cost (Cj). The variable cost consists of:

cv— @+ cd,

thj ko
c,m ) v cr\~cd- (12)

After differentiating the specific cost Eq. (12) with respect to filtrate volume,
Eqg. (8) is obtained giving the minimum specific running cost.

The above division of variable cost is, first of all, justified only in case
of big filtering plants in which numerous classical plate-and-frame or chamber
filters, by hand or hydraulically operated opening and closing structures
operate.

There still exists other industrial cases for which the above division of
variable cost is not justified. In such cases:

- 1 &iF + em+ N (13)
TV I

As a result of differentiating Eq. (13), well known Eq. (2) is obtained which
can generally be satisfactorily used under the following industrial conditions:

In case of small filter plants where few classical filters are operating.
These are handled (discharging, opening, closing, handling during filtration
etc.) and maintained by one group of workers independent of the filtration
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time. In such cases, therefore, one part of variable cost, i.e. labour wages is
a fixed one, division of which for filtration and down time has no influence
on minimum running cost. Further, in case of small filtration plants where
filtering operation is only a part of the whole process, energy and material
cost, forming parts of variable cost, can hardly be separated into the parts
relating to filtration and down time in book-keeping.

In case of automatic filter presses, the labour cost is included in pur-
chase cost. This fixed amount is independent of the order of down time within
cycle time, i.e. independent of cake thickness. Thus, labour cost cannot be
attributed to down time because one worker operates more filtering units,
independent of the order of filtration time.

We are forced to take off from the division of variable cost in case
of such filter plants also where cost is not properly booked due to adminis-
trative reasons.

Finally, in case of such filter presses where cost relating to filtration
time is nearly equal to that relating to down time, there is practically no
significance of the division of variable cost and calculating optimum from
them.

The invariable cost can, however, be divided according to the following:

cf = Cp-\-C'f,

Ptr

C,.V TV — Cp-f-Cf. (14)

The invariable costs can be further distributed according to the following:

Cf — C3 f- C4

TkN-tpAki k ttc Ak” tc
c3-1_C4' (15)
\Y TV
In case of the cost equations not dealt with as yet, following three simplifica-
tions were used:

First of all, ideal filtering conditions were assumed, i.e. effect of filling,
initial resistance during pressure build-up was neglected. Its influence on
optimum filtration parameters (Fopt, iopt etc.) and minimum filtration cost
can be found in [4, 9, 10].

Secondly, cake washing was also neglected. The effect of washing has
been discussed in [6, 7].

Thirdly, effect of feeding back the turbid filtrate formed in the begin-
ning of filtration was also neglected.
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The above three simplifications were introduced to emphatically stress
the effect of cost factors. The simplifications are all of such nature that they
do not change the characteristic influence of the cost factors on optimum
filtration parameters or minimum filtration cost and, therefore, they will also
be accepted in the following.

The specific filtration cost equations can be written in the following
variations:

c= o -f- ¢d -]~ cpt C,
c= cv+ cp + cf
c—cf (@) Cf,

c= cv+ cf,

c=ci -Td-(-c3 c4,
¢ — cv -)- €3 -j- ¢4,

Similar to variation 3.
Similar to variation 4.

In case of variations 1 and 2, the following two cases have to be differentiated:

a) The purchase cost of filter can be taken to be constant or nearly
constant within certain range of change in the cake thickness. For example,
this holds good for chamber filter presses and pressure filters with horizontal
filter plates.

b) The purchase cost of the filter is not constant if the cake thickness
changes because in that case, a larger or smaller filter frame thickness is
required and so the purchase cost differs. This is tuie for plate-and-
frame filter presses.

In the following, it has been examined as to for what optimum volume
of the filtrate cost equations, written in different variations, reach their
minimum.

Variation 1

a) For P = constant.

tki-\-tdk2 I o

C= — y + (16)
VA

Substituting (7) into the above equation and differentiating it with respect
to filtrate volume as well as equating it to zero, we obtain:

- rD t
opt : (17)

1+ TD ' T
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Thus, if P = constant (e.g. chamber filter presses and pressure filters with
horizontal plates), the filtrate volume is influenced, not only by variable cost
factors (Ag, k2 but also by invariable cost factors and in the way that the
quotient k.lk. tends to 1.

b) For P constant.

Starting from the equation referring to this case in article [5], the
following equation is obtained:

P=Pi1+zPi P.+zP'*V=1f(V), (18)
A

P = a+ bV, (18a)

a— f*i + zP: — P3,

Substituting (18a) into (16) and carrying out necessary mathematical opera-
tions, we obtain:

2646 bmb cf
K k|+ AN~ 4+ o~r + V. - k - 0.
(19)
The general polynom form of (19) is:

axF3-f-a.V.:— a4= 0.

It can also be solved by different methods. For example, it can be so solved
if, first of all, optimum filtrate volume corresponding to maximum filtrate
throughput calculated only from technical factors should be found and this
value be increased or decreased till (19) is equal or nearly equal to zero. From
iopt and Lopt corresponding to this Fopt, zopt can be calculated according
to [5]. If this does not differ much from the previously calculated value,
there is no need to repeat the calculation.

According to (19), optimum filtrate volume corresponding to minimum
filtration cost depends on:

the filtering equipment (td, kx, k2, Pv P3, P(, z, A, TD);
properties of sludge and filter medium (6t, bm, x);
other invariable costs (C));

number of annual operation hours (T).
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If it is required only to find out as to for what optimum filtrate volume
the amortisation of filtering equipment corresponding to unit product is
minimum; for the case a) we obtain:

PD
byV-]-bm -\- t\—/d— (20)

Eq. (2) is the solution of (20). In this case (e.g. in case of chamber filter presses)
minimum specific amortisation cost is achieved for that optimum filtrate
volume which assures maximum filtrate throughput.

For the case b):

CP=y(a + bV){blV + bm+zv (21)
2blbV3-)- {bxa + bmb) V2— tda — O. (22)

Eq. (22) is a simplified form of polynom (19) because variable cost factors
and invariable costs excluding purchase cost of the filter are lacking. Thus,
the amortisation cost corresponding to unit filtrate volume of the classical
plate-and-frame filter would he minimum for the filtrate volume satisfying
Eq. (22).

Variation 2

a) Por P = constant.

Cv-\-PD-\-C t , /0Q\
At 4 o , will give known Eq (2). (28)

This could also be expected from (17) if kl — k2

b) For P :"=constant, i.e.

P=«+ bV=f(V),

Cv+aD + bDV+Cf K V+bmt * H :f(V), (24)

2bjbDV* + [6XCV+ aD + C}) + bmbD] V2— td(Cv+ aD + Cf) = 0. (25)

Polynom (25) can he deduced from (19) also if /TD = D/T and ki = k2 =CJT
are substituted in (19).

Variation 3

tk1-j-tdk,  Cf td
v TV

(26)
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k2+ -%
Yopt (27)
1+t Cct
' T

Eq. (27) is a reduced form of (17). Eq. (27) can be deduced from (17) if
1/Td = DJ/T is substituted and then PD -f- Cr= Cf simplification is in-
troduced.

Variation 4
¢_ Céaff Q”T\'Cf hV+bm+ A =f{V). (28)

Solution of specific cost Eq. (28) is the well-known Eq. (2) which can be
obtained from the relationship Q = Vjtc. That is why, many times in industrial
practice, minimum specific filtration cost is determined by optimum filtrate
volume corresponding to maximum filtrate throughput.

Variation 5

c—ct-\-Cd-f-c3-f-cae

This can be first solved graphically. Each term can be expressed as a function
of filtrate volume as follows:

k
ct= % G1ftlE + emftL=/(F). (29)
\
Eq. (29) represents a straight line shown in Fig. 1.
al= irffto— =/(F). (30)

Fig. 1 also shows the hyperbola represented by Eq. (30).

Tfc,

b> e — 0 bIV+bm+ A 31
C.V f(V) (31)
Akt AR e bme 2 I(F) (32)
.,V T
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ropt obtained from (31) and (32) separately will be equal and they assure
maximum throughput to which c3min and c4dmin relate. Finally, graphical
summation of different cost factors has been carried out in Fig. 1.

The basic equation of the fifth variation and the result of its analytical
solution are as follows:

Cn(tki-\-tdk.) -\-Tk3-\-Aki

c— 33
€,V " 33)
| k, 1k, . p
I Id 1
Kp= Aka (34)
N &I+ &3

Eq. (34) is theoretically of similar nature as Eq. (17), obtained in case a) of
variation 1. The only difference between the two equations lies in the method
of expressing the invariable cost factors.

Variation 6

If the variable cost is not distributed into those corresponding to filtra-
tion and down times, then from the cost equation:

C= Cv+ C+ Cbd-
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Also, optimum filtrate volume equation corresponding to maximum filtrate
throughput can he obtained, similar to case a) of variation 2.

3. Summary and conclusions

The effect of different cost factors on minimum specific filtration cost
can be briefly summarised in the following:

Examination of different cost factors separately is, first of all, justified
in the case of big filter plants, mainly, if so many classical filters are operat-
ing for which the running cost per unit down time is higher than that per
unit filtration time.

In case of small filtration plants with only a few filter units and auto-
matic pressure filters as well as in the case when kx — /2, filtration cost can
he calculated in one. In such cases, minimum specific filtration cost is achieved
by the use of optimum filtrate volume corresponding to maximum filtrate
throughput, i.e. the given filter unit can be set up to optimum without taking
into consideration the cost factors.
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PACXQ/I0B MoV OMTVIVB/3ALIAM TPECC-AMMBTPALIAM MOCTORHHOTO [1B/Te-

O%)B

HUA (. XopBaT) cTaTbe U3naraeTcs BO3A4eNCTBYOLLAA PONb Pa3IMUYHbIX PAKTOPOB PacxonoB,
unbTpaLMnM npu npecc-punbTpaLMm NepuogMYecKoro pexuma u MoCTOAHHOro faBneHus. B
fanbHelieM cTaTbs 3aHMMaeTCca TeM, YTO KOTOpas U3 pasnnyHbiX GopMyn onTuManmsauum, npu-
MEeHAeMbIX ANA ONTUManu3auum GunbTp-annapaTos, NPUrogHa 414 KaKoro Tuna npecc-unbTpa,
N Npyu Kakux pexumax paboTbl MOXET 6biTb WCMONb30BAaH HEKOTOPbIA faHHbIA Tun Hambonee

BbIFQAIHO.
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Benedikt, O.: The Nomographic Computation of Complicated and Highly
Saturated Magnetic Circuits with Computer

Author succeeded in making possible the application of the nomographic
method — elaborated by himself and detailed in his book: “The Nomo-
graphic Computation of Complicated and Highly Saturated Magnetic
Circuits” (Akadémiai Kiad6 1960) —to a computer and thereby in devel-
oping remarcably his method. For throwing light upon the significance
of the problem, he points out briefly the deficiencies in the usual computing
methods taught untili now, and describes how these could simply be elimin-
ated by making use of his nomographic method. Hereafter, the methods
of calculation of the saturated magnetic circuits by using computers
known so far are surveyed, and it is pointed out why the use of these
latter for the nomographic method caused difficulties. Lastly, the possibi-
lity to overcome the difficulties mentioned, discovered not long ago by
the author, is presented.

Acta Techn. Hung. 73 (1972), 53—60

Szabo, J.—Ro6zsa, P.: Large Displacements of Trusses

In analysing large displacements of lattice structures, the instantaneous
position of the structure associated with the displacement should be con-
sidered by the equilibrium equations. Author assumes that the geometric
position of the lattice structure is a continuous derivable function of the
displacements. The set of linear differential equations with variable coef-
ficients for large displacements will be established. The hyper-matrix coef-
ficients of the set of equations is a function of displacement and stress
state of the truss. The algorithm of the solution to the problem of the
initial value of large displacement is given.

Acta Techn. Hung. 73 (1972), 61—81

Szske, B.: Elaestic Vibrations in Rolling Bearings. Part Il.: The Rotating
Mass in not Balanced ivith Respect to its Centre Line.

In this part of the paper a glance is thrown to some phenomena connected
to a rotating force and an assumption is attempted according to which
the displacement of the rolling elements caused by the rotating force
generates a deformation in consequence of which the rolling movement
of those elements takes place on the smallest area possible.
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Budincsevics, A.: Dispenser Cathodes with High Current Density

The operation principle of the “L” cathode, its characteristic features and
the possibilities of applying it, are discussed by the author, and consider-
ably simplified as compared to the cathode of Lemmens and others. The
new version of “L” cathode design in a tube form, so-called “M” cathode,
is presented in which, instead of porous sintered tungsten, wire is used
The method of preparing flat “L” cathodes with porous tungsten layer
pressed directly in molybdenum tube and sintered is presented. Emission
properties of developed cathodes are given.

Acta Techn. Hung. 73 (1972) 97-115

Weber, Gy.: IVete Method for the Determination of Difference Operators
for Plates and Grids

A grid model is described wherewith the biharmonic difference operators
may be produced by taking into account the most different boundary
conditions. The divergences between the boundary conditions of the actual
free-edge plates and grids are demonstrated. This method of production
of the difference operators has been developed and succesfully utilized
for the purpose of computer programming.

Acta Techn. Hung. 73 (1972), 117—141

Hajdu, L.—Zahoran, J.: Recent Research Results in the Field of Herme-
tically Sealed Miniature Silver-Zinc Storage Batteries

The author presents the operation of the so-called “double depolarizer”
system which essentially consists in using a second depolarizer composed
mainly of cadmium oxyde, besides the silver oxyde main depolarizer.
This permits to develop in the cell characteristic a voltage level below'
the nominal one. In addition to the operating mechanism of the silver
electrode the authors describe the parameters of a storage cell which can
be operated in the so-called “monoxide phase” with a capacity equal to
that of a traditionally arranged cell.
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Reményi, K.: Influence on the Ignition of the Injected Fuel Exerted by
Heat Transfer and Material Motion

When, with due consideration of ignition, the extension of the recirculation
zone is changed by a spinning motion, re-circulation should be generated
from a zone from which a re-mixing of combustion products, having a
high temperature, and of already burning parts of flame can be effectuated.
Ignition conditions should not be altered by the quantity of returning
inert gases. W ith regard to the actual state of ignition, it is advisable to
convey into the combustion chamber a fuel-air mixture at an elevated
temperature in order to lessen the need of heat to be transferred from
the surroundings. By intensifying the spinning motion, the resulting
velocity of a turbulent ignition acts as an accelerator of the fiaméi expan-
sion velocity. This involves intensification of ignition, improvement of
burner stability and decrease of flame dimensions, too.

Acta Techn. Hung. 73 (1972), 151-174

Zambo, J. —Molnar, L.. Causes ofthe Partial Dissolution of the Vanadium
Content in the Bayer Processing of Hungarian Bauxites

On the basis of literary data, authors enumerate the forms of vanadium
occurrence in nature, and survey the possibility of their appearance in
connection with bauxites. In the experimental part they discuss the cor-
relation between the components and vanadium content of bauxite, and
the potential increase of dissolution. In conformity with the present geo-
chemical knowledge, the test results reveal that, in the case of Hungarian
bauxites, a greater part of the vanadium content is discovered as an iso-
morphous contaminant of the iron minerals (mainly goethite) and, there-
fore, it cannot, be recovered under the usual operational conditions. An
increased dissolution can only be expected through the thermal or hydro-
thermal decomposition, or the reduction of the goethite structure.

Acta Techn. Hung. 73 (1972), 175 -194

Varga, L.: Discussion ofthe Bending Theory of Cylindrical Shells of Ortho-
gonally Anisotropic Structural Material, by Introducing the Displacement
Function

The general bending theory of cylindrical shells of orthogonally aniso-
tropic structural material (e.g. glass reinforced plastic) in the case of edge
loads normal to the shell surface is discussed. First, the correlations be-
tween internal forces and deformation are explained, then the differential
equations of bending are presented. This homogeneous differential equa-
tion system is solved by introducing the displacement function. Deter-
mination of the displacement function and bending stress state in the case
of periodically changing edge loads acting along the generatrix and the
great circle is dealt with in detail. On the basis of the relations thus derived,
the bending stress state caused by an edge load varying according to an
optional function, readily described by the Fourier series, can also be
determined. Finally, a numerical example illustrating the root develop-
ment of the characteristic equation is shown.






Acta Techn. Hung. 73 (1972), 2-. 216

Horvath. |,.. Determination of the Optimum Number of Filter Plates for
Filter Presses

The paper first summarises the methods of optimisation of filter plate
number in case of batch filter presses operating at constant pressure, to
be found in technical literature, and further develops them to such forms
which can be directly used for operational conditions in industry, too.
finally, those equations have been modified so that they can he used to
determine optimum filter plate number for different types of pressure
filters.

Acta Techn. Hung. 73 (1972), 217-235

Singer, D.: Network Theory of Bar Structures

The network theoretical basis of bar structure statics was explained. It was
demonstrated that, as compared to hitherto matrix techniques, the net-
work concept would permit a deeper formulation of the problems encount-
ered. Diacoptic methods so far hardly employed in bar structure statics
was thoroughly dealt with, and the derivation of a fundamental relation
in bar network diacoptics was presented. Finally, the relative time saving
to be achieved by the application of this method was estimated.

Acta Techn. Hung. 73 (1972), 237 - 251

REMENY], K.: Analysis of Ignition Problems Concerning Stability of Burners
in Pulverized Coal Combustion Sytems

A great many problems relating to ignition conditions of an air-pulverized
coal mixture are not cleared up yet. The process of pulverized coal
ignition involves reaction phenomena, homogeneous and heterogeneous
alike; of course, an attempt to deal with these questions reveals a lot of
disputable matter, especially from the viewpoint of the kinetic theory of
gases. Ignilability is mostly defined by flame propagation velocity, or
just as an ignition velocity; in this line, research work concerns the in-
fluence of various parameters, chemical and physical. Therefore, when
dealing witli ignition conditions, the interaction between chemical and
physical properties should be taken as a basis. As regards a stable ignition,
the influence of the blowing velocity of the primary agent is considerable.
When assessing the optimum of a recirculation in the combustion chamber,
the result is influenced by the heat quantity re-transferred by the forma-
tion of igniting nuclei, and by re-mixed inert gases. A larger content of
volatiles in the coal involves an increased flame propagation velocity.
Anyhow, the flame propagation velocity counts for a value of minor
importance when the combustion process in a system of pulverized coal
burners is considered.
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Horvath, L.: Role of Cost Factors in the Optimisation of Filter Presses
Operating at Constant Pressure

The article deals with the role of different expense factors influencing the
minimum filtration cost for batch pressure filters operating at constant
pressure. It further discusses the different optimisation equations with
regard to their applicability to different types of pressure filters under
different operating conditions to achieve the best results.
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OVERHEAD LINES
WITH INSULATED PHASE CONDUCTORS

P. O. GESZTI*
CORR. MEMBER OF THE HUNC. AC. OF SC.

and

J. PATKO
[Manuscript received July 5, 1971]

In the steady-state operation of high-voltage overhead transmission lines, the dielectric
strength of the air may break down partially causing thus corona effects; during transient
states short-circuits may occur between a phase conductor and the earth or between phase
conductors mainly due to the switching overvoltages. For eliminating or reducing these
effects the authors propose to coat the phase conductors with a thin, smooth, self-cleaning
insulation layer. The thermal load capacity of the line would not change at all, or only
insignificantly. The results of measures showed that the critical voltage (and the corona loss
too) are considerably reduced by the insulating layer covering the surface of the cable, and
the resistance against switching overvoltages is considerably improved as well.

1. Introduction

In the construction of high-voltage overhead lines the insulation of the
phase conductors cause many problems. This chiefly means the problems of
insulation by air of the phase conductors, because during steady-state oper-
ation this insulation may partly break down, which phenomenon causes the
corona effect.

As far as high voltage lines in transient state are concerned, the switching
overvoltages should be mentioned which may cause short-circuits between a
phase conductor and the earth or between two phase conductors.

It is an obvious idea to examine a solution where the phase conductors
are covered with a thin, smooth, selfcleaning insulation layer which does
not alter the thermal capacity of the line, or at least not essentially and which
insulation might be suitable for favourably influencing the corona effect as
well as the arcing due to the switching overvoltages.

The authors think that such a thin insulation, which is not suitable for
insulating the whole phase voltage but only a small part of it, must —
among others — have the effect that the alternating voltage does not — or at
least, only insignificantly — generate a space charge in the vicinity of the
conductor (under normal conditions with stationary phenomena) and that
under switching overvoltages it prevents breakdowns through the air (such

* Prof. Dr. P. O. Geszti, Jagell6 u. 13, Budapest XIl., Hungary.
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266 GESZTI PATKO

an insulating layer can also be adapted for the armatures at the end of the
insulation chains).

In the present paper the authors present the results of investigations
carried out — so far under laboratory conditions — with insulated conductors
in order to examine

a) the corona phenomena,

b) the breakdowns due to the switching overvoltages.

The authors are fully aware that laboratory experiments are not uncon-
ditionally conclusive for real conditions even in case of favourable results. They
are convinced that even in this case prolonged research is needed in order to
clarify how a system with insulated phase wire behaves under conditions of
contamination, with various precipitations and naturally experiments must
be carried out with a synthetic material which is stable under outdoor con-
ditions for a long time and meets the various requirements of overhead trans-
mission lines.

2. The corona effect

In designing transmission lines for 120 kV or higher nominal voltage,
it is one of the principal points of view to consider the corona effect conditions.
Under unfavourable circumstances above the losses, acoustic and radio in-
terference may be considerable.

The increase of corona losses is caused by the diminuation of the corona
threshold voltage (UK). This may cause especially large disturbances if the co-
rona threshold voltage drops below the phase voltage. The corona threshold
voltage can be increased, among others, by the insulating layer applied to the
conductor.

The conductors of high-voltage transmission lines have small corona
losses already at operating voltages but under unfavourable meteorological
conditions, the corona loss is considerably greater.

The authors have investigated the above ideas by measurements too.
Some theoretical relations concerning the measurements are presented in
the Appendix.

The data of the cables used in the tests were:

D bare = 18 mm diameter

Dims - 24 mm diameter

Pins = 3 mm (thickness of insulating layer)
reiem wie = 255 mm diameter

nac = 7 (number of steel wires)

nAl = 30 (number of aluminium wires)
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OVERHEAD LINES WITH CONDUCTORS 267

Measurements were made with 3 different cables:

a) bare cable,
b) cable with F type plastic layer,
c) cable with K type plastic layer.

Comparative measurements were made on blank cables of 240, 300, 600
mm2 nominal cross section and on smooth metal cylinders of 30 and of 50 mm
diameter.

The increase of the corona effect threshold voltage was determined from
the dependence of the loss factor (tan 6) on voltage. The loss factor was meas-
ured with a Schering bridge (Fig. 1). (This bridge is also suitable for directly

Fig. 1. Circuit of the Schering bridge

indicating the beginning of the corona effect.) An oscilloscope was connect-
ed to the bridge on the screen of which the starting of the corona effect could
be directly observed. The Uk determined in this way was always smaller
than the Uk determined from the tan o(Uk) curves.

For measuring the loss factor a suitable electrode system had to be
arranged. Fig. 2 shows that the examined cable is placed in the axis of a
cylinder. The two ends of the external cylinder are insulated from the central
part and are connected according to the Fig. 1.

1* Acta Technica Academiae Scientiarum Hungaricae 73, 1972
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Fig. 3 shows the result of the measurements carried out on the cable
covered with F type insulation (6), and also with an additional metal foil.
The role of the metal foil was to demonstrate the effect of increasing the diam-
eter (metal instead of plastic).

Fig. 4 shows the results of the cables covered with K type insulation (c),
with and without metal foil coating.

Fig. 2. Test specimen

Fig. 3. tan 6([/) for coating F, until 100 kV Fig. 4. tan gU) for coating K, until

100 kv

Fig. 5 shows together the results of the measurements a, b and c, i.e. of
the cable without insulation, with F and with K type insulation, respectively.

It is evident that e.g. in the vicinity of the phase voltage of a 120 kV
network (120/yil ~ 60 kV) the cables with layers b and c are both better than
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the bare cable.
tan Ga 820,
tan Ob~ 270,
tan oc ™ 125

This means that in the case ¢ when using the K layer the loss is approximately
the 820/12,5 ~ 65th part of the corona loss occuring in the cased bare cable.

The other adv antage of the coated cable is that for a small increase of the
voltage (10% may occur) the loss factor is not increased or hardly, while the
corona loss of a hare cable rapidly rises.

Fig. 5. tan <5([7) for bare conductor and for coatings F and K, until 100 kV

The cables covered with plastic were then provided with an additional
metal foil, in order to show that Uk can be reduced somewhat by solely in-
creasing the diameter of the bare wire. (Due to the not perfect smoothness
of the metal foil surface these curves are in cases b and c only informative.)

The results of the measures clearly show that for aconsiderable domain
(within the application zone) the corona loss (and also the space charge) can be
reduced by one order of magnitude and even more by an insulation layer.
This favourable effect of the insulating layer is lost only at extremely high
voltages (which anyhow are outside the domain of application).

The measurements also showed that the reduction of losses is far more
important than can be attained by increasing the diameter and the surface
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smoothness. The some percents magnitude voltage taken up by the insulating
layer — which may be a quite thin layer — cannot greatly improve the
situation either in such a way. The authors attribute the main cause to the
fact that the insulating layer prevents the emission of electrons from the metal
— quasi from an infinite storage tank — and thus space charges can develop
only corresponding to the very small leakage current, i.e. the development of
the space charges is strongly hindered and reduced.

3. Switching overvoltages

Experiments were carried out with the above insulated cables and with
two parallel bare tubes of diameters equal to that of the cables and placed
with 190 cm spacing. The voltage wave used was 300/3000 /usee, positive.
According to the tests the 50% breakdown voltage between the two bare
tubes was approx. 100 kVpea corresponding to a circ. 900 kVpeak withstand
voltage.

For the insulated conductors the results were as follows. Three shocks at
1200 kVpeak were withstood forthwith. At 1300 kVpeat two shocks were resisted,
but the third was not. So the withstand voltage can be appreciated at 1200
kVpeak and the increase of the withstand voltage due to the insulation was
300 kVpeaj, equivalent to 33%. In this sense, due to the presence of the 3 mm
insulation layer, a considerable improvement in the resistivity against switch-
ing overvoltages could be observed.

4. Summary

In the laboratory tests of high-voltage overhead transmission lines with
insulated phase conductors, the use of a thin insulation layer considerably
improved the behaviour against corona effects and switching overvoltages.

Possibly, after finding a suitable insulating material, considerable
technical and economical advantages can be drawn from the use of an over-
head line with insulated phase conductors.

The authors wish to express their thanks to Dr. Gabor Ban who carried
out the measurements related to switching overvoltages.

APPENDIX

1. Some theoretical relations referring to the measurements are presented hereafter.

Emax = fE average average

Acta Technica Academiae Scientiarum Hungaricae 73, 1972
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where / > 1 is the factor of inhomogenity,
T < 1 is the so-called coefficient of utilization, or else
rmax = KU =
where A is a characteristic depending on geometrical configuration,
a is the so-called virtual electrode distance.
Fig. 6. Coaxial cylinder with smooth conductor
Fig. 7. Coaxial cylinder with cable
The maximum field strength — as a function of voltage — was determined for two
cases (of the conductor used in the tests):

a) the surface of the conductor is smooth,
b) the conductor consists of elementary wires (cable).
In one case — coaxial cylinders — allowing the inner electrode to be a smooth metal

cylinder (Fig. 6), in the other case the inner electrode is a cable consisting of 37 elementary
wires (Fig. 7). The dimensions of the coaxial cylinder are:

rj = 0,9 cm

r0 = 50 cm

n' = 37 (number of elementary wires)

n = 18 (number of wires in the exterior layer)

In the first case the field strength is given by

U= 0,278 U
50 '
rk 0,9 In

0s
In the second case

w

"vr+l”?)

max cable
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where
A= nl1l 18 = 22,65 .

18 sin

18

Hence

— 22,65
-'max cable : u= u
(»In-i+In—) 0,91d81» ~ +1In« 5.

Emax. cable — 0,348 U

Fig. 8. Coaxial cylinder arrangement with stratified insulation

On the surface of the cable the field strength in this case is

0348 U _ 1,25 times
0,278717 ~

larger.
The maximum field strength in the air was calculated, if the conductor of radius r,
is coated with plastic (Fig. 8). The dimensions are:

r,= 0,9cm,
r,= 12cm,
r3= 50 cm.

At the place r2— r] there is a material of permittivity F,. at the place r3—r2 a material of
permittivity e2

el = 3,5,
«@=1 (air).

On the insulation, the maximum field strength arises at radius r,,
F - 1
MTex <A

In the air the field strength is maximum at radius r2

U 1
r2 e2A
where
J 1,2 ;
A=+ lila- i ' 1 i 50 Jo
n 3,5 lu 0,9 T nl2 = 3,8°
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Hence
L = 0,084 U
B\ wax EIA 09 +35m38 ~
. ! U= 022U
E2max “ 4y A 1,2 +1+38 - :
The dielectric strength of the air belonging to rx= 0,9 is
Egsn  40/¥Y2 kV/icm,
and to rj = 1,2 cm belongs
dsre 37/¥2 kVicm.
Here the latter value is of interest.
37
£omax= 022 1/+ [/ = E° .= 119 KkV.

°>22 0,22 y2

At this voltage the dielectric strength of the air breaks down already.

Fig. 9. Parallel cylinders not enveloping each other, with stratified insulation, and their
potential distribution

The best approximation of the real conditions is not the coaxial cylinder arrange-
ment, but the field of the parallel cylinders with small radii (Figs 9, 10), the cylinders being
covered with plastic. In the field of stratified insulators the voltage is
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Let us assume that Qt = - Q and Q = —Q, then the field strength at the point F is

FooziieReor 1T )

From these two relations the field strength is

e

EF = UAB

Fig. 10. Cylinders not enveloping each other, with stratified insulation (enlargement)

Fig. 11. tan <)([/) for cable type F measured until 150 kV

2. For the sake of completeness the measurements were extended up till 150 kV. Fig. 11
represents the conductor with F type coating. Curve | shows the results of the first measure-
ment, curve Il the results of the second measurement. Presumably such voids were present
in the synthetic insulation when there was corona at the first measurement and there was
no corona at the second measurement (possibly having been rigidified at the first measure-
ment).

Fig. 12 shows the tan 6(U) diagram of the bare cables and tubes, while Fig. 13 shows
the tan 6(U) diagrams of the 240 mm2 cable for the bare and for the insulated conditions.
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Fig. 12. tan 0(U) measured on bare Fig. 13. tan 6(U) measured on bare
cables and tubes up till 150 kV jF-coated and on K-coated 240 mm*
cable
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if dax

= 1,8 m1010Qaln — — [V]; Rred= /gC-D, [m]

Freileitungen mit isolierten Phasenleitern. Im stationdren Betrieb von Hochspan-
nungs-Freileitungen kann die elektrische Festigkeit der Luft teilweise zusammenbrechen,
was Korona-Erscheinungen verursacht; wahrend transienter Zustdnde, insbesondere unter
der Wirkung von Schaltiiberspannungen, entstehen Uberschlage zwischen Phasenleiter und
Erde, eventuell zwischen Phasenleitern. Zwecks Beseitigung bzw. Reduzierung dieser Fehler
schlagen die Verfasser vor, die Phasenleiter mit einer dinnen, glatten, selbstreinigenden
Isolierschicht zu Gberziehen. Die thermische Belastbarkeit der Leitung &ndert sich so nicht
oder nur in unbedeutendem MaRe. Die MeRergebnisse zeigen, dal die kritische Spannung
der Korona (und auch der Koronaverlust) unter der Wirkung der die Oberflache des Seils
tberziehenden lIsolierschicht bedeutend abnimmt und daR auch die Festigkeit gegentber
den Schaltiberspannungen sich betrachtlich erhéht.
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JIVHUS  BO3AYLUHOM 3MeKTPOMepesaYn ¢ U30/MPOBaHHbIMK - (ha30BbIMU  MPOBOJAMM.
Mpy CTaUWOHAPHOM pPEXWMe BbICOKOBONbTHbIX BO3AYLIHbLIX JWHWIA 3NeKTponepefaynm 3nek-
TpUueckas MPOYHOCTb BO3AYyXa MOXET YaCTUUYHO YyMacTb, a 3TO CO34aeT KOPOHHbIN 3(PeKT,
a B Mepexo4HOM pexume, B COHOBHOM MOJ BO3AEACTBMEM KOMMYTALWOHHLIX MepeHanps-
XeHW, MOryT WMeTb MecTO pa3psdbl MexXAy (a3oBbiM MPOBOAOM W 3eMieill, WAKM Jaxe
MexAy $a3oBbIMU NPOBOAaMU. ABTOPbI B MHTEpecax ycTpaHeHUs YNOMAHYTbIX Bbille AedeKToB,
WAU K€ UX YMEeHbLIeHUs npefnaraloT NoKpbiBaTh (ha3oBble NMPOBOAA TOHKUM M30NALUOHHbLIM
CnoeM, UMeIKL UM FNajKylo NoBepxXHOCTb M 06/1afalolyM CaMOOUMLLAIOLLMM CBONCTBOM. Takum
06pas3oM, Aonyckaemas TepMuyeckas Harpyska MHUM UAU He U3MEHSIETCS COBEPLUEHHO, UK Xe
TO/bKO HE3HauuTeNbHO. Pe3ynbTaTbl NpPOBeAEHHbLIX W3MepeHWuit MOKasbiBalT, UTO HauyanbHOe
Hanps)KeHne KOPOHbI (TAKXe W KOPOHHble MOTEpN) 3HAUMTENbHO CHUXAETCSA Mo BO3AeNCTBUEM
U30/1LMOHHOT0 CNOS, MOKPbLIBAIOLLEr0 NOBEPXHOCTb MPOBOAA, KPOME TOr0 3HAUMTENbHO YNyu-
WaeTcsa TakXe COMPOTUBISEMOCTb KOMMYTALMOHHbLIM MepeHanpsXXeHUsM.
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DETERMINATION
OF THE STEREOGRAPHIC POLE FIGURES
OF HEXAGONAL CRYSTALS WITHOUT PLOTTING

J. PROHASZKA*
CORRESP. MEMBER OF THE HUNG. ACADEMY OF SCI.

[Manuscript received September 30, 1971]

The paper describes a method for the simple determination ofthe pole diagrams of cubic
and hexagonal crystals. Instead of the usual drafting technique, determination of the indi-
vidual pole positions is by two point co-ordinates that can be measured in the basic plane.
For the determination of these co-ordinates simple relations are introduced whose com-
puterized solution greatly simplifies the construction of the pole diagram. Finally, a method
is described whereby a pole diagram of any axis ratio can be simply replotted from the 0001
pole diagram of a given c/o ratio hexagonal crystal.

For the solution of orientation problems of hexagonal crystals usually
stereographic pole figures are required. Although the literature offers a few
such pole figures [1—3], their utilization is rather limited, as they apply only
to crystals of a predetermined c/o ratio and since they contain, in addition,
only the poles of directions normal to the crystallographic planes. For the
solution of certain problems, however, often pole figures missing from the
literature would be needed. The plotting of a new pole figure demands much
work, since first the angles included by the respective lattice elements must be
defined, then measured by means of the Wulf net when searching for
the location ofthe corresponding poles. The acceptance of computers facilitated
the simplification of the calculation problems, but plotting itself did not
change. The present paper describes a method for the composition of the pole
figures of hexagonal crystals where plotting is reduced to a simple linear
measurement and makes possible, by using the 001 pole figure of a crystal of
given c/a ratio, the simple drawing of the 001 pole figure of another crystal
with any optional c/o quotient.

Essentially, the method involves the determination of the correspondents
of the crystallographic planes and directions of the hexagonal system in a
cubic co-ordinate system, and the calculations are then performed by using
these correspondent lattice members. In a cubic crystallographic system the
perpendicularity of any optional crystallographic plane to a crystallographic
direction of the same index is valid without any restriction whatsoever, that is,
(hkl) _L [hKI]. In the cubic system this geometrical relation will greatly simplify

* Prof. Dr. J. Prohé&szka, Tigris u. 48, Budapest I., Hungary.
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the calculation, and reduce the work of plotting by about 50 per cent, because
in the pole figures of cubic system crystals the poles of directions and planes
of the same index will be found in a single point, due precisely to the above
geometrical relation. In non-cubic crystallographic systems this coincidence
can be observed only in the case of special planes and directions. The pole
figtires of non-cubic crystallographic systems determine, therefore, only the
poles of either the directions normal to the planes, or those of the crystallo-
graphic directions. Thus, actually two pole figures are required: one on the
poles of the directions, and another one on those of the planes. Naturally, the
two pole sets can be plotted in a single pole figure but in this case the poles of
identical indices will be doubled, and either an excessively small number of
poles will be obtained, or the possibility of their survey will be greatly impaired.

The necessity to have two pole diagrams may be best realized by an
example. In a hexagonal pole diagram of c/o = 1,633 axial ratio, the great
circles of twin planes (1012) and (0112) can be easily drawn, and their point of
intersection will indicate the pole of the line of intersection of the two twin
planes. Thereby, since hitherto literary pole diagrams render the poles of
crystallographic planes, the figure 3368 will be found at the point of inter-
section of the two great circles, although the two twin planes referred to,
intersect each other in the 2241 direction. It follows that in a hexagonal system
of the possibly most compact fit the plane (3368) is normal to direction [2241].
This example quite clearly illustrates that in non-cubic, such as hexagonal
crystal systems the use of a pole diagram must be very carefully made, because
of the discrete character of planes and directions of an identical index. This is
why the application of two pole figures is considered to give much better
results, and the relevant calculation process is introduced.

The method will be presented in connection with cubic crystal pole
diagrams, then the problems of hexagonal systems will be reduced to cubic
system problems.

The fundamental equation of crystals is

r= r0-f- ma -j- nb -|- pc (1)

where r0is the vector directed to any optional point of the crystal, whereas
vector r points to another point of the same crystal, equivalent thereto from
every aspect, while m, n and p are integers and a, b and c¢ represent the three
translational unit vectors of the crystal system in question. Thus, any [hkl]
crystallographic direction may determined by a single vector:

r= ha-)-kb + Ic (2)

where h, k and / are integers, and the indices of the corresponding crystallo-
graphic directions.
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In the cubic system let us indicate the three translational unit vectors
of identical length and normal to one another by ex e2 and e3. Thus, the cubic
system directions expressed by the indices may be written as

r = hel+ ke2-)-le3. 3)

With the r vectors known, determination of the geometrical relations of the
lattice members will now be a simple task. Thus, for example, the cosinus of
the angle included by the two directions equals the scalar product of the
vectors pertaining to the given directions, divided by the product of the
absolute values of the two vectors. The cosinus of the angle included by two

Fig. 1

planes can be obtained in the same way, only here the normal of the two
planes must be used in the calculation. Determination of the line of inter-
section of two planes is likewise very simple as this is the vectorial product of
the normal vectors of the two planes involved.

Now let us have a look at the problems of plotting a stereographic pole
diagram. Let e15 e2, e3 be the unit vector system connected to the crystal,
according to Fig. 1. Let furthermore, r2 be the vector defining the pole given
by 0 in the centre of the pole figure. If, in addition, an optional vector r or
its pole P and image P' are also given, the position of the projection or basic
plane has already been determined. Now the co-ordinate system will have to
be fitted to vector rz, so as to make the axis z parallel, and axes x andy per-
pendicular thereto, and the same applies to the corresponding rxand ryvectors.
According to what has been said before these can be readily selected as the
scalar product of the vectors sought for equals 0. Thus, a vector rx normal to
rz and, in order to simplify the calculation, of an index expressed by small
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numbers will have to be looked for if possible, whereafter ry will be obtained as
the vector product of r- and rx.

This gives the O origo in the basic circle, which is the pole of vector r,2
and the vectors rx and ry normal to the latter which, in turn, give the co-
ordinate axes X and vy.

The next problem is how to define the pole of an optional r[hkl] crystallo-
graphic direction in this co-ordinate system. Using the symbols of Fig. 1, let
r be this optional direction, and let its pole be the meeting point P of the
reference sphere and vector r. The image P' of this pole on the basic plane is
the meeting point of the line connecting projection centre S and pole P with
the base plane. This is to be determined since this pole figure represents the
pole of vector r.

Distance OP depends on the length of the reference sphere radius. Once
this distance has been defined, it will have to be used as a basis for the solution
of each subsequent problem. So far, in our considerations only angles have
been dealt with the values of which are independent of the vector lengths and,
as a consequence, they are not affected by the length of the radius.

Let us have a unit radius. In this case pole P will be cut out from the
sphere by vector r at a unit distance. Point P on the reference sphere is indi-
cated by unit vector r' of vector r. If we now use unit vector rzof vector r2 the
vector connecting projection centre S and pole P will be readily determined as
it is the vectorial sum of vectors r' and and r' (hereafter the ' at a vector
means the unit vector of the r vector in question).

However, for the determination of the X and y co-ordinates of the pole
we need the distance OP' and its projections to axes * andy. This OP' distance
is, from the SOP' triangle,

OP' = tan a, (4

since the length of vector —r- is exactly a unit. According, however, to the

vector algebra

tana = [r'x(r'+r')[ (5)
r2°(r'+ri)

Co-ordinate x is obtained by multiplying distance OP' with cos q This,
however, is the scalar product of the OP' directed unit vector, and vector r(.
In other words,

VX (r
x = tana cos < (r+rOl IoP (6)
«v(r'+u) \rOP\
Similarly, co-ordinate y is:
rzX(r'+r2
y = tan «cos (90° —f) ( S lop ()
ri(r'+r') IroP'l
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Now, there is only the determination of vector rop, left over. Vector rOP, is
in the plane of vectors r2and r, and is normal to vector r2 This relation can be
expressed by two vector equations.

Let us determine the n normal vector in the plane of r2and r:

n=rxr2 (8)

The rop, vector sought for is perpendicular to the normal vector n, and is in
the plane of r2 and r. This condition is satisfied by the vectorial product of n
and r2 that is,

roP. = r, Xn . 9)

Thereby all the vectors required for the determination of the co-ordinates have
been calculated. Substituting the value of rop, into the equations defining the
co-ordinates, we obtain as a final result that

: ! rxr2X (rXr,
[r;x(r'+r0] . (rXr,) (10)

rz'(r'+r2 IrxI*lrzX (rXr2t”’

irzX(r'-fr')| _ rv-r2x(rXr2)

rHr'+r") Iryl «IrzX(rXr2)| (H)
Thus, all the relations required for the determination of the pole diagrams of
materials crystallizing in the cubic system have been defined, since the last
two equations are suitable for the calculation of the desired points of any
stereographic pole diagram of an optional hkl pole. Calculation can be further
simplified by the appropriate selection of vectors r', Xy and r2 If, for example,
the so-called 001 standard pole diagram is to be plotted, then rx will cor-
respond to the crystallographic diagram [100], r], to [010], and r2to [001]. In
this case, the co-ordinates will be given by the following simple formulae:

h
I+ Yh?~+k2+ 12 ~

iWH‘p (13)

It is easy to realize that plotting a given pole diagram is much simpler
by means of the last two equations than in the usual way.

The next task is to define the location of the hexagonal crystal poles
in the same simple way. As was mentioned earlier, this will be done by finding
in the cubic system the element corresponding to each hexagonal lattice

(12

and
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member, and then performing the calculation in the cubic system as described
above. Thus, the reduced problem is to define the individual lattice elements
of the hexagonal system in the cubic system.

The hexagonal axis system of a general layout is shown in Fig. 2. The
geometrical relations among the three translational unit vectors are

al= |b] 4-|c| (14)
and
—a N~ = -——-— and ac= be=0. (15) (16)
al - bl 2
Fig. 2

The hexagonal system of general arrangement, but replotted in the cubic
system, is illustrated in Fig. 2b. Let us indicate the crystallographic directions
by Vin the hexagonal, and by r again in the cubic system. In the hexagonal
system an optional crystallographic direction can be defined, as shown below,
if its indices are H, K and L (the indices of the hexagonal system are expressed
by capitals to distinguish from those of the cubic lattice members):

V= Ha + Kb + Lc . 17)

The V vectors in the hexagonal, and the r vectors in the cubic system are
naturally parallel and equal in length, and since (see Fig. 2b):

a — hae™ f-kaes lacs,
b m htex—-kbed b s (18)
c= hel+kce2+ he3

V will be

V= H(hae, + kae2-f lae3) + K(hh + kbez + lhe3) +
(19)
-j- L(hce1 -f- kce2 Ice3),
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that is,
V= (Hha -)- Khb Lhoel -j- (Hka -(- Kkb -f- Lkoc2 -(-
(20)
m (Hla -|—XKIfj }Lic)e3 = hcj-|-AP) 1e2 = r.
The latter may be written as
h ha hb hc H
k = ka kb kc K (21)
1 la la le_ L
(22)

On the basis of the latter expressions, each crystallographic direction in the
[HKL] hexagonal system can have a crystallographic direction from the [hkl]
cubic system associated, whereby not only the location of the stereographic
pole diagram points can be determined, but also the problems related to the
crystallographic directions of the hexagonal system can be solved just as in
the cubic system. Accordingly, the pole diagram of hexagonal crystal structures
can be obtained by looking for the rx, ry and r2vectors of vectors Vx, Vy and
\ z as explained by Eqgs (20)—(22), and then these vectors can be used, by
means of Eqs (10) and (11), to define the location of the pole of any optional
v ~ [HKL] crystallographic direction. The calculation will again be quite
simple, if the co-ordinates of the hexagonal and cubic systems are selected as,
for example, shown in Fig. 3, because in this case several coefficients of Eq.
(20), and a number of elements of matrix A in Eq. (21) will be 0.
In other words:

k — —— 10 K (23)

Accordingly, when selecting the co-ordinate system as shown in Fig. 3, the
cubic system direction

will correspond to the [HKL] crystallographic direction of the hexagonal
system.
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In solving problems we often encounter the difficulty of having to look
for the hexagonal system corresponding to a given r cubic system orientation.
This, however, can easily be done on the basis of Eq. (22):

v=A~1r. (24)

If, on the other hand, the relation shown in Fig. 3 is maintained, this can be
written in the form

(25)

From among the previous relations derived in connection with the pole dia-
grams, Eqs (12) and (13) may be written in the following form, if the 001
standard pole diagram of the hexagonal system orientations is to be determined:

(26)

and

(27)

In this pole diagram Vx= [210], Vy= [010], and V- = [001].
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By means of the last two equations, the 001 pole diagram of any hexag-
onal crystal can be determined in a very simple way by calculation. However,
it will have to be noted here that in the literature usually not the pole diagram
of the orientations discussed above is being dealt with, but that of the crystallo-
graphic planes. The following paragraphs describe the calculation of the pole
diagrams of hexagonal crystal planes.

As is shown in Fig. 4, let an (HKL) crystallographic plane be given by
its axial sections 1/H, 1/K and 1/L. The pole of this plane can be determined
as explained above, if the normal vector n perpendicular to this plane is

Fig. 4

known. This, in turn, is given by the vectorial product of any two [t,; p.fvectors,
if p. means the vectors parallel to the lines of intersection of the crystallographic
plane in question, and the planes defined by the co-ordinate axes. Thus,
normal vector n perpendicular to the crystallographic plane is

n= X12= 12X 3= 1"3X1*. (28)
Vectors ft parallel to the lines of intersection, on the other hand, are obtained

as the difference vectors of the p,; p« vectors directed to the point of inter-
section of the plane studied and the two co-ordinates, that is

] ] b a

ti= P PI:K H

po=p = " (29)
L K
a C

=P P;=

-

as it follows from Fig. 4.
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Thus,

el e2 e3

(30)

The last expression may be rewritten as

ir= Bp, (31)
or

Here vector p = Ha Xb -)- Lc should be considered as an auxiliary vector
whereby the normal n of the (HKL) hexagonal system plane might be de-
termined. Since, furthermore, the relations whereby the orientation poles can
be determined had already been given, the problem raised at the beginning is
thus solved.

Simple relations excellently suitable for calculation purposes are obtained,
if again the connection outlined in Fig. 3 is made use of. In this case the matrix
of tensor B will assume the form

(33)

So with the relation referred to in Fig. 3 taken into account, the cubic system
direction

K P
A+ el + 'p? N2 + ' 2 Le,,

will be normal to the (HKL) crystallographic plane of a hexagonal crystal.
Again the problem may be faced that the correspondent of the (hkl) cubic
system plane must he found. The relevant equation follows from Eq. (30):

p= 5-In. (34)
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With the co-ordinate relation of Fig. 3, this corresponds to the expression

y3 a
H L0 0 0 h
K = & a0 ok (35)
2
o 0 0 c_ |

Poles of the directions normal to the crystallographic planes of the hexagonal
system, on the other hand, can be found by means of the following equations,
if the 001 standard pole diagram is to be obtained:

"o+ ]
1/3 I a 2 (36)
a MH2+ K2+ HK+ 2 L2
1
and
f3
(37)
a 2|_2
, 2L% 4 c

In this pole diagram, axis X intersects the origo and the pole defining the
(100) hexagonal system plane, axis y the origo and the (120) plane, while
again axis z the origo and plane (001).

Figure 5 illustrates the standard 001 pole diagram defining the poles of
the hexagonal system directions, for a c/o = 1,633 axial ratio. Figure 6 presents
the 001 pole diagram related to the crystallographic planes of the same system.

Each pole diagram related to a hexagonal system applies to a given c/o
ratio. The HKL crystal elements identical in the 001 pole diagrams although
of different c/a quotients, fit along the same line starting from the centre.
This is illustrated in Fig. 7 for the planes of two identical (HKL) index crystals
of different c/a ratios in the hexagonal system. Here (HKL)Xmeans the poles
of the planes of the (c/o)x ratio crystal, and (HKL)2those of the crystal with
the (c/a)2ratio. Thus, if a 001 pole diagram of any (c/o)lratio is given, another
001 pole diagram of any c/o ratio can readily be replotted, even faster than
described above.

The pole distance of an [HKL] crystallographic direction from the origo,
in the case of a (c/o)]™ ratio, is

. - 2
rdi = "NN+Jdi Vi -eRz HK 2 (38)

¢ / c
4 1H24K2 HK+ I

It .1
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Fig. 7

The distance of a pole with the same index but (e/a)9ratio can he determined
from the latter equation but then, of course, (c/a)9will have to be substituted.
Thus, in the 001 pole diagram related to the new crystal nothing will change,
only the original rfl distance will be replaced by

C a
L+ H-+ K2 HK + L2
7 C
1 a?
. L+ jH-+K- HK-ir T L
ih C 2

Similarly, the rs distance of the poles of crystallographic planes can be deter-
mined as follows:

n . a
/1 K- UK , ~
2 bt 2 ¢t
(40)
a
V3 L+ *W+KI1+HK+ A a i
2 c 2 c 2

Here rs2 means the pole distance of the new (c/a)2 ratio (HKL) index plane
from the origo, while rsl indicates the same for the old (c/a)lratio plane.
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Bestimmung der stereographischeii Polbilder von hexagonalen Kristallen ohne Zeich-
nen. In der Arbeit wird ein Gberaus einfaches Verfahren fir die Bestimmung der stereogra-
phischen Polbilder von kubischen und hexagonalen Kristallen mitgeteilt. Die einzelnen
Pollagen werden statt durch die zeichnerische Technik, durch zwei in der Basis ebene
meRbare Lagekoordinaten definiert. Fur die Berechnung dieser Lagekoordinaten werden
einige einfache Beziehungen eingefiihrt, durch deren Bestimmung mittels Rechnern die
Berechnung des Poldiagramms aufRerordentlich vereinfacht wird. SchlieBlich wird eine Methode
beschrieben, mittels welcher aus dem 0001 Poldiagramm eines hexagonalen Kristalls mit
gegebenem Verhéaltnis c/a ein Poldiagramm mit beliebigem Achsenverhdaltnis e/a einfach
umgezeichnet werden kann.

OnpegeneHve Ge3 uepyeHWUs cTepeorpauueckoii KOHPUIypaumum rekcaroHanbHbIX
KpucTannos. B cTaTbe aBTOp OMNWUCbLIBAeT TakOW MeTOA, C MOMOLLbIO KOTOPOrO MOXHO OYeHb
npocTo onpeaennTs KOH(UIypayuio MOMOCOB KYyGWYECKUX U TeKcaroHaNbHbIX KpUCTannos.
BMecTO 0GbIYHO MPUHSATONM TEXHUKW YepyeHUs onpefeseHue OTAeNbHbIX MOM0XEHWA NoMCoB
NPOU3BOAMTCSA C MOMOLLbIO [BYX M3Mepsie3aMblX B OCHOBHOW MIOCKOCTM MECTHbIX KOOpAUHAT.
O nsa onpefeneHns 3TUX MECTHbIX KOOPAWHAT aBTOP BBOAWUT MPOCTble 3aBUCUMOCTU U MpU WX
peleHnn Ha BbIYUCANTENbHON MallnHe CUNbHO YNpoLyaeTcs OonpeAeseHne MOMCHON Anarpam-
Mbl. HakoHel, fAaeTcs ONuUcaHWe TaKOro MeToAa, C MOMOLLbI0 KOTOPOro Ha OCHOBE MOJOCHOI
AMarpamMMbl FeKcaroHanbHoro kpuctanna 0001 ¢ JaHHbIM OTHOLIEHMEM C/a MOXHO NPOCTO 0TOG6-
pasuTb NOMOCHYIO AMarpamMmy c N06bIM COOTHOLLEHUEM Oceii.
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MAGNETIC FIELDS
IN NONLINEAR HETEROPOLAR ROTATING
MACHINES*

E. A. ERDELYI**

[Manuscript received September 30, 1970]

When the non-linearities caused by iron saturation are considered, the usual linear
theories for the determination of the performance characteristic of rotating electrical machines
cannot be used. In this paper methods are developed by the author for solving the boundary
value problem of the non-linear two-dimensional vector potential. The transformation of
the partial differential equations into difference equations is explained and numerical methods
developed to obtain solutions. The procedure is illustrated by applications to heteropolar
salient rotating machines.

I. Introduction

Tlie design methods of rotating machinery are based considerably on the
so-called “Magnetic Ohm’s Law” and on experience. The excitation for no-load
operation is found by first assuming an airgap flux density. Next the flux
densities in individual parts of the magnetic paths are estimated and the
necessary field intensities are found from the B—H characteristics of the
materials. The field ampere-turns are then found by adding the individual
magnetomotive potential drops. On load an attempt is made to evaluate the
magnetomotive force in the various parts of the airgap and the iron parts, and
to estimate the reluctance from point to point as determined by the configu-
ration of the airgap and the field. Basically, this is a process of trial and error
in which an attempt is made to draw the probable tubes of flux in order to
calculate the reluctance of the individual flux tubes. Following this tedious
work, the magnetomotive force is established along a closed path and compared
with the available excitation. The initial assumptions are then suitably modified
and the process is repeated until the desired agreement is achieved.

This slow and cumbersome method does not lead always to good results
and it is generally recognized that the magnetic Ohm’s Law is not sufficiently
a fundamental conception. The search for a more systematic method for
finding the magnetic fields in d. c. machines has engaged many workers.
Carter [1], in his classical paper, has given a solution based on the Schwartz—
Christoffel transformation for the flux distribution between the main pole and

* A lecture prepared for the Hungarian Academy of Sciences in Budapest, June 1970.
** Professor of Electrical Engineering, University of Colorado.
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the armature of d.c. machines. Carter’s mathematical achievement was ad-
mirable but applicable only to very simply, idealized machine contours.

Hague [2] has reviewed and extended Carter’s method basing it on the
direct solution of Maxwell’s field equations. His treatment refers mainly to
non-salient pole machines. Hague and all the investigators before him sought
an explicit solution of the field problem, and thus were necessarily restricted
to very idealized machine cross sections. Motz and Worthy [3] described a
method of finding the magnetic fields of electrical machines using Southwell’s
relaxation method. In all these early efforts the permeability of the iron has
been assumed to be infinite and discrete currents were replaced by current
sheets.

Benedikt [4] described in great detail a nomographic method established
by him, and he illustrated his procedure with a number of important examples.
Benedikt does consider the non-linearity of the appropriate equations caused
by iron saturation. A research group at the University of Colorado has for
several years now developed a numerical method for the determination of
fields in electrical machines. The field quantities are obtained everywhere in the
cross section of rotating machines from the solution of Maxwell’s field equations.
The quasi-Poissonian partial differential equation used is nonlinear, and a
solution satisfying the exacting boundary conditions is found using a rela-
xation method combined with block relaxation procedures. In the present
paper the scheme is described to find the fields in salient pole machines on-load.
The saturation of the iron is considered fully and the actual currents in the
slots are taken into account.

Some designers may suggest that existing methods in which the magnetic
path is subdivided into separate portions are satisfactory. We feel that this is
not so and that many important problems of rotating machine analysis cannot
be solved successfully. The abandonment of the many usual simplifications
and the use of high-speed electronic computers have considerably increased the
range of problems amenable to solutions.

Based on the so-called two-reaction theory, the theory of synchronous
machines under load was developed at the beginning of this century by
B1ondel [5] and others. In this theory, the reaction of the armature currents
was resolved into two components, both assumed sinusoidally distributed. The
amplitude of one component was in line with the axis of a pole, the so-called
direct axis; the amplitude of the other coincided with the axis of the interpolar
space, the so-called quadrature axis. Blondel’stheory was firmly based on the
principle of superposition and thus could not take well into account the non-
linear characteristics of the iron circuit. The performance characteristics of
the machine itself have been established by the use of a phasor diagram.

Sumec [6] has improved this diagram by introducing certain conditions
to take care of saturation effects estimated from the no-load characteristics of
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the salient pole synchronous machine. Doherty and Nickle [7] have further
developed the theory of synchronous machines on load by a series of classical
papers. In all the above works, the permeance of the airgap has been assumed
to be a quantity independent of the load, and in all, the linear principle of
superposition is used freely. In 1926, Wieseman [8] published a set of curves
based on flux plots, designed to find the effect of load currents on the magnetic
induction in the airgap, assuming that a sine wave armature magnetomotive
force excites the field, if its axis coincides either with the direct or quadrature
axis.

In the simplified treatment of the steady-state and transient performance
of alternators, the assumption of infinite or constant permeability of the iron
is generally made. The application of this assumption may be the reason that
the results of calculations using the two-reactions method often did not agree
with the characteristics of synchronous machines found by tests.

Great changes have taken place in the economics of rotating machine
design since Blondel established the two-reaction theory. Design has become
less and less an art based on experimentation. The size of most modern appa-
ratus is so exorbitantly high that experimentation becomes prohibitive and a
more exact predetermination ofthe performance of a design becomes necessary.

The acceptance of the two-reaction theory is so general that most of the
users have lost sight of the simplifying assumptions made by the originators.
Direct and quadrature axis fluxes cannot be superposed when linearity simpli-
fications are abandoned.

Even though it may seem to some designers sacrilegious to suggest that
the two-reaction theory should be abandoned, a method is presented here for
finding the flux distribution in salient pole heteropolar machines, at any
balanced load, based on the numerical solution of the nonlinear magnetic
vector potential equation without recourse to the two-reaction theory based on
linearity assumptions.

Il. The nonlinear partial differential equation of the magnetic field
of heteropolar machines

a) Assumptions

In order to reduce the enormous task of finding the field of magnetic
inductions in the radial cross section of heteropolar machines, these simplifying
assumptions are made:

1. The heteropolar machine is infinitely long in the direction of the
shaft, and the problem is thus reduced to two dimensions.

2. The magnetic material is isotropic, and the saturation curve is single
valued, i.e.', hysteresis effects are not considered.
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3. The discrete currents in the field windings are replaced by uniform
current density fields of the vector J over the cross section of the field coils.

4. The magnetic induction outside the contours of the machine is
negligible.

The assumption of infinite permeability or of a permeability independent
of the magnetic inductions will not be made.

b) The Constituent Relation in Magnetic Materials

The magnetization characteristic representing the relationship between
the magnetic field vectors is generally given as

B = pH
where the permeability p is a function of H.
In this paper, an alternative formulation, suggested by many, including
King, Tralli and others [9], is used with the constituent relation expressed
as
H = vB 2)
where vis the reluctivity of the medium and a function of B. The reluctivity v

is obviously the reciprocal of the permeability p. Its unit in the rationalized
MKS system is the meter per henry.

c¢) The partial differential equation of the vector potential

Neglecting displacement currents, Maxwell’s first equation at power
frequencies reduces to
curl H = J. 3)
The vector potential A is defined by its curl
B = curl A 4)
and by its sources. According to Coulomb’s convention one assumes that
div A = 0.

The continuity equation for the current density vector is expressed as

div = 0.
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Equations (3) and (9) can be combined by using (2)
curl (Vcurl A) = 0. (5)

Because of Assumption 1, the field is two-dimensional and one can put

Furthermore,

JXx o0; Jy=0; J-=1
so that

Ax—Ay=0; A= Az.

The partial differential equation (5) can be written explicitly in rectangular
and polar system of coordinates respectively as

g QA 9 i QA

A J, (6)
Qx rir] + % ( oy

9 A v QA 9A
BV A A, 1L (2)
or Qr rooQr r2. 90 80

In Eqs (6), (7) x,y, rand O denote orthogonal coordinates. The z axis
of the coordinate system coincides with axis of the shaft of the machine.

d) Calculation of the magnetic induction

The solution of Eqs (6) and (7) yields the vector potential over the
cross section of a heteropolar machine. The magnetic induction B is found
as the curl of the vector potential A. In rectangular coordinates one obtains
for the components of the magnetic induction

dA QA
B, = - £,=— 8

9y Qx

Similary, one obtains in polar coordinates for the components of the magnetic
induction

Br 1 dA B., oA (9)
r 90 dr

The magnetic induction is then computed as the square root of the sum of the
square of the components of B.
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e) Boundary conditions

The solution of Eq. (6) and Eq. (7) must satisfy the following boundary
conditions:

1. In the direct axis at no-load and at purely reactive loads the vector
potential is constant. The flux lines must be perpendicular to the quadrature
axis.

2. At air—ron interfaces the tangential component of the magnetic
intensity H and the normal component of the magnetic induction B is con-
tinuous. At interface corners the above boundary conditions must he satisfied
at the infinitesimal distance from the corners at both boundaries forming the
corners.

3. At the boundary of current fields, the current-carrying conductor has
the same permeability as the air or insulation surrounding the conductor. The
tangential component of Il is discontinuous by the linear current density and
the normal component of B is continuous.

4. On load the vector potential remains a periodic function of the double
pole pitch. The vector potential Ap at a point P will be equal in magnitude
and opposite in sign to the vector potential Ap. at a corresponding P' a pole
pitch away on the same arc.

5. The vector potential of the armature of field outer contour and the
bore of the rotor is zero, assuming ft of air is zero outside the machine.

I1l. The transformation of the partial differential equation
into finite difference form

a) The discretization and grid system

An explicit solution to (6) and (7) cannot be found which takes into
account the complicated contours of the different regions, the boundary
conditions, and the nonlinearities.

As a first step in the numerical solution the partial differential equation
is replaced by partial difference equations. For this reason, the continuous
region of the machines cross section is replaced by grid systems with small but
finite mesh lengths. In these difference equations, the partial derivatives of
the original equations are replaced by algebraic difference expressions which
approximate the derivatives. The resulting set of algebraic equations with
variable coefficients are then solved simultaneously for the vector potential.
The results provide the values of the vector potential A at each of these dis-
crete grid points which, in turn, yield the approximate solution of the non-
linear problem.
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b) Grid systems (Figs 1, 2)

In order to index grid points with a minimum of logical discrimination
or special procedure, it was considered imperative, in previous papers, to extend
both radial and transversial grid lines entirely across the machine section in
which the analysis was done. The number of radial grid lines is generally de-
termined by the geometry and location of the radial or nearly radial boundaries
of slots and teeth. At boundaries the grid lines should be closely arranged in
order to satisfy boundary conditions. Since the grid lines required by the rotor
construction and stator construction are in general not congruent, there will be
a considerable economy of grid points, and hence of core memory, in using
separate grid systems in the stator and armature as required by their respective
structures. It becomes convenient, therefore, to tear the stator and rotor grid
systems apart.

Fig. 1. Grid system of stator

The airgap in the scheme of tearing apart is also covered by two polar
grid systems, one attached to the stator and the other to the rotor. The con-
tinuity of the vector potentials is provided by a linear interpolation procedure.
The stator and rotor grid systems have two circular grid lines in the air gap.

The transverse circular grid lines are denoted with the letter K and
numbered consecutively. K 38 circular grid of the rotor grid system of Fig. 2
coincides with the K 40 circular grid line of the stator grid system of Fig. 1.
Similarly, the K 39 circular grid line of the rotor grid system is identical with
the K 41 circular grid line of the stator grid system. All radial grid lines of the
stator grid system end on the K 40 circular grid line of the Stator (K 38
circular line of the rotor). Similarly, all rotor radial grid lines end on rotor
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Fig. 2. Grid system of rotor

circular grid line K 39 (K 41 circular grid line of the stator system). The radial
grid lines, or in the case of the slots the grid lines parallel to the slot sides, will
be denoted with the letter J and numbered consecutively.

c) Stator grid system

In Fig. 1, the quasi-circular grid lines of the stator start with grid line
K 40 and extend to the outer contour of the stator stamping represented by
the K 59 grid line. The grid lines K 55 to K 59 are circles. The grid lines K 42
to K 54 consist partly of arcs and partly of chords. This is because the slotted
areas of the stator are covered with rectangular grids. As an example, the J
lines 2 to 8 of slot 1in Fig. 1 between the K 42 and K 47 arcs are all parallel to
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the slot sides of slot 1. The slot sides are defined by the J 3 and J 7 lines. The
portions of the K 42 to K 47 grid arcs between the J 2 and J 8 grid lines are
chords perpendicular to the slot sides. Between grid lines K 40 to K 42 and
K 55to K 59, the J lines parallel to the slot sides are continued as radial lines
drawn from the bore center. The slots are assumed to be rectangular and the
slot wedge notches are not considered. A more refined grid system at the
toothheads could easily take care of the saturation effects caused by the
notches.

A polar grid system is chosen for the remainder of the stator tooth
between slot 1 and 2. The origin of this polar system is at the intersection of
the continuation of grid lines J 8 (parallel to the sides of slot 2). Similar in-
dividual polar grid systems are used for all other tooth portions between ad-
jacent slots. The name “polycentric” has been adopted for such grids. In the
case of the stator all polycentric origins are on the periphery of a circle, the
center of which is at the bore center.

d) Rotor grid system

The circular K grid lines in Fig. 2 extend in the rotor from 1 to 39. It
is assumed also that the shaft has a bore between the origin and the grid line
K 1. This assumption is necessary in order that the differential equations and
the difference expressions do not become singular. The K lines of the rotor
grid system are all perfect circles because a purely polar coordinate system is
used for the discretization of the field system.

Two consecutive radial grid lines between J 1 and J 14 are at distances
of 3/4 degree. The distance between two neighbouring radial grid lines between
J 14 and J 58 is 1/2 degree. The grid arrangement is symmetrical about the
quadrature axis (J 39 line), so that all grid lines between J 58 and J 72 are
again at distances of 3/4 degree.

e) Partial difference algorithm

In order to facilitate the logic of the computer program, it is of great
advantage to develop a difference algorithm that is valid for all types of mesh
blocks, i.e., in Cartesian coordinates, in polar coordinates, and also for those
represented by a Cartesian system combined with a polar coordinate system
as shown in Fig. 3.

Using Ampere’s law, it has been found that the vector potential in a
grid point J, K denoted as A0 can be expressed

2N «/[» i=1,2, 3, 4. (10)
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Fig. 3. Meshblocks. aj Cartesian; b) Polar; ¢c) Combined

In this equation the a- are functions ofthe mesh geometry and of the reluctiv-
ities as follows:

a, = (v2h2+ iq/i4)/2/i1; a3 = (v3h3-fraA)/2A3, (11a, b)
a2= [v2(hi + h5 + V3{h3 + ft6)]/4A2; a4= [v4(/i3 + h2d + vi(hl+ A8)]/4A4(11c, d)

The current term 10 is a function of the current densities and meshhlock
geometry

10 = (1/8) [I\(hi + hs)ht f-J2hi + h2h i J3(i3 + heh2+ Ji(h3 + ADAd]. (12)

The following relationship exists for the mesh distances.
For rectangular meshes

hl= hH= hj; h2—hs= h6. (18a, b)
For cylindrical polar coordinates, the mesh distances hl to hs are

= RnOl; h2= R2—RO; h3= R303; hi= Ro— H4 (l4a, b, c, d)
i3= R202; As= K203 h7= K403; Ag= R, 04 (14e, f, g, h)

The currents 10in (10) and the constants given by (11) and (12) are retained in
the computer memory. For each iteration only the a- constants, defined by
(11), the vector potentials defined by algorithm in (10), and the reluctivities
described below have to be calculated.

f) Difference expressions for magnetic inductions

The average value of the reluctivity vin a mesh determined as a function
of the magnetic induction B in the geometric center of the mesh. For example,
the average value of the radial component of the magnetic induction in mesh
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0, 1, 5, 2 of Fig. 3a can be established as

(15a)

The tangential component is given as

B., - (15b)

In (15) the A’s are determined by (13a) and (13b) for rectangular meshes, and
by (14a—h) for polar meshes. The magnetic induction at the geometric center
of a mesh is then found as the square root of the sum of the squares of the radial
component and the tangential component of induction. The reluctivity v cor-
responding to the magnetic induction B is found by a numerical process
described below.

g) Computer representation of the magnetization curve (Fig. 4)

It has been found that only very rarely can a good fit be obtained by a
single function over the whole useful range of a magnetization characteristic.
During the iteration procedures used, the flux densities may also overshoot
into the high-saturated region, so that a reasonable fit also has to be obtained
beyond the saturation point. In order to achieve this, the magnetization curve

Fig. 4. Integration path for additive acceleration of convergence
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had to be subdivided intwo to four parts to ascertain that the relaxation pro-
cedures converge well. The calculation of the reluctivity in the saturated
region from an improper fit can lead to large values of reluctivities that hamper
convergence, because in the saturated region a small change of the magnetic
induction B requires very large changes in the magnetizing intensity H.

The subdivision of the magnetization curve can be easily obtained.
However, when used in a computer program, an artifice has to be incorporated
for sensing the portion of the magnetization curve to be used for the calcu-
lation of the reluctivity for a given magnetic induction or for reluctivity.

Once a decision has been made to subdivide the magnetization curve it
really does not matter if it is subdivided in a few or many sections. The sensing
time will be independent of the number of sections chosen. To make the cal-
culation procedure fast, it isimperative to keep the calculation of the magnetic
intensity or of the magnetic induction in each section to a very few operations.
This is best achieved by a method of linear interpolation in adequately small
sections as described by Trutt and Erdétyi [10].

IV. The point-to-point relaxation method

a) Alternating method

After all the finite difference equations have been written for the N
grid points, an iteration method is used to find the simultaneous solution of the
N equations. The solution of the set of N equations yields the potential at the
N grid points. To alleviate the difficulty caused by nonlinearities, the iteration
procedure is split into two steps. In the first the vector potentials are relaxed,
assuming that the reluctivities are locally fixed during the iteration. In the
second step the reluctivities are recalculated from the vector potentials, as
explained below. Experience with several programs has shown that for vector
potential problems this can be best accomplished in a sequence of three steps:

1. Relaxation of the potentials;
2. Acceleration of the procedure of step 1;
3. Underrelaxation of the reluctivities.

b) Relaxation of the potentials

Initial values are assumed for the potentials and reluctivities. The Jo
value of the currents are calculated using Eq. (12). The potentials are relaxed
at all grid points by replacing the original values by the results of calculations
using algorithm of Eq. (10).
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c) Acceleration of convergence by multiplicative block relaxation

If no means are used to accelerate the iterations procedures convergence,
several hundred iterations would be required before the vector potentials
attain their final values. A block relaxation technique based on Stokes’
theorem is used. We at the University of Colorado have introduced the multi-
plicative acceleration of convergence (MAC) as suggested by Ahamed [11].
Ampere’s law

<C)H-di= nj-d~s (16)

C S

must be satisfied in every subdomain of the field. In the MAC procedure a
suitable closed path is chosen around the region (generally the outer contour),
and the line integral of H formed after the r-th iteration and denotedFfr). The
surface integral of the current density, the excitation I, is the independent
variable. The ratio of I and F(r) isdenoted as C(r). Eq. (16) is generally not
satisfied at the r-th iteration. To force an agreement all potentials within the
integration path are multiplied by C(r).

An extended MAC procedure including several integration paths and a
formula for potential adjustment is given in a paper by Erdélyi et al. Reece
[12] concluded that successful application of the method depends on judgment
and experience of the analyst, and a safe automatic routine is not likely to be
economical.

d) Additive acceleration of vector potentials

The additive acceleration of convergence (AAC) devised by de La-
Vallée-Poussin and Lion [13] is now used at the University of Colorado.
The theoretical proof is based on the assumption that the air domains, the
“windows”, are fully enclosed by iron of zero reluctivity.

In the procedure a closed integration path is drawn in the iron, Fig. 5,

hugging closely the contours of the window, and the line integral (j)H -di

along the closed path is formed. Again, according to Ampere’s law this integral

Fig. 5. To nonlinear accel. of convergence

Acta Technica Academiae Scientiarum Hungaricac 73, 1972



306 ERDELYI

should be equal to the current I cenclosed by the path. This, however, will not
be the case at the early stage of iterations. The resulting difference divided with
a weighted length of the integration path yields a quantity AA. A corrected
value of the vector potential A" is defined,

A'= A + AA . (17)

If the assumption of the analysis would be met, this artifice should accelerate
the iteration procedure of the vector potential partial difference equation.
The convergence would be then the same as though the reluctivity differences
of the regions would be small.

{b— 1 POLE PITCH—H,

Fig. 6. Periodicity condition

Several computer programs have indicated that the acceleration artifice
may lead to improved convergence even if the ideal assumptions are not
exactly fulfilled. This is always the case in practical machines in which the
windows, that is the slots, are not closed and the iron reluctivity is not zero.
Results of computations have shown that additive acceleration of convergence
provides some damping for oscillations of overrelaxations.

The method has not been extended to nonlinear problems by the origi-
nators. Erdeéeryi et al. [16] have developed the nonlinear formula based on
Fig. 6

AA = [lc+ 2. (mda(A'i-mt)]/2 M i (W . (is)
i i
e h14f- h23 ) )
lcANi IAT-A2+Ai ~Ai\
1 N N
AA-= i N12+134 (18a)
Sir,.), -H r1
"12+"34

h12; hu — h23
and Eq. (18a) becomes simpler:

AA= 4 (Al "AtihA4 A3 (18b)
Ve (M14/712)
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e) Underrelaxation of reluctivities

Experience lias shown that the use of r’s calculated from Eq. 15 may
lead to oscillations and the rate of convergence is reduced. For this reason the
reluctivity vr+1 calculated after (r -)- I)th iteration using Eq. 15 is under-
relaxed to

vr+1l= (vr+1— vr)co(u) -)- vr. (19)

V. The successive line overrelaxation technique (SLOR)

In order to achieve a faster convergence of the relaxation iterations it is
advisable to involve more than four neighboring points to determine the
potential of a point. For this reason the line iteration technique is introduced
in the present plan. In the point-to-point iteration method described above,
the vector potential at a point was a function of four neighboring points at
south, west, north and east. In the line iteration method all potentials on one
gridline are found from potentials on two neighboring gridlines. The nature of
the vector potential difference expressions based on line iterations have the
so-called Young’s property liA” [14]. A mild overrelaxation thus becomes
possible even for the nonlinear treatment of magnetic fields.

To overcome the slow convergence of the point-by-point relaxations, in
the faster converging SLOR method the potentials of all points on a gridline
are relaxed simultaneously; indeed, they can be overrelaxed as described below.

a) The difficulties of satisfying periodicity conditions

The implicit solution of the potentials on a line leads to a tridiagonal
matrix if the boundary conditions are of Dirichlet or Neumann kind. The
potentials on a line can then be found by a simple recursion formula [15]. On
load both the stator and rotor conductors carry currents and the so-called
periodicity condition shown in Fig. 7 must be satisfied. The potentials on a 1C
line must satisfy the condition:

A(J,K) = —A( + P, K)

where 2P is the number of grid points of the contour’s period on the K line.
The potentials on the K line during the r-th iteration can then be formed
from the equation

1 *1(1) 0 0 0 *3(1) A(1,K) C(1
-*3(2) 1 *1(2) 0 0 0 A(2,K) C(2)
0 -gi(P-i)
*1(P) 0 0 *3(P) 1 A (P ,K) C(P)
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10
Fig. 7. Flowchart of one sweep
or

\G\-\A\ = \C\. (20a)

The coefficients g and C denote the following:
B1(1)=--*Y1)/T/al(1l);..~1(P) = «YP)/IT/*H(P), (21a n)
$3(1) = a3()/zv a,(l);...g3(P) = «8P)IT,a,(P), (22a n)
C)=[*2(IM (1 A+ 1)+« 41)MN(L-K-1)+ 1d1.X)]/IN«I(1), (23a)

C(P) = [aP)A(P ,K+1)+~(P)A(P,K -1)+I10P,K)JIZMP) (23n)

where i = 1,2, 3, 4.

The matrix Eq. (20) is “cleaned” by transferring the terms g3(l) and
gl(P) to the right of the equation sign of Eq. (20) and combining them with the
terms C(l) and C(P) respectively of the vector C. The modified C vector is now
denoted as D. In this artifice the potentials ~4(1, 7<i)r_1 and A(P, K)r-1 ensuing
from the (r—I1)th iteration are used for the calculation of the potentials
A(J, K)' during the r-th iteration.

IG'j «\A\ = |C( (24)

(24a, b)

The new matrix |G' | will be purely tridiagonal and the well-known recursion
formula [16] can be used.
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b) Overrelaxation of the vector potentials

In solving elliptic partial differential equations using relaxation methods,
it has been shown that the rate of convergence of the simultanous solution of
the difference equations may be improved greatly by the use of a weighing
factor, known as the overrelaxation factor. It is used in the following way:

A'(J, K)r+l = A(J, K)r+ W[AQ, K)r+#1 — A(J, K)r]. (25)

In Eq. (25) W is the overrelaxation factor, r is the number of completed itera-
tions, and Ar+l is the new calculated value ofthe potential at the mesh point.

This method may be used for nonlinear differential equations, although
there is no justification for it, based on present theory. The determination of
the optimum value of W, for most rapid convergence, cannot be found analyt-
ically for nonlinear problems, and has to be found experimentally.

The line iteration technique allows overrelaxation for it satisfies prop-
erty “A”. Experience gained with scalar potential problems has indicated
that overrelaxation can be applied also in nonlinear problems if the overre-
laxation factor is reduced. Generally, this factor should be decreased with in-
creased saturation. Experiments carried out for a d.c. machine have shown
that overrelaxation of the vector potentials can be applied if the overrelaxation
factor is about 1.3 and if some damping is provided for the oscillations of the
potentials and residues.

¢) Monitoring of convergence

Because of high computation costs iterations are discontinued when
results acceptable from an engineer’s point of view are achieved. Residuals
Q are defined as:

alJ, K) = [AQJ, K) -Jo(J, K)+ Zi(xIAi)\lZoci i=1, 2, 3, 4. (26)
The residuals of the r-th SLOR iteration are obtained from the equation
\Q(J, KO\ = \G'(Ar{J, K))I+IAr(J, K)! -\D(Ar(J, K))\. (27)

In the present programs of the authors [17] the sum of the absolute
values of the residuals Rs defined by

Rs= ZKzZj |if(J, K)I;, K = 1,... K{max); J 1, ... J(max), (28)

and the maximum residual RM are used as criteria of convergence. If both
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quantities Rs and jRm are below certain predetermined small bounds e(S) and
e(M) and both Rs and R M decrease monotonically, it is assumed that a satis-
factory set of the solutions of A is obtained and the iterations are stopped.

d) Sequence of operations of one sweep (Fig. 8)

The choice of the sequence of operations for finding the vector potentials
at a given load condition and rotor position is based on experience with several
former programs. Some 30 short runs and several longer runs using the com-
puter programs described by flow charts below were used to obtain additional

Fig. 8. Interna] p. f. angle

guide. During one sweep from grid line K 59 to K 1 (orin the opposite direction)
the relaxation iterations were carried out in the following steps:

1. Successive line overrelaxation in the stator (from K 59 to K 21);

2. Interpolation on line K 21;

3. Successive line overrelaxation in the rotor (from K 19 to K 1);

4. Additive acceleration of convergence by block relaxation of all the
windows;

5. The calculation of the residues at each interior grid point;

6. Determination of the sums of the absolute values, Rs, of the residues;

7. Searching for the position in the grid and the magnitude of the maxi-
mum residue, RM ;

8. Test if the sum of the absolute values of the residuals Rs and the
maximum residual RM are less than present quantities es and eM;

9. Calculation of reluctivities and underrelaxation of the new reluc-
tivities.

e) Final sequences of computing

The steps 1to 9 were repeated until the conditions specified in step eight
were satisfied. At this point the following final procedure was initiated:
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10. The overrelaxation factors of step 1 and 3 were reduced to 1.00 and
the additive acceleration of convergence (step 4) omitted. Iterations were
continued as long as criteria 6 and 7 decreased monotonically. At an increase
of the absolute sums of residues the iterations were stopped, and

11. the radial components of the magnetic inductions on the rotor
surface calculated. After this

12. all the final vector potentials, reluctivities, residues, sums of ab-
solute values of residues, position, and magnitude of the maximum residue
and the radial inductions were printed out.

YIl. Results of computations

a) Point-to-point iterations

The techniques described have been used on a number of salient pole
machines. The point-to-point procedure has been used to find the radial
magnetic inductions in the airgap of a three-phase alternator having the fol-
lowing data: rating, 2750 kva; 2300 volts between lines, wye-connected; 60 Hz,
900 r/min, 8 pole (Figs. 1, 2). The radial airgap magnetic inductions have been

Fig. 9. Radial airgap induction (computer output)

found for normal excitation of 10 500 ampere-turns per pole and at full load of
696 amperes at zero degree internal power factor angle. Because of the non-
linear characteristic of the problem the new concept of the internal power
factor angle has been introduced (Fig. 10).
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It is the nature of the nonlinear analysis of synchronous machines that
the angle ip has to be selected as an independent variable and not the terminal
power factor usually chosen as the independent variable in the linear theory
of unsaturated alternators. In the method proposed, the internal power-factor
has to be estimated first; the torque angle and the power-factor angle 0 will
be the results of calculations.

Fig. 10. Radial airgap induction (synthesis of harm, comp.)

A typical results of computation of the radial airgap inductions at the
armature bore is shown in Fig. 11. Digital-analog conversion arrangements are
used to draw this curve. This figure is not very useful for the designer because
it contains harmonic components that have their origin in the armature grid
system design. In order to have a practical representation of the results, the
output was subjected to Fourier analysis. The sum of the harmonics, including
the second slot harmonics, were then computed. The resultant flux distribution
is then established as the sum of these harmonics and is shown in Fig. 12.

b) SLOR applied to d.c. machine [17]

The new SLOR procedure has been applied to a Westinghouse 500 hp,
7500, 544A, 300/900 r/min, four-pole motor, shown schematically in Fig. 11.
The grid system used is shown for half a pole pitch in Fig. 13.
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Fig. 11. Schematic cross section of a d.c. machine

Fig. 12. Commutating zone currents, a) Rotor position 1. b) Rotor position 2. ¢) Rotor
position 3. d) Rotor position 4
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Operation at full load was calculated at four rotor positions, and double-
load operation in rotor position 1. The currents and excitations were as follows:
armature current 544 A; main field excitation, 8300 At; compounding
winding excitation, 540 At; commutating pole excitation, 5450 At; com-
pensating winding excitation, 8720 At. The commutating zone conductor
currents are shown in Fig. 1.

The overrelaxation factor for the vector potential was chosen 1,3. This
magnitude is based on experimentation described below. The underrelaxation
factor for the reluctivities was kept constant during all iterations as 0,1. The

TESLA

Fig. 14. Radial airgap induction at twice full load

predetermined acceptable maximum of the sum of the absolute values of the
residual es was 2,2 X10 1Whb/m; the acceptable eM of the residues was set at
1,75 X10 3 Wb/m. The computations were carried out on three different com-
puters. On the average 90 to 100 iterations were required to reach convergence
criteria es and eM. Twenty iterations without overrelaxations and acceler-
ation of convergence were carried out after es and eMwere attained. Generally
the computations were discontinued after a total of 110 = 130 iterations. Thus
in all cases the ultimate values of Rs and RM were smaller than ss and sM.

Resultant airgap radial inductions. The full-load resultant airgap in-
duction at the armature surface in the four-rotor positions are shown in Fig. 14.
The inductions on the individual radial grid lines were connected by straight
segments; consequently, the initial results seem rugged. This is partly caused
by edge effects at the slot corners and partly by the choice of the grid system.
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Fig. 15. Grid system of large waterwheel alternator
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For practical results the inductions represented by the set of connected broken
lines are subjected to a Fourier analysis, and the significant harmonics up to
the third slot harmonic are summed. The synthesized curves are shown heavier.

As seen from Figs 14a to d and on Fig. 15, the compensation is quite
complete on this machine. The changes of the magnetic induction at the
different rotor positions and the changes in the commutating zone are clearly
discernible.

c¢) SLOR applied to large synchronous machine

The new program has been also applied to an 82,5 MYA, 16,5 KV, 40-
pole, 60 Hz, three-phase, wye-connected waterwheel generator. The grid
system is shown in Fig. 16. Because of the large number of poles, the alternator
has been developed. The radial airgap inductions have been found and the
no-load characteristic Fig. 17 determined. As seen, the calculated points are
in good agreement with measurements.

Fig. 16. No-load characteristic of waterwheel alternator

The rated load case was calculated for an internal power factor y>= w6
radians, at 1680 A excitation current and 2886,75 A armature phase current.
The radial induction on the stator bore is shown by the rugged dashed line in
Fig. 18. This distribution was subjected to a Fourier analysis to dispense with
the harmonic that has been introduced by the grid system. In order to cal-
culate the quantities of the phasor diagram the radial induction on the line
connecting the slot centers has also been calculated, but is not shown here.

The no-load voltage E O calculated from the flux distribution Fig. 18 is
18 892,0 Volts from L — L. The airgap voltage E has been calculated from the
Fourier analysis (5,2) as 16 931,0 Volts from L — L. The internal power factor
ipwas assumed 30°; the angle B between the no-load voltage EOand the airgap
voltage E was found from the Fourier analysis to 4,76° (electrical). The terminal
voltage, calculated from the phasor diagram, was 16 300,0 Volts from L — L ;
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Fig. 18. Phasor diagram

the torque angle 0 = 12° (electrical), the external power factor was cos 0 =
0,951 leading, and the armature leakage reactance Xni= 0,142 p.u. The
phasor diagram is simple, as all data are obtained from the Fourier analysis,
Fig. 19.

d) The flux plots

In order to have a more graphical view of the flux distribution a program
has been written for flux plotting with the aid of a computer and an x—y
plotter. This new program [16] carries out the following steps: Scanning of the
grid lines in the cross section to find the points of definite magnetic potentials
from the discrete vector potential established by the method described. Next,
the location of the point of the mesh containing the given vector potential is
found by interpolation. Then the positions of the points are expressed in
rectangular coordinates and all points of the same vector potentials are found
and printed out by a plotter. This procedure is carried out for several values of
the vector potentials to obtain a comprehensive plot of flux lines. The results
of this flux plotting program are shown in Fig. 19 for the fully loaded 500 hp
d.c. machine. Figs. 20a, b and c¢ show the detailed flux plot in the commutating
zone at three different rotor positions. Fig. 21 shows the commutating zone
flux plot at double rated load. Fig. 22 is the flux plot of 82 MYA, 40-pole
alternator at full load and 0,95 p.f. leading.

e) Study of convergence of SLOR

Before full-scale calculations, experiments were carried out to study the
influence of additive acceleration of convergence. Fig. 22 shows clearly the
effect. Chain dotted curve | is the graph of Rs without AAC and curve 11
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Fig. 20(a)
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Fig. 20(c) Flux distribution in commutating zone, a) Rotor position 1. b) Rotor position
c¢) Rotor position 3.

Fig. 21. Flux distribution in com. zone at double load
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Fig. 22. Flux distribution in large waterwheel alternator at full load

with AAC. The damping influence and the faster reduction of Rs is clearly
visible. The integration paths can be drawn either separately for each iron
domain, or joint paths can be chosen. The effect of either choice is seen from
Fig. 23. Joint paths provide a faster rate of convergence.
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Fig. 24 shows the effect of the choice of the overrelaxation factor on the
iteration process in conjunction with additive acceleration of convergence.
Judging from the behaviour of Rs and RM o= 1.3 provides the fastest rate
of convergence. This factor has been used in other analyses [17] and has been
found very useful.

Fig. 23. Effect of additive Fig. 24. Separate and joint path
acceleration of convergence

Fig. 25. Effect of overrelaxation factor on convergence

Acta Technic Academiae Scientiarum Hungaricae 73, 1972



MAGNETIC FIELDS IN ROTATING MACHINES 325

VII. Concluding remarks

The procedure described here for the calculation of the magnetic vector

potentials in electrical devices consisting of successive line overrelaxations,
additive acceleration of convergence and of constant monitoring of the re-
siduals has a good rate of convergence. The oscillations of the potentials and
residuals are kept to very small amplitudes. Suitable overrelaxation factors
for rotating machine problems have been experimentally found.

11.

12.

13.

14.

15.

16.

17.
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Magnetische Felder in nichtlinearen, heteropolaren Drehmaschinen. Werden die durch
die Sattigung des Eisens verursachten Nichtlinearitdten in Betracht gezogen, so sind die zur
Bestimmung der Betriebseigenschaften von elektrischen Drehmaschinen verwendeten ibli-
chen linearen Theorien nicht anzuwenden. Die vorliegende Arbeit enthélt die vom Verfasser
ausgearbeiteten Verfahren zur Losung des Grenzwertproblems des zweidimensionalen nicht-
linearen Vektorpotentials und die Umwandlung der partiellen Differentialgleichungen in
Differenzengleichungen sowie die zu deren LoOsung ausgearbeiteten numerischen Verfahren.
Das Verfahren wird in bezug auf Drehmaschinen mit hervorstehenden Polen dargestellt.

MarHuTHble MoNs B HEMHENHBLIX FETEPOMOSPHBLIX BpaLALIMXCA MallnHax. Ecnu
YUNTbLIBATb HENUHEAHOCTH, Bbi3BaHHbIE OT HACbILEHUA CTanu, TO HeNb3s WUCMOMb30BaTh 06bIY-
HO MpUMeHsieMble AN onpefeieHns IKCNAyaTalMOHHbIX CBOMCTB 3/1KTPUUECKMUX Bpaliatolnx-
CA MaWWH NuHeilHble Teopuu. [aHHas pa6oTa u3naraeT pa3paboTaHHbIi aBTOPOM MeTOA,
npefHazHayeHHbl NS pelleHUs Mpo6ieMbl i paHUYHOTO 3HaYeHWs ABYMEPHOTO HEeNUHelHOro
BEKTOPHOro MoTeHUMana u npeo6pasoBaHuUs napuuanbHbiX AUt hepeHLnanbHbiX ypaBHEHUA B
autddepeHynanbHble YypaBHeHUs, a TakXXe YNCN0BON MeToZd, paspaboTaHHbIl ANS UX pelleHus.
MeTog M3naraeTcs B CBA3U C BPaLlalOWMMUCA MALIMHAMU C BbICTYNAOWMUMU MO0 CAMM.
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EIN EINFACHES ITERATIONSVERFAHREN
ZUR BESTIMMUNG DER EIGENWERTE
EINES HERMITESCHEN (REELLSYMMETRISCHEN)
MATRIZENPAARES

S. FALK*

Gegeben ist ein Hermitesches Matrizenpaar, das heit die Hermiteschen quadrati-
schen n-reihigen Matrizen A und B, wobei B auBerdem positiv oder negativ definiert ist,
und gesucht werden die Eigenwerte und Eigenvektoren des Matrizenpaares. Mit Hilfe des
Ritzschen Verfahrens wird eine Iterationsmethode aufgezeigt, die die kleinsten Eigenwerte
in aufsteigender bzw. die groRten Eigenverte in absteingender Reihenfolge mit geringem
Rechenaufwand zu ermitteln gestattet.

1. Aufgabenstellung

Gegeben seien die Hermiteschen (bzw. reellsymmetrischen) quadrati-
schen n-reihigen Matrizen A und B, wobei B auBerdem positiv oder nega-
tiv definit ist, in Formeln

A* A ; B* = B definit. (1)

Macht man den Rayleigh-Quotienten
z* Az
R (2)
z*Bz

extremal beziiglich aller von Null verschiedenen Vektoren z, so fihrt dies auf
die Matrizeneigenwertaufgabe

Ax  [.BXx, 3)
deren Eigenwerte At die extremalen Rayleigh-Quotienten (2), gebildet mit den
Eigenvektoren z = x;sind. Auf Grund der Voraussetzung (1) existieren genau
n reelle Eigenwerte A- die der GroRe nach geordnet seien:

< <L 3000 K e (4)

Die zugehorigen Eigenvektoren xy sind A-unitdr und B-unitdr (bzw. im
Reellen A-orthogonal und B-orthogonal), das heilit es gilt:

X*Axj = 0; x*Bx;=0 fur i~ j. (3)
* Prof. Dr. Ing. S. Falk, Postfach 7050, 33 Braunschweig, BRD
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Bei den meisten Aufgaben der Praxis sind von den n Eigenwerten
(Eigenschwingungszahlen, Knickwerten usw.) nur die n kleinsten (manchmal
auch die y groBten) Eigenwerte von Interesse, und wir werden daher im
folgenden mit Hilfe des Ritzschen Verfahrens eine lIterationsmethode auf-
zeigen, die die kleinsten Eigenwerte in aufsteigender bzw. die gréf3ten Eigen-
werte in absteigender Reihenfolge mit minimalem Rechenaufwand zu ermitteln
gestattet.

2. Das Verfahren von Ritz

Obwohl das Verfahren von Ritz eines der bewdahrtesten Verfahren der
numerischen Analysis ist, findet man es seltsamerweise in der Literatur fast
niemals auf Matrizenprobleme angewendet, obwohl es gerade hier durch das
Fehlen von Randbedingungen besonders einfach zu handhaben und auch sehr
wirksam ist. Es sei daher noch einmal kurz beschrieben. Man wahlt g linear
unabhéngige Vektoren k, und kombiniert diese mit noch unbekannten skalaren
Freiwerten f( in der Form

z2=KJ l+k. f,+ ...+ kele, (6)

was wir kiirzer in der Form
z = K/ (7)

schreiben kénnen mit der aus g Zeilen und n Spalten bestehenden Rechtecks-

matrix
K = (k15k2,k3 ... ke) (8)
und dem Vektor

A
A
A (9)
U

Der Rayleigh-Quotient (2) als Funktion des Vektors f ist dann

z* Az f* K* AKf fxAf

(10
z* Bz f* K* BKf fxgf
mit den p-reihigen quadratischen Matrizen
A = K*AK, B = K* BK, (11)

die, wie man leicht zeigt, ebenfalls der Bedingung (1) genlgen. Macht man
jetzt den Rayleigh-Quotienten extremal bezliglich f, so entsteht analog zu
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(3) die Ersatzeigenwertaufgabe
Af = Agi (12)

deren g Eigenwerte X] ebenfalls der GréRe nach geordnet werden; es bestehen
dann nach Minimuin-Maximumprinzip die beiden folgenden Ungleichungen:

htte; /=12 ... q, (13)
X<ij;: j=nn—21... n—qt 1. (14)

In Worten: die ¢ Ndherungswerte X sind der Reihe nach sdmtlich groRer als
die g kleinsten und s&mtlich kleiner als die g gréfRten Eigenwerte X

Fur jeden der g Eigenwerte Xj findet man aus der Ersatzaufgabe (12)
den zugehorigen Eigenvektor fy und daraus aus (7) auch den zugehdrigen
gesuchten Né&herungsvektor zy. Diese N&herungen werden um so besser, je
grofer q ist und je mehr die willkirlich gewé&hlten Vektoren ky mit den q
ersten bzw. q letzten Eigenvektoren zusammenfallen.

3. Ritz-Ansatz mit p 2 Variablen
Mit p= 2 lautet der Ansatz (s)
z= kili+k2 2. (15)

Wir wollen voraussetzen, daf} ist, dann kann man infolge der Homo-
genitdt der Aufgabe auch fx= 1 setzen und ferner zur Abkilrzung f2= f;
dann geht (15) Uber in

7= ki+k,/. (16)

Speziell mége nun k2= ey der Einheitsvektor der Nummery sein; auller-
dem wollen wir kx mit zvund Z mit Zy+1 bezeichnen, um anzudeuten, dal es
sich um ein Iterationsverfahren handelt, bei dem die Komponente der Nummer
j des Vektors z verbessert wird. Der Ansatz (16) lautet somit

z,+l= z,+ eyl- (17)
Die Matrix K hat zwei Spalten und n Zeilen
K = (z"ey) (18)
und der Vektor f ist:
f (19)

= 1.
1/
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Berechnet man damit die zweireihigen Matrizen (11) so wird

(20)
(21
Und nun fiuhrt die Ersatzaufgabe (12) auf die quadratische Gleichung
\A~XB\ = o (22)
mit den Wurzeln
h =k, R=g, (23)

wo, wie verabredet, <i Aist, und das heiRt nach (13) bzw. (14), es bestehen
die Ungleichungen

(24)
bzw.

(25)

Die zu K und g gehdrigen W erte/ findet man leicht, indem man in der
jetzt zweireihigen Ersatzaufgabe (12) eine Zeile streicht und f aus der ver-
bleibenden Gleichung berechnet. Damit ist dann auch der verbesserte Vektor
zv+l (17) bekannt.

4. Iteration gegen den kleinsten bzw. gréRten Eigenwert

Wir wahlen jetzt einen beliebigen Ausgangsvektor zLund verbessern der
Reihe nach gemé&lR der Vorschrift (17) seine Komponenten auf folgende Weise:

ZI+ el/l = 72 Kgl

22be2p2 ~ 73  * ~oofl (26)

zn+ enfn = *n+ kn-)on

Wahlen wir jedesmal die kleinere Wurzel K der quadratischen Gleichung
(22), so kann die Folge kv k2 ... immer nur kleiner (jedenfalls nicht gréRer)
werden, da ja der freie Parameter / den Rayleigh-Quotienten jeweils zum
Minimum macht, siehe Bild 1. Es werden nun so viele Touren (26) gerechnet,
bis die gewlnschte Genauigkeit erreicht ist. Den letzten Vektor z sieht man
als Ndherung fur xxan und berechnet abschliefend, um sich von allen vorange-
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gangenen Rundungs- und Rechenfehlern zu befreien, nochmals den Rayleigh-

Quotienten
z* Az
i 5* Bz (27

AuBRerdem wird der Eigenvektor xt abschlieBend zweckmd&Rig normiert:
x> Bxt = 1. (28)

Die eigentliche Rechenarbeit besteht im Edden der Skalarprodukte
ai. = z*ay und b12 = z*by in (20) bzw. (21). Die Hauptdiagonalenelemente
622 = ajj und &2 = bjj fallen ohne Rechnung an, und die quadratischen For-

Bild 1. Verlauf der Wurzeln = k und /i3= g als Funktion der Iterationsstufe v bei Itera-
tion gegen den kleinsten Eigenwert /]

men &u und bn braucht man nur zu Anfang mit dem Vektor zxexplizit zu be-
rechnen; bei den folgenden Schritten benutzt man dazu den Vektor (19) und
kommt durch jeweils nur vier Multiplikationen und Additionen zum Ziel.

Da auch das Auflésen der quadratischen Gleichung (22) sowie das Be-
rechnen der zu den Wurzeln (23) gehdrigen Werte/bei groBen Ordnungszahlen
n — wir denken dabei immer an n = 100 oder n = 1000 — nicht ins Gewicht
fallt, kostet jeder Iterationsschritt rund 2n Multiplikationen und Additionen,
jede Tour nach (26) somit rund 2re2 Multiplikationen und Additonen, immer
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vorausgesetzt, daB A und B Vollmatrizen sind. Bei Bandmatrizen ist der
Rechenaufwand entsprechend geringer.

W inscht man die Konvergenz gegen den groRten Eigenwert Xn, so ist
jedesmal die grofRere Wurzel g der quadratischen Gleichung (22) zu wahlen.

5. Iteration gegen weitere Eigenwerte

Ist der kleinste Eigenwert }* mit zugehdrigem Eigenvektor xxgenlgend
genau bestimmt, so verlegen wir AL nach rechts, um Platz fir die ndchste
Iterationsfolge zu schaffen. Dies geschieht dadurch, daR man anstelle des ge-
gebenen Paares A; B mit dem Paar Ct; B rechnet, wo, wenn wir zur Abkirzung

Bxf = V. (29)
setzen, Cj von folgender Form ist:
C,= A+ eVjvf. (30)

Multipliziert man diese Gleichung von rechts mit dem Eigenvektor x15so wird
wegen der Normierung (28)

C,x1l= (A+evjVY Xj= Axi-f«vi-1 [/, «Bxi+ eBx1= (Al-)-e) Bxx. (31)

Somit hat das Paar B zum Eigenvektor X" den Eigenwert X1 -j- e.
Mtdtipliziert man dagegen die Gleichung (30) mit einem anderen Eigenvektor
von rechts, so wird auf Grund der Orthogonalitdtsbeziehung (5):

C,xj = (A+evjV*) Xj Axj+o =XjBxy, j5=1, (32)

und das bedeutet, daB alle Ubrigen Eigenwerte und Eigenvektoren des Paares
Cx; B mit dem des gegebenen Paares A; B lbereinstimmen.

Damit diese Verschiebung ihren Zweck erfullt, mufl X1-f- e gréfer sein
als /2. Es ist daher notwendig, auch die groBere Wurzel g der quadratischen
Gleichung (22) zu berechnen, deren kleinster Wert g nach (25) gréfer als X2
sein muB, so daB e — g— sicher ist; siehe auch Bild 1.

Ist nun A2 und der dazugehdrige Eigenvektor x2 berechnet, so verschiebt
man auch X2um e nach rechts usw. Um den Eigenwert Xk+J zu berechnen, hat
man somit das gegebene Paar A; B durch das Paar C”; B zu ersetzen mit

Cl,=A+e VAV, (33)
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Will man andererseits die grofRten y Eigenwerte in absteigender Reihenfolge
ermitteln, so sind entsprechend die bereits berechneten Eigenwerte um eine
GréBe e nach links zu verschieben.

Nun braucht man die in (33) auftretenden Dyaden v~ v* gar nicht ex-
plizit zu berechnen, da ja die Matrix A (20) als Elemente lediglich quadratische
Formen von A enth&lt. Beispielsweise ware das Element Ujj = e* Aeyjetzt zu
ersetzen durch

"VY YV* el = ajj+e (35)
n=i (MH

Die Vektoren vl = Bxasind daher im Speicher aufzubewahren.

6. Varianten

Zu dem hier in seinen Grundzugen geschilderten Verfahren sind zahl-
reiche Varianten denkbar. So kann man beispielsweise die Konvergenz be-
schleunigen, indem man Ritz-Ansdtze mit g> 2 macht und die jeweils an-
fallenden Ersatzmatrizenpaare A; B nach (26) iteriert. Bei groBen Ordnungs-
zahlen ist bei Maschinen mit geringer Stellenzahl hin und wieder eine Auf-
frischung der Rechnung erforderlich, indem man nach einer gewissen Anzahl
von Touren mit dem zuletzt im Speicher stehenden Vektor z die Rechnung
von vorn beginnt, das heillt die Elemente &n und bn in (20) bzw. (21) tatsdch-
lich als quadratische Formen berechnet. Die Verschiebung der Eigenwerte
nach (33) setzt naturlich voraus, dal die Vektoren (29), also auch die Eigen-
vektoren Xj exakt bekannt sind. In Wirklichkeit sind diese Vektoren und
damit auch die aus ihnen berechnete Matrix Ck fehlerbehaftet, was die Er-
mittlung der nachfolgenden Eigenwerte unsicher macht. Man sollte daher
jedesmal, wenn ein neuer Eigenvektor bestimmt wurde, mit Hilfe der Jacobi-
schen Rotation [1] die berechneten NdherungsVektoren verbessern. Zahlreiche
durchgerechnete Beispiele haben jedoch gezeigt, das selbst ohne die Zwischen-
schaltung solcher Rotationen sdmtliche n Eigenwerte in aufsteigender bzw.
absteigender Reihenfolge verhdltnisméfig sicher berechnet werden kdnnen.

Kennt man keinen N&herungsvektor fiir xx, so beginnt man zweckmaRig
mit z1= en, womit dann die Berechnung der Elemente (20) bzw. (21) trivial
wird, denn es ist &n = ann und bn — bnn sowie 412 = aln und bl2= bIn. Es
empfiehlt sich, die zu g gehdrigen Vektoren z mebenfalls mitzufihren und den
zum kleinsten Wert g (siehe Bild 1) gehdrigen Vektor als Ausgangsvektor fur
die ndchste Iterationsfolge zu benutzen.

Das Verfahren ist besonders dann empfehlenswert, wenn nur wenige
Eigenwerte in aufsteigender bzw. absteigender Reihenfolge zu berechnen sind
und wenn gute Ndherungsvektoren vorliegen, was in vielen praktischen An-
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Wendungen zutrifft, zum Beispiel dann, wenn ein gegebenes Matrizenpaar
A; B geringfligig abgeédndert wurde. Bemerkenswerte Vorziige des Verfahrens
sind, daR eine etwa vorhandene Bandgestalt von A oder B voll ausgenutzt
wird und dal die Kehrmatrix B nicht berechnet werden mugB.

A Simplified Successive Approximation Method for Determination of the Eigenvalues
of Hermite’'s (Real Symmetric) Pair of Matrices. A Hermite-type pair of matrices
— i.e. Hermite’s quadric matrices A and B nth order, from which B is a positive or negative
definite — is assumed to be given, and the eigenvalues of the pair of matrices should be de-
termined. The method of successive approximation based upon Ritz’s procedure is presented
which permits the determination with a reasonable calculation work the minimum eigen-
values in an increasing sequence, and the maximum eigenvalues in a decreasing sequence.

|_|I£)0CTOI7I IATepaLlVIOHHbIVI _ METOA, OnpeaeneHns COBCTBEHHBIX  3HAYEHWIA ManVI'-IHoVI
napsl TEPMUTE (BELLECTBEHHOW CYMMETPUYHON) MpuHuMaeTcs B KauyecTse 3afaHHOW Mart-
puyHasa napa TEPMWTE — T1. e. kBagpatHble matpuubl TEPMWTE A n b n-Horo nopsagka,
cpean KoTopbix B ABNAeTCA MONOXWUTENbHBIMU WUAN OTpULATENIbHbIM AePUHUTOM — WU Heob6-
X0AMMO ONpefienuTb COBCTBEHHbIe 3HAYEHMA MaTpU4YHON napbl. ONWCbIBaeTCA UTepaLMOHHbIN
MeTOA, OCHOBbIBalowWmMiicas Ha cnocobe PUTLLA 1 KoTopblii MO3BONSET ONpPefensiTb HaMMeHbLL e
cOo6CTBEHHbIE 3HAYEHWA B BO3pacTasloWem nopsafke, a Hambonblwne COBCTBEHHbIE 3HAYEHUA
nagatlouieMm nopsgke npu BbIMOAHEHUW OTHOCUTENIBHO YMEPEHHbIX MO MaclTabaM BblYMUCN-
TeNbHbIX paboT.
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BERECHNUNG
DER DURCH DIE FERTIGUNGSUNGENAUIGKEITEN
DES FAHRGESTEULS HERVORGERUFENEN
MONTAGESPANNUNGEN MIT HIUFE
DES MATRIZEN-KRAFTGROSSEN-VERFAHRENS*

P. MICHELBERGER™**
DOKTOR DER TECHNISCHEN WISSENSCHAFTEN

[Eingegangen am 10. September 1970]

Zur Berechnung der Montagespannungen von Fahrgestellen, bzw. der nach den vor-
schriftsmafigen Beanspruchungen zuldssigen Eertigungsungenauigkeiten kédnnen durch Verein-
fachung des statischen Modells vorteilhaft Differenzengleichungen verwendet werden. Zur
Ermittlung der zuldssigen Fertigungstoleranz kénnen einfache geschlossene Formeln abge-
leitet werden. Im Fall von unregelmé&Rigen Konstruktionen die mit genigender Genauigkeit
durch das vereinfachte Modell nicht mehr ersetzt werden konnen, ist es zweckméaRig,
die kinematischen Belastungen mit Hilfe der Matrizenrechnung zu analysieren. Dabei kann
die auch ansonsten zur Verfiigung stehende Reziproke der Koeffizientenmatrix der Kom-
patibilitdtsgleichung angewendet werden. In solchen Fallen kann die in der technologischen
Anweisung vorgeschriebene Fertigungstoleranz (d. h., die zuldssige Fertigungsungenauigkeit
anstelle einer einzigen skalaren Ungleichheit (im Grenzfall: Gleichheit) aus einer Matrizen-
ungleichheit ermittelt werden.

1. Einleitung

Bei den ersten, zu Beginn der sechziger Jahre gefertigten Fahrgestell-
omnibussen traten serienweise unregelmé&Rige Briche und Risse auf. Aus den
eingehenderen Untersuchungen ging hervor, dafll ein gewisser Teil der Briiche
sich auf die Uberlastung der Fahrzeuge zurickfiihren lieR, der GroRteil der-
selben aber nicht mit den auf die Fahrzeuge wirkenden Belastungen erklart
werden konnte. Die weiteren Analysen bewiesen, daB diese Beschadigungen
durch gewisse Fertigungsungenauigkeiten verursacht bzw. mit den wéhrend des
Zusammenbaus auftretenden Beanspruchungen erklart werden kdnnen.
Unter den technologischen Bedingungen, im Fall eines nachldssig durchge-
fihrten Zusammenbaus, kénnen Beanspruchungen auftreten, die die GrdoRen-
ordnung der statischen Belastung des Fahrzeuges erreichen kénnen. W &hrend
der Untersuchungen wurde das Fahrzeug in erster N&herung durch ein sehr
einfaches Modell dargestellt, da sowohl das Fahrgestell, als auch der Wagen-
kasten durch je einen Balken von gleichbleibender Steifheit ersetzt, die Quer-
trdger des Wagenkastens fir unendlich steif und ihre Abstidnde als gleich-
formig angenommen wurden. Durch Anwendung des einfachen Modells wurde
die Benutzung von Differenzengleichungen fir die Berechnungen ermdglicht,

* Das Thema dieser Abhandlung wurde gelegentlich eines Privatgesprachs mit Dr. J.
Szab6, korrespondierendem Mitglied der Ungarischen Akademie der Wissenschaften, auf-
geworfen. Der Verfasser moéchte auch auf diesem Wege seinen Dank fur das Aufwerfen des

interessanten Themas und fir die wertvollen Bemerkungen aussprechen.
** Prof. Dr. P. Michelberger, Egri J. u. 19-21, X1., Budapest, Ungarn

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



336 MICHELBERGER

und die Spannungsverteilung konnte bei einer bekannten Montageungenauig-
keit mit Hilfe von einer einfachen geschlossenen Formel ermittelt werden [1].
Da die Ungenauigkeiten wdahrend der Fertigung nicht stdndig beobachtet
werden kdnnen, ist es zweckmdlRig, diese Ungenauigkeiten als Zufallsverdnder-
liche zu betrachten. Vorausgesetzt, daR die an den einzigen Verbindungs-
punkten melRbaren MalRabweichungen paarweise unabhéngige Zufallsvariablen
sind, weiters angenommen, dall jede derselben mit guter Nd&herung einer
normalen Verteilung folgt, kann auch — unter Beibehaltung der Vereinfachun-
gen fir das Modell — das Problem der Wahrscheinlichkeitsrechnung mit Hilfe
von Differenzengleichungen behandelt und auch der Mittelwert und die
Streuung der Beanspruchung, sowie die Verteilungsfunktion kénnen anhand
einer geschlossenen Formel ermittelt werden [2].

Die inzwischen durchgefiihrten Messungen und Berechnungen erwiesen,
daB bei den Fahrgestellomnibussen die Quertrdger des Wagenkastens nicht
fir unendlich steif, sondern elastisch angenommen werden kénnen. Jedoch
wurden dadurch die sich auf die Aufgabe beziuglichen Grundzusammenhdnge
nicht mehr beeinfluBt; nur das die Erscheinung beschreibende Differenzen-
gleichungssystem ergab sich als vierter, anstelle von zweiter Ordnung; durch
die Analyse der Steifheitsverhéltnisse der Konstruktion konnte aber auch
dieses Differenzengleichungssystem auf ein solches zweiter Ordnung zurlick-
gefuhrt werden [3].

Die in den Berechnungen angewandten Annahmen (die paarweise Unab-
hadngigkeit, Normalverteilung) wurden durch im Betrieb angestellte Messun-
gen mit guter Ndherung erwiesen [4], und so haben wir fir das Herstellerunter-
nehmen eine geschlossene Formel abgeleitet, mit der die Konstrukteure die.
erforderliche Fertigungsgenauigkeit (den MaRtoleranzbereich) — in Kenntnis
der Steifheitsparameter — ermitteln kdnnen.

Dessenungeachtet werden die auf die RegelméRigkeit des Modells beziig-
lichen Annahmen nicht immer mit der erforderlichen Genauigkeit erftllt, und
so — obwohl dadurch die Ergebnisse der Berechnungen der GréRenordnung
nach nicht beeinfluBt werden — erscheint auch die Ausarbeitung der Berech-
nung der sich aus den Montageungenauigkeiten der unregelméfRigen Kon-
struktion ergebenden Beanspruchungen als erforderlich.

Im folgenden wird also bei dem den Omnibus ersetzenden Modell zuge-
lassen, dal sich die Steifheit des Fahrgestell-E&dngstrdgers und des Wagen-
kastens entlang deren Léange dndert; die Quertrdgerabstdnde sind nicht not-
wendigerweise gleichmdRig und auch die Tragféhigkeit der einzelnen Bauteile
kann sich entlang deren Léange &ndern. Aufgrund der Melergebnisse bleiben
wir auch weiter dabei, dal die Ungenauigkeiten bei weitgehender N&herung
mit normaler Verteilung beschrieben werden kénnen, sowie dal sie paarweise
unabhéngig sind. An den einzelnen Verbindungspunkten kénnen natirlich die
Verteilungsfunktionen (Erwartungswerte und Streuungen) verschieden sein.
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2. Zusammenbau eines Fahrgestells (Untergestells)
und eines Wagenkastens von gegebenen MalRabweichungen

Die ganze Fahrzeugkonstruktion wird durch ihr vereinfachtes ebenes
Modell ersetzt (Bild 1). Im Bild ersetzt der untere Balken den L&ngstrager des
Fahrgestells und der obere den Wagenkasten; die die beiden Balken verbin-
denden Stdbe symbolisieren die Quertrdger des Wagenkastens, die bei den
Fahrgestellfahrzeugen mit guter N&herung als elastisch und fur Bodenrahmen-

0 1 2 i kl K Aufbau
%uertréger des
agenkastens
Fahrgestell
Bild 1
Bild 2

fahrzeuge als steif angenommen werden kénnen. Die Aufgabe kann mit Hilfe
des KraftgroRenverfahrens gelést werden, wozu das Grundsystem durch eine
Zahl der Querschnitte des Wagenkastens gebildet wird. Auf Bild 2 ist das
Grundsystem des den Omnibus ersetzenden Modells dargestellt; gleichzeitig
wurden auch die angegebene Abmessungsungenauigkeit y(, die bei dem i-ten
Quertrager auftritt, sowie die dadurch hervorgerufenen Bewegungen (... cen)
angefithrt. Der Wert der durch die gegebene Ungenauigkeit verursachten
Bewegungen (vorausgesetzt, daR y | im Vergleich zu Z klein ist) ist wie folgt:

6j0= 0, wenn j WM i—1i,i-1.

Bezeichnet man den aus den Werten 0; 0 gebildeten Spaltenvektor mit
dj, so erhdlt man die die Vertréaglichkeitsbedingungen beschreibende Gleichung
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Dxi + ili= 0, 1)

WOD = (min* as/JE bedeutet, worin mein Spaltenvektor der Beanspruchungen
(der Biegemomente) ist, die durch die in den einzelnen Querschnitten wirken-
den Einheitsbelastungspaare erregt werden, selbstverstdndlich in Abhédngigkeit
von der Bogenldnge s des Trdgers. Hat man aber bei der Berechnung der
Formé&nderungen auler dem Biegemoment auch die Wirkung anderer Innen-
krafte (Normal- und Schubkrafte, Verdrehungsmomente) zu bericksichtigen,
so muR die Matrix D sinngemaR gedndert werden. Die Anderung beeinfluBt
zwar nicht den Charakter, den bandartigen Aufbau der Matrix, jedoch kénnen
sich die Werte der einzelnen Einheitsfaktoren und die Zahl der in einer Reihe
befindlichen Einheitsfaktoren gewissermalen &ndern.

Aus Gleichung (1) erhalten wir die Werte der unbekannten Innenkréfte,
die in den einzelnen Schnitten entstehen:

xi= —D_1 di,
und die Beanspruchung des Tragerwerks:
M= m*\l= —in*D 1d, . (2)

Wenn z. B. die Werte yOyvy2 ...yt...yk aus den MelRergebnissen
bekannt sind, so kann aus denselben d2in einem Schritt unmittelbar berechnet
werden. Fur die Berechnung ist es zweckméRig, die einzelnen Werte von vy, in
einen Spaltvektor zu ordnen:

y= r"jo
ji
ji

Vk -
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Aus den geometrischen Abmessungen des Trdgers wird es zweckméRig
sein, eine Parallelogramm-Matrix L zu konstruieren. (Diese Matrix hat eine
Bandstruktur, in jeder Reihe mit drei, von der Null unterschiedlichen Ele-
menten).

Der Spaltenvektor der aus den MalRungenauigkeiten (aus der kinem ati-
schen Belastung) entstehenden Belastungskoeffizienten kann mit Hilfe von
L und y ermittelt werden:

da=Ly, 3)

und die Beanspruchung des Tragerwerks wird sinngemdl aus der Gleichung

Dx2+ d2= 0 4
errechnet:

M — m*x2= —m* D“1d2. (5)

Es ist leicht einzusehen, daB wenn Jo= Ji = J2= eee= y-= _  yk—

= konstant sind; dann o= 0 und Af(konstant) = 0 ist, d. h. es ergibt sich
keine kinematische Belastung.

3. Effekt einer vorgegebenen Malungenauigkeit

Wenn die Zufallsverédnderliche y, und ihre Verteilung als normal betrach-
tet werden kann, so kann der Erwartungswert der MaBungenauigkeit an den
einzelnen Verbindungspunkten mit (yO,yvy2teemA e+ YkK) bezeichnet wer-
den; die Streuung sei: yO,yvy2 ...j, ...yk (5a)

Aus dem Erwartungswert der Abmessungsungenauigkeit kann der aus
den kinematischen Belastungen entstehenden Spaltenvektor mit sinngeméaRer
Anwendung der Formel (3) ermittelt werden, d. h.,

d= LY. (6)

Die Berechnung der Beanspruchung kann aus dem Erwartungswert der
MaBungenauigkeiten auf ganz dhnliche Weise durchgefiihrt werden, wie jene
aus der gegebenen Malungenauigkeit (5), d. h.,

Dk+ d=0 7)
und davon
X= —D 1d. (7a)

W eiters ergibt sich als Mittelwert der Beanspruchung des Trégerwerks
M(s) — —m* D-1d. (8)
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Aus der Streuung der einzelnen Abmessungsungenauigkeiten kann die
Parallelogramm-M atrix D gebildet werden

D= ® o  4i,0(ji) * * 6iAyk)
a2,0(jo) <Vo(yi) m m Koiyk)

-0n,0(A0)  <Vo(YIl) « m 06n,0(¥k)

Diese aus der Streuung der Ungenauigkeiten gebildete Parallelogramm-
M atrix kann aus dem Produkt der die geometrischen Abmessungen enthalten-
den Parallelogramm-Matrix L und der von den Streuungswerten aufge-
bauten Y Diagonalmatrix erzeugt werden.

D=1LY, 9)
wo:
_ Y = <Yo>yi> ¢ m-yn mm-jk> (9a)
ist.
Die den Streuungen der einzelnen Malungenauigkeiten zugehdrigen
Kompatibilitdtsgleichungen kénnen auf eine einzige Matrixgleichung reduziert
werden, deren Form wird:

DZ ID= O (10)
wovon:

Z=- D“ID. (10a)

Mit Hilfe von Z kénnen aus der Streuung der Abmessungsungenauigkei-
ten der einzelnen (punktweise) unabh&ngigen Stellen 0,1, i k die
Einzelstreuungen der Beanspruchung des Tragwerks, M, ermittelt werden, d.h.

M*= —m* D 1D (11)
wo
M,_
M,.
LMk,
ist.

(Hiezu sei bemerkt, dall von der bisher benutzten Bezeichnung abwei-
chend, die Majuskel (M) nicht eine Parallelogramm-M atrix, sondern einen
Spaltenvektor bedeutet.)

Das Element Af¢ des Spaltenvektors ergibt in Abhé&ngigkeit von s die
Streuung der Beanspruchung, die unter der Wirkung der Streuung an der i-ten
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Stelle meRBbaren MaRabweichung entstand, vorausgesetzt, dall an den lbrigen
Verbindungsstellen die Streuung der MaBabweichung gleichzeitig gleich Null
ist, d. h., daB die beiden verbindenden Elementen, mit Ausnahme des i-ten
Verbindungspunktes an allen Ubrigen Verbindungsstellen mit genauen Ab-
messungen gefertigt werden.

Die Streuung der vollen Beanspruchung, d. h., die Streuung der unter
gleichzeitiger Bertcksichtigung der Abmessungsungenauigkeiten gerechneten
Beanspruchung kann durch die von der Quadratsumme der Teilstreuungen
gezogene Quadratwurzel ermittelt werden:

M= Ymi+MI+. , +Mf+. . .+ ME= Km*M, (12)

oder kurzgefalit:
M(s) = [M(s)l. (127

Damit kann in Kenntnis der Streuung der einzelnen MalRungenauigkeiten
(d. h., bei normaler Verteilung in Kenntnis der Mittelwerte und Streuungen)
auch die Verteilungsfunktion der Beanspruchung des Fahrgestells oder kénnen
auch der Erwartungswert und die Streuung der vollen Beanspruchung, die die
obenerwéhnte Funktion vdllig charakterisieren, in Abhé&ngigkeit von der je-
weiligen Koordinate s erzeugt werden.

4. Verwendung der mit Hilfe der Wahrscheinlichkeitsrechnung
erhaltenen Ergebnisse zur Bemessung des Fahrgestells

Setzt man eine normale Ungenauigkeitsverteilung voraus, und nimmt
man an, dall der Bereich der villigen Beanspruchung um den Erwartungswert
der Beanspruchung durch das + Dreifache der Streuung begrenzt wird (und
Beanspruchungen, die von einer 0,3 prozentigen Wahrscheinlichkeit, groRer
oder kleiner, als die gerechneten Maximal- oder Minimalwerte mdglich sind), so
kann die Grundrelation der Bemessung in folgender einfacher Form angegeben
werden

IM2ui(S)|> M (s)x|3M (s)]i, (13)

wobei M zui(s) die von uns vorgeschriebene zuldssige Beanspruchung (in diesem
Zusammenhang: das Biegemoment) in einem Punkte des Tragwerks definiert
durch die Koordinate s bezeichnet wird.

In den praktischen Rechnungen ist es nicht zweckmé&Rig, die Beanspru-
chung als eine kontinuierliche Funktion von s zu bezeichnen. Es kann ein ein-
facheres Rechenverfahren angewandt werden, wenn man annimmt, daB die
von den Einheitsbelastungen erregten Beanspruchungen entlang der Tréger-
l&nge, mit Funktionen und den einzelnen Abschnitten von konstantem Werte,
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oder nach einer grofReren Genauigkeit strebend mit sich in den Abschnitten
linear, eventuell parabolisch &ndernden Funktionen angen&hert werden kon-
nen. Im folgenden sei angenommen, daB bei einer geniigend dichten Abschnitt-
einteilung eine in den einzelnen Abschnitten lineare Ndherung maglich und die
Steifheit des Trdgers, wenigstens innerhalb eines Abschnittes, konstant ist.
Die lineare Nadherungsfunktion kann durch zwei, zweckmdRig am Anfang und
am Ende des Abschnittes angenommene Funktionswerte angegeben werden.
Damit kénnen die aus den Einheitsbelastungen berechneten Beanspruchungen
anstelle des Spaltenvektors m durch die Parallelogramm-Matrix N gegeben
werden, die im Falle von einer n-facli unbestimmten Konstruktion n Reihen
und im Falle von p Abschnitten 2p Spalten enthdlt.

Die Koeffizientenmatrix der Vertrdglichkeitsgleichung kann in der Form

D NRN*

erzeugt werden, wo R eine aus Blocken von 2x2 erzeugte diagonale Hyper-
matrix, d. h., die sog. Federmatrix ist. Untersucht man mit Hilfe derselben die
Beanspruchungen nur mehr an den Abschnittsgrenzen, so erhdlt man

IMzU||> ||- -N*(NRN*)“Jd = 3 IN*(JVRN*)-1D]||. (14)

( Mit Mzll bezeichnet man in dieser Abh&ngigkeit einen Spaltenvektor von 2p
Elementen. Der mit vertikalen Doppelstrichen bezeichnete Absolutwert weist
darauf hin, dal der Vektor aus Absolutwerten zusammengesetzt ist; der durch
die einfachen vertikalen Striche eingeschlossene Absolutwert bedeutet einen
Spaltenvektor, ebenfalls mit 2p Elementen, gebildet aus den zum Reihenvektor
der Parallelogramm-Matrix der Streuung gehdrigen Normen.)

Die Matrixungleichung (bzw. im Grenzfall: Gleichheit) (14) ist im Falle
von p Abschnitten den 2p skalaren Ungleichungen, bzw. im Grenzfall der
Gleichheit, gleichwertig.

5. Bestimmung einer einheitlichen Maltoleranz

Zufolge der Gebundenheiten dertechnologischen Bedingungen ist esin der
Praxis der Industrie zweckma@Rig, fir die komplette Konstruktion oder wenig-
stens flr die Hauptteile (Untergestell, Wagenkasten) derselben eine einheit-
liche MaRtoleranz vorzuschreiben.

Die Feststellung einer einheitlichen MaRtoleranz ermdglicht auch die
Loésung der Inverse der oben behandelten Aufgabe, namentlich bei Festsetzung
der zul&ssigen Beanspruchung kann die in den Verbindungspunkten erforder-
liche Genauigkeit, d. h., der Bereich der MaRtoleranzen, vorgeschrieben werden.
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Es soll vorausgesetzt werden, dafl das vorldufig unbekannte ganze
Toleranzgebiet in allen Yereinigungspunkten a cm breit ist (mit Ausnahme der
im ersten Schritt des Zusammenbaus statisch bestimmt verbundenen Punkte,
wo der Mittelwert der Abmessungsungenauigkeitund die Streuung gleich Null
sind) und die Abmessungen der Konstruktionsteile sich voraussichtlich um die
Mitte des Toleranzgebiets verdichten, d. h., die Konstruktionselemente
groBtenteils mit Nominalabmessungen hergestellt werden und von diesen
Nominalabmessungen hdchstens um + (a/2) cm abweichen kdnnen. Es soll
weiters angenommen werden, dal 99,7 Prozent der s&mtlichen hergestellten
Stliicke sich innerhalb des vorgeschriebenen Toleranzgebiets befinden, d. h.,
das Toleranzgebiet gleich dem Sechsfachen der Streuung der Abmessungen ist.

In diesem Falle kénnen d und D aus der Breite des Toleranzbereiches a
und aus d' gerechnet von der MaBungenauigkeit von 1 ¢cm, und aus D \ gerech-
net aus der fir 1 cm angenommenen MaRBungenauigkeit, ermittelt werden: *

und

(14a)

Durch Anwendung dieser Abhdngigkeit erh&lt man
a .
M zul(.s)|” 5 [ m*(s)D-1d'i |m*(s)D_1 (15)

Fur jedes s, oder wenn man die Beanspruchung anstelle der kontinuierli-
chen Funktion von s abschnittsweise durch die lineare Beanspruchung substi-
tuiert, so erhalt man

IM, I> n [ N*NRN*)-1d = |[N*(NRN*) 1D'[] Mgy (15"

fur den Anfang und fir das Ende jedes Abschnittes.

Mit Mngwurde der Spaltenvektor mit 2p Elementen der fir die Grenzen
der einzelnen Abschnitte erhaltenen Beanspruchungen bezeichnet. Die Un-
gleichheiten Ubergehen im Grenzfall in Gleichheiten und aus den Gleichheiten
ergeben sich fir a 2p, im allgemeinen verschiedene Toleranzgebietswerte. Das
Minimum von diesen a-Werten gibt die fir die Gesamtkonstruktion einheitlich
einzuhaltende Breite des Toleranzgebiets.
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6. Zahlenbeispiel

Die Anderung der Stabkrifte des auf Bild 3 dargestellten einfach unbe-
stimmten Gitterwerks soll untersucht werden, wenn:

1. das Toleranzgebiet der Ldnge des Stabes 6 dem NominalmalR +1 min
gleich ist;

2. das Toleranzgebiet der Stabldnge 5 und 6 dem Nominalwert +1 mm
entspricht;

3. das Toleranzgebiet der sdmtlichen St&be der Nominalabmessung
+ 1 mm entspricht;

4. das Toleranzgebiet der &ufReren Belastungskraft der Nominalbela-
stung + 30 Prozent entspricht.

Die Berechnungen wurden mit Hilfe der in der Abhandlung dargestellten
wahrscheinlichkeitsrechnerischen Erwdgung durchgefuhrt, d. h., es wurde
angenommen, dall sowohl die Abmessungen der Stabe, als auch die GroRe der
Kraft einer normalen Wahrscheinlichkeitsverteilung folgt, weiters, dal sowohl
die Ladngen der Stdbe, als auch die Groen der Kréafte paarweise voneinander
unabhéngig sind. Bei der Berechnung der kinematischen Belastungen haben
wir den Vorteil ausgenutzt, dal die MaBRabweichung der Stdbe im Vergleich zur
Lange derselben — und folglich auch zu den Dimensionen der Gesamtkonstruk-
tion — unbedeutend ist, d. h., wir haben in den Berechnungen angenommen,
dalR der durch die einzelnen Stdbe miteinander gebildete Winkel sich, trotz der
MalRungenauigkeit, nicht merkbar &ndert. Die Ergebnisse der Berechnung sind
in den Tafeln I und Il zusammengefalt.
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Tafel 1

Die Stabkrafte und deren Streuung ermittelt durch wahrscheinlichkeitsrechnerische Erwégung

Stabkraft-  Stabkraft-  Stabkraft-

Infolge der Ir;)folge der Xgr?]'egsesuﬁ‘%g streuung streangt streung

Abmessungs- a erechne erechng!
Abmessungs- streuulrj1gg streuung InSftorlegueur?ger gerechnet 9% er 9 nier

Ir unter unter. t
Grofe der  SUUUNg  der Stabe  der Stahe  der auReren gleichzeitiger 9'%%%%‘“9” Bertick-

Zeichen  Nominal- des Stabés 5 ynd 6 , 2,34, Belastun Bertick- Berlick- sichtigung
s les stapkraft 6 (U3 mm) (33 mm 5und 6 10% 9 sichtigung ~ Sichtigung  der Langen
tabes kp auftretende  giifretende (U3 mm au&rete?}de der Lange  der Lange  der Stabe
Stabkraft-  ‘Siapkraft- auftretende  Siabkraft-  des Stabes  der Stabe 1,2, 3,4,
streuung streuung Stabkraft- streuung 6 und der 5und 6 5und 6,
kp kp streuung AuReren und der und der
kp Belastung auferen auleren
Belastung ~ Belastung
1 2 3 4 5 6 7 8 9
| + 500
2 + 500 98 137 193 50 109 146 199
3 —500
4 —500
5 —707
138 194 274 71 154 207 284
6 +707
Tafel 11
Die Stabkréafte und deren Toleranzgebiet (-\-3fache Streuung) ermittelt
durch wahrscheinlichkeitsrechnerische Erwégung
1 2 3 4 5 6 7 8 9
1 +500
2 +500 + 293 + 411 + 580 + 150 + 327 +438 + 597
3 —500
4 —500
5 —707
+ 414 + 582 + 820 +210 + 462 + 620 + 852
6 +707

Zum Vergleich wurde die Anderung der Stabkriafte auch mit Hilfe der
Maximum-Minimum-Methode ermittelt, u. zw. unter Beriucksichtigung jener
in der Praxis nur mit sehr geringer Wahrscheinlichkeit erfillten Annahme, daf
das Stabldngenmal ausnahmslos auf die Grenze des Toleranzgebiets entfallt,
und zwar derart, dall die dadurch erregten Beanspruchungen unginstig
Uberlagert werden (z. B,, daB beide Diagonale auf die obere, und gleichzeitig
die sdmtlichen Gurtstdbe auf die untere Grenze des Toleranzgebiets oder umge-
kehrt entfallen). Auch der Fall wurde untersucht, wo, bei der unginstigsten
Anordnung der Stabkrédfte auch die duBere Belastung auf die Grenze des Tole-
ranzgebiets entfdllt. Die Ergebnisse der Maximum-Minimum-Untersuchung
sind in Tafel 111 angefiuhrt. (Die Kopfleisten der Tafeln Il und 11l kénnen der
Kopfleiste der Tafel I entnommen werden.)
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Tafel 111

Die Stabkrafte und deren Toleranzgebiet errechnet nach der Maximum-Minimum-Methode

1 2 3 4 5 6 7 8 9
1 +500
2 +500 + 293 +586 + 1402 + 150 + 443 + 736 + 1552
3 —500
4 -500
5 —707 |
+ 414 +828 + 1998 + 210 + 624 + 1038 + 2208
6 +707

Die Ergebnisse der einzelnen Berechnungen (die prozentuellen Abwei-
chungen von Nominalwert der Stabkrdafte) sind auf Bild 4 auch graphisch
dargestellt. Es ist zu bemerken, dal im Diagramm nur die mit einem Kreuz
bezeichneten Punkte interpretiert werden kdnnen, die mittleren Linien wurden
nur der leichteren Ubersichtlichkeit halber eingezeichnet.

ﬂ)Stabkraﬁabweichung von der
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Im Zahlenbeispiel wurden die Konsequenzen der infolge der zusétzlichen
Belastung eventuell auftretenden plastischen Formd&nderungei., bzw. der
durch die Ausbeugung der gedrickten Stdbe erregten Beanspruchungen nicht
untersucht.
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Calculation of Mounting Stresses Induced by Inaccurate Manufacturing of Vehicle
Frameworks with the Aid of the Matrix Force Methods. For the calculation of
the mounting stresses of vehicle structures, or in the case of specification of the permissible
stress values, by simplifying the static model, difference equations may successfully be applied.
For the determination of the permissible fabrication tolerances, simple, closed formulas may
be derived. In the case of irregular structures which cannot be simulated with satisfactory
accuracy by a simplified model, it is convenient to analyse the kinematic loads with the aid
of matrix calculation. Here, the inverse of the coefficient matrix of the compatibility equa-
tion being anyway available, might be used. The size tolerance (i.e., the permissible inaccuracy
in fabrication) to be prescribed by the technological instructions may, in such cases, be de-
termined from a matrix unequality instead of a single scalar unequality (in the limiting
case: equality).

PacueT HanpshkeHuii, oGpasytowmuxcs npu c60PKe OT HETOYHOrO M3rOTOBNEHWUS KOH-
CTPYKUMIA TPaHCNOPTHbLIX CPeAcTB. [lns pacuyeTa cTeneHU [AONYCKAeMOW HETOYHOCTW M3ro-
TOBMEHUS MNpKM 3afaHHbIX YPOBHAX HArpys3ku, a Takxke COOPOYHbIX HanpsdXKeHWi KoHc-
TPYKUWIA TpaHCMOPTHLIX CPeACTB B CMyvae YNpOLeHWs CTaTMYeCKOW MOAENU MOXHO BbIFOA-
HO MCNoNb30BaTh AUddepeHuynansHble ypaBHeHus. [ns [ONycKaemMoro pasmepa 3asopa npu
M3roTOB/EHUU MOXHO BbIBECTU 3aMKHYTble YpaBHeHUS. B ciyyae KOHCTPYKLMIA HenpaBubHOM
(hOpPMbI, KOTOPbIE YNPOLLEHHOW MOAENbIO YXKeHe 3aMelLLalnTCcs C YA0BNeTBOPUTENLHON TOUHOCTbIO,
L1enecoo6pa3Ho € MOMOLbO MaTPUUYHOTO WCUYUC/NEHWUA MpoaHanu3MpoBaTh KUHEMaTUYeckue
Harpysku. 3[eCb MOXHO WCMNO/b30BaTb OGPATHbLIA MAaTPUUHbIA KO3(M(MULMEHT, KOTOpbIA © B
MpoyYem MMeeTcs B pacCMopsKeHUM, MAaTPUUYHOTO KO3 (ULNEHTa YpaBHEHNS KOMNATUGUIBHOCTU.
Pa3mep 3azopa (gonyckaemasi HETOYHOCTb U3FOTOBNEHUA), 3ajaBaeMblii B B TEXHONOTUM, B TaKNX
cny4yasx BMECTO e4UHCTBEHHOIO CKanspHOro HepaBeHCTBA (B FPaHUYHOM C/lyvyae YpaBHeHWS)
onpegenseTcs No MaTpMYHOMY HEpaBEHCTBY.
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ON SOME MINIMIZING ALGORITHMS
OF BOOLEAN FUNCTIONS
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The paper presents algorithms for calculating the disjunctive normal form containing
a minimum number of variables of completely and incompletely determined Boolean func-
tions, which algorithms are more efficient, from an electrical design engineer’s point of view,
than the existing ones. — The algorithm called the algebraic method uses certain basic elements
of the Quine algorithm and of the consensus method. The basic idea of the trial method can
be traced to a paper by Gavritov. — The methods presented here do not assume that the
full disjunctive normal form of the Boolean function which is to be minimized is given, but
an arbitrary disjunctive normal form of the function can be given. The algorithms utilize
the special possibilities inherent in the given disjunctive normal form, thus the number of
steps and the memory requirement are greatly reduced. — The algorithm yields the enumera-
tion of all prime implicants of the function and of its essential prime implicants; and the
covering table for the non-essential prime implicants and for the function points not yet
covered by the essential prime implicants.

1. Introduction

An important problem in the theory ofthe abstract synthesis of autom ata
is how to construct other automata from simple automata by combining them
into an appropriate network. In connection with this problem the question
arises whether a finite set of automata can be found with which an arbitrary
automaton network could be constructed. As is known ([1], Chapter 4) with
the delaying element as an automaton and some basic set of Boolean functions
any arbitrary automaton can be constructed. Such a basic set is e.g. (A, V?-1}
of the Sheffer operation alone etc. So, when realizing an automaton, the reali-
zation of Boolean functions on the base of some basic set is needed. Therefore,
it is an important task to completely minimize, or at least to a certain extent,
the Boolean functions constructed from the various basic sets, possibly with
limiting conditions for the definition domain, furthermore to mechanize the
minimizing procedure. For this purpose the author has elaborated algorithms
which, using certain elements of the already known algorithms, take into
consideration the memory limitations of medium-size computers. Let the
function to be minimized be given by an arbitrary (not always full) disjunctive
normal form. In this paper the aim of minimization is always to establish such a

* Mrs. K. Pasztor-Varga, Bimbé u. 171/b. Budapest |I., Hungary
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disjunctive normal form where the number of variables — counting each as
many times as it occurs — is as small as possible. The algorithms have several
phases which approach the solution successively. The algorithms are related to
the base {A, Vi"1}? the maximum number of variables is 14 in the program
elaborated for the MINSK—22 computer.

In mostcases theminimizing algorithms assumethat the function is
given in itsfulldisjunctive normal form. The statement of the problem as
given here permits to start from an arbitrary disjunctive normal form instead
of a fidi disjunctive normal form, and to avoid during the different procedures,
the great increase in the quantity of intermediate data.

Starting from the full disjunctive normal form of the Boolean function
the Quine-algorithm [6] gives its minimum disjunctive normal form. During
the algorithm the so-called reduced disjunctive normal form of the function is
obtained by successively using the simplifications of the type

ax Vax = a (1)

axVa = a 2)

(x is a single variable, a is an elementary conjunction not containing x), i.e. the
disjunctions of all prime implicants of the function. A minimum disjunctive
normal form consists of the essential prime implicants and those non-essential
prime implicants the disjunction of which still implicates the function and
contains a minimum number of variables; therefore selecting by all possible
ways from the non-essential prime implicants, those which satisfy the minimum
conditions, all minimum disjunctive normal forms are obtained.

This algorithm can he re-stated as follows: let us call minterm every con-
junction a* x%, «+exn' which contains every variable exactly once, non-
negated or negated, of the given function (a= 0,1; xf= x x ?2= x). To
every minterm can be made to correspond a point of the Bn= {0, 1}” ri-
dimensionai bit space, i.e. to x]1 x%d, . mmx“*the point (alsa2 ... a,). In this
case the first application of the identity (1) within the Quine-algorithm when
a is the conjunction of n— 1 or non-negated variables, means that two ad-
jacent points differing only by one co-ordinate are fusioned into one interval.
Use of the identity (2) (absorption rule) means that every point is omitted
which is an element of some interval created during the fusion. The remaining
minterms represent such points which are not adjacent to any point cor-
responding to any single minterm of the function. In general, at the k-th re-
petition of the two steps, by using (1), two adjacent (fc — I)-dimensional
intervals (containing 2k~1 points) corresponding to a conjunction consisting
ofn — (k — 1) variables are fusioned. By applying (2) every k — 1 dimensional
interval is omitted which is part of some new fc-dimensional interval. The
intervals which cannot be omitted are not adjacent to any of the other k — 1-
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dimensional intervals, so they cannot be fusioned, hence their number of
dimensions and together with this, the number of points they contain cannot
be increased (the number of variables of the corresponding conjunction cannot
be reduced). These correspond to the conjunctions which it is not possible to
further simplify in the fc-th simplification step of the Quine-algorithm, they
being prime implicants.

The procedure is finished when (1) cannot be applied any longer, i.e.
among the intervals of highest dimension there are not adjacent ones. In this
way all possible intervals are obtained which contain the maximum number of
points of the function, i.e. the prime implicants.

The search for all prime implicants is therefore equivalent to the search
for all intervals which it is possible to construct from the points of the function
and containing the maximum number of these points.

One of the algorithms described in the paper determines these intervals
on the base of an arbitrary disjunctive normal form of the function. For this
procedure those intervals must be found which originate from fusioning the
partial intervals occurring in the intervals corresponding to different con-
junctions in the given form ofthe function. For this purpose those conjunctions
which correspond to the maximum intervals consisting of the adjacent point
pairs of the interval possessing adjacent points, are joined to the given form
of the function, on the base of the so-called expansion theorem

abx V acx = abx Y acx V abc, 3)

(a, b, c are elementary conjunction without common variables, r is a single
variable; according to the terminology of [8], § 7, the conjunction abc added
to it is the consensus of abx and acx).

2. Boolean functions and the n-dimensional bit-space B,,

If according to the above a minterm is made to correspond to a point of
space Bn, a Boolean function can be considered as the characteristic function of
the subset of space Bn. Writing a Boolean function f in the form of full dis-
junctive normal form is equivalent to enumerating the points of the set: these
points can also be called the points of f. In the following “function” will
always mean a Boolean function.

Definition 1

A point of space Bnis a sequence of length n consisting of (ax a2 <<=, a,,)

0,1 elements. The first, second, ... n-th co-ordinate of this point will be
XV a2 ... a, [The characteristic function of this point is the minterm
*iS x.%mme*nS °f which we can say that it covers the point (ax a2 ...an).]
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Definition 2

An interval of rank k or of dimension n — k (k m<n) of space Bn is the
totality of those points (ax a2 <+- oc,) the k co-ordinates oq, a,-, .. aif of
which, corresponding to the indices i1?i2, .. ik, are fixed, while the other co-
ordinates may arbitrarily assume the values 0 and 1. (The characteristic function
of this interval, thus consisting of 2n~kpoint, is the conjunction x f* xjf, .. .,
xff; we can say that it covers the interval. E.g. the conjunction x2x3x5 cor-

responding to the interval — 10 — 1 covers the points 01001, 01011, 11001,
11011). Furthermore, under the term conjunction we always understand
a conjunction of the form x*“\ x*% .. .x*¥every factor (conjunction member)

of which is either some variable or the negation of some variable, and every
variable occurs at the most once (in a negated or in a non-negated form).
Between the conjunctions and the intervals there exists therefore a one-to-one
correspondence and hence we may say that (a;i, ... «() is the interval cor-
responding to the conjunction a -- x*'1. . .island conversely. If subsequently
a notion is defined for intervals, we would consider it as being automatically
defined for the corresponding conjunction, and conversely. The symbol for the
rank of the conjunction a or the interval corresponding to a will be r(a).

Definition 3

The intervals of minimum rank which can be created from the points of
the subset R of the space Bn, ie. those which are not subsets of an interval of
lower rank consisting of the points of R, are called prime intervals of R; the
conjunctions corresponding to these are the prime implicants of the character-
istic function of R (see Introduction).

Definition 4

The distance of two points of space Bnis the number of their co-ordinates
differring from each other (Hammingian distance).

A new notion of deviation between the intervals of space Bd will be
introduced.

Definition 5

The deviation of two intervals of rank k1 and k2 is the number of dif-
ferent co-ordinates fixed in both intervals. Its symbol is g(ax 02, where al
and a2 are the intervals in question or the corresponding conjunctions. E. g.
for the intervals corresponding to the conjunctions a = xkX3-x7 and a2=
= xXX4&5 g(av a2 = 1, as is evident from the scheme showing the co-
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ordinates:

This notion of deviation plays an important role in the simple description
of the minimization procedure, as will be shown later.

Definition 6

The intervals of deviation 0 will be called similar.

Definition 7

The intervals of deviation 1 are called adjacent. Remark: The notion of
deviation as introduced in the 5th definition — except the case when the same
co-ordinates are fixed — only satisfies the symmetry axiom from among the
usual distance axioms [7], but satisfies neither the identity axiom: two inter-
vals of deviation 0 are not always identical (e.g. the deviation of different
intervals corresponding to xloctz and x~.pc-x" is 0), nor the triangle axiom (e.g.
for al= AJXgAjVg, a2 = xX2and a3 = xixXlIx-, g(al a2 + g(az ad <7 g(av aj.
But this deviation notion is very suggestive for giving the distance of the va-
rious intervals considered as sets of points. The deviation is 0, if two intervals
have at least one point in common and, in general, the deviation is / if the
distance of the two nearest points of the interval is I. With this terminology
the rule of the consensus (3) clearly means the joining to the adjacent inter-
vals abx and acx the interval abc, which is obtained by the reduction of the
subintervals abcx and abcx of identical rank and deviation 1, contained in
the intervals abx and acx.

Definition 8

The intervals a and b are connectable, if there exists such a finite sequence
of intervals at (i= 1,2,...,n) that
a= av b — an
and
e(«i, ai+i) = o
for every i.

Definition 9

A sequence of points consisting of n points of space Bn, where the
distance of the i-th and of the i + 1-st (iz 1,2,...,n— 1) point is 1, is
called a path.
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Definition 10

A subset of the space Bn is called connected if for two of its arbitrar)
points there is at least one path which contains both points.

Definition 11

A Boolean function which is the characteristic function of a subset R
of space Bnis said to cover R or to cover the points of R.

Remark: It is easy to see that those prime implicants of a Boolean
function/ corresponding to the intervals of a connected subset of space Bn,
are connectable. Hence, if the set covered by f is not connected, the set of
all prime intervals of this set breaks down into such subsets that the inter-
vals belonging to each subset are connectable and intervals belonging to
different subsets are not connectable.

Definition 12

The disjunct domain of a Boolean function/ are those spatial maximum
sets of points Bn having no common point, the union of which is that set R
which is covered by / and from which sets the intervals corresponding to
every prime implicant can be generated only by union.

Knowing the prime implicants, it is easy to prove the existence of the
disjunct domains and to construct them. Let p* there be negation of the con-
junction p, if a 0 and p, ifa= 1.

Let PPP,, ...,PMthere be all prime implicants of/. Let us take all
possible (al5...,am combinations of values consisting of zeroes and ones and
let us form the expression

d - Inf'l"jrz — A om

2
k=1

Theorem: the sets of points covered by the functions dj differing from
zero, wherej = 1,2, ...,2m— 1 form the disjunct domains of/.

Proof: since p, = 1 for the points which it covers, p(== 1 for the points
which pi does not cover, for a given j there is dj = 1 for the points covered
by every prime implicant contained in dj with an exponent a = 1 (non-
negated), but not covered by another prime implicant. If there are no such
points, dj = 0. From this it follows that:

a) dj = 1 is possible only for the points of /. (The p,-s cover only the
points of/)
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b) dj edk= 0, ifj k. (There exists at least one p,, which is non-
negated in dk, and is negated in dj.)
c¢) An arbitrary prime implicant of f can be written in the form pt=
ki
= V djs. (l.e. as the disjunction of all dj in which there is a non-negated pt.)

s=1 27 - |
d) f = V dj. In any dj there is at least one non-negated pt, that fact
=i
provides for dj — 1 being true only for points covered by f. Every point off
is covered by some dj, i.e. that where prime implicants covering the point
in question are non-negated and the other ones are negated.

e) It is easy to see that the number of points of dj cannot be increased
while maintaining the properties of the disjunct domains. It follows from the
construction that dj covers all points which are covered by any one prime
implicant of dj and are not covered by any one prime implicant contained
in dj in a negated form. Adding a single point off to a set of points covered
by dj, there certainly is at least one prime implicant pk which: a) covers
this point and does not cover the points of dj, or b) does not cover this point,
but covers the points of dj. In both cases it is impossible to obtain the above
prime implicant pkin the form of

Pu= V dik.
=1
In the a) case the points of dj will occur besides the points pk, and in
the b) case besides the points of pk there will occur the point added to
the points of dj. Therefore, the set of points covered by dj (j= 1,2,..., 2m)
is a maximum one. This proves the theorem.

Algorithms for determining all prime implicants

The prime implicant of a Boolean function with n variables is an /i-di-
mensional interval of minimum rank consisting of the points of the function.
(This follows from the steps of the Quine-algorithm [6].) The two algorithms
below seek for all possible intervals with such qualities, i.e. for all prime
implicants. Let the function be given in an arbitrary disjunctive norrml form.
We may assume that the domain where the function is defined is the whole
space Bn, thus a completely determined function is treated.

1. Algebraic method

Phase 1. To define the previously reduced disjunctive normal form.

Starting out from the intervals corresponding to the members (con-
junctions) contained in the given disjunctive normal form, those intervals
of minimum rank are determined by which they may be replaced without
increasing the number of intervals.
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The algorithm starts with the comparison of the first two intervals,
every subsequent step consists in comparing the following interval with the
intervals created at the preceding steps. If the deviation between the compared
intervals is 2 or more, both are left unchanged. If the deviation is 0, the
general law of absorption aY ab = a is used; if the deviation is 1, any of the
identities axY ax = a, acxY ax = acY ax, acxV ax = ac is used, provided
that this is possible, in the opposite case again both intervals are left un-
changed (x is a Boolean variable, a, 6,c are intervals and a and b as well
as a and c have no variable in common, r(a) > o, r(b) > o0, r(c) 0 are
arbitrary. If in this way the rank of the next interval is reduced, the new
interval of lower rank is again compared to the intervals created in the course
of the preceding steps. The disjunctive normal form obtained at the end of
the algorithm is called previously reduced disjunctive normal form (PRDNF).

Phase 2. To define the disjunctions of all prime implicants, i.e. to define
the reduced disjunctive normal forms.

This procedure means minimizing the rank of the intervals forming part
of the PRDNF and with this, searching for all possible intervals of minimum
rank consisting of the points of the function. The algorithm starts by compar-
ing the first two intervals of the PRDNF, every following step consists in
comparing the next interval with the intervals created at the previous steps.
If the deviation between the two compared intervals is 2 or more, both are
left unchanged. If this deviation is 1, we investigate whether it is possible
to apply the rule of the consensus to them (3). If this is not possible, again
both intervals are left unchanged. But if it is possible, so before joining the
consensus abc to the intervals previously created, it is compared to one after
the other to previously created interval but now not only from the point of
view whether the rule of the consensus (3) can be applied to them, but in
the case of distance 0 also from the point of view whether some interval
created previously does not “absorb” the consensus in the sense of the law
of absorption aV ab — a, or conversely. The extension is added to the inter-
vals created previously, if none of them absorbs it. The same procedure is
followed with that extension to which and to some previously created interval
the rule of the consensus (3) can be applied, together with the new extension
created by its application, etc. (There is no need here for using the simplify-
ing identities axY ax = a, acxV ax = oc, acxV ax = ax, because they can
be traced to the application of the rules of the consensus and of absorption.
E.g. the consensus of ax and ax is o, which absorbs ax and ax as well, while
the consensus of acx and ax is ac, which absorbs acx.)

It can easily be understood that the algorithm when it is no longer
possible to apply the absorption identity and when use of the identity (3) does
not give a consensus which does not occur amongst the intervals obtained
so far, finally provides the reduced disjunctive normal form (RDNF).
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2. Method of trial

The method of trial was first used by cavkitov in a lecture delivered
in 1954; ([2] is a later publication on the subject), and has again been discussed
in [9]. [3] and [5] each describes one computerized realization of the method.

The method is based on the recognition that those conjunctions which
contain the least possible variables and implicate the function f are the prime
implicants of this function. Thus investigating one by one all conjunctions
x** (i= 1,1,...,n) containing one variable and retaining from amongst
them those which implicate/, all prime implicants of/with rank 1 are obtained.
Afterwards all conjunctions xf xf of rank 2 containing two variables are
examined which are not absorbed by the prime implicants of/ found so far,
and among them the conjunctions implicating / are the totality of prime im-
plicants o f/ with rank 2. The procedure is continued as long as either k — n,
or until the disjunction of the obtained conjunctions are equivalent to the
whole /. cavritov also considers the case of the incompletely determined
Boolean functions. In that case the truth table of/ given in those points of
Bnwhere/is determined (i.e. the O-places and the 1-places o f/ are given).
In [3], [5], [9] the complete truth table of the function is given, i.e. in every
place / assumes either the value 1 or the value 0, or is not determined.

A conjunction is considered to be the implicant o f/ if it covers no point
where the value o f/is zero and if it covers at least one point where the value
of / is 1 (it covers not only such points where / is not determined). Prime
implicants are called those implicants of / from which, by omitting one or
several factors, only a conjunction can originate which is already not an
implicant of /. On this base, and with the aid of the mentioned tables, the
algorithm for selecting the prime implicants is constructed.

Based on the above principle an algorithm has been constructed which
gives all prime implicants of the function in the cases when in an arbitrary
disjunctive normal form is given

a) the completely determined function /.

b) each of the functions / and /,

c) in the case of a not completely determined function / the charac-
teristic functions of its places 1 and o,fxand /0.

Remark: In the cases b) and c) the algorithm simultaneously provides
all prime implicants of/ and /, and offy and /O, respectively, and in a more
simple way than if the algorithm were separately applied to / and/, and to
fy and /0, respectively.

In the algorithm described here the number of variables (rank) of the
conjunctions to be examined first is not necessarily 1, but depends on the form
of the function, therefore, the number of trials may he reduced substantially.
For attaining the minimum disjunctive normal form it is necessary to define
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all prime implicants [4], therefore, it is not sufficient to find only those prime
implicants the disjunction of which implicates f. The following theorem pro-
vides a criterion for checking whether in some phase of the procedure all
prime implicants are defined.

Theorem: Letf be a n-variable Boolean function, furthermore vct = f,
where every ¢-is a conjunction and amongst the ranks of the c,-s the minimum
is Z the maximum is k, and Z k <Cn. Let us also assume that all c¢s of
higher rank than Zthere is no conjunction of rank Zimplicating f. Let gq be
the maximum among the ranks of the extensions belonging to adjacent pairs
of the above implicants c;. Then, and only then, willf not have prime impli-
cants of rank higher than k, if it has not a single prime implicant of rank s
for which k< s< q.

Proof: From an arbitrary disjunctive normal form of a function all
prime implicants of the function applying the rule of the consensus (3) and
the absorption identity can be deduced ([8], 7).

Let us assume that there is no prime implicant of rank s(k < s <:g);
this means that those extensions (consensus) which can be obtained by one
single consensus operation and are of higher rank than k, are absorbed by
some Q. It will he shown that in this case no prime implicant of rank higher
than g exists.

As an implicant of rank higher than g can he obtained from the c,-s
only by a series of extensions and as the extensions of two arbitrary adjacent
g and Cj is absorbed by some cm, therefore, for the series of extensions there
exists at least one cp which absorbs the final extension brought about by
the series of extensions. Thus, none of the prime implicants of higher rank
than g can be a prime implicant. This proves the theorem.

Now an algorithm for the determination of all prime implicants, using the
trial principle, can be presented.

Phase 1. Determining the PRDNF

Let the designate rmin, the rank of the interval with minimum rank,
contained as member of a disjunction given in cases a), b) in the form of f,
in the case c) in the form offv The algorithm examines all the (n/rmin)2min
possible intervals of rank rmin and selects those implicating f or fx respec-
tively. Then one by one it examines those of the intervals of rank rmin -f 1,
rmin + 2, ... which are not absorbed by the preliminarily selected intervals
and retains those implicating f or fv respectively.

The algorithm is continued until the disjunction of the selected inter-
vals are already equivalent to f or respectively, then the value g of the
theorems is calculated and the algorithm is continued until we find the inter-
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vais of rank g. When a further prime implicant is obtained, the new q is cal-
culated and the procedure is continued until it is finished either because g = n
or because no new prime implicant of maximum rank q is found.

To the intervals of rank r]> rmin obtained in this way correspond the
prime implicants of f and fv respectively, i.e. all these are prime intervals.
l.e. because of the method of selection none of these intervals is a part of
any of the intervals implicating the initial f orfv respectively, and of a rank
lower than it is, but not lower than rmin. As in the first step all intervals of
rank rmin have been selected which implicate the given function, there are
among these intervals all subintervals of rank rmjn implicating the intervals
of lower rank. If any interval of rank r rmin would be absorbed by an in-
terval of rank lower than rmin, this would have a subinterval of rank rmin
which it would also absorb. As there is no such a thing, the statement has
been proved.

Hence, after finishing the algorithm, all prime implicants of rank r > rmin
and all implicants of rank rmin of the function are obtained. Let us note that
the situation is the same after the (n — rmin— I)th step of the Quine algo-
rithm [6]. Therefore, in the search for the prime implicants of rank below
rmin here, too, only the intervals of rank rmin should he used.

Phase 2. Determining the RDNF

From among the intervals created during the first phase the algorithm
exclusively uses those of rank rmin. Let k be the number of these intervals
of rank rmin. If k mrmin > (fc/2), the algorithm continues according to a),
otherwise according to R).

a) All possible simplifications are carried out according to the identity
ax V ax = a. Those intervals which did not take part in the simplification,
being prime intervals, are listed with the prime intervals obtained in phase 1.
The procedure is continued by the I, new intervals of rank r (<( rmin), in the
way whether a or B depends on | mr > (Z/2) or not; the procedure is terminated
if 1= 0 orr= 1.

R) Let us form all intervals of rank r —-1 by absorbing those of rank r
(the initial value of r is rmin). Let us investigate whether the conjunction
corresponding to the interval is still implicant. Those which are implicant
are retained. The intervals of rank higher by one and similar to the new
intervals are retained and the procedure is continued for the new intervals
of rank r according to o) or to B), on the base of a similar criterion than in a).
The procedure is finished when it does not provide any new interval, i.e.r = 1
is reached.
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In order to decide whether a conjunction implicates the function /, in
the case a) the following theorem is used:

Theorem, : The interval a is a part of the set covered by the intervals
k k

mg, b2, ..., bk, i.e. V bj A a= aifand only if \J b-= 1 where b{ is obtained
i=1 i=i
by omitting from the common co-ordinates of a and 6.~

Proof: It is enough to show that as far as VA a = a and even more
so V b'iA a= a holds true, V b-/\& = & is true, too. Let us assume that
V bjé U. Then & has at least one point P which is not covered by V b\
The co-ordinates fixed in a and not being fixed in the bps, V 6-does not cover
either P or that interval which is obtained from P by omitting, the co-ordinates
fixed in a. Fixing the missing co-ordinates of this interval in the same way
as the co-ordinates of a, such points of a are obtained which are not covered
by V biin contradiction to the condition. This proves the theorem. It follows

from the theorem that if the conjunction ais an implicant of/, then

k
V ¢ = 1,
1=1
where c15¢2 ..., ck are all conjunctions forming part of the given form of/,

similar to a.

In the cases b) and c) a simpler procedure is possible in order to obtain
a decision. (The following statements are true also if instead off,fkis taken
and instead of/,/ Q).

If a conjunction is an implicant of/, it does not implicate a point of/,
thus, every pointof/being at least at a distance 1 from the points of /, g(a, ¢,) "

0 where/ = V cf

Remark : In some cases it is necessary to minimize / as well as/. With
the decision procedure, as described above, all prime implicants of / as well
as of/ are obtained.

In cases b) and c) the decision procedure is as follows: We check whether
in the given disjunctive normal form there exists a conjunction which resembles
the investigated conjunction. If there is none, the investigated conjunction
is an implicant of /. If one does exist, the investigation is whether in the given
disjunctive normal form of/ there is a conjuction similar to the examined
conjunction. If not, the conjunction is not an implicant of/ or/.

Selection of essential prime implicants

Making use of the theorems connected with definition 12, the Boolean
functions covering the disjunct domains of the function are written down.
Those non-0 dps are selected where only one ptis non-negated. The correspond-
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mg prs are the essential prime implicants, because the points covered by dj
are covered only by p, (definition 12) and because all points covered by p¢
are only points of dj.

Remark : A disjunct domain can be represented by a single one of its
points, each point behaving in the same way as regards the covering by the
prime implicants.

Not completely determined functions

All prime implicants can be defined by using the preceding methods
in the following way: let g be the characteristic function of that set of points
of space Bn where f is not defined. According to the above, all prime impli-
cants off V g can be defined and from among them those are deleted which
do not contain a point belonging to fg or in other words those, the deviation
of which from any implicant of fg is at least 1.

The essential prime implicants are also selected on the base of the method

already used. The disjunct domains off ''/g are defined (definition 12). For
k

alldj=11p
i=l

e

the products dj g = d* are formed, i.e. those disjunct domains
are omitted which have no point in fg. From the d*-s formed in this way

(for the case of d* A o) are selected those in formula di=\/fp. g of which
i=1

there is a single non-0 exponent a, only. With this selection method all essential

prime implicants of f V g concerning fg are obtained.

Research of the minimum disjunctive normal form

As in most concrete cases it is sufficient to indicate the essential prime
implicants and a table equivalent to the table of the Quine—McCluskey
algorithm [4], [6], there are two possible terminations of the algorithm,
according to whether the said table is considered as the final result, or whether
on the base of the table the possible minimum disjunctive normal forms are
listed. The rows of the mentioned table correspond here to the non-essential
prime implicants, its columns correspond to the points representing the dis-
junct sets not covered by essential prime implicants of the function. When
making the table, the completely and the incompletely determined functions
can be handled in the same way, only for the completely determined case

g=-= o.
Preparation of tables
Let us form the functions fgpjp2...ps(pBp2 ...,ps are all essential

prime implicants). From the points representing the disjunct domains of the
original function only those are retained which are points of the set covered
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by the obtained function. In other words, those disjunct domains are omitted
which are covered by an essential prime implicant. The list of the points so
obtained is given and to every point the list of those non-essential prime
implicants is given which are non-negated in the represented dj. Finally, the
non-essential prime implicants are listed.

Two possible ends of the algorithm

1. The list of the essential prime implicants and the table as described
above are given.

2. Using the method of McCluskey [4], on the base of the table the
minimum disjunctive normal form of the function is written down.

*

The present paper is based on part of the author’s work for the Auto-
matics Research Institute of the Hungarian Academy of Sciences; the author
wishes to express her thanks to Prof. L. k aimar for the encouragement and
help due to which the paper assumed its present form.

Uber einige Algorithmen fur die Minimierung von Booleschen Funktionen. Die
Arbeit bringt Algorithmen fir die Berechnung der disjunktiven Normalform mit mini-
maler Anzahl von Veradnderlichen von vollstaindig und unvollstdndig bestimmten Boole-
schen Funktionen, welche Algorithmen vom Standpunkte des projektierenden Elektro-
ingenieurs zweckmaBiger sind als die bisherigen. Der »algebraische Methode« genannte Algo-
rithmus verwendet gewisse Grundelemente des Quine-Algorithmus und der Consensus-Metho-
de. Der Grundgedanke der Versuchsmethode kann auf eine Arbeit von Gavrilov zuriickgefiuhrt
werden. Die hier angegebenen Verfahren setzen nicht voraus, daf die zu minimierende Boole-
sche Funktion durch ihre volle (ausgezeichnete) disjunktive Normalform gegeben ist, sondern
die Funktion kann in einer beliebigen disjunktiven Normalform gegeben sein. Die Algorith-
men nitzen die in der gegebenen disjunktiven Normalform vorhandenen speziellen Méglich-
keiten aus, und so werden die Zahl der Schritte und der Bedarf an Speicherkapazitat erheblich
verringert. Ergebnis der Algorithmen ist die Aufzdhlung samtlicher Primimplikanten und der
wesentlichen Primimplikanten der Funktion, sowie die Belegungstafel fir die von den nicht
wesentlichen Primimplikanten und den wesentlichen Primimplikanten noch nicht belegten
Punkte der Funktion.

O HEeKOTOpbIX MWHWUMANM3NpYLWNX anroputmax QyHkuuii Bynsa- B pa6oTe patoTcs
6onee uenecoobpasHble C TOYKM 3PEHUS INEKTPOTEXHUYECKOTO0 MPOEKTUPOBAHUA — Uem
UMeloLWmnecs — anropuTMbl ANs MONYYEHUS MOMHOCTBIO WM He MOMHOCTbIO OnpefeneHHbIX
(yHKUUA Byns B pasfenuTensHoil HopmanbHOW (hopme, cofepxalieii MUHUMANbHOE YUCIO
nepeMeHHbIX. ANTOPUTM, Ha3biBaeMblil anre6paMuyeckuM MeTOLOM, WCMO/b3yeT OnpedesneHHble
OCHOBHbIE 371EMEHTbl KBUHOBOTO aNropUTMa U KOHCEHCYCHOTO (COrnacuTenbHoro) Metoaa. Mbicnb
MeToJa MCMbITaHUS MOXHO CBECTU K 0fHOI pa6oTe FaBpunosa. MpuBefeHHbIE 34eCb METOAbI He
npegnonaralT TOro, 4To MUHMManuaMpyemas ByneBa (yHKLUS SBNSeTCS AaHHOW B MOMHOM
(NpefnoYTMTENbHON) pasaenuTenbHol HopManbHo hopMe, a MOXeT 6bITb AaHa B MPOU3BONbLHOI
pa3fenuTensHoli HopManbHOW (hopme. ANTOPUTMbl UCMOMbL3YIOT CMeluanbHble BO3MOXHOCTH,
Kpololimecs B JaHHOI pa3fenuTensHoii HopManbHON (opme, TakuM 06pasoM B 60MbLIOIA Mepe
YMEHbLIAIT YNCNO NepexofoB M NOTPeGHY eMKOCTb MamsTh. Pe3ynbTaToM anropuTMoB SBNSAET-
cs nepedncreHne BCeX MNPUMUMMAUKAHTOB M CYLECTBEHHbIX MPUMUMMNANKAHTOB (YHKLWU,
panee — Tabnuua MOKpbITUA, Kacalwancs (YHKLUMOHANbHbIX TOYeK, elle He MOKPbITbIX CY-
LEeCTBEHHbIMU MPUMUMMINKAHTAMM, U KacaloWancs CyLleCTBEHHbIX MPUMUMMANKAHTOB.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



Acta Technica Academiae Scientiarum Hungaricae, Tomus 73 (3- 4), pp. 363- 399 (1972)

GEAR CALCULATION
BY USING COMPLEX EXPRESSIONS

L. HUSZTHY™*

[Manuscript received September 10, 1970]

In this paper, some geometric and mechanical properties of pairs of spur gears, char-
acterized by straight teeth and parallel axes, are treated. The main points are: definition
of the mating profile of a given one; analysis of the line of action; analysis of the geometric
and mechanical conditions of mating; investigation of the gear ratio modification motivated
by some deviation of the interaxis; calculation of the relative tooth-sliding velocity; calcula-
tion of the momentaneous normal tooth-force. One of the mating profiles, usually the pinion
profile, is considered as given; by this datum, the line of action is determined and so is the
other mating profile. A remarkable feature of the calculation method as described below,
besides the usage of complex expressions, is the derivation of the results from given functions
by which the profile of the pinion is determined.

Introduction

Since the literary source [2] includes both the description of the pinion
profile on a complex plane, and the derivation of the equation by which the
line of action is determined, and contains also the formation of the mating
profile in detail, here this will be summarized only briefly as follows (NB: as
regards the definition of the mating profile, the method applied in the quoted
literary source somewhat deviates from the one proposed in the present
paper).

In what follows, in considering a pair of straight spur gears having
parallel axes,

the centre distance a,
and the gear ratio i

are given values, and i is constant. In other words, the assumption is taken
as granted according to which the division ratio of the centre distance as
defined by the common normal of the mating profiles at the pitch point is a
constant value.

1. Based on a given profile, determination of the mating profile

In Fig. 1, the system of planar co-ordinates is shown that serves as
the basic principle of our calculation. The point 01 being the origin of the
system, coincides with the rotation centre of the pinion. Axisy passes through

*Dr. L. Huszthy, Racz Adadm u. 13, Miskolc, Hungary.
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the two centres 0, and o0, of the pinion and of the gear, respectively; axis x
is perpendicular to axis y. In the following, subscript 1 refers to the pinion
and 2 refers to the gear.

According to the accepted convention, the real quantities are represented
by axis x, and axis y represents the imaginary ones. On axis y, the unity
equals j (with j2= —1).

Anyone of the profiles in question is described by means of complex
numbers; this number is composed as usual of a real and of an imaginary
part, both of which are represented by a real function. By conformly chosen
parameters, the geometric pictures of the profiles of both the pinion and the
gear are characterized by the origin 0, and 02 respectively, and by an end-
point that delineates the respective profile curve.

Vector quantities which serve to describe the profiles of the pinion
and the gear, respectively, are denoted by Z, and Z2. Their component parts
are X, X2 and Y,, V2 written as capitals in order to avoid any confusion
with small letters, since z, and z2 refer to the teeth numbers, x represents
the addendum modification factor and y represents the modification of the
centre distance.

Now, first we shall fix the tooth profile of the pinion at any arbitrary
time, t = 0. This profile, considered as being in the initial position can be
described by the complex expression:

Zoi= + JY 0iOpi) * (i)
Further, ¢ represents a real parameter suitably chosen as an angle, or a
distance, etc. The vector Z0, is characterized by its origin in 0, and its end-
point travelling along the profile curve when the parameter value <p, varies
within a given range. Subscript o refers to the initial position.

For the sake of further consideration, the functions X o,(q9,), Y,,,*,) and
their first and second derivatives are all assumed as being continuous.

W hen considering the profile as rotating in a positive sense at an angular
velocity co, the complex function Zo01 has to be multiplied by the quantity

Zf1= cos (Oyt -\-j sin co, t.

In terms of geometry, referring to some given point of the profile being
originally in the initial position, the vector Zot revolves in a positive sense,
through an angle co, t. The rotating profile is expressed as follows:

z A<Piio = [Xo01(93) + j Y o0i(w)] [cosco, t + j sin co,t]
viz.
Z,(co,; t) = [Xo01(9?,) cos co, t — Yo01(<p,) sin co, i] +

+ j [*oi(?i) SIn°>i1+ Voifa) cos wi *]
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In considering the function Z1 and with the assumption that t is con-
stant andcqis variable, then the endpoint of vector Z1 delineates the profile
at the chosen moment. Again, taking (pl as constant and t as variable, the
endpoint of ZI travels along the curve that corresponds to the path of the
profile point determined by the chosen (initial) parameter value. Taking the
tooth profile of pinion (1) as known, the profile of the gear (2) can be deter-
mined as follows:

The gear remains in a fixed position. The pinion’s rolling circle rgl rolls
along the gear’s rolling circle rg2. By the family of curves represented as the
pinion’s profile positions during this rolling motion an envelope is generated
that corresponds to the gear’s tooth profile.

For the point of time t = 0, in the initial position, the pinion’s tooth
profile is characterized by equation (Fig. 2):

Zoi ~ Zolfo)-

During this rolling motion, whereas the radius 0d Y revolves around centre
02 through an angle ip, finds its new position in Of, and P* is the new
position of the initial P. In other terms, the arc i mrgl «ip of the pinion per-
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forms a rolling motion along the arc rg2ip of the gear. Herefrom, the angle
of rotation of the pinion around its centre amounts to:

V+oif= 1+ 0)e

Of course, there exists a rigid connection between the tooth-profile and
the rolling circle of the pinion. Accordingly, taking the vector Zol (drawn
from the origin 01to a certain point P) and, when the pinion performed the
above-mentioned rolling motion, considering the vector Z* (drawn from the
new centre 0* to the point P* in a new position), the angle included by these
vectors also amounts to (1 -)- i)ip.

Fig. 2.

In order to find a more “natural” expression of the gear profile, we
chose by simple shifting, the centre 02 as the new origin of our system of
co-ordinates, the direction of the axes being kept unchanged. Again, among
the family curves we shall consider a curve co-ordinated to a certain rolling
angle y> when the pinion performs the rolling motion along the rolling circle
of the gear. Now, the local vector Zs (drawn from 02 of the point P* that
lies on the curve belonging to angle ip, can be derived as follows:

We shall consider the vector —ja that originates from 02 and points

Acta Technica Acadcmiae Scientiarum Hungaricae 73, 1972



GEAR CALCULATION 367

to Or This vector will revolve through the angle xp,i.e. it is multiplied hy the
rotating unity vector
cosp -f-j sin ip;
so we obtain:
—ja (cosx -(-] sin ),

in which position the new vector, originating from 02, points to 0*
To this vector we add the other vector Z*x; this latter, originating
from 0* and pointing to P*, forms with vector Zo1 an angle (1 -|- i)xp.
Accordingly

z*n = Z 0L [cos (1 4-ixp + j sin (1 + ixp],

where the vector in square brackets represents the rotating unity vector.
Finally, we obtain:

Zs= —ja (cosx -\-j sinxy) -f- Z0L [cos (1 + iy=+ j sin (1 + Xxp] =
= —ja (cos ¥ + j sinx) + [Xol(cp)) + jY 0L(<pj)] =
* [cos (1 y>+ j sin (1 + i)xp].

After the necessary arrangement:

Zs(<pvy>) = [Xoi(yi) cos (1 + i)xp — Y~cpd sin (1 + ixp + asintp] +

3
+ j [X0i(<7i) sin (1 + ixp + ~nii”Ni) cos (! + i)xp — a cos xp]. ®)

Let us denote the real part (of vector Zs) as X s, and the imaginary part
as Ys. As we arrive from the profile point belonging to the parameter value
g)x to the other point having the parameter value (ol -(- drpj), and the pinion
rotates at an angle dxp, we can observe that the total change of the vector Zs
is equal to

®XS , . QYs 9XS , . 9Ys

dZs +3- dpx .., dxp. 4)
d <P QP bp—J oo

The postulate is obvious that this vector should be parallel to the differential

change dzf,d viz. to a tangent of the vector Zb = Z02(?) which represents

the desired envelope; this change is expressed by

9X6 ! 9Ye’
dzb(p, depl, (5)

92 991,

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



368 HUSZTHY

of course, every single point of the envelope coincides with a point lying on
one curve belonging to the family. Thus, for all these points:

and

(6)

In view of the parallelity between the vectors dZj an dZs, the quotient of
them is a purely real quantity, viz. with an imaginary part equalling zero.
Thus, with the equalities of (6) we obtain:

After division and simplifying arrangement we obtain:
depledip= O,

and in the form of a determinant:

~o. @

The partial derivatives of Xs and Ys with respect to (pl and y> will be
substituted in D (7). Since in the present examination the actual relationship
between X 0L and qil (and between Y 0L and i respectively) are not defined,
the derivatives with respect to qr are indicated by an upper comma; further,
the denotation (1 -)- i) = K is introduced. Thus we can write:

X'n cos kip — Yu. sin kip —X 0L K sin kip — Y 0Lk cos kip acos ip

X'0Lsin kip  YgXcos kip X 0Lk cos kip— Y OLK sin kip + a sin ip = 0
that gives (with k— 1= 1)
i+ 1) Xn+ YOYq)- « (X0Osiniip+ Yn cosif) = 0. (8)
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From this, parameter f will be expressed as a function of qv By substituting
the resulting value into the expression of Zs, equation of the gear profile is
obtained in a system of co-ordinates of axes parallel to the original axes and
having the origin in 02 This equation takes the form:

zsh e veiyr = 2z s(<Pi)-

It is possible, that the actual expression is rather intricate; its main
advantage consists in the fact that the gear profile is described as a function
of ¢)j, this latter being the parameter of the pinion-profile. In this way, to every
single point of the gear profile, a special mating point of the pinion profile
is co-ordinated. In some actual cases it is possible to modify the equation of
the gear profile in such a way, by which a more suitable parameter can be
established.

2. Equation of the line of action

The basis of this equation is given by the condition that the common
normal of the mating profiles always passes through the point C as indicated
in Fig. 3.

According to our consideration, point P is the new point of contact
at the period of time t elapsed after the initial position. The local vector
z (<X, t) refers to the actual mating point of the pinion’s tooth profile. The
derivative with respect to gl shall usually be indicated by an upper comma;
consequently, Z[ denotes the tangent of the profile in point P, and jZ[ denotes
at the same point the perpendicular to the profile. Thus, the local vector Zn
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belonging to an arbitrary point lying on the normal of the profile at the
momentaneous point of contact is expressed as follows:

znQox 2 = zi©@; t) + ¥z (7 *);
(—a A -foo)

with Aas a real parameter. Point P is effectively a point of mating contact,
if the above described normal to the profile passes through the mentioned
point C. In other words, a triad of the parameter values ((v t, A should
exist for which

Re Zn= 0,

9
Im Zn= rgl. ©

By using Eq. (2) by which Z1is defined, the normal line of the profile is
described by the equation:

Zn= [(Xo1cos colt— Yoisinell) — sin colt -f- cos coj (] -I-

-j-i [(Xo1sin coli+ Yo1cos coxt) -(- A(x'n c0OS colt — vygxsin colt)],
from which the detailed conditions implied by equations (9) can be written:

(Xo01cosell— Yoirsincoll — sin cox1+ Y'Olcoscoll = 0, "

(Xo01sin coll-f- Yo1cos colt) A(X'0L cos i— Ynsinaqt) = rgl.

The above Eqgs (10) describe the relationship between the parameter ¢-1 belong-
ing to a certain point of the pinion profile and the point of time t atwhich
the profile point referred to represents a point of active mating.

The first equation according to (10) gives us the expression

X 01cos coxt—  sinco, t . .
e (X", sin colt-\-YO[ cos colt=j=0),

with this, the second equation of (10) can be written as follows:

. X 01 cos coxt — sin coj t . . .
X o1sin colt+EJ)! cos call+ (X gj cos cojt—Y'ol sinet)1i) = rgl.
X gXsin coji-1- Y gXcos mxt

After elimination of the fractionel members and rearrangement

X 0L o: /|- Yg You rgl (Xo1sinoqt-- Yoicosoqt) — O,
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with rgl = a/(l + i) we obtain:

@+ i) (XoeX'0l+ Yol Y#)— a(X'0Llsincoll+ YjJ,cosoqt) = 0=

H
= V(VIit). ()

This function Y(cq; t) = 0 represents the interconnection between the param-
eter of an arbitrary point on the profile and the point of time t at which
the point referred to forms the actual point of active mating.

W ith the assumption dV/dt 0, by Eqg. (11) we can obtain an explicit
expression of the time t as a function of the parameter ¢ When this function

t= <

is substituted into Eq. (2) of the rotating profile (1), the following equation
of the line of action is obtained:

zk = Zifai; *(Wi)] = [Xifai) cos oq t(<pi) — Y 01(gq) sin oq i(gpd)] + (12)

+ /[-Xifai) sin °h tifi) + y oi(<Pi) cos «1 *(?>i)]-
3. Conditions of mating

In the Eq. (11) of the function E(qq; t) = 0 the second member on the
left-hand side can be transformed:

X i sin ag1-\-Y 6i cos coll

= Vx$+ Y% - Yol costo.t
FXT+ X1 YXoi+ Y'i
and by using the denotations:
Xi R cos §
K ol Tol
fou = sin d,
VX&+YI
we obtain:
Xéx sin <¢eit-f-Y'0i cos col t = Y'0{sin (oq t -)-d)
and

(I+ i) (X1 X '3+YoLYI0 «VXOl+ Ydlsin (co,t+d) = 0.
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and finally:
1+iKXnXA+YnY" *
t(<Pi) = - ( ! n n arc tan v (13)
col aYX& + Ya X’
(Ki* o)

Considering the contact of a pair of mating teeth, two conditions should be
fulfilled:

a) every point of the profile must form a mating point once, and
only once;

b) at any point of time, only one point of the profile must form a
mating point.

© ® ©

Fig. 4.

A certain type of a line of action is shown in Fig. 4a that fulfills the
conditions (a) (b) given above.

In the type of a line of action, as delineated in Fig. 46, there are profile
points which, during the mating action, come twice into contact.

The case shown in Fig. 4c is characterized by a simultaneous mating
contact of two points of a profile.

In order to avoid the above mentioned two possibilities, it is postulated
that the function t — t(<9) according to (13) must rigorously form a monotonie
function during the mating period.

In Eq. (13) the absolute argumentum value of the function arc sin
must have, of course, a maximum equalling 1:

I (1+ t)(X0, X +FAiYaq) ~ 1 /14n
a 1fX’l+ Y

The geometric sense of this condition can be formulated as follows:
We establish the quotient with a vector Zo1 as numerator drawn to an arbitrary
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point of the profile, and with the tangent vector (at the same point) as
denominator:

Zgi _ *«+yy» _ (x0,701+70170D)+ j (x Ny>i~-.yOlyéi)
Za Xu+jY'u X bl+Y'oi

Let B be the sign of the angle formed by vector Zo1 with vector Zol (Fig. 5)?
we shall find as the real part of the quotient defined above:
01

Re J21» Re

= r— (cos BR~j sin B) cos BB,
Kl /1
there
iZOi|co8/8: z;, lie ,

An

irv'2 1 V'2 *01*01+ X1l *01 *O0L*, >, Y

KAoOl + Yo1 Y2, Vi
A0L“" 1 01

equals the length of the image of vector Z,n projected onto the direction of

vector ZgV
In view of
I+ 1
Eq. (14) takes the form:
| i Xd+ X i
PXgXg+xiva i (15)
I PQ +VI

According to the Eq. (15) we can state that, considering a local vector co-
ordinated to an arbitrary profile point, the length of its image projected onto the
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direction of the tangent at the same point equals, at maximum, the radius of the
rolling circle.

We shall find in Fig. 6 three different points of the pinion profile. Con-
sidering the point P2 we can see that the length of the image of its local
vector Z0P2 projected onto the direction of its tangent vector Z'0P2)
exactly equals the radius rgl of the rolling circle. This point P2 may be a
mating point, namely, when considering the profile normal at point P2 we
find that, by rotation of the pinion, its tangential point P' on the rolling
circle falls so as to coincide with point C.

Fig. 6.

The profile normal at point P1lintersects the rolling circle in two points
Pj and Pj. When, during rotation point coincides with point C, the profile
point P1comes into the mating position Qv After a further period of rotation,
it is point P" which coincides with the pitch point C, thus the original profile
point P1 again comes into mating position: this corresponds to the special
case as shown in Fig. 46: one special point of the profile comes twice into a
mating position. Usually the mating period of the profile takes such a short
time that there is, for such a profile point, no opportunity to come to mating
a second time.

Again, profile point P2 assumes a mating position only once.

Further, the normal to the profile at point P3 has no intersection with
the rolling circle and hence this point never assumes any mating position.

For the function (13) the postulate is cogent that

X'01 ¥= 0, (16)
otherwise the expression
arc tan X K
X h

becomes meaningless.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



GEAR CALCULATION 375

Since the expression
Zox — *ii + J *0'i

represents the directional vector of the tangent at some (arbitrary) point of
the profile, the geometric sense of formula (16) can be conceived as follows:
in the profile there does not exist any special point for which the equality
X'ox = 0 might be true. Namely, in the opposite case, the profile function

* o= [(*)

could not be differentiated at this point, and the respective tangent line
would be parallel to the Y axis. In terms of geometry, it is possible to find
a tangent line that is parallel to the Y axis. In order to solve the problem of
such a case, for which the equality

XX) =o

holds true, then the second member of function (13) would reach the limit jv2
as corresponding to the trend

<Pi*ri-

For the formula (13) the inequality

*01*01 1 01%01 0 (17)

incorporates a condition sine qua non.
Namely, when the equality

* 01*01 + * 01*01 = O

would hold true, we had to set up

*or*il = — *01 ¢ *01,
or
*01 _ *01 _ 1 QO\
*01 ~ ' *01 ~~ ~(*oi/*0i) '

In plain words, YAJX”" represents the slope of the tangent line at the mating
point of the profile, and Y 0J X OL represents the slope of the local vector at
the same point. In other terms, the equality (18) should represent a position,
in which the local vector of the mating point would be perpendicular to the
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tangent line at the same point (Fig. 7). In such a case, no normal force action
can exist between the teeth (the limit case of friction).

To sum up: when the toothing of a pair of gears has to be designed,
we are, in principle, free to choose the profile curve of one of the pairs:
postulated is that the function (13) should be strongly monotonie, and that
the relationships specified in Eqs (15), (16) and (17) should hold true.

Of course, a monotonie function (13) involves the relationship, that
with increasing values of the pinion profile parameter (px, the length of local
vectors should also increase.

4. Sensitive alteration of the gear ratio to any variation
of the centre distance

When the basic principle concerning the normal to the profile is main-
tained, then the gear ratio is constant during the mating action, if only the
centre distance exactly equals the theoretic value calculated.

Now, some deviation of the centre distance may occur, due either to
technological errors or faulty assemblage, or else to deformations caused by
large forces. When some alteration of this distance happens to exist, generally,
the common normal of the mating profiles does not pass through the pitch
point (C); what is more, the intersection point of the normal to the profile
with the central line 0jo2 may move away during the mating of one pair
of teeth; consequently, the gear ratio, first, does not equal the theoretic one,
and secondly it varies during the mating period, too.

Taking into consideration the case when, from the kinematical view-point,
the pair of gears have correct profiles, but in running the centre distance
becomes altered, we are allowed to assume that a certain value of the centre
distance is given, and to state that the formation of the profile curves does
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not conform with the basic theorem as regards the common normal. Thus,
this problem can be put up by assuming a given centre distance and some
given profiles that do not comply with the known principle underlying the
common normal. These profile curves may be quite arbitrary except for the
condition of a continuous mating contact.

Fig. 8.
Let us establish, according to Fig. 8, the following equations: first

Zoi = "moi(%i) “tinolivi)

represents the local vector to the profile of pinion (1) expressed in the system
of co-ordinates atjyq having the origin 0 secondly

A2 = M 02(92) T 02(72)

represents the local vector to the profile of gear (2) in the system of co-ordinates

X2,¥y2 having the origin 02
Suppose that, in the initial position indicated by the index “0” the

teeth of the two wheels are just in contact, and, of course, the value a of the
centre distance is given.
When the pinion revolves, in a positive sense, at the angular speed

a= 1,

so does the gear revolve in a negative sense, at an angular speed
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and with toi = 1 we have:

o2 = - = COZ(t)
|

where, in general, i is a function of time.
In a period of time t the pinion revolves through the angle

o>lei= 1 mt=1t

and the revolving angle of the gear is, at the same time:

T = J6"2(0dt

We shall find the equation of the profiles revolving at the corresponding
angular velocity by multiplying the respective profile vector with the cor-
responding rotating unity vector. Thus, we can write the for pinion (1) profile:

Zi—zO0L' Zfi ,
where
Z/l = cost jsint

is the unity vector rotating in a positive sense at the angular velocity aq
(around the centre Oj);
and for the gear Z2= Zm@Z/2,

where
Zi2= coST —jsinT

is the unity vector rotating throug angle T in a negative sense (around the
centre 02).
Thus, the revolving profiles are expressed as follows:

Z1= ZOzfl = (Xot + iyoi) (COS(+ j sin*)
Z1= (Xotcost— Yoisint) -)-j(XO0lsint+ Yo1cost), (19)
and
22=272®@z2f2= X®+ 1Y) (ST —j SInT)’
Z2= (X02cos T -f Y02sin T) -f-j(—X ®@sin T -(- Yoz2cos T). (20)

Considering the range of mating action characterized by t, <Ct <T t2, the
postulate must be fulfilled that the two profiles always contact at a mutual
point in which the respective tangent lines are in coincidence. In this sense,
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the following equations can be written as:

—j 1
w—ja + 21
Zl = v(a+ Z¥ = fiz'2.

(Symbols with an upper comma represent the corresponding first derivative
with respect to g)x and g, respectively; » denotes a factor of proportionality.)
After seperating into component parts we obtain:

Xorcost— Yorsint— Xo02cos T -|- Yosin T,

Xoisint-f- Yorcost= a— Xosin T -f- Yozcos T, (22)
X'0lcost— Yalcost = [i(X'Rcos T + Ysin T),

X'0lsint + YOicost= U(—Xgsin T -f- Ycos T).

The 4th equation of (22) will be divided by the 3rd:

X'0Lsin t-\-Y'Olcos t — XagsinT+ Y 2cos T
X6t cos t—Yoxsin t X'02cos T-\-Y@®@sin T
with
X'0Lcost— YgXsint 0
and

XPcos T Yagsin T 0.

There follows the operation of simultaneous division, namely, numerator and
denominator at the left side will be divided by cos (, and the same has to be
done by cos T at the right side, where cost” 0, and cos T 0:

Xdtant+ Yp! = XRtan T+ Y&
X'n- Y "~tani Xps-Yoptan T

and rearranged:

Xii X ®Rtan t+ X 0L Y*2tan t mtan T+X'2Y *+Y " Y62tan T =

= —x W X'tan T+ XY '2+X'2 Y'ntan ttan T — Y', Yo02tan t;
viz. tan T[tan t (X'tl Yo2— X682 Y'Y + X'00LX'2+ Y'0i Y02 =

= X'nX®- X®Yn - tan t(X'n X'2+ Y'n Y'®),
where from:

tanT (X2Y"2-X 2YjQ-tan t(X2X"*"+Y "', Yj?
tan t(X'xY&@&—Xo2Y M)+ (X't X2+ Y 'tY'2
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By uniting the system of equations (22) and the above formula for (tan T)
we obtain:

Xoltcost— Yorsint= Xo02cos T Yosin T,

Xorsint-f- Yorcost= a— Xo02sin T -)- Yo2cos T, (23)

tan T= (XUYq@ X®YU)- (XUX'2+ YU Y')tant
(XU Y'2- X'2YU) tan t + (XU X'®+ YU Y'2 "’

a system that gives a solution for the problem in question.

When the parameters gl and g2 are cancelled, and by due rearrangement,
the quantity T will appear as a function oft, then the gear ratio i(t) can already
be expressed in an explicit form, namely:

W A0 = T
m2(t) = T'(t),
and finally
aj 1
AT T

Of course, the nature of the profile function is decisive as far as the
solution of the equations may become difficult or easy. In some given case
the method for finding a solution is highly intricate. Cases may occur where
the transcendental expressions can not be solved in a closed form. An issue
is possible by finding some approximation, generally, by applying some
iterative method of estimating, often by means of an electronic computer.

Considering the methods known at present, the difficulty can be de-
scribed as follows: By means of suitably chosen parameters, and for profile
curves in contact at the initial position, generally, with a theoretically correct
centre distance, the respective equation is rather simple.

In the case of a varied centre distance (e.g. when it increases), one of
the gears has to be rotated through a very small angle in order to create
a new mating position. For further calculation, such a new configuration
represents the initial position. In such a position, the new equation that
describes the profile curve, after revolution through a small angle, may assume
a rather complicated form.

Our calculation can be simplified when we rely on the usual equation
co-ordinated to the initial position with an exact theoretic centre distance.
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In this way we shall investigate angle (for the pinion) and angle (for
the gear) through which the respective revolution should be performed for
the purpose that equations (21) relating to the common profile point and to
the parallelity of the tangent lines should hold true.

For the calculation of the gear ratio i the system (23) of equations is
quite adequate ; only instead of term t it is angle Aj, and instead of T it is
angle A2 that should be substituted in all three equations of system (23).
In concreto, angle value Alof the pinion revolution is taken as a given datum,
by means of which the parameter values qq and qg, and the angle X2 have to
be calculated.

When once the gear revolution angle X2is obtained, it is obvious that
in this position the profile points defined by qil and qq are in mating contact.
W ith the values and qq, the equation of the normal to the profile can
be set down, this line being the common normal. Then the momentaneous
pitch point C" is found as the intersection point of the said normal and the
central line 0,02

The quotient

ra,

(ro;
equals the momentaneous value of the gear ratio. By iterating this calcula-
tion for various values of a series of pairs of co-ordinated values Xland i
are obtained.

Besides, this method of calculation is well suited for finding the gear
ratio of a cam type gearing, too, when the cam profile is a given curve.

5. The relative sliding velocity of teeth

In order to get the value of the relative tooth’ sliding velocity, the actual
peripheral velocity values generated by the revolution around the centres
and 02 should be calculated. Inasmuch as the profile curves comply with
the condition as postulated for the common normal, the images of the respec-
tive vectors projected onto the common normal are equal to each other. In this
sense, the vectorial difference of the two peripheral velocities is parallel to
the common tangent line and already equals the relative sliding velocity
(Fig. 9). Let us suppose a positive angular velocity colaround the centre 0t for
the pinion, and of course, a resulting negative angular velocity c@ = ®ili
around the centre 02 for the gear. Let point P be the locus of the mating
contact. To this point, vector Zx drawn from origin 015 and vector Z2 drawn
from origin 02 are co-ordinated. Thus, we obtain as the value of the periph-
eral velocity Itq [in point P around centre 01

Itg 1= JZj lcol (with tq as a complex number);
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Fig. 9

Vj, being perpendicular to Zx, represents the velocity vector in this form:

Zi\°h'j

A\VARRNY

whenj ZJI1ZI1 Irepresents the unity vector which is perpendicular to vector Zv
Consequently,

vizj>lz\m (25)

In much the same way (for point P revolving around centre 02

jt2l —\zi\ 0)>

tliis v2 being a complex number, too.

Now, »2 being perpendicular to vector Z2 at a direction determined by
a revolution through (—90°), we obtain:i

(26)
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At every mating point we have:

jaf 22—27j,
or
2= 72y —ja,

that will be substituted in to (26):

acox . ®1
»2 = j~~I (z1 Ja) . J . Nl (27)

The relative sliding velocity vr is obtained as the difference between vec-
tors (25) and (27):

e « », i aft)
Vr= vx -V, :J(Olfyl-\’————y—v—l——\’-J' 21 ZJ, ) «1Z1+ -;,-Z1
I | i
a 1+
‘. ), “ Tu o7 (28)
T +J I'I' Zi

Of course, Z1 is co-ordinated to the line of action; in other words, for vec-
tor Z1(¢?1; f) the term t = t(¢cq) is understood in accordance with equation (13).

For common practice, in general, the magnitude of the relative sliding
velocity is required. We calculate the absolute value of vector vr as defined
by formula (28) as follows:

since
Z1= [XoLcosell— Yoirsin ml1] -f
+ J [~01 sin°h 1+ ~01 cos i *P
therefore
1-fi .
i --------- -— (Aotsincolt -j- Yo1cos coji) +
i i
—  (Xotcosagi “ousin MIt) _,q,
i
and
svr = — al 2a(l-fi) (Xotsinagi-fcos ogq()-f(1+ i)2(Xjr+Yn) ,
or
k| = ’I‘ fa2-2a(l+1i)(X Oisin ngt+YO0Lcos ftqt) + (I1+ i)2(*§1+ * 1) (29)

and t = t((p) according to Eq. (13).

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



384 HUSZTHY

In some papers (e.g. [3] and [4]) dealing with frictional losses of gears
we find the statement according to which it can be inferred from experi-
ments with circular discs, that the friction ratio is a function of disc radii
and velocity values. When these results should be taken into consideration
in dealing with toothed gears, the friction losses can only be found when
the various radii at the mating periods of the profile curvatures are taken
into account. Now, with a given centre distance a and a given gear ratio i,
the gear profile is univocally defined by the assumed pinion profile; conse-
quently, with already known values of the angular velocity, the relative slip
velocity depends on the geometric formation of the profiles — thus, a certain
univocal relationship between the relative sliding velocity and the curvature
radius at the mating point is an irrefutable consequence.

Fig. 10

Let the centre 01of the pinion, the centre distance a and the gear ratio
i be given. By these data, the form of the line of action (fe) is defined (Fig. 10).

Let point P be the contact point of the two profiles at a point of time t;
at the same time, the tangent line (ép) at point P is perpendicular to the
common normal (np) at the pitch point. When the elementary period of time
At has elapsed, it is in point Q where the mating contact takes place. During
this, in consequence of a revolution through angle zIli®, point P movesto P';
and Q moves to Q'.
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The tangent line (ép,) at point Q' is perpendicular to the profile normal
(rep,). The angle between the two normals (np and np,) will be denoted as Axn.

The angle between the tangent lines at P and Q, as well as that between
the tangent lines at P' an Q' is invariably Axp.

Since at the initial position tangent (ep) is perpendicular to the normal
(tip), and after a time At elapsed the tangent (ép) will be perpendicular to
the normal (np-), so we have:

< (ép; ép’) = Axn. (30)

On the other hand, the angle between (ép) and (ép,) can be conceived
as the sum of Aap and A01because Axp is the angle between the tangents
at P and Q in the initial position, and the tangent (ép) reaches the position
~ép) after a revolution through the angle A0X consequently

< (épiép) = Axp + AOL. (31)
From (30) and (31) we have

Aon- Axp+ AO01,
Axp- Aotn_- AO01.

(32)

We denote the length of the profile arc pQ as Asv The mating point
moves, during the time At along the arc ZIs* thus, the average velocity of
the mating point between P and Q amounts to

Asi
At

Dividing both numerator and denominator by Axp:

AsJAXp Asl Axp Ast  Aocn—AO0l Asj®  Axn AQj (33)
At/Aoip  Axp At Aoip At Axp At At

Assuming a trend to the limit At -m0 the angle Aocp will similarly trend to
Axp -> 0.
In this sense

lim lim - - = -
=0 Axp/Asl gl

where, in conformity with its definition, g1 denotes the curvature of the pro
file at point P.
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Thus, the angular velocity of the normal to the profile revolving around

point C is found to be:

. AX.,
lim on’
At- 0 At

and the angular velocity of the pinion’s
lim “®i -
At-om r

Since the average velocity vrav [at the left-hand side of Eq. (33)] assumes,
when the limit At =0 is reached, the value vtt which represents the momen-
taneous tangential velocity of the pinion in point P, we obtain:

vit = — (co,- -co0j.
Si
Instead of the reciprocal of curvature, the radius of curvature (ggq in point P)
can be substituted, namely:

»11= Qi(mn — ®i) » (34)

According to a similar reasoning the tangential velocity of the gear at the
mating point is found to be equal to:
vt = Qi{mn— "2 (35)

where g2is the radius of curvature of the gear profile at P.
Thus, we find the relative sliding velocity to be expressed as:

vr= \vit— v20\ = 1 gl(con — Q) — g2(con — co?) |,
and reaaranged:
vr = l(ei — Qi)mn — (6l ®1 — 062 wa) I- (36)

For this expression, the angular velocity con will be calculated as follows:
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The direction of a profile normal co-ordinated to an arbitrary mating
point is defined by the vector (Fig. 11)

jrgl e
Taking into consideration the angle between this vector and the axis X,
and forming the first derivative of this arc with respect to time, we obtain
the angular velocity in question:

n = 4"arc(Zk jrgl).
at

The vector Zk, which describes the line of action, is a function of the pinion-
parameter gv According to the chain rule we have:

won = j arc (Zk- jrgl) . (37)
d<pl at

By using the known function ZJcpj) and by making the following trans-
formation

arc (Z, —jrgl) = arc (Xk+ jY k—jrgl) = arc [Xt+j(Yk— rgl]

arctan ' fsi
X,
the derivative of the latter with respect to gk can be directly deduced, the

differential quotient drpjdt can be calculated from the function V{(pXt) = 0
according to Eq. (11).

6. The tooth force in normal direction

Suppose that — by neglecting the frictional force — the pinion is
rotated by a constant moment M k: Contact point of the profiles is the point P
on the line of action (Fig. 12). Then, the tooth force acting in the normal direc-
tion is expressed:

F - MY

n~ k
with k being the lever arm of the force Fn. This k is found, when, consider-
ing the local vector co-ordinated to the mating point P, we draw its pro-
jection onto the direction of the tangent vector kZ[ co-ordinated to point P.
(The left-hand index indicates the co-ordination of this vector Z[ to the line
of action.)

In conformity with the geometric explanation of Eq. (14), we have:

h X, Xi+Y.Yj
fx 2+ vy;2 (38)
t= t(gN.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



388 HHUSZTHY

Fig. 12

Applying Eq. (2) by which the vector Zx= Z1(pl; () is described, the numer-
ator in (38) can be expressed as follows:

= [*o0i(«Pi) cos wi % i) — Volici) sin ®i K"i)]
- X 6i(<Pi) cos & Y<F) — Y 'OOH) sin » i H<F)] +

+ [*0i(?i) sincol% !) + Y Ol(<pd cos cal t~)] -

© [X'0Afi) sin «1 r<piy + Y OA<Pi) cos o>i t(<Pi)] =
- Xol(vD) X'oi(fl) + Yn(@J Y'M) =

The denominator is expressed:
V X 1Tfol+Y Sfo).

As can be seen, neither the numerator nor the denominator of k is a function
of t. Without referring to the dependence on < we can write:

(39)

Should the numerator equal zero, the rotating moment would vanish. Again,
according to Eq. (17), the numerator cannot be equal to zero, neither can
the denominator be equal to zero [in compliance with Eq. (16)].

Considering the profiles in question, the quantity k can never be equal
to zero. Thus, with Eq. (39), the normal tooth force is expressed by:

(40)
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7. Applications

We shall demonstrate, in point 7.1, a certain application of the rela-
tions as shown in chapters 1 ... 6 especially for the case of a pair of gears
consisting of a toothed wheel having cycloidal profiles and of another gear
having rectilinear profiles. This special example can be taken as being useful
because the results as well as the manner of their deduction by means of
elementary notions are well known.

In point 7.2, a special case is dealt with.

7.1 Pair of gears having a rectilinear and a cycloidal toothing, respectively

W ith reference to Fig. 13, the toothed wheel (1) has epicycloidal pro-
files. This profile is generated by a circle having a radius ¢ and revolving
along the pitch circle. In the initial position of the profile, the revolving circle
touches the pitch circle of gear (1) at the pitch point C. Now, the angle between
the axis y and the line connecting centre 01 with the centre of the rolling
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circle should be chosen as the desired parameter v When the rolling circle
rotates around its centre through the angle &, we have, with a pure rolling
motion (without any sliding):

B= — Vi (41)

The profile is delineated by a point of the rolling circle, the initial position
of which lies at the pitch point C. In accordance with Fig. 13, the co-ordinates
of the cycloidal point P are expressed:

Xol= (rx <c¢)singy— ccos@
Yor= (rx-f-c)cosql— csin a.
In view of
a= 90°— (s + Qj,

or

«+ B+ <pi= 90°
we can write:

X0i = (ri+ c) sin A— ccos [90° ~ (B + <Pi)]=
= (rit c)sin<i—csin (8 + <pi)

YOL= (ri+ c) cos H— csin [90° — (B + V)] =
= (rl+ c) cos qpl— c cos (B -)- (pf

and combined with Eq. (41) we obtain:

Xo01= (rx)-c) siit9% —csin — +1 pPim
(42)
= (rx4-c)cos(pl—cCcoS " + 1 <fi m
For our numeric example we shall count with the concrete values:
rx= r2= 2, c=1
from where
a = 4, =1
W ith these data, we can write:
X 0i = 3sin — sin 34, (43)
Yoi = 3 cos <l — cos 397!,
and for the profile (pl) in initial position, with reference to Eq. (1) we obtain:
ZQ = (3 sin (pl — sin 397) -f~j (3 cos (pL — cos 3¢p). (7/1)
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Let the gear (1) rotate in a positive sense at an angular velocity to, = 1, then the vector by

which the rotating profile (p,) is described can be expressed, with reference to Eq. (2), as
follows:

Zx = [(3 sin (pL— sin 3ipf) cos t —m(3 cos @ — cos IB* sin t]
+ j [(3 sin bx— sin 3ipxX) sin t + (3 cos 1 — cos 3tpx) cos t]. (7/2)

In order to find the formulae for profile (2), Eq. (8) serves as basis; first, we will express the
concrete formulae of the respective derivatives:

XjJdi = 3 costp, —3 cos 3gx = 3(cos fL— cos Sipj);
and Eq = —3sinipj + 3 sin 3tp, = 3(—sintp, -(- sin 3g),).
Thus, the Eq. (8) takes the form:
2 [(3 sin tp, — sin 37) « 3(cos g — cos SDj) + (3 cos <A — cos tyx) ' 3(—sintp, + sin 3y,)] —
— 4 [3(cos tp, — cos 3<p)sin tp -)- 3(—sintp, + sin FB) cosv] = 0. (44)

Now, in order to express the variable tp as a function of f,, we first shall divide the expres-
sion (44) by the product 2 «3; this results in the form:

(3 sin tpx— sin 3”) (cos tp, — cos 3qx) -f-
+ (3 costp, — cos 3P,) (—sintp, -f- sin 395) =
= 2 [(cos tp, — cos J) sintp + (—sintp, sin FF) cos 9]. (44a)
After performing the operations at the left-hand side in (44a), we obtain the expres-
sion:
4 sin gx cos tp, .

After division and multiplication of the right-hand side in (44a), by the following
member:

/(cos <pi — cos FB)2 (—sin tp, f-sin 3tp,)- — 2 sin gx;

the right-hand side will take the form:

costp, — cos ;M . osin 3P sinv,

2sintp, sinVii 2 sin tp, v]

2 «2sin 9
After transforming the members within the square brackets, by using the relation
costp, — cos I, = 4 costp, sin2% ,

the first fraction can be written as follows:

4 cos D, sin2% . .
sin o, = 2 costp, sintp, = sin Zh,

and similarly, by using the relation

sin 3qx— sin Ox = 2sin 9, cos B,

the second fraction is written:

2 sin tp, cos 2tp,

: = cos ZB
2 sin tp.

W ith these simplified members, Eq. (44a) takes the form:
4 sin tp, costp, = 4 sintp, [sin tpsin 2tp, + cos tp cos 2tp,\,

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



392 HUSZTHY

and
coscpl = cos (27! — ip)
or
. = 22—V’
viz.
V =<Pi m (45)

The expression of profile (p2) is obtained, when the relation (45) is substituted into Eq. (3):

Zs \f\- V#i)l = U<Pi)= z@2=
= [(3 sin il — sin Sgq) cos 2l — (3 cos 1 — cos Sqq) sin 2tpl + 4 sin ¢q] f-
-f-j [(3 sin rpl — sin 3¢q) sin 2¢q + (3 cos ¢ — cos 3<p,) cos 2¢q — 4 cos ¢q].

The real part of vector Z02 can be written as:

X @= 3sin<ggcos 2~ — sin 3(plcos 2<pl — 3 cos iplsin 2l -f- cos 3<pj sin 2¢Q + 4 sin¢q =
= —3sin (pl — sin¢q -|]- 4 sin (pl — O,

and the imaginary part is:

Y= 3singqsin 2¢q — sin 3¢q sin 2¢q + 3 cos ¢q cos 2¢q — cos 3¢q cos 2¢q — 4 cos ¢q =
= 3c0s¢g— cosljg— 4 cosipl= —2cos<l.

Thus, the profile (p2) is expressed in the system of co-ordinates (*2;y2) as follows:

w02 —0

(46)
Y®= 2cos(p
This represents, in words, a straight line that coincides with the axis y. This result could
be expected, undoubtedly, since the rolling circle has a radius ¢= 1, viz. half as large as the
radius r2= 2 of the pitch circle within which the rolling motion takes place.

In this way the problem as set up in point 1 is solved.

We shall find the equation of the line of action. The concept of the function W<l t)
according to Eq. (11) is of a similar form as is the relation in Eq. (8) that served to define
the envelope curve. The difference consists in substitution aq t (as argument of the trigono-
metric functions) instead of itp. As far as the form of the line of action is concerned, the value
of the angular velocity has no importance. For the sake of simplicity we assume Cg= 1.
When according to Eq. (8) the envelope curve was examined (with a gear ratio i = 1), we
obtained

iy, =cp = (f1
[see Eq. (45)], and in the present case, we find in an analogous way, that
cuu1=t= <. (47)

Putting this expression into Eq. (2) of profile (pj), the vector that describes the line of action
is found to be:

Zy = [(3 sin ¢q — sin 3¢q) cos ¢q — (3 cos ¢q — cos 3p¥) sin ¢q] -f-
-f-j [(3 sin gl — sin 3¢q) sin (ol -(- (3 cos ¢g — cos 3¢q) cos ], (7/12)
The real part is expressed by:
Xy = (3 sin ¢q — sin 3¢q) cos¢qg — (3 cos ¢ — cos 3¢q) sin¢q =
= —(sin 3¢q cos bx— cos 3¢q sin¢q) = —sin (3cpi — ¢q) = —sin 291,
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and the imaginary part by:
Yk = (3 sin g1 — sin 3yij) sin < + (3 cos gL— cos 3”) cos cpt =

= 3 — (cos 3qlcos <l + sin 3¢ sinda) = 3 — cos (X— ¢q) =
3 — cos 2(fl .

Thus, the parametric equations of the line of action go as follows:
Xk = —sin2pl, Yk= 3—cos24 . (48)
file parameter <p can be cancelled in the following way:
Xk = —sin 29, Yi;— 3= —cos 24l.
By taking the squares and adding them, we obtain:
X1+ (Yk- 32= 1

Consequently, the line of action represents an arc as a portion of a circle as shown in Fig. 14.
This is quite underst-andable, because of the following relationship: when profile (p2 moves
around centre 02 we find a right-angled triangle formed by the hypotenuse 02C and the
sides PC and 02P where PC represents a portion of the normal to the profile coordinated
to point P, and 0,P is the radius. Consequently, point P representing the right-angle corner
moves along a circular arc.

The gear ratio variation which occurs when the original centre distance a gets altered
should be examined; e.g. we allow the value a0to be decreased to a= a0—/)a. In Fig. 15 the
dash curves represent the initial position of the mating profiles when distance a is kept
unchanged and ratio i remains constant. (In this position, C represents the mating contact
point.)

The centre distance a should be modified inasmuch as centre remains in the original
position, whereas centre 02 comes nearer to 01 by the decrement Zia, and reaches the new
position 0%*.

When the two gears have performed some revolution through the angles , and ).2
respectively (measured from the initial position), the new mating point is at P*. In this posi-
tion, the normal to the profile at the new pitch point will not produce the same division
ratio of the centre distance a as was with the original distance a0; thus the gear ratio i is also
subjected to some change, characterized by the new dividing point C*. Now, we return to
Eqs (23) by which the mating conditions are established, but we substitute A instead of t,
and A2 instead of T.
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For this purpose, we apply:

X 0L — 3 sin gl — sin 3¢, X®= 0,

Y= 3cos hl— cos I, Y®= —2cos
and

X'ol = 3(cos . — cos 3¢p,), x'e= 0,

Y'i = 3(—singo, + sin 37), Y'02= 2sintpl.

Thus, Eqs (23) are rewritten:

(3 sin g1 — sin 3qp,) cos Ax— (3 cos gl — cos 3ipj) sin Ax= —2 cos <t sin A2,
(3 sin gt — sin 3g?j) sin Ax+ (3 cos (pl — cos 37) cos Ax= a — 2 cos gk cos A2, (7/23)

3(cos ¢ — cos 3¢K) 2 sin mpl — 3 (—sin gpj -f- sin 3g>j) 2 sin g tan Ax

2 3(cos Wl — cos ) 2 sin i tan Ax+ 3(—singq + sin 39¥ 2 sin gX

Some kind of simplification seems to be possible on account of the parameter mi being
the same for both profiles. The 3rd equation among Eqs (7/23) can be rearranged. There is
a simplification by 6 and by sin iplpossible, and the known relations

c0s <t — cos 3t = 4 cos Ipj sin2ipl= 2 sin o sin 2gpx,
—sin < -f- sin 3q = 2sin gxcos 2qq
can be applied:

2 sin gq sin 291 — 2 sin gq cos 2gq tan Ax

tan A2 2sin gq sin 2| tan A« 2sing, cos 2Y1

Both numerator and denominator can be divided by

2 sin gq cos 2qq
to obtain:

tan 299 — tan AX
— s =t 2¢q — A),
tan A2 tan 2q tan A4 1 an (2cq — A,)

Ay= Zgg— A}, A+ A2— 2. 49
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We are able to transform the 1st and the 2nd formulae among Eqs (7/23):

3 sinipl cos Aj —sin 3~ cos Aj — 3 cos <l sin At + cos 3¢?xsin A —2 cos il sin A2,
3 sin @1 sin At — sin 3/~ sin AX 3 costplcos Ax— cos 3~ cos A« a—2cos <ycos A2,
3 sin (Gjj — Ai) — sin (3~ — At) = —2cos sin A2,

3 cos (ql— Aj) — cos (I — Al) = a— 2 cos<lcos A2.
We form the square of both sides and add them together

10 — 6cos 29 = 4 cos2P — 4a cos gl cos A2-F- a2,

cos A = - S e g T : (50)

In a numerical example, we put

zia = —0,1, viz. a = 3,9,
thus,
4 cosZ?P, — Bcos 2 4-521

I
15,0 COS9?!

cos A2=

(51)

W ith various values of @ and by using Eq. (49) the angles A or, by Eq. (51), the angles A2
are calculated. The resulting values (9, A,. A) give us every required point of contact, at the
same time being the mating point in a position when gear (2) revolved through angle A2
The actual normal to the profile passes through the resulting point P* (X*, Y*), and its
equation goes as follows:

Y —Y* = m(X — X*),
X* = —2 cos Hsin A2,
Y* = 3,9 — 2 cos P cos A2,

m = —tan A, .

where

Now we find the co-ordinates of point C* which represents the intersection point of the normal
to the profile with the centre line 0,02: (X* = 0),

Ye* = Y* + tan AX* = Ofix, (52)
and

(53)

represents the momentaneous value of the gear ratio. Our numerical results are shown in the
following Table:

Vi K X* Y oxc* 02c* i
(0 —12°50T0" 12°50TO0" — 0,444 1,950 1,849 2,051 1,109
T —12°52'50/ 14°52/50" —0,446 1,951 1,850 2,050 1,108

and so forth.

For calculating the relative sliding velocity we shall return to Eq. (29).
Let the given centre distance a equal 4 and the angular velocity col equal 1; thus,
the expression as exposed under the square root sign in (29), of course, with t = tpl [accord-
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ing to (47)] has to be written as:

lvr 2= 42— 2 «4 (1 + 1) [(3 sin gl — sin Sipj) sin g + (3 cos ¢t cos IG) cos 1p -f-

-f (1 + 1)2[(3 sin 9L — sin 392 + (3 cos mpx — cos S¢M)2) 16 (1 — cos 2j,)

2
or
1—cos2n
W P( ZCOS ) °o 2 ising. (7129)
Calculation of the normal tooth force according to to Eq. (40):
P =M y [3 (cos <p — cos 3ffi)P + [3 (—sintpl + sin S")]2
n 1(3 sin 91— sin 3 (cos 3x— cos ID-f-(3 cos (pY— cos 39) 3(— sinAj-f-sin 3(pY)

where the expression under the square root sign is reduced to:
36 sin2(pi ,
thus, the numerator equals = 6sin (fx and the denominator is reduced to

12 sin 9j cos (p1,

and consequently:

M 6sin 7,

Fn 12 sin (fxcos y L Mi 2 cos (pl

(7140)

7.2 Case of a special application
7.2.1. Example of a earn profile

This case is shown in Fig. 16. Here, the profile of member (1) is characterized as a
straight line passing through centre OI9 and the profile of member (2) represents a circle
having the radius r which swings, with a connecting lever of the length m, around centre 02;
the possibility that this circle can, at the same time rotate, around centre M has no mechan-
ical significance. The mechanism as shown in Fig. 16, assumes its initial position. For profile (1),
the equation in the system of co-ordinates xlyl can be written as:

X 01 = ¢plCOS a X gX= cos a
o X (54)
Y 0oi = (p1sina = sina
Further, cpl represents the distance of the moving point of profile (1) from centre and
the position of this straight profile is characterized by
(55)
o V(a — m)2-
sina = /1 (a — in)2 a—m
As for the profile (2), expressed in the system of co-ordinates 222 we can write:
X@= rcos<e, X'02 = —r sin (f2,
vy 02= (m -f rsinq®, Y'02= —r cos (p2 (56)

where angle (2 is to be understood in accordance with Fig. 16.
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Suppose that member (1) rotates around centre 01in the positive sense at the angular

velocity col =
W hat is required, is to know the gear ratio cojca2= i
Recurring to Eqgs (23) we can write
gl cos a cost— <psinasint — r cos 92cos X — (m -f- r sin 9®) sin X
<Ficosasint+ Bsinacost= a—r cosg2sin X — (m -j- r sin 9 cos X

_ (—cosarcos<2— r sin 2sin a) — (— r cos a sin g2 — rsin a cos ¢2) tan t 57
L]
(—cosarcos(@2+ rsinVzsina)tan 1+ (—rcosasm”2— rsma cos”2) (57
After simplification and rearrangement:
(fi cos (a -f-t) = rcos (tp2 + X) — m sin X,
<Hsin(a + t) = a— rsin (§2+ X) — m cos X, (58)
tan X = sin (2 -f- < tan t — cos (2 + a)
-sin @2+ a) — cos (2 -f-a) tan t

In the latter equation an amplification by — 1 seems to be suitable:

tan X = cos (ffg + «) — sin (<R + «@tant
sin (ip2-)- a) + cos (@2+ a)tant ’

and after a second amplification by l/cos (w2 + <¥, we obtain
tan X 1— tan (g2 fa) tan t 1
tan ((p2-)- a) + tan t tan [(@2+ a) + t]

= cot[(qR+ a) + I] = tan (90° — [(q2+ a) + t]},
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or
T = 90° — [(y2+ a) + t] = 90° —qw—a — t

P+ T =90°—a—t
By substituting this formula into the 1st and 2nd Eqs (58) we obtain:
plcos (a + t) = rcos [90° — (a+t)] — msin T,
M sin (a -(-t) = a—rsin [90° — (a + 01 — mcos T,
ipicos (a + t) = rsin(a + t)— msin X,
(ftsin(@a+ 0= a—rcos(a + t)— m cos X.
Dividing the latter equation by the former we have:

a—rcos(a+ t)— mcos X

tan (a + t) = . .
( ) tsin (a + t) — msin X

(59)

(60)

that sets down a relation between | and X. After cancellation of the fractions and rearrange

ment, we can write:

r m sin (a + f) sin X

a= —mVI — sin2T,
cos (a + t)

r msin(a+ OsinT —acos(a+ t) = —mcos(a+ t) Y1 — sin2r .

Forming the squares of both sides:

r2+ m2sin2(a + t)sin2T + a2cos2(a + t) — 2rm sin (a + t)sin T —

— 2arcos (a + t) + 2amsin(a + t)ycos(a + t)sinT =
= m2cos2(a + t) — m2cos2(a + t)sin2T

and rearranged:

m2sin2T-|-2m sin (a + t) [a cos (a-j-i) — r] sin T-\- {[r — a cos (a+t)]2— m2cos2(a+t)}

By using the root-formula of a second-degree equation, sin T can be calculated.

First, the discriminant should be expanded:

4m2sin2(@ + t) [acos (a+ i) —r]2— 4m2{[acos (@ + t) — r]2— m2cos2(a + )}

= 4m2cos2(a + t) {m2— [acos (@ + t) — r]2},
and consequently

. . _[r—acos(a+ tlsin@+ t)+ cos(@a+ t) \m2—Jacos (a+t) —rJ2

sint =

m

of course, we apply the positive root.
W ith the numeric data:

we have:

1 1
a = arc cos = arccosj ----- —, = arc cos 57

and

j, [ — 4 cos (t + Ji/3)]sin (t + ji/3) + cos (t + jt/3) V4 — [4 cos (t + tt/3) — I]2 (Rz)
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From this we obtain the angular revolution of the gear member (2) through the time t:

T arcsin [L— 4cos(t+ Ji3)sin (i + ji/3) + cos (t+ jr3) V4 — [4 cos (t+ ji/3) — 112
2 ~
and with
1— [L — 4 cos (t + jr/3)]sin (t + ji/3) + cos (t + ji/3) j'4— [cos (t+ w/3) — 1]2]
2

. jl sin2(i + ji/3) + [1 — 4 cos (t + ji/3)] cos (i + w3)—

—sin (t+ nB)\\ — [4cos (i + jil3)y—1]2 -|-
2 [4cos(t+ nI3) — 1]4sin(t : mr3) j
+ COS(i+ nR) 2 [4 cos (t + €/3) — ip 1

Instead of a general reduction of this equation, we may confine ourselves to the determina-
tion of the gear ratio at a certain point of time, say at ( = ji/6.
Thus,

@) 73f3

and
y3 0,76.
4 —y3
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The same result can be obtained by using Eqs (62). First we can state that after a revolution
through angle t = n\6in which position the edge of member (1) comes into coincidence with
axis y, we obtain

sin T = 1/2,

T = arcsin 1/2 = /6,
in words, the member (2) likewise performed a revolution through an angle T = 6. In this

position, the profile normal passes through point C*. As can be seen from Fig. 17, this por-
tion is characterized by the relation:

9ilo _
0X*= 2cos36= —-— = y3,
OnC* = 4 — V3,
and the momentaneous value of the gear ratio:
ofi* W3

eye* 4 —V3

in conformity with our first result.
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Komplexe Schreibweise im Entwerfen von Zahnradern. Hier wollen wir mit besonderer
Rucksicht auf Grundfragen des Entwerfens einige geometrische und mechanische Eigenschaf-
ten von geradverzahnten zylindrischen Réaderpaaren besprechen, u. zw.: Bestimmung des
Gegenprofils zu einem gegebenen; Untersuchung der Eingriffslinie; Analyse der geometri-
schen und mechanischen Bedingungen des Eingriffs; Untersuchung der infolge eines Achsen-
abstandfehlers entstandenen Ubersetzungsanderung; Berechnung der relativen Gleitge-
schwindigkeit der Zédhne; Berechnung der momentanen, normalen Zahnkraft. Bei gegebenem
Profil eines der beiden Zahnrader (und dies ist gewdhnlich das kleine Rad) erscheint die
Eingriffslinie eindeutig bestimmt, und dasselbe gilt fur das Profil des groBen Rades. Die
hier bekanntgemachten Rechnungsmethoden sind — nebst der komplexen Ausdrucksweise —
dadurch gekennzeichnet, daB die Ergebnisse allgemein mit Hilfe von den, das Profil des
kleineren Rades bestimmenden Funktionen ausgedruckt werden.

KoMnjieKCHoe npeflCTaBlieHHe 3y6uaThix Kojiec npH hx npoeKTHpoBaHHH AZ&HHan pa-
BoTa 3aiiHMaeTC>i tiukhmh reoMexpHuecKHMH h MexaiinaecKiiMH cbohctb3MH nap npuMO-
3y6bix 3yOHaTbix Kojiec C napaluieJibHbiMH ochmh, KOTOpbie iipn npoeKTHpoBaHHH 3y6beB
HrpaioT ocHOBHyio pojib, a HMeHHo: onpeaejieHHe KOHTpnpoijjHJiH, COOTBeTCTByiomero itaHHOMy
npo<})Hjno; aHajiH3 KOHTaKTHOH jihhhh; aHajiira reoMerpngecKHX h MexaHHneCKHX ycjiOBiifi koh-
TaKTa (3anenacHn>i); aHajiH3 iiSMeneirnH cooTHOiuennH nepe;ui'in, BO3HHi<aioutero bcjicactohc
nOrpeUIHOCTH paCCTOHHHH Me>KAy 0CHMHJ BbIMHCJieHHe OTHOCHTejlbHOH CKOpOCTH CKOJIbHteHHH
3y6beB h MTHOBeHHoro 3HaueHHH ycHJTHH 3y6beB b HopMalJibHOM HanpaBlieHHH. npHHHM an
3aaaHHOH npo(j)HJib ojtHoro KOlJieca (oﬁhuho MeHbuiero), sto 0AHO03HauHO onpeaeAHeT (j)opMy
KOHTaKTHOH jihhhh, a ara (})opMa >Ke onpenenaeT (jjopMy KOHTnpo(j)HjiH; oahhm h3 xapaKTep-
Hbix uepT onnchiBaeMbix b aa'ibHeHiiieM mctoahk PacnNe€Xa napn.xy C KOMnjieKCHbiM npe.xcxaBJie-
HHeM HBjinexoi to,hto pe3yjibTaThi boooihc Bupa>Kaiox CnoMombiox;anHbix (J>yHKitHH, onHCbiBaio-
tpHX npoiJ)HJib Malioro KOlJieca.

Ac*n Technica Academiae Scientiarum Hungaricae 73, 1972



Acta Technica Academiae Scientiarum Hungaricae, Tomus 73 (3- 4), pp. 401—411 (1972)

NUMERICAL ANALYSIS
OF CIRCULAR ORTHOTROPIC PLATES

M. A. MUSPRATT*

[Manuscript received February 3, 1971]

Lower bound plastic analysis techniques are described for orthotropic axisyminetric
plates and slabs. The procedures involve a numerical optimisation by mathematical pro-
gramming of either linear or nonlinear systems.

Orthotropy in plane continuous structures may be produced either by
an orthotropic continuum or by arrangement of isotropic material such that
the structure has direction-dependent properties, e.g. by reinforcing or by
provision of ribs. These types of orthotropy are usually referred to as physical
(crystalline) and technical (geometric) respectively. In lower bound plasticity,
the difference between physical and technical orthotropy appears in the equa-
tions of the yield surfaces — the former requires a simple geometric repro-
portioning of the yield surface, while the latter involves a more tedious strain
mapping procedure (ref. 1, 2, 3).

Strain mapping procedures will not be considered in this paper. In addi-
tion, as physical orthotropy is not common for steel plates, most solutions
derived apply to reinforced concrete slabs which are assumed homogeneous
enough to display physical orthotropy.

To simplify the system definition, only axisymmetric problems will be
considered — thus the torsional moment is absent, reinforcement is orthogonal
to yield lines, and the simple rectangular yield criterion may be invoked [4, 5].

1. Plastic analysis

The problem is to find the maximum lower bound to the collapse load
of the six slabs whose reinforcing patterns are shown in Fig. 1. These spatial
configurations were chosen because the author had previously conducted
destructive tests on these slabs [6] and so a comparison of theory with experi-
ment was possible. Slabs were loaded with a concentrated load. The footing
slabs were subject to a uniformly distributed subgrade reaction, while the
simply-supported slabs had simple edge supports.

*M. A. Muspratt, Research Associate, Department of Civil Engineering, McGill
University, Montreal, P. Q., Canada.
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SIMPLY SUPPORTED SLABS FOOTING SLABS
(A) ISOTROPIC YIELD LINE (D) ISOTROPIC YIELD LINE
(B) OPTIMUM (E) OPTIMUM
The moment fields for the yield-line slabs are isotropic — the solution

method is developed for these slabs and subsequently extended to the ortho-
tropic moment fields for the optimum and elastic solutions. The material is
assumed rigid plastic and obeys the cylindrically isotropic square yield crite-
rion. No negative reinforcing was provided.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



CIRCULAR ORTHOTROPIC PLATES 403

1.1 Footing slab
1.1.1 Yield line solution

The method used is to replace the continuum with a discretised form
— i.e. the differential equation of equilibrium is replaced by finite differences.
A statically admissible moment field is obtained if these finite equations are
solved subject to yield constraints on the moments [7].

The solution in standard form becomes —

1. objective function = —p
2. constraints

(a) equality :
— six equilibrium equations

2- [R2 (scs)21+ 72 (m *+1 mf-1) + mg- mg = o

— two boundary conditions

m°0.

(b) inequality:
— six of each of the following

ms < 1 Letting the specific plastic capacity per unit width in
flexure of the yield line slabs with reinforcing bars spaced
ml < 1 at 3 in. centres be unity [6].

where, S number of mesh point — taken as 0, 1,2,...,5,
grid size — taken as 0,2
m, specific dimensionless radial moment,

me specific dimensionless circumferential moment,
P specific distributed load,
R specific footing radius = 10.

Thus we have a system composed of

13 real variables,
24 slack variables, and
20 constraints

The object is to maximise the load on the slab subject to the above
equality and inequality constraints; and because this underdetermined system
is completely linear, by far the most efficient method of solution is by linear
programming using the revised Simplex method [8].
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1.1.2 Optimum solution

In this problem, the yield constraints were modified as follows to accom -
modate absence of radial reinforcement:

As the spacing (D) of the circumferential reinforcement is variable, and
the yield capacity is linearly proportional to this spacing, the following approx-
imate quantities hold for a 12 in. diameter base plate.

Table |
Si5 mr De (in) m0
0,16 0,0 3 10
0,2 0,0 3 10
0,4 0,0 4 0,75
0,6 0,0 s 0,6
038 0,0 6 05
10 0,0 7 0,43
Thus for SO = 0.8, the yield criterion is
0< mg< 05

where meis the specific yield capacity again with respect to a 3 in. bar spacing.

1.1.3 Elastic solution

The reinforcing pattern for the elastic solution almost conforms to that
of a polar net. The analytical approach to this problem of lower bound analysis
[9] is quite cumbersome but the numerical approach using mathematical
programming is almost trivial. The problem may be treated exactly as above
except in this case both the radial and circumferential specific yield capacities
vary with the radius. The moments at the singularity in the centre of the
slab are not equal but are proportional to the density of radial and circum-
ferential reinforcement.

1.2 Simply-supported slab

Expressions are as above except that the dimensionless form of the
equation of equilibrium is:

P
nir-1)+ m*  mjj =
271

Adu Technica Academiie Scientiarum Hungaricae 73, 1972



CIRCULAR ORTHOTROPIC PLATES 400

pIm0, mOis the specific yield capacity of the slab,
concentrated load.

where P
p

Here the shear term is independent of radius. Note that for the optimum
solution —

m, 0; mg

I»=i
where mQis the yield capacity with 6 in. spacing of reinforcing bars.
Plots of the moment diagrams obtained from the mathematical pro-

gramming solutions are shown in Fig. 2.
It should be noted that generally the radial steel takes an insignificant
portion of the load even in the elastic solutions. This agrees well with Roz-

(a) Footing slabs
-unit moment for
3in. bar spacing

(1) Yield line

Yield line

(2) Optimum

(3) Elastic

(b) Simply-supported slabs
-unit “moment for
6 in. bar spacing

(1) Yield line 0-

(2) Optimum

(3) Elastic

Fig. 2
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vany’s hypothesis [10]; in fact, the results for the simply-supported case
agree exactly.

Some discrepancy occurs at the centre singularity of the slab and the
assumed boundary conditions there. If a true singularity is assumed to occur
at the edge of the load distribution plate, an incorrect indication of yield
load is obtained because of the relatively coarse finite difference mesh size
chosen. A singularity does occur, but the radial moment falls to zero very
rapidly with radius, so that the area under the radial moment diagram is
small, and little load capacity is generated from it. Thus if the singularity
constraint is relaxed the true conditions of effectively zero radial moment
at the centre of the slab are realised, and the propogation of the singularity
moment in the radial direction because of the coarse grid size is avoided.
The more exact unconstrained moment diagrams are also shown in Fig. 2.

The effect of relaxing the singularity constraint in the programming
approach compared with the constrained values (in brackets) is shown in
Table 1l. The former approach achieves greater load carrying capacity in
all cases, with the radial reinforcement less well developed at yield (see
Fig. 2, also).

Table 11
Summary of results

Slab capacity (kips) at yield

Solution Footing slab Simply-supported slab
i i Experi- i i Experi-
Design Programming m e%t Al Design Programming meﬁ fal
Yield line 13,1 9,3 110 4,48 4,5 5,0
(7,3) (3,5)
Optimum 13,1 80 9,0 4,48 4,5 4,8
Elastic 13,1 11,9 14,0 4,48 58 5,0
(10,7) (5,7)

The high yield loads obtained by programming analysis for the elastic
slab compared with the other slabs is a direct result of reinforcement curtail-
ment and bond length required in prior design. These considerations are peculiar
to elastic solution for the spatial cases considered.

The above analyses are approximate because of system simplification
by neglect of secondary effects such as shear and membrane stresses, deflec-
tions, time-dependence, material heterogeneity, etc. Thus, the use of sub-
optimal analysis seems desirable — these analyses have a reserve capacity
to absorb overload or abuse and are immediately available for performance
upgrading which is a standard part of some industries.
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2. Transverse orthotropy

w asti [11] has obtained an analytical value of the collapse load of a
simply-supported, transversely orthotropic plate subject to uniformly distrib-
uted load. The Tresca yield criterion for this material is

mr, mfl < + fc,
mr— mO0< + 1,0.

k = coefficient of orthotropy in the transverse direction.

CL.

This yield criterion may he substituted for the square yield criterion in the
system definition for plastic analysis (Section 1).

As an example, for k = 2, the analytic and numerical solutions are
6 XI1,876 = 11,25 and 11,06 respectively. The moment distribution from the
numerical solution is shown in Fig. 3.

3. Nonlinear systems

In all previous examples, linear and piecewise linear objective functions
and constraints have been used. However, if say von Mises’s instead of Tresca’s
yield criterion is used, nonlinear yield constraints appear in the system defini-
tion. The solution method involves invoking nonlinear programming algo-
rithms — the particular algorithm used subsequently is the sequential un-
constrained minimisation technique (S.U.M.T.) and is described in more
detail in [6].
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3.1 Analysis

For the purpose of illustration, lower bound plastic analysis of steel
plates with material conforming to both von Mises and Tresca’s yield criteria
are obtained. Simply supported plates under both distributed and con-
centrated load and footing plates are all considered. As a check on accuracy,
analytic values are also quoted for the first case.

System definition is as described previously in the section on plastic
analysis, except that the yield constraints become

ntf— < 1,0
at each node.
For the plate spatial configurations used, no negative moments appear
— thus the Tresca and square yield criteria give identical results.
Results are shown in Fig. 4, while values given below are for the simply-
supported plate under distributed load [7].

Table 111
Tresca von Misss
s Analytical Numerical
Mr Me Mr m8 Mr Me

00 10 10 10 10 0,99 0,99
02 0,96 10 0,95 10 0,96 1.03
0,4 0,84 10 0,85 10 0,87 1,08
06 0,64 1,0 0,63 10 0,66 1,15
08 0,36 10 0,38 10 0,44 1,14
1,0 0,00 10 0,00 10 0,00 0,99
P 6,00 5,88 6,33

The use of composite materials is increasing rapidly [12], especially in
the aerospace industries where concurrent application of weight optimisation
techniques is mandatory. The yield criterion for transversely anisotropic
material has already been discussed. It is now proposed to include Hill’s
yield criterion for composite orthotropic material in the plastic analysis
procedure.

For the two-dimensional case, Hill’s criterion degenerates into the von
Mises criterion for a coefficient of orthotropy of one, and to a circle

mr-f-nil < 1

for a coefficient of orthotropy of infinity.
The solution for the latter yield criterion is shown in Fig. 4.

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



CIRCULAR ORTHOTROPIC PLATES 409

(a) Simply - supported plate with distributed load

........ Tresca (P=5,88)
........ von Mises (P=6,33)

........ Hill (P=4,96 )

(b) Simply - supported plate with concentrated load

Tresca (P=2,0)

von Mises (P=2,10)

Tresca (P=2,00)

von Mises (P=2,02)

Fig. 4

3.2 Extensions

Extensions of the previous methods for orthotropic and nonlinear
systems to include shakedown as well as limit c mditions, to include stochastic
as well as deterministic variables, and to include discrete as well as conti-
nuously valued variables have been described elsewhere [7, 13] — powerful
numerical methods invoking the mathematical programming optimisation
algorithms are further utilised to illustrate the tremendous potential applica-
tion horizons.

Piecewise linearisation of the equilibrium equations and integrals by
finite differences may be inaccurate because of discontinuities of first and
second derivatives at node points. Biron et al. [14] have used quadratic
splining to ensure continuity of first derivatives — however with the develop-
ment of sophisticated nonlinear programming algorithms, the use of cubic
splines to ensure continuity of second derivatives is advantageous [15].
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Piecewise curvilinear representation of moment fields with collocation points
only at nodes to ensure the yield criterion, if notviolated, may lead to unsafe
analyses and designs due to yield violation between nodes, especially if nodes
are widely spaced.

W ith two parameter systems involving both radial and circumferential
moments, cubic spline representation of say the equilibrium equation is quite
tedious; hut as the circumferential moment field is always present and usually
dominant for axisymmetric slabs [7], representation of this field only in spline
form may he considered.

Description of structural ensembles in terms of stiffness matrices instead
of equilibrium equations could add to flexibility of system definition and
permit inclusion of asymmetries of geometry and loading.

4, Conclusions

The inclusion of orthotropy and nonlinearities in lower bound plastic
analysis may be easily achieved, provided numerical optimisation procedures
using mathematical programming are invoked.
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Rechnerische Analyse von kreisformigen orthotropen Platten. Es werden auf
der Plastizitdtstheorie beruhende Verfahren fur die Analyse von orthotropen, achsen-
symmetrischen Platten unter Ermittelung des unteren Grenzwertes der Bruchlast behandelt.
Unter den Verfahren befindet sich eine numerische Optimierung von entlinearen und nicht-
linearen Systemen durch mathematische Programmierung.

Uucnosoli aHanm3 KPYrNbIX OPTOTPOMHbIX MNaCTUH. OnucaHue MeTOA0B MUCC/ef0BaHUA
OPTOTPOMHLIX OCECUMMETPUYHLIX NNACTUH, OCHOBLIBAKLIMXCA Ha TEOPUW W310MA, C LEsblo
onpefeneHns HWXHero npefena paspylialouieid Harpysku. Cpegu MeTOAOBGHU rypupyeT MeTos
UMCNOBOTO OMpefeneHUss ONTUMYMa JUHENHbIX W HeNUHeKRHbIX CUCTEM C MOMOLLbID MaTema-
TUYECKOr0o MPOrpaMMuUpoBaHus.
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STATISCHE UNTERSUCHUNG
EINER UANGSVERSTEIFTEN TONNENSCHAUE
MIT GELENKIGEM KREISRAND
DURCH ANWENDUNG FOURIERSCHER REIHEN

F. SEBOK*

[Eingegangen am 15. Mdrz 1971]

Die durch axiale Rippen versteifte Kreiszylinderschale ist als optimale Form eines
thermisch beanspruchten Spannbetondruckbehdlters anzusehen. Zu ihrer Anwendung mufite
zundchst eine geeignete Berechnungsmethode entwickelt werden, da das Problem in der
einschldgigen Fachliteratur noch nicht behandelt bzw. fir unlésbar gehalten worden ist.
Der hier besprochene Rechengang fulRt auf dem herkémmlichen KraftgréRenverfahren. Alle
statischen- und VerformungsgréBen werden in trigonometrische Reihen entwickelt. Als
Hauptsysteme wurden dabei unbestimmte Tragwerke, die niedrige Zylinderschale sowie der
auf der Ringwicklung elastisch aufliegende Balken gewahlt. Das (unbekannte) Kontakt-
Kraftesystem wurde aufgrund der Vertrdglichkeitsbedingung bestimmt. In Kenntnis seiner
radialen und axialen Komponenten konnten die wahren Schnitt- und VerformungsgréBen
ermittelt werden. Die Methode gestattet auch die sekunddren Einflisse in die Berechnung
einzubeziehen, was mit Ricksicht auf die unter Betriebsumstidnden erfolgende Erwarmung
der Bauteile von groBer Bedeutung ist.

1. Einleitung

Die Idee, Druckbehdlter aus Spannbeton zu bauen, hat sich in den
sechziger Jahren durchgesetzt. Es wurde damit eine neue Art von Ingenieur-
konstruktionen geschaffen, deren Yerwirklichungsformen sich einstweilen in
Entwicklung befinden.

Die heute ublichen Gestaltungsformen sind durch eine dicke Wand
gekennzeichnet. Dieses Konstruktionsprinzip wird damit begrindet, daBR auf
dieser Weise auch die Festigkeit des Abschirmbetons ausgenutzt werden kann.
Diese Auffassung, so logisch sie auch klingen mag, ist aber nur zum Teil
richtig. Der Umstand, dall die (insbesondere durch Temperaturgefdlle beding-
ten) Betriebslasten auf Konstruktionsteile beachtlicher Steifheit einwirken,
hat erhdhte Beanspruchungen zur Folge. Es sind somit Schnittkréfte aufzu-
nehmen, die Uberhaupt nicht auftreten wirden, hdtte man dem Beton nicht
eine statische Rolle beimessen wollen.

Die hohen Temperaturlasten kénnen naturlich durch Heranziehung
kinstlicher Mittel (z. B. Wéarmeisolierung, dauerhafte Innenkihlung) ver-
ringert werden. Wir vertreten jedoch die Ansicht, dal die Kernfrage der
W eiterentwicklung von Druckgef&Ben darin besteht, Durchbildungsmdglich-
keiten zu finden, welche die erforderliche Biegesteifigkeit sichern kdnnen
ohne dabei den Behélter zum Tragen groBer Temperaturlasten zu zwingen.

* Seb6k F., Marczibanyi tér 9/b Budapest Il. Ungarn
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Diese Zielsetzung kann, unserer Meinung nach, durch »aufgeléste« Konstruk-
tionen erreicht werden.

Eine Behalterform dieser Art entsteht dadurch, dal man die dicke
W and in mehrere Schichten aufteilt. Die Innenrdume zwischen den tragenden
Bauelementen sind mit einem Fllstoff von erwiinschten wérme- bzw. strahlen-
schiutzenden Eigenschaften (z. B. GlaRperlen, Sand oder Wasser) auszufillen.
Damit entfdllt auch das Problem der auftretenden Risse [1], Die Ld&sung
wurde in einer friheren Arbeit [2] beschrieben, und seitdem in manchen
Zigen in Form eines Modells von der Firma Krupp verwirklicht [3]. Hier
wird durch den Einbau einer kostspieligen Vorrichtung fur die Verteilung des
Innendruckes unter den einzelnen Schichten gesorgt. Sinnvoll wére es auch eine
andere Wirkungsweise anzustreben, wo die Konstruktionselemente nicht von-
einander getrennt, sondern in Form einer Sandwichschale Zusammenarbeiten.

Eine grundsétzlich andere Alternative zur Verringerung von Temperatur-
spannungen bildet das berippte Tragwerk (das selbstverstandlich gleichfalls
mehrschichtig ausgefihrt werden kann). Hier kommt die Verdrdngung des
massiven Betons durch einen losen und billigen Abschirmstoff der W irtschaft-
lichkeit und der Sicherheit ebenfalls zugute. Ein ganz besonderes Augenmerk
sei aber auf den Umstand gerichtet, daB bei dieser Konstruktionsform alle
Durchfiihrungen, Instrumente und selbst die Vorspannkabel leicht zugédnglich
und ihre Uberpriifung, das Nachspannen und gegebenfalls sogar der Austausch
sehr einfach sind.

Das Zerlegen dicker Betonbehé&lter in dinnwandige Kreiszylinderscha-
len bzw. stabartige Rippen ist auch in Hinblick der Zuverldssigkeit der sta-
tischen Berechnung zu befirworten. Wie allgemein bekannt, hat die moderne
Rechentechnik eine Reihe numerischer Methoden entwickelt, die die Erfassung
des Kréftespiels im dreidimensionalen Raum gestatten. Man verliert dagegen
manchmal vor Augen, daB einige physikalischen Grundkenntnisse, worauf die
entwickelten Rechenverfahren fuen, nicht einmal in zwei Dimensionen immer
standhalten. Als solche ist zum Beispiel die augenblickliche Feuchtigkeit des
pordsen Materials zu nennen, die nicht nur auf die Temperaturverteilung und
somit auf die thermischen Lasten auswirkt, sondern unter anderen den wirk-
lichen Wert des Elastizitatsmoduls, des Schwindens und Kriechens bestimmt.

Die hier besprochene Konstruktionsform findet auf vielen Fachgebieten
der Ingenieurwissenschaften in zunehmendem Male Anwendung. Die Bau-
technik ist dabei etwas in Hintergrund geraten. Dieser Umstand kann wahr-
scheinlich darauf zurickgefihrt werden, dall zur Berucksichtigung der Aniso-
tropie nur entweder in die Praxis schwer umsetzbare mathematische Theorien
oder ziemlich unzuverldssige Nadherungsmethoden zur Verfligung stehen. Aus
diesem Grunde muften parallel zur Ausarbeitung der neuzeitlichen Behédl-
terkonstruktion Untersuchungen zum Entwickeln eines geeigneten Rechenver-
fahrens durchgeflihrt werden.
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2. Statisches Modell

Die vorliegende Konstruktion besteht aus flachen AbschlufRdeckeln und
der Seitenwand. Die Erstgenannten sind im statischen Sinne Kreisringplatten,
die hier einfachheitshalber als unendlich steif angenommen werden. Die
Untersuchung beschrdnkt sich somit auf die Wand. Wenn im folgenden lber
Behdlter bzw. GefadB gesprochen wird, so ist unter dieser Benennung die
Seitenkonstruktion zu verstehen.

Bild. 1

Den AbschlulRdeckel und die Seitenwand wollen wir gelenkig, d. h. ent-
lang eines Gelenkringes miteinander verbunden annehmen. Die gewisser-
malen neuartige Lésung kdnnte dhnlich wie in [4] verwirklicht werden. Sie
hat den Vorteil, daB der Spannungszustand in den auf dieser Weise von den
Langsmomenten befreiten Randzonen klarer Uberblickt werden kann. Die
dadurch bedingt erhohte Mantelverformung trdgt zur sinnvollen Ausniitzung
der in Ringrichtung aufgewickelten Litzen bei.
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Die genaue Stelle, wo sich das Gelenk ausbildet, ist das Ende des Kabel-
rohres in dem die senkrechten Litzen untergebracht sind. Aus dieser Anord-
nung folgend wird die Kreiszylinderschale eigentlich ausmittig gelagert. Wir
betrachten jedoch diesen EinfluB als nicht sehr bedeutend und nach dem allge-
meinen Berechnungsverfahren der Schalen mit Randtrdgern wollen wir uns
hier mit der dadurch bedingten Korrektur nicht ndher befassen.

Die Behéalterwand besteht somit aus zwei Elementen, und zwar aus
einer kreisrunden Zylinderschale sowie aus axialen Rippen, die in gleich-
méBRigen Abstdnden an der &uBeren Schalenoberfldche gebildet sind. Alle
Rippen besitzen im Schnitt die gleiche, theoretisch gleichschenkelige, Dreieck-
form. Es sei hier angenommen, dal alle Abmessungen entlang der Behdlter-
hohe unverédndert bleiben.

Die Vorspannung kann am zweckmaRigsten durch zwei getrennte Systeme
erfolgen. Die senkrechten Litzen werden in Rd&hrchen (ohne nachtrdglichen
Verbund) mit der eingeplanten (und eventuell auch verdnderlichen) Aus-
mittigkeit r in den Rippen gefihrt und an den Randringen der Deckelplatten
verankert. Die waagerechte Wickelung liegt an den Rippenkanten auf. Diese
Anordnung gewéhrt dem Spannstahl den groRtmdglichen Schutz vor Ein-
wirkung der Temperatur sowie der Neutronenstrahlung.

Das statische Modell wird durch die Skizze veranschaulicht, von welcher
auch die wichtigsten Bezeichnungen der geometrischen Daten abzulesen sind.
Mit Ricksicht auf die zugehdrige Konstruktionsstdrke weist der Index h
auf den Zylinder, der Index / dagegen auf die Rippe hin.

3. Lastannahmen

Die auf die Konstruktionen einwirkenden Nutzlasten bzw. die einzelnen
Belastungszustdnde wurden in Tafel | Ubersichtlich zusammengestellt.

Tafel |
Ubersicht der Lastfalle

Zeit- Belastungsfall Nutzlasten S \or- Betonzustand
punkt P+T pannung Feucht. SemKrN.. 4
Bauzustand 0 max. normal 0
0 Probebelastung wie vorgeschr. normal normal 0
Betriebszustand Betriebslast normal normal 0
Betriebszustand Betriebslast min. ausgetrocknet max.
00
Betriebspause 0 min. ausgetrocknet max.
Katastrophenfall* Katastrophenlast min. ausgetrocknet max.

* Im Katastrophenfall darf die Berechnung nach der Plastizitatstheorie durchgefiihrt werden.
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Aufgrund der sich aus Erwdrmung des Innenraumes sowie aus der
durch Strahlenabsorption entwickelten Wé&rme in der Wand zusammen-
setzenden Temperaturbelastung ist zunédchst die entsprechende Temperatur-
verteilung in den Bauelementen zu ermitteln. Rechnerisch ruft ihr gleich-
maéaBiger Teil (T,) eine Normalkraft, der ungleichmdRige (T”) Biegemomente

hervor.
4. Grundzuge des Rechenganges

Unsere Berechnungsmethode beruht auf dem KraftgroRenverfahren.
Zum Hauptsystem wurden unbestimmte Tréger gewdhlt, und zwar ein (nied-
riger) Kreiszylinder und ein, auf der Ringwickelung elastisch aufliegender,
in L&ngsrichtung vorgespannter Balken. Behandelt man die einzelnen Elemente
rechnerisch getrennt voneinander, so erleiden sie unter den Betriebslasten
unterschiedliche Verformungen. lhre Gleichheit wird, der Vertrdglichkeits-
bedingung entsprechend, durch ein zu bestimmendes, verteiltes Kontakt-
Kraftesystem hergestellt, das in die radiale Komponente q und die axiale
Komponente t zerlegt wird. Die Ausmittigkeit von t zur Schwerlinie des
Schalen- bzw. zum Schwerpunkt des Rippenquerschnittes wird hier ver-
nachléssigt.

Kennzeichnend fur die Methode ist die Darstellung aller Belastungen,
statischer und VerformungsgréofRen in trigonometrischen Reihen. Die Ent-
wicklung erfolgt als Funktion von rjx, wobei

fi=in’
|
und i = 1,3,5, ... sind.

Um die allgemein ubliche Schreibweise beizubehalten, wird die L&ngs-
koordinate X vom unteren Zylinderrand gemessen; die axiale Verschiebung u
geben wir dagegen aus Symmetriegrinden von der Konstruktionshalbhdhe an.

5. EinfluB von Betriebslasten

5.1 Kreiszylinder-Hauptsystem
5.1.1 Verschiebungen in radialer Richtung

Die bekannte Gleichung der Kreiszylinderschale wird in der Form
A A -+ AAFWA)=p (1)
dx1

aufgeschrieben, wo die Stérfunktion p* eine gleichmdRig verteilte Last, die
Biegefestigkeit miteinbezogen darstellt. Die radiale Verschiebung wird mit w
bezeichnet.
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Die Differentialgleichung kann durch die trigonometrische Reihe

W =Y sin t]i— 2)

befriedigt werden, wo die Beiwerte sich durch die Formel

rt:%ﬁ (3)

42*1

ermitteln lassen und p* hier ebenfalls in eine Fouriersehe Reihe entwickelt
wird. Die Randbedingungen an den Stellen x = 0 und x — | lauten (dem
gelenkigen Verbund entsprechend)

wh) = o
und
iVir . K ~ w() a
m x(h) = 38-/iw— &
dx-

und werden durch die Sinusfunktion erfullt.
Im Fall eines Druckbehdlters kann die Last p* von verschiedenen
Grinden herrihren, und zwar vom Innendruck (p)

Pp akh P> )

von der gleichméaRigen Erwé&rmung (NT)

1
P, =" rr N T(h)
Jlq ak'h (h) (5)
vom Temperaturgefdlle (M T)
Vi 4 aas
ni a
Pta, ) K M) . (6)

wo wegen der einheitlichen Behandlung, auch das thermische Moment in
Form einer Storfunktion ausgedrickt wird.

5.1.2 Verschiebungen in axialer Richtung

Die axialen Verschiebungen werden am Hauptsystem unter Einwirkung
von Betriebslasten nur durch L&ngskréfte hervorgerufen. Entwickelt man sie
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gleichfalls in eine Sinusreihe, so kann die Verschiebung mit der Formel

4/
-.j-.F Nxdx v, >’ cos rj/
ue) 0] r2Dh (v

ermittelt werden; u wird hier von der halben Hdhe des Behdlters gemessen.

Fir die einzelnen Lastarten kénnen die L&ngskrdafte aufgrund folgender
Uberlegungen angenommen werden:

— der Innendruck Ubt auf den AbschluBdeckel eine Kraft aus, welche
die Wand auf Zug beansprucht. Im Verhé&ltnis der Schalen- bzw. Rippen-
steifigkeiten féllt davon

lil2

«r Dh %] Ip\

m 2171  klI) ~ 2a P *

der Umfangseinheit zu,

— die durch ungleichméRige Erw&rmung hervorgerufene thermische
Normalkraft ist vorgegeben,

— die ungleichméafige Erwdrmung verursacht keine Ld&ngskraft und
somit auch keine axiale Verschiebung.

5.1.3 Schnittkrafte

In Kenntnis der Verformungen kdnnen die Schnittkrafte ermittelt wer-
den. Die entsprechenden Ausdricke lauten fiur das axiale Moment

M x{h>= J2risinvi— » 9

fur das in Ringrichtung wirkende Moment

m= (iMXh), (19)
fur die (zur Bestimmung der Randkraft dienende) Schubkraft:

Qh = ~ rihl cos r)i— . (11)

oz , a

Die Normalkréfte sind in axialer Richtung nach Punkt 6.1.2, in Ringrichtung
durch die Formel

Wh = 2*.2 rtsinigi-- (12)
a a i a

zu berechnen.
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5.2 Balken-Hauptsystem
5.2.1 Verschiebungen in radialer Richtung

Bei der Ermittlung der Verformung der stabartigen Rippen senkrecht
zu ihrer Achse sind folgende Einfliisse zu beriucksichtigen:

— die ungleichmé&Rige Temperaturverteilung entlang der Rippenhdhe
hat das thermische Biegemoment MT zur Folge, woraus die radiale Ver-
schiebung durch trigonometrische Reihenentwicklung sich zu

412 M, 1 .
wtal) — 73 K1 sin rii (13)
ergibt;

— die vertikale Vorspannkraft V wirkt durch die Ausmittigkeit rA zur
Rippenachse, was einem Vorspannmoment der GroRe

M \u) VrA (14)

entspricht. Die zugehdrige Verschiebung kann nach (13) berechnet werden,
— die aus der Umwickelung stammende waagerechte Vorspannkraft W
je Lé&ngeneinheit Ubt den gleichmdRig verteilten Druck

s — 2W sin — 15
> (15)

auf die Rippenkante aus, womit die Verschiebung sich durch vierfache In-

tegration

W S . X
w»(d) = —r — A~ — sin»?,-- (16
7ia Kf i i° a

bestimmen lait.

5.2.2 Verschiebungen in axialer Richtung

Die axialen Verschiebungen kdénnen wie unter Punkt 5.1.2 bestimmt
werden. Es sind dabei folgende Lasten zu bericksichtigen:
— der Innendruck, der die Rippe durch den »Deckelzug« in Anspruch

nimmt (vgl. Formel 8)

Df 2
i 17
NpU)  2an Dh+ ki 2a Pi (17

— die aus gleichmé&Riger Erwdrmung stammende Normalkraft NT
— die vertikale Vorspannkraft V, die nach Punkt 5.2.1 als zentrisch
angenommen werden kann.
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5.2.3 Schnittkrafte

Bei Ermittlung der Verformungen sind die statischen GrdRen schon
bekannt. Ermittelt werden mufl noch zusétzlich die jeweilige Schubkraft, die
sich durch Differenzieren zu

Q(f) _ COoS rji— (18)
/ i a

ergibt.
Es treten in der Rippe naturlich keine Schnittkrafte in Umfangsrich-
tung auf.

6. EinfluR der Kontaktkrafte

6.1 Kreiszylinder-Hauptsystem

6.1.1 Auflésung der Grundgleichung

Es sei zunédchst der Einflul einer einzigen Rippe untersucht, der mit
dem Kontakt-Kraftesystem (qg,t) entlang der Erzeugenden ¢ = O simuliert
wird. In diesem Fall verschwindet die Kreissymmetrie und bei der mathe-
matischen Behandlung ist von der allgemeinen Donnei—Karman—Jenkins’-
schen Differentialgleichung [5]

82 32 \i _
2L R pptdflaas B4W =0 (19)
3*2  3¢2) 1 3%4
auszugehen. lhre Auflésung wird in der Form
R = Aemipsin rji (20)

gesucht, die sowohl die Gleichung, als auch die Rendbedingungen erfullt.
Zunéchst sei nur ein einziges Glied der Fourierschen Reihe behandelt.
Fur die charakteristische Gleichung kann

(m2— rfY + 4Adrjd= 0 (21)

geschrieben werden, wo die komplexen Wurzeln

mi = ai + iBi m5= —mL
m2= <«1— iRl mé6= —m2
m3 = a2 + iR2 mt — —ms3

— 2 g = —mi

sind.
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Die Beiwerte a und B stellen reelle, positive GrofRen dar und sind aus
den Zusammenhéngen

2

/ 1 rX

s = * I+ 1 +1+(I+f>2 ] (22)
2 L X) 2
iX 1 7

a,= 1— 1 11— . 1 (23)
2 a2 2

zu ermitteln. Es folgt aus der Ableitung der DKJ-Differentialgleichung, daf
fir den Dampfungsbeiwert

A= 173(1—(i2) = ax* (24)

anzusetzen ist.
Nach Weglassen der Glieder mit Potenzen positiven Vorzeichens, erhélt

man schlieBlich durch mathematische Umformung fir die radialen Verschie-
bungen:

W) = [-dtie Tpcos Riq-f-A2e *psin Blp+ A3e Cpcos B2 -

X 25
-)- Aie alpsinB29] sinrj— o (25)
a
6.1.2 VerformungsgréBRen
Die Bestimmungsgleichung fir die axiale Verschiebung lautet
vy = 1 o 96~ 0.+ 2a2] 6”W + ' (26)
Qx3 4XI a3 d4x 82 @ d di (p 9g6
und fuhrt zur Formel
A :
c0S~99 + 1 sinBxp +
uh) ~ ~2X Al e~*¥
- wp A g o
-j- A 2e-"1 X + 1 cos Bx"p-fsin Bx @
J 27)

cosR2mp v 1 sinp2<p
Aie“= A B 1pog+ SinB2(p cosT
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Die Verschiebung in Umfangsrichtung kann mit Hilfe des Zusammen-
hanges

B ! +ia>227» + 5a-227» + 2a%h (28)

a*4 4Ada4 a(pl dx2Q(ps Qxi agsB aa”p

ermittelt werden und ergibt:

VO): o AYCTTT x1 RII-f-11)] COSByd™ x1+ - 1 p~pl sin Bycp
21jX A A |
+ Aae-"? fof-1  -gl C08799+ 1 Rl — 1) SinBy@
( u L U iJ
. 29
«2-/52|y + | COS/32%4- P L1+ p2 sinR2@ (29)
hr+ 1 cos/32% + az2- Q. sinB2p  sin 7]

Zur Bestimmung der Integrationskonstanten wird schlieflich auch der
Ausdruck fir die Verdrehung in Umfangsrichtung bendtigt, der nach Dif-
ferenzieren

=- d\é\é(h‘l — | Ale~@p(aclcos B1<p\-Risin Ry cp) +
-(- A 2e~*'"(p(B 1cos Ry q—Xy sin By o) —

30
— A 3e~Xp(a2cos B2cp-\-B2sin B2¢p) 4- (30)

-f- Mde~¢! " (R2cos R2qp— «2sin R299)] sin rj—s
a

ergibt.

6.1.3 Schnittkrafte

Die allgemeinen Formeln fiur die Schnittkrdfte unter Einwirkung von
einem Glied der entlang einer Erzeugenden in trigonometrische Reihe ent-
wickelten Kontaktlast lauten fur das axiale Moment

Mxty =— - kn@WW 2 —(ay cos Rycp-\-A2e- “¥'sin Ry <p\-
ox1 12
(31)

+ A3e *ocos R2<p-\-Aye~x*vsin B2¢p) sin rj — ,
a
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fir das Moment in Ringricuiuug

Kh 1 )
M r(h X 1"Aj e~x‘p I| cos By @A sin By p -
a2 T +
+ A2e-xXV —cosBRl<p\- my + |j sinBi<P + (32)
AAze 327 2L _\ cos B2+ sin B2@
X
+ Ate-*'* cos B299+ ——1| sin R2<p I sin1]

fir die axiale Normlalkraft

Dh 1 1Y \
f -Ale~*" cosB1lp - ----—-- t1 sinBi P
m 2a
— A 2e O ] I _I_I cos BL-f- sin RyCp -f-
A\-A3e—??? cos B2 1 sinB29 -f-
+ N4 cos Ro 99+ sin B,, @4{sin?; —
¢ [f-1 1} 0

sowie fur die in Ringrichtung wirkende Normalkraft

2
[ Age~l¥sin By epB-A2e~*Ipcos Ry g -f

Fa»> =

i Z~a

-f A3e-*2’sin R2cp—A ye-a2?cos B2] sin»; i-.
a

Schlieflich ist die Formel fiir die Schubkraft

03 | 93 dx29p
Khrjx Aye—1® . . -1 +Rl cosByCf- YR~RI sir
aa
+ A2-w j QOr Ry EK - 1) Cos By(p -\- xy -;- 1 sin/971 +

+ A3e-w a, III + 1+’\2 cosR2pA a2+ I’Q(1;( + H sin B2 +

+ Aye-~f ap 2 CoSB i<+ a, XA 1+, sin/S2®
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6.1.4 Ermittlung der Integrationskonstanten

Die Integrationskonstanten Av A2 A3 und At gestatten die Erfillung
von vier Randbedingungen entlang der Erzeugenden. Am einfachsten sind
folgende wirklichkeitsnahen Anforderungen zu stellen:

— Die Kontaktlasten und die Schnittkrdfte bilden ein Gleichgewichts-
system. Die Aussage kann in radialer Richtung als

X
gsin H— = 2Qu(h), (36)
a
in axialer Richtung als

tsinn = 2Nxh) 37)
a

formuliert werden. Die Verdoppelung der Schnittkrédfte wird dadurch bedingt,
dall sich die angreifende Kontaktlast auf zwei Schalenhé&lften verteilt.

— Die Kontinuitdt der Schalenflache in Umfangsrichtung muB verhal-
ten bleiben, demzufolge

vih)= 0 (38)

ist.

— Die Zylinderschale verformt sich symmetrisch zur Angriffslinie der
Kontaktlast. Es dirfen damit hier keine Verzerrungen erfolgen

du(h) ! = 0_ (39)
3y 3*
da aber — 0 ist, reduziert sich die Randbedingung zu
= 0. (40)
8ff

— Es folgt gleichfalls aus den Symmetrierverhdltnissen, dall die Ein-
drickung der Zylinderschale entlang der untersuchten Erzeugenden mit kei-
ner Ringverdrehung verbunden ist

x = 0. (41)

Die angefiihrten Randbedingungen kdnnen in ein lineares Gleichungs-
system zusammengefallt werden, dessen Ldsung die Integrationskonstanten
fur den Fall g bzw. t ergibt.
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Die Gleichung l.a bezieht sich auf die radiale Kontaktlast q, I.b dage-
gen auf die axiale Kontaktlastkomponente t.

Die Gleichungen 2, 3 und 4 sind in beiden Fé&llen identisch.

Es sei nachdricklich betont, dall die ermittelten Werte Funktionen
von r] bzw. i sind und so fir jedes Glied der Fourierschen Reihe neu bestimmt
werden missen.

6.1.5 Berucksichtigung aller Rippen

Ubersichtshalber wurde bislang nur die von der Erzeugenden o — 0
ausgehende Stérung betrachtet. Die somit gewonnenen Ergebnisse bedirfen
aber Korrekturen in zweifachem Sinne.

Erstens darf man nicht vergessen, dal von der Angriffslinie der Kontakt-
last zwei Stérungen ausgehen: die eine in positiver, die andere in negativer
Umfangsrichtung. Die beiden Einflisse Uberlagern sich.

Zweitens ist dem Umstand Rechnung zu tragen, dall aus der Symmetrie
der Durchbildung folgend, alle Rippen in gleichem MaRe belastet sind und
auf die untersuchte Stelle einwirken. Die Summierung kann sinngemaR durch
Anwendung des Maxwellschen Satzes erfolgen.
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6.2 Balken-Hauptsystem

6.2.1 Ermittlung der Bettungsziffer

Unter Einwirkung einer nach auBen gerichteten Kontaktlast wird die
Rippe gegen die nachgiebige Ringwickelung gedrickt. Sind die Abstidnde
zwischen den einzelnen Rippen gering, so kann die Verformung nach der
Membrantheorie (Kesselformel) berechnet werden. Bei einer spezifischen
Spannstahifliche Fw betrdgt die Forméanderung

h
a— —

2
- R P )

was einer Schwerpunktverschiebung von

»<[> (43)

entspricht. Die Bettungsziffer kann somit definitionsgemdaR als

(44)
angegeben werden.

6.2.2 Differentialgleichung des gekrimmten Balkens

Bei dem zum Hauptsystem gewé&hlten Balken erfolgt unter Einwirkung
der Betriebslasten (insbesondere infolge der Temperaturgefdlle sowie der Aus-
mittigkeit der axialen Vorspannung) eine Durchbiegung. Wird die Unter-
suchung nun mit Riucksicht auf die Kontaktlasten durchgefiihrt, so ist dem
Umstand Rechnung zu tragen, dal der Trdger schon uber die Anfangskrim-
mung Qverfiligt.

Ohne uns hier mit der mathematischen Ableitung [6] auseinanderzu-
setzen, geben wir die entsprechende Gleichung als

daw) 2 d2WF) L

-\- C*

X
sinrj — (45)
dxi P2  dx2 Kf a

an, wo unter K/= E/Jf verstanden wird und die »erweiterte« Bettungsziffer

(46)
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darstellt. Im folgenden verfdhrt man &hnlich dem Punkt 5.1.1 und sucht die
Atiflésung mit dem Ansatz
X

w(f) = £<1iQisin Vi (47)

Der Faktor i3, wird durch Substituieren ermittelt und ist

1
Q, ) (48)
ki B2V
.a, Q d

Die Sinusfunktion entspricht den dem gelenkigen Verbund entsprechenden
Randbedingungen.

6.2.3 Schnittgréfen aus der radialen Verschiebung

Wegen der einfachen Schreibweise empfiehlt es sich die Hilfsfunktion

K, Q, (49)

einzufihren. Damit kénnen die Schnittkrédfte in folgender Form geschrieben
werden:

M () = d'd;“:u) g 211 sy, (50)
und
o> r/‘ z iqild* cos fji— . (51)
a

6.2.4 EinfluR der axialen Kontaktlast

Unter Einwirkung einer Ldngskraft kommt die besondere Art der Lage-
rung nicht zur Geltung. Die Untersuchung kann gleich Punkt 5.2.2 durch-
gefuhrt werden.

Die axiale Verschiebung U(/) wird durch Integration der in eine Sinus-
reihe entwickelten Kontaktlast berechnet.

7. Ermittlung der wirklichen KontaktlastgréRen

Die Verschiebungen der zwei Hauptsysteme wurden in der Tafel 11
Ubersichtlich zusammengestellt. Die hier angefiihrten Werte sind durch die
einwirkenden Betriebslasten bzw. Kontaktlastkomponenten qund t der GrdfRe
1 bedingt.
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Tafel 11

Ubersicht der Trégerverformungen

Hauptsystem
EinfluR Zylinderschale Balken
radial axial radial axial
Innendruck (p) wP(h) up(h) 0 “p(f>
gleichméRige
Betriebs- Erwarmung (TO) wrd/) UTo(h) 0 uTo(f)
lasten
ungleichméaRige
Erwarmung (Tg) WTA(f[) 0 wTA(f) 0
radiale Komponente
Kontakt- (7= 1) ZZugib) Wa(f) 0
lasten axiale Komponente
6= 1) sz w t(h) Z Z ut(h) 0 “/(/)
axiale Vorspannung (V) 0 0 wy(f) vien
Vlfrrgz:nn— tangentiale
Umwickelung (W) 0 0 wat) 0

Alle Angaben beziehen sich auf das Glied i der trigonometrischen Reihenentwicklung.

Die tatsdchlichen Werte der Kontaktlast kénnen aufgrund der Ver-
tradglichkeitsbedingung bestimmt werden. Die Kontinuitdt des Tragwerkes
erfordert ndmlich, dall die Verformungen der beiden Bauteile sowohl in axialer,
als auch in radialer Richtung ibereinstimmen. Die Uberlegung fiithrt zu einem
System linearer Bestimmungsgleichungen:

M p(d)<+u TOh)t+ wTA(h)i+ <2 S S wqh)idrti® S WtWi =
. (52)

— WTADiJrdi wqU)i+wvU)i+w Ml)i»

upm + UTOMh)i+ qi S S uq(h)i+ ti S S Ui(h). =
(53)

. . ’
= wp0)i+utQHi +h vtu)i+tuAni >

die durch Einfuhrung der Hilfswerte

R, = o/ wTiu){+ «4/)l+ wmi),1— oh[wp(h){+ w Tah)i +U)TI(h),] (54)

Rqt — S S Wq(h)t  Wq(j)i, (55)

Rti= sS mi,{)., (56)
bzw.

Xi = @) [updh+UTMh + uu{i] - 0 h[up(K),+nTH(1).], (57)

Xq, =SS Whi, (58)

XY= SS y(ftp— (59)
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fir die Koiitaktlastkompoiienten

Rix ti—X, R,, (60)
RqiX-ti  XqgjRu
und
. XtRqi- R tXql (61)

XfiRqj Rii X gj

zw. 0/ wird nach der Theorie von Dischinger
der Endwert von Schwinden und Kriechen berechnet. Ihr EinfluB ist in die
Berechnung unbedingt einzubeziehen, da wegen der unterschiedlichen Tem-
peraturzustdnde der Bauteile auch daraus Zwangskréafte entstehen.

In Kenntnis von g und t kédnnen die wirklichen Schnittkrédfte aufgrund
des Uberlagerungsprinzips berechnet werden. Da alle statischen und Ver-
formungsgréfRen in trigonometrischen Reihen angegeben sind, muB der Rechen-
gang selbstverstdndlich fir jede Periode, d. h. fir jedes Glied wiederholt wer-
den. Dieser Umstand hat einen beachtlichen Mehraufwand an Rechenarbeit
zur Folge, obwohl dank der guten Konvergenz schon der Beitrag des vierten
Gliedes (i = 7) erfahrungsgemd&B unwesentlich ist.

8. Ermittlung der wirksamen Yorspannkraft

AbschlieBend missen wir uns nochmals mit den Werten der Vorspann-
krafte V und IF befassen, die bislang als Ausgangsdaten galten. Diese Annahme
trifft aber nur in erster N&herung zu. In Wirklichkeit erleiden namlich die
eingetragenen Yorspannkréfte infolge der Warmeausdehnung der Litzen eine
Spannungsabnahme, die mit Ricksicht auf die értlichenTemperaturé&nderun-
gen eindeutig berechnet werden kann.

Viel schwieriger ist dem Umstand Rechnung zu tragen, daB sich der
Behdlter unter Betriebsumstdnden vergréBert. Die Erscheinung ruft ein
zusétzliches Nachspannen der Stadhle hervor, was, wie in [7] eingehend behan-
delt worden ist, eine grundsétzliche Umlagerung der Krdfte zur Folge hat.
Um den sekunddren Vorgang rechnerisch zu erfassen, sind daher die Vor-
spannkréafte nach den Formeln

VHBRRLOF 2 ufjx-o— xt (62)
|
hzw.
w (f) _i
WL - w*+ EwFwOj X=T (63)
a+ Y +f
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zu ermitteln. Die Gro6fRen iv und n sind am Anfang des Rechenganges unbe-
kannt. Das Endergebnis kann somit nur durch sukzessive Approximation
erzielt werden.

Die obigen Untersuchungen wurden am Lehrstuhl fur Stahlbetonkonstruktionen der
TU Budapest durchgefuhrt. Der Verfasser ist fur die vielfachen Anregungen und standige
Unterstiitzung den Herren Prof. Dr.-Ing. E. Botcskei Sowie Dr.-Ing. J. Szatai zu auf-
richtigem Dank verpflichtet.
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Design Analysis for a Hinged Circular Cylinder with Axial Ribs by the Fourier Series
Method. Research carried out at the Chair for Reinforced Concrete Structures of the Buda-
pest Technical University has led to the conclusion that thickwalled prestressed concrete
vessels not only involve difficulties in calculating but are basically uneconomical, since large
dimensions entrain increased thermal stresses. Solution is sought for by applying disengaged
structures, exempt from significant thermal gradients and though of sufficient rigidity.
Research work is focused on circular cylindrical shells with axial ribs. Rib interstices are
filled out with a good shielding and heat insulating material without inherent strength.
Prestress is due to axial wires led in ducts in the ribs and tangential ones wound around rib
crests. A structural analysis has been worked out for the vessel basing on the conventional
energy method. As primary members the hinged short circular cylindrical shell and the beam
supported elastically on the tangential prestressing wires, are chosen. All loads are expanded
in Fourier series. Equality of displacements yield for each wave period a system of linear
equations.

CTaTuyeckoe uccnefoBaHve UWIMHAPUYECKOM 000M104KM C MPOAO/BbHON KECTKOCTHHO
M C LWAapHMPHBbIM KPYroBbIM Kpaem, MNpUMeHss psgbl Dypbe. YkpenneHHas akcuanb-
HbiMM pebpamu KpyroBas UWAWHApMUYecKas 060104Ka SBNAETCA ONTUManbHOW (HopMOii
HanopHOro pesepByapa W3 HanNpsHXeHHOro 6eToHa, paboTaloLLero Nog TennoBoii Harpyskoi. Ans
ee NpUMeHeHUs cHadyana Heo6XoAUMo Gbino pa3paboTaTh NOAXOAALULYI0 AN 3TON LUeAn METOAUKY
pacueTa, Tak Kak 3Ta npo6aema B nuTepaType no AaHHOMW Teme elle He pacCMaTpMBanach, Uau xe
cuMTanach Hepewumoil. PaccMmaTpuBaemas B [JaHHOW CTaTbe MeTOAMKAa pacueTa MCXOAWUT U3
CYLLeCTBYIOLIMX METOAOB pacyeTa COOTHOWEHWUN ycunuii. Bce cTaTuueckue U AehopMalMoHHble
[aHHble pasfnaraloTcs B TPUrOHOMETpUuecKue psagbl. B KauecTBe OCHOBHOI CUCTEMbI BbIGpaHbl
npu 3TOM HeonpefeneHHble HecyliMe KOHCTPYKLUWW, HWU3KUE UWAWHApUYEcKMe 06O0N0YKM, a
TakXe 31aCTUUYHO MNpu/eratwLyMe K KonbLesoil o6onouke 6anku. CucteMa KOHTAKTHbLIX YCUNUiA
(HeusBecTHas) 6bina onpejeneHa Ha OCHOBE YC/MOBMIA COBMECTMMOCTM. McXoAs M3 [JaHHbIX
paguanbHbIX U aKCUaNbHbIX KOMMOHEHTOB, MOXHO ONpefennTs AeACTBUTENbHbIE pa3mMepbl none-
peuHbIX cedyeHuit u geopmaLnii. MeToguka NO3BONAAET YUUTLIBATL TaKXe NepBUYHbIE BO3AeiCT-
BUA MpU pacyeTax, a 3TO MMeeT 6OMbLUOe 3HAYEHWE, eCNU YUUTbIBATL, UTO MpU paboumx ycno-
BMAX MMeeT MeCTO HarpeB KOHCTPYKLUWOHHbIX 4acTell pesepByapa.
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ON THE DETERMINATION OF THE CONSTANTS
OF A CONSOLIDATING MEDIUM

R. DZICCIELAK™*

[Manuscript received: August 12 1971]

In this paper the method of calculation for the determination of the elastic coefficients
of the theory of consolidation formulated by Biot is described. It is shown that to these
calculations the known physical properties of solid are sufficient.

1. Introduction

The basis of our considerations is the theory of the deformation of a
porous elastic solid containing a viscous compressible fluid formulated by
M. A. Biot [1]. The physical relations for the isotropic case are

2Pe-y -f- (Ae A Q0) &ij, (1.1)
Qe + RO, (1.2)

in which the atj are components of the stress tensor carried by the elastic
skeleton, e7- are components of the skeleton strain tensor, e = ekk is the
skeleton dilatation, 0 is the fluid dilatation, and a = —pf is the reduced
pressure of the fluid (p is the pressure in the fluid and f the porosity of the
medium). A, N, Q and R are constants of the medium. Thus, we have to
know four material constants for the determination of the stress-strain
relations.

2. Analysis of the constants of the medium

The physical interpretation of the constants of the consolidating medium
is given by Biot and Wiltltis [2]. This paper is the basis of our own con-
siderations. In this paper the authors proposed to calculate the constants
of the medium from the following formulae:

*Dr. ing. R. Dzigcielak, ul. Rogalinskiego 7, Poznan, Poland.
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N —p,
A= WEE a1 —2/H1-3/%)
y+<5—52jx
Q: [(Y-1- ajx) (2.1)
y-fé —062\x
R — P
y-|-<56 — 62/%

From the first of the relations it is to be seen (2.1) that the constant N
is the equivalent of shear modulus p of the bulk material which therefore
can be obtained directly. The remaining constants A, Q, R are calculated
from the three measured parameters:

— coefficient of jacketed compressibility x\

— coefficient of unjacketed compressibility §

— coefficient of fluid content y for an unjacketed compressibility test.
The above-mentioned measured parameters and the shear modulus (modulus
of elasticity and Poisson’s ratio) should be determined by experiments.

We shall assume, that the next properties of the medium (solid) are
known:

1) the modulus of elasticity E and Poisson’s ratio v;

2) the modulus of volume elasticity Kg of the grains of solid;

3) the compressibility ¢ of the fluid filling the pores of the solid.

These properties of the consolidating medium will he used to calculate
the measured parameters X, o} y.

2.1 The coefficient of jacketed compressibility [2]

This coefficient is defined by

X = —eeee- , (2.2)

where p is the outside hydrostatic pressure acting on the jacketed sample
connected to the atmosphere through a tube. From the definition (2.2) one
can see that

(2.3)

where

K = E (2.4)
3(1 — 2v)
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is the modulus of volume elasticity of the solid. By substituting formula
(2.4) into formula (2.3) we obtain

3 (1—2v)
E

(2.5)
The modulus of elasticity in formula (2.5) is connected with the oedometer

modulus of elasticity Ee by relation [8],

E (I+r)(l-2r)
1—v

(2.6)

One can determine the coefficient x by measuring the volume change
AV for a sample under the action of hydrostatic pressure. In this case the
dilatation of a sample is

2.7)

where V is the initial volume of the sample. This test can be make in a triaxial
apparatus where the measuring of the volume change of the sample is possible
(for details see [3]).

The coefficient x in an oedometer can also be determined. In this case
the deformation of the sample is one-dimensional, therefore, the strains are

ei = -ErK - * (ff2 + <B)]>
e, = ~ [Qy t(ol+ 03)] = 0, (2.8)
E

e3= [er3 v(a+02] = 0.

E

From Eqs (2.8) we obtain the relative volume change as

# P . (1+*)(! -2
i g= 0 - ()0 -2v) (2.9)
where p is the surface load. In the triaxial apparatus the relative volume
change is
#o= 3(1 2v) m-P-, (2.10)
E
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where p is the hydrostatic pressure. If we know the strain ex of the sample
in the oedometer, we can determine dilatation e. From the formulae (2.9)
and (2.10) we find

£= ~0= -ILt V) £ (2.11)
1
and from the definition (2.2) one can calculate the coefficient x.

2.2 The coefficient of unjacketed compressibility [2]

This coefficient is defined by

0= ——— . (2.12)
P

“In the unjacketed compressibility test, a sample of the material is immersed
in a fluid to which is applied a pressure p. When the fluid pressure has com-
pletely penetrated the pores, the dilatation of the sample is then measured” [2].
In this case the volume change of a sample is derived by the compressibility
of grains of a solid only. Thus this indicates that the coefficient is the equi-
valent of the compressibility of grains of a solid skeleton. The coefficient of
unjacketed compressibility was determined by Fatt [6] for a sandstone
(6= 3,1 «10~6 cm2kg). The author used high pressure (140.8 and 493.0 at)
and stated that this compressibility is the possible measurable minimum.
It is clear that in a common laboratory of soil mechanics it is not possible
to make this test.

If we know the mineral composition of the soil and the compressibility
of grains, we can determine the coefficient of unjacketed compressibility.
If the solid contains two kinds of grains with compressibility Cx and C2 the
coefficient

0= alCl+ a2cC2, (2.13)

where ay and a2 are the grain contents [5]. Since a2= 1— al
6= a, (C,- C2 + C2.

If the solid contains several kinds of grains with compressibility Cx, C2, .. .,

C,. .., Cn, one can write the volume change as
A=A,
(=i
where
" 1
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and
1 V
AV =
1= 1 ty
or
AV oY
pV~~ V Kj
where
n AV
Yl ¢ - S = <5
\Y i .I ' pV
and we obtain
n
0 (2.14)

The compressibility of grains is known and it is given in the literature
by many authors. For example Florin [7] gives the compressibility of grains
of the solid as 10-5 cm2/kg, Bishop and Henkel [3] — (1,42 2,85) *10-6
cm2/kg. Fatt [5] gives the compressibility of the quartz, feldspars, and rock
fragments as 2,28 ¢ 10 Bcm2Kkg.

2.3 The coefficient of fluid content for an unjacketed compressibility test [2]

This coefficient is defined by

v =ftz 0) (2.15)
p

When the material of porous matrix is homogeneous and isotropic and
the fluid completely saturates the pores, the coefficient of fluid content y
can be determined from the relation

y=1"f(c-0), (2.16)

where c is the fluid compressibility. The relation (2.16) results from definition
(2.15). Fatt [6] used the formula (2.16) for the determination of coefficient
y for sandstone.

The material constants are determined by formulae (2.1) and they
depend on the measured parameters. These formulae result from the analysis
of the physical relations for the individual tests (for details see [2]).
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3. Calculation of the constants of consolidating medium
Conclusions

The material constants of the sandy silt and flour of sand are calculated
in this part of the paper. We assume the oedometer modulus of elasticity
to be Ee= 200 kg/cm2 the Poisson ratio as v= 0,3 (see w itun [8]), and the
compressibility of water asc = 5 «10~5cm2kg (see [3], [4], [7]). The modulus
of elasticity was calculated from the formula (2.6): E = 148 kg/cm2 From
these data can be obtained: shear modulus IV = p.= 57 kg/cm2 and the
coefficient of jacketed compressibility n = 83 «10~3 cm2kg (from formula
[2.5]). The material constants A, Q, R were calculated for the different values
of the coefficient of unjacketed compressibility 6. The results are shown
in Fig. 1.

Table 1
The modulus of volume
elasticity of grains 10 15 20 25 30 35 40 45 50
Kgx10- kg/cm2
£X108 cm2kg 100 67 50 40 33 29 25 22 2,0
y X106 cm2kg 8.0 87 9,0 92 93 94 95 96 9,6

A kg/cm2 35500 41450 45750 48 500 50 860 52 060 53 060 53 360 55 25
Q kg/cm?2 8890 10400 11420 12110 12700 13000 13330 13560 13 800
R kg/lem?2 2220 2600 2860 3030 3170 3250 3330 3390 3450

The values of the constants of a consolidating medium only are shown
in Fig. 1 for orientation. In all cases these constants should be calculated
from formulae (2.1) after the determination of the measured parameters x, gy
in the way presented in this paper or from experiments (if possible).
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Uber die Ermittelung der Festwerte eines Befestigungsstoffes. Eine Methode zur rech-
nerischen Ermittelung der Elastizitatskoeffizienten der von Biot ausgearbeiteten Festigungs-
theorie wird behandelt. Es wird nachgewiesen, dafR fiur diese Berechnungen die Kenntnis
der physischen Eigenschaften des Korpers genigt.

OrpefeneHe  NOCTOAHHBIX HEKOTOPOTO  youuTens.  Mnaraetcss  MeT _Kéit pacye-
Ta, CMYXALIAA 719 OnpefeneHrst NOCTOSHHBIX YTIPYTOCTV TeOpV MPOYHOCTY  Biot, aanee
[AETCST [IOKA3ATENBCTBO TOFO, YTO A1 AaHHBIX PACYETOB [IOCTATOYHO 3HATL (WBMHECKVE CBOW-
CTBA PACCMATPMBAEMONO BELLECTBA.
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THERMAL STRESSES IN A FINITE TRANSVERSELY1
ISOTROPIC HOLLOW CIRCULAR CYLINDER HEATED

ON THE OUTER CURVED SURFACE AND WITH ENDS
IN CONTACT WITH SMOOTH INSULATING PLATES

D. K. DEY* and A. K. DAS**

[Manuscript received June 4, 1971]

In this paper thermal stress has been obtained in the case of a finite transversely
isotropic hollow cylinder heated symmetrically on a part of the outer curved surface of the
cylinder, while on the inner surface radiation takes place. All stresses and displacements are
obtained in series form.

1. Introduction

The thermal stress problem of a hollow cylinder of finite length with
prescribed temperature on the curved surface was considered by Metlan and
Parkus [1]. The solution obtained by them was in approximate manner
only. Das [2] (1962) obtained the solution of the thermo-elastic problem of a
circular cylinder with constant temperature on the plane ends while the curved
surface was enclosed in a smooth rigid core impervious to heat. Recently
Chattopadhya [3] (1966) has considered the thermo-elastic problem of solid
isotropic cylinder under prescribed temperature on the curved surface and the
plane ends in contact with smooth insulating plates. He has shown that all
the boundary conditions are satisfied exactly. The object of this paper is to
find the exact solution of the thermo-elastic problem of a circular hollow
transversely isotropic cylinder having the temperature prescribed on the
outer curved surface, the ends being in contact with smooth insulating plates.

2. Method of solution

Assuming the axis of the cylinder as the axis of z, in the cylinderical
polar co-ordinates (r, 6,z), the displacement vector will have components
(u, o, w) and the non-vanishing components of the stress tensor will be oy, a0,
az and Trz

*D. K. Dey, Department of Mathematics, Rourkela Science College, Rourkela —
2., India.

** A. K. Das, Department of Mathematics, Regional Engineering College, Rour-
kela — 8., India.
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The stress-strain relation in such a transversely isotropie solid subjected
to a steady temperature field may be written as

ar = Cllerr~\~c12 eea+ c13ezz "1 *

(Tg — Cl2 err~1 C1Xe08+ c13ezz "1 T,

az= c13 (err“Feee)“He3z ezz~ ~2 T, (1)
Try  Qugr
where
b1 — (cll “F ~12) al "I" c13a2” A2 — n~c13al "i- €33 72 (2)
and cn, ¢ . are elastic constants, T is the change in temperature of the

solid from the state of zero stress and strain and xv x2 are the coefficients of
linear expansions of the solid in this co-ordinate system.

The strain components in terms of displacements are

du u dw du dw
err = “7 5 eee = ' ezz ~ -~ > erz ~ ~ 1~ (3)
or r dzz 9z or

The equations of equilibrium reduce to

~é (°V)+ ~~ {Trz) H {ar °3) — 0,
r dz r
(4)

o 0.
B T + —— (°z) H-m- Tr.
dr () 9z (°2) r

Substituting the values of the stress components in the two equations of (4)
and using (3) we get

(82u 1 8u U+ 82u 82n. 9T
+ c
dr2 r s8r r2 1+ “ 9z- h(c3 e 9r9z 9r
(5)
'd2w l 1 dw t 92w du b 8T
dr2 r dr ' CW 9z2 v o(cse cag 9z 8z 7 dz
Let us assume
U= — «P+*iW), w = — (A<p+p2f) (6)
or 0z

where §and f are functions of r and z; X, nv X2 are some constants. Equa-
tions (5) are satisfied if

829 1 8p g2m
dr2 L R (= L) R, :
) . (?)
Leu 82ip 1 dip d2ip
+ A . “
dr2 P ogr * o [Loss racise can)TIT by T,
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and
2 2
(c13+ c44+ ~c4al) ’ m ' N +A03 ’ cp 0:
3r2 ro3r dz2
. (8)
02 Y 1 d@ 32ib o T
i “ nil .
[IM(C13+ c44)+/Me c4l] dr2 rodr F ft2 cas 372

3. Temperature distribution

In the steady state, the temperature T = T(r, z) at any point (r, 0, 2)
satisfies the heat conducting equation
32T ,1 dT d2T

bp1 =0 9
3r2 r 3r P 3z2 ©)

-

where B is a constant depending on the ratio of the coefficients of thermal
conductivity of the solid.
We have to find the solution of (9) satisfying the boundary conditions

t TO for Izl< c, for r—b»b

®)

o for |z| c, for r—b

3T

) Fr"j_hT =0, for r—a (10)
and
3T
(@) 3 for z= +1 (Zis the length of the cylinder)
z

where a, b are the inner and outer radii respectively, and h is the ratio of
the emissivity of the surface and the thermal conductivity of the material
of the cylinder. As a solution of (9) we can take

T{r, z) = 5_1[AkIO(0d<Br) + BkKO(akRr)] cosakz j(n

where xk = kic/l, and Ak, Bk are arbitrary functions of xk; /0, K 0are modified
Bessel functions of order zero, first and second kinds, respectively.

4. Expressions of displacements and stresses

For the particular integral of the second equations of (7) and (8) we can
assume
V=712 -"zr[Aklo(*kBr) + BkK 0{xkRr)]cosctkz. (12)
A xkR*
12+ Ada Tedmica Acachmiae Soiertiaum Higaricee 73 1972
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Inserting the values of T and y in the second equations of (7) and (8) we get

Mi (Mls2  QI) M2(r13 + Q4) — ~1g-i
and
Ml (c 13 + CU)R2+ /i2(R2C4— C3B) = h2R2 (13)

which are satisfied if

A[M /32C44- C 33)+fc2(C13+ C 44)] (132)
Mi
' C41cd434—c BC4a1/52+ C33C44+ CFf3R2-\-2Cn Cu B2’

) /R2[62(Cu /- C 4 M 2(Ci3+C 4)] (13b)
M
M1 744 Ri—C33Cn B--j-C33 C44+ C3R2-f-C13C4 /32

The solutions of equations of equilibrium are obtained in terms of two stress
functions v g2 and the expressions for stresses and displacements can be
written as

92
r H -
o 9r2 T oor (RIFSP2HRIV)FCIST, (M 1914729+ 72V)-h T7 (14)
82
ae= Cc — (Pi+ "+ jMVO+ CistTT (.h<Pi+h<Pi.+W)-t>iT, (15)
dr2 r or o721
92 X 3 _ o o -
°Z R Lors ' (Qi+952+/b.vO+ C3i— -(AICSi+A222+j«aV)\ T , (16)
' oar
92
r
17
o Vorg @
and
1T G e (18a)
or
= 5y 1A+ T2<P2+W) m (18b)

The first equations of (7) and (8) will give non-zero solutions if they are
identical and this happens if

A(CI3+Cu)+C" = AC33--——- m2 (say) (19)
Cu AC4i+C 13+ C 4
or
CnC#4mi“ (C13~h2CBC#4 CBBCR) m--)CRCH4= 0. (20)
Then 94 g2 are the solutions of
a2 .18 a2
( )<H:0, (E= 1,2) (21)

(9r2 r 9r 922
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where ml are thé roots of equation (20) and A A are the two values of A
corresponding to m\ and respectively.
For the solution of (21) we can take

= & ——VY-[Ckh A "»1r)+DkKOckm, r)] cos akz, (224a)
=l Xkml

- k% XII('}my [EklO{xkmi r)+ FKA A m2r)] cos xkz, (22b)

where Ck, Dk, Ek, Fk are constants and are chosen in such a way that the
boundary conditions

(23)
tzr=10 for r=a r—b
are satisfied.
Atz = +1 conditions trz 0 = w and 3T/Qz = o0 are satisfied automat-
ically. By 10(e) we have

ic = 2 IAklo(lkBb)+ BkKO(xkBb)]Jcosxkz, for \2\ < ¢, r=b.
k=1
Hence,

2 A JCii
Aklo(xkBb)+ B kK o(akBb) = —p —sina”~c, where xk= --—--
CK7Z

and from 10(f) we have

b h i ik 1) ¢ Bkinko|xksa) — <=kek i b [1']]

From these two relations we have

___2__r__(_)__is,”{_ . [fo(Y%o W  xkBK1(xkBa)] (24)
ckn hR1—xkRR1
B = 2T sina.ce [x k Bll(xk\Ba)+h I 0{xkRa)] (25)
ckn " Xk [IR,—hR I
where
A = JoAi36) A A Ba) — h ixkRa)KoA i36)* (26a)
Rn h (xkBa) K o(xkRb) + A/3B)A Ai3Y) (26b)
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W ith the aid of (22a), (22b), (13a) and (13b) we get the displacement com-
ponents from (18a) and (18b) as

_ {Cklj[xkmjr) DkKAxkmlr)} +
» = ﬁ:]_ oakml

H-—--1— {Ekh (&*m, r)-FkKk(xkm,r)} +

Pi {Akl, (skBr) BkK1(xkBr)} cosxkz, (27)
<k B
A
37 {Cftlo(xkm, r)+ DkKO(xkm, r} +
k=1 <4m1l
+ \EkIO(xkm, r)+ FkKO(xkm, N} +
Xkml
+ {AKI10(xkRBr)+BkKO(XkRr)} H-2’ (28)
*kR2

where [av are given by (13a) and (13b).

Inserting the values of gk, g2 yi and T from (22a), (22b), (12) and (11) in
equations (14) to (17) we have,
® [ C |
Ck Cu 10(xk m1r) — - l,(cck m, r) +
L

k=1 r “ftm |

a,

+ = mT.Iﬁi_—Ji(“ftmlr) ----- LGt r)Icosajkz+

+

- el Af(affmjr) —
ftmi

— — - — A (aftmir) — Ail*. K,, (aknilr)l cos +
> @ Ulj uty J

ﬁziDKIEC“ AO@kmir) + (frzi

®

r C |
WL Eft\Lcu lo(@*m2r)-— r—aﬁ—mjh (“ftm2r) +

O T Y 22CB 10k m2rf! cos ak 2
o m2 2 )

+

©

r C
21" EftL Cu AOG@ftm2r) + -W ----- A, (affm,r) —
r m

+

----- 2— X, (@akm2r) - 13- AQ(“ft m2r) 1 cos ak z +
T (z~ m2 zm2 J
+ ft1:1"fc|L_ C., 1., (“fter) - R fi (“fBr) +
+ —71—- 1 h (“fikr) — I, (“fiory — & JO(“R/7r)j os “ft3 +
+ £'EftU Cu AOQO@ft/ir)y + ", ;" -ig- Aj (aft Br) -
ft | | r a;(gp

- —fiPl—~ A, (alBr) — "20 13 AQ(aft ;?r)—fchoia,./‘lr)] cos aka, (29)
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From (23) we have,
ay= 0 for r—a, r=
Xz= 0 for r=a, r=

Employing these in (29) and (32), respectively, we get,

Cit-ho+ DkMO-- EKNO+ FkPO= AkXO0+ BkYO,
CkLO-f- DkMg + EkNg + FkPg= AkXg + BkYg ,
CkLx— DkM1+ EKN1— FkPx= AkX1+ BkYX,
CkL[ - DKkM[ + EkNi- FkP[= —AkX X+ Bk Y(

where

Cu 10(@kml a) alc A (“ft"h «) +

AL

A aimia AC ’
a mt (aj-mj a) g(a, rrij a),

EllXo(Aml <) + 7o 3 @kmia) —

. 3 . Af CI3 ,
— |I€iL ?(klm_l A,n(ast n|]l a) 2 KO(“tml «) »

YO0= Cu JO(a* m2a) 1: (aft m2a) +

1
@m2

H———C—G— —@:—TE{A (aftm2a ) --—--- AﬁBB A (aft m2a) ,

C, = Cn Kg (aft m2a) wgm Ki (aA m2a)
1 A c,:
TTa akmz K1 mE) K., (alfm2a)
r2A
X, = ftf” LA Gaftoa) + A Gy 10(dt0a) + A A (afti7e) —
ft c X 1
-ft Cn 7o0(“ttoa) — a  afto A (aft0a),

/,, C _1 K| Bft™  + a o(aft0a) + 6t KO(afa) -
p

a ajf p

Pi Cn -KO(aftoa) LN g X @10R).

A= Cnl, @ltm 8- G g A (Cfie) +
+ £t<)< GleI A@f 6 A 8L jo(«femie),
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1
MG = Cn KO(ak m, b) quml Ki («ft mi b) —
® & Hij K’ h)y~ Any -K- ") -
C 1
wi= Cllh («ft m2p)--—- 5 gl @k m2b) +
PO— cIxJiO(aft m26) - t Aj(akm26) —
“f m
C» 1 . A CI3
2 akm?2 mKi (a/; m26) K 0(a,- m26) ,
*i = L (ft/») + - 2" 3 i, («ftiff* +
+ Bt 10(<kBb)-fi, Cu 10(akBb) + all- J, (aft/s6),
Y,= PiCn_ _+_ Ki (afr* + Ko (afcw + 6j Ko (aftWw _
- 1, C,, KO(«ftBb) - m_ L - K, (aftRb) .
1+ Aj 1+ A
r m1 K mi«). LV= 7 i («ftmj 6),
1+ A ) |+ A
Mi= Kj (aftmj a), m; = ml W@ »i6),
) 13 A2 1 A2
ivl= ;2 Jj (a{m2a) , N[ = 2 li (a,fm26) ,
Y .y 1+ A2 .
> ny  Ki (aft m2a) , Pi= ", Ki (aft m26) ,
Pi + Pi .. Pi + Pi
= ft /2 ' V= « »
X 2 ij (aft/?a) X 0 A («ftw
rp= P . P i («ft /o) - v, = M g 2 kj (afesb) .
Solving (33) we get,
AkXO0+BkYO M0 N O ~Q
AkXi+BkYO m; n >
A kX k-\-Bk Yk -M j iVi -pi
AKX[+BKkY[ Vi _pi
io A kX 0+.Bft % N O Po
1k AREX+BFLY ' NG PG
T Li —24ftX0+-BftY]j Nr -Pi

Li -AkX[+BkYi N[ _.pj
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LO MO Ah7CO-\-BkY0O PO
L6 Mo AKXO0+BkYO P
<M x ~AKX1\-BkYl -P,
Li -Mi -AKX[+PkYi -Pi

MO AKNO+ Bk YO
M0 No AkX'o+BkYo
. ~MX Nx -AkX,+BkY,
Li —M[ Ni  AkXi+BKkYi

Lo Mo NO PO
lo Mo NO Po
it ~MX Nx
Li -Mi  Ni P[

5. Numerical results

Let us consider the case of magnesium for which the roots of the equation (20) are

real. The elastic constants are

Cu = 0,565 XI02dyn/icm2 cP= 0,232 X 102dyn/cm?2,

ci3= 0,181 X10 Pdyn/icm2, Ca = 0,587 XI0R2dyn/cm2,
Cu = 0,168 X102dyn/cm2

o®

270 r=t
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The coefficients of linear thermal expansion along and perpendicular to the z axis are
ox = 27,7 X 10 6/°C, a2= 26,6 X10“6&°C.
Taking B = 1, the roots of the equation (20) are
m\ = 1,986, ml = 0,524.
With a= 1cm, 6= 2cm, c= 01cm, /= 10 cm and h = 0,393 we get the following

6X= 26,82 dyn/cm2, 62 = 25,64 dyn/cmz2,
= 2,733, 12= 0,367, = —1,4551/°C, ju2= 0,58586/°C.

W ith these values of constants we have calculated the stress (crai for different values of z.
The variation of (~)r=1 for different values of z is shown in Fig. 1. It is clearly observed that
(aB)r=I takes its maximum value at the ends of the cylinder and vanishes approximately
at the middle point of the cylinder. For z greater than 0,5 the stress is tensile, and for z less
than 0,5 it is compressive. Near the point 0,5 it is zero.
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Waé&rmespannungen in einem endlichen, in der Querrichtung isotropen, an flache Wé&rme-
isolierungsplatten anstoBenden und an der gekrimmten AuBenflache erwarmten leeren Kreis-
zylinder. Es werden die in einem endlichen, in Querrichtung isotropen, leeren Zylinder unter
Einwirkung einer an einem Teil der gekrimmten Oberfliche desselben unter Einwirkung
einer symmetrischen Erwdrmung auftretenden Wéarmespannungen fir den Fall errechnet,
daB an der inneren Flache des Zylinders eine Strahlung auftritt. Alle Spannungen und Ver-
schiebungen werden in Zeilenform erhalten.

TepMuUecKre HanpsXXeHWst B HEKOTOPOM KOHEYHOM W30TPOMHOM [0  MorepeqyHoMy
CEYEHMIO MOSIOM KPYI/IOM LWINHAPE, HarpeBaeMOM Ha ero BHELUHe KPVBOWA MOBEPXHOCTU U
COMPUKACAOLLEMCA Ha ero KOHLax C MJIOCKUMM TePMOU3ONAUMOHHBLIMA M/1aCTUHaMK. PacueT
TeNNOBbIX HaNpPsXeHUii Ha HEKOTOPOM KOHEYHOM UM B TpaHCBEpPCaNbHOM HanpaBleHWW U30T-
PONHOM MOMOM LWAWHAPE B CNyyae CUMMETPUUYHOIO Harpesa, BO3HMKAKOLWLEro Ha OAHOW uacTu
ero W30rHYTON MOBEPXHOCTW, €CIM BO BHYTPEHHEN YacTW LMAMHAPA BO3HUKAET u3nyyeHue. Bce
HanpsXXeHUs N CMelleHus NonyyarTcs B hopme psaoB.
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REFLEXIONSMESSUNG IM INFRAROTEN
ZUR KENNZEICHNUNG
YON DIFFUNDIERTEN SCHICHTEN

ELISABETH BARTA*

[Eingegangen am 20. Dezember 1971]

Es wird gezeigt, daB durch die zusatzliche Angabe der Lage des infraroten Reflexions-
minimums einer diffundierten Schicht entschieden werden kann, ob der Dotierungsverlauf
der Schicht der theoretisch erwarteten komplementdren Fehlerfunktion entspricht oder nicht.
Es wird die Notwendigkeit einer solchen Entscheidung bei der Bestimmung der Oberflachen-
konzentration betont.

1. Einleitung

Die zwei wichtigsten KenngréfRen einer durch Diffusion hergestellten
dinnen Schicht sind die Oberflachenkonzentration Ns und die Eindringtiefe
der Diffusion, x,. Die Bestimmung der Eindringtiefe geschieht durch die
Sichtbarmachung des p — n Uberganges an einem Querschliff. Die Ober-
flaichenkonzentration wird in Kenntnis des durch die Vierspitzenmethode
bestimmten spezifischen Fldchenwiderstandes Rs und der Eindringtiefe an-
hand von lrwins [1] Kurvenscharen berechnet.

Bei der Berechnung wird vorausgesetzt, daB die Verteilungsfunktion
der diffundierten Verunreinigung entweder durch eine komplementére Fehler-
funktion oder durch eine Gausssche Verteilung in guter N&herung ersetzt
werden kann. Die Oberflaichenkonzentration (d. h. die Konzentration der
freien Ladungstrdger in einer dinnen Oberflachenschicht) kann jedoch auch
durch die Untersuchung der optischen Eigenschaften bestimmt werden, da
die diese beschreibenden optischen Konstanten in dem Wellenldngenbereich

Agap (im Fall des Siliziums ~gap = 1,2”) von der Wechselwirkung zwi-
schen den freien Ladungstrdgern und der elektromagnetischen Strahlung
abhédngen [2]:

45z N e2
n2—k2—nj * (1)
In*(cti2+r~2)
2n N t
2nk (2)

cor m*{co2-\-r 2
* Elisabeth Barta, Honvéd u. 22-24, Budapest V., Ungarn

Acta Technica Academiae Scientiarum Hungaricae 73, 1972



454 BARTA

n: Brechungsindex, wellenldngenabhéngig;
k = Aa/(4h): Extinktionskoeffizient;
a: Absorptionskoeffizient;

n0: Brechungsindex der reinen Substanz, wellenldngenunabhdngig in dem untersuch-
ten Wellenlangenbereich (rcO= 3,42 fir Silizium);

N: freie Ladungstragerdichte;

m*: effektive Masse der freien Ladungstrager:
oj: Kreisfrequenz der untersuchten Strahlung;
r: Relaxationszeit.

(1) und (2) sind in CGS-Einheiten angegeben. Die optischen Konstanten des n-leiten-
den Siliziums sind als Funktion der Wellenldange und der Verunreinigungsdichte in der Arbeit
von Sato et al. [3] enthalten.

Die Reflexion, die an der Grenzflache Luft-Substanz bei senkrechtem
Einfall erfolgt, wird durch die oben angegebenen optischen Konstanten, wie
folgt, bestimmt [4]:

R =Jnj=})it» . 3)

Das Reflexionsspektrum entarteter Halbleitersubstanzen weist ein Mini-
mum auf, aus dessen Lage anhand des Zusammenhanges (4) die freie Ladungs-
tragerdichte bestimmt werden kann [5, 6]:

m* tOmmfoo 1) 4)
47t €2

Dieser Zusammenhang gilt unter der Voraussetzung, daB m2t2 1 und
n~ k ist. Diese Voraussetzung wird jedoch im Fall des entarteten Siliziums
nicht erfallt [3, 7].

Um die Bestimmung der freien Ladungstrdgerdichte aus der Lage des
Reflexionsminimums trotzdem zu ermdglichen, wurden anhand von zahlrei-
chen Messungen empirische Eichkurven aufgenommen (Bild 1 und 2).

Aus Bild 1 bzw. 2 ist ersichtlich, dal eine Trégerkonzentration von
4,5 XIlO18 Nn<[6x 1021 cm-3 bei n-leitendem Si, bzw. 4,5 X108 <j Np <[
<[ 8 x 1020 cm~3 bei j»-leitendem Si im Wellenldngenbereich 2—25 jj, bestimmt
werden kann.

Zunéchst wurde die optische Bestimmung der freien Ladungstrager-
dichte nur an solchen Einkristallen vorgenommen, in denen die Verunreini-
gung homogen verteilt war [9—11]. 1965 schlugen Phittips und Mitarbei-
ter vor, die Oberflachenkonzentration auch diffundierter Schichten aus dem
Minimum des Reflexionsspektrums zu bestimmen [12]. Diesem Vorschlag
folgte eine Reihe von Versuchen auch anderer Autoren [13—15], die bei der
Bestimmung der Oberflichenkonzentration der diffundierten Schichten die
Eichkurven fur Einkristalle homogener Verunreinigungsverteilung zuhilfe
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nahmen. Daf ihre Ergebnisse trotzdem richtig waren, kann darauf zurick-
gefiihrt werden, dall die Eindringtiefen der von ihnen untersuchten Dinn-
schichten in der GréRenordnung von etwa 100 ji lagen.

Erst 1968 lenkten Abe und Nishi [16] die Aufmerksamkeit darauf,
dall die Lage des Reflexionsminimums nicht allein von der Oberfldchen-
konzentration, sondern auch von der Diffusionsverteilung abhé&ngt (Bild 3).

Sie folgerten daraus, daB die Oberflachenkonzentration nur dann ein-
deutig aus der Lage des Reflexionsminimums, Amin, bestimmt werden kann,

Bild 1. /Imin in Abhéangigkeit von der freien Ladungstragerdichte im Falle des n-leitenden
Siliziums nach Schumann [8]

Bild 2. Amin in Abhéngigkeit von der freien Ladungstradgerdichte im Falle des p-leitenden
Siliziums nach Schumann [8]
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falls sich die freie Ladungstrdgerdichte innerhalb der Eindringtiefe der infra-
roten Strahlung der Wellenldnge Amin nicht wesentlich &ndert. Avbe und
Nishi berechneten die Wellenldngenabhédngigkeit des Reflexionsvermdgens
diffundierter Schichten unter der Voraussetzung eines durch eine Fehlerfunk-
tion bzw. eines durch eine Gausssche Verteilung beschreibbaren Dotierungs-
verlaufes. Aus dem Vergleich ihrer Berechnungen mit den Ergebnissen von
Irwin erhielten sie die im Bild 4 dargestellten Kurvenscharen, anhand derer
einem gemessenen Wertepaar (Rs-, Amin) das gesuchte Wertepaar (Ns-, xj) ein-
deutig zugeordnet werden kann, falls die von den Autoren genannten Bedin-
gungen erfillt werden.

Bild 3. Reflexionsspektrum einer Si-Probe homogener Verunreinigungsverteilung (gestrichelte

Kurve) und einer diffundierten Probe (ausgezogene Kurve). Obwohl die Oberflachenkon-

zentration der diffundierten Probe gleich der freien Ladungstrdgerdichte der homogenen
Probe ist, tritt in der Lage des Amjn eine Verschiebung auf

In unserem Laboratorium wurden Si-Proben untersucht, in die eine
As- bzw. P-Diffusion unter konstantem &uBerem Angebot vorgenommen
wurde. Bei an solchen Schichten ausgefiihrten Berechnungen wird immer
vorausgesetzt, dal der Dotierungsverlauf mit einer komplementaren Fehler-
funktion angené&hert werden kann. Die an diesen Schichten ausgefiihrten Rs-,
Xj- und Amn-Messungen widersprachen jedoch den nach [16] erwarteten
Ergebnissen, indem das von uns gemessene Reflexionsminimum immer bei
l&ngeren Wellenldngen auftrat als aufgrund des gemessenen Wertepaares
(Rs-,Xj) und der obengenannten Berechnungen erwartet wurde [17]. Es wurde
angenommen, daB dieser Widerspruch durch die Abweichung des tatsdch-
lichen Dotierungsverlaufes von der vorausgesetzten Form einer komplementa-
ren Fehlerfunktion verursacht wird.
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Das Ziel der vorliegenden Arbeit besteht darin, diese Annahme und ihre
Auswirkungen zu Uberpriufen. Weiterhin soll untersucht werden, welche zuséatz-
liche Informationen aus dem infraroten Reflexionsspektrum bzgl. diffundierter
Schichten gewonnen werden kdnnen.

a, b,

Bild 4. Rs — /min — xj — Ns-Relationen nach Abe und Nisni [16] im Falle eines Dotierungs-
verlaufes, der durch eine a) komplementdare Fehlerfunktion, b) Gausssche Glockenkurve
ersetzt werden kann2

2. Experimentelles

Wie bereits in der Einleitung erw&hnt, wurden in unserem Laboratorium
solche As- bzw. P-diffundierte Schichten untersucht, bei denen anhand der
Diffusionsverhéltnisse ein durch eine Fehlerfunktion beschreibbarer Dotie-
rungsverlauf erwartet wurde.

Der spezifische Flachenwiderstand der Schichten wurde mit der Vier-
spitzenmethode bestimmt. Der p—n-Ubergang wurde an einem Querschliff
von 2,5° mittels chemischer Atzung sichtbar gemacht. Die Eindringtiefe
wurde anschlieBend unter einem Interferenzmikroskop gemessen.

Die Reflexionsspektren wurden mit Hilfe eines Zeiss-UR 10 — Infrarot —m
Spektrophotometers an einem von Zeiss gelieferten Reflexionsaufsatz auf-
genommen.

Der Dotierungsverlauf wurde nach einer von Tannenbaum [18] ange-
gebenen Methode aufgenommen. Durch chemisches Atzen (55 g CuS04 1
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-f- 65 ml HF -j- 937 ml H20 [19]) wurden dinne Schichten der untersuchten
Probe abgetragen, deren Dicke durch Interferenzmessungen bestimmt wurde.
Nach jeder Abtragung wurde die Vierspitzenmessung durchgefiuhrt, um den
Flachenwiderstand zu ermitteln [20]:

Ks(x) = o 453,
500 I In2 (5)

*8 [%r

Bild 5. 4,53IRS als Funktion der von der Oberflaiche gerechneten Entfernung x im Falle der
Probe 201/2

4,53/ RS wurde in Abhéngigkeit der von der Oberflaiche gemessenen Entfer-
nung x dargestellt (Bilder 5, 6 und 7) und graphisch differenziert. Nach einer
Division durch 4,53 erhielten wir:

dR*“1 d rx 0 d N(x) elt ©)

se-— = e afx) dx = «(x) — N(X) eft,

dx dx JO
wo a(x) die spezifische Leitfdhigkeit in der Entfernung x von der Oberflache
bedeutet. Aus 1rwins Darstellungen (er)-1 = f(N) fur Si-Proben homogener
Dotierungsverteilung konnte die freie Ladungstrdgerdichte N(x) fur jede Ent-
fernung x bestimmt werden.
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W o]

Bild 6. 4,53/Rs als Funktion der von derJOberflaiche gerechneten Entfernung x im Falle der
Probe 256

w

Bild 7. 4,53/Rs als Funktion der von der Oberflaiche gerechneten Entfernung x im Falle der
Probe BE 12
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3. MeRergebnisse

Die Bilder 8 und 9 stellen einige der an den diffundierten Schichten
aufgenommenen Reflexionsspektren dar. Diesen Bildern kann entnommen
werden, dal die Minima wohldefiniert sind und ihre Lage daher mit einer
Genauigkeit von etwa +2% bestimmt werden kann.

Diese Amin-Werte wurden mit den Werten verglichen, die sich durch
das Einsetzen des W ertepaares (Rsl xj) in die von Abe und Nishi berechnete
Kurvenschar ergaben. Aus Bild 10 bzw. Tafel I kann das Ergebnis dieses
Vergleiches entnommen werden: Das experimentell bestimmte Wertepaar
(RS Amin) widerspricht dem theoretisch erwarteten W ertepaar, indem
Mminep  Anintheor ist.

Tafel |
Probe ‘?g’f'. * Wsrrtwﬁgtcuhng[sl-ﬁ] exp. best,
u;ruenigi_ <[«/O] M ~rtin 1] Aemin IM]

BE 11 p 1,56 6,15 2<,A"3 43
BE 12 p 1,55 6,15 2<A N3 4,4+0,2
BE 13 p 1,41 6,15 2AA <3 —
BE 14* p 9,90 1,62 3< A< 4 4,4+ 0,1
BE 15* p 10,91 — — —
BE 16* p 11,05 1,89 3~ A< 4 51+ 0,1
P 108 p 3,00 4,00 2< A<[3 4,6+0,1
199/2 As 9,75 1,64 3 48+ 01
200/2 As 9.90 1,64 3 3RO T
201/2 As 9,40 1,78 3 5,0+0,1
256 As 17,00 1,37 35 4,9+0,1
257/1 As 18,80 110 3,5
258/1 As 18,80 1,23 35 5,95+ 0,05
258/3 As 24,10 1,37 4 5,95+0,05

* Die so gekennzeichneten Proben wiesen eine Inhomogenitdt von 10% in Rs auf.

Die an der als 201/2 bezeichneten As-diffundierten Probe vorgenomme-
nen Messungen ergaben Rs= 9,4 &/O und Xj = 1,78 p. Das Wertepaar (RsJ
xj) ergibt anhand von i1rwins Kurvenscharen eine Oberflachenkonzentration
von Ns 4,2XI102" cm-3, falls die im Bild 11 dargestellte Fehlerfunktion
(gestrichelte Kurve) als Dotierungsverlauf vorausgesetzt wird. (Die Fehler-
funktion wird durch die Oberflichenkonzentration und die fur den p—ra-
tibcrgang charakteristische Ladungstrdgerdichte die bei all den unter-
suchten Schichten 1015 c¢cm-3 betrug, bestimmt.) Das Reflexionsminimum
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R [rei Einh] R [rei En
50- 60
40 50
D 4
20 30
20
10 k[p]

Bild 8. Reflexionsspektren einiger
As-Diffusion enthaltenden Proben

1:199/2; 2 :200/2; 3:258/3 10
0 5 0 xM
Bild 9. Reflexionsspektren einiger
y. [n/u] P-Dilfusicn enthaltenden Proben

1:BE 11; 2 : BE 12; 3 : BE 14

Bild 10. B id 4a mit eigenen MeRwerten erweitert. X Die nach [16] erwarteten (Rs, Amin)*
Werte, Q die von uns gemessenen (Rs, /.min)-Werte
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einer solchen Schicht sollte nach den Bedingungen von [16] bei ft auf-
treten. Demgegeniber wurde ein Am, = 5,0 ft gemessen. Der als Ergebnis
der graphischen Differentiation der im Bild 6 dargestellten Funktion erhaltene
wahre Dotierungsverlauf (0 — o im Bild 11) bekraftigt unsere, bereits in
der Einleitung erwdhnte Annahme, nach der der zwischen dem erwarteten
und dem gemessenen Rs, Arin bestehende Widerspruch auf eine Abweichung
des wahren Dotierungsverlaufes von der theoretisch erwarteten Verteilungs-
funktion beruht.

Bild 11. Experimentell bestimmter Dotierungsverlauf der Probe 201/2 (im Text ausfihrlich
erklart)

Beim Einsetzen des Wertepaares (Rs, 2mi,) in die von Abe uUNd Nisnhi
berechnete Kurvenschar finden wir, daB diesem W ertepaar eine durch Ns =
= 1,3 XIO2D cm-3 und x. = 4,2 ft charakterisierte Fehlerfunktion entspricht
(Bild 4a). Die Berechnung dieser Funktion aus Tafelwerten [21] ergab den
im Bild 11 durch volle Kreise gekennzeichneten Kurvenverlauf, der sich bis zu
einer Tiefe von etwa 0,9 ft als gute N&herung an den wahren Dotierungs-
verlauf erwies. Das in dieser Entfernung gemessene Wertepaar (Rs= 50,1
£?/0, Amin= 509 ft) weist beim Einsetzen in die auf Bild 4a dargestellten
Kurvenschar auf eine durch iV, = 5,3 X1019 cm"™3 und Xj = 2,0 ft charakteri-
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sierte Fehlerfunktion hin. Diese Funktion wurde im Bild 11 durch Dreiecke
gekennzeichnet und erwies sich, ebenfalls als gute N&herung an den wahren
Dotierungsverlauf.

Die an der Probe 256, in die ebenfalls As diffundiert wurde, ausgefiihr-
ten Messungen ergaben folgende Resultate: Aus dem gemessenen Wertepaar
(Rs= 17,0 B/6, Xi = 1,37 /{) wurde unter Voraussetzung der im Bild 12 als
gestrichelte Kurve dargestellten Fehlerfunktion die Oberflaichenkonzentra-
tion zu Ns= 2,2X1020cm-3 berechnet. Dies ist ein hdherer Wert als Nsep =
= IxI1O D cm-3, der durch die Extrapolation der graphischen Differentiation
der auf Bild 7 dargestellten Funktion erhalten wurde. Aus Bild 12 kann das

Bild 12. Experimentell bestimmter Dotierungsverlauf der Probe 256 (im Text ausfihrlich
erklart)

Mal der Abweichung des wahren Dotierungsverlaufes (0 — o) von der, den
Berechnungen i. a. zugrundegelegten, Fehlerfunktion entnommen werden. Der
durch Dreiecke gekennzeichnete Verlauf ist eine durch Ns= Ix102cm~3
und x; = 2,8 v gekennzeichnete Fehlerfunktion, die durch das Einsetzen des
gemessenen Wertepaares (RS, Arn) in die von [16] berechnete Kurvenschar
erhalten wird und die bis zur etwaigen Eindringtiefe der infraroten Strahlung
der Wellenldnge /mn eine gute N&herung an den wahren Dotierungsverlauf
darstellt.
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Aus den Ergebnissen dieser beiden Proben kann geschluBfolgert wer-
den, daR der zwischen dem anhand des Wertepaares (Rs, Xj) berechneten
Wert der Oberflaichenkonzentration einerseits und dem durch die Extrapola-
tion der graphischen Differentiation der spezifischen Leitfadhigkeitsverteilung
erhaltenen Wert andererseits bestehende Unterschied durch die Abweichung
des wahren Dotierungsverlaufes von der bei den Berechnungen i. a. ange-
nommenen Fehlerfunktion verursacht wird. Auf die Existenz einer solchen

Bild 13. Experimentell bestimmter Dotierungsverlauf der Probe BE 12 (im Text ausfilulich
erklért)

Abweichung wird durch den scheinbaren Widerspruch zwischen dem gemesse-
nen und dem von Abe und Nishi berechneten Wert (Rs, Arin) hingewiesen.
Unsere Untersuchungen ergaben weiterhin, dall dieser Vergleich auch einen
Hinweis auf die Parameter einer Fehlerfunktion gibt, falls irgendein Abschnitt
des wahren Dotierungsverlaufes durch eine solche ndherungsweise beschrieben
werden kann.

Bild 13 dient zur Veranschaulichung unserer, an P-diffundierten Schich-
ten erhaltenen Ergebnisse. Die anhand der an der Probe BE12 gemessenen
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Rs= 1,62 B/Q und Xj= 6,15fi nach lrwin berechnete Oberflichenkonzen-
tration ergab sich zu Ns= Ix10 21 cm-3. Die bei der Berechnung voraus-
gesetzte Fehlerfunktion ist im Bild 13 durch die gestrichelte Kurve darge-
stellt. Aus dem gemessenen (Rs, Xj) ergibt sich Arin~3/1 nach Abe und
Nishi. Demgegeniiber wurde Amn = 4,2 n gemessen. Aus Bild 13 geht die
Abweichung des wahren Dotierungsverlaufes (0o — o) von der angenom-
menen Fehlerfunktion hervor. Die wahre Verteilungsfunktion weist einen
etwa 2,0 fi langen Abschnitt auf, der durch eine konstante freie Ladungs-
tragerdichte gekennzeichnet ist. Dies stimmt mit den Erfahrungen anderer
Autoren bzgl. der P-Diffusion Gberein [18, 22]. Da der Absorptionskoeffizient
ades w-leitenden Siliziums dieser Verunreinigungskonzentration fur die Wellen-
lange des Minimums etwa 2,5 X104 cm-1 betragt [23], ist die Eindringtiefe,
d = a_1, dieser Strahlung etwa 0,4 fi. Falls die diffundierte Probe einen
Dotierungsverlauf mit konstantem Anfangsabschnitt der Ldnge x > d auf-
weist, kann die Oberflichenkonzentration unmittelbar aus der Lage des
Reflexionsminimums bestimmtwerden, da sich die Probe in diesem Fall der
infraroten Strahlung gegeniliber wie eine Schicht homogener Verunreinigungs-
verteilung verhdlt. In Tafel Il sind einige Werte von d in Abhé&ngigkeit der
freien Ladungstrdgerdichte dargestellt.

Im Falle der Probe BE12 stimmte die aus dem Pmin= 4,2 fj zu Ns =
= (2,7 + 0,3) X100 cm“3 ermittelte Oberflichenkonzentration innerhalb der
MeRgenauigkeit mit dem Wert von (2,2 + 0,3) XIOD cm“3 iiberein, der aus
der auf Bild 8 dargestellten Funktion erhalten wurde.

Tafel Il

min M .
N, [cm-3 homogene dip]

Verteilung
IxIO 2 3,0 0,20
5X1020 3,5 0,43
1X 1020 6,0 0,70
5x 1019 7,9 1,30
1x 1019 16,0 1,60

4. SchluRfolgerungen

Es wurde gezeigt, daR hdufig erhebliche Differenzen zwischen den aus
den Rs- und x.- Werten anhand von |lrwins Daten berechneten Werten der
Oberflaichenkonzentration einerseits, und der aus der Extrapolation des wah-
ren Dotierungsverlaufes gewonnenen Oberflichenkonzentration anderseits,
bestehen. Das Auftreten dieser Unterschiede wird auf die oft beobachtete
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[18, 24—28] Abweichung des wahren Dotierungsverlaufes von der theore-
tisch erwarteten Fehlerfunktion zuriickgefihrt. Die aus den Rs-und x;-Werten
bestimmte Oberflaéchenkonzentration wird im Fall einer solchen Abweichung
zu einer puren Zahl ohne physikalischen Inhalt. Daher muR entschieden wer-
den, ob der Dotierungsverlauf der untersuchten Probe mit der theoretisch
erwarteten Fehlerfunktion Ubereinstimmt oder nicht. Diese Entscheidung
kann unter Zuhilfenahme der Lage des Reflexionsminimums getroffen wer-
den, da die gemessenen Rs-, rty-und Amin-Werte nur dann in Ubereinstimmung
mit der Kurvenschar von Abe und Nishi gebracht werden kénnen, wenn der
wahre Dotierungsverlauf mit einer Fehlerfunktion beschrieben werden kann.
Somit kann also durch eine optische Messung, die keine weitere Zerstérung
der Probe verursacht, entschieden werden, ob der auf herkdmmliche Weise
berechnete Wert der Oberflaichenkonzentration den Tatsachen entspricht
oder nicht.

Weiterhin wurde festgestellt, daBR die Oberflaichenkonzentration im
Falle der P-Diffusionen, bei denen der Anfangsabschnitt des Dotierungsver-
laufes héaufig durch Ns= const, gekennzeichnet ist, unmittelbar aus der
Lage des Reflexionsminimums bestimmt werden kann.

Daraus ergibt sich die SchluBfolgerung, daR die Kennzeichnung der
diffundierten Schichten durch Nsund Xj allein nicht genligt, da auch die Lage
des Reflexionsminimums zur Charakterisierung solcher Schichten herangezo-
gen werden muRB.

Mein Dank gilt Frau J. Rénai und Herrn Dr. J. Schanda fir ihre wertvollen Diskus-
sionsbeitrdge, weiterhin Fri. M. Ferencz und Frau K. Simon fir ihre Hilfsbereitschaft bei
der Ausfihrung der Messungen.
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Infrared Reflectivity Characterizing Diffused Layers. The determination of the
wavelength of the minimum occurring in the infrared reflection spectrum of a diffused layer
enables to decide whether the diffusion profile follows the theoretically expected comple-
mentary error function or not and thus to proof the validity of the surface concentration
data obtained from 4-point measurements.

WavepeHrie pedinekcin B IK-CreKTpe Anst XapaKTepucTVKN AndhyHAMPOBaHHbIX CIOEB.
Moka3aHo, YTO NyTeM [OMNONHUTENLHOTO YKa3aHWUs MOMOXEHWUs WH(HPaKPacHOro pedreKcuoH-
HOr0O MUHMMYMa HEKOTOPOro AU(dYHANPOBABLIErocs CA0S MOXHO YCTaHOBUThL, YTO NpoLecc A4o-
TauunW CcNos COOTBETCTBYET MMM He COOTBETCTBYET /I TEOPETUUYECKU O0XUAaeMoii KOMMAeMeH-
TapHO (yHKUMM owwn6KK. MoAuepKMBaeTcs HEO6XOAUMOCTL TaKOr0 YCTaHOBMIEHUA NpW omnpe-
LeNneHun NoBepxXHOCTHON KOHLEeHTpaLuu.
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®OTOMNOHU3AUNA BHE TEPMWYECKOIO PABHOBECUA
B MATHUTOIrMAPOANHAMWYECKOIW CPEAE AbIMOBbIX
FA30B C KANMEM

K. . AHTAT* n N. ®. BONINTA**

(Moctynuno 8. XI1I. 1971 r.)

PaccmaTpuBaeTCs BO3MOXHOCTb NoAAepXaHus TpeGyemoii cTeneHn noHusayum paGouero
rasa nocne ero agna6aTnyeckoro pacwupeHus 8 M [ KaHane ¢ NOMOLLbI0 (HOTOMOHU3ALMOHHOTO
[elicTBMA pacKaNeHHbIX YrofbHbIX YacTul, OLHOBPEMEHHO BBefeHHbIX B KaHan MT[. Mo ypaB-
HEHMAM MOHU3aLMNOHHOFO W 3HEPreTWYeckoro 6anaHcoB MOMYYeHbl KPUTUYECKME TemmepaTypbl

Ana pacKaneHHblIX YroflbHbIX 4YacTuu M nUX H606XOAMM06 BECOBOE KO/M4YeCTBO, NPU WKNPOKKUX
3Ha4YeHNAX napameTpoOB.

1. BBegeHve

3BecTHO, UTO B cpefe AbIMOBbIE ras3bl — KasiniA, NOJOrpeToii B Kamepe cropa-
HUA [0 COOTBETCTBYHOLLEN TemnepaTypbl, 4OCTUTAeTCs Y40BNETBOPUTE/IbHAsA CTe-
neHb MoHM3auun [1]. Mpn agnabaTyecKoM PacLLMPEHNN, Fa3 C BbICOKO CKOPOCTbHO
nonagaet B KaHan MI [, npuyem Temnepatypa ero pe3ko nagaer. Takum
obpa3om, B YMNOMSIHyTOM paboyeli cpeae o6pasyeTcsi 3HauMTeNbHasi 06beMHas

PEKOMOUHALMA  3NEKTPOH-MOHOB, UTO MOXHO BbIPa3uTb CrefyloWMUM YypaBHe-
HUEM:

dtX . s
——af— (o6beMHas peKoM6UHaumMs) = —OoT*, 1)
rae ne — NAOTHOCTb 3/1eKTPOHOB;
| — Bpems;
a — Ko3(punumeHT (06BbEMHOI peKoMOUHaLmu).

B cooTBeTcTBMM C npeanioxeHnem [1] 3amegneHune (BepHee KOMMeHcauus)
npouecca pPekoMOWMHaUUW [OCTMUraeTcs 3a CYeT BBOAA B KaHan pacKaneHHbIX
YyacTuy, yrns. Yactuubl yrna passuBaloT 3amennstollee AeliCTBMe 3a CYeT (poTo-
MOHM3aLMW, BbI3BAHHON paguaumneid. Jns BO3MOXHOCTV NMPUMEHEHUS MPeLI0XEeH-
HOro npouecca Heo6X0AMMO 06ecneunTb Cheaytolime yCcnosus:

1. YacTuupl yrnsa Heo6Xo4AMMO packanuTb [0 TaKoi Temnepatypbl, Npyu KOTO-
poii TepMUYECKas pafuaLms crnocobHa OCyLLECTBUTL MOHU3ALIMIO aTOMOB Kanns — U
3TUM KOMIMEHCUPYIOTCS NOTEPU OT peKoMOUHALMK.

2. OKucnuTenbHas TennioBas 3HEPrus, HaKOMJeHHas B vacTuuax yrnis,
[O/KHA ObITb [OCTATOMHOW ANS MOALEPXXaHWS WMOHU3aLMOHHOIO 3HeprobanaHca
Ha Bpems, Moka pabovas cpega Haxoamtcs B MIT[, KaHane.

* Antal K. G, Vécsei uti Itp. 4. Budapest XX.
** Bolla I. F., Kertész u. 43. Budapest VII.
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2. OnpepgeneHne KpUTUYECKO TeMmnepaTypbl YroflbHbIX YacTuLy

Mo nepeoMy YC/IOBUIO PacCMOTPUM TEPMUYECKYHD Pafuauyio YacTul, yris,
BbI3bIBAOLLYIO (POTOMOHM3aLMIO. TTPeAnonoXmnM, YTO pafuaLuio MOXHO Xapak-
TEpU3NPOBaTh M3/TyYyeHMEM abCoMOTHO YePHOTO TeNa, T. €. 3aBUCUMOCTbIO MnaHKa.
B o6wem Buae CKOPOCTb (POTOMOHM3ALMM MONYYaeTcs MO CMeAyHoLein 3aBucK-
MOCTW:

_d_t" (hoToMOHM3ALMS) — ?/ Qo4 . (2
rae rfj — KOHUeHTpauus MOHWU3NPYEMbIX aTOMOB;
Qi — aheKkTMBHOE CceveHMe (HOTOMOHU3ALNK;
®, — (hOTOHHbI NOTOK (KONMMYECTBO MOHM3UPYIOLWKNX DOTOHOB, MajaloLWmnx B cTepajg-
HOW efiHMLE Ha egUHMLY Naowaan);
Oj — cTepas (NPOCTPAHCTBEHHbIN yron).

Mcxoas 13 cnekTpasibHO NAOTHOCTV SHEPT abCOMOTHO YEPHOTO TeNa, MMEEM:

8nk \3
dEv (3)

c3 ghy/kT

rae h — noctosiHHas Mnawka;
C — CKOpOCTb CBeTa;
V — vyacTorTa;
T — abcontoTHas Temnepatypa;
K — nocTosiHHas bBonblLMmaHa.

BepHee, HanmcaB CMEKTPa/ibHYH WHTEHCMBHOCTb

dJ,, = — dEy, 4)

npu ycnosuu, uto KT <C hv0, (hOTOHHbLIA NOTOK 418 YacToT V> vOMOXHO 3anmcaThb
B CrefytoLleM Buae:

dT 2 I
— = - s- T TM2dv, (5)
e NV c2 J,.0
roe r0 — y4acToTa, COOTBETCTBYIOLLAS MOHM3ALMOHHOW 3HEPTUU.

Ecnn npumem 3(hGeKTUBHOE CeueHue 3aBUCKMMbIM OT 3HEPrnn (4 IMHbI BOJHbI) K
ero 3anuiiem B C/lefytoLlemM O0OLIEM Buze:

Q= Q(fy = a2.2-\~bA-\-c, (6)

roe A — [OAMHA BOMHbI;
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TOrfa Mbl [O/DKHbI €ro YYecTb MOA WHTErpanoMm, BMecTe C (DOTOHHbIM MOTOKOM.
3HauuT, AN1s 3anucK ypaBHeHWs (2) credyeT NoABeprHyTb AeTa/lbHOMY aHanusy
HUXXECeyIOLLee BblpaXeHMe:

R—hv/kT [ - * .

(?)

12

PelleHWe UHTErpasa MOXXHO NPeACcTaBuUTh B CeaytoLleM Buae (Mpu peLleHum
3a[a4” Mbl MOKa He MOoMb30Ba/IUCh NMPEHEOPEXEHNAMMN):

1 elf d de
«?7®>= 210 (0] ) + > (8)
Xn 4 dl dL
roe X0 — 6e3pasMepHblii «BOMbLIOKA» MapaMeTp, XapaKTepUsnpylolnii OTHOLIEHNE TeM-

nepaTtypbl aGCOMOTHO YepHOTo TeNna K MOHU3ALMOHHOI aHeprun X0 = Ko
Ej — voHM3auMOHHAs 3Heprus;

0 — 6e3pa3mepHbIi mapameTp 0 =

Q — vOHM3aLMOHHOE ceyeHue Npu BenmyuHe. A=40;
A0 — AAMHaA BOMHBLI, COOTBETCTBYHOLAA MOHW3ALMOHHBLIM MOTEHLManam;
C — CKOpOCTb CBeTa.

B panbHelilemM MCXOAMM U3 MPeLnooXKeHNs, YTo Temnepatypa YrosbHbIX
4acTuL, 3a BpemMsa HaxoXaeHus ux B MIT[, KaHane He MeHSIeTCs, 3Ha4YMT, OHN ByayT
cropatb 6ecnpepblBHO. TakuMM 06pa3oM, C YUYETOM BbILLEN3NIOXKEHHbIX, 6GanaHc,
XapaKTepusnpyoLWmii NpoLeccbl MOHM3aUMM U peKoMBMHaLUKM, MOXHO 3anucaTb
B CneaytoLleii hopme:

T (voHm3aums) = (hoTouoH.) + (cTyneHyatas MOH.) + (Tennosas UoH.)  (9)

T(peKOMﬁl/IHaLI,I/Iﬂ) = (06beMH.pek.) + (MOBepPXHOCTU, pek.) (10)
®OTOMOHM3ALMIO MOXHO XapaKTepu3oBaTb 3aBMCMMOCTBIO (2). HauHeTcs
B3aMMofeincTBMe (DOTOHOB CO BCEMM KOMMOHEHTaMWU pabouyeid cpefbl, U3 KOTOPbIX,
0JHAKO, YUMTLIBAETCA HaMW TOMbKO MOHM3aUMa (B faHHOM cnyae) kanus. [po-
Liecchbl auccoumanum 1 Bo30YXKAEHUS, Bbi3BaHHble ()OTOHaMU, [al0T B pesy/bTaTe
notepu ()OTOHOB, a MOHM3ALMSA NPOUUX KOMMNOHEHTOB paboyero rasa — NPUObITOK
3NneKTpoHOB. OAHAKO, BAUSHMEM 3TUX SBIEHUA MOXEM MpeHebperath.
B 3aBucumMocTn (9) TakXKe MpeHebperaeM BAWSHMEM CTYMeHYaTON MOHU3a-
LMW — OfHAKO, B pe3ynbTaTe MoJlyvaeTcs faSbHeNWuniA NpubbITOK, T. €. NoBbILLe-
HUe 3(hPeKTMBHOCTM MOHM3aLMKU. MOHM3aLMa TersjoBOro xapakTepa, B CBSi3U C
OTHOCWTE/IbHO HU3KMMK TemmnepaTypamu, CyLIECTBYHOLMMM B KaHane nocne pac-
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LUMPEHUS, He Bbl3bIBAET 3HAUUTENbHbLIX [J06aBOYHBLIX fBAEHWA. B 3aBucMMOCTM
(10) o6beMHasi peKoMbUHaLmMsa paccmaTpuBaeTcs B CMbicne 3aBucumocTu (1). Kak
M3BECTHO, MOBEPXHOCTHas PeKOMBMHALMS COCTOWT U3 AyBX COCcTaBAastoLwmx. M3 no-
BEPXHOCTHOM pekoMOBMHaL MK, 06pa3ytoLLeiica Ha N30NALNOHHOM CTEHKe reHepaTopa
N «CTEHOBO/» PEKOMOMHALMKN, 06pa3yHoLLeiicsl Ha MOBEPXHOCTU YTO/bHbIX YacTul,
BBEJEHHbIX A/ MOMOMHEHWNS MOHM3ALMOHHbLIX MOTepb. BBUAY TOro, 4to Halueld
Lenblo SBNSETCS WCCMefOBaHWE BO3MOXHOCTEN (POTOMOHM3ALMM MpWM  MOMOLLY
YrOJIbHbIX 4acTuL, Mbl 3eCb He 3aHMMaemcs UCCnefoBaHUEM MEPBOM COCTaB/A-
e, a nocnefHeli PEKOMOUHALIMOHHON BO3MOXHOCTbIO, BBUAY C 6OMbLLIOK PaboToit
BbIXofa Yrns, B MepBOMMPY6AMKEHUN MOXHO npeHebpeyb. Takum 06pa3oMm, B
CMbIC/IE  BbILLEU3NOXEHHbIX, YPaBHEHWE, XapaKTepHOe AN WOHWU3aLMOHHOro
H6anaHca nony4vaeT Cneayrowyro opmy:

M«?d>L£ = *T2. (11)

BennunHa cTepafa 3aBUCMT OT pa3MepoB W pacnpefeneHnss BBeAeHHbIX
YrofibHbIX YacTuy. TO4YHas BenMuMHa ero AO/HKHA ObiTb KOHKPETHO MpoBepeHa
ONS KKAOM 0TAenbHOM 3agaumn. o nnTepaTypHbIM AaHHBIM OHa MOXET MEHSAThLCS
B npegenax ot 0,1 40 MOMHOro 3HaYeHus, T. €. 40 4.

3anucaHHbIi B Takoli (hOpMe MOHM3ALMOHHbLIN GanaHc, onpeaensieT KpuTu-
YeCKyto TemnepaTypy Yactuy, yras. MNpu onpegeneHny TeMnepaTypbl MOXHO BBECTY
JanbHenwWwy nonpaBkKy Ha pa3HOCTb TEM/0BOM paguMauun YrofbHOW YacTuubl W
abCoMTHO YepHOro Tefa, KoTopas MOXET OblTb O0XapakTepusoBaHa (haKTOpPOM
N3NyYeHus.

YpaBHeHue (8) paccmaTpuBaeTcsi B AyBX KOHKPETHbIX Cly4asx:

a) C y4yeToM 3KCNepuUMeHTaNbHOW 3aBUCMMOCTM 3PMEKTUBHOIO ceyeHns Q ot
3Heprum, n3noXxeHHoi B Tpyge [2], u3 (3) nonyyaem NpUBANKEHHOE BblpaXKeHMe:

@A) = aA2+6A~f-c,
[@ cm2; [A]= ¢cm,
1,504- 10~9;

-8,37-10-4 cm;
1,173-10-18 cm2

roe a
b
c

C y4yeToM BbILEU3NOXKEHHBLIX A8 X0 MOXeM MONyuMTb Crefytollee TpaHcLie-
JEHTHOE ypaBeHWe:

2vonliJ b c 1 b 2c , 1 2c
a4 ! — h= 4 (13)

are2

N>
H
o
v
&
—

Pe3ynbTarthl, NOMYyYEHHbIE HAMW MPY NOMOLLM UTepaLmMOHHOro MeToAa npu pasnny-
HbIX BefMUYMHaxX a, ne, re, U, ceefeHbl B Tabn. .
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6) MpuHMMasa 3((HeKTUBHOE CeYeHMe He3aBUCUMbIM OT SHEPTUK, T.e. MOCTO-
SHHbIM, TPaHCLUeAEeHTHOEe ypaBHeHMe Ans X0 MOXHO 3anucaTb B CneaytoLlemM Buge-

a0mU@) 1~ 27 2

(Xne Jo [ *0 X0 *0

e (14)

PeLleHns, MOMyYeHHbIe TAKXKe UTEPaLMOHHLIM METOLOM MPW PasfnYHbLIX BEN-
unHax a, G M, Q Qpatot B pesynbtate Tabn. U.

3. OnpegeneHre HEOBXOAMMOIO KOIMYECTBA YrO/bHbIX YacTuLl

[Ans yaoBNeTBOPeHUs 2-r0 YC/IOBMSI MPOBEPUM COLEPXKAHWE 3HEpPrun BBe-
[EHHbIX YroNbHbIX YacTWL,; Ha OCHOBE 4YEro MOXHO ONpeaennTb KOMUYECTBO
YrOMbHbIX YacTuL, HeobXoaumoe ANS BO3MOXHOIO MOAAEPXKMBAHUS MOHMU3ALM-
OHHOFO PaBHOBECUS.

MpeAnoNnoXmM, YTo Macca OfHOW YrONbHOW YacTULbl COCTaB/ISET:

roe d — pguameTp uyacTuubl;
g — NJOTHOCTb YrAs, u

MpU CXKWraHnm 1 Kr yrns B BO3ZLyXe Npu faBneHWn p u Temnepatype T o6pasy-
tOTCA [bIMOBble rasbl 06emMoM V. ECnu KONMYeCTBO YrofibHbIX YacTul

M

Torga o6bemM Ha OfHY 4YacTuLy COCTaB/sieT

n

B 13n0XXeHHOM B MpefblayLleM MYyHKTe CMbiC/ie B TedeHuMe 1 cek B 06beme
1 cm3pabouero rasa ocyLLecTBAAETCH PEKOMOUHALNS a/431eKTPOHHBIX-UOHHO Map.
3HaunT, HaM HeobXoAuMO M03abOTUTLCA O MOMOSHEHUM YKa3aHHOW MoTepu 3Hep-
ruv. TpoaHanmsmpyem, CKOMbKO 3Heprumn TpedyeTtca A8 NONOSHEHWUS PEKOMOU-
HaLWOHHBLIX MOTEPb B 3/IEMEHTapHOM 06beme, MPUBELEHHOM Ha OAHY YrofibHYHO
yacTuuy, 3a BpeMS HaXOXAeHUs paboyero rasa B KaHase:

E = atsv ¥, (15
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rae: T — BpemMAa HaxoXaeHWna cpefbl B KaHane
L

VA

L — pnuHa kaHana;
V — CKOpOoCTb MOTOKa Cpefpbl.

Mpyn nonHoM cXuraHum yI'OJ'IbHOI\/JI YaCcTuLbl Maccon T 06pa3yETCﬂ cnepytoiee
KONM4YyecTBO Tenna
Egff = mxrj, (15"

KOTOpOe MOXHO WCNOonb3oBaTb A1 WMOHU3aLUNK,

rpe: K — yjAenbHas TennoTta yrns;
} — KoaphuUMEHT MNonesHOro AeicTeus.

B szaBmcumoctn (15°) N\ xapakTepusmpyeT peanusaluio TemnepaTypHOM
paguaLun B MOHU3ALMOHHOW SHEPTN; BEJIMUUHY €r0 ONpesenM HUXe. SHepretu-
YECKM1 6anaHc, — NPUBELEHHBIA K 31eMeHTapHOMY 061beMY B CUCTEME KOOpAUHAT,
LBUXKYLLENCA BMeCTe ¢ pabouein cpefioi, — ByAeT UMETb CreaytoLwuniA Bua:

oui,2 /S — B; X = T w . (16)

Ha ocHoBe aHEepreTMuyeckoro 6anaHca MOXHO OMpeAenuTb HEGXOAMMOE KO-
JIMYECTBO YTrO/bHbIX YacTWL, B pacyeTe Ha 1 Kr yrofbHOro TONuBa:

M cen-ret v
- (17)

XTj

BepHemcs K onpegeneHunto KoathdumumeHTa r). MNpegnonaras, 4to 4acTulbl
OCYLLECTBNAOT U3NTyYEHNE B BUAE YepHOro Tesa, Heo6X04MMO NPOUMHTErpMpoBaTh
3aBucUMOCTb (3) oT 0 0 00, M MOMY4YaeM crefytollee BblpaXeHue:

r* dv= aak‘T* I -il- J, = «*e* - T*, (18)
c3 Jo elllkT—1 c3n3 Jo ex—1 15¢3h3

A 3TO NpefCcTaBNseT COG0K MOMHbIV 3HEPrOCNEKTP YEPHOro Tena, u3nyyae-
Mblii npu Temnepatype T. C TOYKM 3pEHUS MOHM3ALMM Kanns MHTepecHas A4fis Hac
06/71aCTb HaxoAMTCA B Mpedenax OT €- A0 00. WTaK, mMonesHas C TOYKM 3pEHUs
VOHM3aUMM JONA NONHOM pajnalMoHHON 3HEPrMn COCTaB/sET:

n= fax*e-xdx ncn

Mocne BbIYNCNEHNS ABYX MHTErPa/IOB W NPOBEAEHNS COOTBETCTBYHOLLMX Mpe-
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06pa3oBaHuii 415 1 MOXEM MOMY4YUTb Clefylollee OKOHYaTe/IbHOe BblpaXKeHue:

— pe x»(n" + 3 A+ 6 a0+ 6 ). (20)
14

4. YucneHHble pesysbTaTbl pacyeToB

Huxe, npnberasg K NOACTaHOBKE HEKOTOPbIX NUTepaTypHbIX AaHHbIX, MPOM3BEAEM YMCO-
BOW aHann3 Nony4YeHHbIX BbipaXeHWU.

a) B BbipaxeHun (13) agptheKTUBHOE cevyeHUe (POTOMOHMU3ALUN aTOMOB Kanns y4YMTbiBaeM
Ha OCHOBe LMU(POBbIX AaHHbIX, NpuBeAeHHbIX B (12). BenuuuHsl, unw xe npegenbl BeAUYUH
NpoYMX napameTpoB ANA Kanus:

vo = 1.04935x 1015 cek-1
- 2.85694 x 10-5 cM

ne = 1012 cM~3

= 1019 - 10k cM~3

a = 10-9 - io-8 cM3 ceK

U = An — 10-2x41 -

MoacTaBnss nNpuUBEAEHHbIe Bbille UU(PPOBbIE AaHHbIE, Pe3yNbTaTbl, MONYYEHHbIe HAa OCHOBE
UTepaUnoHHOro MeToda, 0606LweHbl B Ta6n. 1. MapamMeTp Y, NpuBeAeHHbIli B NepBoii cTpouke
TaGnuubl, ABNAETCS LENOYUCNeHHbIM MoKas3aTeNeM CTeneHW AecATUUYHOro (hakTopa, KOTopblii
MOXHO 3an1caTh Ha /IEBYI0 CTOPOHY UTEPALMOHHOTO BbIPaXXEHUs, N MPaBUNbHLIM BbIGOPOM €ro
Be/IMYMHLI MOXHO BOCMPOM3BECTW NOGYI0 KOMGUHALMIO MapamMeTpoB, NPUBEAEHHLIX B psfe
UCXOAHBIX flaHHbIX. Cnyyal y = 0 oTBeyaeT NOACTAHOBKA LU(POBbLIX AaHHbIX, 3aMWCaHHbIX B
nepByl0 KOMOHKY psfifa LaHHbIX.

Tabnmua |
Yy 0 -1 -2 -3 -4 -5 -6
X 19,2 171 151 13,1 11,2 9,3 7,6
T 2620 2950 3340 3850 4490 5420 6630

vV 58xI0-6 3,4xI0-5 1,8x10-* 8,9xl0-3 39xI0“3 15x10-2 51xl0“2

MpumeyaHue: Temnepatypbl, Gpurypupyroume B tabnuue, fadbl B °K, a ntepaumnoHHble
Wwarn BbINOMIHEHbI C TOYHOCTbIO A0 + 5 °K. Mo BennymHam XxOu y npoussBefieHO OKpyrneHune o
TpeTbelh UAn 4eTBepTOl LUDPBI.

a) Ecnn npeanonaraTb, YTO 3 (heKTUBHOE CevyeHUe (POTOMOHM3ALUM aToMa Kanusa ABns-
eTcA NOCTOAHHLIM, HEOOXOAMMO MPUMEHATbL UTepaLMoHHoe BbipaxeHue (14) u Torga paf faH-
HbIX AOMNONHAETCA BENMUYUHON

Q= 10-17 — 10-1» cmM2

MapamMeTp y 1 B 3TOM Cryyae CNy>XuT AN Nyylwei n npocTeiilwei Harna4HOCTW BCeX KOM6UHa-
LMOHHBIX BO3MOXHOCTEA.

Tabnuua 1l
y 0 -1 —2 .3 -4
*Q 25,6 23,4 21,2 19,0 16,9
T 1960 2150 2380 2650 2980
v 22xl0-8 15xl0-7  11xI10-6 69xl0“6 41xl0-6
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B) Ha ocHoBe BbipaXKeHUs (17) MOXHO BbIUUCNNTL 06LLWIA BEC YTONbHbIX YaCTUL, BBOAM-
MbIX B KaHan M ans o6ecnevyeHns POTOMOHU3ALMOHHOTO 3(hdeKTa, C NepecueTomM Ha 1Kr yras,
BBEJEHHOro B Kamepy cropaHus. [lns OueHKM 3TOro, B KauecTBe MpumMepa NoACTaBAsEM Credy-
lowne LngpoBble BeMUMHBI, B3aMMCTBOBAaHHbIE U3 UTepaTypbl [1]:

a = 10-9 3 cek~1

k= 1w M

T = 5x10-2 cek

r- = 4,34 3B

K = 81 KKan r-1

V = 196 M3 (06beM AbIMOBbIX Fa30B, 06pa3yLWUXCA NPKU CXKXUraHuu 1 Kr yrns

npu gasneHun 1am u Temnepatype 600° K)
2,5x 10~3 (npun T = 3430° K)

—_
1

YUUTbIBAS HUXKECNEAYIOLLME OTHOLWEHUS MEXAY eANHULAMN U3MEPEHNSN:
leV = 1,6x10~123pr; 1 kkan = 4,187xH0 10 apr.
3aKOHUYMB BblYUCNEHME NO BbipaxeHuto (17), nonyyaem o6yt mMaccy
M= 516,

4yTo COOTBETCTBYeT npumepHo 0,41 BeCOBOMY MPOLEHTY, TaK KakK Mpu CXuUraHum 1 Kr yrnsg B
BO3fyXe, obpasyetca 12,49 KI AbIMOBbIX ra30B.

5. 3aksoueHune

MKOHYATENbHO HEO6XOAUMO OTMETUTb, YTO MPU BbILLEYNOMAHYTLIX NpPeHe-
OpexeHuax, NpefnoXeHHbI B nutepaType [1] MeTof ANS 3aMefneHus, BepHee
KOMMNeHcaumum pekoMOMHALMOHHOIO npolecca, npoucxofswero B MI[ kaHane,
MOXET 6bITb OCYLLECTB/IEH B OTHOCUTE/IbHO Y3KOM [Mana3oHe napaMeTpoB, Xapak-
TepHbIX Ana reHepatopa MIA.

YKazaHHble MapaMeTpbl MOXHO ONpefenMTb Ha OCHOBe 6anaHCOBbIX Bblpa-
YKEHWA, NPUBEAEHHbLIX B HACTOsLLEl paboTe, M 3TUM CTaHeT BO3MOXHbLIM Onpese-
NUTb ONTUMASTBHBIA PEXUM.

B 3ak/toueHne aBTOPbI BbipaxatoT 61arofapHoCTb YNIEHY KOPPeCrnoHAEHTY
AH BeHrpun a-p Kapoii CeHav 3a npefnoXeHne TeMbl 1 3a PAf LEHHbIX 3ameya-
HWA.

ABTOpPbl TakKXe BbIPaXalT WUCTUHHYK 6/1arofapHocTb [A-p TeXH. Hayk
AHowy BuTo 3a nonesHble AUCKYCCUN.
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Photo-lonization without Thermal Equilibrium in Combustion Gas-Potassium Working
Medium. The paper analyses the possibility of maintaining the required ionization degree of
the working gas in the channel of the MHD generator after the adiabatic expansion, by injection
of incandescent coal grains. On the basis of the ionization equation and the energy balance,
the authors state for different possible MHD-parameters the critical temperature and the
quantity of the incandescent coal grains necessary for maintaining the ionization.

Photoionisation auferhalb des termischen Gleichgewichts in Rauchgas-Kalium Arbeits-
medien. Die Verfasser untersuchen die Mdoglichkeit fir die Aufrechterhaltung des notwendigen
lonisationsgrades des Arbeitsgases im Kanal des MHD-Generators durch Zugabe von glihenden
Kohlekérnern. Auf Grund der lonisationsgleichung und der Energiebilanz werden die kritische
Temperatur und die zur Aufrechterhaltung der lonisation notwendige Menge der glihenden
Kohlekdrner bei verschiedenen mdéglichen MHD-Parametern angegeben.
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RECENSIONES

J. Szab6—B. Roller

THEORIE UND BERECHNUNG DER STABKONSTRUKTIONEN
[RUDSZERKEZETEK ELMELETE ES SZAMITASA]

Miszaki Konyvkiadé, Budapest 1971, 268 Seiten, 85 Bilder

Den Bedurfnissen der Praxis entsprechend, veranlalt durch die Schénheit der Theorie
und den von der elektronischen Datenverarbeitung gebotenen Mdglichkeiten, erschienen
und erscheinen zahlreiche Werke, die die Matrix-Methoden der Theorie der Konstruktionen
behandeln. Das vorliegende Werk setzte sich — wie auch aus dessen Titel ersichtlich ist —
die derartige Analyse der Stabkonstruktionen zum Ziel. Die konkreten Erdrterungen des
Werkes beziehen sich auf die einfachsten, aus dem Hookeschen Gesetz folgenden prismati-
schen Staben erbauten Modelle, doch kann auf diese Weise auch das Verhalten von aus ge-
krimmten oder aus Stdben mit verdnderlichem Querschnitt bestehenden Konstruktionen
annahernd ermittelt werden. Die allgemein glltigen Feststellungen des Werkes kdnnen auch
auf Konstruktionen bezogen werden, die aus beliebigen, elastischen Elementen bestehen, sie
kénnen also auch als eine Theorie der Methode endlicher Elemente erachtet werden.

Das erste der vier Kapitel des Buches faBt die, im folgenden angewendeten S&tze und
einzelne numerische Verfahren der Matrixalgebra in einer leicht verstandlichen Weise zusam-
men. Im néachsten Kapitel wird diese Theorie in bezug auf die Kleinbewegungen, einschlieB-
lich einer Theorie der gedampften und ungedampften Schwingungen, entwickelt. Den Gegen-
stand des dritten Kapitels bilden die Analyse der auf der bisherigen Grundlage beruhenden
Theorien zweiter und dritter Ordnung, sowie die Darstellung jenes numerischen Verfahrens,
das ihre Anwendung in der Statik ermdglicht. Im letzten Kapitel wird der Stabilitdtsverlust
(genauer das Verzweigungsproblem) in irgendeinem Zustand der Stabkonstruktion auf Grund
jener Definition der Stabilitdt untersucht, die besagt, daB der Gleichgewichtszustand dann
stabil ist, wenn, bei unverdnderten Lasten, durch die Variation der Verschiebungen und der
m it diesen vertraglichen inneren Krafte, in der N&he des untersuchten Zustandes kein »be-
nachbarter« Zustand geschaffen werden kann, in welchem sich die Konstruktion ebenfalls
im Gleichgewichtszustand befinden wirde.

Den oben skizzierten Stoff fassen die Autoren in einen einheitlichen Rahmen zusam-
men, indem sie das Matrix—Differentialgleichungssystem der Zustandsdnderung des Stab-
systems aufstellen. Dieses Gleichungssystem enthdlt alle mechanischen (statischen, kinema-
tischen, die Festigkeit betreffenden) und geometrischen GesetzmaRBigkeiten.

Alle weiteren, im Buch behandelten allgemeinen oder Einzelheiten betreffenden Unter-
suchungen werden als Einzelfdlle des obenerwahnten Differentialgleichungssystems (das in
einfacheren Féllen zu einem algebraischen entartet) dargestellt. Auch in anderen Werken
der Fachliteratur sind solche Bestrebungen nach Vereinheitlichung vorzufinden. Das vor-
liegende Werk zeichnet sich durch die Ausbreitung seines Gultigkeitsbereiches sowie dadurch
aus, daR es in der Weise eine Synthese schafft, bei der die aus physisch verschieden erachteten
Quellen herrihrenden Gesetzmé&Rigkeiten nicht untrennbar miteinander verschmolzen wer-
den. Dies ermdglicht in bezug auf die verschiedensten Verfahren der Analyse von Stabkon-
struktionen fast sofort nachzuweisen, dall sie in dem von den Verfassern entwickelten allge-
meinen Gleichungssystem der Zustandsdnderung enthalten sind.

Bei der Anwendung des allgemeinen Verfahrens auf konkrete Félle ist natlrlich die
statische bzw. kinematische Bestimmtheit, Unbestimmtheit oder Uberbestimmtheit zu
berucksichtigen. Aus der allgemeinen Theorie kénnen auch die allgemein bekannten Arbeits-
satze leicht abgeleitet werden. Die finf Blockdiagramme auf Bild 4 veranschaulichen deut-
lich jene Partitionen der Matrizen der allgemeinen Matrixgleichung, die bei der Lésung von
statisch bestimmten Konstruktionen oder bei der Erdrterung statisch unbestimmter Kon-
struktionen auf Grund des Verschiebungsverfahrens, des verallgemeinerten Verschiebungs-
verfahrens, der Kraftmethode oder des Verfahrens des unbestimmten Hauptsystems anzu-
wenden sind.
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Im Werk wird auch die Anwendung des allgemeinen Verfahrens in bezug auf mehrere,
praktisch bedeutende Konstruktionstypen, wie unverschiebbare und verschiebbare Rahmen-
konstruktionen, einige Arten von elastisch unterstiitzten Trégern, Tragerroste, ebene Stab-
ketten, hdngende Stabnetze und rechtwinklige Seilnetze, eingehend behandelt.

Das Erscheinen des Buches ist, sowohl wegen der Schénheit der darin entwickelten
Theorie, als auch wegen seiner Brauchbarkeit in der Praxis, mit Freude zu begrifen. Der
anspruchsvolle Konstrukteur und der Theoretiker dieses Fachgebietes durften das vorlie-
gende Werk kaum entbehren kdnnen.

A. Bosznay

1. Salyi

TECHNISCHE MECHANIK

[MUSZAKI MECHANIKA L]

BAND |I. ELEMENTE DER KINEMATIK

Dritte, verbesserte Ausgabe, Tank6nyvkiadd, Budapest 1970, 331 Seiten, 306 Bilder

Das erste Kapitel des Buches bietet einen entsprechend bemessenen geschichtlichen
Uberblick und lenkt sodann die Aufmerksamkeit des Lesers auf einige allgemeine Grund-
begriffe.

Das zweite Kapitel behandelt die Kinematik des Punktes in der gewohnten Reihen-
folge: Bewegungsgesetz, Geschwindigkeit. Beschleunigung. Die Untersuchung der Bewegun-
gen erfolgt erst in einem rechtwinkligen, dann in einem besonderen zylindrischen Koordina-
tensystem. Im folgenden werden die Verfahren zur Bestimmung der Bewegungen anhand
der verschiedenen kinematischen Kennwerte behandelt. Im Zusammenhang mit diesen sind
die in der Praxis am hé&ufigsten vorkommenden Bewegungstypen eingehend dargestellt.

Das dritte Kapitel befaBt sich mit der Bewegung der starren Kdérper und erdrtert in
allen Einzelheiten den Geschwindigkeits- und Beschleunigungszustand des Korpers. Ein
sorgféaltig bearbeiteter Teil des Werkes behandelt die Bewegungsmerkmale in sich im Ver-
haltnis zueinander bewegenden Koordinatensystemen. AbschlieRend werden die Bewegungen
des Kdorpers in Gruppen eingeteilt und einige wichtigere Bewegungstypen erdrtert.

Der Anhang faft die Elemente der Vektor- und Tensorrechnung zusammen. Der
Vektor- und Tensoralgebra folgt die Behandlung der Vektor—Skalar- und Tensor-Skalar-
Funktionen.

Kennzeichnend fir das Lehrbuch ist die besondere Gabe des Verfassers, den Stoff in
leicht verstandlicher Weise zu erklaren. Die glicklich gewéhlten Beispiele ermdglichen auch
die Erlangung einer entsprechenden Ubung in der Anwendung des gelernten Stoffes. Auch
das Prinzip der Progression kommt in der Behandlung des Stoffes zur Geltung, indem der
Leser von den einfachsten Problemen ausgehend, zu den zusammengesetzteren gelangt.
AuRer der leichtverstandlichen Abfassung zeichnet sich das Werk besonders durch die mathe-
matische Prédzision aus, die vornehmlich fir Ingenieure von besonderer Wichtigkeit ist,
in manchen Werken aber bedauerlicherweise fehlt. Hier vereinigt aber die Person des Ver-
fassers die Qualitdten des Mathematikers mit jenen des Wissenschaftlers auf dem Gebiet
der Mechanik, was notgedrungen die mathematische Préazision zur Folge hat.

Im Zusammenhang mit dem Lehrbuch kann man hdchstens die Frage stellen, ob der
umfangreiche, die Zusammenfassung der Vektor- und Tensorrechnung beinhaltende Anhang
auch heute noch — wie noch vor einigen Jahrzehnten — notwendig ist. An den technischen
Universitadten bilden heute diese Themenkreise ebenso grundlegende Teile des Mathematik-
unterrichtes, wie z. B. die Differential- und Integralrechnung usw. Diese Fragen kénnen zwei-
fellos nur anhand der beim Unterricht gesammelten Erfahrungen beantwortet werden, die
jedoch seitens der zustdndigen Fachleute gelegentlich der Annahme der Thematik des Wer-
kes, sicher auch richtig erwogen wurden.

SchlieRlich kann zusammenfassend festgestellt werden, dal das Werk auch in seiner
dritten Ausgabe seinen wesentlichen Charakter beibehalten hat und eines der hervorragend-
sten ungarischen Universitatslehrbicher ist.

T. Cholnoky
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J. L. Bogardi

SEDIMENT TRANSPORTATION IN ALLUVIAL STREAMS
[VIZFOLYASOK HORDALEKSZALLITASA]
Publishing House of the Hungarian Academy of Sciences, Budapest 1971, 837 pages

It may be regarded as a Mirect consequence of specialisation in various branches of
science, that whereas a few decades age the art and scientific background of hydraulic engineer-
ing could be reviewed in detail within the scopes of a single handbook, today separate volumes
would be necessary for any detailed treatment of particular expectations thereof. A striking
example of such work is the comprehensive volume on sediment transportation in alluvial
streams, where inspite of the ample spaces of 837 pages the author was compelled to restrict
the subject treated in order to conway due comprehensive and thorough information on
the most important problems. It is for this reason that a general review is only presented
on the relations between sediment transportation and river regulation, further on the silting
of reservoirs, as well as on scouring in the vicinity of structures and the measurement of
sediment.

The subject matter of the book “The theory of sediment transportation” written by
the author in 1954—55 is in this sence somewhat restricted in the new volume, but this is
more than emply offset by the sorroughness of treatment which reflects the advances achieved
in the intervening period in this field. A considerable merit of the book is that the individual
approache developed by the author on the basis of his original investigations and studies
could be successfully amalgamated with the wealth of information gained from the relevant
international literature, submitting at the same time the latter to sound criticism and analysis
as a result of which often apparently conflicting theories could be reconciled into a uniform
picture. The bases underlying this approach is the exact physical description to which the
author adheres consequently.

The significance of the present book exceeds the domain of sediment transportation
by the application of the general transport equations a model example being given for
the successfull application of advances in another branch of science to sediment transporta-
tion and at the same time to other hydraulic phenomena as well.

The discussion of numerous results attained abroad, together with the relevant
references and bibliography contribute to making the book a fundamental source of informa-
tion for those interested in particular problems not only in Hungary, but all over the world.
Broad international practice and personal contacts plaid an important role in the carefull
selection of the works mentioned in this volume the discussion of which is all the more valuable
by the personal discussions which the author had opportunity to carry out either personally
or by correspondence with the corresponding authors.

It should be emphasized as a special merit of this book particularly for the scientists
and investigators dealing with sediment transportation problems — that the questions
associated with hydraulic similarity are analysed from a new approach. Of great significance
is the summary presented on the model laws relating to alluvial streams, including distorted
models, in which the author could rely on his personal achievements. The novel application
of the transport equations should be received with interest by the international expert public.

The author does not restrict himself to the general description and discussion of
the methods but based on the results of sediment measurements iniciated by him in Hun-
gary and arrived at in the laboratory of the Research Institute For W ater Resources Develop-
ment, proceeds to present a detailed picture on sediment transportation in Hungarian water
courses mentioning also the relevant figures.

The contents of the book can be classified into three main parts, namely those on
the theory of sediment transportation, the inter-relations existing between sediment and the
water course, finally on the discussion of sediment transportation studies in Hungary.
Of these the first part is the widest, covering 460 pages, the second and third extending to
220 and 100 pages, respectively. The detailed bibliography covers additional 20 pages.

W ithin the first main part the fundamentals of investigations related to the sediment
and the movement thereof, the theories concerned with the movement of bed-load, and
suspended sediment are described. In connection with bed-load transportation specially
mention must be made of the variable critical tractive forces and the laws of variable critical
velocities, which are the results of recent investigations by the author. The general transport
equations have been applied first by the author to the study of suspended sediment trans-
portation.
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The second main part is devoted to the empirical relationships, to the hydraulic param -
eters of sediment and the water-cource, to regime theory, to the interrelations of sediment
movement and river regulation, as well as to the laws governing hydraulic similarity in
sediment transportation. From the theoretical viewpoint this discussion of similarity may be
regarded as of basic importance in that the expressions derived from the balance equations
for the condition equations ensuring the similarity of alluvial streams are discussed here for
the first time in the relevant international literature.

A historical review of sediment measurements and research in Hungary is presented
in the third main part listing also the achievements thereof. Sediment transportation in the
rivers in Hungary is illustrated through measurement data, the processing, analysis and
representation of the data obtained giving thus simultaneously an example for such work.
Attention is here focussed mainly on the Danube and the Tisza rivers, but references
are made also to sediment transportation in the Raba, Zala, Szamos, Sajé, Hernad, Fekete-
Koros, Sebes-Kords, Berettyé and Maros rivers as well. This main part would form an inde-
pendent volume alone. It should be received with great interest primarily by designers and
hydraulic engineers engaged in river regulation, but it should be significant also for readers
abroad since the data published on sediment transportation may be compared with those
on rivers elsewhere, permitting thus valuable parallels to be drawn and checks to be made
on methodology. In this manner it may contribute to the generalisation of regularities observed.

Interesting new results in one of the conventional fields of Hungarian scientific
activity, mainly the study of alluvial channels are presented in this book on sediment trans-
portation, contributing thus to the general advencement of this branch of science.

The present book makes prove to be of benefit beyond the circle of hydraulic engineers
engaged in river regulation also to those dealing with waterthreatment, further to geologists
and geographers as well as to those performing hydraulic model tests.

The Publishing House of the Academy is to be congratulated for the great care and
taste it has devoted to the external appearence of this book.

0. Starosolszky

BETON-KALENDER 1971

TASCHENBUCH FUR BETON-U. STAHLBETONBAU UND DIE VERWANDTEN FACHER

Verlag Wilhelm u. Sohn. Berlin—Miinchen -Ddisseldorf,

60. Jahrgang, I. Teil: 1312 S., Il. Teil: 816 S.

Seit nunmehr 60 Jahren ist der Beton-Kalender das Standardhandbuch des Beton-
und Stahlbetonfaches. Sein Schriftleiter ist Dr.-Ing. G. Franz, Professor der Technischen
Universitat Karlsruhe, ein weltbekannter hervorragender Fachmann des Beton- und Stahl-
betonbaues. Die Verfasser der einzelnen Kapitel sind erstrangige Gelehrte des Faches.

Der auf dem Gebiet des Beton- und Stahlbetonbaues tdtige Fachmann wird in die-
sem Buche all jene Angaben und Regeln vorfinden, die er im Laufe seiner alltdglichen Arbeit
bendtigt. Besonders wichtig ist es, daR all dies in allgemein verstdndlichem Vortrag mit den
erwiinschten Erklarungen vorgetragen wird. Es ist hervorzuheben, daR in dem Buche alle
Angaben den neuesten Feststellungen der stets fortschreitenden Wissenschaft angepaft sind.

Im ersten Teil des Buches ist das Kapitel Festigkeitslehre (Verfasser: Prof. W. Dimitrov,
Karlsruhe) neu. Es behandelt die Fragen der Festigkeitslehre, besonders des Stahlbetonbaues
in moderner Auffassung und viel ausfuhrlicher als es im friheren Jahrgang der Fall war.
An gleicher Stelle behandelt das Kapitel, das sich mit der Bemessung von Stahlbetonkon-
struktionselementen befalt (Verfasser Dr.-Ing. E. Grasser, Minchen, sowie Prof. Dr.-Ing.
K. Kordina und Dr.-Ing. V. Quast, Braunschweig) die n-freie Querschnittsberechnung sowie
die Frage der Knicksicherheit. Dieses reichillustriertes Kapitel machen mit den neuen,
auf wirklichkeitsnahen Annahmen beruhenden Berechnungsverfahren bekannt und zwar
anhand zahlreicher Erklarungen und Beispiele.

Der Anhang des ersten Teiles bedeutet einen besonders wertvollen Behelf fir das Stahl-
betonfach, da er den Entwurf der neuen deutschen Stahlbeton-Bestimmungen (DIN 1045)
enthdlt. Diese Bestimmungen machen gegeniber den alten Bestimmungen einen bedeutenden
Schritt nach vorwadarts in der Richtung rationeller Bemessung. Selbstverstdndlich macht
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die Einfihrung des neuen n-freien Bemessungsverfahrens die Umwertung zahlreicher Begriffe
und Regeln des alten Verfahrens notwendig. Das Handhuch paRBt sich auch in dieser Hinsicht
treu den verdnderten Ansprichen an.

Im zweiten Teil des Buches kann das Kapitel (Verfasser: Prof. Dr.-Ing. F. Leonhardt,
Stuttgart) Uber die Bewehrung der Stahlbetonkonstruktionen auf allgemeines Interesse
Anspruch erheben. Von reichlichem Bildmaterial begleitet und auf ausgedehnte praktische
Erfahrungen gestitzt faBt dieses Kapitel die Regeln richtiger Bewehrung von Stahlbeton-
konstruktionen und die Folgen unrichtiger Bewehrung zusammen.

Der Anhang des zweiten Teiles macht mit den Stahlbetonbestimmungen der Vereinig-
ten Staaten bekannt, und zwar mit Angaben die auf kg und cm umgerechnet sind, was die
richtige Behandlung dieser Bestimmungen sehr erleichtert.

Zusammenfassend kann festgestellt werden, daR der Jahrgang 1971 des Beton-Kalenders
ein, seinem alten Ruf wirdiges, ausgezeichnetes Handbuch ist, das mit seinem reichen Anga-
ben- und Wissensmaterial zur Losung verschiedener Probleme des Entwurfes, der Bemes-
sung und Ausfihrung wertvolle Hilfe gewahrt. Als solches kann es auf weltweites, lebhaftes
Interesse Anspruch erheben.

P. Csonka
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Geszti, P. O.—Patké, J.: Overhead Lines with Insulated Phase Conductors

In the steady-state operation of high-voltage overhead transmussuin lines,
the dielectric strength of the air may break down partially causing thus
corona effects; during transient states short-circuits may occur between a
phase conductor and the earth or between phase conductors mainly due
to the switching overvoltages. For eliminating or reducing these effect
the authors propose to coat the phase conductiors with a thin, smooth,
self-cleaning insulation layer. The thermal load capacity of the line would
not change at all, or only insignificantly. The results of measures showed
that the critical voltage (and the corona loss too) are considerably reduced
by the insulting layer covering the surface of the cable, and the resistance
against switching overvoltages is consideragly improved as well.

Acta Techn. Hung. 73 (1972) 278—290

Prohaszka, J.: Determination of the Stereographic Pole Figures of Hexa-
gonal Crystals without Plotting

The paper describes a method for the simple determination of the pole
diagrams of cubic and hexagonal crystals. Instead of the usual draftin
technique, determination of the individual pole positions is by two point
co-ordinates that can be measured in the basic plane. For the determina-
tion of these co-ordinates simple relations are introduced whose com-
puterized solution greatly simplifies the construction of the pole diagram.
Finally, a method is described whereby a pole diagram of any axis ratio
can be simply replotted from the 0001 pole diagram of a given c/a ratio
hexagonal crystal.

Acta Techn. Hung. 73 (1972) 291—324

Erdélyi, E. A.: Magnetic Fields in Nonlinear Heteropolar Rotating
Machines

When the non-linearities caused by iron saturation are considered, the
usual linear theories for the determination of the performance charact-
eristic of rotating electrical machines cannot be used. In this paper
methods are developed by the author for solving the boundary value
problem of the non-linear two-dimensional vector potential. The trans-
formation of the partial differential equations into difference equations
is explained and numerical methods developed to obtain solutions. The
procedure is illustrated by applications to heteropolar salient rotating
machines.






Acta Techn. Hung. 73 (1972) 325-332

Falk, S.: A simplified successive Approximation Methodfor Determination
of the Eigenvalues of Hermite's (Real Symmetric) Pair of Matrices

A Hermite-type pair of matrices — i.e. Hermite’s quadric matrices A
and B rath order, from which B is a positive or negative definite — is
assumed to be given, and the eigenvalues of the pair of matrices should
be determined. The method of successive approximation based upon
Ritz’s procedure is presented which permits ;the determination with a
reasonable calculation work the minimum eigenvalues in an increasing
sequence, and the maximum eigenvalues in a decreasing sequence.

yicta Techn. Hung. 73 (1972) 346 —359

Mrs. Pasztor-Varga, K.: On Some Minimizing Algorithms of Boolean
Functions

The paper presents algorithms for calculating the disjunctive norm form
containing a minimum number of variables of completely and incompletely
determined Boolean functions, which algorithms are more efficient, from
an electrical design engineer’s point of view, than the existing ones. —
The algorithm called the algebraic method uses certain basic elements of
the Quine algorithm and of the consensus method. The basic idea of the
trial method can be traced to a paper by Gavrilov. — The methods
presented here do not assume that the full disjunctive normal form of the
Boolean function which is to be minimized is given, but an arbitrary
disjunctive normal form of the function can be given. The algorithms
utilize the special possibilities inherent in the given disjunctive normal
form, thus the number of steps and the memory requirement are greatly
reduced. — The algorithm yields the enumeration of all prime implicants
of the function and of its essential prime implicants; and the covering
table for the non-essential prime implicants and for the function pointst
not yet covered by the essential prime implicants.

Acta Technica Hung. 73 (1972) 360—396
Huszthy, L.: Gear Calculation by Using Complex Expressions

In this paper, some geometric and mechanical properties of pairs of spur
gears, characterized by straight teeth and parallel axes, are treated. The
main points are: definition of the mating profile of a given one; analysis
of the line of action; analysis of the geometric and mechanical conditions
of mating; investigation of the gear ratio modification motivated by some
deviation of the interaxis; calculation of the relative tooth-sliding velocity;
calculation of the momentaneous normal tooth-force. One of the mating
profiles, usually the pinion profile, is considered as given; by this datum
the ine of actions is determined and so is the other mating profile. A rem-,
arkable feature of the calculation method as described below, besides the
usage of complex expressions, is the derivation of the results from given
functions by which the profile of the pinion is determined.






Acta Techn. Hung. 73 (1972) 397-407
Muspratt, M. A.: Numerical Analysis of Circular Orthotropic Plates

Lower bound pastic analysis techniques are described for orthotropic
axisyrametric plates and slabs. The procedures involve a numerical
optimisation by mathematical programming of either linear or nonlinear
systems.

Acta Techn. Hung. 73 (1972) 408 —426

Sebé6k, F.: Design Analysisfor a Hinged Circular Cylinder with Axial Ribs
by the Fourier Series Method

Research carried out at the Chair for Reinforced Concrete Structures of
the Budapest Technical University has led to the conclusion that thick-
walled prestressed concrete vessels not only involve difficulties in calcul-
ating but are basically uneconomical, since large dimensions entrain
increased thermal stresses. Solutions is sought for by applying disengaged
structures, exempt from significant thermal gradients and though of
sufficient rigidity. Research work is focused on circular cylindrical shells
with axial ribs. Rib interestices are filled out with a good shielding and
heat insulating material without inherent strength. Prestress is due to
axial wires led in ducts in the ribs and tangential ones wound around rib
crests. A structural analysis has been worked out for the vessel basing
on the conventional energy method. As primary members the hinged short
circular cylindrical shell and the beam supported elastically on the tan-
gential prestressing wires, are chosen. All loads are expanded in Fourier
series. Equality of displacements yield for each wave period a system of
linear equations.

Acta Techn. Hung. 73 (1972) 434—444

Dey,D. K.—Das, A. K.: Thermal Stresses in a Finite Transversely Isotropic
Hollow Circular Cylinder Heated on the Outer Curved Surface and with
Ends in Contact with Smooth Insulating Plates

In this paper thermal stress has been obtained in the case of a finite
transversely isotropic hollow cylinder heated symmetrically on a part of
the outer curved surface of the cylinder while on the inner surface radiation
takes place. All stresses and displacements re obtained in series form.
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Acta Techn. Hung. 73 (1972) 427-433

Dziecielak, R.: On the Determination of the Constant of a Consolidating
Medium

In this paper the method of calculation for the determination of the elastic
coefficients of the theory of consolidation formulated by Biot is described.
It is shown that to these calculations the known physical properties of
solid are sufficient.

Acta Techn. Hung. 73 (1972) 445-459
Barta Elisabeth: Infrared Reflectivity Characterizing Diffused Layers

The determination of the wavelength of the minimum occurring in the
infrared reflection spectrum of a diffused layer enables to decide whether
the diffusion profile follows the theoretically expected complementary
error function or not and thus to proof the validity of the surface concen-
tration data obtained from 4-point measurements.

Acta Techn. Hung. 73 (1972) 460 —468

Antal, K. G.—Bolla, I. F.: Photo-lonization icilhout Thermal Equilib-
rium in Combustion Gas-Potassium Working Medium

The paper analyses the possibility of maintaining the required ionization
degree of the working gas in the channel of the MHD generator after thg
adiabatic expansion, by injection of incandescent coal grains. On the basis
of the ionization equation and the energy balance the authors state for
differet possible MHD parameters the critical temperature and the

quantity of the incandescent coal grains necessary for maintaining the
ionization.
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Acta Techn. Hung. 73 (1972) 333-345

Michelberger, P.: Calculation of Mounting Stresses Induced by Inac-
curate Manufacturing of Vehicle Frameworks with the Aid of the Matrix
Force Methods

,For the calculation of the mounting stresses of vehicles structures, or in
the case of specification of the permissible stress values, by simplifying
the static model, difference equations may successfully be applied. For
the determination of the permissible fabrication tolerances, simple, closed
formulas may be derived. In the.case of irregular structures which cannot
be simulated with satisfactory accuracy by a simplified model, it is con-
venient to analyse the kinematic loads with the aid of matrix calculation.
Here, the inverse of the coefficient matrix of the compatibility equation
being anyway available, might be used. The size tolerance (i.e. the per-
missible inaccuracy in fabrication) to be prescribed by the technological
instructions may, in such cases, be determined from a matrix unequality
instead of a single unequality (in the limiting case: equality).
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