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Az A cta  T ech n ica  n ém et, angol, fran c ia  és orosz n y e lv en  közöl é rtek ezések e t a m ű szak i 
tu d o m án y o k  köréből.

Az A cta  T ech n ica  vá lto zó  te r je d e lm ű  fü z e tek b e n  je len ik  m eg, tö b b  fü z e t a lk o t egy 
k ö te te t .

A közlésre s z á n t k é z ira to k  a k ö v e tk e ző  cím re k ü ld en d ő k :

A cta  Technica  
B udapest V ., N ádor u. 7.

U gyanerre  a  c ím re  kü ld en d ő  m in d e n  szerkesztőségi és k iad ó h iv a ta li levelezés.
Az A cta  T ech n ica  előfizetési á ra  k ö te te n k é n t  belfö ldre  80 fo r in t, k ü lfö ld re  110 fo rin t. 

M egrendelhető  a b e lfö ld  szám ára  az „ A k ad é m ia i K iad ó ” -nál (B u d ap es t V ., A lk o tm á n y  u tc a  21. 
B an k szám la  05-915-111-46), a kü lfö ld  sz á m á ra  ped ig  a „ K u l tú r a ”  K ön y v - és H ír lap  K ü l­
k ereskedelm i V á lla la tn á l (B u d a p es t I . ,  F ő  u tc a  32. B an k szám la : 43-790-057-181) v a g y  a n n a k  
k ü lfö ld i képv isele te iné l és b izo m án y o sain á l.

Die A cta T ech n ica  v e rö ffen tlich en  A b h an d lu n g en  aus dem  B ereiche d e r tech n isch en  
W issenschaften  in  d e u ts c h e r , fran zö sisch er, eng lischer o d er russischer Sprache.

Die A cta T ech n ica  erscheinen  in  H e fte n  w echselnden  U m fanges. M ehrere  H e fte  b ild e n  
e in e n  B and.

Die zur V e rö ffen tlich u n g  b e s tim m te n  M an u sk rip te  sind  a n  fo lgende A dresse  zu  senden

A cta  Technica  
N ádor и. 7.
B udapest V.

Ungarn

An die gleiche A n sch rif t is t  a u ch  je d e  fü r  die S ch riftle itu n g  u n d  den  V erlag  b e s tim m te  
K orrespondenz  zu  r ic h te n .

A b o nnem en tsp re is p ro  B an d : 110 F o r in t .  B este llb ar b e i d em  B uch- u n d  Z eitu n g s-A u ß en - 
h an d els-U n te rn eh m en  »K ultúra«  (B u d a p e s t I „  Fő u tc a  32. B an k k o n to  N r. 43-790-057-181) 
o d e r  bei seinen A u s la n d sv e rtre tu n g en  u n d  K om m issionären .
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Acta Technica Academiae Scientiarum Hungaricae. Tomus 56 (1—2), pp. 3—20 (1966)

CALCULATION OF GEAR CORRECTION 
BY ITERATION

F . K O L O N IT S

[M anuscrip t rece iv ed  O c to b er 7, 1963]

A general ana ly sis  of the  i te ra tio n  m eth o d  is follow ed b y  a  s tu d y  of p rob lem s con­
cern in g  convergence a n d  estim ation  o f e rro rs . T he re su lts  o b ta in ed  are  u sed  to  closely a p p ro x ­
im a te  th e  ch ara c te ris tic s  o f Ganz — B o tk a  to o th in g  (r/i« r/ 2» ? 2» e tc .)  a n d  to  assay  po ss ib ly  
a p p a re n t  errors. A  m eth o d  has been e la b o ra te d  fo r v a rio u s cases dep en d in g  on th e  site  a t  
w hich  th e  G anz — B o tk a  to o th in g  req u ires  co rrec tio n : a t  th e  ends o f th e  p a th  of c o n ta c t, a t  th e  
change p o in ts , a t  th e  end  po in ts of th e  possib le t ip  relief.

List of sym bols

(A t th e  g eom etrical m easu rem en ts o f th e  g ear suffix  1 re fers to  th e  p in ion , suffix  2 
refers to  th e  w heel.)

rj t ip  ra d iu s ;
Tg reference rad ius;
ra base ra d iu s ;
Of rad iu s  o f c u rv a tu re  of th e  in v o lu te  p ro fil a t  th e  t ip ;
2 n u m b er o f tee th ;
a 0 p ressu re  angle of the  too l;
Oig w ork ing  tran sv erse  p ressure  angle;
e c o n ta c t ra tio ;
m  m odule;
a c en te r  d istan ce ;
и  q u o tie n t o f num bers of te e th  z 2/zL;
hk th eo re tic a l d ep th  of to o th ;
L t 2 in itia l a n d  end p o in t of t ip  re lie f on  th e  p a th  o f c o n ta c t;
A ,  E  in itia l a n d  end p o in t of c o n ta c t;
B , D  change  p o in ts ;
ta base p itc h ; ____
к  th e  re la tio n  of th e  in ta c t sec tio n  to  th e  base  p itc h  in case o f t ip  re lief =  L lL 2/ta ; 
C c o n s tan t, depending  on th e  t ip  re lie f con d itio n s; ta is m u ltip lied  b y  i t ;
M  convergence index;
n  =  T2i — rf,

p  =  — rh
----------------  v a ria b le s  o f i te ra tio n ;

* =  ŸHi -  r h  -  (C) ta 

У =  i T\  — r«2 — (C) ta
q2 th e  q u o tie n t  of th e  w orking a d d en d u m  o n  th e  wheel an d  h
f g  w ork ing  ad d en d u m ;
ô len g th  of th e  in te rv a l of i te ra t io n ;
Г/ specific sliding.
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4 F. KOLONITS

I. Introduction

A variety o f principles has been suggested in the the theory o f gear design  
for correcting the conditions of wear, sliding and tem perature. As it underlies 
the Ganz — Botka (G —В) tooth in g  system , probably the m ost up to  date 
system , the present paper deals w ith  the “ principle o f equalized contact 
tem peratures” [1].

The im m ediate object is the determ ination of one of the geom etrical gear 
characteristics th at w ill ensure the required equalization, whether this be tool 
displacem ent (q2), or som ething else. W ithin certain lim its B otka’s triple  
equalization principle m ay be applied [2]. Accordingly, in  some cases it will 
suffice to  achieve equality  o f specific slidings at certain points o f the path  of 
contact.

For the m ost general cases not even  the G —В system  is perfect. The 
fo llow ing cases w ill certainly be im portant:

a) E qualization o f specific slidings at the ends o f  the path o f contact;
b) equalization o f specific slidings at the change points;
c) equalization o f specific slidings at the beginning and end point o f  tip  

relief on the path o f contact.
The present work will deal w ith  these cases.

II. M athem atical apparatus

The problem o f equalization o f specific slidings is known to be a system  
o f equations o f 8th  degree w ith  little  hope for the possib ility  of reducing it. 
This means that in  the sense o f the R u ffin i—Abel theorem  no m ethod of 
so lu tion  can be envisaged that w ould consist o f algebraic operations o f fin ite  
num ber. For successive approxim ation iteration  offers itse lf as the m ost prom is­
ing m ethod, first because it  is sim ple, secondly because it w ill probably prove 
to  be applicable for m echanization in a given case, owing to  its continuous 
character.

In each o f the three cases (a, b, c) we shall have tw o equations w ith  two  
variables. I f  one variable o f each o f tw o Equs is expressed the system

* =  f ( y ) ,

У =  g(x)
( 1 )

w ill be obtained, and if  the functions are substitu ted  one by the other we 
arrive at

* =  f [ g ( x )] =  ф (х ) ■ (2)
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CALCULATION OF GEAR CORRECTION BY ITERATION 5

This expression w ill be suitable for applying the com m on formulas of iteration  
to it [3, 4]. The results o f major im portance to  us can be summarized as follow s.

Let us introduce the notation  M  =  ! d<2>/dx | =  J/ '  g '  |, in which the upper 
dash indicates d ifferentiation w ith respect to its own argum ent. The condition  
of convergence is M max <  1; and for the measure o f the error \x  — x n | <  
<  J X — # n -i I M , where M max is the m axim um  value o f M  in the entire in terval 
of iteration; but M  in  the succeeding formula is the m axim um  value for M  in  
the interval including x n_ v  x n and x.

For the sake o f  sim plicity  let new variables replace tip radii. S till it  
cannot be m aintained th a t convergence w ill be the m ost favourable when these  
formulas and variables are used. For th is reason the question must be thoroughly  
exam ined how the introduction  of new variables and transform ation of form ulas 
will influence convergence.

I f  we introduce the new variables u, v b y  the transform ation x  =  
=  x(u , v); y  =  y (u ,  v), we arrive (at least form ally) at

и =  F(v),  (3)

v =  G(u).

The convergence index will then be: (d F /d v ) • (8G/3u). After form al 
substitution  in  (1) we m ay proceed to derivation b y  the chain rule w ith respect 
to v and u, w hereupon the derivatives w ill appear and becom e expressible. The  
condition o f im proving convergence will be a reduction in the convergence  
index in relation to  th a t in  (1):

I f  the new variables introduced each depend on a former variable, e.g .: 
x  =  (p(u) and у  =  ip(v), th en  dx/dv  =  0 and dy/du  =  0, and these new variables 
we will call “ adjuncted” variables. In  th is case there is equality, indicating  
that convergence rem ains unchanged in speed.

Another w ay o f transform ation would be to  construct another system , 
this being equivalent to  the original, by som e com bination of the equations  
in (1). One elem ent o f such a transform ation w ould be to  apply to both m em ­
bers of (1) the sam e function  of two variables and to  attach to the equation  
so obtained one o f the original equations:

F ( x , y )  =  F [ /(y ) ;g (* ) ]  , (5)

У =  g(x) ■
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6 F. KOLONITS

The first of these equations m ay, o f  course, be written as x  =  4J(y). In the  
course o f  differentiation by the chain rule the derivatives necessary for the  
convergence index w ill appear as w ell, and becom e expressible. The condition  
o f im proved convergence is:

g ' — k g '
1 - k g '

w here к  =  F yj F x. From this specially  it  m ay be adduced that if  our equations 
are n ot taken in  com bination, but arbitrative operations are applied separately  
to  each of their m embers the convergence w ill be unchanged in speed; for in 
th is  case F y =  к =  0, and (6) is an eq u ality .

< 1./VI. ( 6)

III. Application

a)  Equalization o f  specific slidings at the two end points  o f  the pa th  o f  
contact (A ,  E)

The system  o f Equs to he solved  [2, p. 103]:

Y W , -  r ‘k u 2 Y rh  -  r ‘k

a sin cca Yn ' a2 a sin  a, - Y A -

rh rf 2 =  я +  h k .

(7a)

(7b)

Let us introduce the substitutions: n =  r f  — r^; p  =  r|2 — ra2. 
w ill be advantageous because if  (re, p )  is calculated w ith a sm all error, the 
error o f Гг, which can be calculated b y  extracting roots w ill still be smaller. 
L et us write the equations according to  (II) in the form

(8a)
1

. Yn
O 1и- — 1

a sin a„

n — P  — 2 (a +  h k) ]jp +  r„2 +  (a +  hA.)2 - f  (r22 — rJJ . (8b)

After determ ination of the appropriate derivatives the convergence index  
w ill be:

Af = r/l)
Ur

rh  1 1 +  ( и - -  1 ) - Д -
a sin

3

r/i

rh

(9)

1 +  ( u -  -  1 ) -
a sin %a
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CALCULATION OF GEAR CORRECTION BY ITERATION 7

Let us exam ine the relation betw een the ratio o f tip  radii and the ratio  
o f  the num bers o f teeth:

rfl  _  rgl +  fgl _
1 +  fih-

ГЯ1

rh  rg2 + / g 2 u +  liL -

As in the equalized state q2 <  0,5 [5, 6], and therefore f g2 <  f gl; further, 
и  >  1; l j u  m ust be a proper fraction or equal to  un ity , it can be stated  that

l b - > - 1 - .  ( 1 0 )
rh  U

Since how ever, f gllr1 the difference is not excessive.
According to the geom etric conditions ]/n =  Qfi- I t can easily be seen th at

a sin xg

и -)- 1
<  Qf l <  a sin xg . ( И )

M  is the h ighest when ]fn is as sm all as possible. In  E qu. (11) Qfr can  
never atta in  the lower lim it; substituting this we get M  =  и(гд/г^2), and this 
is but sligh tly  greater than  1 [E qu.(10)]. Y et, a case as unfavourable as this 
does not ex ist.

After w riting the formulas (8) in inverse form it can be shown th at the 
M  of the new  form ulas w ill be just a little  lower than 1, in the best case, 
w hich, how ever, can never actually  arise. This means th a t (8) is the correct 
system  of form ulas. A t the upper lim it o f (11) M  is barely greater than 1/u3.

The value for M  can also be expressed by the gear characteristics in  the 
follow ing form:

M  =  - A - ( _ £ a _ |3 _ L .  (1 2 )
rh  Oh ' u ’

Combining th is w ith  the above lim itation  o f M  it  can be show n that

и  >  >  1 . (13)
Oh

As the signs o f the dérivâtes of the functions (8) differ from each other  
in  the iteration  interval (9) it  can be stated  th at the iterated  values tend to  
approach the root from  both  sides. For configuration cf. F ig. 1.

M athem atically (8) is a system  of Equs in which neither (a) nor (b) is 
id en tity . H ow ever, considering from  the point o f v iew  o f gear theory (b) is a
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8 F. KOLONITS

condition  of existence, whereas (a) is m erely a particular case w hich is desirable 
to  be attained. This is w hy, for instance rj2 cannot be regarded as a variable 
“ adjuncted” to ry , because an adjunction can only be brought about by  
m athem atical id en tity . In  the course o f  stepw ise iteration  the pairs of values 
sa tisfy in g  (b) represent gears gradually approaching the equalized state. The 
M s  calculable for th ese  gears will o f course be variable. The second derivatives 
in  (8) will always be p ositive at (b) and negative at (a); accordingly, the change 
is str ictly  m onotonous.

I t  is advisable to  begin iteration  w ith  q2 =  0,5; f gl — fg 3 =  h/J2, as in 
th e  equalized state q 2 <  0,5, in all subsequent iterations r* is greater and 
rf i  is smaller than at th e  starting iteration . After rewriting (12) we get

M  =

( V r h - r i Y

rh

(Yrh — rai)3
V i

(14)

It can be seen th a t (]Irj — f | ) 3/ r/  increases or decreases in  the sense o f ry 
wherefore M max presents itse lf  at the first iteration.

b) Equalization o f  specific s lidings at the change po in ts  (B , D)
The condition o f  equalized specific slidings in these poin ts (and in the  

case o f  c) is [6]:

Ql Q2 —  u “ i?l i?I »

[q'i +  <A =  Qi +  Ql =  « sina?] .

( 15)
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CALCULATION OF GEAR CORRECTION BY ITERATION 9

D eparting from this it w ill be possible to  write the equation corresponding 
to (7a), the other one rem ains. The system  to  he solved is:

a sin xg +  ta — ][r)x — rlx _  2 a sin xg +  ta — ][г}2 — ;

b 'h  — r‘i  — ta b } .  -  r'i_ — ta

rf, +  r/ 2 =  a +  hk •

(16a)

(16b)

The formulas o f calculation  will he the sim plest by inclusion of the  
variables:

*  =  b h  -  r O! -  la ; y =  b h  -  r k  -  la ■

In ordinate form:

X
I

h *  —  1  ’
(17a)

у  a sin ocg

у  =  F [ a  +  hk -  V(x +  taf  +  r a j 2 -  ra2 -  ta .

After derivation:

M  = Qf\

Qh

9 / i  -  ta  | 2| _ 

Q h - t a  I

(17b)

(18)

Sim ilarly to the foregoing procedure, it  can be seen th a t the value for 
M  is more suitable (i.e. less than  the unity) th an  is the inverse, considering that 
Qfjdfz is nearer to 1/u than  to  1. H owever, here the values for M  are generally  
higher than  in  the case o f a). Further, it can be show n th a t the M  calculated  
w ith the initial value q2 =  0,5 w ill be the low est o f all M -s.  The highest M  is 
obtained after the first step  o f iteration because here, too , approxim ation is 
bilateral and the change in M  m onotonous and the error is the m ost pro­
nounced at the first step . (Sim ilarly in the case o f a) the m inim um  M  will be 
obtained after the first step  o f iteration .)

c )  Equalization o f  specific  slidings at the p o in ts  o f  t ip  re lie f  (Lt, L 2) 
The condition in (15) holds here as w ell, but

th  =  a sin xg +  Cta — Уr% — r l ,

o2 =  a sin  xg +  Cta — f t j ,  — r2y
(19)

where C =  const.; and its value is determ ined by the contact ratio and the 
tip  relief conditions [7, 8]. For if  L x L 2 =  y. ta th en  it can be show n that

E - f  X

2
( 20)
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10 F. KOLONITS

All the formulas related to  iteration  are analogues o f those in section  
b) b u t instead every t a m ust he w ritten  Cta.

Since e cannot be know n in advance, it must be estim ated . The estim ated  
va lu es w ill generally differ from the value for e calculated for the eventually  
resu lting toothing characteristics. R epeating the calculation w ith  the la tter e 
and continuing secondary iteration  we m ay attain  the accurate result. This, 
h ow ever, is a cum bersom e procedure.

I f  tables elaborated for cases a) and b) including values for e are available, 
th is  fact will greatly facilitate estim ation  o f e. In case a) x  — e >  1 and C =  e, 
whereas in case b) C — 1, x  =  2 — e <  1.

The connection betw een e and x  is determ ined b y  the follow ing equations: 
(17) rewritten w ith Cta; (20), and b y  the obvious equation:

■y- 1C. ( 21)

Here X, у  are values referring to  the equalized sta te , as th ey  are determ ined  
b y  the rewritten E qu. (17) as functions o f the C-parameter. From  these relations 
w e can write for the equalized states:

w here
Ax R

1  + U2 I Qh - C t a 2

rh Qj• , ! 1 Qu - C t a

rJi вь 1 4 -  Г /г U2 J е л - Cta 2

J-

rh е л '  e / 2  - Cta

(22a)

(22b)

To realize som e fixed  x  we depart from the e in sections a) or b) de­
pend ing on whichever o f  x  in this or th a t equation is nearer to  the in tended  one. 
Presum ing departure from section b)  and taking de/dx  from  (22) we m ay write:

: Eb +
de
dx

* b )  • (23)

IV. Speeding up convergence

a)  In the case o f  bilateral approxim ation convergence can be speeded up 
b y  continuing the calculation w ith  the arithm etical m ean o f tw o consecutive  
va lu es o f iteration [9]. In  our case the formulas had not been reduced to  the 
form  x  =  F{x), bu t we passed from  one equation in the other according to  (1).
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CALCULATION OF GEAR CORRECTION BY ITERATION 11

I t  can be shown th at halving one or the other variable is advantageous. I f  the 
variable which is not halved, and therefore playing an interm ediary roll only, 
is elim inated our system  o f equations can be theoretically  rew ritten as x  =  F(x).  
This will duly be taken  into account in all subsequent considerations.

The unequality expressing th e  error of each individual step o f  iteration  
m ay be rewritten as follows:

x n -  X <  (xn —  ̂ . (24)

From this it appears that i f  M  <  1/3 the iterated  value x n represents a 
m ore favourable approxim ation th a n  the halved value. On the other hand on 
th e  basis of the Lagrange theorem  one m ay write:

IF ( x n) — F ( x n_j)\ =  \xn+1 — xn\ <  M  \xn — x n_ x\ . (25)

Since halving under all circum stances narrows the interval by half, if 
M  7> 1/2 halving itse lf  appears to  be justified . Since halving involves less work 
th an  iteration to  obtain  narrowing it down m ay be practicable even  when  
M  <  1/2.

It can be show n that h a lv in g  when in divergent iteration  M  <  3, will 
yie ld  a convergent series of values.

b)  Two consecutive values o f  iteration are know n, which “ flan k ” the 
resu lt. We are looking for the A  correction to be added to one o f these. This 
w ill lead to Equ.:

F ( x ,— 1 +  A)  =  Яп-х -j- ^  • (26)

Applying the “ theorem  o f fin ite  increm ents” approxim ately:

л ___ x n  * 7 1 - 1  ___ ^ n , n — 1 ( 2 7 )

l-_F'(*n-i) ~  1 +  АГ ‘

The local value for M  w ill be F '  (^„^j) w ith a sign; M  w ill always repre­
sent the absolute value of a n egative  number.

This in fact gives N ew ton’s tan gen t formula (see e.g. [10]), but inter­
preted  in (27) it is readily applicable to  what has been stated  in III . b) and 
I I I . c), whereas L ipka’s method is specially  elaborated for the case in a).

V. Accuracy

The study o f unequality (4) revealed  that w hatever variables “ adjuncted” 
to  the original ones are introduced M  w ill always rem ain unchanged. When  
iteration  is carried out in any arbitrary adjuncted variable, the values for the
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12 F. KOLONITS

original variable resu ltin g  from those o f the iterated values o f  the adjunctcd  
variab le, will approach the value corresponding to the equalized state  according 
to  th e  same M.

For the equalized  state it  follow s from q2 <  0,5 that

r g i  +  - у  <  r / i  <  r g i  +  h k ,

hk
Гёг <  rU  <  Гёг +  •

(28)

This means th a t the error o f the first approxim ation (q2 — 0,5) is less 
th an  hk/2, and so from  the know n formula referring to errors in iteration it 
becom es possible to  approxim ately  calculate the num ber o f steps required to  
keep  error below the threshold H :

к <
log Я -  log A -

l o g A i max
(29)

In  the course o f  the auxiliary calculations the value for th e  tip  radii w ill 
be obtained autom atica lly  [jip  _|_ r%> =  rf i  in (8b) or (17b). e tc .] . This enables 
th e  determ ination, w ith ou t special effort, of the difference betw een  two consec­
u tiv e  Tf values; i.e . A k: k+v  Let additional v steps be necessary to  attain the  
error threshold H .  I t follow s from  (24) that

v <
l o g - H— (1 +  M )

^ k ,k + l____________

log M
(30)

w here M  is the m axim um  w ith in  the interval fe, к  -f- 1.
Assuming a very  little  ô difference o f rf  is reached, th en  M max has no 

longer any significance since the M  values w ithin  the in terval cannot diverge 
considerably. B y rew riting (24) we get:

H  <  ô
M

l  +  M  '
(31)

A ll these considerations are valid  only for pure iteration; and so if, for 
in stan ce , halving is done (31) w ill be applicable solely  forpairs o f values resu lt­
in g  from iteration.

I t  remains to  be decided w hat a A error m ust be atta ined  in  reference to  
th e  effective iterated  variable, in  order to achieve the difference in specific
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CALCULATION OF GEAR CORRECTION BY ITERATION 13

slidings as At]. I f  in the g iven  interval a m edian value for specific sliding is 
know n and the interval is sufficiently  narrow, At] for the various variables w ill 
fairly approxim ate according to the Lagrange-theorem

(V +  1) (»? +  1 ) +  1
An
n

- J - f o + l )  H V +  1) +  ! ] ^ -
2 P

------ h (V +  1)
A x

[ u + ( y  +  ! ) ] A l
У

(32)

Here n, p ,  X, у  are m edian values for the iterated variables in the given  
interval.

All these considerations are applicable “ m utatis m utandis”  for helical 
gears, bevel gears, etc. (sim ilarly to [11]).

VI. Examples

1.

H elical gears are to be co m p u ted  [for case a )] .  F rom  p re lim in a ry

hk =  1,998581; <xg =  20°57 '51,89";

a =  93,333333; ß  =  6°39 '50" (helix angle);

rgl =  31,279279; rg2 =  62,054054; (m  =  6 m m );

rfl0  =  32,278570; r j2a =  63,053345; z x =  62; z 2 =  123;

ral =  29,305566; Tq2 —  58,137833; и  =  1,984.

(T hs f i r s t  i te ra te d  value t h a t  belongs to  q2 =  0,5 is designed b y  su ffix  0.)
All d a ta  a re  specific fo r  th e  m odule. T h is is p rim arily  im p o r ta n t  in  th e  co n stru c tio n  

of tab le s , n ev ertheless i t  is reco m m en d ab le  in  ca rry in g  o u t in d iv id u a l calcu la tio n s, because  
i t  enab les th e  use to  a g re a te r  a d v a n ta g e  o f th e  e x te n t  to  w hich  th e  com m on  too ls o f com ­
p u ta tio n  (sliding ru le , c o m p u te r, ta b le  o f lo g arith m s , e tc .)  are a ccu ra te  ( th e  m odule-specific  
values a re  low er th a n  th e  n o n -sp ecific  values). As th e  (s ta n d a rd )  m odules are  sim ple n u m b ers , 
m u ltip lica tio n  is easily done.

T he c o n stan ts  in  th e  i te ra tio n -fo rm u la s  m u s t be  de te rm in ed  w ith  th e  h ig h es t possib le  
accu racy . In  th e  p resen t case [acco rd ing  to  (8)]:

n = p  —  190,6638 Yp  +  3 3 8 0 ,0 0 7 8 +  11609,388 , (33)

_  15,49783

P [ ( l / / n )  +  0 .089966]2 '
(34)
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14 F. KOLONITS

I n i t ia l  values: n 0 =  183,11,
Po =  595,72.

I f  b o th  u n k n o w n s a re  ca lcu la ted  to  a  g re a t a ccu racy  th e y  m a y  be used  to  co n tro l th e  
f i r s t  fo rm ula , since th e  la t t e r  re flec ts  g eom etrical co rrespondence; a n d  n 0, p 0 a re  geom etrically  
re la te d  values.

L et us calcu la te  th e  a p p ro x im ate  v a lu e  fo r M  (w ith  a  slid ing  ru le )  in  respec t to  th e  s t a r t ­
in g  p o in t. The fo rm u la  w ill be (9):

M  = rfx
rh

A s th e  defining fo rm u las re v ea l th e  q u o tie n t of th e  ra d ii o f c u rv a tu re  i t  is (QfjQtj)3 =  ( p 0/n 0)3/2. 
T h ere fo re  M  =  0,764, w h ich  m eans th a t  h a lv in g  sh o u ld  be done.

Steps. T he v a lu e  co rresp o n d in g  to  p 0 =  595,72 is n„ =  183,11 acco rd ing  to  (33). T h is 
y ie ld s in  (34) p t =  576,87. T he h a lv ed  v a lu e  p f  =  ( p 0 +  P t)/2  «« 586,3 e tc . H av ing  sum m ed  
u p  th e  in d iv idual s tep s a n d  d en o ted  th e  va lues re la te d  to  each  o th e r  b y  v ir tu e  o f th e  eq u a tio n s  
we o b ta in :

Tf i  +  rh  =  a  +  h k

595,72 — 183,11 —576,87,

586,3 —1 8 7 ,9 2 8 -5 8 3 ,7 1 1  ^  583,7,

585 - 188,604 -5 8 4 ,5 7 8 5 2 .

Vi =  4a
I t  is now obvious t h a t  in  th is  m an n er (ca lcu la tin g  b o th  in it ia l  va lues) we no t on ly  hav e  

a m ean s of con tro l b u t  h av e  also co m ple ted  p a r t  o f th e  f irs t  s tep  of i te ra t io n  (595,72 — 183,11) 
a n d  are  in  a p osition  to  h a lv e  a f te r  th e  n e x t s tep  (183,11 — 576,87).

T he d isa d v an tag e  th is  leaves E q u . (34) as th e  la s t  step , w herefore  th e  co rresp o n d in g  
second  tip  circle m u st be c a lcu la ted  from  th e  g eo m etrica l E q u . ( th is  is a su b trac tio n ). I t  w as 
n o t  possible for us to  s to p  a t  186,604, because  in  th a t  case th e re  w ould  n o t be two successive 
i te r a te d  values. T h is o f  course is o b ta in ed  on ly  in  case o f ha lv ing .

A no ther possib le p ro ced u re  is to  ca lcu la te  n 0 on ly , b u t  th is  w ould  m ean  th a t  ha lv in g  
c a n n o t be done ex cep t a f te r  tw o p a r t-s te p s  (for o n ly  th e n  can  i te ra te d  n  v a lu e  be again  o b ta in e d ) 
a n d  we will have no m ean s of con tro l. On th e  o th e r  h a n d  th e  la s t  E q u . will be th e  (33).

T he f irs t step s can  be  ca lcu la ted  w ith  a slid ing  ru le , b u t  as soon as its  accu racy  is fo u n d  
to  be less th a n  is re q u ire d  fo r i te ra tio n  we m u st look  fo r a m ore e x a c t m eth o d . T h u s, fo r in ­
s ta n ce , w hen ca lcu la tio n  w ith  th e  ru le  y ields a new  v a lu e  th a t  falls be tw een  th e  tw o p reced in g  
v a lu e s , o r w hen tw o successive va lues h a p p en  to  coincide “ p rec ise ly ” .

The las t step  sho u ld  in  all cases be ca lcu la ted  to  a g re a t a ccu racy  since th e  d a ta  i t  y ields 
a ffo rd  a t  th e  sam e tim e  geom etrical d im ensioning.

In  th e  course o f calcu la tio n s carried  o u t  in  th is  m an n e r th e  v a lu es fo r th e  t ip  ra d ii 
a re  ob ta in ed , as i t  w ere, au to m a tica lly . In  th e  p re sen t case o n ly  th e  va lue  for ry2 because, 
since  th e  fin a l v a lu e  h a s  been  derived  from  th e  e q u a tio n  fo r slid ing , th e  geom etrically  co r­
resp o n d in g  tip  rad iu s  m u s t be ca lcu la ted  sep a ra te ly .

гд =  32,366937 (h ig h er th a n  th e  r ig h t v a lue),

Tf2 =  62,964977 (sm aller th a n  th e  r ig h t v a lue), 

q2 =  0,456847.

The values fo r specific  slidings a t  th e  end  p o in ts  o f th e  p a th  o f c o n ta c t are: 0,442 and 
0,443. D ifference: 0,001, m ean  va lue  0,4425. T h e  e rro r is 0 ,226% .

W e are now  in  th e  po sitio n  to d e te rm in e  th e  e rro r o f th e  t ip  rad ii.
In  th e  eq u alized  s ta te  M  =  0,712. F o r sa fe ty ’s sake le t  us ta k e  0,72. The v a lu e  fo r 

th e  t ip  rad ius o b ta in e d  a t  th e  p e n u ltim a te  step  is rj2 =  62,968333 p re sen tin g  itse lf as a “ b y ­
p ro d u c t”  of i te ra tio n , ö =  0,003356. I t  is k n ow n  t h a t  (31)

H  <  , - =  0,001403 .
1 +  M

M ultip lied  by  th e  m o d u le : 0,008418 m m  ( =  8 ,4 1 8 /tm ). T h a t  shou ld  be tak e n  in to  co n sid era tio n  
w h en  specifying to le ran c e  lim its  in  p ro d u c tio n .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF GEAR CORRECTION BY ITERATION 15

9

a) L e t us ca lcu la te sp u r gears for th e  case a). T he m odule-specific  d a ta  a re :

h[. =  1,781144; ag =  24°40/18"; (m  =  10 m m );
a =  45,500000; •C

o II О z t =  17;

7 . =  8,7897715; rg, =  36,7102285; =  71;

7 » =  9,680344; r/20 =  37,600800; it =  4,17647;

r Ol =  7,987502; ras =  33,359492.

F o rm u las  o f i te ra t io n  are :

n = p  — 94,562288 \ p  +  1112,8557 -f  3284,56223 ;

_  ___ 304,2549

p  [ ( l / / n )  +  0,8657578 Y  ’

n„ =  29,9088653; 

p„ =  300,9815;

M  0,471.

H ere we ca lcu la te  w ith o u t halv ing . C alcu lation  w ith  sliding ru le :

3 0 1 -  29,9 -
— 2 7 7 ,5 -3 5 ,1  —
— 285— 35 (acc u rac y  of th e  ru le

no lo n g er su ffic ien t)

Tu  +  TU =  a +  hk________,

Vl =  '? 2
H igh accu racy  c o m p u ta tio n :

3 5 -2 8 4 ,1 4 1 3 0 8  — 34,29948 —
— 283,20113 — 34,55256—
— 283,54344 ___________

rh  +  7 s =  °  +  hk ____ ,
Vi =

R esu ltin g  t ip  rad ii: гд =  9,812726 (less th a n  i t  sh o u ld  be) 
rf t  =  37,368418 (m ore); q2 =  0,369.

Specific slid ings: 0,872 an d  0,869. M ean: 0,8705. D ifference: 0,003 i.e. 0,344% .
I n  th e  eq ualized  s ta te  M  =  0,3552 0,36. гд of th e  p rev ious step  is 37,363825.

<5 =  0,004593. As i t  has  been  show n th e  erro r is < 0 ,0 0 1 2 1 4 ; m u ltip lied  by  th e  m odule  0,012d4 
m m  (12,14 /ш ) .  '

b) W e now  p roceed  to  solve th e  p ro b lem  u n d e r  a)  fo r th e  change p o in ts . T he b a s ic  
d a ta  are  to  he  th e  sam e as before

ta =  л  cos a 0 =  2,9521312
F o rm u las of ite ra tio n :

1
* — 17,442903/y -  0,8657578~ ’

у  =  K(47,281144 -  Y( x +  2,9321312)- ; 63,80019)- -  1112,8557 -  2,9521312 ;

x 0 =  2,5167686; 
y„ =  14,393795;

M  =  u- -^1- ^  o,654 ( I I ) .
rfx  Qf„ l  Qf., —  t a )
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W ith  a slid ing  ru le : 2,52 —14,39 — 2,89
2 ,6 5 - 1 4 ,2 6 - 2 ,8 0  
2 ,7 3 — accuracy  of th e  ru le  is 

no longer su ffic ien t

r / i  +  r/ z  =  a  +  h k

Vl =  Vi

7, +  TU = a +  hk
2 J 3  ^ 1 4 ,1 2 8 1 7 6  -2 ,6 9 0 9 6 5
2,7105 - 14,156074 —2,7290774

Vi =  Vi

T h u s, we h a v e  h ere  ca lcu la ted  th e  v a lu es fo r  specific  slidings to  check  ou r i te ra tio n , 
b u t  fo u n d  th a t  e q u a liza tio n  w as u n sa tis fac to ry . T o do th e  checking we h a d  to  ca lcu la te  th e  
v a lu e  geom etrica lly  co rresp o n d in g  to  th e  la s t  i te r a t iv e  v a lu e  in  o rder to  a rriv e  a t  th e  specific  
slid ings. (The u n k n o w n s are  ra d ii o f c u rv a tu re  o f th e  in v o lu te  !) T he g eo m etrically  co rre sp o n d ­
in g  v a lu e  is 14,13157. N o t to  h av e  w asted  th is  s tep , w e m u s t now  proceed h a lv in g  th is  u n k n o w n :

14 ,1 5 6 0 7 4 +  14,13157

T h e  s te p s :  14,13157
1 4 ,1 4 3 - 2,720595 —14,141980

_________ r/ i  +  rh  =  а +  К

Vi =  Vi

R esu ltin g  t ip  rad ii:

rfl  =  9,796938, 
rh  =  37,484206, 
q2 ^  0,434.

Specific  slidings: 0,4321 a n d  0,4325; m ean  0,4323, d ifference 0,0004, i.e. 0,0926% .
In  th e  eq u alized  s ta te  M  =  0,7947 ^  0,8. T he p e n u ltim a te  ry2 =  37,484638. T he d if­

fe rence  ô =  0,000432, w h ich  m u ltip lied  b y  M /( 1 +  M )  is 0,000192. M ultip lied  b y  th e  m odule  
is 0,00192 m m  =  1,92 //m :

c =  * +  У -  a  sh1 «+  +  2C =  l 527848975
ta

(since C =  1).
c) L e t us now  solve th e  sam e p ro b lem  in  th e  case o f eased tip s , fo r th e  end  p o in ts  of 

t ip  re lief; к  =  1.
In  b) к  =  2 — e =  0,72151025. C alcu la tin g  d e /d x  b y  th e  fo rm ula  g iven  above, we 

o b ta in  0,0221. A x  =  1 — 0,72151025 =  0,27848975. A s =  (de/dx) A x  =  —0,00615462; th e  
new  e =  1,27233513; C =  (e +  *)/2 =  1,13616756; Cta =  3,3541161.

T he fo rm ulas o f i te ra t io n  are th e  sam e as in  b) ,  b u t  Cta m u st be w r itte n  in s tea d  of ta. 
W e d e p a rt  fro m  a  s ta te  equalized  a t  th e  ch an g e  p o in ts ; here we o b ta in :

M  =  u2 ^ à -  - ^ i -  [  P/l ~  ^ ta У  =  0,487 . 
rfx <?/2 y O f i - C t a J

T h is  is less th a n  0,5, b u t  n o t by  m uch. W e  now  a p p ly  ha lv in g , since in  th is  case M  is a lw ay s 
a  grow ing value .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF GEAR CORRECTION BY ITERATION 17

In i tia l  v a lue : y  =  14,14298. W ith  a  slid ing  ru le : 
1 4 ,1 4 -2 ,7 3 3 - 1 3 ,1 6  
1 3 ,6 5 -2 ,4 2 2 - 1 3 ,6 0

Vi =  ^2________ _________

rf i  +  rf 2 =  a +  hk

B ey o n d  th is  th e  accu racy  of th e  ru le  is in su ffic ien t.

L e t us s ta r t  th e  accu ra te  ite ra tio n  w ith  th e  h a lv ed  value  w hich  is 13,625: 
13,625 — 2,412805 -1 3 ,6 1 9 5 7 9

R e su ltin g  t ip  rad ii:

rf l =  9,851780; 
rh  =  37,429364; 
q2 яу 0,398.

Specific  slidings: 0,647 an d  0,645; m ean  0,646, d ifference: 0,002 (я« 0 ,3 1 % ); M  =  0,7068 я« 0,71; 
th e  p e n u ltim a te  rr2 =  37,431888; ö =  0,002524. T he e rro r < 0 ,0 0 1 0 4 7 , i.e. 0,01047 m m  =  
=  10,47 /im .

F o r  th is  to o th in g

e =  * + ■?— ■“  s i n “x  +  2C =  1,26962727 .
ta

T he f i r s t  te rm  of th is  expression  in  fa c t rep re se n ts  th e  a c tu a l X, w hich  a ffo rd s th e  accu ra te  
eq u aliza tio n . T his is 1,00270785; in te n d e d  w as a x  =  1; th e  d ifference is 0 ,2 7 % , w hich  is fa irly  
sa tis fy in g .

I f  x  =  1,0 is realized  in s tea d  of th e  v a lu e  o b ta in e d  for x  th is  w ill m ea n  th a t  fo r th e  
to o th in g  in  th is  exam ple  C =  (e +  x)/2  =  1,13481363. I f  th e  rad ii o f  c u rv a tu re  a t  th e  a c tu a l 
e n d  p o in ts  of t ip  re lief a re  ca lcu la ted  w ith  th is  C, th e  specific slidings o b ta in a b le  w ith  these  
ra d ii  w ill be 0,646 a n d  0,642; m ean : 0,644, g iv ing  a fa ir ly  sa tis fac to ry  d ifference of n o t m ore 
th a n  0,004 0 ,622% ). F ro m  th is  i t  follow s th a t  th e  e rro r o b ta in ed  fro m  th e  i te ra tio n  can
be a rb itra r i ly  app lied  to  th e  slid ing  or th e  len g th  of th e  t ip  relief.

T h e  case o f x  =  1 is an  ex trem e  case. I t  is a t  eq u al d istance  fro m  th e  ca lcu la tio n  p e r­
fo rm ed  fo r th e  change p o in ts  (x  =  2 — s) a n d  th e  end  p o in ts  (x  =  e). I n  p ra c tic e  a n y  o th e r 
case can  on ly  come to  fa ll n e a re r  to  th ese  v a lu es, w h ich  m eans th a t  ap p ro x im a tio n  is even 
m ore  sa tis fac to ry . T his in  tu rn  shows th a t  in  p rac tice  seco n d ary  i te ra tio n  can  a lw ays be  avoided. 
I t  m a y  o f course h a p p en  th a t  x  is n e a r to  one of th e  l im it  values. B u t th e n  i t  m ay  occur th a t  
th e  slid ings of th e  g ear m an u fa c tu re d  on  th e  basis o f th e  n ea re r lim it be  “ d e te r io ra te ”  h u t  
s lig h tly , w hen  w ork of e x tra  i te ra t io n  m a y  he saved . T h e  ad v an tag es  o f th e  G — В sy stem  will 
rev ea l them selves as long  as th e  d ifference in  slidings is less th a n  5 %  (2 ,5 %  fro m  th e  m ean  
v a lu e ) [13].

C onvergence is genera lly  less sa tis fac to ry  in  cases a )  and  h)  th a n  in  case c). T he analysis 
o f th e  M  fo rm ulas ren d ers  th is  p ro b ab le , th o u g h  we fa iled  to  acq u ire  d e fin ite  proof. M  m ay  
be a p p ro x im a te ly  1, o r even  b igger th a n  1, a  p o ss ib ility  unkn o w n  in  ad v an c e , since w h a t we 
c a lcu la te  is M m jn . H ow ever, in  such  a case we will a lw ays pe rfo rm  h alv in g , w h ich  w hen  M  <  3 
w ill “ p u t  r ig h t”  th e  ite ra tio n . T his m eans t h a t  we save th e  inverse  re a rra n g e m e n t o f th e  se t 
o f fo rm ulas.
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B E R E C H N U N G  D E R  Z A H N K O R R E K T IO N  M IT  IT E R A T IO N

F. K O L O N IT S

Z U SA M M EN FA SSU N G

Die A rbeit u n te r s u c h t  im  allgem einen das I te ra tio n sv e rfa h re n  u n d  u n te rs u c h t die 
F ra g e n  der K onvergenz  u n d  de r F eh lerab sch ätzu n g . Die E rg eb n isse  w erden zur seh r g u ten  
näherungsw eisen  B estim m u n g  der ch ara k te ris tisch e n  G rößen  d e r G anz — B o tk a  V erzah n u n g  
(r/i, rf-r> Ч2 u§w.) u n d  zu r F e h le ra b sc h ä tz u n g  ve rw en d e t. D as V erfah ren  h a t  der V erfasser fü r  
versch iedene  Fälle  a u sg e a rb e ite t, in  A b h äng igkeit d avon , wo der A usgleich  en tsp rech en d  de r 
G anz — B o tk a  V erzah n u n g  g ew ü n sch t w ird : a n  den  E n d p u n k te n  des E ingriffs, an  den P u n k te n  
des E inzeleingriffs oder an  d en  E n d p u n k te n  de r ev en tu e llen  P ro filrü ck n ah m e .

CALCUL D E  LA  C O R R E C T IO N  D E S  D E N T S  P A R  IT É R A T IO N

F . K O L O N IT 3

R É S U M É

L ’étude  an aly se  la  m éth o d e  des i té ra tio n s  en  généra l e t exam ine  les qu estio n s de la  
convergence e t de l ’e s tim a tio n  des erreu rs. Les ré su lta ts  so n t ap p liq u ées à une  trè s  b onne  
ap p ro x im atio n  des c a ra c té ris tiq u es  des d en tu re s  G an z—B o tk a  (rjx rj2, q2, e tc . . .) e t à 
l’é v a lu a tio n  des e rreu rs . L a  m éth o d e  a é té  é tu d iée  p a r  l’a u te u r  p o u r d ifféren ts cas, su iv a n t 
l ’e n d ro it  où l’on désire  e ffe c tu e r la  co m p en sa tio n  c o rre sp o n d a n t à  la  d e n tu re  G an z—B o tk a : 
a u x  p o in ts  d’ex tré m ité  de  l’eng rèn em en t, au x  p o in ts  d ’en g rèn em en t ind iv iduel ou  a u x  e x tré ­
m ité s  d u  rognage év en tu e l.
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ИТЕРАЦИОННЫЙ РАСЧЕТ КОРРЕКЦИИ ЗУБЬЕВ

Ф. К О Л О Н И Я

РЕЗЮМЕ

Проводится анализ итерационного метода для общего случая; рассматриваются 
вопросы конвергенции и оценки погрешностей. Результаты используются для опреде­
ления с хорошим приближением характерных данных зубчатого венца Ganz—Botka 
(r/í> rI‘> и т- Д-)>а также для оценки возникающих погрешностей. Автор разработал метод 
применительно к различным случаям в зависимости от того, где желательно выполнить 
уравнивание, соответствующее зубъям Ganz—Botka; уравнивание может применяться 
в конечных точках зацепления, в точках отдельного зацепления или в точках возмож­
ного среза.
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DESIGN TRANSFER DEVICE 
FOR DRAWING AXONOMETRIC IMAGES

B. SZ Ő K E

[M anuscrip t received  A p ril 4, 1964]

O n th e  p rincip les o f th ree -d im en sio n al g eo m e try  a design tran s fe r  is p re sen ted , th e  
signalling  t ip  o f  w hich  is m oved  along a  h o rizo n ta l sec tio n  of th e  p lan-v iew , w ith  th e  leve l- 
ru le  m ov in g  on th e  re sp ec tiv e  level h e ig h t o f th e  side-view , an d  w hereby  th e  d raw ing  t ip  a lw ays 
m oves o n  th e  im ag e-p o in ts  correspond ing  to  th e  a x o n o m e try  chosen o p tio n a lly . T he c o n s tru c ­
tiv e  so lu tio n  is m ore sim ple fo r th e  case w hen  th e  p ro jec tin g  line is p e rp en d icu la r to  th e  line 
of in te rsec tio n  o f th e  im age p lan e  w ith  th e  h o rizo n ta l p lan e . W ith  an  ax o n o g rap h  of th is  so rt, 
th a t  is m o st su itab le  to  ap p ro ach  th e  effec t o f a p h o to , th e  n u m b er of th eo re tica lly  p ro b a b le  
v a ria tio n s  is tw ice in fin ite , because  th e  in c lin a tio n  ang le  to  th e  h o rizo n ta l o f b o th  th e  im ag e  
p lane a n d  th e  p ro jec tin g  line  is op tional.

D evices by means o f which axonom etric im ages can be traced from true  
to scale projections, are m ostly suitable but for one single sort of axonom etry, 
e.g. for the isom etric orthogonal one. So is the special device the theoretic  
principles o f which are described by the author [1]. This device operates in  
tracing im ages w ith  projecting lines perpendicular to the plane o f projection, 
whereby the angle betw een the axonom etric plane o f projection and the horizon­
tal plane is optional.

Our further investigation  w ill be extended  to a case w ith projective lines  
although ly ing in a vertical plane perpendicular to  the plane o f projection but  
the lines them selves being no longer perpendicular to  the same plane — and  
also to  the more general case w ith  both the plane o f projection and the project­
ing lines being in a quite general position.

As can be seen in Fig. 1, the point P  o f the object lies in the level-p lane  
N ; R  is the plane o f the drawing board (identic w ith the axonom etric im age 
plane); th is latter includes the angle cp w ith  the horizontal plane, w ith  which its  
line o f  intersection  is v. The projecting line e, passing through point P , includes 
the angle a w ith  the level-plane N ;  the vertical plane laid through the straight 
line e includes the angle ß  w ith  the vertical plane passing through point P  and  
being perpendicidar to  the straight line o f intersection  v.

The drawing plane R  is pierced at point T  b y  the vertical line f  passing  
through point P , and by the projecting line e passing through point P , it  is 
pierced at the projection point P '.

The projection o f the vertical /  is / ' ,  intersecting the line v at point G. 
The p r o je c t io n /' includes the angle Я w ith the side-plane P T V ;  in this sid e-

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



22 В. SZŐKE

p lan e, the projection  P P  =  e of the line e includes the angle a w ith the horizon­
ta l P V  in the side-plane.

From the rectangular triangles in  F ig. 1, the angles A and x  can be 
determ ined. W ith th e  assum ption th a t the distance o f point P '  from  the  
plane N

P 'F  =  1

w e obtain  for the d istance of point P '  from  line v :

OP' =  ,
sin Cp 

O F  =  cot cp,

OG =  O F  tan  ß  =  cot cp • tan ß

F ig . 1. T h e  form ing  of an  ax o n o m e tric  im age in  general position
D enotations: N  lev e l-p la n e ; R  d raw in g  p lan e ; e p ro je c tin g  lin e ; cp d raw in g  p la n e ’s in c lin a tio n  to  th e  lev e l-p lan e ; a  p ro jec tin g  
l in e ’s in c lin a tio n  to  th e  h o r iz o n ta l ;  ß  angle included  b y  th e  P T V  p ro file  p lan e  an d  th e  n o rm a l p ro je c tio n  o f  th e  p ro jec tin g

line o n to  th e  leve l-p lan e .
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v iz .

F o r angle a :

ta n  Я
OG
OP'

ta n  Я =  cos 93 • ta n  ß .

cot (p- t a n  ß- s in  93 ,

P F  =  co t a ,

( 1 )

an d
P H  =  P F  cos ß =  co t oc • cos ß

P H
ta n  x = -------

P H
1

cot a -c o s  ß

_  t a n  x 
ta n  a  = ----------.

cos ß
( 2)

In  th e  follow ing, we w ill se t up  betw een  th e  o b jec t-p o in t P  an d  its  
p ro jec tio n -p o in t P ' ,  a special re la tio n  th a t  can be su ita b ly  used  for th e  trac in g  
device. T ak ing  th e  p o in t 0  (i.e. th e  p e rp en d icu la r p ro je c tio n  of th e  p ro jec tion - 
p o in t P '  on to  line V) as a rev o lv in g  cen tre , and  rev o lv in g  th e  p o in t P'  (w ith in  
th e  d raw in g  p lane  R) to  th e  r ig h t-h a n d  and  le ft- h a n d , we o b ta in  on  th e  line v 
th e  new  po in ts  P '  a n d  P'b b y  tra c in g  th e  connec ting  s tra ig h ts  from  P j, from  
P'b an d  from  0  to  P ,  we o b ta in  th e  angles:

<  OPV  =  yx ,

<  VPP'i =  y 2

and
7 i  +  У 2 =  0 P P 'j •

Angles y 1 a n d  y 2 can  be ex p re ssed  b y  using th e  g iven  angles a , ß an d  (p as 
follow s:

P 'F  =  1, OF  =  c o t 93; OP' =  OP'f =  l/sin93, P F  =  c o ta ;  

OV  =  F H  =  P F  sin  ß =  sin  ß ■ cot a,

F G  — 0 F  — cot y
cos ß cos ß

VP =  VH  -(- H P  =  OF H P  =  co t 93 -j- cos ß ■ co t a ;
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a n d  fu r th e r  on

OV s i n d -c o t a  s i n d - s m œ
tan^ ! = -------= --------------------------------- =  ----------------------------------------- , (3)

VP  co t 99 -)- cos ß  ■ co t x ta n  x  • cos <p -f- cos ß  ■ sin  99

— ---------sin ß  • co t Xvp : o p ' -  ov s in  <p
ta n y 2 = ------ — = ----- ------------ =  ------------------------------------

V P  V P  co t (p COS ß  ■ cot X

1/sin  99 sin ß -  co t X
---------------------------------- — --------------------------------— I — ta n  ‘y j

cot 99 cos ß  • co t X  cot (f -)- cos ß  ■ co t X

w h ere
. 1/sin  09

A  ------------ ------ -----------
co t 99 -)- COS ß  ■ co t X

a n d
OP] 1/sin  99

ta n  y , +  ta n  y,, =  ------— = --------------------------------.
V P  cot 99 -f- cos ß  ■ co t X

D en o tin g  <ÿ VPP'b =  X, we o b ta in :

VP'h OV  +  OP' sin  X  ■ co t X  +  1/s in  99 ̂ ^ —— _____  ■ ------------------ — ------------------ -------
V P  V P  co t 99 cos ß ■ co t X

(4)

(5)

a n d  according to  (3) a n d  (4):

ta n  к =  2 ta n  y 1 -)- ta n  y 2 . (6)

A round V as a rev o lv in g  ax is , th e  level-p lane N  shall be revo lved  in to  
th e  draw ing p lane R,  an d  th u s  th e  p o in t P  com es on to  th e  p o in t (P ) in  the  
d raw in g  sheet, as a p lan -v iew  p o in t of th e  level line d raw n  o n to  th e  draw ing 
p la n e  R.

As is seen in  F ig . 2, w ith  th e  know ledge of angles y 1 a n d  y 2, from  th e  
p o in t  (P ) revolved-in  n o t only th e  angle legs ( P )0  an d  (P )Py  b u t  — b y  om ittin g  
( P ) 0  — also th e  leg  (Р)Р'ь can  be tra c e d  d irec tly  since (acco rd ing  to  Fig. 1) 
th e  s tra ig h t p o rtio n s  OP] =  0 P'b.

As is observab le  in  F ig . 2, th e  p ro jec tio n  p o in t P '  is th e  v e r te x  of the  
rig h t-an g le  isosceles tr ia n g le , th e  legs of w hich pass th ro u g h  th e  points P] 
a n d  P'b.

W hen th e  cu rv e  (P ) . . . ( P x), in  th e  d raw in g  p lan e , is th e  revolved 
rep ro d u c tio n  of an  o p tio n a l cu rve  P  . . .  P 1 o f th e  level-p lane  N ,  and the  
s ignalling  tip  is led  a long  th is  cu rve  in  such  a w ay  th a t  th e  p a ir  o f  signalling 
legs j  у — j  2 should  a lw ays m ove in  a p ara lle l p o sitio n  to  itse lf, i t  is possible
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to  obtain by means o f a drawing tip  a curve as the axonom etric projection  
of the original curve touched by the signalling tip  that is represented by the  
points o f intersection  P ' . . .  P ( o f the rectangular straight lines and i 2 
which fit  onto the points of intersection  P j and P b o f  the tw o signalling angle- 
legs w ith  the straight line v.

F ig. 2. L ev el-p lane  revo lved  in to  th e  d raw in g  p lan e ; p lan-v iew : (P ) . . . ( P 1), ax o n o m e tric
im age: ( P ' . . . P ')

Y et on the drawing plane R ,  the point (P ) represents the p lan-view  
revolved in to  the drawing plane o f all the points th at are placed along the  
vertical stra ight passing through the spatial point P  (F ig. 3). According to  
Fig. 1, the projection Q in the side-plane o f image Q' o f point Q, which la tter  
is at the unit-d istance o f point P , can be found, when we w ould start — in  
analogy to  the level-plane N  — from the level-plane N q , and at the same tim e, 
the p lan-view  of the drawing plane would be shifted at a distance (P)(Q ). 
Y et this sh ifting  can be om itted w hen bearing in m ind, th at point Q represents 
not only a projection at angle ä  o f the unique spatial point Q, but it is the  
projection o f all the points th a t range along the projecting line e<j. W e have  
to find, along the projecting line eç a special point Qx, the level-plane o f which  
has w ith  the drawing plane a special intersection straight line vx, around  
which, as an axis, the revolved point Qx coincides exactly  w ith  point (P ).

This condition is fulfilled when the shifting length  o f the straight line v :

A t  =  V V X =  P K
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equals the d isplacem ent K Q X of the point Qx (located on the line e,q) from the 
drawing plane in relation  to P  as m easured in its own level-plane; viz: P K  =
=  K Q X.

In other w ords, the quadrangle P K Q X C equals a rhom bus, in  which  
the angle

<x K P C  =  180° -  (p

F ig . 3. G eom etric  re la tio n s  fo r th e  d e te rm in a tio n  of th e  d is tan ce  A t  a t  w hich  th e  gu ide-ra il 
is sh ifted  w hen th e  lev e l-p lan e  is changed (The im age  of p o in t Q is also th e  im age of p o in t Qx 

t h a t  rep re sen ts  th e  v e r te x  of th e  rh o m b u s P K Q XC)

is halved  by the d iagonal PQX, and the in tersection  point o f th is diagonal w ith  
the line eg is the poin t Qx that has to  be found.

Now, w ith  a leve l difference equalling 1, the straight v shall be shifted  
as far as At;  w ith  the denotations on F ig. 3, A t  can he com pleted as follows: 

In com pliance w ith  the above statem en ts, our condition is:

V X( P ) = V XQX,
or

( P ) V  +  P A  +  B Q x =  V q A  +  A Q  +  GQx .

This can be sim plified  by crossing out

( P ) V =  V q A  =  t,

and we obtain the equation

P A  +  B Q X =  A Q  +  GQx

as an independent statem ent.
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W ith a v iew  to  the rectangular triangle Q PA:

1
P A  =

and

AQ

sin 9?

1

tan  cp

Taking QQX =  X ,  and w ith  a view  to  the triangle QXB Q , we have

BQX =
X  n n  oc

and

Q B =r. GQX =

sin cp

X  sin  (« - j -  cp)

sin cp

B y substituting these values into the above obtained equations we have:

1 X  sin a 1 X  sin (oc <p)

sing? sing? tang? sing?

M ultiplied by sin cp and factoring out x , we obtain:

1 — cos cp =  «[sin (oc. -f- ç?) — sin a ] ,

and in explicit form:

and b y  using this value of x :

1 — cos cp

sin (« -j- g?) — sin oc.

I T~> À , ТУ /л 1  « s in «A t — P  A  d“ B  (Jx — --------- "к-------------
sin g? sin g?

+
1 — cos g? sin ос

A t =

sin g? sin (« - f  <p) — sin « sin  cp

( 1  — cos cp) sin «

sin g?
Further on,

sin (« -f- g?) — sin «

At =
1 sin (« -f- g?) — sin « -j- ( 1  — cos cp) sin «

sin cp sin (* -f- g?) — sin a

1 sin « • cos cp -)- cos « • sin cp — sin oc — sin oc ■ cos g? -f- sin «

sin g? sin (oc -)- g?) — sin t
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and after contraction o f the num erator and w ith sim plification  by sin cp we have

or

A t  =
sin (ж 93) — sin ж

A t
cos ж

sin a • cos cp -f- cos ж • sin cp — sin ж

1
tan  ж • cos cp +  sin cp — tan ж

1
tan  ж (cos cp — 1 ) +  sin cp

(7)

B y  substituting tan  ж from  (2) into (7) we obtain

A t = --------------------COSß --------------- . (8 )
tan ж(сов cp — 1 ) +  sin cp • cos ß

Keeping the signalling tip  (P ) in its place, and sh ifting the leading rail 
V at the distance A t  into v x (Fig. 4), the drawing tip  m oves from P ' into P "  
along a straight line inclined to  the vertical at an angle y . This angle у  can  
be determined according to Fig. 1:

P P ' O V
tan у  =  — -------  = ------------------ = —  ,

P (P ) (P )V  -  P V
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and making use o f  the precedings

O F  sin ß  ■ cot a,

and

wherefore

viz.

(P ) F  =  P V  =  cot 99 -)- cos ß • cot a

P V  =  O P ' =  - 1 ,
sin  99

sin  ß ■ c o t  a
ta n  y =  —

cot 99 -)- cos /3 • c o t  a  — (1 /sin  99) 

sin  ß  • co t  a  • s in  99
ta n  y =  -------------------------------------------------- =

COS 99 -)- cos ß  • co t «  • s in  99 — 1

sin  ß • s in  99

ta n  a(cos 99 — 1) +  cos ß ■ sin  99
(9)

As can he seen in Fig. 1 the axonom etric projection f  o f  the straight 
line f  formes the angle A w ith the perpendicular to the drawing plane, w hich  
can be expressed, according to Equ. (1):

tan  A =  cos 99 • tan  ß  .

W hen the purpose should be achieved th a t b y  shifting the guiding rail at the  
distance A t the drawing tip  should reach the w anted  point Q' instead o f P ”, 
so we are com pelled to  sh ift, at the same tim e, th e  signalling tip  (P ) at a distance  
P"Q' according to  F ig . 1; this can be perform ed by shifting the plan-view  in 
a direction parallel to  v at the same distance.

The shifting o f the signalling tip (P ) is

4  =  P ”Q’ =  P"Q0 -  Q’Q0 =  P  Q0 (tan y -  tan  A),

when the shifting corresponds to a unit-d ifference betw een the two levels, 
respectively  to  a sh ifting Zlt o f  the guide rail.

The distance P 'Q 0 can he determ ined from  the triangle P 'Q 0F  in F ig. 1 :

<  Q0 F P '  =  90° — <x;

this equation holds true because the point F  lies on the line e<j, and E P ' =  
=  Q P  =  1, w hereby the angle FQ0P ' being th e  external angle o f  the adjacent 
triangle OFQ0:

<  F Qop l  =  «  +  99,
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wherefrom :
P 'Q a : 1 =  sin (90° — x) : sin (a -j- (p)

v iz .

and thus

P ’Qo-
cos a cos a

sin (a cp) sin a  • cos cp -f- cos a  • sin cp

1
P Q  o = tan  X  ■ cos cp sin cp 

B y  substituting tan  X  from  equation (2):

cos ß
P'Qa =

tan  X • cos <p sin <p • cos ß

b y  substitu ting  th is value into the above expression o f Av:

I (tan у — tan  Я) c o s /3

tan  X  • cos <p -f- sin <p • cos ß
( 10)

W hen in connection  w ith a sh ifting  o f the guide rail v at a d istance A t 
according to equation (8): the p lan-view  is shifted in the direction parallel to  
th e  straight v by  m eans o f an inclined guide bar at a d istance A v  according to  
eq uation  (10), then  the angle o f slope Я0 o f th is guide-bar is determ ined:

. Av  (tan у — tan  Я)[4ап a (cos <y — 1 ) sin • cos/3] /114
tan  Ал — ----- —• - - ■ -------------------------------------------------------------• у 11 j

A t ta n a -  cos <p -|- sin cp • cos ß

W hen ß  — 0, we can sta te  according to  E qu. (9) that tan  у =  0; now, according  
to  E qu . (1) tan Я =  0, and it follows from  Equ. (11) th a t tan Я0 =  0, v iz . the  
rule th a t m oves the drawing, has no slope, the drawing stays in its place.

From w hat has been explained above, we are in  a position to se t up the  
m echanical schem e o f the axonograph-device (Fig. 5).

In order to explain  Fig. 5, it  is on ly  necessary to  show the true relation  
b etw een  the front-view  (or side-view ) o f  the drawing to  the shifting d istance  
A t  o f  the guide-rail v, and to  the sh ifting  A v  o f the p lan-view , resp ectively .

The precondition is to  bring the level-rule n  in to  a position form ing the  
angle cp0 in such a w ay that while the sh ifting in height is performed in  the 
sid e-v iew  at a unit level-d istance, a t the same tim e, the rule should be shifted  
at th e  distance A t  according to  E qu. (8). This condition is expressed by:

1
sin  wn — -----

0 A
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v iz .
. tan  a (cos cp

Sin (p0 =  --------- ---------
— 1) -f- sin<p • cos ß  

cos ß
( 12)

The m echanism  is sim plified when ß  =  0 , and thus also A0 =  0, i.e . the  
sh ifting o f  the plan-view  is no longer necessary. In th is case according to  E qu. 
(9): у  =  0, and according to F ig. 2:

Fig. 5. G eom etric  princip les o f w ork ing  co n d itions o f th e  device
Denotations: v g u id e-ra il;  ( P )  s igna lling  t ip  o f th e  p a ir  o f  s igna lling  legs j n  j 2; P '  d raw in g  t ip  o f  th e  d raw in g  leg s  ix, i 2 ;

n  level-ru le; m  m o v in g  b rac e  o f th e  d raw in g .

(P)0_\_v, wherefrom  both the signalling legs j 1 and j 2, and the w riting legs  
ij, i 2 are sym m etric to  the centre line. Consequently, under the sim ultaneous 
effect either o f  the pulling or pushing forces acting along the guide v on the  
w riting legs tj, i 2 th a t are to he considered as in rigid position to  each other, the  
force-transm ission proves to result to  the best efficiency as on a slope, since  
the angle o f friction is quite negligible w ith a roller-type slide guiding m echa­
nism . W hen ß  =  0, then

sin cp0 =  tan  a (cos cp — 1) -f- sin <p . (12a)

W ith the additional condition th a t the projecting line e is perpendicular  
to th e  drawing plane R , so it is:

oc =  90° — cp, tan a =  cot cp,
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or

sin cp0 

N ow

and

and

coscp .
------— (cos <p — 1) +  Sin <p =
sin cp

cos2 cp — cos cp -)- sin2 cp 
sin cp

1 — cos cp =  2sin2 —  ,

cp cp
sin cp =  2 SID —  • cos —

2 2

1 — cos cp 

sin  cp

2 sin2

Cp cp
2 sin • cos-^—

2 2

=  tan

sin  cp0 =
1 — cos cp 

sin cp

sin cp 

1 -f- sin Cp
tan

1 — cos cp
sin cp

(12b)

The theoretic schem e according to  F ig . 5 serves only to  prove the correct 
functioning. For a practical realization it m ust be borne in mind th at the draw­
ing plane can only be w ell used when the slides s t, s 2 do not interfere w ith  each  
other.

Since both , the pair o f signalling legs j v  j 2 and the other one o f  writing  
legs i 3, i 2 carry out a translational m otion , it  is not necessary to  place the 
signalling and the w riting tip into the in tersection  point o f the respective legs: 
th e y  can be placed on any rigid extension  o f the respective pair of legs.

In order to u tilize  better the drawing plane and to  separate more clearly 
th e  original true-to scale projection from  its representation to  he traced, another 
m odification  is advisable as compared w ith  the m odel as shown in Fig. 5. 
On the slide s15 the leading groove H jX o f  the writing leg i v  should be shifted  
parallel to  itse lf  at an optional distance h 1 from the point Cx on the groove H j1 
o f  the signalling leg  jf1, and in the sam e w ay , the groove H j2 should be shifted  
at an optional d istance h 2 from C 2. D oing th is, the writing tip P '  w ill only 
operate at another place of the drawing plane i.e. the correct im age will be 
sh ifted  aw ay. This sta tem en t becom es с1еат, because b y  a d isplacem ent o f the  
signalling tip  (P ) in th e  direction o f the straight line v, the pair o f w riting legs 
is displaced in the sam e direction; and w hen the signalling tip  is m oved in the 
perpendicular d irection to  the rule v, the measure o f the displacem ent o f the  
w riting legs is determ ined by the d istance CXC 2.

This m odel is shown in Fig. 6. The leading groove o f the signalling leg is 
on the turning elem ent f  which is located  on the slide s and can be swung
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Fig. 6. C o n stru c tio n  t h a t  fu lfils th e  fu n c tio n al req u irem en ts

around the pivot pin C and fixed  by the screw F ; it goes w ith ou t saying that 
the e lem en ts/, s, C, F  are to be understood as having identic subscripts. Friction  
is reduced by using roller-type slides.

From what has been explained above, it  follows th a t the device works 
correctly in every clinogonal axonom etry, w hen instead o f the plan-view  any  
optional drawing sheet, on w hich the w riting tip  P ' draws, is displaced by  
m eans o f the bar m  in parallel direction to the rule v.
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Y et when according to  our in tention  neither the p lan -v iew  nor the axono- 
m etric projection should  he sh ifted , we m ay apply  a supplem ental reckoning  
to  fin d  the correct adjustm ent o f the device, and in th is w ay , the bar m  becom es 
superfluous.

W e will assum e th a t a special point P  of the lev e l plane N  is ju st ly in g  
on the intersection line v o f level plane N  and drawing plane R. W hen, in order

Fig. 7. S u p p le m e n ta ry  a d ju s tm e n t fo r c linogonal ax o n o m e try

to  have a straight line PQ o f unit length be drawn th a t passes through point 
P, we keep the signalling tip  steady at point P  =  (P ) and let the guide rail 
v be shifted at a d istance A t according to  Equ. (8 ), th en  the writing tip  will 
delineate a straight line inclined at the angle у  (in Figs 1, 2 and 4) instead o f  
the correct angle Я (F igs 1 and 4).

In this position  o f  the device, the distance t — (P ) V  o f Fig. 2, is now  
replaced by the d istance A t =  V V X of Fig. 3; therefore, tak ing into account 
equations (3) and (4), we obtain from Fig. 2:

OV =  A t ■ tan y 1 (13)
and

VPj =  A t ■ tan  y2 . (14)
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W hen we w ant a straight to be traced b y  the w riting tip  at the desired  
angle A, the adjustm ent o f  the signalling legs j \  and j 2 has to  be corrected in  
such a w ay, th a t the tip  (P ) should be sh ifted , in parallel direction to  the  
straight V (as show n in F ig. 7) at a d istance A v  according to  E qu. (10).

Then we have, for the m odified angles yj, and y2 by  making use o f  th e  
values according to  equations (13) and (14):

tan y[ =
O V

A t

O V  — Av 

At
A t tan  y l — Av 

At
A v

=  tan  y, —-— •
At

V  p ;
tan  y2 = -

A t
у tr j  - t -  

At A t
tan  y2

At
(4a)

A pplying the values from (3) and (11):

. A
tan у , =  — - 

В
where

A  — sin ß ■ sin  <p — (tan у — tan A) [tan  a  (cos <p — 1) +  cos ß ■ sin cp ] 

В  =  tan  a ■ cos <p +  cos ß  ■ sin cp ; 

and taking the values from (1) and (9)

C
tan у j

»here

C =  sin ß ■ sin Cp -

В

sin ß • sin cp
tan  « (cos cp — 1 ) cos ß ■ sin cp

tan  ß- cos cp [tan a (cos cp — 1 ) +  cos ß  • sin 95]

after reduction

tan  y[
Ian a, ■ tan  ß . cos cp (cos cp — 1 ) +  tan  ß■ cos ß ■ sin cp- cos cp 

tana • cos cp cos ß ■ sin cp

B y m ultip lying both  the num erator and the denom inator w ith  cot a •
• cot ß jcos cp we obtain
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, cos 09— 1 +  cot x - cos ß- s in 99
tan y x= ---------------- !---------------- - ----- - —  =

co t /3+  cot a- cos ß ■ cot/?- tan  99

cos 99 ( 1  -)- cot x  ■ cos ß  ■ ta n  99) — 1 

cot /3(1-)- cot a- cos /?• tan  99)

W e have to find the value of (4a):

tan y' =  tan  y 2 -|-----—
At

(3b)

From  (4):

where

A  =

tan y'2 =  A  — tan  y 1 , 

1 /sin  99

cot 99 -f -  cos ß  ■ cot X

Av
tan y 2 =  A  — tan  y x -f-

B u t, conforming to  (3a):

tan y x =  — tan  y x

At

Av

~At
and to  (4a)

, Av A v ,
tan  y 2  =  A  — tan  y x -------------1---------=  A — tan  y x .

B y  using tan y'x as per (3b):

tan y 2  =

A t At

1 /sin  99

cot 99 -j- cos ß  ■ cot X

cos 99(1 -|- cot a- cos /3- tan  99) — 1 

cot /3(1 -f- cot X■ cos /?• tan  99)
(4b)

This angle y'2 is w hat serves to  adjust the signalling l e g j 2. For the inclina­
tio n  angle x '  o f leg j x we can write conform ing to  (6 ):

tan x ' =  2  tan  y[ -f- tan  y'2 . (6b)
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On the other hand, in order to  have the vertical in space delineated — in a 
clinogonal axonom etry — by the device at an adequate angle A, the m odified  
inclination  angles o f  the writing legs i x and i 2 could be found by reckoning, 
whereas the former angles y j, and y 2 could be kept invariant. This alternative  
m ethod is but o f geom etrical im portance because in our case the functioning  
o f the device is the m ost favourable when the signalling legs are positioned  
at a slope o f 45°.

Fig. 8. A sim plified  m odel o f th e  device

As a consequence o f a m odified adjustm ent o f th e  signalling legs, the  
position  of the whole axonom etric projection is shifted to  a distance A v  but 
th is shifting is practically quite insignificant.

The axonom etric picture, traced b y  the described device, is correct not 
on ly  w hen the in itia l plan-view  — and side-view  — are in  their position w ith  
the points lying on the respective ordinates; but the picture obtained is correct 
on th e  basis o f a plan-view  be it  revolved  into any optional position , when only  
the side-view  is put into position  at an adequate angle.

The adjustm ent o f the device is the most sim ple for the orthogonal 
axonom etry (ß  =  0; ot -j- ß  =  90). As com pared with the usual photo, having a 
m ain optical axis parallel to the level-p lan , th is axonom etric view  is the m ost 
sim ilar. W hen a photo should be regarded as a model in  w hich the main optical
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ax is is not parallel to  th e  level-p lane but lies in  the vertical plane perpendicular 
to  the line v, in  th is  case, th e  adjustm ent comprises ß  =  0, but a +  ß  90°.

A simple m odel o f  the axonograph is shown in F ig. 8. Y et, a larger part 
o f  the drawing sheet can be utilized, when the respective slides are placed in 
tw o  different planes in  order to  avoid any interference betw een  them  (F ig. 9).
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In order to  bring the axonom etric picture at a certain distance from the  
plan-view , the d istance M C  =  M 'C ' is kept equal for both  slides. W hen this 
distance becom es zero, the point C coincides w ith  point M , and point C' 
coincides w ith  point M '.

Annex

In  his re p o rt , th e  re a d e r  I. L ip k a  has  p o in te d  o u t th a t  i t  is w o rth  while to  deal w ith  
th e  geom etric  p rinc ip les  o f th is  device in  a  m ore p a r tic u la r  w ay . T he read e r p re sen ted  in  h is 
re p o rt  a  se lf-consis ten t g eo m e tric  sy s tem  th a t  c learly  show s th e  th eo re tic  essen tia ls of th e  
device in  q u estio n ; th e re fo re , th is  p a r t  o f th e  re a d e r’s re p o rt  w ill be quo ted :

Fig. 10. T he basic  geom etric  re la tio n s  be tw een  th e  im ag e-p o in t an d  th e  p o in t rev o lv ed  in to
th e  im age p lane

“ F ro m  th e  E q u s (3) a n d  (4) in  th is  p a p e r, th e re  is, b y  th e  au th o r, a  sp a tia l th eo rem  
deduced  th a t  expresses a  s tro n g  re la tio n  be tw een  th e  p o in t rev o lv ed  and  th e  o rig ina l im age 
p o in t; th is  th eo rem  shou ld  b e  in tro d u c ed  as th e  in it ia l  th es is  o f  th e  p ap er, in  se lf-consis ten t 
concep tion ; i t  cou ld  be se t u p  as follow s:

Thesis.  T h e  sp a tia l p o in t  P  should  be  p ro jec te d , b y  th e  p ro jec tin g  line  e o f o p tio n a l 
d irec tion , on th e  p o in t P '  o f th e  p lane  R  ( th e  im ag e-p lan e) o f  o p tio n a l po sitio n  (F ig . 10). 
T he h o rizo n ta l leve l-p lane  IV , p ass in g  th ro u g h  p o in t P  h a s  a line  o f in te rsec tio n  v w ith  th e  im age 
p lane  R .  L e t th e  level p lan e  N  be  rev o lv ed , a ro u n d  th e  ax is v in to  th e  im age p lane  P ,w h e re b y  
th e  p o in t P  a rriv es to  p o in t ( P )  o f th e  p lane  R .  S ta r tin g  fro m  th e  p o in t P '  in  p lane  P ,  tw o 
ha lf-ray s, each  of th em  fo rm in g  an  angle of 45° w ith  th e  s tra ig h t  line  v, will hav e  w ith  th is  
line v th e  p o in ts  o f in te rse c tio n  Рь  an d  P j , resp ec tiv e ly . In  th is  case, th e  va lue  of th e  angle 
Pb(P) PJ  viz. th e  angle t h a t  is in cluded  b y  th e  h a lf-s tra ig h t lines (Р )Рь  an d  (P)P 'j  i.e. by  
th e  s tra ig h t lines co n n ec tin g  th e  p o in t (P )  w ith  th e  p o in ts  Pjj a n d  P'j re sp ec tive ly , d epends 
o n ly  u p o n  th e  d irec tio n  of th e  p ro jec tin g  line  e an d  of th e  angle in c luded  b y  th e  p lan es N  
and  P ,  an d  is in d ep e n d en t o f th e  po sitio n  of th e  sp a tia l  p o in t P .

T h e  legs o f th is  ang le  t h a t  is in d ep e n d en t o f th e  p o sitio n  of th e  p o in t P  co rrespond  
ju s t  to  th e  tw o signalling  b ra ce s  o f th e  d raw ing  device.

W ith in  th e  scope of th e  th ree -d im en sio n al g eo m etry , th is  th es is  in  qu estio n  can  easily  
be  deduced  fro m  som e b asic  th eo re m s of th e  e le m en ta ry  p ro jec tiv e  geom etry , as follow s.

L e t th e  p o in ts  P , 17, . . . o f  th e  level-p lane N  be  p ro jec ted , b y  paralle l p ro jec tin g  lines, 
in to  th e  p o in ts  P ' ,  U \  . . .  o f  th e  p lane  P .

W hen  th e  p lane  N  is re v o lv ed , a ro u n d  th e  s tra ig h t  line v as ax is in to  p lane  P ,  th e  tw o 
system s of p o in ts , n am ely , th e  sy s te m  of th e  rev o lv ed  p o in ts  (P ) , (U )  of N  an d  th e  o th e r  one 
of th e  p ro jec ted  p o in ts  P ' ,  U '  a re  in  th e  so-called  p a ra lle l p e rsp ec tiv e  re la tio n , in  o th e r  w ord  
in  persp ec tiv e  a ffin ity . A ccord ing  to  a thesis o f th e  p ro jec tiv e  g eo m e try , th e  axis o f th is  a ffin ­
i ty  is th e  s tra ig h t line  v.

A ffin ity  is a lw ays c h a ra c te riz e d  b y  tw o ru les: f i r s t ,  co n n ec tin g  lines o f correspond ing  
p o in ts  a re  p a ra lle l to  each  o th e r  e.g. (P ) P '  Ц ( I / ) ! / '  e tc .;  a n d  th e  p o in ts  o f in te rse c tio n  of
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co rresp o n d in g  s tra ig h t lines lie on th e  sam e s tra ig h t  line ; i.e. th e  p o in t o f in te rse c tio n  C o f 
th e  co rresponding  s tra ig h t  lines: (P ) ( U ) a n d  P ' U '  lies on  th e  s tra ig h t line  v be ing  th e  axis 
o f a ff in ity  (Fig. 11).

L e t us consider th e  trian g les  (P )P f ,P ' a n d  (U )U ijU '.  E v e ry  s tra ig h t  line  con n ec tin g  
th e  hom ologous vertices o f  th ese  tw o tr ian g les  passes th ro u g h  th e  sam e p o in t C. N ow , a cco rd ­
in g  to  th e  D esargues-theorem , th e  p o in ts  o f in te rsec tio n  of th e  hom ologous sides o f  th ese  
tr ia n g le s  lie on th e  sam e s tra ig h t  line. Y e t, as a lread y  m en tio n ed , th e  tw o hom ologous sides 
( P ) P '  a n d  (U )U '  o f th e  tr ian g les  are  p a ra lle l to  each  o th e r, i.e. th e ir  p o in t o f in te rse c tio n  
lie s  o n  th e  s tra ig h t line in  th e  in fin ite . T he sam e applies to  th e  o th e r hom ologous p a ir  o f  sides 
P f tP ' a n d  Ut,U',  w herefore, acco rd ing  to  th e  D esargues-theo rem , th e  th ird  hom ologous p a ir  
o f sides (P )P j, and (U)Ul,  also h av e  th e  p o in t o f in te rsec tio n  in  th e  in fin ite : v iz. th e y  are 
p a ra lle l lines (P)Pj> || (17) ( : there fo re , w e can  s ta te  th e  e q u a lity  o f th e  re sp ec tiv e  angles

<£ P „ ( P ) P '  =  4C U b ( V )  I P .

(P)

Fig. 11. P ro jec tiv e-g eo m etric  p ro o f o f th e  theo rem

O f course, as reg ard s  th e  p e rsp ec tiv e  trian g les  ( P ) P 'P j  an d  ( U ) U 'U j  th e  sam e re la ­
t io n  ho lds tru e , viz. th e  tw o  sides ( P ) P )  a n d  ( U)U'j  a re  p a ralle l to  each  o th e r, too . T herefo re  
we c an  w rite

<  P b (P )  P j  =  ^ U ' b (U ) V j  ,

a n d  th is  eq uation  rep re se n ts  th e  th ree  d im ensional geom etric  thesis in  question .
T his reasoning on  p ro jec tiv e -g eo m etric  p rincip les b rings in to  re lief th e  essen tia l fe a tu re  

o f th ree-d im ensional g eo m etric  thesis ap p lied  to  th e  co n stru c tio n  of th is  d raw ing  device. 
T h e  trig o n o m etric  d e d u c tio n  lead s to  express th e  angles y l9 y 2, у  an d  x  b y  m eans of p a ra m e te rs ;  
n am e ly , by  the  angles o f a  a n d  ß  w hich  d e te rm in e  th e  in c lin a tio n  of th e  p ro jec tin g  line , and  
b y  th e  inclination  angle (p o f th e  im age p lan e , th e  ex p lic it fo rm ulae  can  be  estab lish ed .

T h e  geom etric p ro p o sitio n  in  q u estio n  ho lds tru e  also in  th e  case w hen  th e  sy s te m  of 
p o in ts  (P ) , (£/), . . . a re  sh ifted  in  a p a ra lle l d irec tio n  w ith  th e  axis of a ffin ity  v b y  keep ing  
all th e  lines ((P*) P ',  (U * )  U '  (co n n ec tin g  th e  p o in ts  P \ U \  . . .  w ith  th e  sh ifted  ones 
(P * ) , ( U *), . . .)  paralle l, v iz .:

( p * ) P ' \ \ ( u * )  и '  у . . .

I n  th is  case, th e  re la tio n  of p e rsp ec tiv e  a ff in ity  s ta n d s  betw een  th e  tw o  sy stem  o f p o in ts  
(P * ) , (£/*), . . . and  P ' ;  U \  . . . h av in g  a n  a ffin ity  angle A w ith  th e  n o rm al d irec tio n  to  th e  
s tr a ig h t  line v (Fig. 7) b y  m ain ta in in g  th is  line  v as th e  axis of a ffin ity . To u n d e rs ta n d  th is  
s ta te m e n t,  th e  w ay of reaso n in g  is th e  follow ing.

L e t us consider th e  trian g les  (P )  (P * ) P '  an d  ( U ) ( U * )  U '  in F ig . 12. T he resp ec tiv e  
(hom ologous) sides o f th ese  trian g les  a re  p a ra lle l to  each  o th e r

( P ) P ' \ \ ( U ) U ' ; (P * ) P '  II (U *)  U '  ; (P )  (P * ) || (U )  ( U * ) .

In  o th e r  words, the  ax is o f p e rsp ec tiv ity  is th e  s tra ig h t line in th e  in fin ite ; b y  th e  in v ers io n  of 
th e  D esargues-theorem  we can  s ta te  th a t  th e  s tra ig h t lines connecting  th e  hom ologous p o in ts  
o f  th e  triang le  will all p ass th ro u g h  th e  sam e p o in t o f in te rsectio n .

Acta Technica Academiae Scientiarum Hungaricac 56, 1966



DESIGN TRANSFER DEVICE 41

T h u s, th e  s tra ig h t line (P * ) ( U *) also passes th ro u g h  th e  p o in t C; in  o th e r  w ords, th e  
s tra ig h t  line  (P * )  ( U*) and  i ts  co rresp o n d in g  a ffined  line  P 'U '  in te rse c t e ach  o th e r  a t  a  p o in t 
on  th e  s tra ig h t  line v, i.e. v is th e  ax is o f  a ffin ity . O n th is  basis, th e  e q u a lity  o f  angles

<  P'b(P*)P)  =  <  U’b(U*) U’j
can  be p ro v e d ; th is  m eans in  o th e r  w ords, th a t  th e  va lue  of th e  angle

• $  pi, (p*) p;
is  in d e p e n d e n t o f th e  sp a tia l p o sitio n  of p o in t P . T he p ra c tic a l a p p lica tio n  of th is  s ta te m e n t is 
rea lized , w hen  th e  sh ifting  of th e  p lan -v iew  is o m itte d .”
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Z E IC H E N V O R R IC H T U N G  ZUM  U M Z E IC H N E N  
VON A X O N O M E T R IS C H E N  B IL D E R N

B. SZŐKE

Z U SA M M E N FA SSU N G

D u rc h  diese V orrich tung , d ie n ach  P rin z ip ien  der R aum geom etrie  k o n s tru ie r t  i s t ,  
w ird  das B ild  in  der beliebig b e s tim m te n  A x o n o m etrie  m it der S ch re ibsp itze  d a d u rc h  a u f ­
geze ichnet, d a ß  die A b ta s tsp itze  im  G ru n d riß  e n tla n g  eines H o rizo n ta l-S ch n itte s  g e fü h rt u n d  
das N iv eau lin ea l in  der S e iten an sich t in  de r e n tsp rech en d en  H öhe bew egt w ird . D ie k o n s tru k ­
tiv e  L ösung  is t  besonders einfach , fa lls eine P ro je k tio n sric h tu n g  sen k rec h t z u r  S ch n ittlin ie  
de r B ildebene  m it der H orizo n ta leb en e  g ew äh lt w ird . M it dieser V o rrich tu n g  k a n n  m an  den 
E in d ru c k  e ines P h o to s  am  b esten  n a ch ah m en , d a  die W ahlm öglichkeiten  d o p p e lt  unen d lich  
sind : m an  k a n n  den  N eigungsw inkel zu r h o rizo n ta len  E bene  sowohl fü r  den  p ro jiz ie ren d en  
S tra h l w ie a u ch  fü r die B ildebene fre i w ählen.
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A P P A R E IL  T R A N S C R IP T E U R  P O U R  LA  P R O D U C T IO N  D ’IM A G ES 
A X O N O M É T R IQ U E S

B. SZŐKE

R É S U M É

L ’é tu d e  p ré se n te  u n  appare il de tra n s c r ip tio n  c o n s tru it  su r  la  base  de re la tio n s  de 
g é o m é trie  spatia le . L a  p o in te  é ta n t  déplacée le long  d ’u n e  sec tio n  ho rizo n ta le  d u  p lan , la  règle  
de  n iv ea u  est p o rtée  à  la  h a u te u r  c o rre sp o n d an te  de la  v u e  la té ra le  e t la  p lum e e st am enée su r 
le p o in t co rre sp o n d an t d e  l ’im age ax o n o m é triq u e , basée  su r u n  sy s tèm e  d ’axes fix é  a rb itra ire ­
m e n t. U ne so lu tion  p a r tic u liè re m e n t sim ple e s t  o b ten u e  a u  cas où  le  ra y o n  de p ro jec tio n  e s t 
n o rm a l à  l ’in te rse c tio n  d u  p lan  de l ’im age avec  le p la n  h o rizo n ta l. P o u r  cet ax o n o g rap h e , 
a u  m o y en  duquel on  se ra p p ro c h e  le p lus de  l ’im age  p h o to g rap h iq u e , le n om bre  des v a r ia tio n s  
possib les reste  encore d o u b lem e n t in fin i, é ta n t  d onné  que l ’an g le  fo rm é p a r  le p la n  h o rizo n ta l 
e t  le p la n  de l’im age a u ss i b ien  que celui fo rm é  p a r  le ra y o n  de p ro jec tio n  e t le p lan  h o rizo n ta l 
p e u v e n t  ê tre  a rb itra ire m e n t choisis.

К О П И Р У Ю Щ И Й  П Р И Б О Р  Д Л Я  С О З Д А Н И Я  А К С О Н О М Е Т Р И Ч Е С К И Х
И З О Б Р А Ж Е Н И Й

Б . С Е К Е

Р Е З Ю М Е

В статье описан такой копирующий прибор, сконструированный на основе стерео­
метрических зависимостей, пишущая головка которого следует точкам любой избранной 
аксонометрической проекции, если снимающая головка перемещается по линиям гори­
зонтального разреза, а линейка уровня продвигается по соответствующей высотной от­
метке бокового вида. Особенно простое решение получается в том случае, если проек­
тирующий луч перпендикулярен линии пересечения плоскости изображения с горизон­
тальной плоскостью. Для этого аксонографа, который дает изображения, наиболее близ­
кие к фотографии, все еще вдвойне бесконечно число изобразимых вариантов, так как 
угол наклона, ограниченный горизонтальной плоскостью, может быть произвольно 
выбран, как для плоскости изображения, так и для проектирующего луча.
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CALCULATION OF WATER HAMMER PHENOMENA 
BY AUTOMATIC SEQUENCE CONTROLLED DIGITAL

COMPUTERS
PA R T II: NUM ERIC E X A M PL E  CALCULATED FROM E X P E R IM E N T A L  

R E SU L T S OF A P IP E L IN E

I. ВАТТА
E N T E R P R IS E  F O R  E S T A B L IS H M E N T  O F  P O W E R  ST A T IO N S , B U D A P E S T  

[M an u scrip t received  M ay 10, 1965]

T his p a p e r is th e  c o n tin u a tio n  of th e  a rtic le  p re sen ted  [in Acta  Techn. H ung .  51 (1965), 
3 — 29] as P a r t  I :  Basic P rin c ip les , E q u a tio n s  an d  F orm u lae . T he ca lcu la tio n  is m ade  on th e  
basis o f som e p a r ts  o f ex p erim en ts  carried  o u t b y  th e  D e p a rtm en t o f H y d ra u lic  M achines o f th e  
T ech n ica l U n iv e rsity  B u d ap es t on  a long p ipeline. D u rin g  th e  resea rch  w o rk  som e m ain  c h a r­
a c te ris tic  d a ta  o f th e  p ipeline  w ere d e te rm in ed  an d  a w a te r  h am m er p rocess caused  b y  pow er 
fa ilu re  w as in v es tig a ted . In  th e  d iag ram s b o th  th e  ex p erim en ta l re su lts  a n d  th e  o b ta in ed  
n u m erica l v a lu es — as ca lcu la ted  from  th e  p ipeline  ch arac te ris tic s  a n d  th e  in it ia l  va lues o f th e  
w a te r  h a m m e r — are  p lo tte d . In  th e  p re sen t p a r t  th e  p ipeline  is described , som e d e ta ils  o f th e  
ex p erim en ts  a re  m ade know n, th e  course o f th e  ca lcu la tio n  is ex p la in ed  a n d  th e  re su lts  are 
an alyzed .

VI. Comparison o f experimental data and calculated results

The reliability of som e form ulae and equations — contained in  Part I — 
w as tested , by making use o f a part o f the results obtained from a more ex ten ­
sive series o f experim ents.

1. Layou t o f  the p ip e lin e  and  the p u m p  station

A fter the pum ps, there are check valves built in, and after the valves, 
there are air chambers connected. This boundary condition is described in 
Chapter У — 6  (Fig. 6 ).

In order to have the w ater hammer effects dim inished, there is a surge 
tan k  arranged in the pipeline. It would have been hardly possible to  approach 
the behavior of the section  after the surge tank  (because o f fittin gs not m en­
tioned) b y  calculation; m oreover the influence of that section  is not signifi­
cant; consequently, the change of the level in the surge tan k  had been consider­
ed as practically  well determ ined by experim ental results.

2 . Geodetic data and dim ensions

The developed length  o f the pipe line section up to  the surge tank  
L  =  29556,44 m; internal diam eter of the pipe d =  0,703 m; diam eter o f the three
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air chambers working parallelly  D  =  1,8 m; the height o f the top o f the air 
cham ber above the centre line o f the pipeline at the beginning (i. e. above the 
chosen zero-level), as calcu lated  by equalized volum e Y  =  7,17 m. The heights 
H g [ m] o f the centre line o f  the pipe at distances x  are in Table I.

Table I

X 0 L  : 4 L  : 2 3 L  : 4 L

я , 0,00 10,55 51,90 44,00 115,45

3. E xperim ents and results

The numerical values of the experim ental and those of the desk-com puted  
results are given w ithout rounding off. N ot that all the d igits could be consid­
ered as significant. N evertheless, a rounding off is not advisable, since those  
num erical values m ust be com patible among each other m ainly because o f the  
w avelike propagation o f the errors.

W ith closed air cham bers starting experim ents were carried out by m easur­
ing th e  reflexion tim e periods. The pressure oscillography at the starting  
p oin t served to  determ ine the velocity  o f the w ave; th is proved to be: 
a =  1089,086 m /sec. The ha lf w ave period was T  =  27,13875 sec. In view  of the 
varying  wall thickness o f  the tube, the wave velocity  also changes (within narrow 
lim its) along the pipe. For calculation purposes the average value is taken into  
consideration.

A water ham m er caused by power failure was investigated . Due m ainly to 
w eather conditions, at the beginning of this power failure experim ent the 
estim ated  air tem perature in the air chamber was -)-40 °C and the w ater tem ­
perature —20 °C about. These values are im portant as regards the expansion in 
th e  air chamber th at is supposed to  be polytropic (see later V II—6 ). The steady  
sta te  preceding the power failure is characterized by the follow ing initial values: 
w ater discharge Q =  0 ,51725 m 3/sec; depth of the level beneath the top o f the  
air chamber: y 0 =  2,968 m; to ta l head values H 0 [m] at different distances x  
m easured from the forward end of the pipeline are to  find  in Table II.

Table II

* 0 L  : 4 L  : 2 3L : 4 L

Ho 211,6200 190,9275 170,2350 149,5425 125,8500

According to  the precedings, the loss factor am ounts to  A ^  0,02175, in 
com pliance with the observed roughness of the inner surface of the pipe. Due to
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previous tests, it is know n that A is not constant (the major value is observed  
at the forward section); for com puting purposes the average value is taken  
into account.

During the w ater hammer process caused b y  power failure the to ta l 
head at the forward end was observed; the sinking of the w ater level in the surge 
tank  (ô) was registered by means o f  a m anom eter th a t was read off at regular 
tim e intervals. It to o k  2,5 sec until the check va lve  closed after the power 
failure nevertheless, due to the rather large air volum e in the air chambers the  
to ta l head at the forward end of the pipeline did not change much. As can be 
inferred from the oscillogram s it is m otivated  to  neglect the run out of the  
pum p, and to consider the whole system  as consisting o f the air chamber and 
the pipeline closed tow ards the pum p; thus, the in itia l tim e can be put as 2  sec 
after the effective pow er failure. The follow ing Table I I I  contains the values 
of th e  tota l head at th e  forward end, and the sinking o f the water level in  the  
surge tank as functions o f time.

T ab le  I I I

t : T H .  [m] «5 [m ]

0,000 211,62 0,000

0,250 174,00 0,000

0,500 153,50 0,000

0,750 139,50 0,000

1,000 126,50 0,000

1,500 109,75 0,135

2,000 97,50 0,400

2,500 92,25 0,800

3,000 90,90 1,275

3,500 91,60 1,855
4,000 94,00 2,450

4,500 98,75 3,050

5,000 106,10 3,475

5,500 114,00 4,275
6,000 122,60 4,925
6,500 132,00 5,600
7,000 139,60 6,250

7,500 144,80 6,850

8,000 146,20 7,300

8,500 145,30 7,625

9,000 141,10 7,875

The change of th e  w ater level in th e  air cham bers could not be registered.
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VII. D etails o f the calculation

1. Program m ing and  some fea tures o f  com puting

The values printed off by the com puter correspond to  the follow ing scale 
factors:

0 , 1  [m] value o f  the w ater leve l in  the air cham ber,
1 [ma/s] values o f the w ater discharge,

0 , 0 0 1  [m] value o f the to ta l head

and these alw ays belonging to  th e  tim e-points:

t =  T  : 8 , 2 T  : 8 , 3T  : 8 ,. . ., 72T : 8 , 

and to  the longitudinal spacings:

* =  0, L  : 4, L  : 2, 2L : 4, L .

The com puted values correspond to  the follow ing grid points:

xj =  hj, where h  =  L  : 16 and j  =  0,1; . . 16;

t[ =  (hja) i, where i =  0 , 1 , 2 , . . . .

Taking into consideration th a t th e  w ater level change in the air cham ber  
could not be observed, the values o f  th e  polytropic exponent n  =  1 ; 1 , 1 ; 1 ,2 ; 
1,3 and 1,4 were used for finding the probable value o f n =  1,2303515 as a best 
quadratic approxim ation o f th e  pressure experim entally determ ined at the  
forward point of the pipe line during th e  tim e-interval 9 T.

The programming schem e is the sam e as shown in th e  exam ple in V —2. 
The calculation was carried out at th e  Computing Centre o f the H ungarian  
A cadem y of Sciences, b y  m eans o f a Computer type M  3 according to  the  
m achine code program elaborated b y  th e  author.

The com puter working w ith  a fix ed  point is characterized b y  31 b its  
(including the sign), w ith num bers o f absolute values less th an  the un it. The  
octonary system  is used for pu ttin g  in the binary numeric values and the orders. 
D ecim al data being put in  and being printed  off, comprise 7 significant figures.

2. Scale factors, transform ed quantities

As the com puter works w ith  fix ed  point, the whole stock  o f num bers 
occurring i.e .th e  quantities put in, the interm ediate and final results all have to  
assum e values less than the unit. B y  denoting w ith an upper bar the correspond-
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ing transform ed quantities; Q =  Q; H  =  H  : 250; y  =  y  : 10; Y  =  Y  : 250, 
these transform ations fulfil the above condition.

3. B asic  equations

According to  the equations (9) and (10) th e  follow ing equations refer to  th e  
inner points of the pipeline, by tak in g  the scale factors into account:

H 3 =  —  (H 2 +  H j) +  - 1-------- —  (Q , -  Q2) +  — ----------- —
3 2 250 2 f g  250 8  d p  g

(Za - Z 1) ,

Q3 = ~ ( Q 2+ Q i ) +  250
2 2a 8  a d j  4 a d f

According to (25), (26) and (8 ) and tak ing the scale factors into account 
the boundary values are determ ined b y  the equations:

й ' =  ! к < г - ^ - ^ >  +  Ж (н°+ л - у  +  ^ ^

Q, =  -
Áh

4 a d f
f g fgZ 2 -  250 - - H 2 +  Q2 +  250 H ?,

Áh
3 , 3 •a 4 aaj

The level in the surge tank rem ains unchanged during the first h a lf w ave  
tim e then , from the beginning of the reflection the change o f the level can be 
well approxim ated b y  a polynom ial o f 5th degree as a function of tim e:

and

where

Щ  — ( t f o ) ie (i <  17)

Щ  =  (Я 0) 16 -  {[(D fi +  C )V  +  B ] V  +  Â  Щ  (i ^  1 7 ), 

d  =  ( i ~  16) 2 ~ 7

and A , В , C, and D  are experim ental constants.
The second boundary condition for the surge tank level is, according to  

(7) expressed by:

Q» =  250 JL (H 1 +  H 3) + Q 1 -  -  A - Z t +  f  z 3 .
a 4 a d f  4adj 0
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In analyzing the solution  o f the basic equations for the quantities denoted  
b y  the subscript 3 it  is found th a t the iteration  process proved to  be convergent 
w hen based on the m ain characteristics of the here given cases.

4. D ecim al data

The program has run w ith  the follow ing decim al values:

fg250

1

250

1

250

D

C

В

Ä

+  0,8740721,

250 — 
2 a

=  + 0,4370361,

1 a

250 2  fg
=  + 0,5720352,

Mi
4 a d f  

Xh

=  — 0,0338034,

8  a d f — 0,0169017,

1 Xh
=  + 0,0193543,

250 8 d f 2g

1 h 
10 2 aF,

=  + 0,0111092,

T o  Jo
=  + 0,2968000,

n  — 1 =  + 0,2303515,

1

~ Т Г
=  — 0,0400000,

( Y - Л )  =  -  0 ,0113200,

(■H 0+ y 0- Y + A ) =  +  0,8696720,

=  -  0,1774222,

=  +  0,3848889,

=  -  0,3150444,

=  +  0,1390778,
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Q0 =  +  0,5172500,

(H 0)0 =  +  0,8464800,

(H 0) 16 =  +  0,5154000.

5. Calculated and experim ental results

The diagrams (Figs 18—22) show th e  calculated and the necessary  
experim ental results. The fiv e  diagrams (Fig. 18, 19, 20, 21 and 22) refer in due 
order to  the points at a d istance x  — 0; L  : 4 ; L  : 2; 3L  : 4; L .T h e curves 
comprise the v a lu es^  and H  as functions of tim e (for the period o f 9 half-waves) 
com pleted w ith th e  constant local geodetic heights. In  F ig. 18 (x  =  0), there are 
additional curves showing the calculated water level in the air chamber and the  
experim entally obtained to ta l height both as functions of tim e.

Again, the to ta l head curve in Fig. 22 is at the sam e tim e a result of 
both calculations and experim ents

6 . A n a ly s is  o f  results

As explained herebelow, the calculated results are in good approxim ation  
of the course of the water ham m er phenom enon:

a)  The w ave periods and the domain o f influence o f the change of 
boundary values are correct.
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50 I. ВАТТА

b) The curves H  in  Fig. 18—b oth  calculated and experim ental values — 
are during the first period of depression nearly the sam e; their character 
during the follow ing compression w ave remains identical. The greatest devia­
tion  is only tw ice as much as the estim ated  error of the m easurem ent about.

c)  No breaking o f the w ater colum n occurs either according to  calculus, 
or during the experim ents.

г H Q,
[m ][m3/se c]
300  0,50

200 0,25

100 0,00

0 - 0,25
0  1 2  3  à  5 6  7 8 9  t - T

F ig .  20
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0  1 2 3  4  5  6  7  8  9  t ' -T

Fig. 21

The sm all deviation  betw een the m easured and the calculated pressure 
values is m ain ly  explained b y  the fact th a t the air in the air cham bers starts  
to  cool in tensely  w hen the w ater level begins to change (especially near 
to  the low est position) and therefore, the real system  is m ore rigid than the  
calculated one (cf. the above remarks relating to the tem perature of the air 
content in the air chamber; see Chapter V I —3). These deviations are present
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at any value of the polytrop ic exponent, as it could be observed at any stage  
o f th e  calculating process.

Just because th is  deviation  is really  not significant, one can state that 
th is  calculating m ethod brought about useful results — and even w ithout an 
ex a c t analysis of the change o f state o f the air in the air cham ber — especially  
for th e  first period o f th e  depression-and-com pression w ave. The estim ated  
polytrop ic exponent m ay assume a value betw een 1,2 and 1,25 when the  
arrangem ent and th e  dim ensions are sim ilar.

VIII. Final conclusions

Both, the experiences obtained during the experim ents on this typ ica l 
exam ple, and the resu lts, calculated and measured, are likely  to ju stify  the  
au th or’s preliminary supposition , according to which th is calculating m ethod  
g ives reliable residts, and th at it  can be recom m ended in  v iew  of its advantages 
in  opposition to other m ethods as far as greater efficacy , the possib ility  to  
obtain  results in a quicker and more econom ical way, are concerned.

This method is reliable since the accuracy of results depends only on the  
precision of the know ledge of the physical characteristics o f the system  and  
because the influencing effect of any factor occurring can be estim ated by m eans 
o f great variability o f  th e  data put in to  the com puter.

The method is efficacious, since the technical and econom ical optim a can 
easily  be chosen or determ ined by varying the basic data and the program  
d eta ils.

The method is efficacious further since the com p lex ity  of the conduit 
system  and of the boundary conditions do not cause any d ifficu lty  against the 
application of the m ethod.

Its economical advantage is more obvious when ready-m ade typ ica l 
program  details and in p u t programs are at disposal and w hen the problems to 
be solved are re la tively  numerous.

As is known, th e  programming b y  means of direct m achine codes is not 
on ly  an awkward labour but it is a source of m any kinds of errors. Again, 
search after m istakes often takes more tim e than the running down of the 
w hole computing program . A radical so lution  is given by the use of an autom atic  
code system  on a h igh  capacity  com puter. An auto-coding system  is success­
fu lly  applied for a quicker, more reliable and more econom ical programming, 
for which the saving o f  tim e is decisive in m ost cases.

A special ad van tage o f com puters is that the inform ations given by them  
m a y  thus assume such  an enormous num ber that could practically never be 
reached either b y  graphical or b y  experim ental m ethods.

This m ethod o f  calculation is first of all a great help for the design  
engineer for the purpose of dim inishing costs of establishm ent w ithout risking
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deterioration of security; it  can be useful for checking and m aintenance of the  
sa fety  of operation o f pipelines.

Intentionally  in  general no a tten tion  is paid in  the present paper to  the  
exam ination of phenom ena connected  with free surface phenom ena (breaking  
o f  the water colum n) in pipelines though, in chapter У — 10 a related problem  
has been described. Further, th is m ethod can serve to  determ ine the conditions 
w hich are required for preventing breaking of the w ater colum n. In v iew  o f  
com puting difficulties, the m ost careful consideration is recom m ended in the  
solution  o f problems characterized e.g. by incom m ensurability of pipeline  
sections, reflecting free w ater leve ls , surge tanks having discontinuous distri­
bution  of cross sectional area and check valves w ith in  pipelines.

This com puting m ethod com petes only among other num erical or even­
tu a lly  among graphical procedures. To th is end experim ents are just required; 
elem entary experim ents for obtain ing basic data, system -experim ents m ainly  
for checking some special problem s.

*

T he a u th o r  will here  express ack n o w led g em en t to  Prof. J .  Va r g a , a n d  th e  E n g in eers : 
P . Ge n c s i, L. K isb o c sk ó i, Á. N é m e t , S. J a n i, В. F ógel a n d  I .  J ózsa , w ho gave h im  n o t 
o n ly  personal b u t  th ro u g h  a s ta f f  o f c o llab o ra to rs  valuab le  a ssistan ce  to  e lab o ra te  th e  p ro b lem  
d e a lt  w ith .

W A S S E R S T O S S B E R E C H N U N G  M IT H IL F E  E IN E R  
P R O G R A M M G E S T E U E R T E N  D IG IT A L E N  R E C H E N M A S C H IN E , TL Teil

I. ВАТТА

ZU SA M M E N FA SSU N G

Als F o rtse tzu n g  des e rs ten  Teiles d ieser A bhan d lu n g  [Acta Techn. H u n g .  51(1965), 3 —30] 
in  w elchem  die R ich tlin ien  n iedergeleg t sin d , fo lg t h ie r die A n w endung  an  einem  n um erischen  
B eispiel. D er A u sg an g sp u n k t dieses n u m erisch en  Beispiels w a r eine V ersuchsreihe , d ie von  
d em  L eh rs tu h l der H y d rau lisch en  M aschinen  de r T echnischen U n iv e rs itä t  B u d a p es t an  e iner 
W asserfern le itung  d u rc h g e fü h rt w urde. E s  w u rd en  m itu n te r  d ie G ru n d a n g ab e n  der L eitung  
b e s tim m t u n d  n eb stb e i de r A b lau f eines W asserstoßprozesses, h e rv o rg e ru fen  d u rch  einen 
S trom au sfa ll, b e o b ach te t. D ie h ier v e rö ffe n tlic h te n  D iag ram m e ste llen  die R e su lta te  der 
E x p e rim en te  u n d  der M asch in en -R ech n u n g  d a r. E s w ird eine k u rz e  B eschreibung  der W asser­
fe rn le itu n g , die c h arak te ris tisch en  T eile de r R echnungen  u n d  d e r E x p e rim en te  u n d  eine 
A nalyse  der E rgebnisse  m itg e te ilt.

CALCUL DU C O U P D E  B É L IE R  P A R  C A L C U L A T R IC E  É L E C T R O N IQ U E  
D IG IT A L E  A PR O G R A M M E , IIe P A R T IE

I. ВАТТА

R É S U M É

C om m unication  fa isan t su ite  à la  p rem ière  p a rtie  [parue  d an s  A cta  Techn. H ung .  51. 
(1965), 3 — 30], qui c o n te n a it les fo n d e m e n ts  théo riques du  p rocédé  de  calcul. L ’exemple;
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n u m é riq u e  a pour base  les ré su lta ts  d ’u n e  série d ’essais effectués su r u n e  co n d u ite  d’eau  à 
d is ta n c e  p a r  la  Chaire de  M achines H y d ra u liq u e s  de l’U n iv e rsité  T ech n iq u e  de B u d ap est. 
A u  cours de la série d ’essais, on  a d é te rm in é  ce rta in s  p a ram è tre s  d u  p ipe-line  e t re p ro d u it 
u n  co u p  de bélier p a r  a r rê t  de  la  force m otrice . L es va leu rs  n u m ériq u es o b ten u es  à  l’issue du  
p ro g ram m e  m écanique réa lisé  avec  les p a ram è tre s  d u  p ipe-line  e t les v a leu rs  in itia les d u  coup 
d e  b é lie r sont rep résen tées d an s  des d iag ram m es, en  reg ard  du  ré s u l ta t  fo u rn i p a r  le p ré sen t 
essa i. C ette  deuxièm e p a r tie  de  l ’é tu d e  d onne  u n e  b rèv e  desc rip tio n  d u  p ipe-line , fa it co n n aître  
c e r ta in s  détails de l’essa i e t  la  p a r tie  ca ra c té ris tiq u e  des calculs e t  se te rm in e  p a r  l ’analyse  
des ré su lta ts  num ériques o b ten u s .

РАСЧЕТ ВОДЯНОГО УДАРА ПРИ ПОМОЩИ ЦИФРОВОЙ ЭЛЕКТРОННОЙ 
ВЫЧИСЛИТЕЛЬНОЙ МАШИНЫ ПРОГРАММНОГО УПРАВЛЕНИЯ, ЧАСТЬ II

И. БАТТА

РЕЗЮМЕ

Данное сообщение является продолжением первой части статьи [опубликованной 
в Acta Techn. Hung. 51 (1965), 3—30], где изложены теоретические основы данного 
метода расчета. Основой числового примера явились данные некоторой части опытов, 
проведенных Кафедрой Гидромашин Будапештского Политехнического Университета на 
одном из действующих магистральных водопроводов. В процессе серии опытов уста­
новлены отдельные параметры водопровода и продемонстрирован процесс водяного 
удара от отключения тока. Числовые значения, полученные на основе прохождения 
машинной программы с использованием основных данных магистрального водопровода 
и начальных значений водяного удара, совместно с опытными данными явления зафик­
сированы на диаграмме. Эта вторая часть кратко описывает магистральный трубопро­
вод, относящиеся сюда части опыта, характерную часть расчетов и анализирует резуль­
таты расчетов.
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ACTIVITY OF ZINC-SULFATE 
IN A SULFURIC ACID SOLUTION 

OF ZINC-SULFATE
T H E  38th E D IT IO N  O F  T H E  H U N G A R IA N  A CA D EM Y  O F SC IE N C E S, 

M E T A L L U R G IC A L  C O -O P E R A T IV E

Z. H O R V Á T H  an d  J .  W É B E R
DOCTOR OF TECHN. SC.

TECHNICAL UNIVERSITY FOR HEAVY INDUSTRY, MISKOLC (HUNGARY)

[M anuscrip t rece ived  21 M ay, 1965]

E x p e rim en ts  a re  described  th a t  w ere carried  o u t in  o rder to  m easure  th e  E M F of g a l­
van ic  cells o f th e  ty p e  H g xZny | H 2S 0 4, Z n S 0 4, H 20  j H g 2S 0 4 , H g, so as to  observe  an d  to  
de te rm in e  th e  a c t iv ity  o f a z inc-su lfa te  in  its  su lfuric  acid  so lu tion , a t  v a ry in g  c o n cen tra tio n s  
and  v a ry in g  tem p e ra tu re s . T he a c tu a l ran g e  of th e  su lfu ric  acid  c o n te n t v a r ie d  be tw een  0 — 
250 g/1, th a t  o f th e  zinc b e tw een  0 — 175 g/1. T he m easu rin g  te m p e ra tu re  w as 25, 35, 45 an d  
55° C. I t  w as s ta te d , th a t  th e  m easu red  E M F  of th e  cell decreases w ith  th e  increase  o f th e  
co n ten ts  o f b o th  th e  su lfu ric  acid  an d  th e  zinc, an d  also w ith  increasing  te m p e ra tu re . A t th e  
sam e tim e , th e  c a lcu la ted  a c t iv ity  of th e  zinc su lp h a te  in  th e  described e lec tro ly te  increases 
conversely  w ith  increasing  co n te n ts  o f b o th  su lp h u ric  acid  and  zinc, w hereas i t  specially  in ­
creases w ith  th e  decreasing  tem p e ra tu re .

I. Theoretical basis

In order to determ ine the current density  by which the m inim um  specific  
energy input, the m inim um  of prime cost and a stable heat-equilibrium  is 
secured [1 , 2 ], it  is necessary to know  the decom position voltage. This latter, 
being a function o f tem perature, is at the sam e tim e a function o f the actual 
a ctiv ity  o f the agent in the solution; therefore, accurate calculation is only  
possible i f  and when the a ctiv ity  o f  the single com ponents in the solution  
especially  its variation w ith  concentration and tem perature is known.

In order to  determ ine the a ctiv ity  o f  zinc-sulfate in its sulphuric acid 
solution , we have m easured the electrom otive force of the follow ing galvanic  
cell:

H gx Zny I H 2S 0 4 , Z n S 0 4 , H 20 | H g 2 S 0 4 | H g .

In this cell the logarithm s o f the a c tiv ity  o f the zinc-sulfate in solution  can be
expressed as follows:

l°g  ^znso4 —
(eHg — ezn) — E
0 ,9 9 2 4 -1 0 ~ * -T

in th is relation the difference e^g  — ezn is the normal electrom otive force of 
the galvanic cell especially  com posed for these tests; this can be com puted on
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th e  basis o f data to  be found in  th e  respective literary sources on page 32 
[3]; page 439 [4]; page 30 — 31 [5]; page 403 [6 ]; and page 2096 [7].

In the above form ula E  denotes the actual EM F o f the cell as measured 
in  У; T  denotes th e  absolute tem perature in °K.

Table I contains the com puted  normal EM F o f the applied cell at 
various tem peratures:

Table I

Computed normal EM F

Temperature
[°C]

Computed normal
EMF ( eäg e&n) 

[V]

25 1,376 55

35 1,356 41

45 1,336 40

55 1,315 91

The actual E  should be m easured at various degrees o f concentration  
and various tem peratures; from  th ese m easuring results and the values in 
T able I the logarithm s of the a c tiv ity  can be com puted by using the above  
g iven  formula.

II. M easuring implements

More accurate m easurem ents o f  the EM F than w ith  the usual instrum ents 
have been carried out by means o f a high precision Feussncr-type com pensator  
( M esstechnik , M ellenbach) .  In  order to  secure a dependable accuracy o f our 
m easurem ents the norm al tem perature o f 20 °C has been kept constant by  
m eans of an u ltratherm ostat and therm oplastic recipient w ithin a tolerance of  
0,05 °C. The supply  was provided b y  tw o series connected lead accum ulator 
cells type X S L y  285 , o f a storage cap acity  of 500 Ah calculated for a discharge 
period of 5 hours. W e used a zero-indicator galvanom eter (Model 251 N: N orm a, 
W ie n ) ,  w ith an adjustable sen sitiv ity  betw een the lim its 10 ~ 4 — 0,9 • 1 0 - 8  

A /scale-division  in  all 6  steps. The regulating range o f outer resistance o f this 
instrum ent varies from 0 — °o and 500 — 1500 Q, respectively, its inner 
resistance is invariab ly  1 0 0  Q.

As seen from  literary sources page 2096 [7] and page 32 [3] pure zinc is not 
su itab le to  be used as an electrolyte in a galvanic cell because it is liable to  be 
dissolved  by an acidic agent, or to  be oxidized whereby its potentia l as an 
electrode varies w ith  the m ethod o f physical preparation; therefore, for con­
structing a m easuring electrode, zinc-am algam  is used instead o f pure zinc, 
th e  electrode poten tia l being the sam e.
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In Fig. 1 the constructional schem e of a galvanic cell, having a 2nd kind  
m ercury electrode and a zinc-am algam  electrode is show n. As can be seen, 
there is a U-shaped glass tube for the location o f the electrodes in the two 
shanks. A t the shank b ottom  o f th e  m ercury/m ercury-sulfate electrode there 
is a filter type G. 4. The first step  is to  fill a m ixture o f  water and sulfuric 
acid over the filter and then to  pum p off the w ater from  the leve l o f the 
m ercury-sulfate b y  m eans o f a w ater-air pump. N ow , in  order to  elim inate  
any diffusions-potential, 15 cm 3 o f  the electrolyte to  be tested  was pum ped in

Fig.  1. S chem atic  d iag ram  of th e  g a lv an ic  cell consisting of a z in c -am alg am  a n d  a 2nd  species
m e rc u ry  electrode

by forcing it through the m ercury sulfate step by step , and then the solution  
to  be tested  was m ixed to  the w anted  concentration. A fter having done this 
pure mercury is poured into the shank over the m ercury sulfate. The electric 
connection was secured b y  a plug fittin g  into the glass tube through which  
the platinum -wire plunges into the mercury colum n. According to w hat has 
been said above, a special m ercury-sulfate electrode had to  be made for every  
single degree of the concentration  under test.

In a w ater-bath, for preparation of the zinc-am algam  electrode, m etallic  
zinc was added to  the adequate portion of mercury placed in a solution  of 
zinc sulfate slightly acidified by som e additional sulfuric acid. After a warming- 
up o f 24 hours in the w ater b ath  when the am algam  reached the m ono­
phase sta te  it  is poured into the shank, where the warm ing up in the water- 
bath  was continued for 2  hours; now , the plug w ith  the platinum -electrode is 
filled in, and the am algam  is cooled down whereby it  reaches the diphase sta te .
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III. M easuring procedure

B y  means o f the instrum ent as shown in F ig. 1 we have measured at 
various tem peratures the variations o f the EM F o f the galvanic cell consisting  
o f a second species m ercury electrode and a zinc-am algam  electrode in function  
o f  the electrolyte com position  according to the changing o f sulfuric acid and 
zinc contents.

For this purpose, the whole galvanic cell including the electrolyte to be 
te sted  was placed into an ultra-therm ostat the tem perature o f  which was 
adjusted  to 25, 35, 45 and 55 °C. The sulfuric acid content o f  the electrolyte  
has been varied from 0  to  250 g/1 and the zinc content from 0 to  175 g/1. The 
single measuring solutions were prepared from the stock solution; before te st­
ing, the sulfuric acid content was checked by gravim etry and the zinc content 
w as checked by com plexom etry and gravim etry. The m easuring accuracy for 
th e  zinc content was ±  0 , 0 1  g, for the sulfuric acid content it  was ^  0,05 g, 
for the tem perature it  was ^  0,04 °C.

The measuring results are gathered together in Tables I I , I I I , IV, У where 
th e  measured EMF values o f  the galvanic cells consisting o f a second species 
m ercury electrode and a zinc am algam  electrode as functions o f both  the sulfuric 
acid  and the zinc content in  the electrolyte. M easuring accuracy: ^  0,07 mV.

We did not in vestigate the influence exerted on the EM F value by the 
phenom enon occurring on the single boundary surface w ithin  the different 
system s in the cell [8 ]. This fact is surely present as an actual source of errors 
in  our results.

Table II

Measured E M F  o f  the cell at 25 °C

H ,s o , Zn fe/4
[g/*] о 25 50 75 100 125 150 175

0 1480,50 1467,58 1459,20 1452,45 1448,32 1443,70 1437,79 1430,70
25 1480,48 1467,44 1458,48 1452,00 1446,60 1441,21 1434,73 1427,10
50 1480,40 1466,47 1457,10 1450,13 1443,92 1438,18 1431,00 1423,03
75 1480,18 1465,14 1455,22 1448,01 1441,16 1434,70 1426,83 1418,89

100 1479,86 1463,66 1453,28 1445,46 1438,17 1430,97 1422,63 1414,72
125 1479,10 1461,80 1451,04 1442,73 1434,90 1427,20 1418,61 1410,34
150 1477,07 1459,64 1448,43 1439,69 1431,44 1423,19 1414,32 1405,87
175 1475,38 1457,04 1445,67 1436,32 1427,73 1418,90 1409,88 1401,30
200 1473,35 1454,25 1442,58 1432,75 1423,68 1414,31 1405,18 1396,50

225 1470,85 1451,46 1439,24 1428,98 1419,13 1409,74 1400,30 1391,33

250 1467,96 1448,51 1435,53 1424,45 1414,04 1404,18 1394,40 1385,05
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Table III

M easured E M  F  o f the cell at 35 °C

H 2S 0 4 Zn [g/l]
te /4 0 25 50 75 100 125 150 175

0 1477,42 1466,36 1457,43 1451,25 1446,15 1440,78 1434,29 1427,30

25 1474,04 1463,51 1454,42 1447,79 1442,12 1436,32 1429,99 1422,52

50 1472,10 1461,45 1452,34 1444,83 1438,31 1432,18 1425,55 1417,75

75 1471,87 1460,04 1450,47 1442,40 1435,10 1428,41 1421,15 1413,46

100 1470,98 1459,06 1448,60 1440,03 1432,16 1424,76 1416,86 1409,28

125 1469,44 1457,52 1446,72 1437,69 1429,20 1421,13 1412,66 1404,72

150 1467,20 1455,10 1444,04 1434,70 1426,04 1417,20 1408,27 1399,97

175 1464,13 1452,11 1440,74 1431,10 1422,24 1412,81 1403,40 1394,78

200 1460,56 1448,47 1436,89 1427,07 1417,74 1407,94 1398,08 1388,97

225 1456,30 1444,12 1432,52 1422,53 1412,83 1402,60 1392,40 1382,54

250 1451,46 1439,34 1427,80 1417,58 1407,50 1396,90 1386,33 1375,62

L et us consider the electrolyte w ith  200 g o f  sulfuric acid and 100 g zinc 
contents corresponding to  2,039 11 m ol sulfuric acid and 1,529 49 mol zinc- 
sulfate th e  density  o f which is 1328,3 g/1. According to  these figures, the water 
solution  in  1000 g water contains 2,313 5 mol sulfuric acid and 1,935 2 mol zinc 
sulfate. In  the galvanic cell made w ith  this electrolyte the measured EM F was 
1,423 68 V. According to the tab le on page 34 o f  [3], the EMF o f an electrolyte

Table IV

M easured E M F  o f  the cell at 45 °C

H 2S 0 4 Zn [g/l]
[g/l] 0 25 50 75 100 125 150 175

0 1475,00 1464,11 1454,87 1448,56 1442,61 1436,26 1430,40 1424,59

25 1470,96 1459,69 1450,25 1443,60 1437,25 1430,86 1424,43 1418,00

50 1468,68 1456,65 1447,29 1439,63 1432,69 1425,98 1418,50 1411,36

75 1467,68 1455,10 1445,68 1437,37 1428,98 1421,18 1412,95 1405,40

100 1466,04 1454,20 1444,30 1435,10 1425,80 1416,83 1407,96 1399,90

125 1463,90 1453,18 1442,30 1432,35 1423,54 1413,40 1403,78 1394,99

150 1461,26 1450,24 1439,16 1429,08 1419,45 1409,84 1399,97 1390,83

175 1458,35 1446,63 1435,42 1425,43 1415,61 1405,84 1395,74 1386,40

200 1454,90 1442,69 1431,19 1421,42 1411,40 1401,30 1391,04 1381,44

225 1450,82 1438,34 1426,58 1416,97 1406,58 1396,26 1385,95 1376,11

250 1446,14 1433,59 1421,60 1411,87 1401,30 1390,82 1380,32 1369,77
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Table Y

M easured E M  F  o f  the cell at 55 °C

h 2s o 4 Zn fe/ l]
fe/4 0 25 50 75 100 125 150 175

0 1472,05 1461,33 1452,05 1445,06 1438,00 1431,20 1424,31 1418,34

25 1466,43 1456,00 1446,52 1439,40 1432,28 1425,22 1418,65 1412,64

50 1462,34 1451,86 1442,22 1434,41 1427,03 1420,05 1413,58 1407,28

75 1460,53 1450 ,30 1440,04 1431,58 1423,10 1416,42 1409,44 1402,55

100 1460,05 1449,65 1439,20 1429,99 1420,75 1412,56 1405,35 1398,19

125 1459,95 1448,87 1437,97 1427,77 1417,90 1408,80 1400,70 1393,40

150 1457,90 1445,75 1434,58 1424,42 1414,30 1404,47 1395,44 1387,72

175 1453,71 1441,60 1430,26 1419,92 1409,77 1399,60 1389,83 1381,16

200 1449,00 1437,01 1425,54 1414,96 1404,80 1394,34 1383,97 1373,98

225 1444,12 1432,20 1420,57 1409,67 1399,50 1388,60 1377,70 1366,31

250 1438,90 1426,91 1415,18 1404,04 1393,82 1382,43 1370.67 1357,80

h avin g  the same param eters calculated b y  a double interpolation am ounts to  
1,425 37 Y; this shows an error in our m easurem ent th at is less than  0,15% .

B y means o f  th e  Tables II , I II , IY , V, the curves in Fig. 2 have been  
p lo tted . (As already m entioned, these data refer to  a galvanic cell w ith  a 2nd 
kind  mercury electrode and a zinc-am algam  electrode, the measured EM F value  
o f  w hich varies w ith  the tem perature betw een 25 °C and 55 °C according to  
th e  contents of sulfuric acid and zinc, respectively .)

Table VI

Calculated activity  o f  the zinc-sulfate at 25 °C

H 2S 0 4 I Zn fe/4
[el i) 0 25 50 75 100 125 150 175

0 0,00031 0 ,00084 0,00161 0,00272 0,00375 0,00538 0,00852 0,01479

25 0,00031 0 ,00085 0,00170 0,00282 0,00429 0,00653 0,01081 0,01957

50 0,00031 0,00091 0,00190 0,00326 0,00529 0,00826 0,01445 0,02686

75 0,00031 0 ,00101 0,00219 0,00384 0,00655 0,01083 0,01999 0,03707

100 0,00032 0,00114 0,00255 0,00469 0,00827 0,01448 0,02771 0,05129

125 0,00034 0,00131 0,00304 0,00580 0,01069 0,01942 0,03789 0,07212

150 0,00040 0,00156 0,00372 0,00735 0,01396 0,02653 0,05291 0,10212

175 0,00046 0,00190 0,00461 0,00978 0,01876 0,03705 0,07474 0,14573

200 0,00053 0 ,00237 0,00587 0,01261 0,02554 0,05295 0,10775 0,21173

225 0,00065 0 ,00315 0,00761 0,01691 0,03713 0,07556 0,15752 0,31659

250 0,00081 0 ,00370 0,01016 0,02405 0,05407 0,11647 0,24931 0,51610
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B oth, the data in the table and the curves in the diagram  lead to  the  
final conclusion, th at the EM F o f th is cell decreases w ith  higher contents o f  
both  the sulfuric acid and the zinc, and also with increasing tem perature.

F ig . 2. Change of th e  E M F of th e  cell as fu n c tio n s  of b o th  th e  su lfu ric  acid  an d  th e  zinc 
c o n te n t in  th e  e le c tro ly te  a t  25 "a n d  55 °C

F ig . 3. C hange of th e  a c t iv ity  of zinc su lfa te  in  a su lfuric  acid-zinc su lfa te  so lu tio n  as fu n c tio n  
o f b o th  th e  su lfuric  acid  an d  th e  zinc c o n te n t in  th e  e lectro ly te  a t  25, 35, 45 an d  55 °C

B y relying on the m easuring results in the Tables I I , I I I , IY, Y , we 
obtained , b y  calculating the a c tiv ity  o f the zinc-sulfate w hich was in the  
solution  tested . These calculated results are tabulated in  Tables V I, V II, V III, 
IX , referring to  the tem peratures o f 25, 35, 45 and 55 °C, as functions o f the  
varying  com position of the electro lyte. Sim ilarly, based on the tabu lated  values, 
the F ig. 3 contains the corresponding curves.

According to the calculated values (Tables V I, V II, V III , IX ; Fig. 3) 
the final conclusion can be worded as follows:
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Table УП

Calculated activity  o f  the zinc-sulfate at 35 °C

H 2S0 4 Zn feAl
leß] 0 25 50 75 100 125 150 175

0 0,00011 0 ,0 0 0 2 5 0,00050 0,00079 0,00116 0 ,00174 0,00284 0,00480

25 0,00014 0 ,00031 0,00062 0,00103 0,00157 0 ,00244 0,00393 0,00689

50 0,00016 0 ,0 0 0 3 6 0,00073 0,00128 0,00210 0,00333 0,00549 0,00987

75 0,00017 0 ,00041 0,00085 0,00154 0,00267 0,00442 0,00764 0,01363

100 0,00018 0 ,0 0 0 4 4 0,00097 0,00184 0,00333 0,00582 0,01055 0,01867

125 0,00020 0 ,0 0 0 4 9 0,00111 0,00220 0,00417 0,00765 0,01448 0,02632

150 0,00024 0 ,0 0 0 5 3 0,00136 0,00275 0,00529 0 ,01030 0,02015 0,03764

175 0,00030 0 ,0 0 0 7 4 0,00175 0,00361 0,00704 0,01431 0,02907 0,05563

200 0,00039 0 ,0 0 0 9 8 0,00234 0,00489 0,00988 0,02065 0,04339 0,08616

225 0,00054 0 ,0 0 1 3 5 0,00324 0,00688 0,01429 0,03088 0,06655 0,13982

250 0,00078 0 ,0 0 1 9 4 0,00463 0,00999 0,02135 0,04742 0,10511 0,23542

The activ ity  o f  the zinc sulfate in sulfuric acid — zinc sulfate solution  
increases with the increases o f both  the sulfuric acid and the zinc contents, 
and th is increase is m ore intense w ith  the latter; at the sam e tim e, the activ ity  
changes inversely w ith  the tem perature, whereby the increasing trend is 
especially  conspicuous at the lower tem perature values.

Table VIII

Calculated activity o f  the zinc-sulfate at 45 °C

н ^ о ,  Z n  f e /4
[g/ij 0 25 50 75 100 125 150 175

0 0,000041 0 ,00 0 0 9 0 0,000177 0,000280 0,000433 0,000688 0,001054 0,001610

25 0,000055 0 ,000125 0,000248 0,000303 0,000640 0 ,001019 0,001629 0,002604

50 0,000065 0 ,000155 0,000308 0,000538 0,000892 0,001455 0,002511 0,004226

75 0,000070 0 ,0 0 0 1 7 4 0,000346 0,000634 0,001169 0,002065 0,003763 0,006526

100 0,000078 0 ,0 0 0 1 8 6 0,000383 0,000748 0,001474 0,002835 0,005415 0 ,009747

125 0,000092 0 ,0 0 0 2 0 0 0,000443 0,000914 0,001738 0,003641 0,006347 0 ,013944

150 0,000111 0 ,00 0 2 4 8 0,000556 0,001161 0,002342 0,004721 0,009697 0,018885

175 0,000137 0 ,0 0 0 3 2 3 0,000731 0,001515 0,003099 0 ,006320 0,013201 0,026087

200 0,000177 0 ,0 0 0 4 3 0 0,000995 0,002029 0,004213 0,008801 0,018596 0,037455

225 0,000238 0 ,000591 0,001393 0,002806 0,005988 0 ,012710 0,026958 0,055249

250 0,000334 0 ,000835 0,002003 0,004071 0,008801 0 ,018899 0,040644 0,087724

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



ACTIVITY OF ZINC-SULFATE IN  A SULFURIC ACID SOLUTION 63

Table IX

Calculated activity  o f  the zinc-sulfate at 55 °C

H 2S 0 4
[g/1]

Zn [g/l]

0 25 50 75 100 125 150 175

0 0,000016 0,000034 0,000066 0,000108 0,000178 0,000288 0,000469 0,000716
25 0,000024 0,000050 0,000098 0,000161 0,000263 0,000440 0,000700 0,001071
50 0,000032 0,000067 0,000132 0,000230 0,000487 0,000634 0,001021 0,001564
75 0,000036 0,000075 0,000154 0,000280 0,000511 0,000820 0,001343 0,002186

100 0,000037 0,000078 0,000164 0,000314 0,000604 0,001077 0,001793 0,002975
125 0,000038 0,000083 0,000179 0,000367 0,000738 0,001405 0,002491 0,004174
150 0,000044 0,000103 0,000227 0,000466 0,000952 0,001908 0,003613 0,006237
175 0,000059 0,000138 0,000308 0,000641 0,001312 0,002693 0,005373 0,009918
200 0,000082 0,000191 0,000430 0,000909 0,001864 0,003906 0,008131 0,016478
225 0,000116 0,000269 0,000611 0,001321 0,003598 0,005861 0,012667 0,028340
250 0,000167 0,000390 0,000895 0,001967 0,004052 0.009066 0,020822 0,051727
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A K T IV IT Ä T  D E S Z IN K S U L F A T S  
IN  S C H W E F E L S Ä U R E N  Z IN K S U L F A T L Ö S U N G E N

Z. H O R V Á T H  u n d  J .  W É B E R

ZU SA M M E N FA SSU N G

E s w erden  E x p e rim en te  zu r M essung de r E M K  eines

HgxZuy ; H 2SO „ Z n S 0 4, H 20  j H g 2S 0 4 j Hg

G alv an e lem en tes besch rieb en , die d u rch g efü h rt w u rd en , u m  die A k t iv itä t  des Z in k su lfa tes  
in  e in e r Schw efelsäuren L ösu n g  zu  bestim m en . D ie  K o n z en tra tio n  d e r L ösung ä n d e rte  sich 
zw ischen  0 — 250 g/1 S chw efelsäure , u n d  0 — 175 g/1 Z ink, u n d  die T em p era tu r  w u rd e  a u f  
25, 35, 45 u n d  55 °C e in g este llt. A us den E x p e rim en ten  ging h e rv o r, d aß  die E M K  dieses 
E le m en te s  m it ste ig en d er K o n z e n tra tio n  an  S chw efelsäure  u n d /o d er a n  Z ink ab n im m t, u n d  
sie s in k t  au ch  bei E rh ö h u n g  d e r T em p era tu r. H ingegen  k a n n  v o n  de r A k tiv itä t  des Z in k su l­
fa te s  ausg esag t w erden, d a ß  sie in  dem  b eze ich n e ten  E le k tro ly t m it zunehm endem  In h a lt  
sow ohl a n  Schw efelsäure w ie a u ch  an  Z ink u n d  m it sin k en d er T e m p e ra tu r  zun im m t.

A C T IV IT É  D U  S U L F A T E  D E  ZINC D A N S SE S SO L U T IO N S SU L F A T É E S

Z. H O R V Á T H  e t  J .  W É B E R

R É S U M É

L es au teu rs  re n d e n t  co m p te  de leurs essais, a u  cours desquels la  m esure de la  force  
é le c tro m o tric e  d’une  p ile  de  com position

H g xZny I H 2S 0 4, Z n S 0 4, H 20  J H g 2S 0 4 I H g

a p e rm is  de d é te rm in e r l ’a c tiv ité  d u  su lfa te  de z inc  d a n s  sa so lu tio n  su lfa tée  c o n te n a n t 0 à 
250 g/1 d ’acide su lfu rique  e t  0 à  175 g/i de zinc, a u x  te m p é ra tu re s  de 25, 35, 45 e t 55 °C. U re s ­
so r t  des essais que la  fo rce  é lec tro m o trice  de la  p ile  en  q u estio n  e s t d ’a u ta n t  p lus p e ti te  que 
le c o n te n u  en  acide su lfu riq u e  e t  en  zinc de la  so lu tio n  e st p lu s élevé e t  que la  te m p é ra tu re  
de  t r a v a il  e st p lus g ran d e . P a r  co n tre , l’ac tiv ité  d u  su lfa te  de zinc d an s l ’élec tro ly te  en  q u e stio n  
a u g m e n te  avec le c o n ten u  en  acide  su lfu rique  e t  en  z inc  e t avec l’ab a issem en t de la  te m p é ­
ra tu re .

АКТИВНОСТЬ СЕРНИСТОГО ЦИНКА В СЕГНОККСЛЫХ РАСТВОРАХ
СЕРНИСТОГО ЦИНКА

3. ХОРВАТ и Й. ВЕБЕР

РЕЗЮМЕ

Работа является отчетом по экспериментам, целью которых было определение 
активности сернистого цинка при 25, 35, 45 и 55 °С, в сернокислых растворах, содержащих 
0—250 г/л серной кислоты и 0—175 г/л цинка, путем измерения электродвижущей силы 
гальванических элементов, состоящих из]

HgxZny I H 2S 0 4, ZnS04, Н20  I Hg2S 0 4 I Hg

Исходя из результатов эксперимента, можно установить, что электродвижущая сила 
упомянутых гальванических элементов тем меньше, чем больше содержание серной кис­
лоты и цинка в растворе, или же чем выше рабочая температура. Активность сернистого 
цинка, находящегося в электролите, напротив, возрастает с ростом содержания серной 
кислоты и цинка, а также с понижением температуры.
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WAHL DER BETRIEBSCHARAKTERISTIKEN  
DES LUFTVERDICHTERS 

UND DES HAUPTLUFTBEHÄLTERS 
AN EISENBAHNTRIEBFAHRZEUGEN  

AUF GRUND DER BETRIEBSANFORDERUNGEN
T E IL  I*

G. H E L L E R  u n d  L. R O STA
U N G A R ISC H E S TA A T SB A H N E N , BU DA PEST 

[E ingegangen  am  1. O k to b e r, 1965]

Die A bhan d lu n g  lie fe rt v o r allem  die P rin z ip ie n  zu r D im ension ierung  des V erd ich ters  
u n d  des H a u p tlu f tb e h ä lte rs  m it de r A bsich t, d ie b ish e r üb liche em pirische W ah l de r P a ra ­
m e te r  m it einer logischen, den  b e tr ieb s tech n isch en  Ü berlegungen  b esser e n tsp rech en d en  
R ech en m eth o d e  zu erse tzen . N ach  einer B e le u ch tu n g  de r b rem stechn ischen  A nfo rd eru n g en  
fo lg t die A nalyse  des D ru ck lu ftb ed arfe s  u n d  des Z u sam m enhanges zw ischen d en  K enn ziffe rn  
des F ü h re rb rem sv e n tils  u n d  je n e n  des V e rd ich ters  u n d  des H a u p tlu f tb e h ä lte rs . Die d u rch  
diese U n te rsu ch u n g en  e rh a lte n e n  K en n tn isse  e rm ög lichen  die A ufste llung  v o n  G leichungen, 
die g ee ignet sind, eine zw eckdien liche D im en sio n ie ru n g  d u rch zuführen . A u f G ru n d  dieser 
R e su lta te  u n te rn eh m en  die V erfasser eine k ritisch e  B e leu ch tu n g  des d iesbezüglichen  O R E - 
M erk b la tte s  u n d  schlagen eine E rg än zu n g  der d a r in  e n th a lte n en  V o rsch riften  vor. A bschlie­
ß en d  w ird  noch  au f gewisse B eziehungen  h ingew iesen, d u rc h  welche sow ohl in  de r derze itigen  
L ösung  wie auch  in  de r zu  e rw arte n d en  W eite ren tw ick lu n g  de r ak tu e llen  P ro b lem e  die D ru ck ­
lu fte rzeu g u n g  u n d  D ru ck lu ftsp e ich e ru n g  g ü n stig  b e e in f lu ß t w erden können .

I. E inführung

Man benötigt eine ungeheuere D ruckluftm enge um die D ruckluftbrem s­
einrichtung und dazu noch die verschiedenen pneum atischen H ilfsvorrichtun­
gen an E isenbahnfahrzeugen in Betrieb zu halten . Die an diesen Fahrzeugen  
eingebauten E inrichtungen zum Erzeugen und Speichern von D ruckluft sollen  
die notw endige D ruckluftm enge unter dem gew ünschten Druck und zum richti­
gen Z eitpunkt den Verbrauchsorganen zur Verfügung stellen. Im  Laufe der Zeit 
hat sich in der K onstruktionspraxis der Fahrzeugbauer die G ewohnheit einge­
bürgert, all die H auptabm essungen und Grundkennziffern des Verdichters und  
des H auptbehälters nach üblich gew ordenen Angaben bzw. im  W ege einer 
groben, beiläufig als richtig em pfundenen Rechenweise zu bestim m en. Diese 
M ethode hat sich für eine ziem lich lange Zeit bewährt, da die brem stechnischen  
Ansprüche an die D ruckluftversorgung n icht besonders streng gewesen sind, 
und die heute fühlbaren G renzm öglichkeiten der D ruckluftversorgung noch  
nicht feststellbar waren. In unseren Tagen ist es aber als Ergebnis einer all­
m ählichen E ntw icklung offenkundig geworden, daß eine L okom otive oder ein

* D as S ch rif ttu m  u n d  die Z usam m enfassung  in  englischer, französischer u n d  russischer 
S prache  w ird  am  E nde  des zw eiten  Teils b e k an n tg eg eb en  [Acta Techn. H ung . 57 (1967), 3—-4].
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Motorwagen, den heute gestellten technischen Anforderungen nur entsprechen  
kann, wenn die H auptcharakteristiken des L uftverdichters und des H au p tb e­
hälters den gesteigerten  Betriebsbedingungen v o llau f entsprechen. Unsere 
A bhandlung soll die Prinzipien und das Berechnungsverfahren einer solchen  
D im ensionierung klarlegen.

II. Grundbedingungen

W enn wir von  einwandfreier D ruckluftversorgung eines E isenbahnzuges  
sprechen, so lassen  sich  folgende G rundbedingungen aufstellen:

a )  Die D ruckluft soll in der benötigten  Menge m it dem vorgeschriebe­
nen Druck und rechtzeitig  zur Verfügung stehen;

B ild  1

b)  diese D ruckluftm enge soll an die V erbrauchsstellen nur m it der unter  
den gegebenen B etriebsum ständen höchstzugelassenen Verspätung ankom m en.

Nun ist es klar, daß sich die E rfüllung der B edingung unter u)  durch 
ausreichende Erzeugung und richtige Aufspeicherung der Druckluft, die E rfü l­
lung der Bedingung unter b)  durch entsprechende A usführung der V erteilungs­
organe sichern läßt.

In Bild 1 sehen wir die schem atische Anordnung des pneum atischen  
System s eines Eisenbahntriebfahrzeuges.

Im  Sinne des in  B ild  1 dargestellten Schem as wird die unter a)  aufgestellte  
Bedingung erfüllt, falls die Lieferleistung Q des Verdichters mit dem  im  F a s­
sungsraum  V  des H auptluftbehälters unter entsprechendem  Druck aufgespei­
cherten Luftvorrat zusam m en ausreicht, die Ansprüche P , und P 2 befried i­
gen; ferner wird die unter b)  aufgestellte B edingung erfüllt, wenn die engen  
Q uerschnitte o 15 a3 im  V erteilersystem  für die rechtzeitige Luftversorgung kein  
größeres Hindernis als das zugelassene bereiten.

Mit dem Z eichen a x wird der W iderstand der pneum atischen H ilfsein ­
richtungen, m it a3 der G esam twiderstand der H auptlu ftleitung und der D ruck­
luftbrem sen der einzelnen Fahrzeuge und m it a 2 der enge Q uerschnitt des 
Führerbrem sventils sym bolisiert.

Der W iderstand a x ist für uns praktisch genom m en bedeutungslos, und 
wir wollen uns dam it nicht befassen.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



WAHL DER BETRIEBSCHARAKTERISTIKEN DES LUFTVERDICHTERS 67

D er W iderstand a3 is t von  der Zusam m enstellung, der Länge und dem  
B etriebszustand des Zuges abhängig. Größtenteils ist dieser W iderstand bei 
ausreichender L uftversorgung und im Falle m ebrlösiger Brem sen der en t­
scheidende Faktor, v o n  w elchem  — unter gegebenen B etriebsum ständen — 
die m öglichst kürzeste Lösezeit der Druckluftbrem seinrichtungen des Zuges 
bestim m t wird.

D er Q uerschnitt o2 ist das H auptm erkm al zum  K ennzeichnen der D urch­
laßfähigkeit des Führerbrem sventils. Je weniger sich dieser Querschnitt als 
enge Stelle bem erkbar m acht, um  so vollkom m ener ist das Funktionieren des 
F ührerbrems v en tils .

D ie unter a )  — b)  aufgestellten  Bedingungen beziehen sich auf das 
gesam te pneum atische S ystem  des Zuges. W ir verfolgen aber nicht eine 
allum fassende A nalyse der gesam ten E inrichtung. Unser Ziel ist, die M ethode 
der richtigen W ahl der Merkmale und Param eter eines Luftverdichters und  
eines D ruckluftbehälters auszuarbeiten. Zu diesem  B ehufe wollen wir vor  
allem  die technischen Anforderungen feststellen , denen der Verdichter und der 
H auptluftbehälter entsprechen sollen.

III. Bestim m ung der im  Betrieb je Stunde benötigten Druckluftinenge

D ie je Stunde b enötigte  Druckluftm enge ergibt sich als die Summe der 
Luftverbrauches säm tlicher Bedienungsstellen:

M gfl — M bh +  M hh -j- M vh -

=  n  • M b  - f-  { t h s ' f h s  +  t h h ' f h h  +  60 ■f h r ) 60 Bit) [1/h] ,  (1)

wobei die obigen Zeichen folgende Bedeutung haben:

M e„ [1/h ] 
M bh [1/h ]

M hh [1/h ] 
M th [1/h ]
n [ 1/h]
M b [  1]

h s  [m in /h] 
A s  [l/m in] 
h s  [m in /h ] 
fhh P /m in]
fhr  P /m in] 
m

stü n d lich e r G e sa m tlu ftb ed a rf;
s tü n d lich e r L u f tv e rb ra u c h  im  Falle v o n  v o llk o m m en  d ich te n  B re m sv o rric h ­
tu n g en ;
stü n d lich e r L u ftv e rb ra u c h  der p n eu m atisch en  H ilfse in rich tu n g en ; 
s tü n d lich e r M e h rv e rb ra u c h  infolge u n d ic h te r  S te llen ;
A nzahl d e r B rem so p era tio n en  je  S tunde;
G e sa m tra u m in h a lt, a u f  d en  a tm o sp h ärisch en  D ru c k  u m g erech n e t, der von  s ä m t­
lichen B re m se in rich tu n g en  des Zuges w äh ren d  e in e r B rem so p era tio n  in sg esam t 
v e rb ra u c h te n  D ru ck lu ftm en g e ;
B e trieb sze it d e r  S andstreu -V o rrich tu n g  je  S tu n d e ;
L u ftv e rb ra u c h  de r S an d streu -V o rrich tu n g  je  M in u te ;
B e trieb sze it des p n e u m a tisch e n  S ignalhorns b in n en  e iner S tu n d e ; 
L u ftv e rb ra u c h  des S ignalho rnes je  M inute;
L u ftv e rb ra u c h  so n s tig e r p n eu m atischer H ilfsv o rrich tu n g en  je  M inute; 
W agenzah l des Zuges;

V  [1/m in/W agen] spezifischer L u f tv e r lu s t  infolge U nd ich tig k e it.
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D ie konkreten num erischen W erte dieser Kenngrößen ergeben sich nach 
entsprechender Erw ägung der m aßgeblichen Betriebsverhältnisse. In  den Tafeln 
I und II  haben wir au f Grund der tatsäch lichen  Betriebsverhältnisse in Ungarn  
die Angaben von 10 verschiedenen »maßgebenden Z ug typen« der MÁV (Ung. 
Staatsbahnen) zusam m engestellt.

T afel I

F ür die Druckluftbrem sung wichtige Angaben der maßgebenden M A V -Z ü g e

T y p e n
Z e ich e n

Z u g a r t
Z ah l
d e r

W a g en ,
rn

A ch sen ­
za h l

V e rh ä ltn is ­
zah l d e r m it 

B rem sen  
versehenen  

W agen ,
%

B rem s­
a r t

A n zah l
d e r

B rem ­
su n g en

p ro
S tu n d e ,

n

L u f t­
b e d a rf

p ro
B re m ­
sung ,

M h
Ol

n ■ M b
P/h]

I. Personenzug, 2-achsige W agen 25 50 100 p 12 1 940 23 280

I I . Personenzug, 4-achsige W agen 20 80 100 p 12 1 780 21 360

i n . Personenzug, 4-achsige W agen 20 80 100 R 7 3 080 21 560

IV . G üterzug (E ilzug) 30 150 100 P 7 1 790 12 530

V. G üterzug (norm al) 75 20 74,6 G 8 3 880 31 040

V I. Personenzug, 2-achsige W agen 10 20 100 P 15 860 12 900

V II . Personenzug, 4-achsige W agen 6 24 100 P 15 650 9 750

V II I . G üterzug (norm al) 50 100 76 G 7 2 590 18 130

IX . G üterzug (norm al) 30 60 76,5 G 8 1 560 12 480

X . M otorzug 4 16 100 R 7 560 3 920

Bemerkung: D er Z ah len w ert M& e rg ib t  sich  au s  d e r  V o rau sse tzu n g , d aß  das L u ftv o lu m e n  im  B rem szy lin d e r der 
L o k o m o tiv e  d em  L u ftv o lu m en  v o n  2 W ag en b re m sz y lin d e rn  g le ich g ese tz t w erden  k a n n . B ei e inem  Z ug aus  m  W agen is t  
d ie  G e sa m tz a h l  f ü r  L u f tv e rb ra u c h  (m  +  2).

Tafel I I

K ennw erte des Luftverbrauches von pneum atischen H ilfseinrichtungen an maßgebenden M A  V-Zügen

A r t  des Z u g a r t

D a te n  des 
S a n d s tre u a p p a ra te s

D a te n  des
p n e u m a tisc h e n  S ig n a lh o rn s 60 f hr M hh

T rieb fah rzeu g s
lh 8

[m in /h ]
fhs

[1/min]
<ht fm

P/h]
lhh

[m in/h]
fh k

[1/min]
lhh ■ fhh

P /h ]

P /h ] P/h]

D am pf- Personenzug l 700 700 — — — — 700

lokom otive G üterzug 4 700 2 800 — — — 2 800

M otor- und Personenzug 0,5 700 350 2 750 1 500 9 000 10 850

e lek trische

L okom otive

G üterzug 2 700 1 400 2 750 1 500 9 000 11 900

M o to rtrieb -

w agen M otorzug 0,5 700 350 2 750 1 500 9 000 10 850
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G egebenenfalls — z. B . Bahnstrecken m it langen steigenden A bschnit­
ten  — sollen andere Verbrauchswerte als die in den Tafeln angeführten in  
R echnung gestellt werden.

D er spezifische Verlust v bew egt sich zwischen w eiten  Grenzen (v =  
=  5 — 16 1/min pro W agen); allgem ein ist der Zustand der D ichtungen in  
Personenzügen verläßlicher als in  G üterzügen. D ieser K ennw ert ist zugleich  
charakteristisch  einerseits für das N iveau der Instandhaltung des gegebenen  
B ahnbetriebes, andererseits für den Gütegrad der Arbeit des Zugvorbereitungs­
personals.

In Gleichung (1) haben wir die erste Anforderung  form uliert, die wir von  
der Luftversorgung des Triebfahrzeuges verlangen; der Verdichter soll nämlich  
stündlich  mindestens eine dem Gesamtanspruch M gh entsprechende Druckluftmenge  
zu  liefern fä h ig  sein.

IV. Verteilung des Druckluftverbrauches in der Zeit

Die Verteilung der durch G leichung (1) bestim m ten , stündlich insge­
sam t benötigten  Druckluftm enge M gh in der Zeit ist bei w eitem  nicht gleich­
m äßig, vielm ehr läßt sich der V erlauf des Luftverbrauches — in grober A nnä­
herung — gem äß des Diagram m s in  B ild 2 charakterisieren. Der m inütlich  
insgesam t benötigte Verbrauch M g m-in [1/min] der gelösten Brem seinrichtungen  
ist verhältn ism äßig gering; h ingegen ist der Verbrauch in  der Periode des 
Lösens ungeheuer groß.

D ieser Anspruch steigt vorübergehend während eines Lösevorganges 
derart m ächtig an, daß man überhaupt nicht daran denken kann, einen Ver­
dichter zu bauen, welcher zur m om entanen Befriedigung dieses Anspruches 
geeignet wäre. Also ist der E inbau eines H auptbehälters — der sonst schon  
für die entsprechende L uftkonditionierung (zum Niederschlagen der D äm pfe  
und der Verunreinigungen) angezeigt ist — sogar als Speicherorgan unentbehr­
lich . D ie in der Periode des geringen Luftverbrauches aufgespeicherte D ruck­
luftm enge des H auptbehälters ist die R eserve, die dem Verdichter h ilft, das 
Lösen effek tiv  zu vollbringen, das allein durch die Verdichterleistung nicht 
durchführbar wäre.

Hieraus läß t sich die zweite Anforderung  der Luftversorgung folgender­
weise form ulieren: D ie vereinigte L ieferleistung des Verdichters und des H aupt­
behälters soll die zum  Lösen der B rem svorrichtungen des Zuges benötigte  
D ruckluftm enge unter den gegebenen B etriebsverhältnissen in  der kürzesten  
Zeitspanne den Brem svorrichtungen zuführen, die durch das Funktionieren  
der Steuerventile der gebrem sten Fahrzeuge und des Triebfahrzeug-Führer­
brem sventils überhaupt m öglich ist. Kurz und gut, eine Verlängerung der L öse­
periode infolge eines Luftm angels ist unzulässig.
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Die genaue quantitative Form ulierung dieser Anforderung wäre nur im  
W ege einer höchst kom plizierten m athem atischen A nalyse durchführbar. Fer­
ner g ib t es bei der überall vorherrschenden V ielfältigkeit der B etriebsverhält­
n isse  im  E isenbahndienst nicht einm al zw ei Züge, bei denen der Lösevorgang

derselbe wäre. E s w ird also zweckm äßiger sein, das Problem  des Lösevorganges 
q u a lita tiv  zu analysieren, um die B edeutung der zw eiten  Anforderung besser 
kennen zu lernen.

Ein solches Verfahren, ergänzt durch praktische M eßresultate, verhilft 
uns zu einem brauchbaren Berechnungsvorgang, der sich auch für die K on­
strukteure als n ützlich  erweisen wird.

In Bild 3 sehen wir — schem atisch  — den zeitlichen Verlauf des L uft­
verbrauches w ährend eines L ösevorgangs. Der m om entane Luftanspruch  
M b min [1/min] is t  zu Anfang der Löseperiode äußerst groß, er sinkt aber de­
gressiv  bis zum E nde dieser Periode.

Selbstredend is t  der Luftverbrauch der pneum atischen H ilfsbetriebe 
Mft min [1/min] vom  Lösevorgang unabhängig; sein  W ert kann als konstant 
angenom m en w erden. D agegen ist anzunehm en, daß die U ndichtigkeit Verluste 
M vmin  [1/min] im  Laufe des Lösens (d. h. infolge des Auffüllens der Brem s­
apparate und der H auptleitung) w ährend dieser Zeitperiode leicht progressiv  
zunehm en, w obei diese Progressivität infolge des degressiven Charakters des 
Lösevorganges verlangsam t wird.
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In  B ild  4 ist der V erlauf der m axim alen D urchlaßfähigkeit q [1/min] des 
Führerbrem sventils während des Lösevorganges dargestellt. D ie Strecke 0  — x  
der K urve entspricht der kurzen Z eitperiode, in welcher das Führerbrem sventil 
in F ü llstellung arbeitet. Für diese kurze Periode ist die D urchlaßfähigkeit ca. 
5 — 10 000 1/min. Die Dauer txy der anschließenden »Niederdruck-Füllperiode«, 
und folg lich  auch der V erlauf der Durchlaßkurve im  A bschnit x  — y  hängt 
stark von  der konstruktiven A usbildung des Führerbrem sventils ab. E s sei 
bem erkt, daß bei den modernen sogenannten  »druckerhaltenden« V entilen  die 
gesam te Löseperiode i; w om öglich kurz, binnen dieser aber die »Niederdruck­
füllperiode« txy m öglichst lang gehalten  wird. W ährend dieser Periode sinkt

die D urchlaßfähigkeit des Führerbrem sventils bis zum W ert, der der F ahrt­
stellung entspricht. Also entspricht der letzte  A bschnitt der Kurve y  — z  schon  
dieser Fahrstellung einem  Durchlaß von  ungefähr 2000 1/min. Im  Diagram m  
bezeichnet nun t; [s] die D auer des gesam ten Lösevorgangs, in dessen E n d zeit­
punkt der H ebel sich in Fahrtstellung befindet.

W ird die brauchbare Luftreserve des H auptbehälters gegen Beendigung  
des L ösevorganges erschöpft, so is t  die K urvenstrecke y  — z stark degressiv. 
A nsonst ist der K urvenverlauf q vor allem  vom  jew eiligen  Druck im  H aupt­
lu ftbehälter und noch von  m anchen B egleitum ständen, z. B . von  der Zusam ­
m ensetzung der Zuggarnitur abhängig.

E s lieg t au f der H and anzunehm en, daß eine der Grundbedingungen zur 
Sicherung eines tadellosen L ösevorganges im  richtigen W ert des V erhält­
n isses zw ischen der, durch das Führerbrem sventil notw endigerw eise zum  
D urchström en bestim m ten G esam tluftm enge

Mb ,m i n  ~f~

und der Durchlaßfähigkeit q des Führerbrem sventils b esteh t, wobei die Größe 
q von  v ie len  Faktoren abhängt. H ierzu verweisen wir au f B ild  5, in dem  die 4 
typ isch en  Betriebsfälle dargestellt sind.
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Das Diagram m  5a bezieht sich au f den Fall, in w elchem  die Bedingung:

4 >  M bMn +  [l/min] (2 )

a u f die gesamte L öseperiode erfüllt ist. In  diesem  Falle liefern der richtig  
gew ählte Verdichter und H auptluftbehälter in jedem  A ugenblick die m om en­
tan  benötigte L uftm enge, und der Lösevorgang der Brem svorrichtungen ver-

Bild 5

läu ft in einer Zeitperiode, die durch die eigenen Param eter des Zuges deter­
m iniert ist.*

Unter den V erhältn issen  im Bild 5b wird gegen E nde der Löseperiode der
Fall

q <  M b,m in  +  M v,min [l/min] ( 3  )

Vorkommen, zugleich aber ist

q > M v, min [l/m in]. (4)

Also geht der L ösevorgang ohne weiteres vor sich, doch ist die Löseperiode 
(t;) länger als das M inim um , welches durch die Eigenparam eter der Brem s­
vorrichtungen determ iniert wäre.

* W ir können h ie r  a u f  d ie ausführliche A nalyse  n ic h t e ingehen  u n d  stellen n u r  k u rz  
fe st, d a ß  das k o m p le tte  L ö sen  — selbst bei m ehrlösigen  S te u e rv e n tilen  — bei einem  Ü b e r­
d ru c k  von  4,85 a tü , also u n te r  5 a tü  erfolgt. W ir lassen  ab er d iesen g ü n stig en  U m stan d  a u ß e r  
ach t.
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In dem Falle, der D urch das D iagram m  5c dargestellt ist, steh t im  E n d ­
zeitpunkt der Löseperiode die durch (2) bestim m te L uftm enge zur Verfügung. 
D och geht das Lösen n icht ungestört vor sich, da der L uftvorrat im H aupt­
luftbehälter zu Ende des A bschnittes о — x  übergangsweise erschöpft, also der 
Druck im  Behälter gesunken ist, und die Ungleichung (3) wird so lange gültig , 
bis der Druck im H auptluftbehälter im  Verlaufe des A bschnittes x — у  — z 
irgendwann wieder den benötigten  W ert erreicht.

In dem Falle, der durch das D iagram m  5d charakterisiert ist, besteht 
während eines gew issen Z eitabschnitts die U ngleichung

Я <  M B,min [1/min] , (5)

d. h. es ist ein einw andfreies Lösen unm öglich.
Zusam m en fassend : Fall 5a entspricht einem störungsfreien Betrieb; die 

Fälle 5b und 5c bedeuten  beanstandbare Zustände; Fall 5d ist ein unzuläßiger 
B etriebsfall.

W enn wir also für den Verdichter und den H auptluftbehälter betriebs­
technisch  einwandfreie Param eter wählen wollen, so ist diese W ahl an die 
E rfüllung der Bedingung laut Gleichung (2) gebunden; m it anderen W orten: 
als m aßgebender F aktor soll während des Lösevorganges n icht die m om entan  
verfügbare — also nutzbare — D ruckluftm enge, sondern in  jedem  M oment 
der Löseperiode die Luftaufnahm efähigkeit der Brem sstellen und eventuell die 
D urchlaßfähigkeit des Führerbrem sventils betrachtet werden.
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INVESTIGATION ON GRIND ABILITY 
OF LIMESTONE AND ROCK-SALT MIXTURE 

IN A HARDGROVE MILL

K . R E M É N Y I
H U N G A R IA N  E L E C T R IC  P O W E R  P L A N T S , B U D A P E S T  

[M anuscrip t received S ep tem b er 15, 1965]

G rind ing  a n d  g rin d ab ility  ex p erim en ts  were c a rried  o u t  in  a  H ard g ro v e  m ill on m ix tu re  
o f lim estone a n d  ro c k -sa lt w ith  m ix tu re  ra tio s  of 1 : 3, 1 : 1, 3 : 1, w ith  th e  view  to  ex am in in g  
th e  crush ing  m ech an ism  of th e  m ix tu re . In  g rind ing  hom ogeneous su bstances, i t  h a d  b een  
asce rta in ed  th a t ,  w ith in  a c e r ta in  space of tim e  a n  ex p o n en tia l co rre la tio n  w ith  n e g a tiv e  
e x p o n en t ex is ts  b e tw een  th e  size m odulus o f th e  g ro u n d  p ro d u c t d e te rm in ed  in  th e  R R B  
sy s te m  an d  th e  m illing  tim e. B y  de te rm in in g  th e  w e ig h t p e r  c en t o f one of th e  co m p o n en ts  
in  th e  size frac tio n s  o f th e  m ixed  g ro u n d  p ro d u c t, a n d  b y  p lo tt in g  th e  values fo u n d  a g a in s t 
th e  g ra in  sizes, a cu rve  w ith  a n  end  v a lu e  will be o b ta in ed . T he cu rves co rresponding  to  th e  
d iffe re n t feed com positions a re  p lo tte d  in  com parison  to  each  o th e r  in  such  a m an n e r t h a t  th e  
geom etrical locuses o f th e  p o in ts  rep re sen tin g  th e  o rig ina l feed  com position  form  a s tra ig h t  
line . T he size d is tr ib u tio n  curves o f th e  com ponen ts o f th e  g ro u n d  p ro d u c t m ix tu re  fo llow  
a reg u la r  d is tr ib u tio n  ch arac te riz in g  hom ogeneous su b s tan ces . In  d e te rm in in g  th e  H a rd g ro v e  
in d ex  o f th e  m ix tu re s , th e  p rin cip le  o f th e  u n d is tu rb e d  su p erp o sitio n  c an n o t be  ap p lied . 
T he in v es tig a tio n s  carried  o u t show  th a t  a t  th e  m ill in  q u estio n  th e  size re d u c tio n  process 
d ep en d s on th e  p a rtic le  size o f th e  o rig inal feed m ate ria l.

I. Introduction

The m ajority o f basic m aterials to be worked up by the production proc­
esses, are not hom ogeneous but are the m ixture o f  different m aterials. Gener­
ally  in these cases, the raw m ixtures o f the m aterials are charged in to  the  
m ill, and the size distribution o f the ground product w ill be developed by being  
ground sim ultaneously. A question of significance is: w hat proportions o f  the  
com ponents are contained in  the different size fractions ? M ostly, even  the  
production process is greatly influenced b y  the com position o f the fractions. 
As a significant exam ple the case o f grinding o f pulverized coal for boilers fired  
w ith  th is com bustible m ay be m entioned. On grinding o f coal, even in the case 
o f a single coal rank, is dealing w ith sim ultaneuos grinding of com ponents 
more or less selected , dependent on the coal rank. If, for instance, on ly  the  
ash-producing ingredients and pure coal are considered as com ponents, i.e. 
during grinding the gradually growing segregation o f the ash-forming con sti­
tu en t (containing also several ingredients) is assum ed, we are already con ­
fronted by a system  o f tw o com ponents. In  his detailed  analyses, B a s s a  [6 ] 

previously dem onstrated th a t on grinding o f coal, the finer fractions o f  the  
ground product w ill be enriched by ashes, and b y  th is, the energy required
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b y  grinding will be unnecessarily increased and the scorification o f the boilers 
unfavourably  influenced. The case is even  more com plicated if  sim ultaneous 
grinding o f different coal ranks is needed. Exam ples can also be m entioned  
from  other fields o f practice, as, for in stan ce, preparation o f additives o f  several 
com ponents in the chem ical industry and in  m etallurgy. This in vestigation  was 
in ten d ed  prim arily to  provide inform ation on the grinding conditions o f coal 
m ixtures. As, how ever, the coals o f  H ungary are of very dissim ilar com po­
sition s, we did not begin as a first step b y  investigating  the grinding o f system s  
o f tw o  or more com ponents using coal m ixture but by using lim estone and 
n a tiv e  salt which are more suitable for investigations of such a character.

II. Grinding o f a binary m ixture o f  lim estone and rock-salt

The m ost im portant objective o f th e  investigations was the analysis of 
th e  grinding m echanism  o f binary m ixtures. Two substances, i.e. lim estone  
and rock-salt were chosen for test sam ples these being very different concerning  
th eir  grindability  and easily separable in the ground product. The hardness of 
lim estone according to  Mohs’ hardness scale is 3 — 3,5 and th a t of rock-salt is 2. 
A ccordingly lim estone is the harder and rock-salt the softer com ponent in 
the m ixture. The difference in hardness o f the tw o substances is not very  
considerable, thus the relative hardness, in itiated  by T. T a n a k a  m ay be con­
sidered advantageous from the point o f v iew  th at when grinding the m ixture, 
the required com m inution o f both  com ponents m ay be ensured. In  recent 
years several papers in a rather detailed  m anner dealt w ith  the problem  o f  
grinding o f m ixtures. H owever, only too  few  conclusions to be generalized m ay  
be draw n from these papers and a num ber of uncleared questions rem ained  
w hich  have to be solved .

III. Expérim enta 1 method

E xperim ents were carried out in H ardgrove mill on grinding o f m ixtures 
o f lim estone and rock-salt. The m aterials fed into the mill were prepared in 
com pliance w ith the prescriptions A S T M  D  No. 409. A ccordingly, f if ty  gram  
sam ples o f a grain size betw een 1190 and 590 microns were fed in to  the mill. 
This la tter  had been provided w ith an apparatus for disconnecting and stopping  
of th e  grinding p late after a run o f 60, 100, 200, 300, 400 and 500 grinding 
revolu tion s.

Grinding o f the com ponents were carried out at each o f the given revolu ­
tio n s , while the exploratory grinding o f the m ixtures was perform ed only  w ith  
60 and 500 revolu tions.
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B y choosing a longer grinding tim e we w anted already to  obtain the regular 
size distribution, corresponding to the process condition  becom ing perm anent. 
The range of the very fine grinding, for which other law s than  those at the  
investigations in question are valid , wished to  be avoided.

Investigations were carried out at an approxim ately  constant air hum id­
ity  o f 45 ^  1 per cent, and at an am bient tem perature o f 20 ^  centigrade, 
m ainly on account o f  the m oisture adsorption propriety of salt.

For fractioning o f the ground products, in the size range of 8 to 56 
m icrons, a Bahco apparatus, and beyond th at range o f size a sieving equip­
m ent operated b y  a vibrating m echanism  was used.

The salt com ponent was dissolved from the ground product m ixed w ith  
w ater. Betw een the solub ility  o f the lim estone and th a t o f the salt there is a 
difference of several orders o f m agnitude, accordingly the m ethod of separation  
o f the two com ponents, practically  did not cause a perceptible error. The error 
induced by the occasional sticking together o f the fine particles in consequence 
o f hum idity, was elim inated b y  taking as first step the determ inations of the  
size distribution the separation o f the ground product into the size fractions 
to  be exam ined. Salt was dissolved from these fractions and thus, in defining  
the weight d istribution , no error was caused by the incidental sticking together  
o f the grains. The lim estone particles w hich rem ained after the dissolution, 
were retained by a filter paper.

In the experim ents carried out w ith 60 revolutions on every m ixing ratio, 
the results o f a series o f 10 successive grindings and in the experim ents carried 
out w ith 500 revolutions, the results of a series o f 3 successive grindings were 
evaluated. No sign ificant deviations occurred in the m easurem ents. M ixing 
proportions were chosen for 3 : 1, 1 : 1, 1 : 3.

IV. Experimental results

The size distribution curves obtained after grinding o f pure lim estone and  
rock-salt w ith different numbers o f revolution are show n in Figs 1 and 2.

The distribution curves are plotted in a R osin — Ram m ler net. The d ia­
gram net corresponding to the logarithm ically norm al distribution, in spite of 
its  advantages was not applied because in th is la tter, as a consequence of the 
upwards bending of each o f the size distribution curves it was im possible to  
judge when the regular size distribution characterizing the steady-state con­
dition  of the process was developed. The size d istribution curves show th at  
the procedure o f the grinding of lim estone had becom e practically perm anent 
after 300 to 400 revolutions, while the procedure o f grinding o f the salt shows 
the set-in of the steady-state condition already after 60 revolutions.
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4 5 6 789703 
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I ВО revolutions 
2. 100 revolutions 
3 200 revolutions 
4.300 revolutions
5. 400 revolutions
6. 500 revolutions
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F ig . 1. Size d is tr ib u tio n  curves of g ro u n d  p ro d u c ts  of lim estone fo r d iffe ren t g rin d in g  tim es

F ig . 2. Size d is tr ib u tio n  curves o f g ro u n d  p ro d u c ts  of rock -salt fo r d iffe ren t g rin d in g  tim es
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The values o f the size distribution exponent and those belonging to the  
36,8 per cent of retained m aterial for the different grinding tim es are given in  
Table I.

7&

Table I

G rin d in g  tim e , 
n u m b er  o f rev o lu tio n s

L im esto n e R o c k -sa l t

d' n d ' n

60 — — 380 1,06

100 — — 205 1,05

200 500 0,55 147 1,04

300 325 0,55 128 1,03

400 235 0,55 106 1,02

500 175 0,55 88 1,00

Representing the values o f the size modulus d '  in  a log-linear coordinate  
system  the points take place on a straight line at the grinding tim es betw een  
200 and 500 revolutions. The sam e phenom enon is to  be found in  the experi­
ments described in  [4]. It follows from  this th a t the size modulus decreases 
w ith  the grinding tim e according to  an exponential function  w ith negative  
exponent.

Figs 3 and 4 show  size distribution curves o f  the m ixtures of lim estone  
and rock-salt in  grindings w ith  60 and 500 revolutions. The size distribution  
curves o f pure salt and pure lim estone intersect at 60 revolutions at about 28 
microns, and at 500 revolutions at about 40 m icrons. On the basis o f Figure 3 
it  can be ascertained th a t at the beginning o f the com m inution procedure the  
size distribution curves o f the ground product o f  the m ixtures compared to  
the more d ifficu ltly  grindable lim estone com ponent in  the range beyond about 
20 microns will be displaced towards the range o f  finer ground products, i.e . 
they  will be positioned above the range of 20 m icrons. In a later phase o f the  
com m inution, according to  Fig. 4 the size distribution curves o f the ground 
products containing 75 per cent and 50 per cent lim estone, are running in the  
whole range under the size distribution curve pure lim estone, while the charac­
teristic curve o f the ground product containing 25 per cent of lim estone takes 
place up to  about 50 m icrons above, and in the range o f finer sizes under th is 
latter. The size d istribution  diagrams o f the m ixed ground products intersect 
in  a point at about 25 microns.

After determ ining the resulting size distribution  curves of the m ixed  
ground products the products were divided into sized fractions, by d issolving  
the salt content the values o f the w eight per cent o f the lim estone and rock- 
salt com positions o f  th e  different fractions were determ ined.

The values obtained  for the com positions o f the different fractions o f  
products ground writh  60 and 500 revolutions, are show n in Figs 5 and 6.
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F ig . 3. Size d is tr ib u tio n  cu rves of lim estone  an d  rock -sa lt m ix tu re s  on  g rin d in g  a t  60 rev o ­
lu tio n s

F ig . 4. Size d is tr ib u tio n  cu rves o f lim estone  an d  ro ck -sa lt m ix tu res  on  g rin d in g  a t  500 revo­
lu tio n s
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F ig . 5. Com position of size frac tio n s  (60 rev o lu tions)
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F ig . 6. C om position of size frac tio n s  (500 revo lu tions)
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The diagram w as p lotted  in such a w ay th a t by treating- the fraction  
exam ined , the percentage o f the lim eston e determ ined by d issolution was 
drawn as an ordinate against the grain size belonging to the lower lim it o f the 
fraction and taken as abscissa axis. T hus, for instance, in Fig. 5 the ordinate  
drawn over the value o f  500 microns o f  the abscissa axis shows on the diagram  
determ ined by the param eters of 75%  sa lt and 25%  lim estone th a t the size 
fraction  betw een 500 and 750 microns o f  th e  ground product form ed by 60 
revolutions from the feed  materials com posed according to the in itia l param ­
eters, contains about 75 per cent o f lim eston e and about 43 per cent o f salt. 
The abscissa axis gives the diagram o f 100 per cent sa lt, and the straight line 
drawn at the value o f  100 per cent, parallel w ith  the abscissa axis, gives the  
diagram  o f pure lim eston e. W ith the increase o f the initial lim estone content, 
the diagram s are d isplaced upwards. From  the lines of the diagrams some 
conclusions m ay be drawn in respect to  the k inetics o f grinding. As it  is to  be 
seen in  Fig. 5, in the ground product form ed b y  grinding o f the feed m aterial 
contain ing 75,50 per cent of lim estone, w ith  60 revolutions, the fractions  
coarser than  certain lim it grain size, are p ractica lly  com posed o f pure lim estone. 
W ith the increase o f  th e  lim estone w eight percentage, the lim it particle-size  
decreases.

I f  the grinding tim e is lengthened, for instance up to 500 revolutions, the  
lines o f  the characteristic curves rem ain sim ilar, how ever, on the m ixture ratios 
exam ined no lim it grain-sizes could be found. In the ground product formed  
of a feed  material o f  th e  sam e m ixture ratio but during a longer grinding tim e, 
the characteristic curve representing th e  lim estone content of the size fractions  
creeps upwards in the range of finer particle sizes but all of the coarser fractions 
contain salt too. From  th is the conclusion m ay be drawn which, by the w ay  
had also been observed b y  T. Ta n a k a  [3 ], i.e . th a t in  the course o f the grind­
ing tim e, the rates o f  the grinding energy consum ed by the different com po­
nents, are variable.

In  a m ixture o f  lim estone and rock-sa lt, the coarser fractions o f the  
lim estone will be ground, as it m ay be assum ed, in itia lly  w ith more d ifficu lty , 
and as lim estone is th e  harder com ponent, it  prom otes the grinding o f sa lt. 
Besides, in  the m ixtures ground w ith 500 revolu tions, the grain com position  
of the com ponents already reached a regular size distribution.

B y  connecting th e  points of the curves corresponding to  the in itia l com po­
sition  o f  lim estone and rock-salt as is to  be seen in Figs 5 and 6, the plane o f  
interpretation  m ay be d ivided  into tw o parts. In  the coordinate system  drawn 
as is show n in the figures, on the left-hand side o f  the straight line connecting  
the above-m entioned characteristic poin ts o f  the curves, lie the fractions o f  
the ground product enriched in lim estone, and at the right-hand side those  
enriched by salt. E xam in in g  the size d istribution  curves of the fractions w ith  
different lim estone con ten ts, ground w ith  b oth  60 and 500 revolutions, it was
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found th at the poin ts corresponding to  the in itia l feed com position, take place 
in a straight line.

On continuing the exam ination o f the characteristic curves of com position  
of the fractions it  can be ascertained th at th ey  have end values. In paper [9] 
it  is proved th a t , in the m ixture of the ground having no similar size d istri­
bution curves, th e  product o f fractions w ould be possible according to  the  
characteristic  curves shown in F igs 5 and 6. U sing the sym bols o f  the  
m entioned paper, by m ixing the ground com ponents A  (lim estone) and В  
(rock-salt) in  proportions сд and Cß, the percentage by weight of the com ponents 
A  and В  o f the fraction falling betw een the lim its o f the interval <  x  <  x 0 
o f the resu ltant, w ill be determ ined by appropriate weighting of the area o f the  
density functions ly ing in the range exam ined. In  case o f functions w ith  tracings 
according to  choice, the fraction exam ined contains com ponent A  in  a percent­
age by w eight g iven  by the follow ing formula:

G a % ( x 1 , x 2) = ------------ Ca - s  (Xi , x 2) ------------ . 1 0 0  %  , (1 )

CA  • S A  ( X 1 > * 2) +  CB  ■ S B  К  » X l )
where

Ga %(x i , * 2) is th e  w eight p e r cen t o f c o m p o n en t A  falling  in  th e  in te rv a l  x l
<; X < ; x 2;

cA , Cß a re  th e  p ro p o rtio n s o f co m p o n en ts  A  a n d  B , respec tive ly , in  th e  re su lt­
ing ground p ro d u c t m ix tu re ;

«д(х1, x.2), S ß ( x t ,  x 2) a re  th e  areas o f th e  g ro u n d  p ro d u c t d e n s ity  functions o f co m p o n en ts  A  
an d  В  resp. fa lling  in  th e  ran g e  x t x  x 2.

B y narrowing the range o f fractions beyond all lim its, i.e. b y  form ing  
lim it transition  A x  —*■ 0, we obtain:

G A% i x )
CA ■ SA ix )

ca ' s a (x ) +  cb ' s b (x )
( 2)

where «д (x), Sß (x) are the values o f the d en sity  functions at locus x .
In paper [9] the equation o f the characteristic curve o f the content of 

com ponent A  o f  the size fractions was deduced for th at case, where the size 
distribution o f the com ponents in  the ground product m ixture follow s a log­
norm al or R R B  distribution. Thus, for instance, if  the size d istribution  curve 
of the resu lting ground product is obtained b y  sum m ing up the intersecting  
R R B  size d istribution  curves at w eighting th e  given weight per cent o f the  
com ponents, th e  function representing the w eight per cent o f the com ponent 
A  (lim estone) in  the resulting ground product, calculable in size fractions, will 
have a trace sim ilar to those o f the curves show n in Figs 5 and 6. Our funda­
m ental assum ption  i.e. th at in grinding the m ixtures, the size distribution  
curves of the com ponents are those which follow  a lognormal or R R B  distribu­
tion , m ay be verified  by the characteristic curves shown in Figures 7, 8 and 9, 
given in R R B  system .
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F ig .  7. Size d is tr ib u tio n  cu rves o f com ponen ts in  th e  g ro u n d  p ro d u c t of a m ix tu re  o f 75%  
C a C 0 3— 25%  NaCl on g rind ing  a t  500 revo lu tions

F ig . 8. Size d is tr ib u tio n  cu rv es of com ponen ts o f th e  g ro u n d  p ro d u c t m ix tu re  o f 50%  C aC 0 3— 
5 0 %  NaCl on g rin d in g  a t  500 rev o lu tio n s
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For the sake o f clarity , the results show n in Figs 7, 8 and 9 are sum m arized  
in  Fig. 10.

Sim ilarly to  F ig. 10 — which relates to the case of grinding w ith  500 
revolutions — in figure 11 the sum m ary of the results is given w ithout the 
presenting o f details, also for grinding w ith  60 revolutions.

A ccordingly, F igs 10 and 11 represent the size distribution curves o f  
lim estone and rock-salt com ponents in the ground product m ixture of lim estone  
and rock-salt. Our proposition cannot en tirely be verified  by the grinding w ith  
60 revolutions, because a regular RR B distribution  can be found only in the  
salt com ponent. The size reduction which is a phenom enon o f stochastic charac­
ter, the undeveloped size distribution o f the grain size o f  the lim estone com po­
nent m ay be explained  unam biguously by the re la tively  short grinding tim e. 
After grinding w ith  500 revolutions the size d istribution  curves of each com po­
nent, both the lim e-stone and the salt obtain the regular RR B distribution.

The variation  o f the relative grindability index  o f  the lim estone and rock- 
salt m ixtures in function  o f the m ixing ratio m ay be established on the basis 
o f Fig. 3. Grinding w ith  60 revolutions was executed  according to the Hard- 
grove in vestigation s, so the Hardgrove index can be determ ined on the basis 
o f the quantity  o f  the substance passing through the sieve of a mesh o f 74 
microns, b y  the know n form ula:

Я  =  13 +  D 80 • 6,93 ,

w here D 80 is th e  q u a n ti ty  o f g ra ins passing  th ro u g h  th e  sieve of a  m esh  of 74 m icrons ex pressed  
in  g ram s.

The values calculated  on the basis o f F ig. 3, are show n in Fig. 12.
For com paring the grindability o f substances, the Hardgrove index m ay  

be considered on ly  as an approxim ate, inform atory value. The fundam ental 
assum ption is th a t the direction tangent o f the size distribution in the ground  
product of the substance exam ined is identical w ith  th a t of the characteristic  
curve o f the ground product obtained from  the reference substance b y  in v esti­
gations executed  according to  the same prescriptions, as a m atter o f fact is 
n ot realized in practice. The proportionate relationship b etw een .th e  labour 
expended on size reduction and the increm ent o f the surface of the ground  
product according to  R ittin ger’s law, is also on ly  o f approxim ate va lid ity . 
However in our investigations significant conclusions m ay be drawn from  the  
value of the H ardgrove index . On the basis o f F ig. 12 it can be ascertained  
th at in the procedure o f the com m inution o f the m ixtures the principle o f  
undisturbed superposition cannot be applied to the size distribution. B y  th is  
it  is to be understood th at in general on the grinding o f a m ixture, the retained  
m aterial belonging to  a certain grain size cannot be determ ined by w eighting  
o f the oversize value against the same m esh, obtained on grounding the com po-
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F ig . 9. Size d is tr ib u tio n  curves o f co m p o n en ts  o f th e  g ro u n d  p ro d u c t m ix tu re  o f 25%  C aC 0 3 — 
75%  N aC l on  g rind ing  a t  500 revo lu tions

F ig . 10. Size d is tr ib u tio n  curves o f  co m p o n en ts  in  th e  m ix tu res  o f lim esto n e  a n d  ro c k -sa lt
on  g rin d in g  a t  500 rev o lu tions
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I 5 6 78910 5 6 78910*

60 revolutions 
1. Ca C03 
Z/Ca C03/„ s 
3,/Co C03/ KSO 
4/Ca C0g/<25
5. No Cl
6. /No C//k23
7. /Na CI/kso 
S./Na Cl/K7s

Grain size, /j — «

F ig. 11. Size d is tr ib u tio n  cu rves o f com ponen ts in  th e  m ix tu re s  of lim estone  an d  ro c k -sa lt
on  g rin d in g  a t  60 re v o lu tio n s

nents separately b u t under the same conditions, according to the m ixture 
ratio. This, by the w ay , can be verified at each grain size on the basis o f Figs 
10 and 11. The size distribution curves o f lim estone and rock-salt ground 
sim ultaneously in  th e  m ixture deviate (but not proportionately) depending on 
the m ixture ratio from  the characteristic size distribution  curve obtained by  
grinding each com ponent separately. From Figs 10 and 11 it  is evident th at in 
the m ixtures o f lim estone and rocksalt, lim estone is less grindable and rock- 
salt is more easily  grindable, than  in the case o f  separately grinding these  
com ponents.

The size d istribution  curves o f lim estone ground in m ixture are, in com ­
parison to separate grinding, displaced in the direction o f the finer ground 
products. W ith th e  decrease o f the exam ined com ponent the size distribution  
curves deviate from  those o f the pure substances.

As a m atter o f  course, from  the v iew poin t o f  strength, on grinding of 
m ixtures of another character, the behaviour o f  the size distribution curves 
of the com ponents m ay also be varied, as can be seen in the paper of T. Tanaka  
[3], for instance, in  case o f grinding o f m ixtures o f  dolom ite and K 2Cr20 2. 
In these binary m ixtures each com ponent is less grindable than th ey  are 
separately.
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Experim ents were carried out for exam ining the problem: in  w hat m an­
ner does the feed size influence the size reduction o f the m aterial ? The grind­
in g  experim ents were executed  according to  the prescriptions relating  to the 
H ardgrove investigation . 50 gram o f the m aterial was fed into the m ill and 
it  w as ground w ith  60 revolutions. The am ount of the formed ground product, 
finer than 74 microns were determ ined. The investigations were carried out on

F ig . 12. V aria tio n  of th e  H a rd g ro v e  in d ex  
in  fu n c tio n  of m ix tu re  ra tio  a t  m ix tu re s  of 

lim estone a n d  ro ck -sa lt

F ig . 13. D ependence of th e  q u a n ti ty  by  
w eigh t pe r cen t o f lim esto n e  a n d  sa lt 

m ix tu re s  passing  m esh  size o f  74 m icrons 
on  th e  m ean  v a lu e  of th e  o rig in a l frac tio n

fractions of pure lim estone: pure rock-salt; 75 per cent o f lim estone and 25 
per cent of rock-salt; 50 per cent o f  lim estone and 50 per cent o f rock-salt 
ground product m ixtures. The real com position of lim estone and rock-salt o f 
the fractions could be determ ined on the basis o f Fig. 5. The results o f the 
experim ents are show n in Fig. 13.

The curves o f F ig. 13 were p lo tted  in such a w ay th at against the grain 
size corresponding to  the arithm etic m ean determ ined from the m axim um  and 
m inim um  grain sizes o f  the feed m aterial, the quantity  in grams o f the grains 
sm aller than 74 microns formed b y  grinding have been traced as an ordinate. 
I t  is interesting th a t the characteristic curves have m inim um  values. This 
m eans that in case o f  certain ranges o f  feed size the quantity  o f finer fractions 
in  the ground product, formed from the coarser feed ground under the same 
conditions, m ay be greater. During the investigations the phenom enon was
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observed, th at the narrowing o f the fraction range also influenced the com posi­
tion  of the final product. A ccordingly, for instance, from  feed m aterial falling 
into the grain size range from  1190 to  1000 microns, after grinding, the quantity  
of grains smaller than  74 microns is greater than the passing m aterial produced 
from a feed of a grain size falling in the range betw een size lim its o f 1190 and 
590 microns. This m eans th a t in case o f  hom ogeneous substances the com m inu­
tion  o f some materials proceeds under more favourable, and th a t o f others 
under more unfavourable conditions. This can be explained b y  the effect of  
the relation betw een th e  diam eters o f  the grinding body, i.e . o f  the ball and 
the grains o f crushed m aterial, exercised on the size reduction. H . E. R ose 
[10] verified by his in vestigations th a t an optim um  o f the diam eter of ball 
w ith  respect to  the properties o f the feed m aterial can be estab lished .T . T a n a k a  
determ ined critical size proportions betw een com ponents o f  ground com pounds, 
at w hich the com m inution o f one o f  the materials w ill be accom plished more 
in ten sively  than th at o f  the other com ponent.

From the investigations by grinding of m ixtures, the follow ing conclusions 
m ay be drawn:

a)  On grinding lim estone and rock-salt separately, the size modulus o f  
the characteristic curves p lotted  in the R R B system  can be represented by a 
straight line in the log-linear co-ordinate system  as a function  o f the grinding 
tim e, betw een 200 and 500 revolutions. This statem ent can be found in the  
literature for other m aterials in [4], too .

b) In  case of grinding o f m ixtures, the rate o f the crushing energy con­
sum ed b y  this grinding o f the different com ponents varies w ith  the grinding 
tim e. In  [3] the periodicity o f this variation has been dem onstrated.

c)  In  the size fractions of the ground product m ixture, the characteristic 
curves, representing the com position o f fractions according to  the com ponents, 
in function  of the grain size, have extrem e values.

d)  B y  connecting the points of the above-m entioned curves corresponding 
to the m ean weight per cent o f the com position o f the whole am ount of the  
ground product, a straight line will be obtained.

e)  On grinding o f m ixtures, the size distribution curves o f the com ponents 
follow  a regular lognorm al or R R B  distribution. C onsequently, the resulting  
ground product of the com pounds w ill not have a lognorm al or R R B  distri­
bution.

f )  The value of the relative grindability index determ ined according to  
the Hardgrove prescriptions in case o f m ixtures, is not a factor o f  superposable 
character.

g )  A t a given m illing apparatus, the initial feed distribution  considerably  
influences the size distribution  of the final product. In  case o f ball m illing, an 
optim al value of the relation  betw een the diameter o f the grinding body and  
th at of the grain size o f the crushed material can be established.
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P R Ü F U N G  D E R  M A H L B A R K E IT  V O N  G E M IS C H E N  
AUS K A L K S T E IN  U N D  S T E IN S A L Z  IN  H A R D G R O V E -L A B O R M Ü H L E

K. REMÉNYI

Z U SA M M E N FA SSU N G

E s w urden M ahl- u n d  M ah lb ark e itsv e rsu ch e  m it G em ischen  v o n  K a lk ste in  u n d  S te in ­
salz  v o n  M ischverhältn issen  1 : 3, 1 : 1, 3 : 1 in  H ardgrove-A nlage  zu r E rlä u te ru n g  des Zer­
k le inerungsm echan ism us v o n  G em ischen  ausg efü h rt. B ei de r Z erk le in e ru n g  von  hom ogenen 
S to ffen  w urde es fe s tg e s te llt , daß  in  e inem  gewissen Z eitrau m  zw ischen dem  im  R R B  System  
b e stim m te n  K o rn g rö ß en m o d u l des M ah lg u tes  u n d  der M ah ld au er eine E xpo n en tia lb ez ieh u n g  
v o n  negativem  E x p o n e n t b e s teh t.

É T U D E  D E  LA B R O Y A B IL IT É  D E S  M É L A N G E S  
D E  C A L C A IR E  E T  D E  S E L  G E M M E  DA NS L ’A P P A R E IL  D E  H A R D G R O V E

K. REMÉNYI

R É S U M É

Des essais de b ro y ag e  e t  de b ro y a b ili té  o n t é té  effectués d a n s  u n  b ro y e u r de H ard g ro v e  
av ec  d u  calcaire e t du  sel gem m e m élangés d an s les p ro p o rtio n s de  1 : 3, 1 : 1, 3 : 1, p o u r é tu d ie r 
le m écanism e du  b ro y ag e  des m élanges- A u broyage des m atiè re s  hom ogènes, on  a consta té  
q u ’à  l’in té rieu r d ’un e  c e r ta in e  pério d e  ex is te , en tre  le m odu le  g ra n u lo m étriq u e  du  p ro d u it 
b ro y é , dé term iné  d an s  le sy s tèm e  R R B  e t la durée  du  b ro y ag e , une  re la tio n  exponentielle  
à ex p o sa n t négatif.

РАЗМОЛИМОСТЬ СМЕСЕЙ ИЗВЕСТНЯКА И КАМЕННОЙ СОЛИ 
НА ОБОРУДОВАНИИ СИСТЕМЫ ГАРДГРОВА

К . Р Е М Е Н И

РЕЗЮМЕ
На установке системы Гардгрова произведены опыты помола и размолимости сме­

сей известняка и каменной соли при составе компонентов 1 : 3, 1 : 1 и 3 : 1 с целью иссле­
дования механизма помола. При помоле гомогенных материалов установлено, что в пре­
делах определенного времени в системе RRB помола, между модулем определенного 
размера зерен и временем помола существует экспоненциальная зависимость с отрица­
тельным показателем.

Acta Technica Academiae Scientiarum Hiingaricae 56, 1966



A da Technica Academiae Scientiarum Hungaricae. Tomus 56 (1 —2), pp. 91—106 (1966)

СНИЖЕНИЕ ТЕРМИЧЕСКИХ ПОТЕРЬ В ПРИБЫЛЬНЫХ
ГОЛОВКАХ

Д. ЧАБАЛИК
Т Е Х Н И Ч Е С К И Й  У Н И В Е Р С И Т Е Т  Т Я Ж Е Л О Й  П Р О М Ы Ш Л Е Н Н О С Т И ,  М И Ш К О Л Ь Ц

( В Е Н Г Р И Я )

[Поступило 27-го января, 1964 г.]

Одним видом снижения термических потерь в прибыльных головках является 
изменение формы и размеров прибыльной головки при неизменном объёме прибыльной 
головки. Так как термические потери прибыльной головки являются наибольшими в 
боковом направлении, надо стараться, чтобы уменьшить поверхность соприкасания огне­
упоров с жидким металлом, приходящуюся на единицу обьёма прибыльной головки и 
обьём огнеупорной футеровки прибыльной головки. Это возможно путем снижения ко­
нусности прибыльной головки. Большая открытая верхняя поверхность, возникающая 
таким образом при неизменном объёме прибыльной головки, позволяет нагревание боль­
шей поверхности прибыльной головки методами. Возможность более интенсивного 
нагревания, обеспечиваемая одновременно с термическими потерями, имеет результа­
том очень выгодную форму прибыльной головки и выгодный обьём прибыльной 
головки.

Результаты, полученные при исследовании прибылей стальных слит­
ков небольших размеров [1], с достоверностью документируют, что наиболь­
шее количество термических потерь представляют тепло, воспринятое или 
отведенное огнеупорным материалом. Это количество тепла является функ­
цией целого ряда факторов. Эти факторы, в свою очередь, могут быть разбиты 
на две основные группы. В первую группу входят геометрические размеры 
изложницы, соотношение Я/D, способ разливки стали, температура раз­
ливки, скорость разливки, сорт разливаемой стали, то есть те факторы, 
которые определяют кристаллизацию корпуса слитка, и, таким образом, 
косвенно влияют на количество тепла, отводимое прибылью. Во вторую 
группу следует отнести теплоемкость и теплопроводность футеровки при­
быльной головки, а также геометрическую конфигурацию и размеры при­
быльной головки: эти факторы имеют непосредственное влияние на коли­
чество тепла, воспринятого и отведенного огнеупорными материалами. Под­
робное рассмотрение факторов первой группы зашло бы слишком далеко, 
и выходит за рамки настоящей работы, причем роль этих факторов является 
второсетепенной.

Непосредственное воздействие имеют факторы, входящие во вторую 
группу. Из них желательно снижение теплоемкости и теплопроводности 
огнеупорного материала, при обеспечении соответствующей огнеупорности, 
требует исследований в рамках огнеупорной промышленности. Таким об­
разом, принимая во внимание имеющиеся возможности, необходимо за-
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няться исследованием конфигурации и размеров огнеупорного припаса, в 
интересах снижения вышеупомянутых тепловых потерь.

Количест во т е п л а ,  во сп р и н ят о е и ли  от веден ное о гн е уп о р н ы м  м а т е ­
р и а л о м  з а  е д и н и ц у  в р ем ен и ,  т ем  меньш е, чем м ен ьш е соп ри касаю щ аяся  с 
ж и д к и м  м ет а л л о м  о гн е у п о р н а я  поверхност ь, п р и х о д я щ а я ся  на  е д и н и ц у  
объем а п р и б ы ли ,  и чем меньш е объем о гн е уп о р н о й  ф ут ер о вки  п р и б ы л ьн о й  
головки , не учитывая косвенных факторов, влияющих на тепловые потери 
прибыли, а также принимая за условие постоянство теплоемкости, тепло­
проводности и толщины стенки футеровочного материала. Задача, таким 
образом, состоит в разработке таких прибыльных головок, которые лучше 
всего отвечают изложенным выше требованиям. Снижение внутренней бо­
ковой поверхности футеровки, приходящейся на единицу объема прибыли, 
а также снижение объема самой футеровки прибыльной головки возможно 
посредством изменения конфигурации или размерных соотношений при­
были. Поэтому необходимо было рассмотреть зависимости, существующие 
между величиной, конфигурацией и соотношениями размеров прибыли и 
между упомянутыми факторами. Табл. I содержит данные об изменениях 
внутренней поверхности футеровки, приходящейся на единицу объема 
прибыли и объема футеровочного припаса, в зависимости от значения 
50(0! — D 2) /H v  характеризующего диаметр слитка в плоскости соприкосно­
вения с прибылью и коничность прибыли. Данные таблицы относятся к 
прибылям круглого сечения. Таблица II раскрывает те же зависимости для 
прибылей квадратного сечения. Смысл буквенных обозначений, применен­
ных в таблицах, следующий:

D1 диаметр слитка в плоскости соприкосновения с прибылью, дм;
D., верхний диаметр прибыли, дм;
D3 нижний диаметр слитка, дм;
Н высота корпуса слитка, дм;
Н1 высота прибыли, дм;
Кг объем прибыли, дм3;
К2 объем корпуса слитка, дм3;
К, +  К 2 общий объем слитка, дм3;
50(Dj — 0 2)/Нг характеристика коничности прибыли;
Р  внутренняя поверхность (боковая) футеровки прибыльной головки (боко­

вая поверхность прибыли), дм2 ;
F открытая поверхность прибыли, дМ1 ;
L объем футеровочного припаса, д3;
X  P /K i — доля внутренней боковой поверхности прибыльной головки, при­

ходящаяся на единицу объема прибыли, дм'Цдм3
Y Ь/К3 доля объема футеровки прибыльной головки, приходящаяся на 

единицу объема прибыли, дм3/дм3
alt а.,, а3 соответствующие длины сторон слитка с квадратным сечением, дм.

Расчет значений X  и Y ,  помещенных в таблицы, а также возможность 
оценки полученных результатов потребовали включения в число данных 
и некоторых соотношений размеров слитка:
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Таблица 1

№№
о . Я К 1 к , к ,  +  к г

50(D, D2) Dt Ну P  +  F X yп/п h,

5 2 ,9 1 0 ,8 6 7 ,9 9 6 ,6 5 1 4 ,6 4 4 ,6 7 1 ,3 5 4 0 ,7 9 1
1. 3 2 ,2 7 6 ,5 9 5 ,9 0 3 6 ,2 5 4 2 ,1 5 10 2 ,8 2 0 ,8 9 8 ,1 4 6 ,2 4 1 4 ,3 8 4 ,7 5 1 ,3 8 0 0 ,8 0 5

15 2 ,7 3 0 ,9 2 8 ,3 4 5 ,8 5 1 4 ,1 9 4 ,8 4 1 ,4 1 3 0 ,8 2 1
2 0 2 ,6 2 0 ,9 5 8 ,5 5 5 ,3 9 1 3 ,9 4 4 ,9 4 1 ,4 4 9 0 ,8 3 7

5 3 ,8 9 1 ,1 5 1 4 ,2 1 1 1 .8 8 2 6 ,0 9 7 ,9 9 1 ,0 1 6 0 ,5 7 2
10 3 ,7 6 1 ,1 8 1 4 ,4 8 1 1 ,1 0 2 5 ,5 8 8 ,1 3 1 ,0 3 5 0 ,5 8 1

2 . 4 3 ,0 3 8 ,7 9 1 3 ,9 9 8 5 ,9 2 9 9 ,9 0 15 3 ,6 3 1 ,2 2 1 4 ,8 2 1 0 ,3 5 2 5 ,1 7 8 ,2 9 1 ,0 5 9 0 ,5 9 3
2 0 3 ,4 9 1 ,2 7 1 5 ,2 0 9 ,5 6 2 4 ,7 6 8 ,4 5 1 ,0 8 7 0 ,6 0 4

5 4 ,8 6 1 ,4 3 2 2 ,2 0 1 8 ,5 4 4 0 ,7 4 1 2 ,2 1 0 ,8 1 3 0 ,4 4 7
10 4 ,7 0 1 ,4 8 2 2 ,6 2 1 7 ,3 4 3 9 ,9 6 1 2 ,4 1 0 ,8 2 8 0 ,4 5 4

3 . 5 3 ,7 9 1 0 ,9 9 2 7 ,3 2 1 6 7 ,8 1 1 9 5 ,1 3 15 4 ,5 4 1 ,5 3 2 3 ,1 5 1 6 ,1 8 3 9 ,3 3 1 2 ,6 5 0 ,8 4 8 0 ,4 6 3
2 0 4 ,3 7 1 ,5 8 2 3 ,7 6 1 4 ,9 9 3 8 ,7 5 1 2 ,8 9 0 ,8 7 0 0 ,4 7 2

5 5 ,8 3 1 ,7 2 3 1 ,9 7 2 6 ,6 8 5 8 ,6 5 1 7 ,3 1 0 ,6 7 7 0 ,3 6 7
10 5 ,6 5 1 ,7 7 3 2 ,5 7 2 5 ,0 7 5 7 ,6 4 1 7 ,6 0 0 ,6 9 0 0 ,3 7 3

4 . 6 4 ,5 5 1 3 ,1 9 4 7 ,2 1 2 8 9 ,9 7 3 3 7 ,1 8 15 5 ,4 5 1 ,8 3 3 3 ,3 4 2 3 ,3 1 5 6 ,6 5 1 7 ,9 3 0 ,7 0 6 0 ,3 8 0
2 0 5 ,2 4 1 ,9 0 3 4 ,2 1 2 1 ,5 6 5 5 ,7 7 1 8 ,2 6 0 ,7 2 5 0 ,3 8 7

5 6 ,8 0 2 ,0 0 4 3 ,5 1 3 6 ,3 0 7 9 ,8 1 2 3 ,3 0 0 ,5 8 1 0 ,3 1 1
10 6 ,5 9 2 ,0 7 4 4 ,3 4 3 4 ,0 9 7 8 ,4 3 2 3 ,6 8 0 ,5 9 2 0 ,3 1 6

5. 7 5 ,3 1 1 5 ,3 8 7 4 ,9 6 4 6 0 ,4 7 5 3 5 ,4 3 15 6 ,3 6 2 ,1 4 4 5 ,3 8 3 1 ,7 5 7 7 ,1 3 2 4 ,1 2 0 ,6 0 5 0 ,3 2 2
2 0 6 ,1 1 2 ,2 2 4 6 ,5 6 2 9 ,3 0 7 5 ,8 6 2 4 ,5 7 0 ,6 2 1 0 ,3 2 8

5 7 ,7 7 2 ,2 9 5 6 ,8 3 4 7 ,3 9 1 0 4 ,2 2 3 0 ,1 8 0 ,5 0 8 0 ,2 7 0
10 7 ,5 3 2 ,3 6 5 7 ,9 1 4 4 ,5 1 1 0 2 ,4 2 3 0 ,6 7 0 ,5 1 8 0 ,2 7 4

6 . 8 6 ,0 7 1 7 ,5 8 1 1 1 ,8 9 6 8 7 ,3 5 7 9 9 ,2 3 15 7 ,2 7 2 ,4 4 5 9 ,2 7 4 1 ,4 9 1 0 0 ,7 6 3 1 ,2 3 0 ,5 3 0 0 ,2 7 9
2 0 6 ,9 9 2 ,5 3 6 0 ,8 2 3 8 ,3 6 9 9 ,1 8 3 1 ,8 1 0 ,5 4 7 0 ,2 8 4

5 8 ,7 4 2 ,5 8 7 1 ,9 3 5 9 ,5 7 1 3 1 ,9 0 3 7 ,9 4 0 ,4 5 2 0 ,2 3 8
10 8 ,4 7 2 ,6 6 7 3 ,2 4 5 6 ,3 2 1 2 9 ,5 6 3 8 ,5 5 0 ,4 6 0 0 ,2 4 2

7. 9 6 ,8 2 1 9 ,7 8 1 5 9 ,3 2 9 7 8 ,6 6 1 1 3 7 ,9 8 15 8 ,1 8 2 ,7 5 7 5 ,0 2 5 2 ,5 2 1 2 7 ,5 4 3 9 ,2 5 0 ,4 7 1 0 ,2 4 6
2 0 7 ,8 6 2 ,8 5 7 6 ,9 7 4 8 ,5 0 1 2 5 ,4 7 3 9 ,9 8 0 ,4 8 3 0 ,2 5 1

С
Н

И
Ж

Е
Н

И
Е

 Т
Е

Р
М

И
Ч

Е
С

К
И

Х
 

П
О

Т
Е

Р
Ь

 
В

 
П

Р
И

Б
Ы

Л
Ь

Н
Ы

Х
 

Г
О

Л
О

В
К

А
Х



A
cta Technica A

cadem
iae Scientiarum

 H
ungaricae 56, 1966

№№ !
n/n I ai O3

1. 3 2,27

2. 4 3,03

3. ' 5 3,79

4. 6 4,55

5. ! 7 5,31

6. 8 6,07

7. 1 9 6,82

H K t

6,59 7,51

8,79 17,81

10,99 34,78

13,17 60,10

15,38 95,44

17,58 142,47

19,78 202,85

K,

46,15

109,39

213,66

369,21

586,28

875,15

1246,07

k , + k2

53,66

127,20

248,44

429,31

681,73

1017,62

1448,92

50{a, —  a 2)
H,

5
10
15
20

5
10
15
20

5
10
15
20

5
10
15
20

5
10
15
20

5
10
15
20

5
10
15
20

II to

аг H 1 P F P +  F L X Y

2,91 0,86 10,13 8,47 18,60 5,94 1,354 0,790
2,82 0.89 10,36 7.95 18,31 6,04 1,380 0,805
2,73 0,92 10,60 7,45 18,05 6,16 1,412 0.821
2,62 0,95 10,88 6,86 17,74 6,29 1,449 0,837

3,89 1,15 18,08 15.13 33,21 10,18 1,015 0,572
3,76 1,18 18.40 14,14 32,54 10,35 1,035 0,581
3,63 1,22 18,84 13,18 32,02 10,55 1,059 0,593
3,49 1,27 19.32 12,18 31,50 10,76 1,087 0,604

4,86 1,43 28,24 23.62 51,86 15,55 0,812 0,447
4,70 1,48 28,80 22,09 50,89 15,80 0,828 0,454
4,54 1,53 29,44 20,61 50,05 16,10 0,847 0,463
4,37 1,58 30,24 19,10 49,34 16,41 0,869 0,472

5,83 1,72 40,68 33,99 74,67 22,04 0,677 0,367
5,65 1,77 41,44 31,92 73,36 22,41 0,690 0,373
5,45 1,83 42,44 29,70 72,13 22,82 0,706 0,380
5,24 1,90 43,52 27,46 70,98 23,25 0,724 0,387

6,80 2,00 55,35 46,24 101,60 29,67 0,580 0,311
6,59 2,07 56,44 43,43 99,87 30,15 0,591 0,316
6,36 2,14 57,76 40,45 98,21 30,71 0,605 0,322
6,11 2,22 59,28 37,33 96,61 31,28 0,621 0,328

7,77 2.29 72,32 60,37 132,69 38,42 0,507 0,270
7,53 2,36 73,72 56,70 130,42 39,04 0,517 0,274
7,27 2,44 75,44 52,85 128,79 39,76 0,529 0,279
6,99 2,53 77,40 48,80 126,26 40,50 0,543 0,284

8,74 2,58 91,56 76,39 167,95 48,31 0,451 0,238
8,47 2,66 93,24 71,74 164,98 49,08 0,460 0,242
8,18 2,75 95,48 66,91 162,39 49,98 0,470 0,246
7,86 2,85 98,00 61,78 159,78 50,90 0,483 0,251
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H/D =  2,5, где П средний диаметр корпуса слитка, дм ;
D =  (D, +  D3)/2;
50(0, -  D3)/H =  5,5;
Я, • ЮОДЯ, +  Я,) =  14;
толщина стенки огнеупора =  50 мм ;
Н/а =  2,5; где а средняя длина ребра корпуса слитка с квадратным сечением, дм,
а =  (а, +  а3)/2;
50 (а, — а3)/Н =  5,5.

Используя эти зависимости, можно определить остальные размеры 
слитков (D2, D 3; а2, а 3; H ,  H J ,  их объем ( I { v  К 2), внутреннюю боковую по­
верхность футеровки прибыльной головки (Р ) и объем огнеупорной футе­
ровки в функции принятого D v  av  а также характеристик коничности при­
были 50(Д, — D .J H 1 и 50(0! — a2) /H v  Если же известны значения К х, Р  и L,  
могут быть определены и значения X  и У. В таблицах 1 и 2 значение Dx 
и ах приняты равными 3—9 дм,  а характеристика коничности 50(DX -— D 2) /H 1 
и 50(ах — а2)///, колеблется между 5-ю и 20-ю.

Рассмотрев данные таблиц, можно заметить, что с увеличением зна­
чений Dx и ßx значения X и F уменьшаются. С другой стороны, заметно и 
то, что значения X  и У равных по объему прибылей возрастают с увеличе­
нием значений характеристик коничности 50(7)х — D2)/# x и 50(а, — а,,)!Н{, 
то есть возрастание коничности прибыли приводит к росту значений X  и У. 
В то же время можно заметить и то, что изменение коничности оказывает 
большее влияние на прибыли с меньшим диаметром или ребром. Так, на­
пример, значения X  и У прибыли № 1 равны X  =  1,354—1,449, У =  0,790— 
0,837, прибыли № 7 — X  =  0,451—0,483, Y  =  0,238—0,250. То есть, изме­
нение для малых прибылей значения X  =  0,095 и значения У =  0,047, 
а для более крупных прибылей — значения X  =  0,032 и значения У =  0,012. 
Сравнив значения X  и У в двух таблицах, наконец, можно сделать вывод, 
что при одинаковой коничности характерные значения X  и У для при­
былей слитков с равными диаметром и ребром при соответственно круглом и 
квадратном сечениях равны между собой, предположив, что процентное 
отношение объема прибыли к объему всего слитка также одинаково. Ввиду 
того, что объем прибыли с квадратным сечением больше объема прибыли 
с круглым сечением, диаметр которого равен стороне вышеупомянутого 
квадрата, то из изложенного следует, что при равенстве объемов прибылей 
круглого и квадратного сечений значения X  и У для последнего больше, а 
следовательно менее выгодны.

Изменение значений X  и У в функции D 1 и a v  а также в зависимости 
от коничности прибыли, приведенное в табл. 1 и 2, наглядно показано на 
рис. 1 и 2. Как видно и отсюда, наибольшее влияние на изменение значений 
X  и У оказывает изменение значений D l  и a v  С уменьшением значений 
50(DX — ГХ,)/Их и 50(а, — а2) /Н 1 значения X  и У также уменьшаются. Кри­
вые, однако не параллельны друг другу, а сходятся в направлении роста
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Dx и av  что означает уменьшение воздействия на значения X  и Y  конич- 
ности, по мере возрастания размеров слитка, и, таким образом, это воздей­
ствие при достаточно большом слитке ( D 1 =  ах >  10 д м )  практически пре­
кращается.

Рис. 3 и 4, на основании тех же таблиц1и11, демонстрируют изменения 
значений X  и Y  в зависимости от объема прибыли. Такой метод изображения

Рис. 7. Изменение значения X  прибыли Рис. 2. Изменение значения Y  прибыли 
в зависимости от или а, при в зависимости от D1 или о, при

различной конусности различной конусности

показывает выгодные свойства прибылей с круглым сечением, и становится 
ясным, что при равных объеме и коничности значения X  и Y  круглых при­
былей всегда меньше. Указано также и на что, при 50(1^ — D 2) /H 1 = 20  и 
50(ах — а2)/Нх =  5 значения X  и Y  равных по объему круглых и квадрат­
ных прибылей становятся почти равными. Резюмируя, можно утверждать, 
что при равных соотношениях размеров слитков и толщине футеровки при­
быльных головок, внутренняя боковая поверхность прибыльной головки 
приходящаяся на единицу объема прибыли (X), и объем прибыли (У) 
уменьшаются если

а )  возрастает диаметр прибыли (возрастает размер слитка);
ô )  снижается коничность прибыли;
в )  вместо прибыльной головки квадратного сечения применить при­

быльную головку круглого сечения.
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В дальнейшем необходимо рассмотреть, какое практическое испол­
нение вероятно вследствие возможностей потерь тепла прибылью в напра­
влении боковых поверхностей, причем следует учесть, каким образом ме­
няются одновременно прочие направления тепловых потерь прибыли, а 
также общие тепловые потери прибыли. Другими словами, одновременно со

Рис. 3. Изменение значения X  прибыли в зависимости от объема прибыли при разной
конусности

снижением потерь через боковую поверхность, не угрожает ли увеличение 
тепловых потерь в остальных направлениях в такой мере, что сумма всех 
тепловых потерь, возможно, не только не уменьшится, а наоборот, увели­
чится.

Увеличение диаметра прибыли, при названных выше условиях, озна­
чает увеличение всего объема слитка. С ростом веса слитка значения X  и Y  
принимают весьма положительный вид. Это, однако отнюдь не означает того, 
что тепловые потери прибыли снижаются в такой же мере. Причина этого 
заключается в том, что тепловые потери прибыли зависят еще и от времени ох­
лаждения корпуса слитка. Чем продолжительнее время застывания, тем 
больше тепла отводится прибылью через сравнительно меньшую поверхность 
огнеупорной футеровки или в саму футеровку. Если время застывания слитка 
в зависимости от диаметра возрастает в такой мере, насколько уменьшаются 
значения X  и У, то о снижении тепловых потерь речи быть не может. Хотя 
и не представилось возможным провести исследования тепловых потерь
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прибыли на крупных слитках, и получить данные для сравнения того, что 
именно представляет собой разница между тепловыми потерями, приходя­
щимися на единицу объема прибыли малых и крупных слитков, однако, 
вероятно, что потери на единицу объема прибыли через боковую поверхность 
прибыльной головки у больших слитков возрастают. Это происходит от

Рис. 4. Изменение значения У прибыли в зависимости от объема прибыли при разной
конусности

того, что скорость кристаллизации слитка находится в зависимости от квад­
рата диаметра слитка, в то время как изменение значений X  и Y  почти ли­
нейно связано с диаметром. Таким образом, время, необходимое для кристал­
лизации большого слитка, возрастает быстрее чем происходит уменьшение 
значений X  и Y . Подобное, вероятно, отношение существует между возраста­
нием времени застывания и уменьшением прочих поверхностей прибыли, 
приходящихся на единицу объема прибыли (плоскость соприкосновения 
корпуса слитка с прибылью, верхняя открытая поверхность прибыли).

Рис. 1 и 2 показывают, что с ростом диаметра слитка (размера слитка) 
значение X  и Y  уменьшается все в меньшей мере. С другой стороны, из­
вестно, что скорость застывания слитка, при слитках большого сечения, 
все более снижается, так как, с одной стороны, прогретая изложница, а 
с другой стороны, уже застывшая часть слитка ведут себя как конденсатор 
тепла, и препятствуют интенсивному отводу тепла в радиальном направ­
лении.
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Принимая во внимание эти рассуждения, с полной уверенностью 
можно утверждать, что сверх некоторого размера слитка, — несмотря на 
уменьшение значений X  и Y ,  характерных для прибыли, — не снижаются 
потери тепла, происходящие до полного застывания корпуса слитка, а 
напротив, при весе слитка сверх некоторого определенного веса, потери 
тепла через прибыль возрастают. Это крайнее значение является функцией 
целого ряда факторов, и кроме характеристик прибыльной головки, решаю­
щее влияние имеют те факторы, которые направляют и кристаллизацию 
стального слитка. Так, например, чем толще стенка изложницы, чем больше 
конусность, чем меньше теплопроводность материала изложницы и разли­
ваемой стали, а также соотношение Я/D изложницы, тем меньше и вес слитка, 
при котором имеет место упомянутое крайнее значение.

Все изложенное до сих пор относится к слиткам такого типа, для 
которых верхнее основание корпуса равно по величине нижнему основанию 
прибыли. Если нижнее основание прибыли меньше, то появляется воз­
можность увеличения ее до размеров верхнего основания корпуса слитка, 
что приведет к значительному снижению значений X  и Y  без одновременного 
увеличения времени застывания корпуса слитка. С другой стороны, воз­
растает поверхность соприкосновения корпуса слитка с прибылью и верхняя 
открытая поверхность прибыли, приходящиеся на единицу объема прибыли.

В результате уменьшения конусности прибыли, без изменения разме­
ров корпуса слитка и объема прибыли, практически получаются прибыли 
меньшей высоты и большей верхней открытой поверхности, при неизменной 
величине поверхности соприкосновения корпуса слитка с прибылью. Ввиду 
того, что такое изменение воздействует на время кристаллизации корпуса 
слитка, необходимо рассмотреть лишь, каков будет прирост тепловых по­
терь через открытую поверхность прибыли, в отличие от снижения тепло­
вых потерь, достигаемого в результате уменьшения значений X  и Y ,  харак­
теризующих прибыль.

При уяснении этого вопроса, прежде всего необходимо исследовать 
изменение поверхности прибыли в зависимости от коничности (или) по­
стоянных a1 ( D 1 и от высоты Ях). Так как конфигурация прибыли, обычно 
имеющей форму усеченного конуса или усеченной пирамиды, в принципе 
может меняться от призмы или цилиндра до пирамиды или конуса, то изме­
нение элементов поверхности и всей поверхности прибыли подлежит иссле­
дованию в этих пределах.

Как уже показано данными таблиц 1 и 2, общая площадь поверхности 
прибыли (Р +  F )  возрастает с уменьшением значений характеристик конус­
ности 50(DX — D>)/H i или 50(а1 — а2)/Я,. Исследование других прибылей, 
однако, показывает, что одновременно с уменьшением конусности может 
уменьшаться и общая площадь поверхности. Это обстоятельство позволило 
предположить, что при определенных пропорциях общая площадь поверх-
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ности цилиндра больше, равна или меньше общей площади поверхности 
конуса, имеющего равный с цилиндром объем и диаметр.

Обозначив высоту цилиндра через hv  а высоту конуса через /г2, на 
основании предположенной равности объемов и поверхностей можно за­
писать:

Откуда hy =  0,4 Dy, то есть 1ц =  0,4 D 1 является условием равности пло­
щади поверхности цилиндра и конуса, при равных объеме и основании- 
Если 1ц > 0 ,4  Dy, то площадь поверхности конуса больше, а если h y <  0,4 D ,.  
то она меньше площади поверхности цилиндра.

Таким образом, предположение было правильным, однако, общяа, 
площадь поверхности прибыли может уменьшаться или возрастать одо-н1 
временно с конусностью независимо от того, какое соотношение существует 
между площадями поверхности цилиндра и конуса с равными объемами и 
основаниями, так как площадь поверхности меняется в функции коничности 
(высоты) не по линейному графику, а по минимальной кривой, что при условии 
hy =  0,4 Dy показано на рис. 5, б и 7. По рисункам видно, что во всех случаях 
при Ну =  D 2 может быть достигнут минимум общей площади поверхности. 
Это значит, что при уменьшении конусности (высоты) усеченного конуса, 
почти тождественного с конусом, общая площадь поверхности и вначале 
уменьшается, а затем, после прохождения минимума, возрастает до размера 
общей площади поверхности цилиндра. Уменьшение значения Р  +  F  в 
интервале от максимума до минимума является наибольшим при hy >  0,4 Dy, 
и наименьшим при hy <  0,4 D v  Разница в размере площади поверхности 
цилиндра и конуса с наименьшей общей площадью поверхности будет наи­
большей при hy <  0 , 4  Dy и наименьшей при /î1 > 0 , 4 D 1. Из  изложенного 
следует, что при уменьшающейся конусности (высоте) можно ожидать сни­
жения общей площади поверхности прибыли в том случае, если подле­
жащая изменению прибыль имеет Ну >  D.2 и уменьшение тем больше, чем 
больше значение hyl0,4 Dy по сравнению с единицей. Наконец следует от­
метить, что минимум кривой P  +  F  прекращается при значении

когда наименьшую поверхность имеет цилиндр. Такую пропорцию, однако, 
редко принимают даже для наименее выгодно сконструрированных ПрИбЫ-

Т^ТГ h 1

4 34
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лей. В практике, таким образом, в значительной части случаев, уменьшение 
конусности сопровождается ростом общей площади поверхности прибыли. 
Рост площади поверхности прибыли вообще следует считать отрицательным 
явлением, так как большая площадь поверхности приводит к большим 
тепловым потерям.

Рис. 5. Изменение элементов поверхности 
прибыли в зависимости от конусности 

(высоты) при h j 0,4 Dj <  1

Рис. 6. Изменение элементов поверхности 
прибыли в зависимости от конусности 

(высоты) при h j 0,4 Dl =  1

Возможность приближенно правильной оценки тепловых потерь при­
были дана теми результатами экспериментов, которые уяснили тепловые 
потери прибыли в отдельных направлениях [1]. По экспериментальным 
данным, через открытую верхнюю поверхность прибыли, подвергнутой 
исследованию 2,54 д м 2, тепловые потери составили 4%, а через боковую 
поверхность 1,32 д м 2 — 85,6% полных тепловых потерь. Значение тепло­
вых потерь на единицу поверхности, принимая потери по двум направле­
ниям за 100%, получается следующее: 

открытая поверхность:

4,100
(85,6 + 4)-2 ,54

1,75 % / д м 2

боковая поверхность:

85,6-100 
(85,6 +  4)13,32

7,17 % / д м 2 .
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Эти значения показывают, что через единицу боковой поверхности 
отводится более чем четырехкратное количество тепла, чем через единицу 
открытой поверхности. Это, в свою очередь, значит, что тепловые потери 
прибыли снижаются во всех тех случаях, когда уменьшение конусности не 
причиняет уменьшения боковой поверхности, сопровождающегося четырех-

Рис. 7. Изменение элементов поверхности прибыли в зависимости от конусности
(высоты) при Л,/0,4 Oj >  1

кратным увеличением открытой поверхности. Рассмотрев рис. 5, 6 и 7, 
можно заметить, что посредством уменьшения конусности (высоты), откры­
тая поверхность прибыли (F ) увеличивается, а в то же время боковая по­
верхность прибыли уменьшается даже при увеличивающемся значении 
Р  +  F . Это последнее обстоятельство правда указывает на то, что возрас­
тание значения F  имеет больший масштаб, чем уменьшение значения Р  
при уменьшении значения Н 1 в меньшей мере чем Н г =  D 2. В то же время 
видно и то, что рост значения F  нигде не достигает размеров четырехкрат­
ного уменьшения значения Р  в пределах h J 0 ,4  Dx == 0,7 — 1,2, в которых 
и находится большее число прибылей правильно рассчитанных. Из рис. 
5, б и 7 можно сделать и тот вывод, что при значении h j 0,4 D x =  около 0,5 
рост значения F  достигает четырехкратного значения уменьшения Р .

Резюмируя изложенное, можно заявить, что снижение конусности 
прибыли приводит к уменьшению или увеличению общей площади поверх­
ности прибыли, в зависимости от соотношения и D v  и значения Н 1 =  D.,.

Если уменьшается общая поверхность прибыли, казалось бы естест­
венным, что уменьшаются и потери тепла, однако, снижение тепловых
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потерь может наступить и при увеличении площади поверхности прибыли, 
вплоть до того момента, пока уменьшение боковой поверхности не повлечет 
за собой четырехкратного прироста открытой поверхности.

Снижение тепловых потерь, сопровождающее уменьшение конусности, 
будет тем большим, чем большее значение имеет характеристика прибыли, 
выражаемая дробью

4 K J D I  л  

0,4 D , '

Рис. 8. Изменение элементов поверхности прибыли в зависимости от конусности
(высоты) при V °>4 ai <  I

В дальнейшем необходимо рассмотреть, каковы те факторы, которые 
влияют на приведенную выше пропорцию, и в каком направлении прояв­
ляется их действие. Можно установить, что чем больше и чем меньше 
соответствующий ему D v  тем больше будет значение дроби по сравнению 
с единицей.

Увеличение /{х в °/0-ах к объему всего слитка нежелательно, однако, 
увеличение его абсолютного значения, без изменения °/„-а объема и при 
неизменном D l возможно хотя и исключительно путем изменения размеров 
корпуса слитка.

Значение К 1г например, может быть увеличено:
а )  Путем увеличения соотношения H / D  слитка, при неизменной ко­

нусности его:
б )  путем уменьшения конусности корпуса слитка одновременно с 

небольшим уменьшением соотношения H / D .
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Из вышеуказанного следует, что для всех стальных слитков, для кото­
рых никакие другие факторы (ковка, прокатка, образование рыхлости вдоль 
оси) не органичивают эти условия, следует стремиться к максимальному 
соотношению Я/D и минимальной конусности, имея ввиду снижение тепло­
вых потерь прибыли.

Выводы, сделанные до сих пор в отношении конусности прибыльных 
головок, могут быть применены и к прибылям квадратного сечения принад­
лежащим к слиткам квадратного сечения, необходимо лишь вместо значений

Рис. 9. Изменение элементов поверхности Рис. ТО. Изменение элементов поверхности 
прибыли в зависимости от конусности прибыли в зависимости от конусности (вы- 

(высоты) при h j 0,4 at =  1 соты) при h j 0,4 ау >  1

D подставить соответствующие значения а. Изменение значений а 2, F ,  Р ,  
P  -f- F  прибылей квадратного сечения в зависимости от H v  наряду со зна­
чениями Н г =  0,4 Dx показано на рис. 8, 9, 10.

Необходимо отметить, что боковая поверхность прибылей квадрат­
ного сечения, имеющих равный объем, ту же площадь сечения и равную 
конусность, что и прибыли круглого сечения, больше, и, таким образом, 
часть боковой поверхности, приходящаяся на единицу объема (X ) и объем 
огнеупорной футеровки (F), также больше.

Суммируя можно утверждать, что в интересах снижения тепловых 
потерь прибыли, при проектировании и расчете изложниц желательно 
соблюдать следующие условия:

1. Избегать, по возможности, разливки в изложницы малых размеров;
2. применение прибыльных головок малой конусности;
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3. разработка таких соотношений размеров слитка и прибыли, при 
которых значение

4К ,  D , л  4К ,  а. л---- — =  — -—  или -----L = — ----
2 0,4 Dj 2 0,4«!

является возможно наибольшим при минимальном K v  выраженном в %-ах;
4. увеличение соотношения H / D  до тех пор, пока дальнейшее увели­

чение не сопровождается появлением рыхлости материала вдоль оси;
5. установление минимальной конусности корпуса слитка;
6. замена прибыльных головок квадратного сечения, головками круг­

лого или многоуголного сечения.
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R E D U C T IO N  O F  H E A T  LO SS O F T H E  IN G O T  H E A D

G Y . C S A B A L IK

SU M M A R Y

O ne w ay  to reduce  th e  h e a t  loss o f th e  in g o t head  is to  m od ify  th e  shape  an d  th e  d im en ­
sions o f th e  head , leav ing  i ts  vo lum e u n ch an g ed . T he la te ra l h e a t  loss o f th e  in g o t h ead  being  
th e  h ig h es t i t  should be  e n d eav o u red  to  d im in ish  th e  lin ing  vo lu m e of th e  head -cap  p e r u n it-  
vo lu m e of th e  ingot h ead , as well as to  red u ce  th e  in n er m a n tle  su rface  o f th e  h ead-cap . T his 
can  be  achieved by  re d u c in g  th e  con ic ity  o f th e  head. B esides a n  u n ch an g ed  h ead-vo lum e 
th e  la rg e r u p p e r open su rface  th u s  fo rm ed p e rm its  th e  h e a tin g  o f a  la rg e r h ead  surface  w ith  
s im p le r m ethods. The b e tte r  h ea tin g  p o ss ib ility  achieved to g e th e r  w ith  th e  re d u c tio n  of h e a t  
loss re su lt  in  a very  fa v o u ra b le  ingo t h ead  sh a p e  and  in g o t h e ad  vo lum e.

V E R R IN G E R U N G  D E S W Ä R M E V E R L U S T E S  AM G U S S K O P F

G Y . C S A B A L IK

Z U SA M M EN FA SSU N G

E in e  M öglichkeit zu r V erringerung  d e r W ärm ev erlu ste  a m  G u ß k o p f b e s te h t in  de r 
Ä n d e ru n g  de r Form  u n d  d e r  A bm essungen  des G ußkopfes bei u n v e rä n d e r te n  V olum en. D a de r 
se itliche  W ärm everlust des G ußkopfes der g rö ß te  is t, m uß die V e rrin g e ru n g  des a u f  die R a u m in ­
h a lte in h e it  des G ußkopfes bezogenen  G u ß k o p fk a p p en fu tte r-R a u m in h a lte s  sowie der in n eren  
M an telfläche  der G ußkopf k a p p e  an g es treb t w erden . Dies k a n n  d u rc h  V errin g eru n g  de r K o n i­
z i tä t  des G ußkopfes e r re ic h t w erden . Die sich  bei u n v e rän d e rte m  G u ß k o p fra u m in h a lt d e ra r t  
e rg ebende  größere obere o ffene F läche e rm ö g lich t das H eizen  e in e r g rö ß eren  O berfläche des 
G ußkopfes durch  e in fache M ethoden. D ie gleichzeitig  m it d e r W ärm ev e rlu s tv e rrin g eru n g  
e rre ich b a re  größere H e izm ö g lich k eit e rg ib t günstige  G u ß kopffo rm  u n d  v o rte ilh a f ten  G u ß ­
k o p frau m in h a lt.
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G Y . C S A B A L IK

R É D U C T IO N  D E S  P E R T E S  D E  C H A L E U R  D E  LA  M A SSE L O T T E

R É S U M É

U n  m ode de ré d u c tio n  des p e rte s  de ch a leu r de la m asse lo tte  co n sis te  à  m odifier sa 
fo rm e  e t ses d im ensions, t o u t  en  la is s a n t son  vo lum e c o n stan t. L es p e r te s  de  cha leu r de la  
m a sse lo tte  a tte ig n a n t le u r  m ax im u m  en d irec tio n  la té ra le , il f a u t  s’effo rcer de  réd u ire , d ’u n e  
p a r t ,  le volum e de re v ê te m e n t d u  châssis — p a r  u n ité  de vo lum e de la  m asse lo tte  — e t d’a u tre  
p a r t  la  surface  in té rieu re  d u  châssis. O n  y  a rriv e  en  d im in u a n t la  co n ic ité  de la  m asselo tte . 
L e v o lu m e  de la  m asse lo tte  é ta n t  c o n s ta n t, la  p lu s g rande  surface  su p é rieu re  o u v e rte  a insi 
p ro d u ite  p e rm e t le ch au ffag e  d ’u n e  p lu s g ran d e  surface  de la  m asse lo tte , m o y en n a n t des 
m é th o d e s  sim ples. L a  po ss ib ilité  d ’u n  chauffage  p lus in ten se  assu rée  en  m êm e tem p s que  la  
ré d u c t io n  des p e rtes  de ch a leu r, laisse o b te n ir  une  form e e t u n  vo lu m e de m asse lo tte  trè s  
fa v o ra b le s .
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THEORETISCHE UND EXPERIMENTELLE 
UNTERSUCHUNG DER FLIESSERSCHEINUNGEN 
DES WERKSTOFFES BEIM GESENKSCHMIEDEN
41. M IT T E IL U N G  D E R  M E T A L L U R G IS C H E N  A R B E IT S G E M E IN S C H A F T

L. TÓ TH
A K A D E M IS C H E  M E T A L L U R G IS C H E  A R B E IT S G E M E IN S C H A F T , M IS K O L C  (U N G A R N ) 

[E ingegangen  a m  28. F eb ru a r, 1966]

V orliegende A rb e it b e sch äftig t sich  m it den  th eo re tisch en  u n d  ex p erim en te llen  U n te r ­
suchungen  des M aterialfließens be im  G esenkschm ieden. E s w ird  fü r  d ie B estim m u n g  der 
E rsch ein u n g en  des M aterialfließens be im  G esenkschm ieden e in  le ic h t ü b e rseh b a re s  N ä h eru n g s­
v e rfa h re n  besch rieben . D er V erfasser u n te rs u c h t  ex p erim en tell u n d  th eo re tisch  die F o rm ­
än d eru n g  u n d  die S p an n u n g sv e rh ä ltn isse  eines zy lin d ersy m m etrisch en  S chm iedestückes m it 
e inem  H -Q u ersch n itt u n d  e iner Z apfenscheibe. Zw ischen d en  ex p erim en te ll u n d  th eo re tisch  
b es tim m ten  B eziehungen  b e s te h t eine ausre ich en d e  Ü bere in stim m u n g , w o m it die R ich tig k e it 
d e r  besch riebenen  th eo re tisch en  N äh eru n g sm e th o d e  bew iesen is t.

I. Einführung

Im  Fall des G esenkschm iedens und des Pressens befindet sich der W erk­
sto ff in  einem  dreiachsigen Spannungszustand und dem entsprechend erleidet 
er eine dreiachsige Form änderung. Der dreiachsige Spannungszustand kann  
lediglich m it H ilfe von  sehr kom plizierten m athem atischen Verfahren unter­
sucht werden. Daher, führt m an nicht vereinfachende B edingungen ein, so 
können die K ennzeichen der bildsam en Form änderung — die Spannung und  
die Form änderung -— auf rein theoretischem  W ege nicht bestim m t werden. 
Die V ielfalt und K om pliziertheit der Schm iedestücke erschwert auch sehr die 
Ausarbeitung von  vereinfachenden Bedingungen. Daher findet m an im  Schrift­
tum  sehr wenige theoretische Lösungen für die B estim m ung der Fließerschei­
nungen des W erkstoffes beim Gesenkschm ieden. Vorliegende Arbeit befaßt sich  
m it der U ntersuchung des Ausfüllvorgangs vom  Gesenkraum. Die Untersuchung  
der Form änderung, die sich im  bereits ausgefüllten Gesenkraum vollzieht, b il­
dete den Gegenstand einer früheren Arbeit [1].

Zur theoretischen B estim m ung der m ehrachsigen Form änderung kön­
nen nach der allgem einen Theorie der bildsam en Form änderung verschiedene 
Näherungs verfahren ausgearbeitet werden. Die grundlegende Bedingung der 
Berechnung besteht darin, daß während des Schm iedens ein ebener Form ­
änderungszustand vorausgesetzt werden kann. D ie Spannungen und die Ver­
schiebungsgeschw indigkeiten können z. B. nach dem  bekanntesten  theoreti­
schen Verfahren — nach dem G leitliniensystem  — festgestellt werden. Der
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größte Nachteil dieser M ethode besteht darin, daß sie nur bei konkreten Maß­
verhältnissen verw endet werden kann, ferner darin, daß bei Schm iedestücken  
m it komplizierten Q uerschnitten die B estim m ung des G leitlinienfeldes lang­
w ierig ist. Eine andere M ethode zur gem einsam en U ntersuchung der Span­
nungen und der Form änderungen kann m it Hilfe der Anw endung des Prinzips 
der M indestarbeit ausgearbeitet werden. Die Beschreibung dieses Verfahrens 
is t  im  Buch [2] von T a rn o w sk ij und seiner M itverfasser zu finden.

Die Anwendung des Prinzips der M indestarbeit führt zu einer relativ ein­
facheren Theorie als das G leitliniensystem . E in weiterer Vorteil besteht darin, 
daß diese Theorie sich  auch für die Ausarbeitung einer allgem einen Lösung 
eign et. Nachteilig is t  jedoch , daß die Lösung nicht einfach ist, und das Ergeb­
nis nur als oberer Grenzwert betrachtet werden kann [3], da das vereinfachte 
Form änderungsschem a, das als Rechnungsgrundlage dient, n icht der tatsäch­
lich  auftretenden Form änderung entspricht. A. Ge l e ji  [4] entw ickelte in sei­
n en  Arbeiten eine allgem eine theoretische M ethode, die es erm öglicht, unter 
Anwendung von experim entellen  W erten und durch zw eckm äßige Verein­
fachungen gut übersehbare und leicht zu behandelnde B eziehungen zu en t­
w ickeln . Mit Hilfe dieser M ethode kann man auch die Spannungsverhältnisse 
und die Erscheinungen des W erkstofflusses beim  Gesenkschm ieden bestim m en.

II. »Prinzip der neutralen Linie«

Als Grundlage unseres Näherungsverfahrens dient die T atsache, daß bei 
der Formänderung eines bildsam en Körpers von beliebiger Form  sich stets ein 
solches Flächensystem  bildet, das den Körper in Teile gliedert, in  denen die 
R ichtungen der Form änderungen unterschiedlich sind. Bei dem Gesenkschm ie­
den fließt das M aterial in die noch nicht ausgefüllten Gesenkräume lediglich  
aus den sie um gebenden und aus den m it den eben genannten Trennflächen  
begrenzten Teilen (B ild  1). D ie im  Bild m it gestrichelten Linien gekennzeichne­
te n  Flächen teilen das skizzierte Schm iedestück in  drei Teile. Aus dem Raum ­
te il I fließt der W erkstoff lediglich in die Gratrille, aus den m it II  und III  
bezeichneten R aum teilen  dagegen nur in den oberen beziehungsw eise unteren 
Gesenkraum. Die K enntnis der Trennflächen ist daher erforderlich, um den 
Mechanismus der A usfüllung des Gesenkraumes bestim m en zu können. Die 
Ausfüllung der G esenkräum e kann als Funktion der H öhenabnahm e, unter Ver­
w endung des G esetzes von  der R aum konstanz, bestim m t werden.

Dam it beschränkt sich die U ntersuchung der Fließverhältnisse beim  
Gesenkschm ieden au f die B estim m ung der Trennlinien. Das System  der Trenn­
lin ien  kann man m it H ilfe von einfachen Versuchen bzw. m it theoretischen  
Überlegungen bestim m en. D ie genaue Lage der Trennlinien kann man nach
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der B edingung des im  Körper auftretenden G leichgewichts der Spannungen  
bzw. durch Anw endung des Prinzips der m inim alen Arbeit festlegen.

Im  w esentlichen wurde dieses Prinzip auch von  K Á R M Á N  bei der Theorie 
des W alzens verw endet [4], daher sei im  Interesse der E infachheit in den w ei­
teren Ausführungen dieses Prinzip als das »Prinzip der neutralen Linie« 
genannt.

III. B estim m ung des »System s der neutralen Linie«

Das System  der neutralen Linien kann  man am einfachsten experim entell 
bestim m en. Zweck der experim entellen M ethode besteht in der B estim m ung  
der R ichtungen der im  Innern des Schm iedestückes auftretenden M aterialver­
schiebungen. Die B estim m ung wird in der W eise vorgenom m en, daß im  Gesenk  
ein Probestück geformt wird, das die Sym m etrieebene entlang eine Teilung und  
au f der Teilungsebene ein  dünnes, gekratztes N etz aufw eist. Um ein anschau­
liches Bild über die w ährend der Verform ung ständig wechselnden F ließver­
hältnisse des W erkstoffes zu erhalten, is t  es zw eckm äßig, wenn man die bis 
zu einem verschiedenen Grad im seihen Gesenk verform ten Probekörper m it 
einem quadratischen N etz versieht. D ie Probekörper, die vorher bis zu einem  
verschiedenen Grad verform t wurden, erhalten  ein regelm äßiges N etz, und w er­
den dann erneut einer geringen Verform ung (Ah =  0,5 mm) unterworfen. 
Dadurch erhält man die au f den Bildern 8 und 16 dargestellten Abbildungen. 
Aus den zusam m enhängenden Abbildungen kann m an gut die während des 
Verformens entstandenen Form änderungsbilder verschiedenen Charakters en t­
nehm en. Anhand der Abbildungen, w elche die örtlichen Verschiebungen ver­
anschaulichen, kann die Lage und Form der neutralen Linie gut bestim m t wer­
den. U ntersucht man die inneren V erschiebungen, die bei Schm iedestücken  
verschiedenen Charakters auftreten, so k an n  m an feststellen , daß die neutralen  
Linien R aum teile begrenzen, in  welchen entw eder ein Stauchen zwischen schie­
fen Ebenen oder ein Pressen in einen leeren  Raum teil stattfindet.
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1. Pressen

Das Prinzip des Pressens in  einen leeren Gesenkteil veranschaulicht das 
B ild 2. In  Abhängigkeit von den im  Körper entstehenden Spannungsverhält- 
nissen  tr itt eine Spannung von irgendeiner Größe ax auf. In A bhängigkeit von  
der Größe der Spannung ax wird ein Form änderungsfall entw eder nach B ild

> \\\\\\\\\W  AxWWxW
\  S' —-И------л---------- k _ J
Г"---- ----—V~

% ' fx
b :. - ; . Y c ■ 7

V n a x  1 
Sxo ' a . / ' . y d :

i^ m a x if  
' r  2  

6xo \
'/ / / / / / , Т Т Л / / / / / / / /

/ / / / / / / /

, ^ ^ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

2a oder nach 2b auftreten. W enn zwischen den Spannungen, dargestellt im  
B ild  2, die mit der Gleichung (1) ausgedrückte Beziehung besteh t, dann tr itt  
die Form änderung nach Bild 2a auf:

°xo °yo ^7 ’

°x <7y =  к / .
( 1 )

Nach der G leichung (1) wirkt im  R aum teil abcd keine so große Spannung  
ax, welche die Raum elem ente s.dy  zusam m endrücken würde, daher b leibt das 
R aum elem ent abcd in  einem elastischen bzw . einem  starren Zustand. Im  V er­
la u f der Form änderung wird der R aum teil abcd entgegen der Schubspannung  
Tmax, die die F lächen ab und cd entlang auftritt, als starres Material abgeschert, 
und in dieser W eise in den leeren R aum teil geschoben.
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Anhand des G leichgewichts vom  R aum teil abcd und in K enntnis der Span­
nungen können die Abm essungen des elastischen Raum teils bestim m t werden. 
Im  Fall einer Zylindersym m etrie lau tet das G leichgewicht in R ichtung y  der 
auf den R aum teil wirkenden Spannungen:

s2 л  

4
(Oy — oyo) =  snhr (2)

Aus der G leichung (2) kann die H öhe des elastischen R aum teils (die auch 
die Lage der neutralen Linie bestim m t) festgestellt werden:

(3)

Im  Körper wird der Form änderungsfall, der im  Bild 2b dargestellt 
ist, entstehen , wenn zwischen den im  Bild skizzierten Spannungen die 
Beziehung nach G leichung (4) besteht:

f f X 0  ° y t )  ' - >  k f  1

ax ay =  k j .
(4)

Entsprechend der Gleichung (4) gelangt der über dem Spalt befindliche 
W erkstoff in einen bildsam en Zustand. W enn man wie bisher die im  Körper 
auftretenden Spannungen vernachlässigt, d. h. im  Fall von  t xy Qii 0, dann sind  
die Spannungen ax und ay nach der B ildsam keitsichre H auptspannungen. Die 
Richtung der im  bildsam en W erkstoff entstandenen  G leitebenen bildet m it der 
Richtung der H auptspannungen einen W inkel von  45°. In dem Fall, der im  
Bild 2b dargestellt ist, tr itt daher eine ähnliche Erscheinung auf wie beim  
Strangpressen.

A uf Grund der Untersuchung des Strangpressens können die im  W erkstoff 
auftretenden Spannungen m it Hilfe der G leichung (5) bestim m t werden [1]:

Oy =  oyQ +  2,3 kf  ln  —  .
s

Nach den Gleichungen (4) und (5) kann man anschreiben:

(5)

ax —  kf +  ° V o  +  2 , 3  Ä y l n  —  .  ( 6 )
s

Aus der Gleichung (6) kann in K enntnis der Spannungen, die au f den in  
der U m gebung des leeren Gesenkteils befindlichen W erkstoff wirken, das für
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die Lage der neutralen Linie kennzeichnende Maß b bestim m t werden:

und

b =  s • exp
k f 0yO

2,3 k f

K  =
b — s

2

( ? )

( 8)

2. D as Stauchen

Die theoretische Untersuchung der im  Gesenk auftretenden Staucher­
scheinungen kann anhand der K enntnis der bildsam en Spannungsverhältnisse 
des keilförm igen R aum teils durchgeführt werden. Die im  Bild 3 sichtbare  
Spannungsverteilung kann auf Grund der Gleichgewichts- und B ildsam keits­
bedingungen eines W erkstoffs — der sich zwischen zwei rauhen Druckflächen, 
die einen K eilw inkel von 2 x  b ilden befindet — bestim m t werden [5]:

°3 — ° 3(x=o) L lö ^ / | i  +
1 -(- tan2 oc 

, 2 tan  tz
ln

b
" 9

s
(9 )

ai =  CTi(x=o) +  1 Д 5 к /| 1 +
1 -f- tan 2 oc

ln
b

(10)
2 tan  ас s

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



THEORETISCHE UND EXPERIMENTELLE UNTERSUCHUNG DER FLIESSERSCHEINUNGEN 113

Im  Fall eines Stauchens zwischen parallelen ebenen F lächen besitzen die 
Gleichungen (9) und (10) keine Gültigkeit [da in den G leichungen (9) und (10) 
a nicht gleich 0 sein kann]. D ie SpannungsVerhältnisse beim  Stauchen zwischen  
parallelen Druckflächen kann man m it besonderen G leichungen erm itteln [1]: 
im  Gleitbereich (t =  fi2a i ) :

17i — °i(x=o)exP 

er« =  d.

2/1
h

к  f  5

x \ , ( И )

( 12)

U nter Verwendung der Gleichungen (11), (12), (13) und (14) kann man 
das Bild 4 entwerfen [1].

Die B estim m ung der Lage der am  Schm iedestück auftretenden paralle­
len oder zueinander m it dem  W inkel 2a geneigten Druckflächen kann unter 
Verwendung des Prinzips der m inim alen Arbeit durchgeführt werden.

Man kann anhand des Prinzips der m inim alen Arbeit in dem im  Bild 5 
dargestellten Fall das Maß von b, das die Lage der im  gestauchten W erkstoff-
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te il entstandenen neutralen Linien bestim m t, m it der G leichung (15) erm itteln  

[1]:

[ j l o ff3 x H  =  0 ’ (15)

b =  - ^ - ( D  +  s ) . 
4

(16)

B ild  5

Die Gleichung (15) kann man unter Anwendung der Mohrschen B ed in ­
gung — bei einer konstanten  Yerform ungsfestigkeit — in nachfolgender Form  
anschreiben:

а [1*я-оа» Н = 0 - {17)

A uf Grund der G leichung (17) m uß die auf den gestauchten  R aum teil 
w irkende Variation der äußeren K raft gleich Null sein:

ö[P] =  0 . (18)

Nach der G leichung (18) wird daher in dem gestauchten W erkstoff eine 
bildsam e Zone — d. h. ein neutrales Liniensystem  — entstehen , bei welcher
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der W ert der auf den äußeren Raum teil wirkenden Kraft m inim al ist. Die 
Gleichung (18) bedeutet im  wesentlichen auch den m inim alen W ert der ganzen  
Schm iedekraft, da die Spannungsverhältnisse, die in dem  die Preßzone des 
Gesenkraumes um gebenden W erkstoff entstanden sind, lediglich  von der Gleich­
gew ichts- und B ildsam keitsbedingung abhängen, daher können sie vom  
G esichtspunkt der M inim um gestaltung außer acht gelassen werden. In dieser 
W eise gilt die Gleichung (18) sowohl für das ganze Schm iedestück als auch 
für die Teilvolum ina des Stauchens.

Im  Grunde genom m en ist die Gleichung (18) die Bedingung für das 
B estim m en der oberen Grenzbelastung, wenn man das Form änderungssystem  
beliebig annim m t [5], aber sie wird zur Bedingung für das E rm itteln  der ta t ­
sächlichen Kraft, wenn man die Berechnung auf Grund des tatsächlichen  
(annähernd tatsächlichen) Form änderungsschem as, bestim m t anhand der Ver­
suche, durchführt.

IV. Anwendung des »Prinzips der neutralen Linie« 
im  Fall von kreissym m etrischen Schm iedestücken

Die R ichtigkeit und A nw endungsm ethode der im  K apitel III erläuterten  
theoretischen Grundlagen kann man am besten bei der Untersuchung des 
Schm iedens von einfachen kreissym m etrischen Stücken veranschaulichen. 
In den nachfolgenden Ausführungen werden die theoretischen und experim en­
tellen  U ntersuchungen von zweierlei — in der Schm iedepraxis oft vorkom m en­
den — Fällen beschrieben.

1. Schm ieden einer Scheibe m it einem im  M itte lp u n k t angebrachten Zap fen

Die beim Schm ieden eines Probekörpers aus B lei auftretende Schm iede­
kraft und die Zapfenabm essung У  sind in A bhängigkeit von h im Bild 7 
zu sehen. Der Bleikörper hat einen Durchm esser von 25 m m  und eine Höhe 
von 12,5 mm; das Schm iedewerkzeug ist im B ild 6 dargestellt. Im  
Bild 8 sind drei A bbildungen zu sehen, die kennzeichnend für den Preßvor- 
gang sind, und die innere Formänderung zeigen. Im  B ild 9 sind das anhand  
des Bildes 8 ausgearbeitete neutrale L iniensystem  und die auftretenden Span­
nungen zu finden.

Die B estim m ung der genauen Lage der neutralen Linien kann auf Grund 
des dritten K apitels erfolgen:

Im  Fall einer Form änderung nach dem Bild 9a tr itt der im  Bild 2a ge­
zeigte Grundfall und die zwischen zwei parallelen D ruckflächen erfolgte Stau­
chung auf. Das zur B estim m ung des Maßes von  hr des neutralen Liniensystem s 
zur Verfügung stehende G leichungssystem  kann unter Zugrundelegung der
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G leichungen (3), (11), (12), (13) und (14) bestim m t werden:

h _  ayo sПГ --  , л 9
kf  2

(19)

1 у (20)

ax —  axo +  k / ’/ l ( 21)

Werkstoff: Pbjh^=12,5j D0“  25 mm;s= 8 mm

Aus den G leichungen (19), (20) und (22) kann der W ert von  2 hr\s aus­
gedrückt werden:

2 h r
s

1 +  ^ >
kf

+  /i ( 22)

Für die graphische Lösung der G leichung (22) steht das B ild 4 zur Verfügung.
Die auftretenden Spannungen können m it Hilfe der Gleichungen (20), 

(21) und (22) bestim m t werden. A u f Grund der Spannungen und m it den 
Bezeichnungen des B ildes 9 wird die auftretende Druckkraft:

D 2n  ж
------ -------- ( & /  +  a xo )  +  ( ° x  —  a yo ) ~

D 2

4

D s
+
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Zur B estim m ung der Form änderung m uß man annehm en, daß der b ild ­
sam e W erkstoff in  seinem ganzen Q uerschnitt gleichm äßig eine spezifische  
Form änderung von  der Größe A h/h  erleidet, und in diesem  Fall besitzt die 
G leichung (24) G ültigkeit:

A Y  _  Ah  

hr h

B ild  8

Man erhält aus der G leichung (24), indem  man vom  Q uotienten der 
D ifferenzen zum D iffèrentia lquotienten  übergeht:

d Y  hr 

Ah h
(25)

Mit H ilfe der G leichungen (22) und (25) kann man den D ifferentialquotienten  
A Y /d h , der als Grundlage für die B estim m ung der Abm essung des Zapfens Y  
(die den kennzeichnendsten K ennw ert des Materialflusses bedeutet) dient, in  
A bhängigkeit von h berechnen:

d Y

Ah

s

2 h
1 +

k f
ayo

* /
+  / l

X
(26)

D er im Bild 9b dargestellte Fall ste llt im  wesentlichen den Grenzfall der 
Form änderung nach dem Bild 9a dar. Er tr itt dann auf, wenn die Gleichung 
(1) noch gültig ist, und die U ngleichung (27) ebenfalls besteht:

h <,
s

2 '

Da hr n ich t größer als h werden kann, muß h =  hr sein.

(27)
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Ähnlich dem Form ändcrungsfall, dargestellt im  B ild 9c, können die Span­
nungen auch hier m it den Gleichungen (20) und (21) ausgedrückt, und die 
auftretende Kraft aus der Gleichung (35) bestim m t werden.

И a,

'/ // / // .'///////////////У -/////У

Sxo G  <5* 6xa

^ max
Jx'WW'l

Die zur Grundlage der B estim m ung der Form änderung dienende Glei­
chung (26) wird im  Sinne der Gleichung h  =  hr:

(28)

Bei der Form änderung nach B ild  9c tritt der Grundfall nach dem Bild  
2b, ferner der Fall eines Stauchens zw ischen parallelen ebenen F lächen auf.
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Die Größe von hr, die bestim m end für die Lage der neutralen Linien ist, kann  
aus den Gleichungen (4) — (8) und (11) — (14) bestim m t werden:

a x  —  a xo  +  к /  • / ,
X - K ;/л

Oy — Oyg -)- 2,3 k ,• ln

h

s -\- 2hr

(29)

(30)

(31)

Aus dem G leichgew ichtssystem , das aus den Gleichungen (29), (30) und  
(31) b esteht, kann m an für die B estim m ung von  hr folgende G leichung ableiten:

2,3 ln
s -j-  2 hr

=  - l  +
g XO  ~ \~  g y p  I y X  — hr

; /“ (32)

Der W ert der G röß e/j (зс/Л; fx), die in  der Gleichung (32) vorkom m t, kann  
am B ild 4 unm ittelbar abgelesen w erden, die Gleichung kann also zahlen­
m äßig oder m it einer graphischen M ethode gelöst werden. Zur Vereinfachung  
der Lösung kann auch die auf der A bbildung dargestellte K urvenschar/., ver­
w endet werden.

Â h r

h
h
s

=  2,3 ln
s +  2 hr

=  2 ,3 • ln 1 +  2 ^ -  Jl
h s

(33)

Anhand der Gleichungen (32) und (33) wird:

- 1  + ö'rn & •У0 (34)

Die graphische Lösung der G leichung (34) kann man in der W eise vor­
nehm en, daß man die im  Bild 4 gezeigte Kurvenschar au f ein  Pauspapier  
zeichnet, und sie dann in der dargestellten  Lage auf das B ild  10 legt. Der 
Schnittpunkt der entsprechenden zw ei K urven, die man aus dem Bild 4 bzw. 
aus dem B ild 10 entnom m en hat, nach  der Darstellung im  B ild 10, dient 
als Grundlage für die Bestim m ung v o n  hr/h  und von den Spannungsw erten.

In K enntnis von hr kann man die auftretenden Spannungen anhand der 
G leichungen (29) und (30) bestim m en.

In  K enntnis der Spannungen kann au f Grund des Bildes 9c die auftre­
tende K raft berechnet werden:

7 )2  7r  J T

P  =  -  ' (kf +  ox0) - f  (ox — ayn) - 
4 о

4 Í + A A  + b 2'

2

Ь~л
2 к ,  -)- b ■ л (35)
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Die B estim m ung der Form änderung erfolgt nach dem Bild 9c unter  
Verwendung des G esetzes von der R aum konstanz:

s2 л
4

• d Y . (3 6 )

h
s

Aus der G leichung (36) wird:

dY

~dh
(37)

In der G leichung (37) ist nach dem B ild 9a b =  s -f- 2 hr, wobei hr aus 
dem  W ert der als Lösung der Gleichung (34) errechneten Größe Ar/r ausgedrückt 
werden kann.

Der Form änderungsfall nach dem Bild 9d ist im  Grunde genom m en  
ähnlich dem Form änderungsfall nach 9c. Das Maß von s, das die Lage der 
neutralen Linien bestim m t, kann als Lösung aus dem folgenden G leichgew ichts­
system  gewonnen werden:

, , о q 1 s -\~ 2h 
— ayo “b "7“ m , (38)

s

(
x =  axo +  kr f l \ - ^  ’ P ’ (39)
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(Ту — (Ty V /Í h

ox cs у =  k f .

; и (40)

(41)

Die Gleichungen (38) —(41) können  unter Anwendung der Gleichungen  
(4) — (8) und (11) — (14), entsprechend den Bezeichnungen im  B ild  9d b es­
tim m t werden.

h

Aus den G leichungen (38) — (41) kann unter Verwendung der Gleichung 
(33) folgende B eziehung abgeleitet werden:

к 1 ; 1 + axo ayo 
k f

D ie graphische Lösung der G leichung (42) kann entsprechend dem B ild  
11 vorgenom m en werden. In K enntnis des W ertes z/h, der als Lösung aus der 
G leichung (42) hervorging, kann m an nach dem  Bild 9d den W ert von  x jh  be­
stim m en:

x  =  X  s +  2h _  z_ '
h h h h
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In K enntnis der Größen xjh  und z/h  kann m an die auftretenden Span­
nungen auf Grund der Gleichungen (38) — (41) bestim m en. K ennt m an die 
Spannungen, so kann man nach dem  B ild 9d die auftretende Druckkraft 
berechnen:

D 2n
P  =  —  (&/ +  axt>) +  (ffX1

I D  | 2

]~2 J
+

+

+

D b

+  IY'4

b -  2z V2

]21 . , ,  Л (b
— К  — ox) — —

. 3 2
%  b { b ~ 2±  +

22 Ï2
л  • 2k ,  +  (s +  2h) h ■ n  —— .

(44)

^ ^ 5  

1

h0=12,5 mm 
' Z70= 25 mm 
_Ph (n-n.0)
_ s-  '8rrm

-

_

- V h
JS X /

—

- /1 J ~
-

-

_____ -

10

1,5

h [mm]
0

Bild 12

Der Wert der Formänderung kann m it Hilfe der Gleichung (37) erm ittelt 
werden. Der in der Gleichung (37) erscheinende W ert von b ergibt sich nach  
dem  Bild 9d zu

b =  s +  2h +  2z . (45)

Die K enntnis des W ertes von d Y/dh, der anhand der Theorie der neutra­
len Linien bestim m t worden ist, b ietet eine M öglichkeit dafür, daß m an bei 
konkreten A bm essungsverhältnissen die Form änderung bestim m t.

Im Bild 12 fin d et man den W ert von dY /dh, der für einen Probekörper 
von  25 mm Durchm esser und 12,5 m m  Höhe errechnet worden ist, und die
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W erte der für die Berechnung verw endeten Größen X /h  und h/s als F unktion  
von h :

Y  = Г
d Y

J h = 0 d h
d h , (46)

Im  Sinne der Gleichung (46) kann durch Integration der Funktion  
dY/d/t der W ert von Y  erm ittelt werden. Die Integration führt m an am ein ­
fachsten  graphisch durch. Im  Bild 7 ist neben den experim entell erm ittel­
ten  W erten auch der nach dem Bild 12 bestim m te W ert von Y  dargestellt.

N ach der oben beschriebenen M ethode kann man auch die auftretende  
Kraft erm itteln . Zur B estim m ung der K raft kann der W ert der Verform ungs­
festigkeit dem Bild 13 — das sich au f den Versuchswerkstoff B lei bezieht — 
entnom m en werden.

Im  B ild 7 ist auch die durch die erläuterten theoretischen G leichun­
gen erm ittelte Kraft neben den V ersuchswerten dargestellt. N ach dem Bild 7 
besteht zw ischen den theoretischen und experim entellen K urven eine aus­
reichende Übereinstim m ung.

2. Schm ieden eines zylindersym m etrischen  Stückes von Q uerschnitt H  
( a u f  jeder Seite m it einer R ip p e )

In einem  Gesenk, dargestellt im  B ild 14, wurden Probestücke (genau in  
das G esenk passend) von 31 mm D urchm esser und während der Versuchsreihe 
m it verschiedenen Ausgangshöhen verform t. Bei der A usgestaltung des Gesenks
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m ußte im Interesse der Einfachheit von  den Radien der Abrundungen und von  
der Seitenneigung abgesehen werden. D ie B eseitigung des Grateinflusses wurde 
nach der M ethode vo n  A. Geleji [4] durch die Form gebung des Gesenks erreicht.

Die während der Verformung auftretende K raft und das für die G esenk­
ausfüllung kennzeichnende Maß von Y  wurde im V erlauf der Verformung als 
F unktion der Gratrille s gemessen. Im  B ild  15 sind die Versuchsergebnisse zu  
sehen.

B ild  14

S [mm]

B ild  15

Zur experim entellen  Bestim m ung des System s der neutralen Linien dient 
als Grundlage das B ild  der inneren W erkstoffverschiebung (Bild 16). Aus dieser 
A bbildung kann m an eindeutig feststellen , daß bei allen M aßverhältnissen eine 
Form änderung entsprechend dem B ild 17 auftritt. Nach dem Bild 17 en tsteh t  
dem nach ein Stauchen zwischen parallelen Flächen und der Verformungsfall, 
der im  K apitel I I I . 1 beschrieben w orden ist. Nach dem Bild 18 bildet sich  
in  dem über den ebenen Flächen befindlichen W erkstoff zum Teil eine e la sti­
sche, zum Teil eine bildsam e Zone aus. D ie Höhe der elastischen Zone kann  
anhand des Bildes 18 aus der Gleichung des G leichgewichts, angeschrieben in  
R ichtung y ,  bestim m t werden:

(D b +  v) nvkf  . (47)
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Aus der Gleichung (47) wird der W ert von hr:

h r 2 v . (48)

T _ _ r

-  — _

Z U E J z -

B ild  16

Dem  Bild 18 entsprechend kann der W ert von  hr sinngem äß nicht größer w er­
den als A/2. W enn sich ein aus der Gleichung (48) errechneter W ert von Л größer 
ergeben sollte als A/2, dann muß man im  weiteren V erlauf m it einem W ert von  
hr =  A/2 rechnen.

D a die G leichung dY/dA == 2 • Ar/A auch im vorliegenden Fall als gültig  
angesehen werden kann, so wird die Form änderung des sich frei breitenden  
Teiles nach der G leichung (48):

<1Y 

d A

4 v
h

1 + (49)

W enn der aus G leichung (49) errechnete W ert für dY/dA größer sein sollte als 
1, dann muß man die Rechnung m it dY/dA =  1 durchführen.
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Anhand des Bildes 17 kann m an zur Bestim m ung der Form änderung, 
unter Verwendung der R aum konstanz, folgendes G leichungssystem  anschreiben:

dh ■ Щ п
4

ds • D k ns  d Y 1 71 ? (50)

dh- =  dr - D hn h .
4

(51)

!

lT = ÈL \ T  1углах 2 j mox 2 1
i  1

\ \

t t
______ i_______

Ц
kf -
t t

«

fr  = -f- i г  = -£  1max 2 I max 2
i  ■■

V
^ — -  

Db

Dk
B ild  18

U nter Verwendung der G leichung (49) kann man folgende Beziehung  
anschreiben:

d Y , =  dh
4t>

1 +
D h

(52)

Die H öhenzunahm e des in der R ippe eine Form änderung erleidenden  
W erkstoffes kann man in  folgender W eise ausdrücken:

d Y  =  d Y l +  d Y 2 . (53)

Anhand der Gleichungen (50), (52) und (53) erhält m an für den D iffe­
rentialquotienten d Y /d h :

dY  D'l ds 4 D /( s  ̂ 4t)

dh ~~ D% -  Щ  dh D 2k — D l h
1 +

D ,
(54)
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D a der W ert von dsjdh  nur m itteibar, in Kenntnis von  ds/dr  bestim m t 
werden kann, muß man folgende Beziehung anwenden:

ds ds dr

dh  dr dh

A u f Grund der G leichung (51) wird:

_ ^ 1 =  A l
dh d h '

B ild  19

(55)

(56)

Anhand der G leichung (54) und unter Anwendung der Gleichungen (55) 
und (56) erhält man nach entsprechender Ordnung:

dK

dh
ds s 1
dr] h D1l  _

Db D k

4>v

h
1 + (57)

D en in der G leichung (57) auftretenden W ert von ds/dr kann man nach  
den Erläuterungen des K apitels III . 1 bestim m en; heim  le tzten  Glied der 
G leichung muß man darauf achten, daß sofern sein W ert größer als 1 werden  
sollte, er 1 gleichzusetzen ist.

D ie im  Bild 19 dargestellte K urve d Y /d h  wurde unter Zugrunde­
leg u n g  der Gleichung (57) und der A bm essungen des im  B ild  14 gezeigten  
Gesenks errechnet. N eben der im  Bild 19 dargestellten theoretischen  K urve 
fin d et m an auch die W erte d Y /d h , die aus der experim entell bestim m ten  B ezie­
hung Y  =  Y (hf) durch graphische D ifferentiation  erm ittelt worden sind. Die  
Ausgangshöhe beeinflußt — wie ersichtlich — die Beziehung d Y /d h  nicht. D ie  
experim entellen und theoretischen Ergebnisse zeigen nach dem Bild 19 eine
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entsprechende Ü bereinstim m ung, woraus fo lgt, daß die theoretisch bestim m ­
baren K urven Y  =  Y (h r) ebenfalls eine entsprechende Übereinstim m ung m it 
den versuchsm äßig bestim m ten  K urven aufweisen.

Die B estim m ung der auftretenden K raft kann anhand des Bildes 18 
durchgeführt werden:

P  =
Щ п

4
°3m ittel +

Th
2h

k j (58)

crgmittei stim m t m it dem Verform ungswiderstand überein, der aus der Ver­
form ungskraft errechnet werden kann; diese tritt bei der Formänderung auf. 
die im  Kapitel I II . 1 erläutert worden ist.

B ild  20

Im  Bild 20 wird die experim entell bestim m te Verform ungskraft, 
unter Zugrundelegung eines Probekörpers m it der A usgangshöhe von h u =  

=  26 mm, mit der anhand der Gleichung (58) theoretisch  erm ittelten Kraft 
verglichen. Zwischen den gerechneten und gem essenen W erten herrscht nach  
der Abbildung eine ausreichende Ü bereinstim m ung.

V. A nw endung der theoretischen Beziehungen

Die in den K ap ite ln  III. 1 und I I I . 2 erläuterten theoretischen und  
experim entellen Zusam m enhänge sind, obzwar sie die Lösung konkreter, 
praktischer Aufgaben bezw ecken, in der Praxis unm ittelbar doch nicht zu ver­
tvenden. Die R adien der Abrundungen und die Seitenneigung der Gesenke, fer­
ner die Gratwirkung wurden der E infachheit halber bei den beschriebenen  
Berechnungen und V ersuchen nicht berücksichtigt. In  ähnlicher Weise ließ man  
unberücksichtigt die W irkung der Schm iedegeschw indigkeit, ferner die ver­
schieden große V erfestigung, die infolge der im Gesenk auftretenden inhom o­
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genen Form änderung und der ungleichm äßigen Tem peraturverhältnisse  
entsteht.

Zur B estim m ung der Verteilung der im  Gesenkraum auftretenden Form ­
änderungsfestigkeit, ferner zur U ntersuchung der Gratwirkung wurde in  einer 
früheren Arbeit [1] eine theoretische Näherungsm ethode en tw ick elt. Daher soll 
in  den nachfolgenden Ausführungen lediglich die W irkung der Seitenneigung  
und der Abrundungsradien des Gesenkraumes untersucht werden.

Im  B ild  21 ist die tatsächliche A usführungsart eines Gesenkes für 
die im  B ild  6 gezeigte Verformung dargestellt. D ie theoretische Unter-

Bild 21

suchung der auftretenden K raft und der Form änderung ähnelt auch in diesem  
Fall denen, die im  K apitel I II . 1 beschrieben worden sind, der W ert von s muß  
jedoch unter B erücksichtigung der Seitenneigung und der Abrundungsradien  
bestim m t werden, außerdem  muß man auch die Spannungen ayo in  Betracht 
ziehen. Der Spannungswert ayo, der beim ganz ausgefüllten Gesenk auftritt, 
wird nach der Gleichung (5), m it den Bezeichnungen entsprechend dem Bild 21:

cryo =  2,3 kf  ln  — . (59)
sm

Anhand des K apitels III . 1 kann m an die Berechnung für den zylindri­
schen Gesenkraum unm ittelbar durchführen. Zur B estim m ung des Ausfüllens 
des tatsächlichen Raum es nach dem Bild 21 m uß man das Prinzip der R aum ­
konstanz anwenden. Die W erkstoffm enge, die zum A usfüllen des im  Bild  
gezeigten Gesenkteils erforderlich ist, muß m it dem Volum en eines Zylinders 
vom  Durchm esser s und der Höhe Y m übereinstim m en.

Die Anwendung der in der Arbeit beschriebenen theoretischen N ähe­
rungsm ethode wurde im  H inblick auf zwei — verhältnism äßig einfachere — 
Grundformen gezeigt. Im  Fall von kom plizierteren Schm iedestücken kann diese
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U ntersuchungsm ethode gut verw endet werden in der W eise, daß m an das 
kom pliziertere Stück in einfachere Grundformen aufteilt. So kann durch en t­
sprechende Variierung der für die erläuterten Grundformen gültigen Ergeb­
nisse die Methode der Berechnung auch auf kom pliziertere G esenkform en aus­
gedehnt werden.
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T H E O R E T IC A L  A N D  E X P E R IM E N T A L  IN V E S T IG A T IO N  O F  M A T E R IA L  F L O W
IN  D IE -F O R G IN G

L. T Ó T H

SU M M A RY

T he p ap er deals w ith  th e  th eo re tic a l a n d  th e  e x p erim en ta l in v es tig a tio n  o f m a te ria l  
flo w  phenom ena in  d ie-forging, p re sen tin g  an  ap p ro x im ate , easily  u n d e rs tan d a b le  m eth o d . 
T h e  a u th o r  in v es tig a te s  th e  d e fo rm atio n  a n d  th e  stresses in  a  disc w ith  a  p in  an d  in  a  cy lind ri- 
ca lly  sym m etrica l fo rged  piece of H  sec tion . T h e  ex p erim en ta l a n d  th eo re tic a l re la tio n s  ag ree  
fa ir ly  well an d  th is  p roves th e  co rrec tness o f th e  d iscussed  ap p ro x im a te  m ethod .

E X A M E N  T H É O R IQ U E  E T  E X P É R IM E N T A L  D E  L’É C O U L E M E N T  
D E  LA M A T IÈ R E  A L ’É T A M PA G E

L. T Ó T H

R É S U M É

L ’é tu d e  tr a i te  de l’ex am en  th éo riq u e  e t  e x p érim en ta l des phénom ènes d ’éco u lem en t 
de la  m atiè re  à l’é tam p ag e  e t p résen te  u n e  m é th o d e  sim ple de d é te rm in a tio n  ap p ro ch ée  de ces 
p h énom ènes. L ’a u te u r  exam ine  th éo riq u em e n t e t ex p érim e n ta le m e n t les d é fo rm a tio n s e t  les 
c o n tra in te s  d ’u n  d isque à  tig e  e t d ’u n e  pièce fo rgée à  sym étrie  cy lin d riq u e , a y a n t u n e  sec tio n  
en  H . Les re la tio n s o b ten u es p a r  voie th éo riq u e  e t  ex p érim en ta le  m o n tre n t u n  acco rd  s a tis ­
fa is a n t ,  ce qu i p ro u v e  la  ju s tesse  de la  m é th o d e  th éo riq u e  d ’ap p ro x im atio n  p récon isée  p a r  
l ’a u te u r .

Т Е О Р Е Т И Ч Е С К О Е  И  Э К С П Е Р И М Е Н Т А Л Ь Н О Е  И С С Л Е Д О В А Н И Е  Я В Л Е Н И Й  
И С Т Е Ч Е Н И Я  М А Т Е РИ А Л А  П Р И  К О В К Е  В Ш ТАМ ПАХ

Л . ТО Т 

Р Е З Ю М Е

Работа посвящена теоретическому и экспериментальному исследованию явлений 
истечения материала при ковке в штампах. Дается легко обозримый метод приближен­
ного определения явлений истечения материала при ковке в штампах. Автор теоретически 
и экспериментально исследует изменение формы и условия напряжений поковок вида 
шайбы с цапфой и симметричного двутавра. Между теоретическими и экспериментально 
установленными зависимостями наблюдается достаточно хорошее совпадание, что под­
тверждает правильность предложенного метода приближения.
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MIKROSKOPISCHE UNTERSUCHUNG  
DER FERROMAGNETISCHEN PHASEN 

YON LEGIERUNGEN

A. K IS F A L U D Y  u n d  P. T A R D Y
E IS E N F O R S C H U N G S IN S T IT U T , B U D A P E S T  

[E ingegangen am  IS. M ärz, 1966]

F ü r  den N achw eis d e r fe rrom agnetischen  P h asen  v o n  au sten itisch e n  S täh len  bzw . z u r  
B estim m ung  ih re r  L ag e ru n g  is t  eine solche M ethode a m  gee ig n etsten , w elche die P h asen  
a u f  G rund  ih re r  m ag n e tisch en  P e rm eab ilitä t t r e n n t .  H ie rfü r  w u rd e  folgendes V erfah ren  a u s­
g earb e ite t: der m eta llo g rap h isch e  Schliff des zu  u n te rsu c h e n d e n  M ateria ls w ird  in  ein m ag n e ­
tisches Feld  g ese tz t u n d  a u f  seine O berfläche eine S usp en sio n  g eb rach t, die fe rro m ag n etisch e  
T eilchen von  sehr fe in e r K ö rn u n g  en th ä lt, u n d  d ie zu  D o m ain u n te rsu ch u n g en  b e re its  se it 
lan g em  v erw endet w ird . U n te r  dem  E in fluß  des m ag n e tisch en  Feldes h a f te n  die T eilchen a u f  
den  fe rro m ag n etisch en  P h a se n , u n d  dah er e rsch e in en  d iese P h a se n  du n k e l, w enn  m an  sie m it 
dem  bloßen  Auge oder m it  dem  M ikroskop u n te rs u c h t . D er H a u p tv o rte il  des V erfah ren s 
b e s te h t in  der S ch n e llig k eit, Z uverlässigkeit u n d  im  F eh len  einer chem ischen  R e ak tio n , 
w o durch  m an  die E rg eb n isse  le ich t rep ro d u z ieren  k a n n .

I. Einführung

Stark legierte Stahlsorten, zu denen die austen itischen  hitze- und säure­
beständigen Eisenlegierungen gehören, en th alten  oft außer param agnetischem  
A ustenit eine ferrom agnetische P hase, zum  B eisp iel Ferrit, M artensit. D ie  
Menge dieser letztgenannten  Phasen kann m an zwar m ittels m agnetischer M es­
sung bestim m en, über ihre Verteilung kann jedoch  nur eine m ikroskopische 
Untersuchung A ufschluß geben. Die hierfür erforderliche Ä tzung ist dagegen  
oft m it störenden Erscheinungen verbunden, vor allem  durch stärkeres Ä tzen  
einiger Teile des Schliffes. Eine derartige, zu starke Ä tzung verzerrt die A bm es­
sung von P hasenteilchen , und dadurch en tsteh t eine scheinbare Vergrößerung 
oder Verminderung der Menge der ferrom agnetischen Phase.

In vorliegender Arbeit wird eine M ethode beschrieben, die frei von  s tö ­
renden Erscheinungen ist, und die für den genannten  Zweck bereits seit einem  
Jahr ständig m it bestem  Erfolg verw endet wird.

II. Beschreibung der M ethode

Das W esentliche des Verfahrens b esteh t darin, daß der m etallographische  
Schliff des zu untersuchenden M aterials in  ein m agnetisches Feld gestellt w ird, 
und dann bringt m an auf die Oberfläche des Schliffes eine Suspension, die
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ferrom agnetische Körnchen en th ä lt. U nter dem E influß der m agnetischen  
A nregung lassen die suspendierten, dunklen Teilchen die nicht ferrom agneti­
schen Phasen frei, und lagern sich  au f den ferrom agnetischen P hasen ab. 
In  dieser W eise zeichnen sie au f Grund der Perm eabilität selektierend das 
Gefüge ab. Dieses kann m it Hilfe eines Erzm ikroskops oder m it einem  in zw eck­
m äßigerweise abgeänderten M etallm ikroskop beobachtet werden.

Der Erfolg des Verfahrens hängt von  zw ei Bedingungen ab:
a)  D ie suspendierten K örnchen m üssen w esentlich kleiner sein  als die 

K ristallite  der nachzuw eisenden P hasen; auch dürfen sich die K örnchen n icht 
zu größeren H äufchen zusam m enballen;

b)  den suspendierten T eilchen m uß man eine B ew egungsm öglichkeit 
sichern, dam it sie frei in R ichtung der ferrom agnetischen Phasen wandern  
können.

Die Erfüllung beider Forderungen konnte in ausreichender W eise in fo l­
gender Form gesichert werden: D ie Suspension wurde nach einer Vorschrift 
angefertigt, die zum  Nachweis von  D om ainen  em pfohlen wird [1]: in 200 cm 3 
heißem  W asser wurden 1 g F e€ l2 • 4 H 20  sowie 2,4 g FeCl3 • 6H 20  gelöst, und  
anschließend noch 2,5 g NaOH zugegeben. Der entstehende N iederschlag wurde 
abfiltriert und in 500 cm 3 destilliertem  W asser suspendiert. Zur Verhinderung  
der K oagulation m uß man im W asser irgendeinen Z usatzstoff lösen , der die 
O berflächenspannung erhöht; im  vorliegenden Fall wurde ein handelsübliches 
W aschm ittel verw endet.

D ie in dieser W eise hergestellte Suspension ist äußerst feinkörnig, und  
sie kann wegen ihrer großen O berflächenspannung ohne w esentliche Sedim en­
ta tio n  tagelang aufbew ahrt werden. Mit H ilfe der Suspension kann die Ver­
te ilu n g  der ferrom agnetischen P hasen  im  Gefüge m akroskopisch und auch  
m ikroskopisch untersucht werden.

Zur m akroskopischen U ntersuchung  genügt es, den Schliff au f einen per­
m anenten  M agneten zu legen, und au f die Schlifffläche einige Tropfen der 
Suspension zu verbreiten. Die V erteilung der ferrom agnetischen Phasen wird 
sofort, m it bloßem  Auge oder m it einem  H andvergrößerungsglas, sichtbar.

Für die m ikroskopische U ntersuchung  muß man die auf den Schliff 
geträufelte Suspension m it einem D eckglas bedecken. Es ist daher zw eckm äßig, 
ein  Mikroskop zu verw enden, bei dem  der G egenstand unter dem  O bjektiv  
untergebracht werden kann. Die A nw endung eines Deckglases m uß m an bei 
der Auswahl des O bjektivs ebenfalls berücksichtigen. Im  vorliegenden Fall 
wurde dem entsprechend ein M etallm ikroskop Typ Zeiss E pignost abgeändert: 
die O bjektive wurden durch ein O bjektiv  ersetzt, das auf die D icke von  
0,17  mm des D eckglases korrigiert w urde. Auch war es notw endig, die T ubus­
länge von  250 mm, dem  neuen O bjektiv  entsprechend, auf 160 mm zu redu­
zieren. Mit Hilfe des in  dieser W eise abgeänderten Mikroskops wurden gut 
wahrnehm bare Bilder erhalten.
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III. Beispiele zur Anwendung des Verfahrens

Das beschriebene Verfahren wird von den Verfassern bei den m etallo- 
graphischen U ntersuchungen allgem ein verw endet. E inige charakteristische  
A nwendungsbeispiele werden in den folgenden Ausführungen erläutert.

Im  Bild 1 wird die Verteilung der Phasen eines austenitischen Mangan- 
stahls (H adfield-Stahls), in gegossenem  Zustand, durch ferrom agnetische 
Suspension (a) hzw. durch Ä tzung (b) veranschaulicht. D ie Suspension zeichnet 
gut die den K ristallgrenzen entlang lagernden ferrom agnetischen Phasen, den 
Zem entit und den Pcrlit ab.

B ild  1. Gefüge eines a u sten itisch en  M anganstah ls im  gegossenen Z u stan d ; (a) N achw eis 
m itte ls  fe rro m ag n etisch er S uspension  bzw . (i>) n ach  e in e r A tzung  m it e iner 3% ig en  a lkoho li­

schen  L ösung H N 0 3 (lOOfache V erg rö ß eru n g )

Im  B ild 2 sind Gefügeaufnahm en zu sehen, die gleichfalls m ittels Ä tzung  
bzw . m it einer Suspension sichtbar gem acht wurden. D as Gefüge besteht aus 
A usten it und D elta-Ferrit eines gegossenen Blocks aus einem  säurebeständigen  
Chrom nickelstahl T yp 18/8. Die Suspension zeigt eindeutig die Lagerung des 
D elta-Ferrits.

In den austenitischen Chrom nickelstählen ist w egen der guten Schweiß­
barkeit eine bestim m te Menge Ferrit erforderlich. D ie chem ische Zusam m en­
setzung der schweißbaren Chromnickelstähle wird deshalb so festgelegt, daß  
sie selbst im  w ärm ebehandelten austenitischen Zustand noch einige Prozente 
Ferrit enthalten. D ieser Ferrit richtet sich im  allgem einen unter dem E influß  
der bildsam en Verform ung in Zeilen aus. Das Suspensionsverfahren eignet sich  
besonders gut für den Nachweis derartiger Ferritzeilen.

Im  Bild 3 ist eine Mikroaufnahme zu sehen, die m it Hilfe der m agneti­
schen Suspension von der Struktur einer Ferritzeile gem acht wurde; im  Bild 4

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



134 A. KISFALUDY und P. TARDY

B ild  2. Gefüge eines sä u reb estän d ig en  S tah le s  m it 18%  Cr- u n d  8 %  N i-G eh alt, im  G uß­
z u s ta n d ; (a) u n te rsu c h t m it einer fe rro m ag n e tisch en  Suspension, u n d  (6) g e ä tz t  m itte ls  K önig­

w asser (lOOfache V ergrößerung)

wird dagegen die D elta-Ferritverteilung einer Schweißverbindung von  auste- 
nitischen Blechen veranschaulicht. Das Gußgefüge der Schm elze und die Ver­
teilung der Ferritzeilen des Grundstoffes sind gut sichtbar.

In säurebeständigen austenitischen CrNi-Stählen aktiviert die K altver­
form ung in bekannter W eise die y —ct-Umwandlung. Dieser U m stand wird

, * / \  *  
%— I V  J ,  
•Ф * • • 4  *  X

< 0
»

/•<asr>N*

V *
m» **

Й* *  * * Y

*** 4«m

•  i  » i  >*■ «m

B ild  3. Suspensionsbild  e in e r F e rritze ile  
in  einem  säu reb estän d ig en  

18 /8-S tah lb lech  (150fache V erg rößerung)

B ild  4. S chw eißverb indung  v o n  a u s te n it i ­
schen  B lechen, s ic h tb a r g em ach t m it der 

fe rro m ag n etisch en  S uspension  (2fache 
V ergrößerung)
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im  B ild 5 durch eine m it einer Suspension gem achten Aufnahm e gut ver­
anschaulicht; die A ufnahm e zeigt das Gefüge eines W alzbleches m it einer 
R eduktion von etw a 20% .

B ild  5. Gefüge eines a u s te n itis c h e n  C hrom nickelstah les n ach  e in e r 20 % ig en  K a ltv e rfo rm u n g , 
u n te rsu ch t m it  d e r Suspensionsm ethode  (150fache V erg rößerung)

IV. Die Vorteile der m it der m agnetischen Suspension 
durchgeführten Untersuchungen

G efügeuntersuchungen, die m it H ilfe von  ferrom agnetischer Suspension  
ausgeführt werden, eignen  sich besonders zum N achw eis von  kleinen Mengen 
der ferrom agnetischen P hasen von austenitischen Stählen . Sie ergänzen gut die 
üblichen m agnetischen M essungen dadurch, daß sie außer der Menge der P ha­
sen auch über ihre Lagerung A uskunft geben. D ie U ntersuchung kann an 
einem  gewöhnlichen m ikroskopischen Schliff durchgeführt werden, ein beson­
derer Probekörper ist daher nicht erforderlich.

Das sind zw eifellos große Vorteile der M ethode. D ie zum  Ä tzen von säure­
beständigen Stählen verw endeten agressiven Ä tzm itte l greifen näm lich die 
Um gebung von E inschlüssen und Seigerungen, ferner die von  Spannungen  
belasteten  K ristallite stark an. Die ungleichm äßige Ä tzung kann die Auswer­
tung des Gefüges und der Phasenverhältnisse erheblich stören. Die Suspension  
m acht dagegen auf un geätzten  Schliffen die ferrom agnetischen Phasen sich t­
bar. D ie Untersuchung kann dadurch — in A bw esenheit einer chem ischen  
R eaktion — ohne eine Zwischenpolierung, auch m ehrfach wiederholt werden, 
wobei die W ertung selb st nicht dadurch gestört wird, daß die Kristallgrenzen  
des A ustenits eventuell vorher angefressen wurden.

Die Gefügeuntersuchung von Schw eißverbindungen  austenitischer Stähle 
verursacht oft Sorgen. Infolge der abw eichenden W ärm ebehandlung des Über­
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ganges an der Grenze des Schw eißgutes und des G rundstoffes, w egen der b lei­
benden Formänderungen, die durch die therm ischen Spannungen der Schw ei­
ßung entstanden sind, w egen der abw eichenden Z usam m ensetzung des Grund­
stoffes und des Sch weiß g Utes usw. greifen die starken Ä tzm itte l die einzelnen  
Stellen  des Schliffes in sehr verschiedener W eise an. D ie Identifizierung des 
Ferrits, der auch sonst vom  A usten it schwer zu unterscheiden ist, und die 
B estim m ung seiner V erteilung ist daher an den üblichen Schliffen außerordent­
lich  unsicher. Die Ferrit Verteilung kann jedoch vom  Standpunkt der Korrosion  
aus von  ausschlaggebender B edeutung sein. Die U ntersuchung m ittels der 
Suspensionsm ethode ist bequem , und das Ergebnis zuverlässig. Der einzige 
N ach teil des Verfahrens besteht darin, daß verschiedene ferrom agnetische  
P hasen  m it seiner H ilfe kaum  voneinander zu unterscheiden sind.

S C H R IF T T U M

1. W i l l i a m — B o z o r t h — S h o c k l e y : M agnetic  D om ain  P a tte rn s  on  Single C ry sta ls  o f Silicon 
Iro n . Phys. Rev. 75 (1949), 155.

T H E  M IC RO SCO PIC E X A M IN A T IO N  O F  FE R R O M A G N E T IC  P H A S E S  O F  A LLO Y S

A . K IS F A L U D Y  a n d  P . T A R D Y

SU M M A RY

F o r de tecting  a n d  d e te rm in in g  th e  lo ca tio n  of th e  fe rro m ag n etic  p h ases o f a u s ten itic  
s tee ls  th e  m ost su itab le  m e th o d  is th e  se p a ra tio n  of th e  phases on  th e  b asis o f th e ir  m a g n e tic  
p e rm e ab ility . For th is reaso n  th e  a u th o rs  h av e  developed  th e  follow ing p ro c ed u re : th e  g ro u n d  
m eta llo g rap h ic  specim en is p laced  in  a m ag n e tic  fie ld  and  on its  surface  a suspension  co n ta in in g  
v e ry  f in e  fe rrom agnetic  g ra in s  is p laced , o f th e  k in d  w hich has b een  u se d  fo r a  long tim e  
fo r  th e  ex am ination  of d o m ain s. U n d e r th e  in flu en ce  of th e  m ag n e tic  fie ld  th e  p a rtic le s  s tick  
to  th e  ferrom agnetic  phases, th e re fo re  th ese  phases a p p ea r d a rk  w hen  e x am in ed  w ith  th e  n ak ed  
eye  o r  w ith  a m icroscope. T h e  ch ief a d v an tag e s  o f th e  m eth o d  are  speed , re lia b ility  a n d  absence 
o f  a n y  chem ical reac tion , a n d  co n seq u en tly  th e  re su lts  are easily  rep ro d u c e d .

E X A M E N  M IC R O SC O PIQ U E  D E S  P H A S E S  F E R R O M A G N É T IQ U E S  D E S  A L L IA G E S

A. K IS F A L U D Y  e t  P . T A R D Y

R É S U M É

L a m éthode c o n v en a n t le m ieu x  p o u r  la  m ise en évidence e t  la  lo ca lisa tio n  des phases 
fe rro m ag n é tiq u es  des aciers a u s tén itiq u e s  e st celle q u i sépare les p h ases d ’a p rès  le u r  p e rm é ab i­
lité  m ag n é tiq u e . E n  v u e  de  c e tte  m éth o d e , les a u te u rs  o n t élaboré  le p ro céd é  su iv a n t:  l ’ép ro u ­
v e t te  m éta llo g rap h iq u e  po lie  de la  m a tiè re  e s t p lacée dans u n  ch am p  m ag n é tiq u e , a p rè s  quo i 
le u r  su rface  reçoit une  su sp en sio n  c o n te n a n t des p a rticu les  fe rro m a g n é tiq u es  trè s  fin es , d u  
gen re  co u ram m en t u tilisé  p o u r  l’é tu d e  des dom aines. Sous l’ac tio n  d u  c h am p  m ag n é tiq u e , les 
g ra in s  ad h è re n t aux  p h ases fe rro m ag n é tiq u es , qu i p a ra issen t som bres q u a n d  on  les exam ine  
sous le  m icroscope ou  à l ’oeil lib re . Les p r in c ip au x  av an tag es  de la  m é th o d e  so n t sa  ra p id ité , 
sa  sû re té  e t l’absence de ré a c tio n s  ch im iques, g râce  à quoi les ré su lta ts  so n t faciles à rep ro d u ire .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



MIKROSKOPISCHE UNTERSUCHUNG DER FERROMAGNETISCHEN PHASEN VON LEGIERUNGEN 137

МИКРОСКОПИЧЕСКИЙ АНАЛИЗ ФЕРРОМАГНИТНЫХ ФАЗ СПЛАВОВ

А. КИШФАЛУДИ и П. ТАРДИ

РЕЗЮМЕ

Для выявления и определения расположения ферромагнитных фаз аустенитных 
сталей лучше всего подходит такой метод, который разграничивает фазы на основе их 
магнитной проницаемости. Для этой цели разработан следующий метод: металлографи­
ческий шлиф исследуемого материала помещается в магнитное поле. На поверхность 
шлифа наносится содержащая ферромагнитные частицы мелкозернистая суспензия из­
давна применяющаяся для исследования доменных структур. Под влиянием магнитного 
поля частицы ориентируются по ферромагнитной фазе, которая таким образом становится 
видимой невооруженным глазом или под микроскопом в виде темных полей. Наиболь­
шим преимуществом метода является быстрота, достоверность и полное отсутствие хими­
ческих реакций, вследствие чего результаты легко воспроизводимы.
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ANWENDUNG DER WELLENGLEICHUNGEN 
AUF KURZE ROHRE*

I. TEIL

P. BENYÓ
GANZ-MÁVAG LOKOM OTIV-, W A G GO N - U . M A SCH IN EN FA BRIK , B U D A PEST 

[E ingegangen am  21. Februar, 1966]

Die W ellengleichungen als L ösungen der die in geraden Rohren m it konstantem  Quer­
schn itt auftretenden instationären Ström ungen beschreibenden D ifferentialgleichungen wurden  
auf kurze Rohre angew endet. Durch die B estim m ung der bei den Q uerschnittsänderungen  
entstehenden Rückwurfbedingungen w urden die Gleichungen auf die Druckräum e der E in ­
spritzpum pen angewendet. So gelang es, den im  Druckraum  auftretenden Druckverlauf, 
den tatsächlichen U m ständen entsprechend, als H ochfrequenz-Druckschwingungen zu beschrei­
ben. Im  I. Teil wurde der D ruckverlauf bei drei, durch N ockenw elle bestim m ten K olben­
geschwindigkeiten aufgezeichnet, der m it H ilfe einer geom etrischen R eihe dargestellt werden  
konnte. W enn der D ruckverlauf aus der K ontinuitätsgleichung erm ittelt würde, ergäbe sich  
die Lösung aus einer inhom ogenen D ifferentialgeichung I. Ordnung.

I. Einführung

Wie allgem ein bekannt, können  die in geraden Rohren konstanten Quer­
schnitts entstehenden, nicht stationären  Ström ungen m it H ilfe der Eulerschen- 
und den K ontinuitätsgleichungen dargestellt werden [1].

Läßt man die E rdbeschleunigung und die R eibung außer acht, so lautet 
die Eulersche Gleichung, wie fo lgt:

Эр 8p 1
—— b v ~ — I—dt dx Q

^  =  0 
Э*

und die K ontinuitätsgleichung:

Э р  Э р

— --------1- p --------

dt дх
+  v ? i -  =  0

dx

(U

( 2)

Rei F lüssigkeiten kann zur B estim m ung der erforderlichen j j = / ( p )  
Funktion das H ookesche Gesetz m it guter Annäherung angew endet werden. 
B ei den Gleichungen (1) und (2) können — m it verhältnism äßig geringem

* Auszug aus der im  Jahre 1961 an der Budapester Technischen H ochschule aufgenom ­
m enen Prom otionsschrift des Verfassers. (B estim m ung der vorlaufenden Druckwelle durch 
ein neues Verfahren in  durch N ockenw ellen betätigten  und gem äß dem  System  G anz—Jend- 
rassik gebauten K olbeneinspritzpum pen.)
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Fehler — V ereinfachungen eingeführt werden, wodurch diese sich wie folgt 
gesta lten  [2 — 4]:

(3)
3í g dx

bzw .
3» 1 3p

■— • = -------- , (4)
дх да2 9t

wo
V S tröm ungsgeschw ind igkeit der F lü ss ig k eit; 
p  F lüssigkeitsd ruck ; 
g D ichte der F lü ss ig k e it;
a die in  der F lü ss ig k e it m eß b are  S challgeschw indigkeit;
X Länge en tlan g  d e r  R o h rach se ; 
t A blaufdauer

bedeuten .
Die folgenden W ellengleichungen bilden die allgem einen Lösungen des 

System s der Sim ultan-D ifferentialgleichungen (3) und (4):

P =  Po +  F
X

t --------- - f  \ t + -
a { a

(5)

1 ~ X X
v  =  v 0 +  - F t ------- + f t H—

qa a a
( 6)

w o ( F ) bzw. (f ) die belieb igen  Funktionen der Argum ente darstellen. Die Argu­
m ente bezeugen, daß die W erte (Am plituden) der F unktionen sich in der posi­
t iv e n  bzw. negativen R ichtung der Leitung m it der Schallgeschw indigkeit von 
a fortpflanzen. W erden die B ezeichnungen [5]

ч -

■ /|*  +

1 „ X
-----F t -------
да a

1 . X
-----/ í +  —
qa CL

X

a

X

= Pe vorlaufende Druckwelle;

=  p v rücklaufende Druckwelle;
a

- =  ve vorlaufende G eschw indigkeitsw elle; 

=  vv rücklaufende G eschwindigkeitswelle;

verw endet, so erhält m an:

P = P o  +  Pe +  Pv>

V =  V0 +  Ve + V v ,
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woraus folgt, daß 

und
Pe =  Q-ave 

Pv

(8)
(9)

d. h. die F lüssigkeitsgeschw indigkeit und der Flüssigkeitsdruck verhältnisgleich  
sind (Zusammenhänge nach A l l ie v i). Man erhält aber das gleiche R esultat, 
w enn in einem geraden R ohrabschnitt von  konstantem  Q uerschnitt die m it 
einer Geschwindigkeit v ström ende Flüssigkeit innerhalb einer Zeitdauer von  
t =  0 zum Stillstand gebracht wird. In der Ebene der A bstellung (Arretierung) 
en tsteh t ein D ruckanstieg von  A p , welcher sich m it einer G eschw indigkeit von  
a in  einer der G eschw indigkeit v entgegengesetzten R ichtung fortpflanzt. Wird 
die R ichtung der G eschw indigkeit v als p ositiv  angenom m en, so gestaltet sich  
der Im pulssatz des sich gem einsam  m it dem D ruckanstieg bew egenden Koordi­
natensystem s wie folgt:

A p  ■ f =  — g f(a  +  v f  +  g f ( a  +  v)a,

woraus — unter V oraussetzung, daß a v ist — in ähnlicher W eise wie bei 
(8) und (9) folgt, daß:

A p  =  qav.

II. Anwendung der W ellengleichungen auf kurze Rohre

Die Gleichungen (7a) und (7h) bzw. (8) und (9) lassen  sich offenbar auch 
au f Rohre beliebiger Länge, so z. B . auf die F lüssigkeitssäule der Länge l und  
des Durchmessers D  (siehe B ild 1) anwenden, in w elcher sich ein Kolben  
befindet, und an welche ein Rohr m it dem Durchm esser d  angeschlossen ist.

D ies entspricht eigentlich  dem prinzipiellen Aufbau des Druckraumes 
einer Einspritzpum pe.

Bew egt sich der K olben m it einer G eschwindigkeit c, so en tsteh t an 
dessen Oberfläche gem äß G leichung (8) eine Druckwelle:

p  =  gac ,

die sich in R ichtung der E bene der Q uerschnittsänderung I — I  bew egt und  
diese innerhalb der Zeitdauer von  t =  Ija erreicht. Hier wird die W elle reflek­
tiert und diese reflektierte Druckwelle gelangt dann ebenfalls innerhalb der 
Zeitdauer von Z/a zum  K olben. An der K olbenoberfläche en tsteh t eine totale  
R eflexion , und som it gelangt die vom  Querschnitt I — I  eingetroffene Druck­
welle m it unveränderter Stärke, jedoch durch die in diesem  Zeitabschnitt en t­
standene Grundwelle vergrößert zurück. Nunm ehr bilden diese beiden summier-
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ten  Größen die sich in R ichtung des Querschnittes / — I  bewegende Druck­
w elle, um  nach V erlauf der Zeitdauer von l/а  am Q uerschnitt / — /g em ein sa m  
reflektiert zu werden. D em entsprechend gelangen zur Q uerschnittsveränderung  
I — /  bzw. zur K olbenoberfläche in Z eitabschnitten von  2 l/а  vorlaufende bzw. 
rücklaufende Druckwellen, deren Frequenz infolge des geringen W ertes von  
l ziem lich hoch ist. D iese F lüssigkeitsschw ingung dauert bei sich verringern­
dem  W ert von (Z) bis zum  Stillstand  des Kolbens und dann nach Ausklingen  
der Kolbenbewegung bis zum  E intreten  des R uhezustandes an. Ist aber der 
K olbenw eg im V erhältnis zu Z gering, so wird kein nennensw erter Fehler began­
gen, wenn man den W ert von  Z für konstant annim m t (wie z. R. auch bei E in ­
spritzpum pen).

B ild  1. S ch em atisch e  D ars te llu n g  des P u m p e n d ru ck ra u m e s

N achstehend sollen die G esetzm äßigkeiten untersucht w erden,nach denen  
sich  der Druckverlauf am K olbendeckel bzw. in der E bene / — I  gestaltet.*

Hierzu muß jedoch  vorerst bekannt sein, in w elchem  m engenm äßigen  
Verhältnis sich die D ruckreflexion am Querschnitt / — /  abspielt.

Wird die im  B ild 1 bezeichnete Ström ungsrichtung der Flüssigkeit als 
p o sitiv  angenom m en, so ergibt sich für die dem Q uerschnitt / —/  zufließende 
bzw . von diesem fortfließende F lüssigkeitsm enge folgende Beziehung:

- ^ F ( P e - P , ) = — f ( P e  +  P,)*  (10
да да

da die entstandene und reflektierte Druckwelle ( pv) die vom  K olben eintref­
fende Druckwelle abbrem st und diese W elle gleichzeitig  die Flüssigkeitsströ-

* W erden die V e rh ältn isse  in  e inem  Z ylinder der L änge  l s ta tis c h  g ep rü ft u n d  d abei 
angenom m en, daß  die D ru c k v e rä n d e ru n g  im  ganzen  R au m  g leichze itig  v o r sich  geh t, so b e s teh t 
die M öglichkeit, die E rsch e in u n g  a u f  G ru n d  des H ookeschen  G esetzes u n te r  A nw endung  der 
K o n tin u itä tsg le ich u n g  zu  p rü fen . Siehe noch  [5].
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m ung im  Rohr m it dem  Querschnitt f  in  positiver R ichtung beschleunigt. 
(D abei wird angenom m en, daß die Länge L  so groß zu bem essen ist, daß bis zur 
Reendigung des Vorganges vom  anderen Rohrende keine Störung eintrifft.) 

Aus (10) folgt, daß

- /
F + f

oder, nach Einfuhren der Bezeichnung X =  (F  — f ) j ( F  + / ) ,  ist

p v =  X p e . ( И )

Hierbei handelt es sich um  drei alternative M öglichkeiten

a)  F  =  f ,  dann ist X =  0, p v =  0;

b)  f  =  0, dann ist X =  1, Pv — Pe't

c) F  3; j \  dann ist 1 >  X >  — 1, p v — ±  X p e .

Im  Falle c)  werden, je nach der Größe von  X und p e, Druckwellen verschiedener
Größe reflektiert, die sich  in R ichtung des Kolbens bew egen. D a für uns offen­
bar nur die Fälle F  >  /  bzw. 1 >  X >  0 interessant sind, wollen wir unse­
re U ntersuchungen unter B erücksichtigung dieses U m standes beginnen.

III. Untersuchung des Druckverlaufes bei durch die Nockenwelle
betätigten Pum pen

H insichtlich der K olbenbewegung werden drei verschiedene Geschwindig­
keitsgesetze gew ählt, die im  Bild 2 dargestellt sind. In diesem  Falle ist die 
K olbengeschw indigkeit unabhängig vom  Raum druck.

1. B ei gleichbleibender K olbengeschw indigkeit ( B ild  2a)

Geht man von der vereinfachenden V oraussetzung aus, wonach die durch  
den K olben verdrängte F lüssigkeit so lange zurückström t und im  Raum  V  keine  
Drucksteigerung sta ttfin d et, bis die Oberkante des K olbens die E inström öff­
nungen verschließt, so kann, m it einem  K olben konstanter G eschwindigkeit, 
dem G eschw indigkeitsgesetz (Bild 2a) entsprochen werden (in W irklichkeit 
gestalten  sich die Verhältnisse insofern hiervon abweichend, daß jeweils eine 
gewisse Vorförderung sta ttfin d et, aber dieser U m stand kann — wie auch durch 
unsere Versuche bekräftigt wurde — außer acht gelassen werden.)
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a) D ruckverla u f an  der Kolbenfläche

D a der auf den K olben wirkende Druck (pf )  offenbar in den jew eiligen  
Z eitabschnitten  von  2Z/o ansteigen wird, wollen auch wir die jew eilige Ä nde­
rung von  (pd) innerhalb dieser Z eitabschnitte untersuchen.

Zeitabschnitt 0 ~  2 l/a:
Pd =  Qac0. (12)

Zeitabschnitt 2l/а  ~  4Z/o: Hier m uß man auch den W ert der bei I — 1 
reflektierten  und am K olben eingelangten Druckwelle berücksichtigen. D a es 
sich  um  eine vollständige R eflexion handelt, w irkt auf den K olben ein W ert von  
2 p v, d. h.

P d  =  Qac 0 +  2 p v .

Î
Q c - c 0 V,

Ш a)
Ш

t - 0  t - t 0 tfs.ec] («[•])—►

B ild  2. Zur D u rc h fü h ru n g  th eo re tisch e r U n te rsu ch u n g en  au fgenom m ene drei K o lb en ­
geschw ind igkeiten
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Jedoch erhält m an, unter B erücksichtigung der G leichung (11)

Pd =  Qac0 +  2 ).QCIC0 =  QdC0 (1 +  2 Я) . (13)

Zeitabschnitt 4Z/o — 6Z/a: Die vorangehenden Ausführungen sind offen­
bar auch für d iesen Fall gültig; hier muß m an aber auch die zweite R eflexion  
berücksichtigen, d. h.:

p d =  Qdc0 -{- 2 Xgac0 +  2 l 2gac0 =  Qac0 (1 -f- 2 Я -f- 2 Я2) . (14)

D em entsprechend erhält man für die n-te R eflexion im  
Zeitdbschnitt ( 2 n  — 1 ) Z/a ~  2 nZ/a:

Pd =  aaca (1 +  2 Я +  2 Я2 +  2 А» +  . . . +  2 Г " 1) , (15)

d. h., der auf den K olben wirkende Druck setzt sich aus dem Produkt der 
K olbengeschw indigkeit und einer unendlichen geom etrischen Reihe zusam m en. 

W enn m an nun in G leichung (15) die R eihe sum m iert, so ist

; in
S =  l  +  2 ------------ (16)

1 - Я

und wenn n —*■ °o , dann erhält man

S = l  +  2 — ----- . (17)
1 - Я

W ird der W ert von  Я in Gleichung (17) e in gesetzt, so ist

und dam it

S  - 1  1 2 (F - M F + f ) F
l - ( F - f ) l ( F + f )  f

F
Pd —  8aco •

(18)

(19)

Dies b ed eu tet, daß im  Falle einer unendlichen Anzahl von R eflexionen  
der auf den K olben wirkende Druck im V erhältnis der Querschnitte ansteigt 
(dies ist auch der Fall, wenn Z =  0, d. h., w enn das »elastische« Volum en gleich  
N ull ist). Setzt m an (16) und Я in die G leichung (15) ein und wird diese gleich­
zeitig  geordnet, so erhält man;

Pa =  [ y  -  7 3 7 )  • (20)
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G em äß B ild 2a verringert sich die K olbengeschw indigkeit im Z eitpunkt t =  t0 
au f N ull, was jedoch in bezug au f den Druck nicht der F a ll ist. Der w ährend  
des Z eitabschnittes n  (Stillstand des K olbens) vorherrschende D ruck wird  
durch die G leichung (20) bestim m t. Im  Zeitabschnitt n  -f- 1 ist c0 =  0, aber 
die im  darauffolgenden Z eitabschnitt entstehenden  Druckwellen pflanzen  sich  
genau so w eiter wie während der K olbenbew egung. D ies bedeutet jedoch , daß  
die A nzahl der auf der rechten Seite der G leichung (15) in K lam m ern steh en ­
den Glieder sich um  das erste Glied verringert, — welches eben die im  Z eit­
ab sch n itt (n +  1) vom  K olben ausgehende Druckwelle darstellen würde — 
und dabei hält die R eflexion  w eiter an, so daß für den D ruckverlauf im  Z eit­
ab sch n itt (n +  1), ähnlich wie bei G leichung (15), folgende Beziehung geschrie­
ben werden kann:

Pa =  eaco (2A +  2A2 +  2A3 +  . . .  +  2),n- 1 +  2An) =  Qac0 2 Л'. (21)
i=i

D er W ert von A kann ausgeklam m ert werden, und nach Zerlegung des 
G liedes gac0 2A kann die Gleichung (21) w ie fo lgt geschrieben werden:

Pd = gac0 1 +  2 У  А'
1 =  1

Qaco ( 22 )

H ieraus geht hervor, daß das erste Glied in der Klammer gerade m it der G lei­
chung (15) bzw. (20) übereinstim m t, w odurch sich ergibt, daß

Pd =
1 — А

\An
+  eacu А

ist.
O ffensichtlich ist, daß sich der W ert des sich in Gleichung (21) in K lam ­

m ern befindenden E xponenten  von  A in jedem  einzelnen Zeitabschnitt um  eine 
E in h eit erhöht, wobei man nach A usklam m ern in jedem  Fall folgende B ezie­
hung erhält:

Pd =  Qac и

F

7 +  lj Я"1, (23)

wo m  =  1, 2, 3 . . . o o ,  und wenn m  —► ° o  is t, dann wird pa —*■ 0.
Mit Hilfe der Gleichungen (20) bzw . (23) läßt sich daher der D ruckverlauf 

an der K olbenoberfläche, und zwar in  Abhängigkeit von n bzw. m  (Anzahl 
der R eflexionen) darstellen.
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b) D ruckverlau f im  Querschnitt I — I

Gemäß der aus dem  Bild 1 ersichtlichen Anordnung gelangt zum Quer­
schn itt I — I  die erste Druckwelle der Größe gac0 nach Verlauf einer Z eit­
dauer von  l/а. V erw endet man die G leichungen (7) bzw . (11), ähnlich wie im  
A bschnitt a) dieses K apitels, so läßt sich  der auf die einzelnen Zeitabschnitte  
2l/а  entfallende D ruckverlauf wie fo lg t erm itteln:

Im  Zeitabschnitt l/a  -4- 3 l/a : p  =  p d +  Xpa — gac0 (1 -f- A) ;

im  Zeitabschnitt 3l/a ~  5 l/a : p  =  gac0 +  Xgac0 +  Xgac0 A2 oac0 =

=  eaco (1 +  2A +  A2) ;

im  Zeitabschnitt 5l/a  -4- 7l/a : p  =  Qac0 (1 +  2 A +  2 Â2 +  A3) ;

im  Zeitabschnitt (2 n  — \ )  l/a  4 -  (2 n  +  1) l /a : p  =  gac0 ( l - f - 2 A - i - 2 A 2 +
+  2 A3 +  . . . +  2 An_1 +  A") . (24)

Es kann also festgeste llt werden, daß sow eit n —y °°  is t, dann — ähnlich  
wie bei Gleichung (19) — erhält m an:

F
P =  Saco —  »

d. h ., der an der K olbenfläche und im  Q uerschnitt I — I  wirkende Druck  
nim m t erst nach einer unendlichen A nzahl von R eflexionen  den gleichen  
W ert an.

N ach einer wie bei Gleichung (16) angew endeten Sum m ierung und U m ord­
nung erhält man dann aus der G leichung (24)

oac,. 1 +  2
1 — A

+  A"

bzw. unter B erücksichtigung von (18) und nach entsprechender Kürzung:

P  =  Qac о
F

7

An +  An+1 

1 — A
(25)

Nach erfolgtem  S tillstand  des Kolbens kann der D ruckverlauf auf Grund der­
selben Überlegungen dargestellt werden wie bei der G leichung (23), d. h., dieser 
gesta ltet sich nach A b lau f der Zeitdauer t =  t 0 bis zum  Zustand gemäß Glei­
chung (24) während des Z eitabschnittes (n  +  1), wie folgt:

p  =  gac0 (A +  2A2 +  2A3 +  . . .  +  2A" +  An+1) .

D a die Anzahl der in K lam m ern angeführten Glieder nach erfolgtem  
Stillstand des K olbens unverändert b le ib t, kann A in jedem  Falle ausgeklam -
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B ild  3. P e riod ischer D ru ck v erlau f a n  de r K olbenfläche u n d  im  Q uersch n itte  I - I  
(am  A n fan g  d e r D ru ck le itu n g ), w enn c =  c0

m ert werden, dem zufolge, nach entsprechender Kürzung und Substituierung, 
folgende Beziehung erhalten wird:

I F l n +  A"+1

f 1 -  Я
(26)

wo m  =  1, 2, 3, . . ., с» ist.
Die Beziehungen (25) bzw . (26) stellen  daher den D ruckverlauf in  dem  

am  A nfang des D ruckrohrabschnittesbefindlichen Q uerschnitt I — I  dar.D abei
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handelt es sich eigentlich  um  nichts anderes als um  jene vorlaufende D ruck­
welle in der D ruckleitung m it einem  Durchm esser von d , die sich bei einer E in ­
spritzpum pe von  derselben ausgehend in R ichtung des Zerstäubers fortpflanzt, 
d. h. um jene D ruckw elle, die am Zerstäuber den E inspritzvorgang auslöst.

Bild 3 zeigt uns den vorstehend behandelten  R eflexionsvorgang, wo die 
in  den einzelnen Z eitabschnitten  sich überlagernden Druckw ellen anschaulich  
dargestellt sind. Im  B ild  4 wurde das Ergebnis einer au f die geom etrischen  
Abm essungen einer E inspritzpum pe abgestim m ten Berechnung angeführt.

-1--------1-------- C--------------1------- L J _ I -------- -------- -------- -------- -------- I_____ L _

4  8 12 16 20 24 oi° 28

B ild  4. D arste llu n g  des D ru ck v erlau fes  an  der K o lb en fläch e  u n d  im  Q u ersch n itt I — I  in  A b ­
h än g ig k e it vom  Y erd reh w in k e l der N ockenw elle, w e n n  c =  c0 is t ;  D  =  8 m m , с/ =  1,8 m m , 

e0 =  l,4 m /sec , n  =  1000 U /m in , а  = 1 3 0 0  m /sec , Q =  86,42 k p  sec2/m 4

Hier wurde au f die horizontale Achse des K ennbildes anstatt der Anzahl 
der R eflexionen die Verdrehung der Pum penw elle aufgetragen.*

Der sich an der K olbenfläche bzw. an der Trennungslinie des Querschnit­
tes I — I  abspielende (sprunghafte) D ruckverlauf en tsteh t m it einer zeitlichen  
Verschiebung von l/a.

2. B ei einer sich  linear ändernden K olbengeschw indigkeit 
B etrachten wir nunm ehr den D ruckverlauf an den vorstehend bezeichne- 

ten  zwei Stellen, w enn sich die K olbengeschw indigkeit gem äß Bild 2b gesta l­
te t, d. h. -

c =  ßt oder c =  ß ■ cc ,

hang :
Zwischen den  F a k to re n  Z eit u n d  W in k e lv erd reh u n g  b e s te h t  fo lgender Z usam m en-

6 n a

D a die einem  Z yklus en tsp rec h en d e  Z eit t =  21/a b e tr ä g t  u n d  bei e in e r A nzah l von n Z yk len

21

is t, e rh ä lt m an

wo n,t =  die P u m p e n d reh z ah l u n d  t„

а  =  tn 6nu ,

=  (1, 2, 3 . . . ,  n)  2l/а  b e d eu te t.
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wo ß  die auf eine Z eiteinheit bzw. auf die W inkelverdrehung von  1 Grad en t­
fallende G eschwindigkeitszunahm e bedeutet.

a) D ruckverlau f an der Kolbenfläche

Im  Bild 5 ist — ähnlich dem B ild  3 — der D ruckverlauf an der K olben­
fläch e bzw. am Q uerschnitt I —/  dargestellt. Da bei Änderung der K olben­
geschw indigkeit von der K olbenfläche aus eine Druckwelle veränderlicher

B ild  5. Period ischar D ru c k v e rla u f  an  de r K o lb en fläch e  u n d  im  Q u e rsc h n itt I  — I  (am  A nfang
der D ru ck le itu n g ), w enn  c = ß ‘t is t
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Stärke in R ichtung des Druckrohres verläuft, ist offensichtlich , daß z. B . im  
Zeitabschnitt

Pd =  gaß • t , 
wo

0 < ( < A

den beliebigen Z eitpunkt bedeutet. Da jedoch  die einzelnen Z eitabschnitte  
sehr kurz sind, genügt es, den Druck nur am E nde der einzelnen Zeitabschnitte  
zu untersuchen. Es ist

am  E nde des Zeitabschnittes 0 +  2Z/a:

Pd =  8aß —  =  Qaß n i 
a

w enn 2l/a  =  n J ;
am  Ende des Zeitabschnittes  2l/а  +  4Z/a:

4 /  2 /
p d =  g a ß ------- [- g a ß -----2Я — gaßn2

a a

w o n2 = 4  l/a;
am  E nde des Zeitabschnittes  4 l/a ~  5Ца:

61 4 I 21
p d =  g a ß ------- 1- g a ß -----2Я +  g a ß ----- 2Я2 =  gaßn3

а а а

am  E nde des Zeitabschnittes 61 ja  -i 8 lja :

- 2 - b . ) ,
4 1

r. 2 , П
1 +  2 Я H------Я2

6

Pd =  Qaßn  4 1 + 2 —  Я +  —  Я2 +  —  P  
8 8 8

am  E nde des Zeitabschnittes (2 n  — 2) l ja  2 n lja :

Pd =  Qaßn n 1 +  2 — ----- -- Я +  — -------  Я2 +  . . .  +  —  Я"-2 +  —  Я"-1
2ге 2п 2п 2ге

oder gekürzt:

_pd =
__ 1 „  __ 9 9 1
— —Л-f ---- —Д2 Лп' 2 +  — А"-1

П П П  П
(27)

Aus G leichung (27) geht hervor, daß der auf den K olben wirkende Druck  
sich  aus dem Produkt der in einzelnen A bschnitten  ausgedrückten Zeitdauer 
sow ie einer Reihe und der entsprechenden K onstanten  zusam m ensetzt.
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Die in K lam m ern angeführte R eihe kann auch als die Differenz der b e i­
den R eihen aufgeschrieben w erden:

i= n— 1 1 i=n  — 1
s = 2' tt — — 2  ü‘

i = 1 n  i= l
(28)

woraus klar hervorgeht, daß

V =  Я ~ ;'П
Я  1 - Я  '

D ie Summe der Reihe
i—П — 1
2  i t t
i=i

kann  folgenderm aßen erm ittelt werden [6]:

А +  А2 +  А3 +  А4 +  . . .  +  А"-1 =  

Я2 +  Я3 +  Я4 +  . . .  +  А"-1 =  

Я3 +  Я4 +  . . .  +  А"“1 =

Я — Я"

_1_ pu ­

linkén  Seite der G leichungen angeführten W erte folgende Beziehung:

1 — Я ’

Я2 - l n

1 - Я ’

Я3 — An
1 -

. 9 
/

A”- 1 -  Я"
1 - -  Я

der rechten

i; i  __ Я +  Я2 +  Я3 +  Я4 +  . . .  +  А"-1 -  (я -  1) Я"

í=i
odei

í=n-lу  il1 =
i“ i (1 -  A)

1 — Я

Я -  A" (n -  1) Я"

1 -  Я

D am it ändert sich die Gleichung (28), wie folgt:

Я — An 1

1 - Я (1 -  A)2
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N ach E insetzen  des W ertes (S ) in die G leichung (27) erhält man unter  
B erücksichtigung der G leichung (18) und nach dem entsprechend erfolgter  
Umordnung:

p d -- qaßn
2X — 2Xn+1 

n ( l  — X f  ’
(29)

d. h., die G leichung des au f die K olbenfläche wirkenden Druckes, wo nn =  
=  (2l/а) n  und n  —  1, 2, 3 . . °°  ist, wo die in Klammern angeführten W erte
sich natürlich m it dem im  W ert nn befindlichen n gleichzeitig ändern.

Aus Beziehung (19), bei welcher die K olbengeschw indigkeit c konstant 
ist, geht hervor, daß der au f die K olbenfläche wirkende Druck nach einer 
unendlichen A nzahl von  R eflexionen dem Q uerschnittsverhältnis verhältn is­
gleich zunim m t. B ei der G leichung (29) ergibt sich eine andere Lage, denn der 
auf die K olbenfläche wirkende Druck nähert sich asym ptotisch  jener Geraden, 
die in A bhängigkeit von der Zeit (bzw. vom  W ert n) gezogen werden kann, 
und deren A bstand von  dem dem Querschnitts Verhältnis entsprechenden Druck  
der folgende ist:

oaß —  ----- —  =  gßl — —  , (29a)
a (1 -  X f  f -

d. h., der Druck würde auch nach einer unendlichen Anzahl von R eflexionen  
den den Q uerschnittsverhältnissen entsprechenden W ert nicht erreichen.

G leichung (29) ste llt den D ruckverlauf am K olben nur während der 
K olbenbew egung dar (siehe B ild 2b, Z eitpunkt t — tu). Nach erfolgtem  S till­
stand des K olbens ergibt sich für den Z eitabschnitt (n  -j- 1), da c =  0:

Pd =  Qaßnn
n n

) 3 Xn

D avon kann X rechts ausgeklam m ert und das Glied 2 (iaßnn in zwei Teile  
zerlegt aufgeschrieben werden, wodurch man die Beziehung

Pd = \ Q a ß n n 1 +  2
n n

'■Xй +  . . +  Qa ß n n \  "A

erhält. Es ist ersichtlich, daß das erste Glied in  der eckigen K lam m er m it 
(27) bzw. (29) übereinstim m t; wenn man dies m it pdn bezeichnet, ferner berück­
sichtigt, daß der W ert von  X in  jedem  einzelnen Z eitabschnitt ausgeklam m ert 
werden kann, so kann der D ruckverlauf nach erfolgtem  Stillstand des K olbens 
durch folgende G leichung beschrieben werden:

Pd =  (Pdn +  Qaßn,,) » (Щ

wo m  =  1, 2, 3, . . . , 00 bedeutet.
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b) D ru ckverla u f im  Q uerschnitt I — I

Ähnlich wie im  A bschn itt b) des vorigen K apitels unter A nw endung der 
L ösungen des A bschnittes a) dieses K apitels ergibt sich

im  Zeitabschnitt l/a  -f- 3 l/a:

„ 21
p  =  o a ß -----(1 +  A) =  gaßn1 (1 +  A) ;

а

im  Zeitabschnitt 31/а +  5 l/a:

4 / 4/ 21 21
p  =  g a ß ------- b g a ß -----А +  g a ß ----- А +  g a ß ----- A2 ,

а а а а

1 +  2
3 1

—  A2
4 4

woraus unter Anwendung der Bezeichnung re2 =  4 l/а  folgt, daß

p  — gaßn2

im  Zeitabschnitt Sl/a ~  H ja:

p  =  gaßn3 1 +  2 —  А +  — A2 -|— — A3
6 6 6

im  Zeitabschnitt ( 2 n  — 1J l/a  4- (2 n  +  \ )  l /a :

P =  Qaßnn 1 +  2 2, 2 n  — 3 2re — 5
2re

-А2 -|--------------- A3 +  . . .
2 n 2 n

2 n - ( 2 n -  3) 2re -  (2n -  1)
2 n 2 n

A" (31)

Die Gleichung (31) kann auch als Differenz der beiden R eihen ausge­
drückt werden:

p  =  gaßnn 

Daraus geht offensichtlich hervor, daß

i=n ] i=n
1 + 2 y ? J --------V  (2 £ — 1) A'

1 1 n  i 1

(32)

А — An_1 .N  /} = -----—  - ist.
1 — Аi=i

Das Glied (re) der zw eiten R eihe des in K lam m ern befindlichen Aus­
druckes kann auf Grund der Überlegungen, die bei der Einführung der Glei­
chung (29) berücksichtigt wurden, berechnet werden:
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+  X ?  +  Я3 +  Я4 +  . . .  +  Я"“ 1 +  X n  = 1 _ я п + 1
1 — Я

Я2 _(- Я3 +  Я4 + . . . +  Я " -1 +  Я") 2  . Я2 —  Яп + 1
Я2 +  Я3 +  Я4 +  . . . -I- Я " -1 +  Я"} 1 —  я

X ?  +  Я4 +  . . . +  Я " - 1 +  ЯП1 о я з —  Яп + 1
Я3 +  Я4 +  . . . +  Х п ~ х  +  Я "| 1 —  я

Я4 +  . . . +  Х п + 1  +  Я " | 9 Я4 -  Я " + !
я 4 + . . . _|_ Х п + х  +  Х п \ 1 —  я

Я - | 9 Я" -  Х п + 1
я п | 1 —  я

W enn man nun die rechten bzw. lin k en  Seiten der G leichungen addiert, ergibt 
sich  der gesuchte W ert zu:

= n  X  —  X n + 1
y  (2i -  1)Я' = ----------------- h
-  V 1 — Я1=1

+  2

beziehungsweise

я  _  я п +1 - f  Я3 —  X n + 1  +  Я4 +  X n + 1  + . . .  +  Я" —  х п + 1  
1  - Я

-  1 )  Я1' = Я -  Яп + 1  
1 —  Я

+  2
- _  ДП + 1

_ ( ï  - А ) 2

(га -  1)ЯП+1
1 —  Я

B ei Zurücksetzen dieser W erte in  die G leichung (32) erhält man:

p  = Qaßnn 1 + 2 Я -  Я"+4
1 -  я”

1 X  -  Х п + 1
п 1 - Я

2(Я2 -  X n + 1 )  
(1 -  Я)2

(2га — 2)ЯП+1
1 -  Я

In A nbetracht dessen, daß 1 -f- 2Я/(1 — Я) =  F / f  und nach Durchführung der 
entsprechenden Verkürzungen ist

p  =  gaßnn
я -t- Я2 -  (1 +  ?.) X n + 1  - 

n ( l - Я ) 2
(33)

w as den D ruckverlauf im  A nfangsabschnitt des Druckrohres, und zwar in 
A bhängigkeit von ra ergibt. Selbstverständlich  kann dies m it H ilfe des Zusam-
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m enhanges (33) innerhalb von  zwei Z eitabschnitten  des Druckverlaufes, in  
einem  beliebigen Z eitpunkt, ebenfalls berechnet werden, nur muß s ta tt des 
W ertes von (re„) irgendein Z eitpunkt, der in  das Intervallum

(2n — 1) l/а  -j- (2n  -f- 1) //a

fä llt ,  eingesetzt w erden, w obei der W ert des Ausdruckes innerhalb der K lam ­
m ern unverändert b leib t. D ies bedeutet, daß die in  der G leichung (33) ange­
führte Funktion p  =  f ( n )  — genau so auch bei der G leichung (29) — b e ijed em  
n  W ert (d. h. in jeder Periode) einen Bruch, ansonsten aber zwischen den b e i­
den Perioden einen linearen V erlauf aufw eist, und der W ert der R ichtungs­
tan gen te beträgt

g aß Я +  Я2 -  ( 1  +  Я) An + 1  
71 ( 1  —  Я )2

und ihre Größe — b ei gegebenem  System  und gegebener Flüssigkeit — nur 
vo n  n  abhängt. Daraus geht hervor, daß wenn n  — °° ,  der W ert sich g a F / f  
nähert, was b ed eu tet, daß der durch den Zusam m enhang (33) bestim m te  
D ruck — ähnlich w ie die Überlegungen in bezug au f die Gleichung (29) — 
sich  asym ptotisch einer geraden Linie nähert, deren A bstand dem von den  
Q uerschnittsverhältnissen abhängenden Druck entspricht (und mit diesem  
parallel ist), d. h.:

e А +  Я2 oi F 2 — F f
Qa ß n n Тл------VT =  Qß l ----• (33a)( 1 — /)-  J -

Wird dieser W ert m it der Gleichung (29a) verglichen, so ergibt sich, daß  
am Querschnitt I — I  der Druck größer ist als jener an der K olbenfläche, da

F -  — f 2 >  F 2 — F f

is t , d. h., der D ruckw ert, dem  sich der am Q uerschnitt I — I  entstehende Druck  
asym ptotisch  nähert, größer ist als jener an der K olbenfläche.

Nach erfolgtem  Stillstand  des Kolbens wird im  Z eitabschnitt (t — t 0 
gem äß Bild 2b, n  +  1), da hier c =  0 ist, der W ert des n  -j- 1-ten  Gliedes N ull 
sein . Dem entsprechend beträgt der W ert des Druckes im  Zeitabschnitt n -f- 1

p  =  ga ß n n
i = n  + 1

я +  2  2 :
i = 1

1 i ' = n + l  
—  >' 
n \

(2 i — 1) Я' . (34)

W enn man hiervon Я ausklam m ert, dann erhält m an das Produkt des Zusam ­
m enhanges (31) bzw . (32) und von  Я. Wird (32) m it p n bezeichnet und unter
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B erücksichtigung des U m standes, daß die Ausklam m erung in  jeder Periode 
vorgenom m en werden kann, ändert sich der sich verm indernde Teil des Druck­
verlaufes wie folgt

p  =  p n l m , (35)

wo m  —  1, 2, 3, . . . ,  00 ist.
Im  Bild 6, unter Berücksichtigung derselben Param eter wie im  Bild 4, 

is t  der zum G eschw indigkeitsverlauf gem äß Bild 2b gehörende Druckverlauf 
(am  A nfang der Druckleitung) dargestellt.

B ild  6. D arste llung  des D ruck v erlau fes  im  Q u e rsc h n itt I — I  in  A b h än g ig k e it vom  V erd reh ­
w inkel de r N ockenw elle, w enn  c =  ß t\ gleiche A ngaben, w ie  im  B ild  4

3. Kolbengeschwindigkeit bei t =  0, c =  c0 und weiter linear zunehmend

Da« Kennbild der K olbengeschw indigkeit ist im  B ild  2c dargestellt. 
Im allgem einen entspricht dieses K ennbild dem G eschw indigkeitsverlauf der 
m ittels Nockenwelle b etätigten  K olbeneinspritzpum pen ( B o s c h , С. A. V. usw .). 
In  dieser Beziehung sind hinsichtlich des Druckverlaufes die in  den A bschnit­
ten  a) und b) dieses K apitels erörterten Überlegungen gü ltig , d. h ., der D ruck­
ver lau f entspricht sow ohl an der K olbenfläche als auch im  A nfangsabschnitt 
der Druckleitung der Summe der in den vorangehenden beiden A bschnitten  
bestim m ten  W erte des D ruckverlaufes. H ier wollen wir nur den am A nfangs­
ab schn itt der D ruckleitung entstehenden Druck aufzeichnen, dessen W ert der 
Sum m e der Gleichungen (25) und (33) entspricht, d. h.:

p  =  Qac ( F  - A" +  An+1
+  Qaß n n

F A +  A2 — (1 +  A)An+1 '
r  / 1 -  A I f n  (1 — A)2 ■ (36)
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N ach Um ordnung und Berücksichtigung des U m standes, daß nn =  n • 2l/a 
is t ,  erhält man, daß

p = e« y  К  + /Ч .)-

— Qd
in  _|_ ln+1

1 - Я
ß

21 Я +  Я2 -  (1 +  Я) Я"+1 
а (1 -  Я)2

(37)

W enn n «J is t , dann geht aus G leichung (37) hervor, daß die Druckkurve

B ild  7. D arstellung  des D ru ck  v e rlau f es im  Q u e rsc h n itt I —I ,  w en n  c =  c0 -j- ßt. G leiche An-
gaben , w ie in  B ild e rn  4 bis 6

(B ild  7) sich asym ptotisch  jener Geraden nähert, die parallel zur Geraden

Qa  y  ( c o +  ß n n ) (37a)

gezogen werden kann, und deren A bstand von der G eraden, die auf Grund 
der Gleichung (38) —- ähnlich wie bei der Gleichung (33a) — berechenbar ist,

Qßl F 2 — F f

P
beträgt.

Der Zusam m enhang (37a) ste llt den D ruckverlauf in  dem  Falle dar, wenn  
die Flüssigkeit als n ich t zusam m endrückbar angenom m en wird (wenn a =  °°  
bzw . 1 =  0 ist). Ähnlicherweise wird der abnehm ende Zw eig der Druckwelle  
durch die Summe der Gleichungen (26) bzw. (35) dargestellt. Diese Sum m e 
unterscheidet sich lediglich  durch den M ultiplikator Ят  von  der Gleichung
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(37), dem zufolge man schreiben kann:

P =  P n * m , (38)

wo m it p n die Gleichung (37) bezeichnet wurde und m  =  1, 2, 3, . . oo ist.
B ei unseren bisherigen Überlegungen gingen wir von der vereinfachen­

den Voraussetzung aus, daß zwischen dem  Druckraum  der Länge l und dem  
Druckrohr kein D ruckventil eingebaut ist. Dadurch wird der sich abspielende 
Vorgang selbstverständlich  w esentlich einfacher und kann auch m athem atisch  
leichter behandelt w erden. Hier wollen wir uns m it dem D ruckverlauf für den  
Fall des Vorhandenseins eines D ruckventils schon deshalb nicht befassen, weil 
diese Anordnung eine Prüfm ethode abw eichenden Charakters erfordern und  
den vorliegenden A ufsatz bedeutend verlängern würde. Wir m öchten nur auf 
den U m stand hinw eisen, daß unter Verwendung der Druckschw ingungen (bzw. 
der W ellengleichungen) der sich abspielende D ruckverlauf m it Hilfe der ein­
fachen G rundrechnungsarten ohne w eiteres dargestellt werden kann.

A u f Grund der vorstehenden A usführungen kann nunm ehr festgestellt 
werden, daß die K olbengeschw indigkeit vom  entstehenden  Druck unabhängig  
war (z. B . der Kolben wurde durch eine N ockenw elle betä tig t). Im  nachstehen­
den A bschnitt wollen wir den Fall untersuchen, wo die K olbengeschw indigkeit 
vom  D ruck nicht unabhängig  ist, z. B . der K olben durch eine Federkraft 
b etätig t wird.
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APPLICA TIO N O F W AVE EQ UATIO N S TO SH O RT P IP E S, PA R T  I

P. BENYÓ

SUM M ARY

The w ave equations form ing the solution  o f the differential equations describing insta- 
tionary flow  in straight pipes o f  constant cross section were applied to short pipes. W ith the  
determ ination of the conditions of reflection at the point o f change of cross section , the equa­
tions were applied to the pressure space of in jection  pum ps. Thus, the pressure phenom ena  
were described as high frequency pressure oscillation , according to reality . In Part I o f the  
paper, the pressure phenom ena were analyzed for three p iston  velocities produced by a dain- 
shaft, and could be described by a geom etric series. W ere the pressure determ ined on 
the basis o f  the continuity  equation, the so lution  would be given by an inhom ogeneous 
differential equation of the first order.

Acta Technica Academiae Seien tiarum Hungaricae 56, 1966



160 P. BENYÓ

APPLICA TIO N D E S ÉQ U A T IO N S D ’O N D E S A U X  T U B E S COURTS, I™ PA R T IE

P. BENYÓ

R É SU M É

Les solutions des équations différentielles décrivant l’écoulem ent instationnaire dans 
le s  tu b es droits à section constan te  ont été appliquées aux tubes courts. E n  déterm inant les  
con d ition s de réflexion produ ites au changem ent de la section, les équations ont é té  appliquées 
a u  cham p de pression des pom pes d’injection . A insi, la pression à ce point a été établie  com m e 
o sc illa tio n  à haute fréquence de la pression, conform ém ent à la réalité. D ans la première partie  
de l ’étude, la pression a é té  calculée pour trois vitesses de p iston produites par un arbre à 
ca m es, et cette pression p o u v a it être exprim ée par une série géom étrique. Si la pression est  
déterm inée à partir de l ’équation  de continuité, la solution résulte d ’une équation différentielle 
inhom ogène du premier ordre.

ПРИМЕНЕНИЕ ВОЛНОВЫХ УРАВНЕНИЙ К КОРОТКИМ ТРУБАМ, ЧАСТЬ I

П. БЕНЬО

РЕЗЮМЕ

К коротким трубам были применены волновые уравнения, являющиеся решением 
дифференциальных уравнений, описывающих нестационарные потоки в прямых трубах 
постоянного сечения. Определяя условия рефлекса, возникающие при изменении сечения, 
уравнения были применены для камеры давления впрыскивающего насоса. Таким образом, 
протекающий здесь процесс давления был описан в соответствии с действительностью, 
как высокочастотное колебание давления. В первой части изменения давления были за­
писаны для трех скоростей поршня, создаваемых кулачковым валиком. Запись имела вид 
геометрического ряда. В том случае, если процесс давления должен был быть определен 
на основе уравнения непрерывности, решение приняло бы вид неоднородного дифферен­
циального уравнения первого порядка.
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THREE-DIMENSIONAL FLOW IN AXIAL FANS 
WITH PRESCRIBED BLADE LOADING

G. NATH
D E P A R T M E N T  O F  F L U ID  M E C H A N IC S , T E C H N IC A L  U N IV E R S IT Y  B U D A P E S T  

[Manuscript received March 4, 1966]

The inverse problem  of the three-dim ensional non-free-vortex flow  through an axial 
fan w ithout prerotator and straightener, has been solved b y  using the iso lated  aerofoil m ethod, 
when the circulation increases w ith  the radius, Rpi/RT is sm all and the num ber of blades is  
finite. The trailing vortices are considered as spirals exten ding  to in fin ity . The fluid is con­
sidered as incom pressible and nonviscous. The radial, tangentia l and axial com ponents o f the  
induced ve loc ity  due to the trailing vortices have been obtained num erically by using E lectronic  
Computer, but the radial com ponent has been neglected  as it  is small. A nalytical expressions 
for various geom etrical and aerodynam ic properties have been obtained. One numerical exam ple  
showing the application  of the m ethod is given.

List of symbols

Notations
a, b constants;
Ca axial v e lo c ity  at a point;
Cj resultant induced ve loc ity  due to the trailing vortices at any radial station;
Car Cri, CRi axial, tangentia l and radial com ponents o f the induced ve loc ity  due to the trailing  

vortices a t any radial station;
CD drag coefficien t w ith  respect to mean relative  veloc ity , W L;
Cd a annulus drag coefficient;
Co? profile drag coefficient;
CDs secondary drag coefficient;
Cl lift  coefficien t w ith  respect to m ean relative  v e loc ity , l f „  ;
Cu tangentia l v e lo c ity  at any radius, w hen the circulation is constant;
C'u tangentia l ve lo c ity  at any radius, w hen th e  circulation is not constant;
D  drag force o f aerofoil profile;
Fa axia l force;
F u tangentia l force;
h — R T — R fj  blade height;
H  to ta l head pressure at a point;
i, j, к un it vectors along radial, tangential and axial directions, respectively;
К  =  A H / \ q С%г tota l head coefficient at any radial station;
K R loss coefficient o f  rotor at any radial station;
K sni ri loss coefficien t due to swirl at any radial station;
l chord len gth  at any radius;
l/s so lid ity;
L  lift force o f aerofoil profile;
Lt len gth  o f  a trailing vortex  line;
n un it vector  parallel w ith the tangent o f the vortex  line;
N  num ber o f blades;
p  s ta tic  pressure at a point;
p c =  A p /2 Q 6-a, static  pressure rise coefficient at any radial station;
p  L sta tic  head rise coefficient a t  any radial station;
Q torque;
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Qc
У
y
R , e, Z

Rh
Rh/Rt
Rt
s
T
Te
V
W i
W,
ĈO
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to rq u e  coeffic ien t;
v ec to r along th e  line  jo in in g  th e  p o in ts  A  an d  В  (see F ig . 1);
m ag n itu d e  o f y ;
cy lind rica l p o la r  co -o rd ina tes;
h u b  rad ius;
h u b /tip  ra tio ;
tip  rad iu s ;
b lade spacing ;
th ru s t ;
th ru s t  coefficien t;
volum e of f lu id  flow , c u .ft./m in .;
re la tiv e  in le t v e lo c ity ;
re la tiv e  o u tle t  v e lo c ity ;
re la tiv e  m ean  v e lo c ity ;
new  re la tiv e  m e a n  v e loc ity ;
d istance  of th e  f ix e d  p o in t on a g iv en  b lad e  from  th e  orig in ;
rad iu s a t  w h ich  th e  ax ia l v e lo c ity  o n  th e  ro to r p lan e  assum es i ts  m ea n  v a lu e ;
=  H 2 — i f ,  loca l to ta l  h ead  change  a t  a n y  ra d ia l s ta tio n ;
=  p 2 — p , loca l s ta tic  p ressu re  rise  a t  a n y  ra d ia l s ta tio n ;
=  t a n -1 C/j/C, g lid ing  angle; 
s ta tic  effic iency  a t  a n y  rad iu s ; 
to ta l  efficiency a t  a n y  rad ius;
=  CallcoRT ax ia l v e lo c ity  fa r  u p  s tre a m  per ta n g e n tia l v e lo c ity  o f b lad e  t ip ;  
den sity  a t  a n y  p o in t;
=  2 лд / N  (q =  0 ,. . .,1V — 1) angle b e tw een  consecu tive  b lades; 
effective ang le  o f  a tta c k ;  
geom etrical ang le  o f a tta c k ;
angle w hich th e  re la tiv e  in le t v e lo c ity , IF ,, m akes w ith  th e  p lan e  of ro ta t io n ;
angle w hich  th e  re la tiv e  o u tle t v e lo c ity , 1F2, m akes w ith  th e  p lan e  o f ro ta t io n ;
angle w hich th e  re la tiv e  m ean  v e lo c ity , W œ, m akes w ith  th e  p lan e  o f ro ta t io n ;
angle w hich th e  new  re la tiv e  m ean  v e lo c ity , JFœ, m akes w ith  th e  p lan e  o f ro ta t io n :  
an g u la r v e lo c ity  o f th e  ro to r; 
b lade c ircu la tio n  a t  an y  radius.

Subscrip ts

1 conditions fa r u p s tre a m  of th e  ro to r ;
2 conditions fa r  d o w n stre am  of th e  ro to r ;
H  conditions a t  th e  h u b ;
T  conditions a t  th e  t ip ;
(~ )  signifies m ean  v a lu es;
th  signifies th eo re tica l to ta l  head  rise  th ro u g h  ro to r (i.e. 100 pe r cen t e ffic ien cy );
( ')  signifies cond itions j u s t  before an d  j u s t  a f te r  th e  ro to r.

I. Introduction

The fluid m otion in axial-flow  fans is so com plex th at for practical pur­
poses some simple m athem atical m odel is required. The radial equilibrium  and 
actuator disc approaches to  the three-dim ensional design o f non-free-vortex axial 
flow  fans have been considered by several authors, when the fluid is stead y , 
non-viscous and incom pressible [2, 5 — 7, 1 0 — 13]. B ut th ey  have not taken  
in to  account the effects o f  the induced ve lo c ity  due to  the trailing vortices  
w hich  can be assum ed to  he spirals.

The present author has obtained the solution of the inverse problem  of 
the three-dim ensional flow  o f a steady, non-viscous and incom pressible fluid
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through a non-free-vortex axial-flow fan b y  the isolated aerofoil m ethod. He has 
considered that the circulation increases w ith  the radius, й я /^ т  is sm all, the  
trailing vortices are spirals extending up to  in fin ity  and the number o f blades 
is fin ite . Various geom etrical and aerodynam ic properties o f the fan have been  
obtained. The fan neither possesses prerotator nor straightener. Such fans can  
be used in a cooling tow er o f a power p lant.

The n ovelty  o f  the present m ethod  lies in the fact that it takes into  
account the effect o f  the induced v e lo c ity  com ponents due to the trailing  
vortices. At the sam e tim e, it deals w ith  fin ite  num ber o f blades and sm all 
R m/ R t • No solution ex ists  up till now  w hich deals w ith  such a case.

The results obtained  by the present m ethod have been compared w ith  
the corresponding results obtained b y  the W allis m ethod, modified W allis 
m ethod and other approxim ate m ethods o f  the present author.

II. Basic assum ptions and outline o f the present method of solution

1. Basic assum ptions

The basic assum ptions for the present solution are the following:
a)  The circulation is prescribed in  such a m anner, th a t it increases w ith  

the radius and its d erivative vanishes b oth  at the hub and at the tip .
b)  Each blade is considered as a lifting line, for purposes o f induced  

v e lo c ity  calculation.
c)  The axial v e lo c ity  before th e  rotor, CarlcoRT is taken as constant 

along the radius.
d)  The tip clearance is considered to  be zero.
e)  The radial com ponent of th e  induced ve loc ity  is neglected as it is 

very sm all, although th is assum ption is contrary to the condition of con tin u ity . 
Hence the motion o f the particles o f air or flu id , therefore, should he considered  
to  take place on th e  surfaces of cylinders coaxial w ith  the rotor o f the fan.

f )  The angle o f  spiral is not con stan t along its whole length, but varies  
betw een  y>x  and y>2. The results can be obtained w ith  both  the angles, but it  
is assum ed that w hichever is taken, it  rem ains the sam e throughout the whole  
length .

g )  Since the efficiencies of the fans are o f prime im portance, frictional 
forces are taken in to  account. For sm all frictional effects, it  can be assum ed  
th at the flow  through blades does n ot appreciably deviate from th at o f inviscid  
fluids. It is possible to  take into account the losses b y  introducing drag forces 
w hich are perpendicular to the blade forces obtained for frictionless flow . 
A t th e  same tim e, it  has also been assum ed th at the boundary layer separation  
and blade stalling do not occur in any part o f the rotor.

11 Acta Technica Academiae Scientiarum Hungaricae 56, 1966.



164 G. NATH

2. Outline o f  the present method o f  solution

For a prescribed circulation, first the three com ponents o f  the induced  
v e lo c ity  due to  th e  trailing vortices are obtained by the application  of B io t— 
S avart law. Then an aerofoil section  is chosen and the effective angle of a ttack , 
0 eif_, corresponding to  the design CL, is obtained from isolated  aerofoil data. 
T hen , various geom etrical and aerodynam ic properties o f the fan are obtained  
ta k in g  into account the effects o f the induced velocity  com ponents.

I

F ig . 1. V o rtex  sy s te m  in  a ro to r  o f a n  ax ia l-flo w  fa n  w ith  n o n -un ifo rm  c ircu la tio n

III. Determ ination o f the induced velocity

3. Basic  equations fo r  the determination o f  the induced velocity due to the
trailing vortices

Consider the rotor of an axial fan consisting of N  blades sym m etrically  
placed  whose circulation, Г ,  increases w ith  the radius. As the circulation is 
not constant along the radius, there are in fin ite number o f trailing vortices 
em anating from each blade which m ove in the direction of the stream  lines. 
For sim plicity  sake, the angle o f sjiiral can be taken  as either y  ̂  or y 2 throughout 
th e  w hole length. The strength of a trailing vortex  which originates from the  
radius, R , is (d i7d i?)dÄ  and the strength  remains constant along the whole 
len g th . The resultant induced ve loc ity  at a given point due to  the trailing
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vortices o f all th e  blades is given b y  B iot — Savart law (see Fig. 1):

c 1 rRl
" J r* J a,) dK

" f  d 

Г Ja,) d.

dГ  nXy
iyó

dL t d R .

In the present case:

y  =  — i [x — R  cos (0 +  cr)| +  j{R  sin  (0 +  <t)} +  K s ,

n  =  i  sin (0 - f -  a) cos y>2 -\~} cos (9 +  a) cos % — K- sin W2

where y>2 is the angle o f spiral and can be obtained from Fig. 2. 
The circulation o f each blade can be expressed as:

Г
w R l

=  1 \ i - ( — ]
5  1 f l  +  R "  \

R
5 \Rp 2 Rp )

+  T |1 +
R R ,

R H

R ,
1 +

—  I +  4 -----
R T J R 7

R .

R ,

RT )
R

R T

R

R t
+  b .

( 1 )

(2)

(3)

(4)

As the circulation is prescribed, a and b are assum ed as being know n. 
The derivative o f  the circulation is

R 1
2 R R h

R y Rp R p

and it  vanishes both  at the hub and at the tip . I f  the derivative o f the circula­
tion  is not o f the above form, the m agnitude of the induced velocity  com po­
nents becom es in fin ite both at the hub and at the tip . This is due to  the  
assum ption th a t each blade is replaced b y  a lifting line.

F ig. 2 represents the ve loc ity  diagram  o f a rotor of an axial fan at a 
certain radius, x/R-p, in a non-free-vortex flow . W hen the circulation is constant 
along the radius, W ^ / ciR t is the relative ve loc ity  in the plane o f the rotor, 
but when it  is not constant, W '^ /a R p  is the relative ve loc ity  in the plane o f the  
rotor. In the plane of the rotor, the induced velocity  com ponents in the ta n ­
gential and axia l directions are Cri/a>Rp and Caila>RT respectively, but for 
down-stream  o f the rotor, they  are 2 Cn- and 2 Ca(, respectively.

W hen the circulation is constant along the radius (free-vortex flow ), the  
tangentia l com ponent of the velocity  at the radius, x jR p ,  is given by:

Çur_ = JY7"!H . . (5)
-j)Rr  2 л х /R p

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



166 G. NATH

From E qus (1) — (5), the radial, tangentia l and axial com ponents o f  the  
induced  velocity  at the radius, x / R r ,  can he w ritten  as:

ojRr — 2 'f  Г
4 Л g J  RB/RT J  0

d / l .

Ä d 0 d | l | .
г3 [ R T j

(6)

F ig. 2. D im ension less v e lo c ity  d iag ram  o f a  ro to r  o f an  ax ia l flow  fan

The radial com ponent is calculated to  show  that it is sm all and can b e  
neglected .

Cri
=  l ï

j" r d ( R /R T)
coRT ' R h IR t  J о e3

Cai 1 x - i
'  1 r OO

d r ’ A3 
d ( R / R T)

coRT

1

Я R h IR t  ^  0 e3

d & d (R /R T),

d<9d (R /R T)

( ? )

( 8 )
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where

d^i
d ( R / R T)

[ [ _ * _ _  1 R

R r R T * r J .

R
R r

{sin ( 0  -f- or) — 0  cos ( 0  +  o)}
1 -

N E 1H
2 л  ( R / R T)2

К ~ - с о в ( в  +  а) — ^ - в  sin ( 0  +  or))-----------Л
R t t J J ____P** 1 н

2 л  (R / R T)2

X3 R i
( O  +  o)

rí R  2 

R T

! y \2 ß y
----- — 2 ----- ------cos ( 0  +  a) +

\ R T ) R T R T

Л 2
' 0 2

2 N r iH
2л  (R / R T)2 . J

W hen the angle o f  the spiral is instead of y)2, the induced ve loc ity  
com ponents are given as above except th at ] У /\н/2 тг(Д/Й7-)2 should he replaced
b y  N r tHl i n ( R / R Tf  .

Equs (6) — (8) are the same as those obtained by B etz  [1] with the d if­
ference th at he has taken  the angle o f  spiral as ip1 where tan  =  Car/io^.

2. N um erical solution o f  the three components o f  the induced velocity

E qus (6) — (8) cannot be integrated analytically . M oreover, near the rotor  
th ey  cannot be approxim ated by sim ple expressions w hich can be integrated  
analytica lly . In order to  obtain th e  num erical solution o f Equs (6) — (8), 
S im pson’s rule is em ployed  and the solution  is obtained w ith  the aid o f  
Electronic Digital Computer  (E lliot) when R h / R t  =  0 ,35, N  =  3, Л  =  0,2, 
Г 1Н — 0,056 and ip =  and (y> is the angle of spiral). The tim e taken  was 
about 10 hours. Equs (6) — (8) are slow ly  convergent. The m axim um  difference 
in the m agnitude o f the three com ponents o f  the induced ve loc ity  at certain  
radius is about 8% , w hen the angle o f  spiral is taken as i p „  instead o f ip 2 . 

B u t th is difference has very little  effect either on CaJcoR r  or CuJù)Rt, 
because CailcoRr and Cyi/coRj are very  sm all compared to  CaJ co R t  and  
C'uJ coR t, respectively.

a) Radial component o f  the induced velocity  : The radial com ponent o f the  
induced velocity , Crî/coR t , is given in  Table II  and Fig. 5a. It is negative at
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Table I

Circulation , Г 1

R
Rj! Л

0,35 0,0560

0,40 0,0561

0,50 0,0568

0,60 0,0588

0,70 0,0615

0,80 0,0639

0,90 0,0653

1,00 0,0656

ev ery  point of the blade. I t  is very sm all compared to  the axial v e lo c ity , 
CaJ m R T, and hence can be neglected.

b) Tangential component o f  the induced velocity : The tangentia l com ponent 
o f the induced velocity , Cri/mRx,  is given in  Table II  and F ig. 5b. In the present 
case, it is negative in the v ic in ity  of the hub and increases as x /R y  increases.

The tangential ve lo c ity  after the rotor when the circulation is not con­
sta n t, can be expressed as:

Q  _
coRr  toRT

+  2 - ^ L .
coRT

(9)

C'uJ coR t is given in Table III  and Fig. 7. In  the present case, it decreases as

Table I I

Radial, tangential and axial components o f  the induced velocity 
(Angle of sp ira l, t/>2)

X
Rjt

Crí
(joR ji

Cri
(uRp

Cai
ojRjt

0,35 —0,0026 —0,0003 0,0112

0,40 -0 ,0 0 2 9 0,0004 0,0082

0,50 -0 ,0 0 3 4 0,0012 0,0032

0,60 -0 ,0 0 3 7 0,0014 0,0006

0,70 -0 ,0 0 3 8 0,0015 0,0001

0,80 -0 ,0 0 3 6 0,0018 0,0004

0,90 — 0,0032 0,0024 0,0004

1,00 — 0,0027 0,0026 - 0 ,0 0 0 4
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x / R t  increases. The tota l head rise, sta tic  pressure rise and static head rise 
coefficients, the thrust and torque coefficien ts and the sta tic  efficiency increase, 
i f  C'uJ coR t  increases when other design param eters are constant.

F ig . 3. Force v e c to r  d iag ra m  fo r ro to r b lade e lem en t

Circulation distribution
F ig . 4

c) A x ia l  component o f  the induced velocity: The axial com ponent o f the 
induced velocity , Ca,/coRr is g iven  in Table II  and Fig. 6. In  the present case, 
it  decreases w ith  the radius (except in  a sm all region). It affects alm ost all the
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Table III

Tangentia l component o f  the velocity, C'uJo ip T

P resen t s o lu t io n W allis  so lu tio n M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tions

N o. 1 N o. 2

X £  t/a Cf/2 ^M2 Си 2 ^1/2
Rp WHT (oRp oiRp oiRp a)RT

0,35 0,0757 0,0764 0,0764 0,0720 0.0764

0,40 0,0677 0,0719 0,0670 0,0605 0,0670

0,50 0,0558 0,0631 0,0547 0,0488 0,0547
0,60 0,0474 0,0542 0,0471 0,0452 0,0471
0,70 0,0413 0,0454 0,0418 0,0415 0,0418

0,80 0,0370 0,0365 0,0378 0,0407 0,0378
0,90 0,0345 0,0277 0,0345 0,0399 0,0345

1,00 0,0320 0,0188 0,0313 0,0357 0,0313

geom etrical and aerodynam ic properties o f the fan. I f  Cai/coRp has a large value  
especially  at or in  th e  neighbourhood of the hub, then, large deflection occurs 
in  th e  angle of a ttack . B y  properly choosing the rate o f  th e  increase of circula­
tio n  along the radius, Cai/coRp can be kept as low  as possible. The axial ve locity  
after the rotor, CaJcoRp, is given in Table IV and F ig. 8.

d) Induced velocity due to the bound vortices. I t can be easily shown th at  
th e  induced ve loc ity  due to  the bound vortices of all blades at every radius is 
zero, when the b lades are sym m etrically placed.

Table IV

A x ia l component o f  the velocity, CaJcoRp

P re s e n t  so lu tio n W allis  so lu tio n
M odified  

W allis  so lu tio n

X
R p

Саг
cuRp

Cq2
loRp

Саг
ojRp

0,35 0,2224 0,1952 0,2031
0,40 0,2164 0,2035 0,2010

0,50 0,2065 0,2147 0,1988
0,60 0,2013 0,2187 0,1987
0,70 0,2002 0,2154 0,1997
0,80 0,2008 0,2040 0,2008
0,90 0,2008 0,1825 0,2008

1,00 0,1992 0,1464 0,1987
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Fig. 5

Fig.  7
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IV. Some geom etrical and aerodynamic properties o f  the axial fan

1. Geometrical angle o f  attack and chord length

The induced velocity  due to  the trailing vortices changes the angle of 
attack . For a chosen aerofoil section , the effective angle o f attack , Феff_, 
corresponding to  the design lift coefficien t, С /, can be obtained from the experi-

Fig. 8

m ental data o f an isolated aerofoil [9]. The lift coefficien t, C/., sligh tly  changes 
w ith  Reynolds num ber. R eynolds number varies along the span o f the blade 
b u t the effect o f variation  o f the R eynolds num ber on Ci_ is sm all. H ence CL 
can be taken as constant along the whole span. Since 0 eff. depends on CL, it 
can also be taken  as constant along the whole span.

The relation betw een Феf f .  and Ф g e o .  at the radius is given by:

ф ен. =  0 geo. — — V A  (10)

where and yi^ can be obtained from velocity  diagram  (Fig. 2).
From the aerofoil theorv, the chord length at th e  radius, x / R T, is given  

by:

l / R T
2

CL W 'J œ R ,
( И )

where W'^/coR t can be obtained from Fig. 2;
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Table V

Chord length, l / R j

P re se n t  so lu tio n s W allis  so lu tions M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o . 1 N o . 2.

X
Rj!

l
R T

l
Rj>

l
R j 1

l
Rjy

1
R T

0,35 0,424 0,433 0,431 0,430 0,432

0,40 0,380 0,414 0,384 0,382 0,384

0,50 0,316 0,368 0,319 0,318 0,319

0,60 0,275 Q,319 0,277 0,277 0,277

0,70 0,248 0,268 0,248 0,247 0,247

0,80 0,226 0,217 0,225 0,225 0,225

0,90 0,206 0,164 0,205 0,206 0,205

1,00 0,187 0,112 0,186 0,187 0,186

l/R-T is given in  Table У and F ig. 9. I t  decreases as x / R t  increases. 
l/RT can be increased b y  increasing either Г х or N  or by decreasing either  
Л  or R h / R t  or Ci-

Collar [3] has suggested that when is approxim ately 40° and the  
so lid ity  less than  u n ity , the interference betw een adjacent blades is sm all. 
D etailed experim ents on a fan designed by the isolated  aerofoil m ethod showed  
satisfactory agreem ent w ith  theory, although the values of the so lid ity , Z/s 
and ip'„ at the blade root were in excess o f those given  above. Hence inform a-
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Table VI

A n g le  which the m ean relative velocity, ll : Vo R T m akes with the plane o f  rotation, y>'„

P re se n t so lu tio n W allis  so lu tio n M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o. 1. N o. 2.

X 4’co У oo r V'co V’oo
B T

0,35 34° 5 ,0 ' 32° 21 ,9 ' 32° 52 ,8 ' 32° 29,6' 32° 40 ,6 '

0,40 29° 37 ,6 ' 28° 59 ,6 ' 28° 40 ,9 ' 28° 24,6 ' 28° 37 ,4 '

0,50 23° 17,5 ' 23° 52 ,2 ' 22° 52 ,5 ' 22° 48,4 ' 22° 56 ,1 '

0,60 19° 12,0 ' 20° 4 ,7 ' 19° 4 ,6 ' 19° 6,2 ' 19° 7 ,4 '

0,70 16° 24 ,7 ' 17° 3 ,1 ' 16° 24 ,0 ' 16° 24,5 ' 16° 24 ,7 '

0,80 14° 22,8 ' 14° 29 ,3 ' 14° 23 ,3 ' 14° 23,1' 14° 21 ,6 '

0,90 12° 47 ,3 ' 12° 10,7' 12° 47 ,4 ' 12° 48,2' 12° 45 ,8 '

1,00 11° 27 ,9 ' 9° 55 ,1 ' 11° 26,9 ' 11° 30,1' 1 1 °2 9 '

Table V II

Geometrical angle o f  attack , ®ge0.

P re se n t  so lu tio n W allis so lu tio n M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o. 1. N o. 2.

X
R rp ygeo. ‘Fgeo. ^geo. Vgeo. <Fgeo.

0,35 3° 48 ,4 ' 2° 4 .3 ' 2° 36 ,2 ' 2° 13' 2° 24/

0,40 3° 24 ,6 ' 2° 46 ,7 ' 2° 27 ,9 ' 2 °1 1 ,6 ' 2° 24 ,4 '

0,50 2° 46 ,9 ' 3° 21,7 ' 2° 22 ' tsS О —1 ОЭ 2° 25 ,6 '

0,60 2° 30 ,4 ' 3° 23,1 ' 2° 23 ' 2° 24,6 ' 2° 26,8 '

0,70 2° 26,6 ' 3° 5 ' 2° 25 ,8 ' 2° 26,3 ' 2° 26,5 '

0,80 2° 27 ,4 ' 2° 33,9 ' 2° 27 ,9 ' 2° 27,7 ' 2° 26,3 '

0,90 2° 27,4 ' Г  50 ,9 ' 2° 27 ,6 ' 2° 28,3 ' 2° 26 '

1,00 2° 24 ,4 ' 0° 51 ,6 ' 2° 23 ,4 ' 2° 26,6 ' 2° 25 ,5 '

tion  available concerning m ultiplane interference is not com pletely satisfactory. 
B ut it is better i f  i/ĵ  <[ 40° and l/s <[ 0,7 at the hub in the case o f isolated  
aerofoil m ethod. 2

2. S tatic  pressure rise and  static headrise coefficients

The static pressure rise coefficient, p c, at the radius, x /R p ,  is given by 
(see F ig. 3):
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Pc =  - Pi -  Pi

W'„ l

toRT R T

Л 2 2n  — 
R T

CL
X  1 r f 2 c Cat +  C ai

R T 2 o)RT (oRT )
( 12)

T ab le  V III

Static pressure rise  coefficient, p c

P re se n t  so lu tio n W allis so lu tio n M odified
A p p ro x im a te  so lu tio n s

W allis  so lu tio n
N o. 1. N o . 2.

*
Rrp Pc Pc Pc Pc Pc

0,35 1,164 1,165 1,164 1,173 1,164

0.40 1,200 1,284 1,205 1,216 1,205

0,50 1,261 1,455 1,274 1,282 1,274

0,60 1,332 1,534 1,341 1,319 1,341

0,70 1,410 1,554 1,406 1,407 1,406

0,80 1,478 1,415 1,465 1,463 1,465

0,90 1,518 1,218 1,510 1,505 1,510

1,00 1,530 0,927 1,531 1,527 1,531

B u t the static pressure rise coeffic ien t, p'c, at the radius, x jR p ,  ju st after 
the rotor can be expressed as:

P i — P i  _  P i ~  P i

\ qc I  y e C S ,

c i  -  C l  

C l

3 ( C l
4 i c ai

(13)

The static head rise coefficient at the tip just after the rotor can be
expressed as:

P i — P ' i ~ ~  &(Cai +  c ai)2

( P s t ) r = ^ = ^  = ------------------T------------------------ (14)
\ qCI — e c i

where p a is the atm ospheric pressure and p 0 is the stagnation pressure.
p c is given in Table V III and F ig . 10. p'c is given in  Table IX  and Fig. 11. 

Sim ilarly, ( p s t ) r  is g iven in Table X I I .  p c, p'c and (pst.)r  can be increased by  
either increasing Г 1 or N  or by decreasing Л. In axial-flow  fans, the k inetic  
energy o f the axial ve lo c ity  may be large compared to the sta tic  pressure rise.
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T able  IX

Static  pressure rise coefficient, pc

P re se n t so lu tio n W allis  so lu tio n M odified 
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o . 1. N o . 2.

X Pc Pc Pc Pc Pc
R T

0,35 1,508 1,227 1,305 1,270 1,274

0,40 1,457 1,416 1,300 1,285 1,289

0,50 1,385 1,682 1,318 1,327 1,330

0,60 1,387 1,786 1,370 1,357 1,382

0,70 1,444 1,753 1,437 1,441 1,439

0,80 1,511 1,481 1,500 1,494 1,492

0,90 1,548 1,065 1,540 1,535 1,532

1.00 1,542 0,469 1,537 1,551 1,549

Table X

Total head rise coefficient, K

P re se n t so lu tio n W allis  so lu tio n M odified 
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o. 1. N o. 2.

X
К К К К К

Rj<

0,35 1,544 1,263 1,342 1,302 1,310

0,40 1,486 1,449 1,328 1,307 1,317

0,50 1,404 1,707 1,337 1,342 1,349

0.60 1,401 1,804 1,383 1,370 1,396

0,70 1,455 1,766 1,448 1,450 1,450

0,80 1,520 1,489 1,509 1,504 1,501

0.90 1,555 1,069 1,548 1,545 1,540

1.00 1,548 0,472 1,543 1,559 1,555

In such a case, the sta tic  head rise coefficient is negative. For fans which do 
n ot possess stators and which deliver the air or fluid d irectly into the atm os­
phere, static efficiency at the tip  is m ost im portant. B ut the sta tic  efficiency  
at the tip will be negative , if  (pst.)r  is negative. Sim ilarly, (pst.)r  can also be 
negative  if  there is a large reduction in the m agnitude o f  the circulation at 
the hub.
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Table XI

Sw irl loss,

P re se n t  so lu tio n W allis  so lu tio n M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o . 1. N o . 2.

X KgWirl K gw irl К  swirl K ew irl K gw irl

K ,h K lh K ,h K m

0,35 0,0912 0,1131 0,1066 0,1028 0,1091

0,40 0,0759 0,0878 0,0832 0,0757 0,0838

0,50 0,0548 0,0575 0,0552 0,0488 0,0547

0,60 0,0396 0,0403 0,0396 0,0376 0,0392

0,70 0,0290 0,0294 0 ,0299 0,0297 0,0300

0,80 0,0224 0 , 0 2 2 2 0,0235 0,0254 0,0236

0,90 0,0190 0,0178 0,0191 0 , 0 2 2 2 0,0191

1 ,0 0 0,0164 0.0189 0,0158 0,0179 0,0156

Table X II

E ffic iency , torque and thrust coefficients etc.

P re se n t  so lu tio n W allis  so lu tio n M odified  
W allis  so lu tio n

A p p ro x im a te  so lu tio n s

N o. 1. N o . 2.

Q c 0,293 0,280 0,291 0,290 0,291

T c 1,295 1,192 1,237 1,235 1,237

V T ot. 0,898 0,895 0,880 0,881 0,880

(n s t)T 0,327 — 0,328 0,333 0,331

P  CT
1,530 0,927 1,531 1,527 1,531

P QJ 1,542 0,469 1,536 1,551 1,549

K T
1,548 0,472 1,543 1,559 1,555

( p S t .  К
0,546 — 0,543 0,551 0 ,549

3. Thrust and torque coefficients  

From  E qu. (13), the thrust coefficien t can be expressed as:

T„ =  2

where

f 1 ' x  j X

^ C P
J R h I R t  n r R T

T

(15)

~  pQ l я Щ-
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Sim ilarly, the torque coefficient can be expressed:

N  Г1 W „  l r X 1 C'2

J RhIRt o)Rj R T R T 2 ojR t

+  CL Cai +  Cai X J X
ojR  rp R Г R T \

where

Qc =  —J— —-------•
Y  e Q ,  п щ -

( 16)

The above equations can be integrated  either num erically or graphically . 
T hey are given in Table X II . They increase when Г х or N  increase or Л de­
creases. Qc increases and T c decreases when Сд/С/, increases.

4. Total head rise coefficient

As in Ref. [12] neglecting all the second order terms in order to  lim it 
the num ber o f variables, the theoretical head rise coefficient at the radius, 
x /R p ,  can be expressed as:

K rh = 2 C 'J œ R ,
Л 2 R 1

(17)
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B u t w ithout ignoring the second order terms, it can be expressed as:

K rh =
2 A
A'-S

X

R ,
I - ^ i  +
2 w R

CL
wRn

Л-
c 2

a . " —  1
l e j

(18)

From the Bernoulli relationships before and after th e  rotor, the tota l 
head rise coefficient, K ,  can be expressed as:

я 2 - я х Рг — Рл

Y  PCÍ

+
c n 2 C '„a  a

- 1 ! +
«2

К C * .
(19)

К  increases when CuJa> R T increases or Л  decreases. This is given in  
Table X  and Fig. 12.

V. Losses and efficiency of a fan

A t present, it  is rather d ifficult to  predict the losses w ith  accuracy in a 
non-free-vortexflow  due to  lack o f know ledge regarding secondary and annulus 
losses. Generally, the rotor losses can be subdivided into three com ponents: 
profile loss, secondary loss and annulus loss. The tip  clearance loss can be 
neglected .
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In a fan w ith ou t prerotator and straightener, the loss in  efficiency is due 
to  rotor loss and k in etic  energy loss. The kinetic energy loss is due to the radial, 
tangentia l and axial com ponents o f  the velocity , but the radial com ponent has 
already been neglected .

a) Profile drag coefficient:  In  the case o f the iso la ted  aerofoil m ethod, for 
a chosen aerofoil section , the profile drag coefficient at a specified radius can  
he obtained from th e experim ental aerofoil data. Like the lift coefficient, Cj_, 
th e  profile drag coeffic ien t, CDp, sligh tly  changes w ith  the Reynolds num ber 
and w ith  the effective angle of attack . The effect o f the variation  of R eynolds 
num ber on CDp is sm all. As m entioned before, Феff can be taken as constant 
along the radius. H ence Сдр can also he taken as con stan t along the radius. 
CDp is also affected  b y  roughness. B ut it can be assum ed th a t the roughness 
is very  small and hence can be neglected.

b) Secondary and  annu lus  drag coefficients: At present, the secondary and  
th e  annulus drag coefficien ts in a non-free-vortex flow  are n ot properly know n  
either analytically  or experim entally . Hence exten sive am ount of research  
work is required in order to  determ ine them  accurately and this has been left 
for future research work. B ut it  can be assum ed th a t th e  secondary drag coef­
fic ien t, Cds , and the annulus drag coefficient, CoA, in  a non-free-vortex flow  
are about the sam e in  m agnitude as in  the free-vortex flow . In a free-vortex  
flo w , Cqs  is, generally , estim ated  from H ow ell’s em pirical formula [4] which  
can be expressed as

CDs =  0,01? C l  (20)

w here CL represents th e  lift coefficient at the radius, (* /R T)m. Sim ilarly, CßA 
can be estim ated from the expression:

Cd a =  0,018 —-  (21)
h

w here Z is the chord length  at the radius (x l R T)m.
It can be assum ed th at Equs (20) and (21) represent CDs and CDa, re­

sp ective ly , at every poin t along the blade span. A lthough in a non-free-vortex  
flo w  these equations w ill not hold good, still in absence o f  any other reliable 
resu lts, they  have been used to determ ine Cps and C ßA.

c) Sivirl loss: In  a fan w ithout prerotator and straightener, the loss 
associated  w ith dow nstream  swirl is quite appreciable specially  at the hub  
w hen  R H/RT is very  sm all and Сц2/ю-Кт is large.

The swirl loss at the radius, x /R ? ,  can be expressed as:

C ' 2 1» / c ai 2

К  swirl. coRT 1 / o)RT
K rh K rh

w here C'uJ coR t and K rf, can be obtained from Equs (9) and (18), respectively.
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The swirl loss is given in Table X I  and Fig. 13. I t  has a m axim um  value  
at the hub and in the neighbourhood o f the hub, it rapidly decreases as x /R p  
increases, but in the neighbourhood o f the tip , it slow ly decreases as x /R p  
increases.

d) K ine tic  energy loss due to the ax ia l  velocity : The k inetic energy due to  
th e  axial v e loc ity , Cai +  Ca at the radius, x jR p ,  is 1 /2 q (Cai -f- Сш)2. This 
energy is lost, i f  the rotor discharges flu id  into the atm osphere. Hence th is loss 
at the radius, x /R p ,  can be expressed as:

Í C0l +  Cni \21 Саг
2

K-axial. ‘ OjRT ) coRTLaxial.   _  cu~il~7'

K rh ~  к

where Caj/coRp and K rh can be obtained from Equs (8) and (18), respectively .
This loss varies along the radius and its value is quite high at every point 

along the radius. But it can be reduced by taking CaJcoRp as sm all as possible.
e) Effic iency  ; After the determ ination o f all losses already m entioned  

above, it  is possible to  obtain the to ta l efficiency and the sta tic  efficiency of 
the rotor.

The to ta l efficiency can be expressed as:

Г  2л(С а1 +  Cai) A H
V t o , .  =  ^ ^ -----------------------d *  =

a>(J

2 Г c a, +  c ai К - ? -
J RhIRt a>RT R r  A X 1

Qc . R T \

where Cai/oiRp, Qc and К  can be obtained from Equs (8), (16) and (19), re­
sp ectively .

The above equation can be integrated num erically or graphically. The 
to ta l efficiency, rjTot, is given in Table X II . It decreases w hen either A  decreas­
es or N  increases provided and R H/R p  are kept constant. The to ta l efficiency  
is a com m on definition in axial-flow  fans. In the present case, how ever, th is  
efficiency is m isleading because part o f the to ta l head rise is also a loss.

In engineering practice, static efficiency is im portant. The sta tic  efficiency  
at the tip  can be expressed as:

(Pi — P i ) ----- — ß(Cai +  Cai)2

1 — R±
R

a>Q

A ( P s t . )  7
T (25)
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w here  (Pst.)т and Qc can be obtained from  Equs (14) and (16), respectively. 
(V s t ) r  is given in T able X II .

The requisites for high static  efficiency are high to ta l efficiency, low  
kinetic energy loss and large static headrise coefficient. The m agnitude o f the  
k in etic  energy loss can  be reduced and the m agnitude o f  the static head rise 
coefficient can be increased by reducing th e  m agnitude o f  the axial ve locity . 
B u t the m agnitude o f  th e  rotor losses is also increased if  the m agnitude o f  the  
ax ia l velocity  is reduced. H ence designing for h ighest possible static  efficiency  
is rather difficult, b u t b y  properly choosing the design param eters, it  is possible  
to  obtain high sta tic  efficiency. Fan units o f high sta tic  efficiency tend  to  be 
large owing to the desirab ility  o f keeping axial ve loc ity  low . A vailable space, 
size lim itations or cap ita l cost can put a restriction on the m axim um  static  
efficiency for which it  is possible to design.

VI. Effects o f param eters on the aerodynam ic properties o f the fan

There are four m ajor param eters which affect the aerodynam ic properties 
o f  th e  fan. The four param eters are:

axial velocity , Cai/coRr  ;
number of b lad es, N  ;
circulation, ;
hub/tip ratio, R H/ R T. W hile considering the effects o f one param eter, 

other parameters are considered as constant:
a) Effects o f  a x ia l  velocity, Л: CrijcoR-r, Cai/coRT, l / R j ,  p c, K ,  K R/ K rh, 

Qc and T c decrease as A  increases.
b) Effects o f  num ber  o f  blades, N :  Cri/coRT, CU2I(öR ti Ccí/coR t , K ,  p „  Qc, 

T c and KgwirilKrfr increase as N  increases, but the change in  K R/ K rh and / R T 
is sm all i f  the change in  N  is sm all.

c) Effects o f  circulation, Гу. Cn/coRi•, Cu/coR t , CafcoRj, K ,  p c, l )R T, 
Qc, T c and K swiri lK ri, increase as T\ increases, but K R/ K rh decreases as l \  
increases.

d) Effects o f  hub /t ip  ratio, R h/R t - Crt/coRr, Cu/coR t , Cai/a>RT, l /R j ,  
p c, K ,  Qc, T c and K swirilК rll decrease as R H/ R T increases, but К к/ К г̂  in ­
creases as R Hj R T increases.

VII. D esign lim itation o f som e parameters

It is not easy to  g ive a precise lower or upper lim it to  the four major 
param eters (A, N ,  / \ ,  R h / R t ) as these lim its vary according to  the nature o f  
the fan and the m ethod  o f designing the fan. Instead  of prescribing lower or 
upper lim its to Л, N ,  R h / R t  aT|(l F\ ind ividually , efforts w ill be made to  pre­
scribe the upper and th e  lower lim its to R h/ R t , Л  and C'u2/coR t .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



THREE-DIMENSIONAL FLOW IN AXIAL FANS 183

For isolated aerofoil m ethod, generally , R H/ R r  lies betw een 0,2 and 0,6. 
Sim ilarly, C'u2IojR t  should  be less than  0,19 and Л  should lie between 0,04  
and 0,48. I f  C'u2IcoR t  exceeds 0,19 and Л  exceeds 0 ,48, becom es greater 
than  40°, l/s exceeds 0,7 and swirl loss a t the hub becom es high. Sim ilarly, i f  
Л  is taken as less th an  0 ,04 , there is a great increase in  the rotor losses. A t the  
same tim e, care should be taken so th a t C'u2ICai should not exceed 0,4.

VIII. Comparison o f num erical results

In th is section , num erical results obtained  b y  the present m ethod, have  
been compared w ith  th e  W allis m ethod, w ith  m odified W allis m ethod, and  
w ith  approxim ate m ethods of the present author. For num erical calculations, 
th e  values o f  the various parameters are tak en  as: Л  =  0,2, R H/ R T =  0 ,35, 
N  =  3, a =  2,4847, c =  0,0263. The aerofoil section  is taken as R. A. F. 6 E  
(R eynolds No. 0,791 • 10°) CL =  0,7, CDp =  0 ,012, and 0 eff_ =  2°24'.

a) Comparison w ith  Wallis method:  From  the Tables I I I —X II  and Figs 
7 — 13, it  can be seen  th a t there is a great difference betw een the results  
obtained b y  the present m ethod and th e  W allis m ethod [12] except for the  
to ta l efficiency. A ccording to  the present m ethod, К  and P'c at the tip  are 
about three tim es as great in m agnitude as those obtained by W allis m ethod. 
Sim ilarly, the ratio o f  th e  chord length  at the tip  and at the hub, Ij /Ihi  in  the  
present case is about 1,8 tim es as great in  m agnitude as th a t of W allis m ethod. 
According to  the W allis m ethod, the sta tic  head rise coefficient at the tip , 
(P si-)t and the sta tic  efficiency at the tip , (Vst.)rr, have negative values, but 
according to  the present m ethod, th ey  are 0,546 and 0,327, respectively. The 
difference betw een th e  results of the tw o  m ethods is due to  the fundam ental 
difference in  the circulation . Hence it  can be concluded th a t the present m ethod  
is better than  the m ethod  o f W allis.

b) Comparison w ith  modified W allis  method : In  order to  compare the  
results obtained b y  th e  present m ethod w ith  those o f  W allis m ethod when b oth  
have the same circulation , Wallis m ethod is m odified so as to include the  
circulation given b y  E qu. (4). This m odified  m ethod is known as the m odified  
W allis m ethod. From  Tables I I I —X I I  and Figs 7 — 13 it  can be seen th at there  
is close agreem ent betw een  the results obtained b y  the present m ethod and 
the m odified W allis m ethod except in  the case o f Coi-/ojRr, d>geo , K ,  p'c, 
and Kwiri/Kth in  the neighbourhood o f  the hub.

I f  com parison is made between the m ethod o f W allis and the m odified  
m ethod of W allis, it  can easily be seen  th a t there is considerable difference  
in the results obtained  by these tw o  m ethods and th is difference tends to  
increase towards th e  tip . This difference in the results is due to the difference 
in the circulation. H ence it can be concluded th a t the circulation represented  
by Equ. (4), gives b etter results th an  the circulation taken by W allis.
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c) Comparison with  approxim ate  methods : In the approxim ate m ethod  
N o. I , the trailing vortices are considered as straight lines instead o f spirals 
and all other assum ptions are the sam e as in the present m ethod. In the  
approxim ate m ethod N o. II , the tra ilin g  vortices are considered as straight 
lines and the num ber o f blades is considered as infinite, but the to ta l circulation  
is th e  sam e as in the case o f fin ite  num ber o f blades. The results obtained b y  the  
approxim ate m ethods are given in  Tables I I I  —XII .

The results obtained by the present m ethod are in close agreem ent w ith  
th ose  obtained by the approxim ate m ethods. But there is som e difference in  
th e  case o f Фгео., y l ,  К ,  p'c and K swiri lK rh in  the v icin ity  of the hub. The results 
obtained  according to  the approxim ate m ethod No. 2, are alm ost the sam e as 
th ose  o f  m odified W allis m ethod.

H ence it can be concluded th a t th e  shape of the trailing vortices has 
litt le  effect on the geom etrical and aerodynam ic properties o f the fan, provided  
other assum ptions are the sam e.

IX. Conclusions

The main conclusions o f the present investigation are the following:
a)  Such circulation should be prescribed whose derivative vanishes both  

at th e  hub and at the tip , otherwise the induced velocity com ponents will be 
in fin ite  both at the hub and at the tip . M oreover, the appropriate form o f the  
circu lation  depends upon the shape o f the trailing vortices, i.e. w hether the  
tra ilin g  vortices are taken  as straight lines or curves.

b)  The radial com ponent o f the induced velocity , Cri/ooR t is sm all 
com pared to  the axial velocity , Ca2l(oR r , and hence can be neglected.

c)  The difference in the values o f th e  com ponents of the induced velocity  
due to  the change o f the angle o f spiral (i.e. from  to or гр^ to  гр2) is m ax i­
m um  about 8%  at certain radius, but th e  effect of this difference on the ta n ­
gen tia l ve locity , C'uJcoRr,  and on the a x ia l velocity , C02/<wfir is very sm all. 
H ence it  is possible to  take either ip2 or ipm as the angle o f spiral w ithout any  
appreciable error.

d )  The induced ve locity  com ponents at any radius in the plane o f the  
rotor due to  the trailing vortices w hich lie far away from the rotor (60 л  <
<  0  <  oo) are very sm all.

e)  W ith the proper choice of the design variables, the sta tic  headrise 
coefficien t at the tip  and the static effic ien cy  at the tip can be increased and 
back flow  can be avoided.

f )  There is very close agreem ent betw een  the results obtained by the  
present m ethod, by other approxim ate m ethods of the present author and by 
m odified  W allis m ethod except in the neighbourhood of the hub in the case
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of certain geom etrical and aerodynam ic properties. Hence for the same circula­
tio n , there is not m uch difference betw een different m ethods.

g )  There is appreciable difference in  the results obtained by the present 
m ethod and by W allis m ethod, especially, in the region o f the tip , but the  
to ta l efficiency is alm ost the same in both  cases. This difference is due to  th e  
difference in the circulation.

h)  The assum ption that the fin ite num ber o f blades, IV, each having the  
circulation, Г ,  can be replaced by in fin ite number o f blades so th at the to ta l  
circulation is N T ,  is a valid assum ption.

i )  Properly designed non-free-vortex axial flow  fans have values o f to ta l 
efficiency comparable to  that of the free-vortex axial flow  fans. But the sta tic  
headrise coefficient at the tip and the static efficiency at the tip  etc. are greater  
than those of the free-vortex flow .

j )  The practical advantage o f using non-free-vortex flow  in the design  
o f axial flow  fans is th at the size of the fan will be smaller compared to  free- 
vortex  flow .

k )  W ith  the proper choice of the design variables, it is possible to  design  
non-free-vortex flow  pressure rise axial flow  fan without prerotator and stra ight- 
ener, in which the drawbacks of the three-dim ensional nature of flow  could  
be kept down to a m inim um .

l)  The present m ethod is more accurate than  the other m ethods, but the  
m odified W allis m ethod can also be used for engineering purposes.
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R Ä U M L IC H E  ST R Ö M U N G  IN  E IN E M  A X IA L V E N T IL A T O R  
B E I G E G E B E N E R  S C H A U F E L B E L A S T U N G

G. N A T H

Z U SA M M E N FA SSU N G

D er V erfasser b e h an d e lt die L ösung  des so g en an n ten  u m g ek e h rte n  P ro b lem s de r rä u m ­
lic h e n  S trö m u n g  in  e inem  A x ia lv e n tila to r  ohne  V or- u n d  N ach le itu n g  m it w eit au se in a n d e r­
lieg en d en  Schaufeln , m it ra d ia l v e rän d e rlich em  D ra ll. V o rau sg ese tz t w ird , d aß  die Z irk u la tio n  
a n  den  Schaufeln  p ro p o rtio n a l dem  R ad iu s w ä ch s t, das N eb en v e rh ä ltn is  k le in  is t  u n d  die 
S chau fe lzah l endlich  is t. D ie fre ien  W irbe l w erd en  als bis in s U nend liche  sich e rstreck en d e  
S ch rau b en lin ien  b e tra c h te t,  das M edium  w ird  als inkom pressibe l u n d  re ib u n g sfre i v o ra u s­
g e se tz t. D ie rad ia le , tan g e n tia le  u n d  ax ia le  K o m p o n en te  der v o n  den  freien  W irb e ln  in d u ­
z ie r te n  G eschw indigkeit w urde  m it e iner e lek tro n isch en  R echenm asch ine  b e s tim m t, die rad ia le  
K o m p o n e n te  w ird  jed o ch  w egen ih re r  K le in h e it n ic h t in  B e tra c h t gezogen. D ie E rgebn isse: 
d ie  geom etrischen  u n d  strö m u n g stech n isch en  P a ra m e te r  w erden  a u ch  in  a n a ly tisch e r  F o rm  
an g eg eb en . D ie A nw endung  des V erfah rens w ird  a n  einem  Z ah lenbeisp iel gezeigt.

É C O U L E M E N T  S P A T IA L  D A N S U N  V E N T IL A T E U R  A X IA L  
A A U B E S  SO U M ISES A U N E  C H A R G E  D O N N É E

G. N A T H

R É S U M É

L ’a u te u r  p ré sen te  la  so lu tio n  d u  p rob lèm e d i t  inverse  de l’écou lem en t sp a tia l  à m o m en t 
c in é tiq u e  ra d ia le m en t v a riab le , d an s  u n  v e n ti la te u r  ax ia l form ée d ’ailes isolées, à  aubes espacées 
sa n s  g u idage  p réa lab le  e t  u lté rieu r. I l  suppose u n e  c ircu la tio n  su r les aubes c ro issan t en p ro ­
p o r t io n  d u  ray o n , u n  p e ti t  ra p p o r t  de m o y eu  e t  u n  n o m b re  d ’aubes fin i. Les to u rb illo n s  lib res 
so n t  considérés com m e des sp ira les s’é te n d a n t  à  l ’in fin i, le flu id e  e s t supposé incom pressib le  
e t  sa n s  f ro tte m e n t. Les com p o san tes rad ia les , tan g en tie lle s  e t ax ia les de la  v itesse  in d u ite  p a r  
les to u rb illo n s  lib res o n t é té  d é te rm in ées à l ’a ide  d ’u n e  calcu la trice  é lectro n iq u e , m ais la  com ­
p o sa n te  rad ia le  a é té  négligée en  ra iso n  de sa p e tite sse . Les ca ra c té ris tiq u es  géo m étriq u es e t 
d ’éco u lem en t o b ten u es com m e ré su lta ts  so n t p ré sen tées  aussi sous u n e  form e a n a ly tiq u e . 
U n  exem ple  nu m ériq u e  m o n tre  l’ap p lica tio n  de  la  m éthode , les ré su lta ts  é ta n t  com parés 
e n su ite  à ceux de d iffé ren tes  m éth o d es ap p rochées. L ’accord  e st sa tis fa isa n t d an s to u s  les cas, 
e x ce p té  la  m éthode  de W allis.

ПРОСТРАНСТВЕННЫЕ ПОТОКИ В АКСИАЛЬНОМ ВЕНТИЛЯТОРЕ С ЗАДАННОЙ
НАГРУЗКОЙ НА ЛОПАСТИ

Г . H A T

РЕЗЮМЕ
Автор рассматривает решение т. н. обратной проблемы пространственных потоков, 

образующихся в аксиальном вентиляторе, не имеющем ни предварительного, ни после­
дующего направления, и сконструированного с отдельными, редко поставленными лопа­
стями. Пространственные потоки в радиальном направлении имеют переменную угловую 
скорость. Предполагается, что циркуляция на лопастях возрастает пропорционально ра­
диусу, отношение подшипника мало, и число лопастей конечно. Свободные завихрения 
принимаются за бесконечные спирали, а среда предполагается несжимаемой и не имею­
щей трения. Радиальные, касательные и аксиальные составляющие скорости индуциро­
ванной свободными завихрениями, были определены с помощью электронной вычисли­
тельной машины, однако, радиальная составляющая во внимание не принимается, ввиду 
ее малых размеров. Результаты, как геометрические, так и поточные характеристики 
даются и в аналитической форме. Приводится числовой пример, демонстрирующий при­
менение метода.
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THE COMPRESSIBLE LAMINAR SPANWISE 
BOUNDARY LAYER ON A YAWED INEINITE 

CYLINDER WITH DISTRIBUTED SUCTION

G. N A T H
D E P A R T M E N T  O F  F L U ID  M E C H A N IC S , T E C H N IC A L  U N IV E R S IT Y  B U D A P E S T  

[M anuscrip t rece iv ed  M ay 3, 1966]

I n  th e  p re sen t p a p e r, a n  ap p ro x im a te  m e th o d  using  m o m en tu m  e q u a tio n  has been 
p re sen te d  to  calcu la te  th e  com pressible la m in a r  sp a n  w ise b o u n d a ry  lay e r on  a  y aw ed  in fin ite  
cy lin d er w ith  d is tr ib u te d  su c tio n  when P r a n d t l  n u m b e r  is u n ity , v iscosity  v a ries d irec tly  as 
th e  ab so lu te  te m p e ra tu re  a n d  th e  body is h e a t  in su la te d . T he ch ara c te ris tic s  o f th e  chordw ise 
la y e r  is assum ed  as b e in g  know n. I t  has b een  fo u n d  th a t  th e  sk in  fr ic tio n  coefficient increases 
w ith  th e  su c tio n  p a ra m e te r , b u t  i t  decreases w h en  th e  R eynolds n u m b er o r M ach n u m b er 
increases.

List o f  sym b ols

N ota tio n s

f P/ .  g
Hx
H y
Щ
K xh K y
Kt
h i

M
p
4

s

T
и
и
V
V

specific h e a t a t  c o n s ta n t p ressu re ; 
chordw ise a n d  spanw ise  flow fu n c tio n s ;
=  ôx/&x shape  fa c to r  for th e  ch o rd w ise  p rofile  in  th e  b o u n d a ry  lay e r;
=  ôy/G y shape  fa c to r  for th e  sp an w ise  p ro file  in  th e  b o u n d a ry  lay e r; 
a v a riab le  to  d e n o te  i f x/ or Hyi in  E q u . (31);
fo rm  p a ram e te rs  fo r the  chordw ise  a n d  spanw ise v e loc ity ; p rofiles, re sp ec tiv e ly ; 
a  v a riab le  to  d e n o te  K xi or K yi in  E q u . (31);
=  (Gyi/V0i) (9 V[/d zi)zi=s0 non-d im en sio n a l shearing -stress p a ra m e te r  fo r th e  span- 
wise b o u n d a ry  lay e r;
M ach n u m b er;
s ta tic  p ressu re  in  th e  b o u n d a ry  la y e r ;
=  &yil@xi ra tio  o f th e  spanwise m o m e n tu m  th ickness to  th e  chordw ise m o m en tu m  
th ickness;
=  Oxyi/GXy ra tio  o f th e  m ixed m o m e n tu m  th ickness to  th e  chordw ise m o m en tu m  
th ickness;
abso lu te  te m p e ra tu re ;
chordw ise v e lo c ity  com ponent in s id e  th e  b o u n d a ry  lay er; 
chordw ise v e lo c ity  com ponent o u ts id e  th e  b o u n d a ry  lay e r; 
spanw ise v e lo c ity  com ponent in s id e  th e  b o u n d a ry  lay er; 
spanw ise v e lo c ity  com ponent o u ts id e  th e  b o u n d a ry  lay e r; 
norm al su c tio n  ve lo c ity  a t  th e  su rface ;
co-o rd ina te  m easu red  along th e  su rface  in  th e  chordw ise d irec tion ; 
co-o rd ina te  m easu red  in  th e  sp an w ise  d irec tio n ; 
co-o rd ina te  m easu red  norm al to  th e  su rface ;
=  ôyi/ôxi ra tio  o f spanwise b o u n d a ry  la y e r  th ickness to  th e  chordw ise b o u n d a ry  
lay e r th ick n ess;
a p a ram e te r fo r th e  fam ily  o f sp an w ise  p rofiles; 
ra tio  of specific  h ea ts ; 
chordw ise b o u n d a ry  layer th ic k n e ss ; 
spanw ise b o u n d a ry  layer th ick n ess ;

1 -----— “  dz d isp lacem en t th ick n ess  o f th e  b o u n d a ry  lay e r in  th e  chord-
Qi u  J

wise d irec tio n ;
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d isp lacem en t th ick n ess o f th e  b o u n d a ry  lay er in  th e  span- 

wise d irec tio n ;

dz m o m e n tu m  th ick n ess o f th e  b o u n d a ry  lay e r in  th e  chord- 

wise d irec tio n ;

jd z  m o m e n tu m  th ick n ess o f th e  b o u n d a ry  lay e r in  th e  span- 

wise d irec tio n ;

&xy =  - j jr  ^ 1 ----- ---  jd z  m ixed  m o m e n tu m  th ick n ess o f th e  b o u n d a ry  lay e r;

rjx =  z /  ôx a non-d im en sio n a l v a ria b le  in  th e  chord  wise p rofile ;
r)y =  z /  by a  n o n -d im en sio n a l v a riab le  in  th e  spanw ise  p ro file ;
Лх =  — w 0 &x /  y 0 a su c tio n  p a ra m e te r  fo r th e  chordw ise b o u n d a ry  lay e r;
Лу =  — w 0 &y y 0 a  su c tio n  p a ram e te r  fo r th e  spanw ise b o u n d a ry  lay e r;

coefficient o f  v iscosity ; 
v k in em atic  v isco sity ;
Bj — 2 ( / ® xi a non-d im en sio n a l v a ria b le ; 
g density ;
f  shearing  s tre ss  a t  th e  wall;
Г  angle o f sw eep.

Subscripts

0 re fe rs  to  s ta g n a tio n  conditions;
1 re fe rs  to  cond itions a t  th e  edge of th e  b o u n d a ry  lay e r; 
i  re fe rs  to  a re la te d  incom pressib le  flow ;
X  re fe rs  to  a  chordw ise com ponen t; 
у  re fe rs  to  a spanw ise  com ponent.

I. Introduction

For incom pressible flow  over a yaw ed infin ite cylinder, the chordwise 
flow , both  inside and outside the boundary layer, is independent of the span- 
wise flow  [4, 6, 8]. B u t for the sam e cylinder in compressible flow , this “ inde­
p en d en t principle” does not hold good (except for isotherm al fluids). The so lu ­
tion  o f  the com pressible, laminar spanw ise boundary layer on a yawed infin ite  
cylinder or wing w ith ou t suction was obtained by Crabtree [1] under certain  
assum ptions.

In  the present paper, however, an approxim ate m ethod using m om entum  
eq u ation  was form ulated to calculate the com pressible lam inar spanw ise  
boundary layer on a yaw ed infin ite cylinder w ith distributed suction when  
the Prandtl number is un ity , v iscosity  varies directly as the absolute tem pera­
ture and the body is heat-insulated. The calculation for the chordwise layer  
is assum ed as being know n. A lthough the com plete dependence of the chord- 
w ise upon the spanw ise is not represented by the present m ethod, at least a 
part o f  the dependence is accounted for in the solution. H owever, the present
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solution gives fairly good idea of the effect o f  com pressibility on the various 
characteristics o f the spanwise boundary layer w ith distributed suction . 
A m ethod sim ilar to  the present one did not ex ist up till now.

II. Outline o f the present method

F irst, the equations of the steady com pressible laminar boundary layer  
are reduced to  those of the incom pressible flow . Then, w ith the aid o f the m ixed  
m om entum  equation in the incom pressible flow , curves or numerical tables for 
the universal functions s and q in term s o f H xi and H yj are obtained. Then the  
various characteristics o f the incom pressible spanwise boundary layer can be 
obtained and hence by transform ations, the characteristics of the com pressible 
spanwise boundary layer can also he obtained.

III. Basic equations

The boundary layer equations of a yaw ed infin ite cylinder in  a stead y , 
laminar com pressible fluid are given as in R ef. [5]:

Эи du
и --------1- w ----- =

dx dz

1 dp 1 Э du
— H— — /t ——

Q dx 9 9 z 9z
( 1 )

dv dv 1 Э Э и
и ----- 4 -  w -------- - =  — —

Э л; 9  z Q 9  z 9 z

0 =
j p _

9  z

The equation o f continuity is:

9 9
-----(9 Ы) H--------(Qw ) =  0 •

( 2)

(3)

(4)

The equation o f conservation o f energy is:

U 2 +  V2d 8
и ------- i i o  —

Эле Э z
+  cp T

Э Э
—  И —  
3z dz

U2 +  V2
+  cp T \ , (5)

where the Prandtl number is un ity  and v iscosity  varies directly as the absolute  
tem perature.
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I f  there is no heat transfer betw een the gas and the surface of the cylinder, 
E qu. (5) can be expressed as:

lî  —}- V^
cpT  -|-------------- =  constant . ( 6)

The boundary conditions are:

Э T
z =  0, и =  V  =  0, w =  w 0, T  =  T w ( x ) ,-----=  0 ;

3y

z  =  со, и =  U, V =  V ,  T  =  T ,  (X), —U-  =  0,  ̂ U =  0.
dz Э z2

The Illingw orth — Stewartson transform ation is [3, 9]:

a l f ^ d z ,
«0 j 0 So

Г
a l

Jo a j 7 — 1

% и , V ,- =  V,
«1

«0 U , II

«i (7 )

W ith  the aid o f th e  above transform ations, it  is possible to transform  E qus
(1) — (4) to a form  closely resem bling the incom pressible case. The equations  
can be expressed as:

Эм,-

9*7 w,
duj

dz,-
U, 9 Uj_

QX:
1 + L  1 - vi

Vi +  vo
Э 2щ 

Э z?
(3)

ЭV: 8 v : Э2 V /
Ui------- 1- W,----- =  Vq--------

Э X i д  X,- a V-
(9 )

9 Щ Эго,- =  0
Эл:,- dZj

( 10)

(11)
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where

L  =
—  (y — 1) M l
2

and JVf„ is Mach num ber at in fin ity. In  R ef. [5], К  instead o f L  has been used. 
The boundary conditions are:

Zj =  0, и I =  VI =  0, w t =  w 0 , 

zi =  ° °  Ui =  u , , vt =  V t , ( 12)

Эи,- dVj d2Uj Q2v'i

9 г , -  9 2 ,-  8  z 2i d z 2i

For an infinite cylinder it is assumed th a t V  =  V 0, a constant.
L  is sm all for the subsonic flow . W hen the flow  is supersonic ( M m >  1) 

the phenom enon o f shock wave boundery layer interaction occurs, w hich is not 
considered here. H ence can he m axim um  taken as 1. Hence the m axim um  
value o f L  =  0 ,091, when Г  =  45°, у  =  1,4. As a first approxim ation L  can  
be neglected. H ence E qu. (8) com pletely reduces to the equation o f the in com ­
pressible flow . Crabtree [1] uses successive approxim ations from the in com ­
pressible cases L =  0 to  yield solutions for sm all L.  In  the spanwise solution , 
the chordwise solution  is supposed to  be know n beforehand.

The m ixed m om entum  equation in the presence of suction can be w ritten

The spanwise profile on (zil&yi) scale can be approxim ately taken as a fu n ction  
of suction only. The spanwise profile can be expressed as:

where ßy depends upon suction on ly .
From E qus (13) and (14) in trod u cin g  s and q, the m ixed m om entum  

equation can be expressed as [5]:

[l. M o m e n t u m  equation

as (1):

(13)

(15)
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The functional relationship betw een lyi and Xyi can be obtained from  
Ig lisch ’s solution [2] for a fla t plate w ith  constant suction. The polynom ial 
g iv en  by Thwaites [10] for the curves o f ly, against Xy/ is given by:

lyi =  0,225 +  0,36 Xyi +  0,38 Xlyi. (16)

From (15) and (16)

—  (sU в  ) -  V° <°»225 ~  0 ,64  * *  +  ° ’38
Э*, ' 4 & xi

In the presence o f suction, the shape factors H Xj  and H y i  are used to  
d efin e  the chordwise and spanwise profiles, respectively.

The chordwise and the spanw ise profiles can be represented as:

u ,
L = / b ? - ,  H

6>

=  ,  H y i
в yi

(18)

H ence s can be expressed as [5]:

Г Я *1, H xi)
Jo

1 - « | — , H vi
4

de, =  s(q, H xi , H yi) . (19)

2. Calculation o f  s and q in terms o f  H xi and H y j

In order to calculate s and q in term s o f H X(- and H yi, Schlichting profile 
[7] w ith  slight m odication is used.

The chordwise profile can be expressed as:

U,
1 _  e-nxi +  K x

=  1 — (1 +  K xi) e ** , if r]xi =  3 .

■ 2 2 , 1 , 111 — e~Vxi — —  Vxi — —  Vxi + —  Vxi3 27 81 j

The displacem ent thickness in the chordwise layer is given by:

Ó*
dv,

=  1 +  0,1 K x i .

The m om entum  th ickness in the chordwise layer is given by:

=  0,5 +  0,1348 K xi -  0 ,0113 K 2x i . 
dw

, i f  0 <  T)xi <  3;

( 20)

( 21 ) 

( 22 )
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t h e  c o m p r e s s ib l e  l a m in a r  s p a n w i s e  b o u n d a r y  l a y e r îô à

Hence the form param eter, H x is given by:

Я  _  ô *i _  1  +  О Д  K xi

xi Gxt 0,5 +  0,1348 K xi -  0,0113 K x? '
(23)

Sim ilarly, the spanwise velocity  profile is given by:

—— = 1  — e~r)y* -j- K vi 1
Уы

e ■ 2 2 о , 1
, ifO <  f]y i  <  3;

=  1 — (1 +  K yi) е~”ч, i f  r\yi >  3 .
Hence

Ô*.
- * -  =  1 +  0,1 K y i ,
Oyi

=  0,5 +  0,1348 K yi -  0,0113 K y%
àyi

=  %i_ = _________1 t- 0,1 Kyi________
Hyi 0 yi ’ 0,5 +  0,1348 K yi -  0,0113 K ÿ\  '

(24)

(25)

(26)

(27)

The m ixed m om entum  thickness, 0 X y i , can be expressed as:

®xyi
àyi

a \ K x i  +  a i  K y j  - f -  a 3 K x i  К “■у/ • (28)

W hen a =  1; a 0 =  0,5012, a x =  0,0168, a 2 =  0,1174, a3 =  -0 ,0 1 1 3 .  
The relation betw een s and q can be expressed as:

®yilàyi s

( ■ h y i ß y i

I f  K xi, Kyi  and * are known, 0 y,yôy, and 0 Xy//<V can be obtained.
Hence the relation between q and s can be obtained. The relation betw een  

q and s is given in Fig. 1.
Determination o f  K xt and K yi: From  Equs (23) and (27), the relation  

betw een K,  and H t can be expressed as:

0,0113 H t K i  +  (0,1 -  0,1348 H t ) K ,  +  ( 1 -  0,5 H t)  — 0 , (30)

where K t represents K xi or K yi and H t represents H xi  or H y,-. In the present 
case H x i  and Hyi  are assumed to  be known. W hen H t —  2,0, one value o f  
K t =  0 and the other value is positive. K t =  0 gives the asym ptotic suction

13 Acta Technica Academiae SciCntiarum Hun^aricat 56, 196Ç



194 <:. Na t  ri

profile and the positive root is excluded by S c h l i c h t u n g  [7]. I f  H t >  2 ,0 , the  
product of the two roots o f K,  is negative and only the negative roots are taken. 
H ence, corresponding to  one value o f H t, there is one relevant value of K t.

Hence the lower and upper lim its of H yi can he taken as 2,0 and 2 ,5 9 , 
respectively . The lower lim it is fixed  by the asym ptotic suction profile and the 
upper lim it by the Blasius profile for the fla t plate. The lower and upper lim its  
of H Xi can be taken as 2,0 and 4 , respectively . But H x, can be taken for more 
than  4 , if  necessary.

The form param eter, H yi depends on suction only and hence can be taken  
as th e  function o f Ay,-.

The relation betw een H yj and À'yi can be obtained by the use of the exact  
solution  given by Iglisch for the fla t place w ith  suction.

The values o f s and q at different points o f the body can be obtained as 
in R ef. [5].

A do Tßchnic.a Acadcntiae Scientiarum Hiingaricae 56, 1966
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3. Characteristics o f  the spanwise boundary layer in compressible f lo w

After determ ining the various characteristics o f the spanwise boundary  
layer in  the incom pressible flow , the corresponding characteristics in the 
com pressible fluid can be obtained from previous transform ations.

The m om entum  thickness, 0 y, in the compressible fluid is given as (1):

Y +  1

m?

Since q and (~)Xi are know n, <9y,- can be determ ined, hence from the above 
equation (~)y can he obtained. S im ilarly, the shape param eter, H y, can be 
expressed as:

H v -  ( H vi +  1) 1 + -  1 (32)

Sim ilarly, the m ixed m om entum  th ickness can be expressed as:

6> =  6> 1 +

I
7 ) (33)

From  Equs (30) and (31), the d isplacem ent thickness, ôy, can he obtained. 
The skin friction coefficient can he expressed as:

: i?0 Yn Re в

X

[0,225 -F 0,36Я - +  0,38AJ] x

У -  1 -

there
V  вRe &v == •' v

(34)

IV. Conclusions

The m om entum  method gives a fairly good idea of the effect of com pres­
s ib ility  on the various characteristics of the spanwise boundary layer on 
a yaw ed infinite cylinder with distributed suction. The accuracy of the present 
solution  depends upon the accuracy o f the results o f the chordwise boundary  
layer. The m ethod is valid only up to separation point. It is valid for the solid 
body also. The skin friction coefficient, Cjy increases w ith the suction param ­
eter, Xyt, but decreases when the R eynolds number, R e O y or M 1 increases. 
The form param eter, H y, increases w ith Mach num ber but decreases with  
the suction param eter, Ayi.
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K O M P R E S S IB L E , L A M IN A R E , L O N G IT U D IN A L E  G R E N Z S C H IC H T  UM E IN E N  
U N E N D L IC H E N , SC H R Ä G  A N G E B L A S E N E N  Z Y L IN D E R  M IT V E R T E IL T E R

A B SA U G U N G

G. N A T H

ZU SA M M E N FA SSU N G

D er Verfasser te i l t  e ine  au f dem  Im p u ls sa tz  b e ru h en d e  N äh eru n g sm e th o d e  m it fü r  die 
B e rech n u n g  der z u sa m m en d rü c k b a ren , “lam in aren , lo n g itu d in a len  G ren zsch ich t u m  einen 
u n en d lich  langen, sch räg  an g eb lasen en  Z y linder m it k o n tin u ie rlich  v e r te il te r  A bsaugung. 
V o rau sg ese tz t w erden P ra n d tl-Z a h l gleich E ins, V isk o s itä t p ro p o rtio n a l de r ab so lu ten  T em ­
p e ra tu r  u n d  ein w ärm eiso lie rte r Z ylinder. D ie P a ra m e te r  de r G ren zsch ich t in  R ich tu n g  der 
L eitlin ie  w erden als b e k a n n t  v o rau sg ese tz t. D as E rg eb n is  zeigt, d aß  die R eibungszah l sich 
m it zu n eh m en d er A b sau g u n g  e rh ö h t, m it w ach sen d er R eynolds- bzw. M ach-Zahl jed o ch  
u b n im m t.

COU CHE L IM IT E  C O M P R E S S IB L E  L A M IN A IR E  D IR IG É E  SU IV A N T 
L E S  G É N É R A T R IC E S  A U T O U R  D ’U N  C Y L IN D R E  IN F IN I  A S O U F F L A G E  O B L IQ U E , 

E N  P R É S E N C E  D ’A S P IR A T IO N  D IS T R IB U É E

G. N A T H

R É S U M É

L ’au teu  p résen te  u n e  m éth o d e  approchée  basée su r le th éo rèm e  des im pulsions p o u r 
le ca lcu l de la couche lim ite  com pressib le, lam in aire , dirigée le long des gén éra trices  a u to u r  
d ’un  c y lin d re  infin i à so u fflag e  ob lique, en  présence d ’a sp ira tio n  d is tr ib u ée . L ’a u te u r  a d m e t 
u n  n o m b re  de P ra n d tl égal à  1, une  v iscosité  p ro p o rtio n n e lle  à la  te m p é ra tu re  absolue e t u n  
cy lin d re  th e rm iq u em en t iso lé. L a  couche lim ite  e st supposée connue en  d irec tio n  de la d irec­
tric e . L e ré su lta t  m o n tre  q u e  le coefficient de fro t te m e n t c ro ît avec l’a sp ira tio n , m ais d im inue 
avec lu  n o m bre  de R ey n o ld s e t  le n om bre  de M ach.
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СЖИМАЕМЫЙ ЛАМИНАРНЫЙ ГРАНИЧНЫЙ СЛОЙ С РАССЕЯННЫМ ОТСОСОМ, 
НАПРАВЛЕННЫЙ ПО ОБРАЗУЮЩЕЙ БЕСКОНЕЧНО ДЛИННОГО КОСО 

ОБДУВАЕМОГО ЦИЛИНДРА

Г . H A T

РЕЗЮМЕ

В статье сообщается приближенный метод, применяющий теорему импульсов 
для расчета сжимаемого ламинарного граничного слоя, направленного по образующей 
бесконечно длинного косо обдуваемого цилиндра, в случае постоянного рассеянного 
отсоса, числа Прандтля, равного единице, вязкости, пропорциональной абсолютной тем­
пературе, и термоизолированного цилиндра. Характеристики граничного слоя, напра­
вленного по направляющей кривой, предполагаются известными. В результате получется, 
что коэффициент трения возрастает с ростом отсоса, но уменьшается при возрастающем 
числе Рейнольдса или Маха.
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THEORETICAL STUDY 
OF THE GRINDING PROCESS

В. В Е К Е
D O CTO R O F  T E C H N . SC.

C E N T R A L  IN S T IT U T E  F O R  S IL IC A T E  R E S E A R C H , B U D A P E S T  

and

I .  K IS S
T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T  

[M anuscrip t re ce iv e d  J u ly  11, 1966]

A u th o rs  recom m end th e  ap p licatio n  o f n e w -ty p e  in teg ro -d iffe ren tia l eq u atio n s fo r d e ­
scrib ing  th e  developm ent o f th e  grinding p ro cess  a n d  changes of th e  su rface  a rea  o f p ro d u c t, 
resp . E x a m in a tio n  of p ro b a b ili ty  function  o f  f ra c tu re  hy p o th eses k n o w n  fro m  l ite ra tu re  
w ith  th e  a id  o f th e  la t te r  in teg ro -d iffe ren tia l e q u a tio n  — w ith  re sp ec t to  g rin d in g  k in etics — 
n e ith e r  G riff i th ’s h y p o th es is  n o r th e  a ssu m p tio n  of logarith m ic-n o rm al d is tr ib u tio n  has led  
to  ev en  a n  ap p ro x im ate  ch ara c te riz a tio n  of th e  a c tu a l process. On th e  o th e r  h an d , a  fa ir ly  
a d e q u a te  a p p ro x im atio n  can  be  a tta in e d  b y  a ssu m in g  p ro p o rtio n a lity  b e tw een  f ra c tu r in g  p ro b ­
a b ility  a n d  p a rtic le  size.

I. Introduction

In  the course o f  grinding process, a m ultitude of m ixed particle-sizes 
is turned by the effects o f m echanical forces into a m ultitude consisting, 
in general, o f smaller particles. Once, how ever, having attained a large surface 
area, m echanical forces are liable to bring about an opposite process resulting  
in agglom eration, coalescence, i.e. increase of size. Theimer’s [1] reaction  
line diagram  serves to  sp lit this intricate process into partial processes which  
are easier to  survey. In  F ig. 1 individual A x  particle-size fractions are repre­
sented b y  small containers and the lines indicate from w hich ones to which  
one m ay the im aginary flow  of m atter be directed when energy is being im part­
ed. A ctual com m inution corresponds to  flow  in the left d irection, whereas in  
the case o f  agglom eration, flow  is directed  towards the right-hand side.

Particle-size com position at a g iven  tim e is expressed b y  function R(x)  
and D(x )  resp. which represent the am ount o f particles larger and sm aller 
resp. th an  x  or in other words, the oversize and undersize resp. w ith  reference 
to the sieve o f x  aperture-size. It is o ften  convenient to give the derivative  
of the distribution functions instead, i.e . the frequency or density  function

H(x )  -  —  ̂
d x  d*

A significant characteristic of the particle-size com position is constituted  
by th e  free surface area o f the size fraction  a: by 0 contained b y  the unit mass-
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o f m atter, the value o f  which is readily obtained as

F(x)  =  f  Г
J o

* H(x)
d « ,

wherein £ represents a shape factor, w hile 6/y for spheres.
The developm ent o f  the com m inution process is characterized by the  

tw o-variable functions R (x ,  t) and D(x ,  t) resp. Owing to  com plexity o f  the  
process, these functions are not established as y e t. N evertheless, split in to

F ig . 1

R ( x )  and R(t)  a num ber o f formulae o f em pirical origin or obtained by th eoret­
ical considerations corrected em pirically, are known.

The remarkable suggestion made by H üttig and al. [2] is based on s ix  
so-called grinding functions which jo in tly  describe the to ta l process. These 
functions w ith repeated derivation p artly  w ith  respect to  size, partly to  tim e  
o f the function D(x ,  t) being at present unknown, would give a clear and  
dem onstrative picture o f  the changes o f the individual particle-size fractions 
tak in g  place during th e  grinding tim e. Of course, prelim inary condition  
w ould be the estab lishm ent of D(x,  t).

I t  has to  be noted  that the region of particle-sizes is defined betw een  
th e  lim its 0 and <=o. Thus the surface area of the to ta l grinding product a t  
tim e t is

H ( ^ d*
X
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II. K inetics of changes of size distribution and grinding product surface area

In  order to describe the process according to Fig. 1, th e  introduction  o f  
the follow ing integro-differential equation  is proposed:

-7 - H{x,  t) =  — p(x ,  t) Щ х ,  t) +  I p { y , t ) H ( y , t ) < p ( x , y ) d y .  ( 1 )
d t Jo

A dopted sym bols and their definitions are as follows:

H(x, t) f req u en cy  a t  tim e  t, p ro b ab ility  o f o ccu rren ce  of x  sized p a rtic le s ; 
p(x, t) p ro b a b ility  fu n c tio n  of frac tu rin g , p ro b a b il i ty  o f frac tu rin g  a n  x  sized  p a rtic le  a t  

tim e  i;
<p(x, y )  p ro b a b ility  o f f ra c tu r in g  y  sized p a r tic le s  to  ex ac tly  x  size.

In  order to facilitate closer interpretation  of Equ. (1) — for reasons given  
below  — let us at first neglect the second term  of the right side, thus

—  H ( x,  t) =  — p{x ,  t) H (x ,  t ) , 
dt

wherefrom

А  Щ х ,  t) 
d t

Щ х ,  t) '

p ( x ,  t) thus represents the rate o f  change of H(x ,  t) re la tive  to its own  
value at a given in stan t, indicating p robab ility  of fracture or agglom eration  
resp. o f  the x  sized particles.

T his, however, is only part of th e  change o f H(x ,  t), th e  second term  o f  
E qu. (1) representing the am ount of x  sized  particles being produced by fractur­
ing o f у  sized particles. Accordingly, H ( y ,  i) p ( y ,  t) is the to ta l am ount o f  у  
sized particles subjected to  reduction, whereas (p(x,y)  defines how  m any o f  
these becom e reduced to  x  size. cp(x, y )  is thus a density fu n ction  representing  
probability  of reduction from у  size to  ex a c tly  x  size. It m ay be called a density  
function  o f fracture.

K nowledge o f the individual term s o f E qu. (1) and fo llow ing th is, even  
an approxim ate solution  of the equation  w ould enable us to  becom e fu lly  fam il­
iar w ith  the com m inution process. K now ledge ofthepja:, t) probability  function  
of fracture and of the cp(x,y) density  function  of fracture w ould  perm it the  
deduction  or check o f alm ost all of the theoretical and em pirical form ulae con­
cerning size distribution and grinding k inetics.

U nfortunately, th is is w hat one is still too  far from. A lth ou gh  there are 
som e know n hypotheses about probability  o f fracturing they  are m ostly  lacking  
experim ental support. As to the d en sity  function  of fracture, there are on ly

p(x ,  t)

( la )

( 2)
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som e less com plex theoretical studies treating individual cases of com m inution  
providing some m eans to  go by. For the actual collective process in which the 
m utual effect o f the particles has to be considered as w ell, no theoretically well 
established sta tem en t is available.

Therefore, hereinafter it is a ttem pted  to  su b stitu te  the density function  
o f fracture by a q(x , t) function  of surface area relative increase, the interpreta­
tio n  of which is as follow s: W hen F(x ,  t) signifies the to ta l surface area o f the  
size fraction x  b y  0 at tim e t then

d F (x , t) /d x  is th e  su rface  a rea  o f th e  x  s ized  p a rtic les  a t  tim e  t (surface a rea  d e n s ity  
fu n c tio n );

d F (x ,t) /d t  is th e  r a te  o f  change of th e  to ta l  surface  a rea  a t  tim e  t; and
d 2F (x ,t) /d x d t  is th e  r a te  o f  change of th e  su rface  a rea  o f th e  x  sized  particles.

L et us now introduce th e  function

q(x, t)

82 F ( x ,  t) 
dx  91 

8F (x ,  t) 

Qx

(3)

m eaning the change o f  the surface area o f  the x  sized particles relative to  their  
actual surface area at a given tim e t.

According to  E qu . (3) we have

and

Э2 F  (x, t) 

dx 91
q(x, t)

8F (x ,  t)

8яг

8 F (x ,  t) 

8 1 Эя:

It  has been show n earlier that

thus

dF (x , t )  t  Fi(x,t)=  ç ,
Эя; x

8F (x , t )  

8 1
£ I . Щ х ' q(x , t) p ( x ,  t) d x  , 

Jo ж
(За)

wherein the insertion  o f p(x ,  t) probability of fracture indicates that during  
the period dt not all o f  the particles em braced by th e  H ( x , t) density function  
are reduced but on ly  their fraction p ( x ,  t).

Comparing E q u . (3a) w ith E qu. (1), it  can be seen  th a t the first contains  
instead of the (p(x, y )  function the function  q(x, t) a lthough this is unknow n at
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present, how ever, which is more accessible through experim ent. A t the sam e 
tim e, no inform ation is supplied by it as to  the to ta l size distribution and its  
change w ith  tim e; nevertheless, it  indicates the change o f surface area w hich  
is o f great help in some instances, e.g. in calculating energy requirem ents.

III. Known hypotheses o f grinding kinetics and their criticism

Concerning probabili ty o f  fracture  o f particles the follow ing hypotheses  
are know n from  literature:

a)  A ssum ption o f a constant probability value for th e  fracture o f  
particles leads to  logarithm ic-norm al distribution. This has been adopted b y  
K olmogorov [3], E pstein [4] and R é n y i  [5].

b)  In  order to  e lim in ate  d ev ia tio n s b etw een  th e  logar ith m ic-n orm al 
d istr ib u tio n  and actu a l p article size co m p o sitio n , В е к е  [6] assu m es p ro b a b ility  
o f  fractu re to  be p rop ortional to  p artic le  size.

c)  According to  Gr if f it h  [7], the particles — w ith  respect to  the law  
o f Stokes — m ay escape im pact w ith  a velocity  inversely proportional to  x 2 
w hich m eans th at the probability o f fracture is inversely proportional to  x 2,
i.e. p  =  k / x2. According to his opinion, actual conditions are betw een th is and 
a constant probability, thus p  =  k j x r, being 0 <7  r <7  2.

N eglecting the effect o f t, assum ptions a)  — c)  m ay be generalized in the  
follow ing form:

p (x ,  t)  =  a x u , being « > 0  and u ]> 0 . (4)

H ypothesis for the surface area relative increase was found in  connection  
w ith  the deduction of the logarithm ic-norm al distribution only. Here it was 
assum ed th a t when particles o f different sizes are being fractured similar size 
distributions are obtained, i.e. q(x) =  constant. This plain hypothesis has not 
been confirm ed, it  m ay rather be assum ed th at fracturing o f larger particles 
yields a higher relative increase o f  the surface area. Therefore we propose to  
approxim ate th is one by a function

q(x , t) =  bxw (5

sim ilar to  E qu. (4), being b 0 and w  0.
In  the case o f и =  w  =  0, logarithm ic-norm al distribution is obtained.
From  am ong the plain rules concerning changes w ith tim e having been  

m any tim es checked by practical experiences, reference is made to the fo llow ­
ing ones:

d )  The well-known law o f R ittinger according to which the increase of 
the surface area is proportional to  expended work or in the case o f ball-m ills, 
to  the grinding period. It is known th a t th is assertion relates to  an ideal op ti­
m um  w hich, in practice, can often be approached fairly well, thus the increase
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o f  th e  surface area is at m ost proportional to  tim e, i.e.

F(t)  < ; A t  . (6)

e) According to A ljavdin [6, p. 110] development of oversize on a given 
sieve with time is described by the function

R(t)  =  R 0 exp ( — ctn) . (7)

Experience has show n that th is function-form  can he considered a fairly 
good approxim ation o f facts during the grinding period free o f agglom eration.

In  order to  check hypotheses a)  — c),  le t us substitu te  the approxim ate  
functions (4) and (5) in  Equ. (3a) — in  calculating the tota l surface area. 
W e have then

— ;  ( • " ( « • ■ >  „ . f a - a *
0Í J o  X

or

—  =  i a b [ ° °  H ( x , t ) x u+w- 1d x .  (8)
dt Jo

IV. Analysis o f Equ. (8 )

a)  W ith и  -(- w  — 1 =  0, or it +  w =  1,

The distribution being norm alized, the integral becom es 1, thus

3 F/dt  =  Ç ab
and

F(t)  =  F 0 +  f  abt (9)

w hich expresses R ittin ger’s law.
b)  W ith и w  — 1 =  — 1 or и  -f- w  =  0.

-gg- =  t . t r  H K ,) a*.
9 (  J o  X

where the right hand side can be recognized as the surface area of the grinding 
product at tim e t m ultip lied  by ab. W ith respect to th is,

F(t)  =  F 0 e ^ bt, (10)

show ing exponential increase of the surface area w ith  tim e, u =  0 and w =  0 
values being p ostu lated  for the logarithm ic-norm al distribution, their sum
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u  -f- w  should also be equal to  0. This, in turn, would in vo lve an increase of 
the surface area according to  a positive exponential tim e function  which is far 
more than  the actual increase. C onsequently, the logarithm ic-norm al distribu­
tion  cannot be regarded as ju stified  by grinding kinetical considerations.

c)  W ith и  -f- w  <  0, the rate o f  increase of the surface area would be 
even  higher than  exponentia l, consequently , this has to  be rejected. The 
assum ption o f w  =  0 w ould correspond to  G riffith’s hypothesis.

d)  W ith 0 <  (u -f- w) <  1, th e  rate o f  increase o f the surface area would  
lie betw een linear and exponentia l.

e)  W ith и  -j- w  >■ 1, th e  rate o f increase of the surface area would be 
low er than  linear.

As a result o f th is analysis, it  could be concluded th a t the assum ption  
under head a entails the closest approxim ation to experience. This is the result 
e.g. w ith  the assum ption of u =  1, w =  0 which is in  accordance w ith  case
b) in section  III.

In  our estim ation, it  seem s to  be convenient to select for и values be­
tw een  0,8 and 0,9 and for w  betw een  0,15 and 0,25 which m eans th at u  -f- w 
becom es som ew hat higher than  u n ity , the increase o f the surface area being  
som ew hat less than linear.

V. Grinding kinetical analysis o f the logarithm ic-norm al distribution

It  has been show n in the previous section  under head b th a t the pre­
lim inary assum ptions o f  the deduction leading to the logarithm ic-norm al 
distribution  are leading, at the sam e tim e, to  conclusions contradictory to  
practical experiences and to  R ittinger’s law , being in its turn, in fairly approxi­
m ate agreem ent w ith  the la tter. In  our deduction, however, we assum ed inde­
pendence o f the probability  o f  fracture and o f the relative increase o f surface 
area not only o f particle size b u t o f tim e as well. It w ill now  be attem pted  
to  choose p (x ,  t) as such a tim e function  which entails no contradiction to  
R ittin ger’s law , m aintaining at the sam e tim e, the assum ptions p(x)  =  constant 
and q(x)  =  constant.

L et us put

p ( x ,t) =  — ^ —  (11)

and
q(x, t) =  g  =  constant. (12)

B y  substituting (11) and (12) in to  (3a), we have

d F ( t )  

dt
С -"«-» * , i ,
Jo % t
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This m ay also be w ritten  as

d F ( t )  ,  hg  f "  H  (x,t) d xf

di i0 +  t

w hich by integration gives

In F(t)  =  £ hg In (t0 -)- í) -f- In C (13)
and eventually

E qu . (13) is in no contradiction  w ith R ittinger’s law  w hen

S hg =  1 . (14)

The shape factor (for spheres 6/y) w ill becom e less than  1 with substances 
o f exceptionally  h igh density  only, the relative increase o f  the surface area 
g  — at least during th e  in itia l period o f grinding carried out b y  im pact — w ill 
be more than the u n ity  (surface becom ing more than  double by im pact), 
consequently, it can be stated  that f  g >  1 and w ith  respect to Equ. (14),

Furthermore, in  the in itial period o f grinding carried out by im pact free 
o f  agglom eration, one finds a particle size x* which represents the largest 
particle obtained during size reduction, thus the second term  on the right 
hand  side of E qu. (1) can be om itted.

B y integration o f E q. (la ) we obtain

h  <  1.

and according to the assum ption o f p ( x , t) is independent o f x,

thus

—  R(x* ,  t) =  -  p( t)  R(x* ,  t) .
di

(15)
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B y substituting from  E qu. (11)

—  R { x * , t ) = ------- - — R(x* , t )
df t0 +  t

and b y  integration betw een  0 and t

R ( x * , t )  =  R (x * ,  0)
*o +  1 .

(16)

Thus according to  E qu . (16), change w ith  tim e of R  can be described b y  a 
fractional function, its exponent — according to  Equ. (14) — being less than
1. D ecrease of R  is , in  comparison to  A ljavd in ’s Equ. [6, p. 110] confirmed by  
practice, too slow.

Form ing thus the premissae o f  the logarithm ic-norm al distribution in  
such a manner as to  rem ain in accordance with R ittinger’s law , leads to  
conflict w ith A ljavdin’s relation.

To sum up, it  can be stated  th a t the logarithm ic-norm al distribution  
obtained by deductive theoretical m ethod and approxim ated to  practical facts 
b y  certain corrections (“renorm ing” ) [8], is considered h itherto  the best 
approxim ation of the grain structure o f  grinding products, leads to  conclusions 
w hich are far from real facts w ith respect to  grinding k inetical considerations.

R eal facts are fairly well approxim ated by assum ing proportionality  
betw een  the probability  of further particle size reduction and particle size. 
A ttem p ts to  establish  an equation expressing particle size distribution taking  
into account the find ings above, in closed form , have not been successful as yet.
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В. В Е К Е  u n d  I .  K IS S

T H E O R E T IS C H E  U N T E R S U C H U N G  D E S M A H LV O R G A N G S

ZU SA M M EN FA SSU N G

Die V erfasser sch lag en  vo r, sow ohl fü r  d ie  B eschreibung  des M ahlvorgangs, wie fü r  die 
V erfo lgung  der V e rän d e ru n g  der O b erfläche  des M ahlgu ts je  e ine  In teg ro -D iffe ren tia l- 
g leichung . W enn die au s  d e r L ite ra tu r  b e k a n n te n  H y p o th esen  u n te r s u c h t  w erden , so k a n n  
fe s tg e s te llt  w erden, d a ß  v o n  m ah lk in e tisch em  S ta n d p u n k t w eder d ie  G riffithsche  H y p o th ese , 
n o ch  die A nnahm e e in e r lo g a rith m isch -n o rm a len  V erte ilung  zu  e inem  den w ahren  V organg  
w en igstens an n äh e rn d  b esch re ib en d en  E rg eb n is  fü h ren . E ine  g u te  A n n äh eru n g  der W irk lich ­
k e it  k a n n  durch  die A n n ah m e  e iner m it de r K o rn ab m essu n g  p ro p o rtio n a len  W ah rschein lich ­
k e it  fü r  das Z erb rechen  e rre ic h t w erden.

E X A M E N  T H É O R IQ U E  D U  PR O C E S SU S D E  B R O Y A G E

В. В Е К Е  e t  I .  K IS S

R É S U M É

P o u r la  d esc rip tio n  d u  processus de  b ro y ag e  e t  p o u r  celle du  ch an g e m e n t de la  
su rface  de la  m atiè re  b ro y é e , les a u te u rs  p réco n isen t l’é q u a tio n  in tég ro -d iffé ren tie lle . E n  
e x a m in a n t les h y p o th èses  con n u es de la  l i t té r a tu re ,  on c o n s ta te  q u e  d u  p o in t de  v u e  de 
la  c in é tiq u e  du  b ro y ag e , n i l ’hy p o th èse  de  G riff ith , n i celle d ’u n e  d is tr ib u tio n  lo g a rith m iq u e  
n o rm ale  ne co n d u isen t à  u n  r é su lta t  d é c r iv a n t, m êm e a p p ro x im a tiv e m e n t, la ré a lité . U ne 
b o n n e  ap p ro x im atio n  de  celle-c i p e u t ê tre  o b ten u e  en  su p p o san t u n e  p ro b ab ilité  d u  b ro y a g e  
p ro p o rtio n n e lle  à  la  d im en sio n  d u  grain .

ТЕОРЕТИЧЕСКОЕ ИССЛЕДОВАНИЕ ПРОЦЕССА ПОМОЛА

Б. БЕКЕ и  И. КИШ

РЕЗЮМЕ

Авторы предлагают интегро-дифференциальное уравнения для описания процесса 
помола, а также для описания изменения площади поверхности помола. Исследуя ги­
потезы, известные по литературе, при помощи уравнения установлено, что с точки зре­
ния кинетики помола ни гипотеза Гриффича, ни предположение нормального логариф­
мического распределения не приводят к результату, даже приближенно описывающему 
действительный процесс. Удовлетворительное приближение действительности может быть 
достигнуто при предположении вероятности дробления, пропорциональной крупности 
зерен.
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B O O K  R E V I E W — B U C H B E S P R E C H U N G — C O M P T E  R E N D U  D E  
L I V R E S — ОБЗОР К Н И Г

D r . -Ing.  Arno  Facke lmeyer:

M A T E R IA L F L U ß , P L A N U N G  U N D  G E ST A L T U N G

V D I-V erlag , D ü sse ld o rf 1965. 208 Seiten , 2 F a l tb lä tte r ,  123 B ilder

Das B u ck  b esch äftig t sich  m it de r sy s tem atisch en  D ars te llu n g  de r M a teria lflu ß -P ro b le ­
m atik . E s u m fa ß t n u r  den  in n erb e tr ieb lich en  Teil, doch  w ird  n ach d rü ck lich  d a ra u f  h ingew iesen, 
d aß  der M a teria lflu ß  be im  E in k a u f  b eg in n t und  bei de r A blieferung  en d ig t. E b en so  w ird  vieles, 
weil es au ch  G egenstand  a n d e re r  Spezia lfächer b ild e t, n ic h t a u sfü h rlich  e rö rte r t,  v ie lm eh r 
n u r  fallw eise c h a ra k te ris ie rt. Fo lg lich  w ird  des ö fte ren  ein M angel de r S ch ilderung  em p fu n d en , 
die zu m in d est die S y s te m a tik  de r m it dem  M ateria lflu ß  eng v e rb u n d en e n  K a p ite l frem d er 
L ehren  (H ebezeuge, F ö rd e rm asch in en  usw .) m itte ilen  sollte .

D er In h a lt  is t in  d re i T eile g e te ilt. D er e rs te  T eil d ien t zu r E in le itu n g , sch ild e rt die 
E n tw ick lu n g  de r Idee  des M aterialflusses, u n d  g ib t e inen  Ü berb lick  des G egenstandes.

D er zw eite  Teil h a t  zu r A ufgabe, die V orgänge des M aterialflusses in  ih ren  th eo re tisch en  
G rundlagen  zu  erö rte rn . E s  w erden  zu n äch st die O b jek te  als E in f lu ß fak to re n  b esp rochen , 
welche in  den  V orgängen  des M aterialflusses m itsp ie len  (G ebäude , S ta n d o r t,  V erkehrsw ege, 
L ager, F ö rd erer). H ie rn ach  w ird  m an  d u rch  die T ä tig k e ite n  m it den  O b jek ten  zum  Z eitb eg riff 
g e fü h rt, d. h . zu den K o s te n  des M a teria l-T ran sp o rtes. D ie K o s ten b e rech n u n g  e rfo rd e rt 
genaue D efin itio n en  u n d  e tw as M a th em atik , die aus a n d e re n  G ebieten  de r T echnologie b e k a n n t 
sein d ü rften ; im m erh in  w ü rd en  h ier einige E rg än zu n g en  die B ra u c h b a rk e it  des B uches e rh ö h en , 
denn  die im  d r i t te n  Teil an g e fü h rten  B egriffsbestim m ungen  re ichen  zu  den  B erech n u n g en  im  
M aterialfluß  (z. B. D u rch lau fze it)  bei w eitem  n ich t aus.

Im  d r i t te n  Teil fü h r t  u n s  de r V erfasser zu  se inem  eigen tlichen  Ziel, zu r P lan u n g  u n d  
A u sg esta ltu n g  des M aterialflusses. D er P rax is am  m eis te n  en tg eg en k o m m en d  w ird  d ies in  
drei S ch ritten  besprochen . N ach  den zehn G ebo ten  d e r ra tio n e llen  M a te ria lf lu ß g es ta ltu n g  
w ird v o re rs t die E rm ittlu n g  des Is t-Z u stan d es besch rieb en , d. h . die M ethoden  u n d  M itte l, 
die zu r K e n n tn is  de r F örd er-V erh ältn isse  eines b e s teh e n d en  B e trieb es verhelfen . D er n ä ch s te  
S c h ritt  is t  d ie k ritisch e  B eu rte ilu n g  des Is t-Z u stan d es , v o rn eh m lich  m itte ls  geeigneter K e n n ­
zah len  zum  V ergleich m it fo rtsc h rittlich e n  B eispielen . A bsch ließend  fo lg t d a n n  d ie U m ste l­
lu n g sp lan u n g  oder N eu p lan u n g , d. h. die E rm ittlu n g  des So ll-Z ustandes.

D as B u ch  is t  s tren g  genom m en  kein  L eh rb u ch , d azu  sollte  es b ü n d ig er sein, u n d  a u ch  
sollte  n ich t dem  L eser ü b e rla ssen  b leiben einige w ich tige  T eilgeb iete  au s dem  S c h rif ttu m  
ergänzen  zu m üssen . E benso  will es ab er auch  ke in  H a n d b u c h  sein. D as H a u p tau g e n m e rk  is t  
an  das »m ate ria lflu ß b ew u ß te  D enken« u n d  die o rg an isa to risch en  P ro b lem e  g erich te t.

D r. E . Lechner
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In treating problems in connection with machines for the plastic shaping of 
metals the author was led by the desire to work out calculation methods enabling 
the machine designers to determine the forces and power requirement in an 
easy and reliable way. Besides this the book deals also with the, working of 
the machines, the principles according to which they must be designed, the 
determination of the principal dimensions from empiric data, the material of 
the individual parts etc.
Besides being meant primarily as a manual for students of high schools and 
technical universities the aim of this book is also to render good services to 
engineers in practice and designers of the machine industry.
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F . K O L O N IT S :

Calculation o f  Gear Correction by Itera tion

A  general an a ly sis  o f th e  i te ra t io n  m eth o d  is fo llow ed b y  a s tu d y  of 
p rob lem s con cern in g  convergence a n d  e s tim a tio n  o f erro rs . T he re su lts  
o b ta in ed  a re  u sed  to  closely a p p ro x im a te  th e  ch a ra c te ris tic s  o f G anz — 
B o tk a  to o th in g  ( rp , rj2, q2, e tc .) a n d  to  assay  po ss ib ly  a p p a re n t e rrors. 
A  m eth o d  h as been  e laborated  fo r v a rio u s  cases dep en d in g  on th e  site  
a t  w hich  th e  G a n z — B otka to o th in g  req u ire s  c o rrec tio n ; a t  th e  ends o f 
th e  p a th  o f c o n ta c t,  a t  th e  change p o in ts , a t  th e  en d  p o in ts  o f th e  p o s­
sible t ip  relief.

Acta Techn. Hung. 56 (1966), 3— 20

A cta  Techn. H u n g . 56 (1966), 21— 42

B . S Z Ő K E :

D esign Transfer Device fo r  D raw ing A xonom etrie Im ages

O n th e  p rincip les o f th ree  d im ensional g eo m e try  a design tra n s fe r  is 
p resen ted , th e  signalling  tip  of w h ich  is m oved  a long  a h o rizo n ta l section  
of th e  p lan-v iew , w ith  th e  level-rule m o v in g  on th e  re sp ec tiv e  level h e ig h t 
o f th e  side-view , a n d  w hereby th e  d ra w in g  tip  a lw ays m oves on th e  im age- 
p o in ts  co rrespond ing  to  the  ax o n o m e try  chosen  o p tio n a lly . T he c o n stru c ­
tiv e  so lu tion  is m ore  sim ple for th e  case  w hen th e  p ro jec tin g  line is  .p er­
p en d icu lar to  th e  line  of in te rsec tio n  o f th e  im age p lan e  w ith  th e  ho rizo n ­
ta l  p lane. W ith  an  axonograph  of th is  so r t ,  th a t  is m o st su itab le  to  ap p ro ach  
th e  effect o f a  p h o to , th e  num ber o f  th eo re tic a lly  p ro b ab le  v a ria tio n s  is 
tw ice in fin ite , b ecause  th e  in c lin a tio n  ang le  to  th e  h o rizo n ta l o f b o th  th e  
m age p lane  a n d  th e  p ro jec ting  line is  o p tio n a l.

A cta  Techn. H ung . 56 (1966), 43—54

I .  В А Т Т А :

Calculation o f  W ater H am m er P henom ena by A u to m a tic  Sequence 
Controlled D ig ita l Computers, P a r t  I I

T h is p a p e r is th e  co n tin u a tio n  of th e  a rtic le  p re sen te d  in  A cta  Techn. 
H ung. 51 (1965) 3 — 29 as P a r t  I: B asic  P rin c ip les , E q u a tio n s  a n d  F o rm u lae  
T he ca lcu la tion  is m ade  on the  basis o f  som e p a r ts  o f ex p erim en ts  carried  
o u t  b y  th e  D e p a r tm e n t of H y d rau lic  M achines o f th e  T echnica l U n iv e r­
s ity  B u d ap es t on  a  long  pipeline. D u rin g  th e  re sea rch  w ork  som e m ain  
c h a rac te ris tic  d a tg  o f  th e  pipeline w ere  d e te rm in ed  a n d  a w a te r  ham m er 
process caused  b y  pow er failure was in v e s tig a te d . In  th e  d iag ram s b o th  th e  
e x p erim en ta l re su lts  an d  th e  o b ta in e d  n u m erica l v a lu es — as ca lcu la ted  
fro m  th e  p ipeline  ch aracte ris tics a n d  th e  in it ia l  v a lu es o f th e  w a te r  h a m ­
m er — are p lo tte d . In  th e  p resen t p a r t  th e  p ipeline  is described , som e 
d e ta ils  of th e  e x p erim en ts  are m ade  k n o w n , th e  course  o f th e  calcu la tio n  
is exp la in ed  a n d  th e  re su lts  are an a ly ze d .
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7 . H O R V Á T H —  .1. W E B E R

A ctiv ity  o f  Z in c -su lfa te  in  a S u lfuric  A cid  So lu tion  o f  Z inc-su lfa te

E x p e rim en ts  a re  d escribed  th a t  w ere carried  o u t  in o rder to m easu re  the  
E M F of g a lv an ic  cells o f th e  type  H gxZrty| 1 E S 0 ,, Z nS O „ H 20 |  H g 2SO, 
H g, so as to  o b serve  and  to  de te rm in e  th e  a c t iv ity  o f a z inc-su lfate  in 
its  su lfuric  ac id  so lu tio n , a t  vary in g  c o n ce n tra tio n s  an d  v a ry in g  tem p e r­
a tu re s . T h e  a c tu a l  ran g e  of th e  su lfuric  acid  c o n te n t v a ried  betw een  
0 — 250 g/1, t h a t  o f  th e  zinc betw een  0 — 175 g/1. T h e  m easu ring  tem p e r­
a tu re  w as 25, 35, 45 a n d  55 °C. I t  w as s ta te d , th a t  th e  m easu red  E M F 
of th e  cell d ecreases w ith  th e  increase  o f th e  c o n te n ts  o f b o th  th e  su l­
fu ric  acid  a n d  th e  zinc, an d  also w ith  in creas in g  tem p e ra tu re . A t th e  
sam e tim e, th e  ca lcu la ted  a c tiv ity  o f  th e  zinc su lp h a te  in  th e  described 
e lec tro ly te  in c reases  conversely  w ith  in creas in g ; c o n te n ts  of b o th  su l­
fu ric  acid  a n d  z inc, w hereas i t  specia lly  in creases w ith  th e  decreasing  
tem p e ra tu re .

A da Techn. Hung. 56 ( 1966) , 55—64

A c ta  Techn. H u n g . 56 (1966), 75— 90 

K . R E M É N Y I:

Investiga tion  on G rindability  o f  L im estone and Iiock-salt M ix tu re  in a 
Hardgrove M ill

G rinding  a n d  g r in d ab ility  ex p erim en ts w ere c a rried  o u t in a H ardgrove  
m ill on m ix tu re  o f lim estone  and  ro ck -sa lt w ith  m ix tu re  ra tio s  of 1 : 3, 
1 : 1, 3 : 1, w ith  th e  v iew  to  exam in ing  th e  c ru sh in g  m echanism  of th e  
m ix tu re . In  g rin d in g  hom ogeneous su b s tan ces , i t  h a d  been ascerta in ed  
th a t ,  w ith in  a  c e r ta in  space of tim e an  ex p o n en tia l co rre la tio n  w ith  nega­
tiv e  e x p o n en t ex is ts  betw een th e  size m o d u lu s o f the  g round  p ro d u c t 
d e te rm in ed  in  th e  R R B  system  an d  th e  m illing  tim e.

A cta  Techn. H u n g . 56 (1966), 91—106

G Y . C S A B A L IK :

Reduction  o f  H eat Loss o f  the Ingot Head

One w ay to  red u ce  the  h e a t loss of th e  ingot head  is to  m odify th e  shape 
an d  th e  d im ensions o f th e  head, leaving its  vo lum e unchanged . T he la te r ­
al h e a t loss o f th e  in g o t head  being th e  h ig h est i t  should  be en d eav o u red  
to d im in ish  th e  lin in g  volum e of the  h ead -cap  pe r u n it-v o lu m e of th e  in ­
go t h ead , as well as to  reduce the  in n er m an tle -su rface  of the  head-cap . 
T h is can  be  ach iev ed  by  reducing th e  con ic ity  o f th e  head. B esides an 
unchanged h ead -v o lu m e the  larger u p p e r open su rface  th u s  fo rm ed p erm its  
th e  h e a tin g  o f a la rg e r head  surface w ith  s im p le r m eth o d s. T he b e tte r  h e a t­
ing  p o ss ib ility  ach ieved  to g eth e r w ith  th e  re d u c tio n  of h e a t loss 
re su lt in a v e ry  fav o u rab le  ingot head  shape an d  ingot head volum e.





A cta  Techn. H ung. 56 (1966), 107— 130 

L . T Ó T H :

Theoretical and  E xperim en ta l Investigation  o f  M ateria l Flow  in  D ie-forging

T he p a p e r  deals w ith  th e  th eo re tic a l a n d  th e  ex p erim en ta l in v es tig a tio n  
of m a te ria l flow  phen o m en a  in  d ie-forg ing , p resen ting  a n  ap p ro x im ate , 
easily  u n d e rs tan d a b le  m eth o d . T he a u th o r  in v estig a tes th e  de fo rm atio n  
a n d  th e  stresses in  a  disc w ith  a p in  a n d  in  a c ly lind rically  sym m etrica l 
forged piece of H  section . T he ex p e rim e n ta l and  th eo re tica l re la tio n s  agree 
fa ir ly  well an d  th is  proves th e  co rrec tn ess  of the  discussed a p p ro x im ate  
M ethod.

A cta  Techn. H ung. 56 (1966), 1 3 1 -1 3 8

A . K IS F A L U D Y — P . T A R D Y :

The M icroscopic E xam ina tion  o f  Ferromagnetic Phases o f  A lloys

F o r de tectin g  an d  d e te rm in in g  th e  lo ca tio n  of th e  fe rro m ag n etic  phases 
o f au s ten itic  steels th e  m o st su itab le  m eth o d  is th e  se p a ra tio n  of th e  
phases on th e  basis o f th e ir  m ag n e tic  p e rm eab ility . F o r th is  reaso n  th e  
au th o rs  have  developed  th e  follow ing p ro ced u re : th e  g round  m eta llo g rap h ic  
specim en is p laced  in  a  m ag n e tic  fie ld  a n d  on its  surface  a suspension  con­
ta in in g  v e ry  fine  fe rro m ag n e tic  g ra in s is p laced , o f th e  k in d  w hich  has 
been  used  fo r a  long tim e  fo r th e  e x am in a tio n  of dom ains. U n d e r th e  
in fluence of th e  m ag n e tic  fie ld  th e  p a rtic le s  stick  to  th e  fe rro m ag n etic  
phases, therefo re  these  phases a p p e a r  d a rk  w hen exam ined  w ith  th e  n ak ed  
eye or w ith  a m icroscope. T he ch ief a d v an tag e s  o f th e  m eth o d  are  speed, 
re liab ility  an d  absence of a n y  chem ical reac tio n , and  co n seq u en tly  th e  
re su lts  are  easily  rep roduced .

A cta  Techn. H ung . 56 (1966), 139— 160

P . B E N Y Ó :

A pplica tion  o f  W ave E quations to Short P ipes, P art l

T h e  w ave eq u a tio n s  fo rm ing  th e  so lu tio n  of th e  d iffe ren tia l e q u a tio n s  
describ ing  in s ta t io n a ry  flow  in  s tra ig h t  p ipes of c o n s tan t c ross-sec tion  w ere 
app lied  to sh o rt pipes. W ith  th e  d e te rm in a tio n  of th e  co n d itions o f  re flec ­
tio n  a t  th e  p o in t o f change o f c ross-section , th e  equ atio n s w ere ap p lied  to  
th e  p ressu re  space o f in jec tio n  p u m p s. T h u s, th e  p ressure  p h en o m en a  w ere 
described as h igh  freq u en cy  p ressu re  oscilla tion , according to  re a lity . In  
P a r t  I of th e  p a p e r, th e  p ressu re  p h en o m en a  w ere an a ly zed  fo r th ree  
p is to n  velocities p ro d u ced  b y  a d a m sh a ft, an d  could be d escribed  b y  a 
geom etric  series. W ere th e  p ressu re  d e te rm in ed  on th e  basis o f th e  co n ti­
n u ity  eq u atio n , th e  so lu tion  w ould  be g iven  by  an  inhom ogeneous d if­
fe ren tia l eq u a tio n  of th e  f i r s t  o rder.
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Acta T rchn. H u n g . 56 (1966), 161 — 186 

G. N A T H :

Three-dim ensional F low  in  A x ia l F a n s w ith  Prescribed B lade Loading

TEê inverse  p ro b lem  of the  th ree-d im ensional n o n -free -v o rtex  flow  th rough  
an  axial, fan  w ith o u t  p re ro ta to r  an d  s tra ig h te n er, h a s  b een  solved by 
using  the  iso la te d  aerofoil m ethod , w hen th e  c ircu la tio n  increases w ith  
th e  rad ius, R ^ / R f  is sm all an d  th e  n u m b er o f blades is  f in ite . T he tra il­
ing v o rtices a re  considered  as spirals ex ten d in g  to in f in ity . T he flu id  is 
considered  as incom p ressib le  an d  non-viscous. T he ra d ia l, ta n g e n tia l  and 
ax ia l co m p o n en ts  o f th e  in d u ced  v e loc ity  due  to  the  tra ilin g  v o rtic es  have 
been o b ta in ed  n u m erica lly  b y  using  E lec tro n ic  C om puter, b u t  th e  rad ia l 
com ponent has been neglected  as i t  is sm all. A n a ly tical expressions for 
various g eo m e trica l a n d  aero dynam ic  p ro p e rtie s  h av e  been  ob tained . 
One num erica l e x am p le  show ing th e  ap p lic a tio n  of th e  m eth o d  is given.

A cta  Techn. H u n g . 56 (1966), 1 8 7 -1 9 8  

<;. N A T H  :

The Compressible L a m in u r  Spam vise B oundary  Layer on a Yaw ed  
In fin ite  C ylinder w ith  D istributed Suction

In  th e  p re se n t p a p e r , an  a p p ro x im ate  m eth o d  using  m o m e n tu m  eq u a­
tio n  has been  p re sen te d  to  ca lcu la te  th e  com pressib le la m in a r  spanwise 
b o u n d a ry  lay e r  o n  a yaw ed  in fin ite  cy lin d er w ith  d is tr ib u te d  su c tio n  when 
P ra n d tl  n u m b e r  is u n ity , v iscosity  v a ries d irec tly  as th e  ab so lu te  tem p er­
a tu re  an d  th e  b o d y  is h e a t in su la ted . T h e  ch a ra c te ris tic s  o f  th e  chord- 
wise lay e r is a ssu m ed  as being  know n. I t  h a s  been fo u n d  th a t  th e  skin 
fric tion  coeffic ien t increases w ith  th e  su c tio n  p a ram e te r, b u t  i t  decreases 
when th e  R e y n o ld s  n u m b er or Mach n u m b er increases.

Acta  Techn. H ung . 56 (1966), 1 9 9 -2 0 8  

В. В Е К Е — I .  K I S S :

Theoretical S tu d y  o f  the G rinding Process

A u th o rs  reco m m en d  th e  ap p lica tio n  o f new -type in teg ro -d iffe ren tia l 
equ atio n s fo r d escrib ing  th e  develo p m en t o f th e  g rin d in g  process and 
changes o f th e  su rface  a rea  o f p ro d u c t, resp . E x am in a tio n  o f p ro b ab ility  
fu n c tio n  of f ra c tu re  hy p o th eses know n fro m  lite ra tu re  w ith  th e  aid  of 
th e  la t te r  in te g ro -d iffe re n tia l e q u a tio n  — w ith  re sp ec t to  g rind ing  k i­
netics — n e ith e r  G riff ith ’s h y po thesis n o r th e  assu m p tio n  o f logarithm ic- 
n o rm al d is tr ib u tio n  h as  led  to  even  a n  ap p ro x im ate  c h a rac te riza tio n  
of th e  a c tu a l p rocess. On th e  o th er h a n d , a fa irly  a d e q u a te  ap p ro x im a­
tion  can be a tta in e d  b y  assum ing p ro p o rtio n a lity  be tw een  frac tu rin g  
p ro b a b ility  a n d  p a r tic le  size.
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T h e  A c ta  T echnica  pub lish  p a p e rs  o n  tec h n ica l sub jects in  E n g lish , G erm an , F re n c h  
a n d  R u ss ian .

T h e  A c ta  T echn ica  ap p ea r in  p a r ts  o f v a ry in g  size, m aking  up  vo lum es.
M an u sc rip ts  should  be ad dressed  to

A cta  Technica  
N ádor и. 7.
B udapest V.

H un g a ry

C orrespondence w ith  th e  ed ito rs  a n d  p u b lish e rs  should  be se n t to  th e  sam e ad d ress . 
T h e  r a te  o f su b scrip tio n  to  th e  A c ta  T ech n ica  is 110 fo rin ts  a v o lu m e. O rders m a y  be 

p laced  w ith  “ K u ltú ra ”  Fore ign  T rad e  C o m pany  fo r B ooks an d  N ew sp ap ers  (B u d a p e s t I., 
F ő  u tc a  32. A ccoun t No. 43-790-057-181) or w ith  rep re sen ta tiv es  a b ro ad .

L es A c ta  T echnica  p a ra issen t en  fran ça is , a llem an d , anglais e t  ru sse  e t  p u b lie n t des 
t r a v a u x  d u  dom aine  des sciences tech n iq u es.

L es A c ta  T echnica  so n t publiés sous fo rm e de fascicules qui se ro n t ré u n is  en  vo lu m es. 
O n e s t p rié  d ’envoyer les m an u sc rits  d estin és à  ré d ac tio n  à l’ad resse  su iv a n te :

. A cta  Technica
N ádor и. 7.

•
B udapest V.

Hongrie

T o u te  co rrespondance do it ê tre  envoyée à c e tte  m êm e adresse.
L e p r ix  de l ’ab o n n em en t e st de 110 fo rin ts  p a r  volum e.
O n  p e u t  s’ab o n n er à  l’E n trep rise  p o u r  le C om m erce E x té rieu r de  L iv re s  e t  J o u rn a u x  

«K ultú ra»  (B u d a p es t I .,  F ő  u tca  32. C om pte  c o u ra n t N o. 43-790-057-181) ou  à l ’é tra n g e r  chez 
to u s  les re p ré se n ta n ts  ou déposita ires.

«Acta T echnica» публикуют трактаты из области технических наук на русском, 
немецком, английском и французском языках.

«Acta Technica» выходят отдельными выпусками разного объема. Несколько вы­
пусков составляют один том.

Предназначенные для публикации рукописи следует направлять по адресу:

A cta  Technica  
N ádor и. 7.
B udapest V.

Венгрия

По этому же адресу направлять всякую корреспонденцию для редакции и адми­
нистрации.

Подписная цена «Acta T echnica» — ПО форинтов за том. Заказы принимает пред­
приятие по внешней торговле книг и газет «K ultú ra»  (B u d ap est I., Fő u tc a  32. 
Текущий счет № 43-790-057-181) или его заграничные представительства и уполномо­
ченные.
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SATURATION CURRENT 
IN DIFFUSION-ACTION TRANSISTORS

I .  HÁZM ÁN

IN D U STRIA L R ESEA R C H  IN STITU TE FO R  ELECTRONICS, BU D A PEST 

[M an u scrip t received  J u ly  10, 1962]

T h e  c u rren ts  flow ing th ro u g h  th e  tra n s is to r  h av e  b een  d iv id ed  in to  th e  follow ing 
co m ponen ts: hole c u rre n t o f th e  v o lu m e tric  tran s is to r , e m itte r  an d  co llector v o lu m e tric  e lectron  
c u rren ts , hole c u rre n t o f th e  v o lu m e tric  collector d iode an d  c u rre n t c o m p o n en ts  resu ltin g  
fro m  su rface  reco m b in a tio n . T he d e te rm in a tio n  of these  sa tu ra tio n  c u rre n ts  b y  m easu rem en t 
h as b een  tra c e d  dow n to  th e  m ea su re m e n t o f 1я", I f c o  a n d  I q0. I t  has  b een  s ta te d  th a t  th e  
m en tio n ed  th ree  q u a n titie s  are  m ore ch arac te ris tic  o f th e  processes in  tra n s is to rs  th a n  th e  
sa tu ra t io n  c u rre n ts  I ebo a n d  IcBo> o b ta in e d  from  th e  sim u ltan eo u s e ffec t o f all th e  com po­
n en ts . T h e  m eth o d  ad o p ted  here  g ives a  b e tte r  in s ig h t in to  th e  physical p rocesses an d  p e rm its 
a n  e x ac t q u a n tita tiv e  d e te rm in a tio n  of th e  cu rre n t am p lifica tio n  fa c to rs  a n d  o f th e  vo ltage  
dependence  o f th e  e m itte r  c u rre n t. T h e  collector sa tu ra tio n  c u rre n t can  be  g iv en  as a  fu n c tio n  
of vo ltag e  in  good ag reem en t w ith  m easu rem en ts  — tak in g  in to  c o n sid e ra tio n  th e  avalanche , 
base  p u n c h -th ro u g h  an d  su rface  co n d u ctan ce .

I. Structure and model of the alloyed transistor

D iffusion transistors w ith  a substantially  hom ogeneous base resistivity  
are m ostly  prepared b y  alloying. Fig. 1 shows the characteristic cross-section  
of a typ ica l alloyed transistor [1].

The tw o p -typ e electrodes, the em itter and collector, a lloyed  into the 
re-type base plate, form tw o p — re junctions w ith  it. To provide an electric 
contact for the three crystal sections a three-term inal netw ork is obtained, 
the electric characterisation o f which can be accom plished e.g . b y  utilizing

F ig . 1. C ross-section  o f an  a lloyed ju n c tio n  t ra n s is to r
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212 I. HÁZMÁN

th e  physical relations of literature [2]. An exact q u an tita tive  description is 
im possible for the tw o  follow ing reasons: a strict consideration of boundary  
conditions determ ined b y  geom etry and the exact so lu tion  of the differential 
equations present unsurm ountable difficulties. R esults obtained b y  a number 
o f different approxim ations are su itab ly  accurate to  solve certain part prob-

0)

F ig . 2. D isassem bling  a n  a lloyed tra n s is to r  (a) and  in te rc o n n e c tin g  th e  co m ponen ts (b)

lem s; utilizing w ell-chosen m odels every characteristic of the real transistor 
can be determined in good agreem ent w ith m easurem ents.

The geom etrical m odelling o f the transistor is carried out according  
to  F ig. 2. Em itter and collector junctions are considered parallel planes. The 
crystal section under the em itter surface is m odelled b y  a one-dim ensional 
transistor ( T ) ,  the collector surface not covered b y  the em itter is taken  
in to  consideration as a ( D r )  volum etric diode (its current appears accordingly  
in the collector-base circuit); in order to represent th e  surface recom bination, 
surface diodes are connected  betw een  the em itter and base term inal (D f e ) 

and between the collector and base term inal ( D f c ) ,  respectively .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



SATURATION CURRENT IN  DIFFUSION-ACTION TRANSISTORS 213

The same potentia l is assum ed along the whole em itter surface at th e  
edge o f the em itter depletion layer nearer to  the base; th is surface can b e  
considered electrically punctiform  and is m arked В ’ in circuits.

The electrical characteristics o f  the above transistor elem ents are g iven  
in the following in a form suitable for calculating the saturation  currents.

II. Current com ponents

To determ ine the saturation currents it  is enough to  start from relations 
valid  for low -level carrier injection.

B oth  the em itter-base vo ltage  U Eb < and collector-base voltage Ucb' 
control the hole current of the (T) volum etric transistor [3]:

where

H ere are :

T __  T * *
x E p  —  1 E o

T ___ T * *
1 C p  —  1  E o

exp U e b ' — 1
U T

exp U EB'

- 1)U T

H exp
V CB'

U ,
- 1

U CB. A  1 1
U T I В  J

T** _ A1 Fn --  T
qD  n \

N d L p sinh w /L p

w
В  =  1 /c o s h ----- ,

Lr,

U T =
k T

( 1 )

( 2)

( 3 )

(4)

Dp  the diffusion constant for holes in  the base region;
Lp  the diffusion len gth  for holes in  th e  base region; 
q electronic charge; 
к B oltzm ann’s constant; 
щ  intrinsic carrier density;
N d density for donors in the base;
T  absolute tem perature;
w =  w0 — dtf e ffective base w idth  approxim ately equal to the difference betw een  

the geom etrical base width w 0 and the w idth  of the collector depletion layer  
A ß  em itter surface.

The electron currents have a diode current nature:

..., I
1 E n  —  1  E o '

___ T —  F * *
l C n  —  * - E o

ß n E

1

ß *ПС

exp

exp

U eb ' _  ^
U  7

U CB' _ A

U n

( 5 )

(6)
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214 I. HÁZMÁN

where
1 _ У в sinh w /L p

ß n E У е L n E

1 V b sinh w L p

ßnC У с L n c

(7a)

(7Ь)

у в , УЕ and yc  denote the conductiv ity  of the base, em itter and collector layer  
resp ., L nE and L nc stand  for the diffusion lengths in the em itter and collector  
layer for the electrons.

The current through the surface diodes consists o f tw o com ponents [4, 
5 ], nam ely the one due to  the in jection  current d en sity , proportionate to  
exp  U /U t , and the other, approxim ately proportional to  exp [7/2 U r, resulting  
from  the carrier generation and recom bination on the surface o f the depletion  
layer. The recom bination-generation current in the volum etric part o f the  
depletion  layers is included in the current of the surface diodes.

Accordingly the em itter current across the surface diode ( Dfe) is given by

I E f  =  I RGEo exp
U E B '

mUrr
+

T**
1 Eo

ß /E

exp
U E B '

U T

where

l RGEo
qn i

-pn +  r n
dp A t

( 8)

( 9 )

equals the coefficient of the (surface and volum etric recom bination-generation) 
current proportionate to  the em itter depletion layer w idth  dß and the “ sur­
fa ce”  A e * >  A e ", ß/E is inversely proportional to the recom bination rate on 
th e  surface of crystal layers in quasi-equilibrium . I t  should be noted th at  
in  th e  first part of (8) the direct voltage dependence can only  be approxim ately  
expressed in this sim ple form and the current com ponent has a direct voltage  
dependence through I r g E o (especially in the reverse-bias region).

Sym bols in  (9) still not explained are 1 <  m  <  2, t po and t no are the  
hole and electron lifetim e, resp., in a m aterial w ith a strong donor or acceptor 
im p u rity  [4].

The current o f the collector surface diode (D fc) can be given sim ilarly  
to  (8); but for sim plicity’s sake the recom bination on the surface above the 
quasi-equilibrium  crystal will be involved  in the volum etric diode current 
[e.g . in  w d ,  see form ula (12)]:

— I cf ^  I rgco ex P
U çb'
m U T

(10)
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SATURATION CURRENT IN  DIFFUSION-ACTION TRANSISTORS 215

where

I r g c o  “  — ~ ~ —  d c  A * ‘ ( П )
^  po > Tno

H ere
de* den o tes th e  collector d ep le tio n  la y e r  w id th ,
A £  >  A c  a  q u a n ti ty  g reater t h a n  th e  co llec to r ju n c tio n  surface.

The current through the volum etric  collector diode (D r) consists o f  the  
hole and em itter currents:

jr _ qDprij
exp Пев'1 p D

N d w D U T

jr - qDn nf
exp U CB’

1 nD
N a L nc U T

- 1  

— 1

(Ac — A e) , 

(Ac ~  Ae)-

( 12)

(13)

The q u an tity  wd shown in  F ig. 2a is the “ effective” base w idth  o f  
the volum etric diode D t , sligh tly  in fluenced  b y  the collector surface recom ­
bination . It is d ifficu lt by calculation to  determ ine Wp accurately; i t  can be  
considered generally one of the m easuring data.

To obtain th e  whole collector volum etric electron current, th e  electron  
current of the volum etric diode and th a t o f  the volum etric transistor given  
in (6) w ill he added:

where

■1/7C (-1С п  ”Ь  I n ö )
I  m

ß n C

U ев' 
U T

A e  Yc 

А р У в

L nc
L p sinh w/Lp

(14)

(15)

III. Currents

The em itter and collector current o f  the transistor am ount to:

I e  —  I e p  +  I  En  +  I e f  •>

h  =  Icp  1лC IpD IcF ■>

or, substitu ting  relations (1), (2), (5), (8), (10), 12) and (14):

i E = m

T**1 Eo

exp E mS L - I

exp

u7
и

exp
U ев
Ur

E B ’

U r
exp U,CB

Ur Xr

(16)

(17)
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216 I. HÁZMÁN

where the normal and inverse DC current am plification  factors x N and a/ 
have the follow ing value:

J -  =  cosh Л  +  J L  +  J _  +  1 m * l
X N  L p  ßnE ßfE I% *  U

U E B ' _  j

exp EB'

U n
- 1

j  - c o c h  w  I 1 1 Ac ~ A E L ps in h w /L p [
ßnC IV r

+ l RGCo
T * *
1 Eo

exp U  e b ' _  j

+
mU-,

exp
U E B '

U n
— 1

(18)

(19)

(16) and (17) present the so-called sym m etrica l equations for diffusion  
transistors at low  in jection  level. T hey can be considered the m ost im portant 
DC transistor equations in application and design [6], at the same tim e th ey  
define the current am plification factors (18) and (19).

IV. Saturation currents for transistor characterisation

1. Satura tion  em itter current w ith short-circuited emitter-base diode

Let us determ ine the em itter current w ith  som e hundred mV reverse 
voltage applied to  the collector junction  and short-circuited em itter-base  
diode (Fig. 3). S ubstitu ting  UcB’ — Ut , Ueb> =  0 into (16) we obtain:

I e  — 1 er  — !%*• (20)

For an in versely  biased transistor ( Ucb, =  0, Ueb — Ut) sim ilarly  
(17) yields (Fig. 4):

~  —  I cr  =  I e* ■ ( 21 )

As it is obvious from relations (20) and (21), the two short-circuit 
currents are the sam e. This is in good agreem ent w ith  m easurem ents; th is 
being  u ltim ately  the reason w hy the em itter surface is involved in expression
(2) for the collector hole current of the volum etric transistor.

Considering equations (20) and (21) as w ell as Figs 3 and 4 it  can be 
sta ted  that the q u an tity  I E* defined for the volum etric transistor is d irectly  
m easurable. For a — germanium alloyed A  F  — transistor having th e  geo­
m etrical data

w =  50 /гт ,

A e  =  4 • IO“7 m 2

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



SATURATION CURRENT IN  DIFFUSION-ACTION TRANSISTORS 217

and the crystallographic parameters

Nd =  5 • 1020/m 3; 

щ =  2,4 • 10I9/m 3; 

Dp = 4,4 ■ 10“ 3 m 2/s ; 

w/Lp <S 1

has the num erical value

r** -I Fo -
qDp п\ а е 

N d L„ sinh w /L p

qD p rtf A e 

N d w
6,5 p ,A .

2 . Currents at reverse-biased junc tions

A quantitative consideration o f the diodes defined in the transistor  
is possible by a m easurem ent carried out w ith both reverse-biased junctions  
(F ig. 5). Substituting UcB' — Ut  and Ueb- — Ut  into (16) and (17):

/ *  __ T**
E o —  1 En — 1

'N

T* _ Г**1C0 — 1 EnEo
1

X,

_ T**
—  l Eo

_ r**
—  1 Eo

1

ßt
+  1 + 1  + I roeo \

+  ß n E ß fE
T**1Eo J

1

Tt ßnC
+

A n  — A i w
+

1 RGCo

Wr T**1Eo

( 22)

.(2 3 )

Contrary to  the short-circuit I%* which depends only through iv on 
the applied reverse vo ltage, I e „ and I* 0 flow ing at reverse-biased junctions  
show  a stronger vo ltage dependence: th e  quantities I rgo are proportional to  
the depletion layer w idths dß and dc-

3. Current am p lifica tio n  factors

All the other saturation currents can be expressed as a function o f the  
three saturation currents, marked w ith  asterisk. In practice preference 
is given to  the m easurable current am plification  factors instead of the quan­
tities m arked w ith one asterisk. From  (22) and (23) the current am plification  
factors are related to  th e  defining quan tities w ith asterisks by

xN =

x , =

T **
t  Eo

T** ! T* ’
1  E o  1  Eo

T**
1 Eo

№  +  I*Co '

(24)

(25)
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218 I. HÁZMÁN

4. Equivocal characterisation

The quantities 1%*, &n  and in (16) and (17) unam biguously define 
th e  transistor at least in the range of current and voltage, for which the above 
relations are valid . T hey can he determ ined by three current m easurem ents,

F ig . 3. D efin itio n  of e m it te r  sh o rt-c irc u it c u rre n t 
F ig . 4. D efin itio n  of co llec to r sh o rt-c irc u it c u rre n t  

Fig. 5. D efin itio n  o f th e  sa tu ra t io n  c u rre n ts  a t  rev erse -b iased  ju n c tio n s  
F ig . 6. D e fin itio n  of s a tu ra t io n  c u r re n t  a t  zero e m itte r  c u rre n t  
F ig . 7. D e fin itio n  of sa tu ra t io n  c u r re n t  a t  zero co llecto r c u rre n t 

F ig. 8. D efin itio n  o f sa tu ra tio n  c u r re n t  a t  an  e x te rn a l base  re s is tan ce  R ß

th e  results of w hich directly  give /§* ; the current am plification factors can  
b e calculated on basis o f (24) and (25).

The (characteristic numerical) va lue of the currents marked w ith  one 
asterisk is obtainable from the num erical value of the current am plification  
factors. Substituting

xN =  0,97
and

oi] =  0,75
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SATURATION CURRENT IN DIFFUSION-ACTION TRANSISTORS 219

into (24) and (25) gives
I eo =  0 , 2 1  f i A ,

I*o =  2,15 [ iA .

The volum etric diodes have a great influence on I* 0 and ö t / .  The p revalent 
quantity  in (23) is wjwD, since in  first approxim ation

w
(23a)

U tilizing (23a) and (25) wq can be calculated from  the measured values:

WD ^  I eo _ A e  CCj

w I*o —A e  A c—A e  1 — Xj
(26)

I f  A c  =  2A e , « / =  0,75 the following approxim ative equality can be obtained:

WD QsiZw.

V. Saturation currents

In order to  determ ine the saturation  current at zero em itter current 
í / e b ’ is elim inated from (16) and (17):

I c  — <xN I E — I** 1 5J [
. «I

U cb' - 1 (27)

A pplying a reverse voltage to  the collector junction at zero em itter  
current an open-circuit saturation current

r  ___  T**
1 CBo —  *E o

1
'•N (28)

will flow  (Fig. 6).
For the accurate evaluation o f (28) it  is necessary to  know  Ueb, as 

ötN depends on th is. In asym m etrical germ anium  transistors осдг ш  1, thus  
I cbo is but sligh tly  sensitive to its  exact num erical value. A ccordingly the  
approxim ation

I cbo =  !%*
1

- 1 =  1*0

is acceptable, though in reality I  CBo >  I  Co­

i n  analogy for an inversely biased transistor (Fig. 7)
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Г ___ г**
мЕВо  —  л Р-о

1
Ео — а , ‘*15(1 - « / )  =  *&■

л-дг

Г**
1 Ео

1 *Е*о +  П о
(29)

According to  th e  approxim ation form ula I ebo is smaller than Z*0. W ith the  
exact value o f адг a similar relation is obtained if  I eo"^ !*<>■> thus I ebo <  Z*0.

1. Sa tura tion  current as a fu n c tio n  o f  the external base resistance

To determ ine the saturation current denoted b y  Ice (Fig- 8) equations 
(16) and (17) are used anew w ith the su b stitu tion  UCB, — Ut ; according
to  F ig. 8

U b * = - R B ( I e - I c b  (30)

where R b is th e  resultant of external base resistance, and the base spreading  
resistance.

To obtain an explicit result the approxim ation

is utilized; thus

e x p i k ^ i + i k  

U T U T

I*e*q 1 — «N • * i  +  x N r0/R B

* /  1 —  X N  +  X N  r o lR B

is obtained [7], where 

R b —  0 gives:
r0 =  U T/I% *.

T **
T __ 1 Eo
1 CER —  — —  9

while for in fin ite base resistance

r _ r**
1 CEo —  1  Eo =  1CBo

1

(31)

(31a)

(31b)

B etw een  the tw o  lim its the current changes m onotonously — see e.g. liter­
ature [7].

U sing (31a) it can be proved directly  th at the quotient o f the normal 
and inverse DC current am plification factors equals the ratio o f th e  collector 
current at short-circuited em itter-base diode and em itter current at short- 
circuited collector-base diode:

X N  _  I ç E R

x i I ecr
(32)
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Sim ilarly e.g. (22) and (23) give

ßN _  J Co

ß l " П о
(33)

for the quotient o f the common em itter current am plification factors defined  
b y  th e  relation

ß  =
X

1 — a

VI. Voltage dependence o f  saturation currents

1. Influence o f  avalanche breakdown

A pplying a suitable large reverse voltage to  the collector the direct 
vo ltage dependence o f the currents through the exponential factor is n eg­
ligible.

Studying the voltage dependence of currents, first the phenom ena 
connected with th e  avalanche breakdow n in the collector junction should  
be taken  into consideration. The aim  is not the analysis o f physical factors 
involved  in breakdown — a sufficient num ber o f references are available  
for th at — but to  consider the in fluence of the circuit configuration on the  
avalanche breakdown. The basis o f th is discussion is the theoretically con- 
cludable [8] and m easurable [9] expression

M = ----------- --------------  (34)
1 -  (U CB'/U L)n

describing the avalanche (34) process, resulting in a m ultiplication M  o f the  
current am plification and collector current when the carriers cross the collector 
depletion layer. In  form ula (34), w hich holds for not exceedingly high m ul­
tip lications, U i  denotes the so-called avalanche breakdown voltage [10]. 
For germanium transistors with n -typ e base the approxim ate value of U L 
am ounts to [11]

U L Csá 66
1 l0'65 

У в  J
(35)

where ув  stands for the conductiv ity  of the base layer in mhocm 1 units- 
UL is obtained in vo lts; for pnp germ anium  transistors n — 3.
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2. The case o f  a constant emitter current

Taking into account the avalanche breakdown the collector current is 
g iven  b y

I c — M  (ccN I E +  I cbo) • (36)

Considering on ly  the voltage dependence appearing through the m ultip lica­
tio n  factor, i. e. assum ing

(Хдг ( U c b ' )  —  const.,

I c B o W c B ’)  =  c o n s t -

it  can  be stated  on basis of (36) th a t at constant em itter current Ic  ~  M .

3. The case o f  a constant base current

M ultiplying the collector current according to  (17) b y  M  and utilizing  
(16) th e  relation betw een collector and base current is obtained:

I C = M a N  I ß  ~t~ IC Bo

1 — M - x N
(37)

A s th e  breakdown voltage U L, resulting in Ic  is defined b y  the equation

1 = M ( U L.)* N

m aking use of (34), we obtain

U V — U L )[l — xN . (38)

The relationship collector current — collector voltage m easurable at 
co n sta n t base current exhibits zero differential resistance for UCB =  UL. 
T he avalanche breakdown occurs at a considerably lower voltage than  at 
con stan t em itter current. W hile— according to  the previous paragraph — 
th e  collector current — collector vo ltage characteristics are influenced near 
th e  avalanche vo ltage m ainly b y  th e  m ultiplication factor (34), the charac­
ter istics for constant base current are affected by the current dependence  
o f th e  current am plification factor as well. The characteristics, belonging  
to  I b  —  0, determ ined with the assum ption а д г  =  const, are typ ica lly  changed  
i f  w e consider the variation o f âw w ith  the collector vo ltage. For transistors 
w ith  not negligible I r g e o > « jv decreases w ith  a decrease of the em itter current.
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As it  is easy  to  calculate from (37) at a constant collector voltage and lower  
current, the reduced адг results in sm aller m ultiplication. Thus, the presence  
of the em itter recom bination-generation current causes a greater “ breakdow n” 
voltage at sm aller m ultiplication and produces the characteristics, show n in 
Fig. 9, properly as to  nature, which is general in  transistors w ith  an incorrectly  
treated surface.

F ig . 9. V o ltag e  dependence of th e  s a tu ra t io n  c u rre n t  a t  zero  base  c u rre n t

4. Breakdow n voltage w ith  external base resistance

From the com m on em itter saturation current characteristics determ ined  
at an arbitrary external base resistance tak ing into consideration the avalanche  
breakdow n, the avalanche breakdown voltage can be stated  as being a fu nction  
of the external base resistance. The circuit is shown in Fig. 8. The equations  
obtained for saturation  current analysis on grounds of th is figure are va lid , 
only th e  right-hand side of the expression for the collector current m ust be  
m ultiplied b y  M :

I c =  MI%* 1 +  exp (39)
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To obtain  an accurate result we cannot expand the exponential function  
neglecting the powers higher than 1 , while it  is im possible to  solve the equation  
system  in question, in an explicit form.

The saturation current characteristics are obtainable in the follow ing  
w ay: first M  is to  be expressed as a function  of Ueb '•

U e b '/R b

M  =

1 U EB-
1 — l / x N +  -3 — exp

‘N U r

I%*o 1/Xj  — 1 -)- exp
U EB’ I

(40)

Ur

On the other hand the collector current is given by

E B ‘ I j * *

R r
1 — l / x N - f  ~ — exp ^ EB 

U p
(41)

Substitu ting different em itter voltages, equations (40) and (41) yield  correlated  
M  and Ic  values, from  which Uce sd Ucb’ and I c  can be calculated w ith  
th e  aid of (34).

Figure 10 show s the characteristics obtained in the previously explained  
w ay for a typ ica l transistor. In F ig. 11 the breakdown voltage can be seen  
as a function of R b, i.e. the resultant o f the base spreading resistance and  
th e  external base resistance. As dem onstrated  by Fig. 10, the characteristics 
for fin ite external base resistance have a section o f negative d ifferential 
resistance, a fact u tilized  in some circuits.

5. Base w idth m odulation

B y increasing the collector vo ltage th e  effective base w idth decreases 
according to the well-know n expression

w =  w0 — dN — w {) — c ][UCB■ . ( 42)

The value of w, present in the previous equations, should be considered  
accordingly as a function  of the collector voltage.

The base o f real transistors is generally inhom ogeneous: the em itter  
and collector electrodes are a little  con vex  w ith the result th at (ic0)min is 
sm aller than (tc0)a„. The punch-through o f the base takes place w hen the  
effective base w id th  vanishes at a certain cross-section of the base. In  th is  
case punch-through occurs when djv =  (Wojmin- A t the same tim e wav w hich  
is present in the previous relations does not change considerably till punch- 
through.
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F ig . JO. V oltage d ep en d en ce  of th e  s a tu ra t io n  c u rre n ts  w ith  th e  base  re s is tan c e  as p a ra m e te r

10e RB [Q]
F ig. 11. M ax im u m  co llector v o ltag e  as a fu n c tio n  of th e  b ase  resis tan ce
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A s a first approxim ation it can be assum ed th at the change in base  
w idth  does not alter th e  previous expressions and, thus, th ey  remain form ally  
valid  as long as the collector voltage falls short of the punch-through voltage

TT   I (w o)m i n
u cPt —

F ig . 12. V oltage d ep en d en ce  of th e  s a tu ra t io n  c u rre n ts  in  case o f UCpt <

calcu lated  on the basis o f  (42). The saturation  current characteristics o f  Fig. 
10 — w ith  the exception  of th at for I e  =  0 — “ becom e dented” at Ucpt as is 
show n in Fig. 12. A t th e  same tim e essentia lly  in all the transistors w ith  a 
punch-through voltage exceeding the avalanche voltage there is hardly any  
perceivable change in  th e  residual current characteristics when the base 
w id th  varies.

6. The effect o f  surface leakage

D ue to base w id th  m odulation and the — m ainly surface — leakage 
b etw een  collector and base the m easured characteristics differ som ew hat 
from  those in Fig. 10.

I f  this leakage is considered, as show n in Fig. 13, as an (AC or DC) 
conductance a connected  betw een base and collector, the effective conduc­
t iv ity  characterizing th e  additional vo ltage dependence o f the collector current 
at nonzero external base resistance is:

a e f f  —
d U ев '
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w hich can be given  for not too h igh  values o f UCB, (M  oá 1)

J e f f =  a 1 +
1 — ajv +  To!R[

F ig . 13. E ffec t o f th e  co llecto r-base  co n d u c tan ce

(43)

F ig . 14. T he effective c o n d u c tiv ity  in v o lv ed  in  th e  sa tu ra t io n  c u rre n t  ch a ra c te ris tic s  as a
fu n c tio n  of th e  b ase  resistance

In  F ig. 14 relation  (43) is p lo tted  against R b . The value of a can be 
ob ta in ed  — generally b y  m easurem ent — from th e characteristics I c e r ~ U c b •

The effect o f leakage becom es negligible in  the range o f the avalanche 
m ultiplication.

VII. The results o f  measurem ents

Table I shows th e  results o f th e  m easurem ents perform ed on two  
transistors closely approaching the data  of the transistor chosen as typical 
and shoiving similar behaviour.
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Table I

The DC characteristics o f  two transistors measured at tem perature o f  

27 °C =  300 °K

Characteristic T 1 T  2

symbol unity calculated measured calculated measured

f r M H z — 0,63 — 0,63

w 1 0 - 6 m 47,5 — 47,5 —

UL Y — 148 — 132

Nd 102 °/m 3 4,65 — 5,5 —

i E o 10~6 A 7Д 7,5 6,0 6,8

Г ео i o - 6 A - 0,25 — 0,28

Гео i o - 6 A - 2,1 — 2,4

“ N 30 — 24 -

« / 3,57 - 2,82 —

I e c r I O ' 6 A 7,75 7,5 7,1 7Д

IC E R I O “ « A 9,6 9,5 9,2 9,5

I e B o I O “ 6 A 1,87 1,9 2,05 2,0

IC B o I O " 6 A 2,3 2,4 2,7 2,7

I  ECo I O “ 6 A 8,5 8,4 7,8 7,9

ICEo I O “ « A 74* 105 67* 120

a N  A e  =  I c E o ) 44,5 — 43,5 —

* V alues o b ta in e d  b y  in c o r re c t  ca lc u la tio n .

The determ ination o f th e  DC characteristics is started  b y  defining I E*

w N d

T he values of tv and N d are needed for this.
The base w idth w  is determ ined from m easuring f r ,  on grounds of the  

relation

2 я/ г  =  ~ ~ r~

The base im purity  N d  is obtained by m easuring the avalanche break­
dow n voltage and from  th e quantitative data in  [11].

After determ ining th e  above quantities I Eo can be calculated. There 
is  a 6 -V-13 per cent difference betw een the m easured and calculated values, 
w hich  means a good agreem ent (considering the indéterm ination of e.g. th e  
em itter surface A e , etc .).

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



SATURATION CURRENT IN DIFFUSION-ACTION TRANSISTORS 229

Table I I

Relative values to 27 °C — 300 °K

T  1 T  2

ca lcu lated m easu red c a lc u la te d m easu red

IËO (75 °C) 
IËO (27 °C)

60 58 60 56

I'eo (75 °C) 
I'eo (27 °C) - 19 - 20

ICo(75 °C) 
I  Co (27 °C) — 35 - 37,4

Iebo (75 °C) 
I ebo (27 °C) — 36 - 38

Icbo (75 °C) 
Icbo (27 °C) - 33,5 — 36

Iecr(75°C) 
I ecr (27 °C)

— 56 54

Icer (75 °C) 
Icer (27 °C)

- 53 - 50

Iceo (75 °C) 
Iceo (27 °C)

- 63 - 56

IEco (75 °C) 
I eCo (27 °C)

- 55 - 54

The quantities w ith  one asterisk: the saturation currents I Eo and I q0 
are obtained b y  m easurem ent. The AG current am plification  factors for 
UEB’ <^— Ut  and UQB' — Ut  can be com puted from  the first equalities 
of (22) and (23). W ith  these current am plification factors the open-circuit 
saturation currents I cbo> I ebo  and I ECo> a s  well as the short-circuited sa tu ­
ration currents can be obtained in good agreem ent w ith  m easurem ents. Cal­
culating I ceo> how ever, the current dependence o f  th e  current am plification  
factor m ust be tak en  into consideration, as a considerable forward bias 
appears across the em itter diode at th is m easurem ent. Table I contains 
— following the above values — the form ally calculated JC£o saturation current, 
which does not agree w ith  measured values. From th e m easured value o f I q e o  

we have calculated the DC current am plification factor *N valid  for the  
em itter current I E — I ceo•
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Further on the tem perature dependence of saturation currents has been 
studied. To accom plish th is the currents in Table I were m easured at tem ­
peratures of 75 °C =  348 °K. The results, i.e . the values relative to  27 °C =  300 
°K  are contained in Table II.

As the m easurem ents proved, the tem perature dependence o f Iß* can 
be calculated exactly . The saturation current I ß 0, consisting of th e  volum etric 
and surface recom bination com ponent o f Iß*  and I rqeí» shows a rem arkably  
sm aller m ultiplication — an obvious result o f the fact th a t the recom bination  
com ponent decreases w ith  growing tem perature and I r q e 0 changes w ith 7 1 / ,  

n ot w ith /I/. As the saturation current o f the volum etric diode is considerable 
in  /*„ , its increase approaches th at of I** better, su b stantia lly  proportional 
to  re/. The saturation currents I e b o  and I c b o  are essentia lly  proportional to  
I * 0, while the others to  /**.
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R ESTSTK O M  VO N  D IF FU S IO N S T R A IN S IS T O R E N

I .  H Á Z M Á N

Z U SA M M E N FA SSU N G

D ie in  den T ran sis to ren  fließenden  S trö m e  w u rd en  wie folgt au fg eg lied e rt: de r im  V olu - 
m e n tra n s is to r  fließende L o ch stro m , der e m itte r -  u n d  ko llek torseitige  R a u m e le k tro n e n s tro m , 
de r L o ch s tro m  der k o llek to rse itig en  Y o lum end iode  u n d  die a u s  der O b erfläch en rek o m b in a tio n  
sich  erg eb en d e  S tro m k o m p o n en te . Die M essung d ieser R ü ck w ärtsströ m e  w u rd e  a u f  die M essung 
v o n  /  *-*, sow ie von / P o  u n d  I ç 0 z u rü ck g e fü h rt. W ie es sich h e rau ss te llte , ch a ra k te ris ie re n  diese 
d re i G rö ß en  besser die V orgänge in  den T ra n s is to re n  als die R estström e I e Bo u n d  I qbo> d a  sich  
d äm lich  d ie  le tz te ren  aus d em  Z u sam m en w irk en  säm tlich e r F a k to ren  erg eb en . D ie v om  V er- 
n a sse r angew endete  C harak teris ie ru n g  e rm ö g lich t e inen  w eit besseren  E in b lick  in  die p h y sik a li- 
fsch en  V orgänge. Die genaue  q u a n tita tiv e  B e stim m u n g  der S tro m v ers tä rk u n g sfa k to re n  u n d  
d e r S p an n u n g sa b h ä n g ig k e it des E m itte rs tro m e s  w ird  erm öglich t. D er V e rla u f  des R ests tro m es 
im  K o llek to rk re is  in  A b h än g ig k eit v o n  d e r S p an n u n g , u n te r  B erü ck sich tig u n g  des L aw inen­
e ffek ts, des D urch b ru ch s d e r B asissch ich t u n d  d e r O b e rfläch en ü b e rle itu n g  k a n n  in  g u te r  
Ü b e re in s tim m u n g  m it den  V ersuchen  an g eg eb en  w erden .

L E  CO U R A N T R É S ID U E L  D E S  T R A N S IST O R S A  D IF F U S IO N

I .  H Á Z M Á N

R É S U M É

L es co u ran ts  p a s sa n t  p a r  les tra n s is to rs  o n t  é té  décom posés e n  c o u ra n t de tro u  d u  
tra n s is to r  v o lu m étriq u e , en  c o u ran t é lec tro n iq u e  v o lu m é triq u e  côté é m e t te u r  e t  cô té collec­
te u r , en  c o u ran t de tro u  de  la  diode v o lu m é tr iq u e  du  côté co llecteu r e t  en  co m p o san te  d u  
c o u ra n t p ro v e n an t de la  reco m b in a iso n  à  la  su rface . L a  m esure de ces c o u ra n ts  inverses a  é té  
ram en ée  à  la  m esure de I eo , e t  de I r 0 e t  I qo■ R  s’e s t avéré que ces tro is  g ran d eu rs  c a ra c té ri­
se n t m ie u x  les phénom ènes se d é ro u lan t d a n s  les tra n s is to rs  que les c o u ra n ts  ré s id u e ls  I ebo 
e t  I cbo> é ta n t  donné que ces dern iers ré s u lte n t  de l ’a c tio n  com binée de  to u s  les fac teu rs . L a  
c a ra c té ris a tio n  utilisée p a r  l ’a u te u r  p e rm e t u n e  v u e  b ien  plus claire  des p h é n o m è n es  p h y s i­
q ues. I l  d e v ien t possible de  d é te rm in e r e x a c te m e n t les coefficients d ’a m p lif ic a tio n  de  c o u ra n t 
e t le c o u ra n t  de l’ém e tte u r en  fo n c tio n  de  la  te n s io n . Le c o u ran t ré s id u e l d a n s  le c ircu it du  
co llec teu r p e u t ê tre  d é te rm in é  en  fo n c tio n  de  la  ten s io n , en bon  acco rd  avec  le s m esures, 
c o m p te  te n u  de l’effet d ’av a lan ch e , de la  p e r fo ra tio n  de la  base e t des fu ite s  de surface.

О С Т А Т О Ч Н Ы Й  Т О К  Д И Ф Ф У З И О Н Н О  Д Е Й С Т В У Ю Щ И Х  Т Р А Н З И С Т О Р О В

И .  Х А З М А Н

Р Е З Ю М Е

Токи, текущие по транзистору, разложены на объемный дырочный ток транзи­
стора, электронный объемный ток эмиттера и коллектора, дырочный объемный ток кол­
лектора и токовую слагающую от поверхностной рекомбинации. Измерение этих обрат­
ных токов сведено к измерению IШ, а также I е о  и  Ijo- Как это выяснилось, эти три коли­
чества лучше характеризуют протекающие в транзисторах процессы, чем остаточные токи 

во и •сво. ><ак известно эти последние получаются от воздействия сложения всех фак­
торов. Примененная нами характеристика дает возможность значительно лучше ознако­
миться с протекающими физическими процессами. Становится возможным определить 
коэффициенты усиления по току, количественно точно определить зависимости по на­
пряжению тока эмиттера. При удовлетворительном совпадении с данными измерений 
можно определить изменение остаточного тока коллектора в функции напряжения, 
учитывая лавинный эффект, прокол базового слоя и поверхностный ток утечки.
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S T R E N G T H  C A L C U L A T I O N  
O F  T H E  C A G E - S Y S T E M  I N  S Q U I R R E L  C A G E  

I N D U C T I O N  M O T O R S

I. TH E  SPECIAL D ESIG N  W IT H  F R E E  R U N N IN G  RING S

I. H U S Z Á R  an d  I. KOVÁCS

G A NZ E L E C T R IC  W O R K S , B U D A P E S T  

[M anuscrip t rece ived  M ay 21, 1964]

T h e  ro d -co n d u c to rs  o f th e  cag e-sy stem  in  an  in d u c tio n  m o to r a re  sh o rt-c ircu ited  b y  
m eans o f rin g s on  th e  face-sides. T h e  m echan ical stre ss  conditions o f th e  cage sy s tem  a re  
p re d e te rm in ed  b y  p re s tre ss  due to  assem blage, b y  cen trifu g a l forces due  to  ro ta tio n , a n d  b y  
th e rm a l d ila ta tio n  due  to  h ea tin g -u p  d u rin g  ru n n in g . T he m ethods to  c a lcu la te  th e  forces a n d  
th e  re sp ec tiv e  stresses a t  v a rio u s s ta te s  a re  exp lained .

I. Introduction

For im proving start-conditions of short-circuited induction  m otors, it  
is usual to  apply a current pressing type rotor, or the so-called double-cage  
system . W hen choosing the first principle, the rotor in each slot bears on ly

F ig . 1. S ingle-cage ro to r  w ith  free -ru n n in g  r in g

one conductor, where — at starting — the current is so to say pressed tow ards 
the peripheral surface of the th in  rods (Fig. 1). This represents the sam e 
effect as that of an increasing wire resistance characterized b y  gradual de­
creases while the num ber of rotations increases, and ending at zero w hen  
th e  rated  running speed is reached. W hereas in a double-cage rotor, the sam e  
effect is clearly divided on (F ig. 2). At the start the outer cage bears the  
greater part of charge, and w ith  increasing speed the inner rods becom e  
gradually  more charged.
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On small size m otors it is usual to  build the whole cage (rings and 
conductors) as a u n it o f  aluminium casting. On larger size motors the cage- 
m aterial m ight he copper, brass, bronze, alum inium bronze, and the rods 
pushed into the rotor are hard-soldered onto the rings [1]. B y  soldering an 
in tensive local heating-up is caused, from where high stresses, perhaps inad­
m issible plastic deform ations are involved  th at could even lead to a break.

F ig . 2 . D ouble-cage ro to r  w ith  free  ru n n in g  r in g

Therefore, and w ith  regard to  some service conditions to  be treated later on, 
th e  shorting rings are located  — on larger m otors — at a distance of some 
centim eters from the lam inated  iron b od y  b y  which the whole construction  
becom es more liable to  undergo defoim ations (F ig. 1 and Fig. 2). A dditional 
elastic ity  can be reached when the rods are bent out of the generating  
straight line.

Fig. 3. D ou b le -cag e  ro to r  w ith  a  r in g  lo ca ted  on  th e  sh a ft-rib s

In rotors running at a slow circum ferential speed, shorting rings are 
freely  located, fastened on ly  to the rods. For rotors running at a faster circum ­
ferential speed, the rings are fitted  onto the shaft (in general: onto ribs; 
F ig. 3), and som etim es th e  strength is increased by rings separated into parts.

In  what follow s, the calculation of the m echanical strength of the free- 
running shorting ring and of the rod-system  is presented.
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II. The play o f  forces

The first problem  to  be solved is th e  p lay  o f forces. In  F ig. 4 the con­
nection of rod and ring is shown. The system  o f rods and ring being sta tica lly  
undeterm ined, we start from the supposition  th a t the bars and the ring m ove  
or turn together in every  case. In F ig. 5a, th e  tw o e lem en ta iy  parts are show n  
in separated position , in Fig. 5b, th ese tw o elem ents are not separated.

/

The force system  at the point o f  con tact consists o f a m om ent (M )  
and a force (Ç); th ese and also their p ositive  direction are indicated on the  
Figure.

V

Fig. 5. P la y  o f forces

It is advisable to  determine the p lay  o f forces separately for the machine 
in different service conditions. To this end, first the condition o f the assembled  
parts w ill be explained. As a second step , conditions during rotation will be  
exam ined; finally , h eat-effects at start w ill be dealt w ith . W ith  these results, 
we shall be able to  investigate the more critical conditions during operation.
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1. Assemblage ( subscript o)

W hen assem bling, i.e. when the shorting ring is soldered onto the rods, 
a force system  of th e  ranges M 0 and Q0 is already present, because there is, 
on th e  point of contact, either a p la y  or an  overlap betw een the outer d iam eter  
o f th e  ready ring and th e  diam eter o f  the cylindrical im aginary surface to  
w hich  the rods w ould f it  [2]. The position  according to F ig. 5a is characterized  
b y  the play y rg\ th is value is given as th e  result of m anufacture (when y rg <  0, 
i t  represents an overlap).

The linear displacem ent of each elem ent is the sam e (see F ig. 5b)

J r o  =  У к о

and in an extended form:

Vrg crQ Qo crM M 0 =  cgQ Q0 -f- cgM M 0.

In  the same w ay, for angular displacem ents

fro  =  fgo

and in an extended form:

—  YrQ Qo — У м  M o  =  YgQ Qo +  YgM M o •

The members o f the equation are quantities of deform ation caused b y  
th e  mom ent M 0 and b y  the force Q0. The subscript r refers to  the rod, the  
subscript g refers to  the ring; the constants c and y  denote the spring-rate  
(c for linear, y  for angular elasticity).

From the above established tw o equations Q0 and M 0 can be calcu lated , 
w hen  the spring rate values are know n. These constants on ly  depend on th e  
geom etric data and m aterial characteristics; later on a calculating m ethod  
for these will be presented.

B y  introducing the following denotations

В  =  CrQ - f -  CgQ ,

В  —  c rM  “b  CgM  ’

H = - y rQ-  ygQ,

J  =  — (Угм +  YgM) »
B-o  =  Yrg

th e  calculation w ill be sim plified.

Acta Technica Academiae Scientiari.m Hungaricae 56, 1966



STRENGTH CALCULATION OF THE CAGE-SYSTEM 237

From the in itia l equations, after rearrangem ent, we obtain:

In explicit form

BQ  о +  F M a +  K 0 =  0 , 

HQ0 +  J  M 0 : 0 .

Qo =

M„ =

J K n
B J  — F H  

H K 0

B J  - F H

we get the values o f  forces at the assem bled state.

2. Rotation ( characteristic quan tity  со)

First we assum e that the assem bly o f the cage-system  is carried out 
b y  no-force, i.e. y rg =  0. The equations o f the linear and angular defor­
m ations are

У Г là У go ’  Ч‘ г о *Pgo

and in a more expanded form:

Crc 0)2 —  CrQ  Qu — c rM  M o — Cgc 0)2 4* c gQ  Qo +  c g M  M B 
or

7rc 0)2 — YrQ Qo -  УгМ M o =  Ygc <’j2 +  ygQ Qo +  YgM M o •

The first m em bers refer to the free deform ations due to  rotation. I t  is 
advisable to introduce the denotations

F  о  —  ( Cg c  c re )  w2 »

L  =  Угсш2

in which the q u antity  со2 is outstanding. 
After rearrangem ent, we obtain

and in explicit form:

BQ„ +  F M B +  K a =  0 , 

HQu +  J M a +  L  = 0

=  F L - J K .
B J  -  F H

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



238 HUSZÁR and I. KOVÁCS

M  =
Н К а -  B L  

В  J  -  F H  ‘

3. H eating-up  (characteristic quantity  &) 

As assumed before:

* i  =  °

and the equation of deform ation

from  where
У rtf Уg-0 1 <Prt fPgg

and

~ r ~  — crQ Qt -  сгМ Мй =  ccg &g +  CgqQi +  cgMMd
Z z

ï r q  Q o —  YrM  M o =  <PgQ Q»  4 - YgM  M i  •

T he first members of the first equation denote the free radial displacem ent 
caused  b y  heating; rise o f tem perature o f the ring is û g, and is th a t o f the  
lam inated  iron body; the therm al coefficients are ag and a„; by using the  
denotation

К „
D n D n

and after rearrangement

and in  explicit form:

BQt  +  F M ,  +  K ,  =  0 ,

HQt +JM»  = 0

Q ,=

M t  =

- J K ,
B J  -  F H  ’ 

H K ,
B J  -  F H  *

4. R u n n in g  states

a ) A t  standstill ( subscript o ). The sta te  is identical w ith the position  
after assemblage (Q0, M 0).

b) Rotation test (characteristic q uan tity  comax). The finished m achines are 
te s ted  in the test-room . One of these is the rotation te s t , during w hich the  
m achine is rotating w ithout load at a speed higher th an  the rated  r.p.m .
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For this case, the subscript comax w ill be used. N ow , m om ent and force are 
calculated for assem bly  and rotation  and sum m arized, o f course, the form er 
quantity  of со is substituted  by a>max. So we shall obtain:

Q0 ~t~ Qm max? M 0 +  max*

c) Stop ( characteristic quan tity  $ max). During the period from start up 
to  the end-point o f  th e  transient stage, the in itia l assem bly state will change, 
ju st because o f  heat-effects [3 ,4 ] . The m easure of heating-up depends on  
the load, on starting  conditions, on the num ber of interruptions w itli sub­
sequent starts. According to experiences the usual warm ing tem perature is 
m ostly between 100 and 200 °C. One of the critical running stages is charac­
terized b y  the m achine coming to  a standstill when heated-up at start. This 
state shall he represented by the qu an tity  ( $ m a x ) -  So we shall calculate the  
assem bled state  (0) and the heated  state  ( i max), and we summarize:

Qo (?i>max > M 0 +  M t max •

d ) N orm al service (&, со ). For the e levated  tem perature we take the  
value & th at corresponds to the stationary stage; the speed is taken as th e  
rated speed. The superpositions are:

(?o +  Qi> +  Q<o > M 0 +  Mjf +  М ш.

e) Critical state ( characteristic quantities со, # max). The second critical 
stage is characterized b y  the sim ultaneous effect o f both  heating and rotating. 
In extrem e cases, already at start (eventually  after reiterated change o f  
direction) the heating-up amounts to  # max (as opposed to  the average value  
$  during operation). On the other hand, the speed to  be taken into account 
is only m. C onsequently, this sta te  is denoted b y  the subscripts со, # max. 
The lieating-up effect presents itse lf  in the outer cage, therefore — generally — 
the la tter has to  b e considered as the m ost dangerous com ponent part.T he  
resulting force va lu es are obtained (as before) b y  superposition, calculating  
w ith  the values со and $ max

C*I1 +  Qa +  Qtm a x  » M {) +  M m - f  M# m a x «

N B . All th e  cases en u m era ted  can be d e a lt w ith  in  a  su m m arized  w ay ; th is form  of th e  de- 
fo rm atio n -eq u a tio n s  ru n s  as follows

B Q +  F M  +  K =  0, К  =  К 0+ К 6) +  К » ,

HQ  +  J M  +  1  =  0
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a n d  in  exp lic it form

Q =

M  =

F L - J K  
B J - F H  ’

H K  -  B L  
B J  — F H

w h e re  К  is expressed  in  acco rdance  w ith  th e  s ta te  in  question , b y  using  th e  correspond ing  
v a lu e s  of со and  ft.

III. Determ ination o f spring-rate values

The scheme in Fig. 4 serves for the determ ination of the spring-rate 
values.

1. R in g

Radial d isplacem ent y gc o f one point o f the ring, at an angular speed со

D
y gc =  — e =

о „ _ D 0 о D n

E„ 2 E„ Rg
D  l2
^ 4  co2 =  V  c o \

in  explicit form

cge
_  E>lfig

8 E„

where E g denotes Y oung’s m odulus, [Ag denotes the density.
Calculating the displacem ent o f one point of the ring w ith  Z  rods, and 

w ith  a force Q on each rod [5]:

D ° e Do a D t) b о ь-Q 1У2 •‘Л) ZQ

2 2 Eg 2 Eg 2 V »
!Ч1

D 0 nb

In  th is equation the forces Q have been m ade equal to  the follow ing system  
as a uniform specific load q acting on the tota l ring-surface D nb

wherefrom

ZQ
D Qnb

c g Q  —

Z D 0 
4 л Е £ bv

In the centre of gravity of the ring, the mom ent M  does not produce 
any radial displacem ent:

L g M =  0 .
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The centrifugal force does not cause any angular displacem ent in  the  
ring section:

> V =  ° -

B y  follow ing the principle of sym m etry, the force system  Q neither  
causes any angular displacem ent:

y gQ =  0 .

Angular d isplacem ent o f the ring caused b y  the m om ent M  [6]

3 Z D nM

YgM
3 Z D n

n E gb3 V

2. Rod

N B . T he v a lu e  1 re p re se n ts  th e  so-called red u ced  le n g th  of th e  ro d s; th is  red u ctio n  is 
necessary  on  co n sid era tin g  th a t  th e  effective c lam ped  cross-section  of th e  ro d  is n o t a t  th e  
edge of th e  la m in a ted  b o d y  b u t  som ew hat fu r th e r  in w ard s:

1 =  1» -  +  Vd

fo r w hich  th e  v a lu e  of у  is o b ta in e d  from  m easu rin g  re su lts :

R o d s w ith o u t in su la tio n  у  =  0,2 H- 0,5, 

in su la te d  ro d s  y> =  0,1 — 0,3.

The linear d isplacem ent of one point o f the rod at an angular speed  
со can be calculated on the assum ption of a uniform  load p

and the linear displacem ent [5]

p l4 D k P
Уте = p r CO2 =  crc CO2

8 j E r d2E r

where E r is Y oung’s m odulus; and [лг the density . For the spring-rate:

crc
D k P jir  

d2E r ~
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The radial deform ation of the lam inated  body is negligible in  com parison  
w ith  y rc, and therefore w e do not tak e into account any displacem ent of 
th e  clam ping place of th e  rods.

E ffected  b y  force Q [5] the linear displacem ent of the rod-end is

TrQ
QP 64 P Q

wherefrom
3 J E r 3 d 4 л E r

64 -P

=  croQ

CrQ  —
3 7iEr • d 4

E ffected  b y  m om ent M  [5] the linear displacem ent of the rod-end is

v iz .

УгМ =

v r M

M P  

2 J E r

32 P

n d l E r

32 P M

d4 л Е г
— °rM M

and effected b y  its own centrifugal force at an angular speed со the angular 
displacem ent of the rod-end is [5]

<Prc =
p p

viz .
6 j E r 3 d2 E r

4 D k P p r

4 D k P  2 2
--------- Hr w2 =  y rcM2

Yrc =
3 d 2E r

E ffected by the force Q, the angular displacem ent of the rod-end is [5]:

QP 32 P Q
<PrQ-

2 J E r

Y rQ  =

d4 л Е г

32 P 

7rjErd4

YrqQ

Finally, effected b y  m om ent M  th e  angular displacem ent of the rod- 
end is [5]

M l  6 4 IM
<Ргм —  777“  —  T. ~  —  У г м  M

J E d4 л Е
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УгМ =
64 •/

л  d i E r

For rods w ith any other cross-section but circular, the calculation of the  
spring-rate is som ewhat different.

IV. D eterm ination of the stresses

As could be seen, when assem bling, the ring and the rod system  m ight 
be f itte d  either w ith p lay  or w ith  overlap. In other words, the whole system  
is prestressed. It is advisable to  m ake a prestress in such a w ay  th at it  should  
have an opposite sign to  th a t o f the stress brought about b y  the m ost un­
favourable state. For y rg in  the critical elem ent, special values should be 
determ ined, that the stress in  assem bling state, and the stress in the extrem e 
service state  should be w ith  opposite algebraic signs but of abt. equal absolute  
values.

The extrem e value of y rg is determ ined b y  the condition  th at at 
assem blage the rod should not suffer plastic deform ation. Therefore, the value  
of y rg should be chosen in such a w ay th at at the clam ping place the stress 
could not transgress the lim it:

am <LaF•

According to the bending theory of beam s, we can write for the stress 
of the exterior fibre (e.g. for circular section) of the rod:

o h =
Qh d

In the same position the deflection  of the rod is:

Qll 2 ah /« l la m
Jrg 3 J E r l0-d  3 E r ~~ 1,5 dE r '

1. Stresses in  the ring

To calculate the radial load distribution q for Z  rods the m ethod given  
in I I I . 1 can be used. K now ing th is, and using the denotations of Fig. 4 we 
obtain  the stress value [5]

a't =  - S l J -
D ,
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th e  algebraic sign o f w hich is determ ined b y  the algebraic sign of q.
Effected b y  th e  m om ent M , the stress caused b y  deflection of the  

extrem e fibres is [6]:

a"e =  ±  y g /u M —  ■ E g.
^ о

Caused by rotation  the stress in the entire cross-section of the ring is [5]:

°g
D n

CO

Finally, in the m ost weak point, (taking the more unfavourable case) 
depending on the signs, the reduced stress is:

- =  °g dr a "g +  °g

2. Stresses in  the rod ( w ith  circular cross-section)

a )  A t  the place denoted  “ I ” . In the extrem e fibres, the bending stress 
caused by the force Q, is

32 Qlm
a r —  d t

d3 л
where according to  F ig . 4

Z* =  Z0 — 0,5 b .

In the extrem e fibres, caused by the m om ent M , th e  bending stress is

32 M
<  =  ±

d3 л

The load caused b y  the forces of inertia can be calculated w ith the  
m ethod explained in I I I . 2.

Accordingly, the m om ent at the clam ping place is

M  =  p r
D,

2
d2 Tr Z|

Bending stress o f the extrem e fibres:

°'r" —  d r 2 f r  Dk 4  ' 
d
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The reduced stress (signs to  be observed)

* r = ± 0 ' r ±  <  ±  <

b) A t  the place denoted  “ 2 ” . Caused b y  the m om ent, the bending stress 
of the extrem e fibres is

32 M
rB ±

d 2 t i

The effective strength control is obtained when the respective stress 
is calculated for the m ost critical running stage.
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F E S T IG K E IT S B E R E C H N U N G  D E S K U R Z S C H L U S S -K Ä F IG S Y S T E M S  
V O N  A S Y N C H R O N M O T O R E N

X. H U S Z Á R  u n d  I .  K O V Á C S

Z U SA M M E N FA SSU N G

Die L e its tan g en  im  K ä fig an k e r  eines In d u k tio n sm o to rs  s in d  d u rc h  R inge an  den S tirn ­
seiten  kurzgesch lossen . D ie B ean sp ru ch u n g  des K ä fig an k e rs  w ird  d u rc h  M ontage-V orspann­
k rä fte , d u rc h  Z en trifu g a lk rä fte  u n d  W ärm ek rä fte  b e s tim m t. E s w ird  — fü r  versch iedene 
B e trieb szu s tän d e  — das B erech n u n g sv e rfah ren  d e r w irk en d en  K rä f te  u n d  de r e rzeug ten  
S p an n u n g en  dargeleg t.

CA LCU L D E  LA R É S IS T A N C E  M É C A N IQ U E  D E S  C A G ES D ’É C U R E U IL  
D E S  M O TE U R S A S Y N C H R O N E S

I .  H U S Z Á R  e t  I .  K O V Á C S

R É SU M É

L es b a rre s  conductrices des m o teu rs  à in d u c tio n  en  co u rt-c irc u it so n t cou rt-c ircu itées  
p a r  des cercles d ’ex trém ité . Les c o n tra in te s  m écan iques de  la  cage ré su lte n t d e là  p ré co n tra in te  
au  m o n tag e , de la  force cen trifu g e  e t  de la  d ila ta tio n  th e rm iq u e  due  à  l’éch au ffem en t. L ’é tu d e  
p résen te  u n e  m éth o d e  de calcu l p o u r  les forces co rre sp o n d a n t a u x  d iffé ren te s  conditions de 
fo n c tio n n em e n t, a insi que le calcu l des co n tra in te s  m écan iques.

3* Acta Technica Academiae Scientiarum Hurtgaricae 56, 1966



246 I. HUSZÁR and I. KOVÁCS

РАСЧЕТ МЕХАНИЧЕСКОЙ ПРОЧНОСТИ БЕЛИЧЬЕЙ КЛЕТКИ 
КОРОТКОЗАМКНУТЫХ АСИНХРОННЫХ ДВИГАТЕЛЕЙ

И. ХУСАР и И. КОВАЧ

РЕЗЮМЕ

Проводящие стержни короткозамкнутых индукционных двигателей с лобовых 
сторон машины замкнуты накоротко с помощью колец. В качестве механической на­
грузки беличьей клетки фигурируют предварительное механическое напряжение при 
сборке, центробежная сила, возникающая при вращении, и силы, возникающие от теп­
лового расширения вследствие нагрева машины. В статье приводится методика расчета 
сил, соответствующих различным режимам работы машины, после чего сообщается спо­
соб расчета напряжений.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



Acta Technica Academiae Scientiarum Hungaricae. Tomus 56 (3—4), pp. 247—266 (1966)

Ü B E R  D E N  E I N F L U S S  D E R  M O D I F I Z I E R T E N  
K R E S O L H A R Z S Y S T E M E  A U F  D I E  E L E K T R I S C H E N  
E I G E N S C H A F T E N  U N D  W A S S E R B E S T Ä N D I G K E I T  

D E R  H A R T P A P I E R E

K. SC H W A N E R
FABRIK FÜR ELEKTROISOLIER- UND KUNSTSTOFFE, BUDAPEST 

[E ingegangen am 17. Dezem ber, 1964]

In  dem  vorliegenden A ufsatz wird die G estaltung der W asseraufnahm e und der elektri­
schen E igenschaften  von  H artpapieren in A bhängigkeit von  einigen verschiedenen, aus K resol— 
Form aldehyd-H arz ausgehenden K ondensations-H arzsystem en untersucht. E s wird dabei 
festgestellt, daß die W asseraufnahm e der H artpapiere nur durch solche H arzsystem e in  
bedeutendem  Maße herabgesetzt wird, die sow ohl Anilin als auch M elam in enthalten  (z. B. 
das System  A n ilin—M elam in—K resol—F orm aldehyd). Das Anilin erfüllt dabei die Rolle des 
die W asserbeständigkeit des M elam in—K resol — Form aldehyd-Harzes erhöhenden A ktiva­
tors. D as Epoxydharz übt keine W irkung auf d ie G estaltung der W asseraufnahm e aus, aber 
— insbesondere m it Anilinharz vergesellschaftet (so z. B . in einem  System  von  Anilin — 
E p oxyd  — K resol—Form aldehyd) — erhöht es in  hohem  Maße die elektrischen E igenschaften  
der H artpapiere.

I. E inleitung

W ie bekannt, üben die aus den G rundstoffen Kresol und Form aldehyd  
durch Polykondensation dargestellten »Kresolharze« auf die E igenschaften  
der Hartpapiere einen großen Einfluß aus. Die Param eter, die die E igenschaf­
ten  der Kresolharze beeinflussen, sind die folgenden: Der E rw eichungspunkt, 
der Gehalt an freien K resolen, und die Zeitpunkte der E ntstehung des Gelzu­
standes (der Phase В ) und der vollkom m enen Vernetzung (der Phase C).

D ie Hartpapiere stellen  ein heterogenes System  dar; ihre E igenschaften  
setzen sich aus den zahlreichen — m echanischen, physikalischen und elektri­
schen — variablen K ennzahlen des H arzes und des Papierträgerstoffes 
zusam m en. D ie nach B edeutung angeordnete Reihenfolge dieser K ennzahlen  
(Param eter) wird durch den Verw endungszw eck des H artpapiers bestim m t. 
B ei den m odernen H artpapieren stehen die schon für sich hohen technischen  
Anforderungen genügenden Param eter m iteinander in engem  Zusam m en­
hang.

Zur Erfüllung der durch die technische Entw icklung bedingten  hohen  
Anforderungen kann das herköm m liche »Kresolharze für die Zwecke der 
H artpapiere nicht mehr als entsprechender Grundstoff betrach tet werden. 
E s sind in erster Linie die physikalischen und elektrischen E igenschaften  
dieses konventionellen K resolharzes, die die hohen Erforderungen n icht mehr
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erfüllen. Mit R ücksicht jedoch darauf, daß das »Kresolharz« über zahlreiche 
Eigenschaften (z. B . relativ  hohe W ärm ebeständigkeit neben guten m echa­
nischen und elektrischen Eigenschaften) verfügt, die bei dem heutigen Stand  
der Technik hei anderen K unststoffen noch n icht vorzufinden sind, ferner 
m it Rücksicht darauf, daß es verhältnism äßig le ich t und m it niedrigen K osten  
hergestellt werden kann, wurden von  den verschiedenen Herstellerfirm en  
Forschungsarbeiten in  Angriff genom m en, um die E igenschaften des »Kresol- 
harzes« durch M odifizierungen zu verbessern, um  es auf diese W eise zur 
H erstellung der zeitgem äßen H artpapiere als G rundstoff verwenden zu  
können.

B ei der W ahl der M odifizierung muß über die chem ischen Beziehungen  
hinaus auch der U m stan d  in R ücksicht gezogen werden, daß zwischen dem  
»Kresolharz« und dem  Zellulose-Trägerstoff W echselwirkungen chem ischen  
und physikalischen Charakters stattfinden .

Die in dem L ösungsm ittel gelösten Moleküle des Harzes um geben die 
Zellulosefasern des Papier-Trägerstoffes und füllen die Zwischenräume 
zw ischen den Fasern aus, doch dringen sie in die K apillaren der Fasern n icht 
ein [1]. Hierdurch kann die hygroskopische, kapillaraktive W irkung der 
Zellulosefasern auch nach der D urchtränkung (Im prägnierung) ungehindert 
zur Geltung gelangen. Der Vorgang zwischen der Zellulose und dem P o ly ­
kondensationsharz verläuft in chem ischer H insicht in dem Bereich der 
H ydroxylgruppen des Zellulosem oleküls. Die chem ische Reaktion fin d et 
led iglich  auf der O berfläche der Fasern sta tt, w obei die chemische R eaktion  
des Polykondensationsharzes m it den H ydroxylgruppen des Zellulosem oleküls 
einstw eilen unbekannt ist. Der in dem Inneren der Fasern und in den K apilla­
ren in  verschiedener W eise zustandegekom m ene »gebundene« Feuchtigkeits­
gehalt hängt von  der Anzahl der OH-Gruppen des Zellulosemoleküls ab, 
w obei die Größe des Feuchtigkeitsgehaltes auf die G estaltung der elektrischen  
Eigenschaften der H artpapiere in entscheidender W eise auswirkt.

Aus diesem Grunde werden die m odifizierenden Agenzien des den  
Papier-Trägerstoff durchtränkenden Kresolharzes in der W eise gewählt, daß  
durch das dargestellte Polykondensationsharz die OH-Gruppen des Zellulose­
m oleküls in m axim aler Menge »geblockt« werden. A uf diese W eise wird es 
erm öglicht, die W asserem pfindlichkeit des H artpapiers zu verringern und  
seine elektrischen E igenschaften  zu verbessern.

Bei den aus dem  Papier-Trägerstoff und dem  P olykondensationskunst­
harz aufgebauten und  als Isolierstoffe verw endeten Hartpapieren spielen  
außer dem Param eter der W asserbeständigkeit noch die elektrischen E igen­
schaften  eine w ichtige R olle. Die elektrischen E igenschaften  und die W asser­
beständigkeit stellen  bei den H artpapieren zwei voneinander nicht trennbare 
Param eter dar. Im  Laufe unserer A rbeit wollen wir in  erster Linie die Faktoren  
studieren, die au f die A usgestaltung dieser Param eter auswirken.
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II. Experimente zur Lösung der Aufgabe

D ie Aufgabe m einten wir in der W eise zu lösen, daß zunächst verschie­
dene H arzsystem e ausgebildet wurden, m it denen dann die Zellulose-Papier- 
Trägerstoffe durchgetränkt und in der im  nachstehenden angegebenen W eise 
zu P la tten  verformt wurden. Als G rundstoff für das H arzsystem  wurden  
m ehrfunktionale Verbindungen, wie K resol, Anilin, M elamin usw . verw endet. 
Der Schichtstoff wurde in zwei A rbeitsphasen hergestellt.

1. H erstellung der Harze

Der m it einem Rührer, R ückflußkühler, D estillationskühler und m it 
einem  Thermometer versehene 41— Sulfurierkolben wurde m it Kresol und  
(in A bhängigkeit von dem  System ) m it einer oder mehreren Funktional­
verbindungen versetzt, und nach dem  Verrühren wurde dem System  noch  
die nötige Menge Form aldehyd und als K atalysator A m m oniak zugesetzt. 
D as R eaktionsgem isch wurde dann bis zur Siedehitze erwärm t und 50 M inuten  
lang bei Siedetem peratur gehalten. A nschließend wurde das Gemisch bei 
stetem  Rühren einer V akuum destillation  unterzogen, w obei darauf geachtet 
wurde, daß die Tem peratur des Ö lbades 105 °C nicht überschreite. Nach der 
vollständigen  Entw ässerung wurde ein  geringer A nteil des H arzes zur F est­
stellung der K ennzahlen abgesondert, während der größere Teil m it H ilfe  
eines Lösungsm ittels (in der Regel m it denaturiertem  A lkohol oder einem  
Gem isch aus denaturiertem  A lkohol und Azeton) in Lösung gebracht 
wurde. D iese Lösung, die etwa 50%  Trockensubstanz en th ielt, wurde dann  
zur Im prägnierung des Papier-Trägerstoffes verwendet.

2. H erstellung der Schichtstoffe

D ie m aßgerechten Papierplatten  wurden m it der Lösung des in im  
vorangehenden beschriebener W eise dargestellten Harzes durchtränkt, bei 
Raum tem peratur 24 Stunden lang getrocknet und anschließend in einer  
K am m er bei einer Tem peratur von 160 °C bis zum R -Zustand (R esitol) vor­
kondensiert. Mehrere solche P latten  wurden dann aufeinandergeschichtet 
— es wurden »Pakete« hergestellt — und in einer Etagepresse verpreßt. 
Rei gleichzeitiger Anw endung von W ärm e und Druck (spezifischer Druck: 
90 kg/cm 2, Temperatur: 165 °C) und b ei einer Preßdauer von  12 min/mm  
D icke verwandeln sich die »Pakete« zu hom ogenen P la tten  hoher F e­
stigkeit.

D ie fertigen P la tten  wurden nach  den Vorschriften des N orm blattes 
M S Z  1691160 geprüft. B ei der E rm ittlung des Isolationsw iderstandes kommen  
zwei Vorbehandlungen: a und a -J- b in  Betracht. D ie Vorbehandlung a
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bed eu tet, daß die H artpapiere 4 Stunden lang in einem  Trockenschrank bei 
einer Temperatur vo n  70 5 °C gehalten werden, w ährend die Vorbehandlung
a -\-  b bedeutet, daß die P latten  nach der Vorbehandlung a und dem anschlie­
ßenden Wägen der B ehandlung b unterzogen werden, d. h., daß die P la tten  
96 Stunden lang in einem  Raum m it 80%  relativer Luftfeuchtigkeit und  
einer Temperatur v o n  20 i  5 °C erhalten und nach der K onditionierung  
binnen  5 Minuten geprüft werden.

3. Grundstoffe

Die zu den V ersuchen verw endeten Grundstoffe waren die folgenden:
Kresol (Q ualität nach M S Z  777—50, m it einem  m -Kresolgehalt von  

4 0 - 4 2 % ) .
A n ilin  (Q ualität nach M S Z  87 7 5 —52).
M elam in  (Schm p. 300 °C; Erzeugnis von Cib a ).
Epoxydharz  (B ezeichnung E F —3; nach der Zusam m ensetzung ein  

K resol-Resolharz m it einem M olverhältnis K resol/Form aldehyd 1 : 1,3; 
B ehandlung des H arzes m it Epichlorhydrin; E poxyäquivalent des H arzes 
3 5 0 —450; V iskosität bei 20 °C 104 cSt; Gehalt an Trockensubstanz 96% ).

A m m oniak  (nach M S Z  20914— 55).
Papier  (H adernzellstoff enthaltendes Sulfitzellstoff-Papier mit m-’- 

G ew icht 77 — 83 g; A schegehalt 0,5% ; Dicke 0,145 — 0,155 mm; Saugfähig­
k eit nach Klemm in Längsrichtung 3 5 —40 mm, in Q uerrichtung 33 — 38 mm; 
R eißlänge in L ängsrichtung min. 4000 m, in Q uerrichtung min. 2500 m).

4. Untersuchte H arzsystem e

Die untersuchten H arzsystem e waren die folgenden:

a)  Anilin—M elam in—Kresol—F orm aldehyd;
b)  Anilin—E p o x y d —Kresol—Form aldehyd;
c) Anilin—M elam in—Kresol—Form aldehyd;
d )  Anilin—M elam in—E poxyd—K resol—Form aldehyd;
e) Anilin—K resol—Form aldehyd;
f )  Kresol—Ä th oxysilan —Form aldehyd.

Die M olverhältnisse  der K om ponenten in den angeführten H arzsystem en, 
der Harzgehalt der m it diesen Harzen bereiteten P la tten , ferner die W erte  
der W asseraufnahme und einige elektrische E igenschaften  der P latten  werden  
in den Tafeln I —V I angeführt.

Die W asseraufnalim e und die elektrischen E igenschaften  der im Laufe 
der Versuche hergestellten  Hartpapiere wurden m it den entsprechenden
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T afe l I

System  A n il in —M e la m in —K resol— Formaldehyd  

(M elam in , K resol k o n s t . ;  A nilin  n ich t k o n s t.)

1 “ b c d e f g h i

F o rm a ld eh y d ,

M o l ................... 1,45 1,55 1,60 1,66 1,71 1,76 1,81 1,88 1,20
M elam in, Mol . . 0,12 0,12 0,12 0,12 0,12 0,12 0,12 0,12 ' —

K reso l, Mol . . . . 0,74 0,74 0,74 0,74 0,74 0,74 0,74 0,74 0,74
A nilin , Mol . . . . — 0,054 0,081 0,108 0,131 0,162 0,183 0,216 0,108

W asserauf-

n äh m e, % * . . 2,75 2,35 1,80 1,60 1,75 1,70 _** _** 3,52
H arzg eh a lt im

H a r tp a p ie r , % 59 62 64 63 63 61 — — 66

ta n  ô • 104............ 1920 — 480 352 296 236 — — 352

D ie lek triz itä ts - r

k o n s ta n te , e . . 6,6 — 4,6 4,3 4,5 4,3 — — 5

* Gemessen an einem Hartpapier von 1,8 mm Dicke.
** Das Kondensationsprodukt ging im Laufe der Darstellung in den Gelzustand über und wurde zur Herstellung des 

Hartpapiers ungeeignet.

T afe l II

System  A n i l in —E p o xy d  — K reso l— Formaldehyd  

(E p o x y d , K resol k o n s t . ;  A nilin  n ich t k o n s t.)

a b C d

Form aldehyd , Mol ................... 1,06 1,17 1,30 1,38
E poxydharz , M o l ........................ 0,1 0,1 0,1 0,1
K resol, M o l................................... 0 ,74 0,74 0,74 0,74

A nilin , M o l .................................... 0,054 0,108 0,162

W asseraufnahm e, % * .............. 1,70 1,70 1,50 1,75
H arzgehalt im

H artp ap ier, % ........................ 62 62 64 63

ta n  6 ■ 101 ...................................... 384 172 38 30

D ie lek triz itä tsk o n stan te , e . . . 4 ,9 4,6 3,9 3,7

* Gemessen an einem Hartpapier von 1,8 mm Dicke.
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T afel I I I

System  A n il in — M e la m in —K reso l— Form aldehyd  

(A nilin , K resol k o n s t.;  M elam in n ich t k o n st.)

a b C d e f

F o rm ald eh y d , M o l ...................... 1,28 1,49 1,62 1,76 1,92 2,03

K reso l, M o l ................................... 0,74 0,74 0,74 0,74 0,74 0,74

A nilin , M o l .................................... 0,162 0,162 0,162 0,162 0,162 0,162

M elam in, Mol ............................. - 0,052 0,086 0,120 0,158 0,189

W asseraufnahm e, % * ...............

COC'f 2,47 1,60 1,70 - * *
_**

H arzg eh a lt im  H a rtp a p ie r , % 66 64 63 61 — —

ta n  <5 • 104 ................................... 176 41 — 74 — -

D ie lek triz itä tsk o n stan te , e . . . 4,2 4,0 — 3,6 — —

* G em essen a n  e in em  H a r tp a p ie r  v o n  1,8 m m  D icke.
** D as K o n d e n sa tio n sp ro d u k t g ing  im  L aufe d e r  D a rs te l lu n g  in  den  G e lz u sta n d  ü b e r  u n d  w u rd e  zu r H ers te llu n g  

des  H a r tp a p ie rs  u n g ee ig n e t.

T afel IV

S ystem  A n i l in — M elam in—E p o x y d —K resol— Formaldehyd  

(A nilin , M elam in, K resol k o n s t.;  E p o x y d h arz  n ic h t k o n st.)

a b C d

F o rm ald eh y d , M o l .....................

M elam in, M ol ............................

K resol, M o l ...................................

Anilin, M o l ...................................

1,66

0,12

0,74

0,108

1,66

0,12

0,74

0,108

50

1,66

0,12

0,74

0,108

100

1,66

0,12

0,74

0,108

150

1,76

62

1,80

67

2,10

63

2,20

64
H arzgehalt im

ta n  ô • 104 .....................................

D ie lek triz itä tsk o n stan te , « . . . —

200

4,2

224

4,5

232

4,3

* G em essen a n  e in em  H a r tp a p ie r  vo n  1,8 m m  D icke .
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T afel V

System  A n i l i n —K resol— Formaldehyd  

(K resol k o n s t .;  A nü in  n ich t ko n st.)

a b

F o rm aldehyd , M o l .................................... 1 20 1,28

K resol, M o l .................................................. 0,74 0,74
Anilin, M o l .................................................. 0,108 0,162

W asseraufnahm e, % * ............................. 3,32 2,48

H arzg eh a lt im  H a rtp ap ie r , % .......... 66 65

ta n  ô • 104 .................................................. 352 176

D ie lek triz itä tsk o n stan te , e ................... 5,0 4,2

* G em essen  an  einem  H a r tp a p ie r  vo n  1,8 m m  D ick e .

T afe l VI

System  K resol— A  thoxysilan— Formaldehyd  

(K resol k o n s t.;  Ä th o x y  silan n ich t k o n st.)

a b C d

F orm aldehyd , M o l ..................... 1,3 1,3 1,3 1,3
K resol, M o l ................................... 1,0 1,0 1,0 1,0
P h en y ltriä th o x y s ilan , Mol . . . — 0,054 — 0,162
D im eth y ld iä th o x y silan , Mol — — — —

W asseraufnahm e, % *  .............. 1,90 3,97 5,60 6,85

* G em essen  an einem  H a r tp a p ie r  vo n  1,8 m m  D ick e .

E igenschaften  der Hartpapiere R P B  I V  und K R P B  verglichen, die den 
äußerst strengen Anforderungen bezüglich  der W asseraufnahm e und der 
elektrischen E igenschaften genügen. D ie E igenschaften der beiden erwähnten  
P latten typ en  wurden in Tafel Y II angeführt.
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T afel V II

Anforderungen gegenüber den zeitgem äßen Papierbakelit-Schichtstoffen

R P B  IV* K R P B **

Spezifischer O berflächenw iderstand  (m in .), D

n a c h  V orbehandlung a .....................................................................

n a c h  V orbehandlung a - f - 6 .....................................................................

1012

5’109

1013 

5 • 1010

In n e re r  Iso la tionsw iderstand  (m in .), Q

n a c h  V orbehandlung a ....................................................................

n a c h  V orbehandlung a b ....................................................................

5 • 1010 

5 • 109

1013 

25 • 109

ta n  ő (m ax .) 800 H z .....................................................................................

D ie lek triz itä tsk o n stan te , e, be i 800 H z ...............................................

CO О о

1 
s

 1 300 • IO“ * 

4 - 6

W asserau fnahm e n ach  96 -stü n d ig er B ew ässerung , gem essen an  

einem  P robekörper v o n  4 m m  D icke (m ax .), %  ..................... 1,2 0,2

* M S Z  1691— 60 »Papierbakelit-Schichtstoff m it geringer Wasseraufnähme« (E n ts p r ic h t  dem  H P . I V  n a c h  D IN
7735).

** K G M SZ  624.512 »Papierbakelit-Schichtstoff zur speziellen Verwendung« ( E n ts p r ic h t  d em  X X X P  n a c h  N E M A ),

I II. D ie Auswertung der H arzsystem e

a ) System  A n i l i n — M e la m in — K resol— F orm aldehyd

Die W asseraufnahm ewerte der m it diesem H arzsystem  hergestellten  
H artpapiere wurden im  B ild  la  dargestellt.

Aus Tafel I ist es ersichtlich, daß die W asseraufnahm e in Gegenwart 
der M elam in-K om ponente abnim m t. Diese W irkung des Melamins wird durch 
A nilin  bis zu einem  gew issen  Grade erhöht. Ohne M elam in kom m t jedoch  
die verringernde W irkung des Anilins auf die W asseraufnahm e nicht zur 
G eltung. Im  G egenteil, die W asserem pfindlichkeit wird durch das Anilin  
— insbesondere bei geringeren K onzentrationen — erhöht (siehe B ild 5). 
D ie optimale Menge des A nilinzusatzes beträgt in diesem  System  0,108 Mol. 
Größere Mengen an A nilin  beeinflussen die G estaltung der W asseraufnahm e 
praktisch nicht m ehr.

Es ist nicht zw eckm äßig, die Menge des A nilins über 0,162 Mol zu 
erhöhen. Obwohl m it 0,183 Mol A nilin noch ein Harz bereitet werden kann, 
doch dauert die V ernetzung dieses H arzes äußerst lange, und die m it diesem  
H arz imprägnierten H artpapiere quellen im  Laufe der Verpressung in dem  
M aße an, daß sie bereits unter dem geringsten Druck zerreißen.
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B ild  1. W asserau fn ah m e der m it d e m  S y stem  A n ilin —M elam in — K re so l—F o rm a ld e h y d  
b e re ite te n  H a rtp a p ie re  in  A b h än g ig k eit v o n  dem  M olverhältn is des be i d e r D a rste llu n g  des 
H arzes v e rw en d e ten  A nilins (a); u n d  Iso la tio n sw id e rs tan d  de r m it d em  H arzsy stem  A n ilin — 
M elam in —K reso l—F o rm a ld eh y d  b e re i te te n  H a rtp a p ie re  in  A b h än g ig k e it v o n  dem  M olver­

h ä ltn is  des h e i der D a rs te llu n g  des H arzes v e rw en d e ten  A nilins (i>)

Im H inblick auf den Isolationsw iderstand bei den P latten , die aus 
den verschiedenen Gliedern dieses H arzsystem s hergestellt worden sind (siehe 
Bild lb ) , erreichen nach der V orbehandlung a nur die W erte für den Ober­
flächenw iderstand (F a) den W ert von  1014 Ohm; der innere W iderstand (B a) 
bew egt sich dagegen zwischen den W erten von 1011 und 1013 Ohm. Nach der 
im  zitierten N orm blatt vorgeschriebenen Vorbehandlung a -f- b nehm en die
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W erte der Isolationsw iderstände sowohl für den O berflächenwiderstand wie 
auch für den inneren W iderstand — F a+b und В а+ь — m it der Menge an 
A nilin  zu. Dem muß zugefügt werden, daß der innere W iderstand nur bei 
den P latten  den W ert vo n  gut isolierenden P latten  erreicht, die aus etw a  
0,162 Mol Anilin en thaltenden  Harzen hergestellt worden sind. Hieraus folgt 
aber, daß der für die innere Struktur des Materials charakteristische innere 
Isolationsw iderstand bei diesem  System  ungenügend ist.

D ie Werte von tan  Ö =  1020 • 10~4 —*■ 236 • 10-4 und die von e =  6,6 —*- 
—*• 4 ,3  (siehe Tafel I) sind  m it den D aten  des Isolationsw iderstandes im  E in­
k lang.

Zusam m enfassend kann gesagt w erden, daß bei den P latten , die aus 
zu diesem  System  gehörenden Harzen hergestellt worden sind, die W asser­
beständigkeit eine geringfügige Verbesserung aufweist, die elektrischen E igen­
schaften  der P latten  sind  jedoch schw ach, und — m it A usnahm e des spezi­
fisch en  O berflächenwiderstandes — die zeitgem äßen Anforderungen (siehe 
T afel V II) werden durch dieses System  nicht befriedigt.

b)  S ys tem  A n il in — E p o xyd—K resol— F orm aldehyd

Aus Bild 2a ist es ersichtlich, daß die W asserbeständigkeit der m it 
diesem  Harzsystem  hergestellten  P latten  durch das A nilin  nicht verbessert, 
in  größeren Mengen sogar verschlechtert wird. D ie W asseraufnahm e des 
System s stim m t nach der Größenordnung m it der des a)  System s überein. 
W ird die Kurve des B ild es 2a m it der K urve der W asseraufnahm e im B ild 5 
verglichen, so können wir ersehen, daß die W erte der W asseraufnahm e bei 
den P latten , die ohne epoxydiertes Resolharz ( E F —3), jedoch  aus Anilin— 
K resol—Form aldehyd-H arzen m it größeren Mengen A nilin hergestellt worden 
sind , die betreffenden W erte des vorliegenden System s gut annähern. Hieraus 
fo lg t aber, daß die W asseraufnahm e in diesem  System  durch die E poxyd- 
gruppen nicht b eein flußt wird.

Obwohl dieses S ystem  bezüglich der W asserem pfindlichkeit keine V er­
besserung bringt, b le ib t das System  nichtsdestow eniger vom  Interesse, da 
es die Gestaltung der elektrischen E igenschaften  günstig beeinflußt. Bild 2b 
ste llt  anschaulich dar, daß der innere Isolationsw iderstand B a bereits m it 
einem  ganz geringen A nilinzusatz den W ert von 1013 Ohm erreicht. Nach  
der Vorbehandlung a b ilden die W erte des O berflächenwiderstandes ( F a) 
und die des inneren Isolationsw iderstandes ( B a) Geraden; nach der Vor­
behandlung a -f- b verlaufen  die K urven annähernd parallel.

Die D urchschlagfestigkeit nim m t m it der Größe des Anilinzusatzes zu. 
B ei einem A nilinzusatz von  über 0,1 Mol können die für die K R P B - P latten  
bei 20 und 90 °C vorgeschriebenen W erte (siehe Tafel V II) schon sicher 
gehalten  werden.
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B ild  2. W asserau fn ah m e d e r m it dem  H a rzsy s tem  A n ilin —E p o x y d  — K re so l—F o rm a ld e h y d  
b e re i te te n  H a rtp a p ie re  in  A b h än g ig k eit v o n  d em  M olverhältn is des bei de r D ars te llu n g  des 
H a rze s  v e rw en d e ten  A nilins (a ); u n d  Iso la tio n sw id e rs tan d  de r m it d em  H a rzsy stem  A n ilin — 
E p o x y d  — K re so l—F o rm a ld eh y d  b e re ite ten  H a r tp a p ie re  in  A bhän g ig k eit von  dem  M o lv e rh ä lt­

n is des bei d e r D a rs te llu n g  des H a rze s  ve rw en d e ten  A nilins (6)

Mit diesen B eobachtungen stehen in  engem Zusam m enhang die W erte  
von  tan  ö — 384 ■ 10—4 —► 30 • 10—4 und von  e =  4,9 —*■ 3,7 (siehe Tafel II), 
die sich m it der Menge des A nilins stets  verbessern.
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Zusam m enfassend kann gesagt werden, daß obwohl dieses H arzsystem  
bezüglich der W asserbeständigkeit der H artpapiere keine Verbesserung bringt, 
die elektrischen E igenschaften  und die Isolationsw iderstände jedoch in hohem  
Maße gesteigert w erden.

c) S ys tem  A n il in —M elam in—K resol—Form aldehyd

B ei diesem S ystem  bem ühten wir uns unter anderen darum, die im  
ersten System  verw endete Menge des M elam ins m öglichst zu verringern. 
Für die Zwecke unserer Untersuchungen w ählten  wir das 0,162 Mol A nilin  
enthaltende Harz des ersten System s, das über m axim al gute Eigenschaften  
verfügt. Bei der B ereitu n g der Harze beobachteten  wir, daß die Harze — in  
A bhängigkeit von der Menge des M elamins — anfänglich eine lange und  
dann stets abnehm ende Gelierungszeit (В ) aufw eisen, wobei die Erweichungs­
punkte nach Tafel V II I  praktisch gleich bleiben.

Tafel V III

E rw eich u n g sp u n k t und »B«-Zeit der H arze in  Ta fel I I I

а ь С d e

E rw eich u n g sp u n k t [°C] 39 43 45 45 41,5 57,5

G elierungszeit, В  be i

160 °C [s] 460 651 190 110 170 330

Bezüglich der H arzbereitung beträgt die optim ale M enge des M elamins 
0,12 Mol. Über dieser M enge des Melamins n im m t die V iskosität des en tstehen­
den Harzes in hohem  Maße zu. Eine geringe Menge M elamin (0,052 Mol) 
kann aus einem anderen Blickwinkel auch als W eichm acher des H arzsystem s  
A nilin—Kresol aufgefaßt werden, da eine geringe Menge an Melamin die v o ll­
ständige E ntw ässerung des entstehenden H arzes erm öglicht, wobei die A us­
bildung der G elstruktur verzögert wird. D ie В -Zeit eines solchen Harzes ist  
länger als die der A nilin—Kresol-Harze ohne M elam inzusatz (460 bzw. 651 s).

D ie W asseraufnahm e der fertigen H artpapiere gesta ltete  sich entspre­
chend der Erwartung: M it der Menge des M elam ins nim m t die W asseraufnahm e 
ab, und bei einer M elam inm enge von 0,12 Mol erreicht die W asseraufnahm e 
den beim  System  1 gefundenen optim alen W ert (siehe B ild  3a).

U nter den K u rven  des Isolationsw iderstandes (siehe B ild 3b) sind die  
gem essenen W erte des spezifischen O berflächenw iderstandes nach der V or­
behandlung о und a +  b ( F a und F a+ b)  den K urven für den Oberflächen­
w iderstand des S ystem s a ) (F a und F a+ b) ähnlich (siehe Bild 3b und lb ) .  
H ingegen verlaufen die Kurven des inneren Isolationsw iderstandes ganz
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B ild  3. W asse rau fn ah m e  d e r  m it dem  H a rzsy s tem  A n il in -M e la m in —K reso l—F o rm a ld e h y d  
b e re ite ten  H a r tp a p ie re  in  A b h än g ig k eit v o n  dem  M o lverbältn is des bei de r D a rs te llu n g  des 
H arzes v e rw en d e ten  M elam ins (o); u n d  Iso la tio n sw id e rs tan d  d e r m it dem  H arzsy stem  A n ilin — 
M elam in—K re so l—F o rm a ld e h y d  b e re ite ten  H a r tp a p ie re  in  A b h än g ig k e it von dem  M olver­

h ä ltn is  des b e i d e r  D a rste llu n g  des H arzes v e rw en d e ten  M elam ins (b)

anders: D ie K urven w eisen bei einer M elaminmenge von  0,05 Mol ein M axim um  
auf. M utm aßlich w eist dies darauf hin, daß geringe M engen an M elamin in  
der Struktur des H arzsystem s Anilin — Kresol — Form aldehyd bezüglich der 
elektrischen E igenschaften  günstige Veränderungen hervorrufen. Größere 
Mengen an M elam in hingegen steigern mehr die W irkung des Anilins, und die 
elektrischen E igenschaften  des Produktes werden im m er mehr denen der 
P latten  des S ystem s a )  ähnlich.
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Menge des epoxydierten ResolharzesfEF-3)[g] 

a

Menge des epoxydierten Reso/harzes(EF-3)[g] 

b
B ild  4. W asserau fn ah m e d e r  m it dem  H a rz sy s te m  A n ilin —M elam in—E p o x y d  — K re so l— 
F o rm a ld e h y d  b e re ite ten  H a r tp a p ie re  in  A b h än g ig k e it v o n  de r M enge des h e i de r D a rs te llu n g  
d es  H a rze s  ve rw en d e ten  ep o x y d ie rte n  R eso lh arzes (a ); u n d  Iso la tio n sw id e rs tan d  d e r m it dem  
H a rz s y s te m  A n ilin —M elam in —E p o x y d  — K reso l — F o rm a ld eh y d  b e re ite te n  H a rtp a p ie re  in  
A b h ä n g ig k e it von  de r M enge des bei d e r D a rs te llu n g  des H arzes v e rw en d e ten  ep o x y d ie rte n

R eso lharzes (6)

D ie W erte von  tan  ő =  176 • IO-”4 —► 41 • 10~4 —> 236 • 10“ 4 und von  
e =  4 ,2  —*■ 4,0 —*■ 4,3 (siehe Tafel III) unterstützen die obige H ypothese in 
p ositivem  Sinne.

d)  System  A n i l in —M ela m in —E p o x y d —K reso l— Form aldehyd

Dieses System  — eben aus dem Grunde, weil es eine K om bination der 
vorher behandelten System e a ) , b) und c) darstellt — trägt das Gepräge 
dieser System e an sich (siehe Bild 4a und 4b).
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Um  den Einfluß des epoxydierten  Resols ( E F —3) zu studieren, wurde 
die Menge dieses H arzes variiert. E s wurde dabei gefunden, daß m it Erhöhung  
der Menge des E poxydharzes die W asseraufnahm e-K urve des System s eine 
steigende Tendenz aufw eist. D ie die H ydrophilie verringernde gem einsam e W ir­
kung des Melamins und Anilins gelangt m utm aßlich aus dem  Grunde n ich t  
zur W irkung, weil die M olverhältnisse dieser beiden K om ponenten  — 0,108 Mol 
A nilin bzw. 0,12 Mol M elamin — eben die Werte aufw eisen, bei denen die

" J  ш З й  öJm a t e * "

MOL C6HSNHS

B ild  5. W asserau fnahm e d e r m it d em  H a rz sy s te m  A n ilin —K re so l—F o rm a ld e h y d  b e re ite ten  
H a r tp a p ie re  in  A bhän g ig k eit v o n  dem  M o lv e rh ä ltn is  des bei d e r D a rs te llu n g  des H arzes v e r­

w e n d e te n  A nilins

Verflachung der W asseraufnahm e-K urve des System s a )  beginnt (siehe 
B ild  la ) . A uf diese W eise kom m t lediglich  die kaum m erkliche W irkung des 
epoxydierten  Resolharzes zur G eltung.

Die Isolationsw iderstände sind nahe denen gleich, die bei den in Mol­
verhältnis entsprechenden H arzen des System s A n ilin —M elam in—Kresol- 
Form aldehyd erhalten worden sind. D ie E in führung der Epoxydgruppe hat 
zwar eine praktisch geringe, doch positive Änderung zur Folge. B ei dem  
inneren Isolationsw iderstand zeigen die B a+6-Daten nach  der Behandlung  
a  b — verglichen m it dem A usgangsharz ohne E poxydgruppen — m it 
Erhöhung der Anzahl der E poxydgruppen keine Ä nderung. Hieraus fo lgt, 
daß in elektrischer Beziehung die Epoxydgruppe in  dem  A nilin  und Melamin 
enthaltenden System  keine R olle sp ielt.

Die geringfügige Verbesserung in den W erten v o n  tan  ô und e (siehe 
Tafel IV) kann teilw eise auf die Gegenwart von E poxydgruppen zurückge­
führt werden.

4 * Acta Technica Academiae Scientiarum Hungaricae 56, 1966



262 K. SCHWANER

е ) S ys tem  A n i l in —K reso l— Form aldehyd

Dieses System  wurde zur K ontrolle der W asseraufnahm e-K urven der 
System e b)  und d )  herangezogen (siehe B ild  5).

Die W asseraufnahm e der aus diesem System  hergestellten  Schichtstoffe 
nim m t m it der M enge an Anilin ab. Aus Gründen, die heim  System  a)  ange­
geben worden w aren, wurde Anilin in Mengen über 0,162 Mol nicht ver­
w endet.

D ie mit diesem  System  gewonnenen Erfahrungen unterstützen unsere 
Auffassung, daß in  den System en b) und d )  die W asserem pfindlichkeit der 
Hartpapiere durch die Gegenwart von  A nilin beeinflußt wird.

f )  S y s tem  K reso l— A th o xys ila n — Form aldehyd

B ei der A usbildung dieses System s sollte nach unseren Vorstellungen zu­
nächst aus einem S ystem  Silikon—Kresol — Form aldehyd ausgegangen werden, 
w obei durch chem ische Bindung zw ischen K resol und A thoxysilan  oder 
Kresolalkoholen  und A th o xys ila n  die derart entstehende Verbindung die im  
Laufe der V ernetzung entstehende H ydrophobie herbeiführen sollte.

B ei unseren V ersuchen wurde zunächst ein K resol—Resolharz bereitet. 
D as M olverhältnis K resol/Form aldehyd betrug 1 : 1,3, der K atalysator war 
Am m oniak, während zur Verringerung der R eaktionsgeschw indigkeit M ethanol 
verw endet wurde. D ie K om ponenten des Grundharzes wurden bis zum  
A uftreten  des T rübungspunktes des Gemisches im  Sieden erhalten, und  
nach  erfolgter Trübung wurde das Gemisch m it der berechneten Menge des 
Ä thoxysilans (in alkoholischer Lösung) versetzt und das Sieden weitere 45 
M inuten hindurch fortgesetzt. Anschließend wurde das erhaltene Produkt durch 
V akuum destillation entw ässert.

B ild  6. W asserau fnahm e d es System s K re so l—A th o x y silan  in  A b h ä n g ig k e it von dem  M ol­
v e rh ä ltn is  des P h en y lä th o x y silan s
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D ie W asseraufnahm e der m it diesem  Harz im prägnierten Hartpapiere 
w eist — wie es aus dem  Bilde 6 ersichtlich — m it der Zunahm e der Menge 
der A thoxysilane eine stets steigende Tendenz auf. Das V erhalten des Dim e- 
thyld iäthoxysilans ist dem des P henyltriäthoxysilans gleich.

Es kann festgeste llt werden, daß — im  Gegensatz zu der Erwartung — 
die Silikon-Zwischenprodukte die H ydropliilie der Schichtstoffe nicht ver­
ringern, vielm ehr wird die H ydrophilie erhöht. Eine Erklärung für diese 
Erscheinung können wir einstw eilen n icht geben.

IV. D iskussion der Ergebnisse

Aus den obigen Ausführungen kann die Folgerung gezogen werden, 
daß die W asseraufnahm e und die elektrischen E igenschaften  Param eter  
darstellen, die unter anderen auch von  der chem ischen Zusam m ensetzung  
der H arze abhängen, die zur Im prägnierung des Papierträgerstoffes auf Zellu­
lose-B asis dienen. E s kann beobachtet werden, daß unter den K om ponenten  
der von uns gew ählten H arzsystem e die w ichtigste Rolle das Anilin führt, 
w ährend den übrigen K om ponenten lediglich eine untergeordnete B edeutung  
zukom m t.

Das Polykondensationsprodukt aus Anilin und A ldehyd ergibt bekann­
terw eise ein gutes Isolierm aterial, doch die m echanischen und physikalischen  
E igenschaften können n icht mehr so gut bew ertet w erden. Eine seiner 
Schw ächen besteht in  der verhältnism äßig geringen W asserbeständigkeit, die 
im  H inblick auf die H artpapiere den W ert des elektrischen Isolations­
w iderstandes gerade in  negativer R ichtung beeinflußt.

Diese negative E igenschaft des Anilin—Form aldehydharzes tr itt jedoch  
bei der V ergesellschaftung des H arzes m it anderen Polykondensationsharzen  
n ich t immer in Erscheinung. Es kann nachgew iesen werden, daß — in A bhän­
gigkeit von dem Charakter der anderen K om ponenten —■ dieses N egatívum  
nur in unbedeutendem , kaum  m erklichem  Maße au ftritt, vielm ehr bedingt 
die Gegenwart des Partners m anchm al die Erhöhung der W asserbeständigkeit.

Den ersten Fall beobachteten  wir bei dem E poxydgruppen enthaltenden  
K okondensationsprodukt (siehe B ild  2a), den zweiten Fall bei dem K okonden- 
sationsprodukt m it Melamin—A ldehyd-H arz (siehe B ild la ) . In dem Falle 
hingegen, wo keine von  den erw ähnten Verbindungsgruppen vorhanden ist, 
d. h .,b e i den reinen K resol—F orm aldehyd-oder Anilin—Form aldehyd-H arzen, 
tr itt  diese negative E igenschaft in starkem  Maße in den Vordergrund (siehe
B ild  5).

Eine um fassende Erklärung für den Grund dieser Erscheinungen konnten  
wir bisher nicht finden . In der ersten Phase der E ntstehung der Melamin— 
Form aldehyd-H arze b ilden sich — wie bekannt — die M ethylolderivate des 
M elam ins. Ein geringer A nteil dieser D erivate kann sich — nach einem

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



264 К. SCH WAN EK

unbekannten M echanism us — m it den OH-Gruppen des Zellulosem oleküls 
verknüpfen, und auf diese W eise kann die H ydrophilie des Zellulosem oleküls 
herabgesetzt werden. D as A nilin—Form aldehyd-H arz kann sich nach einem  
ähnlichen Mechanismus m it dem Zellulosem olekül verknüpfen. Die K urve  
in  B ild  la  weist jedoch darauf hin, daß sich die beiden K om ponenten — das 
A nilin  und das M elam in — in ihrer W irkung bis zu einem  gewissen Grade 
superponieren.

Bezüglich des R eaktionsm echanism us der Anilin enthaltenden K onden­
sationsharze kann folgendes angenom m en werden:

1. Ein Teil des A nilins tr itt  m it dem Form aldehyd n icht in W echsel­
w irkung, sondern is t  in freier polarer Form vorhanden:

+
D as Anilin reagiert dabei über die Gruppe =  iV =  m it den stark nukleo­

ph ilen  Gruppen der Z ellulose, wodurch ein Teil dieser Gruppen blockiert wird. 
D iese H ypothese wird durch den V erlauf der K urve im  B ild  1 u nterstü tzt. 
E s is t  ersichtlich, daß sich die W asserbeständigkeit praktisch nicht mehr 
verbessert, wenn die M enge des Anilins über 0,108 Mol erhöht wird. D ies 
w eist darauf hin, daß die —OH-Gruppen der Zellulose m it weiteren Mengen 
des Anilins nicht reagieren können.

2 . Neben der u nter Punkt 1 beschriebenen R eaktion  können parallel, 
zw ischen den Verbindungen des K ondensationsharzes und dem Zellulose­
m olekül, auch W asserstoffbindungen —• insbesondere über die M ethylolgruppe 
der Harze — gebildet werden.

3. Das M elam inharz und das Anilin können m iteinander in R eaktion  
treten . Als Folge dieser R eaktion entsteht ein kom plexes Molekül m it elektro­
philem  Atom . D iese H ypothese wird durch die Form  der W asseraufnahm e- 
K u rven  nicht un terstü tzt, denn wäre sie wahr, so würden die K urven m onoton  
fa llend  verlaufen.

Mit dem E poxydgruppen enthaltenden Resolharz tr itt  das Anilin und  
das K ondensationsprodukt aus Anilin und Form aldehyd in W echselwirkung  
[6]. Mit zunehmender Menge des Anilins wird die W asserbeständigkeit des 
Produktes schlechter, die negative E igenschaft des A nilin—Form aldehyd- 
H arzes erlangt das Ü bergew icht. W urde die E poxydgruppen enthaltende  
V erbindung durch M elam inharz ersetzt, tr itt die superponierende W irkung 
des Anilin—Melamin—Form aldehyd-K ondensationsproduktes wieder in Erschei­
nung (siehe Bild 3a). H ieraus folgt aber, daß die Epoxydgruppe m it dem  
Zellulosem olekül unm ittelbar in  keinerlei Form verknüpft wird.

Für die superponierende W irkung des Anilins und Melamins spricht 
auch  das Ergebnis des au f der K om bination des Kresols und Anilins beruhen­
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den System s, wonach die W asseraufnahm e der H artpapiere (verglichen m it 
der des Ausgangsharzes) in hohem  Maße zunim m t (siehe B ild 5), denn aus 
dem System  fehlt das M elamin.

Der M echanismus der W asserem pfindlichkeit der H artpapiere ist noch  
nicht geklärt. A uf Grund der Versuche ist es wahrscheinlich, daß wir Ober­
flächen- und Diffusionserscheinungen gegenüberstehen, w ie dies übrigens 
auch durch die Forschungsarbeiten der Papierindustrie zur Erhöhung der 
N aßfestigkeit der Papiere nachgew iesen worden ist [2 — 5]. Es überwiegen  
die Oberflächenerscheinungen; das Harz diffundiert in die W and der Zellulose­
faser nicht tie f ein, und die kapillaraktiven E igenschaften des Papiers werden  
trotz der Im prägnierung m it dem Harz nur wenig verändert. Solange die 
Schichtstoffe F euchtigkeit aufnehm en, hört die kapillaraktive W irkung n icht 
auf.

D ie G estaltung der elektrischen Isolationseigenschaften  gibt bis zu 
einem  gewissen Grade über den inneren A ufbau der heterogen strukturierten  
Schichtstoffe A ufschluß. D ie Gegenwart des K ondensationsproduktes aus 
Anilin und Form aldehyd und die der E poxydgruppen geht in den behandelten  
System en in jedem  Fall m it einer positiven  W irkung einher. Die Menge des 
Melamin—Form aldehyd-K ondensationsproduktes kann w egen der Gefahr der 
G elbildung nur bis zu einer gewissen Grenze erhöht werden (siehe B ild  3).

Eine außerordentlich günstige W irkung kann erzielt werden durch die 
K om bination der Anilin—Form aldehyd-H arze und der E poxydharze, in der 
Gegenwart des K ondensationsproduktes aus Kresol und Form aldehyd, wobei 
sich die elektrischen E igenschaften  rapid verbessern (siehe B ild 2b).

D as M elamin—Form aldehyd-K ondensationsprodukt übt auf das Anilin— 
Form aldehyd-K ondensationsprodukt in jedem  Falle eine negative W irkung 
aus (siehe B ild 3b). D ies bedeutet, daß es sich — in elektrischer Beziehung — 
nicht em pfiehlt, M elamin und A nilin gleichzeitig anzuw enden. Diese Erschei­
nung kann darauf zurückgeführt werden, daß der Triazin-R ing des Melamins 
in der dichten Struktur des System s Anilin—E p oxyd -K reso l—Form aldehyd einen  
großen Raum beansprucht. Es en tsteh t eine Lockerstelle, die das Durch­
dringen des elektrischen Strom es befördert, m utm aßlich aus dem Grunde, 
weil die Verknüpfung der Segm ente der Moleküle des Grundharzes durch den 
Triazin-Ring sterisch gehindert wird.
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T H E  IN F L U E N C E  O F  M O D IF IE D  C R E S O L -R E S IN  SY STEM S 
O N  T H E  E L E C T R IC  P R O P E R T IE S  A N D  T H E  R E S IS T A N C E  TO W A T E R  

O F  P A P E R -R A S E  L A M IN A T E D  PL A STIC S

K . S C H W A N E R

SU M M A RY

T he au th o r in v e s tig a te d  th e  w a te r  ab so rp tio n  an d  th e  e lectrica l p ro p e rtie s  of several 
d if fe re n t condensation  re s in  sy s tem s s ta r tin g  fro m  creso l-fo rm ald eh y d e-resin . H e fo u n d  
t h a t  th e  w a ter a b so rp tio n  c a p a c ity  o f la m in a te d  p las tic s  is co n sid erab ly  red u ced  on ly  b y  those  
re s in  system s w hich  c o n ta in  an iline  as w ell as m elam ine (e.g. a n ilin e -m elam in e -c re so l-  
fo rm ald eh y d e  system ). T h e  an iline  p lay s  th e  ro le  o f th e  w a te r-re sis tan ce  increasing  a c tiv a to r  
o f  th e  m elam in e-c reso l-fo rm a ld eh y d e-re sin . T h e  p resence of ep o x y  resin  h a s  no in fluence  
o n  th e  w a te r  abso rp tio n , b u t ,  especially  asso c ia ted  to  aniline-resin , (e.g. in  a n  an ilin e-ep o x y d - 
c reso l-fo rm ald eh y d e  sy s tem ) i t  g re a tly  im p ro v es th e  e lectrical p ro p e rtie s  o f th e  lam in a ted  

p a p e r-b a se  plastics.

L ’IN F L U E N C E  D E S  SY ST ÈM ES D E  R É S IN E  A B A SE D E  C R É SO L  M O D IF IÉ S , 
SU R  LES Q U A L IT É S  É L E C T R IQ U E S  E T  LA R É S IS T A N C E  A  L ’E A U  

D E S P L A S T IQ U E S  S T R A T IF IÉ E S  A B A S E  D E  P A P IE R

K . S C H W A N E R

R É S U M É

L ’au teu r a é tu d ié  les v a r ia tio n s  de  l ’a b so rp tio n  d ’eau  e t des p ro p rié té s  é lectriques des 
p la s tiq u e s  s tra tifiées à  b a se  de p a p ie r , en  fo n c tio n  de quelques systèm es de résines de conden­
sa t io n , basés sur la  résine  c réso l-fo rm aldéhyde. I l  a é té  co n sta té  que  la  cap ac ité  d ’a b so rp tio n  
d ’e au  des p lastiques s tra tif ié e s  n ’est ré d u ite  co n sid érab lem en t que p a r  des systèm es de résines 
c o n te n a n t  de l’aniline au ssi b ien  que  de  la  m élam ine  (p a r ex. le sy s tèm e  a n ilin e —m élam ine — 
c ré so l—form aldéhyde). L ’an iline  jo u e  u n  rô le  d ’a c tiv a te u r  a u g m e n ta n t la  ré sis tan ce  à  l ’eau  
de  la  ré sine  m élam ine—c ré s o l- fo rm a ld é h y d e . L a  présence de la  résine  é p o x y  n ’in fluence p as 
l ’a b so rp tio n  d ’eau, m ais com binée  s u r to u t  avec  la  résine  à an iline  (p a r ex. d an s le systèm e 
a n ilin e  —ép o x y —créso l—fo rm ald éh y d e ), elle au g m en te  co n sid érab lem en t les q u a lités  é lec tri­
q u es  des p lastiques s tra tif ié e s  à  base  de p ap ie r.

ВОЗДЕЙСТВИЕ МОДИФИЦИРОВАННЫХ СИСТЕМ КРЕЗОЛЬНОЙ СМОЛЫ 
НА ЭЛЕКТРИЧЕСКИЕ СВОЙСТВА И ВОДОНЕПРОНИЦАЕМОСТЬ 

СЛОИСТЫХ ПЛАСТМАСС С БУМАЖНЫМ КАРКАСОМ

К .  Ш В А Н Е Р

Р Е З Ю М Е

Автор изучал условия изменения электрических свойств и водопоглощения сло­
истых пластических масс с бумажным каркасом в функции различных систем конден­
сационной смолы, исходящей из крезол-формальдегидной смолы. Установлено, что водо- 
поглощаемость слоистых пластических масс снижается в значительной мере только 
такой системой смол, которые содержат как анилин, так и меламин (напр. система анилин 
— меламин — крезол — формальдегид). Анилин в смоле меламин — крезол — формаль­
дегид играет роль активатора, повышающего водонепроницаемость. Присутствие эпок­
сидной смолы не воздействует на изменение водопоглощаемости, в то же время, особенно 
при ассоциации с анилиновой смолой (напр. в системе анилин — эпоксид — крезол — 
формальдегид), в очень большой мере повышает электрические свойства слоистых пласти 
ческих масс с бумажным каркасом.
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THE EFFECT OF SMALL QUANTITIES 
OF ALUMINIUM FLUORIDE ADDITIVES 

ON THE STRENGTH OF REFRACTORY MATERIALS

B. L Ő C SE I

C E N T R A L  IN S T IT U T E  F O R  T H E  S IL IC A T E  IN D U S T R Y , B U D A P E S T  

[M an u scrip t rece iv ed  D ecem ber 23, 1964]

T he effect of a lu m in iu m  fluoride  on  th e  processes w hich  ta k e  p lace  d u rin g  th e  calc ina­
tio n  of va rio u s re fra c to ry  m ate ria ls  can  b e  sa tis fac to rily  follow ed b y  d iffe ren tia l therm o- 
g rav im etric  an d  an a ly tic a l te s ts . On th e  a d d it io n  of sm all q u a n tit ie s  o f  a lu m in iu m  fluo ride  no 
changes will occur in  th e  m ech an ism  of th e  re a c tio n  process, h u t  th e  a c tiv a tio n  energy  con­
d itio n s an d  th e  k inetic  w ill b e  m odified . T he d e h y d ro x y la tio n  p rocess is re ta rd e d  b y  th e  in co r­
p o ra tio n  an d  p a r tia l  h y d ro ly s is  o f a lu m in iu m  flu o rid e , w hile on th e  o th e r  h a n d  th e  a c tiv a tio n  
en erg y  of m ullite  fo rm a tio n  is  reduced  by  th e  a d d itio n  of th e  flu o rid e . B ey o n d  a certa in  lim it, 
w h ich  corresponds to  a b o u t  lO-f-12%  o f th e  c lay  m in era l c o n te n t, a  fu n d a m e n ta l change 
occurs in  th e  n a tu re  of th e  p rocesses w hich  t a k e  p lace  d u rin g  c a lc in a tio n  a n d  these  processes 
becom e m ore and  m ore co m p lica ted . T he a b o v e  m en tio n ed  q u a n ti ty  o f  a lu m in iu m  fluo ride  
is th e  lim it below  w hich  th is  a d d itiv e  on ly  a cce le ra tes  th e  processes ta k in g  p lace  du rin g  th e  
calc in a tio n  an d  im proves th e  q u a lity  of th e  e n d  p ro d u c t. B ey o n d  th is  lim it th e  p o ro sity  o f th e  
end  p ro d u c t is enhanced , as h a d  been  d e m o n s tra te d  in  a n  earlie r p a p e r . T w o to  fo u r p e r cen t 
o f a lu m in iu m  fluoride  n o t o n ly  accelerates th e  ca lc in a tio n  p rocess o f re fra c to ry  m ate ria ls , b u t  
also increases b y  80 to  120 p e r  c en t th e  s tre n g th  o f th e  f in a l p ro d u c t, red u ces a p p a re n t p o ro sity  
a n d  has, in  add ition , also o th e r  fav o u rab le  tech n o lo g ica l effects.

I. Introduction

From the point o f v iew  of the use o f refractories in  m ost cases strength  
is one of the m ost im portant properties — beside the prim arily im portant 
refractory nature — w hich  will determ ine the life of th e  m aterial. In built- 
in structures in addition  to  the predom inant com pression stress, flexural 
and tensile stresses h ave also to be reckoned w ith. In  certain cases a shear 
stress m ay also occur at certain points o f  the built-in  object of the refractory. 
A  resistance to heat im pulses is a further im portant property, this being  
in close correlation w ith  th e  tensile strength  of the m aterial and influenced  
b y  the coefficient of h ea t expansion and the m odulus o f e lastic ity . It should  
he borne in mind th a t stress is usually  accom panied b y  high tem peratures.

The cold com pression strength o f fire clays is betw een 150 and 500 kp/cm 2 
depending on the com position  of the product, the particle size distribution  
of the raw material and on the com pression force applied in the production  
process. The com pression strength of th e  refractory provides inform ation on 
th e  cohesion of the tex tu ra l structure, thus allows conclusions to  be drawn 
on its resistance tow ards various stresses. According to  experim ental results

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



268 В. LŐCSEI

com pression strength is proportional to  the resistance towards tensile , flexural 
and abresion stresses [1 — 3].

Compression strength  depends on a number of m aterial and technological 
param eters. Of the technological param eters the first to  be m entioned are 
th e  m ethod of m oulding and the force used for caulking, further the particle  
size distribution o f th e  raw m aterial, while o f the m aterial param eters the  
m ineralogical and chem ical com positions are the decisive factors. The latter  
h ave a decisive in fluence on the reactiv ity  and quality  o f the raw m aterial. 
The ratio between the raw and calcined m aterial used in m anufacture is also 
an im portant technological factor from  the point of v iew  o f the strength o f  
th e  finished product.

This paper deals w ith  som e problem s of the reaction kinetics of clay  
m inerals and A1F3. I t  dem onstrates, on the one hand, b y  differential therm o­
gravim etry the changes in the reaction  m echanism  due to  the presence o f  
higher quantities o f A1F3 and, on the other hand, contains data on the  
m odifications of the c lay  minerals and first o f the processes w hich take place 
during the calcination o f kaolin ite in the presence of A1F3, A 1(0H )3 i.e. A120 3. 
F in a lly  we shall discuss the possib ility  of increasing the strength of the  
product by im proving the reactiv ity  o f the basic m aterials.

The above problem s arose in the course of the stu d y  of the phase trans­
form ation of the Grossalmerod clay  when significant m ineralization and  
acceleration of the reaction  were observed in the presence of sm all quantities 
o f alum inium  fluoride.

II. Experimental

1. M aterials

In  the experim ents the reaction kinetics o f those refractories were 
stu d ied  which because o f their know n com positions offered possibilities for 
drawing generally va lid  conclusions. The chem ical com positions of the m ate­
rials used in the experim ents are shown in Table I.

In the experim ents alum inium  fluoride was added to  the fire-proof 
clays. Changes in reaction k inetics due to the effect of the additives were 
stu d ied  by therm ical analysis and the therm ogravim etric m ethod. On the  
basis of kinetical studies of these reactions was investigated  in the case 
of industrial products the w ays of achieving the best possible physical 
properties of the end product b y  the increase of reactiv ity . 2

2. D ifferen tia l therm ogravim etric tests o f  raw  m aterials

Our earlier experim ents have clarified the form ation o f m ullite from  
alum inium  fluoride and kaolinite at low  tem peratures and have proved th a t  
already in the presence of sm all quantities of alum inium  fluoride th is process
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Table I

Com position o f  the m aterials used in the experiments

S i0 2 A120 , Ti02 F e ,0 , CaO M gO
N a zO
K20 s o ,

L oss on  
ca lc in a­

tio n
a i f ,

1. Z e ttlitz  china

c lay 46,9 38,5 0,6 0,5 0,3 0,2 0,4 tr . 12,8 —
2. P e té n y  clay 61,5 24,7 0,9 1,6 0,7 0,5 0,7 0,6 8,9 —
3. Sárisáp  china

clay , grade II 58,5 26,7 0,6 1,2 1,1 0,4 0,7 0,1 10,2 —
4. B riessen  B1 clay 44,3 35,1 1,7 1,8 0,8 0,4 0,9 0,4 15,4 —
5. Szeg ch ina clay 45,1 35,3 0,2 2,6 0,7 0,4 0,4 tr . 15,1 —
6. G rossalm erod

clay 72,0 18,2 1,0 1,2 0,3 0,2 1,0 ■ — 6,2 —
7. R ak ó  I  calcined

sla te 53,6 39,2 2,1 2,3 0,4 0,3 1,0 0,6 0,7 —
8. PM  calcined sla te 52,7 39,4 2,0 2,1 0,7 0,3 1,2 0,6 1,3 —
9. Sárisáp  sand 97,5 0,8 0,1 0,2 0,3 0,1 0,2 — 0,2 —

10. P F I /a  calcined

sla te 52,1 41,0 1,8 2,0 0,8 0,4 1,1 0,5 0,9 —
11. G II clay 47,1 35,3 0,8 1,5 0,7 0,3 0,6 0,3 14,3 —
12. A IF 3 — 1,9 — tr. — — — — — 97,9
13. A lum ina, A120 3 0,1 99,7 t r . tr . tr . t r . 0,1 — —

14. A lum in ium hy-

d rox ide  A l(O H )3 0,1 65,8 tr . t r . tr . tr . 0,1 — 34,0
15. H y d ra te  alum i-

n a , A b,03 • H 20 0,1 84,5 t r . t r . tr . tr . 0,1 — 15,2
16. O n d b ábavö lgy

cyclonized clay 72,3 17,3 0,1 1,5 0,9 0,2 1,9 1,0 5,2
17. O ndbábavö lgy

w ashed  clay 70,1 19,4 0,2 1,0 0,7 0,5 1,2 0,7 6,1
18. Sárisáp  china

clay , grade I 55,8 29,6 1,0 1,2 0,3 0,2 0,9 0,1 10,6 —

begins at a lower tem perature because of the m ineralizing effect of the  
hydrogen fluoride form ed by th e  reaction of alum inium  fluoride [4 — 8]. On 
the addition of greater quantities o f aluminium fluoride a porous h ighly  
refractory product is obtained, while smaller quantities o f the additive  
prom ote not only kaolin ite—m ullite transform ation at lower tem peratures, 
but the rate of the transform ation processes is also raised.

We have already determ ined b y  differential therm ogravim etric tests  
the quantity of alum inium  fluoride needed for a clay  front B ánkpetény  to
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obtain  higher reaction  rates w ithout increased porosity. The further tests  
were carried out w ith  Z ettlitz china clay  which can be practica lly  regarded 
as a clay mineral. The com positions studied are sum m ed up in Table II. 
To a previously hom ogenized china c lay  from Z ettlitz  increasing quantities 
of aluminium fluoride were added. D ifferential therm ogravim etric curves 
were plotted from the m ixture o f china clay and alum inium  fluoride. From  
th e  series of tests it is possible to  follow  the reaction k inetics o f the system  
alum inium  fluoride -f- Z ettlitz  china clay as a function  of th e  quantity  of 
alum inium  fluoride [9, 10].

Table I I

Composition o f  the m aterials used in  the differential therm ogravim etric tests

N o . o f 
e x p e ri­
m e n ts

P e tén y
clay,

%

G rossa lm erod
clay ,
%

Z e ttl i tz  
ch in a  

c la y , %
A120 3 4  O H )3 A1F

l . — — 1 0 0 — — —

2. — — 95 — — 5

3. — — 90 — — 1 0

4. — — 87 — — 13

5. — 1 0 0 — — — —

6. — 97 — — — 3

7. — 97 — — 3 —

8. — 97 — 3 — —

Fig. 1 is the DTG  pattern of Z ettlitz  china clay w ith ou t A1F3, Fig. 2 the  
sam e w ith  5 per cent, F ig. 3 w ith  10 per cent and Fig. 4 w ith  13 per cent A1F3. 
T hese four figures show  that in the case of Z ettlitz china clay w hich is prac­
tica lly  a clay m ineral there is also a lim iting value beyond w hich the reaction  
m echanism  undergoes a fundam ental change (Figs 3 and 4). Comparing this  
resu lt w ith those o f  th e  earlier tests we m ay state th at there w ill be a change 
in  the nature of reaction  m echanism  w hen the qu an tity  o f th e  aluminium  
fluoride added is greater than  Ю н-12 per cent of the clay m ineral content, 
th a t  is to say, the qu an tity  of A1F3 w hich causes a change being a function  
of the clay mineral content [12].

The kinetic processes are best follow ed on the DTG curves. A m axim um  
rate in the loss of w eight corresponding to  the dehydroxylation  o f clay w ithout 
additive occurs at 570 °C. The peak of the endotherm  effect is at about 
575 °C, that of the exoterm  effect at 970 °C. There is no essential change in 
th e  reaction m echanism  of Z ettlitz  china clay up to  about 10 per cent alum i­
nium  fluoride con ten t. The endotherm  effect appears betw een  585 °C and 
590 °C, while the exotherm  effect w as found at gradually lower tem peratures. 
W ith  ten per cent o f alum inium  fluoride additive the exotherm  effect is at
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Fig. 1. T h e  D TA  and  D T G  p a tte rn s  of Z e tt­
litz  ch ina  c lay

100 2003004p05p06007008009001000°C

V

Fig. 3. T h e  D T A  and D T G  p a tte rn s  of Z e tt­
l itz  c h in a  c lay  co n ta in ing  te n  p e r  cen t of a lu ­

m inium  flu o rid e

100 200 300400500600/008009001000°C

Fig. 2. T he D TA  a n d  D T G  p a tte rn s  o f Z e ttlitz  
c h in a  c lay  co n ta in in g  fiv e  p e r cen t o f a lum i­

n iu m  flu o rid e

100 200 300400500 6007006009001000°C

Fig. 4. The D T A  a n d  D T G  p a tte rn s  of 
Z e ttli tz  ch ina  c lay  co n ta in in g  th ir te e n  per 

cen t o f a lu m in iu m  fluo ride
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962 °С and this drops to  940 °C w ith  13 per cent additive. The rate m axim um  
o f the weight loss is sh ifted  in the direction of higher tem peratures. B eyond  
10 per cent alum inium  fluoride a new rate m axim um  appears at above 800 °C 
and this is associated w ith  a m ild endotherm  effect. The first rate m axim um  
of w eight loss corresponding to  the dehydroxylation  o f the clay minerals 
decreases more and more w ith  the growing qu an tity  o f alum inium  fluoride. 
As indicated by earlier experim ents this m axim um  can hardly be detected  
on the DTG curves w hen the alum inium  fluoride content reaches 45 -5- 50 
per cent [9, 11].

According to  earlier sta tic  experim ents the second rate m axim um  of 
th e  weight loss ind icates the form ation of alum inium  fluorosilicate (topaz). 
The third m axim um  above 1000 °C corresponds to the decom position of the  
topaz-like phase and the form ation of m ullite through the alum inium  fluoro­
silicate phase [5]. M ullite form ation through the kaolin ite phase begins because  
of the mineralizing action o f alum inium  fluoride i.e. of hydrogen fluoride  
at gradually h igher tem peratures [9 ] .The decrease in the rate o f w eight loss and  
its  shifting in the direction of higher tem peratures w ith  increasing quantities  
of A1F3 indicates th a t th is la tter  is partly incorporated in to  the kaolinite  
i.e . m etakaolinite structure. The results of the differential therm ogravim etric 
and analytical tests  in Figs 5, 6, 7 and 8 illustrate the reaction kinetical effect 
o f 3 per cent of A1F3, A l(O H )3 and A120 3 compared to  Grossalmerod clay  
w ith ou t additives.

W ith 3 per cent A l(O H )3 or A120 3 no changes were observed, but the  
sam e quantity o f A1F3 considerably reduced the tem perature of the exotherm  
effect. This phenom enon is a further evidence in support of the m ineralizing  
action  of the fluoride ion. On the other hand, the ineffectiveness of A l(O H )3 
and A120 3 — w hich is evident even  w ith larger quantities — is in contra­
d iction  with the find ings o f several authors who sta te  th a t these com pounds 
raise the tem perature o f the exotherm  effect [13]. A  lack  o f effect is more 
easily  understandable as it  indicates that no reaction takes place w ith the  
additives.

Similar results were obtained when the three com pounds were added  
in larger quantities. These experim ents have not been com pleted  yet and w ill 
furnish further data on the reaction  accelerating effect o f A1F3.

These tests aim  at find ing an answer to  the question  whether 3% A1F3 
m ight enhance the reactiv ity  o f A l(O H )3 and A120 3, or in other words, w hether  
the A1F3 additive w ill prom ote the transform ation o f A l(O H )3 or A120 3 and  
th e  available S i0 2 in to  m ullite. In  addition to  the D TA  tests static tests  
were also carried out w ith  A l(O H )3 or A120 3 additives w ithout or w ith various 
quantities of A1F3. X -ray  patterns indicate im proved conditions for incor­
poration i.e. for m ullite form ation, but the results are still insufficient to  
allow  final qualitative conclusions.
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Fig. 5. T h e  DTA  and  D T G  p a tte rn s  o f G ross- 
alm erod  c lay

Fig. 6. The D T A  an d  D T G  p a tte rn s  o f 
G rossalm erod  c lay  co n ta in in g  th ree  p e r cen t 

of a lu m in iu m  fluo ride
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Fig. 7. T he D TA  an d  D T G  p a tte rn s  o f Fig. 8. T he D T A  a n d  D T G  p a tte rn s  o f
G rossa lm erod  clay  co n ta in in g  th re e  per c en t G rossalm erod  c lay  co n ta in in g  th re e  pe r cen t 

o f a lum in ium  h y d ro x id e  of a lu m in iu m  oxide
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3. C alcination  trials in  p la n t equipm ent

Experim ents under plant conditions were carried out w ith  three different 
ty p es  of materials:

a )  Refractory brick , 35 Seger cone;
b)  furnace brick w ith  higher alum inium  oxide content;
c) acid ladle brick.
Table III  shows th e  com position of the basic m aterials.

Table I I I

C om position o f  the materials used in  the p la n t experim ents

SK 35 Ladle brick Furnace brick

B riessen clay ............................................. 30 — 15

P e tén y  clay ................................................ 10 55 -
R akó  calcined ........................................... 30 — -

PM  calcined ................................................ 30 — —

C o ru n d u m .................................................... — — 11

P F I  calcined s l a t e .................................... — — 64

G I I  c l a y ....................................................... — — 10

Sárisáp s a n d ................................................ — 20 -
F ire  clay d r ip p in g s ................................. - 25 -
A L F 3 .............................................................. 3 3 3

In  the first case calcination at 1380—1400 °C was used in the m anu­
facturing process. The basic m aterial of the 35 Seger cone bricks calcined  
after normal technological preparation w ithout and w ith  3 per cent alum inium  
fluoride additive at 1280 °C m axim um  tem perature, thus calcination tem ­
perature was 100 °C low er than  in the usual works technology . The m aterial 
w as built into th a t section  of the kiln which had a tem perature of 1280 °C 
(checked with the Seger cone).

The experim ental results are sum m ed up in  Table IV.
The samples received  the follow ing sym bols:
1. Refractory brick 35 Seger cone, w ithout additive, calcined at 1380 °C;
2. 35 Seger cone brick, w ithout additive, calcined at 1280 °C;
3. refractory brick o f 35 Seger cone, w ith 3% A1F3 additive, calcined  

at 1280 °C.
The texture o f th e  35 Seger cone brick w ithout A1F3 additive can be 

observed on the m icrosection shown in Fig. 9, the texture o f  the brick calcined
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F ig . 9. T he m icropho to  o f th e  te x tu re  of 35 Seger cone fire  c lay  b rick  (m ag n ifica tio n  500 x )

Table IV

Average results o f  the experiments a im ing  to increase the strength 

o f  35 Seger cone f ir e  clays

1. 2. 3.

^ 2 ^ 3 ’ % .................................................................................. 40,1 40,0 41,0
T i 0 2, % ..................................................................................... 0,9 0,8 0,9
F e „ 0 3, %  ................................................................................ 2,2 2,3 2,0
B u lk  d en sity , g /cm 3 ........................................................... 1,9 1,9 1,9
W a te r  ab so rp tio n , %  ...................................................... 15,5 15,3 12,1

A p p a re n t p o ro sity , %  ...................................................... 29,5 28,3 22,4
C om pression  s tre n g th , kp /cm 2 ........................................ 160 92 365

C oefficient o f com pression s tre n g th  in c re a s e .......... 1,0 — 2,28

w ith  A1F3 additive in  F ig . 10. There is a significant difference betw een the  
tw o m icrosections, th at o f the material w ith  fluoride additive being far more 
uniform  than the other.

In  the second case furnace brick both  w ith and w ithout additive was 
calcined in  a continuous furnace at 1500 °C. E xperim ental data are given  
in Table V. No. 1 refers to  bricks w ithout additive, No. 2 to  a m aterial prepared
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F ig . 10. T he m icropho to  o f th e  te x tu re  o f 35 Seger cone f ire  c lay  b r ick  calcined  w ith  th re e  pe r 
c en t a lu m in iu m  flu o rid e  ad d itio n  (m ag n ifica tio n  500 x )

Table У

Results o f  the experim ents a im ing  at the increase o f  the strength o f  

commercial furnace  bricks

1. 2.

A120 3, % ................................................................................... 47,9 49,8

S iO „  % ..................................................................................... 49,4 48,6

F e 20 3, %  ................................................................................ 1,5 1,3

B ulk  density , g /cm 3 ........................................................... 2,0 2,0

W ater ab so rp tio n , %  ...................................................... 13,0 11,6

A p p aren t p o r o s i t y ................................................................ 26,0 23,2

T  , ° C * ....................................................................................... 1300 1390

T„, ° C * ....................................................................................... 1490 1520

T  , °c*.............................................................. 1580 1620

Compression s tre n g th , kp /cm 2 ........................................ 346 672

Coefficient of com pression  s tre n g th  in c re a s e .......... 1,0 1,94

* T 0, T a, Tg are values pertaining to the evaluation of the determination of the softening point below 2 kp/cm*. 
The data represent the averages of several measurements. T 0 is the temperature a t which the material begins to soften; T a the 
temperature at which the decrease in height due to softening reaches 3 mm; T e the temperature of complete softening, with 
the complete loss of the height of the sample (10 mm).

w ith  3% alum inium  fluoride. The texture of the brick w ithout fluoride is 
show n in Fig. 11, th a t o f the brick w ith  3% A1F3 additive in Fig. 12 (the  
m icrophotographs were taken by Mr. Z. V e r e s s ).
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F ig. 11. T he m ic ro p h o to  of th e  te x tu re  o f fu rn ace  b rick  (m ag n ifica tio n  2000 x )

Table VI

Results o f  the experiments a im ing  at the increase o f  the strength o f  
semi-acid commercial ladle brick

Ladle brick

without with
additive 3% A1F,

SiOo ........................................................................................... 70,0

20

69,0

21,2

31

A l.,0 , ....................................................................................

Seger cone (re frac to ry  i n d e x ) ........................................ 30

W  (w a te r ab so rp tion ) %  ............................................... 12,6 12,8
a  (com pression  s tre n g th )  kp /cm 2 .............................. 137 318
Coefficient of com pression s tre n g th  increase  ............ 1,0 2,32

F ig . 12. T he m ic ro p h o to  of th e  te x tu re  o f fu rn ace  b rick  calcined w ith  th re e  p e r  c en t a lum in ium  
flu o rid e  a d d itio n  (m agnifica tion  2000 X  )
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The data o f th e  sem i-acid ladle brick calcined w ith  3%  A1F3 are given  
in Table VI and show  a two- to  threefold increase in  strength . E xam ination  
o f the A120 3 content o f the three experim ental bricks shows an unequivocally  
significant increase in  strength. The sm aller the A120 3 content o f the product 
th e  greater is th is effect. This m ay be explained b y  the fact th a t in products 
w ith  smaller A120 3 content 3%  A1F3 represents a greater relative increase 
in  A120 3 content and consequently also a greater relative increase in m ullite 
con ten t than in products w ith  higher A120 3 contents. The unequivocally  and 
fundam entally sign ificant increase in  strength m ay, o f course, be explained  
b y  the mineralizing effect o f hydrogen fluoride, as has been dem onstrated  
earlier.

III. Technological im portance o f the experim ental results

The process for im proving the quality  of refractories b y  the addition  
o f sm all quantities o f alum inium  fluoride has been patented  and is considered 
to  ensure á num ber o f technological advantages.

One of the m ain advantages of the process — w hich also facilitates 
its  commercial realization — is th at it does not alter the nature o f the hitherto  
applied operations, b u t involves on ly  a single plus w eighing in the formulation  
o f  the basic m aterials. Thus the process can be included w ithout difficulty, 
w ithout new equipm ents, into the existing m anufacturing process.

Small quantities of the alum inium  fluoride additive first of all result 
in  a wider calcination range, as th ey  provide more favourable calcination  
conditions. This is related to  the fact that the part processes of calcination  
proceed more rapid ly  and also at lower tem peratures. B oth  the reaction  
kinetical and the p lant experim ents have proved th at the calcination tem ­
perature can be low ered w ith adequate guarantee. As a first step calcination  
tem perature was low ered by 50 °C w ithout any noteable risk, and it m ay be 
predicted that th is can be further lowered later on.

Higher reaction rate offers a possib ility  of increasing calcination rate. 
In  circular kilns the rate of progress of the fire, in continuous furnaces the  
rate of progress o f th e  m aterial m ay also be raised, which w ould result in  an 
increased capacity o f the equipm ents of the refractory industry.

The advantages represented b y  higher refractory properties m ay result 
in  the production o f e.g. 35 Seger cone products from poorer quality raw  
m aterials. Analysis o f the experim ental data led to  the conclusion that this 
quality  may be produced from 32/33 Seger cone basic m aterial with the  
addition of 3% of alum inium  fluoride. It is, m oreover, possible to produce 
35 Seger cone or even  products o f far higher quality  from  Hungarian raw  
m aterials provided the 2 4-3%  o f alum inium  fluoride is supplem ented with  
a few  per cent o f alum inium  hydroxide or hydrated alum ina. These results
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forecast considerable qu a lity  im provem ents and cost reductions when applied  
in the industry of refractory m aterials. As an increase in com pression strength  
is related to  an increase in  the cohesion forces these results w ill bring about 
a significant rise in tlie  period of useful life  o f the refractories.

On the addition o f 3% of alum inium  fluoride no dam age can occur 
in the refractories of the calcination furnace. There w ill be a higher percentage 
of m ullite on the surface of the refractories which, how ever, cannot be con­
sidered as damage. The calcined refractory w ill contain 0 ,2 -ь 0,6%  of residual 
fluoride. The 1 ,4 -s-1,7%  of fluorine in  the effluent gas is diluted to  a degree 
that its detectable q u an tity  is 500-7-800 ppm . a concentration in which it 
has no corrosive effect on m etals. As a rule there m ust be a m inim um  contact 
betw een the flue gas and the m etal com ponents the corrosion resistance of 
which can be increased w ith  a coat o f heat resistant lac or phosphate glass.
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D IE  W IR K U N G  D E S  Z U SA TZ E S G E R IN G E R  A L U M IN IU M F L U O R ID M E N G E N  
A U F  D IE  F E S T IG K E IT  VON F E U E R B E S T Ä N D IG E N  M A T E R IA L IE N

B. LŐCSEI

Z U SA M M E N FA SSU N G

D ie w ährend  des B re n n en s  v e rsch ied en er fe u e rb e s tän d ig e r M ateria lien  a u f  die V or­
gänge au sg eü b te  W irk u n g  des A lu m in iu m flu o rid s k a n n  m it  H ilfe  v o n  d iffe ren tia l-th e rm o - 
g rav im etrisch en  u n d  a n a ly tis c h e n  U n te rsu ch u n g e n  g u t  v e rfo lg t w erden . E in e  geringe M enge 
A lu m in iu m flu o rid  ä n d e r t  d en  C h a rak te r  des k in e tisc h en  P rozesses n ic h t, die V erh ältn isse  de r 
A k tiv ie rungsenerg ie  ä n d e rn  sich  jedoch . D e r D e h y d ro x y la tio n sv o rg an g  w ird  d u rc h  das E in ­
d rin g en  u n d  die teilw eise H y d ro ly se  des A lu m in iu m flu o rid s v e rzö g e rt, d ie A k tiv ie ru n g sen erg ie  
de r M u llitb ildung  w ird  dag eg en  d u rch  den F lu o rid zu sa tz  v e rm in d e rt .  Ü b e r e inem  gewissen 
G renzw ert, de r e tw a  10 -r- 12 %  des T o n m in e ra lg eh a lte s  b e trä g t,  ä n d e r t  sich  de r C h a rak te r  de r 
sich w ä h ren d  des B ren n en s  ab sp ie lenden  V orgänge  g ru n d sä tz lich  u n d  w ird  im m e r k o m p li­
z ie rte r. D ie g en an n te  A lu m in iu m flu o rid m en g e  g ib t d iejen ige G renze an , b is zu  w elcher das
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A lu m in iu m flu o rid  d ie B ren n v o rg än g e  n u r  b esch leu n ig t, bzw . die Q u a litä t  des P ro d u k te s  v e r­
b e sse r t . Ü b er dieser M engengrenze n im m t b e re its  die P o ro s itä t des E n d p ro d u k ts  zu, w ie dies 
sch o n  frü h e r  d a rg eleg t w ord en  is t. 2 -f- 4 %  A lum in ium fluorid  e rh ö h t bei B esch leun igung  des 
B ren n v o rg an g s  der feu erb estän d ig en  M a teria lien  die F estig k e it des E n d p ro d u k ts  u m  90 4 -  
-7-120 % , v e rrin g e rt d ie sch e in b are  P o ro s itä t  u n d  h a t  au ß erd em  noch  m eh re re  gü n stig e  te c h n o ­
log ische  W irkungen.

L ’IN F L U E N C E  D E  L ’A D D IT IO N  D E  F A IB L E S  Q U A N T IT É S  
D E  F L U O R U B E  D ’A L U M IN IU M  S U R  LA R É S IS T A N C E  M É C A N IQ U E  

D E S M A T IÈ R E S  R É F R A C T A IR E S

В. LŐCSEI

R É S U M É

L ’influence du  f lu o ru re  d ’a lu m in iu m  su r les phénom ènes se d é ro u la n t a u  cours de la  
cu isso n  de d ifféren tes m atiè re s  ré fra c ta ire s  e s t b ien  m ise en  év idence p a r  l ’ex am en  d iffé ren tie l 
th e rm o -g rav im étriq u e  e t  p a r  l ’analyse . U ne p e ti te  q u a n tité  de f lu o ru re  d ’a lu m in iu m  ne change  
p a s  le  carac tè re  d u  p rocessus c in é tiq u e , m ais les conditions én erg é tiq u es de l’a c tiv a tio n  so n t 
m od ifiées . L ’in se rtio n  e t  l’hy d ro ly se  p a rtie lle  d u  flu o ru re  d ’a lu m in iu m  re ta rd e  le p rocessus de  
d é sh y d ro x ila tio n , p a r  c o n tre  l ’énergie d ’a c t iv a t io n  de la  fo rm atio n  de  m u llite  e s t ré d u ite  p a r  
a d d it io n  de fluo ru re . A u-dessus d ’un e  ce rta in e  v a le u r  lim ite  é q u iv a la n t à  10 — 12%  d u  co n ten u  
e n  m in é ra u x  d’argile, le c ara c tè re  des ph én o m èn es se d é ro u lan t a u  cours de la  cuisson change 
co m p lè te m e n t e t d e v ie n t de  p lu s en  p lus com plexe. L a  q u a n tité  de f lu o ru re  d ’a lu m in u m  m en ­
tio n n é e  e st la  lim ite  ju s q u ’à laquelle  le f lu o ru re  d ’alum in ium  accélère la  cu isson  e t  am éliore  
la  q u a lité  du  p ro d u it. A u-dessus de  c e tte  lim ite , la  porosité  d u  p ro d u it  f in i au g m en te  dé jà , 
co m m e il a  été  d é m o n tré  a n té r ie u re m e n t. 2 à  4 %  de f lu o ru re  d ’a lu m in iu m  accé lè ren t la  
cu isso n  des ré frac ta ire s , a u g m e n te n t de 80 à  120%  la  résistan ce  m écan iq u e  d u  p ro d u it  fin i, 
ré d u is e n t  la  po rosité  a p p a re n te  e t  ag issen t fav o ra b lem e n t su r la  technolog ie .

В О З Д Е Й С Т В И Е  Н Е Б О Л Ь Ш О Й  Д О Б А В К И  Ф Т О РИ С Т О ГО  А Л Ю М И Н И Я  
Н А И З М Е Н Е Н И Е  П Р О Ч Н О С Т И  О Г Н Е У П О Р Н Ы Х  М А Т Е Р И А Л О В

Б . Л Е Ч Е И

Р Е З Ю М Е

Д ей ств и е ф тористого алю м ин ия, оказы ваем ое на о б ж и г  разл и ч н ы х о гн еуп ор н ы х  
м атер и ал ов , м ож н о х о р о ш о  п р осл еди ть  п р и  пом ощ и диф ф ер ен ци альн о-терм огравим етри­
ч еск о го  и анал итич еского и ссл едов ан и я . Н ебол ь ш ое количество ф тор истого алю м ин ия  
н е и зм ен я ет  ха р а к тер а  к и нетич еского п р о ц есса , но изм еняю тся у с л о в и я  эн ер ги и  акти­
в а ц и и . П роц есс деги др ок си л и зац и и  за м ед л я ется  встраиванием  ф тор истого алю м ин ия и  
неп ол н ы м  гидролизом , в свою  ж е  оч ер едь , добав л ен и е  ф торида ум ен ьш ает  эн ер ги ю  акти­
в ац и и  образовани я м ул л и та . В ы ш е оп р едел ен н ы х пр еделов , что состав л я ет  п р и бл . 10ч -  
—f - 12%  содер ж ан и я  гли н и стого  м и н ер ал а , х а р а к т ер  проц ессов , пр отек аю щ и х во врем я  
о б ж и г а , изм еняется сущ ественны м  о б р а зо м  и становится все бол ее  сл ож н ы м . У к а за н н о е  
кол и ч ество  ф тористого алю м ин ия оп р ед ел я ет  т у  гр ан и ц у, д о  к отор ой  ф тористы й алю ­
м и н и й  только у ск о р я ет  процессы  о б ж и г а , ил и  ж е  ул уч ш ает  качество п р одук та . С верх  
эт о й  количественной границы  ув ел и ч и в ается  т а к ж е  пористость  п р о д у к та , как  это  было  
п о к а за н о  у ж е  раньш е. П р и  д обавл ен и и  ф тор истого алю м иния в кол ич естве 2 ч -  4%  фто­
ри сты й алю м иний, н а р я д у  с уск о р ен и ем  п р оцессов  о б ж и га  огн еу п о р н ы х  м атер иалов , 
ув ел и ч и в а ет  прочность конечного п р одук та  на 80 ч - 120% , с н и ж а е т  к а ж у щ у ю с я  п ор и­
сто ст ь  и , кроме этого , благоп ри ятн о в о здей ств ует  на р я д  т ех н о л о ги ч еск и х  ф акторов.
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S i-S iC  p - n  HETEROJUNCTIONS

J .  LU K Á C S
CAND. OF TE C H N . SC.

R ESEA R C H  IN ST ITU TE F O R  ELECTRICA L IN D U STR Y , B U D A PEST 

[M anuscrip t rece ived  A u g u s t 11, 1965)

T he p a p e r  ex am in es th e  possib ilities fo r realiz ing  th e  S i—SiC p — n  h e te ro ju n c tio n s  
a n d  deals w ith  th e  ex p erim en ts  m ad e  fo r reco rd ing  th e  en ergy  b a n d  d iag ram  of th e  h e te ro ­
ju n c tio n s . F ro m  th e  re su lts  th e  conclusion  can  be  d ra w n  t h a t  in  a n  Si — SiC h e tero j u n c tio n  th e  
m o st favourab le  re c tify in g  ch ara c te ris tic  can  be  a tta in e d  w ith  a n  n — n + ju n c tio n .

I. Introduction

Our earlier studies in th is field  were related  to  silicon carbide used in  
polycrystalline, non-linear resistors. In the course o f these studies tw o essential 
standpoints were set as a goal. Endeavours were m ade, first, to  im prove the  
non-linearity o f resistors and, second, to  im prove their therm al stab ility . 
The latter even tu a lly  was reduced to  a study o f volum etric and doping prob­
lem s. On the other hand, the first problem , viz. the im provem ent of the n on ­
linearity of resistors put into prom inence the investigation  o f phenom ena  
taking place on th e  surface o f the SiC grains.

In th is fie ld  earlier recognitions extended  m erely to  the purification o f  
the raw m aterial and to  the introduction  o f a single sort of doping [3]. 
A  closer consideration of the problem  subsequently resulted in the conclusion  
th a t an appreciable im provem ent of non-linearity could be ensured only  b y  
th e  developing o f avalanche phenom ena am idst w ell defined circum stances.

For this purpose the m ost convenient m ethod w ould have been to  stu d y  
the p  — n  layers created in a natural SiC m onocrystal. H ow ever, the m ethod  
did not appear realizable because o f the large surfaces required for the stu d y .

Under th ese  circum stances, at the beginning o f 1964, as a sort o f a 
compromise, th e  practicability  o f bringing about S i—SiC p —n heterojunctions 
was raised. Our research team  was fu lly  aware o f the fact th at as a consequence  
of the appreciable difference in the la ttice  constants (Si 5,42 Â; 
SiC =  4,35 Â) th e  SiC produced on the surface o f th e  m onocrystalline Si 
slabs would n ot be of m onocrystalline character.* N evertheless the hetero­
junctions were believed to be o f  a more defined character than the contact 
conditions of tw o  polycrystalline bodies.

* A ccording to  d a ta  ta k e n  fro m  l i te ra tu re  h e te ro ju n c tio n s  o f good q u a lity  c an n o t be 
p ro d u ced  unless th e  d ifference in  th e  la t t ic e  c o n s tan ts  is k e p t  below  5 to  8 p e r cen t a t  th e  m o st.
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II. Technology for the production o f S i— SiC heterojunctions

A number o f experim ents were carried out b y  varying considerably  
th e  experim ental param eters and also th e  m aterials used. A m ong the various 
technological variants the one to  be described subsequently was found to  
be o f the best for the purpose, v iz . to  produce one of the conceivably  best 
p  — re or re—re+ junctions.

A s starting m aterial m onocrystalline p -  and re-type Si slabs of diam eter  
22 m m  and of 0,5 mm  thickness were used. The departure o f the 111 planes 
from  the geom etrical plane of the slab was 3 degrees at the m ost. On the  
slab first a 2000 to  3000 A thick layer o f silicon dioxide was brought about 
b y  a m ethod developed b y  our research w oiker T. Sa l a n k i of the Sem i-Con­
ductor Laboratory. A fter a partial rem oval of this layer to  ensure a leakage  
p ath , the slabs were la id  in a tube-furnace where the tem perature was m ain­
ta in ed  at 1350 degrees centigrade.

A m ixture of argon appr. 10 litres/h  and m ethane 0,3 litres/h  was 
allow ed to  stream through the furnace for 4 to  24 hours. In th is m anner 
beta-silicon  carbide w as produced on th e  surface of the slabs. W hile heating  
con tin u ed  re and p  doping was effected  b y  adding nitrogen and triethyl 
alum inium  respectively to  the carrying gas. Redundant carbon was rem oved  
from  th e slabs by h ea tin g  in oxygen , and the redundant silicon carbide 
on th e  other side o f  the slab w as scraped off m echanically. Thereafter  
b oth  th e  silicon carbide layer and the silicone surface were coated  w ith  
gold in a vacuum , and the gold layers applied to the slabs were stoved  
in a m edium  of hydrogen at a tem perature of 800 degrees centigrade.

III. Theoretical and experimental study o f the S i—SiC heterojunctions

Since no data could  be found in  literature on the energy band graphs 
o f th e  Si — SiC heterojunctions, the research team  had to  do th is work itself. 
The graphs were drawn up by m aking use of the m ost probable forbidden  
band and escape energy values available in  literature. The fix a tio n  o f uncer­
ta in ty  was valid in particular for th e  escape energy, for here values vary in g  
w ith in  wide lim its could be established dependent w hether the values were 
determ ined on hand o f m easurem ents o f the contact p otentia l, therm ic  
em ission , or photoem ission.

T he energy band graphs were p lo tted  for p —re and re—re, or re—p  
ju n c tio n s , as the case m ay be, in conform ity  w ith the S i—SiC sequence. 
On hand of these plots then  the probable forward and reverse directions could  
be determ ined. In several instances th e  determ ined directions were in conflict 
w ith  th e  rules valid  for p —re junctions form ed in the sam e substance.
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Si-SiC  
42/b i- netero/unction 

Currentwave 
20/40psec

7 2  3  4  A
© Forward characteristic 
(g) Reverse characteristic 

F i g .  1

In Fig. 1 the forward and the reverse characteristics of 200 ohm. cm, 
type n  Si and n + SiC junctions p lo tted  by means o f an oscillograph are 
shown. In all likelihood resistivities of an appreciable value have a part 
in the 10-volt forward voltage drop (F ig . 2). Else the diode m ay he taken as one

having a reverse vo ltage o f 80 to 100 v o lts . In Fig. 3 the forward and reverse 
characteristics of a silicone of low  resistiv ity  (1 ohm cm) and of a silicon  
caibide in like w ay doped to n + are show n. O bviously conditions arc more 
unfavourable by far.

IV. E valuation of the results of the studies

E xperim ents so far made are m erely ten tative . To th is date the best 
possible rectification characteristics in  a Si—SiC hete i ojunction could he 
achieved b y  means o f an n —n + ju n ction . So far, ow ing to  the in ab ility  to

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



284 J . LUKÁCS

generate a saturation current free o f secondary effects, a stu d y  o f the avalanche 
effects was out o f the question.

The author w ishes to  give expression to  his thanks to  specialist Mr. 
G. B a j o r  who has checked on the graphs, and to co-worker Mr. G. M a d a r a s i  

responsible for the extrem ely  exhausting diffusion experim ents.
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S i - S iC  p — n  H E T E R O Ü B E R G Ä N G E

J. LUKÁCS

Z U SA M M E N FA SSU N G

Die A rbeit u n te r s u c h t  d ie M öglichkeiten  fü r  d as Z u stan d ek o m m en  v o n  Si — SiC p — n  
H e tero ü b erg än g en  u n d  b e sc h re ib t d ie zw ecks A u fn ah m e des E n e rg ie sp ek tru m s de r H e te ro ­
ü b e rg än g e  d u rch g efü h rten  V ersuche. A u f G ru n d  de r E rgebnisse  k a n n  fe s tg es te llt  w erden, d a ß  
in  d em  S i—SiC H e te ro ü b e rg an g  m it d em  Ü b erg an g  n —n + die g ü n stig s te  G le ich rich ter­
c h a ra k te r is tik  e rre ich t w e rd en  k a n n .

JO N C T IO N S  H É T É R O G È N E S  p - n  S i - S iC

J . LUKÁCS

R É S U M É

L ’étude  exam ine  les p o ssib ilités de réa lisa tio n  des jo n c tio n s h é té ro g èn es p — n  S i—SiC 
e t  f a i t  connaître  les essais fa its  p o u r  é ta b lir  le d iag ram m e des b an d es d ’énergie des jo n c tio n s 
h é térogènes. Les r é su lta ts  p e rm e tte n t  de  c o n s ta te r  que  dans la  jo n c tio n  hé térogène  S i—SiC, 
la  carac té ris tiq u e  de  re d re ssem e n t la  p lu s fav o rab le  p e u t ê tre  a tte in te  avec  
u n e  jo n ctio n  n  — n +.

p  n  Г Е Т Е Р О С В Я З И  Si — SiC

Й. Л У К А Ч

Р Е ЗЮ М Е

В работе и с с л ед у е т с я  в о зм о ж н о сть  создан и я  р —п гетер осв я зей  S i — SiC и описы ­
в аю тся  опыты, п р ов еден н ы е с целью  сн яти я  диаграм м ы  эн ер гоп ол осы  гетер оп ер еходов . 
Н а  основе п ол учен н ы х р езу л ь та то в  м о ж н о  устан ови ть , что в гетер осв я зи  S i — SiC н аи ­
б о л е е  вы годная в ы п рям л я ю щ ая х а р а к тер и сти к а  м о ж ет  быть д о ст и гн у т а  при пом ощ и  
п е р е х о д а  п — п+.
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ANALYSIS OF A VARACTOR FREQUENCY DOURLER
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Y. B IR Ó
CAND. OF TECHN. SC.

RESEARCH INSTITUTE FOR TELECOMMUNICATION, BUDAPEST 

[M anuscrip t received  S ep tem b er 28, 1965]

T his a rtic le  deals w ith  th e  analysis o f th e  o p e ra tio n  of p a ra lle l coupled  v a ra c to r  fre ­
q uency  doub ler c irc u it fo r th e  case w hen  in  th is  c ircu it a  v a ra c to r  w ith  a b ru p t  ju n c tio n  is 
used . T he analysis tak e s  in to  acco u n t th e  v a ra c to r  loss a n d  on th is  b ase  de te rm in es th e  m ax i­
m u m  convertib le  pow er, th e  h ig h est effic iency a n d  th e  d iss ip a tio n  occurring  in  th ese  con­
d itio n s. F u r th e r , th e  im p ed an ce  re la tio n  necessary  to  a t ta in  th e  above  p a ram e te rs  a n d  th e  
re q u ire d  v a ra c to r  b ias  a re  also g iven. T he re la tio n s d e te rm in in g  th e  above  p a ram ete rs  c o n ta in  
th e  physical q u a n tit ie s  w hich  allow  th e  engineering  design  of th e  d o u b ler c ircu it a n d  th e  
choice o f th e  n ecessary  v a ra c to r  ty p e  b y  m eans of th ese  re la tio n s .

I. Introduction

During the last years, the param etric frequency m ultiplication has 
been w idely applied in m icrowave technics, m aking use o f th e  varactor diodes 
for this purpose; nam ely these varactor diodes are featured b y  changing  
their capacitances w ithin wide lim its, on the effect o f the voltage. M a n l e y  

and R o w e  [1] have pointed out the advantage o f th is m ethod of frequency  
m ultiplication enabling, in  the ideal case, even a 100 per cent conversion  
efficiency. Though in case o f ideal circuits and varactors, a 100 per cent 
conversion efficiency can be obtained, independently o f the order of m agnitude  
of the m ultiplication, in practice, however, both  the varactor and the linear 
circuits being lossy , w ith  increasing m ultiplication considerable practical 
difficulties are encountered in endeavouring to atta in  high efficiencies, due 
to  the increasing requirem ents im posed on the passive circuits and varactors. 
A number of publications have dealt w ith this problem  [2 — 6].

The high interest and the general use of the frequency doubler circuits 
can be accounted for b y  the above argum entation. The papers dealing w ith  
the analysis o f the frequency doubler [2, 4, 7 —10] expound on m ost problems 
o f th is subject-m atter but the m ethods of the analysis and the extensive  
scope of the analysis y ield  quantities which are handled w ith difficulty by  
the engineers designing the doubler circuits. In addition to th is, the fact 
th at the varactor is a lossy  circuit elem ent is not adequately  considered in  
connection w ith  a num ber of problems (e.g. convertible power). The question  
of the im pedances required for optim um  conditions can also be classified
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am ong these problems. The follow ing analysis is carried out w ith  quantities 
w hich  can he handled easily  b y  the designer and also the lo ssy  nature o f the  
varactor is considered; th e  analysis also covers the determ ination of the  
required im pedances, w ith  due consideration of the im pedance transform ing  
feature o f the varactor.

For easy handling, it  is the parallel-connected frequency doubler which  
is advantageous for practical purposes and therefore in the follow ing we are 
dealing w ith the exam ination  of such a circuit.

2  =

Fig. 1. Series e q u iv a le n t c irc u it fo r v a ra c to r

The varactors (param etric diodes) suitable for application in  frequency  
m ultip lier or divider circuits are featured b y  the characteristic that the  
fo llow ing differential relation  exists betw een their charge and voltage:

A4
d V

C0 [l ( 1 )

w here q the charge o f th e  varactor; V  voltage across th e  varactor; Ф the  
con tact potential; 0  factor of nonlinearity. The loss of the varactor is usually  
considered either b y  a series resistance or a parallel resistance. In  the following, 
the series substitution  is used.

In  Fig. 1 Cd =  d q /d V  m eans the differential capacitance, R s the series 
resistance representing the loss. Let us assume that a current i is flow ing  
through the varactor; now  let us establish  the relation betw een the voltage  
on varying  capacitance Cd and current i . As

consequently

so le t us write

and thus

. dç _  dg_ d F  

dt ~  d V  dt ’

I_ 1- 0 d V
Ф j di

V

~ф'

i =  -  Ф C0 U - & —  ,
di
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hence

U  =
1 --- в  

Ф С 0
%

-11/1-0
(2)

In Equ. (2), I id i is some prim itive function o f i, q0 being the integration  
constant.

Fig. 2. E q u iv a le n t c irc u it  o f freq u en cy  d o u b ler

Fig. 3. E q u iv a le n t c irc u it  of f req u e n c y  d o u b le r

------------------0------------------ 6—----------------о—
8

Fig. 4. E q u iv a le n t c irc u it  o f freq u en cy  d o u b le r

Let us now exam ine the m ost general form of the so-called parallel 
connected  frequency doubler circuit. Such a circuit is shown in Fig. 2.

In  Fig. 2 Z g is the output im pedance of the driving generator at frequency  
со and Z L is the load im pedance at frequency 2 со . The tw o poles noted by  
со and 2 со possess th e  feature th a t their im pedances are, at frequencies со , 
resp. 2 со equal to zero, and infin ite at any other frequency. Fig. 2 can be 
transform ed by m eans o f Fig. 1 in to  F ig. 3. As current o f frequency со is 
flow in g  only in circuit I  and current o f  frequency 2 со exclu sively  in circuit I I ,  
om ittin g  the filter circuits in the fin a l result, Fig. 4 w ill be obtained [3].
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In  Fig. 4 currents and i2 indicate th at in one o f  the closed circuits 
there flow s exclusively a current o f frequency со and in the other one only  
a current of frequency 2 со. The equivalent circuit in  F ig. 4 is suitable for 
carrying out its analysis b y  m eans o f relation (2). This analysis is carried 
ou t as follows. Let us in vestigate  in  the circuit shown in F ig. 4 the electrical 
sta te  o f  the varying capacitance Cd betw een points A  and B .  Let us calculate 
th e  vo ltage drop across Cd caused b y  the tw o currents. In the knowledge 
o f th e  voltages and currents, the equivalent im pedances replacing the varying  
capacitance Cd betw een points A  and В  can be estim ated . Making use of the  
v o lta g es and currents o f frequencies со resp. 2 со, le t us calculate the power 
transfer from the circuit o f frequency со into circuit o f frequency 2 со, the  
effic ien cy , etc. K nowing th e  vo ltage  occurring across Cd on the effect of the  
tw o  currents, let us introduce param eters determ ining the electrical state  
o f th e  varying capacitance and to  express, by m eans o f  these param eters, 
the power transfer from  circuit o f frequency со to  circuit of frequency 2 со 
togeth er  with the efficiency, etc. F inally , let us establish  the relation of the  
ab ove electrical state o f varying capacitance Cd and o f the external circuit 
im pedances on purpose to  determ ine which im pedances should be produced  
in  th e  external circuits to  obtain  the electrical sta te  defining the required 
pow er transfer, efficiency, etc.

II. Ideal abrupt junction  varactor with two currents flow ing through it

1. E quivalent im pedances fo r  the varying capacitances

Equ. (2) has an exact solution  if  0 = 1 / 2 .  The varactor typ e where 0  =  1/2 
is generally called an abrupt junction  varactor. Let us assum e that

i — L ~1~ ’

=  I x cos cot , 

i2 =  1 2 C O S (2 cot +  (J52) .

I t  th is case, Equ. (2) has the follow ing form:

V
Ф

go
l 2 С0 Ф

1 — h _
q0 со

sin cot
' V

- sin  (2 cot -(- q>2)

( 3 )

(4)

( 5 )

Equ. (5) enables us to  calculate the com ponents o f the vo ltage of angular 
frequencies со, 2 со, 3 со and 4 со. As according to our assum ption, only currents 
o f angular frequencies со and 2 со flow  through the varactor, the voltages  
o f angular frequencies 3 со and 4 со do not produce any power and can be 
le ft  out of consideration. In the knowledge of voltages and currents of angular
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frequencies со and 2 со the im pedances representing the varactor at angular 
frequencies со , resp. 2 со can he easily  determ ined b y  establish ing the relation  
o f the voltages, resp. currents of th e  corresponding frequencies. Thus, the  
follow ing relations (see Appendix I) can he easily obtained:

A t angular frequency со

(6) 

(7)

At angular frequency 2co

R x  =  -

x 1 =  -

1 J2 cos g?2 

8 Ф ( go C0f  

1

8 Ф
s i n ( Pz r , 

i 2 \

where
(coCoy coC02

Z x — R l - \ - j X 1 .

where

r 2

* 2

1 cos cp2 I \

8* Ф (со C0)2 7 Г ’

1
8 Ф

sin  <p2 

. (со C0f
П  , 2 g 0 1

h  ш С 02 -I’

— R2 “Ь j  x 2 •

(8)

(9)

The results thus obtained can be interpreted b y  the follow ing equivalent 
circuit:

Fig. 5. E q u iv a len t c irc u it o f id ea l v a rac to r  fo r  th e  case w hen  o n ly  c u rre n ts  o f f req u en cy  œ
a n d  2 со flow ac ro ss  th e  v a ra c to r

The above circuit diagram expresses the fact th at the varactor connected  
betw een points A  and В  — provided th a t only currents of angular frequencies 
со and 2 со will flow  through it — can be divided into tw o circuits in such  
a w ay th at only current o f angular frequency со will flow  in one of the circuits 
(circuit between A x and B L) and current of angular frequency 2 со in the  
other one (circuit betw een  A 2 and B 2). The im pedances o f these equivalent 
circuits are given b y  relations (6), (7), (8) and (9).
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Relations (6) and (8) indicate th a t both R x and R 2 can be positive  
or negative, depending on cp2. A negative ohm ic resistance can he considered, 
as is well known, as a generator, therefore theoretically  tw o cases m ay occur:

a) cos <p2 <  0;
3
2

л
n > < p 2 > j .

In  th is case R 1 > 0 ,  R 2 <  0; m eaning th a t the varactor absorbs power at 
angular frequency m and transm its it  at angular frequency 2 со, thus operating  
in frequency doubler circuit.

b) cos cp2 >  0; — <  <p2 <  ~  .
Z z

In  th is case R x < 0 ,  R 2 >  0; m eaning th a t the varactor absorbs power at 
angular frequency 2 со and transm its it at angular frequency со thus oper­
atin g  in frequency divider-by-tw o circuit.

As the value o f  cp2 can be influenced, in all probability , b y  a circuit 
external to point A  — В  (Fig. 5), the former tw o statem ents m ean, in fact, 
th a t the varactor can be used not only for frequency doubling but also for 
frequency dividing.

2. Convertible power

The power absorbed or transm itted  at angular frequency со is y ielded  
b y  product 1/2 l \  R 1 w hich can be obtained by relation (6) and its value is

____ L _  cos У2 j  p
16 Ф (coC0f  2 X‘

The power absorbed or transm itted at angular frequency 2 со is sim ilarly  
given  by product 1/2 l \R 2 which can b y  obtained by relation (8) and its value is

1  C O S ? 2  j  p

16 Ф (ftiC,,)2 2 1 ‘

As the absolute values of the powers obtained b y  these tw o m ethods  
are inherently id en tica l, the notion of a convertible power can be introduced. 
T his is determ ined b y  relation

16 Ф (со C0)2

w hich answers th e  follow ing question: w hat is the power which is passed  
from  circuit of frequency со into circuit o f frequency 2 со or inversely.
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A t a given in p u t power the usefu l output power and th e  efficiency are 
the greater the lower th e  power d issipation  is on the varactor, which increases 
at the given varactor series resistance R s w ith the increase o f  I x resp. I 2 thus, 
at th e  given dissipation, the convertib le power increases w ith  the increase 
of th e  value of | cos <p2 . Therefore it  is obvious th a t in  th e  term  for the  
convertible power, th e  absolute va lu e  o f cos cp2 should b e k ep t purposefully  
at th e  highest possible value w hich, in the m ost ad vantageous case, can be 
equal to  unity. This w ould  be possib le only at cp2 =  n  resp. at cp2 =  0. In  the  
follow ing, we are dealing w ith the relations of the frequency doubler, conse­
q u en tly  we m ay assum e that cp2 =  n .

III. The ideal varactor in frequency doubler

1 . Voltage drive

I t  is known th a t the m agnitude o f the voltage occurring on the varactor  
is lim ited  by two values. The first is the so-called breakdow n voltage, V b 
th a t reverse voltage w hich cannot be exceeded w ithout running the risk of 
a varactor breakdown. The other lim itin g  voltage is th e  forward voltage at 
w hich the varactor current m ay cause the burning-out o f  th e  varactor. The 
forward voltage has an additional lim it, the value of the con tact potential Ф . 
From  E qu. (1) of th e  introduction it  can be seen th at in  case of V  =  Ф, Cd 
becom es indefinite and therefore the value of V  =  Ф m ust be excluded from  
range o f  values V. V  being, how ever, a periodical fu nction  in  an operating  
circuit, the exclusion o f condition V  — Ф is assured only b y  condition V  <  Ф. 
Therefore, in principle, the range of th e  values for vo ltage F  is V b <  V  <  Ф .

A s for the vo ltage drive of the varactor, b y  in troducing the following  
reductions:

cp2 =  л  ; cot — X go
2 С0Ф 2 Фсо C„

b ;
4 Фсо C,,

and b y  making use o f relation (5)/ th e  following essential relation  is obtained:

1 ----- - =  (a — b sin  X 4- c sin 2 x
Ф V H )

The voltage V  is p ositive if  it  is a forward voltage and w ill be of negative  
sense if  it  is the reverse. Let us note th e  highest, resp. low est values of voltage  
V  b y  V + resp. V _ w hich  m ay occur at any given adjustm ent.

From equation (11) it is obvious th a t  1 — Е_/Ф occurs w here the expression  
у  =  a — b sin x  -f- c sin 2 x  assumes its  highest m axim al va lu e  and 1 — Е+/Ф  
occurs, on the other hand, at the low est minimum value o f  у  .
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B y  discussing term  y  — a  — b sin x  c sin 2 x  (see clause to  Appendix II) 
th e  follow ing relations are obtained

1---- ^ -  =  [ a  +  c F ( r , ) Y ,
Ф

(12)

l - Z j - = [ a - c F ( V) f
Ф

(13)

w here relation rj =  I J I 2 is called, in the following, th e  current factor and

f (v) =  V  ( 3  V +  Y ¥ T s )  F  i 6  -  ( I ^ F + e  -  г/ ) 2 .
о

Applying the relations (12) and (13) to am plitude I 2 the following 
relation  is obtained:

h
2 Ф т  C 0

F(V)
(14)

The former relations ind icate th a t three factors unam biguously  determine 
th e  electrical sta te  o f varying capacitance Cd w hen <p2 =  л  . These three  
factors are V _ , V + and rj. R elation  Cd — <p(V) being know n, the statem ent 
o f is equivalent to  sta tem en t Cd_ =  C_ =  / (  F _  ) and the statem ent o f  
V + is equivalent to  th a t o f Cd+ =  C + — f ( V +).

Factor ß figuring in relation (14) can be called th e  drive factor and its  
v a lu e  is determined b y  the follow ing term :

2. The highest convertible power

For practical reasons, it  w ould be useful to answer th e  question, which  
w ould  be the highest convertib le power for a given ty p e  o f  varactor. K nowing  
th e  formerly introduced factors, th is question can be answered as follow s.

Let the power dissipated  on the varactor be Pd  w hich  is determ ined  
b y  relation

Pd =  ~ R s{ I l p l l ) .
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U sing relations (10) and (14) tlie  follow ing term  is obtained:

(15)

In th is relation

°>k =

For a given ty p e  of varactor, the m ax. perm issible dissipation is a given  
value. The h ighest value of cok is (ük max =  tOc =  1 /R s (1/Cmin — 1/Cmax). 
Exam ining function  F-^rj) it  is found th at F imax(j]) — 0 ,2. Thus the follow ing  
sim ple relation can be obtained for the highest convertible power

coc com plies w ith  th e  cu t-off angular varactor frequency introduced b y  
D i a m o n d  [2 ]  where C m j n  is the varactor capacitance at V  =  V b  andC max 
the varactor capacitance at the h ighest forward voltage V  =  V maK occurring 
at the given setting. The unam biguous determ ination o f th is voltage generally  
involves practical difficulties because it is not easy to  establish , how far th e  
conduction current occurring at vo ltages V  >  0 m ay decrease the efficiency  
of the doubler. As C m a x  С т , п  holds, how ever, 1 / C m a x  in  the term  o f u>c 
sligh tly  influences th e  value of toc and mc can be considered, w ithout any  
essential error, as l / I î sCmin which corresponds to the cu t-off angular frequency  
generally referred to  in the literature.

In  addition to  knowing the efficiency of the frequency doubler, it  is 
im portant, for practical reasons, also to  know the m axim um  output — 
P out max which can be obtained b y  the application o f a given type of v a ­
ractor diode, at the given frequency.

Making use o f relation (10) and considering

further that

(16)
to

3. The highest output power
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w e obtain relation
1 1

—  I \  R s 1 +  —  
2 s( 8

( 17)

w here I d =  Ф (a>C0)2R s is the characteristic current va lue for the diode, 
depending on the d a ta  o f the varactor and on the applied frequency.

I f  the value o f  P outmax is sought for, it  is natural to  assum e th at the  
varactor is subjected  to  the m axim um  load  and thus values Pd  and ß  are 
constant. There rem ains value 7] as a function  of w hich the m axim um  P out 
should  be estim ated. A s there is

d^out =  3Pout d f 2
d rj 312 drj

therefore it is w orthw hile to  exam ine the behaviour o f functions d í j  dr] and 
8 P out/8J2 from relation  (14), F(rj) being a positive m onotonously increasing 
function , d ljd r]  <  0, therefore dP 0Ut/dij w ill be equal to  zero where 8 P 0Ut/8 f3 
is also equal to zero. I f  it  is considered th at

9Pout _  1 Pd r K
— 12 JXS

R ,

8 h  8 h  ‘ “ 16 I d

and that J2 decreases m onotonously in the function o f r], it  is quite obvious 
th a t  P out assumes its  m axim um  value where

1 P, L R ,  — —  =  0
8 I d 2 S 16 I d

Using the afore stated  relations for the determ ination o f P out, the  
fo llow ing relations are obtained (see A ppendix III):

Л T 1p  _ p  J 2 m a x     _  t2 p
x  out max о  r  d  т о '*2maxO La L

1  - j -  ^ 2  m a x
8 P

F  (n) =  —
maxW 4 w

32 P3 R S +  1 - 1

32 I I  R s
+ 1 - 1

(18)

(19)

(20)

The above form ulae are valid  at a drive of

1 1
ß ßmax Со

''min
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and in  the know ledge o f function F(rj) th e  va lue o f ft =  /tinax can be obtained  
b y  m eans of (20). I f  th e  terms (18), (19) and (20) are exam ined as functions  
of со and supposing Pd and ß to be con stan t, it  is obvious th at i f  со —> o o  th en

У max. 00 > 1 2  m ax ® > ^out max ® •

4. Conversion effic iency

In  connection  w ith  the conversion efficiency — Ьа, tw o questions m ay
arise:

a )  W hich is th e  highest efficiency i f  the m axim um  dissipation is g iven ?
b)  W hich is th e  highest effic ien cy  to  be obtained at given frequency  

from a given varactor, independently o f  the dissipation level ?
Considering th e  afore described results, the first question can easily  be  

answered. As P out =  Pin — Pd-

( P i n  is the input pow er).
C onsequently, a t a given d issipation , the highest efficiency is obtained  

at P o u t  =  P o u t  max and the conditions for th is are supplied b y  form ulae (18), 
(19) and (20).

As for answ ering the second q uestion , le t us exam ine the fo llow ing  
relations:

P in =  - J f P s +  Pa ,

^ ou t — ------ “  12 Rs +  Pa

and tak ing into consideration relations (10) and (14), the following is obtained:

1 _  4 «>C0 Rs F(rj)

1 +  4

ß
ыСп R s 

ß
F(y)

(21 )

Thus, know ing the data of the varactor, the drive factor, the current 
factor, the conversion efficiency can easily  be calculated.

From  term  (21) it  can be seen th a t the efficiency increases w ith  th e  
increase of the drive factor ß. At g iv en  ß  th e  dependence of ba on current
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factor 7 ] shows at first an increasing and then  a decreasing feature and at  
a certain  value o f rj =  f]a it assum es a m axim um  value. Such dependence  
is show n b y  Fig. 6.

The m agnitude o f the m axim um  value o f ba increases w ith the decrease 
o f a> C 0R slß . A t a g iven  frequency, th e  sm allest a>C0R slß  value is equal to

Fig. 6. T h e  conversion  effic iency  of th e  freq u e n c y  d o u b le r  vs. c u rre n t fa c to r fo r tw o  d iffe re n t 
v a lu es of th e  p a ra m e te r  со C0 Rs/ß

l  Í I  [ F ig .  7 .[M axim al conversion  effic iency  o f th e  freq u en cy  d o u b ler vs. co/coc 

(Oq/cOc- Thus, at m axim um  drive, the conversion efficiency, ôam is as follow s:

1 _ 4 ^ I M

<U  = ----------- a '  V* -■ (22)
1 +  4 — F (ri)

0)c

I f  for a series o f values (co/ftic) the pertaining b a  m a x  values are calculated , 
w here <5a m a x  m eans a m axim um  b a m  value at a given a>/eOc> relation d a m a x  = =  

=  b { c o j(O c )  is obtained which yields, in th e  knowledge of the varactor charac­
teristics, the m axim um  conversion effic iency , as a function of frequency. 
T his relation is show n in Fig. 7.

From relation (22) those values o f rja m ay be determ ined at w hich  
b a m  — b a  m a x  at a g iven  co/coc. From th is relation, there can sim ilarly be  
determ ined the range o f  r) within w hich the conversion efficiency b a m  exceeds  
0,9 da m a x -  These tw o latter factors are show n in Fig. 8.
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Fig, 8

In Fig. 8 the rj lim its belonging to  0,9 damax are marked w ith  a dashed  
curve. The power dissipation pertain ing to  the optim um  conversion efficiency  
can easily  be calculated  if  relation

Pd =  \ R Á I \ +  I D

is considered and relation (14) is m ade use of. F inally,

Pd = 2 0 I d ß* 1 +  V2
F 2(r,)

(23)

U sing the graphs shown in F igs 7 and 8, in the knowledge of the  
frequency, we m ay determine for a given  varactor the m axim um  efficiency  
to  be obtained w ith  th is varactor and also the current factor r\a at which  
th is m axim um  efficiency will occur.

IV. Adjustm ent o f the external circuits for the case o f cp, =  тс

1. General relations

In  the foregoing, the consequences of the various electrical states of 
varying  capacitance Cd have been d ealt w ith. The electrical state of varying  
capacitance Cd is determ ined b y  th e  im pedances of the circuits arranged 
outside of the capacitance. In the fo llow ing, let us exam ine, which im pedances 
should be arranged externally of capacitance Cd to  enable the adjustm ent 
of s ta te , advantageous for the frequency conversion on varying capacitance Cd.

Considering F igs 4 and 5 g iven  in  the Introduction , the full equivalent 
circuit diagram o f th e  frequency doubler circuit is shown in F ig . 9.

Acta Technica Academiae Scientiarum Hungaricae 56, 1965



298 V. b í r ó

On this figure, eg is the open-circuit voltage of a generator o f frequency со; 
Z g the internal im pedance of the generator at frequency со; Z L the load  
at frequency 2 со and the other sym bols are identical w ith  those form erly  
used . In case o f i2 ^  0, it  is required th at

Ro =  — (Rs +  R l) î an<I =  — -X-L (24)

Fig. 9. C om plete e q u iv a len t c irc u it of f req u en cy  doub ler

w here R[ =  R e Z L; I m Z L. Considering relations (8), (9); further (6)
and (7), the follow ing are obtained:

tan  <p2 =

* i  =

X i  =

_  ~ X L 
R sJr R L 

Rs  ~T R l

go_________ 1
4 ФС0 coC0 (R s-\-R l )

г/*

Ъ
+ go

4 ФСп со Cn

(25)

(26) 

(27)

2. D eterm ination o f  integration constant

The integration  constant q0 occurring in Equ. (2) o f the introduction  
also occurs in further relations. To determ ine the param eters o f the external 
circuits, it  is required to know th is constant. U sing the notations of clause
I I I . 1, the relation determ ining q0 is

q0 =  2 С 0 Ф a . (28)

As 2 С 0Ф >  0 , the sign of q0 is identical to  th at of a.
To determ ine the sign of a le t us consider relation (11). As V b  <  V  <  Ф 

therefore 1 — V/Ф  >  0 in every m om ent t, and this means th at a — b sin 
X +  c sin 2 X is either negative or positive in every t m om ent. This can be 
possible only if  the positive or negative sign of a is determ ined not b y  m athe­
m atical but b y  physical factors and in such a w ay th at it  should be sufficient
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to determ ine th e  sign of a in a possib le p h ysica l state to obtain  a sign va lid  
for all other sta tes. This must be accen tu ated  because though the absolute  
value o f q0 does n ot depend on tim e  t it  is , however, not constant in th e  
m eaning of the word as used in connection  w ith  the linear circuits and depends 
on th e  voltage drive, on the current m agnitude, or to  put it  sim ple, on the  
working adjustm ent o f the varactor. This m eans that it  is not sufficient to  
exam ine the value o f q0 for a single case to  determ ine its absolute va lue. 
Let us carry out th e  following im aginary experim ent for the determ ination  
of the sign to q0. L et us assume th a t X L =  0 and increase R[ beyond all lim its, 
b y  keeping w ith in  a certain range. U sing  relation (27) and considering th a t  
Tj — oo we obtain Х г —*■ — q j 2 Ф Co(coCo). In tu itiv e  considerations and ca l­
culations w ill ind icate th at in case o f  i 1 =  I 1 cos wt Х г m ust he of capacitive  
nature, consequently X x <  0, and q 0 >  0. Therefore q0 >  0 m ust hold good.

U sing relations (28), (12) and (13),

is obtained.

(29)

3. Im pedances o f the ex terna l circuits fo r  =  л  

As tan  л  —  0 using relations (29) and (25), relation

к
(30)

is obtained for Xj_„ (value of X L required to  obtain cp2 =  n  is X ^„) where

1 1 1 4- 1

c к 2 [ c _
!

C+

U sing further relation (27)

X I n (31)

is obtained.
Thus, if  ç>2 =  л  the output im pedance Zgn of the generator required  

for the m atching o f the circuit is

Zg* "  R s + R s +  R l 
r f

(32)
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4. Varactor bias

To determ ine the bias of the varactor, the constant com ponent o f  
1 — V/Ф should be calculated from relation (5) and relations (14) and (29), 
further factors /(??), rj, ß  should be m ade use of. U sing the aforem entioned, 
relation

1 К  _ 1 ß 2

Ф 2 F 2(rj)

1

4
+  rß +  c i (33)

is obtained (see A ppendix  IV) where V0 is the required bias of the varactor.

5. Design o f  the doubler circuit

Thus, to  obtain  m axim um  efficiency in a frequency doubler circuit at 
a given  w  it  is required that the varactor capacitance should vary  w ith in  
Стах and Cmin, and t) be a definite va lu e  (according to  Fig. 8). K now ing  
these factors, th e  required values o f I 2 and bias V0 are obtained b y  m eans 
of relations (14) and (33). The conditions for the varactor m atching are then  
given b y  relations (30) and (32). The ou tput is given b y  relation 1/2 I 2 R L, 
current by relation  r] I 2. The generator open-circuit voltage eg required  
to  produce I I can easily  be obtained b y  using relations (26), resp. (27), (29) 
representing the im pedance transform ation effect of the varactor. The varactor  
dissipation  occurring under such conditions is given b y  (23). The situ ation  
is sim ilar even if  we are endeavouring to  atta in  the m axim um  possible ou tput 
w ith  a given varactor dissipation.

V. Conclusion

In the foregoing the operation o f a parallel coupled varactor frequency  
doubler circuit has been investigated . R elations had been obtained, b y  m eans 
of w hich the design o f such a circuit as w ell as the choice of the required  
varactor type can be m ade. The analysis and the obtained results hold str ic tly  
in th e  case of th e  nonlinearity factor 0  =  1/2; H ow ever, since for th e  real 
varactor diodes 0  is between 1/2 and 1/3 the obtained experim ental values  
(w hose discussion w ould  go beyond the scope o f th is article) agree w ell w ith  
th e  theoretical va lues.

A P P E N D IX  I

D eterm ination o f  the equivalent im pedances fo r  the varying capacitance 

U sing  re la tio n  (5), co m p o n en t of th e  v o lta g e  of freq u en cy  to is de te rm in ed  b y  re la tio n

u  = 1 It I*
8 (со С,,)2 Ф COS Ç>2 COS Cü t  - f -

V  Я.п___
4ФС0(шС0) 2 + 2 g« со :] sirsin <p2 sin on
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T h e  am p litu d e  ra tio  o f th e  vo ltage  in  p h ase  w ith  th e  c u rre n t fo r a m p litu d e  7 , o f  th e  
c u rre n t  gives va lue  /1, w h ich  complies w i th  (6).

I f / .  I
As in  case o f Ur —  —  id i and  i =  I  cos cot h o lds good U r =  —-p, sin  cot th e re fo re  re ac ta n c e  

c Jo  coC

4 Ф C0\co C0)  [ 2 +  T ^ T  sm  ’’J

is  o f c ap ac itiv e  n a tu re . A s in  th e  case of c a p a c itiv e  re a c ta n c e  X c<  0, th e  v a lu e  o f X ,  is d e te r ­
m in ed  b y  re la tio n  (7). R e la tio n s (8) an d  (9 ) c an  he  d e riv ed  id en tica lly .

A P P E N D IX  I I

D iscussion o f  term y  =  a — b sin x  -f- c sin  2 x

L e t us d e te rm in e  th e  extrem es of fu n c tio n  y  f ro m  e q u a tio n  d y /d *  =  — b cos x  +  
-f- 2 c cos 2 x  =  0. R ela tion

Ъ ,
C ° S  * 1 ,2  =  - g j  ± UihT

is o b ta in ed . U sing th e  sym bols in tro d u ced  in  c lause 2.1. a n d  in tro d u c in g  c u rre n t fa c to r r) =  
=  I J I 2 th e  te rm

cos *ext =  - 1  (t] ±  f r ?  +  8)

is o b ta in e d . As we are o n ly  in te res ted  in  th e  h ig h es t m ax im u m , resp . in  th e  low est m in im um , 
le t us ex am in e  th e  g ra p h  fo r fu n c tio n  у  (see F ig . 10).

F ro m  th e  g rap h  i t  can  be  seen t h a t  th e  h ig h es t m ax im u m  occurs in  th e  I I I rd sec tion  
and  from  th is  i t  follows th a t

*max =  4 "  (V — +  8) •

T he low est m in im um  v a lu e  sim ilarly  occurs in  th e  I I nd sec tion , there fo re ,

: -j- ( V  -  )V  +  8) .
F ro m  th e  above:

5 ^max — cos ^min » an d  sin #min — sin ^max — ]/ ^ 16 ^  J ^ 2 -}- ö) •
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T h e  follow ing is o b ta in e d  fo r re la tio n s  1 — К_/Ф2 a n d  1 — V  + /Ф , t h a t  we a re  in te re s ted  
in : 1 — V _/Ф =  (a  — 6 sin x max +  C sin  2 * max)2

1 — Е ,/Ф  =  (a  — b sin xmin +  C sin  2 x min)2 ; fu r th e r  — fesin xmax +  C sin 2 xmax =

— 2 C sin xmax (jj — cos xmax) =  2 C £ 4  — ~  (v  -  Ín*  +  8 )  j | 1 — j j  (»? — » V  +  8 ) 2

S im ilarly

— b sin *mrn +  C sin  2 xmin =  -  2 c  [ч — Y (»? — J V  +  8)j i r ?  +  H ) ~  ■

In tro d u c in g  fu n c tio n

Р (ч )  =  y  (3tl +  ^ Л + Т )  | / 16 -  ( i n 2 +  8 -  t?)2 

r e la tio n s  (12) an d  (13) a re  o b ta ined . T h e  F(y>) fu n c tio n  is show n in  F ig . 11.

A P P E N D IX  II I

Relations determ ining the m a xim um  output

I n  connection  w ith  th e  m ax im u m  o u tp u t ,  f i r s t  we h av e  to  realize  t h a t  / 2max defines 
-Pout max >  0 an d  in  th e  second p lace t h a t  P out max is in  fa c t  th e  m ax im u m  v a lu e  o f P out. To 
u n d e rs ta n d  th e  f ir s t  s ta te m e n t le t us co n sider re la tio n  (17). T h e  p o sitiv e  ro o t o f  th is  re la tio n
is

4 h [|/1+ 8 r d R s

]  f
2 max < 4 I d [V +

L - - 1 [As].

Pd

8 I2dRs
th e re fo re  P 0utmax >  8 .

To u n d e rs ta n d  th e  second s ta te m e n t,  l e t  u s  consider re la tio n

3 Pout
a J2 8 I ,

3 R s 
16 I d n ■

A s a  fu n c tio n  of tj, I 2 w h ich  m o n o to n o u sly  decreases a n d  J2 max being  th e  p o s it iv e  ro o t o f 
th e  above re la tio n , th e re fo re  in  case o f n <  Птах th e re  ho lds 3 Pout/3 A  <  0 a n d  th ere fo re
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в  - P o u t  _  Q - P p u t  d f 2 ^  0
dr] 0 12 dr]

I f  a t

Ч > Ч ш а х !  > 0

th u s  d P out/dra <  0 a n d  th ere fo re  in  case o f Г] =  r]max a n d  I 2 =  I 2 max re la tio n  d P m fd r]  =  0 
holds, w h erefro m  we m a y  derive re la tio n  (19) fo r J2lnax w h ich  in  fa c t defines th e  m ax im u m  
value o f i ’out •

A P P E N D IX  IV

Varactor bias
F ro m  re la tio n  (5)

> „  f  gp у  1 Ц  1 ___ I | _
Ф  u  Ф C j  ^  2 (2 Фсо C0)2 +  2 (4 Фо> C0 ! '

I f  s u b s ti tu tin g  q0 f ro m  (29) and I„ f ro m  (14) a n d  u sin g  re la tio n  1Л — r] I„ re la tio n  (33) 
is o b ta in ed .
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A N A L Y S E  E IN E S  V A R A K T O R -F R E Q U E N Z V E R D O P P L E R S

V. BÍRÓ

Z U SA M M E N FA SSU N G

D ie A rb e it b e fa ß t  sich  m it der U n te rsu ch u n g  d e r W irkungsw eise eines V a ra k to r-F re  
q u en zv erd o p p le rs  m it p a ra lle le r  K opplung , fa lls d a r in  e in  V a ra k to r  m it scharfem  Ü b erg an g  
v e rw en d e t w ird . D ie A n a ly se  z ieh t den V e rlu s t des V a ra k to rs  in  B e tra c h t u n d  b e s tim m t a u f  
G rund desse lben  die g rö ß te  um w andelbare  L eistu n g , die g rö ß te  A usgangsle istung , den  h ö c h s ten  
W irk u n g sg rad  u n d  d ie h ieb e i au ftre ten d e  V e rlu s tle is tu n g . D a rü b e r  h in au s w ird  au ch  d ie F ra g e
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n a c h  den  zu r E rre ich u n g  d e r g en an n ten  C h a ra k te r is tik e n  n ö tig en  Im p ed an zzu sam m en h än g en  
u n d  de r nö tigen  V o rsp an n u n g  des V a rak to rs  b e a n tw o r te t .  In  den die obigen P a ra m e te r  b e s tim ­
m en d e n  Z u sam m en h än g en  k om m en  G rößen v o r, d ie  es e rm öglichen, m it H ilfe d ieser Z u sa m ­
m en h än g e  den V erd o p p lu n g sstro m k re is  zu  e n tw e rfe n  u n d  den b e n ö tig ten  V a ra k to r ty p  a u s ­
zuw ählen .

A N A L Y S E  D ’U N  D O U B L E U R  D E  F R É Q U E N C E  A D IO D E  
D E  C A PA C IT É  V A R IA B L E

V . B IR Ó

R É S U M É

L ’é tu d e  t r a i te  de  l ’an a ly se  du  dou b leu r d e  fréq u en ce  à d iode de capacité  v a ria b le , d an s 
le  cas où  une  d iode à jo n c tio n  b ru sq u e  est u tilisée . L ’an aly se  p ren d  en  co n sid éra tio n  les p e rte s  
de  la  d iode e t  en  d é d u it  la  p u issance  m ax im u m  tra n s fo rm a b le , la  pu issance m ax im u m  de so rtie , 
le  re n d e m e n t m a x im u m  e t  la  d issipation . E n  p lu s , les re la tio n s  d ’im pédance  nécessa ires p o u r 
o b te n ir  ces p a ra m è tre s  e t  la  ten s io n  de p o la risa tio n  nécessa ire  p o u r la  diode de  cap a c ité  v a ria b le  
so n t dé term inées. D a n s  les re la tio n s d é te rm in a n t ces p a ram è tre s  ap p ara issen t des q u a n ti té s  
p h y siq u es qu i p e rm e tte n t  d ’é tu d ie r le c ircu it d o u b le u r  à l’aide de ces m êm es re la tio n s  e t de 
ch o is ir le ty p e  de  d iode  nécessaire.

АНАЛИЗ УДВОИТЕЛЯ ЧАСТОТЫ НА ВАРАКТОРНОМ ДИОДЕ

в. Б И Р О

РЕЗЮМЕ

Темой этой работы является анализ удвоителя частоты на варакторном диоде с резким 
переходом в том случае, когда диод включен параллельно. Анализ произведен с учетом 
потерь в варакторном диоде и дает возможность определить максимальную проходящую 
мощность, максимальную выходную мощность, максимальный кпд удвоителя час­
тоты и мощность, рассеиваемую на диоде. Кроме того, анализ дает возможность опреде­
лить необходимые импедансы и напряжение смещения. В соотношениях, определяющих 
вышеуказанные величины, находятся такие физические величины, которые дают воз­
можность с помощью этих соотношений произвести инженерный расчет цепей удвои­
теля частоты, а также выбор необходимого типа варакторного диода.

Acta Technica Academiae Scientiarum Hungaricae 5, 16966



Acta Technica Academiae Scientiarum Hungaricae. Tomus 56 (3—4), pp. 305—308 (1966)

S O M E  R E M A R K S  O N  T H E  I N T E R P R E T A T I O N  
O F  D I S C H A R G E  I N V E S T I G A T I O N S

GY. V A JD A
D O C T O R  O F  T E C H N . SC.

[M an u scrip t rece iv ed  F e b ru a ry  1, 1966]

T his p a p e r  p re sen ts , in  p rincip le , a  p o ss ib ility  o f fin d in g  som e co n n ec tio n  b e tw een  th e  
m easu red  v a lues a n d  th e  vo lu m e of th e  cav ities. T he analysis is s tr ic tly  v a lid  on ly  fo r co n d itio n n  
b e tw een  p lan e  e lectrodes, b u t  th e  o b ta in e d  re la tio n  can  be  considered  as a n  a p p ro x im atio s  
fo r  o th e r  e lectrode  co n fig u ra tio n s .

I. Introduction

Cavities in solid dielectric m aterials constitu te the w eak points of 
insulation. A discharge taking place in these cavities m ay easily  lead to  an 
increase in  ca v ity  dim ensions and an overload o f the unim paired insulating  
section. Such cavities are often starting points for a breakdown. Therefore, 
in  order to  control the sta te  of insulations, an ever growing im portance is 
attached  to  the investigations of internal discharges.

A basic problem  encountered in these w idely  accepted investigations  
is the physical interpretation  of the m easured values. The greatest d ifficu lty  
is due to  the fact th a t resultant conditions of the entire insulation  can only 
be m easured, the instrum ents being connected to  the electrodes th at border 
the insulation. Thus, the m easured values do not give any inform ation on 
dim ensions or position  o f the cavities and it  is even quite im possible to  conclude  
from  the m easurem ents on the ca v ity  conditions.

II. Equivalent circuit

W hen in  a solid insulating m aterial betw een tw o parallel p lane electrodes 
having surface F  and spacing d there is a gas-filled cav ity  w ith  cross-section  
A  and w idth  t (F ig. 1), equivalent circuit in F ig. 2 is regarded as a m odel 
of the insulation [1]. In th is figure Cc is the capacity o f the c a v ity , Сь is the  
capacity  o f the unim paired section o f the insulation in  series w ith  the cav ity  
and Ca is the capacity  o f the rem aining unim paired parts of th e  insulation . 
This m odel gives a true picture o f the conditions provided th a t  for the loss 
angle of the solid insu lating m aterial condition tan 2 à 1 holds.
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W ith a vo ltage и =  ua applied betw een the electrodes, the voltage  
across the cav ity  w ill be u c until a breakdown o f the ca v ity  does not occur. 
From  Fig. 2 it  can be seen th at the value of th is vo ltage is

Q> +
( 1 )

F ig . 1. In su la tin g  m a te ria l  w ith  a c av ity  F ig . 2. E q u iv a le n t c irc u it as a  m odel for
in v es tig a tin g  d ischarges

W hen uc reaches the va lue of the breakdown voltage of the ca v ity  UCi, a 
breakdown in the ca v ity  takes place and the spark gap in the equivalent 
circuit w ill be short circuited. W hen th is first discharge appears, the voltage  
on th e  entire insulation is equal to  the threshold value o f the ionization  voltage  
Uj. The relation betw een  these tw o voltages is given by

U „  = u , .
c‘ Cb +  c t 1

(2)

A fter breakdown, th e  vo ltage across the ca v ity  falls to  the extinction  value  
Ucl, dielectric strength in the cav ity  is restored, th e  voltage on Cc again  
increases and a second discharge occurs. As a result o f th is discharge, a v o lt­
age jum p

AUc = U cl- U cl (3)

appears on Cc, causing a voltage jump

on the capacitor Ca [2].

AU„ =  - AUr
a c a +  c b c

(4)
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III. Interpretation o f the available results o f measurem ents

A direct determ ination of UCi and A JJC, characterizing size and position  
of the cavity , is im possib le, on ly  17,- and A Ua across term inals can he measured. 
From  these va lues, how ever, one cannot conclude on cav ity  conditions, 
because there are m any solutions which sa tisfy  the equations. This d ifficu lty  
can partly be rem oved, i f  tw o quantities are sim ultaneously measured and  
som e neglections in  accordance w ith the actual order o f m agnitudes are m ade.

B y  replacing parts of the insulation in F ig. 1 b y  plane capacitors, the  
following capacities are obtained:

F ~ A  ■ ( 5 )Cn —
d

A
d  — t

A
Eo-----  .

t

( 6)

(?)

Since Uci Uci, b y  the use of equations (2) and (3), equation (4) takes  
the form

AUnc ^ ~
Ca +  Q

U ci =
G a +  Gb Cb Cc

■U,. ( 8)

In practice the usual values are Cb <̂ t Ca and С» Cc, therefore a good  
approxim ation is given by

A U n Cb
V t .

Ca Cc

Substituting the values from equations (5) — (7), there results

( 9 )

A U n =
ee0 A /(d  — t) een A /(d  — t)

U ,=

eAt

es0 (F  — A )/d  e0 A /t

A d

~  (d — t ) ( F  -  A ) ( d - t ) A  

In  Fig. 1 and A  F . Hence

A U a ^ e — Ui
F d

( 10)

Ut .

( И )

where A t  =  V 1 is th e  volum e of the cav ity  and F d  =  V  is the volum e o f  
the entire insulator. C onsequently, the ratio o f  the vo ltages AUa and [/,■ is 
proportional to the relative volum e of the ca v ity
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U , V
( 1 2 )

i.e . from  these tw o param eters a conclusion can be drawn on the size o f the  
c a v ity . In practice, apparent charge tak in g  part in the discharge AQa — G A Ua 
is u sually  measured, where C is the capacity  of the in vestigated  insulation . 
In  th is case, equation (12) is w ritten  in  the form

U , V
(13)
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B E M E R K U N G E N  Z U R  IN T E R P R E T A T IO N  D E R  U N T E R S U C H U N G E N  
Ü B E R  E N T L A D U N G E N

G Y . V A JD A

Z U SA M M E N FA SSU N G

D er A ufsatz  zeig t eine th eo re tisch e  M öglichkeit auf, einen Z u sam m en h an g  zw ischen 
d e n  gem essenen W erten  u n d  dem  V olum en d e r H o h lräu m e zu finden . D ie B e rech n u n g sm eth o d e  
i s t  s tre n g  genom m en n u r  zw ischen flach en  E le k tro d e n  gültig, ab er d e r C h a rak te r  des Z u sam ­
m e n h a n g s  k ann  als eine N äh eru n g  fü r a n d ere  E lek tro d en an o rd n u n g en  a u fg e fa ß t w erden .

R E M A R Q U E S SU R  L ’IN T E R P R É T A T IO N  D E S D É C H A R G E S

G Y . V A JD A

R É S U M É

L a m éthode  de calcu l p résen tée  p a r  l ’a u te u r  offre la po ss ib ilité  th éo riq u e  de  tro u v e r  
u n e  lia iso n  en tre  les v a leu rs  m esurées e t le v o lu m e  des creux. Le calcu l n ’e s t va lab le  s tr ic te m e n t 
q u ’e n tre  des é lectrodes p lanes, m ais le c a ra c tè re  de la  re la tio n  p e u t  ê tre  considéré com m e 
a p p ro x im a tio n  p o u r d ’a u tre s  d ispositions d ’électrodes.

ЗАМЕЧАНИЯ К ТРАКТОВКЕ ИССЛЕДОВАНИЙ РАЗРЯДА

Д .  В А Й Д А

РЕЗЮМЕ

Приведенный расчет показывает принципиальные возможности нахождения связи 
между измеренными величинами и объемом полостей. Расчет действителен только между 
плоскими электродами, но характер зависимости можно принять в качестве приближе­
ния для других вариантов компоновки электродов.
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CALCULATION OF PSEUDO-FINAL  
VOLTAGE DISTRIBUTION IN IMPULSED 

WINDINGS WITH A MATRIX METHOD

K. K A R SA I
CAND. OF TECHN. SC.

GANZ ELECTRIC WORKS, BUDAPEST

[Manuscript received March 4, 1966]

This article review s a m atrix m ethod which applies itse lf for calculation of the pseudo­
final voltage distribution . The m odel to be used contains n  elem entary coils o f fin ite  length , 
which are identical am ong them selves. The pseudo-final voltage distribution is im portant 
from the view point o f the am plitudes o f the harm onic voltage oscillations a t surge 
voltage phenom ena. In  addition to this m ethod it  is also possible by m eans of th is  
m ethod to define the voltage distribution at industrial frequency of transformer coils i.e. 
the calculation o f the radial flux  com ponents. The form ulae deduced b y  the m atrix  m ethod  
are very  sim ple and include only algebraic operations.

Acta Technica Academiae Scientiarum Hungaricae. Tomus 56 (3—4), pp. 309—318 (1966)

I. Introduction

P. A . A b e t t i  shows th at in im pulsed coils and windings w ith  grounded  
neutral it  is necessary to  distinguish betw een a final and a pseudo-final 
voltage d istribution [1 ,2 ]. The final voltage distribution is determ ined b y  the 
w inding resistance and leakage conductance to  ground o f the elem ents of 
the equivalent circuit of w indings and is generally linear. Betw een the in itia l 
voltage oscillation and the final distribution  is the so-called pseudo-final 
distribution. The initial i.e. electrostatic- and pseudo-final voltage d istributions  
determ ine th e  am plitudes of the harm onic vo ltage oscillations. The deviation  
from linearity o f the pseudo-final distribution is small and assum ing a linear 
distribution — instead  of the pseudo-final one — causes an error less than  
10% . A b e t t i  gave in the above-m entioned paper an efficient analysis of the  
phenom ena and developed a calculating m ethod on base of the infin itesim al 
equivalent circuit. The results o f this m ethod agree w ith the m easured v o lt­
ages.

In practice the finite m odel is also frequently applied [3, 4]; the present 
paper gives partly  formulae according to  th e  fin ite  m odel, which are m uch  
simpler than those deduced from the in fin itesim al model and partly  shows 
illustrative num erical exam ples and results of m easurem ents.

In the used  m odel (F ig. 1) the capacitance betw een tw o adjacent 
elem ents of circuits as well as the capacitances betw een the elem ents and the 
earth are neglected , because th ey  do not p lay  any role after the vo ltage  
oscillations; the resistance of the coils and the leakage conductance to  ground
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are also neglected, because th ey  do n ot p lay  an im portant role either. The 
m odel consists o f n  elem entary coils. The selfinductance o f an elem entary coil 
is L ,  the m utual inductance betw een elem ents i and к is qntL. The im pulse  
v o ltage  at the line end has the form  o f a un it function w ith  an am plitude va, 
th e  end of the w inding being grounded.

II. D iscussion

1. L ist o f  sym bols

- 1 1 0 . . .  0 0 0
0 - 1 1 . . .  0 0 0

D = 0 0 - 1 . . .  0 0 0 n  — 1 rows;

0 0 0 . . .  0 - 1 1

n colum ns

1 0 0 . . .  0 О О

1 - 1 0 . . .  0 0 0
D* = 0 1 —  1 . . .  0 0 0 n  row s (is th e

m a tr ix  of D);

0 0 0 . . .  0 0 1

— 1 colum ns

V =  Do n  — 1 e lem ents (is th e  vo ltag e  
colum n m a trix );
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41
<h

Чг
4l

n e lem ents,

e

1
0
0 n elem ents,

Ó

2 - 1 0 . . . 0 0 0
1 2 - 1  . . . .  0 0 0
0 —  1 2 . ., .  0 0 0

0 0 0 . . . . 0 —  1 2

n — 1 colum ns

n — 1 row s (is th e  un ifo rm  c o n ti­
n u a n t  m a trix  o f o rd e r n — 1. )

2. The fo rm u la tio n  and solution o f  the governing equation

For t >  0 the Kirch off’s voltage

vo ~ vi dt
+  9 i ,2 +  9i,3

vi -  v 2  = L ~  (q21 
dt

+  1 +  92,3

v k — v k + 1 =  L  ( 4 k + l , l  
dt

+  9 * + i , 2 + 9 a+]

®n-1 ^ n-1 dt
+  9n,2 +  9n, 3

equations are

+  • • • +  9l,fr+1 +  • • • +  9 i ,n  ) ’ 

+  • • • +  <h,k+1 +  • • • +  Чг,п ) »

, 3 +  • • • +  1 +  • • • +  4 k + l ,n )  »

+  • • • +  4n ,k  + 1 + • • •  +  !  ) •

Taking into account that the question  concerns hom ogeneous w inding  
of uniform elem ents, it  can be w ritten:

91.2 =  92,3 =  • • • =  4k , k+l  ’

91.3 =  92,4 — • • • = =  4k,k+2  ’ (^ )

furthermore
91.2 =  92,1 =  • • • =  Чк,k + 1 =  4 k + l , k  1

91.3 =  9з,1 —  • • • —  Чк,к+2 =  Чк+2 ,к * (^ )
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Introducing the follow ing sym bols

?i =  1 +  9 1 ,2  +  5i,s +  • • • +  4i,k +  • • • +  <h,n »

?2 =  9 i ,2 + 1  +  îi,a  +  • • • +  <h,k +  • • • +  4ï,n > (4)

Чп =  < h ,n  +  Î 2 ,n  +  ? 3 , n  +  • • • +  4 h ,n  +  .  .  .  +  1  •

Substitu ting equation (3) into (4)

?i =  In ,  ?2 =  Чп- i  e tc . (5)

The governing equations can be expressed more com pactly w ith th e  m atrices 
of part 1 : List of sym bols

D * y  =  L ^ 4 - v 0 e .  (6)
dt

Sum m ing up the equations (1) and taking into account the sym bols of 
equations (4):

vo =  L  —— (?i +  З2 +  • • • +  9n)  • (7)
dt

E xpressing L  d i/d i from expression (7) and substituting it into equation (6), 
furtherm ore introducing the sym bol

Q — 4i +  Ч2  +  ■ • • +  ?n »

D* V  = ( 8)

M ultiplying both  sides of equation (8) b y  m atrix D and taking in to  account 
th a t D D* =  К

K v =  «0 Dq — De . ( 9 )

The solution of the la st equation is

V  =  v0 K “ 1 D ( 10)

On the basis o f th e  verification m entioned in the appendices the fc-th elem ent 
o f th e  V  voltage colum n m atrix i.e. the vo ltage on the fe-th point o f  junction , 
is in  case of being an even number

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF PSEUDO-FINAL VOLTAGE DISTRIBUTION 313

n  — к  1
Vb =  Vn {------------ b

Qn

к nl 2
У ( п ~  2к) qx +  JV 2 kqx

x = l  x = f c + l
( l i a )

and if  n  is an odd number

n — к  , 1
«* =  »<>{— -----' +  ~n (Jn

к (n —1)/2 n _ (_ l
' (n  —  2  k) qx +  J V  2 kqx -(-------—  • <?(„+i)/2

x = l  x = k + l  2
( l ib )

III. Conclusions

In case o f a w inding calculable on base of a fin ite  m athem atical m odel 
the m atrix m ethod gives very sim ple formulae. The deduced formulae agree 
well w ith the m easured results.

The governing equations are identical w ith the governing equations of 
a voltage distribution b y  industrial frequency w indings, consequently the  
results are very suitable for calculating the radial f lu x  com ponents.

IV. Illustrative num erical exam ples

As an  ex am ple  o f th e  ap p lica tio n  of fo rm ula  (11) le t  u s  d iv ide  th e  ex am ined  w inding  
in to  8 p a r ts  id en tica l am ong  them selves. A ssum ing t h a t  th e  co n n ec tio n  be tw een  th e  self- 
a n d  m u tu a l in d u c tan ces  is in  th e  fo rm  of fu n c tio n  [5]

M i,k =  4{i~k) L  ,
fu rth e rm o re

4 =  4k,kn  =  °’63 ’
th en

9])3 =  g2 =  o,3969; ql>6 =  g5 =  0,09924;

g14 =  q3 =  0 ,25; q lj7 =  q6 =  0,06252;

9lj6 =  q* =  0,1575; 9lj8 =  q8 =  0,03938.

T he e lem ents of th e  q co lu m n  m a tr ix , [see (4)] are: q} — 2 ,635, q-> =  3,226, g3 =  3,560 a n d  
q, =  3,711; fu rth e rm o re  q5 =  g4, q e =  q3, q7 =  q2 an d  qs =  q l . W h en  th e  v a lu e  of v 0 v o ltag e  is 
100% , th e n  ap p ly in g  (11a)

к  4
vk =  1 0 0 { -? 2 = ±  +  l [ _ ^ ( 8 - 2 f c ) q x + ^ i 2 f e q x ]} .

T h e  calcu la ted  v a lu es o f th e  vo ltag es a re  in  p o in ts  fc =  1, 2 . . .  7 in  T ab le  I ,  th is  tab le  show ing 
th e  m easu red  v o lta g e s , too .

F igs 2 an d  3 show  th e  surge response  of th e  w inding in  p o in ts  f c = 0 ,1 ,2 ,. . . 7. T he app lied  
w ave form  a t  th e  lin e  en d  is  0,5/130 fis. T h e  m easured  p o in ts  o f th e  p seudo-final d is tr ib u tio n  
a re  ta k e n  im m e d ia te ly  a f te r  th e  oscilla tions a t  60 th  /is.

A n o th er ex am p le  show s th e  m ax im al d ifference b e tw een  th e  lin e a r d is tr ib u tio n  an d  
th e  pseudo-final d is tr ib u tio n  in  case of 4 p a r ts  equal am ong  th em se lv es in  th e  fu n c tio n  o f q. 
T he vo ltag e  on th e  к - th  p o in t is, w hen  v 0 =  100
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Fig. 2. T h e  su rg e  response  of th e  w ind ing  in  p o in ts к =  0, 1, . . . , 7

Table I

The calculated and the measured values 
o f  the voltages in  p o in ts  к  — 1, 2 7

к
T h e  c a lc u la te d  

v a lu e s  o f  
v o ltag es

T h e  m easu red  
va lu es  o f 
vo ltages

0 1 0 0 1 0 0

l 89,98 89

2 77,68 78,3

3 64,13 64,3

4 50 49,5

5 35,87 36

6 22,32 21,9

7 1 0 , 0 2 9,6

T h e  second p a r t  of th is  ex p ress io n  is th e  p e rcen tag e  d ifference b e tw een  th e  l in e a r and  th e  
pseu d o -fin a l voltage d is tr ib u tio n . I t  m ay  be seen th a t  th is  second p a r t  is zero a t  к =  2, a t  
к  =  1 an d  a t  к =  3 re sp ec tiv e ly  being  d iffe re n t on ly  in  sign. T his la te r  к  =  1 o r к  =  3 is th e  
m a x im a l difference: Л vm. T h e  re su lts  o f th e  calcu la tio n  are  lis ted  in  T ab le  I I  a n d  are  visible 
in  F ig . 4, too.

Table II

The percentage difference between the linear and the pseudo-final voltage distribution

4

Я l — Q i

Я 2 ~  Яз

' 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

b 1,111 1,248 1,417 1,624 1,875 2,176 2,533 2,952 3,439 4

. 1 1,21 1,44 1,69 1,96 2,25 2,56 2,89 3,24 3,61 4

4 4,642 5,346 6,214 7,168 8,25 9,472 10,84 12,38 14,09 16

0 1,006 1,785 2,196 2,343 2,272 2,027 1,645 1,162 0,608 0
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A P P E N D IX

The derivation o f  Form ulae  ( I I ) .  I t  c an  be  show n  b y  sim ple m u ltip lic a tio n  th a t  th e  
inv erse  m a tr ix  K _I o f  o rd e r n  is :

n  — 1 n -  2 n  — 3 3 2 1
n  -  2 2 (n -  2) 2 (n -  3) 6 4 2

3 1 w 2 (n  -  3) 3 (n -  3) 9 6 3

I 2 3 . . .  n  — 3 n  — 2 n  — 1 .

T h e  p ro d u c t o f m atrices  K.-1 D is

n — 1 row s

~n — 1 n — 2 n —3 3 2 1 r — 1 1 0 . . 0  0 0-1
n — 2 2 (n — 2) 2 (re — 3) . . . 6 4 2 0 - 1 1 . . 0 0 0

1
n — 3 2 ( n — 3) 3 (n - 3) . . . 9 6 3 0 0 — 1 . . 0 0 0

n

n  — 1 colum ns n co lum ns

n  — 1
row s

n — 1 row s
1_
n

— (n -- 1) 1 1 1 1 1
— (n -- 2 ) - ( n  --  2) 2 2 2 2
— (n -- 3 ) - ( n  -- 3 ) —(n -- 3 )  . . . 3 3 3

- ( "  -- k ) — (" --fe) —(n -- к ) . . . к к к

— 3 - 3 - 3 n — 3 n — 3 n — 3
— 2 - 2 — 2 - 2 n — 2 n — 2

1 - 1 — 1 - 1 —1 n — 1
n co lum ns

One p a r t  o f p ro d u c t

K"1 D
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s th e  co lum n m a tr ix  — К " 1 D e n a m e ly  th e  f i r s t  co lum n of m a tr ix  K - t  D. T he fc-th e lem en t 
o f th is  m a tr ix  is (n — k )/n , t h a t  is th e  v o lta g e  of th e  fc-th e lem en t in  case o f lin e a r d is tr ib u tio n  
b y  v 0 =  1. T he o th e r  p a r t  o f p ro d u c t

r , D ( f - . )

is  also a colum n m a trix :

1
(Г

K 1 Dq,

th e  e lem en ts o f th is  m a tr ix  show ing th e  d ifference from  th e  lin ea r d is tr ib u tio n  by  v0 =  1. 
T h e  v a lu e  of th e  к-t h  e lem en t b y  th is  m a tr ix  is w hen  n  being  a n  even  n u m b er

к nl 2
— (n  — 2 к) qx +  ^  2 к qx

x = l  x=fc+l

a n d  i f  n is an  odd n u m b er

1
Qn

1
Qn

к n - 1/2
— ( n — 2 к) qx -f- 2к qx +

x - 1  x=fc+1

n +  1
2 Яп+ilî
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B E R E C H N U N G  D E R  IN D U K T IV E N  S P A N N U N G S V E R T E IL U N G  
IN  G E ST O SSE N E N  W IN D U N G E N  M IT H IL F E  

E IN E R  M A T R IZ E N M E T H O D E

K . K A R S A I

Z U SA M M E N FA SSU N G

Die A rb e it b e r ic h te t  über eine M a trizen m e th o d e  fü r  die B erechnung  der in d u k tiv e n  
S p an n u n g sv erte ilu n g  in  gestossenen W in d u n g en . D as v e rw en d e te  m ath em atisch e  M odell 
b e s te h t aus n id en tisc h e n  E lem en tarw in d u n g en  m it  end lichen  A bm essungen. D ie in d u k ­
t iv e  S p a n n u n g sv e rte ilu n g  is t vom  S ta n d p u n k t d e r bei S to ß sp an n u n g sersch ein u n g en  a u f ­
tre te n d e n  h a rm o n isc h en  A m plituden  von  W ic h tig k e it. D ie M ethode k a n n  fe rner zu r B e rec h ­
n u n g  der in  T ran s fo rm a to rsp u le n  bei B e trieb sfreq u en z  a u ftre te n d e n  S pan n u n g sv erte ilu n g  v e r ­
w en d et w erden , w as fü r  die B estim m ung der R a d ia lk o m p o n e n te  des F lusses n o tw en d ig  is t .  
D e r V orte il de r m itte ls  M atrizen rechnung  ab g e le ite te n  F o rm eln  is t  ih re  E in fach h e it, u n d  d a ß  
sie ausschließlich  a lg eb ra isch e  O pera tio n en  e n th a lte n .

M É T H O D E  M A T R IC IE L L E  P O U R  L E  CA LCU L D E  LA  D IS T R IB U T IO N  
IN D U C T IV E  D E S T E N S IO N S  D A N S L E S  E N R O U L E M E N T S  SO UM IS 

A D E S T E N SIO N S D E  CHOC

K . K A R S A I

R É S U M É

L ’étu d e  p ré se n te  u n e  m éthode m atric ie lle  p o u r  le calcul de la  d is tr ib u tio n  in d u c tiv e  
des tensions d an s les en rou lem en ts. Le m odèle m a th é m a tiq u e  u tilisé  co n tie n t n  en ro u lem en ts  
é lém en taires id en tiq u es  de dim ensions fin ies. L a  d is tr ib u tio n  in d u c tiv e  des tensions im p o r te  
d u  p o in t de vue  des a m p litu d e s  harm o n iq u es se p ré s e n ta n t  lo rs des tensions de choc.

L a  m éthode  p e u t  aussi s’ap p liq u er au  ca lcu l de la  d is tr ib u tio n  des tensions d a n s  les 
en rou lem en ts des tra n s fo rm a te u rs , à  la fréq u en ce  de  serv ice , calcu l nécessaire p o u r d é te rm in e r  
la  com posante  de f lu x  ra d ia le .

Les fo rm ules d é d u ite s  p a r calcul m atric ie l o n t  le double  av an tag e  d ’être  sim ples e t  de  
n e  con ten ir que des o p é ra tio n s  algébriques.

МАТРИЧНЫЙ РАСЧЕТ РАСПРЕДЕЛЕНИЯ ИНДУКТИВНОГО НАПРЯЖЕНИЯ, 
ВОЗНИКАЮЩЕГО ПРИ ИМПУЛЬСЕ НА ОБМОТКАХ

К .  К А Р Ш А И

РЕЗЮМЕ

Описывается матричный метод, который пригоден для расчета распределения 
индуктивного напряжения, возникающего в обмотках. Примененная математическая 
модель содержит п идентичных элементарных обмоток с конечным размером. Распреде­
ление индуктивного напряжения является важным с точки зрения гармонических ампли­
туд, возникающих при явлениях ударного напряжения.

Метод может быть использован также для расчета распределения напряжения в 
обмотках при рабочей частоте, что необходимо для определения компонента магнитного 
потока по радиусу.

Преимущество формул, выведенных матричным методом, заключается в том, что 
они являются простыми и содержат только алгебраические операции.
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A N  A P P R O X I M A T E  M E T H O D  
F O R  T H E  D E T E R M I N A T I O N  O F  T H E  M A X I M U M  

D I E L E C T R I C  S T R E S S  I N  E L E C T R I C  F I E L D S

GY. V A JD A
D O C TO R  O F  T E C H N . SC.

[M anuscrip t rece iv ed  M arch  18, 1966]

T he p ap er p resen ts  a  m e th o d  for th e  a p p ro x im a te  ca lcu la tio n  of th e  m ax im u m  d ielectric  
stre ss  in  s ta tic  e lectric  fie ld s . B y  a su itab le  su b s ti tu tio n  of e lectrodes th e  in v es tig a tio n  of th e  
e lec tric  fie ld  can  be re d u ce d  to  th e  in v es tig a tio n  of som e sim pler a rra n g e m e n ts  w hich  are 
easy  to  calcu la te . T he c a lcu la tio n  w ork is g re a tly  fa c ili ta te d  b y  in tro d u c in g  th e  coefficient of 
inh o m o g en e ity . T he p a p e r  a lso p resen ts a  c a lcu la tio n  m eth o d  fo r n u m erica lly  se p a ra tin g  th e  
fie ld s  w hich  are inhom ogeneous to  th e  f ir s t  degree  fro m  th o se  w hich  a re  inhom ogeneous to  th e  
second degree.

I. Introduction

E lectrical dim ensioning of an insu lation  is based on the knowledge of 
the m axim um  field  strength , the value o f w hich can, in  principle, always 
be determ ined by using  the potentia l equation. An analytical solution of 
L aplace’s equation can only he derived for a few  sim ple electrode arrange­
m ents, and formulae for the m axim um  field  strength for these cases are 
given in textbooks (for exam ple [1, 2 ]). More com plex arrangem ents are 
treated  num erically, b u t the required calculations are, in general, com para­
tiv e ly  laborious. Therefore, approxim ate m ethods are m ainly used to solve  
such arrangements (for exam ple [3]), but th ey  involve rather a natural turn  
for engineering than conscious sim plifications. This article presents a simple 
m ethod for the approxim ate determ ination o f the m axim um  strength o f an 
electrostatic field  in a hom ogeneous insu lation . As a by-product, the separation  
of the arrangements w ith  first-order and second-order non-uniform ities can 
also be obtained by th is method.

II. Non-uniform ity o f  the field

Non-uniform ity o f an electric field  is characterized in various ways. 
According to the strictest m ethod, the ratio r\ of the m axim um  field  strength  
E max to  the minimum fie ld  strength E mjn along a line of force corresponding 
to  the m axim um  field  strength:

V =
^max

( 1 )
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is determ ined. The m axim um  dielectric stress, that is, the m axim um  poten tia l 
gradient generally occurs on the surface of the electrode having the greater 
curvature, at the point on the shortest line betw een the tw o electrodes (that 
is a t th e  base point of the electrode d istance). Since the lines of force in  m ost 
fie ld s are curved, the determ ination of the corresponding values o f E max 
and .Emin is not always easy. In practice, the ratio rj' o f E max to  E'mm along  
th e  d istance a betw een th e  electrodes is preferably used:

E min
(2)

because it can be easily  determ ined. In  a simple electrode arrangem ent the  
lin e  o f force to be taken  in to  account coincides w ith  th e  electrode distance, 
and in these cases r) =  r)'. In connection w ith  the dim ensioning, there is little  
use in  calculating the m inim um  field  strength separately. On the other hand, 
a clear picture of the degree o f non-uniform ity is also achieved b y  using the  
non-uniform ity coefficient

E1
•^max

> — F
-^average

th a t relates the m axim um  dielectric stress to the easily  obtainable average 
fie ld  strength

E average
V
а

(4)

w here V  is the voltage across the electrodes and о is the distance betw een them .
A  detailed analysis of the form ulae for the m axim um  field  strength  

show s that in the case o f electrode arrangem ents where only one radius o f cur­
vatu re plays a part — except the planes where th is radius is in fin ite — the  
m axim um  field strength  is a single-valued function of the ratio

а
a =  — 

r

r being the radius o f curvature o f the electrode. An additional advantage  
o f introducing the ratio a is th at in such arrangem ents the non-uniform ity  
coefficien t depends solely  upon a:

A* =  / ( a ) • (6 )

B y  using the relationships published in  the literature, the function  (6) was 
calcu lated  for a num ber of typ ica l arrangem ents, and the obtained results 
arc sum m ed up in Table I. The relationships underlying these calculations 
can  be found in A ppendix I.

( 5 )
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Table I

A rra n g em e n t
A pprox , v a lu e  
o f  /х for a  1

Concentric
spheres

Two sm all-rad ius 
spheres*

1 - f a

т ( 1+а + Т Т ^ ) -
(1 +  a y  +1

2 (1 + a)
Two larg e -rad iu s 

spheres
R ussel’s fo rm ula

Two asy m m etric  
spheres, one of 
them  a t e a r th  p o ­
ten tia l th e  e a r th  
being a t  in f in ity

K irchhoff’s fo rm ula

A sm all-rad ius 
sphere and  a 
plane* i ( 1 +  2 “ + M 1 2 ï )

(1 -I- 2 а ) Ч 1
2 (1 +  2 а)

A large-rad ius 
sphere an d  a 
plane

R ussel’s fo rm ula  w ith  th e  su b s titu tio n  of 2 а

Coaxial c ircu la r 
cylinders ln (1 +  a)

Two sm all-rad ius 
circular 
cylinders*

а (2 +  a)
2 ln (1 +  a) 1 +  a 2 (1 +  a) ln (1 +  a)

Two larg e -rad iu s 
c ircu lar cy lin d ers

( a  (4 + a) Va (4 +  a)
f 4 +  a + tfT

2 In /4 +  a -  foT 4 In f4

In a
a

2 In a

2 In a

10

11

12

13

A sm all-rad ius 
circular cy lin d er 
and a p lane* In (1+21+2 a) ( “  +  1 + 2  a i

2 a (1 +  a)
(1 +  2 a) ln (1 +  2 a) In 2 a

A large-rad ius 
c ircular cy lin d er 
and a p lane

Va (2 + a) Va (2 +  a)
У 2 +  a + У a V2 + a +  /a

In --- 7 ---- 7= — 2 In -
у 2 +  a — У a Ÿ2

Paraboloid-
plane*

2 а
ln (1 +  2 a)

In 2 a

2a  
In 2 a

H yperbolo id-
plane

Va (1 + а)

ln

2 Va (1 +  а )  __________________

Vl +  а + VÖT ln (fl +  а +  /а
V l +  а — foT

14 Two h y p e r­
boloids

Va (2 +  а) Va (2 +  а)

ln V2 Va ^ 2 +  а + ]fä~

У 2 +  а -  Va
2 ln

V2
15

16

B ushing th ro u g h  
a  c ircular hole* In [2 (1 +  a)]

2a 
In 4 a

In 2 a

In 2 a
A rou n d ed  co rn er 

and  a  p lane
A ccording to  D rey fu ss’ d iag ram

*T he fo rm ula  is  n o t  v a lu a b le  fo r  sm all v a lu es  o f  a .
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III. The m easure o f  the non-uniform ity

The non-uniform ity coefficient fx for the investigated  arrangem ents has 
also been represented graphically as a function  of a. The functions for low  
va lu es of a are shown in Fig. 1 and those for higher values of a are shown  
in  F ig . 2. The num erical values needed to  construct the diagrams are given  
in  A ppendix II. As to  the fields o f spheres and cylinders, for low  values of 
a th e  large-radius arrangement and for high values of a the sm all-radius 
arrangem ent was considered as va lid . From  the diagrams several interesting  
conclusions on the field  distribution can be drawn.

W ith  a 1 a value of fx úá 1 is obtained for each arrangem ent, th at  
is, i f  a is small enough, the field  can w ith  a good approxim ation be considered  
as being uniform along the d istance betw een the electrodes and th e  field  
strength  along th is line is approxim ately  equal to  E a ,erage. This statem ent 
applies, o f course, to  the electrode d istance only, and for the rem aining regions 
o f th e  arrangement it  is not true.

W hen a 1, the characteristics can be arranged in  d istinct groups. 
To show this, the non-uniform ity coefficients corresponding to a =  40 and 
a =  100 have been determ ined b y  m eans of the approxim ations in the last 
colum n of Table I , and the obtained values are given in  Table II . These 
characteristics are put side b y  side not only for high values of a , but

Table II

Arrangements
a =  40 a  =  100

C oncentric  s p h e re s .................................... 40 100

Sphere-plane ............................................. 40 100

A sym m etrical s p h e r e s ............................. 40 100

Two spheres ................................................ 20 50

P arabo lo id -p lane  ...................................... 19,8 37,8

H yperbolo id-p lane  .................................. 15,7 33,3

Coaxial cy linders .................................... 10,8 21,7

C ircular cy linder-p lane ........................ 9,1 18,9

B ushing  th ro u g h  a  w a l l ........................ 9,1 18,9

Two hyperbo lo ids .................................... 9,1 18,9

Two c ircu la r cylinders .......................... 5,4 10,8

C o rn e r -p la n e ................................................ 3,25 4,3
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F ig . 2
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also for any other values of it. The characteristics can be classified as 
follow s:

a )  Very strongly non-uniform  fields w ith  /nod« .. This group includes 
th e  fields of concentric spheres and sphere-plane arrangements as w ell as 
th e  fie ld  of two asym m etrically  disposed spheres if  one of them  is at earth  
p oten tia l, the ground being placed at in fin ity .

b)  Strongly non-uniform  fields w ith  /л approxim ately betw een a/2 and 
a/4 for high values o f  a . T hey embrace the fields o f tw o spheres and o f such

arrangem ents as a paraboloid-plane or a hyperboloid-plane approaching the 
point-plane arrangem ent. The field  o f tw o spheres w ith high values of a can 
be considered as a ty p ica l representative of th is group.

c)  Moderately non-uniform  fields w ith  ц  ly ing approxim ately between  
a/4 and a/8. These are the fields betw een tw o coaxial cylinders, betw een a 
circular cylinder and a plane, betw een tw o hyperboloids, and the field  in a 
bushing of circular cross-section. The first tw o of the enum erated arrangements 
are typ ica l and can easily  be calculated.

d )  Slightly non-uniform  fields w ith  ц  <  a/8 for high values of a, 
including the field  betw een  tw o circular cylinders and, strangely enough, 
th a t between a rounded corner and a plane.

The curves furnish a quantitative dem onstration of what is know n about 
the effect of the factors influencing the variation of the m axim um  field  strength. 
W hen at a constant vo ltage and a constant electrode separation th e  shape 
and radius of curvature o f one o f th e  electrodes (and consequently the value  
o f a) are kept unchanged while the shape of the other electrode, i.e. th a t of 
th e  counterelectrode, is varied, _Emax increases if  the capacity  o f th e  arrange­
m en t also increases. The dielectric stress along an ordinate get up at a given  
va lu e of a increases in  the follow ing sequence o f the arrangem ents, when
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for exam ple spherical electrodes are considered: tw o spheres, sphere and 
plane, concentric spheres. A similar result is obtained w ith  any other arrange­
m ents; as an exam ple for a cylinder the order o f  succession w ith  increasing  
dielectric stress is like th is: two cylinders, cylinder-plane, coaxial cylinders. 
Consequently, the larger the surfaces along w hich the electrodes approach 
each other are, th at is, the more is one o f the electrodes surrounded b y  the  
other, the higher is the value o f E max.

I t  can also be seen from this diagram  that the radius o f curvature R  
o f the counterelectrode has a m uch sm aller effect on the m axim um  stress 
th an  radius r. The radius R  of the counterelectrode is R  — r +  a for concentric 
spheres or coaxial cylinders and R  =  oo for a sphere-plane or cylinder-plane 
arrangem ent. An investigation  o f th e  effect o f the variation  in  R  along the 
above m entioned vertica l coordinate shows th at increasing R  from  r a 
to  oo results in a com paratively sm all decrease in the non-uniform ity coefficient, 
th e  sam e decrease being attained w ith  a relatively  sm all increase in r. These 
conditions are shown in F ig. 3, where a decrease A p  is caused b y  a decrease 
A x  according to  the equation

A x  =  x 1 — x 2 =  a 

or b y  an increase Ar

r2 — rx =  Ar =  A x  ■

-------- 1 =  a
r. rI  '  2

A x
( r i  +  Л т )

0 )

(8 )

of th e  radius r. B y  rearranging E qu. (8) and su b stitu ting  r — rx one obtains

X
r A x

---------------  — —-------- - r .
1 — A x /x  X — A x

( 9 )

I f  A R  or A p  is sm all, th e  equivalent change Ar  corresponding to  the effect 
o f the change in R  can be determ ined in an analytical form  b y  using the 
relation

. A u  . Qx
A x  ad  - —  =  Ap  — -  .

ц '  (X) 0Ц
( 10)

IV. The nature o f  non-uniform ity

From the point o f v iew  of an electric breakdown, fields o f first-order 
and second-order non-uniform ities are distinguished. I f  E max increases when  
th e  electrode distance is increased at th e  expense o f the radius o f curvature, 
the fie ld  is considered as having a second-order non-uniform ity, and a partial 
breakdow n can occur in it . In the opposite case the field  has a first-order
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non-uniform ity, and only  to ta l breakdown is possible in the arrangem ent. 
Generally, the conditions can be analysed in  term s of x; the fields in itia lly  
have a first-order non-uniform ity, and beyond a critical va lue acr th ey  change 
to  a second-order non-uniform ity.

A nalytically , the conditions can be follow ed b y  in vestigatin g  E max as 
a function of the electrode separation, E max =  f (d ) ,  i f  a specified w ay is 
prescribed for the electrode d istance a to vary w ith  the radii o f curvature. 
The maxim um  stress p lotted  against the electrode distance th en  has a m ini­
m um , the position o f which w ill give the value o f  a cr­

in  general, for the discussed cases

V
^max № (H )

a

so that the derivative o f E max w ith  respect to  a is found to  be

8
да

E„
у  (fyt/Эя) а — Ц  

а2
( 12)

Since the factor ц  is given as a function o f a in  Table I, it  is convenient 
to  write Equ. (12) in the form

m a x
8 и  Эх

а ---- * ---------- а  .
Эх Эа

(13)

T he differential quotient Э/г/Эа in the formulae o f Table I can easily be 
evaluated. W hen considering the differential coefficient

Эх

Эа

Э

Эа

а

г .

г — а (Эг/Эа) 

г2
(14)

th e  nature of the arrangem ent m ust also be taken  into  consideration. For 
asym m etrical arrangem ents (concentric spheres, coaxial cylinders, electrodes 
against a plane) th e  condition relative to the change in electrode distance  
is satisfied if

r а =  К г =  constant, (15a)
whence

r =  K 1 — а (16a)

and the value to  be substitu ted  in Equ. (14) is

Эа
(17a)

For sym m etrical arrangem ents (tw o electrodes w ith  identical radii of curva­
ture) the condition

2 r - f  а  =  K 2 =  constant (15b)
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m ust be fulfilled, and then

and

r = K ^ a
(16b)

2 2

0Г 1
(17b)

8a 2

W ith these considerations in m ind and by using Equs (13), (14) and 
(17), the position of the extrem e value separating first-order and second- 
order non-uniform ities is furnished b y  the solution of the equation

V  r a^

a2 8«
r +  a 

r2

V_

a2
—— a (1 + a )  — [Л 
9 x

- 0 (18a)

for the asym m etrical arrangem ents and b y  the solution of

V ’ 9 и 2 r -f- a V Г 9/1 | 2 + a |
a2 doc

u
2 r2 a2 дх 1 2 j

(18b)

for sym m etrical arrangem ents.
The calculation is shown for tw o sim ple cases. For concentric spheres 

Table I gives
f* =  1 +  « (19)

whence the expression in brackets in E qu. (13) is w ritten  as

[«(1 +  «) -  (1 +  «)] =  0 ' (20)

the solution of which gives acr =  1. The ratio of the radii in th is case is

R  r -\- a
• —  1 +  a  =  2

Sim ilarly, for coaxial cylinders

Ц
ln  (1 -f- a)

(21)

(22)

so th a t Equ. (13) can be w ritten as

ln (1 +  ж) -  a /( l  - f  a ) 
In2 (1 +  oc)

a (1 a) —
In (1 -|- a)

=  0 . (23)
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The solution of th is  equation is acr =  e — 1, and the ratio o f the radii is then  
given as

R r +  a 

r
1 +  « =  e . (24)

The results calcu lated  in the sam e w ay for a num ber o f arrangements are 
sum m ed up in  T able III.

Table III

A rra n g em e n ts «er
1

a t  <xc r R em ark s

Concentric s p h e r e s ........................................... 1 2 R /r =  2

Two spheres ....................................................... 1,97 1,76 D /r  =  3,97

Two spheres, one of th em  g ro unded  . . 1,33 1,77 D /r =  3,33

A sphere a n d  a  p lan e  ................................. 1,08 1,84 D /т =  2,08

Coaxial c ircu la r cy linders .......................... 1,72 1,72 R /r  =  2,72

Two c ircu lar cy lin d ers  ................................. 3,85 1,58 D /r  =  5,85

A circular c y lin d e r and  a  p lane ............ 1,83 1,56 D /r  =  2,83

A parabolo id  a n d  a p la n e * ........................ 1,29 1,98 -
A hyperboloid  a n d  a plane ..................... 1,42 1,84 -
Two hyperb o lo id s .............. ............................ 2,68 1,82 -
A rounded  co rn er an d  a  p lane .............. 2,08 1,48 —

* A ro u g h  a p p ro x im a t io n ,  because  o f  th e  sm all v a lu e  o f  a .

When the analytica l solution o f E qu. (18) ran into difficulties, a graphical 
construction w as applied. In the last colum n “ R em arks” of Table I I I  the  
quantities appearing in the form ulae for the field  strength are related to  
acr- In these expressions r is the inner radius, R  is the outer radius, and D  is 
the distance betw een  the centres for spheres or betw een the axes for cylinders, 
and when one o f  th e  electrodes is a plane, D  denotes the distance o f this 
plane from the centre of the sphere or from the axis o f the cylinder.

In the in vestiga ted  arrangem ents the values of the non-uniform ity  
coefficient ц  corresponding to  &Cr lie betw een 1,48 and 2 ,0 , that is, in  the  
fields of first-order non-uniform ity /и is smaller than  1 ,5 -i-2,0 and in the fields 
o f second-order non-uniform ity fi is greater than  1,5 4-2,0. On the other hand, 
an even more in teresting  conclusion is th at the va lue acr separating the tw o  
cases is in general greater than  1, and only for concentric spheres is it  equal 
to  1. Consequently, the field  is alw ays o f a first-order non-uniform ity for 
a/r ^  1, and a second-order non-uniform ity is only obtained w ith o/r >  1.
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V. A general m ethod for the approximate calculation  
of the m axim um  dielectric stress

On the base of the previous considerations a simple m ethod m ight be 
proposed for the approxim ate determ ination of the m axim um  potentia l 
gradient of an electrostatic field  produced in a hom ogeneous insu lation  betw een  
tw o electrodes having sm ooth surfaces.

The arrangem ent considered is replaced by the m ost sim ilar case am ong  
those in Figs 1 and 2. In  doing th is, the distance a betw een the electrodes 
m ust b e kept unchanged. The replaced electrodes are preferably chosen in 
such a w ay that the radius of curvature r of the electrode w ith  the greater 
curvature is equal to , or less than, th at of the replaced electrode. In the case 
of tw o similar electrodes this requirem ent refers to the investigated  point. 
The sam e applies to  the algebraic value of the radius of curvature o f the  
counterelectrode, which m eans th at the replacing electrode m ust surround  
(“ envelope” ) the other electrode to  the sam e extent as, or even better than, 
th at w hich has been replaced. After the equivalent arrangem ent has been  
chosen, the coefficient a can be determ ined, and from this va lue the factor  
fi is obtained according to Fig. 1. B y  determ ining the average field  strength  
in E qu. (4), the m axim um  dielectric stress

is readily obtained.
^шах — /" average

A P P E N D IX  I

R ela tionsh ips used to calculate the values o f  the non-un iform ity  coefficient

T h e  n o ta tio n s  in  these  fo rm u lae  a re  as follow s:
E'max m ax im u m  dielectric  stress;
V  vo ltag e  across th e  e lectrodes; 
a  e lectrode d istan ce ;
r  rad iu s  o f cu rv a tu re  o f th e  in n er e lectro d e  or o f th e  e lectrode  w ith  th e  g re a te r  

c u rv a tu re ;
R  rad iu s  o f cu rv a tu re  of th e  o u te r  e lectrode  or o f th e  e lectrode  w ith  th e  sm alle r 

c u rv a tu re .
T h e  seria l n u m b ers  before  th e  fo rm u lae  a re  th e  sam e as in  T able  I.

1* E„ 3

3. E„
V

и R
a r
V ( a +  r

2 a { r

f

w h ere  th e  f a c t o r / a s  a fu n c tio n  of a  =  a /r  is fo u n d  to  be

f  =  (“  +  *) +  ^ - fT 2  4 " 2 (a  -+ 2)3 +  2 (a  +  2)4 +

+
2 a

2 (a  +  2)5 (a  +  2У  (a  +  2)8 ’
acco rd in g  to  R u ssel’s ap p ro x im atio n .
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4. E,max — f

T h e  v a lu e  o f / '  is g iven  b y  K irc h h o ff’s e llip tical in te g ra l series, a n d  fo r a  >  ! 
m a tio n  is ob ta in ed  b y

, ,  , 1 1/  = «  +  ■a +  1 (a  +  1) (a  +  2)3

5. E„ =  Í 2a  + r I r ) 
2 a  1, r  2 a +  r J

6- £ n 3x =  —  f "  .

w h e re /" (a )  = / ( 2 a )  b y  u s in g  R u sse l’s fo rm ula  fo r tw o  spheres 

F

r  In
Я

8- Яшах ----------------- í -  +  •2 in a +  r  U  a + r )

9. E„

10. E„

Y a2 +  4 ar -f- a
2 r  ln

a  +  4 i

ln

Y  a2 +  4 a r  — a

r  (±  +  _ J _ ) .
a + r  1. r  2 a  +  r  J

r  ln
^ a 2 +  2 a r  +  

/ a 2 +  2 a r  — a 

2 F

* ln
г -f- 2 a

2 |/ a 2

Y  a2 +  ar +  a
ln

Y a2 +  ar — a

V  Y +  2 ar

+  2ar +  a
ln

15. £ ,

Y a2 +  2a r — a 

F
max -  2 R

r  l n ------

16. G raph ica lly  d e te rm in e d  b y  D r ey fu ss  [2].
T he d e riv a tio n  o f th e  fo rm u la  can  be fo u n d  in  th e  specia l lite ra tu re  

en g in eerin g  of e lectric  fie ld s  (for exam ple  [1, 2]).

a good ap p rox i-

on h igh  v o ltag e
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A P P E N D IX  II

Calculated values o f  the non-un iform ity  coefficient

a

T h e  v a lu es  o f  fi o f  th e  follow ing a rra n g e m e n ts :

TW O  8 >heres Sphere -p lane

C
oa

xi
al

cy
li

nd
er

s

T w o  cy lin d ers C y linder-p lane P o in t-p la n e

P
oi

nt
—

po
in

t 
(h

yp
er

bo
lo

id
)

B
us

hi
ng

 t
hr

ou
gh

 
a 

ci
rc

ul
ar

 h
ol

e

C
or

ne
r-

pl
an

e

C
on

ce
nt

ri
c

sp
he

re
s

L
ar

ge
ra

di
us

S
m

al
l

ra
di

us

O
ne gr

ou
nd

ed

L
ar

ge
ra

di
us

S
m

al
l

ra
di

us

L
ar

ge
ra

di
us

S
m

al
l

ra
di

us

L
ar

ge
ra

di
us

S
m

al
l

ra
di

us

P
ar

ab
ol

oi
d

H
yp

er
bo

lo
id

0 1 l l l l l l l l l

0,2 1,2 1,07 1,07 1,14 i , i i 1,03 1,08 1,13 i , i 1,05
0,5 1,5 1,17 1,20 1,36 1,24 1,08 1,16 1,30 1,17 1,12
0,8 1,8 1,28 1,38 1,61 1,36 1,14 1,26 1,49 1,27 1,2
1 2 1,36 1,52 1,77 1,44 1,16 1,32 1,82 1,60 1,34 1,24

1,5 2,5 1,56 1,91 2,22 1,64 1,24 1,47 2,17 1,88 1,48 1,35
2 3 1,77 2,34 2,68 1,83 1,32 1,6 2,48 2,14 1,62 1,12 1,47

2,5 3,5 2,03 2,8 3,15 2,0 1,39 1,75 2,79 2,40 1,77 1,29 1,58
3 4 2,22 3,25 3,63 2,16 1,47 1,87 3,02 2,64 1,91 1,46 1,65
5 6 3,15 3,9 5,17 5,59 5,55 2,8 1,73 1,62 2,4 2,28 4,17 3,56 2,38 2,1 1,85
8 9 4,60 4,55 8,11 8,55 8,5 3,67 2,16 2,04 3,12 2,98 5,65 4,84 3,1 2,77 2,08

10 11 5,58 5,55 10,1 10,5 4,18 2,38 2,29 3,53 3,43 6,6 5,6 3,52 3,24 2,22
15 16 8 15,07 15,5 5,42 2,97 2,88 4,5 8,75 7,53 4,61 4,38 2,54
20 21 10,5 20,05 20,5 6,6 3,45 5,55 10,75 9,3 5,65 5,35 2,72
25 26 13 25,04 25,5 7,7 4,0 6,5 12,7 11 6,57 6,3 2,89
30 31 15,5 30,03 30,5 8,75 4,54 7,4 14,6 12,8 7,52 7,1 3,04
40 41 20,5 40,03 40,5 10,75 5,53 9,25 18,3 15,95 9,3 9,15 3,37
50 51 25,5 50,02 50,5 50,5 12,7 6,45 10,9 21,7 19,1 11,1 10,8 3,65

100 101 50,5 50,5 100 100,5 100,5 21,6 10,96 18,9 37,7 33,6 19,2 18,9 4,3
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1 . O l l e n d o r f , F .: P o te n tia lfe ld e r  der E le k tro te ch n ik . Sp ringer, E e rlin  1932 .
2. E i s l e r ,  J . :  N agy feszü ltség ű  tec h n ik a  (H ig h -ten sio n  T echnic). A k ad ém ia i K iadó , B u d a p es t

1965 .
3. B o u w E R S ,  A.: D ie m ax im a le  e lek trische  F e ld s tä rk e  fü r  einige e in fache  E le k tro d e n a n o rd ­

nungen . Philips'1 Technische R undschau 6  ( 1941 ) , 2 7 4 .

N Ä H E R U N G S W E IS E  B E ST IM M U N G  D E R  G R Ö SS T E N  B E A N S P R U C H U N G  
IN  E L E K T R IS C H E N  F E L D E R N

GY. V AJD A

Z U SA M M EN FA SSU N G

Die A rb e it b r in g t  e in  V erfah ren  fü r  d ie näherungsw eise  B erechnung  der g rö ß ten  
B ean sp ru ch u n g  in  s ta tisc h e n  e lek trisch en  F e ld ern . D u rch  eine zw eckm äßige S u b s titu tio n  der 
E le k tro d e n  k an n  d ie U n te rsu c h u n g  des Feldes a u f  die U n te rsu ch u n g  v o n  einigen e in fach eren  
u n d  le ich t zu b e rech n en d en  A n o rd n u n g en  z u rü ck g e fü h rt w erden . D ie R ech en arb e it w ird  d u rch  
d ie  E in fü h ru n g  des In h o m o g e n itä ts fa k to rs  seh r e rle ic h te rt. D ie A rb e it zeig t auch  e in  B erech ­
n u n g sv e rfah ren  fü r  d ie n u m erisch e  T ren n u n g  d e r in h o m ogenen  F e ld e r e rsten  G rades von  
d en jen ig en  zw eiten G rades.

D É T E R M IN A T IO N  A P P R O C H É E  D E  LA C O N T R A IN T E  D IÉ L E C T R IQ U E  M A X IM U M  
D A N S L E S  C H A M PS É L E C T R IQ U E S

GY. V A JD A

R É S U M É

L ’étude  p ré sen te  u n e  m éthode  p o u r le calcu l app ro ch é  de  la  c o n tra in te  m ax im u m  
d a n s  les cham ps é lec tr iq u es  s ta tiq u e s . P a r  une  su b s titu tio n  con v en ab le  des électrodes, on  p e u t 
ré d u ire  l’é tude  du  ch am p  à l ’ex am en  de quelques a rra n g e m e n ts  p lu s sim ples, faciles à  calcu ler. 
L e tra v a il  du  calcul e st n o ta b le m e n t facilité  p a r  l’in tro d u c tio n  d u  coefficien t d ’inhom ogénéité . 
L ’é tu d e  m on tre  aussi u n e  m é th o d e  p o u r la  sé p a ra tio n  n u m ériq u e  des cham ps inhom ogènes au  
p re m ie r e t au  second degré.

ПРИБЛИЖЕННОЕ ОПРЕДЕЛЕНИЕ МАКСИМАЛЬНОЙ НАГРУЗКИ 
ЭЛЕКТРИЧЕСКИХ СИЛОВЫХ ПОЛЕЙ

Д Ь . В А Й Д А

РЕЗЮМЕ

В работе демонстрируется метод приближенного расчета максимальной нагрузки 
электрических силовых полей. Целесообразным замещением электродов исследование 
силового поля можно свести к нескольким более простым и легко вычисляемым схемам. 
Расчет значительно облегчается введением коэффициента неравномерности. В работе 
показана методика расчета также для числового разделения негомогенных силовых 
полей первого и второго порядка.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



Acta Technica Academiae Scientiarum Hungaricae. Tomus 56 (3—4), pp. 333—344 (1966)

INCREASING THE EFFICIENCY 
OF GAS TRANSMISSION PIPE LINES

A. FO N Ó
C O R R E S P O N D IN G  M E M B E R  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S  

[M anuscrip t rece ived  M arch  21, 1966]

T he effic iency  of gas tran sm iss io n  p ipe  lines can  be in creased  b y  reducing  th e  d is tan ces  
b e tw een  th e  com presso r s ta tio n s ; in  ex is ting  sy s tem s th e  m eth o d  to  step  u p  effic iency is to  
in se r t  in te rm ed ia ry  com pressor s ta tio n s . T h e  in se rtio n  of com pressor s ta tio n s  im p ro v es th e  
econom y of o p e ra tio n  even  before  i t  becom es a n ecessity  fo r h ig h er efficiency. T he lo ad  a t  
w hich  a com pressor s ta tio n  in  th e  ha lv ing  p o in t b e tw een  tw o  ex is tin g  ones c o n trib u te s  to  
b e tte r  econom y, can  be  calcu la ted . T he p a p e r p re sen ts  a  calcu la tio n  to  estab lish  th e  a n n u a l 
ru n n in g  tim e  n eed ed  to  cover th e  am o rtisa tio n  costs o f such  a n  in te rm ed ia te  com presso r 
s ta tio n  fo r c o n s ta n t lo ad  ro u n d  th e  year. I t s  r a te  p ro v id es in fo rm a tio n  on th e  econom y of th e  
in v es tm e n t. T he a n n u a l o p e ra tin g  tim e above w h ich  th e  e s tab lish m en t of an  in te rm e d ia te  
com pressor s ta tio n  im p ro v es econom y w ith  v a ria b le  load  can  be  d e te rm in ed  on th e  b asis  o f 
th e  load  freq u en cy  curve. Cases in  w hich th e  in se rtio n  of tw o in te rm e d ia te  com pressor s ta tio n s  
offers b e tte r  econom y th a n  th e  se ttin g  up  of one on ly , can  be c a lcu la ted  according to  a  s im ila r 
m ethod .

To increase the capacity of gas transm ission lines it  is custom ary to  
insert compressor stations along the line. The insertion o f compressor stations  
m ay be econom ically advantageous even  before gas production has grown  
to  such an exten t th a t operation would not be possible w ithout them . In  fact  
their insertion is justified  in all cases when the annual charges on the in vested  
capital are less than  the value of labour saved  through the operation o f the  
compressor station .

W hat follows is the exam ination o f the econom y of the insertion of  
compressor stations in a given gas transm ission pipe line.

Known are:

i[m ] th e  le n g th  o f th e  line section  be tw een  tw o  ex is tin g  com pressor s ta tio n s;
Pa [kg/sq .cm ] th e  en d -p ressu re  o f com pression  adm issib le  b y  th e  s tre n g th  of th e  g iven  

p ip e;
Pb [kg/sq .cm ] th e  p ressu re  a t  th e  end  of th e  line  sec tion  of a  le n g th  of l ah ead  of th e  

com pressor s ta tio n .

There are no differences in level along the said line section which w ould  
require special consideration.

The pressure drop corresponding to  th e  diam eter o f the pipe line, over  
a length  l betw een tw o compressor stations, in function  of the quantity  of 
gas transferred, q [N . cu. m /h], is expressed by the follow ing relationship:

P l - P b  =  C1 - q2 l .  (1)
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Sim ilarly, w ith  the pressure of p c at th e  end of the line section  Z/2:

p l ~ p l  =  Cl - . (2)

Compression work is determ ined b y  the relationship (3)

L  =  C .q  —  log Р-а- [ Ш ] ,  (3)
V Pb

w here rj is the efficiency.
From  (1) and (3) follows:

£  =  c - - loS T т 4 - л  l k w l- <“ )V VPl — q2 I

W here there is no special reason for a different arrangem ent, the  
com pressor station  is inserted at the halv ing  point of the d istance l. A lthough  
according to this arrangem ent tw o com pressor stations w ill consum e power, 
each w ill need considerably less due to  the smaller pressure drop along the  
line section  of half the length.

The compression work of the tw o stations w ill add up to:

2 L e =  C • —-  2 log =  C -  2 l o g -  .  Pa.-.-------- ,

Ve Pc Ve f p l - C ,  q2~

2 L e =  C • l o g ----------^ — T — - (5)
Ve Pa — Cj q2

Power consum ption w ith an interm ediate compressor station  will be 
low er than w ithout it  if

L ^ >  2 L e

consequently , from (4) and (5)

Pa---- log Pa...........]> log
V Kpa — C1q2 l f)e

Pa
n 2   Г  „2Pa '-'I 9

l ’

Pa Щ

L Ы - C i t i
> p i I1/’),

P l  -  C ! ?
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p i  -  C i  q 2
l

Y
>  Pa

IY  _  I )
\ Ve  VJ

(1/P 2 - C ig 4 ) 1/4

Here follows a verification o f calculating with the assum ption that

rjOdrje .

V Y

0 q[ n? /h]

F ig . 1. V a ria tio n s  in  gas com pressor e ffic iency

In this case, nam ely,

Pl -  C1 q2 ~

I p l  ~ C y q2 I ' 

p t - 2 p l C i q 2

’ Pai

~  C f  q* >  P a  C 1 P a  q2 I 
2 4

C \ q ^ > 0
4

i.e . it  is always justified  econom ically  to keep an interm ediate, am ortised, 
compressor station  in operation i f  the change in its efficiency is of negligible 
m agnitude.

The interm ediate com pressor station  be of the sam e ty p e  as the one 
already existing or selected in such a w ay that under th e  given operating 
conditions, its m axim um  efficiency should be attained at the given load.

I f  the la tter case is chosen the relative m ean efficiency of the tw o  
series-connected compressor sta tion s can not be low er th an  i f  both  are of 
the same type.

I f  the new compressor sta tion  is o f the same typ e as the existing one, 
its efficiency — due to  the dim inished pressure gradient — will change in 
the same w ay as th e  efficiency does w ith the new volum e corresponding to  
the changed pressure of the gas on arrival. Fig. 1 show s the variations of 
com pressor efficiency in function  o f the compressed volum e. The optim um
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rela tive  efficiency is m arked 1. Gas pressure, from рь at the point of arrival 
is increased to p c. This change influences the efficiency. I t  m ay be assumed 
th a t the existing com pressor had operated at approxim ately optimum  
efficiency.

As per (1) and (2), the volum e dim inished according to  the pressure 
ratio рь/рс

(f I Cx =  p i  —  pi  =  2 {pi  —  p i ) ,
since

P i  +  Pb n2
_ -- ’

Pb
Pc - 1

2 p l  
i P l+ P b (Pa/PbY  +  1

(6)

(V

Assum ing, for in stan ce  p a to  be 70 kgs per sq .cm , w ith  th e  efficiency  
according to F ig. 1 we obtain the values in Table I.

Table I

Pb PblPc 4 r . %

66,5 0,975 99,7

63,5 0,95 99,4

60,0 0,92 99,0

56,0 0,89 96,5

50,0 0,825 94,0

Since in th e  c o n v en tio n a l com pressor s ta tio n s  th e  com pression  ra tio  is below  70/50 =  
=  1,4 th e  above r)r =  94 p e r  c e n t m ay  be reg ard ed  to  be th e  e x trem e  v a lu e  a n d  th e  a ssu m p tio n  
T]esdrj is  acceptable.

I n  the case o f  a compressor station y ie ld ing constant performance  round 
th e  year, if  the first cost am ounts to  L e ■ a and its annual am ortisation rate 
is L e • ab, then savings accrued b y  consum ption of 2 L e only — instead o f  
L  — during h num ber of hours, m ust exceed L e ■ a b. I f  the cost per kW h, 
including supplem entary costs, is C2, am ortization is covered provided constant 
load  over h hours per annum  when

v iz . provided that
ab L e <  C2 (L  — 2 L e) h

— <  — ----- - 2 .
C2 h L e
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Calculations have been carried out w ith  the cost of kW h of power as 
u n ity , independent of any currency.

A t constant load, the length  o f operating period in term s of hours, to  
cover am ortisation is as follows:

h
1

L /L 2 — 2

Substituting L  and Le from (4) and (5) respectively

where, as per (6):

h ^

Pa
Pc

1

ah l o g  (Pa/Pb) _  2
C 2 l o g  ( P a / P c )

. =  f  -  2  .
' 1 +  ( Pb/Pa)2 ’

] 2
/ 1+

IPb
Pa

ab

l o g  (Pa/Pb)
^ ф
c.

Pa_ 

P b  .

log 1 +  ( Pb/Pa)2

( 8)

( 9 )

where аЬ/С2 denotes the annual am ortisation rate of the capital invested, 
in term s of unity  of labour, for in st. cost in  kW h. This u n ity , for loads in 
the environm ents of the order of Le can be readily established.

According to  relationship (1), the pressure o f gas at its arrival to  the  
com pressor station , prior to  the settin g  up o f the new interm ediary com ­
pression station (рь), depends on the rate o f gas transfer v iz . g[N . cu. m /h]:

2 2 ó i /7Pb =  Pa — r  1 C1 •
T h e  n e x t ex am p le  w as c a lcu la ted  w ith  p a a t  70 k gs p e r sq .cm . I t  h a s  b een  assum ed  th a t  
P b ~  50 kgs p e r sq .cm  co rresponds to  =  qmax, conseq u en tly

Pa
P b min

=  1,4 .

So calcu la ted , Ф(ра!Рь)тах =  2,55; fu r th e rm o re , i f  in  th e  exam ple  
a — 200 $ p e r kW , 
b =  12 p e r cen t,

C2 =  0,02 $ pe r k W h
a n d  co n seq u en tly  ab/C2 =  1200, th e n  th e  o p e ra tin g  tim e  h  1200X 2,55  =  3060 h o u rs  pe r 
a n n u m .

In  th is  exam ple  w ith  th e  a ssu m p tio n  o f l to  be  121 000 m  an d  d to  be  0,5 m  a n d  fo r 
P  k g /m 2

a 2 __ q.2 l
P a  ~ ~  P b  min 1,21 • 106 d 16/3

92 121 000 • 216/3 
T,21 • 106 a t  4 g2 =  (49 — 25) • 1010 ,
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th e n
24 • IO1» =  4 g2 ; Je. =  4 ; (10)

q =  245 000 N . cu .m /h  .

A ccordingly, w ith  c o n s ta n t  245 000 N .  cu .m  p e r  h  lo ad  ro u n d  th e  y ear, u n d e r  th e  
co n d itio n s given in  th e  ex am p le , th e  e q u ip m en t can  be am o rtised  in  3060 ho u rs  p e r y e a r  o f 
o p e ra tio n . T his m eans t h a t  th e

8760 — 3060 
8760

0,65*6 p a r t

o f th e  cap ita l in v e s tm e n t re p re se n ts  th e  p ro fit.

W ith variable load during the year,  on the other hand, in which case 
the load is determ ined b y  chart N o. 2, the procedure follow ed is to com pute  
the potential savings derived w ith  an interm ediate compressor station  for 
each rate of load and to  sum  those up in consideration w ith  the tim e durations, 
viz . to derive

C2 J* (L — 2 L 2) dh  .

This saving in  cost is subsequently compared w ith the ab L e max deducible 
cost, which corresponds to  the capital investm ent. Thus, we derive

From  (6)

C2qe1 Pa]og ra- -  2 log
Рь ' P

dh >  ab gmax C1 log Pa

- L  log i  S *  i„g0 ? m a x  {Pa/Pc)2 2 Pcm  n

Pa 2 Pi  +  Pb
Pc 1 +  (Pb/Pa) 2 •>

PalPb PÎ Pa +  Pb 1 Pa
p U p i PaPb 2 Pa Pb 2 Pb

4 Pal°g  I0 ? m a x  ^  ' Pb
J h
Pa!

dh
ab

+

log

Pb
Pa

1 +  iPb/Pa)2
m i n

A s per the  p reced ing  ex am p le : 

lcv =  4,

Pa
Pb

Pa

Pb

P <
P* ■ q2lcl (1 — 4 q2/p 2a)

1 - 4  (q/q.aJ 2 Qm&xIp D

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



E R R A T U M

K in d ly  in se r t th e  follow ing corrected  te x t  on  page 337 of llxe A cta  Techn. H ung . 56 
(1966), a f te r  th e  4 th  line:

, ab 1 
/1 ■

=  C, L/Lc -  2  ’

substitu ting  L  and L e from (3) and (5), respectively

h
ab I

f o g  (PjPb) _ 2 
fog (Pa/Pc)

where, as per (6):

Pa
Pc 1 +  (PblPaf

h
ab
C,

1

fog

f o g  ( / f t  / f t , )

2

1  +  (PblPaf

Ub ф ' I A .  .
C., / f t ,

( 8 )

( 9 )

Redact ion o f  the A cta  Techn. H ung.
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since fro m  (10) 

a n d
p ! -  P lmin =  4 g;2max

Pa 1 -
1 2

1,4
=  4 g2 =ïmax

Pa
2,03

9шах
Pa

8,12
9m

Pa 2,03

Pa

Pf> 1 —
2,03 9m ax

rh  rh
Ф — d /l =  I

»/ 0 \  (Zmax 0
- ^ l o g - L

9m ax 2

1 9
2

2,03 umax 1 -
d h

2,03 9  m

ab
— bg

F ro m  th e  exam ple
1 +  (1/1,4)2

ab

--  0,061
ab

с Г  •

=  1200

Ф dh  ^  73 .

T h e  v a ria tio n s  of gn/gmal o v er th e  y e a r  in  th e  g iven  exam ple  a re  i llu s tra te d  in  F ig . 2. 
D iv id in g  th e  y ear in to  te n  p a r ts , 876 ho u rs  p eriods will be  ex am in ed . A ccord ing ly , a f te r  
su m m in g  u p  th e  values we derive

8760 “  qn 1

1 0  è l  9 max 0 g  2

Л 1 9a
|/ ] 2,03 Ятлх

l

l / i  1 9a
2

1 * 2,03 Ятлх

^  73 .

Qmat
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At th e  given sm all v a lu es o f  qn/qmax; <р(Яп/Чт!а) a re  neglig ib le, th is  is in d ic a te d  also in  F ig . 3.
I n  th e  follow ing T ab le  I I  th e  va lues o f <p(qn/qM I) are  g iven  in  co n fo rm ity  to  c h a r t N r. 3. 
T he tim e of a m o rtisa tio n  w as ca lcu la ted  acco rd ing  to  th e  freq u e n c y  cu rve  of F ig . 2, 

fo r  1 /10 y ear periods a n d  su m m ated .

Table II

4n <f (  4n \ 1 - ф (  Чл \
9 max V 9mas / 8760 h'i V \  9max /

0,45 0,00058

0,55 0,00083 0,05 0,00008

0,65 0,0014

0,75 0,0039

0,85 0,00915 0,1 0,00092

0,90 0,0116 0,25 0,0029

0,95 0,019 0,40 0,0072

1,00 0,025 0,20 0,005

1,0 0,016

W ith  th e  load  of th e  cu rv e  o f F ig . 2 an d  u n d e r  th e  c o n d itio n s o f th e  exam ple, th e  
a m o u n t  available fo r a m o rtisa tio n  is p ro p o rtio n a l to  th e  cost of

0,016 ■ 8760 =  140 k W h o u rs,

w h ile  th e  sum  req u ired  fo r  a m o rtisa tio n  is p ro p o rtio n a l to

ab
0,061 -------=  0,061 • 1200 =  73 k W h  .

c

W ith  a 73/140 =  0 ,5 2 th  p a r t  u sed  to w ard s  th e  a m o rtisa tio n  o f in v es tm e n t, th e  n e t  
p r o f i t  is

0,48 p a r t

a n d  th e  annual o p e ra tin g  t im e  re q u ire d  fo r a m o rtisa tio n

73
-------- =  ,0,52 • 8760 =  4540 h o u rs  .
0 ,016

Along a similar procedure, the case when the insertion o f  two compressor 
sta tions instead o f  one is the more econom ical solution, can also be calculated.

The setting up o f tw o compressor stations w ith constant load is econo­
m ica lly  justified i f  th e  am ortisation of the additional investm ent can he 
covered  from the savings in power costs. This means th a t the running expenses 
o f 3 stations are securing bigger savings than the am ortisation of the in vest­
m en t costs of tw o inserted  stations against one.

a )  L e кW is the power dem and of one interm ediate compressor station ,
and

a L e its first cost.
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b)  2 L e2 kW  power is consum ed b y  tw o interm ediate stations, w hile

L  kW  is the pow er consum ption o f th e  line w ith ou t com pressor stations; 
b denotes the annual am ortisation rate.

W ith C2 as th e  u n it cost of a kW h, th e  annual cost o f energy during  
h hours per annum  is

in case a)  

in  case b)
hC2 (L  — 2 L c) ;

hC2 (L — 3 L e ).

F ig . 3. T he effect o f lo a d  u p o n  ru n n in g  costs

The cost of power w ith  two interm ediate com pression stations (instead  
o f  one) is lower b y  th e  difference betw een  the tw o, v iz . by

hC2 (2 L e — 3 L 2) .

This m eans th a t the larger capital investm ent is justified  if  

ba2 2 L e2 -  Ъаг L e ^  hC2 (2 L -  3 L el), 

2 ^ L c2- L e ^ ^ ( 2 L e - 3 L e2),

a i L e 2 __1_ ^  hC2 / j ___3̂  L e2
« 1  L e 2 bal I 2 L e

9 * Acta Technica Academiae Scientiarum Hungaricae 56, I960



342 A. FONÓ

a2 ^  L e hC2 1 3 Le 2
ai L e2 bax

1 CS1 L e

=  A .

Should the in vestm en t cost in the environm ents of an order o f L  m agni­
tu d e be w ritten by an expression of the shape of K x -f- L  K 2, then

K 1 +  L c2 K 2
a, =

K x +  L e K 2

e . L*e2
+

K ,

+

Ki_
и

К г

к . , J _ ,  * 2 .
L .  К ,

<
bal

_3
2

+

I K ,

A + ^ L e ^

ba.
A - — 1 +  -

K 2

К г

К г

L A  1 -

+ i i ,
hC2

\a ~  —

^
 1+

Кг bax 2 2 J

hC2
bax

+
<  hC.2

ba,
A  - 4 -  +

hC0

L e <.
K x bax

K 9 1 - h(k
bax

3
2

A  - ■

A

2

2
+

A  is a function o f l and q, the lim it value of L e, in addition to l, is also  
determ ined by q. I f  increasing load atta ins the q value w hich corresponds 
to  L e kW , the insertion o f tw o interm ediate compressor stations is an econom ical 
proposition.

W ith variable load , on the basis o f the load curve, the calculation can  
he performed in the sam e w ay as in  the case of the insertion o f one single  
com pressor station.

Acta Technica Academiae Scientiarum Hungaricae 56, I960



INCREASING THE EFFICIENCY OF GAS TRANSMISSION PIPE  LINES 343

S T E IG E R U N G  D E R  L E IS T U N G S F Ä H IG K E IT  V O N  G A S F E R N L E IT U N G E N

A . F O N Ó

Z U SA M M E N FA SSU N G

Die L e istu n g sfäh ig k eit von  F ern le itu n g en  k a n n  d u rc h  V erringerung  de r E n tfe rn u n g  
zw ischen den K o m p resso rs ta tio n en  e rh ö h t w erden . B ei v o rh a n d en e n  F e rn le itu n g en  i s t  es 
ü b lich , die L e istu n g sfäh ig k eit m itte ls  d azw isch en g esch a lte te r K o m p resso rs ta tio n en  zu  s te i­
gern . D as D azw isch en sch a lten  von  K o m p resso rs ta tio n en  k a n n  die W irtsch aftlich k e it s te ig e rn , 
noch b ev o r es des D azw ischenschaltens zu r E rh ö h u n g  der L e is tu n g  b ed ü rfte . E s is t  b e re c h e n ­
b a r, bei w elcher B e la s tu n g  der B e trieb  einer V e rd ic h te rs ta tio n  in  h a lb e r E n tfe rn u n g  zw ischen  
zwei V e rd ich te rs ta tio n e n  die W irtsc h aftlic h k e it e rh ö h t. D ie zu r A m ortis ie rung  der B a u k o s ten  
einer dazw isch en g esch a lte ten  K o m p resso rs ta tio n  n ö tig e  A n zah l von  jäh rlich en  B e trieb s s tu n ­
den w ird  fü r  den  F a ll e iner w ährend  des Ja h re s  u n v e rä n d e r te n  B e lastu n g  berech n et. D a d u rc h  
k a n n  die W irtsc h a ftlic h k e it de r In v e s titio n  b e u r te il t  w erden . Im  F alle  e iner sich w ä h ren d  des 
J a h re s  än d ern d en  B e la stu n g  k a n n  diejenige jäh rlich e  B e trieb ss tu n d en zah l, ü b e r w elcher die 
Schaffung  einer d azw ischengeschalte ten  K o m p re sso rs ta tio n  w irtsch aftlich  is t ,  a u f  G ru n d  de r 
H ä u fig k e itsk u rv e  de r B e lastu n g  festg es te llt w erden . M it e inem  äh n lichen  V erfah ren  k a n n  
b e rech n e t w erden , w an n  es w irtsch aftlich er is t, zw ei V e rd ich te rs ta tio n e n  a n s ta t t  e in e r d azw i­
schen zu  schalten .

L ’A U G M E N T A T IO N  D E  L ’E F F IC A C IT É  D E S  L IG N E S  D E  T R A N S P O R T  D E  GAZ

A . F O N Ó

R É S U M É

L ’efficac ité  d ’u n e  ligne de tra n s p o r t  p e u t  ê tre  a u g m en tée  p a r  la  d im in u tio n  d e  la  
d is tan ce  e n tre  les p o ste s  de com presseurs. E n  cas d ’un e  ligne  de tra n s p o r t  ex is ta n te , on  a u g ­
m en te  g én éra lem en t l’e fficacité  p a r  u n  p o ste  de co m p resseu r inséré . L ’in se rtio n  d ’u n  p o s te  
p e u t au g m e n te r l’économ ie, a v a n t m êm e que  c e tte  in se rtio n  ne dev ienne nécessaire en  v u e  de  
l ’au g m e n ta tio n  d u  re n d em en t. On p e u t calcu ler à quelle  charg e  le p o ste  de com presseur é ta b li  
à m i-d is tan ce  e n tre  d eu x  p ostes de com presseurs e x is ta n ts  au g m en te  l ’économ ie. Le n o m b re  
d ’heures de  serv ice  p a r  an , nécessaire p o u r l’am o rtisse m en t des fra is  de co n stru c tio n  d ’u n  
p o ste  de com p resseu r in séré  e s t calculé p o u r le cas d ’un e  ch arg e  c o n s tan te  au  cours de l’année . 
O n p e u t ju g e r  p a r  là  de  l ’économ ie de l’in v estissem en t. A u  cas de charges v a riab les a u  cours 
de l ’année , le n o m b re  d ’heures de service p a r  a n  au-dessus d u q u e l la  c o n stru c tio n  d’u n  p o s te  
de com presseur in séré  e st économ ique, p e u t ê tre  é ta b li  en  p a r ta n t  d ’u n  d iag ram m e de fréq u en ce  
des charges. P a r  u n  p rocédé  sem blable, on  calcule d an s quels cas l ’in se rtio n  de deu x  po stes  de  
com presseurs au  lieu  d ’u n  seul d ev ien t p lus économ ique.

ПОВЫШЕНИЕ ПРОПУСКНОЙ СПОСОБНОСТИ МАГИСТРАЛЬНОГО
ГАЗОПРОВОДА

А . Ф О Н О

РЕЗЮМЕ

Пропускную способность газопроводов можно повысить уменьшемнием расстояния 
между компрессорными станциями. В случае работающего газопровода при повышении 
пропускной способности обычно прибегают к дополнительному устройству на участках 
компрессорных станций. Устройство дополнительной компрессорной станции может 
повысить экономичность еще перед тем, как его устройство потребуется вследствие необ­
ходимости повышение пропускной способности газопровода. Можно вычислить, что при 
эксплуатации компрессорной станции на участке между двумя компрессорными стан­
циями при какой нагрузке повышает экономичность. Подсчитано годовое число рабочих 
часов, необходимых для покрытия расходов устройства промежуточной компрессорной 
станции для случая неизменной нагрузки в течение всего года. С этим можно определить 
экономичность капитальных затрат. В случае изменяющейся в течение года нагрузки на 
основе кривой частоты нагрузки можно определить то годовое число рабочих часов, 
сверх которого устройство промежуточной компрессорной станции будет экономически 
выгодным. Схожим методом можно вычислить, в каких случаях выгоднее устраивать 
вместо одной промежуточной компрессорной станции две станции.
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D I E  S T A T I S T I S C H E  B E W E R T U N G  
D E S  V E R B R A U C H E S  I N  R A D I A L N E T Z E N

I. B A C H
KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN 

FORSCHUNGSINSTITUT FÜR ELEKTRIZITÄTSWIRTSCHAFT, BUDAPEST

[E ingegangen  a m  10. Ju n i, 1966]

Im  L aufe  der P ro je k tie ru n g  von  R a d ia ln e tz e n  ergeben  sich  N ach te ile  ein iger gegen­
w ä rtig e n  B erech n u n g sm eth o d en , bei denen  d ie  G leichzeitigkeit n ic h t  e x a k t  b e rü ck sic h tig t 
w erd en  k a n n . Diese w erd en  d a d u rch  e lim in ie rt, daß  die B e la s tu n g en  des N etzes als Zufalls­
v a r ia b le  b e tra c h te t  w erden . D ab ei w ird die re su ltie ren d e  B e la s tu n g  de r in d iv id u e llen  V er­
b ra u c h e r  als n o rm alv erte ilt  v o rau sg ese tz t, u n d  so w erden sich  a u c h  die B e lastu n g en  der 
K n o te n p u n k te  u n d  der L e itu n g ss treck en  eben fa lls  als n o rm a lv e rte ilt  ergeben . Bei de r B erech ­
n u n g  des g rö ß ten  S p an n u n g sab fa lls  w ird  a u c h  d e r U m stan d  b e rü ck s ic h tig t, d aß  d ie in  den 
e inzelnen  L eitu n g sstreck en  a u ftre te n d e n  S p an n u n g sab fä lle  n ic h t als u n ab h än g ig  b e tra c h te t  
w erden  k ö n n en . Bei der B e rech n u n g  der N e tzv e rlu s te  w ird das W ah rsch e in lich k e itsm o d e ll der 
B e la stu n g en  angew endet. In so fe rn  de r u rsp rü n g lich e  V erb rau ch  a ls au s  e in igen c h a ra k te r is ti­
schen V e rb rau c h sty p e n  zu sam m en g ese tz t b e tr a c h te t  w erden k a n n , lassen  sich die in  den  R o u ­
tin b e rec h n u n g e n  v o rk o m m en d en  K o n s ta n te n  a u f  G rund  de r V e rb rau c h sk u rv e  de r einzelnen 
K a teg o rien  im  voraus b e rech n en . E s w erden  a u c h  die Ä n d eru n g en  in  d e r B e lastu n g  b e rü ck ­
s ich tig t, die du rch  die Z u n ah m e  der B e lastu n g  im  L aufe  des J a h re s  b e d in g t sind.

I. E inleitung

B ei Planung von  V erteilungsnetzen strebt m an an, das N etz für die 
Versorgung gegebener Verbraucher so anzulegen, daß dabei

a)  die vorgeschriebenen technischen Bedingungen befriedigt werden; 
und zugleich

b)  die m öglichst höchste W irtschaftlichkeit der Energieversorgung  
erreicht wird.

H insichtlich der Erfüllung der technischen B edingungen muß beachtet 
werden, daß die B elastung der L eitungen unter ihrer B elastbarkeit liegen  
soll und der größte Spannungsabfall den zulässigen W ert n icht überschreiten  
darf.

Für die Beurteilung der W irtschaftlichkeit ist den Investitionskosten  
die Ersparnis an den Betriebskosten  gegenüberzustellen. E ine N etzerweiterung  
kann als w irtschaftlich angesehen w erden, wenn der K apitalaufw and unter 
dem  K ostengleichwert der als Ergebnis der M odifizierung herabgesetzten  
N etzverluste bleibt.

Für die üblichen einfachen A nalysen  begnügt m an sich in der Regel 
m it den obigen U ntersuchungen. Die in  der Berechnung angew andten alle
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drei Größen — die höch ste B elastbarkeit der Leitungen, der größte Span­
nungsabfall und der N etzverlu st — sind von den B elastungen der 
A bnehm er, richtiger gesagt, von  der E inschätzung des Leistungsbedarfes 
abhängig.

In  der vorliegenden A rbeit wird ein Verfahren beschrieben, m it welchem  
die Genauigkeit der E inschätzung erhöht und som it die Berechnung exakter  
gem acht werden kann.

II. Schw ierigkeiten der genauen Einschätzung

U nter der realen V oraussetzung, daß die T ageslastspitzen  für alle V er­
braucher zeitlich zusam m enfallen, sind sowohl für die L eitungsbelastbarkeit 
als auch für den zulässigen Spannungsabfall nur die Spitzenlasten  m aßgebend. 
D ie Spitzenlasten und die größten Spannungsabfälle der einzelnen Leitungen  
sin d  durch die R esultierende der Spitzenlasten der einzelnen Verbraucher 
b estim m t. Die algebraische Sum m e der einzelnen Spitzen lasten  ist jedoch  
w egen  der U ngleichzeitigkeit im  allgem einen größer als die resultierende  
Spitzen last. Aus ähnlichen Gründen liegt die algebraische Summe der in  
den Leitungsstrecken der R eihen-Strom bahn entstehenden größten Spannungs- 
ahfälle ebenfalls höher als der beim  Verbraucher meßbare größte Spannungs­
abfall.

Es ist eine problem atische Aufgabe, den W ert des G leichzeitigkeits­
faktors von Fall zu F a ll zu erm itteln und in  der Berechnung irgendwie zu  
berücksichtigen.

W ährend es b ei der K ontrolle der zulässigen L eitungsbelastungen  
und  Spannungsabfälle genügt, von  den Angaben für einen einzigen Zeitpunkt 
— die Spitzenlastzeit —• auszugehen, muß man für die Berechnung der 
Leitungsverluste noch den zeitlichen Verlauf der B elastungen  kennen.

Das übliche Verfahren ist, die hinsichtlich des V erlustes äquivalente  
A usnutzungsstundenzahl für die Berechnung zu definieren, die zum eist ein  
Schätzungsw ert ist. D iese gibt für den betrachteten  Z eitabschnitt — in der 
R egel für ein Jahr — die Stundenzahl an, in welcher in der Leitung durch  
die Spitzenlast der gleiche Verlust hervorgerufen wird wie durch die ta tsäch ­
lich en  Belastungen.

Die Annahme einer gleichen A usnutzungsstundenzahl für alle Leitungen  
erm öglicht allerdings nur eine grobe Einschätzung.

D ie B erücksichtigung der G leichzeitigkeit kann gelöst werden, w enn  
m an die Belastungen der Verbraucher als Zufallsgröße ansieht. Zur exakteren  
Berechnung des V erlustes braucht man mehr Inform ation über den zeitlichen  
V erlau f der B elastungen anzugeben. In der unten beschriebenen M ethode 
w erden beide Verfahren zugleich angewandt.
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III. Typische Verbraucherkategorien

Der Verbrauch jedes K notenpunktes ist die R esultierende der Strom ­
abnahm en zahlreicher Einzelverbraucher. D ie Einzelverbraucher lassen sich  
in einige typ ische K ategorien einordnen, so daß innerhalb einer K ategorie 
der zeitliche V erlauf des Verbrauches einen ähnlichen Charakter aufw eist. 
Man kann K ategorien wie H aushalt, Büro, Laden, E inschichtenbetrieb, 
D reischichtcnbetrieb usw. definieren. Der Verbrauch eines K notenpunktes 
kann also sta tt der bisher angew andten einzigen M eßzahl durch einen Vektor 
gekennzeichnet werden, der soviel K om ponenten hat, w ie v iele K ategorien  
aufgenom m en wurden, und deren W erte den Verbrauch der einzelnen K ate­
gorien ergeben.

Für eine gegebene Kategorie wird das ähnliche V erhalten der Verbrau­
cher angenom m en, und U nterschiede sind nur in der Größe des Verbrauches 
zulässig. D efinieren wir eine Verbrauchseinheit für jede K ategorie und nehm en  
ihren zeitlichen V erlauf als bekannt an. W ie bereits erw ähnt, wird der Ver­
brauch als Zufallsgrößc aufgefaßt, und som it ist die V erbrauchseinheit der 
i-ten  K ategorie in  A bhängigkeit von der Zeit als Param eter durch die W ahr­
scheinlichkeitsverteilung

fi{x, t)

gekennzeichnet. U m  in den folgenden Überlegungen überflüssige K om plika­
tionen zu verm eiden, haben wir den Berechnungen die sog. »Gleichstrom­
methode« zugrunde gelegt, wobei die Strom abnahm en und die L eitungs­
im pedanzen nicht m it ihren kom plexen, sondern als reell angesehenen, auf 
irgendeiner geeigneten Linie projizierten W erten berücksichtigt werden. Dieses 
Verfahren liefert in den m eisten Fällen ausreichende G enauigkeit. Später 
geben wir noch die im  Interesse der exakten  kom plexen B ehandlung nötigen  
Änderungen an.

Führen wir nun die Bezeichnungen m; und (lj für den M ittelw ert bzw. 
für die Dispersion ein. D iese Größen sind ebenfalls Z eitfunktionen.

mi(t) =  J0 xfi(x, t) d* (la)

dl(t) =  f0 [* — mi(t)?fi(x ’ t) dx. (lb)

Ist der Verbrauch in  der gegebenen K ategorie fe,, so kann er als die R esultie­
rende von ki V erbrauchseinheiten aufgefaßt werden. Der M ittelw ert und die 
Dispersion der Sum m enverteilung von  k, gleichverteilten , unabhängigen  
Z ufallsvariablen ergibt sich als die Sum m e der M ittelw erte bzw . der D is­
persionen:

m(t)  =  k, m,(t) =  k* m (i) , (2a)
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d2 (t) =  2  k i «*?(*) =  k* d2(t) 
i (2b)

w obei к, m(t), d2(t) aus den K om ponenten к m,(i), df(t)  gebildete Vektoren  
darstellen, und die F unktion  der Sum m enverteilung im Sinne des Satzes der 
zentralen G renzverteilung m it den obigen Param etern nach der N orm al­
verteilung strebt.

D as gilt selbstverständlich  für jede K ategorie, und som it ergibt sich  
der resultierende Verbrauch des K notenpunktes für jeden  t Zeitpunkt als 
die Summe von — der Anzahl der K ategorien entsprechenden — norm al­
verte ilten , unabhängigen Zufallsvariablen, welche wieder norm alverteilt ist. 
Som it beträgt der Verbrauch im  K notenpunkt

lV[m(f), d(t)]
1

][2л  fk *  Щ )

[x-k«m(f)P 
2 k * d ! ( i ) (3a)

A u f Grund eines analogen G edankenganges ist die R esultierende der Ver­
brauchswerte mehrerer K notenpunkte ebenfalls norm alverteilt und w eist die 
gleiche K onstruktion auf.

Es sei bem erkt, daß die R ichtigkeit der Annahm e der U nabhängigkeit 
■— die als ein Grundpfeiler unseres Gedankenganges dient — problem atisch  
is t. Infolge gewisser äußerer V erhältnisse — wie z.B . außerordentlich früh 
einbrechende D unkelheit — ist die Abweichung des Verbrauches vom  M ittel­
w ert kein Zufall, und die Annahm e der U nabhängigkeit der Variablen trifft 
n ich t mehr zu. D ie Standardabw eichung (die Quadratwurzel aus der D isper­
sion) liegt in diesem Fall höher als die pythagoreische Sum m e. B esteh t zwischen  
den Variablen eine determ inistische lineare A bhängigkeit, so sind nicht die 
Dispersionen, sondern die dem Verbrauch entsprechenden Standardabw eichun­
gen zu summieren. Der tatsächliche W ert der Standardabw eichung liegt in  
W irklichkeit offenbar zwischen den — unter den zwei extrem en Voraussetzun­
gen (die U nabhängigkeit und die lineare A bhängigkeit) berechneten — W erten

j 2 k idK t)  ^ d ( t )  <_ 2 k , d , ( t ) .  (3b)

In  unseren U ntersuchungen benutzen wir auch w eiterhin die Annahm e der 
U nabhängigkeit der Variablen. D er obige Gedankengang bereitet jedoch den  
W eg zur V ervollkom m nung des Verfahrens.

IV. Belastbarkeit der Leitungen

Bei Berechnung der Spitzenbelastung kann die U ntersuchung auf einen  
einzigen Zeitpunkt, d. h. die Zeit des Auftretens der Spitzenlast beschränkt 
werden. Das b ed eu tet, daß durch E insetzen der Spitzen lastzeit t$p in die
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B eziehung (3) für jede L eitungsstrecke eine einzige N orm alverteilung erhalten  
wird. Selbstverständlich ist auch die Spitzen last eine Zufallsvariable.

Für die zulässige L eitungsbelastung ist die H öchstlast, m it deren A uf­
treten  m an realiter rechnen kann, m aßgebend. D iese Einschränkung ist nicht 
deshalb nötig, als ob die die tatsächliche V erteilung annähernde N orm al­
verteilung keine obere Grenze hätte . In  W irklichkeit ste llt der Zustand, in  
w elchem  säm tliche Verbrauchseinrichtungen aller Verbraucher eingeschaltet 
sind, die grundsätzliche obere Grenze der höchstm öglichen B elastung dar. 
Natürlicherweise wird diese »prinzipielle« L astspitze unberücksichtigt gelassen, 
obwohl die W ahrscheinlichkeit ihres A uftretens zwar klein, doch nicht gleich  
Null ist.

D ie W ahrscheinlichkeit des A uftretens der H öchstlast bedeutet som it 
die R ealität. W enn m an m it einer W ahrscheinlichkeit V  gew ährleisten w ill, 
daß die H öchstlast die zulässige B elastbarkeit n icht überschreitet, so wird 
die L astsp itze als m aßgebend angesehen, für w elche die W ahrscheinlichkeit 
des Auftretens einer noch  höheren B elastung 1 — V  beträgt.

N eben den für die W ahrscheinlichkeit V  in Frage kom m enden W erten  
bietet die N orm alverteilung schon eine gute Annäherung. D ieser W ert gibt 
eindeutig an, um  W ievielfaches der Standardabw eichung eine B elastung über 
dem M ittelwert als m aßgebend anzusehen ist. D ie Sicherheit beträgt bei ein­
facher Standardabw eichung 84% , h ei zweifacher 98%  und bei dreifacher 
bereits 99,8% . Ist die zulässige B elastbarkeit m it T  bezeichnet, so ist unsere 
Bedingung

T  ;> m (tSp) +  <xd (tSp) , (4)

wobei a die m it W ahrscheinlichkeit F  bestim m te M ultiplikationszahl bedeutet.

V. Der größte Spannungsabfall

B ei der Berechnung des größten Spannungsabfalls sind die Verhältnisse 
etwas kom plizierter. D er Spannungsabfall zw ischen dem Einspeisepunkt und  
den einzelnen K notenpunkten  ergibt sich als die Sum m e der in den L eitungs­
strecken der R eihenstrom bahn auftretenden Spannungsabfälle. D ie Spannungs­
abfälle der L eitungsstrecken sind den Leitungsbelastungen proportional, und  
som it stellen  sie ebenfalls norm alverteilte Zufallsvariablen dar. W ährend man 
hei der Berechnung der L eitungsbelastungen unter V oraussetzung der U nab­
hängigkeit des E inzelverbrauches die V erteilung der R esultierenden in verhält­
nism äßig einfacher W eise erhalten konnte, kom m t hier dieselbe V oraussetzung  
nicht in  Frage, denn die Belastungen der einzelnen Leitungen tragen zur 
G estaltung des Spannungsabfalls in den übrigen, dem E inspeisepunkt näher 
liegenden L eitungsstrecken bei. D em entsprechend soll man prüfen, wie es
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m öglich  ist, in der K en n tn is der Spannungsabfälle von P unkt A  und L eitungs­
strecke A B  (B ezeichnungen laut B ild 1) den Spannungsabfall im  Endpunkt 
der Leitung, also im  K notenpunkt В  zu berechnen.

Vor allem ist es festzustellen , daß unter den gegebenen V oraussetzungen  
alle Spannungsabfälle norm alverteilte Zufallsvariablen sind. D enke m an sich  
näm lich  den Spannungsabfall eines K notenpunktes — z. B . des Punktes  
А  — als die R esultierende der durch den K notenpunktverbrauch hervor­
gerufenen Spannungsabfälle. D ie gegenseitige Im pedanz zweier K notenpunkte

sei, w ie üblich, als der in  einem  der K notenpunkte durch den E inheitsver­
brauch  des anderen hervorgerufene Spannungsabfall definiert. Im  Falle eines 
Strahlennetzes ist die gegenseitige Im pedanz die Im pedanz der vom  Speise­
p u n k t gerechneten gem einsam en Strom bahn der zwei K notenpunkte.

D ie Größe des Spannungsabfalls im Punkt А  — hervorgerufen durch 
den  Verbrauch des P u n k tes В  — ist also das Produkt aus der gegenseitigen  
Im pedanz der Punkte A  und В  und dem Verbrauche des Punktes B .

D a die Strom abnahm en norm alverteilte unabhängige Zufallsvariablen  
sind , gilt dasselbe auch für die von ihnen verursachten Spannungsabfälle, 
und som it weist auch ihre R esultierende eine N orm alverteilung auf.

Sei тпа der M ittelw ert und d~A die Dispersion des norm alverteilten  
Spannungsabfalls im  P u n k t A ,  und sei m st der M ittelwert und d 2sl die D is­
persion der Belastung der L eitungsstrecke A B .  Bezeichnen wir die (als reell 
angesehene) Im pedanz des N etzes vom  Speisepunkt bis Punkt A  m it Z, und  
die der Leitungsstrecke A B  m it Z a b • Der Beitrag der B elastung der L eitungs­
strecke A B  zum M ittelw ert und zur Dispersion des Spannungsabfalls im  
K notenpunkt A  b eträgt offenbar Z m st bzw. Z2 dlt. Trennt m an nun den 
durch die Belastung der Leitungsstrecke A B  hervorgerufenen Spannungs­
abfall von dem durch die übrigen — nicht über die L eitungsstrecke A B
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gespeisten — V erbraucher des K notenpunktes verursachten Spannungsabfall 
ab, so werden beide norm alverteilt und zugleich unabhängig sein, wobei der 
M ittelwert und die Dispersion für den erstgenannten W ert Z  und Z - d 2st, 
und für den letztgenannten

m'A =  mA — Z m st bzw. d'A =  d \  — Z2 d 2t
sind.

Setzen wir den Spannungsabfall des P unktes В  ähnlicherweise aus zwei 
K om ponenten zusam m en: der eine W ert vertr itt den durch die Belastung  
der Strecke A B  und  der andere den durch die übrigen, davon unabhängigen  
Strom abnahm en hervorgerufenen Spannungsabfall. D ie Param eter der le tz t­
genannten K om ponente sind selbstverständlich  m'A bzw . dA, während die der 
erstgenannten

(Z +  ZAB) m st bzw. (Z +  Z ABf  d%
betragen.

Daraus ergeben sich für den resultierenden Spannungsabfall der M ittel­
wert und die D ispersion zu

wobei

т в  —  m A  +  ( Z  +  ZAB) m st — mA  +  mAB ,

— d A +  (Z  +  ZAB)2 d% — d 2A +  d \ B ! 1 +  2 — —
' z AB

nAB — ZAB I und d \ B =  Z \ B d2st

( 5  )

(5b)

die Param eter des Spannungsabfalls in der L eitungsstrecke A B  sind. Also — 
wie das auch allgem ein zutrifft — sum m ieren sich die M ittelwerte ohne 
R ücksicht auf die A bhängigkeit der beiden K om ponenten, die Dispersion  
liegt jedoch höher als der unter Voraussetzung der U nabhängigkeit berechnete  
W ert. A uf die D ispersion des Spannungsabfalls der Leitungsstrecke muß  
man einen größeren W ert legen; das ist durch das V erhältnis der Leitungs­
im pedanz zur Im pedanz des Speisenetzes bedingt und hängt von den B elastun­
gen n icht ab.

In Kenntnis des Spannungsabfalls des K notenpunktes kann derselbe 
Gedankengang verfo lg t werden wie im  Falle der zulässigen Leitungsbelastung. 
Ist also E a  der größte zulässige Spannungsabfall im  P un k t A ,  so ist das 
m it der Bedingung

E a > ™ A +  adA  ( 6 )

äquivalent. Dabei is t  а — wie oben — eine durch die W ahrscheinlichkeit 
der Erfüllung der B edingung eindeutig bestim m te M ultiplikationszahl.
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VI. Netzverluste

D er N etzverlust soll für den betrachteten  Zeitraum — in der R egel für 
ein Jahr — berechnet werden. Es genügt, die U ntersuchung auf eine einzige 
L eitungsstrecke zu beschränken, da der N etzverlust sich ja  als Sum m e der 
N etzverlu ste  der einzelnen L eitungen  ergibt.

Sei R  der W iderstand irgendeiner Leitung und x  ihre B elastung. Der 
N etzverlu st ist dann durch den A usdruck

R x 2 dt

defin iert. Die B elastung x  ist aber eine Zufallsvariable, und som it kann m an  
für den Verlust keine gegebene feste , sondern nur eine voraussichtliche Größe 
in  B etracht ziehen. U nseren V oraussetzungen gemäß ist x  in  jedem  A ugenblick  
norm alverteilt. Bezeichnen wir den M ittelw ert und die D ispersion für den 
A ugenblick i m it m(t)  bzw . d2(t). D am it ergibt sich der zu erwartende V erlust zu

R x 2

] / 2  t i  d ( t )

[ x - m ( Q P  

2dW d id * . (? )

N ach  der V ertauschung der R eihenfolge der Integration erhalten wir

[ x —

V  = R
1

Y~2nd{t) J _
2 d‘(t) d * d i.

D as innere Integral ist n ichts anderes, als das zweite M om ent, w elches die 
Sum m e des Quadrats des M ittelw ertes und der Dispersion ist. Som it beträgt

V  =  J J  R  [m2(i) +  d2(t)] di, (8)

nach  (2) gilt
m(t) =  У, k t ; d 2(t) =  У  d f ( t ) ,

i i

w obei m,-(f) und df(t) den M ittelw ert und die Dispersion der i-ten  Verbraucher­
kategorie repräsentieren. Setzen wir diese in Beziehung (8) ein:

V  =  R  I T fc,- m;( i) ]2 di +  R  I 7 JV kj df(t)  di . (9)>
J o  i J o  i

M it Einführung der Bezeichnungen

p ij =  [0T m j(0  dt (10a),
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und

?, =  j 0T dKl) di (10b)

ergibt sich der V erlust zu

V  =  R  [k* Pk +  k * q ] , (И )

w obei die M atrix P  und der V ektor q aus den K om ponenten Pij bzw . q 
gebildete Größen sind und der V ek tor  к den Vektor des früher definierten  
Verbrauches bedeutet, dessen K om ponenten  den A nteil der einzelnen Ver­
braucherkategorien an der L eitungsbelastung angeben.

E s sei erwähnt, daß die M atrix P  und der Vektor q m it A ufnahm e der 
V erbraucherkategorien eindeutig b estim m t sind und hängen vom  V ektor k , 
d. h. von  der Größe des Verbrauches n ich t ab. Sie sind som it von  dem unter­
suchten  N etz unabhängig und können vorher bestim m t werden.

Es sei ferner darauf hingew iesen, daß das für den M ittelw ert des V er­
lustes erhaltene R esu ltat — übrigens rich tige M odellparameter vorausgesetzt — 
unter dem tatsächlichen  Wert lieg t. In  der Berechnung wurde näm lich ver­
borgenerweise die Annahm e der U nabhängigk eit der in den einzelnen Z eit­
punkten  gültigen B elastungen — als Zufallsvariablen — angew andt. A llein  
auf Grund des physikalischen B ildes ist es jedoch offensichtlich, daß diese 
A nnahm e nicht zutrifft. Das In tegral für die M ittelwerte oder die M atrix  
P werden durch die Abhängigkeit n ich t beeinflußt, aber die einfache Sum m ie­
rung (Integration) der D ispersionen bringt kein richtiges Ergebnis mehr. 
D em entsprechend sind die K om ponenten des Vektors q größer als die nach  
(10b) berechneten. D iese Bem erkung is t  im m erhin nur von  prinzipieller 
B edeutung; der w egen der A nw endung eingeschätzter Angaben entstehende  
Fehler b leibt ja w eit unter der durch d ie erwähnte U ngenauigkeit verursachten  
A bw eichung.

VII. Die Berücksichtigung des kom plexen Charakters des Verbrauches und
der Leitungsim pedanzen

Sollen die Strom abnahm en m it ihren kom plexen W erten berücksichtigt 
werden, so ist die G esam tverteilung des W irk- und Blindverbrauches anzu­
geben. B ezeichnen wir die Zufallsvariablen für den W irkverbrauch m it x  

und für den Blindverbrauch mit y ,  so is t  je tz t die i-te  Verbraucherkategorie 
durch die G esam tverteilung

f i  (x ,  y ;  t)

gekennzeichnet. Da die Verteilung des W irkverbrauches und des B lindver­
brauches — also x  und у  —  voneinander offensichtlich nicht unabhängig  
sind, kann die Funktion f i ( x ,  y ;  t) in der Form  von g i ( x ;  t) h j(y ; t) n icht fakto- 
risiert werden.
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A u f Grund des im  A bschnitt I I I  beschriebenen Gedankenganges kann  
m an le ich t einsehen, daß f ( x , y ; t )  als zw eidim ensionale N orm alverteilung  
angesehen werden kann. Sie wird also (die B ezeichnung der Abhängigkeit 
vom  Param eter t und der Index i w eggelassen) in der Form

Д*»У) =

• exp

2 n  dx dy l/ l  — r2

d 2y (x — m xf  — 2 dxd y r (x — m x) (у  — m y) +  d 2 (y  — m yf  

2 d2 d 2 ( l  -  r2)

( 12)

geschrieben, wobei m x, m y und dx, dy die M ittelw erte bzw. die D ispersionen  
der Variablen x  und у  bedeuten und r ihr K orrelationskoeffizient ist:

H ier ist dXy die K ovarianz

“ xy
d x dy

dxy =  [ * “ (x — m x) (y  -  rtiy) f ( x ,  y )  dx  d y .

D ie Größe des K orrelationskoeffizienten bängt davon ab, welche Phasen- 
w inkelunterschiede für den K ategorienverbrauch angenom m en sind. V oraus­
gesetzt, daß der Phasenw inkel in einem  gegebenen Augenblick konstant ist 
und nur die Größe der B elastung als Zufallsvariable angesehen wird (m it 
M ittelw ert m  und D ispersion d2), sind

m x =  m  cos cp , m y =  m  sin <p ; 

d2 =  d2 cos2 cp , dy == d 2 sin2 cp , dxy =  d2 cos у  ■ sin у  ,

w obei cos (p der feste  Phasenw inkel ist. Der K orrelationskoeffizient beträgt 
in  diesem  Fall 1.

D ie Verteilung der Strom abnahm en in den einzelnen K ategorien w eist 
also in  jedem  A ugenblick eine zw eidim ensionale Norm alverteilung auf, die 
durch den aus den M ittelwerten erm ittelten  Vektor und durch die aus den  
Dispersionen und K ovarianzen gebildeten  K ovarianzm atrix

m = m x ; D 2 = d l  dxy
Uly dxy d2

vollkom m en bestim m t ist. D ie Sum m e von  zw eidim ensionalen N orm al­
verteilungen liefert wiederum  eine zw eidim ensionale Norm alverteilung. Der 
M ittelw ertvektor und die K ovarianzm atrix der Sum m enverteilung ist die  
Sum m e der M ittelw ertvektoren bzw . der K ovarianzm atrizen.
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In dieser W eise erhalten w ir für die B elastung jeder L eitung eine zw ei­
dim ensionale Norm alverteilung m it zeitabhängigen Param etern, die sich in  
K enntnis der Param eter des K ategorienverbrauches und der V ektoren des 
K notenpunktverbrauches leicht b estim m en läßt.

Prüfen wir nun, wie der Ü bergang vo n  der G leichstrom m ethode zu dem  
kom plexen Verfahren unsere bisherigen Berechnungen beeinflußt.

Bei U ntersuchung der L eitungsbelastbarkeit und des größten Spannungs­
abfalls wird auch  hier nur ein Z eitpunkt, derjenige der Spitzenbelastung  
betrachtet. Som it gibt es für jed e L eitung eine fixe zweidim ensionale V er­
teilung m it bekannten  Param etern.

Sei die W irklast wieder m it x  und die B lindlast m it y  bezeichnet. D ann  
ist auf Grund der Verteilung

ív - = J/*2 y 2 (14)

zu kontrollieren, daß die W ahrscheinlichkeit des Eintretens einer höheren  
Belastung als die Belastbarkeit T  höchstens 1 — V  beträgt. Es gilt also

V ^ P { w < T } .  (15)

D ie Bedingung m ußte hier in einer v ie l allgem eineren Form als in der U n gleich ­
heit (4) angegeben werden, weil w  n ich t m ehr norm alverteilt ist, und obw ohl 
die Param eter die Erfüllung der B ed ingung eindeutig bestim m ten, die K on ­
struktion der B eziehung nicht so einfach und die Berufung auf die le ich t  
zugänglichen tabellarischen W erte der N orm alverteilung hier nicht m öglich sind.

Die K ontrolle kann zwar nach  (15) erfolgen, doch die Operation ist in  
rechentechnischer H insicht ziem lich kom pliziert, und für solche R ou tin e­
berechnungen praktisch  undurchführbar. M an braucht also eine N äherungs­
lösung zu finden.

S tatt die A bsolutw erte der zw eidim ensionalen  Verteilung zu analysieren, 
wählen wir zur U ntersuchung die eindim ensionale Verteilung einer Projektion, 
die an einer durch irgendwelchen A nfangspunkt gehenden Gerade entlang  
aufgetragen wird. E inige Beziehungen, die im  folgenden noch zur Anw endung  
kom m en, seien hier erwähnt. F assen  wir die Variablen irgendeiner m ehr­
dim ensionalen Zufallsverteilung zum  Zufallsvektor u zusam m en. Sein M ittel­
wert wird m it dem  Vektor mu, und seine D ispersion m it der K ovarianzm atrix  
Df, gekennzeichnet. B ildet man aus dem  V ektor u  durch lineare Transform ation  
A u eine andere Zufallsvektorvariable (die n ich t unbedingt von gleicher D im en­
sion sein soll), so ergeben sich ihr M ittelw ert und ihre Dispersion zu

m y =  Am,, bzw . D | =  AD„A* . (16)

W enn u norm alverteilt war, wird auch y  norm alverteilt sein.
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B ild et man die Projektion der zw eidim ensionalen Verteilung f ( x ,  y )  au f  
einer Geraden vom  N eigungsw inkel rp, so ergibt sich die neue Zufallsvariable zu

w  =  X cos гр +  y  sin  rp . (17)

A u f Grund des obigen ist w  norm alverteilt, der M ittelw ert und die D ispersion  
dafür betragen

m w =  cos y> m x +  sin гр m y (18a)
bzw .

d% =  cos2 y d 2 +  2 cos y> sin ip dxy +  sin2 y> dy . (18b)

Bild 2

W enn die Projektion  nach Bild 2 au f die durch den Vektor des M ittelw ertes 
bestim m te Gerade erfolgt, sind

und

C O S  1j)
frra2 +  m l

sin  ip =  --==
m ,,

2 +  m2

m w =  |/m 2 +  m2 ,

d l  =  u  ■ ["i; d l +  2 m x m v dxy +  m2 d°y] .
[/ m x +  m y

(19a)

(19b)

Mit den som it erhaltenen Param etern kann m an je tzt das früher beschriebene  
Verfahren anw enden und die Erfüllung der B edingung gemäß (4) kontrollieren:

T  <, m w +  *d w . ( 20 )

B ei B ew ertung dieses vereinfachten  Verfahrens kann man festste llen , 
daß es dabei ebenfalls um die U ntersuchung eindim ensionaler V erteilung  
handelt, also diese Methode gew isserm aßen ebenfalls ein »G leichstrom ver­
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fahren« ist. Zugleich ändert sich jedoch die Projektionsgerade, also wird für 
jede E inzeluntersuchung eine »enganliegende« Projektionsm ethode angew andt. 
Außerdem ist das Verfahren im  Prinzip bis zum letzten  Schritt durchaus 
exakt.

In der P raxis bringt die V ereinfachung jew eils eine Abweichung gegen  
die Sicherheit m it sich. Mit anderen W orten gesagt: D ie Bedingung (20) ist 
strenger als die exakte (15).

Bei der Berechnung des höchstzulässigen Spannungsabfalls sind auch  
die Im pedanzen m it ihren K om plexw erten zu berücksichtigen. Sei die L eitungs­
im pedanz

Z  =  R +  j X ,

so ist der Übergang von Belastung zum  Spannungsabfall der durch die M atrix

Z =
R ~ X \

X  r )
( 21)

gekennzeichneten linearen Transform ation der Variablen äquivalent.
W iederholen wir die im A b sch n itt V beschriebene Berechnung unter  

B eibehaltung der dort angew andten Bezeichnungen, jedoch m it dem U n ter­
schied, daß der M ittelwert hier durch einen V ektor, die Dispersion durch die 
K ovarianzm atrix und die Im pedanz durch die oben definierte M atrix ersetzt 
wird.

Überprüfen wir nun den Spannungsabfall des Endpunktes В  in der vom  
K notenpunkt A  ausgehenden L eitungsstrecke A B .

D ie Param eter des von der B elastung der L eitungsstrecke A B  unab­
hängigen Spannungsabfalls im K notenpunkt A  sind:

m'A =  niA — Zm s(,

D a =  D ^ — ZDstZ* .

Som it betragen die Parameter des Spannungsabfalls im  K notenpunkt В

m s  — m Á +  (Z +  ZiAB) m s, — т л 4- т л в , (22a)

Df, =  D J  +  (Z +  Z AB) D i, (Z +  ZAB)* =

=  D * +  D ab +  Z D i, Z ^B +  Z ^ B Di, Z * . (22b)

In  K enntnis der Leitungsbelastungen und der N etzim pedanzen lassen  
sich die Param eter der Spannungsabfallverteilung einfacherweise bestim m en. 
Auch in diesem  F all erfolgt die P rojektion  au f eine durch den V ektor der 
M ittelw erte bestim m te Gerade; der M ittelw ert und die D ispersion w erden
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nach  (19a) und (19b) berechnet und dann wird die K ontrolle m it diesen V ek­
toren  nach Beziehung (6) ausgeführt.

Schließlich gehen wir zur U ntersuchung des N etzverlustes über. Der 
V erlust in  einer L eitung m it W iderstand R  is t durch

V  =  R  (X2 -f- y 2) di (23)

ausgedrückt. Der M ittelw ert beträgt

F = J * „  I I .  j Q7 R  (x2 +  y 2) f { x , y  ; t) dt ■ dx • dy =

=  | I „  [ I .  ^  R x 2 f ( x , y ;  t) d t - d x - d y  +

+  [1^ [Qr R y 2f ( x , y  ; t) dt ■ d x  ■ dy =  (24)

=  J J e R x 2 f ( x ;  t) ■ di • dx -|- 

+  / 1 те Е У2/ ( У  ’ t ) - d f d y .

D em entsprechend können die M ittelw erte der durch die W irklast und die 
B lin d last verursachten Verluste völlig  getrennt behandelt werden.

U nter A nwendung des im A bschnitt V I beschriebenen Gedankenganges 
und der Technik erhält man nun zwei M atrizen: Py und P x und zwei Vektoren: 
qx bzw . qy. Ihre Sum m en m it den Sym bolen P und q bezeichnet, stim m t der 
für den M ittelwert des L eitungsverlustes erhaltene Ausdruck m it der früher 
erw ähnten Beziehung (11) überein. D ie M atrix P und der V ektor q können  
auch hier vorherbestim m t werden, und som it gibt es bei der B estim m ung  
des N etzverlustes keinen U nterschied zw ischen dem G leichstrom - und dem  
K om plexverfahren.

VIII. Berücksichtigung der zeitlichen Zunahm e des Verbrauches

Bis je tzt wurde der die Größe des Verbrauches kennzeichnende Vektor 
к für eine Untersuchungsperiode als konstant angenom m en. D ie Erhöhung  
der B elastung wird üblicherweise m it der jährlichen Zuwachsrate in B etracht 
gezogen , und im  folgenden Jahr wird ein entsprechend höherer L eistungs­
bed arf in den Berechnungen berücksichtigt.

Es ist offensichtlich, daß eine p lötzliche Erhöhung des Verbrauches am  
E n d e der Untersuchungsperiode nur eine Näherungsannahm e darstellt. Der  
Verbrauch nim m t im  Laufe des Jahres kontinuierlich, ungefähr nach einer
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E xponentialkurve zu. N eben den in der P raxis vorkom m enden W erten liefert 
jedoch schon die A nnahm e der linearen Zunahm e ein gutes Ergebnis, und  
wir verw enden hier dieses einfachere Verfahren, um  die rechentechnischen  
K om plikationen zu verm eiden.

Es sei ausbed ingt, daß die U ntersuchungsperiode jeweils ein Jahr 
beträgt und die Zeit in Jahren gem essen wird. Sei at der Zunahm efaktor  
irgendeines Verbrauchers für die i-te  Verbraucherkategorie. Ist nun der 
Verbrauch am Jahresanfang k,,  so wird der Verbrauch am Jahresende (1 -j- a()k* 
bzw. in einem  dazw ischenliegenden Z eitpunkt (1 -j- a,i)/c, betragen. In  ver­
kürzter Form schreibt m an den Vektor des Verbrauches für einen beliebigen  
Zeitpunkt als

k(t) =  (E +  At) к , (25)

wobei к den V ektor am Jahresanfang, E die E inheitsm atrix  und A  die aus 
о,- E lem enten geb ildete D iagonalm atrix bedeuten.

Prüfen wir nun, welche Änderungen die Annahm e eines nach (25) v er ­
änderlichen V ektors k(t) sta tt des konstanten  Vektors к in den bisherigen  
Ergebnissen verursacht.

B ei der K ontrolle der L eitungsbelastbarkeit und des größten Spannungs­
abfalls wird ein einziger Zeitpunkt, die Jahressp itzen lastzeit untersucht. Für 
einen gegebenen A ugenblick  ist dagegen der Vektor к des Verbrauches ein  
fixer W ert. Mit diesem  W ert gerechnet bleiben unsere bisherigen Feststellungen  
vollkom m en gültig .

Die Jahressp itzen last tr itt in der R egel Ende des Jahres auf, und der 
für die K ontrolle der L eitungsbelastbarkeit und des größten Spannungsabfalls 
m aßgebende V ektor к  ist som it nichts anderes als der Ausgangswert für das 
kom m ende Jahr.

K om plizierter steh t es m it der B estim m ung des N etzverlustes. In unse­
rem Gedankengang wurde keine Einschränkung bezüglich des zeitlichen V er­
laufes des V erbrauches gem acht, bis wir an H and der Beziehung (8) der T a t­
sache gewahr gew orden sind, daß der V erlust sich aus dem Zeitintegral des 
quadratischen M ittelw ertes und der Dispersion ergibt

U =  R Jjm 2(i) +  <P(t)]di.

(D a die U ntersuchungsperiode konventionsgem äß eine E inheit ausm acht, 
ist die obere Integrationsgrenze 1.)

Jetz t sind aber

m (t) — ^  kj(t) m,(t) =  [(E +  At) к]* m (26a)

d 2(t) =  У  fct(i) d‘j(t) =  [(E +  Ai) k]* A \ (26b)
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D efinieren wir die Beziehungen m it den in (10a) und (10b) eingeführten  
B ezeichnungen  Р ц  und q,-

p i j =  ( ц mj(t) d t , (27a)

<1, =  J * dt (27b)

und seien  die daraus gebildeten M atrix und Vektor mit P' bzw. q' bezeichnet. 
W erden nun die Glieder, die q} en th alten  — m it R ücksicht auf die kleinen  
K om ponenten  von q,- — vernachlässigt, so beträgt der V erlust auf Grund 
eines analogen Gedankenganges, w ie er im  A bschnitt V I erörtert worden ist,

V  =  R  [k* Pk +  k* q +  2 (qk)* P' к +  2 (qk)* q ] .

F ühren wir für die am Jahresbeginn und am Jahresende gültigen V ektoren  
k ( l )  und k(2) die Ausdrücke

k ( l)  =  k ,  к (2) =  (E + A ) k ; (28a)
ferner

P (l)  =  P — 2 P ', P(2) =  2 P ' (28b)
und

q (l)  =  q - 2 q \  p(2) =  2 q' (28c)

ein , so ergibt sich der Verlust zu

V  — R  [k * (l) P (l)  k ( l)  +  k*(2) P(2) k ( l)  +  к* (1) q (l)  +  q*(2) q (2 )]. (29)

In  K enntn is der K ategorienverbrauchskurven können P ( l)  und P(2) sowie 
q (l)  und q(2) vorher bestim m t werden.
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ST A T IST IC A L  E V A L U A T IO N  O F  C O N SU M ER S IN  R A D IA L  N E T W O R K S

I .  B A C H

SU M M A RY

T h e  p a p e r deals w ith  tw o  q u estio n s a ris in g  in  th e  p lan n in g  of ra d ia l  n e tw o rk s, i.e. w ith  
th e  c a lcu la tio n  of th e  v o ltag e  d ro p  a n d  of th e  n e tw o rk  loss. T he d ifficu lties  o f  th e  p re sen t 
m e th o d s , w hich  c an n o t co rrec tly  ta k e  in to  acco u n t th e  coincidence of th e  p eak -lo ad s is solved 
b y  considering  consum er lo ad s as s to c h as tic  v a riab les. T he load  re su ltin g  fro m  th e  m an y  
in d iv id u a l consum ers is assum ed  to  h a v e  a n o rm al d is tr ib u tio n  a t  each  m o m e n t an d  from  th is  
th e  lo ad  in  th e  lines an d  in  th e  nodes is c a lcu la ted , w hich  th u s  becom e also n o rm ally  d is tr ib u te d . 
F o r  th e  ca lcu la tio n  of m ax im u m  v o ltag e  d ro p  th e  a u th o r s ta r ts  fro m  a  sim ila r p rincip le  b u t  
he ta k e s  in to  co n sid era tio n  th a t  th e  v o ltag e  d rops across in d iv id u a l line sec tions c an n o t be 
co n sid ered  to  be in d ep e n d en t. F o r th e  c a lcu la tio n  of ne tw ork  losses th e  s to c h as tic  m odel of th e  
lo ad s  is u sed  as well, a n d  fro m  th is  is c a lcu la te d  th e  ex p ec ta tio n  of th e  loss. In a sm u ch  as th e  
o rig ina l lo ad  is considered  as being  com posed  of several ch a ra c te ris tic  ty p es  o f consum ers, th e  
c o n s ta n ts  fo r th e  ro u tin e  ca lcu la tio n s can  be  ca lcu la ted  in  adv an ce  fro m  th e ir  co n su m p tio n  
d iag ram s a n d  so th e  m eth o d  is re la tiv e ly  ra p id . T he p a p e r p re sen ts  also th e  re la tio n s  v a lid  
fo r  th e  m ore precise com plex ca lcu la tio n  a n d  tak e s  in to  acco u n t lo ad  changes due to  lo ad  
in c reases  du rin g  th e  year.

É V A L U A T IO N  S T A T IS T IQ U E S  D E S C ON SOM M A TEURS 
D A N S L E S  R É S E A U X  R A D IA U X

I .  B A C H

R É S U M É

L ’a u te u r  t r a i te  d eu x  q u estio n s se p o sa n t lors de l ’é tab lissem en t des p ro je ts  des 
T éseaux ra d ia u x : le calcul des ch u te s  de  ten s io n  e t  la  d é te rm in a tio n  des p e rte s  d an s  le réseau . 
Les in co n v én ien ts  des m éth o d es ac tu e lle s  ne  p o u v a n t te n ir  com pte  de la  s im u lta n é ité  d ’une  
fa ço n  co rrec te  so n t élim inés en  t r a i t a n t  les consom m ations com m e des v a ria b le s  s to ch as tiq u es. 
L a  ch arg e  ap p a ra is sa n t com m e ré su lta n te  des consom m ations ind iv id u e lle s  m u ltip les  e st 
su p p o sée  av o ir une  d is tr ib u tio n  n o rm ale  à  ch aq u e  in s ta n t. C’est à  p a r tir  de c e tte  h y p o th èse  
que  so n t calculées les charges des n o eu d s e t  des lignes, qu i o n t ainsi ég a lem en t u n e  d is tr ib u tio n  
no rm ale .
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L e calcu l de la  c h u te  de ten s io n  m ax im u m  p a r t  d ’u n  p rin c ip e  sem blab le , m ais t ie n t 
co m p te  de  ce que les c h u te s  de ten s io n  se p ro d u isa n t dans les sec tions de ligne indiv iduelles 
ne  p e u v e n t  pas ê tre  considérées com m e in d ép en d an te s . P o u r  le calcu l de la p e rte  de réseau, 
l’a u te u r  u tilise , de m êm e, le m odèle de p ro b a b ilité  des charges e t en  d é te rm in e  la v a leu r 
e sco m p tée  de la p e rte . Si la  consom m ation  orig inale  p e u t ê tre  com posée de quelques ty p es 
d e  co n so m m ateu rs  c a ra c té ris tiq u es , les co n stan tes  f ig u ra n t d an s  le calcu l de ro u tin e  p eu v en t 
ê tre  d é term inées d ’av an c e  d ’ap rès leu rs courbes de con so m m atio n , de so rte  que la  m éthode  
e cs t re la tiv e m e n t ra p id e . L ’é tu d e  p résen te  aussi les re la tio n s  v a lab les  p o u r  le calcul com plexe 
p lu s  co rrec t, e t considère  les v a ria tio n sd e  la  co n so m m atio n  dues à  l ’accro issem ent de la  
b a rg e  a u  cours de l’année .

СТАТИСТИЧЕСКАЯ ОЦЕНКА ПОТРЕБИТЕЛЕЙ РАДИАЛЬНЫХ СЕТЕЙ

И . Б А Х

РЕЗЮМЕ

Статья посвящена двум вопросам, возникающим при проектировании радиальных 
сетей, а именно расчету падения напряжения и определению сетевых потерь.—Недостатки 
современных методов, которые не могут учитывать одновременность, устраняются путем 
рассмотрения нагрузок как случайных величин. Принимается, что суммарная нагрузка 
отдельных потребителей имеет нормальное распределение в каждый отдельный момент 
времени и, на основе этого, вычисляется нагрузка в узловых точках и линиях, которая 
в таком случае также будет иметь нормальное распределение. При расчете наибольшего 
падения напряжения автор исходит из аналогичного предположения, но учитывает то, 
что падения напряжения, возникающие на отдельных участках линии, нельзя рассмат- 
тривать как независимые. Автор при расчете сетевых потерь также использует модель 
вероятности нагрузок и на основе этого определяет математическое ожидание потерь. 
Поскольку нагрузку отдельных узлов можно получить как сумму нагрузок нескольких 
характерных типов потребителей, то на основе их кривых потребления можно заранее 
определить применяемые в конкретных расчетах постоянные коэффициенты и поэтому 
метод является относительно быстрым. В статье приведены также необходимые зависи­
мости для более точного комплексного расчета и учитываются изменения нагрузки, 
связанные с ростом нагрузки во времени.
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OPTIMUM CASCADE CONTROLLERS 
FOR MULTIVARIARLE CONTINUOUS-DATA 
AND PULSED-DATA CONTROL SYSTEMS,

WITH CONSTRAINTS

F . CSÁ KI
C O R R E S P O N D IN G  M E M B E R  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S  

[M an u scrip t received J u n e  27, 1966]

I n  th is  p a p e r  th e  o p tim u m  design  according to  W ien er—N ew to n  is tre a te d  fo r con­
tin u o u s -d a ta  as well as fo r d isc re te -d a ta  m ultiv ariab le  co n tro l sy s tem s w ith  sem i-free config ­
u ra tio n  and  co n stra in ts . F o r  s ta tio n a ry  ergodic sto ch as tic  p rocesses exp lic it fo rm ulas a re  
derived  for th e  m u ltiv a r iab le  cascade  con tro ller tak in g  as p e rfo rm an ce  criterion  th e  su m  o f 
th e  lea st-m ean -sq u a re  e rro rs  b e tw een  th e  sets of a c tu a l an d  id ea l o u tp u ts  and  considering as 
c o n s tra in t th e  lim ita tio n  o f  th e  su m  of th e  m ean-square  v a lu es o f  som e se ts o f m an ip u la ted  
variab les.

I. Introduction

In m ost cases th e  sta tistica l design of tim e-invariant continuous-data  
and pulsed-data linear control system s is usually  perform ed on the basis 
of the follow ing sim plifying conditions: the stochastic signals are assum ed  
to be stationary, the ergodic hypothesis is adopted, fin a lly , as a criterion of  
the optim um  synthesis th e  least-m ean-square error is taken.

The optim ization  can be solved b y  one of the m ethods specified in  
Table I. The first tw o m ethods were proposed b y  W iener  [1, 2] and nowadays 
m ay undoubtedly be considered as classical ones, the third m ethod can be 
found in the hook of Tsien  [3] while the sim plified m ethod was first dem on­
strated b y  B ode and Shannon [4] but only for the case of uncorrelated  
signal and noise com ponents. R ecently, the author o f th is paper proposed  
a much simpler and m ore direct m ethod [5, 6]. The first m ethod is som ewhat 
awkward, because tim e-dom ain notions are only used. This difficulty w ill 
be alleviated b y  the second and third m ethods, which take advantage of the  
sim plicity of the transform  techniques and give the result in the form of transfer 
functions in the frequency dom ain. The fourth m ethod com pletely relies on 
the frequency dom ain techn ique and avoids convolution  integrals as well as 
the variational calculus.

The optim um  synthesis o f m ultivariable system s was first solved b y  
Amara [7] applying the second m ethod com bined w ith  m atrix calculus.

The author generalized the sim plified m ethod for m ultivariable con­
tinuous-data [12, 14, 17] and pulsed-data system s [31, 32], applying the m atrix  
calculus. W ith the aid o f  th e  sim plified m ethod it  was possible to  exam ine
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Table I

E x p ress io n  o f th e  
m ea n -sq u a re  v a lu e  of erro r

i  I

M ean-square e rro r expressed M ean-square e rro r  expressed
b y  co rre la tion  functions by p o w er-d en sity  sp ec tra

in  th e  tim e dom ain in  th e  freq u en cy  dom ain

i  I
V aria tio n a l calcu lus

I
I

V aria tio n a l calculus
I

Sim plified m ethod

W i e n e r — H o p f  t y p e  
i n t e g r a l  e q u a t i o n s

S p ectrum
facto riza tio n

Spectrum
facto riza tion

D irec t so lu tion , 
spec trum

fac to riza tio n  in  th e  
tim e dom ain

F o u rie r tran s fo rm a tio n , 
sp ec tru m

fac to riza tio n  in  th e  
frequency  dom ain

I I Ÿ

O ptim um O p tim um O ptim um O ptim um
w eighting tran s fe r tran sfer tran s fe r
function fu n c tio n function function

F irs t  m ethod Second m eth o d  T h ird  m ethod F o u r th  m eth o d

th e  m ost com plicated case of sem i-free configuration w ith  constraints which, 
according to  the authors know ledge, is up till now not treated  as a whole gener­
a lity  for m ultivariable continuous-data  or pulsed-data system s [17, 32]. The 
aim  of the present paper is to  sum m arize the achieved results and, on the one 
hand, to  show how the special cases can be obtained from  the m ost general 
case and, on the other hand, to  draw attention  to the sim ilarities between  
th e  continuous-data and strictly  pulsed-data  system s.

According to reference [8] it  is assum ed that the spectrum  factorization  
o f pow er-density-spectrum  m atrices can be performed for continuous-data  
as w ell as for pulsed-data system s. I t  m ust be noted, how ever, th a t in our 
case the spectrum  factorization  w ill be slightly more com plicated , because 
one or more param eters also figure in the corresponding power-density- 
spectrum  m atrix to be factorized.

According to the case o f th e  sem i-free configuration w ith  constraints, 
th is  is so adopted th at one part o f th e  control system  is fixed , for exam ple
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th is  is the plan t ,  while the other part o f the system  i.e . th e  controller m ust 
be designed according to  the least-m ean-square error criterion, the error 
being taken  betw een the actual and th e  ideal (or desired) outputs. In case 
o f  m ultivariable system s, th is criterion m eans the least-m ean  value of the  
sum  o f squared error com ponents. For the sake of sim p licity , first it  is also 
assum ed th at even the m anipulated variables acting b etw een  the controller  
and th e  p lant are either d irectly  or ind irectly  subm itted to  constraints.

II. The proposed m ethod for continuous-data system s

In  the following treatise a double-index notation w ill be used. If both  
indices are variable we have a m atrix, i f  one index is fixed  or is missing and 
on ly  th e  other index is variable we have a vector, fin a lly , if  both  indices 
are fix ed  th is notation  refers to  a scalar quantity. A colum n vector has a 
variable first index, while a row vector has a variable second index (the others 
being fixed ).

Fig. 1

The problem is depicted in F ig. 1. A ll the signals (the variables) in the  
control system  are assum ed to  be stationary ergodic stoch astic  processes. 
H ere s.k(t) is the row vector com posed o f the useful signal com ponents, while 
n .*(() is th e  row vector o f the corrum ping noise com ponents (ft =  1, . . . ,K ) .  
T heir sum  forms the input row vector r./c( t ) ,  being r.k(t) =  s.fc(t) -f- n./f(l). 
The com plete input signal first penetrates the cascade controller, the latter  
is represented by w eighting-function m atrix wjy(t) (ft =  1, . . . , K ; j  =  1, . . . ,  J ) .  
The outputs o f the controller are the m anipulated variables. T aking the latter  
ones as com ponents the row vector m .y (t)  of the m anipulated variables can 
be form ed ( j  =  1, . . . , J ) .  I t  is assum ed th at even the m anipulated  variables 
are subm itted  to  constraints. In  general, an indirect m anner can be taken  
as a basis. For this purpose som e constraint-w eighting-function m atrix W j/i(t) 

is constructed  ( j  =  1, . . . , J ;  h =  1, . . . , H ; H  <  L ). The ou tp u t row vector  
b./,(t) (ft =  1, . . .  , H )  o f th is transfer link represents the indirect variables: 
th e  so-called m odified m anipulated variables to  be constrained.
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L et us assum e th a t the sum of the m ean-square values of the indirect 
variables is lim ited . This condition, the so-called unequality  o f  constraint,  
can be expressed as follow s

tr [b„. (i) b ft («)] =  lim  — I tr [bft. (t) b ft (i)] di =
T—>“> 2  T  J - r

=  tr [4>bh.bh (0)] <; o'- . ( 1 )

Here bft.(f)b.ft(i) is a sym m etrical m atrix com posed o f the m atrix m u lti­
p lication  of colum n vector bh.(f) and row vector b.ft(i), while “ tr” denotes 
the trace that is the sum of the diagonal elem ents of the m atrix. The latter  
can also be expressed b y  a correlation m atrix w ith  zero shifting tim e.

As is well know n, the unequality of constraint can also be expressed  
b y  the pow er-density-spectrum  m atrix as

tr [b;,  (i) bft (t)] =  tr [фбА,6,  (0)] =  -  Ц  ( 1 tr [Фbk.bh (s)] ds <  ff2 , (2)

where s =  jco and h, h! =  1, . . . , H .
R eturning again to  Fig. 1 it  can be observed th a t the m anipulated  

variables enter in to  the fixed  part of the system , th a t is, into the plant, while 
the outputs of the la tter  are the controlled variables. The plant is represented  
b y  w eighting-function m atrix wji(t) ( j  =  1, . . . , J ;  1 = 1 , . . . ,  L ).

From the controlled variables as com ponents th e  row vector c.;(t) is 
constructed ( 1 = 1 , . . . ,  L).  The row vector of the error e . f t )  is nothing but 
the difference of the ideal or desired signal vector i./(f) and actual output 
vector c.;(i) ( 1 = 1 , . . . ,  L).  I f  needed the ideal ou tput vector i . f t )  can be 
obtained from the useful signal vector s./((t) by the w eighting-function m atrix  
y w ( t )  which can excep tion ally  be physically  unrealizable.

Now let us adopt as m inim ization criterion the sum  o f the mean-square- 
error com ponents. This la tter can be expressed as the m ean value of the trace  
of the m atrix com posed of the m atrix m ultip lication  o f colum n vector e;.(t) 
and row vector e./(i) and can obviously also be expressed b y  the corresponding  
correlation m atrix or pow er-density-spectrum  m atrix:

_ _ _ _ _ _ _ _ _ _ _  1  r T  ___________
tr [e, (i) e , (t) ] =  lim  ------  tr [e, (t) e ; (t) ] dt =

T -—  2 T j _ r

=  tr [4>e„e, (°)] =  Г f tr [ф ^ ,  (s )] ds • (3)2 n j

Applying the Lagrangean conditional extrem um  technique, our problem  
is reduced to  the m inim ization of the following expression:
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tr [cp*,,*, (0)] =  tr [x; (t) Xj  ( ( ) ]  =  t r [e ; (<) e ,  ( i ) ]  +

+  A tr [bft. (t) b h (i)] =  tr [e, (t) e ,  (г) +  Я b„ (t) b „ (г)] =  

=  tr [ф<^< (0) +  Ясрйл;)А(0)] .

The la tter  can also be expressed as

(4)

tr  (°)] =  tr  [х/. (0  X., (i)] =  ( tr [ Ф , , - е ,  (s) +  я Ф bh bh (s)] d s . (5)
2 л7

Therefore, the task  in  question is th e  m inim ization o f the integral on the  
right side of Equ. (5), or in other w ords, it  is necessary to  find  the m inim izing  
trace o f the resultant pow er-density spectrum  m atrix

Ф ' Я ) --  Ф|; СI ($) “|— Я Ф bh'bh ( )̂ * (b)

w hich is a function of the variable s and parameter Я. As naturally, both  
the pow er-density-spectrum  m atrices in E qu. (6) are on ly  functions of s2 or 
co2, thus the com plex variable integral in Equ. (5) can readily  be reduced to  
a real-variable integral.

E v id en tly , the follow ing relation is valid  [12, 14, 17]:

^Ci'e, (s) =  &i(U (s) — Ф /j 'Cl (s) — Фс;-и (s) +  &c,,c, (s) . (7)

A pplying the generalization of th e  index-change rule [11] and taking  
Fig. 1 into consideration the latter m atrix  can also be expressed as

Фе -e, (s) =  Ф / , , , ,  (s) -  Ф,„г, (s) W ckj (s) Щ  (S) —

-  Щ /  ( -  •) Щ А -  s) Ф n,n («) +  (8)

+  M ’r  ( -  s) W) .k. ( -  s) Ф г, Гк (s) WZj (s) Щ ,  (s)

and sim ilarly

(») =  W jr  ( -  8) Щ к' ( -  s) Ф Ып (s) W Zj (s) W%  (s)

( k , k ' =  =  1 ,1 '=  1 , . . . , L ;  h, h '  =  1.........H ), ( 9 )

where W£;(s), Wp(s)  and Wj/,(s) are the transfer-function m atrices of the  
controller, the plant and the constraint, respectively, determ ined from the  
corresponding w eighting-function m atrices by Fourier or Laplace transfor­
m ation . Transfer function  m atrices W j,k-(—s), W{._/.( — s) and W are 
the adjoint, th at is, the conjugate com plex  transposed m atrices of transfer-
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fu n ction  matrices W kj(s),  Wy/(s) and Wy/,(s) these la tter being К  X  J ,  J  X  L  
and J  X  H  m atrices, respectively . In  m ost cases К  =  J  =  L  H  can be  
assum ed w ithout loss o f generality.

Let us now introduce an auxiliary pow er-density-spectrum  m atrix  
Ф ak ak(s’ im plicitly  defined in the follow ing relation:

W M -  s ) Wb '  ( -  «) («) w fcy (*) Щ  («) +
+  Я W*T  ( -  s) W fr  ( -  s) Ф Гк Гк (s) WZj (s) (s) =

=  Щ Г  ( -  s) Щ к. ( -  S )  Ф а,а к (s, Я) W£y ( S )  W f (s) . (10)

I t  can be shown th a t th e  auxiliary pow er-density-spectrum  m atrix Ф ак,ак(в, Я) 
is so lely  determ ined b y  E qu. (10) if  th is m atrix does not depend on the choice 
o f transfer-function m atrix  W kj(s) of the controller.

For this purpose le t us see the explicit expression o f the auxiliary power- 
density-spectrum  m atrix

* a t ak ( S ,  Я) =  Ф ^ ( . )  +  Я [W fc  ( -  S)]“ 1 [W{T  ( -  в)]“ 1 X 

X  WgT ( -  s) W , V ( -  s) Ф а ,* (s) W kj (s) (s) [ Щ  ( s ) ] - i  [W 'kj (* )]-! . (11)

It is quite obvious th at for arbitrary pow er-density-spectrum  m atrix  
ф Гк,Гк (s) the auxiliary pow er-density-spectrum  m atrix does not depend on  
th e  transfer-function m atrix  W kj(s) and its adjoint m atrix  Wj-k.(— s) if  and  
on ly  if

(з)]~1 =  G ( s ) I j j  (12)

(7 =  1 , . . . , J ; h =  l = l , . . . , H =  L) ,

where G(s) is som e scalar transfer function or polynom ial, while Ijj is a u n ity  
m atrix  of the J  X  J  ty p e . This condition gives the follow ing auxiliary m atrix:

Ф a,at (S,  Я ) =  [1 +  Я С  ( -  ») G («)] Ф Гк,Гк (s) , (13)

w hich is indeed independent of Wkj(s) and W/./£,(—s). T hus, for a given plant 
m atrix  the constraint m atrix cannot he optionally  chosen but there m ust be 
an interdependency betw een them  to  ensure the independency of the auxiliary  
m atrix. Now, tak ing  Equs (8), (9) and (10) into consideration the power- 
density-spectrum  m atrix  figuring in Equ. (6) can be expressed as

Ф.х-гх, (s, Я) =  Ф,„;, (s) — Ф и,Гк (s) W^y(s) W(, (s) —

s )  Ф ^ ( * )  +

4- W{T ( -  s) W j.k. ( -  s) Ф ak-ak (s, Я) Wj?y (s) Wj, (s) . (14)
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Let us introduce an auxiliary К  X J  transfer-function m atrix G/^(s, A)
and its adjoint m atrix Gp k,(—s, A) b y  the following im plicit relations

and
;(S,A )G ^ (s ,A )W ^ (s) • П Ц(*)

Щ у { -  s) Gpk, ( — S ,  А) Фai'ak {s, A) =  Ф „ п (s)
(15)

Substituting expression (15) in to  Equ. (14) the pow er-density-spectrum  
m atrix  in question takes the follow ing form

3V x, (S’ ty  =  ф п'п (s)

-  щ г ( -  S) Gpk, ( -  s, А) Фak-ak (s,  A) G $ (s, A) (s) +

+  [Wfr  ( -  s) Gpk, ( — s, A) — W{r  ( -  s) W;V  ( -  ,)]  X 

X ф ayak (S, A) [Gc4  (s,  A) Wf}l (s) -  W i j  (s) Щ  (S)] . (16)

The transfer-function m atrix W kj(s) and its adjoint Wj!/,.(—s) are contained  
only  in the last term  o f Equ. (16). The trace of the pow er-density spectrum  
m atrix  ф  ,X|(s, A) w ill obviously be minim um  if this la st term  becom es zero. 
The sufficient and necessary conditions are

W k f(s , A) =  G # (s ,A ), 

W ^ , ( - s ,  A) =  G% , { - s , X ) (17)

where the upper index  “ o” signifies the optim um . S ubstitu ting  Equ. (17) 
in to  E qu. (15) we obtain the im plicit relations for the p h ysica lly  unrealizable 
transfer-function m atrix of the cascade controller and its adjoint m atrix:

■ at \(s, A) Wflj0 (s, A) Wji (s) =  Ф Гк1 , (s) ,

Щ г ( -  s) Щ ° к, ( -  S ,  А) ф ак-ак (S, A) =  Ф и.Гк (s) .
(18)

Of course, a physica lly  unrealizable transfer-function m atrix does not 
solve our problem and we m ust seek for a physically  realizable one. Let us 
assum e th at W y m(s, A) is the p h ysica lly  realizable optim um  transfer-function  
m atrix  of the cascade controller in case of constraints. Substitu tin g  this m atrix  
instead  o f Wfey°(s, A) then  from the first relation of E qu. (18) the following  
expression can be derived:

* a ,a k ( S ,  A) W jif  (s, А) Щ  (s) Wf r  ( ~ s )  =  ф п , и  (*) Щ у  ( -  s) +  F  f t ,  (s, A), (19)

where F * y ( s ,  A) is still an unknow n m atrix w ith transfer-function elem ents 
having  on ly  right-half-plane poles. In  th is equation the m atrix  factor W{,y(—s) 
is inevitab le  as W{7(s) W {.j,( —  s) m ust be treated as a pow er-density-spectrum  
m atrix.
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N ow  let us in troduce th e  follow ing spectrum -factorization relations:

фак,ак, {s i A) Фа*»а4 (s! A) =  Фа* ak (s> A) (20
and

Щ  (*) Щ'Г ( -  *) =  ( Щ  (s) W fr  ( -  *))+ (W f (s) w f r  ( -  s ) ) -  , (2 1 )

w here the upper in d ex  — (m inus) denotes a m atrix fac tor  w hose elem ents, 
and the elem ents o f  th e  inverse m atrix, have only right-half-plane poles, 
w hile the upper index  -j- (plus) denotes a m atrix  factor w hose elem ents together  
w ith  the elem ents o f its  inverse m atrix have only left-half-p lane poles.

According to  E qu . (13) the spectrum  factorization  o f the auxiliary  
pow er-density-spectrum  m atrix Ф а//а/с(.ч, A) is not more com plicated than that 
of th e  m atrix <J>a  rt(s), the only difference being that it  is necessary to  find  
also the scalar factors

(1 +  AG(—s)G(s))-  and (1 +  AG( —s)G(s)) + .

Taking Equs (20) and (21) into consideration E qu. (19) m ay assume 
th e  following form:

Ф « и *  (* , * ) Щ т (* , Я) ( W  ; , (S)  Щ г ( -  . ) )  +  =

=  (*. Я)]-1 ф п ,ц (s) Щ у ( -  s) X

X  [ ( W / ( ( S) W { r ( -  - s ) ) - ] - i }  +

+  Я)]-1 F Híj. (s, A) [ ( Щ  (s) W{7  ( -  S) ) - ] - E  (22)

Separating the p h ysica lly  realizable and unrealizable m atrix  com ponents 
on both sides o f E qu. (22) the follow ing tw o relations can he obtained:

* < U ( * .  Я) Wf ^ ( s ,  A) (W j t(s) W{T ( -  .s))+ =

=  { [ Ф м г ^ Г ’ Ф г и / ^ Ы - * )  X 

X [W ^(S)W {T( - S) ) - ] - i } + (23a)
and

0 =  { [ Ф ^ ( » ,  А )]-1 Фr, i,(s) s) X

X  [ ( W M  Щ г ( -  s ) ) - ] - 1} -  +  [ Ф ^ В1.(» , A)]-1 X 

X  F  A) [(W Щ  W { j . ( -  s ) ) - ] ~ \  (23b)

where the lower in d ex  -|- (plus) denotes a m atrix component  w ith physically  
realizable elem ents, belonging to  positive-tim e functions, while the lower 
in d ex  — (minus) denotes a m atrix com ponent w ith  physica lly  unrealizable 
elem ents, that is, w ith  right-half-plane poles, and thus belonging to negative­
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tim e functions. Generally speaking, the physically  realizable com ponent can  
be obtained b y  first performing an inverse Fourier transform ation and then  
a Laplace transform ation.

F inally , from E qu. (23a) the physically  realizable optim um  transfer- 
function  m atrix o f the cascade controller in  case of constraints can be ex ­
pressed as

w g r M )  =  X
X  { [ ® i . e* .(* ,A ) ] -1 # e t ./|( e ) W i r ( - * )  X 

X [(W f t s \  Wfl7 { -  s ) ) - ] - 1^  [ ( w Щ  W iT ( -  « ) ) + ] - * .  (24)

The solution Wfcym( s ,  A) m ay now be substitu ted  into the condition of 
constraint. This can be performed b y  first substitu ting  W*ym (s, A) and its  
adjoint m atrix instead  of W kj(s) and its adjoint, respectively, in E qu. (9). 
Thus, the pow er-density-spectrum  m atrix Фbh'bh(s’ *s obtained. Substituting
the latter m atrix in to  Equ. (2) the param eter A can be adjusted so th a t the  
condition o f constraint, th at is, unequality  (2) w ill be satisfied. After having  
determ ined the proper value of the param eter A, the la tter can he substitu ted  
back  into Equ. (24) and finally  the physically  realizable optim um  transfer- 
function  m atrix o f the cascade controller W)y-m(s) is obtained. It m ust be 
em phasized that after the previous procedure the param eter A is already  
m issing. The transfer-function m atrix W£/m(s) is the final explicit solution  
o f our problem  for th e  case of the semi-free configuration w ith constraints.

Substitu ting the so obtained m atrix expression o f W y m(s) and its  
adjoint into Equ. (8) instead of W y(s) and W;.*,(—s), respectively, the  
pow er-density-spectrum  m atrix of the error can be com puted. H enceforth, 
using E qu. (3) the m inim um  sum of the m ean-square-error com ponents can 
be determ ined.

III. Some supplem entary remarks

Let us now exam ine some possibilities of specializations and generali­
zations concerning the obtained results.

F irst, it  is obvious th at taking A =  0, on the one hand, ф а/ at(s, A) is 
im m ediately  reduced to  ф Гк rk(s), and on the other hand, Equ. (21) gives

W£?(.s) =  [ Ф X 

X  W { T ( -  s) [ ( W J , ( 5 )  W fi r ( -  ■ s ) ) - ] - 1 }+  X 

X  (25)

which is the final exp licit solution fornmla o f the optim um  cascade controller  
for the case of the sem i-free configuration w ithout constraints.
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B y  the w ay, if  the configuration is com pletely free, th at is, the fixed  
part o f  the system  can be considered as a u n ity  (or in other words: idem) 
m atrix  the latter being independent of th e  variable s =  jü), then E qu. (25) 
can b e reduced to  the form:

W Ж*) =  [ Ф и о о г 1 {[ФГ* u (s)]-1 Фп /,(«)}+ • (26)

This is the sim plest closed-form  solution  form ula for m ultivariable system s  
g iv in g  the optim um  transfer-function m atrix.

N ow , let us concentrate our atten tion  to the constraint m atrix W jix(s) 
and to  its transform W%(s). Of course, E qu. (12) m ust always he valid . I f  the  
m anipulated  variables are indirectly constrained the transfer-function m atrix  
Wjh(s)  m ay assume quite a general form . For exam ple, if  even the sum of 
th e  m ean-square values of the controlled variables are lim ited , then the  
constra in t m atrix Wjft(s) becom es the very  same as the plant m atrix Wj/(s).

Furtherm ore, if  the plant transfer-function m atrix Wy;(s) can be ex ­
pressed as the m atrix m ultiplication of tw o corresponding transfer-function  
m atrices

Щ М  =  w y * )  (27)

and even  the sum of the mean-square value of the variables acting betw een  
the tw o  control link m entioned above has to be lim ited, then  W j i , ( s )  m ust 
be tak en  as identical w ith  W%(s).

If, on the other hand, the set of the m anipulated variables is d irectly  
constrained  then the constraint transfer-function m atrix assum es a certain  
special form, nam ely, it becom es a diagonal m atrix. W ith due regard to  
E qu. (12) in this case the m atrix Wji(s) m ust also be a certain diagonal m atrix. 
For exam ple, if  even the sum of the m ean-square values of the m anipulated  
variables is lim ited then Wp,(s) becom es a unity  matrix:

W %(8) =  I jj

th e  la tter being independent of the variable s =  jco. I f  the m ean-square 
va lu es of m anipulated variables m ust be added by taking som e w eights: 
8 l i ’ • • • ’ 8jj’ • • • ’ 8 j j  in to  consideration then  the constraint transfer-function  
W jh(s ) becom es a diagonal m atrix com posed of the square roots of the w eights 
as elem ents

W kjh(s) =  diag [ 1fgu  , Ygj j  , - ,  Ygj j  ] • (28)

This m atrix is also independent o f the variable s.
A semi-direct constraint arises from the case when not the sum of the  

m ean-square values o f the m anipulated variables them selves is lim ited  but
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th a t o f the first (or second) derivative o f the m anipulated variables has to  
he constrained. In the la tter  cases the following choice w ill do

w  %{s) =  s lj j (29)

W % (s) =  s4 j j . (30)

needed then

W j\(s) =  s diag [Kgu * Vgjj ’ •" ' T s Tj \ (31)

W kjh(s) =  s2 diag [K&n> X&Yi ’ • 4 g j j \ (32)

are the proper choices. U nfortunately , the weights cannot be chosen at w ill 
b u t only w ith due respect to  E qu. (12).

W hen, for exam ple, th e  first m anipulated variable itse lf, the second  
m anipulated variable b y  its first derivative, the third m anipulated variable  
b y  its second derivative and so on . . .  , m ust be taken  in to  consideration  
in  the m ean-square-sum m ing procedure w ith  w eights, th en  the following  
diagonal m atrix w ill do:

WjftOO =  diag [Kgu , s y g lo , s2 Vg33 ...]  , (33)

i f  th e  condition (12) allows th is.
Sim ilarly, som e other special m atrix forms can be chosen according 

to  the special need if  the sum  o f the mean-square values o f th e  m anipulated  
variables m ust be sem i-d irectly  constrained, but alw ays w ith  the restric­
tio n  (12).

N ow , the question arises, how  m ultiple constraints can be performed. 
If, for exam ple, the m anipulated  variables are sim ultaneously  subm itted  
to  tw o or more constraints, th en  instead o f unequality (2) we have a system  
o f unequalities:

"г— г Г tr [Ф * .« 0М ] ds <  ff? ; (£ =  1, . . . ,  I )  (2')
2 îiy J - j n

and instead of E qu. (5) we have the following relation

]l ( joo i =  I

tr [фх( X, (0,я15. . . ,  A,)] =
■ n j J - J

tr Фе,,е,(5) +  А/ Фйл M0(s)
i = l

ds (5')

w here the corresponding pow er-density-spectrum  m atrices are

< ÏW )(S )  =  W£T(f)( -  s) W b - ( -  S) Фrt'rt(s) W lj(8)  w %(0(s).
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H ere Wjft(,)(s) (i =  1 are the corresponding constraint m atrices
(F ig . 2).

In the latter case follow ing the sim plified derivation technique both the  
auxiliary  pow er-density-spectrum  m atrix ф ак,ак(з> Xv  . . . , Xj) and the physi­
ca lly  realizable optim um  transfer function m atrix W k)m(s, Xv  . . .  , X/) becom es 
a m ultivariable function  o f the param eters X,-.

Fig. 2

Thus, instead o f E qu. (10) we now have

Щ ' А - s ) Щ А -  s) * *  n(s)  W i j(s)  w A s )  +

+  2 ' I,  w g T (0 ( -  s) w r A - ») Ф г « М  W  A s )  w jfM0(s ) =
r = l

=  Wir ( -  s) WJV ( -  a) Ф„л (8, я15 . . Я,) Wg,(*) WЩ  , (10')

w hile the explicit expression o f the auxiliary pow er-density-spectrum  m atrix  
is now:

Фakak(sA v . ■ -Л ) =  +  2 ^ CM ~  S)]-1 [WfT ( -  S)]_1 X
1=1

X w g T(0( -  5) W )v ( -  *) Ф ,  rt(s) W Zj(s) W j m (s) [W /,(s )]-i [W g /* ) ] - i .  ( I F )  

In stead  of condition (12) we now have the restrictions:

Wj f M0(S) [ W (12' )

( * = ! , . . . , / )
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F inally , the explicit solution form ula now becom es:

W £f(s, V .  .,* /)  =  [ ф ; и М и .  ■ - , я,)]-* ж
X  { [^ O i.a i .( s ) ^ i v  • ч ^ / ) ]  1 Фг* í;(s ) X  

X W f ; , ( -  s) [(W £(s) W{Y ( -  s ) ) - ] - 1}+ X 

X [(Wfi( s )W fy, ( - s ) ) + ] - i .  (24')

The adjustm ent procedure of the param eters X, m ust now be performed 
in such a m anner th a t the m ost rigorous o f the inequalities (2') will he fulfilled.

Of course, a generalized m atrix is also possible. In th is case erf =  (o2)/ 
and X‘ m ust be considered as vectors (or one-dim ensional m atrices), w hile

Ф' W * b  WfA(0(s) ,  WkhrU)( - s )

m ust be treated  as three-dim ensional m atrices.T hen in E qus (5'), (10') and (11') 
the sum m ations becom e m atrix m ultip lications.

M any special cases can be considered on the basis o f the foregoing  
discussion.

IV. Generalizations for pulsed-data m ultivariable system s

For strictly  digital or pulsed-data system s [18—32] (Fig. 3) the  
generalizations are quite obvious. The m ean-square value o f the sum of the  
number sequences of the errors can be expressed in the following forms:

tr [е,_(геТ)е.;(гаТ)] =  lim  Д  ^  t i  [eL(n T )  e ,(nT)] =
n -*~ 2 N  +  1 n~ N

=  tr [tpf,.e,(0T)] =  — Ф̂ 'е,(2) z-1 dz , (3*)
Z n j  J r о

where
O O

^ei *i(z) =  ^  4>ei et(kT) Z~k
k=~oo
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is th e  corresponding power-spectrum  m atrix and T 0 is the unit circle in the  
z plane.

On the other hand, the u n equality  o f constraint can now  be expressed  
as follow s

tr [Ьл.(гаТ)Ь ft(i*T)] =

=  lim  Т ц Г , ~ r  2  tr [ЬлЛгеТ) b,h(nT)]  =  tr [cpfeA't>* (ОТ)] =
2 N + 1  nt í N

=  - 1- г ( £ )  й Ф « ( г) г 1  (2 . )
2 n j  J r a

w here z =  eJa>T and h, h ' =  1, H .
I t  can be seen th a t the expressions for the pulsed-data system s are 

q u ite  similar to  the expressions for the continuous-data system s. To put 
th is  fact into relief the same num bers are used for the equations but w ith an 
asterisk . Thus, the derivation for th e  pulsed-data system  can be performed  
ju s t  as in  the case o f the continuous-data system . For th e  sake of brevity  
th is  derivation is om itted  here, on ly  the final results are given.

The physically  realizable optim um  transfer-function m atrix of the  
pulsed-data cascade controller in  case of constraints can be expressed as

X  {[Фа,а̂ , Щ - 1 Факи(*)Щ'у(2-1) X  

X [(W /;(z )W f/ (z - i) ) -  ] - i } + [ ( W ^ ) W f r (Z- ) ) + 1] - 1. (24*)

H ere the upper index  — (m inus) denotes a m atrix fac tor  whose elem ents, 
and the elem ents of the inverse m atrix , have only poles outside the unit 
circle T 0 while th e  upper index  +  (plus) denotes a m atrix  factor w hose  
elem ents together w ith  the elem ents o f its inverse m atrix  have only poles 
inside the unit circle. Furtherm ore, the lower index -(- (plus) denotes a m atrix  
component  w ith physically  realizable elem ents, belonging to  positive-tim e  
functions and poles inside the u n it circle, while the lower index — (m inus) 
denotes a m atrix com ponent w ith  physically  unrealizable elem ents, th a t is, 
w ith  poles outside the unit circle, and thus belonging to  negative-tim e functions.

Generally speaking, the m atrix  factors can be obtained b y  the spectrum  
factorization o f power-spectrum  m atrices, while the physically  realizable 
com ponent can be obtained b y  first perform ing an inverse tw o-sided z trans­
form  taking for the integration  path  the unit circle, and thereafter, b y  the  
ordinary one-sided z transform  perform ing the sum m ation only from n  =  0 
to  o o  (and not from n —  — с ю  to  o o ) .
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I t  m ust be noted  th at the auxiliary power-spectrum  m atrix Фа* at(z, 
is now im plicitly  defined in the follow ing relation

W{r (* -i)W f *.(*-1) Ф ^ | )  w £/*) w Щ  +

+  Я W£r (*-i) Ф Гк-п {*) W è /z )  W j h(z) =

=  (z-1) W b ' ( ^ )  Ф ^ * ,  Я) Wèj(z) Wffa) . (10*

The condition o f independency is now

W fr(* )[W f(* )]-i =  G (*)I„ . (12*1

This condition yields the following auxiliary m atrix

* < * .(* . Л) =  [1 +  ЯС(2-1) G(*)] Ф ^ ( * ) , (13*)

which is indeed independent of W aj(z ) and Wy-*,(z—г). This circum stance  
em phasizes th e  fact th a t for a given p lant m atrix the constraint m atrix cannot 
be optionally  chosen b u t there m ust be an interdependency betw een them  
to ensure the independency of the auxiliary m atrix.

The elim ination  procedure of the underterm ined parameter Я is th e  
same as before, the on ly  difference being th a t now

Ф W * )  =  W£r (z-1) W J - H O  ф г ,Гк(г) W ij(z)  W f h(z) (9*)

m ust be applied. Substituting Equ. (24*) in to  E qu. (9*) and thereafter th e  
so obtained m atrix

in Equ. (2*), the param eter Я can be adjusted in such a manner th at the  
unequality o f constraint w ill be satisfied. W ith  th is value of Я and Equ. (24*) 
the physically  realizable optim um  transfer-function m atrix of the pulsed- 
data cascade controller W/j/m(z) is obtained.

Y. Some rem arks

It is obvious th a t taking Я =  0, on th e  one hand

Я)
is reduced to

Фг*-г*(2)
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and on the other hand Equ. (24*) yields

w #*(*) =  [ * U * r ‘ X

X  { [ Ф и ( * ) Г ] X

X  [ С О Д  W{T (2- 1) ) - ] - 1}+ [WЩ  W{r (2- i ) ) + ] - i , (25*)

w hich is the final explicit solution form ula o f the optim um  pulsed-data cascade  
controller for the case of the sem i-free configuration w ithout constraints.

Furtherm ore, the optim um  transfer-function m atrix for pulsed-data  
m ultivariable system s w ith  com pletely-free configuration is

W S ( z )  =  [ Ф и « ] “ 1 { [ Ф ^ , . « ] - 1 Ф * * ( » ) } +  - ( 2 6 * )

Sim ilarly, it  is not difficult to  translate also the other remarks in 
Section  I I I  to  the case of pulsed-data system s.

N ow  the results obtained m ay easily  he generalized also for m ultiple  
constraints. For exam ple, if  the m anipulated  variables are sim ultaneously  
su b m itted  to  tw o or more constraints th en  instead of unequality (2*) a system  
o f unequalities is valid:

- ^ - ( 6  tr [ФЛ;„Ы0« ]  z“ 1 dz <  <rf. (2'*)
2 n j  J r ,

Furtherm ore, we have the follow ing relation:

t r  [ < P x „ x , ( 0 T ,  A .  . . . , ! / ) ]

tr Ф eiei{z) +  S ’ К  Ф bh,bk(i){z)
i = l

2 1 d2. (5'*)

Here the corresponding pow er-spectrum  matrices are

* v w o ( * )  =  w ^ o í * - 1) W  Cj.jA z- 1) Ф гггА*) W  Jm ,

w here W j« )^ ) (i =  1, . . . , I )  are the corresponding constraint m atrices. 
In  case of the semi-free configuration w ith  m any constraints the conditions 
of independence

W j m {z) [ W f « ] - 1 =  G(0(2 ) Ijj (12 '* )

(i

m u st be fulfilled, where G^(z)  (i =  1, . . . , I )  are some scalar pulse-transfer  
fu nctions (or polynom ials) and I jj is a u n ity  m atrix of the J  X J  ty p e .
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Of course, in th is case both  the auxiliary power-spectrum  m atrix  
Фak'ak(z ’ • • • > ^ i)  an£l the physica lly  realizable optim um  pulse-transfer-
function  m atrix  W ‘kjl(z, ?n , . . . , ?.j) becom es a m ultivariable function  of the  
param eters А/. Accordingly, we obtain  in  th is case

k(z, A1 5 A7) — i  +  2 Х‘ С^ ~ 1) СФ )
i - l

Az)

F inally, the explicit solution form ula for the semi-free configuration w ith  
m ultiple constraints becomes:

Aj, ... Xj) =  [Фi t .,ak( z ’’ 1̂ » ^/)] 1 X

X { [Фi  0i. (*, Xv  ..., A7) ] - i Ф кф )  \V{T(2-1) X 

X [ ( ^ W W ^ r 1) ) - ] - 1} ^ . ^ * ) ^ * - ! ) ) ^ - ! .  (24'

The adjustm ent procedure of the param eters А/ m ust now be perform ed  
in such a w ay th at the m ost rigorous o f the unequalities (2'*) can be fulfilled.

F in a lly , it  is perhaps w orthw hile to  m ention th at the single-variable  
system s are only special cases of the m ultivariable system s, and the optim um  
transfer functions of the continuous-data and pulsed-data system s, respectively , 
can im m ediately  be obtained from  the corresponding formulas derived if  
the m atrices are substituted  b y  scalar quantities. This is equally true for the 
com pletely-free configuration as w ell as for the semi-free configuration w ith  
and w ithout constraints. It m ust be em phasized th at in case of single variable  
iystem s E qu. (12) or (12*) is inherently  guaranteed, because for j  =  1 being  
jjj  =  1, th a t is a scalar quantity . Thus, in single-variable system s the necessary  
independence is a priori ensured.

A P P E N D IX

A fte r  h a v in g  d e te rm in ed  th e  o p tim u m  tra n s fe r-fu n c tio n  m a tr ix  of th e  cascad e  c o n trô l­
er a cco rd in g  to  th e  equ ivalence of th e  tw o  co n fig u ra tio n s  show n in  Fig. 4 th e  tran s fe r-fu n c tio n  
m a tr ix  o f th e  series con tro ller or th a t  of th e  feed -b ack  c o n tro lle r can  also be  a sce rta in ed . F o r 
exam ple , if  th e re  is no feed -back  co n tro lle r th e n  th e  tran s fe r-fu n c tio n  m a tr ix  o f th e  series 
con tro lle r can  be  expressed  as

(*) =  [I -  w), (,) Щ  (s) ] - i  w;(). (s),

w hile, on th e  o th e r  h an d  if  th e  series c o n tro lle r is m issing  th e n  th e  tran s fe r-fu n c tio n  m a tr ix  
o f th e  feed -b ack  co n tro ller is given in  th e  follow ing re la tio n

H ïk «  =  [Wfe (.) ( .) ] - !  -  [W/,(S)]-1..
(k  =  l , . . . , K ;  j  =  J =  1 , . . . , L ;  K  =  J  =  L )
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F ig . 4

F ig . 5

S im ila rly , a f te r  h av ing  d e te rm in e d  on th e  basis o f F ig . 5 th e  o p tim u m  p u lse -tran sfe r-fu n c tio n  
m a tr ix  o f th e  p u lsed -d a ta-ca scad e  co n tro ller, th e  p u lse -tran sfe r-fu n c tio n  m a tr ix  o f th e  series 
c o n tro lle r  in  th e  closed loop  can  he  expressed  as

Gfe («) =  [I  -  Wfe- («) W{, ( , ) ] - l  W%  (z)

i f  th e re  is no  feed -back  con tro lle r. If , on  th e  o th e r  h a n d , th e  series co n tro ller is m issing , th e  
p u lse -tra n sfe r-fu n c tio n  m a tr ix  o f th e  feed -b ack  co n tro lle r is

H% (•) =  [ %  (») W («)]-! -  [Wj5 («)]-! .

(k  =  l = j  =  l , . . . , K  =  L J )
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O P T IM A L E  K A S K A D R E G L E R  F Ü R  K O N T IN U IE R L IC H - U N D  D IS K R E T W IR K E N D E  
M E H R F A C H R E G E L S Y S T E M E  M IT  B E G R E N Z U N G E N

F. CSÁKI

ZU SA M M E N FA SSU N G

In  diesem  A u fsa tz  w ird  d ie O ptim alis ie rung  n a ch  W ien er—N ew ton  fü r k o n tin u ie rlich  
u n d  d ire k t w irkende M ehrfac li-S ystem e m it h a lb fre ie r  K o n fig u ra tio n  u n d  B esch rän k u n g  
b e h a n d e lt . F ü r  s ta tio n ä re , e rgodische, stochastische  P rozesse sind  die R e su lta te  fü r das M ehr- 
fach -S y s tem  K a sk ad reg le r  in  ex p liz ite r Form  gegeben, w obei als K rite riu m  das M inim um  der 
S um m e des q u a d ra tisch e n  M itte lfeh lers zw ischen d e r id ea len  u n d  a k tu e llen  A usgangs-S ignal­
g ru p p e  b e tra c h te t  w ird . A ls B e sch rän k u n g sk rite riu m  w ird  die B esch rän k u n g  der Sum m e des 
q u a d ra tisch e n  M itte lw ertes  d e r G ruppe von den m an ip u lie rte n  V erän d erlich en  genom m en.

D IM E N S IO N N E M E N T  D E S R É G U L A T E U R S  O PT IM A  PO U R  
SY STÈM ES A  V A R IA B L E S  M U L T IP L E S  E T  A R E S T R IC T IO N S ,

D E  F O N C T IO N N E M E N T  C O N T IN U  OU IM P U L S IO N N E L

F. CSÁKI

R É SU M É

L ’étu d e  tr a i te  de l ’o p tim isa tio n  d ’après W iener e t N ew to n , p o u r les systèm es m u l­
tip le s  à fo n c tio n n em en t c o n tin u  ou à fo n c tio n n em en t im pu lsionnel, à co n fig u ra tio n  sem i- 
lib re  e t à restric tio n s . P o u r  des processus s ta tio n n a ire s , e rgodiques, s to ch astiq u es, le c ritè re  
de  la som m e des é ca r ts  q u a d ra tiq u e s  m oyens e n tre  le groupe des s ig n au x  de so rtie  idéa ls e t 
a c tu e ls  est ad o p té . C om m e c r itè re  de re stric tio n , on considère  la  re s tr ic tio n  de la som m e des 
é c a r ts  q u a d ra tiq u e s  m o y en s d u  groupe des v a riab les  m anipu lées. P o u r le rég u la teu r en  cascade 
d u  sy s tèm e  m u ltip le  les r é s u lta ts  so n t donnés sous fo rm e explic ite .

ОПТИМАЛЬНЫЕ КАСКАДНЫЕ РЕГУЛЯТОРЫ ДЛЯ НЕПРЕРЫВНЫХ И 
ИМПУЛЬСНЫХ МНОГОМЕРНЫХ СИСТЕМ УПРАВЛЕНИЯ С 

ОГРАНИЧЕНИЯМИ

Ф. Ч А К И

РЕЗЮМЕ

Автор занимается оптимальным решением по Винеру—Ньютону многомерных, 
непрерывных и дискретных систем автоматического регулирования полусвободной струк­
туры с ограничениями. В случае стационарных, эргодических и стохастических про­
цессов, когда критерием работы считается сумма среднеквадратичных отклонений групп 
идеальных и реальных выходных сигналов и существует ограничения для квадратичных 
значений некоторых групп вспомогательных переменных были найдены явные выраже­
ния для многомерного непрерывного и дискретного оптимального регулятора последо­
вательного типа.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



A da Technica Academiae Scientiarum Hungaricae. Tomus 56 (3—4), pp. 383—384 (1966)

ENHANCEMENT OF WORKING GAS CONDUCTIVITY 
BY CONDENSING METAL VAPOUR

P R E L IM IN A R Y  R E P O R T  

K . P . KOVÁCS, D. H A LÁ SZ a n d  K . S Z E N D Y

[M an u scrip t received D ecem b er 20, 1966]

In a previous theoretical study [1] it  has been found that b y  using very  
fine dust particles (r == 2,5 • 10~~9 m) w ith  low  work function  sufficient therm i­
onic conduction (m ho/m ) can he attained for M H D  generators. It is, however, 
fairly difficult to  produce such fine dust particles b y  m echanical grinding 
and to ensure their hom ogeneous distribution in th e  supporting gas when  
entering the generator channel.

Metals in vapour sta te  which, while in  liqu id  sta te  do not w et the surface 
m acroscopically, can be form ed in liquid droplets more easily. This has the  
advantage of giving 2 ~  20 tim es the heat transfer coefficien t of film  conden­
sation. The condensation depends on the difference betw een  saturation tem per­
ature of the vapour and the tem perature o f the liquid phase and this m ay be 
influenced by sudden changes in saturation pressure or, in the case of high  
tem perature m etal vapour, by heat radiation.

According to  the k inetic  theory and som e experim ental investigations [2] 
droplets cannot form  on a liquid film  or layer b u t condensation will begin  
around nucléation cores as contam inants. In  th e  course o f the spatial conden­
sation of m etal or m etal com pounds very fine liquid  or solid  (reverse sublim ation) 
particles can be form ed, the sizes of which correspond to  the theoretical value. 
I f  the seeding m aterial, w hen changing phase, is in an excited  state necessary  
for reaching the ionization  potential or working function , it  can satisfactorily  
ionize the working flu id .

The tem perature drop (Ts — T v) required for spatial condensation of 
high tem perature m etal vapour (1500 ~  1700 °K) is atta inable b y  heat radia­
tion or sudden pressure decrease. The heat transm ission b y  radiation m ay be 
enhanced if  this part o f channel is covered w ith  high-grade absorbent, provided  
th at the absorption coefficien t of the gas is un im portantly  low.

These phenom ena w ill be investigated  on an experim ental equipm ent 
developed for th is special purpose at the In s t i tu te  fo r  Electrical Power Research, 
Budapest.  A closed experim ental loop, filled  w ith  pressurized argon, w ill be 
placed in a high tem perature space (1500 ~  1700 °K ), and some alkali m etal 
com pound (e.g. CsCl w hich has a boiling poin t of 1563 °K) is to be put into  
the high tem perature branch of the loop.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



384 К . Р . KOVÁCS, D. HALÁSZ and K. SZENDY

T he required gas condition m ay be obtained by changing the tem perature  
and pressure of gas inside the loop. The conductiv ity  could be m easured b y  
m eans o f platinum  electrodes placed at several points of the channel.
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B O O K  R E V I E W  -  B U C H B E S P R E C H U N G  -  C O M P T E  R E N D U  
D E  L I V R E  -  О Б ЗО Р  К Н И Г

Fodor, Gy.:

L A PL A C E  T R A N S F O R M S  IN  E N G IN E E R IN G  

A kadém iai K iad ó , B u d a p es t 1965, 758 pp.

T echnica l an d  social d ev elo p m en t calls fo r co n tin u a lly  increased  accu racy  an d  v e rsa ­
t i l i ty  in  stu d y in g  th e  phen o m en a  en co u n tered  in  p ractice . These v a rio u s  p h en o m en a  an d  
processes can  generally  be described by  th e  use o f o rd in a ry  or p a r tia l  d iffe ren tia l eq u a tio n s  or 
sy s tem s o f such eq u ations. D esp ite  th e  fa c t t h a t  m o st of these a re  lin e a r eq u atio n s w ith  
c o n s ta n t coefficients, th e  conven tio n al m eth o d s used  to  solve th em  are  c o m p a ra tiv e ly  in tr i ­
c a te , req u irin g  laborious calcu la tions. T he solving of th ese  equ atio n s (an d  sy s tem s of equatio n s) 
is g re a tly  sim plified b y  th e  use of L ap lace  tran sfo rm s , w hich  are now  in  g en era l use a n d  f in d  
th e re fo re  necessarily  a n  ever increasing  ap p lica tio n  in  engineering p rac tice .

In  th is  book, w hich  was p re p are d  as a  g re a tly  en larged  version  of th e  H u n g a rian  ed ition  
e n tit le d  “ A L aplace-transzfo rm áció  m ű szak i a lk a lm azása” (published  b y  th e  A k ad ém ia i K iadó 
in  B u d a p es t, 1962), Gy. F o d o r  discusses m a th e m a tic a l an d  engineering  p ro b lem s involv ing  
th e  use  o f L aplace  tran sfo rm s. T he book  is w rit te n  in  e ig h t—even as in d ep e n d en t sections 
v a lu ab le  — p a r ts  and  th e  p rob lem s in  i t  a re  considered  from  th e  engineer’s a n d  m a th e m a tic ia n ’s 
p o in t o f view .

In  each  su b jec t m a tte r  a large  n u m b er o f exam ples is g iven to  m ak e  th e  book easier to  
u n d e rs ta n d  and  to  show  th e  possib ilities o f ap p lica tio n s of th e  discussed m a th e m a tic a l p ro ce­
d u res. (O n th e  whole, th e re  a re  a b o u t 300 exam ples w ith  full so lu tions in  th e  book.)

In  th e  f irs t  p a r t  th e  law s o f th e  e x a c t sciences w ith  th e ir  m a th e m a tic a l descrip tions 
a n d  co n v en tio n al so lu tions (w ith o u t th e  use  o f L ap lace  tran sfo rm s) a re  d e a lt  w ith . H ere , th e  
n o tio n s o f u n it-s te p  fu n c tio n  and  D irac  d is tr ib u tio n  are  in tro d u ced  an d  a d iscussion  of th e  
g enera lized  d iffe ren tia tio n  is p resen ted . (T hough  a n  a d eq u a te  m a th e m a tic a l fo u n d a tio n  is 
o m itte d , th is  p a r t  p roves to  be a v e ry  usefu l system  in th e  la te r  ch ap te rs .)  In  th e  la s t  c h ap te r  
o f th is  section  a sh o rt acco u n t on F o u rie r  series, F o u rie r in teg rals , a n d  co rre la tio n  fu n c tio n s 
is  given.

T h e  second p a r t  of th e  book  p re sen ts  a d e ta iled  discussion of th e  L ap lace  tran sfo rm  
in c lu d in g  th e  analysis o f various fu n c tio n s  in  th e  tim e  an d  o p e ra to r d o m ain , th e  ru les of d irec t 
an d  inverse  tran sfo rm s, and  th e  g en era liza tio n  of co rre la tio n  functions. A n e x h au s tiv e  analysis 
o f  th e  fu n d a m e n ta lly  im p o r ta n t  co n v o lu tio n  th eo rem  is also in serted .

T he m ost im p o rta n t and  even  in  an  e x te n t th e  m o st considerable m a te ria l o f th e  book  
is enclosed in  P a r ts  I I I  an d  IV. P a r t  I I I  deals w ith  th e  p rac tica l ap p lica tio n s  o f  th e  L ap lace  
tran s fo rm s . T he calcu la tio n  ru le is d escribed  and  th e n  th e  so lu tions o f d iffe ren tia l equ atio n s, 
th e  ap p lic a tio n  of tra n s fe r  fu n c tio n s a n d  th e  s ta b ili ty  p rob lem s are an a ly sed . A w ide fie ld  of 
L ap lace  tran s fo rm  ap p lica tio n s in  con n ec tio n  w ith  th e  use  o f o p era to r im p ed an ces in  e lectrical 
analog ies is show n. In  P a r t  IV a fu ll u n d e rs tan d in g  of th is  m a te ria l is fa c ili ta te d  b y  solving a  
n u m b e r o f p a r tic u la r  p roblem s. T he a u th o r  show s th e  ap p lica tio n  of L ap lace  tran sfo rm s to  
o sc illa tions, in  th e  analysis of fo u r-te rm in a l ne tw orks an d  e lectrom echan ical sy s tem s, in  con tro l 
en g ineering , hydro d y n am ics , in  describ ing  e lectrical n e tw orks, pow er tran sm iss io n  system s, 
e lec tro m ag n e tic  w aves, e tc . He also d iscusses th e  possib ilities of solving n o n lin ea r d ifferen tia l 
e q u a tio n s  an d  d iffe ren tia l equ atio n s w ith  v a riab le  coefficients.

P a r t  V is d ev o ted  to  th e  sp ec tru m  m ethod . In  connection  w ith  th is  m e th o d  F o u rie r 
sp e c tra  o f period ic  an d  non-period ic  fu n c tio n s  are  m en tio n ed . In  th is  p a r t  a g en era lizatio n  of 
L ap lace  tran sfo rm s , th e  tran s fe r  ch ara c te ris tic s  an d  s ta b ili ty  c rite ria  a re  also d e a lt w ith .

P a r t  V I in v es tig a te s  d iscrete  L ap lace  tran sfo rm s . F irs t, i t  gives a d e fin itio n  of th e  new  
n o tio n  an d  reasons fo r i ts  in tro d u c tio n  a n d  th en  show s th e  ap p licatio n s o f d iscre te  L aplace  
tra n s fo rm  to  th e  analysis o f sam p led -d a ta  system s an d  to  solving d ifference  eq u ations.

P a r t  V II  discusses sto ch astic  processes b y  using  co rre la tio n  a n d  d e n s ity  functions. 
A  d iscussion  of sam p led -d a ta  calcu la tio n s a n d  o p tim iza tio n  prob lem s is also included .

Acta Technica Academiae Scientiarum Hungaricae 56, 1966
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P a r t  V I I I —w hich  is a t  th e  sam e tim e  th e  la s t  p a r t  of th e  b o o k —conveys sh o rt d e fin i­
tio n s  o f  th e  fu n c tio n s u sed  in  th e  book  th ro u g h o u t a n d  th e n  co n ta in s  usefu l tab les  (e.g. w ith  
L ap lace  tran sfo rm s of n e a r ly  600 functions).

T h e  v a s t  m a te ria l in  th e  book  should  give a g re a t help  to  eng ineers (especially  e lectrica l 
eng in eers) a n d  sc ien tis ts , g iv ing  th e m  th e  so lu tions o f a  larg e  n u m b e r o f p a r ticu la r  p rob lem s 
in  e v e ry  fie ld  o f in te re s t.

Dr. K . P . K ovács

Acta Technica Academiae Scientiarum Hungaricae 56, 1966
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I. H á z m á n : Satura tion  Current in  D iffu s io n -A c tio n  Transistors

T h e  c u rre n ts  flow ing th ro u g h  th e  t ra n s is to r  h av e  been  d iv ided  in to  th e ’ 
follow ing com p o n en ts: hole cu rren t o f th e  v o lu m e tric  tra n s is to r , em itte r  
a n d  co llector v o lu m etric  electron  c u rre n ts , hole c u rre n t of th e  vo lum etric  
co llector d iode an d  cu rren t com ponents re su ltin g  fro m  surface  reco m b in a­
tion . T he d e te rm in a tio n  of these sa tu ra t io n  c u rre n ts  b y  m easu rem en t has 
been  tra c e d  dow n  to  th e  m easu rem en t o f 7£0 a n d  Iç 0. I t  has been 
s ta te d  th a t  th e  m en tioned  th ree  q u a n tit ie s  are  m ore c h arac te ris tic  o f th e  
processes in  tran s is to rs  th a n  th e  sa tu ra t io n  c u rre n ts  IEBo an d  ICß(j, 
o b ta in ed  fro m  th e  sim ultaneous effect o f  all th e  com ponents. T h e  m ethod  
ad o p ted  here  g ives a b e tte r  insigh t in to  th e  p h y sical processes an d  perm its 
an  e x ac t q u a n ti ta t iv e  d e te rm in a tio n  o f th e  c u rre n t am p lificatio n  factors 
an d  of th e  v o ltag e  dependence of th e  e m itte r  c u rre n t. T he collector sa tu ra ­
tio n  c u rre n t can  be  given as a fu n c tio n  o f v o ltag e  in  good ag reem en t w ith  
m easu rem en ts.

A c ta  T ech n . H u n g .  56 ( 1966) , 211—232

A cta  Techn. H u n g . 56 (1966), 233—246

I. H u s z á r  a n d  I 4 K o v á c s : Strength C alculation o f  the Cage-System  
in  Squirrel Cage Induction  Motors

T he ro d -co n d u c to rs  o f th e  cage-system  in  an  in d u c tio n  m o to r a re  short- 
c ircu ited  b y  m eans of rings on th e  face-sides. T he m echanical stress 
cond itions o f th e  cage-system  are p re d e te rm in ed  b y  p restress due to 
assem blage, b y  cen trifu g a l forces due to  ro ta tio n , a n d  by  th e rm al d ila ta ­
tion  due to  h e a tin g -u p  during  runn ing . T h e  m eth o d s to  ca lcu la te  th e  forces 
an d  th e  re sp ec tiv e  stresses a t  various s ta te s  a re  ex p la ined .

A cta  Techn. H u n g . 56 (1966), 247—266

K .  S c h w a n e r : The In fluence o f M od ified  C resol-Resin System s on the 
Electric Properties and the Resistance to H ater o f  P aper-Base Lam inated  
Plastics

T he a u th o r  in v e s tig a te d  the  w a ter a b so rp tio n  a n d  th e  e lectrical p rop erties  
o f several d iffe ren t condensation  resin  sy s tem s s ta r tin g  from  cresol- 
fo rm ald eh y d e-res in . H e found  th a t  th e  w a te r  a b so rp tio n  cap ac ity  of 
lam in a ted  p las tic s  is considerab ly  red u ced  o n ly  b y  th o se  resin  system s 
w hich  co n ta in  an iline  as well as m elam ine (e.g. an iline-m elam ine-cresol- 
fo rm ald eh y d e  sy s tem ). T he m elam ine p lay s  th e  ro le  o f th e  w ater-resis tan ce  
increasing  a c t iv a to r  of th e  m elam ine-creso l-fo rm aldehyde-resin . The 
presence of ep o x y  resin  has no influence on  th e  w a te r  ab so rp tio n , b u t, 
especially  asso c ia ted  to  aniline-resin, (e .g . in  an  an iline-epoxyd-creso l- 
fo rm ald eh y d e  sy s tem ) i t  g reatly  im proves th e  e lectrica l p rop erties  o f the  
lam in a ted  p ap er-b ase  plastics.
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I .  В л сн : Statistical E va lua tion  o f  Consumers in  R a d ia  N etw orks

T he p ap er deals w ith  two qu estio n s arising  in  th e  {tailing o f rad  ial n e tw o rk s, 
i.c. w ith  th e  ca lcu la tion  o f th e  vo ltag e  drop  and  o f the  n e tw o rk  loss. T he 
d ifficu lties o f th e  p re sen t m eth o d s, w hich  c an n o t c o rrec tly  ta k e  in to  
acco u n t th e  coincidence of th e  p eak -lo ad s is solved b y  considering  con­
sum er loads as s to ch as tic  v a riab les . T h e  load  re su ltin g  fro m  th e  m an y  
in d iv id u a l consum ers is assum ed  to  hav e  a n o rm al d is tr ib u tio n  a t  each  
m o m en t and  from  th is  th e  load  in  th e  lines an d  in  th e  nodes is ca lcu la ted , 
w hich  th u s  becom e also n o rm ally  d is tr ib u te d . F o r  th e  ca lcu la tio n  of 
m ax im u m  vo ltag e  d ro p  th e  a u th o r  s ta r ts  from  a sim ila r p rin c ip le  b u t  he 
tak e s  in to  co n sid era tio n  th a t  th e  v o ltag e  drops across in d iv id u a l line 
sections can n o t be considered  to  b e  in d ep en d en t. F o r  th e  ca lcu la tio n  of 
n e tw o rk  losses th e  s to ch as tic  m odel o f th e  loads is u sed  as well, a n d  from  
th is  is ca lcu la ted  th e  ex p ec ta tio n  of th e  loss.

Acta Techn. Hung. 56 ( 1966) , 345—362

A cta  Techn. H ung. 56 (1966), 363— 382

F . Cs á k i: O ptim um  Cascade Controllers fo r  M ultivariable C ontinuous-D ata  
and Pulsed-D ata Control System s , w ith  Constraints
In  th is  p ap er th e  o p tim u m  design acco rd ing  to  W i e n e r —N e w t o n  is t re a te d  
fo r c o n tin uous-da ta  as w ell as fo r d isc re te -d a ta  m u ltiv ariab le  co n tro l system s 
w ith  sem i-free co n fig u ra tio n  an d  co n stra in ts . F o r  s ta tio n a ry  ergodic 
sto ch as tic  processes ta k in g  as p erfo rm ance  criterion  th e  su m  o f the  least- 
m ean-square  errors be tw een  th e  se ts o f a c tu a l a n d  id ea l o u tp u ts  an d  
considering  as c o n s tra in t th e  l im ita tio n  of th e  su m  of th e  m ean -sq u a re  
values o f som e sets o f m an ip u la ted  va riab les , ex p lic it fo rm u las are  deriv ed  
fo r th e  m u ltiv a riab le  cascade con tro ller.

A cta  Techn. H ung. 56 (1966), 267— 280

B. L ő c s e i : The E ffect o f  Sm all Quantities o f  A lu m in iu m  F luoride A dd itives  
on the Strength o f  Refractory M aterials

T he effec t of a lum in ium  flu o rid e  on  th e  processes w hich  ta k e  p lace du rin g  
th e  calc ina tion  of va rio u s re fra c to ry  m ate ria ls  can  be sa tis fac to rily  fo l­
lowed b y  d ifferen tia l th e rm o g rav im e trie  an d  a n a l . > >al te s ts . O n th e  
ad d itio n  of sm all q u a n tit ie s  of a lu m in iu m  fluo ride  i changes will occur 
in  th e  m echanism  of th e  reac tio n  process, b u t  th e  a c tiv a tio n  en erg y  
conditions an d  th e  k in e tic  w ill be  m odified . T he d e h y d ro x y la tio u  process 
is re ta rd e d  b y  th e  in co rp o ra tio n  an d  p a r tia l  hyd ro ly sis  o f a lu m in iu m  
fluo ride , while on th e  o th e r  h a n d  the  a c tiv a tio n  energy  of m u llite  fo rm atio n  
is red u ced  by  th e  ad d itio n  of th e  fluo ride . B eyond  a c e r ta in  lim it, w hich 
corresponds to  a b o u t 10-5-12% of th e  clay  m in eral co n te n t, a fu n d a m e n ta l 
change occurs in  th e  n a tu re  o f th e  processes w hich  ta k e  p lace  du rin g  
calc in a tio n  an d  these  processes becom e m ore and  m ore co m p lica ted . T he 
above m en tioned  q u a n ti ty  o f a lu m in iu m  flu o rid e  is th e  lim it below  w hich  
th is  a d d itiv e  only accelera tes th e  processes tak in g  p lace d u rin g  th e  ca lc in a ­
tio n  an d  im proves th e  q u a lity  o f th e  end p ro d u c t.
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Acta Techn. llu n g . 56 (1966), 281— 284

J . L u k á cs : S i— SiC  p — n-heterojunctions

T he p a p e r ex am in es th e  possib ilities o f realiz ing  th e  S i— SiC p - n -  
h e te ro ju n c tio n  an d  deals w ith  th e  experim en ts m ad e  fo r reco rd in g  th e  
energy  b a n d  d iag ram  of th e  h e te ro ju n c tio n s . F ro m  th e  re su lts  th e  conclu­
sion can  be d raw n  th a t  in  an  Si— SiC h e te ro ju n c tio n  th e  m o st fav o u rab le  
rectify ing  c h a rac te ris tic  can  be a tta in e d  w ith  an  n — n + ju n c tio n .

Acta  Techn. H ung. 56 (1966), 285—304

V. B i r ó : A n a ly s is  o f  a Varactor Frequency Doubler

T he a rtic le  deals w ith  th e  analysis of th e  o p e ra tio n  of p a ra lle l coupled 
v a rac to r freq u en cy  doub ler c irc u it for th e  case w hen  in  th is  c irc u it a 
v a rac to r w ith  a b ru p t  ju n c tio n  is used. The analysis ta k e s  in to  acc o u n t th e  
v a rac to r  loss an d  on th is  base  de term ines th e  m ax im u m  in v e rtib le  pow er, 
th e  h ighest effic iency and  th e  d issipation  occurring  in  th ese  conditions. 
F u rth e r , th e  im p ed an ce  re la tio n  necessary  to  a tta in  th e  above  p a ram ete rs  
an d  th e  req u ired  v a ra c to r  b ias a re  also given. T he re la tio n s  d e te rm in in g  
th e  above p a ram e te rs  co n ta in  th e  physical q u a n tit ie s  w h ich  allow  the  
engineering  design of th e  doub ler c ircu it and  th e  choice o f th e  necessary  
v a rac to r  ty p e  b y  m eans of these  re la tions.

A cta  Techn. H ung. 56 (1966), 305— 308

G y . Va jd a : Some Rem arks on the Interpretation o f Discharge Investigations

T his p a p e r p resen ts , in  p rincip le, a possib ility  o f fin d in g  som e connection  
be tw een  th e  m easu red  va lues and  th e  volum e of th e  cav itie s . T h e  analysis 
is s tr ic tly  v a lid  on ly  for cond itions betw een p lane  e lectrodes, b u t  the  
o b ta in ed  re la tio n  can be considered  as an a p p ro x im atio n  fo r o th e r  e lectrode 
configurations.





K . K a r s a i: Calculation o f  the P seu do-F ina l Voltage D istribution  in
Im p u lsed  W indings with a M a tr ix  M ethod

T his a rtic le  review s a m a trix  m e th o d  w hich  applies its e lf  fo r calcu la tio n  
of th e  p seudo-final vo ltage d is tr ib u tio n . T h e  m odel to  be  used  co n ta in s n  
e le m en ta ry  coils of fin ite  len g th , w h ich  a re  iden tica l am ong them selves. 
T h e  p seu d o -fin al vo ltage d is tr ib u tio n  is im p o r ta n t from  th e  v iew p o in t 
o f th e  am p litu d es of th e  ha rm o n ic  v o lta g e  oscillations a t  surge vo ltag e  
p h en o m en a. I n  add itio n  to  th is  m e th o d  i t  is also possible b y  m eans of 
th is m e th o d  to  define th e  vo ltag e  d is tr ib u tio n  a t  in d u s tr ia l freq u en cy  of 
tran s fo rm e r coils i.e., th e  ca lcu la tio n  o f th e  rad ia l flu x  com ponen ts. T he 
fo rm ulae  deduced  b y  th e  m a trix  m e th o d  a re  v e ry  sim ple an d  in clu d e  on ly  
a lgebraic  operations.

A da Techn. Hung. 56 (1966), 309— 318

A cta  Techn. H ung. 56 (1966), 319 332

Gy . V a jd a : A n  A pproxim ate  M ethod fo r  the D eterm ination o f  the M a x im u m  
Dielectric Stress in  Electric F ields

T he p a p e r  p resen ts  a m eth o d  for th e  a p p ro x im ate  ca lcu la tio n  of th e  
m ax im u m  d ielectric  stress in  s ta tic  e lectric  fields. B y a su itab le  s u b s ti tu ­
tio n  of e lectrodes th e  in v es tig a tio n  o f th e  e lectric  field  can  be  red u ced  to  
th e  in v es tig a tio n  of some sim pler a rra n g e m e n ts  w hich are easy  to  calcu la te . 
T he ca lcu la tio n  w ork  is g rea tly  fa c ili ta te d  b y  in tro d u c in g  th e  coefficient 
o f inh o m o g en e ity . The p ap er also p re sen ts  a calcu la tion  m eth o d  fo r 
nu m erica lly  sep a ra tin g  th e  fields w h ich  are  inhom ogeneous to  th e  f ir s t  
degree from  those  w hich are inhom ogeneous to  th e  second degree.

Acta Techn. H ung. 56 (1966), 333— 344

A. F o n ó : Increasing the E fficiency  o f  Gas Transm ission  P ipe L ines

The effic iency  o f gas transm ission  p ipe  lines can  be  increased  by  reducing  th e  
d is tan ces be tw een  th e  com pressor s ta tio n s ; in  ex is ting  system s th e  m eth o d  
of s tep  u p  efficiency is to  in se rt in te rm e d ia ry  com pressor s ta tio n s . T he 
in sertion  of com pressor s ta tio n s  im p ro v es th e  econom y of o p e ra tio n  even 
before  i t  becom es a necessity  fo r h ig h er effic iency. T he load  a t  w hich  a 
com presso r s ta tio n  in  th e  ha lv ing  p o in t b e tw een  tw o ex isting  ones c o n tri­
b u te s  to  b e tte r  econom y, can be c a lcu la ted . T he p ap er p resen ts  a ca lcu la ­
tio n  to  e s tab lish  th e  annual ru n n in g  tim e  n eeded  to  cover th e  a m o rtisa ­
tio n  costs o f such  an  in te rm ed ia te  co m p resso r s ta tio n  fo r c o n s ta n t load  
ro u n d  th e  year. I ts  ra te  p rov ides in fo rm a tio n  on th e  econom y of th e  
in v es tm e n t. T he an n u al o p era tin g  tim e  above  w hich  th e  e s tab lish m en t of 
an  in te rm e d ia te  com pressor s ta tio n  im p ro v es  econom y w ith  v a riab le  load  
can be d e te rm in ed  on th e  basis o f th e  load  freq u en cy  curve.
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