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CALCULATION OF GEAR CORRECTION
BY ITERATION

F. KOLONITS

[Manuscript received October 7, 1963]

A general analysis of the iteration method is followed by a study of problems con-
cerning convergence and estimation of errors. The results obtained are used to closely approx-
imate the characteristics of Ganz—Botka toothing (rli« r/2»?2» etc.) and to assay possibly
apparent errors. A method has been elaborated for various cases depending on the site at
which the Ganz—Botka toothing requires correction: at the ends of the path of contact, at the
change points, at the end points of the possible tip relief.

List of symbols

(At the geometrical measurements of the gear suffix 1 refers to the pinion, suffix 2
refers to the wheel.)

rj tip radius;

Tg reference radius;

ra base radius;

Of radius of curvature of the involute profil at the tip;

2 number of teeth;

a0 pressure angle of the tool;

dg working transverse pressure angle;

e contact ratio;

m module;

a center distance;

n quotient of numbers of teeth z2zL

hk theoretical depth of tooth;

Lt 2 initial and end point of tip relief on the path of contact;

A, E initial and end point of contact;

B, D change points;

ta  base pitch; -

K the relation of the intact section to the base pitch in case of tip relief = LIL 2ta;
C constant, depending on the tip relief conditions; ta is multiplied by it;

M convergence index;
n

= T2i — rf,

P —rh . . .
S S— variables of iteration;

*= YHi - rh - (C)ta
Y=l —r —(C%ta .
g2 the quotient of the working addendum on the wheel and h
fg working addendum;
0 length of the interval of iteration;
17 specific sliding.

1 Acta Technica Academiae Scientiarum Hungaricae 56, 1960-



4 F. KOLONITS
I. Introduction

A variety of principles has been suggested in the the theory of gear design
for correcting the conditions of wear, sliding and temperature. As it underlies
the Ganz—Botka (G—B) toothing system, probably the most up to date
system, the present paper deals with the “principle of equalized contact
temperatures” [1].

The immediate object is the determination of one of the geometrical gear
characteristics that will ensure the required equalization, whether this be tool
displacement (g2, or something else. Within certain limits Botka’s triple
equalization principle may be applied [2]. Accordingly, in some cases it will
suffice to achieve equality of specific slidings at certain points of the path of
contact.

For the most general cases not even the G—B system is perfect. The
following cases will certainly be important:

a) Equalization of specific slidings at the ends of the path of contact;

b) equalization of specific slidings at the change points;

¢) equalization of specific slidings at the beginning and end point of tip
relief on the path of contact.

The present work will deal with these cases.

Il. Mathematical apparatus

The problem of equalization of specific slidings is known to be a system
of equations of 8th degree with little hope for the possibility of reducing it.
This means that in the sense of the Ruffini—Abel theorem no method of
solution can be envisaged that would consist of algebraic operations of finite
number. For successive approximation iteration offers itself as the most promis-
ing method, first because it is simple, secondly because it will probably prove
to be applicable for mechanization in a given case, owing to its continuous
character.

In each of the three cases (a, b, c) we shall have two equations with two
variables. If one variable of each of two Equs is expressed the system

* = f(y),

Y- g(x)

will be obtained, and if the functions are substituted one by the other we
arrive at

*=flg(x)] = d(x) m @)

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF GEAR CORRECTION BY ITERATION 5

This expression will be suitable for applying the common formulas of iteration
to it [3, 4]. The results of major importance to us can be summarized as follows.

Let us introduce the notation M = 1d<2>/dx | = J' g' |, in which the upper
dash indicates differentiation with respect to its own argument. The condition
of convergence is Mmax < 1; and for the measure of the error \x — xn|<
< JX—#n-i IM, where Mmaxis the maximum value of M in the entire interval
of iteration; but M in the succeeding formula is the maximum value for M in
the interval including xn_v xn and x.

For the sake of simplicity let new variables replace tip radii. Still it
cannot be maintained that convergence will be the most favourable when these
formulas and variables are used. For this reason the question must be thoroughly
examined how the introduction of new variables and transformation of formulas
will influence convergence.

If we introduce the new variables u, v by the transformation x =
= x(u, v); y = y(u, v), we arrive (at least formally) at

n= F(v), ®)

v = G(u).

The convergence index will then be: (dF/dv) ¢ (8G/3u). After formal
substitution in (1) we may proceed to derivation by the chain rule with respect
to v and u, whereupon the derivatives will appear and become expressible. The
condition of improving convergence will be a reduction in the convergence
index in relation to that in (1):

If the new variables introduced each depend on a former variable, e.g.:
X = (p(u) andy = ip(v), then dx/dv = 0 and dy/du = 0, and these new variables
we will call “adjuncted” variables. In this case there is equality, indicating
that convergence remains unchanged in speed.

Another way of transformation would be to construct another system,
this being equivalent to the original, by some combination of the equations
in (1). One element of such a transformation would be to apply to both mem-
bers of (1) the same function of two variables and to attach to the equation
so obtained one of the original equations:

F(x.y) FL/(y);a()] . (5)
Y=g¢g(x) m

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



6 F. KOLONITS

The first ofthese equations may, of course, be written asx = 4J(y). In the
course of differentiation by the chain rule the derivatives necessary for the
convergence index will appear as well, and become expressible. The condition
of improved convergence is:

0 —ke' < VI, (6)

l1-kg'

where kK = FyjFx. From this specially it may be adduced that if our equations
are not taken in combination, but arbitrative operations are applied separately
to each of their members the convergence will be unchanged in speed; for in
this case Fy = k = 0, and (6) is an equality.

I11. Application

a) Equalization of specific slidings at the two end points of the path of

contact (A, E)
The system of Equs to he solved [2, p. 103]:

YW, - rk u2Yrh - rk (7a)
asinaa YN @ ca asina, - Y 5.
rh 2= a+ hk. (7b)
Let us introduce the substitutions: n = rf — r™; p = r|2— ra2.

will be advantageous because if (re,p) is calculated with a small error, the
error of I, which can be calculated by extracting roots will still be smaller.
Let us write the equations according to (I1) in the form

L wo—t (82)
Yn a sin a,,
n—P—2@@+ hk ljp+ r2+ (a+ hA2-f (r2z—rdJ. (8b)

After determination of the appropriate derivatives the convergence index
will be:

Ur
Af = r/I} 3
" L (- 1) By
9
rli ()
" Lr - D dinva

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF GEAR CORRECTION BY ITERATION 7

Let us examine the relation between the ratio of tip radii and the ratio
of the numbers of teeth:

1+ fih-
rfl _ rgl + fgl _ m
rh re+/g2 u + IliL -

As in the equalized state q2 < 0,5 [5, 6], and therefore fg2 < fgl; further,
n > 1; lju must be a proper fraction or equal to unity, it can be stated that

Ib- > -1-. (10)
rh U

Since however, fglirl the difference is not excessive.
According to the geometric conditions ]/n = Qfi- It can easily be seen that

asmxg<q|< a sin xg . (V)
n-)-1

M is the highest when ]fn is as small as possible. In Equ. (11) Qfr can
never attain the lower limit; substituting this we get M = wn(rg/r*2), and this
is but slightly greater than 1 [Equ.(10)]. Yet, a case as unfavourable as this
does not exist.

After writing the formulas (8) in inverse form it can be shown that the
M of the new formulas will be just a little lower than 1, in the best case,
which, however, can never actually arise. This means that (8) is the correct
system of formulas. At the upper limit of (11) M is barely greater than 1/u3.

The value for M can also be expressed by the gear characteristics in the
following form:

M = -A-(_fa_|3_L . (12)
rh Ooh ' u’

Combining this with the above limitation of M it can be shown that

n > > 1. (13)
Oh

As the signs of the dérivates of the functions (8) differ from each other
in the iteration interval (9) it can be stated that the iterated values tend to
approach the root from both sides. For configuration cf. Fig. 1.

Mathematically (8) is a system of Equs in which neither (a) nor (b) is
identity. However, considering from the point of view of gear theory (b)is a

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



8 F. KOLONITS

condition of existence, whereas (a) is merely a particular case which is desirable
to be attained. This is why, for instance rj2 cannot be regarded as a variable
“adjuncted” to ry, because an adjunction can only be brought about by
mathematical identity. In the course of stepwise iteration the pairs of values
satisfying (b) represent gears gradually approaching the equalized state. The
M s calculable for these gears will of course be variable. The second derivatives
in (8) will always be positive at (b) and negative at (a); accordingly, the change
is strictly monotonous.

It is advisable to begin iteration with g2= 0,5; fgl —fg3= h/J2, as in
the equalized state g2 < 0,5, in all subsequent iterations r* is greater and
rfi is smaller than at the starting iteration. After rewriting (12) we get

(Vrh-riy
M = rh (14)
(Yrh —rd)3
Vi

It can be seen that (JIrj — f|)3r/ increases or decreases in the sense of ry
wherefore Mmax presents itself at the first iteration.

b) Equalization of specific slidings at the change points (B, D)

The condition of equalized specific slidings in these points (and in the
case of c¢) is [6]:

Ql Q@ — u“i?li?l »
(15)

[di+ A= Qi+ Ql= «sina?].

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF GEAR CORRECTION BY ITERATION 9

Departing from this it will be possible to write the equation corresponding
to (7a), the other one remains. The system to he solved is:

asinxg+ ta— ]Jr)x—rlx _ 2 asinxg+ ta— J[r}2— ; (16a)
b'h —ri —ta b}. - ri_—ta
f, + r/2= a+ hke (16b)

The formulas of calculation will he the simplest by inclusion of the
variables:

*= pbh - rO- la; y= bh - rk - lam

In ordinate form:

X he 1 (17a)
y asin ag
y = Fla + hk- V(x+ taf + raj2- ra2- ta. (17b)
After derivation:
M = Qf\ 9/i - ta |2 _ (18)
Qh Qh-ta |

Similarly to the foregoing procedure, it can be seen that the value for
M is more suitable (i.e. less than the unity) than is the inverse, considering that
Qfjdfz is nearer to 1/u than to 1. However, here the values for M are generally
higher than in the case of a). Further, it can be shown that the M calculated
with the initial value q2 = 0,5 will be the lowest of all M-s. The highest M is
obtained after the first step of iteration because here, too, approximation is
bilateral and the change in M monotonous and the error is the most pro-
nounced at the first step. (Similarly in the case of a) the minimum M will be
obtained after the first step of iteration.)

¢) Equalization of specific slidings at the points of tip relief (Lt, L2
The condition in (15) holds here as well, but

th = asinxg+ Cta— Yr%o —r |,
(19)
02= asinxg+ Cta— ftj, —r2

where C = const.; and its value is determined by the contact ratio and the
tip relief conditions [7, 8]. For ifLxL2 = y tathen it can be shown that

E-f X
2

20y
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10 F. KOLONITS

All the formulas related to iteration are analogues of those in section
b) but instead every ta must he written Cta.

Since e cannot be known in advance, it must be estimated. The estimated
values will generally differ from the value for e calculated for the eventually
resulting toothing characteristics. Repeating the calculation with the latter e
and continuing secondary iteration we may attain the accurate result. This,
however, is a cumbersome procedure.

If tables elaborated for cases a) and b) including values for e are available,
this fact will greatly facilitate estimation of e. In case a) x — e > 1 and C = e,
whereas incase b)C — 1, x = 2 —e < 1

The connection between e and x is determined by the following equations:
(17) rewritten with Cta; (20), and by the obvious equation:

!" 1C. (21

Here X,y are values referring to the equalized state, as they aredetermined
by the rewritten Equ. (17) as functions of the C-parameter. From these relations
we can write for the equalized states:

Ax ? (22a)
where
_ 2
. W Gh Cta
th G . . yQu-Cta - (22b)
rJi Bb L o4- Tir Wi en - a
rh en toel2 - Cta

To realize some fixed x we depart from the e in sections a) or b) de-
pending on whichever of x in this or that equation is nearer to the intended one.
Presuming departure from section b) and taking de/dx from (22) we may write:

de

) ) . (23)
B+ dx b)

IV. Speeding up convergence

a) In the case of bilateral approximation convergence can be speeded up
by continuing the calculation with the arithmetical mean of two consecutive
values of iteration [9]. In our case the formulas had not been reduced to the
form x = F{x), but we passed from one equation in the other according to (1).
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CALCULATION OF GEAR CORRECTION BY ITERATION n

It can be shown that halving one or the other variable is advantageous. If the
variable which is not halved, and therefore playing an intermediary roll only,
is eliminated our system ofequations can be theoretically rewritten as x = F(x).
This will duly be taken into account in all subsequent considerations.

The unequality expressing the error of each individual step of iteration
may be rewritten as follows:

xn- X< (xn — n . (24)

From this it appears that if M < 1/3 the iterated value xn represents a
more favourable approximation than the halved value. On the other hand on
the basis of the Lagrange theorem one may write:

F(xn) — F(xn_j)\ = \xn+l —xn\< M \xn — xn_x\. (25)

Since halving under all circumstances narrows the interval by half, if
M 7> 1/2 halving itself appears to be justified. Since halving involves less work
than iteration to obtain narrowing it down may be practicable even when
M < 1/2.

It can be shown that halving when in divergent iteration M < 3, will
yield a convergent series of values.

b) Two consecutive values of iteration are known, which “flank” the
result. We are looking for the A correction to be added to one of these. This
will lead to Equ.:

F(x—1+ A) = dAn-x-j-" « (26)

Applying the “theorem of finite increments” approximately:

n X n *71-1 __ “n,n—1 (27)

l-_F'(*n-i) ~ 1+ A"

The local value for M will be F' (®,,2)) with a sign; M will always repre-
sent the absolute value of a negative number.

This in fact gives Newton’s tangent formula (see e.g. [10]), but inter-
preted in (27) it is readily applicable to what has been stated in Ill. b) and
I11. c), whereas Lipka’s method is specially elaborated for the case in a).

V. Accuracy

The study of unequality (4) revealed that whatever variables “adjuncted”
to the original ones are introduced M will always remain unchanged. When
iteration is carried out in any arbitrary adjuncted variable, the values for the
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12 F. KOLONITS

original variable resulting from those of the iterated values of the adjunctcd
variable, will approach the value corresponding to the equalized state according

to the same M.
For the equalized state it follows from g2 < 0,5 that

rgi+ -y < rli< rgi+ hk,

hk (28)

Mér < rU < Tér+ .

This means that the error of the first approximation (q2— 0,5) is less
than hk/2, and so from the known formula referring to errors in iteration it
becomes possible to approximately calculate the number of steps required to
keep error below the threshold H:

logA - log A -

K < (29)
log A imax

In the course of the auxiliary calculations the value for the tip radii will
be obtained automatically [jip | r%= rfi in (8b) or (17b). etc.]. This enables
the determination, without special effort, of the difference between two consec-
utive Tf values; i.e. Ak k+v Let additional v steps be necessary to attain the
error threshold H. It follows from (24) that

log-H— 1+ M)

v < Aok (30)
log M

where M is the maximum within the interval fe k -f- 1.

Assuming a very little 6 difference of rf is reached, then Mmax has no
longer any significance since the M values within the interval cannot diverge
considerably. By rewriting (24) we get:

M

H<6 (31)
I+ M

All these considerations are valid only for pure iteration; and so if, for
instance, halving is done (31) will be applicable solely forpairs of values result-
ing from iteration.

It remains to be decided what a A error must be attained in reference to
the effective iterated variable, in order to achieve the difference in specific
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CALCULATION OF GEAR CORRECTION BY ITERATION 13

slidings as At]. If in the given interval a median value for specific sliding is
known and the interval is sufficiently narrow, At] for the various variables will
fairly approximate according to the Lagrange-theorem

An
vV + 1) M+ 1)+ 1

-J-fo+l) HV+ 1)+ TN -
2 P

------ h(V+ 1) Ax (32)

[u+ (y + ] Al

Here n, p, X y are median values for the iterated variables in the given
interval.

All these considerations are applicable “mutatis mutandis” for helical
gears, bevel gears, etc. (similarly to [11]).

VI. Examples

1

Helical gears are to be computed [for case a)]. From preliminary

hk = 1,998581; <sg = 20°57'51,89";

a = 93,333333; R = 6°39'50" (helix angle);

rgl = 31,279279; rg2 = 62,054054; (m = 6 mm);

fl0 = 32,278570; rj2a = 63,053345; zx = 62; 22 = 123;
ral = 29,305566; Tg2 — 58,137833; n o= 1,984

(Ths first iterated value that belongs to q2= 0,5 is designed by suffix 0.)

All data are specific for the module. This is primarily important in the construction
of tables, nevertheless it is recommendable in carrying out individual calculations, because
it enables the use to a greater advantage of the extent to which the common tools of com-
putation (sliding rule, computer, table of logarithms, etc.) are accurate (the module-specific
values are lower than the non-specific values). As the (standard) modules are simple numbers,
multiplication is easily done.

The constants in the iteration-formulas must be determined with the highest possible
accuracy. In the present case [according to (8)]:

n=p — 190,6638 Yp + 3380,0078+ 11609,388 , (33)

15,49783

P [(l//n) + 0.089966]2" (34)
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14 F. KOLONITS

Initial values: n0= 183,11,
Po = 595,72.

If both unknowns are calculated to a great accuracy they may be used to control the
first formula, since the latter reflects geometrical correspondence; and n0, p Oare geometrically
related values.

Let us calculate the approximate value for M (with asliding rule) in respect to the start-
ing point. The formula will be (9):

M = "X
rh
As the defining formulas reveal the quotient of the radii of curvature it is (QfjQtj)3= (p0n0)3/2.
Therefore M = 0,764, which means that halving should be done.

Steps. The value corresponding to p0= 595,72 is n,, = 183,11 according to (33). This
yieldsin (34) pt = 576,87. The halved value pf = (p0+ Pt)/2 «« 586,3 etc. Having summed
up the individual steps and denoted the values related to each other by virtue of the equations
we obtain:

Ti + rh = a + hk
595,72 —183,11 —576,87,

586,3 —187,928-583,711 ~ 5837,

585 - 188,604-584,57852.
Vi = 4a

It is now obvious that in this manner (calculating both initial values) we not only have
a means of control but have also completed part of the first step of iteration (595,72 —183,11)
and are in a position to halve after the next step (183,11 —576,87).

The disadvantage this leaves Equ. (34) as the last step, wherefore the corresponding
second tip circle must be calculated from the geometrical Equ. (this is a subtraction). It was
not possible for us to stop at 186,604, because in that case there would not be two successive
iterated values. This of course is obtained only in case of halving.

Another possible procedure is to calculate n0 only, but this would mean that halving
cannot be done except after two part-steps (for only then can iterated n value be again obtained)
and we will have no means of control. On the other hand the last Equ. will be the (33).

The first steps can be calculated with a sliding rule, but as soon as its accuracy is found
to be less than is required for iteration we must look for a more exact method. Thus, for in-
stance, when calculation with the rule yields a new value that falls between the two preceding
values, or when two successive values happen to coincide “precisely”.

The last step should in all cases be calculated to a great accuracy since the data it yields
afford at the same time geometrical dimensioning.

In the course of calculations carried out in this manner the values for the tip radii
are obtained, as it were, automatically. In the present case only the value for ry2 because,
since the final value has been derived from the equation for sliding, the geometrically cor-
responding tip radius must be calculated separately.

rg = 32,366937 (higher than the right value),

Tf2= 62,964977 (smaller than the right value),

g2 = 0,456847.

The values for specific slidings at the end points of the path of contact are: 0,442 and
0,443. Difference: 0,001, mean value 0,4425. The error is 0,226%.

We are now in the position to determine the error of the tip radii.

In the equalized state M = 0,712. For safety’s sake let us take 0,72. The value for

the tip radius obtained at the penultimate step is rj2 = 62,968333 presenting itself as a “by-
product” of iteration, 6 = 0,003356. It is known that (31)

H < -= 0,001403 .
1+ M '

Multiplied by the module: 0,008418 mm (= 8,418/tm). That should be taken into consideration
when specifying tolerance limits in production.
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CALCULATION OF GEAR CORRECTION BY ITERATION 15

a) Let us calculate spur gears for the case a). The module-specific data are:

h[. = 1,781144; ag = 24°40/18"; (m = 10 mm);
a = 45,500000; 8 =o 7t = 17;

; = 87897715; rg, = 36,7102285; = 71

7, = 9,680344; r/20 = 37,600800; it = 4,17647;
rol = 7,987502; ras = 33,359492.

Formulas of iteration are:
n=p — 94562288 \p + 1112,8557 -f 3284,56223 ;

_304,2549
p [(I//n) + 0,8657578Y °

n, = 29,9088653;
p,, = 300,9815;
M 0,471.

Here we calculate without halving. Calculation with sliding rule:

301- 299 -

— 277,5-35,1 —

— 285— 35 (accuracy of the rule
no longer sufficient)

Tu + TU= a+ hk ,

High accuracy computation:

35-284,141308 —34,29948 —
—283,20113 —34,55256—
—283,54344

h + 7s= °+ hk
Vi =
Resulting tip radii: rg = 9,812726 (less than it should be)
ft = 37,368418 (more); q2= 0,369.
Specific slidings: 0,872 and 0,869. Mean: 0,8705. Difference: 0,003 i.e. 0,344%.

In the equalized state M = 0,3552 0,36. rg of the previous step is 37,363825.
6= 0,004593. As it has been shown the error is <0,001214; multiplied by the module 0,012d4

mm (12,14 /w).
b) We now proceed to solve the problem under a) for the change points. The basic

data are to he the same as before
ta= ncosalO= 2,9521312

Formulas of iteration:
1

* — 17,442903/y - 0,8657578~ "’

y = K(47,281144 - Y(x+ 2,9321312)- ; 63,80019)- - 1112,8557 - 2,9521312 ;

x0
Yo

2,5167686;
14,393795;

M = u- -A1- A 0,654 (I1).
rfx  Qf, | Qf, — ta)
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With a sliding rule: 2,52—14,39—2,89
2,65-14,26-2,80
2,73— accuracy of the rule is
no longer sufficient

rli + rz = a + hk

7,+ U= a+ hk
2J3  714,128176 -2,690965
2,7105 - 14,156074 —2,7290774

Vi= Vi
Thus, we have here calculated the values for specific slidings to check our iteration,
but found that equalization was unsatisfactory. To do the checking we had to calculate the
value geometrically corresponding to the last iterative value in order to arrive at the specific

slidings. (The unknowns are radii of curvature of the involute !) The geometrically correspond-
ing value is 14,13157. Not to have wasted this step, we must now proceed halving this unknown:

14,156074+ 14,13157

The steps: 14,13157
14,143-2,720595—14,141980

/i + rh= a+ K
Vi = Vi

Resulting tip radii:

rfl = 9,796938,
rh = 37,484206,
q2~ 0,434,

Specific slidings: 0,4321 and 0,4325; mean 0,4323, difference 0,0004, i.e. 0,0926%.

In the equalized state M = 0,7947 ~ 0,8. The penultimate ry2 = 37,484638. The dif-
ference 6 = 0,000432, which multiplied by M/(1 + M) is 0,000192. Multiplied by the module
is 0,00192 mm = 1,92 //m:

c= *+4+ Y- ashl«+t + 2C = |3R7848975
ta

(since C = 1).

c) Let us now solve the same problem in the case of eased tips, for the end points of
tip relief; k = 1.

In b) Kk = 2 —e = 0,72151025. Calculating de/dx by the formula given above, we
obtain 0,0221. Ax = 1 — 0,72151025 = 0,27848975. As = (de/dx) Ax = —0,00615462; the
new e = 1,27233513; C = (e + *)/2 = 1,13616756; Cta = 3,3541161.

The formulas of iteration are the same as in b), but Cta must be written instead of ta.

We depart from a state equalized at the change points; here we obtain:

M = u2”a- -Ai- [P/~ Mtay = 0,487 .
fx <R yOfi-Ctal

This is less than 0,5, but not by much. We now apply halving, since in this case M is always
a growing value.
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CALCULATION OF GEAR CORRECTION BY ITERATION 17

Initial value: y = 14,14298. W ith a sliding rule:
14,14-2,733-13,16
13,65-2,422-13,60

Vi= "2
fi + f2= a + hk

Beyond this the accuracy of the rule is insufficient.

Let us start the accurate iteration with the halved value which is 13,625:
13,625—2,412805-13,619579
Resulting tip radii:

fl=9,851780;
rh = 37,429364;
g2 ay 0,398.

Specific slidings: 0,647 and 0,645; mean 0,646, difference: 0,002 (7« 0,31%); M = 0,7068 2« 0,71;
the penultimate rr2= 37,431888; & = 0,002524. The error <0,001047, i.e. 0,01047 mm =
= 10,47 /im.

For this toothing

e= *+i’—tl‘sin‘5< + 2C = 1,26962727 .
a

The first term of this expression in fact represents the actual X, which affords the accurate
equalization. This is 1,00270785; intended was a x = 1; the difference is 0,27%, which is fairly
satisfying.

If x = 1,0 is realized instead of the value obtained for x this will mean that for the
toothing in this example C = (e + x)/2 = 1,13481363. If the radii of curvature at the actual
end points of tip relief are calculated with this C, the specific slidings obtainable with these
radii will be 0,646 and 0,642; mean: 0,644, giving a fairly satisfactory difference of not more
than 0,004 0,622%). From this it follows that the error obtained from the iteration can
be arbitrarily applied to the sliding or the length of the tip relief.

The case of x = 1is an extreme case. It is at equal distance from the calculation per-
formed for the change points (x = 2 —s) and the end points (x = e). In practice any other
case can only come to fall nearer to these values, which means that approximation is even
more satisfactory. Thisin turn shows that in practice secondary iteration can always be avoided.
It may of course happen that x is near to one of the limit values. But then it may occur that
the slidings of the gear manufactured on the basis of the nearer limit be “deteriorate” hut
slightly, when work of extra iteration may he saved. The advantages of the G—B system will
reveal themselves as long as the difference in slidings is less than 5% (2,5% from the mean
value) [13].

Convergence is generally less satisfactory in cases a) and h) than in case c). The analysis
of the M formulas renders this probable, though we failed to acquire definite proof. M may
be approximately 1, or even bigger than 1, a possibility unknown in advance, since what we
calculate is M mjn. However, in such a case we will always perform halving, which when M < 3
will “put right” the iteration. This means that we save the inverse rearrangement of the set
of formulas.
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BERECHNUNG DER ZAHNKORREKTION MIT ITERATION

F. KOLONITS

ZUSAMMENFASSUNG

Die Arbeit untersucht im allgemeinen das Iterationsverfahren und untersucht die
Fragen der Konvergenz und der Fehlerabschdatzung. Die Ergebnisse werden zur sehr guten
nadherungsweisen Bestimmung der charakteristischen GroRen der Ganz—Botka Verzahnung
(r/i, F>Y u8w.) und zur Fehlerabschatzung verwendet. Das Verfahren hat der Verfasser fur
verschiedene Falle ausgearbeitet, in Abhéngigkeit davon, wo der Ausgleich entsprechend der
Ganz —Botka Verzahnung gewiinscht wird: an den Endpunkten des Eingriffs, an den Punkten
des Einzeleingriffs oder an den Endpunkten der eventuellen Profilricknahme.

CALCUL DE LA CORRECTION DES DENTS PAR ITERATION

F. KOLONIT3

RESUME

L’étude analyse la méthode des itérations en général et examine les questions de la
convergence et de I’estimation des erreurs. Les résultats sont appliquées & une trés bonne
approximation des caractéristiques des dentures Ganz—Botka (rjxrj2, g2 etc...) et a
I’évaluation des erreurs. La méthode a été étudiée par l'auteur pour différents cas, suivant
I’endroit ou I’on désire effectuer la compensation correspondant a la denture Ganz—Botka:
aux points d’extrémité de lI’engrénement, aux points d’engrenement individuel ou aux extré-
mités du rognage éventuel.
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NTEPALMOHHbIN PACYET KOPPEKLWWN 3YEBbLEB

®. KONOHUA

PE3FOME

MpoBoAMTCA aHanu3 WUTepauMOHHOro MeTofa ANs 06LLero ciy4vasi; paccMaTpuBaroTCst
BOMPOCbI KOHBEPFeHLMM U OLEHKU MOrpeLlHoCcTeid. PesynbTaTbl MCMOMb3YOTCA AN1a onpefe-
NEHUST C XOPOLUUM MpPUBAMKEHEM XapaKTepHbIX faHHbIX 3y6uaToro BeHua Ganz—Botka
(di>rl*>  wn 7- [;)>a Takxke AN OLEHKM BO3HMKAIOLLMX NOrpewHocTed. ABTop paspaboTan MeToa
NPUMEHNTENBHO K Pas/IMYHbIM C/lydasiM B 3aBUCMMOCTU OT TOrO, FAe XKenaTeslbHO BbIMOMHUTb
ypaBHVBaHWe, COOTBETCTBYHOLee 3y6bsiM Ganz—Botka; ypaBHMBaHME MOXET MPUMEHSATLCS
B KOHEYHbIX TOYKax 3aLensieHnsi, B TOYKaX OTAENbHOrO 3alenseHnss UM B TOUKax BO3MOX-
HOro cpesa.
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DESIGN TRANSFER DEVICE
FOR DRAWING AXONOMETRIC IMAGES

B. SZOKE

[Manuscript received April 4, 1964]

On the principles of three-dimensional geometry a design transfer is presented, the
signalling tip of which is moved along a horizontal section of the plan-view, with the level-
rule moving on the respective level height of the side-view, and whereby the drawing tip always
moves on the image-points corresponding to the axonometry chosen optionally. The construc-
tive solution is more simple for the case when the projecting line is perpendicular to the line
of intersection of the image plane with the horizontal plane. With an axonograph of this sort,
that is most suitable to approach the effect of a photo, the number of theoretically probable
variations is twice infinite, because the inclination angle to the horizontal of both the image
plane and the projecting line is optional.

Devices by means of which axonometric images can be traced from true
to scale projections, are mostly suitable but for one single sort of axonometry,
e.g. for the isometric orthogonal one. So is the special device the theoretic
principles of which are described by the author [1]. This device operates in
tracing images with projecting lines perpendicular to the plane of projection,
whereby the angle between the axonometric plane of projection and the horizon-
tal plane is optional.

Our further investigation will be extended to a case with projective lines
although lying in a vertical plane perpendicular to the plane of projection but
the lines themselves being no longer perpendicular to the same plane — and
also to the more general case with both the plane of projection and the project-
ing lines being in a quite general position.

As can be seen in Fig. 1, the point P of the object lies in the level-plane
N; R is the plane of the drawing board (identic with the axonometric image
plane); this latter includes the angle @with the horizontal plane, with which its
line of intersection is v. The projecting line e, passing through point P, includes
the angle a with the level-plane N; the vertical plane laid through the straight
line e includes the angle B with the vertical plane passing through point P and
being perpendicidar to the straight line of intersection v.

The drawing plane R is pierced at point T by the vertical line f passing
through point P, and by the projecting line e passing through point P, it is
pierced at the projection point P'.

The projection of the vertical / is/', intersecting the line v at point G.
The projection/' includes the angle A with the side-plane PTV; in this side-
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plane, the projection PP = eofthe line eincludes the angle a with the horizon-

tal PV in the side-plane.
From the rectangular triangles in Fig. 1, the angles A and x can be

determined. With the assumption that the distance of point P' from the

plane N
P'F=1

we obtain for the distance of point P' from line v:
oP'=
sin @
OF = cotcp,

OG = OFtanR = cotep etanp

Fig. 1. The forming of an axonometric image in general position
Denotations: N level-plane; R drawing plane; e projecting line; qgpdrawing plane’s inclination to the level-plane; a projecting

line’s inclination to the horizontal; B angle included by the P TV profile plane and the normal projection of the projecting
line onto the level-plane.
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tan 4 0G cot (p-tan B- sin %,
OoP

viz.
tan A= cos Betan B .

For angle a:
PF = cota,

PH = PF cosB = cot@ecosB

and
PH 1
tan X = -
PH cota-cos BB
tan X
tan @ = -——--m-mm-
cos B3

23

(1)

(2)

In the following, we will set up between the object-point P and its
projection-point P', a special relation that can be suitably used for the tracing
device. Taking the point O (i.e. the perpendicular projection of the projection-
point P' onto line V) as a revolving centre, and revolving the point P' (within
the drawing plane R) to the right-hand and left- hand, we obtain on the line v
the new points P' and Pbby tracing the connecting straights from Pj, from

P'band from o to P, we obtain the angles:

< OPV = yx,
< VPP'i=y.
and
70+ y2 = OP P -
Angles y1and y2can be expressed by using the given angles a, B and (pas
follows:

P'F =1 OF = cot® OP' = OP'f= 1/sin93, PF = cota;

OV = FH = PFsinR = sin 3 mcot a,

FG — OF — coty
cos cos 8

VP = VH -(- HP = OF HP = cot B -j- cos } mcot a;
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and further on

ov sind-cota sind-sme
tan/~! = = = -, (3)
VP cot M-)- cosr Mot X tan X ecos p-f- cos ¢ min D
—_ e sin g ecot x
VP: op'- OV sin
tany2= ----.p_: ---F.). = <p
VP VP cot(p cosg mcotx
1/sin @ sin g- cot x .
- — I —tan Yj 4)
cot® cosg ecotx cot (f -)- cost mot x
where
. VUsin o9
A -
cot P-)- coss KOt x
and
OP] Usin @
tany, + tany, = = : (5)
VP cot P -f- cos Mot x

Denoting <y VPP'b= X, we obtain:

A a__VP'h g OV+ OP _ _ sinxmotx+ Usin®
VP VP cot® cosBmotX

and according to (3) and (4):
tan K = 2tan y1-)-tany2. (6)

Around v as a revolving axis, the level-plane N shall be revolved into
the drawing plane R, and thus the point P comes onto the point (P) in the
drawing sheet, as a plan-view point of the level line drawn onto the drawing
plane R.

As is seen in Fig. 2, with the knowledge of angles y1 and y2 from the
point (P) revolved-in not only the angle legs (P)0 and (P)Py but — by omitting
(P)0 — also the leg (P)P'b can be traced directly since (according to Fig. 1)
the straight portions OP] = o Ph.

As is observable in Fig. 2, the projection point P' is the vertex of the
right-angle isosceles triangle, the legs of which pass through the points P]
and Ph

When the curve (P)...(PX, in the drawing plane, is the revolved
reproduction of an optional curve P ... P1 of the level-plane N, and the
signalling tip is led along this curve in such a way that the pair of signalling
legs jy—j2should always move in a parallel position to itself, it is possible
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to obtain by means of a drawing tip a curve as the axonometric projection
of the original curve touched by the signalling tip that is represented by the
points of intersection P' ... P( of the rectangular straight lines and i2
which fit onto the points of intersection Pj and Pbof the two signalling angle-
legs with the straight line v.

Fig. 2. Level-plane revolved into the drawing plane; plan-view: (P)...(P 1), axonometric
image: (P'...P")

Yet on the drawing plane R, the point (P) represents the plan-view
revolved into the drawing plane of all the points that are placed along the
vertical straight passing through the spatial point P (Fig. 3). According to
Fig. 1, the projection Q in the side-plane of image Q' of point Q, which latter
is at the unit-distance of point P, can be found, when we would start — in
analogy to the level-plane N — from the level-plane N g, and at the same time,
the plan-view of the drawing plane would be shifted at a distance (P)(Q).
Y et this shifting can be omitted when bearing in mind, that point Q represents
not only a projection at angle & of the unique spatial point Q, but it is the
projection of all the points that range along the projecting line e<j. We have
to find, along the projecting line e¢ a special point Qx, the level-plane of which
has with the drawing plane a special intersection straight line vx, around
which, as an axis, the revolved point Qx coincides exactly with point (P).

This condition is fulfilled when the shifting length of the straight line v:
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equals the displacement KQXof the point Qx (located on the line eq) from the
drawing plane in relation to P as measured in its own level-plane; viz: PK =
= KQX

In other words, the quadrangle PKQXC equals a rhombus, in which
the angle

X KPC = 180° - (o

Fig. 3. Geometric relations for the determination of the distance At at which the guide-rail
is shifted when the level-plane is changed (The image of point Q is also the image of point Qx
that represents the vertex of the rhombus PKQXC)

is halved by the diagonal PQX and the intersection point of this diagonal with
the line eg is the point Qx that has to be found.
Now, with a level difference equalling 1, the straight v shall be shifted
as far as At; with the denotations on Fig. 3, At can he completed as follows:
In compliance with the above statements, our condition is:

VX(P)=VXQX,
or

(P)V + PA + BQx= VgA + AQ + GQx.
This can be simplified by crossing out
(P)V= VgA =t
and we obtain the equation
PA + BQX= AQ + GQx

as an independent statement.
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With a view to the rectangular triangle QPA:

1
PA =
sin 9?
and
1
AQ
tan @
Taking QQX= x, and with a view to the triangle QXBQ, we have
Xnn o
BQX= .
SIN cp
and
sin
QB = Gox= " (I

sin o

By substituting these values into the above obtained equations we have:

1 X sin a 1 X Sin (¢ <p)
sing? sing? tang? sing?

Multiplied by sin ¢ and factoring out x, we obtain:

1 —c0Scep= «[sin (@ -f- ¢? —sina],

and in explicit form:
1 — COS ¢p

sin (« -j- g9 — sin «
and by using this value of x:
At — B e B — SN
sin @@ sin @

1 —cos @ sin @

+
sin ¢? sin (« -f <p) —sin « sin o

(1 — €OS ¢cp) SiN «

At =
sin ¢? sin (« -f- g2 — sin «
Further on,
At = 1 sin (« -f- g — sin « -j- (1 — €0S ¢p) SiN «
sin cp sin (* -f- ) —sina
1 Sin « *COS cp -)- COS « *SiN ¢p — SiN oc — SiN ocMCOS ¢ -f- SiN «
sin @ sin (oc -)- g?) — sin't

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



28 B. SZOKE

and after contraction of the numerator and with simplification by sin @we have

At
sin K 93) — sin X
or
COS XX
sin a ¢cos @ -f- cos Xesin @ — sin X
1
tan xecos @+ sin @ — tan x
1

, 7

tan x(cos@—1) + sin @

At

Fig. 4. Determination of the shifting Av =

By substituting tan x from (2) into (7) we obtain

At= e COSR  —m--mmmmmmoe . (8)
tan x(coB@—1) + sin gecos B

Keeping the signalling tip (P) in its place, and shifting the leading rail
v at the distance At into vx (Fig. 4), the drawing tip moves from P' into P"

along a straight line inclined to the vertical at an angle y. This angle y can
be determined according to Fig. 1:

PP’ oV
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and making use of the precedings

OF sin R mcot a,

(P)F= PV = cot®-)- cos R cota

and

PV =0P =-1 |,

sin 9
wherefore
sin R mcot a
tany = —

cot P-)- cos /3ecota — (1/sin N)

viz.
sin R «cot aesin %
tany =

QB P-)- cos Becot « esin D— 1 B

sinBesin P

9)

tan a(cos ®— 1) + cos 3 mwin D

As can he seen in Fig. 1 the axonometric projection f of the straight
line f formes the angle Awith the perpendicular to the drawing plane, which
can be expressed, according to Equ. (1):

tan A= cos P etan i .

When the purpose should be achieved that by shifting the guiding rail at the
distance At the drawing tip should reach the wanted point Q' instead of P 7,
so we are compelled to shift, at the same time, the signalling tip (P) at a distance
P"Q' according to Fig. 1; this can be performed by shifting the plan-view in
a direction parallel to v at the same distance.

The shifting of the signalling tip (P) is

4 = P"Q’= P"Q0- Q’Q0= P QO(tany - tan A),

when the shifting corresponds to a unit-difference between the two levels,
respectively to a shifting ZIt of the guide rail.
The distance P'QO0 can he determined from the triangle P'QOF in Fig. 1:

< QOFP' = 90° —<x

this equation holds true because the point F lies on the line e<j, and EP' =
= QP = 1, whereby the angle FQOP' being the external angle of the adjacent
triangle OFQO:

< FQopl = «+ 99,
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wherefrom:
P'Qa:1= sin (90° — x) :sin (a -j- (9
viz.
cosa cosa
P’Qo- sin (a ¢p) sin a *cos ¢p -f- cos a *sin o
and thus
1
PQo=

tan x mcos cp sin ¢p
By substituting tan x from equation (2):

coS B
P'Qa = .
Qa tan Xecos <P sin Pecos B

by substituting this value into the above expression of Av:

| (tany — tan f)cos/3 (10)

tan x ecos P-f- sin Pecosr

When in connection with a shifting of the guide rail v at a distance At
according to equation (8): the plan-view is shifted in the direction parallel to
the straight v by means of an inclined guide bar at a distance Av according to
equation (10), then the angle of slope H0of this guide-bar is determined:

. Av tany —tan A)[4ana (cos y— 1 sin cos/3 /114
can A AV (tany )[4an a (cos y— 1 ) I
At tana- cos < -|- sincpecos g

When g — 0, we can state according to Equ. (9) that tan y = 0; now, according
to Equ. (1) tan A= 0, and it follows from Equ. (11) that tan D= 0, viz. the
rule that moves the drawing, has no slope, the drawing stays in its place.

From what has been explained above, we are in a position to set up the
mechanical scheme of the axonograph-device (Fig. 5).

In order to explain Fig. 5, it is only necessary to show the true relation
between the front-view (or side-view) of the drawing to the shifting distance
At of the guide-rail v, and to the shifting Av of the plan-view, respectively.

The precondition is to bring the level-rule n into a position forming the
angle ¢0in such a way that while the shifting in height is performed in the
side-view at a unit level-distance, at the same time, the rule should be shifted
at the distance At according to Equ. (8). This condition is expressed by:

. 1
sin wn — -

0 A
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viz.
tan a (cos @ — 1) -f- sin<pecos

Sin (0 = - e (12)
cos R

The mechanism is simplified when 8 = o, and thus also A0 = 0, i.e. the
shifting of the plan-view is no longer necessary. In this case according to Equ.
(9): y = 0, and according to Fig. 2:

Fig. 5. Geometric principles of working conditions of the device
Denotations: v guide-rail; (P) signalling tip of the pair of signalling legs jnj2; P'drawing tip of the drawing legs ix i2;

n level-rule; m moving brace of the drawing.

(P)0_\_v, wherefrom both the signalling legsj 1and j 2, and the writing legs
ij, i2are symmetric to the centre line. Consequently, under the simultaneous
effect either of the pulling or pushing forces acting along the guide v on the
writing legs tj, i2that are to he considered as in rigid position to each other, the
force-transmission proves to result to the best efficiency as on a slope, since

the angle of friction is quite negligible with a roller-type slide guiding mecha-
nism. When 8 = 0, then

sin g0 = tan a (cos @ — 1) -f- sin . (12a)

W ith the additional condition that the projecting line e is perpendicular
to the drawing plane R, so it is:

= 90° —cp, tana = cota
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or
sin g _Q?_S_(_:p_ (cos 9— 1) + Sinp= coquo—c(-)s @-)-sinzgp 1 —cos o
sin @ sin @ sin @
Now
1—cosp= 2sin2— ,
and
sin@= 2 SID—q) * COS ®
2 2
2sin2
1—
. s @ @ = tan
sin @ 2 sin -cos-sp—
2 2
and
1 .
sin qb = s @ Sne tan (12b)
sin @ 1-f-sin®

The theoretic scheme according to Fig. 5 serves only to prove the correct
functioning. For a practical realization it must be borne in mind that the draw-
ing plane can only be well used when the slides st, s2do not interfere with each
other.

Since both, the pair of signalling legs jv j 2 and the other one of writing
legs i3 i2 carry out a translational motion, it is not necessary to place the
signalling and the writing tip into the intersection point of the respective legs:
they can be placed on any rigid extension of the respective pair of legs.

In order to utilize better the drawing plane and to separate more clearly
the original true-to scale projection from its representation to he traced, another
modification is advisable as compared with the model as shown in Fig. 5.
On the slide si5the leading groove HjXof the writing leg iv should be shifted
parallel to itself at an optional distance hl from the point Cxon the groove Hjl
of the signalling leg jfl, and in the same way, the groove Hj2should be shifted
at an optional distance h2 from C2 Doing this, the writing tip P"' will only
operate at another place of the drawing plane i.e. the correct image will be
shifted away. This statement becomes cleaT, because by a displacement of the
signalling tip (P) in the direction of the straight line v, the pair of writing legs
is displaced in the same direction; and when the signalling tip is moved in the
perpendicular direction to the rule v, the measure of the displacement of the
writing legs is determined by the distance CXC2

This model is shown in Fig. 6. The leading groove of the signalling leg is
on the turning element f which is located on the slide s and can be swung
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Fig. 6. Construction that fulfils the functional requirements

around the pivot pin C and fixed by the screw F; it goes without saying that
the elements/, s, C, F are to be understood as having identic subscripts. Friction
is reduced by using roller-type slides.

From what has been explained above, it follows that the device works
correctly in every clinogonal axonometry, when instead of the plan-view any
optional drawing sheet, on which the writing tip P' draws, is displaced by
means of the bar m in parallel direction to the rule v.
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Yet when according to our intention neither the plan-view nor the axono-
metric projection should he shifted, we may apply a supplemental reckoning
to find the correct adjustment of the device, and in this way, the bar m becomes
superfluous.

We will assume that a special point P of the level plane N is just lying
on the intersection line v of level plane N and drawing plane R. When, in order

Fig. 7. Supplementary adjustment for clinogonal axonometry

to have a straight line PQ of unit length be drawn that passes through point
P, we keep the signalling tip steady at point P = (P) and let the guide rail
v be shifted at a distance At according to Equ. (8), then the writing tip will
delineate a straight line inclined at the angle y (in Figs 1, 2 and 4) instead of
the correct angle A (Figs 1 and 4).

In this position of the device, the distance t — (P)V of Fig. 2, is now
replaced by the distance At = VVXof Fig. 3; therefore, taking into account
equations (3) and (4), we obtain from Fig. 2:

OV = At mtan y1 (13)
and
VPj = At mtan y2. (14)
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When we want a straight to be traced by the writing tip at the desired
angle A the adjustment of the signalling legs j\ and j 2 has to be corrected in
such a way, that the tip (P) should be shifted, in parallel direction to the
straight V (as shown in Fig. 7) at a distance Av according to Equ. (10).

Then we have, for the modified angles yj, and y2 by making use of the
values according to equations (13) and (14):

oV oV — Av Attan yl — Av Av
tan y[ = = tany, ——-
At At At At
Vo op; it
tany2= - P vty tan y2 (4a)
At At At At

Applying the values from (3) and (11):

tany =

w | >

where
A —sin R sin 9— (tan y — tan A) [tan a (cos 9— 1) + cos R msin @]
B = tan amcos p+ cosfB msin @;

and taking the values from (1) and (9)

tanyj
»here
sin B esin @

C = sin R msin ®-
tan « (cos@— 1) cos Rmsin @

tan B-cos @ [tan a (cos@— 1) + cosB *sin g5]

after reduction

¢ [ lan a mtan B .cos @(cos @— 1) + tan Rmcos Rmsin q-cos @
any
tana ecos@ cos Rmin @

By multiplying both the numerator and the denominator with cota -
e cot Bjcos @ we obtain
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, cos 09— 1+ cot x-cos B-sinm
tan yx= - L Sl =

cot /3+ cot é— cos R mcot/?- tan »

COS 9 (1 -)- COt x mcos ¢ mtan 99) — 1

(3b)
cot /3(1-)- cota- cos />tan 9)
We have to find the value of (4a):
tany' = tany2-|----—-—
At
From (4):
tany2= A —tanyl,
where
/sin
A 1 %9
cot 99 -f- cos g mcot x
Av
tany. = A —tan yx-f-
At
But, conforming to (3a):
Av
tan yx= — tanyx
~At
and to (4a)
, Av Av ,
tany, - A —tan yx------------ pommmmme- = A —tanyx.
At At
By using tan y'x as per (3b):
1/sin 9
tany. =
cot 9 -j- cosr mcot x
€0S 99(1 -|- cot a- cos /3-tan 99) — 1
(4b)

cot /3(1 -f- cot Xmcos /> tan 99)

This angle y'2is what serves to adjust the signalling legj2 For the inclina-
tion angle x' of leg j xwe can write conforming to (s):

tan x' = 2 tan y[ -f- tan y2. (6b)
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On the other hand, in order to have the vertical in space delineated — in a
clinogonal axonometry — by the device at an adequate angle A the modified
inclination angles of the writing legs ix and i2 could be found by reckoning,
whereas the former angles yj, and y2 could be kept invariant. This alternative
method is but of geometrical importance because in our case the functioning
of the device is the most favourable when the signalling legs are positioned
at a slope of 45°.

Fig. 8. A simplified model of the device

As a consequence of a modified adjustment of the signalling legs, the
position of the whole axonometric projection is shifted to a distance Av but
this shifting is practically quite insignificant.

The axonometric picture, traced by the described device, is correct not
only when the initial plan-view — and side-view — are in their position with
the points lying on the respective ordinates; but the picture obtained is correct
on the basis of a plan-view be it revolved into any optional position, when only
the side-view is put into position at an adequate angle.

The adjustment of the device is the most simple for the orthogonal
axonometry (8 = 0; d-j- 8 = 90). As compared with the usual photo, having a
main optical axis parallel to the level-plan, this axonometric view is the most
similar. When a photo should be regarded as a model in which the main optical
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T
Fig. 9. A practical model of the device

axis is not parallel to the level-plane but lies in the vertical plane perpendicular
to the line v, in this case, the adjustment comprises B = 0, buta + R 90°.

A simple model of the axonograph is shown in Fig. 8. Yet, a larger part
of the drawing sheet can be utilized, when the respective slides are placed in
two different planes in order to avoid any interference between them (Fig. 9).

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



DESIGN TRANSFER DEVICE 39

In order to bring the axonometric picture at a certain distance from the
plan-view, the distance MC = M'C"' is kept equal for both slides. When this
distance becomes zero, the point C coincides with point M, and point C'
coincides with point M ".

Annex

In his report, the reader I. Lipka has pointed out that it is worth while to deal with
the geometric principles of this device in a more particular way. The reader presented in his
report a self-consistent geometric system that clearly shows the theoretic essentials of the
device in question; therefore, this part of the reader’s report will be quoted:

Fig. 10. The basic geometric relations between the image-point and the point revolved into
the image plane

“From the Equs (3) and (4) in this paper, there is, by the author, a spatial theorem
deduced that expresses a strong relation between the point revolved and the original image
point; this theorem should be introduced as the initial thesis of the paper, in self-consistent
conception; it could be set up as follows:

Thesis. The spatial point P should be projected, by the projecting line e of optional
direction, on the point P' of the plane R (the image-plane) of optional position (Fig. 10).
The horizontal level-plane 1v, passing through point P has a line of intersection v with the image
plane R. Let the level plane N be revolved, around the axis v into the image plane P,whereby
the point P arrives to point (P) of the plane R. Starting from the point P' in plane P, two
half-rays, each of them forming an angle of 45° with the straight line v, will have with this
line v the points of intersection Pb and Pj, respectively. In this case, the value of the angle
Pb(P) PJ viz. the angle that is included by the half-straight lines (P)Pb and (P)P'j i.e. by
the straight lines connecting the point (P) with the points Pjj and P'j respectively, depends
only upon the direction of the projecting line e and of the angle included by the planes N
and P, and is independent of the position of the spatial point P.

The legs of this angle that is independent of the position of the point P correspond
just to the two signalling braces of the drawing device.

W ithin the scope of the three-dimensional geometry, this thesis in question can easily
be deduced from some basic theorems of the elementary projective geometry, as follows.

Let the points P, 17, ... of the level-plane N be projected, by parallel projecting lines,
into the points P', U\ ... of the plane P.

When the plane N is revolved, around the straight line v as axis into plane P, the two
systems of points, namely, the system of the revolved points (P), (U) of N and the other one
of the projected points P', U' are in the so-called parallel perspective relation, in other word
in perspective affinity. According to a thesis of the projective geometry, the axis of this affin-
ity is the straight line v.

Affinity is always characterized by two rules: first, connecting lines of corresponding
points are parallel to each other e.g. (P)P'L (I/)!/" etc.; and the points of intersection of
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corresponding straight lines lie on the same straight line; i.e. the point of intersection C of
the corresponding straight lines: (P)(U) and P'U" lies on the straight line v being the axis
of affinity (Fig. 11).

Let us consider the triangles (P)Pf,P' and (U)Uiju'. Every straight line connecting
the homologous vertices of these two triangles passes through the same point C. Now, accord-
ing to the Desargues-theorem, the points of intersection of the homologous sides of these
triangles lie on the same straight line. Yet, as already mentioned, the two homologous sides
(P)P' and (U)U' of the triangles are parallel to each other, i.e. their point of intersection
lies on the straight line in the infinite. The same applies to the other homologous pair of sides
PftP' and Ut,U', wherefore, according to the Desargues-theorem, the third homologous pair
of sides (P)Pj, and (U)UIl, also have the point of intersection in the infinite: viz. they are
parallel lines (P)Pj> || (17) ( : therefore, we can state the equality of the respective angles

<£P,(P)P'= 4 Ub(V) IP.

P)

Fig. 11. Projective-geometric proof of the theorem

Of course, as regards the perspective triangles (P)P'Pj and (U)U'Uj the same rela-
tion holds true, viz. the two sides (P)P) and (U)U'j are parallel to each other, too. Therefore
we can write

< Pb(P)Pj = ~U'b(VU) Vj,

and this equation represents the three dimensional geometric thesis in question.

This reasoning on projective-geometric principles brings into relief the essential feature
of three-dimensional geometric thesis applied to the construction of this drawing device.
The trigonometric deduction leads to express the angles yl9y2 y and x by means of parameters;
namely, by the angles of a and B which determine the inclination of the projecting line, and
by the inclination angle (p of the image plane, the explicit formulae can be established.

The geometric proposition in question holds true also in the case when the system of
points (P), (E/), ... are shifted in a parallel direction with the axis of affinity v by keeping
all the lines ((P*) P', (U*) U' (connecting the points P\U\ ... with the shifted ones
(P*), (U*), ...) parallel, viz.:

(p*)P"\\(u*) n'y...

In this case, the relation of perspective affinity stands between the two system of points
(P*), (E/*), ... and P'; U\ ... having an affinity angle Awith the normal direction to the
straight line v (Fig. 7) by maintaining this line v as the axis of affinity. To understand this
statement, the way of reasoning is the following.

Let us consider the triangles (P) (P*) P' and (U)(U*) U' in Fig. 12. The respective
(homologous) sides of these triangles are parallel to each other

(PYPW(UHU™ (P PTI(U*) U™ (P) (P*) [l (U) (U™).
In other words, the axis of perspectivity is the straight line in the infinite; by the inversion of

the Desargues-theorem we can state that the straight lines connecting the homologous points
of the triangle will all pass through the same point of intersection.
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Thus, the straight line (P*) (U*) also passes through the point C; in other words, the
straight line (P*) (U*) and its corresponding affined line P'U" intersect each other at a point
on the straight line v, i.e. v is the axis of affinity. On this basis, the equality of angles

< P'B(PY)P) - < Ub(U*) Uj

can be proved; this means in other words, that the value of the angle

- pi, (P*) p;

isindependent of the spatial position of point P. The practical application of this statement is
realized, when the shifting of the plan-view is omitted.”

Fig. 12. Proof of a generalized variant of the theorem
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ZEICHENVORRICHTUNG ZUM UMZEICHNEN
VON AXONOMETRISCHEN BILDERN

B. SZOKE

ZUSAMMENFASSUNG

Durch diese Vorrichtung, die nach Prinzipien der Raumgeometrie konstruiert ist,
wird das Bild in der beliebig bestimmten Axonometrie mit der Schreibspitze dadurch auf-
gezeichnet, daB die Abtastspitze im GrundriB entlang eines Horizontal-Schnittes gefihrt und
das Niveaulineal in der Seitenansicht in der entsprechenden Hohe bewegt wird. Die konstruk-
tive LoOsung ist besonders einfach, falls eine Projektionsrichtung senkrecht zur Schnittlinie
der Bildebene mit der Horizontalebene gewahlt wird. Mit dieser Vorrichtung kann man den
Eindruck eines Photos am besten nachahmen, da die WahImadglichkeiten doppelt unendlich
sind: man kann den Neigungswinkel zur horizontalen Ebene sowohl fir den projizierenden
Strahl wie auch fur die Bildebene frei wéahlen.
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APPAREIL TRANSCRIPTEUR POUR LA PRODUCTION D’IMAGES
AXONOMETRIQUES

B. SZOKE

RESUME

L’étude présente un appareil de transcription construit sur la base de relations de
géométrie spatiale. La pointe étant déplacée le long d’une section horizontale du plan, la régle
de niveau est portée a la hauteur correspondante de la vue latérale et la plume est amenée sur
le point correspondant de I'image axonométrique, basée sur un systeme d’axes fixé arbitraire-
ment. Une solution particulierement simple est obtenue au cas ou le rayon de projection est
normal & l'intersection du plan de I'image avec le plan horizontal. Pour cet axonographe,
au moyen duquel on se rapproche le plus de I'image photographique, le nombre des variations
possibles reste encore doublement infini, étant donné que I’angle formé par le plan horizontal
et le plan de I'image aussi bien que celui formé par le rayon de projection et le plan horizontal
peuvent étre arbitrairement choisis.

KOMUPYOWMUN MPUBEOP ANA CO3AAHNA AKCOHOMETPUYECKUX
M3OBPAXEHUN

B. CEKE

PE3IOME

B cTaTbe onucaH Takoi KonupywoowmiA Npubop, CKOHCTPYMPOBaHHbIA Ha OCHOBE CTEpeo-
MeTPUYECKUX 3aBUCMMOCTEN, NWLLYLIAA FO/I0BKA KOTOPOro credyeT TOUYKam nto6oli n3bpaHHoOM
aKCOHOMETPMYECKOIM MPOEKLUN, ec CHUMAOLWAsi rofoBKa NepeMeLlaeTcsl Nno SIMHWUSAM Fopu-
30HTa/IbHOr0 paspesa, a JIMHeliKa YpPOBHSA MPOABUraeTCss M0 COOTBETCTBYIOLLEN BbICOTHOW OT-
MeTKe 60KOBOro Buga. OCoBeHHO MPOCTOEe peLleHMe MOslyyaeTcsi B TOM Crlyyae, €c/y Mpoek-
TUPYIOLNIA Nyd NepneHANKYNSPEH NIMHAM MepeceyveHrst NA0CKOCTY U306paXkeHnsT ¢ rOPU30H-
Ta/IbHOM NAOCKOCTbIO. [NA 3TOro akcoHorpada, KoTopblii AaeT nM3obpakeHusi, Hambonee 61K3-
Kue K choTorpadmm, Bce elle BABOMHE GECKOHEYHO YMCI0 M306pasvMbIX BapuaHTOB, TaK Kak
Yron Hak/oHa, OrpaHWYeHHbI FOPU3OHTA/IbHOW MIOCKOCTbIO, MOXeT 6bITb MPOWU3BOSLHO
BbIGpaH, Kak 4151 M0CKOCTM U306paKeHWsi, TaKk U AN MPOEKTUPYHOLLEro fyya.
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CALCULATION OF WATER HAMMER PHENOMENA
BY AUTOMATIC SEQUENCE CONTROLLED DIGITAL
COMPUTERS

PART Il: NUMERIC EXAMPLE CALCULATED FROM EXPERIMENTAL
RESULTS OF A PIPELINE

I. BATTA
ENTERPRISE FOR ESTABLISHMENT OF POWER STATIONS, BUDAPEST

[Manuscript received May 10, 1965]

This paper is the continuation of the article presented [in Acta Techn. Hung. 51 (1965),
3—29] as Part |: Basic Principles, Equations and Formulae. The calculation is made on the
basis of some parts of experiments carried out by the Department of Hydraulic Machines of the
Technical University Budapest on a long pipeline. During the research work some main char-
acteristic data of the pipeline were determined and a water hammer process caused by power
failure was investigated. In the diagrams both the experimental results and the obtained
numerical values — as calculated from the pipeline characteristics and the initial values of the
water hammer — are plotted. In the present part the pipeline is described, some details of the
experiments are made known, the course of the calculation is explained and the results are
analyzed.

VI. Comparison of experimental data and calculated results

The reliability of some formulae and equations — contained in Part | —

was tested, by making use of a part of the results obtained from a more exten-
sive series of experiments.

1. Layout of the pipeline and the pump station

After the pumps, there are check valves built in, and after the valves,
there are air chambers connected. This boundary condition is described in
Chapter ¥ —6 (Fig. 6).

In order to have the water hammer effects diminished, there is a surge
tank arranged in the pipeline. It would have been hardly possible to approach
the behavior of the section after the surge tank (because of fittings not men-
tioned) by calculation; moreover the influence of that section is not signifi-
cant; consequently, the change of the level in the surge tank had been consider-
ed as practically well determined by experimental results.

2. Geodetic data and dimensions

The developed length of the pipe line section up to the surge tank
L = 29556,44 m; internal diameter of the pipe d = 0,703 m; diameter of the three
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air chambers working parallelly D = 1,8 m; the height of the top of the air
chamber above the centre line of the pipeline at the beginning (i. e. above the
chosen zero-level), as calculated by equalized volume Y = 7,17 m. The heights
Hg [m] of the centre line of the pipe at distances x are in Table I.

Table |

a, 0,00 10,55 51,90 44,00 115,45

3. Experiments and results

The numerical values of the experimental and those of the desk-computed
results are given without rounding off. Not that all the digits could be consid-
ered as significant. Nevertheless, a rounding off is not advisable, since those
numerical values must be compatible among each other mainly because of the
wavelike propagation of the errors.

W ith closed air chambers starting experiments were carried out by measur-
ing the reflexion time periods. The pressure oscillography at the starting
point served to determine the velocity of the wave; this proved to be:
a = 1089,086 m/sec. The half wave period was T = 27,13875 sec. In view of the
varying wall thickness of the tube, the wave velocity also changes (within narrow
limits) along the pipe. For calculation purposes the average value is taken into
consideration.

A water hammer caused by power failure was investigated. Due mainly to
weather conditions, at the beginning of this power failure experiment the
estimated air temperature in the air chamber was -)-40 °C and the water tem-
perature —20 °C about. These values are important as regards the expansion in
the air chamber that is supposed to be polytropic (see later VI11—s). The steady
state preceding the power failure is characterized by the following initial values:
water discharge Q = 0,51725 mg/sec; depth of the level beneath the top of the
air chamber: y0= 2,968 m; total head values HO [m] at different distances x
measured from the forward end of the pipeline are to find in Table II.

Table 11

* 0 L:4 L:2 3L : 4 L

Ho 211,6200 190,9275 170,2350 149,5425 125,8500

According to the precedings, the loss factor amounts to A~ 0,02175, in
compliance with the observed roughness of the inner surface of the pipe. Due to
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previous tests, it is known that Ais not constant (the major value is observed
at the forward section); for computing purposes the average value is taken
into account.

During the water hammer process caused by power failure the total
head at the forward end was observed; the sinking of the water level in the surge
tank (6) was registered by means of a manometer that was read off at regular
time intervals. It took 2,5 sec until the check valve closed after the power
failure nevertheless, due to the rather large air volume in the air chambers the
total head at the forward end of the pipeline did not change much. As can be
inferred from the oscillograms it is motivated to neglect the run out of the
pump, and to consider the whole system as consisting of the air chamber and
the pipeline closed towards the pump; thus, the initial time can be put as 2 sec
after the effective power failure. The following Table 111 contains the values
of the total head at the forward end, and the sinking of the water level in the
surge tank as functions of time.

Table I11
tiT H. [m] & [m]
0,000 211,62 0,000
0,250 174,00 0,000
0,500 153,50 0,000
0,750 139,50 0,000
1,000 126,50 0,000
1,500 109,75 0,135
2,000 97,50 0,400
2,500 92,25 0,800
3,000 90,90 1,275
3,500 91,60 1,855
4,000 94,00 2,450
4,500 98,75 3,050
5,000 106,10 3,475
5,500 114,00 4,275
6,000 122,60 4,925
6,500 132,00 5,600
7,000 139,60 6,250
7,500 144,80 6,850
8,000 146,20 7,300
8,500 145,30 7,625
9,000 141,10 7,875

The change of the water level in the air chambers could not be registered.
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VIIl. Details of the calculation

1. Programming and some features of computing

The values printed off by the computer correspond to the following scale
factors:

0,1 [m] value of the water level in the airchamber,
1 [mds] values of the water discharge,
0,001 [m] value of the total head

and these always belonging to the time-points:
t = T :8, 2T :8, 3T :8,... 72T :8,
and to the longitudinal spacings:
* = 0,L :4,L :2,2L :4,L.
The computed values correspond to the following grid points:

Xj = hj, whereh = L :16 and j=0,1; . . 16;

tf = (hja) i, wherei = o, 1, 2,....

Taking into consideration that the water level change in the air chamber
could not be observed, the values of the polytropic exponent n = 1; 1,1;1,2;
1,3 and 1,4 were used for finding the probable value of n = 1,2303515 as a best
quadratic approximation of the pressure experimentally determined at the
forward point of the pipe line during the time-interval 9T.

The programming scheme is the same as shown in the example in V—2.
The calculation was carried out at the Computing Centre of the Hungarian
Academy of Sciences, by means of a Computer type M 3 according to the
machine code program elaborated by the author.

The computer working with a fixed point is characterized by 31 bits
(including the sign), with numbers of absolute values less than the unit. The
octonary system is used for putting in the binary numeric values and the orders.
Decimal data being put in and being printed off, comprise 7 significant figures.

2. Scale factors, transformed quantities

As the computer works with fixed point, the whole stock of numbers
occurring i.e.the quantities put in,the intermediate and final results all have to
assume values less than the unit. By denoting with an upper bar the correspond-

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



CALCULATION OF WATER HAMMER PHENOMENA 47
ing transformed quantities; Q= Q; H = H :250; y =y :10; Y = Y :250,
these transformations fulfil the above condition.
3. Basic equations

According to the equations (9) and (10) the following equations refer to the
inner points of the pipeline, by taking the scale factors into account:

H3= — (H2+ Hj) + - 1--- — (Q, - Q)+ — —mmmeeee- — (za-Z2 1),
3 2 250  2fg 250 sdpg

3=~(Q2+Qi)+ 250
Q Q2+ Q) 2a s adj 4 adf

According to (25), (26) and (8) and taking the scale factors into account
the boundary values are determined by the equations:

M'=lk<r-",-~> +X (H°+I'I-y+’\ A
' 4 adf a 4 aaj

The level in the surge tank remains unchanged during the first half wave
time then, from the beginning of the reflection the change of the level can be
well approximated by a polynomial of 5th degree as a function of time:

W, — (tfo)ie (i< 17)
and
W = (Ao - {[(Dfi+ C)V + B]V + A 1 i~ 17),
where
d= (i~ 16)2-~7

and A, B, C, and D are experimental constants.
The second boundary condition for the surge tank level is, according to
(7) expressed by:

»=250JL (H1+ H3 +Q1- -A -Z t+  fz3.
a 4 adf 4adj O
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In analyzing the solution of the basic equations for the quantities denoted
by the subscript 3 it is found that the iteration process proved to be convergent
when based on the main characteristics of the here given cases.

4. Decimal data

The program has run with the following decimal values:

250 f9 + 0,8740721,
250 — - 4+ 04370361,
2 a
1 a
- 4 05720352,
250  2fg
Mi
_  _ 0,0338034,
4 adf
Xh
. 0,0169017
g adf ' '
1 Xh
- 4+ 0,0193543,
250 g df2g
h
! - 4+ 0,0111092,
10 2aF,
-+ 0,2968000,
To Jo
n—1 - + 0,2303515,
1
= 0,0400000,
-Tr
1
(Y-1) = - 0,0113200,
250
1
O+y0-Y + A)= + 0,8696720,
250 @HO+y )
D = - 01774222,
C =+ 0,3848889,
B = - 0,3150444,
A = + 0,1390778,
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QO = + 0,5172500,
(HO) = + 0,8464800,
(Hoy1s = + 0,5154000.

5. Calculated and experimental results

The diagrams (Figs 18—22) show the calculated and the necessary
experimental results. The five diagrams (Fig. 18, 19, 20, 21 and 22) refer in due
order to the points at a distance x — 0; L :4;L :2; 3L :4; L.The curves
comprise the values”™ and H as functions oftime (for the period of 9 half-waves)
completed with the constant local geodetic heights. In Fig. 18 (x = 0), there are
additional curves showing the calculated water level in the air chamber and the
experimentally obtained total height both as functions of time.

Again, the total head curve in Fig. 22 is at the same time a result of
both calculations and experiments

6. Analysis of results

As explained herebelow, the calculated results are in good approximation
of the course of the water hammer phenomenon:

a) The wave periods and the domain of influence of the change of
boundary values are correct.
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b) The curves H in Fig. 18—both calculated and experimental values —
are during the first period of depression nearly the same; their character
during the following compression wave remains identical. The greatest devia-
tion is only twice as much as the estimated error of the measurement about.

¢) No breaking of the water column occurs either according to calculus,
or during the experiments.

fm']_l m%e c]

300 0,50
200 0,25
1000,00
0 -025
0 1 2 3 a 5 6 7 8 9 t-T
Fig. 20
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0 1 2 3 4 5 6 7 8 9 t'-T
Fig. 21

The small deviation between the measured and the calculated pressure
values is mainly explained by the fact that the air in the air chambers starts
to cool intensely when the water level begins to change (especially near
to the lowest position) and therefore, the real system is more rigid than the
calculated one (cf. the above remarks relating to the temperature of the air
content in the air chamber; see Chapter V 1—3). These deviations are present
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at any value of the polytropic exponent, as it could be observed at any stage
of the calculating process.

Just because this deviation is really not significant, one can state that
this calculating method brought about useful results — and even without an
exact analysis of the change of state of the air in the air chamber — especially
for the first period of the depression-and-compression wave. The estimated
polytropic exponent may assume a value between 1,2 and 1,25 when the
arrangement and the dimensions are similar.

VIIl. Final conclusions

Both, the experiences obtained during the experiments on this typical
example, and the results, calculated and measured, are likely to justify the
author’s preliminary supposition, according to which this calculating method
gives reliable residts, and that it can be recommended in view of its advantages
in opposition to other methods as far as greater efficacy, the possibility to
obtain results in a quicker and more economical way, are concerned.

This method is reliable since the accuracy of results depends only on the
precision of the knowledge of the physical characteristics of the system and
because the influencing effect of any factor occurring can be estimated by means
of great variability of the data put into the computer.

The method is efficacious, since the technical and economical optima can
easily be chosen or determined by varying the basic data and the program
details.

The method is efficacious further since the complexity of the conduit
system and of the boundary conditions do not cause any difficulty against the
application of the method.

Its economical advantage is more obvious when ready-made typical
program details and input programs are at disposal and when the problems to
be solved are relatively numerous.

As is known, the programming by means of direct machine codes is not
only an awkward labour but it is a source of many kinds of errors. Again,
search after mistakes often takes more time than the running down of the
whole computing program. A radical solution is given by the use of an automatic
code system on a high capacity computer. An auto-coding system is success-
fully applied for a quicker, more reliable and more economical programming,
for which the saving of time is decisive in most cases.

A special advantage of computers is that the informations given by them
may thus assume such an enormous number that could practically never be
reached either by graphical or by experimental methods.

This method of calculation is first of all a great help for the design
engineer for the purpose of diminishing costs of establishment without risking
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deterioration of security; it can be useful for checking and maintenance of the
safety of operation of pipelines.

Intentionally in general no attention is paid in the present paper to the
examination of phenomena connected with free surface phenomena (breaking
of the water column) in pipelines though, in chapter ¥ —10 a related problem
has been described. Further, this method can serve to determine the conditions
which are required for preventing breaking of the water column. In view of
computing difficulties, the most careful consideration is recommended in the
solution of problems characterized e.g. by incommensurability of pipeline
sections, reflecting free water levels, surge tanks having discontinuous distri-
bution of cross sectional area and check valves within pipelines.

This computing method competes only among other numerical or even-
tually among graphical procedures. To this end experiments are just required;
elementary experiments for obtaining basic data, system-experiments mainly
for checking some special problems.

The author will here express acknowledgement to Prof. J. Varga, and the Engineers:
P. Gencsi, L. Kisbocskéi, A. Német, S. Jani, B. Fégel and |. Jé6zsa, who gave him not

only personal but through a staff of collaborators valuable assistance to elaborate the problem
dealt with.

WASSERSTOSSBERECHNUNG MIT HILFE EINER
PROGRAMMGESTEUERTEN DIGITALEN RECHENMASCHINE, TL Teil

I. BATTA

ZUSAMMENFASSUNG

AlsFortsetzung des ersten Teiles dieser Abhandlung [Acta Techn. Hung. 51(1965), 3—30]
in welchem die Richtlinien niedergelegt sind, folgt hier die Anwendung an einem numerischen
Beispiel. Der Ausgangspunkt dieses numerischen Beispiels war eine Versuchsreihe, die von
dem Lehrstuhl der Hydraulischen Maschinen der Technischen Universitdt Budapest an einer
W asserfernleitung durchgefiihrt wurde. Es wurden mitunter die Grundangaben der Leitung
bestimmt und nebstbei der Ablauf eines WasserstoRprozesses, hervorgerufen durch einen
Stromausfall, beobachtet. Die hier verdffentlichten Diagramme stellen die Resultate der
Experimente und der Maschinen-Rechnung dar. Es wird eine kurze Beschreibung der Wasser-
fernleitung, die charakteristischen Teile der Rechnungen und der Experimente und eine
Analyse der Ergebnisse mitgeteilt.

CALCUL DU COUP DE BELIER PAR CALCULATRICE ELECTRONIQUE
DIGITALE A PROGRAMME, lle PARTIE

I. BATTA

RESUME

Communication faisant suite a la premiére partie [parue dans Acta Techn. Hung. 51.
(1965), 3—30], qui contenait les fondements théoriques du procédé de calcul. L’exemple;
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numérique a pour base les résultats d’une série d’essais effectués sur une conduite d’eau a
distance par la Chaire de Machines Hydrauliques de I’Université Technique de Budapest.
Au cours de la série d’essais, on a déterminé certains parameétres du pipe-line et reproduit
un coup de bélier par arrét de la force motrice. Les valeurs numériques obtenues a I’issue du
programme mécanique réalisé avec les parametres du pipe-line et les valeurs initiales du coup
de bélier sont représentées dans des diagrammes, en regard du résultat fourni par le présent
essai. Cette deuxiéme partie de I’étude donne une bréve description du pipe-line, fait connaitre
certains détails de I’essai et la partie caractéristique des calculs et se termine par I’analyse
des résultats numériques obtenus.

PACUET BOJSAHOIO YAAPA MPU MOMOLUM LIMGPOBOWM SMEKTPOHHOMN
BbIYMCNUTENBHOW MALLUVHBI NMPOMPAMMHOIO YTMPABIEHUSA, YACTb I

N. BATTA
PE3FOME

[aHHoe coobuieHne siBNsieTCS MPOAO/HKEHMEM MEPBOA YacTu cTaTbk [ony6AMKOBaHHOM
B Acta Techn. Hung. 51 (1965), 3—30], rae MW3M0XeHbl TEOPETUYECKUE OCHOBbl [JaHHOr0
MeTofa pacyeTa. OCHOBOI YMC/IOBOTO MpPUMepa SIBUIUCL [aHHble HEKOTOPOI YacTu OMbITOB,
npoBefeHHbIX Kadeapoli MapomalunH ByaanewTckoro MonnTeXHAYECKOro YHMBepcuTeTa Ha
0HOM U3 [AeMCTBYIOLIMX MarucTpasbHbIX BOAOMPOBOAOB. B mpouecce cepun OnbITOB ycTa-
HOB/IEHbI OTAeNbHbIE MapameTpbl BOAOMPOBOAA W MNPOAEMOHCTPMPOBAH MPOLLECC BOASHOr0O
ypapa OT OTK/IKYeHUs Toka. YMCMoBble 3HAYeHMUsl, MOJSlyYeHHble Ha OCHOBE MPOXOX[EHUS
MaLLVHHO/ MporpaMmMbl C MCMO/Ib30BaHWEM OCHOBHbIX AaHHbIX MarmcTpasbHOro BOAOMPOBOAA
M HayaslbHbIX 3HaYeHWn BOASHOIO yAapa, COBMECTHO C OMbITHbIMA JaHHbLIMU SIBMIEHUST 3adInK-
CUpOBaHbl Ha AuvarpaMme. 3Ta BTOpasi 4YacTb KpaTKO OMUCbIBaeT MaructpabHbiii Tpy6onpo-
BOJ, OTHOCSILLMECA CHOAA YacTM OMbITa, XapaKTepPHYH YacTb pPacyeToB U aHaIU3UPYeT pesysib-
TaTbl pacyeToB.
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ACTIVITY OF ZINC-SULFATE
IN A SULFURIC ACID SOLUTION
OF ZINC-SULFATE

THE 38th EDITION OF THE HUNGARIAN ACADEMY OF SCIENCES,
METALLURGICAL CO-OPERATIVE

Z. HORVATH and J. WEBER
DOCTOR OF TECHN. SC.
TECHNICAL UNIVERSITY FOR HEAVY INDUSTRY, MISKOLC (HUNGARY)

[Manuscript received 21 May, 1965]

Experiments are described that were carried out in order to measure the EMF of gal-
vanic cells of the type HgxZny |H2504, ZnS04, H20 jHQg2S04,Hg, so as to observe and to
determine the activity of a zinc-sulfate in its sulfuric acid solution, at varying concentrations
and varying temperatures. The actual range of the sulfuric acid content varied between 0 —
250 g/1, that of the zinc between 0 — 175 g/1. The measuring temperature was 25, 35, 45 and
55° C. It was stated, that the measured EMF of the cell decreases with the increase of the
contents of both the sulfuric acid and the zinc, and also with increasing temperature. At the
same time, the calculated activity of the zinc sulphate in the described electrolyte increases
conversely with increasing contents of both sulphuric acid and zinc, whereas it specially in-
creases with the decreasing temperature.

I. Theoretical basis

In order to determine the current density by which the minimum specific
energy input, the minimum of prime cost and a stable heat-equilibrium is
secured [1, 2], it is necessary to know the decomposition voltage. This latter,
being a function of temperature, is at the same time a function of the actual
activity of the agent in the solution; therefore, accurate calculation is only
possible if and when the activity of the single components in the solution
especially its variation with concentration and temperature is known.

In order to determine the activity of zinc-sulfate in its sulphuric acid
solution, we have measured the electromotive force of the following galvanic
cell:

Hgx Zny IH2S04, ZnS04, H20|Hg2S04|Hg.

In this cell the logarithms of the activity of the zinc-sulfate in solution can be
expressed as follows:

(eHy—e) —E

onN AN _
1°g "Znsod— 5 g994.10~*-T

in this relation the difference e*g — ezn is the normal electromotive force of
the galvanic cell especially composed for these tests; this can be computed on
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the basis of data to be found in the respective literary sources on page 32
[3]; page 439 [4]; page 30—31 [5]; page 403 [6]; and page 2096 [7].

In the above formula E denotes the actual EMF of the cell as measured
in ¥Y; T denotes the absolute temperature in °K.

Table 1 contains the computed normal EMF of the applied cell at
various temperatures:

Table 1
Computed normal EMF

Computed normal

Temperature .
[°c] EMF (edg e&n)
M
25 1,376 55
35 1,356 41
45 1,336 40
55 1,315 91

The actual E should be measured at various degrees of concentration
and various temperatures; from these measuring results and the values in
Table I the logarithms of the activity can be computed by using the above
given formula.

Il. Measuring implements

More accurate measurements of the EMF than with the usual instruments
have been carried out by means of a high precision Feussncr-type compensator
(Messtechnik, Mellenbach). In order to secure a dependable accuracy of our
measurements the normal temperature of 20 °C has been kept constant by
means of an ultrathermostat and thermoplastic recipient within a tolerance of
0,05 °C. The supply was provided by two series connected lead accumulator
cells type XSLy 285, of a storage capacity of 500 Ah calculated for a discharge
period of 5 hours. We used a zero-indicator galvanometer (Model 251 N: Norma,
Wien), with an adjustable sensitivity between the limits 10~-4 — 0,9 + 10-8
Al/scale-division in all 6 steps. The regulating range of outer resistance of this
instrument varies from 0 — °0 and 500 — 1500 Q, respectively, its inner
resistance is invariably 100 Q.

As seen from literary sources page 2096 [7] and page 32 [3] pure zinc is not
suitable to be used as an electrolyte in a galvanic cell because it is liable to be
dissolved by an acidic agent, or to be oxidized whereby its potential as an
electrode varies with the method of physical preparation; therefore, for con-
structing a measuring electrode, zinc-amalgam is used instead of pure zinc,
the electrode potential being the same.
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In Fig. 1 the constructional scheme of a galvanic cell, having a 2nd kind
mercury electrode and a zinc-amalgam electrode is shown. As can be seen,
there is a U-shaped glass tube for the location of the electrodes in the two
shanks. At the shank bottom of the mercury/mercury-sulfate electrode there
is a filter type G. 4. The first step is to fill a mixture of water and sulfuric
acid over the filter and then to pump off the water from the level of the
mercury-sulfate by means of a water-air pump. Now, in order to eliminate
any diffusions-potential, 15 cm3 of the electrolyte to be tested was pumped in

Fig. 1. Schematic diagram of the galvanic cell consisting of a zinc-amalgam and a 2nd species
mercury electrode

by forcing it through the mercury sulfate step by step, and then the solution
to be tested was mixed to the wanted concentration. After having done this
pure mercury is poured into the shank over the mercury sulfate. The electric
connection was secured by a plug fitting into the glass tube through which
the platinum-wire plunges into the mercury column. According to what has
been said above, a special mercury-sulfate electrode had to be made for every
single degree of the concentration under test.

In a water-bath, for preparation of the zinc-amalgam electrode, metallic
zinc was added to the adequate portion of mercury placed in a solution of
zinc sulfate slightly acidified by some additional sulfuric acid. After a warming-
up of 24 hours in the water bath when the amalgam reached the mono-
phase state it is poured into the shank, where the warming up in the water-
bath was continued for 2 hours; now, the plug with the platinum-electrode is
filled in, and the amalgam is cooled down whereby it reaches the diphase state.
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I11. Measuring procedure

By means of the instrument as shown in Fig. 1 we have measured at
various temperatures the variations of the EMF of the galvanic cell consisting
of a second species mercury electrode and a zinc-amalgam electrode in function
of the electrolyte composition according to the changing of sulfuric acid and
zinc contents.

For this purpose, the whole galvanic cell including the electrolyte to be
tested was placed into an ultra-thermostat the temperature of which was
adjusted to 25, 35, 45 and 55 °C. The sulfuric acid content of the electrolyte
has been varied from o to 250 g/1 and the zinc content from 0 to 175 g/1. The
single measuring solutions were prepared from the stock solution; before test-
ing, the sulfuric acid content was checked by gravimetry and the zinc content
was checked by complexometry and gravimetry. The measuring accuracy for
the zinc content was + o,01 g, for the sulfuric acid content it was ~ 0,05 g,
for the temperature it was ~ 0,04 °C.

The measuring results are gathered together in Tables II, 111, I1V,Y where
the measured EMF values of the galvanic cells consisting of a second species
mercury electrode and a zinc amalgam electrode as functions of both the sulfuric
acid and the zinc content in the electrolyte. Measuring accuracy: ™ 0,07 mV.

We did not investigate the influence exerted on the EMF value by the
phenomenon occurring on the single boundary surface within the different
systems in the cell [s]. This fact is surely present as an actual source of errors
in our results.

Table 11
Measured EM F of the cell at 25 °C

H,so, Zn fela
[9 o 25 50 75 100 125 150 175

0 1480,50 1467,58 1459,20 1452,45 1448,32 1443,70 1437,79 1430,70
25 1480,48 1467,44 1458,48 1452,00 1446,60 1441,21 1434,73 1427,10
50 1480,40 1466,47 1457,10 1450,13 1443,92 1438,18 1431,00 1423,03
75 1480,18 1465,14 1455,22 1448,01 1441,16 1434,70 1426,83 1418,89

100 1479,86 1463,66 1453,28 1445,46 1438,17 1430,97 1422,63 1414,72
125 1479,10 1461,80 1451,04 144273 1434,90 1427,20 1418,61 1410,34
150 1477,07 1459,64 1448,43 1439,69 1431,44 1423,19 1414,32 1405,87
175 1475,38 1457,04 1445,67 1436,32 1427,73 1418,90 1409,88 1401,30
200 1473,35 1454,25 1442,58 1432,75 1423,68 1414,31 1405,18 1396,50
225 1470,85 1451,46 1439,24 1428,98 1419,13 1409,74 1400,30 1391,33
250 1467,96 1448,51 1435,53 1424,45 1414,04 1404,18 1394,40 1385,05
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Table 111
Measured EM F of the cell at 35 °C

H2S04 Zn [g/1]
te/4 0 25 50 75 100 125 150 175
0 1477,42 1466,36 1457,43 1451,25 1446,15 1440,78 1434,29 1427,30
25 1474,04 1463,51 1454,42 1447,79 1442,12 1436,32 1429,99 1422,52
50 1472,10 1461,45 1452,34 1444,83 1438,31 1432,18 1425,55 1417,75
75 1471,87 1460,04 1450,47 1442,40 1435,10 1428,41 1421,15 1413,46
100 1470,98 1459,06 1448,60 1440,03 1432,16 1424,76 1416,86 1409,28
125 1469,44 1457,52 1446,72 1437,69 1429,20 1421,13 1412,66 1404,72
150 1467,20 1455,10 1444,04 1434,70 1426,04 1417,20 1408,27 1399,97
175 1464,13 1452,11 1440,74 1431,10 1422,24 1412,81 1403,40 1394,78
200 1460,56 1448,47 1436,89 1427,07 1417,74 1407,94 1398,08 1388,97
225 1456,30 1444,12 1432,52 1422,53 1412,83 1402,60 1392,40 1382,54
250 1451,46 1439,34 1427,80 1417,58 1407,50 1396,90 1386,33 1375,62

Let us consider the electrolyte with 200 g of sulfuric acid and 100 g zinc
contents corresponding to 2,039 11 mol sulfuric acid and 1,529 49 mol zinc-
sulfate the density of which is 1328,3 g/1. According to these figures, the water
solution in 1000 g water contains 2,313 5 mol sulfuric acid and 1,935 2 mol zinc
sulfate. In the galvanic cell made with this electrolyte the measured EMF was
1,423 68 V. According to the table on page 34 of [3], the EMF of an electrolyte

Table IV
Measured EM F of the cell at 45 °C

H2504 Zn [g/]
loN 0 25 50 75 100 125 150 175
0 1475,00 1464,11 1454,87 1448,56 1442,61 1436,26 1430,40 1424,59
25 1470,96 1459,69 1450,25 1443,60 1437,25 1430,86 1424,43 1418,00
50 1468,68 1456,65 1447,29 1439,63 1432,69 1425,98 1418,50 1411,36
75 1467,68 1455,10 1445,68 1437,37 1428,98 1421,18 1412,95 1405,40
100 1466,04 1454,20 1444,30 1435,10 1425,80 1416,83 1407,96 1399,90
125 1463,90 1453,18 1442,30 1432,35 1423,54 1413,40 1403,78 1394,99
150 1461,26 1450,24 1439,16 1429,08 1419,45 1409,84 1399,97 1390,83
175 1458,35 1446,63 1435,42 1425,43 1415,61 1405,84 1395,74 1386,40
200 1454,90 1442,69 1431,19 1421,42 1411,40 1401,30 1391,04 1381,44
225 1450,82 1438,34 1426,58 1416,97 1406,58 1396,26 1385,95 1376,11
250 1446,14 1433,59 1421,60 1411,87 1401,30 1390,82 1380,32 1369,77
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Table Y
Measured EM F of the cell at 55 °C

h %04 Zn fe/l]
fel4 0 25 50 75 100 125 150 175
0 1472,05  1461,33 1452,05 1445,06 1438,00 1431,20  1424,31 1418,34
25 1466,43  1456,00 1446,52 1439,40 1432,28 142522  1418,65 1412,64
50 1462,34  1451,86 1442,22 1434,41 1427,03 1420,05 1413,58 1407,28
75 1460,53  1450,30 1440,04 1431,58 1423,10 1416,42 1409,44  1402,55
100 1460,05 1449,65 1439,20 1429,99  1420,75 141256  1405,35 1398,19
125 1459,95  1448,87 1437,97 1427,77 1417,90  1408,80  1400,70 1393,40
150 1457,90  1445,75 1434,58 1424,42 1414,30  1404,47 139544  1387,72
175 1453,71 1441,60 1430,26 1419,92 1409,77  1399,60 1389,83 1381,16
200 1449,00  1437,01 1425,54 1414,96 1404,80 1394,34  1383,97 1373,98
225 1444,12  1432,20 1420,57 1409,67 1399,50  1388,60  1377,70 1366,31
250 1438,90  1426,91 1415,18 1404,04  1393,82  1382,43  1370.67 1357,80

having the same parameters calculated by a double interpolation amounts to
1,425 37 Y; this shows an error in our measurement that is less than 0,15%.

By means of the Tables II, Ill, 1Y, V, the curves in Fig. 2 have been
plotted. (As already mentioned, these data refer to a galvanic cell with a 2nd
kind mercury electrode and a zinc-amalgam electrode, the measured EMF value
of which varies with the temperature between 25 °C and 55 °C according to
the contents of sulfuric acid and zinc, respectively.)

Table VI

Calculated activity of the zinc-sulfate at 25 °C

H2504 | Zn fel4
[eli) 0 25 50 75 100 125 150 175
0 0,00031 0,00084 0,00161 0,00272 0,00375 0,00538 0,00852 0,01479
25 0,00031 0,00085 0,00170 0,00282 0,00429 0,00653 0,01081 0,01957
50 0,00031 0,00091 0,00190 0,00326 0,00529 0,00826 0,01445 0,02686
75 0,00031 0,00101 0,00219 0,00384 0,00655 0,01083 0,01999 0,03707
100 0,00032 0,00114 0,00255 0,00469 0,00827 0,01448 0,02771 0,05129
125 0,00034 0,00131 0,00304 0,00580 0,01069 0,01942 0,03789 0,07212
150 0,00040 0,00156 0,00372 0,00735 0,01396 0,02653 0,05291 0,10212
175 0,00046 0,00190 0,00461 0,00978 0,01876 0,03705 0,07474 0,14573
200 0,00053 0,00237 0,00587 0,01261 0,02554 0,05295 0,10775 0,21173
225 0,00065 0,00315 0,00761 0,01691 0,03713 0,07556 0,15752 0,31659
250 0,00081 0,00370 0,01016 0,02405 0,05407 0,11647 0,24931 0,51610
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Both, the data in the table and the curves in the diagram lead to the
final conclusion, that the EMF of this cell decreases with higher contents of
both the sulfuric acid and the zinc, and also with increasing temperature.

Fig. 2. Change of the EMF of the cell as functions of both the sulfuric acid and the zinc
content in the electrolyte at 25 "and 55 °C

Fig. 3. Change of the activity of zinc sulfate in a sulfuric acid-zinc sulfate solution as function
of both the sulfuric acid and the zinc content in the electrolyte at 25, 35, 45 and 55 °C

By relying on the measuring results in the Tables I, IlI, 1Y, Y, we
obtained, by calculating the activity of the zinc-sulfate which was in the
solution tested. These calculated results are tabulated in Tables VI, VII, VIII,
I X, referring to the temperatures of 25, 35, 45 and 55 °C, as functions of the
varying composition of the electrolyte. Similarly, based on the tabulated values,
the Fig. 3 contains the corresponding curves.

According to the calculated values (Tables VI, VII, VIII, IX; Fig. 3)
the final conclusion can be worded as follows:
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H2XS04
leR] 0
0 0,00011
25 0,00014
50 0,00016
75 0,00017
100 0,00018
125 0,00020
150 0,00024
175 0,00030
200 0,00039
225 0,00054
250 0,00078

changes inversely with the temperature, whereby the

Z. HORVATH and J. WEBER

Table YN

Calculated activity of the zinc-sulfate at 35 °C

25

0,00025
0,00031
0,00036
0,00041
0,00044
0,00049
0,00053
0,00074
0,00098
0,00135
0,00194

50

0,00050
0,00062
0,00073
0,00085
0,00097
0,00111
0,00136
0,00175
0,00234
0,00324
0,00463

Zn

75

0,00079
0,00103
0,00128
0,00154
0,00184
0,00220
0,00275
0,00361
0,00489
0,00688
0,00999

feAl
100

0,00116
0,00157
0,00210
0,00267
0,00333
0,00417
0,00529
0,00704
0,00988
0,01429
0,02135

125

0,00174
0,00244
0,00333
0,00442
0,00582
0,00765
0,01030
0,01431
0,02065
0,03088
0,04742

150

0,00284
0,00393
0,00549
0,00764
0,01055
0,01448
0,02015
0,02907
0,04339
0,06655
0,10511

175

0,00480
0,00689
0,00987
0,01363
0,01867
0,02632
0,03764
0,05563
0,08616
0,13982
0,23542

The activity of the zinc sulfate in sulfuric acid —zinc sulfate solution
increases with the increases of both the sulfuric acid and the zinc contents,
and this increase is more intense with the latter; at the same time, the activity

especially conspicuous at the lower temperature values.

H”™o,

[o/ij

0,000041
0,000055
0,000065
0,000070
0,000078
0,000092
0,000111
0,000137
0,000177
0,000238
0,000334

Table VIII

Calculated activity of the zinc-sulfate at 45 °C

25

0,000090
0,000125
0,000155
0,000174
0,000186
0,000200
0,000248
0,000323
0,000430
0,000591
0,000835

50

0,000177
0,000248
0,000308
0,000346
0,000383
0,000443
0,000556
0,000731
0,000995
0,001393
0,002003

75

0,000280
0,000303
0,000538
0,000634
0,000748
0,000914
0,001161
0,001515
0,002029
0,002806
0,004071
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fel4
100

0,000433
0,000640
0,000892
0,001169
0,001474
0,001738
0,002342
0,003099
0,004213
0,005988
0,008801

125

0,000688
0,001019
0,001455
0,002065
0,002835
0,003641
0,004721
0,006320
0,008801
0,012710
0,018899

150

0,001054
0,001629
0,002511
0,003763
0,005415
0,006347
0,009697
0,013201
0,018596
0,026958
0,040644

increasing trend is

175

0,001610
0,002604
0,004226
0,006526
0,009747
0,013944
0,018885
0,026087
0,037455
0,055249
0,087724
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Table IX
Calculated activity of the zinc-sulfate at 55 °C

H2504 Zn g/
lor1] 0 25 50 75 100 125 150 175

0 0,000016 0,000034 0,000066 0,000108 0,000178 0,000288 0,000469 0,000716
25 0,000024 0,000050 0,000098 0,000161 0,000263 0,000440 0,000700 0,001071
50 0,000032 0,000067 0,000132 0,000230 0,000487 0,000634 0,001021 0,001564
75 0,000036 0,000075 0,000154 0,000280 0,000511 0,000820 0,001343 0,002186

100 0,000037 0,000078 0,000164 0,000314 0,000604 0,001077 0,001793 0,002975
125 0,000038 0,000083 0,000179 0,000367 0,000738 0,001405 0,002491 0,004174
150 0,000044 0,000103 0,000227 0,000466 0,000952 0,001908 0,003613 0,006237
175 0,000059 0,000138 0,000308 0,000641 0,001312 0,002693 0,005373 0,009918
200 0,000082 0,000191 0,000430 0,000909 0,001864 0,003906 0,008131 0,016478
225 0,000116 0,000269 0,000611 0,001321 0,003598 0,005861 0,012667 0,028340
250 0,000167 0,000390 0,000895 0,001967 0,004052 0.009066 0,020822 0,051727
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AKTIVITAT DES ZINKSULFATS
IN SCHWEFELSAUREN ZINKSULFATLOSUNGEN

Z. HORVATH und J. WEBER

ZUSAMMENFASSUNG
Es werden Experimente zur Messung der EMK eines
HgxZuy ; H2S0,, ZnS04, H20 jHg2504 jHg

Galvanelementes beschrieben, die durchgefihrt wurden, um die Aktivitat des Zinksulfates
in einer Schwefelsduren L6sung zu bestimmen. Die Konzentration der Ldsung &nderte sich
zwischen 0 — 250 g/1 Schwefelsdure, und 0 — 175 g/1 Zink, und die Temperatur wurde auf
25, 35, 45 und 55 °C eingestellt. Aus den Experimenten ging hervor, dal die EMK dieses
Elementes mit steigender Konzentration an Schwefelsdure und/oder an Zink abnimmt, und
sie sinkt auch bei Erhdhung der Temperatur. Hingegen kann von der Aktivitdt des Zinksul-
fates ausgesagt werden, daR sie in dem bezeichneten Elektrolyt mit zunehmendem Inhalt
sowohl an Schwefelsdure wie auch an Zink und mit sinkender Temperatur zunimmt.

ACTIVITE DU SULFATE DE ZINC DANS SES SOLUTIONS SULFATEES

Z. HORVATH et J. WEBER

RESUME

Les auteurs rendent compte de leurs essais, au cours desquels la mesure de la force
électromotrice d’une pile de composition

HgxZny 1H 2504, ZnS04 H20 JHg2504 1 Hg

a permis de déterminer I’activité du sulfate de zinc dans sa solution sulfatée contenant 0 a
250 g/1 d’acide sulfurique et 0 & 175 g/i de zinc, aux températures de 25, 35, 45 et 55 °C. U res-
sort des essais que la force électromotrice de la pile en question est d’autant plus petite que
le contenu en acide sulfurique et en zinc de la solution est plus élevé et que la température
de travail est plus grande. Par contre, I’activité du sulfate de zinc dans I’électrolyte en question

augmente avec le contenu en acide sulfurique et en zinc et avec I’abaissement de la tempé-
rature.

AKTVBHOCTb CEPHUCTOIO LUMHKA B CEMHOKKC/1bIX PACTBOPAX
CEPHUCTOIo UMHKA

3. XOPBAT u N. BEBEP

PE3IOME

PaboTa siIBNAeTCA OTYETOM MO 3KCMEPUMEHTaM, Lenbio KOTOpbIX 6biI0 onpejeneHue
aKTVBHOCTU CepHUCTOro LMHKa npu 25, 35, 45 1 55 °C, B CepHOKUC/IbIX pacTBoOpax, cofepXkaLinx

0—250 r/n cepHoii KUcnoTbl M 0—175 r/N UMHKA, MYTEM U3MEPEHUs1 3NeKTPOABUXKYLLEH CUSibl
raJibBaHNYecKnX 3M1EMEHTOB, COCTOSILLMX u3]

HgxZny I H 2S04, ZnS04, HD 1 Hg2S041 Hg

Mcxoaa m3  pe3ynbTaToB 3KCMEPUMEHTA, MOXHO YCTAHOBWUTb, UTO 3/1eKTPOABMXKYLLAA cuna
YNOMAHYTbLIX Fa/iIbBAHNYECKUX 3JIEMEHTOB TEM MEHbLLE, YEM 60nbLLe cogeprkaHne cepH0|7| KWUC-
NoTbl N UMHKa B pacTBope, Uan XXe 4YeM Bbllle pa6oqaﬂ TemnepaTtypa. AKTUBHOCTb CEPHUCTOIO
LUMHKa, HaxoaAauwleroca B 3/1EKTPO/INTE, HanpoTuB, BO3pacTaeT C POCTOM cOofep XaHUA cepH0|7|
KNUCNOTbl N UMHKA, a TaKXe C NOHWXXeHWeM TemMmnepaTtypbl.
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WAHL DER BETRIEBSCHARAKTERISTIKEN
DES LUFTVERDICHTERS
UND DES HAUPTLUFTBEHALTERS
AN EISENBAHNTRIEBFAHRZEUGEN
AUF GRUND DER BETRIEBSANFORDERUNGEN

TEIL I*

G. HELLER und L. ROSTA
UNGARISCHE STAATSBAHNEN, BUDAPEST

[Eingegangen am 1. Oktober, 1965]

Die Abhandlung liefert vor allem die Prinzipien zur Dimensionierung des Verdichters
und des Hauptluftbeh&lters mit der Absicht, die bisher tbliche empirische Wahl der Para-
meter mit einer logischen, den betriebstechnischen Uberlegungen besser entsprechenden
Rechenmethode zu ersetzen. Nach einer Beleuchtung der bremstechnischen Anforderungen
folgt die Analyse des Druckluftbedarfes und des Zusammenhanges zwischen den Kennziffern
des Fihrerbremsventils und jenen des Verdichters und des Hauptluftbehalters. Die durch
diese Untersuchungen erhaltenen Kenntnisse ermdglichen die Aufstellung von Gleichungen,
die geeignet sind, eine zweckdienliche Dimensionierung durchzufiihren. Auf Grund dieser
Resultate unternehmen die Verfasser eine kritische Beleuchtung des diesbezlglichen ORE-
Merkblattes und schlagen eine Ergédnzung der darin enthaltenen Vorschriften vor. Abschlie-
Bend wird noch auf gewisse Beziehungen hingewiesen, durch welche sowohl in der derzeitigen
Losung wie auch in der zu erwartenden Weiterentwicklung der aktuellen Probleme die Druck-
lufterzeugung und Druckluftspeicherung ginstig beeinfluRt werden kdénnen.

I. EinfUhrung

Man bendtigt eine ungeheuere Druckluftmenge um die Druckluftbrems-
einrichtung und dazu noch die verschiedenen pneumatischen Hilfsvorrichtun-
gen an Eisenbahnfahrzeugen in Betrieb zu halten. Die an diesen Fahrzeugen
eingebauten Einrichtungen zum Erzeugen und Speichern von Druckluft sollen
die notwendige Druckluftmenge unter dem gewiinschten Druck und zum richti-
gen Zeitpunkt den Verbrauchsorganen zur Verfigung stellen. Im Laufe der Zeit
hat sich in der Konstruktionspraxis der Fahrzeugbauer die Gewohnheit einge-
birgert, all die Hauptabmessungen und Grundkennziffern des Verdichters und
des Hauptbehdlters nach Ublich gewordenen Angaben bzw. im Wege einer
groben, beildufig als richtig empfundenen Rechenweise zu bestimmen. Diese
Methode hat sich fur eine ziemlich lange Zeit bewéhrt, da die bremstechnischen
Anspriche an die Druckluftversorgung nicht besonders streng gewesen sind,
und die heute fuhlbaren Grenzmdglichkeiten der Druckluftversorgung noch
nicht feststellbar waren. In unseren Tagen ist es aber als Ergebnis einer all-
maéahlichen Entwicklung offenkundig geworden, dall eine Lokomotive oder ein

* Das Schrifttum und die Zusammenfassung in englischer, franzdsischer und russischer
Sprache wird am Ende des zweiten Teils bekanntgegeben [Acta Techn. Hung. 57 (1967), 3—4].
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Motorwagen, den heute gestellten technischen Anforderungen nur entsprechen
kann, wenn die Hauptcharakteristiken des Luftverdichters und des Hauptbe-
hélters den gesteigerten Betriebsbedingungen vollauf entsprechen. Unsere
Abhandlung soll die Prinzipien und das Berechnungsverfahren einer solchen
Dimensionierung klarlegen.

Il. Grundbedingungen

Wenn wir von einwandfreier Druckluftversorgung eines Eisenbahnzuges
sprechen, so lassen sich folgende Grundbedingungen aufstellen:

a) Die Druckluft soll in der bendtigten Menge mit dem vorgeschriebe-
nen Druck und rechtzeitig zur Verfugung stehen;

Bild 1

b) diese Druckluftmenge soll an die Verbrauchsstellen nur mit der unter
den gegebenen Betriebsumstdnden hdchstzugelassenen Verspatung ankommen.

Nun ist es klar, daB sich die Erfullung der Bedingung unter u) durch
ausreichende Erzeugung und richtige Aufspeicherung der Druckluft, die Erful-
lung der Bedingung unter b) durch entsprechende Ausfihrung der Verteilungs-
organe sichern laRt.

In Bild 1 sehen wir die schematische Anordnung des pneumatischen
Systems eines Eisenbahntriebfahrzeuges.

Im Sinne des in Bild 1 dargestellten Schemas wird die unter a) aufgestellte
Bedingung erfullt, falls die Lieferleistung Q des Verdichters mit dem im Fas-
sungsraum V des Hauptluftbehdlters unter entsprechendem Druck aufgespei-
cherten Luftvorrat zusammen ausreicht, die Anspruche P, und P 2 befriedi-
gen; ferner wird die unter b) aufgestellte Bedingung erfullt, wenn die engen
Querschnitte 055a3im Verteilersystem fur die rechtzeitige Luftversorgung kein
groBeres Hindernis als das zugelassene bereiten.

Mit dem Zeichen ax wird der Widerstand der pneumatischen Hilfsein-
richtungen, mit a3der Gesamtwiderstand der Hauptluftleitung und der Druck-
luftbremsen der einzelnen Fahrzeuge und mit a2 der enge Querschnitt des
Fuhrerbremsventils symbolisiert.

Der Widerstand axist fir uns praktisch genommen bedeutungslos, und
wir wollen uns damit nicht befassen.
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Der Widerstand a3 ist von der Zusammenstellung, der Lange und dem
Betriebszustand des Zuges abhéngig. Groflitenteils ist dieser Widerstand bei
ausreichender Luftversorgung und im Falle mebrldésiger Bremsen der ent-
scheidende Faktor, von welchem — unter gegebenen Betriebsumstidnden —
die maoglichst kurzeste Ldsezeit der Druckluftbremseinrichtungen des Zuges
bestimmt wird.

Der Querschnitt 02ist das Hauptmerkmal zum Kennzeichnen der Durch-
laRféahigkeit des Fuhrerbremsventils. Je weniger sich dieser Querschnitt als
enge Stelle bemerkbar macht, um so vollkommener ist das Funktionieren des
Fihrerbremsventils.

Die unter a)—b) aufgestellten Bedingungen beziehen sich auf das
gesamte pneumatische System des Zuges. Wir verfolgen aber nicht eine
allumfassende Analyse der gesamten Einrichtung. Unser Ziel ist, die Methode
der richtigen Wahl der Merkmale und Parameter eines Luftverdichters und
eines Druckluftbehélters auszuarbeiten. Zu diesem Behufe wollen wir vor
allem die technischen Anforderungen feststellen, denen der Verdichter und der
Hauptluftbehélter entsprechen sollen.

I11. Bestimmung der im Betrieb je Stunde bendtigten Druckluftinenge

Die je Stunde bendtigte Druckluftmenge ergibt sich als die Summe der
Luftverbrauches samtlicher Bedienungsstellen:

Mgl —Mbh+ Mhh-j- Mvh-
= nem b-f- {ths'ths + tha'thn + 60 mar) 60 Bit) [1/h] , (1)

wobei die obigen Zeichen folgende Bedeutung haben:

Me,, [¥h] stindlicher Gesamtluftbedarf;

M bh [Yh] stindlicher Luftverbrauch im Falle von vollkommen dichten Bremsvorrich-
tungen;

M hh [Yh] stindlicher Luftverbrauch der pneumatischen Hilfseinrichtungen;

M th [Zh] stundlicher Mehrverbrauch infolge undichter Stellen;

n [1/h] Anzahl der Bremsoperationen je Stunde;

Moo ] Gesamtrauminhalt, auf den atmosphérischen Druck umgerechnet, der von sdmt-

lichen Bremseinrichtungen des Zuges wéahrend einer Bremsoperation insgesamt
verbrauchten Druckluftmenge;

hs [min/h] Betriebszeit der Sandstreu-Vorrichtung je Stunde;

As [I/min] Luftverbrauch der Sandstreu-Vorrichtung je Minute;

hs [min/h] Betriebszeit des pneumatischen Signalhorns binnen einer Stunde;

fhh P/min] Luftverbrauch des Signalhornes je Minute;

fhr P/min] Luftverbrauch sonstiger pneumatischer Hilfsvorrichtungen je Minute;

m W agenzahl des Zuges;

v [1/min/Wagen] spezifischer Luftverlust infolge Undichtigkeit.
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Die konkreten numerischen Werte dieser Kenngréen ergeben sich nach
entsprechender Erwégung der maRgeblichen Betriebsverhdaltnisse. In den Tafeln
I und Il haben wir auf Grund der tatsdchlichen Betriebsverhaltnisse in Ungarn
die Angaben von 10 verschiedenen »maRgebenden Zugtypen« der MAV (Ung.

Staatsbahnen) zusammengestellt.

Tafel |

Fir die Druckluftbremsung wichtige Angaben der maBgebenden MAV-Ziige

Verhaltnis-
zahl der mit
Bremsen

Achsen-

Zahl
e, Wi,
m
I. Personenzug, 2-achsige Wagen 25
11. Personenzug, 4-achsige Wagen 20
in. Personenzug, 4-achsige Wagen 20
IV. Guterzug (Eilzug) 30
V. Giterzug (normal) 75
VI. Personenzug, 2-achsige Wagen 10
V1l. Personenzug,4-achsige Wagen 6
VIIl. Guterzug (normal) 50
IX. Gilterzug (normal) 30
X. Motorzug 4

zahl

50
80
80
150
20
20
24
100

16

versehenen

Wagen,
%

100
100
100
100
74,6
100
100
76
76,5
100

Anzahl
der
Brem-
sungen
pro

Brems-
art

Stunde,

n

15
15
7
8

T O ® U U @ © xom o T

Luft-
bedarf
pro
Brem-
sung,
Mh

a

n msMb
P/h]

1940
1780
3080
1790
3 880

860

650
2590
1560

560

23 280
21 360
21 560
12 530
31 040
12 900

9 750
18 130
12 480

3920

Bemerkung: Der Zahlenwert M& ergibt sich aus der Voraussetzung, daR das Luftvolumen im Bremszylinder der

Lokomotive dem Luftvolumen von 2 Wagenbremszylindern gleichgesetzt werden kann.

die Gesamtzahl fur Luftverbrauch (m+ 2).

Tafel 11

Bei einem Zug aus m Wagen ist

Kennwerte des Luftverbrauches von pneumatischen Hilfseinrichtungen an maRgebenden M A V-Ziigen

Daten des
Art des 7 ¢ Sandstreuapparates
Triebfahrzeugs ugar he fhs g
[min/h]  [1/min] P/hjn
Dampf- Personenzug | 700 700
lokomotive Giterzug 4 700 2 800
Motor- und Personenzug 0,5 700 350
elektrische Glterzug 2 700 1400
Lokomotive
Motortrieb-
wagen Motorzug 0,5 700 350
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Daten des

pneumatischen Signalhorns

lhh

[min/h]

fhk  Ihh whh
[1/min] P/h]
750 1500
750 1500
750 1500

60 fhr M hh
P/h] Ph|
— 700
— 2 800

9 000 10 850

9 000 11 900

9 000 10 850
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Gegebenenfalls — z. B. Bahnstrecken mit langen steigenden Abschnit-
ten — sollen andere Verbrauchswerte als die in den Tafeln angefihrten in
Rechnung gestellt werden.

Der spezifische Verlust v bewegt sich zwischen weiten Grenzen (v =
= 5—16 1/min pro Wagen); allgemein ist der Zustand der Dichtungen in
Personenzigen verlaBlicher als in Guterzigen. Dieser Kennwert ist zugleich
charakteristisch einerseits fir das Niveau der Instandhaltung des gegebenen
Bahnbetriebes, andererseits fur den Gutegrad der Arbeit des Zugvorbereitungs-
personals.

In Gleichung (1) haben wir die erste Anforderung formuliert, die wir von
der Luftversorgung des Triebfahrzeuges verlangen; der Verdichter soll ndmlich
stindlich mindestens eine dem Gesamtanspruch M ghentsprechende Druckluftmenge
zu liefern fahig sein.

IV. Verteilung des Druckluftverbrauches in der Zeit

Die Verteilung der durch Gleichung (1) bestimmten, stiindlich insge-
samt bendtigten Druckluftmenge Mogh in der Zeit ist bei weitem nicht gleich-
maéaRig, vielmehr 14B8t sich der Verlauf des Luftverbrauches — in grober Anné-
herung — gem&R des Diagramms in Bild 2 charakterisieren. Der minutlich
insgesamt bendtigte Verbrauch M gmin [1/min] der geldsten Bremseinrichtungen
ist verhaltnismaRig gering; hingegen ist der Verbrauch in der Periode des
Ldsens ungeheuer groB.

Dieser Anspruch steigt voribergehend wahrend eines Ld&sevorganges
derart méchtig an, daB man Uberhaupt nicht daran denken kann, einen Ver-
dichter zu bauen, welcher zur momentanen Befriedigung dieses Anspruches
geeignet ware. Also ist der Einbau eines Hauptbehélters — der sonst schon
fur die entsprechende Luftkonditionierung (zum Niederschlagen der Dampfe
und der Verunreinigungen) angezeigt ist — sogar als Speicherorgan unentbehr-
lich. Die in der Periode des geringen Luftverbrauches aufgespeicherte Druck-
luftmenge des Hauptbehdlters ist die Reserve, die dem Verdichter hilft, das
Losen effektiv zu vollbringen, das allein durch die Verdichterleistung nicht
durchfuhrbar wére.

Hieraus &Rt sich die zweite Anforderung der Luftversorgung folgender-
weise formulieren: Die vereinigte Lieferleistung des Verdichters und des Haupt-
behalters soll die zum L&dsen der Bremsvorrichtungen des Zuges bendtigte
Druckluftmenge unter den gegebenen Betriebsverhdltnissen in der kiirzesten
Zeitspanne den Bremsvorrichtungen zufiihren, die durch das Funktionieren
der Steuerventile der gebremsten Fahrzeuge und des Triebfahrzeug-Fuhrer-
bremsventils iberhaupt mdéglich ist. Kurz und gut, eine Verlangerung der L&se-
periode infolge eines Luftmangels ist unzulé&ssig.
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Die genaue quantitative Formulierung dieser Anforderung wéare nur im
Wege einer hochst komplizierten mathematischen Analyse durchfuhrbar. Fer-
ner gibt es bei der uberall vorherrschenden Vielfaltigkeit der Betriebsverhélt-
nisse im Eisenbahndienst nicht einmal zwei Ziuge, bei denen der Ldsevorgang

derselbe wére. Es wird also zweckméRiger sein, das Problem des Ldsevorganges
qualitativ zu analysieren, um die Bedeutung der zweiten Anforderung besser
kennen zu lernen.

Ein solches Verfahren, ergdnzt durch praktische MeRresultate, verhilft
uns zu einem brauchbaren Berechnungsvorgang, der sich auch fir die Kon-
strukteure als natzlich erweisen wird.

In Bild 3 sehen wir — schematisch — den zeitlichen Verlauf des Luft-
verbrauches wahrend eines Ldésevorgangs. Der momentane Luftanspruch
M bmin [1/min] ist zu Anfang der Ldseperiode duflerst grof3, er sinkt aber de-
gressiv bis zum Ende dieser Periode.

Selbstredend ist der Luftverbrauch der pneumatischen Hilfsbetriebe
Mft min [1/min] vom Ld&sevorgang unabhédngig; sein Wert kann als konstant
angenommen werden. Dagegen ist anzunehmen, dal? die UndichtigkeitVerluste
Mvmin [1/min] im Laufe des Lésens (d. h. infolge des Auffillens der Brems-
apparate und der Hauptleitung) wahrend dieser Zeitperiode leicht progressiv
zunehmen, wobei diese Progressivitat infolge des degressiven Charakters des
Losevorganges verlangsamt wird.
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In Bild 4 ist der Verlauf der maximalen DurchlalRfahigkeit q [1/min] des
Fuhrerbremsventils wahrend des Ldsevorganges dargestellt. Die Strecke 0 — x
der Kurve entspricht der kurzen Zeitperiode, in welcher das Fuhrerbremsventil
in Fullstellung arbeitet. Fur diese kurze Periode ist die DurchlaBfédhigkeit ca.
5 — 10 000 1/min. Die Dauer txy der anschlieBenden »Niederdruck-Fullperiode,
und folglich auch der Verlauf der DurchlaBkurve im Abschnit x —y héngt
stark von der konstruktiven Ausbildung des Fuhrerbremsventils ab. Es sei
bemerkt, dal bei den modernen sogenannten »druckerhaltenden« Ventilen die
gesamte Loseperiode i; womdglich kurz, binnen dieser aber die »Niederdruck-
fullperiode« txy mdglichst lang gehalten wird. Wahrend dieser Periode sinkt

die DurchlaBfahigkeit des Fuhrerbremsventils bis zum Wert, der der Fahrt-
stellung entspricht. Also entspricht der letzte Abschnitt der Kurvey —z schon
dieser Fahrstellung einem Durchlal? von ungefahr 2000 1/min. Im Diagramm
bezeichnet nun t; [s] die Dauer des gesamten Ldsevorgangs, in dessen Endzeit-
punkt der Hebel sich in Fahrtstellung befindet.

Wird die brauchbare Luftreserve des Hauptbehélters gegen Beendigung
des Ldosevorganges erschopft, so ist die Kurvenstrecke y — z stark degressiv.
Ansonst ist der Kurvenverlauf g vor allem vom jeweiligen Druck im Haupt-
luftbehé&lter und noch von manchen Begleitumstadnden, z. B. von der Zusam-
mensetzung der Zuggarnitur abhéngig.

Es liegt auf der Hand anzunehmen, daR eine der Grundbedingungen zur
Sicherung eines tadellosen Ld&sevorganges im richtigen Wert des Verhélt-
nisses zwischen der, durch das FuUhrerbremsventil notwendigerweise zum
Durchstroémen bestimmten Gesamtluftmenge

Mb,min ~f~
und der DurchlalRfahigkeit q des Fuihrerbremsventils besteht, wobei die GréRe

g von vielen Faktoren abhé&ngt. Hierzu verweisen wir auf Bild 5,in dem die 4
typischen Betriebsfalle dargestellt sind.
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Das Diagramm 5a bezieht sich auf den Fall, in welchem die Bedingung:
4> MbMn + [/min] (2)

auf die gesamte Ld&seperiode erflullt ist. In diesem Falle liefern der richtig
gewdhlte Verdichter und Hauptluftbehé&lter in jedem Augenblick die momen-
tan bendtigte Luftmenge, und der Ldsevorgang der Bremsvorrichtungen ver-

Bild 5

lauft in einer Zeitperiode, die durch die eigenen Parameter des Zuges deter-
miniert ist.*
Unter den Verhéltnissen im Bild 5b wird gegen Ende der Ldseperiode der

Fall
qg< Mbmin + Mvmn [I/min] (3)

Vorkommen, zugleich aber ist
g > Mymn [l/min]. (4)

Also geht der Lésevorgang ohne weiteres vor sich, doch ist die Ldseperiode
(t;) langer als das Minimum, welches durch die Eigenparameter der Brems-

vorrichtungen determiniert wére.
*Wir konnen hier auf die ausfiilhrliche Analyse nicht eingehen und stellen nur kurz
fest, daR das komplette Losen — selbst bei mehrlgsigen Steuerventilen — bei einem Uber-

druck von 4,85 atii, also unter 5 atii erfolgt. Wir lassen aber diesen glinstigen Umstand aufer
acht.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



WAHL DER BETRIEBSCUARAKTERISTIKEN DES LUFTVERDICHTERS 73

In dem Falle, der Durch das Diagramm 5c dargestellt ist, steht im End-
zeitpunkt der Ldseperiode die durch (2) bestimmte Luftmenge zur Verfugung.
Doch geht das Ldésen nicht ungestért vor sich, da der Luftvorrat im Haupt-
luftbehé&lter zu Ende des Abschnittes o — x Ubergangsweise erschopft, also der
Druck im Behélter gesunken ist, und die Ungleichung (3) wird so lange gultig,
bis der Druck im Hauptluftbehdlter im Verlaufe des Abschnittes x —y —z
irgendwann wieder den bendtigten Wert erreicht.

In dem Falle, der durch das Diagramm 5d charakterisiert ist, besteht
wahrend eines gewissen Zeitabschnitts die Ungleichung

A< MBmn [1/min], (5)

d. h. es ist ein einwandfreies Lésen unmadglich.

Zusammenfassend: Fall 5a entspricht einem stdérungsfreien Betrieb; die
Falle 5b und 5c bedeuten beanstandbare Zustadnde; Fall 5d ist ein unzulaRRiger
Betriebsfall.

Wenn wir also fur den Verdichter und den Hauptluftbehélter betriebs-
technisch einwandfreie Parameter wahlen wollen, so ist diese Wahl an die
Erfiallung der Bedingung laut Gleichung (2) gebunden; mit anderen Worten:
als maBgebender Faktor soll wéhrend des Ldésevorganges nicht die momentan
verfigbare — also nutzbare — Druckluftmenge, sondern in jedem Moment
der Loseperiode die Luftaufnahmeféhigkeit der Bremsstellen und eventuell die
DurchlaRféahigkeit des FUihrerbremsventils betrachtet werden.
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INVESTIGATION ON GRINDABILITY
OF LIMESTONE AND ROCK-SALT MIXTURE
IN A HARDGROVE MILL

K. REMENYI
HUNGARIAN ELECTRIC POWER PLANTS, BUDAPEST

[Manuscript received September 15, 1965]

Grinding and grindability experiments were carried out in a Hardgrove mill on mixture
of limestone and rock-salt with mixture ratios of 1 : 3, 1 :1, 3 :1, with the view to examining
the crushing mechanism of the mixture. In grinding homogeneous substances, it had been
ascertained that, within a certain space of time an exponential correlation with negative
exponent exists between the size modulus of the ground product determined in the RRB
system and the milling time. By determining the weight per cent of one of the components
in the size fractions of the mixed ground product, and by plotting the values found against
the grain sizes, a curve with an end value will be obtained. The curves corresponding to the
different feed compositions are plotted in comparison to each other in such a manner that the
geometrical locuses of the points representing the original feed composition form a straight
line. The size distribution curves of the components of the ground product mixture follow
a regular distribution characterizing homogeneous substances. In determining the Hardgrove
index of the mixtures, the principle of the undisturbed superposition cannot be applied.
The investigations carried out show that at the mill in question the size reduction process
depends on the particle size of the original feed material.

I. Introduction

The majority of basic materials to be worked up by the production proc-
esses, are not homogeneous but are the mixture of different materials. Gener-
ally in these cases, the raw mixtures of the materials are charged into the
mill, and the size distribution of the ground product will be developed by being
ground simultaneously. A question of significance is: what proportions of the
components are contained in the different size fractions? Mostly, even the
production process is greatly influenced by the composition of the fractions.
As a significant example the case of grinding of pulverized coal for boilers fired
with this combustible may be mentioned. On grinding of coal, even in the case
of a single coal rank, is dealing with simultaneuos grinding of components
more or less selected, dependent on the coal rank. If, for instance, only the
ash-producing ingredients and pure coal are considered as components, i.e.
during grinding the gradually growing segregation of the ash-forming consti-
tuent (containing also several ingredients) is assumed, we are already con-
fronted by a system of two components. In his detailed analyses, Bassa [6]
previously demonstrated that on grinding of coal, the finer fractions of the
ground product will be enriched by ashes, and by this, the energy required
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by grinding will be unnecessarily increased and the scorification of the boilers
unfavourably influenced. The case is even more complicated if simultaneous
grinding of different coal ranks is needed. Examples can also be mentioned
from other fields of practice, as, for instance, preparation of additives of several
components in the chemical industry and in metallurgy. This investigation was
intended primarily to provide information on the grinding conditions of coal
mixtures. As, however, the coals of Hungary are of very dissimilar compo-
sitions, we did not begin as afirst step by investigating the grinding of systems
of two or more components using coal mixture but by using limestone and
native salt which are more suitable for investigations of such a character.

Il. Grinding of a binary mixture of limestone and rock-salt

The most important objective of the investigations was the analysis of
the grinding mechanism of binary mixtures. Two substances, i.e. limestone
and rock-salt were chosen for test samples these being very different concerning
their grindability and easily separable in the ground product. The hardness of
limestone according to Mohs’ hardness scale is 3—3,5 and that of rock-salt is 2.
Accordingly limestone is the harder and rock-salt the softer component in
the mixture. The difference in hardness of the two substances is not very
considerable, thus the relative hardness, initiated by T. Tanaka may be con-
sidered advantageous from the point of view that when grinding the mixture,
the required comminution of both components may be ensured. In recent
years several papers in a rather detailed manner dealt with the problem of
grinding of mixtures. However, only too few conclusions to be generalized may
be drawn from these papers and a number of uncleared questions remained
which have to be solved.

I1l. Expérimenta 1 method

Experiments were carried out in Hardgrove mill on grinding of mixtures
of limestone and rock-salt. The materials fed into the mill were prepared in
compliance with the prescriptions ASTM D No. 409. Accordingly, fifty gram
samples of a grain size between 1190 and 590 microns were fed into the mill.
This latter had been provided with an apparatus for disconnecting and stopping
of the grinding plate after a run of 60, 100, 200, 300, 400 and 500 grinding
revolutions.

Grinding of the components were carried out at each of the given revolu-
tions, while the exploratory grinding of the mixtures was performed only with
60 and 500 revolutions.
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By choosing a longer grinding time we wanted already to obtain the regular
size distribution, corresponding to the process condition becoming permanent.
The range of the very fine grinding, for which other laws than those at the
investigations in question are valid, wished to be avoided.

Investigations were carried out at an approximately constant air humid-
ity of 45 ~ 1 per cent, and at an ambient temperature of 20 ~ centigrade,
mainly on account of the moisture adsorption propriety of salt.

For fractioning of the ground products, in the size range of 8 to 56
microns, a Bahco apparatus, and beyond that range of size a sieving equip-
ment operated by a vibrating mechanism was used.

The salt component was dissolved from the ground product mixed with
water. Between the solubility of the limestone and that of the salt there is a
difference of several orders of magnitude, accordingly the method of separation
of the two components, practically did not cause a perceptible error. The error
induced by the occasional sticking together of the fine particles in consequence
of humidity, was eliminated by taking as first step the determinations of the
size distribution the separation of the ground product into the size fractions
to be examined. Salt was dissolved from these fractions and thus, in defining
the weight distribution, no error was caused by the incidental sticking together
of the grains. The limestone particles which remained after the dissolution,
were retained by a filter paper.

In the experiments carried out with 60 revolutions on every mixing ratio,
the results of a series of 10 successive grindings and in the experiments carried
out with 500 revolutions, the results of a series of 3 successive grindings were
evaluated. No significant deviations occurred in the measurements. Mixing
proportions were chosen for 3 :1, 1:1, 1:3.

IV. Experimental results

The size distribution curves obtained after grinding of pure limestone and
rock-salt with different numbers of revolution are shown in Figs 1 and 2.

The distribution curves are plotted in a Rosin—Rammler net. The dia-
gram net corresponding to the logarithmically normal distribution, in spite of
its advantages was not applied because in this latter, as a consequence of the
upwards bending of each of the size distribution curves it was impossible to
judge when the regular size distribution characterizing the steady-state con-
dition of the process was developed. The size distribution curves show that
the procedure of the grinding of limestone had become practically permanent
after 300 to 400 revolutions, while the procedure of grinding of the salt shows
the set-in of the steady-state condition already after 60 revolutions.
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Fig. 1. Size distribution curves of ground products of limestone for different grinding times

Fig. 2. Size distribution curves of ground products of rock-salt for different grinding times
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The values of the size distribution exponent and those belonging to the
36,8 per cent of retained material for the different grinding times are given in
Table 1.

Table |
Grinding time, Limestone Rock-salt
number of revolutions d n d n
60 - - 380 1,06
100 — — 205 1,05
200 500 0,55 147 1,04
300 325 0,55 128 1,03
400 235 0,55 106 1,02
500 175 0,55 88 1,00

Representing the values of the size modulus d' in a log-linear coordinate
system the points take place on a straight line at the grinding times between
200 and 500 revolutions. The same phenomenon is to be found in the experi-
ments described in [4]. It follows from this that the size modulus decreases
with the grinding time according to an exponential function with negative
exponent.

Figs 3 and 4 show size distribution curves of the mixtures of limestone
and rock-salt in grindings with 60 and 500 revolutions. The size distribution
curves of pure salt and pure limestone intersect at 60 revolutions at about 28
microns, and at 500 revolutions at about 40 microns. On the basis of Figure 3
it can be ascertained that at the beginning of the comminution procedure the
size distribution curves of the ground product of the mixtures compared to
the more difficultly grindable limestone component in the range beyond about
20 microns will be displaced towards the range of finer ground products, i.e.
they will be positioned above the range of 20 microns. In a later phase of the
comminution, according to Fig. 4 the size distribution curves of the ground
products containing 75 per cent and 50 per cent limestone, are running in the
whole range under the size distribution curve pure limestone, while the charac-
teristic curve ofthe ground product containing 25 per cent of limestone takes
place up to about 50 microns above, and in the range of finer sizes under this
latter. The size distribution diagrams of the mixed ground products intersect
in a point at about 25 microns.

After determining the resulting size distribution curves of the mixed
ground products the products were divided into sized fractions, by dissolving
the salt content the values of the weight per cent of the limestone and rock-
salt compositions of the different fractions were determined.

The values obtained for the compositions of the different fractions of
products ground with 60 and 500 revolutions, are shown in Figs 5 and 6.
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Fig. 3. Size distribution curves of limestone and rock-salt mixtures on grinding at 60 revo-
lutions

Fig. 4. Size distribution curves of limestone and rock-salt mixtures on grinding at 500 revo-
lutions
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Fig. 5. Composition of size fractions (60 revolutions)

100% limestone
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Fig. 6. Composition of size fractions (500 revolutions)
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The diagram was plotted in such a way that by treating- the fraction
examined, the percentage of the limestone determined by dissolution was
drawn as an ordinate against the grain size belonging to the lower limit of the
fraction and taken as abscissa axis. Thus, for instance, in Fig. 5 the ordinate
drawn over the value of 500 microns of the abscissa axis shows on the diagram
determined by the parameters of 75% salt and 25% limestone that the size
fraction between 500 and 750 microns of the ground product formed by 60
revolutions from the feed materials composed according to the initial param-
eters, contains about 75 per cent of limestone and about 43 per cent of salt.
The abscissa axis gives the diagram of 100 per cent salt, and the straight line
drawn at the value of 100 per cent, parallel with the abscissa axis, gives the
diagram of pure limestone. With the increase of the initial limestone content,
the diagrams are displaced upwards. From the lines of the diagrams some
conclusions may be drawn in respect to the kinetics of grinding. As it is to be
seen in Fig. 5, in the ground product formed by grinding of the feed material
containing 75,50 per cent of limestone, with 60 revolutions, the fractions
coarser than certain limit grain size, are practically composed of pure limestone.
With the increase of the limestone weight percentage, the limit particle-size
decreases.

If the grinding time is lengthened, for instance up to 500 revolutions, the
lines of the characteristic curves remain similar, however, on the mixture ratios
examined no limit grain-sizes could be found. In the ground product formed
of a feed material of the same mixture ratio but during a longer grinding time,
the characteristic curve representing the limestone content of the size fractions
creeps upwards in the range of finer particle sizes but all of the coarser fractions
contain salt too. From this the conclusion may be drawn which, by the way
had also been observed by T. Tanaka [3], i.e. that in the course of the grind-
ing time, the rates of the grinding energy consumed by the different compo-
nents, are variable.

In a mixture of limestone and rock-salt, the coarser fractions of the
limestone will be ground, as it may be assumed, initially with more difficulty,
and as limestone is the harder component, it promotes the grinding of salt.
Besides, in the mixtures ground with 500 revolutions, the grain composition
of the components already reached a regular size distribution.

By connecting the points of the curves corresponding to the initial compo-
sition of limestone and rock-salt as is to be seen in Figs 5 and 6, the plane of
interpretation may be divided into two parts. In the coordinate system drawn
as is shown in the figures, on the left-hand side of the straight line connecting
the above-mentioned characteristic points of the curves, lie the fractions of
the ground product enriched in limestone, and at the right-hand side those
enriched by salt. Examining the size distribution curves of the fractions with
different limestone contents, ground with both 60 and 500 revolutions, it was
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found that the points corresponding to the initial feed composition, take place
in a straight line.

On continuing the examination of the characteristic curves of composition
of the fractions it can be ascertained that they have end values. In paper [9]
it is proved that, in the mixture of the ground having no similar size distri-
bution curves, the product of fractions would be possible according to the
characteristic curves shown in Figs 5 and 6. Using the symbols of the
mentioned paper, by mixing the ground components A (limestone) and B
(rock-salt) in proportions cg and CB, the percentage by weight of the components
A and B of the fraction falling between the limits of the interval < x < x0
of the resultant, will be determined by appropriate weighting of the area of the
density functions lying in the range examined. In case of functions with tracings
according to choice, the fraction examined contains component A in a percent-
age by weight given by the following formula:

Ga% (x1, x2) = = Ca-s (Xi, x2) == .100 % (1)
CA +SA (X1>*2) + CB mSBK »XI)
where
Ga%(xi, *2) is the weight per cent of component A falling in the interval xI
< X<:x2;
cA, CB are the proportions of components A and B, respectively, in the result-

ing ground product mixture;
«h(x1, x.2), sa(xt, X2 are the areas of the ground product density functions of components A
and B resp. falling in the range xt x X2
By narrowing the range of fractions beyond all limits, i.e. by forming
limit transition Ax —m0, we obtain:

CAmSA i
o A% i) mSA i) (2)

ca'sa (X) *+ cb'sb (x)

where «g (x), SB (x) are the values of the density functions at locus x.

In paper [9] the equation of the characteristic curve of the content of
component A of the size fractions was deduced for that case, where the size
distribution of the components in the ground product mixture follows a log-
normal or RRB distribution. Thus, for instance, if the size distribution curve
of the resulting ground product is obtained by summing up the intersecting
RRB size distribution curves at weighting the given weight per cent of the
components, the function representing the weight per cent of the component
A (limestone) in the resulting ground product, calculable in size fractions, will
have a trace similar to those of the curves shown in Figs 5 and 6. Our funda-
mental assumption i.e. that in grinding the mixtures, the size distribution
curves of the components are those which follow a lognormal or RRB distribu-
tion, may be verified by the characteristic curves shown in Figures 7, 8 and 9,
given in RRB system.
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Fig. 7. Size distribution curves of components in the ground product of a mixture of 75%
CaC03—25% NaCl on grinding at 500 revolutions

Fig. 8. Size distribution curves of components of the ground product mixture of 50% CaC03—
50% NaCl on grinding at 500 revolutions
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For the sake of clarity, the results shown in Figs 7, 8 and 9 are summarized

in Fig. 10.
Similarly to Fig. 10 — which relates to the case of grinding with 500
revolutions — in figure 11 the summary of the results is given without the

presenting of details, also for grinding with 60 revolutions.

Accordingly, Figs 10 and 11 represent the size distribution curves of
limestone and rock-salt components in the ground product mixture of limestone
and rock-salt. Our proposition cannot entirely be verified by the grinding with
60 revolutions, because a regular RRB distribution can be found only in the
salt component. The size reduction which is a phenomenon of stochastic charac-
ter, the undeveloped size distribution of the grain size of the limestone compo-
nent may be explained unambiguously by the relatively short grinding time.
After grinding with 500 revolutions the size distribution curves of each compo-
nent, both the lime-stone and the salt obtain the regular RRB distribution.

The variation of the relative grindability index of the limestone and rock-
salt mixtures in function of the mixing ratio may be established on the basis
of Fig. 3. Grinding with 60 revolutions was executed according to the Hard-
grove investigations, so the Hardgrove index can be determined on the basis
of the quantity of the substance passing through the sieve of a mesh of 74
microns, by the known formula:

A = 13+ D80 6,93,

where D80 is the quantity of grains passing through the sieve of a mesh of 74 microns expressed
in grams.

The values calculated on the basis of Fig. 3, are shown in Fig. 12.

For comparing the grindability of substances, the Hardgrove index may
be considered only as an approximate, informatory value. The fundamental
assumption is that the direction tangent of the size distribution in the ground
product of the substance examined is identical with that of the characteristic
curve of the ground product obtained from the reference substance by investi-
gations executed according to the same prescriptions, as a matter of fact is
not realized in practice. The proportionate relationship between.the labour
expended on size reduction and the increment of the surface of the ground
product according to Rittinger’s law, is also only of approximate validity.
However in our investigations significant conclusions may be drawn from the
value of the Hardgrove index. On the basis of Fig. 12 it can be ascertained
that in the procedure of the comminution of the mixtures the principle of
undisturbed superposition cannot be applied to the size distribution. By this
it is to be understood that in general on the grinding of a mixture, the retained
material belonging to a certain grain size cannot be determined by weighting
of the oversize value against the same mesh, obtained on grounding the compo-
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Fig. 9. Size distribution curves of components of the ground product mixture of 25% CaC03—
75% NaCl on grinding at 500 revolutions

Fig. 10. Size distribution curves of components in the mixtures of limestone and rock-salt
on grinding at 500 revolutions
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60 revolutions
1CaCo03
Z/Ca C03/,,s
3,/Co C03/ KD

4/Ca <25
5 N080gl
6./No C//k23
7/Na Cl/kso

S./Na CI/K7s
15 678910 56 78910* Grain size,/j] — «

Fig. 11. Size distribution curves of components in the mixtures of limestone and rock-salt
on grinding at 60 revolutions

nents separately but under the same conditions, according to the mixture
ratio. This, by the way, can be verified at each grain size on the basis of Figs
10 and 11. The size distribution curves of limestone and rock-salt ground
simultaneously in the mixture deviate (but not proportionately) depending on
the mixture ratio from the characteristic size distribution curve obtained by
grinding each component separately. From Figs 10 and 11 it is evident that in
the mixtures of limestone and rocksalt, limestone is less grindable and rock-
salt is more easily grindable, than in the case of separately grinding these
components.

The size distribution curves of limestone ground in mixture are, in com-
parison to separate grinding, displaced in the direction of the finer ground
products. With the decrease of the examined component the size distribution
curves deviate from those of the pure substances.

As a matter of course, from the viewpoint of strength, on grinding of
mixtures of another character, the behaviour of the size distribution curves
of the components may also be varied, as can be seen in the paper of T. Tanaka
[3], for instance, in case of grinding of mixtures of dolomite and K2Cr20 2
In these binary mixtures each component is less grindable than they are
separately.
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Experiments were carried out for examining the problem: in what man-
ner does the feed size influence the size reduction of the material ? The grind-
ing experiments were executed according to the prescriptions relating to the
Hardgrove investigation. 50 gram of the material was fed into the mill and
it was ground with 60 revolutions. The amount of the formed ground product,
finer than 74 microns were determined. The investigations were carried out on

Fig. 12. Variation of the Hardgrove index Fig. 13. Dependence of the quantity by
in function of mixture ratio at mixtures of weight per cent of limestone and salt
limestone and rock-salt mixtures passing mesh size of 74 microns

on the mean value of the original fraction

fractions of pure limestone: pure rock-salt; 75 per cent of limestone and 25
per cent of rock-salt; 50 per cent of limestone and 50 per cent of rock-salt
ground product mixtures. The real composition of limestone and rock-salt of
the fractions could be determined on the basis of Fig. 5. The results of the
experiments are shown in Fig. 13.

The curves of Fig. 13 were plotted in such a way that against the grain
size corresponding to the arithmetic mean determined from the maximum and
minimum grain sizes of the feed material, the quantity in grams of the grains
smaller than 74 microns formed by grinding have been traced as an ordinate.
It is interesting that the characteristic curves have minimum values. This
means that in case of certain ranges of feed size the quantity of finer fractions
in the ground product, formed from the coarser feed ground under the same
conditions, may be greater. During the investigations the phenomenon was
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observed, that the narrowing of the fraction range also influenced the composi-
tion of the final product. Accordingly, for instance, from feed material falling
into the grain size range from 1190 to 1000 microns, after grinding, the quantity
of grains smaller than 74 microns is greater than the passing material produced
from a feed of a grain size falling in the range between size limits of 1190 and
590 microns. This means that in case of homogeneous substances the comminu-
tion of some materials proceeds under more favourable, and that of others
under more unfavourable conditions. This can be explained by the effect of
the relation between the diameters of the grinding body, i.e. of the ball and
the grains of crushed material, exercised on the size reduction. H. E. Rose
[10] verified by his investigations that an optimum of the diameter of ball
with respect to the properties of the feed material can be established.T. Tanaka
determined critical size proportions between components of ground compounds,
at which the comminution of one of the materials will be accomplished more
intensively than that of the other component.

From the investigations by grinding of mixtures, the following conclusions
may be drawn:

a) On grinding limestone and rock-salt separately, the size modulus of
the characteristic curves plotted in the RRB system can be represented by a
straight line in the log-linear co-ordinate system as a function of the grinding
time, between 200 and 500 revolutions. This statement can be found in the
literature for other materials in [4], too.

b) In case of grinding of mixtures, the rate of the crushing energy con-
sumed by this grinding of the different components varies with the grinding
time. In [3] the periodicity of this variation has been demonstrated.

c) In the size fractions of the ground product mixture, the characteristic
curves, representing the composition of fractions according to the components,
in function of the grain size, have extreme values.

d) By connecting the points of the above-mentioned curves corresponding
to the mean weight per cent of the composition of the whole amount of the
ground product, a straight line will be obtained.

e) On grinding of mixtures, the size distribution curves of the components
follow a regular lognormal or RRB distribution. Consequently, the resulting
ground product of the compounds will not have a lognormal or RRB distri-
bution.

f) The value of the relative grindability index determined according to
the Hardgrove prescriptions in case of mixtures, is not a factor of superposable
character.

g) At a given milling apparatus, the initial feed distribution considerably
influences the size distribution of the final product. In case of ball milling, an
optimal value of the relation between the diameter of the grinding body and
that of the grain size of the crushed material can be established.
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PRUFUNG DER MAHLBARKEIT VON GEMISCHEN
AUS KALKSTEIN UND STEINSALZ IN HARDGROVE-LABORMUHLE
K. REMENYI

ZUSAMMENFASSUNG

Es wurden Mahl- und Mahlbarkeitsversuche mit Gemischen von Kalkstein und Stein-
salz von Mischverhaltnissen 1:3, 1:1, 3:1 in Hardgrove-Anlage zur Erlauterung des Zer-
kleinerungsmechanismus von Gemischen ausgefiuhrt. Bei der Zerkleinerung von homogenen
Stoffen wurde es festgestellt, dal in einem gewissen Zeitraum zwischen dem im RRB System
bestimmten KorngréBenmodul des Mahlgutes und der Mahldauer eine Exponentialbeziehung
von negativem Exponent besteht.

ETUDE DE LA BROYABILITE DES MELANGES
DE CALCAIRE ET DE SEL GEMME DANS L’APPAREIL DE HARDGROVE
K. REMENYI

RESUME

Des essais de broyage et de broyabilité ont été effectués dans un broyeur de Hardgrove
avec du calcaire et du sel gemme mélangés dans les proportions de 1 :3, 1:1, 3: 1, pour étudier
le mécanisme du broyage des mélanges- Au broyage des matiéres homogenes, on a constaté
qu’a I’intérieur d’une certaine période existe, entre le module granulométrique du produit
broyé, déterminé dans le systtme RRB et la durée du broyage, une relation exponentielle
a exposant négatif.

PA3MOJIMMOCTb CMECEN M3BECTHAKA I KAMEHHOW CONW
HA OBOPYANOBAHNWN CUCTEMbI T'APATIPOBA
K. PEMEHMN

PE3FOME

Ha ycTaHOBKe cucTeMbl TapArpoBa NpousBeaeHbl OMbITbl NMOMOMA ¥ Pa3MOIMMOCTH CMe-
Ceil N3BECTHSIKA M KaMEHHOM coMn Npy cocTaBe KOMMOHeHToB 1:3, 1 :1 1 3 : 1 ¢ uenblo uccne-
[l0BaHMs MexaHu3Ma nomona. Mpy Nomosie rOMOreHHbIX MaTepuanoB YCTaHOB/IEHO, YTO B Mpe-
[enax onpefeneHHOro BpemMeHW B cucTeMe RRB nomona, Mexay Mogyniem OnpeaeneHHoro
pasmepa 3epeH U BpeMeHeM MOMOMa CYLUECTBYET SKCMOHEHUMabHasi 3aBMCUMOCTb C OTpULa-
Te/lbHbIM MOKasaTesem.
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CHVMXXEHVE TEPMUWYECKWMX TIOTEPb B MNMPUBbLIJIbHbIX
MONTOBKAX

4. YABANNK

TEXHWUYECKUN YHUBEPCUTET TAXENOMN MPOMBIWAEHHOCTU, MULIKONbL]
(BEHTPUA)

[Moctynnno 27-ro sHBaps, 1964 r.]

OfHVM BUAOM CHUXEHWUSI TEPMUYECKMX MNOTepb B MPUOLIIBHBLIX FOM0BKaX SBNSETCA
MN3MeHeHMe (opMbl U pasMepoB MPUOLINILHOK FON0BKM MNPU HEM3MEHHOM 00BbEME MPUObLINLHOM
ronoBkM. Tak KaK TEepMUYeCKMe MOoTepu MNPUOLIILHON FOMOBKU ABASKOTCA HaMboNbLUMMK B
60KOBOM HanpaBfieHWUW, HAZl0 CTapaTbCsl, YTOObI YMEHbLUWTL MOBEPXHOCTb COMpPUKacaHWUs OrHe-
YMOPOB C XWUAKMM MET/IIOM, MPUXOAALLYIOCS Ha eauvHULy 06béMa NpubbIIbHOM FOMOBKU 1
06bEM OrHeyMnopHOWM (yTePOBKM NPUOLINILHOMA FON0BKN. 3TO BO3MOXXHO MYTEM CHVDKEHUS KO-
HYCHOCTW MpUObLINBLHOM roNoBKWU. Bonbluas OTKpbITas BepXHsisi MOBEPXHOCTb, BO3HMKatoLLas
TakuM 06pa3oM Npu HeMsMeHHOM 06bEMe MPUObLINBHOM FOM0BKW, NO3BOMSET HarpeBaHue 60/b-
Weli MOBEPXHOCTU MNPUOBLINILHOM rOMOBKM MeTofamu. Bo3MOXHOCTb 605ee  MHTEHCUMBHOMO
HarpeBaHus, o6ecrneyviBaemMasi OAHOBPEMEHHO C TEPMUYECKMMU MNOTEPSIMW, WMeeT pesysbTa-
TOM OYeHb BbIFOAHYIO (HOPMY MPUObLIILHOA TOMOBKU W BbIFOAHbLIA 00bEM  MPUOLINBLHOM
ro/10BKMU.

PesynbTatbl, NOMyYeHHblE MPU WCCEA0BAHUM MPUObLLIEA CTa/lbHbIX CNT-
KOB Heb0/bLLIMX pa3MepoB [1], ¢ 4OCTOBEPHOCTLIO AOKYMEHTUPYIOT, UTO Hanbo/1b-
LLee KO/IMYECTBO TePMUYECKMX MOTepb MPeACTaBNsloT Ternno, BOCAPUHATOE WK
OTBEJEHHOE OrHeyrnopHbIM MaTeprasioM. 3TO KOJIMYECTBO Tensa SBMSETCA (PyHK-
upen Uenoro psga haktopoB. 3Tv (haKTopbl, B CBOK 04epeb, MOMYT ObiTb Pas3duTbI
Ha [jBe OCHOBHble rpyrnnbl. B MnepBylo rpynny BXOAAT reoMeTpUYecKue pasvepbl
M3MTOXKHULLbI, COOTHOLLEHWe $/D, crocob pasnvBKM CTaiu, TemnepaTypa pas-
JIMBKW, CKOPOCTb pas/MBKW, COPT pasnvMBaemoli CTasM, TO ecTb Te (haKTopbl,
KOTOPble ONPeSenstoT KPUCTa//IM3aumio Kopnyca CMTKa, W, TakuMm 06pasom,
KOCBEHHO B/IMSIIOT Ha KOMMYECTBO Tenja, OTBOAVMMOEe MNpubbiibio. Bo BTOpyto
rpynny cregyeT OTHECTVM TErJI0OeMKOCTb W TersionpoBOAHOCTL (DYTEPOBKWU Mpu-
ObUILHOM FOMOBKY, a TakkKe reoMeTPUYECKYI0 KOHUIypaumo 1 pasmepbl npu-
ObI/IHOM TOMOBKU: 3TU (PAKTOPbI MMEHOT HEMoOCPeACTBEHHOE B/IUSAHWME Ha KOMU-
YECTBO TeM/ia, BOCMPUHATOrO U OTBELEHHOIO OrHEYNOpHbIMK MaTepuanamu. Mog-
po6HOe paccMOTpeHne (PaKTOPOB MEPBOI rpynnbl 3alino 6bl CAMLLIKOM JaneKo,
N BbIXOWT 3@ PaMK/ HaCTOSILLEA paboThl, MPUYeM pPosib 3TUX (DAKTOPOB SB/ISETCS
BTOPOCETEMNEHHOI.

HenocpeacTBeHHOE BO3AEMCTBME VMEKOT (PaKTOpbl, BXOASLLME BO BTOPYHO
rpynny. W3 HWX >XenaTeslbHO CHVXKEHMWe TEer/I0eMKOCTM U TersonpoBOAHOCTH
OrHEyrnopHOro Matepuvasa, npy 06ecrieyeHn COOTBETCTBYHOLLIEH OrHEYMOPHOCTH,
TpebyeT McCnefoBaHWi B pamMKax OrHeyrnopHoOW MPOMbILLIEHHOCTU. Takum 06-
pasomMm, MNpUHMMasi BO BHVMaHVie WMEIOLLMECS BO3MOXHOCTW, HeobXxoaumo 3a-
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HATLCA WCCMefoBaHMeEM KOH(Urypaumm M pasvepoB OrHeyrnopHoro npunaca, B
WHTepecax CHWKEHWS BbILLEYNOMSHYTbIX TernsoBbIX MOTePb.

KonnyecTBo Tenna, BOCNpMHATOE WUNN O0TBEeAEeHHOE OrHeynopHbIMm MaTEe-
pnanom 3a egunHuUUy BpeMeHW, TEM MeEHbLIE, YeM MEHbLWE CcOoNpMKacawuwadaca C
XXUAKUM MeTan/iom OrHeynopHass MOBEPXHOCTb, MNPUXOAALLAACA Ha efuHULY
obbema npubbIAM, U 4YEM MeHblle O06bEM OrFHEYyMmOpPHOW (YyTepoBKM MNPUOLINLHON
ronoeku, He YUMTbIBAS KOCBEHHbIX (PAKTOPOB, BAUSIOLUMX Ha TErsioBble NOTEpU
nNpubbLIM, a TakXke MPUHMMAsA 3a YC/I0BME MOCTOSHCTBO TEr/I0eMKOCTK, Tersio-
NPOBOAHOCTM W TOMWWHBI CTEHKU (YyTEPOBOYHOr0 MaTepuana. 3afauya, Takum
06pa3oM, COCTOMT B pa3paboTKe TaKMX MPUObIIbHBIX FOI0BOK, KOTOPbIE Jlyulle
BCEro OTBEYAlOT W3/1I0KEHHbIM Bbillle Tpe6oBaHUAM. CHUXeHWE BHYTPeHHein 60-
KOBOW MOBEPXHOCTU (DYTEPOBKMW, MPUXOAALLEACA Ha eAuHULY obbema npudbLw,
a TaKXXe CHWKeHMe o6beMa camoii hyTepOBKM MPUObINBHOA FOIOBKU BO3MOXHO
NocpeacTBOM M3MEHEHUSI KOHMrypauum wan pasmepHbIX COOTHOLLEHWA npu-
6blM. Mo3aToMy Heobxoaumo OblI0 PacCMOTPETb 3aBMCUMOCTW, CYLLECTBYHOLLVE
MeXJy BeSIMYMHON, KOH(Urypaumeid M COOTHOLUEHVSIMU PasMepoB MNpubbun 1
MeXay YNOMSHYTbIMU (hakTopamn. Tabn. | cogepXXnT gaHHble 06 M3MEHEHUSIX
BHYTPEHHEN MOBEPXHOCTM (PYTEPOBKYM, MPUXOASALLENCA Ha eauHuLy 0b0bema
npubbln 1 obbema QyTepoBOYHOr0 npunaca, B 3aBUCMMOCTM OT 3HAYeHUs
50(0! — D2)/Hv XapaKTepU3YIOLLIEro ANameTp CAUTKA B MNIOCKOCTU COMPUKOCHO-
BEHNA C NPUOLUIBI0 M KOHWYHOCTL MpubbLIn. [aHHble Tabnuubl OTHOCATCA K
NpUbbIIAM KPYroro cedeHns. Tabnuua Il packpbliBaeT Te XKe 3aBUCUMOCTU ANnst
NpWobINeA KBaapaTHOr0 CeyeHUsl. CMbICN OYKBEHHbLIX 0603HAUeHWIA, MPUMEHEH-
HbIX B Tab/uuax, cremsytoLuii:

D1 gnameTp cAMTKa B MJIOCKOCTU COMPUKOCHOBEHWS C NPUOBLINLIO, AM;

D., BEpXHWIA gnamMeTp npubbian, AM;

D3 HWXHWIA gnameTp CAuTKa, AM;

H BbicoTa Kopnyca cAnTka, AM;

H1 BbicoTa NpubbINK, 4M;

Kr 06bem npubbin, am3;

K2 o6bem Koprnyca cnntka, gm3;

K, + K2 o06wwnii 06bem cnuTka, AMm3;

50(Dj — 0 2/Hr xapaKTepuUCTUKa KOHWUYHOCTM MNpUbLINN;

P BHYTpeHHSIA NOBepXHOCTb (60KoBas) (hyTepoBKM MpPUObLIILHOA FonoBKM (60KO-
Bas MOBEPXHOCTb MpuObIIKM), AM2;

F OoTKpbITass MOBEPXHOCTb MNpubbINN, AML;

L o6bem (hyTepoBOUHOro npunaca, A3;

X P/Ki — ponsi BHYTpPeHHe OGOKOBOM MOBEPXHOCTM MNPUObLIILHOA FONOBKW, MpwU-
XofAwanca Ha eguHuuy obbema npubbinv, am'Liam3

Y b/K3 pona o6bema  (hyTepoBKM  MNPUOLIIbHOM  FONOBKW, NPUXOAALLAAcS  Ha
eanHMLYy obbema npubbin, amIgm3

alt a,, a3 cooTBeTCTBYIOLME AIMHLI CTOPOH C/AMTKA C KBaApaTHbIM CeYeHUEM, [M.

PacueT 3HaueHWii X Ny, MOMELLIEHHBIX B Ta6I'IVILI|bI, a Tak>Xe BO3MOXXHOCTb
OLIEHKM NONy4YeHHbIX pPe3y/bTaToB n0Tpe603anv| BK/HOYEHNA B 4YMC/10 AaHHBIX
N HEKOTOPbIX COOTHOLLIEHWIA pasMepoB C/INTKa.:
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QB[ 95 S0UERLIH WILeIUBIS SeLLI0Y EOLLDB|. By

Nd\e

n/n

2,27

3,03

5,31

6,07

6,82

10,99

13,19

15,38

17,58

19,78

K1

5,90

13,99

27,32

47,21

74,96

111,89

159,32

36,25

85,92

167,81

289,97

460,47

687,35

978,66

42,15

99,90

195,13

337,18

535,43

799,23

1137,98

Ta6bnmuya 1

soo, DD Dt
h,

5 2,91
10 2,82
15 2,73
20 2,62

5 3,89
10 3,76
15 3,63
20 3,49

5 4,86
10 4,70
15 4,54
20 4,37

5 5,83
10 5,65
15 5,45
20 5,24

5 6,80
10 6,59
15 6,36
20 6,11

5 7,77
10 7,53
15 7,27
20 6,99

5 8,74
10 8,47
15 8,18
20 7,86

|_y

0,86
0,89
0,92
0,95

1,15
1,18
1,22
1,27

1,43
1,48
1,53
1,58

1,72
1,77
1,83
1,90

2,00
2,07
2,14
2,22

2,29
2,36
2,44
2,53

2,58
2,66
2,75
2,85

7,99
8,14
8,34
8,55

14,21
14,48
14,82
15,20

22,20
22,62
23,15
23,76

31,97
32,57
33,34
34,21

43,51
44,34
45,38
46,56

56,83
57,91
59,27
60,82

71,93
73,24
75,02
76,97

6,65
6,24
5,85
5,39

11.88
11,10
10,35

9,56

18,54
17,34
16,18
14,99

26,68
25,07
23,31
21,56

36,30
34,09
31,75
29,30

47,39
44,51
41,49
38,36

59,57
56,32
52,52
48,50

14,64
14,38
14,19
13,94

26,09
25,58
25,17
24,76

40,74
39,96
39,33
38,75

58,65
57,64
56,65
55,77

79,81
78,43
77,13
75,86

104,22
102,42
100,76

99,18

131,90
129,56
127,54
125,47

4,67
4,75
4,84
4,94

7,99
8,13
8,29
8,45

12,21
12,41
12,65
12,89

17,31
17,60
17,93
18,26

23,30
23,68
24,12
24,57

30,18
30,67
31,23
31,81

37,94
38,55
39,25
39,98

1,354
1,380
1,413
1,449

1,016
1,035
1,059
1,087

0,813
0,828
0,848
0,870

0,677
0,690
0,706
0,725

0,581
0,592
0,605
0,621

0,508
0,518
0,530
0,547

0,452
0,460
0,471
0,483

0,791
0,805
0,821
0,837

0,572
0,581
0,593
0,604

0,447
0,454
0,463
0,472

0,367
0,373
0,380
0,387

0,311
0,316
0,322
0,328

0,270
0,274
0,279
0,284

0,238
0,242
0,246
0,251
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NeNe
n/n

| ai

19

2,27

3,03

3,79

4,55

5,31

6,07

6,82

6,59

10,99

13,17

15,38

17,58

19,78

7,51

17,81

34,78

60,10

95,44

142,47

202,85

K

46,15

109,39

213,66

369,21

586,28

875,15

1246,07

k, +k2

53,66

127,20

248,44

429,31

681,73

1017,62

1448,92

50{a, — a2

10
15
20

2,91
2,82
2,73
2,62

3,89
3,76
3,63
3,49

4,86
4,70
4,54
4,37

5,83

6,80

7,77

6,99

8,74
8,47
8,18
7,86

H1

0,86
0.89
0,92
0,95
1,15
1,18

1,22
1,27

1,43

1,58

10,13
10,36
10,60
10,88

18,08
18.40
18,84
19.32

28,24
28,80
29,44
30,24

40,68
41,44
42,44
43,52

55,35
56,44
57,76
59,28

72,32
73,72
75,44
77,40

91,56
93,24
95,48
98,00

8,47
7.95
7,45
6,86

15.13
14,14
13,18
12,18

23.62
22,09
20,61
19,10

33,99
31,92
29,70
27,46

46,24
43,43
40,45
37,33

60,37
56,70
52,85
48,80

76,39
71,74
66,91
61,78

18,60
18,31
18,05
17,74

33,21
32,54
32,02
31,50

51,86
50,89
50,05
49,34

74,67
73,36
72,13
70,98

101,60
99,87
98,21
96,61

132,69
130,42
128,79
126,26

167,95
164,98
162,39
159,78

594

10,18
10,35
10,55
10,76

15,55
15,80
16,10
16,41

22,04
22,41
22,82
23,25

29,67
30,15
30,71
31,28

38,42
39,04
39,76
40,50

48,31
49,08
49,98
50,90

1,354
1,380
1,412
1,449

1,015
1,035
1,059
1,087

0,812
0,828
0,847
0,869

0,677
0,690
0,706
0,724

0,580
0,591
0,605
0,621

0,507
0,517
0,529
0,543

0,451
0,460
0,470
0,483

0,790
0,805
0.821
0,837

0,572
0,581
0,593
0,604

0,447
0,454
0,463
0,472

0,367
0,373
0,380
0,387

0,311
0,316
0,322
0,328

0,270
0,274
0,279
0,284

0,238
0,242
0,246
0,251

to
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CHUXEHWE TEPMUWYECKWUX MOTEPb B NMPUBbLINTbHbIX FONNOBKAX 95

H/D = 2,5, rge I cpegHuii guameTp Kopnyca C/AWMTKa, AM ;

D= (D, + D3/2;

50(0, - D3/H = 55;

A, « 100aa, + ) = 14;

TO/ILMHA CTEHKN OrHeyrnopa = 50 MM ;

H/a = 2,5; rge a cpegHsas gnvHa pebpa Kopnyca CAMTKa ¢ KBagpaTHbIM CEYeHUEM, AM,

a= (a + ad/2;

50(a, —ad/H = 5,5.

Mcnonb3ys 3Ty 3aBUCMMOCTW, MOXHO OMpefeiTb OCTa/lbHble pasmepbl
cmtkoB (D2 D3;a2 a3; H, HJ, UX 00bEM (I1{v K2), BHYTPEHHIOO GOKOBYIO MO-
BEPXHOCTb (PyTEePOBKM NPUOLUILHOM ro/1I0BKM (P) M 06BEM OFHeyrnopHoW dyTe-
pOBKM B (DYHKUMW MPUHATONO Dv av @ TakXXe XapaKTepUCTUK KOHWUYHOCTU Mpu-
6blm 50(4, — D.JH1 1 50(0! —a2)/Hv ECnun >e M3BECTHbI 3HAYEHUSA Kx, P U L,
MOryT ObITb OMNpefenieHbl 1 3HavYeHnsa X K Y. B Tabnmuax 1 n 2 3HaueHne DX
N ax NPUHATbI paBHbIMK 3—9 M, a XapaKTepucTnKa KOHNYHOCTU 50(DX—D2)/H1
n 50(ax — ad/l/, konebnetca mexgy 5-t0 n 20-0.

PaccMOTpeB faHHble Tabnmu, MOXHO 3aMeTWUTb, YTO C YBe/IMYeHWeM 3Ha-
YeHMn DX 1 Rx3HauyeHnsas X n F yMeHbluatoTca. C Apyroit CTOPOHbI, 3aMETHO U
TO, YTO 3HAYEHVS X U Y paBHbIX N0 00bEMY MPUObLLIEN BO3PaCTalOT C yBe/mue-
HVYEM 3HaYeHWIA XapaKTepUCTUK KOHWYHOCTM 50(7)x— D2 /#x n 50(a, — a,,)'H{,
TO €CTb BO3pacTaHve KOHWUYHOCTY MPUBLUTN NPUBOAMT K POCTY 3HAYEHUA X U Y.
B TO >Xe BpemMa MOXHO 3aMEeTUTb M TO, YTO WU3MEHEHWE KOHWYHOCTM OKa3blBaeT
6o/bLUee BANSAHME Ha MPUOLUIN C MeHbLUMM AMaMeTpoM Wnm pebpom. Tak, Ha-
npvMep, 3Ha4veHnss X 1 Y npubbiinm Ne 1 paBHbl X = 1,354—1,449, ¥ = 0,790—
0,837, npubbmt Ne 7—x = 0,451—0,483, vy = 0,238—0,250. To ecTb, M3Me-
HeHWe NS MasibIX MNpUobLien 3HaveHMss x = 0,095 m 3HauyeHuss Y = 0,047,
a ansa 6onee KpynHbIX Npuobinein — 3HadveHnsa X = 0,032 n3HaveHns Y = 0,012.
CpaBHMB 3HayeHUs X U Y B ABYX Tabnumuax, HakOHeL, MOXHO CAenaTb BbIBOL,
UTO NPU OAWHAKOBON KOHWYHOCTW XapaKTepHble 3HaYeHVs X W Y [oas npu-
ObU1eil CMTKOB C paBHbIMU AUMaMeTPOM M Pe6POM NP COOTBETCTBEHHO KPYr/IOM U
KBaJpaTHOM CEYEHUSIX paBHbl MeXAy CO60i, NpPeanonoXkMB, YTO MPOLEHTHOE
OTHOLeHMe o6bema NPUbbUTN K 06beMY BCEr0 CIMTKA TakXKe 0AMHaKoBO. Beuay
TOro, 4to 06bLEM MPUOLLIM C KBagpaTHbIM CceyeHneM 60sblue 06beMa MpPUbbLIN
C KpYrnbIM CeYeHVEeM, AVaMeTp KOTOpPOro paBeH CTOPOHe BbILLEYNOMSHYTOro
KBajpaTa, TO M3 U3/I0KEHHOrO C/lefyeT, UTO MPU paBeHCTBE 00LEMOB MPUOLIIEl
KPYrnoro 1 KeBafpaTHOro CeYeHWid 3HaYeHWss X W Y Ansa nocniefHero 6onblue, a
CnefoBaTe/lbHO MeHee BbIrOAHbI.

Vi3MeHeHVe 3HaueHNnii X MY B (OYHKUMW D1 W av @ Takke B 3aBUCUMOCTM
OT KOHWYHOCTW NpubbLIW, NpuMBeAeHHOe B Tabn. 1 1 2, HarnsagHo nokasaHo Ha
puc. 11 2. Kak BMAHO ¥ OTCOfa, HanbosbLUee BANSHME Ha M3MEHEHUEe 3HaYeHWIA
X W Y OKa3biBaeT M3MEHEHUE 3Ha4eHWn DI U av C YMEHbLUEHMEM 3HaYeHWiA
50(DX— rx,)/nx 1 50(a, —a2/H1 3Ha4eHUsA X M Y Takxe yMeHbllatoTca. Kpu-
Bble, O4HAKO He MapasifefibHbl ApYr ApYry, a CXOAATCA B HarpasfeHUuW pocTa
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96 0. UABANUNK

DX 1 av 4YTO O3HAYaeT YMeHbLLEHNE BO3AEMCTBMUS Ha 3HAYEHWS X U Y KOHWUY-
HOCTW, MO Mepe BO3pacTaHUs PasMepoB CNTKA, W, TakKUM 06pasom, 3TO BO3Aei-
CTBUE MpV JOCTATOYHO 6O0/bLUIOM CANTKe (D1= ax > 10 gm) MpaKTU4ecKu npe-
KpaLLlaeTcs.

Puc. 3 n4, Ha ocHoBaHUK TeX e Tabnunuylnll, AeMOHCTPUPYIOT M3MEHEHNS
3HaYeHUA X MY B 3aBUCUMOCTU OT 06beMa NpuobIIN. Tako MeTog N306padkeHUs

Puc. 7. ViameHeHMe 3HadeHMa X nNpubbInu Puc. 2. Vi3ameHeHue 3Ha4veHMs Y npubbinm
B 3aBMCUMOCTWN OT wn a, npu B 3aBMcuMOCTM OoT D1wunn o, npu
pasMYHOM KOHYCHOCTM pasnNYHOM KOHYCHOCTU

MOKa3bIBaeT BbIFOAHbIE CBOWCTBA MPUOLUIEA C KPYI/IbIM CEYEHVEM, U CTaHOBUTCS
ACHBIM, YTO NPV PaBHbIX 06BEME M KOHUYHOCTU 3HAYEHUSI X U Y KPYr/bIX npu-
Obleil Bcerfa MeHblle. YKasaHO Takke W Ha uto, npu 50(1" —D2/H1 =20 u”
50(ax— a2/Hx= 5 3HaueHMss X W Y paBHbIX M0 00bEMY KpPYrNbIX U KBagpaT-
HbIX NPUObLLIEA CTAHOBATCA MOYTU PaBHbIMU. Pe3tomMypysl, MOXHO YTBepXaaTtb,
UTO MPW PaBHbIX COOTHOLLEHUSAX Pa3MepOB C/IMTKOB U TOMLLMHE (yTEPOBKY Mpu-
ObUTbHBIX TO/I0BOK, BHYTPEHHSSI OOKOBasi MOBEPXHOCTb MPUOLIILHON FOM0BKM
npuxogsawiasca Ha egvHuuy obbema npubbin (X), 1M obbem npubbn (Y)
YMEHbLLIAKOTCA ec/n

a) BO3pacTaeT AuameTp npubbin (BO3pacTaeT pasmep CNTKA);

6) CHWXKAETCA KOHWYHOCTb MpMbbIK;

8) BMECTO MNPUOLIILHOM TO/IOBKU KBAAPATHOIO CEeYEHUS MPUMEHUTL Npu-

ObUIbHYHO TO/I0BKY KPYr/ioro CeYeHus.
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CHUXEHWE TEPMUWYECKWX MOTEPb B NMPUBbLIIbHbLIX FO/TOBKAX 97

B panbHeiilieM HeobXogMMO paccMOTPETb, Kakoe MpaKTU4ecKoe MCrosn-
HeHue BepoSTHO BC/EACTBUE BO3MOXKHOCTEN MOTepb Tensa npubbliblo B Hanpa-
B/IeHUN GOKOBbLIX MOBEPXHOCTEN, MPUYeM CreflyeT y4ecTb, Kakum 06pasoMm Me-
HAIOTCS OJHOBPEMEHHO MpoYMe HampaB/ieHWs1 TeMnJoBbIX MOTepb MpWbbLN, a
Takke 0o6LUMe TersioBble NOTepU NpUbbLIN. ApyruMmn crioBamy, OfHOBPEMEHHO CO

Puc. 3. M3ameHeHve 3HauyeHUs X NpubbIIM B 3aBUCMMOCTM OT 06bema NpubbINM MpU pasHoii
KOHYCHOCTWN

CHWXEHMEM MOTepb Yepe3 GOKOBYH MOBEPXHOCTb, HE YIPOXKAeT /N YBe/MUeHe
TENn/IoBbIX MOTEPb B OCTa/IbHbIX HarpaB/ieHUsIX B TaKO Mepe, YTO CymMMa BCeX
TEnoBbIX MOTepb, BO3MOXHO, He TOMIbKO He YMEHbLUMTCS, a HaobopoT, yBe/iu-
yuTCs.

YBeNMYeHWe AnaMeTpa npubbUiv, MY HasBaHHbIX BbilLE YC/IOBMSIX, O3Ha-
YaeT yBeNMyeHne BCero o6bema cMTKa. C pocToM Beca C/IMTKA 3HAYEHUSt X u Y
MPVHMMALOT BECbMA MOMIOKUTENbHbIV BUA. 3T0, 0AHAKO OTHIOAb He 03HAYaeT TOro,
YTO TErvioBble MOTEPU NMPUGLIUIM CHUXKAKOTCS B Takoli e Mepe. [MpuumHa 3Toro
3aK/0YAETCA BTOM, YTO TEM/I0BbIE MOTEPU NPUGBLIIN 3aBUCST ELLE M OT BPEMEHU 0X-
NAXAEHNA Kopryca CAMTKa. Yem Mpofo/mKuTenlbHee Bpems 3acTbiBaHUS, TeM
6o/bLLe TEMa OTBOAWUTCA MPUBLIBIO Yepes CPAaBHUTENIbHO MeHbLLYHO MOBEPXHOCTb
OrHeyropHO (yTEPOBKU WM B caMy pyTepoBKY. ECiM BpeMsi 3acTbIBaHUS C/IMTKA
B 3aBMCMMOCTY OT [MameTpa BO3PacTaeT B TaKoi Mepe, HACKOMbKO YMEHbLLAHTCS
3HAYeHUs1 X U Y, TO O CHUXKEHMW TEMJIOBbIX NOTEPb Peun BbTb HE MOXET. XOTA
N He MpeaCTaBAIOCL BO3MOXHbLIM MPOBECTV WCCMEf0BaHUSI TEM/IoBbIX MOTepb

7 Acta Technica Academiae Scientiarum Hungaricae 56, 1966



98 L. YABANUK

NPUOBLINN Ha KPYMHbIX CAUTKAX, W NOAYUYUTb AaHHble 411 CPaBHEHWUS TOro, YTo
WMEHHO MpeACcTaBnsieT COB0M pasHMLa MeXay TeryioBbIMA MOTEPSIMK, NMPUXOAS-
LWMMNC Ha eauHMLY 06bema MpubbUIM MasibIX U KPYMHbIX CAWTKOB, OfHAKO,
BEPOSATHO, UTO MOTePU Ha eAnHULY 06bema npubbn Yepe3 BOKOBYHO MOBEPXHOCTb
NPUOLINBHOM TOMOBKM Y 60MbLUMX C/IMTKOB BO3pacTaloT. 3T0 MPOUCXOAUT OT

Puc. 4. W3MeHeHvie 3HaYeHMs1 Y Npubbiv B 3aBUCMMOCTM OT 06beMa NPUGLIIM NpY pPasHoi
KOHYCHOCTU

TOr0, YTO CKOPOCTb KPUCTaIN3ALIMM CNINTKA HAXOAUTCS B 3aBUCUMOCTM OT KBaf-
pata gvameTpa CIMTKa, B TO BPEMS KaK M3MEHEHME 3HAYEHW X W Y MOYTW K-
HeMHO CBSI3aHO C AMaMeTPOM. TaknM 06pas3oM, Bpemsi, HE06X0AUMOE 4151 KpucTast-
nmzaummn 60MbLLOr0 CUTKA, BO3pacTaeT ObICTpee YeM MPOUCXOAUT YMeHbLLEHWE
3HaYeHUiA X wn Y. Mopo6HOE, BEPOSITHO, OTHOLLIEHWE CYLLIECTBYET MeXy BO3pacTa-
HVEM BpEMEHM 3aCTbIBaHWS W YMEHbLLEHMEM MPOYMX MOBEPXHOCTEN MpUBbIA,
NPUXOAALLUMXCS Ha eanHULYy obbeMa npubbln  (MIOCKOCTb COMPUKOCHOBEHMS
Koprnyca cuTKa C Npubbiblo, BEPXHSS OTKPbITas MOBEPXHOCTb MApUBLIIN).

Puc. 1 v 2 nokasbIBatoT, YTO C POCTOM AvameTpa C/IMTKa (pasmepa CnMTKa)
3HaYeHMe X W Y YMeHbLUIaeTcs BCE B MeHblueld Mepe. C Apyroil CTOpPOHbI, W3-
BECTHO, YTO CKOPOCTb 3aCTbIBaHWUSA CAWUTKA, MpU CAMTKax 60/bLUIOro CeyeHus,
BCe 60/Iee CHWKAETCH, TaK KaK, C OfHOM CTOPOHbI, MPOrpeTas M3NOXHWLA, a
C OpYyroi CTOpPOHbI, YXKe 3aCTbIBLUAsA YacTb CAUTKA BefyT cebs Kak KOoHAeHcaTop
Tenna, M NpensATcCTBYIOT WHTEHCMBHOMY OTBOAY Tenja B pajuasibHOM Hanpas-
NEHNN.
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MpyHUMas BO BHWMaHVE 3TW PacCYy>KAEHWUS, C MOSHOA YBEPEHHOCTbIO
MOXXHO YTBEpX[aTb, UTO CBEPX HEKOTOPOro pasmepa C/UTKa, — HECMOTPS Ha
YMEHbLLEHWE 3HAYEHUA X W Y, XapaKTepHbIX A5 NPUObLIN, — He CHKAKTCH
noTepn Tenaa, NPOUCXOfdALLMe [0 MOMHOro 3acTbiBaHWS Kopryca CMTKa, a
HanpoTVB, MpV Bece CAWTKa CBEPX HEKOTOPOro OMpeAesieHHOro Beca, MOTepu
Tenna yvepes Nprbblib BO3PACTalOT. 3TO KpaiHee 3HaYeHUe ABMSETCH (hyHKLUMeN
Lenoro psiga (hakTopos, Y KPOMe XapaKTepUCTUK MPUObIIbHON FoM0BKK, peLuato-
LLee BUSIHWE VIMEIOT Te (aKTopbl, KOTOPble HAaMpPaBASKT WM KPUCTAN3ALMIO
CTa/IbHOrO C/INTKA. TaK, HampuMep, YeMm TOsLLE CTEHKA U3NTOKHULbI, YeM 6GOoflbLLe
KOHYCHOCTb, YeM MeHbLLIE Ter/IoNnpPoBOAHOCTb MaTepuasnia M3M0XKHULbLI 1 pasnu-
BAeMOW CTa/n, a TakKe COOTHOLLEHME /D U3M0XHULbI, TEM MeHbLLE U BEC CINTKA,
npy KOTOPOM UMEET MECTO YMOMSHYTOe KpaliHee 3HaueHue.

Bce M3N0XEHHOE [0 CUX MOP OTHOCMTCA K C/MTKam Takoro Tuna, 4ns
KOTOPbIX BEPXHEE OCHOBAHWE KOPryca PaBHO MO BE/IMYMHE HVKHEMY OCHOBAHMIO
nNpubbUn. ECAM HUXKHEe OCHOBaHWE NPUObUTM MeHbLUe, TO MOSIBASIETCH BO3-
MOXHOCTb YBE/IMYEHUS ee [0 pa3MepoB BEPXHEro OCHOBaHMSA Kopryca CMTKa,
YTO MPVBEAET K 3HAYNTENIbHOMY CHVDKEHMIO 3HAYEHWIA X 1N Y 6e3 0fHOBPEMEHHOIO
YBENIMUEHMS BPEMEHW 3aCTbIBaHWSA Kopnyca cuTka. C Apyroil CTOpOHbI, BO3-
pacTaeT NOBEPXHOCTb COMPUKOCHOBEHWUST KOpryca CINTKA C NPUOLUILI0 1 BEPXHSS
OTKPbITas MOBEPXHOCTb MPMOBLLIN, NPUXOLALLMECH Ha eAMHULY 06bema NpUBbIIA.

B pesynbTaTe YMeHbLUEHWS1 KOHYCHOCTU Mpuobinv, 6e3 M3MeHeHUs1 pasme-
poB Kopnyca CMTKa U 06bemMa NpubbUIv, NPaKTUYECKU MONy4YatoTcs Mpubbuiv
MEHbLLIEA BbICOTbI 1 0OMbLLUEN BEPXHEN OTKPbLITOM MOBEPXHOCTW, MPU HEU3MEHHOA
BE/IMUMHE MOBEPXHOCTY COMPMKOCHOBEHWS KOpMyca C/IMTKa ¢ nNpubbuibio. Beuay
TOro, YTO TaKoe W3MeHeHWe BO3LEMCTBYET Ha BPEMS KpUCTa/IM3aumMm Kopnyca
C/IUTKA, HeobXOAMMO pPacCMOTPETb /UL, KakoB OyAeT MpUPOCT TemnsoBbIX MO-
Tepb 4epe3 OTKPbITYHO MOBEPXHOCTb MpUObLUIN, B OT/IMYUME OT CHUDKEHWUS Terno-
BbIX MOTEPb, JOCTUraemMoro B pesy/ibTare YMEHbLUEHWS 3HAYEHWA X U Y, Xapak-
TEePU3YIOLLMX NPUObIIb.

Mpn ysACHeHWM 3TOro BOMpOCa, MpeXae BCEro HeoOXOAMMO WCCNedoBaTb
M3MEHEHME MOBEPXHOCTU NPUOLUTM B 3aBUCUMOCTM OT KOHWYHOCTM (MnK) no-
CTOSIHHbIX al(D1U OT BbICOTbI AX). Tak Kak KOH(uUrypaums npuébuiv, 06bIMHO
MMetoLLIEr (hOpMY YCEUEHHOIO KOHYCa WM YCEeUeHHOW nuMpamMugbl, B MPUHLMME
MOXET MEHSATLCS OT NPU3MbI UKW LMAVHAPA [0 NUpaMuibl UM KOHyca, TO M3Me-
HEHMEe 3/1IEMEHTOB MOBEPXHOCTM U BCEA MOBEPXHOCTU MPUOLIIA NOAJIEXMNT UCCre-
[0BaHMIO B 3TUX Npefenax.

Kak y>e nokasaHo faHHbIMK Tabnuu, 1 1 2, oblwasa naowaib noBepxHOCTH
npubbu (P + F) BO3PACTaeT C YMEHbLLEHUEM 3HAYEHUI XapaKTePUCTMK KOHYC-
HocTn 50(DX—D>)/Hi wn 50(al— ad)/A,. VccnepoBaHue Apyrvx Mpubbiiei,
OfHaKO, MOKa3bIBaeT, UTO OfHOBPEMEHHO C YMEHbLUEHUEM KOHYCHOCTU MOXET
YMeHbLUATECA M 06LLaA Maowaabs MoBEPXHOCTU. 3TO 06CTOATENLCTBO MO3BOUIIO
NPeanonoXnTb, YTO MNPV OMpPeLeneHHbIX NPOMOpLUMSAX 06LLas Miowaib NoBepx-
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HOCTW UWMHAPA GOrblue, paBHA WM MeHblUe O6LUEA M/OW@an MoBepPXHOCTU
KOHYyCa, WMEIOLLEr0 PaBHbIA C LUMAMHAPOM O6BEM W AMAMETP.

O603HauYMB BbICOTY LWIMHAPA Yepe3 hv a BbICOTY KOHyca 4epe3 /12, Ha
OCHOBaHWM TMPEANOSIOKEHHOV PaBHOCTM OGBHEMOB W MOBEPXHOCTEN MOXHO 3a-
nmcaTb:

TATE ni

Otkyga hy= 0,4 Dy, TO ecTb 1y = 0,4 D1 ABNSAETCA YC/IOBUEM PAaBHOCTU MJ10-
WaaM MNOoBEpXHOCTU UWAMHAPA WM KOHYyca, NpU paBHbIX 06beMe M OCHOBaHWUW-
Ecnn 1y >0,4 Dy, TO nnowagbs NoOBEPXHOCTU KOHyca 60sbLue, a ecii hy< 0,4 D,.
TO OHa MeHblUe MOLAaAM MOBEPXHOCTU LMAMHAPA.

Takum 06pa3om, MpegnosiokeHne 6blI0 MpaBUIbHbLIM, OAHAKO, 06LLsa,
naowanb MOBEPXHOCTU MPUOLUIA MOXET YMeHbLUATLCA WM BO3pacTaTb 0f0-H1
BPEMEHHO C KOHYCHOCTbIO HE3aBMUCMMO OT TOr0, Kakoe COOTHOLLEHME CYLLECTBYET
MeXAy MowasamMmn NoBEPXHOCTU LUAMHAPA U KOHYca C paBHbIMU 0ObeMamu U
OCHOBaHMAMMW, TaK Kak Nnowaib NoBepxXHOCTU MeHSETCA B (DYHKLMM KOHUYHOCTU
(BbICOTbI) He M0 SINHENHOMY rpadinKy, a no MUHUMaIbHON KPUBOIA, YTO NPU YC/I0BU
hy = 0,4 Dy NoKasaHo Ha puc. 5,6 1 7. o pucyHKam BMAHO, YTO Bo BCEX CrlyyasiX
Npu Hy = D2 MOXET ObMb JOCTUIHYT MWHMMYM OOLLEA MIOWAaAN MOBEPXHOCTM.
JTO 3HAUUT, YTO MPU YMEHbLUEHUM KOHYCHOCTU (BbICOTbI) YCEYEHHOro KOHyca,
MOYTU TOXECTBEHHOIO C KOHYCOM, 06Llas rnowais MoBEPXHOCTU U BHavase
YMEHbLLAETCSA, a 3aTeMm, Mocse MPOXoXAeHUS MUHUMYMa, BO3pacTaeT [0 pasMepa
o6Lelil NaoWaaM MNOBEPXHOCTU LWAVHAPA. YMeHbLUeHUe 3HayeHUss P + F B
WHTEpBa/le OT MakKCUMyMa 10 MUHUMYMa SB/ISIETCA HanbonbLUvMM npu hy > 0,4 Dy,
N HavMeHblWMM Mpu hy < 0,4 Dv Pa3HWUa B pasMepe Mnowaan rMoBepxHOCTU
LUUIVHAPA U KOHYCA C HauMeHbLLE 06LLeli MoWwaapio NoBepXHOCTU ByaeT Hau-
6onblueli MpU hy< 0,4 Dy U HauMeHbLUeA MpW /il >0,4D 1. Wz W3M0XKEHHOIO
crnefyeT, UTO MPU YMEHbLUAKLLEACA KOHYCHOCTU (BbICOTE) MOXHO OXMAATb CHU-
XKEHUS 00Lel Mowaan NnoBepXHOCTU MPUObUM B TOM Crly4vae, ecim rogne-
Kallas M3MEHEHMIO MPUBbITb UMEET Hy > D.2 U YMeHbLLIEHWE TeM 60/ibLLE, Yem
6onbLUe 3HadeHWe hyl0,4 Dy MO CpaBHEHMIO C egvHWLEl. HakoHeu, cnegyeT oT-
METUTb, YTO MUHUMYM KPUBOM P + F MpekpallgeTca npyv 3HaveHUn

KOrfa HauMeHbLLYHO MOBEPXHOCTb MMEET UMAMHAP. Takyro NporopLuvio, 04HAKO,
peaKko MPUHUMAKOT AaXke AN HauMeHee BbIFOAHO CKOHCTPYpUpOBaHHbIX Mol/Bbl
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Neil. B npaKTuKe, TakM 06pa3oM, B 3HAUMUTE/IbHOW YacTy ClyyaeB, YMeHbLLEHVE
KOHYCHOCTM COMPOBOXAAETCS POCTOM O06LLE MoLaay MOBEPXHOCTU NPUBLIIN.
PocT nnowaan noBepxXHOCTM MpMbbIIM BOOOLLIE CNeAyeT cuiTaTb OTpULATE/TbHbIM

sIB/leHMeM, TaK Kak Gosbliasi niowagb MOBEPXHOCTU MPUBOAUT K 6ObLLIMM
TEM/I0BbIM MOTEPSIM.

Puc. 5. V3MeHeHue 3/1eMEHTOB MOBEPXHOCTM Puc. 6. M3MeHeHMe 3/1€EMEHTOB MOBEPXHOCTU
nPUbbLIIM B 3aBMCUMOCTW OT KOHYCHOCTU npuébiM B 3aBMCUMOCTM OT KOHYCHOCTU
(BbicoTbl) Npu hj0,4 Dj < 1 (BbicoTbl) npn hjo,4 DI = 1

B03MOXHOCTb MPUGAVKEHHO MPaBUIbHOM OLIEHKM TEMOBbIX MOTEPb MpU-
O6bUM gaHa Temy pesynbTaTaMu 3KCMEPUMEHTOB, KOTOPble YACHWAM TennoBble
notepy nNpubbiNM B OTAENbHbLIX HanpaBfeHusX [1]. Mo aKcnepMMeHTa/lbHbIM
JlaHHbIM, 4Yepe3 OTKPbITYD BEPXHIOK MOBEPXHOCTb MNPUObLIN, MOABEPrHYTON
uccnefoBaHMio 2,54 am2, TensoBble NOTepy cocTaBunn 4%, a 4epe3 60KOBYHO
noeepxHocTb 1,32 am2— 85,69 NOMHbIX TEMMOBLIX MOTepb. 3HayeHWEe Tenso-

BbIX MOTepb Ha eAVHWLY MOBEPXHOCTW, MPUHMMAs MNoTepy Mo ABYM Hanpas/ie-
Huam 3a 100%, nony4yaeTcs cregytoLee:
OTKpPbITasA MOBEPXHOCTb:

4,100

1,75 % /agm2
(85,6 +4)-2,54
60KoBas MOBEPXHOCTb:

85,6-100

117 %igm2.
(85,6 + 4)13,32
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3TV 3HaueHUsI MOKa3bIBAKOT, YTO 4epe3 eAvHULY 6GOKOBOI MOBEPXHOCTM
OTBOAUTCA 6GO/lee YeM YeTbIPEXKPATHOE KO/IMYECTBO Tersia, YeM yepes eauHuLy
OTKPbITO/ MOBEPXHOCTW. 3TO, B CBOK O4YEpefb, 3HAYUT, YTO TEMSIOBble MOTEPU
NPUOBLIUN CHXKAKOTCA BO BCEX TeX Cy4vasix, KOrAa yMeHbLUEHWE KOHYCHOCTM He
MPUUMHSIET YMEHbLLIEHWS] GOKOBOW MOBEPXHOCTU, COMPOBOXAAIOLLIENOCH UYETbIPEX-

Puc. 7. N3meHeHMe 3/1eMEHTOB MOBEPXHOCTM MNPUOLIIM B 3aBUCUMOCTU OT KOHYCHOCTM
(BbicoTbl) npn J1,/0,4 Of > 1

KpaTHbIM YBe/IMYeHWEM OTKPLITOM MOBEPXHOCTU. PaccmoTpeB puc. 5, 6 u 7,
MOXHO 3aMeTUTb, UTO MOCPEACTBOM YMEHbLLEHMSA KOHYCHOCTU (BbICOTbI), OTKpPbI-
Tas NOBEPXHOCTb MPubbLM (F) YBENMYMBAETCA, a B TO Xe Bpems Gokosas Mno-
BEPXHOCTb MPUOLIIA  YMEHBLLLAETCA Aake MNPU  YBENMUMBAIOLLEMCS 3HAYeHUU
P + F. JTO nocnefHee 0OCTOATENLCTBO MpaBia YyKasblBaeT Ha TO, YTO BO3pac-
TaHWe 3HaYeHVs F MMeeT 6OSbLUMIA MacluTad, YeM YMEHbLLUEHVME 3HAYEHUs] P
NPy YMeHbLLUEHUW 3HAYEeHMS H1 B MeHbLUE Mepe YeM Hr = D2. B To Xe Bpems
BMAHO WM TO, YTO POCT 3HAYEHUS1 F HWUrfe He JOCTUIaeT pasMepoB YeTblpexkpaT-
HOI0 YMEeHbLLUEHNS 3HayeHWs P B Mpegenax hJjo,4 Dx=0,7 — 1,2, B KOTOpPbIX
N HaxoguTcsa 6oMbluee YMCI0 NPUBbINEA NpPaBWIbHO paccyMTaHHbIX. W3 puc.
5, 6 1 7 MOXHO cfenatb W1 TOT BbIBOA, YTO MpWU 3HayeHUn hj0,4 bx= okono 0,5
pOCT 3HAYeHUSA F [OCTUraeT YETbIPEXKPATHOIO 3HAYEHWSI YMEHbLLEHUS P.
PestoMrpys  N3N0XKEHHOE, MOXHO 33sBUTb, UTO CHMDKEHWE KOHYCHOCTU
NPUOLUTN MPUBOAUT K YMEHBLLUEHUIO WM YBE/IMYEHUIO O6LLEA nnoLiaan nosepx-
HOCTW NPUBLLIN, B 3aBUCUMOCTW OT COOTHOLLEHUS M Dv W 3HAYEHUA H1= D..
Ecnn ymeHbLUaeTcs o6Lias noBepXHOCTb MNpPUbbLIM, Kasanocb 6Obl ecTecT-
BEHHbIM, YTO YMEHbLLLAKOTCA W MOTepu Ter/a, OAHAKO, CHWXeHWe TersioBbIX
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noTepb MOXKET HACTYNUTb W MPU YBESIMYEHUW M/IOLL@AN MOBEPXHOCTM MpUObLINK,
BM/I0Tb [JO TOr0 MOMEHTa, NMOKa YMeHbLLIeHMe OOKOBOM MOBEPXHOCTM He MOBfeYveT
3a CO00/ YeTbIPEXKPATHOro MpUPOCTa OTKPbLITOA MOBEPXHOCTU.

CHWKeHVe TensoBbIX NOTePb, COMPOBOXAAOLLEE YMEHbLLEHNE KOHYCHOCTM,
6yfeT Tem 60MbLUMM, YeM 6GOfiblUee 3HaYeHMe MMEET XapaKTepucTKa npubbian,
Bblpa)kaemasi apobbto

4KJDIn

0,4D, '

Puc. 8. VI3MeHeHWe 3/1EMEHTOB MOBEPXHOCTWM MPUGLINM B 3aBUCUMOCTM OT KOHYCHOCTU
(BbicoTbl) Npy V°>4 ai < |

B panbHeiilemM Heo6X04MMO PacCMOTPETb, KakoBbl Te (haKTOpbl, KOTOpble
B/NAIOT Ha MPUBELEHHYIO Bblllle NPOMOPUMIO, N B KAKOM Harpas/ieHUM MposiB-
nseTca ux geiActBue. MOXHO YCTaHOBUTb, YTO YeM 6OsibLue N YeM MeHbLLe
COOTBETCTBYIOLLUMIA €My Dv TeM 60Mbllie OyAeT 3Ha4yeHWe ApPo6M MO CpPaBHEHMIO
C eaVHULIENA.

YBenuueHve /{x B °/0-ax K 06bemMy BCEro C/IUTKa HeXenaTeslbHO, O0fHaKo,
YBENIMYEHNE €ro abCoMTHOrO 3HayeHusl, 6e3 M3MeHeHMs °/,,-a o6bema M MNpu
HEeN3MeHHOM D1 BO3MOXHO XOTS M UCK/IHOUUTENBHO MyTEM WU3MEHEHWUS pa3MepoB
Kopriyca CnmTKa.

3HayeHne K1ir Hafmpumep, MOXEeT ObIMb YBENYEHO:

a) lyTeM yBeNIMYeHUS COOTHOLLUEHWS H/D C/AUTKA, MNpPU HEM3MEHHOW KO-
HYCHOCTW €ro:

6) MyTEM YMEHbLLUEHMS KOHYCHOCTW KOpryca C/UTKa OAHOBPEMEHHO C
HEBO/bLUMM  YMEHbLLIEHEM COOTHOLLEHWS H/D.
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M3 BbllLeyKa3aHHOMO CnedyeT, UTo AN BCEX CTa/lbHbIX C/IUTKOB, AN KOTO-
PbIX HUKaKue apyrue gaxkTopbl (KOBKa, NpoKaTKa, 06pasoBaHMe pbIXN0CTW BLOMb
OCWM) He OpPraHVYMBAKOT 3TV YC/IO0BUS, CriefyeT CTPEMUTLCS K MaKCMMaslbHOMY
COOTHOLUEHUO A/D 1 MUHMMa/ILHON KOHYCHOCTW, MUMES BBUAY CHWKeHWe Tenso-
BbIX MOTEPb MNPUBLLIN.

BbIBOAbI, CAeNaHHble 40 CUX MOP B OTHOLUEHWMM KOHYCHOCTW MPUObIIbHBLIX
r0/I0BOK, MOMYT 6bITb MPUMEHEHbI U K MPUOLINIAM KBaLpaTHOro CceveHWs NpuHag-
NeXallnm K CIMTKaM KBagpaTHOro ceveHmsi, HeoOXoAUMO /ULLIb BMECTO 3HaYeHWi

Puc. 9. W3meHeHMe 3/1eMEHTOB MOBEPXHOCTU Puc. TO V3meHeHWe 3/1eMEHTOB MOBEPXHOCTU
npubbINM B 3aBMCUMOCTM OT  KOHYCHOCTMU nNpuobbIIN B 3aBUCUMOCTU OT KOHYCHOCTU (Bbl-
(BbicoTbl) Npn hj04at= 1 cotbl) npn hj0,4ay> 1

D noActaBUTb COOTBETCTBYHOLLYME 3HAYEHMS a. W3MeHeHWe 3HaueHWin a2, F, P,
P -f- F Npubblieli KBaLpaTHOro CeYeHUs B 3aBUCUMOCTW OT Hv Hapsfy co 3Ha-
YeHnamu Hr = 0,4 Dx nokasaHo Ha puc. 8, 9, 10.

Heobxogumo oTMeTWUTb, 4TO 6GOKOBasi MOBEPXHOCTb MpubbIIen KBagpaT-
HOro CeYeHVsl, MMEIOLLMX paBHbIA 00BbEM, Ty >Ke M/oWgib CeYeHUS U PaBHYH
KOHYCHOCTb, YTO W MpuUObIIM KPYI/I0ro CeveHusi, 60/bLUe, 1, Takum 06pasom,
YaCTb GOKOBOW MOBEPXHOCTW, MPUXOASLLAACS Ha eaMHULY 06beMa (X ) U 06beM
orHeynopHon cyTtepoBku (F), Takke 6orbLue.

CymMmMupyst MOXKHO YTBepXfaTb, YTO B MHTepecax CHUDKEHUS TensoBbIX
noTepb NPUOLLIMA, MPU MNPOEKTUPOBAHWUM W pacyeTe W3NOXHUL, >KenaTeslbHO
cobnofaTh CrefytoLlime YCoBuS:

1. WN36eratb, Mo BOSMOXHOCTW, Pa3/IMBKM B U3TOXKHULIbI MasibIX Pa3Mepos;

2. NpUMeHeHVe MPUOLIIbHBIX FO/IOBOK Masioi KOHYCHOCTU;
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3. pa3paboTKa TaKuX COOTHOLLEHWA pa3MepoB CAUTKAa WM NpubbUv, Npu
KOTOPbIX 3Ha4eHue

4K, D,n 4K, a. n
_— = — mwimn - - L= — -—--
2 0,4 Dj 2 0,4«!

ABNSETCA BO3MOXHO HaMbOMbLUMM MPU MUHUMAIbHOM K v BbIP&KEHHOM B %6-ax;

4. yBeNMYeHVe COOTHOLLEHUS H/D [0 TexX Mop, Moka fasibHelillee yBenu-
UeHVe He COMPOBOXAAETCS MOSIB/IEHMEM PbIX/IOCTU MaTepvasa BAO/Mb OCK;

5. YCTaHOB/IEHWE MWHUMA/IbHOM KOHYCHOCTU KOpryca C/IUTKa;

6. 3aMeHa NPUGLIIbHBIX FO/I0BOK KBAAPATHOFO CEYEHWUs!, ro/IOBKaMU Kpyr-
JIOF0 WM MHOFOYrO/IHOTO  CEYeHUs.

JINTEPATYPA

1. Yabanuk, [.: Az acéltusko-tapfej termikus vizsgalata (Tepmuyecknin aHanns npuobIinei
CTa/lbHbIX CNWUTKOB). [uccepTauma Ha COMCKaHMe YYeHOR CcTeneHW [AOKTOpa Hayk,
Bypanewt 1964.

REDUCTION OF HEAT LOSS OF THE INGOT HEAD

GY. CSABALIK

SUMMARY

One way to reduce the heat loss of the ingot head is to modify the shape and the dimen-
sions of the head, leaving its volume unchanged. The lateral heat loss of the ingot head being
the highest it should be endeavoured to diminish the lining volume of the head-cap per unit-
volume of the ingot head, as well as to reduce the inner mantle surface of the head-cap. This
can be achieved by reducing the conicity of the head. Besides an unchanged head-volume
the larger upper open surface thus formed permits the heating of a larger head surface with
simpler methods. The better heating possibility achieved together with the reduction of heat
loss result in a very favourable ingot head shape and ingot head volume.

VERRINGERUNG DES WARMEVERLUSTES AM GUSSKOPF

GY. CSABALIK

ZUSAMMENFASSUNG

Eine Modoglichkeit zur Verringerung der Wé&rmeverluste am GuRkopf besteht in der
Anderung der Form und der Abmessungen des GuBkopfes bei unverdnderten Volumen. Da der
seitliche Warmeverlust des GuBRkopfes der gr6Rte ist, muB die Verringerung des aufdie Raumin-
halteinheit des GuRkopfes bezogenen GuBkopfkappenfutter-Rauminhaltes sowie der inneren
Mantelflache der GuBkopfkappe angestrebt werden. Dies kann durch Verringerung der Koni-
zitdt des GuBkopfes erreicht werden. Die sich bei unverédndertem GuRkopfrauminhalt derart
ergebende gréBere obere offene Flache ermdéglicht das Heizen einer groBeren Oberflache des
GuRkopfes durch einfache Methoden. Die gleichzeitig mit der Warmeverlustverringerung
erreichbare groRere Heizmdglichkeit ergibt glnstige GuRkopfform und vorteilhaften GuR-
kopfrauminhalt.
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REDUCTION DES PERTES DE CHALEUR DE LA MASSELOTTE

GY. CSABALIK

RESUME

Un mode de réduction des pertes de chaleur de la masselotte consiste & modifier sa
forme et ses dimensions, tout en laissant son volume constant. Les pertes de chaleur de la
masselotte atteignant leur maximum en direction latérale, il faut s’efforcer de réduire, d’une
part, le volume de revétement du chassis — par unité de volume de la masselotte — et d’autre
part la surface intérieure du chassis. On y arrive en diminuant la conicité de la masselotte.
Le volume de la masselotte étant constant, la plus grande surface supérieure ouverte ainsi
produite permet le chauffage d’une plus grande surface de la masselotte, moyennant des
méthodes simples. La possibilité d’un chauffage plus intense assurée en méme temps que la
réduction des pertes de chaleur, laisse obtenir une forme et un volume de masselotte tres

favorables.
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THEORETISCHE UND EXPERIMENTELLE
UNTERSUCHUNG DER FLIESSERSCHEINUNGEN
DES WERKSTOFFES BEIM GESENKSCHMIEDEN

41. MITTEILUNG DER METALLURGISCHEN ARBEITSGEMEINSCHAFT

L. TOTH
AKADEMISCHE METALLURGISCHE ARBEITSGEMEINSCHAFT, MISKOLC (UNGARN)

[Eingegangen am 28. Februar, 1966]

Vorliegende Arbeit beschéftigt sich mit den theoretischen und experimentellen Unter-
suchungen des MaterialflieRens beim Gesenkschmieden. Es wird fir die Bestimmung der
Erscheinungen des MaterialflieBens beim Gesenkschmieden ein leicht ibersehbares Naherungs-
verfahren beschrieben. Der Verfasser untersucht experimentell und theoretisch die Form-
&nderung und die Spannungsverhéltnisse eines zylindersymmetrischen Schmiedestickes mit
einem H-Querschnitt und einer Zapfenscheibe. Zwischen den experimentell und theoretisch
bestimmten Beziehungen besteht eine ausreichende Ubereinstimmung, womit die Richtigkeit
der beschriebenen theoretischen Naherungsmethode bewiesen ist.

I. Einfihrung

Im Fall des Gesenkschmiedens und des Pressens befindet sich der Werk-
stoff in einem dreiachsigen Spannungszustand und dementsprechend erleidet
er eine dreiachsige Forménderung. Der dreiachsige Spannungszustand kann
lediglich mit Hilfe von sehr komplizierten mathematischen Verfahren unter-
sucht werden. Daher, fuhrt man nicht vereinfachende Bedingungen ein, so
kénnen die Kennzeichen der bildsamen Formé&nderung — die Spannung und
die Forménderung — auf rein theoretischem Wege nicht bestimmt werden.
Die Vielfalt und Kompliziertheit der Schmiedestiicke erschwert auch sehr die
Ausarbeitung von vereinfachenden Bedingungen. Daher findet man im Schrift-
tum sehr wenige theoretische Ldsungen fur die Bestimmung der FlieRerschei-
nungen des Werkstoffes beim Gesenkschmieden. Vorliegende Arbeit befal3t sich
mit der Untersuchung des Ausfiullvorgangs vom Gesenkraum. Die Untersuchung
der Formé&nderung, die sich im bereits ausgefullten Gesenkraum vollzieht, bil-
dete den Gegenstand einer friheren Arbeit [1].

Zur theoretischen Bestimmung der mehrachsigen Forméanderung kén-
nen nach der allgemeinen Theorie der bildsamen Formé&nderung verschiedene
N&aherungsverfahren ausgearbeitet werden. Die grundlegende Bedingung der
Berechnung besteht darin, dal wahrend des Schmiedens ein ebener Form-
anderungszustand vorausgesetzt werden kann. Die Spannungen und die Ver-
schiebungsgeschwindigkeiten kénnen z. B. nach dem bekanntesten theoreti-
schen Verfahren — nach dem Gleitliniensystem — festgestellt werden. Der

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



108 L. TOTH

groflRte Nachteil dieser Methode besteht darin, dall sie nur bei konkreten MaR-
verhaltnissen verwendet werden kann, ferner darin, dal bei Schmiedestiicken
mit komplizierten Querschnitten die Bestimmung des Gleitlinienfeldes lang-
wierig ist. Eine andere Methode zur gemeinsamen Untersuchung der Span-
nungen und der Forméanderungen kann mit Hilfe der Anwendung des Prinzips
der Mindestarbeit ausgearbeitet werden. Die Beschreibung dieses Verfahrens
ist im Buch [2] von Tarnowskij und seiner Mitverfasser zu finden.

Die Anwendung des Prinzips der Mindestarbeit fuhrt zu einer relativ ein-
facheren Theorie als das Gleitliniensystem. Ein weiterer Vorteil besteht darin,
daB diese Theorie sich auch fir die Ausarbeitung einer allgemeinen L&sung
eignet. Nachteilig ist jedoch, daR die Lésung nicht einfach ist, und das Ergeb-
nis nur als oberer Grenzwert betrachtet werden kann [3], da das vereinfachte
Forménderungsschema, das als Rechnungsgrundlage dient, nicht der tatsach-
lich auftretenden Formanderung entspricht. A. Geleji [4] entwickelte in sei-
nen Arbeiten eine allgemeine theoretische Methode, die es ermdglicht, unter
Anwendung von experimentellen Werten und durch zweckméaRige Verein-
fachungen gut Ubersehbare und leicht zu behandelnde Beziehungen zu ent-
wickeln. Mit Hilfe dieser Methode kann man auch die Spannungsverhéltnisse
und die Erscheinungen des Werkstofflusses beim Gesenkschmieden bestimmen.

Il. »Prinzip der neutralen Linie«

Als Grundlage unseres N&herungsverfahrens dient die Tatsache, daB bei
der Forménderung eines bildsamen Kdérpers von beliebiger Form sich stets ein
solches Flachensystem bildet, das den Korper in Teile gliedert, in denen die
Richtungen der Forméanderungen unterschiedlich sind. Bei dem Gesenkschmie-
den flieRt das Material in die noch nicht ausgefullten Gesenkrdume lediglich
aus den sie umgebenden und aus den mit den eben genannten Trennflachen
begrenzten Teilen (Bild 1). Die im Bild mit gestrichelten Linien gekennzeichne-
ten Flachen teilen das skizzierte Schmiedestiick in drei Teile. Aus dem Raum-
teil 1 flieBt der Werkstoff lediglich in die Gratrille, aus den mit Il und IIl
bezeichneten Raumteilen dagegen nur in den oberen beziehungsweise unteren
Gesenkraum. Die Kenntnis der Trennflachen ist daher erforderlich, um den
Mechanismus der Ausfullung des Gesenkraumes bestimmen zu kénnen. Die
Ausfullung der Gesenkrdume kann als Funktion der Hohenabnahme, unter Ver-
wendung des Gesetzes von der Raumkonstanz, bestimmt werden.

Damit beschrankt sich die Untersuchung der FlieBverhaltnisse beim
Gesenkschmieden auf die Bestimmung der Trennlinien. Das System der Trenn-
linien kann man mit Hilfe von einfachen Versuchen bzw. mit theoretischen
Uberlegungen bestimmen. Die genaue Lage der Trennlinien kann man nach
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der Bedingung des im Kdorper auftretenden Gleichgewichts der Spannungen
bzw. durch Anwendung des Prinzips der minimalen Arbeit festlegen.

Im wesentlichen wurde dieses Prinzip auch von KARMAN bei der Theorie
des Walzens verwendet [4], daher sei im Interesse der Einfachheit in den wei-
teren Ausfuhrungen dieses Prinzip als das »Prinzip der neutralen Linie«
genannt.

I11. Bestimmung des »Systems der neutralen Linie«

Das System der neutralen Linien kann man am einfachsten experimentell
bestimmen. Zweck der experimentellen Methode besteht in der Bestimmung
der Richtungen derim Innern des Schmiedestiickes auftretenden Materialver-
schiebungen. Die Bestimmung wird in der Weise vorgenommen, dalR im Gesenk
ein Probestuck geformt wird, das die Symmetrieebene entlang eine Teilung und
auf der Teilungsebene ein diinnes, gekratztes Netz aufweist. Um ein anschau-
liches Bild Uber die wédhrend der Verformung stdndig wechselnden FlieRRver-
héltnisse des Werkstoffes zu erhalten, ist es zweckmdaRig, wenn man die bis
zu einem verschiedenen Grad im seihen Gesenk verformten Probekdérper mit
einem quadratischen Netz versieht. Die Probekdrper, die vorher bis zu einem
verschiedenen Grad verformt wurden, erhalten ein regelméafRiiges Netz, und wer-
den dann erneut einer geringen Verformung (Ah = 0,5 mm) unterworfen.
Dadurch erhalt man die auf den Bildern 8 und 16 dargestellten Abbildungen.
Aus den zusammenhdngenden Abbildungen kann man gut die w&hrend des
Verformens entstandenen Forméanderungsbilder verschiedenen Charakters ent-
nehmen. Anhand der Abbildungen, welche die 6rtlichen Verschiebungen ver-
anschaulichen, kann die Lage und Form der neutralen Linie gut bestimmt wer-
den. Untersucht man die inneren Verschiebungen, die bei Schmiedestiicken
verschiedenen Charakters auftreten, so kann man feststellen, dall die neutralen
Linien Raumteile begrenzen, in welchen entweder ein Stauchen zwischen schie-
fen Ebenen oder ein Pressen in einen leeren Raumteil stattfindet.
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1. Pressen
Das Prinzip des Pressens in einen leeren Gesenkteil veranschaulicht das
Bild 2. In Abhéngigkeit von den im Korper entstehenden Spannungsverhalt-

nissen tritt eine Spannung von irgendeiner GroéRe ax auf. In Abhangigkeit von
der GrofRRe der Spannung ax wird ein Forméanderungsfall entweder nach Bild

> WWNNW - AXWWXW

V8 - Jh--mmeeee k_J
Mo eme—v~
% fx
b ;.Yc
Vnax 1 i“maxif
L

A A AR R AR R R AR R R AN

2a oder nach 2b auftreten. Wenn zwischen den Spannungen, dargestellt im
Bild 2, die mit der Gleichung (1) ausgedrickte Beziehung besteht, dann tritt
die Forménderung nach Bild 2a auf:

(1)

Nach der Gleichung (1) wirkt im Raumteil abcd keine so groBe Spannung
ax, welche die Raumelemente s.dy zusammendricken wiirde, daher bleibt das
Raumelement abcd in einem elastischen bzw. einem starren Zustand. Im Ver-
lauf der Forménderung wird der Raumteil abcd entgegen der Schubspannung
Tmax, die die Flachen ab und cd entlang auftritt, als starres Material abgeschert,
und in dieser Weise in den leeren Raumteil geschoben.
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Anhand des Gleichgewichts vom Raumteil abcd und in Kenntnis der Span-
nungen kdnnen die Abmessungen des elastischen Raumteils bestimmt werden.
Im Fall einer Zylindersymmetrie lautet das Gleichgewicht in Richtung y der
auf den Raumteil wirkenden Spannungen:

s2n
A (Oy — oyo) = snhr (2)

Aus der Gleichung (2) kann die Hohe des elastischen Raumteils (die auch
die Lage der neutralen Linie bestimmt) festgestellt werden:

©)

Im Koérper wird der Formé&nderungsfall, der im Bild 2b dargestellt
ist, entstehen, wenn zwischen den im Bild skizzierten Spannungen die
Beziehung nach Gleichung (4) besteht:

ffX0 cyt) -> ok f o1
4)

ax ay= kj.

Entsprechend der Gleichung (4) gelangt der Uber dem Spalt befindliche
Werkstoff in einen bildsamen Zustand. Wenn man wie bisher die im Kdérper
auftretenden Spannungen vernachléssigt, d. h. im Fall von txy Qii 0, dann sind
die Spannungen ax und ay nach der Bildsamkeitsichre Hauptspannungen. Die
Richtung der im bildsamen Werkstoff entstandenen Gleitebenen bildet mit der
Richtung der Hauptspannungen einen Winkel von 45°. In dem Fall, der im
Bild 2b dargestellt ist, tritt daher eine &hnliche Erscheinung auf wie beim
Strangpressen.

Auf Grund der Untersuchung des Strangpressens kénnen die im W erkstoff
auftretenden Spannungen mit Hilfe der Gleichung (5) bestimmt werden [1]:

Oy= oyQ+ 2,3kfln— . (5)

S

Nach den Gleichungen (4) und (5) kann man anschreiben:

ax_— kf+ -vo+ 2.3 Ayln — . (6)
S

Aus der Gleichung (6) kann in Kenntnis der Spannungen, die auf den in
der Umgebung des leeren Gesenkteils befindlichen Werkstoff wirken, das fur
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die Lage der neutralen Linie kennzeichnende MalR b bestimmt werden:

kf  0yO
2,3 kf

b= seexp (2)

und

K = (8)

2. Das Stauchen

Die theoretische Untersuchung der im Gesenk auftretenden Staucher-
scheinungen kann anhand der Kenntnis der bildsamen Spannungsverhéltnisse
des keilférmigen Raumteils durchgefihrt werden. Die im Bild 3 sichtbare
Spannungsverteilung kann auf Grund der Gleichgewichts- und Bildsamkeits-
bedingungen eines Werkstoffs — der sich zwischen zwei rauhen Druckflachen,

die einen Keilwinkel von 2 x bilden befindet — bestimmt werden [5]:
1-(- tan2a In b 9 9
°3 — °3(x= LI6~/ i + B
3(=0) ° | ,2tan &z S ©)
1-f-tan2a b
i = = 1+ In (10)
ai a(x=0) + 145k/| 2 tan @ s
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Im Fall eines Stauchens zwischen parallelen ebenen Flachen besitzen die
Gleichungen (9) und (10) keine Gultigkeit [da in den Gleichungen (9) und (10)
a nicht gleich 0 sein kann]. Die SpannungsVerhéltnisse beim Stauchen zwischen
parallelen Druckflachen kann man mit besonderen Gleichungen ermitteln [1]:

im Gleitbereich (t = fi2ai):

2/1
Ti—ci(x=0)exP x\, (n)
o= d.  kf5 (12

Unter Verwendung der Gleichungen (11), (12), (13) und (14) kann man

das Bild 4 entwerfen [1].
Die Bestimmung der Lage der am Schmiedestiick auftretenden paralle-

len oder zueinander mit dem Winkel 2a geneigten Druckflachen kann unter
Verwendung des Prinzips der minimalen Arbeit durchgefihrt werden.

Man kann anhand des Prinzips der minimalen Arbeit in dem im Bild 5
dargestellten Fall das MaR von b, das die Lage der im gestauchten Werkstoff-
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teil entstandenen neutralen Linien bestimmt, mit der Gleichung (15) ermitteln

[1]:
[jlo f3xH = 0’ (15)

b= -~(D .
) (D + ) (16)

Bild 5

Die Gleichung (15) kann man unter Anwendung der Mohrschen Bedin-
gung — bei einer konstanten Yerformungsfestigkeit — in nachfolgender Form
anschreiben:

a[’stoa» H =0 - {17)

Auf Grund der Gleichung (17) muf die auf den gestauchten Raumteil
wirkende Variation der aufleren Kraft gleich Null sein:

8[P] = 0. (18)

Nach der Gleichung (18) wird daher in dem gestauchten Werkstoff eine
bildsame Zone — d. h. ein neutrales Liniensystem — entstehen, bei welcher
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der Wert der auf den &ufleren Raumteil wirkenden Kraft minimal ist. Die
Gleichung (18) bedeutet im wesentlichen auch den minimalen Wert der ganzen
Schmiedekraft, da die Spannungsverhaltnisse, die in dem die PreRzone des
Gesenkraumes umgebenden Werkstoff entstanden sind, lediglich von der Gleich-
gewichts- und Bildsamkeitsbedingung abh&ngen, daher kénnen sie vom
Gesichtspunkt der Minimumgestaltung auBer acht gelassen werden. In dieser
Weise gilt die Gleichung (18) sowohl fiir das ganze Schmiedestliick als auch
fur die Teilvolumina des Stauchens.

Im Grunde genommen ist die Gleichung (18) die Bedingung fur das
Bestimmen der oberen Grenzbelastung, wenn man das Forméanderungssystem
beliebig annimmt [5], aber sie wird zur Bedingung fur das Ermitteln der tat-
sdchlichen Kraft, wenn man die Berechnung auf Grund des tatséchlichen
(anndhernd tatsachlichen) Forménderungsschemas, bestimmt anhand der Ver-
suche, durchfihrt.

IV. Anwendung des »Prinzips der neutralen Linie«
im Fall von kreissymmetrischen Schmiedestlicken

Die Richtigkeit und Anwendungsmethode der im Kapitel 111 erlauterten
theoretischen Grundlagen kann man am besten bei der Untersuchung des
Schmiedens von einfachen Kkreissymmetrischen Sticken veranschaulichen.
In den nachfolgenden Ausfihrungen werden die theoretischen und experimen-
tellen Untersuchungen von zweierlei — in der Schmiedepraxis oft vorkommen-
den — Féllen beschrieben.

1. Schmieden einer Scheibe mit einem im Mittelpunkt angebrachten Zapfen

Die beim Schmieden eines Probekdrpers aus Blei auftretende Schmiede-
kraft und die Zapfenabmessung Y sind in Abhé&ngigkeit von h im Bild 7
zu sehen. Der Bleikdrper hat einen Durchmesser von 25 mm und eine Hohe
von 125 mm; das Schmiedewerkzeug ist im Bild 6 dargestellt. Im
Bild 8 sind drei Abbildungen zu sehen, die kennzeichnend fir den Prefl3vor-
gang sind, und die innere Formdanderung zeigen. Im Bild 9 sind das anhand
des Bildes 8 ausgearbeitete neutrale Liniensystem und die auftretenden Span-
nungen zu finden.

Die Bestimmung der genauen Lage der neutralen Linien kann auf Grund
des dritten Kapitels erfolgen:

Im Fall einer Forménderung nach dem Bild 9a tritt der im Bild 2a ge-
zeigte Grundfall und die zwischen zwei parallelen Druckfldéchen erfolgte Stau-
chung auf. Das zur Bestimmung des Males von hr des neutralen Liniensystems
zur Verfugung stehende Gleichungssystem kann unter Zugrundelegung der
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Gleichungen (3), (11), (12), (13) und (14) bestimmt werden:

= o3 19
Ar y i (19)

- > (20)
ax — axo + k/’'/1 (21)

Werkstoff: Phji’=12,5j Dy 25mm;s=8 mm

Aus den Gleichungen (19), (20) und (22) kann der Wert von 2 hr\s aus-
gedrickt werden:

2hr

1+ ~> + /i (22)

s kf
Fur die graphische Ldsung der Gleichung (22) steht das Bild 4 zur Verfugung.
Die auftretenden Spannungen kénnen mit Hilfe der Gleichungen (20),
(21) und (22) bestimmt werden. Auf Grund der Spannungen und mit den
Bezeichnungen des Bildes 9 wird die auftretende Druckkraft:

D2n > D2 Ds

o (& 4 @X0) + (°x — ayo) ~ *

3 4 4 4

(23)
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Zur Bestimmung der Formanderung muf3 man annehmen, daR der bild-
same Werkstoff in seinem ganzen Querschnitt gleichmé&Rig eine spezifische
Formanderung von der GréRBe A h/h erleidet, und in diesem Fall besitzt die
Gleichung (24) Gultigkeit:

AY _  Ah
hr h
Bild 8

Man erhélt aus der Gleichung (24), indem man vom Quotienten der
Differenzen zum Différentialquotienten tbergeht:

dy hr

Ah h (25)

Mit Hilfe der Gleichungen (22) und (25) kann man den Differentialquotienten
AY/dh, der als Grundlage fur die Bestimmung der Abmessung des Zapfens Y
(die den kennzeichnendsten Kennwert des Materialflusses bedeutet) dient, in
Abhéangigkeit von h berechnen:

dy S ayo X

1+ 26
Ah  2h i e

Der im Bild 9b dargestellte Fall stellt im wesentlichen den Grenzfall der
Formé&nderung nach dem Bild 9a dar. Er tritt dann auf, wenn die Gleichung
(1) noch giltig ist, und die Ungleichung (27) ebenfalls besteht:

S
h <, (27)
5

Da hrnicht groRRer als h werden kann, mulR h = hr sein.

Acta Technica Academiae Scientiarum Hungaricae 56, 196&



118 L. TOTH

Ahnlich dem Forméandcrungsfall, dargestellt im Bild 9c, kénnen die Span-
nungen auch hier mit den Gleichungen (20) und (21) ausgedruckt, und die
auftretende Kraft aus der Gleichung (35) bestimmt werden.

n a
NI ~HHEY 1
S g & 6xa
N omex
KWW

Die zur Grundlage der Bestimmung der Formé&nderung dienende Glei-
chung (26) wird im Sinne der Gleichung h = hr:

(28)

Bei der Forméanderung nach Bild 9c tritt der Grundfall nach dem Bild
2b, ferner der Fall eines Stauchens zwischen parallelen ebenen Flachen auf.
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Die GroRe von hr, die bestimmend fir die Lage der neutralen Linien ist, kann
aus den Gleichungen (4)—(8) und (11)—(14) bestimmt werden:

ax — axo + ks ¢/, ;in (29)

Oy— Oy -)- 2,3k, In (30)

(31)

Aus dem Gleichgewichtssystem, das aus den Gleichungen (29), (30) und
(31) besteht, kann man fir die Bestimmung von hr folgende Gleichung ableiten:

23 1n s §- 2hr L g PO by X —hr e (32)

Der Wert der GréRe/j (3c/;1x), die in der Gleichung (32) vorkommt, kann
am Bild 4 unmittelbar abgelesen werden, die Gleichung kann also zahlen-
maRig oder mit einer graphischen Methode geldst werden. Zur Vereinfachung
der Lésung kann auch die auf der Abbildung dargestellte Kurvenschar/., ver-
wendet werden.

o~ hr h s+ 2hr

A = 2,3 1In = 2,3«In 1+ 2"~ - J1 (33)
h S h S

+ om &0 (34)

Die graphische Lésung der Gleichung (34) kann man in der Weise vor-
nehmen, daB man die im Bild 4 gezeigte Kurvenschar auf ein Pauspapier
zeichnet, und sie dann in der dargestellten Lage auf das Bild 10 legt. Der
Schnittpunkt der entsprechenden zwei Kurven, die man aus dem Bild 4 bzw.
aus dem Bild 10 entnommen hat, nach der Darstellung im Bild 10, dient
als Grundlage fur die Bestimmung von hr/h und von den Spannungswerten.

In Kenntnis von hr kann man die auftretenden Spannungen anhand der
Gleichungen (29) und (30) bestimmen.

In Kenntnis der Spannungen kann auf Grund des Bildes 9c die auftre-
tende Kraft berechnet werden:

7)2 r T i b 2'
P=- " (kf+ ox0)-f (ox— ayn) - Al A A+
4

o] 2

bk - bm (35)

Acta Technica Academiae Scientiarum Hungaricae 564 1966



120 L. TOTH

Die Bestimmung der Formé&nderung erfolgt nach dem Bild 9c unter
Verwendung des Gesetzes von der Raumkonstanz:

S2h gy (36)
A .
h
S
Aus der Gleichung (36) wird:
dy
(37)
~dh

In der Gleichung (37) ist nach dem Bild 9a b = s -f- 2 hr, wobei hr aus
dem Wert der als Lésung der Gleichung (34) errechneten GroRRe Afr ausgedruckt
werden kann.

Der Forménderungsfall nach dem Bild 9d ist im Grunde genommen
dhnlich dem Formé&nderungsfall nach 9c. Das MaR von s, das die Lage der
neutralen Linien bestimmt, kann als Lésung aus dem folgenden Gleichgewichts-
system gewonnen werden:

gi s-\~2h
m

—ayo b (38)

(

x=axo+ krfl\-~ "’ P~ (39)
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=0 V/ ;5w (40)

b
ox oy= kf. (41)

Die Gleichungen (38)—(41) kénnen unter Anwendung der Gleichungen
(4)—(8) und (11)—(14), entsprechend den Bezeichnungen im Bild 9d bes-
timmt werden.

Aus den Gleichungen (38)—(41) kann unter Verwendung der Gleichung
(33) folgende Beziehung abgeleitet werden:

. axo ayo
K 1; 1+ «f
Die graphische L6sung der Gleichung (42) kann entsprechend dem Bild
11 vorgenommen werden. In Kenntnis des Wertes z/h, der als Lésung aus der
Gleichung (42) hervorging, kann man nach dem Bild 9d den Wert von xjh be-
stimmen:
x = X s+ 2h _ z'
h h h h
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In Kenntnis der Grofen xjh und z/h kann man die auftretenden Span-
nungen auf Grund der Gleichungen (38)—(41) bestimmen. Kennt man die
Spannungen, so kann man nach dem Bild 9d die auftretende Druckkraft
berechnen:

D2n ID |2
P=— & + axy) + (ffX +
L (& ap)+ ( }2 3
Db ) b
N 21 ol G b{b~ 2 + (44)
4 + IY' 3 2
b- 2z\ 22 1
+ ne2k,+ (s+ 2h)hm —.
h0=12,5 mm
" ZF 25 mm
_Ph (n-n.0)
Ang _S- ‘8mMm
1 -
] h —15
Vi X I
i nd~
10 0
h[mm]

Bild 12

Der Wert der Formanderung kann mit Hilfe der Gleichung (37) ermittelt
werden. Der in der Gleichung (37) erscheinende Wert von b ergibt sich nach

dem Bild 9d zu
b=s+ 2h + 2z. (45)

Die Kenntnis des Wertes von dY/dh, der anhand der Theorie der neutra-
len Linien bestimmt worden ist, bietet eine Mdglichkeit dafir, daf man bei
konkreten Abmessungsverhéltnissen die Forméanderung bestimmt.

Im Bild 12 findet man den Wert von dY/dh, der fir einen Probekdrper
von 25 mm Durchmesser und 12,5 mm Ho6he errechnet worden ist, und die
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Werte der fur die Berechnung verwendeten Grofien X/h und h/s als Funktion
von h:

y = J_ 4 h (46)
n=o dh

Im Sinne der Gleichung (46) kann durch Integration der Funktion
dY/d/t der Wert von Y ermittelt werden. Die Integration fihrt man am ein-
fachsten graphisch durch. Im Bild 7 ist neben den experimentell ermittel-
ten Werten auch der nach dem Bild 12 bestimmte Wert von Y dargestellt.

Nach der oben beschriebenen Methode kann man auch die auftretende
Kraft ermitteln. Zur Bestimmung der Kraft kann der Wert der Verformungs-
festigkeit dem Bild 13 — das sich auf den Versuchswerkstoff Blei bezieht —
entnommen werden.

Im Bild 7 ist auch die durch die erlduterten theoretischen Gleichun-
gen ermittelte Kraft neben den Versuchswerten dargestellt. Nach dem Bild 7
besteht zwischen den theoretischen und experimentellen Kurven eine aus-
reichende Ubereinstimmung.

2. Schmieden eines zylindersymmetrischen Stickes von Querschnitt H
(auf jeder Seite mit einer Rippe)

In einem Gesenk, dargestellt im Bild 14, wurden Probestiicke (genau in
das Gesenk passend) von 31 mm Durchmesser und wahrend der Versuchsreihe
mit verschiedenen Ausgangshdhen verformt. Bei der Ausgestaltung des Gesenks
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mufRlte im Interesse der Einfachheit von den Radien der Abrundungen und von
der Seitenneigung abgesehen werden. Die Beseitigung des Grateinflusses wurde
nach der Methode von A. Geleji [4] durch die Formgebung des Gesenks erreicht.

Die wahrend der Verformung auftretende Kraft und das fur die Gesenk-
ausfullung kennzeichnende Mall von Y wurde im Verlauf der Verformung als
Funktion der Gratrille s gemessen. Im Bild 15 sind die Versuchsergebnisse zu
sehen.

S[mm

Bild 14 Bild 15

Zur experimentellen Bestimmung des Systems der neutralen Linien dient
als Grundlage das Bild der inneren Werkstoffverschiebung (Bild 16). Aus dieser
Abbildung kann man eindeutig feststellen, dafl bei allen MaBverhdltnissen eine
Forménderung entsprechend dem Bild 17 auftritt. Nach dem Bild 17 entsteht
demnach ein Stauchen zwischen parallelen Fladchen und der Verformungsfall,
der im Kapitel Ill. 1 beschrieben worden ist. Nach dem Bild 18 bildet sich
in dem uber den ebenen Fléchen befindlichen Werkstoff zum Teil eine elasti-
sche, zum Teil eine bildsame Zone aus. Die Hohe der elastischen Zone kann
anhand des Bildes 18 aus der Gleichung des Gleichgewichts, angeschrieben in
Richtung y, bestimmt werden:

(Db+ v)nvkf . 47)
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Aus der Gleichung (47) wird der Wert von hr:

. 2v. (48)

ZUEJz-

Bild 16

Dem Bild 18 entsprechend kann der Wert von hr sinngemaRB nicht gréRer wer-
den als A/2. Wennsich ein aus der Gleichung (48) errechneter Wert von Jigrof3er
ergeben sollte als A/2, dann muR man im weiteren Verlauf mit einem Wert von
hr = AJ2 rechnen.

Da die Gleichung dY/dA = 2 « Ar/A auch im vorliegenden Fall als gultig
angesehen werden kann, so wird die Forménderung des sich frei breitenden
Teiles nach der Gleichung (48):

<Y 4V

1+ (49)
dA h

Wenn der aus Gleichung (49) errechnete Wert fur dY/dA groRer sein sollte als
1, dann mufl man die Rechnung mit dY/dA = 1 durchfuhren.
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Anhand des Bildes 17 kann man zur Bestimmung der Formé&nderung,
unter Verwendung der Raumkonstanz, folgendes Gleichungssystem anschreiben:

dhm W™ gsepkns  dvyi 77 (50)
4

dh- = dr-D hnh. (51)

A SR SR

Bild 18

Unter Verwendung der Gleichung (49) kann man folgende Beziehung

anschreiben:

4>
dy, = dh 1+ (52)
Dh

Die Hdhenzunahme des in der Rippe eine Forméanderung erleidenden
W erkstoffes kann man in folgender Weise ausdricken:

dy = dYI+ dY2. (53)

Anhand der Gleichungen (50), (52) und (53) erh&lt man fir den Diffe-
rentialquotienten dY/dh:

dy D'l ds  4DAs ~ 4
1+ (54)
dh —~ D%- L dh DR— DI h D,
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Da der Wert von dsjdh nur mitteibar, in Kenntnis von ds/dr bestimmt
werden kann, muf? man folgende Beziehung anwenden:

ds ds dr

55
dh dr dh (5%)
Auf Grund der Gleichung (51) wird:
_NMl= Al (56)
dh dh'
Bild 19

Anhand der Gleichung (54) und unter Anwendung der Gleichungen (55)
und (56) erhalt man nach entsprechender Ordnung:

Iy
dK ds s 1 1+ (57)
dh dr] h DI _ h

Db Dk

Den in der Gleichung (57) auftretenden Wert von ds/dr kann man nach
den Erlauterungen des Kapitels I11. 1 bestimmen; heim letzten Glied der
Gleichung muf? man darauf achten, daR sofern sein Wert gréfier als 1 werden
sollte, er 1 gleichzusetzen ist.

Die im Bild 19 dargestellte Kurve dY/dh wurde unter Zugrunde-
legung der Gleichung (57) und der Abmessungen des im Bild 14 gezeigten
Gesenks errechnet. Neben der im Bild 19 dargestellten theoretischen Kurve
findet man auch die Werte dY/dh, die aus der experimentell bestimmten Bezie-
hung Y = Y (hf) durch graphische Differentiation ermittelt worden sind. Die
Ausgangshdhe beeinflulRt — wie ersichtlich — die Beziehung dY/dh nicht. Die
experimentellen und theoretischen Ergebnisse zeigen nach dem Bild 19 eine
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entsprechende Ubereinstimmung, woraus folgt, daR die theoretisch bestimm-
baren Kurven Y = Y(hr) ebenfalls eine entsprechende Ubereinstimmung mit
den versuchsméaRig bestimmten Kurven aufweisen.
Die Bestimmung der auftretenden Kraft kann anhand des Bildes 18
durchgefuhrt werden:
- W Th .
P = 4 °3mittel + oh kj (58)
crgmittei stimmt mit dem Verformungswiderstand tUberein, der aus der Ver-
formungskraft errechnet werden kann; diese tritt bei der Formanderung auf.
die im Kapitel 111. 1 erldutert worden ist.

Bild 20

Im Bild 20 wird die experimentell bestimmte Verformungskraft,
unter Zugrundelegung eines Probekdrpers mit der Ausgangshéhe von hu =
= 26 mm, mit der anhand der Gleichung (58) theoretisch ermittelten Kraft
verglichen. Zwischen den gerechneten und gemessenen Werten herrscht nach
der Abbildung eine ausreichende Ubereinstimmung.

V. Anwendung der theoretischen Beziehungen

Die in den Kapiteln 111. 1 und I1l. 2 erlauterten theoretischen und
experimentellen Zusammenhé&nge sind, obzwar sie die Lésung konkreter,
praktischer Aufgaben bezwecken, in der Praxis unmittelbar doch nicht zu ver-
tvenden. Die Radien der Abrundungen und die Seitenneigung der Gesenke, fer-
ner die Gratwirkung wurden der Einfachheit halber bei den beschriebenen
Berechnungen und Versuchen nicht bertcksichtigt. In &hnlicher Weise lieR man
unbertcksichtigt die Wirkung der Schmiedegeschwindigkeit, ferner die ver-
schieden groRe Verfestigung, die infolge der im Gesenk auftretenden inhomo-
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genen Forménderung und der ungleichmé&Rigen Temperaturverhaltnisse
entsteht.

Zur Bestimmung der Verteilung der im Gesenkraum auftretenden Form-
anderungsfestigkeit, ferner zur Untersuchung der Gratwirkung wurde in einer
friheren Arbeit [1] eine theoretische Ndherungsmethode entwickelt. Daher soll
in den nachfolgenden Ausfuhrungen lediglich die Wirkung der Seitenneigung
und der Abrundungsradien des Gesenkraumes untersucht werden.

Im Bild 21 ist die tatsdchliche Ausfuhrungsart eines Gesenkes fur
die im Bild 6 gezeigte Verformung dargestellt. Die theoretische Unter-

Bild 21

suchung der auftretenden Kraft und der Forméanderung dhnelt auch in diesem
Fall denen, die im Kapitel I11. 1 beschrieben worden sind, der Wert von s muf
jedoch unter Bericksichtigung der Seitenneigung und der Abrundungsradien
bestimmt werden, auflerdem mull man auch die Spannungen ayo in Betracht
ziehen. Der Spannungswert ayo, der beim ganz ausgefillten Gesenk auftritt,
wird nach der Gleichung (5), mit den Bezeichnungen entsprechend dem Bild 21:

ay= 2,3 kfIn— . (59)
sm

Anhand des Kapitels I11. 1 kann man die Berechnung fir den zylindri-
schen Gesenkraum unmittelbar durchfihren. Zur Bestimmung des Ausfillens
des tatsdchlichen Raumes nach dem Bild 21 muf? man das Prinzip der Raum-
konstanz anwenden. Die Werkstoffmenge, die zum Ausfillen des im Bild
gezeigten Gesenkteils erforderlich ist, muB mit dem Volumen eines Zylinders
vom Durchmesser s und der Hohe Y m Gbereinstimmen.

Die Anwendung der in der Arbeit beschriebenen theoretischen Né&he-
rungsmethode wurde im Hinblick auf zwei — verhdaltnisméaRig einfachere —
Grundformen gezeigt. Im Fall von komplizierteren Schmiedesticken kann diese
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Untersuchungsmethode gut verwendet werden in der Weise, dal man das
kompliziertere Stick in einfachere Grundformen aufteilt. So kann durch ent-
sprechende Variierung der fir die erlduterten Grundformen gultigen Ergeb-
nisse die Methode der Berechnung auch auf kompliziertere Gesenkformen aus-
gedehnt werden.
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THEORETICAL AND EXPERIMENTAL INVESTIGATION OF MATERIAL FLOW
IN DIE-FORGING

L. TOTH
SUMMARY

The paper deals with the theoretical and the experimental investigation of material
flow phenomena in die-forging, presenting an approximate, easily understandable method.
The author investigates the deformation and the stresses in a disc with a pin and in a cylindri-
cally symmetrical forged piece of H section. The experimental and theoretical relations agree
fairly well and this proves the correctness of the discussed approximate method.

EXAMEN THEORIQUE ET EXPERIMENTAL DE L’ECOULEMENT
DE LA MATIERE A L’ETAMPAGE

L. TOTH

RESUME

L’étude traite de I’examen théorique et expérimental des phénomenes d’écoulement
de la matiére a I’étampage et présente une méthode simple de détermination approchée de ces
phénomeénes. L’auteur examine théoriquement et expérimentalement les déformations et les
contraintes d’un disque a tige et d’une piéce forgée a symétrie cylindrique, ayant une section
en H. Les relations obtenues par voie théorique et expérimentale montrent un accord satis-
faisant, ce qui prouve la justesse de la méthode théorique d’approximation préconisée par
I’auteur.

TEOPETUMYECKOE W 3KCMNEPUMEHTA/NIbHOE WCCNELOBAHWE ABMEHUN
WCTEYEHNA MATEPUANA NMPN KOBKE B WTAMMNAX

n. 70T
PE3IOME

Pa6oTa MocBsilleHa TEOPETUUECKOMY W 3KCMEPUMEHTa/IbHOMY WCCMEA0BaHUIO SIBMEHUI
MCTeUeHUA MaTepuasia Mpu KoBKe B LUTamnax. [aeTca /erko 0603pUMbliA MeToa MpU6GInKeH-
HOrO OnpeaeneHns ABNeHUI A UCTEYEHMS MaTeprasna Nnpy KoBKe B LUTaMrax. ABTOp TeOPeTUYECKM
N 3KCMEePUMEHTANIbHO WCCefyeT M3MeHeHMe (IOpMbl U YCMOBUS HaMpsKeHWi MOKOBOK BUAa
LWaibbl ¢ Langoi U CUMMETPUYHOIO AByTaBpa. Mex/ay TeopeTUUeCKUMU U 3KCTIepUMEHTasTbHO
YCTAHOB/IEHHLIMM 3aBUCUMOCTSIMI HaG/IIOAAETCA [OCTATOYHO Xopoulee cOBMajaHue, 4YTo Mod-
TBEPX/JaeT NPaBUNbHOCTL MPEASIOKEHHOTO METoAa MPUBAMKEHUS.
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MIKROSKOPISCHE UNTERSUCHUNG
DER FERROMAGNETISCHEN PHASEN
YON LEGIERUNGEN

A. KISFALUDY und P. TARDY
EISENFORSCHUNGSINSTITUT, BUDAPEST

[Eingegangen am IS. Médrz, 1966]

Fir den Nachweis der ferromagnetischen Phasen von austenitischen Stdhlen bzw. zur
Bestimmung ihrer Lagerung ist eine solche Methode am geeignetsten, welche die Phasen
auf Grund ihrer magnetischen Permeabilitdt trennt. Hierfir wurde folgendes Verfahren aus-
gearbeitet: der metallographische Schliff des zu untersuchenden Materials wird in ein magne-
tisches Feld gesetzt und auf seine Oberflache eine Suspension gebracht, die ferromagnetische
Teilchen von sehr feiner Kdrnung enthélt, und die zu Domainuntersuchungen bereits seit
langem verwendet wird. Unter dem EinfluR des magnetischen Feldes haften die Teilchen auf
den ferromagnetischen Phasen, und daher erscheinen diese Phasen dunkel, wenn man sie mit
dem bloBen Auge oder mit dem Mikroskop untersucht. Der Hauptvorteil des Verfahrens
besteht in der Schnelligkeit, Zuverldassigkeit und im Fehlen einer chemischen Reaktion,
wodurch man die Ergebnisse leicht reproduzieren kann.

I. Einfihrung

Stark legierte Stahlsorten, zu denen die austenitischen hitze- und sédure-
bestdndigen Eisenlegierungen gehdren, enthalten oft auller paramagnetischem
Austenit eine ferromagnetische Phase, zum Beispiel Ferrit, Martensit. Die
Menge dieser letztgenannten Phasen kann man zwar mittels magnetischer Mes-
sung bestimmen, Uber ihre Verteilung kann jedoch nur eine mikroskopische
Untersuchung AufschluR geben. Die hierfiir erforderliche Atzung ist dagegen
oft mit stérenden Erscheinungen verbunden, vor allem durch starkeres Atzen
einiger Teile des Schliffes. Eine derartige, zu starke Atzung verzerrt die Abmes-
sung von Phasenteilchen, und dadurch entsteht eine scheinbare VergrdfRerung
oder Verminderung der Menge der ferromagnetischen Phase.

In vorliegender Arbeit wird eine Methode beschrieben, die frei von st6-
renden Erscheinungen ist, und die fur den genannten Zweck bereits seit einem
Jahr standig mit bestem Erfolg verwendet wird.

Il. Beschreibung der Methode

Das Wesentliche des Verfahrens besteht darin, dall der metallographische
Schliff des zu untersuchenden Materials in ein magnetisches Feld gestellt wird,
und dann bringt man auf die Oberflache des Schliffes eine Suspension, die
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ferromagnetische Kdrnchen enthdlt. Unter dem EinfluR der magnetischen
Anregung lassen die suspendierten, dunklen Teilchen die nicht ferromagneti-
schen Phasen frei, und lagern sich auf den ferromagnetischen Phasen ab.
In dieser Weise zeichnen sie auf Grund der Permeabilitdt selektierend das
Geflige ab. Dieses kann mit Hilfe eines Erzmikroskops oder mit einem in zweck-
maéafRigerweise abgednderten Metallmikroskop beobachtet werden.

Der Erfolg des Verfahrens héangt von zwei Bedingungen ab:

a) Die suspendierten Kdérnchen mussen wesentlich kleiner sein als die
Kristallite der nachzuweisenden Phasen; auch dirfen sich die Kérnchen nicht
zu grofReren H&aufchen zusammenballen;

b) den suspendierten Teilchen mufl man eine Bewegungsmodglichkeit
sichern, damit sie frei in Richtung der ferromagnetischen Phasen wandern
kénnen.

Die Erfullung beider Forderungen konnte in ausreichender Weise in fol-
gender Form gesichert werden: Die Suspension wurde nach einer Vorschrift
angefertigt, die zum Nachweis von Domainen empfohlen wird [1]: in 200 cm3
heiRem Wasser wurden 1 g Fe€l2 «4H2 sowie 2,4 g FeCI3 «6H2 geldst, und
anschlielend noch 2,5 g NaOH zugegeben. Der entstehende Niederschlag wurde
abfiltriert und in 500 cm3 destilliertem Wasser suspendiert. Zur Verhinderung
der Koagulation muR man im Wasser irgendeinen Zusatzstoff l6sen, der die
Oberflachenspannung erhéht; im vorliegenden Fall wurde ein handelstbliches
Waschmittel verwendet.

Die in dieser Weise hergestellte Suspension ist auflerst feinkdrnig, und
sie kann wegen ihrer groBen Oberflachenspannung ohne wesentliche Sedimen-
tation tagelang aufbewahrt werden. Mit Hilfe der Suspension kann die Ver-
teilung der ferromagnetischen Phasen im Geflige makroskopisch und auch
mikroskopisch untersucht werden.

Zur makroskopischen Untersuchung gentigt es, den Schliff auf einen per-
manenten Magneten zu legen, und auf die Schliffflaiche einige Tropfen der
Suspension zu verbreiten. Die Verteilung der ferromagnetischen Phasen wird
sofort, mit bloBRem Auge oder mit einem HandvergréRerungsglas, sichtbar.

Fur die mikroskopische Untersuchung muB man die auf den Schliff
getrdufelte Suspension mit einem Deckglas bedecken. Es ist daher zweckmé&Rig,
ein Mikroskop zu verwenden, bei dem der Gegenstand unter dem Objektiv
untergebracht werden kann. Die Anwendung eines Deckglases mufl man bei
der Auswahl des Objektivs ebenfalls bertcksichtigen. Im vorliegenden Fall
wurde dementsprechend ein Metallmikroskop Typ Zeiss Epignost abgedndert:
die Objektive wurden durch ein Objektiv ersetzt, das auf die Dicke von
0,17 mm des Deckglases korrigiert wurde. Auch war es notwendig, die Tubus-
lange von 250 mm, dem neuen Objektiv entsprechend, auf 160 mm zu redu-
zieren. Mit Hilfe des in dieser Weise abgednderten Mikroskops wurden gut
wahrnehmbare Bilder erhalten.
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I11. Beispiele zur Anwendung des Verfahrens

Das beschriebene Verfahren wird von den Verfassern bei den metallo-
graphischen Untersuchungen allgemein verwendet. Einige charakteristische
Anwendungsbeispiele werden in den folgenden Ausfihrungen erldutert.

Im Bild 1 wird die Verteilung der Phasen eines austenitischen Mangan-
stahls (Hadfield-Stahls), in gegossenem Zustand, durch ferromagnetische
Suspension (a) hzw. durch Atzung (b) veranschaulicht. Die Suspension zeichnet
gut die den Kristallgrenzen entlang lagernden ferromagnetischen Phasen, den
Zementit und den Pcrlit ab.

Bild 1. Gefluige eines austenitischen Manganstahls im gegossenen Zustand; (a) Nachweis
mittels ferromagnetischer Suspension bzw. (i>) nach einer Atzung mit einer 3%igen alkoholi-
schen Lésung HNO03 (I0Ofache VergréBerung)

Im Bild 2 sind Gefiigeaufnahmen zu sehen, die gleichfalls mittels Atzung
bzw. mit einer Suspension sichtbar gemacht wurden. Das Geflige besteht aus
Austenit und Delta-Ferrit eines gegossenen Blocks aus einem sdurebestédndigen
Chromnickelstahl Typ 18/8. Die Suspension zeigt eindeutig die Lagerung des
Delta-Ferrits.

In den austenitischen Chromnickelstdhlen ist wegen der guten Schweil3-
barkeit eine bestimmte Menge Ferrit erforderlich. Die chemische Zusammen-
setzung der schweiBbaren Chromnickelstdéhle wird deshalb so festgelegt, daR
sie selbst im warmebehandelten austenitischen Zustand noch einige Prozente
Ferrit enthalten. Dieser Ferrit richtet sich im allgemeinen unter dem Einfluf}
der bildsamen Verformung in Zeilen aus. Das Suspensionsverfahren eignet sich
besonders gut fir den Nachweis derartiger Ferritzeilen.

Im Bild 3 ist eine Mikroaufnahme zu sehen, die mit Hilfe der magneti-
schen Suspension von der Struktur einer Ferritzeile gemacht wurde; im Bild 4
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Bild 2. Geflige eines sdurebestdndigen Stahles mit 18% Cr- und 8% Ni-Gehalt, im GuR-
zustand; (a) untersucht mit einer ferromagnetischen Suspension, und (6) gedtzt mittels Kdnig-
wasser (IOOfache VergroRerung)

wird dagegen die Delta-Ferritverteilung einer Schweiverbindung von auste-
nitischen Blechen veranschaulicht. Das GuBgefiige der Schmelze und die Ver-
teilung der Ferritzeilen des Grundstoffes sind gut sichtbar.

In sdurebestdndigen austenitischen CrNi-Stdhlen aktiviert die Kaltver-
formung in bekannter Weise die y—ct-Umwandlung. Dieser Umstand wird
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Bild 3. Suspensionsbild einer Ferritzeile Bild 4. Schweillverbindung von austeniti-
in einem s&durebestandigen schen Blechen, sichtbar gemacht mit der
18/8-Stahlblech (150fache VergréBerung) ferromagnetischen Suspension (2fache

VergroRerung)
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im Bild 5 durch eine mit einer Suspension gemachten Aufnahme gut ver-
anschaulicht; die Aufnahme zeigt das Geflige eines Walzbleches mit einer
Reduktion von etwa 20%.

Bild 5. Geflige eines austenitischen Chromnickelstahles nach einer 20%igen Kaltverformung,
untersucht mit der Suspensionsmethode (150fache VergrdBerung)

IV. Die Vorteile der mit der magnetischen Suspension
durchgefuhrten Untersuchungen

Geflgeuntersuchungen, die mit Hilfe von ferromagnetischer Suspension
ausgefihrt werden, eignen sich besonders zum Nachweis von kleinen Mengen
der ferromagnetischen Phasen von austenitischen Stdhlen. Sie ergdnzen gut die
Ublichen magnetischen Messungen dadurch, dal sie aulRer der Menge der Pha-
sen auch Uber ihre Lagerung Auskunft geben. Die Untersuchung kann an
einem gewdhnlichen mikroskopischen Schliff durchgefihrt werden, ein beson-
derer Probekdrper ist daher nicht erforderlich.

Das sind zweifellos groRe Vorteile der Methode. Die zum Atzen von sdure-
bestiandigen Stahlen verwendeten agressiven Atzmittel greifen namlich die
Umgebung von Einschlissen und Seigerungen, ferner die von Spannungen
belasteten Kristallite stark an. Die ungleichmé&Rige Atzung kann die Auswer-
tung des Gefliges und der Phasenverhdltnisse erheblich stdren. Die Suspension
macht dagegen auf ungeétzten Schliffen die ferromagnetischen Phasen sicht-
bar. Die Untersuchung kann dadurch — in Abwesenheit einer chemischen
Reaktion — ohne eine Zwischenpolierung, auch mehrfach wiederholt werden,
wobei die Wertung selbst nicht dadurch gestért wird, dal die Kristallgrenzen
des Austenits eventuell vorher angefressen wurden.

Die Geflugeuntersuchung von Schweillverbindungen austenitischer Stahle
verursacht oft Sorgen. Infolge der abweichenden Warmebehandlung des Uber-
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ganges an der Grenze des SchweiBgutes und des Grundstoffes, wegen der blei-
benden Forméanderungen, die durch die thermischen Spannungen der Schwei-
fung entstanden sind, wegen der abweichenden Zusammensetzung des Grund-
stoffes und des SchweiBgUtes usw. greifen die starken Atzmittel die einzelnen
Stellen des Schliffes in sehr verschiedener Weise an. Die ldentifizierung des
Ferrits, der auch sonst vom Austenit schwer zu unterscheiden ist, und die
Bestimmung seiner Verteilung ist daher an den ublichen Schliffen auBerordent-
lich unsicher. Die FerritVerteilung kann jedoch vom Standpunkt der Korrosion
aus von ausschlaggebender Bedeutung sein. Die Untersuchung mittels der
Suspensionsmethode ist bequem, und das Ergebnis zuverldssig. Der einzige
Nachteil des Verfahrens besteht darin, dal verschiedene ferromagnetische
Phasen mit seiner Hilfe kaum voneinander zu unterscheiden sind.
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THE MICROSCOPIC EXAMINATION OF FERROMAGNETIC PHASES OF ALLOYS

A. KISFALUDY and P. TARDY

SUMMARY

For detecting and determining the location of the ferromagnetic phases of austenitic
steels the most suitable method is the separation of the phases on the basis of their magnetic
permeability. Forthis reason the authors have developed the following procedure: the ground
metallographic specimen is placed in a magnetic field and on its surface a suspension containing
very fine ferromagnetic grains is placed, of the kind which has been used for a long time
for the examination of domains. Under the influence of the magnetic field the particles stick
to the ferromagnetic phases, therefore these phases appear dark when examined with the naked
eye or with a microscope. The chiefadvantages of the method are speed, reliability and absence
of any chemical reaction, and consequently the results are easily reproduced.

EXAMEN MICROSCOPIQUE DES PHASES FERROMAGNETIQUES DES ALLIAGES

A. KISFALUDY et P. TARDY

RESUME

La méthode convenant le mieux pour la mise en évidence et la localisation des phases
ferromagnétiques des aciers austénitiques est celle qui sépare les phases d’aprés leur perméabi-
lit¢ magnétique. En vue de cette méthode, les auteurs ont élaboré le procédé suivant: I’éprou-
vette métallographique polie de la matiére est placée dans un champ magnétique, aprés quoi
leur surface regoit une suspension contenant des particules ferromagnétiques tres fines, du
genre courammentutilisé pour I’étude des domaines. Sous I’action du champ magnétique, les
grains adheérent aux phases ferromagnétiques, qui paraissent sombres quand on les examine
sous le microscope ou a I’oeil libre. Les principaux avantages de la méthode sont sa rapidité,
sa s(reté et I’absence de réactions chimiques, grace a quoi les résultats sont faciles a reproduire.
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MWKPOCKOMUYECKUIN AHANTN3 ®EPPOMATHUTHbBIX ®A3 CrJ/IABOB
A KUWoANYAN v M. TAPAU

PE3FOME

LNs BbIBNEHUA W ONpeaeNieHns pacrnofiokeHns eppoMarHUTHbIX (a3 ayCTEHUTHbIX
cTaneit Nydlle BCEro MOAXOAWUT TaKOi MeTod, KOTOpbI pasrpaHuYMBaeT (asbl Ha OCHOBE WX
MarHWTHOW MPOHMLEAEMOCTU. Ons 3Toi uenn paspaboTaH CMAeAyloLMiA MeToa: MeTannorpagu-
YeCcKUIn WG MccnefyemMoro Martepuana MoMellaeTcsl B MarHUTHoe none. Ha noBepxHOCTb
Wwnmga HaHOCMTCA cofepKallas (eppOMarHUTHbIE YacTULbl ME/IKO3ePHUCTAs CYyCMeH3nst n3-
[aBHa NPUMEHSIIOLLASCS ANSi UCCMEA0BaHMA OMEHHbIX CTPYKTYp. IMof BAWSIHWEM MarHWTHOTO
NoNs YacTULLbl OPUEHTMPYIOTCS MO (heppoMarHUTHON (hase, KoTopasi TakuM 06pa3om CTaHOBMTCA
BMAMMOIA HEBOOPYXKEHHbLIM TN1a30M WM MOf MUKPOCKOMOM B BUAE TeMHbIX nonei. Ham6onb-
LUMM MPeVMYLLIECTBOM MeToAa SIBASIeTCS GbICTPOTA, A0CTOBEPHOCTb U MOMHOE OTCYTCTBME XUMU-
YECKMX peaKLWid, BCNeACTBME 4Yero pesynbTaTbl fIEFKO BOCMPOM3BOANMBI.
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ANWENDUNG DER WELLENGLEICHUNGEN
AUF KURZE ROHRE*

I. TEIL

P. BENYO
GANZ-MAVAG LOKOMOTIV-, WAGGON- U. MASCHINENFABRIK, BUDAPEST

[Eingegangen am 21. Februar, 1966]

Die Wellengleichungen als Lésungen der die in geraden Rohren mit konstantem Quer-
schnitt auftretenden instationdren Stromungen beschreibenden Differentialgleichungen wurden
auf kurze Rohre angewendet. Durch die Bestimmung der bei den Querschnittsdnderungen
entstehenden Ruckwurfbedingungen wurden die Gleichungen auf die Druckrdume der Ein-
spritzpumpen angewendet. So gelang es, den im Druckraum auftretenden Druckverlauf,
den tatsachlichen Umstanden entsprechend, als Hochfrequenz-Druckschwingungen zu beschrei-
ben. Im I. Teil wurde der Druckverlauf bei drei, durch Nockenwelle bestimmten Kolben-
geschwindigkeiten aufgezeichnet, der mit Hilfe einer geometrischen Reihe dargestellt werden
konnte. Wenn der Druckverlauf aus der Kontinuitatsgleichung ermittelt wiirde, ergébe sich
die LOosung aus einer inhomogenen Differentialgeichung I. Ordnung.

I. Einflhrung

Wie allgemein bekannt, kénnen die in geraden Rohren konstanten Quer-
schnitts entstehenden, nicht stationdren Stromungen mit Hilfe der Eulerschen-
und den Kontinuitatsgleichungen dargestellt werden [1].

L&kt man die Erdbeschleunigung und die Reibung aulBer acht, so lautet
die Eulersche Gleichung, wie folgt:

8p 1

- -~ N~ o=0
i Vi Yo o (u
und die Kontinuitdtsgleichung:
3p 3p .
R T — + v?i- =0 (2)
dt ax dx

Rei Flussigkeiten kann zur Bestimmung der erforderlichen jj=/(p)
Funktion das Hookesche Gesetz mit guter Anndherung angewendet werden.
Bei den Gleichungen (1) und (2) kénnen — mit verhé&ltnismaRig geringem

* Auszug aus der im Jahre 1961 an der Budapester Technischen Hochschule aufgenom-
menen Promotionsschrift des Verfassers. (Bestimmung der vorlaufenden Druckwelle durch
ein neues Verfahren in durch Nockenwellen betédtigten und gemaR dem System Ganz—Jend-
rassik gebauten Kolbeneinspritzpumpen.)
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Fehler — Vereinfachungen eingefuhrt werden, wodurch diese sich wie folgt
gestalten [2 — 4]:

3
3i g dx ®)
bzw.
3» 1 3
R — P 4)
ox fa2 9t
wo

V Stromungsgeschwindigkeit der Flissigkeit;
p Flissigkeitsdruck;
g Dichte der Flissigkeit;
a die in der Flussigkeit meBbare Schallgeschwindigkeit;
X Lénge entlang der Rohrachse;
t Ablaufdauer
bedeuten.
Die folgenden Wellengleichungen bilden die allgemeinen Ld&dsungen des

Systems der Simultan-Differentialgleichungen (3) und (4):

P=Po+ F t- - f\t+ - (3)

X
v= w0+ -7 F tee- + f tH— (6)
a

wo (F) bzw. (f) die beliebigen Funktionen der Argumente darstellen. Die Argu-
mente bezeugen, dafl die Werte (Amplituden) der Funktionen sich in der posi-
tiven bzw. negativen Richtung der Leitung mit der Schallgeschwindigkeit von
a fortpflanzen. Werden die Bezeichnungen [5]

= Pe vorlaufende Druckwelle;

y - a
X
m/|* + = pvricklaufende Druckwelle;
a
1, X o )
----- F’ t ———-- = ve vorlaufende Geschwindigkeitswelle;
fa a
1 X o )
----- /| i+ — = vvrucklaufende Geschwindigkeitswelle;
ga a

verwendet, so erhalt man:
P=Po + Pe+ Pv> (7a)

\

vO+ ve+ Vv, (7b)
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woraus folgt, daR

Pe- Qave @)

Pv )

und

d. h. die Flussigkeitsgeschwindigkeit und der Flussigkeitsdruck verhdltnisgleich
sind (Zusammenhdnge nach A1nrievi). Man erhélt aber das gleiche Resultat,
wenn in einem geraden Rohrabschnitt von konstantem Querschnitt die mit
einer Geschwindigkeit v stromende FlUssigkeit innerhalb einer Zeitdauer von
t = 0 zum Stillstand gebracht wird. In der Ebene der Abstellung (Arretierung)
entsteht ein Druckanstieg von Ap, welcher sich mit einer Geschwindigkeit von
a in einer der Geschwindigkeit v entgegengesetzten Richtung fortpflanzt. Wird
die Richtung der Geschwindigkeit v als positiv angenommen, so gestaltet sich
der Impulssatz des sich gemeinsam mit dem Druckanstieg bewegenden Koordi-
natensystems wie folgt:

Ap mf= — gf(a + vf + gf(a + v)a,

woraus — unter Voraussetzung, dall a v ist — in ahnlicher Weise wie bei
(8) und (9) folgt, daR:
Ap = qav.

Il. Anwendung der Wellengleichungen auf kurze Rohre

Die Gleichungen (7a) und (7h) bzw. (8) und (9) lassen sich offenbar auch
auf Rohre beliebiger Lange, so z. B. auf die Flussigkeitssdule der Lange | und
des Durchmessers D (siehe Bild 1) anwenden, in welcher sich ein Kolben
befindet, und an welche ein Rohr mit dem Durchmesser d angeschlossen ist.

Dies entspricht eigentlich dem prinzipiellen Aufbau des Druckraumes
einer Einspritzpumpe.

Bewegt sich der Kolben mit einer Geschwindigkeit ¢, so entsteht an
dessen Oberflache gemé&R Gleichung (8) eine Druckwelle:

p = gac,

die sich in Richtung der Ebene der Querschnittsénderung |I—1 bewegt und
diese innerhalb der Zeitdauer von t = lja erreicht. Hier wird die Welle reflek-
tiert und diese reflektierte Druckwelle gelangt dann ebenfalls innerhalb der
Zeitdauer von Z/a zum Kolben. An der Kolbenoberflache entsteht eine totale
Reflexion, und somit gelangt die vom Querschnitt | —1 eingetroffene Druck-
welle mit unveranderter Starke, jedoch durch die in diesem Zeitabschnitt ent-
standene Grundwelle vergrdfert zurick. Nunmehr bilden diese beiden summier-
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ten GroRen die sich in Richtung des Querschnittes / —1 bewegende Druck-
welle, um nach Verlauf der Zeitdauer von l/a am Querschnitt /—/gemeinsam
reflektiert zu werden. Dementsprechend gelangen zur Querschnittsverdnderung
I—/ bzw. zur Kolbenoberflache in Zeitabschnitten von 2Il/a vorlaufende bzw.
rucklaufende Druckwellen, deren Frequenz infolge des geringen Wertes von
I ziemlich hoch ist. Diese Flussigkeitsschwingung dauert bei sich verringern-
dem Wert von (2 bis zum Stillstand des Kolbens und dann nach Ausklingen
der Kolbenbewegung bis zum Eintreten des Ruhezustandes an. Ist aber der
Kolbenweg im Verhaltnis zu Zgering, so wird kein nennenswerter Fehler began-
gen, wenn man den Wert von Zfir konstant annimmt (wie z. R. auch bei Ein-
spritzpumpen).

Bild 1. Schematische Darstellung des Pumpendruckraumes

Nachstehend sollen die Gesetzmé&ligkeiten untersucht werden,nach denen
sich der Druckverlauf am Kolbendeckel bzw. in der Ebene / —I gestaltet.*

Hierzu muf} jedoch vorerst bekannt sein, in welchem mengenméaRigen
Verhéltnis sich die Druckreflexion am Querschnitt / —/ abspielt.

Wird die im Bild 1 bezeichnete Stroémungsrichtung der Flussigkeit als
positiv angenommen, so ergibt sich fir die dem Querschnitt /—/ zuflieBende
bzw. von diesem fortflieRende Flussigkeitsmenge folgende Beziehung:

AN - - _ *
LF(Pe-P )= f(Pe+P) (10

da die entstandene und reflektierte Druckwelle (pv) die vom Kolben eintref-
fende Druckwelle abbremst und diese Welle gleichzeitig die Flussigkeitsstro-

*Werden die Verhéaltnisse in einem Zylinder der Lénge | statisch geprift und dabei
angenommen, daB die Druckverdnderung im ganzen Raum gleichzeitig vor sich geht, so besteht
die Méglichkeit, die Erscheinung auf Grund des Hookeschen Gesetzes unter Anwendung der
Kontinuitatsgleichung zu prufen. Siehe noch [5].
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mung im Rohr mit dem Querschnitt f in positiver Richtung beschleunigt.

(Dabei wird angenommen, dafl die Ladnge L so grof’ zu bemessen ist, daR bis zur

Reendigung des Vorganges vom anderen Rohrende keine Stdrung eintrifft.)
Aus (10) folgt, daR

-
F+f

oder, nach Einfuhren der Bezeichnung X= (F —f)j(F + /), ist
pv= Xpe. )

Hierbei handelt es sich um drei alternative Mdglichkeiten

a) F =f, dann ist X= 0, pv= 0;
by f =0, dann ist X= 1, Pv — Pe't
c) F 3;j\ dann ist 1> X>—1, pv— %= Xpe.

Im Falle c) werden, je nach der GriofRe von Xund peDruckwellen verschiedener
GroRe reflektiert, die sich in Richtung des Kolbens bewegen. Da fir uns offen-
bar nur die Falle F >/ bzw. 1 > X > 0 interessant sind, wollen wir unse-
re Untersuchungen unter Berlcksichtigung dieses Umstandes beginnen.

I11. Untersuchung des Druckverlaufes bei durch die Nockenwelle
betatigten Pumpen

Hinsichtlich der Kolbenbewegung werden drei verschiedene Geschwindig-
keitsgesetze gewdahlt, die im Bild 2 dargestellt sind. In diesem Falle ist die
Kolbengeschwindigkeit unabhéngig vom Raumdruck.

1. Bei gleichbleibender Kolbengeschwindigkeit (Bild 2a)

Geht man von der vereinfachenden Voraussetzung aus, wonach die durch
den Kolben verdrangte Flussigkeit so lange zurtckstromt und im Raum V keine
Drucksteigerung stattfindet, bis die Oberkante des Kolbens die Einstromoff-
nungen verschlieBt, so kann, mit einem Kolben konstanter Geschwindigkeit,
dem Geschwindigkeitsgesetz (Bild 2a) entsprochen werden (in Wirklichkeit
gestalten sich die Verhéltnisse insofern hiervon abweichend, dall jeweils eine
gewisse Vorforderung stattfindet, aber dieser Umstand kann — wie auch durch
unsere Versuche bekréftigt wurde — auBer acht gelassen werden.)
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a) Druckverlauf an der Kolbenflache

Da der auf den Kolben wirkende Druck (pf) offenbar in den jeweiligen
Zeitabschnitten von 2Z/o ansteigen wird, wollen auch wir die jeweilige Ande-
rung von (pd) innerhalb dieser Zeitabschnitte untersuchen.

Zeitabschnitt 0 ~ 2l/a:
Pd = QacO. (12)

Zeitabschnitt 2l/a ~ 4Zo: Hier muR man auch den Wert der bei I—1
reflektierten und am Kolben eingelangten Druckwelle bericksichtigen. Da es
sich um eine vollstdndige Reflexion handelt, wirkt auf den Kolben ein Wert von
2pv, d. h.

Pd = QacO0+ 2pv.

c-c0 vV,

O=)

t-0 t-totfs.ec] («[*])—»

Bild 2. Zur Durchfihrung theoretischer Untersuchungen aufgenommene drei Kolben-
geschwindigkeiten
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Jedoch erhdlt man, unter Berlcksichtigung der Gleichung (11)
Pd = Qac0+ 2 )QUM= QdCO(1 + 2 4. (13)
Zeitabschnitt 4Z/o — 6Z/a: Die vorangehenden Ausfihrungen sind offen-
bar auch fur diesen Fall gultig; hier mul man aber auch die zweite Reflexion
bericksichtigen, d. h.:

pd= QdcO -{- 2 XgacO+ 2 12gacO= Qac0(1 f-2 A-f 2 ) . (14)

Dementsprechend erhélt man fur die n-te Reflexion im
Zeitdbschnitt (2n — 1) Zla~ 2nZ/a:

Pd = aaca(l + 24+ 2R+ 2+ ...+ 2", (15)
d. h., der auf den Kolben wirkende Druck setzt sich aus dem Produkt der

Kolbengeschwindigkeit und einer unendlichen geometrischen Reihe zusammen.
Wenn man nun in Gleichung (15) die Reihe summiert, so ist

; in
S= 1+ 2-cmmmeee (16)
1 -4
und wenn n —m°0, dann erhalt man
S=1+ 2— — . (17)
1 -4

Wird der Wert von fAin Gleichung (17) eingesetzt, so ist

S -1 12 (F-MF~+f) F (18)
I-(F-f)I(F+f) f
und damit
F
Pd_ 8aco e (19)

Dies bedeutet, dall im Falle einer unendlichen Anzahl von Reflexionen
der auf den Kolben wirkende Druck im Verhdaltnis der Querschnitte ansteigt
(dies ist auch der Fall, wenn Z= 0, d. h., wenn das »elastische« Volumen gleich
Null ist). Setzt man (16) und Ain die Gleichung (15) ein und wird diese gleich-
zeitig geordnet, so erhélt man;

Pa = [y - 737) » (20)
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GemaR Bild 2a verringert sich die Kolbengeschwindigkeit im Zeitpunkt t = t0
auf Null, was jedoch in bezug auf den Druck nicht der Fall ist. Der wihrend
des Zeitabschnittes n (Stillstand des Kolbens) vorherrschende Druck wird
durch die Gleichung (20) bestimmt. Im Zeitabschnitt n -f- 1 ist cO= 0, aber
die im darauffolgenden Zeitabschnitt entstehenden Druckwellen pflanzen sich
genau so weiter wie wahrend der Kolbenbewegung. Dies bedeutet jedoch, dal}
die Anzahl der auf der rechten Seite der Gleichung (15) in Klammern stehen-
den Glieder sich um das erste Glied verringert, — welches eben die im Zeit-
abschnitt (n + 1) vom Kolben ausgehende Druckwelle darstellen wirde —
und dabei halt die Reflexion weiter an, so daRR fir den Druckverlauf im Zeit-
abschnitt (n + 1), &hnlich wie bei Gleichung (15), folgende Beziehung geschrie-
ben werden kann:

Pa= eaco(A+ 2A2+ 2A3+ ... + 2)n-1+ 2An) = Qac02 I (21)
i=i

Der Wert von A kann ausgeklammert werden, und nach Zerlegung des
Gliedes gac02A kann die Gleichung (21) wie folgt geschrieben werden:

Pd= gac0 1+ 2 ¥ A Qaco (22)
=1

Hieraus geht hervor, daR das erste Glied in der Klammer gerade mit der Glei-
chung (15) bzw. (20) ubereinstimmt, wodurch sich ergibt, daR

1—A A
Pd = \An + eacu
ist.
Offensichtlich ist, dal? sich der Wert des sich in Gleichung (21) in Klam-
mern befindenden Exponenten von Ain jedem einzelnen Zeitabschnitt um eine
Einheit erhéht, wobei man nach Ausklammern in jedem Fall folgende Bezie-

hung erhalt:

F .
Pd= Qe - + 1j AL (23)

wom= 12 3...00, und wenn m —-o ist, dann wird pa —=0.

Mit Hilfe der Gleichungen (20) bzw. (23) I&3t sich daher der Druckverlauf
an der Kolbenoberflache, und zwar in Abhé&ngigkeit von n bzw. m (Anzahl
der Reflexionen) darstellen.
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b) Druckverlauf im Querschnitt 1 —I1

Gemal der aus dem Bild 1 ersichtlichen Anordnung gelangt zum Quer-
schnitt 1 —I1 die erste Druckwelle der Gr6Re gacO nach Verlauf einer Zeit-
dauer von l/a. Verwendet man die Gleichungen (7) bzw. (11), dhnlich wie im
Abschnitt a) dieses Kapitels, so 1aRt sich der auf die einzelnen Zeitabschnitte
2l/a entfallende Druckverlauf wie folgt ermitteln:

Im Zeitabschnitt I/a -4 3l/a: p = pd+ Xpa— gacO(1 -f- A ;

im Zeitabschnitt 3l/a ~ 51/a: p = gacO+ XgacO+ XgacO0 A2oac0=
= eaco(l + 2A+ A);

im Zeitabschnitt 5l/a 4 7l/a : p = QacO(1 + 2 A+ 2R+ M) ;

im Zeitabschnitt (2n —\) lJ/a 4. (2n + 1) l/a: p = gacO(I-f-2A-i-2A2+
+ 2A3+ ...+ 2MA 1+ AY. (24)

Es kann also festgestellt werden, da soweit n —y °° ist, dann — &hnlich
wie bei Gleichung (19) — erhélt man:

F
P = Saco— »

d. h., der an der Kolbenflache und im Querschnitt |1 —1 wirkende Druck
nimmt erst nach einer unendlichen Anzahl von Reflexionen den gleichen
Wert an.

Nach einer wie bei Gleichung (16) angewendeten Summierung und Umord-
nung erhalt man dann aus der Gleichung (24)

oac,, 1+ 2 + A
1—A

bzw. unter Berucksichtigung von (18) und nach entsprechender Kirzung:

F A+ Antl

_ 25
P—Qaco7 1A (25)

Nach erfolgtem Stillstand des Kolbens kann der Druckverlauf auf Grund der-
selben Uberlegungen dargestellt werden wie bei der Gleichung (23), d. h., dieser
gestaltet sich nach Ablauf der Zeitdauer t = t0 bis zum Zustand gemé&fR Glei-
chung (24) wéhrend des Zeitabschnittes (n + 1), wie folgt:

p = gacO(A+ 2A2+ 2A3+ ... + 2A" + An+l).

Da die Anzahl der in Klammern angefihrten Glieder nach erfolgtem
Stillstand des Kolbens unverdndert bleibt, kann Ain jedem Falle ausgeklam-
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Bild 3. Periodischer Druckverlauf an der Kolbenflache und im Querschnitte I-1
(am Anfang der Druckleitung), wenn c= c0

mert werden, demzufolge, nach entsprechender Kirzung und Substituierung,
folgende Beziehung erhalten wird:

IF In+ Al
(26)
f 1- 4
wom= 1,2, 3, ... c»ist.
Die Beziehungen (25) bzw. (26) stellen daher den Druckverlauf in dem
am Anfang des Druckrohrabschnittesbefindlichen Querschnitt | —1 dar.Dabei
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handelt es sich eigentlich um nichts anderes als um jene vorlaufende Druck-
welle in der Druckleitung mit einem Durchmesser von d, die sich bei einer Ein-
spritzpumpe von derselben ausgehend in Richtung des Zerstdubers fortpflanzt,
d. h. um jene Druckwelle, die am Zerstduber den Einspritzvorgang auslést.
Bild 3 zeigt uns den vorstehend behandelten Reflexionsvorgang, wo die
in den einzelnen Zeitabschnitten sich Gberlagernden Druckwellen anschaulich
dargestellt sind. Im Bild 4 wurde das Ergebnis einer auf die geometrischen
Abmessungen einer Einspritzpumpe abgestimmten Berechnung angefihrt.

8 12 16 20 24 0i°28
Bild 4. Darstellung des Druckverlaufes an der Kolbenflache und im Querschnitt I —1 in Ab-

hédngigkeit vom Yerdrehwinkel der Nockenwelle, wenn c= c0 ist; D= 8mm, ¢= 1,8 mm,
e0= l,4m/sec, n = 1000 U/min, a=1300 m/sec, Q= 86,42 kp secZm4

Hier wurde auf die horizontale Achse des Kennbildes anstatt der Anzahl
der Reflexionen die Verdrehung der Pumpenwelle aufgetragen.*

Der sich an der Kolbenfldche bzw. an der Trennungslinie des Querschnit-
tes | — 1 abspielende (sprunghafte) Druckverlauf entsteht mit einer zeitlichen
Verschiebung von l/a.

2. Bei einer sich linear &ndernden Kolbengeschwindigkeit
Betrachten wir nunmehr den Druckverlauf an den vorstehend bezeichne-
ten zwei Stellen, wenn sich die Kolbengeschwindigkeit gemaR Bild 2b gestal-
tet, d. h. -
c= Rt oder c= R mx,

Zwischen den Faktoren Zeit und Winkelverdrehung besteht folgender Zusammen-

hang:
6na
Da die einem Zyklus entsprechende Zeitt = 21/a betrdgt und bei einer Anzahl von n Zyklen
2
ist, erhdlt man
a = tnénu,
wo n,it = die Pumpendrehzahl und t, = (1, 2,3 ..., n) 2l/a bedeutet.
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wo R die auf eine Zeiteinheit bzw. auf die Winkelverdrehung von 1 Grad ent-
fallende Geschwindigkeitszunahme bedeutet.

a) Druckverlauf an der Kolbenflache

Im Bild 5 ist — &hnlich dem Bild 3 — der Druckverlauf an der Kolben-
fliche bzw. am Querschnitt | —/ dargestellt. Da bei Anderung der Kolben-
geschwindigkeit von der Kolbenflache aus eine Druckwelle ver&nderlicher

Bild 5. Periodischar Druckverlauf an der Kolbenflache und im Querschnitt I —1 (am Anfang
der Druckleitung), wenn c=R"‘t ist
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Starke in Richtung des Druckrohres verlauft, ist offensichtlich, dal z. B. im
Zeitabschnitt

Pd = gaB «t,
wo

0<(< A

den beliebigen Zeitpunkt bedeutet. Da jedoch die einzelnen Zeitabschnitte
sehr kurz sind, geniigt es, den Druck nur am Ende der einzelnen Zeitabschnitte
zu untersuchen. Es ist

am Ende des Zeitabschnittes 0 + 2Z/a:

Pd = 8af3—a = QRni

wenn 2l/a = nJ
am Ende des Zeitabschnittes 2l/a + 4Z/a:

4l 21
pd= gaf - [-gaB-—---29 — gaRn2 "2-b .y
a a 4
wo n2=4l/a;

am Ende des Zeitabschnittes 4l/a ~ 5la:

61 41 21 r. 2 . N
pd= gaR--—-- lgaR-——-29+ gal-—292= gafn3 1+ 2 9 H-——5
a a a 6
am Ende des Zeitabschnittes 6lja -i 8lja:
= 1+2 —4dA+ — R+ — P
Pd = QaRn4 3 8 8
am Ende des Zeitabschnittes (2n — 2)lja 2nlja:
Pd = aR 142 — oA+ — - R+ .+ — A"2+ — 9
@bnn ore 2n 2n e
oder gekdirzt:
_1 w9 9 1
pd= = Nf —— Jh2+ —A™1 27)
n n n n

Aus Gleichung (27) geht hervor, dalR der auf den Kolben wirkende Druck
sich aus dem Produkt der in einzelnen Abschnitten ausgedrickten Zeitdauer
sowie einer Reihe und der entsprechenden Konstanten zusammensetzt.
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Die in Klammern angefihrte Reihe kann auch als die Differenz der bei-
den Reihen aufgeschrieben werden:

s=2" tt 2 U (28)
i=1 n i=1
woraus klar hervorgeht, daR
vV = 4~ ;1n
A 1-49 °
Die Summe der Reihe
i—
2 itt

kann folgendermalen ermittelt werden [6]:

A+ A+ M+ A+ ..+ Az T
1—9a°

D+ B+ U+ ..+ A1z 2N
1- 9 °

;B_

B+ H+ ...+ A™l= A.ng

1-
1 pu- A-1- s

1--4

der rechten
linkén Seite der Gleichungen angefiihrten Werte folgende Beziehung:

i A+ R+ B+ M L.+ AL- (8- 1)
odei
i=n-1 . qa- A n- 18
il1= (-1

y

i i 1- A 1- 4
Damit andert sich die Gleichung (28), wie folgt:

A— An 1 A—A" (n—1)n |
1-9 1- A2 1—4a i
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Nach Einsetzen des Wertes (S) in die Gleichung (27) erh&lt man unter
Bericksichtigung der Gleichung (18) und nach dementsprechend erfolgter

Umordnung:

Sd - qatn 2X — 2Xn+1 29)
n(l —xf -

d. h., die Gleichung des auf die Kolbenflache wirkenden Druckes, wo nn =
= (2l/a) nund n — 1,2,3.. °°ist, wo die in Klammern angefihrten Werte
sich natirlich mit dem im Wert nn befindlichen n gleichzeitig &ndern.

Aus Beziehung (19), bei welcher die Kolbengeschwindigkeit ¢ konstant
ist, geht hervor, daR der auf die Kolbenflache wirkende Druck nach einer
unendlichen Anzahl von Reflexionen dem Querschnittsverhaltnis verhéltnis-
gleich zunimmt. Bei der Gleichung (29) ergibt sich eine andere Lage, denn der
auf die Kolbenflache wirkende Druck n&hert sich asymptotisch jener Geraden,
die in Abhé&ngigkeit von der Zeit (bzw. vom Wert n) gezogen werden kann,
und deren Abstand von dem dem QuerschnittsVerhéltnis entsprechenden Druck
der folgende ist:

oaR 2 0 xi gl3l i , (29a)
d. h., der Druck wiirde auch nach einer unendlichen Anzahl von Reflexionen
den den Querschnittsverhéltnissen entsprechenden Wert nicht erreichen.

Gleichung (29) stellt den Druckverlauf am Kolben nur wéahrend der
Kolbenbewegung dar (siehe Bild 2b, Zeitpunkt t — tu). Nach erfolgtem Still-
stand des Kolbens ergibt sich fur den Zeitabschnitt (n -j- 1), da ¢ = O0:

Pd- QaRnn )8 Xn

Davon kann X rechts ausgeklammert und das Glied 2(ialnn in zwei Teile
zerlegt aufgeschrieben werden, wodurch man die Beziehung

Pd - \QaRBnn 1+ 2 n n i+ + QaBlnn\ A

erhéalt. Es ist ersichtlich, daR daserste Glied in der eckigen Klammer mit
(27) bzw. (29) Ubereinstimmt; wenn man dies mit pdnbezeichnet, ferner beruck-
sichtigt, dal der Wert von X in jedem einzelnen Zeitabschnitt ausgeklammert
werden kann, so kann der Druckverlauf nach erfolgtem Stillstand des Kolbens
durch folgende Gleichung beschrieben werden:

Pd= (Pdn. Qafln,) - (L

wom= 1,2,3,...,00 bedeutet.
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b) Druckverlauf im Querschnitt I —1I

Ahnlich wie im Abschnitt b) des vorigen Kapitels unter Anwendung der
Lésungen des Abschnittes a) dieses Kapitels ergibt sich

im Zeitabschnitt I/a -f- 3l/a:

21
p = oafl-—(1 + A = galni(l+ A;
a

im Zeitabschnitt 31/a + 5l/a:

4/ 4/ 21 21

woraus unter Anwendung der Bezeichnung re2 = 4l/a folgt, dal

3 1
p —galn2 1+ 2 — R
4 4

im Zeitabschnitt Sl/a ~ Hja:

p=g9akn3 1+ 2 — A+ — R|——A3
6 6 6

im Zeitabschnitt (2n — 1J l/a 4- (2n + \) l/a:

2 2n — 3 e — 5
P=Qagn 1+2 ' A2 42T e
2re 2n 2n
2n-(2n- 3 2re- (2n- 1
( ) ( ) A’ (31)
2n 2n

Die Gleichung (31) kann auch als Differenz der beiden Reihen ausge-
druckt werden:

i=n ] i=n
p=galnn 1+ 2y ?J - V 2E— 1A (32)
1 1 n i1
Daraus geht offensichtlich hervor, dal}
A— An 1l

N/} = —- —  =ist.

Das Glied (re) der zweiten Reihe des in Klammern befindlichen Aus-
druckes kann auf Grund der Uberlegungen, die bei der Einfuhrung der Glei-
chung (29) bericksichtigt wurden, berechnet werden:
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P e He M+ m1e e LA
-7
B e ATLE Y, R— el
U TR R L - | 1— 4
X0+ B+ L+ ATLe AL, A3 — el
AW+ M+ oo+ Xn~x+ 7Y 1—1
TR (RS IR LB S LY
ad+ .. .| Xntx + Xn) 1— 1

A ¢ A" - Xntl
an| 1— 4

Wenn man nun die rechten bzw. linken Seiten der Gleichungen addiert, ergibt
sich der gesuchte Wert zu:

S X — Xn+l
y (2i - 1A'= e h
=1 V 1—4
g _oantl-f A3 — Xn+l + Fd+ Xntl 4+ .0+ A" — xn+!l
+ 2
1-4
beziehungsweise
. - _ Ol .
1) = A- fn+l . 2 (. DArH
1—4 (i -A)2 1—4

Bei Zurlcksetzen dieser Werte in die Gleichung (32) erhalt man:

p = Qalnn 1+2ﬂ- e
1- a7
1 X- Xntl 2(52- Xnt1) (2ra — 2)Ark1
n 1-4 1- a2 1- 4

In Anbetracht dessen, daR 1 -f- 24/(1 — ¢) = F/fund nach Durchfihrung der
entsprechenden Verkiirzungen ist

o = gagnn a-t-®2- 1+ 2)Xn+l - (33)
n(l -9a)2

was den Druckverlauf im Anfangsabschnitt des Druckrohres, und zwar in
Abhéangigkeit von raergibt. Selbstverstdndlich kann dies mit Hilfe des Zusam-
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menhanges (33) innerhalb von zwei Zeitabschnitten des Druckverlaufes, in
einem beliebigen Zeitpunkt, ebenfalls berechnet werden, nur muf} statt des
Wertes von (re,) irgendein Zeitpunkt, der in das Intervallum

(2n — 1) l/a -j- (2n -f- 1) J/a

fallt, eingesetzt werden, wobei der Wert des Ausdruckes innerhalb der Klam-
mern unverandert bleibt. Dies bedeutet, dal die in der Gleichung (33) ange-
fuhrte Funktionp = f(n) — genau so auch bei der Gleichung (29) — beijedem
n Wert (d. h. in jeder Periode) einen Bruch, ansonsten aber zwischen den bei-
den Perioden einen linearen Verlauf aufweist, und der Wert der Richtungs-
tangente betragt
A+ M- (1+ ) An+l
gaR

n(l— A2
und ihre Grofle — bei gegebenem System und gegebener Flissigkeit — nur
von n abhéngt. Daraus geht hervor, daB wenn n — °°, der Wert sich gaF/f
nédhert, was bedeutet, dal der durch den Zusammenhang (33) bestimmte
Druck — &hnlich wie die Uberlegungen in bezug auf die Gleichung (29) —
sich asymptotisch einer geraden Linie n&hert, deren Abstand dem von den
Querschnittsverhéltnissen abhdngenden Druck entspricht (und mit diesem
parallel ist), d. h.:

e A+ 2 OiF2—Ff
QaBnn'Iirh:--_---/ T= &I =y (33a)

Wird dieser Wert mit der Gleichung (29a) verglichen, so ergibt sich, daR
am Querschnitt | —1 der Druck groBer ist als jener an der Kolbenfléache, da

F- —f2> F2— Ff

ist, d. h., der Druckwert, dem sich der am Querschnitt | —1 entstehende Druck
asymptotisch néahert, grofier ist als jener an der Kolbenflache.

Nach erfolgtem Stillstand des Kolbens wird im Zeitabschnitt (t — t0
gemdanR Bild 2b, n + 1), da hier ¢ = 0 ist, der Wert des n -j- 1-ten Gliedes Null
sein. Dementsprechend betréagt der Wert des Druckes im Zeitabschnitt n -f- 1

i=n+1 1 i'=n+l
p = gaknn a+ 2 2: - > @2i—=nda . (34)
i=1 n \

Wenn man hiervon {9 ausklammert, dann erhalt man das Produkt des Zusam-
menhanges (31) bzw. (32) und von A Wird (32) mit pn bezeichnet und unter
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Bericksichtigung des Umstandes, daR die Ausklammerung in jeder Periode
vorgenommen werden kann, &ndert sich der sich vermindernde Teil des Druck-
verlaufes wie folgt

p=pnlim, (35)

wom—1,2,3,..., 00 ist.

Im Bild 6, unter Bericksichtigung derselben Parameter wie im Bild 4,
ist der zum Geschwindigkeitsverlauf gemaR Bild 2b gehdrende Druckverlauf
(am Anfang der Druckleitung) dargestellt.

Bild 6. Darstellung des Druckverlaufes im Querschnitt I —1 in Abhangigkeit vom Verdreh-
winkel der Nockenwelle, wenn c= Bt\ gleiche Angaben, wie im Bild 4

3. Kolbengeschwindigkeit bei t = 0, ¢ = c0 und weiter linear zunehmend

Da« Kennbild der Kolbengeschwindigkeit ist im Bild 2c dargestellt.
Im allgemeinen entspricht dieses Kennbild dem Geschwindigkeitsverlauf der
mittels Nockenwelle betdtigten Kolbeneinspritzpumpen (Bosch, C. A. V. usw.).
In dieser Beziehung sind hinsichtlich des Druckverlaufes die in den Abschnit-
ten a) und b) dieses Kapitels erdrterten Uberlegungen gultig, d. h., der Druck-
verlauf entspricht sowohl an der Kolbenfldche als auch im Anfangsabschnitt
der Druckleitung der Summe der in den vorangehenden beiden Abschnitten
bestimmten Werte des Druckverlaufes. Hier wollen wir nur den am Anfangs-
abschnitt der Druckleitung entstehenden Druck aufzeichnen, dessen Wert der
Summe der Gleichungen (25) und (33) entspricht, d. h.:

A"t An+l F A+ R—(1+ AAn+'

= F -
P = Qe to@snn h (L — AR = (36)

1- A
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Nach Umordnung und Bericksichtigung des Umstandes, dal nn= n «2l/a
ist, erhalt man, dal

p=e«y K+/Y4.)-

in | In+1 ) "
o 2 21 A+ 2- 1+ A"+l (37)
1-4 a 1- 92

Wenn n «J ist, dann geht aus Gleichung (37) hervor, daR die Druckkurve

Bild 7. Darstellung des Druckverlaufes im Querschnitt 1 —I, wenn c¢= c0-j-Bt. Gleiche An-
gaben, wie in Bildern 4 bis 6

(Bild 7) sich asymptotisch jener Geraden néhert, die parallel zur Geraden

Qa y (co+ RBnn) (37a)

gezogen werden kann, und deren Abstand von der Geraden, die auf Grund
der Gleichung (38) — &hnlich wie bei der Gleichung (33a) — berechenbar ist,

od) F2—Ff
P
betréagt.

Der Zusammenhang (37a) stellt den Druckverlaufin dem Falle dar, wenn
die FlUssigkeit als nicht zusammendriuckbar angenommen wird (wenn a = °°
bzw. 1= 0 ist). Ahnlicherweise wird der abnehmende Zweig der Druckwelle
durch die Summe der Gleichungen (26) bzw. (35) dargestellt. Diese Summe
unterscheidet sich lediglich durch den Multiplikator #r von der Gleichung
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(37), demzufolge man schreiben kann:
P=Pn*m, (38)

wo mit pn die Gleichung (37) bezeichnet wurde und m = 1,2,3,.. 00 ist.

Bei unseren bisherigen Uberlegungen gingen wir von der vereinfachen-
den Voraussetzung aus, dall zwischen dem Druckraum der Lange | und dem
Druckrohr kein Druckventil eingebaut ist. Dadurch wird der sich abspielende
Vorgang selbstverstdndlich wesentlich einfacher und kann auch mathematisch
leichter behandelt werden. Hier wollen wir uns mit dem Druckverlauf fur den
Fall des Vorhandenseins eines Druckventils schon deshalb nicht befassen, weil
diese Anordnung eine Prufmethode abweichenden Charakters erfordern und
den vorliegenden Aufsatz bedeutend verlangern wirde. Wir mdchten nur auf
den Umstand hinweisen, dal? unter Verwendung der Druckschwingungen (bzw.
der Wellengleichungen) der sich abspielende Druckverlauf mit Hilfe der ein-
fachen Grundrechnungsarten ohne weiteres dargestellt werden kann.

Auf Grund der vorstehenden Ausfihrungen kann nunmehr festgestellt
werden, daR die Kolbengeschwindigkeit vom entstehenden Druck unabh&ngig
war (z. B. der Kolben wurde durch eine Nockenwelle bet&tigt). Im nachstehen-
den Abschnitt wollen wir den Fall untersuchen, wo die Kolbengeschwindigkeit
vom Druck nicht unabhéngig ist, z. B. der Kolben durch eine Federkraft
betatigt wird.
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APPLICATION OF WAVE EQUATIONS TO SHORT PIPES, PART |
P. BENYO

SUMMARY

The wave equations forming the solution of the differential equations describing insta-
tionary flow in straight pipes of constant cross section were applied to short pipes. With the
determination of the conditions of reflection at the point of change of cross section, the equa-
tions were applied to the pressure space of injection pumps. Thus, the pressure phenomena
were described as high frequency pressure oscillation, according to reality. In Part | of the
paper, the pressure phenomena were analyzed for three piston velocities produced by a dain-
shaft, and could be described by a geometric series. Were the pressure determined on
the basis of the continuity equation, the solution would be given by an inhomogeneous
differential equation of the first order.
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APPLICATION DES EQUATIONS D'’ONDES AUX TUBES COURTS, I™ PARTIE
P. BENYO

RESUME

Les solutions des équations différentielles décrivant I’écoulement instationnaire dans
les tubes droits a section constante ont été appliquées aux tubes courts. En déterminant les
conditions de réflexion produites au changement de la section, les équations ont été appliquées
au champ de pression des pompes d’injection. Ainsi, la pression a ce point a été établie comme
oscillation a haute fréquence de la pression, conformément a la réalité. Dans la premiére partie
de I’étude, la pression a été calculée pour trois vitesses de piston produites par un arbre a
cames, et cette pression pouvait étre exprimée par une série géométrique. Si la pression est
déterminée a partir de I’équation de continuité, la solution résulte d’une équation différentielle
inhomogéne du premier ordre.

NMPUMEHEHWE BOJIHOBbIX YPABHEHUW K KOPOTKUM TPYBAM, YACTb I
N BEHBO

PE3IOME

K KOpOTKMM Tpy6am 6bl/iv MPUMEHEHbI BO/IHOBbIE YPaBHEHWSI, SIBNSIOLLMECS PeLLeHneM
avddepeHUManbHbIX YPaBHEHWIA, ONMCLIBAIOLLMX HeCTalMoHapHble MOTOKM B MPAMbIX Tpy6ax
NOCTOSIHHOIO ceueHus. Onpeaenss ycnoBus pediekca, BO3HUKAIOLLME MPU U3MEHEHUW CEUYEHMS],
ypaBHeHus 6bIIM NPUMeHeHbI 151 KaMepbl AaBeHUs BPbICKUBAIOLLIEro Hacoca. Takum 06pasom,
NpoTeKaloLMiA 3ecb NpPoOLEcC AaBfeHUs 6bll OMNMcaH B COOTBETCTBUM C [EACTBUTENIbHOCTbIO,
KaK BbICOKOYACTOTHOE KofiebaHue faBfeHusi. B nepBoii yacTu M3MeHeHWsl AaBNeHus Gbiiv 3a-
nucaHbl AN TPeX CKOPOCTei MOPLLIHSA, CO3AaBaeMbIX KynaukoBbIM BaSIMKOM. 3anncb MMena Bug,
reomMeTpUYECKoro psaaa. B Tom ciyvae, eciiv NPOLIECC faBNeHUA A0/KEH 6bin 6bITb OMNpeaeneH
Ha OCHOBE YpPaBHEHWS HEMPepPbIBHOCTY, PELLeHKe MPUHAN0 6bl BUA HEOAHOPOAHOro AUd(epeH-
LManbHOTO ypaBHEHUsI MepBOro Mopsiaka.
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THREE-DIMENSIONAL FLOW IN AXIAL FANS
WITH PRESCRIBED BLADE LOADING

G. NATH
DEPARTMENT OF FLUID MECHANICS, TECHNICAL UNIVERSITY BUDAPEST

[Manuscript received March 4, 1966]

The inverse problem of the three-dimensional non-free-vortex flow through an axial
fan without prerotator and straightener, has been solved by using the isolated aerofoil method,
when the circulation increases with the radius, Rpi/RT is small and the number of blades is
finite. The trailing vortices are considered as spirals extending to infinity. The fluid is con-
sidered as incompressible and nonviscous. The radial, tangential and axial components of the
induced velocity due to the trailing vortices have been obtained numerically by using Electronic
Computer, but the radial component has been neglected as it is small. Analytical expressions
for various geometrical and aerodynamic properties have been obtained. One numerical example
showing the application of the method is given.

List of symbols

Notations
a, b constants;
Ca axial velocity at a point;
Cj resultant induced velocity due to the trailing vortices at any radial station;

Car Cri, CRi axial, tangential and radial components of the induced velocity due to the trailing
vortices at any radial station;

CD drag coefficient with respect to mean relative velocity, WL;

Cda annulus drag coefficient;

Co? profile drag coefficient;

CDs secondary drag coefficient;

Ci lift coefficient with respect to mean relative velocity, If,, ;

Cu tangential velocity at any radius, when the circulationis constant;
Cu tangential velocity at any radius, when the circulationis not constant;
D drag force of aerofoil profile;

Fa axial force;

Fu tangential force;

h — RT — Rfj blade height;

H total head pressure at a point;

i,j, K unit vectors along radial, tangential and axial directions, respectively;
K = AH/\qCu total head coefficient at any radial station;

KR loss coefficient of rotor at any radial station;

K sniri loss coefficient due to swirl at any radial station;

| chord length at any radius;

I/s solidity;

L lift force of aerofoil profile;

Lt length of a trailing vortex line;

n unit vector parallel with the tangent of the vortex line;

N number of blades;

p static pressure at a point;

pc = A p/2Q6-a, static pressure rise coefficient at any radial station;
pL static head rise coefficient at any radial station;

Q torque;
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torque coefficient;

vector along the line joining the points A and B (see Fig. 1);

magnitude of y;

cylindrical polar co-ordinates;

hub radius;

hub/tip ratio;

tip radius;

blade spacing;

thrust;

thrust coefficient;

volume of fluid flow, cu.ft./min.;

relative inlet velocity;

relative outlet velocity;

relative mean velocity;

new relative mean velocity;

distance of the fixed point on a given blade from the origin;

radius at which the axial velocity on the rotor plane assumes its mean value;
H2— if, local total head change at any radial station;

p2—p, local static pressure rise at any radial station;

tan-1 C/j/C, gliding angle;

static efficiency at any radius;

total efficiency at any radius;

= CallcoRT axial velocity far up stream per tangential velocity of blade tip;

density at any point;

= 2aa/N (g = 0,...,1V — 1) angle between consecutive blades;

effective angle of attack;

geometrical angle of attack;

angle which the relative inlet velocity, IF,, makes with the plane of rotation;
angle which the relative outlet velocity, 1F2 makes with the plane of rotation;
angle which the relative mean velocity, We, makes with the plane of rotation;
angle which the new relative mean velocity, JFee, makes with the plane of rotation:
angular velocity of the rotor;

blade circulation at any radius.

Subscripts

conditions far upstream of the rotor;

conditions far downstream of the rotor;

conditions at the hub;

conditions at the tip;

signifies mean values;

signifies theoretical total head rise through rotor (i.e. 100 per cent efficiency);
signifies conditions just before and just after the rotor.

I. Introduction

The fluid motion in axial-flow fans is so complex that for practical pur-
poses some simple mathematical model is required. The radial equilibrium and
actuator disc approaches to the three-dimensional design of non-free-vortex axial
flow fans have been considered by several authors, when the fluid is steady,
non-viscous and incompressible [2, 5—7, 10—13]. But they have not taken
into account the effects of the induced velocity due to the trailing vortices
which can be assumed to he spirals.

The present author has obtained the solution of the inverse problem of
the three-dimensional flow of a steady, non-viscous and incompressible fluid
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through a non-free-vortex axial-flow fan by the isolated aerofoil method. He has
considered that the circulation increases with the radius, na/~1 is small, the
trailing vortices are spirals extending up to infinity and the number of blades
is finite. Various geometrical and aerodynamic properties of the fan have been
obtained. The fan neither possesses prerotator nor straightener. Such fans can
be used in a cooling tower of a power plant.

The novelty of the present method lies in the fact that it takes into
account the effect of the induced velocity components due to the trailing
vortices. At the same time, it deals with finite number of blades and small
Rm/R te No solution exists up till now which deals with such a case.

The results obtained by the present method have been compared with
the corresponding results obtained by the Wallis method, modified Wallis
method and other approximate methods of the present author.

Il. Basic assumptions and outline of the present method of solution

1. Basic assumptions

The basic assumptions for the present solution are the following:

a) The circulation is prescribed in such a manner, that it increases with
the radius and its derivative vanishes both at the hub and at the tip.

b) Each blade is considered as a lifting line, for purposes of induced
velocity calculation.

c¢) The axial velocity before the rotor, CarlcoRT is taken as constant
along the radius.

d) The tip clearance is considered to be zero.

e) The radial component of the induced velocity is neglected as it is
very small, although this assumption is contrary to the condition of continuity.
Hence the motion of the particles of air or fluid, therefore, should he considered
to take place on the surfaces of cylinders coaxial with the rotor of the fan.

f) The angle of spiral is not constant along its whole length, but varies
between yx and y=2. The results can be obtained with both the angles, but it
is assumed that whichever is taken, it remains the same throughout the whole
length.

g) Since the efficiencies of the fans are of prime importance, frictional
forces are taken into account. For small frictional effects, it can be assumed
that the flow through blades does not appreciably deviate from that of inviscid
fluids. It is possible to take into account the losses by introducing drag forces
which are perpendicular to the blade forces obtained for frictionless flow.
At the same time, it has also been assumed that the boundary layer separation
and blade stalling do not occur in any part of the rotor.
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2. Outline of the present method of solution

For a prescribed circulation, first the three components of the induced
velocity due to the trailing vortices are obtained by the application of Biot—
Savart law. Then an aerofoil section is chosen and the effective angle of attack,
0 eif , corresponding to the design CL, is obtained from isolated aerofoil data.
Then, various geometrical and aerodynamic properties of the fan are obtained
taking into account the effects of the induced velocity components.

Fig. 1. Vortex system in a rotor of an axial-flow fan with non-uniform circulation

Il1l. Determination of the induced velocity

3. Basic equations for the determination of the induced velocity due to the
trailing vortices

Consider the rotor of an axial fan consisting of N blades symmetrically
placed whose circulation, I, increases with the radius. As the circulation is
not constant along the radius, there are infinite number of trailing vortices
emanating from each blade which move in the direction of the stream lines.
For simplicity sake, the angle of sjiiral can be taken as eithery” ory 2throughout
the whole length. The strength of a trailing vortex which originates from the
radius, R, is (di7di?)dA and the strength remains constant along the whole
length. The resultant induced velocity at a given point due to the trailing
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vortices of all the blades is given by Biot—Savart law (see Fig. 1):

c 1 w9 XY g gR "
" JrtJa) dk MO

In the present case:
y= —i[x—Rcos(0+ cr) + j{Rsin (0 + <t} + Ks, (2)

n = isin (0-f- a) cosy2-\~}cos (9 + a)cos % — K-sin W 3)

where y=2is the angle of spiral and can be obtained from Fig. 2.
The circulation of each blade can be expressed as:

T Pty ey R
wRI TsGrpl 2 Rp )
R R, R,

R R. R
B + b. (4)
R, RT) RT Rt
As the circulation is prescribed, a and b are assumed as being known.
The derivative of the circulation is
R 2 R Rh

1

Ry Rp Rp

and it vanishes both at the hub and at the tip. If the derivative of the circula-
tion is not of the above form, the magnitude of the induced velocity compo-
nents becomes infinite both at the hub and at the tip. This is due to the
assumption that each blade is replaced by a lifting line.

Fig. 2 represents the velocity diagram of a rotor of an axial fan at a
certain radius, x/R-p, in a non-free-vortex flow. When the circulation is constant
along the radius, W”/ciR t is the relative velocity in the plane of the rotor,
but when it is not constant, W'~/aRp is the relative velocity in the plane of the
rotor. In the plane of the rotor, the induced velocity components in the tan-
gential and axial directions are Cri/a>Rp and Caila>RT respectively, but for
down-stream of the rotor, they are 2 Cn-and 2 Ca(, respectively.

When the circulation is constant along the radius (free-vortex flow), the
tangential component of the velocity at the radius, xjRp, is given by:

cur_ =JY7"H.. ®
-j)Rr 2nx/Rp
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From Equs (1) —(5), the radial, tangential and axial components of the

induced velocity at the radius, x/Rr, can he written as:

d/l
d od [1]

OjRr W%JEB/RTJEA r3 [RT]

Fig. 2. Dimensionless velocity diagram of a rotor of an axial flow fan

(6)

The radial component is calculated to show that it is small and can be

neglected.

Cri g r  d(R/RT) & d(RIRT),
coRT = | T giiredo e3
dr’ A3
i sl T g(R/RT
Cai 4 1 x-i ( ) d<9d (R/RT)
CORT [N RhIRE N O e3
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where
dni [[_* 1
d (R/RT) Rr RT *rd.
R {sin (0 -f-o) — 0 cos (0 + 0)}
Rr N E1qH
2n (R/RT)2
K ~-coB(B +a) —" -8 sin (0 + or))-—---——-—- n
Rt t JJ P 1H
2n (R/RT)2
(0 + o)
% Ri
i lye By n ?
MR 2 "2 — 2 - cos (0 + a) + 02
RT \RT) RT RT 2 N riH
2n (R/RT)2. J
When the angle of the spiral is instead of y)2 the induced velocity

components are given as above except that 1Y /\n/2 Tr(f/M17-)2should he replaced
by N rtHIin(R/RTf .

Equs (6)—(8) are the same as those obtained by Betz [1] with the dif-
ference that he has taken the angle of spiral as ipl where tan = Carfio™.

2. Numerical solution of the three components of the induced velocity

Equs (6)—(8) cannot be integrated analytically. Moreover, near the rotor
they cannot be approximated by simple expressions which can be integrated
analytically. In order to obtain the numerical solution of Equs (6)—(8),
Simpson’s rule is employed and the solution is obtained with the aid of
Electronic Digital Computer (Elliot) when Rh/Rt = 0,35, N = 3, 1 = 0,2,
M1H — 0,056 and ip = and (>is the angle of spiral). The time taken was
about 10 hours. Equs (6)—(8) are slowly convergent. The maximum difference
in the magnitude of the three components of the induced velocity at certain
radius is about 8%, when the angle of spiral is taken as ip, instead of ip2.
But this difference has very little effect either on CalcoRr or CuluRt,
because CailcoRr and Cyi/coRj are very small compared to CaJo Rt and
Cu R t, respectively.

a) Radial component of the induced velocity: The radial component of the
induced velocity, Cri/odR t, is given in Table Il and Fig. 5a. It is negative at
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Table |

Circulation, I'1

R

Rj! n

0,35 0,0560
0,40 0,0561
0,50 0,0568
0,60 0,0588
0,70 0,0615
0,80 0,0639
0,90 0,0653
1,00 0,0656

every point of the blade. It is very small compared to the axial velocity,
CaJmRT, and hence can be neglected.

b) Tangential component of the induced velocity: The tangential component
of the induced velocity, Cri/mRx, is given in Table Il and Fig. 5b. In the present
case, it is negative in the vicinity of the hub and increases as x/Ry increases.

The tangential velocity after the rotor when the circulation is not con-
stant, can be expressed as:

Q _ + 2-"ML. 9)
coRr toRT CoRT
CulaR t is given in Table Ill and Fig. 7. In the present case, it decreases as
Table 11

Radial, tangential and axial components of the induced velocity
(Angle of spiral, =2

X Cri i Cai
Rijt (R ji (URp ojRj
0,35 —0,0026 —0,0003 0,0112
0,40 -0,0029 0,0004 0,0082
0,50 -0,0034 0,0012 0,0032
0,60 -0,0037 0,0014 0,0006
0,70 -0,0038 0,0015 0,0001
0,80 -0,0036 0,0018 0,0004
0,90 —0,0032 0,0024 0,0004
1,00 —0,0027 0,0026 -0,0004
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x/R t increases. The total head rise, static pressure rise and static head rise
coefficients, the thrust and torque coefficients and the static efficiency increase,
if CuWoR t increases when other design parameters are constant.

Fig. 3. Force vector diagram for rotor blade element

Circulation distribution
Fig. 4

C) Axial component of the induced velocity: The axial component of the
induced velocity, Ca/coRr is given in Table Il and Fig. 6. In the present case,
it decreases with the radius (except in a small region). It affects almost all the
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Table 111

Tangential component of the velocity, CuloipT

Approximate solutions

Present solution Wallis solution Wam;dsigiﬁjdﬁon

No. 1 No. 2

X c th (o7 2 o2 M2
Rp WHT ©Rp 0iRp 0iRp a)RT
0,35 0,0757 0,0764 0,0764 0,0720 0.0764
0,40 0,0677 0,0719 0,0670 0,0605 0,0670
0,50 0,0558 0,0631 0,0547 0,0488 0,0547
0,60 0,0474 0,0542 0,0471 0,0452 0,0471
0,70 0,0413 0,0454 0,0418 0,0415 0,0418
0,80 0,0370 0,0365 0,0378 0,0407 0,0378
0,90 0,0345 0,0277 0,0345 0,0399 0,0345
1,00 0,0320 0,0188 0,0313 0,0357 0,0313

geometrical and aerodynamic properties of the fan. If Cai/coRp has alarge value
especially at or in the neighbourhood of the hub, then, large deflection occurs

in the angle of attack. By properly choosing the rate of the increase of circula-

tion along the radius, Cai/cORp can be kept as low as possible. The axial velocity

after the rotor, CalcoRp, is given in Table IV and Fig. 8.

d) Induced velocity due to the bound vortices. It can be easily shown that

the induced velocity due to the bound vortices of all blades at every radius is

zero, when the blades are symmetrically placed.

Table 1V

Axial component of the velocity, CalcoRp

Present solution Wallis solution Wam:dsi;ﬁ[:ion

Cxr C Car

Rp cuRp loRp ojRp
0,35 0,2224 0,1952 0,2031
0,40 0,2164 0,2035 0,2010
0,50 0,2065 0,2147 0,1988
0,60 0,2013 0,2187 0,1987
0,70 0,2002 0,2154 0,1997
0,80 0,2008 0,2040 0,2008
0,90 0,2008 0,1825 0,2008
1,00 0,1992 0,1464 0,1987
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Fig. 5

Fig. 7
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IV. Some geometrical and aerodynamic properties of the axial fan
1. Geometrical angle of attack and chord length

The induced velocity due to the trailing vortices changes the angle of
attack. For a chosen aerofoil section, the effective angle of attack, ®eff,
corresponding to the design lift coefficient, C/, can be obtained from the experi-

Fig. 8

mental data of an isolated aerofoil [9]. The lift coefficient, C/., slightly changes
with Reynolds number. Reynolds number varies along the span of the blade
but the effect of variation of the Reynolds number on Ci_is small. Hence CL
can be taken as constant along the whole span. Since 0 eff. depends on CL, it
can also be taken as constant along the whole span.

The relation between ®er. and »gc0. at the radius is given by:

eH. = 0 geo. — — VA (10)

where and yi® can be obtained from velocity diagram (Fig. 2).
From the aerofoil theorv, the chord length at the radius, x/RT, is given

by:

2
RT
CLW'J&R, ()

where W'MoR t can be obtained from Fig. 2;
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Table V
Chord length, I/Rj

Approximate solutions

Present solutions W allis solutions Wam:dsitfjilidtion
No. 1 No. 2.
X | | | I 1
Rj! RT Rj> Rj1 Rjy RT
0,35 0,424 0,433 0,431 0,430 0,432
0,40 0,380 0,414 0,384 0,382 0,384
0,50 0,316 0,368 0,319 0,318 0,319
0,60 0,275 Q,319 0,277 0,277 0,277
0,70 0,248 0,268 0,248 0,247 0,247
0,80 0,226 0,217 0,225 0,225 0,225
0,90 0,206 0,164 0,205 0,206 0,205
1,00 0,187 0,112 0,186 0,187 0,186

I/R-T is given in Table ¥ and Fig. 9. It decreases as x/Rt increases.
I/RT can be increased by increasing either T'x or N or by decreasing either
N or Rh/Rt or Ci-

Collar [3] has suggested that when is approximately 40° and the
solidity less than unity, the interference between adjacent blades is small.
Detailed experiments on a fan designed by the isolated aerofoil method showed
satisfactory agreement with theory, although the values of the solidity, Zs
and ip,, at the blade root were in excess of those given above. Hence informa-
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Table VI

Angle which the mean relative velocity,

Modified

Present solution Wallis solution

I : VORT makes with the plane of rotation, y>,,

Approximate solutions

Wallis solution

No. 1 No. 2.
X 4o Yoo r Voo Voo
BT
0,35 34° 5,0 32° 21,9 32°52,8' 32° 29,6 32°40,6'
0,40 29° 37,6' 28° 59,6' 28° 40,9 28° 24,6 28° 37,4’
0,50 23° 17,5 23° 52,2 22°52,5' 22° 48,4 22° 56,1
0,60 19° 12,0 20° 4,7 19° 4,6' 19° 6,2 19° 7.4
0,70 16° 24,7' 17° 3,1' 16° 24,0' 16° 24,5’ 16° 24,7
0,80 14° 22,8' 14° 29,3 14° 23,3' 14° 23,1 14° 21,6
0,90 12° 47,3' 12° 10,7" 12° 47,4 12° 48,2 12° 45,8'
1,00 11° 27,9 9° 55,1 11° 26,9' 11°30,1' 11°29'
Table VII

Geometrical angle of attack, ®ge0.

Approximate solutions
Modified
Wallis solution

Present solution Wallis solution

No. 1 No. 2.
X

R ygeo. Fgeo. Ageo. Vgeo. <Fgeo.
0,35 3° 48,4' 2° 4.3 2° 36,2' 2° 13" 2° 24/
0,40 3°24,6' 2° 46,7 2°27,9' 2°11,6" 2° 24,4
0,50 2°46,9' 3° 21,7 2° 22" 2° 18 2° 25,6'
0,60 2°30,4' 3° 231" 2° 23" 2°24,6' 2° 26,8’
0,70 2° 26,6' 3° 5 2° 25,8 2° 26,3 2° 26,5
0,80 2°27,4' 2° 33,9 2° 27,9 2°27,7 2° 26,3
0,90 2°27,4' I 50,9 2° 27,6 2°28,3' 2° 26’
1,00 2° 24,4 0°51,6' 2°23,4' 2° 26,6 2° 25,5

tion available concerning multiplane interference is not completely satisfactory.
But it is better if ¥j* <[ 40° and I/s <[ 0,7 at the hub in the case of isolated
aerofoil method.2

2. Static pressure rise and static headrise coefficients

The static pressure rise coefficient, pc, at the radius, x/Rp, is given by
(see Fig. 3):
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W', |
Pi - Pi toRT RT
Pc= -
n22n —
RT
X Lo Cat+ Cai
CL ¢ (12)
RT 2 O0)RT (ORT )
Table VIII
Static pressure rise coefficient, pc
Approximate solutions
Present solution Wallis solution Modified
Wallis solution
No. 1. No. 2.
Rp R R R R R
0,35 1,164 1,165 1,164 1,173 1,164
0.40 1,200 1,284 1,205 1,216 1,205
0,50 1,261 1,455 1,274 1,282 1,274
0,60 1,332 1,534 1,341 1,319 1,341
0,70 1,410 1,554 1,406 1,407 1,406
0,80 1,478 1,415 1,465 1,463 1,465
0,90 1,518 1,218 1,510 1,505 1,510
1,00 1,530 0,927 1,531 1,527 1,531

But the static pressure rise coefficient, p'c, at the radius, xjRp, just after
the rotor can be expressed as:

Pi—Pi _ Pi~ Pi ci- ClI 3 (cl (13)

4 .
\' qcl yeCS, Cl tca

The static head rise coefficient at the tip just after the rotor can be
expressed as:
Pi—P'i~~ &Cai+ cai)2

(Pst)r=nr=nr = T (14)
\' oClI — eci

where pais the atmospheric pressure and p Ois the stagnation pressure.
pcis given in Table VIII and Fig. 10. p'cis given in Table 1X and Fig. 11.

Similarly, (pst)r is given in Table XI1. pc p'c and (pst.)r can be increased by
either increasing M1 or N or by decreasing Jl. In axial-flow fans, the kinetic

energy of the axial velocity may be large compared to the static pressure rise.
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Present solution

0,35
0,40
0,50
0,60
0,70
0,80
0,90
1.00

Pc

1,508
1,457
1,385
1,387
1,444
1,511
1,548
1,542

Present solution

Ri<

0,35
0,40
0,50
0.60
0,70
0,80
0.90
1.00

In such a case, the static head rise coefficient is negative. For fans which do
not possess stators and which deliver the air or fluid directly into the atmos-
phere, static efficiency at the tip is most important. But the static efficiency
at the tip will be negative, if (pst.)r is negative. Similarly, (pst.)r can also be
negative if there is a large reduction in the magnitude of the circulation at

the hub.

1,544
1,486
1,404
1,401
1,455
1,520
1,555
1,548

G. NATH

Table IX

Static pressure rise coefficient, pc

Wallis solution

Pc

Modified
Wallis solution

Pc

1,227 1,305
1,416 1,300
1,682 1,318
1,786 1,370
1,753 1,437
1,481 1,500
1,065 1,540
0,469 1,537
Table X

Total head rise coefficient, K

Wallis solution

1,263
1,449
1,707
1,804
1,766
1,489
1,069
0,472

Modified
Wallis solution

1,342
1,328
1,337
1,383
1,448
1,509
1,548
1,543
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Approximate solutions

No. 1

Pc

1,270
1,285
1,327
1,357
1,441
1,494
1,535
1,551

No. 2.

Pc

1,274
1,289
1,330
1,382
1,439
1,492
1,532
1,549

Approximate solutions

No. 1

1,302
1,307
1,342
1,370
1,450
1,504
1,545
1,559

No. 2.

1,310
1,317
1,349
1,396
1,450
1,501
1,540
1,555
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Present solution

0,35
0,40
0,50
0,60
0,70
0,80
0,90

1,00

KgWirl
K,h

0,0912
0,0759
0,0548
0,0396
0,0290
0,0224
0,0190
0,0164

Swirl

Wallis solution

Kgwirl
K lh

0,1131
0,0878
0,0575
0,0403
0,0294
0,0222
0,0178
0.0189

Table Xl

loss,

Modified

Wallis solution

K swirl
K.,h

0,1066
0,0832
0,0552
0,0396
0,0299
0,0235
0,0191
0,0158

Table XII

Approximate solutions

No. 1 No. 2.
Kewirl Kgwirl
Km

0,1028 0,1091
0,0757 0,0838
0,0488 0,0547
0,0376 0,0392
0,0297 0,0300
0,0254 0,0236
0,0222 0,0191
0,0179 0,0156

Efficiency, torque and thrust coefficients etc.

Present solution

Qc

VTot.
(nst)T

PCT
P QJ

KT

(pSt. K

From Equ

where

12

0,293
1,295
0,898
0,327
1,530
1,542
1,548
0,546

Wallis solution

0,280
1,192
0,895

0,927
0,469
0,472

Modified

Wallis solution

0,291
1,237
0,880
0,328
1,631
1,536
1,543
0,543

Approximate solutions

No. 1 No. 2.
0,290 0,291
1,235 1,237
0,881 0,880
0,333 0,331
1,527 1,531
1,551 1,549
1,559 1,555
0,551 0,549

3. Thrust and torque coefficients

. (13), the thrust coefficient can be expressed as:

T, = o f1 . X
JR hIRt nPr
T
~ pQ 1alll-

177

(15)
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Similarly, the torque coefficient can be expressed:

N T1 W, Iy X 1 C'2

JRhIRe O)Rj RT RT 2 oRt
Cai + Cai X J X
oiR p R RT\

+ CL

where

(16)

The above equations can be integrated either numerically or graphically.
They are given in Table XII. They increase when I'xor N increase or /1 de-

creases. Qc increases and Tc decreases when Cpa/C/, increases.

4. Total head rise coefficient

As in Ref. [12] neglecting all the second order terms in order to limit
the number of variables, the theoretical head rise coefficient at the radius,

x/Rp, can be expressed as:
2CJeR,
nz R1

K=
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But without ignoring the second order terms, it can be expressed as:

cL
X WRnN ¢ 2
K= 1 T R (18)
A-S R, 2 wR n- le |

From the Bernoulli relationships before and after the rotor, the total
head rise coefficient, K, can be expressed as:

A2- 9 X Pr — Pn + Cgaz C'«Z (19)
K -1t Cr,

Y PCi

K increases when CuJa>R T increases or J1 decreases. This is given in
Table X and Fig. 12.

V. Losses and efficiency of a fan

At present, it is rather difficult to predict the losses with accuracy in a
non-free-vortexflow due to lack of knowledge regarding secondary and annulus
losses. Generally, the rotor losses can be subdivided into three components:
profile loss, secondary loss and annulus loss. The tip clearance loss can be
neglected.
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In a fan without prerotator and straightener, the loss in efficiency is due
to rotor loss and kinetic energy loss. The kinetic energy loss is due to the radial,
tangential and axial components of the velocity, but the radial component has
already been neglected.

a) Profile drag coefficient: In the case of the isolated aerofoil method, for
a chosen aerofoil section, the profile drag coefficient at a specified radius can
he obtained from the experimental aerofoil data. Like the lift coefficient, Cj_,
the profile drag coefficient, CDp, slightly changes with the Reynolds number
and with the effective angle of attack. The effect of the variation of Reynolds
number on CDp is small. As mentioned before, ®eff can be taken as constant
along the radius. Hence Cgp can also he taken as constant along the radius.
CDp is also affected by roughness. But it can be assumed that the roughness
is very small and hence can be neglected.

b) Secondary and annulus drag coefficients: At present, the secondary and
the annulus drag coefficients in a non-free-vortex flow are not properly known
either analytically or experimentally. Hence extensive amount of research
work is required in order to determine them accurately and this has been left
for future research work. But it can be assumed that the secondary drag coef-
ficient, Cds, and the annulus drag coefficient, CoA in a non-free-vortex flow
are about the same in magnitude as in the free-vortex flow. In a free-vortex
flow, Cqgs is, generally, estimated from Howell’s empirical formula [4] which
can be expressed as

CDs = 0,017 CI (20)

where CL represents the lift coefficient at the radius, (*/RT)m. Similarly, CRA
can be estimated from the expression:

Cda = 0,018 — (21)

where Zis the chord length at the radius (xIRT)m

It can be assumed that Equs (20) and (21) represent CDs and CDa, re-
spectively, at every point along the blade span. Although in a non-free-vortex
flow these equations will not hold good, still in absence of any other reliable
results, they have been used to determine Cps and CRA.

¢) Sivirl loss: In a fan without prerotator and straightener, the loss
associated with downstream swirl is quite appreciable specially at the hub
when RHRT is very small and Cu2to-KT is large.

The swirl loss at the radius, x/R?, can be expressed as:

c 2 ca ’

K swirl. CORT 1/ O)RT
K rh Krh

where CuaRt and Kf can be obtained from Equs (9) and (18), respectively.
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The swirl loss is given in Table X1 and Fig. 13. It has a maximum value
at the hub and in the neighbourhood of the hub, it rapidly decreases as x/Rp
increases, but in the neighbourhood of the tip, it slowly decreases as x/Rp
increases.

d) Kinetic energy loss due to the axial velocity: The kinetic energy due to
the axial velocity, Cai + Ca at the radius, xjRp, is 1/2q (Cai -f- Cw)2 This
energy is lost, if the rotor discharges fluid into the atmosphere. Hence this loss
at the radius, x/Rp, can be expressed as:

[CO+ Cni \21 g

Kraxial. ° QRF ) CoRT
Krh ~ K

2

where Caj/coRp and Krh can be obtained from Equs (8) and (18), respectively.
This loss varies along the radius and its value is quite high at every point
along the radius. But it can be reduced by taking CaJcoRp as small as possible.
e) Efficiency ; After the determination of all losses already mentioned
above, it is possible to obtain the total efficiency and the static efficiency of
the rotor.
The total efficiency can be expressed as:

I 2n(Cal+ Cai) AH

Vto, = » A e d* =

2r ca + cai K-9.
JRnIRt  @>RT Rr A
Qc .RT\

where Cai/oiRp, Qc and K can be obtained from Equs (8), (16) and (19), re-
spectively.

The above equation can be integrated numerically or graphically. The
total efficiency, rjTot, is given in Table X I1. It decreases when either A decreas-
es or N increases provided and RH/Rp are kept constant. The total efficiency
is a common definition in axial-flow fans. In the present case, however, this
efficiency is misleading because part of the total head rise is also a loss.

In engineering practice, static efficiency is important. The static efficiency
at the tip can be expressed as:

(Pi —Pi)-———R(Cai + Cai)2

(25)
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where (Pst.)Tand Qc can be obtained from Equs (14) and (16), respectively.
(Vst)r is given in Table XII.

The requisites for high static efficiency are high total efficiency, low
kinetic energy loss and large static headrise coefficient. The magnitude of the
kinetic energy loss can be reduced and the magnitude of the static head rise
coefficient can be increased by reducing the magnitude of the axial velocity.
But the magnitude of the rotor losses is also increased if the magnitude of the
axial velocity is reduced. Hence designing for highest possible static efficiency
is rather difficult, but by properly choosing the design parameters, it is possible
to obtain high static efficiency. Fan units of high static efficiency tend to be
large owing to the desirability of keeping axial velocity low. Available space,
size limitations or capital cost can put a restriction on the maximum static
efficiency for which it is possible to design.

V1. Effects of parameters on the aerodynamic properties of the fan

There are four major parameters which affect the aerodynamic properties
of the fan. The four parameters are:

axial velocity, Cai/coRr ;

number of blades, N ;

circulation, ;

hub/tip ratio, R H/RT. While considering the effects of one parameter,
other parameters are considered as constant:

a) Effects of axial velocity, J1: CrijcoR-r, Cai/coRT, I/Rj, pc, K, KR/Krh,
Qc and Tc decrease as A increases.

b) Effects of number of blades, N: Cri/coRT, CWI(6R ti Cc/laR t, K, p,, Qc,
Tcand KgwirilKrfr increase as N increases, but the change in KR/Kr and / RT
is small if the change in N is small.

c) Effects of circulation, TI'y. Cn/coRis, CdaR t, CafcoRj, K, pc, I)RT,
Qc, Tc and KswirilKn, increase as T\ increases, but KR/Krh decreases as I\
increases.

d) Effects of hub/tip ratio, Rh/Rt- Crt/coRr, CdoRt, Cai/a>RT, I/Rj,
pc, K, Qc, Tc and KswirilK dl decrease as RH/RT increases, but Kk/Km in-
creases as RHjR T increases.

VII. Design limitation of some parameters

It is not easy to give a precise lower or upper limit to the four major
parameters (A, N, /\, Rh/Rt) as these limits vary according to the nature of
the fan and the method of designing the fan. Instead of prescribing lower or
upper limits to /1, N, R h/Rt aT|(l F\ individually, efforts will be made to pre-
scribe the upper and the lower limits to Rh/Rt, 1 and Cu2ZaR t.
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For isolated aerofoil method, generally, R H/Rr lies between 0,2 and 0,6.
Similarly, Cu2ojR t should be less than 0,19 and /1 should lie between 0,04
and 0,48. If CuldaR t exceeds 0,19 and J1 exceeds 0,48, becomes greater
than 40°, I/s exceeds 0,7 and swirl loss at the hub becomes high. Similarly, if
N is taken as less than 0,04, there is a great increase in the rotor losses. At the
same time, care should be taken so that Cu2lCai should not exceed 0,4.

VI1Il. Comparison of numerical results

In this section, numerical results obtained by the present method, have
been compared with the Wallis method, with modified Wallis method, and
with approximate methods of the present author. For numerical calculations,
the values of the various parameters are taken as: 1 = 0,2, RH/RT = 0,35,
N = 3, a= 2,4847, ¢ = 0,0263. The aerofoil section is taken as R. A. F. 6 E
(Reynolds No. 0,791 « 10°) CL= 0,7, CDp = 0,012, and 0 eff_ = 2°24".

a) Comparison with Wallis method: From the Tables I11—XI1 and Figs
7—13, it can be seen that there is a great difference between the results
obtained by the present method and the Wallis method [12] except for the
total efficiency. According to the present method, K and P'c at the tip are
about three times as great in magnitude as those obtained by Wallis method.
Similarly, the ratio of the chord length at the tip and at the hub, Ij/Ihi in the
present case is about 1,8 times as great in magnitude as that of Wallis method.
According to the Wallis method, the static head rise coefficient at the tip,
(Psi-)t and the static efficiency at the tip, (Vst.)r, have negative values, but
according to the present method, they are 0,546 and 0,327, respectively. The
difference between the results of the two methods is due to the fundamental
difference in the circulation. Hence it can be concluded that the present method
is better than the method of Wallis.

b) Comparison with modified Wallis method : In order to compare the
results obtained by the present method with those of Wallis method when both
have the same circulation, Wallis method is modified so as to include the
circulation given by Equ. (4). This modified method is known as the modified

Wallis method. From Tables I11—XI11 and Figs 7—13 it can be seen that there
is close agreement between the results obtained by the present method and
the modified Wallis method except in the case of Cad-/ojRr, d>g0, K, p'c

and Kwiri/Kth in the neighbourhood of the hub.

If comparison is made between the method of Wallis and the modified
method of Wallis, it can easily be seen that there is considerable difference
in the results obtained by these two methods and this difference tends to
increase towards the tip. This difference in the results is due to the difference
in the circulation. Hence it can be concluded that the circulation represented
by Equ. (4), gives better results than the circulation taken by Wallis.
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c) Comparison with approximate methods : In the approximate method
No. I, the trailing vortices are considered as straight lines instead of spirals
and all other assumptions are the same as in the present method. In the
approximate method No. Il, the trailing vortices are considered as straight
lines and the number of blades is considered as infinite, but the total circulation
is the same as in the case of finite number of blades. The results obtained by the
approximate methods are given in Tables Il —XI1I.

The results obtained by the present method are in close agreement with
those obtained by the approximate methods. But there is some difference in
the case of ®reo,y I, K, p'c and KswirilKrh in the vicinity of the hub. The results
obtained according to the approximate method No. 2, are almost the same as
those of modified Wallis method.

Hence it can be concluded that the shape of the trailing vortices has
little effect on the geometrical and aerodynamic properties of the fan, provided
other assumptions are the same.

IX. Conclusions

The main conclusions of the present investigation are the following:

a) Such circulation should be prescribed whose derivative vanishes both
at the hub and at the tip, otherwise the induced velocity components will be
infinite both at the hub and at the tip. Moreover, the appropriate form of the
circulation depends upon the shape of the trailing vortices, i.e. whether the
trailing vortices are taken as straight lines or curves.

b) The radial component of the induced velocity, Cri/loR t is small
compared to the axial velocity, Ca2l(oRr, and hence can be neglected.

c¢) The difference in the values of the components of the induced velocity
due to the change of the angle of spiral (i.e. from to or rp* to rp2) is maxi-
mum about 8% at certain radius, but the effect of this difference on the tan-
gential velocity, CuJcoRr, and on the axial velocity, CO2<wfir is very small.
Hence it is possible to take either ip2 or ipm as the angle of spiral without any
appreciable error.

d) The induced velocity components at any radius in the plane of the
rotor due to the trailing vortices which lie far away from the rotor (60 n <
< 0 < o00) are very small.

e) With the proper choice of the design variables, the static headrise
coefficient at the tip and the static efficiency at the tip can be increased and
back flow can be avoided.

f) There is very close agreement between the results obtained by the
present method, by other approximate methods of the present author and by
modified Wallis method except in the neighbourhood of the hub in the case
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of certain geometrical and aerodynamic properties. Hence for the same circula-
tion, there is not much difference between different methods.

g) There is appreciable difference in the results obtained by the present
method and by Wallis method, especially, in the region of the tip, but the
total efficiency is almost the same in both cases. This difference is due to the
difference in the circulation.

h) The assumption that the finite number of blades, IV, each having the
circulation, ', can be replaced by infinite number of blades so that the total
circulation is NT, is a valid assumption.

i) Properly designed non-free-vortex axial flow fans have values of total
efficiency comparable to that of the free-vortex axial flow fans. But the static
headrise coefficient at the tip and the static efficiency at the tip etc. are greater

than those of the free-vortex flow.
j) The practical advantage of using non-free-vortex flow in the design
of axial flow fans is that the size of the fan will be smaller compared to free-

vortex flow.

k) With the proper choice of the design variables, it is possible to design
non-free-vortex flow pressure rise axial flow fan without prerotator and straight-
ener, in which the drawbacks of the three-dimensional nature of flow could

be kept down to a minimum.
1) The present method is more accurate than the other methods, but the

modified Wallis method can also be used for engineering purposes.
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RAUMLICHE STROMUNG IN EINEM AXIALVENTILATOR
BEI GEGEBENER SCHAUFELBELASTUNG

G. NATH

ZUSAMMENFASSUNG

Der Verfasser behandelt die Losung des sogenannten umgekehrten Problems der raum -
lichen Strémung in einem Axialventilator ohne Vor- und Nachleitung mit weit auseinander-
liegenden Schaufeln, mit radial veranderlichem Drall. Vorausgesetzt wird, daR die Zirkulation
an den Schaufeln proportional dem Radius wéchst, das Nebenverhdltnis klein ist und die
Schaufelzahl endlich ist. Die freien Wirbel werden als bis ins Unendliche sich erstreckende
Schraubenlinien betrachtet, das Medium wird als inkompressibel und reibungsfrei voraus-
gesetzt. Die radiale, tangentiale und axiale Komponente der von den freien Wirbeln indu-
zierten Geschwindigkeit wurde mit einer elektronischen Rechenmaschine bestimmt, die radiale
Komponente wird jedoch wegen ihrer Kleinheit nicht in Betracht gezogen. Die Ergebnisse:
die geometrischen und stromungstechnischen Parameter werden auch in analytischer Form
angegeben. Die Anwendung des Verfahrens wird an einem Zahlenbeispiel gezeigt.

ECOULEMENT SPATIAL DANS UN VENTILATEUR AXIAL
A AUBES SOUMISES A UNE CHARGE DONNEE

G. NATH

RESUME

L’auteur présente la solution du probléme dit inverse de I’écoulement spatial & moment
cinétique radialement variable, dans un ventilateur axial formée d’ailes isolées, a aubes espacées
sans guidage préalable et ultérieur. 1l suppose une circulation sur les aubes croissant en pro-
portion du rayon, un petit rapport de moyeu et un nombre d’aubes fini. Les tourbillons libres
sont considérés comme des spirales s’étendant a I’infini, le fluide est supposé incompressible
et sans frottement. Les composantes radiales, tangentielles et axiales de la vitesse induite par
les tourbillons libres ont été déterminées a I’aide d’une calculatrice électronique, mais la com-
posante radiale a été négligée en raison de sa petitesse. Les caractéristiques géométriques et
d’écoulement obtenues comme résultats sont présentées aussi sous une forme analytique.
Un exemple numérique montre I’application de la méthode, les résultats étant comparés
ensuite a ceux de différentes méthodes approchées. L’accord est satisfaisant dans tous les cas,
excepté la méthode de Wallis.

MPOCTPAHCTBEHHbIE MOTOKU B AKCYA/IbHOM BEHTUNATOPE C 3AAAHHON
HAMPY3KOW HA NTIOMNACTW

r. HAT

PE3IOME

ABTOp paccMaTpuBaeT peLleHKe T. H. 06paTHOM Mpo6iemMbl NPOCTPAHCTBEHHbIX MOTOKOB,
06pasylolMXca B aKCMa/IbHOM BEHTU/ITOPE, He VMMEIOLLEM HU NPEABapUTEeNIbHOro, HW nocne-
[YIOLLEro HanpaBMeHWsi, U CKOHCTPYMPOBAHHOMO C OTAE/bHBIMMW, PEKO MOCTaB/IEHHLIMU ona-
cTAMU. MpPOCTPaHCTBEHHbIE MOTOKM B PafuasibHOM HanpaBfeHUW VMEOT NepeMeHHYIo yrioByto
cKopocTb. lMpegnonaraercs, uto LMPKYNAUMS Ha N0NacTsAX Bo3pacTaeT NPOnopLVoHaibHO pa-
AWYyCY, OTHOLUEHWE MOALMMHUKA Maso, U YUCN0 fonacTeli KoHeuHo. CBO6OAHbIE 3aBUXPEHNUS
NPVYHUMAIOTCS 38 GECKOHEUHble CMpanu, a cpefa MpearnonaragTcs HEC)KMUMAEMOl U He UMeto-
et TpeHus. PagnanbHble, KacaTeslbHble U aKCUaslbHble COCTaBASIOLLME CKOPOCTM WHAYLMPO-
BaHHOM CBOBOAHLIMM 3aBUXPEHUSIMU, GbINM OMpeaeNieHbl C MOMOLLBIO 3/1EKTPOHHOW BbIUNCIN-
TeNbHOW MalUMHbI, OfHAKO, paananbHash COCTaBNAIOWAA BO BHUMaHWE He NMPUHUMAETCS, BBUAY
ee Ma/lblX pasMepoB. Pe3y/nbTaTbl, KaK reoMeTpuYecKue, TaK W MOTOYHblE XapaKTepUCTUKU

JaloTca M B aHaMTMUeckoli (hopme. MpPUBOAUTCA YMC/IOBOV MPUMEP, AeMOHCTPUPYHOLLMA Npu-
MeHeHVe MeTofa.
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THE COMPRESSIBLE LAMINAR SPANWISE
BOUNDARY LAYER ON A YAWED INEINITE
CYLINDER WITH DISTRIBUTED SUCTION

G. NATH
DEPARTMENT OF FLUID MECHANICS, TECHNICAL UNIVERSITY BUDAPEST

[Manuscript received May 3, 1966]

In the present paper, an approximate method using momentum equation has been
presented to calculate the compressible laminar spanwise boundary layer on a yawed infinite
cylinder with distributed suction when Prandtl number is unity, viscosity varies directly as
the absolute temperature and the body is heat insulated. The characteristics of the chordwise
layer is assumed as being known. It has been found that the skin friction coefficient increases
with the suction parameter, but it decreases when the Reynolds number or Mach number
increases.

List of symbols

Notations
specific heat at constant pressure;
/f_Pg chordwise and spanwise flow functions;
HX = 0x/&x shape factor for the chordwise profile in the boundary layer;
H = 0y/G yshape factor for the spanwise profile in the boundary layer;

a variable to denote ifx/ or Hyi in Equ. (31);
Kxh Ky form parameters for the chordwise and spanwise velocity; profiles, respectively;

Kt a variable to denote Kxi or Kyi in Equ. (31);

hi = (Gyi/V0i) (9 V[/d zi)zi=0 non-dimensional shearing-stress parameter for the span-
wise boundary layer;

M Mach number;

p static pressure in the boundary layer;

4 = &yil@xi ratio of the spanwise momentum thickness to the chordwise momentum
thickness;
= Oxyi/GX¥ ratio of the mixed momentum thickness to the chordwise momentum
thickness;

T absolute temperature;

" chordwise velocity component inside the boundary layer;

" chordwise velocity component outside the boundary layer;

Y spanwise velocity component inside the boundary layer;

Vv spanwise velocity component outside the boundary layer;

normal suction velocity at the surface;

co-ordinate measured along the surface in the chordwise direction;

co-ordinate measured in the spanwise direction;

co-ordinate measured normal to the surface;

= 0Qyi/dxi ratio of spanwise boundary layer thickness to the chordwise boundary
layer thickness;

a parameter for the family of spanwise profiles;

ratio of specific heats;

chordwise boundary layer thickness;

spanwise boundary layer thickness;

“

1 - — sz displacement thickness of the boundary layer in the chord-
u

wise direction;
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*
N IT ( x _x % ) . displacement thickness of the boundary layer in the span-
wise direction;
0- = J ')éle—f{i " dz momentum thickness of the boundary layer in the chord-
' wise direction;
0, A JL (i N jdz momentum thickness of the boundary layer in the span-
Jo ex v - y lay P
wise direction;
&Xy = -jjr "1 --—-—jdz mixed momentum thickness of the boundary layer;
rfx = z/ 6xa non-dimensional variable in the chordwise profile;
rly = z/by a non-dimensional variable in the spanwise profile;
X = — wO0&x / y0a suction parameter for the chordwise boundary layer;
Ty = — wO0&yy0 a suction parameter for the spanwise boundarylayer;
coefficient of viscosity;
v kinematic viscosity;
B — 2(/®xi a non-dimensional variable;
g density;
f shearing stress at the wall;
r angle of sweep.
Subscripts
0 refers to stagnation conditions;
1 refers to conditions at the edge of the boundary layer;
i refers to a related incompressible flow;
X refers to a chordwise component;
y refers to a spanwise component.

I. Introduction

For incompressible flow over a yawed infinite cylinder, the chordwise
flow, both inside and outside the boundary layer, is independent of the span-
wise flow [4, 6, 8]. But for the same cylinder in compressible flow, this “inde-
pendent principle” does not hold good (except for isothermal fluids). The solu-
tion of the compressible, laminar spanwise boundary layer on a yawed infinite
cylinder or wing without suction was obtained by Crabtree [1] under certain
assumptions.

In the present paper, however, an approximate method using momentum
equation was formulated to calculate the compressible laminar spanwise
boundary layer on a yawed infinite cylinder with distributed suction when
the Prandtl number is unity, viscosity varies directly as the absolute tempera-
ture and the body is heat-insulated. The calculation for the chordwise layer
is assumed as being known. Although the complete dependence of the chord-
wise upon the spanwise is not represented by the present method, at least a
part of the dependence is accounted for in the solution. However, the present
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solution gives fairly good idea of the effect of compressibility on the various
characteristics of the spanwise boundary layer with distributed suction.
A method similar to the present one did not exist up till now.

Il. Outline of the present method

First, the equations of the steady compressible laminar boundary layer
are reduced to those of the incompressible flow. Then, with the aid of the mixed
momentum equation in the incompressible flow, curves or numerical tables for
the universal functions s and g in terms of Hxi and Hyj are obtained. Then the
various characteristics of the incompressible spanwise boundary layer can be
obtained and hence by transformations, the characteristics of the compressible
spanwise boundary layer can also he obtained.

I1l1. Basic equations

The boundary layer equations of a yawed infinite cylinder in a steady,
laminar compressible fluid are given as in Ref. [5]:

an du 1 dp 1 3 du
N —--mmmme rw - = — H— — /t— (1)
dx dz Q dx g 9z z
dv dv 13 an
N ----- 4- W = — = (2)
an 97 Q 92 9z
ip_
0= 3
. 3)
The equation of continuity is:
9 9
----- (9b) H-mmme(Qu) = 0« @
The equation of conservation of energy is:
d . 8 u2+ V2 i) iC) u2+ v2
[ — iio — . T — N— +cpTh, 5
e x P 3z dz P ©)

where the Prandtl number is unity and viscosity varies directly as the absolute
temperature.
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If there is no heat transfer between the gas and the surface of the cylinder,
Equ. (5) can be expressed as:

I~ 3 v
cpT |_}- = constant . (6)
The boundary conditions are:
z2=0, n=v=0 w=w0T= Tw(x),-—--= 0;

The Illingworth —Stewartson transformation is [3, 9]:

al gn gz,
«OjOSO

al

Jo aj 7—1

%
«1

", v, =V,

«0
u,
«i (7)

With the aid of the above transformations, it is possible to transform Equs

(1) — () to a form closely resembling the incompressible case. The equations
can be expressed as:

3M,' d j i i
W, T SR .\ voaa-u' 3)
9 7 - QX Vi ¥?
Ui v LW 8v. Vi Rvi
_______ - ’_____: q________
XKi aX,- av (9)
(10
9L, ao- = 0
3 dZj (11)

Acta Technica Academiae Scicntiarum Hungaricae 56, 1966



THE COMPRESSIBLE LAMINAR SPANWISE BOUNDARY LAYER 191

where

- =Ml

and JVf, is Mach number atinfinity. In Ref. [5], K instead of L has been used.
The boundary conditions are:

=0, ul= M= 0, wt= wo,
zi= °° Ui= u,, vt= Vt, (12)
M- A d2uj Qi

9r,- 92,- 8z2 dz2

For an infinite cylinder it is assumed that V = VO, a constant.

L is small for the subsonic flow. When the flow is supersonic (Mm> 1)
the phenomenon of shock wave boundery layer interaction occurs, which is not
considered here. Hence can he maximum taken as 1. Hence the maximum
value of L = 0,091, when I' = 45°, y = 1,4. As a first approximation L can
be neglected. Hence Equ. (8) completely reduces to the equation of the incom-
pressible flow. Crabtree [1] uses successive approximations from the incom-
pressible cases L = 0 to yield solutions for small L. In the spanwise solution,
the chordwise solution is supposed to be known beforehand.

[I. Momentum equation

The mixed momentum equation in the presence of suction can be written
as (1):

(13)

The spanwise profile on (zil&yi) scale can be approximately taken as a function
of suction only. The spanwise profile can be expressed as:

where By depends upon suction only.
From Equs (13) and (14) introducing s and g, the mixed momentum
equation can be expressed as [5]:

(15)
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The functional relationship between lyi and Xyi can be obtained from
Iglisch’s solution [2] for a flat plate with constant suction. The polynomial
given by Thwaites [10] for the curves of Iy, against )§// is given by:

lyi = 0,225 + 0,36 Xyi + 0,38 Xyi. (16)

From (15) and (16)

— (sU B )- V<225~ 0,64** + °’38
%, ' 4 & Xi

In the presence of suction, the shape factors H xj and Hyi are used to
define the chordwise and spanwise profiles, respectively.
The chordwise and the spanwise profiles can be represented as:

L=/b?-, H
u, 6>

= . Hyi (18)

Hence s can be expressed as [5]:

Jrﬂ*l, HXi) 1-«|— , Hv de = s(g Hxi, Hyi. (19)
0 4

2. Calculation of s and q in terms of H xi and H yj

In order to calculate s and q in terms of H>: and Hyi, Schlichting profile
[7] with slight modication is used.
The chordwise profile can be expressed as:

| |
. 2

1_endi+ Kx 1 _—e~y— _°~ VXi __2 VXi + _1 V)‘(iu,if0< TXi < 3;
u, 3 27 81 " j

= 1—(1+ Kxi)e * iffxi= 3. (20)
The displacement thickness in the chordwise layer is given by:

o
= 1+ 0,1 Kxi. (21)
dv,

The momentum thickness in the chordwise layer is given by:

= 05+ 0,1348 Kxi - 0,0113 K 2i. (22)
dw
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Hence the form parameter, Hx is given by:
a  _ 6% _ 1+ Of kxi (23)
Xi Gxt 0,5+ 0,1348Kxi - 0,0113Kx? "'
Similarly, the spanwise velocity profile is given by:
— =1 —e~ty-j-Kvi 1 e ] 2 2 o, 1 JfO < flyi < 3;
Yl
= 1—(1+ Kyi)e~"y, ifryi > 3. (24)
Hence
6%,
-*- =1+ 0,1Kyi, (25)
Oyi
= 0,5+ 0,1348Kyi - 0,0113 Ky% (26)
ayi
= % = 1 t- 0,1 Kyi @7)
Hyi Oyi * 05+ 0,1348Kyi- 0,0113 Ky\ *
The mixed momentum thickness, o xyi, can be expressed as:
e alKui + aiKyj-f- a3k Xi Koy (28)
ayi

When a = 1; a0= 0,5012, ax= 0,0168, a2= 0,1174, a3= -0,0113.
The relation between s and g can be expressed as:

®yilayi s

(mhyiByi

If Kxi, Kyi and * are known, 0 yydy, and 0 X//<V can be obtained.

Hence the relation between g and s can be obtained. The relation between
g and s is given in Fig. 1.

Determination of Kxt and Kyi: From Equs (23) and (27), the relation
between K, and Ht can be expressed as:

0,0113 HtKi + (0,1 - 0,1348Ht) K, + (1 - 05HtH — 0, (30)
where Kt represents Kxi or Kyi and H t represents H xi or Hy- In the present

case Hxi and Hyi are assumed to be known. When Ht— 2,0, one value of
Kt= 0 and the other value is positive. Kt= 0 gives the asymptotic suction
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profile and the positive root is excluded by Schiichtung [7]. If Ht > 2,0, the
product of the two roots of K, is negative and only the negative roots are taken.
Hence, corresponding to one value of Ht, there is one relevant value of Kt.

Fig. 1. Curves for calculating g for arbitrary values of Hxj, liyj and s

Hence the lower and upper limits of Hyi can he taken as 2,0 and 2,59,
respectively. The lower limit is fixed by the asymptotic suction profile and the
upper limit by the Blasius profile for the flat plate. The lower and upper limits
of H X can be taken as 2,0 and 4, respectively. But Hx, can be taken for more
than 4, if necessary.

The form parameter, Hyi depends on suction only and hence can be taken
as the function of Ay-

The relation between Hyj and Ayi can be obtained by the use of the exact
solution given by Iglisch for the flat place with suction.

The values of s and q at different points of the body can be obtained as
in Ref. [5].
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3. Characteristics of the spanwise boundary layer in compressible flow

After determining the various characteristics of the spanwise boundary
layer in the incompressible flow, the corresponding characteristics in the
compressible fluid can be obtained from previous transformations.

The momentum thickness, 0y, in the compressible fluid is given as (1):

Y+ 1
m?

Since g and (P4 are known, <Qy- can be determined, hence from the above
equation (Jy can he obtained. Similarly, the shape parameter, Hy, can be

expressed as:

Hv- (Hvi+ 1) 1+ -1 (32)

Similarly, the mixed momentum thickness can be expressed as:
|

& = 6 1+ n (33)

From Equs (30) and (31), the displacement thickness, 0y, can he obtained.
The skin friction coefficient can he expressed as:

[0,225 -F 0,364 -+ 0,38AJ] x (34)
10 Yn Res
Y- 1 -
X
there
Re&v= "¢’y

IV. Conclusions

The momentum method gives a fairly good idea of the effect of compres-
sibility on the various characteristics of the spanwise boundary layer on
a yawed infinite cylinder with distributed suction. The accuracy of the present
solution depends upon the accuracy of the results of the chordwise boundary
layer. The method is valid only up to separation point. It is valid for the solid
body also. The skin friction coefficient, Qy increases with the suction param-
eter, Xyt, but decreases when the Reynolds number, ReOy or M1 increases.
The form parameter, Hy, increases with Mach number but decreases with
the suction parameter, Ayi.
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KOMPRESSIBLE, LAMINARE, LONGITUDINALE GRENZSCHICHT UM EINEN
UNENDLICHEN, SCHRAG ANGEBLASENEN ZYLINDER MIT VERTEILTER
ABSAUGUNG

G. NATH

ZUSAMMENFASSUNG

Der Verfasser teilt eine auf dem Impulssatz beruhende Ndherungsmethode mit fur die
Berechnung der zusammendriickbaren, “laminaren, longitudinalen Grenzschicht um einen
unendlich langen, schrdg angeblasenen Zylinder mit kontinuierlich verteilter Absaugung.
Vorausgesetzt werden Prandtl-Zahl gleich Eins, Viskositdt proportional der absoluten Tem-
peratur und ein wéarmeisolierter Zylinder. Die Parameter der Grenzschicht in Richtung der
Leitlinie werden als bekannt vorausgesetzt. Das Ergebnis zeigt, daB die Reibungszahl sich
mit zunehmender Absaugung erhdht, mit wachsender Reynolds- bzw. Mach-Zahl jedoch
ubnimmt.

COUCHE LIMITE COMPRESSIBLE LAMINAIRE DIRIGEE SUIVANT
LES GENERATRICES AUTOUR D’UN CYLINDRE INFINI A SOUFFLAGE OBLIQUE,
EN PRESENCE D’ASPIRATION DISTRIBUEE

G. NATH

RESUME

L’auteu présente une méthode approchée basée sur le théoreme des impulsions pour
le calcul de la couche limite compressible, laminaire, dirigée le long des génératrices autour
d’un cylindre infini & soufflage oblique, en présence d’aspiration distribuée. L’auteur admet
un nombre de Prandtl égal a 1, une viscosité proportionnelle a la température absolue et un
cylindre thermiquement isolé. La couche limite est supposée connue en direction de la direc-
trice. Le résultat montre que le coefficient de frottement croit avec I’aspiration, mais diminue
avec lu nombre de Reynolds et le nombre de Mach.
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COXVUMAEMbIA NAMUWHAPHbBIV TPAHWYHbBINA CNOW C PACCEAHHBbIM OTCOCOM,
HAMPAB/EHHbIA MO OBPA3YIOWEN BEECKOHEYHO AJIMHHOIMO KOCO
OBAYBAEMOIO LVAIVHAPA

r. HAT

PE3IOME

B cTaTbe COOGLIAETCS NPUGAMKEHHbIA MeTod, MPUMEHSIOWWIA TEopemy MMMY/bCOB
AN pacyeTa CKMMaemoro NamMMHapHOro rPaHWYHOrO C/10sl, HamnpaefieHHOro Mo 06pasytoLLelt
BECKOHEUHO [A/IMHHOIO Koco 064yBaemMoro UMAUHAPA, B C/lyyae MOCTOSIHHOTO PaccesiHHOro
oTcoca, uncna MpaHATAsA, PaBHOro eauHULLEe, BS3KOCTM, MPOMOPLMOHANLHOM abCoMIOTHON TeM-
nepaTtype, M TepMOM30/IMPOBAHHOIO LMAMHAPA. XapaKTepUCTUKM FPaHUYHOro C/osi, Hampa-
B/IEHHOrO MO HanpaBNsAIoLLEA KPUBOIA, NPeAnosiaralTcs M3BeCTHbIMK. B pesynbTaTte nosydeTcs,

UTO KO3M(ULMEHT TPeHMs BO3pacTaeT C POCTOM 0TCOCA, HO YMEHbLUAETCA MpU BO3pacTaroLLeM
yncne PeliHonbaca nam Maxa.
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THEORETICAL STUDY
OF THE GRINDING PROCESS

B. BEKE
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and

I. KISS
TECHNICAL UNIVERSITY, BUDAPEST

[Manuscript received July 11, 1966]

Authors recommend the application of new-type integro-differential equations for de-
scribing the development of the grinding process and changes of the surface area of product,
resp. Examination of probability function of fracture hypotheses known from literature
with the aid of the latter integro-differential equation — with respect to grinding kinetics —
neither Griffith’s hypothesis nor the assumption of logarithmic-normal distribution has led
to even an approximate characterization of the actual process. On the other hand, a fairly
adequate approximation can be attained by assuming proportionality between fracturing prob-
ability and particle size.

I. Introduction

In the course of grinding process, a multitude of mixed particle-sizes
is turned by the effects of mechanical forces into a multitude consisting,
in general, of smaller particles. Once, however, having attained a large surface
area, mechanical forces are liable to bring about an opposite process resulting
in agglomeration, coalescence, i.e. increase of size. Theimer’s [1] reaction
line diagram serves to split this intricate process into partial processes which
are easier to survey. In Fig. 1 individual Ax particle-size fractions are repre-
sented by small containers and the lines indicate from which ones to which
one may the imaginary flow of matter be directed when energy is being impart-
ed. Actual comminution corresponds to flow in the left direction, whereas in
the case of agglomeration, flow is directed towards the right-hand side.

Particle-size composition at a given time is expressed by function R(x)
and D(x) resp. which represent the amount of particles larger and smaller
resp. than x or in other words, the oversize and undersize resp. with reference
to the sieve of x aperture-size. It is often convenient to give the derivative
of the distribution functions instead, i.e. the frequency or density function

H(x) - — ~
() dx d*

A significant characteristic of the particle-size composition is constituted
by the free surface area of the size fraction a by 0 contained by the unit mass-
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of matter, the value of which is readily obtained as

Foo = fr 1M g

Jo

wherein £ represents a shape factor, while 6/y for spheres.

The development of the comminution process is characterized by the
two-variable functions R(x, t) and D(x, t) resp. Owing to complexity of the
process, these functions are not established as yet. Nevertheless, split into

Fig. 1

R(x) and R(t) a number of formulae of empirical origin or obtained by theoret-
ical considerations corrected empirically, are known.

The remarkable suggestion made by Huttig and al. [2] is based on six
so-called grinding functions which jointly describe the total process. These
functions with repeated derivation partly with respect to size, partly to time
of the function D(x, t) being at present unknown, would give a clear and
demonstrative picture of the changes of the individual particle-size fractions
taking place during the grinding time. Of course, preliminary condition
would be the establishment of D(x, t).

It has to be noted that the region of particle-sizes is defined between
the limits 0 and <0 Thus the surface area of the total grinding product at

time t is

H (A a
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Il. Kinetics of changes of size distribution and grinding product surface area

In order to describe the process according to Fig. 1, the introduction of
the following integro-differential equation is proposed:

7 -H{G ) = —p(s WX, )+ | pLy,HH(y.<p(x.y)dy. i
dt Jo

Adopted symbols and their definitions are as follows:

H(x, t) frequency at time t, probability of occurrence of x sized particles;

p(x, t) probability function of fracturing, probability of fracturing an Xx sized particle at
time i;

<p(x, y) probability of fracturing y sized particles to exactly x size.

In order to facilitate closer interpretation of Equ. (1) — for reasons given

below — let us at first neglect the second term of the right side, thus
— Hx = —p{x, ) HKx, t), (la)
dt
wherefrom
A LWx, t)
I 2
pex. wx, o @)

p(x, t) thus represents the rate of change of H(x, t) relative to its own
value at a given instant, indicating probability of fracture or agglomeration
resp. of the x sized particles.

This, however, is only part of the change of H(x, t), the second term of
Equ. (1) representing the amount of x sized particles being produced by fractur-
ing of y sized particles. Accordingly, H(y, i) p(y, t) is the total amount ofy
sized particles subjected to reduction, whereas (p(x,y) defines how many of
these become reduced to x size. cp(x,y) is thus a density function representing
probability of reduction fromy size to exactly x size. It may be called a density
function of fracture.

Knowledge of the individual terms of Equ. (1) and following this, even
an approximate solution of the equation would enable us to become fully famil-
iar with the comminution process. Knowledge ofthepja:, t) probability function
of fracture and of the cp(x,y) density function of fracture would permit the
deduction or check of almost all of the theoretical and empirical formulae con-
cerning size distribution and grinding Kkinetics.

Unfortunately, this is what one is still too far from. Although there are
some known hypotheses about probability of fracturing they are mostly lacking
experimental support. As to the density function of fracture, there are only
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some less complex theoretical studies treating individual cases of comminution
providing some means to go by. For the actual collective process in which the
mutual effect of the particles has to be considered as well, no theoretically well
established statement is available.

Therefore, hereinafter it is attempted to substitute the density function
of fracture by a q(x, t) function of surface area relative increase, the interpreta-
tion of which is as follows: When F(x, t) signifies the total surface area of the
size fraction x by 0 at time t then

dF(x,t)/dx is the surface area of the x sized particles at time t (surface area density
function);
dF(x,t)/dt is the rate of change of the total surface area at time t; and

d2F (x,t)/dxdt is the rate of change of the surface area of the x sized particles.
Let us now introduce the function

82F (x, t)

¢ dx 91
ak. b 8F (x, 1) ®3)

X

meaning the change of the surface area of the x sized particles relative to their

actual surface area at a given time t.
According to Equ. (3) we have

2LF (x, t 8F(x, t
® 0 gy P00
dx 91
and
8F(x, 1)
81 C:

It has been shown earlier that

dF(x,t) _ é Fi(x,t)
> x
thus

8F(x,t) £1 .1 x' q(x, t)yp(x, t) dx , (3a)
81 Jo X

wherein the insertion of p(x, t) probability of fracture indicates that during
the period dt not all of the particles embraced by the H(x, t) density function

are reduced but only their fraction p(x, t).
Comparing Equ. (3a) with Equ. (1), it can be seen that the first contains

instead of the (p(x,y) function the function q(x, t) although this is unknown at
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present, however, which is more accessible through experiment. At the same
time, no information is supplied by it as to the total size distribution and its
change with time; nevertheless, it indicates the change of surface area which
is of great help in some instances, e.g. in calculating energy requirements.

I1l. Known hypotheses of grinding kinetics and their criticism

Concerning probability of fracture of particles the following hypotheses
are known from literature:

a) Assumption of a constant probability value for the fracture of
particles leads to logarithmic-normal distribution. This has been adopted by
Kolmogorov [3], Epstein [4] and Rényi [5].

b) In order to eliminate deviations between the logarithmic-normal
distribution and actual particle size composition, Beke [6] assumes probability
of fracture to be proportional to particle size.

c¢) According to Griffith [7], the particles — with respect to the law
of Stokes — may escape impact with a velocity inversely proportional to x2
which means that the probability of fracture is inversely proportional to x2
i.e. p = k/x2. According to his opinion, actual conditions are between this and
a constant probability, thus p = kjxr, being 0 <7 r <7 2.

Neglecting the effect of t, assumptions a) —c) may be generalized in the
following form:

p(x,t) = axu, being «>0 and u]>0. (4)

Hypothesis for the surface area relative increase was found in connection
with the deduction of the logarithmic-normal distribution only. Here it was
assumed that when particles of different sizes are being fractured similar size
distributions are obtained, i.e. q(x) = constant. This plain hypothesis has not
been confirmed, it may rather be assumed that fracturing of larger particles
yields a higher relative increase of the surface area. Therefore we propose to
approximate this one by a function

q(x, t) = bxw (5

similar to Equ. (4), beingb 0 and w 0.

In the case of u = w = 0, logarithmic-normal distribution is obtained.

From among the plain rules concerning changes with time having been
many times checked by practical experiences, reference is made to the follow-
ing ones:

d) The well-known law of Rittinger according to which the increase of
the surface area is proportional to expended work or in the case of ball-mills,
to the grinding period. It is known that this assertion relates to an ideal opti-
mum which, in practice, can often be approached fairly well, thus the increase
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of the surface area is at most proportional to time, i.e.
F(t) <; At . (6)
e) According to Aljavdin [6, p. 110] development of oversize on a given
sieve with time is described by the function
R(t) = RO exp (— ctn). (7)
Experience has shown that this function-form can he considered a fairly
good approximation of facts during the grinding period free of agglomeration.
In order to check hypotheses a) —c), let us substitute the approximate

functions (4) and (5) in Equ. (3a) — in calculating the total surface area.
We have then

o— 5 (" («em> ,, fa-a*

0l Jo X
or

— = iab[°° H(x,t)xu+w-1dx. (8)
dt Jo

IV. Analysis of Equ. (8)

a) Withu--w—1= 0,orit+ w= 1,

The distribution being normalized, the integral becomes 1, thus

3F/dt = Cab
and
F(t) = FO+ f abt 9)

which expresses Rittinger’s law.
b) With u w—1= —1loru-fw= 0.
Q0= t.tr HK,) a*
Jo X
where the right hand side can be recognized as the surface area of the grinding
product at time t multiplied by ab. With respect to this,
F(t) = FO0e”bt, (10)

showing exponential increase of the surface area with time, u = 0 and w = 0
values being postulated for the logarithmic-normal distribution, their sum
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u -f- w should also be equal to 0. This, in turn, would involve an increase of
the surface area according to a positive exponential time function which is far
more than the actual increase. Consequently, the logarithmic-normal distribu-
tion cannot be regarded as justified by grinding kinetical considerations.

¢) With u -f-w < 0, the rate of increase of the surface area would be
even higher than exponential, consequently, this has to be rejected. The
assumption of w = 0 would correspond to Griffith’s hypothesis.

d) With 0 < (u-f-w) < 1, the rate of increase of the surface area would
lie between linear and exponential.

e) With n -j-w >m1, the rate of increase of the surface area would be
lower than linear.

As a result of this analysis, it could be concluded that the assumption
under head a entails the closest approximation to experience. This is the result
e.g. with the assumption of u= 1, w = 0 which is in accordance with case
b) in section III.

In our estimation, it seems to be convenient to select for n values be-
tween 0,8 and 0,9 and for w between 0,15 and 0,25 which means that u -f- w
becomes somewhat higher than unity, the increase of the surface area being
somewhat less than linear.

V. Grinding kinetical analysis of the logarithmic-normal distribution

It has been shown in the previous section under head b that the pre-
liminary assumptions of the deduction leading to the logarithmic-normal
distribution are leading, at the same time, to conclusions contradictory to
practical experiences and to Rittinger’s law, being in its turn, in fairly approxi-
mate agreement with the latter. In our deduction, however, we assumed inde-
pendence of the probability of fracture and of the relative increase of surface
area not only of particle size but of time as well. It will now be attempted
to choose p(x, t) as such a time function which entails no contradiction to
Rittinger’s law, maintaining at the same time, the assumptions p(x) = constant
and g(x) = constant.

Let us put

p(x.t)= —"— (11)

and
q(x, t) = g = constant. (12)

By substituting (11) and (12) into (3a), we have

dF)  C-"=» *
dt o % t
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This may also be written as

dF(t) . hg ' H (D) dx

di i0+ t
which by integration gives

In F(t) = £hglIn (t0-)- i) f~ InC (13)
and eventually

Equ. (13) is in no contradiction with Rittinger’s law when

Shg = 1. (14)

The shape factor (for spheres 6/y) will become less than 1 with substances
of exceptionally high density only, the relative increase of the surface area
g — at least during the initial period of grinding carried out by impact — will
be more than the unity (surface becoming more than double by impact),
consequently, it can be stated that f g > 1 and with respect to Equ. (14),
h < 1.

Furthermore, in the initial period of grinding carried out by impact free
of agglomeration, one finds a particle size x* which represents the largest
particle obtained during size reduction, thus the second term on the right
hand side of Equ. (1) can be omitted.

By integration of Eq. (la) we obtain

and according to the assumption of p(x, t) is independent of x,

thus

di ROxX* ) = - p(t) R(x*, 1). (15)
i
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By substituting from Equ. (11)

— R{x* t)= - — RO
df 0+1

and by integration between 0 and t

R(x*,t) = R(x*, 0) (16)
o+ 1.

Thus according to Equ. (16), change with time of R can be described by a
fractional function, its exponent — according to Equ. (14) — being less than
1. Decrease of R is, in comparison to Aljavdin’s Equ. [6, p. 110] confirmed by
practice, too slow.

Forming thus the premissae of the logarithmic-normal distribution in
such a manner as to remain in accordance with Rittinger’s law, leads to
conflict with Aljavdin’s relation.

To sum up, it can be stated that the logarithmic-normal distribution
obtained by deductive theoretical method and approximated to practical facts
by certain corrections (“renorming”) [8], is considered hitherto the best
approximation of the grain structure of grinding products, leads to conclusions
which are far from real facts with respect to grinding kinetical considerations.

Real facts are fairly well approximated by assuming proportionality
between the probability of further particle size reduction and particle size.
Attempts to establish an equation expressing particle size distribution taking
into account the findings above, in closed form, have not been successful as yet.
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THEORETISCHE UNTERSUCHUNG DES MAHLVORGANGS

B. BEKE und I. KISS

ZUSAMMENFASSUNG

Die Verfasser schlagen vor, sowohl fir die Beschreibung des Mahlvorgangs, wie fir die
Verfolgung der Verdanderung der Oberflaiche des Mahlguts je eine Integro-Differential-
gleichung. Wenn die aus der Literatur bekannten Hypothesen untersucht werden, so kann
festgestellt werden, dal von mahlkinetischem Standpunkt weder die Griffithsche Hypothese,
noch die Annahme einer logarithmisch-normalen Verteilung zu einem den wahren Vorgang
wenigstens anndhernd beschreibenden Ergebnis fihren. Eine gute Ann&herung der Wirklich-
keit kann durch die Annahme einer mit der Kornabmessung proportionalen Wahrscheinlich-
keit fur das Zerbrechen erreicht werden.

EXAMEN THEORIQUE DU PROCESSUS DE BROYAGE

B. BEKE et I. KISS

RESUME

Pour la description du processus de broyage et pour celle du changement de la
surface de la matiére broyée, les auteurs préconisent I’équation intégro-différentielle. En
examinant les hypothéses connues de la littérature, on constate que du point de vue de
la cinétique du broyage, ni I’hypothése de Griffith, nicelle d’une distribution logarithmique
normale ne conduisent & un résultat décrivant, méme approximativement, la réalité. Une
bonne approximation de celle-ci peut étre obtenue en supposant une probabilit¢ du broyage
proportionnelle & la dimension du grain.

TEOPETWYECKOE WCCJIEAOBAHUE TMPOLIECCA TNOMOJIA
B. BEKE » N KL

PE3IOME

ABTOpbI MpeafiaralT UHTerpo-auddepeHLManbHoe ypaBHEHUS AN1s ONUcaHWs npoLiecca
nomosna, a TaKXe [ ONUCaHMSI M3MeHEeHWsl MoWaau NoBepxHOCTM momona. Mccneays ru-
noTesbl, M3BECTHbIE MO NMTepaType, MPU MOMOLLY YPaBHEHWUS YCTAHOB/EHO, YTO C TOYKM 3pe-
HUSI KMHETVMKM MOMOJa HU runotesa Mpudipuya, HUA NpeanonoXxeHve HOPManbHOTO norapud-
MWUECKOro pacrnpefefieHns He NPUBOAAT K pesynbTaTy, faxe NPUGAMKEHHO OMNMCbIBAOLLEMY
[eNCTBUTENbHbIV NPOLECC. YA0BNETBOPUTENBHOE NPUGIVKEHUE [EACTBUTENIbHOCTM MOXET BbITh
[OCTUTHYTO NpY MPEANONOXEHUN BEPOSTHOCTU APO0GIeHUs, MPOMOPLMOHANBLHON KPYMHOCTH
3epeH.
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BOOK REVIEW—BUCHBESPRECHUNG—COMPTE RENDU DE
LIVRES—OB3OP KHWUT

Dr.-Ing. Arno Fackelmeyer:

MATERIALFLURB, PLANUNG UND GESTALTUNG
VDI-Verlag, Disseldorf 1965. 208 Seiten, 2 Faltblatter, 123 Bilder

Das Buck beschaftigt sich mit der systematischen Darstellung der M aterialfluR-Proble-
matik. Esumfaft nur den innerbetrieblichen Teil, doch wird nachdricklich daraufhingewiesen,
daB der MaterialfluR beim Einkauf beginnt und bei der Ablieferung endigt. Ebenso wird vieles,
weil es auch Gegenstand anderer Spezialfacher bildet, nicht ausfiuhrlich erdrtert, vielmehr
nur fallweise charakterisiert. Folglich wird des 6fteren ein Mangel der Schilderung empfunden,
die zumindest die Systematik der mit dem MaterialfluB eng verbundenen Kapitel fremder
Lehren (Hebezeuge, Férdermaschinen usw.) mitteilen sollte.

Der Inhalt ist in drei Teile geteilt. Der erste Teil dient zur Einleitung, schildert die
Entwicklung der Idee des Materialflusses, und gibt einen Uberblick des Gegenstandes.

Der zweite Teil hat zur Aufgabe, die Vorgéange des Materialflusses in ihren theoretischen
Grundlagen zu erdrtern. Es werden zunéchst die Objekte als EinfluRfaktoren besprochen,
welche in den Vorgdngen des Materialflusses mitspielen (Gebaude, Standort, Verkehrswege,
Lager, Forderer). Hiernach wird man durch die Tatigkeiten mit den Objekten zum Zeitbegriff
gefuhrt, d. h. zu den Kosten des Material-Transportes. Die Kostenberechnung erfordert
genaue Definitionen und etwas Mathematik, die aus anderen Gebieten der Technologie bekannt
sein durften; immerhin wirden hier einige Ergdnzungen die Brauchbarkeit des Buches erhdhen,
denn die im dritten Teil angefiihrten Begriffsbestimmungen reichen zu den Berechnungen im
MaterialfluB (z. B. Durchlaufzeit) bei weitem nicht aus.

Im dritten Teil fihrt uns der Verfasser zu seinem eigentlichen Ziel, zur Planung und
Ausgestaltung des Materialflusses. Der Praxis am meisten entgegenkommend wird dies in
drei Schritten besprochen. Nach den zehn Geboten der rationellen MaterialfluRgestaltung
wird vorerst die Ermittlung des Ist-Zustandes beschrieben, d. h. die Methoden und Mittel,
die zur Kenntnis der Forder-Verhéltnisse eines bestehenden Betriebes verhelfen. Der ndchste
Schritt ist die kritische Beurteilung des Ist-Zustandes, vornehmlich mittels geeigneter Kenn-
zahlen zum Vergleich mit fortschrittlichen Beispielen. AbschlieBend folgt dann die Umstel-
lungsplanung oder Neuplanung, d. h. die Ermittlung des Soll-Zustandes.

Das Buch ist streng genommen kein Lehrbuch, dazu sollte es bindiger sein, und auch
sollte nicht dem Leser Uberlassen bleiben einige wichtige Teilgebiete aus dem Schrifttum
ergdnzen zu missen. Ebenso will es aber auch kein Handbuch sein. Das Hauptaugenmerk ist
an das »materialfluRbewulRte Denken« und die organisatorischen Probleme gerichtet.

Dr. E. Lechner

14 Acta Technica Academiae Scientiarum Hungaricae 56, 1966
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In treating problems in connection with machines for the plastic shaping of
metals the author was led by the desire to work out calculation methods enabling
the machine designers to determine the forces and power requirement in an
easy and reliable way. Besides this the book deals also with the, working of
the machines, the principles according to which they must be designed, the
determination of the principal dimensions from empiric data, the material of
the individual parts etc.

Besides being meant primarily as a manual for students of high schools and
technical universities the aim of this book is also to render good services to
engineers in practice and designers of the machine industry.
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Acta Techn. Hung. 56 (1966), 3—20

F. KOLONITS:

Calculation of Gear Correction by lIteration

A general analysis of the iteration method is followed by a study of
problems concerning convergence and estimation of errors. The results
obtained are used to closely approximate the characteristics of Ganz—
Botka toothing (rp, rj2, g2 etc.) and to assay possibly apparent errors.
A method has been elaborated for various cases depending on the site
at which the Ganz—Botka toothing requires correction; at the ends of
the path of contact, at the change points, at the end points of the pos-
sible tip relief.

Acta Techn. Hung. 56 (1966), 21—42

B. SZOKE:

Design Transfer Device for Drawing Axonometrie Images

On the principles of three dimensional geometry a design transfer is
presented, the signalling tip of which is moved along a horizontal section
of the plan-view, with the level-rule moving on the respective level height
of the side-view, and whereby the drawing tip always moves on the image-
points corresponding to the axonometry chosen optionally. The construc-
tive solution is more simple for the case when the projecting line is .per-
pendicular to the line of intersection of the image plane with the horizon-
tal plane. With an axonograph of this sort, that is most suitable to approach
the effect of a photo, the number of theoretically probable variations is
twice infinite, because the inclination angle to the horizontal of both the
mage plane and the projecting line is optional.

Acta Techn. Hung. 56 (1966), 43—54

I. BATTA:

Calculation of Water Hammer Phenomena by Automatic Sequence
Controlled Digital Computers, Part |1

This paper is the continuation of the article presented in Acta Techn.
Hung. 51 (1965) 3—29 as Part I: Basic Principles, Equations and Formulae
The calculation is made on the basis of some parts of experiments carried
out by the Department of Hydraulic Machines of the Technical Univer-
sity Budapest on a long pipeline. During the research work some main
characteristic datg of the pipeline were determined and a water hammer
process caused by power failure was investigated. In the diagrams both the
experimental results and the obtained numerical values — as calculated
from the pipeline characteristics and the initial values of the water ham-
mer — are plotted. In the present part the pipeline is described, some
details of the experiments are made known, the course of the calculation
is explained and the results are analyzed.
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Ada Techn. Hung. 56 (1966), 55—64

7. HORVATH— 1 WEBER
Activity of Zinc-sulfate in a Sulfuric Acid Solution of Zinc-sulfate

Experiments are described that were carried out in order to measure the
EMF of galvanic cells of the type HgxZrty| 1ESO,, ZnSO,, H20 | Hg2SO,
Hg, so as to observe and to determine the activity of a zinc-sulfate in
its sulfuric acid solution, at varying concentrations and varying temper-
atures. The actual range of the sulfuric acid content varied between
0 — 250 g/1,that of the zinc between 0 — 175 g/1. The measuring temper-
ature was 25, 35, 45 and 55 °C. It was stated, that the measured EMF
of the cell decreases with the increase of the contents of both the sul-
furic acid and the zinc, and also with increasing temperature. At the
same time, the calculated activity of the zinc sulphate in the described
electrolyte increases conversely with increasing; contents of both sul-
furic acid and zinc, whereas it specially increases with the decreasing
temperature.

Acta Techn. Hung. 56 (1966), 75—90
K. REMENYI:

Investigation on Grindability of Limestone and liock-salt Mixture in a
Hardgrove Mill

Grinding and grindability experiments were carried out in a Hardgrove
mill on mixture of limestone and rock-salt with mixture ratios of 1 :3,
1:1,3:1, with the view to examining the crushing mechanism of the
mixture. In grinding homogeneous substances, it had been ascertained
that, within a certain space of time an exponential correlation with nega-
tive exponent exists between the size modulus of the ground product
determined in the RRB system and the milling time.

Acta Techn. Hung. 56 (1966), 91—106
GY. CSABALIK:

Reduction of Heat Loss of the Ingot Head

One way to reduce the heat loss of the ingot head is to modify the shape
and the dimensions of the head, leaving its volume unchanged. The later-
al heat loss of the ingot head being the highest it should be endeavoured
to diminish the lining volume of the head-cap per unit-volume of the in-
got head, as well as to reduce the inner mantle-surface of the head-cap.
This can be achieved by reducing the conicity of the head. Besides an
unchanged head-volume the larger upper open surface thus formed permits
the heating of a larger head surface with simpler methods. The better heat-
ing possibility achieved together with the reduction of heat loss
result in a very favourable ingot head shape and ingot head volume.






Acta Techn. Hung. 56 (1966), 107—130
L. TOTH:

Theoretical and Experimental Investigation of Material Flow in Die-forging

The paper deals with the theoretical and the experimental investigation
of material flow phenomena in die-forging, presenting an approximate,
easily understandable method. The author investigates the deformation
and the stresses in a disc with a pin and in a clylindrically symmetrical
forged piece of H section. The experimental and theoretical relations agree
fairly well and this proves the correctness of the discussed approximate
Method.

Acta Techn. Hung. 56 (1966), 131-138
A. KISFALUDY—P. TARDY:

The Microscopic Examination of Ferromagnetic Phases of Alloys

For detecting and determining the location of the ferromagnetic phases
of austenitic steels the most suitable method is the separation of the
phases on the basis of their magnetic permeability. For this reason the
authors have developed the following procedure: the ground metallographic
specimen is placed in a magnetic field and on its surface a suspension con-
taining very fine ferromagnetic grains is placed, of the kind which has
been used for a long time for the examination of domains. Under the
influence of the magnetic field the particles stick to the ferromagnetic
phases, therefore these phases appear dark when examined with the naked
eye or with a microscope. The chief advantages of the method are speed,
reliability and absence of any chemical reaction, and consequently the
results are easily reproduced.

Acta Techn. Hung. 56 (1966), 139—160
P. BENYO:

Application of Wave Equations to Short Pipes, Part |

The wave equations forming the solution of the differential equations
describing instationary flow in straight pipes of constant cross-section were
applied to short pipes. With the determination ofthe conditions of reflec-
tion at the point of change of cross-section, the equations were applied to
the pressure space ofinjection pumps. Thus, the pressure phenomena were
described as high frequency pressure oscillation, according to reality. In
Part | of the paper, the pressure phenomena were analyzed for three
piston velocities produced by a damshaft, and could be described by a
geometric series. Were the pressure determined on the basis of the conti-
nuity equation, the solution would be given by an inhomogeneous dif-
ferential equation of the first order.
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Acta Trchn. Hung. 56 (1966), 161—186

G. NATH:

Three-dimensional Flow in Axial Fans with Prescribed Blade Loading

TE&inverse problem of the three-dimensional non-free-vortex flow through
an axial, fan without prerotator and straightener, has been solved by
using the isolated aerofoil method, when the circulation increases with
the radius, R”A/Rf is small and the number of blades is finite. The trail-
ing vortices are considered as spirals extending to infinity. The fluid is
considered as incompressible and non-viscous. The radial, tangential and
axial components of the induced velocity due to the trailing vortices have
been obtained numerically by using Electronic Computer, but the radial
component has been neglected as it is small. Analytical expressions for
various geometrical and aerodynamic properties have been obtained.
One numerical example showing the application of the method is given.

Acta Techn. Hung. 56 (1966), 187-198

<. NATH :

The Compressible Laminur Spamvise Boundary Layer on a Yawed
Infinite Cylinder with Distributed Suction

In the present paper, an approximate method using momentum equa-
tion has been presented to calculate the compressible laminar spanwise
boundary layer on a yawed infinite cylinder with distributed suction when
Prandtl number is unity, viscosity varies directly as the absolute temper-
ature and the body is heat insulated. The characteristics of the chord-
wise layer is assumed as being known. It has been found that the skin
friction coefficient increases with the suction parameter, but it decreases
when the Reynolds number or Mach number increases.

Acta Techn. Hung. 56 (1966), 199-208

B. BEKE—I. KISS:

Theoretical Study of the Grinding Process

Authors recommend the application of new-type integro-differential
equations for describing the development of the grinding process and
changes of the surface area of product, resp. Examination of probability
function of fracture hypotheses known from literature with the aid of
the latter integro-differential equation — with respect to grinding Kki-
netics — neither Griffith’s hypothesis nor the assumption of logarithmic-
normal distribution has led to even an approximate characterization
of the actual process. On the other hand, a fairly adequate approxima-
tion can be attained by assuming proportionality between fracturing
probability and particle size.
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SATURATION CURRENT
IN DIFFUSION-ACTION TRANSISTORS
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The currents flowing through the transistor have been divided into the following
components: hole current of the volumetric transistor, emitter and collector volumetric electron
currents, hole current of the volumetric collector diode and current components resulting
from surface recombination. The determination of these saturation currents by measurement
has been traced down to the measurement of 18", i1tco and 1qg0. It has been stated that the
mentioned three quantities are more characteristic of the processes in transistors than the
saturation currents lebo and IcBo>obtained from the simultaneous effect of all the compo-
nents. The method adopted here gives a better insight into the physical processes and permits
an exact quantitative determination of the current amplification factors and of the voltage
dependence of the emitter current. The collector saturation current can be given as a function
of voltage in good agreement with measurements — taking into consideration the avalanche,
base punch-through and surface conductance.

I. Structure and model of the alloyed transistor

Diffusion transistors with a substantially homogeneous base resistivity
are mostly prepared by alloying. Fig. 1 shows the characteristic cross-section
of a typical alloyed transistor [1].

The two p-type electrodes, the emitter and collector, alloyed into the
re-type base plate, form two p —re junctions with it. To provide an electric
contact for the three crystal sections a three-terminal network is obtained,
the electric characterisation of which can be accomplished e.g. by utilizing

Fig. 1. Cross-section of an alloyed junction transistor
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212 1. HAZMAN

the physical relations of literature [2]. An exact quantitative description is
impossible for the two following reasons: a strict consideration of boundary
conditions determined by geometry and the exact solution of the differential
equations present unsurmountable difficulties. Results obtained by a number
of different approximations are suitably accurate to solve certain part prob-

0

Fig. 2. Disassembling an alloyed transistor (a) and interconnecting the components (b)

lems; utilizing well-chosen models every characteristic of the real transistor
can be determined in good agreement with measurements.

The geometrical modelling of the transistor is carried out according
to Fig. 2. Emitter and collector junctions are considered parallel planes. The
crystal section under the emitter surface is modelled by a one-dimensional
transistor (T), the collector surface not covered by the emitter is taken
into consideration as a (pr) volumetric diode (its current appears accordingly
in the collector-base circuit); in order to represent the surface recombination,
surface diodes are connected between the emitter and base terminal (D fe)
and between the collector and base terminal (Dfc), respectively.
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The same potential is assumed along the whole emitter surface at the
edge of the emitter depletion layer nearer to the base; this surface can be
considered electrically punctiform and is marked B’ in circuits.

The electrical characteristics of the above transistor elements are given
in the following in a form suitable for calculating the saturation currents.

Il. Current components

To determine the saturation currents it is enough to start from relations
valid for low-level carrier injection.

Both the emitter-base voltage UEb< and collector-base voltage Ucb'
control the hole current of the (T) volumetric transistor [3]:

* % ! V '
xTEprlTEo eXp Ueb —1 exp CB 1 (1)
uT U,
o ' uceB. A 11
T :T exp UEB 2
Lep = LEo ut - 1) uT I8 @
where
D n\
]Tﬁ— AT q ) (3)
N dLpsinh w/Lp
w
B = 1/cosh -, (4)
Lr,
kT
UT=
Here are:

Dp the diffusion constant for holes in the base region;

Lp the diffusion length for holes in the base region;

g electronic charge;

K Boltzmann’s constant;

W intrinsic carrier density;

Nd density for donors in the base;

T absolute temperature;

w = w0— dtf effective base width approximately equal to the difference between
the geometrical base width w0 and the width of the collector depletion layer

AR emitter surface.

The electron currents have a diode current nature:

. | ' A
1En — 1Eo0' 2N Y Ueb” _ (5)
RnE uv
w1 :
— ITCn - f5 eXp Uce A (6)
B1IC Un
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where
sinh w/L
1 _ Y8 p (7a)
BnE Ye LnE
sinhw L
! Vo P (7b)
RnC Yc L nc

yB, YE and yc denote the conductivity of the base, emitter and collector layer
resp., LnE and Lnc stand for the diffusion lengths in the emitter and collector
layer for the electrons.

The current through the surface diodes consists of two components [4,
5], namely the one due to the injection current density, proportionate to
exp U/Ut, and the other, approximately proportional to exp [7/2Ur, resulting
from the carrier generation and recombination on the surface of the depletion
layer. The recombination-generation current in the volumetric part of the
depletion layers is included in the current of the surface diodes.

Accordingly the emitter current across the surface diode (Dfe) is given by

Ugg: Tes Ugg:
Er = lroge €XP EB . LEo exp EB 8)
muUrr R/E ut
where
ni
IRGEo q dp At (9)

-pn + rn

equals the coefficient of the (surface and volumetric recombination-generation)
current proportionate to the emitter depletion layer width d and the “sur-
face” Ae* > Ae' B/E is inversely proportional to the recombination rate on
the surface of crystal layers in quasi-equilibrium. It should be noted that
in the first part of (8) the direct voltage dependence can only be approximately
expressed in this simple form and the current component has a direct voltage
dependence through 1rgEo (especially in the reverse-bias region).

Symbols in (9) still not explained are 1< m < 2, tpo and tno are the
hole and electron lifetime, resp., in a material with a strong donor or acceptor
impurity [4].

The current of the collector surface diode (Dfc) can be given similarly
to (8); but for simplicity’s sake the recombination on the surface above the
quasi-equilibrium crystal will be involved in the volumetric diode current
[e.g. in wd, see formula (12)]:

— lcf”™ lrgco exP
¢ muUT
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where

I
Il rgco

Apo >Tno

()

dc A * ¢

Here
de* denotes the collector depletion layer width,
AE£ > Ac a quantity greater than the collector junction surface.

The current through the volumetric collector diode (Dr) consists of the
hole and emitter currents:

; Dprij '
!’pD _ q p J eXp I_IEB _ 1 (AC _Ae), (12)
NdwD uTt
: Dnnf ’
o™ exp YCB 1 (ac~ Ae)- (13)
NaLnc ut
The quantity wd shown in Fig. 2a is the “effective” base width of

the volumetric diode Dt, slightly influenced by the collector surface recom-
bination. It is difficult by calculation to determine Wp accurately; it can be
considered generally one of the measuring data.

To obtain the whole collector volumetric electron current, the electron
current of the volumetric diode and that of the volumetric transistor given
in (6) will he added:

I'm Ues'
w/7C (Llen b 1 no) (14)
BnC ut
where
Ae YC LnC (15)
Ap Ys Lpsinhwilp
I1l. Currents
The emitter and collector current of the transistor amount to:
le — lep+ IEn+ lef &
h = lcp 1nC IpD IcF m
or, substituting relations (1), (2), (5), (8), (10), 12) and (14):
E=m  ePEmSL-l exp O e8 (16)
u Ur
WEeg: U,
Tte exp = EB exp ~'°B (17)
Ur Ur Xr
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where the normal and inverse DC current amplification factors xN and a/
have the following value:

UEB' _ j
J-=<coshnl +JL +J_ + 1m *1 (18)
XN Lp BnE BfE 1% * exp Ues' _4
Un
j -coch w 1 1 1Ac~AELpsinhw/Lp [
RnC IVr (19)
exp Ueb' _ j
I RGCo muU-,
1Eo exp Ve _

Un

(16) and (17) present the so-called symmetrical equations for diffusion
transistors at low injection level. They can be considered the most important
DC transistor equations in application and design [6], at the same time they
define the current amplification factors (18) and (19).

IV. Saturation currents for transistor characterisation

1. Saturation emitter current with short-circuited emitter-base diode

Let us determine the emitter current with some hundred mV reverse
voltage applied to the collector junction and short-circuited emitter-base

diode (Fig. 3). Substituting UcB’ — Ut, Ueb>= 0 into (16) we obtain:
le — ler — 19%%e (20)
For an inversely biased transistor (Ucb, = 0, Ueb — Ut) similarly

(17) yields (Fig. 4):
~ — lcr= le*nm 21

As it is obvious from relations (20) and (21), the two short-circuit
currents are the same. This is in good agreement with measurements; this
being ultimately the reason why the emitter surface is involved in expression
(2) for the collector hole current of the volumetric transistor.

Considering equations (20) and (21) as well as Figs 3 and 4 it can be
stated that the quantity IE* defined for the volumetric transistor is directly
measurable. For a — germanium alloyed A F — transistor having the geo-

metrical data
w= 50/rT,

Ae = 4 +10“Tm2
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and the crystallographic parameters

Nd= 5« 1020m3;
W= 24 «1019m3;
Dp = 4,4 m10“3m2s;

wiLlp S 1
has the numerical value
=E abpmiae abprtfAe oo oA,
NdL,, sinhw/Lp N dw

2. Currents at reverse-biased junctions

A quantitative consideration of the diodes defined in the transistor
is possible by a measurement carried out with both reverse-biased junctions

(Fig. 5). Substituting UcB' —Ut and Ueb- — Ut into (16) and (17):
1
I o= {En —1 =5 +# 1+ 1+ lroeod (22)
B\ Bt + RnE RfE 10 J
* w1 Kok 1 An —Ai w 1RGC
{o=1en = & Tt + + 0 (23)
X &nC Wr 1Eo

Contrary to the short-circuit 1%* which depends only through iv on
the applied reverse voltage, le,, and 1*0 flowing at reverse-biased junctions
show a stronger voltage dependence: the quantities I rgo are proportional to
the depletion layer widths di and dc-

3. Current amplification factors

All the other saturation currents can be expressed as a function of the
three saturation currents, marked with asterisk. In practice preference
is given to the measurable current amplification factors instead of the quan-
tities marked with one asterisk. From (22) and (23) the current amplification
factors are related to the defining quantities with asterisks by

T**

xN = T**t Eo o (24)
1Eo " 1Eo
T**
X,= 1Eo (25)

Ne + [I*Co
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4. Equivocal characterisation

The quantities 1% & and in (16) and (17) unambiguously define
the transistor at least in the range of current and voltage, for which the above
relations are valid. They can he determined by three current measurements,

Fig. 3. Definition of emitter short-circuit current
Fig. 4. Definition of collector short-circuit current
Fig. 5. Definition of the saturation currents at reverse-biased junctions
Fig. 6. Definition of saturation current at zero emitter current
Fig. 7. Definition of saturation current at zero collector current
Fig. 8. Definition of saturation current at an external base resistance RR

the results of which directly give /8*; the current amplification factors can

be calculated on basis of (24) and (25).
The (characteristic numerical) value of the currents marked with one

asterisk is obtainable from the numerical value of the current amplification

factors. Substituting
xN = 0,97

and
oi] = 0,75
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into (24) and (25) gives
leo= 0,21 fiA,

I*o = 2,15 [iA.

The volumetric diodes have a great influence on I*0and sv. The prevalent
quantity in (23) is wjwD, since in first approximation

W (23a)

Utilizing (23a) and (25) wg can be calculated from the measured values:

WD " leo . Ae @G (26)
w I*o —Ae Ac—Ae 1—Xj

If Ac = 2Ae, «/ = 0,75 the following approximative equality can be obtained:

WD QsiZw.

V. Saturation currents

In order to determine the saturation current at zero emitter current
ilen’ is eliminated from (16) and (17):

lc—sNIE—1= L 53] Ueb' 4 (27)

c«l

Applying a reverse voltage to the collector junction at zero emitter
current an open-circuit saturation current

{cBo = *Eo "N (28)

will flow (Fig. 6).

For the accurate evaluation of (28) it is necessary to know Ueb, as
6N depends on this. In asymmetrical germanium transistors oag w 1, thus
lcbo is but slightly sensitive to its exact numerical value. Accordingly the
approximation

1
lcho= 196* -1 = 1%

is acceptable, though in reality 1cBo > I co-
in analogy for an inversely biased transistor (Fig. 7)
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1 es
ieso — Jeo —a *15(1 -« /) = *&nm ° (29)
T 1o+ Mo

According to the approximation formula lebo is smaller than Z*0. With the
exact value of agr a similar relation is obtained if leo"" ¥<®>thus lebo < Z*0.

1. Saturation current as a function of the external base resistance

To determine the saturation current denoted by lce (Fig- 8) equations
(16) and (17) are used anew with the substitution UCB, —Ut; according
to Fig. 8

Ub* = -R B(le- | cb (30)

where Rb is the resultant of external base resistance, and the base spreading
resistance.
To obtain an explicit result the approximation

e x p i k ~ i+ ik
uTt ut
is utilized; thus
%, - o * ]
ety 1 «N i+ xNrORB (31)
*/ 1 — XN + XN rolRB
is obtained [7], where
ro= UT/1%*.
Rb — 0 gives:
T**
leer= L2 (31a)
while for infinite base resistance
r Kk 1
1 CEo = 1Eo = 1cBo (31b)
Between the two limits the current changes monotonously — see e.g. liter-

ature [7].

Using (31a) it can be proved directly that the quotient of the normal
and inverse DC current amplification factors equals the ratio of the collector
current at short-circuited emitter-base diode and emitter current at short-
circuited collector-base diode:

XN _  IgER (32)

Xi lecr
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Similarly e.g. (22) and (23) give

BN _ JOo
Bl ™ Mo

(33)

for the quotient of the common emitter current amplification factors defined
by the relation

VI. Voltage dependence of saturation currents

1. Influence of avalanche breakdown

Applying a suitable large reverse voltage to the collector the direct
voltage dependence of the currents through the exponential factor is neg-
ligible.

Studying the voltage dependence of currents, first the phenomena
connected with the avalanche breakdown in the collector junction should
be taken into consideration. The aim is not the analysis of physical factors
involved in breakdown — a sufficient number of references are available
for that — but to consider the influence of the circuit configuration on the
avalanche breakdown. The basis of this discussion is the theoretically con-
cludable [8] and measurable [9] expression

M = (34)
1- (UCB/UL)N

describing the avalanche (34) process, resulting in a multiplication M of the
current amplification and collector current when the carriers cross the collector
depletion layer. In formula (34), which holds for not exceedingly high mul-
tiplications, Ui denotes the so-called avalanche breakdown voltage [10].
For germanium transistors with n-type base the approximate value of UL
amounts to [11]
, 1 106
ULGA66 (35)
Y J

where yB stands for the conductivity of the base layer in mhocm 1 units-
UL is obtained in volts; for pnp germanium transistors n — 3.

Acta Technica Academiae Scientiarum Hungaricae 56y 1966



222 I. HAZMAN

2. The case of a constant emitter current

Taking into account the avalanche breakdown the collector current is
given by
lc—M (@NIE+ Icho)e (36)

Considering only the voltage dependence appearing through the multiplica-
tion factor, i. e. assuming

(Xor (U cb') — const.,

IcBoWcB’) = const-

it can be stated on basis of (36) that at constant emitter current Ic ~ M.

3. The case of a constant base current

Multiplying the collector current according to (17) by M and utilizing
(16) the relation between collector and base current is obtained:

As the breakdown voltage UL, resulting in Ic is defined by the equation
1=M (U L)*N

making use of (34), we obtain

UV — UL)[l —xN. (38)

The relationship collector current—collector voltage measurable at
constant base current exhibits zero differential resistance for UCB = UL.
The avalanche breakdown occurs at a considerably lower voltage than at
constant emitter current. While—according to the previous paragraph —
the collector current—collector voltage characteristics are influenced near
the avalanche voltage mainly by the multiplication factor (34), the charac-
teristics for constant base current are affected by the current dependence
of the current amplification factor as well. The characteristics, belonging
to 1» — 0, determined with the assumption aar = const, are typically changed
if we consider the variation of &w with the collector voltage. For transistors
with not negligible 1 rgc0>«jv decreases with a decrease of the emitter current.
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As it is easy to calculate from (37) at a constant collector voltage and lower
current, the reduced agr results in smaller multiplication. Thus, the presence
of the emitter recombination-generation current causes a greater “breakdown”
voltage at smaller multiplication and produces the characteristics, shown in
Fig. 9, properly as to nature, which is general in transistors with an incorrectly
treated surface.

Fig. 9. Voltage dependence of the saturation current at zero base current

4. Breakdown voltage with external base resistance

From the common emitter saturation current characteristics determined
at an arbitrary external base resistance taking into consideration the avalanche
breakdown, the avalanche breakdown voltage can be stated as being a function
of the external base resistance. The circuit is shown in Fig. 8. The equations
obtained for saturation current analysis on grounds of this figure are valid,
only the right-hand side of the expression for the collector current must be
multiplied by M :

lc= MI%* 1+ exp (39)
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To obtain an accurate result we cannot expand the exponential function
neglecting the powers higher than 1, while it is impossible to solve the equation
system in question, in an explicit form.

The saturation current characteristics are obtainable in the following
way: first M is to be expressed as a function of Ueb's

Ueb'/Rb 1 — /XN + -31—exp UEB-
‘ U
M = o ' (40)
bio UXj —1)-exp D!
ur

On the other hand the collector current is given by

EB* 1i** 1 /XN -f~—exp " EB (41)
Rr Up

Substituting different emitter voltages, equations (40) and (41) yield correlated
M and Ic values, from which Uce sd Ucb’ and Ic can be calculated with
the aid of (34).

Figure 10 shows the characteristics obtained in the previously explained
way for a typical transistor. In Fig. 11 the breakdown voltage can be seen
as a function of Rb, i.e. the resultant of the base spreading resistance and
the external base resistance. As demonstrated by Fig. 10, the characteristics
for finite external base resistance have a section of negative differential
resistance, a fact utilized in some circuits.

5. Base width modulation

By increasing the collector voltage the effective base width decreases
according to the well-known expression

w = w0— dN — w{— c J[UCBn. (42)

The value of w, present in the previous equations, should be considered
accordingly as a function of the collector voltage.

The base of real transistors is generally inhomogeneous: the emitter
and collector electrodes are a little convex with the result that (icOmin is
smaller than (tcO)a,. The punch-through of the base takes place when the
effective base width vanishes at a certain cross-section of the base. In this
case punch-through occurs when djv= (Wojmin- At the same time wav which
is present in the previous relations does not change considerably till punch-
through.
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Fig. JO.Voltage dependence of the saturation currents with the base resistance as parameter

10e RB[Q]

Fig. 11. Maximum collector voltage as a function of the base resistance
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As a first approximation it can be assumed that the change in base
width does not alter the previous expressions and, thus, they remain formally
valid as long as the collector voltage falls short of the punch-through voltage

UTI-CH _ |(W O)min

Fig. 12. Voltage dependence of the saturation currents in case of UCpt <

calculated on the basis of (42). The saturation current characteristics of Fig.
10 — with the exception of that for 1e = 0 — “become dented” at Ucpt as is
shown in Fig. 12. At the same time essentially in all the transistors with a
punch-through voltage exceeding the avalanche voltage there is hardly any
perceivable change in the residual current characteristics when the base
width varies.

6. The effect of surface leakage

Due to base width modulation and the — mainly surface — leakage
between collector and base the measured characteristics differ somewhat
from those in Fig. 10.

If this leakage is considered, as shown in Fig. 13, as an (AC or DC)
conductance a connected between base and collector, the effective conduc-
tivity characterizing the additional voltage dependence of the collector current
at nonzero external base resistance is:

eff —

dUes'
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which can be given for not too high values of UCB, (M 04 1)

serr = & 1+ (43)
1 —ajv+ To!R[

Fig. 13. Effect of the collector-base conductance

Fig. 14. The effective conductivity involved in the saturation current characteristics as a
function of the base resistance

In Fig. 14 relation (43) is plotted against Rb. The value of a can be
obtained — generally by measurement — from the characteristicS 1cer~ U cb-

The effect of leakage becomes negligible in the range of the avalanche
multiplication.

VIl. The results of measurements

Table 1 shows the results of the measurements performed on two
transistors closely approaching the data of the transistor chosen as typical
and shoiving similar behaviour.
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Table |

The DC characteristics of two transistors measured at temperature of

27 °C = 300 °K

Characteristic T1 T2

symbol unity calculated measured calculated measured
fr MHz - 0,63 - 0,63
w 10-6 m 47,5 — 47,5 —
UL Y — 148 — 132
Nd 102°/m3 4,65 — 55 —
iEo 10~6 A 74 7,5 6,0 6,8
leo io-6 A - 0,25 — 0,28
reo io-6 A - 2,1 — 2,4
“N 30 — 24
«/ 3,57 - 2,82 —
lecr 10"6 A 7,75 7,5 7,1 4
ICER 10« A 9,6 9,5 9,2 9,5
leBo 106 A 1,87 19 2,05 2,0
ICBo 10"6 A 2,3 2,4 2,7 2,7
1 ECo 0“6 A 8,5 8,4 7,8 7,9
ICEo 0"« A 74* 105 67* 120
aN Ae = IcEo) 44,5 — 43,5 _

*Values obtained by incorrect calculation.

The determination of the DC characteristics is started by defining IE*

wNd

The values of tv and Nd are needed for this.
The base width w is determined from measuring fr, on grounds of the
relation

2 alr = ~~r~

The base impurity Nd is obtained by measuring the avalanche break-
down voltage and from the quantitative data in [11].

After determining the above quantities I Eo can be calculated. There
is a 6-\13 per cent difference between the measured and calculated values,
which means a good agreement (considering the indétermination of e.g. the
emitter surface A e, etc.).
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Table 11

Relative values to 27 °C — 300 °K

T1 T2
calculated measured calculated measured
IEO (75 °C)
IEO (27 °O) 60 58 60 56
I'eo (75 °C)
I'eo (27 °C) 9 i 20
ICo(75 °C)
— 3B - 37,4
I co (27 °C) ’
lebo (75 °C) . % ) 38
I ebo (27 °C)
I cbo (75 °C) ) 35 o 3%
I cbo (27 °C) '
lecr(75°C) . 56 54
lecr (27 °C)
lcer (75 °C) i 53 i 50
lcer (27 °C)
I ceo (75 °C) ) 63 i 56
lceo (27 °C)
IEco (75 °C) ) 5 ) e
leCo(27 °C)

The quantities with one asterisk: the saturation currents |Eo and 1q0
are obtained by measurement. The AG current amplification factors for
UEB’ <~— Ut and UQB' — Ut can be computed from the first equalities
of (22) and (23). With these current amplification factors the open-circuit
saturation currents Icbo>lebo and IE@> as well as the short-circuited satu-
ration currents can be obtained in good agreement with measurements. Cal-
culating 1ceo> however, the current dependence of the current amplification
factor must be taken into consideration, as a considerable forward bias
appears across the emitter diode at this measurement. Table | contains
— following the above values —the formally calculated JCEosaturation current,
which does not agree with measured values. From the measured value of 1qeo
we have calculated the DC current amplification factor *N valid for the
emitter current 1E — lceo*
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Further on the temperature dependence of saturation currents has been
studied. To accomplish this the currents in Table | were measured at tem-
peratures of 75 °C = 348 °K.Theresults, i.e. the values relative to 27 °C = 300
°K are contained in Table I1I.

As the measurements proved, the temperature dependence of IR* can
be calculated exactly. The saturation current IR0, consisting of the volumetric
and surface recombination component of IR* and |rqgei» shows a remarkably
smaller multiplication — an obvious result of the fact that the recombination
component decreases with growing temperature and 1rqeo0 changes with 71,
not with /l/. As the saturation current of the volumetric diode is considerable
in /*,,, its increase approaches that of I** better, substantially proportional
to re/. The saturation currents 1ebo and 1coo are essentially proportional to
1*0, while the others to /**.
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RESTSTKOM VON DIFFUSIONSTRAINSISTOREN

1. HAZMAN

ZUSAMMENFASSUNG

Die in den Transistoren flieBenden Stréme wurden wie folgt aufgegliedert: der im Volu -
mentransistor flieBende Lochstrom, der emitter- und kollektorseitige Raumelektronenstrom,
der Lochstrom der kollektorseitigen Yolumendiode und die aus der Oberflaichenrekombination
sich ergebende Stromkomponente. Die Messung dieser Rickwartsstrome wurde auf die Messung
von /*-* sowie von /Po und I¢0zurickgefuhrt. Wie es sich herausstellte, charakterisieren diese
drei GroRen besser die Vorgénge in den Transistoren als die Reststrome leBound lgbo>da sich
démlich die letzteren aus dem Zusammenwirken sdamtlicher Faktoren ergeben. Die vom Ver-
nasser angewendete Charakterisierung ermoglicht einen weit besseren Einblick in die physikali-
fschen Vorgdnge. Die genaue quantitative Bestimmung der Stromverstdrkungsfaktoren und
der Spannungsabhangigkeit des Emitterstromes wird ermdglicht. Der Verlauf des Reststromes
im Kollektorkreis in Abh&ngigkeit von der Spannung, unter Bericksichtigung des Lawinen-
effekts, des Durchbruchs der Basisschicht und der Oberflachentberleitung kann in guter
Ubereinstimmung mit den Versuchen angegeben werden.

LE COURANT RESIDUEL DES TRANSISTORS A DIFFUSION

I. HAZMAN

RESUME

Les courants passant par les transistors ont été décomposés en courant de trou du
transistor volumétrique, en courant électronique volumétrique c6té émetteur et coté collec-
teur, en courant de trou de la diode volumétrique du c6té collecteur et en composante du
courant provenant de la recombinaison a la surface. La mesure de ces courants inverses a été
ramenée a la mesure de leo, et de Ir0et I qomR s’est avéré que ces trois grandeurs caractéri-
sent mieux les phénomeénes se déroulant dans les transistors que les courants résiduels lebo
et lcbo>étant donné que ces derniers résultent de I’action combinée de tous les facteurs. La
caractérisation utilisée par I’auteur permet une vue bien plus claire des phénomeénes physi-
ques. Il devient possible de déterminer exactement les coefficients d’amplification de courant
et le courant de I’émetteur en fonction de la tension. Le courant résiduel dans le circuit du
collecteur peut étre déterminé en fonction de la tension, en bon accord avec le s mesures,
compte tenu de I’effet d’avalanche, de la perforation de la base et des fuites de surface.

OCTATOUYHbLIN TOK ANDOYINOHHO AENCTBYOUWUX TPAH3UCTOPOB

n. XA3SMAH

PE3IOME

ToKW, TeKyllMe MO TPaH3UCTOPY, PasfioKeHbl Ha O06BLEMHbIA AbIPOYHbLIA TOK TpaH3u-
CTOpa, 3/M1EKTPOHHBIN 00BLEMHbIV TOK 3MUTTEPA M KOJINEKTOPa, AbIPOYHbIA 06BbEMHbIA TOK KOS-
NIeKTOpa ¥ TOKOBYHO CnaratoLlyto OT MOBEPXHOCTHON pekombuHauun. M3mepeHue aTux o6part-
HbIX TOKOB CBefieHO K uamepeHuto ILL, a Takxke leo « 1jo- Kak3To BbISACHWMIOCL, 3TU TPU KOMK-
YecTBa /ly4llie XxapaKTepusyoT NpoTeKatoLie B TpaH3UCTOpax MpoLecchl, YeM OCTaTOUHble TOKM

BO M CBO. ><aK W3BECTHO 3TV MOCMELHUE MONy4YaloTCA OT BO3AENCTBUA CMOXEHUSA BCex (hak-
TopoB. lNMpuMeHeHHas HaMW xapaKTepucTuka AaeT BO3MOXHOCTb 3HAUMUTE/IbHO flyylle 03HAaKo-
MUTBCA C NPOTEKAOLWMMN (rn3nYeckuMy npoueccamn. CTaHOBUTCA BO3MOXHbLIM OMpejenunTb
KO3(PULMEHTBI YCUMEHNS MO TOKY, KOMMYECTBEHHO TOYHO OMNpefenMTb 3aBUCMMOCTU MO Ha-
NPSHKEHNI0 TOKa amuTTepa. pu yAOBNETBOPUTE/IbHOM COBMAAEHWN C [LaHHbIMW M3MepeHuii
MOXHO OnNpefenuTb W3MeHeHMe OCTAaTOYHOro TOKa KO//ieKTopa B (OYHKLUMW HanpshKeHws,
YUnUTbIBasi /laBMHHbIA 3(hheKT, NPOKoa 6a30BOro C/1051 M MOBEPXHOCTHbIA TOK YTEUKMW.
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STRENGTH CALCULATION
OF THE CAGE-SYSTEM IN SQUIRREL CAGE
INDUCTION MOTORS

I. THE SPECIAL DESIGN WITH FREE RUNNING RINGS

I. HUSZAR and I. KOVACS

GANZ ELECTRIC WORKS, BUDAPEST

[Manuscript received May 21, 1964]

The rod-conductors of the cage-system in an induction motor are short-circuited by
means of rings on the face-sides. The mechanical stress conditions of the cage system are
predetermined by prestress due to assemblage, by centrifugal forces due to rotation, and by
thermal dilatation due to heating-up during running. The methods to calculate the forces and
the respective stresses at various states are explained.

I. Introduction

For improving start-conditions of short-circuited induction motors, it
is usual to apply a current pressing type rotor, or the so-called double-cage
system. When choosing the first principle, the rotor in each slot bears only

Fig. 1. Single-cage rotor with free-running ring

one conductor, where — at starting — the current is so to say pressed towards
the peripheral surface of the thin rods (Fig. 1). This represents the same
effect as that of an increasing wire resistance characterized by gradual de-
creases while the number of rotations increases, and ending at zero when
the rated running speed is reached. Whereasin a double-cage rotor, the same
effect is clearly divided on (Fig. 2). At the start the outer cage bears the
greater part of charge, and with increasing speed the inner rods become
gradually more charged.
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On small size motors it is usual to build the whole cage (rings and
conductors) as a unit of aluminium casting. On larger size motors the cage-
material might he copper, brass, bronze, aluminiumbronze, and the rods
pushed into the rotor are hard-soldered onto the rings [1]. By soldering an
intensive local heating-up is caused, from where high stresses, perhaps inad-
missible plastic deformations are involved that could even lead to a break.

Fig. 2. Double-cage rotor with free running ring

Therefore, and with regard to some service conditions to be treated later on,
the shorting rings are located — on larger motors — at a distance of some
centimeters from the laminated iron body by which the whole construction
becomes more liable to undergo defoimations (Fig. 1 and Fig. 2). Additional
elasticity can be reached when the rods are bent out of the generating
straight line.

Fig. 3. Double-cage rotor with a ring located on the shaft-ribs

In rotors running at a slow circumferential speed, shorting rings are
freely located, fastened only to the rods. For rotors running at a faster circum-
ferential speed, the rings are fitted onto the shaft (in general: onto ribs;
Fig. 3), and sometimes the strength isincreased by rings separated into parts.

In what follows, the calculation of the mechanical strength of the free-
running shorting ring and of the rod-system is presented.
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Il. The play of forces

The first problem to be solved is the play of forces. In Fig. 4 the con-
nection of rod and ring is shown. The system of rods and ring being statically
undetermined, we start from the supposition that the bars and the ring move
or turn together in every case. In Fig. 5a, the two elementaiy parts are shown
in separated position, in Fig. 5b, these two elements are not separated.

The force system at the point of contact consists of a moment (M)
and a force (C); these and also their positive direction are indicated on the
Figure.

Fig. 5. Play of forces

It is advisable to determine the play of forces separately for the machine
in different service conditions. To this end, first the condition of the assembled
parts will be explained. As a second step, conditions during rotation will be
examined; finally, heat-effects at start will be dealt with. With these results,
we shall be able to investigate the more critical conditions during operation.
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1. Assemblage (subscript o)

When assembling, i.e. when the shorting ring is soldered onto the rods,
a force system of the ranges M0 and QO is already present, because there is,
on the point of contact, either aplay or an overlap between the outer diameter
of the ready ring and the diameter of the cylindrical imaginary surface to
which the rods would fit [2]. The position according to Fig. 5a is characterized
by the play yrg\ this value is given as the result of manufacture (whenyrg< 0,
it represents an overlap).

The linear displacement of each element is the same (see Fig. 5b)

Jro = yKo

and in an extended form:
Vrg cQQ cMMO= cgQQO-f- cgMM 0.
In the same way, for angular displacements

fro = fgo

and in an extended form:
—YQQ—¥mM Mo = YgQQo+ YgMMo-

The members of the equation are quantities of deformation caused by
the moment MO and by the force QO. The subscript r refers to the rod, the
subscript g refers to the ring; the constants ¢ and y denote the spring-rate
(c for linear, y for angular elasticity).

From the above established two equations Q0 and MO can be calculated,
when the spring rate values are known. These constants only depend on the
geometric data and material characteristics; later on a calculating method
for these will be presented.

By introducing the following denotations

B = CrQ -f- CgQ ,

B — crM “b CgM’

H = -yrQ- ygQ
J= —(@m+ YgM »
B-o = Yrg

the calculation will be simplified.
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From the initial equations, after rearrangement, we obtain:

BQo+ FMa+ KO= 0,
HQO+ JMO: O.

In explicit form

JKn
Q= BJ —FH
HKO

M,, =
BJ-FH

we get the values of forces at the assembled state.

2. Rotation (characteristic quantity co)

First we assume that the assembly of the cage-system is carried out

by no-force, i.e. yrg= 0. The equations of the linear and angular defor-
mations are

Y Ygor Yo *Rp
and in a more expanded form:
O'CO)Z— crQ QU — ¢crm MO — cge 0)24* cgQ Qo+ cgm M B
or

7rc0)2— YrQQo - YYMMo = Ygcg2 + ygQQo + YgMM o

The first members refer to the free deformations due to rotation. It is
advisable to introduce the denotations

F o— (Cgc cre) W2 »
L = Yrcu?2

in which the quantity co2 is outstanding.
After rearrangement, we obtain

BQ,, + FMB+ Ka= 0,
HQu+ JMa+ L =0
and in explicit form:
= FL-JK.
BJ- FH
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HKa- BL
BJ - FH °

M =

3. Heating-up (characteristic quantity &)

As assumed before:

and the equation of deformation

yrf Yg0l <Pt Py
from where

~r~ —cQQt - coMMii= ag &+ CgoQi + ogvMd
VA z

and

irg Qo — YrM M o= <gQQ» 4- YgM M i »

The first members of the first equation denote the free radial displacement
caused by heating; rise of temperature of the ring is (g, and is that of the
laminated iron body; the thermal coefficients are ag and a,; by using the

denotation

Dn Dn
K.,

and after rearrangement

BQt+ FM, + K, = 0,

HQt+JM» =0
and in explicit form:
- JK,
Q= By. FH -
HK,
Mt =
BJ - FH *

4. Running states

a) At standstill (subscript 0). The state is identical with the position
after assemblage (QO0, M Q).

b) Rotation test (characteristic quantity comax). The finished machines are
tested in the test-room. One of these is the rotation test, during which the
machine is rotating without load at a speed higher than the rated r.p.m.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



STRENGTH CALCULATION OF THE CAGE-SYSTEM 239

For this case, the subscript comax will be used. Now, moment and force are
calculated for assembly and rotation and summarized, of course, the former
quantity of co is substituted by amax. So we shall obtain:

Q0 + Qmmax? MO0+ max*

c) Stop (characteristic quantity $max). During the period from start up
to the end-point of the transient stage, the initial assembly state will change,
just because of heat-effects [3,4]. The measure of heating-up depends on
the load, on starting conditions, on the number of interruptions witli sub-
sequent starts. According to experiences the usual warming temperature is
mostly between 100 and 200 °C. One ofthe critical running stages is charac-
terized by the machine coming to a standstill when heated-up at start. This
state shall he represented by the quantity (smax)- So we shall calculate the
assembled state (0) and the heated state (imax), and we summarize:

Qo (@i>max > MO+ M tmax.

d) Normal service (&, co). For the elevated temperature we take the
value & that corresponds to the stationary stage; the speed is taken as the
rated speed. The superpositions are:

0+ Q>+ Qu>MO0+ Mjf+ Muw.

e) Critical state (characteristic quantities co, #max). The second critical

stage is characterized by the simultaneous effect of both heating and rotating.
In extreme cases, already at start (eventually after reiterated change of
direction) the heating-up amounts to #max (as opposed to the average value
$ during operation). On the other hand, the speed to be taken into account
is only m. Consequently, this state is denoted by the subscripts co, #max.
The lieating-up effect presents itself in the outer cage, therefore — generally —
the latter has to be considered as the most dangerous component part.The
resulting force values are obtained (as before) by superposition, calculating
with the values co and $mex

C*Il ®+ thax » M{)+ Mm—f M#max«

NB. All the cases enumerated can be dealt with in a summarized way; this form of the de-
formation-equations runs as follows

BQ+ FM + K= 0, K = KO+ K § + K»,
HQ + JM + 1 =0
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and in explicit form

_FL-JK
Q= BJ-FH
v o HK- BL

BJ —FH

where K is expressed in accordance with the state in question, by using the corresponding
values of co and ft.

I1l. Determination of spring-rate values

The scheme in Fig. 4 serves for the determination of the spring-rate
values.

1. Ring

Radial displacement ygc of one point of the ring, at an angular speed

Do ,, DO o Dn D 12
yge= — e= £ ) E Rg/\4 2=V co\
in explicit form
E>Ifig
8E,

where Eg denotes Young’s modulus, [Ag denotes the density.
Calculating the displacement of one point of the ring with Z rods, and
with a force Q on each rod [5]:

z
Dee Do & DY o . f%f Q
2 2 Eg 2Eg 2V £ v DOnb

In this equation the forces Q have been made equal to the following system
as a uniform specific load q acting on the total ring-surface Dnb

ZQ
Db
wherefrom
ZDOo
©¢ = 4nEfbv

In the centre of gravity of the ring, the moment M does not produce
any radial displacement:
= 0.

LgM
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The centrifugal force does not cause any angular displacement in the
ring section:

By following the principle of symmetry, the force system Q neither
causes any angular displacement:

ygQ= 0.

Angular displacement of the ring caused by the moment M [6]

3zDnM
3ZDn
YgM
g nE gh3V
2. Rod

NB. The value 1represents the so-called reduced length of the rods; this reduction is
necessary on considerating that the effective clamped cross-section of the rod is not at the
edge of the laminated body but somewhat further inwards:

1= - + vd

for which the value of y is obtained from measuring results:
Rods without insulation y = 0,2 H- 0,5,
insulated rods y= 0,1 —0,3.

The linear displacement of one point of the rod at an angular speed
o can be calculated on the assumption of a uniform load p

and the linear displacement [5]

= pla DkP prco2= crccoz

8jETr d2Er
where Er is Young’s modulus; and [ir the density. For the spring-rate:

DkPjir
d2Er ~
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The radial deformation of the laminated body is negligible in comparison
with yrc, and therefore we do not take into account any displacement of
the clamping place of the rods.

Effected by force Q [5] the linear displacement of the rod-end is

QP 64 PQ
T 33er  3daner - "0
wherefrom
64 -P
%7 37iEred4

Effected by moment M [5] the linear displacement of the rod-end is

MP 32PM
YM= e dangr MM
viz.
2P
B ndl Er

and effected by its own centrifugal force at an angular speed co the angular
displacement of the rod-end is [5]

_ pp 4DkP_ HrW22= yrcM%
6jE T 3d2Er
viz.
4 DKPpr
YC= 3goEr

Effected by the force Q, the angular displacement of the rod-end is [5]:

QP 32PQ

< - Yr
e oJEY danEr 9Q

32 P

T iErd4

Finally, effected by moment M the angular displacement of the rod-
end is [5]

M 641M
<Prm — J7|7E7“ — J4}'IE — ¥Yrm M
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64 </

YrM=
ndiEr

For rods with any other cross-section but circular, the calculation of the
spring-rate is somewhat different.

IV. Determination of the stresses

As could be seen, when assembling, the ring and the rod system might
be fitted either with play or with overlap. In other words, the whole system
is prestressed. It is advisable to make a prestress in such a way that it should
have an opposite sign to that of the stress brought about by the most un-
favourable state. For yrg in the critical element, special values should be
determined, that the stress in assembling state, and the stress in the extreme
service state should be with opposite algebraic signs but of abt. equal absolute
values.

The extreme value of yrg is determined by the condition that at
assemblage the rod should not suffer plastic deformation. Therefore, the value
of yrg should be chosen in such a way that at the clamping place the stress
could not transgress the limit:

am <LaF-

According to the bending theory of beams, we can write for the stress
of the exterior fibre (e.g. for circular section) of the rod:

oh= q1d

In the same position the deflection of the rod is:

Ql 2 ah J« llam
Jrg 3JETr 10-d 3Er ~ 15dEr '

1. Stresses in the ring

To calculate the radial load distribution g for Z rods the method given
in 111. 1 can be used. Knowing this, and using the denotations of Fig. 4 we
obtain the stress value [5]

a't = -S 1J -
D,
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the algebraic sign of which is determined by the algebraic sign of g.
Effected by the moment M, the stress caused by deflection of the
extreme fibres is [6]:
a't= * yg/uM— mEg.
~o

Caused by rotation the stress in the entire cross-section of the ring is [5]:

Dn
Og @

Finally, in the most weak point, (taking the more unfavourable case)

depending on the signs, the reduced stress is:

-= °gdrag+ °g

2. Stresses in the rod (with circular cross-section)

a) At the place denoted “1”. In the extreme fibres, the bending stress

caused by the force Q, is
32QIm

— dt
ar d3n

where according to Fig. 4
Z= D—05b.

In the extreme fibres, caused by the moment M, the bending stress is

32M
d3n

The load caused by the forces of inertia can be calculated with the

method explained in I11. 2.
Accordingly, the moment at the clamping place is

D, 2T Z

M = pr
2
Bending stress of the extreme fibres:

v || 21T DK4”
r d
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The reduced stress (signs to be observed)

*r=x20'r+x < £ <

b) At the place denoted “2”. Caused by the moment, the bending stress
of the extreme fibres is
32 M
+
B - d2ti

The effective strength control is obtained when the respective stress
is calculated for the most critical running stage.
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FESTIGKEITSBERECHNUNG DES KURZSCHLUSS-KAFIGSYSTEMS
VON ASYNCHRONMOTOREN

X. HUSZAR und |I. KOVACS

ZUSAMMENFASSUNG

Die Leitstangen im Kéafiganker eines Induktionsmotors sind durch Ringe an den Stirn-
seiten kurzgeschlossen. Die Beanspruchung des Kafigankers wird durch Montage-Vorspann-
krafte, durch Zentrifugalkrdafte und Warmekrafte bestimmt. Es wird — fir verschiedene
Betriebszustdnde — das Berechnungsverfahren der wirkenden Krafte und der erzeugten
Spannungen dargelegt.

CALCUL DE LA RESISTANCE MECANIQUE DES CAGES D’ECUREUIL
DES MOTEURS ASYNCHRONES

I. HUSZAR et I. KOVACS

RESUME

Les barres conductrices des moteurs a induction en court-circuit sont court-circuitées
par des cercles d’extrémité. Les contraintes mécaniques de la cage résultent deld précontrainte
au montage, de la force centrifuge et de la dilatation thermique due a I’échauffement. L’étude
présente une méthode de calcul pour les forces correspondant aux différentes conditions de
fonctionnement, ainsi que le calcul des contraintes mécaniques.
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PACUET MEXAHWYECKOW MPOYHOCTW BEJIMUBEN K/ETKWN
KOPOTKO3AMKHYTbIX ACUHXPOHHbIX ABUIATENEW

N. XYCAP n 1. KOBAY

PE3IOME

MpoBogsLMe CTePXKHU KOPOTKO3aMKHYTbIX WHAYKUMOHHbIX ABUrartesieil ¢ n060BbIX
CTOPOH MalUMHbI 3aMKHYTbl HaKOPOTKO C MOMOLLbI0 Kosel. B KayecTBe MexaHWYecKOW Ha-
rpy3ku 6ennybeil KNeTKU UrypupyroT nNpeABapuUTe/lbHOE MeXaHWUECKOe HarpsbkeHue npu
cOOpKe, LEHTPOGEXHAs cula, BO3HMKAKOLWAsA Npy BpalleHUW, U CUbl, BO3HUKAIOLME OT Ten-
I0OBOTO pacLUMpeHns BCMeACTBME HarpeBa MallMHbl. B cTaTbe NMpuBOAMTCA MeToAMka pacyeTa
CWU/, COOTBETCTBYHOLUMX Pa3/IMYHbIM PeXMMaM paboTbl MallMHbI, MOC/e Yero coobLiaeTcs Ccro-
co6 pacyeTa HanpsHKEHWA.
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UBER DEN EINFLUSS DER MODIFIZIERTEN
KRESOLHARZSYSTEME AUF DIE ELEKTRISCHEN
EIGENSCHAFTEN UND WASSERBESTANDIGKEIT

DER HARTPAPIERE

K. SCHWANER
FABRIK FUR ELEKTROISOLIER- UND KUNSTSTOFFE, BUDAPEST

[Eingegangen am 17. Dezember, 1964]

In dem vorliegenden Aufsatz wird die Gestaltung der Wasseraufnahme und der elektri-
schen Eigenschaften von Hartpapieren in Abh&ngigkeit von einigen verschiedenen, aus Kresol—
Formaldehyd-Harz ausgehenden Kondensations-Harzsystemen untersucht. Es wird dabei
festgestellt, dal die Wasseraufnahme der Hartpapiere nur durch solche Harzsysteme in
bedeutendem MaRe herabgesetzt wird, die sowohl Anilin als auch Melamin enthalten (z. B.
das System Anilin—Melamin—Kresol—Formaldehyd). Das Anilin erfiillt dabei die Rolle des
die Wasserbestandigkeit des Melamin—Kresol —Formaldehyd-Harzes erhdhenden Aktiva-
tors. Das Epoxydharz bt keine Wirkung auf die Gestaltung der Wasseraufnahme aus, aber
— insbesondere mit Anilinharz vergesellschaftet (so z. B. in einem System von Anilin—
Epoxyd —Kresol—Formaldehyd) — erhéht es in hohem MaRe die elektrischen Eigenschaften
der Hartpapiere.

I. Einleitung

Wie bekannt, tben die aus den Grundstoffen Kresol und Formaldehyd
durch Polykondensation dargestellten »Kresolharze« auf die Eigenschaften
der Hartpapiere einen grolRen Einflul aus. Die Parameter, die die Eigenschaf-
ten der Kresolharze beeinflussen, sind die folgenden: Der Erweichungspunkt,
der Gehalt an freien Kresolen, und die Zeitpunkte der Entstehung des Gelzu-
standes (der Phase B) und der vollkommenen Vernetzung (der Phase C).

Die Hartpapiere stellen ein heterogenes System dar; ihre Eigenschaften
setzen sich aus den zahlreichen — mechanischen, physikalischen und elektri-
schen — variablen Kennzahlen des Harzes und des Papiertréagerstoffes
zusammen. Die nach Bedeutung angeordnete Reihenfolge dieser Kennzahlen
(Parameter) wird durch den Verwendungszweck des Hartpapiers bestimmt.
Bei den modernen Hartpapieren stehen die schon fur sich hohen technischen
Anforderungen genlgenden Parameter miteinander in engem Zusammen-
hang.

Zur Erfullung der durch die technische Entwicklung bedingten hohen
Anforderungen kann das herkédmmliche »Kresolharze fiur die Zwecke der
Hartpapiere nicht mehr als entsprechender Grundstoff betrachtet werden.
Es sind in erster Linie die physikalischen und elektrischen Eigenschaften
dieses konventionellen Kresolharzes, die die hohen Erforderungen nicht mehr
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erfullen. Mit Rucksicht jedoch darauf, dal das »Kresolharz« lber zahlreiche
Eigenschaften (z. B. relativ hohe Warmebestidndigkeit neben guten mecha-
nischen und elektrischen Eigenschaften) verfiigt, die bei dem heutigen Stand
der Technik hei anderen Kunststoffen noch nicht vorzufinden sind, ferner
mit Ricksicht darauf, daB es verhaltnisméRig leicht und mit niedrigen Kosten
hergestellt werden kann, wurden von den verschiedenen Herstellerfirmen
Forschungsarbeiten in Angriff genommen, um die Eigenschaften des »Kresol-
harzes« durch Modifizierungen zu verbessern, um es auf diese Weise zur
Herstellung der zeitgem&Ren Hartpapiere als Grundstoff verwenden zu
kdnnen.

Bei der Wahl der Modifizierung muf} Gber die chemischen Beziehungen
hinaus auch der Umstand in Ricksicht gezogen werden, dall zwischen dem
»Kresolharz« und dem Zellulose-Tréagerstoff Wechselwirkungen chemischen
und physikalischen Charakters stattfinden.

Die in dem Lo6sungsmittel gelésten Molekile des Harzes umgeben die
Zellulosefasern des Papier-Tréagerstoffes und fullen die Zwischenrdume
zwischen den Fasern aus, doch dringen sie in die Kapillaren der Fasern nicht
ein [1]. Hierdurch kann die hygroskopische, kapillaraktive Wirkung der
Zellulosefasern auch nach der Durchtrdnkung (Impréagnierung) ungehindert
zur Geltung gelangen. Der Vorgang zwischen der Zellulose und dem Poly-
kondensationsharz verlauft in chemischer Hinsicht in dem Bereich der
Hydroxylgruppen des Zellulosemolekils. Die chemische Reaktion findet
lediglich auf der Oberflache der Fasern statt, wobei die chemische Reaktion
des Polykondensationsharzes mit den Hydroxylgruppen des Zellulosemolekils
einstweilen unbekannt ist. Der in dem Inneren der Fasern und in den Kapilla-
ren in verschiedener Weise zustandegekommene »gebundene« Feuchtigkeits-
gehalt hadngt von der Anzahl der OH-Gruppen des Zellulosemolekils ab,
wobei die GriéRe des Feuchtigkeitsgehaltes auf die Gestaltung der elektrischen
Eigenschaften der Hartpapiere in entscheidender Weise auswirkt.

Aus diesem Grunde werden die modifizierenden Agenzien des den
Papier-Tréagerstoff durchtrénkenden Kresolharzes in der Weise gewdahlt, dafl
durch das dargestellte Polykondensationsharz die OH-Gruppen des Zellulose-
molekuls in maximaler Menge »geblockt« werden. Auf diese Weise wird es
ermdglicht, die Wasserempfindlichkeit des Hartpapiers zu verringern und
seine elektrischen Eigenschaften zu verbessern.

Bei den aus dem Papier-Tréagerstoff und dem Polykondensationskunst-
harz aufgebauten und als Isolierstoffe verwendeten Hartpapieren spielen
auller dem Parameter der Wasserbestandigkeit noch die elektrischen Eigen-
schaften eine wichtige Rolle. Die elektrischen Eigenschaften und die Wasser-
bestandigkeit stellen bei den Hartpapieren zwei voneinander nicht trennbare
Parameter dar. Im Laufe unserer Arbeit wollen wir in erster Linie die Faktoren
studieren, die auf die Ausgestaltung dieser Parameter auswirken.
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Il. Experimente zur Ldsung der Aufgabe

Die Aufgabe meinten wir in der Weise zu l18sen, dall zunédchst verschie-
dene Harzsysteme ausgebildet wurden, mit denen dann die Zellulose-Papier-
Trégerstoffe durchgetrdnkt und in der im nachstehenden angegebenen Weise
zu Platten verformt wurden. Als Grundstoff fur das Harzsystem wurden
mehrfunktionale Verbindungen, wie Kresol, Anilin, Melamin usw. verwendet.
Der Schichtstoff wurde in zwei Arbeitsphasen hergestellt.

1. Herstellung der Harze

Der mit einem Ruhrer, RuckfluRkihler, Destillationskihler und mit
einem Thermometer versehene 41—Sulfurierkolben wurde mit Kresol und
(in Abhéangigkeit von dem System) mit einer oder mehreren Funktional-
verbindungen versetzt, und nach dem Verrihren wurde dem System noch
die notige Menge Formaldehyd und als Katalysator Ammoniak zugesetzt.
Das Reaktionsgemisch wurde dann bis zur Siedehitze erwédrmt und 50 Minuten
lang bei Siedetemperatur gehalten. AnschlieBend wurde das Gemisch bei
stetem RuUhren einer Vakuumdestillation unterzogen, wobei darauf geachtet
wurde, daR die Temperatur des Olbades 105 °C nicht {iberschreite. Nach der
vollstandigen Entwdasserung wurde ein geringer Anteil des Harzes zur Fest-
stellung der Kennzahlen abgesondert, wé&hrend der gréBere Teil mit Hilfe
eines Lodsungsmittels (in der Regel mit denaturiertem Alkohol oder einem
Gemisch aus denaturiertem Alkohol und Azeton) in Ldsung gebracht
wurde. Diese Ldésung, die etwa 50% Trockensubstanz enthielt, wurde dann
zur Imprégnierung des Papier-Trégerstoffes verwendet.

2. Herstellung der Schichtstoffe

Die maligerechten Papierplatten wurden mit der Ld&sung des in im
vorangehenden beschriebener Weise dargestellten Harzes durchtréankt, bei
Raumtemperatur 24 Stunden lang getrocknet und anschlieRend in einer
Kammer bei einer Temperatur von 160 °C bis zum R-Zustand (Resitol) vor-
kondensiert. Mehrere solche Platten wurden dann aufeinandergeschichtet
— es wurden »Pakete« hergestellt — und in einer Etagepresse verpreft.
Rei gleichzeitiger Anwendung von Warme und Druck (spezifischer Druck:
90 kg/cm2, Temperatur: 165 °C) und bei einer PreRdauer von 12 min/mm
Dicke verwandeln sich die »Pakete«x zu homogenen Platten hoher Fe-
stigkeit.

Die fertigen Platten wurden nach den Vorschriften des Normblattes
M SZ 1691160 gepruft. Bei der Ermittlung des Isolationswiderstandes kommen
zwei Vorbehandlungen: a und a-J b in Betracht. Die Vorbehandlung a
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bedeutet, daB die Hartpapiere 4 Stunden lang in einem Trockenschrank bei
einer Temperatur von 70 5 °C gehalten werden, wéhrend die Vorbehandlung
a -\- b bedeutet, daB die Platten nach der Vorbehandlung a und dem anschlie-
fenden Wé&gen der Behandlung b unterzogen werden, d. h., daR die Platten
96 Stunden lang in einem Raum mit 80% relativer Luftfeuchtigkeit und
einer Temperatur von 20 i 5 °C erhalten und nach der Konditionierung
binnen 5 Minuten geprift werden.

3. Grundstoffe

Die zu den Versuchen verwendeten Grundstoffe waren die folgenden:

Kresol (Qualitdt nach MSzZ 777—50, mit einem m-Kresolgehalt von
40-42%).

Anilin (Qualitdt nach MSZ 8775—52).

Melamin (Schmp. 300 °C; Erzeugnis von Ciba).

Epoxydharz (Bezeichnung EF —3; nach der Zusammensetzung ein
Kresol-Resolharz mit einem Molverhdltnis Kresol/Formaldehyd 1 : 1,3;
Behandlung des Harzes mit Epichlorhydrin; Epoxydquivalent des Harzes
350—450; Viskositat bei 20 °C 104 cSt; Gehalt an Trockensubstanz 96%).

Ammoniak (nach MSZ 20914—55).

Papier (Hadernzellstoff enthaltendes Sulfitzellstoff-Papier mit m-*-
Gewicht 77—83 g; Aschegehalt 0,5%; Dicke 0,145—0,155 mm; Saugfahig-
keit nach Klemm in L&angsrichtung 35—40 mm, in Querrichtung 33—38 mm;
ReiBlange in Langsrichtung min. 4000 m, in Querrichtung min. 2500 m).

4. Untersuchte Harzsysteme

Die untersuchten Harzsysteme waren die folgenden:

a) Anilin—Melamin—Kresol—ormaldehyd;

b) Anilin—Epoxyd—Kresol—ormaldehyd;

¢) Anilin—Melamin—Kresol—Formaldehyd;

d) Anilin—Melamin—Epoxyd—Kresol—Formaldehyd;
e) Anilin—Kresol—ormaldehyd;

f) Kresol—Athoxysilan—Formaldehyd.

Die Molverhé&ltnisse der Komponenten in den angefihrten Harzsystemen,
der Harzgehalt der mit diesen Harzen bereiteten Platten, ferner die Werte
der Wasseraufnahme und einige elektrische Eigenschaften der Platten werden
in den Tafeln I1—VI angefihrt.

Die Wasseraufnalime und die elektrischen Eigenschaften der im Laufe
der Versuche hergestellten Hartpapiere wurden mit den entsprechenden
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Tafel |

System Anilin—Melamin—Kresol—Formaldehyd

(Melamin, Kresol konst.; Anilin nicht konst.)

1 =« b c d e f g h i
Formaldehyd,

Mol 1,45 1,55 1,60 1,66 1,71 1,76 1,81 1,88 1,20
Melamin, Mol .. 0,12 0,12 0,12 0,12 0,12 0,12 0,12 0,12 —
Kresol, Mol .... 0,74 0,74 0,74 0,74 0,74 0,74 0,74 0,74 0,74
Anilin, Mol .... — 0,054 0,081 0,108 0,131 0,162 0,183 0,216 0,108
W asserauf-

nahme, %* .. 275 235 1,80 160 175 170 ¢ 3,52
Harzgehaltim

Hartpapier, % 59 62 64 63 63 61 — — 66
tan 6 ¢ 104............ 1920 - 480 352 296 236 - - 352
Dielektrizitats- r

konstante, e . . 6,6 — 4,6 4,3 45 4,3 — — 5

*Gemessen an einem Hartpapier von 1,8 mm Dicke.
** Das Kondensationsprodukt ging im Laufe der Darstellung in den Gelzustand tiber und wurde zur Herstellung des

Hartpapiers ungeeignet.

Tafel 11

System Anilin—Epoxyd —Kresol—Formaldehyd
(Epoxyd, Kresol konst.; Anilin nicht konst.)

a b c d

Formaldehyd, Mol 1,06 1,17 1,30 1,38
Epoxydharz, Mol. 0,1 0,1 0,1 0,1
Kresol, Mol 0,74 0,74 0,74 0,74
Anilin, Mol 0,054 0,108 0,162
W asseraufnahme, % * ... 1,70 1,70 1,50 1,75
Harzgehalt im

Hartpapier, % ... 62 62 64 63
tan 6 W101 ..o 384 172 38 30
Dielektrizitatskonstante, e ... 4,9 4,6 3,9 3,7

* Gemessen an einem Hartpapier von 1,8 mm Dicke.
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Tafel 111

System Anilin—Melamin—Kresol—Formaldehyd

(Anilin, Kresol konst.; Melamin nicht konst.)

a b C d e f

Formaldehyd, Mol 1,28 1,49 1,62 1,76 1,92 2,03
Kresol, Mol.. 0,74 0,74 0,74 0,74 0,74 0,74
ANilin, Mol 0,162 0,162 0,162 0,162 0,162 0,162
Melamin, Mol .....vviiiine, - 0,052 0,086 0,120 0,158 0,189
*%

W asseraufnahme, % * ........... Q8 2,47 1,60 1,70 xx —
Harzgehaltim Hartpapier, % 66 64 63 61 — —

tan S 104 e 176 41 — 74 — -
Dielektrizitatskonstante, e ... 4,2 4,0 — 3,6 — —

*Gemessen an einem Hartpapier von 1,8 mm Dicke.
** Das Kondensationsprodukt ging im Laufe der Darstellung in den Gelzustand iber und wurde zur Herstellung

des Hartpapiers ungeeignet.

Tafel IV

System Anilin—Melamin—Epoxyd—Kresol—Formaldehyd

(Anilin, Melamin, Kresol konst.; Epoxydharz nicht konst.)

a b C d
Formaldehyd, M ol...ccooovniennne 1,66 1,66 1,66 1,66
Melamin, Mol ... 0,12 0,12 0,12 0,12
Kresol, M ol 0,74 0,74 0,74 0,74
ANilin, M 0l 0,108 0,108 0,108 0,108
50 100 150
1,76 1,80 2,10 2,20
Harzgehalt im
62 67 63 64
tan 0 * 104 . 200 224 232
Dielektrizitatskonstante, « ... — 4,2 4,5 4,3

* Gemessen an einem Hartpapier von 1,8 mm Dicke.
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Tafel V

System Anilin—Kresol—Formaldehyd

(Kresol konst.; Aniin nicht konst.)

a b
Formaldehyd, M Ol...cooiiniiiiccen 120 1,28
Kresol, M ol 0,74 0,74
Anilin, M ol 0,108 0,162
W asseraufnahme, % * ...cccooovevviiiccnnne 3,32 2,48
Harzgehalt im Hartpapier, % ... 66 65
tan 0 ¢ 104 e 352 176
Dielektrizitatskonstante, € ..o 5,0 4,2

* Gemessen an einem Hartpapier von 1,8 mm Dicke.

Tafel VI

System Kresol—A thoxysilan—Formaldehyd

(Kresol konst.; Athoxysilan nicht konst.)

a b C d
Formaldehyd, M ol..coevvininns 1,3 1,3 1,3 1,3
Kresol, MOl 1,0 1,0 1,0 1,0
Phenyltridthoxysilan, Mol ... — 0,054 — 0,162
Dimethyldidthoxysilan, Mol — — — —
Wasseraufnahme, %* ... 1,90 3,97 5,60 6,85

* Gemessen an einem Hartpapier von 1,8 mm Dicke.

Eigenschaften der Hartpapiere RPB 1v und KRPB verglichen, die den
duBerst strengen Anforderungen bezuglich der Wasseraufnahme und der
elektrischen Eigenschaften genligen. Die Eigenschaften der beiden erwéhnten
Plattentypen wurden in Tafel YII angefuhrt.
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Tafel VII

Anforderungen gegeniiber den zeitgeméafen Papierbakelit-Schichtstoffen

RPB IV* KRPB**

Spezifischer Oberflaichenwiderstand (min.), D

nach Vorbehandlung a 1012 1013

nach Vorbehandlung a-f-6 57109 51010
Innerer Isolationswiderstand (min.), Q

nach Vorbehandlung a 5+1010 1013

nach Vorbehandlung a D 5109 25 +109
taN 6 (MAX.) 800 HZ  oooooooosoeeocoeeseeee oo ssssssssssssssssssssssssssnnnennes 8oo o 300 « 10“*
Dielektrizitdtskonstante, e, bei 800 H Z ..o — 4-6
W asseraufnahme nach 96-stiindiger Bewadsserung, gemessen an

einem Probekdrper von 4 mm Dicke (max.), % .o 1,2 0,2

*MSZ 1691—60 »Papierbakelit-Schichtstoff mit geringer Wasseraufnahme« (Entspricht dem HP. IV nach DIN
7735).
** KGMSZ 624.512 »Papierbakelit-Schichtstoff zur speziellen Verwendung« (Entspricht dem XX XP nach NEMA),

I Il. Die Auswertung der Harzsysteme

a) System Anilin—Melamin—Kresol— Formaldehyd

Die Wasseraufnahmewerte der mit diesem Harzsystem hergestellten
Hartpapiere wurden im Bild la dargestellt.

Aus Tafel | ist es ersichtlich, dalR die Wasseraufnahme in Gegenwart
der Melamin-Komponente abnimmt. Diese Wirkung des Melamins wird durch
Anilin bis zu einem gewissen Grade erhdht. Ohne Melamin kommt jedoch
die verringernde Wirkung des Anilins auf die Wasseraufnahme nicht zur
Geltung. Im Gegenteil, die Wasserempfindlichkeit wird durch das Anilin
— insbesondere bei geringeren Konzentrationen — erhdht (siehe Bild 5).
Die optimale Menge des Anilinzusatzes betragt in diesem System 0,108 Mol.
Groflere Mengen an Anilin beeinflussen die Gestaltung der Wasseraufnahme
praktisch nicht mehr.

Es ist nicht zweckm&Rig, die Menge des Anilins uber 0,162 Mol zu
erhohen. Obwohl mit 0,183 Mol Anilin noch ein Harz bereitet werden kann,
doch dauert die Vernetzung dieses Harzes &uBerst lange, und die mit diesem
Harz imprégnierten Hartpapiere quellen im Laufe der Verpressung in dem
Male an, dalR sie bereits unter dem geringsten Druck zerreif3en.
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er

) a+h
HIro-

.f 0,754 Q081 0,108 0,135 0,162
MOL G5H5 NH2

b

Bild 1. Wasseraufnahme der mit dem System Anilin—Melamin—Kresol—Formaldehyd

bereiteten Hartpapiere in Abhdngigkeit von dem Molverhdltnis des bei der Darstellung des

Harzes verwendeten Anilins (a); und Isolationswiderstand der mit dem Harzsystem Anilin—

Melamin—Kresol—Formaldehyd bereiteten Hartpapiere in Abhéngigkeit von dem Molver-
h&ltnis des hei der Darstellung des Harzes verwendeten Anilins (i>)

Im Hinblick auf den Isolationswiderstand bei den Platten, die aus
den verschiedenen Gliedern dieses Harzsystems hergestellt worden sind (siehe
Bild Ib), erreichen nach der Vorbehandlung a nur die Werte fiir den Ober-
flachenwiderstand (Fa) den Wert von 1014 Ohm; der innere Widerstand (Ba)
bewegt sich dagegen zwischen den Werten von 1011 und 1013 Ohm. Nach der
im zitierten Normblatt vorgeschriebenen Vorbehandlung a -f- b nehmen die
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Werte der Isolationswiderstdnde sowohl fur den Oberflachenwiderstand wie
auch fur den inneren Widerstand — Fa+b und Ba+b — mit der Menge an
Anilin zu. Dem mufl zugefugt werden, dal der innere Widerstand nur bei
den Platten den Wert von gut isolierenden Platten erreicht, die aus etwa
0,162 Mol Anilin enthaltenden Harzen hergestellt worden sind. Hieraus folgt
aber, dal der fir die innere Struktur des Materials charakteristische innere
Isolationswiderstand bei diesem System ungeniigend ist.

Die Werte von tan O= 1020 « 10~4 —m236 « 10-4 und die von e = 6,6 —=*
—% 4.3 (siehe Tafel 1) sind mit den Daten des Isolationswiderstandes im Ein-
klang.

Zusammenfassend kann gesagt werden, dafll bei den Platten, die aus
zu diesem System gehdrenden Harzen hergestellt worden sind, die Wasser-
bestdndigkeit eine geringflugige Verbesserung aufweist, die elektrischen Eigen-
schaften der Platten sind jedoch schwach, und — mit Ausnahme des spezi-
fischen Oberflachenwiderstandes — die zeitgeméaRen Anforderungen (siehe
Tafel VII) werden durch dieses System nicht befriedigt.

b) System Anilin—Epoxyd—Kresol—Formaldehyd

Aus Bild 2a ist es ersichtlich, daR die Wasserbestandigkeit der mit
diesem Harzsystem hergestellten Platten durch das Anilin nicht verbessert,
in groBeren Mengen sogar verschlechtert wird. Die Wasseraufnahme des
Systems stimmt nach der GrélRenordnung mit der des a) Systems uberein.
Wird die Kurve des Bildes 2a mit der Kurve der Wasseraufnahme im Bild 5
verglichen, so kénnen wir ersehen, dall die Werte der Wasseraufnahme bei
den Platten, die ohne epoxydiertes Resolharz (EF—3), jedoch aus Anilin—
Kresol—Formaldehyd-Harzen mit gréReren Mengen Anilin hergestellt worden
sind, die betreffenden Werte des vorliegenden Systems gut anndhern. Hieraus
folgt aber, dalR die Wasseraufnahme in diesem System durch die Epoxyd-
gruppen nicht beeinfluRt wird.

Obwohl dieses System beziglich der Wasserempfindlichkeit keine Ver-
besserung bringt, bleibt das System nichtsdestoweniger vom Interesse, da
es die Gestaltung der elektrischen Eigenschaften glnstig beeinfluRt. Bild 2b
stellt anschaulich dar, daR der innere lIsolationswiderstand Ba bereits mit
einem ganz geringen Anilinzusatz den Wert von 1013 Ohm erreicht. Nach
der Vorbehandlung a bilden die Werte des Oberflachenwiderstandes (Fa)
und die des inneren Isolationswiderstandes (Ba) Geraden; nach der Vor-
behandlung a -f- b verlaufen die Kurven anndhernd parallel.

Die Durchschlagfestigkeit nimmt mit der GréRe des Anilinzusatzes zu.
Bei einem Anilinzusatz von Uber 0,1 Mol kdénnen die fir die KRPB-Platten
bei 20 und 90 °C vorgeschriebenen Werte (siehe Tafel VII) schon sicher
gehalten werden.
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Bild 2. Wasseraufnahme der mit dem Harzsystem Anilin—Epoxyd —Kresol—Formaldehyd
bereiteten Hartpapiere in Abhé&ngigkeit von dem Molverhéltnis des bei der Darstellung des
Harzes verwendeten Anilins (a); und Isolationswiderstand der mit dem Harzsystem Anilin—
Epoxyd —Kresol—Formaldehyd bereiteten Hartpapiere in Abhdngigkeit von dem Molverhalt-

nis des bei der Darstellung des Harzes verwendeten Anilins (6)

Mit diesen Beobachtungen stehen in engem Zusammenhang die Werte
von tan 8 — 384 m10—4-—30 * 104 und von e = 4,9 —m3,7 (siehe Tafel II),
die sich mit der Menge des Anilins stets verbessern.
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Zusammenfassend kann gesagt werden, daR obwohl dieses Harzsystem
bezlglich der Wasserbestandigkeit der Hartpapiere keine Verbesserung bringt,
die elektrischen Eigenschaften und die Isolationswiderstdnde jedoch in hohem
MalRe gesteigert werden.

c) System Anilin—Melamin—Kresol—Formaldehyd

Bei diesem System bemihten wir uns unter anderen darum, die im
ersten System verwendete Menge des Melamins mdglichst zu verringern.
Fur die Zwecke unserer Untersuchungen wéahlten wir das 0,162 Mol Anilin
enthaltende Harz des ersten Systems, das Uber maximal gute Eigenschaften
verfugt. Bei der Bereitung der Harze beobachteten wir, dall die Harze — in
Abhéangigkeit von der Menge des Melamins — anfénglich eine lange und
dann stets abnehmende Gelierungszeit (B) aufweisen, wobei die Erweichungs-
punkte nach Tafel VIII praktisch gleich bleiben.

Tafel VIII

Erweichungspunkt und »B«-Zeit der Harze in Tafel 111

a b c d e
Erweichungspunkt [°C] 39 43 45 45 41,5 57,5
Gelierungszeit, B bei
160 °C [s] 460 651 190 110 170 330

Bezuglich der Harzbereitung betrdgt die optimale Menge des Melamins
0,12 Mol. Uber dieser Menge des Melamins nimmt die Viskositdt des entstehen-
den Harzes in hohem Male zu. Eine geringe Menge Melamin (0,052 Mol)
kann aus einem anderen Blickwinkel auch als Weichmacher des Harzsystems
Anilin—Kresol aufgefallt werden, da eine geringe Menge an Melamin die voll-
stindige Entwdasserung des entstehenden Harzes ermdglicht, wobei die Aus-
bildung der Gelstruktur verzdgert wird. Die B-Zeit eines solchen Harzes ist
ldnger als die der Anilin—Kresol-Harze ohne Melaminzusatz (460 bzw. 651 s).

Die Wasseraufnahme der fertigen Hartpapiere gestaltete sich entspre-
chend der Erwartung: Mit der Menge des Melamins nimmt die Wasseraufnahme
ab, und bei einer Melaminmenge von 0,12 Mol erreicht die Wasseraufnahme
den beim System 1 gefundenen optimalen Wert (siehe Bild 3a).

Unter den Kurven des Isolationswiderstandes (siehe Bild 3b) sind die
gemessenen Werte des spezifischen Oberflachenwiderstandes nach der Vor-
behandlung o und a + b (Faund Fat+b) den Kurven fir den Oberflachen-
widerstand des Systems a) (Faund Fatb) &hnlich (siehe Bild 3b und Ib).
Hingegen verlaufen die Kurven des inneren Isolationswiderstandes ganz
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Bild 3. Wasseraufnahme der mit dem Harzsystem Anilin-Melamin—Kresol—Formaldehyd

bereiteten Hartpapiere in Abhéngigkeit von dem Molverbaltnis des bei der Darstellung des

Harzes verwendeten Melamins (0); und Isolationswiderstand der mit dem Harzsystem Anilin—

Melamin—Kresol—Formaldehyd bereiteten Hartpapiere in Abhé&ngigkeit von dem Molver-
héltnis des bei der Darstellung des Harzes verwendeten Melamins (b)

anders: Die Kurven weisen bei einer Melaminmenge von 0,05 Mol ein Maximum
auf. MutmaRlich weist dies darauf hin, dall geringe Mengen an Melamin in
der Struktur des Harzsystems Anilin —Kresol—Formaldehyd bezlglich der
elektrischen Eigenschaften gunstige Veranderungen hervorrufen. Groliere
Mengen an Melamin hingegen steigern mehr die Wirkung des Anilins, und die
elektrischen Eigenschaften des Produktes werden immer mehr denen der
Platten des Systems a) &hnlich.
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Menge des epoxydierten ResolharzesfEF-3)[g]

a

Menge des epoxydierten Reso/harzes(EF-3)[g]
b

Bild 4. Wasseraufnahme der mit dem Harzsystem Anilin—Melamin—Epoxyd —Kresol—

Formaldehyd bereiteten Hartpapiere in Abhdngigkeit von der Menge des hei der Darstellung

des Harzes verwendeten epoxydierten Resolharzes (a); und Isolationswiderstand der mit dem

Harzsystem Anilin—Melamin—Epoxyd —Kresol—Formaldehyd bereiteten Hartpapiere in

Abhéngigkeit von der Menge des bei der Darstellung des Harzes verwendeten epoxydierten
Resolharzes (6)

Die Werte von tan 6 = 176 « IO-"4—»41 « 10~4— 236 + 10“4 und von
e = 4,2 —m4,0 —m4,3 (siehe Tafel Il11) unterstiitzen die obige Hypothese in
positivem Sinne.

d) System Anilin—Melamin—Epoxyd—Kresol— Formaldehyd

Dieses System — eben aus dem Grunde, weil es eine Kombination der
vorher behandelten Systeme a), b) und c) darstellt — trédgt das Gepréage
dieser Systeme an sich (siehe Bild 4a und 4b).
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Um den Einflul des epoxydierten Resols (EF—3) zu studieren, wurde
die Menge dieses Harzes variiert. Es wurde dabei gefunden, daR mit Erhéhung
der Menge des Epoxydharzes die Wasseraufnahme-Kurve des Systems eine
steigende Tendenz aufweist. Die die Hydrophilie verringernde gemeinsame Wir-
kung des Melamins und Anilins gelangt mutmaRlich aus dem Grunde nicht
zur Wirkung, weil die Molverhéltnisse dieser beiden Komponenten — 0,108 Mol
Anilin bzw. 0,12 Mol Melamin — eben die Werte aufweisen, bei denen die

o was OIM s
MOL GHN-B

Bild 5. Wasseraufnahme der mit dem Harzsystem Anilin—Kresol—Formaldehyd bereiteten
Hartpapiere in Abhéngigkeit von dem Molverhdltnis des bei der Darstellung des Harzes ver-
wendeten Anilins

Verflachung der Wasseraufnahme-Kurve des Systems a) beginnt (siehe
Bild la). Auf diese Weise kommt lediglich die kaum merkliche Wirkung des
epoxydierten Resolharzes zur Geltung.

Die Isolationswiderstdnde sind nahe denen gleich, die bei den in Mol-
verhéltnis entsprechenden Harzen des Systems Anilin—Melamin—Kresol-
Formaldehyd erhalten worden sind. Die Ein fuhrung der Epoxydgruppe hat
zwar eine praktisch geringe, doch positive Anderung zur Folge. Bei dem
inneren lIsolationswiderstand zeigen die Bat+6-Daten nach der Behandlung
a b — verglichen mit dem Ausgangsharz ohne Epoxydgruppen — mit
Erhéhung der Anzahl der Epoxydgruppen keine Anderung. Hieraus folgt,
daB in elektrischer Beziehung die Epoxydgruppe in dem Anilin und Melamin
enthaltenden System keine Rolle spielt.

Die geringflgige Verbesserung in den Werten von tan 6 und e (siehe
Tafel 1V) kann teilweise auf die Gegenwart von Epoxydgruppen zuruckge-
fuhrt werden.
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e) System Anilin—Kresol—Formaldehyd

Dieses System wurde zur Kontrolle der Wasseraufnahme-Kurven der
Systeme b) und d) herangezogen (siehe Bild 5).

Die Wasseraufnahme der aus diesem System hergestellten Schichtstoffe
nimmt mit der Menge an Anilin ab. Aus Grinden, die heim System a) ange-
geben worden waren, wurde Anilin in Mengen Uber 0,162 Mol nicht ver-
wendet.

Die mit diesem System gewonnenen Erfahrungen unterstiitzen unsere
Auffassung, dall in den Systemen b) und d) die Wasserempfindlichkeit der
Hartpapiere durch die Gegenwart von Anilin beeinfluBt wird.

f) System Kresol—Athoxysilan— Formaldehyd

Bei der Ausbildung dieses Systems sollte nach unseren VVorstellungen zu-
néchst aus einem System Silikon—Kresol—Formaldehyd ausgegangen werden,
wobei durch chemische Bindung zwischen Kresol und Athoxysilan oder
Kresolalkoholen und Athoxysilan die derart entstehende Verbindung die im
Laufe der Vernetzung entstehende Hydrophobie herbeifihren sollte.

Bei unseren Versuchen wurde zundachst ein Kresol—Resolharz bereitet.
Das Molverhéltnis Kresol/Formaldehyd betrug 1 :1,3, der Katalysator war
Ammoniak, wahrend zur Verringerung der Reaktionsgeschwindigkeit Methanol
verwendet wurde. Die Komponenten des Grundharzes wurden bis zum
Auftreten des Trubungspunktes des Gemisches im Sieden erhalten, und
nach erfolgter Tribung wurde das Gemisch mit der berechneten Menge des
Athoxysilans (in alkoholischer Losung) versetzt und das Sieden weitere 45
Minuten hindurch fortgesetzt. AnschlieBend wurde das erhaltene Produkt durch
Vakuumdestillation entwaéssert.

Bild 6. Wasseraufnahme des Systems Kresol—Athoxysilan in Abhdngigkeit von dem Mol-
verhéltnis des Phenyldthoxysilans
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Die Wasseraufnahme der mit diesem Harz imprégnierten Hartpapiere
weist — wie es aus dem Bilde 6 ersichtlich — mit der Zunahme der Menge
der Athoxysilane eine stets steigende Tendenz auf. Das Verhalten des Dime-
thyldidthoxysilans ist dem des Phenyltridthoxysilans gleich.

Es kann festgestellt werden, daB — im Gegensatz zu der Erwartung —
die Silikon-Zwischenprodukte die Hydropliilie der Schichtstoffe nicht ver-
ringern, vielmehr wird die Hydrophilie erhoht. Eine Erklédrung fur diese
Erscheinung kdnnen wir einstweilen nicht geben.

IV. Diskussion der Ergebnisse

Aus den obigen Ausfuhrungen kann die Folgerung gezogen werden,
daBR die Wasseraufnahme und die elektrischen Eigenschaften Parameter
darstellen, die unter anderen auch von der chemischen Zusammensetzung
der Harze abhéngen, die zur Impréagnierung des Papiertragerstoffes auf Zellu-
lose-Basis dienen. Es kann beobachtet werden, dal unter den Komponenten
der von uns gewdhlten Harzsysteme die wichtigste Rolle das Anilin fuhrt,
wahrend den tUbrigen Komponenten lediglich eine untergeordnete Bedeutung
zukommt.

Das Polykondensationsprodukt aus Anilin und Aldehyd ergibt bekann-
terweise ein gutes Isoliermaterial, doch die mechanischen und physikalischen
Eigenschaften kdnnen nicht mehr so gut bewertet werden. Eine seiner
Schwéchen besteht in der verhéltnismaRig geringen W asserbestdndigkeit, die
im Hinblick auf die Hartpapiere den Wert des elektrischen Isolations-
widerstandes gerade in negativer Richtung beeinfluf3t.

Diese negative Eigenschaft des Anilin—Formaldehydharzes tritt jedoch
bei der Vergesellschaftung des Harzes mit anderen Polykondensationsharzen
nicht immer in Erscheinung. Es kann nachgewiesen werden, dal — in Abhén-
gigkeit von dem Charakter der anderen Komponenten —mdieses Negativum
nur in unbedeutendem, kaum merklichem MaRe auftritt, vielmehr bedingt
die Gegenwart des Partners manchmal die Erhéhung der Wasserbestandigkeit.

Den ersten Fall beobachteten wir bei dem Epoxydgruppen enthaltenden
Kokondensationsprodukt (siehe Bild 2a), den zweiten Fall bei dem Kokonden-
sationsprodukt mit Melamin—Aldehyd-Harz (siehe Bild la). In dem Falle
hingegen, wo keine von den erwdhnten Verbindungsgruppen vorhanden ist,
d. h.,bei den reinen Kresol—Formaldehyd-oder Anilin—Formaldehyd-Harzen,
tritt diese negative Eigenschaft in starkem MaRe in den Vordergrund (siehe
Bild 5).

Eine umfassende Erklarung fir den Grund dieser Erscheinungen konnten
wir bisher nicht finden. In der ersten Phase der Entstehung der Melamin—
Formaldehyd-Harze bilden sich — wie bekannt — die Methylolderivate des
Melamins. Ein geringer Anteil dieser Derivate kann sich — nach einem
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unbekannten Mechanismus — mit den OH-Gruppen des Zellulosemolekils
verknupfen, und auf diese Weise kann die Hydrophilie des Zellulosemolekiils
herabgesetzt werden. Das Anilin—ormaldehyd-Harz kann sich nach einem
dhnlichen Mechanismus mit dem Zellulosemolekil verknupfen. Die Kurve
in Bild la weist jedoch darauf hin, dall sich die beiden Komponenten — das
Anilin und das Melamin — in ihrer Wirkung bis zu einem gewissen Grade
superponieren.

Bezuglich des Reaktionsmechanismus der Anilin enthaltenden Konden-
sationsharze kann folgendes angenommen werden:

1. Ein Teil des Anilins tritt mit dem Formaldehyd nicht in Wechsel-
wirkung, sondern ist in freier polarer Form vorhanden:

+
Das Anilin reagiert dabei Uber die Gruppe = iV= mit den stark nukleo-

philen Gruppen der Zellulose, wodurch ein Teil dieser Gruppen blockiert wird.
Diese Hypothese wird durch den Verlauf der Kurve im Bild 1 unterstitzt.
Es ist ersichtlich, dafl sich die Wasserbestdndigkeit praktisch nicht mehr
verbessert, wenn die Menge des Anilins Uber 0,108 Mol erhéht wird. Dies
weist darauf hin, daB die —OH-Gruppen der Zellulose mit weiteren Mengen
des Anilins nicht reagieren kénnen.

2. Neben der unter Punkt 1 beschriebenen Reaktion kdénnen parallel,
zwischen den Verbindungen des Kondensationsharzes und dem Zellulose-
molekul, auch Wasserstoffbindungen —s insbesondere tber die Methylolgruppe
der Harze — gebildet werden.

3. Das Melaminharz und das Anilin kénnen miteinander in Reaktion
treten. Als Folge dieser Reaktion entsteht ein komplexes Molekul mit elektro-
philem Atom. Diese Hypothese wird durch die Form der Wasseraufnahme-
Kurven nicht unterstiitzt, denn wére sie wahr, so wiirden die Kurven monoton
fallend verlaufen.

Mit dem Epoxydgruppen enthaltenden Resolharz tritt das Anilin und
das Kondensationsprodukt aus Anilin und Formaldehyd in Wechselwirkung
[6]. Mit zunehmender Menge des Anilins wird die Wasserbestdndigkeit des
Produktes schlechter, die negative Eigenschaft des Anilin—ormaldehyd-
Harzes erlangt das Ubergewicht. Wurde die Epoxydgruppen enthaltende
Verbindung durch Melaminharz ersetzt, tritt die superponierende Wirkung
des Anilin—Melamin—Formaldehyd-Kondensationsproduktes wieder in Erschei-
nung (siehe Bild 3a). Hieraus folgt aber, daR die Epoxydgruppe mit dem
Zellulosemolekll unmittelbar in keinerlei Form verknupft wird.

Fur die superponierende Wirkung des Anilins und Melamins spricht
auch das Ergebnis des auf der Kombination des Kresols und Anilins beruhen-
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den Systems, wonach die Wasseraufnahme der Hartpapiere (verglichen mit
der des Ausgangsharzes) in hohem Male zunimmt (siehe Bild 5), denn aus
dem System fehlt das Melamin.

Der Mechanismus der Wasserempfindlichkeit der Hartpapiere ist noch
nicht geklart. Auf Grund der Versuche ist es wahrscheinlich, dal wir Ober-
flachen- und Diffusionserscheinungen gegeniberstehen, wie dies ubrigens
auch durch die Forschungsarbeiten der Papierindustrie zur Erhdéhung der
Naflfestigkeit der Papiere nachgewiesen worden ist [2—5]. Es uberwiegen
die Oberflachenerscheinungen; das Harz diffundiert in die Wand der Zellulose-
faser nicht tief ein, und die kapillaraktiven Eigenschaften des Papiers werden
trotz der Impréagnierung mit dem Harz nur wenig verdndert. Solange die
Schichtstoffe Feuchtigkeit aufnehmen, hért die kapillaraktive Wirkung nicht
auf.

Die Gestaltung der elektrischen Isolationseigenschaften gibt bis zu
einem gewissen Grade Uber den inneren Aufbau der heterogen strukturierten
Schichtstoffe AufschluB. Die Gegenwart des Kondensationsproduktes aus
Anilin und Formaldehyd und die der Epoxydgruppen geht in den behandelten
Systemen in jedem Fall mit einer positiven Wirkung einher. Die Menge des
Melamin—Formaldehyd-Kondensationsproduktes kann wegen der Gefahr der
Gelbildung nur bis zu einer gewissen Grenze erhdht werden (siehe Bild 3).

Eine auBerordentlich ginstige Wirkung kann erzielt werden durch die
Kombination der Anilin—Formaldehyd-Harze und der Epoxydharze, in der
Gegenwart des Kondensationsproduktes aus Kresol und Formaldehyd, wobei
sich die elektrischen Eigenschaften rapid verbessern (siehe Bild 2b).

Das Melamin—Formaldehyd-Kondensationsprodukt bt auf das Anilin—
Formaldehyd-Kondensationsprodukt in jedem Falle eine negative Wirkung
aus (siehe Bild 3b). Dies bedeutet, dal? es sich — in elektrischer Beziehung —
nicht empfiehlt, Melamin und Anilin gleichzeitig anzuwenden. Diese Erschei-
nung kann darauf zurickgefiuhrt werden, daR der Triazin-Ring des Melamins
in der dichten Struktur des Systems Anilin—Epoxyd-Kresol—Formaldehyd einen
groBen Raum beansprucht. Es entsteht eine Lockerstelle, die das Durch-
dringen des elektrischen Stromes beférdert, mutmaRlich aus dem Grunde,
weil die Verknipfung der Segmente der Molekiile des Grundharzes durch den
Triazin-Ring sterisch gehindert wird.
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THE INFLUENCE OF MODIFIED CRESOL-RESIN SYSTEMS
ON THE ELECTRIC PROPERTIES AND THE RESISTANCE TO WATER
OF PAPER-RASE LAMINATED PLASTICS

K. SCHWANER

SUMMARY

The author investigated the water absorption and the electrical properties of several
different condensation resin systems starting from cresol-formaldehyde-resin. He found
that the water absorption capacity of laminated plastics is considerably reduced only by those
resin systems which contain aniline as well as melamine (e.g. aniline-melamine-cresol-
formaldehyde system). The aniline plays the role of the water-resistance increasing activator
of the melamine-cresol-formaldehyde-resin. The presence of epoxy resin has no influence
on the water absorption, but, especially associated to aniline-resin, (e.g. in an aniline-epoxyd-
cresol-formaldehyde system) it greatly improves the electrical properties of the laminated
paper-base plastics.

L’INFLUENCE DES SYSTEMES DE RESINE A BASE DE CRESOL MODIFIES,
SUR LES QUALITES ELECTRIQUES ET LA RESISTANCE A L’EAU
DES PLASTIQUES STRATIFIEES A BASE DE PAPIER

K. SCHWANER

RESUME

L’auteur a étudié les variations de I’absorption d’eau et des propriétés électriques des
plastiques stratifiées a base de papier, en fonction de quelques systéemes de résines de conden-
sation, basés sur la résine crésol-formaldéhyde. Il a été constaté que la capacité d’absorption
d’eau des plastiques stratifiées n’est réduite considérablement que par des systémes de résines
contenant de I'aniline aussi bien que de la mélamine (par ex. le systéeme aniline—mélamine —
crésol—formaldéhyde). L’aniline joue un r6le d’activateur augmentant la résistance a |’eau
de la résine mélamine—crésol-formaldéhyde. La présence de la résine époxy n’influence pas
I’absorption d’eau, mais combinée surtout avec la résine & aniline (par ex. dans le systeme
aniline —époxy—crésol—formaldéhyde), elle augmente considérablement les qualités électri-
ques des plastiques stratifiées a base de papier.

BO3AENCTBVE MOAVNDUNLNPOBAHHbBLIX CUCTEM KPE3OJ/IbHOW CMO/bI
HA 3/IEKTPUYECKWVE CBOWCTBA N BOAOHEMPOHMUAEMOCTb
CNOUNCTbIX TVIACTMACC C BYMAXHbIM KAPKACOM

K. WWBAHEP

PE3IOME

ABTOp M3y4yasl YC/IOBUS M3MEHEHUSI 9MeKTPUYUECKMX CBOCTB M BOAOMOT/IOLLEHNS C/lo-
MCTbIX MNaCTUYECKMX MacC C GYyMaXKHbIM KapKacoM B (DYHKLMM PasfIMUHbIX CUCTEM KOH/EH-
CALMOHHOM CMOMbl, UCXOAsILLEN M3 KpPe3on-hopManberniHoii CMonbl. Y CTaHOB/EHO, YTO BOAO-
MorNoLAeMOCTb  CNOUCThIX MIACTUUYECKMX MACC CHUKAETCS B 3HAUUTENbHOM Mepe TO/bKO
TaKoli cUCTeMOli CMOJ1, KOTOpbIe COZlePXKaT Kak aHW/MH, TakK 1 MefaMuH (Hamnp. cucTema aHuanH
— MefaMUH — Kpe3on — (hopMasnbieris). AHUAVH B CMOJie MeNaMUH — KPe3os — opMasib-
[erng urpaet pofib aKTMBATOPa, MOBbILLIAIOLLEr0 BOAOHENPOHMLAEMOCTb. [1pUCYTCTBME IMOK-
CUAHOW CMOMbl He BO3AECTBYET Ha M3MeHeHWe BOAOMOI/IOLIAEMOCTM, B TO XK€ BPeMsl, 0CO6EHHO
npu accouuauyn ¢ aHWMHOBOM CMOMOW (Hanp. B CUCTEME aHWIMH — 3MOKCUJ — Kpe3on —
(hopmMasibaerna), B 0ueHb GOMbLLOW Mepe MOBbLILLIAET 3/IEKTPUUECKME CBOMCTBA C/IOMCTbLIX NNacTu
YeCKMUX Macc C 6yMaxKHbIM KapKacoM.
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THE EFFECT OF SMALL QUANTITIES
OF ALUMINIUM FLUORIDE ADDITIVES
ON THE STRENGTH OF REFRACTORY MATERIALS

B. LOCSEI

CENTRAL INSTITUTE FOR THE SILICATE INDUSTRY, BUDAPEST

[Manuscript received December 23, 1964]

The effect of aluminium fluoride on the processes which take place during the calcina-
tion of various refractory materials can be satisfactorily followed by differential thermo-
gravimetric and analytical tests. On the addition of small quantities of aluminium fluoride no
changes will occur in the mechanism of the reaction process, hut the activation energy con-
ditions and the kinetic will be modified. The dehydroxylation process is retarded by the incor-
poration and partial hydrolysis of aluminium fluoride, while on the other hand the activation
energy of mullite formation is reduced by the addition of the fluoride. Beyond a certain limit,
which corresponds to about 10-f-12% of the clay mineral content, a fundamental change
occurs in the nature of the processes which take place during calcination and these processes
become more and more complicated. The above mentioned quantity of aluminium fluoride
is the limit below which this additive only accelerates the processes taking place during the
calcination and improves the quality of the end product. Beyond this limit the porosity of the
end product is enhanced, as had been demonstrated in an earlier paper. Two to four per cent
of aluminium fluoride not only accelerates the calcination process of refractory materials, but
also increases by 80 to 120 per cent the strength of the final product, reduces apparent porosity
and has, in addition, also other favourable technological effects.

I. Introduction

From the point of view of the use of refractories in most cases strength
is one of the most important properties — beside the primarily important
refractory nature — which will determine the life of the material. In built-
in structures in addition to the predominant compression stress, flexural
and tensile stresses have also to be reckoned with. In certain cases a shear
stress may also occur at certain points of the built-in object of the refractory.
A resistance to heat impulses is a further important property, this being
in close correlation with the tensile strength of the material and influenced
by the coefficient of heat expansion and the modulus of elasticity. It should
he borne in mind that stress is usually accompanied by high temperatures.

The cold compression strength of fire clays is between 150 and 500 kp/cm2
depending on the composition of the product, the particle size distribution
of the raw material and on the compression force applied in the production
process. The compression strength of the refractory provides information on
the cohesion of the textural structure, thus allows conclusions to be drawn
on its resistance towards various stresses. According to experimental results
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compression strength is proportional to the resistance towards tensile, flexural
and abresion stresses [1—3].

Compression strength depends on a number of material and technological
parameters. Of the technological parameters the first to be mentioned are
the method of moulding and the force used for caulking, further the particle
size distribution of the raw material, while of the material parameters the
mineralogical and chemical compositions are the decisive factors. The latter
have a decisive influence on the reactivity and quality of the raw material.
The ratio between the raw and calcined material used in manufacture is also
an important technological factor from the point of view of the strength of
the finished product.

This paper deals with some problems of the reaction kinetics of clay
minerals and A1lF3. It demonstrates, on the one hand, by differential thermo-
gravimetry the changes in the reaction mechanism due to the presence of
higher quantities of A1F3 and, on the other hand, contains data on the
modifications of the clay minerals and first of the processes which take place
during the calcination of kaolinite in the presence of A1F3, A1(0H)3i.e. A1D 3.
Finally we shall discuss the possibility of increasing the strength of the
product by improving the reactivity of the basic materials.

The above problems arose in the course of the study of the phase trans-
formation of the Grossalmerod clay when significant mineralization and
acceleration of the reaction were observed in the presence of small quantities
of aluminium fluoride.

Il. Experimental
1. Materials

In the experiments the reaction kinetics of those refractories were
studied which because of their known compositions offered possibilities for
drawing generally valid conclusions. The chemical compositions of the mate-
rials used in the experiments are shown in Table I.

In the experiments aluminium fluoride was added to the fire-proof
clays. Changes in reaction kinetics due to the effect of the additives were
studied by thermical analysis and the thermogravimetric method. On the
basis of kinetical studies of these reactions was investigated in the case
of industrial products the ways of achieving the best possible physical
properties of the end product by the increase of reactivity.2

2. Differential thermogravimetric tests of raw materials

Our earlier experiments have clarified the formation of mullite from
aluminium fluoride and kaolinite at low temperatures and have proved that
already in the presence of small quantities of aluminium fluoride this process
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EFFECT OF SMALL QUANTITIES OF ALUMINIUM FLUORIDE ADDITIVES

Zettlitz china

clay

. Petény clay
. Sérisdp china

clay, grade 1l

. Briessen Bl clay
. Szeg china clay
. Grossalmerod

clay

. Raké I calcined

slate

. PM calcined slate
. Sarisap sand
10.

PFl/a calcined
slate

Gll clay

AIF3

Alumina, A120 3
Aluminiumhy-
droxide AI(OH)3
Hydrate alumi-
na, Ab,03H20
Ondbéabavélgy
cyclonized clay
Ondbébavdlgy
washed clay
Sarisdp china

clay, grade |

Composition of the materials used in the experiments

Si02

46,9

61,5

58,5

443
45,1

53,6
52,7
97,5

52,1

47,1

0,1

0,1

0,1

72,3

70,1

55,8

Al120,

38,5

24,7

26,7

35,1
35,3

39,2
39,4

0,8
41,0
35,3

1,9
99,7
65,8

84,5

17,3

29,6

Ti02

0,6
0,9

0,6
1,7
0,2
1,0
2,1
2,0

0,1

1,8
0,8

tr.

tr.

0,1

0,2

1,0

Table |

Fe,0,

0,5

1,6

1,2

1.8

2,6

1,2

2,3

2,1

0,2

2,0

15

tr.

tr.

tr.

tr.

15

1,0

1,2

CaO

0,3

0,7

11

0,8

0,7

0,3

04

0,7

0,3

0,8
0,7

0,9

0,7

0,3

MgO

0,2

0,5

0,4

0,4

0,4

0,2

0,3

0,3

0,1

0,4
0,3
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begins at a lower temperature because of the mineralizing effect
hydrogen fluoride formed by the reaction of aluminium fluoride [4—8]. On
the addition of greater quantities of aluminium fluoride a porous highly

refractory product is obtained, while smaller quantities of the

269

97,9

of the

additive

promote not only kaolinite—mullite transformation at lower temperatures,

but the rate of the transformation processes is also raised.

We have already determined by differential thermogravimetric tests
the quantity of aluminium fluoride needed for a clay front Bankpetény to
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obtain higher reaction rates without increased porosity. The further tests
were carried out with Zettlitz china clay which can be practically regarded
as a clay mineral. The compositions studied are summed up in Table II.
To a previously homogenized china clay from Zettlitz increasing quantities
of aluminium fluoride were added. Differential thermogravimetric curves
were plotted from the mixture of china clay and aluminium fluoride. From
the series of tests it is possible to follow the reaction kinetics of the system
aluminium fluoride -f- Zettlitz china clay as a function of the quantity of
aluminium fluoride [9, 10].

Table 11

Composition of the materials used in the differential thermogravimetric tests

No. of Petény Grossalmerod Zettlitz

experi- clay, clay, china A120 3 4 OH)3 AlF

ments % % clay, %
I - - 100 - - -
2. — — 95 — — 5
3. — — 90 — — 10
4, — - 87 - - 13
5. — 100 — — — _
6. - 97 — — — 3
7. — 97 — — 3 —
8. — 97 — 3 — —

Fig. 1is the DTG pattern of Zettlitz china clay without A1F3, Fig. 2 the
same with 5 per cent, Fig. 3 with 10 per cent and Fig. 4 with 13 per cent A1F3.
These four figures show that in the case of Zettlitz china clay which is prac-
tically a clay mineral there is also a limiting value beyond which the reaction
mechanism undergoes a fundamental change (Figs 3 and 4). Comparing this
result with those of the earlier tests we may state that there will be a change
in the nature of reaction mechanism when the quantity of the aluminium
fluoride added is greater than HOH-12 per cent of the clay mineral content,
that is to say, the quantity of A1F3which causes a change being a function
of the clay mineral content [12].

The kinetic processes are best followed on the DTG curves. A maximum
rate in the loss of weight corresponding to the dehydroxylation of clay without
additive occurs at 570 °C. The peak of the endotherm effect is at about
575 °C, that of the exoterm effect at 970 °C. There is no essential change in
the reaction mechanism of Zettlitz china clay up to about 10 per cent alumi-
nium fluoride content. The endotherm effect appears between 585 °C and
590 °C, while the exotherm effect was found at gradually lower temperatures.
With ten per cent of aluminium fluoride additive the exotherm effect is at

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



EFFECT OF SMALL QUANTITIES OF ALUMINIUM FLUORIDE ADDITIVES 271

100 200 300400500600700300900 VV00°C
100 200 300400500600/008009001000°C

Fig. 1. The DTA and DTG patterns of Zett- Fig.2. The DTAand DTG patterns of Zettlitz
litz china clay china clay containing five per cent of alumi-
nium fluoride

100 2003004p05p06007008009001000°C 100 200300400500 6007006009001000°C

V

Fig. 3. The DTA and DTG patterns of Zett- Fig. 4. The DTA and DTG patterns of
litz china clay containing ten per cent of alu-  Zettlitz china clay containing thirteen per
minium fluoride cent of aluminium fluoride
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962 °C and this drops to 940 °C with 13 per cent additive. The rate maximum
of the weight loss is shifted in the direction of higher temperatures. Beyond
10 per cent aluminium fluoride a new rate maximum appears at above 800 °C
and this is associated with a mild endotherm effect. The first rate maximum
of weight loss corresponding to the dehydroxylation of the clay minerals
decreases more and more with the growing quantity of aluminium fluoride.
As indicated by earlier experiments this maximum can hardly be detected
on the DTG curves when the aluminium fluoride content reaches 45 550
per cent [9, 11].

According to earlier static experiments the second rate maximum of
the weight loss indicates the formation of aluminium fluorosilicate (topaz).
The third maximum above 1000 °C corresponds to the decomposition of the
topaz-like phase and the formation of mullite through the aluminium fluoro-
silicate phase [5]. Mullite formation through the kaolinite phase begins because
of the mineralizing action of aluminium fluoride i.e. of hydrogen fluoride
at gradually higher temperatures [9].The decrease in the rate of weight loss and
its shifting in the direction of higher temperatures with increasing quantities
of AlF3 indicates that this latter is partly incorporated into the kaolinite
i.e. metakaolinite structure. The results of the differential thermogravimetric
and analytical tests in Figs 5, 6, 7 and 8 illustrate the reaction kinetical effect
of 3 per cent of A1F3, AI(OH)3 and Al120 3 compared to Grossalmerod clay
without additives.

With 3 per cent AI(OH)3 or A120 3 no changes were observed, but the
same quantity of A1F3 considerably reduced the temperature of the exotherm
effect. This phenomenon is a further evidence in support of the mineralizing
action of the fluoride ion. On the other hand, the ineffectiveness of AI(OH)3
and Al120 3 — which is evident even with larger quantities — is in contra-
diction with the findings of several authors who state that these compounds
raise the temperature of the exotherm effect [13]. A lack of effect is more
easily understandable as it indicates that no reaction takes place with the
additives.

Similar results were obtained when the three compounds were added
in larger quantities. These experiments have not been completed yet and will
furnish further data on the reaction accelerating effect of A1F3.

These tests aim at finding an answer to the question whether 3% A1F3
might enhance the reactivity of AI(OH)3and A120 3, or in other words, whether
the A1F3 additive will promote the transformation of AI(OH)3 or A120 3 and
the available Si02 into mullite. In addition to the DTA tests static tests
were also carried out with AI(OH)3 or A12 3 additives without or with various
quantities of A1F3. X-ray patterns indicate improved conditions for incor-
poration i.e. for mullite formation, but the results are still insufficient to
allow final qualitative conclusions.
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100 200300 400500600700 8009001000°C

Fig. 5. The DTA and DTG patterns of Gross- Fig. 6. The DTA and DTG patterns of
almerod clay Grossalmerod clay containing three per cent
of aluminium fluoride

100 2003004005006007008009001000°C 14020p 340490 540 640 740 800 9001000°C

Y
0
0
Fig. 7. The DTA and DTG patterns of Fig. 8. The DTA and DTG patterns of
Grossalmerod clay containing three per cent Grossalmerod clay containing three per cent
of aluminium hydroxide of aluminium oxide
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3. Calcination trials in plant equipment

Experiments under plant conditions were carried out with three different
types of materials:

a) Refractory brick, 35 Seger cone;

b) furnace brick with higher aluminium oxide content;

c) acid ladle brick.

Table 11l shows the composition of the basic materials.

Table 111

Composition of the materials used in the plant experiments

SK 35 Ladle brick Furnace brick
Briessen clay . 30 — 15
Petény clay .o 10 55 -
Raké calcined ..o 30 — -
PM calcined ..o 30 — —
CorunNdUM s — — 11
PFI calcined slate — — 64
G Il clay — — 10
SAriSAP SANd o — 20 -
Fire clay drippings ... - 25 -
ALF3 e 3 3 3

In the first case calcination at 1380—1400 °C was used in the manu-
facturing process. The basic material of the 35 Seger cone bricks calcined
after normal technological preparation without and with 3 per cent aluminium
fluoride additive at 1280 °C maximum temperature, thus calcination tem-
perature was 100 °C lower than in the usual works technology. The material
was built into that section of the kiln which had a temperature of 1280 °C
(checked with the Seger cone).

The experimental results are summed up in Table V.

The samples received the following symbols:

1. Refractory brick 35 Seger cone,without additive, calcined at 1380 °C;

2. 35 Seger cone brick, without additive, calcined at 1280 °C;

3. refractory brick of 35 Seger cone, with 3% A1F3 additive, calcined
at 1280 °C.

The texture of the 35 Seger cone brick without A1F3 additive can be
observed on the microsection shown in Fig. 9, the texture of the brick calcined
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Fig. 9. The microphoto of the texture of 35 Seger cone fire clay brick (magnification 500 x)

Table 1V

Average results of the experiments aiming to increase the strength
of 35 Seger cone fire clays

1 2 3
N2NB7 00 e seeees e 40,1 40,0 41,0
THO2 %0 oot s 0,9 0,8 0,9
FE,03 %0 oottt s 2,2 2,3 2,0
Bulk density, g/CM3 .. 1,9 1,9 1,9
W ater absorption, % ... 15,5 15,3 12,1
Apparent PorosSity, % s 29,5 28,3 22,4
Compression strength, Kp/Cm2 ..o 160 92 365
Coefficient of compression strength increase......... 1,0 — 2,28

with A1F3 additive in Fig. 10. There is a significant difference between the
two microsections, that of the material with fluoride additive being far more
uniform than the other.

In the second case furnace brick both with and without additive was
calcined in a continuous furnace at 1500 °C. Experimental data are given
in Table V. No. 1refers to bricks without additive, No. 2 to a material prepared

5 Acta Technica Academiae Scientiarum Hungaricae 5 196f



276 B. LOCSEI

Fig. 10. The microphoto of the texture of 35 Seger cone fire clay brick calcined with three per
cent aluminium fluoride addition (magnification 500 x)

Table ¥

Results of the experiments aiming at the increase of the strength of

commercial furnace bricks

1 2
AL 3] 0 o 47,9 49,8
STHO, Y0 oottt 49,4 48,6
FE20 3, %0 oottt 1,5 1,3
Bulk density, g/CM3 .. 2,0 2,0
W ater absorption, % . 13,0 11,6
APPArent POTOSITY cooiciieecreee e 26,0 23,2
T 0 bbb 1300 1390
T s % b 1490 1520
T T 1580 1620
Compression strength, Kp/Cm2 ... 346 672
Coefficient of compression strength increase......... 1,0 1,94

*T0, Ta, Tg are values pertaining to the evaluation of the determination of the softening point below 2 kp/cm*.
The data represent the averages of several measurements. T0is the temperature at which the material begins to soften; Ta the
temperature at which the decrease in height due to softening reaches 3 mm; Te the temperature of complete softening, with
the complete loss of the height of the sample (10 mm).

with 3% aluminium fluoride. The texture of the brick without fluoride is
shown in Fig. 11, that of the brick with 3% A1F3 additive in Fig. 12 (the
microphotographs were taken by Mr. Z. Veress).
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Fig. 11. The microphoto of the texture of furnace brick (magnification 2000 X)

Table VI

Results of the experiments aiming at the increase of the strength of
semi-acid commercial ladle brick

Ladle brick
without with
additive 3% AIlF,

SIO0 s 70,0 69,0
ALLD, 20 21,2
Seger cone (refractory index) ... 30 31
W (water absorption) 9% . 12,6 12,8
a (compression strength) kp/cm2 ..o, 137 318
Coefficient of compression strength increase ............ 1,0 2,32

277

Fig. 12. The microphoto of the texture of furnace brick calcined with three per cent aluminium

5*

fluoride addition (magnification 2000 x )
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The data of the semi-acid ladle brick calcined with 3% A1F3 are given
in Table VI and show a two- to threefold increase in strength. Examination
of the A120 3 content of the three experimental bricks shows an unequivocally
significant increase in strength. The smaller the A120 3 content of the product
the greater is this effect. This may be explained by the fact that in products
with smaller A120 3 content 3% ALF3 represents a greater relative increase
in Al2 3 content and consequently also a greater relative increase in mullite
content than in products with higher A120 3 contents. The unequivocally and
fundamentally significant increase in strength may, of course, be explained
by the mineralizing effect of hydrogen fluoride, as has been demonstrated
earlier.

I1l. Technological importance of the experimental results

The process for improving the quality of refractories by the addition
of small quantities of aluminium fluoride has been patented and is considered
to ensure & number of technological advantages.

One of the main advantages of the process — which also facilitates
its commercial realization — is that it does not alter the nature of the hitherto
applied operations, but involves only a single plus weighing in the formulation
of the basic materials. Thus the process can be included without difficulty,
without new equipments, into the existing manufacturing process.

Small quantities of the aluminium fluoride additive first of all result
in a wider calcination range, as they provide more favourable calcination
conditions. This is related to the fact that the part processes of calcination
proceed more rapidly and also at lower temperatures. Both the reaction
kinetical and the plant experiments have proved that the calcination tem-
perature can be lowered with adequate guarantee. As a first step calcination
temperature was lowered by 50 °C without any noteable risk, and it may be
predicted that this can be further lowered later on.

Higher reaction rate offers a possibility of increasing calcination rate.
In circular kilns the rate of progress of the fire, in continuous furnaces the
rate of progress of the material may also be raised, which would result in an
increased capacity of the equipments of the refractory industry.

The advantages represented by higher refractory properties may result
in the production of e.g. 35 Seger cone products from poorer quality raw
materials. Analysis of the experimental data led to the conclusion that this
quality may be produced from 32/33 Seger cone basic material with the
addition of 3% of aluminium fluoride. It is, moreover, possible to produce
35 Seger cone or even products of far higher quality from Hungarian raw
materials provided the 24-3% of aluminium fluoride is supplemented with
a few per cent of aluminium hydroxide or hydrated alumina. These results
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forecast considerable quality improvements and cost reductions when applied
in the industry of refractory materials. As an increase in compression strength
is related to an increase in the cohesion forces these results will bring about
a significant rise in tlie period of useful life of the refractories.

On the addition of 3% of aluminium fluoride no damage can occur
in the refractories of the calcination furnace. There will be a higher percentage
of mullite on the surface of the refractories which, however, cannot be con-
sidered as damage. The calcined refractory will contain 0,2-60,6% of residual
fluoride. The 1,4-s-1,7% of fluorine in the effluent gas is diluted to a degree
that its detectable quantity is 500-7-800 ppm. a concentration in which it
has no corrosive effect on metals. As a rule there must be a minimum contact
between the flue gas and the metal components the corrosion resistance of
which can be increased with a coat of heat resistant lac or phosphate glass.
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DIE WIRKUNG DES ZUSATZES GERINGER ALUMINIUMFLUORIDMENGEN
AUF DIE FESTIGKEIT VON FEUERBESTANDIGEN MATERIALIEN

B. LOCSEI

ZUSAMMENFASSUNG

Die wéhrend des Brennens verschiedener feuerbestdndiger Materialien auf die Vor-
gédnge ausgeibte Wirkung des Aluminiumfluorids kann mit Hilfe von differential-thermo-
gravimetrischen und analytischen Untersuchungen gut verfolgt werden. Eine geringe Menge
Aluminiumfluorid andert den Charakter des kinetischen Prozesses nicht, die Verhaltnisse der
Aktivierungsenergie &ndern sich jedoch. Der Dehydroxylationsvorgang wird durch das Ein-
dringen und die teilweise Hydrolyse des Aluminiumfluorids verzégert, die Aktivierungsenergie
der Mullitbildung wird dagegen durch den Fluoridzusatz vermindert. Uber einem gewissen
Grenzwert, der etwa 10 -r- 12 % des Tonmineralgehaltes betragt, andert sich der Charakter der
sich wahrend des Brennens abspielenden Vorgénge grundsétzlich und wird immer kompli-
zierter. Die genannte Aluminiumfluoridmenge gibt diejenige Grenze an, bis zu welcher das
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Aluminiumfluorid die Brennvorgénge nur beschleunigt, bzw. die Qualitdt des Produktes ver-
bessert. Uber dieser Mengengrenze nimmt bereits die Porositit des Endprodukts zu, wie dies
schon friher dargelegt worden ist. 2-f-4 % Aluminiumfluorid erhoht bei Beschleunigung des
Brennvorgangs der feuerbestdndigen Materialien die Festigkeit des Endprodukts um 90 4-
-7-120 %, verringert die scheinbare Porositdt und hat auBerdem noch mehrere giinstige techno-
logische Wirkungen.

L'INFLUENCE DE L’ADDITION DE FAIBLES QUANTITES
DE FLUORUBE D’ALUMINIUM SUR LA RESISTANCE MECANIQUE
DES MATIERES REFRACTAIRES

B. LOCSEI

RESUME

L’influence du fluorure d’aluminium sur les phénomeénes se déroulant au cours de la
cuisson de différentes matieres réfractaires est bien mise en évidence par I’examen différentiel
thermo-gravimétrique et par I’analyse. Une petite quantité de fluorure d’aluminium ne change
pas le caractére du processus cinétique, mais les conditions énergétiques de I’activation sont
modifiées. L’insertion et I’hydrolyse partielle du fluorure d’aluminium retarde le processus de
déshydroxilation, par contre I’énergie d’activation de la formation de mullite est réduite par
addition de fluorure. Au-dessus d’une certaine valeur limite équivalant @ 10—12% du contenu
en minéraux d’argile, le caractére des phénoménes se déroulant au cours de la cuisson change
complétement et devient de plus en plus complexe. La quantité de fluorure d’aluminum men-
tionnée est la limite jusqu’a laquelle le fluorure d’aluminium accélére la cuisson et améliore
la qualité du produit. Au-dessus de cette limite, la porosité du produit fini augmente déja,
comme il a été démontré antérieurement. 2 & 4% de fluorure d’aluminium accélérent la
cuisson des réfractaires, augmentent de 80 & 120% la résistance mécanique du produit fini,
réduisent la porosité apparente et agissent favorablement sur la technologie.

BO3AEWCTBWE HEBO/IbWLWOW AOBABKW ®TOPUCTOIO AJTIKOMUHUSA
HA MSMEHEHWE MNMPOYHOCTU OINHEYMNMNOPHbLIX MATEPWAJIOB

B. NEYEWN

PE3IOME

[eicTBMe (TOPUCTOro anlOMWHUA, OKasblBaeMoe Ha 0GXMWI pasfIMYHbIX OFHeymnmopHbIX
MaTepuanoB, MOXHO XOpPOLW O MPOCAeANTb NpWU noMowmn anddepeHumnanbHO-TepMOrpaBumeTpu-
YeCKOro M aHanUTUYecKOro wuccnegosaHmsa. Hebonbluoe KOMAMYECTBO (PTOPUCTOro antoMUHUA
He M3MeHAeT XapakKTepa KWHETWYECKOro mnpouecca, HO U3MEHAKTCSA YCNOBUSA 3HEPTUU aKTu-
Bauun. lMpouecc AernapoKcuamM3aLmm 3amefnaeTcs BCTpamBaHWeM (TOPUCTOro allOMWUHUA U©
HEeNnoNIHbIM TUAPONN3OM, B CBOK Xe ouvepefb, fobaBneHne (pTopuja YMeHbLIaeT IHEPTUIO aKTu-
Bauun obpasoBaHWA MynnuTa. Bbliwe onpejeneHHblX Npefenos, 4To cocTaBnsAeT npubn. 104-
- 12% copepXaHuWs FAUHUCTOr0O MWHepana, XxapakTep npoueccoB, MNpPoOTeKawlWMXx BO Bpems
06Xunra, M3MeHsAeTCA CylL eCcTBEHHbIM 06pa3omM W CTAaHOBUTCHA BCe 60/ee CMOXHbIM. Y Ka3aHHoOe
KONMYecTBO (PTOPUCTOro antoMUHWUA onpedenseT Ty TrpaHuuy, A0 KOTOPON (pTopucTbIi anto-
MUWUHWUWA TONMbKO YCKOpPSeT mpoueccbl 06Xwura, MAM e ynydywaeT KayecTBO npoaykTa. CBepx
9TOW KONMMYECTBEHHON rpaHWUbl yBeNMYMBaeTCA TakXe MOPUCTOCTb NPOAYKTa, KakK 3To 6bl10
nokKasaHo yxe paHbwe. Mpu go6aBneHN PTOPUCTOro allOoMUHUA B KonnyecTse 2 4- 4% @To-
pUCTbIA antOMUHWIA, Hapsigy C yCKOpeHWeM MNpoLeccoB 06XMWra OrHeynopHbIX MaTepuanos,
yBenM4ymBaeT NPOYHOCTb KOHEYHOro npogykta Ha 80 u- 120%, cHMXaeT Kaxyuwywocsa nopu-
CTOCTb W, KpOMe 3TOro, 61aronpuATHO BO3AeliCTBYeT Ha PSAA TeXHONOrM4YecKUX (PakTOpOB.
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Si-SiC p-n HETEROJUNCTIONS

J. LUKACS
CAND. OF TECHN. SC.

RESEARCH INSTITUTE FOR ELECTRICAL INDUSTRY, BUDAPEST

[Manuscript received August 11, 1965)

The paper examines the possibilities for realizing the Si—SiC p— n heterojunctions
and deals with the experiments made for recording the energy band diagram of the hetero-
junctions. From the results the conclusion can be drawn that in an Si—SiC heterojunction the
most favourable rectifying characteristic can be attained with an n — n+ junction.

I. Introduction

Our earlier studies in this field were related to silicon carbide used in
polycrystalline, non-linear resistors. In the course of these studies two essential
standpoints were set as a goal. Endeavours were made, first, to improve the
non-linearity of resistors and, second, to improve their thermal stability.
The latter eventually was reduced to a study of volumetric and doping prob-
lems. On the other hand, the first problem, viz. the improvement of the non-
linearity of resistors put into prominence the investigation of phenomena
taking place on the surface of the SiC grains.

In this field earlier recognitions extended merely to the purification of
the raw material and to the introduction of a single sort of doping [3].
A closer consideration of the problem subsequently resulted in the conclusion
that an appreciable improvement of non-linearity could be ensured only by
the developing of avalanche phenomena amidst well defined circumstances.

For this purpose the most convenient method would have been to study
the p —n layers created in a natural SiC monocrystal. However, the method
did not appear realizable because of the large surfaces required for the study.

Under these circumstances, at the beginning of 1964, as a sort of a
compromise, the practicability of bringing about Si—SiC p —n heterojunctions
was raised. Our research team was fully aware of the fact that as a consequence
of the appreciable difference in the lattice constants (Si 5,42 A;
SiC = 4,35 A) the SiC produced on the surface of the monocrystalline Si
slabs would not be of monocrystalline character.* Nevertheless the hetero-
junctions were believed to be of a more defined character than the contact
conditions of two polycrystalline bodies.

* According to data taken from literature heterojunctions of good quality cannot be
produced unless the difference in the lattice constantsiskept below 5 to 8per centat the most.
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Il. Technology for the production of Si—SiC heterojunctions

A number of experiments were carried out by varying considerably
the experimental parameters and also the materials used. Among the various
technological variants the one to be described subsequently was found to
be of the best for the purpose, viz. to produce one of the conceivably best
p —re or re—ret junctions.

As starting material monocrystalline p- and re-type Si slabs of diameter
22 mm and of 0,5 mm thickness were used. The departure of the 111 planes
from the geometrical plane of the slab was 3 degrees at the most. On the
slab first a 2000 to 3000 A thick layer of silicon dioxide was brought about
by a method developed by our research woiker T. Satanki of the Semi-Con-
ductor Laboratory. After a partial removal of this layer to ensure a leakage
path, the slabs were laid in a tube-furnace where the temperature was main-
tained at 1350 degrees centigrade.

A mixture of argon appr. 10 litres/h and methane 0,3 litres/h was
allowed to stream through the furnace for 4 to 24 hours. In this manner
beta-silicon carbide was produced on the surface of the slabs. While heating
continued r and p doping was effected by adding nitrogen and triethyl
aluminium respectively to the carrying gas. Redundant carbon was removed
from the slabs by heating in oxygen, and the redundant silicon carbide
on the other side of the slab was scraped off mechanically. Thereafter
both the silicon carbide layer and the silicone surface were coated with
gold in a vacuum, and the gold layers applied to the slabs were stoved
in a medium of hydrogen at a temperature of 800 degrees centigrade.

I1l. Theoretical and experimental study of the Si—SiC heterojunctions

Since no data could be found in literature on the energy band graphs
of the Si—SiC heterojunctions, the research team had to do this work itself.
The graphs were drawn up by making use of the most probable forbidden
band and escape energy values available in literature. The fixation of uncer-
tainty was valid in particular for the escape energy, for here values varying
within wide limits could be established dependent whether the values were
determined on hand of measurements of the contact potential, thermic
emission, or photoemission.

The energy band graphs were plotted for p—re and re—re, or re—p
junctions, as the case may be, in conformity with the Si—SiC sequence.
On hand of these plots then the probable forward and reverse directions could
be determined. In several instances the determined directions were in conflict
with the rules valid for p —r junctions formed in the same substance.
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urrentwave
20/40psec

7 2 3 4 A
© Forward characteristic
(9)Reverse characteristic

Fig. 1

In Fig. 1 the forward and the reverse characteristics of 200 ohm. cm,
type n Si and n+ SiC junctions plotted by means of an oscillograph are
shown. In all likelihood resistivities of an appreciable value have a part
in the 10-volt forward voltage drop (Fig. 2). Else the diode may he taken as one

having a reverse voltage of 80 to 100 volts. In Fig. 3 the forward and reverse
characteristics of a silicone of low resistivity (1 ohm cm) and of a silicon
caibide in like way doped to n+ are shown. Obviously conditions arc more
unfavourable by far.

IV. Evaluation of the results of the studies

Experiments so far made are merely tentative. To this date the best
possible rectification characteristics in a Si—SiC heteiojunction could he
achieved by means of an n—n+ junction. So far, owing to the inability to
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generate a saturation current free of secondary effects, a study of the avalanche
effects was out of the question.

The author wishes to give expression to his thanks to specialist Mr.
G. Bajor who has checked on the graphs, and to co-worker Mr. G. Madarasi
responsible for the extremely exhausting diffusion experiments.
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Si-SiC p—n HETEROUBERGANGE

J. LUKACS

ZUSAMMENFASSUNG

Die Arbeit untersucht die Mdglichkeiten fir das Zustandekommen von Si—SiC p—n
Heteroibergdngen und beschreibt die zwecks Aufnahme des Energiespektrums der Hetero-
Ubergdnge durchgefihrten Versuche. Auf Grund der Ergebnisse kann festgestellt werden, dal}
in dem Si—SiC Heteroiibergang mit dem Ubergang n—n+ die giinstigste Gleichrichter-
charakteristik erreicht werden kann.

JONCTIONS HETEROGENES p-n Si-SiC

J. LUKACS

RESUME

L’étude examine les possibilités de réalisation des jonctions hétérogenes p—n Si—SiC
et fait connaftre les essais faits pour établir le diagramme des bandes d’énergie des jonctions
hétérogenes. Les résultats permettent de constater que dans la jonction hétérogéne Si—SiC,
la caractéristique de redressement la plus favorable peut étre atteinte avec
une jonction n—n+.

p nTETEPOCBA3U Si— SiC

n. NYKAY

PE3IOME

B pa6oTe mccnefyetcss BO3MOXHOCTb co3faHus P—I1 retepocBsAseil Si — SiC n onwucebl-
BalOTCA ONbITbl, NPOBeAEHHbIe C LeNbl0 CHATUA JuarpamMMbl 3HEpPrononocbl reTeponepexofos.
Ha oCHOBe MONy4YeHHbIX pe3yNbTaTOB MOXHO YyCTaHOBWUTb, YTO B retepocBs3m Si — SiC Hawu-
6onee BbIrofHasA BbINpAMAAlOULLAA XapaKTepucTuKa MOXeT 6bITb AOCTUIHYTa NpU nomoLmn
nepexoga N —nN+.
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ANALYSIS OF A VARACTOR FREQUENCY DOURLER

Y. BIRO
CAND. OF TECHN. SC.
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[Manuscript received September 28, 1965]

This article deals with the analysis of the operation of parallel coupled varactor fre-
quency doubler circuit for the case when in this circuit a varactor with abrupt junction is
used. The analysis takes into account the varactor loss and on this base determines the maxi-
mum convertible power, the highest efficiency and the dissipation occurring in these con-
ditions. Further, the impedance relation necessary to attain the above parameters and the
required varactor bias are also given. The relations determining the above parameters contain
the physical quantities which allow the engineering design of the doubler circuit and the
choice of the necessary varactor type by means of these relations.

I. Introduction

During the last years, the parametric frequency multiplication has
been widely applied in microwave technics, making use of the varactor diodes
for this purpose; namely these varactor diodes are featured by changing
their capacitances within wide limits, on the effect of the voltage. Maniey
and Rowe [1] have pointed out the advantage of this method of frequency
multiplication enabling, in the ideal case, even a 100 per cent conversion
efficiency. Though in case of ideal circuits and varactors, a 100 per cent
conversion efficiency can be obtained, independently of the order of magnitude
of the multiplication, in practice, however, both the varactor and the linear
circuits being lossy, with increasing multiplication considerable practical
difficulties are encountered in endeavouring to attain high efficiencies, due
to the increasing requirements imposed on the passive circuits and varactors.
A number of publications have dealt with this problem [2—6].

The high interest and the general use of the frequency doubler circuits
can be accounted for by the above argumentation. The papers dealing with
the analysis of the frequency doubler [2, 4, 7—10] expound on most problems
of this subject-matter but the methods of the analysis and the extensive
scope of the analysis yield quantities which are handled with difficulty by
the engineers designing the doubler circuits. In addition to this, the fact
that the varactor is a lossy circuit element is not adequately considered in
connection with a number of problems (e.g. convertible power). The question
of the impedances required for optimum conditions can also be classified
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among these problems. The following analysis is carried out with quantities
which can he handled easily by the designer and also the lossy nature of the
varactor is considered; the analysis also covers the determination of the
required impedances, with due consideration of the impedance transforming
feature of the varactor.

For easy handling, it is the parallel-connected frequency doubler which
is advantageous for practical purposes and therefore in the following we are
dealing with the examination of such a circuit.

Fig. 1. Series equivalent circuit for varactor

The varactors (parametric diodes) suitable for application in frequency
multiplier or divider circuits are featured by the characteristic that the
following differential relation exists between their charge and voltage:

A4
corl
av (1)

where g the charge of the varactor; V voltage across the varactor; @ the
contact potential; 0 factor of nonlinearity. The loss of the varactor is usually
considered either by a series resistance or a parallel resistance. In the following,
the series substitution is used.

In Fig. 1 Cd = dg/dV means the differential capacitance, Rs the series
resistance representing the loss. Let us assume that a current i is flowing
through the varactor; now let us establish the relation between the voltage

on varying capacitance Cd and current i . As
d¢ _ dg_ dF
dt ~ dv dt’
consequently
| 0dVv
®j di
so let us write
\
~'
and thus
i= - &CO0U -&—
di
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hence
1-—8 -11/1-0

U= 0, 2
®CO % 2

In Equ. (2), lidi is some primitive function of i, g0 being the integration
constant.

Fig. 2. Equivalent circuit of frequency doubler

Fig. 3. Equivalent circuit of frequency doubler

0 6— o0—
8

Fig. 4. Equivalent circuit of frequency doubler

Let us now examine the most general form of the so-called parallel
connected frequency doubler circuit. Such a circuit is shown in Fig. 2.

In Fig. 2 Zg is the output impedance of the driving generator at frequency
0 and ZL is the load impedance at frequency 2 co. The two poles noted by
co and 2 oo possess the feature that their impedances are, at frequencies o,
resp. 2 o equal to zero, and infinite at any other frequency. Fig. 2 can be
transformed by means of Fig. 1 into Fig. 3. As current of frequency co is
flowing only in circuit I and current of frequency 2 co exclusively in circuit 11,
omitting the filter circuits in the final result, Fig. 4 will be obtained [3].
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In Fig. 4 currents and i2 indicate that in one of the closed circuits
there flows exclusively a current of frequency co and in the other one only
a current of frequency 2 co. The equivalent circuit in Fig. 4 is suitable for
carrying out its analysis by means of relation (2). This analysis is carried
out as follows. Let us investigate in the circuit shown in Fig. 4 the electrical
state of the varying capacitance Cd between points A and B. Let us calculate
the voltage drop across Cd caused by the two currents. In the knowledge
of the voltages and currents, the equivalent impedances replacing the varying
capacitance Cd between points A and B can be estimated. Making use of the
voltages and currents of frequencies co resp. 2 co, let us calculate the power
transfer from the circuit of frequency o into circuit of frequency 2 co, the
efficiency, etc. Knowing the voltage occurring across Cd on the effect of the
two currents, let us introduce parameters determining the electrical state
of the varying capacitance and to express, by means of these parameters,
the power transfer from circuit of frequency o to circuit of frequency 2w
together with the efficiency, etc. Finally, let us establish the relation of the
above electrical state of varying capacitance Cd and of the external circuit
impedances on purpose to determine which impedances should be produced
in the external circuits to obtain the electrical state defining the required
power transfer, efficiency, etc.

Il. Ideal abrupt junction varactor with two currents flowing through it

1. Equivalent impedances for the varying capacitances

Equ. (2) has an exact solution if 0=1/2. The varactor type where 0 = 1/2
is generally called an abrupt junction varactor. Let us assume that

i— L4 7
= lIxcos cot, (3)
i2= 12cos (2 cot + (). (4)

It this case, Equ. (2) has the following form:

Vv
g 1— N_ sinoot -sin (2 cot -(- &) (5
® 12c00 q0 3y,

Equ. (5) enables us to calculate the components of the voltage of angular
frequencies co, 2 co, 3 co and 4 co. As according to our assumption, only currents
of angular frequencies c and 2 co flow through the varactor, the voltages
of angular frequencies 3 co and 4 co do not produce any power and can be
left out of consideration. In the knowledge of voltages and currents of angular
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frequencies c and 2 o the impedances representing the varactor at angular
frequencies oo, resp. 2 co can he easily determined by establishing the relation
of the voltages, resp. currents of the corresponding frequencies. Thus, the
following relations (see Appendix 1) can he easily obtained:

At angular frequency

1 J2cos g2

RX = - (6)
8 dJ(goCOf
l .

Xx 1= - sin(Pz |I2 { 0
8® (coCoy coCQ2

where
ZX—R1-\-jX1.

At angular frequency 2co

1 cos ¢p2 I\

8
"2 g oCco2 7r° ©)

1 sin <2 n , 2g01
*2 9)
8® . (coCOf wco2-I
where

—R2bj x 2

The results thus obtained can be interpreted by the following equivalent
circuit:

Fig. 5. Equivalent circuit of ideal varactor for the case when only currents of frequency e
and 2 o flow across the varactor

The above circuit diagram expresses the fact that the varactor connected
between points A and B — provided that only currents of angular frequencies
o and 2 oo will flow through it — can be divided into two circuits in such
a way that only current of angular frequency oo will flow in one of the circuits
(circuit between Ax and BL and current of angular frequency 2 co in the
other one (circuit between A2 and B2). The impedances of these equivalent
circuits are given by relations (6), (7), (8) and (9).
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Relations (6) and (8) indicate that both Rx and R2 can be positive
or negative, depending on g2 A negative ohmic resistance can he considered,
as is well known, as a generator, therefore theoretically two cases may occur:

3
a) cos g2< 0; 2n><p2> i

In this case R1>0, R2< 0; meaning that the varactor absorbs power at
angular frequency m and transmits it at angular frequency 2 co, thus operating
in frequency doubler circuit.
b) cos q2> 0; — < 9@2< ~
z z
In this case Rx< 0, R2> 0; meaning that the varactor absorbs power at
angular frequency 2 co and transmits it at angular frequency co thus oper-
ating in frequency divider-by-two circuit.

As the value of g2 can be influenced, in all probability, by a circuit
external to point A —B (Fig. 5), the former two statements mean, in fact,
that the varactor can be used not only for frequency doubling but also for
frequency dividing.

2. Convertible power

The power absorbed or transmitted at angular frequency co is yielded
by product 1/2 I\ R 1which can be obtained by relation (6) and its value is

L_ cosY2 jp
16 ® (coCOf 2 X

The power absorbed or transmitted at angular frequency 2 co is similarly
given by product 1/2 I\R 2which can by obtained by relation (8) and its value is

1 cos?2 j p

16 o (ftiCc,)2 2 1°

As the absolute values of the powers obtained by these two methods
are inherently identical, the notion of a convertible power can be introduced.
This is determined by relation

16 ® (coCO)2

which answers the following question: what is the power which is passed
from circuit of frequency o into circuit of frequency 2 co or inversely.
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At a given input power the useful output power and the efficiency are
the greater the lower the power dissipation is on the varactor, which increases
at the given varactor series resistance Rs with the increase of I xresp. 12 thus,
at the given dissipation, the convertible power increases with the increase
of the value of |cos 2 . Therefore it is obvious that in the term for the
convertible power, the absolute value of cos cp2 should be kept purposefully
at the highest possible value which, in the most advantageous case, can be
equal to unity. This would be possible only at ¢p2 = n resp. at ¢p2 = 0. In the
following, we are dealing with the relations of the frequency doubler, conse-
guently we may assume that 2= n.

Ill. The ideal varactor in frequency doubler

1. Voltage drive

It is known that the magnitude of the voltage occurring on the varactor
is limited by two values. The first is the so-called breakdown voltage, Vb
that reverse voltage which cannot be exceeded without running the risk of
a varactor breakdown. The other limiting voltage is the forward voltage at
which the varactor current may cause the burning-out of the varactor. The
forward voltage has an additional limit, the value of the contact potential ® .
From Equ. (1) of the introduction it can be seen that in case of V = &, Cd
becomes indefinite and therefore the value of V = ® must be excluded from
range of values V. V being, however, a periodical function in an operating
circuit, the exclusion of condition V — & is assured only by condition V < &.
Therefore, in principle, the range of the values for voltage F is Vb < V < @ .

As for the voltage drive of the varactor, by introducing the following
reductions:

2= N ; cot— x Qo b:
2C0d 2 ®coC, 4 ®dcoC,,

and by making use of relation (5)/the following essential relation is obtained:
1 = (a—Dbsin X4-csin2x
o} \Y H)

The voltage V is positive if it is a forward voltage and will be of negative
sense if it is the reverse. Let us note the highest, resp. lowest values of voltage
V by V+ resp. V_ which may occur at any given adjustment.

From equation (11) it is obvious that 1—E_/® occurs where the expression
y = a — bsinx -f- ¢ sin 2 x assumes its highest maximal value and 1 — E+/®
occurs, on the other hand, at the lowest minimum value ofy .
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By discussingtermy — a — b sin x csin 2 x (see clause to Appendix I1)
the following relations are obtained

1—~ - = [a+ cF(r,)Y, (12)
>
l-Zj-=[a-cF (Vf (13)
>
where relation rj = 1J12is called, in the following, the current factor and

f(v):\g (3V+ Y¥Ts) Fi6e - (I"F+e - T1/)2.

Applying the relations (12) and (13) to amplitude 12 the following

relation is obtained:

2T CO
h (14)

F(V)

The former relations indicate that three factors unambiguously determine
the electrical state of varying capacitance Cd when 2= n . These three
factors are V_, V+ and rj. Relation Cd — <p(V) being known, the statement
of is equivalent to statement Cd_= C_ = /(F_) and the statement of
V + is equivalent to that of Cd+ = C+ —f(V +).

Factor B figuring in relation (14) can be called the drive factor and its
value is determined by the following term:

2. The highest convertible power

For practical reasons, it would be useful to answer the question, which
would be the highest convertible power for a given type of varactor. Knowing
the formerly introduced factors, this question can be answered as follows.

Let the power dissipated on the varactor be Pd which is determined
by relation

Pd= ~ R s{IIpll).
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Using relations (10) and (14) tlie following term is obtained:

(15)
In this relation

°>k =

For a given type of varactor, the max. permissible dissipation is a given
value. The highest value of cok is (lkmax = tG= 1/Rs (1/Cmin — 1/Cmax).
Examining function F-"rj) it is found that Fimax(j]) — 0,2. Thus the following
simple relation can be obtained for the highest convertible power

(16)
to

coc complies with the cut-off angular varactor frequency introduced by
Diamond [2] where cmjn is the varactor capacitance at V = Vb andCmax
the varactor capacitance at the highest forward voltage V = VmaK occurring
at the given setting. The unambiguous determination of this voltage generally
involves practical difficulties because it is not easy to establish, how far the
conduction current occurring at voltages V > 0 may decrease the efficiency
of the doubler. As c max ct,n holds, however, 1/icmax in the term of ux
slightly influences the value of toc and mc can be considered, without any
essential error, as I/17sCmin which corresponds to the cut-off angular frequency
generally referred to in the literature.

3. The highest output power

In addition to knowing the efficiency of the frequency doubler, it is
important, for practical reasons, also to know the maximum output —
Pout mex which can be obtained by the application of a given type of va-
ractor diode, at the given frequency.

Making use of relation (10) and considering

further that
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we obtain relation
LR+ 2 (17
2 8

where Id= & (@>CORs is the characteristic current value for the diode,
depending on the data of the varactor and on the applied frequency.

If the value of Poutmax is sought for, it is natural to assume that the
varactor is subjected to the maximum load and thus values Pd and ¢ are
constant. There remains value 7] as a function of which the maximum P out
should be estimated. As there is

dMout = 3Pout df2
drj 312 drj

therefore it is worthwhile to examine the behaviour of functions dijdr] and
8Pout/8J2 from relation (14), F(rj) being a positive monotonously increasing
function, dljdr] < 0, therefore dPOU/dij will be equal to zero where 8P0Wt/8f3
is also equal to zero. If it is considered that

9Pout 1 Pd r K R,
= 12JXS

8h 8 h £ 16 1Id

and that J2 decreases monotonously in the function of r], it is quite obvious
that Pout assumes its maximum value where

P R, —— -0
8 Id 2S 16 Id

Using the afore stated relations for the determination of Pout, the
following relations are obtained (see Appendix I11):

. . N P J-I;max _l -E;_ p 1. A2 max (18)
x out max E) rd I‘_ra E max 8 P
32 pmrs T 1-1 (19)
- +1 -
Fmaéw 4 w 32 Il Rs 1-1 (20)

The above formulae are valid at a drive of

1 1
R Bmax Co

min
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and in the knowledge of function F(rj) the value of ft = /tinax can be obtained
by means of (20). If the terms (18), (19) and (20) are examined as functions
of co and supposing Pd and R to be constant, it is obvious that if 0 — o0 then

Ymax. 00 >1. max ®> “out max ®e

4. Conversion efficiency

In connection with the conversion efficiency —ba, two questions may
arise:

a) Which is the highest efficiency if the maximum dissipation is given?

b) Which is the highest efficiency to be obtained at given frequency
from a given varactor, independently of the dissipation level ?

Considering the afore described results, the first question can easily be
answered. As Pout = Pin — Pd-

(pin is the input power).

Consequently, at a given dissipation, the highest efficiency is obtained
at Pout = Poutmax and the conditions for this are supplied by formulae (18),
(19) and (20).

As for answering the second question, let us examine the following
relations:

Pin=-JfP s+ Pa,

and taking into consideration relations (10) and (14), the following is obtained:

1_ 4 «CORs F(rj)
R

cnR (21)

1+ 4 bICNM RS F(y)
R

Thus, knowing the data of the varactor, the drive factor, the current
factor, the conversion efficiency can easily be calculated.

From term (21) it can be seen that the efficiency increases with the
increase of the drive factor B. At given B the dependence of ba on current
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factor -] shows at first an increasing and then a decreasing feature and at
a certain value of rj= fla it assumes a maximum value. Such dependence
is shown by Fig. 6.

The magnitude of the maximum value of ba increases with the decrease
of a&CORsIR. At a given frequency, the smallest a>CORsIR value is equal to

Fig. 6. The conversion efficiency of the frequency doubler vs. current factor for two different
values of the parameter c0 CORs/R

I il [Fig. 7.[Maximal conversion efficiency of the frequency doubler vs. colcoc

(Od®c Thus, at maximum drive, the conversion efficiency, 6am is as follows:

Uz o at v (22)

If for a series of values (cofftic) the pertaining bamax values are calculated,
where & max means a maximum bam value at a given aseoc> relation damax ==
= b{coj(oc) IS obtained which yields, in the knowledge of the varactor charac-
teristics, the maximum conversion efficiency, as a function of frequency.
This relation is shown in Fig. 7.

From relation (22) those values of rja may be determined at which
bam — bamax at a given colcoc. From this relation, there can similarly be
determined the range of n within which the conversion efficiency bam exceeds
0,9 damax- These two latter factors are shown in Fig. 8.
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Fig, 8

In Fig. 8 the rj limits belonging to 0,9 damax are marked with a dashed
curve. The power dissipation pertaining to the optimum conversion efficiency
can easily be calculated if relation

Pd=\ RAI\+ ID

is considered and relation (14) is made use of. Finally,

Pd= 20 1dgx 1+ V2 (23)

FAr,)

Using the graphs shown in Figs 7 and 8, in the knowledge of the
frequency, we may determine for a given varactor the maximum efficiency
to be obtained with this varactor and also the current factor ra at which
this maximum efficiency will occur.

IV. Adjustment of the external circuits for the case of cp,= T

1. General relations

In the foregoing, the consequences of the various electrical states of
varying capacitance Cd have been dealt with. The electrical state of varying
capacitance Cd is determined by the impedances of the circuits arranged
outside of the capacitance. In the following, let us examine, which impedances
should be arranged externally of capacitance Cd to enable the adjustment
of state, advantageous for the frequency conversion on varying capacitance Cd.

Considering Figs 4 and 5 given in the Introduction, the full equivalent
circuit diagram of the frequency doubler circuit is shown in Fig. 9.
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On this figure, eg is the open-circuit voltage of a generator of frequency co;
Zg the internal impedance of the generator at frequency co; ZL the load
at frequency 2 co and the other symbols are identical with those formerly
used. In case of i2”~ 0, it is required that

Ro= —(Rs+ RIi and = — XL (24)

Fig. 9. Complete equivalent circuit of frequency doubler

where R[ = Re ZL; ImzZL. Considering relations (8), (9); further (6)
and (7), the following are obtained:

tan = - XL o1 (25)
RsJrRL 4 ®CO0 coCO(Rs-\-RI)
xj = Rs ~-TR1 (26)
*
Xi = + 9 (27)
b 4 oCn oCn

2. Determination of integration constant

The integration constant qO0 occurring in Equ. (2) of the introduction
also occurs in further relations. To determine the parameters of the external
circuits, it is required to know this constant. Using the notations of clause
I11. 1, the relation determining qO is

q0= 2C0d a . (28)

As 2 CO® > 0, the sign of g0 is identical to that of a.

To determine the sign of a let us consider relation (11). As Vb < V < @
therefore 1 — V/® > 0 in every moment t, and this means that a — b sin
X+ c sin 2 X is either negative or positive in every t moment. This can be
possible only if the positive or negative sign of a is determined not by mathe-
matical but by physical factors and in such a way that it should be sufficient
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to determine the sign of a in a possible physical state to obtain a sign valid
for all other states. This must be accentuated because though the absolute
value of q0 does not depend on time t it is, however, not constant in the
meaning of the word as used in connection with the linear circuits and depends
on the voltage drive, on the current magnitude, or to put it simple, on the
working adjustment of the varactor. This means that it is not sufficient to
examine the value of g0 for a single case to determine its absolute value.
Let us carry out the following imaginary experiment for the determination
of the sign to 0. Let us assume that X L = 0 and increase R[ beyond all limits,
by keeping within a certain range. Using relation (27) and considering that
T — oo we obtain X —m—qj2 ® Co(coCo). Intuitive considerations and cal-
culations will indicate that in case of i1- 11lcos wt Xr must he of capacitive
nature, consequently X x< 0, and q0> 0. Therefore g0> 0 must hold good.
Using relations (28), (12) and (13),

(29)

is obtained.

3. Impedances of the external circuits for =

As tan n — 0 using relations (29) and (25), relation

(30)

is obtained for Xj_,, (value of XL required to obtain q2= n is X*,,) where

Using further relation (27)

Xin (31)

is obtained.
Thus, if ¢2= n the output impedance Zgn of the generator required
for the matching of the circuit is

Zg* " Rs+ RS*fR' (32)
r
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4. Varactor bias

To determine the bias of the varactor, the constant component of
1 — V/® should be calculated from relation (5) and relations (14) and (29),
further factors /(??), rj, B should be made use of. Using the aforementioned,
relation

1
i + 1 o+ ci (33)
® 2 FXj) 4

is obtained (see Appendix IV) where VO is the required bias of the varactor.

5. Design of the doubler circuit

Thus, to obtain maximum efficiency in a frequency doubler circuit at
a given w it is required that the varactor capacitance should vary within
Ctax and Cmin, and t) be a definite value (according to Fig. 8). Knowing
these factors, the required values of 12 and bias VO are obtained by means
of relations (14) and (33). The conditions for the varactor matching are then
given by relations (30) and (32). The output is given by relation 1/2 12RL,
current by relation r]12 The generator open-circuit voltage eg required
to produce Il can easily be obtained by using relations (26), resp. (27), (29)
representing the impedance transformation effect of the varactor. The varactor
dissipation occurring under such conditions is given by (23). The situation
is similar even if we are endeavouring to attain the maximum possible output
with a given varactor dissipation.

V. Conclusion

In the foregoing the operation of a parallel coupled varactor frequency
doubler circuit has been investigated. Relations had been obtained, by means
of which the design of such a circuit as well as the choice of the required
varactor type can be made. The analysis and the obtained results hold strictly
in the case of the nonlinearity factor 0 = 1/2; However, since for the real
varactor diodes 0 is between 1/2 and 1/3 the obtained experimental values
(whose discussion would go beyond the scope of this article) agree well with
the theoretical values.

APPENDIX |
Determination of the equivalent impedances for the varying capacitance

Using relation (5), component ofthe voltage of frequency to is determined by relation

1 It

u = COS ¢>2 cos dit -f-

8 (coC,)2® sin 42] sip On

V i
40COWCH 2%t 2gco
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The amplitude ratio of the voltage in phase with the current for amplitude 7, of the
current gives value /1, which complies with (6).

1f/. |
As in case of Ur— — idi and i= 1coscot holds good Ur= —C-n sin cot thereforereactance
c Jo co

4®CO\coCO) [2+ T AT sm’J

is of capacitive nature. Asin the case of capacitive reactance Xc< 0, the value of X, is deter-
mined by relation (7). Relations (8) and (9) can he derived identically.

Fig. 10. Plot of function y

APPENDIX 1l
Discussion of termy = a — b sin x -f- ¢csin 2 x
Let us determine the extremes of function y from equation dy/d* = — bcosx +

-f-2ccos 2x = 0. Relation

b Y [
C°S *1,2 = -gj * l 'I T

is obtained. Using the symbols introduced in clause 2.1. and introducing current factor r) =
= 1J12 the term

cos *ext= -1 (f] £ fr? + 8)

is obtained. As we are only interested in the highest maximum, resp. in the lowest minimum,
let us examine the graph for functiony (see Fig. 10).

From the graph it can be seen that the highest maximum occursin the Illrd section
and from this it follows that

*max= 4" (V—  + 8) e

The lowest minimum value similarly occurs in the Ilnd section, therefore,

:-j-(v - )V + 8)

From the above:

5"max — cos “min » and sin #min — sin ‘max — }/ * 16 N2} 06) -
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The following is obtained for relations 1 — K_/®2and 1 — V+/®, that we are interested
int 1 —V_/®= (a— 6sinxmax + C sin 2 *max)2

1—E,/® = (a— bsinxmin+ Csin 2xmin)2; further — fesin xmax + C sin 2 xmax =
— 2 Csinxmax (jj —cosxmax) = 2C£4 —~ (v - In* + S)J | 1—jj 0?—»V + 8)2

Similarly

— bin*mrn+ Csin2xmn= - 2c¢ [LI—Y(»?—.]V + aj ir? + H-~m

Fig. 11. Function F(yj)

Introducing function
Puy=y @Btl+ "N +T) |/16- (in2+ 8 - t?)2

relations (12) and (13) are obtained. The F(y>) function is shown in Fig. 11.

APPENDIX Il

Relations determining the maximum output

In connection with the maximum output, first we have to realize that /2max defines
-Poutmax > 0 and in the second place that Poutmax is in fact the maximum value of Pout. To
understand the first statement let us consider relation (17). The positive root of this relation

IS 4 VH8.L - e

<4, Pd
’ 5 1ars
therefore POutmax > 8.

To understand the second statement, let us consider relation

3 Pout 3 Rs
aJ2 8 1, 6 1g 1™

As a function of tj, 12 which monotonously decreases and J2max being the positive root of
the above relation, therefore in case of n < MTax there holds 3 Pout/3 A < 0 and therefore
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B -Pout _ Q -Pput d fz O

dr] 012 dr]
If at
Yy>Yuwax! >0
thus dPout/dra < 0 and therefore in case of [= rJmax and 12= I12maxrelation dPmfdr] = 0

holds, wherefrom we may derive relation (19) for J2Inax which in fact defines the maximum
value of i’out «

APPENDIX IV

Varactor bias
From relation (5)

>, f oy 1 L 1_ 1
) UDdCj » 2 (2dc0CO2+ 2 (4Po>CO !

If substituting q0 from (29) and 1,, from (14) and using relation 11 — ] 1l,, relation (33)
is obtained.
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ANALYSE EINES VARAKTOR-FREQUENZVERDOPPLERS

V. BiRO

ZUSAMMENFASSUNG

Die Arbeit befalt sich mit der Untersuchung der Wirkungsweise eines Varaktor-Fre
quenzverdopplers mit paralleler Kopplung, falls darin ein Varaktor mit scharfem Ubergang
verwendet wird. Die Analyse zieht den Verlust des Varaktors in Betracht und bestimmt auf
Grund desselben die groBte umwandelbare Leistung, die groRte Ausgangsleistung, den héchsten
Wirkungsgrad und die hiebei auftretende Verlustleistung. Dartiber hinaus wird auch die Frage
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nach den zur Erreichung der genannten Charakteristiken ndtigen Impedanzzusammenhéngen
und der nétigen Vorspannung des Varaktors beantwortet. In den die obigen Parameter bestim-
menden Zusammenhdngen kommen Grofen vor, die es ermoglichen, mit Hilfe dieser Zusam-
menhdnge den Verdopplungsstromkreis zu entwerfen und den bendtigten Varaktortyp aus-
zuwdhlen.

ANALYSE D’UN DOUBLEUR DE FREQUENCE A DIODE
DE CAPACITE VARIABLE

V. BIRO

RESUME

L’étude traite de I’analyse du doubleur de fréquence a diode de capacité variable, dans
le cas ot une diode a jonction brusque est utilisée. L’analyse prend en considération les pertes
de la diode et en déduit la puissance maximum transformable, la puissance maximum de sortie,
le rendement maximum et la dissipation. En plus, les relations d’impédance nécessaires pour
obtenir ces parameétres et la tension de polarisation nécessaire pour la diode de capacité variable
sont déterminées. Dans les relations déterminant ces parametres apparaissent des quantités
physiques qui permettent d’étudier le circuit doubleur a I’aide de ces mémes relations et de
choisir le type de diode nécessaire.

AHANMNS YABOWTENA YACTOTbl HA BAPAKTOPHOM AVNOAE

B. BUPO

PE3IOME

Temoii 3Toli paboTbl ABNSETCS aHAIN3 YABOUTE/S YacTOTbl HAa BAPAKTOPHOM AMO/E C PE3KUM
nepexoAoM B TOM C/lydyae, KOrAa AMOf BK/OYeH napansienibHo. AHain3 NpousBeeH C y4eTom
noTepb B BapaKTOPHOM AMOAe W [aeT BO3MOXHOCTb OMNpeaenMTb MaKCUMa/IbHYO MPOXOAsALLYO
MOLLIHOCTb, MaKCMMa/bHYI0 BbIXOAHYIO MOLLHOCTb, MaKCUMaNbHbIA Knj yaBouTeNns dac-
TOTbl U MOLLHOCTb, pacceBaeMylo Ha avoge. Kpome Toro, aHanv3 AaeT BO3MOXHOCTb orpefe-
NIUTb Heo6X0AMMbIE VMMMEfAHChI UM HaMpPshKeHWe CMELLEHUS. B COOTHOLLIEHMSIX, ONpeaensioLmx
BbllLeyKas3aHHble BeIMUMHBI, HAXOAATCA Takue (U3NYecKUe BeIMUMHLI, KOTOpble [aloT BO3-
MOXHOCTb C MOMOLLLIO 3TUX COOTHOLUEHWIA MPOM3BECTU WHXXEHEPHbI pacueT Lenei yaBou-
TeNs YacToTbl, a TaKXe Bbl6Op Heo6XoAMMOro TWMa BapaKTOPHOrO AMOAA.
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SOME REMARKS ON THE INTERPRETATION
OF DISCHARGE INVESTIGATIONS

GY. VAIDA
DOCTOR OF TECHN. SC.

[Manuscript received February 1, 1966]

This paper presents, in principle, a possibility of finding some connection between the
measured values and the volume ofthe cavities. The analysis is strictly valid only for conditionn
between plane electrodes, but the obtained relation can be considered as an approximatios
for other electrode configurations.

I. Introduction

Cavities in solid dielectric materials constitute the weak points of
insulation. A discharge taking place in these cavities may easily lead to an
increase in cavity dimensions and an overload of the unimpaired insulating
section. Such cavities are often starting points for a breakdown. Therefore,
in order to control the state of insulations, an ever growing importance is
attached to the investigations of internal discharges.

A basic problem encountered in these widely accepted investigations
is the physical interpretation of the measured values. The greatest difficulty
is due to the fact that resultant conditions of the entire insulation can only
be measured, the instruments being connected to the electrodes that border
the insulation. Thus, the measured values do not give any information on
dimensions or position of the cavities and it is even quite impossible to conclude
from the measurements on the cavity conditions.

Il. Equivalent circuit

When in a solid insulating material between two parallel plane electrodes
having surface F and spacing d there is a gas-filled cavity with cross-section
A and width t (Fig. 1), equivalent circuit in Fig. 2 is regarded as a model
of the insulation [1]. In this figure Ccis the capacity of the cavity, Cb is the
capacity of the unimpaired section of the insulation in series with the cavity
and Ca is the capacity of the remaining unimpaired parts of the insulation.
This model gives a true picture of the conditions provided that for the loss
angle of the solid insulating material condition tan2a 1 holds.

Ada Technica Academiae Scientiarum Hungaricae 56, 1966



306 GY. VAIDA

With a voltage u = ua applied between the electrodes, the voltage
across the cavity will be uc until a breakdown of the cavity does not occur.
From Fig. 2 it can be seen that the value of this voltage is

o+ (1)

Fig. 1. Insulating material with a cavity Fig. 2. Equivalent circuit as a model for
investigating discharges

When uc reaches the value of the breakdown voltage of the cavity UG, a
breakdown in the cavity takes place and the spark gap in the equivalent
circuit will be short circuited. When this first discharge appears, the voltage
on the entire insulation is equal to the threshold value of the ionization voltage
Uj. The relation between these two voltages is given by

u (2)

= u,.
¢ Cb+ct 1

After breakdown, the voltage across the cavity falls to the extinction value
Ucl, dielectric strength in the cavity is restored, the voltage on Cc again
increases and a second discharge occurs. As a result of this discharge, a volt-
age jump

AUc=Ucl-U d 3)

appears on Cc causing a voltage jump

AU,, = - AUTr (4)
a ca+chb c

on the capacitor Ca[2].
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I1l1. Interpretation of the available results of measurements

A direct determination of UG and AJJC characterizing size and position
of the cavity, is impossible, only 17- and A Uaacross terminals can he measured.
From these values, however, one cannot conclude on cavity conditions,
because there are many solutions which satisfy the equations. This difficulty
can partly be removed, if two quantities are simultaneously measured and
some neglections in accordance with the actual order of magnitudes are made.

By replacing parts of the insulation in Fig. 1 by plane capacitors, the
following capacities are obtained:

Cn— Py (5)
A

d—t 6)
A

B— . (?)

Since Ud Uci, by the use of equations (2) and (3), equation (4) takes
the form
AUnc”"~ Uci= uU,. (8)
Ca+ Q Ga+ Gb Cb Cc
In practice the usual values are Ch<tCa and C» Cc, therefore a good
approximation is given by
Cb

AUn Vit. (9)
Ca Cc

Substituting the values from equations (5)—(7), there results

ee0A/(d —t) eenA/(d —t)

AU 0(F —A)/d 0A/t T

esO(F —A) e (10)
Ad eAt
uUt.
~ (d—1t)(F - A) (d-t)A
In Fig. 1 and A F. Hence
AUare— Ui

Fd ()

where At = V1 is the volume of the cavity and Fd = V is the volume of
the entire insulator. Consequently, the ratio of the voltages AUa and [m is
proportional to the relative volume of the cavity
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(12)
u, \

i.e. from these two parameters a conclusion can be drawn on the size of the
cavity. In practice, apparent charge taking part in the discharge AQa — GA Ua
is usually measured, where C is the capacity of the investigated insulation.
In this case, equation (12) is written in the form

(13)
u, v
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BEMERKUNGEN ZUR INTERPRETATION DER UNTERSUCHUNGEN
UBER ENTLADUNGEN

GY. VAIDA

ZUSAMMENFASSUNG
Der Aufsatz zeigt eine theoretische Mdglichkeit auf, einen Zusammenhang zwischen
den gemessenen Werten und dem Volumen der Hohlrdume zu finden. Die Berechnungsmethode

ist streng genommen nur zwischen flachen Elektroden gultig, aber der Charakter des Zusam-
menhangs kann als eine Nadherung fir andere Elektrodenanordnungen aufgefalt werden.

REMARQUES SUR L’INTERPRETATION DES DECHARGES

GY. VAIDA

RESUME
La méthode de calcul présentée par l'auteur offre la possibilité théorique de trouver
une liaison entre les valeurs mesurées et le volume des creux. Le calcul n’est valable strictement

qu’entre des électrodes planes, mais le caractere de la relation peut étre considéré comme
approximation pour d’autres dispositions d’électrodes.

3AMEYHAHNA K TPAKTOBKE I/ICCI'IE,D,OBAHI/IVI PA3PAOA
L. BANAA
PE3FOME
anBe,D,EHHbIVI pacyeT rnokasbiBaeT NMpUHUUNNa/IbHbIE BO3MOXXHOCTU HaxX0XXAeHUA CBA3N
Mexay UsMepeHHbIMU BETMHNHaAMU U o6bemMom nonocTeil. PacueT ,qel7|CTBVITeneH TONbKO MeXay

NIOCKMMU 3M1EKTPOAAMM, HO XapaKTep 3aBMUCMMOCTM MOXHO MPUHSATL B KayecTBe NpMGanKe-
HUA ANS APYTrMX BapuvaHTOB KOMMOHOBKW 3/1eKTPO/O0B.
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CALCULATION OF PSEUDO-FINAL
VOLTAGE DISTRIBUTION IN IMPULSED
WINDINGS WITH A MATRIX METHOD

K. KARSAI
CAND. OF TECHN. SC.
GANZ ELECTRIC WORKS, BUDAPEST

[Manuscript received March 4, 1966]

This article reviews a matrix method which applies itself for calculation of the pseudo-
final voltage distribution. The model to be used contains n elementary coils of finite length,
which are identical among themselves. The pseudo-final voltage distribution is important
from the viewpoint of the amplitudes of the harmonic voltage oscillations at surge
voltage phenomena. In addition to this method it is also possible by means of this
method to define the voltage distribution at industrial frequency of transformer coils i.e.
the calculation of the radial flux components. The formulae deduced by the matrix method
are very simple and include only algebraic operations.

I. Introduction

P. A. Abetti shows that in impulsed coils and windings with grounded
neutral it is necessary to distinguish between a final and a pseudo-final
voltage distribution [1,2]. The final voltage distribution is determined by the
winding resistance and leakage conductance to ground of the elements of
the equivalent circuit of windings and is generally linear. Between the initial
voltage oscillation and the final distribution is the so-called pseudo-final
distribution. The initial i.e. electrostatic- and pseudo-final voltage distributions
determine the amplitudes of the harmonic voltage oscillations. The deviation
from linearity of the pseudo-final distribution is small and assuming a linear
distribution — instead of the pseudo-final one — causes an error less than
10%. Abetti gave in the above-mentioned paper an efficient analysis of the
phenomena and developed a calculating method on base of the infinitesimal
equivalent circuit. The results of this method agree with the measured volt-
ages.

In practice the finite model is also frequently applied [3, 4]; the present
paper gives partly formulae according to the finite model, which are much
simpler than those deduced from the infinitesimal model and partly shows
illustrative numerical examples and results of measurements.

In the used model (Fig. 1) the capacitance between two adjacent
elements of circuits as well as the capacitances between the elements and the
earth are neglected, because they do not play any role after the voltage
oscillations; the resistance of the coils and the leakage conductance to ground
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are also neglected, because they do not play an important role either. The
model consists of n elementary coils. The selfinductance of an elementary coil
is L, the mutual inductance between elements i and Kk is qntL. The impulse
voltage at the line end has the form of a unit function with an amplitude va,
the end of the winding being grounded.

Fig. 1. The finite model of equivalent circuit

Il. Discussion

1. List of symbols

1 1 0 0 0
0 -1 1 ... 0 0 0
D = 0 o -1 .. 0 o0 0o Nn—1rows
0 0 o ... 0 -1 1
n columns
1 0 0 0 o
-1 o ... 0 0O
D* = 0 1 —1 ... 0 0 0 norows (is the
matrix of D);
0 0 0 0 0 1
— 1 columns
vV o= Do n — 1 elements (is the voltage

column matrix);
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41
<h
n elements,
U
4]
1
0
e 0 n elements,
¢
2 -1 0 0 0 0
1 2 -1 ... 0 0 0 n — 1 rows (is the uniform conti-
0 _—1 > .0 0 0 nuant matrix of order n —1. )
0 0 0 0 -1 2

n — 1 columns

2. The formulation and solution of the governing equation

For t > 0 the Kirchoff’s voltage equations are

VO ~ Vi dt + 9i2 + 9i3 + eee+ Olfr+1+ cee+ 9in )
vi- v. =1L (;t (@21 + 1 + 923 + eee+ <hk+l+ eee+ Urn )»
vk —vk+1l= L dt (4k+1,1 + 9*+i,2+9a+] 3+ eeoe+ 1 + eeed 4k+In) »
®n-1 dt Apl + 92 4+ 9n,3 + eee + Ank+lteee + | )e

Taking into account that the question concerns homogeneous winding
of uniform elements, it can be written:
912 = 923 = eee = 4kk+l’

913 = 92,4 — eee== 4kk+2’ ™)

furthermore
912 = 921 = eee = Ygk+1l= 4k+Ik1

91.3 931 — eee — UK,K+2= UYk+2,k* *)
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Introducing the following symbols

2i= 1 + 912+ 5is+ eee+ 4ik+ eee+ <hn»
2=9i2+1 + fi,a+ eeo+ <hk+ oo+ 4in> (4)
Un= <hn+ 120+ 230+ eeedt 4dhmn+ ...+ 1

Substituting equation (3) into (4)

?i=In, ?2= 4Yn-i etc. (5)

The governing equations can be expressed more compactly with the matrices
of part 1: List of symbols

D*y =L ~4 -v Oe. (6)
dt
Summing up the equations (1) and taking into account the symbols of
equations (4):
Vo= LW(?i + 32+ eee+ o9n) . (7)

Expressing L di/di from expression (7) and substituting it into equation (6),
furthermore introducing the symbol

Q—4i+ Y+ mee+ ?n»
D* v - (8)

Multiplying both sides of equation (8) by matrix D and taking into account
that D D* = K

Kv = « Dq — De . (9)

The solution of the last equation is

v = VvOK*“1D (10)

On the basis of the verification mentioned in the appendices the fc-th element
of the v voltage column matrix i.e. the voltage on the fe-th point of junction,
is in case of being an even number
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n —k 1 K nl2
Vo = Vn{-------mmmm- b Y (n~ 2k)gx+ JV 2kgx (lia)
n x=1 x=fc+l

and if n is an odd number

n—k , 1 K ) (n—D2 ) n_(_I
* = S ! ~ ' n—2 X + JV 2 KQgX ~(------- — o <, +i)2
« »>f ; + (n x:I( ) q e gx -( ; (,,+i).
(lib)

I1l. Conclusions

In case of a winding calculable on base of a finite mathematical model
the matrix method gives very simple formulae. The deduced formulae agree
well with the measured results.

The governing equations are identical with the governing equations of
a voltage distribution by industrial frequency windings, consequently the
results are very suitable for calculating the radial flux components.

IV. [lllustrative numerical examples

As an example of the application of formula (11) let us divide the examined winding
into 8 parts identical among themselves. Assuming that the connection between the self-
and mutual inductances is in the form of function [5]

Mik= 4i~-KL,
furthermore

4 = 4kkn = °63°

then
9)3 = g2 0,3969; ql>6 = g5= 0,09924;
gl4 = 3= 0,25; qlj7 = 96 = 0,06252;
9lj6 = g*= 0,1575; 9lj8 = g8= 0,03938.

The elements of the g column matrix, [see (4)] are: q} — 2,635, ¢>= 3,226, g3 = 3,560 and
q, = 3,711; furthermore q5= g4, ge= g3, q7= g2and gs = ql. When the value of vOvoltage is
100%, then applying (11a)

K 4
vk= 100{-?2=+ + I[_~(8-2fc)qgx+ ~ i2feqx]}

The calculated values of the voltages are in pointsfc= 1,2 ... 7in Table I, this table showing
the measured voltages, too.

Figs 2 and 3 show the surge response ofthe windingin points fc=0,1,2,. .. 7. The applied
wave form at the line end is 0,5/130 fis. The measured points of the pseudo-final distribution
are taken immediately after the oscillations at 60th /is.

Another example shows the maximal difference between the linear distribution and
the pseudo-final distribution in case of 4 parts equal among themselves in the function of q.
The voltage on the k-th point is, when vO = 100
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Fig. 2. The surge response of the winding in points k = 0, 1, ...,7

Table 1

The calculated and the measured values
of the voltages in points k — 1, 2

The calculated
values of
voltages

0 100

| 89,98
77,68
64,13
50

35,87
22,32

10,02

~N o o1~ ow N

7

The measured
values of
voltages

100

89
78,3
64,3
49,5
36
21,9
9,6

The second part of this expression is the percentage difference between the linear and the
pseudo-final voltage distribution. It may be seen that this second part is zero at k = 2, at
Kk = 1 and at k = 3 respectively being different only in sign. This later k = 1 or k = 3 is the
maximal difference: /1 vm. The results of the calculation are listed in Table Il and are visible

in Fig. 4, too.
Table 11

The percentage difference between the linear and the pseudo-final voltage distribution

4 "0 01 0,2 03 0,4 05

Al —oip, L1 1248 1417 1624 1875
G~ .1 121 1,44 169 196 225
4 4642 5346 6,214 7,168 8,25

0 1,006 1,785 2,196 2,343 2,272
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0,6

2,176
2,56
9,472

2,027

1

0,7

2,533
2,89
0,84

1,645

0,8 0,9

2,952 3,439

3,24 3,61
12,38 14,09
1,162 0,608
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APPENDIX

315

The derivation of Formulae (I1). It can be shown by simple multiplication that the

inverse matrix K_I of order nis:

n—1 n- 2 n
n- 2 2(n- 2 2(n
w42 2(M- 3) 3(n

| 2
The product of matrices K-1 D is

n—1 n—2 n—3

n—2 2(n—2) 2(re—3g

n—3 2(n—23)3(n- 3
n—1rows

n — 1 columns
—(n--1 1
—(n --2) -(n -
—(n --3) -(n --3)

n—1rows :— - k) fe)

—3 -3
—2 -2
1 -1
n
One part of product
K'"1D

— 3 3 2
- 3) 6 4
- 3) 9 6
3 n—3 n—2 n

n columns
1 1 1
2 2 2
—(n --3) ... 3 3
—(n -- k) K K
-3 n—3 n—3
—2 -2 n—2
—1 -1 —1

columns

N

n—3
n—2
n—1
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s the column matrix — K"1De namely the first column of matrix K-t D. The fc-th element
of this matrix is (n — k)/n, that is the voltage of the fc-th element in case of linear distribution
by v0O= 1. The other part of product

r.,D (f-.)
is also a column matrix:

L 1pg
(r

the elements of this matrix showing the difference from the linear distribution by v0 = 1.
The value of the k-th element by this matrix is when n being an even number

1 K nl2
— (n—2k)gx+ ~ 2 K gx
Qn x=1 x=fc+l
and if n is an odd number
1 K n-172 —
— (n—2k)gx - 2K qx+ An+ilt
Qn x-1 x=fc+1 2
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BERECHNUNG DER INDUKTIVEN SPANNUNGSVERTEILUNG
IN GESTOSSENEN WINDUNGEN MIT HILFE
EINER MATRIZENMETHODE

K. KARSAI

ZUSAMMENFASSUNG

Die Arbeit berichtet Uber eine Matrizenmethode fir die Berechnung der induktiven
Spannungsverteilung in gestossenen Windungen. Das verwendete mathematische Modell
besteht aus n identischen Elementarwindungen mit endlichen Abmessungen. Die induk-
tive Spannungsverteilung ist vom Standpunkt der bei StoRspannungserscheinungen auf-
tretenden harmonischen Amplituden von Wichtigkeit. Die Methode kann ferner zur Berech-
nung der in Transformatorspulen bei Betriebsfrequenz auftretenden Spannungsverteilung ver-
wendet werden, was fir die Bestimmung der Radialkomponente des Flusses notwendig ist.
Der Vorteil der mittels Matrizenrechnung abgeleiteten Formeln ist ihre Einfachheit, und daf
sie ausschlieRlich algebraische Operationen enthalten.

METHODE MATRICIELLE POUR LE CALCUL DE LA DISTRIBUTION
INDUCTIVE DES TENSIONS DANS LES ENROULEMENTS SOUMIS
A DES TENSIONS DE CHOC

K. KARSAI

RESUME

L’étude présente une méthode matricielle pour le calcul de la distribution inductive
des tensions dans les enroulements. Le modéle mathématique utilisé contient n enroulements
élémentaires identiques de dimensions finies. La distribution inductive des tensions importe
du point de vue des amplitudes harmoniques se présentant lors des tensions de choc.

La méthode peut aussi s’appliquer au calcul de la distribution des tensions dans les
enroulements des transformateurs, a la fréquence de service, calcul nécessaire pour déterminer
la composante de flux radiale.

Les formules déduites par calcul matriciel ont le double avantage d’étre simples et de
ne contenir que des opérations algébriques.

MATPUYHbIA PACYET PACMPEAENEHUNA WHAYKTUBHOIO HAMPAXEHUS,
BOSHNKAKOLWENO MPN MMMNYNbCE HA OBMOTKAX

K. KAPWAWN

PE3FOME

OnuncbIBAeTCA MaTPUUHbLIA MeTof, KOTOpPbI MPUroAeH [ANa pacyeTa pacnpeaeneHus
VHAOYKTUBHOTO HanpsbKeHMsl, BO3HMKAlOLIEro B 06MOTKax. [MpvMeHeHHas MaTemaTuyeckas
MOJIE/NIb COAEPXUT M UAEHTUYHBIX 3/1EMEHTAPHbIX 06MOTOK C KOHeYHbIM pasmepoM. Pacripepe-
NeHVe UHAYKTUBHOIO HanpsHKeHNUs SIBNSAETCA BaXKHbIM C TOUKM 3PEHUST TaPMOHUUECKMX aMMv-
TyZ, BO3HMKAOWMX MPU SBMEHUSIX YOAAPHOr0 HanpsKeHus:.

MeTog MOXeT ObITb WCMO/Mb30BaH TakKXe AN pacyeTa pacnpefeneHnsi HanpskeHus B
06MOTKax Mpu paboyeit YacToTe, UTO HEOBXOAMMO ANS1 ONpPede/ieHUsl KOMMOHEHTa MarHUTHOTO
noToKa Mno paaumycy.

MpenMyLLLECTBO (hOPMY/, BbIBEAEHHbLIX MAaTPUUHBIM METOZOM, 3aK/OYaeTCsl B TOM, UTO
OHW ABASIIOTCA MPOCTBIMU W COZiEPXAT TOMbKO anre6pavyeckuie onepaLmu.
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AN APPROXIMATE METHOD
FOR THE DETERMINATION OF THE MAXIMUM
DIELECTRIC STRESS IN ELECTRIC FIELDS

GY. VAJDA
DOCTOR OF TECHN. SC.

[Manuscript received March 18, 1966]

The paper presents a method for the approximate calculation of the maximum dielectric
stress in static electric fields. By a suitable substitution of electrodes the investigation of the
electric field can be reduced to the investigation of some simpler arrangements which are
easy to calculate. The calculation work is greatly facilitated by introducing the coefficient of
inhomogeneity. The paper also presents a calculation method for numerically separating the
fields which are inhomogeneous to the first degree from those which are inhomogeneous to the
second degree.

I. Introduction

Electrical dimensioning of an insulation is based on the knowledge of
the maximum field strength, the value of which can, in principle, always
be determined by using the potential equation. An analytical solution of
Laplace’s equation can only he derived for a few simple electrode arrange-
ments, and formulae for the maximum field strength for these cases are
given in textbooks (for example [1, 2]). More complex arrangements are
treated numerically, but the required calculations are, in general, compara-
tively laborious. Therefore, approximate methods are mainly used to solve
such arrangements (for example [3]), but they involve rather a natural turn
for engineering than conscious simplifications. This article presents a simple
method for the approximate determination of the maximum strength of an
electrostatic field in a homogeneous insulation. As a by-product, the separation
of the arrangements with first-order and second-order non-uniformities can
also be obtained by this method.

Il. Non-uniformity of the field

Non-uniformity of an electric field is characterized in various ways.
According to the strictest method, the ratio N of the maximum field strength
Emax to the minimum field strength Emjn along a line of force corresponding
to the maximum field strength:

max
V= (1)
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is determined. The maximum dielectric stress, that is, the maximum potential
gradient generally occurs on the surface of the electrode having the greater
curvature, at the point on the shortest line between the two electrodes (that
is at the base point of the electrode distance). Since the lines of force in most
fields are curved, the determination of the corresponding values of E max
and .Emin is not always easy. In practice, the ratio rj' of Emax to E'mm along
the distance a between the electrodes is preferably used:

(2)

E min
because it can be easily determined. In a simple electrode arrangement the
line of force to be taken into account coincides with the electrode distance,
and in these cases r) = r)'. In connection with the dimensioning, there is little
use in calculating the minimum field strength separately. On the other hand,
a clear picture of the degree of non-uniformity is also achieved by using the
non-uniformity coefficient .%mx

>— F
-Naverage

that relates the maximum dielectric stress to the easily obtainable average

field strength

V
E average a 4)

where V is the voltage across the electrodes and o is the distance between them.

A detailed analysis of the formulae for the maximum field strength
shows that in the case of electrode arrangements where only one radius of cur-
vature plays a part — except the planes where this radius is infinite — the
maximum field strength is a single-valued function of the ratio

a
a= —
r

(5)

r being the radius of curvature of the electrode. An additional advantage
of introducing the ratio a is that in such arrangements the non-uniformity
coefficient depends solely upon a:

A= 1(a)- (6)

By using the relationships published in the literature, the function (6) was
calculated for a number of typical arrangements, and the obtained results
arc summed up in Table I. The relationships underlying these calculations
can be found in Appendix I.
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14
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MAXIMUM DIELECTRIC STRESS IN ELECTRIC FIELDS

Arrangement

Concentric
spheres

Two small-radius
spheres*

Two large-radius
spheres

Two asymmetric
spheres, one of
them at earth po-
tential the earth
being at infinity

A small-radius

sphere and a
plane*

A large-radius
sphere and a
plane

Coaxial circular
cylinders

Two small-radius
circular
cylinders*

Two large-radius
circular cylinders

A small-radius
circular cylinder
and a plane*

A large-radius
circular cylinder
and a plane

Paraboloid-
plane*

Hyperboloid-
plane

Two hyper-
boloids

Bushing through
a circular hole*

A rounded corner
and a plane

Table 1

1

T(1+a + TTA)-

-fa

1+ ay +1
2(1+ a)

Russel’s formula

Kirchhoff’s formula

i ((1+2“+M 127)

@--2a)41
2(L+ 2a)

Russel’s formula with the substitution of 2 a

In(L+ a)
a@+a
2In(L + a) 1+a 20+a)in(1+a)
(a(@+9) va(4+ a)
) f4+ a+ tfT am
"/4+a- fol
2a(l+ a)
IN(1+2a) (* + 1+2 ai @+ 2a)Ind+ 29
va(2+ a) va(2+ a)
y2+a+ va v2z+a+/a
In —7 —-7=—  2In - .
y2 + ad—Ya Y2
2a
In(1+ 2a)
2 Va(l+ a) va(l+ a)
o VIat v In(fl +a+ /a
vl + a—foT
va(2+ a) va(2+ a)
n V2 Va . N2+ a+ Jra-
Y2+ a- va " V2

In2(1+ a)]

According to Dreyfuss’ diagram

*The formula is not valuable for small values of a.

321

Approx, value
of /x for a

Ina

2Ina

2Ina

In2a

In2a

2a
In2a

2a
In4a

In2a

In2a
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IIl. The measure of the non-uniformity

The non-uniformity coefficient fx for the investigated arrangements has
also been represented graphically as a function of a. The functions for low
values of a are shown in Fig. 1 and those for higher values of a are shown
in Fig. 2. The numerical values needed to construct the diagrams are given
in Appendix Il. As to the fields of spheres and cylinders, for low values of
a the large-radius arrangement and for high values of a the small-radius
arrangement was considered as valid. From the diagrams several interesting
conclusions on the field distribution can be drawn.

With a 1 a value of xta 1 is obtained for each arrangement, that
is, if a is small enough, the field can with a good approximation be considered
as being uniform along the distance between the electrodes and the field
strength along this line is approximately equal to Ea,erage. This statement
applies, of course, to the electrode distance only, and for the remaining regions
of the arrangement it is not true.

When a 1, the characteristics can be arranged in distinct groups.
To show this, the non-uniformity coefficients corresponding to a = 40 and
a = 100 have been determined by means of the approximations in the last
column of Table I, and the obtained values are given in Table Il. These
characteristics are put side by side not only for high values of a, but

Table 11
Arrangements

a= 40 a = 100
Concentric Spheres ... 40 100
Sphere-plane .. 40 100
Asymmetrical spheres..... 40 100
TWO SPhEres e 20 50
Paraboloid-plane .....iiiniennns 19,8 37,8
Hyperboloid-plane ..., 15,7 33,3
Coaxial cylinders .o 10,8 21,7
Circular cylinder-plane ..o 9,1 18,9
Bushing through a wall........ 9,1 18,9
Two hyperboloids ..o 9,1 18,9
Two circular cylinders ... 5,4 10,8
Corner-plane ... 3,25 4,3
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Fig. 2
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also for any other values of it. The characteristics can be classified as
follows:

a) Very strongly non-uniform fields with /nod«.. This group includes
the fields of concentric spheres and sphere-plane arrangements as well as
the field of two asymmetrically disposed spheres if one of them is at earth
potential, the ground being placed at infinity.

b) Strongly non-uniform fields with /n approximately between a/2 and
a/4 for high values of a. They embrace the fields of two spheres and of such

arrangements as a paraboloid-plane or a hyperboloid-plane approaching the
point-plane arrangement. The field of two spheres with high values of a can
be considered as a typical representative of this group.

c¢) Moderately non-uniform fields with u lying approximately between
a/4 and a/8. These are the fields between two coaxial cylinders, between a
circular cylinder and a plane, between two hyperboloids, and the field in a
bushing of circular cross-section. The first two of the enumerated arrangements
are typical and can easily be calculated.

d) Slightly non-uniform fields with u < a/8 for high values of a,
including the field between two circular cylinders and, strangely enough,
that between a rounded corner and a plane.

The curves furnish a quantitative demonstration of what is known about
the effect of the factors influencing the variation of the maximum field strength.
When at a constant voltage and a constant electrode separation the shape
and radius of curvature of one of the electrodes (and consequently the value
of a) are kept unchanged while the shape of the other electrode, i.e. that of
the counterelectrode, is varied, Emax increases if the capacity of the arrange-
ment also increases. The dielectric stress along an ordinate get up at a given
value of a increases in the following sequence of the arrangements, when
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for example spherical electrodes are considered: two spheres, sphere and
plane, concentric spheres. A similar result is obtained with any other arrange-
ments; as an example for a cylinder the order of succession with increasing
dielectric stress is like this: two cylinders, cylinder-plane, coaxial cylinders.
Consequently, the larger the surfaces along which the electrodes approach
each other are, that is, the more is one of the electrodes surrounded by the
other, the higher is the value of E max.

It can also be seen from this diagram that the radius of curvature R
of the counterelectrode has a much smaller effect on the maximum stress
than radius r. The radius R of the counterelectrode is R — r + a for concentric
spheres or coaxial cylinders and R = oo for a sphere-plane or cylinder-plane
arrangement. An investigation of the effect of the variation in R along the
above mentioned vertical coordinate shows that increasing R from r a
to oo results in acomparatively small decrease in the non-uniformity coefficient,
the same decrease being attained with a relatively small increase in r. These
conditions are shown in Fig. 3, where a decrease Ap is caused by a decrease
Ax according to the equation

Ax = x1—x2= a W - 1= a 0)

or by an increase Ar

AX

r2—rx= Ar= Ax = i ¥ o (8)

of the radius r. By rearranging Equ. (8) and substituting r — rx one obtains

r AX

X 1— Ax/x X — Ax

r. (9)

If AR or Ap is small, the equivalent change Ar corresponding to the effect
of the change in R can be determined in an analytical form by using the
relation
. A .
Axad AL L oap X (10)
U (X) oL

IV. The nature of non-uniformity

From the point of view of an electric breakdown, fields of first-order
and second-order non-uniformities are distinguished. If Emax increases when
the electrode distance is increased at the expense of the radius of curvature,
the field is considered as having a second-order non-uniformity, and a partial
breakdown can occur in it. In the opposite case the field has a first-order
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non-uniformity, and only total breakdown is possible in the arrangement.
Generally, the conditions can be analysed in terms of x; the fields initially
have a first-order non-uniformity, and beyond a critical value acr they change
to a second-order non-uniformity.

Analytically, the conditions can be followed by investigating Emax as
a function of the electrode separation, Emax = f(d), if a specified way is
prescribed for the electrode distance a to vary with the radii of curvature.
The maximum stress plotted against the electrode distance then has a mini-
mum, the position of which will give the value of acr-

in general, for the discussed cases

\
~max a Ne (H)

so that the derivative of E max with respect to a is found to be

8 E, y (fyt/aﬂ) a—u (12)
na a2

Since the factor u is given as a function of a in Table I, it is convenient
to write Equ. (12) in the form

max A= F s a . (13)

The differential quotient 3/r/3a in the formulae of Table | can easily be
evaluated. When considering the differential coefficient

X 9 a r—a (3r/3a)
a a . r2

(14)

the nature of the arrangement must also be taken into consideration. For
asymmetrical arrangements (concentric spheres, coaxial cylinders, electrodes
against a plane) the condition relative to the change in electrode distance
is satisfied if
r a= Kr = constant, (15a)
whence
r= Kl—a (16a)

and the value to be substituted in Equ. (14) is

(17a)
da

For symmetrical arrangements (two electrodes with identical radii of curva-
ture) the condition
2 r-fa= K2= constant (15b)
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must be fulfilled, and then

= a
r= K= (16b)
2 2
and
or 1
(17b)
8a 2

W ith these considerations in mind and by using Equs (13), (14) and
(17), the position of the extreme value separating first-order and second-
order non-uniformities is furnished by the solution of the equation

V ran r+ a Vv
- —a(l+a) —p1 -0 (18a)
a2 8« r2 a2 9x
for the asymmetrical arrangements and by the solution of
vV 9 2r -f- vV 91 |2+
" r-f-a " | a| (18b)

a2 doc 2r2 a2 ax 1 2 j

for symmetrical arrangements.
The calculation is shown for two simple cases. For concentric spheres

Table | gives
= 1+ « (19)

whence the expression in brackets in Equ. (13) is written as
[«l+ «- 1+ «]=0 ! (20)
the solution of which gives aa = 1. The ratio of the radii in this case is

R -\-
' a-—1+ a= 2 (21)

Similarly, for coaxial cylinders

(22)
In (1 - a)

so that Equ. (13) can be written as

In(1+ x)- al(l -fa) a(l a) — - 0 (23)
In2(1 + o In(1 -- a) '
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The solution of this equation is acr= e — 1, and the ratio of the radii is then
given as

R r+ a
1+ «=e. (24)

The results calculated in the same way for a number of arrangements are
summed up in Table III.

Table 111

Arrangements «€r at <cr Remarks
Concentric SPheres. . 1 2 Rir = 2
TWO SPhEIES i 1,97 1,76 D/r = 3,97
Two spheres, one of them grounded .. 1,33 1,77 D/r = 3,33
A sphere and a plane ... 1,08 1,84 D/T= 2,08
Coaxial circular cylinders ... 1,72 1,72 R/ir = 2,72
Two circular cylinders ..., 3,85 1,58 D/r = 5,85
A circular cylinder and a plane ... 1,83 1,56 D/r = 2,83
A paraboloid and a plane* 1,29 1,98 -
A hyperboloid and a plane 1,42 1,84 -
Two hyperboloids ..t v 2,68 1,82 -
A rounded corner and a plane ... 2,08 1,48 —

*A rough approximation, because of the small value of a.

When the analytical solution of Equ. (18) ran into difficulties, a graphical
construction was applied. In the last column “Remarks” of Table Ill the
guantities appearing in the formulae for the field strength are related to
acr- In these expressions ris the inner radius, R is the outer radius, and D is
the distance between the centres for spheres or between the axes for cylinders,
and when one of the electrodes is a plane, D denotes the distance of this
plane from the centre of the sphere or from the axis of the cylinder.

In the investigated arrangements the values of the non-uniformity
coefficient 1 corresponding to &% lie between 1,48 and 2,0, that is, in the
fields of first-order non-uniformity M is smaller than 1,5-i-2,0 and in the fields
of second-order non-uniformity fi is greater than 1,54-2,0. On the other hand,
an even more interesting conclusion is that the value acr separating the two
cases is in general greater than 1, and only for concentric spheres is it equal
to 1. Consequently, the field is always of a first-order non-uniformity for
a/r ~ 1, and a second-order non-uniformity is only obtained with o/r > 1.
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V. A general method for the approximate calculation
of the maximum dielectric stress

On the base of the previous considerations a simple method might be
proposed for the approximate determination of the maximum potential
gradient of an electrostatic field produced in a homogeneous insulation between
two electrodes having smooth surfaces.

The arrangement considered is replaced by the most similar case among
those in Figs 1 and 2. In doing this, the distance a between the electrodes
must be kept unchanged. The replaced electrodes are preferably chosen in
such a way that the radius of curvature r of the electrode with the greater
curvature is equal to, or less than, that of the replaced electrode. In the case
of two similar electrodes this requirement refers to the investigated point.
The same applies to the algebraic value of the radius of curvature of the
counterelectrode, which means that the replacing electrode must surround
(“envelope”) the other electrode to the same extent as, or even better than,
that which has been replaced. After the equivalent arrangement has been
chosen, the coefficient a can be determined, and from this value the factor
fi is obtained according to Fig. 1. By determining the average field strength
in Equ. (4), the maximum dielectric stress

Awax —" average
is readily obtained.

APPENDIX |

Relationships used to calculate the values of the non-uniformity coefficient

The notations in these formulae are as follows:
E'max maximum dielectric stress;

\ voltage across the electrodes;
a electrode distance;
r radius of curvature of the inner electrode or of the electrode with the greater
curvature;
R radius of curvature of the outer electrode or of the electrode with the smaller
curvature.
The serial numbers before the formulae are the same as in Table I.
" R
1* E,,3
a r
V (a+r
2a { r
\%
3. E,, f

where the factor/as a function of a = a/r is found to be

f = (“+ *)+ NfT2 4"2(a -+ 2)3 + 2(a+ 2)4+
2a
to@+ 25 (@a+ 2y (a+ 28
according to Russel’sapproximation.
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4. E,max_ f

The value of/ ' is given by Kirchhoff’s elliptical integral series, and fora > ! a good approxi-
mation is obtained by

ecim 1
SCFT MLl @+ D@+ 23
= [2a+7r 1 r
> E. 2a 1 r 2a+ rg

6- £EnXx = — f"

where/"(a) = /(2a) by using Russel’s formula for two spheres

F

rin 4

I < 1T Q—— |

— +
In a+ r

U a+r)
a+ 4i
+ -
21 In Ya2+ 4 ar -f-a
Ya2+ 4 ar—a

r Za +_r)J'

Na2+ 2ar+
rin
la2+ 2ar —a
2 F
“In r-f-2a
2|/a2
Ya2+ ar + a
Ya2+ ar — a

\% Y + 2ar

+ 2ar + a
In

Ya2+ 2ar — a

F
'max - 2R

16. Graphically determined by Dreyfuss [2].
The derivation of the formula can be found in the special literature on high voltage
engineering of electric fields (for example [1, 2]).

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



996T ‘99 QEO!JEﬁUHH wnJenusios selwspedy edluydsl eldy

0

0,2
0,5
0,8

15

2,5

10
15
20
25
30
40
50

Concentric
spheres

1,2
15
1.8

2,5

3,5

11
16
21
26
31
a1
51
101

TwoO 8 >heres

Large
radius

1,07
1,17
1,28
1,36
1,56
1,77
2,03
2,22
3,15
4,60
5,58

Small
radius

3,9
4,55
5,55

10,5
13

15,5
20,5
25,5
50,5

APPENDIX

Calculated values of the non-uniformity coefficient

grounded

One

1,07
1,20
1,38
1,52
1,91
2,34
2,8
3,25
5,17
8,11
10,1
15,07
20,05
25,04
30,03
40,03
50,02
100

The values of fi of the

Sphere -plane

Large
radius

1,14
1,36
1,61
1,77
2,22
2,68
3,15
3,63
5,59
8,55

50,5
100,5

Small
radius

5,55
8,5
10,5
15,5
20,5
25,5
30,5
40,5
50,5
100,5

cylinders

7,7

8,75
10,75
12,7
21,6

Two cylinders

Large
radius

1,03
1,08
1,14
1,16
1,24
1,32
1,39
1,47
1,73
2,16
2,38
2,97

Small
radius

1,62
2,04
2,29
2,88
3,45
4.0
454
553
6,45

10,96

following arrangements:

Cylinder-plane

Large
radius

1,08
1,16
1,26
1,32
1,47
1,6

1,75
1,87
2,4

3,12
3,53

Small
radius

2,28
2,98
3,43
4,5
5,55
6,5
7,4
9,25
10,9
18,9

Point-plane

Paraboloid

1,82
2,17
2,48
2,79
3,02
4,17
5,65
6,6
8,75
10,75
12,7
14,6
18,3
21,7
37,7

Hyperboloid

1,13
1,30
1,49
1,60
1,88
2,14
2,40
2,64
3,56
4,84
5,6
7,53
9,3
11
12,8
15,95
19,1
33,6

point

(hyperboloid)

Point

9,3
11,1
19,2

Bushing through
a circular hole

1,12
1,29
1,46
2,1
2,717
3,24
4,38
5,35
6,3
7,1
9,15
10,8
18,9

Corner-plane

1,05
1,12
1.2

1,24
1,35
1,47
1,58
1,65
1,85
2,08
2,22
2,54
2,72
2,89
3,04
3,37
3,65
4,3
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NAHERUNGSWEISE BESTIMMUNG DER GROSSTEN BEANSPRUCHUNG
IN ELEKTRISCHEN FELDERN

GY. VAIDA

ZUSAMMENFASSUNG

Die Arbeit bringt ein Verfahren fir die ndherungsweise Berechnung der gréBten
Beanspruchung in statischen elektrischen Feldern. Durch eine zweckméBige Substitution der
Elektroden kann die Untersuchung des Feldes auf die Untersuchung von einigen einfacheren
und leicht zu berechnenden Anordnungen zuriickgefihrt werden. Die Rechenarbeit wird durch
die Einfuhrung des Inhomogenitatsfaktors sehr erleichtert. Die Arbeit zeigt auch ein Berech-
nungsverfahren fir die numerische Trennung der inhomogenen Felder ersten Grades von
denjenigen zweiten Grades.

DETERMINATION APPROCHEE DE LA CONTRAINTE DIELECTRIQUE MAXIMUM
DANS LES CHAMPS ELECTRIQUES

GY. VAJDA

RESUME

L’étude présente une méthode pour le calcul approché de la contrainte maximum
dans les champs électriques statiques. Par une substitution convenable des électrodes, on peut
réduire I’étude du champ a I’examen de quelques arrangements plus simples, faciles a calculer.
Le travail du calcul est notablement facilité par I'introduction du coefficient d’inhomogénéité.
L’étude montre aussi une méthode pour la séparation numérique des champs inhomogenes au
premier et au second degré.

MNPUBAVXXEHHOE OMPEAENEHUWE MAKCUMAJIBHON HATPY3KU
3NEKTPUYECKUX CUIOBbLIX MOJEW

Ob. BAUOA

PE3IOME

B pa6oTe AeMOHCTPUPYETCS METoA MPUG/MKEHHOTo pacueTa MaKCUMa/IbHOM Harpysku
3NEKTPUYECKMX CWUMOBbIX Moneid. LlenecoobpasHbIM 3amellieHMeM 3MeKTPO0B UCC/e0BaHe
CW/IOBOTO MOt MOXHO CBECTM K HECKOMIbKUM 60/iee MPOCTbIM U NIETKO BbIUMCISEMbIM CXEMaM.
PacueT 3HauMTeNbHO 06/1er4aeTcs BBeAEHWEM KOI((ULMEHTA HepaBHOMepHOCTU. B pa6oTe
nokasaHa MeTOfMKa pacyeTa TakXe AN YMCMOBOrO pasfesieHnst HEeroMOreHHbIX CU/OBbIX
noseit NepBoro 1 BTOPOro MopsiKa.
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INCREASING THE EFFICIENCY
OF GAS TRANSMISSION PIPE LINES

A. FONO
CORRESPONDING MEMBER OF THE HUNGARIAN ACADEMY OF SCIENCES

[Manuscript received March 21, 1966]

The efficiency of gas transmission pipe lines can be increased by reducing the distances
between the compressor stations; in existing systems the method to step up efficiency is to
insert intermediary compressor stations. The insertion of compressor stations improves the
economy of operation even before it becomes a necessity for higher efficiency. The load at
which a compressor station in the halving point between two existing ones contributes to
better economy, can be calculated. The paper presents a calculation to establish the annual
running time needed to cover the amortisation costs of such an intermediate compressor
station for constant load round the year. Its rate provides information on the economy of the
investment. The annual operating time above which the establishment of an intermediate
compressor station improves economy with variable load can be determined on the basis of
the load frequency curve. Cases in which the insertion of two intermediate compressor stations
offers better economy than the setting up of one only, can be calculated according to a similar
method.

To increase the capacity of gas transmission lines it is customary to
insert compressor stations along the line. The insertion of compressor stations
may be economically advantageous even before gas production has grown
to such an extent that operation would not be possible without them. In fact
their insertion is justified in all cases when the annual charges on the invested
capital are less than the value of labour saved through the operation of the
compressor station.

What follows is the examination of the economy of the insertion of
compressor stations in a given gas transmission pipe line.

Known are:

ifm] the length of the line section between two existing compressor stations;
Pa [kg/sq.cm] the end-pressure of compression admissible by the strength of the given
pipe;

Pb [kg/sq.cm] the pressure at the end of the line section of a length of | ahead of the
compressor station.

There are no differences in level along the said line section which would
require special consideration.

The pressure drop corresponding to the diameter of the pipe line, over
a length | between two compressor stations, in function of the quantity of

gas transferred, q [N. cu. m/h], is expressed by the following relationship:

PI-Pb = C1-q2l. (1)
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Similarly, with the pressure of pc at the end of the line section Z/2:
pl~pl =ClI - . (2)
Compression work is determined by the relationship (3)

L=C.q— log Ra[lUl], 3)
\% Pb

where 1j is the efficiency.
From (1) and (3) follows:

£E=c¢- yloSTE 4 - 21 Tkw - <)

Where there is no special reason for a different arrangement, the
compressor station is inserted at the halving point of the distance I. Although
according to this arrangement two compressor stations will consume power,
each will need considerably less due to the smaller pressure drop along the
line section of half the length.

The compression work of the two stations will add up to:

2Le= C+— 2log =C - 2log- . Pa.-r—-—-- ,
Ve Pc Ve fpl-C, g2~

2Le= C » log--------—-- N T— - (5)

Power consumption with an intermediate compressor station will be
lower than without it if

LAr> 2Le
consequently, from (4) and (5)
—-log B% ........... 1> log Pa ,
Vv Kpa — C1g21  fle BZ iy g2 '
Pa LU-> pi 1),
Lbl -C iti Pl- CI1°?
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, o

pi- Cigly Y 1)
a\Ve \Al

(UP2 -C ig4) 14

Here follows a verification of calculating with the assumption that

rjOdrje.

VY

0 qrn2/hy

Fig. 1. Variations in gas compressor efficiency

In this case, namely,

Pl - Clg2-
" Pai

Ipl ~Cyqg21 "

pt-2plCiq2- cfq* > Pa ClPaq2l Clgn>0
2 4 4

i.e. it is always justified economically to keep an intermediate, amortised,
compressor station in operation if the change in its efficiency is of negligible
magnitude.

The intermediate compressor station be of the same type as the one
already existing or selected in such a way that under the given operating
conditions, its maximum efficiency should be attained at the given load.

If the latter case is chosen the relative mean efficiency of the two
series-connected compressor stations can not be lower than if both are of
the same type.

If the new compressor station is of the same type as the existing one,
its efficiency — due to the diminished pressure gradient — will change in
the same way as the efficiency does with the new volume corresponding to
the changed pressure of the gas on arrival. Fig. 1 shows the variations of
compressor efficiency in function of the compressed volume. The optimum
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relative efficiency is marked 1. Gas pressure, from pb at the point of arrival
is increased to pc. This change influences the efficiency. It may be assumed
that the existing compressor had operated at approximately optimum
efficiency.

As per (1) and (2), the volume diminished according to the pressure
ratio pb/pc

(fICx- pi- pi- 2{pi_- pi),

since

Pi+ Pb n2,

(6)

Pb 2pl
Pc “Li pl+pp (Pa/PbY + 1 (V

Assuming, for instance pato be 70 kgs per sq.cm, with the efficiency
according to Fig. 1 we obtain the values in Table 1.

Table 1
P AR 4r. %
66,5 0,975 99,7
63,5 0,95 99,4
60,0 0,92 99,0
56,0 0,89 96,5
50,0 0,825 94,0

Since in the conventional compressor stations the compression ratio is below 70/50 =
= 1,4 the above )r = 94 per cent may be regarded to be the extreme value and the assumption
Tesdrj is acceptable.

In the case of a compressor station yielding constant performance round
the year, if the first cost amounts to Le ma and its annual amortisation rate
is Le »ab, then savings accrued by consumption of 2 Le only — instead of
L — during h number of hours, must exceed Le ma b. If the cost per kWh,
including supplementary costs, is C2 amortization is covered provided constant
load over h hours per annum when

abLe< C2(L —2Le h
viz. provided that

— < — -2
C2h  Le
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Calculations have been carried out with the cost of kWh of power as
unity, independent of any currency.

At constant load, the length of operating period in terms of hours, to
cover amortisation is as follows:

1
h
L/L2—2
Substituting L and Le from (4) and (5) respectively

1
VAN
ah log (Pa/Pb) _ 2
C2 log (Pa/Pc)
where, as per (6):
Pa —

Pc' - f 1 <I%b/Pa2 ®
] 2
/ l IPb

Pa
ab

05 (Pa/Pb) C. ©

Pb .
log
l (Pb/Pap

where ab/C2 denotes the annual amortisation rate of the capital invested,

in terms of unity of labour, for inst. cost in kWh. This unity, for loads in
the environments of the order of Le can be readily established.

According to relationship (1), the pressure of gas at its arrival to the
compressor station, prior to the setting up of the new intermediary com-
pression station (pb), depends on the rate of gas transfer viz. g[N. cu. m/h]:

g = pi— %,

The next example was calculated with paat 70 kgs per sg.cm. It has been assumed that
Pb~ 50 kgs per sqg.cm corresponds to = gmax, consequently
Pa = 14 .
P bmin

So calculated, ®(pa!lPb)Tax = 2,55; furthermore, if in the example

a — 200 $ per kw,

b = 12 per cent,

C2 = 0,02 $ per kWh
and consequently ab/C2=

1200, then the operating time h 1200X2,55 = 3060 hours per
annum.

In this example with the assumption of | to be 121 000 m and d to be 0,5 m and for
P kg/m2

a 2 g2l

_ 92121 000 . 2163
Pa ~~ Pbmn 1,21 «106d16/3

To1e106 | At492= (49 —25) 100,
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then
24 «101»= 492; Je = 4; (10)
g = 245 000 N. cu.m/h .

Accordingly, with constant 245 000 N. cu.m per h load round the year, under the

conditions given in the example, the equipment can be amortised in 3060 hours per year of
operation. This means that the

8760 — 3060

0,65*6 part
8760

of the capital investment represents the profit.

With variable load during the year, on the other hand, in which case
the load is determined by chart No. 2, the procedure followed is to compute
the potential savings derived with an intermediate compressor station for

each rate of load and to sum those up in consideration with the time durations,
viz. to derive

C2J* (L — 2L2)dh .

This saving in cost is subsequently compared with the ab Le max deducible
cost, which corresponds to the capital investment. Thus, we derive

C2gel Jog ra- - 2log Pa dh > ab gmaxCllog Pa
Pb P
- L log i 52 g
O’?m ax {Pa/PCQ PCm n
From (6)
Pa 2 Pi +23b
>
Pc 1 (Pb/Pa)
PalPb PT PZ Poo 1 Pa_ Pb
pUpi PaPb a Pb 2 pp Pa
4 Pa  Jh ab
I° | dh lo
O?max . Pal ’ l iPb/Pa) fin
As per the preceding example:
lecv= 4,
Pa P <
Pb P*m qcl (1—4q2pd
Pa
Pb 1-4 (g/ga 2 QiipD
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ERRATUM

Kindly insert the following corrected text on page 337 of lixe Acta Techn. Hung. 56
(1966), after the 4th line:

ab 1
- C, L/Lc- :

substituting L and Le from (3) and (5), respectively

h ab I
fog (Pjpb) _ 2
fog (Pa/Pc)
where, as per (6):
Pa 8
Pc 1. (PblPaf
ab 1 '
h U b 'IA. .
C, fog (/ft Ift,) C, Ift, (9)
2
fog . (Pbipaf

Redaction of the Acta Techn. Hung.
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since from (10)

p!- Plmn= 4gr%ax
and

1 2 Pa
pa 1- =4 =
14 2,03
Pa 9m
9wax
8,12 Pa 2,03
Pa
Pf> 1
2'03 9max
rh rh 1 : 2
o — dfi=1 -~log-L 203 1 dh
»/ 0 \ (Zmax 0 9max 2 ' umax 2,03 om
ab ab

— bg -- 0,061
1+ (1/1,4)2 clh o
From the example

ab
= 1200

[} dh ~ 73.

The variations of gn/gmal over the year in the given example are illustrated in Fig. 2.
Dividing the year into ten parts, 876 hours periods will be examined. Accordingly, after
summing up the values we derive

8760 “ gn 1 1 % ) .
s i 9 n .
10 @1l omx 09 2 |/_H 203 sox /i 1

Quat
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At the given small values of qn/gmex; <p(Avdia) are negligible, this is indicated also in Fig. 3.
In the following Table Il the values of pgn/qM|) are given in conformity to chart Nr. 3.
The time of amortisation was calculated according to the frequency curve of Fig. 2,
for 1/10 year periods and summated.

Table 11

an (ol ) § g ( o )
9max 9Imas 8760 h'i omex
0,45 0,00058
0,55 0,00083 0,05 0,00008
0,65 0,0014
0,75 0,0039
0,85 0,00915 0,1 0,00092
0,90 0,0116 0,25 0,0029
0,95 0,019 0,40 0,0072
1,00 0,025 0,20 0,005

1,0 0,016

W ith the load of the curve of Fig. 2 and under the conditions of the example, the
amount available for amortisation is proportional to the cost of

0,016 m8760 = 140 kW hours,

while the sum required for amortisation is proportional to

ab
0,061 ------- = 0,061+1200 = 73 kWh .
C

With a 73/140 = 0,52th part used towards the amortisation of investment, the net
profit is
0,48 part

and the annual operating time required for amortisation

-------- = ,0,52+8760 = 4540 hours .

Along a similar procedure, the case when the insertion of two compressor
stations instead of one is the more economical solution, can also be calculated.

The setting up of two compressor stations with constant load is econo-
mically justified if the amortisation of the additional investment can he
covered from the savings in power costs. This means that the running expenses
of 3 stations are securing bigger savings than the amortisation of the invest-
ment costs of two inserted stations against one.

a) Le KW is the power demand of one intermediate compressor station,
and

a Le its first cost.
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b) 2Le kW power is consumed by two intermediate stations, while

L kW is the power consumption of the line without compressor stations;
bdenotes the annual amortisation rate.

With C2 as the unit cost of a kWh, the annual cost of energy during

h hours per annum is

in case a)
hC2(L — 2Lc);

in case b)
hC2(L — 3Le).

Fig. 3. The effect of load upon running costs

The cost of power with two intermediate compression stations (instead
of one) is lower by the difference between the two, viz. by

hC2(2Le— 3L2).
This means that the larger capital investment is justified if
ba22 Le- barLe™ hC2(2L - 3Lel),

2 L c2-Ler (2L e-3L e,

ai Le2__1~"~hC2/j _rLe
«1 Le 2 bal 1 2 Le
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3
~
ai Le2 bax B Le

Should the investment cost in the environments of an order of L magni-
tude be written by an expression of the shape of Kx-f-L K2 then

K1+ L@2K?2 Kx+ LeK?2
a, =
+
€ *e2 K,
Ki_ J_ ., *2.
" L. K,
3
< R
bal 2
+
Kr A - —1+ -
ba.
| K,
hC2 >
A+ ~rLer + i, a ~ — *
Kr Kr bax 2 2]
< .
K2 ,, . hc2 . hez .o,
Kr bax ba,
hCO 3 A
K x bax 2 2
Le<.
K9 3. hk aA-m 4
bax 2

A is a function of | and g, the limit value of Le, in addition to I, is also
determined by g. If increasing load attains the q value which corresponds
to LekW, the insertion of two intermediate compressor stations is an economical
proposition.

W ith variable load, on the basis of the load curve, the calculation can
he performed in the same way as in the case of the insertion of one single
compressor station.
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STEIGERUNG DER LEISTUNGSFAHIGKEIT VON GASFERNLEITUNGEN

A. FONO

ZUSAMMENFASSUNG

Die Leistungsfahigkeit von Fernleitungen kann durch Verringerung der Entfernung
zwischen den Kompressorstationen erhéht werden. Bei vorhandenen Fernleitungen ist es
tblich, die Leistungsfahigkeit mittels dazwischengeschalteter Kompressorstationen zu stei-
gern. Das Dazwischenschalten von Kompressorstationen kann die Wirtschaftlichkeit steigern,
noch bevor es des Dazwischenschaltens zur Erhéhung der Leistung bedirfte. Es ist berechen-
bar, bei welcher Belastung der Betrieb einer Verdichterstation in halber Entfernung zwischen
zwei Verdichterstationen die Wirtschaftlichkeit erhéht. Die zur Amortisierung der Baukosten
einer dazwischengeschalteten Kompressorstation ndtige Anzahl von jéhrlichen Betriebsstun-
den wird fur den Fall einer wéhrend des Jahres unverdnderten Belastung berechnet. Dadurch
kann die Wirtschaftlichkeit der Investition beurteilt werden. Im Falle einer sich wahrend des
Jahres &ndernden Belastung kann diejenige jahrliche Betriebsstundenzahl, Gber welcher die
Schaffung einer dazwischengeschalteten Kompressorstation wirtschaftlich ist, auf Grund der
Haufigkeitskurve der Belastung festgestellt werden. Mit einem ahnlichen Verfahren kann
berechnet werden, wann es wirtschaftlicher ist, zwei Verdichterstationen anstatt einer dazwi-
schen zu schalten.

L’AUGMENTATION DE L’EFFICACITE DES LIGNES DE TRANSPORT DE GAZ
A. FONO

RESUME

L’efficacité d’une ligne de transport peut étre augmentée par la diminution de la
distance entre les postes de compresseurs. En cas d’une ligne de transport existante, on aug-
mente généralement I’efficacité par un poste de compresseur inséré. L’insertion d’un poste
peut augmenter I’économie, avant méme que cette insertion ne devienne nécessaire en vue de
I’Taugmentation du rendement. On peut calculer & quelle charge le poste de compresseur établi
a mi-distance entre deux postes de compresseurs existants augmente I’économie. Le nombre
d’heures de service par an, nécessaire pour I’amortissement des frais de construction d’un
poste de compresseur inséré est calculé pour le cas d’une charge constante au cours de I’année.
On peut juger par la de I’économie de I'investissement. Au cas de charges variables au cours
de I’année, le nombre d’heures de service par an au-dessus duquel la construction d’un poste
de compresseur inséré est économique, peut étre établi en partant d’'un diagramme de fréquence
des charges. Par un procédé semblable, on calcule dans quels cas I'insertion de deux postes de
compresseurs au lieu d’un seul devient plus économique.

MOBbILWEHWE MPOMYCKHOW CMOCOBHOCTU MATMUCTPA/IbHOIO
FA30MNMPOBOJA

A. ®OHO
PE3FOME

MponyCKHY0 CNoCO6HOCTb ra3onpoBoA0B MOXHO MOBbLICUTL YMEHbLLIEMHMEM PaCcCTOSIHUA
MeXy KOMMPECCOPHbIMU CTaHUmMAMK. B ciydae pa6oTalollero rasonposoga npw MoBbilLeHUN
NPOMYCKHOM CMOCOGHOCTM 06bIYHO NPUGEraloT K AOMO/HUTENIbHOMY YCTPOWMCTBY Ha y4acTKax
KOMMPECCOPHbIX CTaHUWA. YCTPOACTBO [AOMOMHWUTENbHOW KOMMPECCOPHOW CTaHLy MOXeT
MOBbLICUTbL S3KOHOMUYHOCTb €llie Mepes TeM, Kak ero YCTpoicTBO NoTpebyeTcsl BCAeACTBME HEo6-
XOAMMOCTY MOBbILLEHWE MPOMYCKHOM CMOCOBHOCTM FasonpoBoda. MOXHO BbIUMC/IMTL, YTO MW
aKCnyaTauuyM KOMMPECCOPHOW CTaHLUMM Ha y4yacTKe MexXay ABYMSI KOMMPECCOPHbIMU CTaH-
LMSIMM NPY KaKoii Harpyske MoBbILIAET 3KOHOMUYHOCTb. MOACUMTAHO FO0BOE UMCIO paGoumx
4acoB, HEOBXOAMMbIX ANS1 MOKPLITUSI PACXO0B YCTPOICTBA MPOMEXYTOUHOW KOMMPECCOPHO
CTaHUMM ANA Cyyas HeM3MeHHO Harpysku B TeueHue Bcero roga. CaTuM MOXHO onpeaeninTb
9KOHOMMWYHOCTb KanuTa/lbHbIX 3aTpaTt. B clyuae M3MeHsIIOLLECs B TeUeHMe roga Harpysku Ha
OCHOBE KPWMBOW 4acTOTbl HArpysky MOXHO OMpeae/iMTb TO FOA0BOE YWCI0 Pa6ouMx 4acos,
CBEpPX KOTOPOro YCTPOCTBO MPOMEXYTOUHON KOMMPECCOPHOW CTaHUmn 6yAeT 3KOHOMUYECKM
BbIFOAHbIM. CXOXWM METOA0M MOXHO BbIUMC/NTL, B KaKUX Clydyasx BbIFOAHee YyCTpavBaTb
BMECTO OfHO/ MPOMEXYTOUHON KOMMPECCOPHOW CTaHUMKU [Be CTaHLMW.
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DIE STATISTISCHE BEWERTUNG
DES VERBRAUCHES IN RADIALNETZEN

I. BACH

KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN
FORSCHUNGSINSTITUT FUR ELEKTRIZITATSWIRTSCHAFT, BUDAPEST

[Eingegangen am 10. Juni, 1966]

Im Laufe der Projektierung von Radialnetzen ergeben sich Nachteile einiger gegen-
wartigen Berechnungsmethoden, bei denen die Gleichzeitigkeit nicht exakt bertcksichtigt
werden kann. Diese werden dadurch eliminiert, daB die Belastungen des Netzes als Zufalls-
variable betrachtet werden. Dabei wird die resultierende Belastung der individuellen Ver-
braucher als normalverteilt vorausgesetzt, und so werden sich auch die Belastungen der
Knotenpunkte und der Leitungsstrecken ebenfalls als normalverteilt ergeben. Bei der Berech-
nung des groBten Spannungsabfalls wird auch der Umstand berlcksichtigt, daB die in den
einzelnen Leitungsstrecken auftretenden Spannungsabfélle nicht als unabh&ngig betrachtet
werden kdnnen. Bei der Berechnung der Netzverluste wird das Wahrscheinlichkeitsmodell der
Belastungen angewendet. Insofern der urspringliche Verbrauch als aus einigen charakteristi-
schen Verbrauchstypen zusammengesetzt betrachtet werden kann, lassen sich die in den Rou-
tinberechnungen vorkommenden Konstanten auf Grund der Verbrauchskurve der einzelnen
Kategorien im voraus berechnen. Es werden auch die Anderungen in der Belastung beriick-
sichtigt, die durch die Zunahme der Belastung im Laufe des Jahres bedingt sind.

I. Einleitung

Bei Planung von Verteilungsnetzen strebt man an, das Netz fur die
Versorgung gegebener Verbraucher so anzulegen, daR dabei

a) die vorgeschriebenen technischen Bedingungen befriedigt werden;
und zugleich

b) die maoglichst héchste Wirtschaftlichkeit der Energieversorgung
erreicht wird.

Hinsichtlich der Erfullung der technischen Bedingungen mull beachtet
werden, dafll die Belastung der Leitungen unter ihrer Belastbarkeit liegen
soll und der gréBte Spannungsabfall den zuldssigen Wert nicht Gberschreiten
darf.

Fir die Beurteilung der Wirtschaftlichkeit ist den Investitionskosten
die Ersparnis an den Betriebskosten gegenlberzustellen. Eine Netzerweiterung
kann als wirtschaftlich angesehen werden, wenn der Kapitalaufwand unter
dem Kostengleichwert der als Ergebnis der Modifizierung herabgesetzten
Netzverluste bleibt.

Fur die ublichen einfachen Analysen begnigt man sich in der Regel
mit den obigen Untersuchungen. Die in der Berechnung angewandten alle
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drei GroBen — die hochste Belastbarkeit der Leitungen, der gréRte Span-

nungsabfall und der Netzverlust — sind von den Belastungen der
Abnehmer, richtiger gesagt, von der Einschdtzung des Leistungsbedarfes
abhéngig.

In der vorliegenden Arbeit wird ein Verfahren beschrieben, mit welchem
die Genauigkeit der Einschdtzung erhdéht und somit die Berechnung exakter
gemacht werden kann.

Il. Schwierigkeiten der genauen Einschétzung

Unter der realen Voraussetzung, dall die Tageslastspitzen fur alle Ver-
braucher zeitlich zusammenfallen, sind sowohl fir die Leitungsbelastbarkeit
als auch fur den zuldssigen Spannungsabfall nur die Spitzenlasten mafRgebend.
Die Spitzenlasten und die gréBten Spannungsabfalle der einzelnen Leitungen
sind durch die Resultierende der Spitzenlasten der einzelnen Verbraucher
bestimmt. Die algebraische Summe der einzelnen Spitzenlasten ist jedoch
wegen der Ungleichzeitigkeit im allgemeinen groBer als die resultierende
Spitzenlast. Aus &dhnlichen Grunden liegt die algebraische Summe der in
den Leitungsstrecken der Reihen-Strombahn entstehenden gréfRten Spannungs-
ahfélle ebenfalls héher als der beim Verbraucher melbare gréfte Spannungs-
abfall.

Es ist eine problematische Aufgabe, den Wert des Gleichzeitigkeits-
faktors von Fall zu Fall zu ermitteln und in der Berechnung irgendwie zu
bericksichtigen.

Waéhrend es bei der Kontrolle der zuldssigen Leitungsbelastungen
und Spannungsabfélle genligt, von den Angaben fiir einen einzigen Zeitpunkt
— die Spitzenlastzeit —e auszugehen, mufz man fir die Berechnung der
Leitungsverluste noch den zeitlichen Verlauf der Belastungen kennen.

Das ubliche Verfahren ist, die hinsichtlich des Verlustes &quivalente
Ausnutzungsstundenzahl fur die Berechnung zu definieren, die zumeist ein
Schétzungswert ist. Diese gibt fir den betrachteten Zeitabschnitt — in der
Regel fur ein Jahr — die Stundenzahl an, in welcher in der Leitung durch
die Spitzenlast der gleiche Verlust hervorgerufen wird wie durch die tatsach-
lichen Belastungen.

Die Annahme einer gleichen Ausnutzungsstundenzahl fur alle Leitungen
ermdglicht allerdings nur eine grobe Einschdtzung.

Die Bericksichtigung der Gleichzeitigkeit kann gelést werden, wenn
man die Belastungen der Verbraucher als ZufallsgréBe ansieht. Zur exakteren
Berechnung des Verlustes braucht man mehr Information tUber den zeitlichen
Verlauf der Belastungen anzugeben. In der unten beschriebenen Methode
werden beide Verfahren zugleich angewandt.
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Ill. Typische Verbraucherkategorien

Der Verbrauch jedes Knotenpunktes ist die Resultierende der Strom-
abnahmen zahlreicher Einzelverbraucher. Die Einzelverbraucher lassen sich
in einige typische Kategorien einordnen, so daR innerhalb einer Kategorie
der zeitliche Verlauf des Verbrauches einen &hnlichen Charakter aufweist.
Man kann Kategorien wie Haushalt, Blro, Laden, Einschichtenbetrieb,
Dreischichtcnbetrieb usw. definieren. Der Verbrauch eines Knotenpunktes
kann also statt der bisher angewandten einzigen MeRzahl durch einen Vektor
gekennzeichnet werden, der soviel Komponenten hat, wie viele Kategorien
aufgenommen wurden, und deren Werte den Verbrauch der einzelnen Kate-
gorien ergeben.

Fir eine gegebene Kategorie wird das &hnliche Verhalten der Verbrau-
cher angenommen, und Unterschiede sind nur in der GrolRe des Verbrauches
zuléssig. Definieren wir eine Verbrauchseinheit fir jede Kategorie und nehmen
ihren zeitlichen Verlauf als bekannt an. Wie bereits erwahnt, wird der Ver-
brauch als ZufallsgroBc aufgefal’t, und somit ist die Verbrauchseinheit der
i-ten Kategorie in Abhé&ngigkeit von der Zeit als Parameter durch die Wahr-
scheinlichkeitsverteilung

fi{x, 1)

gekennzeichnet. Um in den folgenden Uberlegungen uberflissige Komplika-
tionen zu vermeiden, haben wir den Berechnungen die sog. »Gleichstrom-
methode« zugrunde gelegt, wobei die Stromabnahmen und die Leitungs-
impedanzen nicht mit ihren komplexen, sondern als reell angesehenen, auf
irgendeiner geeigneten Linie projizierten Werten bertcksichtigt werden. Dieses
Verfahren liefert in den meisten Fallen ausreichende Genauigkeit. Spater
geben wir noch die im Interesse der exakten komplexen Behandlung nétigen
Anderungen an.

Fuhren wir nun die Bezeichnungen m; und (Ij fur den Mittelwert bzw.
fur die Dispersion ein. Diese Grofen sind ebenfalls Zeitfunktionen.

mi(t) = J0 xfi(x, t) d* (la)

di(t) = 0 [* — mi(t)?fi(x"t) dx. (Ib)

Ist der Verbrauch in der gegebenen Kategorie fe,, so kann er als die Resultie-
rende von ki Verbrauchseinheiten aufgefalt werden. Der Mittelwert und die
Dispersion der Summenverteilung von Kk, gleichverteilten, unabhé&ngigen
Zufallsvariablen ergibt sich als die Summe der Mittelwerte bzw. der Dis-
persionen:

m(t) = k, m,(t) = k* m (i), (2a)
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d2(1) = 2 kieq) = k* d2(0 (2b)

wobei Kk, m(t), d2At) aus den Komponenten k m,(i), df(t) gebildete Vektoren
darstellen, und die Funktion der Summenverteilung im Sinne des Satzes der
zentralen Grenzverteilung mit den obigen Parametern nach der Normal-
verteilung strebt.

Das gilt selbstverstdndlich fiur jede Kategorie, und somit ergibt sich
der resultierende Verbrauch des Knotenpunktes fiur jeden t Zeitpunkt als
die Summe von — der Anzahl der Kategorien entsprechenden — normal-
verteilten, unabh&ngigen Zufallsvariablen, welche wieder normalverteilt ist.

Somit betrdgt der Verbrauch im Knotenpunkt
[x-k«m(f)P
1 2 k*di(i)

1020 fk* W)

Auf Grund eines analogen Gedankenganges ist die Resultierende der Ver-
brauchswerte mehrerer Knotenpunkte ebenfalls normalverteilt und weist die
gleiche Konstruktion auf.

Es sei bemerkt, dal die Richtigkeit der Annahme der Unabh&ngigkeit

IVIm(f), d(t)] (3a)

m— die als ein Grundpfeiler unseres Gedankenganges dient — problematisch
ist. Infolge gewisser &uBerer Verhdéltnisse — wie z.B. aulerordentlich frih
einbrechende Dunkelheit — ist die Abweichung des Verbrauches vom Mittel-

wert kein Zufall, und die Annahme der Unabhé&ngigkeit der Variablen trifft
nicht mehr zu. Die Standardabweichung (die Quadratwurzel aus der Disper-
sion) liegt in diesem Fall héher als die pythagoreische Summe. Besteht zwischen
den Variablen eine deterministische lineare Abhé&ngigkeit, so sind nicht die
Dispersionen, sondern die dem Verbrauch entsprechenden Standardabweichun-
gen zu summieren. Der tatsdchliche Wert der Standardabweichung liegt in
Wirklichkeit offenbar zwischen den — unter den zwei extremen Voraussetzun-
gen (die Unabhé&ngigkeit und die lineare Abhé&angigkeit) berechneten — Werten

j 2 kidKt) Ad(t) < 2k,d,(1). (3b)

In unseren Untersuchungen benutzen wir auch weiterhin die Annahme der
Unabhéangigkeit der Variablen. Der obige Gedankengang bereitet jedoch den
Weg zur Vervollkommnung des Verfahrens.

IV. Belastbarkeit der Leitungen

Bei Berechnung der Spitzenbelastung kann die Untersuchung auf einen
einzigen Zeitpunkt, d. h. die Zeit des Auftretens der Spitzenlast beschréankt
werden. Das bedeutet, daR durch Einsetzen der Spitzenlastzeit t$p in die
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Beziehung (3) fur jede Leitungsstrecke eine einzige Normalverteilung erhalten
wird. Selbstverstéandlich ist auch die Spitzenlast eine Zufallsvariable.

Fur die zul&ssige Leitungsbelastung ist die Hoéchstlast, mit deren Auf-
treten man realiter rechnen kann, malRgebend. Diese Einschréankung ist nicht
deshalb ndtig, als ob die die tatsédchliche Verteilung anndhernde Normal-
verteilung keine obere Grenze héatte. In Wirklichkeit stellt der Zustand, in
welchem samtliche Verbrauchseinrichtungen aller Verbraucher eingeschaltet
sind, die grundséatzliche obere Grenze der hdchstmdglichen Belastung dar.
Naturlicherweise wird diese »prinzipielle« Lastspitze unbertcksichtigt gelassen,
obwohl die Wahrscheinlichkeit ihres Auftretens zwar klein, doch nicht gleich
Null ist.

Die Wahrscheinlichkeit des Auftretens der Hochstlast bedeutet somit
die Realitdt. Wenn man mit einer Wahrscheinlichkeit V gewdhrleisten will,
daB die Hoéchstlast die zuldssige Belastbarkeit nicht Gberschreitet, so wird
die Lastspitze als malRgebend angesehen, fur welche die Wahrscheinlichkeit
des Auftretens einer noch héheren Belastung 1 — V betrégt.

Neben den fir die Wahrscheinlichkeit V in Frage kommenden Werten
bietet die Normalverteilung schon eine gute Anndherung. Dieser Wert gibt
eindeutig an, um W ievielfaches der Standardabweichung eine Belastung Uber
dem Mittelwert als malRgebend anzusehen ist. Die Sicherheit betrdgt bei ein-
facher Standardabweichung 84%, hei zweifacher 98% und bei dreifacher
bereits 99,8%. Ist die zul&ssige Belastbarkeit mit T bezeichnet, so ist unsere
Bedingung

T ;>m (tSp) + <xd (tSp), (4)

wobei a die mit Wahrscheinlichkeit F bestimmte Multiplikationszahl bedeutet.

V. Der groéBRte Spannungsabfall

Bei der Berechnung des grofRten Spannungsabfalls sind die Verhéltnisse
etwas komplizierter. Der Spannungsabfall zwischen dem Einspeisepunkt und
den einzelnen Knotenpunkten ergibt sich als die Summe der in den Leitungs-
strecken der Reihenstrombahn auftretenden Spannungsabfélle. Die Spannungs-
abfélle der Leitungsstrecken sind den Leitungsbelastungen proportional, und
somit stellen sie ebenfalls normalverteilte Zufallsvariablen dar. Wé&hrend man
hei der Berechnung der Leitungsbelastungen unter Voraussetzung der Unab-
héngigkeit des Einzelverbrauches die Verteilung der Resultierenden in verhélt-
nismé&Rig einfacher Weise erhalten konnte, kommt hier dieselbe Voraussetzung
nicht in Frage, denn die Belastungen der einzelnen Leitungen tragen zur
Gestaltung des Spannungsabfalls in den Ubrigen, dem Einspeisepunkt néher
liegenden Leitungsstrecken bei. Dementsprechend soll man prifen, wie es
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mdglich ist, in der Kenntnis der Spannungsabféalle von Punkt A und Leitungs-
strecke AB (Bezeichnungen laut Bild 1) den Spannungsabfall im Endpunkt
der Leitung, also im Knotenpunkt B zu berechnen.

Vor allem ist es festzustellen, dall unter den gegebenen Voraussetzungen
alle Spannungsabfélle normalverteilte Zufallsvariablen sind. Denke man sich
ndmlich den Spannungsabfall eines Knotenpunktes — z. B. des Punktes
A — als die Resultierende der durch den Knotenpunktverbrauch hervor-
gerufenen Spannungsabfélle. Die gegenseitige Impedanz zweier Knotenpunkte

sei, wie ublich, als der in einem der Knotenpunkte durch den Einheitsver-
brauch des anderen hervorgerufene Spannungsabfall definiert. Im Falle eines
Strahlennetzes ist die gegenseitige Impedanz die Impedanz der vom Speise-
punkt gerechneten gemeinsamen Strombahn der zwei Knotenpunkte.

Die GrofRRe des Spannungsabfalls im Punkt A — hervorgerufen durch
den Verbrauch des Punktes B — ist also das Produkt aus der gegenseitigen
Impedanz der Punkte A und B und dem Verbrauche des Punktes B.

Da die Stromabnahmen normalverteilte unabhangige Zufallsvariablen
sind, gilt dasselbe auch fur die von ihnen verursachten Spannungsabfélle,
und somit weist auch ihre Resultierende eine Normalverteilung auf.

Sei tna der Mittelwert und dA die Dispersion des normalverteilten
Spannungsabfalls im Punkt A, und sei mst der Mittelwert und d8 die Dis-
persion der Belastung der Leitungsstrecke AB. Bezeichnen wir die (als reell
angesehene) Impedanz des Netzes vom Speisepunkt bis Punkt A mit Z, und
die der Leitungsstrecke AB mit Zabe Der Beitrag der Belastung der Leitungs-
strecke AB zum Mittelwert und zur Dispersion des Spannungsabfalls im
Knotenpunkt A betragt offenbar Zmst bzw. Z2dIt. Trennt man nun den
durch die Belastung der Leitungsstrecke AB hervorgerufenen Spannungs-
abfall von dem durch die Ubrigen — nicht Uber die Leitungsstrecke AB
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gespeisten — Verbraucher des Knotenpunktes verursachten Spannungsabfall
ab, so werden beide normalverteilt und zugleich unabhéngig sein, wobei der
Mittelwert und die Dispersion fur den erstgenannten Wert Z und Z-d&,
und flr den letztgenannten

mA = mA—Zmst bzw. dA = d\ —Z2d2a
sind.

Setzen wir den Spannungsabfall des Punktes B &hnlicherweise aus zwei
Komponenten zusammen: der eine Wert vertritt den durch die Belastung
der Strecke AB und der andere den durch die Ubrigen, davon unabhéngigen
Stromabnahmen hervorgerufenen Spannungsabfall. Die Parameter der letzt-
genannten Komponente sind selbstverstdndlich m'A bzw. dA, wihrend die der
erstgenannten

(Z + ZAB)mst bzw. (Z + ZABf d%
betragen.

Daraus ergeben sich fir den resultierenden Spannungsabfall der Mittel-
wert und die Dispersion zu

TB — mA+ (Z+ ZAB)mst— mA + mAB, (5 )
—dA + (Z + ZAB)2d%— d2A + d\B!1 + 2 —— (5b)
' zAB
wobei
nAB — ZAB | und d\B= Z\Bd&

die Parameter des Spannungsabfalls in der Leitungsstrecke AB sind. Also —
wie das auch allgemein zutrifft — summieren sich die Mittelwerte ohne
Ricksicht auf die Abhéangigkeit der beiden Komponenten, die Dispersion
liegt jedoch hdéher als der unter Voraussetzung der Unabh&dngigkeit berechnete
Wert. Auf die Dispersion des Spannungsabfalls der Leitungsstrecke muR
man einen groBeren Wert legen; das ist durch das Verhdltnis der Leitungs-
impedanz zur Impedanz des Speisenetzes bedingt und hangt von den Belastun-
gen nicht ab.

In Kenntnis des Spannungsabfalls des Knotenpunktes kann derselbe
Gedankengang verfolgt werden wie im Falle der zul&ssigen Leitungsbelastung.
Ist also Ea der groBte zuldssige Spannungsabfall im Punkt A, so ist das
mit der Bedingung

Ea >™ A + adA (6)

dquivalent. Dabei ist a — wie oben — eine durch die Wahrscheinlichkeit
der Erfullung der Bedingung eindeutig bestimmte Multiplikationszahl.
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V1. Netzverluste

Der Netzverlust soll fur den betrachteten Zeitraum — in der Regel fur
ein Jahr — berechnet werden. Es genlgt, die Untersuchung auf eine einzige
Leitungsstrecke zu beschréanken, da der Netzverlust sich ja als Summe der
Netzverluste der einzelnen Leitungen ergibt.

Sei R der Widerstand irgendeiner Leitung und x ihre Belastung. Der
Netzverlust ist dann durch den Ausdruck

Rx2dt

definiert. Die Belastung x ist aber eine Zufallsvariable, und somit kann man
fur den Verlust keine gegebene feste, sondern nur eine voraussichtliche Grolie
in Betracht ziehen. Unseren Voraussetzungen gemaf ist x in jedem Augenblick
normalverteilt. Bezeichnen wir den Mittelwert und die Dispersion fir den
Augenblick i mit m(t) bzw. d2Zt). Damit ergibt sich der zu erwartende Verlust zu

[x-m(QP

Rx2 20W did*. )

1/2 tid(t)
Nach der Vertauschung der Reihenfolge der Integration erhalten wir
1 e
V= R 200 gqj.
Y~2nd{t) J_

Das innere Integral ist nichts anderes, als das zweite Moment, welches die
Summe des Quadrats des Mittelwertes und der Dispersion ist. Somit betragt

V = JJ R [m2(i) + dt)] di, (8)
nach (2) gilt
m(t) = Y, kt ;o dAY) = Y df(t),
i i

wobei m-(f) und df(t) den Mittelwert und die Dispersion der i-ten Verbraucher-
kategorie reprasentieren. Setzen wir diese in Beziehung (8) ein:

V=RIT - m;(i)]2di + R 17 IV kj df(t) di . ©>
Jo Jo i

Mit Einfuhrung der Bezeichnungen

pij= [0 mj(0 dt (10a),
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und
? = J@dKl) di (10b)
ergibt sich der Verlust zu

V = R [k* Pk + k*q], W)

wobei die Matrix P und der Vektor g aus den Komponenten Pij bzw. g
gebildete GroRen sind und der Vektor k den Vektor des fruher definierten
Verbrauches bedeutet, dessen Komponenten den Anteil der einzelnen Ver-
braucherkategorien an der Leitungsbelastung angeben.

Es sei erwdhnt, daR die Matrix P und der Vektor g mit Aufnahme der
Verbraucherkategorien eindeutig bestimmt sind und h&ngen vom Vektor Kk,
d. h. von der GréRe des Verbrauches nicht ab. Sie sind somit von dem unter-
suchten Netz unabh&ngig und kénnen vorher bestimmt werden.

Es sei ferner darauf hingewiesen, dafl das fur den Mittelwert des Ver-
lustes erhaltene Resultat — Ubrigens richtige Modellparameter vorausgesetzt —
unter dem tatsdchlichen Wert liegt. In der Berechnung wurde nédmlich ver-
borgenerweise die Annahme der Unabhé&ngigkeit der in den einzelnen Zeit-
punkten gultigen Belastungen — als Zufallsvariablen — angewandt. Allein
auf Grund des physikalischen Bildes ist es jedoch offensichtlich, dalR diese
Annahme nicht zutrifft. Das Integral fur die Mittelwerte oder die Matrix
P werden durch die Abhéngigkeit nicht beeinfluRt, aber die einfache Summie-
rung (Integration) der Dispersionen bringt kein richtiges Ergebnis mehr.
Dementsprechend sind die Komponenten des Vektors g gréRBer als die nach
(10b) berechneten. Diese Bemerkung ist immerhin nur von prinzipieller
Bedeutung; der wegen der Anwendung eingeschétzter Angaben entstehende
Fehler bleibt ja weit unter der durch die erwdhnte Ungenauigkeit verursachten
Abweichung.

VIl. Die Berucksichtigung des komplexen Charakters des Verbrauches und
der Leitungsimpedanzen

Sollen die Stromabnahmen mit ihren komplexen Werten bertcksichtigt
werden, so ist die Gesamtverteilung des Wirk- und Blindverbrauches anzu-
geben. Bezeichnen wir die Zufallsvariablen fiur den Wirkverbrauch mit «x
und fur den Blindverbrauch mity, so ist jetzt die i-te Verbraucherkategorie
durch die Gesamtverteilung

fi (x,y; 1)

gekennzeichnet. Da die Verteilung des Wirkverbrauches und des Blindver-
brauches — also x und y — voneinander offensichtlich nicht unabhéangig
sind, kann die Funktion fi(x,y; t) in der Form von gi(x; t) hj(y;t) nicht fakto-
risiert werden.

Acta Technica Academiae Scientiarum Hungaricae 56, 1966



354 I. BACH

Auf Grund des im Abschnitt 111 beschriebenen Gedankenganges kann
man leicht einsehen, dal f(x,y;t) als zweidimensionale Normalverteilung
angesehen werden kann. Sie wird also (die Bezeichnung der Abh&ngigkeit
vom Parameter t und der Index i weggelassen) in der Form

*»VY) =
AN = daxdy 11 —r2

12
dg2 (x — mxf — 2dxdyr(x — mx) (y —my) + d2(y — myf (22

2d2d2(l - r2)

. exp

geschrieben, wobei mx, my und dx, dy die Mittelwerte bzw. die Dispersionen
der Variablen x und y bedeuten und r ihr Korrelationskoeffizient ist:

Xy
dxdy
Hier ist dX die Kovarianz
dxy = [*“ (x — mx)(y - rtiy)f(x,y) dxdy.

Die GrolRe des Korrelationskoeffizienten béngt davon ab, welche Phasen-
winkelunterschiede fir den Kategorienverbrauch angenommen sind. Voraus-
gesetzt, dalR der Phasenwinkel in einem gegebenen Augenblick konstant ist
und nur die GroBRe der Belastung als Zufallsvariable angesehen wird (mit
Mittelwert m und Dispersion d2), sind

mX= mcos@, my= msin <P;

d2= d2cos2a, dy =d2sin2a, dxy = d2cosy msiny ,

wobei cos (p der feste Phasenwinkel ist. Der Korrelationskoeffizient betrégt
in diesem Fall 1.

Die Verteilung der Stromabnahmen in den einzelnen Kategorien weist
also in jedem Augenblick eine zweidimensionale Normalverteilung auf, die
durch den aus den Mittelwerten ermittelten Vektor und durch die aus den
Dispersionen und Kovarianzen gebildeten Kovarianzmatrix

m = mx : D2= dl dxy

Uly dxy d2

vollkommen bestimmt ist. Die Summe von zweidimensionalen Normal-
verteilungen liefert wiederum eine zweidimensionale Normalverteilung. Der
Mittelwertvektor und die Kovarianzmatrix der Summenverteilung ist die
Summe der Mittelwertvektoren bzw. der Kovarianzmatrizen.
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In dieser Weise erhalten wir fur die Belastung jeder Leitung eine zwei-
dimensionale Normalverteilung mit zeitabhdngigen Parametern, die sich in
Kenntnis der Parameter des Kategorienverbrauches und der Vektoren des
Knotenpunktverbrauches leicht bestimmen I&Rt.

Prifen wir nun, wie der Ubergang von der Gleichstrommethode zu dem
komplexen Verfahren unsere bisherigen Berechnungen beeinfluf3t.

Bei Untersuchung der Leitungsbelastbarkeit und des gréRten Spannungs-
abfalls wird auch hier nur ein Zeitpunkt, derjenige der Spitzenbelastung
betrachtet. Somit gibt es fir jede Leitung eine fixe zweidimensionale Ver-
teilung mit bekannten Parametern.

Sei die Wirklast wieder mit x und die Blindlast mity bezeichnet. Dann
ist auf Grund der Verteilung

iv-=Jr2 y2 (14)

zu kontrollieren, dalR die Wahrscheinlichkeit des Eintretens einer hdheren
Belastung als die Belastbarkeit T hdéchstens 1 — V betragt. Es gilt also

VAP{w<T}. (15)

Die Bedingung mufte hier in einer viel allgemeineren Form als in der Ungleich-
heit (4) angegeben werden, weil w nicht mehr normalverteilt ist, und obwohl
die Parameter die Erfullung der Bedingung eindeutig bestimmten, die Kon-
struktion der Beziehung nicht so einfach und die Berufung auf die leicht
zugénglichen tabellarischen Werte der Normalverteilung hier nicht mdéglich sind.

Die Kontrolle kann zwar nach (15) erfolgen, doch die Operation ist in
rechentechnischer Hinsicht ziemlich kompliziert, und fur solche Routine-
berechnungen praktisch undurchfiuhrbar. Man braucht also eine N&herungs-
16sung zu finden.

Statt die Absolutwerte der zweidimensionalen Verteilung zu analysieren,
wahlen wir zur Untersuchung die eindimensionale Verteilung einer Projektion,
die an einer durch irgendwelchen Anfangspunkt gehenden Gerade entlang
aufgetragen wird. Einige Beziehungen, die im folgenden noch zur Anwendung
kommen, seien hier erw&hnt. Fassen wir die Variablen irgendeiner mehr-
dimensionalen Zufallsverteilung zum Zufallsvektor u zusammen. Sein Mittel-
wert wird mit dem Vektor mu, und seine Dispersion mit der Kovarianzmatrix
Df, gekennzeichnet. Bildet man aus dem Vektor u durch lineare Transformation
A u eine andere Zufallsvektorvariable (die nicht unbedingt von gleicher Dimen-
sion sein soll), so ergeben sich ihr Mittelwert und ihre Dispersion zu

my = Am,, bzw. D|= AD,A* . (16)

Wenn u normalverteilt war, wird auch y normalverteilt sein.
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Bildet man die Projektion der zweidimensionalen Verteilung f(x,y) auf
einer Geraden vom Neigungswinkel mp, so ergibt sich die neue Zufallsvariable zu

w= Xcosrmp+ ysinm. 17)

Auf Grund des obigen ist w normalverteilt, der Mittelwert und die Dispersion
dafir betragen

mw = cosy>mx + sin mpmy (18a)
bzw.
d% = cos2yd2+ 2 cosy>sin ipdxy + sin2y>dy. (18b)
Bild 2

Wenn die Projektion nach Bild 2 auf die durch den Vektor des Mittelwertes
bestimmte Gerade erfolgt, sind

cos 1j sin ip= UL
frra2+ ml 2+ m2
und
mw= |/m2+ m2, (19a)
dl= u =m [“i;dl + 2mxmvdxy + m2dy]. (19b)
fmx+ my

Mit den somit erhaltenen Parametern kann man jetzt das friher beschriebene
Verfahren anwenden und die Erfullung der Bedingung gema&R (4) kontrollieren:

T <, mw+ *dw. (20)

Bei Bewertung dieses vereinfachten Verfahrens kann man feststellen,
dall es dabei ebenfalls um die Untersuchung eindimensionaler Verteilung
handelt, also diese Methode gewissermafRen ebenfalls ein »Gleichstromver-
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fahren« ist. Zugleich d&ndert sich jedoch die Projektionsgerade, also wird fir
jede Einzeluntersuchung eine »enganliegende« Projektionsmethode angewandt.
AuBRerdem ist das Verfahren im Prinzip bis zum letzten Schritt durchaus
exakt.

In der Praxis bringt die Vereinfachung jeweils eine Abweichung gegen
die Sicherheit mit sich. Mit anderen Worten gesagt: Die Bedingung (20) ist
strenger als die exakte (15).

Bei der Berechnung des hdchstzuldssigen Spannungsabfalls sind auch
die Impedanzen mit ihren Komplexwerten zu bertcksichtigen. Sei die Leitungs-
impedanz

Z =R+ jX,

so ist der Ubergang von Belastung zum Spannungsabfall der durch die Matrix

S o R=x\ 1)
X r)

gekennzeichneten linearen Transformation der Variablen &quivalent.

W iederholen wir die im Abschnitt V beschriebene Berechnung unter
Beibehaltung der dort angewandten Bezeichnungen, jedoch mit dem Unter-
schied, daB der Mittelwert hier durch einen Vektor, die Dispersion durch die
Kovarianzmatrix und die Impedanz durch die oben definierte Matrix ersetzt
wird.

Uberprifen wir nun den Spannungsabfall des Endpunktes B in der vom
Knotenpunkt A ausgehenden Leitungsstrecke AB.

Die Parameter des von der Belastung der Leitungsstrecke AB unab-
hangigen Spannungsabfalls im Knotenpunkt A sind:

MA = niA— Zms(,
Da = D~ —ZDstZ*.

Somit betragen die Parameter des Spannungsabfalls im Knotenpunkt B

ms —mA+ (Z + ZiABYms, —T n4-T ns., (22a)
Df,= DJ+ (Z+ ZAB)Di, (Z + ZAB)* =
= D* + Dab+ ZDi,Z"B+ Z~BDi, Z*. (22b)

In Kenntnis der Leitungsbelastungen und der Netzimpedanzen lassen
sich die Parameter der Spannungsabfallverteilung einfacherweise bestimmen.
Auch in diesem Fall erfolgt die Projektion auf eine durch den Vektor der
Mittelwerte bestimmte Gerade; der Mittelwert und die Dispersion werden
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nach (19a) und (19b) berechnet und dann wird die Kontrolle mit diesen Vek-
toren nach Beziehung (6) ausgefihrt.

Schlie8lich gehen wir zur Untersuchung des Netzverlustes Uber. Der
Verlust in einer Leitung mit Widerstand R ist durch

VvV = R (X2 f-y2) di (23)
ausgedrickt. Der Mittelwert betréagt

F=J*, Il. jJ@R (x2+ y2f{x,y ; t)dimdxedy =
= |, [I. ~ Rx2f(x,y; t) dt-dx-dy +
+ [~ [@RyZ(x,y ;t) dt mdx mdy = (24)

= \] Je Rx2f(x; t)mdiedx -|-
+/1® EY2/(Y’'t)-dfdy.

Dementsprechend kénnen die Mittelwerte der durch die Wirklast und die
Blindlast verursachten Verluste vollig getrennt behandelt werden.

Unter Anwendung des im Abschnitt VI beschriebenen Gedankenganges
und der Technik erh&lt man nun zwei Matrizen: Py und Pxund zwei Vektoren:
gx bzw. qy. lhre Summen mit den Symbolen P und q bezeichnet, stimmt der
fur den Mittelwert des Leitungsverlustes erhaltene Ausdruck mit der friher
erwdhnten Beziehung (11) Uberein. Die Matrix P und der Vektor q kénnen
auch hier vorherbestimmt werden, und somit gibt es bei der Bestimmung
des Netzverlustes keinen Unterschied zwischen dem Gleichstrom- und dem
Komplexverfahren.

VIIl. Berucksichtigung der zeitlichen Zunahme des Verbrauches

Bis jetzt wurde der die GrofRe des Verbrauches kennzeichnende Vektor
K fur eine Untersuchungsperiode als konstant angenommen. Die Erhdhung
der Belastung wird Ublicherweise mit der jahrlichen Zuwachsrate in Betracht
gezogen, und im folgenden Jahr wird ein entsprechend hoherer Leistungs-
bedarf in den Berechnungen bericksichtigt.

Es ist offensichtlich, daR eine plétzliche Erhéhung des Verbrauches am
Ende der Untersuchungsperiode nur eine N&herungsannahme darstellt. Der
Verbrauch nimmt im Laufe des Jahres kontinuierlich, ungefdhr nach einer
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Exponentialkurve zu. Neben den in der Praxis vorkommenden Werten liefert
jedoch schon die Annahme der linearen Zunahme ein gutes Ergebnis, und
wir verwenden hier dieses einfachere Verfahren, um die rechentechnischen
Komplikationen zu vermeiden.

Es sei ausbedingt, daR die Untersuchungsperiode jeweils ein Jahr
betrdgt und die Zeit in Jahren gemessen wird. Sei at der Zunahmefaktor
irgendeines Verbrauchers fiur die i-te Verbraucherkategorie. Ist nun der
Verbrauch am Jahresanfang k,, so wird der Verbrauch am Jahresende (1 -j- a()k*
bzw. in einem dazwischenliegenden Zeitpunkt (1 -j- a,i)/c, betragen. In ver-
kurzter Form schreibt man den Vektor des Verbrauches fir einen beliebigen
Zeitpunkt als

k(t) = (E + At) Kk, (25)

wobei k den Vektor am Jahresanfang, E die Einheitsmatrix und A die aus
o- Elementen gebildete Diagonalmatrix bedeuten.

Priufen wir nun, welche Anderungen die Annahme eines nach (25) ver-
anderlichen Vektors k(t) statt des konstanten Vektors Kk in den bisherigen
Ergebnissen verursacht.

Bei der Kontrolle der Leitungsbelastbarkeit und des gréRten Spannungs-
abfalls wird ein einziger Zeitpunkt, die Jahresspitzenlastzeit untersucht. Fur
einen gegebenen Augenblick ist dagegen der Vektor k des Verbrauches ein
fixer Wert. Mit diesem Wert gerechnet bleiben unsere bisherigen Feststellungen
vollkommen gultig.

Die Jahresspitzenlast tritt in der Regel Ende des Jahres auf, und der
fur die Kontrolle der Leitungsbelastbarkeit und des gréfiten Spannungsabfalls
mafgebende Vektor Kk ist somit nichts anderes als der Ausgangswert fur das
kommende Jahr.

Komplizierter steht es mit der Bestimmung des Netzverlustes. In unse-
rem Gedankengang wurde keine Einschrédnkung beziglich des zeitlichen Ver-
laufes des Verbrauches gemacht, bis wir an Hand der Beziehung (8) der Tat-
sache gewahr geworden sind, dafl der Verlust sich aus dem Zeitintegral des
quadratischen Mittelwertes und der Dispersion ergibt

U= RJjm2(i) + <P(t)]di.
(Da die Untersuchungsperiode konventionsgem&fR eine Einheit ausmacht,

ist die obere Integrationsgrenze 1))
Jetzt sind aber

m(t) —~ kj(t) m(t) = [(E + At) K]*m (26a)

d2ty = Y fa(i) dj(t) = [(E + AiQ)K]* ar (26b)
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Definieren wir die Beziehungen mit den in (10a) und (10b) eingefihrten
Bezeichnungen Pu und g-

pij= ( u  mjt)dt, (27a)
4=J* dt (27b)

und seien die daraus gebildeten Matrix und Vektor mit P' bzw. q' bezeichnet.
Werden nun die Glieder, die g} enthalten — mit Ricksicht auf die kleinen
Komponenten von g- — vernachléssigt, so betragt der Verlust auf Grund
eines analogen Gedankenganges, wie er im Abschnitt VI erdértert worden ist,

V=RI[k*Pk+ k*g+ 2(gk)*P"'k+ 2(gk)*q].

Fuhren wir fir die am Jahresbeginn und am Jahresende gultigen Vektoren
k(1) und k(2) die Ausdricke

k() = k, k (2) = (E+A)k; (28a)
ferner

P() = P—2P', P(2)= 2P’ (28b)
und

a() = g-2q\ p@)= 29 (28c)

ein, so ergibt sich der Verlust zu
V. —R [k*() P(1) k(1) + k*(2) P(2) k() + k* (1) a(l) + gd*(2) q(2)]. (29)

In Kenntnis der Kategorienverbrauchskurven kénnen P (1) und P(2) sowie
g(l) und qg(2) vorher bestimmt werden.
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STATISTICAL EVALUATION OF CONSUMERS IN RADIAL NETWORKS
I. BACH

SUMMARY

The paper deals with two questions arising in the planning of radial networks, i.e. with
the calculation of the voltage drop and of the network loss. The difficulties of the present
methods, which cannot correctly take into account the coincidence of the peak-loads is solved
by considering consumer loads as stochastic variables. The load resulting from the many
individual consumers is assumed to have a normal distribution at each moment and from this
the load in the lines and in the nodes is calculated, which thus become also normally distributed.
For the calculation of maximum voltage drop the author starts from a similar principle but
he takes into consideration that the voltage drops across individual line sections cannot be
considered to be independent. For the calculation of network losses the stochastic model of the
loads is used as well, and from this is calculated the expectation of the loss. Inasmuch as the
original load is considered as being composed of several characteristic types of consumers, the
constants for the routine calculations can be calculated in advance from their consumption
diagrams and so the method is relatively rapid. The paper presents also the relations valid
for the more precise complex calculation and takes into account load changes due to load
increases during the year.

EVALUATION STATISTIQUES DES CONSOMMATEURS
DANS LES RESEAUX RADIAUX

I. BACH

RESUME

L’auteur traite deux questions se posant lors de I’établissement des projets des
Téseaux radiaux: le calcul des chutes de tension et la détermination des pertes dans le réseau.
Les inconvénients des méthodes actuelles ne pouvant tenir compte de la simultanéité d’une
fagon correcte sont éliminés en traitant les consommations comme des variables stochastiques.
La charge apparaissant comme résultante des consommations individuelles multiples est
supposée avoir une distribution normale a chaque instant. C’est a partir de cette hypothese
que sont calculées les charges des noeuds et des lignes, qui ont ainsi également une distribution
normale.
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Le calcul de la chute de tension maximum part d’un principe semblable, mais tient
compte de ce que les chutes de tension se produisant dans les sections de ligne individuelles
ne peuvent pas étre considérées comme indépendantes. Pour le calcul de la perte de réseau,
I’auteur utilise, de méme, le modele de probabilité des charges et en détermine la valeur
escomptée de la perte. Si la consommation originale peut étre composée de quelques types
de consommateurs caractéristiques, les constantes figurant dans le calcul de routine peuvent
étre déterminées d’avance d’aprés leurs courbes de consommation, de sorte que la méthode
ecst relativement rapide. L’étude présente aussi les relations valables pour le calcul complexe
plus correct, et considére les variationsde la consommation dues & l’accroissement de la
barge au cours de I’année.

CTATUCTUYECKAA OLIEHKA MOTPEBUTENEN PAAWA/IbHbIX CETEMN
M. BAX

PE3IOME

CTaTbsi NOCBsILLiEHA ABYM BOMPOCaM, BO3HMKAIOLMM MNPY MPOEKTUPOBAHUN paguasibHbIX
ceTeil, a UMeHHO pacyeTy NafeHUs HaNPsHKEHUS U OMNpPefeneHmnio CeTeBbIX NoTepb.—HegocTaTKu
COBPEMEHHbIX METOf0B, KOTOPbIe He MOFYT YYMTbIBaTb OJHOBPEMEHHOCTb, YCTPAHAOTCS MyTem
pacCcMOTPEHUSI HArpy30K Kak CrydaliHbIX BefMuuH. TpUHUMAeTCsi, YTO CyMMapHasi Harpyska
OTAeNbHbIX NoTpebuTeneli UMeeT HOpMasibHOe pacnpefesieHne B KaXAblii OTAeNbHbIA MOMEHT
BPEMEHM U1, Ha OCHOBE 3TOr0, BbIUWUC/AETCA Harpy3ka B Y3/0BbIX TOUKax W JIMHUAX, KoTopas
B TAKOM C/lyyae Takxe Gy/eT MMeTb HOpMaslbHOe pacnpedenieHue. Mpu pacyeTe HaWBOMbLLEro
NafieHNs1 HaMpPSXXeHUs1 aBTOpP MCXOAMT U3 aHAMOrMUYHOr0 MPeAnosioKEHNsl, HO YYUTbIBAET To,
YTO MafieHNs1 HaNpPsHKeHWsl, BO3HMKAIOLLME HA OTAE/bHbIX YUYacTKax /IMHWM, HeMb3si paccmar-
TpuBaTb KaK He3aBMCMMble. ABTOp MpW pacueTe CETEBbIX MOTEPb TaKXe MCMo/b3yeT Mofesb
BEPOSITHOCTM HArpy3oK M Ha OCHOBE 3TOT0 OMpeAensieT MaTeMaTMYeckKoe OXWAaHue noTepb.
MOCKONbKY Harpysky OTAe/bHbIX Y3/10B MOXHO MOMyYMTb KakK CyMMY Harpy3oK HeCcKOSbKUX
XapaKTepHbIX TUMOB MOTPeGUTENe, TO HAa OCHOBE WX KPUBbIX MOTPEBNEHUS MOXKHO 3apaHee
onpeaennTb NPYMeHsiEMble B KOHKPETHbIX pacyeTax MoCcTOsHHbIE KO3(MMULMEHTbI U MOITOMY
METOf, IBNSIETC OTHOCUTE/IbHO BbICTPbIM. B cTaTbe NpuBeAeHbl TakXXe HeoGXOAUMble 3aBUCU-
MOCTM AN 6ofiee TOYHOrO KOMMJ/IEKCHOTO pacyeTa W YUMTbIBAIOTCS W3MEHEHUSI HarpysKku,
CBSI3aHHblE C POCTOM Harpy3Ku BO BpEMeHMW.
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OPTIMUM CASCADE CONTROLLERS
FOR MULTIVARIARLE CONTINUOUS-DATA
AND PULSED-DATA CONTROL SYSTEMS,

WITH CONSTRAINTS

F. CSAKI
CORRESPONDING MEMBER OF THE HUNGARIAN ACADEMY OF SCIENCES

[Manuscript received June 27, 1966]

In this paper the optimum design according to Wiener—Newton is treated for con-
tinuous-data as well as for discrete-data multivariable control systems with semi-free config-
uration and constraints. For stationary ergodic stochastic processes explicit formulas are
derived for the multivariable cascade controller taking as performance criterion the sum of
the least-mean-square errors between the sets of actual and ideal outputs and considering as
constraint the limitation of the sum of the mean-square values of some sets of manipulated
variables.

I. Introduction

In most cases the statistical design of time-invariant continuous-data
and pulsed-data linear control systems is usually performed on the basis
of the following simplifying conditions: the stochastic signals are assumed
to be stationary, the ergodic hypothesis is adopted, finally, as a criterion of
the optimum synthesis the least-mean-square error is taken.

The optimization can be solved by one of the methods specified in
Table 1. The first two methods were proposed by Wiener [1, 2] and nowadays
may undoubtedly be considered as classical ones, the third method can be
found in the hook of Tsien [3] while the simplified method was first demon-
strated by Bode and Shannon [4] but only for the case of uncorrelated
signal and noise components. Recently, the author of this paper proposed
a much simpler and more direct method [5, 6]. The first method is somewhat
awkward, because time-domain notions are only used. This difficulty will
be alleviated by the second and third methods, which take advantage of the
simplicity of the transform techniques and give the result in the form of transfer
functions in the frequency domain. The fourth method completely relies on
the frequency domain technique and avoids convolution integrals as well as
the variational calculus.

The optimum synthesis of multivariable systems was first solved by
Amara [7] applying the second method combined with matrix calculus.

The author generalized the simplified method for multivariable con-
tinuous-data [12, 14, 17] and pulsed-data systems [31, 32], applying the matrix
calculus. With the aid of the simplified method it was possible to examine
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Table 1

Expression of the
mean-square value of error

Mean-square error expressed
by correlation functions
in the time domain

Mean-square error expressed
by power-density spectra
in the frequency domain

i |
Variational calculus I I

| Variational calculus Simplified method

Wiener—Hopf type
integral equations

Spectrum
factorization

Spectrum
factorization
Fourier transformation,

spectrum
factorization in the
frequency domain

Direct solution,
spectrum
factorization in the
time domain

| | \4
Optimum Optimum Optimum Optimum
weighting transfer transfer transfer
function function function function

First method Second method Third method Fourth method

the most complicated case of semi-free configuration with constraints which,
according to the authors knowledge, is up till now not treated as a whole gener-
ality for multivariable continuous-data or pulsed-data systems [17, 32]. The
aim of the present paper is to summarize the achieved results and, on the one
hand, to show how the special cases can be obtained from the most general
case and, on the other hand, to draw attention to the similarities between
the continuous-data and strictly pulsed-data systems.

According to reference [8] it is assumed that the spectrum factorization
of power-density-spectrum matrices can be performed for continuous-data
as well as for pulsed-data systems. It must be noted, however, that in our
case the spectrum factorization will be slightly more complicated, because
one or more parameters also figure in the corresponding power-density-
spectrum matrix to be factorized.

According to the case of the semi-free configuration with constraints,
this is so adopted that one part of the control system is fixed, for example
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this is the plant, while the other part of the system i.e. the controller must
be designed according to the least-mean-square error criterion, the error
being taken between the actual and the ideal (or desired) outputs. In case
of multivariable systems, this criterion means the least-mean value of the
sum of squared error components. For the sake of simplicity, first it is also
assumed that even the manipulated variables acting between the controller
and the plant are either directly or indirectly submitted to constraints.

Il. The proposed method for continuous-data systems

In the following treatise a double-index notation will be used. If both
indices are variable we have a matrix, if one index is fixed or is missing and
only the other index is variable we have a vector, finally, if both indices
are fixed this notation refers to a scalar quantity. A column vector has a

variable first index, while a row vector has a variable second index (the others
being fixed).

Fig. 1

The problem is depicted in Fig. 1. All the signals (the variables) in the
control system are assumed to be stationary ergodic stochastic processes.
Here s.k(t) is the row vector composed of the useful signal components, while
n.*(() is the row vector of the corrumping noise components (ft = 1, .. .,K).
Their sum forms the input row vector rJ/c(t), being r.k(t) = s.fc(t) -f- n./f(l).
The complete input signal first penetrates the cascade controller, the latter
is represented by weighting-function matrix wjy(t) (ft=1, . . . ,K;j= 1,...,J).
The outputs of the controller are the manipulated variables. Taking the latter
ones as components the row vector m.y(t) of the manipulated variables can
be formed (j = 1, ...,J). It is assumed that even the manipulated variables
are submitted to constraints. In general, an indirect manner can be taken
as a basis. For this purpose some constraint-weighting-function matrix wij/i(t)
is constructed (j=1,...,J; h=1,...,H; H < L). The output row vector
b./,(t) (ft = 1, ... , H) of this transfer link represents the indirect variables:
the so-called modified manipulated variables to be constrained.
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Let us assume that the sum of the mean-square values of the indirect
variables is limited. This condition, the so-called unequality of constraint,
can be expressed as follows

tr b, ()b R(] = lim — 1 tr [bft () b (D] di =

—=“>2 T J-r

= tr [4sbhbh(0)] <; o- . (1)

Here bft.(f)b.ft(i) is a symmetrical matrix composed of the matrix multi-
plication of column vector bh.(f) and row vector b.ft(i), while “tr” denotes
the trace that is the sum of the diagonal elements of the matrix. The latter
can also be expressed by a correlation matrix with zero shifting time.

As is well known, the unequality of constraint can also be expressed
by the power-density-spectrum matrix as

tr [b; (i) bft ()] = tr [#6A6 (0)] = - L, (1 tr [®bkbh(s)] ds < f2,  (2)

where s = jco and h, h! = 1, ..., H.

Returning again to Fig. 1 it can be observed that the manipulated
variables enter into the fixed part of the system, that is, into the plant, while
the outputs of the latter are the controlled variables. The plant is represented
by weighting-function matrix wji(t) (j = 1,...,J; 1=1,..., L).

From the controlled variables as components the row vector c.;(t) is
constructed (1=1,..., L). The row vector of the error e.ft) is nothing but
the difference of the ideal or desired signal vector i./(f) and actual output
vector c.;(i) (1=1,..., L). If needed the ideal output vector i.ft) can be
obtained from the useful signal vector s./((t) by the weighting-function matrix
yw (t) which can exceptionally be physically unrealizable.

Now let us adopt as minimization criterion the sum of the mean-square-
error components. This latter can be expressed as the mean value of the trace
of the matrix composed of the matrix multiplication of column vector e;.(t)
and row vector e./(i) and can obviously also be expressed by the corresponding
correlation matrix or power-density-spectrum matrix:

rT

tr [e, ()e,®)]= lim -—-—- tr[e, (t)e; ()] dt=
T-—— 2Tj_r

= trpee (N =, rTtrpr, 6 ds (3)

Applying the Lagrangean conditional extremum technique, our problem
is reduced to the minimization of the following expression:
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tr epx,*, (0)] = tr [x; () Xj (01 = tr[e; (e, ()] +
+ Atr[bft ) bh(i)] = tr[e, e, @+ Ab, )b, (N] =
= tr [p<<(0) + Acpim)A0)] . (4)

The latter can also be expressed as

tr (N = }OX O] = ) (e () Qo thth(s)] ds . (5)

Therefore, the task in question is the minimization of the integral on the
right side of Equ. (5), or in other words, it is necessary to find the minimizing
trace of the resultant power-density spectrum matrix

@ ') — @; G($) “HAGHh() * (b)

which is a function of the variable s and parameter A. As naturally, both
the power-density-spectrum matrices in Equ. (6) are only functions of s2 or
02, thus the complex variable integral in Equ. (5) can readily be reduced to
a real-variable integral.

Evidently, the following relation is valid [12, 14, 17]:

ACi'e, (s) = &I(U (s) — P /jA(s) — dc;-u(s) + &c,c, (S) . )

Applying the generalization of the index-change rule [11] and taking
Fig. 1 into consideration the latter matrix can also be expressed as

Deg(s)= or.. (s)- D, (s) WE (s) LLL (S -

- W /(- )W A - s)ydnn («) + (8)
+ M r (- s)W).k (- s) dr, k() WZ(s) L, (s)

and similarly

() = Wjr (- 8L K (- s) ®bIn(s) WZ (s) W% (s)
(k,k'= = 1,1'=1,...,L; h,h'= 1. H)., (9

where WE;(s), Wp(s) and Wij/,(s) are the transfer-function matrices of the
controller, the plant and the constraint, respectively, determined from the
corresponding weighting-function matrices by Fourier or Laplace transfor-
mation. Transfer function matrices Wj,k-(—s), W{ /(—s) and W are
the adjoint, that is, the conjugate complex transposed matrices of transfer-
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function matrices WKkj(s), Wy/(s) and Wy/,(s) these latter beingK x J, J x L
and J x H matrices, respectively. In most cases K = J = L H can be
assumed without loss of generality.

Let us now introduce an auxiliary power-density-spectrum matrix
dakak(s’ implicitly defined in the following relation:

W M-s)Wb" (- 9 @w fy(") W () +
+ AW*T (- s) W fr (- s) ®IKIK(S) WZj (s) (s) =

W r (- s)yWw k(- s) Paak(s, AWEy (s) WT(s) . (10)

It can be shown that the auxiliary power-density-spectrum matrix ®akak(B, f)
is solely determined by Equ. (10) if this matrix does not depend on the choice
of transfer-function matrix Wkj(s) of the controller.

For this purpose let us see the explicit expression of the auxiliary power-
density-spectrum matrix

*atak(s, )= D A () + A[WFc (- S)]“L[W{T (- B)]*“1X
x WQT (- s) W ,V (- s) ®a,*(s) WKj(s) (s) [Wh (s)]-i [WKj (*)]-! . (11)

It is quite obvious that for arbitrary power-density-spectrum matrix
¢ Mklk(s) the auxiliary power-density-spectrum matrix does not depend on
the transfer-function matrix Wkj(s) and its adjoint matrix Wj-k.(—s) if and
only if

(3)]~1= G(s)ljj (12)

(7=1,..,3; h=1=1,...,H= L),

where G(s) is some scalar transfer function or polynomial, while Ijj is a unity
matrix of the J X J type. This condition gives the following auxiliary matrix:

oaat(s, )= [+ AC (- ») G(«)] DIKIK(S) , (13)

which is indeed independent of Wkj(s) and W//E(—s). Thus, for a given plant
matrix the constraint matrix cannot he optionally chosen but there must be
an interdependency between them to ensure the independency of the auxiliary
matrix. Now, taking Equs (8), (9) and (10) into consideration the power-
density-spectrum matrix figuring in Equ. (6) can be expressed as

DxAx, (S, ) = D5, (8) — D Tk(s) WrY(s) W( (s) —
s) @ A (F) +
4- W{T (- s) Wj.k (- s) Pakak(s, ) W2y (s) Wj, (s) . (14)
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Let us introduce an auxiliary K X J transfer-function matrix G//(s, A
and its adjoint matrix Gpk,(—s, A) by the following implicit relations

J(SA)G A (s, AYW ~(s) M L(*)
and (15)
W y{- s)Gpk, (—s, A Pai'ak{s, A) = P,,n (s)

Substituting expression (15) into Equ. (14) the power-density-spectrum
matrix in question takes the following form
3VxX, (S'ty = dn'n(s)
- w1 (- SGpk (- s, A Pakak(s, AGS (s, A  (s) +
+ [Wir (- s5) Gpk, (—s, A —W{r (- s) WV (- )] X
X thayak (S, A) [Gd (s, AWH (s) - wij (s) L, ()] . (16)
The transfer-function matrix WKkj(s) and its adjoint Wj!/,.(—s) are contained
only in the last term of Equ. (16). The trace of the power-density spectrum

matrix ¢ X(s, A will obviously be minimum if this last term becomes zero.
The sufficient and necessary conditions are

W Kkf(s, A) = G#(s,A),
WA (-5, A= G%,{-s,X) (17)

where the upper index “o0” signifies the optimum. Substituting Equ. (17)
into Equ. (15) we obtain the implicit relations for the physically unrealizable
transfer-function matrix of the cascade controller and its adjoint matrix:

m at(s, A WTljo(s, A Wji (s) = ®Tk,(s),
W r(- s)Wwek (- s, Adaak (S A = Ddnlk(s) .

(18)

Of course, a physically unrealizable transfer-function matrix does not
solve our problem and we must seek for a physically realizable one. Let us
assume that Wym(s, A) is the physically realizable optimum transfer-function
matrix of the cascade controller in case of constraints. Substituting this matrix
instead of Wfey°’(s, A) then from the first relation of Equ. (18) the following
expression can be derived:

*a,akes, AWJIf (s, Al () Wir (~s) = o nn (UY (- 5) + Fft, (s, A), (19)

where F*y(s, A) is still an unknown matrix with transfer-function elements
having only right-half-plane poles. In this equation the matrix factor W{y(—s)
is inevitable as W{7(s) W{j,(- s) must be treated as a power-density-spectrum
matrix.
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Now let us introduce the following spectrum-factorization relations:

hakak, {si A) Pa*»ad(s! A = da* ak (s>A) (20

and
w wre- == (W ) Wfr (- )+ Wf@E)wfr (- s))-, (21)
where the upper index — (minus) denotes a matrix factor whose elements,

and the elements of the inverse matrix, have only right-half-plane poles,
while the upper index -j- (plus) denotes a matrix factor whose elements together
with the elements of its inverse matrix have only left-half-plane poles.
According to Equ. (13) the spectrum factorization of the auxiliary
power-density-spectrum matrix ®afac(y, A) is not more complicated than that

of the matrix <Fa rt(s), the only difference being that it is necessary to find
also the scalar factors

1 + AG(—s)G(s))- and (1 + AG(—s)G(s)) +.

Taking Equs (20) and (21) into consideration Equ. (19) may assume
the following form:

e (5, )W TEDHW W (- )=
= - -1dnu@E) Wy (- s) X
X [(W/((S)W {r (- -s))-]-i} +
+ A)]-1 FHj. (s, A [(W () W{7 (- 9))-1-E (22)
Separating the physically realizable and unrealizable matrix components
on both sides of Equ. (22) the following two relations can he obtained:
F<U (A WER (s, AWjts) WT (- s)+ =

= {[PmMmrrT P ru/~bl -*) X

X [WASWA{T( - 9))-1-i}+ (23a)
and
0= {[D ~(», A)]-1Dr, i,(5) s) X
X [(WM Wr (- s))-1-1}- + [® ~BL(», A)]-1 X
X F A LWL W{j.(- s))-1~\ (23b)
where the lower index -|- (plus) denotes a matrix component with physically
realizable elements, belonging to positive-time functions, while the lower
index — (minus) denotes a matrix component with physically unrealizable

elements, that is, with right-half-plane poles, and thus belonging to negative-
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time functions. Generally speaking, the physically realizable component can
be obtained by first performing an inverse Fourier transformation and then
a Laplace transformation.

Finally, from Equ. (23a) the physically realizable optimum transfer-
function matrix of the cascade controller in case of constraints can be ex-
pressed as

wgrM ) = X
X {[®i.e*.(*,A)]-1# et./|(e)W ir (-*) X

X [(WFts\ WI7{ - s))-]-1* [(wll WiT(- «))+]-*. (24)

The solution wfcym(s, A) may now be substituted into the condition of
constraint. This can be performed by first substituting W*ym(s, A) and its
adjoint matrix instead of WKkj(s) and its adjoint, respectively, in Equ. (9).
Thus, the power-density-spectrum matrix Phs’ 7S obtained. Substituting
the latter matrix into Equ. (2) the parameter A can be adjusted so that the
condition of constraint, that is, unequality (2) will be satisfied. After having
determined the proper value of the parameter A, the latter can he substituted
back into Equ. (24) and finally the physically realizable optimum transfer-
function matrix of the cascade controller W)y-m(s) is obtained. It must be
emphasized that after the previous procedure the parameter A is already
missing. The transfer-function matrix WE/m(s) is the final explicit solution
of our problem for the case of the semi-free configuration with constraints.

Substituting the so obtained matrix expression of Wym(s) and its
adjoint into Equ. (8) instead of Wy(s) and W,;.*(—s), respectively, the
power-density-spectrum matrix of the error can be computed. Henceforth,
using Equ. (3) the minimum sum of the mean-square-error components can
be determined.

IlIl. Some supplementary remarks

Let us now examine some possibilities of specializations and generali-
zations concerning the obtained results.

First, it is obvious that taking A= 0, on the one hand, ¢4 at(s, A) is
immediately reduced to ¢ lkrk(s), and on the other hand, Equ. (21) gives

WE2(s) = [ ) X
X W{T(- s)[(WJ,(5) Wir(- ms))-]-1}+ X
X (25)

which is the final explicit solution fornmla of the optimum cascade controller
for the case of the semi-free configuration without constraints.
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By the way, if the configuration is completely free, that is, the fixed
part of the system can be considered as a unity (or in other words: idem)
matrix the latter being independent of the variable s = ji), then Equ. (25)
can be reduced to the form:

WOHK*) = [®@ noorl{[®*u (s)]-1®n /(«)}+e (26)

This is the simplest closed-form solution formula for multivariable systems
giving the optimum transfer-function matrix.

Now, let us concentrate our attention to the constraint matrix Wjix(s)
and to its transform W%(s). Of course, Equ. (12) must always he valid. If the
manipulated variables are indirectly constrained the transfer-function matrix
Wjh(s) may assume quite a general form. For example, if even the sum of
the mean-square values of the controlled variables are limited, then the
constraint matrix Wjft(s) becomes the very same as the plant matrix Wj/(s).

Furthermore, if the plant transfer-function matrix Wy;(s) can be ex-
pressed as the matrix multiplication of two corresponding transfer-function
matrices

wM = wy™) (27)

and even the sum of the mean-square value of the variables acting between
the two control link mentioned above has to be limited, then W,ji,(s) must
be taken as identical with W%(s).

If, on the other hand, the set of the manipulated variables is directly
constrained then the constraint transfer-function matrix assumes a certain
special form, namely, it becomes a diagonal matrix. With due regard to
Equ. (12) in this case the matrix Wji(s) must also be a certain diagonal matrix.
For example, if even the sum of the mean-square values of the manipulated
variables is limited then Wp,(s) becomes a unity matrix:

W%(8) = 1jj

the latter being independent of the variable s = jco. If the mean-square
values of manipulated variables must be added by taking some weights:
8li’ e++’8jj’ e++’8jj into consideration then the constraint transfer-function
Wijh(s) becomes a diagonal matrix composed of the square roots of the weights
as elements

Win(s) = diag [¥gu ,  Ygjj,-, Ygjj ]+ (28)

This matrix is also independent of the variable s.
A semi-direct constraint arises from the case when not the sum of the
mean-square values of the manipulated variables themselves is limited but
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that of the first (or second) derivative of the manipulated variables has to
he constrained. In the latter cases the following choice will do

w %{s) = sljj (29)
W%(s) = s4 jj. (30)

needed then

Wj\(s) = sdiag [Kgu™* Vgjj "*"'TsTj\ (1)
Wih(s) = s2diag [K&n>  X&Yi '+  4gjj\ (32)

are the proper choices. Unfortunately, the weights cannot be chosen at will
but only with due respect to Equ. (12).

When, for example, the first manipulated variable itself, the second
manipulated variable by its first derivative, the third manipulated variable
by its second derivative and so on ... , must be taken into consideration
in the mean-square-summing procedure with weights, then the following
diagonal matrix will do:

WjftOO = diag [Kgu , syglo, s2Vg33...] , (33)

if the condition (12) allows this.

Similarly, some other special matrix forms can be chosen according
to the special need if the sum of the mean-square values of the manipulated
variables must be semi-directly constrained, but always with the restric-
tion (12).

Now, the question arises, how multiple constraints can be performed.
If, for example, the manipulated variables are simultaneously submitted
to two or more constraints, then instead of unequality (2) we have a system
of unequalities:

"—r r tr [ *.«OM]ds< f?2; (£ = 1, ..., 1) 2"
27y J-jn

and instead of Equ. (5) we have the following relation
1 (joo i=1
tr [dx(x (0,215.... A)] = tr oee®)+ A DNMO(s) ds (59
mnjJ-J i=l
where the corresponding power-density-spectrum matrices are
<TW)(S) = WET(H)(- s)Wbs - (- S) Pri'rt(s) WIj(8) w %(0(s).
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Here Wijft()@s) (i = 1 are the corresponding constraint matrices
(Fig. 2).

In the latter case following the simplified derivation technique both the
auxiliary power-density-spectrum matrix ¢ akak3> Xv ..., Xj) and the physi-
cally realizable optimum transfer function matrix Wk)m(s, Xv ... , X/) becomes
a multivariable function of the parameters X-

Fig. 2

Thus, instead of Equ. (10) we now have
W "A-s)yl, A - s)** n(s)wij(s) w As) +
+ 2 ;I,WgT(O(- SYWTIrA - »dr«M WAs) wjfMO(s) =
r=
= Wir (- sy WIV(- a &0 8, a95. . A) Wg,(*)wLy (209

while the explicit expression of the auxiliary power-density-spectrum matrix
is now:

Pkd(sAv.m-J1) = + %-1 AR~ S)]-L[WIET(- 911 X
XwgT@O(- 5)W)v (- *d, t(s) WZjS)Wjm (s) [W/,(s)]-i [Wg/*)]-i. (IF)
Instead of condition (12) we now have the restrictions:

WFMI(S) [ W (12")
(*=1,...,1)
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Finally, the explicit solution formula now becomes:

WET(s,V . ., *) = [0 ;uM un. &, 3)]-* X
X {[*Oi.ai.(s)™iv eunr/)] 1or*i(s) X
X W f5,(- ) (WE(s) W{Y (- s))-]1-1}+ X
X [(WFi(s)W fy,(-s))+]-i. (24"

The adjustment procedure of the parameters X, must now be performed
in such a manner that the most rigorous of the inequalities (2') will he fulfilled.
Of course, a generalized matrix is also possible. In this case ef = (02/
and X‘ must be considered as vectors (or one-dimensional matrices), while

OW *b WFAQS), WkrU)(-s)

must be treated as three-dimensional matrices.Then in Equs (5'), (10') and (11")
the summations become matrix multiplications.

Many special cases can be considered on the basis of the foregoing
discussion.

IV. Generalizations for pulsed-data multivariable systems

For strictly digital or pulsed-data systems [18—32] (Fig. 3) the
generalizations are quite obvious. The mean-square value of the sum of the
number sequences of the errors can be expressed in the following forms:

: ; = i L ' =
tr [e,_(reT)e.;(raT)] nl-rl]~ 2Nﬂ'+ L Ntl [eL(nT) e ,(nT)]
= tr [tpf,e(0T)] = — Ve, (2) z-1 dz, (3*%)
Znj Jr,

where
Neifiz) = N Ldd(KT) Z-k
= o]
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is the corresponding power-spectrum matrix and TO is the unit circle in the
z plane.

On the other hand, the unequality of constraint can now be expressed
as follows

tr [bn(raT)b fi(i*T)] =

= lim T2|_|NF+,~1r nt2|’ N tr [bVTeT) b,h(nT)] = tr [cpi* (OT)] =

= '2r1{1r(%)ra'7'¢« (nri (2)

where z = eBT and h, h' = 1, H.

It can be seen that the expressions for the pulsed-data systems are
guite similar to the expressions for the continuous-data systems. To put
this fact into relief the same numbers are used for the equations but with an
asterisk. Thus, the derivation for the pulsed-data system can be performed
just as in the case of the continuous-data system. For the sake of brevity
this derivation is omitted here, only the final results are given.

The physically realizable optimum transfer-function matrix of the
pulsed-data cascade controller in case of constraints can be expressed as

X {[®a,a" , W, -1dakun(*)LL'y(2-1) x
X [(W/y(2)W T/ (z-i))- 1-i}+ [(W MW fr(Z))+1]-1. (24*)

Here the upper index — (minus) denotes a matrix factor whose elements,
and the elements of the inverse matrix, have only poles outside the unit
circle TO while the upper index + (plus) denotes a matrix factor whose
elements together with the elements of its inverse matrix have only poles
inside the unit circle. Furthermore, the lower index -(- (plus) denotes a matrix
component with physically realizable elements, belonging to positive-time
functions and poles inside the unit circle, while the lower index — (minus)
denotes a matrix component with physically unrealizable elements, that is,
with poles outside the unit circle, and thus belonging to negative-time functions.

Generally speaking, the matrix factors can be obtained by the spectrum
factorization of power-spectrum matrices, while the physically realizable
component can be obtained by first performing an inverse two-sided z trans-
form taking for the integration path the unit circle, and thereafter, by the
ordinary one-sided z transform performing the summation only from n = 0
to oo (and not from n — —cio t0 oo0).
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It must be noted that the auxiliary power-spectrum matrix ®a*at(z,
is now implicitly defined in the following relation

W{r (*-DW (1) & ~|) wE/*) w L, +
+ AWEr (*-i) O kn {*) W é/z) W jh(z) =
= (z-1)W b*(~) & ~*, 9 Wej(z) Wifa). (10*

The condition of independency is now

Wer(*)[WT(™)]-i = G(*)I,.. (12*1
This condition yields the following auxiliary matrix

F<E ()= [1+ ACE-1) G @ N (), (13%)

which is indeed independent of Waj(z) and Wy-*(z—). This circumstance
emphasizes the fact that for a given plant matrix the constraint matrix cannot
be optionally chosen but there must be an interdependency between them
to ensure the independency of the auxiliary matrix.

The elimination procedure of the undertermined parameter 4 is the
same as before, the only difference being that now

OPW *) = WEr (z-1)) W I-HO o r k() Wij(z) Wfh(z) (9%)

must be applied. Substituting Equ. (24*) into Equ. (9*) and thereafter the
so obtained matrix

in Equ. (2*), the parameter { can be adjusted in such a manner that the
unequality of constraint will be satisfied. With this value of 4 and Equ. (24%*)
the physically realizable optimum transfer-function matrix of the pulsed-
data cascade controller WI/j/m(z) is obtained.

Y. Some remarks

It is obvious that taking A= 0, on the one hand

)

is reduced to
Dr-r+2)
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and on the other hand Equ. (24*) yields

w#**)= [*U *r X
X {[DPu(*)r] X
X [CcoA W{T(2-1))-]-1}+ WL WAr (2-i))+]-i, (25%)
which is the final explicit solution formula of the optimum pulsed-data cascade
controller for the case of the semi-free configuration without constraints.

Furthermore, the optimum transfer-function matrix for pulsed-data
multivariable systems with completely-free configuration is

WS(z) = [® n«]“1{[P ", . «]-1D**(»)}+ - (26*)

Similarly, it is not difficult to translate also the other remarks in
Section 11l to the case of pulsed-data systems.

Now the results obtained may easily he generalized also for multiple
constraints. For example, if the manipulated variables are simultaneously
submitted to two or more constraints then instead of unequality (2*) a system
of unequalities is valid:

-N-(6 tr [®/1,bl0«] z“1dz < <rf. 2')
2nj Jr,

Furthermore, we have the following relation:
tr [<Px,x, (0T, A. . ..,'/1)]

tr o eieifz) + .SI’K¢U1U<(i){z) 2 1d2. (5™)
i=

Here the corresponding power-spectrum matrices are

*Vwo(*) = w roi*-1) WCAz 1) ®rrrA%) WJim

where Wj«)”) (i= 1,...,1) are the corresponding constraint matrices.
In case of the semi-free configuration with many constraints the conditions
of independence

Wim {z) [W f«]-1= G(0(2) ljj (12'*)

(i

must be fulfilled, where G*(z) (i= 1, ...,1) are some scalar pulse-transfer
functions (or polynomials) and ljj is a unity matrix of the J X J type.
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Of course, in this case both the auxiliary power-spectrum matrix
D akak(z’ e ee>N) anfl the physically realizable optimum pulse-transfer-
function matrix WKkjl(z, M, ..., 2j) becomes a multivariable function of the
parameters A/. Accordingly, we obtain in this case

Kz, A 5 A) — i+ 2 XCh- )CO) Az)
1-

Finally, the explicit solution formula for the semi-free configuration with
multiple constraints becomes:

Aj, ... Xj) = [@Pitakz™M»  NM)] 1 X
X {[®Pi 0i. (*, Xv ..., AD]-i P up ) \WV{T(2-1) X
X[("W W ArD)-]1-}~ . ~A* )~ *_1))n -1, (24'

The adjustment procedure of the parameters A/ must now be performed
in such a way that the most rigorous of the unequalities (2'*) can be fulfilled.

Finally, it is perhaps worthwhile to mention that the single-variable
systems are only special cases of the multivariable systems, and the optimum
transfer functions of the continuous-data and pulsed-data systems, respectively,
can immediately be obtained from the corresponding formulas derived if
the matrices are substituted by scalar quantities. This is equally true for the
completely-free configuration as well as for the semi-free configuration with
and without constraints. It must be emphasized that in case of single variable
iystems Equ. (12) or (12*) is inherently guaranteed, because for j = 1 being
jjj = 1, that is a scalar quantity. Thus, in single-variable systems the necessary
independence is a priori ensured.

APPENDIX

After having determined the optimum transfer-function matrix of the cascade contrdl-
er according to the equivalence of the two configurations shown in Fig. 4 the transfer-function
matrix of the series controller or that of the feed-back controller can also be ascertained. For
example, if there is no feed-back controller then the transfer-function matrix of the series
controller can be expressed as

= [0- w), ()W ©)1-i w;0(s),

while, on the other hand if the series controller is missing then the transfer-function matrix
of the feed-back controller is given in the following relation

Hk« = We() ()]-!- [W,(9]-1..
(k=1,..., K;j= =1,.., L; K=J=1)
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Fig. 4

Fig. 5

Similarly, after having determined on the basis of Fig. 5 the optimum pulse-transfer-function
matrix of the pulsed-data-cascade controller, the pulse-transfer-function matrix of the series
controller in the closed loop can he expressed as

Gfe () = [I- W () W{ (,)]-1 W% (2)

if there is no feed-back controller. If, on the other hand, the series controller is missing, the
pulse-transfer-function matrix of the feed-back controller is

H%(s) = [% ()W («)]-!- [W5 («)]-! .

k=1=j=1,...,K =LJ)
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OPTIMALE KASKADREGLER FUR KONTINUIERLICH- UND DISKRETWIRKENDE
MEHRFACHREGELSYSTEME MIT BEGRENZUNGEN

F. CSAKI

ZUSAMMENFASSUNG

In diesem Aufsatz wird die Optimalisierung nach Wiener—Newton fir kontinuierlich
und direkt wirkende Mehrfacli-Systeme mit halbfreier Konfiguration und Beschrédnkung
behandelt. Fur stationdre, ergodische, stochastische Prozesse sind die Resultate fur das Mehr-
fach-System Kaskadregler in expliziter Form gegeben, wobei als Kriterium das Minimum der
Summe des quadratischen Mittelfehlers zwischen der idealen und aktuellen Ausgangs-Signal-
gruppe betrachtet wird. Als Beschrdnkungskriterium wird die Beschrdnkung der Summe des
quadratischen Mittelwertes der Gruppe von den manipulierten Verdnderlichen genommen.

DIMENSIONNEMENT DES REGULATEURS OPTIMA POUR
SYSTEMES A VARIABLES MULTIPLES ET A RESTRICTIONS,
DE FONCTIONNEMENT CONTINU OU IMPULSIONNEL

F. CSAKI

RESUME

L’étude traite de I’optimisation d’aprés Wiener et Newton, pour les systemes mul-
tiples a fonctionnement continu ou a fonctionnement impulsionnel, a configuration semi-
libre et & restrictions. Pour des processus stationnaires, ergodiques, stochastiques, le critére
de la somme des écarts quadratiques moyens entre le groupe des signaux de sortie idéals et
actuels est adopté. Comme critére de restriction, on considere la restriction de la somme des
écarts quadratiques moyens du groupe des variables manipulées. Pour le régulateur en cascade
du systéeme multiple les résultats sont donnés sous forme explicite.

ONTUMA/NBbHBIE KACKAAHbBIE PEMYNATOPbLI A/1A4 HEMPEPbIBHbIX U
MMMNYJIbCHbIX MHOIOMEPHbIX CUCTEM YTIPABJ/IEHNA C
OrPAHNYEHNAMN

®. HAKMN

PE3IOME

ABTOp 3aHMMAETCA ONTUMa/IbHLIM PeLleHeM Mo BuHepy—HbLIOTOHY MHOMOMepHbIX,
HEenpepbIBHbIX N AMCKPETHBIX CUCTEM aBTOMATWUUYECKOr0 PerysimpoBaHus nosnycBo6oAHON CTPYK-
TYpbl C OrpaHuyeHVsIMUA. B cnydyae CTaUMOHApPHbIX, 3PrOANYECKMX U CTOXaCTUYECKUX Mpo-
LieccoB, Korga KputepureM paGoTbl CUMTAeTCsi CyMMa CpeaHEeKBaApaTUUHbIX OTKIOHEHWIA rpynmn
naeasibHbIX 1 peasibHbIX BbIXOAHbIX CUrHA/IOB U CYLLLECTBYET OrpaHUYeHns A1 KBagpaTUUHbIX
3HAYeHU HEeKOTOPbIX FPYMM BCMOMOraTe/lbHbIX NMepeMeHHbIX Obli HaligHbl SIBHbIE BblpaXKe-
HUS 411 MHOTOMEPHOr0 HerpepbIBHOMO W AWCKPETHOrO OMTMMAa/IbHOTO perynsitopa nocefo-
BaTe/IbHOro TuWMa.
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ENHANCEMENT OF WORKING GAS CONDUCTIVITY
BY CONDENSING METAL VAPOUR

PRELIMINARY REPORT
K. P. KOVACS, D. HALASZ and K. SZENDY

[Manuscript received December 20, 1966]

In a previous theoretical study [1] it has been found that by using very
fine dust particles (r = 2,5 ¢ 10~~9m) with low work function sufficient thermi-
onic conduction (mho/m) can he attained for MHD generators. It is, however,
fairly difficult to produce such fine dust particles by mechanical grinding
and to ensure their homogeneous distribution in the supporting gas when
entering the generator channel.

Metals in vapour state which, while in liquid state do not wet the surface
macroscopically, can be formed in liquid droplets more easily. This has the
advantage of giving 2 ~ 20 times the heat transfer coefficient of film conden-
sation. The condensation depends on the difference between saturation temper-
ature of the vapour and the temperature of the liquid phase and this may be
influenced by sudden changes in saturation pressure or, in the case of high
temperature metal vapour, by heat radiation.

According to the kinetic theory and some experimental investigations [2]
droplets cannot form on a liquid film or layer but condensation will begin
around nucléation cores as contaminants. In the course of the spatial conden-
sation of metal or metal compounds very fine liquid or solid (reverse sublimation)
particles can be formed, the sizes of which correspond to the theoretical value.
If the seeding material, when changing phase, is in an excited state necessary
for reaching the ionization potential or working function, it can satisfactorily
ionize the working fluid.

The temperature drop (Ts— Tv) required for spatial condensation of
high temperature metal vapour (1500 ~ 1700 °K) is attainable by heat radia-
tion or sudden pressure decrease. The heat transmission by radiation may be
enhanced if this part of channel is covered with high-grade absorbent, provided
that the absorption coefficient of the gas is unimportantly low.

These phenomena will be investigated on an experimental equipment
developed for this special purpose at the Institute for Electrical Power Research,
Budapest. A closed experimental loop, filled with pressurized argon, will be
placed in a high temperature space (1500 ~ 1700 °K), and some alkali metal
compound (e.g. CsCl which has a boiling point of 1563 °K) is to be put into
the high temperature branch of the loop.
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The required gas condition may be obtained by changing the temperature
and pressure of gas inside the loop. The conductivity could be measured by
means of platinum electrodes placed at several points of the channel.
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Fodor, Gy.:
LAPLACE TRANSFORMS IN ENGINEERING
Akadémiai Kiadé, Budapest 1965, 758 pp.

Technical and social development calls for continually increased accuracy and versa-
tility in studying the phenomena encountered in practice. These various phenomena and
processes can generally be described by the use of ordinary or partial differential equations or
systems of such equations. Despite the fact that most of these are linear equations with
constant coefficients, the conventional methods used to solve them are comparatively intri-
cate, requiring laborious calculations. The solving of these equations (and systems of equations)
is greatly simplified by the use of Laplace transforms, which are now in general use and find
therefore necessarily an ever increasing application in engineering practice.

In this book, which was prepared as a greatly enlarged version of the Hungarian edition
entitled “A Laplace-transzformacié miszaki alkalmazédsa” (published by the Akadémiai Kiadé
in Budapest, 1962), Gy. Fodor discusses mathematical and engineering problems involving
the use of Laplace transforms. The book is written in eight—even as independent sections
valuable —parts and the problems in it are considered from the engineer’s and mathematician’s
point of view.

In each subject matter a large number of examples is given to make the book easier to
understand and to show the possibilities of applications of the discussed mathematical proce-
dures. (On the whole, there are about 300 examples with full solutions in the book.)

In the first part the laws of the exact sciences with their mathematical descriptions
and conventional solutions (without the use of Laplace transforms) are dealt with. Here, the
notions of unit-step function and Dirac distribution are introduced and a discussion of the
generalized differentiation is presented. (Though an adequate mathematical foundation is
omitted, this part proves to be a very useful system in the later chapters.) In the last chapter
of this section a short account on Fourier series, Fourier integrals, and correlation functions
is given.

The second part of the book presents a detailed discussion of the Laplace transform
including the analysis of various functions in the time and operator domain, the rules of direct
and inverse transforms, and the generalization of correlation functions. An exhaustive analysis
of the fundamentally important convolution theorem is also inserted.

The most important and even in an extent the most considerable material of the book
is enclosed in Parts 111 and IV. Part |1l deals with the practical applications of the Laplace
transforms. The calculation rule is described and then the solutions of differential equations,
the application of transfer functions and the stability problems are analysed. A wide field of
Laplace transform applications in connection with the use of operator impedances in electrical
analogies is shown. In Part IV a full understanding of this material is facilitated by solving a
number of particular problems. The author shows the application of Laplace transforms to
oscillations, in the analysis of four-terminal networks and electromechanical systems, in control
engineering, hydrodynamics, in describing electrical networks, power transmission systems,
electromagnetic waves, etc. He also discusses the possibilities of solving nonlinear differential
equations and differential equations with variable coefficients.

Part V is devoted to the spectrum method. In connection with this method Fourier
spectra of periodic and non-periodic functions are mentioned. In this part a generalization of
Laplace transforms, the transfer characteristics and stability criteria are also dealt with.

Part VI investigates discrete Laplace transforms. First, it gives a definition of the new
notion and reasons for its introduction and then shows the applications of discrete Laplace
transform to the analysis of sampled-data systems and to solving difference equations.

Part VII discusses stochastic processes by using correlation and density functions.
A discussion of sampled-data calculations and optimization problems is also included.
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Part V Ill—which is at the same time the last part of the book—conveys short defini-
tions of the functions used in the book throughout and then contains useful tables (e.g. with
Laplace transforms of nearly 600 functions).

The vast material in the book should give a great help to engineers (especially electrical
engineers) and scientists, giving them the solutions of a large number of particular problems
in every field of interest.

Dr. K. P. Kovécs
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Acta Techn. Hung. 56 (1966), 211—232
I. Hazman: Saturation Current in Diffusion-Action Transistors

The currents flowing through the transistor have been divided into the’
following components: hole current of the volumetric transistor, emitter
and collector volumetric electron currents, hole current of the volumetric
collector diode and current components resulting from surface recombina-
tion. The determination of these saturation currents by measurement has
been traced down to the measurement of 7£0 and I¢c0 It has been
stated that the mentioned three quantities are more characteristic of the
processes in transistors than the saturation currents 1EBo and 1CR(,
obtained from the simultaneous effect of all the components. The method
adopted here gives a better insight into the physical processes and permits
an exact quantitative determination of the current amplification factors
and of the voltage dependence of the emitter current. The collector satura-
tion current can be given as a function of voltage in good agreement with
measurements.

Acta Techn. Hung. 56 (1966), 233—246

I. Huszar and 14 Kovacs: Strength Calculation of the Cage-System
in Squirrel Cage Induction Motors

The rod-conductors of the cage-system in an induction motor are short-
circuited by means of rings on the face-sides. The mechanical stress
conditions of the cage-system are predetermined by prestress due to
assemblage, by centrifugal forces due to rotation, and by thermal dilata-
tion due to heating-up during running. The methods to calculate the forces
and the respective stresses at various states are explained.

Acta Techn. Hung. 56 (1966), 247—266

K. Schwaner: The Influence of Modified Cresol-Resin Systems on the
Electric Properties and the Resistance to Hater of Paper-Base Laminated
Plastics

The author investigated the water absorption and the electrical properties
of several different condensation resin systems starting from cresol-
formaldehyde-resin. He found that the water absorption capacity of
laminated plastics is considerably reduced only by those resin systems
which contain aniline as well as melamine (e.g. aniline-melamine-cresol-
formaldehyde system). The melamine plays the role of the water-resistance
increasing activator of the melamine-cresol-formaldehyde-resin. The
presence of epoxy resin has no influence on the water absorption, but,
especially associated to aniline-resin, (e.g. in an aniline-epoxyd-cresol-
formaldehyde system) it greatly improves the electrical properties of the
laminated paper-base plastics.






Acta Techn. Hung. 56 (1966), 345—362
|. BncH: Statistical Evaluation of Consumers in Radia Networks

The paper deals with two questions arising in the {tailing of rad ial networks,
i.c. with the calculation of the voltage drop and of the network loss. The
difficulties of the present methods, which cannot correctly take into
account the coincidence of the peak-loads is solved by considering con-
sumer loads as stochastic variables. The load resulting from the many
individual consumers is assumed to have a normal distribution at each
moment and from this the load in the lines and in the nodes is calculated,
which thus become also normally distributed. For the calculation of
maximum voltage drop the author starts from a similar principle but he
takes into consideration that the voltage drops across individual line
sections cannot be considered to be independent. For the calculation of
network losses the stochastic model of the loads is used as well, and from
this is calculated the expectation of the loss.

Acta Techn. Hung. 56 (1966), 363—382

F. Csaki: Optimum Cascade Controllers for Multivariable Continuous-Data
and Pulsed-Data Control Systems, with Constraints

In this paper the optimum design accordingto W iener—New ton iStreated
for continuous-data as well as for discrete-data multivariable control systems
with semi-free configuration and constraints. For stationary ergodic
stochastic processes taking as performance criterion the sum of the least-
mean-square errors between the sets of actual and ideal outputs and
considering as constraint the limitation of the sum of the mean-square
values of some sets of manipulated variables, explicit formulas are derived
for the multivariable cascade controller.

Acta Techn. Hung. 56 (1966), 267—280

B. Lscsei: The Effect of Small Quantities of Aluminium Fluoride Additives
on the Strength of Refractory Materials

The effect of aluminium fluoride on the processes which take place during
the calcination of various refractory materials can be satisfactorily fol-
lowed by differential thermogravimetrie and anal.>>al tests. On the
addition of small quantities of aluminium fluoride i changes will occur
in the mechanism of the reaction process, but the activation energy
conditions and the kinetic will be modified. The dehydroxylatiou process
is retarded by the incorporation and partial hydrolysis of aluminium
fluoride, while on the other hand the activation energy of mullite formation
is reduced by the addition of the fluoride. Beyond a certain limit, which
corresponds to about 10-5-12% of the clay mineral content, a fundamental
change occurs in the nature of the processes which take place during
calcination and these processes become more and more complicated. The
above mentioned quantity of aluminium fluoride is the limit below which
this additive only accelerates the processes taking place during the calcina-
tion and improves the quality of the end product.






Acta Techn. llung. 56 (1966), 281—284
J. Lukacs: Si—SiC p—n-heterojunctions

The paper examines the possibilities of realizing the Si—SiC p-n-
heterojunction and deals with the experiments made for recording the
energy band diagram of the heterojunctions. From the results the conclu-
sion can be drawn thatin an Si—SiC heterojunction the most favourable
rectifying characteristic can be attained with an n—n+junction.

Acta Techn. Hung. 56 (1966), 285—304
V. eirs: Analysis of a Varactor Frequency Doubler

The article deals with the analysis of the operation of parallel coupled
varactor frequency doubler circuit for the case when in this circuit a
varactor with abrupt junction is used. The analysis takes into account the
varactor loss and on this base determines the maximum invertible power,
the highest efficiency and the dissipation occurring in these conditions.
Further, the impedance relation necessary to attain the above parameters
and the required varactor bias are also given. The relations determining
the above parameters contain the physical quantities which allow the
engineering design of the doubler circuit and the choice of the necessary
varactor type by means of these relations.

Acta Techn. Hung. 56 (1966), 305—308
Gy.Vajda: Some Remarks on the Interpretation of Discharge Investigations

This paper presents, in principle, a possibility of finding some connection
between the measured values and the volume of the cavities. The analysis
is strictly valid only for conditions between plane electrodes, but the
obtained relation can be considered as an approximation for other electrode
configurations.
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K. Karsai: Calculation of the Pseudo-Final Voltage Distribution in
Impulsed Windings with a Matrix Method

This article reviews a matrix method which applies itself for calculation
of the pseudo-final voltage distribution. The model to be used contains n
elementary coils of finite length, which are identical among themselves.
The pseudo-final voltage distribution is important from the viewpoint
of the amplitudes of the harmonic voltage oscillations at surge voltage
phenomena. In addition to this method it is also possible by means of
this method to define the voltage distribution at industrial frequency of
transformer coils i.e., the calculation of the radial flux components. The
formulae deduced by the matrix method are very simple and include only
algebraic operations.

Acta Techn. Hung. 56 (1966), 319 332

Gy.Vajda: An Approximate Methodfor the Determination ofthe Maximum
Dielectric Stress in Electric Fields

The paper presents a method for the approximate calculation of the
maximum dielectric stress in static electric fields. By a suitable substitu-
tion of electrodes the investigation of the electric field can be reduced to
the investigation of some simpler arrangements which are easy to calculate.
The calculation work is greatly facilitated by introducing the coefficient
of inhomogeneity. The paper also presents a calculation method for
numerically separating the fields which are inhomogeneous to the first
degree from those which are inhomogeneous to the second degree.
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A. Foné: Increasing the Efficiency of Gas Transmission Pipe Lines

The efficiency of gas transmission pipe lines can be increased by reducing the
distances between the compressor stations; in existing systems the method
of step up efficiency is to insert intermediary compressor stations. The
insertion of compressor stations improves the economy of operation even
before it becomes a necessity for higher efficiency. The load at which a
compressor station in the halving point between two existing ones contri-
butes to better economy, can be calculated. The paper presents a calcula-
tion to establish the annual running time needed to cover the amortisa-
tion costs of such an intermediate compressor station for constant load
round the year. Its rate provides information on the economy of the
investment. The annual operating time above which the establishment of
an intermediate compressor station improves economy with variable load
can be determined on the basis of the load frequency curve.
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