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PEAK LOAD POWER STATION 
FED FROM LONG DISTANCE GAS PIPELINE

A. FONÓ
CO RRESPON D IN G  MEMBER O F T H E  H U N G A RIA N  ACADEMY OF SCIENCES 

[Manuscript received Jun e 13, 1969]

Peak load power station  can be fed  from  gas stored in  a long distance p ipeline in  w hich  
the gas is stored by increasing its average pressure b y  interconnecting a com pressor in  the  
last line section. The overpressure thus caused can be u tilized  at the end of the lin e  for power  
production during offpeak periods. The th u s produced energy is so m uch more than th a t  needed  
for boosting the pressure th a t from the gain the necessary investm ents can be am ortised  in  a 
short tim e. B y this m eans the storing o f the gas does n o t cost any money.

Peak power stations are needed for equalizing the fluctuations o f th e  
dem and. Corresponding to the character of th e  load the peak power station  
has to  be started d a ily  at least once. It is essentia l to  be able to  put fu ll load  
on it in a very short tim e after its starting. The yearly running tim e being  
short it can only support low in vestm en t costs. In the last years je t-stream  
driven gas turbines are used in m any places for th is purpose as this ty p e  fu lfils 
well these w anted conditions.

Peak load has to  be covered b y  stored energy or by energy produced  
from stored energy bearer. A gas turbine producing peak power has to  be fed  
from stored gas, as it is not econom ical to  build  a pipeline w ith d im ensions 
also su itably for peak load. Gas can be stored w ith ou t extra costs for its  storing  
b y  increasing the average pressure in the pipeline feeding the peak pow er  
station .

The pressure in the pipeline can be increased by interconnecting a 
com pressor betw een th e  last compressor station  and the end of the lin e. Thus 
boosting the pressure it will also be higher at th e  end of the line. T he over
pressure above th a t needed by the consum er can be utilized for energy produc
tion  b y  expansion o f th e  gas. The energy produced at the end of th e  line is 
considerably more th an  the energy consum ption  o f the interconnected com pres
sor. The gain in energy corresponds to  th e  reduction  of the flow  resistance in  
the pipeline section  in consequence o f th e  h igher average pressure and w ith  
it  o f the dim inished flow ing speed.

Increasing th e  pressure in the pipeline in th e  said manner is so econom ical 
th at the recuperated energy will p a y  the necessary investm ents in  a short 
tim e. C onsequently storing gas in th e  p ipeline b y  th is means does n o t cost
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4 A. FONÓ

an y  m on ey . The general schem e is shown in F ig. 1, the variations o f  the pres
sure on th e  line on diagram  Fig. 2. Taking ou t stored gas from the pipeline  
th e  pressure has to  be dim inished at the ou tle t.

W hen the pressure at th e  end of the line sudden ly  drops from  p n , corre
sp on d in g  to  the fu lly  charged line to p e2 w hich  is th e  pressure needed regularly  
b y  th e  consumers and w hich was the end pressure before inserting a com pressor, 
th en  gas suddenly starts stream ing out w ith a great velocity  causing a pressure 
drop. T he distance / from  th e outlet to  th e  p lace o f starting pressure-drop

Fig. 1. General schem e
Denotations: Compressor C, expander E , basic load B , peak load P

Pm Я-1

Fig. 2. Pressure conditions on the line

increases until L  is reached which corresponds to the m axim al stored gas 
q u a n tity  which can b e extracted .

The pressure on th e  line —  as show n in F ig. 2 —  is dropping from the  
pressure p ai before inserting a compressor to  p e2, and after recom pression from  
p ul to  p el at the sam e flow in g  quantity o f qx, further it m ay flow  w ith  a pressure 
drop to  p e2 with the increased flow ing q u a n tity  o f  qv  After dropping th e  pres
sure a t the end o f th e  line from  p el to p e2, th e  p lace of the beginning pressure 
drop —  proceeds in th e  direction of th e  p lace w ith the pressure p al —  and  
w hen  it  reached th e  d istance l where the pressure is pi,  then the pressure drops 
from  p t to  p a 2  delivering qi N m 3/h gas.

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



PEAK LOAD POWER STATION 5

The quantity  o f gas which can be extracted  from the stored in th e  line 
section  of length / is AQi. The m axim um  stored quantity  corresponding to 
the distance L  is AQ^. From earlier publications [1]

The expressions (1) and (2) are valid  for stationary conditions. The

and the corresponding average value o f q can be considered to  give w ith  good  
approxim ation th e  tim e elapsing betw een th ese  tw o nearby sta tes . The 
flow ing quantity dim inishes the stored gas q u an tity  from Q{1— Al/2) to  Q(l-\~ АЦ2) 
b y  AQM. The tim e needed for it is

th e  conditions characterized b y  AQlmax and qlmax-
On an example  shown in Fig. 3 a ç max [N m 3/h] and in Fig. 3b AQmax [N m 3] 

are traced as a function  of t h, the tim e since th e  start of dropping th e  pres-

Imaxi then the tim e o f extracting th e  stored q u an tity  will be longer. This q 
qu an tity  can only  be extracted as long as the extracted  AQmax qu an tity  reaches 
the value corresponding to  that w hich could b e extracted b y  qmax. A fter th at  
tim e qmax is the h ighest rate available. This can be seen on the treated  exam 
ples in the diagram s.

On the treated  Example 1 th e  gas ex traction  increases linearly at a 
steepness m arked w ith  tan a, until consum ing the available q u an tity  AQV

( 1 )

The quantity flow ing above the norm al from th e  stored [2]

I .  .. Г 0/2C I A' *
A q  =  ql qY =  \ q l + p ï  г —  q1 N m 3/h ( 2)

corresponding to  th e  signs in Fig. 2 and Fig. 3.

In the usual case of interconnecting a com pressor in the m iddle o f  the  
last line section at a distance of Lm:

difference betw een  tw o values of Q belonging to  tw o close enough va lu es o f l

4

The sum of the so calculated tim e-sections is th e  to ta l tim e t needed to  reach

sure from p el to  p e2. I f  the extracted  gas q u an tity  q is less than th e  m arked
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6 A. FONÓ

Fig.  3. A n exam ple to show  the change of qmax [N m 3/h ] (a) and of (>max [N m s] (6) as a function
of t [h]

T his AQX is in Fig. 3b th e  intersection o f th e  curve AQX —  a quadratically  
in creasin g  curve —  w ith  th a t of AQm.dX. A fter reaching the peak at p x the q 
lin e  follow s conform to  its original shape th e  qmax line.

On Example 2  th e  constant load q2 reaches qmdX at the in tersection  of 
th e  straight AQ2 w ith  AQmax; behind th is poin t of intersection the qu an tity  
w hich  can he extracted  corresponds to <jrmax and sim ilarly q3 corresponding to  
th e  m axim al qu an tity  disposable: AQmax.

T he sm allest qmax q u an tity  corresponding to  qL m ay be at our disposition  
for a longer tim e in case of utilizing th e  q u an tity  stored in th e  n ex t line

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



PEAK LOAD POWER STATION 7

section  behind th e  interconnected compressor —  as marked on the diagram  
w ith  broken lines. For this purpose the interconnected  compressor should  
be able to deal w ith  a pressure ratio of p j p e2 - I f  th e  interconnected compressor 
halved  the d istance behind th e  last com pressor station , then  the so stored  
q u an tity  will double the stored one. The consum ption o f energy for com pres
sion will be in th e  case of the treated  exam ples less than th a t produced b y  the  
expansion during offload hours.

The diagrams 3a and 3b can be used for follow ing th e  possible working  
conditions of a peak  load gas turbine. The treated  diagram  deals w ith  gas 
quantities. The q u an tity  of gas needed for energy production depending on 
th e  quality of th e  gas, of the k ind , the size and th e  quality  o f the gas turbo
generator set, is calculated in th e  following exam ple w ith 3 kW h/N m 3 for 
norm al load and w ith  2,2 kW h/N m 3 for peak load. The corresponding MW-s 
and MWh-s are m arked on the diagram s. The norm ally flow ing gas q u an tity  
q0 N m 3/h is also m arked on diagram  3a w ith the base load performance o f  the  
turbo set fed b y  it.

Numerical example:  On a p ipeline at 220 km  distance from  its end was a com 
pressor station. B efore inserting a com pressor at ha lf o f  this d istance the pressure behind  
the compressor station  started w ith p a =  600 000 kg/m 2 and dropped before the consum er to  
200 000 kg/m2. The flow ing  quantity through the pipe o f 0,365 m  inner diam eter was 89 000 
N m 3/h . After inserting a compressor at 110 km distance the pressure o f the gas arriving w ith  
p ei =  44,8 atm  will be increased to 60 atm  and the pressure at the end of the line w ould  
rise from p e2 — 20 atm  to  p el =  44,8 a tm  w ith  unchanged stream ing qu antity  o f qB =  89 000 
N m 3/h.

The work needed for com pressing th is q0 qu antity  to  a pressure ratio o f  p alpn  =  60/44,8  
w ould be 1000 kW . Inserting an expander at the end o f  the line to u tilize the overpressure 
(dropping the pressure in  relation of p ellpe2) it  would produce 1700 kW .

H eating the gas before expansion th e  heat would be utilized  w ith  good econom y.
The stored q u a n tity  in the la st line section would be 140 000 N m 3, the m inim al rate o f  

«/max extraction 56 000 N m 3/h. The shortest tim e of extractin g  the stored gas quantity  would  
be 2,5 hours, from the la st line section.

The stored q u a n tity  could be doubled utilizing the qu antity  stored in the section behind  
the interconnected com pressor if  this com pressor could deal w ith  the pressure ratio o f pJPez- 
T his compressor w ould consum e 2400 kW  during 2,5 hours needed to extract additional 
140 000 Nm 3 at the ra te  o f 56 000 N m 3/h. The com pressor would consum e during 2,5 hours 
1 MW and during another 2,5 hours 2,4 MW. The expander would produce 1,7 MW during 
19 hours. The daily overproduction w ould  consequently be 24 MWh.

Corresponding to  th is exam ple i f  the total supplied gas qu antity  would be utilized  for 
pow er production, th en  the base load turbogenerator set соиЫ be of 260 MW size and the  
size o f the peak load turbine, m ay —  corresponding to the shape of the peak load developm ent —  
be similar.

R E F E R E N C E S

1. Acta Techn. Hung.  27  (1959), 66— 67.
2. Acta  Techn. Hung.  34  (1961), 440.

Gasturbinen Spitzenkraftwerk. In  einer Ferngasleitung kann der m ittlere Druck durch  
zw ischengeschalteten Verdichter erhöht werden. D ie durch Druckerhöhung vergrößerte Gas
m enge kann als aufgespeicherte Menge zur Speisung einer Spitzenkraftwerk-G asturbine b en ü tzt  
werden. Der Überdruck am  Ende der G asleitung kann w ährend der Zeit zwischen den Sp itzen
lasten  zur Energieerzeugung nutzbar gem acht werden. D ie erzeugte Energiem enge is t  bedeu
tend  mehr als die von  dem  Verdichter verbrauchte, wodurch die für Spitzendeckung benötigte  
Gasm enge unentgeltlich  gespeichert w erden kann.
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Газотурбиная электростанция пиковой нагрузки, работающая на захраненном 
в газопроводе газа (А. Фоно). Среднее давление можно повышать дополнительным уст
ройством для сжатия газа в газопроводе. Избытное количество газа, соответствующее 
повышенному среднему давлению, является захранённым газом, с которым можно питать 
газотурбинную электростанцию пиковой нагрузки. Вне времени пиковой нагрузки по
вышенное в конце газопровода давление можно использовать для выработки энергии. 
Выработанная энергия больше чем энергия, требуемая для сжатия газа, таким образом 
хранение газа в качестве носителя энергии являестя бесплатным.

A d a  Technica Academiae Scientiarum Hungaricae 68 1970
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ON THE SPECTRUM FACTORIZATION
PART II

F. CSÁKI
CO RRESPON D IN G  M EM BER OF TH E HUNGARIAN ACADEMY OF SCIENCES

and

P. FISC H E R

[M anuscript received February 7, 1969]

As a direct continuation  o f a previously published paper, the necessary and sufficient 
conditions as well as procedures o f factorizing pulsed-data m atrices are now  given here.

I . Introduction

The z-transform ation is one of the best o f th e  transform ation m ethods 
used in the theory o f  the sam pled-data system s. Let /(f)  be a function  o f a 
real variable, if  t 0. Its z-transform ation, F(z) is defined b y  th e  follow ing  
relation:

П * )  =  j s / m * - " .  (1)
n = 0

where z is the com plex variable, if  this function ex ists , and T  is th e  tim e of 
the sam pling period.

It is obvious th a t the dom ain of the convergence of the function  F(z) 
is alw ays on the outside o f  a circle, and according to  the C auchy—Hadam ard  
theorem  the radius o f th is circle is defined b y  the relationship

M  =  iim  KL/ К П  I-
П—>00

T hat is, the z-transform  ex ists , if  and only if

\ f ( n T ) \ < e ° "

beginning from som e n.

Sim ilarly to the continuous-data system s, the optim um  sta tistica l design  
procedure o f W i e n e r  [ 1 ,  2] can be generalized for str ictly  digital or pulsed- 
data single-variable and m ulti-variable system s, respectively . In th e  latter  
case the inputs and outputs are assumed as being pulsed-data stationary  
ergodic stochastic processes. The optim ization criterion is the least sum  of 
th e  mean-square errors betw een  the sets o f actual and ideal outputs. For obtain-
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ing  ex p lic it  solution form ulae one of the m ain problem s is the spectrum  factori
zation  o f pow er-density-spectrum  m atrices. In a previous paper [3] the authors 
h a v e  proposed some factorization  procedures for continuous-data power- 
density-spectrum  m atrices o f  rank re as w ell as o f rank r <[ re. As a direct 
con tin u ation  of the paper m entioned [3], now  we will take up the treatise  
o f th e  factorization procedures of pulsed-data pow er-density-spectrum  m a
trices.

In  the following w e sh a ll give an exact defin ition  of th is problem  and 
tw o  solutions for the factorization  of certain typ es o f m atrices w ill be presented  
w hich  appear sufficient for th e  practice.

I I . D efin itions and theorem s

Further on the m atr ix  w ill he indicated b y  a bold-face capital letter, 
its  elem ents by the sam e low er case letter and b y  an approxim ate index. 
L et A  b e an arbitrary m atrix . Then A r , A , A*, A -1  and jA| denote the trans
p ose  in  succession, th e  com p lex  conjugate, the adjoint, the inverse and the  
d eterm in an t of the m atrix . I  denotes the u n ity  m atrix and I„ th e  re Xre u n ity  
m a tr ix , the frequency m denotes an arbitrary real quantity , j  =  ]j 1, and 
s is a com plex variable. A  m atrix  is called a rational m atrix if  each of its ele
m en ts is a rational fractional-function .

T he para-transform o f  a m atrix A(z) is the follow ing [it is denoted by
A î(*)] :

Щ г )  =  А т
1
z ( 2)

A  ration a l matrix is a para-transform ed-herm itian , if  its para-transform  is 
equal to  itself. That is

AJW =  A(z). (3)

On th e  unit circle a para-transform ed-herm itian  m atrix  is a herm itian m atrix  
in th e  usual sense, b ecau se

~  =  z , if  |z| =  1 
z

so ,

A ( z ) = A 7- j - L j  =  Ä 7(z)\ (4)

I t  is easy  to verify th a t th e  follow ing relations hold:
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ON THE SPECTRUM FACTORIZATION 11

A î(*)î =  A(z)

a nd

[A(z) B W ]:  =  B J(z) A t(z).

(5)

( 6)

I f  the coefficients o f the elem ents of a rational m atrix are real, the relation  (2) 
can be written in the follow ing form:

A(s) (? )

There is the follow ing relation betw een th e  elem ents of a para-transform ed- 
herm itian m atrix:

( 8 )ak,(z) =  a,k \-

I f  the coefficients o f the elem ents of A(z) are real, then the relation  (8) will 
be th e  follow ing:

«*/(*) =  alk (9)

Theorem 1

The necessary and sufficient condition o f  the factorization o f th e  rational 
m atrix  A(z) in the form

A(z) =  A _(z) A + (z) (10)

—  where m atrices A _(z) and A + (z) have th e  follow ing properties:
a)  A _(z) and A 1.(z) are also rational m atrices and [A _(z)]* =  A + (z);
b)  if  the rank o f A(z) is r, the A _(resp . A + ) is n Xr (resp. r Xn) m atrix;
c)  A _(resp . A + ) m atrix possesses a left (resp. right) inverse;
d )  all the poles o f  A _(z) [resp. A + (z)] are in the dom ain |z| 1 (resp.

|z| 1), the m atrix is analytic in the dom ain |*| <  1 (resp. |z| >  1) and there
exists its left (resp. right) inverse of th e  sam e properties —
is th a t the m atrix A(z) is a paratransform ed-herm itian and p o sitiv e  sem i- 
defin ite on the unit circle. This theorem  is a special case of the fo llow ing more 
general theorem :

Theorem 2

Let us give an arbitrary circle or line o f the com plex plan, th en  the  
necessary and sufficient condition of th e  factorization A(z) in th e  form  (10)
—  where m atrices A _(z) and A + (z) have th e  follow ing properties:
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12 F. CSÁKI and P. FISCHER

a )  A _(z) and A + (z) are also rational m atrices and we obtain A + (z) 
from A _ (z ) if  we replace z b y  the inversion o f z to  the circle or to  the line;

6^ if  the rank o f A(z) is r, the A _(z) resp. A + (z) is n Xr (resp. r Xn) 
m atrix;

c )  A _(z) resp. A + (z) m atrix possesses a le ft (resp. right) inverse;
d )  le t f(z)  =  0 be th e  equation of the circle or one of the line, then  all the

poles o f  A _(z) [resp. A + (z)] are in the dom ain /(z )  >  0 [resp. in the dom ain  
/(* ) 0 t he m atrix is analytic  m the dom ain ^  0 Jyesp. OJ and
there ex ists  its left (resp. right) inverse of th e  sam e properties —
is th a t  th e  m atrix is invariant to  the transform ation  replacing z by  the  
inversion  of the z  to  the circle or line and is p ositive sem idefinite on the  
given circle or line. This theorem  easily follows from  the theorem  o f Y o u l a  [4 ].

R em ark:  It  is obvious th a t Theorem 2 con ta ins as a special case the theorem  of
Y o u l a  and Theorem 1. The u tilization  of the bi-linear transform ations

z -f- 1
№ =  T ^ T

and
io +  1

2 “  IV 1

gives a m eth od  to obtain  from  the arbitrary transform ation m ethod a new one in the  
field  o f  th e  г-transform ation m atrix  [6].

I l l . Sum m ary o f the proposed method

In  th e  follow ing we note the steps o f our m odified algorithm , w hich are:
1. E lim ination  and factorization  o f denom inators.
2. D eterm ination of th e  rank.

2 .1  T h e rank r is equal to  the order. Then
2.1 .1  calculation and decom position o f  th e  determ inant;
2 .1 .2  decrease o f th e  degree of the p olynom ial of the determ inantal exp an 

sion b y  m eans of m atrices B ai(z) and Ca,(z);
2 .1 .3  after th e  m ultip le repetition of th e  cycle  we obtain an elem entary  

p o lyn om ia l m atrix;
2 .1 .4  the reduction o f elem entary p olynom ial matrices: голе and colum n  

transform ation  according to  the given rules, th e  decrease of the degree o f  th e  
h igh est power of th e  determ inantal expansion b y  tw o, by means of A(z) and  
F(z) m atrices;

2 .1 .5  after th e  m ultip le repetition o f the cycle we obtain a p ositive  
d efin ite  herm itian m atrix  o f constant elem ents;

2 .1 .6  decom position o f the positive defin ite  herm itian m atrix o f con stan t  
elem ents to  the product o f tw o matrices where th e  factors are para-conjugates 
of each  other;

( 11)

( 1 2 )
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ON THE SPECTRUM FACTORIZATION 13

2.1.7 su b stitu tion  o f corresponding m atrices T, to , (17) and d ivision  with, 
the factorized denom inator.

2.2 The rank r <  n.
The defin itions o f  th e  matrices can he seen in [3].

IV . An illustrative exam ple

Let us consider the follow ing exam ple

2(1—e~20 2 A (1 —e_30
( 1 - ze-T  H l - z - 1 e-T) 3 (1 —ze_0  (1 - г “ 1 e -30

2 A ( l - e - 3 0 1 (1—e_40
. 3 (1 ze -2T) ( l - z ~ l e-T) 4 (1 - z e _27')(l —z~l e-a0

and

l — ze-T 2(1 -e-*T)

2 A
1—ze“30 (1—e"3 Г)

2A
3

1

(1_ е - з г )  

(1 e~*T)

l — z - ' e - T

l _ a-ie-2rj

2 (1—e~iT)

-2̂ - ( l - e -< T )  _ L ( l _ e-47-)

У 2 (1—e-W)

2 A  l —e - 3T 

_ 3 1/2(1— e~‘iT)

2 A 2 ( l _ e-3T)i

У 2 (1—e-2T) 

0

2 А  (1- е - з Г )

3 y î ( l—r * T )

I / Ï о À 2
II -J - (I -« “47-) (1 - в - аГ) -  - - j -  ( l - e - 3T):

] / l—в-

if 0 < . A < (1 e ‘' ) ( l  «■ •'■)
(1—e~3Ty

then the factorization o f  A(z) is the following:
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A-(»)

If

then

If

' У Ф - - 0

2 A l - e - s T

3 У 2(1—в—27*)(1 — ze~2T)

О

I
l 1 2À2
' —  (1 e~iT) (1 - е - * Т )  -  —  ( 1- е - з Г )2

У(1-е-2Г) (1 - z e - W )

3 У(1 —е~Ĵ ) (1 — в~’2Т)

2У2 1 - е - 3Г

A-W =

3 У (1 -в -4 Г ) ( 1 - е-зГ )

2У2 1 -е ~ зт

th en  su ch  A^(z) m atrix does n ot ex ist.

R E F E R E N C E S

1. C s á k i , F .: Sim plified D erivation  o f O ptim um  Transfer F unctions for D igita l S tochastic
P rocesses. Periodica Polytechnica  (E lectrical E ngineering) 9 (1965), 237.

2. C s á k i , F .: Optimum Pulse-T ransfer Functions for M ultivariable D igital S toch astic  Pro
cesses. Periodica Polytechnica  (E lectrical Engineering) 9 (1965), 353.

3. C s á k i , F .— F i s c h e r , P. : On th e  Spectrum  Factorization . Acta Techn. Hung.  58 (1967),
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4. Y o u e a , D . C.: On the F actor iza tion  of R ational M atrices. I R E  Transactions on Information
Theory  15 (1961); P art 7, 172— 189.

5. D a v i s , M. C.: Factoring the Spectral M atrix. I E E E  Transactions on Automatic  Control
(1963), 2 9 6 -3 0 5 .

6. T u e l , W . G.: Computer A lgorith m  for Spectral F actorization  of R ational M atrices. I B M
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Spektrale Faktorisierung, T eil II. Als unm ittelbare Fortsetzung eines früher ersch ie
n en en  A rtik e ls sind hier die n otw en d igen  und hinreichenden Bedingungen sowie die A lgorith 
m en der spektralen Faktorisierung von  M atrizen für A b tastsystem e gegeben.

Спектральное разложение, II (Ф. Чаки и П. Фишер). Как непосредственное про
должение опубликованного раньше сообщения, в настоящей работе представлены как 
необходимые и достаточные условия, так и алгоритмы спектрального разложения матриц 
для импульсных систем.
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IMPROVEMENT OF THE PROCESS 
“HIGH-GRADE IONIZATION IN COLD GAS

D . HALÁSZ
DOCTOR OF T E C H N . SC. 

and

K. SZ E N D Y
CO RRESPO N D IN G  M EM BER OF T H E  H U N G A R IA N  ACADEMY OF SCIENCES 

[M anuscript received Septem ber 9, 1968]

The authors and other contributors m ade several proposals for the non-equilibrium  
ionization  in M HD generators which have been presented and discussed at various M HD  
sym posium s. None o f these suggestions have com e so far up to expectations. In a new  m ethod  
propounded in the present paper, recom bination is exp ected  to he im peded by photons em itted  
b y  glowing grains introduced into the working gas. N um erical relations have still to be deter
m ined by further exam inations and experim ents. A n y  M H D generator, especia lly  its  open- 
cycle version, will only becom e feasible, if  the working gas is kept at m oderate tem peratures 
(1200 to 1800° K ), where the proposed ionization effect m ay be useful.

I

A t the M H D  Symposium  at Stanford  in 1967 the authors published a 
process perm itting the atta inm ent of required conductiv ity  of th e  working  
gas in  M HD generators operated at re la tively  low tem peratures (150 to  
500°C) [1]. W ith due regard to  the advanced know ledge of ion ization  gained  
in the m eantim e, new ideas and proposals have becom e known, it was found to  
be appropriate to  reconsider the problem and to  perform the exam inations  
and experim ents still required.

II

B y w ay o f introduction it m ust be sta ted  that neither our previous 
proposal, nor other suggestions published in th e  international literature  
aim ed at facilitating ionization , have led to practicable results. Thus, no feasible  
m ethod for obtain ing non-equilibrium  ion ization  could be considered as a va il
able for the tim e being [2]. Y et, especially a closed-cycle system  —  under the  
present conditions —  can b y  no means be im plem ented w ithout so lv in g  the  
problem of non-equilibrium  ionization.

HI

The proposal in its initial shape, as form ulated in the sixties, b y  several 
contributors alm ost sim ultaneously, was presented b y  the authors a t the  
M H D  Sym posium  held in Paris  in 1964 [3]. A ccording to this proposal, particles
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o f a m ateria l of low work function  (e.g. fine grains o f BaO generally assum ed  
in litera tu re  as having d iam eters of 5 x l 0 -8 m) are blown into th e  w orking  
gas a t  th e  beginning o f th e  generator channel. U nder the effect o f elevated  
tem p eratu re  free electrons are released from th e  particles. In the presence of 
th ese  free electrons the w orking gas becom es conductive to  a certain ex ten t. 
N um erica l conditions are show n by the d ifferential equation (6) deduced in 
th e  paper. B y  means o f  th is  equation and w ith  th e  sim plifying assum ption  
o f con sid erin g  the specific charge constant, th e  expectable average charge 
d e n s ity , i.e . the number o f electrons per sq .cm , and the specific con d u ctiv ity  
can b e  determ ined for d ifferent param eters.

L et th e  following values be assumed:

w ork function o f BaO 1,68 eV;
w eigh t ratio of BaO to  working flu id , 2 X l0 ~ 2;
grain diameter o f BaO  particles assum ed to  be spherical 10~6 cm .

For d ifferent tem peratures th e  specific values listed  in Table 1 are obtained.

Table I

T  [°K] 4R
[coulomb/sq. cm] 4 — 1|_sq.cm j

Electric conductivity, 
ö [mho/cm]

1300 2,25x10-* 1,4 X 1012 0,055 x lO -3
2000 5,20 xlO “7 3,24 xlO 12 0,18 xlO “3
3000 6,6 x lO -’ 4,12 xlO 12 0,283 x lO -3

A ccording to  th e  figures given in th e  tab le , the steady-state  specific  
charge (qR), the num ber o f  free electrons, consequently  the con d u ctiv ity  is 
low  an d  increases very  s lo w ly  and alm ost proportionally w ith tem perature. 
A t lo w  tem peratures (e.g. to  ensure the in itia l va lu e  required for m agnetica lly  
e x c ite d  ionization) th is m eth od  is applicable; a t h igh tem peratures, how ever, 
th e  ion ization  thus obtained is b y  orders of m agnitude lower than th a t achieved  
b y  p otassiu m  salting, hence it  is im practicable.

IV

T he purpose of th e  procedure m entioned  in Chapter I was to  obtain, 
b y  sa ltin g  w ith BaO, a sim ilar degree of ion ization  as if  the working gas tem pera
tu re  w ere equal to the m uch higher tem perature o f  BaO particles: we assum ed  
th a t  th e  electron em ission o f a BaO grain did n ot depend on the tem perature  
o f  th e  gas, but on th a t o f th e  grain.
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It clearly em erges from  Chapter I that the results th at could thus be 
obtained would be rather lim ited. The advantage o f keeping the working gas 
cold would be preserved, but the degree o f ionization  would rem ain too low  
to be o f any use. This situation  was not even changed b y  the fact th at the  
num ber o f electrons increased b y  about four orders o f m agnitude in the im m e
diate v ic in ity  o f the particle (between 1300 and 3000°K ). In sp ite o f  all th is, 
any marked increase in the average electron d en sity  was prevented  b y  the 
space charge.

Som e im provem ent nevertheless becom es apparent from th e  fact that, 
with otherwise equal percentage of sa lting, the distance betw een tw o BaO 
grains was reduced in proportion to the 1/3 power of tem perature. As a 
result o f this effect at 3000°K , a charge density  o f about 16 X l0 ~ 7 w as obtained, 
instead o f 6,6 X l0 ~ 7 indicated  in the Table.

After all, the proposed procedure rem ained im practicable.

V

It m ay becom e clear from the investigations briefly  outlined in the fore
going that the rapid increase o f ionization which was expected to  set in with  
increasing tem perature failed  to  take place. H ence, the space charge was 
to  be decreased, which —  as is known —  could be approached b y  introducing  
positive ions into the space occupied b y  the electrons.

A procedure o f introducing the salting m aterial m ay be chosen , making  
out an overall o f 2 per cent, in a proportion of, say , 1 per cent in th e  form of 
potassium  salts and another o f 1 per cent in th a t o f BaO. A certain degree 
of therm al ionization is produced by the potassium  salts, and, in the space 
concerned, beside electrons (em itted partly b y  the BaO and p artly  produced  
by therm al ionization) p ositive ions will also be present.

As dem onstrated b y  an approxim ative num erical in vestigation , the  
result will not be decisive, not even under favourable conditions, th u s neither  
can this m ethod be considered as viable.

VI

A m ethod sim ilar in principle to the former has been described b y  E. C. 
L a r y  and others [4], w ho have suggested the use o f com pound grains, e.g. 
tungsten  particles partly  coated with caesium  and suspended in a working 
fluid containing caesium  in a gaseous form. E lectrons will be em itted  from the  
caesium  coating o f tun gsten , while positive caesium  ions w ill be released from  
the free (uncoated) tungsten  surface by surface ionization . Thus, th e  working 
fluid will be, in the m ost favourable case, quasi-neutral, and the deteriorating  
effect o f the space charge described in Chapter IV will not be effective. W ith

2 Acta Tcchnica Acadcmiae Scientiarum Hungaricae 68, 1970



18 D. HALÁSZ and K. SZENDY

a quasi-neutral working flu id , high conductiv ity  values are easily  obtainable. 
E .g ., w ith  the data included  in  the Table, the con d u ctiv ity  at 1300°K  would  
be b y  tw o  orders o f m agn itu d e higher, and w ould increase rapidly w ith in 
creasin g  tem perature.

T h e proposal is ex trem ely  ingenious. It w ould , how ever, be required to  
v er ify  th e  feasibility o f  stab iliz in g  the unstable quasi-neutral s ta te  under 
p ractica l conditions, and to  see whether the expensive salting m aterial and 
its b y  no means sim ple technology could at all be m ade econom ical.

VII

According to the in vestiga tion s made so far, th e  diam eter of BaO particles 
sh ou ld  b e chosen to  be v e r y  sm all ( ~ 5  X lO “8 m ). The production o f such 
p artic les can be considered as practically solved (b y  condensing BaO vapour); 
it  h a s turned out, h ow ever, th a t rapid coagulation  of particles takes place 
in th e  generator under th e  effect o f mass forces, causing the growth o f particle 
d iam eters. At the M H D  S ym p o siu m  held in W arsaw,  interesting and valuable  
exp erim en ts on this subject w ere described b y  B . W a l d ie  and J . F e l l s  [5]. 
A ccord in g  to  the experim ents and deduced form ulae it  m ay be expected  th a t, 
during  th e  0,85 sec tim e th e  working fluid is passed through the steam  boiler, 
th e  d iam eter of BaO p artic les, in a 500 MW closed-cycle generator, grows 
f iv e fo ld , while the co n d u ctiv ity  o f the gas drops to  1/20.

W hen judging the d ifferent procedures, th is factor should be borne in
m in d .

VIII

A ll attem pts m ade so far have led to  th e  conclusion th a t b y  blow ing  
h ot B aO  particles into th e  cold  working fluid the required degree o f ionization  
is u n atta in ab le and the average degree of ion ization  varies but very  sligh tly  
w h en  increasing the tem perature of BaO particles.

T he procedure, h ow ever, has but one m arked result: If in som e way  
or o th er , the required degree o f ionization is ensured at the in let end o f the  
gen erator for whatever short period, by the glow ing BaO (generally a ceramic 
su b sta n ce , or possibly carbon particles), w ill prevent the recombination and  
disappearance of electrons, th is  recom bination being th e  main trouble encounter
ed in  a ll kinds of, but particu larly  of the non-equilibrium  ionization.

T he electrons im m ed ia te ly  tend to recom bine in cold gas, each electron  
fa llin g  in to  a positive ion and carrying with itse lf th e  entire ionization potential. 
A s lo n g  as the energy corresponding to the ion ization  potentia l is not fully  
transferred  through rad iation , from the ion to  its surroundings, collision, etc., 
th e  com ponents of the p o sit iv e  ion get into the sta te  o f self-oscillation; they
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are in an anom alous m otion , in a quasi-excited sta te . The glow ing o f BaO  
grain continuously em its photons. Although th e  cross-sectional area o f ions 
is sm all as compared to  th at of the photons, in th e  instant o f recom bination, 
viz. in statu nascendi, the conditions are anom alous:

a)  The ionization potentia l is very low  in the first m om ent (the  
ionization potential is carried by the electron);

b)  the effective cross-sectional area increases because o f self-oscillation  
o f ion com ponents;

c)  several successive excited  states are produced.
The equilibrium  o f renewed electron em ission and recom bination w ill 

take place at a lower specific electron density than  the original. In Chapter IX  
an investigation  will be m ade to  find the condition  for obtaining acceptable  
resultant electron density .

IX

In connection w ith  the m ethod proposed in the preceding Chapter V III  
a few im portant phenom ena are still to  be exam ined:

1. The cooling o f grains in the colder working flu id , during their passage  
through the generator channel;

2. coagulation o f sm all-diam eter solid grains;
3. effect of radiated heat (released photons) o f the glowing grains on  

recom bination.

1

The cooling o f grains in the working flu id  is discussed in Chapters III  
V, VI and X I  of paper [1]. A ssta ted  in Chapter X I , w ith d  =  10_8m diam eter, 
the heat-transfer coefficien t is a  =  8,6 kcal/m 2h °K . According to  E qu. (2) o f  
Chapter III  of paper [1], the tim e required for a grain to cool from T0 (e.g. 
3000°K ) to  T 2 (e.g. 2800°K ), if  the gas tem perature is Тл (e.g. 900°K ), is g iven  
by the following form ula:

t =
d yc (T n 7^)3600

To+T2
9

T,
[sec]. ( 1 )

W ith the values given for у  and c in Chapter X  o f the present paper, th e  tim e  
is about 1,04 x l 0 ~ 3 sec.

It should be briefly  noted that m onatom ic and diatom ic gases exh ib it 
a favourable behaviour. Triatom ic gases (H .,0, C 0 2) are less favourable, because  
heat from solid grains is dissipated by these gases also through radiation, in 
addition  to  conduction. This gas radiation is se lective  and is the sm aller, the  
lower is the partial pressure o f gases. The availab le calculation m ethods are
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h a rd ly  applicable to practical conditions and, hence, experim ents can only  
d ecid e  w hether or not th ese  triatom ic gases would cause a too rapid cooling  
o f  th e  solid  grains.

Conditions m ay be im proved, if  so required, by
a )  building into th e  generator channel a second, third, etc. radiation  

b e lt in  which the cooled solid  grains are heated again;
b)  applying high, u ltrasonic flow  velocities cutting down th e  transit 

t im e s;
c)  blowing carbon grains (instead o f BaO particles) into th e  working  

f lu id , b y  which the grain tem perature is m aintained by burning o f th e  grains;
d )  adopting grain diam eters not sm aller than  necessary. H eat accum u

la ted  b y  a particle is proportional to  the volum e, i.e. to the third power of 
grain  diam eter, while the h ea t loss is proportional to  the surface and to  the  
secon d  power of the d iam eter. In the course o f our subsequent explications  
(see item  3) it will becom e clear that as the grain diameter is small it ceases to 
be a decisive factor, and th ere  is a w ay o f applying particle d iam eters ( ~ 1  
m icron) that will practically  prevent coagulation .

M ention has already been made of a recent paper [5] dealing w ith  coagula
tio n . E xperim ental results do not preclude the assum ption th a t th e  hazard 
o f  coagulation  is reduced b y  the repelling force acting betw een particles of 
id en tica l polarity where b o th  the tem perature and charge of particles are 
h igh  and the staying tim e is negligible due to  the high transit v e lo c ity . The 
s itu a tio n  is different in th e  h ea t recovery equipm ent of a supplem entary power 
p la n t, where both the tem perature and charge are low and th e  staying  
t im e  is short, due to  th e  low  transit v e loc ity . According to  the exam ple pre
se n te d  in the paper, the sta y in g  tim e in th e  generator channel is 0 ,13 , and in 
th e  steam  boiler 0,85 sec. Under these conditions, as stated b y  th e  experi
m en ter , it  is probable th a t coagulation w ould give rise to in tolerably  large 
diam eters in the “ supplem entary” equipm ents, independently o f th e  behaviour  
in  th e  generator channel.

In  the arrangem ent proposed in th e  present paper, the w orking fluid  
acts in th e  generator channel only, and there is no supplem entary pow er plant. 
A lth o u g h  the tem perature o f  the working flu id  is not higher than  in the flue 
d u cts  o f  the steam  boiler, the particle temperature remains high and repulsion  
k eep s on acting. Thus, coagulation  causes no trouble whatsoever.

3

T he glowing particles continuously em it radiating energy (photons) 
tow ard s the positive ions. T he ions, before recom bination is started , reflect 
th is  radiation , while the therm al energy content o f particles does n o t decay.
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As soon as recom bination is started, the electron falls into the io n , tak ing  
along the entire ionization  potential; the com ponents of the ion start to  oscillate  
and, in th is s ta te , in statu nascendi, the e ffectiv e  cross-sectional area o f  the  
ion exposed to  th e  photons suddenly increases and takes over th e  en ergy  o f  
the photon. In th e  first instant of collision, th e  ionization  potential is ap p aren t
ly  zero. B u t th e  collision energy of the electron is gradually irradiated b y  the  
ion. The entire collision energy having been  irradiated, the electron is tied  
up to  the electron b y  the entire ionization p oten tia l.

It is know n th a t a photon is capable o f  ionizing, if

hv £> e l/ ,- ,

where h
V
e
Ui

Planck constan t [W s2];
oscillation  frequency of the photon [1 /sec], 
charge o f the electron [As]; 
ion ization  voltage [V].

( 2)

As long as th e  ionization voltage rem ains below  the value hv/e, as sta ted  
in E qu. (2), the photon  will be capable of p reven tin g  recom bination. D epending  
on the tem perature o f the particle, the ionization  p otentia l of the sa lting  m aterial 
and other factors, a sta te  of equilibrium w ill se t in between the sta tes  o f  full 
recom bination and the absence of recom bination . B y  properly se lectin g  the  
conditions, the aim  is to  bring th is state o f  equilibrium  as close as possib le  
to  th at o f the absence o f recom bination.

As regards num erical relations the fo llow ing statem ents apply.
According to  the experim ents, if  coagulation  has started at all —  which  

is probably in ev itab le  —  the BaO particle is o f  loose structure, sim ilar to  hoar
frost. Since hoar-frost developing in this w ay is a “ black” body, b lack  radia
tion m ay be reckoned with in case o f BaO particles as well.

The m axim um  in ten sity  of black rad iation , according to  W ien ’s law  
will be

0,00288

T
[mL (3)

where c v e lo c ity  o f ligh t [m /sec];
V oscillation  frequency [1/sec]; 
T  tem perature [°K ].

Considering E qu. (2), the ionization p oten tia l at which a ph oton  is 
capable o f ionizing at tem perature T  [°K ], under the m ost favourable condi
tions, will be

I rjl
Ut =  —  -  0,431 X IO“ 3 T  volt,

e 0.00288
(4)

It should be em phasized th at, here, T  is not the temperature o f  the working  
ß u i d ,  but that o f  the particle.
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Ionization  is, o f course, possible not on ly  at th e  frequency corresponding  
to  th e  radiation of h igh est in ten sity , but also at a frequency lower th an  th at, 
esp ec ia lly , if also excita tion  voltages lower th a n  the ionization vo ltage ex ist, 
or i f  such  a voltage is artificia lly  produced, e .g . b y  dosing in addition  to  К  
o th er  substances, at w hich a low excitation  v o ltage  is known.

I t  is a hopeless task  to  num erically determ ine in advance as to w hat ion iza
tio n  le v e l would set in  under certain cond itions. In  order to reach th is goal, 
performance o f experiments and generalization o f  their results would be required.

T he intensity  o f h ea t radiated b y  a g low ing particle is proportional to  
th e  surface of the particle. T he sum m ed-up surface of several sm aller particles  
is larger than  that of a large particle of id en tica l m ass. The in ten sity , i.e . the  
n u m b er of photons em itted  in a second, has no direct effect on ion ization , 
th e  la tter  being in principle dependent on th e  frequency. An indirect effect 
w ill, how ever, be observable, because at low  in ten sity  the probability  o f  the  
en co u n ter  of a photon and an ion is reduced. Considering th at th e  photons  
tr a v e l w ith  the ve loc ity  o f  ligh t and, in ad d ition , th e  entire system  is confined  
b y  w ell-reflecting surfaces h avin g  a m ultip lying effect on collisions, th is hazard  
w ill cease to  prevail at a diam eter difference o f  a few orders o f m agnitude.

T hus, there is no w e ig h ty  reason of m aking th e  particle diam eter as sm all 
as p ossib le . Particle d iam eters in the v ic in ity  of, say, 1 micron, w hich  are 
tech n o log ica lly  easily  obtainable and non-coagulating, m ay be used. This will 
h a v e  substantial advantages m ainly w ith th e  closed-cycle process.

X

In  the described proposal a decisive role is played by the reflection  
o f  h e a t rays. It should be prem ised th at “ reflection ” here is not m eant as an 
o p tica l phenom enon. The h ea t rays are not required to  be reflected in  a regular 
w a y  (th is would not even  be desirable), but rather the rays should be prevented from  
transforming into heat on the reflection surface. A sm ooth plane surface is not 
required. The phenom enon should better be term ed as dispersion o f h eat rays, 
requiring a “ w hite” surface instead of a “ sm o o th ” one, thus the microstructure  
o f  th e  surface is also an im portant factor.

According to the availab le  experim ental data  [6], at 900°K , 98 per cent 
is re flected  by Ag, 95 per cen t by A1 and 93 per cent by Mo, the g iven  figures 
b e in g  about inversely proportional w ith increasing tem perature va lu es. I t  is 
p robab le that for d ispersion the corresponding figures would be even  b etter  
or, in  other words, th ese figures could be im proved  by proper m etallurgical 
and  technological m ethods.

Adhering to th e  reflection  figures know n at present, let us fin d  at 
w h a t rate and within w h at tim e would a particle  of diameter d [m ], specific  
g ra v ity  у  [kp/cu.m ], specific  heat c [K cal/kp°K ] and tem perature T  [°K ] lose
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its  heat content through radiation. Let the calculation be based on the assum p
tion  th at one fc-th part o f the heat em itted  w ill be regained b y  th e  particle 
and, in fact, only one (1— fc)-th part w ill be eradiated.

The heat lost b y  th e  particle at a tem perature drop o f d T  is

/73 jr
dQi =  — ■ ycdT [K cal/particle], (5)

where
d  particle diam eter [m];
y  specific gravity  o f the particle [kp/sq.m ];
c specific heat o f  the particle [K cal/kp °K ].

The heat em itted  b y  the particle during a period o f dt [s] is

dÇ2 =  d27 r - ^ ^ - ( T 4 04)(1  k )d t  [K cal/particle] (6 )

where
a  =  4 ,9 6 X lO “ 8 [K cal/sq.m .h . °K 4];
& constant tem perature of the reflecting wall o f  the confined space; and  
l tim e [sec].

B y  m aking th e  tw o relations equal, the connection betw een tem perature  
and tim e is found:

dT
T 4 — # 4

6 a  ( 1 — k) ‘ 

d 3600 yc
dt.

A

( ? )

In the num erator on the left side, the term  # 4 is neglected beside T4. 
The error introduced thereby and its correction will be assessed later. After  
in tegration

1

3 T 3
=  A t + C v ( 8 )

I f  t =  0, then T  =  T0. F inally

ЗТ3

This formula indicates how the tem perature o f the particle decreases 
in th e  function o f tim e. In practice, th e  m ain item  to  be considered is to  find  
the rate o f tem perature drop suffered b y  the particle through radiation while  
stay in g  in the generator channel.

+  A t
1/3 (9)
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L et th e  data be e.g.:

and

T 0 =  3000 °K; & =  900 °K; d =  5X10 8 m; 
УВаО =  5,3 XlO3 kp/cu.ra; CBa0 =  0,25 
K cal/kp °K; к =  0,98 and t =  2 XlO3 sec.

A  =  2,5X10-«

1,44
1

3(3 x W

1__________

2,5 X lO - 8 X 2 X 10“ 3:j1/3
1750 °K .

T he tem perature has dropped considerably. D ue to  the neglection , the correction will 
hardly help . I t  is assum ed th a t T 4 —  # 4 T 1, the va lu e  o f  ß  is calculated for T 0 =  3000 °K
and T  =  1750 °K  and their m ean va lue  is taken Tk =  0,96:

Tk
1750
0.96

1825 °K .

Such a cooling is, o f  course, n o t perm issible. The easiest counterm easure is to increase  
the particle  diam eter to e.g. 10 6 m. In this case A  =  1,25 Х Ю -9  and

T  =
1

1,44
1

3(3 Х Ю 3)3
1,25 X 1 0 - 9 X 2 X 1 0 - 3

l / 3 =  2820 °K.

T he correction w ill m odify  th is result to 2943 “K  as the tem perature of the particle  
after cooling.

T he calculation presented above serves on ly  for giving a rough inform a
tion on th e  expectable conditions. A few shortcom ings o f the investigation  
are im m ed iately  apparent:

a )  I t  is im possible th at an increase of th e  particle diam eter m onotonously  
im proves th e  conditions. L et us consider th e  case when the entire salting  
m aterial is concentrated in to  a single sphere. The calculation would give  
good results as long as recom bination took place practically unhindered. The 
m ethod fails to take in to  account the effect o f particle distribution.

b)  R adiation  and re-radiation take p lace according to  intricate laws 
w hich, as far as we know , have not been exam ined y e t, for the case of dispersed  
sm all-d iam eter particles. U sually , adopted m ethods are based on assum ing  
“ closely-spaced  w alls” or “ confined radiating m aterials” ; the calculation pre
sented  is based on the form er assum ption.

c)  The m agnitude of re-radiation coefficient o f confining walls w ill vary  
according to  the various tem peratures, in particle operation.

d )  W hat the tim e will be while the particle stays in the generator chan
nel, etc.

A n y  deeper analysis could only be possible b y  sim ultaneous experim ents. 
In an y  case, the follow ing sta tem en ts can be m ade:
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The problem is neither simple nor easy; it  is im portant to produce and 
select the m ost su itab le  materials and apply optim um  conditions;

the necessary, optim um  lim its should n o t be overstepped in decreasing  
the particle diam eter;

suitable lim its should be m aintained in increasing the particle tem pera
ture and in decreasing the wall tem perature.

The particle m aterial should also be an item  to  be considered. E .g ., 
at very high tem peratures, at which BaO w ould  m elt, carbon particles m ay  
prove to be better than  BaO, their com bustion com pensating for the radiated  
heat. For inform ation th e  following figures are to  be considered: th e  heat 
supplied by a BaO particle o f d =  10 c m d iam eter, at a heat drop o f  200°K , 
is 1,39 X l0 “ 13 K cal.

A carbon particle also of d =  10 6 m d iam eter would furnish an am ount 
of heat equal to  2 ,20 X lO ^ 11 Kcal, when burnt, i.e . by tw o orders of m agnitude  
more heat than BaO . The work function o f C  (4,39 eV) is much higher than  
th at o f BaO (1,67 eY), but this is of no im portance according to  the present 
proposition.

The question rem ains, however, w hether the carbon particle w ould  
be capable o f burning during the very short period of staying in the generator  
channel. In the generator channel there is b u t very little  0 2 left (or none in 
closed-cycle operation), and the com bustion o f the carbon particle w ould  
take place either very  slow ly or not at all. T he carbon particle should, there
fore, be em ployed in com bination with another substance containing th e  requir
ed 0 2, e.g. w ith B a 0 2 (barium peroxide) or w ith  som e other substance em ittin g  
0 2 at high tem perature.

XI

In this chapter, the m ethods for open- and closedcycle MHD generators  
will be tested  sep arately , since the phenom ena occurring in the tw o system s  
have to  be judged d ifferently. 1

1. Open-cycle M H D  generator

In order to obtain  high thermal effic iency , in the com bustion cham ber  
of the generator a high tem perature is to be k ep t, b y  which the required degree 
of ionization is ensured b y  equilibrium therm al ionization. In the nozzle  th e  
working fluid ad iabatica lly  expands until the generator tem perature is reached. 
This m ay not be low er than  1000°C, otherwise th e  com bustion air could not be 
preheated su ffic ien tly  to  obtain a tem perature w ith in  the com bustion cham ber  
w ithout oxygen enrichm ent. The BaO (or other) solid particles w ill assum e  
the high tem perature prevailing in the latter. T he walls o f the nozzle and gener
ator channel have to  be lined with a reflecting m aterial, provided w ith reduced
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coo lin g , i f  required. It is in th e  generator channel where heat energy is trans
form ed in to  electric energy, in accordance w ith  efficiency.

B y  applying th is procedure it  is to  be exp ected  that
th e  desired lower degree o f ionization w ill he obtained in the generator  

ch an n el even at low  w orking-fluid tem perature;
th e  service life o f the electrodes and w alls w ill becom e acceptab ly  long; 
th e  heat losses in troduced  b y  the w alls w ill be m oderate and, th u s, 

lo w -ca p a c ity  generators o f h igh  efficiency can also be built;
a ir  preheating can b e achieved b y  m eans o f recuperation; 
th e  expensive and rela tively  low -effic iency  supplem entary pow er p lant 

in creasin g  the specific in vestm en t cost and decreasing overall efficiency can be 
d isp en sed  w ith and, la st b u t no least, th e  p lan t efficiency will considerably  
increase, to  about 65 per cent.

2 . Closed-cycle generator

T h e basic task is to  ensure the required degree of ionization, as an in itia l 
s ta te , in  th e  working flu id . There are several know n m ethods availab le  for 
reach in g  th is aim, e.g. d.c. and a.c. electric fie ld s, electro-m agnetic radiation , 
in jec tio n  o f charged or uncharged particles, therm ionic emission with substances  
o f low  work function, etc.

R eferring to  one o f th e  m ethods listed  above, m ention should be m ade 
o f th e  procedure applied b y  B. K a r l o v jt z  in  a test rig of the Westinghouse  
Electric Corporation as early as in 1938: th e  ionization  w ith a h igh -ve loc ity  
e lectron  beam  [7]. As is know n, the m ethod  has failed to  becom e useful. 
T his w as com m ented b y  B . K a r l o v it z  in th e  following words: “ Powerful  
electron beams were produced and introduced in  the gas stream, but no voltage 
or current was generated. Later it  was realized that stray magnetic fie lds  deflected 
the electron beams to the walls and, consequently, the resulting ionization was 
very weak and not uniformly distributed .”

T hese difficulties can he avoided now . Ionization by electron beam s 
sh ou ld  b e performed outside the generator, in a space protected from  stray  
fie ld s , in  a tube having  a w all not absorbing electrons and contain ing pure 
p o tassiu m  gas. I f  th e  degree o f ionization is v ery  high in the potassium  gas, 
th e  u n ev en  distribution loses its m eaning. I t  is th e  potassium  ions and free 
electrons that are to  he in jected  into the w orking fluid. The m ethod described  
a b o v e  is on ly  one exam ple from  am ong th e  m an y  possible w ays from  which  
th e  m o st practicable one should always be selected .

T he required high tem perature should  he transferred to  th e  BaO  or 
oth er ceram ic particles, in th is  or another w ay , outside the generator channel, 
and th e  particle should be in jected  together w ith  the electrons into th e  gener-
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ator channel. W ith reflecting walls the degree o f ionization will not be reduced 
considerably.

The tem perature o f the working flu id  in the generator can be m ade as low  
as required. This is an essential feature not only for extending th e  service life 
o f constructional parts, but in case o f closed-cycle operation, where the  
in itial tem perature is relatively  low , for increasing the therm al efficiency.

Of course, the conventional supplem entary plant m ay also be om itted  
in this case, efficiency will increase, and th e  MHD generator w ill becom e  
com petitive w ith a gas turbine, w ith  respect to  both cost and efficiency.

It should be m entioned th a t this m ethod also opens th e  w ay for design
ing a high-efficiency M HD com pressor, which is desirable w ith  a v iew  to both  
th e  closed-cycle and open-cycle operation.

XII

In conclusion, in the ligh t o f the m ethod described, a brief survey is 
given below  of the present stand o f M HD developm ent, as m ay  be found from  
relevant publications and papers presented at the various sym posions. The 
picture obtained is not encouraging.

The open-cycle M HD generator seem s technically  solved, but its feasib ility  
is questionable due to  the follow ing facts:

It can be used in units o f such very high capacities th at have not yet 
been tested;

th e  expectable efficiency —  45 to 50 per cent —  fails to considerably  
supersede that of conventional units;

the high stresses —  im posed especially on the electrodes and generator 
channel —  will unfavourably influence service life and m aintenance costs;

there is no proof, and neither is it probable, that a substantia l advantage  
w ould be provided b y  th is m ethod, or, even, w hether it could be m ade com 
p etitiv e  at all;

the only rem aining advantage, though im portant for future poten tia li
tie s , is its su itability  for building very large-capacity units.

The closed-cycle M HD generator is very backward w ith respect to  the  
open-cycle version. From am ong its problem s only  one is w orth m entioning: 
th e  non-equilibrium  ionization required at relatively low w orking-fluid tem 
perature is not solved yet.

*

Thus, the feasibility o f the M H D system has become questionable. A t any rate, development 
work would again be hopeful, i f  by means o f further theoretical research and experiments, the method 
proposed would prove fu lly or partly practicable.
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W eiterentw icklung des Verfahrens »Hochgradige Ion isation  in  kaltem  Gas«. Für die 
Io n isa tio n  außerhalb des G leichgew ichts in M HD-Generatoren haben die Verfasser und andere 
m ehrere Vorschläge gem acht, die a u f verschiedenen M H D -Sym posien  diskutiert worden waren. 
B is je tz t  h a t kein Vorschlag die daran geknüpften E rw artungen erfüllt. Nach einem  neueren  
V orschlag können ins A rbeitsgas eingebrachte, von glühenden Körnern em ittierte P hotone die 
R ekom b in ation  verringern. D ie  zahlenm äßigen Zusam m enhänge m üssen durch w eitere th eo
retische U ntersuchungen und V ersuche bestim m t werden. D er M HD-Generator, insbesondere  
die V ariante  m it offenem  K reisprozeß wird praktisch dann verw irklicht werden können, wenn  
im  G enerator das Arbeitsgas au f m ittlerer  Temperatur (1200-^1800 °K ) gehalten werden kann, 
w obei der vorgeschlagene Ion isation seffek t nützlich sein kann.

Усовершенствование метода «Высокой ионизации в холодном газе» (Д. Халас и К. 
Сенди). Авторами данной статьи и другими авторами в отношении ионизации вне 
равновесия в МГД генераторах представлено ряд предложений, которые были обсуж
дены на различных симпозиумах по МГД генераторам. До сих пор еще ни одно из пред
ставленных преложений не оправдало себя. На основе последнего нового предложения 
рекомбинация может быть снижена фотонами, эмиттированными из накаленных частиц, 
проникших в рабочий газ. Числовые зависимости должны быть определены на основе 
дальнейшего теоретического и экспериментального анализа. МГД генератор, а в особен
ности его вариант с открытым контуром практически может быть решен только в том 
случае, если в генераторе рабочий газ можно будет держать при средней температуре 
(1200 -7 1300° К), т. е. когда предлагаемый эффект ионизации может оказать помощь.
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Up to the present tim e no experim ental data have been published concerning the 
influence o f neon-gas doping on  th e  cathode properties o f m ercury vapour-argon discharges. 
In the course o f our experim ents it  w as possible to dem onstrate the dependence o f cathode 
fall, cathode sp ot tem perature, len g th  o f cathode side spaces, the field  strength  o f  the positive  
colum n, the vo ltage drop and pow er consum ption of the discharge tube on the partial pressure 
of neon. Furtherm ore the dependence o f cathode properties on the discharge current has also 
been determ ined. The relationsh ips obtained in the experim ents have been interpreted  in 
term s of the known plasm aphysical data.

I . Introduction

In th e  im provem ent o f  light utilisation (efficacy) of fluorescent lamps, 
and in increasing their specific  power consum ption (power on u n it discharge 
path), neon is alm ost ex c lu sive ly  em ployed in addition  to argon as a dope gas, 
in a su itab le per cent to  m eet the particular requirem ents [1]. As has been 
dem onstrated [1], neon has th e  capacity of increasing the share o f  positive  
colum n in th e  total power consum ption of th e  discharge [1]. A m ong others 
this accounts for the fact th a t tod ay  neon is em ployed  as a dope gas. H owever, 
the effects on the cathode side associated w ith its uses have as y e t  not been 
elucidated. The literature [1— 3] contains on ly  so much inform ation th at the 
life of the cathode coating and hence the life o f th e  discharge tu b e as a whole, 
is reduced considerably w ith  increasing am ounts o f neon doping added. B e r n i e r  

and G u n g l e  [ 4 ]  also carried out probe m easurem ents in the v ic in ity  of the 
cathode providing some inform ation on the in fluence of neon doping on cathode 
fall and on the ion current (under conditions not fu lly  elucidated). T h ey  wished 
to  establish from the in vestigation s the influence o f filam ent v o ltage  on the 
cathode in an argon-neon gas atm osphere, b y  em ploying a special electrode 
structure. Their objective w as to  utilise the results of investigations in the 
design o f a new cathode structure. Published in the same source [ 4 ] ,  those  
authors tried to  establish relationships betw een the arcover stresses in argon 
and in neon-argon discharges and the cathode fall. However, no author has 
so far published inform ation, for instance, on th e  unequivocal in fluence on 
cathode fall —  a point o f great significance for th e  usefulness o f neon gas.
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II. Experim ental conditions, m ethods o f  investigation

T he experim ents w ere carried out with m ercury-vapour/argon discharges 
o f 1100 m m  discharge p ath  in  hard glass discharge tubes of 36 mm  inside dia
m eter. D uring the tests , d .c. and  a.c. arc discharges were produced (in a space 
co n ta in in g  3 torr argon and 6 x l 0 _ 3 torr m ercury vapour) betw een  treble- 
f ila m en t oxide cathodes o f  id en tica l construction. The effects of the neon dop
ing w ere studied at an arc current of 430 m A. O hm ic and inductive current 
lim itin g  was applied w ith  d .c . and a.c. discharges, respectively. The m ethod  
of in v estiga tion  was a sp ecia l cathode-side d iagnostic system  developed by us 
[7]. I t  has the follow ing com ponents: d.c. and a.c. probe m easurem ents,
m easurem ent of em ission and work function, pyrom étrie and electronic m eas
u rem en ts o f  average cath od e tem perature and spot tem perature, cathetom etric  
determ ination  of spot area, stoboscopic m easurem ent of the dim ensions of 
ca th o d e  space, scanning o f th e  positive colum n b y  means of a double probe.

I l l . Results

1. Influence o f  the neon dope on the cathode

In  our investigations, efforts were m ade to  find  fundam ental relation
ships th a t  would make th e  in terpretation  of the cathode-end influences possible. 
F ig . 1 show s the dependence o f cathode fall V c on the neon doping. As is

Fig. 1. Dependence of cathode fa ll Vc on neon doping, in  d.c. (a) and a.c. (b) discharges

ev id en t from  the figure, th e  relationship found in former experim ents [5] 
b etw een  d .c . and a.c. ca th od e falls remains unchanged, and a percentual 
increase in  the am ount o f  n eon  leads, in both cases, to  increased cathode falls. 
The increm ent tends to  be h igher with increasing neon content.

N eon  has a first ion ization  potential (21,47 Y) higher than  th a t o f  argon 
(15 ,69  V ); on the other h an d , its mass (20,18 am u) is only h a lf th a t o f argon
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(39,94 am u). B oth  gases have ionization potentials by far exceed ing th a t of 
m ercury (10,38 Y); on the other hand, their m asses are much sm aller than  
that o f  m ercury atom s (200,61 am u). T hese properties determ ine th e  w ay in 
which th ey  take part in the discharge processes; among other th in g s, those  
properties give an account of the nature o f special fundam ental phenom ena  
associated w ith the discharge processes. The experim ental results to  be de
scribed below  have all been obtained in argon, at a pressure of 3 torr, at a dis
charge current o f 430 mA, under the conditions described in the Introduction .

W ith reference to  the ionization potentia ls and atomic w eights m entioned  
above, it is ev ident from the experim ental conditions that the electrons try  
above all to  ionize the mercury atom s (this applies to excitations as well); 
accordingly, a direct participation o f neon in the discharge process is not 
expectable. H ow ever, it m ay have an indirect influence on th e  discharge  
processes (as can be seen in Fig. 1). W hen, w ith the given gas pressure m ain
tained , part of th e  argon atom s are su b stitu ted  b y  neon atom s, dual influence  
will be exerted. The number of ion izations due to high-energy electrons 
will be reduced in the cathode space. This is because electrons which  
have a sufficient energy for the ion ization  of argon atoms are certa in ly  not 
capable o f ionizing neon atom s as w ell. Thus, a decrease in the ion current of 
inert gas (playing an im portant role com parable to  that of m ercury ions) m ay  
he assum ed. H ow ever, that decrease has probably a lesser influence th an  the  
second effect associated w ith the appearance of neon atom s. As has earlier 
been pointed  out neon atom s have m asses sm aller than that o f argon atom s; 
accordingly, their collision cross-sections (in respect to electrons as w ell as 
p ositive ions) are far below those o f  argon atom s.

H avin g  a lower probability o f colliding w ith primary electrons em itted  
by th e  cathode, those neon atom s give, on account of their high ion ization  
potentia ls, a sm all num ber o f ions to  th e  discharge process —  less th an  that 
provided b y  argon atom s until th ey  w ere, in part, substituted b y  neon  atom s. 
As a resu lt, the num ber o f ions striking the cathode will be s lig h tly  reduced  
leading to  a lower cathode tem perature; th is, in turn, will in vo lve a drop in 
the em ission current and a rise in th e  cathode fall.

Taking in to  consideration the fact th a t neon atoms in vo lved  in the  
discharge have m asses (and, hence, probability  o f collision) lower th an  those  
o f argon or m ercury atom s, a further cathode-end process can be deduced  
which tends to  increase the efficiency o f the above m entioned ionization  
processes —  also b y  detracting ions from  the cathode face. The use o f  neon  
atom s produces an effect sim ulating a reduction in the diameter o f  th e  discharge 
tube (thus increasing the wall d issipations). This is because neon atom s, on 
account o f their sm aller collision cross-sections, im pose a lesser restriction  on 
the diffusion to  th e  wall o f the p ositive ions m igrating towards th e  cathode. 
As a result, the w all dissipation increases and, moreover, fewer p o sitiv e  ions
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reach the cathode, too , as compared with previous conditions of discharge in a 
pure argon atm osphere. T hus, again, the cath od e-sp ot tem perature decreases 
in vo lv in g  a drop o f th e  em ission current leav in g  th e  cathode; which follow ing  
from  th e foregoing, th e  cathode fall must rise.

A ccordingly, th e  use o f  neon as a doping brings about an indirect increase 
in th e  cathode fa ll through  several b y-effects, to o , thus com pensating for 
—  and producing —  th e surplus ion current lo st for th e  discharge on account 
o f  th e  presence o f neon doping.

charges

Fig. 3. D epend en ce of the length  (/) o f the  
F araday dark space (a) and of the negative  

glow  (6) on neon doping, in a.c. discharge

i f ,  now, one considers Fig. 2 illustrating th e  cathode-spot tem perature  
(Tf  ) p lo tted  versus th e  percentual content o f neon  com ponent related to  argon, 
th e  relationship differs from  that expectable on th e  basis of Fig. 1. Fig. 1 
poin ted  to  the conclusion th a t, with increasing q u an tity  of neon doping, the  
cathode-spot tem perature w ould fall, presenting a relationship between cathode- 
sp ot tem perature and cath od e fall, as that ob ta in ed  w ith pure argon. To find  
an interpretation o f th e  difference, one m ust again proceed from the assum ption  
th a t th e  cathode m aintains th e  discharge together w ith  th e  cathodic spaces, and  
th a t their effects cannot be studied  separately. In  case o f argon, an analysis o f its 
pressure variations y ield ed  relatively  sim ple relationships; as evidenced in Figs 1 
and 2, the influence o f  neon doping is more d ifficu lt to  analyse. Y et, considering  
F ig . 3 illustrating th e  neon-dependence of cathodic spaces, some relationship can  
be dem onstrated betw een  th e  cathode-spot tem perature and variations in the  
boundaries of cathodic spaces, similar to  th e  ab ove relationships concerning  
pure argon. In this in stan ce, too , variations in th e  boundaries of cathodic spaces 
follow  variations in ca th od e tem perature. F ig. 3 relates to an a.c. discharge, 
b u t sim ilar characteristics were obtained w ith d .c. discharges as well. The to ta l 
dim ensions of the spaces exceeded in each case th e  neon dependence, too , the  
dim ensions obtained w ith  a.c. discharges —• i.e . th e  relationship found and
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discussed in connection w ith  argon [5] rem ained valid  in this instance, too. 
Sim ilarly, the relationship found previously betw een  d.c. and a.c. cathode- 
spot tem peratures [2] rem ained valid.

In our opinion, th e  relationship betw een Figs 1 and 2 is obscured b y  the  
fact that —  as could b e assum ed with reference to  the cathetom etric spot- 
area m easurem ents —  th e  area o f the cathode spot did not rem ain constant at 
different neon com ponents; moreover, local discharges also occurred betw een  
the filam ent turns —  introducing appreciable m odifications o f the cathode- 
spot properties (prim arily its tem perature). T hat interfering phenom enon, 
w hich, o f course, affected  the m easurem ent o f spot tem perature as w ell, could 
not be elim inated even b y  th e  m ost careful precautions. A ccordingly, whereas 
the experim ents associated  w ith discharges in pure argon atm osphere involved  
nearly constant cathode-spot areas, those m ade w ith  neon doping involved  
variations in the cathode-spot area, too.

In the course o f  th ose  experim ents, though several repetitions of 
tem perature m easurem ents gave correct results, one param eter w hich was 
previously well controlled —  the cathode-spot area —  could not be k ep t under 
control. The cathode-spot area exhibited variations in the course o f  neon- 
dependence investigations th a t could be given an unequivocal interpretation. 
Though detectable, th ose variations could not be described in an unam biguous 
m anner on account o f  th e  cathode construction. T hey probably involved  a 
change in the num ber o f electrons leaving th e  cathode but th is phenom enon  
had presum ably no influence on the velocity  o f em itted  electrons.

I f  this assum ption is accepted, it will be possible to  give an interpretation  
to  the unchanged relationship between the spot tem perature m easured and 
the cathodic spaces. This is because the dependence o f cathodic spaces on the  
cathode spot m ust rem ain if  it is assum ed th a t, at a given spot tem perature, 
variations in the cathode-spot area affect, in the first approxim ation, only  
th e  number o f electrons em itted  by the cathode, leaving their in itia l kinetic  
energy unaffected. This is because the cathodic spaces perform above all the  
functions o f an appropriate acceleration and, subsequently , hom ogenization, 
o f the electrons em itted  b y  the cathode. It is on ly  th e  cathode fall and the  
cathodic dark space (situated  in the corresponding n egative glow) w hich take  
part in the active production of electrons b y  ensuring the positive space 
charge (com posed o f ions) and the ion current im pacting on the cathode. Thus, 
i f  our initial assum ption is correct, variations in the cathode-spot area are 
prim arily responsible for the alteration of the relationship betw een th e  cathode  
fall and the cathode-spot tem perature.

I f  it were possib le to  determ ine the dim ensions o f the cathodic dark 
space, the lack o f know ledge on the actual cathode-spot area (and its variations) 
would probably introduce a factor o f error in th ose m easurem ents as well. 
In  this instance, the m easurem ent cannot even  be carried out on account of
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th e  fila m en t structure. A  m uch sim pler case is presented e.g. b y  flat-cathode  
tu b es perm itting variations in  th e  cathode spot to  be follow ed in a m uch more 
con ven ien t manner. R egardless o f all these p oin ts, neon —  w hich has therm al 
co n d u ctiv ity  properties superior to  those o f argon —  influences th e  cathode- 
sp ot tem perature and area and, hence, the energy equilibrium , in  a m anner 
not y e t  elucidated. This phenom enon, which is partly  beyond our control, 
is n o t discussed here in detail because, in the lack o f know ledge on a fundam ental 
param eter (spot area), on ly  approxim ative assum ptions could be m ade which  
can n ot h e controlled and checked.

A s regards their character, the cathodic spaces shown in F ig. 3 vary  
w ith  th e  cathode-spot tem perature; how ever, in th is case, even  th e  spot- 
dependence of cathodic spaces does not provide a straight line. I t  is a descend
ing quadratic curve. Since a com parison o f Figs 2 and 3 w ill reveal th a t rela
tio n sh ip  (which was discussed in detail in th e  foregoing), the function  is not 
p resen ted  here (it can be easily  reconstructed from  the curves). H ow ever, it 
is w orth  noting th at the hachured area in Fig. 3 (representing th e  axial dim en
sion o f  th e  Faraday dark space) tends to increase w ith  the percentual content 
of n eon  doping. A ccordingly, th e  more argon atom s are su b stitu ted  b y  neon  
a to m s, th e  longer F araday dark space will be necessary. T his, again, points 
to  th e  conclusion th at th e  hom ogenization  function  o f the Faraday dark space 
can n ot b e fulfilled by neon atom s as adequately as was fulfilled b y  argon atom s. 
In  o th er  words, the energetical hom ogenization o f electrons can be ensured  
b y  argon atom s even along a shorter space. T his, again, m ay be attributed  
to  d ifferen t probabilities o f  collision (resulting from  the different m asses of  
atom s o f the two inert gases).

W ith  reference to  F ig. 3 (taking into account th e  data o f Figs 1 and 2 as 
w ell), an optim um  neon q u an tity  can be selected th a t is useful for the discharge 
hut w ill not increase the cathode dissipations appreciably and, at the sam e tim e, 
w ill n o t adversely affect th e  econom y o f discharge through th e  dim ensions of 
th e  cath od ic spaces. Since th e  cathode fall exh ib its a m onotonously increasing  
tren d , and the cathodic spaces have a m inim um  at a neon doping o f 20% , 
it is u sefu l to  em ploy a sm all neon content provided th at the em ission coating  
of th e  cathode (the em itter) is so constructed as to  w ithstand severe stresses 
and h igh  spot tem peratures w ith ou t dam ages. Fortunately , th e  rise in the  
tem perature of the cathode spot is as low as about 50 °C upon addition of 
20%  o f  neon doping. A ccordingly, if  neon is to  be used in th e  discharge tube  
as a doping, the introduction o f  about 20% of neon would seem  to  be practical, 
w ith  a v iew  to m inim um  cathode-end dissipations. Observing th e  cathode-end  
d issip ation s alone, the use o f  neon in an am ount greater th an  th a t would  
considerably  impair the econom y of the discharge tube.

A part from influencing th e  cathode end, neon affects the field  strength  
of th e  positive colum n as w ell. F ig. 4 shows th e  neon-dependence o f field
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strength values E  measured in a.c. and d.c. discharges. T hat relationship is 
not linear, the a.c. field  strengths being again higher than  th e  d.c. values. 
The curve representing d.c. discharge conditions is not a new  discovery. It has 
already been studied by L e m a i g r e - V o r e a u x  [ 6 ]  who p lotted  field  strengths 
versus the ionization potentials and atom ic w eights o f various inert gases, 
yield ing  a straight line. Furtherm ore, he studied binary m ixtures as well, but 
could not find any typ ica l relationship. H ow ever, the a.c. field  strength  
curve shown in Fig. 4 has so far not been published in the literature.

Fig. 4. Dependence of field  strength E  o f the positive colum n on neon doping, in  d.c. (a) and
a.c. (fc) discharges

To give an interpretation o f those curves, one m ust proceed from the  
assum ption th at the interactions involved in the discharge are altered by  
su b stitu tin g  part o f the argon atom s by neon atom s. Similar to  th e  cathodic 
space, neon atom s do not take part directly in the discharge in th e  positive  
colum n either —  or, at least, their direct influence is negligible com pared with  
their indirect influence. A considerable part o f the ions m oving in th e  positive  
colum n avoid reaching the wall and, hence, recom bination on th e  wall, at 
the expense o f elastic collisions and the accom panying energy dissipations. 
N eutral mercury and argon atom s are the collision partners. I f  the probability  
of collisions is reduced (e.g. as a result o f reduced size of the collision partner), 
the num ber of ions reaching the w all o f the discharge tube w ill grow. H owever, 
charges lost as a result o f wall diffusion ion m igration has to  be supplied in 
som e w ay. Those dissipations are com pensated for b y  the p ositive colum n by  
u psetting  the equilibrium  conditions (increasing th e  field  strength).

As a result, the num ber o f ionizations will increase, to  a certain extent 
com pensating wall d issipations. On the other hand, owing to  th e  increased  
field  strength , the drift ve locity  of positive ions m igrating tow ards th e  cathode 
wi 11 also increase, resulting in a lower wall diffusion current. Those tw o  effects 
together produce the condition th a t the discharge is m aintained w ith  the
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discharge current determ ined  b y  the external electric circuit. This means 
th a t  th e  increase in fie ld  strength  is a “ defensive action ” b y  the positive  
co lu m n , whereby it com pensates for the losses in charge carriers caused b y  the  
su b stitu tio n  of neon atom s for a part of the argon atom s.

In  the Introduction it  w as m entioned th a t th e  use o f neon im poses a 
hard  stress on the cathode coatin g  as well. This effect can also be deduced  
from  th e  above m echanism . N eon  atoms staying in  the v ic in ity  of the cathode 
offer a less adequate p ro tection  against ions strik ing a t th e  cathode than that

w[w]

-50

Fig.  5.  Dependence of the v o lta g e  drop Ve (a) and power consum ption  W  (6) o f the discharge 
tub e  o n  neon doping, in  a.c. discharge

p rov id ed  b y  argon atom s (heavier in weight and having larger diam eters). 
A s a result, the presence o f  neon doping sim ulates a condition in which the  
pressure of pure argon atm osphere has been reduced. B oth  factors lead to  
th e  sam e result — a rapid consum ption of the cathode coating both  therm ally  
(evaporation) and m ech an ica lly  (powdering).

T he two curves o f  F ig . 5 show  the neon-dependence o f the burning poten
t ia l ( Ve) and power consum ption  (W)  of th e  discharge tube. B oth curves 
represent a.c. discharge cond itions (more useful from  a practical point of view ); 
b esid es, the courses o f th e  curves are the sam e in d .c . discharge conditions as 
w ell. A nyw ay, in th is in sta n ce , some principal com ponents of the burning  
p o ten tia l exhibit an identica l ty p e  of dependence so th a t the curve representing  
th e ir  sum  tota l exhibits th e  exp ected  course. Our supplem entary m easurem ents 
h a v e  show n the anode fa ll to  increase with the percentual share o f the neon  
com p on en t in both a.c. and  d.c. discharge conditions. The power curve, 
also  show n in Fig. 5, fo llow s the course of the burning-potential curve since 
th e  discharge current was m aintained at a constant level during the m easure
m en ts.

Comparing the resu lts obtained with pure argon [5] and w ith a neon- 
argon gas m ixture, it  m ay  be sta ted  that —  though  the presence and influence
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of neon could be detected  fairly well —  th e  discharge conditions are altered  
e.g. b y  varying the spot area to  such an ex ten t th at a description th ereof  
based on the fundam ental relationships and their correlation was d ifficu lt 
to present. A lthough th e  studies o f the app licab ility  of neon and th e  related  
fundam ental know ledge and relationships are also of great significance from  
an industrial point o f  v iew , y et their theoretical (and especially experim ental) 
investigations are confronted with serious d ifficu lties, requiring an ex trem ely  
large-scale apparatus coupled with continuous m ultilateral checkup. A ccording  
to  our know ledge, nobody has y e t undertaken a theoretical in vestigation  of 
the role o f neon under the discharge conditions here described (bearing great 
significance from a practical point of view  as tv ell). The relationships and  in ter
pretations given b y  us in the foregoing m ay now  form  a basis for m ore deta iled  
calculations concerning cathode dim ensioning w hich can be best m ade b y  
proceeding from the equilibrium conditions o f  th e  cathode.

2. Current dependences

Apart from the pressure dependences o f  cathode-end param eters (and  
their influence b y  m eans of neon doping), rem arkable findings are exp ectab le  
(from both scientific  and practical points o f view ) from their in v estiga tion  
as th e  function  o f discharge current.

The experim ents were carried out under discharge conditions associated  
w ith 40-w att fluorescent tubes (providing th e  invariable reference standards), 
using several tubes th e  same tim e. The m easurem ent was aimed at ex ten d in g  
our know ledge on cathode-end param eters to  other discharge currents (in  
addition to  the nom inal discharge current o f  430 mA specified for 40 -w a tt  
fluorescent lam ps). Accordingly, the in vestigation s were made in a spectral- 
pure argon atm osphere at 3 torr and 25 +  1°C determ ining the pressure of 
m ercury vapour in th e  discharge tube.

Prior to  the com m encem ent of the m easurem ents, investigations w ere 
m ade b y  cathetom etric m easurem ents to  check whether the ca th od e-sp ot  
area varies in the range o f the discharge current studied  b y  us (250 to  600 m A ). 
W hile it was difficult to  locate the spot in the previous investigations associated  
w ith neon dependence, th is tim e we were able to  clearly establish its con stan t 
dim ensions as well. Since the spot tem perature could he measured w ell in  th e  
course of th e  investigations also carried out in  argon, which was found to  he  
independent of gas pressure, too , the conclusion m ay he drawn th at th e  pres
ence o f neon upsets th e  argon-mercury equilibrium  of the cathode sp ot 
(established in the discharge) b y  its specific properties assumed in the foregoing. 
This m ay m anifest itse lf  not only in variations o f the cathode-spot area b u t  
also in blurring o f  the spot boundaries, as if  th e y  were due to a secondary local 
discharge process caused b y  the neon gas alone. On the other hand, th e  dim en-
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sions o f  th e  cathode spot are, in this in stan ce, independent of variations in 
b oth  th e  argon pressure and in the discharge current throughout th e  range 
m en tion ed  above.

I t  m ay be sta ted  w ith  reference to th e  ab ove conclusion that th e  location , 
dim ensions and tem perature of the cathode sp ot observe a “ m inim um ” rule. 
O f course, external param eters (gas pressure, location  of em itter, q u a lity  of 
coatin g  etc.) have a contribution to this process, but the function perform ed  
b y  th e  discharge current is nonetheless im p ortan t. According to  th e  results

VC[V]'

10-

F ig . 6. Dependence o f cathode fall Vc on discharge current i 0, in d.c. (a) and a.c. (b) discharges

o f prelim inary experim ents m entioned in th e  Introduction, the changes in 
pressure or the increase o f th e  discharge current w ill not alter the sp ot d im en
sions —  rather its tem perature and surface current density, thus adap tin g  
cath od e-en d  conditions to  a mode of operation better suited to the new  dis
charge conditions. A ccordingly, in an argon-m ercury vapour discharge, no 
changes in pressure or in discharge current h ave an influence on the sp ot d im en
sions (in the range stud ied  b y  us); a more pow erful, decisive influence is exerted  
b y  th e  location  and p h ysica l parameters o f  th e  em ission coating (em itter).

In  determ ining th e  current dependence o f  cathode-end param eters, the  
course o f the cathode-fall curve is presented in th e  first place (shown in F ig. 6 
for d .c . and a.c. d ischarge conditions). As evidenced  by the figure, th e  a.c. 
ca th od e  fall again represents a higher value, supporting the q u alita tive in ter
p reta tion  offered in th e  first discussion.

A s was expected , th e  cathode fall ten d s to  decrease w ith increasing  
discharge current i0. As th e  tube operates in  th e  arc discharge range o f n egative  
characteristic, th is m eans th a t the cathode fa ll actually  follows th e  burning- 
p o ten tia l characteristic.

A nother rem arkable feature of the relationship  of Fig. 6 is its lin earity , 
p erm ittin g  relatively  sim ple relationships to  be sought for. Thus a lready tw o  
d ata  are available concerning the cathode behaviour in this in stan ce. I t  is
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a know n fact th at the cathode end provides the electrons required for an 
increase in  the current w ithout altering the dim ensions of the cath od e spot 
(even when the cathode fall is decreasing). Presum ably, the increase in the  
surface current density  o f the cathode is prim arily lim ited to  th e  cathode  
spot; as a result, an increase in the cathode-spot tem perature is also expectable. 
This assum ption is confirm ed by the current dependence of the cathode-spot 
tem perature shown in F ig. 7. As will be seen in the Figure, the a.c. discharge 
again has a higher cathode-spot tem perature than  the d.c. discharge. The

Fig.  7. Dependence of spot tem perature TfOn discharge current i 0, in d.c. (a ) and a .c. (6)
discharges

increase in the discharge current involves, in b oth  cases, a rise in th e  cathode- 
spot tem perature. A com parison of the curves in  Figs 6 and 7 shows an increase  
in th e  spot tem perature which is sufficient for producing the increase in current 
(it w ill be seen th at the cathode fall decreases w ith  increasing spot tem perature  
at different discharge currents).

As com pared w ith th e  relationships presented so far, the current depen
dences have a radically different character. W hereas, in the previous experi
m ents th e  constant level o f the discharge current was invariably a fix ed  point 
of reference, now  it is ju st th is parameter th a t will be varied. A lthough  the  
cathode-spot area was found to  be constant, nevertheless —  since a m ajority  
of electrons introduced in  the discharge b y  th e  cathode are supplied b y  the  
cathode spot —  its surface current density also tends to  increase n early  in 
proportion with increasing discharge current. Thus, those in vestigations are 
aim ed at finding com m on characteristic features of the current producing  
processes o f the cathode surface at different discharge currents (cathode- 
surface current densities).

The possibilities associated with the increase in current d en sity  are 
given in scalar relationship

j  =  п Х е  X V  (1)
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w here j  absolute value o f  current density (d istribution  function);
n  concentration o f charged particles (d istribution  function); 
e elem entary charge;
V ve loc ity  o f charged particles (distribution fu n ction ).

H ence, it  is ev id en t th a t  the current d en sity  m ay he increased in  one 
o f tw o  ways: by increasing th e  number o f charge carriers produced in unit 
tim e or, sim ultaneously or independently, increasing the velocity  o f  charge  
carriers. Transferring th is  sta tem en t to  the cathode-end  processes o f discharges, 
it  m a y  be stated  in  first approxim ation (ignoring the volum etric and w all 
dissip ation s) that the increasing discharge current im poses double require
m en ts on the cathode —  m ore electrons, and  a t a higher velocity , m u st be  
fed  from  the cathode to  th e  positive colum n. This is because the increase in 
current is —  unless accou n ted  for by som e extern a l factor —  ensured b y  the  
discharge through varyin g  m ore than one param eter. Accordingly, an increase  
in  th e  em ission current o f  th e  cathode is exp ectab le —  hut so is an increase in 
th e  len gth  of the accelerating space (cathode fa ll region). As is evident 
from  F igs 6 and 7, th e  discharge had to  increase considerably the cathode- 
sp ot tem perature (in add ition  to  producing a decrease in cathode fall) in  order 
to  p erm it a current determ ined b y  the external circuit o f the discharge tu b e  to  
flo w  betw een  the electrodes. H owever, th is does n o t give a com plete descrip
tio n  o f  th e  relationship betw een  the discharge and the cathodic spaces. The 
acceleratin g  effect o f th e  cathode end also depends on the length of accelerat
in g  spaces. Fig. 8 show s, a t various discharge currents, the locations and 
dim ensions of the cathod ic spaces of ox id e-cath od e discharges under the  
con d ition s of d.c. and a .c . discharges. In th is  instance, too , the filam en t coil 
is arranged at point 1 = 0 .

T he statem ent also applies to  various d ischarge currents th at th e  p ositive-  
end boundaries of th e  cathod ic spaces are loca ted  farther from th e cathode  
in  a .c . discharges than  in d .c. discharges.

F ig . 8 reveals a rem arkable relationship betw een the location  o f the  
cathodic-space boundaries and the discharge current. The boundary o f the  
n e g a tiv e  glow is recessing from  the cathode w ith  increasing discharge current 
(in b o th  a.c. and d.c. d ischarges), whereas th e  boundary of the F araday dark 
space draws closer to  th e  cathode filam ent. T his m eans that, of the cathodic  
sp aces, the axial d im ensions o f the F araday dark space tend to  decrease 
w ith  increasing axial dim ensions of the n egative  glow.

To give an account for th is phenom enon, one m ust proceed again  from  
th e  fu n ction  of the cathod ic spaces. The p o ten tia l drop (cathode fall) occurs 
in  th e  cathodic dark space included in the n eg a tiv e  glow; that p oten tia l drop 
w ill accelerate the electrons em itted b y  th e  cathode; moreover, in  regions 
close  to  the negative glow  space, it will also ind irectly  supply th e  losses of 
th o se  spaces (by aid o f  m ultip lication  processes). The Faraday dark space
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follow ing it has no electron producing function  —  its primary fu n ction  being  
the energetical hom ogenization m entioned in the foregoing.

N ow  again considering relationship (1) and accepting the in terpretation  
giving a good approxim ation in connection w ith  it, it m ay be sta ted  th a t the  
generation o f charge (in th is instance, electron emission and volu m etric  ion
ization) is performed b y  th e  cathode and b y  part of the cathodic dark space, 
whereas the acceleration o f the charges produced (electrons) is performed  
b y  th e  cathodic dark space as a whole. A ccordingly, the F araday dark space 
performs no direct function  in ensuring th e  rise in current. As has already

Fig. 8. Dependence o f the len gth  (/) o f the F araday dark space (a) and o f th e  n eg a tiv e  glow  
(6) on discharge current i0, in  d.c. and a.c. discharges

been m entioned, the cathode end ensures th e  adaptation to th e  new  conditions  
presum ably b y  m eans o f  one w ay o f increasing the current d en sity  b u t, by  
adjustm ent o f all available facilities, produces electrons in the required number 
and w ith th e  desired ve lo c ity  in accordance w ith an energy-m inim um  require
m ent. This is also m ade evident b y  the experim ental results: th e  cathode
fall decreases w ith increasing discharge current (Fig. 6) but th e  cathode-spot 
tem perature rises (Fig. 7) accom panied b y  an expansion of the ax ia l dim ensions 
o f th e  negative glow including the cathodic dark space (Fig. 8). A ccordingly, 
tw o param eters o f cathode m echanism  studied  by us (and regarded as funda
m ental ones) exhibited  sim ultaneous variations. The rem arkable feature of 
this phenom enon is further increased b y  th e  fact that all the three fundam ental 
param eters —  which are inseparable from each other — are in a linear relation
ship w ith the discharge current.

In th is instance, too , it would be possib le to  specify a linear dependence  
of cathode fall on spot tem perature; how ever, on account o f  th e  varying  
current density  on the cathode face, th is w ould be a mere com parison. The 
curves o f  cathode fall p lotted  with reference to  the data of Figs 6 and 7 exhibit 
a descending trend w ith increasing spot tem perature. E ven  th e  possib ility  
o f interconnecting som e o f those points is disputable since th e y  pertain  to
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differen t discharge currents. T he only com m on characteristic in both cases 
is th e  constant spot area. T h is, however, as was earlier pointed out, is typ ica l 
of th e  proper ties and location  o f  the emission coatin g  o f  th e  cathode (the em itter) 
rather th an  of the cathode-space mechanism. T he discharge processes have  
a d ec isive  influence on th e  stress of the cathode through the cathode spot; 
a tw o -w a y  transm ission o f th a t influence is perform ed prim arily by the electron  
em ission  and the p ositive ion  current. Thus, no con stan t cathode stress m ay  
b e conceived  on the part o f  th e  discharge unless th e  current density at the  
ca th od e  face is m aintained constant. This, o f  course, is again a sta tem en t  
o f lim ited  accuracy, w hose approxim ative nature can be judged by the energy- 
equilibrium  calculations a lread y  mentioned several tim es.

T he constant current d en sity  at the cathode face  w as, to a good approxi
m a tio n , taken for granted in th e  relationships concerning the pressure depen
dences (presented at th e  begin n in g  of the experim ental section). In the studies  
on th e  effects of neon dop in g , no constant current density at the cathode  
face (or in the cathode spot) could be conceived on account of variations in 
th e  cathode-spot area (a lth ou gh  the discharge current was m aintained at a 
co n sta n t level). On the other hand, in connection w ith  the current dependence  
at p resen t under test, th e  current density at th e  cathode face again cannot 
b e regarded as constant on account of the ty p e  o f  studies and the con stan cy  
o f th e  cathode spot. In lack  o f com parability, th is  prevents the establish ing  
in connection  with cathode fa ll, spot tem perature and cathodic spaces. A ccord
in g ly , it  would be erroneous to  draw any conclusion e.g . on cathode fall and 
ca th od e-sp ot tem perature from  the data of Figs 6 and 7. This is the reason w h y  
no d eta iled  analysis was g iv en , at the tim e o f stu d y in g  the function of the neon  
com p on en t, to the relationship  betw een the cath od e fa ll and the cathode-spot 
tem p eratu re. W hile, in th a t  case, the cathode-spot area was the variable  
factor , here its current w as varied  in accordance w ith  the particular ty p e  
o f experim ent.

T aking the relationships between the th ree  fundam ental cathode-end  
p aram eters together, on ly  th e  following sta tem en t can  be made. Changes in 
th e  discharge due to  increased  current sim u ltan eou sly  affect all the three  
fu n d am en ta l param eters. T he cathode performs its  functions with an em ission  
current increased in proportion  with the rise in  cathode-spot tem perature  
b u t w ith  decreasing cathode fa ll; on the other hand, th e  range of the cathode fall 
in creases. Based on the foregoing, the conclusion m a y  be drawn that the em is
sion  current of the cathode increases with rising sp ot tem perature (or w ith  
rising average cathode tem perature). This is becau se  th e  assum ption appears 
to  b e  tru e (which cannot, how ever, be checked) th a t  the dimensions o f  the  
n e g a tiv e  glow are prim arily  determ ined b y  th e  range of the cathode fall, 
th e  dark space, and th e  changes in axial d im ensions, found by us, are due 
ap p rox im ately  to changes in  th e  dimensions o f  th e  cathode-fall region. This
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assum ption appears to lie acceptable Avith reference to the param eters of the 
cathodic spaces [5] as well.

Maintained at a constant level, th e  current density  at th e  cathode 
face m ust provide a fundam ental point of reference for both th e  dim ensional 
investigations of cathodic spaces and the search of relationships concerning  
the phenomena taking place on the cathode as well as on th e  cathode face. 
The relationships show n in Fig. 8 (dependence of cathodic spaces on the dis
charge current) also have the remarkable feature that each point o f th e  straight 
lines (giving approxim ative relationships for cathodic spaces) pertains to  a 
different discharge current. This means th a t the electron current as well as 
th e  ion current striking th e  cathode vary from point to  point (in term s of the  
curve). Again, proceeding from th e  statem ent [7] made on th e  energy balance, 
it  m ay be stated  in relation to th e  sim plest case (d.c. discharge) th a t the ion 
current represents th e  principal com ponent o f the positive energy transport 
to  the cathode. O f course, its m agnitude is directly related w ith  th e  electron  
current (under given discharge conditions) and, owing to  its v ery  nature, 
changes in the latter represent th e  more decisive factor determ ined —  under  
given discharge conditions —  b y  the cathode structure as well as b y  th e  proper
ties and location of the em ission coating.

The interaction range betw een the electron current and th e  ion current 
is th e  space extending from the cathode as far as the end o f th e  negative  
glow  space toward th e  p ositive end; the m ost im portant link is th e  discharge 
m echanism  of the cathodic dark space (w ithin th at, prim arily th e  space charge 
distribution determ ining both th e  cathode fall and the ion ization  processes). 
H ence, a relationship m ay be assum ed to  ex ist betw een changes in the ion 
current and in the discharge current. The ion current is also d irectly  typical 
o f the cathode m echanism  and th e  nature o f electron production; its m agnitude  
depends not only on the ty p e  of discharge processes taking place in th e  cathodic 
dark space but also on th e  particular m ode of cathode operation , on the 
particular typical em ission current range (saturation region or th e  current 
range lim ited by the space charge). Our observations have show n th e  cathode 
to  be characterized in th is instance b y  the electron production lim ited  by the 
space charge. The sam e space charges, located  right at the cathode face, influ
ence the positive ion current striking the cathode as well.

All things considered, inform ation should be gained on th e  phenom ena  
of ion currents, fundam ental for cathode operation. Probe m easurem ents 
would appear to  he the m ost practical m eans to  this end, b u t for knowledge 
o f interfering effects o f oxide-coated cathodes. This m anifests itse lf  above 
all in some particles o f th e  em itter coating im pacting on th e  probe located  
in the neighbourhood o f th e  cathode followed b y  condensation o f th ose  parti
cles on the probe; as a result, th e  surface properties of the probe and, hence, 
its  work function are altered, preventing accurate m easurem ents. Thus these
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m eans can n ot be applied. On th e  other hand, it  has been  ascertained th a t the  
p o s it iv e  energy transport associa ted  with the bom bardm ent of positive ions 
is an im portant com ponent o f  th e  energy equilibrium . Proceeding from  this 
s ta te m e n t, the assum ption w as m ade (regarded as a satisfactory one) th a t, 
under g iv en  discharge con d ition s, a relationship ex ists  betw een th e  ion  
current and the cathode-spot tem perature, considering the tw o param eters 
to  b e  proportional and со-vary in g  under various in fluences. This could be 
m ade w ith o u t any d ifficu lty  in  th e  case of d.c. d ischarge because some calcula
tion s b a sed  on approxim ative energy equilibrium conditions (not to be discus
sed h ere  in  detail) also p o in ted  to  the conclusion th a t , upon attainm ent of 
eq u ilib riu m  conditions, a proportionality  did actu a lly  ex ist betw een the ion 
current and the spot tem perature. But th at relationship  can be transferred  
to  a .c . discharge conditions as w ell (on the basis o f  functional relationships 
d iscu ssed  earlier), although in  th a t type of discharge the energy transport 
during th e  anodic half cycle  (prim arily the electron current) does not dem on
stra te  th is  relationship too  c learly; under such cond itions, even the approxim a
t iv e  ca lcu lations based on th e  energy equilibrium do not give such unequivocal 
resu lts . H ow ever, it was ob v iou s that the spot tem perature varies in an a.c. 
disch arge in  a manner sim ilar to  d.c. discharge —  b u t, owing to  phenom ena  
ta k in g  p lace during th e  an od ic  ha lf cycle, in a tem perature range alw ays 
h igh er th a n  that associated w ith  d.c. discharge. T aking th is  for granted, it  m ay  
be s ta te d  th at a cathodic param eter was found in b oth  d.c. and a.c. discharge 
co n d itio n s th at is directly re la ted  w ith the ion current arriving at the cathode  
and proportional to it in m agn itu d e —  under the cond itions of a given cathode  
co n stru ctio n  and em itter properties (this is a fu n dam ental specification). This 
is th e  cathode-spot tem p eratu re which, of course, provides inform ation not 
on ly  on  th e  m agnitude o f ion  current but also includes several param eters 
w h ose variations were elim in ated  for the present d iscussion  b y  keeping them  
at a co n sta n t level.

W ith  good approxim ation , th is consideration m ay  be applied to  the  
pressure dependence of ca th od e parameters as w ell. N o detailed  discussion of 
th is p rob lem  will be presented  here because, at th is  p o in t, we have to analyse  
th e  h ig h ly  im portant fu n ction s performed b y  th e  electron-current and ion- 
current com ponents in con n ection  with the in v estig a tio n  o f  current depen
d en ces. E v en  thus far, th e  relationship  to be presented below  has been ta c itly  
u tilized ; instead of probe m easurem ents (which are practically  im possible to  
carry o u t unequivocally and in  a w ell reproducible m anner), the spot tem pera
ture w as used as a basis o f  conclusions concerning all phenom ena in which  
ion cu rren t performs a fu n ction . Thus, through elim ination  of an uncertain  
m easu rem en t, a param eter has been found th a t provides inform ation not 
on ly  on  ion  current but also perm its relationships to  be established for a num 
ber o f  o th er parameters. I t  shou ld  be added here th a t, in  the course o f the
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work to  be described here, our m ain concern was the relationship betw een  
th e  fundam ental param eters, not the values o f m icro-param eters tak in g  part 
in  the form ation of th e  fundam ental param eters (being undeterm inable  
anyw ay).

Accordingly, in the course o f investigations on current dependences, the  
ion-current com ponent increased proportionally w ith  the discharge current 
(w ith reference to  Fig. 7); furtherm ore, that process was responsible above  
all for the generation of th e  adequate quantity  o f electrons required for the 
discharge, too .

Fig. 9. D ependence of the len g th  (/) o f  the Faraday dark space (a) and o f the n egative  glow  
,(fc) on sp ot tem perature Tj, in d.c. discharge

Considering all th ese  p oin ts, in the dim ensional studies o f  cathodic  
spaces, one m ust make a d istin ction  betw een the cathodic dark space (ensuring  
th e  cathode fall), including th e  negative glow, and the Faraday dark space. 
A lthough th e  curves of F ig . 9 representing the dependence on sp ot tem pera
ture of cathodic spaces in d .c. discharges contain points, each of w hich pertains 
to  a different current den sity , y e t  —  for the above considerations in connection  
w ith  ion currents —  those curves give a som ew hat clearer picture th an  F ig. 8. 
I t  follows from  the foregoing th a t an increase in the ion-current com ponent 
(in  proportion with the rise in  sp o t tem perature) w ill not on ly  perm it a decrease 
in  cathode fall (Fig. 6) b u t w ill also increase the range of cathode fall w hich, 
based on th e  foregoing considerations, is regarded as the m ost a ctive  region  
o f the negative-glow  space section , determ ining the dim ensions o f other  
factors involved . Similarly, there are m ultiple relationships betw een  th e  ion  
current, the ion concentration and th e  cathode fall on one hand, and th e  cathode- 
fa ll ranges on the other. T he m agnitude o f ion current is influenced b y  the  
cathode fall and, through th e  ion  concentration, b y  th e  axial length  o f  the  
cathodic dark space as w ell. Through a feedback m echanism , th e  ion  current 
and, hence, other cathodic param eters (spot tem perature, cathode fall) are set 
at a value —  in accordance w ith  the electron em ission and further electron
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generation  in the cathod ic space —  which is u ltim ately  determ ined b y  the 
ex tern a l circuit b y  lim itin g  th e  discharge current.

In  the course o f th e  experim ents here described, th e  discharge current 
w as varied  system atica lly . A ccordingly, both  th e  cathode-surface phenom ena  
and th e  volum etric phenom ena in front of th e  cathode responded jo in tly  to  the  
current variations. F ig. 9. show s that, in respect to  the cathodic spaces, the  
n egative-g low  region p lays a decisive role in both  charge-carrier generation  
and acceleration, w hereas th e  im portance o f  th e  Faraday dark space is gradu
a lly  declining with increasing current density . Nor was it expected , on the  
b asis o f  our previous k now ledge concerning th e  cathodic spaces, th a t the dim en
sions o f  the dark space w ould  be influenced b y  an increase in the ion-current 
com p on en t. The spot tem perature shown in F ig. 9 is proportional to the  
dependence on ion current (in harmony w ith our previous statem ents); on the 
oth er hand, Fig. 8 show s th e  cathodic dark space p lotted  versus the entire 
discharge current. In b oth  cases the function  o f th at region decreases with  
increasing  current. From  th e  view point o f ion current, the function  of that 
region  m ay indeed decline since from that region only few  positive ions even  
reach norm ally the cath od e (through the cathode-fall range), and the flow  
of p o sitiv e  ions is determ ined  — as far as th e  centre o f the n egative glow 
region  —  b y  the diffusion processes. W ith th e  discharge current increasing, 
m ore and more positive ions are required, and th e  diffusion processes contri
b u te  to  their generation to  a declining ex ten t —  prim arily on account of the 
space-change conditions and, secondarily, b y  the nature o f diffusion processes.

T he generation o f electron current is perform ed b y  the em itter of the 
ca th o d e  and, secondly, b y  th e  cathodic dark space. As has been pointed out 
in  th e  foregoing, o f the cathod ic spaces both  th e  n egative glow space and the 
F arad ay  dark space are prim arily associated w ith  the energetical hom ogeni
za tion  o f the electrons. As is evident from Figs 8 and 9, th is function gradually  
b ecom es less im portant w ith  increasing discharge current; it is conceivable  
th a t  th e  energy spectrum  o f  electrons entering th e  positive colum n not only 
increases in an average sen se but also becom es more co-ordinated, representing  
a closer approxim ation to  an energy spectrum  th a t m ay be described with  
th e  M axw ell-B o ltzm an n  distribution .

F ig . 10 shows th e  current dependence o f  p otentia l gradient E  measured 
in th e  positive colum n. L ike th e  current dependence of the cathode fall (Fig. 6), 
it  can  also be characterized b y  a straight line o f negative slope. According to 
supp lem entary  m easurem ents, the current dependence o f the anode fall can 
also b e described by a sim ilar function. H ence, it  appears to  be natural that 
th e  burning potential Ve o f th e  discharge tu b e also exhib its an increasing trend  
w ith  increasing discharge current (shown, togeth er w ith power consum ption  
W,  in  F ig. 11). D espite th e  decrease in burning p otentia l, the power-consum p
tio n  curve steeply ascends with increasing discharge current.
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The potential-gradient curves of Fig. 10 in tersect one another in  the  
discharge current range o f 500 to  600 mA in each discharge tube tested . 
B eyond th a t point, the field  strength of the p ositive  colum n in a d.c. d ischarge  
exceeds th a t obtained in an a.c. discharge.

It is evident from th e relationships presented so far that both th e  ion  
current and the electron current increase w ith  th e  discharge current. As th e

Fig. 10.  Dependence o f field  strength  E  o f the positive  colum n on discharge current i0, in
d.c. (o) and a.c. (b) discharges

Fig. 11. D ependence o f vo ltage drop Ve (a) and power consum ption W (b) of the discharge  
tube on discharge current i0, in  a .c. discharge

increase in the ion-current com ponent is closely  related with the increase in 
the electron-current com ponent, the quotient o f  th e  tw o currents is, under 
given discharge conditions, closely related again w ith  the emission properties 
of th e  cathode. Under the conditions of a d .c. d ischarge, it m ay be sta ted  
with a reasonable degree o f approxim ation th a t —— if  the quotient o f electron  
current and ion current is sm all (essentially, th is  quotient is, in a figu rative  
sense, obtained from factor y, integrated for th e  num ber of ions arriving at 
the cathode face and allow ing o f interpretation in a similar manner) —  th is  
will po in t to  poor em ission properties of the cathode because the secondary
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em issio n  (the fundam ental process o f therm al ion generation) has a low  efficien
cy; therefore, at a g iven  cathode fall and discharge condition , to o  m any  
ions h a v e  to  strike th e  cathode to  the q u a n tity  o f electrons required for the  
discharge.

In  connection w ith  th is statem en t, th e  term  “ given discharge cond itions” 
refers above all to  a con stan t cathode fa ll, length  of cathodic dark space 
and dim ensions o f  cathode spot. In th e  change here discussed (associated  
w ith  th e  current increase), th e  increasing ion  current caused a rise in the  
ca th o d e-sp o t tem perature and the resu lting higher electron concentration  
d isp en sed  w ith the need o f a great cathode fa ll. On the other hand, how ever, 
th e  requirem ent o f increasing ion currents necessitated  an increase in  the  
a x ia l dim ensions o f th e  negative  glow (in accordance with th e  relationships 
p resen ted ). In the arc-discharge current range, it  is at those current densities 
th a t  th e  cathode actually  becom es a therm ionic cathode; at th a t p o in t, the  
role p la y ed  b y  the cathode coating becom es predom inant (in self-sustain ing  
discharges). This is w hy, in th is instance, th e  em ission current o f th e  cathode is 
far from  th e saturation  range —  dem onstrated  b y  actual experim ents with  
th e  sam e tubes. On the other hand, th is m eans that the electron  current 
e m itte d  b y  the cathode tends to  increase linearly w ith tem perature along 
th e  sm all section investigated  b y  us. This accounts for the fact th a t th e  func
tio n s  o f  cathode fall, cathode spot and em ission current presented  so far 
(representing rather sim ple conditions) can be described w ith a stra igh t line. 
A lth o u g h , as has been m entioned in th e  Introduction, the field  strength  in 
fron t o f  th e  cathode m ay contribute to  th e  em ission b y  the cathode (Schottky  
e ffec t), th is effect remains apparently negligib le compared w ith th e  therm ionic  
e ffec t in  the cases studied  b y  us (where linear relationships w ere obtained).

T he results o f experim ents w ith neon  doping could not be expressed as 
linear relationships —  presum ably because o f  the reasons m entioned  there. 
H ow ever , in all the three cases, em ission processes arose w ith th e  cathode, lim i
ted  b y  th e  space charge and located outside th e  saturation current range. 
A ccord ing  to  approxim ative calculations, th e  field  strength in front of the  
ca th o d e  did not exceed in any of the cases 10— 50 Y/cm (in th e  average) —- a 
fa c t  p o in tin g  to  the subordinated role o f  th e  Schottky effect. On th e  other 
h a n d , th is  brings about evidence of the high-grade construction o f cathodes 
in  th o se  fluorescent lam ps. B y  the use o f  a cathode coating enhancing the  
electron  em ission the work function  of th e  cathode is reduced and th e  cathode 
op eration  is made more econom ic. In  th is  w ay , the high accelerating field  
in  fron t o f the cathode and the great cathode fall will be d ispensed with. 
I t  is ev id en t from the foregoing th at th e  electron em itter coatin g  o f  useful 
properties has m ade possib le a direct reduction  o f the cathode fa ll. H ow ever, 
as h a s been pointed out earlier, the d im ensions o f the cathodic spaces, and 
th e  cathode fall proper, are dependent —  in addition to the properties o f the
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em itter and the construction of the cathode filam ent — on the cath od e-sp ot 
tem perature (as a fundam ental param eter) as well as on the gas pressure, 
the neon doping and th e  m agnitude of d ischarge current. Although no in v esti
gation has so far been m ade on the effects o f  au xiliary  electrodes in th e  cathode  
space, their presence is also likely to in flu en ce  both the fundam ental para
m eters and their relationships.
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D ie Abhängigkeit katodischer E igenschafter von  dem Neon Zusatz und von  dem  
Entladungsstrom . Bisher wurden keine solche D a ten  v o n  Experim enten b eh an d elt, d ie den 
E influß des N eon-Zusatz-G ases auf die katodischen E igenschaften  der Q uecksilberdam pf—  
Argon E ntladungen  angegeben hätten . Als R esu lta t unserer Experim ente haben w ir nachge
wiesen, daß der K atodenfall, die B rennflecktem peratur, die Länge der katod ischen G ebiete  
sowie die Feldstärke der positiven  Säule, der Spannungsabfall und die L eistungsaufnahm e  
der Entladungsrohre von  dem  partialen Druck des N eo n s abhängen. Die A b h än g igk eit der 
katodischen Eigenschaften von  dem  E ntladungsstrom  wurde ebenfalls festgelegt. D ie  Zusam 
m enhänge wurden m it A nw endung der bisher g ek an n ten  plasm aphysikalischen D a te n  inter
pretiert.

Зависимость катодных свойств от добавки неона и от разрядного тока (Й . Ф. Б и т о . ) .  
Экспериментальные данные, описывающие влияние разрядов добавочного неонного газа 
и ртутных паров — аргона на катодные свойства, до сих пор еще не были опубликованы. 
Зависимость падения напряжения на катоде, температуры катодного пятна, длины 
катодных пространств, а также электрического градиента положительного столба, далее 
падения напряжения разряда и ее мощности от парциального давления неона показана, 
как результат наших исследований. Зависимость катодных свойств от разрядного тока 
определена таким же образом. Найденные соотношения интерпретированы использова
нием плазменно-физических данных, известных до сих пор.
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ANALYTIC CALCULATION OF DIRECT 
OR COUNTERFLOW HEATING OF SOLID CHARGES

K. SEITZ and J. FÜ L Ö P  

[M anuscript received M ay 9, 1967]

The paper deals w ith  the calculation of the heating o f a solid charge by direct or counter  
current. The partial differential equation system s describing the physical processes exam ined  
in the paper are solved by the help o f a new m ethod called “non-orthogonal”  extension. 
W ith the above outlined calculating m ethod the m athem atical description o f such 
heating processes becom es possible in the course of which —  owing to the in teraction  o f the 
tw o m edia —  the tem perature of the heat transporting m edium  changes continuously .

Symbols

T  =  T (x ,y )  
Г  =  T'(x, y )
T0
Tó
V
v'
a
A
c
v;
c
/

tem perature o f the charge depending on its location [°C]; 
tem perature of the heat transfer m edium  [°C];
hom ogeneous tem perature of the heat absorbing medium at entry  [°C];
tem perature of the heat transfer m edium  at entry  [°C] ;
rate o f travel o f the heat absorbing m edium  [m /h];
flow  v e lo c ity  o f  the heat transfer m edium  [m /h];
coefficient o f convective  heat transfer [kcal/m 2h °C];
coefficient o f heat conductance of the heat absorbing m edium  [kcal/m h °C];
specific heat o f the heat absorbing m edium  [kcal/kp °C];
bulk density  o f  the heat absorbing m edium  [kp/m 3];
specific heat o f the heat transfer m edium  [kcal/kp °C];
specific gravity  o f  the heat transfer m edium  [kp/m 3].

I . Introduction

H eating w ith a continuously  varying tem perature of the h eat transfer  
m edium , due to  the interaction o f the tw o m edia, is frequent in  industrial 
processes. In w hat follow s heating will refer to  heating or cooling. Such pro
cesses include, for instance, heating in industrial furnaces or chem ical equip
m ent, where the tem perature o f both the heat absorbing and the h eat transfer  
media continuously varies in function o f the length  o f  the equipm ent, according  
to  their respective heat capacities. The tem perature o f the heat transfer medium  
would, nam ely, remain constant throughout the process only if  its h eat capac
ity  would be “ infin itely  large” in relation to th a t o f the heat absorbing m edium . 
Since, however, no such extrem e dim ensions occur in industrial processes, the  
tem perature of the heat transfer medium cannot be regarded as being nearly  
constant and a tem perature which varies due to  the interaction o f th e  two  
m edia must be determ ined.
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W hen such realistic conditions are being considered, the m athem atical 
m od el o f  the heating process can no longer be expressed b y  a single partial 
d ifferentia l equation, b u t another equation m ust be found which expresses 
th e  la w  o f interaction o f th e  tw o media w hile th e y  are heated up.

II. The purpose of the calculation , assumptions

T he example on F ig . 1 w ill be studied to  elucidate the case. In the channel 
w ith  th e  cross section E F G H  a charge of th e  cross section  A  BCD  (heat absorb
ing  m edium ) travels at a v e lo c ity  of v, in th e  channel with the cross sectiou  
A B L K  and M C D N  th e  h ea t transfer m edium  proceeds at a ve lo c ity  o f v' 
in  th e  direction o f th e  p o sitiv e  axis y .

For the form ulation o f  the m athem atical m odel, the follow ing assum p
tio n s h ave been made:

a )  Since the charge o f  the cross section  A  B CD  has no therm al losses 
over th e  surfaces A C  and B D ,  heat flux  in it tak es place only in th e  direction  
o f  y ;

b)  there is no h eat conduction in th e  charge in the direction of y ;
c)  the channel o f  th e  cross section E N G F  has no heat loss to  any external 

m edium ;
d )  the m athem atical m odel holds true for th e  steady sta te  only, in which  

co n sta n t tem peratures are set in tim e to  an y  given cross section  o f the  
channel;

e)  the tem perature o f  th e  heat transfer m edium  is the sole function  of 
T *  (i.e . com plete m ixing is assum ed to take place in the heat transfer m edium , 
and th e  thus attained m ean tem perature is used in the calculation).

T he geometry o f th e  system  is shown in F ig . 2.
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\ \ v >
л у о

u 4  \  V 4 y  + d y

d y

F ig .  2

III . The general principle o f  the calculation

For the form ulation o f the system  o f d ifferential equations o f th e  m ath e
m atical m odel, le t us study th e  heat balance along a differential section  of 
th e  channel. To do th is, we shall set out from  th e m ost general form  o f  the  
equation o f transport:

Я ф
--------h d iv  I  -f- q =  0 (1)

in w hich the first member, obviously, stands for the variations o f  th e  local 
density  w ith tim e, the second for the d ivergence o f  the flux  and th e  th ird  for 
the source, or sink, respectively.

B eing no source in our m odel, th e  process under review is sta tio n 
ary and th e  first and third members o f th e  transport equation are equal to  
zero. The shorter form which characterizes th e  process in hand is:

div I  =  div (A grad Ф —  гФ) =  0. ( la )

Substitu tin g  the tem perature T  for th e  general variable and referring  
the equation only  to  tw o spatial directions according to the m odel (since in 
the m odel conductance takes place in th e  d irection x  and the charge travels  
in the direction y ,  from the gradient th e  derivative according to  x  and from  
the con vective m em ber the velocity  in th e  direction of у  w ill rem ain), we 
obtain the follow ing equation:

л ? (lb)
Qy vcy  Эле2

while equation (3) will yield the heat balance o f  the differential e lem ent of 
the charge.
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For th e  location-dependent tem perature o f  th e  charge the Fourier law  
holds true:

3 T  3 2T
a

8 y  Э х2

where

v c y

S econdly  let us w rite dow n the heat balance o f  th e  heat transfer m edium . 
The q u a n tity  o f heat entering through th e  cross section  1 is equal to:

dqB =  2 h ' d v ' c ' y ’ T * { y ) .  (2)

P art o f  it  escapes across cross section 2:

dkl =  2 h d v ' c ' y [ T * ( y ) + d T * ( y ) ] ,  (3)

w hile th e  difference betw een  th e  tw o is tran sm itted  to  the charge:

qk2 =  2 d d y x [ T * ( y ) ~  T ( L , y ) ] .  (4)

Substitu tin g  the relations (2), (3) and (4) in to  the relationship:

Чв  —  4k \  +  4 кг ■> ( 5)

th en  reducing and sim plify ing, we arrive at th e  differential equation:

^ = - 7 7 ^ V v [ T*(r) T ( L , y ) ] -  (6)d y  h у  с  V

T he N ew tonian boundary condition holds true for two surfaces o f the  
charge:

- ? - T ( L , y )  =  h [ T * ( y ) - T ( L , y ) ] ,
d x

3

3*
T(  —L , y ) =  h [ T * ( y ) - T ( - L , y ) ] .

The starting  conditions were:

T(x,  0) =  T *  

T * (0) =  T 0*
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and th e  above equations, together:

QT(x >y) _ a 92 T ( x , y )
Эу  Эх2

(И )

=  ~ b [ T * ( y ) —T(L,  у ) ] , 
a y

(12)

y )  = -  h [ T * ( y )  —T ( —L , y ) ] , 
dx

(13)

~~~ T { L , y )  =  A [T *(y ) — T ( L , y ) ] ,  
dx

(14)

т(х, о) =  t 0: (15)

T* (0) =  T0* (16)

y ie ld  th e  system  of differential equations for the above problem  o f heat
ing up.

L et us now solve the system  o f differential equations (11) and (12) 
under th e  conditions determ ined b y  (13), (14), (15) and (16). L et us introduce 
th e  function

F ( x , y )  =  T(x,  y )  —  T*  (y) (17)

w hich will make equation (1) assum e the following form:

a Fxx =  F, +  T*'(y) .  (18)

T he criteria (13), (14) and (15) can now be w ritten in the fo llow ing form:

F(x,  0) =  T0 —  T0* , (19)

F X{L, y )  =  — h F  (L, y ) ,  (20)

F x ( - L , y )  =  h F ( - L , y ) .  (21)

A ccording to (12) and (17), the d ifferential equation (18) can he put into the 
fo llow ing form:

aFxx(x, y )  =  F t(X, y )  -  bF(L,  y ) . (22)

The solution of th e  partial differential equation (22) can b e found in 
th e  form :

R ( * , y ) =  £  x k(x) (x)e-aW . (23)
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C ollating the relations (22) and (23) we obtain

2  [oX'k( x ) + a p l X k{x) b X k(L)] e -« * *  =  0.
Ä=1

A ccordingly , owing to  (20), (21), (23) and (24):

a X k(x) +  a[4c X k(x) b X k(L) =  0;

X'k( L ) =  h X k(L) ,

X'k( - L ) = h X k( - L ) .

The general solution  o f th e  differential equation  (25) is as follows:

X k(x) =  — -  X k( L ) + A kc o s n k x + B k s i n n kx.  
Oju%

(24)

(25)

(26) 

(27)

(28)

A ccording to  the equality  (28):

X k(L) — -----— X k(L)- \-Ak cos [ik L + B k sin fik L  ,
ацк

X k(L) =  af k (A k cos fik L +  B k sin fik L ) .
аГк — 0

(29)

(30)

S u b stitu tin g  into the eq u a lity  (28) the right side o f (30) instead of X k(L):

X k ( x ) = A k cos цк х +
afi\  b

cos fik L\ - f  B k s in ^ ie - l -  - s in  [ikL
afi \— b

D eriv in g  both sides o f th e  equality  (28):

X k( x ) X k\x\ =  - A kfik sin* x +  B k f*k cos fik X . 

W ith  th e  relations (26), (30) and (32): 

ha/uk

.(31)

(32)

сцл I — b
cos ц кЬ  — fik s in  fik L

. hauk , '
+  \Рк c°s  -|------- ------— sin fxk L

аГк — b
B k= 0.

(33)

S im ilarly  to  equation (33), according to (27), (31) and (32):

_ haul T
/j,k s in [ikL ----—— ------ cos nkL

af4  b
A k-\- ftco s  fikL  -f- h

a/uk — 26 .

а/лк 6
s in ^ L  B k= 0.

(34)
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The system  consisting o f  equations (33) and (34) will have a solution  
which differs from th e triv ia l only when th e  sy stem ’s determ inant is 0. This, 
how'ever, holds true on ly  if  the /лк quantities w ere determ ined from th e  fo llow 
ing equation:

hafi\ cos2 Цк L H k \  & +  « /4  A3 a) sin,( L  cos /гк L  - 

h(a/ik b) sin2 [J? [xk L  =  0.

A ccordig to the relationships (19) and (23):

(35)

oo
V  X k(x) =  T0

k= 1
(36)

and, obviously, ow ing to  the equality o f (31) and (36):

B k =  o. (37)

Accordingly, in  consideration of (23), (31) and (37):

b
F(x ,  у )  =  У' A k cos [ikx-\-

k= 1 a/uk b
cos juk L\ e~atây . (38)

I f  (37) holds true th en , ow ing to  (20), (21) and (38) /лк, instead o f (35), m ust 
sa tisfy  the eigenvalue equation:

tan fik L
ha'2 fik 

ац\  — b
(39)

A fter the derivation  o f both sides o f  th e  (17) equality according to  x ’ 
th en  substitu ting  L  for x,  we arrive at:

T x(L ,y )  =  Fx( L , y )  .
O wing to  (14) and (40)

1 в д у )  =  Г * (у ) -  T ( L , y ) .  
h

From  the relations (12) and (41) it follows th a t

dT*{y)
dy

~ F x( L , y ) .
h

(40)

(41)

(42)
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b ГУ

F rom  the above eq u ation , according to  (16):

Т * ( у ) = П - - ^ - Г  FX( L , у )  dy .  
h Jo

(41)

From  th e  relations (38) and (43) we obtain th e  equality:

b Cy
T * { y ) =  r o +  —  j sin  iuk L  ' e~a4y dV

h Jo k=l

sin UvL .» Л / _-C(e-arf y— 1 .П — г  2 a *--------ah k=l

A ccord ing  to (17) and (44):

t (x, y)  =  f ( t , j ) + T ; - 4 2 ^  s m ^ L ( e ^ ^ i ) .
ah k=i f*k

S u b stitu tin g  into (45) th e  right side of (38) for F  (x , y)  we obtain

b
T ( x , y ) = T * 0 +  £ A h

к* 1
COS fj,k  x - \ -

atfc b
co s/tkL е~а/,1сУ

(44)

(45)

± 2 Л ^ ( е ^ - 1 ) .
ah k= 1 Vk

(46)

In  consideration o f  th e  eigenvalue equation  (39), (46) m ay also be w ritten  
in  th e  follow ing form:

T(x ,y )=T *0+  b-  2 ' A k SmMkL +  j ? A kc o s j u t x e - ^ y .  (47)
ah k=l iak k=i

The coefficien ts A k o f th e  eq uality  (47) are determ ined from th e equation;

» 6 )
У А к COS[lk X H------ ------ - COS flk L  =  T0 -  * (48)

k = i  a n i  —  b  )

ob ta in ed  b y  the com bination  o f the relations (36) and (38).
S ince the functions in brackets on th e  le ft side of the equation (48) do 

n ot y ie ld  an orthogonal system  o f functions in  th e  interval (—L  ; L), th e  A k 
coeffic ien ts cannot be determ ined according to  th e  m ethods used in th e  Fourier 
exp an sion .
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In the follow ing, the coefficients A k will be determ ined b y  a “ non- 
orthogonal” expansion in series. W riting down the differential eq u ation  (25) for 
X k(x) and Xi(x),  then  m ultip lying th e  first equation by X[(x)  and  th e  second  
one b y  X k(x), we obtain th e  follow ing system  of equations:

аХЦх) X,(x)  +  аИ1 X k(x) X,(x)  -  b X k(L) В Д  =  0 , (49)

aX"t {x) X k(x) + a r f  X k(x) X,(x) - b X , ( L )  X k(x) =  0 . (50)

D educting (50) from (49), subsequently  integrating both sides o f  the thus 
obtained equation from  —L  to  -\-L:

а I [X"k(x) X , ( x ) —X K x ) X k( x ) ] d x + a ( f i l - t f )  J  X k( x ) X , ( x ) d x  

b X k(L)j L X , ( x ) d x + b X , ( L ) j L X k( x ) d x  =  0 .

Combining the relations (26) and (27) w ith (51) we arrive a t th e  equality:

а ( /4  - а* ? )Г  X k( x ) X l( x ) d x  =  b X k ( L ) f L X ' W d x - b X t i L )  Г X k(x )dx .  (52) 
J - L  J - L  J -L

Let f (x)  be a continuous function  in the interval o f (— L ,  L).  N ow  let 
us expand f(x)  into a progressive series according to the fu nctions X k(x):

2 A kX k( x ) = f ( x ) .  (53)
k= 1

M ultiplying both sides o f (53) equality  w ith X,(x)  and in tegratin g  them  
from  —L  to  L :

j g * A k ( L X k( x ) X , { x ) d x + A Á L X f ( x ) d x .  
J - L  J -L

(54)

in the relation (44) indicates th at the sum m ation in d ex  kx in the
A= I

sum m ation m ay assum e each value along the (1, 2, 3, . . . , l —  1, Z -)- 1, 
/ -f- 2, . . . ). From the equations (52) and (54) it follows th a t

( L / ( * )  x , ( x )  dx =  2 *  A k Í b X k(L) [ L X, (x)  dx
J - L  L«W- W)  J - L

-  X ,(L)  Г  X k(x) dx  +  A,  f L X ^ x )  dx.  
l )  J - L  J J - L

(55)

a (/4
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In  consideration o f th e  equalities (31) and (37) w e arrive at the equalities

sin fxk L
f L X *(x ) dx =  2 (Lb-\-ha)

X k(L) =  sin ftk L .  
h

ha ц к

A ccorg in g  to (56) and (57):

2(ha +  Lb)
J  X k{ x ) d x = ^ - J  - >  X k(L).

aßk

A ccord ing  to (57) and (58):

bX :( L ) ^ X , ( x ) d x  - bXi(L)  j L X k(x) dx

—  ( h a + L b )  X k(L) X, (L) .
a [ik -nf

(56)

(57)

(58)

(59)

A ccordingly, com bining (55) and (59) we shall obtain:

r L 2b ' “ 1 r L
f ( x ) X l(x)dx  =  —  ( h a + L b ) £ A k - — X k( L ) X l( L ) + A , \  X j (x )d x .  

J - L  a k=1 J _ L

In  v iew  o f the equality (56) :

j f ( x ) d x  =  —  (ha +  Lb) j g A k ^ — X k(L).
J - ь  a  fi%

(60)

(61)

W ith  relations (60) and (61):

"+L b 1
/ (* )  X[(x) dx  = ------------ X,(L)  I f ( x )  d x  —

- L  a  [à* J  -  L

2b 1 r L
- — (Ьа +  Щ  —  ^ Х Ц Ц + А Л  Xf (x )d x .

a 2 J - L

After rearrangement:

( f ( x) X i(x ) dx  -  —----- ~y x i iL ) I f ( x ) dx  =
J - L  a u t  J _ L

=  A X

(62)

L 2b ^
X f  (x) d x ------ -- {ha +  L b ) -----X j ( L )

U - L  a2 / 4
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( /(*) x i (*) d x -----V  X ‘ (L) Í /(*)
J -L  « ft J -L

From  equation (63):

A , =
Г  X H x ) d x - 2 b { h a + L b )  X'f(L) 

J —L Ö2 f l f

which com pletes th e  determ ination o f the coefficien ts А/.  
It is ev id en t th at

and
f (x)  =  T0 —  T*

д  _/гр T*) 2 ah/xt sin  L
aLhju2l -\-(a//f-\-b) sin2 /xl L

W ith the equalities (44), (47) and (66):

(64)

(65)

( 66)

т ; - т ( х , у )  _== V 2ahfik sin fxk L
T* 1 о

and

k~i aLli/il  +  (a/ik +  b) sin2 [лк L  

“ 2 b sin2 fik L
kfl aLhfjl  +  (a /4  - f  b) s in 2 fik L

cos цк X е~а̂ У  +

(67)

T * ( y ) - T t  =  “ ________2 b s in2 fik L
т0 -  T* k_i аЬЬ/г2+ ( а / г гк+ Ь )  sin2ц к Ь

(1 e~a“iy) ■ ( 68 )

B y h eatin g  in counterflow, th e  heat transfer medium enters at th e  cross 
section V— H  and the tw o media (heat tran sm ittin g  and heat absorbing) flow  
in opposite d irections. The m athem atical m odel o f  this heating p attern  will 
be obvious from  w hat has been show n above:

9T { x , y )  _ 82T (* ,y )  

dy  a d2x
(69)

-dTy  = b [ T * ( y ) ~ T ( L , y ) ] ;  
ay

(70)

Tx(L ,y )  =  h [ T * ( y ) - T ( L , y ) ] , (71)

Tx( —L , y ) =  h [ T * ( y ) —T ( —L , y ) ]  ; (72)

T(x,  0) =  To, (73)

T*(H) =  T 0*. (74)
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To solve the exam ple, le t us first so lve th e  system  of differential
tion s

a  8 2  T (*> У ) =  Q T ( X , У )

Эя2 d y

and

dTy ] =b[T*{y)~ T(L,y)]  
a y

under th e  following startin g  and boundary conditions:

T(x,  0) =  T0, (77)

T*(  0) =  T*, (78)

Tx ( L , y )  =  h [ T * ( y )  T ( L , y ) ] ,  (79)

Гх ( L , y ) =  h [ T * ( y )  T( L , y ) ] .  (80)

equa-

(75)

(76)

T h e solution of (75), (76), (77), (78), (79) and (80) will ev id en tly  b e the  
sam e as th a t of the sy stem  composed of th e  equations (11), (12), (13), (14), 
(15) an d  (16), provided th a t b is replaced b y  — b in  (12). H owever, care m ust 
be ta k en  that in th is particular case the /uk e igenvalues, instead o f th e  equa
tio n  (39), m ust be determ ined from the eq u ation

tan  /iL
h а /г

a/jr-^b
(81)

U nlike (39), the equation  (81) has an im aginary root, too. T his latter  
is su ch  th a t when su b stitu ted  for /q in th e  equations (67) and (68), th e  first 
m em bers of the series w ill becom e real, like all other members. A ccordingly, 
ta k in g  in to  consideration th e  equations (67) and  (68), we shall have:

П ~ Т ( х , у )  

T*  — 7V,

2ahfxk sin ц к L

k t l aLhfx 1 +  (ajul — 6) s in 2 ц к L  

“ 2 b sin2 fxk L

aLhfjL2k-\-(afj.k b) sin2 /ik L

T * ( y )  П  “ ________ 2 b sin2 fik L

T0 T* k f i  aLh^\-\-{afx\ -  b) s in 2 fik L

cos ai‘i y

(е~а̂ У 1).

(82)

(83)

A lthough the va lu e o f  T*  is not know n in advance in the counterflow  
prob lem , it can be determ ined  from the eq u ation  T*(H) =  T* in possession  
o f T*.  N am ely, in consideration  of (83):
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т ; - п =  V 2 6 sin2цк L  ___  н
Л I /_..2 l\ •_•> .. г ' ' ’Ти Т* kTi aLhtik+ ( a f i k — b) sin2 ц к L  

w hence, denoting the right side o f equation (84) b y  k(H),  we obtain:

k(H )T 0 T*

(84)

T!
k(H)  1

(85)

Substituting T* and (83) by the right side o f (85) in the relation (82), we 
arrive at the solution o f th e  counterflow  problem .

B oth the direct and counterflow  solutions can be rendered more clear 
and easier to  survey b y  introducing th e  criterion o f sim ilarity, as is usual in 
therm odynam ics. The N usselt number is

N u = (86)

and the m odified Fourier member:

F  _  ^У_ 
oy~  L- •

(87)

The ratio o f heat capacities entering during the unit o f tim e is

2 vcyL vcyL
P =

2 v'c'y'h' v'c'y'h'
( 88 )

Taking in to  consideration th e  equations (86), (87) and (88), th e  direct flow  
solution  o f (67) and (68) will appear in the fo llow ing form:

П  -  T ( x , y )  
T * - T 0

T l  -  T * ( y )

=
„ cos ôk xlL  „ ,
ôk  ----- - î — !—- e - po»ei +  p

sin Öl,

T* T1 -*0

<Fk =

=  лУ р (1к(1 e F°>at) ,
k= 1

2 sin 2 ôk

à%+ôk sin ôk cos ôk-\-2j> sin2 ôk

(89)

(90)

(91)

The equation which corresponds to  equation (39) is the transcendent 
equation:

tan ôk =  - k------- . (92)
— * ---------p

N u
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=  T { x , y ) d x
J - L

M aking use о equation (89) and

(93)

th e  m ean  tem perature o f  th e  h eat absorbing m edium  w ill be:

T°* ;  Т{0; У)-  =  2 < Р ' Л е - ро>°1 +  р ) ,  (94)
1 0 — J4 fc=l

w h ile  th e  following core tem perature w ill arise in th e  heat absorbing m edium  
i f  X =  0 is substituted in to  th e  equation (89):

T ( y )
T* T  1 о ло k=1 1 smdfc

~ F c»  й Г - ( -  P (95)

T o obtain the surface tem perature o f th e  h eat absorbing m edium , 
+ L  is substituted  in to  equation (89) :

-T° TiyTr2  ~  -  =  j g  <Pk (ôk cot e - Fo»^+ p  .
i  о -*0 fc = l

(96)

A ccord ingly , the relations (94), (95) and (96) can be used to  advantage in the  
ca lcu la tion  of heating problem s w ith a direct flow .

T he solution o f th e  counterflow  heating problem , on the other hand, 
is as follow s:

w here

T*0 T ( x , y )

n  T0

" „ cos dr,x lL  „
=  >  <Pk àk ------. * /  e~ F^ l ~ p  ,

k=1 Sin dfc
(97)

T0* -  T * ( y ) cm

=  У  p'tk
k = l

p  —  F I I (98)
To -  T0

2 sin2 ôk
ôk-\-ôk sin ôk cos ôk— 2p  sin2 ôk

w h ile  th e  outlet tem perature of the gas is T|J. A lthough th is is unknow n, 
it  can  be obtained from th e  relationship

T*{H)  =  TÓ, (99)
sin ce

H  (loo)
T 0 1o ft=i
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which readily enables th e  determ ination o f T*. According to  th e  relationship  
(81) we have:

tan  ök ôk
з _
N u

( 101)

As per the above, in  possession o f TJ th e  mean tem perature o f  th e  heat 
absorbing medium is

г,*- T ( y )
T * o - T u

=  2  <Pk (e~ Fo,al - p )
k= 1

( 102)

and the core tem perature:

т ;  -  г(о,у)
П - т 0

Í---- -—- e  ры 9к — p
\ sin ôk

The surface tem perature:

T S - T ( ± L , y )

T*o -  T0
^  (pk {f)k c o t ô ke F«>di -  p )  .
fc=l

(103)

(104)

D irect and/or counterflow  heating problem s, in addition to  th e  analytic  
solution , can be solved also b y  approxim ation. From among th e  k n ow n  approxi
m ation solutions, we h a v e  chosen th e  relaxation  method and do not seek 
for the tem perature d istribution  in th e  m aterial and in the gas as a continuous 
function  o f place. For th is  purpose, we cover the system  w ith  a m esh having  
Ax  and A y  spacing, and calculate th e  tem peratures at the m esh p oin ts.

The values of the first and second dérivâtes in the system  o f  equations 
can be determ ined from  th e  formula o f  th e  Taylor series. L et us denote the 
m esh points in the direction  of x b y  m, and those in the d irection  o f  y  b y  the 
index  n (F ig. 3). According to  the T aylor form ula, in the direction o f  x  we obtain

5 Acta Technica Academiae Scientiarum Hungaricae 68, 1970



6 6 К . SEITZ and J . F Ü L Ö P

\

an d

Tm_ l n ~ T mn — zix

Э T 1 , (Э2 T )
-f- —  d x - ----—Эх m,n 2 l 9 i  )

(Э T) 1 . . Э2Т )
H------- Ax-

(S x j m,n 2 8Í

A d d in g  the two eq u ation s, w e arrive at

Í Э 2T
I Эх- m,n d x 2

w h en ce

In the same w ay, in th e  direction o f у

Tm,n + 1 =  Тт,п +  ЛУ

d T

Э T  \

9y Im.n

T Tm + n+1 m,n

9J  )m,n ДУ

S u b stitu tin g  the relations (107) and (108) in to  th e  Fourier equation

Í Э Т 1 Í Э2 T "j

1 дУ \m,n Эх2
w e obtain:

m,n

T  _ а 4У /j» i f  \ I (i 2 a A y  1 j,
1 m,n+ 1  ̂ 0 v ^ / n + l . n i ^ / n —1,п/  I j 1  /I о Lm,n

A x 2 Zlx2

w h ich  holds true for b o th  th e  direct and the counterflow  system s.

(105)

(106)

(107)

(108) 

(109)

( 110)

I V . Direct flow  system

In a direct flow  sy s te m  both the heat transfer and the heat absorbing  
m ed ia  proceed in the d irectio n  o f the у  axis. In  such  a case both m edia enter  
th e  sy stem  at the cross se c t io n  x =  0. The m ath em atica l model of the direct 
f lo w  system  is illustrated  in  equations (11)— (16); their transform ation into  
difference equations w ill y ie ld  th e  relaxation eq u ation s for the problem studied .

T he difference eq u a tio n  (110) corresponding to  (11) is

Tm,n + 1 —
a A y

d x 2"
2 « d y  I

A x  ]
Tm,n ( i n)
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while th e  boundary condition as per (14) is

dT{^ y )  =  h [ ( P ( y ) — T ( L , y ) ] ,

which yields the picture seen in Fig. 4. Transform ing also the d ifferential 
equation for the heat transfer medium (12):

T  TF . n  F — l,r>  I /ГТ1* r p  \
=  п \ л  n ~ 1 F ,n )  ■>

Ax

TF_ u , +  h A x T * 

l - \-hAx
( 112)

Transform ing also the differential equation for th e  heat transfer m edium  (12)

* Ç -  =  b [ T * ( y )  T ( L , y ) ]
dt

in to  a difference equation

Ф *  rT *
л п + 1 1n

Ay
— —b ( T * —TF n),

i.e.
Tn+1 = (  1 ЬАу)-Т'п+ Ь А у Т Р п. (113)

Equations (111), (112) and (113) will yield th e  relaxation solutions, togeth er  
with the original stipulations

T(x,  0) =  Г0, (114)

T*(0) =  T0*. (115)

Through these equations it is possible to  calculate the tem peratures of  
the cross section  w ith  the index (n -f- 1), provided th a t the tem perature o f  the  
heat absorbing m edium  in a cross section w ith  th e  index n is know n. Since
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th e  tem peratures corresponding to the in d ex  n =  0 are given b y  (114) and 
(115 ), th e  problem is, in fa c t, solved.

I t  should be noted  here that the b oundary condition (14), sym m etric  
w ith  th a t of (13), has not been taken into  consideration since, b y  d in t o f  the  
character  of the problem , th e  tem perature d istribution  of the heat absorbing  
m ed iu m  is sym m etric to  th e  y  axis. This fa c t, in the relaxation equations, 
w as tak en  into account p artly  b y  calcu lating th e  positive x  dom ain o f the  
h e a t  absorbing m edium  on ly  (due to th e  sym m etry) and partly  b y  setting  
th e  criterion that the m esh point tem peratures im m ediately above th e  axis y  
b e identica l with the tem perature im m ed iately  below  the axis y .

V . Counterflow system

T he relaxation program m e of the counterflow  system  is b y  and large 
sim ilar  to  that of th e  d irect flow  arrangem ent, since the tw o differential 
eq u a tio n  system s also hear m any sim ilarities. The differences lie in th e  point 
o f  en try  o f the heat tran sm ittin g  m edium and th e  sign of the param eter b in 
th e  differential equation  relating to  the h ea t transfer medium. As a result, 
th e  form ulas for relaxation  w ill be as follow s:

Tл т ,п  + 1  —

T1F.n —

rm + h n + T m- 1,n) +
Ax-

TF_ un +  h \ x T *

1 + h A x

1 Tm,n  1 (116)

(117)

T*n+1 =  ( l + b A y ) T *  b d y  TP n , 

T(x,  0) =  T(),

T*(L)  =  To.

(118)

(119)

W hen using th e  equations, certain d ifficu lties will arise from  th e  fact 
th a t , w hile the tem perature of the entering heat transfer m edium  is known  
in  th e  cross section у  — L , the tem perature o f  the entering heat absorbing  
m ed iu m  is known in th e  p o in t x =  0. The recurrent use of the re laxation  for
m u la  requires the know ledge o f both the h ea t transfer and the heat absorbing  
m ed ia  in the cross section  x =  0. I f  this requirem ent is satisfied, th e  relaxa
t io n  form ulas transform  in to  such a system  o f  equations in which each  mesh 
p o in t tem perature is th e  function  of the h ea t transfer medium leav in g  at the 
p o in t  x  — 0.

Arriving to th e  cross section x =  L  w here th e  tem perature o f  th e  enter
in g  h ea t transfer m edium  is known, the m esh p oin t tem peratures can be num eri
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ca lly  determ ined. For com puter program m ing, it is more rational to  assum e  
th e  tem perature o f  th e  heat transfer m edium leav in g  at x  =  0 in  advance, 
and vary it until th e  tem perature o f  th e  medium entering at the point x =  L ,  
and recalculated w ith  the assumed value, equals th e  one assum ed to  be in  
the boundary condition .

V I. Example

To compare the tw o  m ethods, a num erical problem w as elaborated for the counterflow  
case. The material constants o f  the heat absorbing medium (so l id )  are as follows: C oefficient o f  
h eat conductiv ity  A =  0 ,4  kcal/m  h °C, specific  heat c — 0 ,2  kcal/kg °C, bulk density  у  =  1500  
kg/m 3;

the constants o f  the heat transfer m edium :  specific h ea t c =  0,24 kcal/kg °C, specific  
g ra v ity  y '  =  1,3 kp/m 3, v e lo c ity  o f the heat absorbing m edium  v =  8 m /h, velocity  o f  the heat 
transfer m edium  v'  =  4300 m /h, coefficient o f  convective h ea t transfer a  =  100 kcal/m  h °C; 

furnace constants: H  — 10 m, h' =  0,10 m , h =  0 ,15 m ; 
initial temperatures: T(x,  0) =  0, //, 1000 °C.

Before perform ing the numerical calculation  of th e  ana ly tic  solution, it  is w orthw hile  
to stu dy  the transcendent equation which yields the roots. Corresponding to equation  (101):

tan =

T he roots <54 sought for are obtained from the points o f in tersection  of the curves

and
y , =  tan<5

(5

( 120)

( 121)

(see  also Fig. 5). Provided th at 1 Ip >  1, v iz . p  <  1, then th e  root á, falls to the in terval (0; л). 
Should  p  >  1, the first root will fall to the interval (2л; Зя).

A pparently, provided that p  >  1, equation (101) has a unique pure im aginary so lu tion . 
N am ely , let

t>k — rfb
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w h ere  i  — У — 1. In this case equation  (101) assum es the following form:

Pktan  h ß/c =

N u

T he ßk root to be determ ined  (we shall later on see that there is only one such lo o t)  
is  y ie ld e d  by the po in t o f  in tersection  o f the curves

J i =  tan h ß
an d

Fig. 6

(see  also  Fig. 6). The curves y ,  and у , have an intersection  M  only, provided th a t 1 >  U p,  
i .e .  p  >  1. Accordingly, if  p  >  1, then

Ô =  iß

(w ith o u t index, there being no more ß  solutions), where

0 ^  ß  ^  Уp N u  .

In  a case with p  — 1, 

T h e relation

9>i =

=  0 .

ô sin2
ój + bk sin ök cos f)k — 2p  sin2 ôk 

a fter  th e  substitution <5, =  iß  (provided that p  >  1) transform s into

2 s in h 2 ß
<Py = ß 2-{-ß sinh ß  cosh  ß  — 2p  sinh2 j

w h ere, obviously, У( is real.
M aking use of the constan ts: F okt =  0 ,296; N u  =  18,75 and p  =  1,3416 th e  follow ing  

r o o ts  are obtained: (5, =  0,964 and <52 =  4,215. In  w hat follow s, we shall ca lcu late  w ith the  
f ir s t  tw o  members of the series and point out where this satisfies the requirem ents and 
w h ere  i t  does not satisfy  them .

U sin g  the given con stan ts: <fx =  3,0733 and <р.г =  0,0885, the tem perature o f gas at 
e x it  (T J), on the basis o f
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т;-т'0
t S - t 0

=  pep, (е-^ «л Л1— 1) -j- p<p., ( е - Р ’н Ц  — 1).

where T0 =  0, is
Г* =  412,3 °C .

This value, as a result o f the relaxation  calculation, becom es

Г * ге =  419,2 °C .

In possession o f T *, the core tem perature T(0, H )  a t the po in t o f ex it o f the heat absorb
ing m edium , on the basis o f

T * - T ( 0 ,  Я )  

T i - T a
=  Ti í  +<p.  Í — e~F»B«l -p \

V sin 0[ I \  sin o2 )
will be

Г(0, H ) =  198 °C

obtained through the relaxation  calculation:

Г ге(0, H)  =  227,4 °C .
*

A t the poin t X  — H ,  in possession of To,  the m ean tem perature o f  the heat absorbing 
m edium  will be

T (H ) =  430 °C
on the basis o f

t ;  -  t (h )
=  ?>i (e-Fon  -  p )  +  <рг ( e - F ’H* 1 -  p)T* — T  1 о 1 »

and the sam e value through relaxation  calculation will be

Tee(H ) =  457 °C .

The heat balance, on the basis o f  either one of the tw o calculations, m ay be checked  
through the relationship:

To -  T0* =  p T ( H ) .

From  the analytic  solution , we obtained:

p f ( H )  =  576,9
and

To —  T* =  587,7 .

A long relaxation  calculation, we arrive at

p T re(H ) =  613,1 

T'o —  T*  =  581 .
and

A s will be apparent, in sp ite o f the fact that on ly  tw o m em bers o f the in fin ite series 
are taken into consideration, the heat balance o f the ana ly tic  so lution  shows a better agree
m ent than th a t o f the approach along relaxation. The results o f  another analytic solution  m ay, 
naturally , be rendered more accurate by taking more m em bers o f  the infinite series into con
sideration. The advantages o f the approxim ation through relaxation  give less calculation work 
and its applicability  for even more com plex cases, in w hich the analytic  approach would  
becom e excessively  involved .
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A nalytische Berechnung der Erwärm ung einer festen Ladung durch Gegenstrom
oder durch Gleichstrom. D ie  A rbeit befaßt sich m it der Berechnung der Erwärm ung  
einer festen  Ladung durch G egenstrom  oder G leichstrom . D ie partialen D ifferentia l
g leichun gen , durch w elche die in der A rbeit geprüften physikalischen Prozesse beschrie
ben w erden , können m it H ilfe einer neuen M ethode, der sogenannten »nicht orthogo
nalen« R eihebildung, gelöst w erden. M it H ilfe der oben erwähnten R echenm ethode wird die 
m athem atisch e W iedergabe von  H eizungsprozessen erm öglicht, bei w elchen die Tem peratur  
des wärm eübertragenden M edium s während des Prozesses infolge der W echselw irkung der 
zw ei M edia sich fortwährend ändert.

Аналитический расчет нагрева твердого заряда встречным или постоянным током
( К. Шейтц и Й. Фюлеп). В статье рассматривается расчет нагрева твердого заряда встреч
ным или постоянным током. Система дифференциальных уравнений с частной производ
ной, описывающая физические явления, исследованные в данной работе, решается с 
помощью нового метода, называемого «неортогональным» разложением. Указанный выше 
метод расчета позволяет математически описать те процессы нагрева, во время которых 
температура теплопередающей среды непрерывно меняется за счет взаимодействия двух 
сред.
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BESTIMMUNG
DER UNBEEINFLUSSTEN EINSCHWINGSPANNUNG  

MIT EINEM OPERATORENRECHENYERFAHREN  
AUS YORBERECHNETEN GLEICHUNGEN 

BEI DEN VERTEILTE PARAMETER ENTHALTENDEN
NETZEN

T. M IH ÁLK O V ICS
FO RSCH U NG SINSTITUT F Ü R  E L E K T R IS C H E  E N E R G IE , BU DA PEST

Eine B estim m ungsm ethode der a u f einem  gegebenen N etzpunkt auftretenden E in
schw ingspannung ist das au f dem Thévénin-Prinzip basierende O peratorenrechnungsverfahren. 
Für die N etze, die m it den konzentrierten nicht ersetzbare E lem ente m it verteilten  Param etern  
(z. B . Freileitungen) enthalten , sind die für die R echnung zugrunde gelegten charakteristi
schen Gleichungen ziem lich  kom pliziert. D am it die Betriebsingenieure diese R echnungen nicht 
ableiten  m üssen, h at H amm arlund  die Rechnungen für zahlreiche Strom kreise durchgeführt. 
D ie Erfahrungen des Verfassers haben aber erwiesen, daß es über die von H a m m a r l u n d  
abgeleiteten Strom kreise hinaus in einigen Fällen notw endig  ist, die A bleitungen auch für 
neue, mehr kom plizierte Stromkreise durchzuführen. Der Verfasser te ilt über die B eschreibung  
der M ethode sowie praktische B eispiele h inaus solche für neue Strom kreise ab geleitete  Er
gebnisse sam t H am m arlunds Strom kreisen in Tafeln m it.

I. Einleitung

E s ist bekannt, daß eine erfolgreiche U nterbrechung außer dem  unter
brochenen K urzschlußstrom  und der W iederkehrspannung auch von  der nach  
der Unterbrechung auftretenden Schalt-Ü berspannung, der sog. E inschw ing
spannung abhängt. D ie Charakteristiken der E inschw ingspannung werden  
durch die N etzparam eter und den L eistungsschalter zusam m en bestim m t.

Die von dem  L eistungsschalter n icht beein flu ß te, sog. unbeeinflußte  
E inschw ingspannung (im weiteren U .E .S .) au f dem  gegebenen N etzpunkt 
m uß bekannt sein . D ie Typenprüfung des L eistungsschalters an den H och
leistungs-Prüffeldern läuft bei gew issen vorgeschriebenen U .E .S . Param etern  
ab. Ob der L eistungsschalter au f dem gegebenen N etzpunkt eingebaut oder 
n ich t eingebaut werden kann, ergibt sich aus dem  Vergleich der für den  
L eistungsschalter garantierten U .E .S . Param eter m it denen der U .E .S . auf 
dem  vorliegenden N etzpunkt. D ie von  dem L eistungsschalter nicht beeinflußte  
E inschw ingspannung bildet also im  w eiteren das Them a unserer U ntersuchun
gen. Wir setzen also eine ideale U nterbrechung voraus (A bschnitt II . c).

Das auf dem Thévéninschen Prinzip basierende O peratorenrechnungs
verfahren der U .E .S . hat eingehend zuerst H a m m a r l u n d  [ 1 ]  untersucht und  
die Ergebnisse für zahlreiche Strom kreise gegeben. (D iese Strom kreise kom m en  
in der Literatur unter der Bezeichnung A  1, A  2 , . . . ;  В  1 . . . ;  С 1 . . . usw . vor.)
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In  unserer Praxis hat das untersuchte N etz oft irgendeinem  von H a m m a r - 

L 0 N D  abgeleiteten  Strom kreis entsprochen, aber bei einigen kom plizierteren  
N etzen  w ar es notw endig, die R echnungen auch für neue Strom kreise abzu
le iten . (D ie  Stromkreise M l ,  М 2 ,  М3,  M4,  M6. )  E in  gewisser Teil dieser neuen  
S trom kreise berücksichtigt beispielsw eise, daß man unter inländischen U m 
stä n d en  in vielen Fällen keine unendliche Speisung voraussetzen kann. U nter
su ch t m an kom pliziertere Strom kreise, d. h. n im m t die Zahl von N etzelem enten  
zu, so werden die zugrundegelegten  charakteristischen G leichungen der 
R ech n u n g  immer kom plizierter. D ie R echnungen sind wegen der zuneh
m en d en  Gradzahl und der in  ihnen vorkom m enden T angentenfunktionen  
zw eck m äß ig  mit R echenm aschinen durchzuführen.

II. Grundbedingungen der Rechnungen

о )  M essungen und theoretische Ü berlegungen zeigen, daß der erst
lö sch en d e Pol des dreipoligen K urzschlusses ohne Erdberührung die größte 
S te ilh e it von  U .E .S . sowie die höchste W iederkehrspannung ergibt, die im  
allgem ein en  das 3/2-fache der Phasenspannung beträgt. Deshalb wird im  w eite
ren d ieser Fall untersucht.

b)  In  unseren R echnungen  werden die verlustlosen  N etze in R etracht 
gezogen ; die Däm pfung wird also nicht berücksichtigt, die N etzelem ente  
w erden nur m it ihren In d u k tiv itä ten  und K apazitäten  abgebildet. D iese B e
d in gu n g  vereinfacht die R echnungen bedeutend, m acht aber die V erw endbar
k e it unserer Ergebnisse n ich t schlechter. Für den L eistungsschalter ist der 
A b la u f der Schwingung nur bis zur ersten oder zw eiten  Spitze — im allgem einen  
bis zum  Z eitpunkt der m axim alen  A m plitude — von  entscheidender B edeutung, 
in d iesem  Zeitbereich ist aber die D äm pfung ziem lich klein, w ie aus den 
B ildern  5 bis 8 des Z ahlenbeispiels hervorgeht.

c)  W ir setzen also eine ideale A usschaltung voraus, der L eistungsschalter  
sch a lte t  also im N ulldurchgang aus, die Lichtbogenspannung ist N ull und  
nach  der Ausschaltung ist der W iderstand der Schaltstrecke unendlich.

III. Verwendung der a u f dem Thévéninschen Prinzip basierenden  
Operatorenrechnungsmethode in den Stromkreisen 

m it verteilten  Param eterelem enten

1. Pr inz ip ie l le  Grundlagen der Methode

D ie  bei der A usschaltung des K urzschlußstrom es auftretende U .E .S . 
kann  im  Sinne des T hévén inschen  Prinzips berechnet werden [2]. Sind die 
op eratorische Im pedanzfunktion des von dem K on tak t her des L eistungs
sch a lters betrachteten N etzes Z(p)  und die L aplacesche T ransform ation des
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K urzschlußstrom es I(p) ,  so ergibt die Transform ation der U . E. S. die 
G leichung (1):

UV(P ) =  I (p)  ■ Z(P ) . (1)

D ie Linearnetze m it konzentriertem  Param eter beschreibenden Kirchoff- 
G esetze sind L inear-Integro-D ifferentialgleichungen m it konstanten  K oeffi
zienten . In diesem F all ist Gl. (1) ein rationaler algebraischer Bruch. B ei der 
R ücktransform ation solcher Bruchfunktionen ist es höchst zw eckm äßig, den 
E ntw icklungssatz von  H eaviside zu verw enden, welcher die K enntnis der Pole 
von  Bruchfunktion voraussetzt. Bei den rationalen B ruchfunktionen sind die 
P ole die einzigen singulären Punkte und deren Zahl ist endlich.

Betrachten w ir w eiterhin die N etze m it verteilten  Param etern. Das 
b edeutet in erster L inie solche N etze, in denen die den A b lau f der U .E .S . ent
scheidend beeinflussenden Freileitungen vorhanden sind, deren Substitution  
durch n  oder T-Glied einen groben Fehler verursacht. B ei diesen N etzen mit 
verteilten  Param etern ist die Im pedanzfunktion Z(p)  transzendent und die 
Polenzahl kann unendlich  sein. Diese Im pedanzfunktionen sind gewöhnlich  
M erom orphfunktionen, haben also auf der ganzen Ebene keine andere Singu
larität als die P ole. B ei der Gruppe der M erom orphfunktionen, denen wir hei 
der Lösung von Strom kreisen m it Freileitungen begegnen, kann der H eaviside- 
sche E ntw icklungssatz hier auch verw endet werden, wie es D ahr [3] aufgrund 
der M ittag—Lefflerschen Theorie von Zerlegung auf einfache Brüche darge
ste llt hat.

Im  weiteren w erden die aus der verschiedenen K om bination  der System e  
m it konzentrierten und verteilten  Param etern gebildeten Strom kreise unter
sucht. Die bearbeiteten  Strom kreise können m eist in der Praxis verw endet 
werden. Die M ethode sow ie ihre praktische Durchführung wird durch Beispiele  
dargestellt, dam it der Leser auch die A ufgabe lösen kann, die auf keinen der im 
w eiteren dargestellten Strom kreise zurückgeführt werden kann.

2. Darstellung der Methode am einfachen Stromkreis mit  Freileitung
( Stromkreis A l )

B etrachten w ir den Strom kreis nach Bild 1. Der L eistungsschalter ist am 
E nde der Freileitung, die Speisung erfolgt von dem am anderen Ende der 
Freileitung für konzentriert angesehenen G eneratortransform atorblock mit 
In d uktiv ität L n.

L . L. C

Bild 1. Einphasiger Stromkreis
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D er Theorie der hom ogenen L eitungen entsprechend gibt die nach ste
hende Gl. (2) die eintretende Im pedanzfunktion  der m it der Im pedanz Z 0 =  p L 0 
abgeschlossenen  Freileitung v o n  In d u k tiv itä t L  und K apazität C

Z . ^ Z  g M -h y l +  g t .  (2)
Z  Z u tanh  yl

wobei Z  =  / L / C  den W ellen w iderstand  der Freileitung, 
y  die F ortp flanzungskonstante, 
l  die Länge der F reile itu ng

b ed eu ten .
A u s der Theorie der hom ogenen Leitungen ist es bekannt, daß y l  — p]JLC 

ist. G ehen wir auf die relativen  E inheiten  über, betrachten wir die Angaben der 
F reile itu n g  als Grundgröße, is t  also L  =  1. C =  1, so erhalten wir:

z  =  YZjC =  1 , p ] / L C  =  P  .

Führen w ir die nachstehende B ezeichnung ein:

LIL 0 =  1 /L0 =  m .

An H an d  der Gl. (3) ist:

Zo =  PLo =  Pim ■

D adurch  vereinfacht sich Gl. (2) wie folgt:

m tanh p  +  p
Z b =  I -  .

m  -f- p  ta n h p

(3)

(4)

B etrachten  wir nun den K urzschlußstrom  m it der D arlegung der G lei
chungen  der hom ogenen L eitungen:

u x =  i2 Z  sinh (ja>yLC) =  eg cos со t — ij^jcoLg, 
i x =  i2 cosh (ju>yLC)

A us Gl. (5) ergibt sich

. eg sin  cot

2~ у Щ  s in (o> y i/C ) -f- coL0 cos(a> l/L C ) *

Führen w ir die folgenden B ezeichnungen ein:

г  =  t/]/L C , 

ß  =  соЦЬС,

w obei со die Kreisfrequenz der G eneratorspannung m it dem  Scheitelw ert eg ist.
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Der K urzschlußstrom  ist:

г =  i0 = eg sin ßr

w
L  sin ß

L a cos ß
( 6)

D a ß  gewöhnlich k lein  ist (für eine F reile itung von 100 km: ß ^  0 ,1 ), kann 
m an cos ß ^  1 und sin ß ^  ß  nehm en. So erhalten  wir:

eg sin ß t
0 )

a>(L0 -f- L)

D ie G leichung (7) ergibt sich auch aus der gewöhnlichen Starkstrom be
trachtung ohne die Anführung der G leichungen der homogenen L eitungen . In 
relativer E inheit ist die Grundspannung eg.

In relativer E in h eit ist der G rundstrom

eg
Vl /c  '

Der K urzschlußstrom  ergibt sich in relativer E inheit aus der G leichung (6) zu:

. m • sin/Sr

ß  cos ß  -(- m
sin  ß

~ T

Mit der Transform ation der G leichung (8) erhält man: 

,  m 1
I(p)  =

( 8)

о  I a i n ß  p 2  I Й 2cos ß  \ m --------- r  \ r
(9)

ß

D ie Transform ation von  U .E.S. wird

U v(p) =  I(p) • Z(p) = m tanh p  -f- p

cos ß  _L m  S ln^ P2 +  ß2 m +  p  tan h  p
ß

( 10)

D ie charakteristische Gleichung wird:

m 4- p  tanh p  =  0 . (11)

S ta tt hyperbolischer Funktionen erhält m an im verlustlosen F a ll — d. h. 
wenn die W urzeln keine reelle K om ponente haben — trigonom etrische Funk
tionen; wir erhalten also m it der S u b stitu tion  v o n p  =  j y  aus Gl. (11) d ieG l. (12)

m — y  tan  у  =  0 . (12)
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D ie W urzeln  der G leichung (12) sind:

y  =  ± y i ;  ± y 2; • • • ; ± n ;  • • • •

D ie Z erlegung in einfache B rüche ist wie folgt:

и Лр> =  н . * е > - .
B( p)

A( p )  =  p  rn tan h  p  ,
B (P) =  (P2 +  ß2) (m  +  P tanh p )  ,

H  =
cos ß  +  m

sin ß

Ußp)  =  H Г M p ) 1 - +
A (  p)

L B'(p) p=jß p  i ß _B ( p )_

1

P + j ß
+  Z

A(p )

B'(p)_ P = P k

w obei P K die Wurzeln der G leichung (11) sind.

E s sei B(p)  =  C(p)  • D ( p )  ,

C(P) = P2 +  ß2 , j .
D(p) =  m -\- p  tan h  p  J ’

C(p) \p=±jß =  0 ; ü ( p )  \p=PK =  0 .

So erg ib t sich:

B ' ( p )  \P=±jß =  [C '( p ) D(p )  +  C(p) D \ p ) \ p=±jß — [ C \ p ) D ( p ) ] p=±jß 

B '( p ) \p =pK = [ C ( p )  ■ D ' ( p ) ] p=,PK.

A u f Grund des Vor anstehenden  kann die Gl. (15) auf folgende 
geb rach t werden:

u v( p )  — H A(p)  
C \ p )  D(p )  

1

- i ß
+  Z

1 A (p )

Iß p — i ß C'(p)  ■ D(p)

A (p ) . 1 }
C(p)D'(p) p=pjf P P k J

-iß

(13)

(14)

(15)

(16) 

(17)

Form

(18)
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Im  vorliegenden B eisp iel ist: C’(p) =  2p

D'(p)  — tanh p  +  p ( l  — tanh 2p)  .

A ( P ) A(p) ß  4- m  tan ß
C'( p)  D( p) p = i ß C’(p) D(p) p — j ß 2 ß(m — ß  tan ß )

A ( p ) A ( P ) I
C(p) D' (p) P=ivk C ( p ) D ' ( p ) p — jv *

yk +  m tan  y k

(ß2 -  Yk) [tan y k +  y k( 1 +  tan2}»*)]

W ird der W ert von  tan  y k aus Gleichung (12) ausgedrückt und in  Gl. (18) 
gesetzt, so erhalten wir:

u / P ) = h I a »  +
[ 2ß(m — ß  tan  ß) p 2 +  ßr

У к + 2p

(ß2 ~  Yk)[™ +  7k +  m 2] p 2 +  y l .

Mit der R ücktransform ation von Uv(p)  erhält m an die Gleichung (19) w ie folgt:

m „ m

m  cos ß  — ß  sin ß
cos ßr

cos ß  -f- m
sin ß

ß '

Yk -1- m ~ 1
27 2 ----L-:;—— --------------------- cos ykr ,

m 2 +  m  +  y l  Y k  ß 2
(19)

D a ß  gewöhnlich klein  ist (cos ß  я« 1; sin ß  ^  ß),  wird:

m m 1
и fbt----------- cos ß r ---------------- • 27 2 -------—-------------------------- cos y kт . (20)

m  — ß2 1 +  m m 2 4- m 4- Уй Ук — ß2

Die Frequenz der Teilschwingungen kann  man in relativer E in h eit aus 
der charakteristischen Gleichung berechnen, die U .E .S . ergibt sich aber aus 
Gl. (19) bzw. (20). A us den relativen E inheiten  können die Istw erte in K enntnis  
der Grundeinheiten berechnet werden. D ie G rundeinheiten sind wie fo lgt: 

Ind u k tiv ität, L  (Induktiv ität der Freileitung);
K apazität, C  (K apazität der Freileitung);
W iderstand, ^LjC;
Zeit, l'LC (r  =  t/j/XC);
K reisfrequenz, 1/|ALC (ß =  o>J/LC);
Spannung, Cg (Scheitel-wert von Generatorspannung);
Strom, egiyL/C.
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3. Anwendung des Berechnungsverfährens f ü r  den dreipoligen Kurzschluß

D ie  G leichung (19) bzw . (20) ergibt also im  w esentlichen die U .E .S . eines 
ein p h asigen  Kreises (B ild  1). E s ste llt sich die Frage, wie dieses V erfahren in 
ein em  D rehstrom netz verw endet werden kann.

W en d et man die M ethode der sym m etrischen  K om ponenten a u f den 
erstlösch en d en  Pol eines dreipoligen K urzschlusses an (A bschnitt I I .a ) , so 
erg ib t sich  die Laplacesche Transform ation vo n  U .E .S . aus Gleichung (21) [4 ]:

U V{ P ) =  I ( p )  ■ Z ^ p ) .  (21)

B ild  2 stellt im Falle eines dreipoligen ungeerdeten K urzschlusses die 
v o n  dem  erstlöschcnden P ol des L eistungsschalters aus betrachtete Im pedanz  
dar ( Z x is t  die Im pedanz im  M itsystem , Z2 im  G egensystem ).

r 1
32,

T _ T------- L

B i l d  2 .  Im pedanz betrachtet von  dem  erstlöschenden P ol des Leistungsschalters im  F a lle  eines 
dreipoligen ungeerdeten  K urzschlusses (w enn Z0 =  °°)

D a  Z x =  Z 2 ist, genügt es nach dem Zusam m enhang (21), nur das M it
sy s te m  als ein einphasiges abzubilden. D ie au f den einphasigen Strom kreis 
a b g e le ite ten  Ergebnisse können also sinngem äß au f den erstlöschenden Pol 
des dreipoligen K urzschlusses angew endet w erden.

4. Durchführung von Berechnungen a u f  Grund vorher angegebener Gleichungen

D ie  G leichungen der abgeleiteten  Strom kreise enthält die Tafel I . In  der 
T afel sind  die B edeutung der für die verschiedenen Stromkreise verw endeten  
K o n sta n ten  (m , n, о usw .), die W erte von  I ( p ) ,  Z(p),  die charakteristische  
G leich u n g  und endlich die E inschw ingspannung и zusam m engestellt. Der 
E in fa ch h e it  halber geben wir in der Tafel den W ert der Transform ation von  
E inschw ingspan nung U v(p) =  I (p)  ■ Z(p)  n ich t an.

E ntspricht der Prüfstrom kreis beispielsw eise dem B ild 3, so ergibt sich  
d ieser Strom kreis aus M l ,  fa lls =  оо ist. W ir gew innen also aus den abge
le ite te n  Gleichungen des Strom kreises M l  durch die Substitution  n =  0 die 
entsp rech en d en  G leichungen für den Strom kreis in  B ild 3. Betreffs der T afel I 
m ö ch ten  wir bem erken, daß die G leichungen des Kreises A 4  zwar aus den 
G leichungen  des Strom kreises М 2  des V erfassers durch Vereinfachung gew on 
n en  w erden  können, trotzdem  sind sie separat angegeben. B ei ein igen
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Strom kreisen wurde bei den B erechnungen vorausgesetzt, daß das Ver
h ä ltn is der Ind u k tiv itä ten  und K ap azitä ten  von  Fernleitungen gleich ist 
(z. B . bei dem Kreis A 4  ist L2/L =  C 2IC). D iese Annäherung entspricht der 
W irklichkeit. Man m uß sich dessen b ew u ß t sein, daß bei den B erechnungen In 
d u k tiv itä ten  der H auptnetzelem ente (G enerator, Transform ator, F ernleitung, 
D rossel), die sog. »H ochfrequenzinduktivität« verw endet werden soll. Ihre 
Größen sind aus der L iteratur und auch  aus unseren M essungen b ekannt.

Bild 3. Prüfstrom kreis

Ist die Größe dieser »H ochfrequenzinduktivität« für das vorliegende  
N etzelem en t nicht bekannt, so kann sie m it guter Annäherung au f folgende  
W eise berechnet werden:

Ц  = 0 , 7 ■ K ,
Lfr( =  0 ,85 L s ,
Lf =  0 ,85 *7»
U  = L V

( 22)

D ie m it dem  Index* b e z e ic h n te n  G rößen ergeben die »H ochfrequenzindukti
v itä t«  des Generators, Transform ators, der Drossel und Freileitung. D abei sind:

L(j" leitungsgerichtete subtransiente In d u k tiv itä t des Generators;
L s S treu induktiv ität des Transform ators;
L j  In du ktiv ität der Drossel;
L v In duktiv ität der Freileitung.

5. Berechnungsbeispiel

B etrachten wir die Berechnung von U .E .S . des in B ild 4 angegebenen, dem  Strom kreis 
M 4  entsprechenden N etzes. D ie B erechnungen sollen m it dem  auf ein Spannungsniveau  
reduzierten  W ert durchgeführt werden; er m öge in unserem  Beispiel 35 kV  betragen . Die 
»H ochfrequenzinduktivität« des Transform ators Tr 1 beträgt nach den M essungen

L* =  17,38 m H /P hase.

D ie  Streu induktiv ität ergibt sich zu:

352
L sl — 0,081 • —------ =  19,8 m H /Phase,

16 • со '
L f  =  0,878 • Ls l .

D as lieg t dem  em pfohlenen W ert 0,85 nahe [G l. (22)].
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D ie »H ochfrequenzinduktivität« des Transform ators T r  2 beträgt LJ =  28,6 m H /Phase: 

LJ =  0,895L S2;

m
L
К

■ 50
--------- = 1 , 7 5 ;
• 28,6

C_
Co

53,6;

а
bl

2 , 88 .

D ie  Tafel II en thält d ie sich  m it der Lösung der charakteristischen Gleichung des N etzes  
nach B ild  4 ergebenden W urzeln  y k und dem entsprechend die Frequenzen der Schw ingungen  
von  U .E .S . sowie ihre A m plituden .

D ie  Messung der U .E .S . des N etzes nach B ild 4 w urde an dem N etzanalysator des For
schungsinstitu tes f ü r  E lektrische E nergie  durchgeführt. D er N etzanalysator zur M essung der

I— a > Tr2

=i- * -QO— *-

B ild  4. Strom kreis M 4  entsprechendes Netz (D aten einzelner N etzelem ente: T r 1 Transform ator  
zu  120/35 kV, 16 MVA, e =  8 ,1% ; V  Freileitung l =  40 km , L v =  50 m H /Phase, Cv =  380 
nF /P h ase; T r  2 Transform ator  zu 35/10, kV 5, 12 MVA, e — 9 ,8% ; K apazitä t positiver Reihe  

des K abels  im  M itsystem  C0 +  3C =  78,8 nF)

Tafel II

Ergebnis des Berechnungsbeispiels

S chw in g u n g v o n  U .E .S .

Vk F re q u en z  [H z]

f h  = y k /2^ y c L

A m p litu d e  
[ in  eg E in h e ite n ]

1,164 1344 0,6006

3,72 4297 0,08882

6,485 7492 0,06805

8,912 10293 0,1498

10,52 12150 0,08316

13,072 15097 0,00763
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E inschwingspannung ist dem reellen N etz vo llständ ig  äq u iva len t und m odelliert es m it hoher  
G enauigkeit. D ie gem essenen U .E .S .-K urven  werden in den Bildern 5 und 6 im M aßstab von  
0,5 m sec/Teilung und 0,1 m sec/Teilung dargestellt. D ie aufgrund der Tafel II berechnete U .E .S . 
zeigen die Bilder 7 und 8 in einem dem Bild 5 bzw. 6 entsprechenden Zeitmaß.

Das O szillographieren der den berechneten Schw ingungen entsprechenden U .E .S . 
erfolgte auf folgende W eise. Wir haben m it den V erhältn issen  der Am plitude von  T afel II  
entsprechenden In duktiv itäten  parallel K ondensatoren geschaltet. Mit diesen K ondensatoren  
haben wir die den W urzeln y k entsprechenden E inschw ingungen eingestellt, dann bei der 
Schaltung der Schwingkreise nach Bild 9 zwischen die P unk te A — В  Strom halbw ellen e in 
geprägt, und dort läß t sich die U .E .S . oszillographieren. D ie D äm pfung von U .E .S . in  den B il
dern 7 und 8 kann m it der kleinen D äm pfung der Schw ingkreise nach Bild 9 erklärt w erden .

Durch den Vergleich der Bilder 5 bis 8 wird es klar, daß die gemessenen und berechneten  
U .E .S . K urven sehr gut übereinstim m en.

Bild  5. Gemessene U .E .S . K urve, M aßstab 0,5 msec/Teilung

B ild  6. Gemessene U .E .S . K urve, M aßstab 0,1 msec/Teilung
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B ild  7. Berechnete U .E .S . K urve, M aßstab 0,5 msec/Teilung

Bild 8. B erechnete Y .S.F. K urve, M aßstab 0,1 msec/Teilung

B ild  9. Schaltung zum Oszillographieren v o n  berechneter U .E .S .
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Determ ination o f the Independent R estriking V oltage on Circuit Breaker Contacts by Oper
ator Calculus, From E quations Calculated in Advance, for Networks with Distributed Param eters.
One m ethod for calcu lating the restriking vo ltage arising in a given netw ork po in t  
is the operator calculus based on T hévénin’s theorem . In the case o f networks co n ta in in g  
elem ents w ith d istributed param eters, not replaceable b y  elem ents w ith lum ped co n sta n ts  
(e.g. transm ission lines), the characteristic equations form ing the base of the ca lcu lation  are 
rather com plicated. To save  plant engineers these ca lcu lations, H amm arlund  [1] carried  
out the calculations for a considerable num ber of circu its. B u t the experience o f the au th or  
has proved that over and above the circuits analyzed b y  H a m m a rlu nd , in certain cases it 
is necessary to carry o u t the calculations also for new , m ore com plicated circuits. T he author  
presents the m ethod and its application to  a num erical exam ple, and furtherm ore he  
tabu lates results deduced for such new circu its, together w ith  those for the circuits o f  H a m 
m a r l u n d .

Определение операторным вычислительным методом независимого восстанавлибаю- 
щегдея напряжения на контактах выключателя в случае сетей, содержащих элементы 
с распределенными параметрами, на основе заранее вычисленных уравнений (Т. М ихал
кович). Одним из методов определения восстанавлидающегося напряжения, возникающего 
в данной сетевой точке, является операторный вычислительный метод, основывающийся 
на принципе Тевинина. В случае таких сетей, которые содержат элементы с распреде
ленными параметрами (например, линии электропередачи), не замещаемые концентри
рованными, представляющие основу вычислений характеристические уравнения явля
ются довольно сложными. Чтобы инженерам-производственникам не потребовалось 
выполнять эти вычисления, H ammarlund  [1] для значительного числа цепей выполнил 
эти вычисления. Однако, опыт автора показал, что сверх цепей, выведенных H a m m a r 
l u n d , в отдельных случаях необходимо, чтобы вычисления были бы выполнены и для 
новых, более сложных цепей. Автор сверх изложения и демонстрировании на практи
ческом примере предлагаемого метода приводит полученные для таких новых цепей 
результаты в табличной форме, совместно с цепями H a m m a r l u n d .
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STRESSES IN THE VESSEL OF A PRESSURIZED 
WATER REACTOR DURING STOPPING

F. KOLONITS
O FFIC E FOR P O W ER  STATION AND N ETW O RK  D ESIG N , BU DA PEST

[M anuscript recieved March 27, 1968]

The present work analyzes the stresses in the vessel o f  a pressurized water reactor in 
case o f quick stopping. The results obtained are eva lu ated  num erically  for the pressured 
vessel o f  a reactor o f the “ Voroniesh”  type. This study  is a part o f the investigations m ade in 
1967 by the author at the Institute  o f  Thermal Power Stations , Technical University, Budapest.

Symbols

q in tensity  o f  the thermal source [kcal/cm 3 s] ;
X  wall thickness coordinate (its  va lu e  is zero at the inner surface) [cm ]; 
p  factor o f energy absorption [1/cm ]; 
ô w all thickness o f  the vessel [cm ]; 
r radial coordinate in the w all o f  the vessel [cm];
Rf, k the inner and outer radius o f  the wall o f the vessel [cm ];
T  tem perature (the reference po in t o f  the calibration is the tem perature o f the cooling water 

at the in let, 250 °C);
A  param eter characterizing the rate o f the change in tem perature [°C/s];
Q stress [kp/cm I. 2];
! tim e [s, on an “ adjusted” scale °C];
Я therm al condu ctiv ity  [kcal/cm  s °C]; 
a  heat transfer coefficient [kcal/cm 2 s °C];
0  interval in which the tem perature o f the cooling water fa lls [°C];
I/, tim e by w hich the m inim al tem perature of the cooling water is reached (tim e-lim it);
a therm al d iffusiv ity  [cm2/s];
ifi root of the equation o f the series expansion;
у  denotes A/a;
H  error;
m the half w idth  o f the active  zone; 
s denotes Jt/(2 m);
X exponent o f  the exponential disappearance o f the therm al source.

I . The outline of the problem

In the atom ic power sta tion  planned to  be built in our country according  
to  the plans, reactors o f th e  “ V oroniesh” typ e w ould operate. The reactor o f this 
kind is a typ ica l representative o f the group o f th e  so-called “ tan k -typ e”  
PWR pressurized w ater reactors (Fig. 1).

The cooling m edium  w hich is at the sam e tim e a m oderator as well as a 
reflector, is natural w ater. I t  enters the vessel a t a tem perature o f 250 °C, 
stream s along the wall (in th e  m eantim e its tem perature is practically  
unchanged), then it goes upw ards through th e  reactor and here it  is heated
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Fig. 1. The “Voroniesh” so-called “ tank -type” pressurized water reactor

Denotations: Body of the vessel I ; cooling w ater ou tlet 2; cooling w ater in le t 3; active zone of the reactor 4 ; reactor well 5; raisable basket 6; d rain  tube 7; hold-down 
ring 8 ; therm al protection (according to  Sterman [5]).
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up to  a tem perature of 278 °C. H aving departed from th e vessel it becom es 
colder, to  a tem perature of 250 °C, while producing saturated steam  for the 
secondary circuit.

In case o f pw r  reactors it  is necessary to app ly  a high pressure (in the 
present case 120 ata) to p reven t evaporation in the prim ary circuit. In 
case of a tank-type reactor it  loads the vessel; th e  d ifficulties are ev id en tly  
th e  greater as the dim ensions o f  th e  reactor and consequently  o f th e  vessel 
increase. The wall thickness o f  the vessel considered is ö — 12 cm . It lim its 
th e  value o f pressure, consequently  the tem perature o f the cooling w ater; in 
th is  w ay it lim its the characteristics of the live steam  produced for th e  cycle  
attached .

Owing to  this fact, th e  pressure and tem perature o f the live  steam  
are far from the values regarded as up-to-date in case o f power sta tion s with  
fossile fuel which has a bad influence on the therm al efficiency o f  the secon
dary cycle.

On the other hand, th e  saturated live steam  w ill be ex trem ely  dam p at 
th e  end o f the expansion and it  w ill cause problem s o f w ater breaking and 
erosion. As a result the effic ien cy  o f the therm al cycle becom es worse.

These are but the “ essentia l lim its” of the PWR reactors w hich m ay be 
regarded as being developed and which are com p etitive w ith  other types  
applicable in the industry. M oreover, there are m ethods b y  which th e  charac
teristics can be improved in a g iven  case but the grounds m ust be in vestigated  
b y  a com plex technical-econom ic analysis. One o f these possib ilities is the  
fossile superheating of the saturated  steam  obtained from the steam -generator  
[17]. N aturally , this m ethod has its drawbacks, too , besides its ev id en t advan
tages (e.g. a specially constructed  furnace is necessary, etc.). M oreover, problems 
w ill occur in the connected operation  of the equipm ents having different char
acters.

It m ay occur that for som e reason load relief m ay happen at th e  reactor- 
side (e.g. em ergency stop). In  th is case the connected  control system  will 
begin to  stop  the superheating furnace im m ediately, but for certain tim e its 
surfaces m ust be cooled further. There is a possible m ethod which uses the  
therm al capacity  of the prim ary circuit to take steam  off at a defin ite  rate 
from  the steam  generator b y  low ering the pressure and protecting th e  super
heating surfaces with it. A s a consequence the tem perature o f th e  primary 
circuit w ill decrease in tim e according to a rule determ ined b y  the circum stances 
in the secondary circuit: th e  greater the steam  consum ption, th e  greater is 
the rate o f cooling. It has, o f  course, an influence on the tem perature o f  the 
reactor parts and above a certain  rate therm al stresses o f n ot perm issible 
m agnitude m ay arise.

One o f the m ost im portant parts affected is the vessel o f the reactor 
which is heav ily  loaded b y  th e  high pressure and th e  stead y-sta te  therm al
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s tre sse s . I f  the vessel is in su la ted  from outside (as th e  ty p e  o f  “Voroniesh” is), 
th e  tem perature increases in  the wall towards th e  outer surface, for the wall 
is h ea ted  by the radiations absorbed and the h eat can depart on ly  toward the 
in s id e  o f  the vessel. I f  th is  heating  is ended (the reactor stops working) the 
w a ll is cooled to the tem p eratu re  of the cooling w ater; the differences in the 
tem p eratu re  decrease (w ith  th e  maxim um  inside, a t th e  place o f  m axim um  heat- 
f lu x ) . I f  the tem perature o f  th e  cooling w ater decreases, m eanw hile the wall 
g iv es  more heat into th e  cooler surroundings, th e  h ea t-flu x  is more intensive  
a t th e  inner surface o f  th e  w all, the differences in th e  tem perature increase 
and  th e  thermal stresses are higher. These exceed  th e  stead y-sta te  values 
e x c e p t for cases of an ex trem ely  low rate o f  cooling.

T he analysis o f th e  stresses in the vesse l under various operating con
d itio n s  was given as a d ip lom a work at the Institute o f  Thermal Power Stations, 
Technical University B u dapest .  In the present paper a part o f th is analysis 
co n cern in g  the above prob lem  will be explained.

I I . T he simplifying assum ptions

T he considerations in v o lv e  a number o f sim plify ing assum ptions. These 
are explained  in detail and reasons are given in [4]. Som e o f the statem ents  
con cern  only the stead y  s ta te , but they be adopted in th e  present com 
p u ta tio n s .

Summarized, the sec tio n  o f  the vessel a t th e  half-height o f the active zone 
w ill b e  considered. T he p a ttern  of tem perature w ill be determ ined as a 
p la in  w all which is p er fec tly  isolated on one side. This side corresponds to  
th e  o u ter  surface of th e  cy lin d er. The heat-source w ill be regarded as being  
d istr ib u ted  by the rule q — q0 exp ( -  /их), w here x  is the distance measured  
from  th e  inner fibre, and p  is th e  reduced factor o f  energy absorption for the  
ra d ia tio n s loading the w all. O w ing to the various kinds o f radiation exponential 
fu n c tio n s  o f various exp on en ts should have been used but these can be replaced 
b y  o n e  favourable ex p o n en tia l function. An actual consideration yielded a 
v a lu e  o f  0,1797 [1/cm], q0 is th e  in tensity  o f th e  therm al source at th e  inner 
su rface . N o close data b e in g  available it was determ ined b y  assum ption that 
th e  to ta l  allowable reduced stress (it is 3030 kp/cm 2 on th e  basis o f the 
d a ta  in  th e  Soviet literatu re, assum ing a va lu e  o f a0t2 =  5000 kp/cm 2), w ill 
occu r in  steady state (in p erm an en t work). H ence a va lue o f q0 =  2,46 • 10 “4 
k c a l/c m 3 is obtainable.

O n ly  a radial h ea t-flo w  in  the wall is considered. H aving determ ined  
th e  tem perature distribution  in  th is way, the therm al stresses are calculated  
on  th e  b asis of formulae concern ing  the th ick-w all pipes:
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E 1
1 -  V rL

E 2
l - v [ R l -

-  E - l 1 Í1 —Л г2 J

<xTrdr-\------------— — f xTrdr
r2(R k Rl)  J«4'Rb

rRi
xTrdr  a T ( 1 )

r -+ R l  f Ä*

Rb
ÍJ H

xTrdr  — aT

w here a is the coefficient o f therm al expansion , E  is the m odulus o f  e lastic ity  
and V is the Poisson num ber [16]. The stresses caused by the in ternal pressure 
can he calculated from th e known form ulae for thick-w all pipes. The axial 
change in the tem perature-field  in th e  w all o f  th e  vessel, m ainly caused b y  the  
axia l change in the in ten sity  o f the radiation em itted  b y  the a c tiv e  zone o f  
th e  reactor, will not be taken into consideration. (Contrary to  th e  steady- 
sta te  case now the tem perature o f th e  cooling w ater changes in  th e  axial 
direction due to  the varying tem perature o f  the entering cooling w ater. But 
th e  m agnitude o f this change is sm all according to  the expected flo w  velocity; 
it  can be neglected.)

A fall of 100 °C is assum ed in the tem perature of the prim ary circuit 
and tw o possible w ays o f operation are considered:

The change in the tem perature is linear in tim e

T  =  250 — A t , (2a)

the change is quadratic

T =  250 - A t +  - ^ — t- (2b)
400

from  250 °C to  150 °C, where A  [°C/s] is a constant characterizing the rate 
o f  change.

In the detailed exam inations the power o f the reactor and th u s the h eat
ing o f the wall o f the vessel are assum ed to  fall abruptly to zero. This is a good  
approxim ation because the process is quick in reality, too, though not abrupt.

III. General notes

The differential equation to  be solved is

92 T  1 9  T  q

dx2 a dt Я
( 3 )
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a T
B oundary conditions (w ith th e  n otation  y  =  A/a):

n dT----- = 0 ;  y ------------
Эл; x = < 5 Эл:

- а д ,
x=0 X =  0

where T0(t) is one o f th e  functions of (2). In itia l condition:

T ( x v 0) =  î ŝteadystate

(4)

(5)

I f  250 °C is chosen as th e  reference point of th e  tem perature calibration the  
term s + 2 5 0  w ill be elim inated and

T  Steadystate e - “6) + —  ( 1 —  e - " * )  —  e - ^ x
fi

( 6)

(for deduction  see [4]).
The u n stead y  processes are essentially  characterized by the T0 tim e- 

function  o f  th e  boundary condition. B ut every tim e-function  can be w ritten  
in the form  o f T0(At)  as well. I f  the su b stitu tion  z =  A t  is introduced, A  is 
elim inated from  the boundary condition.

S im ilarly su b stitu tin g  in to  Equ. (3) one obtains

8 - T  1 8  T  q
Эл;2 a/A  8 z A

As th e  m easuring units and calibrations o f  th e  individual physical quan
tities are on ly  conventions, the quantity  a/A  [cm2/°C] can again be denoted  
b y  a and A t  [°C] b y  t. Then the original d ifferential equation to be solved will 
be returned form ally, but som e quantities will be m easured in a special system , 
which w ill be adjusted to  the present problem .

Choosing the tim e-calibration  in th is w ay is im portant because thus the  
advance-stage o f the processes expressed b y  a boundary condition is chosen  
as the m easure of the tim e (instead of an “ ab so lu te” unit). The com parison  
of the processes o f various velocities but of identica l character seem s to  be 
more realistic  on th is basis.

L et th e  boundary conditions be rew ritten for an arbitrary fall & in cool
ing w ater tem perature instead o f 100 °C. Linear

I t ,  if  t <  0 ,  

1— 0 ,  i f  t > 0 .
(7a)

The tem perature o f  the cooling w ater decreases linearly to  —  & and  
becom es stea d y  at th is tem perature. For a quadratic change in the tem pera
ture o f th e  cooling w ater it  can sim ilarly be w ritten:
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T0 =
- t 4- I-

~ W '
if  t < 2 9 ,  

if  t >  2 9 .

(7b)

L et the m om ent when the desired tem perature-fall is reached, be called  tim e
lim it (t/;). According to the sta tem en ts above, this will be 9  for th e  linear case 
and 29  for th e  quadratic case.

IV . D eterm ination of temperature fields

As the equation to be solved  and th e  boundary conditions are linear, 
th e  principle o f  superposition m ay be adopted. The considered tem perature  
field  can be obtained b y  adding to  one another the solutions in  th e  following  
tw o fundam ental problems.

a)  Cooling from an even  zero in itia l tem perature, th e  tem perature o f  the 
cooling water decreases linearly or quadraticaly to —9  and then b ecom es steady;

b)  vanish ing o f a tem perature fie ld  o f arbitrary d istribution  (for the 
present case th is field  is th at o f  the stead ysta te) by identically  zero tem pera
ture o f cooling w ater in tim e.

1. Effect o f  the change in the temperature of  the cooling water

The m ethod of operator-com putation based on Laplace-transform ation  
w ill be applied [5]— [10]. T he d ifferential equation to be solved

In itia l condition

B oundary conditions

Э 2T
dx2

Э T  

dt

T(x, 0) =  0.

8 T
=  0 ;

8 T
y — =  T

dx X=<5 dx x=0
T■‘o ■

x=o

L et us form th e Laplace transform  o f th e  equation and the con d ition s with 
respect to  tim e. Let its variable be p .  Let it  furthermore be:

T 0  _ T0 Q _  # r0; s- — p i  a .

The equation (having applied  the in itia l condition) w ill be

d 2 r
dx 2

s2 г =  0 .
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B ou n d ary  conditions are

dr

dx
=  0 ; y

x=a

dr [ 

dx v=x=o

T he so lu tion  is

p  cosh s(d x) 

(cosh  s<5-)-ys sinh s*5) p
=  *oPm (p)- ( 8 )

F irst o f  all let us determ ine th e  inverse transform  o f m(p),  nam ely M(t).
Though s =  Ур/а  is double-valued being th e  inverse o f the even fu n c

tion  p  =  as* 2 {p =  0 is th e  p o in t o f  divergence), it is represented in m(p) involved  
in even  functions —  cosh (ks), s sinh (ks) —  w hich elim inate this kind of 
sin gu larities. All the sin gu larities of m(p) are th e  poles a t the zero places o f  th e  
denom inator. If these are determ ined the expansion-theorem  m ay be form ally  
ap p lied .

One root of the denom inator is p  =  0. The others w ith the substitu tion
s =  jep are

cos bq  — yep sin bq =  0 ,

co t bq =  yep . (9)

The fu n ction  cot having  branches of infinite n u m b er is intersected b y  th e  
stra igh t line yq  at points o f  in fin ite  number on b oth  th e  positive and n egative  
h alf-p lan e. Let the points on th e  positive half-p lane be denoted b y  q (. The p  
va lu es corresponding to  th em  are

P i =  a<Pi-

The q -s on the negative h a lf  p lane give the sam e roots. 
T he derivative o f th e  denom inator is

(cosh sb -)- ys  sin h  sô ) -f- p ** ^ '1' sinh sb 4- cosh sb
2 sa 2 a

This is 1 at p  =  0. A t p , =  —  aq; the first term  is 0. For the second term  
b ein g  0, the equation w ith  th e  substitution s =  угр m u st be satisfied

c o t  by) = à +  y
byip

This a lso  gives +  solutions o f  in fin ite number. B u t bqt is in the in terval 
[in', in  +  n/2] and dipt is in  [ in  +  я/2; (i +  1)я ]> th u s  su b stitu ting«  =  q h th e
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d erivative will not becom e zero; the corresponding p, solutions are sim ple ones. 
On th e basis o f all these

m (p )0 - * M ( t ) = l
2 cos y>,(<5 x)

<pj cos (pj ô I d +  r 
1 y r f

-a tf t '

+  ôy

On th e basis of the equation o f series expansion (9)

C O S  0<Pi =  (  1 ) '
Y ? i

УГ T  <Pï

I t  can be seen that cos b<pt is th e  m inim um  when i — 0, yç>,- being  
also m inim um . Summarized: the in fin ite  series involved is “ m ajorized” 
term -by-term  in an absolute value b y  th e  series

X’
Го <pj-ôy cos <f0 Ô

B u t ev id en tly  if  in  <  ôq>j, then even th e  latter series is “ m ajorized” b y  the  
series

2 1 1 \ У  —
yö  cos (p„ d ( (p\ /ГГ i2

This series being convergent and “ m ajorizing” the original series in the  
entire dom ain (x;t), the latter is ab solu tely  and uniform ly convergent (according  
to  W eierstrass’s theorem  [11]). p t 0 is the transform  of d T J d t  considering  
T0(0) =  0. Therefore, in convolution-form

T  =  M *  . 
dt

The series o f  M  being absolu tely  convergent the convolution  can  be 
form ed term -by-term . In case o f  t ti, it m ust be taken into account th at  
beyond ti,

d rn

d t
0.

A t last for quadratic change

t < t h, T =  H
t-

4#
+

7TÓ

2 cos (f>i(ô—x) 1 +  — ------
2&a<p?)

( l - e - w b )  -
2 êa<fj_

cup* cos (pj ô (У +  à .
- — г  +  у0

y<PÍ (10)
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t *л» T — — $  4~

2 cos f i ( ô —x)

+  2
1 =  0

1 +  — - — I (1  -  e-w fa)  -  th
2§acp\ 2 êacpj

( y-\-ô
a<pf cos (piÔ ----- — +  yô

l V<Pi

- atpfO-tk)

In  a linear case there are no terms involv ing  $  in th e  infinite series and in case 
o f t <C th th e  corresponding linear formula has to  be added to  the series.

2. Disappearance o f  an arbitrary temperature pattern in time 
( the effect o f  the in it ia l  condition)

N ow  the Fourier m ethod of separation w ill he applied. The differential 
eq u ation  to  be solved  is

82T Э T
a -------= ------  .

d x 2 a t

In itia l condition is T(x;  0) = / ( * ) .  B oundary conditions

™  = 0 ; y ^ |  = Т |  .
Qx x=ô Qx ]x=0 |x=0

L et us seek for th e  solution in the form  T  =  u(x)v(t). R ew ritten in a 
favourable form (differentiation  with respect to  its own argum ent is indicated  
b y  a com m a) it can be separated

u" 1 v'

и a v

As th e  tem perature can on ly  decrease in tim e, th e  constant of separation is 
n egative . The equations are

u" -f- <p2u =  0 , 

v' -f- a<p2v =  0 .

The solution T  =  и ■ v satisfying the b oundary condition No. 1 is

T  =  к cos <p(ô — x) e -aç>Zi. (И)
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This satisfies the boundary condition N o. 2 if

y<p sin cpb — cos <pb , 

cot <pb =  yep .

This agrees w ith the equation o f series expansion  (9) obtained during th e  solu
tion  o f th e  previous fundam ental problem .

As it is represented in (11), on ly  in  even  functions the n eg a tiv e  ç>,-s 
do not increase th e  group of the fundam ental solutions.

N ow  only th e  initial condition  rem ains to  be satisfied; it  is neces
sary th a t

/ ( x) =  ^  kj cos <Pi(d —x).  (12)
(=0

The function  system  cos (pn(b — x) is orthogonal in  the interval [0; d] th is  can 
be proved in case o f  re =  m

Ç* /А  \  Í A  w  s in  (pn Ô ' COS (pn Ô Ôcos <pn\d —x) • cos фт\ у —x) ax  = ---------------------------- 1-------  (13)
Jo 2<pn 2

and for n =7  ̂ m it  is 0.
The question o f com pleteness will n o t be considered here, w e on ly  refer 

to  th e  deep analogy of the considered function  system  and the w ell-know n  
com plete elem entary trigonom etric system s (m ultitude, etc.).

C onsequently it  is possible to  expand a function into series according to  
the function-system  considered. The form ula o f coefficients is

ri
f (x )  cos (pn(b x )d x  

4  _  J  0____________________________Л л r-e
I cos2 <pn(b x) dx

The denom inator was determ ined in E q u . (13). In the evaluation o f th e  num er
ator th e  Laplace transform ation is a useful aid. The integral is a convolu tion  
if  6 is regarded as variable. I f / ( d )  0 — # W  F (p)  the integral is

р П р )
p 2+ < P 2n .  '

If / ( * )  is the stead y-sta te  plane-form ula (6), then having determ ined the  
expansion according to  (12), the w hole so lu tion  can be regarded as a sum  of 
th e  fundam ental solutions obtained according to  (11).
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Г =  J lo_ у
A û

2 cos <Pi(ô — x) 1 + у / г
у  fi е -fid

C O S ÔCpj

( v 2 +  < Pf) <PÎ C O S  ô<p,- I - \ - à y

Ж

-o rp jt  ' (14)

This is absolu tely  and uniform ly convergent in  its  entire domain.

V . Computational technics

1. Solution o f  the equation o f  series expansion 

H a v in g  adopted the substitution  ôqpj =  xt

x icot X i —  --------- ,

к

w here к  =  ô/y. I f  xn_ 1 is know n, hence xn can b e determ ined approxim ately, 
for (see F ig. 2):

cot (*„_! A„) =  cot xn ,

Tt - An
cot x„ cot xn_ ,  = ----------

к

(15)

H a v in g  adopted the substitution

, 1cot -----
A„

(the f ir s t  term  of its expansion [12]) and using th e  equation of series expansion  
after reduction  from the system  of Equs (15), it  follow s that
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Xn-1 Л2п [fe(fc+ 1) + ^ - i ( * n- i  +  7r)] h  +  nk =  0.

Since Xn is sm all but к and xn_ 1 are re la tiv e ly  great, the quadratic term  
m ay be neglected. T hus,

XП

Hence (n * == я /ő)

лк

Ц к +  l )  +  *n-! (лСп- i  +  Tr)

4>n =  <Pn- 1 +  71*
7 t*  к

fc (/f+ l) +  d2 (Pn-JjPn-l+П*)
(16)

The smaller values (where the approxim ation is inaccurate) are tab u la ted  in 
the literature [5, 13]. In  our case the form ula (16) yielded an approxim ation  
equivalent to the tab les referred to already a t re latively  small serial num bers.

For a more accurate determ ination o f th e  roots, iteration will be applied  
com bined with th e  tangent-m ethod [14]. L et у,- be an approxim ation to  th e  
root <pn. The equation o f series expansion can b e rew ritten in the form

Vi+i
Г  1[Гт] л  arc tan F(Vi)- (17)

The pure iteration  is convergent, since

dF  j у
M  -  ------ =  r

1
drp ô 1 -\-y-y-

< 1 .

F  and M  decrease m onotonously and F  is co n v ex  from below.
The application o f the tangent-m ethod is favourable, the d erivative for

mula being more sim ple than  a step of iteration . This is shown b y  th e  com m on  
representation of iteration  on Fig. 3.
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T he approxim ation is from  both  sides (as the derivative is negative); 
y)/ and  y>i+i fall on different sides o f  <pn; le t their  distance be Л. L et th e  M  of 
th e  in d iv idual approxim ations be M f and M i+V  The approxim ative values 
(«; v) show n in the figure are also on different sides o f cpn and if  their arithm etic  
m ean  is taken, the h a lf o f  their difference w ill be the m axim um  possible  
error. I f

th en

<Pn <*** Vi +  ~t ~(‘Sí+ i + S , )  ;

H < ± - ( S t+1 S ').

( 18)

O ne can  go on with th e  process to  th e  desired accuracy.
In  our com putations th e  first step was already found to he satisfactory;  

th e  v a lu e  o f cos bcpi ca lcu lated  d irectly  from  th e  result deviated from  th at  
ca lcu la ted  from the equation o f series expansion  by a trigonom etric form ula  
o n ly  in  th e  sixth to seventh  decim al-figure. 2

2. Completed analyses: the method o f  computations

T h e formulae em ployed are not adequate for manual calculations, there
fore, th e  problem was program m ed for the com puter of type Elliot 8 0 3 /В  o f  the  
M in is t r y  o f  Heavy Industries  in  the program m ing language Autocode A  103.

T he program can be d ivided  into four parts from  a functional poin t o f  view
a )  feeding of data;
b)  com puting and printing subroutines;
c )  segm ents organizing the course o f  solution;
d )  m odification o f data , em ergency print.
P a rt a)  reads in and stores all fu n dam ental data necessary for th e  com 

p u ta tio n .
P a rt b)  includes:
The root generator. There is th e  first so lu tion  to  the equation o f series 

exp an sion  bcpQ among the fundam ental data. T he subroutine is able to  determ ine  
th e  fo llow in g  <p from th is. M oreover, it com putes a number o f quan tities  
d ep en d in g  on cp which are frequently  used in  series expansions and stores all 
th ese  va lu es.

T h e rest of the program  uses th ese stored data . If a root of h igher serial 
num ber is needed it  uses th e  root-generator.
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The subroutines for the computation o f  temperature distribution. These  
eva lu ate the solutions of various fundam ental problems (am ong th em  those  
explained here), tak ing  into consideration the g iven fundam ental data  and the  
given  lim it o f error. They can take in to  consideration 30 members o f  expansions  
in case of t <[ t/, and beyond th is lim it 25 mem bers. The expansion correspond
ing to  t =  0 is stored b y  the first calculation and furtherm ore th e  exponentia l 
m ultiplicators corresponding to  th e  various points o f tim e are to  be calculated  
on ly .

Subroutine fo r  calculation o f  stresses. I t evaluates the com ponents of 
stress on the basis o f formulae (1). It evaluates th e  integrals b y  m eans o f  the  
Sim pson m ethod. It determines th e  reduced stresses according to  H en ck y— 
H uber— Mises and prints the resu lts.

The segm ents o f part c)  u se  the subroutines of part b)  in a su itab le  
sequence. All ind ividual segm ents solve one certain problem , correspondingly  
superpose several patterns of tem perature. The control can be tran sm itted  to  
th e  individual segm ents from th e  keyboard or from a tape. There is a segm ent 
w hich is able to  print the results o f  every subroutine. The tapes obta ined  or 
an arbitrary tem perature distribution  can be re-read b y  another segm ent which  
sum m arizes them  and then the subroutine for calculation o f stresses can be 
called  by another segm ent.

The segm ents o f  part d)  p laced  at various parts of the program  assure 
its elastic and econom ic applicability . Some fundam ental data can be m odified; 
resu lts calculated and stored (e.g. th e  roots of the equation o f series expansion) 
can be printed on tape and can be re-read with their aid. It m ay h ave im portance  
if  a lengthy com putation  must b e carried out in several parts, due to  th e  little  
tim e when the com puter would be available.

The com putation  corresponding to  the problem  to be so lved  m ust be 
bu ilt o f these constituent parts b y  m eans of su itab le organization from  k ey 
board or tape control transfers, triggers in a favourable sequence.

3. Completed analyses: Calculations

The characteristics of the m aterial are calculated  for 250 °C [15]; a  =  
=  18 270 kcal/m 2h°C [4]. We analyzed  the tem perature and stress patterns to  
th e  m om ent t = 2 5 0  b y  the values A  =  10, 20, 50, 100°C /m infor linear and for 
quadratic changes in tem perature. The results obtained for A = 2 0  °C /m in are 
p lo tted  in Figs 4 — 9 (for other values of A ,  curves o f a sim ilar character 
can be obtained). The m axim um  alw ays occurs at the inner surface (resulting  
from  tensile stresses).
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F ig . 4. Temperature diagram : Linear cooling, A  =  20 °€ /m in , q0 =  0,000246 kcal/cm 3s 
(Dashed and d o tte d  line: approxim ative m ethods; see A ppendix)
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F ig . 5. Stress diagram: L inear cooling, 
A  =  20 °C/min, g0 =  0 ,000246k ca l/cm 3s,

t =  0 - 1 0 0

F ig . 6. Stress diagram: Linear cooling 
A  =  20 °C /inin,q0 =  0,000246 kcal/cm 3s 

t =  1 2 5 -2 5 0
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Fig. 7. Tem perature diagram: Quadratic cooling, A  =  20 °C/min, qa =  0,000246 kcal/cin3s

Fig. 8. Stress diagram: Quadratic cooling, A  — 20 °C/inin, q0 =  0,000246 kcal/cm 3s,
t =  0 - 1 0 0

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



104 F. KOLONITS

Fig. 9. Stress diagram : Q uadratic cooling, A  =  20 °C /m in, q0 =  0,000246 k ca l/cm 3 s,
t =  1 2 5 - 2 5 0

The critical rate o f cooling will he determ ined from the follow ing con
ditions:

Peaks of stresses w ill occur only tem porarily  due to  cooling. The quick  
stopp ing  ev idently  cannot be a frequent sta te  o f  operation. For these reasons 
th e  to ta l a0 2 is considered to  be the lim it.

From  the previous results the zone w here th e  excess of th is lim it was 
to  be expected  could be seen. Further calcu lations have been carried ou t at 
points o f  th e  needed num ber in this zone. For a linear case the va lues of 
Cm ax listed  in Table I are valid .

T he m axim um  stress alw ays occurs at t  =  100. This is in accordance  
w ith  th e  physical m eaning; the dim inuation of tem perature of the cooling w ater  
increases the gradient at th e  wall up to  t =  100 =  t/,, then this effect ends
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Table I
Values o f  crmax [kp/cm2] f o r  a linear case

А  («С/.]
t

90 95 100 105 no

0,330 4826,2 4905,7 4983,6 4905,4 4822,0

0,333 4834,2 4914,2 1992,4 4914,9 4832,0

0,338 4847,1 4928,0 5007,2 4930,5 4848,3

0,340 4852,2 4933,4 5012.9 4936,6 4854,7

and equalization begins. I f  a parabola were drawn in the neighbouring values 
of t, it would g ive a m axim um  close to 100.

The results are nearly linear as a function  o f A :  having in terpolated , 
the critical rate is

A cri/ j =  0 ,33553 °C/s 4- 20,1318 °C /m in.

The tem peratures and stresses existing in th e  m om ent t =  100 (i.e. when  
the m axim um  therm al stress occurs) are show n in diagrams of Figs 10—-11 
by various values of A  in order to  illustrate its effect. In  diagram o f F ig. 12 the  
stress com ponents existing w hen  t =  100 and A  — 20 °C/min are shown; the  
latter is close to  the critical va lue.

Tabic II
Values o f  <7max [kp/cm2] fo r  a quadratic case

134 142 150 158 166

0,65 4957,0 4908,3 4909,0 4960,0 4940,9

0,70 5014,2 5028,9 5033,3 5027,6 5011,8

0,75 5065,0 5082,9 5090,5 5087,7 5075,1

0,80 5110,3 5131,3 5141,8 5141,8 5131,9

The case o f  quadratic cooling of the cooling w ater has been considered in 
the zone of T able II. The m axim um  tim e depends here on the rate o f change. 
H aving drawn a parabola in  th e  neighbouring values, the value and tim e of 
the m axim um  h ave been determ ined (Table III ) .

Table III
Value and time o f the m axim um

A
ГОД

The m axim um ’s

value [kp/cm2] tim e

0,65 4969,888 146,578

0,70 5027,623 149,485

0,75 5090,853 151,850
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F ig . 10. Temperature diagram : Linear cooling, t =  100 (in case o f <rmax), 
q{) =  0,000246 kcal/crn3s

F ig. 11. Stress diagram: L inear cooling, t =  100 (in case o f <Jmax),
q0 =  0 ,000246 kcal/cm 3s
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F ig . 12. Stress diagram: L inear cooling, A =  20 °C/min, t =  100 (in case o f tfmaxh <Zo = 0 ,0 0 0 2 4 6  
kcal/cm 3 s (dashed line: stresses, О: reduced stress calculated w ith  the approxim ative m ethod)

It can be seen th a t b o th  place and value o f  the m axim um  grow  w ith  the 
rate. The values o f A  and th e  tim e corresponding to  5000 kp/cm 2 w ere deter
m ined with the aid of parabolic interpolation (in the function o f A ):

A  =  0,67728 °C/s 40,6368 °C/min
and

t =  148,099

(linear interpolation w ould yield  0,6761 °C/s and 148,094).
An interesting result can be obtained b y  exam ining the m inim al tim e of 

cooling necessary in case o f different m ethods o f operation. These are in the 
relative tim e-scale 100 and 200, respectively. H aving converted them  into the 
actual tim e b y  means o f th e  critical rate param eters determ ined above, 4,97 
and 4,925 min are obtained , the difference 0,91% . From this v iew poin t the 
tw o  m ethods of operation  are practically equivalent.

V I . Additional considerations

All our calculations were based on the assum ption that th e  heating of 
th e  w all comes to  an end abruptly. It is a rather good approxim ation because 
th e  protective device, if  it  works properly, m ust have a very quick effect.
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T h e secondary radiation sources are of a m uch lower in ten sity  (and also

m ore closely.
T he heating ev id en tly  depends considerably on th e  power o f th e  reactor 

and th is  on the neutron-flux. The flu x  dim inishes according to a rather com pli
ca ted  exponential rule in  a sub-critical state . For th e  purposes o f our infor
m a tiv e  considerations it  is replaced b y  one exponentia l disappearance  
exp ( — xt).

T he conditions in th e  a x ia l direction and along th e  thickness o f the wall 
w ill b e exam ined sep arate ly  w ith the approxim ating assum ptions explained  
in [4] and also applied here.

L et be cut out a 1 cm  segm ent of the v esse l w all in the axial direction  
and le t the axial h ea t-flow  and the differences in th e  tem perature along the  
w all-th ick n ess be neglected  (so the approxim ative m odel applied in [4] is ob
ta in ed ).

T he heating is assum ed to  he cosinusoidally d istributed along the width  
of th e  active zone (2m =  250 cm) and its in ten sity  is assum ed to be q0 in the  
m id d le . H aving introduced th e  notation л /(2 m) =  s and regarding (p{t) as the  
tim e-fu n ction  of the d isappearance, the equilibrium  o f heat generated, depart
in g  in to  the surroundings o f  tem perature T0(t) and used for the heating of the  
w a ll, can he written in th e  form

disappear in tim e). For th e  sake of com pleteness le t us look at the question

1. E xam ination  in the axial direction

q{) ôdxdt<f (t)  cos sx  =  (T T0, xdxdt-\-Qcôdx----- d t ,
dt

w here c is the specific h ea t; q is the density o f th e  m aterial o f the w all. W ith  
th e  n o ta tio n  x/gcô =  к

Ók
qf) (f (i) cos sx-\-kT0.

dt

H a v in g  varied the con stan ts one obtains

T  =
ók

q0 cos s.v e kt ek,q(t) dt-\-ke kt  ̂ ekiT{]dt (<0 =  con st.).
a

In  a stead y-sta te  case [4]

q0 cos sx , 7^(0) =  0 .
a

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



STRESSES IN THE VESSEL 109

This is the in itial condition of th e  problem . H ence

1 = ---- q0 cos sx e
oc

kt akt (p(t)dt +  — ~ 
к

+  к e~ktf ekt T() d t . (19)

All these on ly  concern th e  heated  section; there is no change in the  
unheated part. The axial gradient depends on q> w ith the follow ing factor of 
proportionality

S =  e~kt

It is m inim al if  the values o f  <p(t) are th e  possib ly  low est ones, nam ely, 
in case of abrupt stop . In all other cases it  is higher; w ritten specially for the  
exponential disappearance m entioned above

л  k t  . p

s  =
x к

I t  is always positive and decreases m onotonously  w ith  tim e, it has no 
local extrem e va lu e  and decreases w ith the increase o f  x.

It can be seen th a t in case o f  non-abrupt disappearance o f the heat source 
higher gradients and so higher therm al stresses w ill arise in the sam e m om ents. 
In case of exponentia l disappearance there is no peak-value in tim e, though  
th e  term  additional to  that for th e  skiplike case (the first part o f S) at first 
it  grows from zero and disappears only later. 2

2. Examination in radial direction

One more tem perature distribution  is to  be superposed to  the solution  
on th e  fundam ental problem treated  in IV. 2. The q(t) which we wished to  
obtain is shown in  Fig. 13a and th at assum ed previously, in Fig. 13b. 
The tem perature pattern  being th e  difference o f  them  is show n in Fig. 13c 
and it  can be calcu lated  as

The equation is

0- T

dx'~

In itia l and boundary conditions are

q(t) =  l( t )e -

1

a

QT

dt
%
X

e l(t)  e *

0T

dx

T(x,  0) s  0 ; 

0T I
=  0 ; у

x = í 3 #  | x = o
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Fig. 13

Its  Laplace-transform  is (s =  ]Apja)

( P  X

dx'2
w here

B ou n d ary  conditions 

S olu tion

___ (]y,___

Ц р  +  х)

T(x, t)0 -*т(дс, p) .

dxdr  !
----- =  0 ; y
dx  x=a dx

aqt)

x=0 \ x = o

X ( p - f-x) (p  - a p 2)

р е ~ ^  l^ 11̂  SX -j- y  cos h sa:j ( l - \ -y p )c o sh  s(ô - x )

cos h s<5-f-ys sin h sd

R e-transform ed and superposed on the fundam ental problem  IV. 2

T  ----- - —
2  cos <pi (ô — x)

y  и  e - *"5
1  ' -yp  -  -

%  Z ? C O S  OCpi /С e~a,pï 1 — acpje

( p 2 A  ф 1 )  $  co s  ô ( f i
y + ô

У<Р?
ôy a<PÏ
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The m ultiplier dependent on t (and partly independent o f x) can be writ
ten in the form

a<Pi
e a v f t __ g - x f  e - a ? f /

x — «9T acpf

which is a perfect analogue o f S. The conclusions are the sam e. The part addi
tional to the gradient (the first term) decreases w ith  the growth o f x.

The considerations can be carried out even in th is case sim ilarly to  the  
previous one for an arbitrary <p(t) tim e-function o f disappearance. Let then  
9?o _ #0 b e t h e  Laplace transform  of the solution (20) which has to  be m ultiplied  
b y  (p  -f- х)Ф. And since

(P г х)Ф0  —  # <p'(t) +  tp(— O)ó(í) +  x<P

(Ó is the Dirac pulse), th e  tem perature-field  sought for w ill be the convolution  
of this and Equ. (20), it  is to  be superposed on the field assum ing abrupt 
disappearance.

If cp(t) is a skip, <p(- 0) =  1 and (p'(t) is — 0 (0 , the third term  is iden
tica lly  zero, there is really  no field  to  be superposed being there because one 
member o f the convolu tion  being zero. B at in every other case it exists 
and it increases the gradients and therm al stresses com pared to  the  
abrupt case.

A P P E N D IX

A pprox im ative  method for calculation

The considerations exp lained  above needed a rather com plicated m athem atical appa
ratus; to the application of the m ethod a digital com puter is necessary. The qu estion  m ay be 
raised whether a “ more practical” m ethod could be constructed by m eans o f su itab le  approxi
m ations which, though it is not ex a ct, g ives approxim ative inform ations about the conditions.

For the determ ination o f the tem perature pattern let the wall be separated into two 
layers o f a thickness of 6 cm . The total heat generated in steady  sta te  in  a layer (o f 1 cm2 
crosssectional area) between certain x x and x2 coordinates is

<7o е ~ и х
(е-/ос, _  e -  /ос,) . ( 21)

On the basis of this equation  the heat generated in the layer at the cooling w ater is Ql =  
0,903 cal/s and that in the outer layer Q2 =  0,3075 cal/s. From  the v iew poin t o f the heat- 

conduction between the layers let be considered as determ inants the tem peratures o f  the 
fibres in the middle T 1 and T 2 and let it  be assumed th at th e  tem perature of th e  inside wall 
is equal to th a t o f the cooling w ater, i.e. 250 °C in steadystate. As all the generated h eat departs 
into the cooling water, it can be w ritten  as:

я(т; t *)
<5/2

A(T* 250)
<5/4

=  Q , ,

=  <?! +  <?*.

( 2 2 )
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H ence T* =  287,17 °C, T *  =  306,06 °C. The fun ction  o f tem perature can be replaced  
b y  a dashed  line drawn across th ese  points (it goes h orizon ta lly  tow ards the outside wall 
a ccord in g  to the condition grad T  =  0). In the tem perature diagram  o f F ig . 4 th is approxim a
tio n  is  ind icated  by a dotted  lin e .

T he problem for u n ste a d y  sta te  has been solved b y  turning to a difference-equation  
o f  th e  form :

A T , Qd aAl(A-TIAx-) . (23)

F or the second difference ratios it  can be shown th a t

(24)

According to the sim plified  pattern  the tem perature o f  the fibre is in the m iddle Tl =  
=  +  t ;  )/2, at the ou tsid e T 2 =  T*. The results o f  th e  com putations are tabu lated  (Table
IV ). L inear change in tem p erature w as assum ed during th e  calculations carried o u t for every  
75 secon d s till the end o f change in  tem perature (in the diagram  it  is t =  100). For the sake 
o f  com parison  the values g iv en  b y  th e  com puter, and th e  errors are w ritten  at the values of 
T0, Tj and  T2. The rate o f  coo lin g  o f  the cooling water is 20 °C/min.

Table IV

Time [s] T 0 [°C] T *  [°C] T , [”C] Г , =  т /  [°C]

0 250 287,17 296,61 306,06

75 225 276,35 289,36 302,37

150 200 261,38 279,34 297,30

225 175 244,42 267,31 290,29

300
calculated 150 226,28 253,81 281,33

given by the  
com puter 154,82 — 253,51 279,22

Error [0 / I/oJ — 3,112 — + 0 ,1 1 8 + 0 ,7 5 6

In  spite of the very rough  m odel a rather good approxim ation was obtained at the two 
sid es, and in the middle o f  th e  w a ll (dotted  line in the tem perature diagram  o f F ig . 4).

T he stresses can be ca lcu la ted  like for shells, as the w a ll thickness is sm all com pared to 
th e  o th er  dimensions of the v e sse l [18].

T i m o s h e n k o  assum es a s te a d y  change in tem perature betw een the tw o fibres at the  
sides o f  the wall. He states th a t  th e  sim ple plate w ould becom e spherical i f  i t  were freely  
deform ed. I f  the plate cannot becom e deformed freely, stresses will arise to keep it  in the  
“ o p eratin g  form” instead o f  th e  stress-free spherical form . A  cylindrical shell w ould remain 
cy lin d rica l even after heating, i f  th e  tem perature pattern is sym m etrical; the form  o f the shell 
rem ain s unchanged apart from  th e  radial growth. The stresses can be calculated  sim ilarly to 
c la m p ed  sim ple plates.

T his treatm ent, as in  general the theory of shells, n eg lects the radial stresses. I t  does 
n o t cause  any trouble in our case , as the radial stresses are low  in com parison w ith  the others.
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ß u t  th e  te m p e ra tu re  p a t te m  c a n n o t be re g a rd e d  as being  lin ea r and , th e re fo re , we sha ll t ry  
to  m ake  th e  m eth o d  m ore a cc u ra te  acco rd in g  to  T im o s h e n k o .

T he wall will he separated into two layers, as during the calculation o f the tem perature  
field  and the tem perature differences betw een th e  outside fibres of the layers will be taken  
into consideration . So the distribution ind icated  by a dotted  line in the diagram  o f  Fig. 4 
will be considered as a rough approxim ation bu t not as rough as if the total change were to be 
regarded as linear.

I f  the individual layers becam e deform ed freely, th ey  would form spheres o f  the radius

R‘ 2a ATi ’
(25)

the radius would be sm aller at the inside, i.e. th e  radius o f  layer 1.
L et m om ents act in both dim ensions o f  the p late in order to bend the tw o spherical 

surfaces to  have the sam e mean radius R. One o f the spheres has to be bent outw ards and 
the other in the opposite direction by the m om ent o f the sam e m agnitude in order to produce 
the sam e stresses and strains in the outside fibres. In th is w ay the two layers can be joined  
in to  one p late; in one cross-section the sum  o f  the m om ents will be zero, no outer  force is 
needed to sustain  the form. The spherical surface o f the radius R will be the “ force-free form ”  
of the p late , only the internal thermal stresses w ill act. The stresses produced by the partial 
m om ents are

<*i

°2

From  the condition cr, =  o 2

Ed f  1 l
4 ( l - i ' ) U i R

EÓ 1
4(1 v) l  R R ,

(26)

(27)

T he internal stress existing in the outside fibres (tensile) and in the m iddle (com pressive) 
having su bstitu ted  the values o f the curvatures is

Ea
4(1 v)

(A T , -  A T ,) ,

in the presen t case 786 kp/cm 3. The “ force-free” curvature

^  =  J L (a t 1 + a t 2)

(28)

(29)

is the sam e as if  it resulted from the effect o f a linear change in tem perature betw een the 
two outside fibres; Л Т У -j- z1T2 is the sam e, b u t now even internal additional stresses exist. 
The stress needed to elim inate this curvature is

g ° =  ~2(i— )-  (Л Г .+ Л Г ,)  (30)

which is in the present case 2602 kp/cm'-’. H aving taken the temperature field  to  be linear in 
the w hole w idth  o f the w all, only this stress could have been obtained. The rate o f the internal 
additional stress to this is 30,2%  which cannot be neglected . The membrane stresses arising 
from the internal pressure have to be added to the therm al stresses, too. T hey are in the axial 
direction o p  =  912,3 kp/cm-’, in the tangential direction tw ice as much. The to ta l stresses are

o0 +  о +  к ■ op, 
— о +  k ■ op, 

-  C0 +  a  +  к ’ °p-

( 31)

8

at the inner surface 

in the m iddle 

in the outer fibre
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In axial direction к =  1, in  the tangential d irection к — 2. They are tabu lated  and so 
are th e  reduced stresses ca lcu lated  according to H en ck y— H uber— Mises. The la tter  are com 
pared to th e  results o f th e  e x a c t calculation (everyw here in kp /cm 2) in Table V.

Table V

Inner fibre M iddle Outer fibre

Axial 3514,5 126,5 - 9 0 3 ,5

T angential 4427 1039 9

Reduced 4040 982 908

E xact reduced 4993,4 1145,1 762,72

Error [%] - 1 9 ,1 — 15,63 +  19,03

T h e  ch an g e  in  th e  co m p o n e n t s tre sses is lin ea r acco rd in g  to  th e  a p p ro x im atio n . T h ey  are  
in d ic a te d  b y  d ash ed  lines in  th e  d iag ra m  of F ig . 12 a n d  th e  re d u ce d  stresses in th e  th re e  co n sid 
e red  f ib re s  a re  also in d ic a te d .

T o su m  u p  th e  re su lts  i t  c an  be  s ta te d  t h a t  th e  a p p ro x im a tio n  in sp ite  of th e  s ig n ifican t 
n e g lec tio n s  gives a  p a t te rn  o f th e  stresses. B u t i t  u n d e re s t im a te s  th e  stresses w ith  a  g re a t 
e rro r j u s t  a t  th e  p lace  o f th e  m ax im u m , th ere fo re , i t  is n o t  a d e q u a te  for d im ensioning.
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Beanspruchung eines Reaktorgefäßes beim  A b ste llen . D ie Arbeit untersucht die B ean
spruchung des R eaktorgefäßes eines Druckw asserreaktors (Pressurized W ater R eactor) bei 
schnellem  Abstellen. D ie erhaltenen Ergebnisse werden auch für das Druckgefäß eines R eaktors 
vom  ’W oronesh’ T yp zahlenm äßig ausgew ertet. D ie U ntersuchungen sind ein T eil der 1967 
am  Lehrstuhl für W ärm ekraftwerke der B udapester T echnischen U niversität ausgearbeiteten  
D iplom arbeit des Verfassers.

Нагрузка реакторного сосуда при останове (Ф. Колонич). В работе анализируется 
нагрузка реакторного сосуда в случае реактора на сжатой воде при быстром останове. 
Полученные результаты анализируются также численно в отношении для работающего 
под давлением реакторного сосуда реактора типа воронежского. Излагаемый анализ 
является одной частью дипломного проекта, разработанного автором в 1967 года на 
Кафедре теплоэлектростанций Будапештского политехнического института.
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ON MICROINHOMOGENEITIES IN GaAs CRYSTALS
A. L Ő RIN CZY, T. NÉM ETH , M. SA L LA Y -N ÉM ETH

RESEA RCH  IN STITU TE FOR TECH N ICA L PHYSICS OF T H E  H UNGARIAN ACADEMY O F SCIENCES,
BUDAPEST

and

J. áW ID E R SK I
IN STITU TE O F FUNDAM ENTAL TECHNICAL PROBLEM S, WARSAW 

[M anuscript received N ovem ber 5, 1968]

M icroinhom ogeneity w as detected  on GaAs crystals (m ono- and polycrysta ls) by means 
o f electro lytic  etching and using photovolta ic effect. The presence o f m icroinhom ogeneity  
going through without breaking the grain boundaries o f crystals cannot be exp lained  by  
the w ell-know n m echanism s o f form ation.

The present paper deals w ith the results obtained with GaAs crysta ls. The 
aim  o f our investigations is to  dem onstrate th e  m icroinhom ogeneity o f  GaAs 
m ono- and polycrystals prepared b y  the Czochralski techn ique and the  
B ridgm an m ethod. The in vestigated  sam ples polished b oth  m echani
ca lly  and chem ically w ere exposed to pulse anodic etch ing , th en  the  
se lective  etch patterns w ere exam ined by m icroscope. The 5— 10%  aque
ous solution  of K O H  w as used as an electrolyte at room tem perature. 
The electrolytic etching w as carried out b y  a special high pow er pulse, 
th e  short duration o f w hich considerably increased the se lec tiv ity . The 
observed periodical im purity  distribution was checked on the sam ples b y  photo
v o ltage  m easurem ents. T he results obtained b y  the tw o different m ethods 
show ed good agreement w ith in  the lim its o f the experim ental error (F igs 1, 2).

Regarding the d istance betw een the periodicities of single crysta ls, the  
resu lts agreed with those obtained on polycrystals cut out from  th e  same 
crystal. The observations m ade w ith sam ples o f  polycrystals are o f  special 
in terest. As recorded on th e  photo, the “ striations” grow through th e  poly
crystalline boundaries w ith ou t changing their direction, a lthough in the  
v ic in ity  of the boundary th e  selective appearance o f striations does n ot occur. 
This latter is probably due to  the diffusion processes in the v ic in ity  of the 
boundaries. The neighbouring crystal grains showed an orientation  difference 
of about 10°.

In lack of an adequate theory, it is im possible to  determ ine th e  difference 
of th e  period and direction o f the m icroinhom ogeneity lines. The grow th w ith
out changing the direction, how ever, cannot be explained b y  theories worked 
out so far, trying to  explain  the origin o f m icroinhom ogeneities [4, 5 ]. It is 
know n th a t a crystal growing freely from a m elt follows a special custom , 
characteristic for the m aterial, i.e. the growth rates o f the crystal p lates con
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s id era b ly  differ. This phenom enon  is caused b y  th e  energy difference (depend
in g  on  th e  orientation), n eed ed  for the form ation and growth o f th e  tw o- 
d im en sion a l surface n ucleus (characterized in practice b y  th e  orientation  
d ep en d en t value of th e  constitu tional supercooling) [6]. The experim ental 
resu lts  proving that th e  segregation  constant of th e  im purities depends on the 
c r y sta l orientation, on th e  grow th rate, on th e  tem perature etc ., are well 
k n o w n , too [7, 8].

F ig. 1. S tr ia tion s on GaAs crysta l ( x 2 0 0 )

F ig 2. P h otovo lta ic  effect on striations

B ased on the above it  m ight be expected th a t on polycrystalline sam ples 
the orientation  of the grow ing surfaces has an essen tia l influence on the build
ing  in  and distribution regularities of the im purities, depending on the orien
ta t io n . The same refers to  th e  distance of period icity  and am plitude o f the 
m icroinhom ogeneities.

Our results do not seem  to  prove the phenom ena expected  to  be valid  
accord in g  to those m entioned  above, since the dependence on orientation of
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th e  segregation coefficien t o f im purities and the degree of supercooling o f the 
so lid — liquid interface is not realized. For proving our above-m entioned  results, 
investigations were carried out on sim ple sem iconductors as w ell. In  case of 
Ge polycrystals th e  results agreed well w ith  those observed on GaAs poly
crystals.

In our opinion the growth conditions should conceal param eters, besides 
th e  well-known supercooling, segregation and orientation. This unknow n param 
eter m ight have a more im portant role at certain experim ental conditions 
th an  the above-m entioned ones. A m ong others, our experim ents prove that 
th e  inhom ogeneity  o f th e  d istribution and building in of contam inations during 
crysta l growth is a usual phenom enon.
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Über M ikroinhom ogenitäten in G aA s-K rista llen . Es werden M ikroinhom ogenitäten  
in  G aAs-K ristallen (E inkristalle und P olyk rista lle) m ittels elektrolytischer Ä tzun g und 
M essung der Photospannung nachgewiesen. D ie A nw esenheit der über die K ristallgrenzen  
kontinuierlich hinüberreichenden M ikroinhom ogenitäten kann m it den bek an n ten  E ntste
hungsm echanism en n ich t erklärt werden.

О микроннеоднородноетях на кристаллах арсенида галлия ( А. Лэринци,Т. Немет и 
М. Шаллаи-Нсмет). Выявлены микронеоднородности на кристаллах арсенида галлия 
(монокристаллы и поликристаллы) электролитическим травлением и измерением фото 
эдс. Присутствие микронеоднородностей переходящих через кристаллические грани без 
перелома не может быть объяснено знакомыми механизмами возникновения.
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DIAGNOSTIC SYSTEM FOR THE EXAMINATION 
OF THE CATHODE SIDE OF ARC DISCHARGES 

WITH OXIDE COATED CATHODES

J. F. BITÓ
CAND. OF TECHN. SC.

RESEA RCH  IN STITU TE FOR ELECTRO N ICS, BU DA PEST 

[M anuscript received Novem ber 28, 1968]

For the dynam ic characterization of the arc discharges w ith  oxide coated  cathode on 
the cathode side, a d iagnostic system , containing 10 experim ental m ethods, w as worked out. 
The system  was constructed so th a t the measuring m ethods constituting it  should make 
possible a manifold control, a sim ultaneous m easurem ent and a relatively  sm all perturbation. 
The form ation of the d iagnostic system  becam e necessary on account of the strong m icrophysical 
heterogeneity  of the cathode side .W ith  the application of the system  of the briefly  characterized  
m easuring m ethods we succeeded e.g. in establishing the cathode side m odel o f the arc 
discharges w ith oxide coated  cathodes.

I . Introduction

The m icroparam eters o f cathode spaces o f arc discharges w ith  oxide  
coated  cathode and th e  interaction betw een th e  cathode and cathode space 
form ed there, further the behaviour of the oxide cathode itse lf can be exam ined  
only b y  a several tim es controlled diagnostic system  [1, 2]. One reason for 
th is is the v icin ity  o f th e  oxide cathode, the other one is the strong hetero
geneity  in the m icrophysical sense of the word. The former excludes th e  direct 
adaptability  of the probe m easurem ents, which proved to  be good at the dis
charges by plasm aphysical exam inations and b y  the exam ination o f positive  
colum ns, on account o f th e  influence exerted on th e  work function o f  the atom s 
w ith cathode coating, strik ing into the probe surface. The strong heterogeneity  
of the spaces — e.g. th e  irregularity of the energy distribution o f the elec
trons —  excludes not on ly  the application o f probe m easurem ents as an inde
pendent experim ental system , but also reduces the num ber o f th ose experi
m ental m ethods which could he taken into account.

The interaction betw een  the cathode and cathode spaces, further the  
more detailed exam ination o f the cathode function  and of the single space 
com plexes made necessary the form ation o f such an experim ental system , the 
single elem ents of which gave with a certain overlapping and good reproducibility  
th e  values of the basic param eters, inevitab ly  necessary for further calculations 
and a com plete characterization.

One point of v iew  in th e  form ation o f th is system  was that th e  function  
o f the cathode should be characterized together w ith the gas space, in inter-
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a ctio n  w ith it, so to say  dyn am ica lly , with the ind ication  of the tim e depen
d en ces. Therefore, our aim  w as not the detailed  and thorough analysis o f the  
sem icon d u ctin g  properties o f  th e  cathode coating, but for the tim e being only  
th e  se tt in g  up of an exp erim en ta l system  describing its behaviour. In possession  
o f th e  thus acquired data th e  measuring system  w ill be im proved later on, in 
order to  establish the in terestin g  data of the cathode and o f the plasm a as well.

T he diagnostic sy stem  o f  the cathode side described below  —  first in 
in tern ation a l relations —  essen tia lly  serves th e  registration o f the m ost 
im p o rta n t functional characteristics and the registration of the macro-and 
m icroparam eters as well.

I t  consists of the fo llo w in g  elem ents:
probe m easurem ents;
th e  determ ination o f th e  length of the cathodic spaces;
m easurem ents o f th e  cath od e spot tem perature;
th e  measurement o f th e  em ission current and th e  calculation o f th e  work 

fu n c tio n  (in gas);
th e  non-pyrom etrical determ ination of the sp ot tem perature and of the  

average  tem perature of th e  cathode;
th e  determ ination o f th e  surface of the cathode spot;
interferom etric electron  concentration m easurem ents w ith a laser beam ;
m icrow ave transm ission  m easurem ents;
m easurem ents of ca th o d e  damage;
oscillation  and str ia tion  control with photom ultipliers.
A ltough  the m easuring system  was worked out for a more detailed  

ex a m in a tio n  of d.c. and a .c . low-pressure m ercury-argon discharges [1 , 2 ], 
on th e  basis of its structure it  is, however, also adequate for the exam ination  
o f h ig h  pressure discharges and  for the exam ination  o f the cathode side of 
disch arge system s in th e  fie ld  w ithout arc discharges.

II . The applied experimental m ethods

1. Probe measurements

T h e measurement o f  th e  electronic param eters —  first of th e  plasma 
p o ten tia ls  —  are carried ou t w ith  the aid of th e  probe m easurem ent system  
[3] w h ich  was well app licab le at our previous exam inations w ith d.c. and 
a.c . T h e block diagram o f th e  electronic system  applied b y  th is m ethod is 
sh ow n  in  Fig. 1.

T h e measuring princip le and system  o f Langm uir is also applied b y  this 
probe m easurem ent m ethod; how ever, it also m akes possible the determ ina
tio n  o f  som e parameters o f  a .c . discharges, beside the probe m easurem ents 
w ith  d .c . In the case of determ inations of plasm a p oten tia l the system  worked  
ou t b y  us could theoretically  b e  applied also in the cathode space, th e  measure-

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



DIAGNOSTIC SYSTEM 123

m ents however gave, because of the v icin ity  o f  th e  oxide cathode, uncertain  
results and so th ey  could not be taken into consideration  for the evaluation  
of the results. For th e  sake o f further safety  th e  probe m easurem ents are to  
be carried out on probes protruding into the p o sitiv e  column [1— 3 ] ,e .g . with  
the application o f cylindrical nickel probes h avin g  a sm all surface.

3x220V 
50 Hz

Fig. 1. Block diagram  o f the electronic system  of probe m easurem ents: the sign of gener
ator G, controlled by phase sh ifter P  is pointed out by d ifferentiator D  and through it m oves 
the im pulse generator I;  so a probe voltage-im pulse o f  a w an ted  shape arrives to  probe M  
and to oscilloscope O: the probe current is am plified by a d ifference am plifier A :  the  discharge 
tube F  is supplied by a stab ilizator  S; the discharge current is lim ited  by ballast Z;  the voltage  
drop on probe circuit resistance R is am plified and the probe is supplied by vo ltage source 
Vp; the probe im pulse and the tube voltage are exam ined b y  the double-beam  oscilloscope К

at the sam e tim e

The sign of the square-w ave generator G controlled b y  the phase shifter P , 
and shown in the b lock diagram  in Fig. 1 is poin ted  by differentiator D,  and  
through it m oves th e  im pulse generator I  to  the em ission  o f saw -tooth  im pulses 
of positive polarity, w ith  changeable duration and am plitude. This im pulse of 
m ax. 80 V am plitude o f a short transit tim e, in general o f 250 /nsec, falls partly  
to  the probe o f th e  discharge tube — the v o ltage  o f the probe is given by  
th is —  it appears on th e  other part as a sweep sign  on the horizontal plates 
o f the oscilloscope 0 .  U nder the influence o f th e  probe voltage, w hich m ay be 
formed at any tim e, and w hich is variable in size and space o f tim e, according to 
the probe characteristics, discovered by L a n g m u i r , the probe current will flow  
through the probe from  the discharge and this current will produce a voltage  
drop on the probe circuit resistance R p.

This vo ltage drop w ill be carried and gained b y  the difference am plifier A  
on the vertical p lates o f  oscilloscope 0 . C onsequently under the influence of
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ev ery  probe voltage-im pulse an adequately  am plified probe current appears on 
th e  screen  of the oscilloscope O, in the function of the probe vo ltage , belonging  
to  it  —  th a t is to say the Langm uir probe characteristic sought for —  from  
w hich  th e  discharge param eter can be calculated in the usual w ay. T he plasm a  
p o ten tia ls  (in this case) necessary  for us are given b y  the position o f  th e  knee, 
form ed  b y  the section characterizing the electron energy distribution  and the  
sa tu ra tio n  section of the electron  current [3].

W ith  the help of phase sh ifter P  through the probe circuit, constructed  
to  th e  cathode, the m om en tary  value of the plasm a potential appearing in 
th e  p lace  o f  the applied probes could be given w ith in  each h a lf period.

B ein g  aware o f th is and after the defin ition  of the boundaries of 
th e  F arad ay  dark space, th e  a x ia l potentia l distribution of the discharge can 
be con stru cted  graphically in each phase, and consequently also th e  cathode  
and an od e fall can be ca lcu la ted . As in case o f oxide cathode discharges 
on b e h a lf  o f the presence o f th e  com plex cathode ligh t, the cathode dark space  
can n ot b e  separated from th e  n egative glow, it is advisable to  ta k e  th e  edge 
o f th e  cathode fall space at th e  positive colum n in each case, up to  the well 
o b servab le  boundary o f th e  g iv en  glow space and Faraday dark space.

T h e potential fall, arising here and extend ing until the cathode, can be 
d eterm in ed  by extrapolation . A s from the approxim ative calcu lations it has 
tu rn ed  ou t that the length  o f  th e  negative glow space did not change con
sid era b ly , in general we h ave found th a t the eventual error, resulting from our 
p rev iou s assum ptions did n o t exceed  the inaccuracy, otherwise occurring by our 
m easu rem en ts. On the m easurem ents of the anode fall the length o f  th e  anodic 
dark sp ace  was neglected according to  the practice so far.

T h e  voltage im pulse fa llin g  to  the probe and the tube v o lta g e  of the  
d isch arge are examined w ith  th e  aid of the double beam oscilloscope K .  The 
probe circu it voltage supp ly  V p, shown in Fig. 1, served the coordination  
and estab lishm ent of th e  m om entary  function o f the exam ined h a lf  period 
and o f  th e  selected electrode. W ith the aid o f th is voltage source th e  probe 
to o k  up  electron current on ly  in  one h a lf period w hen a suitable vo ltage  dif
feren ce w as chosen and it  w as applied as a pre-voltage falling to  th e  probe. 
It can  so be established in  w hich  h a lf period o f the tube voltage curve, appear
ing on  th e  screen of the double beam  oscilloscope K ,  does the exam ined electrode  
p la y  th e  function of the cath od e or of the anode. The m easurem ents are carried 
out a fter  the establishm ent o f  th is, on the basis o f the degrees on th e  phase 
sh ifter  a t each 10° phase angle of the 180° h a lf period. In the course of the  
m easurem ents on the screen o f  the double beam  oscilloscope К , th e  m om ent 
can b e  established when th e  tu b e voltage has a characteristic change, e.g. 
breaks dow n, at the tim e w hen th e  voltage im pulse falls on the probe. Also the 
sta r tin g  tim e of the m easurem ent can be chosen in th is way.

B efore the beginning o f each m easurem ent th e  surface o f the a ctive  part
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o f the probe m ust be carefully cleaned from  th e accum ulated im purities, and 
in the m easurem ents the basic experim ental requirem ents, to  be kept up by  
probe m easurem ents [3— 5], m ust be assured.

The inaccuracy o f the m easuring m ethod already previously determ ined, 
reached in case o f potential m easurem ents + 0 ,2  V, th e  greatest tim e  
resolution was 10 3 sec [3].

2. The determination o f  the length o f  cathodic spaces

The exam ination o f cathodic spaces o f  d.c. discharges is b y  far a simpler 
task . In this case th e  distances betw een th e  cathode light, space com plex, 
being constant in tim e and the F araday dark space, further betw een  the 
boundary of the Faraday dark space at th e  positive column and th e  cathode 
spiral m ay be read o ff with the help o f  a mm scale, placed behind the 
above-m entioned discharge spaces. The exactn ess of these m easurem ents was 
determ ined by th e  applied optical system  and b y  the scale.

On the exam inations of 50 cps a.c. discharges a stroboscopic m ethod, 
controlled b y  a phase shifter, was developed for the determ ination o f the spaces. 
A disc o f adequate diam eter, supplied w ith  slots, was turned b y  a synchron  
m otor. Its drive w as controlled b y  a phase shifter, and in th is w ay  w ith the 
application o f th e  mm division, applied at d.c. m easurem ents, the space 
dim ensions resulting from the different phase angles and from th e  changes of 
lim its could be g iven w ith an accuracy m entioned  previously. W e succeeded  
e.g. in the establishm ent of the form ation in tim e of the m eniscus on the 
cathode side o f the positive colum n. The m easurem ents were carried out by  
the application o f an adequate background in a properly darkened room.

3. Measurements o f  spot temperature

The tem peratures o f the cathode and o f  th e  cathode spot are measured 
w ith a pyrom eter. As can be seen from our previous experim ents [1, 2], the  
average tem perature of the cathode follow s th e  changes o f th e  cathode spot 
tem perature. T aking into account th e  fact th a t a considerable part o f the  
electrons em itted  from  the cathode are produced by the cathode spot, which 
m eans th a t its tem perature has a determ ining character from  th e point of 
view  o f the em ission, it is advisable to  look for the interactions in relation to 
the cathode spot tem perature and according to  it, in the course o f  the experi
m ents, the spot tem perature m ust be m easured directly.

I f  the tem perature m easurem ent is carried out by an optical pyrom eter, 
then th e  m easured values must be corrected on account of the em ission coat
ing, according to  the correction curve E  =  0,35 belonging to  th e  correction  
diagram  o f em issiv ity , published in N o. 170 o f the U.S. Bureau o f  Standards
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Technologic Papers. Before th e  experim ents also th e  m easurem ents o f  the  
c a th o d e  m ean tem perature w ere  carried out on th e  basis o f the variation  of 
res ista n ce  o f  the tungsten  sp ira l. This m ethod proved  more reliable th an  the  
a v era g e  tem perature obtained  on the basis o f th e  optica l pyrom étrie tem p era
tu re  m easurem ents, carried o u t on more spots o f th e  cathode surface.

4 . Emission measurement and the calculation o f  the work function

F or th e  characterization o f the therm ionic em issiv ity  of the cathode the  
a lrea d y  previously applied [2] Cayless m easuring m ethod developed b y  us, 
w as a p p lied . The tungsten sp ira l is applied for th e  coupling of the oscillations, 
in d ic a tin g  the appearance or presence of the p ositive  space charge before th e  
c a th o d e , th u s for the m easurem ents a special tu b e need not be constructed or 
oth er elem en ts protruding in to  th e  discharge space and there producing d istur
b a n ces . In  the sense of th is m eth o d  during a con stan t cathode heating (of d.c. 
or a .c .)  in  case of d.c. arc discharge w ith  changeable current in ten sity , 
from  th e  disappearance o f th e  characteristic oscillations of the positive space  
charge form ed of positive ions before the cathode, w e m ay draw a conclusion  
a b o u t th e  disappearance o f  th e  positive ion cloud, th a t is to say, about the  
fo rm a tio n  o f a state w ithout sp ace  charge (zero field) before the cathode.

T h is state can easily  b e  found, if  beside a g iven cathode heating  th e  
d isch arge current in ten sity  is changed. In th is w ay  the discharge current 
in te n s ity  can be established, for  the m aintenance o f which w ithout cathode  
fa ll en o u g h  electrons are su p p lied  b y  the externally  heated  cathode. W ith  th e  
ch an ge  o f  th e  discharge current also a positive space charge and a n egative  
space charge field can be form ed  in the space before th e  cathode. This discharge  
cu rren t, a t which the p ositive  space charge before th e  cathode disappears, and  
w h ich  essen tia lly  constitutes th e  electron current em itted  therm ionically from  
th e  ca th o d e , can be looked u p on  as th e  em ission current of the cathode, charac
ter ist ic  in  th e  given circum stances.

T h e  m ethod reacts se n s it iv e ly  on the cathode changes and can be well 
a p p lied  a t the different m easurem ents.

T h e  course of the m easuring is the following: heating  the cathode spiral 
w ith  a 550  mA heating current (w ith application o f a sort of current stab iliza 
tion ) a d .c . discharge is b rou gh t about betw een th e  tw o  electrodes so th a t th e  
e lectrod e  which is to be exam in ed  should be th e  cathode. W ith the change  
o f th e  d ischarge current th a t s ta te  is looked for, w hen before the cathode th e  
so -ca lled  zero field will be form ed: that is to  say , th e  space charge consisting  
of p o s it iv e  ions will cease to  e x is t . This could be observed with the aid o f  an  
o sc illo sco p e , so that we look ed  for the m om ent o f th e  disappearance o f th e  
space charge oscillations, p ick ed  up at the form ation o f the zero field  w ith  a 
sp iral —  applied as an aerial —  and carried on to  th e  oscilloscope.
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I f  that discharge current is chosen — at a heating current held at a 
constant value —  b y  which the oscillation stop s, we get a current value, 
characteristic for the therm ionic em issivity o f th e  cathode. Our m easurem ents 
can be carried out w ith  an inaccuracy of + 1 0 %.

The m easurem ent o f th e  emission current, togeth er with the m easurem ent 
of th e  spot tem perature and th e  determ ination o f  th e  spot surface, was used also  
for th e  determ ination o f th e  work function o f  th e  cathode. The Speros and 
B uccili m ethod for th e  m easurem ent of the w ork function  was taken  as a 
com pletion and control.

5. The non-pyrometric determination o f the spot temperature and average 
temperature o f  the cathode, with cathodes o f  double outlets and spiral structure

For the com pleteness o f the system  o f cathode investigations such  
m easuring m ethods were sought for, which could  be applied at any m om ent 
of th e  discharge, w ith ou t notable disturbing interference. We started out from  
tw o further observations, which were the follow ing:

a )  The dependence on the cathode tem perature of the voltage difference 
betw een the ends o f  the cathode spiral;

b) the dependence on the cathode tem perature o f the voltage peak of 
re-ignition.

W ith the more detailed  analysis o f the first observation it was proved  
th a t the average tem perature of the cathode is proportional, on one side, to  
the tem perature o f the cathode spot, on the other side to  the em ission current 
of the cathode, i f  th e  cathode structure and th e  w eight of the em ission coa t
ing coincide with good approxim ation.

We succeeded in th is w ay — in a special case —  in taking back both  the  
spot tem perature m easurem ent and the m easurem ent o f the average tem pera
ture to  a sim ple m easurem ent o f the voltage difference.

In the course o f  a more detailed analysis and verification of th is m ethod  
it turned out that th e  value o f  the voltage difference betw een the ends o f the  
cathodes —  m easured in case of a stationary discharge — is disturbed to  a 
certain extent b y  th e  divergence (a low-current glow  discharge) in the glow  
space, existing betw een  the cathode ends. Therefore, for the sake of increasing  
the accuracy of the m easurem ent both the cathode em ission and th e  cathode  
tem perature belonging to  it —  measured in the above-m entioned w ay — were 
also detected at such an external cathode heating current, where glow discharge 
had not been form ed yet.

After this we turned to  the determ ination b y  a tube voltm eter o f the  
voltage difference im pulse. This w ay the average tem perature o f the h a lf  
period of the cathode and the anode as well could h ave been determ ined w ith 
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o u t a perturbation in th e  discharge. W ith th e  calibration curves th e  tem pera
tu re  o f  th e  cathode could h a v e  been characterized also in °C.

B y  em ploying th is m easuring m ethod we did not find it necessary to  
ex a m in e  w ith  a diagnostic purpose the re-ignition peak vo ltage , also char
a c te r is t ic  for the cathode tem perature [2 ].

6 . The determination of the cathode spot surface

In  general, on the cath od e o f arc discharges a cathode spot o f a tem pera
tu re  h igh er than th at o f th e  whole cathode is form ed, b y  the position  and 
su rface  o f  which the em ission  phenom ena are considerably in fluenced . The 
su rface  and the position o f  th e  spot are changed in m any cases already during 
th e  m easurem ents, w ith ou t any external perturbations. For th e  registration  
o f  th is  change a ca th etom etric  system  w as . applied [1 ], w hich, after an ade
q u a te  enlargem ent, m ade th e  projection o f th is  section  o f the cathode possible. 
T he s iz e  o f the spot can be g iven  b y  this m ethod w ith an accuracy depending  
on th e  position  and on th e  degree o f  enlargem ent of the cathode sp ot, further 
on  th e  structure of th e  cath od e surface.

7. Measurements o f  electron concentrations by laser beam

F or the establishm ent o f  electron concentrations o f the cathode spaces 
and  th e  tim e dependence o f  th is  param eter such an interferom etric refractom e- 
t e r is  to  be applied, b y  w hich  a He — Ne gas laser serves as radiation source [8 ]. 
T he accu racy  of the m easurem ent, assum ed b y  us, carried out in th e  infrared, 
b u t d etected  in the red, w as 101 0  electron/cm 3  [8 ]. A more detailed  analysis 
o f  th e  m easuring m ethod is not given here, it was published in a previous 
p ap er o f  the author, w ith  th e  indication o f the theoretical and experim ental 
b ases and  possibilities o f its  applications as w ell [8 ]. The m easurem ent can 
ea s ily  and  rapidly be carried out and m akes a tim e resolution o f 1 0  “ 8 sec 
p o ssib le , which offers at th e  exam inations in the cathode space a unique 
p o ss ib ility , reached so far.

8. Transm ission measurements by microwaves

For the determ ination o f the electron concentration also a m icrowave  
tech n iq u e  —  to a certain e x te n t more com plicated  —  m ay be applied , which  
can  b e  looked upon as one elem ent of th e  w ell-know n m icrowave d iagnostic  
sy ste m  [9]. Control m easurem ents can he carried out with th is m eth od  only  
th e n , i f  the auxiliary control o f striations and oscillations to  be outlined  in 
item  1 0  does not indicate instab ilities and oscillations in the cathode space, 
w h ich  m ay  be ascribed to  th e  application o f th is m ethod.
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9. Measurements o f  the cathode damages

Because of the dam aging effect exerted  b y  the ions strik ing in to  the  
cathode, the oxide cathode system s are characterized b y  an evaporation  and 
b y  a pulverization process. For the registration o f these processes th e  cathode  
dam age m easurem ent, already applied b y  K ühl [10] and proved several tim es 
b y  us [11], seem s to be appropriate. A detailed  analysis of this m ethod  is not 
given here.

10. Oscillation and striation control with photomultipliers

The cathode space can be characterized b y  an oscillation sen sitiv ity  o f a 
very high and large frequency range [9]. Therefore, sim ultaneously w ith  the  
application o f the single m easuring m ethod it m ust be found to  w hat degree 
does th e  disturbance, caused b y  th e  m easurem ent —  e.g. oscilla tion  —  
influence the phenom ena to be m easured. The photom ultiplier d etectin g  the 
oscillations brought about in the cathode space which can be applied  as an 
indirect detecting, the m ethod which was earlier used by the author [9, 12], 
seem ed suitable for th is purpose. In th e  la tter case, by the dem onstration  of 
the standing or m oving striation, appearing in  the plasma o f th e  positive  
colum n and caused b y  the oscillations or b y  th e  change of the str ia tion  para
m eters, a conclusion m a y b e  drawn about the character of the in fluence o f the  
m easurem ents carried out in the plasm a space. This striation process is, nam ely, 
very  sen sitive to  the changes in the cathode space [9] and, therefore, it m ay  
even tu a lly  be applied later, after certain refinem ents, as an indirect experi
m ental m ethod of the cathode space.

For th is the w ave length of the form ed striation, its distribution  velocity  
and th e  in ten sity  of the single light m axim a —  o f the excitation  fronts —  must 
be m easured, e.g. w ith the application o f the m ethods described b y  us pre
v iou sly  [9, 12].

W ith the application of the d iagnostic system  on the cathode side, 
briefly  outlined above, we succeeded in th e  determ ination of th e  m ost im por
tan t cathodic and cathode space characteristics of the low-pressure arc dis
charge of oxide cathode, and of their correlations as well [2 ].

The cathode side m odel, characteristic for the exam ined case, was formed  
w ith  the application of this system  o f correlations.

The advantage of this d iagnostic system  consists in the provid ing of a 
m ultip le, independent control system , th e  good tim e resolution, further the  
good reproducibility, resulting from th e facts reported above.
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D iagnostisches System  für die Prüfung der B ogenentladungen mit Oxydkathoden an 
der K athodenseite. Für die dynam ische Charakterisierung der kathodenseitigen B ogenentla
dungen m it O xydkathode wurde ein diagnostisches System  ausgearbeitet, welches 10 Prüf
m ethoden  enthält. D as System  wurde so ausgebaut, daß durch die Prüfverfahren eine m ehr
fache K ontrolle , sim ultane M essungen und eine relativ k leine Perturbation erm öglicht werden. 
D ie A usgestaltung des d iagnostischen System s wurde w egen der starken m ikrophysikalischen  
H eterogen ität der K athodenseite notw endig. Durch A nw endung des System s der kurz darge
legten  M eßm ethoden ist es uns z. B . gelungen, das kath odenseitige  Modell der B ogcnentladun- 
gen m it O xydkathode festzu ste llen .

Диагностическая система для исследования дугового разряда оксидногдо катода 
на катодной стороне (Й. Ф. Бишо). Для динамической характеристики дуговых разрядов 
с оксидными катодами на катодной стороне разработан метод, состоящий из 10 экспери
ментальных методов. Система построена таким образом, чтобы измерительные методы, 
из которых она состоит, способствовали бы многократному контролю, одновременному 
измерению и относительно малой пертурбации. Оформление диагностической системы 
стало необходимым из-за сильной микрофизической гетерогенности катодной стороны. 
Применяя систему кратко охарактеризованных измерительных методов, нам удалось, 
например, определить модель дуговых разрядов с оксидными катодами на катодной 
стороне.
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STABILITY RANGE OF FEEDBACK CONTROL SYSTEMS
S. K E R E SZ T É L Y

H U N A R IA N  A C A D EM Y  O F  S C IE N C E S , B U D A P E S T  

R E S E A R C H  IN S T IT U T E  F O R  A U T O M A T IO N

[M anuscript received D ecem ber 21, 1968]

The parameters o f a controlled plant m ay change w ithin a given range. The criterion  
is determ ined, which is to be satisfied by the loop gain of the rated system , in  order 
to keep the feedback control system  stable over th e  w hole range of the param eter changes. 
The calculation m ay be carried out w ith  a com puter. B y  generalizing the m eth od  the fu lfill
m en t o f stricter dem ands than  stab ility  m ay be prescribed w ith  practically the sam e am ount 
o f  calculation work.

I . R e q u i r e m e n t s

In practice, the va lues o f the com ponents building up a feedback control 
system  are only more or less accurately know n. In addition, th ese  elem ents 
m a y  change their va lues during use, due to  wear or ageing w hich m ay, in 
turn , depend on external factors (such as tem perature). A feedback system  is 
required to operate, w ith in  the specified range o f these variations, in a satis
factory  manner. The problem  is represented, from practical asp ects, b y  the 
variation  of the elem ents w ithin the controlled plant, as th e  design o f the 
com pensator makes it possible, providing for the necessary accuracy and 
sta b ility . Therefore, in vestigation s will he restricted to the case w hen varia
tion s occur only in th e  controlled plant. In th e  G(s, Ax, A2, . . . A„) transfer 
function  of the controlled p lant, these variations affect the values o f  th e  А,- 
param eters (which m ean tim e constant, dam ping factor, gain, d elay). The 
variation  range o f th e  individual param eters can be determ ined on th e  basis 
o f  th e  following considerations:

a )  D eviation o f th e  value of a built-in  elem ent from the rated  value  
(m axim um  deviation) is generally specified (accuracy of resistors and con
densers, tolerance o f m echanical parts), wherefrom  the range o f  the param eter  
variations thereby caused can be readily calculated .

b) the effect o f external factors (such as tem perature) can sim ilarly  be 
tak en  into consideration b y  the dependence o f  the value of ind ividual elem ents 
(such as the tem perature coefficient of the resistor). The possible range o f the 
external factor in question  (for exam ple operational tem perature range) must , 
o f course, be known;
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c)  when calculating th e  variation due to  w ear, the life required from  the  
co m p o n en t concerned m ust b e  specified. On th e  basis o f  calculated or experi
m en ta l data, the rate o f w ear and, thereby, th e  m axim um  variation can be  
d eterm in ed ;

d )  variations due to  agein g  can only be described sta tistica lly . Here 
th e  ran ge to  be tolerated can  be determined on th e  basis o f a specified error 
p ro b a b ility , if  the s ta tis tica l features of the com ponent are known.

According to the a b o v e  considerations, th e  G(s, А х ,  A 2 ,  .  .  .  A n )  transfer  
fu n ctio n  o f the controlled sectio n  may have th e  pertaining variation range of 
th e  ind iv id u al parameters determ ined:

,

^ 2  ^ 2  ’ ( 1  )

6  Л п ■

G en era lly , however, in th e  «-dim ensional param eter space the range o f  the  
p ossib le  values of param eter vector

is n o t th e  n-dimensional cube described by E qu. (1), as it is only part o f  the  
form er. This is because th e  m axim um  variations o f  the different param eters 
ca n n o t b e associated, as each  m ay occur only in a certain com bination o f the  
v a r ia tio n s  causing the param eter variations proper. Thus the possible value  
range o f  the parameters can b e  characterized b y  th e

1 £ A

re la tio n . Range Л  is know n
to  represent a con tin u ou s range in the n-dim ensional space; 
to  be located inside o f  th e  n-dim ensional cube characterized b y  Equs 

( 1 ), and
to  have a form easy to  determ ine accurately, in theory, from the varia

tio n s o f  th e  elements th e  controlled  plant consists of.
T h e foregoing findings lead  to  the fo llow ing question: under w h at con

d itio n s w ill the feedback con tro l system  rem ain stab le  if, in the G(s, A )  transfer  
fu n ctio n  o f the controlled p la n t, A is anywhere in th e  range A- The rated value  
o f th e  controlled plant param eters is A0 which is w ith in  the range A-

(3)

( 2 )
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I I . A survey o f  the m ethods generally used 
to provide for a stability range

The m ost well-known m ethod to  m aintain  th e  feedback control system  
stab le  in a certain v ic in ity  of the Л0  rated param eter value is to  provide for 
gain and phase margins. D efin ition  o f these tw o ideas in a simple case is illu stra t
ed b y  F ig. 1 showing loop gain A  in th e  function  of frequency. G ain m argin  
a0 and phase margin <p0 are intended to  keep th e  N yquist diagram as far as 
possible from the “ dangerous” (— 1 ; 0) point. Their values, how ever, do not

Fig. 1. D efinition o f the gain and phase margin

give inform ation on the stab ility  range m agnitude within the Я param eter  
sp ace, nor perm it the qualitative sta tem en t according to which m ore am pli
fica tion  and phase reserves would ensure a wider stab ility  range. A  good  
exam p le  is the N yquist diagram presented in F ig. 2 which is hardly stab le  in 
sp ite  o f its excessive gain and phase reserves, and where an in sign ifican t  
jo in t gain and phase increase at point x, th a t is, a minor Я0 variation  in  the  
proper direction, would cause in stab ility .

It is much more reassuring to  stu d y  the m axim um  of the absolu te value  
of feedback gain. The locus o f th e  identical values over the plane A  form s a
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circle, and the sta b ility  m argin is characterized b y  the parameter o f the circle, 
th e  N yquist diagram  is tangential to (F ig. 3). U nfortunately, it cannot be 
sta ted  here u n conditionally  either that a low er M  value would have a wider 
s ta b ility  range associated  in the parameter area, although this m ight be true 
in m any cases. M oreover, th e  question cannot even  be raised what an M  value  
w ould be required to  provide for the sta b ility  o f  the feedback control system  
w ith in  a given A  range.

Fig. 3. Maximum feed back  gain

On the ex ten t o f  th e  stability  range som e conclusions m ay be arrived  
at from  the location o f th e  poles of the closed  system  on the com plex plane; 
the pole located near to  th e  imaginary axis on plane s is considered dangerous 
since it m ay be d isp laced , upon the effect o f even  minor parameter variations, 
to  the other side o f  th e  axis whereby the system  would becom e unstable. 
I t  is very d ifficult, how ever, to arrive at num erical conclusions, as the rate 
o f pole m ovem ent depends on the location o f all the poles and zeros. A good  
exam ple is a sam pled data  control system  h av in g  a fin ite settling tim e, th a t is, 
w here each pole o f th e  closed system  is at th e  point z =  0. A ccordingly, the  
real part of each pole in plane s is oo. This m ight indicate extrem ely  high 
s ta b ility  but, in fa c t, such system s would exh ib it a rather narrow stab ility  
range. This could be attributed  to the fact th a t  the poles concentrated into  
a single point w ould trave l at an extrem ely fa st rate over the com plex plane.

The root-locus m ethod  accurately follow s the pole travel in the function  
o f a single param eter variation  (generally th a t o f  th e  gain factor). This m ethod  
has not been extended  to  study the sim ultaneous variation of several param 
eters and, since th e  curve might turn in to  a planar range in case o f even  
tw o  param eters, th is m igh t not be expected  either.
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I I I . Stability condition w ithin the /1 range

The follow ing paragraphs aim at the determ ination  o f the requirem ents 
to  be satisfied b y  th e  loop gain designed for rated parameters, in order to  
m aintain the feedback control system  stab le , if  the values of the plant para
m eters are characterized by any point o f th e  Л  range.

In case o f continuous system s, the condition  of stab ility  is to  have the  
roots [here A (s , A) is the loop gain] of equation

1 +  A(s,  Ä) =  0 (4a)
satisfy ing the condition

Re { . ,}  <  0 . (5a)

In case o f  sam pled data control system s, the stab ility  requirem ent is

1 +  A (z,  A) =  0, (4b)

l*/l — 1 <  0 (5b )

where z =  esT. W hen introducing substitu tion  tv =  (z— l)/(z  -|- 1)

1 +  A (w, Ä) =  0, (4c)

R e{u> ,}<T 0. (5c)

The above equations are identical in form for com plex variables s, z, and iv 
and, in order to  save  parallel presentation, hence the variable f  will be w ritten  
instead o f all these variables [naturally, A(£,  A) indicates another fu n ction a lity  
in each case w ith in  th e  sam e system ].

1 +  A  (I , A) =  0, (4)

/ ( * / ) <  0 . (5)

In Equ. (4), loop gain A(tj, A) is expressed b y  loop gain A(£,  A0) encountered  
in the A0  case o f th e  rated parameters, and th e  transfer function at th e  rated  
and changed param eter values of the controlled plant:

A ( £ j )  =  A ( f J 0) - ^ ф ~
^q)

E qu. (4) will th ereb y  be

1 +  A (£ ,A 0) G (i’ Á) = 0
G(f, *o)

( 6)

( 7 )
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and transposed:

А ( $ Л  o) = G ( U o )
G (i,  Л)

( 8 )

T he criterion of stab ility  is to  have condition  (5) to hold for each !,■ root o f  
E q u . (8 ), if  AÇ A- Now let us stu d y  th e  m eaning of each side o f E qu. (8 ) 
at a f ix e d  | 0, for which

/( lo )  =  0- (9)

E q u s (5a)— (5c) show th at Л ( |п, A0)is  a point o f  the N yquist diagram o f a system  
w ith  rated  parameter values. The right hand side of the equation, — G (f0, ^o)/ 
G ( i0, A 0 ) ,  describes a continuous range on the com plex plane, at a fixed  
£0, i f  A  Ç A ,  since Л  is a continuous range. Let us indicate this range w ith

Д « о ) .
I f  th e  rated system  (A =  A 0 )  is stab le , and the equation order o f the  

tra n sfer  function of the controlled p lant does not vary in the A  range, 
th e  criterion of stab ility  has to  sa tisfy  for each | 0  value satisfy ing E qu. (9), 
th e  fo llow in g  condition:

л (|0,А0н д | и) (io)

th a t is , to  prevent the N yq u ist diagram from  entering range Д £ 0).
T his statem ent can be sim ply verified  in the following m anner. I f  the  

eq u a tio n  order of the G(£, A) transfer function  of the controlled p lant does 
n ot v a r y , the roots of E qu. (8 ) w ill con tin u ou sly  change, starting from  the  
v a lu e  assum ed at A  =  A 0 ,  w hich  is characteristic of the rated system . I f  this 
is s ta b le , the roots of E qu. (8 ) sa tisfy , at rated parameter values, E qu. (5). 
The so lu tions of Equ. (9) separate th e  com plex plane into tw o ranges.

T h u s, the continuously changing roots can be displaced from range f (£ )  <  0 
to  range /(£ )  >  0  only b y  crossing the line / ( ! )  =  0  at Xj £ Л- This, how ever, 
w ou ld  m ean that in case o f  A =  ? .j the relation  =  | 0  would hold and, in 
E q u . (8 ):

d ( f 0, I , ) = - M Ç ^ o )  (11)

w hich  contradicts the requirem ent ( 1 0 ) .T hus, if  the requirement (1 0 ) is satisfied , 
th e  roo ts o f Equ. (8 ) sa tisfy  th e  condition (5) w ithin the entire A  range, th at  
is , th e  control system  will rem ain stable, i f  l £ A -

T he solutions of Equ. (9) can be described by the com plex fu nction  of 
a real variable which, in th e  cases d iscussed, has a simple form:

S  =  | 0 =_/ft>, — o o  <  CO <  o o  ; (12a)
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=  f 0  =
71

T

л

T

w  =  £„ = j v  =  j  tan
coT
2

7C TC
° o  <  v <  o o , --------- - <  O) <  ----- .

T  r

( 1 2 b)

( 1 2 c)

Com bining into a single equation:

f o  =  <P H - ( 1 2 )

Re

Fig. 4. Prohibited range and N yq uist diagram  at som e to values

A\<p(a>), I 0] is the N yquist diagram  o f the control system  at rated param eter  
values, and / 1[çi(fo)] is the range where, to  assure stab ility  in the entire / 1  range, 
th e  N yquist diagram m ust not enter. N aturally , part of th e  range o f the  
com plex plane, forbidden b y  /^ ( с о ) ]  at a fixed  ctq value m ay be perm itted  
for th e  N yquist diagram at another (o2 value (F ig. 4).

In th e  com plex num ber plane, the range includes th e  (— 1 ; 0) point 
at any со value because, at J  =  Я0,

_ £ ( s U, Âq) _ _ J

’ G(f0 ,Â)
The stab ility  requirem ent described b y  E qu. (10) can be presented b y  

the R e{ylJ  =  a; Im {^4} =  b; at three-dim ensional illustration. The r[ç?(co)] pro
h ib ited  ranges form a b ody here (F ig. 5) where th e  N yquist diagram expanded  
to  a space curve by the со variable m ust not enter, but has to  be by-passed, 
in case o f an unstable plant b y  the N yquist curve counter-clockw ise. Thus, 
the Г[у(со)] body takes over th e  duty  of the (— 1 ; 0) point o f the N yquist 
curve and defines, in a frequency selective m anner, the d istance th e  N yquist 
diagram  m ust run from th e critical ( — 1  ; 0 ) point, depending on its direction,
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in order to  m aintain th e  control system  stab le w ithin the entire Л  range.
The significance o f  th e  stab ility  condition defined in E q u . (10) is represent

ed b y  its reducing th e  dim ension num ber of the stab ility  problem , regardless 
o f th e  dim ension num ber o f A ,  always to 2 , and relating the loop gain at rated 
param eters with a q u a n tity  depending on noth ing but the controlled plant 
and its param eters. I t  m ay  offer a guidance for the synthesis as well since, 
if  th e  rated loop gain is sought for in case o f a given controlled plant, a trial

Fig.  5. Three-dim ensional illustration  of the prohibited range and the N yq u ist diagram

w ith  an A(£,  I 0) loop gain can detect on th e  basis of Equ. (10) th e  a> range, 
as com pared to this eq u ation , where the loop gain should be m odified, and in 
w hich  direction.

D eterm ination o f th e  / ’[99(0 ))] body surface equation is a hopeless attem pt 
even  in sim ple cases. A  realistic possib ility  is represented b y  th e  numerical 
m eth od  whereby in th e  range, where the N yquist diagram m ight approach 
th e  b od y , the points should  be determ ined in a su itable close spacing.

Since the equations o f both the loop gain and the controlled plant are 
fin ite , and generally o f  a low  order, neither th e  N yquist diagram  nor the  
/^[9 9(0 ))] body m ay contain  several peaks and, therefore, an acceptable result 
m igh t be obtained b y  checking only a com paratively low  num ber o f points. 
A nd since the T  [99(a))] range always includes th e  (— 1 ; 0) point, it is best to  
ca lcu la te  in a polar coordinate system  built around th is point.

a =  Q cos ft — 1  , 

b — Q sin ft .
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W ith an (Oj resp. &j value fixed, the value defining a point o f th e  surface will 
be g iven  by the solution  o f the following problem :

Q — m ax |1 — Y(A)| ;

у / Д ч  =  G [ ( p (c O j ) ,  A „ ] (14)

A  £  A  ;

arc { 1  —Y(A)} =  &j.

W ith  more m axim a given , the minima betw een  each tw o m ust also be found, 
as th ey  represent further points of the surface.

T esting w hether a given A\q>(a>), A0] loop gain is acceptab le, for each 
a> va lu e the calculation on not more than  a single #  value m ust be performed:

âj =  arc { 1 + A  [<p(co, ) , An]} . (15)

IV. Satisfaction o f the requirements stricter than stability
in the A range

Through the investigations covered by the previous chapter, conditions 
for th e  stab ility  o f th e  feedback control system  w ith а Л  range o f th e  controlled  
p lan t parameters h ave been determ ined. D eterm ination o f the /^ ( c o ) ]  range

Fig. 6. Perm itted range o f the characteristic equation roots on the s plane

prohibited for the N yquist diagram o f th e  rated system , how ever, requires 
m uch feasible calculation, in practice, on ly  b y  using a digital com puter. With 
th is  in  m ind, on th e  other hand, it seem s perm issible to design  the control 
sy stem  against a slight increase of the com putation  work, in ad d ition  to  stabil
ity , for the satisfaction  o f refined quality requirem ents as w ell, if  a possibility  
can be found for th is  purpose.
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L et it be required from  th e control system  to  have no tim e constant 
of its  transfer function exceed  a predetermined T0  va lu e in the Л  range o f the  
p aram eters. Satisfaction o f th is  requirement p rotects it against an excessive  
red u ction  of the working sp eed .

A s another requirem ent, th e  damping factor o f  th e  oscillating m embers 
in th e  transfer function sh ou ld  reach a minimum £ 0  value.

T h e control system  w ill sa tisfy  these tw o cond itions, if  the roots o f its 
ch aracteristic  equation are lo ca ted  within the range illustrated  by Fig. 6 .

T h e lim it equation o f th e  range permissible for th e  roots is:

s =  :
T +  j 0> 1 to < У w g

T0 C0 ’

+ j c o ,  и  >  У 1 
f l  — 45 T0 C0

11

(16a)

Fig. 7. P erm itted  range of the characteristic  Fig. 8. P erm itted  range of the characteristic  
equation  roots on the z  p la n e  eq u a tio n  roots on the w plane

In  case of sam pled d ata  control system s, th e  roots of the characteristic  
eq u a tio n  o f the closed sy stem  m ust be located in th e  z plane within the range 
of th e  form  illustrated b y  F ig . 7, and in the 7V p lane w ithin th at show n by  
F ig. 8  to  make the control sy stem  satisfy the above requirem ents.

T h e equation of the ran ge lim it is:

Z =  £ U

T  . ^+J“>T
e 1 0

T ß ^ + y 1 C2 л
e И- t S , —------<  со <  —

T U  Tbo ±

I col < f l - C g  ■ 
T0C0 ’

(16b)
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and

»« =  £„=

tanh

tanh

T  . T
+ ja> ~ 0? T" xn

2 K1 -C S  2

n < 4 = «
Âo ^ 0

T E  T■*u ^>0 1

(16c)

The boundary line equation can be w ritten  in each o f th e  three cases 
as the com plex function  o f the real variable, th at is, generally

So =  V M - (16)

The roots of the characteristic equation o f the feedback control system  
are given by the solution  o f E qu. (8 ). I f  the com plex variable £ is replaced at 
each side of this equation b y  th e  boundary line equation described b y  Equs (16)

A(S, Â0) =  А[у>(со), Л0] (17)

then  the modified N yq u ist diagram of the rated system  will be obtained, and

G (M o) G[y(co),A„]

G(£, Ä) С[у»(о)),Я]

describes a range on th e  com plex plane, in case of a fixed  to, w hile Я £ Л- 
This range is indicated b y  /^ (c o ) ] .  If

a)  each pole o f th e  transfer function o f the rated system  is w ithin the 
specified range;

b)  the eventually  com pensated poles or zeros o f the transfer function  
of the controlled p lant are w ithin the specified range (i.e. th ose  roots of 
th e  characteristic equation of the rated system  which do not represent transfer 
function  poles);

c)  the equation order o f the controlled plant transfer function  does 
not vary within the A  range, then the condition of having th e  feedback con
trol system  satisfy  the specified  requirements in the entire Л  range is to  prevent 
th e  modified N yquist diagram  from entering the 7 [y>(co)] range, in a manner 
identical to  Equ. (10), th a t is

А Ы°>), Я0] $ Г  О Н ] .  (19)

This statem ent can be verified in a m anner identical w ith th e  argum entation  
under paragraph III.
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R an ge Г[у(ш)] a lw ays includes point (— 1 ; 0) and, sim ilarly to  the  
b o d y  sh ow n  in Fig. 4, represents a prohibited range for the m odified N yquist 
d iagram . This body is b y -p a ssed  b y  the m odified N yq u ist diagram as m any  
t im es  in  a counter-clockwise m anner, as m any poles loop gain A 0 has outside  
o f th e  range illustrated in  F igs 6 — 8 .

E q u s (13)— (15) can b e u sed  for exact calculations w ith the m odification, 
h o w ev er , th at instead o f th e  function  ç>(a>) described b y  Equs (12) function  
у(ы)  g iv en  b y  Equs (16) m u st be made use of in E qus (14) and (15).

V. Variation o f th e  controlled section equation order

F o r  reasons of s im p lic ity , th e  previous investigations have categorically  
ex c lu d ed  those cases when th e  equation order of th e  controlled p lant transfer 
fu n c tio n  would vary. In case o f  equation order variations the roots o f the  
ch aracter istic  equation will n o t  vary  continuously and m ay, w ithout crossing  
th e  lim it  curve [99(a)) and/or i/)(o>)], be transferred in to  the forbidden range. 
Since, in  practice, the eq u ation  order of the controlled p lant transfer function  
m ay a c tu a lly  vary, it m ust h e determined w hen th is m ight be perm itted.

T h e  first case to be stu d ied  is when, b y  a special com bination o f the  
p aram eter  values, both th e  num erator and the denom inator of the controlled  
p la n t transfer function h a v e  th e  same root. This w ill occur in a Ay range o f  
th e  param eter values w hich a lw ays has a lower num ber of dim ensions than  
th e  A  range. It is easy to  rea lize  th a t, in the d ifferentia l environm ent o f the  
Ay ran ge, th e  characteristic eq u a tio n  has a root d ifferent from that sim ultane
o u sly  p resen t one in both th e  num erator and denom inator, w ithin that range, 
on ly  differentially . An eq u ation  order variation of th is  ty p e , therefore, cannot 
cause a n y  difficulties if  th e  com m on root is w ith in  th e  specified range, but 
if  it  is ou tsid e , the requirem ents are impossible to  sa tisfy .

I f  th e  nominal system  is characterized by Я0  £ Ay (which is true in every  
case w here a pole or zero o f th e  controlled plant transfer function is com pen
sa ted ), th e n  the roots of th e  characteristic  equation o f th e  closed control system  
rep resen t not only the so lu tio n s o f equation A(Ç, A0) - ( - 1  =  0 , but also the  
com p en sated  poles and zeros. T h is is why paragraph IV  includes stipulation  b).

In  th e  other case to  be stu d ied , the equation order of the controlled  
p la n t transfer function will in crease if  certain param eters exceed a lim it value. 
This occurs in sampled data  control system s because o f delay or sam pling  
period  variations. H ow ever, th e  new  root will alw ays enter here at z =  0 
(w hereas th e  others keep ch an g in g  continuously) and, therefore, this is alw ays  
p erm issib le .
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V I. Further tasks

In the foregoing paragraphs on ly  the first approxim ation o f the problem  
raised, that is, behaviour of the control system  in case o f the variation o f the  
controlled plant param eters w ith in  a given range, has been carried out. 
The m ost im portant problems left to  be solved are as follows:

a )  A lgorithm ization of the problem presented b y  Equ. (14). Here som e  
difficulties may be encountered as, in certain cases, several extrem e values 
will ex ist, whereas som etim es the range will include the oo point of the com plex  
num ber plane and, consequently, at a certain range o f  & will not include any  
extrem e value.

Fig. 9. Shape of the yi(co, x) function set on the s plane

b)  A lgorithm ization of the synthesis of a loop gain corresponding to  
the requirements set. In rather sim ple cases th e  y>(w) function can be fixed  
at a given G (|, A) and / 1 , respectively , and the nom inal system  m ay be optim iz
ed on the basis o f a n y  optional criterion, in th e  course of the determ ination  
of th e  A (£ ,  A(l) loop gain. The result w ill depend on th e  A0  value. In other cases 
only one y>(a>, x) function  set is fixed at a given G ( |, A )  and Л ,  where л: is a para
m eter which, if increased, will represent stricter quality  requirem ents (as 
an exam ple, Fig. 9 illustrates such a function set in th e  s plane). In the course 
of the synthesis, the m axim um  x value (and the pertain ing loop gain) w hereat 
the problem can still be solved should be sought for. Here the results will not 
depend on the A0  va lue. The value o f this m ethod can be argued, as the m axi
mum tim e constant does not characterize unequ ivocally  the operation speed  
of th e  system .

Über den Stabilitätsbereich von rückgekoppelten R eg elsy stem en . D ie Param eter einer 
R egelstrecke können sich innerhalb eines gegebenen Bereichs ändern. Das Kriterium  wird 
bestim m t, dem die Schleifenverstärkung des nominellen S y stem s Genüge leisten m uß, dam it 
das rückgekoppelte R egelsystem  im gesam ten Bereich der Param eteränderungen stabil bleib t.
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D ie  B erechnungen  können m it einem  Computer durchgeführt werden. D urch V erallgem eine
rung der M ethode kann auch die E rfüllung von  höheren Anforderungen als die der Stab ilität 
v o rgesch rieb en  werden, wobei der R echenaufw and praktisch derselbe b leibt.

О диапазоне устойчивости регулирующих систем с обратной связью (Щ. Керестель). 
Параметры некоторого регулируемого участка могут изменяться в заданном диапазоне. 
Определяется тот критерий, который должен быть удовлетворен передаточной функцией 
разомкнутой системы для сохранения устойчивости регулирующей системы с обратной 
связью во всем диапазоне изменений параметров, вычисления можно Выполнить при 
помощи ЭВМ. Обобщенней данного метода можно добиться удовлетворения также условий 
более строгой устойчивости практически при идентичной по объему вычислительной 
работе.
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SOME QUESTIONS OF IDENTIFICATION 
ON THE BASIS OF FREQUENCY RESPONSE

J. G Y Ü R K I

RESEA RCH  IN S T IT U T E  FO R  AUTOMATION OF T H E  H U N G A R IA N  ACADEMY O F SCIEN CES 

[M anuscript received Decem ber 30, 1968]

An iterative least-square approxim ation m ethod is presum ed in the article for the 
identification  of linear, dynam ical control system s on th e  basis o f  the frequency response. 
The m ain concept o f the m ethod is described and two special questions are in ten siv e ly  inves
tigated , nam ely, the w eighting problem and the decision about the structure o f the identified  
transfer function. To the background of the theoretical part the proposed m ethod was program
m ed on a M INSK  —22 digita l com puter and the results o f  the practical in vestigation  sum 
m arized. A numerical exam ple is presented, too.

I . Introduction

The practical identification  procedures, based on different m easurem ent 
data are essentially  data o f processing m ethods, inverting the functional con
nection which ex ist betw een  the measured values and the m athem atical de
scription of the system . The frequency response appears in the classical control 
theory as one of th e  im portant characteristics and sufficient description of 
the system . Its points can be measured d irectly  (sinusoidal test) or derived 
indirectly from other measured functions (im pulse te st data, step  response, 
im pulse response) w ith  the aid of the Fourier transform ation. In  this way  
the identification based on frequency response has great significance.

S t r o b e l  [ 1 ]  has given  a good survey on th is kind of identification  
m ethods. In our paper we w ill extend and generalize the least-square m ethod  
of the frequency response identification, which was first proposed b y  L e v y  [ 2 ]  

and im proved b y  S a n a t h a n a n - K o e r n e r  [ 3 ]  and S t r o b e l  [ 1 ] .  W e will deal 
with the identification  problem  from a practical point o f view , especially  with 
the w eighting problem  and the decision about th e  structure o f th e  com puted  
transfer function. Our investigations are based on digital com puterprogram m es.

II . The com puting method

Let the experim ental frequency response o f  the system  under investi
gation be given as

GE(jt»i) =  Р Ы +jQia;,); i=  1, 2, . . .  N .  (1)

10 Ada Technica Academiae Scienliarum Hungaricae 68, 1970



146 J. GYÜRKI

T he aim of the id en tifica tion  is to  com pute th e  param eters o f a rational- 
fraction a l function, w hich approxim ates in a prescribed sense the experim ental 
freq u en cy  response:

2  ná j ^ f
G(jco) = ------ ---------------------- . (2)

1  +  2
k=l

T he id ea  on the com putation  o f th e  parameters o f  E qu. (2) on th e  basis 
o f data  ( 1 ) is the error square m inim alization in a discrete case, nam ely:

N

2 e "
= 1

N

=  2  G< M )I 2 >’ -P(°>i)  + j Q ( Md min. (3)

T he m inim alization o f th e  preceding expression concludes in a m ultidim ensional 
nonlinear regression, because o f  the special form o f th e  frequency response (2 ). 
To avo id  the problems o f th e  nonlinear regression let us define a m odified  
error [2 ]:

2  E'i2 =  j ? « ? - [ y 2 (e>/)+* 2 t o ) ] -  (4)
i=i i=i

T he m inim alization o f th e  m odified error square w ith the usual procedure 
alread y  concludes in a linear regression. The m atrix  form of th e  equations, 
w h ich  arises at the com p u tation , is:

(m +  1) X  (m+1) (m+ 1) X n «0
•̂o 0 - 2̂ 0 V • i T, s 2 - T s - S t T s ---1 a, f V l

0 Д2 0 - Л 0 . • \ — Ss T3 S4 — T.
5 ~ S s - - - a 2 Ту

2̂ 0 - 0 V •1 Ts S4 - T s S s Т у - «3 S2
0 0 - Л 0 .

■ \ - s ‘ Tr, ■% ~ T 7 S s - - - T 2

Ti - s 2 -- T s s4 T s - • •! u 2 0 - U 4 0 U s--- h 0
S2 T3 --S4 - -Ts V ••! 0 U4 0 U6 0 .. . b2 U 2
T 3 - S 4 -- T s S 6 T-i • ..1 u t 0 - U , 0 Us--- b3 0
S4 Т ь --S* Ту V « Us 0 - U a 0 . . .: _ К

—
1

Ï3 ...

n X  (m + 1 ) n X n J>n_
w here

/ = 1

S  h =  2  P ( m i )  ?
i = l

( 6 )
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r * =  2 C0‘ < ? K );
i = l

;= 1

The solution  o f E qu. (5) gives th e  param eters o f the frequency response (2), 
and th e  decision on the structure appears as a decision on the order o f sub
m atrices. The problem  of the structure w ill be investigated  in th e  follow ing.

I l l . The w eighting problem

The w eighting factor in E qu. (4) has m any disadvantages, as it  de
pends on th e  unknow n param eters and frequency, too. For real physical 
system s the param eters a;, 6 , are p o sitiv e  num bers, so the w eigh tin g  factor  
grows trem endously at higher frequencies, and causes “ greater w eig h t” for 
th e  points of the experim ental frequency response in this interval. T he high  
frequency part of the data determ ines th e  w hole course of the com puted  fre
quency response. It is not advantageous, because the error term  is in  general 
greater at higher frequencies, and the low  frequency part contains m ore useful 
inform ation about the system .

The disadvantages of the m odified  error term  are ev itab le w ith  the 
reserve of the advantages of the linear regression, if  the results o f th e  m odified  
error m inim alization are considered as interm ediate results. Let th e  w eighting  
factor at the second m inim alization  he:

р 4 щ ) =  * £*Ш «*'> .
yí(to,) +  df(m,)

The w eighting factor is characterized b y  th e  differences between th e  denom ina
tors o f  the first and second approxim ations. In  general, the w eighting  factor 
at the fc-th iteration  will be:

P k ( ° > i )  =
7fcK ) +  d |K )

r l - i ( (üd +  ôl - A ()Ji)
( 8 )

The lim it value o f the expression (8 ) tends to  Ph((Oj) =  1, and gives th e  opportu
n ity  to  stop the iterative procedure.

In m any practical cases th e  w eighted  error square m inim alization  is 
preferable, because the available “ a priori” inform ation suggests th a t  some 
points o f th e  frequency response h ave greater significance, or th e  error is less 
at an interval. Another situation, w hich appears essentially as a w eighting
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problem  is th e  m inim alization o f th e  relative error square instead of the absolu te  
error g iv en  b y  Equ. (3). In th e  latter case th e  w eighting term is the recip
rocal v a lu e  o f the experim ental frequency response:

| i>-'(c,) • ( Е Ю  '

The p ractica l identification, according to the preceding considerations, concludes 
in on e o f  the four possible w eighting situations, depending on the “ a priori” 
in form ation  about the system  and the error on th e  measured data. The w eig h t
ing factors for these situations at the /с-th itera tive  step are:

F irs t  case: absolute error m inim alization w ith  identical weight.О

Гк-1((0) +  0к -А 0}У
( 10 )

second case: absolute error m inim alization w ith  external w eight.

Ук(т) F ̂ k(w)
у 1 - А ш) +  àk-i(a>)

Р т ( ь > )  * ( 1 1 )

th ird  case: relative error m inim alization w ith  identical weight.О

y l ( c o ) - { - ô l ( c o ) ____  1

y l - A œ ) + ô l - i i 01) -Р2(")+<?2(ш) ’

fou r th  case: relative error m inim alization w ith  external weight,

yl(co)+àl(co)  _ _  p'U(o)

Y k - 1 (® )+  ô l - 1.(®) P ' \ o > ) + Q - ( m )
(13)

The w eigh tin g  expressions (10)— (13) refer to  th e  square error, and р т(ы) 
is th e  extern al weighting factor.

T h e  com putation of the m atrix  elem ent for th e  iterative linear regression  
procedure changes according to  the four w eigh tin g  situations. Instead  o f  
E qus (6 ), th e  following expressions hold:

N
À u. =  V  k 

1 =  1
■л — У  c'jfgi«,);

N
Sk =  y c o l[P((oi)q(mi);

(14)
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The q(ü)j) factors are in  sim ple relation with th e  expressions (10)— (13):

First case:

Чак —
1

( 15)

second case:

Чак =
Pm(^) (16)

third case:

irk —
1 1

(17)
У к -г (с о )+  à\_fco) P*(co) +  Q*(a>) ’

fourth case:

i r k  —
Р т {ш ) 1

(18)
y * _ i(w )+  dfc- л Н Q4co) +  P*(œ) '

IV. The decision problem about the structure

For every regression m ethods have also to  present a discussion about 
the accuracy and correctness of th e  regression curve. In m any cases th e  
“ a priori” inform ation gives a correct decision on the structure of the curve, 
and the on ly  problem  is the estim ation of th e  variances belonging to  th e  
com puted num erical param eters. In the id entification  procedure, how ever, 
the structural decision is very im portant and appears as a fundam ental problem .

It is know n from the literature [4] th a t th e  m ethods and concepts o f  
the m athem atical sta tistics present a possib ility  o f  investigating the quality  
characteristics of the regression curve. The confidence intervals and significance  
levels at th e  hypothesis te s t  give a basis for th e  decision on the correctness 
of the results. The structural decision appears in our identification  procedure 
as a decision on the degrees (n and m) o f the frequency response (2 ), respec
tiv e ly , about the order o f sub matrices in Equ. (5).

In general, there are m any possibilities in th e  field  o f system  identifica
tion  to perform a structural decision. These ideas depend m ainly on the in 
herent properties o f th e  actual procedure. Here w e shall present tw o concepts 
which are adaptable to  our m ethod and to  the d ig ita l com puter program in a 
sim ple m anner.

A da Technica Academiae Scientiarum Hungaricae 68, 1970



150 J. GYÜRKI

I f  th e  “ a p r io r i”  in f o rm a t io n  o r  a n o th e r  k n o w led g e  is a v a i la b le  fo r  th e  
s t r u c t u r a l  d ec is io n , th e n  th e  fo llo w in g  t e s t s  a p p e a r  as a c o n tro l o f  o u r  in 
f o r m a t io n  co n c e rn in g  th e  s t r u c tu r e .

1. Decision on the hasis o f  the statistical test

I n  th is  p a p e r  w e do  n o t  d e a l w ith  th e  d e ta i ls  a n d  m e th o d s  o f  t h e  m a th e 
m a t i c a l  s ta t i s t ic s  c o n c e rn in g  t h e  s ta t i s t i c a l  t e s t  m e n tio n e d . W e r e s t r ic t  o u rse lv e s  
to  c i te  th e  p r in c ip a l id e a  o f  th e  d e c is io n  o n ly  a n d  re fe r  to  th e  l i t e r a tu r e  [4].

W e  w ill c o m p u te  t h e  e m p ir ic a l  v a r ia n c e  a t  th e  e n d  o f  t h e  i te r a t iv e  
p r o c e d u r e  fo r  e v e ry  s t r u c tu r e ,  w h ic h  is g iv e n  b y :

J  \GE(jo>,) G(jcoi)\2

S ~ =  2 N - ( m  +  n +  l )  ' ^

T h e  a n a ly s is  o f th e  e m p ir ic a l  v a r ia n c e s  b e lo n g in g  to  th e  d if fe re n t  s t r u c tu re s  
t a k e s  p la c e  w ith  th e  a n d  t h y p o th e s is  t e s t s .  H a d  th is  b e e n  s t a r t e d  f ro m  th e  
h ig h e s t  p o ss ib le  s t r u c tu r e  a n d  th e  d e g re e s  o f  th e  n u m e ra to r  a n d  d e n o m in a to r  
w e re  s y s te m a tic a l ly  d e c re a s e d , t h e n  t h e  p r o p e r  s t r u c tu r e  w as r e a c h e d  w h en  
t h e  e m p ir ic a l  v a r ia n c e  a n d  t h e  s ig n if ic a n c e  leve ls  su d d e n ly  c h a n g e d  b y  th e  
d e c r e a s e  o f  th e  n u m e ra to r  a n d /o r  th e  d e n o m in a to r  d eg re e  b y  o n e .

T h e  b a s is  o f  th e  d e c is io n  is a c c e p ta b le  f ro m  a p r a c t ic a l  c o n s id e ra t io n ,  
to o .  N a m e ly ,  if  th e  e x p e r im e n ta l  f r e q u e n c y  re sp o n se  o r ig in a te s  f ro m  a  re a lis tic  
l in e a r  s y s te m , w h ich  is c h a r a c te r iz e d  b y  a  w ell d e f in e d  m a n d  n p a i r ,  b u t  is 
p e r t u r b e d  b y  no ise , th e n  t h e  a p p r o x im a t io n  b e lo n g in g  to  a g r e a te r  m  a n d  n 
t h a n  t h e  p ro p e r  ones c a n n o t  b e  b e t t e r  t h a n  th e  a p p ro x im a tio n  w h ic h  is p ro d u c 
e d  b y  th e  p ro p e r  s t r u c tu r e .  B u t  t h e  a p p r o x im a t io n  in  p u r e  m a th e m a t ic a l  
s e n s e  s u d d e n ly  b eco m es w o rse  if  t h e  s t r u c tu r e  is im p ro p e r  e i th e r  in  t h e  n u m e ra 
t o r  o r  t h e  d e n o m in a to r . I t  h a s  to  b e  e m p h a s iz e d  t h a t  th e  p re c e d in g  c o n s id e ra 
t io n s  h o ld  i f  th e  s y s te m  is r e a l ly  a l in e a r ,  t im e  in v a r ia n t  on e  (o r  a p p ro x i
m a te l y  is o f  su ch  a k in d )  a n d  th e  e r r o r  te r m  is a sa m p le  o f  a s to c h a s t ic  s ig n a l 
w i th  a  ze ro  m e a n  v a lu e . I n  t h e  o p p o s ite  c a se , as w as e x p re sse d  b y  S t r o b e l  [1], 
t h e  d e c re a s e  o f  th e  s t r u c tu r e  b y  o n e  c a u se s  su c h  a c h a n g e  o n  t h e  f re q u e n c y  
r e s p o n s e ,  w h ich  is in  th e  m a g n i tu d e  o f  th e  e r r o r  itse lf.

2. Decision on the basis o f  pole-zero configurations

T h e  t r a n s fe r  f u n c tio n  b e lo n g in g  to  th e  f re q u e n c y  re sp o n se  (2) ca n  b e  
w r i t t e n  in  a n o th e r  fo rm , to o :
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m  rn 1
j y  ak sk au l f ---- (s ak)

G(s) =  — ^ -----------  =  - * ; 1 ? ------------  • (20 )
1 + 2 Ьк *  n  ——  ( s — ß k)

k  = ï  k =  l  P k

Let us assume th a t the poles and zeros are d istinct, but real or conjugate  
com plex roots are allowed.

The in vestigation  of the pole-zero configurations of different structures  
which approxim ate the same experim ental data  shows that the structures of 
higher degree th an  th e  proper one do not g ive  better results because o f  pole- 
zero com pensations and of appearance poles and zeros with a negligible effect.

If a pole and a zero agree in Equ. (20), th e  reduction of th e  structure  
is obvious. H ow ever, i f  a pole-zero pair or a se t o f  them  appear, w hich  cause  
an effect on the frequency response only in a restricted  interval and th e  effect 
is negligible, th en  th e  sim plification will b e allow ed by practical considera
tions. An effect caused by a pole-zero set, w hich  is in the m agnitude o f  the  
error term, can be considered as negligible.

The possible pole-zero configurations w hich are significant for th e  struc
ture reduction can he discussed b y  its B od e-p lo t. The neglected part appears 
as a m ultip licative factor in Equ. (20), and so its  effect can be characterized b y  
th e  absolute va lu e and the phase.

a) Single pole or zero far from the frequency interval on w hich  the  
experim ental data  are available. The neglected  part in this case is:

а д  =  — ( * - « , )  or Gp(s) =  — . (21)
a, s -  ßt

The Bode-plot o f  th is elem ent is p lotted  in F ig. 1. The effect of the single-root 
elem ent is negligib le in the interval 0  to a/ (resp. 0  ct) ^  /3,), and can
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b e o m itted  if  the break p o in t сод =  a,-, resp. cob =  ß/ is outside th e  in terval 
o f th e  experim ental data.

b)  Pole-zero pa ir .  The neglected part in th is  case is:

S —  CCj 

S —  ß i
( 22)

T h e Bode diagram o f th is elem ent is p lo tted  in Fig. 2. The am plitude  
error and the m axim um  o f th e  phase depend on th e  ratio /S,/a,-. The m axim um  
v a lu e  o f  th e  phase is:

tan  ipmax (23)

T he p h ase  error is lim ited  to  a fin ite in terva l, but the absolute v a lu e  error 
ten d s to  a constant if  со ten d s to in fin ity . I f  th e  break points (a, an d  /?,) lie 
b ey o n d  th e  im portant in terva l of the experim ental frequency response, then  
th e  e ffec t o f the elem ent (22) is negligible. I f  th e y  lie in the im portant in terva l, 
it can  be cancelled when th e  ratio /?,/<%,• is near to  one. The allowed va lu e of 
th is  ra tio  depends on th e  error level, too.

c)  Two pairs o f  pole-zero. The neglected  part in this case is:

G,P(s)
X j b j  s  —  <Xj

ß i ü j  s - ß t

s a t 
s bi

(24)

W e sh a ll restrict ourselves now to  the s itu a tion , when the conditions hold:

and
ßi <  Xj <  a, <  bj or Xj <  ß t <  bt <  a I

M l =  i .
<*i ai
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The Bode-plot o f th e  transfer elem ent (24) with the preceding restrictions is 
plotted  in Fig. 3. B oth  the am plitude and the phase errors are restricted to a 
fin ite  interval. The m axim um  (or m inim um ) of the am plitude error appears 
at the frequency:

(»m =  Yßi Ь, =  f a ,  a ,
and the m agnitude o f  it is:

The preceding three pole-zero com binations represent the sim plest con
figurations and we w ere restricted to real roots only. There are a lot o f other 
possible pole-zero sets w ith conjugate com plex poles and zeros, which are 
possibilities regarding the structure reduction. B ut the decision on the sim pli
fication  is more d ifficu lt in these situations.

The legality  o f  the structure sim plification on the basis o f pole-zero 
com pensation is assisted  by the investigations performed b y  U n b e h a u e n  [ 5 ] .  

The effect of different distortions was discussed in his paper, which can appear 
on the measured tim e functions, caused b y  m easurem ent errors, noises and 
drift. The errors o f  the num erical com putation o f the frequency response 
w ith the aid of the Fourier transform ation also conclude in such distortions. 
It was shown th at th e  effect o f these distortions appears on the frequency  
response in a fin ite  in terval, and the m athem atical and graphical form of 
th ese error functions closely agree with the Bode-diagram  o f the sim plest 
pole-zero configurations, which were discussed in the preceding part.
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V . The digital computer program

T he concepts and th e  detailed  algorithm  o f th e  identification  procedure 
w hich  w as described in  th e  preceding sub-paragraphs would have been collected  
in to  a digital com puter program . The main characteristics and properties of 
th is  program will be sum m arized in the follow ing.

A fter taking in th e  d ata  of the experim ental frequency response (real 
and im aginary part) and th e  starting value o f  m and n, the first iteration  
step  is performed on th e  basis o f th e  m odified error term  (4). B ut the follow ing  
step s are based on th e  expression  (8 ). There is a possib ility  to  choose one of 
th e  four available w eighting  situations. The external w eighting factor p m(co) 
is a lso  needed as input data . T he tw ofold iterative action  is controlled partly  
au tom atica lly , partly b y  sp ecia l input inform ation. The first iteration which  
tr ies to  nullify the unw anted  properties of the m odified error will be stopped  
au tom atica lly  by the asy m p to tic  properties of the expression (8 ). The second  
ite r a tiv e  action, nam ely, th e  system atic  decrease o f th e  degrees of the num era
tor  and the denom inator, starts from the highest possible structure (m and n). 
T he h igh est structure which can occur in the identification  appears as a weak  
“ a priori” inform ation about th e  experim ental frequency response. The system 
atic  decrease of the structure can be performed in three w ays:

a)  The degree o f th e  num erator is fixed and th e  degree of th e  denom ina
tor  w ill be decreased t ill an end value;

b)  the denom inator degree is fixed  and the num erator degree w ill be de
creased;

c)  both the denom inator and the num erator degrees w ill be decreased.
The decision about th e  structure of the identified  transfer function can

be perform ed with th e  aid o f  som e extra com putation . The sta tistica l te st  
o f  th e  empirical variance and th e  com putation of th e  variances of the com puted  
param eters a0, at, . . . am; bt, b2, . . . bn need the com putation  of the sum (19) 
and th e  inverse of m atrix  (5). These data are available after each iterative  
step , i f  it  is wanted. The second concept, th e  com parison of the pole-zero 
configurations, needs th e  com putation  of the roots o f the num erator and 
denom inator polynom ials. To perform it a root-solving subroutine is m atched  
to  th e  whole procedure, w hich  works on the base o f the m odified N ew ton- 
itera tio n  algorithm.

V I . Example

Numerous in vestigation s in connection with th e  digital com puter proce
dure and the identification  m eth od  were performed. D ifferent transfer elem ents 
and th e ir  indirect m easurem ent were sim ulated on a digital com puter and the  
resu lts prepared for the iden tifica tion  m ethod. The points of the “ experim ental”
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frequency response were generated on the basis o f the indirect m easurem ent 
(im pulse test and step response) w ith  the aid o f Fourier-transform ation. The 
error term arised partly from th e  sim ulation , partly because o f  th e  Fourier- 
transform ation, but in som e cases it  was applied to  the ex a ct frequency  
response points in the form o f random  num bers w ith known s ta tis tic s . The 
results of our investigations are sum m arized in the conclusions.

To illustrate the results o f our in vestigation s and to show the m erits o f  th e  digital 
com puter procedure let us look at the results o f  a particular system . The exact transfer func
tion  o f the in vestiga ted  system  was:

Y (s )  -  90
1 +  2s +  4s2

(s2 +  0 ,4s +  1) (s2 +  3s +  9)

10 +  20s +  40s2 (26)
1 +  0 ,73333s +  1,24444s2 +  0,3777 s3 +  0,1111 s4 '

The exact frequency response is p lo tted  in Fig. 4 and the error term s o f the experim ental 
frequency responses which were generated from  the step response and from an im pulse  test 
(ha lf sine wave inp ut signal T  =  3,6 sec duration) are p lotted  in Fig. 5 (A  and В  curves re
sp ectively). The resu lts o f  the id entification  w ith  absolute error m inim alization on th e  bases of 
the tw o experim ental frequency responses at the correct structure are sum m arized in  Table I.

Table I

1. Computed param eters belonging to different k in d s o f  data

a0 a , «2 К К b3 b.

E xact 10 20 40 0,73333 1,24444 0,37777 0,11111
Step response 10,013 19,971 40,091 0,73444 1,24558 0,37869 0,11132
Im pulse test data 9,939 20,029 39,7015 0,72842 1.24316 0,37396 0,11197

S t =  +  0,25 9,972 19,997 39.847 0,73103 1,24255 0,37608 0,1110
S 2 =  +  2 10,005 19,5963 40,1485 0,7360 1,25075 0,38076 0,11236
S3 =  +  5 9,237 21,594 38,425 0,71448 1,22743 0,35975 0,10824

2. Poles and zeros o f  the com puted transfer fu n c tio n s

Poles Zero

E xact 1,5 ± >  2,5981 0,2 ±  > 0,9798 — 0,25 + > 0 ,4 3 3 0 1
Step response -1 ,5 0 0 8  ± >  2,5954 0,20014 +  j  0,97947 0,24907 + > 0 ,4 3 6 6 2

Im pulse test data — 1,4702 ± >  2,60123 — 0,19959 ± j  0,98002 — 0,25225 + >  0,43243

S , =  ±  0,25 — 1,49438 ± >  2,60122 — 0,19967 ± > 0 ,9 8 0 4 -0 ,2 5 0 9 2 1  + > 0 ,4 3 2 7 7

S 2 =  +  2 — 1,49453 ± >  2,58997 — 0,19992 + > 0 ,9 7 7 4 6 0,24405 ± > 0 ,4 3 5 5

S3 =  +  5 — 1,46264 ± >  2,6509 — 0,19924 + > 0 ,9 8 3 9 7 — 0,28099 ± > 0 ,4 0 1 8

The experim ental variances belonging to the step response data are show n in Table 
II , as the function  o f the first itera tive  process and the structure. The pole-zero configura
tions o f the different structures are sum m arized here, too.
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dB

F ig . 4 

Table II
1. E xp erim en ta l variances belonging to the step response data

Ite ra tiv e  steps

1 2 3

6 ,5763402 + 0 3 ,1732926 + 0 0 ,2590243 — 01
5 ,2586710 + 0 3 ,5638554 01 ,2559036 — 01
4 ,2609285 + 0 3 ,5488095 — 01 ,2529761 — 01

5 3 ,2776470 + 0 3 ,7840000 — 01 ,2502352 - 0 1
2 ,5786279 + 0 3 ,6747674 — 01 ,2473255 - 0 1
1 ,5874597 + 0 3 ,1364252 + 0 3 ,7915747 + 0 2
0 ,5984965 + 0 3 ,5040795 + 0 3 ,5108522 + 0 3

6 ,6050759 + 0 3 ,1684337 + 0 0 ,2584337 —01
5 ,5977226 + 0 3 ,1409523 + 0 0 ,2529761 - 0 1
4 ,5811647 + 0 3 ,1176470 + 0 0 ,2500000 — 01

4 3 ,5906279 + 0 3 ,8081395 — 01 ,2473255 — 01
2 ,6034712 + 0 3 ,1942528 + 0 0 ,2445977 —01
1 ,6060340 + 0 3 .1475340 + 0 3 ,1086886 + 0 3
0 ,5900865 + 0 3 ,4981685 + 0 3 ,5139797 + 0 3

6 ,5943333 + 0 3 ,1539523 + 0 3 ,1161904 + 0 3
5 ,5871647 + 0 3 ,1517882 + 0 3 ,1145011 + 0 3
4 ,5725930 + 0 3 ,1503720 + 0 3 ,1130465 + 0 3

3 3 .5942758 + 0 3 ,1540643 + 0 3 ,1134022 + 0 3
2 ,6028977 + 0 3 ,1577727 + 0 3 ,1127954 + 0 3
1 ,6494494 + 0 3 ,1764000 + 0 3 ,1140337 + 0 3
0 ,5930000 + 0 3 ,5032555 + 0 3 ,5004555 + 0 3
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2. Pole-zero configurations belonging to the step response data

-
m

5 I 4  1 3

3

— 0,24913 +  > 0,4333 

+  1148,6

0,200117 +  > 0,97947 

1,49998 +  j  2,595 

+  964,27

— 0,24913 + > 0 ,4 3 3 3  

-6073,6

-0 ,2 0 0 1 1 2  + > 0 ,9 7 9 4 6 4

— 1,49999 + > 2 ,5 9 5 0 6

— 0,04007

+ 3 ,3 6 6 3  + >  11,6626

— 0,34396 + > 1 ,2 4 6 9 6

— 75,403

2

— 0,24912 +  j  0,4333 

0,200115 +  j  0,97945 

— 1,50013 ± j  2,5969 

-6 1 3 7 ,9

— 0,24907 + > 0 ,4 3 6 6 2 2

— 0,20014 + > 0 ,9 7 9 4 7

— 1,50077 + > 2 ,5 9 5 4

— 1,50077 + >  2,5954

— 0,4023 

+  23,180

+0 ,092565  + > 2 ,5 1 9 6

— 2,1918

— 0,04145

-0 ,2 8 5 3 3  + > 1 ,1 7 3 3  

- 0 ,6 6 4 7 2  + > 4 ,1 4 2 4  

+  6,8895

— 0,038027

— 0,33715 + > 1 ,2 5 3

— 0,60814 + > 5 ,1 1 9 7 4

— 0,05466

— 0,33647 ± >  1,2423

— 28,41

Table I also contains the results o f the id en tifica tion , when the exact frequency response  
points were perturbed by random  numbers equally d istributed on a finite interval. The chosen  
interval o f the perturbing random  numbers were: =  +  0,25; S2 =  +  2; S3 =  +  5. The
em pirical variances and the pole-zero configurations belonging to the noise in terval S 3 =  + 2  
are sum m arized in Table III.
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Table III

1. E xp erim en ta l variances belonging to S 2 — ± 2

n m
Iterative steps

1 2 3 4 5

6 ,7235263 + 0 3 ,1561276 + 0 3 ,8220921 + 0 2 ,1528552 +01 ,1369210 +  01
5 ,2712818 + 0 3 ,1138636 +  03 ,3767532 + 0 1 ,1351948 +  01 ,1350649 +  01
4 ,5885512 +  03 ,1608423 + 0 3 ,1152564 + 0 3 ,3660256 +01 ,1333333 + 0 1

5 3 ,6710379 + 01 ,1895632 + 0 3 ,1146405 + 0 3 ,4388607 +01 ,1345569 +  01
2 ,6391437 +  03 ,2074087 +  03 ,1150887 + 0 3 ,5300000 +  01 ,1328750 +  01
1 ,6312530 +  03 ,2055802 +  03 ,1150753 +  03 ,8944197 +  02 ,7925925 +  02
0 ,6213890 +  03 ,5373012 +  03 ,5415609 +  03 ,5268780 + 03 ,5232682 +  03

6 ,7140207 +  03 ,1558116 + 0 3 ,7502467 + 0 2 ,1469220 +  01 ,1351948 + 01
5 ,7047692 +  03 ,1536371 + 0 3 ,7284743 + 0 2 ,1442692 +  01 ,1333333 +  01
4 ,6553974 +  03 ,2077974 +  03 ,1187215 + 0 3 ,9469620 +  01 ,1320253 + 01

4 3 ,6646487 +  03 ,2066112 +  03 ,9794999 +  01 ,1868749 +  01 ,1327500 + 01
2 ,6309530 +  03 ,2220197 +  03 ,9460123 + 0 2 ,1533333 +01 ,1313580 +  01
1 ,6221317 +  03 ,2352414 +  03 ,1153024 +  03 ,9882317 + 02 ,1019256 +  03
0 ,6174698 +  03 ,5529722 +  03 ,5524337 +  03 ,5250481 + 03 ,5342168 +  03

6 ,6836538 +  03 ,2050717 +  03 ,1230512 +  03 ,1097179 +  03 ,1069602 +  03

5 ,6750253 +  03 ,2012253 +  03 ,1214886 +  03 ,1083025 +  03 ,1055784 +  03

4 ,7512625 +  03 ,2156112 + 0 3 ,1191625 +  03 ,1078237 +03 ,1050124 + 0 3

3 3 ,7387740 +  03 ,2145098 +  03 ,1200962 + 0 3 ,1067518 + 03 ,1038543 +  03

2 ,7041341 +  03 ,2925487 +  03 ,1216768 +  03 ,1077158 + 03 ,1025524 + 0 3

1 ,6987192 +  03 ,3745060 +  03 ,1293891 +  03 ,1086927 +  03 ,1019096 +  03
0 ,7096452 +  03 ,5567535 +  03 ,5309404 +  03 ,5274095 +  03 ,5287583 +  03

V II . Conclusions

a )  The m odified error term  m inim alization [Equ. (4)] is not a success
fu l procedure if  noise is present. The noise part o f  th e  high frequency in terval 
determ in es the whole course and the param eters o f  the approxim ate frequency  
resp on se  alm ost independently  o f the chosen structure and the course o f the  
exp erim en ta l frequency response at lower frequencies. The experim ental vari
ance is very  high in th is case, and great errors appear on the low frequency  
in terv a l.

b)  The iterative procedure for elim inating th e  unwanted properties o f  
th e  m odified  error has good convergence properties, if the signal/noise ratio  
is greater than  one at higher frequencies. The speed o f the convergence depends 
on th e  noise level. I f  there are som e “ a priori” inform ation that the experi
m en ta l frequency response has low signal/noise ratio at higher frequencies,
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2. Pole-zero configurations belonging to S., =  - - 2

m
"

5 4 3

5

— 0,030863  

+  8,9847

— 12,868

+  1,8639 + > 2 2 ,6 3 3 7

— 0,3236 + > 1 ,2 3 2

— 91,984

3

— 0,24517 +  > 0,4360 

-3 1 6 ,7 9

0,19972 +  > 0,9774 

1,4835 +  > 2,585

— 1508,1

— 0,245015 + > 0 ,4 3 5 7 8  

— 516.21

— 0,19960 + > 0 ,9 7 7 5

— 1,4835 + > 2 ,5 8 6 6

2

— 0,24491 ±  j  0,43595 

- 0 ,1 9 9 8 2  +  > 0,97737

— 1,4866 +  j  2,5852 

+  454,499

— 0,24405 + > 0 ,4 3 5 4 8

— 0,19992 + > 0 ,9 7 7 4 6

— 1,49453 + > 2 ,5 8 9 9 7

1

0,036335

— 0,2874 +  > 1,1851

— 0,79596 + > 4 ,6 1 9 7  

+  8,9366

0,005594

0,30239 + > 1,21116 

— 0.71550 + > 5 ,5 8 4 6

it  is practical to om it these points to  increase the speed of convergence and the 
accuracy of the identification . I f  there are m any points w ith low  signal/noise  
ratio at higher frequencies the iterative procedure will be unable to  converge  
to  th e  “ equal w eight” situation , especially when the approxim ate transfer  
function  has more free param eters than  the correct one, and so there is a possi
b ility  to  exactly  approxim ate (in a pure m athem atical sense) th e  n o isy  data. 
The experim ental variance is high in this situation , and it rem ains at this 
level in the course o f  the iterative procedure.

c)  The results o f  the identification  are consistent, when th e  noise term  
has a zero mean. This is true at a high noise level, too. U n fortunately  th e  in
direct system  m easurem ents lead som etim es to  non-zero exp ecta tion  in  the  
noise term existing on the com puted frequency response due to  drift and other 
typ es o f errors.

d )  The results o f the iterative least-square m ethod are in dependent of 
the noise statistics, the only dem and is the zero mean value o f  th e  noise.
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e)  The decision ab ou t th e  structure o f  th e  frequency response on the  
b asis o f  the statistical te s t  o f  the experim ental variance is effective if  the  
n o ise  term  on the exp erim en ta l data is not high.

f )  The knowledge o f  th e  pole-zero configurations belonging to  different 
stru ctu res gives us a good p ossib ility  for the w hole supervision of the frequency  
resp on se , the noise term  an d  th e  identification. This te st  signs som e drifting  
part o f  the frequency response, but if there are no “ a priori” inform ation  
a v a ila b le  for the proper structure the reduction o f th e  structure on th e  basis 
o f th e  recognized pole-zero pairs is som etim es a doubtfu l action.

g )  The relative error m inim alization w ill be effective and the procedure 
prop erly  convergent if  th e  error term has rea lly  such a character th a t the  
r e la tiv e  error is ap p roxim ately  constant on th e  w hole frequency in terval. The 
w eig h tin g  factor at th e  re la tiv e  error m inim alization  in the “ equal relative  
w e ig h t”  situation has th e  sam e character as th e  “ au tom atic” w eighting term  
at th e  absolute error m inim alization , if the in vestiga ted  transfer elem ent is 
a p h y sica lly  realizable one. T h e determining role o f  th e  high frequency interval 
is far  stronger and it can be suppressed only in th a t case, if  indeed the relative  
error is constant.
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E inige Probleme der K ennwerterm ittlung aufgrund des Frequenzganges. Im
A rtik el wird für die K ennw erterm ittlung linearer, dynam ischer R egelsystem e aufgrund  
des Frequenzganges eine iter a tiv e  M ethode der k le in sten  Q uadrate vorgeschlagen. N ebst 
B esch reib u n g  der grundlegenden K onzeption der M ethode w erden zwei besondere Problem e 
e in g eh en d  untersucht, n am en tlich  das Problem der G ew ichtsverteilung und die F eststellun g  
der S truk tur der identifiz ierten  Ü bertragungsfunktion. A ufgrund des theoretischen Teils 
w urde die Methode für den D igita lrechner M INSK  —22 program m iert und die R esu ltate  der 
p ra k tisch en  Untersuchung w erden  zusam m engefaßt. D ie  A rbeit enthält auch ein Z ahlenbei
sp ie l.

Некоторые вопросы идентификации, проведенной на основе частотной функции
( Й.  Дьюрки). Для идентификации на основе частотной функции линеарных динамических 
систем регулирования предлагается итеративный метод наименьших квадратов. Наряду 
с описанием основной концепции предлагаемого метода детально рассматривается два 
специальных случая, а именно проблема взвешивания и определение структуры иденти
фицированной переносной функции. На основе теоретической части метод программи
рован для ЦЭВМ МИНСК—22 и дано обобщение результатов практического анализа. 
В работе приведен также числовой пример.
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A LASER BEAM METHOD FOR THE EXAMINATION 
OF CATHODE SPACES

J . F. BITÓ

C A N D . O F  T E C H N . SC.

R E S E A R C H  I N S T IT U T E  F O R  E L E C T R O N IC S , B U D A P E S T  

[M anuscript received N ovem ber 26, 1968]

W ith the cathode side application o f the traditional experim ental m ethods, adapted  
so far, the plasma m icroparam eters o f  th ese  spaces cannot be determ ined w ith  a satisfactory  
accuracy. In this paper an interferom etric m ethod  w ith  laser beam s is dem onstrated, w ith  the  
aid o f  which the va lue o f the electron concentration  in the cathode spaces, its  tim e dependence  
and axial distribution can be determ ined in  a sim ple w ay, w ith  an accuracy o f  + 1 0 10 electron/ 
cm 3. The highest tim e resolution w hich can be reached is 10-8  sec.

I . Introduction

The experim ental analysis o f  the discharge plasm a in the cathode spaces 
has not y et been resolved com pletely  [1]. One reason for this is th at in contrast 
to  th e  positive colum n of the cold plasm as of low  pressure, the cathode spaces 
cannot be exam ined by classical m ethods ex a ctly  on account of the v ic in ity  
of the cathode. The other d ifficu lty  is th at the spaces m ay be looked upon as 
th e  “ fore-ground” o f the p ositive colum n. Therefore, neither the electrons 
nor the ions have th e  distributions, which can easily  he exam ined, e.g. the  
M axw ell-B oltzm ann , or D ruyvesteyn  type d istribution . The latter m akes e.g. 
th e  application o f the classical probe m easurem ents in the cathode spaces 
dubious.

The idea o f such an exam ination was already put forward m uch earlier, 
in case of which a m onoenergetic electron beam  was transm itted  through  
th e  cathode space to  be analysed [2]. W hile th e  perturbation b y  electron or 
ion  beam s of the plasm a system s o f high tem perature does not bring about a 
notab le change in th e  exam ined system , so in the case o f cold plasm as this 
in tervening essen tia lly  alters th e  conditions to  be exam ined. Therefore, the  
application  of th is m ethod has not been taken in to  account here.

Because neither the probe m easurem ents nor the electron beam — plasm a  
interaction have given  satisfactorily  exact and w ell reproducible results, also 
th e  plasma spectroscopic m ethods were tried out in the cathode space [3]. 
T he great advantage of these m ethods m anifests itse lf exactly  at extrem e  
fie ld  strength, th a t is to say in th e  case o f a great electric or m agnetic field  
strength . The electric field strength  in the cathode spaces of the discharges 
can attain  only in  th e  cathode fa ll space such an order of m agnitude, which
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causes a significant and n oticeab le alteration o f th e  spectral lines. For 
lack  o f  a m agnetic field  neither th is observation offers sufficient data about 
th e  p lasm a microparameters.

T h e microwave m ethods, which m ake the m easurem ent o f electron- 
con cen tration s of 1 0 м electron /cm 3  possible, cannot be applied on account of 
th e  oscilla tions caused b y  th em  in the cathode space. B esides, nearly every  
ch aracteristic  oscillation process o f the discharges can he observed in the  
ca th o d e  space. From the m icrow ave m easuring m ethods the transm ission  
m easurem ents without extern al m agnetic field  m ight be taken in to  account, 
but in th e  course of th is probing not the really negligible sm all sounding  
pow er, b u t the periodical d isturbance, carried into the m icrowave range gives 
d ifficu ltie s .

E v en  the weak disturbances can be considerably am plified b y  th e  cathode 
sp ace  in  an appropriate frequency range w ith  the aid of electron groups, em erg
in g  from  th e  cathode, and sim ilar to  a divergent electron beam . W hile th e  plas
m a, in  general, performs th e  function  o f a selective am plifier, th at is to  say , 
it  a m p lifies the disturbances carried into it  in a relatively  narrow band, so 
th e  ca th od e  space, on account o f  its inhom ogeneities and in consequence of 
its characteristic  “ inclination” for oscillation in a w ide band, can easily  be 
in flu en ced  with the aid o f an external disturbance. This causes in m any cases 
on th e  other hand the shift o f  th e  whole cathode m echanism .

B ecause the probe m easurem ents, the electron beam  soundings, the  
sp ectroscop ic  observations and  th e  application o f m icrowave m ethods in the  
ca th od e space were not successfu l either, we could get inform ations about 
th e  phenom ena occurring in  th e  cathode spaces only b y  means o f indirect 
m easurem ents; by diagnostic system s, not based on the m easurem ents of 
m icroparam eters, or b y  m eans o f  theoretical calculations of a doubtful value  
and o f  approxim ative character.

In  th e  following an interferom etric m ethod w ith laser beam  is described 
w ith  th e  aid of which the v a lu e  o f  electron concentration in the cathode space, 
its t im e  dependence and axia l distribution  can be determ ined in a sim ple w ay.

I I . Interferometrieal m easurem ent of the plasm a refractivity

T h e optical refractive in d ex  n of the neutral, not extrem ely  dense gases 
can b e  characterized [3— 5] b y  th e  dispersion equation:

(n 1 )
2 n - e 1N

m
V
к

fk
<  ’

where oscillator strength;
m  m ass of the gas atom ;
oJk frequency belonging to  th e  corresponding level;
TV concentration o f the gas atom s.

( i )
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On the selection o f th e  sounding frequency [Й] we m ust tak e into con
sideration the term -schem e of the exam ined gas, unless the irradiation should  
occur on the resonance w ave length. From this point of v iew  th e  1066,7 and 
the 1043,3 Â resonance lines m ust be excluded b y  argon. N eglecting  these  
lines and m aintaining on ly  the second order approxim ation, further concretizing  
the deduction only to  argon, we get the follow ing well-known Cauchy-equa- 
tion  [5]:

1 3 6 - 1 014
(n -  1) =  27,92 -1 0 - 3 +  —  , (2)

A“

where A is the w ave len gth  o f the sounding light.
Taking into account th e  well-known fact th a t the refractive in d ex  changes 

at low  pressure in a linear w ay with the variation  o f pressure [6 ], w e get the  
equation

(n 1 ) 1,3 ■ 10_23- f  0,58 ■ 10 ■ n a , (3)

where xA is the concentration  of the argon atom s.

For the sake o f a later exam ination it is w orth-w hile to  take in to  considera
tion  the well applicable G ladstone-D ale form ula, which also show s an inter
action  between the refractive index and the particle density:

(» -  l ) ^ 2 n N A - x ° A , (4)

where x 4  is the polarizability .

Let us now consider the case when the originally neutral argon gas 
becom es ionized to  a certain degree (x ) under an external effect in  such a 
w ay th at the so form ed plasm a contains only single charged p ositive  ions 
and negative ions do not occur at all in it. This la tter  condition does not mean 
a serious restriction in th e  case of argon, b y  other gases, how ever, such as 
oxygen  and nitrogen it m eans a serious restriction. The refractive com ponent 
m ay be looked upon in th is case as such a gas-com plex o f three com ponents, 
the single com ponents o f  which are the following:

a)  The neutral argon atom s, the №A d en sity  o f which can be given with  
the aid of ionization degree x in the form

№a  =  Na ( 1 - * ) ,  (5)

where N A means the concentration of the neutral atom s before th e  ionization;
b)  the ionized argon atom s, the N A density  o f which is g iven  b y  the  

connection:
n a  =  x - N a ;  ( 6 )
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с)  the electrons, w hich  appear in the equilibrium  case in concentration

N e =  NX =  x - N a  (7)

w ith  th e  assum ption o f th e  to ta l neutrality.
E ach  of these gas com ponents has som e kind o f refractiv ity  and polariza

b ility  corresponding to  it . W hen there are no perm anent dipoles, th en  the  
polarizab ility  corresponds to  the susceptib ility . I t  can be shown [7] th a t in 
each  case, when there are n o  great field strengths and the density  o f the gas 
com ponents has not an ex trem ely  high value, th e  com ponents o f th e  suscepti
b ility  are summarized and th u s  the resulting su scep tib ility  of the gas com pound  
is g iv en  b y  their e lem entary  m athem atical sum .

M aintaining the restrictions and taking in to  account the linear connec
tio n  betw een  the refractive index and polarizability , characterized b y  the  
G la d sto n e-D a le  form ula, for th e  plasma containing the com ponents a, b, c, 
described  in the above enum eration , the fo llow ing connection can be given  
for th e  refractive index:

(np 1  ) =  (nCA l)  +  (nA !) +  («£. 1 ) . (8 )

w here np refractive index  o f  th e  plasm a;
n°; refractive index o f th e  neutral argon gas;
/1д  refractive index  o f th e  single ionized argon atom s, o f positive charge;
ne refractive index  o f  th e  electron gas.

Follow ing the form ing o f th is model dynam ically , we m ust take into  
accou n t th at the in itia l concentration  of the argon atom s has dim inished  
during th e  course o f th e  ion ization  and in add ition  tw o new com ponents, 
electrons and ions, appeared in  the system  w ith a w ell defined supplem entary  
re fractiv ity .

T he refractivity o f  th e  single ionized argon atom s cannot naturally  be 
d eterm in ed  in a direct w ay . C alculations were m ade how ever [6 ] concerning the  
v a lu e  o f  the quotient, ob ta in ed  b y  the polarizability  of the argon ions and 
n eu tra l argon atom s. A ccording to  this the fo llow ing relation

0,34 <  <  0,72 (9)
CC°a

is v a lid , where а д  m eans th e  polarizability of the single charged argon ions 
and ж.д the polarizability o f  th e  neutral argon atom s.

W ith the repeated ap p lica tion  o f the G ladstone—D ale formula we obtained  
a connection  also for th e  refractiv ity; the refractive index of the ions is 
o n ly  about 34—72% of th e  refractive index of th e  neutral gas atom s o f the
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sam e concentrations. The plasm a how ever also contains a third com ponent, the 
electron gas, the refractive in d ex  o f which m ay he calculated from th e  dielectric 
constant o f the plasm a startin g  out from the assum ption th a t th e  refractive  
index o f the electron gas coincides with that of th e  plasm a [3].

I f  we start at the characterization o f the plasm a from th e m odel, consist
ing of tw o fluids —  of electron gas and of ion gas —  then th e  fo llow ing basic 
equations can be obtained:

8 v

* 1 7
m 8 j 

N e ■ e~ 31

1 fjH 0] \ p ,
c

E-|------ [vH„] H------- ~  Ape
c e ■ N p

------- |- g div V 0  ,
91

P =  f (q, t) ;

( 10)

1

e- N cc
[j • H 0] (И)

( 12)

(13)

where m m ass of the electron;
e charge of the electron; 
j  current density; 
t tim e;
E  electric field strength; 
c v e loc ity  of light;
V v e lo c ity  o f volum e elem ents;
oQ average value o f the charge density; 
о charge density;
H 0 strength  of the sta tic  external m agnetic field; 
p  pressure of the plasm a;
p e pressure of the electron gas;
о  electrical condu ctiv ity  o f the plasm a;
T  tem perature of the plasm a.

I f  we assume th at th e  external electric field has no in fluence on the  
plasma (E0  == 0), and regard its own internal m agnetic field  o f  plasm a as 
negligibly sm all, compared to  the external sta tic  m agnetic field  strength, 
with the consideration o f th e  relation

| H | < | H 0| (14)

then the M axwell-equations take the forms

4tt 1 3D
rot II = -----j 4 - -------------,

с c dt
(15)

„  1  ЭНrot E = ------------;
c 31

(16)

d iv  D =  4jtq ,
(17)

div H  =  0 ;
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О

о
(18)

w here q is the charge d en sity  determined by the polarization processes.
N eglecting the own pressure of the plasm a beside the m agnetic pressure 

and ta k in g  into account our above-m entioned conditions, Equs (10), (11) and 
( 1 2 ) can  be brought to the form s

öv

9i
1 U - h „ ] ,

m oj

N e • e2 91
E  +  - [ v H „ ]  

c

8 p

a t
- f-  q  d i v  V =  0 .

1

e  • N e • c

(19)

( 20) 

( 21 )

I f  an electrom agnetic w a v e  of angular frequency, travelling in direction  
к arrives to  the boundary o f  the plasma, the processes arising there can be 
describ ed  with the aid of th e se  equations. B y the description the characteristic  
p lasm a frequencies m ust be tak en  into account. These are the follow ing: 

a )  The cyclotron freq u en cy  of the electrons (coc)

m ■ c
( 22 )

b)  th e  cyclotron freq u en cy of the ions o f m, mass (со,)

e -IHJ
(23)

c)  the plasma freq u en cy  o f the electrons and ions (col>e, cogi)

4 л: • N„-e 2 1/2

m

4л:п, • e2 11/2

(24)

(25)

d )  the effective im p act frequency vei betw een  the electron and ions

(26)
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where n, ion concentration;
nn concentration of the neutral atom e; 
me mass o f the electron;
<xei coefficient depending on the electron and ion velocities;
a.re coefficient depending on the ve lo c ity  o f  the neutral particles and electrons.

In consideration of all these, the general dispersion equation can be 
deducted, the parts of which m ay be discussed according to th e  character  
of the arising oscillations. In case o f  w aves travelling perpendicularly  
to  the external m agnetic field  d irection, we get a well arranged dispersion  
equation if  the current density  vector o f the plasm a is perpendicular to  the  
direction of w ave propagation [3]:

Q-  = »», ' "
Q 2 k 2 c-

from this the refractive index is

n- M-Oc
Q-

(27)

(28)

I f  the plasm a is not influenced b y  an external static m agnetic field , 
th a t is to  say H 0  =  0, then we get the sam e dispersion relation. I f  th e  current 
d en sity  j  is not perpendicular to the direction o f the w ave propagation , the  
dispersion equation has a more com plicated character:

n2 = 1

Q 2 1

________ K e _______________
Wj • IV e ________К

Q 1 w ^ + ß -  +  co, coe

(29)

On the basis of the dispersion equations, w ith the aid of the connection

n s (30)

also the dielectric constant e can be g iven, which m ay be divided in to  a real 
and an im aginary part:

from which

E =  Er - \ - Í E j  =

| k | =  —  ( S r + i e ^ ,
c

(31)

(32)

c
c r +  l e l

2

1/2
- f  Î 1? (33)
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The dielectric con stan t o f th e  plasma will be p ositive  or negative depending  
on th e  sign o f th e  quadrate of the refractive in d ex , which at the sam e tim e  
m akes also the d istin ction  o f the interaction phenom ena possible [3].

The dielectric con stan t m ay also be connected  w ith the characteristic  
plasm a oscillations. On th is basis the connection  (31) will take the form

1

4л
CO,Op

Ü  +  Û 2

(On yei
Г

V2ei +  •£=

w hich is often sim plified  b y  the fact th a t in  consideration of

o
< 1

(34)

(35)

an approxim ation is applied.
C onsequently, th e  refractive index is unam biguously  connected w ith  the  

dielectric constant and w ith  the electron concentration . Its value can be  
given starting from  th e  basic equations, ou tlin ed  above, in the m ost sim ple  
case, b y  the application  o f the Maxwell long w ave approxim ation in th e  form

n =  \ e
со,OP

Q

VI2
(36)

which m ay be in som e cases simplified further, w ith  the application of approxi
m ation

if  condition

(37)

io0e <  Q (38)
is fulfilled.

Taking into account the value o f th e  plasm a frequency, defined b y  
connection  (24), E qu . (36) m ay be transform ed into a more usual, exp licit  
form:

(n 1 ) =
2 n N e • e- 

me ■ Q 2
(39)

The same expression  —  the classical dispersion formula —  is also given  
for th e  refractive in d ex  o f th e  electron gas, m easured in the optical frequency  
range [11]. In case o f  inert gases the expression  (39) is positive and th a t  
w hich belongs to  its absolute value is because o f the absorption lines to  be  
found in the Schum an range, essentially low er than  in case of free electron

Acta Technica Academiae Scientiarum Hungaricae 63, 1970



A LASER BEAM METHOD 169

gas. I f  we apply e.g. the green m ercury line o f  5460 Ä w avelength for sounding  
b y  argon gas o f №A concentration, the connection

(re 1) =  +  1 ,0 4 6 -10~23iV^ (40)

for free electrons o f N e concentration

(re 1 ) =  1 ,3 -1 0  ~ 2 2 N e (41)

connections m ay be deduced.
On the basis o f Equs (40) and (41) the conception is ob v io u s that 

the m easurem ent o f the refractive in d ex  should be carried out in a relative  
m anner b y  the determ ination o f the decrease o f the refractive in d ex , caused  
b y  the partial ionization of the neutral gas. Consequently, if  in th e  exam ined  
discharge space there is a neutral atom  cloud o f N A =  1016 a to m /cm 3  con
centration to  be found at the beginning, th en  the refractive in d ex  o f this 
gas is

reA 1,046 • 10~7.

I f  in th is gas a plasm a of N e ~  10 16 e lectron/cm 3 concentration is form ed, 
then , according to  our previous remarks and conclusions, this m an ifests itse lf  
in the refractive index of the plasm a w ith  an additive of — 6,4 • 1 0 ~ 7 order 
of m agnitude. The influence of th e  ions w as neglected in this case, b u t accord
ing to  th e  calculations [3], the m istake arising from this was on ly  o f  1%.

On the basis o f similar assum ptions it can be proved th a t th e  m istake, 
deriving from  the neglecting of th e  ion-effect is, in case o f an  ion ization  
of 100% m uch sm aller than by an ion ization  o f 10%. This can be attributed  
to  the fact, th a t th e  electron gas com ponent p lays the main role in th e  form ing  
of the refractive index. B y further refin ing o f these estim ations [8 ] usually  
the influence o f the local m icrofields is also taken into account, w h ich  cause 
an essential increase o f polarization, concerning both the electrons and ions. 
The exact and system atic estim ation of th is  effect has not succeeded so far, 
although these exam inations w ouldcertain ly  offer interesting data and further 
im provem ents for the m easurem ents o f th e  refractive index, w hich  were 
carried out at different optical w ave len gth s.

W ith the help of this m ethod it w ould  be possible e.g. to  sep arate the  
changes o f the refractive index caused b y  th e  neutral atom s, b y  th e  ion gas 
and the electron gas. The separation can be carried out on the basis th a t the 
neutral and ion refractive indices are in case of an exam ination  w ith a 
sounding beam  of changing Я w avelength  th e  slow ly altering fu n ction s of 
1/Я2, the refractive index of the electron gas on the other hand changes pro
portionally  to  Я2.

Taking all th is into account and accepting a difference not h igher than  
2 % betw een the real and the calculated or estim ated  values, it m ay be assum ed  
th at the changes o f the refractive index  o f  plasma are proportional to  its
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А п р =  A(np- 1)
со,О е

п
(42)

changes o f electron concentration. Consequently in case of a plasma the An p 
change o f  the refractive index can be characterized on the basis o f connection

1

2

This can be given w ith  th e  introduction of th e  ô optical path on the basis o f

ô =  np -d  , (43)

where d is the thickness o f the investigated  and sounded p lasm a column, which m ay be g iven  
in the fo llow in g  form:

AÔ — Arip • d . (44)

A ssum ing that there is a constant d plasm a th ick n ess, this form serves not 
only  for the estim ation  o f the error occurring in  the determ ination o f the  
optical path , but it gives at th e  same tim e a classica l possib ility  for the m easure
m ent o f  th e  refractive index  and also for th e  determ ination of the difference  
in th e  optical path. The difference of the optica l path  is, however, m easured  
in th is  case by com paring it to  the neutral gas or to  the plasma w ith a know n  
refractive index. B y  th e  exam ination of th e  p lasm a of the cathode spaces  
the refractive index o f  the neutral gas m ay serve as a basis of com parison.

For the characterization of the change in th e  optical paths the easily  
m anageab le, but approxim ative connection

; . 2
Ad = ( A n ) - d * *  4 -1 0 7 - N e -d

m ay also be applied, in general, which is u su a lly  g iven [3] in case o f a non- 
uniform  plasm a (e.g. in case of the cathode space plasmas) in the form :

Ad = 4 - 1 0 7
Г- rf/2

N e(z) d z , (45)
d/2

w hich, w ith  the assum ption o f an electron d istribution  to  be characterized e.g . 
b y  a cos-typ e form assum es the following shape:

(  d  \
r  + d ß 71 Z

N .  ■ cosem*xJ d/ 2 2  d
V 2  '

d z .

This can easily  be transform ed to the form

rd
iV.

71 • 2
d

d z .

from w hich we get in th e  end the form:

(46)

(47)

AÔ = 4 - 107 ----
9c~

N . oc. (48)
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I t  is worth while carrying out the m easurem ent of the refractive in d ex  b y  a 
laser beam  in the red or infrared spectral ranges, taking into account the  
dim inishing possib ility  of the background noises.

On the basis o f the interferom etric experim ents carried out b y  A s h b y  and 
collaborators [9] it is suitable to  use helium -neon laser, applying b oth  lines 
o f th is laser, the 5328 Â line in the red and the 33,910 Â line in th e  infrared 
spectral range. W ith the aid of th is laser, how ever, only such plasm as can be 
exam ined, the average electron concentration  Ne of which are [3]:

Ne ^ 3 , 3 - 1 0 ie -
1

d
(49)

w here d  is the thickness of the plasm a tak en  along the beam . Our calculations  
can be m ade on the basis of equation

derived from connection

Шп | 2 L

Q )  ' /
(50)

S =  8,9 10~I4 7Ve-L - Я (51)

which creates a direct connection betw een  th e  shift of the interference bands 
(S ) and the electron concentration o f the plasm a.

5

Fig. 1. Schem e for the m easurem ent o f the refractive index  by a fla t mirror laser beam  system  
( /  laser, 2 laser mirrors, 3 photom ultip lier, 4 laser cavity , 5 plasm a ca v ity )

The design o f the m easuring system  suitable for the exam inations in 
th e  cathode space can be seen in F ig. 1. The beam  em itted from  th e helium - 
neon laser passes through the plasm a placed in the optical c a v ity  resonator  
and is reflected  from  the so-called external end mirror, and an interference  
arises betw een th e  em itted radiation and th e  cav ity  oscillations. The original 
in ten sity  o f th e  laser radiation o f course considerably depends on th e  phase 
of th e  reflected  beam s. The in ten sity  o f th e  laser beam is m odulated  in this 
w ay and, therefore, the changes in the d ifferent optical paths can easily  be 
given w ith the counting of the m axim a and the minima to be found in the  
in ten sity  o f the laser. The cycle o f the m odulation corresponds to  th e  usual 
interferom eter stripes and rings. I f  the change of the optical path  is slow, 
then  the stripes, th at is to say the m odulating changes in the ligh t in ten sity  
o f th e  laser, can be followed even w ith  th e  naked eye. At higher frequencies
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u su a lly  a photom ultiplier m ethod is applied for th is purpose, with the p lacing  
of th e  photom ultip lier at th e  free end of the laser, in the manner illustrated  
in F ig . 1.

T h e helium -neon laser is extrem ely su itab le  for such experim ents, its  
tw o characteristic  lines are, nam ely , o f sym m etric excitation . Interferom etric 
exp erim en ts can be carried out w ith both lines, but the detection of th e  red 
line in  th e  v isib le spectral range is essentially easier than  in the infrared range. 
As b o th  w ave lengths h ave a com m on upper energy level —  neon 3 s2— , there  
is a coup ling  betw een the in tensities of th ese tw o w ave lengths. Therefore, 
any m od u lation  of 33,910 Â laser beam  causes e.g . an additional m odulation  
also in  th e  in tensity  of the 6328 Â radiation. T his gives an opportunity for 
the u tiliza tio n  of the higher sen sitiv ity , h ow ever keeping the possib ility  of 
the d etectio n  in the v isib le spectral range to  be carried out w ithout any d if
f ic u lty .

T h e observation in the infrared of the m odulation  taking place on the  
red, th a t  is to  say, the observation  of the reciprocal effect could not be carried  
out so far. Presum ably a coupling of this kind is very  weak [10], but from th e  
p oin t o f  v iew  of the m easuring techniques th is  has no importance.

III. Time resolution

T h e tim e resolution can also be carried ou t w ith the usual, classical 
m eth od , w ith  a rotating mirror [9]. It can be proved  th at w ith the application  
of th e  infrared line o f the helium -neon laser th e  v e lo c ity  of the changes occur
ring in  th e  electron concentration  and still detectab le , can be given in c m " 3  •

sec 1 u n its in the form:
d N e

dt
1 0 2:

(52)

B y  th e  indication  of th is upper lim it not the param eters of the detector, b u t  
th e  la ser  qualities have a determ ining character. In  case of an interference, 
produced  in  the infrared, th e  upper frequency-lim it corresponds to  3 M H z, 
b y  th e  exam inations carried out in the red, it  corresponds approxim ately to  
100 k H z .

In  case of an interference in the infrared, for the determ ination o f the  
in ten s ity  o f  the infrared beam , generally an indium  antim onide detector is 
used [3].

I f  w e mark the tw o characteristic in ten sities, belonging to the above- 
m en tion ed  red and infrared lines of the helium -neon laser by and I 2, th en  
a cou p led  differential equation system , con sistin g  o f two equations m ay be  
w ritten  :

d l ,  

dt
a1 71 -)-cl I j • 1 2  , (53)
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d h
dt

— ai А~Ь A  А~ЬС 2  A  ' If ’ (54)

where a, and a2 show the com bined effect o f  the stim ulated  em ission, the absorbtion loss and 
th e  loss on the mirrors, the factors fc, and b2 characterize the change in the population  inversion, 
follow ing the increase in the radiation in ten sity , the factors c, and c, characterize the transverse  
connection , that is the cross coupling, w hich is characteristic  o f the depopulation , taking  
place on identical upper leve l a t different w ave lengths.

For the laser processes it is necessary th a t

dj, a2 >  0 .

For the equilibrium  in tensities I lu and I 20 —  on th e  basis of the previous con
siderations —  the equations

_  (a , • c2-  a x b.,)

10 (A -A  cf c2) ’
(55)

j  (a, c2 a 2 A) 

( A - A  ci - ca)
(56)

are given. Let us assum e th at the interference occurs in case of a red line 
(index 1 ) and the optical path changes in such a w ay th at the interference  
stripes appear at о>/2я: frequency. In this case the m odulated in ten sity  
m ay be received b y  a linearized analytical perturbation m ethod, w ith  the  
assum ption that the eq has also a sm all oscillation  factor, in absolute value, 
th a t is to  say a factor as e.g.:

eq ~  A  exp (icot).

On the basis o f our previous considerations

C 1 C 2  A» Ao
A (uo AAo)

(iw b., I ?0)
-  « 1 A (57)

or with similar assum ption for the infrared line, w ith the observation o f the  
interference in the red:

À (iœ b j 10) ci c2 -A o A o l  A ,eiA o_f  
(ico b2 I 20) J (iœ b2 I.

20

20 )

(58)

As in both cases there is a coupling, am ong real experim ental condi
tions it can be claim ed th at

co< b2 . I 2n (59)
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leads to  a common frequency characteristic, w hich with the in troduction  o f  
exp ression

by Cl2 1̂

can be characterized in th e  form  :

th a t  is to  say

h 11
0ila 1 +  k i .

b 0

1, 1
Г, ( со

k=0 1 +  - —

03

(60)

(61)

I f  со cu0 is valid , th en  the proportion o f P 1 and P 2, resulting in  case 
of infrared interference, th a t is the proportion o f the m odulation at infrared  
and red line, is the follow ing:

p i c 2 1 20

p2 ) i r i v b l ho

b y  interference in the infrared

P, 6 2  ^ 2 0

P I г C 2  11 0

(62)

(63)

According to the experim ents the va lue o f  the quotient in E q u . (62) 
is n ear  one, that of the q u otien t in connection (63) is far greater than  one, so

^ - 1 “ (64)
b\ * 1 0

Ы ж ^ > 1 .  (65)
<•■> I  i n

T he tw o inequalities, deriving from an experim ental control w ith  the  
consideration  of Equs (53) and (54) show th a t th e  cross coupling is in sign ifi
can t in  th e  case of infrared, in th e  case o f  the red line, how ever, it can be 
com pared  in importance to  the direct, nonlinear expression. I f  th e  infrared  
i t s e lf  is applied for th e  d etection  o f the interference, arising at th e  infrared 
lin e, th e  connection

(ico b2 1 2 0 ) C1 C2 IW  -^20 

(ico by J20)
d2 I 2U ( 66)
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is given, from which w ith the application o f E qus (60), (65) and (6 6 ) the  
follow ing connection can he gained:

( h ) .

( / ,L  о
(67)

On the basis o f  all this the very im portant experim ental fact can be 
established that th e  frequency characteristics are restricted b y  th is in ter 
ferom etric m ethod only by the qualities o f the red channel. A notable  
increase in the frequency resolution can be ensured only by the com plete

Fig. 2. Schem e of the interferom eter equipped w ith  a spherical mirror proposed by G era rd o  
and Ve r d e y e n  (7 photom ultip lier, 2 laser ca v ity , 3 plasm a cavity)

Fig. 3. Discharge tube construction , suitable for the tak ing o f the radial distribution o f the  
electron concentration, to  be applied by laser beam  m easurem ents (Í laser, 2 cathode)

passing over to the infrared light. In this case, how ever, the m odulation  of 
the infrared light m ust be observed and m easured in a direct w ay. Q u i n n  has 
already tried this [3] and he has extended th e  upper lim it of the resolution  
until 1 MHz.

Ger a r d o  and collaborators have increased th e  sen sitiv ity  of the laser 
interferom eter in such a manner that they  applied a concave mirror at the  
closing o f the plasm a ca v ity , as shown in Fig. 2.

The increase o f  the sen sitiv ity  was reached by the use o f the transverse  
m odes. The change in the optical path, caused b y  th e  plasma placed in the  
reference cavity  was determ ined in such a w ay —  show n previously —  from the  
m odulation of the outgoing light of the laser [1]. C onsequently the m odulation  
com es about because the reflexion coefficient w hich th e  laser “ detects” through  
the mirror with f 2 focus depends on the optical path o f the reference and the  
plasm a cavity . As it can be seen from the previously  shown equations, the  
reflexion coefficient is m inim al in that case, w hen the laser beam  has a reso
nance in the ca v ity  and vice versa.
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T h e applicability o f th e  laser to  tim e resolution exam inations is to  a 
certa in  degree lim ited. The reason for th is can he deduced from  th e laser 
rate-equations:

dn.zi
к

a t

9 nu в

a t A v n

^Qvi hv -

at

в  ,
Qvi\n ‘ii

A vn

Qvi{n 2 i n l i  )

(n 2i~ n li)  %  - y  
A vn  d,

n li
Г

( 68 )

(69)

(70)

w here Qvl energy d ensity  o f th e  radiation of v(- frequency;
k 2 excitation constan t;
В  E instein’s coefficien t o f induced transition , for the transition from  level 2  to

level 1 ;
n2i concentration o f th e  atom s in sta te  2 ;
nli concentration o f  th e  atom s in sta te  i ;
n 2i(n ii) concentration o f th e  atom s in the 2(1)  sta te  w ithin the natural iГд’ line width, 

at Vj laser frequency;
T radiative life tim e o f  the transition;
c light velocity;
S3 =  1/2- (Tl -j- T 2r) -f- F 2, the  loss factor;
F  absorption and dispersion loss, arising in the laser cavity;
T t transm ission o f th e  mirror w ith  focus d istance f ;
T 2r transm ission o f th e  plasm a cavity .

B y  the construction o f E qus (6 8 ), (69) and (70), the spontaneous 
em ission  was neglected. The loss factor 33 in Equ. (70) depends on the  
o p tica l path of the reference cav ity . For the characterization o f th e  upper 
lim it o f  the tim e resolution , the 8pvi/3t speed characterizing th e  change of 
rad ia tion  density m ust be determ ined, which m akes even the form ation of 
a q u a si steady radiation d en sity  sta te  possible —  o f the equilibrium  sta te  —  
in  th e  function of the quick changes of 33. B ut as the system  o f th e  outlined  
b a sic  equations is not linear, their solv ing encounters serious d ifficulties. 
T herefore, starting out from  these equations w ith  the application o f approxi
m a tio n s , we can get acceptable estim ations.

T he tim e resolution w hich can be reached b y  the laser beam  interferom e
ter  is on the basis o f the previously  shown connections m ax. 10 _ 8  sec. This is 
su ffic ien t for the observation  of th e  cathode side phenom ena o f discharges, 
w ith  a tim e constant o f  1 0  ~e sec in general.

T he reflected laser beam  applied for the m easurem ent is d ivergent, its 
cross section  is about one hundred tim es larger than  the em itted  beam . So, 
for th e  increase of th e  sen sitiv ity  an additional optical cav ity  m ust he applied. 
I t  is  characteristic for th e  m easuring m ethod outlined here th a t th e  applied  
laser is not only a ligh t source, but at the sam e tim e it performs th e  inter
feren ce detecting too. This can be reached in a very sim ple w ay, b y  adjusting  
th e  m irror on an optica l hank.
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IV. The establishm ent o f  the space dependence of the electron
concentration

The radial dependence o f  the measured param eters can be established  
b y  this m ethod only in an indirect w ay, by th e  application of Equs (44)—- 
(48), under th e  assum ption o f an acceptable radial distribution function . 
The determ ination in this w ay  o f the radial dependence cannot be looked  
upon as su ffic ien tly  exact.

In the sense o f another supposition the cathode space should be form ed  
in a discharge tu b e , bent tw ice at a right angle and in this case th e  perfor
m ance of the radial sounding does not encounter an y  difficulty. If these m easu
rem ents are perform ed by som e discharge typ es, th en  som e assum ption can be 
m ade concerning th e  radial distribution functions.

The axial dependences, th a t is to  say , th e  sounding in the different 
discharge cross sections can be carried out w ith ou t any difficulties.

V . Som e characteristic parameters o f the electron 
concentration m easurem ents

The here outlined m easuring m ethod can be applied in the case if  the  
electron concentration  of the exam ined cathode space reaches at least th e  
10 1 1  electron/cm 3  value. The error o f the m easurem ents is nam ely 4~10 1 0  

electron/cm 3 [3]. The value o f th e  electron concentrations occurring in th e  
cathode space o f arc discharges is even in case o f a discharge of low pressure 
betw een 1 0 1 1 — 1 0 12 electron/cm 3, which makes th e  application of this m ethod  
reasonable.

The resonance condition o f th e  experim ental apparatus shown in F ig . 1 
is the following:

n d  =  , (71)

where n refractive index  of the plasm a;
d length of the ca v ity  containing the plasm a;
Я sounding w ave length;
q integral value characteristic for the schem e [3].

From this th e  value of the electron concentration  N e can be given w ith  
th e  aid of equation

N ( =
1,14 -U P  

X L
(72)

where L is the th ickness o f the plasma colum n in the cathode space.

W ith the application  of th e  G erardo-V erdeyen m easuring system  b y  
spherical mirror, th e  electron concentrations can be given by the connection:
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N e =  1 ,1 4 - 1013
X L 2 л

1  —
2d

/ з  .
(73)

w here f 3 is the focal d istance o f  the mirror, closing the optical cav ity  and th e  other sign 
co in c id es  w ith  those applied in th e  previous calculations.

In  th e  latter case a resonance arises b oth  in the axial and in the trans
verse  m ethods. These can b e evaluated  also separately from each other [11].
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M ethode mit L aser-Strahl für die Prüfung von K athodengebieten. D urch Verwendung  
in  dem  K atodenraum  der bisher angew andten Prüfungsm ethoden, die im  allgem einen als 
tra d itio n ell betrachtet w erden können, konnten die M ikroparameter des P lasm as n icht m it 
der n ötigen  Genauigkeit b estim m t werden. Hier w ird eine interferom etrische M ethode durch 
A n w en d u n g  von Laser-Strahl bekannt gem acht, m it deren Hilfe der W ert der E lek tronen
kon zen tra tion  im K atodenraurh, deren Z eitabhängigkeit wie auch die axiale R aum abhängig
k e it  in  einer einfachen W eise m it einer G enauigkeit von  +  1010 E lektron/cm 3 bestim m bar  
sind . D ie  erreichbare m axim ale Z eitauflösung ist 1 0 ' s sec.

Метод для исследования катодных пространств с помощью лазерного луча ( Й. Ф.  
Бито). Используя в катодном пространстве экспериментальные методы, применявшиеся 
до сих пор и считавшиеся в общем традиционными, микропараметры плазмы этих прост
ранств не могут быть определены с удовлетворительной точностью. Изложен интерферо
метрический метод с лазерным лучем, с помощью которого величина электронной кон
центрации в катодном пространстве, ее временная зависимость и аксиальная зависимость 
от места могут быть определены просто с точностью порядка +  1010 электрон/см3. При 
этом достигается максимальное временное разложение порядка 10 '8 сек.
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KINETICS OF THE LAST RECOVERY STAGE 
IN COLD WORKED TUNGSTEN*

KAM EL A. E L -D E H E M Y **

RESEA RCH  IN STITU TE FOR TECHNICAL PHYSICS OF T H E  HUNGARIAN ACADEMY O F SCIENCES,
BUDAPEST

[M anuscript received Decem ber 19, 1968]

The recovery of the dislocation'netw ork was investigated  by m eans o f electrical resistiv
ity  m easurem ents on severely cold worked undoped powder m etallurgical tu n gsten  wires. 
The decrease o f the dislocation density during annealing follow s the sam e kinetics in  doped and 
undoped sam ples. The activation  energy in both cases is close to th a t o f self-diffusion. The 
detailed m echanism  of the decrease o f the dislocation d ensity  is still unknow n. The inhom ogeneity  
of the sam ples m akes it  im possib le to determ ine the activation  energy w ithou t a detailed  
assum ption of the annealing k inetics.

I . Introduction

On powder m etallurgical and zone refined tungsten  wires, w hich were 
cold worked at room tem perature, two recovery stages have been found for 
electrical resistiv ity  [1— 4 ] .  The first one takes place at about 600— 800°K  
and the second one continuously extends from 800°K  to  th e  recrystallization  
tem perature. The first stage was attributed to  the annealing out o f  the extra  
vacancies produced b y  the room tem perature deform ation, w hereas th e  second  
one seem s to be connected with the annihilation and redistribution o f disloca
tion s, since according to  K oo  [6 ] the hardness also decreases in th is  tem pera
ture region. The activation  energy of the second stage depends strongly  on 
th e  purity of the sam ples: in zone refined tungsten , S c h u l t z  [ 2 ]  found an 
activation  energy o f 76 1 2 , 5  K cal/m ol and in doped powder m etallurgical 
tun gsten , K o v á c s - C s e t É n y i  [ 5 ]  found an activation  energy o f 110 +  10 
K cal/m ol. S c h u l t z  [ 2 ]  has assum ed that the recovery in zone refined tungsten  
obeys a M e e c h a n - B i r k m a n  ty p e  kinetics [ 7 ] ,  and K o v á c s - C s e t é n y i  [ 5 ]  have  
assum ed that the recovery kinetics in the doped powder m etallurgical tungsten  
is analogous to  that proposed hy K u h l m a n n - W i l s d o r f  [8 ].

The aim o f the present paper is to in vestigate the k inetics o f  th e  second  
recovery stage on powder m etallurgical undoped tungsten  wires.

* Part o f the thesis subm itted  for the Candidate Degree o f Science.
** On leave from Higher Technical Institute , Cairo ( U .A .R . ) .
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I I . Experimental

T he specimens were draw n at constantly decreasing tem peratures from  
sin tered  and forged rods. T h e final drawing was m ade at about 600°C and the  
f in a l diam eter of the wires w as 0,12 mm. The chem ical analysis is given in 
T able I.

Table I

Analysis o f  pure  (un doped)  tungsten by the spectroscopical method

Element A m ount [w t. %] Elem ent A m ount [wt. %]

Fe 101n1О

Si 1 • 10-3 — 5 • 10-J
Ni 5 • 10-3 — 1 • 10“4 Ti 1 • 10 -3
Cr 1 • 10 - * к 2  ■ 1 0 - ?

A1 1 • 1 0 ~J — 1 • io-5 Na 10- 3

Mo O
n

0
1 w 1 О
1

T he carbon lubricant w as rem oved from th e wires in a warm 30%  NaO H  
so lu tio n . The annealing w as m ade in a vacuum  o f 10 4 Torr b y  self-resistance  
h ea tin g . The tem perature w as determ ined from  th e  m easured heating current 
b y  m eans of the Langmuir tables [9]. The resistiv ity  was m easured on the 6  cm  
lon g  m iddle part of th e  annealed  25 cm long specim en to  elim inate the cooling  
e ffec t o f  the grips [10]. T he measured resistance values were determ ined by  
th e  Poggendorf compensating method at tw o tem peratures: at 298°K  and at 
77°K  (in liquid N.,).

T he resistivity ratio

£  _  @77°K ^  Г7 7°К  

f?298°K  r 298”K

was calculated from resistan ce values corrected for a nom inal therm ostat 
tem perature. The d ev ia tion  betw een the nom inal and actual therm ostat 
tem perature was determ ined b y  a dummy. In order to  have different specim en  
len g th s  for the resistiv ity  m easurem ent and for annealing, the potentia l leads 
w ere sharp edges, pressed m echanically to  the sam ple. (The potentia l leads 
o f  th e  dum m y were spot w elded.) The experim ental values represent the  
average o f two independent m easurem ents. The error am ounted to  ^ 0 ,5 % , 
w h en  th e  m easurem ent w as repeated on different specim ens from the same 
s to ck . The isochronal annealing was made on separate sam ples, and at the  
iso th erm al annealing for a g iven  tem perature one sam ple was used.
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III. Results

The results o f th e  isochronal and isotherm al annealing are show n in 
Figs 1 and 2. In F ig. 1, on ly  one wide stage appears extending from  800°K  
to  1300°K . The annealing curves do not show  any expected anom aly due to  
th e  change from recovery to  recrystallization k inetics (Figs 1, 2). W hen the

9 7 7 °  К  

S 2 9 B ° K

Fig. 1. R esistiv ity  change in undoped tun gsten  during isochronal annealing  
(annealing tim e 30 m in)

9-77° к

Fig. 2. R esistiv ity  change in undoped tungsten during isotherm al annealing (curve 1: 800° K; 
curve 2: 950°K ; curve 3: 1150°K; curve 4: 1300° K; curve 5: 1400°K )

sam ples were heated for one hour in 100°K step s, the Debye— Scherrer rings 
showed a sp otty  appearance, first at 1100°K (F ig . 3). Since sp otty  D eb ye  
Scherrer rings are characteristic for fine grained recrystallized m atrices [26], 
we can conclude th a t recrystallization  begins* betw een 1000°K and 1100°K . 
In the cold drawn sta te  th e  D ebye Scherrer rings were, o f course, continuous  
as is show n in Fig. 4.

* Since X -ray d iffraction  takes place in a qu ite th in  surface layer on the w ires, this 
recrystallization tem perature is characteristic only for th is  layer.
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Fig.  4.  X -ra y  reflection photographs taken on the cold drawn tungsten wire by using unfiltered
Ag m icrobeam  at 50 kV  and 350 pA

IV . D iscussion

K ovács — Cse t é n y i [5] used the fo llow ing kinetics for the eva lu ation  of 
th e  activation  energy

d x ( t )

d t
A  ■ exp

Q Bx(t) 
RT ( 1 )

w here

x ( t )  =
Z ( t ) - Z r . 
Z a - Z r ’

Z(t)  resistiv ity  ratio at a certain tem perature and tim e;
Z w, Z r resistivity ratios m easured in the cold worked and in the recrystallized  

states;
Q activation energy o f the process;
А ч В  constants.

T h e solution  of (1) is

*W  =  l - ^ , o g ( l  + (2)
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where i0 is determ ined by the equation

1  =
R T  B t 0

log
B  R T

A - exp Л
RT

(3)

and so for t t0, E qu. (2) m ay be w ritten in  the sim plified form:

* ( i ) 2 -f lo g  B A
R T

■ exp
R T
В

b g  (t) • (4)

x(t)

Fig. 5. Norm alized kinetical curves according to E qu. (1) [curve 1: 800°K ; curve 2: 950°K  
curve 3: 1150°K ; curve 4: 1300°K ; curve 5: 1400°K]

Isotherm al annealing curves p lotted  according to  Equ. (4) are show n in F ig. 5. 
The activation  energy turns out to  be betw een  110 and 150 K cal/m ol (see 
Table II). This is not far from the activation  energy of self-diffusion in  tungsten  
(see Table III) and so it seem s to  be in a certain agreement w ith  K ovács — 
C setényi’s results on doped powder m etallurgical tungsten.

Table II

Calculated activation energy o f  recovery

Tem perature range
m

Activation energy [Kcal//m ol] calculated from

Equ. (1) E qu . (8) Equ. (9)

8 0 0 -9 5 0 110 215 9

950— 1150 118 240 4

1150— 1300 137 269 12

1300— 1400 146 264 19
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Table III

Activation  energy o f  self-diffusion

A u tho r Q [K cal/m ol] Method

D a n n eb e r g  [21], 1961 120,5 Direct

Sc h n it zel  [22], 1959 125 In d irec t

V a n  L i e m p t  [23], 1945 140 Indirect

Va silev  an d

C h e b n o m o k c h e n k o  [24], 1956 146 Direct

An d e l in  e t  al. [25], 1965 153,1 Direct

Let us discuss th e  process underlying (1). The resistiv ity  ratio г7 7 „к /г2 9 9 8 °к 
w ou ld  be 0,100 for id ea lly  pure and defect-free tu n g sten  [27].This ratio am ounts 
to  0 ,22 in the cold w orked s ta te  on our sam ples and after an annealing for 15 min 
at 2600°K , resistiv ity  ratios between 0,130 and 0,105 were found [27] on 
com parable samples. T herefore, the high r e s is t iv ity  ratio found in cold worked  
m a trix  is, certainly, n o t caused by solved im purities. This high resistiv ity  
ratio  cannot be associated  w ith vacancies, since th e  drawing and annealing  
w ere m ade above th e  tem perature of annealing-out of vacancies. Therefore, 
th e  observed high r e s is t iv ity  ratio is due to  th e  presence of dislocations,* and 
th u s  according to  [15],

X(t)  ~  ß N ,  (5)

w here N  is the dislocation d en s ity  and ß  is a constant.

We have now to  em phasize that (1) is n o t th e  recovery kinetics suggested  
b y  К  u h l m a n n - W i l s d o r f ,  since it was assum ed th a t the rate of recovery of 
th e  flow  stress (cr) obeys th e  equation:

d o

dt
=  - A  exp

Q B o
R T

( 6 )

Such kinetics were observed  on strongly cold w orked copper, alum inium  and 
silver  at relatively low  tem peratures [11— 13]. Equations (1) and (6) are 
eq u iva len t when a and x  are proportional. B u t there is no reason for such an 
assum ption. On the contrary  it is well know n [14] that in cold worked m etals

о = o 0+otGb ' \ N , (7)

* The supposition th a t in  the investigated ann ealing  stage, the decrease of the resis
t iv ity  ratio is due to the decrease o f  dislocation d en sity , had also been supported by the m eas
urem en ts of K oo [6], who foun d  a pronounced decrease o f  y ield  stress in this annealing stage.
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where rr0 is the so-called frictional stress; 
a is a constant abou t 0,3;
G is the rigidity m odulus; 
b is the Burgers vector;
N  is the dislocation density.

Inserting Equs (5) and (7) into E qu. (6 ), we arrive at the follow ing:

Fig. 6. Norm alized kinetical curves according to E qu . (8) [curve 1 : 800° K; curve 2- 
950° K; curve 3: 1150° K; curve 4: 1300° K; curve 5: 1400° K]

The isotherm al annealing curves were p lo tted  according to the solution  o f (8 ) 
in Fig. 6 . The activation  energies calcu lated  from these plots are listed  in 
Tahié II.

In E qu. (5), Q ought to he th e  a c tiv a tio n  energy of cross slip or of 
climb. These are nam ely the two therm ally  a ctiva ted  processes by w hich the  
dislocation density m ay decrease during recovery (see e.g. [16]). The a cti
vation  energy of these processes cannot be larger than that of self-d iffusion. 
The activation  energies obtained from (8 ) are thus unreasonably high. This 
means th at the fittin g  seen in Fig. 6  m ay be th e  consequence of the “ too  m any  
free param eters” in (8 ).

The m utual annihilation  of dislocations governed by stress-induced climb  
m ay also obey the follow ing kinetics [16, 17]:

da

dt
A • cr3 ■ exp Q_

R T
(9)

Such kinetics were observed in alum inium  at higher recovery tem peratures  
[18— 20].
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T he isotherm al annealing curves were p lo tted  according to  (9) in  F ig . 7- 
T able I I  show s the corresponding activation  energies which are unreasonably  
low , since th e  activation  energy o f the climb is th e  activation energy o f self
d iffusion .

T h is discussion shows th a t our results m ay  be fitted  into a k in etics  
o f som e unknow n nature ( 1 ), which gives a reasonable activation  energy; 
but unreasonable activation  energies are obtained when the results are fitted  
to  recovery  kinetics (8 ) or (9), w hich were experim entally  verified in  FCC

1

Fig.  7. Isotherm al annealing curves according to  equation  (9) [curve 1: 800° K ; curve 2: 
950° K; curve 3: 1150° K; curve 4: 1300° K ; curve 5: 1400° K]

m eta ls. E q u s (1) and (6 ) have to  be considered as different kinetics since there  
are no p u b lish ed  results supporting a proportionality  betw e en a and x. W e have  
th u s to  sa y  in agreem ent w ith  Schultz [1, 2] th a t the detailed m echanism  
of th e  recovery  stage betw een 800°K  and 1300°K  in tungsten  is still unknow n.

One question  rem ains. Is th e  activation  energy of the discussed recovery  
stage  in  zone refined and powder m etallurgical tungsten  com parable ? The  
a ctiv a tio n  energy obtained certain ly  “ depends” on the type o f annealing  
k in etics  to  w hich the experim ental data are fitted . This d ifficulty can be so lved , 
if  w e u se th e  m ethod o f Meechan  and B irkm an  [17]. This m ethod has tw o  
su p p osition s:

T he kinetics is described b y  an equation

—  =  F (x ) ■ exP 
dt

Q
R T

( 10)

w here F(x)  is an arbitrary m onotonous function  o f x. (Each discussed k in etics  
w as from  th is type.)

T he in itia l sta te  of each specim en is the sam e and at a given tem p eratu re  
th e  isotherm al annealing is m ade on th e  sam e sam ple, whereas in th e  isochronal
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m easurem ents, different sam ples were used. The results of the app lication  
of (10) are p lotted  in Fig. 8 , which show s, beside the experim ental points, 
th ree full straight lines A , В  and C, corresponding to  the activation  energies: 
76 ( S c h u l t z ) ,  110 (C s e t é n y i ) and 128 K cal/m ol from this work, resp ectively . 
To th e  experim ental points of Fig. 8 , no stra igh t line can be fitted . T his has 
tw o possible explanations:

a)  The observed recovery process is not governed b y  a single a c tiv a 
tion  energy;

Fig. 8. A nnealing k inetic  curves using the Meechan — B irkm an m ethod: beside the experim en ta l 
points, there are three straight lines A , В  and C  w h ich  correspond to the a c tiv a tio n  ener

gies 76 ( S c h u l t z ) ,  110 ( C s e t é n y i )  and 128 K cal/m ol (from  this work) resp ectiv ely
Denotations : 0  T , =  800°K, t 2 =  30 m in.; ф  T t =  950°K, t 2 =  30 m in.; (•) 7 \  =  1150°K, t 2 =  30 m in.; Q  T t =  1300°K,

t j =  30 min.

b)  the sam ples are too inhom ogeneous for the M eechan— Birkm an m ethod. 
The explanation  a )  is som ew hat supported b y  Table II, which g ives the  
activation  energies derived from different data in different tem perature  
intervals. The inhom ogeneity of the sam ples m ay be seen from Table IY , where 
the resistiv ity  ratios o f the used sam ples are listed .

Table IV

Inhomogeneity o f  the samples taken fro m  the stock 
A and В

Specimen
Resistivity 
ratio , Z w Specim en

Resistivity 
ratio , Zw

1 A 0 ,2 2 4 0 1 в 0 ,2 2 4 9

2 A 0 ,2 2 1 5 2 В 0 ,2 2 4 8

3  A 0 ,2 2 4 2 3  В 0 ,2 2 3 3

4  A 0 ,2 2 2 3 4  В 0 ,2 2 3 5
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Y . Conclusions

T he kinetics o f th e  decrease of d islocation  density during annealing  
m a y  be described to  doped and undoped pow der metallurgical wires w ith  
th e  sam e kinetic equation (1). The activation  energy is close to th a t o f  self
d iffu sion . The process underlying this k inetics is still unknown. The determ i
n a tio n  o f the activation  energy w ithout a d eta iled  assum ption of the annealing  
k in etics  b y  the Meechan — Birkm an m ethod is d ifficu lt, since the sam ples m ade 
from  powder m etallurgical tungsten  wires h a v e  quite different resistiv ity  
ra tio s even  when th ey  were cut from the sam e stock .

*
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K inetik der letzten Erholungsstufe in kaltverform tem  W olfram . In stark kaltverform 
ten  pulverm etallurgischen , zusatzfreien W olfram drähten wurde m ittels elektrischer W ider
stan d sm essu n g  die Erholung des V ersetzungsnetzes u n tersu ch t. Sowohl in den zusatzfreien  
pulverm etallurgischen W olfram drähten als auch in denjen igen  m it Zusätzen fo lgt die Verrin
gerung der V ersetzungsdichte w ährend der W ärm ebehandlung derselben K inetik . D ie  A k ti
v ierungsenergie ist in beiden F ällen  nahe der A ktivierungsenergie der Selbstd iffusion. Der 
gen au e M echanism us der Verringerung der V ersetzungsd ichte ist unbekannt. D ie Inhom ogen ität  
der Probekörper erlaubt es n ich t, die A ktivierungsenergie ohne H ypothesen über die K in etik  
der E rholun g zu bestim m en.
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Кинетика последней фазы восстановления вольфрама холодной обработки (/<. Л
Эл-Дехеми). Исследовано восстановление дислокационной цепи измерением электри
ческого сопротивления на полученной методами порошковой метал лургии проволоке 
вольфрамовой без добавок, подвергнутой сильной холодной деформации. Снижение 
дислокационной плотности в случае полученной методами порошковой металлургии 
вольфрамовой проволоки с добавкой и без нее имеет одну и ту же кинетику в процессе 
термообработки. Энергия активации в обоих упомянутых выше случаях лежит близко 
к энергии активации самодиффузии. Неизвестен детальный механизм снижения дисло
кационной плотности. Неоднородность образцов не делает возможным произвести опре
деление без предположений, сделанных относительно кинетики восстановления.
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SWITCHING PHENOMENA IN 
GERMANIUM-OXIDE FILMS

A. LŐ RINCZY and M. NÉM ETH -SALLAY

R E S E A R C H  IN S T IT U T E  F O R  T E C H N IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S  

[M anuscript received February 17, 1969]

In the course o f th e  con d u ctiv ity  and dielectric strength m easurem ents 
on G e 0 2 film s, it was found th at at a w ell-defined bias Uk, a sandw ich structure  
(MOS) m etal — G e 0 2 —  Ge, which has a d.c. resistance o f  m ore than  1000 
m egohm s, “ turns on” , i.e. the m etal and the sem iconductor h ave been  brought 
into connection (d iode-characteristics). A short current pulse in  the right 
direction could “turn o ff” the device (10— 50 У, 5— 6  ,uF condenser) into the  
high resistance position . W ith proper caution the cycle could b e repeated  
a few ten  tim es, or so. The used n -type germanium had high resistance. The 
oxide layer prepared b y  sed im entation  (from solution) has a th ickness o f about 
1 0  pm , the m etal was an evaporated gold spot or a m etal needle; in th e  m ajority  
of cases the latter was used.

These experim ents were carried out by an a.c. bias with a series resistance  
as a lim iter. Typical va lue of dielectric strength was 7.107 V /m . A t the first 
sw itching the “ sw itch on ” vo ltage Uk depends on the oxide th ick n ess, a t the  
subsequent operations it rem ained nearly constant, its va lu es, how ever, 
slig h tly  differed from specim en to  specim en.

A t the sm all values o f the series resistance -— high sw itch ing  current —  
the “ sw itched on” condition  had a linear voltage-current relationship . The 
“ sw itching on” and the “ sw itching o ff” were accom panied b y  sm all sparklings 
well v isib le  in the darkness. B y  th e  sparkling the oxide layer, and even  the 
surface o f the sem iconductor were destroyed in a crater-shaped w a y  (F ig. 1).

B ecause o f the considerable crater form ation, the sw itch ing m echanism  
of [1 ] (a m etal filam ent developm ent) does not seem to be d irectly  applicable  
taking the rem aining “ sw itch  on” voltage values into consideration . In [1] 
the “ sw itch  o ff” is interpreted b y  a fusing elem ent analogy, in our case this 
could not be compared w ith the phenom enon that occasionally th e  “ sw itch  
off” was established b y  touching th e  tw o term inals of the device.

I t  was observed th a t in th e  course o f the sparklings th e  needle was 
m atted  b y  a black layer. On a m etal sheet the so coated needle behaved  as a 
sw itching device. Since th e  insulator layer on it was not th icker than  a few  
thousands Â, the “ sw itch  on” vo ltage becam e lower. After th is experience
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we started  using oxide deposited  copper needles. T he sedim entation procedure 
consists o f 5 gr o f 99,999%  G e 0 2 dissolved in 1 1 o f w ater (the w ater has a 
res istiv ity  higher th an  2  m egohm cm  and th e  m etal contam ination lower 
th a n  1 0 “ 3 gr/1). This so lu tion  was distilled to 0,3 1, th u s it becam e a super
saturated  solution. This was poured into a quartz v esse l and the copper needles 
(sem iconductor plates) were immersed in it for th e  tim e depending on the  
layer thickness w anted.

Fig. 1

Off

Fig. 2

On

The sw itching phenom enon appearing on th e  screen of an oscilloscope 
is show n in Fig. 2 according to which at the sw itch in g  a negative current- 
v o lta g e  characteristic appears. When preparing th e  devices a copper needle 
coated  with an oxide layer (10 /ш  thick) was touched  b y  a copper plate. In  
th ese cases no sparkling could be observed. The “ sw itch  on” was performed  
b y  discharging a condenser charged up to  250 Y  through a series resistance. 
T he “ switch off” was established by touching th e  term inals with a battery
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o f 1,5 Y for a m om ent. This arrangem ent m ight serve as a real device; its 
resistance being only a few  ohms it could be used for sw itching a considerable 
power. It should be noted that the subsequent operations need increasing 
sw itching power consum ption.

In som e cases the “ sw itch o ff” current pulse was not high enough, and 
after a few seconds the device turns on autom atically . D. R. L a m b  [2] described  
a sw itching phenom enon on S i0 2 in a sm all current range and proved th at it 
is due to  sodium  contam ination and not to  filam ent. It  m ight he assum ed  
th a t in our case the in jected  contam ination is ionized or activated  in another 
way. Much to  our regret a correct tem perature dependence of th e  “ sw itch on” 
resistance could not be obtained. R ecently  reversible m em ory phenom ena  
in insulator film s have been described [3], w ithout clearly explain ing its 
m echanism .

R E F E R E N C E S

1. G ib b o n s , J. F .— B e a d l e , W. E.: Sw itching Properties o f  Thin NiO Film s. Solid State Elec
tronics 7 (1964), 785.

2. L a m b , D. R. — R u n d l e , P. C.: A N on-Filam entary Sw itching Action in T herm ally Grown
S i0 2 F ilm s. British J .  A p p l .  Phys.  18 (1967), 29.

3. S im m o n s , J. G.—V e b d e h b e r , R. R.: New Conduction and Reversible M em ory Phenom ena
in Thin Insu lating F ilm s. Proc. Roy. Soc. A 301 (1967), 77.

Über ein neues Schaltungsphänom en an dünnen G e0 2-Schichten . Es wird ein neues 
Schaltungsphänom en beschrieben, das an dünnen G erm anium dioxidschichten gefunden worden 
ist. D ie MOS (M etall-O xid-IIalbleiter)-Struktur hat bei kleinen G leichspannungen einen großen 
W iderstand. Bei einer bestim m ten  Schw ellenspannung k lap pt sie um  und besitz t dann einen 
kleinen W iderstand, der auch nach der Verm inderung der Spannung erhalten b leib t. E in kurzer 
Strom im puls bewirkt von neuem  ein Um klappen, dem zufolge die Struktur w ieder gleichblei- 
beud hochohm ig wird. Der Zyklus kann wiederholt werden.

Явление переключения в илёнках Ge02 ( А. Лэринци и М. Немет Шаллаи). Описы
вается явленна переключения, обнаруженное в тонких слоях двуокиси германия. На 
постоянном токе структуре МОП (металл-окись-полупроводник) имеет большое сопро
тивление при низких напряжениях. При достижении напряжения порога происходит 
перескакивание на маленькое значение сопротивления, которое сохраняется и после 
понижения напряжения. Под действием короткого импульса тока структура снова пере
ходит в стабильное положение с большим значением сопротивления. Цикл повторимый.
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ON THE TIME DEPENDENCE OF THE PARAMETERS 
ON THE CATHODE SIDE

J . F. BITÓ

C A N D . O F  T E C H N . SC.

R E S E A R C H  IN S T IT U T E  F O R  E L E C T R O N IC S , B U D A P E S T  

[Manuscript received J u ly  17, 1969]

The tim e dependence of the cathode fall, anode fall and plasm a potential o f the a.c. 
o x id e  cathode discharge was experim entally determ ined b y  the author w ith the aid o f an 
adequate diagnostic system . W ith the analysis o f the tim e dependence o f the cathode spaces 
he refers to an in teresting and characteristic contraction o f  colum n in the v icin ity  o f the  
plasm a.

I . Experimental conditions, m ethods

Our m easurem ents were carried out w ith  glass discharge tubes o f 1200 
mm  length and 38 mm diameter. E lectrodes, m ade o f tungsten  triplespiral 
and having an em ission coating, carried on it , were built into these tubes. 
T he exam inations w ere carried out at 430 m A discharge current, b y  6  • 1 0 ~ 3  

m m  Hg mercury vapour pressure —  th a t is to  say  at 25 +  1°C am bient tem pera
ture —  with the application of argon ground gas, bringing about an a.c. 
current discharge o f  50 cps frequency. E xternal cathode heating, auxiliary  
electrodes and external m agnetic field  were not used. Our experim ental m ethods 
w ere the following [ 1 ]: probe m easurem ent, pyrom étrie and electronic tem per
ature m easurem ent, em ission m easurem ent, stroboscopic determ ination of 
th e  cathode space-lengths and cathode spot exam ination  by cathetom eter.

I I . Results

The probe m easurem ents were carried out at each 10° phase angle in 
th e  h a lf period, corresponding to the 180° phase angle, and the cathode fall 
w as determined b y  extrapolation on the basis o f th e  measured plasm a poten 
tia ls . The starting poin t for the m easurem ent w as the m om ent, when it was 
characteristic for th e  peak value o f the tube vo ltage. The h a lf period in our 
case begins at about 0.55 msec before the closing o f th e  h a lf period.

The tim e dependence curve o f the cathode fall follows the form ation  
th e  tube in tim e o f vo ltage . In order to  m anage the tim e dependence more easily , 
it is advisable in general to give the average values o f the cathode fall, ca lcu lat
ed from the m om entary values and integrated for th e  ha lf period.

From the plasm a potential m easurem ents, carried out at different m o
m ents on the probes, protruding in to  the different points o f the positive  
colum n aware o f th e  distance betw een the probes, th e  tim e dependence  
o f the potential gradient of the positive colum n was determ ined w ithin
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a h a lf  period. The field  strength  o f the positive colum n changes, corre
sp on d in g  to  the tube vo ltage. The tim e dependence of the anode fall corre
sp on d s as regards its character to  th e  curve, describing the tim e dependence  
o f th e  cathode fall [2]. For th e  sake o f control we determ ined the m om entary  
tu b e  v o lta g e  of the discharge tu b e at a deliberately chosen tim e, and exam ined  
w h eth er  the result o f our calcu lation  coincided with the m om entary tube  
v o lta g e  value to be gained experim entally , in an additive w ay. W ith  the  
a p p lica tion  of the connection

Vrih) =  Vk ÍH) +  VA{h) +  íp(<i) ‘ Ep{h)-> (1)
w here Fj-Oi) tube voltage in the m om ent t ,;

F /c(h ) cathode fall in  the m om ent q ;
V a (1i) ano<le fall in the m om ent q ;
lp(tj) length of the positive  colum n in the m om ent q;
Ep(fxf) ‘ef  1 strength of the positive  colum n, m easured in the m om ent q .

l  [ m m ]

Fig.  1. T he tim e dependence of th e  axial length  o f the cathode ligh t and of the Faraday dark
sp ace  w ith  (............ ) and w ithout ( _ ) auxiliary electrodes (1 Faraday dark space, 2 cathode

light; l* anodic ha lf period)

A s the m easurem ents were extended , apart from the Faraday dark 
sp ace  to  all discharge spaces, if  th ey  were right, then also the connection  ( 1 ) 
m u st h ave been valid . A ccording to  the controls, perform ed at different 
t im es  [1], the right side o f the equation was, in general, b y  0,5 — 1,5 V less 
th a n  th e  tube voltage. This w as attributed  to  the neglected transien t spaces 
and to  th e  inaccuracy in th e  m easurem ent.

W ith  the aid of a stroboscopic m easurem ent [1] it would be show n th at  
th e  boundaries of the cathode spaces were not constant, further we have  
ta k e n  th e  tim e dependence o f  the axial dim ension of the tw o cathode spaces, 
characteristic  for the arc discharges w ith  oxide coated cathodes. The results 
are show n in Fig. 1.
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The distances o f these spaces from the cathode axis are given on the  
vertical axis of the coordinate system , and th e  tim e o f the different m easure
m ents on the horizontal axis. From the four curves, in the middle o f  F ig. 1 
the dotted  ones g ive, in case of applying p lane auxiliary electrodes having  
spiral end potentia ls, the tim e dependence o f  the cathode light and o f the  
boundary at the p ositive column of the F araday dark space; the full ones 
indicate the sam e, for relations w ithout auxiliary  electrodes. The boundary  
of the Faraday dark space is, at the 0° phase angle, the farthest from  the  
cathode. The change in the axial length o f  th e  Faraday dark space is given  
by the difference o f  the boundary of the cathode light and of the boundary  
of the Faraday dark space at the positive colum n (the distance of the p ositive  
colum n from the cathode). After the breakdow n the dimensions o f th is  field  
gradually dim inish. The dimension of the cathode light, contain ing the  
cathode dark space, lighting spaces and n egative  glow space, decreases more 
slow ly. W ith  the applied stroboscopic m easuring m ethod it could have been  
shown th at in the last third of the anodic h a lf period in the otherw ise hom o
geneous positive colum n, extending to the anode, an infolding appeared along  
the walls in the form of a contraction.

This infolding gradually becomes more e ffective  and although the positive  
colum n is not broken off, nevertheless it seem s so, as if  the tw o convex  lenses 
were connected  to  each other by their dom ed sides, perpendicularly to  the  
discharge axis. The tim e dependence o f th is  process is shown in the corner 
o f Fig. 1 : the curve indicates the tim e dependence o f the distance near the  
wall, arising at the reopening of the narrowing positive column. This separa
tion begins at 300° phase angle and it strengthens up till 350°, where the  
decay o f the discharge can be observed. This in stab ility  appears from  tim e  
to tim e also at other places in the positive colum n, appearing regularly in 
the a.c. discharge near the electrodes which function  as anodes. A t the decay  
o f the discharge th e  rem aining discharge thread is already sufficient for the  
conduction of the abruptly dim inishing discharge current.

R E F E R E N C E S

1. B it ó , J. F.: Ph. D. Thesis; B udapest 1968.
2. B it ó , J. F.: Cand. Thesis; B udapest 1966.

D ie  Zeit-A bhängigkeit der katodenseitigen Param eter. Der Verfasser bestim m t experi
m entell m it Hilfe eines geeigneten dyagnostischen S ystem s die Zeit-Abhängigkeit des K a tod tn -  
falls, A nodenfalls und Plasm apotentials der W echselstrom entladung m it O xydkatode. Er 
analysiert die Z eit-A bhängigkeit der Dimension der K athodenräum e und weist au f eine inter
essante und charakteristische K ontraktion der Säule in der N ähe der K atode hin.

Временная заяисимость параметров катодной стононы (Я , Ф. Бито). Автор экспе
риментальным путем с помощью подходящей диагностической системы определяет вре
менную зависимость катодного и анодного падений и потенциала плазмы разряда пере- 
менноготока оксидного катода. Анализом временной зависимости катобных пространств 
автор показывает очень интерерную и характерную контракцию столба вблизи катода.
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INVESTIGATIONS ON THE DAMAGED 
SERFACE LAYER STRUCTURE OF SEMICONDUCTOR

SINGLE CRYSTALS
L A P P IN G  EFFECT  

E. RÓZSA and V. ST E FÁ N IA Y *
IN D U STRIA L RESEARCH IN ST ITU TE FOR ELECTRONICS, BU DA PEST 

[M anuscript received March 4, 1969]

The report deals w ith the in vestiga tion  o f the structure and depth  of the dam aged  
surface layer of sem iconductor single crystals resulting from  lapping and w ith  the m ethods 
adapted for m easuring. Applying X -ray  diffraction m ethods the structure and the depth of the 
dam aged layer o f [111] oriented germ anium  and silicon wafers are investigated . The degree 
o f the flexure of the bent wafers due to m echanical stresses is m easured as well. A relation is 
shown between the radius of curvature and the quality o f the lapping process.

I . Introduction

For producing sem iconductor devices with advantageous electronic para
m eters m onocrystalline wafers o f  given thickness and crystallographic orien
ta tion  and w ith damage-free surface are needed. The basic m aterial being  
available in the shape of large-sized crystalline ingots, the final form  is produced  
b y  slicing and applying a sequence o f m echanical operations resulting in a 
proper surface fin ish  suitable for device fabrication.

Considering th a t the sem iconductor crystals are hard and brittle  m ateri
als, the m echanical shaping is on ly  feasible by using abrasive m ethods. The 
realization of th e  respective techniques — slicing, lapping and polishing —  
is different, but characteristic for the whole process is that the m echanical 
shaping is made step  by step w ith  decreasing sized abrasive grains.**

The aim o f the lapping, the interm ediate stage of the m echanical shaping  
process is to reduce the damage due to  the slicing and sim ultaneously  to  produce 
a planparallel slice.

The diam eter o f the lapping abrasives is o f mediocre size, in the range 
o f 5— 15 microns; th e  mean d iam eter of diam ond grits su itable for the inner 
diam eter (I. D.) slicing is betw een 60— 70 microns and the polishing abrasives 
are generally sm aller than 0,5 m icron.

* Mr. Y. S t e f ä n i a y  is now w ith U n ited  Incandescent Lamp and Electrical Co. Ltd. 
Budapest.

** We refer to the work of E. M e n d e l  and E. W. J e n s e n  [1] in connection w ith the 
different abrasive m aterials and to the reports o f  W. P. P h a r o  [2] and E . M e n d e l  [3] in 
connection w ith the adapted shaping m ethods.
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T he lapping, a prelim inary or interm ediate operation, takes a prom inent 
part in  attain ing the ideal perfect surface finish. The requirem ents are strict, 
sin ce th e  occasionally occurring m echanical dam age m ight adversely influence 
th e  resu lt o f the surface preparation  process or even  th a t o f the sem iconductor 
d ev ice  technology.

T o produce up-to-date sem iconductor devices characterized b y  a steadily  
in creasin g  component d en sity  (the number of diodes, transistors and resistors 
per square millimetre) m echan ical shaping processes o f  excellent quality  are 
n eed ed  and this fact em phasized  the investigation  o f the lapping procedure 
as w ell.

T h is report deals w ith  th e  investigations of the structure and depth of 
th e  dam aged m onocrystalline sem iconductor surface layer resulting from  
la p p in g  and with the m eth od s adapted for m easuring and controlling. A brief 
recap itu la tion  of the literature on the subject is indispensable for th e  detailed  
d iscu ssion  of the results, as th e  numerous data published are contradictory.

T h e structure and th e  depth  of the dam aged layer o f [111] oriented  
germ anium  and silicon w afers is investigated  b y  X -ray  m ethods. Applying  
th e se  m ethods the degree o f  th e  flexure of the bent wafers due to  m echanical 
stresses  is measured as w ell. A  relation  is shown betw een the radius of curvature 
and th e  quality of the lap p in g  process.

I I . Structure and m ethods

1. Structure o f  the surface layer

D u e to the m echanical shaping performed —  i.e. lapping —  the surface 
o f th e  sem iconductor crysta ls becom es distorted. The resulting layer has a 
co m p lex  structure; Fig. 1 sh ow in g a sim plified outline m ay be interpreted as 
fo llo w s.

T h e surface is covered w ith  polycrystalline debris com bined w ith abra
siv e  grains (Fig. 1; 1) [4], b e low  which a presum ably m onocrystalline layer of 
b r itt le d  structure can be fou n d  (F ig. 1; 2) [4, 5]. D ue to  the effect o f the cracks 
and th a t  o f the inserted grains th e  surface volum e becom es increased and this 
resu lts , below  a critical th ick n ess , in bending th e  w afer [6 — 8 ]. This phenom e
non is d ea lt with in detail fu rth er on. A p lastically  deform ed layer is developed  
b elow  th e  brittled layer (F ig . 1; 3) [9]. In the transition  region betw een the  
d am aged  layer and th e  b u lk  m aterial dislocations and m icrocracks were 
ob served  [1 0 — 1 2 ].

D eep  scratches m an ifo ld ly  surpassing the depth of the damaged layer 
are developed  in case of a d e fec tiv e  lapping technique (F ig. 2 and F ig. 3).
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Fig. 1. Sim plified outline o f the structure of lapped m onocrystalline surface (1 polycrystalline  
debris; 2 brittled layer; 3 p lastica lly  deformed layer; 4 perfect crystalline m aterial; R is the

radius of curvature)

Fig. 2. Lattice defects due to  deep scratches (1 polished surface; 2  dam aged crystlline parts; 
3 bulk crystal; 4 the layer rem oved by polishing; 5 dam aged layer; 6 scratches; 7 lapped surface)

2. Methods fo r  measuring the depth o f  the damaged layer

The depth o f dam age is affected by several param eters which are hardly  
reproducible. The m any contradictory data in th e  literature referring to  the  
depth of that layer are interpreted b y  these. The deviations m ay be attributed  
rather to the different technological m ethods used, than to the various m easur
ing principles [13].

The following processes were adapted for the investigations:
a)  Optical methods (interference and phase contrast m icroscopy) are 

fast, rather widespread and the required in vestm en t is low. The observations 
m ay he preceded b y  a sligh t chemical etching [3, 12— 17].
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Fig. 3.  L a ttice  defects due to lap p in g  on polished germ anium  surface [surface reflex ion  topo
graph Cu K a l; Ge (333) j

b)  M ost informations on th e  structure of the crystal lattice are available  
b y  a p p ly in g  diffraction methods. The excellent resolving power renders the  
electron-diffraction methods advantageous  [4, 5, 20].

The X -ray  diffraction methods are relatively fast and being non-destructive  
are su ita b le  as an in-process control in sem iconductor technology [9, 21 —24].

c)  Investigating d ifferent physical effects data characterizing th e  depth  
o f d am age  m ay be obtained. T he m easurem ent o f  electrical param eters, for 
in sta n ce , th at of the recom bination  rate of m inority carriers is used  [25].

d )  P lotting the change o f  the etch rate as a fu nction  of the rem oved dam ag
ed la y er  thickness is characteristic. The reproducibility of the m ethod is about 
2 per cen t and its correspondence with other m ethods is fairly good [10, 14, 
16, 26 ].

e)  T he surface q u a lity  o f  th e  lapped wafer m ay be characterized by  
d eterm in in g  the radius o f  curvature. The m easurem ent can be performed  
o p tica lly  [6 , 7, 31], or b y  ap p ly in g  X -ray diffraction m ethods [8 , 27, 28].
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III. Experim ental

X -ray diffraction  methods were used to  provide a detailed su rvey  on 
lapped sem iconductor surfaces, Lang’s X -ray  topography especially for d e tec t
ing singular im perfections. Investigations concerning X -ray topographical 
m ethods are described in detail elsewhere [8 , 30]. In this report, too , w e should  
like to em phasize th e  sensitiv ity  o f th e  m ethod, as single dislocations m ay  be 
detected  with re la tively  simple m eans as w ell. The surface quality o f  th e  lapped  
specim en can be evalu ated  by m easuring the flexure o f the wafer due to  the  
dam aged layer. An X -ray  diffraction m ethod was adapted instead  o f the  
generally accepted optical or m echanical m ethods [28].

Th e essential part of the m ethod sum m arized is that exposing a correctly  
oriented crystal slab to  a wide, but nearly parallel X -ray beam, the character
istic  com ponents are reflected as narrow beam  o f rays. The reflection  angle  
fixed  and translating the wafer parallel to  its plane, the position of th e  reflected  
beam  remains unaltered, if  the orientation  o f th e  reflected planes is unaltered  
along the line o f translation  as well. H aving  a m isorientation the reflectin g  
lines migrate proportionally. The m isorientation  angle (e) within th e  d istance  
o f translation (h) is referred to th e  know n angular resolution o f th e  K al 
com ponents. The im age is recorded on a photographic plate in a fixed  position . 
(This is a d issim ilarity e.g. to Lang’s topography.)

I f  the m isorientation  on the crysta l slab is continuous, the w afer is bent 
along a spherical surface and the radius o f  curvature equals R  =  h/e. The 
accuracy o f the m ethod is mediocre, b u t rather fast and entirely non-destructive. 
The exposure, togeth er  with the eva lu ation , tak es on ly  5— 10 m inutes. Con
trary to the optical and m echanical m ethods th e  accuracy of the m easurem ent 
is not affected b y  th e  surface fin ish  o f  the wafers.

A dapting th e  described m ethod a m isorientation  of 10 seconds o f  arc 
can be detected on a wafer of 2 0  m m  diam eter; th is corresponds to  a 2 0 0  in 
radius of curvature. The radius of curvature due to  the lapping of w afers w ith  
200— 300 micron th ickness is considerably less: R  =  1 ~  3 m.

The photographs taken for the m easurem ent o f flexure provide further  
data characterizing th e  crystalline surface. The separation of the characteristic  
lines, or their d isp lacem ent, respectively , are typ ica l for the flexure and 
th e  width of the lines m ay be a ttributed  to  the quality of the crystal 
la ttice .

The exposures were taken hy using  a P h ilip s  X -ray tube o f 1 X l  mm  
effective focal spot size. The tube operates at 50 kV and 20 m A .T he d istance  
betw een the focus and the specimen is 1300 m m , th at between the specim en  
and the plate is 1 0  m m  in case of diffraction topographs and about 60 mm  
in curvature m easurem ents.
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T he reflecting planes for (111) specim en are the (110) planes perpendic
u lar to  th e  surface. The im ages are recorded on Ilford  nuclear p lates —  typ e  
L  4 /1 0 0 , or on Gaevert p la tes —  type D —7 and D —4, respectively.

IV . Experimental results

Single crystal [111] oriented germ anium  and silicon wafers were available  
for th e  experim ents. The effect of different lapping procedures and th a t of 
d ifferen t abrasive grains w ere investigated  in separate measuring sequences. 
I f  (111) silicon wafers are lapped w ith a w ater slurry of 600 m esh oc-alumina 
on fix ed  stainless steel p la te , applying a ligh t hand pressure, the depth of 
d am age is about 6 — 8  m icrons.

Table I

The f lexure  o f  lapped silicon wafers

Lapping procedure
Lapping abrasive

m aterial
size

(mesh)
R [mj

“ L apm aster” technique* SiC 600 2,0

SiC 800 2,9

L app ing by hand on rotating steel

p la te SiC 600 1,45

L apping by hand on fixed steel plate SiC 600 1,8

SiC 800 1,5 •

a -A l20 3 500 1,3

a-A l.,0
-  3

800 1Д

* Lapinaster fla t lapp in g  m achine m ade by P ayn e  Prod. Int. Lim.  (E ngland). According  
to  th e  lapm aster principle three or four conditioning rings ride on a horizontal circular lap  
p la te  o f  cast iron. The rings are held  in position b y  yok es, which allow them  to  revo lve  on 
th e  lap p in g  surface. The parts to  be lapped are placed inside the rings; abrasive com pound is fed  
co n tin u o u sly  onto the lapp ing p late .

T he measured radii o f curvature of th e  250 micron thick ( l l l ) S i  wafers 
are presented in Table I. T hese specim ens are lapped on both sides and one 
sid e is chem ically etched  thereafter. The m easured radii of curvature o f Ge 
w afers 500 micron th ick , on both sides lapped  and on one side etch ed  are 
o u tlin ed  in Table II.
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Table II

The f lexure  o f  lapped germanium wafers

Lapping procedure
Lapping abrasive

Radius of curvature, 
H [m]m aterial size

(mesh)

SiC 500 2,5
“ Lapmaster" technique SiC 600 3,0

SiC 800 3,7

SiC 500 2,5
Lapping by hand on fixed steel plate SiC 600 3,0

SiC 800 3,0

V . Discussion

L attice defects due to  lapping can be detected  as a continuous diffraction  
contrast on the topograph (Fig. 4). The damaged layer disappears after chem i
cally  etching the wafer and the dislocation network o f th e  bulk m aterial appears 
(F ig. 5). The lapping process is generally qualified b y  m easuring the depth of
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F ig .  5 . Topograph of the wafer seen in  Fig. 4 after rem oval of the dam aged layer the conti
n u o u s diffraction contrast due to  the la ttice  defects disappears and the d islocation  network  

of th e  bulk m aterial is to be seen [M oKa l; Si (220)]

th e  dam aged  layer. T h e  d e te rm in a tio n  of th e  flexure  of th e  silicon  w afer also 
g iv es  usefu l in fo rm atio n s.

Crystalline slices lapped on both  sides do not show an y  flexure, as the 
tw o  opposite effects equalize each other. R em oving the d istorted  layer, e.g. 
ap p ly in g  chem ical-m echanical polishing, th e  wafer becom es e lastica lly  deform
ed. Investigations were generally performed on specim ens pretreated  in that 
w a y , and this is the in itia l state  o f the m onocrystalline slices used now a
d ays in the sem iconductor planar technology. H aving etched both  sides, the 
b en t wafer regains its original plane character.

T h e results re p re se n te d  in  T ab le  I  a n d  T ab le  I I  a re  in  good ag reem en t 
w ith  th e  findings o f G. W e n c z e l  [6] an d  w ith  th a t  of W . D ash  [31]. T he 
ra d iu s  o f cu rv a tu re  d e te c te d  b y  th e  fo rm er e x p e rt was 2,5 m  o b ta in e d  on w afers 
la p p e d  w ith  grains o f  12 m ic ro n  av erag e  d iam ., an d  W . D ash  m easu red  a v a lue  
o f  1,2 m  optically .

More tim e is needed to  obtain  a sm ooth surface on w afers lapped with 
sm aller abrasive grains on fix ed  stainless steel plate b y  app ly ing  a light hand 
pressure. The apparent contradiction  th a t abrasive grains o f sm aller average 
d iam . render smaller radius o f  curvature, is due to this fact.
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The depth o f the dam aged layer formed on germanium is larger, but 
in the case described the wafers being thicker th e  radius of curvature is also 
o f larger value. The experim ental data, how ever, show  that the differently  
sized abrasive grains induce a smaller flexure o f th e  wafers, as the thicker d is
torted layer suppresses te  effect issuing from the different average diam eters 
o f the grains.

K nowing the radius o f  curvature and the depth  o f the dam aged layer, 
respectively, an approxim ation was used to  determ ine the average strain (a) 
in the surface layer taking the flexure’s rotation  paraboloid character into  
consideration [32]. The calculation was based on th e  following relation:

if

(Tfilm ^
E

3(1 v)

(^;.Ubstr.)”

‘film

1

2  R  ’

‘ substr. film 9

where E  Y oung m odulus of the substrate; 
V Poisson number;
isubstr. thickness o f the hulk material; 
ifibn depth of the dam aged layer;
R radius o f curvature.

The first term o f the product is 7,684 • 10 11 dyn /cm 2, assum ing a circular 
(111) silicon wafer. Taking the following param eters further in account:

^substr. — 220 ftm ,

«film =  6 pm,

R =  2m,

on the basis o f the described equation:

fffiim =  1,5 • 109 dyn/cm 2.

The average strain approaches the value —  (Tmax =  6  • 109 dyn/cm 2  —  
measured by J . R. P a t e l  and A. R. C h a u d i i u r i  [29], which is closely the  
room -tem perature yield  point o f silicon. The local stress peaks m ay obtain  
even greater values than the typ ica l one and th ey  can atta in  the above m en
tioned m axim um  as well.

K nowing th e  radius o f curvature or more ex a ctly  th e  spread of misorien- 
tation  within a given distance, som e conclusions m a y b e  drawn in regard to  the  
crystallographic m isorientation am ong the singular b locks. In the calculation  
it was assum ed th at the blocks are of the same dim ensions and the orientation  
divergence is uniform ly d istributed. On the X -ray topographs available the
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w id th  o f  th e  blocks m ay be evaluated  to  100 microns. I f  the radius o f  curvature 
is R  =  1 m, the average orientation  divergence betw een th e  singular blocks 
is 0.5 m inute of arc. Taking into consideration the width o f th e  diffraction  
lin es, deviations of 3 m inutes o f  arc were m easured, which are larger than  the 
average divergence. The difference m ay be attributed to  th e  fa c t th at the 
spread  o f m isorientation is not uniform  am ong the blocks. J u st because of

Fig.  7. The characteristic lines are enlarged at the edges of the wafer; it  show s th a t the depth  
o f  th e  dam aged layer is inhom ogeneous; one part o f  the wafer is n o t covered  by the damaged

layer (photographic negative)

Acta Technica Academiae Scienliarum Hungaricae 68, 1970

Fig. 6 M isoriented blocks due to the lapping effect are developed



DAMAGED SURFACE LAYER STRUCTURE 209

a) b)
Fig. 8. The dam aged layer progressively rem oved the d istance between the characteristic  
lines and their w id th  decreases proportionally; in the figure the photom etric graphs o f  the  
characteristic lines ( a )  and one part o f  the photographic negative  of the K al com ponent

( b )  are to be seen
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th is , it  is em phasized th a t  the outline presented in F ig. 6  gives a m odel and 
it serves for the illu stration  of the phenom enon only.

V aluable in form ations on the structural d efects o f  the crystalline surfaces 
are available from X -r a y  topographs m easuring th e  flexure. Fig. 7 is a 
topograph of a silicon w afer w ith different surface quality regions. The back  
side o f  th e  specim en is o f  nearly perfect structure; on one part of the in v estig a t
ed surface the d istorted  la ttice  region can be d etected , the other part is d efect
less. The width of com ponents K ,x and K a 2  reflected  from the perfect surface 
is determ ined b y  the divergence of the X -ra y  beam , by the spectral w idth  
o f th e  lines and b y  th e  quality  of the crysta l la ttice . H aving a high degree 
o f perfectness on the surface and a negligib ly sm all spectral width o f th e  lines, 
th e  range of the com ponents is principally determ ined by the divergence of 
th e  beam . On dam aged regions, where th e  crysta l la ttice  is distorted, th e  line  
w idth is increased. T he effect appears to  be even  stronger at the edges o f  the  
w afers, though th e  d efects due to m echanical shaping are more num erous. 
(G eom etrical or other diffraction effects can n ot produce this, since the d efect
less regions are free from  broadening.) The ed ge-effect is well known, it is caused  
either b y  the abrasive grains or even more b y  th e  edge-chipping o f th e  crysta l
line wafer.

The surface q u a lity  of the lapped silicon  wafers m ay be in vestiga ted  at 
different bulk depths, applying progressive e tch in g  on the sam e surface. The 
residt of the etch ing process is presented in F ig. 8 .

The characteristic lines bridge etched step s o f 0, 1, 3, 4, 7 m icrons, re
sp ectively . For q u a n tita tiv e  evaluation th e  lines were measured w ith  a fast 
response photom eter m ade by Zeiss and th e  results were graphically p lotted . 
On th e horizontal ax is the relative changes o f  the reflecting angle and on the  
vertica l axis th e  b lacken ing  are recorded. Sim ultaneously w ith th e  photo-

Fig. 9. The K al ,  com ponents are distorted in the range of the microeracks. T he displacem ent 
is proportional to the orientation divergence (photographic negative)

Acta Technica Academiue Scientiarum Huugaricae 68. 1970



DAMAGED SURFACE LAYER STRUCTURE 211

Fig. 10. The strain field  due to the microcrack is d etectab le  on the exposure m ade b y  the 
“ w h ite”  com ponents o f the X -ray  beam; one part o f the m onocrystalline wafer is covered by  

the dam aged layer (photographic negative)

m etric graphs th e  diffraction image of one o f  th e  characteristic lines (K ^) 
is presented.

R em oved at about 4 microns the continuous dam aged layer disappears, 
but the rem aining poin tlike lattice defects refer to  local disturbances (chipped  
pits). The observation  is confirmed by the sudden dim inution of th e  back
ground level. A fter rem oval of 7 microns, m ost o f  th e  pits disappear and the  
original d islocation  netw ork o f the bulk m aterial is revealed, the crystalline  
surface m ay be considered “ perfect” . The d istances betw een the lines (slope) 
dim inish as w ell, and at 7 microns step the th eoretica lly  justified  va lu e of  
plane crystalline surface (K a l 2  =  4 m inutes o f arc) is achieved Si (220) reflexion, 
M oKal radiation].

On the topographs performed for the curvature m easurem ents, unvisib le  
microcracks are to  be detected  from tim e to  tim e. The microcracks are due to 
a non-perfect lapping procedure. The strain field  around the microcracks could  
be detected from  th e distortion  of the characteristic lines (Fig. 9) or from  the  
raising o f th e  background level; i.e. the d iffracted im age of the strain field
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appears on the topograph (F ig . 10). E va lu atin g  such topographs th e  d isloca
tio n  density  of the bulk m aterial can be estim ated , the image resolu tion  is, o f 
course, worse than th a t o f  th e  Lang m ethod.

V I. Conclusions

Comparing the data o f  the literature on the subject and th a t o f our 
in vestiga tion s the conclusion can be drawn th a t th e  qualification o f th e  lapping  
m eth od s is possible on ly  for surface shapings o f a given tech n ology , which  
are hard ly  or not at all reproducible by others. Performing the single pro
cesses , i.e. the lapping —  proper testin g  m ethods are to be developed  instead  
o f  m aking m echanical use o f th e  data published in the literature. The control 
process m ay he achieved b y  optical m ethods or b y  more exact diffraction  
m eth od s. It cannot be lim ited , how ever, for the determ ination o f a single  
characterizing param eter —  i.e. the average depth of the dam aged layer. The 
in vestiga tion s are to  be extended  for stu d yin g  the hom ogeneity o f  th e  depth  
o f th e  dam aged layer, th e  effect of the different local disturbances, i.e. scratches 
and th e  interaction o f th e  substrate and the d istorted layer including th e  work 
perform ed on the flexure o f the wafer.

As a result o f the investigations the control m ethods for the qualification  
o f  th e  lapped sem iconductor surfaces were determ ined and beside th e  para
m eters, such as the depth  and hom ogeneity o f the damaged layer, th e  flexure  
of th e  wafer was tak en  in to  consideration as well.
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Strukturuntersuchungen a m  gestörten Oberflächenbereich der H albleitereinkristalle. 
E influß des Schleifens. D ie Struktur des durch den E influß des Schleifens gestörten  Ober
flächenbereichs der H albleitereinkristalle wird untersucht und die E indringstiefe der G itter
störung wird bestim m t. D ie U ntersuchungen sind m it der R öntgenstrahlbeugungsm ethode  
an [111] orientierten Germanium und Silizium platten  durchgeführt. Der K rüm m ungsradius 
der geschliffenen P latte wird gem essen. Es wird festgestellt, daß die K rüm m ung durch die Qua
litä t des Schleifens — da ein Z usam m enhang zwischen der Krüm m ung und der m echa
nischen Beanspruchung b esteh t charakterisiert werden kann.

Исследование структуры поврежденных поверхностных слоев полупроводни
ковых монокристаллов (Е. Рож ай В. Штефаниаи). Авторы занимаются структурой, 
распростроненностью и методами исследования поврежденных слоев, образовавшихся 
после шлифовки на поверхности полупроводниковых монокристаллов. Приводятся 
результаты рентгеноструктурых исследований, в тенчении которых рассматривались 
структура и толщина поврежденных слоев на монокристаллических пластинах германия 
и кремния ориентации [III]. Подобным образом измерялась степень искривленности, 
образовавщейся на астплинах в результате механических воздействий, и авторами была 
найдена зависимость между радиусом кривизны и качеством примененного метода 
шлифовки.
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WAVE PROPAGATION IN INHOMOGENEOUS LINEAR
MEDIA

CS. FERENC Z

[M anuscript received Septem ber 29, 1969]

In the paper, first, the propagation of electrom agnetic w aves in slightly  inhom ogeneous 
m edia is exam ined, when the m edium  is stationary, its param eters change w ith  tim e and 
when, finally , it  is flow ing. In this connection the author poin ts o u t th a t the theory perm its 
the uniform  treatm ent of m any known results and also perm its the exact investigation  o f  the  
propagation phenom ena in flow ing m edia. Afterwards the m ethod  for the determ ination o f the  
com plete w ave form by the addition o f the ‘inhom ogeneous basic m odes’ is shown for arbitrary  
inhom ogeneities. The deduction o f the “ quadruple and m ultip le refraction-reflection law ” is 
presented. On this basis the ray-tracing programs are revised and the basic schem e o f the  
“ m odified ray-tracing” program s is given. F inally , it  is shown th a t the hom ogeneous and the  
inhom ogeneous characteristics o f the m edium  are not identical, and using as an exam ple the  
electron-polarized m edium , the inhom ogeneous p erm ittiv ity  is determ ined. The m ethod for  
determ ining the wave im age, the “ m utual action tensor” and — as an ex a m p le—the “ m odified  
Eikonal equation”  are presented.

I . Introduction

The necessity  of a rigorous treatm ent of w ave propagation in linear m edia  
characterized b y  m edium  param eters o f the form  o f h igh ly  general func
tions emerged in consequence to  the developm ent o f very accurate m easure
m ents in space research and of special instrum ents, particularly in m icrowave  
technics. The w ave propagation in hom ogeneous m edia is very  precisely know n. 
Gradually generalizing th e  research m ethods developed for th e  hom ogeneous 
case, in th is paper a new  m ethod w ill be found for the exact investigation  
of th e  field existing in th e  m ost general inhom ogeneities. On th e  other hand, it 
will be seen th at in this w ay one can settle  the lim its o f va lid ity  of the form erly  
used m ethods (e.g. ray-optical equivalent).

I I . W eakly inhom ogeneous stationary media

In the first step , let us assum e that the m edium  is free o f flows and is 
electrically neutral, th a t is q =  0. Furtherm ore, th e  m edium  param eters are 
assum ed to  be “ slow ly” varying. A solution for th e  M axwell equations is 
sought for in the follow ing form [1 ]:

E  =  E 0(f, t) еЛ“* - ^ ) ] , ( 1)
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w here E 0(r, t) is the am plitude, a>0 is the excitation  angular frequency and cp is 
th e  p h ase  function.

Introducing the sym bols r , t) and e(r, t) for relative perm eability  and
p erm ittiv ity , respectively , w here e also includes the con d u ctiv ity  term s in 
th e  w ell-know n m anner, the M axwell equations are

_ 0

curl H = -----(e0 s E  ) ,
Qt

curl E  =  (2)

d iv (p0 p H )  =  0 , 

div (s0 eE ) =  0,

D =  £0^E and В  =  p0[iH ,

w here £0 and p0 are the p erm ittiv ity  and perm eability  o f free space, respec
t iv e ly , E  and H  are th e  electric and m agnetic field  in tensities, respectively , 
r is th e  position vector, t is tim e.

1

A fter differentiating in Equs (2) we obtain term s of the follow ing typ e •

1 За,- k 1 дЕ ок 9 95 'J
------------  ----------------  -------------------------------—  J  —  Q'ik ■*~Jk ">
aik 3Xf Enk 3xt 3 )

w here Et =  Eo! eĴm°1 _  <p\  E0j and aik are th e  com ponents o f am plitude and 
m ed iu m  param eters, resp ectively , x, is an independent variable.

In  hom ogeneous m edium  Term (3) leads to  the well-know n relation:

(0 +  0 jk ,)  aik E k=  — jk j  aik Ek , (4)

3 <p
w here k, = ------=  const.

dx.
L et the variation o f th e  m edium  param eters he sm all for th e  distance  

o f  th e  w avelength +  Then

Aa i k= d̂ - l ~ V , (5)
3 x t

w here rj is an in iin itesim ally  sm all q uantity . M ultiplying (3) b y  A ,  the  
order o f  m agnitude o f the term s can be estim ated:
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I 1 Эя Ik ; _|___ ] _  Q E 0k д j  Эrp .

\ aik Эx t E ok dXj dXj ;

Considering (4) as a lim it value, the assum ption that the am plitude or 
the phase does not change either more quick ly  or slowly, respectively , than  
the m edium  param eters, can be justified . Further let Э99/ЭЛ:,- =  kt -f- Aki, where 
Akj =f= con st. So this (6 ) can be rewritten:

%  E k ( 6 )

( 6)
V

<*ik Enk
j(kj  Л +  А k,À) a i k E k =  j ( k , + A k , )  Âa,kE ,; ----- jk ,  Aaik E h. (7)

From  (7) it can b e seen, th at in case o f weak inhom ogeneities th e  w ave  
propagation vector K t =  к,• -f- Ak, m ay be used as a generalization o f the  
hom ogeneous wave propagation vector, in describing the wave pattern , w hile  
in case o f strong inhom ogeneities also th e  derivatives of the am plitude E 0 
must be taken  into account.

Let us introduce the

2

and
К  — grad <p

Ю —  ro0
Э'/
dt

( 8 )

generalized propagation vector and generalized angular frequency, resp ectively . 
I f  the m edium  is w eakly inhom ogeneous, th a t is, using (7), th e  fo llow ing  
conditions

1  dEoi ^  ЭУ
E oi d x j  9 X j

and
1 da.,- 8 (p

a/j 9 xt 9 X/

(9)

hold, then  M axwell’s equations can be rew ritten  in the following form:

К  X H  =  —  c o e n e E  ,

К хЁ =  сацфН ; (10)

MoE = H  =  0  »
c0K fÊ  =  0
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w hich are in every respect eq u ivalent to Equs (2). The form of Equs (10) corre
sponds to  th e  one o f w ave equation o f plane w aves propagating inhom ogeneous, 
tim e in varian t m edia. T hus, the solution m ethod  which is usually  applied  
there, w ill he follow ed. Form ing the vectorial product o f К  w ith the first or 
second equation  o f ( 1 0 ), and substituting th e  other one into the right side  
and u sin g  th e  follow ing sym bols:

Л  - . . =  К  X ( K  X  . . . )  ,

P *  . . . =  К  X  e. . . ,

M *  ■ . ■ =  К  X  m. . . (11)

e =  1 +  e 1

Ji =  1  +  rn

the fo llow in g  set o f hom ogeneous, linear equations can be obtained:

(Л  +  œ2e0fiQp)H +  o)E0 p * Ë  =  0  ,
— _ _  _  ( 1 2 ) 

—  со/л0М * Н  +  (Л +  co2e0fi0e)E =  0 .

A  n on -tr iv ia l solution  o f E qus (12) exists if  th e  determ inant equals zero. This 
con d ition  m ay be w ritten  in tw o com pletely  equivalent forms. These tw o  
possib le  form s of th e  “ generalized dispersion equation” follow, using the  
shorten ing  a 2 =  co2 e0 itt0, as:

Л

Л

-f- ae M

+  p *

+  <Xfl

-(- 0ÍE

0 ,

M =  0

(13)

(14)

The so lu tion  o f one o f th e  above equations —  tak in g  the boundary conditions  
in to  consideration  —  gives th e  phase function  çp{r, t) of the propagating w ave, 
further th e  tim e t and th e  corresponding propagation path r which can be 
defined  as the trajectory, norm al to  the surfaces <p(r, t) =  const. A gain su b 
s titu tin g  9?(r, t) in to  ( 1 0 ) and using the boundary conditions, the now in ev ita b ly  
ex istin g  E  and H  fields can be obtained.

3

I t  requires further investigations to  decide w hat type of quantities and  
fu n ction s m ay be allow ed for together [2 ] !  and ~p, and the former results m ust 
also be re-exam ined, based on the detailed analysis o f  the inhom ogeneous m edium  
param eters (Chapter V I).
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4

The derivative in  E qus (2) with respect to  tim e plays a far more sim ple 
role than the ones w ith  respect to  place. Thus, on ly  in case of m uch tim e varia
tio n s, each result o f  2  can be em ployed to find  th e  individual prim ary modes 
com posing the com plete w ave pattern, unless using the sym bols

Э
Э е

dt
=  Т +  ё*,

M =  fl
d /л

at
1  +  m*

(15)

in (13) and (14) the fo llow ing changes take place:

Э instead o f f ,

M instead о f  ß  , (16)

P * . . .  =  K x e * .  . . instead o f P* . . . = К х ё . . . ,

M*  . . .  =  К  X m *. . .  instead o f M * . . .  =  К  X m . . . .

The manner o f com posing the com plete w ave pattern will be seen later 
in Chapter IV.

5

The preceding results can be generally applied as was show n in detail 
in [1]. Taking account o f  th e  following, it is advisable to  show  here the dis
persion equation for sta tion ary , isotropic, inhom ogeneous m edia, as a special 
form o f (13).

Then e =  fi(r) • 1 , "p — T and they are con stan t in tim e. It can be justified  
th at (13) takes the form  o f

I Л +  tot£olu0£(r) • T I =  0 . (17)

D eveloping th is, the well-known Eikonal equation, which is considered  
as th e  basis o f geom etrical optics, can be obtained:

' э у  ) 2  j d<p 
.9 * ! ] dx2 , , 0

6

+
dx
d tp  -

=  « 0  e 0  Ио e(*l, * 2 , *3 (18)

As another exam ple, the propagation o f a w ave traversing through the 
ionosphere between a sa te llite  and the ground can also be in vestigated . I f  the  
tensor e of the electrica lly  neutral plasma [3] is transform ed in to  m agnetic
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dipole coordinates, using th e  dipole approxim ation o f the E arth ’s m agnetic  
fie ld  [4] and during the tim e in terval of sa te llite’s passage, the ionosphere is 
assum ed  to  be independent o f  longitude (Аг), then  it  can be shown th a t

<P =  У ■ Ag + / ( r ,  0); у  =  const, (19)

w here r is the geocentric d istance and 0  is the m agnetic dipole la titu d e. 
F urther, th e  partial d ifferentia l equation for determ ining the fu n ction  f  
fo llow s as:

M Y  
9r,

a, 9 /
90

( Ё Л 2

dr
M
0 0

2  a,
1 9 / ] 3 [ 9 / 1

+
3-

Г 8 r [ э 0 , r3 dr J ( 8 0

h2 k0
/Cq Г2 sin '2 0

9 / k2h,u
1

1  y 2 

feo r4 s in 2 0

1 Г
feo r° sin

I- к

■3 c i  г» 2 rß.

1

9 /
0 0

ML
dr

dr .

2 kl  (— a 7

fcy r2 sin 2

m
l 0 0  j

an +
У4

kA0 r4 sin4 0

( 20 )

0 ,

w here Ji is assumed to  be th e  id en tity  tensor, о,-s are the know n functions of 
th e  com ponents of e and =  co2 £0 lu0. The value o f у  is prescribed b y  th e  exc ita 
tion  as a boundary condition . In  case of a passage along the m agnetic m eridian  
у  =  0 .

III. W eakly inhom ogeneous, m oving medium

W’. P. B i r k e m e i e r  et al. published in 1968 their m easuring results 
concerning the Doppler sh ift, com ing into existence a t about 900 MHz in tropo
spheric propagation, as a consequence of winds [6 ]. This effect m ay be im por
ta n t in D oppler-m ethods applied  in several fields o f  space research and in its 
ap p lication s. Since the stu d y  [6 ] uses for this in vestigatin g  effect a m echanical 
m od el, th e  following analysis is based on a new idea differing from  the pre
ced in g  one.

A ssum ing in the fo llow ing th at the flow  is lam inar or quasi-lam inar  
th e  turbulent scattering w ill be neglected. For electrom agnetic w aves the  
D op p ler  phenom enon can be deduced, based on th e  theory o f special re la tiv ity
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[7], which in case of hom ogeneous media m oving  with a constant ve lo c ity  v 
leads to

v-
Оc-

1  +
v • cos ocv \ 

•n )c )

( 21)

where th e  sym bol (') m eans the quantities th a t can be measured by an observer 
m oving togeth er  with the m edium  (S' coordinate system ), c is the ligh t velocity  
in free sp ace, oc„ is the angle between th e  w ave propagation vector  and the  
velocity o f  th e  moving m edium  in system  S'  ( !) and n is the refractive index  
also in sy stem  S' ( !).

E xpanding Equ. (21) for the case o f  v <g: c, the so-called “ classica l” 
Doppler form ula is obtained, in which term s proportional to (v/c)', i ]>  2 m ay  
not be included  [4]:

/ 1 (0 =  COg----- c o s x t,.
c/n

( 22 )

U sing E qu. (4), after well-known transform ations

Ato =  — к • v . (23)

1. Optical approximat ion

The electrom agnetic w ave itself has “ experience” only on the change of 
m otion v e lo c ity  o f the m edium . Taking in to  account the manner o f excita tion  
exerted on th e  particles o f th e  consecutive layer b y  the incident w ave with a 
velocity  d ifferent from th e preceding one, th e  phenom ena at the boundary of 
the successive layers can b e  studied by a se t o f  receivers fixed parallel to  the 
boundary in th e  layer of th e  changed v e lo c ity .

In case o f  optical approxim ation let it  be assum ed that entering the  
new layer th e  propagation vecto r  К  will not change, i.e.

К  =  K s t , (24)

where K st is th e  stationary propagation vector , which is the solution  for (13) 
or (14).

As for th e  change o f  v e lo c ity  in the m edium  it can be w ritten  in the  
form of

Av  =  Grad v • Äs  (25)
therefore — th e total frequency shift along th e  phase-path P , defined  in 
Chapter II, point 2 — is

At о =  —  I grad (pst ' Grad v • ds . (26)
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2

I t  can  be shown th at b y  using the above approxim ation in a hom ogeneous  
case Aw  =  0, while if  the propagation takes p lace in inhom ogeneous m edium , 
Aw =9^  0. Furtherm ore, it  also appears th at th e  m echanical m odel applied  in 
[6 ] is eq u ivalent to  another version o f th is  approxim ation, in w hich it  is 
assum ed  th a t  there is a to ta l propagation sym m etry  and there are w inds w ith  
v =  co n st velocity  betw een transm itter and receiver which are fix ed  with  
respect to  the ground.

3. Discussion according to the wave theory

I t  im m ediately  follow s from  the preceding considerations th a t in case 
o f an  ex a c t treatm ent E qu. (24) m ay not hold . H ow ever, it is know n th a t  at 
the b ou n d ary  of the tw o layers

w(r  +  dr) =  w(r)  4- grad w • dr . (27)

U sin g  Equs (23) and (25) it appears from  (27) that

grad w  —  К  • Grad v , (28)

w here th e  definitions (8 ) are valid . E xam in in g  M axwell’s equations on the  
b ase  is o f  Equs (9) and (28), it can be show n th a t, if

E  =  E 0 еЛш.*+лш (—U, 

zlco =  Aw(r,  t),
th en

div (I E ) =  — j ( K  +  К  • Grad v • t)7E , 

curl H  =  — j (  K  -(- E  Grad v • t)H .

T h u s, generalizing the concept of the propagation  vector

3£ =  К  -)- ( К  Grad v)t =  grad <p —  grad w ■ t

(29)

(30)

can  b e obtained, where w  =  w u -j- Aw.  Solving Equs (10) in the original form  
w ith  th e  aid of Equs (30), and here su b stitu tin g  3C instead of K ,  one arrives 
at th e  approxim ation o f quasi-w ave-theory.

E xam ination  o f (30) show s th at assum ing the form Ë =  Е 0е'Ф,
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oJ{ =  —  grad Ф , 

Э Ф
10 =

31

(31)

(it can also be su itab le  to  apply the sym bols Ф =  w 0t — xp, y> — —  ,dft> • t +  ?)• 
Using these n o ta tion s the M axwell equations can be rew ritten into a 

form , the solution o f  w hich was shown in Chapter II:

SC XH  =  —  en(oeE ,

3f X Ë  =  fi0cojiH ; (32)

/<{ДрЯ =  0  , 

г Д ё E  =  0  .

E xpanding the generalized dispersion equation which com es from th e solution  
o f E qus (32), the cond itional equation

-------Э Ф --------===== _
grad-----  =  grad Ф ■ Grad v (33)

0 Í

m ust be used, as th e  generalized form o f (28). In th is w ay the electrom agnetic  
w ave pattern m ay e x a c tly  be given for a m oving medium.

4

I f  velocity changes are great, and an accurate analysis is w anted , then a 
relativ istic  treatm ent m ust be followed.

5

Finally, it m ust be pointed out — based on the results o f th e  theory of 
re la tiv ity  — that th o se  w ays of treating the propagation in m oving media, 
where the refractive in d ex  will be transform ed into different possib le manners 
from the “ m oving” sy stem  S' into the system  S  “ at rest” •— e.g. [8 ] and m any  
others.— are principally unjustified: The m edium  at rest for an electrom agnetic  
w ave is always the one in which its propagation takes place at th e  m om ent. 
A m eaning to the refractive index can he given only  in coordinate system s 
m oving together w ith  th e  medium ([7], [9] etc .). In those exp lanations where 
the transform ation o f  th e  refractive index is m ade, a closer exam ination  of the 
applied procedure revea ls th at the authors have not taken into account the
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fa c t  th a t  the phase v e lo c ity  c/n o f the wave w ill be transform ed in a dif
feren t w a y  from the one w h ich  is called the v e lo c ity  sum m ing o f E instein  
([7 ] e tc .) . Finally, the results o f  m easurem ents published in [6 ] do not follow  
from  th e  previous “ tran sform ation ” theory.

F or exam ple, the frequency sh ift m entioned above m ay be of im portance by using  
g e o d e tic a l Doppler m easurem ents, as for Im/со ~  A  ■ . 1 r/c, where A  is a function o f variation  
in  th e  refractive index, the d irection  o f propagation, etc. B y  average or great velocities o f 
w ind s (3 — 30 m/s), 10~ 11 <  Irn/n) <  10- 7 , a measurable e ffec t m ay occur.

6

T he zero point sh ift appearing in m easurem ents [6 ] can be explained  
in  th e  sam e way as seen in C hapter III, point 3.

IV . Wave propagation in arbitrarily inhom ogeneous media

In  the following, a m eth od  for treating th e  propagation in  arbitrary, 
lin ear  m edia is to be fou n d  based  on the results o f  the preceding tw o parts. 
T he consideration will be ap p lied  from tw o points o f view :

a )  it  is known th a t th e  propagating w ave m ust not be of purely sinus
o id a l form  in strong inhom ogeneities;

b)  combining the p rop agatin g  m ethods determ inable in hom ogeneous 
m ed ia , very  good results h a v e  been achieved.

1

N ow  it is to be exam in ed , w hether the superposition  of the solutions of 
E q u s (10) and (32)— (33) w ill sa tisfy  M axwell’s equations o rn ot. I f  the set of Н,- 
sa tis fie s  the m entioned eq u ation  system  and bt =  con st, th en  it can be obtained  
th a t

curl ( 2 1 b, H t) =  j  2  bt ЗС,- X Я , ’
i  i

div { ß  2  bi H i) =  j  2 1 bi Д Я ,,
i i

Э 2 J b i H ,
1 _ V I. II

Thus in the w eak ly  inhom ogeneous case 

и  =  2 ' b, H in ’''d
i

is a so lu tion  of M axwell’s equations.
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On th e other hand, E qus (10) and (32)— (33) form a linear equation  
system , thus substituting in to  a,(r, t)f/, in stead  o f Hi  corresponds on ly  
to  a m ultip lication  of both sides b y  a,(r, t).

Finally it  is clear th at while

H  =  2 b t Я,о
i

is periodic,
H  =  2 ' a,(r, t) H , 0 e/'K'-Vi)

Í

is not a periodic but an alm ost-periodic function .

2. The general propagat ion equations

Considering the remarks above, let th e  so lu tion  o f M axwell’s equations  
be sought for in the form o f  a sum  consisting o f  th e  products o f the prim ary  
modes and com bining functions, that is

Ê  =  2  a,(r, t) Ё ,0 Л -.*-«  ) (34)
i=i «

where the ind ividual prim ary modes is

Éj  =  E i0 e J W - v i).
Let the so lu tion  be

Síi  X H j =  — e0 a>j 7 ,E j ,

ЗС,- X E j  =  fi0 coj ’p H j  ;

fi 0  Ж/ JüHj =  0 , (32a)

e 0 S í i  e E j  —  0 ;

^ - S E r  - Ü ^ d ü ^ ) .Ot

That is the so lu tion  of Equs (32)— (33), or in case o f  Grad v =  Ü th a t o f  Equs 
(10) with no regard of the fa c t th at in strong inhom ogeneities Equs (32a) are 
not longer identical with M axw ell’s equations. I t  is obvious that

and
Síi =  grad f j  — — grad Ф,-

9 y>iCOj =  tu0  — ------
0 t

9Ф,-
0 t
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K eep in g  in m ind all th e  above, let M axw ell’s equations be in vestigated .
Then

curl H  =  curl 2J a, Hi =  2  { Ja i x  Hi  +  Sra<i ai x  Hi  +  a, V t h 0, Я ,)  , (35)
i i

w here

Э In Я 2 ! 0

Vrwn

0

_91n I I  uo

Эж3

9 In H li0
8 ж,

Э*з

0

Э In Я 2

Эл̂

^ hi H m
dXo

9 ln Я.3(0

8 лс1

0

(36)

and it  is know n th at Vthoí com es after so lv in g  (32a). In a sim ilar m anner

d iv  JlH  =  div a i H i)  =  2  ( (  S m T i  H j )  +  aj(\/f,i Я ,)  -  j a t 3iijüHj) , (37)
i :

w here SmTi and V/«' are know n from the so lu tion  of (32a) and are o f  the  
fo llow in g  form:

S m T i  —

8 «, /h i
Э*г

9а,- q 21

9*2

Эя,- /t31

Эа,- /л12 
9.ïj

0 ß q 2 2 

ах.,

Эя,- 1W3 2

Эа^Ьз
9я:1

ЭЯ, «23

9*2

Эя,- |Язз

(38)

in d

V„;

! 8x3 Э* 3 3*з J

/-*11
9 In H li0

/*] 2
9 ln Я 2 ,-0

/*13
9 ln Я з / 0  -

Элг1 Эя̂ Эл!,

/*21
9 ln Я ш

/*22
9 hi Я 2 (0

/*23
9 In Я 3 , 0

(39)
3*2 3*2 9д̂2

/*31
9 ln Н ио

Э*з
/*32

9 ln Я 2 ,-0

Э*з
/*33

9 ln Я 3 , 0

9*з _

means the scalar sum  o f the individual com ponents.
F in a lly  th e  derivative w ith respect to  tim e: 

d / i l l  8

8t 9i (
(2 ' я, ,мЯ,) =  £  [Sm/, Я ,.+  а, (^ уш„)Я, +  уа, со,^Я,], (40)

-4cía T e c h n i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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where S m T ,  and follow  from the solution o f (32a) and

Г За, ц п За, p 12 За, И ix 1
dt dt 3t

S m T i  ~
За, р г 1 За, p 2 2 deli ^ 2 з

dt dt dt

За, j ! За, / / 32 За, цзз
_ 3t dt dt

and
г  9 ln Я ш

9t
0 0

'  TH4 0
3 ln H 2i0 

dt
0

0 0
3 ln H 3i0 

dt

The tensors in regard to  E  m ay be derived in an analogous w ay.

(41)

(42)

Using the form ulas (35)— (42), M axwell’s eqviations can be written in 
th e  following form:

^  [grad a, X Я , +  a, ~тнн Я ,] j  JV  (a , $Ci X  Я ,) =
/ = 1 / = 1

=  Я  О 2  K  W i e E i )  +  p « 2  [ S < ^  E , + a i  ( " V / £ 0 / )  E i \  >
/ = 1

n
> ’ [grad a ,  X Я,- +  a ,  V t e oí Я,] у  У '  ( a ,  ЗС,- X Я , )  = (43)

1 =  1 

П

=  J Ио 2  (« , <И/ ,"Я () //„ [ S mH Я ,4 - а , ( “г “ //-/„,) Я ,]  ;
Í- 1

Яо 2 ’ [ < s mT, Я , ) + а ,  Я ,) ]  у> 0  (о,- ЭС, Я*Я,) =  о ,
1 =  1 1=1

п
* 0  > ' [ < Ä tv Я ,)  +  а,- Я,.)] уг0  2 (« /» Í  "Я,) =  о .

i=i i=i

The terms in E qus (43) m ultiplied b y  у w ritten  in a new equation give 
an autom atical set o f  equations, as a consequence o f  the choice o f  the modes, 
since it leads to  the sum  o f the terms o f E qu. (32a) m ultiplied b y  at.

Thus M axwell’s equations will be satisfied  if  the prim ary m odes obtained  
from Equs (32a) trill be com bined with the functions а,- th a t can be determ ined  
from Equs (44) rem aining from the set of Equs (43).
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n ________________      n _ _______
у-  [grad а, X  # , + а ,  V t h o í  H í] =  ео J ?  [Seti E i + ai(~VtEoi) E i\ *

i =1 i=l
n ____ _  _ _ n = _

j y  [grad а,- X  E ,  - f  a f Vrßo/ È ,] =  p0 V  [S m(í H , +  а ,(Д V i hoí ) H i b
Í= 1 Í= 1

(«о ^  [ (ßmTi H j }  +  <*/ < V /(Í Л / ) ]  =  0  ,
i = l

e 0 [ (SeTi E j > +  a í < V „  # í > ]  =  0 .
1 = 1

(44)

T hus b y  means of the fu n ction s a,(r, t) determ inable from Equs (44) and the  
inhom ogeneous primary m odes th e  com plete propagating w ave field  can be 
described . I f  the variations in  th e  am plitudes of th e  prim ary m odes are sm all, 
th e n  in  (44) every tensor ÿ  can  be substituted  b y  Ö.

3

I t  is required in som e cases to  decide w hether the separation o f (43) to  
(32a) and  (44) will give th e  com plete solution system , th at is w hether any  
b ou n d ary  condition can be sa tisfied  or not. If  all th e  m edium  param eters are 
id eal, and  real in a m athem atica l sense, then it is clear that the solution  system  
w ill b e com plete. Other rem arks can be made only if  " and "ß are know n. W ith  
resp ect to  the fact th at in inhom ogeneous case £inh  and /t/jvH are not identical 
w ith  th e  medium param eters o f  th e  hom ogeneous case, and its form m ost 
often  is not clarified, it is n o t worth while drawing further conclusion for the  
m om en t.

4

A n  im portant result is th a t the wave pattern in th e  m ost general case 
w ill b e  com posed of m in im ally  n =  8  primary m odes as it is clear from Equs 
(44). N aturally , one m ay use m ore modes than 8 , and th is is often  required 
b y  th e  boundary conditions as w ell. As special cases, th e  w ell-know n mode- 
num bers describing the p rop agation  in hom ogeneous m edia (n — 1, 2, or 4) also 
p resen t them selves.

5

B ased  on the preceding, the non-relativistic D oppler equation [4, 5] for 
th e  propagation betw een sa te llite  and ground sta tion  can also be g iven, which  
ta k es in to  consideration th e  general, m ultipath propagation and m oving m edia, 
to o .

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



WAVE PROPAGATION IN INHOMOGENEOUS LINEAR MEDIA 229

V . A re-exainination o f “ ray-tracing” programs

B efore exam ining the “ ray-tracing”  programs let the refraction  and 
reflection conditions on the boundary surface o f two layers be considered. 
To do th is , it is sufficient to  m ake use on ly  o f  sim ple medium param eters.

1. Law o f  “ quadruple refraction-reflection”

L et the boundary surface betw een th e  layers (T) and (?) b e th e  y  =  0 
plane. Further f  =  e • 1  be varying on ly  along the у -coordinate and let 
this be /7 =  1 .

L et th e  media (7) and (?) he w eakly  inhom ogeneous. (Then

З Я , - Q ^  d tp  

Э  X j  d x j

and th e  term s referring to  H , 0  m ay be om itted  from (44).) As for th e  classical 
ray-tracing method considering the m edium  as a sequence of hom ogeneous  
layers, le t the num erical procedure be

e(y) =  [ 1  —  1 ( у Ж  +  l (y )e 2 ,
(45)

e2 —  ei =  Ae .

Then the requirem ents against the propagation  vectors in th e  tw o  layers 
are as follow s:

K u — k0 I £ 1

and (46)
K^i — ka •

B y  using these it can be shown th a t b o th  in (7) and in (?) th ere  are tw o  
possible m odes. I f  i =  1 and i =  2 mean th e  forward and backward propagat
ing w aves, respectively, then  these can be g iven  as

<Pi =  К  Kél (* sin « Il i +  У cos xn j )  ,

9 ? 2 =  k0  ]/ei ( x  sin ocl2 i +  у  cos a r, j )  ,

cp3 =  k0 Ife2 (л: sin a 2i » +  У cos a 21 j )  , (47)

(fi  =  k 0 ]7e2 (X S*n *22 * +  У COS *22 j )  7

where a is th e  angle betw een  the wave vector and у -axis (angle o f  incidence).
It can be shown th a t already three m odes are sufficient, o f  th e  4 , to  

satisfy  th e  boundary conditions [5]. That leads to  the known law o f refraction- 
reflection and that also form ed the base o f th e  form er ray-tracing program s [ 1 0 ].
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H ow ever, one can draw  a rather more adequate picture w ith th e  aid 
of th e  m ethod  outlined in Chapter IV. N ot affected  b y  the fact w hether h om o
geneous or weakly inhom ogeneous layers are connected , the com plete or 
“ quadruple” laws o f refraction-reflection —  also in volv ing  the m ultiple reflec
tion s —  can he determ ined by using (44), even  if  the individual layers are 
characterized  by arbitrary m edium  param eter ty p e s .

(In  case of more com plicated  boundary cond itions it may be required to  
use a m ode number n >  4 also, that leads to  th e  m ultiple refraction law s.)

L et us evaluate th is  for the previous sim ple case: the non-disappearing  
operators:

and

& eTi

0 0 0

SmTi —• 0 3a,/0y 0

0 0 0

0 0

0 ---- -■[el + \ { y ) A e ] - \ r a iAe d( y )  0 ,
9У

0  0  0

(48)

w here l(y )  is the unit step  distribution, ô(y)  is D irac’s delta-function. D u e to  
th e  fa c t  th a t the used distributions are particu larly  simple, the task  can be 
so lv ed  w ith  the function-theory. The Equs (44) w ill take the follow ing form :

n
y
i = l

Эя,

Э у
Н,г =  О,

ÿ  l aL
1 = 1 Эу

=  0 ,

2  f  I > 1 +  1 ( у И * ]  —  +  « 1  Ч у )  [ E iy =  о , 
1 - 1 1 аУ )

0 =  0 .

(49)

L et one mode m ore than  it is m in im ally  necessary be taken  (n =  4) 
and considering the relations that follow from  ( 1 0 ):

— H ,0 ,

E iy о =  sin xji Eio ■>
F — cos * ji Ei0 1

Ej  о [ h i 1 . .  -  ь
H i0 £ 0 b j  b j

(50)
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Let us choose the com bining functions, assum ing a propagation in the (x, y)-  
plane, as:

a. =  ^ [ 1  -  1  (y)] ,

a > =  А г[1 -  l(y )]  , (51)

«з =  А з 1  ( y h  
a4 =  A \ 1  (У)-

D eveloping and solv ing  E qu. (49):

s in  ocn = f e 2 s in  * 21

*12 = —  *11 »

*22 = Л — «21 •

(52)

Further, introducing th e  notation  В,- =  A, H i0, th e  relation for th e  am plitudes

B 2

1

2
1

2

(B g + B ,)  +

( Д , + в 3) +

K e ° s * 2I (Ba 
Уе2 cos a u  

yë^cos a 2 1   ̂

yi^cos a u

(53)

where the values o f tw o am plitudes and one angle m ust be know n from the 
boundary conditions.

Sim ilarly can th is law  be derived for m ore com plicated “ refractive in
dices” too. Moreover, th is m ethod makes possible not only to  separate the  
m edium  into hom ogeneous layers, hut also even to  w eakly inhom ogeneous 
layers.

2. Block diagram of  modified ray-tracing

I t  can be settled  on the hasis o f th e  preceding th at the ray-tracing  
programs used up till now , running from transm itter to  receiver, had not 
the ab ility  to  take th e  effect o f m ultiple reflections into account. Thus, the  
phenom enon equivalent to  the “ resulting im pedance” effect, due to  the  
m ultiple reflections, in determ ining the input im pedance and reflection  index  
of transm ission lines consisting of different sections was neglected [ 1 0 ].

Thus, if  the m edium  will be decom posed into hom ogeneous or w eakly  
inhom ogeneous layers, one has to proceed according to  the “ m odified ray
tracing programs” , as follow s:

a)  The assum ed ex it direction and in ten sity  o f the ray departing from  
the receiver or the inhom ogeneity  w ill be assum ed. Thus, B,t or the correspond-
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ing  reflected  ray will be zero, if  the inhom ogeneity has been left behind;
b)  in the first layer —  th e  one next to  the transm itter —  th e incident 

and th e  reflected ray will be constructed  on the base o f the former trip le refrac
tion  la w  and aware o f the forward travelling part;

c)  starting from th e  receiver backwards to  th e  transm itter from  layer  
to  la y er , using the laws o f  quadruple or m ultiple refractions, the incident and 
re flec ted  ray can be determ ined;

d )  after reaching th e  transm itter taking the final errors in direction and 
am p litu d e , the assum ed sta r tin g  values m ay be corrected and th e  whole  
procedure repeated.

Note: b) and c) m ay further  be successive approxim ating subroutines.

T hree essential d ifferences can be seen w ith  regard to  the program s used  
up till now :

F irst, the refraction la w  m ust be m odified; second, the procedure is 
carried ou t by starting from  th e  receiver to  th e  transm itter, opposite to  the 
ray d irection , instead o f go in g  from the transm itter towards th e  receiver; 
th ird , th e  adjacent layers need  not necessarily be hom ogeneous, b u t strong  
inhom ogeneities are exclu d ed . Thus, the determ ination of reflective a tten u a
tio n  in v o lv es  small errors on ly .

V I. Param eters o f  inhom ogeneous media

H avin g  found a m eth od  for determ ining th e  w ave pattern n ot on ly  in 
th e  step -b y-step  equivalent —  seen in Chapter V  —  but in the inhom ogeneous 
m edia them selves as w ell, le t  us try  to find the prim ary modes and com bining  
fu n ctio n s assuming a con tin u ou s e(r) and using th e  results of Chapter IV.

1

F or solving the ta sk , th e  phase function 9 5(f), can be determ ined from  
th e  E ik on al equation (18), i f  e  =  e (y ) l , 'f t  =  1 . Assum ing th at th e  propaga
tio n  ta k e s  place in the z =  О-p lane, which does n ot m ean any restriction on the  
g en era lity , the solutions o f  (18) are:

•Pi =  К  [Vix +  I  f e(y) y\  dy ] »

•Pz =  К  [у2 x -  J Z£(y) y\ dr ] •

S im ilarly  as in Chapter V , p o in t 1  and using

(54)
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H zi
= Zo

fg(y) y'f .
£(y )

H y i

(55)

it follows that 7 j =  y2.
H owever, the m ost im portant result is th a t if  e ( y )  is a continuous func

tion  instead of the step function used in Chapter V , the determ ination o f  a, leads 
to  such an id en tity  from which a, cannot be evaluated . Because o f  y  =  const, 
it follow s that th e  number of available m odes is not enough.

This contradiction can be so lved  only  in a single way. In the preceding  
the medium  param eters e and p derived for hom ogeneous media have been  used. 
The com plete w ave pattern —  or more ex a c tly  the step-by-step equivalent  
of it —  could be obtained if  the m edium  was tak en  as being com posed o f hom o
geneous or quasi-hom ogeneous sections. A t th e  sam e tim e, using these functions  
to  describe the m edium  properties, it  was im possible to obtain all th e  m odes 
existing  in th e  actual inhom ogeneities. T hus, th e  medium param eters o f  the  
inhom ogeneous and hom ogeneous m edia differ from each other, th a t is:

e H O M  = h  e I N H  1 

AH O M  f i l N H

2. Permit t ivi ty o f  in-t ime stationary,  electropolarized media

W ith the aim o f determ ining th e  actu a lly  arising electrom agnetic w ave  
in inhom ogeneous m edia, and looking for possib le new effects, w hich cannot 
be exam ined w ith the aid of the hom ogeneous m odes, one has first to  determ ine  
the m edium  param eters for an inhom ogeneous case.

Taking p  =  qx for the dipole arising from the displacem ent o f  the  
electron in hom ogeneous case [1 1 ], th e  equation o f m otion is

d-X  _  dx  , =  , .
m ------— — ax  — s ---------1- qE0 eJml (57)

dt- dt

from which x can be determined, thus

p = q x  =  q -— ------------------------ — e jwl =  c H E ,  (58)
------ to- +  j m ----

\ m  J m

(56)
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D =  e0 E  +  P

and P  =  N p  , D  =  £0 eH Ë

-, I N c „g iv e  : eH =  i  H----------- ■
fn

(59)

B y  th e  sim ultaneous exam ination o f M axw ell’s equations and th e  equa
tio n  o f  m otion, the effect caused by the inhom ogeneities can be se ttled  by  
u sin g  th e  self-consistent field-m ethod. In th e  equation  of m otion one can find  
th e  e la stic  retaining force, th e  frictional retarding force, and the to ta l excita tion  
force (th e  effect of w ave and inhom ogeneity) th a t  is, in a given place o f  the  
m ed iu m

/72 л- _
m -------=  ax s —  E„ . (60)

dt- dt S

T h e problem now arises to  obtain the com ponent F gtNH o f th e  force 
Eg =  F gß -(- F g INH. D uring th e  solution process the following schem e m ust 
be fo llow ed :

SjNh —*■ <p{r) —► M axw ell’s equations —*■ ai —*■ com plete w ave field

!  Ë,, h ,
I

equations of m otion:
P  to ta l polarization vecto r

I
6 /NH (r5 Ç5’ k*)

I
___________ M axw ell’s equations

O w ing to the fact th a t all the steps before establishing the equation of 
m o tio n  are justified , le t th is equation be considered in the follow ing w ay. 3

3. The “ interaction tensor”

A s an effect o f external excitation  in electron  polarized media, oscillating  
d ip o les com e into ex istence w ith in  the m aterial. Thus, the investigation  o f the  
in tera ctio n  betw een adjacent particles will b e started  by exam ining th e  field 
o f th e  oscillating dipole.

T he exam ination o f th e  interaction b etw een  the particles w ill be carried 
ou t in  a right angle or spherical coordinate system  fixed with its 2 -axis or 
#  =  (fs =  0-axis, respectively , to  the dipole ax is. That is, the 2 -axis is parallel 
to  X .
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In this case, as is known [12], assum ing a dipole m om ent p  — p t) 
and using the spherical coordinate system  (r, # , <ps) above it arrives to:

— j
wp„
4 л

7 ?"
' eo

2  . 2  

r- 1 ш 0 r",
cos d ej(mt-kr) 5

°>P<> . cop0 . 1
+ /  Po 1

sin ■& ei'mtJ 4 n 3 r 3 coe0 r3 « 0 r~

E vs =  0 , (61)

H r =  0 ,

H 9 =  0 ,

H rs =  j  I j  —  +  -V I sin Я eJfalt~ kr) ■
4 n \ r r- j

In the treatm ent o f the interaction, considering th at the effect according  
to  the preceding arises in case of strong inhom ogeneities, let the follow ing  
he assum ed: The scattering from the individual particles is fundam entally  of 
another typ e, as there the sizes o f the particles, and the distances betw een the  
particles are o f th e  order o f A; thus let possibly be a m eaning given to the d en sity  
even at distances which are much smaller th an  th e  w avelength A.

Let the distance betw een the domain in vestigated  and the adjacent ones 
be Ar A, th a t is, very  sm all in the unit system  being used. The term s depend
ing on distance in th e  field  com ponents for th e  adjacent domains are:

1  1

~A 7 ' Ar2
(62a)

while for those farther off

1 1  1 1  1 1
----- ------<s=---------------< g --------------  etc. (62b)

2 zlr 4 zir2 8  Ar'

It is to  be seen from (62) that it is su ffic ien t to  investigate the term s 
proportional to  1 /r 3  and not each of them , but on ly  the effect o f the adjacent 
dom ains.

In the point under consideration the dipole m om ent is given by

p( j )  =qN(r)xÇr)  ■ A V ,  (63)

where the origin o f the spherical coordinate sy stem  fixed  to  x  is the point ?. 
Thus
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p[r  - f  Ат) =  q[N(r)  -f- grad N  • âr]x(r  +  Ar)A V  

A V — zlr3sin d A d  A<ps .

T he field  of this dipole m om ent, w hich is o f interest, is given b y  

É  =  — ?—  ( N  - f  grad N  ■ Ar) { 3 [ x ( r + A r )  еЛг\ eúr
4 леп

—  x(r  -)- Ar))  • sin d dd  drps,

(64)

(65)

( 66)

w here e Ar is the unit vector poin ting tow ards the direction of Zlr.
T he to ta l field generated b y  th e  adjacent dom ains will be obta ined  from  

sum m arizing E  in the 0 <7 d  <  л/2  and 0 <  (p* л  range o f angles, after 
h a v in g  reduced the four E - s belonging to  th e  four conjugated directions. The 
con ju gated  direction are

Z lr  

Z lr 

. 1  r*

(л

(л

& , f s -  

V ) , ( n + < P s ) i

*Ps »

Ï Ï A n  +  f s )  ■

(67)

Further, using x(r  /17) =  x(r) -)- Grad xAr  and AFriting E qu. (6 6 ) for 
all four directions, each expression o f field  in tensity  can he divided into four 
parts:

I. S tationary term  —  independent o f grad N  and Grad x;

II . term  depending on th e  w ave —  depends on Grad x;
I I I . term  proportional to  th e  gradient —  depends on grad N ;

IV . inhom ogeneous term —  proportional to the product o f grad N  and 

Grad X .

T he term s II and III  com pensate each other, thus neither the inhom o
geneous excitation  caused b y  the propagating w ave in hom ogeneous m edium , 
nor th e  inhom ogeneity at sta tic  or quasistationary excitations has any effect 
at a ll. T he sum of the stationary  term s ~  x,  th at is it has no m om ent on the  
dipole h u t only effects the coefficien t of th e  elastic retaining force in E qu. (60). 
T he sum  o f the inhom ogeneous term s which play an im portant role:

- я  s i n  #  d# doz, . _____ ________  ___
# i v  =  ~ {grad N -  zlr [3(Grad x ■ Ar ■ eAr) eArZi 71£q ( 68 )

Grad x ■ Z lrJ  +  grad N  ■ zlr*[3(Grad x  ■ Ar* ■ eA.*) eAr* Grad x ■ z lr * ]} .

In vestigatin g  the value o f zlr, one can see that as the density  determ ines 
th e  average distance of the particles, therefore:

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



WAVE PROPAGATION IN INHOMOGENEOUS LINEAR MEDIA 237

a ?  =  ÔN~ll3ëàr, (69)

where Ô is a constant characterizing the structure o f the m edium . As a conse
quence o f exam ining th e  directions, it follows th a t

l/2 ( l  +  c o s 2 #) _
ear* =  g j r -  ------------ * •  (7°)

Further, in the system  fixed to x,  let Grad x =  (g ,*).
D eveloping E \ v  and then integrating in & and <ps, one can find th a t the  

fie ld  arising because o f the existence of the inhom ogeneity

e i n h = ~ ------г — (Ä G rr ad N ) ,  (71)
6 0  £ 0  y  W ;

where A  is the “ interaction tensor” . In a coordinate system  fixed  to  x,  it 
m ay be w ritten:

Ä  =

(59gu +  33g2 2  —  12g33) (33g21 —  7g12) (8 g 13 — 12g31)

(^%i2 7n2i) (^3ga + 5 9 g 22 12g33) (8g23 12g32)

( 52g31 1“#1з)( 52g32 12g23)( 12gu 12g2 2  +  56g33)

• (72)

4. Equation of  motion

Considering th at in a coordinate system  which is at rest w ith respect 
to  the observer (laboratory), the vector x  has a com plicated m otion, it is 
exped ient to  carry out th e  further com putations, not in the system  fixed  to  x, 
b u t in a Cartesian system , fixed  to  the laboratory. Thus, the equation of 
m otion at a given point o f the m aterial is:

m  d X =  — ax - s - fg Ë 0  v'|r -(--------— ------- (yîgradiV ). (73)
9t2 Э t 1 ° 60 e0N 2» ë V '

In order to develop th is equation the tensor A  m ust be transform ed into  
th e  laboratory system , and there it m ust be placed under a closer exam ination. 
Let the coordinate system s he fixed to  x(S')  and th a t fixed  to the laboratory (S) 
closed to  each other in such m anner that the # '-ax is should be in the x  —  z' 
plane. (This m eans an uncertainty in transform ation if  the x-axis is perpendic
ular to the z' axis.) Furtherm ore, from E qu. (73) it can be seen th at at the  
transform ation the com putational laws o f three-dim ensional space defined on
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th e  co m p lex  num ber-body m ust be used. A m ong these it m ust be em phasized  
h a t th e  norm of a vector in th is  system  is:

V2 =  V ■ V *

or m ore exactly
V 2 =  VT  V * ,

w here th e  sym bol (*) m eans th e  com plex conjugated quantity  in th e  follow ing, 
and th e  upper index T  m eans th e  transposed tensor related to  the original one.

I t  can be shown, based on (73), th at th e  solution is needed for the fo llow 
ing form :

ж =  x 0 (r)ed“V-v(>)].

Further, the equation holds at the dom ain in  question and to  its closest, 
ad jacen t ones. This m eans an area much sm aller in its dim ensions than  A, 
according to the preceding. T hus, it is correct to  assum e that

1 Э* , - 0  Qy-------------- < g -------
x i0 dxj  Э Xj

H ere it should he noted  th a t the boundary surface of dielectrics and 
gases or the front surface o f shock w aves, etc. can be described w ith  th e  aid 
o f a step  function — 1(7) —  ju st because o f th is restriction, after determ ining  
th e  law s of m ultiple refraction for inhom ogeneous layers, as was seen in 
C hapter V.

From  (74) it can be deduced th at in th e  system  S

(74)

Grad X — j  X gradr ip =  — j x K T . (75)

M aking use of all the above outlined it can be shown th at

A  =  52 j { x K T) + 12 j ( x K T)T 120 j ( x TK )
XX

X -
F  +  G, (76)

and

G =  12 j

1 2  j

. (x Tx ) (xTK )

. (x T* K )
x%-h XT.

0

x\ eJ2'13 
x2 x:i eAw+?3 )

0

x2 x:j e
x\  eF<n

,](<рг + срз) (77)

x' 4 x l+ x 2,)

(* 2 + * 3 )2 - ( * ! + * ! ) * !  * 2  ey (w -,”) { x \ + x § x 1 x 3
( x l + x l ) x 1 x 2eA<n-<n) x 2 X2 ej4<n-f2) x f Xo х .л  е Л ^ - о т - ^ )

(xl-\-xf)  Xj x.j xf x 2 x3 eJ<-2ipi~'f2~ 41 ̂  x \ x \  eM<n~'n\

(78)
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further
xa =  x y e l<>1 e, +  X.. eJ'12 e2 +  x3 e^ 3e3. (79)

After the appropriate reductions the final form of the equation  o f  motions:

ЧЕ  о (a mco2 )-f- j 13 r,i7T , J l -  o r -  (xTK)(xT* grad N )  -  sco —  b  A 7 grad IV x + j 2 b ------- --— x
I D  X “

j -----Б ( х т gradiV) Б  — — |(л:т *А')[л:Х(я:Х grad N ) l  e J
5 5 x~, +  x3 (

ix(e, X  x*)
(xTK )  — — [x* x ( i X  grad N)]y

(80)

where

Б  -  iV(r)~2/:l.

5. The “ modified Eikonal  equation”

According to  the solution  m ethod outlined in Chapter V I, p o in t 2, now 
the medium  param eters can be determ ined b y  the developm ent o f  Equ. (80) 
together with M axwell’s equations.

As a first approxim ation, let the last tw o term s in Equ. (80) b e neglected.
Thus

qE0

th a t is

j(a—mco2 )-f- j sco
13
15

Б К Т grad N  +  2Б (xTK ) (x T*grad N ) (81)

qE„ =  ßx  .

Thus, introducing th e  unit vector ё0  =  E 0jE0, where E 0 =  Ye Z E ^ j it is 
clear th at B/NH is a scalar quantity , and

*/* // =  1  + ~ K
(a mco‘2) + j soо — j-^-£(Ä^TgradlV) +  2ß(e„ A'XeJ*grad iV)

.(82)

In this case that part of M axw ell’s equations, which is applicable for determ in
ing the primary m odes —  ( 1 0 ) —  has the following form:

K  x  H  =  —  e0coeiNHE  ,

К х Ё  =  ц 0ы Н  ;

f i 0K I Í  =  0 , (83)

e0KeINH Ё =  0
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for p  =  1 and e =  fi/лгнЕ From  this it can b e seen  th at

K E  =  K E n =  0

th a t  is (e^ K )  — 0. T herefore,

e i n h  — I d --------
fin

q2 N
13 , - 1

(a  mco2)-\-j sco ~ Б ( К  grad N  )
(84)

A s a further exam ple, le t  th e  generalized d ispersion  equation belonging  
to  E q u . (84) be exam ined. U sin g  (59) it gives:

e I N H  — e H
(1 eHy ,3( K  grad eH)

Ci £н +  с2(1 - « н)1/3 (K  grad eH)
(85)

I t  can  often  be assum ed, e .g . in  troposphere, e tc ., th a t  (1 — ен) ^  1, thus in  
m a n y  cases the second term  o f  th e  denominator is negligible, th at is:

e i n h  =  £ h  c
1 ен ( K  grad eH) , ( 86 )

w h ere c15 c2 and c are c o n sta n ts , resulting from th e  preceding and

ен — 1  H-----Ar(r) =  ен(г)-

W ritin g  the dispersion eq u a tio n  belonging to  (83), the modified E ikonal- 
eq u a tio n  can be obtained:

grad ? 5 grad?> - jco2 e0 fi0 c
1 " -£н(г)

ен(г )
У1  - £н(г)  grad ен (г) =  w2 £ 0 Цо £н(г) (87)

w h ich  differs from th e co m m o n ly  used Eikonal eq u ation . Equ. (87) gives the  
co m m o n ly  used form o f E ik o n a l equation (18), i f  grad ен =  0:

grad  2cp =  со2е0н0ен(г) .

6

T he tensor ёцан can b e  sim ply derived, also b y  neglecting the last term  
o f  E q u . (80). Thus E qu. (80) can be written in th e  form  of

qE  =  Px  , (88)
w h ere
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P n  =  (a mco-)+j sco -^^£>(16K1grad1,/V + 13K 2 grad2/V -j- 13K 3grad.jiV)

/>1 2 =  j  J. Б К у  grad„ N ,

/>n =  -  i ~ r E K  1 ’

/>2 1 =  } ~ Г Б К 2  g ra d iiV , 
D

/ > 2 2  =  (« mCt>2) +  / sco ——£>(13A'j grad1/V +  16K 2 grad2iY + 1 3 /v 3grad3]V)

p 2 3  =  ;  £ A 2 grad 3  iV ,
О

/>3i =  ] — Б К з gradi N  > 

/>3 2 =  j  ~ё~Б Б з grad 2 N  ,
О

(89)

/>зз =  (« "*«>2) + /

Based on this

sco -Y^b’(1 3 K 1grad1A r + 1 3 K 2grad2iV +16K 3grad3A r)

ё т н  =  Т + - ^ - Р (90)

A general exam ination  shows that Equ. (80) cannot be developed  in a 
sim ple manner. The solution  m ethod outlined in Chapter V I, p o in t 2 is 
applicable even in th is case, but the role of the generalized dispersion equation  
is overtaken b y  the equation  o f m otion. Making use o f the former exam ple, 
and com bining Equ. (80) w ith  the part of M axwell’s equations concerning the  
prim ary modes, the fo llow ing conditional equation w ill be obtained:

ЧБ о + в ® ! ) ! ) Г Ё 0 j  * -  (GT Г Ё 0) К  
(Г Е 0)Т( Г Е 0)* 5*

Б (ГЕ0)Т(ГЕ0) [(Te 0)*_x (^E qXG)] i .
5*  (ГЕ0П Г Е оу  ' (ГЕ0П Г Е 0)*

1 Ё0 X  [ e t X  (1 Ё())* ] К ТГЁ  )

( Г Ё 0)2( г Ё 0) ; + ( Г Ё 0и г Ё 0у3 [

( 91 )
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■where

r E 0 x ( r Ë 0 x G ) iei

(ГЕ0)2( Г Е 0У 2 + ( Г Е 0)3( Г Е 0)\
—  [ К Т( Г Е 0)*] = 0 ,

X =  co2e0[i0qN(r)  ,

ß  =  (a mco2)-{-j

Б - Л 5!
eo

S C O  — —  b k t g \ ,
15 )

G =  grad N(f)  ,

Г  — kg 1  -)- A  — Jig 1 "Ь { K  X К  X • • ■)•

(92)

I t  can  be seen that (91) is a linear, hom ogeneous equation in | JE70  |-
The method of so lu tion :
a )  Let us first so lv e  E qu. (91). The boundary conditions consist o f the 

s ta r tin g  direction o f E 0 and  th e  value of 99(f) along a given surface. The unknowns 
to  b e  determ ined are: th e  fu n ction  99(f) and th e  com plex “ direction coefficien ts” . 
T h e fourth  — additional — equation presents its e lf  from the internal connection  
o f  th e  com plex direction coefficien ts, called th e  norm -equation.

b)  After these from  M axw ell’s equations:

th a t  is

£]nh =  T -----—- Г  (93)
k0

\E0 \ and H 0 can be g iven  from  the prim ary-m ode part of M axwell’s equations.
c) Finally, th e  com p lete  wave pattern can be constructed b y  using the  

m eth o d  of combining fu n ction s.

VII. Conclusions

A ll the above considerations made it possib le to  give a general theory for 
in v estig a tin g  the p rop agation  in inhom ogeneous m edia together w ith  calcula
tio n  (and “ design” ) m eth od s. It can be assum ed th at the num erous propaga
t io n  versions can be in v estig a ted  on com puters applying the “ literal algebra” . 
T h e n e x t  task is to  search for new  phenom ena based  on the results o f  Chapters 
I I — -V, and it m ust in  every  case be com pleted  b y  determ ining  
L1 i n h  in  the different m ateria ls. Finally, in regard to  the m oving m edia the  
generalization  of propagation  in inhom ogeneous, m oving media m ust he given 
w ith  th e  aid of rela tiv istic  electrodynam ics.

*
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W ellenausbreitung in inhom ogenen linearen M edien. In der Arbeit wird zuerst die 
A usbreitung der elektrom agnetischen W ellen in schw ach inhom ogenenen Medien untersucht, 
w enn das M edium stationär ist, m it der Zeit veränderliche Param eter aufweist und schließ
lich ström t. In Zusam m enhang hierm it wird darauf hingew iesen, daß die Theorie d ie e in h eit
liche Behandlung von vielen bekannten Ergebnissen erm öglicht und die exakte U ntersuchung  
der Erscheinungen bei der Ausbreitung in ström enden M edien erm öglicht. H iernach wird für 
beliebige Inhom ogenitäten  die M ethode der B estim m ung des vollständigen W ellenbilds m ittels  
Sum m ierung der “ inhom ogenen Grundformen” gezeigt. Es wird angegeben, auf w elche W eise 
das “ vierfache und m ehrfache B rechungs-Spiegelungsgesetz” gewonnen werden kann. A uf 
dieser Grundlage werden die ray-tracing Programme revidiert und das grundlegende Schem a  
der “ m odifizierten ray-tracing” Programme wird angegeben. Schließlich wird nachgew iesen, 
daß die hom ogenen und die inhom ogenen K ennwerte des M ediums nicht identisch  sind und 

beispielsweise — wird die inhom ogene P erm ittiv itä t des elektronen-polarisierten M edium s 
bestim m t. D ie M ethode für die Bestim m ung des W ellenbilds, der “ W echselw irkungstensor” 
und beispielsw eise die “ m odifizierte E ikonal-G leichung” werden angegeben.

Распространение волн в негомогенных линейных средах (Ч. Ференц). В статье 
сначала исследуется распространение электромагнитных волн в слабо негомогенных 
средах, если среда является стационарной, с изменяющимся во времени параметром и, 
наконец, если движется. В связи со сказанным указывается на то, что теория дает воз
можность единного рассмотрения ряда известных результатов и позволяет осуществить 
точное исследование явлений, возникающих при распространении в движущихся средах. 
После чего, суммируя «негомогенные основные модусы», для случая произвольных него- 
могенностей демонстрируется метод определения полной волновой картины. Указывается, 
каким путем можно получить «закон четырехкратного и многократного преломления 
отражения». На основе этого пересматриваются программы ray-tracing и приводится 
основная схема «измененных ray-tracing» программ. Наконец показано, что показатели 
гомогенных и негомогенных сред не являются идентичными и, используя в качестве при
мера электронно-поляризационную среду, определяется негомогенная пермитнвность. 
Указывааерся метод опеделения волновой картины, “тензор взаимодействия,, и для 
пимера приводится “измененное уравнение Ейконала” .
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PREPARATION AND PROPERTIES 
OF GaAs SINGLE CRYSTLS
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BUDAPEST

[M anuscript received June 23, 1969]

GaAs single crystals were prepared w ith  the aid o f a m odified Bridgm an method. 
U ndoped crystals were o f n -type w ith  electron concentrations from  4 X  Ю16 cm -3 to 3 X lO ls 
cm -3 , and w ith a m axim um  room  tem perature electron m obility  o f 4200 cm 2/Vs. Chemical 
analysis showed that the m ain im purities o f the crystals were S, Si, Se, Fe and Zn. Electrical 
condu ctiv ity , H all coefficient and H all m obility  were m easured on the crysta ls in  the tempera
ture range of 77— 400 °K . From  the m easured m obilities the to ta l im p u rity  content was 
deduced w ith the aid o f the Brooks—Herring formula.

Acta Technica Academiae Scientiarum Hungaricae; Tomus 68 (1 — 2), pp. 245—253 (1970)

I . Introduction

GaAs is one o f th e  m ost im portant sem iconducting m aterials belonging 
to  the group of A UIBV interm etallic alloys. The significance o f G aAs as a basic 
m aterial for the electronic industry, and the fact th a t h igh-purity  Ga was 
readily available, resulted in starting a research work at th e  Research Institute 
for Non-Ferrous Metals  w ith the purpose o f preparing GaAs single crystals 
[1, 2]. The main results o f th is work are reported in th is  paper.

Single crystals o f  GaAs were produced with the aid o f  a m odified  version 
of the well-known Bridgm an m ethod [3, 4]. Our procedure y ielded  GaAs single 
crystals with m edium  and high im purity content, the characteristics of which 
were similar to those o f GaAs crystals described in the literature. B asic electrical 
param eters (con d u ctiv ity  ty p e , electrical conductiv ity , carrier concentration  
and m obility) were determ ined at 77 and 300 °K  tem peratures. Results of 
m agnetoresistance m easurem ents on some o f the GaAs single crysta ls performed 
b y  one of the authors have already been published [5, 6 ].

In this paper the preparation o f the crystals and the results o f the chem
ical analysis and o f th e  electrical m easurem ents are described and discussed.

II. Preparation of GaAs single crystals

The GaAs single crystals were prepared w ith the aid o f  th e  Bridgman 
m ethod. The original procedure was m odified, the synthesis o f th e  GaAs crystal 
and th e  growth of th e  single crystal were accom plished in one step  [3].
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T h e  GaAs was sy n th etized  and the single crystal w as grown in a quartz 
b oat p laced  inside a quartz am p ou le . The ampoule w as sealed in vacuum . The 
sta r tin g  m aterial was 6 N  grade Ga and 5N  grade A s w hich were prefired in 
v a cu u m . T he synthesis was carried  out at about 1240 °C, w hile the other end 
o f th e  am poule was kept at a b o u t 605— 607 °C tem perature to  m aintain the  
proper vapour pressure o f th e  A s. The cooling dow n w as accom plished b y  
p u llin g  th e  furnace off th e  q u artz  ampoule with a predeterm ined velocity . 
D u rin g  th e  cooling down p rocess proper precautions were taken  to  m aintain  
the n ecessary  As vapour pressure. Cooling down with adequate velocity  resulted  
in th e  form ation of a single cry sta llin e  GaAs ingot.

Fig. 1. Photograph o f  a ty p ica l GaAs single crysta l grown b y  us

T h e m ain disadavantage o f  th is  simple m ethod is th a t the growing crystal, 
th e  m e lt  and the solid-liquid in terface  are in im m ediate con tact w ith the walls 
of th e  crucible or boat. The m e lt  m ay be contam inated b y  reactions betw een  
the m e lt and the crucible. S econ d ary  nucléation m ay be caused by the crucible 
w alls, and  large stresses m ay h e produced in the crysta l during the cooling  
process. A s crystallization accord in g  to the Bridgm an m ethod is spontaneous, 
it is v e r y  im portant to m ain ta in  a proper tem perature gradient during the  
coo lin g  dow n. Other im portant factors are the speed o f th e  crystal growth, 
the p u r ity  o f the boat or cru cib le , etc.

In  tw o  cases the crystals w ere lightly  doped w ith  Cr, and in one case the  
crysta l w as grown in oxygen  atm osphere. The ingots prepared in th is w ay  
were a b o u t 7 cm long, h a v in g  an ellipsoidal cross-section , the diam eter o f  
w hich w a s about 1— 1,5 cm . In  F ig. 1 the photograph o f a typ ica l crystal is 
show n. In  m any cases the end o f  th e  ingot was polycrysta lline. In som e cases 
not on e b u t tw o or three single cry sta ls  were formed, w hich were grown together. 
Som e o f  th e  crystals were ex a m in ed  with the aid o f X -ray  m ethods.

T h e  im purity content o f th e  crystals was exam ined b y  activation  analysis 
and b y  chem ical (photom etric) m ethods [2, 7]. Typical results o f these analyses 
are sh o w n  in Table I.
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Tabic I

Results o f  analyses

Im p u rity Concentration, ppm M ethod of determ ination

Fe 1— 2 A ctivation  analysis

Zn я«0,5 A ctiv a tio n  analysis

Se < 1 P hotom etric analysis

S 4 P hotom etr ic  analysis

Si «^1 (estim ated) Spectral analysis

III. E lectrical measurements on the GaAs single crystals

The follow ing physical and electrical param eters were m easured on th e  
GaAs single crystals: con d u ctiv ity  typ e, electrical conductiv ity , charge carrier 
concentration and m ob ility , concentrations o f  electrically active im purities  
and centres and im p u rity  com pensation degree. The conductiv ity  ty p e  and th e  
carrier concentration w ere determined w ith th e  m easurem ent of the H all effect. 
Carrier m obility , im purity  concentration and com pensation degree were 
determ ined by com bining the results o f th e  H all effect and electrical con
d u ctiv ity  m easurem ents.

Fig. 2. E lectrical co n d u ctiv ity  o f  GaAs single crystals v s  reciprocal temperature: (1 )  n — 8,3 X 
X 1010 cm -3 ; ( 2 )  n =  l , 8 x l 0 17 c m - 3 ; (3 )  n =  3,8 X 1017 c m -3  (doped w ith  Cr); ( 4 )  n =  1,6 X

X 1018 cm -3  (doped w ith  0)
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E lectrica l conductiv ity , H all coefficien t and H all m obility were m easured  
b y  th e  usual d.c. com pensation  m ethod at 77° and 300 °K  tem peratures. 
On som e o f our samples th ese  param eters were measured in the fu n ction  of 
th e  tem perature betw een 77° and 400 °K . As to  details on sample preparation, 
m easu rem en t m ethods, e tc ., see [8 ].

Fig. 3. H a ll coefficient o f GaAs single  crystals vs reciprocal tem perature (num bering o f  sam ples
is the sam e as in  F ig. 2)

6000

1 0 0 0 -

50 70 100 200 300 500
T[°K]

Fig. 4.  H a ll m obility o f GaAs single crystals v s  tem perature (numbering of sam ples is the
sam e as in  F ig. 2)
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Electrical con d u ctiv ity  and H all coefficien t in the function  o f the  
reciprocal tem perature for some of our crystals are shown in Figs 2 and 3, Hall 
m obility  versus tem perature curves for th e  sam e crystals are presented in 
Fig. 4. Samples 1 and 2 were undoped, sam ple 3 was doped w ith Or and sam ple  
4 was doped w ith  0. The results for the other crystals are sim ilar to  th ose  
presented here. A ll o f our samples were of n -typ e, the electron concentrations 
measured at room tem perature were betw een  4 X l 0 ie and 3 X l 0 18 cm 3, the  
values o f electrical con d u ctiv ity  were betw een 30 and 1000 l ? " 1  cm ' 1 and the  
m obilities were betw een  1900 and 4200 cm 2/Vs.

IV . D iscussion of the results o f measurem ents

According to  th e  literature [9], the sim plest explanation for th e  fact th at  
undoped GaAs crystals grown in quartz boats and ampoules are usu a lly  of 
n-type is that th ese crystals are contam inated w ith  Si, due to  the interaction  
o f GaAs m elt w ith  the quartz walls. Si, in not too  high concentrations, sub
stitu tes for Ga atom s in the crystal, and produces shallow donor leve ls , w ith  
an energy of 0,002 eV below  the conduction band edge [10]. In our case m ost 
probably the S contam ination (see Table I) p lays an im portant role in deter
m ining the con d u ctiv ity -typ e o f the sam ples, because it produces shallow  donor 
levels in GaAs, too . T ypical results o f chem ical analyses presented in  T able I 
show that our sam ples were contam inated w ith  S and probably with Si and Se; 
th e  latter is a donor-type im purity, too . The concentrations o f donor-type  
im purities shown in Table I correspond to  (4— 6) XlO17 cm -3 , w hich is in 
order o f m agnitude in agreem ent with the electron concentrations m easured  
on our purer sam ples.

The tem perature dependence o f th e  electrical resistivity, th e  H all 
coefficient and th e  H all m obility correspond to  the data published in the  
literature [11, 12]. The Hall coefficients and th e  electron concentrations are 
practically independent of the tem perature in  th e  tem perature range o f  our 
m easurem ents. The dependence of the m obility  on th e  tem perature is w eak too , 
which can be explained b y  the assum ption th a t th e  m obility lim iting scatter
ing m echanism , m ainly below room tem perature, is the scattering o f electrons 
on the ionized im purities. In case of h igh electron concentrations th is  
leads to  weak tem perature dependence of m obilities, as was observed in our 
crystals.

A t room tem perature and above it, besides the scattering b y  ionized  
im purities, the scattering of electrons by polarized optical phonons also p lays  
an im portant role. The measured m obility can be approxim ately obtained  b y  
adding the reciprocal values of the m obilities determ ined separately b y  th e  tw o  
m echanism s. B ecause the scattering effect o f  th e  polarized optical phonons
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decreases exponentially w ith  decreasing tem perature [1 1 ], their effect can be 
n eg lec ted  below room tem perature. At 300 °K  th e  m obility lim ited  b y  the  
sca tter in g  o f electrons on th e  polarized optica l phonons is 9300 cm 2 /Vs. This 
va lu e is th e  result o f H. E hr en r eic h ’s calculations [14], but has recently  been  
con firm ed  b y  the m easurem ents o f C. S. K ang  and P. E. Gr e e n e , too  [15].

In  Fig. 5 the electron m obilities m easured at room tem perature are 
p lo tted  in  the function o f th e  electron concentration . It can he seen that with  
in creasin g  electron concentration  the electron m obility  decreases. The wide 
sca tter in g  o f the points belonging to  the sam e value of electron concentrations

F ig . 5. R oom  temperature m o b ility  o f GaAs single crysta ls vs electron concentration: ( l )  
u n d op ed , (2 )  Cr-doped, (3 )  0 -doped crystals; curve ( a )  corresponds to the m ean va lues of 
our m easurem ents, curve (b )  is th e  experim ental curve from [10], curve (c )  is ca lculated  

w ith the help  of the Conwell — W eisskopf formula
Denotations: -------------  (а)  О  (1) l ----------- (b) Д  (2)  ; — .—  (с)  V (3).

sh ow s th a t the total im p u rity  content was d ifferent in crystals h av in g  equal 
electron  concentrations. Curve (b) in Fig. 5 is tak en  from the literature [10] 
and represents the average o f  m obilities m easured on more than  thousand  
sam p les. I t  runs appreciably higher than our experim ental curve (a). Curve (c) 
in  F ig . 5 was com puted b y  us, taking in to  account the com bined effect of 
ion ized  im purity and polar optical phonon scatterings.

T he m obility o f electrons due to the scattering by ionized im purities 
w as estim ated  with th e  aid o f  the Conwell— W eisskopf formula [11], and the 
m o b ility  due to the scatter in g  of electrons b y  th e  polar optical phonons was 
assu m ed  to  be 9300 cm2/Vs [13, 14]. The resu lting  m obility was calcu lated  by  
ad d in g  th e  reciprocal va lu es o f  m obilities caused b y  the tw o scattering m ed ia-
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nism s m entioned above. This approxim ation can appreciably overestim ate the  
resulting m obility  in th e  region where th e  effects of the tw o scattering  m echa
nism s are com parable. As can be seen in F ig. 5, the calculated curve agrees 
w ith  the m easurem ents above 5 XlO 17 c m “ 3  electron concentrations, but runs 
higher than  the experim ental curves in th e  region of lower electron concen
trations. The cause o f th is discrepancy is possib ly  the fact that th e  Conwell—  
W eisskopf form ula does not take into account th e  im purity com pensation  and 
th a t we have neglected other possible m ob ility  reducing effects, i.e . inhom o
geneities, neutral im purities, etc.

The m obility  values measured b y  us are too low  in com parison with  
other experim ental results or w ith the theoretica l predictions. A possib le cause 
of th is discrepancy is th at our crystals w ere com pensated, i.e. their im purity  
content was higher than  the electron concentration , as determ ined from  the  
H all coefficient, and the scattering effect o f  excess im purities reduced the 
m obilities. The to ta l concentration of e lectrica lly  active centres w as estim ated  
using the m obility  values measured at 77 and 300 °K  tem peratures [5, 15]. 
At liquid nitrogen tem perature (77 °K ) th e  m obility  o f electrons is lim ited  
only  by the scattering on ionized im purities. From  the measured H all coefficient 
we can calculate the electron concentration, tak ing  into account th e  value of 
scattering factor r in the expression n =  r/eR H. K nowing the electron concen
tration  and the H all m obility , the latter being converted to con d u ctiv ity  m obil
ity  w ith the aid o f  th e  formula ц =  /1н/г, th e  concentration o f ionized im puri
ties can be estim ated  with th e  aid of the Brooks — Herring form ula, w hich also 
takes into account the im purity com pensation  [11]. Knowing th e  im purity  
concentration and the electron concentration , the calculation o f th e  donor 
(N d) and acceptor (N a) concentrations is straightforw ard. The im purity  com 
pensation degree is given b y  K n =  N aIN d. T his analysis for our crystals gave a 
com pensation degree of roughly 0,5— 0,6, i.e . th e  concentration o f electrically  
active centres is about 4— 5 tim es higher th an  the concentration o f electrons 
as determ ined from the H all coefficient.

The same analysis was applied to  th e  results of m easurem ents performed 
at room tem perature. In th is case the scattering factor was taken to  be approxi
m ately  1. The m obility  reducing effect o f th e  scattering on polarized optical 
phonons was taken  into account, too, in the w ay  described above. The im purity  
concentrations determ ined b y  the tw o procedures agreed reasonably w ell with  
an accuracy o f 20— 30 per cent, a difference w hich is not significant, considering  
the different assum ptions and approxim ations m ade during the analysis.

W e should like to  note that the im purity  concentrations are possibly  
overestim ated b y  th is analysis because w e have neglected other m obility  
reducing effects (i.e. the scattering by neutral im purities and crystalline defects, 
and the scattering b y  the space charge regions caused b y  the inhom ogeneous 
distribution o f im purities in the crystals). The neglect o f these effects results
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in an ap p aren tly  greater im purity  concentration than  the actual one. B esides, 
the B ro o k s— Herring form ula seem s to  overestim ate the screening effects o f  
the free charge carriers [16] and th is results in th e  overestim ation o f th e  to ta l 
im p u r ity  concentration too. T his explains th e  fact th a t the im purity concen
tra tio n s determ ined by th is analysis are several tim es higher than  those  
d eterm in ed  b y  the chem ical m ethods. B ut th is  va lu e gives a good estim ation  
of th e  to ta l  concentration of electrica lly  active centres in our crystals.

V . Conclusions

F rom  the results presented above was can draw the follow ing conclu 
sio n s:

a )  W e have succeeded in producing GaAs single crystals w ith  th e  aid 
o f a m od ified  Bridgman m ethod;

b)  th e  results of chem ical and electrical analyses have shown th at our 
u n d o p ed  crystals were of n -typ e w ith m edium  or high im purity concentrations;

c )  th e  im purities responsible for the observed n-type co n d u ctiv ity  are 
p resu m a b ly  S and Si;

d )  our samples are com pensated  and a m ethod is described for the  
d eterm in a tio n  of the im purity  com pensation  degree.

*

W e w ish  to express our acknow ledgem ent to Mr. I. B e r t ó t i  and to Mr. J. H a g y ó  for 
p r e p a r in g  th e  electrical contacts, and to Mr. K. S o m o g y i  (a ll o f the Research In stitu te  for 
T e c h n ic a l P hysics) for constructing th e  cryostat for the H all effect and the con d u ctiv ity  m eas
u r e m e n ts . T he authors would like to  express their acknow ledgem ents to Dr. G . G e r g e l y  
of th e  R esearch  Institute for T ech nica l P hysics, for h is constant interest during th is work.

R E F E R E N C E S

1. H u n g a ria n  patent No. 148953.
2. C losing  report an GaAs. R esearch  In stitu te  for N on-Ferrous M etals, B u d ap est 1968

(unpublished).
3. H u n g a ria n  patent application 2251/FE -645/5 .
4. P a p p , E . — Zs in d e l y , S .— L e g a t , T.: Neue H ütte  13 (1968), 29.
5. P ö d ö r , В. — I v án k a , С.: A cta  P h ys. Hung. 25 (1968), 115.
6. P ö d ö r , B .: Phys. Stat. Sol. 31 (1969), K 55.
7. B u j d o s ó , E .—Mis k e i , M. — O r m o s , Gy .: Proc. A nal. Chem. Conf.; B udapest 1966, 262.
8. P a p p , E . — P ödör, B .— Zsin d e l y , S. — L egat, T.: H íradástechnika  20 (1969), 368.
9. E c k s t r o m , L.— W e is b e r g , L. R .: J . E l. Chem. Soc. 109 (1962), 321.

10. S z e , S . M .— I r vin , J . C.: S olid -S ta te  Electronics 11 (1968), 599.
11. M a d e l u n g , О.: Physics o f  I I I — Y Compounds. W iley , N ew  York 1964.
12. F e r t i n , J. L .— L e b a il l y , J .— D e y r s , F.: Proc. Sym p. on GaAs; Reading 1966, 46.
13. E h r e n r e ic h , H.: Phys. R ev. 120 (1960), 1951.
14. K a n g , C. S . - Gr e e n e , P. E.: A p p l.  P hys. Letters 11 (1967), 171.
15. P ö d ö r , B .: Acta Phys. H ung. 27  (1969), 449.
16. A m it h , A .— K u d m a n , I .— St e ig m e ie r , E. F .: P hys. Rev. 138 (1965), A 1270.

H erstellung und E igenschaften von G allium arsenid-Einkristallen. Es wurden G aA s-E in- 
k rista lle  gem äß einem m odifizierten Bridgm an-Verfahren hergestellt. D ie undotierten K rista lle  
des T y p s  n  hatten  eine E lektronenkonzentration  von  4 Х Ю 16 cm -3  bis ЗХ Ю 18 cm -3  sowie
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eine E lektronenbew eglichkeit von 4200 cm2/Vs. In  den Kristallen wurden Spuren von  
Verunreinigungen von  S, Si, Ge, Fe and Zn durch chem ische Analyse fe stg este llt . Die 
elektrische L eitfäh igkeit, der H all-K oeffizient und die H all-Beweglichkeit wurden im  T em pe
raturbereich zw ischen 77 °K  and 400 °K  gem essen. D er totale  V erunreiningungsgehalt wurde 
m it H ilfe der Brooks—Herringschen Form el aus den gem essenen B ew eglichkeitsw erten  
abgeschätzt.

Изготовление и свойства монокристаллов арсенида галлия (Э. Папп, Б. Педер 
Ш. Жиндей и Т. Легаш). В данной работе описываются способ изготовления монокристал
лов арсенида галлия и характеристики изготовленных кристаллов. Кристаллы были вы- 
p a u te H w  при помощи видоизмененного метода Бриджмена. Кристаллы были анализиро
ваны химическими методами. Электропроводность, эффект Холла и холловская подвиж
ность были измерены на монокристаллических образцах в температурном интервале от 
77 до 400° К. Концентрация носителей тока, концентрация примесей и степень компен
сации были определены на основе анализа результатов измерений.
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THE CATHODE-PLASMA INTERACTION 
OF LOW-PRESSURE ARC DISCHARGES WITH OXIDE

CATHODES

J . F . BITÓ

CAND. O F TE C H N . SC.

RESEARCH IN ST ITU TE FO R  ELECTRONICS, BUDAPEST 

[M anuscript received Ju ly  17, 1969]

The author dem onstrates by the analysis o f the static  and functional param eters o f the  
oxide cathode and their influence upon the discharge spaces that the therm ionic em ission  
current o f  the cathode, being a com plex cathode param eter, is su itable for the description  o f  
the connection betw een the potentia l and space characteristics o f  the cathode and cathode  
side. The coupling betw een the cathode and cathode space takes place w ith  the aid o f  the  
em ission  current and by the ion current strik ing into  the cathode.

I . Experim ental conditions and methods

The experim ents were carried out in case of a discharge, contain ing  
3 mm H g argon and about 6  • 10 ~ 3  mm  H g mercury vapour. The function  o f  
the cathode was performed b y  a tu n gsten  triplespiral and th e  oxide coating  
on it; th e  com pound, w eight, decom position  and activation  processes have  
con stan tly  been controlled. The in ternal diam eter of the applied discharge 
tu b e was 36 mm. The previously developed diagnostic system  on th e  cathode  
side served as an experim ental m ethod. It consists of the follow ing elem ents: 
probe m easurem ents, the determ ination  o f the axial length o f  th e  cathode  
spaces, m easurem ent of the cathode spot tem perature, m easurem ent o f the  
em ission current, the determ ination o f th e  work function (in gas), th e  observa
tion  o f  the cathode spot surface, interferom etric m easurem ents o f  electron  
concentration  by laser beam , m icrow ave transm issions m easurem ents, m easure
m ent o f cathode dam age, oscillation and striction control w ith p h otom u lti
pliers. The aim o f our investigation  w as th e  dynam ic characterization o f the  
in teraction  betw een the cathode and th e  cathode space arising from  th e  con
d itions m entioned above.

II . R esults

The oxide cathode can be looked at as such a transformer w hich produces 
electrical energy b y  electron em ission through the heat energy, arising in 
consequence o f the electron current flow ing through it, and in  consequence  
o f th e  ion current. In our case a spot o f high tem perature appears on the  
cathode which produces more than  60— 70%  o f the em itted electrons.
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In  case of cold cathode resistance, h eat up characteristics and work 
fu n ction , given for th e  functional and dynam ic characterization of the cathode, 
its em ission  current, spot tem perature and average tem perature, and also  
th e  size o f  the cathode spot surface m ust be determ ined. The respective cor
relation  system  was published in previous papers [3— 5]. In the follow ing  
the m ost im portant characteristics of the cathode space were determ ined and 
th e  correlations betw een  th em  were sought for [1— 4]. The axial dim ension  
o f th e  cathode light and o f th e  Faraday dark space were determ ined, and the  
character o f the electron energy distribution to  be found in them  was 
m easured [5].

A t th e  same tim e we exam ined in w hat degree did the single discharge 
perturbations, as e.g. th e  change of the argon gas pressure, influence the m acro
scopic and microscopic characteristics of the spaces [1— 5]. Thus we succeeded  
in form ing a further system  o f correlations w hich offered an opportunity for 
th e  characterization o f th e  behaviour of th e  cathode spaces and for the de
scription  o f the basic processes in them . The connexion  existing betw een the  
correlations in the cathode space characteristics and the functional 
param eters, the characterizing of the cathode function  was determ ined b y  
m eans o f  the ion and electron current connecting th e  cathode with the cathode  
spaces. W e thoroughly in vestigated  the changes to  be expected  in the energy  
balance o f  the cathode [6] and in the cathode spaces [7]. The proportion of the  
generation  factor o f th e  electron generation, occurring on the cathode and in 
th e  cath od e space, th a t is to  say, on the surface and in the discharge volum e  
w as analysed  in detail.

I t  was established th a t if  a cathode w ith  a g iven  work function is applied, 
in th e  case exam ined b y  us the em ission current em erging from the cathode  
depends on ly  on the cathode spot tem perature. This is determ ined in case 
of a g iven  spot surface b y  th e  in tensity  of th e  im pact ion current com ponent. 
T he va lu e  o f the ion current is determ ined on th e  other hand —  in case o f a 
given  discharge current —  b y  the primary, so-called  static qualities of the  
cath od e. These are th e  follow ing: the work fu n ction , th e  cold resistance and  
structure o f the cathode. This m eans, in other words, th at in case o f a 
cath od e w ith a lower work function an essen tia lly  lower cathode tem perature  
is needed  for the securing o f  a given em ission current than in the case of a 
cathode w ith a higher work function . For the se ttin g  up o f a lower spot tem pera
ture th is  is also influenced  b y  the static param eters of the cathode and in 
th is  w a y  they  determ ine th e  connexion b etw een  th e  cathode and cathode  
space.

T he emission current o f  the cathode is determ ined in case of a given  
cath od e tem perature b y  th e  work function o f th e  cathode. The em ission current 
is a com plex cathodic param eter, as its value beside th e  work function depends 
also on the spot tem perature and on the spot surface. Consequently, for the
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characterization of the cathode function and for the estab lishm ent o f the 
influence o f the cathodic param eters in the cathode space the use o f  th e  emis
sion eurrent is advisable.

W ith the application o f th is com plex cathode param eter w e sought for a 
double influence in the cathodic space: we exam ined the em ission dependence 
of the cathode fall and cathode spaces [4, 5]. In other words, w ith  th e  applica
tion o f the em ission current we tried to draw a conclusion about th e  volum etric  
electron generation and about the acceleration and energization o f th e  electrons, 
produced in the cathode space. A t the same tim e we w anted to  define that 
part o f space which cannot be characterized b y  th e  usual d istribution  functions 
and transform s the conventional electron energy distribution conta in ing  primary 
and secondary energy-peaks into M axwell—B oltzm ann distribution , th a t  is to  say, 
it performs an energetic hom ogenization . W e have proved th a t th e  em ission  
current has, through th e  in fluencing on the cathode fall, an effect on th e  volu
m etric electron generation in th e  cathode space. The existence o f  th e  cathode 
fall itself, its  sign and value depend on th is com plex cathode param eter: on 
the em ission current [5].

The axial length o f th e  cathode light can be influenced b y  th e  change 
o f the em ission current [4]. This influence was explained b y  the size-adaptation  
of th a t part of space to  th e  cathode properties, which was necessary for the  
electron generation and acceleration [5]. W e found the axial len gth  o f the  
Faraday dark space independent o f the em ission current: the dim ensions of 
this part o f  space can be altered b y  the change o f  the gas pressure, w hich has 
an influence on the in teraction  phenom ena betw een  the electrons and neutral 
atom s. From  this the conclusion could be drawn th a t the F araday dark space 
plays an im portant role in th e  energetic hom ogenization  o f th e  electrons. The 
latter could have been experim entally  proved b y  carrying out a d etection  of 
axial distribution [6, 7].

Thus we succeeded in the characterization o f the in teraction  betw een  
the em ission current contain ing more cathode qualities, and the poten
tia l and field characteristics o f  the cathode side. In th is sense th e  coupling  
betw een th e  cathode and cathode space is carried out by the ion current striking  
into the cathode, or b y  th e  em ission current o f  th e  cathode.
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D ie  Kathode Plasm a W echselw irkung der Niederdruck-Bogenentladungen m it Oxyd*
k a to d e. D er Verfasser weist durch  d ie  Analyse der statischen  und funktionellen Param eter  
der O xy d k a to d e  und des E in flu sses derselben auf die E ntladungsräum e nach, daß der therm i' 
o n isch e  Em issionsstrom  der K a to d e  — als kom plexer Param eter der K atode — für die 
B esch reib u n g  des Z usam m enhanges zwischen der K atode und den potentiellen und Raum - 
P a ra m etern  der K atodenseite g e e ig n e t ist. Die K oppelung zw ischen der K atode und dem  
K a to d en ra u m  wird durch den E m issionsstrom  und den in die K atode einschlagenden  
Io n en stro m  gesichert.

Взаимодействие катода и плазмы дугового разряда ниекого давления оксидных
катодов (Я- Ф. Бито). Автор анализом статических и функциональных параметров 
оксидного катода и их влиянием на разрядные пространства доказывает, что термиони- 
ческий ток эмиссии катода (как комплексный показатель катода) пригоден для специфи
кации соотношения между катодо.м и потенциональными пространственными показа
телями катодной стороны. Двухстороннее соотношение между катодом и катодным прост
ранством обеспечивает ток эмиссии и ток ионов, нападающие на катод.
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RECENSIONES

Pál Setényi

COLLECTED W O R K S  

Ed. Prof. Zalán Bodó
Publishing H ouse o f the H ungarian A cadem y of Sciences. 1969

The com prehensive, m any-sided life-work o f  P á l Selényi, the w orld-fam ous experi
m ental physicist, perform ed b y  him  despite the unfavourable circum stances and m any diffi
culties, plays an im portant role in the history o f  science. I t  was an excellent idea  to publish  
the collected works o f P á l Selényi, w ith the help o f  w hich we get acquainted w ith  his very  
precious life-work. The clear-cut and concise arrangem ent o f the m aterial m ust be underlined, 
which is the work o f Prof. Zalán Bodó.

Pál Selényi was in terested  in  m any fields o f science. Consequently his sc ien tific  research 
was carried out in different fields o f experim ental and applied physics. In th is  volum e his 
publications are divided into  the following groups:

optics
incandescent lam ps
vacuum  techniques
photocells
photom etry
selenium  rectifiers
photoelectric cells
electrography
the heavy and inert m ass
publications, connected  m ostly  w ith m easuring techniques.

Before these publications, divided according to the different subjects, a short biblio
graphy in Hungarian and German written by Mrs. Selényi, acquaints the reader w ith  the 
hum an elem ents o f the sc ien tist. From  this introduction  and also from the su bjects and treat
m ent of these subjects it  turns out that Pál Selényi a tta ined  outstanding results n o t  only  as a 
teacher, but he achieved a reputation  as a pioneer o f  the Hungarian industrial and applied 
research and as a natural sc ien tist o f excellent experim en ta l sense.

This volum e proves the necessity  o f applied industrial research and the fa c t that such 
precise, persistent research brings useful results.

The words o f Pál Selényi, quoted in the in troduction , underline th is conception : “ . . . 
science in itself has the trend to becom e a technique earlier or later, that is to sa y , invention  
and the industrial researcher can only accelerate th is process.”

Selényi did not on ly  proclaim  the im portance o f  industrial research, b u t he helped by 
his active research work and through his w orld-w ide-know n results to raise th e  industrial 
research to a convenient leve l also in Hungary.

The first chapter o f  the volum e contains also th e  publication referring to  the experi
m ent w ith  the w ide-angle interference. The experim ent, outlined in th is chapter — which 
can also be easily dem onstrated  in secondary schools — , proves unam biguously th a t  the atom s 
behave as Hertz-like dipoles when they  em it visible ligh t. This is a clear proof th a t  the atom s 
em it spherical waves w hich travel further in space. T he w ave character o f  ligh t is proved just 
as ev idently  by the Selényi experim ent, as its photon-like character b y  the photoelectric  
effect. The wide-angle interference experim ent o f P á l Selényi defeated the presupposition, 
according to which betw een tw o beam s, differing strongly  in their direction, an interference  
is not possible at all.

The papers concerning incandescent lam ps, vacuum  techniques and therm ion ic electron  
em ission arouse interest in vacuum  physics and electron physics even to-day . M any more
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such  experim ental m ethods are o u tlin ed  here which were designed or worked out experi
m en ta lly  b y  him , w ith the aim  to  im prove the production o f  incandescent lam ps or the applied  
v a cu u m  technique. Many paten ts w ere born from these experim ents.

In  th e  part dealing w ith  p h otoce lls  and photom etry, th e  detailed description o f the  
p h o to m eter , for which a paten t app lication  was subm itted in  1934, is very rem arkable. I t  does 
n o t require a special, separate e lectr ica l source and consists o n ly  of a photocell, contain ing one 
or m ore b locking layers. This v ery  sk ilfu l, simple instrum ent is applied for the m easurem ent 
o f th e  illum ination level th rou gh ou t the world even to-day.

Chapter 4, containing the publications connected w ith  selenium  rectifiers and p h oto 
cells, o u tlin es in a well arranged form  the experim ents a im ing at the im provem ent o f  the  
p rod u ction  o f rectifiers, the sensib iliz in g  m ethods, further th e  observations, eva lu ated  but 
scarcely  ev en  in our days and w h ich  could not be overlooked even at that tim e b y  Pál 
Selén y i, w ho performed his work w ith  very  simple instrum ents.

Chapter 5 contains the pu b lica tion s connected w ith  electrography or as it  is called  
to -d a y  w ith  xerography. The ex p erim en ts outlined here served  as a basis for the now  w ide
spread and  useful xerographic m eth o d . The exam ination o f th e  here outlined basic experim ents  
and observations is very helpful.

Chapter 6 deals w ith  th e  observations concerning th e  h eavy  and inert m ass, w ith  the  
e lem en ta ry  theory of the E ö tv ö s  torsion  balance, further w ith  the problems of gravitation .

Chapter7 deals w ith  problem s connected w ith the m easuring technique and w ith  m aking  
o f m od els , w ith  analogies, com p letin g  the sense of com prehension, further w ith the sensib ilization  
o f th e  galvanom eter through p h o toelectr ic  feedback.

T he collected papers o f  P á l Selényi represent very  precious scientific rem ains for us. 
I t  is  w orthw ile  and inspiring to  s tu d y  them . This well arranged, percise com pilation is useful 
also for h is successors, for the m odern physicists.

J . F . Bitó

Siljak D. D.

N O N L IN E A R  SYSTEM S

T H E  P A R A M E T E R  A N A L Y S IS  A N D  D E S IG N

J o h n  W iley and Sons, In c., N ew  York, London. S y d n ey , Toronto 1969, 632 pages

Thi s book, written for engineers by an engineering professor, has the purpose to  m ake  
the read er acquainted w ith a sp ec ia l tool for analysis and  synthesis o f nonlinear system s  
described b y  high-order differentia l equations. This tool is th e  param eter m ethod, originally  in t
roduced  b y  the Russian scien tist V ishnegradsky at the end o f  the la st century and generalized  
in th e  la s t  decades by the Y u g o sla v  professor M itrovic. R ecen tly  the m ethod o f param eter  
an a lysis has been further generalized  and applied to the investiga tion  of nonlinear system s. 
The b ook  yields a unified and self-contained  exposition o f th e  topic.

T he book contains e igh t chapters o f about four hundred pages and auxiliary m aterial 
arranged in eight appendices o f  a b ou t tw o hundred pages.

Chapter one provides the fundam ental notions and concepts of the param eter m ethod , 
n a m ely  th e  definition and tech n iq u e  of the parameter m appings. The m ethod is first applied  
to th e  root distribution of characteristic  equations and to th e  root evaluation as the function  
o f som e adjustable param eters. T he root sensitivity to param eter variations is also interpreted . 
A p p end ices A and B, closely conn ected  to this chapter su pp ly  the basic theorem s and deriva
tions as w ell as the possible com puter applications.

In  the following chapter th e  param eter m apping m eth od  is em ployed to the analysis  
and design  of linear control sy stem s. Here a procedure for m ultiparam eter m apping and design  
is a lso  show n. Appendices C, D  and  E are related w ith th is  chapter. Appendix C g ives the  
rela tio n s betw een the pole-zero lo ca tio n s and the corresponding tim e response. In  A p pend ix  D  
som e s ta b ility  criteria such as th a t  o f H urwitz, N yquist, M ikhailov and the D -decom position  
m eth o d  o f  Neumark are outlined . A ppend ix  E contains a squared-error optim ization procedure 
in  th e  param eter plane for sy stem s w ith  stochastic inp ut signals and stab ility  constraints.

The third chapter is an in troduction  to the approxim ate analysis of nonlinear system s. 
H ere th e  describing function m eth o d , and the asym ptotic m ethod  of K rylov and B ogoliubov  
are presented . Appendix F  g iv es som e standard expressions, tables and diagram s relating  
to  th e  harm onic linearization o f  som e typical nonlinearities. A ppendix G focuses a tten tion  on 
som e accuracy considerations w ith  respect to the describing function m ethod.
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The next chapter shows how the harm onic linearization and parameter m apping m ethod  
can be used in the investigation  of sym m etric periodic oscillations as well as in  testin g  of 
their stability. For the latter purpose th e  root sen sitiv ity  analysis is em ployed. S ystem s w ith  
tw o nonlinearities, m ultivalued nonlinearities and nonlinearities with frequency-dependent 
and variable-pole describing functions are also treated.

In chapter f iv e  the analysis o f  asym m etrical nonlinear oscillations can be found. 
H ere also the param eter m ethod and th e  describing function  m ethod are further applied.

The sixth chapter considers tran sien t oscillations. F irst the K rylov-B ogo liu bov  m ethod  
is extended for dam ped nonlinear oscilla tions, then th is concept is generalized for h igh order 
nonlinear system s by m eans of the param eter analysis.

Chapter seven presents the an a lysis o f forced nonlinear oscillations in th e  param eter  
plane. Mainly the phenom enon of jum p resonance is considered in detail.

A very interesting and m odern part of the book constitutes chapter e igh t presenting  
the parameter analysis o f absolute s ta b ility  in nonlinear system s. First the stab ility  in v estiga 
tion  m ethod of L yapunov is treated in  som e detail, th en  the concept o f absolute sta b ility  is 
defined, thereafter the Lur’e problem is throw n into relief, finally , the frequency dom ain  solu
tion  o f the problem due to Popov is ou tlined . The results o f Y akubovich giving a close connec
tion  between the tim e-dom ain and frequency-dom ain solutions are also presented. T hen Aizer
m an’s conjecture is m entioned. In th e  remainder o f the chapter the param eter m ethod  is 
applied to the stu dy  of absolute sta b ility  and the stab ility  conditions are interpreted  in  the 
param eter space. A ppendix H yields th e  proofs o f stab ility  theorem s discussed in the relevant 
chapter. Here also a survey of the new er results concerning absolute stab ility  analysis is 
given .

Many exam ples and problems can be found w ithin  the tex t and at the end o f  the book.
Although th is work is essen tia lly  a m onograph, the organization ensures th a t  the 

m aterial can be also used by students as a textbook. This is realized by a successive approach  
from  the fundam ental concepts and notion s to the more com plicated ones. The first and the 
third chapters give the basis for the further reading, w hile the other subsequent chapters 
can be om itted or chosen at will.

The book is contem plated for a w ide audience such as teachers, students, researchers 
and practicing engineers. This work can be regarded as the first system atic presentation  o f  the 
param eter analysis and design m ethod.

F. Csáki

Schlitt H.

TH EO R Y O F CO NTROLLED SYSTEM S

ST O C H A S T IC  P R O C E S S E S  IN  L I N E A R  A N D  N O N -L IN E A R  C O N T R O L  C IR C U IT S *  

Friedr. V ieweg & Sohn, Braunschweig, 1968, 324 pp., 223 figures

The statistical analysis and dim ensioning has becom e in recent years one o f  the funda
m ental processes in control technique. T he work in question  is m eant to give an introduction  
into  the stochastic processes o f linear and non-linear controls and the related s ta tis tic  funda
m ental conceptions.

The work is divided into tw enty chapters. The first ten chapters treat the linear system s  
having constant param eters, while the other ten  chapters deal w ith the quasi-linear treatm ent 
o f  the non-linear system s.

The first chapter presents the fundam ental conceptions of the stochastic processes. The 
second chapter is dedicated to the theoretical m ethods for the determ ination of the m ean value  
in tim e, and of correlation functions. In  th e  third chapter the basic concepts o f spectrum  func
tions are to be found. The fourth chapter describes the stochastic processes in th e  frequency  
dom ain. The fifth  chapter discusses th e  power density spectrum . The sixth  chapter contains  
som e special correlation conceptions o f  linear system s. The eighth chapter treats the system  
theory of the stochastic  signals. In the n in th  chapter the stochastic signals are c lassified . The 
ten th  chapter deals w ith  noise filtration .

* Theorie geregelter System e. S tochastische Vorgänge in linearen und nichtlinearen  
Regelkreisen.
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The eleventh chapter d iscusses the behaviour o f the non-linear system s w ith respect to 
th e  sine signals and the d escrip tive  functions. In the tw e lfth  chapter figure descriptive functions 
o f  severa l characteristic non-linearities. The th irteenth chapter discusses the behaviour of the 
non-linear system  in relation to th e  steady stochastic signals. The fourteenth chapter presents 
the s ta tis tic  descriptive fu n ction s o f  some characteristic non-linearities. The fifteen th  chapter 
sh ow s a more general app roxim ation  method. In the s ix teen th  chapter optim um  linear sub
s t itu te  system s are dealt w ith . T he seventeenth chapter is dedicated to the series expansion  
o f  th e  non-linear function and to  th e  relation betw een th e  correlation function and the power 
d e n s ity  spectrum . The e ig h teen th  chapter discusses th e  closed control system  containing a 
single  sta tistic  non-linearity. T he following n in eteen th  chapter brings exam ples thereof. 
A nd fin a lly  the tw entieth  chapter deals with some features o f  the non-linear system s, in the 
f ir s t  p lace w ith the generating o f  th e  m ulti-valued resonance curves.

A n ample list o f references com pletes the book, classify ing 82 books and papers.
T he usage of the book is facilitated  by a table o f  con ten ts and an index. It offers a very  

good  introduction into the com prehension of statistic  analysis and dim ensioning of the control 
sy stem s and the attaining o f  th e  m ost im portant m eth ods. M any figures and a clear style  
m ake th e  material easy to understand . More specialized technical works m ay go deeper into  
the su bject, but this book has th e  advantage that it  presents a com prehensive picture o f the 
discussed  them e.

F . Csáki

C. J. Tranter

BESSEL F U N C T IO N S W ITH SOME P H Y SIC A L  APPLICATIO NS  

Hart P ublish ing Com pany Inc., N ew  York. 1969, 148, pp.

The classic work of G. N . W atson “Theory o f B essel F unctions” which outlines w ith a 
un ique exactness and accuracy th e  Bessel functions and their applications appeared in 1922. 
In th e  course of the last 47 years no such book has appeared which would have treated  this 
v ery  im portant group o f fun ctions. Therefore we usually  m eet in the references of scien tific  papers 
W a tso n ’s work — published b y  th e  Cambridge Press —  and also the “ Higher Transcendental 
F u n ctio n s”  edited by A. E rdély i (P ubl.: McGraw H ill, 1953) which partly deals w ith the Bessel 
fu n ctio n s . The latter book how ever describes only the m athem atical behaviour of the functions, 
and does not cover the app lication s.

W atson’s work is som ew h at difficult for those who are interested in the application  of 
th e  function , however it  is ex ce llen t for research m athem aticians. Such a book w hich would 
ha v e  described with m ath em atica l exactness the B essel functions and would have shown the 
m o st im portant applications, w ith  reference to their advan tages in the field  of physics and by 
the so lv in g  of different tech n ica l problem s, has not appeared so far.

Tranter’s book, recen tly  published, m et a lon g-fe lt need. The aim of the author was 
e v id en tly  to supply the engineers and physicists w ith  a book which conveys quick infor
m a tio n , b u t at the same tim e outlines w ith m athem atical exactness the Bessel functions and 
the m ore im portant fields o f their application. The book does not contain detailed deductions 
or ana lyses, it indicates how ever th e  basic parameters and refers to some less im portant deduc
tio n s and transform ations g iv in g  th e  sources, where a m ore detailed description of them  may 
be foun d . Consequently the rem arkably logical book con v ey s up-to-date inform ation about 
th e  functions and their fie ld s o f  applications and also abou t the basic problems w hich m ay 
be served  w ith their aid.

A t the beginning th e  so lu tio n  of the Bessel equation , the Bessel functions o f 0 and 1 
order, the Hankel functions, th e  recurrent form ulae, th e  Bessel coefficients, the m odified  
B esse l functions are dealt w ith .

Following this the in d efin ite  integrals are introduced and characterized and the Bessel 
fu n ctio n  series are treated in  deta il. The author show s, through a more detailed analysis o f the 
m ultip lication  theory and add ition  theory, how the representation in line form  o f the 
m ultip lication  of two B essel fun ctions is performed. Several exam ples are given for the further 
characterization  of the operation .

The integral representation  and the asym ptotic expansions are dealt w ith in a separate 
chapter. This part is ded icated  to  th e  more detailed characterization  of the Bessel and Poisson  
in tegra ls, and the representation  o f  the thus gained form ula. The theory of construction  of 
a sy m p to tic  series suitable for th e  substitution of the d ifferent Bessel functions is also outlined
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in this chapter. In physics m ainly the values o f the B essel functions o f great argum ent m ust 
often  be approxim ated by some series. Taking th is in to  consideration the author shows a 
great accuracy in the characterization of these approxim ations and in the thorough description  
o f the applicability  o f this m ethod as well.

Another chapter discusses the zeros o f the B essel functions for the d ifferent typ es o f  
these functions. The description of the Stokes m ethod  w hich makes the rela tive ly  rapid defini
tion o f the zeros o f these functions possible is also g iven  in this chapter. The rem arkably  
exact analysis o f the Fourier— Bessel series, o f  th e  H ankel integral formula and o f th e  H ankel 
transform ations is partly  connected w ith  the here g iven  analysis, on the other hand it  introduces 
the subsequent discussions.

The author also deals w ith the Sonine fin ite  integral and its expansion, further with  
the so lubility  and calculability  o f the W eber—Schaftlein  integral and of other fin ite  or infin ite  
defin ite integrals, containing B essel functions, restricting him self to the representation  o f the 
m ost im portant axiom s and em phasizing the fie ld s o f  application. This part ends w ith  the 
sum m ing up of the calculable criteria o f the general integrals, containing B essel functions.

W e often m eet, both in applied m athem atics and in the field  o f  p h ysics , such  
double integrals, the expression of which in canonical form  would be o f a great aid for 
the perform ation o f the calculations. A separate chapter deals w ith the m ethods applicable in 
case o f Bessel functions and the sam e chapter also outlines and analyzes the A bel integral 
equation and the Fredholm  integral equation. T he so lub ility  o f the different double integral 
equations by series and their reducibility to the F redholm  integral equation are proved  by an 
easily  understandable deduction.

The book ends w ith  the enum eration o f  th e  possible applications in  m athem atics, 
physics and engineering sciences. The Laplace and H ank el transform ations and also th e  solu
b ility  b y  integral transform ation of the more characteristic  differential equations are presented.

In the A ppendix the gam m a function, th e  m ore im portant types o f in tegra ls, which  
m ay be expressed by its aid, the functional equation  satisfied  by gamma function  and also the 
defin ite integrals expressible in gam m a functions, the derivative of gam m a fun ctions are 
treated.

The book appeared as part o f the “ A pplied  M athem atics Series” and it  offers, on 
account of its e legant sty le  and logical arrangem ent, an easily understandable m ateria l for 
engineers and physicists. I t  is by  its character a va luab le , long-needed book w hich  w ill be of 
great help for the sc ien tists who apply m athem atical m ethods.

J . F. Bitó
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A cta  Techn. Hung. 68 (1970), 3 —8

F onó , A.: Peak Load P ow er Station Fed from  Long D istance Gas P ipelin e

P eak  load power sta tio n  can be fed from gas stored in  a long distance  
pipeline in which the gas is stored by increasing its average pressure by  
interconnecting a com pressor in the last line section . The overpressure 
thu s caused can be u tilized  at the end of the line for power production  
during offpeak periods. T he thus produced energy is so m uch more than  
th a t needed for boosting the pressure that from  the gain the necessary  
investsm ents can be am ortised  in a short tim e. B y  th is m eans she storing  
oo th e  gas does not co st an y  m oney.

A cta  Techn. Hung. 68  (1970), 9 —14

CsAk i , F .—F is c h e r  P .: On the Spectrum -Factorization. P art I I

As a direct continuation  o f  a previously published paper, the necessary  
and sufficient conditions as well as procedures o f  factorizing pulsed-data  
m atrices are given here.

A cta  Tech. Hung. 68 (1970), 15 — 28

D . H a l As z , K. S z e n d V: Im provem ent o f  the Process “ High-Grade Io n iza 
tion in Cold Gas”

The authors and other contributors made several proposals for the non
equilibrium  ionization in  M H D generators w hich have been presented  
and discussed at various M HD sym posium s. N one o f these suggestions 
so far have come up to  expectations. In a new  m ethod propounded in  
th e  present paper, recom bination is expected to  im pede the photons  
em itted  by glowing grains introduced into the working gas. Num erical 
relations have still to  be determ ined by further exam inations and experi
m ents. Any MHD generator, especially its open-cycle version, will only  
becom e feasible, if  th e  working gas is kept at m oderate tem peratures 
(1200 to 1800° K ), w here the proposed ionization effect m ay be useful.





Acta Techn. Hung. 68 (1970), 29 — 49

**#»«

J .  F. B it ó : Dependence o f  Cathode Properties on N eon D oping and Discharge 
Current

Up to the present tim e no experim ental data have been published con
cerning the influence of neon-gas doping on the cathode properties of 
mercury vapour-argon discharges. In the course o f our experim ents it  
was possible to dem onstrate the length o f cathode side spaces, the field  
strength of the positive colum n, the vo ltage drop and power consum p
tion o f the discharge tube on the partial pressure o f neon. Furthermore 
the dependence of cathode properties on the discharge current has also 
been determ ined. The relationships obtained in  the experim ents have  
been interpreted in term s of the known plasm aphysical data.

A cta Techn. Hung. 68 (1970), 5 1 - 7 2

Se it z , K ., F ü l ö p , J.: A nalytic  Calculation o f  D irect or Counterflow H eating  
o f  Solid  Charges

The paper deals w ith the calculation o f the heating of a solid charge b y  
direct or counter current. The partial differential equation system s describ
ing thfc physical processes exam ined in the paper are solved by the help 
of a new m ethod called “ non-orthogonal” extension . W ith the above  
outlined calculating m ethod the m athem atical description of such  
heating processes becom es possible in the course o f which — owing to  the  
interaction of the two media — the tem perature o f the heat transporting 
mrtlium changes continuously.

Acta Techn. Hung. 68 (1970), 73 — 85

M ih a l k o v ic s , T.: D eterm ination o f  the Independent Restriking Voltage 
on Circuit Breaker Contacts by Operator Calculus, fro m  Equations Calculated 
in Advance, fo r  Networks with D istribu ted Param eters

One m ethod for calculating the restriking voltage arising in a given network  
point is the operator calculus based on T hévén in ’s theorem. In the case 
o f networks containing elem ents w ith  d istributed parameters, not re
placeable b y  elem ents w ith lum ped constants (e.g. transmission lines), 
the characteristic equations form ing the base o f the calculation arc rather 
com plicated. To save p lant engineers these calculations, H am m arlund  [1] 
carried out the calculations for a considerable num ber of circuits. Hut the  
experience o f the author has proved that over and above the circuits 
analyzed by H a m m a rlu n d , in certain cases it  is necessary to carry out 
the calculations also for new, more com plicated  circuits. The author  
presents the new m ethod and its application to a numerical exam ple, 
and furthermore he tabulates results deduced for such new circuits, to 
gether w ith those for the circuits o f H a m m a r lu n d .





A cta Techn. H ung. 68 (1970), 87 — 115

F. K o lo n its : Stresses in the Vessel o f  aP ressu rized  W ater Reactor during  
Stopping

The present work analyzes the stresses in the vessel o f a pressurized 
water reactor in  case o f quick stoppage. The results obtained are ev a lu 
ated num erically for the pressured vessel o f a reactor of the “Voroniesh”  
type. This stu d y  is a part o f the in vestiga tion s m ade in 1967 by the author  
at the Institu te o f  Thermal Power S tations, Technical University, Budapest.

Acta Techn. H ung. 68 (1970), 117 —119

A. L ő rinczy , T. N é m e t h , M. Sa l l a y -N é m e t h , J. Sw id e r s k i: On M icro- 
inhomogeneities in  GaAs Crystals

M icroinhom ogeneity was detected  on GaAs crystals (mono- and poly
crystals) by m eans of electrolytic etch ing and using the photovoltaic  
effect. The presence of m icroinhom ogeneity going through without breaking  
grain boundaries o f crystals cannot be exp la in ed  by the w ell-known  
m echanism s o f form ation.

A cta Techn. H ung. 68 (1970), 1 2 1 - 1 3 0

J . F. B itó: D iagnostic  System fo r  the E xam in ation  o f  the Cathode Side o f  
A rc Discharges w ith Oxide Coaled Cathodes

For the dynam ic characterization o f  the arc discharges with oxide coated  
cathode on the cathode side, a diagnostic  system , containing 10 experi
m ental m ethods, was worked out. T he system  was constructed so th a t  
the measuring m ethods constituting it  should m ake possible a m anifold  
control, a sim ultaneous m easurem ent and a relative ly  small perturbation. 
The form ation o f the diagnostic system  becam e necessary on account 
o f the strong m icrophysical heterogeneity  o f the cathode side. W ith the  
application o f the system  of the briefly  characterized measuring m ethods 
we succeeded e .g . in establishing the cathode side model o f the arc 
discharges w ith  oxide coated cathodes.
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S. K e b e s z t é l y : Stability Range o f  Feedback Control Systems

The param eters o f a controlled section  m ay change within a given range. 
The critérium is determ ined w hich is to be satisfied  by the loop am plifier  
o f the nom inal system , in order to keep the feedback control system  
stable over the whole range o f the param eter changes. The calculation  
m ay be carried out w ith a com puter. B y  generalizing the m ethod the  
fu lfilm ent o f more exacting dem ands than stab ility  m ay be prescribed  
w ith  practically the same am ount o f  calculation  work.

Acta Techn. Hung. 6 8  ( 1 9 7 0 ) ,  131  —  144

A cta  Techn. H ung. 68 (1970), 145 — 160

t i .  G y ü h k i : Some Questions o f  Iden tification  on the B asis o f  Frequency R e
sponse

An iterative least-square approxim ation m ethod is presumed in the article  
for the identification  of linear, dynam ical control system s on the basis 
o f the frequency response. The m ain concept o f  the m ethod is described  
and two special questions are in ten sive ly  investigated , nam ely the w eight
ing problem and the decision about the structure of the identified transfer 
function. To the background o f  the theoretical part the proposed m ethod  
was programmed on a M IN S K — 22 digita l com puter and the results o f  
the practical investigation  are sum m arized. A num erical exam ple is presen
ted , too.

A cta  Techn. H ung. 68 (1970), 1 6 1 - 1 7 8

J . F . B itó: A Laser Beam M ethod fo r  the E xam ination  o f  Cathode Spaces

W ith the cathode side application o f  the traditional experim ental m ethods, 
adapted so far, the plasma m icroparam eters o f  these spaces cannot be 
determ ined w ith  a satisfactory accuracy. In this paper an interferom etric  
m ethod w ith laser beam s is dem onstrated , w ith  the aid of which the value  
o f  the electron concentration in  the cathode spaces, its tim e dependence  
and axial distribution can be determ ined in a sim ple way, w ith an accuracy  
o f  ± 1 0 10 electron/cm 8. The h igh est tim e resolution which can be reached  
is 10"* sec.
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Acta Techn. Hung. 6 8  ( 1 9 7 0 ) ,  1 7 9 - 1 8 9

K a m e l  A. E l -D e h e m y : K inetics o f the L ast Recovery Stage in Cold W  orked  
Tungsten

The recovery o f the dislocation network was investigated  by m eans o f  
electrical resistiv ity  m easurem ents on severely  cold worked undoped  
pow der m etallurgical tungsten wires. The decrease o f the dislocation d en sity  
during annealing follow s the sam e kinetics in doped and undoped sam ples. 
The activation  energy in both cases is close to  th at o f  self-diffusion. T he  
detailed  m echanism  of the decrease o f the dislocation density is still u n 
known. The inhom ogeneity o f the sam ples m akes it  impossible to deter
m ine the activation  energy w ithout a detailed  assum ption of the annealing  
kinetics.

•t•»
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A cta Techn. Hung. 68 (1970), 195— 197

J .  F. B it ó : On the T im e Dependence o f  the Param eters on the Cathode S ide

The tim e dependence of the cathode fall, anode fall and plasma potential 
of the a.c. oxide cathode discharge was experim entally  determined by the  
author w ith  the aid o f an adequate diagnostic system . W ith the analysis 
of the tim e dependence of the cathode spaces he refers to an interesting  
and characteristic -contraction of colum n in the v ic in ity  o f the plasm a.

Acta Techn. Hung. 68 (1970), 199 — 213

R ó zsa , É ., S t e f An ia y , V.: Investigations on the D am aged Surface Layer 
Structure o f  Semiconductor Single Crystals. L a p p in g  Effect

The report deals w ith  the investigation  of the structure and depth of 
the dagum ed surface layer o f sem iconductor single crysta ls resulting 
from  lapping and w ith  the m ethods adapted for m easuring. Applying  
X -ray diffraction m ethods the structure and the depth  o f the damaged 
layer of [111] oriented germ anium  and silicon w afers are investigated . 
The degree o f the flexure o f the bent wafers due to  m echanical stresses 
is m easured as w ell. A relation is shown betw een the radius o f  curvature 
and the qu a lity  o f the lapping process.





Cs. F e r e n c z  : Wave Propagation in Inhomogeneous Linear M edia

In the paper, first, the propagation of electrom agnetic waves in s lig h tly  
inhom ogeneous m edia is exam ined , when the m edium  is stationary and  
its parameters change w ith  tim e and when, fin a lly , it is flowing. In th is  
connection the author points out that the theory  permits the uniform  
treatm ent of m any known results and also perm its the exact investigation  
o f the propagation phenom ena in flowing m edia. Afterwards the m ethod  
for the determ ination of the com plete wave form  by the addition o f th e  
‘inhom ogeneous basic m odes’ is shown for arbitrary inhom ogeneities. 
The deduction of the “ quadruple and m ultiple refraction-reflection la w ”  
is presented. On tb is basis the ray-tracing program s are revised and th e  
basic scheme of the “ m odified ray-tracing” program s is given. F in a lly , 
it  is shown that the hom ogeneous and the inhom ogeneous characteristics 
o f the medium are not identical, and using as an exam ple the electron- 
polarized m edium , the inhom ogeneous p erm ittiv ity  is determined.

Acta Techn. Hung. 6 8  ( 1 9 7 0 ) ,  2 1 5 - 2 4 3

A cta  Techn. H ung. 68 (1970), 2 4 5 -2 5 3

E. P a p p , S. Z s i n d e l y , T. L e g a t , В .  P ö d ö r : Preparation and P roperties  
o f  GaAs Single Crystals

GaAs sinale crvstals were prepared w ith the aid o f a modified Bridgm an  
m ethod. Undoped crystals were of n-type w ith  electron concentrations 
from  4 x  10le cm -3  to З х  Ю18 cm - 3 , and w ith  a m axim um  room tem pera
ture electron m obility  o f 4200 cm z/Vs. Chem ical analysis showed th a t  
the main im purities o f  the crystals were S, Si, Se, Fe and Zn. E lectrical 
conductiv ity , H all coefficient and H all m ob ility  were measured on th e  
crystals in the tem perature range of 77—400°K . From  the m easured  
m obilities the to ta l im purity  content was deduced w ith the aid o f  th e  
Brooks —Herring form ula.

A cta  Techn. Hung. 68 (1970), 255 — 258

J . F. B i t ó : The C athode-P lasm a Interaction o f  Low-Pressure A rc Dischargee 
with Oxide Cathodes

The author dem onstrates by the analysis o f the sta tic  and functional param 
eters o f the oxide cathode and their influence upon the discharge spaces 
th a t the therm ionic em ission current o f the cathode, being a com plex  
cathode param eter, is su itab le for the description  of the connection  
betw een the potentia l and space characteristics o f the cathode and  
cathode side. The coupling betw een the cathode and cathode space tak es  
place w ith the aid o f the em ission current and b y  the ion current strik ing  
in to  the cathode.
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REINFORCED CONCRETE FLAT SLABS AS REFLECTED 
BY THE VARIOUS SPECIFICATIONS

E. BÖ LCSK EI*

CO RRESPO N D IN G  MEMBER OF T H E  H U N G A RIA N  ACADEM Y OF SCIENCES 

[Manuscript received, N o v . 6, 1969]

A  com parative study on the different specifications relating to the reinforced  
concrete fla t slabs revealed significant divergences in  the prescriptions o f  d ifferent 
countries and recom m endations o f th e  international com m ittees, both in  resp ect to  
the calculation and rules of construction. The physical en tity  is everywhere th e  sam e, 
therefore, it  w ould be advisable to  un ify  or at least to bring nearer to one another  
the different specifications.

1. Introduction

It is long tim e since the structural engineers have observed th a t th e  pro
portions o f the fla t slabs calculated according to  th e  specifications o f  th e  d iffer
ent countries sign ificantly  differ. The purpose o f  th is paper is to  com pare  
the divergences** in  the specifications. In th e  follow ing, our in vestiga tion s  
and their results w ill be described in short. T he problem  is particularly t im e ly  
because the revision o f the Hungarian specification  is at present in progress.

The fla t slab is such a tw o-w ay reinforced concrete slab structure by  
w hich the applied load, com m only uniform ly d istributed, and o f s ign ifican t  
m agnitude, is directly transm itted w ith ou t beam s to  the columns rigidly jo in ted  
to the slabs.

The traditional reinforced concrete fla t slabs are constructed b y  the  
application of colum ns w ith large capitals. The ty p es applied are show n in  
Figs, la ,  lb  and lc . In  F ig. Id a fla t slab w ithout colum n capital and drop  
panel (i.e. a flat p late) is illustrated.

F lat slabs were already em ployed in th e  early days of the reinforced  
concrete constructions, its  rapid spread being due to  its low structural dep th , 
absence o f  beam s and the relatively  sim ple construction  work.

The fields o f its  application in building construction  are: floors o f  store  
houses and works (F ig . 2) o f heavy loads; in civ il engineering: deck p la tes for 
bridges (F ig. 3) and p lates as well as supports for w ater reservoirs.

* Dr. techn. E . B ö l c s k e i , K ovászna-u . 7, B udapest X I ,  Hungary
** The com parative calculations were carried o u t under the guideance o f th e  w riter, 

on the authority  o f the Panel for Engineering M echanics o f  the Hungarian A cadem y o f  Sc ien 
ces, b y  J .  A l m á s i , В. G n ä d i g , T. K á r m á n , I. K o m l ó s s y , P. L e n k e i  and A . W i n d i s c h .
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F ig . 1. C olum n-slab  connection  in  th e  f l a t  slab s tru c tu re

F ig . 2. F la t slab s tru c tu re  o f  a  storehouse
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Fig. 3. F la t slab structure o f a h ighw ay bridge

2. Short h istorical survey

The flat slab structure is one o f the few  forms really true to  th e  m aterial 
o f reinforced concrete constructions. H ow ever, in the progress o f  d evelop 
m ent the structural engineers could hardly g ive up the traditional structures  
w ith  ribs.

The idea o f fla t slabs had already occurred in America in th e  n ineties 
o f th e  last century, how ever, the first reliable evidence was a n o tice  o f  the  
patent o f O. W . N o r c r o s s  from the year 1901. The public belief assigned  the 
invention  o f th is structure to C. A. P. T u r n e r  who also applied for a patent 
in th e  U nited  States in 1907. As a m atter o f  curiosity, one of the draw ings o f  
the original patent is show n in Fig. 4. A nyhow , whosoever was th e  first, the  
m erit o f  the developm ent and spread o f the structure belonged to  T u r n e r  

who lived in M inneapolis. He published a paper dealing with this structure in 
connection w ith the construction o f th e  local knitw ear works in th e  year  1905.

In Europe, the fa it slab structure w as considered as a typ ica l Am erican  
invention . As far as one can make certain from sources available, first R .  M a i l - 

l a r t  from Switzerland m ade an attem p t in  1908 to  adopt this structure, and 
carried out extensive investigations at th e  p lant o f  his firm in Zurich. In  m aking  
use o f  the experiences for the first tim e th e  storehouse in G iesshübel o f  the  
Storing Com pany o f Zurich was constructed  in 1910. In the form er A ustro- 
H ungarian M onarchy, fla t slabs were b u ilt during the Great War 1914 — 1918,

1* Acta Technica Academiae Scientiarum Hungaricae 68, 1970



268 E. BÖLCSKEI

and  in  H ungary in 1922, in  the town Karcag. T h ey  won a wide application at the  
beg in n in g  of the th irties b y  the hardy designs o f  B . E n y e d i .

T he thought o f  th e  f la t  slab w ithout co lum n capitals (flat plates) already  
cam e up in  the th irties, how ever, its use on ly  becam e extensive in the recent 
tw o  decades.

Fig. 4. One o f th e  drawings of Turner’s p a ten t. Cross section A-A

3. Survey of the specifications

The investigations w ere first carried ou t on  the specifications o f  the tw o  
great industrial pow ers, th e  United States and th e  Soviet U nion. In b oth  o f  
th ese  countries a series o f  fu ll scale tests w ere conducted, and in  estab lish ing  
th e ir  specifications, th e  results obtained have been  taken into account. The  
prescriptions o f the G erm an d i n  also ought to  b e considered, for, am ong others, 
th e  H ungarian specifications relating to fla t slabs were based on these la tter, 
b o th  betw een the tw o w orld  wars, and in  th e  f iftie s . The investigations have  
also b een  extended to  th e  recom m endations o f  th e  European Concrete Com
m ission  ( с е в ) recently prepared because th ey  are now  being applied in a num ber  
o f  E uropean countries.

In  the studies com parison has been m ade betw een  those m entioned above  
an d  th ose  used in H ungary:
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Msz (H ungarian Standard) No 15022 published in 1953,
- dom estic standard o f the D esign In stitu te  for Industrial B uild ings  

( i p a r t e r v ) ,

— draft standard MSZ No 15022/1 published in 1968.
The la test prescriptions o f the Soviet S N I P  are positively based on the  

lim it design m ethod. In  determ ining th e  stresses occurring in th e  exterior  
strip, th ey  m ake a d istinction according to  th e  m anm er o f support. In  respect 
to the calcxdations o f the load carrying cap acity , the investigations should  be 
carried out w ith  respect to

the separate failures in the d ifferent strips perpendicular to  one
another

— the sim ultaneous failures o f the strips crossing one another  
the perforation o f the slabs by th e  colum ns.

The specification also includes prescriptions for the exam ination o f the  
colum ns. It also gives com plete formulas w ith  the aid of which th e  designer  
can sim ply and rapidly find particulars relating to the reinforcem ent.

The exam ination in respect to freedom  from , and restriction on, occurring  
cracks as well as o f  the stiffness is also prescribed, and there are m easures 
relating to the arrangem ent o f the reinforcem ent to the term inations and 
splices o f bars.

No special rules ex ist for the calcu lation  o f fla t plates and drop panels 
because the lim it design m ethod takes in to  account the way of m odification  
o f the crack pattern by the capital.

The American specification A C I  3 1 8 —63 perm its the use o f three design  
m ethods:

— the elastic
— the lim it design m ethod, and
— designing on the basis o f te st results.
The first two m ethods start from theoretica l bases in determ ining the  

bending m om ents acting on the column and m iddle strips of the tw o -w a y  frame 
system , as w ell as the stresses in the colum ns w ith  capitals serving to  support 
the floor slab. H ow ever, in practice, the em pirical m ethod is m ain ly  applied, 
based on the results obtained from a great num ber o f tests carried ou t on fvdl 
size m odels o f  reinforced concrete structures.

The very  sam e m ethods are applicable to the calculation o f  f la t  slabs 
supported b y  colum ns w ithout capitals, w ith  th e  on ly  m odification th a t the  
dim ension c expressing the effect o f the cap ita l on ly  designates the dim ension  
of the colum n.

The prescriptions o f  the German Standard  D IN -1045  are based on the  
theory o f e lastic ity . The stress pattern in th e  structure is determ ined b y  fin d 
ing the internal forces o f  frames, assum ing th a t each o f the tw o-w ay system s  
of fram es bears the entire load separately. I t  is specified how th e  stresses
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in  th e  slab obtained as described above, are distributed in the colum n strip  
and m idd le strip, in  th e  m idspan and the ab ove support.

F or the calculation o f  th e  fla t plate supported  by columns w ith ou t cap i
ta ls , in  recent years a com plem entary specification  has been prepared, th e  basic  
p rin cip les o f which are the sam e as those ab o v e , but it reduces th e  w id th  o f  
th e  co lum n strip on th e  account of th at o f  th e  m iddle strip. A t the sam e tim e  
th e  exam ination  for perforation is also prescribed.

T he recom m endations o f  the European Concrete Commission  ( с е в ) ,  

B u lle t in  67, are also based on the lim it design  m ethod starting from  th e  lines 
o f fracture. The recom m endations, sim ilarly to  th e  Soviet specifications, assum e  
tw o  k in d s o f failure patterns. One of them  is based  on the system  o f  p ositive  
lin es o f  fractures, running in the centre lin es, and on the system  o f  n egative  
lin es o f  fracture developed along the drop p an els, the other one on th e  nearly  
circu lar pattern formed all around the colum ns. On the basis o f these assum ptions  
n o t o n ly  the stresses in the slab can be found, b u t also those acting on the colum ns.

A  special exam ination should he carried ou t w ith respect to th e  perfora
t io n . T he responsible Comm ission o f the C E B  adopted for th is purpose the  
su g g estio n  o f Prof. N y l a n d e r  taking in to  account the shear surface in the  
lo a d  carrying capacity  o f b oth  the concrete and  the reinforcement.

T h e first o f the H ungarian Specifications  to  he considered in th e  com pa
r a tiv e  stu d y  was the respective chapter o f th e  H ungarian Standard m s z  15022 
p u b lish ed  in 1953. In general, its prescriptions are th e  same as th ose  o f  the  
rein forced  concrete specification  relating to  th is  subject, and o f th e  German 
d in -1045  w ith  the norm s described above. T hus, in essence, th is  sp ecifica tion  
p rescrib es the exam ination o f a tw ow ay sy stem  o f frames for the w hole load  
in b o th  directions w ith  th e  aid o f the th eory  o f  elasticity.

T h e constructions carried out in the f ift ie s  indicated that the H ungarian  
prescrip tions led to  th e  overdesign of fla t slabs. In  the Design O ffice i p a r t e r v  

E n g . I . K o m l ÓSSY pursued com parative stu d ies and suggested a calcu lation  
m eth o d  which later becam e obligatory as a dom estic specification  in th is  
D esig n  O ffice. According to  th is suggestion th e  bending m om ents actin g  on 
th e  slab  should be com puted  b y  using a reduction  factor for the span  d eter
m in ed  in  accordance w ith  th e  dim ensions o f  th e  capital. On certain con d ition s, 
th is  specification  also prescribes the exam in ation  for perforation. T he pro
cedure m ay  be extended  to  the flat plate structure.

T h e  draft o f th e  H ungarian Standard m s z  15022/1 published in  1968, 
p erm its  for the com putation  o f fla t slabs th e  application of an approxim ate  
p roced u re based in essence on the lim it design  m ethod. In determ ining the  
str e sse s  caused in th e  structure also the reduced  span is taken in to  account. 
The v a lu e  o f the reduction  factor depends on th e  proportions o f the colum n  
c a p ita l.  T he m ethod m ay be applied to the com putation  of fla t p lates, th ough , 
in  th is  case, the reduction is rather small.
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4. Comparison on the basis o f  stresses

In order to  com pare the different specifications, calculations w ere m ade 
w ith  respect to  ex istin g  interm ediate floor slabs w ith and w ithout colum n  
cap ita ls, o f  com m only applied proportions and loads. The dim ensions o f  the  
m iddle panel are 6.0 X  7.0 m, those o f  the exterior one, 5.0 X 7.0 m, supported  
at its  longer side (F ig. 5).

X

Fig. 5. P lan view  of the exam ined fla t slab. T he panels exam ined are hatch ed

The calculations were carried out b y  applying the Soviet ( s n i p ) ,  the 
Am erican ( a c i ) ,  th e  German ( d i n ) specifications and the recom m endations 
o f the European Concrete Commission ( с е в ) .  The same structure teas exam ined  
b y  m aking use o f the H ungarian standard M s z  15022 (1953), th e  dom estic  
specification  o f the Design O ffice i p a r t e r v  and also the draft standard  
m s z  15022/1 (1968).

The results obtained m ay also be used for the estim ation o f structures of 
other proportions, occurring in practice.

4.1 Flat slab with column capita l and drop panel

A reinforced concrete fla t slab, 18 cm th ick , served as basis o f  th e  com 
parison, the live load at which it  has been specified was 1 2 0 0  kp /sq . m etre.

Starting out from the data given above, the values o f  th e  m om ents  
acting on. the m iddle and colum n strips o f  th e  fla t slab structure h ave been 
determ ined. The specific m om ent per linear m etre was expressed as g/2/« , and 
Table 1 contains the a-divisors. In the fifth  line of the table figure th e  divisors
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characteristic  o f the m ean to ta l of the absolute va lues of the positive and nega
t iv e  m om ents acting on the strips.

In  the sixth line o f  th e  table, taking up the average total m om ent as 
100 per cent, calculated according to the prescriptions of the Hungarian S tan d 
ard M SZ 15022 being at present in force, th e  in d ex  numbers characteristic o f  
each  specification  are ind icated .

Since according to  the different sp ecifica tion s the reinforcem ents being  
in accordance w ith th e  m om ents are calcu lated  in different w ays, it  seem ed

Table 1

N am e N o S N IP ACI D I N CEB MSZ
I P A R 
T E R V

S uggest-
ed

M iddle strip ( + ) 1 47,7 52,9 24,6 32,5 24,3 46,7 34,4

( - ) 2 17,0 52,9 22,9 32,5 23,4 42,1 33,1
Colum n strip (-{-) 3 47,7 39,7 19,7 32,5 19,8 38,3 28,1

( - ) 4 17,0 15,8 7,6 16,2 7,8 14,0 11,0
Mean divisor 5 12,5 15,8 7,5 13,0 7,6 14,0 10,8
In d ex  num ber of the

m om en t [%]
‘

61 48 101 58 100 54 70

Fsteei average [cm2/m ] 7 6,67 9.36 23,14 11,91 12,95 6,94 8,52

R atio  o f  reinforcement [%] 8 51 72 179 92 100 54 66

to be reasonable to com pare the reinforcem ents calculated. The average quan
t it ie s  o f  the reinforcem ent corresponding to  th e  respective m om ents, are 
in d ica ted  in line 7 o f  th e  Table. In the eighth  line, those index num bers are 
g iven  w hich  show w hat q u an tity  o f reinforcem ent is needed expressed in per 
cen t, tak in g  for 1 0 0  per cent the quantity o f  reinforcem ent to be applied  
accord in g  to the prescriptions o f the H ungarian standard m s z  15022 п о л у  in 
op eration .

Sim ilar calculations were also made in respect o f the exterior strip . The 
d ifferent specifications m ake a distinction according to the m anner o f  the  
exterior support w hich m ay  be solved by ap p ly in g  h a lf capitals, wall or beam . 
The fix ed -en d  m om ent produced in the line o f  th e  exterior support is d iversely  
w eig h ted  by the different specifications, for th a t  very  reason the com parison  
of th e  resu lt o f the calcu lations does not lead to  a definite conclusion.

In  order to clarify how  much more advantageous the fla t slabs are as 
considered  by the d ifferent specifications in com parison w ith the ordinary  
floor slab s, com parative calculations have also been carried out. T he load  
bearing capacity  of the continuous slab produced w ith  the reinforcem ent as
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described above has been calculated according to each specification . The  
effective load bearing capacity o f  th is  reference beam was as in d icated  in 
T able 2.

In the second line of the tab le  the quotients o f  the live load cap acity  o f  
th e  continuous beam  perm itted b y  the specification  in question and the as
sum ed live load, 1200 kp/sq. m etre, are indicated. These numbers characterize

Table 2

N am e S N IP ACI D IN CEB MSZ
IPAR-
TE RV S u g g ested

Live load

Pl [ k p / s q  - m ] 562 355 1308 545 1280 575 723

P/Pl 2,14 3,38 0,92 2,20 0,93 2,08 1,66

R elative hardiness 2,30 3,62 0,99 2,36 1 ,0 2,23 1,78

th e  “ hardiness”  o f  th e  specification in question, in respect to the fla t slab. 
A ssum ing the value obtained w ith  the aid o f th e  H ungarian standard as unit, 
th en , in the third line o f  the table th e  values referring to this unit are ind icated .

Finally, in order to compare the m om ents acting on the colum ns the  
average eccentricity o f  the forces actin g  on the colum ns were defined. B y  aver
age eccentricity th e  arithm etic m ean o f the eccentricities in the x and y  direc
tions is meant. T he respective results are shown in Table 3.

Table 3

N am e S N IP ACI D IN  j C E B MSZ IP A R T E R V S u g g ested

Eccentricity [cm] 17,9 7,7 15,3 j 0,0

!

16,9 11,9 13.4

4.2 Flat slab structures without column capitals 
( Flat plate structures)

In this case a structure w ith  a reinforced concrete fla t slab o f  a depth  
o f  30 cm attacked b y  an effective load o f 500 kp/sq.m  served as basis for the  
com parative calculations.

B y  carrying ou t the calculations for the m iddle strip o f the fla t slab and 
for the reference beam , the results given  in T ables 4 and 5 were obtained in 
respect to the fla t p late . The Hungarian Standard msz (1953) is not m entioned
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Table 4

Name No SNIP ACI DIN CEB IPART ERV Suggested

M iddle strip (-)-) 1 19,1 36,5 20,2 23,9 36.4 27,1

( - ) 2 19,1 36,5 13,7 23,9 32.8 27,6
olum n strip ( + ) 3 19,1 26,6 17,9 23.9 29.8 22.2

( - ) 4 19,1 12,7 5,5 12,0 10.9 9.2
M ean divisor 5 9,6 11,7 5,6 9,6 10.9 8.8
In d ex  num ber of the

m om en t [% ] 6 58 48 100 58 51 64

F ,,« ) [cm 2/m ] 7 4,77 6,80 10,61 6,06 6.68 5.13
R atio  o f reinforcement [% ] 8 45 64 100 57 63 48

Table 5

Name S N I P ACI DIN CEB IP A R T ER V  I Suggested

L ive load  p i  [ k p / s q  • m] 293 90 808 286 280 368

p /p i 1,7 5,56 0,62 1,75 1,78 1.36

R e la tiv e  hardiness 2,75 8.98 1 , 0 0 2,83 2.87 2.20

in  th e  tab les because b y  th is  tim e the fla t p late structure was still unknown. 
T his form  o f structure is re la tiv e ly  new. For th is very reason, the specifications  
ca n n o t depend on such an abundance o f experiences than in the case o f flat 
slab  w ith  column capitals, and in designing them  great care should be taken. 
T h is holds especially for th e  exam ination o f  perforation.

A lso  in this connection  com parative calculations were carried out in 
order to  exam ine, th at at the exam ple in question , in case o f th e  structure  
ca lcu la ted  according to th e  different specifications, how the lim it force char
a c ter istic  o f  the perforation o f  the plate b y  th e  colum n is related to  the design  
force. I t  is im portant to notice  th a t where th e  ratio Pnmitl Pdtsign is less than the  
u n it, th e  concrete alone cannot w ithstand th e  shear stress; reinforcem ent or 
s te e l shear capital should be applied there. The results o f the calcu lation  are 
represented  in Table 6 .

Table 6

Name S N IP ACI D IN CEB IPARTERV Suggested

P lioiit/P design 0,78 i ,n 1,24 0,95 1,02 1,05

R e la tiv e  number [%] 0,63 0,90 1,00 0,77 0,82 0,85
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Also for the exam ination in respect o f th e  perforation exten sive series 
o f  tests have been carried out. T he failure p attern  strongly depends on the  
shear reinforcem ent arranged in th e  capital. T he m anner of failure developed  
is represented in F ig . 6 , i.e., in  F ig. 6 a in th e  case o f  the underreinforced, 
in  F ig. 6 b in the case o f the ordinarily reinforced and in Fig. 6 c in the case 
o f the overreinforced floor structure.

Fig. 7. Shear reinforcem ent o f a base p late  around the column capital
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To withstand slab shear forces in a structure w ithout colum n capital, 
in th e  neighbourhood o f th e  colum n the fo llow ing solutions m ay be applied: 

— the concrete w ith ou t shear reinforcem ent is sufficient in  itse lf  to  
w ith sta n d  the shear stresses;

- shear stresses are w ithstood  by su itab ly  bent round bars (F ig. 7); 
in case o f very high shear stresses special profiles serve to  w ithstand  

shear forces (Fig. 8 ).

Fig. 8. R igid reinforcem ent to w ithstand  perforation stresses

4.3 Conclusions

T he tables established for the fla t slab structures w ith and w ithout 
colum n capitals indicate th e  follow ing results:

a) There is a w ide dispersion in the stress values defined on th e  basis 
o f th e  different foreign specifications. B etw een  the m axim um  and m inim um  
va lu es there is a difference greater than 100 per cent. In the q u a n tity  o f  
reinforcement, the differences are still greater. Here, the greatest va lu e is 
3.5 tim es that of the m inim um . The characteristic index num ber o f the  
“ hardiness” varies betw een 1.0 and 3.62.

b) From among th e  foreign ones it is the German specification  based  
on th e  theory of e lastic ity , w hich is the m ost cautious, the boldest being the  
A m erican  one based on th e  results o f tests conducted on full scale m odels. 
The S o v ie t specification and th e  recom m endations of the European Concrete 
C om m ission lie between th ese latter tw o. This conclusion holds for all three  
q u a n tities  mentioned in section  a).

c) B y  making com parison betw een the H ungarian Specifications, it can 
be s ta te d  that the m s z  15022 o f  1953 is the m ost cautious one, th e  dom estic  
standard  o f  the Design O ffice iparterv  is, in  the opinion o f the w riter too 
daring, w hile the suggestion contained by the H ungarian standard m s z  15022/1 
p u b lish ed  in the year 1968, represents the right m iddle way.
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5. Comparison between the rules o f  construction

A comparison is also m ade between the rules o f the H ungarian  and 
foreign specifications o f m ajor im portance relating to the construction  o f flat 
slab structures. All o f the prescriptions which were o f  significance w ere exam 
ined in connection with th e  construction o f fla t slab structures. Such are 
the proportions o f the colum n capital, the lim iting values in resp ect to the  
thickness o f the slab, the dim ension o f th e  colum ns, the side ratios o f the 
panels and ratios of the adjacent spans.

5.1 The column-slab connection in the f la t  slab structure

The conventional fla t slab structure is constructed with a colum n capital, 
and the specifications com m only  deal w ith  three types of cap ita ls. On prin
ciple, the capitals m ay be rectangvdar or circular in  plan. R ecently , as has been 
m entioned, no capital is constructed at the jo in t o f the slab and column. 
The arrangem ents of the different connections are represented in  Fig. 1, 
w hilst Table 7 indicates th e  minimum dim ensions according to th e  prescrip
tions.

Table 7

V alue SN IP ЛС1 D IN CEB MSZ IPA RTEH V Siiggcsted

< h dl & 1,0 d . 1,5 d <*d/ 4 < d l  2 ^  0.6 d dl 2 <,d/2
< 1 8  cm  dt <,d/2

«1 0,16 l  ^  a, aá0,24í — 0,2 I 1/6 <  a ,  ^  1/4 0,2 l 0,2 l

«2 ^  <ij -f- 0,18 l d jd 1/3 0,4 l <  al -f- 0,36 l dl/d 0.4 I fo rm ula 0 ,4 /

«3

“ÇJCOоÖVI 0,4 l ^  0l +  0.36 Id j d 0,4 l fo rm ula 0,4 l

«4 — — 0.2 / - 0,2 i

a < : 45° ^ 4 5 ° <, 45° <^45° 43° ^  45°

5.2 Slab thickness

One o f the m ost im portant problems in the construction o f th e  fla t slab 
is the selection o f the slab th ickness. A lm ost all the specifications o n ly  prescribe 
the m inim um  value of the th ickness. The purpose o f  prescribing th is  value is
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th a t  n o  noticeable dam agin g  deflection m ight occur which would lim it the 
use o f  th e  structure even  u n d er the effect o f re la tiv e ly  heavy live loads.

T he Soviet sp ecifica tion  does not com prise an y  lim itations in  respect 
to  th e  slab thickness. T he o th er specifications com m only prescribe th e  slab 
th ick n ess  independently o f  th e  type of capital. E xcep tion s are the Am erican  
sp ec ifica tio n  and the d o m estic  standard of the i p a r t e r v  based on th is latter. 
In  th e  American prescriptions th e  rules to be observed  are too rigorous. Here, 
th e  sla b  thickness is a ffected  b y  the span, shape o f  the column capital, load, 
and cu b e  strength o f th e  concrete. The dom estic  standard o f the i p a r t e r v  

does n o t  prescribe th is requirem ent.
I t  is of interest to  con sid er  that in the case o f  the exam ple treated , w hat 

lim its  are established in  ch oosin g  the slab th ick n ess by the different specifi
c a tio n s . The respective specifications are in d ica ted  under the headings of 
T ab le  8 , and the ca lcu lated  thickness is show n below  them . In determ ining  
th e  v a lu e s  in our exam ple th e  selected value o f  c w as 70 cm and for th e  capi
ta l th e  type “ a” w as ap p lied . Further, it  w as assumed th at th e  28- 
d a y  cu b e strength o f th e  concrete of th e  structure teas 2 0 0  kp/sq. cm, 
th e  u ltim a te  strength o f  th e  reinforcing steel w as 2700 kp/sq cm, and th e  safety  
fa c to r  1.3.

From  the preceding is  to  be seen that th e  rules o f construction la y  down  
str ic t  lim its to slab th ick n ess . From this p o in t o f  v iew , the German d i n  is 
th e  m o st  indulgent w hich  o n ly  prescribes th e  lo w est lim it as 15 cm , w hilst 
th e  A C I  and C E B  provide v e r y  strict rules. In th ese  la tter  the slab th ickness is 
d irec tly  influenced b y  th e  l iv e  load, shape o f  th e  capital, and grade o f  the 
co n crete  and steel applied. T h e  Hungarian sp ecifica tion s follow, in the opinion  
o f  th e  writer, the right m id d le  way.

5.3 D im en sion s  of the supporting columns

T h e traditional fla t slab  w ill fulfil its fu n ction  as expected, if  at th e  slab- 
co lu m n  connection a s ig n ifica n t effect of restraint is realized. Therefore, m ost 
o f  th e  specifications prescribe th e  minimum dim ension  for the colum ns either 
p a rticu la r ly  in connection  w ith  the flat slabs or, in  general. The respective  
p rescrip tion s are ind icated  under the headings o f  T able 9, while below  them  
th e  m in im um  dimensions o f  th e  columns are presented , calculated w ith  the  
aid o f  th e  different sp ec ifica tion s. It is also im p ortan t to  m ention th a t in the  
ca lcu la tio n s we started o u t from  a column h e ig h t o f  4.0 m. In th is respect, 
th e  specifications are as a ru le , practically in agreem ent, w ith the on ly  excep 
tion  o f  th e  American one w h ich  is more rigorous th an  all the others.
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Table 8

SNIP ACI DIN CEB MSZ IPARTERV Suggested

>  1/40 >  1/ 36

>  10,2 cm J> 12,7 cm >  15 cm 

^  4,0 +  0 ,0 2 4 1 m 2,5 +  0,028 l

>  IJ35 wherein

ls - diagonal 
length

* »a a l p

^ 1 5  cm

1/32 (inter
mediate floor)

1/40 (roof 
floor)

Intermediate
floors

Г> 1/40 =  1/36 
^>12 cm =  14 cm 
at roof floors 
smaller b y  20 %

5>  14 cm

>  1/ 32 (interm, 
floor)

1/40 (roof 
floor)

35 000 y s g + p

17,5 cm 

10,2 cm 

1 26,0 cm 1

21,3 cm 15 cm 15 cm1 15 cm 1 17,5 cm 1

1 28,4 cm j 1 21,9 cm j 12 cm 1 21,9 cm !

Remarks
1. Dimension of all the lengths is cm.
2. Dim ension of the uniform ly distributed loads g, p and q =  g +  p is Mp/sq • m.
3. The value “ e” in the ACI denotes the diameter (measured in the lower plane of the slab or 

drop panel) of an angle of vertex 90° which m ay be placed inside of the capital.
4. oa — u ltim ate strength of the reinforcing steel, y s =  safety factor of the load.
5. By the length l com monly the largest span is meant.

Table 10

SNIP SNIP ACI DIN CEB MSZ IPARTERV Suggested

ix

b 3 - ^ = 2
0 ,7 5  ^  ^  1 ,3 3

ly 3  ^  ly  ^  2
0 ,8  <  

У
1 ,2 5

h  и
4  ^  1,- 3

1

0  ft ^  ^ +1 <T 1 9 Í  m̂in N  fi fl 3  ^  h + i ^  4
h */' *тах 4  ^  -  3 ~ v  1
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Table 9

IP A R T E R V Suggested

>  25 cm 

I  2> 41 600 cm4

I^ u
m d3

30 cm

15

/
20

0 ,5 + g /p

30 cm >  25 cm

=  15

20 20
>

30 cm  

m
15"

l
20

25 cm 

26,5 cm 

40 cm

30 cm  I 

26,6 cm  

30 cm

30

26,6 cm  

30 cm

25 cm 

26,6 cm 

30 cm

30 cm I 

26,6 cm  

30 cm

Rem arks

1. D im ension of all the len gths is cm.
2. D im ension of the uniform ly distributed loads g and p is M p /sq  ■ m.
3. m =  height between floors.

5.4 Side ratio o f  the panels and ratio o f  the adjecent spans

In  the different specifications, practically, a lm ost the same side ratios 
are perm itted  for the p anels in  the strips o f th e  f la t  slab structure except th e  
d i n  w hich  does not provide an y  lim itations. In  th e  w ay , the specifications also 
m ake provision for avo id in g  great differences b etw een  the adjacent spans. 
D etails in this connection  are indicated in T able 10.

5.5 Evaluation according to the construction rules

I t  can be seen from  th e  preceding th a t th e  construction rules o f  the  
different foreign sp ecification s significantly differ.

R egarding the slab th ickness of the fla t slab structure the prescriptions 
of th e  Am erican sp ecification  and the recom m endations of the European Con
crete Commission ( с е в )  are far more rigorous th a n  th ose  of the d i n ,  and espe
c ia lly  th ose  of the S ov iet specification . This la tter , as well as the H ungarian  
sp ecification  do not conta in  any particular lim ita tion s for the slab thickness  
o f th e  f la t  slabs.

T hus, in the prescriptions relating to th e  calculation of fla t slab’s 
stresses an  antagonistic tren d  is noticeable.

In  essence, in th e  case o f  the minimum dim ension  of the colum ns sup
porting th e  fla t slab, th e  situ ation  is the sam e. In  general, the specifications
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provide th e  sam e lim itations, except the Am erican one which also in this 
respect is m ore rigorous.

There are also significant differences betw een the three H ungarian spec
ifications. The MSZ published in 1953 and the draft o f 1968 conta in  nearly  
the sam e rules, in turn, the dom estic standard o f the i p a r t e r v , esp ecia lly  in 
respect to th e  slah thickness, is extraordinarily concessive.

6 . Summary and conclusions

Owing to the current revision o f th e  Hungarian specifications relating  
to the load  carrying structures o f  buildings, a thorough exam ination  o f the 
problems connected w ith  the fla t slabs becam e necessary. The conclusions m ay 
be derived as follows:

- The investigations in the m anner o f  determ ing the stresses in the 
conventional fla t  slabs revealed significant divergences in the foreign speci
fication . In  the opinion o f the writer, the d i n  and the earlier H ungarian speci
fications based on th is latter are too cautious, while the ACI seem s to  be too 
hardy. The Soviet specification and th e  recom m endations o f th e  European  
Concrete Com m ission follow  a m iddle trend. I t  seem s to  be advisable to  approach  
these la tter  b y  the new H ungarian prescriptions.

In recent years fla t plates increased in significance, therefore, it 
seem ed to  be necessary to provide prescriptions in the draft also for the cal
culation and construction o f this form o f  structure. The exam ination  o f the 
foreign specifications have led to the sam e conclusion. The draft specification  
relating to the fla t plate structures already takes these sta tem en ts into 
account, how ever, in the reinforcem ent over the supports it requires an addi
tional sa fe ty  o f  50 per cent.

— A  com parison betw een the construction  rules indicates th a t the spec
ifications being hardier in the determ ination o f the stresses, im pose a pre
caution  on the designer. The earlier H ungarian Specifications as well as the 
draft o f  1968 follow  a middle course.

*

The writer would greatly appreciate and consider it a success o f this 
work if  i t  w ould in itia te  an international discussion about the problem  o f flat 
slab structures, and would, therefore, look forward to any contributions on the 
subject.

Stahlbeton-Pilzdeckcn im  Lichte «1er Vorschriften (E . B ölcskei). D ie  E ntgegen
stellung von  Vorschriften in bezug auf die P ilzdeckenkonstruktionen h a t wesentliche  
A bw eichungen entdeckt zwischen den d iesbezüglichen Bestim m ungen von  einzelnen Län
dern, bzw. den Vorschlägen der internationalen Ausschüsse. Diese A bw eichungen zeigen 
sich sow ohl in  den Berechnungen, als auch in Zusam m enhang m it den K onstruktionsre
geln. D ie physische R ealität ist überall identisch , deshalb schlägt der V erfasser die Verein
heitlichung, oder w enigstens die Annäherung der verschiedenen Vorschriften vor.
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Жглезоб етонные безбалочные конструкции в зеркале технических условий ( Э .
Бельчкеи). Сравнительное исследование технических условий, касающихся безбалочные 
конструкций, вскрыло значительные отклонения между техническими условими от
дельных стран и предложениями международных комиссий. Эти отклонения наблюдаются 
как по методике расчета, так и правилами конструирования. Физическая действитель
ность является идентичной и было бы целесообразным именно вследствие этого факта 
произвести унификацию этих технических условий, но хотя бы их приближение друг к 
другу. Инженерам-практикам уже давно бросилось в глаза, что между размерами железо
бетонных безбалочных конструкций, рассчитанных на основе технических условий, 
действительных в отдельных странах, существуют значительные отклонения. Сравни
тельные расчеты под руководством автора производились по поручению технико-меха
нического коллектива Академии наук Венгрии Йожефом Альмаши, Бэла Гнедигом, 
Тамашем Карман, Иштваном Комлоши, Петером Ленкеи и Андором Виндиш. Вкратце 
дается изложение этих исследований и их результатов. Данный вопрос является осо
бенно актуальным.
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EINFLUSS YON ZUSATZMITTELN AUF DIE 
EIGENSCHAFTEN YON STABILISIERTEN BÖDEN

Á. K É Z D l*
K O R R E S P O N D IE R E N D E R  M ITG LIED  D E R  UNG. A K A D E M IE  D E R  WISSEN SCH A FTEN

und

B. N A G Y VÁTI**

[Eingegangen: 21. Jun i 1967]

B ei einigen traditionellen Stabilisierungsverfahren wird die M öglichkeit der 
A nw endung von  ergänzenden, auf die Stab ilisierung fördernd wirkenden C hem ikalien  
und anderen M aterialien erörtert. Ohne Anspruch a u f Vollständigkeit, erstreckt sich  der 
A ufsatz  nur auf die Z usatzm ittel, die w irtschaftlich  benutzt werden und die die erfor
derlichen E igenschaften des Erdstoffes w irksam  verbessern können.

U nter B odenstabilisierung versteht m an bekanntlich die vorte ilh a fte  
Änderung einer Erdstoffeigenschaft und F estlegu n g des günstigen W ertes, 
um ein bestim m tes technisches Ziel zu erreichen. In Abhängigkeit v o n  dem  
technischen  Ziel, den G egebenheiten des E rdstoffes und von den tech n isch -  
w irtschaftlichen Erwägungen können wir die Stabilisierung des B od en s auf 
verschiedene Arten erzielen; nach den V orschriften der versch iedenen  Ver
fahren m ischt man dem E rdstoff eine ziem lich  große Menge vo n  F rem d
m aterial zu, so z. B . im  Falle von m echanischer Stabilisierung, zur V erbesse
rung der Korn Verteilung, körnigen oder b ind igen  Erdstoff, bei anderen Ver
fahren Z em ent, K alk, B itum en oder andere chem ische M aterialien. N ach  V er
m ischung dieser M aterialien m it dem G rundstoff und nach gründlicher Ver
dichtung dieser Mischung erhalten wir den E rdstoff, der das E rreichen  des 
gew ünschten Zieles durch die auftretenden physikalischen und chem ischen  
Prozesse sichert.

A ußer den erwähnten w ichtigsten  Stabilisierungsstoffen w urden neuer
lich V ersuche angestellt m it der A bsicht, den E influß von ein igen Z u satz
m itteln , d. h. zusam m en m it den dem befestigenden  Grundm aterial b eige
m ischten Chem ikalien, auf den stab ilisierten  E rdstoff zu untersuchen. D iese  
Z usatzm ittel von geringer Menge verbessern oftm als sehr günstig e in ige Erd
stoffeigenschaften; so z. B. kann durch deren Anwendung entw eder die F estig 
keit w esen tlich  erhöht oder die vorgeschriebene Festigkeit w irtschaftlicher, 
mit einer geringeren Stabilisatorm enge erreicht werden.

Im  folgenden werden wir einige Versuchsergebnisse über den E in flu ß  
der in geringer Menge beigem ischten C hem ikalien vorlegen.

* Dr. techn . Á. K e z d i , Logodi-u. 9, B udapest / ,  Ungarn
** B . N a g y v A t i , K uruclesi-út 9b, Budapest I I ,  Ungarn
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Zur Erhöhung der F estigkeit oder zur V erbesserung anderer E igen sch af
ten  der m it Zement stabilisierten Böden w urden schon seit langem verschiedene  
chem ische V erbindungen in  geringer Menge angew endet. Mit der B eim engung  
vo n  ein igen  V erbindungen der Alkalimetalle (N atrium , Kalium, L ith ium ) hat 
m an sehr gü n stige  Erfahrungen gem acht, doch  auch m it A nw endung von  
anderen Chem ikalien w urden Versuche vorgenom m en.

Z ugabe von  H yd roxyd en  und zahlreichen Salzen der A lkalim etalle in  1 
bis 4 G ew ichtsprozent erhöht die D ru ck festigk eit der mit Zem ent sta b ili
sierten  B öden in einer im  B ild 1 dargestellten W eise. Die D iagram m e stellen

5 Qewic
—  
hts % Zement Na(0H)l,0%

% -------1---------
~ \

-----1
-X

К (OH) 1,4%

f.у г
\i(0H )0,6%и xohne Zugabe

Á r ,/ÊS _____
0 20 40 60 80 100 120 140 160 180

Zeit (Stunden)

B ild  1. E in fluß  von  A lkali-M etallliydroxyden auf die D ruckfestigkeit eines m it Zem ent stab i
lisierten Schluffes

die D ruckfestigkeit eines Schluffes dar, im  F a lle  von  einer Zem entzugabe von  
5 G ew ichtsprozent (I p =  16% ). Im allgem einen, je  größer die P lastiz itä tszah l 
oder der organische S toffgeh a lt des Bodens is t , um  so kleiner wird der B efesti
gungseffek t. In  Schluffen nim m t der E in fluß  der N atrium verbindungen in  
der fo lgenden R eihenfolge ah: Sulfat-A lum inat — M etasilikat — K arbonat 
H yd ro x y d  — Sulfit; die optim ale K onzentration  is t  der Norm alwert 1,0 des 
A lkalis in  dem M ischwasser. Größere K onzentrationen  ergeben zwar gleiche  
E n d festigk eiten , verlängern aber die V erfestigungsdauer. Die W irksam keit 
der Z u satzm ittel hängt von der Menge der im  B oden befindlichen, durch a lk a 
lischen A ufschluß erm ittelbaren , reaktionsfähigen Silikate ab (Bild 2).

D ie  vorteilhaften  E inflüsse können folgenderw eise erklärt werden:
W enn man Z em ent m it Erdstoff und  W asser verm ischt, en tsteh en  

w ährend des H ydratationsprozesses anfangs K a lk , K alzium silikat und Kal- 
zium alum inat. D ie R eaktion  zwischen dem  K alk  und den reaktionsfähigen  
S ilik aten  und A lum inaten des Bodens veranlaßt die Entstehung von  a d v e n ti
vem  K alzium silikat und A lum inat sowie eine Verm inderung des pH -W ertes. 
D ie E ndprodukte der R eaktion  des Erdstoffes und  Zements sind hydratierte  
A lu m in ate und ein K alzium silikat-G el.
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W enn der A bbindevorgang in der A nw esenheit irgendeiner M etallver- 
bindung, z. B . von kaustischer Soda, N atrium sulfit, usw. verläuft, n im m t die 
K alzium ion-K onzentration in der Lösung stark ab, teils infolge des gew öhn
lichen Ionen austausches, teils der kaustischen  R eaktion.

N a2X  +  Ca(OH ) 2  — C aX  +  2 Na(OH)

G leichzeitig nim m t die W asserstoff-Ion-K onzentration, d. h. der pH -W ert 
stark ab. D ie Verm inderung der K alzium konzentration  verzögert den  N ieder
schlag des unlösbaren K alzium silikat-G els, und  die Zunahme des pH -W ertes

B ild  2. E influß des trennbaren Silikat-G ehaltes a u f die Druckfestigkeit e in es m it Zem ent 
stab ilisierten und m it 1 v H  Na (O H ) behandelten E rdstoffes. 1 — Schluff; d ie  T onteilchen  

wurden ausgew aschen; 2 — nat. Schluff; 3 — Löß; 4 — toniger S ch lu ff

beschleunigt die B ildung der lösbaren A lkalisilikate und A lum inate. D ie  A lka
lisilikate werden m ittels des Porenwassers in  der ganzen B odenm enge gleich
m äßig verteilt, weshalb die R eaktion des freien Alkalis m it d em  E rdstoff 
den pH -W ert herabsetzt, und auf diese W eise kann auch das K alz iu m ion  in 
Lösung gehen. D ie R eaktion des K alzium s m it den im Porenw asser gleich
m äßig verteilten  A lkalisilikaten und A lum inatcn führt zur B ild u n g  von 
gem ischtem  K alzium -N atrium silikat und eines Gels; die Menge d ieser letzteren  
übertrifft aber die Menge, die im Falle von  Zem ent allein sich au sb ild en  kann; 
dies erläutert schließlich den günstigen E in flu ß  der alkalischen M etallverbin
dungen.

In B ild 3 illustrieren einige V ersuchsergebnisse des V erfassers den E in
fluß des N atrium sulfits auf die Zunahm e der Festigkeit.

V on den Z usatzm itteln  der m it Zem ent stabilisierten Böden kön n en  noch 
das Kalziumchlorid,  das Bitumen  und die Bitumenemulsion  erw ähnt werden.
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D ie Beim engung v o n  Kalziumchlorid  k an n  auch den Wert der D ruck
festig k e it  bis zu einer bestim m ten  Grenze steigern , wie es aus B ild 4  

ersich tlich  ist. Die op tim ale  Menge der Zugabe ist ungefähr 0,6 Prozent, wenn  
wir sow ohl den sofortigen w ie auch die in  längerer Zeitdauer eintreffenden  
E in flü sse  berücksichtigen. D as Kalzium chlorid h a t in vielen Bodenarten keine 
so lch e Auswirkung; es besch leunigt bloß die B in d u n g  des Zements.

B ild 3. E in flu ß  von  Na-Sulphit a u f d ie Druckfestigkeit

M it der Zugabe vo n  Bitumenemulsion  h a t m an in England Versuche 
vorgen om m en . Die E m u lsio n , die eigens zu  d iesem  Zwecke ausgearbeitet 
w urde, b leib t, wenn m an  sie  dem feinkörnigen E rd sto ff zum ischt, eine kurze 
W eile stab il, folglich k an n  das Bitumen im  B o d en  gut verteilt werden. D as 
n ach h er zugem ischte Z em en t hat dreierlei F u n k tion : es bricht die E m ulsion , 
a d so rb iert einen Teil der frei gewordenen F eu ch tig k e it durch H ydratation  und 
erhöht die Festigkeit des behandelten und v erd ich teten  Bodens. U m  eine 
g ü n stig ere  W irkung zu  erreichen, ist nach den Erfahrungen die Zugabe von  
5 b is 7 ,5%  Em ulsion u n d  3 bis 5% Zem ent erforderlich. Das E ndprodukt 
lieg t  zw ischen dem m it Z em en t und mit B itu m en  stabilisierten Böden; es ist 
ein w en ig  starr und ziem lich  wasserdicht.

M it der B eim engung v o n  Bitumen wurden V ersuche in der Sow jetunion  
( B e z r u k  —  K n y a z j u k  1951) und bei uns ( Q u i r i c o  1954) angestellt. D ie le tz 
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teren zeigten, daß die Zugabe von flüssigem  Bitum en bis zu 6 % vorteilhaft 
Avar; der W ert der D ruckfestigkeit gesta ltete  sich in A bhängigkeit von der 
Zugabe des Zem ents und des B itum ens, gem äß Bild 5. Die B indung des Zem ents 
wurde also durch das zugegebene B itum en n icht verhindert.

Auch die E igenschaften  der m it K alk stabilisierten Böden können durch 
Beim engung von Zusatzstoffen  in geringer Menge w irtschaftlich  verbessert 
werden.

B ild  4. E influß van  Ca Cl2 a u f die Druck- B ild  5. D ruckfestigkeit von  L öß als Funktion
festigk eit eines m it Zem ent stabilisierten des Zem ent- bzw. B itum engehaltes , w =

organischen Sandes ==wop/=: 9 v H

Einige natürliche Stoffe, wie z. B . die vulkanische Asche, reagieren besser 
au f die Zugabe von  K alk als die gewöhnlichen Böden. Man n ennt so lch e Mate
rialien Puzzolane. Sie sind hauptsächlich vulkanischen Ursprungs, n ich t kristall
artiger, sondern ionartiger Struktur. Sie kom m en in der Form von  Vulkanasche, 
T u ff oder Traß ( =  S ilikat-T rachyttuff) vor. Je niedriger der E ntw icklungsgrad  
der K ristallisierung ist, um  so größer wird ihre A k tiv itä t. Durch die Beim en
gung zum B oden von  so einem  Material kann die W irksam keit der Stabili
sierung m it K alk  gesteigert werden. D agegen wäre die Zugabe von  solchen 
natürlichen M aterialien bei uns nicht w irtschaftlich; es gibt aber K unststoffe, 
die eine gleiche W irkung ausüben können. Solch ein M aterial is t  vor allem  die 
Flugasche, die sich hauptsächlich  in der Nachbarschaft der W ärm ekraftwerke 
in großen M engen anhäuft und große Speicherungs- und Transportkosten  
verursacht. D ieses M aterial besteht überwiegend aus kugelförm igen, kristall
artigen Silikat- und A lum inat- sowie aus abgerundeten G am m aeisenoxyd- 
(F e 3 0 4) Partikeln. D as K alzium oxyd kom m t nur in K om bination  m it anderen 
M aterialien vor, infolge der K alzination des in der K ohle befindlichen  Kalk
steines. D ie M enge der unverbrannten K ohlenteilchen — die sow ohl vom  
G esichtspunkt der Feuerung wie auch der Q ualität der F lugasche aus schädlich
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sind — ist stark veränderlich; sie hängt von der W irksam keit der Feuerung ab. 
D ie  K ohle verdünnt die Puzzolan-K örner, erhöht den W asserbedarf und 
verm in d ert die größte trockene D ichte des stab ilisierten  Bodens. D ie puzzolan- 
artige A k tiv itä t der F lu gasch e hängt von der F ein h eit ihrer K ornverteilung ab; 
Z ugabe von grobkörniger F lugasche ist nicht erfolgreich. D ie Güte der F lug
asche kann durch M ahlen verbessert werden, das ist aber nur selten w irt
sch aftlich .

E s kann Vorkommen, daß  die Körnchen der F lugasche elektrisch geladen  
sind , w as vom G esichtspunkt der Benutzung und V erdichtung schädlich ist 
und d ie Anwendung der F lugasche unm öglich m acht.

Gegebenenfalls m uß ein Entladungsverfahren ausgearbeitet werden.
D ie  größte Schw ierigkeit der Anwendung der Flugasche liegt darin, daß 

ihre G üte, sogar in einem  u n d  demselben W erke stark veränderlich ist. Die 
Z usam m ensetzung der verbrannten  Kohle, die T em peratur und W irksam keit 
der Feuerung sowie die W itterung stellen alle Änderungen herbeiführende 
F ak toren  dar, und sie können  nicht uniform isiert werden.

Folglich kann m an einen ständigen, vorte ilh aften  E ffekt kaum  erhalten.
D  er Einfluß der F lu gasch e auf die Stabilisierung ist, im  Grunde genom 

m en , v o n  gleicher Art w ie der des Kalkes; die R eaktionen  sind dieselben.
D ie  Flugasche verstärkt von  den erwähnten die puzzolanartige Reaktion  

am m eisten . Die Erhärtung und  die anderen R eaktionen  finden im allgem einen  
lan gsam  sta tt, und es g ib t Schluffe und T onarten, die im Falle von Zugabe 
v o n  K a lk  -)- Flugasche keine besseren R esultate ergeben als im  Falle von  mit 
reinem  K alk durchgeführter Stabilisierung. Leider gibt es vorläufig keine  
M öglichkeit, den E ffekt aufgrund von gesonderten U ntersuchungen der F lug
asche und des Erdstoffes im  voraus abzuschätzen.

A ußer der Flugasche w urde eine große A nzahl von verschiedenen M ate
rialien  zur Verbesserung der E igenschaften des m it K alk  stabilisierten Bodens 
erprobt. Der Zweck der A nw endung der in k leinen Mengen beizum ischenden  
S toffe  is t  entweder die E rhöhung der F estigkeit oder die Abm inderung der 
erforderlichen Qualität des F lauptstabilisators. N ur wenige von diesen M ate
rialien  brachten solche E rgebnisse, die zugleich auch w irtschaftlich angewyen- 
det w erden können; es sind die N atrium verbindungen, die sich noch am aller
m eisten  auch hier bew ährt haben . Die Zunahm e der F estigkeit infolge der 
Z ugabe von  Natrium Verbindungen ist für den F all eines Schluffes im Bild  
6  d argestellt.

N euerlich hat F ü l ö p  (1967) einen um fassenden Versuch zur Erkenntnis 
der Stabilisationsfähigkeit der Flugasche angestellt.

In  den letzten Jahren w urden ausführliche U ntersuchungen vorgenom 
m en (v o n  M i c h a e l s  und P u z i n a u s k a s , 1956 und 1958), um die m it B itum en  
durchgeführte Stabilisierung m it Hilfe von verschiedenen Z usatzm itteln  zu 
verbessern . Die m eistversprechenden Ergebnisse wurden m it der Zugabe von
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B ild  6. Zunahm e der Druckfestigkeit bei der Z ugabe von Na-M ischungen

Phosphorpentoxyd (P 2 Os) erzielt. Ein charakteristisches Ergebnis ist im  B ild  7 
dargestellt, wo die einachsige Druckfestigkeit eines Schluffes in A bhängigkeit 
von der Zeit, m it und ohne Zugabe von Phosphorpentoxyd angegeben wurde..

Der E ffekt ist im  Falle von Böden mit verhältn ism äßig größeren K örnern  
stärker.

M i c h a e l s  und P u z i n a u s k a s  erläutern diesen  die Festigkeit in w esent~  
lichcm  Masse erhöhenden E ffekt auf die folgende W eise.

W enn m an einen nassen, bindigen E rd sto ff m it verdünntem  B itum en  
in einer im allgem einen üblichen Menge verm ischt, dann ist die M enge der 
Flüssigkeit im E rd stoff in  der Regel größer als die, die zum  Ausfüllen der Poren

B ild  7. E influß der M ischzeit und der Menge von P hosphorpentoxyd  auf die D ruckfestigkeit
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in  dem  verdichteten B oden  erforderlich is t . W ährend der M ischung dispergiert 
die n ich t benetzende -bitum inöse P hase in  der Form von kleinen Kugeln  
oder F äden  zwischen den Körnern oder den aneinander haftenden K örnerhau
fen ; der Yerm ischungsgrad (der durch den durchschnittlichen D urchm esser der 
K ü gelch en  und durch die G leichförm igkeit der Verteilung charakterisiert 
w erd en  kann) und das Zerbröckeln der anhaftenden K örnerhaufen h ängt von  
der Z eitdauer und der W irksam keit der M ischung ah. W ährend der Verdich
tu n g  der Mischung verm indert sich der freie Flohlraum inhalt, ein Teil der 
flü ch tig en  Materialien (W asser und V erdünnungsm ittel) verdam pft; die disper
g ierten  B itum enteilchen werden zu Fäden und Plättchen zusam m engepreßt 
und fü llen  einen großen T eil des H ohlraum inhalts aus. Infolge der Kapillar-

B ild  8. B itum en im  stab ilisierten  E rdstoff, а — ohne flächenaktive B eim engungen; 
b — m it fläch en aktiven  Beim engungen

kräfte  beschränkt sich die A sphalt-Phase au f die größeren Poren und K anäle, 
w ährend  das W asser die Poren des F einstoffes der Bodenm asse ausfü llt. D ie 
M ischung ist in dieser Phase ein dichter H aufen von Körnern und K örner
k lu m p en , die mit W asser befeuchtet sind und von  mehr oder w eniger zusam 
m enhängenden B itum enteilchen  eingeschlossen sind (Siehe B ild  8). N ach  der 
T rock n u n g  der M ischung würde zwar die Schrum pfung eine w eitere D ispersion  
herbeiführen , dieser Prozeß wird aber durch die gleichzeitige E rhöhung der 
V isk o s itä t  verhindert. W enn der Boden keine eigene K ohäsion b esitz t, ruft 
die A dhäsion  des B itum ens zum B odenteilchen  in der Masse w ährend der 
E vap o ra tio n  des W assers K ohäsion hervor. D ie entstandene F estig k e it wird 
annähernd  proportional dem  Verhältnis aus den m it B itum en ausgefüllten  
P oren  und  dem ganzen Porenanteil sein. W enn wir dagegen zuin bindigen  
B od en  B itum en m ischen, dann wird es zwar an einen Teil der K örner haften, 
jed och  während des Trocknens verhindert es teils die Bindung zw ischen den 
B od en teilch en , und da die F estigkeit der B indungen viel größer als die Adhä
sion zw ischen  dem B itum en und den T eilchen  ist, wird die trockene F estigkeit 
der M ischung abnehm en.
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ESTIMATING MATRIX-DISPLACEMENT SOLUTIONS OF 
TWO-DIMENSIONAL PROBLEMS BY LARGE ELEMENT

TECHNIQUE

R. SZ IL Á R D *

[M anuscript received: A ugust 22, 1968]

Based on the general convergence criteria o f  the finite e lem en t solution  of 
stress and displacem ent problem s o f continua, the concept o f “ large” d iscrete  elem ents 
is introduced. For the derivation of the stiffness coefficients, no prescribed displacem ent 
pattern is forced upon the discrete elem ents; the node points are m erely  m oved with 
un it m otions. The com patib ility  o f the stresses and strains w ithin th e  elem ent and 
at the edges o f the adjoining elem ents is m aintained by solving the p er tin en t differen
tia l equations o f the theory of e lastic ity  for unit nodal d isp lacem ents u tiliz ing the 
M ethod of Im ages. A sym m etrical stiffness m atrix  is obtained by v ir tu a l w ork of the 
edge forces. N um erical exam ples com pare the solutions of tw o-d im en sion a l stress 
problem s using sm all and large elem ent approaches and analytical so lu tio n s. The con
vergence characteristics o f the large elem ent approach are m arkedly d ifferent from 
those of the sm all elem ent approach; i.e ., instead of an a sym p totic  convergence, 
the correct solution  is at one “ optim um ” elem ent number which can  be determ ined  
b y  a sim ple graphical m ethod. I t  is illustrated  th a t by the use of large elem ents the 
order of the stiffness m atrix can be considerably reduced, while the o b ta in ed  accuracy 
is sufficient for estim atin g  purposes. T echniques for improvement o f th e  accuracy are 
outlined.
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Sym bols

The follow ing sym bols were adopted for use in this paper:
edge dim ensions o f fla t discrete elem ents in X  and У  d irection s, respectively  
vector of edge displacem ents due to unit m otion at node j  

, l node points
thickness o f  the elem ent 
edge length
surface loads in local coordinate system  

nXy m embrane forces per unit length  
tim e
displacem ent com ponents in local coordinate system  
m atrix representing H ooke’s law  
Y oung’s m odulus of elasticity  
vector o f edge forces
stiffness m atrix  o f the total system  in general reference coord in ate  system
m atrix expressing H ooke’s law
m om ent about Z  axis in local coordinate system
concentrated loads in local coordinate system
vector o f the forcing function in general reference coordinate sy stem
potential energy
volum e

Z  axes o f local coordinate system
Z  axes o f orthogonal general reference coordinate system  

shear strain
generalized vector of nodal displacem ent
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unit elongation in  X  and У directions, r esp ectiv e ly  
angle change
finite difference m e sli size for square grid 
Poisson’s ratio
element stiffn ess m a tr ix  in local coordinate sy stem
normal com p on en ts o f  stress
stress vectors
in-plane shearing stresses
mass m atrix o f  th e  to ta l  structure in general reference coordinate system

in the direction o f  X ,  Y  axes
reaction (m otion , force) at point i due to cause (m otion , force) at poin t j

M a t r ix  Notations

rectangular m a tr ix  
[ j 1 inverse m atrix
{ ) column m atrix
{ )'r transposed co lu m n m a tr ix  (row)

1. Introduction

T he Matrix D isp la cem en t Method [1, 2] based  on the use o f  stiffness 
m atrices is one of the m o st prom ising approaches to  the economical solution  
o f  co m p lex  static and d y n a m ic  problems o f con tin u a . This m ethod uses 
d iscrete  elements and y ie ld s  d irectly  sym m etric p ositive-defin ite  stiffness or 
“ d y n a m ica l” matrices w h ich  are heavily p osition ed  along the principal dia
go n a ls . These properties o f  large matrices are o f  b a sic  im portance in inversion  
o f  large matrices and in  o th er  operations, such as obtain ing eigenvalues and 
eigen vectors.

Because of the d iff ic u lty  and expense in v o lv ed  in computer solutions 
w ith  large matrices, th e  a d v a n ta g es of a reduction in  the order of the stiffness  
m a tr ix  are obvious. In  th e  analysis of actual stress problems, especially  in  
sh ell structures, stiffness m atrices in the order o f  1 5 0 0 x 1 5 0 0  and larger are 
not uncom m on even after th e  utilization o f p ossib ilities such as structural 
sy m m etry , coarse su b d iv ision , reduction of the num ber o f degrees o f freedom , 
e tc . On the other hand, in  order to obtain accep tab le  results ( ^ 5  percent 
d iscrep an cy  from the th eo re tica l solutions) in cases o f  two- and three-dim en
sion a l stress problems b y  u sin g  discrete element m eth od , a relatively fine sub
d iv is io n  is required. T hus, th e  requirements concern ing  the accuracy o f the  
resu lts  and those of the a p p lica b ility  and econom y o f  the conventional M atrix 
D isp a cem en t Method are contradictory.

Furthermore, p resen tly  there is an acute n eed  in m atrix-displacem ent 
a n a ly s is  o f  large system s to  obtain  an independent check to detect possible  
m achine errors. For such ch eck in g  or estim ating purposes a considerably larger 
p ercen tage  of error ( 1 0  to  2 0  percent) than the ^ 5  percent generally used in 
d esig n , can be considered perm issib le. To satisfy  th ese  needs, the prime objec
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tiv e  o f  this paper was to reduce the order o f  th e  stiffness m atrix considerably, 
while m aintaining for estim ating purposes acceptable accuracy in the results.

These objectives have been achieved by introducing the Large E lem ent 
concept in the derivation  o f the stiffness coefficien ts. Although the derivation  
of stiffness coefficien ts for “ large” tw o-dim ensional elem ents is treated  in 
detail in the fo llow ing discussion, the m ethod introduced is general. T hat is, 
basically, the sam e approach can be used in th e  derivation of the bending stiff
ness coefficients o f  “ large”  shell elem ents and in  the derivation o f the stiffness  
coefficients of “ large” three-dim ensional d iscrete elem ents.

2. Large elem ent versus sm all elem ent approach

In the d iscrete elem ent representation o f continua, the continua are 
replaced by d iscontinua in the form o f an assem blage o f discrete elem ents  
joined at the node points, where continuity  is expressed and where the sta ti
cally  and k inem atically  equivalent generalized forces act. Thus, the differential 
oquations o f m otion  o f a continuum  can be w ritten  in m atrix form using an 
erthogonal general reference coordinate system  X ,  Y ,  Z :

{«ад}+[K,7:r  {MJk m }  =  I*//]-1 {pm)} (!)

where represents the generalized vector o f nodal displacem ent and
[P,(t)} is the generalized tim e-dependent vector o f  the nodal forces. [JCy] is  
the square m atrix  o f  the stiffness coefficients o f  the assem bled continuum  
expressed again in  the general reference coordinate system , and [M/^] is the  
mass m atrix. The dots in E q. (1) indicate the derivatives o f the d isplacem ents 
w ith  respect to tim e.

Invariant (w ith  respect to tim e) loads transform  the dynam ic problem  
described by E q . (1) in to  a static problem; so we can write

{d/} =  [Xi;.)-1{Py}. (2)

T hus, the static problem  o f the continua can be considered a specific case of 
forced vibration. C onsequently, the solution  o f dynam ic problems au tom atic
ally yields the sta tic  solution. The key to th e  solution  of Eqs (1) and (2) is 
the stiffness m atrix  [Ey,] assembled from th e stiffness coefficients o f  cor
responding elem ents.

In order to  effectively  represent the continuum  by d iscontinua, i.e ., 
the solution converges to  the correct answer, certain requirem ents m ust be 
satisfied . M athem atically , the discrete elem ent representation o f the con
tinuum  strongly resem bles the R itz M ethod w idely  used in the solution  o f
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various stress problems in th e  theory o f e lastic ity . Thus, the m ost general 
•criterion o f the discrete elem ent approach is:

1. The tota l energy o f th e  substitu te  system , obtained b y  assem bling  
d iscrete elem ents, m ust be equal to th at o f  th e  original continuum . Hence, 
it fo llow s that

П
^real ~  ^  ^discrete (3)

1

w here U  represents the p o ten tia l energies.

S ince the potential energy of the su b stitu te  system  is expressed by the 
stiffn ess m atrix, the follow ing specific criteria are required concerning the  
stiffn ess m atrices o f the d iscrete elem ents:

2. The idealization o f elem ents (such as replacing shells b y  a network  
of bars) should he avoided since the effect o f idealization  errors on the accuracy  
o f  th e  discrete elem ent solution  is disproportionate.

3. A close sim ilarity betw een  the final deform ation region o f the discrete  
e lem en ts  and th at of the corresponding region o f the original continuum  m ust 
lie m aintained .

4 . The com patib ility  and continu ity  o f  all displacem ents and stresses 
w ith in  th e  fin ite elem ents m ust be m aintained.

5. The com patib ility  and continu ity  o f  all displacem ents and stresses 
along th e  edges of adjoining elem ents m ust be m aintained.

6 . The macroscopic equilibrium  o f the elem ent must be satisfied .
7. The generalized forces acting at th e  node points m ust be sta tica lly  

and k inem atica lly  equivalent to  the distributed forces th ey  replace.
T he stiffness coefficien ts o f  “ sm all” discrete elem ents are obtained by  

using a D isplacem ent M odel [2]. This is done by prescribing certain edge 
disp lacem ents, which result in a unit m otion (one m otion at a tim e) o f the  
node p o in t, while the other node points and edges are held fixed . The defin ition  
o f th e  stiffness coefficients based on the potentia ls o f the internal forces [3] is

o h = S v {ai}T{ej } dV  (4)

w here Q/j is the elem ent stiffness coefficien t expressed in a con ven ien tly  
located  loca l orthogonal coordinate system  X , Y ,  Z; jcr,} represents th e  vector  
o f th e  stress field  due to the im posed unit m otion o f node i; and is the
com p atib le  strain vector due to  the unit m otion  o f node j .  The integration  
•extends over the volum e, V, o f  the discrete elem ent.

T he first critical phase in  the derivation o f the stiffness coefficien ts of 
sm all d iscrete elem ents is the selection  o f su itab le edge displacem ent fu n ction s, 
w hich assures the m onotonie convergence o f th e  m atrix solutions to  th e  exact
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solutions as the num ber o f the small discrete elem en ts is increased. In the case  
o f tw o-dim ensional continua considering o n ly  in-plane internal forces, the  
in-plane deflection  curves in a small region can be well approxim ated by  
straight lines.

On the other hand, i f  in the derivation o f  elem ent stiffness coefficien ts  
on ly  unit m otions o f  the nodes are introduced and the rest o f the elem ent 
(including the edges m oved) is perm itted to deform  freely, then th e  elem ent 
behaves as an assem blage o f  m any small e lem ents; therefore such a discrete

297

Fig. 1

elem ent is called a “ large” elem ent. A large elem ent can replace num erous 
sm all elem ents and thereby result in a m arked reduction in the order o f  the  
stiffness m atrix. As previously discussed, th is requires that there he close 
sim ilarity in the final deform ation patterns o f  the original and su b stitu te
system s.

In order to achieve com plete com patib ility  and continuity o f  d isp lace
m ents and stresses not on ly  at the node poin ts hut also along the edges o f  
the discrete elem ents, the Method of Im ages described by T i m o s h e n k o  [ 4 ]  

for solution o f certain p late problems was exten d ed  to yield m em brane and 
bending elem ent stiffness coefficients for large elem ents. Instead o f  working 
w ith an elem ent o f  size a X 6 , a fin ite elem ent o f  size 2a X 26 was used as shown  
in Figure 1 . Since four identical elem ents are involved , this approach yields 
four tim es the value o f  a stiffness coefficient th a t corresponds to one elem ent. 
C ontinuity betw een the adjoining four elem ents is m aintained as th e  node 
point located at the center o f  the assem blage is m oved. Thus, the com p atib ility  
and continu ity  o f  the stresses and d isp lacem ents are satisfied “ ah o v o ” .
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3. Derivation of m em brane stiffness coefficien ts for large elem ents

In  order to obtain  th e  previously described large elem ent b eh av ior o f  
th e  d iscrete  elem ents used in  th e  solution o f tw o-dim ensional stress problem s, 
a u n it translation in the X  direction is in troduced  at node i (F igure 1) and 
th e  e lem en t is perm itted to  deform according to m athem atical fu n ction s, 
w h ich  are the analytical so lutions of the pertinent differential eq u ation s of 
th e  th e o r y  o f elasticity . In  th e  case of the problem  under in vestigation , these  
d ifferen tia l equations are [5]:

and

8 2 u  t 1 — V  8 2  и  1 +  *1

Эх2 2 8 y2 2

d2v

dxdy

1  v2

Eh
P x

d 2 v  ^  1 — V Q2 v  t 1 +  r  8 2 и  

8 у 2 2 Эх2 2 ЭхЭу

1 V 2

Eh Ру

(5)

( 6 )

w h ere u (x , у )  and v(x, у )  are the d isplacem ent com ponents in the X  and У  
d irectio n s, respectively, due to  p x and p y, th e  external surface forces. The 
th ic k n e ss  o f  the elem ent is h. Y ou n g’s m odulus o f  elasticity  is E ,  and P oisson’s 
ratio  is  represented b y  v.

T h e  conjugate generalized force producing unit displacem ent at node i 
is fou r tim es larger than  th e  force required to  induce unit translation  o f a 
node p o in t o f an elem ent o f  size a X b. Since b o th  the load and th e  structural 
e le m e n t are sym m etrical in actual com putation , the Method o f Im ages is 
used  o n ly  to  determ ined th e  boundary cond itions o f  the d isplacem ents along  
th e  ad jo in in g  edges i j  and ik  (F ig. 1).

T h e  geometric boundary conditions o f  th is tw o-dim ensional stress 
problem  are:

0

оIIII** 8  и
=  0 ,at X =

8 y

и Ф  0 , 8  u
¥ = o ,at X = a ---- -

v =  0 , 8 y

du
¥ = o ,at У = 0

ОII»IIa

9У

и ф  0 , du
Ф  o .at y  = b —

v — 0 , 9y

(?)

( 8 )

(9)

( 10)

T h e graphical representation  o f these boundary conditions is g iven  in 
F igure 2 . Thus for u and v d isplacem ent com ponents, the edges th a t m oved  
due to  th e  unit m otion o f  node i behave as “ guided” , while the unm oved
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edges are sim ply supported. The d isp lacem ents w ithin the “ im age”  elem ent 
resem ble those of a corresponding netw ork  o f cables (Fig. 2). T he boundary  
conditions for unit translation o f node i in the Y  direction can be sim ilarly  
obtained by substituting y  for x and v for u.

The displacem ent coefficients (u, v) w ithin the image elem en t can be 
calcu lated  either from the fin ite difference solution of Eqs (5) and (6 ) or from

299

R itz ’s m ethod based on the m inim ization  o f the total energy. A lth ou gh  this 
work uses the fin ite difference m ethod to  obtain higher accuracy, th e  applica
tion  o f  R itz ’s m ethod is recom m ended.

T he internal potentia l expressed b y  E q. (4) is the scalar product o f  two 
vectors having the sam e direction. In case o f  stretching o f f la t  e lem ents, the 
stress vector can be w ritten as

du,
a x 1  v 0

dx

E d v:
ay = --------  X r 1 0 X —

1 r2 9У
I p

T 0  0
du, ^ Эи,-

L 2  J 9y Эх

where ax and ay are the normal stresses, and т is the shear stress actin g  in the 
plane o f  the elem ent.
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The com patible stra in  vector is obtained b y  introducing a unit m otion  
at node point j ,  as show n in Fig. 3, and b y  determ ining the d isplacem ent 
com ponents as described above. Thus, the stra in  m atrix  o f the com patib le  
displacem ent field is

exj
duj
3x

8  Vj
Eyj

8 y

Quj dv j
Vi

__ /_
. 9У Эх

( 12)

w here £x and ey are th e  stra ins in the X  and Y  d irections, respectively, and 
y  represents the angular distortion.

The required m acroscopic equilibrium o f  th e  elem ent in the form  o f

2 J P x ^ - 0  о V  m z ^  о (13)

can be satisfied only i f  th e  displacement field  Í e }̂ is com patible w ith  the  
stress field  {cr,}. E quation  (13) gives a valuable in term ediate check of accuracy  
o f th e  stiffness coefficien ts. The use of such in term ediate checks is h ighly  
recom m ended.

Since the virtual w ork expression of the stiffn ess coefficients given in 
E q. (4) can be w ritten in  term s of either stresses or strains, the follow ing  
equation  can be w ritten:

Q t j  =  j v { ° , } T [ Л В Д  dV  =  j ( {г,-}7- [ B ] { s j }  d V  (14)

w here [N ]  and [В] are sym m etrica l matrices representing the Hookean stress- 
strain  relationship. Since b o th  matrices are sym m etrica l

Qij  =  Qji  (15)

the resu lting elem ent stiffn ess m atrix is also sym m etrical.
Since the virtual w ork o f  the internal forces expressed by the right side 

o f E q . (4) m ust be equal to  th e  virtual work o f th e  edge forces, we can write

Qu =  J „  { ° . У Ы  dV =  { F i } T{ d j j  dl (16)
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w here the m atrices o f  the distributed edge forces and edge d isplacem ents are:

{ Fi } T =  {"*. nyi nxyi} and {d j} ( 1 ‘ )

The notation  o f the edge forces and edge displacem ents in Eq. (17) conform s  
to  the standard notation  used in the pertinent literature and is illu strated  
in Figure 4. The resulting edge d isplacem ents are shown in Figure 3.

A further check, which is recom m ended for elim ination o f num erical 
errors, is the pointw ise satisfaction  o f M axw ell’s law of reciprocity o f  forces 
and displacem ents.

Since the solution o f static and dynam ic problems o f tw o- and three- 
dim ensional continua by the M atrix D isplacem ent Method is ex trem ely  sen
sitive  to  the correctness o f  the stiffness coefficien ts, it is considered m andatory  
th at in addition to the interm ediate checks m entioned above, th e  stiffness 
coefficien ts m ust be checked on test problem s w ith  known analytical solution  
before th ey  are applied to actual problem s. These tests must also include the 
in vestigation  o f convergence characteristics.
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4. Numerical values

Num erical va lues o f  stiffness coefficients o f  “ large” square tw o-d im en
sional elem ents have been  obtained utilizing ordinary (vs. im proved) fin ite  
difference solutions. T he deflection  com ponents u(x, y )  and v(x, y )  were cal
cu lated  from the f in ite  difference solution o f E qs (5) and (6 ) by introducing  
a u n it translation o f th e  n od e point and b y  assum ing v =  0.3. The sym bolic  
arrangem ent of this f in ite  difference solution is illu strated  in Fig. 5. The num er
ical results utilizing a 6 x 6  fin ite  difference m esh is shown in Fig. 6 . To check  
th e  resu lt, the sam e problem  was solved b y  4 x 4  sm all discrete elem ents, 
using  stiffness coefficients o f  good convergence characteristics (Fig. 7). A lthough  
coarse subdivisions w ere u sed  in both m ethods, th e  tw o independent solutions 
show  acceptable agreem ent.

The distributed edge forces along the edges i j  and ik tvere obta ined  by  
f in ite  difference m ethod from  the pertinent d erivatives of the displacem ent 
com ponents:
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Eh  / du  ̂ dv 

2  ( 1  -|- v) ( dy  dx («)

(!«)

The results o f these com putations are given in Fig. 8 . The equilibrium  check 
based on the edge forces and th e  pointw ise satisfaction  o f M axw ell’s reciprocity 
theorem  yielded satisfactory  results, indicating no num erical errors in the 
com putation.
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Discrete Element

I
i

Sign convention

F ig . 8
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In assigning the distributed edge forces as equivalent concentrated  forces 
to  the nodes, the v irtual work o f the edge forces based on Eq. (16) w as applied. 
The num bering system  and sign convention  are shown in Fig. 9. T he resulting 
approxim ate stiffness m atrix for a square tw o-dim ensional large elem ent is 
given in Table 1. The macroscopic equilibrium  check based on E q . (13) was 
satisfactory.

General reference coordinate system 
of the continuum

Table 1

Approximate Stiffness Coefficients o f  a Large, Square , Two-Dimensional Element

> 2 3 4 5 6 7

1 0,2652
2 0,0808 0,2652

3 -0 .1 5 0 5 0.0339 0,2652 S Y M M E T R IC

4 0,0339 0,0235 - 0 ,0 8 0 8 0,2652

5 0,0912 0,0808 0,0235 0.0339 0,2652
6 - 0 .0 8 0 8 - 0 ,0 9 1 2 -0 ,0 3 3 9 -0 ,1 5 0 5 0,0808 0,2652

7 - 0 ,0 2 3 5 - 0 ,0 3 3 9 0.0912 0,0808 0.1505 0,0339 0,2652

8 0,0339 — 0,1505 0,0808 -0 ,0 9 1 2 — 0,0339 -0 ,0 2 3 5 — 0,0808

a) For num bering system  and sign convention, see Figure 9.
b) If V  7 Í  0. 3, approxim ate values can be obtained using Eh/1 v 2 m ultip lieator.
c) a — b.
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5. Convergence characteristics and accuracy

T h e accuracy and th e  convergence characteristics of the large elem ent 
stiffn ess  m atrix were in v estig a ted  using tw o te s t  problem s. The first o f  th ese  
is  th e  deep beam problem . The solutions w ere te s te d  against the centerline  
d eflection  o f a deep can tilever  beam loaded w ith  concentrated load (F ig . 10), 
w h ich  w as obtained from  th e  theoretical so lu tion  o f the problem [5]:

w(x) =
P x 1

6E l

P U x  P L 3 P  (Д /2)-’

2 E l  ЪЕ1 2 IG  ( x)

I f  у =  0.3, the m axim um  centerline d eflection  at x  =  L is

P
w max 39,8

Eh

(19)

20 )
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This test problem  was selected because o f  its sensitivity to th e  correctness 
of th e  in-plane stiffness coefficients. F ig. 11 shows the convergence character
istics for both sm all and large fin ite  elem ents. As expected, th e  convergence  
ten d en cy  o f large elem ents is opposite th a t o f  the sm all elem ents. T hat is, 
when a small num ber o f large elem ents is used , the solution approaches the  
theoretical solution; but when the num ber o f  elem ents is increased, it a sym p to
tica lly  approaches approxim ately 1 . 8  tim es th e  theoretical so lu tion , 1 w hich is 
con sisten t w ith  the ratio o f the work on th e  edge forces in a case o f  curved  
and straight line edge deflection

—  ~  1,89 . (21)
W\

There is an optimum  number o f  large elem ents which results in a solution  
rela tively  close to  the exact solution.

A  second test case, stretching o f  a p late  w ith  concentrated load , as shown  
in  F ig . 12, w as also selected  for testin g  th ese characteristics. F ig . 13 shows 
th e  edge deflections for th is force for both  large and small elem ents. T he results 
are consistent w ith  those o f  the deep beam  problem discussed above.

The optim um  large elem ent num ber can be determ ined b y  a simple 
graphical approach illustrated in Fig. 14. U sing lim ited, but su ffic ien t number 
o f large discrete elem ents the first part o f  th e  convergence curve can be plotted . 
Then the convergence curve is extrapolated  w ith  relative ease to  obtain  its 
asym ptotic portion. Since the asym p tote o f  the convergence curve is at 1.6 
to  1 . 8  tim es th e  exact solution (2 1 ) th e  in tersection  o f such a band w ith  the 
convergence curve locates the optim um  num ber o f elem ents. T he solution  
pertinent to the optim um  number is th e  sought approxim ate va lu e .

1 Conforming stiffness coefficients such as those derived assure m onoton ie  convergence  
characteristics.

Acta Technica Academiae Scienliarum Hungarian? 68, 1970



308 R. SZILÁRD

6 . Conclusions

A lthough neither th e  test problems nor the accuracy of the approxim ate  
stiffness coefficients have been  favourable, th e  obta ined  results indicate th e  
potentia l  o f  the proposed L arge Elem ent M ethod for a considerable reduction  
in th e  order o f the stiffness m atrix.

T he accuracy o f the m ethod , as presented, is acceptable only for checking  
or estim atin g  purposes. I ts  accuracy, however, can be considerably im proved  
b y  using

— finer subdivisions, coupled with an im p roved  fin ite difference te c h 
nique [6 ] to  generate stiffness coefficients;

— im proved disp lacem ent functions ob ta in ed  through energy m ethod;
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m athem atical expressions for various convergence curves and for 
locating analytically  the optimum  number o f elem ents; 

additional large elem ents w ith free edges.
Finally, there is a current need for a sim ple independent check o f Matrix 

D isplacem ent solutions involving large matrices to detect round-off errors 
and errors produced by ill-conditioned m atrices, etc. The m ethod, in its present 
form , provides for th is need, and its dem onstrated potentia l w arrants further 
research in this field .
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Schätzung der M atrix-Yerrückunglösungen von zweidim ensionalen Aufgaben m it Hilfe 
des Großelementenverfahrens. Aufgrund der allgem einen K onvergenzkriterien, die sich auf 
die Lösung der Spannungs- und Verrückungsaufgaben der K ontinua m it H ilfe von endlichen  
E lem enten  beziehen, le ite t  der Verfasser den B egriff der »Großelemente« ab. Bei der Erm it
telung der Steifheitszahlen wird keine vorgeschriebene Verrückungsform den diskreten Ele
m enten aufgezwungen; die K notenpunkte führen nur Einheitsverrückungen durch. Die K om 
p a tib ilitä t der Spannungen und Verform ungen die sich im inneren und an den Rändern der 
anschließenden E lem ente entw ickeln , wird m it H ilfe der Spiegelb ildm ethode durch auf die 
Einheitsverrückung des K notenpunktes bezogene Lösung der betreffenden D ifferentia lg lei
chungen der Theorie der E lastizitä t gesichert. Für die virtuelle Arbeit der R andkräfte er
halten wir eine sym m etrische Steifheitsm atrix. Zur Vergleichung des zweierlei Verfahrens, 
d. h. Lösungen der zw eidim ensionalen Spannungsaufgaben m it Hilfe der G roßelem entenm e- 
thod e und der analytischen M ethode, werden Zahlenbeispiele m itgeteilt. D ie K onvergenz
kennw erte des G roßelem enten-N äherungsverfahrens weichen w esentlich von  denen des Klein- 
elem enten-N äherungsverfahrens ab; anstelle einer asym ptotischen K onvergenz findet sich 
die exakte  Lösung an einer optim alen Zahl der E lem ente sta tt, die m it H ilfe eines einfachen  
graphischen Verfahrens erm ittelt werden kann. Es wird nachgewiesen, daß durch Anwendung 
der Großelemente die Ordnung der Steifheitsm atrix  w esentlich reduzierbar ist, jedoch bleibt 
die erreichbare G enauigkeit, vom  G esichtspunkt der Schätzung aus befriedigend. Einige, 
für Erhöhung der G enauigkeit dienende Verfahren werden dargestellt.
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Приближенные решения с матричным сдвигам двумерных задач с помощью крупно
элементного метода. (Р. Силард). На основе общих критериев сходимости, касающихся 
решения с помощью конечных элементов задач напряжения и сдвига континуумов, автор 
выводит понятие «крупных» дискретных элементов. При выводе коэффициентов жесткости 
для дискретных элементов не предусматривается никаких заданных образов сдвига; узло
вые точки выполняют только единичный сдвиг. Компатибильность напряжения и дефор
мации, имеющая место внутри элемента, а также на краях примыкающих элементов 
должна быть обеспечена применением метода зеркального отображения действительного 
для них дифференциального уравнения теории упругости, вернее путем решения, каса
ющегося равновесного сдвига в узловой точке. Для виртуальной работы краевых усилий 
получается симметричная матрица жесткости. Автор для сревнения двух различных ме
тодов решения двумерных задач напряжения, а именно приближенного метода малых и 
крупных элементов, а также аналитического метода приводит числовые примеры. Харак
теристики сходимости крупноэлементного приближенного метода решения в значительной 
мере отличаются от характеристик сходимости малоэлементного приближенного метода 
решения; вместо асимптотической сходимости точное решение имеет место при некотором 
«оптимальном» числе элементов, которое можно определить при помощи простого графи
ческого метода. Автор доказывает, что применением крупных элементов можно значительно 
сократить порядок матрицы жесткости, но при этом достигнутая точность является доста
точной для целей оценки; после чего схематически описываются некоторые методы, служа
щие для повышения точности.
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ÜBER STABILISIERENDE UND DESTABILISIERENDE
WIRKUNGEN

J. BARTA*

DOK TO R D ER  TECH N ISCH EN  W ISSEN SCH A FTEN  

[Eingegangen: 15. Ju li 1969]

E s werden B eispiele aus der Stab ilitätstheorie der Ruhestellung eines e lastischen
Gebildes angeführt, um  zu zeigen, daß die W irkung der Däm pfung, der V ersteifung
und des auslenkunghindernden Zwanges n ich t im m er stabilisierend, sondern zuweilen
destabilisierend ist.

D ie vorliegende A rbeit bezieht sich au f die Stabilität der R uhestellung  
eines elastischen G ebildes. Man ist geneigt zu verm uten, daß die W irkung

a) der D äm pfung,
b) der V ersteifung,
c) des auslenkunghindernden Zwanges

immer stabilisierend, d. h. günstig für die S tab ilitä t der R uhestellung des
elastischen Gebildes sei.

D iese V erm utung wurde im Fall a) von  Z i e g l e r  [1] w iderlegt. Er hat 
näm lich nachgew iesen, daß eine geschw indigkeitsproportionale D äm pfungs
kraft, falls die an dem  elastischen Gebilde angreifende Last n ich tkonservativ  
ist, unter U m ständen destabilisierend wirken kann.

Zugunsten der Verm utung im Fall b) lieg t in der Literatur [2] ein Satz  
vor, der besagt: »Ist die an dem elastischen G ebilde angreifende L ast konser
va tiv , und wird an irgendwelchen Stellen des elastischen Gebildes die S te ifig 
keit erhöht und nirgends erniedrigt, so können säm tliche E igenw erte (also  
auch der kleinste E igenw ert, d. h. die K nickkraft) nur größer oder w enigstens  
nicht kleiner werden; das U m gekehrte gilt bei Erniederigung der Steifigkeit.«  
Dieser Satz ist aber ohne nähere Um schreibung des elastischen Gebildes offen
bar falsch. D enn z. R. bei dem in Rild 1 veranschaulichten  elastischen Gebilde 
ruft der kritische W ert P и der Last P  die gestrichelt gezeichnete K nickung  
hervor. W ird die S te ifigkeit des unteren K ragbalkens erhöht, so wird Pu 
kleiner, w as dem zitierten  Satz w iderspricht. D am it hat sich die V erm utung  
auch im Fall b) als fa lsch  erwiesen.

D ie V erm utung im Fall c) zu widerlegen, ist der Zweck der nachfolgenden  
Erörterungen. D azu w ollen wir zeigen, daß im  F alle einer n ichtkonservativen

* Prof. Dr. techn. J . B a r t a , József-körút 35, Budapest  V I I I ,  Ungarn.
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L ast der auslenkunghindernde Zwang unter U m ständen  destabilisierend wirken  
k an n . D ies wird an H and des unten angeführten ersten Beispiels geschehen. 
In einem  zweiten B eispiel w erden wir dagegen sehen, daß ein ähnlicher Zwang  
stab ilisieren d  wirkt.

IP

B ild  1. Der vertikale S tab  des elastischen G ebildes erleidet eine K nickung

Erstes Beispiel

D as in Bild 2 veranschaulichte ebene elastische Gebilde besteht aus zwei 
g le ich en  hom ogenen starren Stäben und zw ei gleichen elastischen G elenken. 
D as eine Gelenk verbindet die zwei S täbe, das andere Gelenk knüpft den

B ild  2. Die R uhestellung und  
die ausgelenkte Stellung

B ild  3. K räftespiel während 
der Auslenkung

un teren  Stab an den festen  Untergrund. Jeder Stab hat die Masse m. Jedes 
G elenk is t  durch die Federkonstante Г  charakterisiert. Die Last b esteh t aus 
einer einzigen äußeren K raft P , die am freien E nde des oberen Stabes stets  
in der R ichtung des oberen Stabes angreift. D as Gewicht soll außer Acht 
gelassen  werden. Man soll den kritischen W ert P^ berechnen.

Zur Lösung dieser A ufgabe sei die k inetische Methode verw endet, denn  
die L ast ist n ichtkonservativ. Es wird also der Bew egungsvorgang b etrachtet, 
der durch eine hinreichend kleine Störung (Anfangsauslenkung und A nfangs
geschw indigkeit) hervorgerufen wird. D ie A uslenkung aus der R uhestellung  
is t  durch die W inkel <x und ß  charakterisiert. D as K räftespiel ist in B ild  3
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veranschaulicht. D ann lauten  die kinetischen Gleichungen (Schw erpunktsatz  
und M ornentensatz) für den oberen Stab

m |/a-f-

—  ß " =  H + ^ - ß V  Ш  * ) ,
12 2 2

- y ß \  =  P ß + H ,

für den unteren Stab

™/' * " =  I H + l x V + r i ß  2a) .

E ine w eitere G leichung, die hier nicht angeführt ist, liefert V  — P .  Aus diesen  
Gleichungen elim iniert man H  und V, und erhält so das D ifferentialgleichungs
system

4 1 Г  Г
-----mix А--------miß' = Р х  P ß  2 ~ «  +  в,

3 2 1 1
( 1 )

2  .. Г  Г
mix  -j------- miß - 2 -----X 2  ß .

3 / /

U nter einer Lösung des System s (1) versteht m an ein Funktionenpaar

« (* ) ,  ß ( t ) i  ( 2)

das dem System  (1) genügt. Die R uhestellung nach Bild 2 ist dann und nur 
dann stab il, wenn die Funktionen (2) bei jeden  Anfangswerten a(0). ß(0), 
a'(0), ß'(0)  für jedes t, auch für t —*■ oo, endlich bleiben (Forderung F). Es fragt 
sich also, bei w elchen W erten von P  diese Forderung erfüllt ist. Um diese 
Frage zu beantw orten, betrachten wir den Fall, wo die Lösung (2) die Form

X =  Ae"’1, ß  =  Веш1 (3)

hat. W ird (3) in (1) eingeführt, so entstehen  die Gleichungen

4
mim2A  -|— —  mlm2B  = P  2 — А P

Г

3 2 / 1

mim2А  +  —  mim2В =  2 — А  - 2  - В .  
3 / /
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D iese  sind  homogen linear in  bezug auf A  und B.  D ie notw endige und h in
re ich en d e Bedingung dafür, daß sie nicht nur die Lösung A  =  В  =  0 b es it
zen , is t

4 Г
— - mlœ2 P  +  2 -----

3 2

mlœ2 2 ---- -
/

1 Г---mlœ2+ P ------
2  I

2  Г
-----mlœ2 +  2 ----- -

3 /

=  0 ,

das h e iß t,

(mlœ2)2 +
108 F

7 l
mlœ2 —

36

7 l2
=  0 . (4)

D ies is t  eine algebraische G leichung vierten  Grades in œ (zw eiten Grades 
in со2). D ie  Forderung F  wird erfüllt sein, w enn keine der W urzeln oo4, œ2, œ3, œ4 
der G leichung (4) einen p ositiven  reellen Teil b esitzt. D ies wird, wie sich durch  
eine le ich te  Überlegung zeigen läßt, eintreffen, wenn

108 Г  30 л /1 0 8  Г  30 J 2 36 Г 2 n 

7 1 7 ~  ( 7 / 7 ] 7 Г-

is t , w oraus sich

~ < Р ^ - | - (  9 / 7 )  -j— (5)

erg ib t. D as Bestehen der U ngleichung (5) ist also notw endig zur E rfüllung der 
F orderung F, falls (2) die Form  (3) hat.

E s soll noch abgeklärt w erden, ob das System  (1) auch eine L ösung (2) 
h a t, d ie  n icht von der Form (3) ist. Deshalb elim inieren wir oc(t) bzw. ß(t) aus (1), 
w od u rch  eine D ifferentialgleichung für a(t) und eine für ß(t) entsteht:

m2 l2 <*'"’+  

m2 l2ß"" +

108 Г 30 , . 36 Г 2
P mix  -------

l 7 , 7 l2

Г 30 .... 36 r -
P miß  +  — —

l 7 7 r~

0 ,

0 .

( 6 )

(7)

W en n  m an die zu (6 ) und (7) gehörigen charakteristischen G leichungen ins 
A u ge fa ß t, so findet m an, daß sie m ehrfache W urzeln (das K ennzeichen dafür, 
daß (2) nicht nur von der Form  (3) ist) dann und nur dann b sitzen , wenn

P  = 4 - ( 9 ± F 7 )
D

г
T
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ist. D as System  (1) kann also eine Lösung, d ie n icht von  der Form (3) ist, 
höchstens dann haben, w enn

\У l

ist. Daraus und aus (5) fo lg t , daß in dem in B ild  2 veranschaulichten Fall

P k=  - j - (9 ±  Ь )  - y -  =  2 ,5 4 1 7 ^ -  ( 8 )

Bild 4. Die R uhestellung und die B ild  5. K räftespiel während der
ausgelenkte Stellung, w enn der Auslenkung
auslenkunghindernde Zwang Z 

angew endet wird

B etrachten wir nun den im  Bild 4 veranschaulichten  Fall. D ieser unter
scheidet sich von dem in  B ild 2 veranschaulichten  Fall nur darin, daß am  
oberen Endpunkt des elastischen Gebildes ein auslenkunghindernder Zwang Z  
angew endet ist. D ieser b esteh t darin, daß der obere Endpunkt des elastischen  
Gebildes geradlinig vertikal geführt ist. Zur E rm ittlung von P k sei wieder 
die kinetische M ethode verw endet. U nter der B enützung der Bezeichnungen  
der Bilder 4 und 5 lauten  jetz t die k inetischen Gleichungen

m  j -^ -a j  =  P x - \ -H  - \ - K  ,

ml~ l l  l
-------a ' =  —— H  — —  К  4 - —— x V  - 2 F x  ,

12 2 2 2

—  x = - l H + l x V  3 Г а .
3
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N a ch  E lim ination von H  und К  und unter Berücksichtigung v o n  V  — P  
ergib t sich

P  2,5 —  

x — ' 2  : *•
-----ml

3

A us dieser D ifferentialgleichung sieht m an, daß in dem in Bild 4 veranschau
lich ten  Fall

Л . =  2 , 5 y  (9)

is t . N ebenbei sei bem erkt, daß das R esu ltat (9) auch mit der statischen  
M eth od e hergeleitet werden könnte.

D er Vergleich des R esu ltates (9) m it dem  R esultat (8 ) führt zur F est
ste llu n g : Die Wirkung des auslenkunghindernden Zwanges Z  ist in diesem Bei
sp ie l  destabilisierend.

Allerdings ist das behandelte B eispiel nur aus prinzipiellen Gründen 
in teressa n t. Denn die D ifferenz zwischen (8 ) und (9) ist klein, ja sogar praktisch  
u n b ed eu ten d . Ein B eispiel m it krasserer D ifferenz liegt zurzeit noch n ich t vor.

Zweites Beispiel

D  as ebene elastische G ebilde ist ein an einem  Ende eingespannter schlan
ker S tab  von konstantem  Q uerschnitt. E I  ist die B iegesteifigkeit. D er Stab  
is t durch  eine an seinem  freien Ende stets in der R ichtung der T angente angrei
fen d e  D ruckkraft P  b e laste t (B ild  6 ). D as G ew icht soll außer A cht gelassen  
w erd en . Mann soll den kritischen  W ert P f berechnen. Die B erechnung wurde

B ild  6. Die R u hestellun g  und B ild  7. D ie R uhestellung und die
die ausgelenkte Ste llu ng  ausgelenkte Stellung, w enn der

auslenkunghindernde Zwang Z  
angew endet wird
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unter Verwendung der kinetischen M ethode von  B eck  durchgeführt [3]. 
Er fand, daß in dem in Bild 6  veranschaulichten Fall

P k =  2 0 , 0 5 ^ -  (10)

is t.

Nun sei am oberen Ende dieses e lastischen  Gebildes der Zwang Z  ange
w endet (Bild 7). In diesem  Falle liefert die k inetische (und auch die statische) 
M ethode das R esu ltat:

KÍ
P k =  2 0 , 1 9 - - ,  (11)

wie es schon aus d en  E rö rte ru n g en  von Be c k  u n m itte lb a r  h e rv o rg e h t [4].
Der Vergleich von (10) m it (11) führt zur Feststellung: Die Wirkung  

des auslenkunghindernden Zwanges Z  ist in diesem Beispiel stabilisierend.
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Stabilizing and Destabilizing Effects. This paper is concerned w ith  the equilibrium  
stab ility  o f elastic structures. B y means o f exam ples, it  shows that the effect o f  dam ping  
or stiffening or constraints applied against d isp lacem ent are not always stab ilizing but som e
tim es destabilizing.

О стабилизирующих и дестабилизирующих воздействиях (Й. Барта).  Приведены 
примеры из теории стабильности (устойчивости) при переведении упругой формы в ста
бильное состояние для доказательства того, что амортизация, придание жесткости и при
нуждение, предотвращающее элонгацию, не во всех случаях имеют стабилизирующее, а 
иногда дестабилизирующее действие.
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PARABOLOID SHELLS OF REVOLUTION 
STAR-POLYGONAL IN PLAN

P. CSONKA*
DOCTOR OF TECHN . SC.

[M anuscript received, March 9 1970]

Paper deals w ith  the statica l analysis o f paraboloid shells o f  revolu tion , the 
ground-plan figure o f  w hich resem bles a regular polygon, but has sides curved inward  
instead of straight ones. I t  is presum ed th a t the edge beam o f the shell is supported  
by a wall or by vertica l colum ns standing close to each other. A v ertica l force system  
equally distributed over the ground-plan area is assum m ed as being a loading. The 
arching of the shell’s edge line is set up in such a w ay as to enable th e  calculation  of 
the reduced inner forces by sim ple closed form ulae. Paper also states the principal values 
of the reduced inner forces, m oreover, it  determ ines the equation o f their trajectories. 
A numerical exam ple is given  to prove the sim plicity  o f the calculation.

1. Introduction

Under star polygon  a regular figure sim ilar to  regular polygons should  
be understood, th e  sides o f w hich are curved inward (Fig. 1).

Paraboloid shells o f  revolution  constructed over a star-polygonal ground- 
plan are relatively easy  to  analyze in case o f  vertical loads eq u ally  distributed  
over the ground-plan area. H ow ever, the analysis o f such shells is sim ple on ly  
w ith  the condition th at the curved sides o f  the ground-plan figure are appro-

Fig. 1. F ive-sided  star-polygon Fig. 2. Paraboloid shell o f revolu tion  constructed  
over a five-sided star-polygon

* Dr. PÁL C s o n k a , B artók В . ú t 31, Budapest X I . ,  H ungary.

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



320 P. CSONKA

p ria te ly  chosen and th e  edge beam  of the shell is supported by a w all or by  
vertica l columns set close to  each other (F ig. 2).

In the follow ing, th e  analysis o f paraboloid shells of star-polygonal 
ground-plan is based on th e  membrane theory o f  shells. C onsequently, the  
b ending and torsional forces o f the shell w all as w ell as those arising in  the  
v ic in ity  o f the shell edge, w ill be neglected. The bending and torsional forces 
to  w hich  the edge arches are subjected, as being insignificant, anyw ay m ay  
eq u a lly  be left out.

2. The star-polygon

2.1 . Equation o f the contour line

The shape of the re-sided star-polygon m ay be characterized in the polar 
coordinate system  0 (r, qr) b y  th e  equation

-2 -П
f (r ,  w)  =  A  1 —|- В ' cosn ç i+ C  =  0 

R- R"

in  w hich  -4, В and C are con stan t values (Fig. 3). To the latter such values  
m u st be attached th a t th e  ground-plan figure should have corner points  
(double points) at the required places. In order to  ensure this, it is necessary  
for f ,  dfjdr. 6 fjdfp to have zero value at the m entioned points, further, th at not

all th e  second dérivâtes o f  f  should be equal to  zero. A ll these requirem ents 
w ill be fulfilled, if

-4 =  1 ,

In th is  case, equation

f { r ,  У1)

В
2 re — 2
n

•)
71

2 rn 71— 2. . ---- cos n w ------------
n R n 71

( i )
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holds, which can also be expressed as

(p = -----arc cos
n

n R" n 2 r2

2 rn n R 2

Case of  n =  3

( 2)

I f  n =  3, equation (1) o f the edge line o f  the star-polygon takes the 
sim ple form

r- 2 r3 1
------- 1---------  cos 3<p —  =  0 (31
R 2 3 R' 3

which, after some transform ation, m ay also be w ritten

r 1 r sin 9 9+
l r

cos a
R I R

r
Ж

1

R

r

COS (J.

R
sin (f

Ж ’ R
cos (p

Above equation can be divided into three factors:

as follows:

1

Ж.
1

ж
0 .

(4)

1 2 cos о? =  0 ,
R

r
sin w +  

R

1

Ж
r

R
COS (p +

W  =  a '
r
---  Sin (f
R

1

Ж
r

R
COS (p

h

These are equations o f  three straights, intersecting each other at angles of 
60 degrees, which m eans th a t in the given case the star-polygon degenerates 
into an equilateral triangle (Fig. 4).

2.3. Case of n =  4

I f  n — 4, equation (2) o f the edge line o f  the star-polygon becomes

r2 1 r4 1
-  H----------------cos4<p----------=  0 .  (6)

R l 2 R* 2
H ow ever,

cos 4 <jp =  2 cos2 2<p — 1,
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so th a t the former equation  m ay be m odified as

r2 9  1—— cos Zw----—
R 2 Y 2

A ‘ +  i l
R 2 ]/2 I

9 I 1  Г~ 1----- C O Sif f iH -------—  • ------——
R- 1/2 R- )[ 2

0 . ( 7 )

D iv id in g  above equation in to  tw o factors we obtain the equations

r*

R 2

r2

R!2

cos 2 (p

cos 2<p-\-

1

w
1

Ж
r-

R 2

1

W

( 8 )

0 ,

representing two hyperboles. A ccordingly, in the present case, the star-polygon  
is bordered by hyperbolic arches (Fig. 5). The length o f the real half-axis 
o f th e se  is

JJ
a =  - r_  - aá 0,643 59 R  (9)

УУ2 +  1

\j \
\

\

F ig .  4. Tringular star-polygon Fig. 5. Quadrangular star-polygon

and th a t  o f  the im aginary half-axis is

b =  - = ^ =  c* 1,553 77 R .
У П - 1

( 10)

2.4. Geometrical representation o f  the star-polygon

T h e polar angle <p o f  arbitrary point P  o f the edge line ly in g  at a d istance  
from  origin  0  may be determ ined w ith  aid o f  equation (2 ) and so the edge line 
o f th e  star-polygon can be drawn w ith  the desired exactitude.
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H ow ever, instead  o f the above accurate m ethod, for practical pui poses it 
is quite sufficient to  determ ine the edge arches o f  the star-polygon approxi
m ately , b y  fix ing  its f iv e  points and fiv e  tan gen ts. Parabolic or circular arches 
m ay be drawn as substitu tes for the arch sections between the know n points. 
In order to  facilitate th is m ethod o f geom etrical construction the data  o f  star-

polygons with sides from n =  5 to n =  10 are compiled in T able I. Fig. 6  

gives th e  explanation  o f sym bols figuring in th is Table.
The shape o f  star-polygons 5 ^  n ^  10 can be seen in F ig . 7-

Table I

Data fo r  geometrical representation o f  star-polygons 3 n >  10

n i n -  2 V/« „ 
r‘ = (  ™ ) *

/ n \ ("-*>/* 
tanxj =yn_ 2J i n -  2 y/*tan

3 0,5000 R 0,5774 R 1,7321 0,5774
4 0,6436 R 0.7071 R 2,0000 0,7071
5 0,7221 R 0,7746 R 2,1552 0,7746

6 0,7721 R 0,8165 R 2,2500 0,8165
7 0,8098 R 0,8452 R 2,3250 0,8452

8 0,8322 R 0,8860 R 2,3704 0,8860

9 0,8515 R 0,8819 R 2,4225 0,8819
10 0,8670 R 0.8944 R 2.4414 0,8944
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Fig.  7. F iv e  to ten-sided star-polygons
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3. Shape of the shell

D enoting the height o f  the shell by h, the m iddle surface’s shape o f the 
paraboloid shell o f  revolution  over an re-sided star-polygon can be character
ized in the cylindrical coordinate system  0(r, <p, 2 ) shown in F ig. 8  b y  the 
equation

( 11)

T
h1

T

1

h

1

e/2

- j -  9=0

e/2

T

Fig. 8. Paraboloid shells o f revolution constructed over star-polygonal ground-plans

The cylinder constructed over the boundary line o f the ground-plan figure is 
intersected into arches b y  th is surface. In case o f re 3, th ese  arches are 
spatial curves, the rise o f  which is

h ’ =  h ( 12)

The rise h' o f  the edge arches o f paraboloid shells o f  revolu tion  over 
an 3 ^  re ^  10 sided starpolygon is given in Table II.

Fig. 9 shows the axonom etrical view  o f paraboloid shells o f  revolution  
over ground-plans w ith  n =  4, re =  6  and re =  8  sides.

A d a  T e c l m i c a  A c a d v m i a v  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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°)

Ч

с)
Fig. 9. Paraboloid shells o f rev o lu tio n  constructed over four-, six- and eight-sided star-polygona

ground plans
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Table II

The rise h of the edge arches o f paraboloid shells o f revolution over an n-sided star-polygon as
ground-plan

n h'

3 0,7500 h
4 0,5858 h

5 0,4786 h

6 0,4039 h
7 0,3442 h

8 0,3076 h

9 0,2750 h
10 0,2483 h

4. General solution o f the problem

For the analysis o f  the stress state o f  shells it  is expedient to  estab lish  
the so-called stress function F  =  F(r, tp). In  th e  case o f shells o f  revolution  
loaded b y  distributed vertical forces this fu nction  has to satisfy the d ifferential 
equation

8 2F  1 dz  , 1 8 F  d 2z  , 1 32 F  d2z , л
8 r- r dr r dr dr2 r2 dtp2 dr2

where g  — g(r, tfi) represents the specific va lu e  o f  th e  distributed vertical forces 
to  which the shell is subjected, as related  to  th e  unit o f the ground-plan  
area. In  the present case th is specific va lue is

g =  go =  co n st> (14)

and th e  follow ing relations hold:

dz 2h d 2 z  2 h
dr ~  R 2 Г ’ dr2 ~  Hi2 '

Th us, differential equation (13) is sim plified as:

dF_ 1 82 F
8 r2 r 8 r r2 dtp2

R 2 

2  h
go =  0 - ( 1 5 )

Apart from differential equation (15) th e  unknown function F  has also 
to  sa tisfy  the boundary condition o f the problem . This condition can be expres
sed b y  equation

Fedge — con st, (16a)
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i f  th e  edge beam is supported along its entire len gth  by a wall, and b y  equation

Fcdge Qsi con st, (161>1

i f  th e  support consists o f vertical colum ns close to  each other.
I f  we succeed in establish ing a fu nction  F  satisfying both equations (15) 

and (16), the r and q d irected reduced inner forces can be determ ined b y  the  
fo llow in g  known form ulae:

nr

nrv

1 8 F  , 1 3“ F

/* 8 r r2 8  <p-

_0 _ 1  9 F
3 r r dqr

(IT)

n
a2 F  

8  r-

5. Stress state o f  the shell

5.1. Stress function o f  the problem

I t  is easy to prove th a t in the case o f  vertica l loads equally d istributed  
o v e r  th e  ground-plan area th e  stress function  F  =  F(r, cp) of the problem  can 
be estab lished  as

F(r, <p) = ~  (18)
on

In  th  is form u la /(r , (f ) denotes the equation ( 1 ) o f the boundary line o f  th e  star- 
p o ly g o n  reduced to zero. W ritten  in detail, th e  stress function o f a paraboloid  
sh ell o f  revolution w ith  an n-sided star-polygon as a ground-plan, is

r1 ^  2  rn
R- n R"

1 S» 
8 It

cos n(f
n 2

n
(19)

T he stress function being known, th e  r and (p directed reduced inner 
forces can he determ ined b y  aid of form ulae (17):

l^Si)
1 - ( »

n—о r -I 1 _ _ _ /1АС tupn, —
4 h R n~2

nr* =
R-go t ~ ( n
4/i

1 )
rn 2 .

sin n(f ,
R n~-

Д ‘-’Яо
1 +  (»

rn~ 2
1 ) ---------cosR n-2 тир'V =  _ 4 h
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5.2. Principal values o f  the reduced inner forces 

The formula

rei . 2 =  1 K + « r ) ±  * " ^ ) 2 + 4 n V

fam iliar in statics, can he used for calcu lating the principal values n, and n2 

of the inner forces. W hen substituting values (20) into this, it was found that

« 1,2
4 h

1 ) ( 21 )

It m ay be noted th at the principal values o f  the reduced inner forces do 
not depend on the polar angle q>, which m eans th a t every point o f the shell lying

Fig. 10. The trajectories o f points identi- F ig .11. The zone free from tensile  forces (the  
cally stressed dotted area)

at an equal distance from axis z is in the sam e stress state. In other words, 
the trajectories o f  the points in a sim ilar stress state are concentric circles 
drawn round the central point 0 (Fig. 10).

Form ula (21) also dem onstrates th a t on ly  a single circular zone o f  the  
shell is free from tensional forces. The radius r0 0  o f  this circular zone (F ig. 11) 
can be determ ined b y  equation

rn 2

1 (П 1 ) 0 0  =  0

Rn~ 2

from which it results that

( n - 1 )1«"-*)
R. ( 22)
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Table III

Radius o f  the zone free from tangential forces

n roo

3 0,5000 R

4 0,5774 R

5 0,6300 R

6 0,6687 R

7 0,6988 R

8 0,7230 R

9 0,7430 R

10 0,7598 R

T h is va lu e  for shells o f  different /г-sided star-polygonal ground-plan is com piled  
in T ab le  III.

Form ula (21) also show s us that the absolute value o f the principal 
com p ressive force in the corner points of the ground-plan is three tim es greater 
th a n  th a t  in the centre p o in t. On the other hand, th e  principal tensional force 
at th e  sam e points is (re — 2 ) tim es greater th an  the absolute va lue o f  the  
com p ressive  force acting on th e  m iddle point o f  the shell.

5.3. P rincipal directions o f  the reduced inner forces

According to th e  teach in g  of statical science the angular d ev ia tion  a 
b etw een  principal directions in  point P  (Fig. 12) and the radius vector directed  
to  p o in t P  can be determ ined by formula

tan 2 x =  —

S u b stitu tin g  (20) into th is form ula, relationship

tan  2 a  =  —tan  nip
is arrived  at. Hence

rc<7'/2 »
- nip 12 7r/2 .

(23)

A bove formida proves th a t the pr in c ipa l  directions of the reduced inner 
forces do not depend on length r o f  the radius vector. This means th at all th e  tra-
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jectories o f  the principal directions in tersect the same radius vector at an 
identical angle a  (Fig. 13). In short, all the trajectories are similar in shape and 
only  differ in scale.

Fig. 12. Positon o f the principal directions 
a t point P

Fig. 13. The trajectories o f th e  principal 
directions intersect the sam e radial line under 

the same angle

5.4. Equation o f  the trajectories

As is known from analytical geom etry, the trajectories o f the principal 
inner forces can be determ ined with aid o f  formula

According to  th is formula

tan a =
dr/dcp

dr r

dcp ta n a

holds, respectively , taking (23) into consideration,

dr r

dtp tan
-f- cot (»W 2)

is  valid . H ence, by separating the variables, the formula

l
dr =

r

. tan
± c o t <»f>/2 ) dq>
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fo llow s. Integrating both sides, the result w ill be
1 2  cos
l n c r = -  In (nw 2) =  *n 

n sin
w here c denotes a constant o f  integration. Further

(n<pl 2 ) 
sin

cos
. Ы  2 )

Sill
resp ectively ,

1 í 1 ±  cos n(P

2/n

I -  Vn

- 2  In

Fig. 14. Trajectories o f the principal directions of the reduced inner forces

In  case o f the trajectory  passing through p oin t P 1(r1, ç)j) the value o f  th e  
con stan t o f  integration c can be determined w ith  aid o f equation

1  cos n(pl -  i/я

C alculating the value o f  c from  the former equation  and placing it  into for
m ula (24), the equation o f th e  trajectory passing through the point P jjfj, (рг)
will tak e  the following form: 1

1  ^  cos rup1

1  i  cos ncp
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The trajectories o f the principal directions of the reduced inner forces 
of a paraboloid shell o f revolution constructed over a five-sided star-polygonal 
ground-plan are shown in Fig. 14.

6 . N um erical exam ple

Let us apply the calculating m ethod expounded above to the paraboloid  
shell o f revolution constructed over a five-sided star-polygonal ground-plan  
show n in Fig. 15. The shell under exam ination is subjected to  a vertica l load

i

14.0

L

Fig.

system

15. Paraboloid shell o f revolution  constructed over a pentagonal star-polygon  

uniform ly distributed over the ground-plan area o f  in ten sity :  

g  =  go =  280 kp/m 2.

In the present case

R  20,0 m , h 14,0 m, h1 =  6,7 m

and thus, according to (20) the r and (p directed inner forces of the shell will be:

o n n n f. r3 cos 5cpnr -
20,0- • 280 / r 3 

1 4
4 • 14,0 1/ 4 20,03

20.02 • 280 r3
n " I 4 • 14,0 4 20,0» 8,n :

20,02 • 280 Í 1 1 4 _f3
4 • 14,0 { '  4 R 3

2000

r3 sin 5<p [kp/m ] .

2000 ( l +
r3 cos 5<p 

2000

)  lk p /m j , 

)  [kp /m ] ,
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As is to be seen from  th e  above formulae, the shell is in a very favorable stress state, 
the reduced inner forces be ing  rela tive ly  slight even  at the corners o f the shell: the highest 
reduced  compressive force am oun ts to 10 000 kp /m , th e  h igh est reduced tensile force to  
6000 kp/m .

An axonom etric v iew  o f  th e  shell analyzed above is shown in Fig. 1.

Rotationsparaboloidschalen über Sternpolygon-Grundrißen. Der Aufsatz behandelt 
die B erechnung von R otationsparaboloidschalen , deren G rundriß einem  regelm äßigen V ieleck  
ä h n elt, dessen Seiten jed och  n a ch  innen gebogen sind. E s w ird angenom m en, daß der R an d
balk en  der Schale durch eine W and, oder dicht aneinandergereihte Säulen unterstützt wird. 
A ls B elastung wird ein au f der Grundrißfläche g leichm äßig verteiltes K raftsystem  in R ech
n u n g  gestellt und die A chsen lin ie  der Randbögen wird derart bestim m t, daß die reduzierten  
Sp ann kräfte  der Schale durch ein fache Formeln berechnet werden können. Der A ufsatz be
stim m t auch die H auptw erte der reduzierten Spannkräfte und ste llt sogar die Gleichung  
der T rajektorien der H aup tr ich tun gen  auf. Die E in fach h eit der Bestim m ung der reduzier
te n  Spannkräfte wird durch ein num erisches B eispiel illustriert.

Оболочки — параболоиды вращения с планом в виде звездного многоугольника
(П. Чонка). Работа занимается расчетом таких оболочек — параболоидов вращения, 
профиль плана которых представляет собою правильный многоугольник с направленными 
внутрь сторонами. Предполагается, что краевая балка оболочки опирается на стену или же 
на густо расположенные друг возле друга колонны. В качестве нагрузки предполагается 
перпендикулярная силовая система, равномерно распределяющаяся на площади плана, и 
профиль краевой линии оболочки определяется так, чтобы приведенные внутренние силы 
оболочки можно было бы вычислять при помощи простых замкнутых формул. В работе 
определяются также основные значения приведенных распирающих усилий, более того, 
выведено также уравнение траектории приведенных напряженных основных направлений 
Простота вычисления приведенных распирающих усилий подверждается числовым при
мером.
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UNTERSUCHUNG
VON STATISCH UNBESTIMMTEN KONSTRUKTIONEN 

AUF GRUND DER VERALLGEMEINERUNG 
DES NIKOLSKIJSCHEN ALGORITHMUS

A. F E K E T E *

[Ei ngegangen: 22. N ov . 1968]

Die E rm itte lu ng  der inneren K räfte in  den statisch  vielfach unbestim m ten  
K onstruktionen m it H ilfe des K raftgrößenverfahrens erfordert unter den Verhältnissen  
des K onstruktionsbüros —  wo im allgem einen kein R echenautom at dem  K onstrukteur  
zur Verfügung steh t — eine um fangreiche R echenarbeit. Besonders v ie l R echnen ver
langt die Invertierung der K oeffizientenm atrix des K om patib ilitätsgleichungssystem s. 
D ie V erallgem einerung desj Iterationsverfahrens von Nikolskij erlaubt die Verringe
rung der um fangreichen Rechenarbeit. In der A bhandlung wird die U ntersuchung der 
w ichtigsten Problem e dieser Verallgem einerung erörtert, die G ültigkeit des Algorithm us 
a u f den Fall der n-m al unbestim m ten K onstruktionen ausgedehnt und bestätigt.

1. E inleitung

Zur U ntersuchung der inneren K räfte statisch  unbestim m ter K onstruk
tionen sind zwei M ethoden das K raftgrößenverfahren und die D eform ations
m ethode — bekannt. Der U nbestim m theitsgrad der bei dem K raftgrößen
verfahren angew andten Grundsysteme ist im m er niedriger, w ährend der der 
bei der D eform ationsm ethode benutzten G rundsystem e immer höher ist, als 
derselbe der ursprünglichen K onstruktionen. Dem entsprechend is t  das Grund
system  des K raftgrößenverfahrens »weicher« und das der D eform ationsm ethode  
»steifer« als die ursprüngliche K onstruktion. D ie unbekannten Größen des 
K raftgrößenverfahrens sind Kräfte, w ährend die der V erform ungsm ethode 
Bewegungen sind. D em zufolge schreibt das K raftgrößenverfahren die Lösung 
m it H ilfe der K om patib ilitätsgleichungen und die Verform ungsm ethode mit 
H ilfe der G leichgew ichtsgleichungen auf. B etrachtet man die tatsächlichen  
inneren Kräfte als Grundlage für einen V ergleich, so wird das K räftespiel der 
steiferen K onstruktion eine obere und das der weicheren K onstruktion eine 
untere Näherung der tatsächlichen inneren K räfte sein. D ies is t  das Grund
prinzip des Iterationsverfahrens, welches von  E. N. N ik o lsk ij [1] [2] zur 
Berechnung der sta tisch  vielfach unbestim m ten  E isenbahnw agen m it Gurt
träger ausgearbeitet wurde. Nikolskij b au te  seine Methode au f das K raft
größenverfahren au f und illustrierte sie durch solch ein statisch unbestim m tes  
Modell, welches — ähnlich den Steifigkeitsverhältn issen  der G urtträger-Eisen

* A. F e k e t e , A kácfa-u . 6, Budapest VI I ,  U ngarn.
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b ah n w agen  — aus zwei K onstruktionsteilen  m it sehr verschiedenen S te ifig 
k eiten  besteht (Bild 1). D ie E igenheit des Verfahrens ist, daß trotz der A nw en
dung des K raftgrößenverfahrens als A usgangstheorie, in den einzelnen S ch rit
ten  der Iteration abw echselnd  K om patib ilitäts- bzw. G leichgew ichtsbedin
gu n gen  befriedigt werden. E s seien A ,  bzw. В  zwei K onstruktionen von

А В

---------- 1
t M- ---- -----------------1ra

’ к
------------------ 1

a,

C )

B ild  I

versch ied en en  Steifigkeiten R a bzw. R b . B etrachtet man dies von der A n w en 
dung des N ikolskijschen V erfahrens aus, so können drei m ögliche Fälle u n ter
sch ieden  werden:

1. Fall: Ra > R ë

D ie das A usgangssystem  kennzeichnenden Steifigkeitsverhältn isse sind: 
(B ild  lb )  R a =  endlich, R b ^  0. N ach B eseitigung der Verbindung zw ischen  
den K onstruktionsteilen  A  u n d  В  zerfällt das A usgangssystem  in die den  
charakteristischen Steifigkeiten  entsprechenden zw ei Teile:

a) der statisch b estim m te K onstruktionsteil von  endlicher S te ifigk eit  
(S y stem  A );

b) der statisch b estim m te K onstruktionsteil von N ullsteifigkeit (S y 
stem  B).

D a s System  В  kann in sich  selbst keine äußere B elastung tragen (Rg ^  0), 
d em zu folge kann die M ethode nur im  Falle von speziellen äußeren (im v o r 
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liegenden Falle nur au f das A  System  wirkenden) B elastungen angew endet 
werden. U nter der E inw irkung einer solchen äußeren B elastung erfährt das 
System  A  eine Verform ung, die seiner tatsächlichen Steifigkeit entspricht.

Zw ingt man die Verform ung des System s A  an der Stelle des beseitigten  
A nschlusses (Bild 1, P unkt K )  dem System  В  auf, so entsteht in diesem  le tz t
genannten eine der tatsäch lichen  Steifigkeit ( R b =  endlich) entsprechende  
innere Zwangskraft. Im zw eiten Schritt muß man also das System  В  m it seiner 
tatsächlichen Steifigkeit berücksichtigen. Ü bt man die auf diese W eise en t
stehende innere K raftw irkung als eine zusätzliche äußere B elastu n g auf das 
System  A  aus, so nim m t die im ersten Schritt erhaltene Verform ung ab. 
Man zw ingt die herabgem inderte Verformung wiederholt dem System  В  auf 
und se tz t die N äherung fort, bis der U nterschied zwischen den in zwei 
aufeinander folgenden Schritten erhaltenen K räften vernachlässigt werden 
kann. D ie auf diese W eise erhaltene Kraft kann m it guter A nnäherung als die 
der ursprünglichen K onstruktion entsprechende unbekannte innere Kraft 
betrachtet werden. Bei der vorliegenden, statisch  einfach unbestim m ten  K on
struktion können die aufeinander folgenden Schritte durch eine unend
liche geom etrische R eihe beschrieben werden, deren K onvergenz durch die 
Steifigkeitsverhältn isse R a )> R b gesichert wird.

2. Fall: RA< R B

D ie das A usgangssystem  (Bild lc )  kennzeichnenden S teifigk eitsverh ält
nisse sind: R a — endlich, R b я« 0. Durch Abheben der V erbindung der K on
struktionsteile A  und В  wird das A usgangssystem  in zwei, den charakterisie
renden Steifigkeitsverhältn issen  entsprechende Teile zerlegt:

a) in einen statisch  einfach unbestim m ten K onstruktionsteil von end
licher Steifigkeit (System  A);

b) in einen statisch  bestim m ten K onstruktionsteil von großer Steifig
keit (System  ß; J E  =  o o ) .

D as System  В kann keine Verformungen unter der E inw irkung irgend
einer äußeren B elastung erleiden ( R b я  ̂ n .), dem entsprechend kann auch 
dieses Verfahren nur im Falle von speziellen (im vorliegenden F alle auf das 
System  A  wirkenden (äußeren) Kräften angew endet werden. U nter dem Ein
fluß einer solchen B elastung entsteht an der A uflagerstelle К  des System s А 
eine R eaktion, deren W ert N i k o l s k i j  mit Hilfe des K raftgrößenverfahrens 
erm ittelt. Übt man diese K raftwirkung in dem selben Sinne au f das System  В 
aus, so wird in diesem  letztgenannten eine der tatsächlichen Steifigkeit 
( R b =  endlich) entsprechende Verformung auftreten. Dem nach muß auch 
hier das System  ß  im zw eiten Schritt m it seiner tatsächlichen Steifigkeit 
berücksichtigt werden. Läßt man die so erhaltene Verform ung im System  А 
sich entw ickeln , so wird sich die im ersten Schritt erhaltene S tü tzkraft ver-
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m indern . Man setzt die sch rittw eise  Näherung fort, indem  man die verringerte 
K raftw irkung auf das S ystem  В  anwendet, bis die D ifferenz zw ischen den in 
zw ei aufeinander folgenden Schritten erhaltenen R eaktionen vernachlässigt 
w erden  kann. Die auf d iese W eise erhaltene K raft kann m it guter Näherung  
als d ie  den untersuchten Steifigkeitsverhältn issen  entsprechende innere Kraft 
b etra ch te t werden. Auch hier kann der A lgorithm us durch eine unendliche  
geom etrisch e Reihe aufgeschrieben werden, deren K onvergenz durch die 
Steifigkeitsverhältn isse  R a  <T R b gesichert ist.

3. Fall: R a = R b

B ei diesen Steifigkeitsverhältn issen  ist der A lgorithm us nicht konvergent, 
das Verfahren kann also n ich t angewendet werden.

Im  allgemeinen, je  k leiner der U nterschied zw ischen den Steifigkeiten  
der zw ei K onstruktionsteile is t , um so langsam er wird die K onvergenz, und 
im  äußersten  Fall (R A =  R b) hört sie sogar auf. Jedoch, können nach  
N i k o l s k i j ,  die in der P raxis verkom m enen K onstruktionen  (hauptsächlich  die 
s ta tisc h e n  K onstruktionen der Fahrzeuge) immer in zwei Teile zerlegt werden, 
deren  Steifigkeiten  sich voneinander wesentlich unterscheiden; höchstens wird 
die A u fte ilu n g  nicht in natürlichen  T eilungspunkten sta ttfin d en .

N i k o l s k i j  hat in seiner grundlegenden A rbeit [1] mit dem B eispiel des 
vorerw ähnten , statisch ein fach  unbestim m ten M odell nachgew iesen, daß die 
u n tersu ch ten  Näherungen einerseits konvergente Iterationen  sind, andererseits 
im  le tz te n  Schritt des A lgorithm us das richtige E rgebnis — die gesuchte, sta
tisch  unbestim m te innere K raft — liefern. Er w endete das Verfahren in der 
P raxis im  Zusam m enhang m it verwickelteren, sta tisch  vielfach unbestim m ten  
K on stru k tion en  (G urtträger-E isenbahnw agen) an, ohne daß er dessen G ültig
k eit für beliebig belastete, n -m al statisch unbestim m te K onstruktionen nach
gew iesen  und die B edingungen  der Konvergenz bestim m t hätte.

D er vorliegende A u fsatz bew eist die G ültigkeit des N ikolskijschen Ver
fah ren s für beliebig ausgeb ildete  und belastete K onstruktion , und au f Grund 
der gezogenen  Folgerungen ergänzt er das heute schon für traditionell betrachtete  
K raftgrößenverfahren gem äß einem  bisher noch n ich t untersuchten G esichts
p u n k t. U m  die Vorteile der M atrizensym bolik auszunützen , wird die m athe
m a tisch e  Behandlung m it H ilfe  der M atrizenrechnung durchgeführt.

2. Verallgem einerung des N ikolskijschen Verfahrens

2.0. Lösung m it  Hilfe des Kraftgrößenverfahrens

D as untersuchte M odell ist das R echnungsm odell der n-fach unbestim m 
ten  K onstruktion  (Bild 2). D ie  K onstruktion b esteh t aus zwei, durch n über
zäh lige  Verbindungen aneinander verknüpften T eilen.
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D ie im folgenden benutzten Bezeichnungen und Begriffe entsprechen  
denselben des K raftgrößenverfahrens (Bild 3):

die Ausbildung des G rundsystem s erfolgt durch die A uflösung von 
n Gelenken;

- der Vektor der unter dem E influß der äußeren B elastungen im 
System  A  auftretenden Verformungen ist:

— der Vektor der unter dem Einfluß der äußeren B elastungen  im System  
В  auftretenden Verform ungen ist:

h* =  [ßw> ■ ■ ßio,ßko< ■ ■ ßm,]; (2 )

die R elativverschiebungen der entsprechenden P unkte beider System e 
unter der Einw irkung der äußeren Belastungen sind:

«1 * =  [d 10, . .  ôi0, Ôk0, . . <5„o] =  a * + b * ; (3)

die quadratische Matrix, die die von der W irkung der Einheitsbela
stungen  hervorgerufene relative Entfernung der entsprechenden Punkte beider 
System e ausdrückt, ist:

D =  [<5,7(],1X„ =  [<Xik+ßik]nxn= A +  B ,  (4)
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w orin  — A  =  [xik\nXrv und oCik — die Verschiebung der einzelnen Punkte des 
S y stem s A  unter der W irkung der E inheitsbelastungen im  Vergleich m it der 
A u sgan gsste lle;

В =  \ßik]nxn und ßih — die Verschiebung der einzelnen P unkte des 
S y stem s В  unter der W irkung der E inheitsbelastungen im  Vergleich m it der 
A u sgan gsste lle;

der Vektor der auf d en  A nschlußstellen en tstehenden  inneren K räfte:

x *  =  [ X „ . . X „ X „ . . X n ] ;  ( 5 )
das G leichungssystem , das die Lösung der statisch  unbestim m ten  

A u fgab e liefert, ist:

D x =  d (1)

X =  D 1 (I =  (А +  В)->(аЧ-Ь). ( l a)

W enn d ie  äußeren B elastungen  voneinander unabhängig auf die zwei Teile 
des G rundsystem s wirken, erg ib t sich:

Хд =  D _ 1  а , (2 a)

x ß =  D - ‘ b ,  (2 b)

X =  Хд-f-Xg • ( lb)

2 .1 . Lösung mit Hilfe des Nikolskijsehen Verfahrens im Falle, 
wenn das System  A  steifer als das System В ist

2 .1 1 . Die äußere Belastung w irk t nur au f  das System A .  D ie das A usgangs
system  kennzeichnenden S teifigkeitsverhältn isse sind nach Nikolskij R a =

, I

B i ld  4

end lich , R b =  0 (Bild 4), d. h ., nur das System  A  ist belastungsfähig. D em 
nach v erh ä lt sich das A usgangssystem  als ein labiles Grundsystem , ausgew ählt 
gem äß dem  K raftgrößenverfahren [9].

D ie  Iterationsschritte verlau fen  wie folgt:

1. U n ter  der W irkung der äußeren Kräfte p,\ erhält das System  A  den 
V erform ungszustand (das V erschiebungssystem ) a (Bild 5a) und die Gleich
gew ichtsbedingungen werden in  den Anschlußpunkten befriedigt.
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Läßt man das V erschiebungssystem  a in das die tatsächliche Steifigkeit 
besitzende System  В  sich entw ickeln, so en tsteh t in diesem letzteren  ein 
System  nx der Innenkräfte (Bild 5b):

а =  ВП[ * n t - В 1 а ; w enn det (В) =/= О
und

«Г [ N \ , . . N [ , N t , . . N î ] .

R p*
Q i  <*no A ________ -̂KO otjo

£ -------------------------------------------r i

( 6 )

( 1 )

Iliid  5

Die Kompatibilitätsbedingungen werden zwar befriedigt, das Gleichgewicht hört 
aber auf.

Legt man das K raftsystem  П[ auf das System  A  zurück, so en tsteh t ein 
V erschiebungssystem  a' (B ild 5c), das das A usgangssystem  a verm indert:

a = A n ,  =  AB ' a .  (8)

W enn а, =  а — a' <[ a, d. h., wenn die Absolutwerte aller E lem ente  
von a größer als die der entsprechenden E lem ente von a t sind , so wird das 
verm inderte V erschiebungssystem  (Bild 5d):

a t =  a -  a = a  -  AB 1 a =  (E -  A B ^ a  (9)
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D ie G leichgew ichtsbedingungen werden also wiederum befriedigt, auf 
K o sten  der K om patib ilität.

2. Das V erschiebungssystem  a, bringt a u f dem  System  В  dem ersten  
S ch ritt entsprechend ein K raftsystem  n2 zustande:

n 2 = B - 1  a , .

D as im System  A  u n ter  der Wirkung von n 2 entstehende Verrückungs
sy ste m  wird:

a 2 a a;=  a A B  1 (E AB >  [E  A B - 1 -)-(AB-1 )2] а . (11)

S e tz t  m an die Iteration fort, so wird das E ndresu ltat des (m — l)-ten  Schrittes  
das gemeinsame  V erschiebungssystem  der A nschlußpunkte der beiden System e  
(d. li. d ie K om patibilität):

a m_ , = a a;„_.ä =  [E  A B - 1 + (A B - 1 ) 2 + . . . (  1)'"-1(AB 'У"'1] а . (12)

D ieses V erschiebungssystem  wird durch das K raftsystem  n m_j her
vorgerufen . Bei einer k on vergenten  Iteration, w enn m —>■ oo;

dem zu fo lge  werden in d iesem  Schritt auch die G leichgew ichtsbedingungen  
b efr ied ig t. Das endgültige K raftsystem  wird au f Grund von

D ie  Inverse der K oeffizientenm atrix  des K raftgrößenverfahrens (D  x) 
kann  in vier Formen in P otenzreihe entwickelt w erden. Die erste von diesen  
k a n n  durch das H erausheben der Matrix В als rechtseitigen  Faktors gewonnen  
w erden  (die anderen F orm en werden weiter u n ten  besprochen):

a[ =  A n , =  AB _ 1  a, =  AB 1 (E  A B -1) а , ( 10)

und das reduzierte V erschiebungssystem :

(13)

® **m— 1 ■
nm — B - ' [ E  A B - 1 -)-(AB-1)2- + . . . ] a  B - 1 S , a (3)

D 1 =  (A -FBI- 1  =  [ (A B - 1 + E )B ] - 1  =  B - 1(A B - 1 + E ) - 1  =  

B - 1 [E A B - 1 + (  A B -1)2- + . . . ]  = B - 1  Sj.
(4)
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D ie nach (4) hergestellte M atrizenpotenzreihe Sj ist gleich der im  (m — 1)- 
ten  Schritt (m —*• oo) des N ikolskijschen Verfahrens gewonnenen P otenzreihe (3). 
Aus dem Vergleich der B eziehungen (2a), (3) und (4) ist ersichtlich , daß das 
Nikolskijsche Verfahren, ausgegangen von dem steiferen Konstruktionsteil, im 
Schritt m =  o o  die Lösung  des statisch  re-fach unbestim m ten P roblem s nach 
dem  Kraftgrößenverfahren bei der angenom m enen äußeren B ela stu n g  liefert. 
D em nach, wenn die Potenzreihe der physikalischen Bedingung (a — a' <  a) 
des N ikolskijschen Verfahrens entsprechend konvergent ist, d. h .,

lim  (AB -!)m =  o ,

dann ergibt sich:

n„, — B 1 S t a =  (A +  B )-1 a =  D 1 a =  х д . (3a)
m—> X

■\ I R*\°°
\  n "  " "  1

f f  y » _________щ

u T T n v  p,

B ild  6

2.1.2. Nur das System В  wird durch äußere Belastung angegriffen. Die 
das Ausgangssystem  kennzeichnenden Steifigkeitsverhältn isse sind nach 
N ikolskij: R b =  endlich, R a =  oo (B ild  6 ), d. h., das System  A  kann eine 
beliebige äußere B elastung ohne Verform ung tragen. D em nach verhält sich 
der Ausgangsträger als ein nach dem Kraftgrößenverfahren ausgew ähltes, 
statisch unbestimmtes Grundsystem  [9]. D ie Iterationsschritte sind  wie folgt:

1. U nter der W irkung der äußeren Belastungen p B erregt sich  an den 
A uflagerstellen des System s В  ein K raftsystem  n (Bild 7), und die Kom pati
bilitätsbedingungen werden an den A nschlußstellen erfüllt. D as K raftsystem

n* =  [N\, ... N„ N k, . . . N n]

kann m it Hilfe des K raftgrößenverfahrens erm ittelt werden.
W ird das System  A  durch das K raftsystem  n angegriffen, so wird auf 

dem letztgenannten  ein seiner ursprünglichen Steifigkeit entsprechender Ver
form ungszustand (d. h. entsprechendes Verschiebungssystem ) a t hervorgerufen 
(B ild  7h):

aj — An ,

und a* =  [äj, . . ,  ä(, ö f, . . . «.f]. (14)
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D ie  Gleichgewichtsbedingungen sind zwar befriedigt, die Kompatibilität  
w ir d  aber ausgelöscht.

L äßt man das V erschiebungssystem  im  System  В  sich entw ickeln, 
so e n ts te h t ein K raftsystem  n ' (Bild 7c), das das A usgangssystem  n reduziert:

a, B n '—> n '  =  B 1 a, ; wenn d e t ( B ) ^ = 0 .  (15)

R B p B

n1 NKi i N| N4

' f i t  - -

d;

Bild 7

W enn nx =  n — n' <  n , d. h., wenn die A bsolu tw erte aller E lem ente  
v o n  n größer als die der entsprechenden E lem ente von  sind:

=  n n ' =  n B —1a = n  B _1 A n  =  (E B —1 A )n .  (16)

D ie  K om patib ilitätsbedingungen sind nochm als erfüllt, wenn auch auf 
K o sten  des Gleichgewichts.

2. D as K raftsystem  ruft im  System  A  dem ersten  Schritt entsprechend  
ein V erschiebungssystem  a2 hervor:

ä 2 =  A n , =  A(E B -1 A) n . (17)

U n ter der Wirkung von ä„ en ts te h t im System  В  a u f Grund von

das K raftsystem  a 2 =  Bn( (18)
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»; =  В 1 a , =  B ~J А (E В 1 A) n | В 1 А (В 1 А)2] п .

Das verm inderte K raftsystem  wird :

(19)

i 2 » n( =  h [ B - ' A  ( B_l A)2J n [E В 1 A +  (B 1A)2] n (20)

Pa

F
?  " Í r T

TL

1
i  : R^o

V
к i

■ l
R° / г - m r >

T i l l  I T

Ь;

B ild  8

Setzt man die Iteration  fort, so wird das Endresultat des m -ten  Schrittes 
<las die beiden K raftsystem e verknüpfende System  der inneren K räfte (d. h. 
das Gleichgewicht):

nm n n / m _ 1 = [E  В >A +  (B 'A ) 2 + . . . (  1 )"’(B 1A ) " 1 ]n. (21)
m-> то

D as A usgangskraftsystem  n gem äß dem K raftgrößenverfahrens wird:

n =  В 1 b: det (В) 0 . (21)

D em nach ist im Schritt m  oo das letzte K raftsystem :

ri„, fE B 'A +  (B >A) 2 +  . . .JB b S ,B  4,  ( 5 )
m --r  oo

D ie der Gl. (4) ähnliche, entw ickelte Form  der Inversen der im Kraft
größenverfahren vorkom m enden K oeffizientm atrix (die M atrix В als rechtsei
tigen M ultiplikator heraushebend) wird:

I) =  (A +  B) 1 =  [B(B 1 A +  E)| 1 =  (B 1 A+E) 1 В 1 

- [E В ' A - f ( B - ' A ) -  + .  . . J B - 1 =  S,  B 1.
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D ie  nach (6 ) hergeste llte  M atrizenpotenzreihe S2  is t  gleich der im  m -ten  
S ch r itt  des Nikolskijschen V erfahrens (m —► oo) erhaltenen Potenzreihe (5). 
A u f G rund der Vergleichung d er  Beziehungen (2b), (5) und (6 ) ist ersichtlich , 
daß das  Nikolskijsche V erfahren , von dem, weicheren Konstruktionsteil a u s 
gehend ', im  Schritte m =  oo d ie  Lösung gemäß dem Kraftgrößenverfahren  des  
b etr a c h te te n , statisch re-mal unbestim m ten P roblem s, im  Falle der vorau s
g e se tz te n  äußeren B elastu n g liefert. Dem zufolge, w enn die Potenzreihe den 
p h y sik a lisch en  Bedingungen d es  Nikolskijschen Verfahrens (ii — n' n) en t
sp rech en d  konvergent ist, d . h .,

lim  (B >A)m =  o, (22)
m—>oo

so erg ib t sich:

nm =  S2 В 1 b =  (A +  B )- i  b =  D 1 b =  x B. (5a)
m - >  со

A u f gleiche Weise kann d ie  Gültigkeit des N ikolsk ijschen  Verfahrens auch  
für d en  F a ll nachgewiesen w erd en , wenn das System A  weicher als System В ist.

D a s zu den A u sgan gssystem en  gehörige E n dresu ltat kann näm lich m it  
H ilfe  der Beziehungen (3a) u n d  (5a) durch V ertauschung der Sym bole A  ff- В 
und a b unmittelbar aufgeschrieben  werden. Zum  N achw eis benutzen w ir  
die d r itte  bzw. die vierte en tw ick e lte  Form der Inversm atrix  D -1, wo die  
M atrix  A  als rechts-, bzw . linksseitiger M ultiplikator herausgehoben w er
den so ll.

3. Untersuchung der Konvergenzbedingungen des Nikolskijschen
Verfahrens

Im  vorausgehenden A b sc h n itt  haben wir nachgew iesen , daß die un b e
k a n n ten  Verbindungskräfte e in er  gegebenen, statisch  unbestim m ten K o n stru k 
tion  m it  H ilfe des verallgem einerten  Nikolskijschen Verfahrens in vier u n en d 
lich en  geom etrischen M atrizenpotenzreihen aufgeschrieben werden können :

Si =  E A B " 1 - [ - (A B “ 1 ) 2 -  +  . . . =  E Qf-r-Qi +

s 2 =  E B - i A - K B - ' A ) 2 - + =  E Q2 +  Q3 +

S3 =  E A- 1B - |- (A —4 Ï ) 2 - +  . . . =  E Q3 + Q 3 + •

s 4 =  E B A - ^ - H B A “ 1) 2 + . . . =  E Q4 +  Q4 +■

D iese  Potenzreihen b efin d en  sich in einer w echselseitigen engen Bezie
hung, d a  sie  zu den versch ied en  aufgeschriebenen Form en der Inverse der
selben  M atrix  D gehören. D ie  notwendige und ausreichende Bedingung ihre^
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K onvergenz — und zugleich derselben des N ikolskijschen Verfahrens — ist, 
daß alle absoluten E igenw erte | Я,- | der zu den Reihen gehörigen Q u o tien t
m atrizen Q, kleiner als die E inheit seien [3], [5], [7], [8 ]:

ш ах |Я,| <  1. ( 8 )

Jedoch , alle der in (7) befindlichen und zu derselben Aufgabe (K o effiz ien t
m atrix) gehörigen vier m öglichen Potenzreihen können nicht sim ultan  k on ver
gent sein. Da näm lich, die in den Q uotienten befindlichen M atrizen A  und В 
sym m etrisch sind, bestehen die Gleichungen:

QÎ
Qr1 =

Q2
Q i

und

und
q:
q 1

Q u

Q2 (9)

D ie Eigenw erte der m iteinander in transponierter B eziehung b efin d 
lichen Matrizen sind bekanntlich  gleich, und die der m iteinander in  reziproker 
Beziehung befindlichen M atrizen sind die Inversen von einander [7 ], [8 ]. 
Deshalb kann auf Grund von (9) aufgeschrieben werden:

eiII und Я3 j = *4

K }  =  К und Я̂ } =  K
( 10)

Ferner, mit R ücksicht darauf, daß die K onvergenz der P otenzreich en  (7) 
gem äß (8 ) von den Eigenw erten der Q uotientm atrix  Q, abhängt, is t  a u f Grund 
von ( 1 0 ) ersichtlich, daß:

a) die Potenzreihen S4 und S2 bzw. S3  und S4  unter gleichen B edingungen  
simultan konvergent sind,

b) die Potenzreihen Sj und S4 bzw. S3  und S, unter gleichen B edingungen  
nicht simultan konvergent sein können: jedoch , wenn z. B . m ax I  Ki  I  >  
d. h. Sj nicht konvergent ist, dann, gem äß (10) m ax | Я4>,- | <  1, also wird 
S4 jedenfalls konvergent,

c) keine der Potenzreihen kann konvergent sein, wenn А  =  B . d. h. 
Q, =  E  ist.

Es gibt mehrere M ethoden zur algorithm ischen Invertierung der beson
ders großen M atrizen. Von diesen — besonders in Zusam m enhang m it sta ti
schen Berechnungen — benutzt man gerne zur nachträglichen K orrektion  von 
Rechnungsfehlern oder früherer V ernachlässigungen die geom etrische Reiheu- 
darstellung der zu invertierenden M atrix, worin die in den durch E n tw ick lung  
der Inversm atrix von  der Form D -1 =  (A -f- B) _I erhaltenen Potenzreihen  

z. B . in S3  oder S4 — befindliche Inverse A _ 1  schon bekannt, und В die 
»Fehlermatrix« ist.
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Es kann jedoch Vorkommen, daß diese Potenzreihen infolge der geo
m etrischen- und Steifigkeitsverhältn isse der K onstruktion nicht konvergent 
sin d . In  diesem Falle k ön n en  die durch die E n tw ick lung der D 1 erhaltenen  
zw ei anderen M atrizen (S, und S2) konvergent w erden. Ihre Q uotienten en t
h a lten  aber schon В _1, d. h ., zur Lösung m uß m an die »Vernachlässigungen« 
en th a lten d e, bzw. »Fehlerm atrix« invertieren. E s versteht sich von selbst, 
daß die Anwendung des N ikolskijschen Verfahrens nur in dem Falle zw eckm äßig  
is t ,  wTo В leichter als D invertiert werden kann, z. B . wenn В eine D iagonal-, 
b zw . K ontinuantenm atrix  is t  [10].

Im  Falle eines s ta tisc h  n-mal u n b estim m ten  Problems erfordert die 
E rm itte lu n g  des E igen w ertes (d. h. die E n tsch eid u n g  der K onvergenz) die 
L ösu n g  eines G leichungssystem s n-ten Grades, oder m indestens um fangreiche  
Iterationsrechnungen. Im  vorliegenden Falle gen ü gt es, allein die dom inanten  
E igen w erte zu erm itteln . V on den zahlreichen M ethoden scheint das Collatzsche  
Iterationsverfahren [5], [8 ] das vorteilhafteste zu  sein, da schon nach dem  
zw eiten  Iterationsschritt entschieden werden k an n , oh der A bsolutwert des 
gesu ch ten  größten E igen w ertes gegen eine Zahl, die kleiner oder größer als 
die E in h eit ist, konvergiert.

Für die Praxis is t  es oftm als genügend, nur eine hinreichende Bedingung  
der K onvergenz zu u n tersu ch en . Nachdem das A ufscbreiben der Potenzreihen  
S,- ohnehin  die B ild u n g  der Quotienten Q, erfordert, ist es zweckm äßig, eine 
so lch e hinreichende B ed in gu n g  zu suchen, die sich  au f Q, bezieht. E ine solche  
b ek a n n te , ausreichende B edingung besteht darin, daß die Reihen- oder Spal
ten su m m en  der m it den Absolutw erten von  Q, gebildeten Matrix Q, im m er 
n och  kleiner als die E in h e it werden m üssen, also

i* >  i* Q ,,
oder

i >  Qi • • (И )

D iese zwei B ed ingungen  entsprechen den B edingungen, die sich auf die 
Id e n titä t  der E igenw erte der miteinander in transponiertem  Zusam m enhang  
b efin d lich en  Matrizen b ezieh en .

D ie notwendige B ed in gu n g  der D urchführung der aufeinander folgenden  
Iterationsschritte  bei der Verallgem einerung des N ikolskijschen Algorithm us 
ist

nach 2 . 1 1

а а <  а , ( 1 2 )
nach 2 . 1 2

n — n' <  n .  ( 1 2 a)

D ie Bedingung (12) bezieh t sich auf die A bsolutw erte der E lem ente des 
D ifferenzenvektors a a ', also

l*/o «il <  Kol
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Diese U ngleichheit besteht, wenn

1) Kol >  K l  »
in diesem  Falle

Kol K l  <  Kol  -

d.h. 0  <  K l  ;

2) K d  <  K l  »
in diesem Falle

K !  - Kol <  Kol»  

d.h. K |  <  2  Kol •

Die notwendige physikalische Bedingung der K onvergenz ist also

0 <  K | <  2 Kol •

Es leuchtet ähnlicherw eise ein, daß

o < m < 2 \ N , 0\.

(13)

(13a)

Ferner kann bew iesen werden, daß diese physikalischen Bedingungen  
auch die ausreichenden Bedingungen nach (11) enthalten . Dem zufolge ist 
die notwendige und ausreichende Bedingung der Konvergenz des Nikolski]sehen 
Algorithmus die Befriedigung der Beziehungen (13) ,  hzw. ( \Ъ а).

4. Schlußfolgerungen

Auf Grund der Verallgem einerung des N ikolskijschen Verfahrens kann 
nachgew iesen w erden, daß das Verfahren auch im Falle eines statisch  n-mal 
unbestim m ten Trägers (der also n überzählige Verbindungen besitzt) ein rich
tiges Ergebnis liefert.

Das N ikolskijsche Verfahren enthält in seinem  originalen Konzept 
gew isse Grenzen für die äußeren Belastungen (näm lich, keine äußere Last kann 
die K onstruktionsteile, die als absolut w eich oder als unendlich steif 
betrachtet werden, angreifen). Eine beliebige L astsystem  kann aber immer 
in zwei Belastungsgruppen zerlegt werden, die die von Nikolskij für die äußeren 
B elastungen vorgeschriebenen Bedingungen einzeln befriedigen. Das Ver
fahren kann in zwei Iterationsschritten auch für beliebige Belastungen ange
w endet werden. Superponiert man die auf diese W eise erhaltenen, voneinander 
unabhängigen zwei inneren K raftsystem e (V erbindungskräfte хд  und xs), 
so erhalten wir das der ursprünglichen äußeren B elastung entsprechende innere 
K raftsystem  (x) [ lb ] ,  [2a], [2b].
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B e ste h t eine beliebig b e la ste te , n-mal unbestim m te K onstruktion  aus 
zw ei, v o m  Gesichtspunkt der S teifigkeit aus betrachtet, sehr verschiedenen  
K on stru k tion ste ilen , so k an n  das A usgangssystem  des N ikolskijschen Ver
fah ren s physikalisch als ein  G rundsystem  betrachtet werden, das aus einem  
n ach  d em  Nikolskijschen V erfahren  ausgewählten statisch  unbestim m ten  und 
aus e in em  labilen G rundsystem  aufgebaut worden ist.

D ie  Inverse einer b e lieb ig  aufgelösten M atrix D =  (A +  B) kann in 
vier  m ö g lich e  Potenzreihen en tw ick e lt werden. Zwei davon sind im m er konver
g en t u n ter  gleichen B ed in gu n gen , wenn sie dabei die notw endige und aus
re ich en d e  Bedingung der K onvergenz befriedigen. Im  Falle von  statischen  
P ro b lem en  sind im allgem einen jene Potenzreihen konvergent, in denen sich 
die In v erse  der K oeffiz ien ten m atrix  der »weicheren« K onstruktion befindet 
(A ~y oder В -1).

E in e  Näherungsm ethode, im  w esentlichen identisch  m it dem N ikolsk ij
sch en  Verfahren, wurde von  A . M i n a  [11], von Nikolskij unabhängig, zur 
B erech n u n g  von Seitanw änden der E isenbahnw agen m it schlanken Pfosten  
au sg ea rb eite t. Diese u n tersch eid et sich von dem N ikolskijschen Verfahren nur 
darin , d aß  sie anstatt der an a ly tisch en  M ethode, abw echselnd analytische und 
g ra fisch e  Schritte anw endet. D er vorliegende A ufsatz kann zugleich auch als 
N a c h w e is  des Mina—B ognárschen  Verfahrens betrachtet werden.
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m uch  la b o u r  is needed for the in v ersio n  o f the coefficient m atrix o f  the set o f com patib ility  
eq u a tio n s . T he extension of the trial-and-error m ethod of N ikolskij perm its the reduction  of 
the a m o u n t o f  calculation work. T h e  paper deals w ith the analysis o f the m ost significant
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problem s o f this generalization. I t  extends and proves the v a lid ity  o f  the algorithm  to the sta t
ica lly  n-tim es underterm ined structures, defines the convergence criteria and elim inates 
the original load-dependence o f  the procedure. B esides, on the one hand, the algorithm  is a 
procedure easy to he treated  b y  itse lf  and, on the other, on the basis o f conclusions to  be derived  
from  the result of the ex ten sio n , the earlier neglects can be corrected w ithin the sam e problem  
to a desired exactitude w ith o u t a lengthy inversion.

Анализ статически неопределенных конструкций на основе обобщения алгоритма 
Никольского (А. Фекете). Определение работы статически многократно неопределенных 
конструкций методом усилий в производственных условиях или же в условиях проектных 
бюро (где обычно не имеются в распоряжении проектантов вычислительные машины) 
требует трудоемкой вычислительной работы. Особенно трудоемкой является инверсиро
вание параметрической матрицы системы уравнений компатибильности. Обобщение итера
ционного метода Никольского позволяет сократить трудоемкую вычислительную работу. 
Работа содержит анализ важнейших вопросов этого обобщения. Автор расширяет и дока
зывает действительность этого алгоритма для статически л-кратно неопределенных 
конструкций, далее определяет критерии сходимости и устраняет зависимость метода от 
нагрузки. В то же время алгоритм, с одной стороны, и сам собою является легким в обра
щении методом, а с другой стороны, на основе заключений, которые можно сделать из 
обобщенного результата, пренебрежения, сделанные ранее в рамках одной и той же задачи, 
без широкой по масштабу инверсии могут быть скорректированы до произвольной точ
ности.
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SOLUTION OF THE FIRST BASIC PROBLEM OF THE 
THEORY OF ELASTICITY WITH REAL POTENTIALS

K. SZMODITS*

D R. OF T E C H N . SC.

[M anuscript received, March 31 1969]

The first boundary-value problem o f the theory of e lastic ity  consists o f the  
establishm ent o f the biharm onic stress function  relating to the rim  loads. According 
to Goursat’s theorem  this function m ay be expressed w ith the aid o f  tw o harmonic 
functions to be solved by m eans o f the logarithm ic potentials o f the sim ple-layer and 
double-layer edge curves. The density  functions of these potentials m ay  be determined  
from the boundary conditions, consequently , the biharmonic problem  m ay be re
duced to tw o independent D irichlet problem s. The solution in num erical form  consists 
in the solution  o f tw o independent sets o f  equations written to the d iscrete points 
o f the rim curve.

The first basic problem o f the theory o f  elasticity  is the determ ination  
o f  the internal stresses in a disc o f  elastic m aterial subject to a g iven  load at 
its edge. This problem  is the perim eter-value problem of th e  hom ogeneous, 
biharm onic differential equation where th e  stress function (F(x,  y )  is the 
desired function; th e  boundary conditions are defined by the g iven  edge loads.

In practice, this problem w ill com m only be solved in such a w ay  that F  
will be expressed b y  an infin ite series com posed of biharmonic term s, and the 
unknow n constants o f  the terms o f this series will be determ ined from  the bound
ary conditions. S ince th e  few biharm onic expressions at hand are n o t sufficient 
to establish the general solution o f the biharm onic differential equation , the 
boundary conditions and edge loads m ay on ly  approxim ately be taken  into 
account. This so lution  is, first o f all, applicable for the analysis o f  rectangular  
discs, however, consideration o f the unloaded edge section is also here intri
cate and involves difficulties in calculations.

The general so lution  o f the biharm onic differential eq u ation s m ay be 
carried out by presenting the biharm onic function in an in tegral form  and 
thereby, the boundary conditions m ay theoretically  be satisfied  in an exact 
w ay. The integral form s define the values o f a harmonic fu n ction  within  
a range from the function  given at the boundary o f the range (th is being not 
identic w ith the boundary values). Such integrals are: in the com p lex  domain  
the Cauchy integral; in the real dom ain th e  logarithmic p o ten tia l o f the 
sim ple or o f the double-layer boundary curve. Since both the com p lex  and

* Dr. techn. K .  S z m o d i t s , H őgyes E. ú t 1 , Budapest I X ,  H ungary.
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th e  rea l potentials define harm onic functions, th e  estab lishm ent of the desired  
b ih a rm o n ic  F-function shou ld  b e traced back to the determ ination of harm onic 
fu n o tio n s. This is feasible b y  m aking use of the Goursat formula

F  X  и  +  V

in  w h ic h  u(x, y), v(x, y )  are harm onic functions, and th e  edge curve m ay be 
in te r se c te d  only at tw o p o in ts b y  all of the straight lines being parallel to  the  
я-a x is . W ith  the aid o f th is  expression, in all o f  th e  dom ains, inside the edg  
cu rv e , every  F-function m a y  b e set up.

T h e  load acting at th e  edge S  defines th e  boundary values o f the deriv
a t iv e  d F/ d n  with respect to  th e  stress function  F  and the n normal o f  the  
e d g e  curve. These edge va lu es unam biguously determ ine the desired F  function .

I f  th e  boundary con d ition s are expressed b y  th e  stress function  F  given  
in  th e  above form, and w e determ ine the edge va lu es o f  the harm onic fu n c
tion s и  and V from it, th e  problem  is reduced to  th e  usual solution of the first 
b ou n d ary  value problem o f  th e  potential theory.

T his train of th ou gh t is followed by th e  so lu tion  according to M u s z h e - 

l i s v i l i  who uses com plex p otentia ls in ca lcu lating  the edge values o f  the  
u -fu n ctio n , written in a co m p lex  form, from an in tegral equation.

W ith  the aid o f th is  procedure a num ber o f  e lastic ity  problems have  
b een  so lved  in a closed form .

In  the first volum e o f  h is book, F r a n k - M i s e s  solves the boundary-value  
p rob lem  o f the biharm onic d ifferential equations, sim ilarly  to the first perim 
eter -v a lu e  problem o f th e  potentia l theory, w ith  th e  aid o f real potentials, 
w ith  tw o  simultane in tegral equations.

W ith  the aid o f th ese  m ethods, the problem s, analytically  unsolvable, 
m a y  also be solved n u m erica lly  b y  replacing th e  in tegral equations b y  fin ite  
q u a n titie s  and then n u m erica lly  solving the set o f  equations thus obtained.

Such a transform ation o f the usual an a ly tic  m ethods into num erical 
procedures attaches to ev ery  segm ent of the b oundary curve subdivided into  
f in ite  segm ents tw o u n k n ow n  edge values, consequently , the num ber of 
eq u a tio n s of the set o f  eq u a tio n s defining the unknow ns is twice the num ber 
o f  th e  edge segm ents. T he m eth od  described, as fo llow s, determines th e  edge  
v a lu es  o f  the harmonic fu n ction s u and v in d ep en d en tly  of each other, from  
a se t  o f  equations o f th e  sam e number as th e  edge segm ents.

L et the edge o f  th e  d isc examined be a closed  curve w ith continuous  
cu rv a tu re  within each seg m en t, that is, it should con sist at m ost of continuous  
arches o f  finite num ber b etw een  break points.

L et us decom pose th e  load  acting at th e  edge segm ent s into com ponents  
X  and  Y  parallel to th e  ax es x  and y ,  respectively . A t a point S o f th e  edge,
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the edge values F  and dF/dn  are connected  to  the forces X  and Y  (F ig . 1).

F  = У) X,) ds,

' 8  F  I

. 3n js
C O S  X yd s-(-sin X d s .

( 1 )

( 2)

The right-hand side o f formula (1) is the m om ent o f  the edge forces about the  
point S  acting on the segm ent s o f the curve; the first and second term s o f

the right-hand side o f  formula (2 ) are the projections of the same forces at 
the axes x  and y ,  respectively . The problem  can statica lly  be solved on ly  if  
th e  edge forces are in equilibrium . This is subject to  the condition th at b y  
integration along the w hole boundary, the right-hand sides of Eqs (1) and (2) 
are zero at a point О =a S.

This condition is on ly  satisfied if  at th e  points 0  s s  S at the coincid ing  
lower and upper lim its o f  the integrals F 0 =  F s and (9F /9n ) 0  =  (9 F /9 n )s, 
that is, the edge functions F, dF/dn  are continuous.

The edge values F  and dF/dn  calculated from  the given loads are con 
nected to the unknow n edge values it, v as follow s:

F  =  xu-\-v  , (3)

9 F  du dv
-----  =  U C O S  (p “T  x ------ 1-------- .
Эп 9 n 9 n

(4)

The relation betw een one of the edge values va o f the harmonic fu n c 
tion  v and the rest o f  v-s as well as the edge value dv/dn is, according to  the  
Green formula

cos (r, n) , 1  9» , .
V— In — —-I ds

r r dn ,
(5)
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in w hich er is a fixed point o f  th e  edge; r is th e  distance between the edge points  
a  and s.

E xp ressin g  V  from Eq. (3) and d v / d n  from  Eq. (4), and su b stitu tin g  them  
into (5) g ive:

f(F
cos ( r ,n)

X U )
r9

1

CO du V
— — —  и  cos W — X
r Э n 8  n)

( 6 )

Since и is a harmonic function , and th e  edge values u and au/дп  m ay be 
expressed  b y  the logarithm ic potentials o f  the sim ple-layer edge curve:

C 1  , du
T) v In - ds ;
T a n

cos (r, n)
V — as ЛТ,

in w hich V is the density function o f the sim ple layer.
B y  substituting the expressions (7) into (6 ) we obtain

( 8 )

in  relation (8 ) on ly  th e  density  function  v defining the fu n ction  и is 
u nknow n . From this, we determ ine the d en sity  function v at the p oin t a  at 
th e  edge o f  the range, and at point P  w ith in  the range

и(T and U p  = (9)

in w h ich  r is the distance o f the points a and P  from the boundary poin ts s.
W e find the edge values of the function  v from the formula (3) b y  placing  

in th e  edge values o f  u„i

v„ =  F  — x u a. ( 10)

Inside the range at a point P , v m ay be found by solving the integral 
eq u ation  o f the first boundary problem  o f  the potential theory

71
cos (r, n) 

r
ds ( i i )
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for the double-layer density-function u, th en

V p COs(r’ " ) ds 
г

( 12)

The described procedure should be brought to numerical form b y  dividing  
the edge curve into n segm ents o f a len gth  As  and we replace th e  perimeter 
values o f these segm ents by the mean va lu es taken in their centre and the 
integral o f the form ulas by fin ite q uantities.

The form idas (8 ), (9), (11) and (12) are:

К » J n Ls =

1
к

1 ,V  1 x,T >-'r J n  Is
ЛГ a r.w

In-
1 (d_F

cos <f,T >\ 1"
r s 0- .1 а и iT

C O S ( i l l )\ vs ' w 7 A S  X V .
s r S,T

cos (rw n„)

и,, =  V  vs In ---- As ,
s r * s

U p  = у  v s

s
In A s ,

r ps

P r  =
к C O S  (/ s,r n s)

71
Л  f ' s

r s a

V P =
s

cos (rps n s )
‘Js

r p s

(13)

(14)

(15)

(16)

(17)

in which a  =  1 , 2 , 3
In carrying out the numerical ca lcu lations we solve the set o f  equations 

(13) for the unknow ns v,, r2, . . . v„ and w ith  their aid we determ ine from  the 
form ulas (14) and (15) the f/„ and u p values o f  the edge points a  and th e  internal 
points P, respectively . From formula (10) we determine the edge va lu es vB 
and by su b stitu tin g  them into the set o f  equations (16), we solve th is latter 
for the unknowns /iv  /t2, . . . then we use them  to determine th e  vp v alues 
o f the internal points P  from formula (17). W ith the values ur and v p o f  the 
internal points P  we establish the stress fu nction  F, the derivatives o f  which  
formed num erically give the internal stresses.
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T h e advantage o f  th e  m ethod presented is th a t it reduces the so lu tio n  
of th e  boundary value problem  o f  the biharm onic differential equation to  tw o  
so lu tio n s, independent o f  each  other, o f the D ir ich let problem, and it is w ell 
ap p licab le  to  electronic com putation .

R E FE R E N C E S

S t e in b e r g : Potentialtheorie. Sam m lung Göschen
MlCHElIN, Sz. G.: In tegrálegyenletek . Akadém iai K iadó B u d a p est 1953.

L ösu ng des ersten Grundproblem s der E lastizitätstheorie m it Hilfe von reellen P oten 
tia len . D a s erste Randwertproblem  der E lastizitätstheorie b esteh t in der E rm itte lung der 
den R andbelastungen  zugehörigen biharm onischen Spannungsfunktion. Dem G oursatschen  
Satz g em äß  kann diese F unktion  durch zwei harmonische F unk tionen  ausgedrückt werden, die  
m it H ilfe  des logarithm ischen P o ten tia ls  von doppel- un d  ein fach  belegten Randkurven an g e
geben  w erd en  können. D ie D ich tefu nk tion en  dieser P o ten tia le  können aus den R an d b ed in 
gun gen  erm itte lt werden, fo lg lich  lä ß t sich die biharm onische A ufgabe auf zwei, voneinander  
u n a b h än g ige  Dirichletsche P roblem e zurückführen. D ie  num erische Lösung b esteh t in der 
L ösu ng v o n  zwei, auf die d iskreten  Punkte der R andkurve aufgeschriebenen, voneinander  
u n a b h ä n g ig en  G leichungssystem en.

Решение первой основной задачи теории упругости с помощью вещественных 
потенциалов (К- Смодич). Первая задача краевых значений теории упругости состоит в 
определении бигармонической функции напряжений, соответствующей краевым нагрузкам. 
По теореме Goursat эта функция может быть выражена двумя гармоническими функция
ми, которые могут быть даны логарифмическими потенциалами краевых кривых с двойным 
и одинарным слоем. Функции плотности этих потенциалов могут быть определены на основе 
краевых условий и, таким образом, бигармоническую задачу можно свести к двум неза
висимым друг от друга проблемам Dirichlet. Решение в числовой форме состоит из решения 
двух независимых друг от друга систем уравнений, записанных для дискретных точек 
краевой кривой.
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D’UNE GÉNÉRALISATION IMPORTANTE 
DE LA MÉTHODE DES DIFFÉRENCES FINIES

D. H O L N A P Y *

[M anuscrit présenté le  25 janvier  1968]

La solution  du problèm e de la valeur au contour des équations d ifférentielles  
partielles par la m éthode des différences fin ies  e s t  généralisée par l ’auteur à des sy s
tèm es d’équations. De cette  façon, il reço it u n e m éthode numérique fa c ilem en t u tili
sable pour la so lution  de m éthodes m ath ém atiq u es complexes. U n ex em p le  d’ap p li
cation concret est donné pour les voiles p lats.

Introduction

L’incessant progrès de la technique sou lève  de nos jours des problèm es  
toujours plus com plexes, qui nécessitent plus d ’une fois la solution d u  problèm e  
de la  valeur au contour de systèm es d ’éq u ation s différentielles partie lles. 
Comme exem ple, citons la déterm ination des forces intérieures chez les voiles  
m inces. Mais l’application d’une m éthode est rendue plus d iffic ile  du fait 
que la littérature n’offre aucun procédé num érique sûr et sim ple pour ce 
m odèle m athém atique nécessitant des ca lcu ls relativem ent com pliqués.

D ans le présent article, nous présentons un  procédé grâce au q u el la 
solution  d ’équations différentielles partielles par la méthode des différences  
fin ies peut être généralisée à des systèm es d ’équations différentielles partielles, 
ce qui perm ettra, par exem ple, d’élargir le cham p d’application des voiles  
m inces.

2. Généralisation du problème

Soient Ljj(x) i, j  — 1, 2 . . .  n des opérateurs différentiels linéaires défin is  
dans chaque point x £ T  [4] et tpv  <p2 . . . <pn des fonctions défin ies dan s le 
dom aine T. De ces dernières, on suppose qu ’elles peuvent être con tin u ellem en t  
dérivées le nombre de fois voulu, suivant les opérateurs différentiels u tilisé s .

Considérons le systèm e d’équations différentielles partielles

j v  = / ; ( * ) ’ J  =  L  • • • n (D
1 = 1

* I). H o ln a py , ô v -u . 150, Budapest  X I V , H o n g rie .
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C’est à ce systèm e que nous voulons généraliser la m éthode des d ifférences 
fin ies.

Si dans un réseau déterm iné, un opérateur différentiel linéaire est rem 
placé par un opérateur au x  différences, la valeur de la  fonction dans un nceud 
donné et les valeurs des fonctions dans les noeuds voisins (valeurs d on t le 
nom bre dépend de l ’ordre de l ’opérateur) form ent une expression algébrique  
linéaire. Dans l’équation (1), nous appliquons l ’opérateur différentiel linéaire  
à plusieurs fonctions et ces fonctions doivent être additionnées, de sorte que 
— en cas de calcul aux différences finies — l’en sem b le de l’expression con tin u e  
à rester linéaire.

Sans vouloir l ’étudier dans le détail, rappelons ici un cas spécial connu  
de la  littérature [1], [3], qui exam ine les critères de la solution pour le cas 
d ’une fonction  inconnue unique.

D ans notre problèm e, il figure plusieurs fon ction s inconnues. D ans un 
te l cas, le critère de la so lu tion  est qu’axec un nom bre de nœuds l on puisse  
résoudre le systèm e d’éq u ation s à l • n inconnues écrit pour le réseau entier [3].

Le systèm e d’éq u ation s ainsi reçu peut être résolu  par toutes les m éthodes  
con n u es. Un mode de so lu tion  frappant b ien  q u ’inapplicable dans certains  
cas pratiques — consiste à utiliser la relaxation  de bloc de Southw ell [6 ] et 
de corriger sim ultaném ent, dans le systèm e d ’éq u ation s, celles des valeurs des 
fon ction s inconnues qui correspondent au m êm e n œ u d . On choisit un vecteu r  
in itia l q)°,{x) puis en a llant d ’un nœud à l’autre on résout un systèm e d ’éq u ation s  
à au tan t d ’inconnues qu ’il y  a de valeurs de fon ction s inconnues dans le p o in t  
donné.

Si les f(x/;) calculés des q{xi;) obtenus par approxim ations successives ne 
diffèrent des côtés droits cherchés que dans la  lim ite  admise, on a réussi à 
avoir  une solution d’ex a ctitu d e  suffisante dans la pratique.

3. Application

Considérons le sy stèm e d’équations partielles des voiles plats [2], [5]:

Cu L, w ( x , y ) + C i2L . ,0 ( x , y )  =  p (x ,y )  ^
C2 1  L., w {x ,y )- \-C 2il l̂ 0 { x , y )  0

OÙ

*‘ij
Lj =  J  1

L - 0 ,‘
82

co n stan tes
o p é ra teu r d if fé re n tie l  b iharm on ique

о э 2* a 2 9 - г э 2
" Эл:2 9y 1 8хЭу 8л;Эу Эу2 Эх2

u ( x ,  y ) = fonction  de d é p la c e m e n t vertical
Ф(х,  y) = fonction  de  c o n tra in te s
p ( x .  y) = fonction  de ch arg e
* ( X ,  y ) = form e de la su rface .
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Soient données, au contour, les valeurs des deux fonctions de solution  
et les expressions linéaires formées des dérivées supérieures de ces fonctions. 
De la sorte, il n ’y  aura de valeurs de fonction  inconnues que dans les nœuds 
intérieurs et toujours deux dans chaque n œ ud.

L’exem ple ci-dessus est le cas spécial du problèm e général, pour n — 2. 
La solution de l ’équation  de plaque

/ ià w (x ,y )  =  c p (x ,y )  (3)

par la m éthode des différences finies est généralem ent connue.
L’équation (3) correspond en somme au cas spécial n — 1 de l’équation (1). 

La solution de (2) présente avec elle cette  différence qu’au lieu d’une seule 
valeur de fonction (w) correspondant à chaque point donné dans l ’équation  
différentielle partielle de l ’équation de plaque, en cas de voile m ince deux  
valeurs de fonctions (iv, Ф) correspondent à ces m êm es points.

E n cas d’utilisation  de la m éthode de relaxation , la valeur de fonction  
satisfa isant l’équation aux différences a été obtenue, pour les plaques, d’une 
équation à une inconnue. Pour les voiles m inces, par contre, un systèm e d ’équa
tions linéaires à deux inconnues doit être résolu en chaque point.
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On a Significant G eneralization of the Lattice Point Method from the Engineering Viewpoint.
The solution o f the problem  o f  the boundary value o f the partial differential equations with  
the aid of the lattice-w ork po in t m ethod (i.e. fin ite  difference m ethod) has been generalized  
into  system s. B y this a num erical procedure, easy to handle, for the solution o f  intricate  
m athem atical models was estab lished  which is shown by a specified exam ple of shallow  shell 
structures.

Eine vom  technischen Gesichtspunkt w ichtige Verallgem einerung der Gitterpuukt- 
m ethode. D ie Lösung des Randwertproblem s von partiellen D ifferentialgleichungen m it 
Hilfe der G itterpunktm ethode (d.h. der endlichen D ifferenzenm ethode) wird auf System e  
verallgem einert, wodurch zur L ösung von verwickelten m athem atischen M odellen eine leicht 
behandelbare rechnerische M ethode hergestellt wird. Das Verfahren wird für den Fall von  
konkreten Flachtragwerken angew endet.

О в а ж н о м  с т е х н и ч е с к о й  т о ч к и  з р е н и я  о б о б щ е н и и  м е то д а  к о н еч н о й  р а зн о с т и
(Д. Холышпи). Автор обобщает решение проблемы окружного значения парциальных 
дифференциальных уравнений методом конечной разности для систем; вследствие этого для 
решения сложных математических моделей он получает легкий в обращении числовой 
метод, который демонстрируется им в конкретном случае плоских оболочек.
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NATURAL FREQUENCY OF THE HORIZONTAL 
VIBRATIONS OF MULTI-STOREY BUILDINGS 

WITH BEARING WALLS

GY. V É R T E S«
CAND. O F TE C H N . SCI.

[M anuscript received: J u ly  5, 1968]

In m ulti-storey buildings w ith bearing w alls, if  no tw o-w ay sym m etry  exists, 
the horizontal free vibrations present them selves in a so-called “ coupled”  form . This 
m eans that, a t the sam e tim e, flexural and torsional vibrations take p lace. The deter
m ination o f th e  m om entum  characteristics o f  the m entioned vibration  is detailed  and 
after establishing the set o f differential equations, an approxim ate m ethod  o f solution  
for a sim ple calculation , and an exact m ethod adaptable for electronic com putation  
are described.

1. Introduction

In buildings constructed  with bearing walls the floor loads are sup
ported, instead o f th e  traditional brick w alls, by reinforced concrete slabs 
o f vertical plane. M ulti-storey houses constructed on th is system  have been  
w idely spread for the last decade, owing to the econom icalness o f  their  struc
ture or even more on the building technique connected w ith th is sy stem . There 
are a number o f questions in connection w ith  the statical and strength  analysis 
of slab carcasses w hich should be cleared up, and it  would not be stretching  
things to suggest th a t theoretical investigation  in this field  falls far behind  
the claim s o f practice. This is true even more em phatically in connection  
w ith  problems o f dynam ic character, a num ber o f which are not so lved  at all, 
or on ly  unsatisfactorily . Also the determ ination o f the natural frequency of 
the horizontal v ibration  o f m ulti-storey buildings having slab sk eleton , is a 
problem  o f this character. N am ely, in m ost cases, the load bearing slab walls 
are not sym m etrically  arranged, and thence, from the view point o f  th e  theory  
o f vibration, it follow s th at the building cannot be brought in to  vibration  
by pure flexural or pure torsional character.

In case o f  a sim ple beam , i f  its cross section is not sym m etrical and 
its gravity  centre does not coincide w ith the shear centre, the pattern  o f the 
free vibration w ill be com posed o f sim ultaneous flexural and torsional vibra
tions. A vibration o f such a character is called “ coupled” vibration. The coupled 
vibration o f a beam  m ay be represented b y  a set o f three sim ultaneous fourth

* Dr. techn. G Y. V é r t e s , M adách I.-tér 6, Budapes t  VI I ,  H ungary.

7* Acta Technica Academiae Scientiarum Hungaricae 68, 1970



364 GY. VÉRTES

order partia l differential equations [1], [4], [11], th e  solution o f w hich is, 
even  in  case of sim ple ty p es o f  beam s, very com plicated .

In  analyzing the horizontal vibrations o f  build ings w ith  slab skeletons, 
it  can easily  be seen th a t also here we have to  do w ith  “ coupled” vibrations 
w h ich  are similar to th ose o f  th e  beam  m entioned, how ever, owing to th e  d if
feren t form s of structure, th e y  cannot be treated on the sam e basis. R egarded  
from  th e  structural v iew p o in t the m ost sign ifican t difference betw een them  
is th a t  w hile every point o f  th e  cross section o f th e  beam , in  conform ity w ith  
th e  th eo ry  based on the B ern ou illi—Navier h yp oth esis, can perform on ly  such  
m ovem en ts which are conform  w ith  the given geom etrical conditions, and  
can n ot be independent o f  th e  adjacent points, th e  bearing walls form ing the  
slab skeleton , in m ost cases, are composed o f m em bers in planes inclined to  
each  other, and therefore th e y  can make som e m ovem en ts only in dependence, 
and som e independently o f  each  other. A ll o f  th is  show th at the v ibration  
sy stem  in question is very  in tricate, accordingly, the m ethods used so far, 
are n o t suitable for the so lu tion  o f problems o f th is  character.

In  th e  following, for th e  determ ination o f th e  natural frequency o f the  
horizon ta l vibrations o f tow er houses w ith  slab skeleton, a com putation  
m eth o d  w ill be presented w h ich , in case o f fu lfilm en t o f certain sym plify ing  
assu m p tion s, m ay also be applied  in general cases related to the buildings 
m en tion ed .

2. Principles and pattern o f com putation

T he structure o f th e  build ings in question consists o f  horizontal floors, 
and vertica l bearing w alls b etw een  the floors. T he diagram m atic cross-section  
o f  su ch  a building is show n in  F ig. 1. The wall m em bers strengthened together  
and inclined  at oblique angles to  each other, form  a single wall un it, b u t if  
th e y  are not rigidly con n ected , then  each o f th e  w all members should be con
sid ered  as a separate un it.

F or our calculations w e have made the fo llow ing assum ptions:
a) th e  walls behave as elastic bodies under th e  effect o f vibration;
b) the mass of the structure belonging to each floor, also including th e  mass 

o f  th e  floor, walls and other equipm ents, w ill be tak en  up at the leve l o f  the  
resp ectiv e  storey, but as to  th e  distribution o f th e  m ass, no reservations will 
b e m ade;

c) the effect o f  dam ping on the variation  o f the natural frequency  
is ignored;

d) each floor form s in  its  own plane a disc considered as in fin ite ly  rigid, 
b u t perpendicularly to its p lane it  is perfectly e lastic . This means th a t all o f  
th e  w all members are forced to  perform th e v ery  sam e displacem ent and
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NATURAL FREQUENCY OF THE HORIZONTAL VIBRATIONS 365

rotation in the plane o f  the floors, how ever, perpendicularly to  th eir  plane  
th ey  m ay he deform ed independently o f each  other;

e) the arrangem ent in plan o f the w all m embers and their th ickness  
m ay be arbitrarily chosen but it should be id en tica l at each storey. T he coac
tion o f the wall m em bers o f  each storey b ein g  in  the same vertica l plane, 
and w ith  the foundation b y  the rigid connections is ensured at their  jo in ings. 
Thus, the wall m em bers in  the same vertical p lane form a vertical cantilever;

f) in calculating the deform ations, th e  torsional stiffness o f  each  wall 
member which, in com parison with the flexu ra l stiffness, is very sm all, m ay  
be neglected.

Fig.  1. F loor, all members Fig.  2.  S ide e levation , cross-section

The pattern serving as basis for the ca lcu la tion  is shown in F ig. 2. As the  
cross-section, w'hich is obtained by cutting  th e  building in question  w ith a 
horizontal plane d irectly  above one o f the floors, only the floor is to  be con
sidered as a rigid disc in its ow n plane, represented w ithout drawing th e  sup
porting wall mem bers. In  the follow ing, th is cu t w ill be called the cross-section 
o f  the building. This sign ifican tly  differs from  th e  cross-section o f th e  sim ple  
flexural beam s, consequently  the usual characteristics of the form er should  
be defined accordingly.

In the follow ing, b y  the centre o f  g ra v i ty  (S) o f  the cross-section o f  the 
building, the com m on centre of gravity o f  th e  intersecting plane o f  th e  wall 
members figuring in th e  cross-section is m eant w hich, in general, d iffers from  
the gravity centre o f  the mass of  the cross-section (S M); this latter m ean in g  the 
centre of gravity  o f  th e  m ass concentrated in  th e  floor plane and ev en ly  d istrib
uted in the horizontal plane.

Sim ilarly to  th e  cross-section o f the beam , also the cross-section o f  the  
build ing possesses such a point which is characterized by the horizontal 
external force acting on th e  building in the p lane o f  the floor, the cross section  
(the floor) is subject to a torsional m om ent, th e  rotation takes place around  
th is point. This poin t, in  the following, w ill be called the centre o f  rotation 
(0)  o f  the cross-section o f  the building.
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366 GY. VÉRTES

T h u s, under the effect o f  the horizontal force intersecting the centre o f  
ro ta tio n , th e  floor w ill be displaced only  in its  ow n plane, however, th e  direc
tio n  o f  th e  displacem ent is n o t the sam e as th a t  o f  the force. As we sh a ll see 
in th e  fo llow ing, am ong th e  directions o f an in fin ite  number, there are two 
d irection s perpendicular to each  other, the a c tiv e  force in which on ly  d isp lace
m en t in  th e  direction o f th e  force is induced, and these two directions w ill be 
ca lled  th e  principal directions.

Sym bols o f major im portance used in th e  form ulas and ded u ction s are 
as fo llow s:

F
Jt, J>
E

S

0

P  XX* Pyy’- Pxy

—  cross-sectional area o f the wall m em ber
—  principal m om ents o f  inertia o f the cross section of the wall m em bers
—  modulus of e la s tic ity
—  coefficient serving for taking into accou n t the weakening of th e  w all slab  

members
—  centre of grav ity  o f  the cross-sectional plane figure
—  centre of gra v ity  o f  the mass
—  centre of shear or rotation
=  pyz —  stiffness factors o f the wall m em bers

m m m m

A  =  P ixx  ;  B  =  2  Р‘УУ ’ C  =  —  P ivy  =  2  Piy* '
i 1 i = l 1 = 1 i = l

К  =  A B  — С2
X, у
Z

U ,  V

“ M* VM

Ф

Eh
Em
Jo
M .

m,'
Р ю  Pv

—  system  o f c o o rd in a te s  in  th e  p lan es o f  th e  floors
—  co o rd in a te  ax is  p e rp en d icu la r  to  th e  p lan e s  o f th e  floors
—  system  of c o o rd in a te s  co rresp o n d in g  to  th e  p rin c ip a l d irec tions o f th e  cross- 

section  o f th e  b u ild in g , an d  m a g n itu d e  o f th e  d isp lacem ent ta k in g  p lace 
along these  axes

—  coo rd in a tes  o f  th e  c en tre  o f g ra v ity  o f  th e  m ass in th e  sy s te m  o f  coo rd i
n a te s  u ,  V

—  angle o f r o ta t io n  a ro u n d  th e  c e n tre  o f  ro ta t io n  of th e  c ross-sec tio n  o f the  
build ing

—  p o te n tia l en erg y
—  k in e tic  en erg y
—  M om ent o f  m ass in e r tia  re la te d  of the. ax is  in te rsec tin g  the  cen tre  o f  ro ta tio n
—  value  of th e  tw is t in g  m o m en t cau sin g  th e  u n i t  ro ta tio n  of th e  c ross-sec tio n  

of th e  b u ild in g
—  m ass o f th e  f lo o r c o n ce n tra ted  in  th e  lev e l o f a storey
—  value  o f th e  fo rce  causing  th e  u n i t  d isp lac em e n t, ac ting  in  th e  p rin c ip a l 

d irections

3. Determ ination o f the characteristics o f the cross-section

D eterm ination o f the centre of gravity  and centre of gravity o f  the mass 
o f  th e  cross-section o f th e  build ing, defined in th e  foregoing, takes place accord
in g  to  th e  com m only know n m ethod o f ca lcu lation  o f the centres o f  grav ity  
o f  p la n e  figures and m asses. N ew  notions are th e  principal directions and  the 
cen tre  o f  rotation which are th e  functions o f  th e  stiffness of the cross-section , 
and are connected w ith  th e  stiffness o f the w all m embers as cantilevers fixed  
at on e  o f  their ends. In th e  follow ing, first determ ination of these la tter  will 
be d ea lt  w ith .
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NATURAL FREQUENCY OF TH E HORIZONTAL VIBRATIONS 367

3.1. Determination o f  the stiffness factors o f  the wall members

The principal directions o f inertia o f  the beam  are of the sam e properties 
as th ose  e f  the cross-section o f the build ing in respect, that is, i f  th e  external 
is parallel w ith  one o f them , also the d isplacem ent of the cross-section  will be 
parallel w ith  the direction o f the force. Since the principal d irections (1, 2) 
and principal m om ents o f inertia (Jv  J 2) o f  the cross-section m a y  easily  be 
determ ined by means o f the relations w ell know n from the th eory  o f  strength  
of m aterials [7], in the follow ing th ey  w ill be considered as know n values.

Calculation o f the stiffness factors o f  the wall members is well known 
from the literature [7], [9], therefore th ey  w ill be dealt w ith o n ly  v ery  shortly.

I f  we w ant to displace the cross-section denoted by “ i” o f  a hom ogeneous 
prism atic bar stiffly  fixed  at one o f its  ends, and the m aterial w h ich  follows 
H ooke’s law , being at a d istance “ z” from  the fixed  end o f th e  b eam , parallel 
w ith  the principal directions 1  and 2, o f  a m agnitude of A1 and A 2 respectively, 
in the shear centre o f  the cross-section denoted by “ fc” being a t a distance 
c (c ;> z) from the fixed  end o f the beam , parallel with the resp ective  displace
m ent P] and P 2 forces should he applied. M agnitudes o f  th e  forces are in 
conform ity  w ith  the well-known relation o f  th e  elem entery th eo ry  o f  strength  
o f m aterials

( 1 )
M

and

Ъ =  2)

respectively .
In the above formulas

w here E  is th e  m odulus o f  e lastic ity  o f  th e  m aterial of the bar and s is a coef
fic ien t expressing the effect o f the gaps (opening for doors and  windows) 
in the wall.

N ow  let us determ ine in a system  o f a coordinate w ith  th e  axes x, у , 
assum ed also to  be at a d istance “ z” from  the fixed  extrem ity o f  th e  bar, what 
is th e  va lue o f  an external force w hich should act on the cross-section  “ fc” to 
cause a unit displacem ent in the x  d irection o f the shear cen tre o f  the cross- 
section . I f  the axis x is not a principal direction, the force causing th e  displace
m ent is not parallel w ith  the axis x  itse lf, but it can be characterized  by the 
com ponents p xx and p xy o f the directions x  and у  respectively, w h ich  can be 
calcu lated  as follows. The com ponents in the principal d irections 1 and 2 of 
th e  m entioned unit, the displacem ent fo llow ing the direction x  and  inclining at
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an an g le  a  to the principal direction 1, as can be seen in Fig. 3, are equal 
to 1 • cos x  and —1 • sin a , respectively . To create th ese  com ponents, according  
to form u las ( 1 ) and (2 ), forces o f magnitudes

Q. =  —-- cos x  (3)
H

and

()., =  sin x  (4)
H

acting in  th e  directions o f  th e  axes 1 and 2  are needed .

T h e force com ponents p xx and p xy which are to  he found are given b y  
the sum  o f  the projections in  th e  directions o f  x  and  y  of (3) and (4), th u s

Pxx — Qi cos x Q î  sin x = ---- ( f  s in 2 а -f-1 2  cos2 a ) ,
H

Pxy — Qi sin a  +  Qi cos x =  cos x sin : h ~ h
H

(5)

(6 )

F or provoking the unit displacem ent in the d irection  of y  of the cross- 
section  in vestigated , the forces p yy and p yx should be applied in the directions 
o f y  and  X ,  respectively. T hese forces may be determ ined  in the same w ay as 
has b een  show n above, and w e w ill find the fo llow ing results:

p.,v = ----- ( / .  cos2 а -f-J , sin 2 x ) ,
У У Н

H
cos a sin x ( I j: —12) =  p xy.

( 7 )

( 8 )

In  th e  following, th e  qu an tities p xx, p yy and p xy =  p yx, found in  th is  
w ay w ill be called the s t i f f n e s s  f a c t o r s  o f  t h e  w a l l  m e m b e r .
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NATURAL FREQUENCY OF THE HORIZONTAL VIBRATIONS 369

3.2. Determination o f  the pr inc ipa l  directions, centre o f  rotation of the cross section 
o f  the building , and the dynames provoking its unit displacements

The principal directions o f  the cross-sections o f the building m ay be 
determ ined starting ou t from the condition  th a t the displacem ent, caused  
b y  the force intersecting the centre o f rotation  and acting parallel w ith  the  
principal direction, w ill also be parallel w ith  th e  direction o f the force. This is 
also true inversely, v iz ., th e  straight o f th e  so-called restoring force created  
by the effect o f the displacem ent in the principal direction, also coincides  
w ith  the principal direction. I f  the centre o f  rotation , the place w hich  is so 
far unknown o f the cross-section o f the build ing outlined in Fig. 4, w e assum ed

2

Fig. 4

an optional system  o f coordinates x, y ,  and denoted the angle betw een  the  
principal direction and th e  axis z , w ith a 0. T hen we displaced the cross-section  
supported by Avail m embers o f a number o f  “ re”  along the principal direction  
by an am ount o f  A. The straight o f the force (R ) needed for causing th e  d isp lace
m ent, coincides accordingly w ith  the principal direction. The com p on en ts  
of the displacem ent A in  the directions o f  x  and y  are equal to A cos « 0  and  
A sin a 0, respectively, and the forces causing th ese displacem ents are th e  sam e  
as the com ponents in the respective directions o f  R . Between the forces needed  
for creating the com ponents o f the d isplacem ent and the respective com po
nents jR, the follow ing relations m ay be established w ith the aid o f th e  stiffness  
factors o f  the wall members:

m m
A cos x0 V  p ixx+ A  sin * 0  J ?  p ixy =  R  cos a,,

(=i t- i  (9 )

A  sill P ly y + d  cos a0  ^  p ixy — R sin a„
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In  these equations p ixx, Piyy and p jxy =  p iyx represent the stiffness factors 
o f  th e  ith  w all member. Introducing the term s

^  Pixx 1 В  — ^  Piyy 1 

1 = 1  1 = 1
c  =  V  Pixy

i=1
(9a)

and so lv in g  the set o f  equations, we have th e  relation

о 2Ctan  2 xn =
A  B

( 10)

From  this relation, in conform ity w ith  th e  problems of similar character, 
it is ev id en t that for the va lue o f a 0 two so lu tion s m ay be obtained. N am ely , 
if  a v a lu e  a'0 satisfies the equation, then th e  v a lu e  a j =  x'0 -f- л / 2  w ill sa tisfy  
it, to o , because tan 2 x 'q =  tan  (2ocó —j— tt)  =  tan  2 oc0. This means th a t w e find  
tw o directions perpendicular to each other w ith  respect to which the deter
m in ation  o f the principal direction is true, and b y  that, also the ex isten ce  of 
th e  principal directions is verified.

A s can be seen, the d istance between th e  cross-section exam ined and the 
fix ed  end  is not included in  the expression o f a 0, thus, relation ( 1 0 ) m ay be 
eq u a lly  used to every cross-section exam ined, in  each storey of the building.

In  th e  following we shall also need th e  va lu e  of the force causing the  
unit d isplacem ent in the principal direction, therefore, we shall now treat its 
d eterm in ation . Let us denote the force causing a displacem ent as A  =  1 in 
th e  principal direction inclined at an angle a 0  to  th e  axis x, by  p .  The E quations  
(9) m a y  then be w ritten  as follows:

A cos a 0  -f- C sin * 0  =  p  cos oc0 , ^  ^

В  sin a0  -|-  C cos a 0  =  p  sin  a0 .

T he solution o f the equation will not be detailed, because th is also is 
sim ilar to  that of the set o f  equations serving for the determ ination o f th e  prin
cipal stresses, and in  th is respect, it  is w ell-know n from the literature. The 
final result of the calculation is

P
A +  B  

2
( 12)

T he relation obtained , considering the tw o  signs before the square root, 
g ives tw o  values corresponding to  the tw o principal directions. The greater 
one (w h ich , in the follow ing, w ill be denoted b y  p a) m ay be found b y  applying  
th e  p o sit iv e  sign, and the sm aller one by considering the negative sign in front 
o f th e  square root. Thus, b y  applying the sym b ols o f  Fig. 4, the forces causing
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NATURAL FREQUENCY OF THE HORIZONTAL VIBRATIONS 371

the u n it displacem ent in th e  principal directions m ay be calcu lated  by means 
o f  th e  follow ing formulas:

Pu =

Pv =

A  +  В  

2

A 4 -  В

A в
г -2

A в 2

9
+  C2

(13)

N ow , let us analyse the m ethod o f determ ining the centre o f  rotation  
o f  th e  cross-section o f the building according to [7] and [9]. L et us assume 
th at on the floor at a d istance z from a fixed  end and parallel w ith  th e  axis z 
show n in Fig. 4, in the centre o f rotation, the place which is n o t y e t  known, 
a horizontal force R x =  1 Mp is acting. According to the defin ition  no rotation  
o f th e  floor will occur, on ly  its displacem ent o f  Z lx x  and Axy in th e  directions x 
and y ,  respectively. Sim ilarly to the m ethod applied for the calcu lation  o f the 
principal directions, we can w rite down the following projection equations:

A XX A + A xy C —  1 , 

AXX C -f- Axv В  =  0 .
(14)

Introducing the abbreviation К  — A B  — C2, from the ob ta in ed  set of 
eq u ation s for the d isplacem ents o f the floor we have

Ax
В
К

c
к (14a)

In  the light of the displacem ents, the forces o f the directions o f  x  and y ,  
applied  on the wall m embers can easily be calculated from the extern a l force 
R x =  1  Mp. Thus, in the direction o f x and y ,  on the ith  wall m em ber the 
forces

r ixx — A XX Pixx~\~ Axy Pixy =  — — ( B p i x x  ( ‘Pixy) (L5)
К

and

' ixy A XX Pixy AXV Piyy (B Pixy ('Piyy)l
A

(16)

respectively , are acting. Since the external force is the resu ltan t o f  these 
forces, we can write down th a t the m om ent o f  the resultant force related to 
a poin t (in this case to  the origo 0 ' o f the system  o f coordinates x ' , y r to be 
seen in  Fig. 5) is equal to the sum  o f the m om ents o f  the forces actin g  on the 
w all m em bers, related to  the sam e point. Thus,

m

(*< r'xy -  Ух rixx) =  yi> ■ 1 • (16a)
1 =  1
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H ere, x'j and y {  are th e  distances of the centre o f  rotation o f the ith  wall 
m em ber from the axes у  ' an d  x ’ respectively, a n d yó  is th e  distance o f the centre 
o f  ro ta tion  from the axis x ' . B y  making use o f  th e  results of E quations (15) 
and (16) the m agnitude o f  th is  latter may be found w ith  the aid of the equation

A lm ost similarly to  w h a t has been presented in  the foregoing, in in v esti
g a tin g  th e  effect o f the force  R y =  1 Mp o f th e  direction  of y ,  the d istan ce  
o f  th e  centre of rotation from  th e  axis y ’ m ay be deducted , which is

A_
К 2  x 'i Piyy

i=i
•V. ’ >
> У ‘Р>:
i = l

c

к 2 y 'i P i :
i= 1

2  x‘ Piyy-
i=i

(18)

F in a lly  we shall d eterm in e the value o f the m om en t to be applied in the 
cen tre  o f  rotation of the cross-section  of the build ing inducing the unit rotation  
o f th e  cross-section. Let us assu m e that the floor belonging to the cross-section  
in v estig a ted  undergoes th e  u n it  rotation. Then th e  shear centre o f the ith  w all 
m em ber w ill be displaced in  th e  directions o f  x  and  у  by  the lengths o f x , 
and y , ,  respectively, and for inducing the d isp lacem ent, in the centre o f  rota
tion  forces of values

L>X (Zi Pixy Уi Pixx) 5 (19)

1 itpy =  ( x i  Руу У1 Pixy) (2 0 )

sh ou ld  be applied in th e  d irection s of x and y ,  resp ectively . In these form ulas, 
Xi =  x\  — x'0 and у,- =  у ]  — y'0, i.e ., they are th e  d istan ces, respectively, o f  the  
cen tre  o f  rotation of the ith  Avail member from th e  axes o f  the system  o f coor
d in ates assumed in the cen tre  o f  rotation. The sum  o f the m om ents o f the
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forces induced by the effect o f  the rotation related to the centre o f  rotation  
should be equal to the turning m om ent o f the couple causing th e  rotation,

i.e .,
m

M i  =  2  ( x t r if x  У,  r ,f y)
1 = 1

m

^ryïPixx  2 у  я:iy ixy +  X1 Piyy
1 =1  1 =1  1=1

( 21)

4. Set of differential equations serving to represent the vibration
and its solution

The differential equation o f a com plex vibration system  m ay be directly  
w ritten  down in m any cases w ith the aid o f  the Lagrange equation. In deter
m ining the natural o f v ibration  o f tower houses o f slab skeleton, we chose the

very  sam e w ay, and first set out from the displacem ents o f the ith  floor of 
th e  building exam ined. As was referred to above, the m otion o f the floor 
induced by the vibration m ay be characterized by the rotation  around the  
centre o f  rotation and the sim ultaneous displacem ent. In the follow ing, in lieu 
o f  the displacem ent we shall take into account its com ponents in th e  principal 
directions and, accordingly, th e  displacem ent o f  the centre o f rotation  o f the 
floor w ill be denoted b y  the com ponents u and v and its rotation  b y  Ф, as is 
show n in Fig. 6 .

Under the effect o f  the d isplacem ent, as is to be seen in th e  figure, the 
centre o f  rotation o f the floor will be transferred to O', and its centre o f  gravity
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of m ass in S ^ . Its  k in etic  energy  in a given m om ent, as the im petus o f a rigid 
b o d y , subject to rotation  and translation  m ovem ents, m ay be found as follows 
(th e  p o in t above the character denoting the derivative o f the m ovem ent in 
resp ect w ith  time).

T he kinetic energy o f  th e  whole building w ritten  in the form o f a m a
tr ix  is

E m =  û*M û 4 -  v*M v +  — Ф*МФ +  МФ(иму vMû) (22)
2 2 2

u i

1

__
1

Ÿ
1!

•3 Û, , V = V,- II Ф Í

-Ûn- Уп- 1 3

v ec tors and M =  (m v  m2 . . . m n); J n =  <(J 01, . J 0I-, . • • Jn)  diagonal m atrices.
T he potential energy o f  the floor at the very  sam e m om ent will be

d 8 ЭE m 8 Eft f  

dt 8q 8q 8q

In  the equation b y  q(u, v , Ф) the vectors o f  the so-called generalized  
coordinates characterizing th e  m otion of the centre o f gravity o f the m ass 
o f th e  floor, and by f  th e  a c tiv e  dyname vectors are denoted which, in th is  
case, as free vibrations are d ealt w ith equal to  zero.

L et us now determ ine th e  derivatives o f the Lagrange equation. These are

further

d QE„
dt 0 1 1

d 3 E m
dt 0 V

d 3 E m
dt 8 Ф

£CO

0U

3 E h

Mii — vM МФ ,

(23a)

8 v
3 E m 
ЭФ

=  0 ,

8 u
K „u .

— =  K v v 1
dv

(23b).

3 E h 
8  Ф

К ф Ф
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E xam ining the three derivatives w ritten down on the basis o f  dE Jdq,  
we can see that th ey  actu a lly  present the m agnitudes of the restoring force 
related to the respective floor taking place during vibration, and o f th e  m om ent 
exerted by the elastic support o f the floor. In case o f a system  o f  a unique  
mass and one degree o f  freedom  they  can easily  be determ ined, b u t, in  our 
case, there being several m asses in question, the m agnitudes o f th e  restoring  
dynam es acting on a certain mass are influenced b y  the displacem ent o f the

mn П

/
- W

V '

Í
I

Fig. 7

other masses, nam ely, under the effect o f the displacem ent o f one o f  th e  masses, 
the other mass w ill also be displaced, and v ice  versa. Let us in v estig a te  the  
m anner o f calculation for the dynam es in  these cases.

On a beam  fix ed  at one o f its extrem ities shown in Fig. 7 concentrated  
loads are applied. Let us denote the displacem ents o f the direction o f  f  induced  
by the horizontal u n it force applied at th e  place o f the ith  m ass b y  aih and 
at the place o f  an other m ass, by од. S im ilarly, under the effect o f  the hori
zontal unit force applied at the point o f  the mass denoted b y  “ k” , at the 
points “ k” and displacem ents a/</( and respectively, are tak in g  place. 
As is known, in conform ity w ith M axwell’s principles o f reciprocal displace
m ents, aid =  a,-ft. According to what has been said above, the forces R  m ay be 
calculated which jo in tly  cause a displacem ent £ at the place o f  the mass 
denoted by In turn, these forces g ive in addition th at in  th e  displace
m ent I , which takes place sim ultaneously, w hat the value o f  th e  elastic 
restoring force is w hich acts on the mass denoted by m,.

The elastic restoring forces acting on each o f the masses m a y  be deter
m ined by the application  o f the principle o f  superposition in  th e  following

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



376 GY. VÉRTES

se t  o f  equations.

^ 1 1  R\  H R ‘i~̂ ~ • * * «1Л  Rn === ^ 1  ’ 

« 2 1  ^ l ~ f ” « 2 2  • • • « 2/1 = =  ^ 2  ’

а„1 Я 1 +  ап2 К ,+  . . . annR n =  fn .  

T he se t  o f equations w ritten  in the form of m atrix  is

Nr =  Ç.
H ere

Rx f f i  1

r — r 2
\  =

..
..

tv

Rn - A n  -

a n d

«и « 1 2  • • « 1Л

N -= « 2 1 £*22 « 2  n

an1 an2 ann-

T he so lu tion  of the m atrix  eq u ation  is

r  -  N“ 1 Ç

(23c)

(24)

(24a)

(241.)

(25)

w here N - 1  is the so-called in verse  m atrix of N. Considering that m atrix N is 
sym m etrica l, its inverse is sym m etrical too , accordingly a'j =  aj,. On the  
basis o f  th e  above the d er iva tives o f  the potentia l energy w ith respect to  the  
generalized  coordinates are as follow s:

Э E h
0U

N,Tl u ,

Э E h
0V

N ̂ v ,

QEh
0Ф

N *L Ф.

(25a)

These derivatives at the sam e tim e give the restoring dynam es acting on the  
floors.
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In the above form ulas

rи N„

t
a U, 11 w i - f -  a u j о n a  - ) -  . . . 4 “  a u , l n  u n

t
a u ,  21 u i +  <*»,22 U 2 +  • • • ® u , 2 n  U f i

au,nl U 1 “t-  < *» ,»2  U 2 ' • • 4 ~  ® u , n n  U n

' N ^ v

гф

<*г,П +  «г-,12 v-l +  ■ • • +  a'r,in vn
a'v,21 ®i +  <*»,22 vi +  ■ ■ ■ +  <*»,2n vn

<*»,nl *’l <*(’,n2 v 2 ~+" • • • <*r,nn, -

а Ф, 11*̂ 1 +  °<P, 1 2 ^ 2  +  • • • +  <*0 , l n ^ x

<*Ф,21 +  <*0,22 ^ 2  4 ” • • • ~Ь <*Ф,2П

- <*0,nl “f-  <*0,n2 ^ 2  “f-  • • • “Ь <*Ф,ПП <K

(25b)

(Members m arked w ith primes represent th ose  associated with th e  inverse  
N _ 1  o f the m atrix N.)

Then the set o f differential equations expressing the m otion  w ill be

Mii vM МФ +  N„ 1 и =  0 ,

MV +  им МФ -f  N , 1 у =  0 , (26)

vM Mii +  uM Mv +  1„Ф +  N , , , 1 Ф =  0.

Before treating the solution of the se t o f differential eq u ation s we 
should com pute the coefficients (load factors) o f  the sets of equations serving  
to  determ ine the restoring dynam es. These m ay  easily be found on th e  basis 
of w hat has been said in Chapter 2.

N am ely, the relation (13) contains the forces and p., causing th e  unit 
displacem ent in the directions и and v, respectively . The coefficien ts o f  the
sets o f equations serving to  calculation o f r„ and r„, which represent th e  dis
p lacem ent induced by the effect o f the unit forces, m ay be obtained sim p ly  as 
th e  inverse values o f these latters, i.e.,

au,ik = -------and avik =  — ( 27)
Pu.ik Pr.ik

where p ik represents the force applied at point “ /c” causing the unit d isp lace
m ent at the ith  place. R elation (13) su itab ly  applied may be used  for the  
determ ination o f all o f the p i k ’s ,  only the d istance associated to th e  p o in ts “ i”
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and “ fc”  should be su b stitu ted  into the form ula o f  H ,  figuring in the form ulas
(5), (6 ), (7), (8 ).

T he rotation o f the cross-section o f th e  building induced by th e  unit 
cou p le  is equal to the inverse o f the num erical va lu e of the couple actin g  in 
th e  p lan e  o f  the floor causing unit rotation, i.e .,

«ф,„ =  - L  . (28)
M

T he v a lu e  o f  M  included in th is formula m ay be calculated by means o f  E q u a
tion  ( 2 1 ).

H aving  dealt w ith the system  rigidly fix ed  at one of its ends and w ithout 
su p p ort at the other, if  w e allow the ith  cross section  of the building at an 
an gle Ф to  rotate, then all th e  cross sections “ fc”  being between th is and the  
free en d  carry out rotations at the sam e angle. Therefore, we can w rite down:

« Ф , ,  =  (29)

In  solving the set o f  equations we proceed in  conform ity w ith th e  usual 
m eth o d  applied in the case o f  the m ultip le-m ass oscillation system . A ssum ing  
th a t  th e  free oscillation o f  th e  system  is a harm onic one, then it m ay be char
acterized  by the functions

u — u 0  Sin ft)t ,

V =  v0  sin cot, (29a)

Ф =  Ф0 sin cot

Ü = ft) 2 u0  sin cot,

V = ft) 2 v0  sin cot, (29b)

ф = со2 Ф1̂ sin cot.

On su b stitu tin g  these in to  th e  set of equations (28) and dividing th em  by  
sin  с о  t, w e have

(N “ 1 —' ft) 2 M) u 0  +  0 v 0  +  w2 vM МФ„ =  0 ,

0 u() +  (N - 1 со2 M) v0  со2 nM МФ 0 =  0 , (30)

со2 vM M u 0  со2  uM Mr0  - f  (Nÿ1 I 0  со2) Ф 0 =  0.

H ere О represents the zero m atrix o f the n th  order.
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Further introducing the notations

(Nul со2 M) =  P , 

to2 M == Q ,

(N~l со2 M) =  R , 

to2 vM M =  S , 

(N*1 «°-I„) =  T ,

(diagonal m atrix)

(diagonal m atrix)

the set of equation becom es

P u , +  0  v0  +  Q Ф„ 0 ,

О u0  +  R v 0  +  S Ф„ =  0 , (31)

Q и о + 8 т 0  +  Т Ф (1 =  0 .

The hom ogeneous set o f equations obtained has a solution other than  
zero only in that case i f  the determ inant formed from the coefficients is equal 
to  zero. In our case th e  coefficient m atrix is given  by the follow ing hyper- 
m atrix

p 0 Q

w 0 R s
Q S T

(32)

Finally , the equation for the determ ination o f the natural angular frequency  
o f vibration is

det W =  (det P) (det R det T det S2) det Q2 det R =  0 . (33)

This equation is w ith  respect to (o2 o f the 3n-th  degree, having 3n roots. 
Considering that th e  m atrices included in th e  characteristic equation are 
sym m etrical, and so is th e  hyperm atrix W itself, th e  roots o f th e  equation  
are real, accordingly, w e obtain for со real or pure im aginary values. I t  follows 
from the physical condition  o f m otion that pure im aginary or real negative  
values for the roots cannot be taken into account, and so, in fact, for со only  
values o f n number m ight be considered. A m ong th ese  it is the sm allest one 
w hich gives the fundam ental angular frequency o f th e  natural oscillation  
the rest of them  represent the angular frequencies associated w ith  the vibra
tions o f more com plex form s. Thus, the fundam ental natural angular frequency  
o f the building is со =  comin, and the fundam ental frequency o f  vibration  
o f the building is

N  =  . (34)
2л
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Since the solution o f  th e  set o f equations (32) involves cum bersom e cal
cu la tio n  work and in case o f  a m ultistorey building it is unim aginable w ithout 
u sin g  an  electronic com puter, th e  method adaptable to com puter w ill also be 
p resen ted .

Separating the term s o f  the set of equations (30) according to  including
со or n o t, yields

(A - 1 со- B) q =  0 (34a)
w here

N , , 1 0 0 1
A " 1 = 0 N ,“ 1 0  1, (hvperm atrix) (34b)

О 0 N*1 )

В 1 =

M О vmM 
О M «мМ

i’MM mm-M I«
(hyperm atrix) (34c)

and q is the hypervector including the coordinates o f the d isplacem ent 
(u, V. Ф ).

T his directly yields

Eq =  CO2 ABq .

(H ere E is the unit hyp erm atrix  and A is th e  inverse of the hyperm atrix  
A  _1. T h u s the inversion o f  th e  m atrices N,„ N^, N  m ay he evitab le.)

Introducing further th e  expressions A ■ В =  C hyperm atrix and A =  
=  1  /со2  (since the com puter presents the results on th e  basis o f th e  root of 
m a x im u m  value of the eq u ation , but from the v iew point o f the theory  o f  vibra
tio n , th e  vibration o f th e  sm allest frequency and the associated roots are of  
in terest) we obtain

(C -  EA) q =  0 .

F rom  this the eigenvalue o f C m ay be calculated.

5 . Approximate m ethod for the determination of natural frequency

A ccording to the m eth od  described above th e  natural frequency o f the 
b u ild in gs o f  slab skeleton m a y  be calculated w ithout any im plications, but in 
case o f  m ultistorey build ings, ow ing to the great num ber o f equations and 
u n k n ow n  values, the problem  m ay be econom ically solved only b y  com puter. 
To e lim in a te  this inconven ience an approxim ate calculation will be described  
b y  m ean s o f  which even in case o f a number o f storeys a good approxim ate

Acta Technica Academiae Scientiarum Hungaricae 68, 1970



NATURAL FREQUENCY OF THE HORIZONTAL VIBRATIONS 381

value m ay be found w ithout any im plications in the calculation. The calcu
lation is carried out b y  means of the D unkerley  equation [11] w hich , in lieu  
o f determ ining the natural frequency o f an oscilla tin g  system  containing m asses 
o f “ и” number, sim plifies the problem for th e  determ ination o f th e  natural 
frequency of system s o f “ re” number, each containing only one single mass. 
According to the relation

(35)

Here, (0 j is th e  im aginary natural angular frequency o f th e  beam  o f  the 
negligible mass, in th a t case, if  only the ith  m ass is acting on th e  beam . The 
result obtained is sm aller by 5 to 15 per cent th an  the exact value.

In our case we should proceed by ca lcu lating  the natural angular fre
quency for a building having only a single storey and th is storey  changes 
according to the actual storeys of the build ing. N am ely, in this case w e have  
alw ays to do w ith  a system  o f a single m ass performing a coupled vibration ,
to  w hich we can apply the set o f equations, but written in an appearance
sign ificantly sim pler, because in a single-m ass system  the restoring dynam e is 
given by the product o f  the spring constant and displacem ent. In turn , the  
spring constant is equal to the num erical va lue o f the dynam e causing the  
unit rotation w hich has already been determ ined in Chapter 2; th is  is in the  
case o f  the d isplacem ent p v or p v (see Form ula 13) and in the case o f  rotation  H  
(see Formula 21).

On the grounds o f  the above stated , for th e  free vibration o f th e  single
mass system  we can write down the fo llow ing set of equations

( P m  — m ,  (o2) «/ +  “ 2 t’jvi Ф, 0 ,

(p,i — "t, a>2) Vj - f  со2 vM m, Ф, =  0 , (36)

to2 vM m, Uj со2 uM m, v, +  (M( /„, со2) Ф, =  0.

The hom ogeneous set of equation has a solution other than  zero only  
in that case if  th e  determ inant formed o f  its  coefficients is equal to  zero, 
thus

(Pm mi (°2) 0 w2 uM m,
0  (p rj in, oj2) co2 uMm,

o r  vM nij co2 uM m, (M , f и, or)
=  0 . (36a)

E xpanding the determ inant we obtain  for iо2 the follow ing equation o f  
the third degree

acoß +  bco* -f- c m 2 - f  d =  0 (37)
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w here
я =  m, ( u-M m i+ v% m , I 0,) ,

b =  m, [Ioi(pui+Pvi) m i ( Pm u'm +  Ph v%) +  m, M ,] . 

c =  [m, M t ( p u, + p vi) +  p ui p vi / , , ] , (37a)

d =  Pm Pvi M i  .

I t  follows from th e sym m etry  of the determ inant that the roots o f  the  
e q u a tio n s  are real values. F or us, only the angular frequency associated  w ith  
th e  fundam ental vibration, a)mjn is o f interest and thus in case o f  storeys of 
a n u m b er  of n', n different from  ft>mirl’s are obta ined , from which th e  natural 
an gu lar  frequency o f th e  b u ild in g  m ay be determ ined with the aid o f  E q u a
tio n  (35).
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Eigenfrequenz der horizontalen  Schwingungen von Hochgebäuden m it P lattenrahm en.
B ei H o c h g e b ä u d e n  m it P la t te n s k e le t t  t re te n ,  wenn k e in e  zw eifache  Sym m etrie  b e s te h t, d ie  h o ri
z o n ta le n  fre ien  Schw ingungen in d e r  F o rm  der sog. »wilden« Schw ingungen auf. D ies b e d e u 
t e t ,  d a ß  g leichzeitig  B ieg e -u n d  T orsio n ssch w in g u n g en  e n ts te h e n . Die A bhan d lu n g  b e h a n d e lt  
a u s fü h r l ic h  d ie E rm itte lu n g  d e r B ew egungsm erkm ale  d e r e rw äh n te n  Schw ingung u n d  n ach  
d e r  A u fs te l lu n g  des D ifferen tia lg le ich u n g sy stem s b e sc h re ib t sie eine exak te  L ö su n g sm e th o d e , 
d ie  a u c h  fü r  M aschinenkalkül a n w e n d b a r  ist, u n d  e in  N äh eru n g sv erfah ren , das e in fach e re  
B e re c h n u n g e n  erfordert.

Число собственных горизонтальных колебаний высотных зданий пластинчатого 
каркаса (Д. Вертеш). У высотных зданий пластинчатого каркаса без двунаправленной 
симметрии горизонтальные по своему направлению свободные колебания проявляются 
в виде т. н. «связанной» форме. Это означает то, что одновременно возникают изгибающие 
крутящие колебания. В работе детально рассматривается определение характеристик 
движения указанных колебаний и после выведения системы дифференциальных уравне
ний для его решения описывается приближенный метод, пригодный для машинного 
вычисления и являющийся точным и проще вычислимым.

A c t a  T e c h n i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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VERDICHTUNGSTECHNISCHE BEITRÄGE 
ZUR ENTWURFSTHEORIE DER KIESBETONE

J. CSUTOR*

[Eingegangen am 26. Sept. 1968]

Aufgrund der Versuche, die zur num erischen Erm ittelung der A rbeitsm ethode  
des Nadelrüttlers und der Kennwerte der m it diesem  L etztgenannten durchgeführten  
Verdichtung angestellt worden waren wurde fest gestellt, daß m an eine physikalische  
Größe finden kann, die als Ergänzung der B etonentw urfes zur R egelung der B eton
verdichtung eine N iederlegung von Grundprinzipien erm öglicht. D iese  physikalische  
Größe ist die spezifische Verdichtungsarbeit. K en nt m an schon die sp ezifisch e Verdich
tungsarbeit, so können die Bedingungen der Reproduzierbarkeit für a lle  R ü ttelm eth o
den festgestellt werden, wenn man bei der H erstellung der Probekörper der optim alen  
B etonfestigkeit die spezifischen Verdichtungsarbeit zuordnet.

1. Einleitung

Der Beton ist ein aus Zem ent, W asser, Sand und G robzuschlagstoff, aus 
Luft und eventuell aus Zusatzm itteln zusam m engesetztes heterogenes Mate
rial, dessen Zusam m ensetzung den vorgeschriebenen E igenschaften  (z. B. 
D ruckfestigkeit, W asserdichte) entsprechend mit H ilfe von  Formeln, 
D iagram m en, R echenschieber und Tabellen nach allgem ein bekannten  
Verfahren entworfen werden kann.

D ie Eigenschaften des B etons werden — außer seiner Zusam m en
setzung — durch die M ischung, Beförderung, Verdichtung, E rhärtung und 
N achbehandlung beeinflußt. Die Entw urfsbehelfe ziehen die E in flü sse  dieser 
Faktoren entweder gar n icht, oder nur indirekt in Betracht, indem  sie einen 
porenfreien Beton od erein en  bestim m ten L uftinhalt annehm en (die Feretsche, 
B o lo m ey —Palotás’sche Form el). Das ist aber vielm ehr eine U m gehung der 
tatsächlichen  B erücksichtigung der Verdichtung. Daß die gegenw ärtige Regeln 
des Betonentw urfes keine Anleitungen für den Verdichtungsprozeß geben konn
ten , kann durch verschiedene Gründe erklärt werden, die wir im  folgenden  
zusam m enfassen können:

a) Sowohl die K om ponenten des B etons wie auch die Param eter der 
Schwingungen können sich in einem so breitem  Intervall ändern, daß die 
eindeutige F eststellung einer Beziehung zw ischen den Param etern des Betons 
und des die erregenden Schwingungen herstellenden V erdichtungsgerätes sehr 
schw ierig wird.

* J . Csu to r , V illányi-u . 55 — 65, Budapest X I ,  Ungarn.
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b) Die B etontechnik  behandelte das Problem  nur von der B etonseite her, 
u n d  deshalb hat die R olle  der erregenden Schw ingungen sowie die der sehr 
versch iedenen  B etriebsarten  in  den U ntersuchungen nur eine untergeordnete  
B ed eu tu n g  erhalten.

c) Es wurde versu ch t, eine Beziehung zw ischen einigen beliebig aus
gew äh lten  Schw ingungskennw erten und den Param etern des B etons her
zu ste llen .

In  der vorliegenden A bhandlung wird aufgrund einer konkreten Mes
sungsserie und durch fo lgerich tige Anwendung vo n  einigen Grundprinzipien  
ein gangbarer Weg vorgefü h rt, einerseits zur E rgänzung des unvollständigen  
B etonentw urfes, andererseits zur Beseitigung der bisherigen W idersprüche.

2. Beschreibung des V ersuches

E in  Gestell (B ild  1) hält den R ü tte lk op f des Nadelrüttlers HV11 
m it H ilfe  der biegsam en A ntriebsw elle in vertikaler Lage. Die w ichtigsten  
B etriebskennw erte des R ü tte lk op fes sind in der T afel 1 angegeben. Der R üttel-

Tafel 1

Betriebskennwerte des Rüttelkopfes des R üttlers HV11

R ü tte lk o p f
durchm esser

2 R j
cm

Länge des 
Rüttelkopfes 

H cm

D rehzah l 
n  m in -  1

W inkelge- 
schwindigkeit

0) s-1

K inetisches 
M om ent 

M =  G0 • e 
cm kp

Zentrifugalkraft 
Co kp

Leerlauf
am plitude 

As cm

6 ,8 3 ,2  • 10 6 ,5  ■ 1 0 :!

©co40 7 ,5 4  • 1 0 - 1 3 ,5  • 1 0 2 5 ,1 5  • 1 0 - 2

k ö p f b efin d et sich in der geom etrischen M ittellinie einer hölzernen K iste, deren 
obere K an te  und das obere E n d e  des R üttelkopfes in  gleichem N iveau liegen. 
D ie K iste  wird mit B eton  gefü llt, der Beton abgeflächt und der R üttler in 
B ew eg u n g  gesetzt. In d ieser Anordnung war der V ersuch eine erweiterte F ort
se tzu n g  eines früheren V ersuches, der sich allein au f die Erm ittelung der 
A nderungstendenz der P aram eter  beschränken k on n te . U nter der W irkung  
der R ü tte lu n g  entsteht ein  d ich ter, mit der A chse des R üttelkopfes konzentri
scher, kreiszylindrischer B etonkörper.

Mit Hilfe der V ersuche w ollten  wir feststellen
a) die Gestaltung der den Verdichtungsgrad kennzeichnenden B eto n 

p aram eter und deren Ä nderungstendenz (die betreffenden Param eter sind: 
das Frischbetonraum gew icht y ,  der V erdichtungskoeffizient ß  und die zur 
m eßbaren  Volumänderung n otw endige Zeit),
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b) die Änderungen dieser Größen in Abhängigkeit von den verschiedenen  
B etongüten ,

c) einen die V erdichtung zahlenm äßig kennzeichnenden etw aigen  K enn
w ert.

Der Zem entgehalt Z der in Ungarn üblichen K iesbetonarten  beträgt

250 kpm - 3 ^  Z ^  500 kpm -3; (1)

deshalb haben wir zu den V ersuchsbetonen einheitlich 350 kp Zem ent dosiert. 
D ieses M ischungsverhältnis kann als M ittelwert betrachtet werden, und sichert 
zur E xtrapolation  eine sehr vorteilhafte B asis. Der Zem entgehalt spielt 
auch vom G esichtspunkt der V erdichtungstechnik aus eine w ichtige Rolle, 
da er den W assergehalt des B etons entscheidend beeinflußt.

Wir haben den B eton  in drei — in der Praxis am häufigsten b en u tzten  — 
G üteklassen untersucht, die im folgenden m it den maximalen Korngrößen  
bezeichnet werden; die entsprechenden Zusam m ensetzungen sind in den 
Bildern 2, 3 und 4 w iedergegeben. Der W asserzem ent wert wurde in jeder 
K ategorie zwischen breiten Grenzen variiert, und dem gesetzten  Ziele en t
sprechend haben wir die vom  verdichtungstechnischen G esichtspunkt aus 
w ichtigen Param eter gem essen und danach gerechnet.

Acta Technica Academiae Scientiarum Hungaricac 68, 1970
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B ild 2. Der nach M E — 19—63 zum Versuch gebrauchte Zuschlagstoff

B ild 3. Der nach M E — 19—63 zum Versuch gebrauchte Zuschlagstoff
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B ild  4. Der nach ME 19 - 6 3  zum Versuch gebrauchte Zuschlagstoff

3. Die gem essenen und die gereehneten K ennwerte

3.1. Das lose Betonvolumen und der Verdichtungskoeffizient

Für unsere Erörterungen ist es erforderlich, den B egriff des losen Volu
m ens zu definieren. Zwischen der Betonm ischm aschine und dem Bauplatz  
gibt es immer eine bestim m te Entfernung, die durch eine Beförderungsanlage 
überbrückt werden m uß. D ie Beförderung kann den aus dem M ischer in losem  
Zustand erhaltenen B eton weiter auflockern, oder verdichten oder gar keinen 
E influß auf die D ichte des Betons ausüben. D em nach werden wir unter dem  
Ausdruck »loser Zustand« die D ichte verstehen, die im M ischer in dem Moment 
gem essen wird, wenn die Frischbetonm ischung den hom ogenen Zustand er
reicht. Wir betrachten die Betonm ischung für hom ogen, wenn in der durch 
beliebige K oordinaten bestim m ten R aum einheit das V erhältnis der B eton
kom ponenten im statistischen  Sinne konstant ist.

Nach E rm ittelung des losen Volum ens des Frischbetons w ollen wir nun 
den Begriff des V erdichtungskoeffizienten auslegen, den wir als Quotienten  
des losen und des dichten B etonvolum ens, bzw . der denselben zugehörigen 
und proportionalen H öhenw erte angeben:

H,
n ,

> 1 ( 2 )
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In  unseren Versuchen is t  es zweckm äßig, die H öhe (in cm) als lose 
S ch ich th öh e des Betons anzunehm en , d. h. (Bild 1),

H  =  II,

N a ch  D eutung des losen  Z ustandes und des V erdichtungskoeffizienten  
haben w ir das O berflächeneinsinken A H  (Bild 1) gem essen, wonach wir die 
V erdichtungskoeffizienten  berechnen  konnten. Die gefundenen W erte sind in 
T afel 2 wiedergegeben.

T afe l 2

Werte der Verdichtungskoeffizienten in Abhängigkeit vom Wasser zementwert

»m
W  asserzem entwerte

mm
0,32 0,36 0.40 0,44 0.48 0,52 0,56 0,60

to 1,379 1,269 1.212 i , i n

20 1,355 1 1,290 1,166 1,066 1,1025

30 1,292 1,212 j 1,142

3.2. D a s benutzte M aßsystem

D a wir den V erdichtungseffekt zahlenm äßig nur dann charakterisieren  
k ön n en , w enn die kennzeichnende Größe sowohl die wuchtigen Param eter des 
verd ich te ten  Betons als auch d ie des R üttlers enthält, m üssen zugleich m aschi
nelle  und betontechnische G rößen in denselben Form eln Vorkommen. Dabei 
ist es der Einfachheit halber erforderlich, daß die num erischen E rgebnisse  
aus den Form eln leicht erhalten  werden können; deshalb ist es zw eckm äßig, 
das G ew icht immer in kp, die L änge in cm und die Zeit im m er in Sekunden  
zu m essen . Die Masse ist also e in e  aus dem Gewicht ( =  K raft) und der Schwer
kraftbeschleunigung, als deren Q u otien t abgeleitete Größe.

3 .3 . Die zur meßbaren Volumänderung erforderliche Zeitdauer

D er Prozeß der V erdichtung kann in zwei große Phasen zerlegt werden. 
Di ese sind: die Phase der meßbaren  ( =  bleibenden) und die der nicht m eß
baren ( =  elastischen) V olum änderungen. Hier ist zu bem erken, daß das K ri
terium  »nicht meßbar« derart g ed eu tet werden soll, daß wir die M eßverfahren, 
die die elastischen V erform ungen registrieren können, ausschließen, da sie 
ein erseits vom  G esichtspunkt der Praxis aus betrachtet keine B edeutung  
haben, andererseits, außerordentlich kostspielig und kom pliziert sind. Es sei
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t* die auf die m eßbaren, auf die elastischen Verformungen angew andte Zeit, 
dann g ilt für die ganze Dauer der V erdichtung, daß

t =  t * + t l = t * + Ç l -t* = t * (  1  +  f ) ,

worin | j  ein Faktor ist, dessen W ert nur im Laufe der Verfertigung der Probe
körper bestim m t werden kann.

Der Zweck unserer Versuche war nur die E rm ittelung der vorerw ähnten  
Zeiträum e t*. D ie für dieselben erhaltenen W erte sind in Tafel 3 angeführt.

Tafel 3

Die zur meßbaren Volumänderung notieendigen t* Zeiträume als Funktion des Wasserzementwertes

W asserzem ent w erte
mm

0.32 0,36 0.40 0,44 0.48 0,52 0,56 0,60

10 MO2 3-10 1,6 • 10 6,5
20 4,5 • 10 2.8 • 10 1.4 • 10 1,05 • 10 6

30 1,2 • 10- 2-10 MO

3.4. Raumgewicht des Betons

Aus dem sich um  den Nadelrüttler ausgebildeten dichten B etonzylinder  
haben wir mit einem  unten  verschärften R ohrstück einen B eton b lock  von 
1 dm 3  herausgenom m en und aus diesem das Raum gew icht des verdichteten  
Frischbetons erm ittelt. Im  unseren M aßsystem  ist dessen E inheit kpcm  3. 
Tafel 4 zeigt die gew onnenen W erte.

Tafel 4

Raumgewiclil des verdichteten Frischbetone y(kpcm ~:1) als Funktion des Wasserzementwertes

П W asserzem entwert
mm

0,32 0.36 0,40 0.44 0,48 0,52 0,56 0.60

• IO" 3

10 2.36 2.32 2.27 2,24
2 0 2,41 2,39 2.35 2,30 2,25
30 2,48 2,44 2,40

3.5. Wirkungsradius des Rüttelkopfes

Nach Ingangsetzen des R üttlers beginnt der B eton auf einer gut abgrenz- 
baren Kreisfläche einzusinken, er verdichtet sich allm ählich, und au f diese

A c ta  T e c h n i c a  A c a d e m i a e  S c i e n l i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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F lä ch e  scheidet sich W asser a u s, die Fläche wird glänzend. Unter dem  W ir
k u n gsrad iu s des R üttelkopfes versteh t man die E n tfernung R., von der M ittel
lin ie d es  Rüttelkopfes, über d ie  der Beton auch noch nach beliebig langer Zeit 
n ich t verd ich tet wird. D iese E ntfernung wächst im  allgem einen nicht nach  der 
B een d ig u n g  der meßbaren V olum änderung, d. h ., der W irkungsradius ist gleich  
dem , d er  sich unter der zur m eßbaren Volum änderung notwendigen Zeitdauer  
a u sg eb ild e t hat. Die W irkungsradien sind in Tafel 5 angegeben.

Tafel 5

Die W irkungsradien  i? 2 ( cm ) als F unktion des Wasserzementwertes

D m
m m

W asserzementwert

0,32 0,36 0.40 0.44 0,48 0,52 0,56 0,60

10 7 1,6 • 10 2,3 • 10 2.9 • 10
20 1.2 • 10 1,8 • 10 3.0 • 10 4,2 • 10

30 4 1.4 •• 10 3.0 • 10

4 . Folgerungen

4 .1 . Der Verdichtungskoeffizient und das Raumgetvicht des Betons

U ntersucht man die erhaltenen  Werte eingehend, so können wir fest
s te lle n , daß

a) die Werte der V erdichtungskoeffizienten  ■— ähnlich den R aum 
gew ich tsw erten  — durch ein lineares Funktionsdiagram m  sehr gut, m it sehr 
gerin gem  Fehler angenähert w erden  können. D iese den verschiedenen W erten  
von D m zugehörigen G eraden sind  gleichlaufend (parallel);

b ) im  Falle eines Z uschlagstoffes von kontinuierlicher K ornverteilung  
der zu  demselben W asserzem ent wert gehörige V erdichtungskoeffizient mit 
der Z u n ah m e von D m ab n im m t,

c) im  Falle der Z unahm e von Dm der W asserzem entw ert, wo ß  =  l ,  

a b n im m t; d. h., die obere G renze der V erdichtbarkeit herabgesetzt wird. 
W enn näm lich

H l  =  H d

dann is t  gemäß unserer D efin itio n  ß  =  1, und der Beton kann a u f  Kosten  
der Volumänderung nicht verdichtet werden.

d) Im  Falle eines N ad elrü ttlers — jedoch auch  irgendeines R ü ttelgerä
tes — g ib t es ein Minimum d es W asserzem entw ertes, worunter der B eton  mit 
dem gegebenen  Rüttler (im vorliegenden Falle m it dem Nadelrüttler) w irt

A d a  T e c h n i c a  A c a d e m ia e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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schaftlich nicht verd ich tet werden kann. D iese untere Grenze zeigt sich derart, 
daß der R ü tte lk op f um sich einen Hohlraum ohne V erdichtung erzeugt.

e) D ie obere und untere Grenzen bestim m en den Bereich der Verdicht
barkeit.  Aufgrund unserer Versuche können wir feststellen , daß dieser Bereich, 
von dem W asserzem entw ert abhängig, sich gegen den niedrigeren W ert des
selben verschiebt, w enn D m zunim m t.

f) Nimmt D m zu, so nim m t der lose A bsolutraum inhalt des B etons ab.
g) Mit der Z unahm e des W asserzem ent wertes, verm indert sich der 

R aum inhalt des Frischbetons.
Aufgrund dieser Folgerungen können wir sowohl analytisch  als auch 

graphisch die Geradenscharen der V erdichtungskoeffizienten und Raum- 
gew ichte erstellen. Für die V erdichtungskoeffizienten erhalten wir

[ Я л . - »  =  2 Д 1,96 w /z , (4)

[ £ ] dm=2 o =  2 , 0 1 1,96 w / z (5)

[Д л .-з о  =  1,9 1,96 w / z ( 6

m gew ichte

b W  10 =  (2,740 0,982 w / z )  ■ 10-Ä (7)

[ y ] o m 20 = (2 ,7 6 5 0,982 w/z) • 10 - 3 (8 )

[у ]л .-* о  =  (2,780 0,982 w/z) • 10-3 . (9)

Die erhaltenen Geradenscharen wurden in einem N om ogram m  (Bild 5) 
aufgetragen. Diese G eradentafel gibt einerseits der W irklichkeit sehr nahelie
gende W erte, andererseits erstellt sie die zur Regelung der V erdichtung uner
läßlich erforderlichen zwei W erte in einer leicht behandelbaren F orm .

4.2. Die zur meßbaren Volumänderung notwendige Zeit  
und der Wirkungsradius des Riittelkopfes

D iese Param eter sind als zusam m engehörige W ertepaare im  Bild 6  

dargestellt. Hier fügen wir die folgende, allgem eine Bem erkung hinzu:
a) Verdichtet man lose B etone von gleichem  Zem entgehalt und W asser

zem entw ert, und bereitet man diese m it A nwendung von Zuschlagstoffen  
kontinuierlicher K ornverteilung zu, so wird der W irkungsradius des R üttel
kopfes mit der Zunahm e von D m zunehm en und die zur m eßbaren Volum 
änderung erforderliche Zeit sich verkürzen.
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B i ld  5. D ie  zusam m engehörigen W erte des V erdichtungskoeffizienteil und des K aum gewichtes
als F u n k tio n  des W asserzem entwertes

ß x: V erdichtungskoeffizient,
yk p oto -3 , Raum gewicht des B etons
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Bild  6. D ie zusam m engehörigen W erte der zur m eßbaren Volum änderung erforderlichen Zeit 
und des W irkungsradius des R üttclkopfes in  A b hän gigk eit vom  W asserzem entw ert

t (s) die zur meßbaren Volum änderung erforderliche Z eit, R„ cm, W irkungsradius des R ü tte l
kopfes,

9 A c t a  T e c h n i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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5. D ie spezifische Verdichtungsarbeit

In  unseren B estrebungen, den V erlauf der Verdichtung zahlenm äßig  
zu bestim m en, können wir von  folgenden F eststellungen  ausgehen,-

a) D ie Verdichtung ist ein A rbeitsaufw and, im Laufe dessen eine 
gegeb en e lose B etonm enge sich in eine gegebene dichte B etonm enge um 
w an d elt.

b) Für die D ichte und damit auch für die Betonfestigkeit gibt es einen  
G renzw ert, worüber hinaus sie auf K osten von  keinem  weiteren A rbeitsaufw and  
geste igert werden können.

c) Sind zwei B etonklassen  den betontechnischen  Regeln gem äß iden
tisch . so erfordern beide — unabhängig von den geom etrischen D im ensionen  — 
die g leiche spezifische V erdichtungsarbeit.

d) Der Grenzwert der D ichte kann m it den verschiedensten Schw ingungs
param etern bei verändlicher Zeitdauer erreicht werden, während der spezi
fisch e  A rbeitsaufwand gleich bleibt. Es m uß aber vorausgesetzt w erden, daß 
es für die Schw ingungsparam eter solche untere Grenzwerte gibt, w orunter die 
Z unahm e der anderen Param eter schon keine K om pensationsw irkung ausübt: 
die V erdichtung findet nicht sta tt.

W enn wir den spezifischen A rbeitsaufw and der Verdichtung kennzeich
nen  können, dann kann einerseits entschieden werden, ob der zur erreichenden  
F estig k e it verw endete Arbeitsaufw and gen ü gt, andererseits, ob in fo lge der 
F estste llu n g  unter a) im  Zusam m enhang m it der Identität die B edingungen  
der Reproduktion hergestellt werden können.

E s kann nachgew iesen werden [1, 4 ], daß der Arbeitsaufwand des erreg
te n  R üttelkopfes des N adelrüttlers (im allgem einen, der von jeder lotrechtach- 
sigen und in der horizontalen Ebene w irkenden Erregung) durch den Aus
druck

( 10)

gekennzeichnet werden kann,

worin

Л [W s/cm 3 Yolum enverm inderung] =  der zur V erdichtung des Betons erforderliche A rb eits
aufwand.

C0 [kp]
v 0 [cm s~ !]

=  die resultierende Erregungskraft ( =  Z entrifugalkraft) 

== die m aßgebende M axim algeschwindigkeit des für

ß

[cm 3]

t [s]

einm assig betrach teten  erregten System s  

=  Y erdichtungsdauer

=  das V erdichtungsverhältnis des B etons nach (2)

der lose B etonraum inhalt.
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Es kann einfach nachgew iesen werden [2], daß der Ausdruck (10) in 
Seinern Inhalt gleich der folgenden Beziehung ist:

Pd
Cp vo tß_
4 ß  ~ i)

kpcm  2, ( И )

die wir i nfolge ihrer M aßeinheit mit dem N am en »dynamischer Druck« benen
nen k ön n en . D ie B eziehung (11) ist vorteilhafter als die Formel (10), denn 
ein erseits ist sie einfacher zu behandeln, andererseits mißt auch p d — wie 
schon bem erkt wurde — Arbeitsaufwand. Sie ist also erstens eine W irkung  
m essende Größe, und kein Zustandskennw ert. D ies ist auch daraus ersichtlich, 
daß sie der Zeit proportional ist und infolgedessen zur K ennzeichnung eines 
in der Zeit konstanten  Zustandes (z. B . der Raum spannung) nur eine b e
schränkte G ültigkeit haben kann.

Nun ist zu erklären, was wir unter m aßgebender M axim algeschwindigkeit 
eines einm assigen erregten System s verstehen . Betrachtet man außer der 
Frequenz die A m plitude als Energieträger der Erregung, so können wir die 
T atsache, daß ein w ohlbestim m ter W irkungskreis um den R ü tte lk op f aus
gebildet werden kann, nur in dem Sinne verstehen , daß die sich in Form einer 
W ellenbew egung fortpflanzende Energie über diesen W irkungskreis nicht 
mehr hinaus gelangen kann: an der durch den W irkungskreis bestim m ten  
Grenze ist die A m plitude das zur Verdichtung des Betons erforderliche Min im um .  
Vom G esichtspunkt der Verdichtung aus ist also der R aum inhalt des durch 
den W irkungsradius und die R üttelkopflänge definierten Zylinders m aßgebend. 
Innerhalb  dieses Zylinders ergibt die B ew egung des R üttelkopfes eine W ellen
bew egung von longitudinalem  Charakter, deren Am plitude sich von der M ittel
linie des R üttelkopfes bis zum M aximum des W irkungsradius allm ählich ver
m indert. Die V erm inderung der A m plitude kann mit Hilfe einer E xp on en tia l
funktion  ausgedrückt werden, also können wir die das System  kennzeichnende  
M ittelam plitude m it ausreichender G enauigkeit erm itteln.

Der E infachheit halber betrachten wir für diesen M ittelwert die A m pli
tude, die derart b erechnet wird, daß wir den dichten, sich innerhalb des 
W irkungsradius befindlichen B etonzylinder als einen mit dem Rii t telkopf syn
chron mitschwingenden steifen Körper annehmen.  Mit Hilfe der gem essenen W ir
kung sradien und aufgrund des Prinzips der M itschwingung, unter B erücksich
tig u n g  von (11) können einfach zu jeder Betonkategorie die dynam ischen  
D rücke, die den zur V erdichtung (im vorliegenden Falle: nur zur meßbaren  
Volum änderung) erforderlichen spezifischen Arbeitsaufwand m essen, berechnet 
werden. D ie dynam ischen Drücke sind im B ild  7 dargestellt, woraus wir die 
folgenden G esetzm äßigkeiten ersehen können:

a) Mit der Zunahm e des W asserzem entw ertes nimmt der dynam ische  
Druck, d. h. der spezifische Arbeitsaufwand für die Verdichtung des B etons ab.

9* A c t a  T e c h n i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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B i ld  7. D ie  den spezifischen A rbeitsaufw and m essenden dynam ischen Drücke als F unktion
des W asserzementw'ertes

b) Mit der Zunahm e der m axim alen K orngröße des Zuschlagstoffes 
w eist der spezifische A rbeitsaufw and für die V erdichtung des B etons eine fal
len d e T endenz auf.
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6 . A nwendungen

W ir behaupten also, daß (11) den spezifischen  Arbeitsbedarf der B e to n 
verdichtung charakterisiert, der als ein M aterialkennwert des untersuchten  
B etons betrachtet werden kann. Aufgrund der unter den A bschnitten  5a und b 
im Zusam m enhang m it dem spezifischen A rbeitsbedarf gem achten F etste llu n -  
gen können wir aus den beschriebenen Versuchsergebnissen die fo lgende drei
fache Folgerung ziehen:

a) Wir können die w ichtigsten B etriebskennw erte eines beliebigen R üt-  
telkopfes für dieselben Betone erm itteln , und dam it nachweisen, daß einige  
konkrete W erte der unm ittelbaren Schwingungskennzahlen vom G esichtspunkt 
des V erdichtungserfolgs aus nicht ausschließlichen (ausgezeichneten) Charak
ters sind. W enn wir näm lich, jeden w ichtigen  Kennwert des R ü ttelkopfes  
sowie die sich a u f dieselben B etone beziehenden W erte p d, y  und ß  kennen, 
dann bleiben in (11) nur R2 und t unbekannt. Die zu beantw ortende Frage  
kann daher auf zw eierlei Art gestellt w erden: entweder fragt m an (innerhalb  
welchen W ertes von K2) in einer im voraus gegebenen Zeitdauer der erforder
liche dynam ische Druck p d erm ittelt werden kann, und dann kann d ie A ntw ort 
aufgrund von (11) durch die U m w andlung

« 2  =  Я з(0 ( 12)

einfach erhalten werden. Oder kann m an auch fragen, in welcher Zeit inner
halb eines gegebenen R 2 der erforderliche p d erreicht werden kann (voraus
gesetzt, daß wir innerhalb des B ereiches der Verdichtbarkeit b leiben), und 
in diesem  Falle kann die Antwort aufgrund von (11) durch eine U m w andlung  
nach

t =  t (R2) (13)
gegeben werden.

b) Es besteht die M öglichkeit, die B etriebsw erte eines anderen — belie
bigen Verdichtungsgeräts (Schw ingtisch, Schalungs- oder O berflächenrüttler) 
derart zu bestim m en, daß wir zu denselben B etonen dieselben p d-W erte und 
dam it denselben spezifischen A rbeitsaufw and koordinieren können. D azu  brin
gen wir ein w illkürliches Beispiel, und zw ar den Betriebsfall einer au f dem  
Schw ingtisch frei aufliegenden Fertigungsform . Die Formel des dynam ischen  
Druckes für diesen Betriebsfall ist

Pd =
yvojil
ß - 1

(14)

W enn wir p d, у  und ß  kennen, dann kann im Falle von gleichen B etonklassen  
die Um form ung

*’o =  »o (0  (15)
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m it A nnahm e der zur Verdichtung erforderlichen Zeit einfach durchgeführt 
w erden. B etrachtet m an die untersuchte B etriebsart für ein einm assiges 
S y stem , so können aufgrund der Beziehungen

v0 =  v0 (M ); v0 =  v0 (Gt) und v0 =  v0 (t) (16)

d ie K ennw erte des Schw ingtisches und der V erdichtung eindeutig erm ittelt 
w erden.

In  d iesen  Beziehungen:

M  [cm kp] =  k inetisches M om ent der Erregung des Schw ingtisches,
G( [kp] =  das zu erregende Totalgew icht.

c) W ir sind in  der Lage, zur V ervollständigung dem B etonentw urf im  
Z usam m enhang m it der V erdichtung eindeutige Instruktionen geben zu kön
nen. N ach  F eststellung der Dosierung der B etonkom ponenten verfertigt man  
w ie bekannt, die Probekörper (W ürfel, oder Zylinder), und durch deren  
Zerstörung stellt m an fest, ob die Z usam m ensetzung des untersuchten B etons  
die erw ünschte B eton festigk eit sichert. Im  Falle von verneinendem  Ergebnis 
wird die D osierung korrigiert und es werden neue Probekörper unter B ruch
versu ch  gezogen. D ie ungarischen Normen schreiben das Stam pfen zur V er
d ich tu n g  der Probekörper vor. Doch kann diese Verdichtungsart durch die 
fü n f verschiedenen B etriebsarten der R ü tte lu n g  nicht reproduziert werden.

D a wir den zur Verdichtung erforderlichen A rbeitsbetrag für alle B etriebs
arten  bestim m en, und die als M aterialkennwert betrachteten p d-W erte dem  
B ild  7 analog für beliebige Betriebsarten festse tzen  können, leuchtet die Logik  
der nachstehenden R eihenfolge leicht ein:

1. Zum Abschluß des Betonentw urfes verd ichtet man den Probekörper 
au f einem  Schw ingtisch, dessen w ichtigste Verdichtungsparam eter ein für 
allem al konstant sind; infolgedessen kann dieser Schw ingtisch als V erdichtungs
etalon  betrachtet werden.

2. V erdichtet m an die Probekörper m it ^  <  Ä3  . . . zunehm enden
spezifischen  A rbeitsaufw änden, und wählt m an nach  dem Bruchversuch den  
A rbeitsaufw and, der schon die vorgeschriebene B etonfestigkeit liefert, d. h ., 
die Funktionenreihen

Pd ~  P d (^m in )
und (17)

Pd =  Pd(ao)

sollen erm ittelbar werden. Bestim m en wir dabei die B etonkennw erte у  und ß , 
so können  wir T abellen  zusam inenstellen, die m it den in dem B eton en tw u rf  
bisher gebrauchten E ntw urfsbehelfen  benutzt w erden können und die R eih en 
folge der E ntw urfsschritte abschließen, indem  sie die bisherigen W idersprüche 
b eseitigen .
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7. Prinzip der M itschwingung und die Desowsche Form el

Unserer M einung nach ist die A m plitude ein sehr w ichtiger Schw ingungs
kennw ert vom  G esichtspunkt der V erdichtung aus betrachtet. D iese Tatsache 
wird auch durch die D esow sche Formel ausgedrückt, die zur Beschreibung  
des B etriebs von N adelrüttlern auf der ganzen W elt gebraucht wird:

worin  
R, [cm ] 
R , [cm] 
A ,  [cm ] 
A„  [cm]

к  [cm  ']

A l

[  R \ к

n .
( ® 2  R l) (18)

=  R adius des R üttelkopfes,
W irkungsradius des R üttelkopfes,

=  L eerlaufam plitude ( =  E igenam plitude) des R üttelkopfes,
=  G renzam plitude, die in der dem  W irkungsradius entsprechenden Entfernung 

nachgew iesen werden kann,
=  Grundzahl des Napierschen Logarithm us,
=  D äm pfungskoeffizient.

Für die D äm pfungskoeffizienten  gibt D esow  die in Tabelle 6  vorgeführ
ten W erte.

(18) ist eine B eziehung von allgem einer G ültigkeit, worin die Buchsta
benbezeichnung auch derart und richtig — erklärt werden kann, daß A l 
und А.г die in den E ntfernungen Rj bzw. jR2 von der Achse des R üttelkopfes 
auftretenden A m plituden  sind. Trotzdem  ist auch diese Form el nur eine 
N äherung der W irklichkeit, da der D äm pfungskoeffizient к sich auf einen 
breiten K onsistenzbereich  bezieht, innerhalb dessen sein W ert sich schon 
ändern kann. D ie D esow sche Formel bew eist aber auch die T atsache, daß die 
V erdichtungsschw ingungen sich auch in der von uns untersuchten  Etalon- 
Lage des N adelrüttlers (B ild  1) in der Form von gedäm pften Longitudinal
wellen fortpflanzen, w ie es schon im A bschnitt 5 festgestellt worden ist. Daraus 
fo lg t, daß die um den R ü tte lk op f ausgebildete dichte B etonm enge durch 
die Tatsache bestim m t ist, daß am Ende des W irkungsradius die Am plitude 
unter den gegebenen U m ständen sich auf jenen  M inim alwert ( =  Grenzwert) 
verm indert, bei dem der gegebene Beton noch überhaupt verdichtet wer
den kann.

ln  dieser D eu tu n g  erm öglicht die D esow sche Form el, aufgrund der 
gem essenen W irkungsradien G renzam plituden zu berechnen. Dazu können 
die in  Tafel 6  gegebenen Angaben verw endet werden. D ie T atsache, daß die 
Schw ingungszahl des N adelrüttlers um 8  Prozent größer als die in der letzten  
Rubrik der Tafel 6  is t , sp ielt augensichtlich keine R olle: den Wert von к 
m üssen wir mit E xtrap olation  nicht korrigieren. Die in der T abelle befindli
chen und die K onsistenz untersuchenden K egeleindringw erte sind praktisch 
gleich dem von uns gem essenen D ichtbarkeitsbereiche.

Nach unserer M einung muß man in der praktischen A nwendung der 
Theorie der V ibrationsverdichtung des B etons der w esentlichen Vereinfachung
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Tafel 6

Die Dämpfungskoeffizienten к nach Desow

M inuten-
schwingungs-

zahl

P o r t la n d z e m e n t  B eton , w enn  die  K e g e le in d rin g tie fe  (cm)

0 -1 2-4 4-6

3 • 103 1,3 • io - 1 1,1 • io- 1 1Оr-H«г-

4,5 • 103 1,2 • I O -1 1ОOv 6  • м - 2

1Оо 1,1 • io - 1
N1О00 5 • 1 0 -2

Tafel 7

D ie  m it  H ilfe  der Desowschen F o rm e l  ( D )  und aufgrund der Mitschwingung berechneten
Grenzamplituden (cm) ( M )

D m W asserzem en t w e r t
m m

0,32 0 ,3 6 0,40 0,44 0,48

10 D 3,45 • 1 0 -2 1,91 • 1 0 - 2 1,52 • 1 0 - 2
10 M 5,15 • 1 0 - 2 1,88 • 1 0 - 2 7,32 • 10~3

20 D 2,31 • 1 0 - 2 1,29 • 1 0 -2 1,30 • 1 0 - 2
20 M 2,95 • 1 0 - 2 1,07 • 1 0 -2 3,38 • 1 0 - 3

30 D 3,45 • IO“2 1,91 • 1 0 - 2 1,52 • 1 0 -2

30 M 5,15 • IO  2 1,80 • 1 0 ~ 2 7,32 • 1 0 - 3

Tafel 8 *

D ie  arithmetischen Durchschnittswerte ( c m ) ,  die mit Hilfe der Desowschen Formel ( D )  und nach 
dem P r i n z i p  der Mitschwingung a u s  den Grenzamplituden und den Eigenamplituden des

Rütte lkopfes berechnet wurden

D W  asse rzem en tw ert ш j
m m

0,32 0 ,36 0,40 0,44 0,48

10 D 4,3 • 1 0 -2 3,53 • 1 0 - 2 3,33 • i o - 2
10 M 5,15 • 10~2 3,40 • 1 0 - 2 2,92 • 10 ?

20 D 3,73 • 1 0 - 2 3,22 • 1 0 -2 3 ,2 7 -  1 0 - 2

20 M 4,05 • 1 0 - 2 3,11 • î o - 2 2,74 • 1 0 - 2

30 D 4,30  ■ 1 0 -2 3,53 • 1 0 - 2 3,33 • i o - 2
30 M 5,15 • 1 0 -2 3,51 • 1 0 - 2 2,92 • 1 0 -2
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zustreben, da übrigens die Theorie sich von  der Praxis notw endigerw eise  
tren n t; wir können gegen die D esow sche Form el nur eine einzige Einw en
dung erheben, daß sie näm lich für praktische Berechnungen verhältn ism äßig  
kom pliziert ist. E ine einfachere und die W irklichkeit gut annähernde Lösung gibt 
das im A bschnitt 5 behandelte Prinzip der M itschwingung. D ies wTird bestätigt 
durch die Tafeln 7 und 8. Tafel 7 faßt die Grenzam plituden (als M inimal
am plituden) zusam m en. Tafel 8 führt die arithm etischen M ittel vor, die aus 
den Grenzam plituden und den E igenam plituden des R üttelkopfes berechnet

A da Technica Academiae Scientiarum Hungaricae 68, 1970

Bild 8. Grenzam plituden
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w erden  können. Eine graph ische Darstellung dieser Tabellen ist im Bild 8  w ie
dergegeben .

Aufgrund des V orangehenden können wir feststellen:
a) D as Prinzip der M itschw ingung bildet eine annehm bare N äherung im  

V ergle ich  m it der exak ten  D esow schen Form el.
b) D as arithm etische M ittel der aus der M itschw ingung berechneten  

A m p litu d en  und der E igenam plituden  des R üttelkopfes gibt einen solchen  
D urchschn ittsw ert, der größer als der mit H ilfe der D esowschen Form el erhal
ten e  is t ,  welcher als der n otw en d ige  absolute M inim alw ert betrachtet werden  
k an n : dem nach kann die Anw endung dieses M ittelw ertes als gerechtfertigt 
b e tr a c h te t  werden.
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Contributions of Compaction Technique to the Theory o f Concrete Designing. On the ba
sis o f  com paction  tests carried o u t  w ith  vibrators for in tern al vibration, to determ ine the 
m eth o d s to  be followed and th e  characteristics o f com paction , the statem ents has been  m ade 
th a t a ph ysica l quantity m ay be foun d  which, in fin ish ing  th e  designing of concrete, perm its 
to  e sta b lish  instructions for con tro llin g  compaction operations. This physical q u an tity  is the  
specific  compaction work. K now ledge o f  the specific com paction  work perm its to estab lish  the 
c o n d itio n s  o f  reproduction in con n ectio n  w ith all o f the com paction  m ethods, if, in preparing  
th e  t e s t  p ieces, the specific co m p action  work will be coord inated  to the optim al concrete  
stren g th .

Данные по технике уплотнения к теории проектирования гравийных бетонов
(Я. Чутор). На основе экспериментальных опытов, проводившихся с целью числового 
определения параметров уплотнения и режима работы стержневого вибратора, можно 
сделать следующие выводы.

а. Можно найти такое физическое количество, которое в завершение проектирования 
бетона позволяет разработать инструкции по урегулированию уплотнения. Этим физи
ческим количеством является удельная работа уплотнения.

б. Если известна удельная работа уплотнения, тогда возможно получить условия 
воспроизводимости для всех вибрационных режимов уплотнения, если при изготовлении 
образцов для оптимальной прочности бетона придать удельную работу уплотнения.
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A METHOD OF APPROXIMATION IN THE LARGE 
DEFLECTION ANALYSIS OF IMPULSIVELY LOADED 

RIGID-PLASTIC STRUCTURES

T. W IE R Z B IC K I*

[M anuscript received: 28 May 1969]

The paper is concerned w ith a m ethod o f approximation for im p u ls iv e ly  loaded 
rigid-plastic structures. A m ethod is presented for the determ ination o f  perm anent 
deform ation for circular plates and rotationally  sym m etric shells in the range o f moder
a te ly  large deflections. For the application o f the theory three im portant boundary 
value problems were solved. Sim ple form ulas were derived which com pare favourably  
w ith  known exact solutions and recent experim ental data.
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transverse deflection
displacem ent in the tangential d irection
central deflection
perm anent central deflection
curvature rates
extension rates
generalized stress vector
generalized strain rate vector
full plastic m om ent
full m embrane force
initial value o f lim it load
lim it load
im pulse for unit area of structure
mass of the projectile
velocity  o f the projectile
kinetic energy im put
yield stress in sim ple tension
mass density  per unit area of structure
axial coordinate
radial coordinate
dim ensionless radial coordinate
time
duration tim e of the deform ation process
radius of the plate o f shell
length o f the cylindrical shell
half thickness o f the structure
integration area
volum e of the body
rate o f p lastic work
mass ratio
eigenfunction
eigenvalue
normal com ponent o f loading 
tangential com ponent o f loading
=  3/0д: or 0/0r
=  0/0t

* In stitu te  o f Basic Technical Research, Sw içtokrzyska 21, W arsaw ,  Poland.
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2. Introduction

R ecent theoretical and  experim ental in vestiga tion s on dynam ic p lastic  
deform ations of structural elem ents and structures have dem onstrated the  
good applicability  o f th e  rigid-perfectly plastic m odel o f the material in the  
an alysis  o f  permanent d eflection s of beams and p la tes [1, 2, 3]. In sp ite of 
th e  h igh  strain rate a tta in ed  in  all impact and im p u lsive  loading problem s th e  
v iscou s properties o f th e  m ateria l were found to  be o f  less im portance th an  the  
geom etry  changes and a resu ltin g  strengthening o f  th e  structure. The la tter  
effect becom es a decisive fa c to r  in the response o f  th e  structure for m oderately  
large deflection  and can reduce by half the va lu e o f  permanent deform ation  
o f  im p u lsive ly  loaded sim p ly  supported plate as com pared with the solution  
o f sm all deflection th eory  [4, 5 ] . A complete th eo ry  w hich takes into account 
all th e  inertia term s, b en d in g  moments, m em brane forces and changes in  
geom etry  usually leads to  a very  com plicated and non-linear m athem atical 
problem  [6 , 7]. It is, th erefore, of interest to  d evelop  a certain approxim ate  
m eth od  o f solution w hich ta k e s  all factors m en tion ed  above into account but 
leads to  sim ple and straightforw ard calculations.

T he solution o f a d yn a m ic  problem will be considerably sim plified by  
im p osin g  certain pattern o f  deform ation on th e  structure. Such an approach, 
based on mode approxim ation , will be developed herein.

3 . Basic assumptions

W e introduce the fo llow ing assum ptions concerning the m echanical 
and geom etrical param eters o f  the structure, con d ition s o f loading and k in e
m atics o f  th e  solution.

1. The structure is m ade o f  rigid-perfectly p la stic  material obeying either  
Tresca or Mises yield con d ition s and the associated  flo w  rule.

2. Structures w ith  o n ly  one spatial coord inate are considered (beam s  
and rotation ally  sym m etric p la tes and shells).

3. The external load in g  is axi-sym m etrical and acts norm ally on the  
undeform ed surface o f  th e  structure.

4. The velocity and displacem ent fields are tak en  from the solution  o f  
th e  associated  static problem .

5. O nly such sta tic  p rob lem s are considered for which the velocity  field  
in th e  transverse direction is  given in the separable form

JV(x,  t) =

w here x  is a single space coordinate for ro ta tio n a lly  sym m etric problem s, 
t d en otes tim e and IV0(t) is th e  central ve loc ity  o f  a given structure.
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The deform ation process o f a dynam ically  loaded structure is charac
terized  b y  a transient m otion, which m eans th at the relevent v e lo c ity  field  is 
subjected  to considerable changes as tim e proceeds. For exam ple, in th e  cir
cular p late struck by a rigid mass centrally  there is in itially  a d iscontinuous  
velo c ity  profile where th e  centre o f  the p late is moving with prescribed velocity , 
w hile th e  remainder o f the plate is at rest. This velocity  profile is gradually' 
sm oothed out and can be described by a continuous function f ( x , t). A som e
w hat sim ilar situation arises for im p u lsivelv  loaded plate w ith  th e  single 
difference th at the in itial d iscontinu ity  takes place not at th e  center but at 
th e  sim ply supported or clam ped edges. The rigid-plastic an a lysis w ith  the 
concept o f  travelling p lastic hinges has proved very useful in th e  description  
o f  transient m otion o f beam s, plates and shells. Usually the entire process was 
subd iv ided  into tw o stages, the first one being the transient [3, 8 ]. T he advan
tage  o f such a m ethod is th at using sim ple ideas o f  linearized y ie ld  condition  
a pattern o f deform ation is obtained which is physically quite rea listic . A fur
ther insight into th is problem  provided th e  m ethod of linearization o f  governing  
equations which is based upon the H uber — Mises yield con d ition . It was 
show n th at the m otion o f rigid-viscoplastic plates and shells could be con
v en ien tly  analysed on the basis o f Fourier synthesis [9, 10]. T he deflection  
and ve loc ity  profiles can be represented as an infin ite sum o f m odal functions 
w ith  tim e variable coefficien ts. The series is rapidly convergent excep t for the 
early  stage o f the deform ation process. In m any instances, for dynam ically  
loaded p lates and shells, the dom inant role in the response o f th ese  structures 
plays on ly  the first m ode [9, 11, 12]. T his w ould suggest that a good approxi
m ation to  the solution o f a dynam ic problem  is a single m ode solu tion . Of 
course, such a velocity  field  would never satisfy  the discontinuous in itia l con
d ition  but the resulting over-all perm anent deflection which u su a lly  comes 
close  to  both an exact solution and recorded experim ental d a ta  [9,12]. 
T he present paper is m ain ly  concerned w ith  the determ ination o f  perm anent 
plastic deform ation o f dynam ically  loaded plates and shells rather th an  with 
a detailed  description o f the entire deform ation process. For th is  purpose the 
in troduction  of a separable form o f th e  v e lo c ity  field  seems to  be a reasonable 
approxim ation. In general, we can th in k  o f any k inem atically  adm issible  
v e lo c ity  field . As the single m ode ve lo c ity  field  we choose th e  v e lo c ity  field 
o f  th e  corresponding quasi-static problem . It was shown in th e  exam ple of 
im p u lsively  loaded sim ply supported circular plate and im p acted  clamped  
p late th a t the static ve loc ity  field  was a very good approxim ation to  the exact 
dynam ical solution [9 ,1 1 ]. The resulting deflection  field was show n to  adequately  
reproduce the experim entally  m easured shape o f the deform ed p la te  even  
w hen large deflections were perm itted [4]. The determ ination o f  th e  velocity  
fie ld  is thus reduced to  th e  proper choice o f  the quasi-static problem  associated  
w ith  the dynam ic one. The term  “ associated problem ” requires additional
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406 T. W IERZBICK I

exp lan ation . Usually th e  a b o v e  m entioned correspondence is not unique and  
there are m any static problem s w ith  kinem atics sim ilar to  the dynam ic solution . 
The conditions how th e  load  is applied to the structure give indication as to  
th e  choice of the associated  sta te . If, for exam ple, th e  p late is loaded b y  a 
u n iform ly  distributed im p u lse , then the corresponding static problem would  
be th e  uniform ly d istributed  pressure acting on th e  p late surface. The sam e  
applies for pulses of fin ite  duration . I f  the p late or shell is im pacted by a pro
jec tile  o f  the Mass M  m ovin g  with velocity V,  th en  the corresponding static  
problem  would be a point force acting on the point o f  im pact, and so on.

4. Solution of the problem

L et us consider th e  cla ss o f problems w ith  zero initial conditions for 
v e lo c ity  and deflection. A ssum ing further th at at t =  0 the load is suddenly  
applied  and then sudden ly  rem oved so that each particle of the structures  
is first accelerated and th en  decelerated and at th e  in stan t tj the structure is  
brought to  rest. The entire energy E  introduced to  th e  system  is d issipated  
nto th e  p lastic work

E d V d t , ( 1 )

w here Q and q: are, resp ective ly , generalized stresses and strain rates. The 
in tegra tion  is extended over th e  whole volum e o f  structure V. In the case o f  
p lates and rotationally sym m etric  shells the generalized stresses are bending  
m om en ts and m em brane forces (), =  (Ma, N x) and  generalized strain rates 
are exten sion  rates and curvature rates <j, =  (Aa, X a), a =  1, 2. The y ield  
con d ition  is represented in th e  four-dimensional space b y  a closed hypersurface 
ip ( M л, N a) =  0. The strain rate  vector is at each point perpendicular to  th a t  
surface. According to  assum ptions 2 and 3 the d isp lacem ent vector has tw o  
com p on en ts, vertical W  and horizontal U.

L et us now consider th e  associated static problem  and denote by Qh q,, 
P  and W  the com plete so lu tion  at m oderately large deflections. W e shall 
now  ap p ly  the principle o f  v ir tu a l work by eq u atin g  th e  internal and external 
energy  dissipation rates

f Q i ^ i d V  =  [  P ( W ) W  d S .  (2 )
J V  Js

The contribution of th e  horizontal com ponent o f  th e  velocity  on th e  r igh t 
hand side o f Eq. (2) is zero in  view  of the assum ption  3, since the com ponent 
o f  ex tern a l loading van ish es in  th at direction.
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The quasi-static flow  o f the structure is possible when the external load 
P  reaches the lim it va lue known as the load-carrying capacity o f  th e  struc
ture P„. Th is value is constant if  changes in geom etry and strain hardening  
are neglected. For m oderately large deflections th e  lim it load is an increasing  
function o f the perm anent deflection o f the structure P ( W 0). The rise in ex ter
nal loading is accom panied by the redistribution o f stresses, Q, =  Q i( W n).

If the velocity  and displacem ent profiles o f the static and dynam ic  
problem are identical (assum ptions 4 and 5), th e  corresponding strain rate 
vectors in ( 1 ) and (2 ) w ould be identical q =  (/.U sin g  the associate flow  rule 
w ith each strain rate vector we can uniquely associate certain stress vectors. 
C onsequently the internal energy dissipation rates in static and dynam ic  
problems are the sam e. H ence, substituting (2) into (1) we obtain

P  (x, t) W(x,  t) ■ dS) d t . (31-

In the theory o f tim e, independent p lasticity  tim e can be replaced b y  any  
m onotonously increasing function o f tim e. A ssum ing that central deflection  
W 0(t) is such a function , le t us denote by b =  IE n(t/) the perm anent central 
deflection o f the structure. Assum ing next th at the lim it load P (x , t) =  P( fV0) 
does not depend upon th e  space coordinate i.e ., it is either uniform ly distributed  
or concentrated. U sing assum ption 4 the right hand side of (3) can be trans
formed to

[ w  w 0 - f ( x ) d s f  P W , ) - d W 0
J 0

d S . (4)

The estim ate for the characteristic deflection o f  the structure b can be found  
by com bining (3) and (4)

E!-J> P(W„) ■ dW0 dS. ( 5 )

In particular, for sm all deflection  P(W„) =  P„ =  const and 
duced to

E  = ■dS.

E q . (3) is re-

(<>)

The value o f  the energy input E  is, o f course, a known quantity.
The determ ination o f the perm anent deflection  o f a given structure has 

been reduced to a single decision which consists o f the proper choice o f  the  
quasi-static problem associated w ith the dynam ic one. We utilize n ex t the 
com plete solution o f the load-carrying capacity  problem at large deflections..
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T h e proposed procedure perm its to give im m ediate estim ates on dynam ic  
p lastic  deform ations o f  structures for which the corresponding solution  o f the 
load-carrying  capacity problem  is known. N ote , th a t in the ab ove presentation  
o f  th e  th eory  nothing is said about the internal forces, i.e. generalized stresses 
and corresponding strain rates. In that respect th e  present theory considerably  
differs from  all previous w ork on that subject [13, 16, 17, 18].

5. Applications

5.1 . Simply  supported plate under a uni formly  distributed impulse

L et us consider th e  W ang problem [3] o f  a th in  circular p late sim ply  
su pported  on the outer edge and subjected to  th e  uniform ideal im pulse of 
in te n s ity  I.  This is equ ivalent to  prescribing a constant initial ve locity  V  =  Ijp 
over th e  plate, where p  is th e  mass density per unit area o f the p late m iddle 
surface. The amount o f  th e  k in etic  energy introduced to  the system  is equal to

1  CR n R 2 P
Е  =  2 л -------u 0 V- r ■ dr  =  — (7)

2 Jo 2 p

A ltern a tiv e ly  the value o f  energy E  can be related  to  the am ount o f explosive  
used in th e  im pulse loading problem . The com plete  solution o f the associated  
s ta tic  problem , based on th e  Tresca yield con d ition  is known to be

M r
Ро =  6 “Б Г ’ / ( * ) =  1  D ’ (»)к -  к

w here M 0  =  a 0h2 is a fu ll p lastic  mom ent and R  denotes the outer radius of 
th e  p la te . Substituting (8 ) and (8 ) into (4) and integrating over the p late area 
w e ob ta in

«5 =
P  R-  

4 p M 0
(9)

In  th e  exact result o f  W a n g  [3] obtained b y  considering tw o-phase m otion  
(th e fir st phase was a tran sien t one) in p lace o f  the num erical constant 4 
stan d s 8 .

A  result similar to  (9) is  obtained for a H u b er—Mises yield  condition. 
In th a t instant P 0 =  6.51 M J R 1 and a good an a ly tica l approxim ation [19] 
to  th e  num erical com putation  by E ason [20] is th e  following v e lo c ity  field

f ( r ) = j - ( r *  6 P + 5 ) .

At th a t instant the num erical constant 4 is replaced by 5.1.
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L a n c e  and O n a t  [21] and recently C a l l e d i n e  [22] com p u ted  a limit 
load associated w ith  a conical deform ation pattern (8 ) tak ing in to  account 
changes in the geom etry o f  an originally fla t sim ply supported p la te . The 
resulting solution accounting for the m em brane forces b end ing  mom ents 
in teraction  is

W > )  =  Pu
1

3
( 10)

Introducing th is result in to  (5) and integrating , we found an im proved  approxi
m ation for perm anent p late deflection

1 P  R 2
Ô +  — . ( l i )

36 h2 H ( i M 0

T he above formula is form ally analogous to  Sym onds solution  for an im pulsi
v e ly  loaded beam w ith  an axial constrain [8 ].

A comparison o f  large deflection solution  (11) and sm all d eflection  solu
tion  (9) w ith Florence experim ental data  [4] is presented in F ig . 1 .Л  consid
erable im provem ent o f  th e  approxim ate solution due to  th e  consideration  
o f  mem brane action and geom etry changes, Eq. (11) is ev id en t.
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410 T. W IERZBICKI

5.2. Impact o f  a  rigid mass on a c lamped plate

M otion of a circular v iscop lastic  plate su b jected  to  projectile im pact 
w as analysed  in [11, 12]. T lie  corresponding q u asi-sta tic  problem to  the  
con sid ered  dynamical one is th a t  o f concentrated point force, which for th e  
H u b e r — Mises yield con d ition  has the value

_  4 л М 0

P’ - - J T

T he v e lo c ity  field associated  w ith  the above load  is know n to be

/(e) =  i  e2(i 2 loge), (13)
К

I t  sh o u ld  be noted th a t in  case of a point force acting on the centre o f  
th e  p la te  the integration area S  in  (6 ) is reduced to  zero and the final solution  
does n o t depend on th e  v e lo c ity  field.

Introducing (12) in to  ( 6 ) and noting th a t th e  kinetic energy o f th e

str ik in g  mass is E  =  — M V q w e compute the perm anent central deflection
2

4,-тМ 1
0  ô =  —— M V l , (14)

V 3 2

w h ile  in  a more com plete an a ly sis  o f the sam e problem  [12, 13] the solution  
d ep en d s upon the p late and projectile mass ratio ß ,

1  1

Z  i  +  _ i _
6ß ' 1 0 /

I t  is  e a sy  to see that th e  so lu tio n  (15) converges to  th e  present approxim a
tio n  (14) for large values o f  th e  parameter ß.  T his corresponds to the case o f  
h e a v y  projectiles im pacting lig h t  plates where w e can  expect the one-degree 
o f freed om  approxim ation becom ing a more rea listic  hypothesis. Indeed, 
F ig . 2 , tak en  from [11] sh ow s th a t for ß —>■ oo th e  first term  rp1(A1, g) in  the  
e ig en v a lu e  expansion o f th e  ex a ct velocity fie ld  for a considered dynam ic  
p rob lem  coincides w ith  th e  v e lo c ity  field corresponding to  the quasi-static  
p rob lem  (13). It should be n o te d  that the second term  ipfX2, g), except for 
th e  ea r ly  stage of the p rocess, is  small as com pared w ith  ipj and it can be  
n eg lec ted . From Fig. 2 it  is a lso  clear that the sta tic  v e lo c ity  f ie ld /(g )  provides

4 л М 0

Уз
d =

( 12)
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A METHOD OF A PPR O X IM A TIO N 411

a fairly good approxim ation to the true v e lo c ity  field in the entire range of  
the mass ratio ß,  thus constituting the p roof o f  the correctness o f  th e  basic 
hypothesis introduced in the present paper.

Calledine  [22] gave an approxim ate formula for the load-carrying  
capacity  o f the clam ped plate for large d eflection s

P(Wn) =  P [ K _ 2 "

1 2  h
(16)

V, I*!,«)

U sing (16) instead o f ( 1 2 ) we find

4 36A- 4rrMn

which is sim ilar to  the result derived in [ 1 1 ].

(17)

5.3. Impulsive  loading of  a s imp ly  supported cylindrical shell

As a last exam ple let us consider a sim ply  supported cy lindrica l shell 
free to m ove in an axial direction subjected  to  the uniformly d istributed  ideal 
im pulse o f internal pressure. Because o f  th e  assum ed condition o f  support 
(zero axial force) no strengthening o f the shell due to geom etry changes is 
predicted by the theory  o f moderate deflection s. The fact that th e  sta tic  limit 
load is constant over th e  range o f deflection  o f  several thicknesses o f  th e  uni
form shell has been experim entally conform ed by D e m i r  and O n a t  [23]. 
T hus, the approxim ate solution to be found w ill be valid both in th e  ranges 
o f sm all and m oderately large deflections. T he com plete solution for a rigid- 
perfectly plastic shell was derived by H odge  [24], while a similar problem  for 
a rigid-viscoplastic shell was recently so lved  by Pabianek  [10]. T he static  
load carrying capacity  o f  the shell and th e  associated velocity fie ld  depends 
upon the choice o f th e  yield  condition. For th e  linearized Tresca y ie ld  condition
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th e  required static solution is [24]

Po

1
1

C O S  C
&

1  cos c

L

ум for c > ---- ,
2

(18)

w here L  is the length o f  th e  shell and R  denotes th e  shell radius.
On substitution  o f (18) into (6 ) the perm anent central deflection o f  the  

shell is found to be

<5 =
71

2
(19)

w hich  differs from the exact result derived in [ 1 0 ] only by a constant m u l
tip lier  2 /71.

6 . Conclusion

T he solutions o f three im portant boundary value problems obta ined  by  
m eans o f  very simple and straightforward ca lcu lations were shown to  give  
a good  correlation wdth recent experim ental d a ta  and known exact so lu tion s  
o f th e  sam e problem. Since nothing can be said  about the accuracy o f  the  
proposed m ethod, the obtained  solution should be regarded m erely as an 
ap p rox im ation  to the exact solution.

In th e  present approach it was assum ed th a t all energy introduced to  
th e  sy ste m  went into the first mode. In actual fa cts  on ly  a part of the energy E  
is tran sm itted  to the first m ode, the rem ainder goes into the higher m odes  
and is  rapid ly  dissipated in th e  first, transient sta g e  o f  motion. Since th e  v a lu e  
o f  th e  energy associated w ith  the prescribed k inem atics is overestim ated b y  
th e  p resen t theory, the obta ined  solution w ould  clearly be an upper boundary  
on th e  transverse displacem ents.

T he present m ethod, unlike all previous work on this subject, is not 
restr icted  to  small deflections and it takes care o f  such important effects as 
changes in  geom etry and resulting m om ent — m em brane forces in teraction .

T here are no conceptional difficulties to  ex ten d  the present th eory  to  
th e  structures other than  circular plates and rotationally  sym m etric shells.
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Schw ingungsgebilde-N äherung in der Analyse der großen Durchbiegungen von dyna
misch belasteten steif-p lastischen  Konstruktionen. E s werden Schw ingungsgebilde-N äherun
gen der dynam isch b elasteten  steif-plastischen K onstruktionen behandelt. E in Verfahren 
zur Bestim m ung der b leibenden Formänderungen von  K resiplatten und rotation ssym m etri
schen Flächentragwerken im  Bereich der Durchbiegungen mäßiger Größe wird beschrieben. 
Als Anwendung der Theorie werden drei w ichtige Randwertproblem e gelöst. E infache For
meln wurden abgeleitet, deren Ergebnisse in guter Ü bereinstim m ung m it denen der exakten  
Lösungen und neuesten E xperim ente sind.

Приближение картины колебаний при исследовании большой деформации нагру
женных импульсами жесткоплас тичныхконструкций (Т. Виерзбицки). Излагается метод 
приближения модуса при расчете жесткопластичных конструкций динамической нагрузки. 
Метод, служащий для определения остаточных деформаций круглых пластин и оболочек с 
симметрий вращения в области умеренно больших деформаций. Для демонстрации при
менения теории сообщается решение задачи с тремя важными краевыми значениями. 
Дается вывод простых формул, результаты которых очень хорошо совпадают с результа
тами известных точных методов и с результатами проводившихся недавно эксперимен
тальных опытов.
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FLEXURE OF PRISMATIC REAMS (1)
M. GOPALA K R IS H N A  M URTH Y*

[M anuscript received 27 A ug 1969]

A formal solution  is given to the problem  o f  flexure in the case, when th e  m ap
ping function which m aps conform ally the sem i-cross section of the beam  on to  a semi
unit circle, is know n in power series. The m ethod  is illustrated by applying it  to  the 
problem of flexure of a prism atic beam whose cross section is one half o f  P asca l’s lim a
çon. The cases o f  beam s whose cross sections are one half o f a cardioid and one half 
o f a circle are derived as particular cases.

1. Introduction

D e u t s c h  in his paper [I] has solved th e  problem o f flexure o f beam s 
whose cross sections can be conform ally m apped on to the unit sem i-circle. 
The m ethod is further sim plified in case o f  m apping functions w hich can 
analytically  he continued. In the present paper, the problem is solved when  
the m apping function is in the form of power series. The solutions o f  various 
problems are derived as particular cases.

2. Nom enclature

W e consider a prism atic beam made o f isotropic hom ogeneous m aterial 
bounded by planes perpendicular to the generating lines. The beam  is fixed  
at one end and is in equilibrium  under th e  action  of forces acting upon it in 
the plane o f the other end. Body forces are assum ed to be absent and the  
lateral surface o f  the beam  free from applied forces. We adopt the follow ing  
notation [2 ]:

О (О, О, О) Origin in the plane of the fixed  end
Ox, Oy, OZ =  M utually axes, Oz being parallel to  the generating lines o f the beam

L
S
*c
Q
C
O'

— L ength of the beam  
=  Section of the free end Z  =  L
=  xO +  iya
=  A rea o f S 
=  B oundary of S 
=  (О, O, L)

* Departm ent o f M athem atics, Regional E ngineering College, Warangal-4 ( A .  P -) ,
India.
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G
A

В
H
W

wx, w v

M
P

y
ß
E
P
V

° X X ’  ° y y ’  

T xy> t y v  
I  ÎTV> n

I
г

=  ( x q ,  y G% L)  C. G. o f S
=  —J g)2 Second m om ents o f  area w ith reference to axes through

the centroid o f th e  section parallel to the x , y  axes.

=  U s  ( *  — xaf  ds 
=  .fjs (* — x a )  ( У  — У  a )  d s
=  T otal load of a d istribution of shear stresses applied over the p lane end 

Z =  L
=  Forces acting a t O' parallel to x  and у  axes — statically  equ iva len t to 

the shear system  W  
=  M oment about OZ 
=  Wx +  i W y 
=  (A W x —  H  Wy) /E  I 
=  (B  W  — H  WX)!EA 
=  А  В  —  H 2
=  a x +  iocy =  [(A  +  В ) P  -  (B  — A  +  2 iH )P ] l2 E A \
=  Young’s' m odulus 
=  Shear modulus 
=  Poisson’s ratio 
=  normal stress com ponents,
=  Shearing stress com ponents  
=  $$xmy n dS

s

=  Polar mom ent o f  Inertia I,, 2 -f- I., „
=  * 0*2 +  2 Î I l , l

T h e non-vanishing stress com ponents are

i ryz =  P [ф (г) Pz qzr rzz ] ( 1 )

az- =  E (Z  L)[xx(x -xG) +  0Cy(y ~ y a)] (2 )
w here

p  ir  1/2(1 -(- l’) ( ß z G ~\~ßza) (3)

q = l / 4 ( l + 2 v ) ß ,  г 1/2/5 (4)

Ф(г) is th e  flexure function, r is a real constant whose value is determ ined  
b y  (6 ). 0 ( z )  is holomorphic over S and on C. W e have [3],

. .  . 0 z ж ... dz , - , . _ dz
Ф ( г ) _ _ Ф ( г ) _  =  ( í , + , , + „ ) a _

dz
( p + q z  +  ï z ) z - —- (5)

a b 1

at th e  boundary C of S.

w ith

2 /Vf 1 — 1
=  - 9  ( K + K )  +  2 r I +  ^  (1 2 v ) ( ß J + ß J )

! = - ■  —  { z z * d z

( 6 )

( ? )
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J = [ z z * d z  (8 )
J  c

К  = J  z z 0 ( z ) d z  (9)

Zc =  2i d M J d P  (10)

where M 0  denotes th e  value of M  which corresponds to

T =  ± - i v ( ß Z a - ß Z G).  (11)

FLEXURE OF PRISMATIC BEAMS (1) 417

The condition (5) is sufficient to determ ine un iquely  the function 0 ( z )  w henever  
the cross section can be conform ally m apped on a unit sem i-circle. Thus, 
once 0( z )  is know n, th e  flexure problem is com pletely  solved.

3. The mapping function

z — co(s)

maps the region S  on to  the unit sem i-circle | s | <[ 1, r) >  0 in the s 
plane.

Let
0( z )  =  0  [ic(s) ] ■= y>(s)

Г  — semi circum ference | s | =  1, rj >  0, 
ô =  diam eter rj =  0 , —l ^ l ^ l ,  
a =  e"  is a point on Г  and |  is a point on Ó.

For the points on Г

z  —  a > ( o ) , z =  ш ( а ) ,

8z d a  d z  — 1 d a
=  a)  ( a ) ----- , ------ — -------- w  [ a )  — •

d S 1 ds, ds, и2 dst
(5) takes the form

( 12 ) 

s +  i r)

(13)

f(a)co'(a)-j------—ty'(cr) гр(а) =  io(o) co'(o) [ p  +  q ш(о) rco(a)]-\-

— c o ( a )  a t ' ( a )  [p  +  go)(ff) +  rco(cr)].

(14)
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For p o in ts on Ö

z  =  co(f ) ,

-----=  0 ) ( f  ) -------as dS
3s d£
—  =  ft) (£ ) -----as dS

(5) ta k es the form

Let

v(£) «'(£) -  v(£) w'(f) =  w(i)<w'(l)[p+ga>(f) +  rw(|)]
— co(£) w '(£ )[p  +  qco(£) +  rcû(£)].

*i(s) =  sv(«) "'(*)•

The boundary conditions (14) and (15) give

x t ( s ) +  ^ i ( s ) =  U ( o )  011 г  

>Cj(s) — *j(s) =  V(£)  on ó
w ith

(15)

(16)

(17)

(18)

U((j) =  а ы{а)ы\а)[р-\- q co(er) +  rco(cr)] -f- -----io(a)co,( a ) [ p Jrqc j (a)^r io(a) ]  (19)
a

V ( i )  =  f  co(f) co'(i) \pJ-qco(£)J-rco(£)] £co(£)co'(£) [ p  +  qco(£)J-rco(£)] (2 0 )

clearly
w ( s )  =  o j ( s )  .

T he flexure problem  is reduced to th e  task  o f finding a function  ^ (s )  
holom orphic in and on the sem i-circle | s | <Ç 1 , rj />  0  whose real part tak es  
th e  v a lu e  1/2 U(a) on Г  and whose im aginary part takes the value 1 / 2 i V(£) 
on b. I f  th e  mapping function  can he continued  analytically into th e  sem i
circle I s [ <C 1, r] <C 0, th e  expressions for xÁs)i I , J ,  К  as given in [1] are

sy)(s)co'(s) =  F(s)-f------—  Г [F(o-)
2  ni J r

V(a) ]
1

a 1 /s
der

I  =

J  =

К  =

i

4
-J" [cö(<f)2 со2(er)] co(cr) œ '(a )d a

J  [с0 (ст)3 —ы3(в) \  (o(a) co'(a) da

j  œ (a) co'(cr) ri>(o)[w(cr) co(o)]da .

( 21 )

( 22 )

(23)

(24)
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F L E X U R E  OF PRISM A TIC  BEAMS (1) 41 !>

4. Torsion

In the case o f  torsion we have

Wx =  0 =  Wy , M  ф  0 , ß  -  0 . 

p  =  ir  , q =  r =  0 .

y>(s) is given by (2 1 ) w ith

(25)

(26)
U(s) í t  со co'(s) co(s)co'(s)

. ( s ) «

L(.s) =  i t  [sa»(s) co'(s)-f-sco(s) co'(s)].

The flexure function Ф(г) and the com plex torsion function F(z) are related by

Ф(г) =  tF'(z). (27)

F urther from (1) we find , for the stresses

r xz Í T y z  — р [Ф (г)  í t z ]

Ф(*) =  r F ’(z)

Тхг -  iryz =  p r \ F \ z )  i z ].

on pu ttin g  

we have

5. R esults

Let the m apping function (12) be w ritten in the form

z — co(cr) =  V 1 a n an , 
о

an (n =  0 , 1 , 2 , . . .) being, in general, com plex coefficients. 
After some algebraic m anipulations we find

CO(a) co’(a) — ^  ßn o n, co2(cr) =  an ,

( 12)

<o(o)2 =  > 'a n cr n, (o(a)2 ы(а) (o'(ff) =  > ' v„ o n +  J?v 'nrr n (28)

co2(cx) co(ct) co'(cr) =  a",

./Ícía T e c h n i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  6 8 ,  1 9 7 0
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where
ос

ß n =  r+ 1 ) ar an_ r+l ,
r = 0

=  У  an-r ar

vn ~ ßn+r&ri vn ßn a n+r •>
(29)

* n—r ßr ■
r  =  0

S u b stitu tin g  in (22) and m aking use of the in tegrals given in the A ppendix, 
we have

where

Now

t here

I
~ . 2 H  »  2v'2  — _ _ 5 _  +  ^  +  ctp'

0,2,4... ra-f-1 2,4,6... П  1

H n =  vn -  <V

>{af  co(a) w' (a) =  У  Fn a n +  j ?  F ’n a~n ,

o j \ g )  c o ( o )  c o ' ( g )  -  V  Gn G n  

0

F  =  V 1 ciл n yn + r ur ч

(30)

(31)

Fn =  У гг ап + п
Г — 0

G„ — 2  on_ r ar.
r =о

(32)

S u b stitu tin g  these results in (23) and evaluating th e  integrals \\re have

where

J  -  2  — •
0,2,4... П -)- 1

2  2 K - + ™ f [
2,4,6,. П 1

G„ — Fn

and we have from (2 1 )

(33)
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s f ( s ) a > ' ( s )  — J V  B n s n +
о

where

a n d

1

2.T l
У  1 ) ,  a n +  У  A ' n a - "

X
a  s  a  I l s

da

D „ A , B ,

A n =  pbn+ qcn +  r(dn +■d ’n) +  p  en +  qfn +  rgn , 

p K  +  qcn +  rd’n+pe'n +  qfn +  r(gn +gh), 
B n =  pK+qh'n+rhn p ln qi'n < ,

where

X

(34)

(34)

bn =
00

2 ’ ( '1 +  r) " n r f aM
00

f«r «П + Л ,
r =о г = 1

dn
CO

^  bn-r ar , d'n
OO

^ V n  + rK ,
r = 0 r=1

o c oo

dn = ar b'n + r , cn = _ > '(n +  r ) a,1+rocr ,
Г 0 r = 0
oo 00/ ^ r a rxn+r, »•0,1+Г ar ,

r = 1 r = l

e'n = J ^ ' ( n  +  r) a, a„+ r , = n̂ — r ®r 9
r-0 г = 0

o o 0 0

fn / 0  = ^ ( л  +  г) a r ал+г ,
г = 1 г = 0

gn -
0 0

en + r a r ? =
с о

er ön-j-r ,
r = 0 г — 0

0 0 с о

ёп ~ e'n an-r > J £ ( h r)aran_r , h„ 0 ,
г = 1 г-0

0 0

il J V ( re r)xr an_r w ith л; =  о , (35)
Г = 0

К  =
CO

br an—r 9 *n -
0 0

У  an_ r or w ith  Л(" 0 ,
r=0 г = 0

0 0

In = (n 0  °r an-- w ith /о =  0 ,
г = о

0 0

l'n = ^ ' ( n  r)xran_r w ith /0 =  0 ,
г=o

0 0

ln = £ ( п r)x'r an-r w ith /0 =  0 ,
Г = 0
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a n d

x'n =  У  a r a n _ r .

E v a l u a t in g  th e  in te g ra l  in  (34 ), we h a v e  f in a l ly

eo oo I  ”  1 4 - S
s i p ( s )  ft)'(s) =  У  A n ÿ X ' n s ~ n +  2 - ,  ^ n  (s '1 s ~ n )  log

w ith

i m  I

— B n 4— -  D n 4 -  ,y A ' n +  2 ( E n -  E n

1 — s
(3 6 )

Гп  =  2  ( E n -  E ' „ )

К  =  D n A ' n w ith  A g  =  0
a n d

E n  =  У  -1  —  B n + 2r - i , К  =  -  Л'п+2
г — о  2 г  1  r  =  i  2 г - 1

f  "/■—1 *

F ro m  (24 ) w e h a v e

к = \  1
J r  a

У Т п а " +  V  T ’n «r-» +
0 n  =  l

- ~ r  I j g  S n +  j g S ' n °  " K g  ^
2  т а  о  0  J I f f

der

w h e re

a n d

T ’n =  L ; + Q ' n + Q n + K  w ith  Q l  0 ,

Sn =  M „ + P n M ' P ' n ~ \ - R n w i th  M 0 =  0 =

S'„ =  K -  R 'n M ' - P "  w ith  R "  =  0 ,

L „  =  У ;  K n __r  X r , L '  =  j F K „ +r a; ,
r-0 г = 1

oo
l ;  =  _ 2 " к г д; +г , K n — 1

r = 0 Г = о
00

К  =  ^  я п- г  a r 5 iv n =  ^ K ' n _ r K ,
Г — 0 r =  0

K  =  2 K ’n + r K ,  
r =  1

iV" =  2 K ' r En + r ,

r =  0

(ЗГ7й
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00
jV f„=  ^ r  •> M n 2 K r i ; - r ,

Г =■ 1 Г — 0

M mn =  У К г Л п + г , P„ 2 K 'r K - r ,
r=0 г = 0

p n k ; + r i ; , P n 2 ' K 'r} - n + r ,
г = 1 r = Q

Q , ,  =  j g i n + r  K r , Q n j £ i r K n + r ,
г *= 1 r = 0

Q"n = 2  K  ’ R n 2 r n + r K , ,

r =  1 г — 1

R  n - y ^ K K n + r , К у к г r n _ r .

r 1 r = 1

P e r fo rm in g  th e  in te g r a t io n  in  (36) w ith  th e  h e lp  o f  th e  in te g ra l
d ix ,  w e h av e

® 7' T '
К  T0 i n  2 X’ 2П-1 +  1

oc
V  S H

, r .  2n 1 2 n i n — 1

71“

+  2 i n  y  +  у  s:,n н:,п + 1
(38)

л- i  2л  1 n i

w h e re  H ’s  a re  th e  v a lu e s  o f  th e  c o r re sp o n d in g  in te g ra ls  fo r re =  1, 2 , , i.e.

Я 2п - , 1 fT2M 1 log

Я ‘2п + 1 I ( Г ^ - Ч о ;

1 +CT
11

l  a

l + < r
d a .

T h e  v a lu es  o f  Í2, Z (J,  A ,  B ,  H , A  d e p e n d  o n ly  on  th e  g e o m e try  o f  th e  cross- 
s e c t io n .  T h ey  m a y  h e  c a lc u la te d  e i th e r  d ir e c t ly  fo r  ea ch  p ro b le m  o r  w ith  th e  
a id  o f  th e  c o e ff ic ie n ts  o f  th e  m a p p in g  f u n c tio n  in  (12).

C a lc u la tin g  w ith  th e  h e lp  o f  th e  m a p p in g  fu n c tio n , w e h a v e

n
2 i  J r

-  ш (<*) t o  [ a ) d a

(39)

—  Q \ ' >  w h ere  Q \ v  =  У  r a ,  a

r = 1
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k'here

z G Ü  =  - ± - Ç
2 i  J  г

[o)(cr) («(o')] c o ( o ) a > ' ( o )  d a

1

2 i
2  2 * W -

0,2,4... r a + l  2,4,6... П  1

(40)

QV =  2  P"+r °r ’ Qn =  2  ßr ân + r 
r = 0 r= 0

& 4, =  2 < - ß r
r =  0

w h e re

I  Zq  Zq  Ü ( 4 1 )

1 ГI ( co(rr) a>(cr)] со‘-(<7) (0 ( a d a
г (42)

1 ^  г « ? « * — <?«» <?<*>)
+ Q ?

00 9/1(7) *

“ +  j s  ; V,J,2,4,6... re t2 i
J*

0,2,4... Л + 1

<?i? = V  *„ + ,<??”
r= 0

Ä 6,= 2 * n  + rQ ? \
CO

07’ =  ^ S r Ç S i r ,
r = 0 r = 0

д а1 = 2 * n - r Q ? <?Г =  J ’ire +  r + l )
r = 0 r = 0

Qn =
CO

ra r ®n+r+l with Qq] —■ 0 ,
r= 1

1+1+1 a r 1

ß  - А  — 2Ш  —  Г  zqQ .

S u b s t i t u t i n g  fo r К . К ,  / ,  ß  a n d  J  in  (6) we g e t M .  F ro m  (11) w e ge t th e  c e n tr e  
o f  f le x u r e .

6. Example

F le x u r e  o f a b e a m  w h o se  c ro ss-se c tio n  is o n e  h a l f  o f P a s c a l’s l im a ç o n . 
T h e  m a p p in g  fu n c t io n  is

z - м>(р) =  ß (p  +  m p2)

R  0 , 0 <  m  < ( -----.
2
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F ro m  (22), (23) a n d  (21) w e g e t

7Г
I  = -------( l + 6 m 2 +  2m 4) ,

4

J  =  R & (3m  +  6m :!) i n  4-  ------- |-2 0 m 2-f 16m 4

( l  +  2 m g )y)(g) =  K  (p  p ) ( g + 3 m 2g2 +  2m 2g3) +  ^ ~ ( q + r + q + r ) x

H l a
(g2+ 4 m g 3+ 5 m 2 g4 +  2m :i g5) - |------- —— +  a 1 +  a , g + a 3o2

2 \  a
+

R

n i
a ,( ]  g 2) +  a 3(g 9  :!) +  °e(P2 (? 4) +  « 7(g3 - g  5) +

f o 8(? 4 !?"e) + - *  W 1 9  2) + a io(P Q :i) +

+  a „ (g 2 g“ 4) o 12(g3 g“ 5) a 7(g4 g-«)

1 + 9
« e (e 5 !?7)} l '> g

1 - g
w h ere

a „  =  ( l  +  2m 2) ( p - \ - p ) - \ - m R ( 2 q - \ - 2 q - \ - r - \ - r ) , 

a , =  3 m ( p + p ) - \ - R  { ( l + 4 m 2) ( g + g )  +  ( l  + 3 m 2) (r +  r)}  , 

a 2 m R  {2 ( 1 + m 2) ( g + g )  +  (3 +  2m 2) (r  +  r)}  , 

a 3 =  m 2 R ( g + g  +  2 r +  2r) ,

я , =  { p  p )  m R  {(3 +  2m 2) (r r)  2 (1 +  m2) ( q  q ) }  +

I 4 т Д  ( g + r  g  r )+2m2(p  p) | 2mR3 | f  ^ ^

3 5

n 5 =  R ( q - \ - r  q  r ) - \ - 3 m ( p  p )  r n 2 R ( 2 r  2  r  g + g )  +  

r > m 2R
' (? + '■  q r ) ,

2  R
a„ =  2 m 2 ( p  p )  +  (m :! +  6m)(</ +  r  q  r),

a 7 - r >m 2 R ( q - ] - r  q  r ) , 

a s 2 m ' R ( q  +  r  q  r ) ,

e 9 =  m  ( p —p) +  K {(1 + 3 m 2) ( r  r )  (1 +  4m 2) (g g)} , 

a 10 =  m ß { ( 3 + 2 m 2) ( r  r ) - 2 ( l  +  m 2) (g  g)} ( p  p ) ,
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й ц  =  m 2 R  { 2 r  2 r  g - f-g } -  3m ( p  p )  f ? ( g + r —g r ) ,

a 12 =  4 m R (g  +  r  g r ) + 2 m 2 ( p  p )  .

F ro m  (24), we h a v e

iv  -4- K  "TT 4 r
! -- ------------ ( l  +  6 m 2 + 2 m 4 )  — —  ( 1 8  ~Ь 1 12m 2 +  32m 4)

2 R* 2 9.-T

(20m -f- 1 6 m 8) ( p -(-p )  jR
[ (7 0 - j-4 3 4 m 2-)- 552m 4) X

15 105

X (g + g )  +  (70 +  54 6 m 2+ 4 8 8 m 4) ( r  +  r ) ]  +

136m  1216m 3R

n i
( q  q )  i m  ( 1 - \ - 2 m  ' )  n -

(r  r)  |m  (1 -)-2 m 2) —

9 45

4m 32 m ;i 448m 5

8064m 3

1575

4 9 15 225

T h e  q u a n t i t ie s  d e p e n d in g  o n  th e  g e o m e try  o f  t h e  se c tio n  are  g iv en  b y

Q  =  - й --(1  +  2 т 2) ,  
9

Ü Z q
i R 3 / 4  + 16 m 2 

2 3
m i n  I

n R *  R A
4 + B  =  —— (l+ 6 m 2+2m 4) -----—   

4  2 я (  1  +  2 m 2 )

m - rr-
16 (1+ 4 m 2)2

В  — A  ~ r  2 i H  =  (2 0 m -t- 1 6 m 8 )  4 -  —  m i t t

15 2тг(1 +  2m 2)

F r o m  th e  ab o v e  r e la t io n s ,  w e ge t

4 ( l- j -4 m 2)

n R l 8 R l
A = ------- ( l  +  6 m 2 +  2m 4) ( l + 4 m 2)2,

8 9 я ( 1  +  2 т 2)

В  Л И >  ( l  +  6 m 2 +  2m4) -'7 " r f i l
8 2 (1  - f  2 m -)

Я  =  ^ - ( 5 т  +  4тЗ) - ^ ( l + 4m2)
15 3(1 +  2 m 2)

S u b s t i tu t in g  fo r  K , K , J ,  J  a n d  Z G, we ge t
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2 M / f i  =  ггтК4 ( l  +  6m 2+ 2 m 4)
4 т  R 4 

9 л
(18  +  112m 2+ 3 2 m 4) -

R 4(20m  +  16m 3) ( p + p )  R 5

15 105
|( 7 0  +  434m 2+ 5 5 2 m 4) (q ~ \ ~ q ) +

» 5  Í
+  (70 +  546m 2+ 4 8 8 m 4) ( r + r ) }  -|------г  ] т ( 1  +  2 т 2)тг

n i  I

i
136m

1216m :i _  8064m 5 | 

225 1575

448m

, - ,  ( n  , „  ,,  л 2 , 4m  3 2 m 3
( 9 — 9) -  m  (1  + 2 m 2) —  +  —  +  — —

4 9 15

X

225

12

( r - r )
R s

+ ----- (1 — 2 v )  X
24

+  20m 2 +  16m 41 i ß  +  f l )  + 3 m Í7 i ( l  +  2m 2) ( ß — ß )  .

S u b s t i tu t in g  fo r t ,  w e g e t th e  e x p re s s io n  fo r  M 0, g iven  b y

2 M 0 / e  , A  Í 1 4 + 3 3 6 m " + 7 3 2 m 4 27 6 m 8) v
----------=  ( P + P )  1 -

p R 5 1 0 5 (1  + 2 m 2)

49 +  158m 2+ 8 5 6 m 4+ 8 0 0 m 8 8 ( l + 4 m 2)(1 8 + 1 1 2 m a+ 3 2 m 4)

2 1 0 ( 1 + 2 m 2) 27гг2(1 +  2 т 2)

i i / i  /?! ! т ( 1 + 2 т г) л  16 (25 +  60m 2 +  112m 4 +  6 4 m 6) ^
H ß - ß )

+  V

4 225 гг ( l  +  2m 2)

l + 8 m 4 4m  (65 +  3 7 6 m 2 +  144m 4)

4(1 + 2m 2) 4 5 л  (1 + 2 m 2)

J L  68w +  608m 3 4 0 3 2 m 6
n  9  45  1575

T h e  c e n tr e  o f  f le x u re  is g iv e n  b y

2 ip  R 5 ( A  +  i f f )  ( г (14 + 3 3 6 m 2 +  732m4 276m 6)

E / l  1 1 0 5 (1 + 2 m 2)

4 9 + 1 5 8 m 2 +  8 5 6 m 4+ 8 0 0 m 6 8 ( l + 4 m 2)(1 8  +  112m 2 +  3 2 m 4)

210(1 + 2 m 2) 27 гг2(1 +  2 т 2)
+

m  ( l  +  2m 2) л2 р Щ В - i H )  

E A

16m  (25  +  60m 2 + 1 1 2m 4 +  6 4 m 8) 

225 (1 +  2m 2) n
+
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+  Jjj l + S r n *  t 4 m (6 5  +  376m 2+ 1 4 4 m '1) 

| 4 ( l - ) - 2 m 2) 45 л  ( l-J -2 m ")

1

л

68 m  ( 6 0 8  m 3

~  +  4 5

4032m 5 U l 

1575 J]J

S u b s t i tu t in g  m =  0 in  t h e  a b o v e  re su lts , w e g e t  t h e  r e s u l ts  fo r th e  f le x u r e  o f  
a  b e a m  w hose c ro s s - s e c tio n  is  on e  h a lf  o f  a  c irc le . T h e se  re su lts  ag re e  w i th  
th o s e  g iv e n  b y  D e u t s c h  [1 ]. P u t t in g  m  =  1/2, w e  g e t  th e  re su lts  fo r  t h e  b e a m  
w h o se  c ro ss-sec tio n  is  o n e  h a l f  o f  a ca rd io d .
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A P P E N D IX

U se has been m ade o f  th e  follow ing integrals:

1 .  d a  =  0 ,  n j i  0 ,

=  in  , n  =  0 ,

4 , a2rl da  =

3 - r ° "
log

- 2
2re +  l
l  +  a
1 — a

, n  — 0, ±  1, i  2, i  3,

d a  = =  0 , n =  0, 2, 4 , .

К 3 ^  5 ^  7 ^ n

n = 1 ,3 ,5 , . . .

T *  -  1

2 in  
n - |-1

, n =  —2, —4, —6 ,. . .
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» + 1  l  3 ^  1 - (n +  2)J

n — • 3 . - 5 ,  - 7 , . . .

Г „n r _ i_  __ __î__1 2 ( n __ L.I n3 — -i-|Jr \ a-Q (T — I/o J n 1 [ä Q ) n 3 1. c  03 )

n — 2

+  (nn e-n ) jog J  + S . n 2 , 4 , 6 , . . .

(e2 e- -) —г (e4 e- *) • • • + »«e" + (<?" o-")n — 4 I — g

n 3 , 5 , 7 , . . .

=  in , n — 0

1 +  0= wrç> + (e — Q~ ) l°g -  '  , n = 1

5- l , - ( ^  -  Т Г Щ - )  d o  =  7 Г Т (Р е" 1 ) + -п^ з (е3 e ' 3) + + ■ + * ■ * "

(gn e~ n) i°g
l+e
1 p

П 2. 4. 6 ____

—2-s-(e*-e-2H— ^-r(e*-e4)+ -• •+ w e n (en я~п) log Î—n — Z n — 4 1 n
- in, n =  0 n =  3, 5 ,7 ,  . . .

1 + 0
=  ina (Q -  Q~') log , n =  1 .

Biegung prism atischer Stäbe. E ine exakte  m athem atische Lösung des Biegungspro  
blem s m it Hilfe einer Potenzreihe ist bekannt im  Falle , wo die B ildfunktion den Q uerschnitt 
eines Stabes auf der H älfte eines E inheitskreises konform  abbildet. Die M ethode wird durch 
A nw endung zur Lösung des Biegeproblem s eines prism atischen Stabes dargelegt, dessen  Quer
sch n itt  eine halbe Pascalsche K reisconchoide ist. Als partikuläre Fälle sind S täb e von  H alb- 
kardioid- oder H albkreisquerschnitt behandelt.

Изгиб балок призматического сечения (Г. К. Мурти). Излагается математическое 
решение степенного ряда задачи изгиба в случае функции конформного отображения до 
круга с полуединичным радиусом получения балки. Автор дает описание метода для его 
использования такой балки призматического сечения, поперечное сечение которой соот
ветствует полуконхоиде Паскаля. В качестве специального случая рассматривается случай 
таких балок, которые имеют сечение в виде полукардиоиды и полукруга.
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RECENSIONES

B E T O N T E C H N ISC H E  B E R IC H T E  1968 

Betonverlag:. D üsseldorf 1968, 175 Seiten

Die Abhandlung um faß t die Ergebnisse von  a ch t Forschungsarbeiten.
1. D ie N eufassung der Zementnorm D IN  1164 wird in acht Abschnitten erläutert, in 

denen der E ntw urf des P ortland-, Essenportland-, H ochofen- und Traßzem entes eingesch los
sen ist.

In dem  E ntw urf sind außer den Begriffen noch die Prüfm ethode und Q ualitätsförde
rungen angegeben.

D ie Zahl der F estigkeitsk lassen  wurde von drei a u f vier erhöht.
2. In  dieser Arbeit ist die Untersuchung der B etonb löcke aus den Jahren 1916 und 1938

beschrieben, die als W ellenbrecher vor der Mole von  H elgoland liegen. Um die W irkung des 
M eerwasserangriffes zu beurteilen , wurde der Beton chem isch , mikroskopisch und röntgeno
graphisch untersucht. Dabei ergab sich, daß der B eton  von  1916 zwischen 210 und 290 kp 
Zem ent je m 3 enthält, m it der Festigkeit von 240 360 kp/cm 2. Der Beton von 1938 enthält 
dem gegenüber zwischen 360 und 420 kp Zement je m 3 m it der Festigkeit von 660 750 kp/cm 2.
Die Ergebnisse zeigten , daß die Betone dem M eerwasser gegenüber beständig sind . Chloridio
nen sind in den B eton von 1916 m indestens bis zu 5 cm , in den Beton von 1938 höchsten s bis 
zu 3 cm tie f eingedrungen.

3. D ie Schlagfestigkeit des Betons für H am m pfähle wurde durch w iederholte Schläge 
eines 50 kp Fallbären aus der Fallhöhe von 80 cm  geprüft. Die Versuche b estä tig ten , daß 
die E igenschaften  des zu den Ram m pfählen verw endeten günstigen Betons w ie fo lgt sind:

E lastizitätsm odul: E  =  300— 350 000 kp /cm 2,
Z ylinderdruckfestigkeit 450 kp/cm 2, S p altzugfestigkeit von m indestens 35 kp/cm 2,

—  W asserzem entw ert 0,45
Zem entgehalt 400 kp/m 3,
Körnung: cfmax =  30 mm, 0/7 Zuschlag m indestens 60%.

4. Der E ntw urf der D IN  1045 enthält die technologischen  Bestim m ungen für unbe- 
wehrten B eton , für Stah lbeton , für Transportbeton und Stahlbeton-Fertigteile. Im  Z usam m en
hang m it der H erstellverfahren und Q ualitätsbedingungen te ilt die N eufassung der D IN  
1045 die B etone in zwei G üteklassen ein: Beton I und B eton  II. Für die G ew ährleistung der 
verlangten D ruckfestigkeit und für den Schutz der Bew ehrung gegen Korrosion sow ie W ider
stand gegen Frost, H itze, chem ische Angriffe und m echanische Abnutzung sind besonders 
eingehende Bestim m ungen aufgenom m en worden.

5. D as vorläufige M erkblatt I legt E inzelheiten der Überwachungsprüfung des L eicht
zuschlagbetons fest. Die Anforderungen sind in der T afel I zusam m engefaßt.

6— 7. Diese beiden A rbeiten befassen die Untersuchungsergebnisse über den E influß  
der F euchtigkeit des B etons a u f seine D ruckfestigkeit und über das A ngriffsverm ögen von  
betonschädlichen W ässern, Böden und Gasen.

8. Besonders w ertvolle Ergebnisse für die P rax is sind in den B em erkungen zu den 
Blättern E  der D IN  4030 und D IN  1045 zusam niengefaßt. Die m eist 1 bis 2 m d icken Bau
werke erwärmen sich durch die bei der H ydration des Zem entes freiwerdende W ärm e. Die 
von den F undam enten behinderten Form änderungen führen zu vertikalen T em peraturrissen. 
Man hat bedeutende durchgehende Spaltrisse bei den W iderlager- und F lügelm auern aus 
Beton beobachtet. D as R ißbild und die Verteilung der R isse kann durch eine sehr starke 
Flächenbew ehrung geregelt werden. Durch Anordnung von  Dehnungsfugen kann m an die 
Tem peraturrisse abfangen. D ie  Fugen sind im allgem einen gespürt, der A bstand ist von der 
Dicke der Mauer abhängig. D ie Arbeit stellt B em essungsrichtlinien und k o n su lta tiv e  Vor
schläge vor.

B . Goschy
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P .  C o n i l :

L E  V O IL E  AUTOPO RTANT
C O N C E P T IO N  -  T R A C É  -  C O N S T R U C T IO N

É d itio n  E yrolles, Paris 1967. 202 pages, 160 figures, 16 photos

L es premiers chapitres s’occupent des notions fondam entales, de la c lassifica tion  des 
v o iles  e t  surtout de la création de form es nouvelles. D es explications sont données en  prem ier 
lieu  sur le s  formes déterm inées par un plan de base e t d eu x  courbes génératrices s itu ées en 
des p la n s  intersectés. Les in tersections de ces surfaces parallèles aux plans des génératrices 
son t des courbes affines aux génératrices. Le plan d’a ffin ité  est identique au p lan  de base. 
L ’a u teu r  donne un procédé de construction  pour déterm iner les sections in term édiaires, ainsi 
qu’un  procédé pour la construction  des profils v ertica u x  déterm inés par deux génératrices 
à p la n s parallèles et une ligne droite. Il présente en su ite  des m éthodes pour construire les 
sec tio n s verticales de voiles à base triangulaire.

P ar la suite, le livre présente des formules approchées pour le calcul rapide de quelques 
ty p e s  de vo ile  simples et donne des conseils pratiques pour leur exécution.

U n e  objection qui pourrait être faite à l ’auteur est q u ’il ne définit pas assez la notion  
de « vo ile  autoportant». De m êm e, il néglige de rem arquer que les voiles dont la surface m oyenne  
p ossède un  point plan (par ex. les poin ts S sur les figures 3,14, 3,57 et les points 0 sur les figu 
res 3 ,15  e t 3,39) ne peuvent pas être équilibrés dans le voisinage de ce point par les seules 
forces de m em brane. (La m êm e rem arque est valab le pour le voisinage des bords de voiles 
a y a n t d es p lans tangents tou t le long de leur bord. Voir figures 3,11. 3.12 et 3 .38.)

A  part ces objections, le livre se proposant de rapproches les points de v u e  de l ’ingé
nieur e t  de l ’architecte m érite d ’être hautem ent apprécié par les spécialistes, pour l ’in téressant  
exp osé  de su jet propre à éveiller bien des idées nou velles.

P . Csonka

P R O C E E D IN G S  OF T H E  T H IR D  C O N FE R E N C E  O N D IM E N SIO N IN G  A N D  
S T R E N G T H  CALCULATIONS

P ublisher: Akadém iai K iadó, B udapest 1968, 778 pages

T h is  international conference dealt w ith  problem s o f fatigue and brittle  fracture, 
th o u g h  to p ica l interest was ex ten d ed  to other questions o f  dimensioning as w ell. A  num ber  
o f p ap ers w ere devoted to phenom ena o f brittle fracture and  fatigue, aiming at a b etter  under
sta n d in g  o f  the relevant problem s b y  the m ost thorough ly  possible evaluation o f recen t results 
a v a ila b le  in  the literature. T he presentation of the problem s not yet solved along w ith  those  
w hich  h a v e  recently obtained their answers or still under stu dy  constitutes the m ain m erit 
of th is  conference. This m ighty  volum e is excellen tly  printed  on the finest paper. A uthors 
and to p ic s  o f  lecture are as follow s:

M . F . A b d e l -Ga b er  (T he e ffec t o f w eld ing  se q u e n ce  and cooling r a te  on  re s id u a l 
s tre sse s  in  b u ilt-u p  I section), I. M. A lliso n  (A n a p p lic a t io n  o f th ree  d im ensional p h o to e la s 
t ic i ty  to  d e sig n  for sh o rt life fa tig u e  load ing), J. H . A r g y r is — D. W. Sch a rpf— J . B . Sp o o n e r  
(T he  e la s to -p la s tic  ca lcu la tio n  o f g en era l s tru c tu re s  a n d  c o n tin u a ), В. B ír ó . N . P á rdu cz  
(T h e  s c a t t e r  o f th e  re liab ility  fa c to r  o f ro ller b earin g  d im en sio n in g  and its  p ra c tic a l a sp ec ts) , 
J . G. B o u w k a m p  (T u b u la r jo in ts  u n d e r  a lte rn a tin g  lo ad s ), S. L. B ussa—J. D er H o v a n e s ia n  
(C u m u la tiv e  dam age ana ly sis  o f ra n d o m  stresses), Gh . B u zdugan  (F a tig u e  co effic ie n t in 
m a c h in e  fo u n d a tio n  design), R . M. Ca d d e l —J. L. D u n c a n — W. J ohnson  (F ra c tu re  a n d  l im it  
s t r a in s  in  a n n ea led  an d  cold  ro lled  brass an d  a lu m in iu m  shee t). S. E . Ch u k w u je k w u  —  
C. R u iz  (P la s tic  fa ilu re  u n d e r  in te rn a l  p ressu re  o f a lu m in iu m  spherical shells w ith  nozzle 
re in fo rc e d  openings), H . C. v a n  E l st  (N o tc h -sen s itiv ity  to  f rac tu re  in itia tio n  in  a m ed iu m  
h ig h  s t r e n g th  pressure  vessel s teel), J. F a rk a s ,— J . Cs e l é n y i— A. Va ss— G. F a r k a s— 
G. Z o l n a y  (R o ta tin g  bed in g  fa tig u e  lim it o f w elded sp lin e  sh a fts) . T. F e k e t e  (S tre ss  c a lc u la 
tio n  a n d  m ea su re m e n ts  o f ru b b e r-c o re d  ra ilw ay  w heels), J . W . F isch er  (E ffe c t o f  w eld ings 
on  th e  fa t ig u e  s tre n g th  of stee l b eam s), G. Ga lgÓczy  (R e c e n t  experim ents on th e  a p p lic a tio n  
o f h ig h  s t r e n g th  fric tio n  grip  b o lte d  jo in ts  in s t r u c tu r a l  steelw ork). V. N . Ge m in o v  (The 
s e c o n d a ry  cu rv es as a m eth o d  o f d e te rm in in g  fa tig u e  life u n d e r  u n s ta tio n a ry  lo ad in g ), L. F. 
G il l e m o t  (T h e  influence o f ten s ile  te s tin g  m achine h a rd n e ss  on th e  flow curve), M. M . H a n n a —
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A. F. Y a c o u b  (M agnification factors o f stresses in reinforced concrete flexural m em bers due 
to curvature o f th e  ax is), V. I I o r á k  (Inverse variational principles o f the nonlinear m echanics 
of solids), I. H u s z á r  (Calculation of the force p lay  o f arch bound com m utators), J .  G. I l l e s y  
(D ynam ic behaviour o f structures and dynam ic sim ulation), V. S. I v a n o v a  (D islocation - 
energetical h yp othesis o f ductile and brittle fracture), G. J a c o b y  (Comparison o f  fa tigu e  life 
estim ation processes for irregularly varying loads), K .  K á l n a  (Investigation o f th e  size effect 
in brittle failure), W . J . K i p p o l a — J. Der H o v a n e s i a n  (An experim ental stu d y  o f  a cum u
lative fatigue dam age indicator), S. K o c a n d a — A . K r u k o w s k i  (Torsional fa tig u e  lim it of 
heavy press-fitted  assem blies), A. K o c h e n d ö r f e r — K .  E. H a g e d o r n — D. K r i e g e r  (E valua
tion of proper strain and stress quantities for b en t rectangular bars), M . K o z a r o v  (Therm o
stab ility  o f layered glassplastic cylindrical shells), H .  K b e i s k o r t e  (Servo-hydraulic te s t  equip
m ent for strength  and vibration testing), I. V. K u d r y a v t z e v — I. N . S h k a n o v  (F a tig u e  resis
tance of mild steels under sharp cycle asym m etry  and the influence of boiling w ater), H .  de 
L e i r i s  (F atigue factures in welded constructions, after the collection of the In ternational 
In stitu te  o f W elding ), G. Z . L i b e r t i n y  (The use o f short life fatigue data in design ), M . G. 
L o z i n s k y  — A. N . R o m a n o v  (Certain peculiarities o f  dislocational structure, appearing in 
high-tem perature fa tigu e  tested silicon iron), M . M a t o l c s y  (Coefficients determ ining the frac
ture and the service life o f vehicle-fram es), P .  M i c h e l b e r g e r  (Basic system s for statica lly  
indeterm inate structures), P. M i c h e l b e r g e r — A . F e k e t e  (Spatially loaded fram e row w ith  
longitudinal sym m etry), E. M i s t e t h  (D im ension ing for fatigue of engineering s te e l structures 
on the basis o f probab ility  theory), A. J. М о е  (O n th e  sa fety  against fracture in  firm  standing  
static  structures as seen from an engineer’s po in t o f  v iew ), G. N a s s a r  (S tab ility  problem s of 
continuous p lating in steel structures), H .  A. O s m a n  (Stress and strain distribution  on notched  
m embers under cyclic  loading), S. V. P i n e g i n — A . Y . O r l o v  (Influence on the form  o f  contact 
area and elem ent size on the contact strength  on rolling), P. R a a b e — G. P o m e y  (Com parison  
of fatigue lim its obta ined  under various loading conditions, using several sta tistica l m eth ods), 
J .  C. R a d o n — J .  R .  C r o s b y  (Fracture toughness o f  an Al-alloy in the b iaxial stress field), 
U. R o s e t t i  (A pplication  of the cum ulative dam age theory to the endurance te s t  o f  wire- 
ropes, by  the progressive load m ethod), G. R u d n a i — G. P e t r ó c z y  (F ull-scale fa tig u e  of a 
forged vehicle com ponent), S. A. S a a f a n  (A n alytica l and empirical determ ination  o f  failure 
load of structural fram es), B . I. S á n d o r  —J. M o r r o w  (A lleviation of fatigue d am age), S. V. 
S e r e n s e n — R .  M . S c h n e i d e r o v i t c h  (D esign o f construction  elem ents under lo w -cy cle  load
ing), S. V. S e r e n s e n — M . N. S t e p n o v  (S ta tistica l evaluation of the fa tigue properties of 
light alloys in connection  w ith  strength calcu lations), G. C. SiH (Propagation o f  e la s tic  w aves 
around a crack), T. S o b i e p a n e k  (On the role o f m icrocracks in brittle fractures o f  m ild  steel), 
S. S o r e t z  (In flu en ce  of geom etrical d iscontin u ities on the fatigue strength o f  reinforced  
concrete), R .  S p i e r s — M. S. G. C u l l i m o r e  (G eom etrical factors influencing th e  fatigue of 
friction grip bolted  jo in ts), L. I. S t e i n i v o l f  (C alculation of frictional se lf-oscilla tion  in the 
m echanical transm ission  of power units), H .  P. S t ü V E (On the theory of unstable deform ation), 
W. S w i t e k — A. B u c h  (The problem o f m axim um  notch  effect in case o f f la t  e lem en t w ith  
transverse holes), C. C. T e o d o r e s c u  (R epeated  L oading and strain-hardening curve used  
for the calculation o f long welded rails), D . D. V á s á r h e l y i  (Experim ental stu d y  o f  th e  fatigue  
of thin steel p lates due to cyclic shear buckling), I. VÖRÖS (Dim ensioning o f  gears for canti
lever beam  stress w ith  up-to-date strength factors), T . Y o k o b o r i — M. N a n b u — N . T a k e u c h i  
(On the in itiation  and propagation o f fatigue crack), A. ZsÁRY (P hotoelasticity  te s t in g  o f the 
stress-gradient factor on notched tensile specim en).

As this lis t  ind icates, the volum e is useful for theoreticians of m etallurgy and for prac
tical working engineers engaged in testing of m aterial or in design of structures.

J .  B arla

H e i n r i c h  E n g e l :

TRAGSYSTEM E. ST R U C T U R E  SYSTEM S 

D eutsche V erlags-A nstalt. S tuttgart, 280 Seiten

D ie E inführung zu diesem  zw eisprachigen W erk großen Form ats (2 2 X 2 3  c m ) schrieb  
Ralph R A PSO N , L eiter der School o f  A rch itecture U n iversity  M innesota und d er  T e x t wird 
durch eine kurze A bhandlung aus der Feder von  H anskarl BÄ N D EL ergänzt, d ie  die neuen  
W ege in der P lan un g von Tragkonstruktionen auseinandersetzt.

Das B uch  seihst, das aus einer Sam m lung von  K onstruktionsfiguren b e ste h t, ist in 
fünf Teile ge te ilt .
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D a s erste K a p ite l  (form aktive Tragsystem e, F o rm a ctiv e  Structure System s) befaßt 
sich m it Tragwerken, in denen un ter  Einwirkungen der B e la stu n g  nur gleichsinnige N orm al
kräfte  (Z ug- bzw. Druckkräfte) en tstehen , d.h. daß sie  ihrem  W esen nach frei von  B iege- 
und T orsionskräften  sind. Der M aterialbedarf dieser K onstruk tion en  ist m inim al, som it sind  
sie g e e ig n e t, große Spannw eiten zu überbrücken. Im  R ah m en  dieser K onstruktionsgruppe  
w erd en  v o n  dem  Verfasser die verschiedenen Typen der H ängedächer, der Z eltdächer, die 
p n eu m a tisch en  Dächer (Innendruck- und D oppelm em bransystem e), sowie die B ogensystem e  
ausfüh rlich  erörtert. D ie behandelten  Tragwerke werden te ils  durch orthogonale, bzw. klino- 
gonale P rojektionen, teils durch M odellfotos dargestellt. D ie  Abbildungen werden durch kurz
g efa ß te , aber charakteristische U nterschriften erklärt.

D a s zweite K a p ite l  (V ectoraktive T ragsystem e, V ector-active  Structure System s)  
b esch ä ftig t  sich m it versch iedenen T ypen  der Fachwerke, w ob ei außer den ebenen und R au m 
fach w erk en  auch die a u f gekrüm m te Flächen angepaßten  F lechtw erke behandelt werden. 
A u ch  h ier  werden die versch iedenen  Tragwerke und deren K onstruktionsprinzipien durch  
klare u n d  anschauliche A bbildungen und M odellfotos erklärt.

D a s dritte K a p ite l  (M assenaktive Tragsystem e —  B ulk-active Structure S y stem s)  
b efa ß t sich  m it auf B iegung beanspruchten K onstruktionen . Es werden die versch iedenen  
T yp en  der einfachen K ragträger und Durchlaufträger, Z w eigelenk- und D reigelenk-R ahm en- 
sy stem e , horizontale und vertika le  R ahm ensystem e, S y stem e, für Voll- und M ehrfeldrahm en. 
M ehrgeschoßrahm ensystem e, Trägerraster- und T ragp latten system e dargestellt. Im  G egen
satz zu  den  vorangehenden K ap iteln  ist das B ildm aterial n ich t überall anschaulich.

D a s vierte K a p ite l  (F lächenak tive  Tragsystem e —  Surface-active Structure System s)  
is t  e in e  sehr ausführliche Sam m lung von  Abbildungen üb er  Flächentragwerke. Es w erden die  
G ru nd typ en  der Faltw erke, ihre verschiedenartigen K om binationen , sowie die aus g le ich 
förm igen  und zweiförm igen ebenen Flächenelem enten errichtbaren Polyeder behandelt. H ier 
gelan gen  einfache und zusam m engesetzte Z ylinderschalen, Kreuz- und Sektorialschalen, 
K ugel- un d  K appenschalen, R otationsschalen  und die K om binationen  all dieser zur D arste l
lung. D ie  verschiedenen A rten der hyperbolischen Paraboloidschalen , sowie zahlreiche B eisp iele  
der a u s solchen E lem enten zusam m engesetzten Schalen w erden  worn Verfasser m it großer 
A u sfü h rlich k eit veranschaulicht. D ie  Zeichnungen (P h o to ty p ien ) sind äußerst dem onstrativ , 
w as v o n  den Photos (A u totyp ien ) n ich t immer b eh au p tet werden kann.

D a s fü n fte  K a p ite l  (Senkrechte Tragsystem e —  V ertica l Structure System s) v eran 
sch a u lich t die verschiedenen M öglichkeiten von A ufbau un d  V ersteifung der G ebäudegerippen.

Im  allgem einen kann festgeste llt  werden, daß d as B uch, dessen Inhalt zu 80%  
aus lehrreichen , m it größter Sorgfalt verfertigten, überaus schönen Abbildungen b esteh t, 
ein en  erfolgreichen Versuch b ildet, um  die verschiedenen T ragw erke in ein einheitliches S y stem  
einzuordnen  und die Prinzipien ihrer W irkungsweise zu dem onstrieren. Der didaktische A ufbau  
des W erk es is t  tadellos: es führt stufenw eise von den e in fa ch em  Tragsystem en zu den kom p li
zierteren un d  versäum t es auch n ich t, durch die B ildunterschriften  instruktive und das V er
stän d n is fördernde, das W esen und K räftespiel der betreffenden  Tragwerke erläuternde  
B em erk u n gen  zu m achen.

D a s m it großer P hantasie  entw orfene Buch kann B auingenieuren und A rchitekten und  
allen je n e n  wärm stens em pfohlen werden, die den F orm enreichtum  der Tragwerke und die  
sich in  ihrem  K räftespiel äußernde Schönheit liebevoll studieren.

P . Csonka

S. Falk:
L E H R B U C H  D E R  T E C H N ISC H E N  M ECH ANIK
Z W E I T E R  B A N D . M E C H A N IK  D E S  S T A R R E N  K Ö R P E R S

Springer Verlag, Berlin— H eidelberg— N ew  York 1968. 468 Seiten

D er erste Band des vorliegen den  W erkes w urde bereits in dieser Z eitschrift 
besp rochen . Der je tz t  erschienene Band behandelt jen en  T eil der M echanik starrer 
K örper, der an den F aku ltä ten  für Maschinen- und B auingen ieure der technischen H o ch 
schu len  der ganzen W elt fast e inheitlich  vorgetragen w ird. D ieser Band um faßt die S ta tik , 
die K in em a tik  und K in etik  der starren Körper, des besseren  Verständnisses halber erst in 
bezug a u f  F lächen, dann in bezug au f dreidim ensionale starre Körper. Von zahlreichen gut 
v erfa ß ten  K apiteln  sind die A b schn itte  14,1 und 25,1 besonders hervorzuheben, die den  
B egriff der Schnittkräfte erörtern. D idaktisch gesehen m üssen  alle K apitel, die die Theorie
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des K reisels behandeln, als sehr gelungen angesprochen werden. Dieses, als »Lehrbuch« bezeich- 
nete B uch können alle Leser gut gebrauchen, denen der S to ff bereits aus Vorträgen oder aus 
sonstigen Quellen, mehr oder weniger bekannt ist. D as B uch scheint für das erste Studium  
dieses G egenstandes etw as schw er verständlich zu sein.

T. fíarta

J .  H .  J o i n e r :

E SSE N T IA L S OF T H E  T H E O R Y  OF STR U C TU R ES

H art P ublish ing Company In c., N ew  York City 1968. 262 pages, 150 figures

This book was destined b y  the author to  be a tex tb ook  for university stu d en ts, as well 
as a m anual for practicing engineers. It is devided into  18 chapters and com prises in  general 
the know ledge conveyed by facu lties o f m oderate standard.

T itles o f the single chapters are: Fram e W orks, Fram ework D eflection  and Strain  
Energy in Fram es, Shear Force and Shear Stress, B ending of Beam s, Beam  D eflection . T ravel
ling Loads, Compound Stresses, Struts and Columns, D am s, Retaining W alls and F ound ations, 
Statica lly  Indeterm inate Structures, Area-M om ent Theorem s, Theory o f Three M om ents, 
Slope D eflection  Method of A nalysis, M om ent D istribution , Flexural Strain E nergy . Arches, 
Suspension Cables and Bridges, P lastic  Design o f B eam s.

The book is w ritten in a concise, clear and precise sty l, the m aterial treated  is logically  
grouped and easy to oversee. Comprehension is prom oted b y  sim ple figures and a large am ount 
o f num erical exam ples. I t  can be objected, how ever, th a t the table on fixed  m om en ts for 
beam s on ly  com prises a part o f  the often  occurring loading cases.

A lthough the book does not contain anyth ing beyond  costum ary tex tb ook s and  raises 
no claim  for a higher level o f  its  content, it  w ill m ake usefu l reading during u n iv ersity  studies 
and is an appropriate help for the practising engineer to refresh his memory on basic form ulae  
and m ethods and principals o f analysis.

P. Csonka

M IT T E IL U N G E N  D E S IN ST IT U T S FÜ R  L E IC H T E  FL Ä C H E N T R A G W E R K E  (1L) 
IN FO R M A T IO N  OF T H E  IN ST IT U T E  FO R  L E IC H T  W EIG H T ST R U C T U R E S (IL )

U n iversitä t S tu ttgart —- U n iversity  S tuttgart

Das In stitu t für Leichte F lächentragwerke —  verkürzt IL genannt — dessen Z ielset
zung die Erforschung von  anpassungsfähigen, w eitgespannten  B auten ist, wurde vom  Professor 
der S tu ttgarter  Technischen U niversität F. L e o n h a r d t  in 1964 gegründet. D as In stitu t gehört 
zur B auingenieur-Fakultät der Stuttgarter U n iversitä t, ihr Leiter ist O t t o , F rei, der mit 
dem Pcrret-Preis der U IA  ausgezeichneter statischer Sachverständiger des d eutsch en  Pavillons 
auf der W eltausstellung M ontréal ist.

E ine Reihe von zweisprachigen deutschen und englischen —- M itteilungen  wird 
fortlaufend vom  In stitu t herausgegehen, die den Plänen gem äß 3 bis 4m al im  Jahre erscheinen  
sollen. D as erste H eft dieser R eihe —  IL1 benannt —  ist kürzlich erschienen.

Aus dem  Inhalt des ersten H eftes ist vor allem  der A ufsatz von M i n k e , G .— S c h ö f l , G. 
über M inim alnetze herauszuheben. Hierin handelt es sich unter andern um  die experim entelle  
Lösung des M inim alwegproblem s, d. h. um die F eststellun g  dessen, wie eine belieb ige Zahl 
von P unk ten , die in der Ebene verteilt sind, durch einen —  eventuell verzweigten L inienzug  
geringster G esam tlänge m iteinander verbunden werden können.

D ie vom  In stitu t entw ickelte  experim entelle E inrichtung besteht dem  W esen nach aus 
einem  G lasgefäß, in welches eine g latte  G lasplatte m it genau waagerechter O berfläche einge
hängt ist. In das Gefäß wird eine besondere Seifenlösung (P ustefix) gegossen, so daß sie 
auch'd ie G lasplatte bedeckt. W enn das N iveau der Seifenlösung langsam  stu fen w eise  gesenkt 
wird, gerät etw as L uft unter die G lasplatte, doch trennt sich die Seifenlösung n ich t sofort 
von ihr, sondern bleibt durch die Einwirkung der adhäsiven und kohäsiven K räfte  in Kreis
zy lind ergesta lt an der P la tte  haften . Wird das N iveau  w eitergesenkt, verengt sich  der Durch
m esser des haftengebliebenen Flüssigkeitszylinders allm ählich, bis er sich endlich  vollständ ig  
von der G lasplatte trennt.
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Anders ist die L age, w enn von  unten aus sich b is zur G lasplatte erstreckende senkrechte  
N ad eln  angebracht werden. In  diesem  Fall b leib t der der G lasplatte anhaftender Teil der 
Seifen lösung nur so lange kreiszylinderförm ig, bis der R an d  dieses Zylinders die erwähnten  
N ad eln  n ich t erreicht. Von hier an werden auch die N adeln  in die Aufrechterhaltung des Gleich
gew eich tes des haftenden F lüssigkeitste ils herangezogen. W ird das N iveau der F lüssigkeit 
w eiter langsam  gesenkt, veren g t sich die K onfiguration des haftenden F lüssigkeitteils im m er  
w eiter , bis endlich die die L ösung der M inimalaufgabe ergebende K onfiguration en tsteh t, die 
photographisch  fix iert wird.

D er A ufsatz ste llt zahlreiche interessante M inim alkonfigurationen dar. D ie O berflächen  
dieser sind senkrechte E benen , die in den inneren dreifachen Verzw eigunspunkten einen W inkel 
von  120° m iteinander bilden.

Bem erkensw ert ist, daß  die M inim al-K onfigurationen, außer ihrem theoretischen  
In teresse , auch eine praktische B edeutung besitzen , sie z ind z. B. hei Planen von  Straßen
n etzen  zw eckm äßig zu verw erten .

D as H eft enthält auch  zahlreiche Bilder von versch iedenen  H ängedächern und A u sste l
lun gszelten . D ie Erforschung der K onstruktionsprinzipien solcher Bauten gehört ebenfalls 
in den W irkungskreis des In stitu ts  für Leichte Flächen tragwerke.

D ie weiteren Num m ern der M itteilungen erwarten w ir m it lebhaftem  Interesse.

P . Csonka

A  i p á d  K é z d i  —  I v á n  M a r k ó

E R D B A U T E N

G em einschaftsausgabe des A kadém iai Kiadó, B udapest, und des W erner-Verlages, D üsseldorf, 
1969; 403 Seiten

D as in deutscher Sprache erschienene W erk e n th ä lt eigentlich  die zusam m engefaßte  
und neu bearbeitete T hem atik  des früher in ungarischer Sprache erschienenen W erkes der 
Verfasser »Földm űvek védelm e és víztelenítése« (Schutz und Entw ässerung der E rdbauten) 
sow ie des W erkes Á r p á d  K e z d i — M i h á l y  P ó c z y : »Földm űvek« (Erdbauten). Das B uch besteht 
aus folgenden 11 Kapiteln:

1. Aufschluß der B odenverhältn isse (Ä. K e z d i )
2. Standsicherheit der Böschungen (Á. K e z d i )
3. Gründung von D äm m en (Á. K e z d i)
4.  Erddruck, S tü tzm auern  (Á. K e z d i)
5. E ntw ässerung des G eländes (I. Markó )
6. Sicherung von U fererdbauten (I. Markó )
7. Regulierung kleiner W asserläufe (I. Ma r k ó )
8. Entw ässerung des U ntergrundes, G rundwasserabsenkung (Á. K ez d i  und I. M a r k ó )
9. W asserhaltung und Grundwasserabsenkung (Á. K e z d i  und I. Ma r k ó )

10. Entwässerung der Verkehrswege (I. Ma r k ó )
11. E ntw ässerung der Terrainregulierungen (I. Markó)

D as B uch verfolgt —  wie dies die Autoren im V orw ort betonen —  nicht den Zweck, 
theoretische Fragen zu behan deln , sondern dem  praktisch  tä tigen  Ingenieur anhand der 
erörterten Verfahren und angeführten Beispiele die L ösung der sich auf diesem  F achgebiet 
ergebenden Problem e zu erleichtern . Im  Interesse dieses Z ieles behandelt das B uch nur vo ll
kom m en durchgearbeitete und in der Praxis bew ährte V erfahren und erläutert d iese m it 
H ilfe zahlreicher und ausführlicher Strichfiguren und B ilder.

D iesen Zielsetzungen w urde das Buch vollauf gerecht. D as gut gewählte B ilderm aterial, 
die A bbildungen , die stets das W esen ausdrücken und eine gute Darstellung der konkreten  
L ösungen b ieten , sowie die durch ihre originelle T echnik die Aufm erksam keit erweckenden  
Skizzen , veranschaulichen sehr g u t den Text. E s verd ien t besonders die bereits in der un ga
rischen A usgabe gebrauchte D arstellungsart erwähnt zu w erden , wo die schwarz gezeichneten  
A bbildungen m it einem durchsichtigen Papier überdeckt w erden , auf welchem  m it au ffa llen 
den F arben der Plan der durchzuführenden Arbeiten, bzw . deren voraussichtliches E rgebnis  
dargestellt ist.
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In den einzelnen K apiteln ist das dem  gesetzten  Ziel entsprechende, praktische und 
anschauliche E lem ent vorherrschend. D ie jew eils erforderlichen P lanungs- un d  Bauarbeiten  
werden kurz in ihrem  W esen erfaßt und ihrer R eihenfolge entsprechend angefüh rt, doch sind 
auch die w esentlichen Faktoren und Vergleiche dieser Arbeiten nicht vern ach lässigt.

Bezüglich der einzelnen K apitel können folgende Feststellungen g em a ch t werden: 
ad  1. Das K apitel »Aufschluß der Bodenverhältnisse« befaßt sich, ohne d ie diesbezüg

lichen Verfahren und die gebräuchlichen Geräte zu behandeln, nur m it deren A nw endungs
m öglichkeiten bei der Planung der verschiedenen E rdbauten , zwecks B estim m ung der erfor
derlichen D aten. Es gibt die Reihenfolge der au f der B austelle vorzunehm enden, die Identi
fizierung des B odens bezweckenden einfachen Untersuchungen an und faß t deren Ergebnisse 
tabellarisch zusam m en. ■w

ad  2 .-  3. D as der Standsicherheit der B öschungen gewidm ete 2. K a p ite l en th ä lt die 
auf Grund der neuesten Theorien zusam m engestellten  Tafeln und die auf praktischen  Erfah
rungen beruhenden Prinzipien der P lanung von  B öschungen sowie die d iesbezüglichen  prakti
schen Regeln im Zusam m enhang mit den versch iedenen Bodenarten. A nhand v o n  Beispielen  
und Vergleichen zeigt der Autor die m öglichen Fehler der Planung und B auausführung und 
gibt H inw eise zu deren Beseitigung. Das Problem  ist im  Zusammenhang m it verschiedenen  
Bodenarten und Schichtungen behandelt. Es darf v ielleich t als ein Mangel erw äh nt werden, 
daß der den D am m böschungen gewidm ete T eil (z. B. die Beremen) etwras kurz gefaß t ist. Im
3. K apitel w ird die Gründung von Däm m en, vornehm lich im Zusam m enhang m it der D am m 
setzung und des Grundbruches unter den D äm m en besprochen.

ad  4. D ieses K apitel, das sich mit den Stützm auern beschäftigt, sch ließ t sich  logisch  
an die vorhergehenden an. Von den auf die Stü tzm auern wirkenden Lasten und K räften  ausge
hend, ist in diesem  K apitel unter B erücksichtigung aller P lanungsm öglichkeiten  —  die 
W irksam keit der verschiedenen Stützm auerprofile, der neuesten, aus vorgefertig ten  E lem en
ten erbauten W inkelstützm auern m it R ippenversteifung, der Pfeilerstützm auern m it vorge
fertigten bogenförm igen Stützelem enten und der K astenw ände sehr anschaulich dargestellt. 
Das K apitel erstreckt sich auch auf die B ehandlung des Prinzips der verankerten  M auertypen  
sowie auf die Problem e der D ehnfugen, der H interfüllung undjder E ntw ässerung.

ad  3. Di eses K apitel, das der E ntw ässerung des Geländes bzw. der A b le itu n g  des 
Außenwassers gew idm et ist, ist verhältn ism äßig um fangreicher, als es die vorhergehenden  
K apitel sind. Vor allem  behandelt es sehr ausführlich die Theorien der Berechnung der A bfluß
m enge des von der Geländeoberfläche abfließenden W assers und die A u sgesta ltung  der W as
serläufe auf der Geländeoberfläche. Auch die H ydraulik und die Planung von der Entw  ässerung 
von E rdbauten dienenden offenen K anälen und Gräben sind ausführlich b eh an d elt. Im  Zu
sam m enhang m it der Bauausführung dieser Gerinne ist auch der M aterialbedarf der versch ie
denen B ekleidungen ausführlich angegeben und die Bekleidungsarten selbst an  Vergleichen  
und an praktischen Beispielen eingehend erläutert.

ad  6. D ieses K apitel befaßt sich m it den konstruktiven und baulichen P roblem en der 
dem Hochw'asserschutz dienenden Deiche sow ie m it jenen der U ferschutzbauten , es widm et 
den in der Sow jetunion gebräuchlichen K onstruktionen zum Schutz der U ferböschungen  
besondere A ufm erksam keit, behandelt die die D äm m e abschließenden Steinkegel sow ie die 
W ellenschutzbauten.

ad 7. E in besonderes K apitel des W erkes ist der Regulierung kleiner W asserläufe ge
w idm et, ein Problem  das in Ungarn m it dem Schutz der durch die Erosion gefährdeten  Gebiete 
zusam m enhängt und deshalb besonders w ichtig  ist. A uch dieses K apitel sch ein t ausführlicher 
zu sein als die K apitel 2— 4.

ad 8. Dieses K apitel, das die E ntw ässerung des Untergrundes zum  G egenstand hat, 
ist ein recht ausgeglichener Teil des Buches. N ach einer kurzen Zusam m enfassung der m echa
nischen Erscheinungen sind die praktischen R egeln und die hydraulischen B erechnungen der 
Sickergräben angegeben, dann anhand konkreter Lösungen die Regeln für die P lan un g , Anwen
dung und Ausführung dieser Gräben festgelegt. Auch die w ichtige Frage der In stan dhaltun g, 
die Entw ässerungsstollen und Sickerm atten sind ausführlich besprochen.

ad  9. D ie W asserhaltung und G rundwasserabsenkung bilden den Inhalt d ieses K apitels, 
das sich aber außer m it der E ntw ässerung von E rdbauten (E inschnitten) sow ohl theoretisch  
als auch praktisch m it der Entw ässerung von Baugruben befaßt.

ad  10. D ieses K apitel um faßt die Problem e der Entwässerung der V erkehrsw ege, behan
delt die Planung und konstruktive A u sgesta ltung  der Seitengräben der S traßen  und der 
Bahnkörper von  Eisenbahnen. Die zulässigen Gefälle, die Absturzschächte und Sohlenstufen  
sind eingehend erörtert und für ihre B em essung sind Diagramme angegeben. E in  besonderer 
A bschn itt is t  der E ntw ässerung der Autobahnen und der Straßen in Siedlungen, den  Straßen
einläufen und Schächten sowie der E ntw ässerung von Bahnhöfen und F lugplätzen  gewidm et 
und enthält bis ins einzelne gehende Läsungen einschlägiger Aufgaben.
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ad  11. Das letzte K ap ite l behandelt die mit der E ntw ässerung der Terrainregulierungen  
zusam m enhängenden Problem e u n d  im Rahmen dieser die konstruktiven Lösungen sowie  
die hydraulische B em essung der Leitungen und Durchlässe.

W ie aus obigem ersich tlich , behandelt des Buch e ingehend und zusam m enfassend alle 
P rob lem e und Aufgaben, die m it der Standfestigkeit und E ntw ässerung von Erdbauten Zusam
m enhängen , sowohl vom  G esich tsp u n k t des K onstrukteurs als auch von dem des Bauingenieurs 
aus und b ietet diesen u n en tbehrliche Hilfe bei ihrer täg lich en  Arbeit.

K . Széchy

A .  P a d u a r t :

V O IL E S MINCES EN B É T O N  A R M É

P resses Universitaires de B ru x e lles - Brusselles—E yrolles E d iteurs. Paris 1969. 149 pages, 
74 figures

Ce livre de Tillustre au teur est l ’édition entièrem ent refondue de son ouvrage paru 
en 1961 sous le titre <<In tro d u c tio n  au  calcul et à Г exécution  des voiles minces en béton arm é» 
e t d o n t la  traduction anglaise in titu lée  « Shell R o o f A n a ly s is»  a été  publiée en 1966 par la C. R. 
B ook s L td . Présentant les prob lèm es théoriques et pratiques de la construction des voiles 
m inces et les possibilités de leur so lution , il peut servir dans l’enseignem ent universitaire aussi 
bien que dans la pratique de l ’ingénieur.

Les premiers chapitres du livre contiennent les connaissances générales se rapportant 
à la construction des voiles m inces. Ils présentent la c lassification  des formes, traitent les diver
ses conditions d’appui, les q u estio n s d’éclairage, d’écou lem en t des eaux pluviales, d’isolation  
therm ique, ainsi que les possib ilités de précontrainte et de préfabrication . Le coffrage, le ferrail
lage, le  bétonnage et le décoffrage des voiles minces en b é to n  armé y  sont égalem ent traités  
en détail.

D ans les chapitres su iv a n ts , les différents m odes de calcu l des voiles prism atiques et 
le calcul des membranes son t ex p o sés. En dehors de la théorie  des membranes cylindriques et  
de révolu tion , sont éga lem en t étu d iées les calottes sphériques, les paraboloïdes elliptiques  
et hyperboliques, les conoïdes e t  les voiles à surface de tran sla tion .

Le livre étudie ensu ite  en détail la théorie des coques e t  présente l'application de 
m éth od es générales de résolu tion  pour les coques cylindriques e t  de révolution et pour les 
coques surbaissées. L’auteur tra ite  enfin des problèm es d ’instab ilité  d’équilibre.

L’auteur présente les problèm es clairement groupés, san s jam ais perdre de vue les buts  
pratiques. Outre les procédés de résolution  exacte, il offre aussi différentes m éthodes approxi
m atives d ’une manière fort in stru ctiv e  pour le lecteur. L ’exp lica tion  se lim ite, en plusieurs 
cas, à un bref exposé des princip es essentiels sans s’étendre au x  détails du procédé, l ’auteur  
p o u v a n t ainsi embrasser une m atière  très vaste dans un cadre relativem ent étroit.

La maîtrise avec laquelle  l ’auteur traite son su jet e t  la claire logique à laquelle il fait 
appel pour appuyer ses o b servation s critiques sont des q u a lités majeures ajoutant encore à la 
valeur de l’excellent livre du Professeur Paduart.

P. Csonka

Gyula Sebestyén:

G R O SST A F E L B A U W E ISE  IM W O H N U N G SBA U

G em einschaftsausgabe des V erlages der Ungarischen A k adem ie der W issenschaften und des 
W erner-Verlags, Budapest 1969. 549 Seiten. 359 Bilder, 44 T afeln

D as Buch wurde b isher in  ungarischer Sprache in  zw ei Auflagen und in englischer  
Sprache m it dem Titel »Large-P anel B u ild ings« ausgegeben. D ie  bisherigen Ausgaben fanden  
sow ohl in ungarischen als auch in  ausländischen F achkreisen  günstige Aufnahme.

D as Werk analysiert a u f Grund einer kom plexen B etrachtungsw eise die G rundsätze  
des E ntw urfes, behandelt d ie Fundam entkonstruktionen und ihre Verbindungen, die Bau- 
A usbau- und Installationskonstruktionen , die B em essungsverfahren, Bauvorschriften und 
v erm itte lt auch die einschlägigen technischen Daten. Es b efa ß t sich eingehend mit stoffkund-
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lichen und statischen , ferner m it W ärme- und dam pftechnischen Problem en sow ie m it dem  
Lärm- und Feuerschutz und dem  Schutz gegen Schlagregen. Auch die Fragen der Fertigungs
und B autechnologie sind im  erforderlichen Maße erörtert und die w irtschaftliche W irksam
keit der G roßtafelbauweise erläutert.

Der ausgedehnte K reis w issenschaftlicher E rkenntnisse ist im Buch vortrefflich syste
m atisiert. D ie sich ergebenden Problem e sind in einer modernen, die w issenschaftlichen An
sprüche befriedigenden W eise analysiert und m it Berücksichtigung der in- und ausländischen  
Erfahrungen zusam m engefaßt.

Sehr wertvoll sind die der ausländischen Baupraxis entnom m enen Inform ationen, die 
das Buch bezüglich der Großblock-, der Tafelbauw eise, der M ontagebauw eise m it vorgefertig
ten  E lem enten bzw. B aum elem enten bietet. N atürlich en thält die deutsche A usgabe zahlreiche, 
in den früheren Ausgaben nicht angeführte deutsche Beispiele.

Besondere E rw ähnung verdient die seitens des Verfassers m it richtigem  Verständnis 
zusam m engestellte reiche B ilderauswahl, die bei W erken dieser Art unentbehrlich  ist.

D ie geschm ackvolle A usstattung des Buches zeugt nicht nur von  dem  ästhetischen  
Anspruch des Verfassers, sondern auch für die sorgfältige Arbeit des Verlages.

Der Großteil in- und ausländischer Fachleute ist übereinstim m end der M einung, daß 
der immer dringender auftretende Bedarf an W ohnungen m it H ilfe der herköm m lichen Bau
weisen denen auch der m onolithische Stah lbetonskelettbau zuzuzählen is t  nicht gut 
befriedigt werden kann. D ies ist der Grund, weshalb sich in den letzten Jahrzehnten die Anwen
dung von G roßelem enten so auch die der »Großtafeln« — im Bauw esen n ich t nur in den 
sozialistischen Ländern, darunter auch in Ungarn, sondern auch in zahlreichen west- und 
nordeuropäischen Ländern stark verbreitet hat. Der Verfasser hat als gründlicher Kenner 
dieses F achgebietes m it der neuen und jetzigen deutschen Ausgabe seines W erkes den auf 
diesem  Gebiet tätigen Fachleuten einen großen D ienst erwiesen.

L. Szell
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D E U X IE M E  RENCO NTRE D E  L ’ASSOCIATION IN T E R N A T IO N A L E  
C O N ST R U C T IO N  ET H U M A N ISM E

La Deuxièm e Sem aine de R encontres Internationales Construction et H um anism e  
aura lieu  à Cannes du 11 au 17 M ars 1970 et sera placée sous le signe de la com pétence.

D e  la  recherche m ême u to p iq u e  exposée par les 14 équipes sélectionnées pour le Grand 
Prix  In tern ation a l d’Urbanism e e t  d ’A rchitecture 70. sur le th èm e des v illes nouvelles et leur 
d év e lo p p em en t contrôlé, aux p ro je ts , expérim entations ou réalisations majeures recensées 
d an s le  m ond e, chacun, selon son  n iv ea u  d’intervention et de responsabilité, devra justifier  
ses c h o ix , ses orientations, son a c tio n  dan s l’un des dom aines les p lus préoccupants: l ’environne
m en t con stru it.

D e s  délégations étrangères com portan t non seulem ent arch itectes et urbanistes, m ais 
aussi entrep rises, industries et rep résen tan ts des «usagers», v ien d ron t présenter, et m ettre en 
d iscu ssio n  des thèmes v ivan ts qui p erm ettront d’aller au delà de la recherche fondam entale  
pour exp lorer  des cas concrets e t en  tirer des enseignem ents.

A  la su ite d’un débat général «Priorité à la Compétence», cinq journées lourde? d’expé
r ien ces perm ettront d’aborder su ccessivem ent:

1. L ’Université
2. L ’Urbanisation des grandes villes
3. L es villes nouvelles
4. L ’habitat individuel
5. Transports et com m u nication s

R en seign em en ts et inscriptions:

C O N ST R U C T IO N  ET H U M A N ISM E  

10 P la ce  V endôm e, P A R I S, 1er

IN T E R N A T IO N A L  SYM POSIUM  O N  ICE AN D  ITS AC TIO N ON H Y D R A U LIC  
S T R U C T U R E S

T he International A ssociation  for Hydraulic Research —  IA H R  —  is organizing its
1st Symposium

in R e y k ja v ik , Iceland, Septem ber 7 -  10, 1970.
T h e  top ic  o f this Sym p osium  is :
“ Ice  and its Action on H y d ra u lic  Structures”
T h e  purpose of the Sym p osium  is to  unite, for the first tim e, under the auspices o f the  

IA H R , engineers and scientists in terested  in furthering the field  o f ice engineering b y  provid
ing a foru m  for reporting and d iscu ssin g  recent original research from  the laboratory and the  
field.

F or invitations and particu lars applv to
Mr. S. FR E Y ST E IN SSO N
C hairm an of the O rganizing C om m ittee,
IA H R  Ice Symposium 1970,
V erkfraedistofa,
S igurdur Thoroddsen Sf.
A R M U L A  4, R eykjavik, Ice la n d
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BÖ LCSK EI, E . :  Reinforced Concrete Flat Slabs as Reflected by the Various 
Specifications

A com parative stu dy  on the different specifications relating to the rein
forced concerte fla t slads revealed sign ificant divergences in the pre
scriptions o f different countries and recom m endations o f the international 
com m ittees, bo th  in respect to the calculation and rules o f construction. 
The physical en tity  everywhere is the sam e, therefore, it  would be advis
able to  un ify  or at least to bring nearer to one another the different 
specifications.

Acta Techn. Hung. 6 8  ( 1 9 7 0 ) ,  2 6 5 — 2 82

Acta Techn. Hung. 68 (1970), 283— 291

K É Z D I, Á .—  N a GYVÁt i , В.: Effect o f  A dditives on the Properties o f S tab i
lized Soils

Besides the classical soil-stabilizing m ethods som e com plem etary chem i
cals and other m aterials are presented which m ay be used for increasing  
the effect o f stab ilization . W ithout aim ing at com pleteness, the paper only  
extends to m aterials w hich can be econom ically  used and to those w hich  
effectively  im prove the required properties o f  the stabilized soil.

Acta Techn. Hung. 68 (1970), 2 9 3 -3 1 0

S z i l á r d , R.: E stim ating M atrix-D isplacem ent Solutions o f Tw o-D im en
sional Problems by Large Element Technique

Based on the general convergence criteria o f the fin ite  elem ent solution  
of stress and d isp lacem ent problems o f continua, the concept o f “ large”  
discrete elem ents is introduced. For the derivation  of the stiffness coeffi
cients, no prescribed displacem ent pattern is forced upon the discrete  
elem ents; the node points are m erely m oved w ith  unit m otions. The 
com patib ility  o f the stresses and strains w ith in  the elem ent and at the  
edges o f the adjoining elem ents is m aintained b y  solving the pertinent 
differential equations of the theory of e lastic ity  for unit nodal displace
m ents utilizing the Method of Im ages. A sym m etrical stiffness m atrix  
is obtained by v irtual work of the edge forces. Num erical exam ples 
com pare the solutions of tw o-dim ensional stress problem s using sm all 
and large elem ent approaches and analytical solutions. The convergence 
characteristics o f the large elem ent approach are m arkedly different from  
those o f the sm all elem ent approach.





A cta  Techn. H ung. 68 (1970), 311 — 317 

B a u t a , J.: Stabilizing and Destabilizing Effects

This paper is concerned w ith  the equilibrium  stab ility  o f elastic struc
tures. B y  m eans of exam ples, it  shows th a t the effect o f dam ping or 
stiffening or constraints applied against d isp lacem ent are not alw ays 
stabilizing b u t som etim es destabilizing.

Acta Techn. H ung. 68 (1970), 3 1 9 -3 3 4

C s o n k a , P.: Paraboloid Shells o f  Revolution S tar-Polygonal in Plan

Paper deals w ith  the sta tica l analysis o f paraboloid shells o f revolution, 
the ground-plan figure of which resem bles a regular polygon, but has 
sides curved inward instead of straight ones. I t  is presum ed that the edge 
beam of the shell is supported by a wall or b y  vertical colum ns standing  
close to  each other. A vertical force system  equally  distributed over the  
ground-plan area is assum ed as being a loading. The arching o f the shell’s 
edge line is set up in  such a way as to enable the calculation of the re
duced inner forces by sim ple closed formulae. Paper also states the principal 
values o f the reduced inner forces, m oreover, i t  determ ines the equation  
of their trajectories. A num erical exam ple is g iven  to prove the sim plicity  
of the calculation .

Acta Techn. Hung. 68 (1970), 335 — 351

F e k e t e , A.: A n a lysis  o f  Statically Undeterm ined Structures on the B asis  
of the General Extending o f  N ikolskij's A lgorithm

The analysis o f  the stress pattern of the m any tim es hyperstatic structures 
with the aid o f the energy theorem requires under the conditions o f the  
design bureaus — where no com puter is a t hand com m only — m uch  
calculation work. Especially much labour is needed for the inversion  
of the coefficient m atrix o f the set of com patib ility  equations. The e x te n 
sion o f the trial-and-error m ethod of N ikolskij perm its the reduction of 
the am ount of calculation work. The paper deals w ith the analysis o f  
the m ost sign ificant problem s of this generalization. I t  extends and proves 
the v a lid ity  o f  the algorithm  to the sta tica lly  n-tim es undeterm ined  
structures, defines the convergence criteria and elim inates the original 
load-dependence of the procedure. Besides, on the one hand, the algorithm  
is a procedure easy  to  be treated by to  be derived  from the result o f the  
extension, the earlier neglects can he corrected w ithin the same problem  
to a desired exactitud e  w ithout a len gth y  inversion.





S z m o d i t s , K . :  Solution o f  the First B asic Problem  o f  the Theory o f  E la sti
city  with Real Potentials

The first boundary-value problem of th e  theory  of elasticity  consists  
of the estab lishm ent of the biharmonic stress function relating to  the  
rim loads. A ccording to Goursat’s theorem  th is function m ay be expressed  
w ith  the aid o f tw o harmonic functions to  be solved by means of the  
logarithm ic potentia ls o f one and tw o-course rim-curves. The density  
functions o f th ese  potentials m ay be determ ined from the boundary  
conditions, consequ en tly , the biharm onic problem  m ay be reduced to  
two independent D irichlet problems. The solution  in numerical form  
consists in the solution  of two independent sets o f  equations w ritten to 
the discrete poin ts o f  the rim curve.

Acta Techn. Hung. 6 8  ( 1 9 7 0 ) ,  3 5 3 — 35 8

Acta Techn. H ung. 68 (1970), 359— 361

H o l n a p y , D.: On a Significant Generalization o f  the Lattice Point M ethod  
from  the Engineering Viewpoint

The solution o f the problem of the boundary value of the partial differ
ential equations w ith  the aid of the la ttice-w ork  point method (i.e. fin ite  
difference m ethod) has been generalized in to  system s. By this a num erical 
procedure, easy  to  handle, for the so lution  o f intricate m athem atical 
models was established which is shown b y  a specified exam ple of shallow  
shell structures.

Acta Techn. H ung. 68 (1970), 363— 382

V é r t e s , G y . :  N atura l Frequency o f  the H orizontal Vibrations o f  M u lti-  
Storey B uild ings with Bearing Walls

In  m ulti-storey buildings with bearing w alls if  no tw o-w ay sym m etry  
exists, the horizontal free vibrations present them selves in a so-called  
“ coupled” form . This means that, at the sam e tim e, flexural and torsional 
vibrations take place. The determ ination o f the m om entum  characteristics 
o f the m entioned vibration is detailed and after establishing the se t o f  
differential equations, an approxim ate m eth od  o f solution for a sim ple  
calculation, and an exact m ethod adaptable for electronic com putation  
are described.
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CsUTOR, J.: Contribution of Com paction Technique to the Theory o f Concrete 
Designing

Ou the basis o f  com paction tests  carried o u t w ith  vibrators for in ternal 
vibration, to determ ine the m ethods to be follow ed and the characteristics 
of com paction , the statem ent has been m ade that a physical q u a n tity  
m ay be found which, in fin ish ing the designing of concrete perm its to  
establish instructions for controlling com paction  operations. This p h y sica l  
quantity is the specific com paction  work. K nowledge of the sp ecific  
com paction work permits to estab lish  the conditions of reproduction in  
connection w ith  all o f the com paction  m ethods if, in preparing the te s t  
pieces, to the optim al concrete strength  th e  specific com paction w ork  
will be coordinated.

Acta Tcchn. Hung. 6 8  ( 1 9 7 0 ) ,  3 8 3  —  4 0 2

Acta Techn. H ung. 68 (1970), 403 — 413

W i e r z b i c k i , T. : A Method o f A p p rox im ation  in  the Large Deflection A n a ly 
sis o f  Im pu lsively  Loaded R ig id -P la stic  Structures

The paper is concerned w ith m eth od  approxim ations for im p u lsive ly  
loaded rigid-plastic stri jtures. A  m ethod  is  presented for the determ ina
tion  of perm anent deformation for  circular p lates and rotationally sy m 
m etric shells in the range of m oderately  large deflections. For the ap p li
cation  of th e  theory  three im portant boundary value problems w ere  
solved. S im ple form ulas were derived w hich  compare favourably w ith  
known exact solutions and recen t experim ental data.

A cta Techn. H ung. 68 (1970), 415— 429

M. G o pa l a  K r is h n a  M u r t h y : Flexure o f  P rism atic Beams (1 )

A  formal so lution  is given to th e  problem  o f  flexure in the case, w h en  
the m apping function  which m aps conform ally the semi-cross sec tio n s  

-o f the beam  on to a sem i-unit circle, is know n in power series. The m eth od  
is illustrated by applying it  to  the problem  o f flexure of a p rism atic  
beam  whose cross-section is one half o f P asca l’s lim açon. The cases o f  
beam s whose cross-sections are one half o f a cardiod and one h a lf o f  a 
circle are derived as particular cases.
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