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k ö te t e t .
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A cta Technica  
B udapest V ., N ádor u. 7.

U gy an erre  a c ím re  k ü ld en d ő  m in d en  szerk esz tő ség i és k iad ó h iv a ta li levelezés.
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W isse n sc h a ften  in  d e u tsch e r , fran zö sisch er, en g lisch er oder russischer Sprache.

D ie  A cta T ech n ica  e rsch e in en  in  H e ften  w ech se ln d en  U m fanges. M ehrere  H e fte  b ild en  
e in e n  B a n d .

D ie  zur V erö ffen tlich u n g  b e s tim m te n  M a n u sk rip te  sind  an  folgende A dresse  zu  senden

A cta  Technica  
N ádor и. 7.
B udapest V.

Ungarn

A n die gleiche A n sch rif t i s t  a u ch  jed e  fü r  d ie S c h riftle itu n g  u n d  d en  V erlag  b e s tim m te  
K o rre sp o n d e n z  zu r ic h te n .

A b o nnem en tsp re is p ro  B a n d : 110 F o rin t. B e s te llb a r  bei dem  B uch- u n d  Z eitu n g s-A u ß en 
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T O O U R  R E A D E R S !

F ro m  1966, p ap ers  on geophysics an d  geodetics w ill be p u b lish e d  in  a 
new  period ical o f th e  H u n g a ria n  A cadem y  o f Sciences, th e  A cta  Geodaetica, 
Geophysica et M ontanistica  A cadem iae Scien tiarum  H ungaricae. C o n seq u en tly , 
th e  Series Geodaetica et Geophysica  o f  o u r p erio d ica l ceases pub lish in g .

T he A cta  Geodaetica, Geophysica et M ontan istica  pub lishes p a p e rs , in  
E ng lish , F ren ch , G erm an  or R u ss ian , besides geodetics an d  geophysics also 
on m in ing  su b jec ts .

E d ito ria l office: R u d ap est Y , N á d o r u . 7, H u n g a ry .
S ubscrip tions: K u ltú ra  T ra d in g  C om pany  fo r R ooks and  N ew sp ap ers , 

R u d ap est I ,  F ő  u . 32, or th e  fo reign  agencies o f th e  com pany .

AN U N S E R E  L E S E R !

In  d er A cta  Technica  w erden  v o n  1966 an  A b h an d lu n g en  ü b e r  geo
d ä tisch e  u n d  geophysikalische T h em en  n ic h t m eh r v e rö ffen tlich t. A us d iesem  
G runde  w ird  das E rsch e in en  d er Series Geodaetica et Geophysica  e in g e s te llt. 
A n ih re r Stelle w erden  A rtik e l aus F ach g eb ie ten  d e r G eodäsie, G eo p h y sik  u n d  
B ergbauw issenschaft in  der neu en  Z e itsch rift d er U ngarischen  A k ad em ie  d er 
W issenschaften  A cta  Geodaetica, Geophysica et M ontan istica  e rscheinen .

R e d a k tio n : B u d ap est V, N ád o r u . 7, U n g arn .
Zu beste llen  d u rch : A u ß e n h an d e lsu n te rn eh m en  fü r  B ücher u n d  Z e it

sch riften  K u ltú ra , B u d ap est I ,  F ő  u . 32, oder be i ih ren  A u slan d sa g e n tu re n .
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A NOS L E C T E U R S  !

E ta n t  donné q u ’ à p a r t i r  de 1966 les A cta  Technica  ne p u b lie n t plus 
d e s  tr a v a u x  du d o m a in e  des sciences géodésiques e t géophysiques, la  Series 
Geodaetica et Geophysica  cessera  de p a ra ître . E lle  se tro u v e ra  rem placée  p a r  
le  n o u v e a u  p ériod ique  de l ’Académ ie H o n g ro ise  des Sciences A cta  Geodaetica, 
G eophysica et M o n ta n is tica .

Ce périodique p u b lie ra  des tra v a u x  géodésiques, géophysiques e t m in iers 
e n  langues anglaise, f ra n ç a ise , allem ande e t  russe .

R édaction : R u d a p e s t  V, N ádor u . 7, H ongrie .
A bonnem ent: E n tre p r is e  pour le co m m erce  ex té rieu r des liv res e t jo u r 

n a u x  K ultúra , B u d a p e s t I ,  Fő  u. 32 ou chez  les re p ré se n ta n ts  e t déposita ires  
d e  c e tte  en treprise .

К ЧИТАТЕЛЮ!

Начиная с 1966 года в журнале „ A c ta  T ech n ica“ не будут публуко- 
ваться работы по геофизике и геодезии и, таким образом, серия „Series 
G e o d a e tic a  e t G e o p h y s ica“  прекращается. Вместо упомянутой серии будет 
издаваться новый журнал Академии наук Венгрии „ A c ta  G eo d ae tica , G eo
p h y s ic a  et M o n ta n is tic a “ который будет публиковать работы по геодезии, 
геофизике и горному делу на английском, французском, немецком и русс
ком языках.

Адрес редакции: B u d a p e s t У , N á d o r  и. 7.
Подписку оформляет Внешнеторговое предприятие „ K u l tú r a “ (B u d a 

p e s t  I ,  Fő u. 32) или его зарубежные представительства.
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TORSIONAL VIBRATION
PR O B L E M S A N D  PR A C TIC A L SO L U T IO N S

A. BALOG H
CAND. OF TECHN. SC.

[M an u scrip t received April 2, 1962]

F o r  th e  purpose of calcu la tin g  th e  n a tu ra l frequencies o f to rs io n a l v ib ra tio n s , gen era lly  
th e  freq u en cy  d e te rm in an t o r th e  freq u e n c y  eq u atio n  developed th e re fro m  is used . T h is  la t te r  
is a n  a lgeb raic  eq uation  w ith  real ro o ts . I n  e ig h t p receding s tu d ies th e  m eth o d  w as developed  
b y  th e  a u th o r  of how to  estab lish  a gen era l, and  for som e essen tia lly  p ra c tic a l cases a  su itab le  
sy s te m , a p p ro p ria te  for fin d in g  th e  a lg eb ra ic  eq u atio n  fo r an y  g iven  n u m b er o f m asses. In  
th is  w ay  i t  is possible to  o b ta in  e x a c t — an d  n o t on ly  a p p ro x im a tiv e  — re su lts . I t  seem ed 
to  be  usefu l to  give a sh o rt su m m ary  o f th e  essentia l m a tte r  o f all th ese  p rev io u s  s tu d ies  
e n u m e ra te d  un d er th e  u su a l h ead in g  of references. T he re ad e r w ill f in d  fu r th e r  d e ta ils  and  
n u m erica l exam ples in these  pap ers .

I. Introduction

Several m ethods o f c a lc u la tin g  th e  n a tu ra l frequencies o f to rs io n a l 
v ib ra tio n s  need p re lim in a ry  e s tim a tio n s , ju d g e m e n t a n d  also ex p erien ce , 
b ecau se  all these  m eth o d s h a v e  som e u n ce rta in tie s , th e re fo re  th e  p rev a ilin g  
in te n tio n  is to  sim plify  th e  w hole o p era tio n . M any m eth o d s  are b ased  on firs t 
ap p ro x im a tio n s . F o r th e  e s tim a tio n  of th e  f irs t  freq u en cy  m a n y  k in d s  of 
g rap h s  com bined w ith  co rrec tio n a l graphs are know n . Such u n c e rta in tie s  are 
p re s e n t w ith  th e  know n ta b u la t io n  m ethods.

All these  m ethods w h ich  one usu a lly  app lied  for so lv ing  th e  p ro b lem  are 
n o t e x a c t; and  w hen we can  f in d  th e  so lu tion  o f how  to  solve th e  p rob lem  
e x a c tly , in  th e  fu tu re  all th ese  p rev io u s ca lcu la ting  m eth o d s will be su p erflu o u s .

In  th e  following we sh a ll ex p la in  f irs t  th e  essen tia ls  o f th e  p ro b lem  an d  
th e n  we will t r y  to  solve i t  e x a c tly .

To th is  end  th e  freq u en cy  d e te rm in a n t th a t  has m a n y  in te re s tin g  fe a tu re s , 
w ill be used. In  th is  w ay  we sh a ll be able to  fin d  th e  e x a c t so lu tion  o f th e  p rob lem  
w ith o u t th e  necessity  to  m ak e  p re lim in a ry  estim a tio n s .

O ur whole p rocedure  w ill be illu s tra te d  b y  ex am p les , an d  i t  w ill be 
sh ow n , th a t  no a p p ro x im a tio n s  are  needed.

T he following m a tte r  c o n ta in s  seven essen tia l to p ics  o f a lread y  p u b lish e d  
s tu d ie s . More details w ith  n u m erica l exam ples are  to  be found  in  th e  orig inal 
s tu d ie s , w hich are q u o ted  in  th e  respective  ch a p te r .
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6 A. BALOGH

II. F requency Determ inant and Equation

I n  general cases o f  to rs io n a l v ib ra tio n s  o f  a sh a ft w ith  severa l ro ta tin g  
m asse s  the  following d iffe re n tia l equ a tio n s are  o b ta in ed :

I  i f  I “1“ c i ( / i  / 2) —  0  ;

^3/2 сг(/г /3) ci ( / i  /2) =  0 ;

f f n  "b Cn - l ( f n  / л -  1) =  0

( 1 )

w h ere  I 1 . . . I n are v a lu e s  o f  th e  m om en t o f  in e r tia  o f th e  m asses ro ta tin g  
a ro u n d  the  axis of th e  s h a f t ,  f l t f.2, . . th e  m o m e n ta ry  angles o f tw is t o f  the 
m a sse s , cv  c2 . . . cn_ 1 th e  v a lu es  of sh a ft s tiffness.

T he p a rticu la r  so lu tio n s  of the  E q u s (1) a re :

=  р г cos M'f , /2 =  p 2 cos wt , . . . ( 2 )

w h ere  p  is the a m p litu d e  o f  v ib ra tio n , w  is th e  a n g u la r  v e lo c ity . 
S u b stitu tin g  (2) in to  E q u . (1), we o b ta in :

w2 — cl)p1 +  Cj/ l, =  0 ; 

c i P i  +  ( h  w2 ~  ci — c2)Pz +  c2 Ря =  0 ;

Cn— x P n — 1 ~b (In  t®2 Cn—l)Pn =  0 .

(3)

Considering th e  co e ffic ien ts  of the  p  v a lu es  [in (3)] th e  follow ing deno 
ta t io n  shall be in tro d u c e d :

u ik (4)

T he in tro d u c tio n  o f  th is  den o ta tio n  im p lies th e  follow ing o p era tio n : all 
th e  row s of the o rig in a l d e te rm in a n t are d iv id e d  b y  th e  v a lu e  o f th e  m om ent 
o f  in e r t ia  th a t  c h a ra c te r ise s  each  m em ber o f  th e  respec tive  row . In  th is  w ay 
th e  follow ing d e te rm in a n t is o b ta ined :

w2 — u ll U11 0 0 . . 0 0

U12 W2 — u 12 — IÍ22 U22 0 . . 0 0
B n =  0 = 0 M23 w2 — «23 — «33 «33 • 0 0

0 0 0 0 un -  l,n w2
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TORSIONAL VIBRATION 7

D eveloping th e  d e te rm in a n t-e q u a tio n  (5) in  th e  usual w ay  we o b ta in  th e  
freq u en cy  e q u a tio n ; n o tab ly  th e  ro o ts  o f  th is  algebraic  e q u a tio n  se rv e  as 
basis  for the  ca lcu la tio n  o f th e  n a tu r a l  frequencies .

B u t th is e q u a tio n  is, for p ra c tic a l c a lcu la tio n , especially  in  th e  case o f  a 
la rg e  n u m b er o f  m asses ra th e r  u n su ita b le . T h erefo re , in  all m ethods w h ich  h av e  
b e e n  developed ti l l  now , th e  use o f  th is  d e te rm in a n t (5) for c a lc u la tio n  was 
d isca rd ed . This d e te rm in a n t is h o w ev e r o f th e  con tinuous ty p e  a n d  is a p p ro 
p r ia te  in  m any  re sp e c t for e s tab lish in g  th e  a lg eb ra ic  eq u a tio n  fro m  w h ich  th e  
n a tu ra l  frequencies can be de riv ed .

— A - 2 '  -  2

-1;--- 2l - *

Z Y \/\r ------J----- X-----Ус
5 Mosses

в Masses . ' V
5 ------»

24 - 16

7 Masses

8 Mosses

9 Masses

/
'5.---- V- 2* -32

J
Я-----20---- « -----8----- /  —

A /Y V \ Л Л  Л---- Í -------7\------21------55-----» ----- 21----- .7----- 1 -------- 1-------

-  Ар*/Л

F ig . 1

This d e te rm in a n t can be e x p re ssed  as follow s [1]:

Bn — (w2 Un— 1 ,n—1 u n—i,n) 1 Mn—2,n—1 ' u n—l,n—1 ‘ B n—2' (^)

A s an  exam ple fo r n  =  8 :

Bg =  (w2 u 77 — u 78) B 7 u 67 • u 77 • B e ,

w here В  d eno tes th e  d e te rm in a n t w ith  a su b sc r ip t index  d e n o tin g  th e  g rade .
In  o th e r w ords th e  d e te rm in a n t B s can  be ca lcu la ted  i f  th e  d e te rm in a n ts  

В  6 an d  B 1 are  k n o w n .
B y m ak in g  use co n tin u a lly  o f  th e  ex p ressio n  (6) we o b ta in  th e  n u m b e r 

o f  th e  m em bers o f  th e  freq u en cy  e q u a tio n , developed  from  th e  freq u en cy  
d e te rm in a n t. T h e  resu lts  are show n  in  T ab le  I  an d  in  th e  P asca l-T rian g le  
in  F ig . 1 [2].

In  T able  I  th e  num ber o f  th e  m em b ers  o f th e  re sp ec tiv e  fre q u e n c y  
e q u a tio n  can be  found  for th e  cases c h a ra c te r iz e d  b y  4 up  to  9 m asses  cor
re sp o n d in g  to  th e  pow ers of w.
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8 A. BALOGH

In  Fig. 1 we see h o w  i t  is possible to  f in d , e .g . th e  n u m b er o f th e  m em b ers  
in  th e  eq u a tio n  fo r e ig h t  m asses when t h a t  fo r  seven  m asses is kn o w n :

Table I
S y n o p tic  table o f the numbers in  freq u en cy  equations

9
masses

8
masses

7
masses

6
masses

5
masses

4
masses

w1« 8 =  1 — — — — —

0
w l i 8 — 8 Y =  1 — — — —

1 0
w 12 8 =  28

Г
=  7

I6
=  1 — — —

2 11 (o
w ' ° 8 =  56 7 =  21 6 =  6

I5 1 — —

3 2 1 (o
W 8  1 8 =  70 I7l

ír;ecII

Í6
=  15 5 | =  5 ' 4

=  1 —

4 (з UJ 11 S«
w e 8 =  56 7 35 6 =  20 5 =  10 4 =  4

Í 3 =  1
5 4 3 2 1 lo

I V 4 8 1 =  28 7 =  21 6 =  15 5 =  1° 4 =  6
I 3

=  3
6 5 4 A 2 U

w 2 8 =  8
í 7

=  7 6 =  6 5 =  5
Í4

=  4
I 3

- 3

7 U 5 4 3 1.2
U’U IS =  1 '7 =  1 6 |

=  1 5 =  1 4 =  1
I 3

=  1
8 7 6 5 4 |з

N u m b e r of m em bers 256 128 64 32 16 8

N u m b e r of m em bers fo r  8 m asses:

+ + 1 +  7 +  21 +  35 +  21 +  7 + 1  =  128 ;

fo r 7 m asses:

+ + + + + 1 +  6 + 1 5  +  20 +  15 +  6 + 1  =  64;

in  o th e r  form : 128 =  2 X 64.
U sing th e  re su lts  in  T ab le  I we can o b ta in  th e  n u m b er of m em bers e.g . 

in  th e  eq u a tio n  for 14 m asses  as follows:

Acta Technica Academiae Scientiarum Hungaricae 54, 1906



TORSIONAL VIBRATION 9

N u m b er o f m asses 10 11 12 13 14

N u m b er o f m em bers

2X256 =  
=  512

2X512 =  
=  1024

2X1024 
=  2048

2X2048 =  
=  4096

2 4096 =  
=  8192

O f course, e q u a tio n s  w ith  so m a n y  m em bers are  u n su itab le  fo r p ra c tic a l 
p u rp o ses . In  o rd e r to  avoid  th ese  d ifficu lties  several m ethods w ere dev e lo p ed ; 
am ong  th e se , th e  m ost know n is th e  m e th o d  b y  Tolle — G iim b el— H o ltze r.

In  th e  fo llow ing we shall d e m o n s tra te  th a t  th e  orig inal p ro b le m  can  be 
so lved  — b y  using  correct d e n o ta tio n s  in  th e  d eriv a tio n  o f th e  freq u en cy  
d e te rm in a n t — because we o b ta in  an  a lg eb ra ic  eq u a tio n  w ith  rea l ro o ts , and  
from  th ese  ro o ts  we can ca lcu la te  th e  n a tu ra l  frequencies in s tead  o f  e s tim a tio n s  
b y  chance .

D evelop ing  th e  orig inal freq u en cy  d e te rm in a n t, w here th e  v a lu es  of 
stiffness a n d  o f  th e  m om ents o f in e r tia  a re  k e p t in  th e  orig inal fo rm , w ith o u t 
in tro d u c in g  th e  sym bol of и we can  in tro d u c e , by  m aking  use o f  th e  ad d itio n  
an d  th e  m u ltip lic a tio n  of th e  re sp ec tiv e  va lues, th e  new d e n o ta tio n  L  [3]:

'•A-'-ft + l
J к +  I  k+1 +  • ■ • +  I n

h i A + l • • - I ,
L Kkk + 1 . . . n • (")

»C10 -  (L 12 +  L 23 +  L34 +  L 45 +  L seK  +

+  123 “ Ь  ^ 2 3 4  4 "  ^ 3 4 5  4 "  ^ 4 5 Г) 4 ~  L 12 ( ^ 3 4  “ I“  ^ J45 4 ~  ^ ö o )  4 "

H~ IJ2:i (̂ 45 4" 5̂Г|) 4“ 3̂4 5̂з]М’в “
-  [ - ^  1234 4 ~  ^ 2 3 4 5  4 ~  ^ 3 4 5 «  4 ~  ^ 1 2 3  ( ^ 4 5  : ^ 5 б )  4 ~  ^ 1 2  (^ J 345 ‘ (® )

_Ь  ^ 4 4 6  “ I“  ^ 3 4  ^ 5 б )  4 “ ^ 2 3 4  ^ з Ч  4 "  ^ 2 3  ^ '4 3 б ]М’4 4 ~

4  (■^'12...5 4"  ^ 2 3 . . .  6 4 "  ^1234 ^ 5 6  ”Ь ^ 1 2 3  ^ 4 5 6  “Ь ^ 1 2  ^ 3 4 з ч ) и ,~ ^ 1 2 . .  .6 =  0 .

E .g . fo r th e  case o f 6 m asses, th e  u lt im a te  E q u . (8) is e s tab lished  on  th e  basis 
o f T ab le  I I ;  in  considering th e  re p e titio n s  occurring , and  m ak in g  use o f the  
ab o v e  d e n o ta tio n  L  (7) this u lt im a te  exp ression  o f frequency  (8 ) can  be con
sid e rab ly  sh o rte n e d . In  o th e r w ords, fo r 6 m asses only th e  fo llow ing  values 
h av e  to  be c a lcu la ted :

■̂ 12» ^23» ^34» ^15’ i'S6’ ^123’ ^234’ ^315’ ^156’

^ 1 2 3 4 ’ ^ 2 3 4 5 ’ ^ 3 4 5 0 ’ ^ 1 2 . . . 5 ’ ^ 2 3 . . . r d  ^ 1 2 . . .  «•

R e tu rn in g  to  th e  expression as w r itte n  in  (4) for u, th is  can  he app lied  
in  o rd e r to  f in d  th e  ca lcu la tion  o f th e  n a tu ra l  frequencies:

A da  Technica Academiae Scientiarum Hungaricne 54, 1906



10 A. BALOGH

Table II
6 masses

w w w 8 гг.,в гг>4 w 2 U )°

C 1 ^ 1 2 C 1 C2 ^ 1 2 3 C1 c 2 C3 ^ 1 2 3 4 C 1 c 2 C3 C4 ^ 1 2 3 4 5 C l c 2 C3 C4 C5  ^ 1 2 3 4 5

C2 ^ 2 3 C 1 C3 1 2 ^ 3 4 c4 c2 c4 L 123L 46 C 1 c 2 C3 C5 ^ 1 2 3 4  ^ 5 G

C3 ^ 3 4 C I C4 ^ 1 2  ^ 4 5 C j  c 2 C5 X i123 b 56 c 1 c 2  c4 c5 L 123 L 45e

C4 ^ 4 5 C 1 C5 - ^ 1 2  -^ 5 6 C 1 c 3 C4 -^ 1 2  -^345 C l  C3 C4 C5 ^ 1 2 ^ 3 4 5 6

c 5 ^ 5 6 c 2 C3 -^ 2 3 4 C1 C3 C5 ^ 1 2  ^ 3 4  ^ 5 « c2 c3 c4 c5 L 2345

C2 C4 i« 2 3  -^ 3 4 C 1 C4 C5 ^ 1 2  ^ 4 5 6

C2 C5 ^ 2 3  ^ 5 6 C2 C3 C4 1^2345

C3 C4 ^ 3 4 5 C2 C3 C5 ^ 2 3 4  ^ 5 6

C3 C5 ^ 3 4  -^ 5 6 c2 c4 c5 L 23 L 456

C4 C5 ^ 4 5 6 C3 C4 C5 -^3456

uik =  ~CT' [ 1/sec2] .
Ik

T h e  ad v an tag e  in  u s in g  th is  fo rm ula is obv ious b ecau se  i t  is k e p t va lid  i r r e 
sp e c tiv e  of w h e th e r d im ensions are chosen in  en g lish  or m etric  u n its .

In  order to  i l lu s tr a te  its  ap p lica tio n  th e  fo llow ing exam ple of th e  f re 
q u e n c y  eq u a tio n  fo r  5 m asses will serve:

in8 — (Lu  +  L.13 -f- L 3i -f- L 45)w6 -f-

+  [^123 +  ^234 +  ^345 +  ^12 (T34 +  T 45) +  T 23 Т 45]и>4 — (9)

( ^ 1 2 3 4  4 “  ^ 2 3 4 5  4 "  ^ J 123 ^ 4 5  4 ~  ^ 1 2  ^-J34b)U ’2 4 “ ^ '1 2  . 5 =  ® •

A ccordingly  a ll th e  v alues of L  o f E q u . (9) shou ld  be changed  in to  u,* 
wrh ic h  are to  be fo u n d  in  T ab le  IV  and  b y  u sin g  th e  d en o ta tio n s  in  T ab le  I I I ,  
we o b ta in  the  e q u a tio n s  (10) and  (11). W ith  th e  know n  values o f к a n d  A ,  
th e  frequency  e q u a tio n  can  be e stab lish ed  [4, 5].

M’8 —  & U - 5  W ® V  1 ^ 2 2 - 5  4 "  U 12 ^ 2 3 - 5  4 "  M22 ^ 3 3 - 5  “ I”  u >3 ^345  4 “ M33 ^445 4 "

4 "  M34 ^ i b V v i  [ U l l  ( U 22 ^ 3 3 —5 4 “ U 23 ^345  4 “  M33 ^4 4 5  4 “ U 34 4 ~

+  « 1 2  ( U23 ^3 4 5  +  U 33 ^4 4 5  +  M34 ^ 4 ö )  +  u 22 (  U 33 ^4 1 5  ' M34 ^ 45)  4 “  M23 U 34 * « K  +

4“ Mi l  [ u 22 ( U33 ^445 4 -  M34 k 45) u 23 u 34 fc45] u 12 u 23 u 34 k 45 =  0 ; (10)

W’8 fc14_ 5  Ml® - f -  [ l * n  fc22 —5 4 “  M12 ^234  4 ~  ^ 22— в ] 1®4

[ Wl l  - 4 22-*5  4 “  U 12 4 23- 5  4 “  M22 4 3 3 _ s  - ) -  U 23 4 345] lC 2 - ) -  ( П )

4 ~ « u  [ u 22 4 3 3 _ 5 u23 4  345]  - ) -  u 12 u23 4 345 =  0 .
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TORSIONAL VIBRATION 11

As can be seen , th is  e q u a tio n  (11) in co rp o ra te s  th e  u lt im a te  s im p lif i
c a tio n  for the  case o f  5 m asses.

T he values o f  к  an d  A  can  be  o b ta in e d  from  th e  g raphs as show n in  F ig . 2; 
m o reo v er th is g ra p h  is a m od ified  P asca l-T rian g le . Some exam p les  a re  in d i
c a te d  in  these g rap h s .

Ult ■ XU-i+Au-s ’ A 22-3
Utt  K n-j+Азз-з - A 
Uu  Ki+4+Ащь-З • A ,2-3

' A i4,s

Fig. 2

Table III

N ota tions

* 1 1 - 5 =  « 1 1 b  M12 + « 2 2  d * U 23 + « 3 3 d - « 3 4 d - « 4 4 - f « 4 5  = « 1 1 & I2

* , 2 - 5 = l l i  i  ~f* « 2 2  d - u 23 + « 3 3 d - « 3 4 d - « 4 4 + « 4 5  = « 1 2 +  ^ 2 2

* 2 2 - 5 = « 2 2  d - U 23 d - « 3 3 + « 3 4 - b « 4 4 d - « 4 5  = « 2 2 ^ 23 —5

* 2 3 - 5 = U 23 + « 3 3 d - « 3 4 1 « 1 4 ■F « 4 5  = « 2 3 ^ 3 3

* 3 3 - 5 - « 3 3 + « 3 4 + « 4 4 + « 4 5  = « 3 3 ^ 3 4 5

*345 = « 3 4 + « 4 4 + « 4 5  = « 3 4 ^ 4 4 5

*445 = « 4 4 d - « 4 5  = « 4 4

*45 =  «45

^ 22—5 =  « 2 2  * 3 3 —5 d -  « 2 3  * 3 4 5  ' « 3 3  * 4 4 5  A  « 3 4  * 4 5  =  « 2 2  * 3 3  - 5 A , 3 3

^ 23—5 == « 2 3  * 3 4 5  d "  « 3 3  * 1 4 5  d ~  « 3 4  * 4 5  =  « 2 3  * 3 4 5  d ~  ^ 3 3 —5

^ 33—5 =  « 3 3  * 4 4 5  d ~  « 3 4  * 4 5  ~  « 3 3  * 4 4 5  d -  A 315

d  343 —  « 3 4  * 4 5

In  th e  sam e w ay  as for 5 m asses , th is  s im p lifica tio n  can be e x te n d e d  for 
a n y  n u m b e r of m asses. In  T able У  ca n  he seen th e  frequency  e q u a tio n s  fo r  th e  
ran g e  o f 4 4- up to  9 m asses; an d  a lso  th a t  th e  n u m b e r o f cap ita l sy m bo ls are  
a lw ays iden tica l w ith  th e  h ighest p o w er m inus 3.

E .g . for th e  case o f 8 m asses th e  d e n o ta tio n s  are  show n in  T ab le  V I a n d  
th e  respective  P ascal-T riang le  in  F ig . 3; som e exam ples are also in d ic a te d .

A ll the  exp ressions deno ted  w ith  c ap ita l le tte rs  are e s tab lish ed  on  th e  
sam e schem e; th e re fo re , on th is  b a s is , a n y  ty p e  o f graphs can be d ev e lo p ed

Acta Technica Academiae Scienliarum Hungaricae 54, 1966



12 A. BALOGH

Table IV

, 7, + /, c, , c, ,
Ll‘ - c‘ / , / ,  -  7Г +  7Г ~  “u +  ’

L ia =  “ !! +  u !3. 

b 34 =  “ 33 +  “ 31.

L.s =  “1, +  “45

^ 1 2  +  -^ 2 3  +  ^ 3 4  +  -^ 4 5  —  U U  +  U 12 +  U 22 +  U 23 +  « 3 3  +  « 3 4  +  U 44 +  « 4 5  —  ^ U - 5 -

L : — c; r: A +  'll +  h
Л I, h

^ISl =  “ S2 ("83 +  “ 8l) +  “ 88 “ i

_ C1 / C2 - C2 \  . C1 C2
~  t ;  \~t;  +  + 1г ia “ ll (“ !! +  “ 23> +  "l! "33.

L 31S =  “ 33 (“ll +  “is) +  1‘ 11 "is.
L,. All =  (“ ll +  “ 12) (“ 38 +  “ 31).

b j 2 As =  (“n +  “ ,2) ( “ 11 +  “is).
l 23 As =  ( “ 22 +  “ 23) (“ii +  “ 15)

-^ 1 2 3  +  ^ 2 3 4  “ b  -^315 +  h 12 (L31 +  F 4 5 )  + ^ 2 3  F 4 5  —  « 1 1  ( « 2 2 +  « 2 3  +  « 3 3  +  « 3 4  +  « 4 4  +  “ 4o) +

+ U L2 ( M23 “Ь  U 33 H" « 3 4  +  « 4 4 +  « 4 5 )  + « 2 2  ( « 3 3  +  « 3 4  + « 4 4  +  « 4 o )  +  « 2 3  («34 +  « 4 4  +  « 4 5)  +

+ U 33 ( M44 +  M4 s ) 1- « 3 4  « 4 5  = « 1 1  fe2 2 - 5 +  « 1 2  ^ 2 3 —5 +  « 2 2 ^ 3 3 —5 A  « 2 3  ^ 3 4 5  4 "  « 3 3  ^ 4 4 5  “1“  « 3 4  ^ 4 ä '.

- 7 X 4 “ L 2 73 74 __ Cj C2 / C2 , C1 \ . C1 C2 c3 I C1 c2 c3

h h h h  ~ h  h \ I ,  и г  A ЛА AAA
L23i3 =  “ 22 [“ зз ( “ ,1  +  “ 45) +  “ 31 “ is] +  “ 23 “ 31 “is.

"ll [“ 22 (“ 33 +  “ 31) +  “ 23 “ all u23 u3,

^123 ^4Ei = [“ll (“2!2+ u :is) + U12 U2s] (U44 + u4s)*
t ,2 til,• = [Ull H" “12] • ["33 (“ll +  “is) + “31 “is]

1234 +  h 234S +  L 1 2 3 -^ 4 5  H-  - ^ 1 2 ^ 3 4 5  =

= « 1 1  [« 2 2 ( « 3 3 +  « 3 1  +  « 4 4  +  « 4 5 ) “ h  W23 ( U 34 “ b  M44

+ U t2  [ W23 (« 3 1 +  « 1 4  +  « 4  i )  +  « 3 3 ( « 1 4  +  « 4 ô )  +  « 3 4

+ « 2 2  [ « 3 3 ( « 4 4 +  « 4 5 )  +  « 3 4  « 4 5 ]  d - U23 «34 «45 =
= « 1 1  [ « 2 2 ^ 3 3 - 5 “ Ь  u 23 ^ 3 4 5  “Ь U 33 ^ 4 1 5  “Ь l í 34 ^lől "t~ M

+ « 2 2  [ « 3 3 ^ 4 4 5 "Ь M34 ^ 4 5 ]  +  U  3 U 34 ^ 4 5 ’

+  f-,
1234ci =  C 1 C2 C3 C4 f , F  F  F « и  [ « 2 2

4 “  u 23 U 34 “ 4 5 ) « 1 2  U 23 U 34 « 4 5  —

=  M u  [ « 2 2  ( « 3 3  ^ 4 4 5  " F  « 3 4  F 4 5 )  " Ь  « 2 3  « 3 4  ^ 4 5 ]  ' « 1

Ь  11 iö) ' « 3 3  ( « 4 4  “ b  « 4 5 )  1 « 3 1

u 45] +

12 [ U 23 ^ 3 4 5  ~ Ь  « 3 3  F 1 4 5  T  « 3 4  ^ 4 5 ]  

( « 3 3  ( u 44 —  U 4 i )  ~ Ь  « 3 1  '  “ l a !

*2 3  « 3 4  ^ 4 5

« 4 5 ]  +

fo r n  m asses. T his is show n  in  a m odified  P asca l-T rian g le  accord ing  to  Fig. 4. 
T h e  use of th is  g ra p h  is illu s tra te d  b y  th e  fo llow ing exam ples:

F i r s t  exam ple: A23_ n =  u23 fc34_n +  A 33_ n.
F o r  5 m asses is n =  5: u.z3 k 3i_ s A 33_3 =  A.z3_*; 
fo r 8 m asses is n — 8 : u23 fc34_ g -f- A 33_ a =  A 23_8.
A n o th e r  ex am p le : u44 Ax _ n -f- B i3_ n =  B u _ n.
F'or n =  8 we h a v e :

M4 4 ^ 5 5 - 8  “b  ^ 4 5 - 8  =  -® 4 4 -8 '
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TORSIONAL VIBRATION 13

--------- u Kt A S l .y  -  B tg . f

Ul4 * K ir  ’  K u .7

K n -7 U3* ^ * 1 -T+-B**-7

UU ^ 4  -  A » 1 ----------и и .8 ь e-т  " C , * . T

USS ^ U -y *  ^W  r -^ e - 7 --------- US) B^J, 7 * C  H -7 ~ C ti -7

u *e К ц -i*  y A m ----------U jt .B V t.r * C  j j - 7 “ C j j . 7

----------и и  В „ . 7 + С г з .7 ~Сгг . т

F ig . 4
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14 A. BALOGH

Table У

4  masses

w 6 ^ 1 1 —4 "i" ( Ml l  ^ 2 2 —4 4 “ U 12 ^ 2 3 1  4 “  M22 ^ 3 3 4  4 “ M23 ^ 3 d ) 1̂ 2 [ u l l  ( w 22 ^ 3 3 4  4 “  M23 ^ 3 1  )  4 “

+  u12 u23 fc34] =  0.

5 m asses

^ 1 1 —5 W’6 4 “  ( U l l  ^ 2 2 —5  4 -  U 12 ^ 2 3 —5 4 -  A 22_ 5) w 4 ( WU  ^ 2 2 —5 4 “  U 12 ^  23—6 4 “

4- M22 ^ 3 3 - 5  4- w23 A345)w2 H- [uu (u22 Л33_б 4- w23 ^ 345) 4- ul2 u23 4 345] =  0.

6 m asses

™ 10 —  k l l - 6  4 -  ( u l fc2 2 _ 6 4 -  u 12 k i 3 _ 6) w 6 —  ( m u  ^ 2 2 _ e  4 -  w 12 4 23_ e 4 -  B 22 _ 6 ) w 4 4 -  

4 “  ( 1^11 B 22 _ e  4 "  w 12 ^ 2 3 —6 4 ~  U 22 ^ 3 3 —6 4 “  U 23

'  [ U l l  ( U 22 ^ 3 3 - B  4 -  M23 ^ 3 4 —g)  4 “  u l 2 U >3 ^ 3 4 — б !  =

7 m asses

W 12  —  fc u _ e  U>10 +  ( u u  1*22— 6  +  W12 ^ 2 3 - 6  4 -  A 22 _ 6 ) u >8 —  ( u u  ^ 22 _ 6 +  U 12 ^ 23 _ 6 - f  B 2 2 . _ 8 ) w 6 —

( M l l  ^ 2 2 —6 4 ” U 12 ^ 2 3 —G 4 -  ^ 2 2 —g) 1̂ 4 4 “  ( u l l  ^ 2 2 —6 4 “  W12 ^ 2 3 —6 4 “

4 “ u 22 ^ 3 3 —6 4 -  u 23 Q i 4 —e ) 1̂ “ [ u 11 ( u 22 ^ 3 3 —6 4 “ M23 ^ 3 4 — б )  4 ~  U 12 U 23 ^ 3 4 —б] =  0*

8 masses

W X4 ^ 11—8 u ’12 4 -  ( u n  ^ 2 2 —8 4 ~  M 12 ^ 2 3 —8 4 "  A 22_ 8) w 10  ( m 41 A  22—g 4 ” u \ 2 ^ 2 3 —8 4 "

4- B 22_Q)w8 4- (Mll В22—s 4- Ы12 B2з_8 4" C22_s)w6 --------  (mu C22_8 4- U12 C23_8 4-
4 -  B>22— 8 ) w i  4 "  ( “ и  В 22 —8 4 -  “ l 2  ^ 2 3 —8 4 “  M22 ^ 3 3 —8 4 -  W23 D 3 i - s ) w Z  —

[ U l l  ( U 22 ^ 3 3 —8 4 “  M23 ^ 3 4 —в )  4 “  K l 2  U 23 - ^ 3 4 —s !  =  0 *

9 masses

w 'e —  k iu ^  ivli  +  ( u u  fc22_ 9 +  u 12 fc23_ 9 +  Л 22_ 9)и)12 — ( u a  A 22_ 9 +  u 12 d 23_ a +

~ Ь  ^ 2 2 —э ) 1^ 10 4 ~  ( “ i l  ^ 2 2 —9 ' “  I 2 ^ 2 3 —9 d "  ^ 2 2 —э ) 1̂ 8 ( U U  ^ * 2 2 —9 ~"Ь “ 1 2 ^* 2 3 —9 “Ь

d “ ^ 2 2 — э ) ^ 6 ~ Ь  ( “ i l  ^ 22 —9 u 1 2 - ^ 2 2 —э ) 1̂ 1 ( U U  ^ 2 2 —9 Ы 12 ^ 2 3 —9 “Ь

“ Ь  “ 22 - ^ 2 3 —9 *~Ь U 23 E 3 i _ ç , ) w 2 +  [ u l l  ( w 22 -^ 3 3 —9 “Ь  W23 “Ь  u 12 W23 ^ 3 4 —9]  “

III. Sim plified Method of C alculating the Natural 
Frequencies by Means of the Frequency Determinant

A m ost in te re s tin g  p rac tica l ap p lic a tio n  is found  for m u lti-cy lin d e r i.c . 
en g in es , because a la rg e  ra n g e  of values o f m o m e n t o f in e rtia  an d  o f th e  s tiffness 
re sp e c tiv e ly  are e q u a l;  th is  correlation  h e lp s  us to  find  a m ore s im p lified  
m e th o d  for th e  c a lc u la tio n  o f the  n a tu ra l fre q u e n c ies . (Besides th e re  a re  a few  
v a lu e s  w hich  are d iffe re n t, e.g. the  values re fe r r in g  to  the  flyw heel.)

In  th is  case, th e  и va lu es  tak e  th e  fo rm :

W =  U 22 —  W'23 =  M33 =  • • • •

Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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Table VI
The denotations refer to the case o f  8 masses

fc78 =  “78 678 == 7̂8 U67 ^58—8 =  “̂678 U5G C45-8 =  ®Ö6-8U45 ^34—8 =  ^45-8U34
7̂78 =  7̂8 “Ь un ■̂ 77—8 =  -̂ 678 "Ь 7̂78 U77 -®55—8 =  5̂G—e^-^ee—8U55 ^44—8 == ^45—8 +  ̂ 55—8U44 ^33—8 =  ^34— 8 “I" ̂ 44—8U33
6̂78 =  7̂78 “Ь U67 ^58—8 =  -̂ 68—8 “Ь 6̂78M57 ^45—8 =  ^55—в +  — 8U45 ^34—8 =  ^44— 8+ ̂ 45— 8U34 ■̂ 23—8 =  ^33—8 “1“ ̂ 34—8M23
7̂7—8 =  6̂78 “Ь U66 ^55—8 =  -̂ 55—8“Ь ^66—8U55 ^44—8 =  -®55—8“Ь-̂ 55—8U44 ^33—8 =  ^34— 8“Ь^44— 8U33 ®22—8 =  ®23— 8 +  C33—8U22
5̂6—8 =  ^66—8 U56 ^45—8 =  -̂ 55—8~Ь 5̂6—8M45 ^34-8 =  ^44—8_b-^45—8M34 ^23—8 =  ^33—8“Ь-®34—8U23
5̂5—8 =  ^56-8 “Ь “äö ^U-8 =  ^45-8+ ^55-8U44 ^33—8 =  ^34—8“Ь-̂ 44—8U33 ^22—8 =  ^23—в'Ь'^ЗЗ—8U22
4̂5—8 ~  5̂5—8 “Ь M45 ^34—8 =  -̂ 44—8“1“ 4̂5—8U34 -®23—8 =  -®33—8“Ь-̂ 34—8U23
4̂4—8 =  4̂5—8 "Ь U44 ^33—8 =  ^34—8“f" 4̂4—8U33 -®22—8 =  -̂ 23—8 ~b^33—8U22
3̂4—8 =  4̂4—8 “Ь U34 23—8 ~  ^33-8+ 3̂4—8M23

^33-8 =  ^3J-8 +  u33 ■̂ 22—8 =  ^23-8"Ь ^33—8U22
2̂3—8 =  3̂3—8 “1“ U23
2̂2—8 =  2̂3—8 H- U22
1̂2—8 =  2̂2—8 4~ U12
1̂1—8 =  2—8 "Ь M12
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16 A. BALOGH

F o r  th is  special case in  T ab le  V II  th e  m o d ified  frequency  e q u a tio n s  are  
sh o w n  fo r 4 up to  9 m asses a n d  also for th e  case o f  12 m asses. In  o rd e r to  fac il
i t a te  th e  ca lcu la tion , th e  n u m erica l values o f  th e  fac to rs  by  w hich u lx a n d  u vi 
a re  to  be  m u ltip lied  in  o rd e r to  o b ta in  all th e  fa c to rs  of th e  pow ers o f w  a c c o rd 
in g  to  th e  frequency  e q u a tio n s .

F ig . 5

T h e w ay to  fin d  th e  coeffic ien ts of th e  pow ers of w in  th e  q u o ted  e q u a tio n s  
is sh o w n  in  T able V II I  for 5, 7, 8, 9 and  12 as b in o m ia l fac to rs. In  th is  w ay  i t  is 
p o ss ib le  to  develop th e  freq u en cy  eq u a tio n  fo r a n y  n u m b er o f m asses.

I t  is w orth  w hile to  re m a rk  th a t  all th e  coefficients can  be o b ta in e d  b y  
u s in g  th e  P ascal-T riang le  as i t  is show n in  F ig . 5; accord ing  to  th is  g ra p h , th e  
v e r t ic a l  lines help us to  f in d  all th e  coeffic ien ts fo r ca lcu la tion  p u rp o ses .

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



TORSIONAL VIBRATION 17

Table VII
7 masses

w'* —  (u ,,  +  u ,2 +  10u)m)10 +  u(10u ,, +  9 u I2 +  36u)m)s — u- (3 6 u ,, +  2 8 u ,2 4- 56u)ive +  

4- I*3 (5 6 u „  +  35u 12 -f- 35«)u>4 — u 4 (3 5 « ,, 4- 1 5 u ,2 +  6 u) -(- u 5 (6 u ,,  +  u 12) =  0

« I I 1 1 0 36 56 35 6

« 1 2 1 9 28 35 15 >

M 1 0 36 56 35 6

8 masses

h>14 — (« u  +  « 12 +  12u)w 12 -f- u (12« ,, l l u |2 +  55«)te10 — и 2 (5 5 « ,, +  45u12 +  120u)u;s 4 -  

+  u 3 (120u ,, +  8 4 u ,2 +  126«)tee — u 4 (1 2 6 u ,, +  7 0 u ,2 +  56u)ie4 +  

u 5 (56uu  4" 21« ,2 +  7«)w 2 — u 6 (7 u ,,  4" “ 12) =  0

« и 1 12 55 120 126 56 7

« и 1 11 45 84 70 21 1

и 12 55 120 126 56 7

9 masses

w1* — ( u 1, 4- «12 +  14u)ie14 4- u (1 4 u n 4- 1 3 u 12 4- 78«)ie12 — и-  (7 8 u ,, 4 - 66u 12 4- 220u)h>10 4 - 

4- u3 (220u ,, 4- 1 6 5 « ,, 4- 3 3 0 u K  — u 4 (3 3 0 u „  4- 210« ,2 4- 252«)«;« 4- 

+  «■’ (252utl 4- 1 2 6 « ,, 4- 84u)m>4 — u e (84«, t 4- 2 8 « ,, +  8u)«i2 -\- u 7 (8 u u 4~ u ,2) =  6

“ и 1 14 78 2 20 3 3 0 2 52 84 8

“ и 1 13 66 165 2 10 126 28 1

u 14 78 220 3 3 0 2 52 84 8

12 masses

«>22— (« ,,  4- « , ,  4- 20«)u>20 4- u(20u,, 4-  19«,j 4 - 171и)и>18 — u2 (171«,, 4- 153«I24- 816«)«>164 - 
: u3 (816u,, 4- 680«,2 4- 2380«)«’14— « '(2380« , ,  4- 1820«12 4- 4368«)u>12 4- 

4- u 5 (4368«,, 4- 3003«,2 4- 5005«)«;'° — «« (5005«,, 4- 3003«,2 4- 3432«)w8 4- 

4- u 7 (3432«,, 4- 1716«,2 4- 1287u)we — «"(1287«,, 4- 495«,2 4- 220«)«;4 4- 

4- u® (220«,, 4" 55« ,2 4" И «)«1® — «10 (1 1«,, 4~ “ 12) =  0

« и 1 20 171 816 2 3 8 0 4 368 5 0 0 5 3 432 1287 2 20 11

« i t 1 19 153 680 1820 3003 3 0 0 3 1716 495 55 1

u 20 171 81 6 2380 4 3 6 8 5005 3 4 3 2 1287 220 11
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1 8 A. BALOGH

T able  V III

5 m asses

Г il3 — I\ il* — 2\\ , Ц1 — 2\~\ _ i n î — 24
Г п ( 0 j  +  “l2( 0 jJ «o« +  » 1 »»и ( 1 )

+  “ i* (8 1 3) + “ (8 2 3)JM,4_ “2[ u" ( 8 2 3) +  “ i2(8 2 4) +  u (8 3 4) ]" ’2 +

+ u3[“u(8I 4) + Ui2(87 4)] = 0-
7 m asses

to10 -f-■ [ f  V  ')  “ ■■+(12 í r 2) “ ■=+(12 г 2) “ ]  

|(,2 r 2)«„+(,2 r 3)“..+(12r sH “<-
(12 — 4 

3- “ 2 [ ( 1 2  2  3 ) “ u  +  ( 1 2  2  4 ) “ l 2 + (

+  - [ f “ . - | ) - u  +  (“ r V  +  (U 4 SH

“  “4 [(12 7 5) ““ +  (12 7 6) “>* +  (12 Г'6) “] 

“ 5[(127 6) “n +  (12^ 6) “ ] =  °-

U  It1® +

К  +

+

9 m asses

■- [(1V b 4 “ .- V.+(1‘r 2H - ‘+
+ «[(,6 г 2)»и+(16г 3)»„+(1 6г 3Н -

г а б 14 , ( 16 _ 44 , ( 16 — 44U 2 J “ и  +  ^ 1 J «1 2 +  ( 2

+ ,ГГ16 - -  44 (16 --5 4u  И  3 ) “ 11 + (  3 Г 12

, [(16 54 I16 6 4 16 - 6 4К 4 ] “ “  +  | 4 ) «112 +  J 5 )
+

5 Г(16 - - 6 4 (16 - - ?4“ L1 5 г 11 + (  5 ) “ 12 '

, Г/16
> „  +  ( 16 8 4 16 — 84К 6 6 и ,2 +  (, 7 )

w"> +

it® +

8 masses 

w '4 +  «12 jI“ . - 2) +  « (

[ - ■ Г  г 2) +  UI2 1[“ h 1+ “ (

■hcv:) +  U12
(14 — 41 1 Г 41 2 .и

i t 12 +

l t8 +
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TORSIONAL VIBRATION 19

+  “3[ “ " ( U 3 *) +  “ îsj:, 4 3- s ) +  » ( 1 4 7 5) ] - -

,  Г ( 1 4  —  51 f14 — 61 114 — 61] . ,
- » ‘ L M  4 J1 +  “1*1l 4 J| + “ (  5  +

114 — 71
+  “ | М  5 J +  “ l2 l 5 Jl + “ ( 6 JJ ^  —

Г 114 — 71I , (14 — 71il A
“ h l  6 J +  “U l 7 ]1 r

12 masses

Г f  2 2  — 1Л  , 122  — 2'Л  . 1 2 2  —  21

il « J “ii +  ̂ о J U 1 2 1l 1 )

+„[(“ r =)u„+(“ r s).,+(2 2r 3H “"- 
- " ! [(2 2 г 3) “ . . + ( 2 2 г 4) « . . + ( “ г 4Н ” , , +  

+-[(!!r 4)-..+ rrs)-.+(Kr sW-“- 
— Г г ‘) -+ Г г ‘) -+ Г г ‘).-]*“+ 
+“‘[(2 2r 6)"..+(22s-> .!+(2 2r 7)»]---
- - [ ( 22 г 7) « . . + ( 226-  8) » . . + ( 2 2 7- 8И - +

+ “’ [(22г 8) “. . + ( 22,“ 9) “. . + ( 22г 9Н » - -

-  К 22 Г 9) +  (22 7 ,0) +  (22 7  “ ) " ] " •  +

-  [(22 « ,0) “" +  (22 5 " ) “'= +  (22 Й) -

+""[(22Го“)“.. + (22Пп)

T ak in g  in to  co n sid e ra tio n  th e  case w hen  tw o  in d ep en d en t m asses are  
s itu a te d  on th e  sam e end  o f  a m u lticy lin d er i.c . en g in e , we fin d  for th e  ro ta t in g  
m asses belonging  to  th e  cy linders:

u =  u33 =  u3i =  u44 . . .

All th e  freq u en cy  e q u a tio n s  fo r th is  case are show n in  T ab le  IX , i.e. for 4 , 5, 6 
an d  8 m asses; as can  he seen , th e  re g u la rity  o f  th e  fac to rs  o f the  e q u a tio n s  is 
obvious an d  serves to  e s tab lish  th e  frequency  e q u a tio n s  for an y  n u m b e r  o f 
m asses in  a m ore sim ple w ay. This tab le  c o n ta in s  o n ly  b inom ial fac to rs .
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2 0 A. BALOGH

Table IX

4 masses
“  =  “ з з  =  “ 34 =  « * «  =  • • •

И’6- [ ( 6 0 +  f  0 2) “ i* +  (6 0 3M (6 0 4) “=з+ ( 6 j 4) “ ] » 4 +

+ f n  [(6 7 3) “22 + (6 ^ 4) “23 + (6 T 4) “] + “«* [(6 7 4) “33 + (6 T 4) “1
+ j6 J 4) “22 “ + (6 ^  4) “23 “j W ‘l  —

— [ “ 11 [(6 7  4) “22 +  (6 7  4) “23 ] “ +  (6 7  4) “ 12 “23 “ j =  0-

+

5 masses

- - [ ( ■ «  1 ) - ‘ + ( , ö 1 ) - . . + ( , í > ) - + ( , ö V + ( * t 4 H - +
+  { “ 11 [ ( 8  7 3 ) “ 22 +  (8 7 4 )  “ 23 +  ( 8  7  4 )  “  ] +  “ 12 [ ( 8  7 4 )  “ 23 +  ( 8  7  4 )  “ ]  +

+  “  [(8 7 4) “ 22 +  (8 7 Э) “ 23 +  (8 I  5) “  J} W '  -  

—  { “ l l  j  (8 7 4) “ 22 +  (8 7 5) “ 23 +  (8 7  5 )  “ ]  “  +  “ ' 2  I (8 7 5 )  “ 23 +  (8 2 5 )  “ ]  “  +  

+ {(8 7  °) “22 + (8 7  6) “23] “ 2j  44)2 +

+ {“ll [(8 7 5 ) “ 22 + (8 7 6) “2з] +(8 7 6)“'2 “23] “2= °-

u  — M33 — “31 — • • •
6 masses

w ' ° —  {| 1| “ll + 2 )J “12 +  Г « “ r . - J “23+ г 1 4 H Ml8 +

Ч Ч r . - 3) “22 + r . - 4 ]  “23 + ( 1 0 r 4H +
ГД0 — 4 

“12[  1 0 ) “23 + Г г * н  +

+ [ ( ” r V i ! (10I '  J  “23+ (‘\ - 5 H uj w 6—

-  {“111: r r ■ * ) - + Г г j “23+ (102~ 1\ u \ u + “121Г г 5) “23+ Р Г г 5 Н

+ [ Г г I “ - + (10-  6 \2 J “23 + ( ‘ ° r U j  U 2j W 4+

-  {“11[ ( " i ■ 5 ) - + Г г 6) “23 + P ° r 6H " ’ + “12[ Г , -
J “23 + г з 1 “ |

+  [(10 г T + (10 r ‘ H al 0W “ —

- “ “ { r ? Г г 6] “23 + О
4- 

:

6)“l2’ 1 3*23j “ = о .
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IV. Reduction o f the Number o f M asses by Using 
the Frequency Equation [6]

T he red u c tio n  o f th e  n u m b e r o f m asses, in  o th e r  w ords th e  m o m en ts  of 
in e rtia  is m ade for th e  p u rp o se  o f o b ta in ing  a sy s te m  o f only tw o m asses; 
th e  red u ced  form  is [6 ]:

w 2 1 1

/ '  (w 2) +  ~ I ~  ’

w here 12 is a fu nc tion  o f wl an d  is the  in e r tia  m o m en t of the  in d e p e n d e n t 
m ass. T h is expression is v a lid  fo r tw o m asses b u t  can  be ex ten d ed  fo r sy stem s 
o f m ore m asses.

F ir s t  wc shall develop th is  m eth o d  or re d u c tio n  for a sy stem  o f  th re e  
m asses.

F o r th ree  m asses th e  freq u en cy  eq u a tio n  is:

ud — (u u  - f  n 12 - f  2 и) m>2 - f  (2u u  -)- u 12)u =  0 .

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



2 2 A. BALOGH

In  th is  case: ип  =  u23 =  u.
W ritte n  in  a n o th e r  fo rm :

nu  (—le2 +  2 u) +  u 12 (—w~ +  h) — uj-{— vj2 -f- 2 u) =  0 
or

(—w2 -)- 2 u) (mu  — w2) +  u 12 (u — ie2) =  0 ,
l n cl

w* =  u,
U  —  W -

2 и  — w 2
+  Un  =  U12

1 -----------
и

+  «1

W ith  the d e n o ta tio n :

we o b ta in :

9 =
u

w2 4  Un =  u n +  M11 ■

S u b s titu tin g  th e  v a lu e s  o f  u u  and u 12:

a n d  w ith  the d e n o ta tio n

n =
l - q  ]

we o b ta in :
1 , 1

tv 2 =  Cl —r — 1---- —
h  h

A s c a n  be seen, we h a v e  re d u c e d  th e  sy s tem  o f  th ree  m asses to  a n o th e r  one 
o f  tw o .

T ab le  X  con ta in s th e  expression  of / 2П* fo r 4 up  to  9 m asses a lw ays w ith  
o n e  in d e p e n d e n t m ass; as is  to  be seen w2 is a fu n c tio n  of I 2.

T ab le  X I co n ta in s  th e  general fo rm ula fo r th e  red u c tio n  o f th e  n u m b er of 
m a sse s , for the case w h en  th e  num ber of th e  in d e p e n d e n t m asses is on ly  one. 
I n  th is  tab le  the  use o f  th e  general fo rm ula  is show n for 8 a n d  10 m asses. 
W e sh o u ld  like to  reca ll t h a t  n — i 4  2.
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Table X
4 masses

6 masses

7 masses

/<«, =  /  Í ! . g» -  6g« 4 - 1 0 9 - 4  ____ 1
2 I h - g 4 +  7 g > -  1 5 g * + 1 0 g -  1 J '

, (5 )=  . (  q l — 8g8 +  12g* — 20g +  5 1
2 “ I 1 —g 5 +  9g4 — 28g3 +  35g2 — 15g +  1 J ’

S  masses

J<6) ^ ( 1 +
q 5 — 10g4 -f- 36g3 — 56g2 +  35g — 6 

g6 4- l l g 6 — 45g4 4- 84g3 — 70g2 - f  21g =r)-
9 masses

/ i7> =  / ( l
g6 — 12g5 +  55g* — 120g3 +  126g2 — 56g +  7

2 1 — g7 - f  13ge — 66g5 165g4 — 210g3 +  126g2 — 28g + r ) -

Table XI

/ ( 0  =  I 1 +
Г  i  Ч»1-1 -  Г  T V ‘ + (7i i  y - *  —  _  i)

+  • • • +  (*) ii

8  masses and i — 6

I  =  /> » 1 +
10b  0-/919 - 1  И 1 +  o 9 b 2 +  L  9 —

'  и +
g 5 — 10g1 -|- 36g3 • 56g2 +  35g — 6 

ge +  l l g 5 — 45g4 4“ 84g3 — 70g2 +  21g d
10 masses and i =  8

/ < « > =  I

11 5 1 , /141 „ . /131 5 /121 i , /111 a /101 , , /91 /81
( 0 jg7 — ( 1 Jge +  ( 2 ) g ( 3 ) «  + U ) 9 * - [ 5 ) «  + U ) * ~  Ы

( 16] + (ï)-(‘24) .• +(‘s3) .• -(■**) +(V) -(*.>+ (?kd)
g7 — 14g6 +  78g5 — 220g4 +  330g3 — 252g2 +  84g — 8 

— g" +  15g7 — 91ge +  286g5 — 495g4 +  462g3 — 210g3 +  36g — 1
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24 A. BALOGH

T h e  resu lts  c an  b e  re a d  off also fro m  F ig . 6 , th is  being e ssen tia lly  th e  
P asca l-T rian g le . T h e  s t r a ig h t  lines, m a rk e d  b y  J 2 and  w ith  an  a d d itio n a l 
l e t te r  n , re fer to  th e  n u m e ra to rs ;  again th o se  m a rk e d  w ith  an  a d d itio n a l le t te r  
d re fe r  to  th e  d e n o m in a to rs . A long th e  lin es  th e  ciphers are  th e  n u m e ric a l 
v a lu e s  o f  th e  coeffic ien ts . T he co o rd in a ted  e x p o n e n ts  of q are  n o te d  a t  th e  
p e a k s  o f  th e  crossing lin es .

T h e  n e x t s tep  is to  dea l w ith  th e  case w h e n  n o t  one h u t tw o  in d e p e n d e n t 
m asses  (hav ing  th e  m o m e n t o f in e rtia  I x a n d  I 2) are  p resen t a t  th e  sam e en d  
o f  th e  m a in  sh a f t; n o ta b ly ,  th e  m om ent o f  in e r t ia  o f th e  ro ta tin g  m asses all 
b e in g  e q u a l for each  cy lin d e r, is deno ted  b y  I .  I n  th is  connection th e  exp ressio n s 
o f  w 2 a re  co n ta in ed  in  T ab le  X II , for the  cases o f  4 , 5 and 6 m asses.

Table X II

4 m asses

1 1 Г 1 l l
i 2 ~ q Г h

Cl
г . ^

l -  iv~ 7 2 - 9
L Cn 1 —  9

2+
c2 2 J

5 m asses

1  I1 ■
T 4- '

9 - 2  ^
-  92 +  З9  -  1

1 2  1 9
1 t v I 9 -  2  . 1

C2 1 - 9 2  +  3 9 - 1 J

+
h

6 m asses

с  • :
i 2 + -  - 2, -

1  _  HL-  7<2) 
C2 2

3 — 4 g +  g z
-q3 +  5g2 — 6 5 + I

1 ---- —— I  1
3 — 4<jr H— g2

— q3 +  5g2 — 6g +  1

1
I P +

I ,
h

1 -  —  л 3>
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N otab ly , in  th e  o b ta in ed  form ulae we succeeded  in e s tab lish in g  th e  
expressions t h a t  h av e  a lread y  b een  developed  fo r th e  case of only  one in d e 
p e n d e n t m ass; as can  be seen in  th e  form ulae in  T ab le  X II . In  these ex p ressio n s 
fo r le2, a c lear re g u la r ity  is m an ife s ted  in  su ch  a m an n er th a t  a n y  w a n te d  
fo rm ula  can be w r it te n  dow n fo r a n y  n u m b e r o f  m asses surpassing  6 .

4t i  £  4! 4l 4' 4< 4.' ü ч‘, ч: ?; «; « ч: v  ч‘ ч: «,*

F ig . 6

Som e Special Form s o f the Frequency Equation 
for Torsional Vibrations [7 , 8]

The case o f  m u lti-cy lin d er i.e . engines are  to  be d ea lt w ith  w here in d e 
p e n d e n t m asses a re  s itu a te d  on b o th  th e  fo rw ard  a n d  th e  rea r end; n o ta b ly  
th e  cylinders h a v e  eq u a l m om en ts o f in e rtia  a n d  e q u a l values of s tiffn e ss .

In  order to  fa c ilita te  the  course o f e x p la n a tio n  th e  following d es ig n a tio n  
seem s to  be co n v en ien t: 
e .g .: 2 (8m) 1
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26 A. BALOGH

is a s y s te m  w ith  a to ta l  o f  8 m asses, o f w h ich  2 in d ep en d en t m asses a re  s itu a te d  
a t  one  e n d , an d  one in d e p e n d e n t m ass is s i tu a te d  a t  the o th e r en d .

I n  th is  sym bol th e  m iddle m em b er (n  m) s tan d s for d e n o tin g  th e  to ta l 
n u m b e r  o f  m asses, w ith  th e  le tte r  m b e in g  th e  ab b rev ia tio n  o f  “ m a ss” . The 
n u m b e r  o f th e  in d e p e n d e n t m asses — b e in g  a p a r t  o f the  to ta l  — is d en o ted  
b y  i ( a t  th e  one end) a n d  b y  к (a t th e  o th e r  end ). C onsequently , th is  sym bol 
ru n s  as follows:

i (n m) к .

M aking  use o f th is  sym bol an  ex am p le  o f  th e  case 1 (8m) 1 is e la b o ra te d  
in  T a b le  X II I .

As we have show n in th e  p reced ings, th e  use of the  frequency  d e te rm in a n t 
v iz . o f  th e  frequency  e q u a tio n  is ra th e r  cum bersom e, because th e  n u m b e r of 
m em b ers  is high. B y  in tro d u c in g  new  d e n o ta tio n s  we o b ta in ed  a sim plified  
e q u a tio n  an d  we h av e  show n its  a p p lic a tio n  to  system s w ith  in d e p e n d e n t 
m asses  on only  one e n d  o f th e  engine.

F o r p rac tica l p u rp o ses  we have to  d ea l w ith  the case w hen  in d e p e n d e n t 
m asses  a re  p laced on b o th  ends; fu r th e r , i t  is essen tia l to  f in d  th e  possib ility  
to  p ro m p tly  e s tab lish  th e  frequency  e q u a tio n  in  an easy m an n er.

T h e  follow ing e x p la n a tio n  an d  th e  f ig u re s  refer to  the  u su a l a rra n g e m en t 
w h en  a t  one end  o f th e  engine th e re  is o n ly  a single in d ep en d en t m ass , an d  a t 
th e  o th e r  end  th e re  a re  1, 2 or 3 in d e p e n d e n t m asses. In  o rd e r to  f in d  th e  
co e ffic ien ts , a P asca l-T riang le  was d ra w n  accord ing  to  th e  sp ec ia l Fig. 7. 
B y  u s in g  th is  tr ia n g le , th e  frequency  e q u a tio n  can be p ro m p tly  e s tab lish ed . 
T o  m ak e  th is  tr ian g le  u n d e rs ta n d a b le  f i r s t  tw o  new sym bols w ere in tro d u ced  
n a m e ly , f y and  f 2. B o th  are  functions o f  w2, a n d  by  using th em , th e  f in a l resu lt 
fo r  n  m asses goes as follow s:

— tc/j (w2) +  U„_l nf 2 (w 2) +  u nn • /, (w2) =  0 .

I t  shou ld  be s ta te d  th a t  th e  tr ia n g le  in  F ig . 7 is eq ua lly  su ita b le  for th e  
case w hen  1, 2 or 3 in d e p e n d e n t m asses a re  a rran g ed  only a t  one e n d  o f th e  
e n g in e , as in d ica ted  b y  th e  le tte r  sy m b o l. T h is  case will be d e a lt  w ith  la te r  on 
a n d  its  ex p lica tio n  w ill be follow ed u p  b y  a fu r th e r  sim plification  o f  th e  m eth o d  
o f  e s tab lish in g  th e  eq u a tio n .

1. Cases o f  Engines H a v in g  Independent M asses at Both E nds o f  the C rankshaft

H ere we shall an a ly ze  some g en e ra lly  realized  cases:
a )  1 (6m) 1 in  fo u r cy linder en g in es;
b)  1 (8m) 1 in  six  cy linder en g in es ; in  b o th  cases th e  eng in e  is ch a rac 

te r iz e d  b y  h av in g  one in d e p e n d e n t m ass a t  e ach  end  (Table X I I I ) .
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Table X III

1 (m8) 1
8 masses

“ u  + “ 12, - f  10u =  i i ll2 “ it + “ 11. +  9u  =  Vn,
( 10“ , t + 9“ i2 -• 36 u )u  == U  „ (9“ u } 8u 12 -f- 28u)u  = V»
(36 u n + 28m12 5 6 u )u 2 =  U 36 (2 8 it„ + 21u12 -f- 35u )u 2 =
(5 6 u ,, + 35iij 2 -+■ 35 u )u 3 =  U M (35u , 1 + 20 u12 -j- 15w)u3 =  v35
(35“ ц + 15u12 +  6u) = U 33 (15“ i, + SU|2 -f- u)u* = v ,s
(6u ,i ! u , s)u 4 =  Ue

/1  (“>2) = I*14 - X ,12 HI12 +  C io 4*10- U M “>s +  Ube ive -- u33 U!4 +  V, w2 ;

/ 2  (M’2) =  —I«12 +  F 1 1 2  — V ,  M’8 +  V28 и,в — V35 M,ä +  V ls 44,2 — “il “ 5 ’
U78

/ 1  ( « ,2 )  =  —  I*12 +  K 112 M)10 —  l / , 0 t*8 +  UM 1 0 e —  t / 56 t* 4 +  U3S w2 —  U,.

— “>2/ i  O®2) +  «7 7 / 2  (w2) +  u7s/i (w2) =  0.

c)  2 (8m) 1 in  fiv e  cy linder engines h av in g  one in d ep en d en t m ass a t  one 
end  o f th e  engine, a n d  tw o m asses a t  th e  o th e r  en d  (T able X IV ).

d )  3 (12m) 1 in  e igh t cy lin d e r engines h a v in g  one in d e p e n d e n t m ass a t  
one en d  of the  eng ine  an d  th ree  m asses a t  th e  o th e r  en d  (Table X V ).

la )  To beg in  w ith , the  f irs t  e x p lica tiv e  an a ly sis  refers to  the  case 1 (6m) 1 
in  o rd e r to  show  how  th e  tr ia n g le  accord ing  to  F ig . 7 serves th e  p u rp o se  of 
es tab lish in g  th e  freq u en cy  e q u a tio n .

T he ц values a re  a rranged  in  th ree  g roups, as follow s:

u n , u 12 for the  in d e p e n d e n t m ass a t  th e  one en d ;

и =  иш =  м23 =  U33 — м34 =  u44 =  u45 for th e  six  eq u a l m asses o f th e  eng ine; 

w55’ w5e f° r  the  in d e p e n d e n t m asses a t  th e  o th e r  en d  o f th e  engine.

N o tab ly , th e  n u m b e r of th e  eq u a l values is 6 . C onsequen tly , in  th e  e x 
pression  u e, the  coeffic ien t of th e  f i r s t  m em ber eq u a ls  6 ; for th e  n e x t  m em b er, 
th e  coefficien t is e q u a l to  the  f i r s t  m inus one, i.e . 5. F o r th e  3rd m em b er, th e  
coeffic ien t is ta k e n  from  Fig. 7 (in  th is  case, i t  m akes 10). O f course, th e  sam e 
ru le  applies to  [7S; n am ely , the  f i r s t  coeffic ien t is 5, th e  second equals (5 — 1) =  
=  4 ; fu r th e r , th e  3rd is ta k e n  fro m  F ig . 7, in  th is  case i t  equals 6 .

T he n e x t s te p  is to  find  th e  w ay  o f how  to  fo rm  th e  expression  o f  f i ( w 2) 
a n d / 2(M>2), by using  F ig . 7.

A ccording to  th e  rubric

1 (6 m) 1

/1
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in  th e  trian g le , we f in d  th e  follow ing values:

10, 6 , 4, 1.

B y  apply ing  th e se  v a lu es  we o b ta in :

U 6 =  ( 6u n  5u 12 -f- 10u)u ,

U 10 =  (10un  +  6 u 12 +  4 u)u2,

U4 =  ( 4 u u  +  u 12)u 3 ,

a n d  so th e  fina l re su lt  is:

=  to10 —  ( u u  +  u 12 - f  6 u ) w s  -f- U 6 w l  —  i / 10 te4 —  Lf, mi-

T h e  n e x t  step  is to  fo rm  th e  expression  o f / 2(it'2); to  th is  end , we f in d  accord ing  
to  th e  rubric

1 (6 m)  1

Л

in  F ig . 7 the  follow ing v a lu es  (8)

6 , 3, 1 .

T h ese  values help us to  fo rm  the  follow ing fo rm u lae :

=  (5u ll +  4 u 12 +  6 u )U >

F  6 =  (6u n  +  3 u 12 +  u )u2

fro m  w hich we o b ta in :

/ 2(ге2) =  гг8 — (itu  -f- m12 +  5u)we V 5 w4 — V e w2 — u41 u3,

a n d  as fina l expression  we hav e :

—  m ;2 / i ( m ;2)  +  u 5 6 / 2( m )2)  +  и 6 6 / г ( и ;2)  =  0  .

M em bers h av in g  th e  sam e pow er are  su m m arized ; in  th is  w ay , as has 
b e e n  p roved , Fig. 7 serves to  e s tab lish  th e  freq u en cy  eq u a tio n .

hr.w
lb )  T ak ing  in to  co n sid e ra tio n  th e  case o f  an  engine ch a ra c te riz e d  by

1 ( 8 m )  1 (i.e. a six  cy lin d e r engine) we п о л у  re fe r to th e  T ab le  X I I I .
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As before, th e  и  v a lu e s  are  classed in to  th re e  g roups: u n , u 12 a re  to  be u n 
d e rs to o d  for th e  in d e p e n d e n t m ass a t  th e  one en d  o f  th e  eng in e’s c ra n k sh a ft; 
и =  u 22 — u23 =  u 33 =  m34 =  u44 =  U45 =  M55 =  uS6 =  h 66 =  ы67 refe r to  the  
te n  e q u a l masses o f th e  en g in e ; u 77, u 78 re fe r  to  th e  in d e p e n d e n t m ass a t  th e  
o th e r  en d  of the  e n g in e ’s c ra n k sh a ft.

T he num ber o f  th e  e q u a l values (group  second) is 10. C onsequen tly , th is  
a p p lie s  to  the  f irs t m e m b e r in  th e  expression  o f  U 10. In  th e  sam e w ay  as was 
sh o w n  in  th e  ex am p le  fo r 1 (6m) 1, in th e  exp ression  o f Ug th e  analogous 
f ig u re  equals (10 — 1) =  9.

N ow , w hen e s ta b lish in g  th e  form ulae fo r f x(w2) an d  f 2(w2), we fin d , in  
F ig u re  7, the  fo llow ing v a lu e s : 

according to  th e  ru b r ic

1 (6m ) 1

/ l  ;

th e  figu res are 36, 28, 25 , 25 , 15, 6, 1; 

a n d  according to  th e  ru b r ic

1 (8 m) 1

/2

th e  figu res are 28, 21, 35, 20 , 15, 5, 1.

B y  u s in g  these figu res we c a n  estab lish  th e  U  a n d  V  values fo r J\(w2) a n d /2(ie2). 
A n d  these  form ulae se rv e  to  form  the  re su ltin g  e q u a tio n , th e  so lu tio n  o f w hich 
se rv es  to  ob ta in  th e  ro o ts . O f course, fo r th e  f in a l expression  th e  m em bers 
h a v in g  th e  sam e p o w er in  th e  form ulae o i f ^ w 2) a n d / 2(tc2) shall be sum m arized .

lc )  B y a n a ly s in g  th e  case o f th e  f iv e  c y lin d e r engine ch a rac te rized  by  
2 (8 m) 1, we refer to  T a b le  X IV . The v a lu es  o f  u , fo rm ing  th re e  groups, are 
th e  follow ing: u n , u 12, u 22, u 23 for th e  2 in d e p e n d e n t m asses a t  one end  of the  
e n g in e ’s c ran k sh aft; и =  u 33 +  u3i =  u44 =  u45 =  u55 =  u56 =  u 66 =  u 67, being 
th e  figures for th e  8 e q u a l m asses, u 77, u 7g fo r th e  in d e p e n d e n t m ass a t  the  
o th e r  end  of the  en g in e . T h e  n um ber o f e q u a l m asses is 8 , an d  th is  applies to  
th e  f ir s t  m em ber in  th e  exp ression  of ug. A gain , in  th e  f ir s t  m em ber of the  
ex p ressio n  for u 7, th e  co rrespond ing  figu re  is (8 — 1) =  7.

In  order to  e s ta b lis h  th e  form ula fo r f x(w2), th e  values are to  be found  
in  th e  rubric

2 (8m) 1

/1

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



TORSIONAL VIBRATION 31

Table XIV

2 (8m) 1
8 masses

“ l l  4 " “ l 2 "f" “ 22 4  “ 23 4  ~  - ^ 11—3 »

“l2 4 “22 4 “ 23 4 8« — A123,
Uqv [ “ 23 H 812 --- ^ 221)1

“ 23 +  8 u  =  K 23 .

(8 u22 +  7« 23 4  21u)u =  f /8,

(21u22 4 - 15u23 4  20u)u* =  U2и 

(20 u22 18“23 4  5u)u3 =  USt),
( 8 u 22 4 "  “ 2 3 )“ * =  i

(7u23 +  21«)«  =  U 7 ,  

(15«23 +  20«)«* =  U lb, 
( 10«23 4  5« )« *  =  ( /5 ;

“ 11 4  “ 12 4  “ 22 4  “ 23 4  7 «  =  H n _ 3 =  K n _  3  —  u ,  

“ 12 +  “ 22 +  “ 23 4  7 «  =  Я 123 =  X 12_ 3 —  u, 
“ 22 4  “ 23 4  7 «  =  H 223 —  - Я 223 « ,

« 23 4 -  7 «  —  H з з  —  K 3 3  « .

(7u 22 4 - 6 « 23 4  15«)« =  F 7, 

( 1 5 « 22 4 - 210u23 4  1 0 « ) « *  =  F 1S, 

1 0 « 2 3 4 -  4 “ 23 +  “ ) “ 3 =  ^ 1 0 ,

( 6  « 2 3  +  15«)« =  Fe, 
(210u23 4" 10u)u* =  F20, 
(4u23 4 -  u)u* =  F 4.

4  ( « l3 t / 2 l  4“  “ 22 t / , 3  4“  t / 2 0 ^ 6 ( “ 11 ^ 2 0  4  “ l 2 Í 710 4“  173) w 4 4“  ( “ 11 Я й 4  “ l 2  M23 “ )4“>2

—  ( “ ,2  Я 2 1 4 -  u|2 i / i 5 4 -  t /20)u>4 4 - ( « и  и г о  4 - u 12 U l 0  4 -  t /5)ie* —  ( « „  Uj 4 -  “ 12 “ 23 “ 4 )  =

= -и,*/, (w*) 4 t/„/2 (<*-2) 4  я78/, («,*) = 0

in  F ig . 7, and  th e y  are  th e  fo llow ing:

21, 15, 20, 10, 5, 1.

As fo r th e  form ula o f / 2, we find  acco rd in g  to  th e  ru b ric

O f cou rse , the  fin a l eq u a tio n  is fo u n d , w hen  in  th e  form ulae o f a n d  f 2 th e  
m em b ers  hav ing  th e  sam e pow er e x p o n e n t, are  sum m arized .

2 (8 m ) 1

Â
th e  v a lu es :

15, 10, 4 , 1.
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As can  be o b se rv ed , th e  d e ta iled  e x a m in a tio n  o f th e  exam ples q u o te d  
ab o v e  c learly  show ed th e  a d v a n ta g e s  of th e  tr ia n g le  in  F ig . 7. Since all th e  
coeffic ien ts  are to  be fo u n d  in  th e  re a d y  series o f  v a lu es , th e  w a n te d  a lgeb ra ic  
e q u a tio n  can  be p ro m p tly  estab lish ed .

Id )  H ere follow s th e  ex p la n a tio n  o f  a m o s t in te re s tin g  case, n am ely  
re fe rr in g  to  th e  engine ch a ra c te riz e d  by  3 (12m ) 1. O f course, th is  sym bol 
in d ic a te s  an  8 cy lin d er eng ine h av in g  3 in d e p e n d e n t m asses a t  one en d  o f th e  
c ra n k s h a f t ,  an d  1 in d e p e n d e n t m ass a t  the  o th e r  en d . T he th ree  groups a re :

u 41, м12, m22, u23, u33, u 34 referring  to  th e  th re e  in d e p e n d e n t m asses a t  

one en d .

и  =  н44 =  u45 =  ы5Д =  u5e =  u 66 =  и g, =  u-tl =  u 78 =  u88 =  u89 =  ug9 — 

=  u9,io =  u io,io =  u io u  re fe rrin g  to  th e  e q u a l m asses (14 eq u a l va lues).

itl l t l l , u 41 д2 re fe rrin g  to  th e  one in d e p e n d e n t m ass a t  th e  o th e r  end .

T h e  n u m b e r  o f th e  eq u a l m asses (14) applies to  th e  f i r s t  m em ber in  th e  fo rm ula  
o f  U 14. D im in ished  b y  l , i .e .  13, applies to  th e  f i r s t  m em b er in  th e  fo rm u la  o f  U l3. 
In  o rd e r  to  e s tab lish  th e  eq u a tio n s  for / / i c 2) a n d  /,(м>2), th e  values are  to  be 
fo u n d  in  F ig . 7, acco rd in g  to  th e  ru b ric

3 (1 2  m ) 1

/ i
and

3 (12m ) 1

Â

re sp ec tiv e ly . T here we fin d  th e  follow ing v a lu es:

( f o r / , ) :  78, 66, 220, 165, 330, 210, 252, 126, 84, 28, 8, 1;

(an d  f o r / , ) :  66, 55, 165, 120, 210, 126, 126, 56, 28, 7, 1.

A fte r  fo rm ing  th e  fo rm u lae  for th e  U  va lues as befo re , an d  estab lish in g  th e  
e q u a tio n s  for / / u ; 2) a n d  / 2(и;2), th e  fina l resxdt is:

— гс2/,(»с2) +  uu >11/ 2(m»2) +  и 11дг/ , ( w2) =  0 .

O f course, in  o rd e r to  solve th e  e q u a tio n , m em bers h av in g  th e  sam e 
p o w er shou ld  be su m m arized  accord ing  to  a series of d im in ish ing  e x p o n en t 
v a lu es .

B y  a fu r th e r  e x a m in a tio n  of Table X V , as fa r  as th e  fu n c tio n  /,(гс2) is 
co n cern ed , we fin d  item s t h a t  ap p ea r re p e a te d ly ; th ese  are:
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12 masses 
For / ,  (w2)
i / u =  (14u33 4- 13u3, +  78u)u 

U ,e =  (78 u33 +  66 u3( +  220u)u2 
l / j29 =  (220u33 -f  165u3] +  330u)u3 
Н339 =  (ЗЗОи33 +  210u3] +  252u)u4 
H252 =  (2 5 2 u33 +  126u3, +  84u)u5 
U ai =  (84u33 +  28u3l +  8u)ue

Table XV
3 (12m) 1

U,

(8u3 «зз)« 7

13 — (13«3i +  78u ) u

(66u31 +  220u)u2

165 = (165u31 +  330u)u3

210 = (210u34 +  252 u ) u A

126 = (126u34 -j- 84m)u5

28 = (28u34 +  8«)ue

k№334» ^ 2 2 —4 == u 22  “ Ь  ^"234

»—4» ^11—4 = “ ll 4“ ^ 1 2 —4 ’
Г M22 ^33i “h M23 ^ 3 4  4  ^ 1 4 >

/c31 — «34 4“ 14u, 3̂34 — «33 4“ 3̂4* 2̂34 — «23 "
* 1 2 - 4  =  « 1 2  4 *

f i  (« * 2)  =  *^“ 2 * 1 1 —4 w ,“ °  4 -  ( U U  * 22 _ 4  +  U |2  * 2 3 4  4 « 2 2  * 3 3 4  4 « 2 3  * 3 4  4 H í g ) « ”18 -
(Ull ( « 2 2  * 3 3 4  4 « 2 3  * 3 4  4 ^н) 4 « 1 2  ( « 2 3  * 3 4  4  ^ 14)  4 « 2 2  U ц « 2 3  ^ 1 3  4 H7e)«̂ 6 4

4 “  [ « , ,  ( u 2 2 1 ^1 4  4 “ « 2 3  l / „  4  H 78 )  4  « 1 2  ( U 23 ^ 1 3  4 H ? g )  4  « 2 2  H 7g “I" « 2 3  H g g  4  H 2 20 ] m i14 4  

4  [ « Ц  ( « 2 2  H 7g 4 "  « 2 3  H g g  4  H 220)  4  « 1 2  ( « 2 3  H g g  4  H 220)  4  « 2 2  ^ 2 2 0  4  « 2 3  H ( eg 4  H g g g j i e 1 ~ "

[ « 1 1  ( « 2 2  ^ 2 2 0  4  « 2 3  H Ifi5 4  H33o) 4  « 1 2  ( « 2 3  H  165 ~f“ Í /З З О )  Ь “ 22 I /3 3 0  “Ь U 23 ^ 2 1 0  ^ 2 5 г 1  «,■»+
[«и (“22 U , 1 ^210  4 H252) 4 « 1 2  ( « 2 3  ^ 2 1 0  4 H252) 4 « 2 2  H 252 4 « 2 3  H12u 4 Hgg)!!!8
[«11 («22 1̂252 4 4j3 14(28 4 Hgg) -f- «12 («23 H(2g 4 Hgg) 4“ «22 Hgg 4 «23 H2g 4 Hg]te6 -(- 

4[«u («22 4g4 4 «23 t/2g 4" 14g) “j- U|2(u23 t/2g 4 14g) 4 U22 f/g 4 «23 «34 «7]«̂
—  [ “ l l  ( “ 22 4 g  4  « 2 3  « 3 4  “ 7)  4 « 1 2  « 2 3  « 3 4  “ 7 ]  —  M’2- 

For/ 2 (to2)
17,3 =  (H u j, 4  12u3l 4  66u)u

H,e =  ( 6 6 «33 4  55u31 4 165u)u2 
4 u s =  (165u33 4  126u31 4  2 1 0 u)u3

l /2io =  (2 1 0 u33 4  126u3, 4  126n)u4
l / i 2e =  (126u33 4  56u34 4 28u)u5 
t / 28 =  (28u33 4  7u3l 4  u)ue

Uj2 = (12u31 4 66u)u
1̂55 = (66«34 4 165u)u2 
U 128 = (126u34 4  210u)u3
U(2g = (126u34 4  126u)u4
t/ 5 0  =  (56u31 4  28u)u5 
I/7 = (/«34 4 U)«®

«34 4 13« =  fe34 — «, «33 4  «34 4 13« =  /С334 — U, u23 4  U33 4  U34 4  13u =  fe234 — U

«22 4 «23 4 «33 4  «34 4 13l4 =  1̂ 22—4 «» «12 4 «22 4  «23 4 «33 4 «84 4 13« =  lîjj 4 «
“ и 4  «12 4 «22 4  «23 4  «33 4 «34 4  13« =  fc„_4  — u

/2  («>2) =  «,20 — (^u -4  — “)«’1* 4
4  [«11 №22-4 — «) 4 «12 (fe234 — «) 4 «22 (fc334 — «) 4  «23 (fe34 — «) 4 U ,3]w'* —
— «11 [«22 (fe33l — «) 4  «23 (fe34 — «) 4  I /13] 4  «12 [«23 (fe34 ~  «) 4 U 13 +
4 «22U , 34 « 23 1̂124 4 [“и (“22 Ü13 4 “23 ^12 4- б̂в) 4- “l 2 (“23 H,24 H6e) 4
4 «22^ 8 8 4 »28.H55 4 U lGb] i v 12 —

— [«11(“22 ^ 8 8 4 «23Ц33 -1 ^16s) 4 “ 12 (“23 5̂5 “4 U lß&)  -4 “22 1̂65 4 M23 ^120 4- ^210]Ml, 0  +

4 [«и(“221 / .8 8 4 «23Hi 20 ^210) 4 “ 12 (“23 U \120 4" U 2U))  4 “22 ^210 4 “23 H,2,8 4“ î l2fl> » -

- [ « и (“224 гю 4 «234 H120 4“ ^12в) 4 “ 12 (“23 1/ 120 4“ f̂ l2fi) 4 “22 ̂ 126 4 “23 5̂6 4" 2̂в1« i« 4

4 [« n (“224l284 «23H5„ -4 £4>s) 4 “ 12 (“23 5̂6 + U 2g) “I-  1^22 U 28 4 “2З ^ 7 4 «33 “7]«'<—

— [« и (“22H23 4 «23H, 4 “33 “ 7) 4 -  “ 12 (“23 U 7 4 “33 “7) 4- “22 “33 “71 4
4 «и“22 “33 “ 7
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« 2 2 ^ 3 3 4 + « 23 V  +  V i  ,

« 2 2 Uu + « 23 t v  +  t /78,
« 2 2

00r*
Ê

)

+ «23 t v  v  tVo ’

«22 ^ 2 2 0  + « 2 3  tVs “ Ь  t/330 ,

« 2 2 u 330 + « 3 3  V l O  ~ b  t / 252 »

« 2 2 V  52 + «23 t^ l2 6  “ b  t/84 ,

^2 2 Ц .4 + «23 t-V t/g,
u22 t v 4 -  u 23 u 24 u 7 .

M aking  reaso n ab le  use of these r e p e tit io n s , an  ad d itio n a l s im p lifica tio n  
o f  th e  eq u a tio n  is possib le .

T h e  sam e app lies to  th e  expression  o f  / 2(it>2).

2 .  Cases of engines having independent masses only at one end of the crankshaft

I n  th e  fo llow ing a special use of F ig . 7 w ill be dea lt w ith , re fe rr in g  to  
cases w here  a t  one e n d  o f  th e  eng ine’s c ra n k s h a f t  no m asses are p re se n t.

T h e  cases fo rm in g  th e  o b jec t o f o u r  e x am in a tio n s  are th e  fo llow ing: 
a)  1 (7m) 0 a s ix  cy lin d er engine h a v in g  one in d ep en d en t m ass a t  th e  

lo a d e d  en d  (Table X Y I);
a f iv e  cy linder engine h a v in g  2 in d e p e n d e n t m asses a t  
th e  lo ad ed  end (T able X V II) ;
a fo u r cy linder engine h a v in g  3 in d e p e n d e n t m asses a t  
th e  lo ad ed  end (T able X V III ) ;
a sev en  cy linder eng ine  h a v in g  one in d e p e n d e n t m ass a t  
th e  lo ad ed  end (T able X IX ) ;
a six  cy linder engine h a v in g  2 in d ep en d en t m asses a t  
th e  lo ad ed  end  (T ab le  X X );

f )  3 (8m) 0 a f iv e  cy linder eng ine h a v in g  3 in d ep en d en t m asses a t  
th e  lo ad ed  end (T ab le  X X I ) .

2a) Referring to Table XV I ,  th e  fo llow ing  values of и are eq u a l (viz. fo r 
th e  case 1 (7m) 0): и =  u 22 =  u 23 =  u33 =  u 34 =

b) 2 (7m) 0

c) 3 (7m) 0

d)  1  ( 8 m )  0

e)  2  ( 8 m )  0

-- U/tc --  Wrü --  l i e

=  u 67; th e  n u m b e r o f  th e se  values a m o u n ts  to  10, and  th is  is th e  coeffic ien t 
o f  th e  f i r s t  m em b er in  th e  eq u a tio n . T he co e ffic ien t of the  n e x t  m em b er equals 
(10 — 1) =  9. A ccord ing  to  th e  ru b ric  l ( 7 m ) 0  in  Fig. 7, th e  coeffic ien ts  
o f  th e  3rd, an d  o f all th e  o th e r  m em bers fo llow ing  th is  are:

36, 28, 56, 35, 35, 15, 6, 1 .
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Table XVI

1 (7m ) 0

«11 + «1!1+  10a = K..2Î
(10«n + 9 « ,2 f- 36u)u = Uu,
(36u ,, + 28a, 2 + 56u)u2 == u 3r„
(56u,, + 35uj2 + 35u)u3 = и ш
(35« , , + 15ui2 + 5u)u4 —■- U3i,
(6« n  “b u,2)u5 u,-,

и,12 -  X „2 «,'» +  17,„ ufi -  Uu  <ee +  Г7И w* -  U35 tv2 +  t/„ =  0.

7 masses

Table XVII

2 (7m) 0

U U  +  “ 12 +  « 2 2  +  « 2 3  +  8 u  =  K „ _ 3>

« 1 2  T  « 2 2  ~ Ь  « 2 3  +  8 l*  ~  ^ 1 2 3 »

« 2 2  +  « 2 3  +  8 U  =  K.£23,

« 2 3  T  8 u  =  - ^ 2 3 3  ’

(8u22 +  7«23 +  21u)u  =  l/g, (7u23 +  21u)u  =  I/„,

(21u22 - f  15u ,3 +  20 u )u 2 =  I / , , ,  (15u23 +  2 0 u )u 2 =  17,5,

(20u22 +  10u23 +  5u )u3 =  i / 20, (10u23 +  5 u )u3 =  [710 ;

( 5 « 2 2  +  « 2 з ) « 4 =  1 ^ 5 .

to12 — K u _ 3 te10 - f  (u , ,  K 223 +  u , , X 223 +  l/,)ie" -  (u u  l / 8 +  u I2 t / 7 +  t / 2,)te6 +

-(- (и ,,  t / 2, -)■ a , 2 17j3 -{- I / 20)te4 ( « h  U 20 «12 f/,o  U 3)mj2 4" « п  U 3 "l" «12 «23 « 4 “  0.

U sing these  coeffic ien ts , th e  exp ressions o f th e  values U  can  be e s ta b lish e d .
2b) In  th e  sam e w ay, th e  eq u a l va lues fo r th e  case 2 (7m) 0 a c c o rd in g  

to  Table X V I I  a re  th e  follow ing:

Ы =  M 33 =  n 34 =  u 44 =  i t 45 =  u55 =  u56 =  и gg =  Ug7.

T he n u m b e r of th e  eq u a l v a lues am o u n ts  to  8, a n d  co n seq u en tly  8 is 
th e  coefficient o f  th e  f irs t  m em ber in  th e  eq u a tio n . The n e x t m em ber w ill h a v e  a 
coefficien t o b ta in e d  b y  su b tra c tin g  1 from  8, i.e. 7. A nd as fa r as the  coeffic ien ts  
for th e  expression  o f  th e  U  va lues a re  concerned , th e y  a re , accord ing  to  F ig . 7, 
nam ely  to  th e  ru b ric  2 (7 m )0  th e  follow ing:

21, 15, 20, 10, 5, 1.
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Table X V n i

3 (7m) 0
7  m a s s e s

“ = “ « = • • •  « 6 7

M l l  + “ 12 H u 22 +  U 2 3 “ b  U 33 ~Ь M34 +  6 u =  * u - i  = “ i l  +  * 1 2 - 1 .

» 1 2 L u 22  “ Ь  u 2 3 “ Г  u 33  1 w 34 +  6  u =  * 1 2 —4 = » 1 2  +  * 2 3 - 4 >

u 22 - j -  u . . -3 ~T и з з  u 34 +  6 u =  * 2 2 - 1  = » 2 2  +  * 2 3 1 >

U o!3 4 “  M33 +  **34 +  6 u =  * 2 3 4  = » 2 3  '  * 3 3 4 »

“ S3 +  **34 -( -  6 u =  * 3 3 1  = 1 » 3 3  '  * 3 4 »

M34 4 -  6  и =  * 3 4 ;

( 6 m 33 Г  » 3 1 +  1 0 u ) u =  u , . ( S » 3 4 4 -  1 0 u ) u  =  U b,

( 1 0 u 33 +  ( » 3 1  +  4 “ ) ] ' ■** =  U r  o, ( 6 » 3 4 +  4 » ) » *  =  t T „

( 4 » 3 3 +  “ 3 4 ) “ 3 =  C 4 ;

w 12  — * 1 1 - 1 l « ' °  +  ( » 1 1  * •  2 _ 4  +  U , 2 * 2 3 4 “Ь  » 2 2  * 3 3 4 +  » 2 3  * 3 1  +  C 6) t « 8 —

— [ « a ( “ 22 ^ 3 3 4  u 23  - ^ 3 4  H ^ f i )  " Ь  **12 (**33 ^ 3 4  4 “ ^ б )  **22 ^ 6  “Ь  **23 ^ 5 + c , > ‘  +

+  [ « 1 1 ( “ 22 C 6 +  u 23 U ,  +  U J  + » 1 2  (» 3 13 ^ 6  “b  t / l o )  **22 l ^ i o  **23 ^ 6 4 - U t ] w *  -

— [ « a ( » 2 2 F l o  +  » 2 3 us + U , )  +  ,̂ 1 2  (**23 ^ 6  "f“  ^ 4 ) +  u 2 2  U 4 +  U 23 U 3  -J- » 2 3  » 3 1  » 3]« > 2 +

+  [ “ 1 1 ( » 2 2 +  » 2 3 » 3 1  » 3)  +  » 1 2  » 2 3  » 3 1 u s ]  =  0 .

2c) Referring to Table X V I I I ,  we c a n  f in d  for the  case 3 (7m ) 0 th e  
fo llow ing  group o f e q u a l values of u:

и  — — u45 — u55 — u56 — u 66 — u 67 ;

th e ir  n u m b er is 6, a n d  therefo re  6 is th e  co effic ien t of th e  f irs t  m em ber in th e  
e q u a tio n . For th e  n e x t  m em ber, th e  co e ffic ien t is (6 — 1) =  5.

F o r th e  p u rp o se  o f  estab lish ing  th e  expression  of th e  U  v a lu es , th e  
fo llow ing  values a re  fo u n d , according to  th e  ru b ric

3 (7m ) 0

in  F ig . 7:
10, 6, 4 , 1 .

2d) A n a ly s i s  o f  Table X I X  (R efe rrin g  to  th e  case: 1 (8m) 0): 
E n u m e ra te d  a re  12 equal values v iz .:

и  —- u22 — u 23 — u 33 ■— u 34 — u44 -— u45 — u 55 — u56 — u 6e — u e7 — u 77 — u 78.

C o nsequen tly , 12 is th e  coefficient o f  th e  f irs t m em ber in  th e  e q u a tio n . 
F o r  th e  n e x t m e m b e r, th e  coefficient is e q u a l to  (12 — 1) =  11. F o r th e  
fo rm u lae  of U,  th e  v a lu es  are found, acco rd in g  to  the  ru b ric  [1 (8m) 0] to  be 
as follow s:

55, 45 , 120, 84, 126, 70, 56, 21, 7, 1
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Table XIX

1 (8m) 0
8 masses

io14 — (u ,,  +  u 12 +  12u)u>12 4~ u (1 2 u ,, +  l l u , 2 +  55 u)ui10 —

— u 2 (5 5 u n  +  4 5 u ,2 +  120u)te8 +  м3 (1 2 0 u H - f  84u , 2 +  I2 6 u )ie e —

— u4 (126u ,, +  70u,2 +  56u)m>4 +  u5 (56u,, +  21u12 +  7u)te2 — u* (7uu “ i2) — 0 ;

“ l l  +  “ 12 +  1 2 u  =  ^ l l - 2 >  

u (1 2 u ,, +  l l u 12 +  55u) =  U l2, 

u 2 (5 5 u ,, -f- 45u, 2 +  120u) =  U6&, 

u3 (120uu  +  84u12 +  126u) =  l / 12o, 

u 1 (126uu  +  70u12 56u) =  t / 126>

u 5 (5 6 u ,, +  21uI2 +  7u) =  u 56,

“6 (7uu +  «12) =  U, ;

a’14 K l l t u>'* +  U l2 w '° — U bä w8 +  l / 120 id* — l / 126«>4 +  l / 56 w 2 — I / ,  =  0.

Table XX

2 (8m) 0
8 masses 

F irs t group  :

111 I 4" u \2 4" M22 4 “ U23 4 “ =  K n _ 3 =  U jj  -j- -^12—3»

111 2  4 “  M22 4~  M23 1 0 l i  =  K  y 2 3  =  U 12 4 ~  -^2 2 3 *

I422 4“ M23 4” =  Ĵ 223 =  M22 4" -̂ 23»
M23 4“ Юм =  К 23 ;

Second group  :

(10u22 -f- 9u23 -j- 36u)u  =  U l0, 

(36u22 -f- 28u23 -f- 56u)u2 =  i / 3e, 

(56u 22 -f- 35 u23 +  35u)u3 =  Г/5в, 

(35 u22 -}- 15u23 +  6u)u* — U 33, 

(6u22 +  u23)u5 =  l/5 ;

(9u23 4* 36 u)u  =  t / 9, 

(28u23 4- 5 6 u )u 2 =  f /28, 

(35u23 4- 3 5 u )u 3 =  17M, 

(15u23 4- 6 « )u 4 =  t / u  ;

14,14 —  * 1 1 - 3  44,12 +  ( “ l l  ^ 2 2 3  +  “ 1 2  X 2 3  +  U Ia ) w ' 0  —

(“ll U l0 4“ “t 2 ^9 t U3. K  4“ (“n 1730 4“ “l 2 2̂8 “Ь Uàft)lVr'
—  (“il Uu  4- “ i 2  U3i 4 -  U 33)tv* — u ( u „  U3b +  “ 1 2  1715 4 -  t / e) w 2 4 -  ( “ н  C , 5 4 -  u l2  u 23 u 5) =  0 .

2e) Analys i s  o f  Table X X  [R eferring  to  th e  case 2 (8m )0]:
E n u m e ra te d  are 10 eq u a l values of u,  v iz :

u =  u33 =  u 34 =  uu  - u45 - u55 == u5G =  u ee =  u 67 =  u 77 =  u 78.

C onsequen tly , th e  coeffic ien t of th e  f irs t  m em b er in  th e  e q u a tio n  is 10, 
a n d  for th e  second m em ber th e  coefficient is o b ta in e d  b y  d im in ish ing  i t  b y  1 ; 
th u s , (10 -  1) =  9.
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Table XXI

3 (8m) 0
8 m asses  

F i r s t  g ro u p  :

«11 +  « 1 2  +  « 22 +  « 2 3  4  U 33 +  M34  4 8«  =  F ! , , _ 4 =  u n  +  K u _t,
« 1 2  +  И22 +  « 23 +  « 3 3  +  M31 +  8 «  =  K l2 _ 4 =  « , ,  +  K22 „

«22 4  « 2 3  4" « 3 3  4  « 3 4  +  8«  =  K . , 2_ 4 =  «22 +  ^ 2 3 4 >

« 2 3  4  «33 4  « 3 4  +  8 «  =  J C 234 =  « 2 3  +  - K 334>

« 3 3  4  « 3 4  4  8«  =  -K 334 =  «33 t ~ -^ 3 4 »

«34 + 8« = K u .
S e c o n d  g ro u p  :

(8«зз +  7«34 +  21«)« =  U a, (7«31 +  21 « )«  =  t / 6,

(2 1 « 33 +  15«3, +  20«)«2 =  U 21, (15«з4 4  2 0 « )u 2 =  Via,

20«зз +  10«34 +  5u)u3 =  l / 2l„ (10«з4 +  5 « )« 3 =  V 10.

(5«зз +  u )« 4 =  U5,

T h e  f re q u e n c y  equation:

W 14 —  K u _ 4  I* 12 +  ( t t n  K 22 ^ 4  +  ы 1 2  К  2 з —4 +  « 2 2  ^ 3 3 4  +  « 23 К 3, +  V 3)wí0 —

[ « I I  ( « 2 2  ^ 3 3 4  4 « 2 3  ^ 3 1  4  V  а) 4  « 1 2  ( « 2 3  ^ 3 4  4  V  8) 4 “ « 2 2  V$  4  V 23 V 7 “С  F 2 | ] m1S F

4  [ « 1 1  ( « 2 2  V$ 4  « 2 3  V j  4  V 2Í) 4  « 1 2  ( « 2 3  V 2 4  V 2Í) 4  « 2 2  V 2i 4  « 2 3  ^ 1 5  4  ^ 2 o l M

— [«11 ( « 2 2  U2, + u 23 Uu  +  U2„) +  «! 2 ( « 2 3  4,5 +  U.,„) +  « 2 2  U20  +  « 23 U l 0  +  E/S]w4 +  
4  [ « , ,  ( « 2 2  4 29 +  « 2 „  Via  4  Va)  4  « 1 2  ( « 2 3  V l0 +  Va)  4  « 2 2  Ua 4  « 2 3  « 3 1  “ Ч “ 42 —

— [ « 1 1  ( « 2 2  V b +  Ujj « 3 4  « 4) +  «, 2 « 2 3  « 4] =  0 .

A gain , for th e  ex p ress io n s  o f U  values, th e  F ig . 7 co n ta in s, co rrespond ing  
to  th e  ru b ric  [2 (8m) 0] th e  follow ing coeffic ien ts :

36, 28, 56, 35, 35, 16, 6, 1 .

2 f)  The o b jec t o f  o u r co n sid e ra tio n  is th e  case of 8 m asses acco rd in g  to  
th e  a rra n g e m en t o f 3 (8m) 0.

T h e re  are 8 eq u a l m asse s  en u m era ted , to  w hich  th e  fo llow ing и  values 
a re  co o rd in a ted :

U — « 3 3  =  « 3 4  =  « 4 4  =  «45  =  « 5 5  =  U 56  =  M 66 =  U 67 -

A ccord ingly , th e  c o e ffic ien t o f the  f i r s t  m em b er of th e  e q u a tio n  is 8, 
a n d  fo r  th e  second m e m b e r, th is  equals (8 — 1) =  7. A gain , fo r th e  purpose 
o f  fo rm in g  th e  U v a lu es , we f in d  b y  m eans o f  th e  tr ia n g le  in F ig . 7, th e  follow ing 
co e ffic ien ts :

2 1 , 15, 20, 10, 5, 1 .
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T O R S IO N S S C H W IN G U N G E N  
P R O B L E M E  U N D  D E R E N  P R A K T IS C H E  L Ö SU N G E N

A. BALOGH

Z U SA M M EN FA SSU N G

Bei T orsionsschw ingungen  w ird  d ie  ch ara k te ris tisch e  D e te rm in a n te  bzw . n a c h  deren  
E n tw ick lu n g  die ch ara k te ris tisch e  G le ichung  — eine a lg eb ra isch e  G leichung m it ree llen  W u r
zeln  — dazu  b e n ü tz t,  d ie E ig enschw ingungszah len  des S y stem s zu  berechnen . I n  a c h t  frü h eren  
A u fsä tzen  w urde ein V erfah ren  v o rg e fü h rt, u m  im  allgem einen  u n d  in  einigen w ic h tig en  p ra k 
tisch en  F ä llen  fü r  beliebige M assenzah len , d u rch  V erm eid u n g  v o n  jedw eden  A n n äh eru n g en , 
d ie algebraische G leichung au fzuste llen . E s  h a t  sich gezeig t, d a ß  d ie  h ier gegebene zu sa m m en 
fassende  D arste llu n g  de r E rgebn isse  d ieser A ufsätze w en ig sten s  in  den w ich tig s ten  T eilen 
e rw ü n sch t is t, u m  das V e rfah ren  ü b e rs ich tlic h  fü r  die P ra x is  ü b e rg eb en  zu k ö n n en . I n  dem  
ü b lich en  S ch rifttu m sv erze ich n is  sind  d iese A rb e iten  au fg ezäh lt. D er Leser f in d e t  in  diesen 
n äh ere  A u fk lä ru n g en  ü b e r die P ro b le m a tik  u n d  auch  E rg än z u n g en  zu den p ra k tisc h e n  Z ah len 
beispielen.

V IB R A T IO N S  D E  T O R SIO N  
P R O B L È M E S  E T  SO LU TIO N  P R A T IQ U E

A. BALOGH

R É SU M É

L ors du  calcu l des v ib ra tio n s  de to rs io n , on p a r t  d u  d é te rm in a n t  ca ra c té ris tiq u e  d o n t on 
développe l’éq u a tio n  c a ra c té ris tiq u e , c’es t-à -d ire  une é q u a tio n  a lgéb rique  a y a n t  des racines 
réelles qu i se rv en t à d é te rm in e r les v ib ra tio n s  n a tu re lle s  des a rb re s . D ans ses h u it  é tu d e s  a n té 
rieu re s , l’a u te u r  a développé une  m éth o d e  générale  p e rm e tta n t  de ré so u d re  l’éq u a tio n  a lg éb riq u e  
m êm e d an s quelques cas p ra tiq u es  e t  o b te n ir  des ré su lta ts  n o n  p as ap p ro x im atifs , m ais  p a r 
fa item e n t ex ac ts . Le p ré sen t abrégé  c o n te n a n t  les p a rtie s  e ssen tie lle s  de ces é tu d e s  a p o u r  b u t 
d ’offrir une vue d ’ensem ble  du  procédé à l ’usage des p ra tic ie n s . L es lec teu rs d ésireu x  de tro u v e r 
des in fo rm atio n s p lus dé ta illées ou des ex p lica tio n s su p p lé m e n ta ire s  c o n ce rn an t les exem ples 
n u m ériq u es , p e u v en t se re p o rte r  a u x  t r a v a u x  p récéd en ts  de  l’a u te u r ,  énum érés d a n s  la liste 
b ib liog raph ique  publiée  en fin  de l’é tu d e .
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К Р У Т И Л Ь Н Ы Е  К О Л Е Б А Н И Я  
П Р О Б Л Е М Ы  И  П Р А К Т И Ч Е С К И Е  Р Е Ш Е Н И Я

А . Б А Л О Г

РЕ ЗЮ М Е

При расчёте крутильных колебаний для определения порядка количества соб
ственных колебаний применяем характеристическое алгебраическое уравнение с дей
ствительными корнями, получающееся из обоснования параметра определителя. В пре
дыдущих восьми работах автор уже показал один такой общий метод, который действи
телен в отдельных практических случаях, когда требуется вывести алгебраическое урав
нение, дающее точные, а не приблизительные результаты при любом количестве качаю
щейся массы. Отсюда следует, что опубликованные здесь выводы, содержащие в себе 
основные вопросы предыдущих работ, наглядно показывает практическое значение ме
тода. Из выше приведённого перечня работ читатель может получить дальнейшие сведе
ния и дополнительные разъяснения к практическим примерам для расчёта.
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A NEW  METHOD O F DESIGNING A SINGLE STAGE 
AXIAL-FLOW  FAN FO R PRESCRIBED SPANWISE

CIRCULATION

G. N A TH
DEPARTMENT OF FLUID MECHANICS, TECHNICAL UNIVERSITY BUDAPEST 

[M an u scrip t received  A u g u st 4, 1964]

In  th e  p re se n t paper, the  a u th o r  h a s  o b ta in ed  th e  so lu tio n  o f th e  in v erse  p ro b lem  of 
th e  th ree  d im ensional flow in ax ia l fa n , consisting  of ro to r  only , h av in g  f in ite  n u m b e r  of 
b lades and  h u b /tip  ra tio  lying b e tw een  0,2 to  0,4, b y  th e  m eth o d  of iso la ted  aerofo il o f  f in ite  
sp an . T he c ircu la tio n  is tak en  as v a r ia b le  along th e  ra d iu s  an d  th e  e ffects o f tra il in g  a n d  b o u n d  
v o rtices  a re  ta k e n  in to  account. T h e  tra ilin g  v o rtices  a re  considered  to  be  s tra ig h t  lines ex 
ten d in g  to  in fin ity . T h e  flu id  is ta k e n  as incom pressib le, friction less a n d  w ith o u t h e a t  tran sfe r . 
T h e  veloc ity  co m p o n en ts  of in duced  v e lo c ity , chord  d is tr ib u tio n , geom etric  ang le  o f  a tta c k , 
effic iency, e tc . h a v e  been o b ta ined .

Symbols

Г  c ircu la tio n ;
Г  pi c ircu la tio n  a t  th e  hub ;
N  n u m b er o f  b lades;
a  =  2n /N  ang le  betw een co n secu tiv e  b lades;
R , (У, Z  cy lin d rica l p o lar co -o rd in a te s; 
l chord  len g th ;
R p  t ip  ra d iu s ;
Rpj h u b  ra d iu s ;
Rpi/R p  h u b /tip  ra tio ;
to an g u la r v e lo c ity  of th e  ro to r ;
X  d is tan ce  o f th e  fixed  p o in t o n  a given b lade  from  th e  orig in ;
C L l if t  co effic ien t;
C D d rag  coefficien t;
(Pgt0. geo m etrical angle of a t ta c k ;
ФСА effective ang le  o f a tta c k ;
y> angle w h ich  th e  re la tiv e  m e a n  v e lo c ity  (W m) m akes w ith  th e  ta n g e n tia l  d irec tio n ;
y> angle w h ich  th e  new re la tiv e  m ea n  v e loc ity  ( ) m akes w ith  th e  ta n g e n tia l  d irec tio n ;
Ca ax ia l v e lo c ity ;
Vf in d u ced  v e lo c ity  due to  tra i l in g  vo rtices ;
Vp, in d u ced  ra d ia l  velocity  d u e  to  tra ilin g  v o rtices ;
Vff in d u ced  tan g e n tia l v e lo c ity  d u e  to  tra ilin g  vo rtices ;
W , re la tiv e  in le t  velocity ;
W-. re la tiv e  o u tle t  velocity ;
Woa re la tiv e  m ean  velocity ;
W'a, new  re la tiv e  m ean ve lo c ity ;
V  d istan ce  be tw een  two p o in ts ;
i, j ,  к  u n it v e c to rs  along rad ia l, ta n g e n tia l  and ax ia l d irec tions; 
a , 6, c co n s tan ts ;
ti 3,141592;
l b lade  sp ac in g ;
l/l so lid ity ;
Q to rq u e ;
Qc to rq u e  coefficient;
T  th ru s t ;
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T c th ru s t coefficien t;
n T efficiency a t  a  p o in t;
n T m ean  efficiency;
Kfh theo re tical h ead  rise  co effic ien t a t  any p o in t;
K act ac tu a l head  rise  c o effic ien t a t  an y  p o in t;
K ft  loss coefficient o f r o to r  a t  a p o in t;
K s w i r l  loss coefficient d u e  to  sw irl a t  a p o in t;
Kft)p profile drag  loss co effic ie n t a t  a  p o in t;
K q s secondary  d rag  loss co effic ien t a t  a p o in t;
K Da  annulus d rag  loss c o effic ien t a t  a p o in t;
C d p  profile d rag  co effic ien t;
C'DS secondary  d ra g  c o effic ien t;
C d a  annulus d rag  co effic ien t;
n  u n it  v ecto r a lo n g  t a n g e n t  to  th e  v o rte x  line .

I. In tro d u c tio n

T he ae rodynam ic  p ro b lem s of ax ia l-flow  fans m ay  be classified  u n d e r 
th e  follow ing tw o g en era l p rob lem s:

a )  I f  the  c irc u la tio n  d is tr ib u tio n , b lad e  speed , ax ia l velocity  a n d  the  
f lu id  s ta te  ahead  o f  th e  fa n  are given, th e  th re e  d im ensional v e lo c ity  fie ld , 
c h o rd  len g th , g eo m etrica l angle o f a t ta c k  a n d  en erg y  d is tr ib u tio n  can  be 
o b ta in e d .

b)  I f  th e  b lad e  sh a p e , geom etrical ang le  o f  a t ta c k , ax ia l v e lo c ity  and  
th e  f lu id  s ta te  ah ead  o f  th e  fan  are  given, th e  th re e  d im ensional v e lo c ity  fie ld , 
th e  c ircu la tio n  d is tr ib u tio n  a n d  th e  energy  d is tr ib u tio n  can  be o b ta in ed .

These are d e s ig n a te d , re spec tive ly , th e  in v erse  an d  th e  d irec t p rob lem . 
T h e  so lu tion  of th e  in v e rse  problem  is m u c h  easie r th a n  th e  so lu tion  o f th e  
d ire c t  problem . T hese p ro b lem s can be so lv ed  b y  iso la ted  aerofoil m e th o d  of 
f in i te  span  or b y  C ascade m e th o d . The iso la te d  aerofoil m e th o d  is a p p ro p ria te  
w h e n  so lid ity  l/t <  0 ,7 . T h e  Cascade m e th o d  is a p p ro p ria te  w hen  so lid ity  
l/t  >  1. W hen so lid ity  lies be tw een  0,7 a n d  1, b o th  m eth o d s can  be ap p lied .

T he so lu tion  o f  th re e  d im ensional flo w  th ro u g h  an  ax ia l tu rb o m ach in e  
w as o b ta in ed  b y  M a r b l e  [1 ], S m it h , T r a u g o t t  an d  W is l ic e n u s  [2 ], V a v r a  
[3 ] , H o w e l l  [4], S e i p p e l  [5], G in s b u r g  [6] a n d  o th e rs  [7 — 1 1 ], w hen  th e  
f lu id  П олу is s te a d y , is e n tro p ic , free of f lu id  fr ic tio n  a n d  h e a t  tra n s fe r . T hey  
h a v e  o b ta in ed  th e  so lu tio n  on  th e  a ssu m p tio n  t h a t  th e re  are in f in ite  n u m b e r 
o f  b lad es in  each  ro w  a n d  R H/ R T >  0,4.

B etz  [12] has o b ta in e d  expressions fo r th e  th re e  com ponen ts o f in d u ced  
v e lo c ity  a t  any  p o in t o f a g iven  blade due to  tra ilin g  v o rtices  e m a n a tin g  from  
a ll th e  blades in  th e  case o f  an  airscrew , b u t  h as  n o t  in te g ra te d  th e m . G l a u e r t  
[1 3 ] has o b ta in ed  th e  so lu tio n  o f the  d ire c t p ro b lem  in  th e  case of a f in ite  
w in g  b y  the iso la ted  a e ro fil m eth o d , by  co n sid e rin g  th e  v a r ia tio n  o f c ircu la tio n  
a lo n g  th e  span. H e co n sid e rs  th a t  there  is no  change in  th e  d irec tio n  o f inflow  
a n d  ou tflow  w hich c a n n o t be  va lid  in  th e  case o f  an  ax ia l fan . W a l l is  [14] has 
o b ta in e d  the  so lu tio n  o f  th e  th ree  d im ensional flow  in an  ax ia l fan  w ith  p re 
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ro ta to r  a n d  s tra ig h te n e r  in  the  case o f  free v o rte x  an d  a rb itra ry  v o r te x  flow .
T he p resen t a u th o r  has o b ta in ed  th e  so lu tio n  o f  th e  inverse p ro b lem  o f a 

single s tag e  ax ia l fan  consisting  o f f in i te  n u m b e r o f blades b y  th e  iso la ted  
aerofo il m ethod  of f in ite  span  w ith o u t p re - ro ta to r  an d  s tra ig h te n e r  w hen  th e  
c ircu la tio n  varies a long  th e  span a n d  th e  h u b /tip  ra tio  is <  0,4. Since th e  
c ircu la tio n  is n o t c o n s ta n t, in  ad d itio n  to  b o u n d  vo rtices, in fin ite  n u m b e r  of 
tra il in g  v o rtices w ill e m a n a te  from  e a c h  b lad e  a n d  m ove in  th e  d ire c tio n  o f 
s tre a m  lines. These tra il in g  vortices w ill be sp ira ls , b u t for m ost p u rp o ses  i t  is 
su ff ic ie n tly  accu ra te  to  assum e th a t  th e y  a re  s tra ig h t  lines para lle l to  th e  ax ia l 
d ire c tio n . These tra il in g  vortices w ill in d u ce  a v e lo c ity  a t  ev e ry  p o in t  o f  a 
g iven  b lade .

II. Basic Assum ptions

A t p resen t ax ia l fans are g en era lly  designed  b y  ta k in g  th e  h u b /t ip  ra tio  
0,4 an d  c ircu la tion  as c o n s ta n t along th e  sp an . B u t if  R HI R T <  0 ,4 , a n d  th e  
c irc u la tio n  is ta k e n  as c o n s ta n t a long  th e  sp an  o f th e  b lade , th e  design  an d  
m a n u fa c tu r in g  d ifficu ltie s  will arise, b ecau se  th e  sw irl coeffic ien t Cu/Ca a n d  
flow  coeffic ien t Ca/ œ R  being  in v erse ly  p ro p o rtio n a l to  rad iu s  R ,  te n d  to  in 
f in i ty  as R  tends to  zero . T herefore, a t  v e ry  sm all R h/ R t , these  coeffic ien ts  
w ill be v e ry  g rea t. H en ce , in  order to  overcom e th is  d ifficu lty , we p resc rib e  
a c irc u la tio n  w hich is m ax im um  a t  th e  t ip  an d  m in im um  a t  th e  h u b  a n d  its  
d e r iv a tiv e  m u st v a n ish  a t  th e  tip  a n d  th e  h u b . In  th is  case th e  b lad e  w ill n o t  
o ccu p y  a large p o rtio n  o f th e  c ircum ference  a t  th e  h u b , w hereas in  th e  case 
o f  c o n s ta n t c ircu la tio n , w hen R HI R T <  0,4 i t  occupies a large p o r tio n  a t  th e  
c ircum ference  of th e  h u b .

In  ad d itio n , th e  follow ing a ssu m p tio n s  have  been m ade:
a )  The flu id  is non-v iscous a n d  in co m p ressib le ;
b)  th e  blades are  considered as l if t in g  lines an d  are  sy m m e tric a lly  p laced ;
c)  th e  h u b /tip  ra tio  R H/ R T lies b e tw een  0,2 to  0,4 an d  C J m R t lies 

betw een  0,1 to  0,3;
d )  th e  ax ia l v e lo c ity  Ca is g iven  a n d  is c o n s ta n t before th e  ro to r ;
e)  th e  tip  c lea ran ce  is considered  to  be zero.

I I I .  Basic Equations and Solutions

C onsider th e  ro to r  o f an axial fa n  co n sisting  o f N  b lades sy m m e tr ic a lly  
p laced  whose c ircu la tio n  Г  varies f ro m  th e  in n e r rad iu s  R ^  to  th e  o u te r  
ra d iu s  R T. We w an t to  o b ta in  the  c o m p o n e n ts  of th e  in d u ced  v e lo c ity  in  th e  
ra d ia l, ta n g e n tia l a n d  ax ia l d irec tions a t  a n y  p o in t o f a b lade due  to  tra il in g  
v o rtices  an d  bound v o rtice s  of all th e  b lad es.
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T h ere  are  an  in f in ite  n u m b er of tra il in g  v o rtic e s  em an a tin g  from  each  
b lad e  w h ich  m ove p a ra lle l to  th e  ax ia l d ire c tio n . The s tre n g th  o f a tra ilin g  
v o r te x  w hich  o rig in a tes  from  th e  p o in t (R , 0 ,  0 )  is (d r i d R ) d R  and  th e  s tre n g th  
re m a in s  c o n s ta n t a long  th e  whole len g th . T h e  in d u ced  velocity  a t  a given p o in t 
due  to  tra ilin g  v o rtices  is given by  th e  B io t—S a v a r t  ru le :

In  th e  p resen t case

d r

dR
d R " x *  J Z  

Y 3
( 1 )

Y =  — i (x — R  cos a) -4- j  R  s in  a  -(- ks , (2)

n  =  — к  . (3)

T h e  c ircu la tio n  d is tr ib u tio n  along th e  sp a n  is ta k e n  as a cubic expression  an d  
in  non -d im en sio n a l fo rm  can  be expressed  as:

w here

Г _— Г  — a R R h 3
+  6

R R h

(jjR 2t R r R T R T R r

b 3 a y _
2 R T ,

(4)

I f  th e  lin e a r  c ircu la tio n  d is tr ib u tio n  is ta k e n , th e  ra d ia l an d  ta n g e n tia l in d u ced  
v e lo c ity  becom es in f in ite  a t  the  hub  an d  a t  th e  tip .

F ro m  th e  e q u a tio n s  (1), (2), (3) a n d  (4), we can express th e  in d u ced  
v e lo c ity  due to  tra il in g  vortices o f all th e  b lad es a t  a p o in t ( X / R T. 0 ,  0 )  in  
n o n -d im en sio n a l fo rm :

IT R 2
i  +  — i

R R h ]— — ----------- ~ 1~

\ R r R Ti R T R t \

. R  .l —  sin  a 
R T

V ,

o jR ,

3 a

4 71

1 X
R A R

1 R r R ,  COS<7 R T
( 5 )

f a
•> RT

X 2 R 2 2 X R

R r R T - R r R T

T h ere  is no co m p o n en t o f induced  v e lo c ity  a long  th e  ax ia l d irec tion . F rom  (5) 
th e  ta n g e n tia l co m p o n en t is given by:

Vn _  3a
ojRn 4л

sin  a (4 cos2 a — 1)
X

R ,
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I RT
X  . n R H

sin  2 a -\- -—— sin  a
R r

ta n

R r
Rn

R ,
X

R t
X  
R r

R
- -  1 +

R ,
R,
R-j- ! R j

cos о

X 2
i + R " )(3 cos о — 4 cos3 a) —

R T R T )
1

T-----
2

---- cos a
R T

-----cos a
2

X
R r

In R,
cos о

X
R r

sin  a

R H
Rr Rr

cos a

i X1 ----------cos a
R,

R

R,
H

+

X

R T

R t

cos a

sin a

(1 — 3 cos2 a) —
X

R ,
1

R H

R r
cos a R±

R,

The rad ia l com ponen t o f induced  v e lo c ity  is g iven as:

XV R r  3 a ^  .
— —  ^  sin  a

(i)R-,

4 -

4 л: „

1 X3 ------cos a
R i

1
R T

cos a 2 [ r h  X  | 21

l R r  R T  I j

1 r
1 í X  I2
2 R r

1 R , 1 R ,
+

1

(3 cos2 a — sin 2 o)

X

1 + - -
R h \ X
R r  J R r

cos a

R r
cos a

— 3 sin 2 a) —

R„ X—- ------------ cos a
R T R T

1 + я Г .

+  j'
X  . J *

R ,  j
+

cos a X
2

+
I X .  
----- sin  о

\ R r

2 sin о R T

(<>)

у
------ (cos2 a — s in 2cr)
R T R H cos a

sin  a R  , sin о

2 R T 

(2cos2o —

(V

ta n
’

R T

1
R T

R

X
R r

sin  a

R,
1 - \---------— --------- C O S O

R r R r R ,
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T h e induced  v e lo c ity  m ay  be reg a rd ed  as variab le  along th e  ch o rd  of 
th e  b la d e , b u t  th e  th e o ry  o f aerofoil o f f in ite  sp an  can be dev e lo p ed  w ith  
su ff ic ie n t accu racy  b y  assum ing  a c o n s ta n t v a lu e  o f th e  in d u ced  v e lo c ity . 
As e v e ry  q u a n ti ty  in  e q u a tio n  (6) is g iven , we c a n  o b ta in  th e  in d u ced  v e lo c ity  
in  th e  ta n g e n tia l d ire c tio n  due to  tra ilin g  v o rtic e s  of all b lades a t  th e  p o in t 
(X / R T, 0, 0). The ra d ia l  co m p o n en t of th e  in d u c e d  velocity  van ishes a t  ev e ry  
p o in t  o f  th e  b lade . T h e  v a lu e  o f th e  in d u ced  v e lo c ity  in  the  ta n g e n tia l d irec tio n  
is g iv en  in  T able  I .

Table I
T angentia l component o f  induced  velocity 

a = — 0,01; c =  0,02

N =  4 N =  3

X / R T v ,i cu Си +  2 V a V a Cu Cu +  2 Vti
(l)Rj< coRjt (ùR j < iû R j’ coRj' ü> R  T

0,2 -0 ,0 0 0 2 3 0,06318 — 0,00033 0,04707

0,3 —  0,00034 0,04175 —  0,00048 0,03086

0,4 —  0,00011 0,03160 —  0,00027 0,02332

0,5 0,00017 0,02580 —  0,00000 0,01909

0,6 0,00052 0,02227 0,00034 0,01660

0,7 0,00087 0,01994 0,00070 0,01504

0,8 0,00117 0,01826 0,00100 0,01394

0,9 0,00135 0,01684 0,00118 0,01298

1,0 0,00119 0,01511 0,00103 0,01162

T h e induced  v e lo c ity  in  th e  ta n g e n tia l  d irec tio n  (Fig. 1) dep en d s on 
Г ,  X / R t , R h / R t  a n d  -N. I t  increases as Г  or X / R T o r b o th  increase a n d  decrease 
as R H/ R T o r N  or b o th  increase . I t  is in d e p e n d e n t of CalœR-r . I t  chan g es th e  
e ffec tiv e  angle o f a t ta c k .  T he effective angle  is less th a n  the  g eo m etrica l angle 
o f  a t ta c k  w hen th e  in d u c e d  velocity  is p o s itiv e  an d  is g rea te r th a n  th e  geo
m e tr ic a l angle of a t ta c k  -when th e  induced  v e lo c ity  is negative . I t  changes th e  
l i f t  a n d  gives rise to  a n  induced  d rag  on th e  b lad e . The ta n g e n tia l in d u ced  
v e lo c ity  is only p re se n t d o w n stream  of th e  ro to r  a n d  no ta n g e n tia l v e lo c ity  is 
in d u c e d  before th e  ro to r . In  th e  plane o f th e  ro to r , its  value is V ti b u t  fa r 
fro m  th e  ro to r , i t  becom es 2 Vti.

1. I nduc ed  Veloci 'y Due  to B o u n d  Vortices

T he in d u ced  v e lo c ity  due to  b ound  v o rtic e s  o f all the  b lades a t  a g iven 
p o in t  ( X ,  0, 0) of a b lad e  is given by :

v «  =  ^ 2 \ r J E é r * R -' (®)4 я  „ J  Y '!
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w here
Y = — i ( X  — R  cos or) -f- j f t  sin a , (9)

n =  — i cos a — j  sin a.  (10)

F ro m  eq u a tio n s  (4), (8), (9) an d  (10), th e  induced  velo c ity  in a n o n -d im en sio n a l

*ti
u Ry в--ЦМ

form  is given by :
R  R H\s 3 a 

R T R t

j ___R h

R ,

R
R r

/91 R H)2 J_ X  J R  j

vBi ( k) v . R t
1

R t  J R t I
u)RT 4 л Rh X 2

+
R 2 о X  R 3f2

*/ R t U r 1 R T “ R t  R ,

( Ч  X  .-------- V ----- sm  a
4 л Rn

X
cos a

R T

X

R ,

1/2

X
| U 1 C  /X

2
1 X  .

_______  G 1 t l  ГТ
2

\ r t
IUS U

RT
1 S i l l  и

R T

1/2
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ln

о X3 а ----- cos а
R T

it x1 ----------cos a +
fi X  \*1 ----------------- C O S  O' 1 +

X  .
----- sin a

2' i/a

\ R t R t  J R T
X

+ R h X 2
+

X  . 2' 1/2

U r R t ~J R T R T R T

R ,
-s in  a

3 a 

2 

X  

R

R h
R ,

(cos2 a — 3 s in 2 a) ( П )

3 a
1 R " \

X
2 R t R t

1 R h Y
3 a ( R h 2'

U r 1 2 R T

R h X

R T R t

1 -
X
R T

cos a

I , X 2 X  . 2
1

1 ---- cos a
i l  p

+ l i f sm(T!

R

R ,
H

R ,
cos a

l?j- R f

2 X  .
)  +

- r  ■ s m a
J \ p

+

+
1

X

X 2 , I X  . 2 /-- - cos a
A j1

+  - p — sm a
1 l\.p /

r h _ X _  
R T R T

cos a
X
R

-smff

R i
(sin2 a  — 3 cos2 a) -j- 3 a

X
R ^

R i
R r

cos a — 3a «7
R т

F ro m  (11), i t  can  easily  be show n th a t  th e  in d u c e d  velocity  due to  b o und  
v o r tic e s  o f  all th e  b lad es a t  every  p o in t o f  a b la d e  is zero. H ence, th e re  is no 
in d u c e d  velocity  due  to  b o u n d  vortices.

2. Geometrical Angle  o f  A t ta ck  a n d  Chord Length

W e know  th a t  th e  ta n g e n tia l ve lo c ity  in d u c e d  by  th e  tra ilin g  v o rtices 
ch an g es  th e  effec tive  angle  o f a tta c k  an d  th e  b lad e  behaves as a b lade  of 
in f in ite  span  a t  th is  ang le  o f  a tta c k . H ence th e  profile  d rag  coeffic ien t, cDP, 
l if t  coeffic ien t cL a n d  0 eff can  be o b ta in ed  fro m  th e  ex p erim en ta l d a ta  of 
iso la te d  aerofoil [15]. W e k now  th a t

^ e f f .  =  Ф 8 е о .  —  ( V  —  W )  ( 1 2 )
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an d
— a o^eff.’ (13)

w here a 0 is th e  slope o f th e  cu rve  o f CL w ith  re sp e c t to  th e  angle o f in c id en ce .

RT
Fig. 2. D im ension less ve lo c ity  d iag ram  o f ax ia l flow  fan

In  th e  p re se n t p ap e r for n u m erica l calcu la tion  R H/ R T =  0,2; CL =  1,0; CDp  =  
=  0,0177; a =  -  0,01; c =  0,02; 0 eff =  6°. The aero fo il is R A F  6E , R e. NO =  
=  0,312 X 10«.

The angle y  an d  can  be d e te rm in ed  from  th e  dim ensionless v e lo c ity  
d iag ram  (F ig . 2).

W e know  th a t

w here Г 1Н =  c.

H ence

Си N riH
o)RT 2 71 X

R r

ca
m R t

X N r1H
RT 4 71 X

R T

(14)

(15)
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ta n  г/)
C J w R ,

X N Ц  H Vu

RT 4 л X , R r coRT

(16)

F ro m  (12), (13), (15) a n d  (16), 0 geo- can  be o b ta in ed . The new  re la tiv e  m ean  
v e lo c ity  is given b y

WL  I* Í C a 2 +  i X -
N iJ

n ï I

V"  1m R T J 1 coRT f  \ R t 4 л X I R T œ R T J

(17)

T h e  ch o rd  length  is g iven  h y

/

R ~
2 Г,

C l -

l
í v

(oR r

(18)

T h e  th eo re tica l to ta l  h e a d  rise coeffic ien t is given by:

K , h =
2 Ç X  
Л  R T

and l v a c t .

K h
w h ere

6 = CU +  2 V" a n d  Л  =
Ca

Ca
ojR 1

(19)

T h e  ch o rd  leng th  a n d  g eom etrica l angle  o f  a t ta c k  are given in  T ab le  I I  and  
(ÿ> -j- Ф)° is given in  T ab le  I I I .

Table II
a — — 0,01; c =  0,02

X / R T

N  == 4 N =  3

Л = 0,3 Л =  0,2 Л  = 0,3 Л  = 0,2

l/R T ^ g e o - l /R j ’ ^ g e o . l/R T ^ g eo . 1/R t ^ g e o .

0,2 0,1162 5,964° 0.1529 5,9600° 0,1149 5,9443° 0,1499 5,946°
0,3 0,0981 5.967° 0,1171 5,9672° 0,0972 5,9403° 0,1156 5,9543°
0,4 0,0837 5,9922° 0,0941 5,9930° 0,0831 5,9795° 0,0934 5,9834°
0,5 0,0727 6,0121° 0,0790 6,0069° 0.0723 6° 0,0785 6°
0,6 0,0643 6,0208° 0,0684 6,016° 0,0641 6.0135° 0,0681 6,0099°
0,7 0,0578 6,0262° 0,0605 6,0193° 0,0576 6,0213° 0,0603 6,0154°
0,8 0,0523 6,0326° 0,0543 6,021° 0.0522 6,0234° 0,0541 6,0177°
0,9 0,0477 6,0269° 0.0491 6,018° 0.0476 6,024° 0,0490 6,0156°
1,0 0,0435 6,0192° 0,0445 6,0135° 0.0434 6,0170° 0,0444 6,0117°
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Table III

(V +  фе«.)°
a =  — 0,01; e =  0,02

X/RT
N = 4 N = 3

Л =  0 ,3 Л =  0 ,2 Л =  0 ,3 II e Va

0,2 66,6911° 55,8918° 65,5328° 54,5845°
0,3 53,0697° 41,6233° 52,5076° 41,1009°
0,4 43,9839° 33,4984° 43,6865° 33,2507°
0,5 37,6290° 28,3236° 37,4533° 28,1843°
0,6 32,9980° 24,7598° 32,8871° 24,6755°
0,7 29,4981° 22,1653° 29,4251° 22,1114°
0,8 26,8114° 20, 1937° 26,7189° 20,1554°
0,9 24,5990° 18,6432° 24,5608° 18,6177°
1,0 22,8202° 17,3957° 22,7922° 17.3760°

T he cho rd  len g th , I /R t  an d  g eom etrica l angle o f  a tta c k , 0Pgeo , d ep en d  
up o n  c i r c u la t io n /1, C„I(oR t , X / R t  a n d  N  (F ig. 3). F ro m  T able I I ,  i t  is e v id e n t 
th a t  N  h as  v e ry  sm all e ffect on  th e  chord  d is tr ib u tio n . The ch o rd  le n g th  
decreases as C J íüR t  or R H/ R T in c reases , all o th e r  v ariab les re m a in in g  co n 
s ta n t .  In  th e  p re se n t case Z/t a t  th e  h u b  is <  0,55, hence th e re  is no in te rfe ren ce  
effect a n d  th e  app lica tion  o f  iso la ted  aerofoil m e th o d  is valid .

T he geom etrica l angle o f a t ta c k ,  í>geo , s lig h tly  changes as c irc u la tio n ,

Aerofoil Section RAF 6E,
Rc No. - 0.312 »Ю* 

l/Rr
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Г , o r  N  changes. T he an g le , ÿ) -f- Феff , d ecreases  as X / R T increases and  in 
creases as C J coR t in c rea se s . The n u m b e r o f  b la d e s , ЛГ, has v e ry  l i ttle  effect 
on  i t .

3. Fan Unit  E f f ic iency

In  a fan u n it  w h ich  consists of a ro to r  o n ly , th e  loss in  effic iency  is due 
to  ro to r  loss an d  sw irl loss, o th e r losses can  be  neg lec ted . T he d is tr ib u tio n  o f 
losses along th e  b lad e  sp a n  will n o t be re g u la r . To overcom e th is  d ifficu lty , 
we ca lcu la te  th e  m ean  v a lu e  o f the  losses a n d  assum e a un ifo rm  d is tr ib u tio n  
o f  th e se  losses a long  th e  sp an .

Sm all in accu rac ies  a re  n o t critical in  ca lcu la tin g  th e  effic iency  in  ro to r  
design .

H ence th e  e ff ic ien cy  a t  a p o in t ( X / R T, 0, 0) can  be expressed  as:

N ow

n T =  1
K R

K lf,
-̂ ■swirl
K th

K r _ K Dp -f- K Ds -j- K d a

Kth K th

l Cpp +  Cps  I ___1
CL ) s in 2 rp X / R T

K da 
K lh ‘

( 20 )

( 21 )

T he seco n d ary  d ra g  coefficient, CDs,  is g iv en  b y  the  well know n em pirical 
fo rm u la  b y  H o w e l l  i.e ., Cds/Cl =  0,018 [14] a n d  th e  annu lus loss K DA/ K th =  
=  0,02 [14] for th e  fa n  u n it .  The seco n d a ry  loss should  be ca lcu la ted  a t  th e  
m ean  rad ius.

T he swirl loss a t  a n y  p o in t ( X / R T, 0, 0) is g iven by :

^swirl __ 1 ^ ^
К  if, 2 X / R T

The m ean e ffic ien cy  is given by :

2 /» 1
K * + - swirl ( x d l X \

1 —
R H

R r

2

€/
R h
R t

K th K th I R T U r )

( 22)

(23)

w h ich  can be in te g ra te d  g raph ica lly  or n u m e ric a lly . The loss in  efficiency due 
to  th e  profile  d rag  is g iven  in T able IY .

F o r a p re sc rib e d  c ircu la tion , th e  loss d u e  to  the  profile  d rag  increases 
r a p id ly  tow ards th e  t ip  w hen CJcaRr  =  0 ,2 , b u t  w hen Са/ш1?7 =  0,3, th e
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Table IV

Rotor loss due to profile drag , K d p  !<th 

a  =  — 0,01; c =  0,02

X / R T
N  = 4 N =  3

Л  =  0 ,3 Л  =  0 ,2 Л  =  0 ,3 Л  =  0 ,2

0,2 0,0349 0,0302 0,0357 0,0314
0,3 0,0330 0,0347 0,0336 0,0356
0,4 0,0350 0,0415 0,0355 0,0422
0,5 0,0386 0,0490 0,0390 0,0496
0,6 0,0429 0,0570 0,0432 0,0575
0,7 0,0477 0,0652 0,0480 0,0656
0,8 0,0527 0,0736 0,0530 0,0739
0,9 0,0580 0,0820 0,0582 0,0824
1,0 0,0634 0,0907 0,0636 0,0910

increase is n o t so ra p id  (F ig . 4). F o r a given c ircu la tio n , th e  loss d ec reases  
w hen CJcoRp  o r R H/ R T or b o th  increase , b u t  N  has v e ry  l i ttle  e ffec t o n  i t .

T he sw irl loss is g iven in  T ab le  V.
T he swirl loss is in d e p e n d e n t o f  CJcoRp  (F ig . 5). F o r  a given c irc u la tio n  

th e  sw irl loss decreases as N  decreases. I t  has v e ry  h ig h  v a lu e  a t  th e  h u b . 
N ear th e  h u b  i t  ra p id ly  decreases h u t  la te r  on i t  slow ly decreases. T he loss 
decreases as R H/ R T increases a n d  increases as c irc u la tio n  increases.

T he efficiency, ta k in g  in to  acco u n t losses due  to  th e  pro file  d ra g  a n d  
sw irl, is g iven in  T ab le  Y I. T he m ean  efficiency, rjT ( tak in g  in to  acco u n t p ro file , 
seco n d ary , annu lus an d  sw irl losses) is given in  T ab le  V II . F rom  F ig . 6, i t  is

Table V

S w irl loss, K swM/K lh 

a =  —  0 ,01; c — 0,02

X / R T ЛГ =  4 N =  3

0,2 0,1570 0.1176
0,3 0,0695 0,0514
0,4 0,0395 0,0291
0,5 0,0258 0,0190
0,6 0,0185 0,0138
0,7 0,0142 0,0107
0,8 0,0114 0,0087
0,9 0,0093 0,0072
1,0 0,0075 0,0058
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KDp

~*th
0.Ю

0,09

0,07

0,05

0,03

Aerofoil Section, RAF 6E, 

Re. No.я 0,312 *10s

F ig . 4. L oss in efficiency d u e  to  p ro file  d rag

e v id e n t  th a t  the  e ffic ien cy , n T, has th e  lo w est v a lu e  a t  th e  h u b , b u t  i t  rap id ly  
in c rea se s  n ear th e  h u b  a n d  again  slowly d ecreases  n e a r th e  t ip .  T he efficiency 
o r th e  m ean  effic iency  in creases  as Cq/coR t  o r R ^ I R t  o r b o th  increase and  i t  
s lig h tly  increases as N  decreases.

Kswirl

*th

F ig . 5. Loss in e ffic iency  due  to  swirl
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Table VI

E ffic ien c y  (taking  into account losses due to pro file  drag and swirl o n ly ) , t)T 
a =  — 0 ,01; c =  0,02

X /R T
N  = 4 N  = 3

Л =  0,3 Л =  0,2 Л =  0,3 Л =  0,2

0,2 0,8071 0,8117 0,8465 0,8508

0,3 0,8973 0.8956 0,9149 0,9128

0,4 0,9254 0.9189 0,9353 0,9286

0,5 0,9355 0.9251 0,9419 0,9312

0,6 0,9384 0,9243 0,9428 0,9286

0,7 0,9380 0.9205 0,9412 0,9235

0,8 0,9358 0.9149 0,9382 0,9172

0,9 0,9326 0,9085 0,9345 0,9103

1,0 0,9290 0.9017 0,9305 0,9031

Table VII

M ean efficiency, rjT 
a =  — 0,01; c =  0,02

N =  4 N  == 3

Л  =  0.3 Л  =  0,2 Л  =  0,3 Л  =  0,2

0,8659 0.8348 0,8708 0,8395

Aerofoil Section RAF 6E, 

Re.No - 0 3 1 2 -IO1
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4. Torque and  Thrus t

T he to rq u e  a c tin g  on  th e  ro to r  sh a ft can  be  expressed  in  te rm s  of th e  
sw irl m om entum .

W e define th e  to rq u e  coefficient as:

H ence

(24)

(25)

w h ich  can  be in te g ra te d  n u m erica lly  or g ra p h ic a lly  or o therw ise.
In  th e  design o f  a fa n , the  m ain in te re s t  in  th e  th ru s t  p ro d u ced  by  th e  

r o to r  is in  re la tion  to  th e  design of th ru s t  b e a r in g  and  su p p o rts . H ence an  
e s tim a te  based on th e  p re ssu re  rise across th e  ro to r  and  th e  sw ep t area is 
u su a lly  adequate .

W e define th e  t h r u s t  coefficient T c, a s:

H ence

Tc =  2 I Rn K-th 
J  RT

K R e x  d X
K th K th R T R T

(26)

(27)

w h ich  can  be in te g ra te d  n u m erica lly  or g ra p h ic a lly .

5. A p p ro x im a te  Es t imat ion  o f  a and c

T he m axim um  a n d  m in im u m  value o f  a a n d  c can  be estim a ted  b y  assu m 
in g  t h a t  th e  fin ite  n u m b e r  o f  blades are re p la c e d  b y  in fin ite  n u m b e r o f  b lades 
w hose to ta l  c ircu la tion  is th e  sam e as th e  to ta l  c ircu la tio n  in th e  case o f fin ite  
n u m b e r  o f blades. N ow  th e  tra ilin g  vortices w ill fo rm  v o rte x  sheets a n d  ta n g e n 
t ia l  com ponen t of in d u c e d  velocity  is g iven  b y

or

N F  

2 л х
(28)

X  R H 3 3 a j  R h X  R H 2 , 2 я  /1 X
R-p R-p 2 R T R T R T

i c — 1
N  R T
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w here

The m inim um  an d  m a x im u m  value of a re  0 a n d  1, re sp ec tiv e ly . 
W hen  =  0, th e re  is no ch an g e  in  th e  d irection  o f  in flo w  an d  o u tflow . I f  th e  
m ax im u m  value o f is ta k e n  g re a te r  th a n  1, th e  l if t  coeffic ien t CL becom es 
g re a te r  th a n  1,2, w hich is g en era lly  th e  m ax im um  p erm issib le  va lue . I f  th e  
lif t coeffic ien t is g rea te r th a n  1,2, th e  drag  coeffic ien t rises rap id ly  w ith  th e  
angle o f inc idence, hence d ra g /lif t  ra tio  increases. H en ce  th e  losses becom e 
g re a te r  w hich reduces th e  e ffic iency . F o r a given са/ыНт , R h I R t an d  TV, th e  
m in im u m  value o f a (a is n eg a tiv e )  an d  m in im um  v a lu e  o f c are o b ta in e d  b y  
p resc rib in g  m ax im um  c ircu la tio n  a t  th e  tip  and  m in im u m  a t  th e  hub  b y  p u t t in g  
1 a n d  0, re spec tive ly . S im ila rly  th e  m ax im um  v alue  o f  a  a n d  m ax im um  v a lu e  
o f  c are o b ta in ed  b y  p re sc rib in g  th e  c ircu la tion  a t  th e  t ip  to  be equal to  th e  
m ax im u m  c ircu la tion  a t  th e  h u b . The m ax im u m  a n d  m in im um  va lu es  o f  a 
a n d  c are  given below :

a = 0 (m ax im u m ) ,

4 л Л 1
(1 — M1

Z K

R T

c — 2 п Л  R H

TV R ~

c = 0

(m in im u m ) ;

(m a x im u m ) , 

(m in im u m ).

(30)

IV. Conclusions

In  th e  p re sen t p ap e r, a m e th o d  has been d ev e lo p ed  to  design a fan  
w ith o u t p re - ro ta to r  and  s tra ig h te n e r  w ith  th ree  or m ore  b lades hav ing  h u b /tip  
ra tio  ly ing  betw een  0,2 to  0 ,4 , considering  th e  c irc u la tio n  d is tr ib u tio n  as 
v a riab le  along th e  span an d  ta k in g  in to  account th e  effec ts  o f  tra ilin g  v o rtices  
w h ich  are tak en  as s tra ig h t lines. T he circu la tion  is ta k e n  as m ax im u m  a t  th e  
tip  an d  m in im um  a t  th e  h u b . A t ev e ry  p o in t o f th e  b la d e  th e  tra ilin g  v o rtices  
induce  v e loc ity  in th e  ta n g e n tia l  d irec tio n  only a n d  th e  v e lo c ity  in d u ced  by  
b o u n d  vortices is zero. T he effic iency  rises as th e  n u m b e r  o f b lades TV, or 
Ca/coRr or Rf i /RT  increases. T he sw irl loss a t  the  h u b  is v e ry  high. The p re se n t 
m e th o d  is qu ite  d iffe ren t from  th e  m ethods of o th e r  a u th o rs . The p re se n t 
m eth o d  is valid  for R H/ R T ly in g  b e tw een  0,2 to  0,4, w h ereas  o th e r m e th o d s  
a re  v a lid  for R HI R T >  0,4.
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E IN E  N E U E  M E T H O D E  F Ü R  D IE  B E R E C H N U N G  
E IN E S  E IN S T U F IG E N  A X IA L V E N T IL A T O R S  F Ü R  V O R G E S C H R IE B E N E  

Z IR K U L A T IO N  E N T L A N G  D E R  S C H A U F E L

G. NATH

ZU SA M M EN FA SSU N G

I n  der vorliegenden A rb e it  h a t  der V erfasser — m it  H ilfe de r T h eo rie  des T ragflügels 
v o n  en d lic h e r T ragw eite — d a s  P ro b lem  der d re id im en sio n a len  S trö m u n g  in  e inem  A xial
v e n t i l a to r  gelöst, der b loß  a u s  e in em  R o to r b e s te h t, e ine  endliche Z ahl v o n  S ch au feln  u n d  ein 
N a b e n v e rh ä ltu is  zw ischen 0,2 u n d  0,4 b esitz t. D ie Z irk u la tio n  w ird  als m it  d em  R ad ius v e r
ä n d e r l ic h  in  R echnung g e s te ll t ,  u n d  die W irkung  d e r fre ien  u n d  de r g e b u n d en e n  W irbel w ird 
b e rü c k s ic h tig t .  Die freien  W irb e l w erd en  als u n en d lich  lan g e  G eraden  b e tr a c h te t .  D as M edium  
w ird  a ls  inkom pressibel, re ib u n g s lo s  u n d  ohne W ärm eü b e rtrag u n g  b e tra c h te t .  D ie G eschw indig
k e itsk o m p o n e n te n  der in d u z ie r te n  G eschw indigkeit, S eh n en län g ev e rte ilu n g , A nstellw inkel, 
W irk u n g s g ra d  usw. w u rd en  b e re c h n e t.
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M É T H O D E  N O U V E L L E  P O U R  L’É T U D E  D ’U N  V E N T IL A T E U R  A X IA L  A U N  É T A G E  
P O U R  C IR C U L A T IO N  P R E S C R IT E  L E  LONG D E  L’A U B E

C. N AT II

R É S U M É

L ’a u te u r  u til isa n t la m éthode  du  p ro fil isolé à  p o rtée  fin ie , a o b ten u  la so lu tio n  d u  p ro 
blèm e in v erse  de l’écou lem en t trid im en sio n n e l d a n s  u n  v e n tila te u r  ax ia l. Celui-ci co n sis te  seu le 
m en t en u n  ro to r , les aubes so n t d ’un n om bre  fin i e t  le ra p p o r t  de m oyeu e st de 0,2 à  0 ,4 . L ’a u 
te u r  considère  la c ircu la tio n  com m e v a ria b le  le long  du  ray o n  e t t ie n t  co m p te  de  l ’e ffe t des 
to u rb illo n s  lib res e t liés. Les to u rb illo n s lib res so n t considérés com m e des lignes d ro ite s  s’é te n 
d a n t  à l’in fin i e t  le flu id e  com m e incom pressib le, san s f ro tte m e n t e t sans tran sm iss io n  de  c h a 
leu r. Les co m p o san tes  de la vitesse in d u ite , la d is tr ib u tio n  de la  longueur de c o rd e , l’angle 
d ’a tta q u e  g éo m étriq u e , le re n d em en t, e tc  . . . o n t é té  calcu lés p a r l’a u teu r.

НОВЫЙ МЕТОД ПРОЕКТИРОВАНИЯ ОДНОСТУПЕНЧАТОГО 
АКСИАЛЬНОГО ВЕНТИЛЯТОРА ПРИ ЗАДАННОЙ ЦИРКУЛЯЦИИ ВДОЛЬ

ЛОПАСТЕЙ
Г. HAT

РЕЗЮМЕ

В данной работе автор решил инвертную проблему в случае аксиального венти
лятора трехмерного движения потока методом отделыюстоящей лопасти конечного раз
мера. Вентилятор состоит только из ротора, число лопастей является конечным и отно
шение ступицы равно 0,2—0,4. Автор принимает циркуляцию переменной вдоль радиуса 
и учитывает действие свободных и связанных вихрей. Свободные вихри приняты в каче
стве прямых, распространяющихся до бесконечности; среда предполагается в качестве 
несжимаемой, не имеющей трения и теплопередачи. Автором рассчитаны компоненты 
возбужденной скорости, распределение длины хорды, угол стояния, коэффициент полез
ного действия и т. д.
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BEITRAG ZUR PROBLEMATIK DER ENTSTEHUNG 
VON MAGNETISCHEN EIGENSCHAFTEN DES «-Fe20 3 
BEIM ERHITZEN AU F MITTLERE TEM PERATUREN

K . SM R Ö EK , O. Ö E JC H A N  und  J .  C H V A T ÍK
FORSCHUNGSINSTITUT DER EISENBERGWERKE UND RENNANLAGEN; MNTSEK POD DRDY, CSSR 

[E ingegangen  am  1. A u g u st 1964J

Iin  vorliegenden  A ufsatz  w ird  u n te r  V erw endung  von  S p é c u la n t — e inem  in d ischen  
H ä m a ti t  — u n d  v o n  a n a ly tisch  re inem  sy n th e tisc h e n  H ä m a ti t  d ie B ild u n g sm ö g lich k e it des 
M aghem its (y-Fe20 3) im  Laufe des e in fach en  R ö sten s des a -F e 20 3 bei e in e r m ittle re n  
T e m p e ra tu r  von 500 — 800 °C u n te rsu c h t. E s  k o n n te  die B ildung  einer neuen  P h a se  m it m ag 
n e tisch en  E ig en sch aften  b eo b ach te t w e rd en , u n d  m it H ilfe de r chem ischen  A n a ly se  k o n n te  
d ie G egenw art des zw eiw ertigen  Fe'2+ nachgew iesen  w erden . D er alleinige T räg e r d e r  m ag n e
tisch e n  E igenschaften  d ü rfte  der M a g n e tit sein, de r d u rc h  die R ed u k tio n  de r v o rh a n d en e n  
u n d  von  ih rem  S u lfid g eh a lt durch  th e rm isc h e  D issozia tion  b e fre iten  Sulfide e rh a lte n  w ird. 
D iese A nnahm en  w u rd en  durch  V ersuche  b e s tä tig t,  die a n  sy n th e tisc h  d a rg e s te ll te n  V erb in 
dun g en  vo rgenom m en w orden w aren.

I. Einleitung

Bei der U n te rsu ch u n g  d er A u fb e re itb a rk e it des sideritisch en  E rzes der 
L a g e rs tä tte  R ákos bei Sirk, im  süd lich en  Teil des Z ips-G em er’sch en  E rzg e 
b irges, du rch  m agnetisierende R ö s tu n g  w ar es no tw en d ig , eine e rh ö h te  A uf
m erk sam k e it d em  V erh a lten  des S p é c u la n ts  zu w idm en , da  sein A n te il im  E rz  
stellenw eise ziem lich  hoch w ar. D e r Ü berg an g  des S p écu lan ts  bei d e r  M ag n e t
sch e idung  in den n ich tm ag n e tisch en  A nte il w ürde einen  b e trä c h tlic h e n  V erlu st 
an  E isen  und  so m it eine b ed eu ten d e  H e rab se tzu n g  d er E isen au sb eu te  b e d e u te n . 
D ie techno log ischen  L ab o rv ersu ch e  w urden  m it e inem  bis zu 4 0 %  S p é c u la n t 
e n th a lte n d e n  sideritisch en  E rz  [1] d u rc h g e fü h rt u n d  h aben  im  G egenteil 
gezeig t, daß  der überw iegende T eil v o n  S p ecu la rit in  den  m ag n e tisch en  A nte il 
ü b e rg eh t. D eshalb  w urden  w eitere  U n te rsu ch u n g en  allein  m it dem  S p ecu la rit-  
k o n z e n tra t u n d  Z u sa tz  festen  R ed u k tio n sb ren n sto ffe s  d u rc h g e fü h rt; diese 
h ab en  zu der ü b errasch en d en  F e s ts te llu n g  g e fü h rt, d aß  bei R ö s tu n g  des 
b loßen  S p écu lan ts  eine m ag n etisch e  V erb in d u n g  e n ts te h t  [2].

U ber die E n ts te h u n g  m ag n e tisch en  y-Fe.20 3 bei d er R ö stu n g  v o n  a -F e 20 3 
im  B ereich  m ittle re r  T e m p e ra tu ren  von  500 bis 800 °C w ird  in  d er L i te ra tu r  
n u r  an  einer Stelle [3] b e rich te t. D ie B ildung  von  y -F e20 3 bei d er th e rm isc h e n  
O x y d a tio n  von F e 30 4 is t seh r g u t  b e k a n n t [4, 5]. M inder b e k a n n t is t  die 
E n ts te h u n g  von y -F e20 3 beim  th e rm isc h e n  Z erfall von H ä m a ti t  in  M ag n e tit 
bei hohen  T em p era tu ren  [6]. D as Z iel d ieser A rb e it b e s te h t d a rin , fe s tzu s te llen , 
inw iew eit die vo rh erig en  und  die le tz tg e n a n n te n  T a tsach en  Z usam m enhängen .
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II. Experimenteller Teil

1. Angewandte Rohstoffe

B ei den U n te rsu c h u n g e n  w urde a -F e 20 3 in  d reierle i F o rm  an g ew an d t: 
b lä t t r ig e r  S pecu lä rit, iso m e trisch  kö rn iger H ä m a ti t  u n d  pulverfö rm iges 
(X-Fe20 3 p . a. D er u n te r s u c h te  S pecu lärit aus R u d n a n y  b ild e t an  h y d ro th e r
m a le n  E rzad ern  an o m ale  A k k u m u la tio n en  im  s id e rit-b a ry t-q u a rz -su lf id isch en  
E rz , w ovon  er le ich t zu  tre n n e n  is t. M it Q uarz  u n d  P y r i t  v e rw äch st er so eng, 
d a ß  d iese n ich t völlig  e n t f e rn t  w erden k ö n n en . D er H ä m a ti t  w urde aus in d i
sc h e m  m e tam o rp h en  H ä m a tit-q u a rz -E rz  m it akzessorischem  M ag n e tit ge
w o n n en . Die Z u sam m en se tzu n g  von R o h sto ffen  is t in T afel I  an g efü h rt. 
D e r be i der U n te rsu c h u n g  b e n ü tz te r  S iderit u n d  P y r i t  s tam m en  au ch  aus den

Tafel I

Chemische Zusam m ensetzung der benützten Rohstoffe

Speculärit,
%

Indischer
Hämatit,

%

^ e tot 6 6 , 7 0 6 2 , 0 0

Fe2+ 1 , 1 7 0 , 5 8

S i 0 2 0 , 2 2 7 , 7 2

A 120 3 0 , 0 9 1 , 2 1

MnO 0 , 0 8 0 , 1 2

MgO 0 , 2 6 0 , 9 7

CaO 1 , 3 3 1 , 0 3

s 2 , 7 9 0 , 3 5

R u d n a n ’schen E rz a d e rn ; d e r  S iderit e n th ä lt  m ik ro sk o p isch e , he te rogene  B ei
m en g u n g en , die a b g e tre n n te n  P y ritk ris ta lle  s in d  p ra k tisc h  m onom inera l. Die 
K o rn g rö ß e  des S p e c u la rits  w ar gleich 0,5 m m , d iejen ige von H ä m a ti t ,  S id erit 
u n d  P y r i t  0,25 —1,0 m m .

2. Durchführung der Versuche

D ie E inw aage v o n  20 g a -F e20 3 w urde  a n  d e r L u ft bei 500 bis 900 °C 
im  e lek trischen  M uffelo fen  5 — 20 Min g e rö s te t, u n d  zw ar sow ohl in  offenen 
als a u c h  in m it A sb es td eck e ln  ab gedeck ten  b re ite n  P y ro lan sch a len  m it einem  
B o d en d u rch m esse r v o n  55 m m . Die P ro b en  w u rd en  n ach  A b lau f d e r R östze it 
e n tw e d e r  im  frei a b k ü h le n d e n  Ofen gelassen, o d e r aus diesem  h erausgenom m en  
u n d  schnell lu f tg e k ü h lt.

Bei der U n te rsu c h u n g  von  M ischungen m it P y r i t  w urden  beide R ohstoffe 
v o r  d e r  R östung  v o llk o m m e n  verm isch t. D ie V ersuche in  d er A tm osphäre
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gasfö rm iger P ro d u k te  des S ideritzerfa lls  w u rd e n  so d u rch g e fü h rt, d a ß  in  die 
Schale  25 g S id e rit e in g eb rach t, d ie se r m it D ra h tn e tz  g edeck t u n d  a u f  d iesem  
die E inw aage von  S p ecu la rit a u sg e b re ite t u n d  die Schale m it A sb estd eck e l 
ab g ed eck t w urde.

Die G ew ich tau sb eu te  w urde u n te r  B e n ü tz u n g  von  nassem  M a g n e t
sch e id er Type 2 5 —S E  m it F e ld s tä rk e  2800 O ersted  an  den P o lsch u h sp itzen  
u n d  980 O ersted  in m itte n  der S p a lte  zw ischen  den  P o lschuhen , bei e in er 
S p itzen en tfe rn u n g  v o n  55 mm fe s tg e s te llt.

ENTSTEHUNG VON MAGNETISCHEN EIGENSCHAFTEN DES a -  Fe20 , 63

III. Versuchsergebnisse

Bei R ö stu n g  in  Schalen ohne D eckel w u rd en  bei allen drei R o h sto ffen  
seh r n iedrige , n ic h t e in m al 3%  der G esam te in w aag e  ü b ersch re iten d e  G ew ich ts
a u sb e u te n  m ag n e tisch en  A nteils e r re ic h t, w obei keine U n tersch iede  bei v e r 
sch ied en er A rt d e r K ü h lu n g  des g e rö s te te n  P ro d u k te s  b e o b a c h te t w u rd en .

B ei der K ü h lu n g  in  ab g ed eck ten  S chalen  beein flu ß te  im  G egen te il die 
A r t  d e r K ü h lu n g  en tsch e id en d  die G ew ich tsau sb eu te  (Tafel I I ) .B e im S p e c u la r it  
w u rd e  festg este llt, d a ß  im  Falle lan g sa m e r K ü h lu n g  eine b e trä c h tlic h  n ied rig e re  
A u sb eu te  des m ag n e tisch en  A nteils e rre ic h t w ird , u n d  deshalb  v e rz ic h te te n  w ir 
bei w eiteren  zwei R o h sto ffen  a u f d iese V ersuche . Bei sy n th e tisch em  a -F e 20 3

T afe l I I

Prozentuale A u sb eu ten  des magnetischen A n te ile s  nach Rösten in  abgedeckten Schalen

Röstdauer, Min

Rösttem pe- 5 10 20 5 10 20
ratur, °C Schnelle Abkühlung Langsame Abkühlung

S p e c.u 1 а г i t

500 l 31,6 11 ,0 l 11,0 7,8

600 4,8 35,6 17,8 l 6 ,9 4 ,8

700 60,3 45,0 5,2 6,2 4,5 3 ,4

800 97,3 45,5 1,0 2,0 1 1

900 65,5 5,0 3 ,4 1,3 1 1

I n d i s c h e r H ä m a t i t

500 3,3 3,4 1,3

600 4,0 3,4 2 ,6

700 3,3 3,0 3 ,0

800 32,2 12,4 3 ,4

900 3,4 2,0 2 ,3

Bemerkung: Brim nirhtgerösteten Specularit war die Ausbeute des magnetischen Anteiles 1 %, beim nichtgerös- 
teten indischen Hämatit 3,2 % .
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p . a . w a r n ic h t e in m a l bei schneller A b k ü h lu n g  die A usbeu te  des m ag n e tisch en  
A n te ils  h ö h e r als 1 % , u n d  deshalb  w urden  d ie  E rgebn isse  in  T afel I I  ü b e rh a u p t 
n ic h t e inbezogen .

A us den  A n g ab en  der T afel I I  g eh t h e rv o r , d aß  hei schneller A b k ü h lu n g  
des S p e c u la rits  eine v ie l g rößere A usbeu te  des m ag n e tisch en  A nteils als be i la n g 
sa m e r A b k ü h lu n g  e rre ic h t w ird , u n d  d a ß  m it V erlän g eru n g  d er R ö s tz e it 
sow oh l die M enge des m ag n etisch en  A nte ils  a ls a u c h  die T e m p e ra tu r  s in k t , bei 
w e lch er die hö ch ste  A u sb eu te  des m ag n e tisch en  A nteils e rre ich t w ird . B eim

Tafel I I I

A usbeuten  des magnetischen A nte iles der im  Gemisch m it P yr it  
und  in  Anw esenheit von S id er it gerösteten Rohstoffe

Rohstoff Verlauf der Röstung Ausbeute, %

S p e c u la rit

1000 °C. 30 Min

1000 °C, 30 M in, an sch ließend  800°C, 5 Min 

1000 °C. 30 Min, Z usatz  5%  F eS 2, anschließend 800 °C, 

5 M in

l

i

49,7

In d isc h e r  H ä m a tit Z u sa tz  5%  F eS 2, ansch ließend  800 °C, 5 Min 69,4

F e 2O s p .a . Z u sa tz  5%  FeS», an sch ließend  800 °C, 5 Min 21,8

I n  d e r A tm osphäre  de r Z e rfa llsp ro d u k te  des S iderites

S p e c u la rit (CO +  C 0 2) 800 °C, 10 Min 39,8

800 °C, 20 Min 2,6

in d isc h e n  h ä m a titisc h e n  E rz  k an n  m an  n u r  die A b h äng igke it d er A u sb eu te  
des m a g n e tisc h e n  A n te ils  v o n  der R ö s tz e it fe s ts te lle n , w obei das M ax im um  
d e r  A u sb eu te  im m er bei derse lben  T e m p e ra tu r  e rre ic h t w ird.

D ie V ersu ch srö stu n g en  von a -F e 20 3 m it P y r itz u sa tz  u n d  in  d er A tm o s
p h ä re  v o n  P ro d u k te n  der th e rm isch en  D isso z ia tio n  des S iderites w u rd en  n u r  
he i sch n e lle r A b k ü h lu n g  d u rch g e fü h rt (d ie E rgebn isse  siehe in  T afe l I I I ) .  
N ach  e in e r h a lb s tü n d ig e n  R ö stu n g  des S p e c u la rits  bei 1000 °C v ersch w in d en  
v ö llig  die m ag n e tisch en  E ig en sch aften , d ie  n ic h t e inm al n ach  w ied e rh o lte r 
R ö s tu n g  u n te r  o p tim a len  B ed ingungen  (800 °C, 5 Min) e rscheinen . U n te r  
d iesen  E n ts tä n d e n  ru f t  jed o ch  der P y r i tz u s a tz  w ieder die E n ts te h u n g  m ag n e 
t is c h e r  P h a se n  h e rv o r. In  gleicher W eise v e rh ä l t  sich das ind ische H ä m a tite rz  
sow ie re ines a -F e 20 3, w enn m it dem  P y r i tz u s a tz  die du rch  M ag netsche idung  
v o rh e r  a b g e tre n n te n  n ich tm ag n e tisch en  A n te ile  g e rö s te t w erden . Zu äh n lich en  
E rg e b n isse n  fü h r t  die R ö stu n g  des S p e c u la rits  oberhalb  der S id e ritsc h ic h t; 
d ie  b e tre ffe n d en  E rgebn isse  w urden  eb en fa lls  in  Tafel I I I  an g e fü h rt.
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IV. D iskussion der Ergebnisse

Die im  V erlau f der techno log ischen  V ersuche d er A u fb e re itb a rk e it sideri- 
tisch en  E rzes m it höherem  S p e c u la r itg e h a lt e rm itte lte  E n ts te h u n g  e iner 
P h ase  m it m agn etisch en  E ig en sch aften  w u rd e  an  einer Reihe v o n  L a b o rv e r 
suchen  n a c h g e p rü ft, w obei die G ru n d b ed in g u n g en  des S p ecu la ritü b erg an g es  
in  eine V erb in d u n g  m it m agnetischen  E ig en sch a ften  b estim m t w u rd e n . Es 
w urde fe s tg e s te llt, d aß  die m agnetischen  E ig en sch a ften  n ich t n u r  bei S p e c u la r it

%k

ENTSTEHUNG VON MAGNETISCHEN EIGENSCHAFTEN DES a-Fe.O,

B ild  1. T e m p e ra tu ra b h ä n g ig k e it der A u sb eu te  d es m ag n e tisch en  A nteils des S p e c u la rit 
(schnell gek ü h lt, g e rö s te t in  a b g ed e ck te n  Schalen)
R ö std au er: Q  — 5 M in, □  — 10 M in, A  — 20 Min

e n ts te h e n , so n d ern  auch  beim  ind ischen  H ä m a ti te rz ;  sie w urden je d o c h  n ic h t 
hei d er R ö s tu n g  von a -F e20 3 p . a. b e o b a c h te t. Im  Falle beider H ä m a ti te rz e  
m ach ten  sich  die R östbed in g u n g en  e n tsc h e id e n d  bem erkbar. Die m ag n e tisch e  
V erb in d u n g  e n ts te h t  näm lich  n u r  bei R ö s tu n g  u n te r  b e sch rän k te r L u f tz u fu h r  
(dies w urde  d u rch  A bdecken d er T iegel m it A sbestdeckeln  erz ie lt) u n d  bei 
schneller A b k ü h lu n g  des R ö s tp ro d u k te s . B ei fre ie r  L u ftzu fu h r u n d  a llm ä h li
ch er A b k ü h lu n g  des Ofens e n ts te h t keine m ag n e tisch e  Phase. D iese U n te r 
schiede sin d  auffä llig  beim  u n te rsu c h te n  S p e c u la r it  (Bild 1 u n d  2). M it d er 
V erlän g eru n g  d e r R ö stze it bei e iner b e s tim m te n  T e m p e ra tu r  s in k t die A u sb eu te  
des m ag n e tisch en  A nteils sowie die T e m p e ra tu r , bei d er die m ax im ale  A u sb e u te  
des m ag n e tisch en  A nteils e rre ich t w ird . M inder b em erk b ar m ach ten  s ich  diese 
A b h än g ig k e iten  bei dem  ind ischen  H ä m a tite rz  (B ild  3), und  ohne jed w ed e
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Ä n d e ru n g  blieb g e rö s te te s  sy n th e tisch es a -F e 20 3. Die V ersu ch serg eb n isse  
d e u te n  an , d aß  fü r  die E n ts te h u n g  m a g n e tis c h e r  E igenschaften  n e b e n  d en  
R o s t-  u n d  A b k ü h lu n g sb ed in g u n g en  au ch  d ie  chem ische Z u sam m en se tzu n g  
des R ohsto ffes  e n tsc h e id e n d  is t , falls w ir die U n te rsch ied e  in  B e tra c h t z ieh en , 
d ie bei d rei u n te rsu c h te n  F o rm en  von a -F e 20 3 festg este llt w urden .

B ei der U n te rsu c h u n g  des T rägers v o n  m agnetischen  E ig e n sc h a fte n  
g in g en  w ir zu e rs t v o m  m ik roskop ischen  S tu d iu m  d e r Anschliffe d er P ro d u k te  
d e r  S p e c u la ritrö s tu n g  au s . D as B ild 4 ze ig t e in e n  schrägen  S ch n itt d u rc h  ein  
A g g re g a t von  S p e c u la ritsc h u p p e n , in dem  sch w arze  L inien die e in ze ln en  K r is 
ta l le  abg renzen . D as B ild  5 ze ig t einen R a n d  e ines ähn lichen  A ggregates n a c h

% k

B ild  2. T em p e ra tu ra b h ä n g ig k e it  d e r  A usbeute 
d e s  m ag n e tisch en  A n te ils  des Specularits 
( la n g sa m  gek ü h lt, g e rö s te t in  abgedeck ten  

Schalen)
R ö s td a u e r :  О  — 5 M in, □  — 10 M in, Д  — 

20 M in

B ild  3. T em p era tu rab h än g ig k e it d e r  A u sb eu te  
des m ag n e tisch e n  A nteils in d isch en  H ä m a 
tite rz e s  (sch n ell gekühlt, g e rö s te t in  ab g e 

deck ten  Schalen)
R ö s td a u e r :  О  — 5 Min, □ — 10 M in, Д  —- 

20 Min

d e r  R ö s tu n g  a u f  600 °C w äh re n d  10 M in; die O berflächenzone des A g g reg a te s  
i s t  d e u tlic h  d u n k le r, m it  n ied rigerem  R eflex ions v erm ögen . A nalogische D o p p e l
p h a se n z u sa m m e n se tzu n g  w urde  bei allen  au s d e m  m agnetischen  A n te il v o rb e 
r e i te te n  P rä p a ra te n  b e o b a c h te t;  m it d er V e rlän g e ru n g  der R ö s tz e it n im m t 
a llm ä h lic h  die n eu g eb ild e te  dunklere  P h ase  a b , d ie  dem  u rsp rü n g lich en  S pecu- 
l a r i t  gegenüber b e trä c h tl ic h  kleineres R eflex io n sv erm ö g en  a u fw e is t u n d  
zw isch en  gek reu z ten  N icols sich iso trop  v e rh ä l t .  O p tisch  k an n  m a n  je d o c h  
d iese  neugeb ildete  P h ase  v e rläß lich  n ic h t id e n tif iz ie re n , denn die Iso tro p ie  is t 
so w o h l fü r  M aghem it als au c h  fü r M ag n etit c h a ra k te ris tisch . N ich t e in m a l d ie 
R ö n tg en an a ly se  g ib t in fo lge  der Iso s tru k tu r  d e r  G-itter beider M inerale  ü b e r 
z e u g en d  eindeu tige  A n tw o rt, und  d a rü b e r  h in a u s  deshalb , da im  R ö n tg e n o 
g ra m m  die L in ien  des H ä m a tits  w e ite rh in  d e u tlic h  b leiben. A n d e r  D T A - 
K u rv e  des P ro d u k te s  d e r  R ö stu n g  an  d e r L u f t  w eis t ein b re ite r  e x o th e rm e r 
A u ssch lag  eher a u f  die A nw esenheit v o n  M a g n e tit  h in . E ine genaue A n tw o rt 
b o t  die chem ische A n a ly se , welche im  F a lle  des n a c h  fü n fm in u tig e r R ö s tu n g  
b e i 800 °C gew onnenen  m ag n etisch en  A n te ils  d ie  W erte  69,1%  F etot u n d  9 ,2 %  
F e 2+ ergab . Diese E rh ö h u n g  des Fe2 + -G eh altes  b ew eis t verläß lich  die A n w esen 
h e i t  v o n  M agnetit, dessen  G eh alt fas t 38 %  d e r  P ro b e n  en tsp rich t.
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B ild  4. S ch räger S c h n itt d u rch  ein  A g g reg at von S p é c u la n t

Bild  5. R an d  eines A ggregates, n ach  R ö s tu n g  a u f  600 °C, w ährend  10 M in
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G ru n d sä tz lich  is t  es zu  e rk lä ren , wie es z u r U m w and lung  von  a -F e 20 3 in  
F e 30 4 in  A bw esenheit ü b lic h e r  R ed u k tio n sm itte l k o m m t. M it B ezug d a ra u f , 
d a ß  bei chem isch re in e m  F e20 3 p rak tisch  ke in e  m agnetische  V erb in d u n g  
g e b ild e t w ird, is t es n ö tig , die U rsache d er Ä n d eru n g en  im  U ntersch iede  d er 
ch em isch en  Z u sam m en se tzu n g  der R ohstoffe zu  su ch en . Als eine d er M öglich
k e ite n  e rg ib t sich die R e d u k tio n  durch  den h e im  W ärm ezerfa ll der an w esenden  
S u lfid e , insbesondere des P y r ite s , e n ts ta n d e n e n  Schw efel.

Z u r B estä tig u n g  d ie se r  V erm utung  w urde  eine  R eihe von  R ö stv e rsu ch en  
d e r  u n te rsu c h te n  R o h sto ffe  m it P y ritzu sa tz  d u rc h g e fü h rt, wobei es v e rm u tlic h  
z u r  B ild u n g  von M a g n e tit  k o m m en  sollte. B ei d en  V ersuchen  w urden  v e rläß lich  
u n m ag n e tisch e  A nte ile  a n g e w a n d t; der S p e c u la rit w urde zu e rst g e rö s te t u n te r  
B ed in g u n g en  einer o p tim a le n  A usbeute des m ag n e tisch en  A nteiles (800 °C, 
5 M in), der m ag n etisch  s e p a r ie r t  und  w eite r 30 M in u ten  bei 1000 °C g e rö s te t 
w u rd e , um  vollständiges A bbrennen  von Schwefel u n d  R eoxydation  des even tue ll 
an w esen d en  M agnetites in  H ä m a ti t  zu e rre ich en . E in  Teil des a u f  solche W eise 
v o rb e re ite te n  R ohsto ffes w u rd e  dann  d irek t m a g n e tisc h  sep a rie rt, ein  w e ite re r 
T eil nochm als u n te r d en  o b en an g efü h rten  B ed in g u n g en  geröstet, um  zu e rm itte ln , 
ob  b loßes E rh itzen  z u r  W ied erb ild u n g  einer m ag n e tisch en  V erb in d u n g  g en ü g t, 
u n d  schließlich  w urde  der le tz te  Teil un te r denselben B edingungen (800 °C, 5 M in) 
m it Z u sa tz  von 5 %  F eS 2 g e rö s te t. N ach B een d ig u n g  der R ö stu n g  w urde  das 
P ro d u k t schnell lu f tg e k ü h lt  und  m agnetisch  se p a r ie r t;  die e rm itte lte n  A us
b e u te n  der m ag n etisch en  A nte ile  sind in T afe l I I I  an g efü h rt. Die E rgebn isse  
b ew eisen , daß  d u rc h  R ö s tu n g  bei 1000 °C die m agnetischen  B es tan d te ile  
p ra k tis c h  völlig v e rsc h w in d e n , daß d u rch  n eu e  R ö stu n g  bei 800 °C keine 
W ied erb ild u n g  h e rv o rg e ru fen  w ird, und  d a ß  es in  A nw esenheit von  P y r i t  
w irk lich  zur M a g n e titb ild u n g  kom m t. Diese E rg eb n isse  u n te rs tü tz e n  wohl in  
gen ü g en d em  M aße d ie g e ä u ß e rte n  V o rau sse tzu n g en .

A nalogische V ersu ch e  w urden  auch  m it n ich tm ag n e tisch en  A n te ilen  
in d isch en  H ä m a tite rz es  u n d  m it reinem  F e20 3 d u rc h g e fü h rt; auch  in  diesen 
F ä lle n  fü h rte  der Z u sa tz  v o n  P y r it  zur B ild u n g  e in e r m agnetischen  V erb in d u n g . 
D ie V erm u tu n g  ü b e r d ie  W irk u n g  des beim  th e rm isc h e n  Z erfall d er anw esenden  
S u lfid e  e n ts ta n d e n e n  Schw efels kann  m an  als bew iesen b e tra c h te n  u n d  das 
S ch em a  des R ed u k tio n sp ro zesses  m it der R eak tio n sg le ich u n g

6 F e20 3 +  FeS2 =  4 F e30 ,  +  FeS +  S 0 2

au sd rü c k e n , deren  S tö ch io m e trie  zeigt, d aß  z u r  vo lls tän d ig en  R ed u k tio n  e tw a  
1 1 %  von P y rit a u s re ic h t. D en  v o rau sg ese tz ten  R e ak tio n sv e rlau f k a n n  m an  
d u rc h  B erechnung d e r V erän d eru n g  der fre ien  E n th a lp ie

A G°T =  74 980 -  94,94 • T ,

ü b e rp rü fe n , wie sie s ich  au s den T afe ld a ten  fü r  die einzelnen T e ilreak tio n en
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[7 — 9] e rg ib t, die an d eu ten , d a ß  die R eak tio n  th eo re tisch  von  510 °€  ab  Ver
läu fen  w ird.

D er an g ed eu te te  M echan ism us e rla u b t die E rk lä ru n g  d er U m w an d lu n g en , 
die bei der R ö stu n g  V orkom m en. In  den Schalen ohne D eckel t r i t t  zu e rs t der 
Z erfall von FeS2 u n d  u n te r  fre ie r  Z u fuhr a tm o sp h ärisch en  S auersto ffs  auch  
die schnelle O x y d a tio n  des bei d e r D issoziation  e n ts te h e n d e n  Schw efels bezie
hungsw eise des red u z ie rten  M ag n e tite s  auf. U n te r  diesen U m stä n d e n  e rre ichen  
desw egen die m agnetischen  A n te ile  n u r  P ro zen tb ru ch te ile . Ä hn liche  V erän d e
ru n g en  tre te n  au ch  bei den in  ab g ed eck ten  Schalen , d .h . in  d er A tm o sp h äre  
von  eigenen Z e rfa llp ro d u k ten , g e rö ste ten  R ohstoffe au f, die je d o c h  e iner 
m eh rs tü n d ig en  freien K ü h lu n g  im  Ofen u n te rzo g en  w u rd en . In  d iesem  Falle 
d a u e r t  die E rh itz u n g  der R o h sto ffe  a u f  hohe T e m p e ra tu ren  v e rh ä ltn ism ä ß ig  
lan g e , und  obzw ar anfangs o b e rh a lb  des R ohstoffes eine R e d u k tio n sa tm o sp h ä re  
geb ild e t w ird  u n d  M agnetit e n ts te h t ,  k o m m t es im  V erlau f e in er v e rh ä ltn ism äß ig  
lan g en  K ü h lze it zum  A b b ren n en  d e r Scbw efeldam pfreste  o b e rh a lb  d er P robe 
u n d  zu r R eo x y d a tio n  von M a g n e tit. J e  n ied riger die T e m p e ra tu r  u n d  k ü rze r 
die R ö stze it is t, um  so frü h er w erd en  die R edingungen  d er th e rm isc h e n  S ta b ili
t ä t  des M agnetites u n d  som it d ie M öglichkeiten  d er E rz ie lu n g  e in er höheren  
A u sb eu te  des m agnetischen  A n te ile s  bei der A b k ü h lu n g  e r re ic h t; diese A usbeu te  
k a n n  jed o ch  nie eine solche H ö h e  erre ichen , die bei schneller A b k ü h lu n g  der 
P ro d u k te  u n te r  denselben B ed in g u n g en  e rre ich b ar is t. In  d iesem  F alle  t r i t t  
n ach  an fäng lichem  W ärm ezerfa ll v o n  Sulfiden  die R e d u k tio n  des H ä m a tite s  
m it e n ts ta n d e n e m  E lem en ta rsch w efe l in  M agnetit ein , jed o ch  w ird  du rch  
schnelle  A b k ü h lung  die R e o x y d a tio n  d u rch  L u ftsa u e rs to ff  v e rh in d e r t . D araus 
re su ltie ren  b ed eu ten d  höhere A u sb eu ten  des m agnetischen  A nte iles gegenüber 
den  vorigen  F ällen . Aus den A b h än g ig k e iten  in  B ild 2 is t  g le ichzeitig  k la r  
e rs ich tlich , d aß  m it der V erlän g eru n g  der R ö stze it die A usbeu te  des m agnetischen  
A nte iles e rn ied rig t w ird , d. h ., d ie B edingungen  der A u fre c h te rh a ltu n g  des 
M ag n e tits  w erden v e rsc h le c h te r t, u n d  d aß  die A usb eu te  des m ag n etisch en  
A nte iles in A bhäng igkeit von d e r  T e m p e ra tu r  ein M ax im um  au fw eis t, das m it 
V erlängerung  d er R östze it h e ra b g e se tz t w ird . H ier k om m en  o ffensich tlich  
gegensätzliche E in flußg rößen  z u r  G eltung , wie eine B esch leun igung  d e r R e d u k 
tio n  m it T em p era tu ran stieg , a llm äh liche  V erschw indung  d er R e d u k tio n s 
a tm o sp h ä re  m it V erlängerung  d e r  R ö stze it, B esch leun igung  d er R eo x y d a tio n  
von  M ag n etit m it dem  T e m p e ra tu ra n s tie g  u n d  V erlän g eru n g  d er R ö stze it; 
diese E in flu ß g rö ß en  haben  die an g e fü h rte n  A bhän g ig k e iten  m it m ax im alen  
A u sb eu ten  des m agnetischen  A n te ile s  bei e iner b e s tim m te n  den  V ersu ch sb e
d ingu n g en  gem äß  schw ankenden  T e m p e ra tu r  zur Folge.

D er an g ed cu te te  M echan ism us d er U m w and lung  e r la u b t  v o rau szu se tzen , 
d a ß  a u f  gleiche W eise wie die S u lfide  auch  d er S iderit (im G em isch m it H ä m a tit)  
sich  v e rh a lte n  w ird , der die B asis des u rsp rüng lich  u n te rsu c h te n  E rzes der 
L a g e rs tä tte  R ákos d a rs te llt. D ie Z e rfa llp ro d u k te  von S id e rit, d . h . ein  G em isch
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a u s  CO und  С 02, k ö n n e n  gleichfalls F e20 3 in  F e 30 4 red u z ie ren , wie es die 
V e rsu ch e  erwiesen h a b e n , d e ren  D u rch fü h ru n g  b e re its  im  ex p erim en te llen  
T e il beschrieben  w o rd en  is t .  D ie R esu lta te  in  T afe l I I I  bew eisen  k la r, d aß  die 
R e d u k tio n  von H ä m a t i t  w irk lich  e in tr i t t ,  u n d  d aß  die B ed ingungen  der 
R e d u k tio n  g ru n d sä tz lich  m it  den jen igen  d er R e d u k tio n  m it Z erfa llp ro d u k ten  
d e r  th e rm isch en  D isso z ia tio n  von  Sulfiden ü b e re in s tim m en .

D ie ang efü h rten  F e s ts te llu n g e n  w eichen e in ig e rm aß en  von  den E rg e b 
n is se n  d er A rbeit v o n  L e c z n a r  [3] ab , die sich  p ra k tis c h  als die einzige m it der 
an a lo g isch en  P ro b le m a tik  b e fa ß t  und  die B ild u n g  v o n  m ag n e tisch en  E ig en 
s c h a f te n  bei R ö stung  v o n  H ä m a t i t  im  T e m p e ra tu rb e re ic h  von  500 bis 800 °C 
a n  d e r  L u ft der U m w a n d lu n g  von  H ä m a ti t  (a -F e20 3) in  M aghem it (y-Fe20 3) 
z u sc h re ib t. Die D u rc h fü h ru n g  der V ersuche is t  e in  w enig  u n te rsch ied lich , da 
d e r  A u to r  die E n ts te h u n g  d e r  m agnetischen  E ig e n sc h a fte n  an  den  aus ange
fe u c h te te m  H ä m a tit  g e b a llte n  K ugeln m it D u rch m esse r von  einigen Z en ti
m e te rn  sowie an P ro b e n , d ie  in  einen  m it e in er S ch ich t v o n  Q u arzsan d  iso lierten  
Q u a rz tieg e l frei g e s c h ü tte t  w o rd en , u n te rsu c h t. E r  fü h r t  je d o c h  keine chem ische 
Z u sam m en se tzu n g  v o n  d e n  an g ew an d ten  R o h sto ffen  an , u n d  m an  k a n n  des
h a lb  die M öglichkeit n ic h t  aussch ließen , d a ß  sie A n te ile  d er die R ed u k tio n  
h e rv o rru fe n d en  B e s ta n d te ile  (z. B. S idfide) e n th a lte n . In  d iesem  F alle  w ären  
d ie  m e is ten  an g e fü h rte n  E rg eb n isse  m it H ilfe eines die M ag netb ildung  k la r 
le g e n d e n  R eak tio n sm ech an ism u s le ich t zu e rk lä re n . In  g rößeren  K ugeln  is t  in  
d ie sem  Falle deshalb  e ine  g rö ß ere  Menge des m ag n e tisch en  A nteils anw esend, 
w eil die R eo x y d a tio n  des e n ts ta n d e n e n  M ag n e tits  b is in  deren  M itte  n ich t 
e in d r in g t ;  bei schne lle r A b k ü h lu n g  im  L u f ts tro m  m u ß  die R eo x y d a tio n  des 
M a g n e tits  schneller v e r la u fe n , u n d  die A b d eck u n g  v o n  P ro b e n  bei der K ü h lu n g  
b e s c h rä n k t die L u f tz u fu h r  u n d  b rem st also die R e o x y d a tio n  des M agnetits. 
D ie  an g efü h rten  A b h ä n g ig k e ite n  zw ischen d e r M enge des m ag n e tisch en  A nteiles, 
d e r  T em p era tu r  u n d  d e r  R ö s tz e it s tim m en  m it  den  u n se re rse its  e rm itte lte n  
B ez iehungen  übere in .

D urch  B ildung  v o n  M a g n e tit k an n  m a n  je d o c h  die E n ts te h u n g  der 
m ag n e tisch en  P h ase  be i R ö s tu n g  von sy n th e tisc h e m  F e 20 3 p . a. n ic h t e r
k lä re n . In  dieser H in s ic h t d ifferieren  unsere  E rg eb n isse  v o n  den  A ngaben  der 
z it ie r te n  A rbeit: L e c z n a r  b e h a u p te t, d aß  re ines sy n th e tisc h e s  F e20 3 du rch  
R ö s tu n g  bei 850 °C in  A b w e se n h e it der R e d u k tio n sm itte l in  eine m agnetische  
S u b s ta n z  völlig u m g e w a n d e lt  w urde , w äh ren d  in  u n se rem  F alle  beim  E rh itz e n  
a u f  800 °C an der L u f t  (10 M in ) der e n ts ta n d e n e  m ag n e tisch e  A n te il seh r k lein , 
u n te r  1% , war.

D ie F rage , ob m a g n e tisc h e s  y-Fe20 3 aus oc-Fe20 3 d u rc h  bloßes E rh itz e n  
a u f  m ittle re  T e m p e ra tu re n  (5 0 0 -t 800 °C) e n ts te h t ,  oder n u r  ein Zw ischenglied 
d e r  R e d o x -R e a k tio n  a -F e 20 3 — y-Fe20 3 —> F c 30 4 d a rs te ll t ,  k a n n  m an  anschei
n e n d  n u r  au f G rund  w e ite re r  U n te rsu ch u n g en  m it re in en  S to ffen  oder m it H ä m a 
t i t  vö llig  b e k a n n te r  c h e m isc h e r Z usam m en se tzu n g  en tsch e id en .
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C O N T R IB U T IO N  TO T H E  P R O B L E M S  O F  T H E  O R IG IN  O F  M A G N ETIC  P R O P E R T IE S  
O F  a -F e 20 .„  D U R IN G  H E A T IN G  T O  M E D IU M  T E M P E R A T U R E S

K . SM RCEK, O. CEJCH AN _and J .  CHVATÍK

SU M M A R Y

U sin g  a specular h e m a tite  c o n ce n tra te , an  In d ia n  h e m a tite  ore an d  a s y n th e tic  F e2O c 
p .a .,  th e  possib ility  o f fo rm in g  m ag h em ite  (y -F e20 3) b y  a sim ple an n ea lin g  o f a -F e 20 3 
in  th e  te m p e ra tu re  ran g e  o f 500 to  800 °C w as in v es tig a te d . The fo rm a tio n  o f  a  new  phase  
w hich  ex h ib its  m agnetic  p ro p e rtie s  w as o b se rv ed ; b y  chem ical analysis th e  p resen ce  o f F e 2 + 
w as p ro v ed . I t  is m ost p ro b a b le  t h a t  m ag n e tite  is th e  sole carrie r o f m ag n e tic  p ro p e rtie s ; i t  
o rig in a tes  b y  th e  reducing  a c tio n  of su lp h u r lib e ra te d  b y  th e  th e rm al d isso c ia tio n  o f th e  su l
p h id es p re sen t, possibly also b y  th e  action  o f c a rb o n  m onox ide  co n ta in ed  in  th e  gaseous p ro 
d u c ts  o f th e rm al d issoc iation  o f siderite . T hese  p re su m p tio n s  were verified  e x p e rim e n ta lly  on 
s y n th e tic  m ix tu res.

C O N T R IB U T IO N  A U X  P R O B L È M E S  D ’O R IG IN E  D E S  P R O P R IÉ T É S  M A G N É T IQ U E S  
a -F e 20 3 AU CO U R S D E  LA M ISE A U X  T E M P É R A T U R E S  M O Y E N N E S

к .  s m r Ce k , o . Ce j c h a n  et j .  c h v a t î k  

R É S U M É

L a possibilité  de la fo rm a tio n  de m ag h em ite  (y -Fe20 3) p a r le recu it sim p le  d a n s  l’in te r
va lle  des tem p é ra tu res  de 500 à 800°C fu t  vérifiée  su r u n  co ncen tré  de sp é c u la n te , su r l 'h é m a 
t i te  de l ’In d e  e t sur Fe20 3 p .a . sy n th é tiq u e . La fo rm a tio n  d ’une phase  nouvelle  fa is a n t a p p a 
ra ît re  des p roprié tés  m ag n é tiq u es  fu t observée ; la  p résence de F e2+ fu t  m o n tré e  p a r  l ’analyse  
ch im iq u e . Comme p o rte u r  u n iq u e  le plus p ro b ab le  des p ro p rié tés  m ag n é tiq u e s , on  p e u t consi
d é re r  la m ag n é tite  p ro d u ite  p a r  l’ac tio n  ré d u c tric e  de soufre libéré p a r  la d éco m p o sitio n  th e r 
m iq u e  des su lfites p ré sen ts , p o ss ib lem en t au ssi p a r  l’ac tio n  de l’oxyde de c a rb o n  c o n te n u  dans 
les p ro d u its  gazeux de la  d écom position  th e rm iq u e  de la s idérite . Ces h y p o th èses  fu re n t  vé ri
fiées p a r  des essais au x  m élanges sy n th é tiq u e s .
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К  П Р О Б Л Е М А Т И К Е  В О З Н И К Н О В Е Н И Я  М А Г Н И Т Н Ы Х  СВОЙ СТВ a -F e 20 3 
П Р И  Н А Г Р Е В Е  Д О  С Р Е Д Н Е Й  Т Е М П Е Р А Т У Р Ы

К .  С М Р Ч Е К ,  О .  Ч Е Й Х А Н  и  Й .  Х В А Т И К  

РЕЗЮМЕ

Возможность образования маггемита ( - /-Г е ,0 3) простым обжигом oc-Fe20 3 в области 
температур от 500 до 800 °С была проверена на спекуларутовом концентрате, индийской 
гематитовой руде и синетической F e 20 3 аналитической чистоты. Обнаружено образование 
новой фазы с магнитными свойствами и путем химического анализа доказано присутствие 
двухвалентного железа. Носителем магнитных свойств можно считать, по всей вероят
ности, только магнетит, который образуется вследствие восстановительного воздействия 
при термическом распаде присутствующих сульфидов выделяющейся серы или окиси 
углерода, которую содержают газообразные продукты термической диссоциации сидерита. 
Эти предположения проверены экспериментально на синтетических соединениях.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



Acta Technica Academiae Scientiarum Hungaricae. T o m u s  54 ( l  —  2 ) ,  p p .  73— 86 (1 9 6 6 )

ON THE RELATION OF CUTTING FACTORS 
TO CUTTING FORCE IN TURNING 

OF ALUMINIUM ALLOY

Â. K A R D O S
D EPARTM ENT OF TECHNOLOGY OF MACHINE PRODUCTION, TECHN ICA L UNIV ERSITY  BUDAPEST 

[M an u sc rip t received N o v em b er 4, 1964]

In  th is p ap er th e  in flu en ce  e x erted  b y  th e  v a r ia tio n  o f feed, d e p th  of cu t, an d  c u ttin g  
speed  on the  cu ttin g  force  is d e a lt  w ith . T he te s ts  are  d esc rib ed  an d  th e  re su lts  a re  m ade  
know n. On th e  basis o f a  larg e  n u m b e r o f ex p erim en ts an d  m ea su re m e n ts  includ ing  co m p u tin g  
o p e ra tio n s , th e  re la tio n s b e tw een  th e  specific cu ttin g  force , th e  ch ip  th ick n ess and  th e  chip  
a rea  a re  discussed and  an a ly zed . T he change of th e  c u ttin g  force  as a  fu n c tio n  o f th e  c u ttin g  
speed is expla ined by in v es tig a tio n  of v a ria tio n s o f th e  ch ip  d e fo rm a tio n  coefficient.

I. Introduction

In  th e  field o f  c u tt in g  research , in v es tig a tio n  o f th e  re la tio n  of c u ttin g  
fac to rs  to  cu ttin g  force in c lu d in g  th e  d e te rm in a tio n  of th e  la t te r  has ev er 
been  ob jec t o f techno log ica l s tud ies as can  be seen  b y  rev iew ing  th e  re le v a n t 
l i te ra tu re  during  th e  p a s t  c en tu ry .

A ccording to  re c e n t ex p erim en ts  the  m a g n itu d e  o f th e  c u ttin g  force is 
in flu en ced  the  m ost b y  c u tt in g  fac to rs, especially  b y  th e  chip section .

D uring  the  la s t  100 y ea rs , a g rea t m any  m easu rem en ts  were ca rried  o u t 
in  o rd e r to  find  som e re g u la r  re la tio n  o f c u tt in g  fac to rs  to  c u ttin g  force. 
A m ong these  in v e s tig a tio n s , th e re  were only  a fewr m easu rem en ts  m ade in th e  
fie ld  o f  tu rn in g  a lu m in iu m  alloys. The p resen t p a p e r  deals w ith  ex p erim en ts  
ca rr ied  o u t b y  tu rn in g  an  a lum in ium  alloy c o n ta in in g  2 ,8 %  Cu, hav in g  a 
h a rd n ess  o f H B  — 61 k p /m m 2, an d  ch a rac te rized  b y  a b reak in g  stress o f 
erg =  24 kp /m m 2. R e m a rk a b ly , m ethods of, an d  m ean s for, th e  m easu rem en t 
o f  c u ttin g  force are g en era lly  know n. O ur ta sk  is re s tr ic te d  to  show th e  re su lts  
an d  to  draw  some consequences in  a more concise fo rm .

II. Relation o f Chip Section to Cutting Force

D uring  our e x p e rim e n ts  th e  m ain  fac to rs w ere th e  follow ing: d e p th  o f 
c u t t i n g /  =  1 -t- 8 m m ; feed e =  0,1 -5- 0,8 inm /rev ; c u t t in g  speed  v =  280 rn /m in ; 
th e  chisels used were u n ifo rm ly  charac terized  by  th e  fo llow ing valu es: y  — 30°, 
a  =  =  10°, y. -  45°, r  =  15°, A =  0° and  r =  0,5  m m . The m ain  c u ttin g
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fo rce  w as m easured  by  m ean s o f  a s tra in  gauge ty p e  d y n am o m ete r  [1 ]. R esu lts  
w ere  e v a lu a te d  b y  a sem i-g rap h ica l m e th o d .

T a b le  I  shows th e  seq u en ce  o f  ex p e rim en ts  ca rried  o u t in  o rd e r  to  fin d

Fig. 1 F ig . 2

so m e  re g u la rity  of th e  re la tio n  c u ttin g  force versus feed, a n d  c u tt in g  force 
v e rsu s  d e p th  of cu t.

I n  Figs 1 and  2, in  a sy s te m  o f co o rd in a tes  hav in g  lo g a rith m ic  scales on 
b o th  ax es , curves are  sh o w n  w hich  il lu s tra te  th e  func tions P f  v e rsu s  e, an d  f  
v e rs u s  e respectively  (w here P j  deno tes th e  m ain  c u ttin g  force). T h e  resu lting

Table I

Program  o f  cutting tests

Depth of Feed v a lu e s ,  mm/rev
C u tt in g , m m 0,1 0,146 0,2 0,24 0,29 0,4 0,475 0,58 0,8

l + + + + +
2 + + + + + +
3 + + + + + + +
4 + + + + + + + +
5 + + + + + T ~f
6 + + ~r ~T + +
7 + + + +
8 + ~r

'
-1-
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valu es  rep re sen t th e  average o f m ore, a t  le a s t o f tw o, m easu rem en ts . P lo tte d  
are  o n ly  2 m easu rin g  po in ts  fo r each  v a lu e .

T he basic id ea  o f ev a lu a tio n  w as th e  assu m p tio n  th a t  th e  r e la tio n  o f  feed 
to  c u tt in g  force h as  p arabo lic  c h a ra c te r  as genera lly  experienced  b y  p rev ious 
te s ts .

Depth o f cut f  mm

F ig . 3 F ig . 4

T he p ara lle l s tra ig h t lines, as d raw n  in  th is  double lo g a rith m ic  sy stem , 
show  a fa irly  good a p p ro x im a tio n  o f th e  p lo tte d  m easuring  p o in ts . T h e  e v a lu a 
tio n  o f  th ese  lines as curves can he e x p re ssed  b y  th e  follow ing ty p e  o f  fo rm u la :

Pj =  Ce • e0'85.

T he sam e m a n n e r of illu s tra tio n  se rves to  show the  re la tio n  c u tt in g  force 
P j  v e rsu s  d e p th  o f  c u t / ,  accord ing  to  F igs 3 a n d  4. These cu rves le ad  to  the  
fo llow ing fo rm ula :

Pj =  C j - f  о-«8.

B y a logical a n d  sy s tem a tica l co m p ariso n  ob ta in ed  m e a su rin g  resu lts  
an d  b y  p a r tia l  e x tra p o la tio n s , th e  fo llow ing  form ula can be s ta te d  as the  
ex p ressio n  of th e  c u ttin g  force:

Pf =  Cp ■ ex p  =  54 • e ° . 85 - /° .98.
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T h e  value o f Cp i.e . a c o n s ta n t rep re sen tin g  th e  c u ttin g  force necessary  
fro m  th e  given m a te r ia l, to  rem ove by m eans o f  th e  too l as d e te rm in ed , a 
ch ip  h a v in g  a sec tion  a rea  o f  /  • e =  1 X 1 m m 2 is, b y  basing  th is  d e te rm i
n a tio n  o f  th e  h a rd n ess  a n d  th e  tensile  s tre n g th , p ro p o rtio n a l to  values found  
in  k n o w n  handb o o k s w ith  re ference  to  stee l te s ts .

E x p o n e n t X  o f th e  feed  is g rea te r th a n  th e  co rrespond ing  ex p o n e n t 
re fe rr in g  to  steel. B y  p rec ise  an d  detailed  c a lcu la tio n s  carried  ou t in  ta k in g  
all th e  availab le  m easu rin g  resu lts  in to  a cco u n t, th is  ex p o n en t is found  w hen 
feed  is red u ced  to  be a b i t  less an d  w hen feed is in c rea sed  to  be g rea te r th a n  th e  
a b o v e  f ix e d  average va lu e  o f  x  =  0,85.

E x p o n e n t y  o f th e  d e p th  of cu t is less th a n  th e  corresponding  ex p o n e n t 
fo r th e  c u ttin g  o p e ra tio n  o f  o th e r  m etals. B esides, th is  ex p o n en t is c h a ra c te r 
ized  b y  th e  sam e ru le  as th e  e x p o n en t x. W ith  sm a lle r  values of d ep th  of c u t i t  
is less a n d  w ith  la rg e r v a lu es  o f  d ep th  o f c u t  i t  is g re a te r  th a n  th e  above  
f ix e d  average  value (0,98).

A  fu r th e r  re sea rch  w o rk  was done, p a r t ly  on th e  basis of a th o ro u g h  
re c a lc u la tio n  of e x p e rim e n ta l re su lts , p a r tly  b y  c a rry in g  ou t fu rth e r e x p e ri
m e n ta l re su lts , p a r t ly  b y  c a rry in g  ou t fu r th e r  e x p e rim e n ts  in  order to  fin d  
som e re g u la r  re la tio n  b e tw een  th e  chip th ic k n e ss  an d  th e  specific c u ttin g  
fo rce . As is know n from  li te ra ry  sources, som e a u th o rs  p re fe rred  to  ta k e  th e  
sp ec ific  c u ttin g  force (к — P flq  kp /m m 2) an d  th e  ch an g e  of its  value as a basic  
f a c to r  o f  inferences on th e  g ro u n d  of ex p erim en ts , t h a t  could  help us to  a m ore 
e x a c t know ledge o f th e  w hole c u ttin g  process (see e.g . [2, 14]).

L e y e n s e t t e r  w as th e  f ir s t  to  in troduce  th e  te rm  o f a chip th ickness [3] 
fo r re se a rc h  w ork in  th e  fie ld  o f  cu ttin g  tech no logy . A ccord ing  to  th is d e fin itio n , 
th e  ch ip  th ickness is d e te rm in e d  as the o rig inal ch ip  section  d iv ided  by  th e  
le n g th  o f  th e  tool edge in  ac tio n . This is, b y  u sin g  conven tional sy m b o ls:

ek
e ■ f

l

R ely in g  on a p p ro x im a te  ca lcu la tions, i t  is u su a l to  ta k e , in s tead  o f  th e  
le n g th  o f  th e  tool edge l, th e  ch ip  w id th  (/') in to  a c c o u n t. This m ethod  does n o t 
a llow  fo r a real co n sid e ra tio n  o f th e  ro u n d in g -o ff th e  to o l edge and  of th e  to o l’s 
s e c o n d a ry  c u ttin g  edge. C hip w id th  is genera lly  ex p ressed , for s tra ig h t edged  
c u t t in g  too ls, b y  th e  fo rm u la : Г =  //s in  x. F o r  o u r  p u rposes, we c a lcu la ted  
th e  edge len g th  in  ac tio n  b y  using  the  fo rm u la :

l =
f  — r ( l  — cos x)  

s in  X

+  2 r
x  e
------- L r arc  s in ---- .

360 2 r

F o r  ro u tin e  c a lcu la tio n s  in  th e  w orkshop , th e  sim plifica tion  b y  in t r o 
d u c in g  th e  chip w id th  is perm issib le , b u t for th e  p u rp o ses  o f scientific  re sea rch ,
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we hail to  look fo r a n o th e r  m eth o d  o f e s tim a tio n . Doing so, we h a v e  found 
th a t  in s tead  o f  ca lcu la tin g  th e  m ean  chip  th ick n ess  (a) by  ta k in g  th e  chip 
w id th  (/') in to  a cco u n t, i t  is b e tte r  to  d e te rm in e  the  chip th ic k n e ss  ek on the 
basis o f the  le n g th  o f edge being  th e o re tic a lly  in  action  (/).

F irs t, e x p e rim e n ta l values d irec tly  o b ta in e d  were re c a lc u la te d . O n the 
hasis o f the  d e p th  o f  c u t, o f  th e  feed , o f th e  t ip  rad iu s  and  of th e  s e t t in g  angle 
o f th e  m ain  c u ttin g  edge, i t  is possible to  d e te rm in e  th e  value  o f  ek. A gain, 
the  value o f к  can  be ca lcu la ted  b y  th e  c u ttin g  force and  the  ch ip  a re a .

In  T ab le  I I ,  th e  course of ca lcu la tio n  is show n by  m ean s o f  a p a r tia l 
co m p u tin g  o p e ra tio n . F o r co m p ariso n ’s sake , th e  tab le  c o n ta in s , besides the  
chip th ickness (ek) also th e  values o f th e  m ean  chip  th ickness (a).

Table II

f .
mm

e,
mm/rev «Ьmm P fkp

9»
mm2

k,
kp/mm*

a,
mm

3 0.2 0,135 40 0,6 66,6 0 ,142

3 0,29 0,196 55 0,87 64,1 0 ,2 0 6

3 0,475 0,306 84 1,42 59,1 0 ,3 3 6

4 0,29 0,199 74 1,16 63,6 0 ,2 0 6

5 0 ,29 0,202 91 1,45 62,7 0 .2 0 3

The curves in  F igs 5 a n d  6 were o b ta in e d  from  reca lcu la ted  re su lts  a f te r  
cum bersom e c o m p u tin g  o p era tio n s an d  g eom etrica l constru c tio n s w ere carried  
o u t. In  these  figures m easu rin g  po in ts  are  p lo tte d  in  o rder to  keep th e  d iag ram s 
m ore conspicuous.

In  Fig. 5 th e  cu rv e  rep resen ts  th e  re la tio n  o f the  specific c u t t in g  force 
an d  th e  chip th ick n ess . T he curve can  be considered  as a fa irly  good  a p p ro x i
m atio n  of th e  m easu rin g  p o in ts  o b ta in ed  w ith  various values o f  feed  and  
d e p th  o f cu t.

O bviously , th e  s ta te m e n t seem s to  he well m o tiv a ted  acc o rd in g  to  
w hich, from  th e  p ra c tic a l v iew p o in t, th e  specific  c u ttin g  force is b u t  a fu n c tio n  
o f  th e  chip th ick n ess , o f course by  th e  g iven  cond itions and  w ith in  th e  ranges 
o f  m easu rem en ts o bserved  w hen te s tin g  th e  a c tu a l m ateria l m a c h in e d . The 
m a th e m a tic a l exp ression  o f th is  curve (F ig . 5) is found  in th e  fo rm u la :

.,0 ,145
Kk

As seen from  F ig . 5, th e  d im in u tio n  o f th e  specific c u ttin g  fo rce , in  con
sequence o f an  increase  o f  th e  chip th ick n ess , is re la tiv e ly  slow er th a n  in  the  
case o f steel m ach in ing . T herefo re , w hen feed becom es g rea te r, — b y  keep ing
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th e  ch ip  area c o n s tan t — n o  sensible decrease o f  th e  specific c u ttin g  force can  
b e  ex p ec ted . This fa c t is o b v io u s ly  able to  re in fo rce  th e  v a lid ity  of th e  fo rm u la :

Pf =  Ce - e°’85,

t h a t  w as ob ta ined  fro m  th e  p rev ious te s ts .
T h e  relation  o f  th e  sp ec ific  cu ttin g  force a n d  th e  chip area is show n in 

th e  cu rves in  Fig. 6.
F o r  p lo ttin g  th e  c u rv e s , feed values a n d  d e p th  o f cu t values se rv ed  as 

p a ra m e te rs . These d ia g ra m s  m ake the  s ta te m e n t p lau s ib le  th a t  th e  v a lu es  of

C\J

th e  specific c u ttin g  fo rce  un d erg o  re la tiv e ly  g re a te r  v a ria tio n s , u n d e r  th e  
in flu e n c e  of sm all v a lu e s  o f  th e  p a ram ete rs , a n d  th e y  show  sm aller v a ria tio n s  
u n d e r  th e  influence o f  g r e a te r  pa ram ete r v a lu e s .

A ccording to  th e  d ia g ra m  in Fig. 6 t h a t  w as p lo tte d  on th e  b asis  o f 
m e ticu lo u s  ca lcu la tio n s th e  follow ing s ta te m e n t seem s to  be m o tiv a te d :

T he thesis m o s t p re fe r re d  by  ack n o w led g ed  sc ien tists , n a m e ly  th a t  
th e  re la tio n  betw een  th e  specific  cu ttin g  force a n d  th e  chip area is c h a ra c 
te r iz e d , quite  in d e p e n d e n tly  from  the d e p th  o f  c u t , b y  a h y perbo lica l cu rve , 
c a n n o t  be m a in ta in ed . S u c h  a re la tion  is v a lid  o n ly  for a single d e p th  o f  cu t, 
a n d  c a n n o t be a c c e p ted  as a general ru le . ( In  F ig . 6, th is  can be seen w hen 
co n sid e rin g  the  specific  c u t t in g  force values b e lo n g in g  to  d ep th  o f  c u t  va lues 
/  =  2 , 3, 4 m m  for th e  case  o f  a chip area o f  q =  0 ,4  m m 2.) In  o th e r d iag ram s, 
a l th o u g h  of a s im ila r c h a ra c te r  as the  one in  F ig . 6, th e  re la tio n  к  — q can  be 
i l lu s tr a te d  only b y  a m u lt i tu d e  of s tra ig h t lines a n d  n o t b y  a single line (as in  
F ig . 6). I t  follows fro m  w h a t  has been sa id  a b o v e , t h a t  th e  re la tio n  be tw een  
th e  c u ttin g  force a n d  th e  v a lu es  of d ep th  o f  c u t  a n d  feed, re sp ec tiv e ly , finds 
i t s  m o tiv a tio n  in  th e  r e la t io n  betw een th e  sp ec ific  c u ttin g  force an d  th e  chip
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th ick n ess . V aria tio n s as fo u n d  d u rin g  th e  te s ts  w ith in  sm all in te rv a ls  can be 
m o tiv a te d  b y  th e  sam e reaso n .

I t  should  be n o te d  t h a t  to  th e  best o f  our know ledge, now here an d  n ev e r 
h av e  te s ts  been c a rrie d  o u t fo r th e  purpose  to  th ro w  lig h t on th is  p rob lem  b y  
m ak in g  such  a g re a t dea l o f  m easu rem en ts an d  c o m p u tin g  o p era tions th a n  i t  
w as done during  o u r e x p e rim e n ts  w ith  th e  ta s k  to  in v e s tig a te  c u ttin g  con
d itio n s o f ligh t a lloys. O u r re su lts  cu lm ina te  in  th e  p e rcep tio n  th a t  th e  r ig h t 
d e te rm in a tio n  of th e  c u tt in g  force is only possib le b y  ta k in g  th e  chip th ick n ess  
an d  th e  specific c u tt in g  force in to  co n sid e ra tio n , w hereas th e  h y p o th esis  
acco rd in g  to  w hich th e  re la tio n  betw een  th e  specific  c u ttin g  force and  th e

chip  a rea  can be re p re se n te d  b y  a s tr ic t m a th e m a tic a l fo rm ula shou ld  he 
considered  as re fu ted .

As a fin a l re su lt  o f  o u r in v es tig a tio n s , a n o m o g ra p h  w as c o n s tru c te d  
m a in ly  for p rac tica l p u rp o ses  (F ig . 7). W ith  a v iew  o f p o ssib ly  v a ry in g  values 
o f  th e  se ttin g  angle x,  th e  d iag ram  con ta in s som e a u x ilia ry  lines fo r th e  sake 
o f  co rrespond ing  c o rrec tio n s . O f course, th ese  a u x ilia ry  lines are th e  re su lt o f 
su p p le m e n ta ry  te s ts .

III. Relation betw een the Cutting Force and the Cutting Speed

I n  connection  w ith  b rin g in g  ab o u t so m a n y  new  k inds o f s tru c tu ra l 
m a te ria ls , i t  is to  he u n d e rs to o d  w hy  in  th e  la s t  th re e  decades sc ien tis ts  w ere 
anx io u s to  in v es tig a te  th e  in fluence  ex e rted  b y  th e  c u tt in g  speed  on th e  c u ttin g  
force. A t the  b eg in n in g  o f  th is  c e n tu ry , N ic o l s o n  a n d  T a y l o r  [4] pre fe rred  th e  
v iew  th a t  th e  m a g n itu d e  o f  th e  c u ttin g  force is q u ite  in d ep en d en t o f th e  
c u ttin g  speed. A gain , i t  w as L e y e n s e t t e r  [5] w ho ca rried  o u t m easu rem en ts  
acco rd ing  to  w hich  th e  th e o re m  seem ed to  be m o tiv a te d  th a t  th e  re la tio n  
b e tw een  th e  c u ttin g  force a n d  th e  c u ttin g  speed can  be il lu s tra te d  by  a h y p e r
bolic cu rve.
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I n  ou r days, th e  p re v a ilin g  opin ions can  be classed in to  th re e  groups. 
A c c o rd in g  to  the  f irs t  o p in io n , p ra c tic a lly  th e re  is no fix ed  ru le  t h a t  could be 
a p p lie d  to  the  influence o f  th e  c u ttin g  speed  on th e  c u ttin g  force. A ccording 
to  re sea rch es  o f th e  second  g ro u p , an  increase o f th e  c u ttin g  speed  ac ts , up  to  
a c e r ta in  lim it va lue , d im in ish in g  w ith  th e  c u ttin g  force, h u t  s ta r t in g  from  a 
l im it  v a lu e , th e  force rem ain s u n ch an g ed  in  sp ite  of th e  fu r th e r  increase  o f the  
c u t t in g  force. A gain, th e  o p in io n  o f th e  th ird  group is th e  fo llow ing: w hen 
c u t t in g  speed  is increased , a c e r ta in  f lu c tu a tio n  o f th e  c u ttin g  force ta k e s  place. 
T h is  p e rio d  is followed by  a decrease  o f th e  c u ttin g  force an d  f in a lly  th is  force 
re m a in s  co n stan t.

B y  considering e x p e rim e n ts  t h a t  w ere carried  o u t b y  v a rio u s  sc ien tis ts  
we f in d  th a t  th e  above m e n tio n e d  th re e  d iffering  opin ions a re  generally  
a d o p te d . To quo te  Co e n e n  [6], acco rd in g  to  his ex p erim en ts  m ad e  on four 
k in d s  o f  a lum in ium  alloys, th e  change o f th e  c u ttin g  speed has no b ea rin g  on 
th e  c u t t in g  force. A gain , S c h a l l b r o c h  a n d  S c h a u m a n n  [7] o b se rv ed  th a t  th e  
fo rce  show s a m onoton ie  decrease  w hen  th e  c u ttin g  speed in c reases , a lth o u g h , 
a c c o rd in g  to  some e x p e rim e n ts  m ad e  b y  S c h a l l b r o c h  a n d  B e t h m a n n  [8] 
th e  fo rce  increases a t  th e  b e g in n in g  a n d  a fte rw ard s  d im in ishes. M ost in te re s tin g  
in fo rm a tio n s  are to  be fo u n d  in  re p o rts  a b o u t th e  la te s t  e x p e rim e n ts  carried  
o u t  b y  o th ers  [ I I  — 13].

V arious com m ents w ere c o n s tru e d  in  o rd er to  fin d  th e  reaso n s o f th e  
o b se rv e d  effects. The fac to rs  to  w hich  som e influence  w as asc rib ed  were 
g e n e ra lly  th e  c u ttin g  te m p e ra tu re , th e  coeffic ien t of fr ic tio n , th e  b u ilt  up 
ed g e , th e  tensile  s tre n g th  o f  th e  w orkp iece , an d  th e  coefficient o f  d e fo rm atio n  
(o f  th e  chip).
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W e s ta r te d  w ith  te s ts  to  d e te rm in e , b y  m eans o f  d y n am o m etric  m e th o d s, 
th e  re la tio n  betw een  c u ttin g  force a n d  c u ttin g  speed . Doing so, th e  m easu ring  
range  w as ch a rac te rized  b y  a c u ttin g  speed  v =  10 -t- 600 m /m in , b y  v a lu es  of 
th e  d e p th  o f cu t f  =  2 an d  3 m m , and  by  va lu es  o f th e  feed e =  0 ,1 ; 0 ,2; 0,28; 
0 ,292; 0,36; 0,4 an d  0,475 m m /rev .

Som e m easuring  re su lts  are  to  be seen in F igs 8, 9 an d  10. F o r the 
p u rp o se  o f a clear v is ib ility  on ly  th e  p o in ts  th a t  co rrespond  to  av e rag e  values 
a re  p lo tte d . The chip a rea  is n o te d  beside each  cu rve .

T he d iag ram s show  th e  g enera l t re n d  th a t  th e  c u ttin g  force decreases 
w hen th e  c u ttin g  speed increases. O nly , th is  decrease is n o t c o n tin u o u s . The

F ig . 8

w avy  fo rm  o f th e  curves can n o t be considered  as som e erro r of m ea su re m e n t. 
In  v iew  o f th is  w aviness i t  seem s to  be m o tiv a te d  th a t  the  th ird  v iew -p o in t 
am ong  th o se  th a t  are e n u m e ra te d  above shou ld  be accep ted , n a m e ly , u n d er 
th e  g iven  cond itions w hen th e  c u ttin g  speed  increases, th e  c u tt in g  force 
assum es a f lu c tu a tio n  com bined  w ith  a low ering  tre n d , and  reach es a fin a l 
low  v a lu e  th a t  rem ains p ra c tic a lly  c o n s ta n t w hen  th e  c u ttin g  speed  a rr iv ed  
a t  a b t.  250 m /m in. The genera l fea tu re  o f th e  cu rves seem s to  co incide  w ith  
th e  th esis  la id  dow n by  H o rn un g  [2 ] acco rd in g  to  w hich th e  c u tt in g  force 
reaches its  f in a l low value a t  a low er c u ttin g  speed  when a g re a te r  feed is 
chosen.

T he second series o f te s ts  was ca rried  o u t  in o rd e r to  find  som e e x p la 
n a tio n  fo r th e  curves in con n ec tio n  w ith  th e  coeffic ien t o f d e fo rm atio n .

W hen  th e  coefficien t o f d e fo rm atio n  w as ex am in ed , it  seem ed p ro b ab le  
th a t  som e change o f the  ch ip  ro o t Avas to  be assu m ed  [9].

T he coeffic ien t o f chip  d e fo rm a tio n  can  be d e te rm in ed  b y  m easu rin g  
th e  ch ip  le n g th  and  the  ch ip  area  110]. In  o u r te s ts , we com pared  th e  chip 
a rea  va lues.
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T o  th is  end , th e  f i r s t  series o f ex p erim en ts  se rv ed  to  th ro w  lig h t on  th e  
r e la t io n  o f  c u ttin g  force v e rsu s  c u ttin g  speed , w ith in  th e  speed  ran g e  v =  
=  1 5 -i-500 m /m in . F o r  each  m easu rem en t we ca re fu lly  k e p t som e p ieces o f  
ch ip  s e p a ra te d . These se rv ed  th e n  for th e  d e te rm in a tio n  of th e  chip d e fo rm a tio n  
co e ffic ien t.

T h e  c u t areas o f  ch ips w ere po lished  a n d  m easu red  b y  p la n im e try  
(p h o to m ic ro g ra p h  10-tim es m ag n ifica tio n ). T he coeffic ien t of chip d e fo rm a tio n

C u ttin g  speed  r  m /m in  

F ig . 9

F ig . 10

is  o b ta in e d  by  th e  ra tio  o f  th e  m easu red  v a lu e  to  th e  ca lcu la ted  one (th is  
l a t t e r  be ing  q =  e • / ) .

T hese tw o g roups o f  re su lts  (m easu red  v a lu es  of force a n d  d e te rm in ed  
v a lu e s  o f  th e  d e fo rm a tio n  coefficient) are  g a th e re d  on one d iag ram  o f F ig . 11. 
I n  th is  sy stem  of co o rd in a te s , th e  c u ttin g  sp eed  scale is p laced  on th e  abscissa  
a x is , w hile on th e  o rd in a te  ax is th e re  are tw o  scales: one for th e  force values 
a n d  a n o th e r  for th e  d e fo rm a tio n  coefficient v a lu e s  co rrespond ing  to  a ca lcu la ted  
c h ip -a re a  (this be ing  e q u a l to  3 X 0,4 m m 2).
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T he s im ila rity  b e tw een  th e  tw o curves is conspicuous. (The s lig h t w aviness 
on th e  curves o f  d e fo rm a tio n  coefficient can  p ro b a b ly  be asc rib ed  to  some 
m is tak es  co m m itted  d u rin g  th e  p re p a ra tio n  before  po lish ing .) C onsequen tly , 
th e  th esis  seem s to  be m o tiv a te d , accord ing  to  w hich , for th e  g iven  case, th e  
v a r ia tio n  of th e  c u tt in g  force depends on th e  v a r ia tio n  o f  chip  d e fo rm a tio n  as a 
fu n c tio n  of c u ttin g  speed .

F ro m  th e  p rocesses observed  th e  s ta te m e n t can  be in fe rre d  th a t  th e  
defo rm atio n s o f th e  chip  an d  th e  ch ip ro o t e x e r t a decisive in fluence  on th e

F ig . 11

v a r ia tio n  o f th e  c u tt in g  force. The n a tu re  o f  th e  m easu ring  re su lts  is su itab le  
to  su p p o r t the  o p in ion  accord ing  to  w hich  a fu r th e r  in v e s tig a tio n  o f chip 
d e fo rm atio n  is g re a tly  needed . The im p o rta n c e  o f  th is  k in d  o f te s ts  is m ost 
obv ious b y  th e  ex p erien ce  th a t  th e  o b ta in e d  re su lts  o rig in a te  n o t  from  a 
d ire c t o b se rv a tio n  o f  c h ip ro o t d efo rm atio n  b u t  b y  m eans o f in d ire c tly  m ade 
in v es tig a tio n s , besides th ro w in g  lig h t on th e  essen tia l fe a tu re  o f  th e  c u ttin g  
process.

IV. C onsequences

In  sum m ariz in g  th e  re su lts  o b ta in ed  fro m  th e  in v es tig a tio n  o f th e  re la tio n  
b e tw een  cu ttin g  force an d  c u ttin g  speed , th e  follow ing fac ts  w ere found :

a )  The m a th e m a tic a l fo rm ula  exp ressing  th e  re la tio n  o f c u ttin g  force 
to  ch ip  area ru n s as follow s:

Pf  =  54 • e0’85 • /° -98 .

T he effective v a lu e  o f th e  ex p o n en ts  b e long ing  to  sm aller or la rg e r values 
o f feed  a n d  o f d e p th  o f  c u t alw ays d ev ia tes  from  th e  av erag e  e x p o n e n t as 
g iven  above. These d ifferences can be ex p la in ed  b y  th e  v a r ia tio n s  o f  th e  
specific  c u ttin g  force.
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b )  In  th e  given range  o f  th e  te s ts , th e  fu n c tio n  o f  specific c u ttin g  force 
v e rsu s  ch ip  th ickness is re p re se n te d  b y  th e  fo rm u la :

« 0 ,1 4 5

T h is  eq u a tio n  can be co n sid e red  as an  e x p la n a tio n  for th e  c u ttin g  force 
d e p e n d in g  on the  chip a rea .

c )  F ro m  the  d iag ram  in  F ig . 6, i t  m ay  be in fe rred  th a t  the  op in ion  of 
som e a u th o rs , accord ing  to  w h ich  th e  re la tio n  be tw een  th e  specific c u ttin g  
force a n d  th e  chip a rea  is c h a ra c te riz e d  b y  a h y p erb o lic  cu rve , c a n n o t be 
m a in ta in e d .

d )  W ith in  the  g iven co n d itio n s  an d  w ith  th e  m a te r ia l te s ted , th e  c u ttin g  
fo rce  ch an g es when th e  c u t t in g  speed  changes. O nly , th e  decrease o f th e  force 
is n o t  m o n o to n ie  b u t  th e  re sp e c tiv e  curve show s a w av y  fo rm . P ra c tic a lly , in 
th e  sp e e d  range g rea te r  th a n  250 m /m in , th e  change o f force is neglig ib le. 
T h e  c u t t in g  speed values u su a lly  app lied  in  con n ec tio n  w ith  th e  co n v en tio n a l 
v a lu e s  o f  too l life belong to  th e  range  here m en tio n ed  (v >  250 m /m in).

e)  T he n a tu re  of th e  v a r ia t io n  o f th e  c u ttin g  force as a fu n c tio n  o f c u ttin g  
sp e e d  f in d s  its  ex p lan a tio n  b y  ta k in g  th e  change o f  chip d efo rm atio n  or m ore 
e x a c tly  th e  change o f d e fo rm a tio n  in  the  ch ip ro o t in to  co n sidera tion .
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B E Z IE H U N G E N  Z W ISC H E N  D E R  S C H N IT T K R A F T  U N D  D E N  Z E R S P A N U N G S 
F A K T O R E N  BEIM  D R E H E N  E IN E R  A L U M IN IU M L E G IE R U N G

A. K A R D O S

ZU SA M M EN FA SSU N G

E s w ird d ie von  dem  V orschub , der S ch n itttie fe  u n d  de r S chn ittg esch w in d ig k e it a u f  d ie 
S c h n ittk ra f t  a u sg e ü b te  W irkung  b eh an d e lt. V erfasser b e sch re ib t den V erlauf der E x p e r im e n te  
und  g ib t die R e su lta te  an. F e rn e r w ird , au f G rund  z ah lre ich er M essungen und e ig en er K a lk u 
la tio n en , de r Z u sam m en h an g  zw ischen S c h n ittk ra f t  u n d  m itt le re r  Spandicke bzw . S p a n q u e r 
sc h n itt a n a ly s ie rt. D ie Ä nderung  der S c h n ittk ra f t  als F u n k tio n  der S c h n ittg e sch w in d ig k e it 
w ird du rch  E in b ezieh en  des S p an d efo rm atio n sk o effiz ien ten  e rk lä rt.

L E S  R E L A T IO N S  E N T R E  LA F O R C E  D E  C O U P E  E T  L ES C A R A C T É R IST IQ U E S 
D E  C O U P E  AU T O U R N A G E  D E S A L L IA G E S  D ’ALUM INIUM

Â .  K A R D O S

R É SU M É

L’é tu d e  t r a i te  de l’in fluence des v a ria tio n s  de l’a v an c e , de la p rofondeur e t  de  la  v ite sse  
de coupe sur la  force de coupe e t  ind ique  la  m arche e t  les ré su lta ts  des essais. La re la tio n  e n tre  
la force de coupe spécifique e t  l’épaisseu r m oyenne, resp . la  section  des copeaux e st e n su ite  a n a 
lysée su r la b ase  d ’u n  g ran d  nom bre  de m esures e t  de ca lcu ls. L a v a ria tio n  de la force de  coupe  
en fonction  de la  v itesse  de coupe est exp liquée p a r l’a n a ly se  d u  fa c teu r de v a ria tio n  de la fo rm e 
des copeaux .

ЗАВИСИМОСТЬ МЕЖДУ УСИЛИЕМ РЕЗАНИЯ И ДАННЫМИ РЕЗАНИЯ  
ПРИ ТОКАРНОЙ ОБРАБОТКЕ АЛЮМИНИЕВЫХ СПЛАВОВ

А .  К А Р Д О Ш

РЕЗЮМЕ

Статья занимается воздействием, оказываемым подачей, глубиной резания и ско
ростью резания на усилие резания. Излагается процесс проведения эксперименталь
ного опыта и полученные при нем результаты. На основе большого числа измерений и 
расчетов дается анализ зависимости между удельным усилием резания и средней толщи
ной стружки, или же сечением стружки. Исследованием показателя изменения формы 
стружки объясняется изменение усилия резания в функции скорости резания.
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ЧУВСТВИТЕЛЬНОСТЬ ПЛОСКИХ МЕХАНИЗМОВ 
К ОШИБКАМ В РАЗМЕРАХ ЕГО ЗВЕНЬЕВ

В. БАРДОШ канд. техн. наук
С Л О В Е Н С К А  В Ы С О К А  Ш К О Л А  Т Е Х Н И Ц К А ,  Б Р А Т И С Л А В А

[Поступило 5. ноября 1964 г.]

Автор статьи описывает метод, с помощю которого можно определить чувстви
тельность положения и движения ведомого звена или точки ведомого звена плоского 
механизма к первичным ошибкам. Метод исходит из первичных ошибок в структураль
ных размерах плоского механизма. Автор сначала излагает основные понятия, потом 
описывает весь метод и, наконец, констатирует, что для определения чувствительности 
действительных механизмов к первичным ошибкам в структуральных размерах надо, 
пользуясь схемой механизма, определить первую собственную передаточную функцию 
и отдельно первые фиктивные передаточные функции. Исходя из этих данных, можно 
кроме определения чувствительности также достичь понижение влияния первичных 
ошибок, или довести их влияние до минимума.

1. Введение

Статья ставит целью объяснить и описать метод, с помощью которого 
можно определить чувствительность положения и движения ведомого 
звена или точки ведомого звена плоского механизма к первичным ошибкам 
[1,2] в структуральных размерах плоского механизма, причем под по
нятием структуральные размеры подразумеваем размеры кинематической 
схемы данного механизма; например, в механизмах на рис. 1 размеры А, А, 
CÇ4 =  R, OB =  I и к являются структуральными размерами данных плоских 
механизмов.

В дальнейшем тексте исследуются только плоские механизмы, кото
рые кратко называем просто механизмами.

2. Основные понятия

Под понятием механизм будем понимать систему звеньев (тел), соеди
ненных кинематическими парами с одним неподвижным звеном относительно 
релятивно неподвижной плоскости и с одной степенью свободы движения, 
т. е. с одним ведущим звеном. У данного механизма одно ведомое звено, т. е. 
звено, которое должно выполнять требуемую полезную работу.

Механизм, которого все структуральные размеры довольно точны, 
называется идеальным механизмом [2].
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Идеальных механизмов, таким образом, не существует. Нужды меха
низации и автоматизации требуют, чтобы изготовленный механизм отли
чался от идеального механизма минимально.

Механизм, который построен на основе идеальной схемы, называется 
действительным механизмом. Структуральные размеры действительного 
механизма отличаются от структуральных размеров идеального механизма.

Пусть дан, например, /г-звенный идеальный и соответствующий ему 
действительный механизм.

Пусть имеют идеальный и соответствующий ему действительный меха
низм т  структуральных размеров; затем пусть, например, размер пара- 
метер т-того звена n-звенного идеального механизма будет qt; А соответ
ствующий ему размер n-звенного действительного механизма потом будет qis. 
Таким образом, имеем:

i is  =  g,  +  Aq,, ( 1 )

где Aqj — т. н. первичная ошибка [I, 2] в структуральном размере qis, 
на которую отличается структуральный размер действительного механизма 
от соответствующего ему структурального размера идеального механизма; 
индексом s обозначаются параметры, соответствующие действительному 
механизму.

Первичная ошибка Aqt может быть положительной, отрицательной 
или иногда может быть равной нулю.

Первичную ошибку Aqt можно определить вычислением или измере
нием.

Предлагаемые понятия представляют собою основы учения о точности 
механизмов [1, 2], предметом которого является исследование разностей 
в положении или движении действительного и соответствующего ему идеаль
ного механизма; идеальная схема этого механизма известна.

Основателем учения о точности механизмов является академик Н. Г . 
Бруевич [3 ].

Учение о точности механизмов имеет три основные части:
а) исследование геометрической точности;
б) исследование кинематической точности и
в) исследование динамической точности механизмов [2].
Эта статья по своему содержанию относится к части геометрической 

точности механизмов.
При исследовании геометрической точности механизмов можно исходить 

из функции положения ведомого звена или функции положения точки ведо
мого звена [4]; эти функции называются геометрическими характеристи
ками идеальных механизмов.

Пусть дан n-звенный идеальный механизм. Функцией положения 
ведомого звена или функцией положения точки ведомого звена называется
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функция
ô =  p(4iЬ ( i  =  1* 2, . .  .,т )  ; (2)

где S параметр, определяющий положение ведомого звена или точки ведомого звена 
относительно плоскости, определенной координатными осями, которые непод
вижно соединены со стойкой данного идеального механизма;

qi при i = l  — параметр, определяющий положение ведущего звена или положение 
точки ведущего звена относительно некоторого другого звена;
при i =  2, 3........т независимые друг от друга параметры, определяющие струк
туральные размеры исследованного идеального механизма.

Характеристической особенностью функции положения ведомого звена 
или точки ведомого звена является, что эта функция не зависит от темпа 
движения идеального механизма, а зависит только от структуральных раз
меров и от параметра, который определяет положение ведущего звена или 
положение точки ведущего звена.

3. Описание метода

Метод определения чувствительности механизма к первичным ошибкам 
в структуральных размерах основан на понятиях ошибки положения 
ведомого звена, ошибки положения точки ведомого звена, ошибки положе
ния действительного механизма или ошибки положения точки действитель
ного механизма [2].

Ошибкой положения ведомого звена или точки ведомого звена назы
вается разность в положении ведомого звена действительного и соответ
ствующего ему идеального механизма, которая существует вследствие суще
ствования первичных ошибок /Jg, (£ =  l , 2 , . . . , m) .

Ошибкой положения действительного механизма или ошибкой поло
жения точки действительного механизма называется разность в положении 
ведомого звена или точки ведомого звена действительного механизма и ему 
соответствующего идеального механизма, которая появилась вследствие 
существования первичных ошибок Ад„ где £ =  2 , 3 , . . . ,  от.

Разность между ошибкой положения ведомого звена или ошибкой 
положения точки ведомого звена и ошибкой действительного механизма 
или ошибкой положения точки действительного механизма мы учитываем 
потому, что ошибка положения действительного механизма или ошибка 
положения точки действительного механизма выражает влияние первичных 
ошибок в структуральных размерах на положение ведомого звена, и ошибка 
положения ведомого звена или ошибка положения точки ведомого звена 
учитывает также ошибку параметра q1; параметр g, определяет положение 
ведущего звена, это означает, что полученная ошибка выражает также 
влияние ошибки привода.
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Ошибка положения ведомого звена или ошибка положения точки 
ведомого звена исследуется потому, что ведомое звено или его точка совер
шают требуемое движение и от точности положения или движения ведомого 
звена зависит также точность реализации требуемой операции.

Указанные выше ошибки вытекают из уравнений (1) и (2) и рассмот
рены в [I] и [2].

Ошибка положения ведомого звена или ошибка положения точки ведо
мого звена будет:

AÔ =  /и2п Aqx +  fiQin A q , . (3)
Т ~ 2

Ошибка положения действительного механизма или ошибка положения 
точки действительного механизма будет:

AàM =  (i =  2, 3, . . .,тп). (4)

Взаимосоотношение между ошибкой положения ведомого звена и ошибкой 
положения действительного механизма вытекает из уравнений (3) и (4)

Aô =  /i2nAql +  А0М. (5)

Символом р2П обозначена величина, называемая первой собственной переда
точной функцией идеального механизма [5]. Она определяется по формуле

эб
/*2 п = ----- • (6 )

Э?1

Величины рч.„ называются первыми фиктивными передаточными функциями 
идеального механизма [6]. Имеем

11цхп , (i =  2,3,  . . . ,  /п). (7)
9«i

Из уравнений (3) и (4) вытекает, что ошибка положения ведомого звена 
или ошибка положения точки ведомого звена также, как и ошибка поло
жения действительного механизма или ошибка положения точки действи
тельного механизма при данных первичных ошибках Aqt является линеарной 
зависимостью от первых передаточных функций; из этого вытекает, что чем 
меньшими будут первые передаточные функции, тем меньшей будет, например, 
ошибка положения действительного механизма или ошибка положения 
точки действительного механизма.
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Наоборот, при данных первых передаточных функциях, которые за
даны геометрией механизма, будет, например, ошибка положения дей
ствительного механизма или ошибка положения точки действительного 
механизма тем меньше, чем меньшими будут первичные ошибки Aqh

Чувствительность положения или движения ведомого звена или дей
ствительного механизма к первичным ошибкам можно определить следую
щим образом.

Действительный механизм является наиболее чувствительным к этой 
первичной ошибке A qt параметра qi} первая передаточная (собственная или 
фиктивная) функция которого достигает релятивно максимальных значений 
в сравнении со значениями других первых передаточных функций.

Действительный механизм, наоборот, является очень малочувстви
тельным к этой первичной ошибке Aqt параметра q,, первая передаточная 
(собственная или фиктивная) функция которого достигает минимальных 
значений в сравнении со значениями других первых передаточных функций.

Это значит, что при необходимости повышения точности положения 
или движения действительного механизма надо, прежде всего, уменьшить 
первичную ошибку по тому размеру, по ошибке которого исследуемый 
действительный механизм является наиболее чувствительным.

Описанные свойства позволяют также сравнить несколько вариантов 
механизмов, которые должны реализировать подобные положения или дви
жения ведомого звена в отношении чувствительности к первичным ошибкам 
A q t по параметрам g,.

Менее чувствительной или найменее чувствительной к первичным 
ошибкам Aqi по параметрам g ,  является та схема, первая собственная пере
даточная функция и первые фиктивные передаточные функции которой до
стигают минимальных значений по сравнению со значениями первых пере
даточных функций других принятых во внимание схем.

Пусть, например, имеем шестизвенный механизм (рис. 1а); ведущим 
является звено 2, а ведомым — звено 6. Положение точки С звена 6 относи
тельно системы координат х , у с  началом в точке О и единичными векторами 
>, j, где

i2 =  1 , j 2 =  1

определяет функция положения (рис. 1а)

s =  к  -(- I
R  sin (р

УR 2 -)- b2 -f- 2 Rb  cos <р ( 8 )

Ошибка положения точки С этого механизма при данном угле <р будет

A sM =  /гкв А к  -f- ,м/6 A l -f- fxb6 Ab  -f- Rm  d R  , (9)
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где

Ит — 

Им =  

Иьб =

Ит~-

R sin 99

УЮ  +  b2 + 2 R b  cos <р ’

1 ,

I R  sin (p(b 4 - R  cos 99)

(R 2 +  q2 -f- 2 R b  cos 9>yl2 

Ib sin  cp(b -f- R  cos 99)
(R 2 -f- b1 -f- 2 Rb  cos 99)3/2

(И)

( 12)

(13)

( 1 0 )

Для случая R =  0,2 м, b =  3,8R, h =  7,\R и I =  6,8R (рис. la) первые фик
тивные передаточные функции, выраженные уравнениями (10) — (13), 
сведены в табл. 1 ; на основе полученных величин в табл. 1 можно произ
вести сравнение значений отдельных первых фиктивных передаточных 
функций. Еще лучшую картину о взаимоотношениях между первыми фик
тивными передаточными функциями дает диаграмма рис. 2, построенная на 
основе табл. 1.

Из диаграммы рис. 2 вытекает, что исследуемый механизм наиболее 
чувствителен к первичной ошибке dR, а потом к первичной ошибке Лк в 
размерах R и к. При первичной ошибке Лк это ясно из рис. 1а, потому что 
эта первичная ошибка прямо причитывается к значению s. Это значит, что 
в размерах R и к необходимо задать строгие допуски этих размеров, потому 
что чем меньшими будут отклонения от размеров R и к, тем меньше будет AsM.
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Т аблица 1

Vk% vu Vbt VRt

0° 1,000 0,000 0,000 0,000

15° 1,000 0,055 - 0 ,0 7 9 0,298

CO £ о 1,000 0,106 - 0 ,1 5 3 0,582

45° 1,000 0,154 - 0 ,2 2 9 0,863

60° 1,000 0,197 -  0,301 1,141

75° 1,000 0,230 - 0 ,3 5 0 1,335

90° 1,000 0,254 0,426 1,612

105° 1,000 0,262 - 0 ,4 7 0 1,788

120° 1,000 0,254 — 0,491 1,864

135° 1,000 0,223 0,463 1,762

150° 1,000 0,167 - 0 ,3 9 2 1,433

165° 1,000 0,092 — 0,220 0,838

180° 1,000 0,000 0,000 0,000

195° 1,000 - 0 ,0 9 2 0,220 - 0 ,8 3 8

210° 1,000 - 0 ,1 6 7 0,392 - 1 ,4 3 3

225° 1,000 - 0 ,2 2 3 0,463 - 1 ,7 6 2

240е 1,000 - 0 ,2 5 4 0,491 -  1,864

255° 1,000 - 0 ,2 6 2 0,470 -  1,738

270° 1,000 - 0 ,2 5 4 0,426 - 1 ,6 1 2

235° 1,000 —0,230 0,350 -  1,333

300° 1,000 0,197 0,301 - 1,141

315° 1,000 - 0 ,1 5 4 0,229 - 0 ,8 6 8

330° 1,000 - 0 ,1 0 6 0,153 - 0 ,5 8 2

345° 1,000 - 0 ,0 5 5 0,079 - 0 ,2 9 8

360° 1,000 0,000 0,000 0,000

Из диаграммы рис. 2 далее вытекает, что при подходящем выборе соот
ношения между первичными ошибками ЛЬ и AR  можно (теоретически) устра
нить влияние этих первичных ошибок; в действительности возможно только 
понижение влияния этих первичных ошибок до минимума, потому что и 
первичные ошибки ЛЬ и ЛR невозможно реализовать абсолютно точно.

Требуемое взаимоотношение между первичными ошибками ЛЬ и ЛR 
можно определить с помощью уравнений (12) и (13); итак

/Гос,

Иьь
( 1 4 )
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ИЛИ

Rrs +  Иьв - гг — 0. 
К

Из уравнения (14) или (15) при умножении на AR имеем:

R r 6 + ^ 6 6 —  A R  =  0 .  
R

(1 5 )

(16)

Из уравнения (16) вытекает, что

A b = — A R
R

или же
Ab _  b 
A R  R

причем
sgn Ab =  sgn A R  .

(17)

Если реализуется соотношение между первичными ошибками Ab и A R , 
выраженное уравнением (17), то потом эти первичные ошибки не влияют на 
положение или движение точки С механизма рис. 1а.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



Ч У В С Т В И Т Е Л Ь Н О С Т Ь  П Л О С К И Х  М Е Х А Н И З М О В 9 5

Исследуем теперь других два шестизвеиных механизма, которые пред
назначены для реализации той самой операции как механизм на рис. 1а 
(рис. 16 и 1в). Интересным является, что оба эти механизма имеют при оди

наковых размерах одинаковые функции положения точки С звена 6. Функ
ция положения точки С механизма рис. 1 б и 1 в имеет вид:

s =  к  -f
R sin <р

b R  cos <f>
(18)

Ошибка положения точки С этих механизмов при данном угле будет:

A sM — Л к fih$ Ah  -f- ЛЬ -f- //Re ЛR , (19)

f*kt =  1 . (2 0 )

R  sin  <p
—  ,  , J J  ’b +  R  cos <p

(2 1 )

R h  sin  <p

(b -f- R  cos <p)2
(2 2 )

bh sin <p
[b -f- R  cos y )1

(23)
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Для случая R =  0,2 м, Ь =  3,8К и h =  7,\R (рис. 16, в) значения пер
вых фиктивных передаточных функций, которые определены уравнениями 
(20) — (23), указаны в табл. 2; на основе величин, табл. 2 можно произвести

Таблица 2

RH Rh6 Rbt RRb

0° 1,000 0,000 0,000 0,000

15° 1,000 0,054 - 0 ,0 8 1 0,312

30° 1,000 0,106 — 0,163 0,632

OЮ■'3" 1,000 0,155 - 0 ,2 4 6 0,958

60° 1,000 0,201 —0,332 1,233
75° 1,000 0,238 —0,416 1,617

CD 3 O 1,000 0,263 —0,491 1,903

105° 1,000 0,272 - 0 ,5 4 6 2,119
120° 1,000 0,262 - 0 ,5 6 4 2,175
135° 1,000 0,229 —0,522 2,031

150° 1,000 0,170 —0,411 1,594
165° 1,000 0,091 - 0 ,2 3 0 0,885
180° 1,000 0,000 0,000 0,000
195° 1,000 - 0 ,0 9 1 0,230 - 0 ,8 8 5
210° 1,000 - 0 ,1 7 0 0,411 - 1 ,5 9 4
225° 1,000 - 0 ,2 2 9 0,522 2,031
240° 1,000 - 0 ,2 6 2 0,564 - 2 ,1 7 5
255° 1,000 - 0 ,2 7 2 0,546 — 2,119
270° 1,000 - 0 ,2 6 3 0,491 - 1 ,9 0 3
285° 1,000 - 0 ,2 3 8 0,416 - 1 ,6 1 7
300° 1,000 - 0 ,2 0 1 0,332 - 1 ,2 8 3
315° 1,000 - 0 ,1 5 5 0,246 —0,958
330° 1,000 —0,106 0,163 - 0 ,6 3 2
345° 1,000 - 0 ,0 5 4 0,081 - 0 ,3 1 2
360° 1,000 0,000 0,000 0,000

сравнение отдельных первых фиктивных передаточных функций. На основе 
табл. 2 можно также построить графики первых фиктивных передаточных 
функций (рис. 3).

Из диаграммы рис. 3 вытекает, что механизмы рис. 16, в наиболее 
чувствительны к первичной ошибке AR в структуральном размере R криво
шипа 2 и очень малочувствительны к первичной ошибке Ah в структураль
ном размере h.
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Если сравнить диаграммы рис. 2 и 3, то видно, что при заданных раз
мерах менее чувствительным к первичным ошибкам в структуральных раз
мерах является механизм рис. 1а.

Чувствительность механизмов рис. 16, в к первичной ошибке AR 
можно уменьшить выбором соотношения между первичными ошибками АЬ и 
A R .  Из уравнений (22) и (23) имеем:

Iм/?«

Мьй

Из уравнения (24) получаем:

b
t*R6  +  ИЬ6 —  =  0  • К

(24)

(25)

Если помножить уравнение (25) на величину A R , получим:

если предположим:

тогда

где

Ияв AR fib6 —  A R  =  О 
R

—  A R  =  Ab  , 
R

Ab b
A R  ~  R  ’

sgn Ab  =  sgn A R  ,

(26)

потом влияние первичных ошибок A R  и Ab на положение или движение точки 
С исследованных механизмов будет минимальным (теоретически оно будет 
отсутствовать); для выбранных нами размеров необходимо, чтобы

причем
АЬ =  3,8 A R  , 

sgn А b =  sgn A R  .

(27)

(27а)

Если реализуется соотношение, выраженное уравнениями (27) и (27а), 
то механизм на рис. 16 и 1в является менее чувствительным к первичным 
ошибкам в структуральных размерах, как механизм на рис. 1а, потому что в 
этих механизмах влияют на положение или движение только первичные 
ошибки Ah  и Ак.
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4. Заключение

При определении чувствительности механизмов к первичным ошибкам 
в структуральных размерах надо знать схему идеального механизма, на 
основе которого возникает действительный механизм; с помощью этой схемы 
можно определить первую собственную передаточную функцию и первые 
фиктивные передаточные функции алгебраическим, графико-алгебраиче
ским или графическим [5, 6] путем.

После определения первых передаточных функций уже можно при
ступить к определению чувствительности или же, если имеется несколько 
вариантов, можно определить наименее чувствительную по отношению к 
первичным ошибкам в структуральных размерах схему.

При определении значений первых фиктивных передаточных функций 
можно применять вспомогательные механизмы [3, 1 ] или методы, которые 
вытекают из вспомогательных механизмов, причем их построение для по
лучения требуемых результатов не является необходимым [5].
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T H E  SE N S IT IV IT Y  ТО  D IM EN SIO N A L  E R R O R S  O F  T H E  M E M B E R S 
O F  P L A N E  M E C H A N ISM S

V. BARDOS 

SU M M A RY

I n  th is  p ap er th e  a u th o r  describes a m eth o d  fo r th e  d e te rm in a tio n  of th e  p o s itio n a l 
a n d  c in em atic  se n sitiv ity  o f  th e  gu ided  m em bers o f p la n e  m echanism s. H e s ta r ts  fro m  th e  
p r im a ry  erro rs  o f th e  d im en sio n s o f p lane m echanism s. T h e n  b y  discussing basic  co n cep ts  he  
desc rib es th e  m eth o d  a n d  in  th e  su m m ary  he p o in ts o u t  t h a t  fo r  th e  d e te rm in a tio n  o f th e  sen si
t iv i ty  to  d im ensional e rro rs  in  re a l m echanism s, th e  f i r s t  tran sm iss io n  e igenfunction  m u s t be  
d e te rm in e d  and , se p a ra te ly , th e  f i r s t  fic tive  tran sm iss io n  fu n c tio n , using fo r th a t  th e  c in em atic  
p la n  o f th e  m echanism . W ith  th e  a id  o f th e  tran sm iss io n  fu n c tio n s  (eigen an d  f ic tiv e ) n o t 
o n ly  th e  se n sitiv ity  can  be  d e te rm in e d , b u t  i t  also b eco m es possib le  to  d im inish  th e  in flu e n ce  
o f th e  p r im a ry  errors, a n d  to  red u ce  th em  to  a m in im u m .
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D IE  E M P F IN D L IC H K E IT  G E G E N  M A S S F E H L E R  D E R  G L IE D E R  
B E I E B E N E N  M E C H A N ISM E N

V. BARDOS

ZU SA M M EN FA SSU N G

D er V erfasser b e sch re ib t eine M ethode fü r die B estim m u n g  der Lage- u n d  k in e m a ti
schen E m p fin d lich k e it des g e fü h rte n  G liedes von  ebenen  M echanism en. E r g e h t v o n  den  p r i
m ären  F eh le rn  de r K o n s tru k tio n sm aß e  der ebenen  M echanism en aus. Z uerst b e sp rich t er die 
G rundbegriffe , d a n n  b esch re ib t er d ie M ethode u n d  als S ch lu ß fo lg e ru n g  ste llt  er fe st, d aß  zur 
B estim m u n g  der E m p fin d lich k e it gegenüber M aßfehlern  in  w irk lich en  M echanism en m it H ilfe 
des k in em a tisch en  P lan s d ie e rs te  E ig en ü b erse tzu n g sfu n k tio n  u n d  g esondert h iev o n  d ie e rs te  
f ik tiv e  Ü b e rse tzu n g sfu n k tio n  b e s tim m t w erden m uß. M it H ilfe  de r Ü b e rse tzu n g sfu n k tio n en  
(E igen- u n d  fik tiv e  F u n k tio n ) k a n n  n ich t n u r  die E m p fin d lic h k e it b e s tim m t w erden , sondern  
es w ird a u ch  m öglich, d en  E in flu ß  de r p rim ären  F eh ler zu  v e rrin g e rn  bzw. sie a u f  e in  M inim um  
zu reduzieren .

L A  S E N S IB IL IT É  D E S  E R R E U R S  D IM E N S IO N N E L L E S  D E S M E M B R E S 
D A N S L ES M ÉCAN ISM ES PL A N S

V. BARDOS 

R É SU M É

L ’a u te u r  d é c rit une  m éth o d e  p e rm e tta n t  de d é te rm in e r  d an s les m écanism es p lan s  la 
sensib ilité  positionnelle  e t  c in é m atiq u e  du  m em bre guidé. L a  m éth o d e  p a r t  des e rre u rs  p r i
m aires de  d im ension des m écanism es p lans. L ’a u te u r  fa is a n t co n n a ître  d ’ab o rd  les no tio n s 
fo n d a m e n ta les , d écrit la m é th o d e  e t  co n s ta te , en conclusion , que la d é te rm in a tio n  de la sen 
sib ilité  a u x  e rreu rs  d im ensionnelles des m écanism es réels nécessite  d ’ob ten ir , à  l’a ide  de 
l ’épure  c in ém atiq u e  du  m écan ism e, la p rem ière  fo n c tio n  de tran sm iss io n  p ro p re  e t,  sé p a ré 
m en t, les p rem ières fonctions de tran sm iss io n  fic tive . Les fo n c tio n s de tran sm iss io n  (p ro p re  
e t fic tiv e ) p e rm e tte n t non seu lem en t de d é te rm in e r la sen sib ilité , m ais aussi de d im in u e r l’in 
fluence des e rreu rs p rim aires  e t  de les réd u ire  au  m in im um .
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DIE GEOMETRIE DES THEORETISCHEN EIN G RIFFES 
VON MITTELS EINES KREISRINGABW ÄLZW ERKZEUGES 

ERZEUGTEN ZAHNFLÄCHEN*

I. D R A H O S
KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN 
LEHRSTUHL FÜR DARSTELLENDE GEOMETRIE 

TECHNISCHE UNIVERSITÄT FÜR SCHWERINDUSTRIE, MISKOLC (UNGARN)

[E ingegangen  am  16. D ezem ber, 1964]

M an k a n n  n ach  dem  W ild h ab er-N o v ik o v -P rin z ip  zy lin d risch e  Z ah n rä d e rp a a re  an  
de r F o rs te r-K eg elv erzah n m asch in e  u n d  H y p o id rä d e rp a a re  an  d e r G leason-V erzahnm asch ine  
h e rste ilen . F ü r  solche V erzah n u n g en  b ed ien t m an  sich so lcher Z ah n s ta n g en  bzw. P la n räd e rn , 
d e ren  A bw älz-Z ahnflächen  als R o ta tio n s-K re isrin g fläch en  au sg eb ild e t sind , m it dem  R o ta tio n s 
kre is als B erührungslin ie . (M an k a n n  d ie Z ähne auch  m itte ls  e in e r k re isp ro filie rten  T o p f
scheibe b ea rb e iten  !) E s w ird  h ier m it H ilfe von  k o n s tru k tiv e n  M ethoden  die K in e m a tik  der 
oben beschriebenen  Z ah n fläch en  besprochen .

W ir v e rd an k en  W i l d h a b e r  [27] die Idee  e in er zy lind rischen  Schräg- 
v e rzah n u n g , bei w elcher die N orm alp ro file  von  e ing re ifenden  Z ah n fläch en  aus 
K reisbögen  besteh en , u n d  sich  diese Z ahnflächen  m o m e n ta n  e n tla n g  je  eines 
N orm alkre isp ro fils  — k o n tin u ie rlic h  im m er en tlan g  von  n a c h e in a n d er fo lgenden 
N orm alkre isp ro filen  — b e rü h ren .

N un  h a tte  N o v ik o v  [7, 8 , 19] eine zy lin d risch e  S ch räg v erzah n u n g  
k o n s tru ie r t , bei w elcher eines d e r eingreifenden  S tirn p ro file  als k o n v ex , das 
an d ere  als k o n k av  e rzeu g t is t, u n d  die Z ahnflächen  b e rü h re n  sich  in  einem  
P u n k t. D as N ovikovsche P rin z ip  w urde auch a u f  R ä d e r  m it w indschiefen  
A chsen angew endet [21].

Diese V erzahnungen  h ab en  an  der In te rn a tio n a le n  K onferenz  Z ah n rä d e r 
u n d  Z ah n rad g e trieb e  E ssen 1960 , sozusagen  die e rs te  in te rn a tio n a le  B ew ertung  
e rfah ren  [14, 21, 2 6 ]. N ach  N ie m a n n ’s V o rtrag  w erden  solche V erzah n u n g en  
gem einsam  als W N  (W ild h a b e r—N ovikov) V e rzah n u n g en  g e n a n n t [18].

D as W ild h a b e r—N o v ik o v ’sche P rinz ip  k a n n  u n d  w ird  auch  an  K re is 
b o g enverzahnungen  an g ew en d e t. D ie V erzah n m asch in e  F o rs te r  [24] is t 
geeignet, nach  dem  W N -P rin z ip  ein zy lindrisches Z a h n rä d e rp a a r  d u rc h  A b
w älzen m it e iner K re isring fläche  [11] herzuste llen  [3]. A n d er V erzah n m asch in e  
G leason [6 , 12] k a n n  n ach  dem  W N -P rinzip  ein K e g c lrä d e rp a a r u n d  auch  
ein H y p o id -K eg e lräd e rp aa r ebenfa lls d u rch  A bw älzen m it e iner K re is r in g 
fläch e  e rzeu g t w erden.

In  d ieser A b h an d lu n g  soll — fü r die in  d er P ra x is  üb lichen  F ä lle  der 
A x o id an o rd n u n g en  [20, 22] — an  den du rch  eine A b w älz-K re isrin g fläch c

* D iese A b hand lung  is t ein  Teil d e r  K a n d id a ts -D isse r ta tio n  v . 25. J u n i  1964.
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e rz e u g te n  zy lindrischen  R ä d e rp a a re n , K egel- u n d  H y p o id rä d e rp a a re n  d er 
th e o re tis c h e  E in g riffsv o rg an g  m it H ilfe v o n  g eom etrischen  K o n s tru k tio n e n  
a n a ly s ie r t  w erden. D as P ro b le m  u n te rsc h n itte n e r  Z ähne w ird  n ic h t b e rü h rt.

1.

D ie A nordnung  d e r A x o id en  eines zy lin d risch en  Z a h n rä d e rp aa re s  m it 
p a ra l le le n  Achsen is t  im  B ild  1 fo lgenderw eise d a rg e s te llt:  die A xoiden  A 12 u n d  
A 2l des k leinen bzw . des g ro ß en  R ades s ind  D reh zy lin d erfläch en , die A xoide 
A 31 == A 32 =  A 312 d e r A b w älz -Z ah n stan g e  is t  eine E b en e . D ie A xoiden  A 12,

!  I X  
! f  I

M \  \ы„: А»яА* вА"

! A„-A,,

/  ! \
! \ß \
I А- к
\
\  У

B ild  1. A x o id en  der zy lin d risch en  V erzah n u n g

A 21, A 312 be rühren  sich  e n tla n g  d er H a u p tg e ra d e n  / 123, u n d  ro llen  a u f  e in an d er 
o h n e  G leiten ab , fo lg lich  is t  A 12 =  A 13 u n d  A 21 =  A 23. D er P u n k t  E 123 d er 
H a u p tg e ra d e n  is t  d e r H a u p tp u n k t  in  d er M itte leb en e  d er R a d k ö rp e r .

Die Z ahnfläche  Ф3 (B ild  2) der A b w älz-Z ah n stan g e, m itte ls  w elcher die 
e in g re ifen d en  Z a h n flä c h en  Фг am  k le inen  u n d  Ф2 am  g roßen  Z a h n ra d  erzeug t 
w e rd e n , is t eine K re is r in g flä c h e  (v ie rte r O rdnung) m it dem  P ro filh a lb m esser 
Q, d e re n  Achse t n o rm a l z u r  A xoide A 312 is t  u n d  v o n  d er M itte leb en e  der R a d 
k ö rp e r  sich in  e in em  A b s ta n d  T  b e fin d e t, u n d  deren  M itte lk re is  к  m it dem  
H a lb m e sse r К  von  H 312 s ich  in  einem  A b stan d  H  b e fin d e t. D ie augenblick liche 
L a g e  von  Ф3 w ird  d u rc h  die re la tiv e  V ersch iebung  r  — F i23 M  d e r Z ahn-
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S tange gegenüber d er H a u p tg e ra d e n  / 123 b e s tim m t, w obei im  F alle  r  =  0 
d e r P u n k t M  m it dem  H a u p tp u n k t  ^123 zu sam m en fä llt.

D ie G esam th e it d er N o rm alen  zu  Ф3 is t d u rc h  die K o n g ru en z  d e r G eraden , 
d ie  sow ohl die A chsen t wie au c h  d ie  M itte lk re ise  к  sch n e id en , gegeben [23].

Die m o m en tan en  E in g riffsn o rm alen  n d e r Z ah n fläch en  Ф15 Ф2, Ф3 sind 
je n e  G eraden  d e r d u rch  die N o rm a len  zu Ф3 g eb ild e ten  K o n g ru en z , d ie  die 
H a u p tg e ra d e  / 123 schneiden  [16]. D ie gem einsam en N o rm alen  b ilden  nun

(im  F alle  г  =j= 0) eine R egelfläche v ie r te r  O rd n u n g , d a  sie zugleich  k , t und  
/ 123 schneiden , d. h . sie s ind  die T ran sv e rsa len  eines K re ises (als L inie zw eiter 
O rdnung) u n d  zw eier G eraden  (als L in ien  e rs te r  O rd n u n g ) [17, 28].

Die zum  m o m en tan en  E in g r if f  gehörende, fü r  die Z ah n fläch en  Фх, Ф2 
u n d  Ф3 gem einsam e B erü h ru n g slin ie  e (a ch te r  O rd n u n g ) b e s te h t aus L inien , 
die a u f  dieser R egelfläche von  к  s ich  in  e inem  A b s ta n d  q b e fin d en . (D ie te c h 
n isch  no tw end ige L ösung  is t n u r  ein  Teil d er g eo m etrisch  v o lls tän d ig en  
L ösung  !)

E in  P u n k t E  d e r L inie e w ird  fo lgenderw eise k o n s tru ie r t :  eine d u rch  t 
geleg te E bene sch n e id e t к im  S c h n it tp u n k t 1, u n d  f 123 im  S c h n it tp u n k t 2.

t

Bild 2. Z ylindrische  V e rza h n u n g  m it lin ien m äß ig er B e rü h ru n g
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D ie d iese  P u n k te  1 u n d  2 v e rb in d e n d e  N orm ale n sch n e id e t t im  S c h n ittp u n k t
3. W e n n  m an n du rch  eine D re h u n g  um  t in  die H a u p tp ro file b e n e  u m leg t, so 
s c h n e id e t  diese G erade [n] d e n  H au p tp ro filk re is  in  dem  u m g eleg ten  B ild p u n k t 
[E ] d es  P u n k te s  E . (F ü r  je d e  E b en e  erhält m an  v ie r geom etrische  L ösungen .)

D u rc h  w iederholte K o n s tru k tio n e n  m it v e rsch ied en en  T -W erten  e rh ä lt 
m a n  d ie  B e rü h ru n g slin ien sch a r zu r Z ahnfläche  Ф3 u n d  die gem einsam e E in 
g r if fs f lä c h e  zu den Z a h n f lä c h e n  Ф15 Ф2 u n d  Ф3.

t

B ild  3. Im  F a lle  H  =  0 zerfä llt die B e rü h ru n g slin ie  in  K re ise

I s t  H  =  0 (B ild 3), so l ie g t der M itte lk re is к in  d er E b en e  d er A xoiden 
A 312, u n d  m an e rh ä lt (im  F a lle  | r |  <  K )  a u f  d e r H a u p tg e ra d e n  f 123 zwei 
S c h n i t tp u n k te  m it k .  In  d ie sem  F alle  zerfällt die R egelfläche  (v ie rte r  O rdnung) 
d e r  gem ein sam en  N o rm alen  in  e in  doppelt zu  zäh len d es u n d  am  S c h n ittp u n k t 
v o n  A 312 u n d  t in der E b e n e  ^4312 sitzendes S trah len b ü sch e l, u n d  zwei andere  
S tra h le n b ü sc h e l, die an  je  e in e m  S c h n ittp u n k t von  f vl3 u n d  к  s itzen  u n d  t 
s c h n e id e n  [17]. (Is t ] т  | =  К , so fallen die zwei le tz te re n  S trah len b ü sch e l 
z u s a m m e n ; is t aber | t  | >  K ,  so verschw inden  sie.)

D ie  B erührungslin ie  e (a c h te r  O rdnung) z e rfä llt (im  F a lle  I T I <  K )  
in  d ie  a n  d e r F läche Ф3 d u rc h  d ie  E bene der oben  b eze ich n e ten  S trah len b ü sch e l 
als S c h n ittlin ie  geb ilde ten  v ie r  K reislin ien , n äm lich  den  Ä q u a to rk re is , den 
K e h lk re is  u n d  zwei P ro f ilk re ise . (Im  Falle | x \ =  К  fa llen  die zwei le tz te ren  
z u s a m m e n , und  im  F alle  | r  | >  К  ve rschw inden  sie.) Die B e rü h ru n g slin ien 
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sc h a r  von  Ф3 b e s te h t aus dem  Ä q u a to rk re is , d em  K ehlkreis u n d  d e r  S ch ar 
d e r P ro filk re ise . Die E in g riffsfläche  ze rfä llt in  die E bene A 3n u n d  e ine  von  
d e r im  E in g riff  b efind lichen  P ro filk re issch ar geb ild e te  F läche [3].

D ie T a tsach e , d aß  in  d iesem  Sonderfall d ie  Profilkreise d er Z a h n fläch e  
Ф3 d e r A bw älz-Z ahnstange zugleich  als B erü h ru n g slin ien  e rsch e in en , d . h . 
sie s in d  auch  die P ro filk re ise  d er e ing re ifenden  Z ahnflächen  Ф3 u n d  Ф2, e n t 
sp r ic h t dem  W ildhaberschen  P rin z ip  [27]. A lso k a n n  m an die aus d e r  oben

B ild  4 . Z y lind rische  V erzah n u n g  m it p u n k tm ä ß ig e r  B erührung

b esch rieb en en  A no rd n u n g  ab g e le ite te  V e rzah n u n g  als W -V erzah n u n g  e r 
k en n en  u n d  benennen .

W enn  eine von den  zwei e ingre ifenden  Z ah n fläch en  Ф, u n d  Ф., — wie 
zu v o r — d u rch  A bw älzen e in e r K reisringfläche  Ф3 m it dem  P ro filh a lb m e sse r  
Q, d ie an d ere  aber (B ild 4) d u rc h  A bw älzen e in e r  K reisringfläche Ф3 m it  dem  
P ro filh a lb m esse r q' =f= q e rz e u g t w ird , w obei die B erührungslin ie  v o n  Ф3 u n d  
Ф3 als ein  R o ta tio n sk re is  q d e r F läche Ф3 in  e inem  A b stan d  L  von d e r  M itte l
k re iseb en e  (derselben F läch e  Ф3) e rsch e in t, so sin d  die den Z ahnflächen  Ф 15 Ф2, 
Ф3 u n d  Ф3 gem einsam en m o m en tan en  E in g riffsn o rm alen  n jene G erad en  d e r 
von  den  N orm alen  der Ф3 g eb ild e ten  K o n g ru en z , die den K reis q u n d  au ch  
die H a u p tg e ra d e  / 123 sch ne iden . D ie gem einsam en  N orm alen  sind  a lso  die
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T ra n sv e rsa le n  von  к, t, q u n d / 123. Die T ra n sv e rsa le n  von  k , t u n d  q s in d  te il
w eise  zugleich die E rz e u g e n d e n  einer D reh k eg e lfläch e  m it der A chse t u n d  
m it  d en  K re issc h n itte n  к  u n d  q ein u n d  d e rse lb en  H a lb k eg e lm an te lfläch e . 
J e n e  E rzeugenden  d e r K egelfläche, w elche d ie  G erade  f 123 schneiden , s in d  die 
g em ein sam en  N o rm alen . D ie  Zahl der g em e in sam en  N orm alen  is t a lso  end lich  
(a llgem ein  zwei), u n d  d e r  E in g riff  der F lä c h e n  Ф х u n d  Ф2 is t p u n k tm ä ß ig .

Die m o m en tan en  E in g riffsp u n k te  E  d e r  Z ah n fläch en  Фх, Ф2, Ф3 u n d  Ф'3 
s in d  die S c h n ittp u n k te  d e r  gem einsam en N o rm a le n  m it dem  K reis q.

t

B ild  5. Z y lind rische  V erza h n u n g  m it p u n k tm ä ß ig e r  B erü h ru n g  im  Falle  H  =  L

Irg en d e in  P u n k t  E  w ird  fo lgenderw eise k o n s tru ie r t. E ine E rzeu g en d e  
d e r  oben  beze ich n eten  K egelfläche h a t  m it  d e m  K reis к  den  S c h n it tp u n k t 1 

u n d  m it q den S c h n i t tp u n k t  2 (u. zw. liegen  b e id e  S c h n ittp u n k te  in  d e r  H a u p t
p ro filebene) u n d  h a t  n o c h  m it der G erad en  t d e n  S c h n ittp u n k t 3. D ie  E bene 
d u rc h  P u n k t 3 u n d  d ie  G erade / 123 sc h n e id e t q im  P u n k te  E . (Je  n a c h  der 
G röße  von  г  g ib t es zw ei, eine oder gar k e in e  geom etrische  L ösung.)

D urch  w ied erh o lte  K o n s tru k tio n e n  b e i A n n ah m e  v ersch ied en er r-W e rte  
k a n n  m an  an dem  g em ein sam en  K reis q d e r  Z ah n fläch en  Ф3 u n d  Ф 3 die der 
p u n k tm ä ß ig e n  B e rü h ru n g  d er Z ahnflächen  Ф 1 u n d  Ф2 en tsp rech en d e  P u n k t
s c h a r  u n d  die E in g riffs lin ie  von  Фх u n d  Ф2 h e rs te lle n .
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I s t  L  =  H  (B ild  5), so is t  d e r  P u n k t  E  d e r S c h n ittp u n k t d e r  H a u p t
g erad en  / 123 m it dem  K reise q. D ie H a u p tg e ra d e  / 123 is t zugleich d ie E in g riffs 
lin ie.

I s t  a b e r H  =  0 (u n d  dabei L  =f= 0) (B ild  6), so is t E  d e r S c h n i t tp u n k t  
eines P ro filk re ises der Z ahnfläche Ф3 m it d em  K reis q, v o ra u sg e se tz t, d a ß  der 
K re ism itte lp u n k t dieses P ro filk re ises m it d em  S c h n ittp u n k t v o n  f 123 u n d  к 
id e n tisc h  is t [3].

t
I

B ild  6. Z y lindrische V erzahnung  m it p u n k tm ä ß ig e r  B erü h ru n g  im  F a lle  H  =  0

D a ein V erzahnungssystem  m it p u n k tm ä ß ig e r  B erüh rung  v o n  k o n v ex en  
u n d  k o n k a v e n  Z ahnflächen  dem  P rin z ip  v o n  N ov ikov  e n tsp r ic h t [19], k an n  
m an  die aus d er im  B ild  4, 5, 6 geze ig ten  A n o rd n u n g  abgeleite te  V e rz a h n u n g  
als eine W N -V erzahnung  e rk en n en  u n d  b e n en n en .

2 .

D ie übliche A no rd n u n g  d e r A xo iden  eines K eg e lräd e rp aa res  m it  sich 
sch ne idenden  A chsen (B ild 7) is t d ie  fo lgende [20]. Die A xoiden A 12 u n d  A 21 
des k le inen  bzw . des großen  R ades s in d  D reh k eg e lfläch en , die A xo id e  y l31 =  
=  A 32 =  A 3I2 des A b w älzp lan rades is t  e ine  E b en e , deren  A chse I I I  d u rch
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d en  S c h n i t tp u n k t  der A chsen  I  u n d  I I  (des k le in en  bzw . des großen K egelrades) 
h in d u rc h g e h t. Die A xoiden A 12, A 21 und  A 312 b e rü h re n  sich en tlan g  der H a u p t 
g e ra d e n  f l23 u n d  rollen a u fe in a n d e r  ohne G le iten  a b , also is t A 12 =  A 13 u n d  
A 21 =  A 23. P u n k t F 123 a u f  d e r  H a u p tg e rad en  i s t  also  der in  der M itte leb en e  
d e r R a d k ö rp e r  befind liche H a u p tp u n k t.

D ie  Z ahnfläche Ф3 des A b w älz -P lan rad es , d u rc h  welches die e ing re ifenden  
Z a h n f lä c h e n  Фх (des k le in e n  Z ahnrades) u n d  Ф2 (des großen Z ah n rad es) 
e rz e u g t w erden  (B ild 8), i s t  e in e  K reisring fläche  (v ie rte r  O rdnung) m it dem

P ro filh a lb m esse r  g, deren  A chse t zur Achse I I I  des P lan rad es sich in  p a ra lle le r  
L ag e  u n d  davon  in  e inem  A b s ta n d  S  b e fin d e t, u n d  d e ren  M ittelkreis k , m it  dem  
H a lb m e sse r  K ,  von  d er A x o id e  A 312 des P la n ra d e s  sich  in  einem  A b s ta n d  H  
b e f in d e t .  D ie augenb lick liche  L age der Z ah n fläch e  Ф3 w ird  du rch  den v o n  d er 
H a u p tg e ra d e n  f 123 au sg eh en d  gem essenen V e rd reh u n g sw in k e l xp =  <£ F l23 I I I  M  
b e s t im m t,  wobei im  F a lle  xp =  0 der P u n k t M  m it  dem  H a u p tp u n k te  F r>3 
z u sa m m e n fä llt .

D ie  G esam the it d e r N o rm alen  der F läch e  Ф 3 is t du rch  die K o n g ru en z  
v o n  G e ra d e n , die zugleich  t u n d  к schneiden , b e s t im m t [23].

D ie  m o m en tan en  E in g riffsn o rm alen  d e r Z ah n fläch en  0 V Ф2 u n d  Ф3 
s in d  je n e  G eraden der d u rc h  die N orm alen  v o n  Ф3 gebildeten  K o n g ru en z , 
die d ie  H a u p tg e ra d e  f 123 sch n e id en  [16]. So b ild e n  die gem einsam en N o rm alen  
(im  F a lle  xp =j= 0) eine R eg e lfläch e  v ie rte r O rd n u n g , da  sie den K reis к  u n d
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die G eraden  f 123 u n d  t schneiden , d. h . sie s in d  die T ran sv ersa len  eines K re ises  
(als L inie /.w eiter O rd n u n g ) u n d  zw eier G e rad en  (als L inien  e rs te r O rd n u n g )
[П , 28].

Die zum  m o m en tan en  E in g riff  g eh ö ren d e , fü r  die Z ahnflächen  Ф х, Ф., 
u n d  Ф3 gem einsam e B erü h ru n g slin ie  e (a c h te r  O rd n u n g ) b e s teh t aus L in ien , 
die sich  a u f  d ieser R egelfläche  von к in e inem  A b s ta n d  q befinden . (D ie te c h 
n isch  no tw end ige  L ösung  is t n u r  ein Teil der g eo m etrisch  vo llständ igen  L ö sung .)

t i

B ild  8. K eg elv e rzah n u n g  m it lin ien m äß ig er B e rü h ru n g

Irgende in  P u n k t  E  d e r L inie e k an n  fo lgenderw eise k o n s tru ie rt w erd en . 
E ine d u rch  t geleg te  E bene  h a t  m it к den  S c h n i t tp u n k t  1 und  m it f l23 d en  
S c h n ittp u n k t 2. D ie die P u n k te  1 u n d  2  v e rb in d e n d e  N orm ale n  sc h n e id e t t 
im  P u n k te  3. D u rch  D reh u n g  u m  t in die H a u p tp ro file b e n e  n im m t die G erad e  
n  die Lage [n ] e in , u n d  [n ] sch n e id e t den H a u p tp ro f ilk re is  im  P u n k te  [E ]  als 
B ild p u n k t von  E . (D ie Z ahl der geom etrischen  L ösungen  is t fü r jede  E b en e  
v ier.)

D urch  w iederho lte  K o n s tru k tio n e n  m it v ersch ied en en  ^»-Werten e rh ä lt  
m an  die B erü h ru n g slin ien sch ar der Z ahnfläche  Ф3 u n d  die gem einsam e E in 
griffsfläche von  Ф х, Ф2 u n d  Ф3.

I s t  H  =  0 (B ild  9), so lieg t d er M itte lk re is  к  in  d er E bene der A xo iden  
A 123 u n d  h a t  (im  F a lle  S-sin  |y»| <  К ) m it d er H a u p tg e ra d e n  f l23 zwei S c h n i t t 
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p u n k te .  So ze rfä llt die R egelfläche (v ie r te r  O rdnung) der gem ein sam en  N o r
m a le n  in  e in  d o p p e lt zu  zäh lendes u n d  a n  d em  S c h n ittp u n k t v o n  A 312 u n d  t 
in  d e r  E b en e  A 312 s itzen d es S tra h le n b ü sc h e l, u n d  in  zwei an d e re  S tra h le n 
b ü sc h e l, die an  je  e inem  S c h n ittp u n k t v o n  / 123 u n d  к  s itzen , u n d  t sch n e id en  [17]. 
(D ie le tz te n  zwei B üschel fa llen  zu sa m m e n , w enn  S -sin  \ц\ =  К , u n d  v e r
sch w in d e n , falls S -sin  \гр\ >  K .)

D ie B erü h ru n g slin ie  e (a ch te r  O rd n u n g ) ze rfä llt (im F alle  S  • sin  \xp\ < K )  
in  d ie  d u rc h  die oben an g e fü h rte n  S tra h le n b ü sc h e l in  der Z ah n fläch e  Ф3 geb il
d e te n  S c h n ittf ig u re n , näm lich  den  Ä q u a to rk re is , den K eh lk re is  u n d  zwei

P ro filk re ise . (Die le tz te re n  fallen in  e in em  Profilk reis zu sam m en , falls 
S -s in  |y | =  K ,  u n d  v ersch w in d en , fa lls  S -s in  \xp\ >  K .)  D ie B e rü h ru n g s 
lin ie n sc h a r  v o n  Ф3 b e s te h t aus dem  Ä q u a to rk re is , dem  K eh lk re is  u n d  aus 
d e r  S ch a r d er P ro filk re ise . D ie E in g riffsfläch e  zerfä llt in  die E b en e  A 312 und  
in  e ine  d u rc h  die S char d e r sich  in  E in g r if f  b e fin d en d en  P ro filk re ise  geb ildete  
F lä c h e .

D ie T a tsa c h e , d aß  in  diesem  S o n d erfa ll die P ro filk re ise  d e r Z ahnfläche  
Ф 3 des A b w älz -P lan rad es zugleich B e rü h ru n g slin ien , d. h . au ch  P ro filk re ise  
d e r  e in g re ifen d en  Z ah n fläch en  Фх u n d  Ф2 sin d , en tsp ric h t dem  W ild h ab er- 
sc h e n  P rin z ip  [27]. Also k a n n  m an  die au s  d e r oben besch riebenen  A n o rd n u n g  
a b g e le ite te  K eg e lv e rzah n u n g  als W -V erzah n u n g  erk en n en  u n d  b en en n en .

W e n n  eine v o n  den  zwei e in g re ifen d en  Z ahnflächen  Ф х u n d  Ф2 — wie 
z u v o r  — d u rc h  A bw älzen e iner K re isr in g fläch e  Ф3 m it dem  H a lb m esse r q, die

t Ш

B ild  9. Im  F a lle  H  =  0 z e rfä ll t  d ie  B e rü h ru n g slim e 'in  K reise
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an d e re  ab er (B ild 10) d u rc h  A bw älzen einer K re isrin g fläch e  Ф3 m it dem  P ro fil
h a lb m esse r q' ф  Q e rz e u g t w ird , w obei die B erü h ru n g slin ie  von Ф3 u n d  Ф'3 als 
e in  R o ta tio n sk re is  q d e r  F läche Ф3 in  einem  A b s ta n d  L  von d er M itte lk re is 
ebene (derselben F läch e  Ф3) e rsch e in t, so s in d  d ie  fü r  die Z ah n fläch en  Фj, 
Ф2, Ф3 u n d  Ф'3 gem einsam en  m o m en tan en  E in g riffsn o rm a len  n jed e  G eraden  
d e r v o n  den N orm alen  d e r Ф3 g eb ilde ten  K o n g ru e n z , die den K reis q u n d  au ch  
die H au p tg e rad e  f vl3 schneiden . D ie g em ein sam en  N orm alen  s in d  also die 
T ran sv e rsa len  von k, t, q u n d / 123. D ie g e n a n n te n  T ran sv ersa len  s in d  teilw eise

B ild  10. K eg elv e rzah n u n g  m it p u n k tm ä ß ig e r  B erü h ru n g

zugleich  die E rzeu g en d en  einer D rehkegelfläche  m it  d e r Achse t u n d  m it den  
K re issc h n itte n  fc u n d  q e in  u n d  derse lben  H a lb k eg e lm an te lfläch e . Je n e  E rz e u 
genden  d e r K egelfläche, w elche die G erade / 123 sch n e id en , sind die gem ein 
sam en  N orm alen . D ie Z ah l der gem einsam en  N o rm a len  is t also end lich  (a ll
gem ein  zwei), u n d  d e r E in g riff  d er F läch en  Ф у u n d  Ф2 is t  p u n k tm ä ß ig .

D ie m o m en tan en  E in g riffsp u n k te  E  d e r Z a h n flä c h e n  Фд, Ф.„ Ф3 u n d  Ф3 
sind  die S c h n ittp u n k te  d e r  gem einsam en N o rm alen  m it dem  K reis q.

Irg en d e in  P u n k t E  w ird  fo lgenderw eise k o n s tru ie r t .  E ine E rzeu g en d e  
der oben  bezeichneten  K egelfläche h a t  m it dem  K re is  к  den S c h n ittp u n k t 1 

u n d  m it q den S c h n it tp u n k t 2 (u. zw. liegen  beide S c h n ittp u n k te  in  d e r I la u p t-  
p ro fileb en e), und  h a t  n o ch  m it d er G eraden  t d en  S c h n it tp u n k t 3. D ie E b en e
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d u rc h  P u n k t  3 und die G erade  f ri3 sch n e id e t q im  P u n k te  E . (Je n a c h  d e r Größe 
v o n  xp g ih t  es zwei, eine o d e r g ar keine geom etrische  Lösung.)

D u rc h  w iederholte K o n s tru k tio n e n  bei A nnahm e v e rsch ied en er ^ -W erte  
k a n n  m a n  au f dem  g em ein sam en  K reis q d e r Z ah lflächen  Ф3 u n d  Ф'3 die der 
p u n k tm ä ß ig e n  B erü h ru n g  d e r  Z ah n fläch en  Фх u n d  Ф2 en tsp re c h e n d e  P u n k t
s c h a r  u n d  die E ingriffslin ie  v o n  Ф1 u n d  Ф2 d a rs te llen .

I s t  L  =  H  (B ild  11), so is t d er P u n k t E  d e r S c h n ittp u n k t d e r  H a u p t-

B ild  11. K eg e lv e rzah n u n g  m it p u n k tm ä ß ig e r  B e rü h ru n g  im  Falle  H  =  L

g e r a d e n / 123 m it dem  K re ise  q. D ie H au p tg e ra d e  f n3 is t zugleich d ie  E in g riffs - 
lin ie .

I s t  aber H  =  0 u n d  d ab e i L  =j= 0 (B ild  12), so is t E  d e r S c h n it tp u n k t 
e in e s  P rofilk reises d er Z ah n fläch e  Ф3 m it dem  K reis q, v o ra u sg e se tz t, d aß  der 
K re is m itte lp u n k t des P ro filk re ises  m it dem  S c h n ittp u n k t von  f vl3 u n d  к iden
t i s c h  is t .

D er E ingriff d er Z a h n flä c h en  Ф 1 u n d  Ф2 eines K eg e lräd e rp aa re s  m it sich 
sc h n e id e n d e n  Achsen is t  a u c h  in  dem  F alle  p u n k tm ä ß ig , w enn zw ar die Z ah n 
f lä c h e n  Ф у und Ф., v o n  ein  u n d  derse lben  Z ah n fläch e  Ф3 des P la n ra d e s  erzeug t 
w e rd e n , aber die A xoiden  [20] an d ers , u . zw. folgenderw eise (B ild  13) ange
o r d n e t  sind : die A xoiden  A 12 u n d  A 21 sind  D rehkegelflächen . Die A xo id e  A 32 des 
P la n ra d e s  is t eine E b en e , d e re n  A chse I I I  d u rch  den  S c h n ittp u n k t d e r  Achse I I  
(d e s  g ro ß en  R ades) m it d e r  E b en e  A 32 h in d u rc h g e h t. Die A xo ide  A 23 des
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großen  R ades is t eine D rehkegelfläche . Die A xoide A 31 des A b w älz -P lan rad es 
is t  eine D rehkegelfläche , deren  S pitze  sich im  S c h n ittp u n k te  d er A chse I  (des 
k le inen  R ades) m it d er A chse I I I  b e fin d e t. D ie A xoide A 13 des k le in en  R ades 
is t  eine D rehkegelfläche . F ü r  die A xoiden A 13 u n d  A 3l is t  die H a u p tg e ra d e  
f 13, u n d  fü r die A xoiden  A.13 u n d  A 32 is t die H a u p tg e ra d e  f 23 die B e rü h ru n g s 
lin ie, w obei die A xoiden au fe in an d e r ohne G le iten  ab ro llen . D er S c h n it tp u n k t 
F j23 d er beiden  H a u p tg e ra d e n  is t d er H a u p tp u n k t in  d er M itte leb en e  der 
R a d k ö rp e r. Die B erü h ru n g slin ie  fü r  die A xoiden  A 12 u n d  A 21 is t  H a u p tg e ra d e

t

B ild  12. K eg elv e rzah n u n g  m it p u n k tm ä ß ig e r  B e rü h ru n g  im  F a lle  H  =  0

f l2, die du rch  den  S c h n ittp u n k t der A chsen I  u n d  I I  u n d  den  H a u p tp u n k t 
F vi3 b e s tim m t is t, w obei au ch  diese A xoiden a u fe in a n d e r ohne G le iten  ab ro llen .

D ie Z ahnfläche  Ф3 des A b w älzp lan rad es, d u rch  w elches die e ing re i
fenden  Z ahnflächen  Ф 1 (des k leinen  Z ahnrades) u n d  Ф2 (des großen  Z ah n rad es) 
e rzeu g t w erden (B ild 14), is t eine K reisring fläche  (v ie rte r  O rdnung) m it dem  
P ro filk re ish a lb m esse r q, deren  Achse t zu r A chse I I I  des P la n ra d e s  sich in 
p a ra lle le r  Lage u n d  d av o n  in  einem  A b stan d  S  b e fin d e t u n d  deren  M itte lk re is  
к m it dem  H albm esser К  von d er A xoide A 32 des P lan rad es  sich  in  einem  
A b s ta n d  H  b e fin d e t. D ie augenb lick liche  L age d er Z ahnfläche  Ф3 w ird  durch  
den  von  der H a u p tg e ra d e n  f , 3 ausgehend  gem essenen V erd rehungsw inke l 
y> =  F 123 I I I  M  b e s tim m t, w obei im  F alle  ip =  0 d e r P u n k t M  m it dem
P u n k te  F Vig zu sam m en fä llt.
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D ie gem einsam en m o m e n ta n e n  E in g riffsn o rm a len  n  d e r Z ah n fläch en  
Ф 15 Ф2 u n d  Ф3 sind  zu m  T e il j ene G eraden d e r v o n  den N o rm alen  d e r F läche  
Ф3 g e b ild e te n  K o n g ru en z , d ie  d u rc h  den H a u p tp u n k t  E 123 h in d u rch g eh en , u n d  
z u m  T e il jene G eraden , d ie in  d er von  den  H a u p tg e ra d e n / 12 u n d  / 23 g eb ild e ten  
E b e n e  liegen. Die g e m e in sam en  N orm alen  s ind  also  T ran sv e rsa len  v o n  к  u n d  t 
d u rc h  F u s . Die Z ahl d e r  gem ein sam en  N o rm alen  is t  (falls rp =f= 0) en d lich . (D ie

B ild  13. A xoiden d e r K e g e lv e rza h n u n g , 
w enn A 3l ф  A 32

B ild  14. K eg e lv e rzah n u n g  m it p u n k t 
m äß ig e r B e rü h ru n g , w enn  A 3l ф  A.M

Z a h l d e r  obigen T e illö su n g en  is t  allgem ein zw ei.) D er E in g riff  von  Фг u n d  Ф2 
i s t  e ffe k tiv  p u n k tm ä ß ig .

D ie m o m en tan en  E in g riffsp u n k te  E  der Z ah n fläch en  Фх, Ф2 u n d  Ф3 sind  
je n e  P u n k te  der g em e in sam en  N orm alen , w elche v o n  dem  S c h n it tp u n k t d e r 
b e tre f fe n d e n  N orm ale m it  d em  K reis к  sich in  e inem  A b sta n d  q be fin d en .

Irg en d e in  P u n k t  E  k a n n  fo lgenderw eise k o n s tru ie r t  w erd en : die d u rch  
d ie  G erade  t und  d en  P u n k t  F 123 gelegte E b en e  h a t  m it dem  K reise  к  den  
S c h n i t tp u n k t  I .  D ie N o rm a le  n  du rch  die P u n k te  F 123 u n d  1 sch n e id e t die 
G e ra d e  t im  P u n k te  2. D u rc h  D rehung  u m  t n im m t n  in  d er E b en e  des H a u p t
p ro filk re ise s  die u m g e leg te  L age [n ] ein , u n d  [n ]  sch n e id e t den  H a u p tp ro f il-  
k re is  im  P u n k te  [E ]  als U m leg u n g  des P u n k te s  E .  D ie A nzah l d er g eo m etri
sc h e n  T eillösungen i s t  v ie r . (Z usam m en m it d en  L ösungen  in  den  E b e n e n  d e r
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H a u p tg e ra d e n  is t die G esam tzah l der L ösungen  allgem ein  a c h t, da  m an 
a u f  d en  zwei m it t p a ra lle len  N orm alen , die d u rc h  die S c h n ittp u n k te  von  к 
m it den  E benen  d er H a u p tg e ra d e n  h in d u rch g eh en , w eitere v ie r  P u n k te  
e rh ä lt.)

D u rch  w iederho lte  K o n s tru k tio n e n  — m it v ersch ied en en  ^ -W e rte n  — 
k a n n  m an  a u f  der Z ah n fläch e  Ф3 die der p u n k tm ä ß ig e n  B e rü h ru n g  von

B ild  15. A x o iden  de r H y p o id v e rzah n u n g , w en n  X  >  0

u n d  Ф2 en tsp rech en d e  P u n k ts c h a r  u n d  die E in g riffs lin ie  von Фх u n d  Ф2 b e 
stim m en .

D a  ein Y erzah n u n g ssy stem  m it p u n k tm ä ß ig e r B e rü h ru n g  von k o n v ex en  
u n d  k o n k av en  Z ah n fläch en  d em  P rinzip  von N o v ik o v  e n tsp r ic h t [19] k an n  
m an  die aus der im  B ild 10, 11, 12 u n d  14 d a rg e s te llte n  A no rd n u n g  ab g e le ite te  
V erzah n u n g  als eine W N -V erzah n u n g  b e trach ten .

3.

D ie übliche A n o rd n u n g  d e r A xoiden eines I ly p o id -K e g e lrä d e rp a a re s  
(m it w indschiefen  A chsen) [20] is t  die folgende (B ild  15, 16 u. 17): D ie a u f
e in a n d e r sch ro ten d en  A xoiden  A 12 u n d  A 21 des k le in en  hzw . des großen  K egel
rad es s in d  einschalige D reh h y p erb o lo id en  [2, 9, 13, 25]. Die A chse 111 
des A bw älzp lan rades sch n e id e t die Achse I I  des g ro ß en  R ades. Die A xoide  A 3i
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des P la n ra d e s  ist eine d u rc h  diesen S c h n ittp u n k t h in d u rch g eh en d e  (zugleich 
z u r  A ch se  I I I  norm ale) E b e n e , u n d  die A xoide A 23 des großen  R ad es  is t eine 
D reh k eg e lfläch e . Die A x o id e n  A 23 und  A 32 b e rü h re n  sich län g s d e r  H a u p t
g e ra d e n  f 23, und ro llen  a u fe in a n d e r  ohne G le iten  ab . Die A xoide A 31 des P la n 
ra d e s  i s t  eine durch  d ie  N o rm a ltra n sv e rsa le  d e r A chsen I  (des k le in e n  R ades) 
u n d  I I I  (des P lan rad es) h in d u rch g eh en d e  zu r A chse I I I  n o rm a le  E b en e , und 
d ie  A xoide  A l3 des k le in e n  R ades is t eine D rehkegelfläche . D ie A xo iden  A i3

«— A r t Actgt;

/
/
Í
\
\

/ 1/tn

/
К m

>

\
\ v  í /

? ^ p Fn\ 

/  i 
/  I 

Л

\ y

B ild  16. A x o id e n  de r H y p o id v e rzah n u n g , w enn X  <  0

u n d  A 21 berühren sich  lä n g s  d er re la tiv en  S ch raubenachse  c, u n d  sch ro te n  au f
e in a n d e r  [20]. D er P a ra m e te r  p  d ieser re la tiv e n , h ier rech tsg ew u n d en en  
S ch rau b en b ew eg u n g  k a n n  a u f  G rund  der im  B ild  18 d a rg e s te llte n  Z usam m en
h ä n g e  m it Hilfe e in e r  e in fach en  geom etrischen  K o n s tru k tio n  folgenderw eise 
b e s t im m t w erden:

D ie Größe d er r e la t iv e n  G eschw indigkeit is t

V =  |v3 —- tJJ =  v3 sin £ =  R  a>3 s in  Ç =  A  a>3 .

Die Größe d er re la t iv e n  W inkelgeschw ind igkeit is t

со =  |Zd3 — ca,] =  ft>3 co t <5j.

Also ist p  =  n/ft) =  A  co3la>3 cot őj =  A  ta n  015 w obei A  d e r A bstand  
zw isch en  den A chsen I  u n d  I I I , und  d er E rsa tzw in k e l des W inkels dieser
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A chsen is t. D er A b s tan d  X  d er P la n ra d a x o id e n  A 3l u n d  A 32 von e in a n d e r  k an n  
X  >  0 (B ild  15) oder X  <  0 (B ild 16) oder X  =  0 (B ild  17) sein. N ach  B ild  15 
u n d  16 is t F 23, bzw . n a c h  B ild  17 is t F V23 d e r H a u p tp u n k t in der M itte leb en en  
d er R ad k ö rp er.

Die m o m en tan en  E ing riffsno rm alen  d e r  Z ahnflächen  Ф2 (des g roßen  
R ades) u n d  Ф3 (des P lan rad es)  schneiden die H a u p tg e ra d e  f 13 [16]. D ie m o
m en tan en  E ing riffsn o rm alen  der Z ahnflächen  Ф 1 (des kleinen R ades) u n d  Ф3

B ild  17. A xo iden  der H y p o id v e rza h n u n g , w enn  X  =  0

(des P lan rad es) sin d  jen e  G eraden , die zug le ich  in  dem  zur re la tiv en  S c h ra u 
bu n g  m it der A chse c u n d  dem  P a ra m e te r  p  an g eh ö ren d en  linearen  K o m p lex  
[13] e n th a lte n  sind  [1, 13, 16]. Die m o m en tan en  gem einsam en E in g riffsn o rm a 
len n  von 0 , ,  Ф., u n d  Ф3 sind  also die, w elche die H au p tg e rad e  f.,3 sch n e id en  
u n d  auch  im  obigen K o m p lex  e n th a lten  sin d . W en n  ab er diese N o rm alen  die 
H au p tg e ra d e  f 23 sch n e id en , so w ird von ih n en  a u c h  die zu dieser H a u p tg e ra d e n  
k o o rd in ie rte  rez ip roke P o la re  f 23 (in dem  ob igen  K om plex) auch  g e sc h n itte n  
[13]. M an k ann  n ach  den  h ie r folgenden p rin z ip ie llen  Z usam m enhängen  diese 
P o lare  f 23 e in fach  b es tim m en . Die zur A chse I I I  para lle le  T ran sv ersa le  l d e r 
A chsen I  und  I I  (B ild  15, 16, 17) is t zugleich  eine gem einsam e N o rm a ltra n s 
versale  von  e, f l3 u n d  f 23. D er S c h n ittp u n k t 1 d e r  Achse I  u n d  d e r G erad en  / 
is t  zugleich ein P u n k t v o n / 23, da der A b stan d  (im  S inne der R ech tssch rau b u n g )
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zw isc h e n  c und  f 23 g le ich  p  -cot £ is t ,  u n d  w eil p / A  =  p  cot£/ A  co t £, w obei 
£ d e r  W in k e l zw ischen f 23 u n d  c is t. D er W in k e l (im  Sinne der R e c h ts sc h ra u 
b u n g )  zw ischen c u n d  f 23 i s t  a rc ta n  (p /X ). A lso (B ild  15 und  16) w en n  m a n  in  
e in e r  z u  I I I  no rm alen  A n s ic h t den  A b s ta n d  X  a u f  die G erade c u n d  in  h ie rzu  
n o rm a le n  R ich tu n g  (in  e n tsp re c h e n d en  S inne) p  a u f trä g t, so i s t  d e r  d e ra r t  
e rh a l te n e  P u n k t 2 e in  P u n k t  a u f  d er P ro je k tio n  von  / 23. Is t  X = 0  (B ild  17), 
so i s t y 23 norm al zu c [10, 13, 15].

D ie Z ahnfläche Ф3 des A b w älzp lan rad es, du rch  welches d ie  e in g re i
fe n d e n  Z ahnf lächen Фг (des k le inen  R ades) u n d  Ф2 (des großen R ad es)  e rzeu g t 
w e rd e n  (B ild 19), is t  e ine  K re isrin g fläch e  (v ie r te r  O rdnung) m it d em  P ro fil
h a lb m e sse r  Q, deren  A chse t m it  d er A chse I I I  des P lan rades sich  in  p a ra lle le r  
L ag e  u n d  davon in  e in em  A b s ta n d  S  b e f in d e t, u n d  deren  M itte lk re is  к  m it  dem  
H a lb m e sse r  К  von d e r A x o ide  A 32 des P la n ra d e s  sich  in  einem  A b s ta n d  H  b e 
f in d e t .  D ie augenb lick liche  L age der Z ah n fläch e  Ф3 w ird  d u rch  d en  v o n  der 
H a u p tg e r a d e n /23 au sg eh en d  gem essenen Y erd reh u n g sw in k e l xp =  <£ F 23 I I I  M  
b e s t im m t,  wobei im  F a lle  %p =  0 d er P u n k t M  m it  dem  P u n k te  F 23 z u sa m m e n 
fä l l t .

D ie  G esam theit d e r  N o rm alen  von  Ф3 is t  d ie K ongruenz v o n  G erad en , 
w e lch e  t u n d  auch к  sc h n e id e n  [23].

D ie  m o m en tan en  E in g riffsn o rm alen  n  v o n  den  Z ahnflächen  Фх, Ф2 u n d  
Ф3 s in d  jen e  G eraden in  d e r  v o n  den N o rm alen  d e r F läche Ф3 g e b ild e te n  K o n 
g ru e n z , w elche die G erad e  f 23 u n d  au ch  d e re n  rez ip roke Po lare  f 23 sch n e id en  
[4, 5 ]. D ie  gem einsam en N o rm alen  (der d re i Z ah n fläch en ) sind also  d ie  T ra n s 

Acta Technica Academiae Scientiarum Hungaricae 54, 1966

B ild  18. A x o id en  des v e rse tz te n  k le in en  R ades



DIE GEOMETRIE DES THEORETISCHEN EINGRIFFES VON ZAHNFLÄCHEN 110

v e rsa len  von k, t, f a  un d y i23. D ie T ran sv ersa len  v o n  k , t u n d / 23 s in d  allgem ein 
die E rzeu g en d en  einer R egelfläche v ie rte r  O rd n u n g . D ie gem einsam en  N o rm a
len  v o n  den E rzeu g en d en  d ieser R egelfläche s ind  je n e , die die H a u p tg e ra d e / 23 
sch n e id en . Die A nzahl d e r  gem einsam en  N o rm alen  is t  endlich  (allgem ein  v ier) 
u n d  d e r  E in g riff  von Ф1 u n d  Ф2 is t  p u n k tm ä ß ig .

Die m o m en tan en  E in g riffsp u n k te  E  v o n  Ф3, Ф2 u n d  Ф3 liegen  a u f  den 
gem einsam en  N orm alen , u .zw . in  einem  A b s ta n d  g vom  S c h n ittp u n k te  von  к 
m it d e r b e tre ffen d en  N o rm alen .

Bild 19. Hypoidverzahnung mit punktmäßiger Berührung

E in  P u n k t E  k a n n  fo lgcnderw eise g efu n d en  w erd en . A llgem ein k a n n  die 
A ufgabe  m it H ilfe e in er geom etrischen  (d. h . euk lid ischen ) K o n s tru k tio n  
zw eite r O rd n u n g  n ich t ge löst w erden . E ine  g rap h isch e  A n n äh eru n g  (B ild 19) 
is t  die fo lgende: eine belieb ige d u rch  t gelegte E b en e  h a t  m i t / 23 in  1 u n d  m it к 
in  2 je  e inen  S c h n ittp u n k t. D ie d u rch  1 u n d  2 g e fü h rte  G erade g, is t  eine N o r
m ale zu  Ф3, a b e r a llgem ein  k eine  m o m en tan e  E in g riffsn o rm ale . D ie G erade fx 
h a t  in  d er d u rch  / 23 geleg te  E b en e  A 32 e inen  S c h n it tp u n k t 3. D u rch  W ied er
h o lung  d ieser K o n s tru k tio n  — m it versch ieden  angen o m m en en  E b en en  d u rch  t 
— o d er u n te r  M itverw endung  d e r P ro p o rtio n  Д =  2 3 /1 3 = -Н /(р  co t £-}-X) e rh ä lt 
m an  einzelne P u n k te  d er K u rv e  g  (v ie rte r O rd n u n g ), als S ch n ittlin ie  d e r E bene 
A 3 2  m it d er von  den die G erade  / 23 schne idenden  N o rm alen  der F läch e  Ф3 ge
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b ild e te n  Regelfläche (v ie r te r  O rd n u n g ). In  d er d u rc h  die G erade t u n d  d u rch  
d en  S c h n it tp u n k t 4 v o n  g  u n d  f 23 geleg ten  E b en e  e n th a lte n e  G erade n h a t  m it к 
d en  P u n k t  5, m it f 23 d en  P u n k t  6, u n d  m it t den  P u n k t 7 als S c h n ittp u n k te . 
D ie d u rc h  P u n k te  5, 6 u n d  7 h in d u rc h  gehende E rzeugende n d e r R egelfläche 
is t  zu g le ich  die m o m en tan e  E in g riffsn o rm ale  von  Ф3, da sie den  K re is  k , u n d  
die G erad en  t, / 23 u n d  f 23 sch n e id e t. (F ü r yj-W erte, m it denen  t e n tw e d e r die 
G e ra d e n  f 13 oderf.,3 sch n e id e t, k a n n  n m it e iner K o n s tru k tio n  h ö ch sten s  zw eiter

B i ld  20. H y p o id v e rz a h n u n g  m it p u n k tm ä ß ig e r  B e rü h ru n g  im  F a lle  H  =  0

O rd n u n g  gefunden w erd en . I n  d iesem  F alle  is t die geom etrische L age d er ge
s u c h te n  gem einsam en N o rm a len  gegeben, e n tw ed e r in  der E b en e  v o n  t u n d  
/,.j, b zw . a u f  der K ege lfläche  m it dem  L e itk re is  к  u n d  m it e inem , m it dem  
S c h n i t tp u n k t  von  t u n d  f 23 id en tisch en  S p itz p u n k t, oder in d er E b en e  von  t 
u n d  f 23 bzw . au f der K ege lfläche  m it dem  L e itk re is  к u n d  m it e inem , m it dem  
S c h n i t tp u n k t  von t  u n d /,3  id e n tisc h e n  S p itz p u n k t.)  D urch  D reh u n g  u m  t in  die 
H a u p tp ro file b e n e  n im m t die G erade n die Lage [n ] ein, u n d  [n ]  sch n e id e t 
d en  H au p tp ro filk re is  im  P u n k t  [E ]  als um geleg ten  B ild p u n k t v o n  E . (Die 
Z ah l d e r  geom etrischen  L ösungen  is t  a ch t.)

D u rch  m it v e rsch ied en en  гр-W erten  w ied erh o lte  K o n s tru k tio n e n  kann  
m a n  a u f  der Z ah n fläch e  Ф3 die d en  p u n k tm ä ß ig e n  m o m en tan en  E in g riffs 
s te lle n  v o n  Ф1 u n d  Ф2 en tsp re c h e n d e  P u n k ts c h a r  u n d  die E in g riffs lin ie  e r
h a lte n .
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I s t  H  =  0 (B ild 20), so lie g t d e r M itte lk re is  к  in der A x o id en eb en e  A 3.2 
u n d  h a t  m it d e r H a u p tg e ra d e n  f 23 allgem ein  zw ei S c h n ittp u n k te . In  d iesem  
F alle  zäh lt m an  zu den g em ein sam en  m o m en tan en  E in g riffsn o rm a len  n  der 
Z ah n fläch en  Ф х, Ф., und  Ф3 te ilw eise  jen e  G erad en  aus der von d en  N o rm alen  
d er F läche  Ф3 g eb ilde ten  K o n g ru en z , die d u rch  die S c h n ittp u n k te  v o n  к u n d / 23 
h in d u rch g eh en  u n d  zugleich f 23 sch n e id en , u n d  teilw eise noch  d ie  (zw eim al 
m itzu rech n en d e) G erade, w elche m i t / 23 p a ra lle l is t. Die gem einsam en N o rm alen

B ild  21. H y p o id v e rzah n u n g  m it p u n k tm ä ß ig e r  B e rü h ru n g  im  Falle  H  = p. c o t  £ +  X

sin d  also teilw eise die du rch  die S c h n it tp u n k te  von  к u n d / , 3 h in d u rch g eh en d en  
T ran sv e rsa len  von  t und  f 23. In  d iesem  S onderfa ll k an n  also die L ö su n g  n ach  
den  euk lid ischen  P rinz ip ien  g e fu n d en  w erden . (D ie A nzahl der o b ig en  T e il
lö su n g en  ist a llgem ein  zwei.)

Irg en d e in  P u n k t E  k an n  fo lgenderw eise  k o n s tru ie r t w erden : d ie d u rc h  
die G erade t und  den  S c h n ittp u n k t 1 von к u n d  f l3 gelegte E bene h a t  m it f , 3 
den  S c h n it tp u n k t 2. Die die P u n k te  1 u n d  2 v e rb in d en d e  N orm ale n  s c h n e id e t 
die G erade  t im  P u n k te  3. W ird  n  d u rch  D reh u n g  um  t in die H a u p tp ro f i l 
ebene  in die L age [n ] um geleg t, so sch n e id e t [n ] den P rofilk re is  im  P u n k te  
[E],  a lso  is t [E ] die um gelegte L age von  E.  (D ie A nzahl der g eo m etrisch en  T e il
lö su n g en  ist a llgem ein  v ier. D ie A nzah l sä m tlic h e r Lösungen is t a c h t ,  da  w ir
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a u f  d e r  d u rch  den M it te lp u n k t  von  к h in d u rc h g e h e n d e n , m it f 23 p a ra lle le n  N o r
m a le n  w eitere  v ie r P u n k te  e rh a lten .)

I s t  H  =  p  ■ c o t £ -f- X  (B ild 21), so l ie g t  d e r M itte lk reis к  in  d e r  zu r 
A chse  I I I  no rm alen , d u rc h  die H au p tg e rad e  f 23 geleg ten  E b en e , u n d  h a t  к 
m it  f 23 allgem ein zw ei S c h n ittp u n k te . In  d iesem  F a lle  k an n  m an  zu  d en  ge
m e in sa m e n , m o m e n ta n e n  E ing riffsno rm alen  re d e r  Z ah n fläch en  Ф15 Ф2 u n d  Ф3 
te ilw e ise  jene  G erad en , d e r  d u rc h  die N o rm alen  v o n  Ф3 geb ildeten  K o n g ru en z , 
d ie  d u rc h  den S c h n i t tp u n k t  von  к und  / 23 h in d u rc h g e h e n d  f 23 schne iden , u n d  
a n d e rse its  noch je n e  G e ra d e  (der K ongruenz) zäh len  (diesm al d o p p e lt) , die 
m i t f 23 p a ra lle l lä u f t. So s in d  die gem einsam en N o rm a le n  zum  Teil die T ra n sv e r
sa le n  v o n  t und f 23, w elche  du rch  die S c h n it tp u n k te  von  к u n d  f 23 h in d u rc h 
g eh en . (D ie Lösung k a n n  in  diesem  S onderfa ll n a c h  euklid ischen P rin z ip ien  
g e lö s t w erden. Die A n z a h l d e r obigen T e illö su n g en  is t  allgem ein zwei.)

E in  P u n k t E  k a n n  folgenderw eise k o n s tru ie r t  w erden. Die d u rc h  die 
G erad e  t und  d u rch  d e n  S c h n ittp u n k t 1 von  к  u n d  f 2S gelegte E bene  h a t  m it 

f 23 d e n  S c h n ittp u n k t 2. D ie  d ie  P u n k te  1 u n d  2  v e rb in d e n d e  N orm ale re sch n e id e t 
t im  P u n k te  3. W enn  m a n  d u rc h  D rehung u m  t d ie  G erade re in  die H a u p tp ro f i l
eb en e  in  die Lage [re] u m le g t , so schneidet [re] d e n  H au p tp ro filk re is  im  P u n k te  
[.E], also  in  dem  u m g e le g te n  B ild p u n k t v o n  E . (D ie A nzahl der g eom etrischen  
T e illö sungen  is t a llg em ein  v ie r . Die A nzahl sä m tlic h e r  L ösungen is t  a llgem ein  
a c h t , d a  m an  a u f d e r d u rc h  den  M itte lp u n k t v o n  к  m it f 23 pa ra lle l gezogenen 
N o rm a len  w eitere v ie r  P u n k te  erhält.)

D a ein Y e rzah n u n g ssy s tem  m it p u n k tm ä ß ig e r  B erü h ru n g  von  k o n v ex en  
u n d  k o n k av en  Z a h n flä c h e n  dem  N ovikovschen  P rin z ip  [19] e n tsp r ic h t, k a n n  
m a n  d ie  aus der in  d e n  B ild e rn  19, 20, 21 g eze ig ten  A nordnungen  ab g e le ite te  
V e rz a h n u n g  als eine W N -V erzah n u n g  b e tra c h te n .
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G E O M E T R Y  O F T H E O R E T IC A L  M E SH  C O N D IT IO N S O F TO O TH  S U R F A C E S  
G E N E R A T E D  B Y  M EANS O F A T O R U S  S H A P E D  TOOL S U R F A C E

I. DRAHOS

SU M M A R Y

A ccord ing  to  th e  W ild h ab er-N o v ik o v  p rin c ip le , cy lin d rica l gears can  he  g e n e ra te d  by  
th e  F o rs te r - ty p e  g c a rcu ttin g  m achine, and  b ev e l- o r h y p o id -g ea rs  by  th e  G le aso n -ty p e  g e a r
c u ttin g  m ach ine. T he to o th  surfaces o f th e  re sp ec tiv e  g en era tin g  tools, th e  r a c k  a n d  th e  
im a g in a ry  crow n-w heel a re  ro ta tio n a l to ru s  su rfaces, h a v in g  th e  ro ta tio n a l c irc le  a s  ta n g e n t  
line. (T hese te e th  can  be  m ach in ed  b y  m ean s o f a  c u p -ty p e  g rind ing  wheel w ith  a  c ircu la r 
p ro file .) I n  th is  p ap er, k in em a tica l re la tio n s o f  w o rk in g  cond itions are t r e a te d  w ith  geo 
m etrica l analysis.

LA G É O M É T R IE  D E  L ’E N G R È N E M E N T  T H É O R IQ U E  DES S U R F A C E S  
D E  D E N T S E N G E N D R É E S  P A R  U N E  S U R F A C E  T O R O ID A L E

I. DRAHOS

R É S U M É

S u r les m achines de ty p e  F o rs te r on p e u t  fa ire  des couples d ’engrenages c y lin d r iq u e s , e t 
su r les m ach ines de ty p e  G leason , des roues co n iq u es e t  h y p o ïd es , d o n t l’en g rè n e m e n t rép o n d  
au  p rin c ip e  de W ild h ab er— N ovikov . Les su rfaces des d e n ts  des crém aillères ou  ro u e s  p lanes 
g én éra trices  so n t alors des su rfaces to ro ïda les v e n a n t  en  c o n ta c t le long de leu r cerc le  de  r o t a 
tio n . Les d e n ts  p eu v en t au ssi ê tre  usinées p a r  m eu lage  à  dév elo p p an te  au  m o y en  de m eules 
bo isseau x  de p ro fil c ircu la ire . L ’a u te u r, é tu d ia n t  la  c in é m a tiq u e  de l’engrèn e in en t des su rfaces 
de d e n ts  engendrées p a r  ce p ro céd é , utilise des m éth o d e s  g rap h iq u es.
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ГЕОМЕТРИЯ ТЕОРЕТИЧЕСКОГО ЗАЦЕПЛЕНИЯ В СЛУЧАЕ 
ПОВЕРХНОСТЕЙ ЗУБЬЕВ, ОБРАБОТАННЫХ ПО КОЛЬЦЕВОЙ ПОВЕРХНОСТИ

И .  Д Р А Х О Ш

РЕЗЮМЕ

На станках типа Форстера можно изготовлять такие цилиндрические, а на станках 
типа Глисон такие конические и гипоидные зубчатые колеса, зацепление которых соответ
ствует принципу Вильдгабера— Новикова. В этом случае поверхности зубьев обрабаты
вающих реек и, соответственно, плоских колес представляют собой плоскости колец 
вращения, которые касаются друг друга вдоль круга вращения. (Зубья можно обраба
тывать также шлифованием обкаткой при помощи горшечного камня круглого профиля!) 
В статье рассматривается кинематика зацепления обработанных вышеописанным способом 
поверхностей зубьев, разработанная с использованием конструктивных методов.
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INVESTIGATION OF THE LE AD-ANTIMONY SYSTEM
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[M anuscrip t received J a n u a ry  11, 1965]

An in v es tig a tio n  in to  th e  aspects of the  le a d -a n tim o n y  phase  equ ilib rium  d iag ra m  w as 
u n d e rta k en . I t  w as fo u n d  th a t  th e  a b ru p t  increase  in  th e  g ra v ity  seg regation  of th e  a n tim o n y - 
rich  phase  w hen th e  eu tec tic  p o in t is passed  is due to  th e  d iffe re n t m orphology  of th e  p r im a ry  
solid phase  and  n o t to  th e  v iscosity  change of th e  sy s tem . H a rd n ess te s ts  w ere c o n d u c ted  on 
a m acro  an d  m icro scale an d  i t  w as found  th a t  th e  h a rd n ess  o f h igh p u r ity  a n tim o n y  is 79,5 
k g /m m 2 an d  n o t 26 k g /m m 2, a n d  th e  h a rdness o f  th e  an tim o n y -ric h  phase  is 107,4 k g /m m 2 
and  n o t 32 kg /m m 2 as h ith e r to  rep o rted . T he h a rd n ess  o f h igh  p u r ity  lead  (99,9999) w as fo u n d  
to  be 2,74 kg /m m 2 an d  of com m ercial lead  (99,99) 3,75 k g /m m 2 in Brinell u n its , H  10/100/30 
a t  20 °C. T he com position  of th e  eu tec tic  p o in t лгав fo u n d  to  be 11,5%  a n tim o n y  w h ich  is close 
to th e  accep ted  va lue  of 11,1%  a n tim o n y . T he m ax im u m  so lu b ility  of lead  in  a n tim o n y  w as 
d e te rm in ed  by a new  m eth o d  of sep a ra tio n  w ith  th e  a id  o f h o t cen trifug ing  an d  w as fo u n d  
to be 5 ,01%  lead  a t  300 °C, 4 ,92%  lead  a t  400 °C, a n d  4 ,2 1 %  lead  a t  500 °C. T hese  v a lu es 
in th e  a n tim o n y -lead  ph ase  eq u ilib riu m  d iag ram  w ere n o t know n h ith e rto .

The le a d -a n tim o n y  system  was in v e s tig a te d  in th e  ea rlie s t tim es  of 
sc ien tific  research , an d  S a c k  [ 1 ] describes in v e s tig a tio n s  before 1890. In l8 9 6 , 
R o l a n d  —  G o s s e l i n  [2] d e te rm in ed , w ith  th e  a id  of 12 alloys, th e  liq u id u s  
line , an d  found  th e  e u tec tic  p o in t to  be 13%  o f a n tim o n y  in  lead  a t  a te m p e r 
a tu re  o f 228 C. T he com position  o f th e  e u te c tic  p o in t was confirm ed  b y  C i i a r p y  

[3] to  be 13%  o f an tim o n y . S t e a d  [4] re p o r te d  m easu ring  a te m p e ra tu re  of 
247 °C as th e  e u te c tic  te m p e ra tu re  an d  th e  co m position  o f th e  e u te c tic  p o in t 
to  be 12,7%  a n tim o n y . G o n t e r m a n n  [5] fo u n d  a eu tec tic  te m p e ra tu re  of 
247 °C an d  a e u te c tic  com position  o f 13%  a n tim o n y . T ab le  I p resen ts  th e  co m 
positio n  o f th e  e u te c tic  p o in t and  th e  te m p e ra tu re  o f th e  eu tec tic  t r a n s fo r 
m atio n  as found  b y  various au th o rs  in an  h is to ric a l asp ec t. The e u te c tic  te m 
p e ra tu re  is to d a y  ta k e n  as being  252 °C -|- 0,5 °C, an d  th e  eu tec tic  co m p o sitio n  
as 11,1 p er cen t b y  w eight or 17,5 a tom ic  p e r  c e n t o f an tim o n y .

T he s tro n g  supercoo ling  effect, com b in ed  w ith  a m arked  te n d e n c y  for 
g ra v ity  seg rega tion  are  th e  reasons w hy , o v e r th e  y ears , th e  re su lts  o f  th e  
d e te rm in a tio n  o f th e  e u te c tic  te m p e ra tu re  h av e  increased  from  228 °C to  
252 °C ^  0,5 °C, an d  th e  eu tec tic  com position  has decreased  from  13%  a n t i 
m ony  to  11 ,1%  an tim o n y . I t  is also know n th a t  th e  g ra v ity  seg reg a tio n  of 
le a d -a n tim o n y  alloys increases a b ru p tly  on p assin g  th e  eu tec tic  com p o sitio n  
to w ard s th e  a n tim o n y  side. This b eh av io u r h as  been a t tr ib u te d , f ir s t ly , to  th e  
difference in th e  d e n s ity  o f  th e  p rim ary  c ry s ta ls  o f  an tim o n y -rich  so lid  so lu 
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t io n s  fo rm ed  in  th e  h y p e r-e u te c tic  a lloys, c o m p ared  w ith  th e  d e n s ity  o f  th e  
p r im a ry  c ry s ta ls  o f le a d -ric h  solid  so lu tions in  th e  h y p o -eu tec tic  a llo y s, an d  
se c o n d ly , to  th e  decreasing  v isco sity  o f th e  m o lte n  alloy  i tse lf  as a fu n c tio n  
o f  th e  a n tim o n y  c o n te n t.

Table I

Author Year

Eutecti

Temperature, 
in °C

point

Composition 
Antimony; 

per cent, b/w

R oland—Gosselin  [2J 1896 228 13

Charpy  [3] 1897 — 13
Stead  [4] 1897 247 12,7
Gontermann  [5] 1907 247 13,0

L oebe  [6] 1911 245 13,0

H e y n —B auer  [7] 1914 245 13,0

D ean  [8] 1923 247/258 12,5

E ndo  [9] 1925 250 12,5
B ro n iew sk i—Sliwowski [10] 1928 250/252 13,0

A b e l —R edlich— A dler  [11] 1928 245 12,1

Quad r at—J iriste  [12] 1934 — 11,4

H o fe—H anem ann  [13] 1940 254 —
P e l l in i—R h in es  [14] 1943 251,5 ±  0,5 —
B lum enthal  [15] 1944 252 11,1
R ayn o r  [16] 1951 252 ± 0 ,5 11,1

H ofm ann—E ngel  [17] 1953 — 11,6

K rysko 1963 - 11,5

Values accepted today H a nsen  [18], 

H ofmann [19] 252 ±  0,5 11,1

I t  is know n  t h a t  th e  v isco sity  o f  th e  le a d -a n tim o n y  sy s tem  decreases 
s te a d ily  to w ard s  th e  e u te c tic  p o in t an d  b ey o n d  [19, 20] b u t  no a b ru p t  changes 
in  th e  v isco sity  v a lu es  h av e  ever been  o b se rv ed . C alculations on th e  basis  o f 
S to k e s ’ L aw  m ay  be ap p lied  for e s tim a tin g  th e  ra te  of sep a ra tio n  [21, 22] b u t  
th is  is on ly  ap p licab le  u n d e r  th e  a ssu m p tio n  th a t  a spherica l b o d y  m oves 
th ro u g h  an  idea l liq u id . T he m orpho logy  o f th e  p r im a ry  c rysta ls  o f  an tim o n y - 
r ic h  so lid  so lu tions m a y  h av e  b earin g  on th e  r a te  o f segregation , a n d  th e  fo rm  
o f  c ry s ta lliz a tio n  m a y  be th e  decisive fa c to r  fo r th e  a b ru p t increase  in  g ra v ity  
seg reg a tio n .

O n th e  basis o f th e  above-sa id , th e  a u th o rs  decided to  in v e s tig a te  th is , 
a n d  a llied  p h en o m en a , o f th e  le a d -a n tim o n y  sy stem .
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II. Experim ental Investigations

The m a te r ia l se lec ted  for th e  in v e s tig a tio n  co n sis ted  of tw o com m ercia l 
an tim o n ia l lead  in g o ts  each  o f a p p ro x im a te ly  22 kg  w eigh t, con ta in in g  re sp e c 
tiv e ly  10%  an d  13%  an tim o n y . T hese ingo ts w ere sec tio n ed  in  b o th  lo n g itu d in a l 
a n d  tran sv erse  d irec tio n s an d  drillings w ere ta k e n  from  num erous p laces a n d  
chem ically  an a ly sed . T he m ax im u m  v a r ia tio n  in  com position  o f th e  10 %  
an tim o n ia l lead  w as 9 ,10%  -f- 9 ,79%  a n tim o n y , w hereas th e  m ax im u m  v a r i 
a tio n  in  th e  13%  an tim o n ia l lead  w as 1 0 ,7 2 -^1 9 ,3 4 %  an tim o n y . T he re su lts  
confirm  th e  o b se rv a tio n s  b y  E n s s l i n  [23] w ith  p a r t ic u la r  reference to  h y p e r 
e u te c tic  alloys, an d  em phasise  th e  n eed  to  re m e it one in g o t for sam p lin g  an d  
to  ta k e  sam ples b y  ch illcasting , p re fe ra b ly  on to  a large cold m e ta l p la te . 
T he tw o ingots w ere c a s t an d  th e n  aged  for 5 y e a rs  a t  15 °C > 30 °C.
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F ig . 1

III. Hardness D eterm inations

T est p la te s  for h a rd n ess  te s ts  w ere c u t o u t  as cross-sections fro m  th e  
cen tre  o f each in g o t a n d  hardness d e te rm in a tio n s  m ad e  w ith  an A v ery  V isu a l 
H ard n ess  T estin g  M achine, T ype 6406, u sing  a d iam o n d  p y ram id  in d e n te r  
w ith  an  inc luded  angle o f  136° an d  a lo ad  of 5 kg . T h e  ra te  of load ing  w as a u to 
m a tic a lly  a d ju s te d  w ith  th e  a id  o f a h y d rau lic  cu sh io n in g  device. B o th  d ia g o 
nals fo r each  in d e n ta tio n  were re a d  an d  th e  m ean s de te rm in ed . T he V ickers 
p y ram id  h a rd n ess  n u m b ers  were e x tra c te d  from  th e  tab les  [24] a n d  a re  p re 
sen ted  in  Fig. 1 fo r th e  10%  an d  13 %  a n tim o n y  a lloy , superim posed  o n  each  
h a lf  section  o f  th e  in g o t, th e  cen tre  p a r ti t io n in g  p lanes facing each  o th e r . 
I t  can  be seen th a t  th e  hardness n u m b ers  a t  th e  to p  o f  th e  13%  a n tim o n ia l 
a lloy  were con sid erab ly  h ig h er th a n  those  o f  th e  10%  alloy . This b e h a v io u r  is 
co n sis ten t w ith  th e  chem ical an a ly sis , an d  th is  h a rd n ess  d e te rm in a tio n  te s t  
w as co n d u c ted  to  in v e s tig a te  th e  a p p lic a b ility  fo r  sem im icro -hardness te s t in g  
as a m eans of d e te rm in in g  th e  degree o f seg reg a tio n .
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B ecause  th e  re su lts  w ere low er th a n  e x p e c te d  [19], e u te c tic  a reas  were 
se le c te d  u n d er th e  m icroscope and  were su b je c te d  to  hardness d e te rm in a tio n . 
T h e  h a rd n ess  of th e  e u te c tic  com position  w as found  to  be 8,41 ^  0,5 V H 5, 
r e p re s e n tin g  a m ean  v a lu e  d e te rm in ed  fro m  30 in d en ta tio n s .

T h e  sam e e u te c tic  s tru c tu re  m easu red  b y  th e  Brinell m e th o d  w ith  a 10 
m m  b a ll an d  a load  o f 100 kg w ith  a s te a d y  increase of th e  lo ad  d u rin g  15 
seco n d s  an d  holding th e  m ax im u m  lo ad  fo r 30 seconds, show ed a h a rd n ess  of 
H  10/100/30 =  13,5 ^  0,5 k g /m m 2. The h a rd n e ss  of the  e u te c tic  s tru c tu re  as 
d e te rm in e d  w ith  th e  L e itz  D u rim et w ith  a lo a d  of 15 g an d  a lo ad in g  tim e  of 
30 seco n d s, was H V  (15 g) =  16,6 ^  3,0 k g /m m 2. The D u rim et w as also used 
to  f in d  th e  hardness o f th e  phases p re se n t in  th e  eu tec tic  s tru c tu re . T he lead- 
r ic h  d e n d rite s  show ed a v a lu e  of HY (15 g) =  15,7 ^  3,2 k g /m m 2, w hereas 
th e  an tim o n y -ric li p h ase  in  th e  form  of la rg e  cuboids show ed a D u rim e t value 
o f  H Y  (15 g) =  107,4 2 ,0  kg /m m 2. F o r com p ariso n  w ith  p re v io u s ly  d e te r
m in e d  v a lu es , th e  h a rd n e ss  d e te rm in a tio n  te s ts  of com m ercial le ad  (Feinblei 
99 ,99  D IN  1719), h igh  p u r ity  lead (C om inco 69*), and  h igh p u r i ty  an tim o n y  
(C om inco  69) w ith  th e  B rinell, A very  a n d  D u rim e t m achines re sp ec tiv e ly , 
w ere  u n d e rta k e n . T he re su lts  given are  a m ean s of at le a s t 30 in d e n ta tio n s  
w ith  m ax im u m  an d  m in im u m  v a ria tio n s  a n d  are  p resen ted  in  T ab le  I I .

Table I I

H ardness values in  B rin e ll and Vickers (A v e ry  a n d  D urim et) fo r  com m ercial lead , 
high p u rity  lead, high p u r i ty  an tim ony , lead-rich dendrites, antim ony-rich  cuboids 

and the eutectic structure o f  the lead-antim ony system.
T h e  re su lts  are th e  m ea n s  o f a t  least 30 in d e n ta tio n s  w ith  m ax im um  a n d  m in im u m

read ings as to le ran c e s

Temperature of test,
20 °C ±  0,5 °C

Hardness determined by

Brinell,
H/10/100/30 kg/mm2

Avery Universal Tester, HV 
HV (5) kg/mm2

Leitz Durimet, 
HV (15 g) kg/mm2

C o m m erc ia l lead, Feinblei 

99.99  (G rainsize: 0,5 m m 2) 3,57 ±  0,05 O u tsid e  reading range 3,71 ±  0,1

H ig h  p u r i ty  lead, Cominco 

69 (G rainsize: 0,2 m m 2) 2,74 ±  0,04 O u ts id e  reading range 3,26 ±  0.08

H ig h  p u r i ty  an tim ony , Com 

in co  69 (Cast s tru c tu re ) 30,0 ±  18,0 38,6 ±  20,0 79,5 ±  2,0

L e a d -r ic h  dendrites N ot possible N o t possible 15,7 ±  6,2

A n tim o n y -r ic h  solid so lu tion  

as cubo ids N ot possible N o t possible 107,4 ±  2,0

E u te c t ic  s tru c tu re 13,5 ±  0,5 8,41 ±  0,5 16,6 ±  3,0

* Com inco is th e  a b b re v ia tio n  of C onso lidated  M ining and Sm elting C o m p an y  of C anada 
L im ite d ,  M ontreal. C om inco 69 m eans 99 ,9999%  p u r i ty .
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The p re v io u s ly  rep o rted  v a lu es  o f  2,5 to  4 ,0  B rinell U n its  for co m m erc ia l 
le ad  [19] a t  ro o m  te m p e ra tu re , a re  s im ila r to  th e  va lu es  in  T ab le  I I .  T h e  v a lu es  
fo r h igh  p u r ity  le a d  a re , as e x p e c te d , co n sid e rab ly  low er th a n  th e  v a lu es  for 
com m ercial le ad . H ig h  p u r ity  a n tim o n y  show ed  a b ro ad  sc a tte r in g  on  th e  
B rinell an d  A v e ry  te s tin g  e q u ip m e n t, w hereas th e  accu racy  o f th e  D u rim e t 
w as sa tis fa c to ry . I n  th e  la t te r  case , th e  h a rd n e ss  va lu es  w ere c o n s id e ra b ly  
h ig h e r th a n  th o se  o b ta in ed  w ith  th e  B rinell a n d  A very  read ings, as w ell as 
th e  p rev iously  r e p o r te d  resu lt o f 26 k g /m m 2 b y  G o e b e l  [25]. The sam e a u th o r  
re p o r te d  a m a x im u m  hardness o f  32 k g /m m 2 in  th e  le ad -a n tim o n y  sy s te m  for 
a n  alloy  of 90%  a n tim o n y . This is co n sid e rab ly  low er th a n  th e  re su lt o b ta in e d  
in  th is  in v e s tig a tio n  of 79,5 k g /m m 2 for h ig h  p u r i ty  an tim o n y  a n d  107,4 
k g /m m 2 for th e  cu b o id s . The d ifference  m ay  be ex p la in ed  b y  th e  o b se rv a tio n  
th a t  th e  h igh p u r i ty  an tim o n y  show ed  even  a t  low  loads, m icroscopic c rack s 
th ro u g h  th e  in d e n ta tio n s , w hich in creased  th e  d ia m e te r  co n siderab ly . W ith  
loads o f 15 g no  c rack s were o b se rv ed  an d  th e  re su lts  show ed no sc a tte r in g . 
I t  w as concluded  t h a t  th e  value o f  th e  h a rd n ess  o f  h igh  p u r ity  a n tim o n y  a t  a 
te m p e ra tu re  of 20 °C is 79,5 ^  2,0  k g /m m 2 in V ickers H  U n its  (15 g) m easu red  
w ith  th e  L eitz D u r im e t, ra th e r  th a n  th e  p rev io u sly  re p o rte d  value o f 26 k g /m m 2.

The d e te rm in a tio n  of th e  h a rd n ess  o f th e  an tim o n y -ric h  solid so lu tio n  
in  fo rm  o f cubo id s  led  to  th e  fo llow ing  o b se rv a tio n . I f  th e  cubo ids w ere 
sm alle r th a n  20 tim e s  th e  d iagona l o f  th e  in d e n ta tio n  th e y  sp lit a n d  w ere 
p ressed  in to  th e  so f t m a trix . F u r th e r ,  i f  th e  in d e n te r  w as n o t p laced  c e n tra lly  
on  th e  cuboids, th e y  tilte d  in  th e  so ft m a tr ix  a n d  th e  in d e n te r  slid  a long  th e  
t i l te d  surface p ro d u c in g  a sc ra tch . B y  ca re fu lly  se lec ting  la rg e r cuboids u n d e r  
th e  m iscroscope, 30 in d e n ta tio n s  w ere p ro d u ced  w hich  d id  n o t s c a tte r  m ore  
th a n  2% . On th e  basis  o f the  ab o v e  sa id , i t  m a y  be claim ed th a t  th e  h ig h e s t 
h a rd n ess  in th e  le a d  an tim o n y  sy s te m  is th e  a n tim o n y -ric h  solid so lu tio n  of 
cubo ids w ith  a h a rd n e ss  value o f  107,4 2,0 k g /m m 2, d e te rm in ed  w ith  th e
L e itz  D urim et m icro  hardness te s te r  u n d e r  a lo ad  o f 15 g, an d  n o t th e  p re v io u s ly  
re p o rte d  value o f  32 kg/m m 2 [25].

The values o f  th e  hardness o f  th e  e u te c tic  s tru c tu re  o f 13,5 ^  0,5 k g /m m 2 
fo u n d  w ith  th e  B rin e ll m achine, a re  s im ila r to  th e  p rev io u sly  re p o rte d  v a lu e  
o f  15 kg/m m 2 [26]. T he values d e te rm in e d  w ith  th e  D u rim e t are  m ore s c a tte re d , 
b u t  th is  is n o t su rp ris in g , ta k in g  in to  co n sid e ra tio n  th e  du p lex  n a tu re  o f  th e  
s tru c tu re . The v a lu es  de te rm ined  w ith  th e  A v e ry  m ach ine  are low er, a n d  th is  
m a y  be ex p la in ed  b y  th e  sh o rte r  te s tin g  tim e  a n d  th e  fa c t th a t  th e  edges o f 
th e  d iam ond  p y ra m id  crush  or p ress th e  h a rd  lam ellás o f th e  a n tim o n y -r ic h  
p h ase  an d  th u s  decrease  th e  h a rd n ess . F u r th e r , th e  m in im um  load  ap p licab le  
(5 kg) is u n fav o u rab le  in  th e  case o f  th e  le a d -a n tim o n y  alloy .

S um m ariz ing , i t  m ay  be said  t h a t  th e  B rine ll m ach ine  is th e  m o st re liab le  
fo r m easuring  th e  v a lu es  of pure le ad  a n d  th e  le a d -a n tim o n y  eu tec tic , w h ereas  
m icro  hardness te s t in g  is the  on ly  m ean s o f d e te rm in in g  th e  h a rdness o f p u re
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a n tim o n y  an d  th e  a n tim o n y -r ic h  cubo ids. T he A very  hard n ess  te s ts  are  fa s t 
a n d  co n v en ien t b u t  do n o t g ive re su lts  to  th e  B rinell values in  h a rd n ess  te s tin g  
o f  th e  le a d -a n tim o n y  sy s tem .

IV. Structural Investigations

A  m e ta llu rg o -m eta llo g rap h ic  in v e s tig a tio n  was co n d u c ted  on sam ples 
s im ila r  to  th e  sam ples u sed  fo r th e  h a rd n ess  te s t .  M acro e x a m in a tio n  o f  sam ples 
(F ig . 2) show ed a s tro n g e r  seg rega tion  o f a n tim o n y  in th e  13%  a n tim o n y  alloy

■

Fig. 2

th a n  in  th e  10%  alloy . T h e  area  o f seg reg a tio n  was ou t o f p ro p o rtio n  to  th e  
in c rea se  in  th e  p r im a ry  fo rm ed  a n tim o n y -r ic h  phase , an d  all th is  p o in ts  
to w a rd s  an  a b ru p t in crease  in  th e  g ra v ity  seg rega ted  phase on p ass in g  th e  
e u te c tic  p o in t.

Sam ples for m icroscop ic  in v e s tig a tio n  w ere selected . T he sam p lin g  of 
th e  a llo y s, w hich is p re se n te d  in F ig . 2, to o k  p lace  in  such a m a n n e r t h a t  p o in t 1 
is p re se n te d  in F ig . 5; p o in t 2  in  F ig . 4; a n d  p o in t 3 in  Fig. 3 a t  120 tim e s  m ag 
n if ic a tio n . F ro m  th ese  m icro  s tru c tu re s  we can  observe th a t  th e  p r im a ry  
c ry s ta lliz a tio n  to o k  p lace  in  th e  fo rm  of a d e n d ritic  fo rm atio n  o f th e  le ad -rich  
p h a se  and  th e  e u te c tic  s tru c tu re  w as fo rm ed  betw een  th e  d e n d ritic  b ran ch es , 
in  consequence  of w hich  a n y  g ra v ity  seg reg a tio n  w as v e ry  re s tr ic te d . T he m icro 
s tru c tu re s  of th e  13 %  a n tim o n y  a lloy  w ere sam p led  so th a t  p o in t 4  is p re se n te d  
in  F ig . 8; p o in t 5 in  F ig . 7; an d  p o in t 6 in  F ig . 6. B y ex a m in a tio n  o f  these
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F ig . 4

p ic tu re s  i t  m ay be concluded  th a t  in  c o n tra s t to  th e  b e h av io u r o f  th e  hypo- 
e u te c tic  alloys, th e  p r im a ry  c ry s ta llized  phase  in  th e  h y p e r-e u te c tic  alloys is 
th e  an tim o n y -rich  p h a se , and  th is  p h ase  does n o t fo rm  a n y  d e n d ritic  p a tte rn  
b u t  crystallizes in  in d iv id u a l in d e p e n d e n t cuboids th e  seg rega tion  o f w hich 
is n o t  re s tr ic ted  a n d  can be ca lcu la ted  [21, 22]. D ue to  th e  p ro n o u n ced  seg
re g a tio n  of the  p r im a ry  cuboids o f  th e  h y p e r-e u te c tic  com position , th e  a n t i 
m o n y -rich  phase o f  th e  eu tec tic  is ab so rb ed  b y  th e  p r im a ry  p h ase  an d  an  
a n tim o n y  defic iency  is p roduced  fo rm ing  localized  h y p o -e u te c tic  com po
s itio n s  and  a re a p p e a ra n c e  of th e  d e n d ritic  p a t te rn  o f  th e  le a d -ric h  ph ase
(F ig . 7).
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F ig. 6

F ro m  th is  in v e s tig a tio n  i t  m a y  be deduced  th a t  th e  m ain  reaso n  fo r th e  
a b r u p t  increase in  th e  g ra v ity  seg regation  o f th e  h y p e r-e u te c tic  a lloys is th e  
d if fe re n t  fo rm  of th e  p r im a ry  c ry s ta lliz a tio n . In  th e  h y p o -e u te c tic  alloys th e  
p r im a r y  c ry sta lliza tio n  is d e n d r it ic  an d  in te rfe res  w ith  a n y  ty p e  o f seg regation . 
I n  th e  h y p e r-eu tec tic  c o m p o sitio n  th e  p r im a ry  p h ase  is a fo rm a tio n  o f in d iv i
d u a l  in d e p e n d e n t cubo ids o f  th e  a n tim o n y -rich  solid  so lu tio n  an d  th e re  is no 
r e s tr ic t in g  in terference  to  g ra v ity  seg rega tion . T h is has c o n tr ib u te d  consider
a b ly  to  th e  d ifficu lties in  d e te rm in in g  th e  e u te c tic  com position . F u r th e r , i t  
m u s t  be  recom m ended  t h a t  w h erev er possib le  th e  castin g  o f  le a d -a n tim o n y  
a llo y s  w ith  an  a n tim o n y  c o n te n t  o f m ore th a n  11 ,1%  be av o id ed , an d  th e
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F ig . 7

F ig . 8

specifica tions for com m erc ia l 13%  an tim o n ia l lead  in  th e  lig h t o f  th e  la te s t 
in v es tig a tio n s  [15 — 19] sh o u ld  be rew ritten .

V. D eterm ination of the E utectic Composition

A reas o f th e  p o lish ed  sam ples show ing  th e  eu tec tic  s tru c tu re  were 
se lec ted  u n d e r a low -pow er b in o cu la r m icroscope a n d  sam pling  w as done w ith  
th e  a id  o f a m icro -d rill, ca re fu lly  selecting  o n ly  th e  eu tec tic  s tru c tu re . Ten 
in d e p e n d e n t sam ples w ere ta k e n  an d  chem ically  an a ly sed . T he re su lt  o f th is  
an a ly sis  was 11,5 ^  0,3 p e r  cen t b y  w eight o f a n tim o n y . The low est an a ly tic a l
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v a lu e  fo u n d  was 11,2%  a n tim o n y , an d  th is  va lu e  ap p ro ach es to d a y ’s accep ted  
v a lu e  o f  11 ,1%  [18, 19] v e ry  closely.

VI. D e te rm in a tio n  o f  th e  M axim um  Solid Solubility  
o f  th e  A n tim ony-rich  P h ase

B ecause  the  co m p o sitio n  o f th e  a n tim o n y -ric h  phase  ap p e a rs  to  be n o t 
k n o w n  [18, 19] an  a t te m p t  w as m ade to  d e te rm in e  th e  co m p o sitio n  o f  th e  
c u b o id s . A  cy lindrical c o n ta in e r  was p laced  in  an  e lec tric  p o t fu rn a c e  and  
h e a te d  to  300 °C 5 °C; 400  °C ^  5 °C; an d  500 °C 5 °€ . T h is  c o n ta in e r  
w as  so  co n stru c ted  th a t  th e  v e r tic a l walls w ere m ad e  o f porous b e a r in g  m a 
te r i a l  a n d  the  b o tto m  w as m a d e  o f solid sh ee t m a te r ia l  as w ell as th e  u p p e r 
h o r iz o n ta l  collar ring . W h e n  th e  co n ta in e r reach ed  th e  desired  te m p e ra tu re  i t  
w as r o ta te d  giving a t  th e  w alls  o f  th e  c o n ta in e r  a g ra v ity  force o f  g =  21. 
T h ro u g h  a p ipe, a lead  a llo y  o f  13%  an tim o n y  h e a te d  up  to  300 °C; 400 °C and  
500 °C, w as in tro d u ced  in to  th e  ro ta tin g  c o n ta in e r . W ith  th e  a id  o f th e  c e n tr i
fu g a l fo rce  of g =  21, th e  l iq u id  p a r t  of th is  a llo y  w as squeezed  th ro u g h  th e  
p o ro u s  m a te ria l an d  c a ta p u l te d  from  th e  c o n ta in e r , w hereas th e  so lid  p a r t  
r e m a in e d  as a layer on th e  v e r t ic a l  wall. T he a d v a n ta g e  o f th is  m e th o d  was 
t h a t  a la rg e  am ount of a llo y  co u ld  be p u t th ro u g h  th e  ro ta tin g  c y lin d e r w ith o u t 
a  s to p  a n d  an  accu m u la tio n  o f  th e  solid phase  cou ld  ta k e  p lace. T h is so lid  phase  
w as re m o v e d  after co m p le tio n  o f  th e  te s t  and  u n d e rw e n t th e  fo llow ing a n a ly tic a l 
t r e a tm e n t .  P re lim inary  in v e s tig a tio n s  on pu re  a n tim o n y  and  p u re  le a d  shaken  
in  v a r io u s  portions for v a r io u s  tim es  show ed t h a t  on ly  th e  le ad  w as d isso lved  
in  c o ld  co n cen tra ted  h y d ro c h lo r ic  acid an d  th e  a n tim o n y  re m a in e d .

F iv e  sam ples fo r e a c h  te m p e ra tu re  were t r e a te d  acco rd ing  to  th e  above 
d e s c r ib e d  m ethods an d  th e  f in a l residue a n a ly sed . T he resu lts  a re  p re sen ted  
in  T a b le  I I I .

Tabic III

T emperature Percentage of lead by weight
separation Test 1 Test 2 Test 3 Test 4 Test 5 Mean

300 °c 5,11 5,02 5,14 4,83 4,95 5,01

400 °C 4,90 4,92 4,95 4,89 4,94 4,92

500 °C 4,22 4,29 4,14 4,19 4,23 4,21

F ro m  th is in v e s tig a tio n  i t  m ay  be sa id  t h a t  th e  co m p o sitio n  o f th e  
a n tim o n y -r ic h  solid so lu tio n  o f  th e  le a d -a n tim o n y  p h ase  e q u ilib riu m  d iag ram  
is as  fo llow s:

A t 300 °C 5 ,01%  lead  b y  w eigh t;
a t  400  °C 4 ,92%  lead  b y  w eigh t;
a t  500 °C 4 ,21%  lead  b y  w eight.

*
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U N T E R S U C H U N G  D E S B L E I-A N T IM O N  SYSTEMS

W. W. KRYSKO und J. M. NEWBURN

Z U SA M M EN FA SSU N G

D ie V erfasser u n te rsu c h te n  das B lei-A n tim o n  Z u stan d sd iag ram m . Sie fa n d e n , daß 
das p lö tz lich e  A nw achsen d e r G ra v ita tio n ss te ig e ru n g  d e r  an tim onreichen  P h a se  n a c h  Ü b e r
sch re itu n g  des eu tek tisch en  P u n k ts  d u rch  die v e rsch ied en e  Morfologie der p r im ä re n  So lidus
ph ase  v e ru rs a c h t w ird u n d  n ic h t  d u rc h  eine V erän d e ru n g  de r V iskositä t des S y s te m s . M ikro
u n d  M akro h ärtem essu n g en  w u rd en  d u rc h g e fü h rt u n d  d ie  H ä rte  von R e in s ta n tim o n  w urde 
zu 79,5 k g /m m 2 gefunden  u n d  n ic h t zu 26 k g /m m 2, d ie  H ä r te  der an tim o n re ich en  P h a se  ist 
107,4 k g /m m 2 u n d  n ich t 32 k g /m m 2, wie b isher b e k a n n t. D ie H ä rte  von re in s tem  B lei (99,9999) 
w urde  zu 2,74 kg /m m 2 gefu n d en  u n d  die von  h an d e lsü b lich em  Blei (99,99) zu 3 ,75  k g /m m 2, in 
B rin e lle in h eiten  H  10/100/30 bei 20 °C. D ie Z u sam m en se tzu n g  des eu tek tisch en  P u n k ts  w ar 
11 ,5%  A n tim o n , was nah e  d em  allgem ein  a n e rk a n n te n  W e rt von 11,1%  A n tim o n  is t .  Die 
m ax im ale  L öslichkeit von  B lei in  A n tim o n  w urde  m itte ls  einer neuen S e p a ra tio n sm e th o d e  
d u rch  H e iß zen trifu g ieren  g e fu n d en  u n d  w urde zu 5 ,0 1 %  B lei bei 300 °C, zu 4 ,9 2 %  B lei bei 
400 °C u n d  zu  4 ,21%  Blei bei 500 °C gefunden . D iese W erte  im  A n tiin o n -B le i-Z u stan d sd iag - 
ra m m  w aren  b isher n ich t b e k a n n t.
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R E C H E R C H E S  S U R  L E  SY ST ÈM E  PL O M R -A N T IM O IN E

W. W. KRYSKO et J. M. NEW BURN

RÉSU M É

L e d iagram m e d ’éq u ilib re  d u  systèm e p lo m b -a n tim o in e  a é té  étudié p a r les a u te u rs . Ils 
o n t  t r o u v é  que l’au g m e n ta tio n  b ru sq u e  de la ség rég a tio n  g ra v ita tio n n e lle  de la  p h a se  rich e  en 
a n tim o in e  au  delà du  p o in t e u te c t iq u e  est due à  la  m o rp h o lo g ie  différente de la  p h a se  solide 
p r im a ire  e t  non au c h a n g e m e n t de  viscosité  du  sy s tè m e . D es  essais de m icro- e t  m a c ro d u re té  
o n t  é té  f a i ts  p a r les a u te u rs , q u i  o n t  tro u v é  que la d u re té  de  l ’an tim oine  de h a u te  p u re té  e s t de 
79,5 k g -m m 2 e t celle de la  p h a se  rich e  en an tim oine de  107 ,4  kg-m m 2, au  lieu  de  26 k g -m m 2, 
re sp . d e  32 kg-m m 2, com m e on  l’a  c ru  ju sq u ’à p ré sen t. L a  d u re té  du  plom b le p lus p u r  (99,9999) 
e s t  d e  2 ,74 kg-m m 2 e t celle d u  p lo m b  com m ercial (9 9 ,9 9 ) d e  3,75 kg-m m 2, en  u n ité s  B rinell 
H  10 /1 0 0 /3 0  à 20 °C. L a  c o m p o s itio n  d u  po in t e u te c tiq u e  p ré s e n ta i t  11,5%  d ’a n tim o in e , p o u r
c e n ta g e  p roche  de la v a le u r  g é n é ra le m e n t adm ise: 1 1 ,1 %  d ’a n tim o in e . La so lub ilité  m ax im u m  
d u  p lo m b  d an s l’an tim o in e  é ta i t  déterm inée p a r u n e  n o u v e lle  m éthode de s é p a ra t io n  avec 
c e n tr ifu g e a g e  à chaud , qu i d o n n a it  5 ,01%  du  p lom b à 300 °C, 4 ,92%  du p lom b à  400 °C e t 
4 ,2 1 %  d u  p lom b à 500 °C. Ces v a le u rs  du d iag ram m e d ’éq u ilib re  an tim oine-p lom b n ’é ta ie n t 
p a s  c o n n u es  ju sq u ’à p ré sen t.

ИССЛЕДОВАНИЕ СИСТЕМЫ СВИНЕЦ — СУРЬМА
В. В. КРИСЬКО и И. М. НЬЮБУРН

РЕЗЮМЕ

Авторы исследовали диаграмму состояния системы свинец — сурьма. Авторами 
установлено, что внезапный рост гравитационного зейгерования богатой сурьмой фазы 
после перехода через эвтектическую точку является следствием различной морфологии 
первичных солидусных фаз, а не следствием изменения вязкости системы. Были про
ведены измерения микро- и макротвердости и твердость совершенно чистой сурьмы была 
установлена равной 79,5 кг!мм2, а не 26 кг/мм2; твердость же богатой сурьмой фазы равна 
107,4 кг/мм2, а не 32 кг/мм2, как это считалось до сих пор. Твердость очень чистого свинца 
(99,9999) была установлена равной 2,74 кг/мм2, а свинца торговой марки (99,99) равной 
3,75 кг/мм2, в единицах Бринеля Н 10/100/30 при 20 °С. Состав в эвтектической точке 
был установлен равным 11,5 % сурьмы, что лежит близко к общепринятому значению в 
11,1 % сурьмы. Максимальная растворимость свинца в сурьме была установлена при по
мощи нового метода сепарирования (центрифугирования в горячем состоянии) и опре
делена равной 5,01 % свинцу при 300 °С, 4,92% свинцу при 400 °С и 4,21 % свинцу при 
500 °С. Эти величины на диаграмме состояния системы сурьма — свинец до сих пор не 
были еще известны.
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THE INFLUENCE OF TEM PERATURE AND RELATIVE 
INTERFACIAL SHEAR MOVEMENT RATE 

ON TH E  SHEAR STRENGTH OF HIGH PURITY LEAD

W. W . K R Y SK O  an d  R . G. F E N T O N  
D r. Ing . M.Sc.

THE UNIVERSITY OF NEW SOUTH WALES, SYDNEY (AUSTRALIA)

[M an u scrip t received  J a n u a ry  11, 1965]

T es ts  w ere carried  o u t to  d e te rm in e  th e  in flu en ce  o f th e  te m p e ra tu re  a n d  th e  re la tiv e  
in te rfac ia l sh ea r m o v em en t r a te  on  th e  shear s tre n g th  of h ig h  p u r i ty  lead . I t  w as fo u n d  th a t  
c ritica l ra te s  ex is t, as follow s: A t +  170 °C a n d  + 1 0 0  °C, above 150 m m /c m /m in ; a t  
0 °C, 80 m m /cm /m in ; a t  —70 °C, 50 m m /cm /m in ; a t  — 135 °C, 35 m m /c m /m in ; an d  
a t  — 185 °C, less th a n  5 m m /cm /m in , for 99 ,9999%  p u r i ty  lead  w ith  a g ra in  size o f  0,2 m m 2. 
T hese v a lu e s  a re  n eeded  fo r th e  ca lcu la tio n  of p ow er re q u ire m e n ts  du rin g  th e  p rocess of 
ex tru s io n  a n d  m ay  ex p la in  th e  increase  in  p ressure  re q u ire d  w ith  increasing  ram  speed .

F o r th e  ca lcu la tio n  o f th e  pow er c o n su m p tio n  req u ired  d u ring  th e  process 
of e x tru s io n  o f m e ta ls  [1] i t  is n ecessary  to  k now  th e  sh ear s tre n g th  o f  these  
m eta ls  a t  d iffe ren t te m p e ra tu re s , ap p ly in g  v a rio u s  defo rm ation  ra te s .  I t  is 
know n t h a t  th e  sh ea r s tre n g th  o f lead  a t  a g iven  te m p e ra tu re  d ep en d s on th e  
g ra in  size [2] an d  on th e  d e fo rm atio n  ra te  [3]. T he effect o f th e  s t r a in  ra te  
on th e  p ro p e rtie s  d e te rm in ed  v aries w ith  th e  te m p e ra tu re . I t s  in fluence  
ra p id ly  increases w ith  in c reasin g  te m p e ra tu re  a n d  i t  becom es d o m in a n t a t 
te m p e ra tu re s  close to  th e  m e ltin g  p o in t o f  m e ta ls . A t room  te m p e ra tu re  th e  
effect o f  th e  s tra in  ra te  on p ro p e rtie s  of h ig h  m e ltin g  p o in t m eta ls  is genera lly  
neglig ib le , b u t  p ro p e rtie s  o f low  m eltin g  p o in t m e ta ls  are s tro n g ly  in flu en ced  
by  th e  ap p lied  s tra in  ra te  even  below  room  te m p e ra tu re .

S ince th e  e x tru s io n  o f  m eta ls  u su a lly  ta k e s  p lace  a t  e leva ted  te m p e ra tu re s  
re la tiv e ly  close to  th e  m e ltin g  p o in t, i t  is th e re fo re  necessary  to  o b ta in  ex ac t 
values o f  th e  sh ea r s tre n g th  o f m eta ls  used  in  e x tru s io n  as a fu n c tio n  o f  th e  
te m p e ra tu re  a n d  th e  re la tiv e  in te rfac ia l sh ea r a rea  m ovem en t.

T he sh ea r s tre n g th  p ro p e rtie s  o f h ig h  p u r i ty  lead  (99,9999% ) [4] are 
in v e s tig a te d  in  th is  p a p e r  as p a r t  o f an  e x te n d e d  in v es tig a tio n  on e x tru s io n  
o f m e ta ls . L ead  was e x tru d e d  to  a rod  o f 11,2 m m  d iam e te r. S pecim ens were 
c u t fro m  th is  ro d , each  m easu rin g  a b o u t 70 m m  in  len g th . The su rface  o f  th e  
specim ens was sm o o th , th e  g ra in  s tru c tu re  fine  a n d  un ifo rm ly  d is tr ib u te d . 
The av e rag e  g ra in  size m easu red  0,2 m m 2. T h is g ra in  size was d e te rm in e d  by  
e tch in g  th e  e x tru d e d  su rface  [5]. The tensile  s tre n g th  of th e  m a te r ia l  a t  a 
s tra in  r a te  o f 10,2 m m /cm /m in  an d  a te m p e ra tu re  o f  22 °C was fo u n d  to  be 
158,2 kg /cm 2 an d  its  e lo n g a tio n  over 110 m m  w as 8 5 % .
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A  un iversal e le c tro -h y d ra u lic  te s tin g  m ach in e  was used  to  c a rry  ou t 
th e  te s ts .  An average d e fo rm a tio n  ra te  in  m m /m in  was ca lcu la ted  b y  d iv id in g  
th e  re la tiv e  tran sv erse  d isp la c e m e n t of th e  f ix e d  an d  m oving sh ea rin g  rings 
b y  th e  corresponding  tim e  in te rv a l . B y d iv id in g  th e  average d e fo rm a tio n  ra te  
b y  th e  d iam ete r of th e  sp ec im en  in  cm th e  av e rag e  re la tiv e  in te rfa c ia l sh ea r 
m o v e m e n t ra te  in  m m /c m /m in  was o b ta in ed .

T h e  te s ts  w ere c a rr ie d  o u t in  a te m p e ra tu re  b a th . The spec im en  was 
p la c e d  in  th e  c ircu lar ho le  o f  th e  tw o fixed  a n d  one m oving  steel sh ea rin g  rings 
a n d  w h en  th e  specim en w as p ro p e rly  p laced  in  p o s itio n  an d  th e  rin g s a d ju s te d ,

Relative interfaciai shear movement rate,
m m /c m / m i n

F ig . 1. T h e  shear s tre n g th  o f h ig h  p u r i ty  lead  as a  fu n c tio n  of tem p e ra tu re  a n d  th e  re la tiv e  
in te rfac ia l sh ea r m o v e m e n t r a te ,  th e  d o tte d  lin e  show s th e  c ritica l r a te

th e  c o n ta in e r  was filled  w ith  liq u id . The specim en  a n d  th e  rings w ere com plete ly  
su b m e rg e d  so th a t  u n ifo rm  te m p e ra tu re  could  be  k e p t th ro u g h o u t. A th e rm o 
m e te r  w as placed in  th e  l iq u id  to  m easure its  te m p e ra tu re . A t one en d  o f each  
sp e c im e n  a sm all hole w as d rilled , in to  w hich  th e  end  of a th e rm o co u p le  was 
p la c e d  an d  by th is  m ean s th e  ac tu a l te m p e ra tu re  of th e  specim en  its e lf  was 
m e a su re d . Most of th e  te m p e ra tu re s  a t  w h ich  te s ts  were ca rried  o u t were 
f ix e d  tem p era tu res , se le c te d  to  enable c o n s ta n t te m p e ra tu re s  to  be m a in ta in e d  
o v e r  a len g th y  period  o f t im e . T he resu lts o b ta in e d  from  six te s t  te m p e ra tu re s  
a re  l is te d  in Table I .

These results a re  p lo t te d  in  Fig. 1. T he sh e a r s tre n g th  in creases  w ith  
th e  in crease  of sh ea r m o v e m e n t ra te  u n t i l  th e  c ritic a l ra te  is re a c h e d , and  
a f te r  th a t ,  the  shear m o v e m e n t ra te  has no  e ffec t a t  all on th e  sh e a r  s tre n g th . 
T h e  v a lu e  of the  c ritic a l r a t e  is d ep en d en t on th e  te m p e ra tu re . A t h ig h  te m p e r
a tu re s  th e  critical r a te  is h ig h  and  th e  sh e a r s tre n g th  keeps on  in c reasin g .
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Table I

The varia tion  o f  the shear strength o f  high p u r i ty  lead as a fu n c tio n  
o f  the relative in terfacia l shear movem ent rate at s ix  d ifferen t test tem peratures

Tem perature,
°C

S hear strength, 
kg/cma

S hear movem ent 
ra te , mm /cm/min

+ 1 7 0 54,8 120,0

45,2 50,0

30,5 13,0

+  100 74,0 150,0

64,0 60,0

59,0 35,3

53,8 17,1
47,2 9,2

42,2 2,3

0 155 150,0

155 85,5

141 54,6

142 33,3

123 10,0

110 5,5

— 70 218 150,0

218 75,0

218 50,0

203 17,1

196 11,3

- 1 3 5 292 200,0

292 85,8

291 27,3

271 17,1

- 1 8 5 344 86,0

343 40,0

346 30,0

345 10,9

343 3,4

Such  is the  case a t  —|— 100 °C an d  a t  + 1 7 0  °C w here  th e  critical r a te  was no t 
a c tu a lly  reached d u rin g  te s tin g . A t low er te m p e ra tu re s  th e  v a lu e  o f the  
c ritica l ra te  gets sm alle r. The h o riz o n ta l p a r t  o f  th e  curves co rrespond ing  to  
0 °C, —70 °C an d  — 135 °C te s t in g  te m p e ra tu re s , can  be clearly  seen. The 
c ritica l ra tes  a re , a t  +  170 °C a n d  -f- 100 °C ab o v e  150 m m /cm /m in ; a t 
0 °C, 80 m m /cm /m in ; a t  —70 °C, 50 m m /cm /m in ; a t  — 135 °C, 35 m m /cm /m in ;
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a n d  a t  — 185 °C =  below  5 m m /cm /m in . T he d o tte d  line on F ig . 1 shows 
th e  c r i t ic a l  ra tes.

T h e  increase in  sh e a r  s tre n g th  as a fu n c tio n  o f th e  in c rea s in g  shear 
m o v e m e n t  ra te  m ay  e x p la in  th e  o b se rv a tio n  t h a t  u n d e r o therw ise  eq u a l con
d it io n s  th e  power c o n su m p tio n  increases w ith  increasing  ra m  speed  [6] du ring  
th e  e x tru s io n  of lead  in  a r a m  press.
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D E R  E IN F L U ß  D E R  T E M P E R A T U R  U N D  D E R  R E L A T IV E N  G L E IT F L Ä C H E N 
S C H U B G E S C H W IN D IG K E IT  A U F  D IE  S C H U B F E S T IG K E IT  VO N  R E IN S T B L E I

W. W. KRYSKO und R. G. FENTON

ZU SA M M EN FA SSU N G

D ie  V erfasser u n te rs u c h te n  e x p erim en te ll den  E in flu ß  de r T em p era tu r u n d  d e r re la tiv en  
G le itfläch en -S ch u b g esch w in d ig k e it a u f  die S ch u b festig k e it v o n  R einstb le i. Sie fan d en , daß  
fü r  B le i v o n  99,9999%  R e in h e it  m it  e iner K orn g rö ß e  v o n  0,2 m m 2 k ritisc h e  V erh ältn isse  
e x is tie re n ,  u n d  zwar: bei + 1 7 0  °C u n d  bei +  100 °C ü b e r  150 m m /cm /m in ; be i 0 °C 80 m m / 
c m /m in , b e i —70 °C 50 m m /c m /m in , bei — 135 °C 35 m m /cm /m in  u n d  bei — 185 °C w eniger als 
5 m m /c m /m in . Diese W erte  w e rd en  fü r  die B erech n u n g  des L eistu n g sb ed arfs  d e r  S trangpresse  
b e n ö tig t  u n d  sie können d ie E rh ö h u n g  des D rucks m it ste ig en d er K o lb en g esch w in d ig k eit er
k lä re n .

L ’IN F L U E N C E  D E LA  T E M P É R A T U R E  ET  D E  LA V IT E SSE  D E  C IS A IL L E M E N T  
1N T E R F A C IA L E  R E L A T IV E  S U R  LA R É SIST A N C E  AU C IS A IL L E M E N T  

D U  P L O M B  D E  T R È S  H A U T E  P U R E T É

W. W. KRYSKO et R. G. FENTON

R É SU M É

L es au teu rs  on t fa it  d es e ssa is  p o u r d é te rm in e r l’in flu en ce  de la te m p é ra tu re  e t  du  r a p 
p o r t  de  la  v itesse  de c isa illem en t in te rfac ia le  re la tiv e  su r la ré sis tan ce  au  c isa illem en t du  plom b 
de t r è s  h a u te  pureté . Ils o n t  t ro u v é  que p o u r un  p lom b de 99 ,9999%  de p u re té  à  g ra ins de 0,2 
m m 2, il e x is te  des ra p p o rts  c r it iq u e s  de v ite sse , n o ta m m e n t:  au-dessus de 150 m m /cm /m in  à 
—i—170 °C  e t  —j~ 100 °C, 80 m m /c m /m in  à 0 °C, 50 m m /cm /m in  à — 70 °C, 35 m m /cm /m in  à 
— 135 °C e t  m oins de 5 m m /c m /m in  à  — 185 °C. Ces v a leu rs  so n t nécessaires p o u r  calcu ler les 
p u is sa n c e s  dem andéet p a r l ’e x tru s io n  e t  p e u v en t ex p liq u e r l ’au g m en ta tio n  de p ressio n  en fonc
t io n  de  l’accroissem ens de la  v ite sse  d u  p is to n .
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ВОЗДЕЙСТВИЕ ТЕМПЕРАТУРЫ И ОТНОСИТЕЛЬНОЙ СКОРОСТИ СРЕЗА 
МЕЖДУ ПОВЕРХНОСТЯМИ НА СОПРОТИВЛЕНИЕ СРЕЗА ОЧЕНЬ

ЧИСТОГО СВИНЦА

В. В. КРИСЬКО и Р. Г. ФЕНТОН

РЕЗЮМЕ

Авторы проводили опыты для того, чтобы определить воздействие, оказываемое 
температурой и отношения относительной скорости среза между поверхностями на со
противление среза очень чистого свинца. Авторы нашли, что в случаесв инца чистотой 
99,9999% с крупностью зерен порядка 0,2 мм2 имеются отношения критических скорос
тей, а именно при +170 и +100 °С выше 150 мм/см/мин ; при О °С 80 мм/см/мин; при — 
70 °С 50 мм/см/мин; при — 135 °С 35 мм/см/мин и при — 185 °С ниже 5 мм/см/мин. Эти 
величины необходимы для вычисления потребной мощности при экструдировании и могут 
объяснить рост давления, наблюдаемый при возрастающей скорости поршня.
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BESTIMMUNG DER BEIM GESENKSCHMIEDEN 
AUFTRETENDEN HÖCHSTKRAFT

36. M IT T E IL U N G  D E R  M E T A L L U R G IS C H E N  A R B E IT S G E M E IN S C H A F T

L. T Ó T H
TECHNISCHE UNIVERSITÄT FÜR SCHWERINDUSTRIE, MISKOLC (UNGARN) 

[E ingegangen  a m  24. F e b ru a r, 1965]

V orliegende S tu d ie  b e sch äftig t sich m it  der B estim m u n g  des m ax im alen  K ra f tb e d a rfs  
be im  Schm ieden von  G esen kschm iedestücken . D as H au p tk en n zeich en  d e r h ier e r lä u te r te n  
T h eorie  der N äh eru n g sb estim m u n g  der m ax im a len  S ch m ied ek ra ft is t neb en  ih re r  E in fa c h h e it  
d e r  U m sta n d , daß  sie säm tliche , das G esen kschm ieden  beeinflussende F a k to re n  b e rü ck s ic h 
t ig t .  Im  A rtikel w erden fe rn e r Z u sam m en h än g e  ab g e le ite t, die sich a u f  e in fache  S ch m ied e
s tü ck e  beziehen. Ü b er die R ich tig k e it d e r  a b g e le ite te n  Z usam m enhänge k a n n  m a n  sich  m it 
H ilfe eines V ergleichs m it den  V ersu ch sw erten  überzeu g en . Die N äh e ru n g sb es tim m u n g  des 
H ö c h s tk ra f tb e d a rfs  beim  Schm ieden  von  S c h m ied estü ck en  m it k o m p liz ie rten  F o rm e n  b ild e t 
d ie le tz te  A nw endung  der in  de r S tud ie  b esch rieb en en  T heorie. Die A nw endung  des R ech en 
v e rfah ren s  is t  an  einem  Z ahlenbeispiel d a rg es te llt .

B eze ichnungen

A [m kp] A rb e itsb ed a rf  je  Schlag;
b [m m ] H öhe der b ild sam en  Zone im  Falle  eines e in fach en  z y lin d ri

schen S ch m ied estü ck es;
6 „  62 [m m ] H öhe der T eile  de r b ild sam en  Zone;
6 jri [m m ] m ittle re  H ö h e  d e r b ild sam en  Zone;
D [m m ] D urchm esser o d e r  B re ite  des S chm iedestückes;
F [m m 2] F läche  des Q u e rsc h n itte s  vom  S chm iedestück  in  d e r G ra teb e n e ;
h [m m ] H öhe des S ch m ied estü ck es;
К [m m ] A usgangshöhe des Schm iedestückes;
h'im [m m ] m ittle re  H öhe  des fe rtig en  Schm iedestückes;
Ah [m m  I H ö h e n ab n a h m e;
Ahjjj [m m ] m ittle re  H ö h e n ab n a h m e  des S chm iedestückes;
kf [kp /m m 2] У e rfo rm u n g sfestig k e it;
kfm [kp /m m 2] m ittle re  Y e rfo rm u n g sfes tig k e it;
KfiGr [kp /m m 2] V erfo rm u n g sfes tig k e it des im  G ra t befind lichen  S to ffes v o r dem  

Schlag;
k f z ü r [kp /m m 2] V erfo rm u n g sfes tig k e it des im  G ra t befind lichen  S toffes n ach  

dem  Schlag;
k fm G r [kp /m m 2] m ittle re  V e rfo rm u n g sfes tig k e it des im  G ra t b e fin d lich en  S to ffes;
kf\üe [kp /m m 2] V erfo rm u n g sfes tig k e it des im  G esenkhoh lraum  befin d lich en  

S toffes v o r  d em  Schlag ;
k f zG e [kp /m m 2] V erfo rm u n g sfes tig k e it des im  G esenkhoh lraum  b efin d lich en  

S toffes n a ch  dem  Sch lag ;
kfmGe [kp /m m 2] m ittle re  V e rfo rm u n g sfes tig k e it des im  G esen k h o h lrau m  b e fin d 

lichen S to ffes;
L [m m ] L änge des S ch m ied estü ck es;
h [m m ] B reite  des G ra ts te g s ;
P [kp /m m 2] P reß d ru ck  b e im  S tra n g p ressen ;
p
1 m a x [k p | beim  G esekschm ieden  a u ftre te n d e  H ö c h s tk ra ft;
p* m a x ,  p r i s m . [k p | beim  G esenkschm ieden  v o n  p rism atischen  K ö rp e rn  a u f tre te n d e  

H ö c h s tk ra f t;
• ■ m a x .  z y l . [kpl beim  G esenkschm ieden  v o n  zy lin d ersy m m etrisch en  S ch m ied es

tü ck en  a u f tre te n d c  H ö c h s tk ra f t;
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[kp] b e im  Schm ieden v o n  e in fach en  T eilen  eines k o m p liz ie rten
G esenkschm iedestückes a u f tre te n d e  m axim ale  S c h m ied ek ra ft; 

[kp /m m 2] b e im  S trangpressen  in  n o rm a le r  R ich tu n g  au f d ie to te  E cke  
w irk en d e  S pan n u n g ;

[m m ] R a d iu s  eines beliebigen R a u m e lem en te s  von z y lin d e rsy m m e tri
sc h e n  Schm iedestücken ;

[m m ] R a d iu s  oder halbe B re ite  des S chm iedestückes;
[m m ] K en n ze ich n en d es In n e n m a ß  (R a d iu s  oder ha lbe  B re ite )  des

S chm iedestückes;
[m m ] G ra td ic k e ;
[m m 2] d ie  b ild sam e  und  d ie e la stisch e  Zone tren n en d e  s.g. R iß flä c h e ;
[s] Z e itd a u e r  des S chm iedens;
[m /s] G eschw ind igkeit des S ch m ied en s (d e r U m form ung);
[m/s] ra d ia le  G eschw indigkeit v o m  b e lieb igen  V olum en des z y lin d e r

sym m etrisch en  S ch m ied estü ck es;
[m m ] K o o rd in a te ;
[m m ] K o o rd in a te ;
— sp ez ifische  Q u e rsc h n ittsv e rm in d e ru n g ;
— Q u e rsc h n ittsv e rm in d e ru n g  des im  G esenkhoh lraum  v o rh a n d e 

n e n  Stoffes w äh ren d  des v o rig en  Schlages;
Q u e rsc h n ittsv e rm in d e ru n g  des im  G esenkhoh lraum  v o rh a n d en e n  

S to ffes nach  dem  Sch lag ;
Q u e rsc h n ittsv e rm in d e ru n g  des im  G ra t befind lichen  S toffes vor 

d e m  Schlag;
Q u e rsc h n ittsv e rm in d e ru n g  des im  G ra t be fin d lich en  S toffes 

n a c h  dem  Schlag;
F o rm ä n d eru n g sg esch w in d ig k e iten  d e r R au m e in h eit des zy lin 

dersy m m etrisch en  K ö rp e rs ;
V e rh ä ltn isza h l zw ischen d en  S p a n n u n g e n  u n d  F o rm ä n d e ru n g s

geschw indigkeiten ;
R e ib u n g szah l zw ischen S c h m ied estü ck  u n d  W erkzeu g w an d ; 

[kp /m m 2] a u f  e in  beliebiges R a u m e le m e n t des b ild sam en  K ö rp ers  w irkende  
H ö ch stsp an n u n g ;

[kp /m m 2] a u f  e in  beliebiges R a u m e le m e n t des b ild sam en  K örpers w irkende  
K le in s tsp an n u n g ;

[kp /m m 2] in  d e r  S ym m etrieachse  des S ch m iedestückes a u ftre te n d e  S p a n 
n u n g  (73;

[kp /m m 2] a n  d e r  Stelle x  =  0 a u f tre te n d e  S p an n u n g  a x bzw. o 3;
[kp /m m 2] a u f  e in  beliebiges R a u m e le m e n t des zy lin d ersy m m etr. K ö rp ers  

w irk en d e  H a u p tsp a n n u n g e n ;
[kp /m m 2] a u f  e in  beliebiges R a u m e le m e n t des b ild sam en  K ö rp ers  w irkende  

m itt le re  S pannung  (a lg eb ra isch e r M itte lw ert der H a u p ts p a n 
n u n g en );

[kp /m m 2] e n tla n g  der G esenkw and a u f tre te n d e  S chu b sp an n u n g ;
[kp /m m 2] im  W erk sto ff  a u f tre te n d e  m ax im a le  S chub sp an n u n g ;
— F a k to r  zur B erü ck sich tig u n g  de r G ra tw irk u n g ;

F a k to r  zur B erü ck sich tig u n g  de r F orm w irk u n g  des G esenk
ho h lrau m es;

F a k to r  zur B erü ck sich tig u n g  d e r F orm w irk u n g  des G esenk
h o h lrau m es beim  S ch m ied en  v o n  p rism atisch en  K ö rp e rn ;

— F a k to r  zur B erü ck sich tig u n g  d e r F o rm w irk u n g  des G esen k h o h l
ra u m e s  beim  Schm ieden  v o n  zy lin d ersy m m etrisch en  K ö rp e rn .

I. E in le itung

Die K enn tn is  d e r b e im  Schm ieden a u f tre te n d e n  K ra f t  b ild e t die G ru n d 
lag e  fü r  die A u sa rb e itu n g  d e r Technologie des G esenkschm iedens. N ach  den 
V ersu ch en  von A. G e  l e jt  [1 ] erfolg t die K ra f tä n d e ru n g  in  A b h än g ig k e it von 
d e r  H ö h enabnahm e b e i d e r  U m form ung eines e in fachen  S chm iedestückes
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e n tsp re c h e n d  des B ildes 1. Im  B ild  b ezeichnet a B eg inn  d er G ese n k ra u m fü l
lu n g , b A u s tr ittsb e g in n  des G ra te s , c B eginn  des Z u sam m en d rü ck en s des 
G ra te s , d  vo llkom m ene A u sfü llu n g  des G esenkraum es. E s is t zu  seh en , d aß  
m it d er A bnahm e der H öhe d e r K ra f tb e d a r f  d er U m form ung  s tä n d ig  w äch st. 
D ie im  B ild  1 d a rgeste llte  K ra ft-H ö h e n a b n a h m e -K u rv e  lie fert fü r  d ie A u sa r
b e itu n g  d e r Schm iedetechnologie  zwei w ichtige A n g ab en : E inerse its  d ie G röße 
d e r zu r F e rtig u n g  des S chm iedestückes erfo rd erlich en  H ö c h s tk ra f t, au s  d e r  die 
B e la s tb a rk e it der M aschine angegeben  w erden  k a n n , andererse its  die G röße d er 
zu r H erste llu n g  des S chm iedestückes au fg ew an d ten  m echanischen  A rb e it, m it 
d e ren  H ilfe die M asch inen le istung  bzw . die A nzahl d er erfo rderlichen  S ch läge be-

Höhenahnahme, dh[mm] 

B ild  1

s tim m t w erden  k an n . V orliegende A rb e it b e sch ä ftig t sich  m it d er B e s tim m u n g s
m ög lich k e it der beim  S chm ieden  a u ftre te n d en  H ö c h s tk ra f t. Die H ö c h s tk ra f t  
t r i t t  n a c h  dem  Bild 1 im  le tz te n  A ugenblick  des Schm iedens au f, w enn  das 
G esenk  bere its  ganz au sg efü llt is t.

In  den le tz ten  J a h re n  is t  eine b ed eu ten d e  E n tw ick lu n g  in  d e r T heorie  
d er B estim m u n g  d er H ö c h s tk ra f t  des Schm iedens fe stzuste llen . Als E rs te r  
s te llte  A. G e l e j i  [ 2 ]  den  U m sta n d  fe s t, d aß  im  V e rla u f des G esenkschm iedens 
im  au sg efü llten  G esenk n ic h t d er ganze W erk sto ff  in  einen  b ild sam en  Z u stan d  
ü b e rg e h t. A. G e l e j i  b estim m te  ex p erim en te ll die G renzen  der b ild sam en  Zone, 
u n d  in  K e n n tn is  der G röße d e r b ild sam en  Zone a rb e ite te  er ein  R e c h e n v e r
fa h re n  zu r B estim m ung  d e r m ax im alen  S ch m ied ek ra ft aus. S e m e n o w  [ 3 ] ,  

S t r o s c h e w  und P o p o w  [4], fe rn e r S t r o s c h e w ,  S e m e n o w  und  K i r s a n o w a  [5] 
h a b e n  ein d er G elejischen M ethode ähn liches V erfah ren  zur B estim m u n g  der 
m ax im a len  S ch m ied ek raft a u sg e a rb e ite t. G a n a g o ,  W a i s b u r d  u n d  T a r n o w -  

SK ij  [6] h ab en  die G renzen  d e r b ild sam en  Zone m it H ilfe d er V a r ia tio n s 
g le ich u n g en , die fü r k leine F o rm än d e ru n g en  d er P la s tiz itä ts th e o r ie  g ü ltig  
s in d , b e s tim m t. S o f m a n  [8] u n d  J o h n s o n  [9] h ab en  m itte ls  der sog. C h a ra k te -
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r is tik m c th o d e  die G ren zen  d er b ildsam en Zone u n d  die m ax im ale  S chm iede
k r a f t  e rm itte lt . Gegen je d e  d e r hier a u fg e fü h rte n  L ösungen  k ö n n en  A nsprüche 
g e s te ll t  w erden, die sie n ic h t  erfüllen k ö n n en . D ie m it H ilfe d er V a ria tio n s
u n d  d e r C h a ra k te r is tik m e th o d e  gefundenen  L ö su n g en  sind  tro tz  ih re r  schein 
b a re n  E x a k th e it doch  n ic h t  ganz zu fried en ste llen d . W egen d er A u sg an g sb e
d in g u n g e n  und der E in sc h rä n k u n g e n  besitzen  sie n u r  fü r  kleine F o rm ä n d e ru n 
gen  G ü ltig k e it, d a rü b e r  h in a u s  jedoch , s tö ß t  ih re  A nw endung  a u f  kom pliz ie rte  
G esenke au f e rn s th a f te  rechnerische S ch w ierig k e iten . Die L ösungen  von 
G e l e j i  [2], Se m e n o w  [3 ], S t r o s c h e w  [4 ], fe rn e r  von  S t r o s c h e w , S e m e n o w  
u n d  K ir s a n o w a  [5] s in d  au ch  im  F a ll v o n  k o m liz ie rt gefo rm ten  G esenken 
e in fa c h  anzuw enden . Z u r  F ests te llu n g  d er G renzen  der im  S chm iedestück  
a u f tre te n d e n  b ild sam en  Z o n en  sind jed o ch  E in ze l- u n d  m itu n te r  re c h t kom p li
z ie r te  V ersuche e rfo rd e rlich . D ie vorliegende S tu d ie  bezw eck t die A u sa rb e itu n g  
e in e r  N äheru n g slö su n g , m it deren Hilfe die G renzen  der b ild sam en  Zone und  
d ie  m ax im ale S c h m ie d e k ra f t theo re tisch  e in fach  b e s tim m b a r sind .

II. T h eo re tisch e  G rundlagen der B estim m ung  
der S chm iedekraft

Die im  B etrieb  tä t ig e n  Ingenieure e ra c h te n  jen e  B eziehungen  als befrie 
d ig e n d , die außer ih re r  e in fach en  H an d h a b u n g  a u c h  die F a k to re n  en tsp rech en d  
b e rü ck sich tig en  k ö n n e n , w elche das S chm ieden  beein flu ssen . U m  eine th e o re 
tisc h e  Lösung, w elche d iesen  B edingungen e n ts p r ic h t , au sa rb e iten  zu können , 
m ü ssen  w ir v e re in fach en d e  V orausse tzungen  e in fü h re n . Diese v e re in fach en d en  
V o rau sse tzu n g en  m ü ssen  m it den ta ts ä c h lic h e n  V erh ä ltn issen  im  E in k lan g  
s te h e n , d ah er is t es zw eck m äß ig , sie aus den  V ersuchsergebn issen  ausgehend  
zu  bestim m en .

Im  Bild 2 seh en  w ir  den  Q u ersch n itt e ines P ro b estü ck es, das in  einem  
e in fach en  zy lind rischen  G esenk  eine re la tiv e  H ö h e n a b n a h m e  von  5 %  erle idet. 
A us d em  Bild is t es zu  e rse h e n , daß  von  den  u rsp rü n g lic h  geraden  L in ien  n u r  
e in  T e il, a u f  e iner b e g re n z te n  F läche, eine K rü m m u n g , als Z eichen  einer 
b le ib en d en  F o rm ä n d e ru n g  e rfä h r t. A uf G ru n d  des B ildes 2 k an n  die im  Schm ie
d e s tü c k  en ts tan d en e  b ild sa m e  Zone a b g e g re n z t w erden . Die G renze der im  
S ch m ied estü ck  g e b ild e te n  b ildsam en Zone is t  im  Bild 3 v e ran sch au lich t. 
N a c h  B ild  3 k an n  die b ild sa m e  Zone a u f  d re i T eile , m it v o n e in an d e r abw ei
c h e n d e n  E ig en sch aften , ze rleg t w erden:

I. Zone, S ta u c h u n g  des W erkstoffes zw ischen  pa ra lle len , ra u h e n  P la tte n ;
I I .  Zone, S ta u c h u n g  des W erkstoffes d u rc h  p ara lle le , g la tte  F lächen  

v o n  elastischen  S to ffte ile n ;
I I I .  Zone, P re sse n  zw ischen e la s tisch en  S to ffte ilen , die m ite in an d e r 

e in en  W inkel von g la t te n  F lächen  b ilden .
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B ild  2

In  den fo lgenden  A u sfü h ru n g en  w erden w ir au sg eh en d  aus den  G ru n d b e 
d ingungen , die im  B ild 3 d a rg e s te llt  sind , die S ch m ied ek ra ft th e o re tisc h  
b estim m en .

1. Bestimmungsmethode der m axim alen Schmiedekraft

Die bei der e inachsigen  V erfo rm ung  (Z iehen oder S tau ch en ) von  M eta llen  
a u ftre te n d e n  V erfo rm u n g ssp an n u n g en  bezeichnen  w ir als V e rfo rm u n g s
fe s tig k e it. Die V erfo rm u n g sfestig k e it b e d e u te t vom  S ta n d p u n k t d er b ild sam en  
V erfo rm ung  aus das w ich tig ste  K ennze ichen  des m eta llisch en  S toffes. D ieser 
U m sta n d  k o m m t au ch  in  der M ohrschen  b ild sam en  B ed in g u n g  zum  A u sd ru ck .

a i - o 3 =  kf , (1)

w o <rl die a u f  das V o lu m en e lem en t des B ild sam en  S toffes w irk en d e  g rö sste , 
a3 die k le in ste  S p an n u n g  u n d  k j  d ie V erfo rm u n g sfes tig k e it des M eta lles b e 
d e u te n .

Die V erfo rm ungsfestigke it d er M etalle is t  a u ß e r  d er M eta lle ig en sch aften  
noch  eine F u n k tio n  d e r V e rfo rm u n g s te m p e ra tu r , des G rades u n d  d er Z e itd a u e r  
d e r F o rm än d e ru n g . D ie V erfo rm u n g sfestig k e it d e r M etalle  k a n n  d u rc h  V er
su ch e  b e s tim m t w erden  [10]. D ie V ersuchsergebn isse  k ö n n en  in  F a c h v e r 
ö ffen tlichungen  in  F o rm  von G leichungen , T ab e llen  oder D iag ram m en  ge
fu n d e n  w erden.
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W äh ren d  des S ch m ied en s ä n d e rt sich  die T e m p e ra tu r  u n d  d e r G rad  der 
V e rfo rm u n g  als F u n k tio n  d e r  Z eit. D a rau s  g e h t h e rv o r, d a ß  au ch  die V er
fo rm u n g sfe s tig k e it s ich  als F u n k tio n  der Z e it ä n d e r t . Die S ch m ied ek ra ft w ird 
d e r  E in fa c h h e it h a lb e r  m it  Flilfe einer k o n s ta n te n , so g en an n ten  m ittle ren  
V e rfo rm u n g sfe s tig k e it b e s tim m t. Das fü r  d ie B estim m u n g  d e r m ittle ren  
V erfo rm u n g sfestig k e it a n e rk a n n te  V erfah ren  is t  im  Bild 4 v e ran sch au lich t.

Bild 3

Z u r B estim m ung  d e r  m ittle re n  V erfo rm u n g sfes tig k e it is t n ach  Bild 4 
d a s  A ufzeichnen  des D iag ram m s der V erfo rm u n g sfestig k e it u n d  d e r spezifi
sc h e n  F o rm än d e ru n g  e rfo rd e rlich . Im  F a ll d e r K a ltv e rfo rm u n g  h ä n g t die 
V erfo rm u n g sfes tig k e it n u r  v o m  G rad d er F o rm ä n d e ru n g  ab , d a h e r  is t die 
K u rv e  k f —e du rch  die V ersuche u n m itte lb a r  gegeben. Im  F a ll d er W arm 
v e rfo rm u n g , wenn die V e rfo rm u n g sfestig k e it au ch  noch von  d e r Z e itd au er 
d e r  F o rm ä n d e ru n g  a b h ä n g ig  is t, k an n  das D iag ram m  k f — e in  K e n n tn is  der 
K u rv e  t =  f(e) aus d e r rä u m lich en  D ars te llu n g  k f  =  kj(e; t) e rm it te l t  w erden 
[11]. A ls Beispiel u n te rs u c h te n  w ir in dem  B ild  5b eine a u f  e iner K urbelp resse  
d u rc h g e fü h rte  V erfo rm u n g . Im  Bild 5a is t u n te n  die K urve  t — f(e) d a rg es te llt. 
I n  K e n n tn is  der F u n k tio n  t =  f(«) is t aus d e r  F u n k tio n  k f  =  kf(e; t), u n d  im  
B ild  5a die K urve  k f  — f(e)  im  B ild 5b P u n k t  fü r  P u n k t b e s tim m t w orden. 
D e r  W e rt der m ittle re n  V erfo rm u n g sfestig k e it k a n n  in  K e n n tn is  d e r  F u n k tio n  
k f  — s  als F u n k tio n  d e r  v o llen  spezifischen F o rm ä n d e ru n g  e rm itte l t  w erden . 
I n  d e n  Zonen n ach  B ild  3 ze ig t die b ildsam e F o rm ä n d e ru n g  versch iedene  M aße, 
d a h e r  is t  die m ittle re  V erfo rm u n g sfestig k e it ebenfa lls v e rsch ied en  groß. B e
so n d e rs  groß ist die D iffe ren z  zw ischen d er in  d e r  Zone I  a u f tre te n d e n  m ittle ren
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V erfo rin u n g sfestig k e it u n d  d er Y erfo rm u n g sfestig k e it, die in  den  Z onen  I I  
u n d  I I I  a u f tr i t t .  D ah er is t  es zw eckm äßig , sie g e tre n n t zu b e s tim m e n .

N ach  dem  Bild 6 b e trä g t  die in  den  Z onen  И —I I I  a u f tre te n d e  m ittle re  
volle F o rm än d e ru n g  a n g en äh e rt:

—

А, Л2 Ah„
h l ~  ( h 2m -  h ) A h m + b

(2 )
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w o b e i e2Ge das M aß d e r m itt le re n  spezifischen F o rm ä n d e ru n g  des im  G esen k ra 
u m  befind lichen  S to ffes, A h m die beim  S chm ieden  a u f tre te n d e  d u rch sch n ittlich e  
H ö h en ab n ah m e , b d ie  H ö h e  der b ild sam en  Z one b e d e u te t.

In  K enn tn is des W e rte s  von e2Ge, der m it H ilfe  d er G leichung (2) b e s tim m t 
w u rd e , k an n  nach  B ild  4 d ie  m ittle re  Y e rfo rm u n g sfe s tig k e it des im  G esenk
ra u m  befindlichen S to ffes e rm itte lt  w erden:

c2 Gc
kj de г KflGe 2k/2Gf

Ö1 Ge J  s iGe

(3)

B i l d  6

w o fc/ice die V erfo rm u n g sfes tig k e it vor d em  S ch lag , k f 2Ce den W ert d e r V er
fo rm u n g sfestig k e it n a c h  d e r  spezifischen F o rm ä n d e ru n g  e2Gj b e d e u te t.

A u f G rund des B ild es  6 kann  das M aß d e r V erfo rm u n g  des in der G ra trille  
befin d lich en  Stoffes au s  fo lgender G leichung b e s tim m t w erden:

1 e2Gr — (1 “  e2Ge) 1 (4)

A us d er G leichung (4) k a n n  m an die G röße d e r m itt le re n  spezifischen F o rm 
ä n d e ru n g  des G ra tes  e rm itte ln :

e2 Gr — 1
5
- ( !  e2Ge), 

0
(5)

w o s die G ratd icke b e z e ic h n e t. M it Hilfe d e r G le ic h u n g (5) w urde s2cr b e s tim m t, 
u n d  in  K enn tn is  d ieses W erte s  kann  die m itt le re  V erfo rm u n g sfestig k e it des in  
d e r  G ratrille  b e fin d lich en  Stoffes b e s tim m t w erd en :

1 j'G«r
kfmGr =  k

e 2 Gr e l G r  J  £ iOr

de h f i o r  +  2  к'JlGr
( 6 )
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Avo kf.jQr die bei d e r spezifischen  F o rm ä n d e ru n g  e.2 a u f tre te n d e  V erfo rm u n g s
fe s tig k e it b ed eu te t.

Im  Fall der W arm v erfo rm u n g  m u ß  m an bei d e r B estim m u n g  d e r m ittle ren  
V erfo rm u n g sfestig k e it des G rates au c h  d a ra u f  a c h te n , d aß  sich  d er G ra t 
infolge seiner k le ineren  M asse u n d  se in e r großen F läch e  s tä rk e r  a b k ü h lt  als der 
im  G esenkraum  v o rh a n d e n e  S toff.

In  K enn tn is  d er m ittle re n  V erfo rm u n g sfestig k e it e rg ib t sich die m ax im ale 
S ch m ied ek ra ft n ach  G e l e j i  [1]:

^ m a x  F  fm G r  ’ £Ог ~Ъ ^ fmGe '  ^Ge)i  (^ )

wo P max die m ax im ale  S c h m ied ek ra ft, F  die Q u e rsc h n itts f lä c h e  des S chm iede
s tü c k e s  in  der G ra te b e n e , k fmae d ie m ittle re  V erfo rm u n g sfestig k e it des im 
G esen k rau m  v o rh a n d e n e n  S toffes, AymGr die m itt le re  V erfo rm u n g sfestig k e it 
des im  G ra t b e find lichen  S toffes, | Gr u n d £Gc F a k to re n  b ed eu ten , die sich  a u f  
die R eibungs- u n d  g eom etrischen  V erhä ltn isse  b ez iehen . In  den  w eiteren  
A u sfü h ru n g en  befassen  w ir uns m it d en  th eo re tisch en  G ru n d lag en  d e r B estim 
m ung  unserer F a k to re n .

2. Stauchung zwischen parallelen Ebenen

D ie an g en äh erte  A nalyse d er S p an n u n g en , die in  e inem  b ild sam en  S to ff 
zw ischen zwei p a ra lle len , rau h en , eb en en  F lächen  a u f tre te n , k an n  en tsp rech en d  
dem  B ild  7 erfolgen. Im  B ild 7 is t  d e r  Q u e rsch n itt eines u n en d lich  lan g en  p ris 
m a tisch en  K örpers zu sehen . Das G leichgew icht d e r K rä f te , die a u f  e in  belie
biges F läch en e lem en t h ■ dx  des Q u ersch n itte s  w irk en , e rg ib t sich zu:

d a3 2t

d* h

^ ifx - о Г ^ з  ix-o)+ k f
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D ie B e d in g u n g  der B ild sa m k e it a u f  G rund der G leichung (1) la u te t :

CT, -  cr3 =  k fm . (9)

A n d e r  B erührungsfläche  d e r  D ru c k p la tte  und  des b ild sam en  S toffes e n ts te h t 
e in  G le ite n . Als Folge h ie rv o n  is t  das A u ftre ten  d e r S ch u b sp an n u n g  T, die im 
B e re ic h  des Gleitens m it H ilfe  des C oulom bschen G esetzes b e s tim m t w erden 
k a n n :

r =  f i .  <Tj . ( 10)

A us d e n  G leichungen (8), (9) u n d  (10) k an n  eine D iffe ren tia lg le ich u n g  gebildet 
w e rd e n :

d a 1 2 fl

d x  h
( П )

D ie G le ich u n g  (11) k ann  u n te r  B erücksich tigung  d e r  im  B ild v e ran sch au lich ten  
G ren zb ed in g u n g en  in te g r ie r t  w erden :

° i  — <T1(X=0) ( 12)

D ie k le in s te  Spannung k a n n  aus den G leichungen (9) u n d  (12) en tnom m en  
w e rd e n :

°з  — ^Kx-o) (13)

D ie G le ichungen  (12) u n d  (13) h ab en  in dem  F a ll G ü ltig k e it, w enn  zw ischen 
d e r  D ru c k p la tte  und  dem  S to f f  e in  G leiten a u f t r i t t .  Sofern die D ruckebene 
e in e n  im  elastischen Z u s ta n d  b e find lichen , m it dem  b ild sam en  T eil des M ate
r ia ls  zu sam m enhängenden  S to f f  b e d e u te t, bzw . w enn d er W e rt d er S chub
s p a n n u n g  T =  ц а х die m a x im a le  S cherspannung  des b ild sam en  Stoffes ü b e r
s c h re i te t ,  dann  w ird die S ch u b sp an n u n g :

Tmax (14)

D ie a u s  den G leichungen (8) u n d  (14) geb ildete  D iffe ren tia lg le ich u n g  la u te t:

dCTg

d x
(15)

D ie G le ichung  (15) k an n  u n te r  B erücksich tigung  d er im  B ild 10 an g efü h rten  
G ren zb ed in g u n g en  in te g r ie r t  w erden :

°3 — °3(X=0) ( 1 6 )
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Die g rö ß te  H a u p tsp a n n u n g  k an n  aus den G le ichungen  (8) u n d  (16) en tn o m m en  
w erden :

X
=  ffl(x=o) +  k f m  —  • (17)

h

Die G leichungen (12), (13), (16) und  (17), die zu r B estim m u n g  d er S p an n u n g en  
d ien en , b ringen  n u r  eine A n n äh eru n g  an  die p ra k tis c h e n  V erh ä ltn isse . E in e r
se its  berück sich tig en  sie n ic h t  die in  der b ild sam en  Zone a u ftre te n d e n  S ch u b 

sp an n u n g en , an d ere rse its  s in d  sie aus den id ea lis ie rten  ebenen  F o rm än d e ru n g en  
a b g e le ite t. T ro tzd em  is t  eine en tsp rechende  Ü b ere in s tim m u n g  m it den  V er
suchsergebn issen  fe s ts te llb a r . E ine besonders g u te  Ü b ere in s tim m u n g  is t im  
F a ll des S tauchens v o n  zy lin d ersy m m etrisch en  S tü ck en  zu e rw a r te n , denn  
d ab e i sind  die G le ichungen  (8) u n d  (9) r ic h t’g; ih re  R ich tig k e it is t  in  e x a k te r  
F o rm  n achw eisbar (m it A usnahm e der e la s tisch en  B ereiche in  d er S tü c k m itte ) . 
Z um  N achw eis d ieser B e h a u p tu n g  m ögen fo lgende A u sfü h ru n g en  d ienen : 
oy, в в u n d  az sind  die N o rm alsp an n u n g en , die a u f  e in  F läch en e lem en t des im  
B ild  8 v e ran sch au lich ten  zy lin d ersy m m etrisch en  K ö rp ers  w irken . B ei A nw en
d u n g  d er G leichgew ichtsg leichungen , die fü r  die zy lin d ersy m m etrisch en  
K ö rp e r gü ltig  sind , a u f  die im  Bild 8 d a rg es te llte  S tau ch u n g  e rh ä lt  m an  [10]:

+ °e  ar
r

2 r

h
(18)

d  ar
d 7

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



1 5 4 L. TÓTH

In  d e n  G leichungen (9), (10) u n d  (18) kom m en  v ie r  U n b ek an n te  v o r, d ah e r 
m u ß  m a n  bei B estim m u n g  d e r  S pannungen  eine w eite re  G leichung v erw enden . 
D iese  k o n n te  an h an d  des B ildes 9 ab g e le ite t w erd en . N ach  dem  B ild  9 k an n  
d ie R ad ia lg esch w in d ig k e it d e r  P u n k te  des ring fö rm igen  R au m elem en tes  
h • 2 ■ r • d r  • л  aus e in e r  G le ichung , w elche d ie  S te tig k e it des S toffes au s
d r ü c k t ,  b estim m t w erd en :

vr =  — V Г • (19)

A n h a n d  des Bildes 9 k ö n n e n  die F o rm än d eru n g sg esch w in d ig k e iten  des u n te r ' 
s u c h te n  R aum elem en tes e rm it te l t  w erden:

( 20 )

A u f  G ru n d  der G leichung (19), u n te r  B erü ck sich tig u n g  der B eziehung se =  —

e rg ib t  sich:
V

( 21 )

W e n n  m an  das G esetz v o n  d e r  E rh a ltu n g  d e r M asse in  bezug a u f  das u n te r-
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su ch te  R au m elem en t a n sch re ib t, so e rh ä lt m an  [10]:

+  G +  £z *= 0 . (22)

Aus den  G leichungen (20), (21) u n d  (22) k a n n  er au sg ed rü ck t w erd en :

(23)

Im  w eiteren  m uß  m an die G leichungen  n ach  L é v y —Mises [10] an w en d en ; 
n ach  ihnen  b e s te h t zw ischen den S p an n u n g en  u n d  F o rm än d eru n g sg esch w in d ig 
k e iten  folgende B eziehung:

ke =  Л(ов -  am) , (24)

£r — r °m) •

Aus den G leichungen (22), (23) u n d  (24) g eh t h e rv o r:

ar =  ae . (25)

N ach  der G leichung (25) w ird  die G leichung (18) zu:

der,. 2t

d r  h
(26)

Im  F a ll eines S tau ch en s zw ischen zy lin d ersy m m etrisch en  D ru c k p la tte n  s tim m t 
die G leichung (26) form ell m it d e r G leichung (8) ü b ere in , d ah e r s tim m e n  die 
L ösungen  der G leichungen (26), (9) u n d  (10) m it denen  der G le ichungen  (12) 
u n d  (13) überein . D em nach  besitzen  G leichungen , die u n te r  V o rau sse tzu n g  
e in er ebenen F o rm än d e ru n g  im  F alle  eines S tau ch en s  von  z y lin d e rsy m m e tr i
schen  K ö rp ern  zw ischen D ru c k p la tte n  belieb iger F o rm  b e s tim m t w urden , 
eine ex ak te  G ü ltigke it.

Die m it H ilfe d er G le ichungen  (12) u n d  (17) b es tim m b aren  S p an n u n g en  
cTj sin d  im  B ild  10 in  A b h än g ig k e it von  x/h  zu sehen . A us dem  B ild  10 geht 
h e rv o r, daß  die zw ischen dem  b ild sam en  S to ff u n d  d er D ru c k p la tte  a u f tre te n d e  
R eibungszah l n u r  u n te r  e inem  W ert von  0,3 von  b ed eu ten d em  E in f lu ß  au f 
die S pannungen  is t. D a beim  G esenkschm ieden  die R eibungszah l im  allgem ei
n en  zw ischen 0 ,3 -г-0,5 lieg t, k a n n  d er S p a n n u n g sw ert Oj n ach  d em  B ild  10 
d u rch  folgende B eziehung a n n ä h e rn d  b e s tim m t w erden:

o-i c*  kJm 1 + (27)
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D ie B erechnung  m it H ilfe  d e r  G leichung (27) ze ig t m it den  V ersuchsw erten  
e in e  s e h r  gute Ü b e re in s tim m u n g  sowohl beim  S ta u c h e n  von  ebenen  als auch  
b e im  S tau ch en  von  zy lin d e rsy m m etrisch en  S tü c k e n ; d ieser U m sta n d  w ird 
a u c h  d u rc h  die so rg fä ltig en  V ersuche von G e o r g  [12] b e s tä tig t.

Jßr

0,5
0,3

0,2

0,15

0,1

cöNi<0
c:

,~Q
Qj

is / s

Bild  10

3. S ta uchu ng  zwischen »toten« Ecken

D ie im Bild 3 m it I I I  bezeichnete  Zone ze ig t eine Ä h n lichke it m it dem  
S tra n g p re sse n , da bei A n w e n d u n g  von W erkzeugen  m it einem  h a lb en  K egel
w in k e l von  90° im  F a ll des S trangpressens eb en fa lls  to te  E cken  von  45° auf- 
t r e t e n  (elastischer A n te il des Stoffes). Die im  F a ll des S tran g p ressen s a u f
t r e te n d e n  S p an n u n g sv e rh ä ltn isse  können a n h a n d  des Bildes 11 b e s tim m t 
w e rd e n . Vom S ta n d p u n k t des K raftb ed arfes  b e im  S tran g p ressen  b e d e u te t 
d ie  im  B ild  11 m it p  b e z e ic h n e te  Spannung die w ich tig ste  A ngabe. D ie S p an 
n u n g  k a n n  auch d u rch  V ersu ch e  b estim m t w erd en . Im  Bild 12 sind  die a u f  
G ru n d  d er Versuche v o n  J o h n s o n  und M e l l o r  [9], J o h n s o n  [13], W i l l c o x  

[14] u n d  C h a n g  [15] b e s t im m te n  W erte von  p l k f m in  A b h än g ig k e it von  der 
r e la t iv e n  Q u e rsc h n ittsa b n a h m e  zu sehen. D ie v e rsu ch sm äß ig  festg este llten  
W e r te  von  p/k fm liegen b is  z u r Q u ersch n ittsab n ah m e  von 50%  in d er N ähe 
d e r  G erad en

— ^ 3 , 5 e ,  (28)
kfm
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w ogegen bei W erten  d e r Q u e rsc h n ittsa b n a h m e  ü b er 50%  liegen  sie nahe  der 
Jo h n so n sch en  K u rv e  [9]:

- P -  z= 0,85 +  1,5 l n ----------. (29)
kjm 1 — e

Ü b er e iner Q u e rsch n ittsab n ah m e  von  50%  zeig t die G leichung n a c h  A. G e l e j i
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[1] e in e  gu te  Ü b e re in s tim m u n g  m it den V ersuchs w e rte n :

p  1 -I- 0,93 e

k jm 1 - 0,93 e

D ie G ültigkeitsg renze  d e r  G le ichungen  (28), (29) u n d  (30) m uß  e in g eh a lten  
w e rd e n , denn  aus den  G le ich u n g en  (29) u n d  (30) k a n n  zum  Beispiel im  Fall 
v o n  e =  0 für den W e rt v o n  pj kfm anstelle  von  0 e in  W e rt von 0,85 bzw . 1 
e r re c h n e t  w erden.

A us den w eiteren  A u sfü h ru n g e n  w ird h e rv o rg eh en , d aß  m an beim  S chm ie
d en  N äheru n g sg le ich u n g en  b e n ö tig t,  die im  g an zen  B ere ich  von  e, m it  n u r 
k le in e m  F ehler, m it e in e r  e in z ig en  G leichung die W erte  von  p lk fm angeben . 
D a h e r  w ar die A u sa rb e itu n g  d er nachfo lgenden  N äh e ru n g sb e rech n u n g  e r
fo rd e r lic h .

D as G leichgew icht d e r  S pannungen , die a u f  das R au m elem en t h ■ dx, 
v e ra n sc h a u lic h t im  B ild 11, w irk e n , kann  m an  m it fo lgenden  zwei G leichungen 
a u sd rü c k e n :

d ( < y y )
d.r

1,15 ,
° i — 1 2 ■

(31)

W e n n  m an  zu den G le ich u n g en  (31) die G leichung  (9) h in zu fü g t, e rh ä lt  m an 
e in  au s  dre i G leichungen b e s te h e n d e s  G le ichungssystem . B erü ck sich tig t m an , 
d a ß  y  =  s/2 X is t, so k a n n  au s dem  G le ichungssystem  die folgende D iffe ren 
tia lg le ic h u n g  gew onnen w e rd e n :

_ 2,3 k j m (3^)
dx  s/2 - f -  X

D ie G leichung (32) k a n n  g e tr e n n t  und  in te g r ie r t w erd en  [im F all d er G renz
b e d in g u n g : * =  0, y  ■-= s / 2  u n d  a3 =  <r3(x 0)]:

аз — ^ ( x ^ o )  +  2,3 k/m \n —~—^ —  (33)
s/2

W en n  m an  die D efin ition  v o n  p  und e b e a c h te t, e rh ä lt  m an  aus der G leichung 
(33):

- ^ — =  2,3 l n —  - — . (34)
k /m 1 — e
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V erg le ich t m an  die G leichung (34) m it den  im  B ild  12 d a rg es te llten  V ersu ch s
w erten , so k a n n  m an  sehen , d aß  die m it d er G leichung (34) b estim m ten  W erte  
von p /k fm bei e in e t Q u e rsch n ittsab n ah m e  von 0 bis 9 0 %  eine en tsp rech en d e  
Ü b ere in stim m u n g  aufw eisen . Bei re la tiv  k leinen Q u e rsc h n ittsa b n a h m e n  e rg ib t 
sich ein m ax im aler F eh le r von  2 5 % . Die d u rch  die G leichung  (34) e rm itte lte n  
p / k f m W erte  s ind  beim  P ressen  von  S tangen  m it be lieb ig er S y m m etrie  g ü ltig . 
P u r c h a s e  u n d  T u p p e r  [16] h a b e n  näm lich  d u rc h  V ersuche nachgew iesen , 
d aß  sich  beim  P ressen  von sow ohl p rism atisch en  als a u c h  zy lin d ersy m m etrisch en  
S tan g en  id en tische  W erte  ergeben , w enn die re la tiv e n  Q u e rsc h n ittsa b 
n ah m en  ü b ere in stim m en . A us den G leichungen (9) u n d  (33) k an n  die S p an n u n g  
CTj, die a u f  die to te n  E ck en  w irk t, in  folgender W eise au sg e d rü c k t w erden :

° i  — CTi(x o) V  2 ,3 kfm-  ln
sj 2 +  x  

s/2
(35)

4. Das Pr i n z i p  der min imalen  Arbei t

D as P rin z ip  d er m in im alen  A rb e it b e d e u te t eine w ichtige L ö su n g s
m eth o d e  in  d er m a th e m a tisc h e n  P la s tiz itä ts le h re . Im  F a ll der S ch m ied eau f
gaben  k an n  das P rin z ip  d er so g en an n ten  k in em a tisch  zulässigen S p an n u n g en  
an g ew an d t w erden . K in e m a tisc h  zulässig  n e n n t m an  je n e  S p an n u n g en , w elche 
a u f  beliebige, ab e r a u f  k in em a tisch  v o rste llb are  G eschw ind igke itsfe lder, m it 
H ilfe d e r L évi — M isesschen G leichungen , u n te r  W a h ru n g  der G le ichgew ich ts
g leichungen , zu rü ck g e fü h rt w erden  können . D as be i d er b ild sam en  V erfo rm ung  
ta tsä c h lic h  a u f tre te n d e  G eschw ind igkeitsfe ld  re ih t sich  ebenfalls in  die u n e n d 
liche Z ahl d er k in em a tisch  v o rs te llb a re n  F e ld er, die den  gegebenen G ren z
b ed ingungen  der G eschw ind igkeit en tsp rech en , e in . D as P rin z ip  d er m in im alen  
A rb e it b eze ich n et gerade den  U m sta n d , d aß  ein bei d e r ta tsä c h lic h e n  V er
fo rm ung  a u ftre te n d es  G eschw ind igkeitsfe ld  den ü b e r  besondere  E ig en sch aften  
v erfügenden  G renzfall d er k in em a tisch  zulässigen G eschw ind igkeitsfe lder b e 
d e u te t. Es is t  näm lich  jen es  k in em atisch  zulässiges G eschw ind igkeitsfe ld , bei 
dem  die G e sa m ta rb e it (L e is tu n g ) eine m in im ale is t. D ieses G esetz k a n n  in 
G leichungsform  m it den B ezeichnungen  vom  Bild 13 n ied ergesch rieben  w erden  
[10]:

ö 12 I <7* • vn d S  — ( (crf êf -f- of, êf -f- crf êf) d V I 0 , (36)
I J S Hf l  J V  I

w obei é*, e* u n d  ê f die k in e m a tisc h  zulässigen F o rm än d e ru n g s-G esch w in d ig 
k e itsk o m p o n en ten  von belieb igen  R au m elem en ten  des b ild sam en  K ö rp ers , 
er*, er* u n d  er* die zu den k in e m a tisc h  zulässigen F o rm än d e ru n g sg esch w in d ig 
k e iten  gehörenden  in n eren  S p an n u n g en , vn die b e k a n n te  G renzbed ingung  d er
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G eschw ind igkeit e n tla n g  d e r F läche  вдд, an die in  N o rm a lric h tu n g  der F läche 
srj \  w irkende  innere  S p a n n u n g  b e d e u te t.

D as P rinzip  d er m in im alen  A rb e it k a n n  m an  bei den p ra k tisc h e n  P ro b le 
m en  d e r b ildsam en V erfo rm u n g , also au ch  beim  S chm ieden  anw en d en . Im  
B ild  14 sieh t m an  d re i belieb ige k in e m a tisc h  zulässige G esch w in d ig k e itsv er
te ilu n g e n  fü r den im  B ild  2 d a rg es te llten  Schm iedefall. S e lb s tv e rs tän d lich  
b e s te h e n  unzählige M ög lichkeiten  fü r  den E n tw u r f  e iner d e ra r tig e n  Geschw in-

Bild 13

d ig k e itsv e rte ilu n g . N ach  dem  P rin z ip  d er m in im alen  A rb e it b e d e u te t jenes 
F e ld  das w irkliche G eschw ind igke itsfe ld , b e i dem  die A rbeit d e r äu ß eren  und  
in n e re n  K rä fte  zu e in em  M in im um  w ird . Diese B ed ingung  k a n n , ähn lich  der 
G le ich u n g  (26), auch  m a th e m a tis c h  fo rm u lie rt w erden . W enn  m a n  an n im m t, 
d a ß  d as  R au m elem en t d V  =  h • d x  ■ l  is t , d an n  k an n  a n h a n d  d e r G leichung 
(26) angeschrieben  w erd en :

Ô • V • dx (37)

N a c h  dem  Bild 14 is t  t*  =  v/h und  è* =  —vjh, fe rn e r u n te r  V erw endung  der
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M ohrschen B ed ingung  der B ild sam k e it [G le ichung  (1)] e rh ä lt m a n  au s d er 
G leichung (37):

Ô fff • da: =  0 . (38)

M it R ü ck s ich t d a rau f, d aß  w ir a u f  G rund  v o n  V ersuchen die im  B ild  14c 
d a rg es te llte  G esch w in d igke itsverte ilung  als r ic h tig  annehm en , i s t  ff3 die 
F u n k tio n  v o n  led ig lich  e iner V eränderlichen , v o n  b. D aher können w ir  an ste lle  
der V a ria tio n  zu einer p a rtie lle n  D iffe ren tia tio n  übergehen :

"j
a* (b ! x ) d#  =  0 . (39)

x=o J
8 
8 b

Die G leichung (39) k an n  n och  w eite r v e re in fa c h t w erden, w enn w ir  d ie  E r 
fü llung  fo lgender B ed ingung  an n eh m en :

ff* (b ; x )  = f ( x ) - a * max(b) .  (40)

Die a n n ä h e rn d e  einfache F o rm u lie ru n g  des P rin z ip s  der m in im alen  A rb e it 
la u te t  a u f  G ru n d  der G le ichungen  (39) u n d  (40):

ш а х  ( b )  —  0 . (41)

Aus der G leichung (41) k a n n  eine a lgebra ische  G leichung gew onnen  w erd en , 
aus d er m an  die H öhe d er b ild sam en  Zone b e s tim m e n  kann.

III. U ntersuchung des Schm iedens im  Gesenk

Die im  K ap ite l I I  e r lä u te r te  T heorie is t  g run d sä tz lich  au c h  fü r  das 
Schm ieden im  k o m p liz ie rte s ten  G esenk g ü ltig . D ennoch  is t es zw eck m äß ig , 
zuerst das S tau ch en  im  e in fach sten  G esenk zu u n te rsu c h e n , d am it d ie  R ic h tig 
keit der im  K a p ite l I I  b esch riebenen  T heorie o h n e  stö rende U m stä n d e  d u rch  
einfache V ersuche ü b e rp rü ft w erden  k an n .

1. B es t im mung  der Grenzen der i m  Schmiedestück auftretenden bi ldsamen Zone

Im  S chm iedefall nach  B ild  3 b e s te h t die A b sich t, die H öhe b d e r  b ild 
sam en Zone zu b estim m en , da  sie im  vollem  M aße die b ildsam e Zone d e f in ie r t . 
N ach den E rlä u te ru n g e n  im  K a p ite l I I  k an n  d e r W e rt von b u n te r  A n w e n d u n g  
des P rin z ip s  d e r m in im alen  A rb e it [G leichung (41)] bestim m t w erd en . In  d e r 
G leichung (41) t r i t t  fff max in  d e r S y m m etrieach se  des im  Bild 15 d a rg e s te llte n
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S ch m ied estü ck es  auf. Ih re  G röße kann m it d en  B ezeichnungen a u f  B ild  15, 
m it H ilfe  d er G le ichungen  (27) und  (35) b e s t im m t w erden:

(42)^ 3 m a x  —  kfmGe [ * - - < Ь - * > / 2 + 2 , 3 . 1 п А +  kfmGr 1 +  —
b s 5

A n h a n d  d er G leichungen (41) u n d  (42) e rh ä lt  m a n :

Э

Э b
«J. ____  I

73m ax —  ""fm G e
2,3 R  +  s/2 

b 62
0 . (43)

Bild 15

A us d e r  G leichung (43) e rg ib t sich die B e d in g u n g  der m in im alen  A rb e it:

b
s
2

D  +  s
•>

4
(44)

wo b d ie  D icke der b ild sa m e n  Zone, s die G ra ts tä rk e , R  den R ad iu s  o d er die 
h a lb e  B re ite  des G esenkschm iedestückes, D  d en  D urchm esser oder B re ite  des 
S ch m ied estü ck es b eze ich n e t.

D ie H öhe der b ild sa m e n  Zone k ann  n ic h t  k le in e r sein als die G ra td ic k e :

(4 5 )
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Aus d er G leichung  (45) fo lg t:

—  ^ 1 , 5 .  (46)
s

W enn die B ed in g u n g  (46) n ic h t erfü llt w ird , so w ird  die b ildsam e Zone von  
zwei pa ra lle len , im  A b s ta n d  s v o n e in an d er liegenden  G eraden  b e g re n z t, wie 
das au ch  d u rch  die V ersuche von  A. G e l e j i  [1 ]  b e s tä tig t  w ird .

V on d e r R ic h tig k e it d er d u rch  die G le ichung  (44) b e s tim m b aren  W erte  
k a n n  m an  sich  d u rc h  V ersuche überzeugen . Im  B ild  16 sind  die V ersu ch s
ergebnisse von  A. G e l e j i  [1], fe rn e r von  G i r s  u n d  V o l k o v i c k i j  [17] zu sehen . 
Im  B ild 16 is t  n eben  den  V ersuchsw erten  a u c h  d ie  G leichung (44) angegeben . 
Aus dem  B ilde is t  es zu  ersehen , d aß  zw ischen  den  v e rsu ch sm äß ig en  u n d  
th eo re tisch en  W e rte n  eine seh r gu te  Ü b e re in s tim m u n g  h e rrsc h t, u n d  d ieser 
U m stan d  lie fe rt e inen  d e r Beweise fü r  die R ic h tig k e it der im  K a p ite l I I  b e 
schriebenen  A n n ah m en .

Die G le ichung  (44) lie fe rt rich tige  E rg eb n isse  sow ohl im  F a ll v o n  p r ism a 
tisch en  als au ch  zy lin d ersy m m etrisch en  S ch m ied estü ck en , was a n h a n d  der 
E rlä u te ru n g e n  des K ap ite ls  I I  e in leu ch te t. 2

2. B e s t im m un g der maximalen  Schmiedekraft

A nhand  d e r K e n n tn is  d er G renzen der b ild sam en  Zone u n d  der S p a n n u n g s 
v e rte ilu n g  k a n n  die m ax im ale  S ch m ied ek ra ft b e s tim m t w erden.

Die m ax im ale  S ch m ied ek ra ft, die he im  S chm ieden  eines p rism a tisc h e n  
K ö rp ers  von  d e r L änge L  u n d  der h a lb en  B re ite  R ,  der eine ebene F o rm 
än d eru n g  e rle id e t, a u f t r i t t ,  k a n n  m it den B eze ichnungen  des B ildes 15 u n d
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u n te r  A nw endung  d e r G le ichungen  (27) u n d  (35) b e s tim m t w erden :

'm ax  prism 2 L \ kl fm G r R

+ fc'JmGe
(R  (b -s)/2)*

2 b
2,3 R

L +  —
s

b — s 

4

+

ln

( 4 7 )

W e n n  m an  die G leichung (47) m it der G le ichung  (7) verg le ich t u n d  b e rü c k 
s ic h t ig t ,  d aß  F  — 2 ■ R  ■ L  is t ,  so e rh ä lt  m a n  fü r  die V e rh ä ltn iszah l | s:

f , =  1 2 R
1 L

F ü r  d ie  V erh ä ltn iszah l £G eP rism  k a n n  an g esch rieb en  w erden:

f,3 Ge prism
[R  -  (b -  *)/2]_* 2 3 R - ( b -  s )/4 In b

2 b R  R

N a c h  O rd n u n g  der G le ichungen  (44) u n d  (49) g ew in n t m an :

%Ge prism '

(48)

(49)

2 -\— — 0,28 +  ln 0 ,25 +  0,5 — I
R *  J J

(50)

A n h a n d  der G leichungen (7), (48) u n d  (50) e rg ib t sich  die beim  S chm ieden  
e in es  S chm iedestückes v o n  d e r L änge L  u n d  B re ite  2R  a u ftre te n d e  m ax im ale  
S c h m ic d e k ra ft zu:

wo

u n d

Pmax prism — 2 R  • L ( k j mGr • -f- к jm G e %GePrism) *

’Gr 1 +
2 R

1 +

» Ge prism
R

0,28 +  ln 0,25 +  0,5
R

(51)

(52)

(53)

is t .  N a c h  der G leichung (46), im  F a ll von  R/s  <  1,5, k an n  aus d er G leichung  
(27) d e r  W ert der V e rh ä ltn isz a h l £oe prism  a b g e le ite t w erden :

Ge prism (54)

D ie  H ö c h s tk ra f t, die b e im  S chm ieden  v o n  zy lin d risch en  K ö rp e rn  a u f t r i t t ,  
k a n n  ähn lich  den G le ich u n g en  (51), (52), (53) u n d  (54), e n tsp re c h e n d  der 
B eze ich n u n g en  im  B ilde 14, u n te r  A n w en d u n g  d e r G leichungen (27) u n d  (35)
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ab g e le ite t w erden:

^max z y l  —  n  ( f y m G r  ' %Gr “t~ ^JmGe '  ^ Gezyl)  >

iar “ 2 R
1 I

í ű f„ , ^ 0 , 2 8  1
R

+ 1,54 +  0,29
R

ln 0,25 +  0 , 5 — 1,
S J

R
> 1 ,5

s Ge z y l  1
1 R

3 s

R
< 1 ,5

(55)

(56)

(57)

(58)

In  d en  G leichungen (51) u n d  (54) b e d e u te t fĉ mGr die m ittle re  V e rfo rm u n g s
fe s tig k e it des im  G ra t b e fin d lich en  S toffes, k f mae die m ittle re  V e rfo rm u n g s
fe s tig k e it des im  G esen k rau m  befind lichen  S to ffes. Ih re  B estim m ung  e rfo lg t 
n ach  den E rlä u te ru n g e n  des K ap ite ls  I I .  1.

Die m ittle re  V erfo rm u n g sfestig k e it des im  G esenkraum  v o rh a n d e n e n  
S toffes k an n  a u f  G rund  d e r  G leichung (3) e rm it te l t  w erden:

k fmGe ~  . kW ± 2k/a0e  , (59)

wo kf.,Qe die V erfo rm u n g sfestig k e it des im  H o h lra u m  befindlichen S to ffes bei 
e in e r F o rm än d e ru n g  e2Ge b e d e u te t. Das M aß d e r re la tiv e n  F o rm ä n d e ru n g  e2Ge 
k a n n  m it H ilfe d er G le ichungen  (2) und  (44) b e s tim m t w erden:

E2Ge “
Ahm

Ahm
(6 0 )

Die m ittle re  V erfo rm u n g sfestig k e it des im  G ra t  v o rhandenen  S toffes e rg ib t 
sich  n ach  G leichung (6) zu

кJ m G r
kfiGr  +  2  k j 2Gr

3
(61)

wo kf.ZQr die V e rfo rm u n g sfestig k e it des G ra tes  n a c h  e in er spezifischen F o rm 
ä n d e ru n g  e2Gr b e d e u te t. D as M aß der spezifischen  F o rm än d eru n g  k a n n  a n h a n d  
d er G leichungen  (5) u n d  (44) e rm itte lt  w erd en :

4 c r = l ~  2 s - ( l - e 2Ge).  (62)
R +  s/2

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



166 L. TÓTH

Y on d e r  R ich tig k e it d e r  G leichungen (54), (55) u n d  (56) k ann  m a n  sich  d u rch  
V erg le ich  m it Y ersuchsergebn issen  ü b erzeu g en . Im  Bild 17 sind  W e rte  von 
! Qezyh d ie  n ach  den  V ersuchsergebn issen  v o n  G e l e j i  [1], von G m s u n d  W ol- 
k o w ic k ij  [17], u n d  n a c h  u n se ren  eigenen  V ersuchsergebn issen  m it H ilfe  der 
G le ich u n g en  (54), (55) u n d  (56) b e s tim m t w u rd e n , v e ra n sc h a u lich t. A ußer 
d en  V ersu ch sw erten  is t  im  B ild  17 au ch  die K u rv e n d a rs te llu n g  d e r G le ichung  
(57) zu  sehen . Aus dem  B ild  g eh t h e rv o r, d a ß  die th eo re tisch  a b g e le ite te  K u rv e  
se h r  g u t  m it den E rg eb n issen  der von  v e rsc h ie d e n en  A utoren  d u rc h g e fü h rte n  
V e rsu c h e  ü b e re in s tim m t. D ieser U m sta n d  l ie fe r t  einen  g rund legenden  Bew eis 
fü r  d ie  R ich tig k e it d er im  K ap ite l I I  d a rg e s te llte n  A nnahm en.

§Ge

•  /ersuchsw erte von Gelen (1955)
+  ßirs, IVolkowickij (1959) 
о Eigene /ersuche des Verfassers(1964) о

i f *

r

10 15

B ild  17

20 25
— m -  R /S

IV. Die Bestim m ung der m axim alen  Schmiedekraft 
im  Fall eines beliebig geform ten Schmiedestückes

S e lb s t das k o m p liz ie rte s te  G esen k sch m ied estü ck  k ann  in  T e ilp ro fils tü ck e  
z e r le g t w erden , bei den en  in n e rh a lb  der P ro file  d e r  a u f den G ra t des S ch m ied e
s tü c k e s  sen k rech te  Q u e rsc h n itt k o n s ta n t is t . In  d iesem  Fall k an n  die m ax im ale  
S c h m ie d e k ra f t als die Sum m e der a u f  die T eilp ro file  w irkenden  S ch m ied e
k rä f te  b e rech n e t w erden . In  dem  Bild 18a is t  e ine P leuelstange zu  seh en . Die 
Z e rleg u n g  der P leu e ls tan g e  in  Teile k a n n  n a c h  dem  Bild 18b e rfo lgen . Die 
S u m m e d er bei d er V erfo rm ung  der e in ze ln en  Teile a u f tre te n d e n  K rä fte  
e rg ib t  d en  m ax im alen  K ra f tb e d a r f  fü r das S ch m ied en  des P leuels:

^rnax =  ^rnaxi ~f~ ^m ax2 “Ь ^гпахз ’ ( 6 3 )

wo P max den  m ax im alen  K ra f tb e d a rf  fü r  d as  Schm ieden des P leu e ls , P maxi, 
P max2 u n d  P max3 d en  m ax im alen  K ra f tb e d a r f  d e r drei T eilprofile  b e d e u te t.

D ie a u f  die T eilp ro file  w irkenden  m a x im a le n  Schm iedekräfte  k a n n  m an  
a n h a n d  d e r fü r die T eilp ro file  k e n n ze ich n en d en  Q uerschn itte  b e s tim m e n . In 
d e r  T a fe l I  sind  die ken n ze ich n en d en  Q u e rsc h n itte  zu sehen, aus d en en  die
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B ild  18

h äu fig s ten  Teilprofile d e r  S chm iedestücke b es teh en . In  der Tafel I sind  lediglich 
jen e  kennze ichnenden  Q u e rsc h n itts ty p e n  z u sam m en g e faß t, fü r die eine B e
rech n u n g  d u rch fü rb a r is t . D ah er fehlen in d er T afe l die Q u e rsc h n itts ty p e n ,

T afel I

T y p
1

? 3

42o 2b 3 a 3b

Q u e r s c h n i t t 
fo r m

- S h I

И

R'
Г Г 1 1
r / / \ j  1 1 i / / \
/Y Z d  y j y Á -

I

CO T \~ßT\

^ 4

Zusam m enhang  
dem Abm essun

gen
lM )< h

i  ( R<- § ) >h

|  ( R ' t  j ) < h l ( R ‘+ j ) > h
» < 15 f  « T (R  - $ )> h ,

F o rm  d e r  
. bildsam en Zone

Г - Т - Ь — 1
П ' П Г Л  l . n

Z T lJ

1
j

L - r t T _ J D | l 7
Höhe d e r  
bildsamen Zone b --^(R -h ^) b - h b —£ ( R + j ) b ~ h b r h i b2~h2

Mittlere höhe der 
bildsamen Zone » , - b b „ -b b j * à ± b . b m - b bm* T ± b к ~  b ité i 

2
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b e i d e n e n  sich das S c h m ie d e s tü c k  im  V erh ä ltn is  zu r E bene d e r G ra trille , 
in n e rh a lb  der E n tfe rn u n g  -^-6/2, a sy m m etrisch  is t. Im  Fall d er in  d e r  T afel I 
zu sa m m e n g e faß te n  Q u e rsc h n itts ty p e n  k an n  die G renze der b ild sam en  Zone 
d u rc h  d ie  A nw endbarke it des im  K ap ite l I I .  4 , e r lä u te r te n  P rin z ip s  d er m in i
m a le n  A rb e it b estim m t w erd en . D er R echengang  ä h n e lt dem  im  K a p ite l  I I I .  1. 
b e sc h rie b e n en  R echengang. I n  d e r Tafel I  f in d e t m an  bere its  die E n d fo rm el 
fü r  d ie  B estim m ung  d e r b ild sa m e n  Zone. In  K e n n tn is  der G renzen  d er b ild 
s a m e n  Zone wäre es m öglich , a n h a n d  der im  K a p ite l I I  besch rieb en en  T heorie , 
d en  K ra f tb e d a r f  fü r die T e ilp ro file  genau zu bestim m en . Die G le ichungen , die

E lastische  Zone Bildsame Zone

Bild 19

e in  g e n a u e s  E rgebnis lie fe rn , sind  jed o ch  sehr k o m p liz ie rt. Zw ecks V ere in 
fa c h u n g  d e r B erechnungen  i s t  es zw eckm äßig , d en  W ert von  P max d u rc h  eine 
A n n ä h e ru n g sm e th o d e  zu  b e s tim m e n . D as W esen tliche  dieser M ethode b e s te h t 
d a r in ,  d a ß  m an die re la t iv  k o m p liz ie rten  F o rm en  der b ild sam en  Zone bei 
je d e m  T y p  durch  N äh e ru n g sfo rm en  e rse tz t. W en n  d ah er die b ild sam e  Zone 
au s  T e ile n  versch iedener H ö h e r  b e s te h t (aus den  T y p en  2b, 3b, u n d  4), dann  
fü h re n  w ir die B erechnung  m it  d e r m ittle re n  H öhe bm der b ild sam en  Zone 
d u rc h . A ls m ittle re  H öhe k a n n  in  e rs te r  A n n äh e ru n g  der a r ith m e tisc h e  M itte l
w e r t  d e r  Teilhöhen b e n u tz t  w erd en . In  der T afel I  f in d e t m an  a u c h  die B e
z ie h u n g e n , die zur B es tim m u n g  d er m ittle re n  H öhe d er einzelnen Q u e rsc h n itts 
ty p e n  d ienen .

D ie  B estim m ung des m a x im a le n  K ra f tb e d a rfs  fü r das S chm ieden  von 
T e ilp ro f ile n  k o n stan ten  Q u e rsc h n itts  m it H ilfe d e r m ittle re n  H öhe d e r b ild 
s a m e n  Z one kann  a n h a n d  d e r  G leichungen (7), (27), (57), (53), (59), (60), (61) 
u n d  (62) d u rch g efü h rt w e rd en :

^rnax == F  i^ fm G r  ' £Gr "F ^fmGe  %Ge)  » ( ^ )
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(65)

( 66 )

(67)

( 68 )

(69)

6 

5
tüe zyl

4 

3 

2 

7 

0

Hild 20

5 1 0  1 5  2 5

$Gr —
2 R

1 +

_ [1 — ( b m  — s) /2R]2 ( 6m- s
SGf prism —----------Г;—TZ-------------Г I 1

2 bm/R

__ [1 — (bm — s)/2K ]:i
SG ? z y l  I

4R
• ln K R _

R  s

3 bm/R
i -  +

2R

+
1 [ bm ~  s 2

ln b,n
R

3 ( 2 R R s

I. __ ^f lGe  +  2 &/2Ge
KJmGe — -----------Г------------5

h —  ^ f lG r +  2fcy2Gr 
K/m G r  —  _  „
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is t.

_  A h m
b2Ge —  ., . ’

Ahm -f- bm
(70)

e 2 Gr =  1 ------;—  ( 1  £2Ge)
bm

(71)

U m  die B erechnung  m it  den  G leichungen (66) und  (67) zu e rle ich te rn , 
k a n n  m a n  an dem B ild  20 die V e rh ä ltn iszah len  f Gezyl und f G(, prism  in  A n
h ä n g ig k e it  von s/R  u n d  bm/ R  u n m itte lb a r  ab lesen .

I n  K enn tn is  des m a x im a le n  K ra ftb e d a rfs  fü r  das S chm ieden  d e r T eil
p ro f ile  k a n n  nach dem  M u ste r  d er G leichung (63) d er m axim ale K ra f tb e d a r f  
fü r  d a s  Schm ieden des g a n z e n  S tückes b e s tim m t w erden .

V. Beispiel

D ie  A nw endung der im  K a p i te l  IV besch riebenen  T heorie  k an n  m an  aus d e m  S chm iede
b e isp ie l e in es Pleuels ersehen. D ie  v o m  S ta n d p u n k t de r B estim m u n g  der m ax im a len  Schm iede, 
k r a f t  w ic h tig e n  A bm essungen f in d e t  m an  in  T afel I I . W erk s to ff  des Pleuels i s t  A lum in ium  
S c h m ie d e te m p e ra tu r  550 °C, d ie  T e m p e ra tu r  des G ra tes  450 °C. D ie V e rfo rm u n g sfes tig k e it des 
P le u e ls to ffe s  kennen w ir au s d e n  "Versuchen von B ella  u n d  G ulyás [18].

Tafel II

Teilprofil 1 Teilprofil 2 Teilprofil 3

* i 35 m m R , 20 m m * 3 25 m m

R[ 18 m m К 15 m m *3 25 m m

h, 15 m m к 6 m m — -

h , 35 m m h , 20 m m — -

- - L 150 m m - -

D ie  B estim m ung der S c h m ie d e k ra f t f in d e t m an  in  d en  T afeln  III , IV u n d  V  zu sam m en 
g e fa ß t . A u s den  Tafeln is t d e r  R e ch e n g an g  deu tlich  zu  ersehen .

A n h a n d  der T afeln I u n d  I I  b e s tim m en  w ir in  de r T afe l III  die A bm essu n g en  de r b ild 
sa m e n  Z one  u n d  dann  die v o n  R e ib u n g s- u n d  geo m etrisch en  V erhältn issen  a b h än g ig en  F a k 
to r e n  ÇQr u n d  £0e.

I n  T afe l IV b estim m en  w ir  d ie  m ittle re  V erfo rm u n g sfes tig k e it des im  G esen k  u n d  G ra t 
v o rh a n d e n e n  Stoffes a n h an d  d e r V e rsu ch e  von  Be l l a  u n d  Gu ly á s  [18]. Die d u rc h sch n ittlich e  
H ö h e n a b n a h m e  im  F e rtig g esen k  k a n n  m it 5 m m , die au s d e r Schm iedegeschw ind igkeit er- 
r e c h n e te  V erform ungszeit m it  e tw a  0,1 sec angenom m en  w erden .

I n  T afe l V w ird aus d en  A n g a b en  de r T afe ln  II , I I I  u n d  IV der m ax im ale  K ra f tb e d a rf  
fü r  d a s  S chm ieden  des P leuels b e s tim m t. N ach  T afel V is t  d e r  m axim ale  K ra f tb e d a r f  fü r  das 
S c h m ie d e n  des A lum in ium pleuels e tw a  175 Mp, w oraus d e r A rb e itsb ed a rf  des S ch lages n ä h e 
ru n g sw e ise  folgende G röße e rg ib t:

A  «=* (0 ,2-^0 ,4) A h m ■ P max ^  0,3 • 5 • 10 ~ 3 • 175 • 103 =  262 m kp.
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Tafel III

в =  1,5 mm, le=  4 mm

К[nun J bm [mm] Я / . Rfb Í. {ü

Nummer 
des Teil
profils

Typenbe
zeichnung 
des kenn

zeichnenden 
Querschnitts 

(Tafel I)

Nach Tafel I

+

+

Aus Bild 20

l 35 2a 15 23,3 2,33 3,8 4

2 20 2a 6 18,3 3,33 3,92 4,6

3 25 1 13,25 16,6 1,89 3,88 3,65

Tafel IV

Stoff: Al 99 Schmiedetemperatur 550 °C Grattemperatur 450 °C
Jhm =  6 mm Zeitdauer des Schmiedens 0,1 sec S =  1,5 m Ls=  4 nun

bm [mm] e* Oe E, от к/l Oe 
[kp/mm2]

*/i Or 
[kp/mm2]

^ / 2  Oe 
[kp/mm2]

khOr
[kp/mm2]

klmOe 1 k/mOr 1 kp/mm*] [kp/mm1]

Nummer 
des Teil- 

profils
Nach 

Tafel III
Ahm

Ö
U
1

• \ j
1

Anhand der Versuche 
von B e l l a  und 

G u l y á s  [18]

«
'S

-*■CI
+  "
«5

-sT

0

CI
+

jT

COAhm + bm

l 15 0,285 0,93 l 2 1,2 2,8 1,13 2,53

2 6 0,5 0,875 u 2 1,4 2,8 1,3 2,53

3 13,25 0,452 0,94 i , i 2 1,4 2,8 1,3 2,53

Tafel V

1 kfmOr [kp/mm!] Sor klmOr [kp/mm1] $Ge F [mm1] Pmax [MP]

Nummer der 
Teilprofils

Nach Tafel 
IV

Nach Tafel 
III

Nach Tafel 
IV

Nach Tafel 
III

Fläche des Teil
profilquerschnitts 
in der Gratebene

Aus Gleichung 
(64)

1 2,53 3,8 1,13 4 3670 51,7

2 2,53 3,92 1,3 4 ,6 6000 95

3 2,53 3,88 1,3 3,65 1960 28,5

Der maximale Kraftbedarf für das Schmieden des PI euels
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D E T E R M IN A T IO N  O E  T H E  M A XIM U M  F O R C E  IN  D IE -F O R G IN G

L. TÓTH

SU M M A RY

T h e  paper deals w ith  th e  d e te rm in a tio n  of th e  m ax im u m  forging force  in  die forging. 
I n  th e  f i r s t  chap ter th e  th e o ry  o f th e  ap p ro x im ate  d e te rm in a tio n  of th e  m ax im u m  forg ing  force 
is to  b e  found . The th e o ry  is c h a ra c te riz ed  m ain ly  b y  i ts  sim plic ity  a n d  b y  ta k in g  in to  con
s id e ra t io n  every  in flu en cin g  fa c to r . In  th e  second c h a p te r  th e  re la tio n  fo r sim ple  forg ings are 
d e d u ce d . The resu lts a re  c h eck ed  b y  com paring  th e m  w ith  ex p erim en ta l re su lts . F in a lly , th e  
th e o ry  is applied to  th e  m a x im u m  fo rg ing  force re q u ire d  fo r th e  forgings o f  c o m p lica ted  shape. 
A  n u m erica l exam ple show s th e  a p p lic a tio n  of th e  m eth o d .
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D É T E R M IN A T IO N  D E  L A  F O R C E  M A X IM U M  A L ’É T A M PA G E

L. TÓTH

R É SU M É

L ’é tu d e  tra ite  de la force m ax im u m  nécessaire au  fo rgeage des pièces é ta m p ée s . Le p re 
m ier c h ap itre  c o n tie n t la théorie  de la d é te rm in a tio n  ap p ro ch ée  de la  force de forgeage m ax im u m . 
L a  th éo rie  exposée e s t caracté risée  s u r to u t  p a r  sa s im p lic ité  e t  le fa it  q u ’elle t ie n t  co m p te  de 
to u s  les fa c teu rs  in te rv e n a n t  dans l’é ta m p ag e . Le deuxièm e c h ap itre  e st consacré  à la d éd u c tio n  
des re la tio n s  se r a p p o r ta n t  a u x  pièces é ta m p ée s  sim ples. L es re la tio n s  d éd u ite s  à l’a id e  de la 
th éo rie  o n t é té  vérifiées p a r  com p araiso n  av ec  des ré su lta ts  d ’essais. L ’a p p lica tio n  fin a le  de la 
th éo rie  exposée p a r l’é tu d e  est la d é te rm in a tio n  app ro ch ée  de l’e ffo rt d ’é tam p ag e  m ax im u m  
des pièces de form e com pliquée. L ’a p p lic a tio n  de la m é th o d e  de ca lcu l e st d é m o n trée  su r un  
exem ple  num érique.

ОПРЕДЕЛЕНИЕ МАКСИМАЛЬНОГО УСИЛИЯ, ВОЗНИКАЮЩЕГО ПРИ 
КОВКЕ В ШТАМПАХ

л. тот  

РЕЗЮМЕ

Работа занимается определением максимального усилия при ковке заготовок 
обрабатываемых в штампах. В первой главе дается теория приближенного определения 
максимального усилия ковки. Основной характерной чертой, наряду с простотой, этого 
метода является, что он учитывает все факторы, воздействующие на ковку в штампах. 
Во второй главе можно найти введение зависимостей, касающихся простых заготовок. 
В правильности выведенных зависимостей можно убедиться путем сравнения с экспери
ментальными данными. Приближенное определение максимального потребного усилия 
при ковке сложных по конфигурации заготовок представляет собой конечное применение 
теории, описанной в работе. Методика расчета приведена в работе с показом ее приме
нения на числовом примере.
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HYPERSONIC FLOW IN  THE STAGNATION REGION 
OF A CIRCULAR CYLINDER

G. N A TH
TECHNICAL U N IV ER SITY , BU DA PEST 

[M anuscrip t rece iv ed  A pril 15, 196S]

A n ap p ro x im ate  so lu tio n  of th e  in v isc id  hyperson ic  flow  in th e  s ta g n a tio n  reg ion  o f a 
c irc u la r  cy linder w ith  d e tach ed  shock w ave  h as  been o b ta in ed . R eal gas effects a re  ta k e n  in to  
acco u n t. V arious ch ara c te ris tic s  of th e  flow  h a v e  been o b ta in ed . W hen  A, th e  ra tio  o f th e  d e n 
sities j u s t  beh ind  th e  shock  an d  th e  s ta g n a tio n  p o in t, is eq u al to  1, th e  re su lts  in  th e  s ta g 
n a tio n  region are red u ced  to  th a t  o f o th e r  au th o rs . B y  using  real gas v a lues o f A, th e  shock  
d e ta c h m e n t d is tan ce , p ressu re  coefficien t a n d  te m p e ra tu re  increase, b u t  s ta g n a tio n  p o in t 
v e lo c ity  g rad ien t an d  M ach n u m b er decrease . T he p red ic ted  va lues co rre la te  well w ith  e x p e 
r im e n ta l d a ta  w hich are  fo r p e rfec t gas co n d itions.

Sym bols

JR, 6) po lar co-o rd ina tes;
и  rad ia l ve loc ity  co m p o n en t;
V tan g e n tia l v e lo c ity  co m p o n en t;
Uoo free s tream  ve lo c ity ;
A  =  R s  — R B;
R B rad iu s o f th e  cy linder;
R $  rad iu s o f th e  shock cy linder;
a =  R  — R ß , ra d ia l d istan ce  from  th e  surface  of th e  cy lin d er; 
о den sity ;
P  p ressure;
T  ab so lu te  tem p e ra tu re ;
К  = Qoo/ Qsi

=  ß s lß li
M  M ach n u m b er;
Cp p ressure  coefficient;
У  ra tio  o f  specific h ea ts ;
h specific en th a lp y ;
a v e loc ity  o f sound .

Subscrip ts
<*= conditions in  free s tream ;
S conditions ju s t  b e h in d  th e  shock;
t s ta g n a tio n  p o in t co n d itions;
о conditions a t  th e  axis, 0  =  0. I.

I. In tro d u c tio n

The in te re s t in  hyp erso n ic  flow  h as been s tim u la te d  a ro u n d  b lu n t  bodies 
in  th e  la s t few years  b y  in te rc o n tin e n ta l  ba llis tic  m issile an d  sa te llite  p ro g ra m 
m es. In  th is  p ro b lem  th e  bow  shock  w ave is d e ta c h e d  from  th e  b o d y  su rface . 
T he so lu tio n  o f th e  inv isc id  h y p erso n ic  flow ing p a s t b lu n t bodies is im p o r ta n t
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f ro m  a p rac tica l p o in t  o f  v iew . The in v isc id  an a ly sis  p rov ides an  accu ra te  
d e sc r ip tio n  of th e  m a in  s tre a m  conditions o u ts id e  th e  viscous b o u n d a ry  layer. 
A n a ly s is  o f th e  b o u n d a ry  la y e r  b eh av io u r w ill p ro v id e  im p o r ta n t design in fo r
m a tio n  on sk in  fr ic tio n  a n d  h ea t tra n s fe r . T he h e a t  tra n s fe r  ra te  n e a r th e  
s ta g n a tio n  p o in t o f b lu n t  b o d y  is im p o r ta n t  fo r designers, because fo r ce rta in  
k in d s  of body  sh ap es, th e  ae ro d y n am ic  h e a tin g  is th e  m ost severe in  th is  region.

T he hyperson ic  f lo w  p a s t  b lu n t b od ies has been  considered  b y  several 
a u th o rs  [1 — 3] w ith o u t ta k in g  in to  ac c o u n t th e  rea l gas effect. L i n n e l  [4] 
o b ta in e d  th e  so lu tio n  o f  th e  sym m etric  in v isc id  hyp erso n ic  flow  in  th e  s ta g 
n a t io n  region of a sp h e re , b y  ta k in g  in to  ac c o u n t th e  rea l gas effect. The 
p re s e n t  a u th o r has o b ta in e d  a sim ilar so lu tio n  fo r a cy linder u n d e r th e  following 
a ssu m p tio n s :

a)  The shock  la y e r  is th in ;
b)  the  shape o f  th e  shock  in  th e  n e ig h b o u rh o o d  o f th e  s ta g n a tio n  p o in t 

is th e  sam e as th a t  o f  th e  b o d y ;
c)  th e  d e n s ity  in  th e  shock lay er is c o n s ta n t;
d)  th e  d e n s ity  ra t io  across the  sh ock , Qoo/ qsi in  th e  v e ry  sm all n e igh 

b o u rh o o d  of th e  s ta g n a t io n  p o in t, is ta k e n  as c o n s ta n t an d  is th e  sam e as 
t h a t  o f the  no rm al sh o ck .

II . C ond itions ju s t behind th e  Shock W ave

The th e rm o d y n a m ic  s ta te  o f a gas b e h in d  a shock  w ave is ca lcu la ted  
f ro m  R a n k in e -H u g in o t e q u a tio n s  of th e  c o n se rv a tio n  o f m ass, m o m en tu m  
a n d  energy  across th e  sh o ck  w ave. The e q u a tio n s  can  be w ritte n  as:

2
. . .  +  - 1

go, K  M l  cos2 ©
es “  “  Y + i ( i )

^ - = l  +  Y { l - K )  M l  cos2 0 ,  
P »

(2)

—— =  iC [1 - f  У  (1 - К )  M l  cos2 0 ] ,
ôo

(3)

hs  =  1 +  Y  ~  1 (1 - K 2) M l  cos2 0  .
h со 2

(4)

F o r  a no rm al shock , 0  =  0. In  th e  p re se n t case, 0  is v e ry  sm all.
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III. The Velocity and the Shock D etachm ent D istance

T he v e lo c ity  com ponen ts an d  th e  shock  d e ta c h m e n t d istance  are  o b ta in ed  
as in  reference [4] and  hence no d e ta ils  are  g iven .

w here
U a

bo -f- со2 
R

;©

R f

b =  У2AK (1 -  К )  +  К 2 ,

-  1 ~ b
2Л

и .
=  (6 -1- 2со) sin © ,

К

1 +  (1 — к )  +  к 2------------------ —------------------------л

(5)

( 6)

( ? )

IV. Pressure, Temperature and M ach Number

T he p ressu re  is g iven by :

1 / bo -f- со2 2̂J L  =  1 + Z ^
P .  2 A

2A (1 - K )  +  K -
K R

cos2© ,

n У /И 2
—  =  1 4 ------- — [2A ( I - K )  +  K ]  cos2 © .
Poo 2A

S im ila rly  th e  te m p e ra tu re  is g iven  b y :

Y M lT  a 2
------= ------ =  XKT o

oo a-

1

К

1
2A

bo -)- со2 .a

T i
T a

=  XK

R

Y M l

2A (1 -  K )  +  K

cos2©

1 + - ^ - { 2 А ( 1  К )  +  K J cos2© 
2 A

S im ila rly  M ach n u m b er is g iven b y :

M l  (sin2 © -f- K 2 cos2 0 )  
K [ 1  +  У  ( 1 ~  K )  M l  cos2©]

( 8 )

(9)

( 10 )

( И )

( 12)
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M l
M 2 =

ba

R
cos2 0  -|~ (b -)- 2ccr)2 sin2 О

У М 2 í 1
Ж  1 +  “ 2Я (1 K )  +  K

2Я К
ba 4- e<?a ]2 cos20

R

(13)

M l
M ' i  [2 Я К (1 K )  +  K * ] s in2 0

Я К 1 т е
2Я

{2Я(1 — К )  +  К }  cos2в
(14)

All the c h a ra c te r is tic s  o f th e  flow  a t  th e  s ta g n a tio n  p o in t an d  a long  th e  
ax is  0 = 0  are o b ta in e d  fro m  the  above e q u a tio n s  b y  sim ply p u t t in g  0 = 0 .

Y. T he P re ssu re  Coefficient an d  th e  S tagnation  
P o in t V elocity G rad ien t

The pressure co e ffic ien t is given b y :

<:P b =
2 Я ( 1 -  K ) +  К

Я
C O S 2 0  . (15)

W hen  A =  1, L i a n d  Ge ig e r ’s [1] re su lt is o b ta in e d . B y  p u ttin g  0  =  0, s ta g n a tio n  
p o in t p ressu re  coefficien t is o b ta in e d .

T he s ta g n a tio n  p o in t  ve locity  g rad ien t is g iv en  by :

dv
dO ft -u

=  и Л К 2 Я К ( 1 К )  4  K 2\ . (16)

F o r  Я =  1, the  re su lt is th e  sam e as th a t  o f L i a n d  G e i g e r  [1] an d  th a t  o f th e  
sp h ere  [4]. I t  agrees w ell w ith  exp erim en ta l re su lts  even for M ach n u m b ers  
as low  as 2.

V I. D iscussions an d  C onclusions

T he shock d e ta c h m e n t and  th e  s ta g n a tio n  p o in t  velocity  g ra d ie n t agrees 
fa ir ly  well w ith  e x p e r im e n ta l re su lts , w hen  M ach  n u m b er is h igh  an d  e ith e r  
p e rfe c t gas values o f  Я fo r  Y  =  1,4 or Я =  1 is u se d . T he effect o f u sin g  rea l gas 
v a lu es  o f Я o b ta in e d  f ro m  F e l d m a n  [ 5 ]  is to  decrease  th e  s ta g n a tio n  p o in t 
v e lo c ity  g rad ien t b y  a b o u t 5 per cen t an d  to  in c rease  th e  shock d e ta c h m e n t 
d is ta n c e  b y  ab o u t 3 p e r  c e n t. B y  using rea l gas v a lu e s  o f  Я, th ere  is l i t t le  increase  
in  th e  values o f p re ssu re  ó an d  te m p e ra tu re  a n d  l i t t le  decrease in  th e  v alue  
o f  M ach num ber. F o r  Я =  1, in th e  s ta g n a tio n  reg ion , th e  re su lts  are  th e
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sam e as o b ta in ed  b y  L i an d  G e i g e r  an d  o th e rs . W hile shock d e ta c h m e n t 
d is tan ce  for th e  cy lin d er is g re a te r  th a n  th a t  o f  th e  sphere , th e  s ta g n a tio n  
p o in t v e lo c ity  g ra d ie n t b o th  for th e  cy linder a n d  th e  sphere  is the  sam e . T he 
v e lo c ity  a t  th e  s ta g n a tio n  p o in t is zero , b u t th e  v e lo c ity  g rad ien t is f in i te . T he 
p ressu re  a t  th e  s ta g n a tio n  p o in t is f in ite , b u t  th e  p ressu re  g rad ien t is zero . T he 
p re se n t so lu tion  is va lid  only  in  th e  s ta g n a tio n  reg ion .
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Ü B E R SC H A L L S T R Ö M U N G  IM  S T A U B E R E IC H  E IN E S  K R E IS Z Y L IN D E R S

G. NATH

ZUS AM M E N  FASS U N G

E in e  N äh eru n g slö su n g  fü r  die re ib u n g sfre ie  Ü b e rsch a lls trö m u n g  in  der S tau zo n e  e ines 
K re iszy lin d ers  m it g e k rü m m te r  S to ß fro n t is t  abgele ite t. D ie  E ffek te  bei realen  G asen  s in d  in  
B e tra c h t  gezogen. D ie K en n zah len  de r S trö m u n g  sind  b e rech n e t. F ü r  e inV erhältn is d e r D ic h te  
k n a p p  h in te r  der S toßw elle zu  derjen igen  im  S ta u p u n k t v o n  A =  1 reduzieren  sich d ie  E rg e b 
nisse fü r  den  S tau b ere ich  a u f  d iejen igen  v o n  a n d eren  A u to ren . F ü r  reale  Gase e rh ö h en  s ic h  d ie 
W erte  v o n  A, die k ü rzes te  E n tfe rn u n g  zw ischen  der ab g egriffenen  S toßw elle  und  dem  K ö rp e r , 
de r D ru ck , der D ru ck k o effiz ien t u n d  die T e m p e ra tu r , a b e r de r S ta u p u n k tg e sc h w in d ig k e its 
g ra d ie n t u n d  die M achzahl sinken. Die b e rech n e ten  W erte  s tim m en  m it den ex p e rim e n te llen  
D a ten  fü r  ideale  G ase g u t überein .

É C O U L E M E N T  S U P E R S O N IQ U E  D A N S LA R É G IO N  D E  STA G N A TIO N  
D ’U N  C Y L IN D R E  C IR C U L A IR E

G. NATH

R É SU M É

U ne so lu tion  ap p ro ch ée  pour le p rob lèm e de l’éco u lem en t superson ique sans f r o t te m e n t  
a y a n t  lieu  d an s la  rég ion  de s ta g n a tio n  d ’u n  cy lind re  c ircu la ire  a é té  é laboréè  pa r l’a u te u r ,  q u i 
t ie n t  com pe aussi des e ffe ts d us à  la p résence  d ’u n  gaz réel. D ifféren tes c a ra c té ris tiq u es  de 
l’éco u lem en t o n t é té  calculées. Si A, c’est-à -d ire  le ra p p o r t  de la  d en sité  ap rès l’onde de ch o c  à 
la d en sité  au  p o in t de s ta g n a tio n  e st égal à 1, on  reço it d an s la  rég ion  de s tag n atio n  des r é s u l ta ts  
p lus sim ples, id en tiq u es  à ceu x  des a u tre s  a u te u rs . E n  a p p liq u a n t  des A co rre sp o n d a n t à  des 
gaz réels, la  d is tan ce  m in im a e n tre  l’onde de choc d é tach ée  e t  le corps, le coefficient de  p re ss io n  
e t  la  te m p é ra tu re  a u g m e n te n t, m ais le g ra d ie n t de v itesse  a u  p o in t de s tag n a tio n  e t  le n o m b re  
de M ach d écro issen t. Les v a leu rs  calculées à l ’avance  co n co rd en t b ien  avec les données e x p é r i
m en ta les  m esurées su r des gaz idéals.
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ДВИЖ ЕНИЕ ПОТОКА СО СВЕРХЗВУКОВОЙ СКОРОСТЬЮ В РЕАКТИВНОЙ 
ОБЛАСТИ НЕКОТОРОГО КРУГЛОГО ЦИЛИНДРА

РЕЗЮМЕ 

г. H A T

Автор разработал метод приближенного решения проблемы движения потока со 
сверхзвуковой скоростью в реактивной области круглого цилиндра без трения. Учиты
ваются воздействия, соответствующие действительным газам. Автором вычислены раз
личные параметры потока. Если Я=1, отношение плотности непосредственно после удар
ной волны к плотности в реактивной точке, тогда в реактивной области результаты реду
цируются до результатов других авторов. Применяя значения Я, соответствующие дейст
вительным газам, увеличиваются наименьшее расстояние между отключенной ударной 
волной и телом, давление, коэффициент давления и температура, но градиент скорости 
в точке напора и число Маха уменьшаются. Вычисленные заранее данные хорошо совпа
дают с экспериментальными данными, которые определены для случая идеальных газов.
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THE FLOW  OF A PE R FEC T  FLUID THROUGH A SINGLE 
STAGE AXIAL FLOW FAN W ITH PRESCRIBED SPANW ISE

CIRCULATION

G. N A TH
TECHNICAL UNIVERSITY, BUDAPEST 

[M an u scrip t received  Ju ly  19, 1965]

A new  m eth o d  of solving th e  inv erse  p rob lem  o f th e  th re e  d im ensional flo w  in  th e  
ro to r  o f a single s tage  axial fan  h as  b een  developed  fo r a  p re sc rib e d  va riab le  c irc u la tio n . T h e  
n u m b er o f  b lad es has been rep laced  b y  a n  in fin ite  n u m b er o f  b lad es so th a t  th e  to ta l  c irc u la tio n  
is N T .  T he tra ilin g  vortices are  sp ira ls  a n d  th e  ax ia l v e lo c ity  befo re  th e  ro to r, Л  is n o t  g re a t.  
T he m eth o d  is va lid  fo r sm all R ^ j R T i.e. R HjR r  >  0,2. T h e  m e a n  efficiency, ch o rd  le n g th  a n d  
o th e r  design  p a ram e te rs  hav e  also been  o b ta in ed . T he f lu id  is ta k e n  as in com pressib le  a n d  
frictionless.

Sym bols
Г  c ircu la tio n ;
P fj c ircu la tio n  a t  th e  h u b ;
N  n u m b e r  o f b lades;
R , &, Z  cy lin d rica l p o lar c o o rd in a te s ; 
l ch o rd  len g th ;
R T t ip  rad iu s ;
R fj  h u b  rad iu s ;
R f j / R f  h u b /tip  ra tio ;  
со a n g u la r  ve lo c ity  o f ro to r ;
C i  l if t  coefficient;
CD d ra g  coefficient;
&geo. g eo m etrica l angle o f a t ta c k ;

e ffec tive  angle of a tta c k ;
y> an g le  w hich  th e  re la tiv e  m ean  v e lo c ity  W~,. m ak e s  w ith  th e  tan g e n tia l d ire c tio n ;
tj> ang le  w hich  th e  new re la tiv e  m ean  v e loc ity  W ~ ,  m ak e s  w ith  th e  tan g e n tia l d irec tio n ;
Ca ax ia l v e lo c ity  before th e  ro to r ;
Cai ax ia l co m ponen t o f  in d u ce d  v e lo c ity  due to  tra il in g  v o rtic es ;
c Rt r a d ia l  co m p o n en t o f in d u ce d  v e lo c ity  due to  tra i l in g  vo rtices ;
С/j ta n g e n tia l  co m p o n en t o f in d u ce d  ve lo c ity  due  to  tra il in g  v o rtices;
Cu ta n g e n tia l  co m ponen t o f in d u ced  v e lo c ity  due to  tra il in g  vortices, w hen  th e  c irc u l

a tio n  is c o n s tan t a long  th e  ra d iu s ;
W x re la tiv e  in le t v e lo c ity ;
W 2 re la tiv e  o u tle t  ve lo c ity ;
Woo re la tiv e  m ean  ve lo c ity ;
Wo° new  re la tiv e  m ean  v e lo c ity ;
a, b, c c o n s tan ts ; 
л  3 ,141592;
t b lad e  spacing ;
i/t so lid ity ;
Q to rq u e ;
Qc to rq u e  coefficient;
T  th r u s t ;
T c t h r u s t  coefficient;
r /f  e ffic iency  a t  a c e rta in  p o in t;
r jj  m ean  efficiency;
K ti, th eo re tic a l to ta l  h ead  rise  coefficien t a t  any  p o in t;
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K r  to ta l  head  loss c o effic ien t o f ro to r  a t  a c e r ta in  p o in t;
K swiri loss coefficient d u e  to  sw irl a t  a  c e rta in  p o in t;
K d p  p rofile  drag loss co effic ien t a t  a ce rta in  p o in t;
K D s  secondary  d rag  loss coeffic ien t a t  a c e r ta in  p o in t;  
K d a  an n u lu s drag loss co effic ien t a t  a c e r ta in  p o in t;
Cd p p ro file  drag coeffic ien t;
CDs secondary  drag  c o effic ien t;
C d a  an n u lu s  drag  c o effic ien t;
Л  =  Ca/wR-pi
Л  —  (Ca +  Caj)/o>RT ;
A c o n s ta n t of in te g ra tio n .

I. Introduction

T h e  so lu tion  o f  th e  th ree -d im en sio n a l flow  o f an o n -v isco u s,in co m p ressib le  
f lu id  th ro u g h  an  ax ia l tu rb o -m a c h in e , h a s  b een  o b ta in ed  b y  sev e ra l au th o rs  
[1 — 14], u n d e r the  a s su m p tio n  th a t  th e  c irc u la tio n  is va riab le  a lo n g  th e  span  
o f  th e  b lad e . There a re  an  in fin ite  n u m b e r  o f  b lades an d  R H/ R f  >  0,4. B u t 
n o n e  o f  th e m  has co n sid ered  th a t  th e  tra il in g  v o rtices  are sp irals w h ich  ap p ro x 
im a te  to  th e  real p a t te r n  o f  flow .

T h e  p resen t a u th o r  h a s  o b ta in ed  th e  in v erse  prob lem  o f th e  th ree - 
d im e n s io n a l flow  o f a n o n -v isco u s, incom pressib le  flu id  th ro u g h  a sing le stage  
a x ia l  f lo w  fan  by  th e  iso la te d  aerofoil m e th o d  fo r a p rescribed  v a r ia b le  c ircu
la t io n , w hen  R HI R T lies b e tw een  0,2 to  0 ,4 . T he tra ilin g  v o rtices  considered  
a re  sp ira ls  ex tend ing  u p  to  in f in ity . I t  w as a lso  assum ed  th a t  th e  f in ite  n u m b er 
o f  b la d e s , N ,  are rep laced  b y  in fin ite  n u m b e r  o f  blades so t h a t  th e  to ta l 
c irc u la tio n  is N T .  H en ce  th e  tra ilin g  v o rtic e s  fo rm  concen tric  cy lin d ers  of 
in f in i te  len g th . The e ffic ien cy , chord  le n g th  a n d  o th e r design p a ra m e te rs  have 
b e e n  o b ta in e d . The b a c k  flo w  can occur n e a r  th e  h u b , b u t i t  can  be  p rev en ted  
b y  s u i ta b ly  choosing a. T h e  p re se n t m e th o d  is v a lid  for R HI R T >  0 ,2 , w hereas 
o th e r  m e th o d s  are v a lid  fo r  R H/ R T >  0,4.

II. Basic A ssum ptions

A s th e  c ircu la tion  is assum ed  as b e in g  k n o w n , we ta k e  th e  c ircu la tio n  
w h ic h  increases as th e  ra d iu s  R / R T in c reases , b e ing  m ax im um  a t  th e  tip  and  
m in im u m  a t  the  h u b , a n d  i ts  d e riv a tiv e  v a n ish e s  b o th  a t  th e  t ip  a n d  a t the  
h u b . I n  a d d itio n  th e  fo llow ing  assu m p tio n s are  m ade:

a )  T he blades a re  considered  as l if tin g  lines;
b)  th e  axial v e lo c ity , Ca/(of?r  is c o n s ta n t  along th e  ra d iu s  an d  lies 

b e tw e e n  0,13 and  0,3. T h e  low er lim it o f  C J coR t  depends u p o n  N  an d  Г ;
c)  th e  tip  c learance  is considered  as b e in g  zero;
d )  th e  rad ia l c o m p o n e n t o f in d u ced  v e lo c ity  is considered  to  be zero 

as i t  is v e ry  sm all an d  i t  v an ish es  fa r from  th e  ro to r ;
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в)  th e  angle o f sp ira l lies b e tw een  y> an d  y>2. In  th e  p re se n t case , i t  is 
assum ed  th a t  th ro u g h o u t th e  w hole len g th  th e  ang le  o f sp ira l is r/>;

f )  for n u m erica l ca lcu la tio n , in  th e  p re se n t p a p e r: a =  —0,01; C  =  0,02; 
R HI R T =  0,2; th e  aerofoil is R A F  6E ,  Re.  No. 0,312 X  10е; Феи. =  6°; CDp — 
=  0,0177 and  CL =  1.

I I I .  B asic E q u a tio n s  an d  Solutions

L et us consider th e  ro to r  o f a single stage  ax ia l fan  consisting  o f  N  b lad es  
sy m m etrica lly  p laced  whose c ircu la tio n  Г  varies a long  th e  ra d iu s . T h e  re 
q u irem en t is to  o b ta in  th e  co m p o n en ts  of th e  in d u ced  v e lo c ity  in  th e  ra d ia l, 
ta n g e n tia l and  ax ia l d irec tions a t  a n y  p o in t o f a b lad e , due to  tra ilin g  v o rtices  
a n d  bound  v o rtices  of all th e  b lad es . The tra ilin g  v o rtices  are  sp ira ls  an d  form  
in fin ite  concen tric  cy linders.

The c ircu la tio n  is p resc rib ed  an d  can be exp ressed  in  a n o n -d im en sio n a l 
fo rm  as:

г  Г  — a
R R H\3 +  b R R H I

w R 2T So R T )
( 1 )

w here  b =  За/2 (1 — R h / R t ) a n d °  a n d C are assu m ed  to  be k now n .
The induced  ta n g e n tia l v e lo c ity  due to  tra ilin g  vo rtices a t  th e  p o in t 

(R j R T, 0, 0) for a c o n s ta n t c ircu la tio n  is given b y :

Cg N r w
a>Rr  2 n  R / R T

Table I
Tangential com ponent o f  induced velocity

R I R T

N =  4 N  == 3

c,
o)Rj<

Cu
(ùRj*

C.
(oRjt

Cu
coRj<

0,2 0,0636 0,0636 0,0477 0,0477

0,3 0,0424 0,0426 0,0318 0,0320

0,4 0,0318 0,0324 0,0238 0,0243

0,5 0,0254 0,0264 0,0190 0,0198

0,6 0,0212 0,0225 0,0159 0,0169

0,7 0,0181 0,0197 0,0136 0,0148

0,8 0,0159 0,0176 0,0119 0,0132

0,9 0,0141 0,0158 0,0106 0,0119

1,0 0,0127 0,0143 0,0095 0,0107
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T h e induced  ta n g e n t ia l  ve locity  due to  tra il in g  vo rtices a t  an y  p o in t 
( R / R T, 0, 0) when th e  c irc u la tio n  is va riab le  is g iven  by :

Си   Си ~Ь 2 Сц   N 7]
w R T coRT 2 n R j R T (3)

T h e tan g en tia l c o m p o n e n t of induced  v e lo c ity  due to  tra ilin g  vortices 
is g iv en  in Table I  (F ig . 1). I t  decreases as R / R T increases. I t  also decreases

Fig. 1

w h en  e ith e r Г  от N  d ec rea ses  or R H/ R T in c reases . I t  is in d e p e n d e n t o f Л.  I t  
re p re s e n ts  a d isc o n tin u ity , as th ere  is no ta n g e n tia l  ve lo c ity  before  th e  ro to r.

T he axial c o m p o n e n t o f  induced  v e lo c ity  due  to  tra ilin g  v o rtices  a t  any  
p o in t  ( R I R T, 0, 0) is g iv e n  by :

a>Rr
, cos V d (R/RT) =  

d(R/RT)

=  l
3 a N

A X
3 K ' 2

sec2 0
2 (2  -  K 2) '

ta n  0  —
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R H
1 +  —  

R , 2 K 2
c2 0 R ,

R>

N C  ] a 2

a2 a 2 2(2 - K 2) R H N C

K ' 2 3 K '2 R T 4 л

4 л  ) K ' 2 

E ( 6 ,  K )

ta n  0 +

r +
R „  N C

3 K ' 2 R T 4 л
■ F  ( 0 ,  К )

R h I a *2(1 +  K ' 2) N C '
In

A X  +  K '  )

R t I 2 K ' 2 K 2 4 л A X  — К '  1
(4)

w hen

w here

(i)R,
2 N C

> -------

— “h — 4 A2
ß = ~

— Aj — F'A? — 4 A,

=  a ta n  0  ; Ю  =  ^  ^  ; A X  =  / l  -  X 2 sin* в  !

F (& , К ) a n d  E (& , K )  a re  e llip tic  in teg ra ls  o f th e  f i r s t  a n d  th e  second k in d , re sp ec tiv e ly . 

B u t  w h e n

Ca l2
(o R-j-

N C

e q u a tio n  (4) reduces to

c„,
oRn

Я — 3 a N (a |— Г -
1 f R H 

1 H------^
к

3 R T I 2 R -г R T
+

+
R , N C

R , 4 л

I N C 2

А л

R

R

1 + N C

4 л
R h

l + t

N C  

4 л

+

In
R

R :

4 -
[JVC 3 iVC R h N C R h ] t a n -1

4 Л 4 л R T 4 л R T

a>RT

N C

4 л

( 5)

Cai/coRT is im ag in a ry  if

(CJo>RT)2 <  N C /л.
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The c o n s ta n t o f  in te g ra tio n , A, in  e q u a tio n s  (4) an d  (5), is c a lcu la ted  in  
o rd e r  to  sa tisfy  th e  c o n d itio n  of c o n tin u ity , w h ich  is:

11 2 я  R / R T d  ( R / R T) =  Г  (-Ĉ +- 2C(
'Rb IRt O)H.t  J R h / R t  \ 0 ) K T

2 уi R / R T d ( R / R T) . (6)

T he ax ia l c o m p o n e n t o f induced  v e lo c ity  is g iven in  T ab le  I I  (F ig . 2). 
I t  increases as R / R y  in c reases . F u rth e r  i t  a lso  increases as Г  increases an d  
decreases as N  or Л  o r R h IR  T increases. I f  th e  c o n s ta n t a is ta k e n  as la rg e , 
th e n  back-flow  occurs n e a r  th e  hub of th e  ro to r . T he value o f a b ey o n d  w hich  
b ack -flow  occurs a t  d iffe re n t po in ts on th e  r o to r  is given in  T able I I I .  I t  can

Table I I

A x ia l  component o f  induced velocity, Сщ/coRj-

a =  — 0 ,0 1 , C =  0 ,02 a =  — 0 ,0 1 , C  =  0 ,0 1

R JR T N  = 4 N =  3 N = 4

Ca/(o R T  =  0 ,3 Ca/toRr =  0»2 Caj  cùRjt =  0 ,3 Cafú )R T =  0 ,3 C jcù R jt  =  0 ,2

0,2 —  0 , 0 2 2 2 -0 ,0 2 4 4 - 0 ,0 1 8 1 - 0 ,0 2 4 0 - 0 ,0 2 5 9

0,3 - 0 ,0 2 0 3 -0 ,0 2 2 0 - 0 ,0 1 6 6 - 0 ,0 2 2 0 - 0 ,0 2 3 3

0,4 - 0 ,0 1 7 5 -0 ,0 1 8 7 - 0 ,0 1 4 3 - 0 ,0 1 9 0 - 0 ,0 1 9 9

0,5 - 0 ,0 1 3 8 -0 ,0 1 4 5 - 0 ,0 1 1 2 - 0 ,0 1 4 9 - 0 ,0 1 5 5

0,6 —  0,0089 —0,0092 —  0,0072 -0 ,0 0 9 5 - 0 ,0 0 9 8

0,7 - 0 ,0 0 2 6 -0 ,0 0 2 5 -0 ,0 0 2 1 - 0 ,0 0 3 2 - 0 ,0 0 2 7

0,8 0,0052 0,0056 0,0042 0,0057 0,0060

0,9 0,0149 0,0157 0,0121 0,0161 0,0167

1,0 0,0267 0,0279 0,0216 0,0295 0,0296

Table I I I

The va lue o f  a beyond which back-flow  occurs on the rotor

R j R j '
N =  4 N  = 3

C a o)Rj< = 0 ,3 C a / œ R T  =  0 ,2 C a la )R ip = 0 , 3

0,2 0,135 0,081 0,164

0,3 0,147 0,090 0,180

0,4 0,170 0,106 0,209

0,5 0,216 0,137 0,266

0,6 0,334 0,215 0,413

0,7 1,119 0,774 1,414

easily  be show n t h a t  th e  induced  v e lo c ity  d u e  to  b o u n d  vortices v an ish es  a t  
ev e ry  p o in t o f th e  b la d e .
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Fig. 2

1. Geometrical angle o f  attack a n d  chord length

I t  is k n o w n  th a t  th e  in d u ced  v e lo c ity  changes th e  effective an g le  of 
a t ta c k  an d  th e  b lad e  behaves as a b lade  o f in f in ite  sp an  a t  th is  angle o f  a t ta c k .  
H ence th e  p ro file  d rag  coeffic ien t, CDp, l if t  coeffic ien t C L and  Фef f . c a n  be 
o b ta in ed  from  th e  ex p erim en ta l d a ta  o f iso la te d  aerofoil of in fin ite  s p a n  [15]. 

T he g eom etrica l angle o f a t ta c k , Фгео. c a n  be ob ta in ed  from  Фе//.  =

=  &geo. — {y> — W) C7)-
T he angle xp an d  xp can  be o b ta in ed  f ro m  th e  dim ensionless v e lo c ity  

d iag ram  (Fig. 3). H ence

ta n  xp

ta n  xp

Cg/wR-T

r , r t -  —  J f ia -
4 n  R / R T

Cg +  Cgj 
(oRr-

R/R,
' N  Ц  

4 n  R / R ,

( 8 )

(9)
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T h e  new  re la tiv e  m ean  velocity  W œ is g iv en  by:

( tv „ 2 — { ^ a  +  Cai 2
+ R N Гг

\ (oRj' 1 coRT R T 4 л RJRT

F ig . 3

(10 )

T h e  chord  len g th  is g iven  by :

l _  2 Ц
R t r  W  «>

( 11)

A g ain

<12>
w h e re  £ =  Cu/Ca

T h e  cho rd  le n g th  an d  geom etrica l an g le  o f  a t ta c k  are given in  T a b le  IV . 
F o r  a p rescrib ed  c ircu la tio n , l / R j  d ec reases  as Л  increases a n d  N  has 

v e ry  l i t t l e  effect on th e  ch o rd  len g th . T h e re  is no  in terference e ffec t on  th e
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Table IV

N- . = 4 N  = 3

RfRj> Cq] (ùR ji =  0 ,3 Ca/(o R f  =  0 ,2 Caj(ùR ji =  0 ,3

l /R T Фдео°- l/RT l /R T ф„.<Л

0,2 0,1231 4,08 0,1645 2,28 0,1203 4,41

0,3 0,1018 4,01 0,1216 2,90 0,100 4,37

0,4 0,0856 4,35 0,0961 3,77 0,0847 4,66

0,5 0,0737 4,83 0,0799 4,54 0,0731 5,05

0,6 0,0648 5,33 0,0687 5,20 0,0644 5,45

0,7 0,0578 5,83 0,0606 5,81 0,0576 5,86

0,8 0,0523 6,30 0,0542 6,39 0,0521 6,28

0,9 0,0474 6,87 0,0489 6,97 0,0474 6,70

1,0 0,0431 7,41 0,0442 7,54 0,0431 7,14

ro to r , as l/t lies b e tw een  0,3 a n d  0,6 a t  th e  h u b . T he geom etrical an g le  o f  
a t ta c k  g en era lly  increases as I / R t increases. T h e  angle ip <̂eff. >s g iv en  
in  T ab le  V.

Table V

(4> +  0 e f f - ) °

R /R T
N  = 4 N  «= 3

Ca/ a R T =  0 ,3 Ce im R ji  =  0,2 CaJ(ûRj> = 0 , 3

0,2 64,81° 52,22° 64,00°

0,3 51,11° 38,56° 50,93°

0,4 42,34° 31,27° 42,37°

0,5 36,44° 26,86° 36,50°

0,6 32,30° 23,95° 32,33°

0,7 29,30° 21,96° 29,27°

0,8 27,09° 20,57° 26,98°

0,9 25,44° 19,59° 25,24°

1,0 24,21° 18.93° 23,92°

IV. Fan U nit E fficiency

In  an  ax ia l fan  w hich  consists  o f  a ro to r  o n ly , th e  loss in  th e  e ffic ien cy  is 
due to  ro to r  loss an d  sw irl loss; o th e r  losses are  n eg lec ted . The d is tr ib u tio n  o f  
losses along th e  rad iu s  is n o t  u n ifo rm , th e re fo re , th e  m ean  value is c a lc u la te d .
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T he efficiency a t  p o in t  ( R jR T, 0, 0) is g iven  by :

Vt =  1
K R К swi rl (13)
K lh K lh

K R К  Dp К  Ds +  k Da CDp “Ь C Ds A 1 1 K da (14)
K !h K lh c L sin2 yj R / R T K th

T he profile d ra g  coeffic ien t, Cqp, is ca lcu la ted  from  th e  e x p e rim e n ta l 
d a ta  o f  iso la ted  aero fo il. T h e  profile  loss is g iven  in  T able V I (F ig . 5). F o r a 
g iv e n  Г ,  i t  decreases w h en  Л  or N  in c reases .

T h e  secondary  d ra g  coeffic ien t, CD&, is g iven  by  th e  w ell-know n em pirical 
fo rm u la  b y  H o w e l l , i.e . CDg— 0,018 CL2 a n d  shou ld  be ca lcu la ted  a t  th e  m ean  
ra d iu s .  S im ilarly  th e  a n n u lu s  loss, K D J K th =  0,02, for th e  en tire  a x ia l fan .

T he swirl loss is g iv en  by :

K-swirl 1 Cul0> f,>‘r  П 5)
K ih 2 R / R T

T h e swirl loss is g iv en  in  T able V II  (F ig . 6).
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Table VI
Rotor loss due to profile drag, K  ppf Кц,

R /R T
N  = 4 N =  3

Ca/  ( ù R f  =  0 ,3 CfJtaRjt =  0 ,2 C JcùR jt  =  0 ,3

0,2 0,0362 0,0339 0,0369

0,3 0,0352 0,0407 0,0354

0,4 0,0377 0,0485 0,0377

0,5 0,0413 0,0558 0,0412

0,6 0,0450 0,0621 0,0449

0,7 0,0484 0,0668 0,0485

0,8 0,0526 0,0698 0,0517

0,9 0,0532 0,0711 0.0543

1,0 0,0543 0,0706 0,0560

Table VII
S w ir l loss, K swJ K lh

R / R T N  =  4 N  =  3

0,2 0,1591 0,1193

0,3 0,0711 0,0533

0,4 0,0405 0,0304

0,5 0,0264 0,0198

0,6 0,0188 0,0141

0 ,7 0,0141 0,0105

0,8 0,0110 0,0082

0 ,9 0,0088 0,0066

1,0 0,0071 0,0053

T h e swirl loss is in d e p e n d e n t of Л  an d  decreases as R/R-p increases. 
I t  a lso  decreases as R H/ R T in c re a se s , and  increases as c irc u la tio n  or N  increases. 

T h e  m ean effic iency  is g iven by :

Г ) т  —  1  —

2 Г 1 R-swirl 1 R
d ( R / R T) K ds-\~Kda

1 - Rh ]2
R r i  J

Rh
/? J<

L K th Kth J R t K llt
(16)

E q u a t io n  (16) can be in te g ra te d  num erica lly  or g rap h ica lly .
T h e  efficiency due to  p ro file  loss and  sw irl loss a n d  th e  m ean  efficiency 

( ta k in g  in to  account all th e  losses) are given in  T ab le  V I I I  (F ig . 7) and  T ab le  IX
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Table V III

E ffic ien cy , n T ; taking in to  account losses due to pro file  drag and sw irl only

RIRT
лг == 4 N =  3

Ca/ o R T =  0,3 Ca/a>Rj> == 0,2 Ca/ oR ji =  0,3

0,2 0 ,8045 0,8068 0,8437

0,3 0 ,8936 0,8881 0,9111

0,4 0 ,9216 0,9108 0,9318

0,5 0,9321 0,9176 0,9389

0,6 0 ,9361 0,9190 0,9409

0,7 0 ,9374 0,9190 0,9408

0,8 0 ,9363 0,9190 0,9399

0,9 0 ,9379 0,9200 0,9390

1,0 0 ,9384 0,9221 0,9385

T able  IX

M ea n  efficiency, Tij

N = 4 ЛГ= 3

CoJaRf =  0,3 Ca/(iRT =  0,2 Ca/uRT =  0,3

0,8644 0 ,8315 0,8698
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re sp ec tiv e ly . F o r a p re sc r ib e d  c ircu la tio n , th e  m ean  effic iency  increases as Л  
in c reases , and  N  has v e ry  l i t t le  effect on i t .

V. Torque and  T h ru st

T he to rq u e  is g iven  b y :

w h e r e

4 г 11 R u 1 +  ^01 1 C u
Л J R T Л coRT

Qc= T  
2

Q

Q Ca 7iRt

is g iven b y :

( R / R Ty - d ( R / R T) , (17)

T

w h e r e

C =  2  j rÆJ RT K-u, K R
г 2

1 + т ?
Ç i

Ca

Tr =
1 oCl tzR?

l \ * d ( R / R T), (18)

B o th  eq u a tio n s  (17) a n d  (18) can be in te g ra te d  nu m erica lly .

V I. E stim atio n  o f a  an d  C

T he m ax im u m  a n d  m in im um  values o f a an d  C are  g iven below (for 
d e ta ils  see A ppend ix  I) :

a =  0 (m a x im u m ),

4 пЛ  1
a =

N  f j  RH \3
R T

(m in im u m ) ;

_ 2 жA  R H .
C = -------- ------- (m ax im u m ),

N  R T
( 1 9 )

C =  0 (m in im u m ).
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V II. C onclusions

In  th e  p re se n t p a p e r  th e  tra ilin g  v o rtic e s  are  tak en  as sp ira ls  w hich 
a p p ro x im a te  th e  rea l p a t te r n  o f flow  th a t  occurs in  th e  ro to r o f a n  a x ia l fan , 
w hen  th e  c ircu la tio n  is v a ria b le . The d e r iv a tiv e  o f th e  c ircu la tio n  a lo n g  th e  
rad iu s  shou ld  n o t he h ig h , i.e . a should  n o t be  ta k e n  as large, b e c a u se  back- 
flow  will occur n e a r th e  h u b . T he occurrence o f  back-flow  shou ld  b e  av o ided , 
because  th e  p o rtio n  w here  th e  back-flow  occu rs w ill ac t as a tu rb in e .  F o r a 
p rescrib ed  c ircu la tio n , th e  m ean  efficiency in creases  as Л inc reases a n d  i t  is 
a ffec ted  v e ry  l i t t le  b y  th e  n u m b e r  o f b lades. T h e  sw irl loss a t  th e  h u b  is v e ry  
h igh . F o r p rescribed  c irc u la tio n  Г , N  and  Л , th e  chord  leng th , l / R p ■> a n d  the  
m ean  effic iency , a re  a lm o st th e  sam e, w h e th e r  the  tra ilin g  v o r tic e s  are 
sp ira ls  or s tra ig h t lines or th e  n u m b er o f b lad es  are fin ite  or in f in i te . The 
p re se n t m e th o d  is va lid  fo r R H/ R T >  0,2, w h ereas  th e  m ethod  b y  o th e r  a u th o rs  
[1 — 14] are valid  for R H/ R T >  0,4.

R E F E R E N C E S

1. B e t z , A.: S ch rau b en p ro p e lle r m it geringstem  E n erg iev e rlu s t. Vier A b h a n d lu n g e n  zur
H y d ro d y n a m ik  u n d  A ero d y n am ik , G ö ttin g en  1927; 68— 92.

2. G l a u e r , H .: T he E le m en ts  o f  A erofoil an d  A irscrew  T h eo ry . C am bridge U n iv e rs i ty  Press
1930, 125— 155.

3. R ü d e n , P .: In v e s tig a tio n  o f Single S tage A xial F a n s . Tech. M emor. nat. adv. com m . Aero.
W ash. 1944; N o. 1062.

4. M a r b l e , F . E .: T he F low  of a P e rfec t F lu id  th ro u g h  a n  A xial T urbom achine w ith  P resc rib ed
B lade  L oading . J .  Aero. Se i. 15 (1948), 473— 485.

5. C a r t e r , A. D . S.: T h ree -D im en sio n a l Flow  T h eo ries  fo r A xial C om pressors a n d  T u rb in es.
Proc. In s tn . M ech. E n g rs. L ondon . 159 (1948), 255.

6. K a h a n e , A .: In v e s tig a tio n s  o f A xial-F low  F a n  a n d  C om pressor R o to rs  D esig n ed  for
T h ree-D im ensional F low . Tech. Note. N a t. adv. C om m . Aero. W ash. 1948, N o. 1652.

7 . M a r b l e , F .: A n a ly tica l In v e s tig a tio n s  of Som e T hree-D im ensional F low  P ro b le m s in
T urbo-M achines. Tech. N o te . N a t. adv. C om m . A ero . W ash. 1952, N o. 2614.

8. S m i t h , L. H .—T r a u g o t t , S. C.— W i s l i c e n u s ,  G. F .: A P rac tica l So lu tion  o f  a T h ree -D i
m ensional Flow  P ro b lem  o f A xial-F low  T u rb o m a ch in e . Trans. A S M E  75  (1953), 
789— 803.

9 . G i n s b u r g , T .: In v e s tig a tio n  o f T h ree-D im ensional P o te n tia l  Flow  th ro u g h  A x ia l Cascade
o f Aerofoils. E . T . H . P ro m . N o. 2609, 1956.

10. S e i p p e l , C.: T h ree -D im en sio n a l F low  in M u lti-s tag e  T u rb ine . Brown B overi R eview  45
(1958), 99— 107.

11. M i k h a i l , S.: T h ree -D im en sio n a l F low  in A xial P u m p s  a n d  Fans. Proc. In s tn . M ech . Engrs.
London  172 (1958), N o. 35.

12. V a v r a , M. H .: A ero -T h erm o d y n am ics an d  flow in  T urbo-M achines. Jo h n  W iley  a n d  Sons
In c ., New Y o rk  1960.

13. W a l l i s , R . A .: A xial F low  F a n s . W illiam  Clowes a n d  Sons, L ondon 1961.
14. H o w e l l , W . T .: A p p ro x im a te  T hree-D im ensional F low  T heory  for A xial T u rb o -M ach in es .

A eronalical Quarterly  14 (1963); M ay, p a r t  2.
15. P a t t e r s o n , G. N .: D u c ted  F a n s : D esign for H ig h -E ffic ien cy . A ustralian  C o u n c il f o r  Aero

nautics, Report А С А  7; 1944.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



196 G. NATH

A P P E N D IX  I

T h e  m axim um  a n d  m in im u m  values of a and  C a re  o b ta in e d  from  e q u a tio n  (3). E q u a tio n  
(3 ) c an  be  w ritten  as:

( R R h  Ÿ 3 a i , R h  ) Í R  R h  1 :
U r R T J 2 l « r  J U r  R T  )

T h e  m in im u m  and th e  m a x im u m  v a lu e s  of Ç are 0 a n d  1, re sp ec tiv e ly . I f  £ =  0, th e  in flo w  and  
th e  o u tflo w  directions co in c id e . I f  th e  m axim um  v a lu e  o f  £ is tak e n  g re a te r  th a n  1, 
b e co m es  g rea ter th an  1,2, w h ic h  is  generally  th e  m a x im u m  perm issib le  value. I f  Ci >  1,2, (./) 
r ise s  ra p id ly  w ith th e  ang le  o f  in c id en ce , hence C J C q  in c re a se s , th u s  reducing  th e  effic iency. 
F o r  a  g iv en  C JiuRp, R p i/R p  a n d  N ,  th e  m inim um  v a lu e  o f  a (a  is negative) an d  C a re  o b ta in e d  
b y  p re sc rib in g  m axim um  c irc u la t io n  a t  the  tip  an d  m in im u m  a t  th e  hub , b y  p u t t in g  £ eq u al 
to  1 a n d  0, respectively. S im ila r ly  th e  m axim um  v a lu e s  o f  a a n d  C are o b ta ined  b y  p rescrib in g  
th e  c irc u la tio n  a t  th e  t ip  to  b e  e q u a l to the  m ax im u m  c irc u la tio n  a t  th e  h u b . H e n ce , th e  
m a x im u m  and m inim um  v a lu e s  o f  a and  C are g iven  b y  e q u a tio n  (19).

D IE  STRÖM UNG E I N E R  V O L L K O M M E N E N  F L Ü S S IG K E IT  D U R C H  E IN E N  
E IN S T U F IG E N  A X IA L V E N T IL A T O R  MIT V O R G E S C H R IE B E N E R  Z IR K U L A T IO N

E N T L A N G  D E R  S C H A U F E L

G. NATH

ZU SA M M EN FA SSU N G

F ü r  die Lösung des in v e r s e n  Prob lem s der d re id im en s io n a le n  S tröm ung im  R o to r  eines 
e in s tu f ig e n  A x ia lv en tila to rs  m i t  vorgeschriebener v e rä n d e r lic h e r  Z irku la tion  e n tla n g  der 
S c h a u fe l w urde eine neue  M e th o d e  entw ickelt. Die S c h a u fe lza h l w urde du rch  eine u n en d lich e  
S c h a u fe lza h l ersetz t, so d a ß  d ie  g e sa m te  Z irku la tion  N T  w ird . D ie freien W irbel sin d  S p ira len  
u n d  d ie  ax ia le  G eschw ind igkeit v o r  dem  R otor, Л , i s t  n ic h t  g roß . Die M ethode is t  fü r  k leine 
V e rh ä ltn is se  R ^ /R p  g ü ltig , d .h . R p i/R p  ( ■ 0,2. D er d u rc h sc h n itt lic h e  W irk u n g sg rad , S eh n en 
lä n g e  u n d  sonstige P a ra m e te r  f ü r  die K o n stru k tio n  w u rd e n  a u ch  berechnet. D ie F lü ss ig k e it 
w ird  a ls  inkom pressibel u n d  re ib u n g s fre i b e tra ch te t.

L ’ÉC O U L E M E N T  D ’U N  F L U ID E  PA R FA IT  A  T R A V E R S  U N  V E N T IL A T E U R  
A X IA L  A UN É T A G E , A V E C  CIRCULATION P R E S C R IT E  L E  LONG D E  L ’A U B E

G. NATH

RÉSUM É

L ’au te u r  à é laboré u n e  n o u v e lle  m éthode p o u r  ré so u d re  le problèm e inverse  de l ’écoule
m e n t  trid im ensionnel à  t r a v e r s  u n  v en tila teu r ax ia l à  u n  é ta g e ,  en  cas de c ircu la tio n  v a r ia b le  
p re s c r i te .  Le nom bre d ’a u b e s  a  é té  rem placé p a r u n  n o m b re  in fin i d ’aubes, de so rte  que la 
c irc u la t io n  to ta le  est N . Г .  L es to u rb illo n s  libres so n t des sp ira le s  e t  la v itesse ax ia le  d e v a n t  le 
r o to r ,  Л ,  n ’es t pas g rande. L a  m é th o d e  est valable p o u r  d es R fj /R p  de faible v a leu r, c’est-à -d ire  
R p j/R p  0,2. Le re n d em en t m o y e n , la  longueur de co rd e  e t  d ’au tres  c a ra c té ris tiq u es  de la 
c o n s tru c tio n  on t été ég a lem en t d é te rm in é s  p a r l’au te u r , le f lu id e  é ta n t  considéré com m e in co m 
p re ss ib le  e t  sans friction .

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



THE FLOW OF A PERFECT FLUID 197

ДВИЖЕНИЕ ПОТОКА ИДЕАЛЬНОГО ГАЗА ЧЕРЕЗ ОДНОСТУПЕНЧАТЫЙ 
АКСИАЛЬНЫЙ ВЕНТИЛЯТОР ПРИ ЗАДАННОЙ ЦИРКУЛЯЦИИ ВДОЛЬ

ЛОПАСТЕЙ

г. H A T  

РЕЗЮМЕ

Для решения инвертной проблемы трехразмерного потока, движущегося через 
одноступенчатый аксиальный вентилятор, автором разработан новый метод для случая 
заданного переменного времени цикла. Число лопастей замещено бесконечным числом 
лопастей, так что полная циркуляция будет N. Свободные вихри являются спиралями, 
аксиальная скорость перед ротором невысока. Метод пригоден для небольшого соотно
шения Rh/Rt , т- е- Для Rh/Rt =  0,2. Автор определяет также средний кпд, длину хорды 
и другие проектные параметры. Среда принимается несжимаемой и не имеющей трения.
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ON STRAIN INCOMPATIBILITY AND GRAIN 
BOUNDARY DAMAGE IN FATIGUE

M A R IA  RÓN AY
COLUMBIA UNIVERSITY, NEW YORK 

[M anuscrip t rece ived  Ju ly  21, 1965]

T h e  in co m p a tib ility  be tw een  th e  im p o sed  m acroscopic  s tr a in  field  and th e  d e fo rm a tio n  
of th e  inhom ogeneous an iso tro p ic  p o ly c ry s ta llin e  ag gregate  as w ell as betw een th e  d e fo rm a tio n  
o f th e  in d iv id u a l m em bers o f th e  ag gregate  is considered  to  be m o s t severe un d er c ircu m stan ces  
o f fa tig u e  m ain ly  as a  re su lt  o f th e  v e ry  sm all n u m b er o f o p e ra tin g  slip  system s in th e  in d iv id u a l 
g ra in s , th e  c h a rac te ris tic  co n ce n tra tio n  o f slip  in to  b an d s  u n d e r  rev ersed  stra in in g  o f m o d e ra te  
a m p litu d e s  and  th e  a cc u m u la tio n  of p e rm a n e n t  d e fo rm atio n  d u e  to  im perfec t re v e rs ib ili ty  of 
slip. A s a  re su lt of s tra in  in co m p a tib ilitie s  cau sed  b y  th e  re s tr ic tio n s  im posed b y  su rro u n d in g  
g ra in s o r non-deform ing  p a r ts  o f th e  sam e g ra in , s lip -b an d , g ra in -b o u n d a ry , a n d  su b g ra in 
b o u n d a ry  dam age occur. T he s tra in  in co m p a tib ilitie s  f in d  re lie f on  th e  surface in  th e  fo rm  
o f ex tru s io n s , in tru s io n s , g ra in  ru m p lin g  a n d  su b g ra in  ru m p lin g . T h e  concepts a re  i l lu s tra te d  
b y  p h o to m icro g rap h ic  s tu d ie s  on  s u p e rp u r ity  copper a lu m in iu m  a n d  70/30 a lp h a  b ra ss  u n d e r  
c o n d itio n s o f c o n s tan t s tra in  a m p litu d e  cy clin g  in to rsion .

I .  I n t r o d u c t i o n

F a tig u e  is a p rogressive  d e te r io ra tio n  o f th e  c o n tin u ity  of th e  m ed ium  
te rm in a te d  by  m acroscop ic  c rack ing  an d  fina l se p a ra tio n  due to  th e  re p e titio n  
o f rev e rsed  s tra in  cycles im posed o n  th e  inhom ogeneous, locally  a n iso tro p ic  
c ry s ta l s tru c tu re  [1, 2]. The s ta te  o f  s tra in  w hich is defined  in te rm s  o f  con
t in u u m  m echanics on th e  usual basis  o f c o n tin u ity , hom o g en e ity  an d  iso tro p y  
o f th e  m edium  th u s  enforces th e  d e fo rm atio n  o f  a loca lly  inhom ogeneous 
an iso tro p ic  agg regate  th a t  c an n o t acco m m o d ate  su ch  s tra in s  w ith o u t high- 
in te n s i ty  elastic  d is to r tio n  c rea tin g  severe local d isco n tin u itie s  in  th e  m icro 
scopic defo rm ation  p a tte rn . Such  d isco n tin u itie s , w h ich  are th e  sou rce  of 
“ te x tu ra l  stresses”  [3], arise m a in ly  from  a lack  o f c o m p a tib ility  o f th e  d e fo r
m a tio n  o f n e ighboring  c ry s ta ls , o r o f  d iffe ren t p a r ts  o f a single c ry s ta l  and 
h a d  been  referred  to  as in c o m p a tib ility  cen ters [4]. T h e  d en sity  of th e ir  d is tr i
b u tio n  is h ighest w here th e  d isc rep an cy  be tw een  th e  overall “ c o n tin u u m  
m ech an ica l”  s tra in  field  an d  the  re su ltin g  localized  g lide fields are la rg e s t and  
w here th e  in te n s ity  o f th is  s tra in  f ie ld  is h ighest. I t  w ill therefo re  in  g en era l be 
low er in  cubic c ry s ta ls  w here th e  la rg e  n u m b er o f p o te n tia l  slip sy stem s m akes 
accom m odation  b y  slip  easier th a n  in  c ry sta ls  w ith  a sm all n u m b e r  o f  slip 
sy stem s, and  h ig h er in  th e  region o f  m acroscopic s t r a in  co n cen tra tio n .

T here  is obv iously  a s ig n ifican t d ifference in th e  sev e rity  o f in c o m p a ti
b il i ty  p roduced  in  u n i-d irec tio n a l a n d  in  reversed  s tra in in g . The in crease  o f the
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s t r a in  in  u n i-d irec tio n a l s tra in in g  ac tiv a tes  n ew  slip p lanes a n d  slip system s 
in  th e  course of the  d e fo rm a tio n . The resu lt o f  th is  process is a p a t te r n  o f w idely 
d is t r ib u te d  and s ta t is t ic a l ly  o rien ted  glide p rocesses w hich te n d s  to  p roduce  a 
q u as i-iso tro p ic  d e fo rm a tio n  fie ld  ra th e r  c lose ly  re la ted  to  th e  co n tin u u m  
m e c h a n ic a l s tra in  f ie ld , a n d  i t  is on th e  e ffec tiveness o f th is  p rocess t h a t  the  
c la ss ic a l co n tin u u m -m ech an ica l th e o ry  o f p la s t ic i ty  is based .

I n  reversed s tra in in g  th e  s tra in  does n o t  increase b u t  is k e p t  c o n s tan t 
o r decreases depend ing  on  w h e th e r  c o n s ta n t s tr a in  or c o n s ta n t s tre ss  cycling 
is a p p lie d . U nder c irc u m s ta n c es  sign ifican t fo r  fa tigue  u su a lly  o n ly  one slip 
s y s te m  operates in  in d iv id u a l  g rains. T his p re d o m in a n tly  one-fo ld  slip p er 
g ra in  (in  a few gra ins tw o -fo ld  slip m ay  e x is t, in  o th e r g ra ins n o n e  develops) 
is th e  le a s t fav o rab le  s t a te  o f d efo rm atio n  o f  a p o ly c ry s ta llin e  aggregate  
te n d in g  to  accom m odate  to  th e  applied  m acro sco p ic  s tra in  f ie ld  w hile m a in 
ta in in g  co n tin u ity  a t  th e  b o u n d a ry  of d iffe re n tly  o rien ted  g ra in s . T he well- 
k n o w n  co n cen tra tion  o f  s lip  in  slip bands a n d  th e  accu m u la tio n  o f  u n i-d irec 
t io n a l  d isp lacem ent a t  th e  in te rsec tio n  o f slip  b an d s  w ith  g ra in  boundaries 
d u e  to  th e  n o n -rev e rs ib ility  o f  th e  slip process fu r th e r  increases th e  d ifficu lty  
o f  th e  accom m odation  o f  th e  defo rm ation  o f  in d iv id u a l g ra in s to  each  o ther. 
T h u s  u n d e r  low a m p litu d e  reversed  cyclic s tra in in g  th e re  a re  th re e  m ain  
so u rc e s  o f stra in  in c o m p a tib il i ty :

a )  In c o m p a tib ility  d u e  to  d ifferen tly  o r ie n te d  grains w ith  p re d o m in a n tly  
one  o p e ra tin g  slip sy s te m  (see Fig. 4).

b)  In c o m p a tib ility  b e tw e e n  th e  a c c u m u la ted  p e rm a n e n t d e fo rm a tio n  a t 
th e  e n d  o f the  slip b a n d s  a n d  th e  in te rsec tin g  g ra in  b o u n d a ry  (see (F igs 1, 2, 4).

c )  In c o m p a tib ility  w ith in  one gra in  b e tw e e n  p a r ts  su b je c t to  concen
t r a t e d  deform ation (slip  b a n d s )  and  th e ir  non -defo rm ing  n e ig h b o u rh o o d  (see 
F ig . 12).

II. Inhom ogeneity  o f Deform ation D ue to the Varying  
Orientation o f Grains

T h e  sim plest ty p e  o f  in c o m p a tib ility  in  th e  p o ly c ry s ta llin e  ag g reg a te  is 
d u e  to  th e  elastic an d  p la s t ic  an iso tro p y  o f th e  g ra in s. The angles be tw een  the  
p la n e s  a n d  directions o f  e a sy  glide and  th e  d ire c tio n  of th e  ap p lied  s tress are 
d if fe re n t  for d ifferen t g ra in s . U n d e r a given lo a d , g rains of d iffe re n t o rien ta tio n  
t a k e  u p  d ifferen t s tre sses  a lre a d y  in  th e  e la s tic  range due to  d ifferences in  
e la s t ic  m oduli. As a r e s u l t  o f  th is  v a ria tio n  o f  s tre ss , th e  su rface  o f  a p o ly 
c ry s ta l l in e  specim en s u b je c t  to  load  will show  a s ligh t w arp in g  fro m  g ra in  to  
g ra in  e v e n  w ith in  th e  e la s tic  range [5].

W h en  local p la s t ic  d e fo rm a tio n  begins th e  stress d ifferences u su a lly  
in c re a se . Studies of th e  in h o m o g en e ity  u n d e r  u n i-d irec tio n a l s tra in in g  of the 
p la s t ic  defo rm ation  in  th e  c ry s ta ls  of an  ag g reg a te  [6] have  n o t  o n ly  show n
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w ide differences in  th e  a m o u n t o f d e fo rm ation  from  g ra in  to  g ra in , b u t  also 
th a t  defo rm ation  is inhom ogeneous w ith in  each  g ra in  due to  in te ra c tio n  of 
n e ig h b o u rin g  grains w h ich  enforces c o n tin u ity  o f  th e  m acroscopic s tr a in  across 
g ra in  boundaries. H ence  th e  d is tr ib u tio n  o f s tre ss  in  th e  ag g reg a te  is no t 
u n ifo rm , some g ra ins c a rry in g  m ore and  som e less th a n  av e rag e  re la te d  to  
th e  e x te rn a lly  app lied  fo rces; m oreover, th e  sp ac in g  o f th e  s tre ss -o p e ra te d  slip is 
n o n -u n ifo rm  w ith in  an  in d iv id u a l g rain , v a ry in g  from  th e  in te r io r  to  the  
re s tra in in g  grain b o u n d a ry . O bviously , c ry s ta ls  in  th e  in te r io r  o f  a p o ly 
c ry s ta llin e  specim en are  m ore  re s tra in ed  in  th e ir  d e fo rm atio n  since th e y  are 
n o t allow ed th e  freedom  in  d e fo rm atio n  a t  a free  surface th a t  can  be observed  
as su rface  rum p lin g ; th e y  h a v e , m oreover, a la rg e r  g ra in -b o u n d a ry  a rea  re la tiv e  
to  th e ir  volum e.

I t  is im p o r ta n t to  n o te  t h a t  th is  in h o m o g en e ity  o f th e  p la s tic  d e fo rm atio n  
is considerab ly  in te n s if ie d  u n d e r  fa tigue  co n d itio n s w here u su a lly  o n ly  one 
slip  sy s tem  opera tes a n d  th e  re lie f th a t  can  be  ex p ec ted  fro m  p o ly s lip  and  
change in  o rien ta tio n  o f c ry s ta ls  in  th e  course o f  u n i-d irec tio n a l s tra in in g  is 
u su a lly  n o t availab le .

In h o m o g en e ity  o f th e  d e fo rm ation  o f  single c ry sta ls  a n d  assoc ia ted  
fo rm a tio n  and  in te n s if ic a tio n  o f in c o m p a tib ilitie s  arise fro m  th e  im position  
o f  hom ogeneous or non -hom ogeneous stress fie ld s  on th e  an iso tro p ic  c ry s ta l; 
th e  specific  fea tu res  o f th e  re la tio n  betw een  in c o m p a tib ility  a n d  fa tig u e  in 
single c rysta ls  w ill, h o w ev er, be d ea lt w ith  in  a su b seq u en t p a p e r.

III. Strain Incom patibility at Grain Boundaries

I f  i t  is assum ed t h a t  glide s ta r ts  in  tw o  n e ig h b o u rin g  g ra in s  o f  a p o ly 
c ry s ta l o f d iffe ren t la tt ic e  o rie n ta tio n  a t  th e  sam e in te n s ity  o f  th e  app lied  
fo rce , th e  grain  b o u n d a ry  re s tra in ts  im posed  b y  th e  su rro u n d in g  c ry s ta ls  o f 
th e  agg regate  as w ell as th e  in co m p a tib ility  o f  th e  s im u ltan eo u s slip  o f the  
n e ig h b o u rin g  c ry sta ls  w ill obv io u sly  m odify  th e  p las tic  d e fo rm a tio n  in  the  
in d iv id u a l grains.

S ingle c ry sta ls  o f cu b ic  m eta ls  su b jec ted  to  u n iax ia l te n s io n  u su a lly  
d efo rm  b y  pure  sh ea r a lo n g  th e  slip system  fo r w h ich  th e  reso lved  sh e a r  stress 
is h ig h e r th a n  th e  c ritic a l v a lu e . This ty p e  o f  d e fo rm atio n  c a n n o t s a tis fy  the  
c o n tin u ity  cond itions fo r  th e  d isp lacem en t across gra in  b o u n d a rie s  in  an 
ag g reg a te  o f c ry sta ls . I t  is th eo re tica lly  possib le  to  m a in ta in  m acroscop ic  
c o n tin u ity  w ith in  th e  p o ly c ry s ta l b y  a p p ro p r ia te  co m b in a tio n s o f  slips on 
sev era l c ry sta l p lan es. A cco rd ing  to  p u re ly  geom etric  co n sid e ra tio n s  any  
a rb i t r a ry  incom pressib le  d e fo rm a tio n  o f a c ry s ta l  w ith in  an  ag g reg a te  can  be 
acco m m o d ated  b y  a su ita b le  co m bina tion  o f slip  a long  five in d e p e n d e n t slip 
sy s tem s. H ow ever, i f  f iv e -fo ld  slip were to  o p e ra te  from  th e  s ta r t  o f  th e  p lastic
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d e fo rm a tio n , th e  c ritica l s h e a r  stress w ould  h a v e  to  be a t ta in e d  in  all five 
s y s te m s , an d  th e  app lied  fo rce  w ould  have to  be  m u c h  h igher th a n  t h a t  w hich 
p ro d u c e s  th e  critical sh e a r s tre s s  on th e  m o st fa v o ra b ly  o rien ted  slip  sy stem . 
C o n tin u ity  of th e  d e fo rm a tio n  across th e  b o u n d a ry  o f  th e  tw o s im u ltan eo u sly  
d e fo rm in g  crystals w ould  re q u ire  d ifferen t s tre sses  on tw o  sides o f a b o u n d a ry  
b e tw e e n  crysta ls  of d iffe re n t o rie n ta tio n , a re q u ire m e n t th a t  is c o n tra d ic te d  
b y  e q u ilib riu m  co n d itions. T h u s , G. I. T a y l o r ’s p ro o f  [7] th a t  F ee  c ry s ta l 
g ra in s  can  ad ju s t to  an y  sp ec ified  d efo rm atio n  b y  slip on five  slip  system s 
se le c te d  ou t of the  to ta l  n u m b e r  o f availab le sy s tem s  b y  a concep t of m in im um  
r a te  o f  en erg y  d issip a tio n , a n d  can  therefore  be e x p e c te d  to  m a in ta in  c o n tin u ity  
o f  d e fo rm a tio n  a t  grain  b o u n d a r ie s  of a p o ly c ry s ta l is open  to  serious q u estions 
e v e n  u n d e r  conditions o f u n i-d ire c tio n a l s tra in in g  [8], unless i t  can  be assum ed 
t h a t  m o s t o f the  c ry sta ls  o f  th e  aggregate  are  o r ie n te d  for “ p o ly s lip ”  [9, 10].

I n  reversed  re p e a te d  s tra in in g  lead ing  to  fa tig u e  th e  s itu a tio n  is rad ica lly  
d if fe re n t . The stress a m p litu d e s , the re p e titio n  o f w hich p roduces fa tigue  
d a m a g e  a fte r  a large n u m b e r  o f  cycles, are o f  th e  o rd e r of m a g n itu d e  th a t  
u s u a l ly  p roduces single slip  on  th e  m ost fa v o ra b ly  o rien ted  slip sy s tem  only. 
W h ile  i t  is w ell-know n [10] t h a t  even u n d e r u n i-d ire c tio n a l s tra in in g , defo r
m a tio n  o f  a crystal b y  slip  o n  one system  c a n n o t, in  genera l, sa tis fy  c o n tin u ity  
c o n d itio n s  across a g ra in  b o u n d a ry , th e  c h a ra c te r is tic  c o n cen tra tio n  in  re 
v e rs e d  cyclic s tra in in g  o f slip  in to  re la tiv e ly  w ide ly  spaced  bands co n cen tra tes  
th is  s t r a in  in narrow  reg io n s . T his fac t coup led  w ith  th e  m ost sig n ifican t 
f e a tu re  o f  the  d e fo rm ation  in  fa tig u e  of s tra in -h a rd e n in g  m eta ls  w hich  d is tin 
g u ish es  i t  from  u n i-d ire c tio n a l s tra in in g , n am e ly , th e  large to ta l  a m o u n t of 
p e r m a n e n t  s tra in  (added  ir re sp ec tiv e  of sign) w h ich  th e  m a te ria l absorbs 
b e fo re  f ra c tu re , clearly  show s t h a t  u n d er co n d itio n s o f fa tigue  th e  s tra in  across 
th e  g ra in  b o u n d ary  c a n n o t re m a in  continuous b u t  w ill in s tead  be co n c e n tra ted  
in  reg io n s  of severe in c o m p a tib il i ty . There is, m oreover, h a rd ly  a n y  dou b t 
t h a t  th e  so-called “ rev ersed  s l ip ”  in  or close to  th e  orig inal slip p lane p ro d u ced  
b y  re v e rse d  s tra in in g  is n o t  fu lly  reversib le , p a r tic u la r ly  a t  h ig h er s tra in  
a m p li tu d e s ;  th is  n o n -re v e rs ib ility  of th e  slip m o tio n  induced  b y  cyclic s tra in  
p ro d u c e s  an accum ula tion  o f  un i-d irec tio n a l d isp lacem en ts  on th e  slip  system  
a c t iv a te d  b y  cyclic s tra in in g , a n d  th u s in ten sifie s  th e  s tra in  in co m p a tib ilitie s  
a t  th e  g ra in  bou n d ary . A t sm a ll s tra in  a m p litu d es  th e  u n i-d irec tio n a l d isp lace
m e n t  p ro d u ced  by  a single cycle  is very  sm all b u t  accu m u la tes  d u rin g  a very  
la rg e  n u m b e r of cycles; a t  la rg e r  s tra in  a m p litu d e s  th e  u n i-d irec tio n a l d is
p la c e m e n t per cycle is la rg e r , b u t  th e  accu m u la tio n  ta k e s  place in  th e  course of 
a sm a lle r  num ber of cycles. O bv iously , a t  sm all en o u g h  am p litu d es th e  cyclic 
slip  m o v e m e n t becom es p ra c t ic a l ly  reversib le as a re su lt  o f th e  g rad u a l decrease 
a n d  f in a l  stoppage o f p la s tic  s tr a in  due to  s t r a in  h a rd en in g , as p o s tid a te d  in 
O ro w a n ’s th eo ry  [1, 2] a n d  th e  accu m u la tio n  o f  u n i-d irec tio n a l d isp lacem en t 
in  in d iv id u a l slip b an d s com es to  an  end. A t s till  low er s tra in  a m p litu d e s , the
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elastic  su rro u n d in g  of th e  localized  slip b an d  forces th e  slip to  be reversib le  
from  th e  s ta r t  o f th e  cycling . I t  is assum ed th a t  re v e rs ib ility  of th e  slip  in  the  
in d iv id u a l localized b an d s  is th e  crite rion  o f th e  safe  range.

A fte r  a ce rta in  n u m b e r  o f cycles, d ep en d in g  on s tra in  a m p litu d e , th e  
u n i-d irec tio n a l d isp lacem en t accu m u la ted  on th e  slip  b an d s in te rfe re s  w ith  th e  
d e fo rm atio n  by  slip o f th e  su rro u n d in g  grains an d  lead s to  tw o form s o f  dam age 
d ep en d in g  on th e  e x te n t  o f  slip  co n cen tra tio n :

a)  U nder c ircu m stan ces favorab le  for slip  c o n cen tra tio n  (low  s tra in  
a m p litu d e s  in  Fee m eta ls , low  tem p era tu re )  th e  in c o m p a tib ility  o f  th e  a c 
c u m u la ted  un i-d irec tio n a l d isp lacem en t c o n c e n tra ted  in  slip b an d s w ith  th e  re 
s tr ic tio n s  im posed b y  th e  su rro u n d in g  grains re su lts  in  dam age w ith in  th e  slip 
b an d s . F o r grains lo ca ted  in  th e  surface, th e  effec ts  o f th is  in c o m p a tib ility  
can  be relieved b y  th e  fo rm a tio n  o f surface e x tru s io n s  and  in tru s io n s , w hich 
arc  th e  m ost easily  v isib le  ap p earan ce  of th e  acc u m u la ted  p e rm a n e n t d is
p lacem en ts  on th e  end  o f  th e  slip bands.

In  th e  w idely accep ted  ex p lan a tio n , based  on p u re ly  g eom etrica l concep ts, 
o f th e  d evelopm en t o f fa tig u e  dam age in  th e  su rface  as a re su lt o f  fo rw ard  
an d  b ack w ard  m ov em en t o f  fine  slip in te rse c tin g  th e  surface a n d  form ing 
e x tru s io n s  and  in tru s io n s  on th e  surface [11], th e  in tru s io n s  being  considered  
as in c ip ie n t fa tigue  c rack s, i t  seem s to  have rem a in ed  u n n o ticed  th a t  th e  inverse 
o f th e  con figu ra tion  a p p e a rin g  on th e  surface sh o u ld  ap p ea r on th e  o th e r  end 
o f th e  slip b an d , u su a lly  a t  th e  g ra in  b o u n d ary .

F ig . 1 shows e x tru s io n s  an d  in tru sions on th e  su rface end  a n d  on the  
gra in  b o u n d a ry  end o f  th e  slip  bands in a tap e r-se c tio n ed  [12] 70/30 alpha 
b rass specim en a fte r  6 X  Ю5 cycles of a lte rn a tin g  to rsion  a t  1750 cpm . All 
specim ens h ad  c ircu lar cross sec tion  7/32 in. ( — 0,555 cm ) d iam e te r w ith  U/4 in. 
(—3,175 cm) long cy lin d rica l te s t  po rtion . T h ey  w ere annealed  to  0,1 m m  
grain-size an d  e lec tropo lished  in  o rth ophosphoric  ac id . A tw is t o f 1° co rresponds 
to  a su rface sh ear o f 15 X 1 0 ~ 4.

F ig . 2 rep resen ts an  inside gra in  of th e  sam e specim en show ing  th a t  the  
p e rm a n e n t defo rm ation  a c c u m u la ted  in th e  slip b a n d s  te n d s  to  d eve lop  con
fig u ra tio n s  sim ilar to  th o se  o f  “ ex trusions an d  in tru s io n s”  a t  th e  g ra in  b o u n d 
a ry . B ecause o f th e  re s tr ic tio n s  im posed on th e  d ev e lo p m en t of u n i-d irec tio n a l 
d isp lacem en ts a t  th e  en d  o f  th e  slip band  by  th e  n e ig h b o u rin g  g ra in , dam age 
occurs w ith in  th e  slip b a n d s  close to  th e  g ra in  b o u n d a ry . The d e fo rm atio n  
o f th e  specim en re p re se n ts  an  in te rm ed ia te  co n d itio n  betw een  h e a v ily  con
c e n tra te d  and even ly  d is tr ib u te d  slip , and  has b een  selected  in  o rd e r to  illus
t r a te  th a t  the  dam age occurs in  th e  slip band  because  o f th e  re s tr ic tio n  im posed 
on th e  defo rm atio n  b y  th e  su rro u n d in g s. This e ffec t is also p re se n t a t  sm aller 
s tra in  am p litu d es and  th e re fo re  m ore co n cen tra ted  s lip , w here slip b a n d  dam age 
occurs all across th e  g ra in . Since its  appearance  u n d e r  such  co n d itio n s is well- 
know n, i t  does n o t need a special illu s tra tio n . H o w ev er, i t  should  be m en tio n ed
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F ig . 1 . S tile s  and notches on  th e  su rface  end and  on th e  g ra in  b o u n d a ry  en d  of slip bands 
(A m p . i  3°; taper-sec tio n ed  b ra s s  specim en e tch ed  w ith  am m o n iu m  p e rsu lfa te ; 1000 X )

F ig . 2 . In s id e  grain w ith  slip  b a n d  dam age c o n ce n tra ted  a long  th e  g ra in  b o u n d a ry  (A m p. 
-4- 3 ° ; taper-sectioned  b ra ss  sp ec im en  e tched  w ith  a m m o n iu m  p e rsu lfa te ; 1000 x )
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t h a t  a f te r  carefu l re -e lectropo lish ing  o f th e  su rface  o f a long-life fa tig u e  sp ec i
m en show ing  slip b an d  dam age a ll across th e  g ra in , th e  m ost p e rs is te n t p o rtio n s  
of th e  slip b an d s  are  th o se  close to  th e  g ra in  b o u n d a rie s , as illu s tra te d  in  F ig . 3 
(fa ilu re  a t  6 • 106 cycles).

F ig . 4 show s th e  surface o f  a b rass specim en  w hich failed a f te r  8 ,3  X  105 
cycles u n d e r  cyclic s tra in  am p litu d es th a t  p ro d u ce  an  in te rm ed ia te  c o n d itio n  
b e tw een  co n c e n tra ted  a n d  even ly  d is tr ib u te d  slip . In  grains w here  slip  is

Fig. 3. Surface  of fa tig u ed  b rass  specim en  a f te r  e lec tro p o lish , show ing p e rs is ten t slip  b a n d s  
a t  th e  g ra in  b o u n d aries  (A m p. i  2°; 500 X )

c o n c e n tra ted  (arrow s A ) ,  th e  g ra in  b o u n d a ry  dam age follows a z ig zag  p a th  
acco rd in g  to  slip  b an d s  s im ila r to  t h a t  in  F igs 1 an d  2. H o w ev er, a long  
b o u n d a rie s  o f g ra ins w ith  u n ifo rm ly  d is tr ib u te d  slip th e  g ra in  b o u n d a ry  
d am ag e  follow s a sm o o th  p a th  (arrow  B).  F ig . 4 show s th e  a a n d  b ty p e  o f 
in c o m p a tib ilitie s  re fe rred  to  in  th e  In tro d u c tio n .

b)  U n d e r c ircu m stan ces w hich  do n o t  fav o r slip b an d  c o n c e n tra tio n  
(large am p litu d es  in  Fee m eta ls  or a m p litu d e s  th a t  lead  to  fa tigue  fa ilu re  in 
Bcc m e ta ls , h igh  te m p e ra tu re s )  th e  in co m p a tib ilitie s  arising  from  d iffe re n t 
g ra in  o rie n ta tio n  an d  a ccu m u la ted  p e rm a n e n t d isp lacem ents are  n o t  co n 
c e n tra te d  b u t  even ly  d is tr ib u te d ; th u s  d am ag e  occurs w here th e  r e s tr ic tio n s  
a re : a long  th e  g ra in  b o u n d aries . R e la tiv e ly  few  papers have been  p u b lish e d  
concern ing  g ra in  b o u n d a ry  d am age in  fa tig u e . G rain  b o u n d a ry  c ra c k s  h av e
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b e e n  fo u n d  in  a lu m in iu m  [13]; rep ea ted  e lec tro p o lish in g  of th e  specim ens 
sh o w e d  th a t  g ra in  b o u n d a ry  cracks were d e e p e r  th a n  slip b an d  cracks. E x 
te n s iv e  gra in  b o u n d a ry  d am ag e  has also b een  fo u n d  in  nickel an d  m ag n esiu m  
s u b je c t  to  a lte rn a tin g  to rs io n  producing  fa ilu re  in  th e  105 cycle ran g e  [14]. 
W h ile  i t  should be e x p e c te d  th a t  g ra in -b o u n d a ry  dam age will be m o st severe 
w h en  th e  m iso rien ta tio n  b e tw een  crystals a t  th e  b o u n d a ry  is la rg es t o r le a s t 
su sc e p tib le  to  re lief, as in  hexagonal c ry s ta ls  su ch  as m agnesium  o r zinc,

F ig . 4 . S urface  of fa tig u e d  b ra ss  specim en  show ing g ra in  b o u n d a ry  dam age w ith  z igzag p a th  
a t  b o u n d a r ie s  of g ra ins w ith  c o n c e n tra te d  slip (a rro w s A )  a n d  sm ooth  p a th  a t  b o u n d a rie s  of 

grains w ith  u n ifo rm ly  d is tr ib u te d  slip (a rro w  В ) (A m p. i  3°; 500 x )

th is  is  n o t  necessarily  th e  case. T h a t g ra in  b o u n d a ry  cracks are e x ten s iv e  an d  
se v e re  in  hexagonal m e ta ls  has been show n  in  m agnesium  an d  zinc [12]; 
h o w e v e r , the  g ra in -b o u n d a ry  dam age o b se rv ed  in  n ickel [14] has b een  q u ite  
p ro n o u n c e d  in sp ite  o f  th e  fa c t th a t  slip b a n d s  h av e  been able to  cross th e  
g ra in  b oundaries. I t  seem s th a t  “ re s tr ic te d  s l ip ”  co n cen tra ted  a long  g ra in  
b o u n d a r ie s  [12] is c lose ly  associa ted  w ith  g ra in  b o u n d a ry  dam age. A t la rge  
s t r a in  am p litu d es g ra in  b o u n d a ry  dam age h a s  a lso  been found in  th e  fo rm  o f 
“ p o re s ”  [15] w hich, h o w ev e r, rep resen t reg io n s o f  a tom ic  m isfit r a th e r  th a n  
m ic ro sco p ic  s tra in  in c o m p a tib il i ty .

E x p e rim e n ts  c a rr ie d  o u t b y  the a u th o r  on  h igh  p u r ity  copper in  a l te r 
n a t in g  to rsion  show ed an  ex ten siv e  a m o u n t o f  g ra in  b o u n d a ry  dam ag e  a t  th e  
la rg e r  cyclic s tra in  a m p litu d e s  a t  which slip  does n o t  co n cen tra te . T he su rface
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o f  th e  specim ens show ed ex tensive  ru m p lin g  d e te rm in ed  b y  th e  in d iv id u a l 
g ra in s, th u s  i l lu s tra tin g  th e  d e fo rm a tio n  of in d iv id u a l g ra in s w ith  o n ly  p a r tia l  
re s tr ic tio n s  from  th e  n e ig h b o u rin g  g ra in s . The d iffe ren tly  o rien ted  h ills and  
valleys th a t  develop from  th e  in it ia lly  f la t  su rface  o f th e  in d iv id u a l g ra in s is 
an  in d ica tio n  of th e  p e rm a n e n t d e fo rm atio n  th a t  accu m u la tes  d u rin g  cycling . 
T he grain-sized  hills an d  valleys on th e  surface in  th e  case o f ev en ly  d is tr ib u te d  
slip  are  th e  e q u iv a le n t o f th e  ex tru s io n s  an d  in tru s io n s  c h a ra c te r is tic  for

F ig . 5. S urface  ru m p lin g  on a fa tig u ed  c o p p er specim en b u ilt  u p  by  d is to rtio n s  o f th e  in d iv id u a l
gra ins (A m p. ^  3°: 200 X )

c o n c e n tra ted  slip. T he re s tr ic tio n  o f  th e  d efo rm atio n  th a t  occurs on th e  surface 
as ru m p lin g  is be lieved  to  cause g ra in  b o u n d a ry  d am age in  inside g rains.

F ig . 5 shows th e  su rface o f an  O. F . H . C. copper specim en w h ich  failed 
a f te r  1,7 X 10s cycles. I t  can  be seen th a t  th e  su rface  ru m p lin g  is b u i l t  up  by  
d is to rtio n s  of th e  in d iv id u a l g ra in s , and  is d e te rm in ed  b y  g ra in  a n d  tw in  
b o u n d aries .

F ig . 6a show s th e  surface o f th e  sam e sp ec im en ; sh a rp  hills a n d  valleys 
are  developed  a t  tw in  b o u n d aries . F ig . 6b show s d am age a t  tw in  an d  grain  
b o u n d aries . In  specim ens o f longer lives th e  ru m p lin g  o f th e  su rface  is som e
w h a t decreased  b u t  s till s ig n ifican t. F ig . 7 rep re sen ts  th e  surface o f a specim en 
w hich  failed a f te r  10° cycles.

A fte r fa tigue  cycling  th e  su rface  of th e  specim ens has been  electro- 
po lished  in o rder to  m ake th e  p e rs is te n t dam age visib le. F ig . 8 show s th e  sur-
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F ig . 6. (a ) R um pled  surface  o f c o p p e r  specim en show ing sh a rp  hills a n d  va lleys a t  tw in  b o u n d 
a rie s  (A m p . ±  3°; 200 X ) ;  (b) R u m p le d  surface of co p p er specim en, w ith  sh a rp  h ills and  
v a lle y s  a t  tw in  boundaries sh ow ing  d am ag e  a t  tw in  a n d  g ra in  b o u n d aries . ( A m p .±  3°; 500 X )
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Fig. 7. R um pling  of th e  su rface  of a copper specim en a t  sm aller s tra in  a m p litu d e
(A m p. i  2°; 500 X )

Fig. 8. Surface of copper specim en  a f te r  fa tigue  and  e lectropo lish  show ing tw in  b o u n d a ry  and 
g ra in  b o u n d a ry  dam age (A m p. ^  3 °; 500 x )
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fa c e  o f  a specim en o f fa t ig u e  life of 1,5 X Ю5 cycles a f te r  rem o v al b y  e lec tro 
p o lish in g  of a 5 m icron d e e p  surface layer. T he su rface  is s till ru m p led  and 
sh o w s gra in  b o u n d ary  a n d  tw in  b o u n d ary  d am ag e . Fig. 9 show s ex tensive  
g ra in  b o u n d ary  dam age in  th e  sam e specim en a f te r  rem o v al by  e lec tropo lish ing  
o f  a  20 m icron deep su rfa c e  lay e r. In  specim ens o f  fa tig u e  lives o f 106 cycles 
th e  d am ag e  is sim ilar to  t h a t  show n in F igs. 8 an d  9; th e  a;rain b o u n d a ry  
d a m a g e  is som ew hat less e x te n s iv e  and slip b a n d  dam age can be observed  
to  s t a r t .  Fig. 10 shows g ra in  b o u n d a ry , tw in  b o u n d a ry  an d  slip b a n d  dam age

F ig . 9. Surface of copper sp e c im e n  a f te r  fatigue a n d  f u r th e r  e lectropo lish , show ing ex tensive  
g ra in  b o u n d a r y  dam age (A m p. ^  3 ° ; 200 x )

o n  th e  surface of a sp ec im en  w hich  failed a t  9 x l 0 5 cycles a fte r  th e  rem oval 
o f  a  7,5  m icron deep la y e r  b y  electropo lish ing . F ig . 11 show s g ra in  b o u n d a ry  
d a m a g e  on the sam e sp e c im e n . Specim ens w ith  a life of 107 cycles s till show 
a s m a ll  am oun t of g ra in  b o u n d a ry  dam age, b u t  u su a lly  only  on one side 
o f  th e  grain .

I t  is w orth  n o tin g  t h a t  g ra in  b o u n d a ry  in c o m p a tib ility  increases w ith  
in c re a s in g  grain size an d  in c re a s in g  leng th  o f slip  m o v em en ts . As g ra in  b o u n d 
a r y  in c o m p a tib ility  is c o n s id e re d  a m ajor c o n tr ib u tio n  to  fa tigue  d am ag e , the  
e f fe c t  o f  grain  size on fa t ig u e  life m ight req u ire  a m ore e lab o ra te  s tu d y  th a n  
th e  few  investiga tions r e p o r te d  in  th e  p as t.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



ON STRAIN INCOMPATIBILITY AND GRAIN BOUNDARY DAMAGE 211

Fig. 10. G ra in  b o u n d a ry , tw in  b o u n d a ry  an d  slip b a n d  d am ag e  on th e  surface of f a tig u e d  an d  
e lec tro p o lish ed  copper specim en, fa tig u ed  w ith  sm alle r s tra in  am p litu d e  (Am p. i  2 °; 500 X )

Fig. 11. G ra in  b o u n d a ry  dam age on th e  surface  of fa tig u e d  an d  electropolished c o p p e r sp ec i
m en (A m p. i  2°; 500 X )
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IV. Incom patibility betw een Slip Bands 
and N on-D eform ing Neighbourhood

T h e  ch a rac te ris tic  c o n cen tra tio n  o f slip  in to  bands u n d e r co n d itio n s  of 
lo w  a m p litu d e  fa tig u e  in tro d u ces  a n o th e r  k in d  o f in co m p a tib ility , n am ely  
t h a t  b e tw een  th e  slip b a n d s  an d  tb e  n o n -d efo rm in g  p a r ts  b e tw een  th e m . 
T h is  ty p e  o f in c o m p a tib ility  is show n in  F ig . 12 w here h eav y  d am ag e  occurs 
a t  th e  side of th e  d efo rm ing  p a r t  a d ja c e n t to  th e  non-defo rm ing  p a r t  o f  th e

F ig . 12. D am age be tw een  de fo rm in g  and  no n -d efo rm in g  zones of th e  sam e g ra in  (A m p . i  2°; 
tap e r-sec tio n ed  b ra ss  spec im en  e tch ed  w ith  a m m o n iu m  p ersu lfa te ; 1500 X )

sa m e  g ra in  (tap e r-sec tio n ed  b rass  specim en , fa ilu re  a t  6 x l 0 6 cycles). I t  c an  be 
p a r t l y  re lieved  b y  su b g ra in  fo rm atio n  in  th e  “ non-defo rm ing  reg io n ”  b e tw een  
tw o  slip  b an d s an d  in  such  cases less d am ag e  is p roduced  in  th e  slip  b an d s . 
T h e  su b g ra in  fo rm a tio n  b e tw een  slip b a n d s  is rep resen ted  in  F ig . 13 w hich 
sh o w s th e  surface o f a s u p e rp u r ity  a lu m in u m  specim en  th a t  fa iled  a f te r  3 X  105 
cy c les  in  a lte rn a tin g  to rs io n . S ubgra in  fo rm a tio n  as a re lie f m ech an ism  of 
t e x tu r a l  stresses caused  b y  in co m p a tib ilitie s  is discussed in  th e  fo llow ing 
S e c tio n .
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F ig. 13. S u b g ra in  fo rm atio n  b e tw een  slip ban d s on th e  su rfa ce  of e lectropolished a n d  fa tig u ed  
a lu m in u m  specim en (A m p. ±  1°; e lectropolished  in  1 : 5 p e rch lo ric  acid and  m e th a n o l;  750 X)

V. Substructure Formation and Incom patibility Cracking

In  th e  ea rly  s tu d ies  o f  th e  in h o m o g en e ity  o f  th e  p lastic  d e fo rm a tio n  
in  u n iax ia l s tra in in g  o f  a p o ly cry sta llin e  a g g re g a te  [6] the  conclusion seem ed 
a lre a d y  inescapab le  t h a t  because  of th e  w ide d ifferences in  s tra in  be tw een  
in d iv id u a l g rains an d  th e  inh o m o g en eity  o f th e  d e fo rm atio n  w ith in  e a c h  gra in  
po lyslip  alone could n o t  p ro v id e  th e  m echan ism  b y  w hich c o n tin u ity  o f  s tra in  
across g ra in  b o u n d aries  cou ld  be enforced w ith o u t excessive elastic  d is to r tio n , 
a n d  t h a t  th e  ex istence  o f a n o th e r , a t th a t  tim e  unspecified , m echan ism  w ould 
h av e  to  be assum ed fo r th is  purpose . I t  o n ly  seem ed  clear th a t  th e  s tress 
a c tiv a tin g  th is  m echan ism  m u s t be low er th a n  t h a t  in itia tin g  slip on  th e  less 
fav o rab ly  o rien ted  o f th e  fiv e  slip system s.

E lec tron -m icroscope  a n d  X -ray  s tu d ies  o f  various m etals h a v e  since 
show n th a t  th is  m echan ism  is re la ted  to  su b -g ra in  fo rm ation . The in te n s if ic a 
tio n  o f  th e  in h o m o g en e ity  o f  the  p las tic  d e fo rm a tio n  by  rev e rsed  cyclic 
s tra in in g , w hich fu r th e r  reduces th e  effec tiv en ess  o f polyslip to  re liev e , or 
a t  le a s t reduce  th e  g ra in -b o u n d a ry  in c o m p a tib ilitie s  cha rac teris tic  o f  th is  ty p e  
o f s tra in in g , n ecessarily  increases th e  p a r t ic ip a tio n  o f th e  subgra in  fo rm a tio n  
m ech an ism  in  th e  to ta l  p la s tic  defo rm ation .
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S u b g ra in  fo rm atio n  th u s  ac ts , a t  le a s t o v e r a sign ifican t in i t ia l  range 
o f  cy c lic  stra in ing , as a re lie f  m echanism , re d u c in g  th e  sev erity  o f  th e  s tra in  
in c o m p a tib ilitie s  th a t  h a v e  a risen  along th e  g ra in  boundaries an d  d iss ip a tin g  
p a r t  o f  th e  elastic d is to r tio n  energy  la te n tly  s to re d  around  th em . I t  h a s  been 
c o n c lu s iv e ly  d e m o n s tra te d  t h a t  th e  d ev e lo p m e n t of subgrain  s t r u c tu r e  is a 
s ig n if ic a n t featu re  in  b o th  c o n s ta n t stress fa tig u e  o f a lum inum  a t  h ig h  stress 
cy c les  [16] and c o n s ta n t s t r a in  fa tigue o f iro n  a t  large s tra in  cycles [17] and 
a lu m in u m  over a w ide ra n g e  o f reversed  s t r a in  cycles [17, 18] a n d  t h a t  su b 
g ra in  fo rm a tio n  and  fa tig u e  c rack ing  are in se p a ra b ly  re la ted  in  th o se  m e ta ls .

I t  m igh t, how ever, be  im p o rta n t to  co n sid e r the fact th a t  th e  sign ifi
c a n c e  o f  th e  process w ith  re sp e c t to  fa tigue  d am ag e  changes in  th e  course  of 
fa t ig u e  cycling. The fo rm a tio n  of subgra ins u n d o u b te d ly  s ta r ts  as a relief 
m e c h a n ism  of the s tra in  in co m p a tib ilitie s  a t  th e  g ra in  boundaries, a v iew  th a t  
is s u p p o r te d  by the fa c t t h a t  th e  ra te  of th e ir  fo rm a tio n  is p ro p o rtio n a l to  the 
cy c lic  s tr a in  [18], an d  t h a t  th e  m iso rien ta tio n  betw een  sub g ra in s  increases 
c o n s id e ra b ly  in the  course o f  cycling , a tta in in g  angles as large as 1,5° in  super- 
p u re  a lu m in u m  and  13° in  com m ercia lly  pu re  a lu m in u m  [17, 18]. I t  m ig h t no t 
be  u n reaso n ab le  to  a ssum e th a t  th is m iso rie n ta tio n  is p ro p o rtio n a l to  the 
s e v e r i ty  o f the s tra in  in co m p a tib ilitie s  a long  th e  grain  boundaries w h ich  the 
s u b g ra in  fo rm ation  is a t te m p tin g  to  re lieve . O bviously , m a x im u m  relief 
re q u ire s  a m axim um  ra t io  o f  su b -b o u n d a ry  a re a  to  volum e of th e  su b g ra in s  
a n d  th u s  a m inim um  s u b g ra in  dim ension s till co n sis ten t w ith  th e rm o d y n a m ic  
s t a b i l i ty  o f the s tru c tu re ;  th e  o b se rv a tio n  t h a t  during  cycling o f  an n ea led  
m e ta ls  th e  average su b g ra in  volum e d ecreases to w ard s a stab le  l im it  [18] 
c h a ra c te r is t ic  of the  m e ta l confirm s th is v iew .

H ow ever, once th e  m in im u m  su b g ra in  size an d  the  m ax im um  m iso rien 
t a t i o n  co n sis ten t w ith  c o n tin u ity  is a tta in e d , th e  re lie f  m echanism  is e x h a u s te d . 
F u r th e r  increase of m iso rie n ta tio n  along su b g ra in  boundaries is in c o m p a tib le  
w ith  c o n tin u ity  of th e  s t r a in  on b o th  sides o f th e  b o u n d a ry  and fu r th e r  cycling 
is th e re fo re  increasing th e  in c o m p a tib ility  b e tw een  the su b g ra in s . A t the  
su rfa c e  th e  in c o m p a tib ility  betw een  su b g ra in s  can  be relieved  b y  surface 
ru m p lin g . Fig. 14a is a p h o to m ic ro g ra p h  a b o u t th e  surface of a su p e rp u r ity  
a lu m in u m  specim en t h a t  fa iled  a fte r  4 x l 0 4 cycles of a lte rn a tin g  to rs io n . 
F ig . 14b is an e le c tro n m ic ro g rap h  ab o u t th e  sam e  surface. The sa m p le  was 
r e p l ic a te d  w ith  F ax film  sh ad o w ed  w ith  80 — 20 P t  — P d  (45°) a n d  th e n  w ith  
c a rb o n  (90 °). B o th  p ic tu re s  show  th a t  th e  su rfa c e  is rum pled  acc o rd in g  to  the  
s u b g ra in s  in  a sim ilar w a y  a s  th e  surface o f  c o p p e r  specim en has b e e n  show n 
to  b e  ru m p le d  accord ing  to  th e  grains (F igs 5 — 7). In  the  inside g ra in s  the 
in c o m p a tib i l i ty  c an n o t be relieved  by  ru m p lin g ; hence fu r th e r  cy c lin g  is 
a c c o m p a n ie d  by m ic ro -c rack in g  in  the su b g ra in  b o u n d aries , w hich h a d  becom e 
n ew  reg io n s  of severe s t r a in  in c o m p a tib ility . T h e ir  n um ber is o b v io u s ly  m uch 
la rg e r  th a n  th a t  o f th e  g ra in  b o u n d a ry  in co m p a tib ilitie s  w hich th e y  have
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Fig. 14b. S u b g ra in  ru m p lin g  on th e  surface of e lec tro p o lish ed  an d  fa tig u ed  a lu m in u m  speci
m en (A m p. i  2°; e lectro p o lish ed  in  1 : 5 perchloric acid  a n d  m eth an o l. E lec tro n  m ic ro g rap h ;

4500 X )

Fig. 14a. S u b g ra in  rum pling  on th e  surface  of e lec tro p o lish ed  an d  fa tig u ed  a lu m in u m  spec i
men! (A m p. i  2°; e lec tro p o lish ed  in 1 : 5 pe rch lo ric  acid  and  m eth an o l; 500 x )
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p a r t ly  re lieved  (if th e y  w ere com ple te ly  re liev ed  no fa r th e r  m iso rie n ta tio n  
o f  su b g ra in s  w ould be n ecessa ry ), w hich  ex p la in s  th e ir  im p o rta n c e  in  th e  
p ro p a g a tio n  of th e  f in a l fa tig u e  c rack  [17, 19]. Since th e  e x te n t  o f  su b g ra in  
fo rm a tio n  m igh t well d e p e n d  on th e  s e v e rity  o f  th e  s tra in  in c o m p a tib ilitie s  
b u i l t  u p  along th e  g ra in  b o u n d a rie s  in  th e  ea rlie r stages o f s tra in -c y c lin g , i t  
w o u ld  th ere fo re  a p p e a r  to  h av e  th e  c h a ra c te r  o f  a secondary  p h en o m en o n  
w ith  re sp e c t to  th e  in i t ia t io n  o f fa tig u e  d am ag e , a lth o u g h  i t  is a p r im a ry  
f e a tu re  o f  the  m echan ism  o f  m icro -crack  fo rm a tio n  an d  c rack  p ro p a g a tio n . 
T h is  f a c t  is responsib le fo r th e  im p o rtan ce  t h a t  is som etim es a t t r ib u te d  to  
p h e n o m e n a  w hich fa c ilita te  su b g ra in  fo rm a tio n , such  as cross-slip , as p rim a ry  
cau ses  o f  fa tigue d am ag e , w hile  th e y  are  in  fa c t  only  c o n tr ib u tin g  fe a tu re s .

T h e  im p o rtan ce  o f d is tin g u ish in g  b e tw een  p rim ary  a n d  seco n d ary  
fe a tu re s  o f  th e  fa tigue  p rocess is o f m ore th a n  th e o re tic a l s ign ificance. T h e  p ro 
d u c tio n  o f  m etals o f su p e rio r  fa tig u e  p e rfo rm an ce  w ould seem  to  re q u ire  th e  
su p p re ss io n  of th e  p r im a ry  causes of fa tig u e  ra th e r  th a n  th e  a lle v ia tio n  o f 
s e c o n d a ry  or c o n tr ib u tin g  fea tu re s .

VI. C onclusions

T h e  following conclusions can  be reach ed  on  th e  basis o f th e  jo in t  con
s id e ra t io n  of the  in h o m o g en e ity  o f th e  d e fo rm a tio n , th e  ap p ea ran ce  o f  s tra in  
in c o m p a tib ilitie s  an d  th e  fo rm a tio n  o f su b g ra in  s tru c tu re  in  th e  course o f 
r e p e a te d  reversed  s tra in in g  (fa tigue  cycling) o f a po lycry sta llin e  m e ta l:

a )  T he in h o m o g en e ity  o f  th e  d e fo rm atio n  o f a p o ly c ry sta llin e  ag g reg a te  
d u e  to  d iffe ren t la ttic e  o r ie n ta tio n  is m ag n ified  b y  reversed  cyclic s tra in in g , 
m a in ly  as a re su lt o f l im ite d  n u m b e r o f o p e ra tin g  system s, th e  c h a ra c te r is tic  
c o n c e n tra tio n  of slip u n d e r  rev e rsed  s tra in in g  o f m o d era te  a m p litu d e s  a n d  th e  
a c c u m u la tio n  of p e rm a n e n t d e fo rm atio n  due  to  im p erfec t re v e rs ib ility  o f  slip.

b )  The m ag n ifica tio n  o f  th e  in h o m o g en e ity  of th e  d e fo rm a tio n  re su lts  
in  th e  fo rm atio n  o f c o n c e n tra te d  regions o f  s tra in  in c o m p a tib ility  a lo n g  the  
g ra in  b o u n d aries . T he se v e r ity  o f these  in c o m p a tib ility  regions in c reases  w ith  
d e c re a s in g  num ber o f  o p e ra tin g  slip sy stem s, increasing  s tra in  a m p litu d e  an d  
in c re a s in g  grain size.

c )  T he high en erg y  o f  e las tic  d is to r tio n  c o n cen tra ted  in  th e  reg ions o f 
s t r a in  in c o m p a tib ility  can  be  re lieved  b y  su b g ra in -s tru c tu re  fo rm a tio n . H ow 
e v e r , th e  increasing m iso rie n ta tio n  o f th e  su b g ra in s  in  th e  course o f  cycling  
c re a te s  new  in c o m p a tib ility  cen te rs , th e  se v e rity  o f w hich m ay  be lo w er, th e  
n u m b e r  o f  w hich, h o w ever, is m uch  la rg e r th a n  th a t  of th e  g ra in -b o u n d a ry  
re g io n s . H ence su b g ra in  fo rm a tio n , a f te r  a perio d  of o p era tio n  as a re lie f 
m e c h a n ism , appears to  in tro d u c e  a new  severe m echan ism  of m ic ro -c rack in g .
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Ü B E R  D IE  U N V E R T R Ä G L IC H K E IT  D E R  D E F O R M A T IO N E N  U N D  
D IE  SC H Ä D IG U N G  D E R  K O R N G R E N Z E N  B E I E R M Ü D U N G

M. RÓNAY

ZU SA M M EN FA SSU N G

D ie U n v e rträg lich k e it zw ischen  d em  aufgezw ungenen m ak roskop ischen  D e fo rm a tio n s
fe ld  e in e rse its , u n d  der D e fo rm atio n  d e r  inhom ogenen  an iso tro p isch en  p o ly k ris ta llin e n  V ie lh e it 
u n d  d e r  V erform ung ih rer e in zelnen  M itg lieder and ere rse its  is t  am  s tä rk s te n  bei E rm ü d u n g . 
D er G ru n d  h iefü r is t  h au p tsäch lich  d ie  seh r kleine Z ahl von  fu n k tio n ie ren d en  G le itsy s te m en  
in  d en  e inzelnen  K örnern , d ie c h a ra k te r is tis c h e  K o n z en tra tio n  v o n  G le itsy s tem en  in  B ä n d e r  
be i zy k lisch er D eform ation  v o n  m äß ig e r A m plitude  u n d  die A n h äu fu n g  de r p e rm a n e n te n  
D e fo rm a tio n  wegen der u n v o llk o m m en en  U m k eh rb ark e it des G leitens. Info lge  v o n  U n v e r trä g 
lic h k e iten  de r D eform ation , w elche d ie  von  b e n ach b arten  K ö rn e rn  oder v o n  n ich td e fo rm ie re n - 
d e n  T eilen  desselben K orns h e rv o rg e ru fe n en  B eschränkungen  v e ru rsach en , t r e te n  S ch äd en  
in  d en  B än d ern , an  den K o rn g ren zen  u n d  an  den U n te rk o rn g ren zen  auf. D ie U n v e r trä g lic h 
k e ite n  d e r D eform ationen  f in d en  e inen  A uslaß  an der O berfläche in d e r F o rm  v o n  B eu len , 
E in b e u lu n g en , K o rn fa lten b ild u n g  u n d  U n te rk o rn fa lten b ild u n g . Die A u sfü h ru n g en  w erd en  
d u rc h  fo tom ikrografische  S tu d ien  an  R e in s tk u p fe r, R e in s ta lu m in iu m  u n d  70/30 A lpha-M essing  
u n te r  zy k lisch er T orsion hei k o n s ta n te r  D e fo rm atio n sam p litu d e  illu s tr ie rt.
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IN C O M P A T IB IL IT É  DES D É F O R M A T IO N S  E T  DOM M AGES 
A U X  JO IN T S  DES G R A IN S A LA  F A T IG U E

M. RÓNAY

R É SU M É

Le cham p de d é fo rm a tio n s  m acroscopique im posé  à  la  m a tiè re , p ré sen te  avec les défor
m a tio n s  de la m u ltitu d e  p o ly c r is ta ll in e  inhom ogène e t  a n iso tro p e  d ’une  p a r t ,  e t  avec les défor
m a tio n s  des m em bres in d iv id u e ls  de la m u ltitu d e  d ’a u tr e  p a r t ,  une  in co m p a tib ilité  q u i sem ble 
a r r iv e r  à  son plus h a u t d eg ré  e n  cas de fa tigue. L a  cau se  en  e s t  à ch ercher su r to u t  d an s  le p e tit  
n o m b re  des systèm es de g lis se m e n t fo n c tio n n an t d a n s  les g ra in s  in d iv id u e ls , d an s la co n ce n tra 
t io n  carac té ris tiq u e  en b a n d e s  d es g lissem ents sous l’a c tio n  de d é fo rm a tio n s cycliques d ’am pli
tu d e  m odérée, enfin  d a n s  l ’a c c u m u la tio n  des d é fo rm a tio n s  p e rm a n en te s  due à la rév ersib ilité  
im p a rfa i te  du  g lissem ent. P a r  s u ite  des in co m p a tib ilité s  de  d é fo rm a tio n  dues a u x  restric tio n s 
im p o sées pa r les g ra ins e n v iro n n a n ts  ou aux  p a r tie s  sa n s  d é fo rm a tio n  d u  m êm e g ra in , des 
d o m m ag es se p ro d u isen t d a n s  les b andes de g lissem en t, d a n s  les jo in ts  des g ra ins e t  des sous- 
g ra in s . Les in co m p a tib ilité s  de dé fo rm atio n  se tra d u is e n t  à  la  surface  p a r  les ren flem en ts , 
in tru s io n s  e t bourre le ts  d es g ra in s  e t sous-grains. Ces v u e s  de l ’a u te u r  so n t illu strées  p a r des 
e ssa is  p h o to -m ic ro g rap h iq u es f a i ts  sur du  cuivre e t  de l’a lu m in iu m  de trè s  h a u te  p u re té  e t du 
la i to n  a lp h a  de 70/30, so u m is à  d es cycles de to rsion  à  a m p litu d e  de d é fo rm a tio n  co n stan te .

ДЕФОРМАЦИОННАЯ НЕСОВМЕСТИМОСТЬ И ПОВРЕЖДЕНИЕ ГРАНИЦ 
ЗЕРЕН ПРИ УСТАЛОСТИ

М. РОНАИ

РЕЗЮМЕ

Несовместимость принудительно приданного макроскопического деформационного 
пространства с негомогенным анизотропным поликристаллинным множеством, а также 
первого с деформацией индивидумов множества можно считать наибольшей в случае 
усталости. Причинами этого в основном являются небольшое число систем скольжения, 
действующих в зернах, концентрация скольжений в полосах при переменной нагрузке 
со средней амплитудой, а также накопление постоянной деформации из-за несовершенной 
обратимости скольжения. Из-за несовместимостей деформации, — которые вызваны окру
жающими зернами или недеформирующимися частями этих же зерен, — может произойти 
повреждение в полосах скольжения, на границах зерен и частичных границах зерен. 
Несовместимости деформации на поверхности уравниваются в форме выступов, впадин, 
складчатости зерен и складчатости частичного зерна. Эти соображения иллюстрируются 
фотомикрографическими опытами, проведенными на образцах из очень чистой меди, 
алюминия и а-латуни 70/30 при помощи циклов с постоянной амплитудой кручения.
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ELASTO-PLASTIC ANALYSIS 
OF THREE-DIMENSIONAL MEDIA
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[M anuscrip t rece iv ed  N o v em b er 5, 1965]

T h e  p a p e r  develops a  p rocedure  exclu siv e ly  b ased  on th e  use  an d  p h ilo so p h y  o f  d ig ita l 
c o m p u te rs  fo r th e  analysis o f th ree -d im en sio n al c o n tin u a  w ith  a rb itra ry  e la s to -p la s tic  b e 
h av io u r. E sse n tia lly  th e  th eo ry  evolves fro m  th e  m a tr ix  d isp lacem en t m eth o d  o f th e  a u th o r ,  
in  w h ich  th e  c o n tin u u m  is rep re sen ted  b y  a  f in ite  assem bly  of e lem en ts w ith  th e  p re sc rib e d  
sim plified  k in em a tic  behav iour. T h u s, in  gen era l, fo r th ree-d im en sio n al m edia th e  m o s t com 
m only  a d o p te d  e lem en t is th e  te tra h e d ro n  o f c o n s ta n t  o r lin ea r v a r ia tio n  of s tra in  [ 2 ,3 ] ;  th e  co r
resp o n d in g  e lem en t in  tw o-dim ensions is th e  tria n g le  again  of c o n s ta n t o r lin ea r s t r a in  [6 ,7 ] . 
T he p la s tic  s tra in s  as fu n c tio n  of stresses m ay  b e  de riv ed  from  a n y  an a ly tica l o r e x p e rim e n ta l 
c o n s t itu t iv e  e q u a tio n s . H ere th e  p ro ced u re  is i l lu s tra te d  on th e  basis o f th e  P r a n d t l  — R eu ss 
( in c re m e n ta l)  eq u a tio n s  in  con junction  w ith  th e  v o n  Mises y ield c rite rio n  an d  th e  c o n c e p t of 
e q u iv a le n t stre ss  a n d  stra in . T he p la s tic  s tra in s  m ay  be considered  as a  p a r tic u la r  fo rm  of 
in itia l s tra in s  [5 ]an d  th e ir  effect rep re se n ted  b y  th e  so-called  in itia l load  v e c to r[ l  — 3]. S ince th e  
p las tic  s tra in s  a re  in itia lly  unknow n th e  a u th o r  p roposes tw o step  b y  step  p ro c ed u re s  on  th e  
co m p u te r. T h e  f i r s t  is a d irec t one a n d  re lies on  su ita b ly  sm all in crem en ta l lo ad in g  o r d isp lace 
m en t s te p s  a n d  effectively  in tro d u ces a t  each  s tep  th e  p reced ing  in crem en ta l p la s tic  s tra in . 
T he second , a  m ore  accu ra te  one, u ses fo r each  s tep  a  sequence of ite ra tio n s  le ad in g  to  a co n 
v e rg en t so lu tio n  w hich  processes also th e  c u rre n t  p las tic  s tra in . Two exam ples, b o th  tw o- 
d im en sio n a l, i llu s tra te  th e  ap p lica tio n  o f th e  te c h n iq u e  on p la te s  w ith  in te rn a l ho les .

I. Introduction

T h o u g h  th e  basic p rinc ip les an d  eq u a tio n s  o f th e  m a tr ix  th e o ry  of 
s tru c tu re s  are  essen tia lly  concerned  w ith  lin e a r  sy stem s, n o n -lin ea r sy s tem s  
m ay  ea s ily  be b ro u g h t w ith in  th e ir  scope b y  rep resen tin g  th e  n o n -lin e a r 
re la tio n s  as a series o f lin ear s te p s . M any p rob lem s h av e  a lread y  b een  tr e a te d  
successfu lly  in  th is  w ay. The p a r t ic u la r  ty p e  o f non -lin ear re la tio n  w ith  w hich  
we w ill concern  ourselves in th is  p a p e r  is th a t  for th e  s tre ss -s tra in  p ro p e rtie s  
o f th e  m a te r ia l. In  th e  m ost genera l case, th is  re la tio n  m ay  n o t be s im p ly  n o n 
lin ea r, b u t  also d ep en d en t on tim e  a n d  th e  s tre ss -s tra in  h is to ry . A t p re se n t, 
th e  s ta te  o f know ledge in  th is  fie ld  is n e ith e r  as ce rta in  no r as co m p reh en siv e  
as cou ld  be desired . I t  is open to  a rg u m e n t w h e th e r com plete ly  g en e ra l co n 
s ti tu t iv e  e q u a tio n s  can be fo rm ed  to  cover all cases, or even w h e th e r  th is  is 
desirab le . B u t in  p rac tice , analyses w hich  are m ade are u su a lly  co n cern ed  w ith  
fa irly  d is tin c t phenom enological d e sc rip tio n s  o f th e  m a te ria l p ro p e rtie s  su ch  as 
p la s tic ity , creep  an d  v isco e lastic ity . In  th e ir  in tro d u c tio n  in to  th e  m a tr ix  
d isp lacem en t th e o ry , how ever, a ll th e se  sh a re  th e  com m on p ro p e rty  t h a t  th e y  
can be d esc rib ed  in  te rm s of in c re m e n ta l s tra in /s tre ss  law s w ith  tim e , te m p e r-
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a tu re  a n d  d irec tio n  o f  s tra in  in  re la tio n sh ip  to  prev ious h is to ry  as fu r th e r  
p a ra m e te rs . G iven th e se  d a ta ,  e ith er in  fu n c tio n a l or ta b u la r  form , th e  p r in 
c ip les o f  so lu tion  b y  th e  m a tr ix  d isp lacem en t m e th o d  are th e  sam e for all ty p es  
o f  b e h a v io u r . W e r e s t r ic t  ourselves in  w h a t fo llow s to  s tra in  h a rd en in g , e lasto - 
p la s t ic  m ateria ls  a n d  to  f ix  ideas, a ssum ing  th e  P ra n d t l— R euss eq u a tio n s  
a n d  th e  von  Mises y ie ld  c rite rio n  for c a lc u la tio n  o f th e  s tre ss /s tra in  re la tio n s  
in  th e  p lastic  reg im e. T he p re sen ta tio n  is e q u a lly  app licab le  to  large d isp lace 
m e n ts  an d  s tra in s , p ro v id e d  th e  ex p e rim en ta l d a ta  are  av ailab le .

F o r  th e  s te p -b y -s te p  ca lcu la tions, tw o  d is t in c t  in c rem en ta l tech n iq u es  
a re  possib le . T h u s, w e m a y  calcu late  a n  e ffec tiv e  ta n g e n t m odulus, w hich  
d esc rib es  d irec tly  th e  in c re m e n ta l s tre s s /s tra in  re la tio n , allow ing for p la s tic ity  
a n d  d is tin g u ish in g  b e tw e e n  increase of p la s tic  s t r a in  an d  un load ing . F ro m  th is , 
th e  ta n g e n t stiffnesses are  com pu ted  and  hence  th e  in c rem en ta l d isp lacem en ts 
fo r  th e  lin ea r s tep . T h e  a lte rn a tiv e  m eth o d  is a lw ay s  to  op era te  w ith  th e  e lastic  
s tiffn e ss  and  to  r e p re s e n t  th e  p la s tic ity  e ffec ts  as in itia l loads. T his la t te r  
m e th o d  ap p ears , a t  p re s e n t, to  have som e c o m p u ta tio n a l a d v an tag es  w hen  
lo c a l un lo ad in g  m a y  o ccu r an d  is th e  one d iscu ssed  in  th e  follow ing sec tions.

F o r a th ree -d im en sio n a l co n tin u u m , te t r a h e d ra l  e lem ents are th e  m ost 
g e n e ra lly  usab le, since  th e y  can be f i t te d  to  a rb i t r a ry  bou n d aries  and  changed  
in  size th ro u g h o u t th e  b o d y , so as to  give a m ore  de ta iled  re p re se n ta tio n  in  
reg io n s  o f p a r tic u la r  im p o rta n c e . These m a y  h e  o f th e  c o n s ta n t s tress ty p e  
[2, 3] o r be p e rm itte d  lin e a r  v a ria tio n  o f s tre ss  a n d  s tra in  [5 —10]. T e tra h e d ra l 
e le m e n ts  have th e  f u r th e r  ad v an tag e  t h a t  la rg e  d isp lacem ents m ay  also be 
a llo w ed  for s im p ly  b y  in co rp o ra tin g  th e  g eo m e trica l stiffness [2, 3]. I n  tw o  
d im en sio n s, the  c o rre sp o n d in g  elem ent is th e  tr ia n g le .

II. General Increm ental Stress/Strain Law

W h atev er th e  n a tu re  of th e  d e fo rm a tio n a l ch a rac te ris tic s  o f a th ree -  
d im en sio n a l c o n tin u u m , we m ay  define a n  in c re m e n ta l s tre ss /s tra in  law  in 
th e  fo rm

У  a  =  Уа  +  e a  =  Уэ а  +  УеА +  Ус а  +  e a  =  У в А  +  УеА +  Ус а  +  e ~ 1(Ja  » ( ! )

w h ere  all lower case sym bo ls are (6 x 1 )  v e c to rs  or colum n m atrices. T h e ir 
co m p o n en ts  or e lem en ts  m a y  be m easu red  in  a n y  coo rd inate  sy stem , e .g ., as 
th e  n a tu ra l  s tra in s  in tro d u c e d  in  Refs [1 — 3 ]. The specific m ean ing  o f th e  
v e c to r  sym bols in  E q u . (1) is

Уд in crem en tal to ta l  s t r a in ;
€д in crem en tal e lastic  s t r a in ;
Г]^д in crem en tal th e rm a l s tra in ;  
г}рд in crem en ta l p la s tic  s t r a in ;
rtQ4  in crem en tal creep  s t r a in ;
cTj in crem en tal stress.
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E is th e  generalised  ( 6 x 6 )  e la s tic ity  m odulus as g iven  in  Refs [2, 3] a n d  need  
n o t be c o n s ta n t, i.e ., n o n -lin ea r e la s tic ity  is a llow ed  for, h u t req u ires  ca re fu l 
d e fin itio n , especially  in  th e  u n lo ad in g  s tag e , since i t  is, in  general, a fu n c tio n  
of th e  p reced in g  load ing  h is to ry . E  m ay , m o reo v er, v a ry  w ith  te m p e ra tu re . 
Fig. 1 illu s tra te s  ty p ic a l s tre s s /s tra in  d iagram s in  th e  presence o f te m p e ra tu re  
an d  its  e ffect on th e  e lastic  lim it an d  p ro o f s tre ss . A n iso tropy  of th e  m a te r ia l  
is easily  in c lu d ed  in  ou r th e o ry , as is in h o m o g en ity , as long as each  e le m e n t is 
ta k e n  to  be hom ogeneous. H ow ever, we assum e in  o u r p resen t d iscussion  th a t  
th e  m a te ria l is iso trop ic .

Fig. I. C h a rac te ris tic  s tre s s -s tra in - te m p e ra tu re  d iagram s

A ssum ing  for s im p lic ity  sake a ca rte s ian  sy s tem  o f axes, we w rite  th e  
in c rem en ta l s tra in  an d  s tress v ec to rs  in th e  fo rm

1 1 1
V a -  j ) 'x x  Vyy Vzz y j  7xy ]/2 Y yz  | / 2

OA =  { a xx Vyy a zz П ° Ху  К 2  a yz  К 2  <*zz}a •

Vzxi ( 2 )

(3 )

E xpressions analogous to  у л  m ay  be given fo r г]д, Г]вд, Г}рл. The gen era lised  
Y o u n g ’s M odulus E  for a th ree-d im en sio n a l iso tro p ic  b o d y  is th e n  m o s t co n 
v e n ie n tly  p u t  in  th e  form

1____II ---- . 1 I _____ L _ E 3 0 3
2 G 2 G

Af.
1 - ( -  V o 3 0 3

V E, 0 ,1
2 G f i ~ '  = 2 G h  + ---------- 3 3

1 — 2 V 0 3 0 3J

(4)

(4a)
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Н еге G is th e  shear m o d u lu s, v P o isson’s ra tio , a n d  E 3 a (3 X 3) m a tr ix , fu lly  p o p u 
la te d  w ith  ’ones’. Before p ro ceed in g  to  th e  p la s tic  s tra in s  we m u s t f i r s t  con
s id e r  th e  y ield  c rite rion .

III. Yield Criterion

W h e n  opera tin g  w ith  th e  d ig ita l c o m p u te r , i t  is, in p rin c ip le , possible 
to  a llo w  fo r any  yield co n d itio n  in  a sso c ia tio n  w ith  s tra in  h a rd en in g . T he law  
n e e d  n o t  he given as an  a n a ly tic a l ex p ression , b u t  can  be fed in to  th e  m achine 
in  ta b u la r  form . We b ase  o u r co n sid e ra tio n  here  on th e  von  M ises c r ite 
r io n . T h is  is founded on th e  so-called  e q u iv a le n t s tresses a and  s tra in s  у  {rj or e) 
w h ic h , fo r the p resen t p u rp o se s , are b e s t w r i t te n  as*

a = a d a d ~  ° d  +
'  1/2

Yd Yd Yd Y d  +
3

2 Y' sYs
1/2

(5 )

( 6)

w h e re  Od a n d  Os (yd and  ys) a re  th e  tw o ( 3 x 1 )  su b m a tr ic e s  o f the to ta l  stress ( s tra in )v e c to r  
c o rre sp o n d in g  to  the  d irec t a n d  sh e a r com ponents, re sp ec tiv e ly . For exam ple,

( i  =  =  {°xx G y y  °zz / 2  O y Z / 2  <r2x}. (7)
H en  ce

a d =  {°xx a yy  a zz) > a .  =  { П о хх 1/2 V  n ^ } .  ( ? » )
S im ila r ly

Yd  =  {Yxx Yy y  Y z z } i  Ys
1 1 1

1/2 ГхУ f2  У2 YzX\ '
( 8 )

T h e s u b s c r ip t “ —” in d ic a te s  a single reg ress io n  o f th e  elem ents o f  a v ec to r. 
T h u s ,

Ö á - = K , V  a zz ax x } ,  Y d -  =  {Yyy  Yzz Yxx}-  (9 )

T h e  fo rm u la tio n  (5) an d  (6) fo r the  y ield  c r ite r ia  is v e ry  su itab le  fo r o p e ra tio n s  
on  a d ig ita l  com p u ter in  co n ju n c tio n  w ith  a m a tr ix  in te rp re ta tiv e  schem e.

I f  a  a t  th e  c u rre n t lo ad in g  step  is fo u n d  to  exceed th e  c ritic a l v a lue , 
w h ic h  m a y  include th e  e ffec t o f w ork h a rd e n in g  due to  previous p la s tic  s tra in , 
a d d i t io n a l  p lastic  d e fo rm a tio n  will tak e  p lace . W e m ay  also inc lude  th e  effect 
o f  a  te m p e ra tu re  in c re m e n t 0 A in  th e  y ie ld  c rite r io n  b y  re -w ritin g  E q u . (5) 
in th e  fo rm

< ° d ° d  ° d О,
1/2

ao +
Эст 0  j
Q0 2

(5a)

* T hese form ulae m ay  also b e  expressed  concisely  in  te rm s of n a tu ra l s tre sses o r s tra in s .
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G iven th e  n ecessary  e x p e rim e n ta l d a ta ,  th e  a p p lica tio n  o f E q u . (5a) p ro v es 
to  be s tra ig h tfo rw a rd . Fig. 2 show s som e ty p ic a l a  ve rsu s  eA rjp c u rv es , an d  
th e  co rrespond ing  d iag ram s for ideal p la s tic  b eh av io u r.

-----Elasto-ldeol Plastic Material)
-----  Actual Material.

F i g .  2 .  C h a rac te ris tic  eq u iv a len t s tre ss -e q u iv a len t s tra in  d iag ra m  for d ifferen t te m p e ra tu re s

IV. P lastic  and  T h erm al S tra in s

Follow ing  th e  basic  p h ilo so p h y  o f H i l l ’ s  classical w ork [ 4 ]  on a m a th e 
m a tica lly  co n s is ten t th e o ry  o f w ork  h a rd en in g , we m ay  re fo rm u la te  th e  
P ra n d t l— R euss s tre ss /s tra in  e q u a tio n s  in  co n ju n c tio n  w ith  th e  v o n  Mises 
c rite rio n  in  a su itab le  m a tr ix  fo rm . (As s ta te d  p rev io u sly , we could  o p e ra te  
eq u a lly  well w ith  a n y  o th e r m ore genera l c o n s titu tiv e  eq u a tio n .)  F o r  an  iso 
tro p ic  an d  p la s tic a lly  incom pressib le  bo d y  we f in d  fo r th e  in c re m e n ta l n o n 
e lastic  s tra in in g  v e c to r  tjA, w hose e lem en ts are  o rd e red  as in E qu . (2), th e  sim ple 
m a tr ix  expression

VA =  ßaVp a +  Vba e , ( 10)

w here a  is th e  total s tress v ec to r  o f E q u . (7), r]eA th e  th e rm a l s tra in  in c re m e n t 
an d

Mp
I 3

O3
1

2

O3

I3

1 E 3 O3
3

O3 O3
( 11)

e =  { 1 1 1 0 0 0 ) ( 12)

ßA is a n o n -c o n s ta n t sca la r, w h ich  dep en d s on th e  p la s tic  and  th e rm a l s tra in in g  
h is to ry  and  hence m ay  v a ry  from  p o in t to  p o in t. S u b s titu tio n  of E q u . (11) in to  
th e  y ield  c rite r io n  specified  b y  r/j leads to  H i l l ’ s  re su lts ,

A. =  4  —  ’ ( 13)2 a
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rjpA is  th e  eq u iv a len t p la s tic  s tra in  derived  fro m  a n  expression  o f  th e  ty p e  (6) 
w ith  rjpj in  place o f y.

L e t us now  assum e t h a t  we have th e  d iag ram s or ta b u la r  d a ta  o f th e  a 
v e rsu s  rjp re la tions fo r v a rio u s  te m p e ra tu re s  su ita b ly  sto red  in  th e  co m p u te r; 
w h en ce  correspond ing  in fo rm a tio n  m ay  be  c o n s tru e d  for th e  l]p ve rsu s  0  
re la t io n s  fo r various s tre sse s  a  (see, for e x a m p le , Figs 3a, 3b). To th e  f irs t 
a p p ro x im a tio n , we o b ta in

w h ere

F ig . 3. C h arac teristic  e q u iv a le n t  s tre ss-eq u iv a len t p la s tic  s tra in  d iag ram s fo r d iffe ren t 
te m p e ra tu re s  (a), c h a ra c te ris tic  eq u iv a len t p las tic  s tra in - te m p e ra tu re  d iag ram s fo r d ifferen t

equ iv a len t s tre sses  (b)

a re  th e  slopes of th e  d ia g ra m s in  Fig. 3 a n d  ал , 0 A are th e  in c rem en ta l changes 
in  a  a n d  0 ;  no te  t h a t  Ъл is ev a lu a ted  from  an  exp ression  of th e  ty p e  (5) w ith  
aA in  p lace  of a. S u b s ti tu t io n  o f E qu . (14) in to  (13] yields

ßA =
3

2
1
rb

о л +  Ф а (16)

I t  is ev iden t t h a t  fo r  a p lastica lly  iso tro p ic  m a te ria l th e  a versus rjp 
in fo rm a tio n  requ ired  to  o b ta in  £ and <p, m a y  be  deduced  from  u n ia x ia l te s t 
o 1 — y x fo r a sequence o f  te m p e ra tu re s  0 ;  see F ig . 3. In  fac t, for such  a load ing  
we im m ed ia te ly  con firm  t h a t

0 = 0 ,  rjp =  rjp =  У — E =  у -----. (17)
fcj

T o il lu s tra te  the  a p p lic a tio n  of th is  p ro ced u re  to  th e  ca lcu la tion  o f £, le t us 
a s su m e  th a t  th e  u n ia x ia l s tr a in  r)p is g iven  b y  a m odified  R a m b e rg — Osgood

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



ELASTO-PLASTIC ANALYSIS OF THREE-DIMENSIONAL MEDIA 225

e x p re ss io n  of th e  ty p e

r>P =
1- l a , 1 * Г 1 ] m

m E LI 1 • i*, J i-i) (18)

w here  a t is the  e la s tic  lim it and  m  a c o n s ta n t. U sing  Eqs 
o f  E q . (15) we find

1 1

T ~ ~ E

a  i"1- 1 

l - l * i  )

(17), (18) in  th e  f ir s t

(15a)

V. Method o f Solution o f  the Elasto-Plastic Problem

To u n d e rs ta n d  th e  basic p h ilo so p h y  o f o u r tech n iq u e , we f i r s t  a ssu m e  
t h a t  th e  in itia l s tra in  vecto rs o f a ll c o n s itu e n t e lem en ts are k n o w n , ir re sp e c 
tiv e  o f  th e ir  orig in . T h en  th e  p ro b lem  m ay  be so lved  d irec tly  b y  a p p ly in g  th e  
id ea  o f  in itia l loads. F ro m  Ref. [11] we have

R =  K E r  +  a ' J  (19)

w here R  an d  r a re  th e  ex te rn a l lo a d  an d  d isp lacem en t vecto rs a t  th e  n o d a l 
p o in ts . K e  is th e  e la s tic  stiffness a n d  J  th e  e la s tic  loads arising  a t  th e  n o d a l 
p o in ts , if  all in itia l s tra in s  are su p p re sse d ; a is a B oolean or location  m a tr ix .  I f  
th e  e ffec t of large d isp lacem ents is b e ing  in c lu d ed , we m ust s u b s t i tu te  th e  
to ta l  stiffness K e -j- K G for K e in  E q u . (19). Refs [2, 3, 12] show  in d e ta i l  how  
th e  K e , K g and  J  m a y  be se t up fo r a n iso tro p ic , c o n s ta n t stress t r ia n g u la r  an d  
te tra h e d ro n  e lem en ts w here th e  in i t ia l  v e c to r  у is p e rm itted  to  be a r b i t r a r y .  
K e  a n d  J  for te tr a h e d ra l  and  tr ia n g u la r  m em b ran e  elem ents w ith  l in e a r  v a r y 
in g  s tra in  are e s tab lish ed  in  R ef. [6 ] , fo r t r ia n g u la r  p la te  b en d in g  e lem en ts  
in  R ef. [8 ]. F o r ex am p le , for a ty p ic a l c o n s ta n t s tra in  te tra h e d ro n  e le m e n t s u b 
je c t  to  a un ifo rm  th e rm a l s tra in  f] —  « 0 ,  th e  (12 X 1) v ec to r J  o f  th e  x, y ,  z 
c o m p o n e n ts  o f th e  in itia l loads is s im p ly

J =  — Г] k y j , (20)

w h ere  k  is th e  (12 X 12) cartes ian  s tiffn ess  o f  th e  e lem ent an d  ip th e  (12 X l )  
v e c to r

W = W x  %  v >3 v « }  ( 2 1 )
in  w hich

V i  =  { x i J i  *i} ■

In  p rac tice , p la s tic  and  creep s tra in s  are  n o t know n in ad v a n c e . S o lu tio n  
o f  th e  p rob lem  is th e n  n ecessarily  in c re m e n ta l (e ither d irec t o r p re fe ra b le  
i te ra tiv e ) . We s ta r t  b y  estab lish in g  in  o u r load  cycle (see Fig. 4) th e  lo ad  R j
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a n d  te m p e ra tu re  0 л fo r  w h ich  the  elastic  l im it  A  is ju s t  reached  a t  som e p o in t  
w ith in  th e  s tru c tu re . T h e  su b seq u en t lo ad in g  is th e n  rep resen ted  b y  a seq u en ce  
o f  s tep s  R j  and  0 A as in d ic a te d  in  F ig . 4 . F o r  each  in crem en t we a p p ly  th e  
lin e a rise d  eq u a tio n

R j =  K E r^ j - a ' J j . (22)

T here rem ain s th e  v i ta l  problem  o f e s ta b lish in g  th e  J a a sso c ia ted  w ith  
th e  in itia lly  u nknow n  s t r a in  rjA. We have a p p lie d  on th e  com pu ter th e  fo llow ing  
tw o  p rocedures w ith  success:

F ig . 4. Load te m p e ra tu re  cycle

a) The direct incremental approach

A ssum ing t h a t  th e  an a ly sis  of a ty p ic a l  p re c e d in g  step  j  — 1 , j  h as  been  
c o m p le ted , we o b ta in  f ro m  its  results a, aA, 1 / f ,  ß A a n d  hence r/pA from  E q . (10)~ 
T h is  r/pA is th en  fed  in to  th e  subsequent s tep  j ,  j  +  1 an d  added  to  th e  c u rre n t 
J7e j .  H ence, we d e te rm in e  J  an d  solve E q u . (22) fo r rA from  w hich we derive  th e  
so lu tio n  of th e  s tep  j ,  j  -f- 1 an d  so on; F igs 5 a , b . T h u s , s ta r tin g  w ith  p o in t A ,  
w e f in d  in tu rn  th e  p o in ts  В ,  C, D  o f th e  tim e-d isp lacem en t h is to ry . I f  u n 
lo a d in g  occurs, th is  is n o t  ta k e n  in to  ac c o u n t u n t i l  th e  n e x t s tep , w hich  th e n  
o p e ra te s  under p u re ly  e la s tic  conditions. T h is m e th o d  is seen to  inc lude  a t  each  
in c re m e n ta l step  (a) th e  d ire c tly  associa ted  th e rm a l  s tra in  vec to r rjeA a n d  (b) 
th e  p reced ing  p la s tic  s t r a in  v ec to r rjpA. T h e  q u e s tio n  of fu r th e r  lo ad in g  a f te r  
u n lo a d in g  is d iscussed  a f te r  the  ite ra tiv e  m e th o d .

b) The iterative incremental approach

The firs t loop o f  e a c h  loading  step  is e la s tic a lly  analysed . The ca lcu la tio n  
o f  th e  su b seq u en t lo o p s is based  on an a v e ra g e  v a lu e  of l/£  from  w hich  th e  
re le v a n t  Г)л are o b ta in e d  a n d  hence rA fro m  E q u . (22). This m ean  v a lu e  o f 1/Ç 
is in  each  case se t u p  u s in g  th e  final l /£  o f  th e  a n te c e d en t step  j  — 1, j  an d  
th e  1 / t  derived  a t  th e  e n d  o f the  p reced ing  lo o p  o f th e  c u rren t s tep  j ,  j  - f  1.
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W e m ay  rep ea t th e se  opera tions u n t i l  convergence to  a p o in t B,  is ach iev ed . 
N o te  t h a t  in  each  load in g  step  th e  rjpd o f th e  p reced in g  s tep  is ig n o red , since 
i t  has been  processed  in  th ç  re le v a n t  c o m p u ta tio n . Fig. 5b. show s a sequence  
o f  eq u ilib riu m  po sitio n s B, C, D , e tc . a t ta in e d  by  th is  p rocedure.*  T h is second 
m e th o d  is ev id en tly  m ore a c c u ra te , b u t  m ore tim e  consum ing . I t  is n ecessa ry  
to  check  o u t a t  each  ite ra tio n  if  lo ad in g  o r u n lo ad in g  occurs. A t th e  sam e  tim e , 
h ig h  accu racy  is, in  general, a ch iev ed  a f te r  th re e  ite ra tio n s . In  o u r exp erien ce

Displacement
b)

Fig. 5. L o ad  te m p e ra tu re  h isto ry  (a ), d ire c t an d  i te ra tiv e  in crem en ta l so lu tio n  o f e lasto -
p la s tic  p ro b lem  (6)

th e  d ire c t ap p ro ach  proves su ffic ien tly  accu ra te  fo r engineering  p u rp o ses  as 
long  as sm all enough  in te rv a ls  are chosen . H ow ever, i t  m ay  be b est in  p ra c tic e  to  
a p p ly  an  in te rm e d ia te  procedure  w ith  few er lo ad in g  steps h u t a llow ing  for 
a f in ite  n u m b er o f ite ra tio n s , say  tw o  o r th re e , fo r each  in c rem en t.

In  e ith e r o f th e  tw o  p ro ced u res , th e  p ro g ram m in g  m u st also p ro v id e  for 
th e  case w hen lo ad in g  follows an  u n lo ad in g  sequence. To ta k e  a cco u n t o f  th e  
s t r a in  h a rd en in g  ßd is held  zero u n ti l  th e  c u rre n t a  is found  to  exceed  th e  h ig h es t 
e q u iv a le n t stress ö max (no t aß a ch iev ed  (and  s to red ) in  th e  p rev io u s lo ad in g  
h is to ry . In  fac t, th is  is b est rea lised  b y  in tro d u c in g  in itia lly  a co lum n m a tr ix  
w ith  an  e n try  er, co rrespond ing  to  e ach  e lem en t. As p la s tic ity  occurs a n d  sp read s 
in  th e  load ing  h is to ry , the  co rresp o n d in g  er, en trie s  are changed  in to  th e  
a p p ro p ria te  <7max >  er,.

I t  follows th a t  th e  in c rem en ta l o f E q u . (16) for a c u rre n t s te p  j ,  j  -)- 1 
m ay  alw ays be w ritte n  (when p o sitiv e ) in  th e  form

6a =  ô j+1 crmax (23)

w here CTmax is th e  h ig h es t eq u iv a le n t s tre ss  ach ieved  in  th e  p rev ious lo ad in g  
h is to ry  o f  th e  e lem en t. The above a rg u m e n t applies for a c o n s ta n t te m p e ra tu re

* T h e  differences be tw een  the  re su lts  o f  th e  tw o m eth o d s are  ex ag gerated  in  F ig . 5b fo r 
i llu s tra tiv e  purposes.
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case 0 j  =  0. The fa c to r  ß A, w hen p o sitive , is th e n  e v a lu a ted  from  E q u . (16) 
in  co n ju n c tio n  w ith  E q u . (15). In  th e  presence o f  a te m p e ra tu re  h is to ry  we m ay  
a llo w  fo r a neg a tiv e  ал as long as 0 л is su ff ic ie n tly  large to  y ield  a p ositive  
ß y , in  th is  case cFmax m u s t correspond to  th e  c u r re n t  te m p e ra tu re .

VI. Exam ples o f E lasto-P lastic Analysis

T w o  p r o b l e m s  w h i c h  h a v e  b e e n  a n a l y s e d  b y  t h e  d i r e c t  i n c r e m e n t  m e t h o d  a r e  i l l u s t r a t e d  
i n  F i g s .  6  t o  1 5 . B o t h  c o n s i s t  o f  f l a t ,  s q u a r e  p l a t e s  o f  c o n s t a n t  t h i c k n e s s ,  l o a d e d  b y  a  u n i f o r m  
s h e a r  f l o w  a t  t h e  e d g e s  a n d  b o t h  h a v e  a  c e n t r a l  h o l e ,  g i v i n g  r i s e  t o  s t r e s s  c o n c e n t r a t i o n s .

Fig. 7 . P l a t e  w i t h  c e n t r a l  h o l e ,  rja =  0 , 2 ;  i n n e r  g r i d  f o r  T R I M 3  e l e m e n t s
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Fig. 6. P l a t e  w i t h  c e n t r a l  h o l e ,  r/a — 0 , 2 ;  o u t e r  g r i d  f o r  T R I M 3  e l e m e n t s
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F ig. 8. (a) P la te  w ith  c e n tra l  hole, r/a =  0,2 (T R IM 3 e lem en ts) p rincipal s tre ss  a ,,  ap p lied  
u n ifo rm  stre ss  r 0 (e la stic  s ta te ) ,  (b) p la te  w ith  c e n tra l  hole, r/a =  0,2 (T R IM 3 e lem en ts) 

p rin c ip a l s tre ss  <r2, applied  u n ifo rm  s tre ss  T0( e lastic  s ta te )
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Tnin k p /m m 2 4,38 463 4 88 5,13 _с
л

CO 00 563 588 6,13 838 6,63в,88 6,83
8,25 8,23 8,20 8,13 8,05 7,96 782 ^70 753 CO CO 7,73 777

F ig. 9. P la te  w ith  cen tra l hole, r/a  =  0 ,2, load  increasing
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4 \ i

4 G . >
4 Js :

* 4 5 °

kp/mm

Five Loading Steps  \  Load H istory  

Time
T 0 m k p /m m 2 6 ,8 8 6 ,3 8 5 ,8 8 5 ,3 8 4 ,8 8 4 ,3 8

~ 6 i  m o x /T 'O 7  77 7 0 5 5 6 ,9 1 6 ,8 0 6 ,6 5 6 ,7 2

F i g .  1 0 .  Plate with central hole, r/a 0.2, load decreasing
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F ig . 11. P la te  w ith  c e n tra l  ho le  r /a  =  0,2 stress r 0 (T R IM 3  e lem ents), re sid u al s tre ss  a x, a f te r
un load ing  lo ad

I n  e a c h  case, th e  ana ly sis  w as ca rried  o u t for a  q u a r te r  o f  th e  p la te , b y  tak in g  a d v a n ta g e  o f th e  
s y m m e try  ab o u t th e  d iag o n a ls . F o r  th e  square  hole w ith  ro u n d e d  corners (r/a =  0 ,2), c o n s ta n t  
s t r a in  tr ia n g u la r  e lem en ts  (T R IM 3) w ere used  a n d  th e  f in e r  g rid  a d ja ce n t to  th e  ho le  is  show n 
in  F ig .  7. T he n u m b er o f n o d a l p o in ts , trian g les  a n d  u n k n o w n s is 309, 556 a n d  603, re sp ec 
t iv e ly .  R esu lts  are  g iven , f i r s t  fo r  th e  e lastic  an a ly sis  in  th e  fo rm  of n o n -d im ensional p rin c ip a l 
s tre s s  co n to u rs  a n d  show  a  s tre ss  co n cen tra tio n  fa c to r  o f  8,25 as com pared  w ith  8,04 o b ta in e d  
a n a ly t ic a l ly  [19] fo r a n  in f in i te  p la te  w ith  th e  sam e  sh a p e  o f hole; F ig . 8, 8a. F ro m  th e  end 
o f  th e  e la s tic  range, lo ad  w as ap p lied  in  a  series o f  48 s te p s  fo r w hich  th e  d irec t in c re m e n ta l 
m e th o d  w as used ; th e  in c re m e n ta l lo ad  was in  each  case  r 0 =  0,05 k p /m m 2. A  f in a l 4 9 th  step  
h a d  zero  lo ad  in c re m e n t in  o rd e r to  give th e  f in a l e la s to -p la s tic  s ta te  from  w hich  th e  u n lo ad in g  
c a lc u la tio n  proceeded. T h e  s tre ss  d is tr ib u tio n  a 1, a t  fo u r  lo ad in g  steps a re  re p ro d u ced  in  F ig . 9 
a n d  F ig . 10 show s th e  co rresp o n d in g  in fo rm a tio n  fo r  fo u r un lo ad in g  s tep s. I t  is  con 
f i rm e d  t h a t  th e  stresses in  th e  l a t t e r  stage are  in  a g re e m e n t w ith  those  ded u ced  b y  su b tra c tio n  
o f  th e  e la s tic  stresses, a sso c ia ted  w ith  th e  c u rre n t lo a d  d ec rem en t, fro m  th e  s tresses o f  m ax i
m u m  lo ad  level. F ig . 11 i llu s tra te s  th e  re sid u al s tre ss  o x, a f te r  rem oval o f th e  e x te rn a l load . 
T h e  co m p u tin g  tim e  fo r  e ach  loop  was 6 ' 5 0 " .

S im ila r re su lts  a p p e a r  in  th e  rem ain ing  f ig u re s  fo r  th e  p la te  w ith  a  c irc u la r  hole. H o w 
e v e r , in  th is  case, th e  tr ia n g u la r  e lem ents u sed  w ere  a llo w ed  lin ea rly  v a ry in g  s tresses (T R IM 6) 
a n d  th e  g rid  o f F ig . 12 is  co rresp o n d in g ly  coarser. T h e  n u m b e r  o f no d a l p o in ts , tr ia n g le s  an d  
u n k n o w n s  is now  441, 200 a n d  840, th e  load ing  in c re m e n t is once m ore r 0 =  0,05 k p /m m 2. 
T h e  a n a ly tic a l so lu tio n  [14] fo r  a n  e lastic  in fin ite  p la te  y ie ld s a  stress c o n ce n tra tio n  fa c to r 
o f  4 ,0 ; th is  com pares w ith  4,7 g iven  b y  th e  p re se n t a n a ly s is  o f th e  f in ite  p la te ;  see F ig . 13.

S ince th e  d e v e lo p m en t o f  p las tic  s tra in s  w o u ld  o b v io u sly  be lim ited  to  th e  e lem en ts  
in  th e  v ic in ity  of th e  ho le , th e  e lem en ts  w ere d iv id e d  in to  tw o groups a n d  th e  p la s tic  p la in  
c a lc u la tio n s  w ere ca rried  o u t  o n ly  fo r th e  in n er g ro u p . T h is  affo rded  som e sh o rte n in g  o f th e  
c o m p u ta tio n  tim e, b u t  w o u ld  n o t, o f course, b e  p o ss ib le  in  a  m ore genera l p ro b lem . T h e  p ro 
g ra m m in g  fo r th e  ca lcu la tio n s  w as m ade en tire ly  w ith  A S K A , excep t fo r th e  ca lcu la tio n  of th e  
in c re m e n ta l  in itia l lo ad s J j ,  w h ich  h a d  n o t  th e n  b een  in c o rp o ra te d  in to  A SK A  [15]. T h e  c o m p u 
t in g  t im e  p e r loop w as 7 ' 4 8 " .  T h e  stress o',, a t  fo u r lo a d in g  step s is g rap h ica lly  show n  in  F ig . 
14, w h ils t  F ig . 15 rep ro d u c e s  th e  fin a l resid u al s tre sse s  cr,.
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Fig. 12. P l a t e  w i t h  c i r c u l a r  h o l e  r/d 0 , 1 2 5 ,  T R I M 6  e l e m e n t s
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Fig. 13. P l a t e  w i t h  c i r c u l a r  h o l e  u n d e r  s h e a r  T 0 ( e l a s t i c  s t a t e )
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Fig. 15. P l a t e  w i t h  c i r c u l a r  h o l e  u n d e r  s h e a r  т (), T R I M 6  e l e m e n t s ,  r e s i d u a l  s t r e s s  cr, a f t e r
u n l o a d i n g

-leta Technica Aendemii Scientiarum Hungaricae 54, 1966

Fig. 14. P l a t e  w i t h  c i r c u l a r  h o l e  r/d =  0 , 1 2 5  a n d  s h e a r  l o a d i n g  ( T R I M 6  e l e m e n t s ) ,  l o a d
i n c r e a s i n g
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F ig. 16. P la te  w ith  c irc u la r  hole r/d =  0 ,125 u n d e r  sh ea r T0, com parison  of i te ra t io n  a n d  
d ire c t increm ental m e th o d  in  e la s to -p las tic  analysis

Fig. 17. P la te  w ith  c irc u la r  hole un d er sh e a r r 0 (T R IM 6 e lem en ts), residual p rincipal s t r e s s ct,,
afte r u n lo ad in g  ( ite ra tio n  m eth o d )

The las t e x am p le  has also been a n a ly se d  b y  th e  i te ra t iv e  in c rem en ta l m eth o d , a p p ly in g  
c o n s ta n t loading in c re m e n ts  r 0 =  1 0 x 0 ,0 5  =  0,5 k p /m m 2 a n d  on th e  av erage  five  i te ra t io n s  
a t  a tim e. Close a g re e m e n t betw een th e  tw o  p ro ced u res h a s  been  fo u n d  as m ay  be seen  fro m  
Fig . 16. As is to  be  e x p ec te d , g reater d ifferences a re  obse rv ed  in  th e  resid u al stresses; F ig . 17. 
T he to ta l  co m p u tin g  tim e  requ ired  by  th e  i te ra t iv e  m eth o d  is sm aller.
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E L A S T O -P L A S T IS C H E  A N A L Y SE  V O N  D R E ID IM E N S IO N A L E N  M E D IE N
J .  Н. A R G Y R IS

Z U SA M M E N FA SSU N G

I n  der A rb e it w ird  ein aussch ließ lich  a u f  d ie V erw endung  u n d  die Ph ilo so p h ie  von  
D ig ita lrec h n e rn  b e g rü n d e te s  V e rfah ren  fü r  d ie A n a ly se  v o n  d re id im ensionalen  K o n tin u a  m it 
b e lieb ig em  e la sto -p lastisch em  V erh a lten  b esch rieb en . D ie  T heorie  is t  im  W esen a u f  de r M atrix - 
V e rsch ieb u n g sm e th o d e  des V erfassers a u fg e b a u t, in  w elcher das K o n tin u u m  d u rch  eine 
en d lich e  G e sam th e it v o n  E lem en ten  m it v o rg esch rieb en em  v e re in fach tem  k in em a tisch em  
V e rh a lten  d a rg este llt  w ird . D abei is t im  a llg em ein en  das fü r  d re id im ensionale  M edia g e b räu c h 
lic h s te  E le m en t das T e tra e d e r  m it k o n s ta n te r  o d e r lin e a re r  Ä nderu n g  de r D e h n u n g  [2, 3]. 
D as  en tsp rec h en d e  zw eid im ensionale  E le m en t i s t  d as D reieck , w iederum  m it k o n s ta n te r  oder 
lin e a re r  D eh n u n g  [6, 7]. D ie p las tisch en  D e fo rm a tio n e n  als F u n k tio n en  d e r S p an n u n g en  
k ö n n e n  aus belieb igen  an a ly tisch e n  oder ex p e rim e n te llen  G rundg le ichungen  a b g e le ite t w erden . 
D a s  V erfah ren  is t  h ie r  a u f  G ru n d  der (stu fen w eise  au fg eb au ten ) P r a n d t l—R e u ss’sch en  G lei
c h u n g en  in  V e rb in d u n g  m it d em  v o n  M ises’sch en  P la s tiz itä tsk r ite r iu m  u n d  d em  B eg riff v o n  
e q u iv a le n te r  S p an n u n g  u n d  D efo rm atio n  b esch rieb en . D ie p las tisch en  D e fo rm a tio n e n  k ö n n en  
als e ine  spezielle F o rm  v o n  V o rsp an n u n g en  [5] b e tr a c h te t  w erden , u n d  ih re  W irk u n g  w ird  
d u rc h  d en  so g en an n ten  V o rsp an n u n g sv ek to r [1, 2, 3] d a rg este llt. D a  d ie p la s tisc h e n  D efo rm a
tio n e n  u rsp rü n g lich  u n b e k a n n t sind , sch lag t d e r  V erfasser zwei stu fenw eise  d u rc h g e fü h rte  
M e th o d en  fü r d en  D ig ita lrech n er vor. D ie e rs te  i s t  e ine  d irek te  M ethode u n d  b e ru h t  a u f  zw eck
e n tsp re c h e n d  k le in e r stu fen w eiser B e lastu n g  o d e r  V ersch ieb u n g ss tu fen  u n d  f ü h r t  bei jed em  
S c h r i t t  d ie v o rh erg eh en d e  p las tisch e  V erfo rm u n g sstu fe  ein. D ie zw eite  M ethode  is t  g en au e r 
u n d  v e rw en d e t fü r  je d e n  S c h ritt  eine Folge v o n  I te ra tio n e n , die zu  einer k o n v e rg e n te n  L ösung  
fü h re n , w elche a u ch  d ie lau fen d en  p la s tisch en  D e h n u n g en  b e rü ck sich tig t. Zwei zw eid im en
sionale  B eispiele illu s tr ie re n  die A nw endung  d e r  T ec h n ik  au f P la tte n  m it z en tra le n  L öchern .
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A N A L Y SE  É L A S T O -P L A S T IQ U E  D E S M IL IE U X  T R ID IM E N S IO N N E L S

J. H. ARGYRIS

R É SU M É

L ’é tu d e  p ré sen te  u n  procédé  basé  ex c lu siv em en t su r l’u tilisa tio n  e t  la  p h ilo soph ie  des 
ca lcu la trices  d ig ita les , p o u r  l’an a ly se  des co n tin u s  trid im en s io n n e ls  d ’u n  c o m p o rtem e n t élasto- 
p las tiq u e  q u e lconque. L a  th éo rie  a  é té  développée , p o u r  l ’essen tie l, de la  m é th o d e  de dép lace
m en t m a tr ic ie l de  l’a u te u r , où  le c o n tin u  e s t rep ré sen té  p a r u n  assem blage  f in i d ’é lém en ts  d ’un 
co m p o rtem e n t c in ém atiq u e  p re sc rit. A insi, en  g énéra l, l ’é lém en t le p lu s co m m u n é m e n t ado p té  
p o u r les m ilieu x  trid im en s io n n e ls  e s t le té tra è d re  à  v a r ia tio n  c o n s ta n te  ou lin é a ire  de la  défor
m atio n  [2, 3 ]; l’é lém en t b id im en sio n n el c o rre sp o n d a n t e s t le tr ia n g le , é g a lem en t à  d é fo rm ation  
co n s tan te  ou  lin éa ire  [6, 7]. L es d é fo rm a tio n s  p las tiq u es , com m e fo n c tio n s des c o n tra in te s , 
p e u v en t ê tre  dérivées de n ’im p o rte  quelles éq u a tio n s  fo n d a m e n ta le s , a n a ly tiq u e s  ou  ex p éri
m en ta les . Ic i le p rocédé  e s t illu s tré  su r la  b ase  des éq u a tio n s  de P ra n d tl-R e u ss , en  ra p p o r t  avec 
le c ritè re  de p la s tic ité  de v o n  M ises e t  la  n o tio n  de c o n tra in te  e t  de d é fo rm a tio n  éq u iv a len tes . 
Les d é fo rm a tio n s  p las tiq u e s  p e u v e n t ê tre  considérées com m e u n e  form e p a r tic u lè re  des défor
m atio n s in itia le s  [5] e t  leu r a c tio n  p e u t ê tre  re p ré sen tée  p a r  le v e c teu r  d i t  de la  ch arg e  in itiale  
[1, 2, 3]. L es d é fo rm a tio n s  p la s tiq u e s  é ta n t  en  g én éra l in co n n u es, l’a u te u r  p ro p o se  d eux  procé
dés p a s  à  p a s  p o u r  la  c a lcu la tr ic e . Le p re m ie r e s t u n  procédé  d irec t qu i d é p en d  de pa lie rs de 
ch arg em en t ou  de d é p lacem en t su ffisam m en t p e tits  e t  in tro d u it  à  ch aq u e  p as  le p a lie r  de défor 
■nation p la s tiq u e  p ré cé d en t. L e deuxièm e p rocédé , p lus p récis, u tilise  p o u r  ch aq u e  p as  une  série 
d ’ité ra tio n s  c o n d u isan t à  u n e  so lu tion  co n v erg en te , laquelle  c o n tie n t au ssi la  dé fo rm atio n  
in s ta n ta n é e  p la s tiq u e . D eu x  exem ples b id im ensionnels i llu s tre n t  les a p p lic a tio n s  de la tech n i
que de ca lcu l a u x  p laq u es à orifice c en tra l.

ЭЛАСТО-ПЛАСТИЧЕСКИЙ АНАЛИЗ ТРЕХМЕРНЫХ СРЕД

И .  X .  А Р Г И Р И С

РЕЗЮМЕ

В работе автор излагает метод анализа трехмерных континуумов с произвольным 
эласто-пластическим поведением, обоснованный исключительно на использовании и 
методике цифровых вычислительных машин. Автор вывел теорию, по существу, из метода 
смещения собственной матрицы, в которой континуум получается в качестве конечной 
суммы элементов, обладающих заданным поведением. Таким образом, вообще, в случае 
трехмерной среды обычно используемым элементом является тетраэдр, обладающий 
постоянной или линейной деформацией [2, 3]; в двух размерностях подходящим элементом 
является треугольник, опять-таки с постоянной или линейной деформацией [6, 7]. Плас
тические деформации, как функции напряжений, могут быть выведены из любых анали
тических или экспериментальных основных уравнений. Здесь метод демонстрируется 
автором на основе уравнений Прандтля—Реуса (ступенчатых) в зависимости от порога 
пластичности Mises и соображений эквивалентных напряжений и деформаций. Пласти
ческую деформацию можно считать в качестве особой формы начальных деформаций [5] 
и их действие можно представить т. н. вектором основной нагрузки [1 ,2 , 3]. Вследствие 
того, что пластические деформации по существу неизвестны, автор предлагает два ступен
чатых метода расчета при помощи вычислительной машины. Первый представляет собой 
прямой метод и соответственно этому основывается на небольших ступенчатых нагрузках 
или ступенях смещения. При каждой ступени вводит предыдущую ступень пластиче
ской деформации. Другой метод является более точным. Для каждой ступени приме
няется итерационная серия, которая ведет к конвергентному решению, которое дает 
также непрерывную пластическую деформацию. Два двухмерных примера демонстри
руют применение методики на пастинах с центральным отверстием.
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BO O K  R E V I E W  B U C H B E S P R E C H U N G  
C O M P T E  R E N D U  D E  L I V R E S  -  О Б З О Р  К Н И Г

I. S á ly i—G. Fáber:

SZ IL Á R D SÁ G T A N I P É L D A T Á R  (A U FG A R E N SA M M L U N G  AUS D E R  F E S T IG K E IT S 
L E H R E )

T an k ö n y v k iad ó  (R u d a p es t) , B d. I ,  Aufl. 2, 1962 (323 S e iten ). Bd. I I ,  Aufl. 1, 1964
(534 Seiten).

Dieses in  u n g a risch e r S prach e  erschienene W erk  u m fa ß t  ü b e r  900 Beispiele, die d ie 
fo lgenden  G ruppen  b ilden : B ean sp ru ch u n g en  zufolge de r ru h e n d e n  L ast, B ean sp ru ch u n g en  
zufolge der bew eglichen L a s t, G eom etrie  des S ta b q u e rsc h n itte s , S p a n n u n g  u n d  F o rm ä n d eru n g , 
allgem eine Z ielse tzungen  de r F estig k e its leh re , Zug u n d  D ru c k , B iegung , K nickung . W eg
w eisend fü r die A usw ahl u n d  A n o rd n u n g  des S toffes w aren  d ie  E rfah ru n g e n , welche die V er
fasser aus V orlesungen sch ö p ften , die sie an  der M asch in en in g en ie u rfak u ltä t der T echn ischen  
U n iv e rs itä t M iskolc u n d  an  d e r E lek tro tech n isch en  F a k u l tä t  d e r  T echnischen  U n iv e rs itä t  
B u d a p es t h ielten . D as W erk  e ig n e t sich S tu d ierende  d ieser F a k u l tä te n  oder zum  S e lb s ts tu d iu m  
in  h e rv o rrag en d er W eise. A uch  in  de r P rax is  s teh en d e  In g e n ie u re  k ö n n en  aus ihm  zah lre iche  
A nregungen  e rh a lten . E s sei d ie große M an n ig faltigke it d e r  b e h an d e lte n  Beispiele h e rv o rg e 
hoben, die es dem  P ra k tik e r  e rm öglichen  w ird, die m eisten  e insch läg igen  A ufgaben  nach  den  
h ier gegebenen M ethoden  se lb stän d ig  zu lösen. D en  e inzelnen  K a p ite ln  gehen  k n a p p e  u n d  
le ich tfaß liche  E in le itu n g en  v o ra u s , die die zum  V ers tän d n is  d e r B eispiele no tw endigen  G ru n d 
begriffe  u n d  L eh rsä tze  zu sam m en fassen . Zur B eh an d lu n g  d e r S p an n u n g  u n d  F o rm ä n d e ru n g  
w erden der T enso rb eg riff u n d  die M atrizen rechnung  re ich lich  b e n ü tz t.  M u ste rh a ft sind  die 
Z usam m enfassungen  ü b e r  red u z ie rte  S pannung  u n d  E rm ü d u n g . D ie sehr g rü n d lich  au sg e 
a rb e ite ten  Lösungen b ild en  den  g roßen  W ert des W erkes.

Dr. J . Barta

J .  M ika :
M E T A L L U R G ISC H E  A N A L Y S E N  

Chemische U ntersuchung von technisch w ichtigen M etallen und Erzen

V erlag  der U ngarischen  A k adem ie  der W issenschaften , B u d a p e s t,  1964. 843 S. 32 A b b ildungen
u. 2 B eilagen

Dieses g ro ß an g eleg te  W erk  von  Professor J .  M i k a  is t  d ie n e u b ea rb e ite te  u n d  e rw eite rte  
deu tsch sp rach ig e  A usgabe d e r im  J a h re  1958 in u n g a risch e r S p rach e  ersch ienenen  M onographie 
des V erfassers, d ie ins D eu tsch e  ü b e rse tz t den  T ite l » H ü tten m ä n n isch e  Analysen« tru g . — 
D as v o r uns liegende B u ch  g lied e rt sich in  zwei H a u p tte ile .

D er Teil Í  b e faß t sich in  a c h t  K a p ite ln  ausfü h rlich  m it d e r A nalyse  de r M etalle, n a m e n t
lich  de r techn isch  w ich tigen  L eg ierungen  bzw. V orleg ierungen  in  fo lgender Z u sam m enste llung : 
1. E isen-, 2. A lum in ium -, 3. M agnesium -, 4. K u pfer-, 5. B lei-, 6. Z inn-, 7. Z ink-, 8. S in te r
leg ierungen . Jed es  K a p ite l b e g in n t m it einer a llgem einen E in le itu n g  bzw . m it einer Ü b e rs ich t 
de r einschlägigen L eg ierungen  u n d  w ird d ann  e n tsp rec h en d  in  m eh re re  A b sch n itte  je  n ach  
de r A nzahl der ü b lichen  L eg ieru n g sk o m p o n en ten  g e te ilt, w obei d ie M ehrzahl der A b sch n itte  
n a tü r lic h  au f die E isen leg ierungen  fä llt, so d aß  dies allein  e tw a  d ie H ä lfte  des I. Teiles bzw .
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m e h r  a ls  e in  D ritte l des g an zen  W erk es a u sm a c h t. I n  den  einzelnen A b sc h n itte n  w erd en  n ach  
B e sp re c h u n g  der G ru n d lag en  d e r  a n zu w e n d e n d en  bzw . an w en d b aren  V e rfah re n  a u ch  die 
g e n a u e n  V o rsch riften , j a  sogar A nw eisu n g en  fü r  d ie B erechnung  der R e s u l ta te  angegeben , 
so d a ß  d ie  A nalysen  eine jed e  in  d e r L a b o ra to r iu m sp ra x is  n u r  e in igerm aßen  b e w a n d e rte  Person  
g l a t t  d u rc h fü h re n  kan n .

D e r  Teil I I . is t  n u n  d e r A na ly se  d e r E rze  gew id m et u n d  u m faß t fo lg en d e  v ie r  K a p ite ln : 
9. E isen - u . M anganerze, 10. B a u x it ,  11. M ag n esit u . D olom it, 12. K u p fe r- , B lei-, u n d  Z in k 
erze , w e lch e  je  nach  den zu  b e s tim m en d e n  B e s ta n d te ile n  de r einzelnen E rz g a ttu n g e n  g leich
fa lls  in  A b sc h n itte  e in g e te ilt sind . Ü b e r d iese ließe  sich  n u n  dasselbe w ied erh o len , w as b e re its  
in  B ez ieh u n g  der A b sch n itte  des I. Teiles g e sag t w u rd e , doch soll es h in zu g e fü g t w erden , d aß  
d e r  V e rfa sse r  die D a rste llu n g  dieses n a tu rg e m ä ß  e tw as m eh r verw ick e lten  T eils d e r a n a ly t i
sc h e n  P ra x is  gleichfalls au sg eze ich n e t m e is te rn  k o n n te .

W a s  n u n  die Z w eck m äß ig k e it de r A u sw ah l d e r beschriebenen  bzw . e m p fo h len en  M etho
d e n  a n la n g t ,  soll b e to n t w erd en , d a ß  in  d iesem  gediegenen  W erke n eb en  d e r re ze n te n  V er
f a h re n  d e r  herköm m lichen  G ew ich ts- u n d  M aß an aly se  au ch  aus den h e u tz u ta g  b e re its  au ch  
a ls  k la s s isc h  b e tra c h te n d e n  p h y sik a lisch -ch em isch en  M ethoden  der ch em isch en  A nalyse  wie 
d ie  d e r  P h o to m e trie , P o te n tio m e tr ie , P o la ro g rap h ie  u.s.w . w eitgehend  G e b rau c h  g em ach t 
w ird . A n  v ielen  Stellen  des B uches f in d e t  m an  a u ch  V o rsch riften  fü r  S ch ied san a ly sen , doch 
d ie  n ic h t  ausgesprochen  als solche b e ze ich n e ten  h a b e n  sich in  der P rax is  o ffen b a r g u t  b e w äh rt, 
w o d u rc h  d as  W erk  sozusagen  d en  C h a ra k te r  e ines K odexes m eta llu rg isch er A n a ly sen  gew innt.

D e r  V erfasser se lb st a u ch  H ü tte n in g e n ie u r  a rb e ite t  ja  seit J a h rz e h n te n  m it n a h m h a fte m  
E rfo lg  a u f  diesem  G ebiet sow ohl als F o rsch e r w ie a u ch  als P rofessor der a n a ly tis c h e n  Chemie. 
O ffe n b a r  diesem  le tz te ren  U m sta n d  is t  zu  v e rd a n k e n , d a ß  sein B uch  gem äß  se in er Z ie lse tzung  
n ic h t  n u r  fü r  C hem iker d e r B e tr ie b s la b o ra to r ie n , sondern  auch  fü r  S tu d ie re n d en  w ärm sten s 
e m p fo h le n  w erden kann .

D r. J .  Proszt
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TH E FORMATION OF ELECTRICAL FIELDS N E A R L Y  
PER PEN D IC U LA R  TO THE DIRECTION OF LEA KAGE 

CURRENT IN NON-LINEAR SILICON-CARBIDE
RESISTANCES

J . LU K Á C S
CAN D. O F  T E C H N . SC.

and
I. B O G O LY

RESEARCH INSTITUTE FOR ELECTRICAL INDUSTRY, BUDAPEST 

[M anuscrip t received  F e b ru a ry  13, 1963]

A cta  Technica A cadem iae Sc ien tia rum  Iiungaricae. T o m u s 54 ( 3 —4 ) , p p . 241— 2 4 2  (1 9 6 6 )

D u rin g  a series o f te s ts  on no n -lin ear re s is ta n c e s  m ade of s ilico n -ca rb id e  
as b asic  m a te r ia l, a n d  w ith  10 kA  d ischarge c u r re n t , we observed som e in te r e s t 
ing  p h en o m en a . W e re je c te d  as u n su itab le  a p ro d u c tio n  series of th e  re s is ta n c e s  
of 90 m m  0  a n d  45 m m  h e ig h t, p roduced  b y  th e  “ W arm pressen”  te c h n iq u e . 
P re v io u s ly  th e  re s is tan ce  b locks w ith s to o d  som e c u r re n t w aves w ith  a p e a k  
v a lu e  o f 15 kA , a n d  a fo rm  o f 20/40. To d e s tro y  re s is tan ces , we ap p lied  a b low  
w ith  a sh a rp  in s tru m e n t to  th e  m an tle , in  th e  p la n e  o f th e  circu lar c ro ss-sec tio n , 
as show n in F ig . 1 u n d e r  th e  b low , th e  re s is ta n c e  b o d y  cracked  co n ica lly , m o st 
lik e ly  as a re su lt o f th e  iso b ar lay e r fo rm ed  d u r in g  pressure.

In  c e r ta in  fo r tu n a te  cases, we n o ticed  b la c k  s tre a k y  lines o f  c re e p in g  
on th e  c rack ed  conical (possib ly  p a rabo lo id ) su rface . These lines w ere  s im ila r  
to  th o se , th a t  can  be seen on in su la tin g  m a te r ia ls  due  to  leakage c u r r e n t .  W e 
w ish  to  s tress t h a t  no  signs o f  p u n c tu re  o r f la sh o v e r  show ed e ith e r  on  th e  
f ro n t  su rface  or on th e  m an tle  o f th e  re s is tan ce  bod ies . The above s ig n s cou ld  
be o b serv ed  on severa l b locks.

W e give th e  follow ing possib le e x p la n a tio n s  w ith  regard  to  th e s e  signs. 
I t  is k n o w n  th a t ,  w hen  pressing  pow ders, th e  p re ssu re  does n o t sp re a d  h y d ro 
s ta tic a lly . D u rin g  th e  p ressu re  o f cy lind rica l sh a p e s  th e  periphera l la y e rs  are  
re ta rd e d , ow ing to  w all fr ic tio n , in  com parison  w ith  th e  layers in  th e  m id d le  
of th e  c ircu la r cross-section , w ith  reg a rd  to  p is to n  m ov em en t d irec tio n . M ore
over, in  th e  case of in su ffic ien t h e a t t re a tm e n t ,  th e  co n d u c tiv ity  is lo w er in  th e  
m idd le  o f th e  disc th a n  a t  th e  edges. In  th e  sam e  w ay  du ring  p ressu re , ch an g es  
occur in  c o n d u c tiv ity  along th e  g liding su rface  as w ell. In  our op in io n , a t  th e  
tim e  o f th e  im pulse  c u rre n t, d iffe ren t v o ltag e  d ro p s  occur in th e  la y e rs  n e x t  
to  th e  m a n tle  a n d  in  th o se  in  th e  m iddle of th e  cross section  (see F ig . 2). T h e  
d ifference in  ten sio n  c rea tes  a ta n g e n tia l f ie ld  a long  th e  con tou r lin e s , w hich  
is p e rp e n d ic u la r  to  th e  m ain  fie ld  s tre n g th . A cco rd in g  to  fac ts, th e  l a t t e r  also  
p ro d u ces a leakage cu rren t.

W e m u st p o in t o u t th a t  th e  f irs t  p h ase  o f  th e  ten sio n  cu rren t c h a ra c te r is 
tic s  o f th e  in su ffic ien tly  h e a t- tre a te d  re s is tan ce  bod ies proved  to  be  o f  b e t te r  
n o n -lin e a r ity  th a n  th o se  w hich  h ad  rece iv ed  th e  necessary  h e a t t r e a tm e n t .

I Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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O n th e  o th e r h a n d , th e  la t te r  could w ith s ta n d  less cu rren t surges d u rin g  ty p e  
te s t in g s ,  an d  th e  p o in t  o f b reakdow n  g e n e ra lly  occurred  in th e  m id d le .

T h e  above e x p la n a tio n  is n o t s u p p o r te d  b y  detailed  s t ru c tu re  te s ts . 
W e  co n sid e r th e  in te rp re ta t io n s  as an a p p ro x im a tio n . W e w ou ld  b e  g ra te fu l,

i f  o u r  colleagues w o rk in g  in  a sim ilar f ie ld , w ere  to  co n trib u te  th e ir  v iew s an d  
o b se rv a tio n s  to  h e lp  co m p le te  th is p ic tu re .

F ig . 3 shows th e  p h o to g ra p h , in m irro r  re f le c tio n , of th e  f ra c tu re d  su rfaces 
o f a b ro k e n  resis tan ce  b o d y  due to  leakage c u r re n t . The blow  cau sin g  th e  sp lit 
w as ad m in is te red  on  th e  u p p er edge.

a )  b)
F ig . 3

Acta Technica Academiae Scientiarum Hungaricae 54, I960
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ETCH FIG U RES ON GERMANIUM 
INDUCED RY SURFACE CONTAMINANTS

Mrs. M. N É M E T H  and  I. C. S Z É P
RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES

[M anuscrip t re ce iv e d  S ep tem b er 2, 1963]

A ccording to  som e a u th o rs ’o p in io n , c e rta in  fig u res ap p ea rin g  a f te r  ch em ica l e tc h in g  
on  th e  surface  of Ge single c ry s ta ls  are  r e la te d  to  occluded im p u ritie s . T he a u th o rs  o f  th e  p re se n t 
p a p e r  in v es tig a te d  c o n ta m in a n ts  b o th  so lu b le  an d  in so lu b le  in  th e  e tc h a n t as to  th e ir  e ffec t 
o n  th e  fo rm atio n  of e tc h  figu res. T h ey  e s tab lish e d  th a t  so lub le  c o n ta m in a n ts  on  th e  su rface  of 
Ge (w h e th er o rig in a tin g  fro m  m icroscopic  im p u ritie s  in c o rp o ra te d  in  th e  c ry s ta l  o r f ro m  th e  
su rro u n d in g s) in d u ce  p its  in  th e  su rface  s tru c tu re , w hereas in so lu b le  c o n ta m in a n ts  h a v e  an  
im p e d in g  effect on  e tch in g  a n d  lead  to  th e  fo rm atio n  of h illocks. T he fo rm a tio n  o f  p i ts  is 
c au sed  b y  local h e a t 'd ev e lo p m e n t, w hich  f a c t  can  be p ro v ed  b o th  e x p erim en ta lly  a n d  b y  a p p ro x 
im a te  therm o ch em ica l c alcu la tio n s. T h e  h illocks are cau sed  p a r t ly  b y  th e  a b ra s iv e  a n d  po l
ish in g  m ate ria l em b ed d ed  in  th e  su rface  lay e r.

I. Introduction

D ue to  d iffe ren t chem ical tr e a tm e n ts  e tch  p its  o f v a rious sh ap e  a n d  
o rig in  w ere p ro d u ced  on th e  su rface  o f  a Ge single c ry s ta l. T he m o st th o ro u g h ly  
s tu d ie d  e tch  figures a re  tho se  co rresp o n d in g  to  d islocations [1 — 7]. T h e  e tch  
fig u res  ap p earin g  a f te r  chem ical t r e a tm e n t  on th e  su rface  of Ge single c ry s ta ls  
a n d  h av in g  d iffe ren t c h a ra c te r  fro m  th e  d isloca tion  e tch  figures h a v e  b een  
m o s t in v es tig a ted . F ig . 1 show s su ch  pecu lia r e tch  figures [8]. T h e  cav itie s  
“ C”  w ere fo rm ed  u n d e r  th e  in flu en ce  o f m icroscopic S i0 2, G e0 2 p a rtic le s  [9— 11] 
o r  a re  due to  th e  o x id a tio n  p ro d u c ts  o f o th e r im p u ritie s  [12] fo u n d  in  th e  c ry s 
ta ls . T he im p o rtan ce  of p h ysica l c o n ta m in a n ts  (e.g. d u s t)  an d  o f a b so rb e d  or 
ad so rb e d  chem ical im p u ritie s  as to  th e  sm oo thness o f th e  e tch ed  su rface  h as  
b e e n  em phasized  b y  o th e r a u th o rs , too .

In  th e  course o f  o u r re sea rch  w ork  differences w ere ex p erien ced  in  th e  
effec ts  caused b y  c o n ta m in a n ts , as  above  re fe rred  to , on th e  s tru c tu re  o f th e  
su rface  (see below ) an d  th ere fo re  w e h av e  gone in to  d e ta iled  in v e s tig a tio n  on 
th is  p rob lem . T he in v es tig a tio n  s ta r te d  from  th e  suggestion  th a t  th e  im p u r i
tie s  fo rm ing  a se p a ra te  phase  m u s t b eh av e  in  th e  sam e m an n e r w h e th e r  th e y  
w ere  orig inally  in  th e  occluded s ta te  in side  th e  c ry s ta l o r th e y  go t on i ts  su rface  
la te r . T h is is obv ious, since th e  im p u ritie s  are ab le  to  show  a rea l e ffec t d u rin g  
chem ica l t re a tm e n t on ly , if  th e y  h a v e  reached  th e  su rface . On th e  b as is  of 
th is  hyp o th esis  th e  role h ad  to  be c leared  w hich so lub le  an d  insoluble4im p u ri-  
tie s , e ith e r  b u ilt  in  th e  Ge c ry s ta l o r g o t la te r  on its  su rface  from  th e  s u r ro u n d 
in g s, a re  p lay ing  a role in  th e  p rocess of e tch  fig u re  fo rm atio n .

l* Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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I I . E x p e rim e n ta l resu lts an d  d iscussion

T h e  experim en ts w e re  m ade on 1 oh m cm  p - ty p e  Ge single c ry s ta l  slices 
o f  ( H I )  o rien ta tion  ( th e  su rfa c e  area was a b o u t 2 cm 2). A fte r c u ttin g  th e y  were 
g ro u n d  an d  polished  w ith  A120 3 pow der. T h e  su rface  roughness w as 0,1 fi.

T h e slices w ere c le a n e d  b y  w ashing in  w a te r  a n d  a fte rw a rd s  in  alcohol. 
I n  o rd e r  to  rem ove th e  l a s t  rem ain d ers  of a d h es iv e  a n d  surface c o n ta m in a tio n s , 
th e  c ry s ta ls  were t r e a te d  w ith  b id istilled  p .a . a lcoho l w hich c o n ta in e d  no  d ry  
re s id u e s .

In  these e x p e r im e n ts  a com position  w as chosen  for e tch in g  to  w hich 
d is lo ca tio n s  on th e  (111) su rfa c e  are  n o t sen s itiv e  a t  all. This e tc h a n t  w as devel
o p e d  in  th e  R esearch  I n s t i t u t e  for T echn ica l P h y sic s  o f th e  H u n g a ria n  A cad
e m y  o f Sciences fo r  o b ta in in g  slight su rface  ro u g h n ess  [14]. I t  is labelled  
e tc h a n t  “ A ” *. N e ith e r  th e  com position  n o r  th e  te m p e ra tu re  of th e  e tc h a n t  was 
a l te r e d  during th e  e x p e r im e n ts . E ach  slice w as e tc h e d  in  4 0 —45 m l o f e tc h a n t. 
S i 0 2 w as used as so lu b le  im p u r ity  and  A120 3 as th e  inso lub le  one. T h e  m ax im um  
s iz e  o f  particles w as less th a n  100 fi.

I I I .  C o n tam in an ts  so luble in  th e  e tch an t

T he S i0 2 or Si p a r t ic le s  in  k n o w n  q u a n t i t i te s  w ere d ep o sited  on to  th e  
su rfa c e  of the  sam ples w ith  th e  aid of a sieve . T h u s  i t  could be ach iev ed  th a t  
th e  d is trib u tio n  on th e  p a r tic le s  falling  th ro u g h  an  in te rm e d ia te  la y e r  of liqu id  
o n to  th e  surface of th e  G e c ry s ta l becam e s ta t is t ic a l ly  un ifo rm . U sin g  d istilled  
w a te r  as m edium , th is  d is tr ib u tio n  w as e x p e r im e n ta lly  co n tro lled  w ith  a s te reo 

* E t c h a n t  “ A ”  i s  c o m p o s e d  o f :  2 5 4 ,3  g  3 8 %  H 2F 2 ; 7 5  m l  6 5 %  H N 0 3; 0 , 5 0  g  J 2 c r y s t a l .  
T h e  s o l u t i o n  is  s a t u r a t e d  a t  2 2  ° C ,  w i t h i n  2 0  m i n u t e s .
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m icroscope. D u rin g  th e  e tch ing  p rocess c o n tin u o u s  b u t  slow m ixing  w as ap p lied . 
U n d e r th e  above cond ition  a d d in g  d iffe re n t a m o u n ts  of S i0 2, th e  r e s u lts  su m 
m arized  in  T ab le  I  w ere found . T h ese  d a ta  show  th a t  th e  d e n s ity  o f  “ C”  p its  
p e r  cm 2 increases i f  th e  added  q u a n t i ty  o f Si0.2 is increased  (Fig. 2) th u s  th e  p its  
develop  as a consequence of th e  p resen ce  o f S i0 2 partic les  on th e  su rfa c e . T he 
d ia m e te r  of th e  p its  varies in  a w ide  ra n g e  (see T ab le  I  an d  F ig . 3).

Fig. 2. T h e  increase o f d e n s ity  o f p i ts  u n d e r  th e  influence o f S i0 2

F ig . 3. P its  p ro d u ced  u n d e r th e  in flu en ce  of S i0 2 d u rin g  e tch ing , “ C” :p it; j : d ire c tio n  of 
illu m in a tio n ; (h u n d red fo ld  m ag n ifica tio n )

T his is cau sed  b y  th e  v a ry in g  size o f  th e  ap p lied  S i0 2 pa rtic le s  a n d  p a r t ly  
b y  th e  fac t, t h a t  due  to  m ix ing  each  sing le p a r tic le  s ta y  for d iffe re n t p e riods 
a t  a p a r tic u la r  sp o t of th e  su rface . A t th e  v e ry  sites w here th e  S i0 2 p a r tic le s  
rem a in  for a lo n g er in te rv a l, th e  fo rm a tio n  o f  la rg e r  an d  deeper p its  is possib le , 
even  in  case of sm alle r p artic les , as will be  la te r  exp la ined  in d e ta il.

I f  th e  e tch in g  tim e  is long en o u g h , i t  can  h ap p en  th a t  th e  S i0 2 p a r tic le s  
p e rfo ra te  th e  Ge slice accord ing  to  F ig . 4. In  som e experim en ts  o n ly  a b o u t  one
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Table I

The in fluence o f  S i 0 2 addition on the d ensity  o f  “C” p its  
(U n d e r d u s tp ro o f  conditions, u sing  45 cm 3 o f e tch an t)

SiO,
[mg]

Number of Diameter of

“ C” pits hillocks “C” pits hillocks

per cm2

l 40 434 114-78 24-15

2 75 455 64-53 64-12

3 110 420 74-75 34-20

10 306 490 34-40 34-25

40 656 667 44-40 34-30

50 764 890 74-55 54-24

70 987 745 54-51 24-28

h a lf  o f  th e  specim ens’ su rfa c e  w as covered w ith  S i0 2 p artic les . T he ra te  o f e tc h 
in g  w as considerab ly  h ig h e r  on th e  covered p a r ts ,  th u s  a fte r  e tch in g  th e  d iffe r
ence  b e tw een  th e  su rfa c e  levels o f th e  covered  a n d  u n co v ered  p a r t  w as a p p ro x . 
40 p , w hile th e  r a te  o f  e tc h in g  on th e  o p p o site  side w as un iform .

F ig . 4. Ge slice, p e r fo ra te d  u n d e r  th e  in fluence o f  S i0 2 (h u n d red fo ld  m ag n ifica tio n )

S im ilar te s ts  w ere  m ad e  b y  also a d d in g  Si pow der an d  s im ila r to  th e  
case o f  S i0 2 “ C”  p its  d ev e lo p ed  as well. T h e ir  n u m b e r  was p ro p o rtio n a l to  th e  
q u a n t i ty  of ad m ix ed  Si p o w d er. The ra te  o f th e  so lu tio n  an d  th e  effect o f Si 
p o w d e r was c o n sid e rab ly  h ig h er in  e tc h a n t “ A ”  th a n  th a t  of S i0 2.

In  order to  ch eck  th e  in fluence  of a p o ss ib le  d u s t co n tam in a tio n  com ing  
fro m  th e  air, th e  ab o v e  m e n tio n e d  ex p erim en ts  w ere  also m ade w ith o u t a d d in g  
a n y  S i0 2, b u t, u n d e r d u s tp ro o f  conditions. T he d a ta  o f T ab le  I I  show  t h a t  u n d e r  
d u s tp ro o f  cond itions e tc h a n t  “ A ”  induces o n ly  few  “ C”  p its  on th e  su rface
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Tabic II

Ge slices etched withoud adding S i,  S i0 2 
(u n d e r d u s tp ro o f  co n d itio n s)

Samples 1 2 3 4 5 6 7 8 9 10

No. o f “ C”  p its /cm 2 0 0 0 l 4 0 0 0 5 1

Dia of “ C” p its  [/t] — — — 6 to W •I- о — — — 124-69 30

No. o f hillocks/cm 2 357 397 443 476 320 415 290 370 425 315

Dia of hillocks [/<] 6— 59 9—75 5— 24 64-18 64-54 64-60 64-53 64-29 74-15 64-44

of m o st specim ens. W hen  th e  d esc rib ed  e x p e rim e n ts  w ere m ade w ith  e tc h a n t  
“ A ”  u n d e r  s ta n d a rd  la b o ra to ry  co n d itio n s , i. e. w ith o u t a ir-co n d itio n in g  a n d  
filte r in g , th e  Ge surface show ed m ore  p its  th a n  given in  T ab le  I I  a n d  T ab le  
I I I  p ro v es th is  fac t.

F ro m  th e  increase  o f th e  n u m b e r  o f “ C”  p its  p e r cm 2, th e  conclusion  m ig h t 
be d raw n  t h a t  th e  d u s t c o n te n t o f  th e  la b o ra to ry  a ir  has a s tro n g  e ffec t u p o n  
th e  d e n s ity  o f th e  “ C”  p its  in d u ced  on th e  su rface  (see T ab le  I I  a n d  I I I ) .

Table I I I

Ge slices etched under standard laboratory conditions

Samples l 2 3 4 5 6 7

No. o f “ C”  p its /cm 2 . . . . 50 50 34 48 20 43 4

No. o f hillocks/cm 2 .......... 435 466 209 406 310 321 453

Dia of “ C”  p its  [ / t ] ......... 34-78 44-41 104-35 104-35 74-45 О •I- о 54 -30

D ia of hillocks [/л]............ 34-18 W •I- to CO 54-30 24-40 34-35 14-25 14-28

IV. M echanism o f “ C” pit formation

A g re a t n u m b e r of ex p e rim en ts  m ad e  on Ge single c ry s ta l slices p ro v e , 
th a t  all c o n ta m in a n ts , th e  so lu tion  h e a t  o f w h ich  in  th e  e tc h a n t is h ig h e r  th a n  
th a t  o f Ge p la y  a g re a t role in  p ro d u c in g  “ C”  p its . Such im p u ritie s  m ig h t be 
p re se n t in  th e  single c ry s ta l in  th e  fo rm  o f occluded  m icrograins, o r c an  g e t 
to  th e  su rface  from  th e  d iffe ren t chem icals  a p p lie d , an d  also from  th e  a ir .

In  th e  above  described  case th e  re leased  h e a t o f so lu tion  of S i0 2 p a r tic le s  
is decisive in  th e  fo rm a tio n  of th e  p its . C onsidering  f.i. in  d e ta il th e  re la tio n  b e 
tw een  th e  q u a n tit ie s  o f re la tiv e ly  ev o lv ed  h e a t  be tw een  th e  S i0 2 g ra in  a n d  its
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c o rre sp o n d in g  p it, b o th  h a v in g  a d iam e te r  o f 50 /r, th e  follow ing re su lt  w as 
fo u n d :

3 Ge +  4 H N 0 3 =  3 G e 0 2 +  4 N O  +  2 H 20 .

M easu red  d a ta  o f th e  re a c tio n  h e a t of th is  p ro c e d u re  w ere n o t av a ilab le  b u t  
on  th e  basis  o f th e  fo rm a tio n  [18] its  a p p ro x im a tio n  w ould be as fo llow s:

Z)Hhno3 a q 4 0 0  =  -)- 49,2 kcal/m ol,
/ f f l Ge02 =  +  128,0 kca l/m o l,
zIH no =  — 21,6 kca l/m o l,
zJH hjO =  +  68,3 kcal/m ol.

T h u s , w hen  ox id iz ing  1 a to m ic  m ass of Ge th e  evo lved  h ea t is -j- 80 kca l/m o l. 
F u r th e r  i t  is k n o w n  th a t  th e  reaction  h e a t  o f  p rocess:

G e 0 2 +  6 H F =  H 2 [G eF 6] +  2 H 20

com es to  30 k ca l/m o l [15], i.e. th a t  w h en  disso lv ing  1 g ram a to m ic  m ass 
o f  Ge d u rin g  th e  o rig in a tin g  of fluoric  co m p lex  th e  evolved h e a t com es to  
-f- 110 kcal/m ol. S i0 2 d issolves in  H F  s im ila r ly  to  G e0 2, fo rm ing  H 2[S iFe], 
T h e  d isso lu tion  h e a t  o f th e  process:

S i0 2 +  4 H F  =  S iF 4 +  2 H ,0

com es from  th e  basis  o f th e  fo rm ation  h e a t  [18]:

ЛНдю2 =  +  208,0 k c a l/m o l,
ZIHh f  =  +  64,2 k ca l/m o l,
ZlHgiFi =  +  361,3 k ca l/m o l

to  -(- 33,5 kcal/m ol, to  w h ich  th e  fo rm a tio n  h e a t  o f th e  com plex -)- 36 k ca l/m o l 
h a s  to  be ad d ed , i.e . th e  to ta l  comes to  695 k ca l/m o l. The above a p p ro x im a te  
c a lc u la tio n  p roves t h a t  m ore  th a n  th e  do u b le  o f  th e  d isso lu tion  h e a t  o f  GeO., 
ev o lv es  w hen d isso lv ing  S i0 2. T he -j- 80 k ca l/m o l o x id a tio n  h e a t o f Ge w as 
le f t  o u t  of co n sid e ra tio n , since i t  is c h a ra c te r is tic  fo r th e  w hole p ro ced u re  o ccu r
r in g  on th e  su rface . T h e  local o v erh ea tin g  is d u e  on ly  to  th e  p resence o f  S i0 2. 
A s to  th e ir  shape  th e  e tc h e d  p its  occu rring  on Ge surface (“ C”  p its )  m a y  be 
lo o k e d  upon  as h em isp h eres .

A ccord ing  to  th e  ex am p le  th e  v o lu m e  o f such  a p it  is 3,2 • 1 0 ~ 8 cm 3 
a n d  th e  q u a n ti ty  o f th e  d isso lved  Ge 2 • 10“ 7 g. T he order of m a g n itu d e  of th e  
lo c a l o v e rh ea tin g  can  be  e s tim a te d  b y  th e  r a te  o f th e  e tch in g  as a fu n c tio n  of 
te m p e ra tu re  (F ig . 5). T he e tch ing  ra te  o f  th e  e tc h a n t  “ A ”  on p u re  Ge su rface
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a t  0 °C is 0,6 («/min. O n th e  basis o f th e  above d a ta  th e  etch ing  ra te , r e la te d  to  
a p i t  a rea  h av in g  a cross-section  su rface  o f 2 • 1 0 ~ 5 cm 2, comes to  17,3 ц ; th e  
m easu red  d a ta  o f  F ig . 5 p rove , t h a t  th e  lo ca l rise  in  te m p e ra tu re  com es to  
50 °C. T he vo lu m e o f th e  spherica l S i0 2 g ra in  is 1,6 • 10~8 cm 3. T o  ra ise  its

F ig . 5. T he v a r ia tio n  r a te  o f e tch in g  o f e tc h a n t  “ A ”  a s  th e  fu n c tio n  of te m p e ra tu re

te m p e ra tu re  b y  50 °C, 8,1 • 10~7 cal is n e e d e d ; assum ing  th a t  th e  specific  
h e a t  o f th e  e tc h a n t  is u n ity .

W e have n o t  considered  th e  h e a t  co n d u c tio n  o f th e  e tc h a n t, as th e  d isso 
lu tio n  of a r a th e r  l i t t le  p a r t  (som e th o u s a n d th )  o f  th e  gra in  in  q u es tio n  w o u ld  
p ro d u ce  th e  ra ise  o f local h ea t. In  p rac tice  m o re  S i0 2 is dissolving th a n  e s ti
m a te d , h u t  th e  co n v ec tiv e  c u rre n ts  in  th e  e tc h a n t  se t lim its to  loca l o v e r
h e a tin g  in  th e  ab o v e  m en tio n ed  o rd e r of m a g n itu d e .

V. Contaminants which do not d issolve in the etchant

In  o rd er to  c o n tro l th e  in fluence  o f  c o n ta m in a n ts  insoluble in  th e  e tc h a n t ,  
A120 3 was d is tr ib u te d  on th e  Ge su rface  w ith  m e th o d s  sim ilar to  th o se  a p p lie d  
in  th e  case o f S i0 2 a n d  Si. A120 3 is p ra c tic a lly  in so lu b le  in  e tc h a n t “ A ” . In  th is  
w ay  a g rea t n u m b e r o f hillocks cou ld  be p ro d u c e d  (F ig . 6). The n u m b e r  of 
h illocks is p ro p o rtio n a l to  th e  a m o u n t of a d d e d  p a rtic le s . T he process o f  e tc h 
in g  can  be co m p le te ly  p re v e n te d  b y  d ep o sitin g  su ffic ien t q u a n tity  o f  A120 3 
p a rtic le s  on one p a r t  o f th e  Ge slice ( >  50 m g/cm 2). T h e  th ickness on th e  c o v e red  
a rea  d id  n o t ch an g e  a t  all, w hereas th e  u n co v e red  p a r t  o f th e  slice d ec rea sed  
w ith  5 ju.

Since Ge d issolves from  th e  u n co v ered  p a r ts ,  th e  covered p a r t  w ill be 
successively  m ore  an d  m ore exposed  to  th e  e tc h a n t  la te ra lly , an d , in  co n se
q uence  of its  sides b e ing  e tched , p o in te d  h illocks a re  form ed. A fte r a possib le  
d isp lacem en t of th e  covering  g ra in , o r due to  th e  lif tin g  effect o f th e  gaseous
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p ro d u c ts ,  th e  spikes b ecom e ra th e r  u n p ro te c te d  an d  g radua lly  d is a p p e a r  u n d e r 
th e  a c tio n  of th e  e tc h a n t . T ab les I ,  I I  a n d  I I I  show  th a t  h illocks a re  to  be 
fo u n d  on  th e  Ge slices a f te r  each e tch in g . T h e  d e n s ity  of th ese  v a r ie s  be tw een  
2 — 4 • 102/cm 2, th e ir  d ia m e te r  be tw een  1 — 90 ц . T he  d iam ete r o f th e  m a jo r ity  
is a p p ro x . 1—5 /л, b ig  h illocks are n o t n u m e ro u s . C oncerning th e  h illocks i t  
h a s  b e e n  found  (T ables I I  a n d  I I I ) ,  th a t  th e y  a re  due to  m ech an ica l e ffects on 
th e  spec im ens. D u rin g  g rin d in g  a n d  p o lish in g  th e  A120 3 p a rtic le s , w h ich  are 
in so lu b le  in  th e  e tc h a n t ,  becom e m ixed  w ith  Ge pow der an d  a re  em b ed d ed

F ig .  6. H illocks, p ro d u ced  d u rin g  e tch in g , u n d e r  th e  in fluence  of A120 3, “ E ” : h illo ck s; f : 
d irec tio n  o f  illu m in a tio n  (h u n d re d fo ld  m agn ifica tion )

b e tw e e n  th e  irreg u la ritie s  o f  th e  su rface . T h ese  em bedded  p a rtic le s  in fluence  
th e  e tc h  figures as s ta te d  abo v e ; th e y  are  rem o v ed  during  th e  e tc h in g  p roce
d u re .

T h is  m echan ism  ex p la in s  th e  g rea t d e n s ity  of hillocks in  T a b le s  I , I I  
a n d  I I I .  T he e x p e rim e n ts  u n am b ig o u sly  co n firm , th a t  a f te r  th e  re m o v a l of 
th e  d am a g e d  lay e r, th e  d e n s ity  of h illocks decreases b y  in c reasin g  th e  tim e  
o f e tc h in g , m oreover, a f te r  e tch ing  fo r se v e ra l 2 —3 hours th e y  d isa p p e a r 
c o m p le te ly .

T h e  d a ta  of T ab le  I  show , th a t  th e  n u m b e r  of hillocks te n d s  to  increase  
p ro p o r tio n a lly  to  th e  q u a n t i ty  of ad d ed  S i0 2, th o u g h  th e  p r im a ry  e ffec t o fS i0 2 
g ra in s  is th e  p ro d u c tio n  o f th e  p its . M icroscopic observations m ad e  i t  possible 
to  in te rp rè te  th is  p h e n o m en o n  as th e  co n seq u en ce  of adherence o f S i0 2 g rains.

T h e  enhancing  e ffec t o f th e  re a c tio n  h e a t  ac ts  a t  th e  p e r ip h e ry  of th e  
a d h e r in g  group of g ra in s , how ever, u n d e r th e  c e n tra l p a r t  of th e  co n g lo m era te  
th e  su rface  being co v ered  ex ten d ed , f la t  h illo ck s arise in  th is  a rea .

A ccord ing  to  T a b le  I  th e  n u m b e r o f  h illocks is a p p ro x im a te ly  doub led  
w h e n  th e  q u a n tity  o f S i0 2 is 50 tim es as m u c h  a n d  on th e  o th e r h a n d  th e  n u m 
b e r  o f  cav ities in creases  to  20-)-25 tim es  as m uch .
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T hus, i t  is e v id e n t th a t  th e  p resence  o f S i0 2 p a rtic le s  ensures th e  p re d o m 
in a n c y  o f th e  cav ity -p ro d u c in g  effec t. O f co u rse , ev en  in  th is  case, one p a r t  
of th e  hillocks is e ith e r  due to  th e  p resence  o f  A120 3 pa rtic le s  em b ed d ed  in to  
th e  dam aged  su rface  lay e r, or to  in so lu b le  c o n ta m in a n ts  com ing fro m  th e  
a tm o sp h e re  to  th e  su rface .

VI. Conclusions

W hen in v e s tig a tin g  th e  e tch in g  o f G e-slices, i t  w as found , t h a t  in  th e  
p ro d u c tio n  of th o se  p its  an d  hillocks w hich  a re  n o t  co rre la ted  to  d is lo ca tio n s, 
so lid  c o n ta m in a n ts  p la y  an  im p o r ta n t  ro le. T h ese  m ig h t he d iv ided  in to  tw o  
g roups accord ing  to  th e ir  a t t i tu d e  to w a rd s  th e  e tc h a n t :  w h e th e r th e y  d isso lve 
in  i t ,  o r n o t. T ak in g  in to  acco u n t, th a t  th e  im p u ritie s  occluded in  th e  Ge single 
c ry s ta ls  p lay  th e  ro le  o f surface contam inants  w h en  in flu en c in g  th e  e tch  f ig u re s , 
ab o v e  ex p erim en ts  w ere p erfo rm ed  u sin g  c o n ta m in a n ts  d is tr ib u te d  h o m o g e
n eo u sly  on th e  su rface  of th e  c ry sta ls . S i0 2 w as se lec ted  as m odel m a te r ia l  fo r 
so lub le  c o n ta m in a n ts .

A fte r g rea t m a n y  ex p erim en ts  th e  conclusion  could  he d raw n , t h a t  th e  
p r im a ry  effect o f  S i0 2 w hich dissolves in  th e  e tc h a n t  is p roducing  th e  p its .  
T h is effect can  b e  ex p la in ed  b y  local h e a t  d ev e lo p m en t. T he e x p e rim e n ta l 
o b se rv a tio n s  a n d  th e rm o ch em ica l c a lcu la tio n s  co n firm ed  th is  h y p o th e s is .

A120 3 was chosen  as an  im p u r ity  w hich  is n o t  so luble in  th e  e tc h a n t .  
U n d e r th e  su rface o f  m echan ically  t r e a te d  a n d  e tc h e d  c ry s ta l slices one can  
observe  hillocks as w ell, w hich  m ay  be  due  to  th e  a b ra s iv e  an d  po lish ing  m a te 
r ia ls  em bedded  in to  th e  dam aged  lay e r.

A bove in v e s tig a tio n s  m ade i t  c lear, t h a t  in  th e  presence of solid c o n ta m 
in a n ts  p u rp osefu lly  ad d ed , th e  d u s t c o n te n t o f  th e  a ir  an d  th e  chem icals as 
w ell as th e  ap p lied  m eth o d s  of su rface  t r e a tm e n t  g re a tly  in fluence th e  a p p e a r 
ance  o f e tch  fig u res , hence one has to  be  v e ry  ca re fu l w hen  in te rp re tin g  th e se  
s tru c tu re s  as to  th e ir  origin.
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E IN F L U S S  D E R  O B E R F L Ä C H E N V E R U N R E IN IG U N G E N  A U F  D IE  Ä T Z F IG U R E N
V O N  G E R M A N IU M

F r a u  M . N É M E T H  u n d  I .  C . S Z É P

Z U SA M M E N FA SSU N G

N a c h  A nsich t e in iger A u to re n  h än g en  gew isse, be i de r chem ischen Ä tz u n g  d e r G e-E in- 
k r is ta l le  en ts te h en d e  O b e rfläch en ersch ein u n g en  m it d e m  V orhandensein  o k k lu d ie r te r  V e ru n 
re in ig u n g e n  zusam m en . D ie  V erfasser dieses A rtik e ls  u n te rs u c h te n  die W irk u n g  a u f  d ie O b e r
f lä c h en e rsc h e in u n g e n  d e r im  Ä tz m itte l  lö slichen  u n d  un lö slich en  V eru n re in ig u n g en . E s  w urde  
fe s tg e s te ll t ,  daß  die a u f  d ie G e-O berfläche g e lan g en d en  löslichen  V eru n re in ig u n g en  (u n a b h än g ig  
d a v o n , ob  diese v o n  M ik ro v eru n re in ig u n g en  des K r is ta lls  se lb st oder von  de r U m g e b u n g  h e r rü h 
re n )  a u f  d e r  O berfläche G ru b en  v e ru rsac h e n . D ag eg en  e n ts te h e n  infolge d e r u n lö s lich en  V e ru n 
re in ig u n g e n , die a u f  d en  Ä tzp rozess h em m en d  w irk en , E rh eb u n g en . V ertie fu n g en  e n ts te h e n  
in fo lg e  lo k a le r  W ärm m een tw ick lu n g , wie dies d u rc h  E x p e rim en te  u n d  a n n ä h e rn d e  th e rm o 
ch em isch e  B e rech n u n g en  bew iesen  w urde . D ie E rh e b u n g e n  en ts te h en  te ilw eise  d u rc h  d ie, 
in  d e r  O b e rfläch en sch ich t e n th a lte n e n  Schleif- bzw . P o liers to ffe .

F IG U R E S  D E  C O R R O SIO N  C H IM IQ U E  S U R  L E  M O N O C R ISTA L D E  G E R M A N IU M , 
C A U SÉ ES P A R  D E S IM P U R E T É S  D E  LA SU R F A C E

M m e  M . N É M E T H  e t  I .  C . S Z É P

R É S U M É

Selon l’op in ion  de qu e lq u es a u te u rs , c e r ta in e s  f ig u res  chim iques a p p a re n te s  su r la su r 
face  d u  m o n o cris ta l de Ge so n t dues à des im p u re té s  occludées. Les a u te u rs  de c e t a rtic le  o n t  
e x a m in é  les effets d ’im p u re té s  so lub les e t in so lu b le s  d an s  le liqu ide co rro s if su r les fig u res 
a p p a re n te s  à la surface . I ls  o n t  tro u v é  que les im p u re té s  solubles su r la su rface  de  Ge (p a r 
v e n u s  à  la  surface so it des m ic ro -im p u re té s  d u  c r is ta l  m êm e, so it de l’am b ia n ce ) fo rm en t 
des c av e rn es  dans la  s tru c tu re  de la su rface , ta n d is  que les im p u re tés  in so lu b les , e m 
p ê c h a n t  le processus de corrosion  fo rm en t des p ro tu b é ra n ce s . La fo rm a tio n  des cav ern es 
e s t  d u e  à la  chaleu r locale, f a it  p ro u v é  p a r  des ex p érien ces e t  des calcu ls th e rm o ch im iq u e s  
a p p ro x im a tifs . Les p ro tu b é ra n c e s  se fo rm en t en  p a r tie  à  la  suie des su b s ta n c es  a b ra s iv e s  e t 
de  p o lissag e, se t ro u v a n t  su r à la surface  du  c ris ta l.
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ФИГУРЫ ТРАВЛЕНИЯ НА ГЕРМАНИИ, ВОЗНИКАЮЩИЕ 
ПОД ДЕЙСТВИЕМ ПОВЕРХНОСТНЫХ ПРИМЕСЕЙ

М .  Н Е М Е Т ,  и  И .  Ц .  С Е П

РЕЗЮМЕ

Поверхностные образования, возникающие в результате химического травления 
монокристаллов Ge, некоторые авторы связывают с присутствием окклюдированных загря
знений. В настоящей работе исследовалось влияние растворимых и нерастворимых в тра- 
вителе загрязнений на вышеуказанные образования. Обнаружено, что растворимые 
загрязнения, находящиеся на поверхности германия (независимо от того происходят ли 
они из находящихся в германии микро-загрязнений или занесены туда из внешней среды) 
образуют углубления на поверхности кристалла. В то время как нерастворимые при
меси, препятствуя процессу травления, образуют холмики. Образование углублений 
сопровождается локальным образованием тепла, что подтверждается опытами и термо
химическим расчетом. Образование холмиков частично связано с наличием на поверх
ности кристаллов остатков шлифующего и полирующего материала.
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INVESTIGATIONS O F TH E CURRENT LOAD OF A U X IL 
IARY ELECTRODES PLACED AT T H E  SIDES OF TH E 
MAIN ELECTRODE SPIRALS OF FLUORESCENT LAMPS

GY. LA K A TO S and  J .  BITÓ
R E S E A R C H  I N S T I T U T E  R E S E A R C H  I N S T I T U T E

F O R  E L E C T R I C A L  I N D U S T R Y ,  B U D A P E S T  F O R  E L E C T R O N I C S ,  B U D A P E S T

[M a n u sc rip t received  N o v em b er; 25, 1963]

In v e stig a tio n s  w ere m a d e  to  d e te rm in e , du rin g  th e  a n o d ic  ha lf-p e rio d , th e  c u rre n t load  
o f a u x ilia ry  e lectrodes t h a t  se rv e  as re g u la tin g  e lem en ts to  th e  sp ira ls  o f th e  m ain  e lectro d es 
o f 100 W  flu o rescen t lam p s h a v in g  m ain  d im ensions e q u a l to  a  40 W  lam p , an d  fed  w ith  an  
A. C. c u rre n t. A u th o rs  se t u p  ta b le s  show ing th e  c u rre n t lo ad  o f th e  m ain  e lectrode as a  fu n c tio n  
of th e  re la tiv e  p osition  of th e  a u x ilia ry  e lectrodes to  th e  sp ira ls .

I. Introduction

In  som e ty p es o f f lu o re sc e n t lam ps fed w ith  D .C . or A.C. c u rre n ts  i t  is 
u su a l to  ap p ly  a u x ilia ry  e lec tro d es as su p p le m e n ta ry  e lem ents of th e  m ain  
e lec trode  sp irals. T hese a u x ilia ry  electrodes can  b e  m ad e  o f v a rio u s m e ta ls , 
an d  a re  fo rm ed  d iffe re n tly : th e y  m ay  form  w ires (o f a few  m m  d iam ete r), or 
sm all p la te s ; th e y  can b e  p la c e d  a ro u n d  th e  m ain  sp ira l in  a cy lindric  p o sitio n .

G enerally , these  a u x ilia ry  electrodes a re  m ech an ica lly  fix ed  in to  th e  
sp ira l-ends o f th e  m ain  e lec tro d es h av in g  th e  sam e  e lec tric  p o te n tia l. T hese 
a u x ilia ry  electrodes p la y  a n  im p o r ta n t  role eq u a lly  a t  th e  s ta r t  an d  d u rin g  th e  
d ischarge. T h ey  have  a s ig n if ic a n t b earin g  on th e  space  charg ing  co n d itio n s 
a ro u n d  th e  electrodes a n d  on th e  discharge a n d  c u r re n t  cond itions.

A ccord ing  to  som e l i te ra ry  sources [1] th e  in flu en ce  o f th e  a u x ilia ry  
electrodes is ac tin g  on th e  tu b e  vo ltag e  of th e  la m p  as well. V ary in g  th e  
su rface  a rea  of th e  a u x ilia ry  e lec trodes a change o f  th e  tu b e  v o ltag e  o f th e  
lam p  can he observed.

O ur p rev ious in v e s tig a tio n s  [2] revea led  th e  v a r ia tio n s  of th e  specific 
c u rre n t load  on th e  su rface  o f  th e  d ischarge w ith  v a ry in g  d ischarge co n d itio n s, 
an d  we m ade use of th e se  ch a ra c te ris tic s  in o rd e r to  increase  th e  life o f som e 
special ty p e  of f lu o re scen t lam p s.

In  th a t  w hich follow s a u th o rs  have d e te rm in ed  th e  c u rre n t load  o f a u x il
ia ry  e lec trodes h av in g  th e  sam e p o te n tia l v a lu es  as th e  m ain  e lec trodes, in  
connec tion  w ith  th e  v a ry in g  positions of th e  a u x ilia ry  e lectrodes.
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II. T esting conditions, m easuring methods

T h e  no rm al a m b ie n t te m p e ra tu re  fo r te s tin g  w as 25 ^  2 °C, and
te s ts  w ere  carried  o u t on f lu o re sc e n t lam ps h av in g  th e  sam e o u te r  d im ensions 
as th e  u su a l 40 W ty p e . T h e  ap p lied  e lec trodes w ere id en tic  w ith  th o se  o f th e  
80 W  ty p e . A uxiliary  e lec tro d es  in  th e  fo rm  of p e rfo ra te d  n ick e l p la te s  were 
p la c e d  a t  th e  side o f th e  m a in  sp ira ls , in  a p a ra lle l p o sitio n . A 100 m m  long 
e x te n s io n  o f th e  e lec trodes w as p ro tru d e d  in to  th e  d ischarge  tu b e  a long  th e  
a x is  o f  th e  discharge. N o e x te rn a l  h e a tin g  e ffec t w as d irec ted  to  th e  e lec trodes.

|ТО!ШТОТОГ|

F ig . 1. C onnection  schem e o f  th e  te s ts

D u rin g  th e  te s ts , th e  tu b e s  w ere fed  w ith  a stab ilized  A.C. c u rre n t. T h e  d is
c h a rg e  c u rren t of 1 am p . w as re g u la te d  b y  a special iron -co red  th r o t t le  coil. 
I g n i t in g  w as m ade b y  a p p lic a tio n  of h igh  freq u en cy . T he in p u t  w as con tro lled  
a t  th e  level of 100 W . T h e  in n e r  su rface  of th e  tu b e  w alls w as c o a te d  w ith  a 
f lu o re s c e n t  m a te ria l as u su a l. T h e  gas fillin g  th e  tu b es  w as com posed  o f 60 m g 
m e rc u ry  an d  a n e o n -a rg o n  m ix tu re  o f th e  ra tio  of 80%  N e a n d  20%  A r 
h a v in g  a pressure co rre sp o n d in g  to  2 m m  m ercu ry  co lum n w ith  an  accu racy  
o f  0,05 m m  Hg.

T h e  special ta sk  of th e  te s ts  re q u ire d  th a t  th e  ends of th e  a u x ilia ry  elec
tro d e s  shou ld  be se p a ra te ly  p u lled  o u t from  th e  d ischarge tu b e .

T h e  te s ts  w ere c a rr ie d  o u t b y  using  a c ircu it accord ing  to  th e  schem e in 
F ig . 1. T he in s tru m e n t I t se rv e d  to  in d ic a te  th e  c u rre n t lo ad  o f tu b e  F . I n s t ru 
m e n t  VI served to  in d ic a te  th e  tu b e  v o lta g e . T he d ischarge  tu b e  w as fed 
b y  a  stab ilized  A.C. so u rce , b y  m eans o f a se p a ra tin g  tr a n s fo rm e r  an d  an  
a u to tra n s fo rm e r .
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T h e d ischarge c u rre n t passes th ro u g h  th e  m easu ring  re s is tan ce  o f  0,1 
O hm ; th is  v o ltag e  d rop  is am p lified  b y  th e  a m p lif ie r  E ,  an d  th e  am p lified  
signal is lead  to  th e  v e r tic a l in p u t o f th e  oscilloscope 0 .  P reced in g  th e  m eas
u rin g  o p era tio n s , th e  v e r tic a l am p lif ic a tio n  o f  th e  oscilloscope w as m easu red  
a n d  c a lib ra te d  b y  an  A.C. c u rre n t. B y  m ak in g  uses of th e  c a lib ra tio n  cu rv e , 
th e  d ischarge  c u rre n t could  be d e te rm in ed  b y  th e  m ag n itu d e  o f th e  sig n a l size 
in  th e  oscilloscope. P ossib ilities w ere a rra n g e d  to  com pare th e  sh ap e  o f  th e  
c u r re n t curves seen in  th e  oscilloscope an d  to  m ak e  sn ap sh o ts . D u rin g  th e  
te s ts , th e  v a rio u s m e th o d s of connec tion  as i l lu s tra te d  in  F ig . 2 w ere ca rried

Fig. 2. A u x ilia ry  con n ec tio n s for th e  d e te rm in a tio n  o f th e  c u rre n t load  of a u x ilia ry  e lec tro d es
an d  o f m ain  sp ira ls

o u t. T h ese  se rved  to  d e te rm in e  se p a ra te ly  th e  c u rre n t lo ad  of th e  tw o  a u x ilia ry  
e lec tro d es of d iffe ren t fu n c tio n , an d  to  com pare  th e  shapes in  th e  oscilloscope. 
T he tw o  p a ra lle l a rrow s in  F ig . 2 on b o th  sides o f  re s is tan ce  R  in d ic a te  th e  
co n n ec tin g  p o in ts  to  oscilloscope 0 .  A th ird  a rro w  th a t  p o in ts  to  В  in d ic a te s  
th e  p o in t  a t  w hich  th e  c ircu it to  be te s te d  jo in s  th e  in d u c tiv e  lim itin g  e lem en t 
В  p laced  in to  th e  d ischarge  c ircu it.

F o r  th e  sake  o f a po sitiv e  co n tro l, th e  d ischarge  tu b e  w as p u t  in  ac tio n  
fo r 20 m in u te s  befo re  th e  m easu rem en ts  b egan  in  o rd e r to  h av e  a s tab iliz ed  
s ta te  u n d e r  n o rm a l d ischarge  cond itions.

III. Results

B y  m ak in g  use o f th e  con n ec tin g  co n d itio n s accord ing  to  F ig . 2, th e  
c u rre n t lo ad  o f th e  sp ira ls  a n d  th a t  o f th e  a u x ilia ry  e lectrodes could  be se p a 
ra te ly  s ta te d . W hen  th e  c u rre n t o f th e  a u x ilia ry  e lec trodes passed  th e  re s is ta n c e
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R  th e  oscilloscope d iag ram  as a consequence o f th e  A. C. w ork ing  p e rio d  show ed 
th e  s ig n a l o f rec tific a tio n . W h en  th e  m ain  e lec tro d e  u n d e r te s t  assu m ed  th e  
fu n c tio n  o f  a ca th o d e  d u rin g  d ischarge, no  c u r re n t w as observed  th ro u g h  th e  
a u x i l ia ry  e lectrode. In  th is  p e rio d  th e  d isch arg e  c u rre n t passed  th ro u g h  th e  
c a th o d ic  sp ira l b y  s im u lta n e o u s  em ission o f  th e  e lec trons in to  th e  d ischarge  
sp ace .

D u e  to  th e  n e g a tiv e  p o te n tia l  a t  th e  a u x ilia ry  e lectrodes, som e m in u te  
c u r r e n t  lo ad  m ay  p ass  th ro u g h  th em , a lth o u g h  th is  ionic c u rre n t is n o t o b 
se rv a b le  a t  all.

A cco rd in g  to  T ab le  I ,  th e  c u rre n t lo a d  d u rin g  th e  anodic  h a lf-p erio d  of 
th e  sp ira l  equals — w hen  th e  au x ilia ry  e lec tro d e  is in  th e  position  b, on ly  19%  
o f th e  d ischarge  c u rre n t. A ccord ing  to  o u r m easu rem en ts , th e  o th e r  81%  of

Table I

S ig n  o f  t h e  
p o s i t io n  o f  
t h e  a u x i l 
i a r y  e le c 

t r o d e

D e t e r m in a t io n  o f  t h e  
r e l a t i v e  p o s i t io n  o f  t h e  
a u x i l i a r y  e le c t ro d e  to  

t h e  s p ir a l

A x ia l  d i s ta n c e  
o f  t h e  a u x i l i a r y  
e le c t ro d e  f ro m  

t h e  s p ir a l ,
/ [m m ]

R a d ia l  d i s t a n c e  
b e tw e e n  th e  

tw o  a u x i l i a r y  
e le c t ro d e s ,  

d  [m m ]

C u r r e n t  th r o u g h  
t h e  s p ir a l  in  

p e r c e n t s  o f  t h e  
t o t a l ,

%

a 0 12 6,7

b 0 7 19,0

c 10 7 13,2

d 20 7 24,9

th e  c u r re n t  passes th ro u g h  th e  au x ilia ry  e lec tro d es. I t  is to  be  n o te d , th a t  th e  
c u r r e n t  in p u t  of th e  tw o  p e rfo ra te d  p la te s  p laced  as au x ilia ry  e lec trodes close 
to  th e  sp ira l, is n o t a lw ays th e  sam e; th e  d is tr ib u tio n  of th e  c u rre n t lo ad  b e 
tw e e n  th e  tw o a u x ilia ry  e lec trodes depends n o t  on ly  on th e  re la tiv e  position  
to  th e  sp ira ls  b u t  also on th e  re la tiv e  p o sitio n  o f th e  tw o au x ilia ries  to  each 
o th e r .

B ased  on th e  o b se rv ed  effects, th e  n e x t  series of ex p erim en ts  se rved  th e  
p u rp o se  o f show ing th e  in flu en ce  of an  a r ra n g e m e n t w hen  th e  re la tiv e  positio n  
o f  th e  tw o  au x ilia ry  e lec tro d es to  th e  sp ira l w as n o t  th e  sam e.

T w o p a ra m e te rs  w ere v a ried  d u rin g  th e  ex p e rim en ts . One o f th e m  w as 
th e  d is ta n c e  of th e  a u x ilia ry  electrode fro m  th e  sp ira l m easu red  in  th e  ra d ia l 
d ire c tio n  w ith in  th e  d isch arg e  tu b e . T he o th e r  p a ra m e te r  was th e  d is tan ce  of 
th e  a u x ilia ry  electrodes fro m  th e  sp iral in  th e  ax ia l d irec tio n  of th e  d ischarge 
tu b e .

I n  com paring  th e  p o sitio n  a an d  b, th e  c u r re n t lo ad  of th e  sp ira l increases 
w h e n  th e  rad ia l d is tan ce  decreases (N B . th e  v a lu es  of th e  ra d ia l d is tan ce , as
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given in  th e  T ab le  I, are  tw ice as m uch  as th e  d is tan ce  m easured  fro m  th e  sp ira l). 
O n th e  o th e r  h a n d , w hen  th e  d is tan ce  b e tw een  th e  a u x ilia ry  e le c tro d e s  an d  
th e  sp ira l increases, th e  c u rre n t lo ad  o f  th e  sp ira l is th e  low est a t  an  ax ia l 
d is tan ce  o f 10 m m  (Pos. b, c, an d  d).

A s seen from  th e  p reced ing , th e  p o sitio n  o f th e  au x ilia ry  e lec tro d es  h as  a 
v e ry  g re a t b ea rin g  on th e  superfic ia l c u rre n t lo ad  of th e  spiral. I t  is im p o r ta n t  
to  d e te rm in e  th e  d e ta iled  c u rre n t lo ad  co n d itio n  w hen ta k in g  th e  life o f  th e  
e lec trodes in to  co n sid e ra tio n . T he e lec tro n ic  a n d  ionic a tta c k  e x e r te d  on th e  
e lec trodes d u rin g  th e  ca th o d ic  an d  ano d ic  p e rio d  h igh ly  in fluences th e  charge  
o f th e  e lec tro d es, a n d  th e ir  d e te rio ra tio n  d u e  to  increased  charge  is decisive 
as fa r  as th e  life o f th e  lam p  is concerned . W h en  we a re  able to  d isclose th e se  
co n d itio n s, we w ill be in  a p o sition  to  en su re  a longer life of th e  la m p .

T h e  c u rre n t lo ad  of th e  a u x ilia ry  e lec tro d es w as th e  su b jec t o f  te s ts  m ad e  
b y  T o o m e y ,  ca rried  o u t a t  a tim e  a f te r  o u r ow n exp erim en ts , b u t  w ere  m ad e  
k n o w n  before  o u r p a p e r  could  he p u b lish ed  [4]. H is in v estig a tio n s w ere  c a rr ie d  
o u t u n d e r  d iffe ren t co n d itions th a n  th e  o u rs  w ere. H e m ade th e  te s ts  w ith  a 
D .C . c u rre n t in s te a d  of A.C. H e ap p lied  a n  u n c o a te d  ca thod ic  sp ira l. F u r th e r ,  
in  h is p a p e r  th e re  is no m en tio n  m ad e  o f  th e  perfo rm ance o f th e  tu b e , th e  
sh ap e  o f th e  a u x ilia ry  electrodes an d  th e ir  p o s itio n  or d istance .

In  a p rev io u s s tu d y  th e  a u th o rs  o f  th e  p re se n t p ap e r d e a lt  w ith  th e  
q u es tio n  re fe rrin g  to  th e  v a ry in g  fu n c tio n  o f th e  au x ilia ry  e lec tro d es, in  one 
o r th e  o th e r  h a lf-p erio d  o f th e ir  d ischarge . B y  m eans of m easu rem en ts  ca rr ied  
o u t a t  ra n d o m , a u th o rs  s ta te d  th a t  d u rin g  th e  ca th o d ic  half-period  th e  a u x il
ia ry  e lec trodes a re  ac tin g  to  d im in ish  th e  v o ltag e  drop  a t  th e  c a th o d ic  pole. 
A u th o rs  th e n  d id  n o t  e x ten d  th e ir  in v e s tig a tio n s  to  determ ine  th e  su p e rfic ia l 
c u rre n t charge  in  th e  ca th o d ic  an d  ano d ic  half-periods.

A n o th e r series o f ex p erim en ts  sh o u ld  be  m ade b y  a p p ly in g  p ro b e  
m easu rem en ts  in  o rd e r to  o b ta in  m ore d e ta ile d  d a ta  th a t  could help  to  in c rease  
th e  life o f th e  elec trodes.
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U N T E R S U C H U N G  Ü B E R  D IE  ST R O M A U F N A H M E  D E R  IN  L E U C H T  S T O F F 
L A M P E N  V E R W E N D E T E N  H IL F S E L E K T R O D E N

G Y . L A K A T O S  u n d  J .  B I T Ó

Z U SA M M E N FA SSU N G

V ersu ch e  w u rd en  d u rc h g e fü h r t ,  u m  die S tro m a u fn a h m e  w äh ren d  der an o d isch en  H a lb 
p e rio d e  v o n  H ilfse lek tro d en  zu  b es tim m en , die als R eg e le lem en te  zu  der H a u p te le k tro d e n 
sp ira le  v o n  L e u c h tro h rla m p e n  e in g e b au t sind , w obei sich  u m  w echselstrom gespeiste  100-W - 
L a m p e n  h a n d e lt ,  d e ren  D im en s io n en  m it denen  d e r 4 0 -W -L am p e  ü b ere in stim m en . E s  w ird  in  
e in e r T ab e lle  die jew eilige S tro m s tä rk e  in  der H a u p te le k tro d e  als F u n k tio n  de r re la tiv e n  L age 
d e r H ilfse le k tro d e n  m itg e te ilt .

R E C H E R C H E S  S U R  L A  CONSOM M ATION É L E C T R IQ U E  D ES É L E C T R O D E S  
A U X IL IA IR E S  E M P L O Y É E S  DANS L E S  T U B E S  L U M IN ESC EN TS

G Y . L A K A T O S  e t  J .  B I T Ó

R É SU M É

L es a u te u rs  d é te rm in e n t, p o u r des tu b es lu m in e sc e n ts  de 100 W  de d im ensions a n a lo 
gues à  celles des tu b es  lu m in e sc en ts  de 40 W , l’in te n s i té  de  c o u ra n t des é lectrodes a u x ilia ires  
em p lo y ées à  côté de la sp ira le  é lec tro d iq u e , dans la  d em i-p ério d e  anodique . E n  m o d if ia n t la 
p o s it io n  des é lectrodes a u x ilia ire s  p a r ra p p o rt à la  sp ira le  c a th o d iq u e , ils o b se rv en t co m m e n t 
les é le c tro d e s  au x ilia ires in f lu e n c e n t le pourcen tag e  d e  c o u ra n t  des spirales d an s les d iffé re n te s  
p o sitio n s . Les ré su lta ts  so n t  d o n n és en p o u r cen t d u  c o u ra n t  de décharge.

ИССЛЕДОВАНИЕ ПОТРЕБЛЕНИЯ ТОКА ВСПОМОГАТЕЛЬНЫМИ 
ЭЛЕКТРОДАМИ, ПРИМЕНЯЕМЫМИ В ЛЮМИНЕСЦЕНТНЫХ ЛАМПАХ

Д .  Л А К А Т О Ш  и  Я .  Б И Т О

РЕЗЮМЕ

Авторы определяют токовую нагрузку вспомогательных электродов, применен
ных возле спирали электродов, в анодный полупериод, для люминесцентных ламп с по
требляемой мощностью в 100 вт, идентичных по наружным размерам с люминесцентными 
лампами 40 вт, и питаемых переменным током. Изменяя расположение вспомогатель
ных электродов по отношению к катодной спирали, указывается, каким образом воздей
ствуют вспомогательные электроды на процентную токовую нагрузку спирали в отдель
ных положениях. Результаты даются в процентах разрядного тока.
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SEMI-AUTOMATIC RECORDING OF VOLT-MICROSECOND
CHARACTERISTICS

GY. V A JD A
D O C T O R  O F  T E C H N .  S C .

M I N I S T R Y  O F  H E A V Y  I N D U S T R I E S

[M an u sc rip t received  D ecem b er 20, 1963]

I n  th is  p a p e r  a m easu rin g  m eth o d  is given fo r  th e  s ta tis t ic a l  te s t  o f b re a k d o w n  and  
flash o v er. T he e q u ip m e n ts  dev elo p ed  m ake  possible th e  a u to m a tic  evalu a tio n  o f th e  m e a su re 
m en ts. B y  th e  p ro ced u re  d iscussed , th e  p ro b a b ility  d is t r ib u t io n  of th e  b reak d o w n  in  fu n c tio n  
of th e  v o ltag e  m a y  be p lo tte d , th e  d is tr ib u tio n  of th e  t im e  lag s m easured  and  th e  se t o f  v o lt/ 
//sec, c h a ra c te ris tic s  p lo tte d .

I. Introduction

O ne o f th e  m ost im p o r ta n t  m ethods o f  th e  a tm ospherica l o v e rv o lta g e  
p ro tec tio n  is th e  co -o rd in a tio n  of in su la tio n s. T h is  assures th a t  in  th e  case of 
an  ov erv o ltag e  o f  dangerous v a lu e , th e  b re a k d o w n  should  occur a t  a d e fin ite  
p o in t of th e  sy s te m , w here i t  c an n o t cause co n sid e rab le  dam age (m o s tly  b e 
tw een  th e  sp a rk -g ap s  o f th e  o v ervo ltage  p ro te c tin g  devices) an d  a t  th e  sam e 
tim e , a t  o th e r  p o in ts  of th e  sy stem  no b reak d o w n  shou ld  occur on th e  in s u la 
tio n s, even a t  h ig h er v o ltag es . A ccord ingly , to  rea lize  a su itab le  p ro te c tio n , 
th e  d ie lec tric  s tre n g th  o f th e  in su la tio n s an d  th e  sp a rk o v e r vo ltage  o f th e  p ro 
te c tiv e  dev ices m u s t be  k now n .

As a consequence  o f en d eav o u rin g  to  a t t a in  econom ic d im ensions, th e  
d ifference b e tw een  th e  in su la tio n s  b reak d o w n  v o ltag es  an d  th e  sp a rk o v e r  
vo ltag e  o f th e  p ro te c tiv e  devices shows a te n d a n c y  to  decrease. T here fo re , th e  
accu ra te  know ledge of decisive values is b eco m in g  increasing ly  im p o r ta n t .  
F o r a p e rfec t co -o rd in a tio n  of th e  overvo ltage  p ro te c tin g  devices an d  th e  in s u 
la tio n s to  he p ro te c te d , in d ica tio n  of som e av e ra g e  b reakdow n v o ltag es  is n o t  
su ffic ien t, th e re fo re  th e  a c tu a l va lues of th e  im p u lse  b reakdow n v o ltag es  m u s t 
be ta k e n  as a basis.

I f  in  a g iven  a rra n g e m e n t b reakdow n occu rs u n d e r  given c ircu m stan ces , 
tw o  fac ts  m u s t he considered .

One of th e se  is t h a t  th e  b reak d o w n  v o lta g e  is n o t a discrete v a lu e , h u t  
th e  m easu rab le  va lu es  are  d ispersed  w ith in  a c e r ta in  vo ltage  range. T h e  d e 
v ia tio n  is e ssen tia lly  g re a te r  th a n  th e  in c e r ti tu d e  o f th e  te s t  m e th o d  a n d  th e  
e rro r of th e  v o lta g e  m easu rem en t, so th e  s c a t te r  m u st be considered  as a 
ch a ra c te ris tic  fe a tu re  o f th e  b reakdow n . T h e  s c a t te r  is caused p a r t ly  b y
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in h o m o g e n e ity  and  c o n ta m in a tio n  of th e  in su la tin g  m ateria ls , as  w ell as 
b y  f lu c tu a tio n s  in  th e  ch a ra c te ris tic s  o f  th e  en v iro n m en t ( te m p e ra tu re , 
a i r  p re s su re , a tm o sp h eric  h u m id ity ) . T he o th e r  reason  of th e  s c a t te r  is th a t  
th e  q u a n tu m -m e c h a n ica l s ta tis t ic a l  fe a tu re  o f  th e  e lem en ta ry  p rocesses 
ta k in g  p lace  during  b re a k d o w n  m anifests th e m se lv e s  m acroscop ically , en la rg ed  
th r o u g h  th e  electron a v a la n c h e . D ue to  th e  d isp ers io n , w hen re p e a tin g  a te s t  
w ith  th e  sam e v o ltage  a n d  u n d e r  id en tica l c ircu m stan ces , i t  does n o t  b y  all 
m e a n s  cause  a b reak d o w n  ag a in . U nder g iv en  c ircum stances , occu rren ce  o f th e  
b re a k d o w n  m ay  be c h a ra c te r iz e d  b y  a p ro b a b i l i ty  p b.

T h e  o th e r fac t to  he  considered  is t h a t  th e  d u ra tio n  of th e  su rg es  is com 
m e n s u ra b le  w ith  th a t  o f  th e  b reakdow n  fo rm a tio n . C onsequen tly , th e  tim e  
la g  b e tw e e n  th e  s ta r t  o f th e  v o ltag e  s tress a n d  th e  ensueing of th e  b reak d o w n  
a lso  show s a s ta tis tic a l d e v ia tio n , d ep en d in g  on  th e  c ircu m stan ce , to  w h a t 
e x te n t  a re  th e  m ic ro co n d itio n s, necessary  fo r  th e  b reakdow n  a t  th e  g iven  in 
s t a n t ,  fu lfilled  (if th e re  a re , a t  th e  p lace a n d  t im e  w an ted , charge  c a rr ie rs  to  
s t a r t  th e  b reakdow n  a n d  to  fu r th e r  ca rry  on  th e  ph y sica l processes.)

T h e  h igher th e  v o lta g e  is, th e  b e tte r  a re  th e  c ircum stances fo r  th e  b re a k 
d o w n , p ro b a b ility  fo r th e  b reak d o w n  in c rea se s , w hile its  tim e  lag  is red u ced . 
T h e se  re la tio n s  can be  a c c o u n t for b y  th e  b re a k d o w n  p ro b a b ility -v o lta g e  and  
b re a k d o w n  v o ltag e-tim e  la g  ch a rac te ris tic s , re sp ec tiv e ly , th e  l a t t e r  u sed  to  
b e  ca lle d  volt//Jsec c h a ra c te ris tic s .

C oncerning th e  c h a ra c te r is tic s  of th is  k in d  o f  insu la tions an d  o v e rv o ltag e  
p r o te c t iv e  devices, few  d e ta ile d  d a ta  h av e  b een  pub lished . T his is f i r s t  o f all 
d u e  to  th e  fac t th a t  th e  te s ts  dem and  m u ch  w o rk  an d  tim e. T h u s , i t  seem ed 
to  b e  p rac ticab le  to  e la b o ra te  a sim ple — h a lf-a u to m a tiz ed  — te s t  m eth o d  
p e rm it t in g  to  p lo t th e  c h a ra c te ris tic s  re la tiv e ly  q u ick ly  w ith  a su ita b le  accu racy  
fo r  th e  p rac tice . I t  is e x p e d ie n t to  tr e a t  th e  p h en o m en a  re la tiv e  to  th e  b re a k 
d o w n , as well as th e  e x p e rim e n ta l re su lts  w ith  th e  m ethod  o f p ro b a b ili ty  
c a lc u la tio n  and  m a th e m a tic a l s ta tis tic s .

II. The developed test m ethod

T o p lo t th e  n ecessa ry  ch a rac te ris tic s , a h ig h  n u m b er of b re a k d o w n s  and  
f la sh o v e rs , respective ly , m u s t  be p roduced  a t  d iffe re n t vo ltages on th e  a rra n g e 
m e n t  te s te d . B y th e  te s t  th e  v alue  of th e  im p u lse  vo ltage m u s t b e  re g u la te d  
a n d  m easu red , i t  m u s t a lso  be observed  i f  th e  b reak d o w n  h ad  a c tu a lly  ta k e n  
p la c e  a n d  if  so th e  tim e  la g  m u s t be m easu red . A s con tro l an d  m e a su re m e n t 
o f  th e  v o ltag e  is re la tiv e ly  sim ple, th ese  p ro b lem s were solved b y  th e  usual 
m e th o d s , for th e  o th e r  tw o  ta sk s  special e q u ip m e n ts  have been d ev e lo p ed .

T h e  schem atic  d ia g ra m  of th e  m e a su re m e n ts  is show n in  F ig . 1. W ith  
th e  h ig h -v o ltag e  p ro d u c e d  b y  tra n sfo rm e r T , th e  surge g e n e ra to r  S  is fed 
th r o u g h  th e  rec tifie r R .  T h e  value of th e  im p u lse  vo ltage  m ay  b e  re g u la te d
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from  o p e ra tin g  ta b le  О b y  th e  m o to r M  (a d ju s tin g  th e  spheres o f  th e  surge 
g en e ra to r) , fo r a d ju s tin g  th e  charg ing  se rves v o ltag e  con tro ller C, th is  b e in g  
h a n d -o p e ra te d , to o . T h e  D .C. v o ltag e  feed in g  th e  surge g en era to r is m easu red  
b y  th e  s ta tic  v o ltm e te r  V.

A t th e  low -vo ltage  p a r t  (Jx) o f th e  su rg e  g en e ra to r  s ta r te r  th e  o p e ra tin g  
m e th o d  m ay  be a d ju s te d , its  h igh -v o ltag e  p a r t  (J2) is connected  to  th e  f i r s t  
sphere  gap  of th e  surge g en e ra to r  developed  as a tr ig g a tro n . T he h ig h -v o lta g e

p a r t  gives h igh -v o ltag e  im pulses an d  if  th e  ch a rg in g  vo ltage is su ffic ie n tly  
h igh  th e  f la sh o v er o f th e  surge g en era to r sp h e re s  gets s ta rte d . T he e q u ip m e n t 
I r p ro d u ces tw o  im pu lses, one of th em  m a y  b e  used  for s ta r tin g  th e  ca th o d e - 
ra y  oscilloscope, th e  o th e r  m ay  be delayed  a rb itra r i ly  w ith  re sp ec t to  fo rm er 
a n d  th is  l a t te r  serves fo r s ta r tin g  th e  surge g e n e ra to r , th ro u g h  th e  h ig h  v o lta g e  
p a r t .  In  one of th e  o p era tio n s  th e  s ta r te r  p ro d u ces  rep e titiv e  im p u lses  o f a d 
ju s ta b le  frequencies , a t  t h a t  tim e  th e  surge g e n e ra to r  gives re p e a tin g  im p u lses  
b y  th e  p re a d ju s te d  freq u en cy . In  an  o th e r  o p e ra tio n  th e  s ta r t in g  im p u lse  
m ay  be  p ro d u ced  b y  a p u sh  b u tto n  on th e  lo w -v o ltag e  p a r t ,  th e  surge g e n e ra to r  
is s ta r te d  only  b y  o p e ra tin g  th is  b u tto n .

T h e  s ta r te r  fa c ilita te s  th e  m easu rem en t, b u t  is n o t ind isp en sab le . W ith 
o u t a s ta r t in g  e q u ip m e n t th e  freq u en cy  o f  th e  im pulses can be a d ju s te d  b y  
co n tro llin g  th e  ch a rg in g  vo ltag e .

T h e  va lu e  o f th e  im pu lse  vo ltag e  can  b e  m easu red  p a r tly  b y  th e  sp h ere  
gap SG  a n d  p a r t ly  b y  th e  ca tlio d e ray  osc illo g rap h  К О  jo in ing  th e  v o lta g e  
d iv id e r D j ( I t  is also possib le  to  use a p e a k -v o ltm e te r) . I f  load ing  o f th e  su rge 
g e n e ra to r  is c o n s ta n t, a n d  th e  rep e titio n  t im e  is long enough, also th e  c re s t 
o f th e  ch a rg in g  v o ltag e  m ay  be m easu red  w ith o u t s ta r te r  b y  a v o ltm e te r  V, 
w hich  can  be c a lib ra te d  to  im pulse vo ltag es . T h e  so m easured  v a lu es  w ere in 
p e rfec t acco rdance  w ith  th o se  m easu red  b y  sp h ere  gap , or c a th o d e ra y  oscillo-
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g ra p h  a n d  th e  v o ltag e  m e a su re m e n t is co n sid e rab ly  qu icker. To o b ta in  s ta n d a rd  
v a lu e s , th e  g re a te r  p a r t  o f th e  v o ltag e  f ig u rin g  in  th e  p a p e r  w as m easu red  b y  a 
sp h e re  gap .

T h e  surge c o u n te r  S C  co u n ts  all su rges g iven  b y  th e  surge g e n e ra to r , 
re c o rd in g  se p a ra te ly  th e  f la sh o v e rs  an d  b re a k d o w n s  of th e  p roofed  o b je c t P .  
B es id es , i t  is su ited  fo r s to p p in g  th e  surge g e n e ra to r  a fte r  all p re a d ju s te d  im 
p u lse s  a n d  fla sh o v ers , re sp ec tiv e ly , are  over.

Fig. 2. B l o c k  d i a g r a m  o f  t h e  t i m e  m e t e r
D  v o l t a g e  d iv id e r ;  7 \  a n d  T s p u ls e  t r a n s f o r m e r s ;  A  t h e  p u ls e  f o rm in g  u n i t :  1 d i f f e r e n t i a t o r  a n d  l im ite r ,  2  b i s t a b le  m u l t i v i b r a t o r  
3 s q u a r e  w a v e  f o r m e r  a n d  a m p b f i e r ,  4 d e la y  l in e ,  5  lo g ic a l  i n te g r a to r ,  6 t im e  d i s c r im i n a t o r ,  10  r e s e t  s ta g e ,  11 b a t t e r y  e l i m in a to r ;  
В  s i g n a l  r e g i s t r a t i n g  u n i t ,  7  a m p l i f i e r ,  8  s ig n a l l in g  l a m p ,  9  e le c t r o m e c h a n ic a l  m e t e r i n g  r e l a y ;  C  u n i t  fo r  r e c o r d in g  t h e  n u m b e r  o f

p u ls e s  a n d  b r e a k d o w n s .

T h e  tim e  m ete r T M ,  d e te c ts  th e  tim e  lag  o f  th e  b reakdow ns, c lass ify in g  
a n d  c o u n tin g  th em  a t  d is t in c t  in te rv a ls . T h e  in s tru m e n t gets th e  signals  fro m  
th e  v o lta g e  d iv ider D.2 th ro u g h  tw o im p u lse  tran sfo rm ers . T he tim e  m e te r  
in c lu d e s  10 e lec tro m ech an ica l m eterin g  re la y s , so i t  can  cou n t th e  tim e s  in 
10 in te rv a ls , one tim e  is reg is te red  on ly  b y  a single coun te r. T he m easu rin g  
ra n g e  a n d  th e  len g th  o f th e  in te rv a ls  m a y  b e  a d ju s te d  b y  a sim ply  ex ch a n g e 
ab le  d e la y  line, in  th e  m easu rem en ts  tw o  lin e a r  de lay  lines have  been  ap p lied  
t i l l  n o w . One of th e  de lay  lines p e rm its  th e  c la ssifica tio n  of th e  tim e  lag s  b e 
tw e e n  0 a n d  5 fisecs w ith  in te rv a ls  of 0,5 /jsecs, w hile th e  o th e r w ith in  0 an d  
10 [Isecs, a t  in te rv a ls  o f 1 /isec. N a tu ra lly , d e la y  lines of o th e r tim e  scales or 
o f  n o t  lin e a r  ca lib ra tio n  m a y  he  used, to o . A ccu racy  of th e  tim e  m e te rin g  
is h ig h e r  th a n  0,1 sec.

A lso in  th is  in s tru m e n t tw o  fu r th e r  re la y s  c o u n t th e  n u m b e r o f a ll su rges 
a n d  o f  a ll b reak d o w n s. T h e  b lock  schem e o f th e  tim e  m eter is i l lu s tr a te d  in  
F ig . 2.
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T he course  o f  th e  m easu rem en ts  is g en e ra lly  as follows. A fte r  a d ju s t in g  
th e  v a lu e  o f  th e  im pulse v o ltag e , th e  n u m b e r to  be  given to  th e  p ro o f  o b je c t 
or of th e  perm issib le  b reak d o w n s m u st be p re a d ju s te d  on th e  su rge  c o u n te r . 
By sw itch ing  th e  s ta r te r  on th e  series o f m e a su re m e n ts  begins a n d  is a u to m a t i 
cally  s to p p e d  a f te r  a n u m b e r o f a d ju s te d  m e asu rem en ts . A t th e  e n d  o f  th e  
series, th e  to ta l  n u m b e r  o f th e  surges an d  b re a k d o w n s  m ay  be read  o ff  d ire c tly , 
th e  ra tio  o f th e se  tw o  values gives th e  p ro b a b il i ty  р 6 of th e  b reak d o w n . B esides,

F ig. 3. D is tr ib u tio n  o f  th e  tim e lags on  th e  in su la tio n  to  e a r th  o f a 20 kV iso la to r a t  — 1S2 kV, 
o u t o f 100 f la sh o v e rs : m easu red  b y  th e  tim e  m e te r  ( 1 ) ,  d e te rm in ed  by  osc illo g ram s (2 )

one m ay  re a d  o ff th e  w ay  th e  b reakdow ns sing le  tim e  lags w ith in  th e  in te rv a ls  
de te rm in ed  b y  th e  d elay  line a re  d is tr ib u te d . E v a lu a tio n  of th e  values m e a su re d  
will be d iscussed  in  a fu r th e r  a rtic le  of th e  a u th o r ,  e n title d : “ T est m e th o d  fo r 
d e te rm in a tin g  th e  im pulse  w ith s ta n d  s tre n g th  o f  e lec trical in su la tio n s” . T h e re 
a fte r  th e  series o f  m easu rem en ts  can  be co n tin u e d  a t  th e  follow ing v o lta g e  s te p . 
A ty p ic a l m e asu rem en t is show n in T ab le  I  co n cern in g  th e  te s t b e tw een  p h ases  
of a 10 kV  iso la to r , w ith  surge v o ltages of p o s itiv e  p o la rity .

F rom  th e  v iew p o in t o f th e  m easu rem en ts  th e  reliab le w ork o f th e  t im e  
m e te r  is o f  specia l im p o rtan ce , th e  eq u ip m en t p ro v e d  to  be perfect in  th e  p ra c -
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Table I

M easurem ent o f  a 10 k V

V o l t a g e

Im
p

u
ls

e 
[p

ie
ce

]

F
la

sh
o

v
er

 [
p

ie
ce

]

Pb
 

[%
]

S h o r t  (5 ,us) d e la y  l in e

P o l a r i t y 1 2 3 4 5 6 7 8 9 10 11

[ c m ] [ k V ] 0 1 о 91 0 , 5 - 1 1 — 1,5 1 , 5 - 2 2 - 2 , 5 2 , 5 - 3 3 - 3 , 5 3 , 5 - 4 4 - 4 , 5 4 ,5  —5 > 5

7,6 189 50 50 100 37 13

7,0 178 50 50 100 27 23

6,4 166 50 50 100 10 28 12

6,26 163 50 50 100 1 4 44 1

6,2 162 50 50 100 3 43 4

6,0 158 50 50 100 40 10

5,7 151,5 50 50 100 15 31 4

5,4 145,5 50 50 100 2 29 18 1

5Д 139,5 50 50 100 7 33 10

4,8 131,5 50 50 100 5 28 13 3 1

4,6 126,5 116 100 86,2

4,5 124 169 100 59,1

4,4 122 353 122 34,5

4,2 117 200 6 3

4,0 111 100 0 0
1

t ic e . A fte r  c a lib ra tin g  b y  e lectron ic  devices, th e  ag reem en t of th e  v a lu e s  m eas
u re d  b y  tim e  m e te r , a n d  those  of th e  o sc illog ram s were verified  a t  a c tu a l 
su rg e s . F o r th a t  p u rp o se  th e  surge v o lta g e  oscilloscope ty p e  P L  9191 o f th e  
A E G  w as app lied , in  F ig s  3 an d  4 th e  re su lts  o f  tw o  o f these  c o m p a ra tiv e  m eas
u re m e n ts  m ay  be seen . T h e  figures i l lu s tra te  th e  em pirical d is tr ib u tio n  o f th e  
t im e  lags in  G auss’ c o -o rd in a te  system , on th e  h o rizo n ta l ax is th e  t im e  lags 
a re  in d ic a te d  in  /tsecs, w hile  on th e  v e r tic a l o n e  th e  n u m b er of th e  tim e  lags 
b e in g  sh o rte r  th a n  th e  in s ta n t  te s te d , o f  a ll th e  tim e  lags m e a su re d  in  
p e rc e n ta g e . On a c c o u n t o f  th e  p re se n ta tio n  p o ss ib ility  given, th e  in i t ia l  an d  
f in a l  v a lu es  of th e  d is tr ib u tio n s  were in d ic a te d  — a rb itra r ily  — a t  va lu es  
0 ,01  a n d  99,99% . T h e  fu n c tio n  values o f th e  d is tr ib u tio n s  p lo tte d  b y  th e  tim e
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isolator in  connection d 2

Long (10 /ts) delay l'ne

t

[ H
S

[ /< » ] • / *

*50

[ / ' • 1

*50 *1 2 3 4 5 6 7 8 9 10 1 11

0 - 1 1 - 2 2 - 3 3 - 4 4 - 5 5 - 6 6 - 7 7 - 8 8 - 9 9 -  10 s i o

0,88 0,22 0,25 0,84 0,05

0,98 0,25 0,26 0,96 0,02

1,27 0,33 0,26 1,27 0,062

1,70 0,21 0,12 1,73 0,01

1,76 0,19 0,11 1,76 0

1,85 0,20 0,11 1,81 0,02

2,14 0,29 0,14 2,16 0,01

2,43 0,29 0,12 2,40 0,01

2,78 0,29 0,10 2,77 0,003

3,43 0,45 0,13 3,36 0,02

53 32 12 2 l 4,16 0,84 0,20 3,94 0,05

14 57 22 4 l 2 4,77 0,93 0,19 4,63 0,03

7 57 47 9 - 1 l 5,05 0,88 0,17 4,95 0,02

2 2 2 6,5 0,89 0,14 6,5 ' —

— - — -

m e te r  a n d  on th e  basis o f th e  oscillogram s are  everyw here  low er th a n  0,1 fisec. 
C onsidering  th a t  th e  e v a lu a tio n  o f th e  oscillogram s is charged  b y  a n  u n c e r ta in ty  
o f a b t .  0,1 [iscc (because o f n o n lin e a r ity  o f th e  tim e  deflec tion , a ccu racy  of 
th e  tim e  ca lib ra tio n , d is to rtio n  o f th e  c a th o d e -ray  tu b e , line th ick n ess , e tc .), 
th e  ag reem en t m ay  be ju d g e d  to  be p erfec t.

P o ssib ility  o f rep ro d u c in g  th e  d is tr ib u tio n  fu n c tio n s is i l lu s tra te d  b y  
F ig . 5 on th e  basis of co m p arin g  tw o  series of m easu rem en ts  co n sis tin g  o f a t  
le a s t 1000 flashovers. A ccord ing  to  th e  figu re , on th e  sec tion  b e tw een  th e  
p ro b a b ili ty  values 1,0 an d  9 9 ,0 % , th e  d ev ia tio n  b e tw een  th e  d is tr ib u tio n  curves 
is sm alle r th a n  0,1 //sec, w hile b e tw een  th e  p ro b ab ilitie s  5,0 an d  9 5 ,0%  i t  is below  
0,05 ц sec. S im ilar re su lts  w ere o b ta in e d  w hen te s tin g  o th e r a rra n g e m en ts , to o .
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T h e  p o ssib ility  o f rep ro d u c in g  th e  b re a k d o w n  p ro b a b ility  is illu s tra te d  in  
T a b le  I I ,  on th e  in su la tio n  to  e a r th  o f a 20 kV  iso la to r.

F ig . 6 is c h a ra c te r is tic  o f th e  tw o  d e lay  lines o v erlap p in g , a t  th e  p ro b a 
b il i ty  v a lu e s  exceed ing  0 ,5 %  th e  d ev ia tio n  b e tw een  th e  d is tr ib u tio n  curves 
p lo t te d  b y  tw o  d e lay  lines is sm aller th a n  0,15 /rsec.

F ig . 4. D is tr ib u tio n  of th e  tim e  lags on th e  in su la tio n  to  e a r th  o f  a  20 kV  iso la to r a t  — 156,5 
kV  o u t  o f 53 flash o v ers: m ea su re d  b y  th e  tim e  m e te r  (1 j ,  d e te rm in e d  b y  oscillogram s (2 )

A ccord ing  to  ex p erien ces , th e  re p e titio n  tim e  o f th e  surges is of re la tiv e ly  
sm a ll in flu en ce , th e  m easu rem en ts  w ere p e rfo rm ed  w ith  a freq u en cy  of 5 — 10 
im p u lse s /m in .

F o r  th e  sake o f com pleteness th e  a tm o sp h e rica l cond itions w ere reco rded , 
to o . D u rin g  th e  to ta l  d u ra tio n  of th e  te s ts  th e  te m p e ra tu re  w as b e tw een  16 an d  
22 °C, th e  re la tiv e  a tm o sp h e ric  h u m id ity  b e tw een  46 a n d  60% , w hile th e  a ir  
p re ssu re  b e tw een  741,0 a n d  756,6 T orr. T h e  d ifferences betw een  th e  ex trem e  
v a lu e s  a re  so sm all t h a t  th e  a tm o sp h erica l con d itio n s c an n o t g rea tly  in fluence  
th e  m ea su re m e n t re su lts . N a tu ra lly , w ith in  a d ay  a n d  especially  d u rin g  a single 
series o f  m easu rem en t, th e  v a ria tio n s  w ere m uch  sm aller.
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Tabic II

F lashover probab ility  on the insula tion  to earth o f  a 20 k V  isolator

Time of measurement
Flashover
probability Number of flashovers

F e b ru a ry  6, 1963 1300 0,97
F e b ru a ry  7, 1963 1000 0,97
F e b ru a ry  14, 1963 2100 0,98

F e b ru a ry  15, 1963 2000 0,97

%

Fig. 5. F la sh o v e rs  o n  th e  in su la tio n  to  e a r th  o f a n  open , 20 kV  iso la to r , surges on  th e  m o v in g  
c o n ta c t, -f-156 kV , 10 pu lses p ro  m in u te s : 6 th  F e b ru a ry  fro m  1300 flash o v ers  (1 ) ,  7 th  F e b ru a ry

fro m  1000 flash o v ers (2 )
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%

F ig . 6. F lash o v ers on th e  in su la tio n  to  e a r th  o f a n  open , 20 kV  iso la to r; su rges o n  th e  s tan d in g  
c o n ta c t  w ith  -{-176 kV b y  10 p u lses  p ro  m in u te s : 1 4 th  F e b ru a ry  fro m  2100 fla sh o v ers  m easu red  
b y  a d e la y  line  o f 5 ц sec ( 1 ) ,  on  th e  1 5 th  F e b ru a ry  o u t o f  2000 flash o v ers  m ea su re d  b y  a  delay

line  o f  10 /rsec (2 )

I I I .  T he a rra n g e m en ts  tested

T em p o ra rily  th e  m e a su re m e n ts  w ere ca rried  o u t fo r te s tin g  th e  b re a k 
d o w n s  in  air.

T h e  f irs t tim e  th e  te s t  m e th o d  w as p ro v ed  for a 10 kV in su la to r  an d  for 
a 10 kV , 1000 A iso la to r. T h e  in su la to r  w as te s te d  in  th e  a rra n g e m e n t as p er 
F ig . 7 , th e  circuits rea lized  w ith  th e  iso la to r  a re  show n in  F ig . 8. I n  th e  course 
o f  th e  m easu rem en ts th e  fra m e  o f th e  iso la to r  w as p laced  on in su la to rs  its  
h e ig h t  w as 0,6 m  above th e  e a r th . In  F ig . 8 th e  a rra n g e m en ts  a — d  co rrespond  
to  th e  IE C  reco m m en d a tio n s , in  som e cases, in  o rd er to  force th e  b reak d o w n  
b e tw e e n  certa in  p o in ts , also  connec tio n s d iffe ren t from  th is  w ere app lied . 
T h e  m easu rem en ts  w ere  p e rfo rm ed  w ith  1/50 w aves.
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F ig . 7. A rran g em en t w ith  th e  te s t  o f a n  o v e rh e a d  line insu lato r

IV. S ta tistica l charac teristics o f  th e  breakdow n

In  th e  la s t  years  m a n y  pu b lica tio n s h a v e  a p p ea red  on th e  s ta t i s t ic a l  
d ev ia tion  o f  th e  b reak d o w n  v o ltages an d  on th e  a sp e c t o f  th e  b reak d o w n  p r o b a 
b ility , one p a r t  o f th em  co n ta in in g  also e x p e rim e n ta l d a ta . The p u b lic a tio n s  
are , how ever, o ften  conflic ting  an d  th e  g re a te s t p a r t  o f th e  problem s is  u n d e 
cided as y e t .  T h e  m ost im p o r ta n t  questions a re  as follows:

a )  B y  w h a t so rt o f d is tr ib u tio n  fu n c tio n  m a y  p ro b ab ility  of th e  b r e a k 
down be p lo t te d  in  fu n c tio n  o f th e  v o ltag e ;

b)  b y  w h a t va lues is i t  p rac ticab le  to  c h a ra c te r iz e  th e  b re a k d o w n  v o l
tage ;

c)  on h o w  m a n y  v o ltag e  s tep s  m u st m e a su re m e n ts  be m ade to  p lo t  th e  
c h a rac te ris tic s  in  a re liab le  w ay ;

d )  h o w  m a n y  im pulses are  necessary  a t  one v o ltag e  step;
e)  w h a t  is th e  re la tio n  betw een  th e  c h a ra c te r is tic s  p lo tted  a t  d if fe re n t 

w ave sh ap es.
A ll th e se  p rob lem s m ay  be solved in  an  e x p e rim e n ta l w ay on ly . O n th e  

basis o f a su ffic ien tly  h igh  n u m b e r of m e a su re m e n ts  th e  p ro b ab ility  d is t r ib u 
tio n  of th e  b re a k d o w n  v o ltag e  m ay  be p lo tte d . T h e  te s t  m ethod  dev e lo p ed  c o n 
siderab ly  fa c il i ta te s  th is  as th e  n u m b er n o f a ll im pu lses and  th e  n u m b e r  o f 
th e  b reak d o w n s n b a re  reco rded  a u to m a tic a lly  a t  a vo ltage  a d ju s te d . I f  th e  
value n b is h ig h  enough , th e  freq u en cy  of th e  b re a k d o w n  n ^ n  is, w ith  a good  
a p p ro x im a tio n , eq u a l to  th e  b reakdow n  p ro b a b il i ty  p b.

N ew erth e less , w hen  in te rp re tin g  th e  p ro b a b il i ty  p b, th e  te s t  m e th o d  
an d  w ay o f th e  b reak d o w n  m u st be considered. B y  ag reem en t, in  th e  case  o f  an  
im pulse v o lta g e , th e  h ig h es t v o ltag e  a c tu a lly  a r is in g  d u rin g  th e  stress is c o n s id 
ered as th e  b re a k d o w n  v o ltag e . C onsequen tly , w ith  a breakdow n a t  th e  f ro n t ,
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th e  m o m e n ta ry  v a lu e  p re v a ilin g  a t  th e  i n s t a n t  o f  th e  b reak d o w n , w h ile  fo r a 
b re a k d o w n  a t a w av e  c re s t  a n d  ta il, th e  c re s t  v a lu e  is decisive.

A ccord ing  to  o u r  experiences h i th e r to  o b ta in e d  w ith in  th is  ra n g e , w here 
p b <  l , t h e  b reak d o w n  a lw ay s  occurs a t  th e  w a v e  ta i l .  I f  th e  b rea k d o w n  is te s te d

F ig . 8. C onnections fo r iso la to r  tes ts
f>,

b y  a  f ix e d  vo ltag e , th e re  is no  g uaran tee  t h a t  th e  breakdow n w ould  n o t  a r ise — 
a f te r  a longer de lay  — a t  a vo ltage  of low er c re s t .  Therefore, on th e  b as is  o f th e  
v a lu e  p bi m easu red  a t  th e  vo ltage  U, o n ly  t h a t  m a y  be s ta te d  w ith o u t  d o u b t, 
t h a t  th e re  is a p ro b a b il i ty  o f th e  b reak d o w n  ta k in g  place a t  a v o lta g e  exceed ing  
I / ,  w h ich  is 1— ры- C o n seq u en tly , ры  is th e  r e s u l ta n t  p ro b a b ility  o f th e  b re a k 
d o w n s arising  a t  v o lta g e s  17, and  below , t h a t  is , i t  is a p o in t o f e x p e rim e n ta l 
d is tr ib u tio n .

F igs 9 —11 i l lu s tr a te  th e  resu lts  o f  so m e  o f our m e asu rem en ts , on th e  
h o r iz o n ta l  axis th e  v o lta g e  is shown in  kV , w h ile  on th e  v e rtic a l ax is  th e  value
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o f рь is given in  pe rcen tag e . T he m easu red  p o in ts  w ere, in s tead  o f in te rp o la tin g  
th e  cu rv es , in te rco n n n ec ted  b y  d o tte d  lines, th u s  illu s tra tin g  th e  ten d en c ies  
b e t te r .  A lread y  th e  re la tiv e ly  sm all n u m b e r  of m easu rem en ts  p e rfo rm ed  till 
now  fu rn ish  d a ta  fo r a p p ro x im a tin g  th e  p ro b lem s m en tio n ed  a t  th e  beg in n in g  
o f  th e  c h a p te r , or a t  le a s t fo r ra is in g  th e  q u estio n s m ore u n am b ig u o u sly .

F ig . 9. F la sh a v er p ro b a b ili ty  o f a n  in su la to r  ty p e  E R  10 in  fu n c tio n  o f th e  v o lta g e

F ig . 10. F la sh o v e r p ro b a b ility  o f a  10 kV iso la to r  in  fu n c tio n  o f th e  vo ltag e , a t  p o sitiv e  p o la r
i ty ,  w ith  th e  con n ec tio n s o f  F ig . 8

F ro m  th e  figures i t  can  be  seen th a t  also th e  shape of th e  c h a ra c te r is tic s  
d e p e n d  considerab ly , besides th e  v a lu e  o f th e  b reak d o w n  v o ltag e , also  on th e  
co n n ec tio n  an d  th e re b y  on th e  c h a ra c te r  o f  th e  elec tric  field . T h is e ffec t seem s 
to  be g re a te r  a t  a n eg a tiv e  p o la r ity , th a n  a t  a po sitiv e  one. T he ro le o f th e  fie ld  
c h a ra c te r  is especially  s tr ik in g  w ith  a b reak d o w n  betw een  th e  iso la to r  c o n ta c ts , 
e x tre m e ly  g rea t d ifferences m a y  be observed  depend ing  on th e  c irc u m sta n c e , 
w h ich  o f  th e  co n tac ts  is s tressed  (a rran g em en ts  dt an d  d2). T he co n d itio n s  f irs t
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of a ll d e p e n d  on th e  p o la r i ty  o f  th e  electrode o f g re a te r  fie ld  s tre n g th . I t  w as 
in te re s t in g  to  observe t h a t  in  th e  open s ta te  o f  th e  iso la to r  th e  d ielec tric  s tre n g th  
to  e a r th  w as sm aller th a n  in  a closed positio n .

F u r th e r  on th e  p u b lic a tio n s  o f l i te ra tu re  re g a rd in g  th e  in d iv id u a l p ro b 
lem s w ill be  o u tlined , co m p le tin g  th em  w ith  o u r ow n experiences.

1. A n a ly tica l a p p ro x im a tio n  o f  the em p irica l d istribution

T h is  p roblem  is n o t  m ere ly  of th e o re tic a l im p o rta n c e . The b reak d o w n  
v o lta g e  m a y  be c h a ra c te r iz e d  b y  a d iscre te  v a lu e , w ith  a d is tin c t re lia b ility  
a n d  p ro b a b ili ty , only  i f  th e  m easu rem en t re su lts  can  be  e lab o ra ted  b y  m a th e 
m a tic a l  m eth o d s. F o r th is  p u rp o se  th e  em p irica l d is tr ib u tio n  m u st how ever be 
a p p ro x im a te d , b y  som e a n a ly tic a lly  exp ressed  d is tr ib u tio n  fu n c tio n .

G en era lly , th e  n o rm a l d is tr ib u tio n  is ap p lie d , accord ing  to  w hich  th e  
p r o b a b i l i ty  of th e  b re a k d o w n  ta k in g  place a t  a v o lta g e  low er th a n  U  is

P b ( U )  =  F ( U ) = 1 r
a ]/ 2 л J _

r U U U ~ U m ) 4
I exP 2 a 2

dU  =

Ф
u — u r

K2<

( 1 )

w h e re  U m is th e  m ean  v a lu e  o f th e  d is tr ib u tio n  a n d  a  i ts  s ta n d a rd  d ev ia tio n , 
w h ile  Ф th e  sym bolic re p re se n ta tio n  of th e  s ta n d a rd iz e d , n o rm al d is tr ib u tio n .

I n  m an y  references a n o rm a l d is tr ib u tio n  is assum ed  [1 — 3], b u t  th ese  
do  n o t  a lw ays ap p ro ach  th e  m easu rem en t-re su lts  w ell [4 — 6]. T he fa c t th a t  
th e  n o rm a l d is tr ib u tio n  a t ta in s  th e  value p b =  0 a t  a vo ltag e  — o o ,  w hile th e  
v a lu e  p b =  1 a t  -f-сю, is o p p o sed  to  th e  p h y s ic a l re a li ty , to o . In  th e  l i te ra tu re
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suggestions are  m ad e  fo r th e  use o f b inom ial [7 , 8 ], P o isso n ’s [9 ], n o t  c e n tra l 
t [10], P ea r so n ’s [10], tw ice  ex p o n en tia l G u m bel  I  [11], an d  tw ice -ex p o n en tia l 
lo g a rith m ic  [11] d is tr ib u tio n s .

B aum ann  [1 ] a n d  R j a b o v  [2 ] a p p ro x im a te  th e  d is tr ib u tio n  cu rve  b y  
th e  s tra ig h t line

^ 1 +V-7 W  < 2 >

considering  th e  f i r s t  tw o  te rm s  o f th e  in fin ite  series o f cu rv e  S ,  w here  Ub0 is 
th e  50 %  p ro b a b ility  v a lu e . A t th e  m ed ium  sec tio n  th is  s tra ig h t line a p p ro x i
m a te s  th e  n o rm al d is tr ib u tio n  v e ry  well, in  th e  sec tio n  b e tw een  F (U ) =  0,1 
an d  F (U ) =  0,9 th e  d e v ia tio n  is less th a n  6 ,7 % , in  th e  ran g e  b e tw een  0,2 an d  
0,8 i t  is sm aller th a n  2 ,8 % . W ith  th e  lin e a r  a p p ro x im a tio n , in s te a d  o f th e  
s ta tis t ic a l  d ev ia tio n  th e  sym bol

a _  Ц щ  Up _  U50 _ ^ 1 0 0  Up _  U so д

] / ^ r  _  У2 я  ' U 50 ~  f 2 h  ' 1

m ay  be in tro d u ced , w h ere  U ’0 an d  U'l00 a re  th e  p o in ts  o f in te rse c tio n  o f th e  
s tra ig h t line w ith  th e  o rd in a te s  p b =  0 an d  p b =  1, re sp ec tiv e ly . A ccord ing  to  
B a u m a n n , in  th e  a ir  h  ^  1 0 % , w hile in a liq u id  h  <  3 0 % .

T h e  g rea te s t p a r t  o f  th e  em pirical d is tr ib u tio n s  p lo tte d  in  th e  course 
o f  ou r m easu rem en ts  m a y  b e  ap p ro x im a te d  b y  cu rv es S  h av in g  w ell-defined , 
f in ite  in itia l a n d  f in a l v a lu e s , w hich in th e  m idd le  sec tion  w ith in  a sign ifican t 
ran g e  m ay  be rep laced  w ith  a good ap p ro x im a tio n  b y  a s tra ig h t  line. Some 
d is tr ib u tio n s  w ere n e a r ly  u n ifo rm  th ro u g h o u t, b u t  a few  irre g u la ritie s  could  be 
observed .

T h e  g rea te r  p a r t  o f th e  fo u n d  d is tr ib u tio n s  cou ld  be  a p p ro x im a te d  b y  a 
su itab le  m a tch ed  tru n c a te d  n o rm a l d is tr ib u tio n , y ie ld ing

J
Г ( U - U  so)2 ! 

2 <t2
d U

J
ru100

exp
u„

( t /  — t / 50)2 
2 a2

d U

w here U0 an d  Ul00 a re  th e  p o in ts  o f in te rsec tio n  w ith  th e  o rd in a te s  p b =  0 
an d  p b =  1, a c tu a lly  o b se rv ed . Also th e  end  p o in ts  o f  th e  tru n c a te d  n o rm al 
d is tr ib u tio n  are  in  th e  in f in ity ;  to  e lim inate  th is , if  th e  c h a ra c te r is tic  is sy m m et
rica l fo r U 50, th e  a p p ro x im a tio n

Pb =
1 1

------------ cos
2 2

л

~ÄÜ
U - U  5n ( 5 )
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m a y  b e  considered, to o , w h e re  A U  =  U100 — U 0. F o rm u la  (5) is n a tu ra lly  
in te r p r e te d  only in th e  ra n g e  U 50 — A U /2 <] U  < | U 50 -j- A U /2 , be low  th is  
p b =  0 , above i t  p b =  1,

2. T he  breakdown voltage

F ro m  th e  v iew p o in t o f  p ra c tic e , som e m ed iu m  va lu es  (av e rag e  v a lue , 
m e a n s , m ed ian , etc.), as w ell as th e  low er an d  u p p e r  lim it v a lu e s , re sp ec tiv e ly , 
a re  s ig n if ican t.

F o rm e rly , for c h a ra c te r iz in g  th e  im pulse b reak d o w n , d e te rm in a tio n  
o f  th e  [ / 50 50%  b reak d o w n  v o lta g e  w as in  use exclusively . B y  tr ia ls  such  v o l
ta g e s  co u ld  be ad ju s ted , a t  w h ic h  th e  b reak d o w n  to o k  p lace in  h a lf  th e  cases. 
T h e  m e th o d  is very  le n g th y , w earisom e, u n c e r ta in  a n d  su b je c tiv e . R ecen tly  
p lo t t in g  o f  th e  em pirical d is tr ib u tio n  p b =  F(17) is b e ing  gen era lized , b y  these  
l / 50 m a y  be de term ined  on  th e  basis o f th e  in te rc e p t belong ing  to  th e  v alue  
p b =  0 ,5 . I t  is w orth  m e n tio n in g  th a t  th e  v a lu e  o f t / 50 an d  th e  p ro b a b le  va lu e  
o f  th e  d is tr ib u tio n  are  n o t  b y  a ll m eans equa l, I / 50 is th e  m ed ian  o f th e  d is tr i
b u t io n .

L a te ly  th e  p rob lem  t h a t  d e te rm in a tio n  o f th e  50%  b rea k d o w n  vo ltag e  
m ig h t  b e  given up has b e e n  ra ise d  b y  severa l e x p e rts . As from  th e  m easu ring  
te c h n iq u e s  p o in t of v iew  th e  5 0 %  b reak d o w n  v o ltag e  m ay  be  d e te rm in e d  in 
th e  m o s t  sim ple w ay (b ased  on  th e  ch a rac te ris tic s  p b =  F(17) a n d  fo r  o b ta in 
in g  U 50 no fu rth e r  c a lc u la tio n s  a re  needed  e ith e r , th e se  sugg estio n s a re  n o t 
c o r re c t .  F o r  giving th e  g e n e ra l c h a ra c te r  o f th e  b reak d o w n  v o lta g e , t / 50 is 
s t i l l  b y  fa r  th e  m ost s u ita b le .

F ro m  the  v iew po in t o f  p ra c tic e , th e  h ig h es t v o ltag e  U0 a t  w h ich  a b re a k 
d o w n  does n o t occur in  a n y  ca se  (0%  b reak d o w n  v o ltag e ), as w ell as th e  low est 
v o l ta g e  U100 a t  w hich a b re a k d o w n  ce rta in ly  arises (100%  b reak d o w n  vo ltage), 
m u s t  b e  determ ined . In  case  o f  a few  m easu rem en ts , th e se  va lu es  m a y  re liab ly  
b e  s t a te d  only if t re a tm e n t o f  th e  d is tr ib u tio n s  is b a sed  in  a su itab le  w ay  m a th e 
m a tic a lly .

I n  th e  lite ra tu re  one m a y  o ften  f in d  such  v iew s, t h a t  th e  d e te rm in a tio n  
o f  U 0 a n d  I7100is v e ry  d o u b tfu l .  F irs t  o f all th e se  ideas o rig in a te  fro m  th e  c ir
c u m s ta n c e  th a t  th e  e m p ir ic a l d is tr ib u tio n  w as a p p ro x im a te d  b y  a n o rm al 
d is t r ib u t io n  function , w h ich  fu n c tio n  a tta in s  its  low er an d  u p p e r  lim it  a sy m p to 
t ic a l ly  in  th e  in fin ite . T h e re fo re , in s te a d  of th e  v a lu es  0 an d  100%  ap p lica tio n  
o f  th e  n u m b ers  1; 2; 2 ,5; 4 ; 5 ; 10; 16 an d  99; 98; 97 ,5 ; 96; 95; 90; 8 4 % , resp ec
t iv e ly ,  h a v e  often been  su g g e s te d . G enera lization  o f th e  n o rm a l ap p ro x im a tio n  
fo r  th e  lim it values of th e  d is tr ib u tio n  is obv iously  w rong  a n d  also  physica lly  
u n ju s t if ie d .

T h e  m easurem ents h a v e  show n, t h a t  th e  lim its  a re  rea l c h a ra c te ris tic s  of 
f in i te  v a lu es  and th e  v o lta g e s  U 0 an d  U100, re sp ec tiv e ly , m a y  be  p ro p erly
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d e te rm in ed  b y  th e  te s t  m e th o d  discussed . R e lia b ility  of th e  m easu red  v a lu e s  
is n o t  lim ited  b y  th e  p h y sica l process, b u t  b y  th e  u n c e rta in ty  o f th e  v o lta g e  
reg u la tio n  a n d  -m easu rem en t. W ith  th e se  v a lu e s  th e  b reakdow n  p ro b a b il i ty  
w as n o t a lte re d  b y  th e  m u ltip le  re p e titio n  o f th e  te s ts , e ither.

In  T ab le  I I I  th e  c h a rac te ris tic  v a lu es  d e te rm in e d  on th e  b as is  o f  th e  
em pirica l d is tr ib u tio n s  are  sum m arized  fo r som e a rran g em en ts . T h e  f i r s t  six  
colum ns o f th e  ta b le  in d ica te  th e  50%  b re a k d o w n  v o ltag e  U B0, th e  d iffe ren ce  
A U  =  U100 — U 0 b e tw een  th e  vo ltag es  U 0 o f  0 %  an d  U100 of 1 0 0% , as  well 
as th e  p e rcen tag e  ra tio  100/1 U /U b0 o f th e  tw o  v o ltag es , fo r b o th  p o la ritie s . T he 
re la tiv e  e x te n t A U /U 50 o f th e  d is tr ib u tio n  cu rv e  a t  positive  p o la rities is g e n e r
a lly  below  2 0 % , w hile a t  n eg a tiv e  p o la ritie s  th e  d is trib u tio n  becom es m o re  
e x ten d ed , th e  re la tiv e  e x te n t  o ften  exceed ing  even  th e  30% . T he u p p e r  lim it  
o f th e  re la tiv e  e x te n t  m ay  be  re liab ly  e s tim a te d  fo r 40%  in air.

T he re la tiv e  e x te n t  is in te re s tin g  f ir s t  o f  a ll from  th e  v iew po in t o f  a c c u r
acy , a im ed  a t  in  d e te rm in in g  th e  va lu es  o f [760. T h e  s teeper th e  d is tr ib u tio n  is, 
th e  low er is th e  accu racy  w ith  w hich  i t  c an  b e  sa tisfied , as th e  d ie le c tr ic  
s tre n g th  o f th e  in su la tio n  m ay  be well assessed  on th e  basis of a less a c c u ra te  
v a lu e , too . I t  ap p e a rs  from  th e  foregoing t h a t  a t  n eg a tiv e  p o la rities to  a t ta in  
h ig h er accu racy  is adv isab le .

T he succeed ing  co lum ns of th e  ta b le  c o n ta in  th e  values o b ta in e d  b y  th e  
lin ea r a p p ro x im a tio n  o f th e  d is tr ib u tio n . I t  m a y  be  s ta te d  th a t  th e  s t r a ig h t  
line in te rp o la te d  be tw een  th e  p o in ts  m easu red  m ay  be regarded  as a good 
ap p ro x im a tio n . B etw een  th e  v o ltage  U'50 so d e te rm in e d  an d  th e  v a lu e  U 50 
o b ta in ed  on th e  b asis  o f th e  em pirical d is tr ib u tio n  a d ev ia tion  o f  1 — 2 kV  
could be o b serv ed  a t  th e  m o st. In  th e  fo llow ing  co lum ns of th e  ta b le  th e  d if
ference U'log— U'q o f th e  0 %  an d  100%  v a lu es  o b ta in e d  b y  e x tra p o la tin g  th e  
s tra ig h t line, as w ell as th e  ra tio  h =  100(17% о — U'0)IU S0 ch a ra c te ris tic  o f  th e  
s tra ig h t line r a te  o f rise  m ay  be seen. F ro m  th e s e  i t  can  be seen t h a t  a t  a  p o s 
itiv e  p o la r ity  th e  u p p e r  lim it is a b o u t 1 0 % , w h ile  a t  a neg a tiv e  p o la r i ty  th e  
values are  o ften  m u ch  h igher, th e  u p p e r lim it b e in g  26% .

C on seq u en tly , th e  1 0 %  u p p e r lim it a ssu m ed  fo r th e  a ir b y  B a u m a n n  
an d  R ja b o v  is n o t  v a lid , so th e  re liab ility  o f  th e i r  calcu la tions is co n s id e ra b ly  
sm aller th a n  th e  v a lu e  pub lished  b y  th e m  a n d , a t  th e  sam e tim e, th e  n u m b e r  
o f th e  n ecessary  m easu rem en ts  is g re a te r  th a n  th e  suggested  one.

T he la s t  e ig h t co lum ns of th e  ta b le  g ive a com parison  betw een  th e  e x 
trem e  values m easu red  a c tu a lly  an d  th o se  e x tra p o la te d  linearly , th e  re la t iv e  
d ev ia tio n s a lw ays b e ing  less th a n  15% . I t  m a y  b e  suggested  th a t  th e  e x tre m e  
values shou ld  be  e s tim a te d  on th e  basis  o f th e  l in e a r  ap p ro x im atio n  b y  a  2 0 %  
co rrec tion  to w a rd s  secu rity , U 0 сы. 0 ,8  U'0 a n d  U 100 c* 1,2 U'100.
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Table III

The characteristic  values determ ined on  the basis

T e s t  o b j e c t A r r a n g e m e n t
Use [k V ] J U [ k V ]

ли
Uso [%]

+ - + - +  . -
E R  10 122 ,1 16 5 ,5 16 15,5 13 9 ,5

a, 126,5 160,0 21 57 16,5 35,5

a 2 113,0 136,0 23 23 20,5 17,0

b 130,0 82,0 18,5 20,5 14,0 25,0

10 kV  iso la to r C1 110,5 90,0 16 25,5 14,5 28,5

c 2 118,5 93,0 20 22 17,0 23,5

d\ 166,5 136,5 14,5 44 9,0 32,0

d ,. 123,0 197,0 20,5 8,5 16,5 4,5

A 208,0 22,5 11,0

ë i 135,5 20,5 15,0

К 180,0 50 27,5

20 kV  iso lato r e l 151,5 30 20,0

f t 189,0 40 21,0

ë i 196,0 26 13,0

3. N um ber o f  the voltage steps

T h e h ig h er th e  n u m b e r  of th e  v o lta g e  s te p s , th e  m ore re liab le  is i ts  c h a r
a c te r is tic , b u t  a t  th e  sam e tim e  th e  m e a su re m e n t becom es longer, to o .

B a u m a n n  [1] su g g ested  m easu rem en ts  a t  4 vo ltage  steps b e tw e e n  рь =  
=  0 a n d  рь =  1, th e  IE C  [12] suggests 3 —4 v o lta g e  steps in  such  a  w a y  th a t  
a t  le a s t  one v o ltag e  sh o u ld  be u n d e r U 50 a n d  one above it.

A ccord ing  to  o u r  experiences, to  p lo t  th e  ch a rac te ris tic s , m e a su re m e n ts  
a re  to  be m ade a t  le a s t  on 4 vo ltages, so t h a t  th e re  should  be a p o in t b o th  below  
a n d  ab o v e  [ /50. To m easu re  a t  m ore v o lta g e  s tep s  is n o t often  p o ssib le , as th e  
v o lta g e  reg u la tio n  a n d  -m easu rem en t in v o lv e  d ifficulties.

4. N um ber o f  the im pulses needed

W hen  choosing  th is  n u m b er, an  o p tim u m  m u st be found  b e tw e e n  re lia 
b i l i ty  o f th e  m e a su re m e n t an d  econom y o f  th e  te s t.

W hen  s ta tin g  th e  n u m b e r of im p u lses  in  o rder to  d e te rm in e  th e  50%  
b re a k d o w n  v o ltag e , B a u m a n n  [1] a s su m e d  th a t  th e  b reak d o w n  follow s a 
b in o m ia l d is tr ib u tio n . A ccord ing ly , if  an  im p u lse  of n u m b er n is im p o sed  on 
a n  in su la tio n  b y  a v o lta g e  U, a t  w hich  p ro b a b ili ty  of th e  b re a k d o w n  is p ?
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o f  the distribution  curves w ith  some arrangem ents tested

u;M -u;[kv] 4%1 u ; - U„[kv] U'0-
-  [%] u,„„-u ;M[kv] ut0, - u

u „ -  [%]

+ - + - + - + - + - + -
7 7,5 5,7 4,5 4 3 3,3 1,8 5 5 4,1 3,0

8,5 35,0 6,7 21,7 9 19 7,1 11,9 3,5 3 2,8 1,9

3 20,5 2,7 15,1 5 2,5 4,4 1,8 15 0 13,2 0
14 12 10,8 14,6 2 2,5 1,5 3,0 2,5 6 1,9 7,3

2 13 1,8 14,4 2,5 2,5 2,3 2,8 12,5 10 11,3 11,1
10 10 8,5 10,8 10 5 8,4 5,4 0 7 0 7,5

12 35,5 7,2 26,0 2,5 2,5 1,5 1,8 0 6 0 4,4

7,5 5,5 6,1 2,8 9 — 1 7,3 -  0,5 4 0 ,5 3 ,3 0,3

10 4,8 2 0,9 10 4,8

6 4,5 5 3,7

45 25,0 - 5 - 2 , 8 10 5,6

25 16,6 2 1,3 3 2,0
30 15,8 5 2,1
10 5,1 17 8,8

th e  p ro b a b ility  th a t  from  n  im p u lses  n o t p n ,  b u t  к  will cause b re a k d o w n , is
P n k ‘

Pnk — p \  1 - p ) ‘n —k
( 6 )

F ro m  his ca lcu la tions i t  is assu m ed  th a t  p  =  F (U )  (fo rm ula (2)) is l in e a r , based  
on th is  to  d e te rm in e  th e  50%  b re a k d o w n  v o ltag e  (fc =  n/2) a n u m b e r  o f  im pulses 
n =  100 is n ecessary  a t  a w a n te d  5 %  re liab ility . T he n ecessary  im p u lse s  m ay 
be  d iv ided  in to  severa l v o ltag e  s te p s , in  case o f m  v o ltage  s te p s  im p u lses  of 
n '  =  n /m  are  necessary  a t  one s te p , w hile w ith  4 steps n  =  25 is th e  value 
suggested  b y  B a u m a n n . I t  is to  be  n o te d  th a t  due  to  th e  ro u n d in g  o ff  th e  fre 
q u en cy , a fu r th e r  e rro r o f ^  50/n  is possible.

R ja b o v  [2] s im ila rly  deduces — b u t  assum ing  a n o rm a l d is tr ib u tio n  
fo r  p nk fo r th e  n u m b er n  o f th e  im pulses need ed  — a re la tio n

n  — u2 ( ? )

w here  и is th e  sa fe ty  fa c to r  d ep en d in g  on th e  n eeded  re lia b ility , h  =  ( [ / lo0— 
— U'0)IU 5о a ra tio  in te rp re te d  on th e  basis o f fo rm u la  (3), an d  e is th e  re la tiv e
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e r r o r  perm issible w ith  th e  v o lta g e  m easu rem en t. S ta r t in g  from  th is  he ca lcu 
la te d ,  t h a t  a t a 95%  re l ia b i l i ty  (safety  fac to r и  =  1,96) Uso m ay  be  d e te rm in 
e d  in  a ir  by  less th a n  3 %  d e v ia tio n , if re >  42 . T h e  v o ltag e  m ay  be  reg a rd ed  
a s  o f  5 0 % , if from  re =  42 th e re  stands 15 к  27.

I t  should be e m p h a s iz e d  th a t  b o th  fo rm e r ca lcu la tio n s  can be  m ade on 
c o n d it io n  th a t  p b ( U ) m a y  b e  ap p ro x im ated  b y  a s tra ig h t  line an d  th e y  b o th  
r e f e r  to  the  d e te rm in a tio n  o f  th e  50%  va lu e . B o th  a u th o rs  assum e th a t  th e  
v a lu e  o f  h figuring in  fo rm id a  3 is less th a n  10 %  in  a ir . In  th e  course of our 
m e a su re m e n ts  even v a lu e s  o f  2 6 %  occurred, so th e s e  ca lcu la tio n s a re  to  be re 
v is e d . W ith  th e  2 6%  l im i t ,  in  case of th e  100 m easu rem en ts  suggested  b y  
B a u m a n n  the  erro r in c re a se s  from  1%  to  2 ,6 % , w ith  th e  cond itions p re 
s c r ib e d  b y  R j a b o v  in s te a d  o f  42 im pulses a n u m b e r  o f  288 is needed . T he IE C  
[12 ] suggests 10—10 im p u lse s  on all vo ltage  s te p s .

A ccording to  o u r  ow n  te s ts , for well re p ro d u c a b le  p b values 100 b re a k 
d o w n s  were to  be a s su re d  (a n d  n o t 100 im p u lses) a t  th e  in d iv id u a l v o ltage  
s te p s  (an d  no t on all th e  s te p s  together). As on th e  m ed iu m  section  th e  ch a rac 
te r is t ic s  are quite s te e p , to  d e te rm in e  U -0 n o t q u ite  prec ise ly , p ro d u c tio n  o f 50 
b re a k d o w n s  on the  in d iv id u a l  s teps is su ffic ien t, th e  n u m b e r of th e  necessary  
im p u lse s  is n a tu ra lly  a b o v e  th is . D e te rm in a tio n  o f  th e  v o ltag e  U 50 w ith  an 
a c c u ra c y  of some p e rc e n ta g e  needs less b re a k d o w n s , th is  p rob lem  requ ires 
f u r th e r  investigation .

5. Effect o f the w ave shape

F o r  the  tim e b e in g  n o  d a ta  are av a ilab le  co n cern in g  th e  in fluence  of 
t h e  w av e  shape on th e  d is tr ib u tio n .
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H A L B  A U TO M A TISC H E A U SM E SSU N G  VO N  V O L T -M IK R O S E K U N D E N  K E N N L IN IE N

G Y . V A J D A

ZU SA M M EN FA SSU N G

D er A rtikel b e h an d e lt e ine  M eßm ethode  zur s ta tis t is c h e n  U n te rsu ch u n g  des D u rc h 
sch lags u n d  des Ü bersch lags. D ie  e n tw ic k e lten  E in ric h tu n g e n  e rm ög lichen  die a u to m a tisc h e  
A u sw e rtu n g  der M essungen. D u rc h  d ie en tw ick elte  M ethode w erd en  d ie A u fn ah m e der W a h r
sch e in lich k e itsv e rte ilu n g  des D u rch sch lag es als F u n k tio n  d e r S p a n n u n g , die M essung de r 
V e rte ilu n g  der V erzögerungszeiten  u n d  d ie A ufnahm e der V o lt-M ik ro sek u n d e-K en n lin ie  e r
m ö g lich t.

E N R E G IS T R E M E N T  SE M I-A U T O M A T IQ U E  D E S C O U R B E S  C A R A C T É R IST IQ U E S
V O LT -M IC R O SE C O N D E

GY. VAJDA

R É SU M É

L ’artic le  expose une  m é th o d e  de  m esure  pour l ’ex am en  s ta tis t iq u e  de la d is ru p tio n  e t  
d e  la fo rm a tio n  d ’u n  arc . L es in s tru m e n ts  développés p e rm e tte n t  l’év a lu a tio n  a u to m a tiq u e  
des m esures. P a r  la m éth o d e  d év elo p p ée , il d ev ien t possible de  re le v e r  la  d is tr ib u tio n  des p r o 
b a b ilité s  des d isrup tions en fo n c tio n  de  la  ten s io n , de m esu rer la  d is tr ib u tio n  des tem p s  de r e ta r 
d e m e n t e t  de re lever la fam ille  des c a ra c té ris tiq u es  V olt-m icroseconde .

ПОЛУАВТОМАТИЧЕСКОЕ ОПРЕДЕЛЕНИЕ ВОЛТ-МИКРОСЕКУНДНЫХ
ХАРАКТЕРИСТИК

Д . ВА ЙД А

РЕЗЮМЕ

В работе излагается методика измерения для статистического исследования пробоя 
и разряда. Разработанные устройства позволяют осуществить автоматическую оценку 
измерений. Разработанный метод позволяет отразить в функции напряжения распреде
ление вероятности пробоя, далее измерение разброса значений времени запаздывания и 
построение семейства вольт-микросекундной характеристики.
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TEST METHOD FOR DETERM INING 
T H E  IMPULSE W ITHSTAND STRENGTH OF ELECTRICAL

INSULATIONS

G Y . V A JD A
DOCTOR OF TECHN. SC.

MINISTRY OF HEAVY INDUSTRIES

[M anuscrip t re ce iv e d  D ecem ber 20, 1963]

T he pap er g ives th e  f irs t  e x p e r im e n ta l resu lts  a ffo rd in g  in  m an y  re sp ec ts  a  b asis for 
b e t t e r  app ro ach in g  th e  th eo re tica l a n d  m eth o d o lo g ica l p ro b lem s aä y e t  n o t  c lea red  u p . A  p a r t  
o f  th e  conclusions to  be  m ade  on th e  b a s is  o f th e  te s t  d isag ree  w ith  som e s ta te m e n ts  o f th e  
l i te r a tu re .  P ap e r in c lu d es som e su g g estio n s fo r th e  p ra c tic a l e v a lu a tio n  o f th e  m ea su re m e n ts-  
re s u lts  an d  for p lo tt in g  th e  c h a ra c te ris tic s .

I. Statistical characteristic o f the tim e lag

T he tim e  la g  o f th e  b re a k d o w n  has been ex am in ed  m ore th o ro u g h ly  only  
fro m  a physical p o in t o f view  h i th e r to ,  f irs t o f all w ith  sm all e lec tro d e  gaps in 
a ir  fo r  p rac tica l a rran g em en ts  o n ly  a few  d a ta  a re  av a ilab le  [2].

T he essen tia l questions, w h e n  exam in ing  th e  tim e  lags a re  as follow s:
a )  B y  w h a t k in d  of d is tr ib u tio n  fu n c tio n  can  th e  em p irica l d is tr ib u tio n  

b e  rep re sen ted ;
b) b y  w h a t v a lu es  is i t  p ra c tic a b le  to  ch a rac te rize  th e  d is tr ib u tio n ;
c )  how  m a n y  m easu rem en ts  a re  to  be m ad e  fo r d e te rm in in g  th e  tim e

lag s;
d )  how  is th e  ch a ra c te r  o f  th e  d is tr ib u tio n  in flu en ced  b y  th e  w av e  shape.
T ill now  th e  t im e  lag  of th e  b reak d o w n  w as d e te rm in ed  from  th e  oscillo

g ra m  o f th e  v o ltag e  arising  on th e  te s te d  in su la tio n . F o r  reco rd in g  th e  em pirica l 
d is tr ib u tio n  a g re a t n u m b er o f osc illogram s h a d  to  be p h o to g ra p h e d  a n d  e v a l
u a te d , th is  is expensive  and  ta k e s  m u ch  tim e ; a t  th e  sam e tim e  th e  p o ssib ility  
o f  th e  ob jec tive  a n d  su b jec tive  e r ro rs  is g rea te r. B esides, i f  th e  p ro b a b il i ty  рь 
o f  th e  b reak d o w n  is less th e n  1, m a n y  superfluous reco rds m u s t b e  m ade. 
F u r th e r  d ifficu lties a re  e n c o u n te re d  because th e  oscilloscope tim e  deflec tion  
m u s t  be  p re a d ju s te d ; if  th e  tim e  la g  is sh o rt w ith  re sp ec t to  th e  to ta l  deflec tion , 
th e  m easu rem en t is in accu ra te , w h ile  if  i t  is g re a te r  th a n  th e  fu ll deflec tion , 
i t  c a n n o t be d e te rm in ed .

One o f th e  g rea tes t a d v a n ta g e s  of th e  te s t  m e th o d  dev e lo p ed  is 
t h a t  i t  p e rm its  a ra p id , a u to m a tic  a n d  ob jec tive  re g is tra tio n  o f  th e  d is tr ib u tio n  
o f  th e  tim e  lags. T h e  so recorded  d is tr ib u tio n s  a re  in  good acco rd an ce  w ith  tho se  
to  b e  p lo tte d  on th e  basis of th e  osc illogram s (e.g. F igs 3 an d  4 o f [1]). O n th e
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c o u n te r  o f th e  tim e  m e te r  th e  h y sto g ram  of th e  d is tr ib u tio n  can d ire c tly  be read  
o ff w ith  th e  in te rv a ls  a d ju s te d  b y  th e  de lay  line  w ith in  its  m easu rin g  lim its. 
B y  th e  cu m u la tiv e  sum  o f th e  values c o u n ted , th e  em p irica l d is tr ib u tio n  is 
g iv en . C onsidering all b re a k d o w n s , d e te rm in a tio n  o f  th e  re la tiv e  frequencies 
a n d  reca lcu la tio n  o f th e  em p irica l d is tr ib u tio n  to  th e  re la tiv e  u n it  raises no 
p ro b lem s.

F igs 1—2 il lu s tra te  th e  re su lts  of tw o  c h a ra c te r is tic  series o f m easu re
m e n ts . On th e  h o riz o n ta l ax is  th e  tim e  lag  is g iven  in  /usee, on th e  v e rtic a l one

F ig . 1. E m p irica l d is tr ib u tio n s  o n  a 10 kV iso la to r a t  n e g a tiv e  p o la r ity  in  connection  a 2

th e  p e rcen tag e  v a lu e  o f th e  em pirica l d is tr ib u tio n  is in d ic a te d . T he d is tr ib u tio n  
is show n  in s tead  of th e  u s u a l  s tep  curve b y  th e  in te rc o n n e c tin g  envelope line, 
th u s  th e  figures a re  m o re  persp icu o u s an d  clear. T h is w ay  o f illu s tra tio n  m ay  
b e  in te rp re te d  in  such  a w a y  th a t  th e  d is tr ib u tio n  can  be  reg a rd ed  as being 
n e a r ly  lin ea r w ith in  each  in te rv a l. The in itia l a n d  f in a l v a lu es  of th e  d is tr ib u 
tio n s  a re  in d ica ted  a r b i t r a r i ly  a t  th e  in itia l 0 ,0 1 %  an d  end  p o in t 99 ,99%  of 
th e  av a ilab le  c o -o rd in a te  sy s tem .

R aising  th e  v o lta g e s , th e  d is tr ib u tio n  cu rv es becom e d isp laced  tow ards 
th e  sh o rte r  tim e  lags a n d  steeper.
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F ig . 2 . E m p irica l d is tr ib u tio n  on  a 10 kV  iso la to r  a t  p o sitiv e  p o la rity  in  c o n n ec tio n  cLl

1. The type  o f  d istribu tion

O n th e  basis  o f  th e  av a ilab le  d a ta  i t  c a n n o t s till be decided w h a t  ty p e  
o f d is tr ib u tio n  follow s th e  tim e  lag  {. Som e e x p e rts  assum e a n o rm a l d is
t r ib u tio n  [3], th a t ,  in  th e  case o f sh o rt e lec tro d e  gap s in  th e  a ir th e re  a re  som e 
m easu rem en t-re su lts  su p p o rtin g  th is  [4]. A t th e  sam e tim e , acco rd in g  to  th e  
o th e r  m easu rem en ts  th e  d is tr ib u tio n  is o f e x p o n e n tia l ch a rac te r [4], m o reo v e r 
th e re  a re  m easu rem en ts  re su ltin g  in  an  e x p o n e n tia l d is tr ib u tio n , b u t  n o t  in 
th e  fu n c tio n  of t, b u t  in  tc, w here c >  1.

W ith  th e  d is tr ib u tio n s  illu s tra te d  in  F igs 1, 2, in  th e  v o lta g e  ra n g e , 
w here  p b =  1, th e  d is tr ib u tio n s  m ay  be rep laced  p ra c tic a lly  b y  a s t r a ig h t  line . 
In  th e  co -o rd in a te  sy stem  chosen th e  n o rm al d is tr ib u tio n  function  is a s tr a ig h t  
line , t h a t  is, in  th e  v o ltag e  ran g e , w here th e  b reak d o w n  ce rta in ly  a rises  th e  
d is tr ib u tio n  of th e  tim e  lags m ay  be a p p ro x im a te d  b y  a norm al d is tr ib u tio n  
in  th e  cases te s te d . In  th e  v o ltag e  ran g e  p b <  1 th e  em pirical d is tr ib u tio n s  
d e v ia te  from  th e  s tr a ig h t  line considerab ly , th e  n o rm a l d is tr ib u tio n  c a n n o t be 
ap p lied .

T h e  experiences w ere essen tia lly  s im ila r w ith  all o f th e  m e a su re m e n ts  
p e rfo rm ed  w ith  a b t . 300 c h a rac te ris tic s , in  som e cases, a t  vo ltages so m ew h a t 
h ig h er th a n  th e  100%  b reak d o w n  v o ltag e , also  d is tr ib u tio n s  d e v ia tin g  som e 
from  th e  no rm al one could  be experienced  a n d  o n ly  a t  som e kV h ig h er v o lta g e s  
could  th e  d is tr ib u tio n  be rep laced  b y  a s tr a ig h t  line . A t vo ltages ex ceed in g
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th e  100%  v a lu e , th e  ra n g e  o f th e  tim e  lags beco m es re s tr ic te d , th e  d is tr ib u tio n  
w as o f te n  p lo tte d  m e re ly  on  th e  basis o f 2 -^ 3  m easu rin g  p o in ts . O ne m ig h t 
h a v e  d o u b ts , if  th e  lin e a r  rep re se n ta tio n  is n o t  a consequence of th e  few  n u m 
b e rs  o f  th e  m easu rin g  p o in ts  an d  of th e  c h a ra c te r is tic s  being re s tr ic te d  to  a 
n a rro w  ran g e . To c o n tro l th is , m easu rem en ts w ere  a lso  m ade b y  an  o sc illog raph , 
as osc illogram s p e rm it a g re a te r  re so lu tion  c a p a b il i ty  th a n  th e  tim e  m e te r .

O n  a G auss p a p e r , th e  h y sto g ram  o f a n e a r ly  linear d is tr ib u tio n  is 
show n in  F ig . 3, w hile  th e  h y sto g ram  of a c u rv e d  d is tr ib u tio n  m ay  b e  seen in

F ig . 3. H y s to g ra m  of th e  t im e  lag s w ith  th e  f la sh o v e r  o f  th e  in su la tio n  to  e a r th  o f  a  20 kV 
iso la to r  w ith  a vo ltag e  —|- 150 kV , n b =  100

F ig . 4. H y s to g ra m  of th e  tim e  lags w ith  th e  f la sh o v e r  o f  th e  in su la tio n  to  e a r th  o f  a  20 kV 
iso la to r  w ith  a v o ltag e  — 152 kV , n b =  100

F ig . 4. I t  can  be s ta te d  also  from  v isua l o b se rv a tio n , th a t  th e  d is tr ib u tio n  is 
p ra c tic a lly  n o rm al (a P o isson  d is tr ib u tio n  is p o ssib ly  even a b e t te r  a p p ro x i
m a tio n ) , th e  second is c e rta in ly  n o t a n o rm a l one. T he sam e w as p ro v e d  by  
th e  m a tc h in g  te s ts , to o . T h e  curved  c h a ra c te r is tic s  m ay be reso lv ed  to  th e  
sum  o f m ore n o rm a l d is tr ib u tio n s  (F ig . 5), th e  questio n  is, how  can  th is  be 
p h y s ic a lly  ju s tif ie d .

H ere , in s te a d  o f  th e  no rm al d is tr ib u tio n  ap p lica tio n  of th e  t ru n c a te d  
n o rm a l d is tr ib u tio n  m a y  com e in to  q u e s tio n , to o . The low er lim it  is s t ip u 
la te d  b y  th e  fac t t h a t  th e  tim e  lag c an n o t be  s h o r te r  th a n  th e  fo rm a tiv e  tim e  
i 0, n ecessa ry  fo r th e  p h y s ica l d ev e lopm en t o f  th e  b reakdow n  ch an n e l. In  th e
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p ra c tic e  th e re  is also an  u p p e r  l im it, th e  m ax im um  o f w hich  m a y  h e  e s tim a te d  
in  th e  follow ing w ay. T h e  a c tu a l im pu lses are  of f in ite  tim e , th e  ta ils , o r envelop 
cu rv es  a re  decreasing  ap e rio d ica lly  an d  a f te r  a ce rta in  tim e  t ' th e y  reach  th e  
low er lim it of th e  s ta tic  b re a k d o w n  v o ltag e  va lu e , below  w hich  no  b reak d o w n  
can  be fo rm ed . C on seq u en tly , th e  tim e  lag  m ay  n o t exceed  t' -|- A t, th e  a d d i
t io n a l te rm  At exp ressing  th e  fa c t  t h a t  i f  th e  b reak d o w n  is to  deve lop  b efo re  th e  
in s ta n t  t ' th e  fie ld  becom es d e fo rm ed  an d  th e  b reak d o w n  v o lta g e  o f  th e  schem e 
d ecreases below  th e  s ta t ic  b rea k d o w n  v o ltag e . In  re a lity  th e  u p p e r  lim it  o f th e  
t im e  lag  is considerab ly  low er th a n  th is  v a lue .

F ig . 5. D en sity  fu n c tio n s o f  th e  tim e  lags: W ith  th e  d is tr ib u tio n  show n in  F ig . 3 (1 ) ;  w ith  th e  
d is tr ib u tio n  show n in  F ig. 4 ( 2 ) ;  n o rm a l co m p o n en ts  o f th e  d is tr ib u tio n  o f F ig . 4 (3 t , 32, 33)

2. Features o f  the tim e lags

T he tim e  lag  can be  th e  m o st p ra c tic a lly  ch a rac te rized  b y  a m ed iu m  va lue . 
T h e  c h a rac te ris tic s  vo lt/^ tsec to  be  fo u n d  in  l i te ra tu re  in d ic a te  th e  a r ith m e tic a l 
m ean  ca lcu la ted  on th e  b as is  o f  th e  oscillogram s. W hen  ex am in in g  th e  co n d i
tio n s  m ore  th o ro u g h ly , th e  m in im u m  an d  m ax im um  va lu es  b ecom e in te r e s t
ing , to o .

I t  is av isab le  to  p rocess th e  m easu rem en t re su lts  b y  th e  m e th o d s  of 
m a th e m a tic a l s ta tis tic s . I f  on th e  t im e  m e te r  th e re  are  d a ta  on c o u n te rs  of 
n u m b e r  k , th e  m ed ium  v a lu e  o f th e  in te rv a l of th e  i th c o u n te r  is *,■ a n d  th is  
c o u n te r  d e tec ts  tim es in  a n u m b e r  f ,  th a n  th e  series of m e a su re m e n ts  c o n s is t
in g  o f  rib b reakdow ns m a y  be  ch a ra c te riz e d  b y

к
2  f i  f<

;  1 =  1 /  -I \
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a n d  b y  th e  corrected  e m p ir ic a l s ta n d a rd  d e v ia tio n

s
^ fiih  ~  *)2
1 = 1

n b —  1 ( 2 )

I f  n b is  h ig h  enough, th e  m e a n  £ approaches th e  e x p e c te d  v a lu e  o f th e  d is tr ib u 
t io n  a n d  th e  em pirical s ta n d a r d  dev ia tion  s a p p ro x im a te s  th e  s ta n d a rd  d ev ia 
t io n  o f  th e  d is trib u tio n . T h e  ex tre m e  values m a y  be  g iven  b y  a d e fin ite  p ro b a 
b i l i ty  as a m ultip le o f th e  s ta n d a rd  d ev ia tio n , in tro d u c in g  th e  sa fe ty  fa c to r  
и , t h e  low er lim it is t — us  a n d  th e  u p p er one £ +  us.

T h e  above re la tio n s  a re  v a lid  exclusively  in  case of a n o rm a l d is tr ib u tio n , 
re l ia b i l i ty  of th e  re su lts  so o b ta in e d  is th e  less, th e  m ore  th e  d is tr ib u tio n  differs 
f ro m  th e  norm al. A n im p o r ta n t  p a r t  of th e  ex p e rien ced  d is tr ib u tio n s  d ev ia tes  
c o n s id e ra b ly  from  th e  n o rm a l  one, therefo re  one h a d  to  consider w hich ty p e  
o f  v a lu e s  are su itab le  fo r  c h a ra c te riz in g  th e m  e x p e d ie n tly . F u r th e r  considera
t io n s  w ere  also n ecessary  b e c a u se  in  certa in  — th o u g h  o n ly  a few  — cases tim e  
la g s  o ccu rred  ou tside  th e  m easu rin g  lim its  d e te rm in e d  b y  th e  d e lay  lines, 
w ith  u n k n o w n  values. A ll o f  th e se  problem s w ere  re m o v ed  b y  in tro d u c in g  in 
s te a d  o f  th e  m ean v a lu e  t h e  m ed ian  i50, c a lc u la te d  b y  a lin ea r  in te rp o la tio n  
b e tw e e n  th e  ends of th e  Zth a n d  (l -(- l ) th in te rv a l , as p e r  fo rm u la  (3),

*50 =  ~ ~  (*i+l +  h  +  +  —-----—  — (1 — Pl +1 — Pi) » (3)
2 2 p l+1 — p t

w h e re  A t  is th e  len g th  o f  t h e  in te rv a l (0,5, o r 1,0 /nsec, d epend ing  on th e  de
la y  lin e ) , f;+1 and  t; th e  m e a n  of th e  in te rv a ls  (Z +  I ) 1” аП<1 Pt+1 an<Í Pi 
t h e  co rrespond ing  v a lu es  o f  th e  em pirical d is tr ib u tio n  in  re la tiv e  u n its , fu r th e r  
t h e  v a lu e s  l and l -f- 1, re sp e c tiv e ly , are in te rp re te d , so th a t

Pi+i =

i+i
2 f i
i ' = i >  0,5 ;

l
(4)

T h e  m ed ian  t50 m ay  b e  d e te rm in e d  m ore s im p ly  fro m  th e  em pirica l d is tr ib u 
t io n s  also b y  p lo ttin g  (as a v a lu e  belonging to  th e  p ro b a b ili ty  p  =  0,5).

T racing  th e  e x tre m e  v a lu es  can also h e  s im p lified  b y  in tro d u c in g  th e  
n o t io n  of range. A p p ro x im a te ly , as th e  low er lim it  o f  th e  ran g e  one m ay  reg a rd
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th e  b eg inn ing  o f th e  in te rv a l in  th e  f irs t  o p e ra tin g  coun te r, an d  as th e  u p p e r  
one th e  end  of th e  in te rv a l in  th e  la s t w o rk ing  c o u n te r . This poses a p ro b lem , 
if  also g re a te r  tim e  lags th a n  th e  m easu rin g  lim it a d ju s te d  occur. A t th o se  tim es  
th e se  w ere classified  in to  an  11th in te rv a l a n d  re g a rd in g  th e  u p p e r lim it  o f  th e  
ran g e  i t  w as m erely  s ta te d  th a t  i t  is h igher, o r e q u a l to  th e  end  o f  th e  l l ttl 
in te rv a l.

T he m easu rem en t-re su lts  w ere e la b o ra te d  on th e  co m p u ter ty p e  E l l io t t  
803 B. In  T ab les I  an d  I I  th e  c o m p u ted  d a ta  o f  n ea rly  300 d is tr ib u tio n s  are  
su m m arized . 52%  o f th e  p lo tte d  d is tr ib u tio n s  fa ll in to  th e  ran g e  U  >  [7100 
(рь =  1)» 4 8%  to  th e  ran g e  U 0 <[ U  <C ^moG5* <C 1)» th e  d a ta  su m m a riz e d  
are  also illu s tra te d  in  a reso lu tio n  acco rd in g  to  th e  v o ltage  range. T h e  d is t r ib u 
tio n s  h av in g  a ran g e  inside th e  m easu rin g  l im it  a d o p te d  are d e n o te d  in  th e  
tab le s  as “ com plete  m e asu rem en t” .

I t  occured  f ir s t  o f all in  th e  ran g e  p b 1 t h a t  som e tim e lags w ere  g re a te r  
th a n  th e  m easu rin g  lim it ap p lied  a n d  th e se  w ere c lassified  in to  th e  l l ttl in te rv a l . 
T hese d is tr ib u tio n s  are  d is tin g u ish ed  in  th e  ta b le s  b y  “ fall-ou t v a lu e s” , such  
d is tr ib u tio n s  fo rm  18%  of th e  to ta l  ones. W h en  c a lcu la tin g  th e  m ean  a n d  th e  
s ta n d a rd  d ev ia tio n , th e  fa ll-o u t va lu es  w ere co nsidered  — as an  a p p ro x im a 
tio n  — b y  th e  m ean  v a lu e  tn  o f th e  11th in te rv a l .

In  T ab le  I  th e  d a ta  o f th e  re la tiv e  s ta n d a rd  d ev ia tio n  sjt are  su m m e d  up 
in  th e  ran g e  U  >  U 100 th e  g rea t m a jo r ity  o f  cases i t  is (94 ,5% ) below  3 0 % , 
th e  fa ll-o u t va lues m ay  p ra c tic a lly  b e  n eg lec ted . In  th e  range U  <  [ /100 th e  
s ta n d a rd  d ev ia tio n  o f  th e  com plete  series o f m e a su re m e n ts  is d isp laced  to w a rd s  
so m ew hat h ig h er v a lu es , n a tu ra lly  th e  s ta n d a rd  d ev ia tio n  of th e  series in v o lv 
ing  fa ll-o u t va lu es  is even g rea te r. W ith  8 4 %  o f th e  to ta l  m e a su re m e n ts  th e  
d e v ia tio n  is below  30% .

T ab le  I I  gives a p ic tu re  o f th e  re la tiv e  d ev ia tio n s  (i50 — ()/ts0 b e tw een  
th e  m ed ian  an d  th e  m eans. I t  is su p ris in g  t h a t  th e  values of } an d  t50 a re  in  
good acco rdance , th e  d ev ia tio n  being  w ith  th e  co m p le te  m easu rem en ts  som e 
p e rcen ts , w ith  93 %  o f th e  com plete  series i t  is sm a lle r  th a n  10%  a n d  i t  n e v e r  
exceeds 2 0 % . T he ag reem en t is good even  in  th e  case  o f fa ll-ou t v a lu es  ( th o u g h  
th e  m ean  I is c a lcu la ted  in  a q u ite  a rb i t r a ry  w ay ) an d  only in 4 cases w as a 
d ev ia tio n  o f 20 an d  40 %  observed . A ll th e se  s u p p o r t  th e  correctness a n d  e x p e 
dience of ap p ly in g  th e  m ed ian  t50.

3. N um ber o f  the necessary m easurem ents

T he n u m b e r o f m easu rem en ts  n eed ed  fo r p lo tt in g  th e  em pirica l d is t r ib u 
tio n  is s t ip u la te d  b y  th e  c h a ra c te r  o f th e  p ro b lem .

I f  i t  is req u ired  th a t  th e  em p irica l d is tr ib u tio n s  should  a p p ro a c h  th e  
p h y sica l d is tr ib u tio n  fu n c tio n  in  a w ell re p ro d u c a b le  m anner, m a n y  h u n d re d  
b reak d o w n s are n ecessary . M easu rem en ts o f t h a t  ty p e  are  d e m o n s tra te d  in
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T able  I

Percentage d istribu tion  o f  the

R a n g e  te sted Type of cha rac te ris tic s
s/«[%]

0 - 5 5 - 1 0 1 0 -1 5 1 5 -2 0 2 0 -2 5

и  >  U 100
Complete m ea su re m e n t 12,3 12,3 32,1 18,9 7,6

w ith fall o u t v a lu e s  (2 ,8% ) . — — 33,3 33,3 —

и  >  u l00
com plete m ea su re m e n t - 1,2 21,0 19,8 22,2

w ith fall o u t v a lues(34 ,6% ) - — 7,0 14,2 14,2

T o ta l 5,9 6,4 24,8 18,8 13,8

Table I I

Percentage d is tr ib u tio n  o f  the upper lim it  o f  the relative

R a n g e  te s te d T jp e  o f  c h a ra c te r is t ic s
- 7 —- [%]

*50

1 2 3 4 5 6 7 8

и  >  u 100

com plete m e a su re 
m ent 44,7 64,4 81,4 87,5 90 92 93,6 94,6

w ith fa ll-o u t v a lu e s  
(2,8% ) 0 50 50 50 50 50 50 50

T o ta l 43,9 64,2 80,8 87,0 89,5 91,3 93,0 94,0

U  >  u 100

Complete m e a su re 
m ent 16,2 31,1 45,9 58,1 66,2 71,8 74,4 85,2

w ith  fa ll-o u t v a lu e s
(34,6% ) 10 16,7 26,7 26,7 33,3 36,7 36,7 46,7

T o ta l 14,6 27,2 40,8 49,6 57,4 62,2 64,2 74,8

T o ta l 29,9 46,5 61,7 69,1 74,2 77,4 79,2 84,7

t h e  f i r s t  p a r t  of th e  p a p e r  [1]. F o r c h a ra c te riz in g  a d is trib u tio n  o f w ell-know n 
k in d ,  a sam ple co n sis tin g  o f  a low er n u m b e r  o f  m easu rem en ts also  suffices to  
e s t im a te  th e  n u m b er o f  th e  m easu rem en ts  n eed ed  to  app ly  th e  m e th o d s  of 
m a th e m a tic a l s ta tis tic s . A n  estim ation  o f  th is  k in d  m ay  be m ade e. g ., b y  th e  
re la t io n

( 5)
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relative standard devia tions

S/«[%]
2 5 - 3 0 3 0 - 4 0 4 0 - 5 0 5 0 - 6 0 6 0 - 7 0 7 0 - 8 0 8 0 - 9 0 9 0 - 1 0 0

11,3 1,9 0,9 0,9 0,9 — - 0,9

— 33,3 — — — — — —

17,3 8,7 6,1 2,5 1,2 — —

11,6 17,8 7,0 7,0 3,5 14,2 - 3,5

13,3 6,9 3,7 1,4 1,8 2,3 - 0,9

deviation between the m ed ian  and the mean value

9 10 11 12 13 14 15 16 17 18 19 20 4 0

95,5 95,5 97,5 97,5 97,5 97,5 98,3 98,3 98,3 99,2 99,2 100 —

50 50 100 — — — — — — — — — —

94,7 94,7 97,4 97,4 97,4 97,4 98,4 98,4 98,4 99,3 99,3 100 —

90,6 90,6 94,5 96,0 96,0 96,0 96,0 97,5 97,5 97,5 98,6 100 —

53,3 63,3 63,3 70 73,4 76,7 80,0 80,0 83,5 83,5 83,5 86,8 100

80,6 83,5 86,5 89,5 90,5 91,5 92,5 93,4 94,3 94,3 95,3 96,2 100

88 89,3 92,2 93,5 94,0 94,5 95,5 96,0 96,5 97,0 97,3 98,2 100

accord ing  to  w hich , to  d e te rm in e  th e  p ro b a b ility  p o in t  j) =  0,5 of th e  d is tr ib u 
tio n  fu n c tio n , if  th e  sa fe ty  fa c to r  u =  1,28 ( th e  one-side  d iscard ing  p ro b a b ili ty  
b e ing  P s =  10% ) a n d  th e  re la tiv e  d ev ia tio n  p e rm itte d  is a  =  5 % , m e a su re 
m e n ts  of щ  >  655 a re  n ecessary ; w ith  a re la tiv e  d ev ia tio n  of 10%  a n u m b e r  
o f пь >  164 is su ffic ien t. T h e  ex ac t know ledge o f  th e  d is tr ib u tio n  ty p e  p e rm its  
a m ore a c cu ra te  e s tim a tio n , such ca lcu la tio n s fo r  th e  needed щ  g ive low er 
v a lu es , in  th e  p ra c tic e  g en era lly  100 m easu rem en ts  a re  su ffic ien t.

4* A da  Technica Academiae Scienliarum Hungaricae 54, 1966



292 GY. VAJDA

F ig . 6 w as m ade on th e  b asis  o f 13 series consisting  of 100 m easu rem en ts  
each . I t  show s th e  d is tr ib u tio n  fu n c tio n  as w ell as th e  envelope cu rv es lim itin g  
th e  g re a te s t  dev ia tio n s o f th e  em p irica l d is tr ib u tio n s , p lo tte d  on th e  basis  of 
th e  a b o v e  series. O ver an  im p o r ta n t  sec tio n  o f  th e  d is tr ib u tio n  th e  s ta n d a rd  
d e v ia tio n  is  sm all, th e  g re a te s t d ev ia tio n  b e in g  b e tw een  5 an d  9 5 %  h a v in g  a

%

F ig . 6. F la sh o v e rs  on  th e  in su la tio n  to  e a r th  o f a n  o p en  20 kV  iso la to r, surges o n  th e  m oving 
c o n ta c t  + 1 5 6  kV , 10 pu lses p ro  m in u te : O n  th e  6 th  F e b ru a ry  o u t o f 1300 f la sh o v e rs  (1 ) ;  
en v elo p e  c u rv e  in te rco n n ec tin g  th e  h ig h es t v a lu e s  o f  series consisting  of 100 f la sh o v e rs  (2 ) ;  
en v elo p e  c u rv e  in te rco n n ec tin g  th e  low est v a lu es o f  series consisting  of 100 f la sh o v e rs  (3 )

v a lu e  0 ,15 ^ s , b e tw een  10 a n d  90%  i t  is 0,1 /ts a n d  a t  i50 i t  does n o t  exceed 
0,05 [is. I t  m u s t be em p h asized  th a t  th e  d o t te d  lines are envelope cu rv es  an d  
th e  in d iv id u a l d is tr ib u tio n s  f i t  th e  d is tr ib u tio n  fu n c tio n  m uch b e t te r .  S im ilar 
re su lts  w ere  o b ta in ed  w hen  te s tin g  o th e r  a rra n g e m en ts , T ab le  I I I  gives an  
id ea  o f  th e  g re a te s t d ev ia tio n s  ex p erien ced  w ith  100 series o f m e a su re m e n ts .

A s show n b y  th e  m ore  d e ta iled  te s te , th e  e x te n t of th e  d is tr ib u tio n  in  th e  
ra n g e  рь  =  1 is g en era lly  sm all, o n ly  2 -+ 3  co u n te rs  of th e  t im e  m e te r  are  
w o rk in g  (a t  a v e ry  h ig h  v o lta g e  so m etim es on ly  1), a t  tho se  tim e s  even  50 
m e a su re m e n ts  are  enough  to  p lo t th e  d is tr ib u tio n . T he ch a ra c te ris tic s  v o lt/^ s e c
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w ere p lo tte d  for each  v o ltag e  s tep  on th e  basis  o f  a series of m easu rem en ts  
co n sis tin g  as a ru le  o f  50 flashovers w here th e  m a g n itu d e  o f th e  tim e  lags 
d is tr ib u tio n  in creased  (a t  le a s t 4 cou n te rs  o p e ra tin g ), th e  series o f m easu rem en ts

Table III

The greatest deviations were observed between the series o f  m easurem ents consisting o f  10 
fla sh o vers and the d istribu tion  fu n c tio n

M e asu re m e n ts
ran g e

(p e rc e n ta g e  
v a lu es) d e la y

G re a te s t  d e v ia t io n  in  /isec

s h o r t  a r t i f ic ia l  line  
c o m p le te  se rie s  o f  

m e a s u re m e n t

(5 /isec) w i th  fa l l  
o u t  v a lu e s

lo n g  a rtific ia l line  
(10 /isec)

1 - 9 9 0,25 1,0
5 - 9 5 0,15 — 0,5

1 0 - 9 0 0,1 0,2 0,25
20—80 0,1 0,15 0,15

50 0,06 0,06 0,1

w as e x te n d e d  to  100 fla sh o v ers . In  th e  range  p b <  1 g en era lly  series o f  m easu re 
m e n ts  consisting  of 100 fla sh o v ers  were a d o p te d .

4. E ffec t o f  the wave shape

R eg ard in g  th e  in flu en ce  o f th e  w ave sh ap e  no  d a ta  are  av ailab le .

I I . T he volt-m icrosecond ch a rac te ris tic s

T h e  m ain  o b jec t o f th e  te s ts  was to  p lo t th e  v o lt / /isec c h a rac te ris tic s  in d i
c a tin g  th e  b reak d o w n  v o lta g e  as a fu nc tion  o f th e  b reak d o w n  tim e  lag . In  th e  
l i te ra tu re  a few c h a ra c te ris tic s  fo r in su la tio n s a n d  sp a rk  gaps m ay  he  fo u n d . 
T hese w ere p lo tte d  b y  m ak in g  an  oscillogram  on a g re a t n u m b e r o f b reak d o w n s 
a t  m a n y  v o ltag e  s tep s , b a sed  on th is  th e  m ean  tim e  lag  w as ca lcu la ted  fo r each 
v o ltag e  step  an d  a cu rv e  w as in se rted  b e tw een  th e  p o in ts  o b ta in ed .

T h e  u su a l v o l t / /.isec ch a rac te ris tic s  do n o t show  th e  fu ll v a lu e  re la tio n s , 
a p e rfe c t idea  m ay  be g iven  on ly  b y  a se t of c h a ra c te ris tic s  to  be p lo tte d  on 
th e  basis  of th e  tim e  lags d is tr ib u tio n  (Fig. 7). In  F ig . 7 th e  curves in te rc o n n e c t 
th e  p o in ts  o f id en tica l p ro b a b ility  of th e  d is tr ib u tio n s  recorded  a t  d iffe ren t 
v o ltag es , th e  p ro b a b ility  fig u rin g  as a p a ra m e te r . T h e  cu rve  p , m eans t h a t  th e  
q u o ta  fra c tio n  p , o f th e  tim e  lags is fa lling  to  th e  le f t o f th e  p o in ts  m ark ed  
b y  th e  cu rve  a t  all v o ltag es , th e  h a lf  of th e  to ta l  b reak d o w n s falls to  th e  le ft 
o f th e  cu rv e  p , =  0,5, th is  cu rve  in te rco n n ec tin g  th e  va lu es  t50.

In  connection  w ith  p lo ttin g  th e  c h a ra c te ris tic s , th e  m ain  p rob lem s are  
as fo llow s:
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a )  O n how  m an y  v o lta g e s  is i t  p ra c tic a b le  to  pe rfo rm  m ea su re m e n ts ;
b )  how  m any  im pu lses a re  n eeded  fo r  th e  single v o ltag es;
c)  how  are th e  re la tio n s  in flu en ced  b y  th e  d ev ia tio n  o f th e  b reak d o w n  

v o lta g e ;
d )  how  m ay  th e  se t o f c h a ra c te ris tic s  be  ch a rac te rized  m ore  s im p ly ;
e)  b y  w h a t k in d  o f  a n a ly tic a l fu n c tio n  m a y  th e  c h a ra c te ris tic  be  a p p ro x i

m a te d ;
f )  how  are th e  c h a ra c te r is tic s  in flu en ced  b y  th e  w ave sh ap e .

F ig .  7. S e t o f c h arac te ris tic s  v o lt//tsec  b a sed  on th e  d is tr ib u tio n  show n in  F ig . 2. U 0 c res t of
th e  im p u lse  v o ltag e , Гу f ro n t  tim e

T h e  te s t  m eth o d  deve loped  p e rm its  th e  q u ick  an d  re liab le  p lo tt in g  of 
th e  a v e ra g e  ch a rac te ris tic  o r  o f  th e  co m p le te  se t o f c h a rac te ris tic s . T h e  tim es t (- 
b e lo n g in g  to  th e  a rb i t r a ry  p ro b a b ili ty  p,- m a y  s im p ly  be d e te rm in e d  from  th e  
t im e  la g  d is trib u tio n s  a n d  so th e  c h a ra c te ris tic s  m ay  be  p lo tte d .

F ig s  8 — 12 il lu s tra te  th e  p ro b a b ility  cu rves 0,5 o f som e se ts  o f c h a ra c te r 
is t ic s  p lo tte d  b y  us fo r d iffe re n t te s t  a rra n g e m en ts  an d  con n ec tio n s.

I t  should  be p o in te d  o u t  th a t  th e  ch a ra c te ris tic s  of th e  10 kV  in su la to r  
in te r s e c t  m an y  c h a ra c te ris tic s  of th e  10 kV  iso la to r. T h u s, i f  th e re  is no  co
o rd in a tio n , i t  depends on th e  shape  of th e  w ave e n te rin g  th e  tran sm iss io n  
lin e  w h e th e r  th e  b reak d o w n  follows on th e  o v erh ead  line, or on th e  iso la to r.
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1 .  N u m b e r  o f  t h e  p r a c t i c a b l e  v o l t a g e  s t e p s

I t  is advisable to  connect th e  m easurem ents w ith the probability  test  
of th e  breakdown, w ith in  the range U << 17100 — according to those m entioned  
in th e  first part [1] — it  is proper to  m easure on 4 voltage steps. For p lotting

the characteristics in  a reliable w ay , the purpose is to  perform m easurem ents 
on at least 4 —5 v o lta g e  steps in th e  vo ltage range U  >- U 100, the num ber of 
the necessary steps depending naturally  on th e  m agnitude of th e  voltage range 
to  be tested .

2 .  N u m b e r  o f  t h e  i m p u l s e s  n e e d e d

As was sta ted  in chapter 1, according to  our experiences the tim e lags 
m ay reliably be characterized w ithin the range p b =  1 m ostly  on the basis o f  
50 im pulses, while as a rule in the range p b <C. 1 b y  100 flashovers.
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3. Role o f  the standard  devia tion  in  the breakdown voltage

I f  th e  b reakdow n  fo llow s a t  th e  ta il , or c re s t o f th e  w ave, th e  co n d itio n s 
a re  n o t  in fluenced , b u t  b y  th e  accu racy  o f th e  im pu lse  v o ltag e  m e a su re m e n t 
a n d  b y  th e  d ev ia tion  of th e  su rg e  g e n e ra to r  sp a rk o v e r v o ltag e . U n d e r th e  cir-

F ig . 9. Volt/jMsec c h arac te ris tics  o f  a  10 kV  iso la to r on  th e  basis  o f t50 a t  a po sitiv e  p o la r ity ,
s ta n d a rd  connections

c u m s ta n c e s  of th e  given te s t ,  i t  could  be  assu red  t h a t  th e se  fac to rs  shou ld  
n o t  ca u se  an  u n c e r ta in ty  o f  m ore  th a n  1 — 2 % . B y  th e  m easu rem en ts  i t  is 
im p o r ta n t  th a t  th e  v o ltag e  o f  th e  surge g en e ra to r  shou ld  be p ra c tic a lly  co n 
s t a n t  w ith in  one v o ltage  s te p .

I f  th e  b reakdow n fo llow s a t  th e  w ave fro n t, th e  cond itions a re  m ore 
c o m p lic a te d . Besides th e  v o lta g e  an d  th e  tim e , a th ird  fa c to r  — th e  ra te  of
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rise o f th e  f ro n t — also p la y s  a ro le, a t  th e  sam e tim e  th e re  is a u n an im o u s 
an d  d efin ite  re la tio n  be tw een  th e  b reak d o w n  v o lta g e  an d  th e  tim e  la g , c o n tra ry  
to  th e  p ro b a b ility  re la tio n  o b serv ed  a t  b reak d o w n s a ris in g  n o t  a t  th e  fro n t. 
T he d ev ia tio n  in  th e  tim e  lag  re su lts  th e  d ev ia tio n  o f th e  b reak d o w n  vo ltag e . 
^  i th  un ifo rm  im pulses th e  d is tr ib u tio n  of th e  tim e  lags m ay  be  tra n sfo rm e d

Fi%. 10. Volt/,Msec ch ara c te ris tic s  o f  a  10 kV iso la to r o n  th e  b asis o f f50 a t  a n e g a tiv e  p o la rity
s ta n d a rd  connections

in to  th e  d is tr ib u tio n  o f th e  b reak d o w n  v o ltages on th e  basis  o f th e  f ro n t  shape 
(w ith  a lin ea r f ro n t th e  tw o  d is tr ib u tio n s  are  p ro p o rtio n a l to  each  o th er). 
As a consequence of th is , w ith  w aves o f id en tica l ra te  o f  rise  (i.e ., in  case of 
id en tica l c rest a n d  f ro n t tim e ), th e  b reak d o w n  a t  d iffe ren t v o ltag es  ensues; 
n ev erth e less , w ith  w aves o f d iv e rg e n t ra te s  o f rise  ( th a t  is, w ith  d iffe ren t
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c re s t  v a lu e s  and  f ro n t v a lu e s)  i t  m a y  occur t h a t  som e b reak d o w n  v o ltag es  are  
id e n tic a l.  All these in v o lv e  p ro b lem s for th e  s ta t is t ic a l  e v a lu a tio n  o f th e  m eas
u re m e n t- re su lts  as a fu n c tio n  o f th e  b reak d o w n  v o ltag e . B ased  on th e  oscillo
g ra m s — a t  a fixed  r a te  o f  rise  — a t  least a m ore p ro b ab le  b reak d o w n  v o ltage  
a n d  a  re la tin g , m ore p ro b a b le  t im e  lag  (d e te rm in ed  b y  th is )  m ay  be  estab lish ed .

kV U 
kV/usec 'u0/Tf 

240- 
230- 
220- 

270- 
200-  

190- 
180- 
770- 
760- 
750- 
740- 
730- 
720- 
770- 
700- 
90- 
80- 
70- 
60- 
50- 
40- 
30- 
20-  

70-

0 7 2 3 4 - 5 6

tso1----- 1-----1
7 •8 /jsec

F ig . 11. Volt/jHsec c h a ra c te ris tic s  o f  a  10 kV  iso la to r on  th e  basis o f  t50 a t  n e g a tiv e  p o la r ity ,
spec ia l connections

T h e  problem  m a y  b e  so lved  ex ac tly  o n ly  b y  ex am in in g  th e  co n d itions 
in  th e  case of b reak d o w n s a t  th e  f ro n t in s te a d  o f th e  b reak d o w n  v o ltag es  as a 
fu n c t io n  o f th e  ra te  o f rise . I t  m akes i t  m ore co m p lica ted  th a t  th e re  is a t r a n s i
t o r y  v o lta g e  range w here  b reak d o w n s  occur b o th  a t  th e  f ro n t a n d  a t  th e  ta il. 
F ig . 13 illu s tra te s  th e  p ro b a b il i ty  d is tr ib u tio n s  o f  b reak d o w n s w ith  d iffe ren t 
c h a ra c te r s ,  in  range I  b re a k d o w n  arises on ly  a t  th e  ta i l  or a t  a c re s t va lu e , in  
r a n g e  I I I  only a t  th e  f r o n t ,  in  range  I I  b o th  possib ilities  ex is t.

I n  ou r m easu rem en ts  th e  m ost sim ple v o lta g e  m easu rin g  m e th o d  w as 
a p p lie d , th a t  is, m e a su rin g  w ith  fixed  v o lta g e  o f  th e  surge g e n e ra to r  — a t
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th a t  tim e  also th e  ra te  o f rise be ing  c o n s ta n t — th e  crests of th e  im p u lses  w ere 
reco rd ed . A ccord ingly , in  th e  figu res an d  ta b le s  o f  th e  p a p e r  re la tiv e  to  th e  
v o lt/  fisec  ch a rac te ris tic s , th e  v o ltag e  scales m ean  above 1 /j,sec fo r a b rea k d o w n  
v o lta g e , w hile below  1 /лsec a r a te  o f rise m easu red  in  kV /fxsec, f in a lly  a t  1 
[Xsec b o th  in te rp re ta tio n s  a re  possible.

F ig . 12. V olt///sec c h a ra c te ris tic s  o f a 20 kV  iso la to r  in  some co n n ec tio n s

F o r  b reakdow ns a t  th e  f ro n t  th e  0,5 fxsec in te rv a l o f th e  de lay  lin e  a d o p te d  
is to o  long , th e  m easu rem en ts  perfo rm ed  in  th is  w ay  m ay  be  re g a rd e d  on ly  
as b e in g  of in fo rm a to ry  c h a ra c te r . F o r m ore  precise te s ts  d e lay  lines w ith  
in te rv a ls  o f 0 ,l-f-0 ,2  fx sec a re  su itab le . (Such lines are  u n d e r c o n s tru c tio n .)  
I n  th e  cases exam ined , w ith  th e  w ave shape 1/50 app lied  in  th e  m e a su re m e n ts , 
th is  p ro b lem  is n o t of p ra c tic a l im p o rtan ce , as a considerab le  p a r t  o f  th e  c h a r 
ac te r is tic s  is p laced  in  th e  ran g e  above 1 /xsec. W ith  th e  a rra n g e m en ts  te s te d , 
in  th e  ran g e  w here th e  p ro b a b ili ty  o f th e  b reak d o w n  is less th a n  1, th e  b re a k 
dow n a lw ays follows a t  th e  w ave ta il. The s itu a tio n  was sim ilar in  a co n sid e r
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a b le  p a r t  of th e  zone a b o v e  th e  100%  b re a k d o w n  vo ltag e . T ab le  IV  shows 
t h a t  w ith  th e  25 se ts  o f  ch a ra c te ris tic s  p lo tte d , a t  w hich  vo ltag e  U[ occurred , 
m o re  th a n  1 b reak d o w n  o u t  o f 50 a t  th e  w av e  f ro n t  (1 fisec).

Table IV

D istr ib u tio n  o f  breakdowns at the fro n t

— • h ig h er th a n
Vo

I n  p e rc e n ta g e  o f 
a ll  cases

i , i 100

1,15 92

1,2 88
1,25 84

1,3 76
1,35 64

1,4 56
1,45 52

1,5 40

1,55 40

1,6 32

1,65 24

1,7 20

1,75 16

1,8 12

1,85 4

1,9 0

F rom  th e  ta b le  i t  c an  be  seen th a t  th e  b reak d o w n s  ap p earin g  a t  th e  fro n t 
do  n o t  a t  all in flu en ce  th e  p lo ttin g  of th e  c h a ra c te r is tic  w ith in  an  im p o r ta n t 
se c tio n . T he g re a te s t p a r t  o f our m easu rem en ts  w as m ade on in su la tio n s  of 
10 kV  ra te d  vo ltag e . A t h ig h e r  ra te d  v o ltag es  th e  ch a rac te ris tic s  becam e  dis-

F ig . 13. P ro b a b ility  o f  b re a k d o w n  considering th e  w a y  o f  b reak d o w n ; — b re ak d o w n  p ro b a 
b ili ty  a t  c re s t  a n d  ta il; —  b re ak d o w n  p ro b a b il i ty  a t  f r o n t

A c ta  Technica Academ iae S c ie n tia ru m  H ungaricae 54, 1966



TEST METHOD FOR DETERMINING THE IMPULSE WITHSTAND STRENGTH 301

p laced  to w ard s  a lo n g er tim e  lag , a t  t h a t  tim e  th e  effect to  be c o u n te d  is even  
sm aller.

I f  o n ly  p lo tt in g  o f th e  m ean  c h a ra c te r is tic  is a im ed  a t, th e  e ffec t o f  th e  
b reak d o w n s a t  th e  f ro n t  is in s ig n if ic a n t u n til  th e ir  ra tio  does n o t ex ceed  h a lf  
o f th e  to ta l  b reak d o w n s, as th ese  do n o t  in flu en ce  th e  d e te rm in a tio n  o f  th e  
m ed ian . H ere  again  th e  a d v a n ta g e  o f  a p p ly in g  m ed ian  t50 is p roved . D e te rm in a 
tio n  o f th e  m ed ian  is genera lly  n o t in flu en ced  b y  th e  b reakdow ns a t  th e  f ro n t , 
a t  le a s t u p  to  1,5 U 0, in  th e  m a jo rity  o f  cases i t  is su ffic ien t to  p lo t th e  c h a ra c 
te r is tic  up  to  th is  v o ltag e .

T he se t o f c h a rac te ris tic s  volt/jiisec gives in fo rm a tio n  on th e  a c tu a l  b re a k 
dow ns. In  th e  ran g e , w here p b 1 a m o d ifica tio n  o f  th e  se t of c h a ra c te r is tic s  
m ay  be  suggested , ta k in g  in to  co n sid e ra tio n  th e  p ro b a b ility  of th e  b re a k d o w n , 
to o . I f  th e  n u m b er o f th e  m easu red  tim e  lags does n o t refe r to  th e  n u m b e r  of 
b reak d o w n s, b u t  to  th e  to ta l  n u m b e r  o f im p u lses , in s te a d  of p , th e  p a ra m e te r  
is p e =  piPb- W ith  a d em o n stra tio n  o f  th is  k in d , in  th e  range p b 1 th e  c h a r 
a c te ris tic s  becom e p ro la te d . As p,- <  1, p e m a y  b e  a t  leas t equal to  p b, t h a t  is, 
in  th is  low er range  th e  c h a rac te ris tic s  p e are b ro k e n  an d  ended a t  th e  v o lta g e  
w here  p e =  p b. T he  a d v a n ta g e  of th is  m od ified  se t o f ch a rac teris tic s  is t h a t  i t  
gives a m ore d e ta iled  p ic tu re  of th e  b rea k d o w n  a n d  th e  end  p o in t o f  th e  c h a r 
a c te ris tic s  is m ore d e fin ite  (F ig. 14).

4. T he  set o f  characteristics

A m ong th e  c h a rac te ris tic s  th e  m ed iu m  a n d  ex trem e  curves a re  th e  m o s t 
im p o r ta n t. D epend ing  on th e  po ssib ilities  o f tw o  k in d s  of c h a ra c te r iz a tio n  o f 
th e  tim e  lags, also th e  curves m ay  b e  given in  tw o  w ays.

I f  th e  m ed ium  cu rve  in te rc o n n e c ts  th e  a r ith m e tic a l m eans i  o f  th e  t im e  
lags, th e  ex trem e  cu rves m ay  p ro p e rly  be g iven w ith  th e  aid  of th e  s ta n d a r d  
d e v ia tio n  a n d  of a sa fe ty  fac to r  su ita b ly  chosen . W ith  th is  d e m o n s tra tio n  
— in p rin c ip le  — th e  com plete , p o s itiv e  h a lf-p lan e  o f th e  co -o rd ina te  sy s te m  
c o n ta in s  v alues w ith in  th e  range p b >  0.

I f  th e  m ed ium  cu rve  in te rc o n n e c ts  th e  m ed ian s t50 of th e  tim e  la g s , th e  
ex tre m e  curves m ay  be  p lo tte d  b y  th e  su ita b ly  chosen  po in ts  of th e  e m p iric a l 
d is tr ib u tio n . The ran g e  in te rp re te d  in  c h a p te r  1 p e rm its  a quick  re p re se n ta tio n , 
th e  low er lim it is th e  beg inn ing  o f in te rv a l  o f  th e  f i r s t  o p era tin g  c o u n te r , th e  
u p p e r  lim it being  th e  en d  of th e  in te rv a l  o f th e  la s t  w ork ing  co u n te r.

F ig . 15 m akes a com parison  b e tw een  th e  tw o  k in d s of re p re se n ta tio n s  
fo r th e  cases to  be seen in  F ig . 6. In  th e  fig u re  th e  ch a rac teris tic s  p lo t te d  on 
th e  basis  o f th e  m ean  v a lu e  an d  o f th e  s ta n d a rd  d e v ia tio n  are show n b y  a fu ll 
line , th e  cu rves o b ta in e d  from  th e  d is tr ib u tio n  fu n c tio n  are  d raw n b y  a d o t te d  
lin e , on th e  basis o f  F ig . 6. One can  see t h a t  th e  ch a rac teris tic s  p lo t te d  on 
th e  basis  o f th e  m ean  va lu e  (t) an d  o f th e  m ed ian  (i50) p rac tica lly  ag ree . A t th e
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e x tre m e  values th e  co in c id en ce  is n a tu ra lly  n o t  so good. In  case o f  th e  f ir s t  
co n cep tio n  th e  e x tre m e  cu rv es  are to  be  p lo t te d  a t  least on th e  b as is  o f th e  
l im its  3s d iscard ing  lev e l o f  2 % 0, th e  low er l im its  l — 3s p roved  to  b e  su itab le , 
b u t  th e  u p p e r lim it  l -(- 3s is no t co m p le te ly  so.

F ig . 14. M odified volt/yUsec c h arac te ris tic s  o n  th e  b a s is  o f F ig . 7, p a ram e te r  o f  th e  cu rves
Pe — PbPi

5. M athem atical approxim ation  o f  the characteristics

G rove an d  M a s k il e is o n  [5] h av e  e s ta b lish e d  for th e  m ed iu m  cu rve  in  
a ir  th e  re la tion

17 =  17.о ( 6)

w h ere  U ^ , a , a n d  b a re  c o n s ta n ts  d ep en d in g  on  th e  a rran g em en t. A p p lica tio n  
o f  th e  func tions o f  c h a ra c te r

[ / =  « + —  (7)
tc

m a y  be considered , to o , w here the  c o n s ta n ts  o, b and  c are  fu n c tio n s  o f th e  
a rra n g e m en t.
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6 .  I n f l u e n c e  o f  t h e  w a v e  s h a p e

In the literature several m ethods can be found for recalcu lating the char
acteristics p lotted  for a given w ave shape to  another w ave shape. A m ong these  
m ethods Z i n g e r m a n n ’ s  [3] and K i n d ’ s  [6] works are especially rem arkable. 
The calculations refer to  characteristics p lo tted  on the basis o f  the m ean values.

III. Summary

M ethod and instrum ents h ave been  developed for the s ta tis tica l analysis 
o f im pulse breakdown voltages and flashovers. The equipm ents realized are 
suitable for the ha lf autom atic control o f  series o f m easurem ents consisting  
o f num erous im pulses and for th e  au tom atic  evaluation o f the m easurem ent- 
results. I t  m ay be predeterm ined, o f  how  m any im pulses, or breakdow ns (flash
overs) should the series of m easurem ents consist, the instrum ent records the  
num ber o f im pulses and breakdowns (flashovers), as well as the probability  
o f the breakdow n, it  classifies th e  tim e lags in adjustable tim e ranges and 
counts their distribution.

W ith th is te s t  m ethod p robab ility  o f the breakdown in fu nction  o f the 
vo ltage m ay be determ ined in a quick and sim ple w ay, distribution o f the tim e
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lags fo r  each  v o ltag e  s te p , as well as th e  se t o f c h a ra c te r is tic s  v o lt//jsec  re p re 
se n tin g  th e  re la tio n  b e tw e e n  th e  tim e  lag a n d  th e  b reak d o w n  vo ltage  m a y  be  
p lo tte d .

T h e  f ir s t  — m eth o d o lo g ica l — te s t  w ere m ad e  on m ed ium -vo ltage  in su la 
tio n s . T h e  d iffe ren t c h a ra c te r is tic s  m ay  w ell he  re p re se n te d , re liab ility  a n d  
a c c u ra c y  o f th e  m e a su re m e n ts  are sa tis fa c to ry . O n th e  basis  of th e  c h a ra c te r is 
tic s  p lo tte d , n u m ero u s  conclusions can  be d ra w n  ev en  now , assisting  in  so lv ing  
th e  p r in c ip a l an d  th e o re tic a l  p rob lem s b e t te r  w h ich  h av e  n o t been  c leared  
u p  y e t .

T h e  p ro b a b ility -v o lta g e  ch a rac te ris tic s  o f th e  b reak d o w n  (curves S) 
a re  s i tu a te d  in  a v o lta g e  ra n g e  lim ited  b y  v o lta g e s  U 0 an d  U1Q0, th e  fu ll c h a r 
a c te r is tic  m ay  be a p p ro x im a te d  b y  a tru n c a te d  n o rm a l d is tr ib u tio n , o r b y  a 
s im ila r one; on th e  m ed iu m  section  a good re su lt  is g iven  b y  th e  lin ea r a p p ro x i
m a tio n . T he ra tio  ( U'100— U'0)IU 50 c h a ra c te ris tic  o f  th e  un ifo rm  d is tr ib u tio n  
ra te  o f rise  m ay  acco rd in g  to  our m easu rem en ts  a t ta in  even a v a lue  of 2 6 % , 
as a g a in s t to  th e  10 %  lim it genera lly  a c c e p ted  in  lite ra tu re . T he d a ta  a n d  
d e r iv a tio n s  p u b lished  in  th e  l i te ra tu re  for th e  n u m b e r  o f im pulses to  be im p o sed  
on each  v o ltag e  s tep  a re  n o t va lid  an d  are  to  be  co rrec ted ; accord ing  to  o u r 
ex p erien ces  100 b re a k d o w n s  a re  necessary  b y  v o lta g e  s tep s  an d  i t  is ad v isab le  
to  m easu re  4 v o ltag e  s tep s  a t  least. F o r e s tim a tin g  th e  ex trem es, th e  va lu es  
U 0 =  0,8  U0 an d  U100 =  1,2 Ul00 m ay  be co n sid e red .

D is tr ib u tio n  o f th e  t im e  lags above th e  1 00%  b reak d o w n  v o ltag e  is 
p ra c tic a l ly  n o rm al, be low  th is  va lue  i t  is s tro n g ly  c u rv e d  an d  th e  d is tr ib u tio n  
can  b e  p ro d u ced  as th e  sum  o f some no rm al d is tr ib u tio n s . The d is tr ib u tio n  m a y  
be  m o s t su ita b ly  c h a ra c te r iz e d  by  th e  m ed ian  i50 a n d  th e  range, in  th e  g re a t 
m a jo r i ty  of cases i 50 w as in  a good acco rd an ce  w ith  th e  m ean  va lu e . F o r  
p lo tt in g  th e  d is tr ib u tio n , below  U 100 100 f la sh o v e rs , above i t  50 im pu lses 
p ro v e d  to  be n ecessary .

T h e  se t of c h a ra c te r is tic s  v o l t / jisec can  s im p ly  be p lo tte d  on th e  basis  
o f th e  m e a su re m e n ts , i t  m a y  be m ost p ra c tic a b ly  ch a rac te rized  b y  th e  m ean  
cu rv e  in te rc o n n e c tin g  th e  m ed ians o f th e  tim e  lags a n d  b y  th e  ex trem e  cu rves 
t ra c e d  b y  th e  ran g e . T o  p lo t th is , m easu rem en ts  a re  to  he  m ade on a t  le a s t 
4 v o lta g e  steps w ith in  th e  area  U  U100.

I n  th e  area  U < U 100 m o d ifica tio n  of th e  c h a ra c te r is tic s  m ay  com e in to  
q u e s tio n , ta k in g  in to  a c c o u n t th e  re s u lta n t p ro b a b il i ty  re fe rrin g  to  all o f  th e  
im p u lses .

T h e  te s ts  d iscussed  in  th e  p a p e r re fer as y e t  m ere ly  b reak d o w n s in  th e  
a ir. C on seq u en tly , th e  re la tio n s  an d  conclusions g iven  m ay  be considered  v a lid  
o n ly  fo r  th e  case o f a ir.
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E IN E  P R Ü F M E T H O D E  Z U R  B E ST IM M U N G  D E R  E L E K T R IS C H E N  ST O SSSPA N N U N G S- 
F E S T IG K E IT  V O N  IS O L A T IO N E N

GY. VAJDA

Z U SA M M E N FA SSU N G

D ie S tu d ie  te i l t  d ie e rs ten  V ersuchsergebn isse  m it,  d ie  in  m eh re ren  H in s ic h te n  S tü tz 
p u n k te  fü r  eine bessere  A n n äh eru n g  n o ch  u n g e k lä r te r  p rin z ip ie lle r  u n d  m eth o do log ischer P ro b 
lem e b ie ten . E in  T eil d e r  Fo lgerungen , d ie  au s den  E x p e r im e n te n  gezogen w erd en  k ö n n e n , 
s te h t  zu  einigen F e s ts te llu n g e n  de r L ite ra tu r  im  G eg en sa tz . D ie S tu d ie  e n th ä lt  m e h re re  V or
sch läge  fü r  die zw eckm äß ige  A u sw ertu n g  de r M eßergebn isse  u n d  fü r  die K o n s tru k tio n  de r 
K en n lin ien .

M É T H O D E  D ’E X A M E N  P O U R  L A  D É T E R M IN A T IO N  D E  LA  R É SIST A N C E  
A U X  T E N SIO N S D E  CHOC D E S  ISO LA TIO N S

GY. VAJDA

R É SU M É

L ’é tu d e  expose  les p rem iers r é su lta ts  e x p é rim e n ta u x , qu i se rv e n t à plus d ’u n  é g a rd  de  
p o in ts  d ’ap p u i p e rm e tta n t  de m ieux  a p p ro ch e r les p ro b lèm es th éo riq u es e t m éth o d o lo g iq u es 
n o n  éclaircis. U ne p a r tie  des conclusions tirées  des essa is c o n tre d it  à  certa ines c o n s ta ta t io n s  
de  la  l it té ra tu re . P lu s ieu rs  p ro positions p o u r  l ’év a lu a tio n  p ra tiq u e  des ré su lta ts  de  m esu res  
e t  p o u r le trac é  des ca ra c té ris tiq u es  o n t  é té  fa ites  p a r  l ’a u te u r .

МЕТОДИКА ИСПЫТАНИЯ ИЗОЛЯЦИЙ ДЛЯ ОПРЕДЕЛЕНИЯ 
ЭЛЕКТРИЧЕСКОЙ ПРОЧНОСТИ ПРИ УДАРНОМ НАПРЯЖЕНИИ

д. В А Й Д А

РЕЗЮМЕ

В работе описываются первые опытные результаты, которые во многих отноше
ниях дают исходные точки для лучшего приближения еще не уточненных принципиаль
ных и методических точек зрения. Часть выводов, которые можно сделать на основе 
проведенных опытов, противоречит некоторым литературным установлениям. В работе 
приведен ряд предложений относительно целесообразной оценки результатов измерений 
и построения характеристик.
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ОПИСЫВАЮЩИЕ ФУНКЦИИ НЕЛИНЕЙНОСТЕЙ 
С КУСОЧНО-ЛИНЕЙНОЙ ХАРАКТЕРИСТИКОЙ

я. шомло
И С С Л Е Д О В А Т Е Л Ь С К И Й  И Н С Т И Т У Т  П О  А В Т О М А Т И З А Ц И И  

А К А Д Е М И И  Н А У К  В Е Н Г Р И И ,  Б У Д А П Е Ш Т

[Поступило 27-го января, 1964 г.]

Работа занимается гармонической линеаризацией нелинейностей в совершенно об
щем случае. С помощью выведенных формул в случае любых нелинейностей со статиче
ской характеристикой, кусочно-линейной аппроксимацией, можно получить постоянную, 
составляющую и параметры первой гармонии периодического сигнала, появляющегося 
на выходе под воздействием действующего на входе нелинейного члена сигнала с постоян
ной и гармонической составляющей. Результаты можно получить как в виде формул 
(аналитическая форма), так и в числовой форме при помощи таблиц. Симметричные коле
бания фигурируют в качестве специального случая, для которых полностью действи
тельны сделанные выше выводы (и они дают описывающую функцию нелинейной харак
теристики). Для данного случая результаты совпадают с результатами прежней работы 
автора.

1. Введение

Вообще нелинейные члены характеризуются статическими харак
теристиками. Это в форме функциональной связи показывает, какой выход
ной сигнал соответствует некоторому входному сигналу нелинейного члена.

Статическую характеристику [хк — f (x b)] можно задать в аналити
ческой и графической формах.

При гармонической линеаризации нелинейный член характеризуется 
описывающей функцией. Это показывает отношение между первой гар
моникой периодического сигнала, возникающего на выходе под воздей
ствием гармонического сигнала, действующего на входе, и входным сиг
налом.

Для случая центрально симметричных однозначных, а также двух
значных статических характеристик и симметричных гармонических вход
ных сигналов, в [3] дается общий метод для определения описывающих 
функций при помощи кусочио-линейной аппроксимации.

На практике, однако, большое значение имеет также исследование 
несимметричных колебаний. Несимметричные колебания возникают на 
выходе нелинейного члена в том случае, если

а)  статическая характеристика его несимметрична;
б)  центр колебания входного гармонического сигнала сдвинут по 

отношению к центру симметрии симметричной статической характеристики;
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в )  в  общем случае, когда статическая характеристика является не
симметричной и сдвинут центр колебания входного сигнала (рабочая точка). 
В этом случае, используя обозначения [3], выходной сигнал нелинейного 
члена

где

**(*) =
A l ( B , x g)

+  *(|) +
а(В,х%)

(О
*

d_

dt

*(. =  *? +  х ь ;

( 1 )

х ь =  В  sin  ср , (ср =  œt) ;

А  ' 1 Г 2п
— А о =  х к Ы  d(P

2 2л Jo
( 2 )

постоянная составляющая разложения в ряд Фурье.

1 г2л
а = ------I x k(x b) cos <р d<p ,

л В  Jo

1 Г2л
b =  -— \ x k(xb) sin  (pd(p 

л В  Jo

( 3 )

(4)

коэффициенты первой гармоники.
С помощью кусочно-линейной аппроксимации и в этом случае можно 

определить описывающую функцию для обобщенной статической харак
теристики. В отдельных специальных случаях из общих формул можно 
получить описывающие функции при помощи простой подстановки, а при 
помощи таблицы можно определить их цифровые значения.

Данная работа ставит своей целью обобщить метод, разработанный в 
[3], для случая несимметричных колебаний.

Следует отметить, что графический метод определения описывающих 
функций кусочно-линейных нелинейностей рассматривается в [2]. В [6] и 
[7] описывается графический метод определения описывающей функции на 
основе первоначальной не приближенной характеристики. Исходя из ра
боты К ■ Магн]уса (упомянутой позднее в тексте), в [4] дается изложение 
описывающей функции значительного числа характеристик и их связи. 
На основе [5] в работе [8] излагается общий метод определения описываю
щей функции в случае кусочно-линейных характеристик определенного 
характера. Это можно считать в качестве частного результата общего ме
тода, описанного в [3], но результаты имеют довольно сложную форму.
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2. Общие замечания

Проанализируем случай, когда статическая характеристика нелиней
ного члена соответствует рис. 1 и входной сигнал имеет постоянную соста
вляющую.

Как видно, этот случай, и вообще любой случай несимметричных 
колебаний можно свести к такому случаю, когда статическая характеристика 
нелинейного члена является различной в каждой фазовой четверти

<Р =  0 +
л л

-(- тг; . . .

Это показано в полностью обобщенном виде на рис. 2.
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3. Определение коэффициента «Ь»

При определении коэффициента Ь можно было бы использовать об
щие формулы [формулы (14) и (17)], выведенные в [3], естественно, при
меняя их в данном случае только для какой-либо одной ветви статической 
характеристики, однако в данном случае ради полноты упомянутые зависи
мости выводятся отличным от [3] образом.

На основе (4)

b (B ,x î)  =
п В

Зл/2

/̂ 7г/2 гп
f 1(x b)s in (p d < p +  f 2(x b) sin (р dtp +

Jo  J  n/2
гЪл/2 çl л

+  / з ( * 6) sin  93d(P +  fi('xb) sin V d(P
J л J Зя/2

Так как

Sin (p =  ---- ,
В

d xh

В  cos cp
В 1 -

B

2 ’

n B 2

г - в

f i(* b )  у  * b ц  dxb -  j f , ( x b) у  Xb—  d k b 
о у B 2 — x% J B 1I B 2 — x 2b

-  f fÁ *b) у  Х2 Ь - .2 dxb + Г f 4(k b) Xb =■ d  ~xb
Jo ] /B 2 — x2b J _ ß ]/B2 — x\

Отсюда естественно следует, что

лВ2 f l ( Xb) +  f Á Xb) + / з  (х ь) +  Л(*ь)
УВ2-\-х]

d x b 9 (5)

где кривые fi{xb) и f i (xb) являются кривыми f 3(xb) и f t(xb), повернутыми 
вокруг центра координат на 180° (центрально отраженно или / 3 и / 4, рас
сматривая рис. 2 сверху). Следовательно, как это видно по формуле (5), Ь 
можно получить при интегрировании, выполненном идентичным образом 
для фазовых четвертей, и алгебраическим сложением полученных резуль
татов.

Интегрирование
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можно выполнить по частям

(  Л « > )  d ï b = [ - Л * ь ) К Д 2 - ^ ] о  +

Jo (6)

+ f ß> 1/ B * - x l d f ( x „ )  = В/(о) + Г -fei d*6
Jo Jo dxb

Статическую характеристику аппроксимируем линейными отрезками (рис. 3).

Пусть
df ( *  ь) 

dxh
=  K t .

Где на статической характеристике имеется конечный разрыв

=  D f, ô(xb — Ft),J L
dxb Fi

где
Fn- i  <  B <  Fn.

(Вместо Fn верхним пределом интегрирования необходимо взять В.) 
D f значение разрыва статической характеристики,

öf( = [/(f, + о) - я * ; - о)].

На основе (6) для одной ветви характеристики получим

Л Ь)  +  1
л В л В2

К ,
r Fi

У в ^ ц dxь
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+ J ß Df, 0(-хь - Ц ) У в * ~ ~ х 1 < И

_ f(o) +
л В  л В 2 í"”i^  К ‘ í 6 ]/В2— - f  В 2 arc sin ——

В +

+ с , р ^ ] = ж + ! ! К Н г К
F
В +

F  F _
4- arc sin —--------- ^

B В
y P P

2 . -T,-! — arc s i n -----—
p - в B

+

+
4^ l A - f 4 )

Так как

S i n  (fj ■
F,
В

и применив обозначения [3]

_2_
л

F f ( F \2 . F : 2 L . , B

B V -
r  1 -4- a rc  s m ——
в  1 b J 71

—  sm 2 9>f +  q>i 
2

=  /c k l
2

1 - Ш
2 2

=  —  sin 2cpi =  l B
7Г B I f 71 FV х / /

по формуле (7) при подстановке (8) и (9) получим

Ь' =  М  +
л В

Выразив сумму

учитывая, что

получим

М  =  К п - К п к

îâH‘(f в
F1—1

+
Df, , /  В

í j

В

F,
-  *

В
Fх г— 1

=  м ,

в
=  А=1-̂ -1 =  1

В

^ - - 1 /

+  F ,+ 1  ̂

+  F ,— t fc

+  * ! * [ -

в
F í+i

В

В

в

в

Fх I—г
В

— F ,+1 А

-  *

В

F,
В

Í J —2

f „_ j

+  F ,fc
В

В

F ,

+  • • • +  F 2 A:

L Tl~2

-  F ,  fe

B

+  . . .  +  

B

Í J - J

(7)

( 8)

(9)

( 10)

+

-  K ±k
n—1

=  K n +  2 ( K , - K i+1)k  
1=0

— K 2k

B

B

K

( H )

+

F
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[Следует отметить, что fc(ß/F0) =  0, так как

F „ =  0 и l ( B / F n) — l (B IB )  — 0.]

Подставив в (10) выражение (11), получим

Ь\В,х°ь) =  - Ш -  +  ± \ к п  +  2
л В  4 I /Ti

( K ' - K ^ k
в

-  +
D ,

( I )

Значения fc(B/F,) и/(В/F/) можно найти в [3] в таблицах.* Ради полноты 
изложения эти таблицы приведены в приложении (приложения Б, В).

По выражению (I) при подстановке (8) и (9) коэффициент «6» описы
вающей функции в случае любой нелинейности с кусочно-линейной стати
ческой характеристикой можно получить также и в обычной аналитической 
форме.

В частности — в случае однозначных симметричных нелинейностей 
и симметрических колебаний по формуле (5):

Ь(В) =  К п +  > ' (K i -  K i+1) k
i=o L

В

f "

В

Fi
( b )

где, если F 0 О

, 4 Д *. =  4/(°)
Fu F0 ) л В  л В

В случае двухзначных нелинейностей с симметричной статической харак
теристикой, если одна ветвь состоит из «п», а другая из «т» прямых отрезков, 
тогда по формуле (5) получим:

Формулы (1а) и (16) идентичны формулам (14) и (17) работы [3].

* Таблица k ( B /F j)  взята из работы: M a g n u s  К .: Ü b e r e in  V erfah ren  z u r  U n te rsu 
c h u n g  n ich tlin e a re r  Schw ingungs u n d  R egelu n g s-S y stem e  (V D J-F o rsch u n g sh eft 451). V D I- 
V erlag , D ü sse ldo rf 1955.
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4. Определение коэффициента А0

Аналогично изложенному выше несимметричность колебаний может 
быть рассмотрена как следствие различных по фазовым четвертям стати
ческих характеристик (рис. 2). По (2) имеем

1 Г2л I------  x á x i
2 л  Jo

)d<p.

На основе рис. 2

А  = 2 л

гтт/2 г п  г З / 2 л  г 2 л

/ ,  A )  d(p +  f>(xb) d<p +  /ч  A )  A  +  / i A )  A
Jo Jя/2 Jrc J3/2 я

Аналогично, как и выше, заменив переменную, имеем

А  —
2 71 г 1/ Б 2 — ;

- ß

Отсюда

/зА)
о 1'А 2- ^

dxb j : /дА)
KB2- * g

d x h

1 r s
2 7Г

Í [ЛА) + /зА) ~ /зА) — /íA)] 1/ро -2^*Ь' А )
Jo г В 2—*2

На основе (12) интегрирование и в данном случае может быть осуществлено 
по фазовым четвертям идентичным образом.

Интегрируя по частям, для каждой ветви кривой получим:

Г*ß 1 7т /"'/(ö) %,
/ А )  y-j- — f=-dxb =  — / ( В )  —  a rc  s i n — - d / =  2 тгИ '.

Jo ГВ2— 2 J до) В

В случае кусочно-линейной аппроксомации (рис. 3) приведенный выше 
интеграл можно записать в следующей форме

71

9 Л Б ) - I Л~ 2 Jo dx,
d f a rc  sin  — —dxb =  — / ( В )  ■—

В
(13)

п
2i=i

к gç /’ß ^
i a r c s i n —— dxb— D ßj ö(xb — F() arc s in -------d x b
J f m  в  J o в
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f (B)  =  D Fo +  К ,  F ,  +  К 2 ( F ,  -  F , )  + . . .  +  К , ( F ' - F n )  +

+  D P t + . . . +  Xn_1(F„_1 -  Fn_ 2) +  K n ( B  -  Fn_ j)  =  D Fo +  

+  F  (-^-i  ~  F 2) +  F2 ( K 2 — K 3) +  . . .  +  F ( (K j  — K i+j) +

+  D f ,  +  .. . +  F n ^  F„) +  F„ ß ;

arc sin —— dii, =  F,- F, arc sin  — -— I- VВг — Fi  —
В  ' I  В

-  F _ i  arc sin — Y B 2— F ?_j| =  F , ( f t -  V / - J ,

(14)

(15)

где было введено обозначение

Г ________
f i  =  F,- arc  sin — !— \- Y В 2 — F 2. 

В
(16)

Используя (15) и учитывая, что F„_1 <  ß <  F„ — и что вместо F n верхним 
пределом интегрирования является В, получим:

-  K n - l(V > n - l  —  W n -2)

К п-2  (у п-2  -  Vn- з )  -  • • • — к 2 (V>2 — f i )  — * 4  (Y»i — W>) =

r <  . *fta rc  8Щ ----- a xh = F „ B - - f n^J F(_, ß 2

Л
— — — К п В  +  (F„ — F n_j) f n- x +  (F„_! — F„_2) y>n-2 +  • • • +

+  ( K I+1- K , ) n +  . . . + ( K 2 - K 1) Vl +  X 1 ß ;  (17)

F
U f{ a rc  sin -

/ = 1 i=0
— J D f, ô(xb — F,) arc  sin - ^ - d x b =  — ^  D f{ a rc  sin =  V  — D k, 9^ . (18) 

Jo ß  /“7Í В  ^

Подставляя в (13) выражения (14), (17) и (18), а также подставив по (16) 
величину fi, получим

•4J = ̂  f t  I № «-*') f l  -  Fl
л

+  21=0 M f - ”')] +

+ K ‘ Bi = ^  f t ; № + ,  -  К,)
р  - Fr ,  a rc  sin —— 4-ß

+  F Hi - F
Я

' T +
п

V
1 =  0

+  F t ß (19)
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1 I F i I I— ---- arc sin
Л 1 В в

+ 2
1=0

DF(
~ 2 ~ <Pi

Fl

в

Введем обозначение:

Fi 1 ■ F,arc sm —-
В 1 в

cos <Pj — sm ер, arc cos
1 ) '

( 20)

(Для облегчения обращения принимаем, что для «р» переменная имеет вид 
В/F i ,а н еFJ.В.)

Используя это, выражение (19) можно записать в следующем виде

^ = 7 Í - +
К 1 , ДО) п—1 

1 = 1
в ( к , +1 —) + D f, ’1 Vt 1

F, J 2 л ] \ \
,  ( И )

где ДО) =  D р0.
По формуле (II) получим величину коэффициента А0 для одной ветви 

статической характеристики. Конечный результат для всей статической 
характеристики получается при сложении по (12) результатов, полученных 
для отдельных ветвей характеристики. В случае однозначной статической 
характеристики Д  =  / 2,-/3' = / 4 и

А  =  В {Щ К?) +  i-LflO) - f b(0)]
Li71

п — 1

1=1
В ( К 1+1- К , ) р в

+  DFi
1

2
1 1

Л

- 2
h = 1

B ( K h+1~ K h)p  |4 - <Fh
л

(Па)

где индексы <</» и «6» действительны для правой стороны статической харак
теристики и, соответственно, для левой, повернутой на 180° (и состоящей из 
«г» отрезков).

Значения функции p {B jF i) можно свести в таблицу. Такая таблица 
приведена в приложении (Приложение А).
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5. Определение коэффициента а

Пусть аналогично упомянутому выше статическая характеристика 
нелинейного члена будет различной по фазовым четвертям (рис. 4).

На основе формулы (3) имеем 

1
Х к  COS <Р (

1 Г 2 л  1  г х * ( 2 л )  1  Г Г В

а =  ——  xk cos(pd<p =  — - x k dxb = — — \ \  f f a )  dxb
л В  Jo л B 1J £ь(o) л В 2 (Jo

+  Í  M*b)d*b+  Г fa(*b)d* b + [  f Á * b ) d *b ■
J B  J o  J - в

( 21)

Выражение, взятое в скобки {}, соответствует заштрихованной на рис. 4 
площади и в данном случае имеет отрицательный знак. (Вообще этот знак 
зависит от направления обхода кривой.) Эту площадь можно легко опре
делить графическим методом. Аналитический метод определения коэффи
циента а излагается ниже.

Аппроксомируем характеристику кусочно-линейно указанным на рис. 5 
образом, несколько отклоняясь от применявшегося до сих пор способа 
обозначения

( s  =  т  п ) .

Осуществим интегрирование, указанное в (21), только для правой 
стороны характеристики.

Само собою разумеется, что для левой стороны рисунка после пово
рота на 180° (центральное отражение) выводы будут полностью действи
тельными.
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Введем обозначение:

1 ' =  J*/i(**) dxb +  j °/2(*í>) d ~Xb ,

Рис. 5

таким образом получим:

1' =  J0Fl [Л(0) +  К ,  xb] dxb +  j £  \ т  +  к ,  F, +

+  К 2 (xb -  FJ] dxb + . . . +  J^‘+1 [ т  +  (К,  -  К 2) J? +

+  (Х2 — К 3) F2 -f- . . .  +  X, +  D f, +  K i+l(xb — f))] +  . . . +

+  \ l  [Л(0) +  (К , -  К 2) Fl +  . . .  +  К п(~хь -  В)] dxb +

+  JFn+' í/i(0 )  +  ( K 1 ~ K 2)F1 +  . . .  +  D f , +  . . .  +  K n(B -  Fn_ 2) +  

+  DB+  K n+1(xb — B)] díj +  . . .  +  J°Fm  [ / i(0) +

+  (Xx — K 2) Fj +  . . .  +  D f, +  . . . +  (K n — K n+1) В DB +

+  (Fn+i — K n+2) Fn+1 +  . . .  +  K s(xb Fs_j)] dxb.

Выполнив интегрирование и сведя идентичные члены, получаем выра' 
жение

*' =  2
1 =  1

—  ( К ,+1 -  X ,) Ff +  J i  -  D f , F t -  B D B ( 22)

где F n_ 1 <  В <  F n; в формулу (22) вместо Fn необходимо подставить В.

J i  =  [(К , -  К 2) F1 +  (К 2 - K 3)F2 +  . . .  +  (К,- -  К /+1) F,] ( íj+1 -  Ft) .
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Выполним сложение J t:

Ji =  (*1 -  -  -Pl);
л  =  [ ( К ,  -  K 3) F 1 +  ( К 2 -  K 3)F 2] ( F ,  -  F 2;

J 3 =  [ ( К ,  -  K 2) F 2 +  ( K 2 -  K 3)F 2 +  ( K 3 -  K 4)F 3] (F 4 -  F 3); 

л _ 2 =  [ ( К ,  -  k 2) f 4 +  ( K 2 -  K 3)F 2 +  . . . +  (K s_ 2 -  

P i —i) P ,_ 2] (Fs—2 — Fs—1);

g J t  =  ( P i  -  P 2) P iP s- i  +  ( P 2 -  K 3)F2Fs^  +  . . .  +

+  ( P s_ 2 -  К , . , )  F s_ 2 F s_ ! +  ( K 2 -  K 2) F \  +

+  {K 3 -  K 2) F l + . . .  +  ( K s_ 2 -  K s_2) F |_ 2. (23)

Так как F s =  0, поэтому

Js-1 =  [(Pi -  K 2) F, +  (K2 -  K 3) F2 +  . . . +  (Ps-2 -  P - i )  P .-a +

+  (Р 5_х -  F s) F . . J  (0 -  F s_x).

По (23) и (24) получаем

2 J i  =  2 (  P , + i - P / ) F f .  (25)
1 = 1 1 = 1

В формуле (22) имеем (см. рис. 4 и 5)

D B = U B ) - J i(B); (26)

/а(Р) =/а(0) + PsPs-x + Pi-i (Ps - 2  -  Pi-!) + • • • +
+  Pfi+i (P — Pfi+i) +  P f , ;

I  =  S  — 1

f i (P) =  /i(0) +  P i  Pi +  P 2(P2 -  Pi) +  K3 (F3 -  F2) +  . . .  +

+  K n ( B - F n_ 1) + nj ?  D f , .
i = i

Подставляя в выражение (26) / Х(Р) и / 2(Р), имеем

D b =  / 2(0) - / , ( 0 )  +  ( Р 2 -  Pi )Pi +  ( Р 3 -  Р 2)Р2 +  • • .+

+  (*„  -  *„_!) Рл_! +  ( Р п + 1  -  Р„) 5  +  {Кп+2 -  F n+1) Fn+1 +  (27)
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+  . . . +  (-Kj- í -  K s_ 2) Fs_2 +  (K 5 -  Ks_j) í ’s-i =  / 2(0) - Л ( 0 )  +

+ 'J (*т -  X,) F,- + "J D F l + V  D f i  .
1 =  1 I = S -  1 1 =  1

В формуле (27) F„_x <  B <  F„ и вместо F„ следует писать В.
Подставив в выражение (22) выражения (25) и (27) и выполнив алгеб

раическое сложение, получим:

r  =  SJNr(K'+i - K d W - D F *i=1 L ^
s  —1

+  2  (K ‘+1 ~  ^ ' )
1=1

в  m  - m  +

n + l n — 1
V- D Fl+  2  »Fi -

(28)

z=s—1

На основе (21), учитывая выражения (22) и, соответственно (25), значение 
а для правой стороны характеристики будет:

7 1 1 i=i

1 ( K i+1 -  Kj) F,- |2 _  D f{ F, 
В В2

R b

В
( I l la )

Из (Illa), учитывая (27)

%i =  - \ 2п  I i=i
- { K t+1- K t)

F ? F
— __ 2 —-  
B 2 B

n+l n — 1
(I I I )

O f, F,
B 2

/ 2(0 ) - / х ( 0)
B

2  D p i +  2 D f <
i=s  — 1

Б

На основе формулы (III) можно определить окончательное значение коэф
фициента а. Как уже говорилось выД1е

а = aJ + a6. (29)

В случае симметричной нелинейности типа петли гистерезиса и симметрич
ного колебания, вследствие того, что DB =  0 и ai — ab, по формуле (Ша) 
получим:

~ 2Л í=i
( K i+1 -  К ,)

F
В

2 D f , F  

В 2
(II I )

Формула (Illb) совпадает с формулой [3], полученной для этого же случая 
[формула (20)].
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6. Выводы

При гармонической линеаризации на выходе нелинейного члена под 
воздействием гармонического сигнала в общем случае появляется выходной 
сигнал

хк(0  — (*»» В) + ЬЫ,В)  ! В)

В статье дается общий метод определения коэффициентов «А„», «Ь» и
«а».

Теперь обобщим эти методы.
При определении b и А0 статическая характеристика нелинейного чле

на разбивается на четыре ветви кривой вправо и влево от прямой «х°ь». По
вернем левосторонние ветви кривой на 180°, то есть правую полуплоскость 
(рисунок следует рассматривать сверху, см. рис. 2). Ветви кривой разбива
ются на линейные отрезки и последним придаются обозначения, указанные 
на рис. 3.

По формуле (I), для одной ветви кривой, определяется коэффициент 
Ь, а по формуле (II) А 0. Коэффициенты складываются по (5) и соответственно 
по (12). Это для Ь означает сложение результатов, полученных для отдель
ных ветвей кривой. В случае А 0 результат, полученный для повернутых 
на 180° ветвей кривой, необходимо вычесть из результата, полученного для 
оставшихся на месте ветвей кривой.

Числовые расчеты в большой мере облегчаются составленными таб
лицами. Однако, при желании Ь и А 0 можно получить в полностью развер
нутом виде при подстановке по формулам (8), (9) и (20) выражений к (B/F ,), 
KBIFi) и p(BIFj). При определении «о» статическая характеристика нели
нейного члена тоже разбивается указанным выше способом на ветви кри
вой, последние рассекаются прямыми хь — В) — В (рис. 4), а полученные 
кривые аппроксимируются с линейными отрезками и обозначаются по рис. 5. 
Левую сторону характеристики указанным ранее образом перевернем на 
правостороннюю полуплоскость. Для двух замкнутых кривых по (III) или 
(II 1а) определяются о; и аь. Полученные результаты слагаются.

Для однозначных статических характеристик а =  0. Когда заштри
хованную «перекрытую» площадь (рис. 4) можно легко вычислить (или же 
в случае, когда проще непосредственно измерить эту площадь), тогда зна
чение а целесообразно вычислить по формуле (21).

Выведенные формулы можно применять и в случае встречающихся 
на практике более простых случаев. (В отношение этого в IV-ом прило
жении приведено несколько примеров.)

*

Наконец, автор данной работы выражает свою благодарность проф. 
д-ру. Ф. Чаки за просмотр рукописи и за ценные советы.

6 Acta Technica Academiae Scientiarum Hungaricae 54, 1966



Acta 
Technica Academiae Scientiarum

 Hungaricae 54, 1966

ПРИЛОЖЕНИЕ A
Таблица p(B/Fi)

B / F i 0 1 2 3 4 5 6 7 8 9

Цена деления 0,1

1 0,0000 0,0083 0,0206 0,0337 0,0465 0,0588 0,0703 0,0810 0,0910 0,1003

2 0,1090 0,1170 0,1245 0,1315 0,1380 0,1441 0,1498 0,1552 0,1603 0,1650

3 0,1695 0,1737 0,1777 0,1815 0,1851 0,1885 0,1918 0,1949 0,1978 0,2006

4 0,2033 0,2059 0,2083 0,2107 0,2129 0,2150 0,2172 0,2191 0,2211 0,2229

5 0,2247 0,2264 0,2281 0,2297 0,2312 0,2327 0,2341 0,2355 0,2369 0,2382

6 0,2394 0,2406 0,2418 0,2429 0,2441 0,2452 0,2462 0,2472 0,2482 0,2491

7 0,2501 0,2510 0,2519 0,2528 0,2537 0,2545 0,2553 0,2560 0,2568 0,2576

8 0,2583 0,2590 0,2597 0,2604 0,2611 0,2617 0,2623 0,2629 0,2635 0,2641

9 0,2647 0,2653 0,2658 0,2664 0,2669 0,2674 0,2680 0,2685 0,2690 0,2694

10 0,2699 0,2704 0,2708 0,2713 0,2717 0,2722 0,2726 0,2730 0,2734 0,2738

11 0,2742 0,2745 0,2749 0,2753 0,2757 0,2760 0,2764 0,2767 0,2771 0,2774

12 0,2778 0,2781 0,2784 0,2787 0,2790 0,2793 0,2796 0,2799 0,2802 0,2805
13 0,2808 0,2811 0,2813 0,2816 0,2819 0,2821 0,2824 0,2826 0,2829 0,2832

14 0,2834 0,2837 0,2839 0,2841 0,2844 0,2846 0,2848 0,2850 0,2852 0,2855

15 0,2857 0,2859 0,2861 0,2863 0,2865 0,2867 0,2869 0,2871 0,2873 0,2875

16 0,2877 0,2879 0,2881 0,2883 0,2884 0,2886 0,2888 0,2889 0,2891 0,2892

17 0,2895 0,2896 0,2898 0,2899 0,2901 0,2903 0,2904 0,2906 0,2907 0,2908

18 0,2910 0,2912 0,2913 0,2915 0,2916 0,2918 0,2919 0,2920 0,2922 0,2923

1-9 0,2924 0,2925 0,2927 0,2929 0,2930 0,2931 0,2932 0,2933 0,2935 0,2936
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Цена деления 1

20 0,2937 0,2949 0,2959 0,2969 0,2977 0,2986 0,2993 0,3000 0,3007 0,3013
30 0,3018 0,3023 0,3028 0,3033 0,3038 0,3041 0,3045 0,3049 0,3053 0,3056
40 0,3059 0,3062 0,3065 0,3067 0,3070 0,3073 0,3075 0,3077 0,3080 0,3082
50 0,3084 0,3086 0,3088 0,3089 0,3091 0,3093 0,3094 0,3096 0,3098 0,3099
60 0,3100 0,3102 0,3103 0,3104 0,3106 0,3107 0,3108 0,3109 0,3110 0,3111
70 0,3112 0,3113 0,3114 0,3115 0,3116 0,3117 0,3117 0,3118 0,3119 0,3120
80 0,3121 0,3122 0,3122 0,3123 0,3124 0,3124 0,3125 0,3126 0,3126 0,3127
90 0,3128 0,3128 0,3129 0,3130 0,3130 0,3131 0,3131 0,3132 0,3132 0,3133

Цена деления 10

100 0,3133 0,3138 0,3142 0,3145 0,3148 0,3150 0,3152 0,3154 0,3156 0,3157

P — f ( B / F i )

Примечание: B /F .-* o o , р -э ----- =  0,31831.
Л

Примеры: 1. В/F,- =  7,1, р  =  0,2510;

2. J3/F, =  71, р  =  0,3113;

3. B/Fi =  140, р  =  0,3148.
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ПРИЛОЖЕНИЕ Б
Таблица k(B/Fi)

B /F i 0 1 2 3 4 5 6 7 8 9

Цена деления

1 1,00000 0,96755 0,92937 0,87163 0,82474 0,78090 0,74040 0,70319 0,66906 0,63775

2 0,60900 0,58254 0,55815 0,53561 0,51474 0,49537 0,47735 0,46055 0,44487 0,43018

3 0,41642 0,40348 0,39131 0,36984 0,36901 0,35877 0,34907 0,33988 0,33115 0,32286

4 0,31496 0,30744 0,30026 0,29341 0,28686 0,28059 0,27459 0,26884 0,26333 0,25803

5 0,25294 0,24804 0,24333 0,23880 0,23443 0,23022 0,22615 0,22222 0,21843 0,21476

6 0,21122 0,20779 0,20447 0,20125 0,19813 0,19511 0,19217 0,18933 0,18656 0,18388

7 0,18127 0,17873 0,17627 0,17387 0,17153 0,16926 0,16704 0,16489 0,16279 0,16074

8 0,15874 0,15679 0,15489 0,15303 0,15122 0,14945 0,14772 0,14603 0,14437 0,14276

9 0,14118 0,13963 0,13812 0,13664 0,13519 0,13378 0,13239 0,13103 0,12969 0,12839

10 0,12711 0,12586 0,12463 0,12342 0,12224 0,12108 0,11994 0,11882 0,11772 0,11665

11 0,11559 0,11455 0,11353 0,11253 0,11154 0,11058 0,10962 0,10869 0,10777 0,10687

12 0,10598 0,10511 0,10425 0,10340 0,10257 0,10175 0,10094 0,10015 0,09937 0,09860

13 0,09784 0,09710 0,09636 0,09564 0,09493 0,09423 0,09353 0,09285 0,09218 0,09152

1 4 0,09087 0,09022 0,08959 0,08896 0,08835 0,08774 0,08714 0,08655 0,08596 0,08539

15 0,08482 0,08426 0,08370 0,08316 0,08262 0,08209 0,08156 0,08104 0,08053 0,08002

16 0,07952 0,07903 0,07854 0,07806 0,07759 0,07712 0,07665 0,07620 0,07574 0,07529

17 0,07485 0,07441 0,07398 0,07356 0,07313 0,07272 0,07230 0,07190 0,07149 0,07109
18 0,07070 0,07031 0,06992 0,06954 0,06916 0,06879 0,06842 0,06805 0,06769 0,06733

19 0,06698 0,06663 0,06628 0,06594 0,06560 0,06526 0,06493 0,06460 0,06428 0,06395
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Цена деления 1

20 0,06363 0,06061 0,05785 0,05534 0,05303 0,05092 0,04896 0,04715 0,04546 0,04389
30 0,04243 0,04106 0,03978 0,03858 0,03744 0,03637 0,03537 0,03441 0,03350 0,03264
40 0,03183 0,03105 0,03031 0,02961 0,02893 0,02829 0,02768 0,02709 0,02652 0,02598
50 0,02546 0,02496 0,02448 0,02402 0,02358 0,02315 0,02273 0,02233 0,02195 0,02158
60 0,02122 0,02087 0,02053 0,02021 0,01989 0,01959 0,01929 0,01900 0,01872 0,01845
70 0,01819 0,01793 0,01768 0,01744 0,01720 0,01697 0,01675 0,01653 0,01632 0,01612
80 0,01591 0,01572 0,01553 0,01534 0,01516 0,01498 0,01480 0,01463 0,01447 0,01430
90 0,01415 0,01399 0,01384 0,01369 0,01354 0,01340 0,01326 0,01313 0,01299 0,01286

Цена деления 10

100 0,01273 I 0,01157 0,01061 0,00979 0,00909 0,00849 0,00796 0,00749 0,00707 0,00670

к =f(B /F j)

Примеры : 1. В,F' =  7,1, к =  0,17873;

2. Bf Fj =  71, к  =  0,01793;

3. В/Fi =  140, к  =  0,00909.

СО

к

О
П

И
С

Ы
В

А
Ю

Щ
И

Е
 Ф

У
Н

К
Ц

И
И

 
Н

Е
Л

И
Н

Е
Й

Н
О

С
Т

Е
Й



Acta 
Technica Academiae Scientiarum

 H
ungaricae 54, 1966

ПРИЛОЖЕНИЕ В

Таблица l(B/Fi)

В/F,- 0 1 2 3 4 5 6 7 8 9

Цена деления

1 0 0,4822 0,5865 0,6258 0,6365 0,6327 0,6212 0,6057 0,5882 0,5698
2 0,5513 0,5332 0,5155 0,4986 0,4822 0,4668 0,4521 0,4381 0,4246 0,4122

3 0,4002 0,3889 0,3781 0,3677 0,3578 0,3485 0,3398 0,3313 0,3231 0,3154

4 0,3081 0,3011 0,2944 0,2879 0,2819 0,2758 0,2703 0,2649 0,2594 0,2543

5 0,2495 0,2447 0,2403 0,2359 0,2317 0,2277 0,2238 0,2200 0,2164 0,2128

6 0,2093 0,2058 0,2026 0,1994 0,1963 0,1935 0,1906 0,1879 0,1853 0,1826
7 0,1801 0,1776 0,1751 0,1726 0,1703 0,1682 0,1661 0,1641 0,1620 0,1600
8 0,1579 0,1560 0,1541 0,1523 0,1505 0,1487 0,1471 0,1454 0,1437 0,1422
9 0,1406 0,1390 0,1375 0,1361 0,1348 0,1334 0,1320 0,1306 0,1293 0,1279

10 0,1266 0,1254 0,1242 0,1230 0,1218 0,1206 0,1195 0,1185 0,1173 0,1162
11 0,1152 0,1142 0,1132 0,1122 0,1112 0,1103 0,1094 0,1085 0,1075 0,1065
12 0,1057 0,1049 0,1042 0,1031 0,1023 0,1015 0,1008 0,1000 0,0992 0,0984
13 0,0976 0,0968 0,0961 0,0954 0,0947 0,0940 0,0933 0,0927 0,0921 0,0914
14 0,0907 0,0901 0,0894 0,0887 0,0881 0,0875 0,0869 0,0863 0,0858 0,0852
15 0,0847 0,0842 0,0836 0,0831 0,0826 0,0820 0,0814 0,0809 0,0804 0,0799

Примечание : Если В/F,->  16, тогда значения 1 =  к можно определить, используя таблицу к  =  f  (B/F,-).

Примеры: 1. В/F,-=  7,1,

2. В/F,- =  71,

3. В/F,- =  140,

I =  0,1776;

I =  0,01793 

I =  0,00909
на основе таблицы fc=/(B /F,-).
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ПРИЛОЖЕНИЕ Г

Примеры

1. Симметричная статическая характеристика с переменным коэффициентом уси
ления с несимметричным входным сигналом (см. рис. 6). По (1) и (5) имеем

ц в .  4 )  -  у  (к= +  к ,  +  ( к ,  -  к , )  k (  J - ]  --(К , -  к , ) *  ( А )  ■ ( к ,  -  к , )  к [ - | - ) |

_ ( а - 4 ГЬ(В,х'ь) =  у  | к 2 +  К 3 +  (К2 -  К 3) L  [ Fg -  х°ь 
В

, . F% — хЦ 1 2 fFJ — 4  \ [ л (Fi  -  х°ь у+  a rc s in _ _ _ j  +  (K1 _

-f- arc sin F i - 4 1 , , ^  2 г*? +  4  1Л Г*? +  4 V  , F°1 +  4 l lв  J +  (JC‘ -  **> ¥  [ “ в —  Г -  I— в — J +  arc sin — я — JJ •
Если

F° <  4  +  B <  F? 
F? <  в  -  4  <  f ;

(m =  2 , n  =  2).

Тогда в полностью развернутой форме

1<В, 4 )  -  к, + Jg- (К , -  к.) [(Fi -  *а| 1 -  ( *% *~У

-f- arc sin F j - x j ,  . F Î +  4
В +  arc sin В ]■

Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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На основе (На) при
F2° < 4 + В <  F" , 
F, <  В -  4  <  Fi  ;

А(В, 4) = 4 + В (К 3 -  К 2) р  [А] + в  (к2 -  к , ) р  (A j -  В (К2-  к , ) Р (A j.

Вписав по формуле (20) выражение p(B[Fl), получим

В (К.

Если

1 r i / i (Fi — 4 " I2 î n ~ 4 (___ F 2 4 1 ,
71 L r 1 Л B ) 1 B B 2 JJ +
1

i b ~
(Fi — 4j12 , F » - 4  jГ . F? — xjt

] +71 l B 1 +  B
arc  s i n ---- F ' 2 J

1 \ \ [  1 _ ( F i + 4 1I2 Ъ  + 4  ir  . F? + 4 - Л ï 1
71 L r { B ! в l B 2 J.J-

F i <  В  +  4  <  Fi ' 
F i <  В -  х° <  Fi

(m =  2, re =  2)

Выполнив алгебраическое сложение, получим 

А а =  К г 4 B( K2 - K t) г]/i A  -  A 2 11/ i А  + Aя ! { в  J 1 У B J
Fi  -  4  . FJ — 4  F» +  4  . F? +  4

- a rc  s m ----- —---------------——  a rc  sinВ В В В I
Необходимо отметить, что точно таким же образом следует поступать и в случае несиммет
ричной статической характеристики.

2. Симметричная статическая характеристика с зоной нечувствительности, участ
ком насыщения (см. рис. 7). На основе (1) и (5) имеем

п-т-З

FrFf-xg
Fi-Fl-xl
Fí-Ffag
FÍ=F2+x°b

А Н i ) - fe(-* ) |] + *2 [*A

“>[ьГ1

)]|
к 2 Г F i - 4 1 /' ï (Fi — 4)2 , F? + 4 Г  1Fi + 4'i2 .
л  L В 1 А 1{ в  ) В \ 1 B  j!

F i-  4  ]( i i( F i - ■4'Г Fi  + 4 1/] X(b\Г- Г
В  \ 1 1i в ;> В l F J!

■ F i — хь Fi +  4 . F?- 4 . F i +  4 1arc s i n -----в -j- arc  sin  —— ---- — arc sm  B — arc sin  B  j
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На основе (Па) получаем

3. Статическая характеристика типа петли гистерезиса с участком насыщения 
(рис. 8).

На основе (1) и (5) имеем

ь =  ~ Г в  t/l(0) + /г (0 ) + /з '(0) + Л < °)] +  Т  [ К к  ( ^ - )  +

т

+

* (* : )+*l
r B
№ . ) ~ k ( * ) ] -

К  1Fi+ 4 1h tF° — 4Y ; Fl - *»l/i (F°2 71 1 В  1 { B 1 + B г  {
4 + d l/l ( 4 + dV 4 —d 1/]L [xb~d \

В Г l B J B " Г1 [ b J
+  arcsin Fl-xl . Fi + 4

-----—------f- a rc  s i n ------—--------1- a rc  sinВ В

оXb
В

0 IXb — d l
l— B ]■
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На основе (II) и (12) получаем

a 0 =  y  [л <°> + Л (°) -  ВКР (“I 7 ) -  ВКР ( ^ г )  +  В КР (*5>) +  ВКР ( ^ г ) ] .

/ .(0 )  = -  к  ( С  -  4 ) ,

/ 2(0) =  K(F« -  С),

Л(0)  + / 2(0) =  К(х°ь +  d)i

X к

*Ь

/3
*b

F*> F<3>

- . - # [  к т ч - m -

-  и
' x f - d y  , -F?+  4  . F » +  41 ! a rc  sinB B

, 4 +  d . 4  + d  F? +  4  . F i  +  4 4  -  d . x ° b - d-|— — —  arc  sin  — — ------ ---------a rc  sm  ^ ---------- - — ^ —  arc  sin
B B B B B B ]■

В данном случае „а” можно очень просто определить по площади петли гистерезиса 
на основе (21)

4c (F°  — с) К  
а ~  л  В1

Из этого примера видно, что при помощи таблиц можно очень просто осуществить 
определение параметров выходного колебания, но после выполнения подстановок можно 
получить также привычные формы в виде формул без каких-либо затруднений и немед
ленно в самом простом виде.

(Становится возможным осуществить интересное сравнение с выводами и полу
ченными результатами для этого же случая, указанными в [1].)

4. Релейная характеристика с петлей гистерезиса, несимметричные колебания 
(рис. 9).

На основе (I) и (5) будет
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подставив на основе (9) выражение для 1(B/F(), получим:

‘- £ [ F ( т Ы 1 - (=̂т+ь - ь - m j
На основе (II) и (12) имеем

‘ . - i M
I О  I о  Ол ~  I  . с +  . . m e  I хь . с — хь

А п =  ——  I a rc  sin — —------ f- a rc  s i n ------—-------- a rc  sin  — —----------a rc  s inн а л  i)
. me — хь

]■
На основе (21) получим

2 e(l -  m )D
п В г
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D E S C R IB IN G  FU N C T IO N S O F  N O N -L IN E A R IT IE S  W IT H  
P IE C E W IS E  L IN E A R  C H A R A C T ER ISTIC S

J . SOMLÓ

SU M M A R Y

T h e  p ap er deals w ith  th e h a rm o n ic lin e a r iz a t io n o f  non -lin earitie s  in  th e  c o m p le te ly  gener
al case. W ith  th e  a id  o f th e  d ed u ced  fo rm ulae  th e  p a ra m e te rs  o f th e  c o n s ta n t  c o m p o n e n t and  
o f th e  f i r s t  h a rm on ic  o f th e  signal ap p ea rin g  on th e  o u tp u t  o f an y  n o n - lin e a r ity  h av in g  a 
piecew ise linear c h a ra c te ris tic  can  be o b ta in ed  u n d e r  th e  a c tio n  of a s ig n a l w ith  a  c o n s tan t 
a n d  h a rm o n ic  co m p onen ts a c tin g  on  th e  in p u t, T h e  re su lts  c an  be go t b y  sim p le  su b s titu tio n s  
e ith e r  in  a n a ly tic  fo rm  (fo rm u lae) or, w ith  th e  a id  o f  ta b le s , in  a nu m erica l fo rm . S ym m etrica l 
o sc illa tio n s  are  a specia l case fo r w hich  th e  c a lcu la tio n s  a re  fu lly  v a lid  (a n d  p ro d u ce  th e  
d esc rib in g  fu n c tio n  th e  n o n -lin ea r c h arac te ris tic ) . F o r  th is  case th e  re su lts  ag ree  w ith  those  of 
a n  ea rlie r  p a p e r o f th e  a u th o r .
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F U N K T IO N E N  F Ü R  D IE  B E S C H R E IB U N G  VO N  N IC H T L IN E A R IT Ä T E N  M IT D U R C H  
G E R A D E N A B S C H N IT T E  A N G E N Ä H E R T E R  K E N N L IN IE

J .  S O M L Ó

Z U SA M M EN FA SSU N G

D ie  A rbeit b e faß t sich  m it  d e r  h a rm o n isch en  L in e a ris ie ru n g  v o n  N ic h tlin e a r itä te n  im  
v o llk o m m e n  allgem einen F a ll. M it  H ilfe  der ab g ele ite ten  F o rm e ln  k ö n n en  fü r eine beliebige 
N ic h t l in e a r i tä t  m it d u rch  G e ra d e n a b sc h n itte  an g en ä h e rte r  s ta tis c h e r  K ennlin ie  die P a ra m e te r  
d e r  k o n s ta n te n  K o m ponen te  u n d  d e r  e rs ten  H arm onischen  d es am  A usgang  — u n te r  d e r W ir
k u n g  d e s  am  E ingang des n ic h t l in e a re n  Gliedes w irk en d en  S ig n a ls  m it k o n s ta n te r  u n d  m it  h a r 
m o n is c h e r  K om ponente  — e rsc h e in e n d e n  Signals b e s t im m t w erd en . Die E rg ebn isse  k ö n n en  
d u r c h  e in fach e  S u b s titu tio n e n  so w o h l in  an a ly tisch er F o rm  (F o rm e ln ) als a u ch  m it H ilfe  von  
T a b e lle n  num erisch  e rh a lte n  w e rd e n . Sym m etrische  S ch w in g u n g en  erscheinen  als S on d erfa ll, 
f ü r  w e lc h e n  die A bleitungen  v o ll g e lte n  (u n d  die n ich tlin e a re  K en n lin ie  b esch re ib en d en  F u n k 
t io n e n  ergeben). F ü r d iesen  F a ll  s t im m e n  die E rgebn isse  m it  d en en  de r frü h e re n  A rb e it  des 
V e rfa s se rs  überein.

F O N C T IO N S  D ÉC R IV A N T D E S  N O N -L IN É A R IT É S  A C A R A C T É R IS T IQ U E  A P P R O C H É E
P A R  D E S  SECTIONS D R O IT E S

J .  S O M L Ó

R ÉSU M É

L ’é tu d e  tra ite  de la  l in é a r is a t io n  h a rm on ique  d es n o n -lin é a rité s  dans le cas le plus 
g é n é ra l.  A  l ’aide des fo rm ules o b te n u e s  on  p eu t calcu ler, d a n s  le cas de n ’im p o rte  quelle  non- 
l in é a r i t é  à  carac té ris tiq u e  s ta t iq u e  ap p ro ch ée  pa r des sec tio n s d ro ite s , la  com posan te  c o n s ta n te  
e t  le s  p a ra m è tre s  de la  p re m iè re  h a rm o n iq u e  du  signal p é rio d iq u e , signal q u i a p p a ra ît  à la 
s o r t ie  so u s  l’action  du  signal à  c o m p o sa n te s  co n stan te  e t  h a rm o n iq u e , ag issan t à  l ’en tré e . Les 
r é s u l t a t s  p eu v en t ê tre  o b te n u s  p a r  sim ples su b s titu tio n s , so it  sous u n e  form e a n a ly tiq u e  (fo r
m u le s ) , so it  sous form e n u m é r iq u e , à  l ’aide  de tab le au x . L es o sc illa tions sy m é triq u es f ig u re n t 
c o m m e  u n  cas p a rticu lier, p o u r  le q u e l  les calculs so n t p le in e m e n t va lab les  (e t d o n n e n t la  fo n c
t io n  d é c r iv a n t  la ca ra c té ris tiq u e  n o n -lin éa ire ). P o u r ce cas , les r é s u lta ts  co n corden t av ec  ceux  
d ’u n  t r a v a i l  an té rieu r de l ’a u te u r .
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EFFECT OF NEUTRAL LOOSENING OF A 120 KV 
NETWORK UPON TH E  OVERVOLTAGE PROTECTION OF
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T he H u n g a rian  120 kV  sy s te m  is an  e ffec tive ly  e a r th e d  one. T h e  ra p id  ex te n sio n  of th e  
in te rco n n e c te d  sy s te m  h as led  to  a  su d d e n  rise in  th e  sh o rt-c irc u it p ow er an d  h as in  som e places 
n e ce ss ita te d  th e  re d u c tio n  o f th e  e a r th - fa u lt  cu rre n ts . F o r th is  a im  a  p ra c tic a b le  so lu tio n  is, 
am o n g  o th e rs , th e  loosen ing  of th e  n e u tra l  e a rth in g , w hen  on  d isco n n ec tin g  th e  e a r th in g  of a 
p a r t  o f th e  tran s fo rm e rs  th e  n e u tra l  is le ft iso la ted  or e a r th e d  th ro u g h  a  re a c to r , w hile  th e  o th e r 
tran s fo rm e rs  o f th e  sy s te m  a re  w o rk in g  fu r th e r  w ith  a d ire c tly  e a r th e d  n e u tra l.  B y  a  su itab le  
se lec tion  of th e  re ac ta n c es  i t  m a y  be assu red , th a t  th e  n e tw o rk  sh o u ld  fu r th e r  re m a in  effec tive ly  
e a r th e d ; in  case o f a  p h a se -to -e a r th  fa u lt  th e  vo ltag e  to  e a r th  o f th e  so u n d  ph ases does n o t  rise  
to  a  h ig h er v a lu e  th a n  80%  of th e  p h ase -to -p h ase  vo ltag e . A s a  consequence o f o ffse ttin g  th e  
d irec t e a rth in g , th e  n e u tra l  v o lta g e  rises w ith  re sp ec t to  th e  e a r th  in  c e r ta in  cases. I n  th e  in te r 
e s t o f o p e ra tio n a l sa fe ty  i t  h a d  to  be  exam in ed , w h a t th e  e ffec t o f th e  e lec trica l s tre sses up o n  
th e  in su la tio n  is a n d  b y  w h a t  k in d s  o f  o v erv o ltag e  p ro te c tin g  m easu res could  th ese  be  lim ited  
to  a  reaso n ab le  v a lue .

I. The perm issib le  stresses o f th e  n e u tra l  in su la tio n

T he H u n g a ria n  120 kV  tra n sfo rm e rs  a re  p ro d u c e d  w ith  a g ra d e d  in su la 
tio n  to w ard s  th e  n e u tra l. D im ension ing  o f th e  in su la te d  to  e a r th  o f  th e  t r a n s 
fo rm er w ind ing  in  th e  n e u tra l  is d e te rm in ed  b y  th e  fa c t, th a t  to  som e t r a n s 
fo rm ers a re g u la tin g  tra n s fo rm e r  is connec ted . In  th is  case 66 kV  pow er fre 
q u en cy  w ith s ta n d  v o ltag e  is p rescrib ed  b y  th e  H u n g a ria n  s ta n d a rd  [1], a 
s im ila r va lu e  follow s from  th e  co rrespond ing  IE C  reco m m en d a tio n . F o r  th e  
sam e w ith s ta n d  v o ltag e  a re  rea lized  th e  re g u la tin g  tra n s fo rm e r  a n d  th e  n e u tra l  
re a c to r , too .

R eg ard in g  th e  n e u tra l  an d  th e  ob jec ts  co n n ec ted  to  i t ,  n e ith e r  o p era tin g , 
n o r ra te d  v o ltag e  can  be  in d ic a te d . T he p erm issib le  s tresses can be  e s tim a te d  
on ly  on th e  basis  o f th e  w ith s ta n d  vo ltage .

U n d e r n o rm a l o p e ra tio n a l cond itions th e  s tre ss  o f  th e  n e u tra l  is n o t 
considerab le , th e  s tresses en d an g erin g  th e  in su la tio n  m a y  arise in  case o f in te r 
n a l a n d  a tm o sp h e rica l o v e rv o ltag es . In  case of in te rn a l  o v erv o ltag es  i t  m ay  
genera lly  be assu red  th a t  even  th e  h ig h est s tre ss  a ris in g  shou ld  n o t exceed 
th e  c rest v a lu e  o f  th e  50-cycle w ith s ta n d  v o ltag e . T h e  e x te n t  o f loosening  is 
o ften  lim ited  ju s t  b y  th is  re q u ire m e n t. If, e .g ., in  v iew  o f th e  D .C . co m p o n en t, 
30 kV r_ m- s is p e rm itte d  fo r th e  v o ltag e  rise in  th e  n e u tra l  caused  b y  th e  su b 
tra n s ie n t  a.c . co m p o n en t o f  th e  sing le-phase  e a r th - fa u lt  c u rre n t, th is  v o ltag e
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o f te n  ap p e a rs  a t a sm a lle r  X 0I X 1 p ro p o rtio n  th a n  X J X 1 =  3 [2], w hich  is 
th e  l im i t  o f th e  sy s tem  e ffec tiv e  e a rth in g .

T h e  m ost u n fa v o u ra b le  stresses for th e  n e u tra l  can  arise  in  case of a tm o s
p h e r ic  overvoltages. F o r  th e  n e u tra l  an d  th e  e lem en ts  co n n ec ted  to  i t ,  no  im 
p u ls e - te s t  is p rescribed . T h e  perm issib le  stress  m ay  be  e s tim a te d  b y  in te rp o la t
in g  th e  u su a l w ith s ta n d  v o lta g e s , th e  va lu e  ca lc u la ted  acco rd in g  to  T ab le  I is 
162 k V .

Table I

Power-frequency and im pulse test voltages

Un r a te d  v o lt-  
age, k V r .m .B.

U[ 60 p o w er fre 
q u e n c y  te s t  v o lt

ag e , k V r .m>s.

Ut imp im p u lse  
t e s t  v o ltag e , 

kVpeak
impWt s®

20 50 125 2,5

neutral 66 1 6 2 2,45

30 70 170 2,43

35 80 190 2,37

F o r  th e  m ain in s u la tio n  o f 120 kV tra n sfo rm e rs  an  im pulse  te s t  o f 520 kV 
is p re sc r ib e d  b y  th e  c o -o rd in a tio n  s ta n d a rd . C on seq u en tly , i t  is to  be assu red  
t h a t  u n d e r  th e  effect o f  a n  im p u lse  v o ltag e  o f 520 kV  a rr iv in g  to  th e  120 kV 
te rm in a ls ,  no crest v o lta g e  ex ceed in g  162 kV , i.e . 31%  o f th e  in co m in g  surge 
sh o u ld  a p p ea r in th e  n e u tra l .

T h e  stress of th e  tu r n  in su la tio n  g rea tly  dep en d s on th e  r a te  o f  rise  o f su r
ges. U n d e r  th e  effect o f  su rg es  w ith  a 1/50 w av esh ap e , ap p ea rin g  a t  th e  120 kV 
te rm in a ls ,  voltage o sc illa tio n s  a p p e a r  in  th e  u n d ire c tly  e a r th e d  n e u tra l , of 
w h ic h  th e  ra te  of rise is 1 o r  2 o rders of m a g n itu d e  sm aller th a n  t h a t  o f th e  
f r o n t  o f  th e  incom ing su rg e . T h u s , n e ith e r  th e  in su la tio n  of th e  tra n s fo rm e r 
n o r  t h a t  of the  re a c to r  is ex p o sed  to  danger.

II. Determ ination o f  the overvoltage stress o f the neutral

F ro m  th e  p o in t o f v ie w  of te s ts  th e  fo llow ing co m b in a tio n s  m a y  be  m et
w ith :

a )  The n eu tra l o f th e  m ain  tra n sfo rm e rs  is e a r th e d ;
b)  th e  n eu tra l o f  th e  m a in  tra n sfo rm e rs  is iso la ted ;
c)  th e  n eu tra l o f th e  m a in  tra n sfo rm e rs  is e a r th e d  th ro u g h  a re a c to r ;
d )  a regu lating  tra n s fo rm e r , th e  n e u tra l  o f w h ich  is e a r th e d , is co n n ec ted  

to  the  m ain  tr a n s fo rm e r ;
e )  a regu la ting  tr a n s fo rm e r  is jo in ed  to  th e  m a in  tra n s fo rm e r, th e  n e u tra l 

o f which is e a r th e d  th ro u g h  a re a c to r;
f )  a num ber o f tra n s fo rm e rs  are  e a r th e d  th ro u g h  a com m on re a c to r .
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A ccord ing  to  m ore  d e ta iled  te s ts , th e  secondary-side  lo ad in g  [3] o f  th e  
m ain  tra n s fo rm e r  a n d  th e  position  o f th e  re g u la tin g  tran sfo rm er [4] do n o t 
in fluence  th e  s tre ss  o f  th e  n e u tra l, so th e se  q u e s tio n s  m ay be n e g le c te d  in  th e  
follow ing.

D e te rm in a tio n  o f  th e  co m p e ten t s tre sse s  h as  p a rtly  b een  rea lized  by  
m easu rem en ts  a n d  p a r t ly  b y  ca lcu la tio n s.

1. M easurem ent o f  the stresses

T he m e a su re m e n ts  h av e  been c a rrie d  o u t  w ith  d ifferen t c irc u its  on a 
n u m b er o f s ta tio n s . T h e  surge en te rin g  th e  s ta t io n  was fu rn ished  w ith  a low- 
v o ltag e , r e p e tit iv e  su rge  gen era to r. A cco rd in g  to  p re lim inary  te s ts ,  th e  d is tr i
b u tio n  o f th e  o v erv o ltag es  is, from  a p ra c tic a l  p o in t of view , th e  sam e  b o th  
a t  h igh a n d  low  v o lta g e . M agnitude an d  fo rm  o f th e  arising v o lta g e s  w ere re 
corded  b y  a c a th o d e -ra y  oscillograph. T he tra n s fo rm e rs , n e u tra l re g u la to rs  and  
reac to rs  w ere m a n u fa c tu re d  in  th e  G anz E le c tr ic a l Facto ries. A cco rd in g  to  
th e  m easu rem en ts  th e  reac to rs  for th e  o v e rv o lta g e  d is trib u tio n  te s ts  can  be 
rep laced  b y  a c o n c e n tra te d  in d u c tiv ity  o f sm a ll res is tan ce  [3], th u s  i t  cou ld  be 
te s te d  how  th e  s tre sses  a re  in fluenced  b y  th e  m ag n itu d e  of in d u c tiv i ty .

T he lo w -v o ltag e  m easu rem en ts  h av e  a lso  m ad e  i t  possible to  e x a m in e  how  
th e  lim itin g  e lem en ts  co nnec ted  to  th e  n e u tr a l  (resistance, c a p a c ito r , lig h tn in g  
a rres te r) in flu en ce  th e  re la tio n s. T hese e le m e n ts  could be a ssem b led  o f  low- 
v o ltage  im p ed an ces  a n d  e lectron ic  c irc u its , respective ly .

Som e e x a m in e d  c ircu its  are show n in  F ig . 1. The surge g e n e ra to r  was 
connected  to  th e  120 kV  te rm in a ls  to  w h ich  th e  im pulse was ap p lie d . T h e  n o t 
exam ined  120 kV  te rm in a ls  were e a r th e d  th ro u g h  a 500 O hm , in d u c tiv e -fre e  
resis tan ce  rep lac in g  th e  surge im pedance  o f  th e  overhead lines.

Som e ty p ic a l o sc illa tions occurring  fo rm e d  in  th e  n e u tra l m a y  b e  seen 
in  F igs 2 a n d  3.

2. Calculation o f  the stresses

T he s tre ss  o f th e  n e u tra l d esig n a tin g  th e  tran sfo rm er im p e d a n c e  b y  
Z t(p) w hile th e  r e s u l ta n t  im pedance b e tw e e n  th e  n eu tra l an d  th e  e a r th  b y  
Z n{p) is

U n ( p )
Z n (P )

Z l ( p )  +  Z r , ( p )

U i n  ( p )  volt. ( 1 )

T he incom ing  su rge  m a y  be  expressed  b y  th e  re la tio n

u jn =  U 0 (e at — e bt) v o lt (2 )
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w h e re  a  a n d  b are c o n s ta n ts  d ep en d in g  on th e  w a v e sh a p e . A ccording to  d e ta ile d  
c a lc u la tio n s  [5] th e  sh ap e  a n d  m agn itu d e  o f th e  surges to  be c a lc u la te d  by  
E q u . (1) an d  (2) are in  good  acco rdance  w ith  th e  m easu rem en t re su lts  i f  th e  
t r a n s fo rm e r  is rep laced  b y  a n  in d u c tiv e  im p e d a n c e  Z t(p) =  p L t . T h e  e x p re s 
s io n s  so o b ta in ed  m ay be s im p lified  b y  ta k in g  in to  a c c o u n t the  orders o f  m a g n i
tu d e s  m e t  w ith  in th e  p ra c tic e  [5] and  th e  n e u tr a l  v o ltag e  m ay be a p p ro a c h e d  
b y  th e  re la tio n

un сы. U 0 ------- ----- (e~at — cos cot) v o lt. (3)
L t +  L r

F ig . 1 . C ircu it d iagram  o f th e  m ea su re m e n ts ; a w ith o u t a  n e u tr a l  regu la to r, b w ith  n e u tr a l
reg u la to r
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T h e  an g u la r freq u en cy  со depends, besides th e  in d u c tiv ity  L h also on th e  v alue  
o f th e  in d u c tiv ity  L r a n d  c a p ac ity  C be tw een  n e u tra l  an d  e a r th  (L r is g en era lly  
th e  in d u c tiv ity  o f th e  reac to r)

~ Y L , L r/(L t +  L r ) C

T h e va lu es  u,- an d  со,-, ch a rac te ris tic  o f th e  iso la te d  n e u tra l  m ay  he o b ta in e d  
from  E q u . (3) an d  (4) b y  a su b s titu tio n  L r =  oo. As in  th e  p rac tice  th e  fo rm a-

S

Unmax /U in  m ax •0,525

A y v -  A / V
Ureg m a x/U 'm , ■0,538

a )  b)
F ig . 2. V o ltage  of th e  n e u tra l  a n d  of th e  re g u la to r te rm in a ls  in  case o f a n e u tra l  e a r th e d  th ro u g h  

a re ac to r  (Lr =  24,3 m H ); a n e u tra l (m ark e r: 10 /is), 6 re g u la to r te rm in a ls

F ig . 3. V o ltage  o f th e  n e u tra l  a n d  of th e  re g u la to r  te rm in a ls  in  case o f  a n  iso la ted  n e u tra l  
(L r =  o o ) ;  a n e u tra l  (m ark e r: 10 /is ), 6 re g u la to r  te rm in a ls

tio n  o f th e  c rest v a lu es  is n o t considerab ly  in flu en ced  b y  th e  d ev ia tio n  b e tw een  
со a n d  со,-, for th e  c re s t va lues th e  re la tio n

U n max
L r

L t +  L ,
U i  max v o l t (5)

m ay  be deduced  from  E q u . (3) [5]. B y  E q u . (5) a re la tio n  is e s tab lish ed  b e tw een  
th e  stress c rest v a lu e  U nmax of th e  n e u tra l  e a r th e d  th ro u g h  a re a c to r  o f  an  
in d u c tiv ity  L r a n d  th e  m ax im u m  v a lu e  l / / max of th e  iso la ted  n e u tra l  s tre ss , 
th e  re la tio n  b e ing  g re a tly  su p p o rted  b y  ex p e rim en ts .

T he in d u c ta n c e  rep lac ing  th e  tra n s fo rm e r  m ay  be  ca lcu la ted  fro m  th e  
zero-sequence re a c ta n ce  o f th e  p rim a ry  w in d in g . W ith  tra n sfo rm e rs  o f Y / d
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c o n n e c tio n , th is  va lu e  is h a lf  o f th e  r e s u l ta n t  leak ag e  reac tan ce . T he in d u c ta n c e  
b y  p h a se s  of th e  p rim a ry  w in d in g  w ill be

L г 1
2 2 л /

L e U n
2 2 n f P n

h en ry , ( 6)

w h e re  e is th e  drop  in  re la tiv e  u n its , f  f re q u e n c y  (50 H z), Un r a te d  v o ltag e  
in  k V , a n d  P n no m in a l МУА ra tin g . W ith  single-pole surges L, =  L ±, in  case 
o f  2 -, re sp . 3-pole surges, tw o , resp . th re e  poles a re  para lle lly  co n n ec ted , a t  
th is  e v e n t  L t =  L J 2 an d  L t =  L J 3, re sp ec tiv e ly . I f  a reg u la tin g  tra n s fo rm e l 
is c o n n e c te d  to  th e  tra n s fo rm e r  o f ß  re la tiv e  re g u la tio n  as a m a x im u m , 
in s te a d  o f  L , ,  th e  re s u lta n t in d u c tiv i ty  L res o f th e  tw o  tran sfo rm ers  a re  to  be 
s u b s t i tu te d  in  th e  fo rm u la , w here

L r t s  =  M 1 +  ß) h e n ry , (7)

a s s u m in g  t h a t  th e  p e rcen tag e  d ro p  o f th e  re g u la tin g  a n d  th e  m ain  tra n s fo rm e r  
a re  e q u a l. T he expressions are  also v a lid  fo r th e  case of m an y  tra n sfo rm e rs  
p a ra l le l ly  co nnec ted  an d  th e ir  n e u tra ls  in te rc o n n e c ted  [4].

T h e  in d u c tiv ity  L r f ig u rin g  in  th e  fo rm u las  is th a t  of th e  sh o rt-c irc u it 
l im it in g  re a c to r , in  case o f iso la te d  n e u tra l  L r =  oo. T he cap ac itan ce  C is th e  
e q u iv a le n t  cap ac itan ce  to  e a r th  of th e  tra n s fo rm e r n e u tra l, to  w hich th e  o th e r  
c a p a c ita n c e s  possib ly  co n n ec ted  b e tw een  th e  n e u tra l  an d  th e  e a r th  a re  to  be 
a d d e d .

T h e  iso la ted  n e u tra l  m a x im u m  s tre ss  w ill he, ex p an d in g  fo rm u la  (3) 
a p p ro x im a te ly

U it 1,02 Uj
GO: 2 I GO

( 8 )

w h e re  t u ^ l / j / x ^  C an d  w ith  th e  h a lf  tim e  T h o f th e  incom ing  w ave a = 0 ,6 9 3 /T ft.

I I I . Stress o f  th e  u n p ro tec ted  n e u tra l

T h e  v o ltag e  in  th e  n e u tra l  dep en d s on th e  n u m b e r of p h ase -co n d u c to rs  
th e  o v e rv o lta g e  is en te rin g  th ro u g h , co rresp o n d in g ly , single-, tw o-, a n d  th re e -  
p o le  su rg es  m a y  be d is tin g u ish ed . T h e  h ig h e s t s tresses arise w ith  th re e -p o le  
su rg e ; in  case of tw o-pole a n d  single-pole stresses sm aller vo ltages arise , a c c o rd 
in g  to  th e  c ircu m stan ce , if  in  fo rm u la  (5) L J 3, L J 2, resp ec tiv e ly  L i is fig u rin g  
a t  th e  p lace  o f L t an d  th e  in d u c tiv i ty  L r is sh u n te d  b y  th e  in d u c tiv ity  L v  re s 
p e c tiv e ly  L J 2 o f th e  phases to  w hich  no im pu lse  w as app lied  [4]. T he p ro b a b ili ty  
o f  e n te r in g  s im u ltan eo u sly  a ll th e  th re e  120 kV  p h ase  conducto rs a t  h ig h  o v e r
v o lta g e  v a lu e , is sm all. N ev erth e less , in  th e  in te re s t  o f th e  in su la tio n s o p e ra tio n -
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al sa fe ty , th e  m o st u n fav o u rab le  th ree -p o le  su rges are  to  be co n sid e red  as 
decisive.

In  som e a rra n g e m en ts  of F ig . 4 th e  m ax im al stresses arising  in  th e  n e u tra l  
a re  show n , in  fu n c tio n  o f th e  in d u c ta n c e  an d  re ac tan ce , re sp ec tiv e ly , o f  th e  
n e u tra l , in  case o f a th ree-p o le  su rge . A ccord ing  to  th e  figure, th e  re su lts  cal-

F i g .  4 .  Stress of the neutral in case of a three-pole surge
a )  60 MVA, 132/10,5 kV transformer, fe] =  8,35%, - - - calculated values, -(- measured values;
b) 24 MVA, 120/11 kV transformer, e =  10,5%, - - - calculated values, X measured values;
c )  24 MVA, 120/11 kV transformer, series neutral regulator of e =  8% and ß =  ± 15% , -  • -

calculated values, Q  measured values

c u la te d  b y  th e  a id  o f fo rm ula  (5) a n d  th e  m easu rem en t-resu lts  a re  in  a good 
acco rdance .

A sim ila r good acco rdance  m a y  be  m et w ith  also in  case o f sing le- a n d  
tw o-po le  im pulses. T he h ig h es t v o lta g e  in th e  iso la ted  n e u tra l is 1/3 a n d  2/3, 
re sp ec tiv e ly , of th e  th ree-po le  s tre ss .

As p e r  F ig . 4 , if  th e  in d u c tiv ity  o f th e  n e u tra l  reac to r exceeds a c e r ta in  
va lu e  L rkT, th e n  th e  stress o f  th e  n e u tra l  exceeds th e  u p p e r lim it Unperm = 3 1 % ,  
p rescrib ed  in  c lause 1. W ith  a th ree -p o le  surge th is  lim it value is, tra n s fo rm in g  
F o rm u la  (5)

L  - Ь ." r  kr3 »
U n  p e r m ,

^ 1 n p 'erm /^i max)
(9)
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w hile  w ith  sing le-pole su rges

L r kr 1 —  ^ 1
u,n perm,J U r ,

1 3(U n perm/Ui max)
( 1 0 )

F o r  th e  cases show n in  F ig . 4 th e  c o rre sp o n d in g  values are su m m arized  in  
T a b le  I I .

Table II
T h e  n e u t r a l  r e a c to r s  c o r r e s p o n d in g  to  th e  p e r m i s s i b l e  s tr e s s

A r r a n g e m e n t L rkr  3. mHy Xr kr 3* O h m t-r lc r i ,  m H y X rfo -  l .  O h m

a 2 ,1 6 0,68 11,6 3,66

b 6,1 1,92 46 14,5

C 10,35 3,25 104 32,8

I f  th e  n e u tra l o f  m a n y  transfo rm ers is e a r th e d  th ro u g h  a com m on reac to r , 
th e  s tre ss  of th e  n e u tra l  increases. In  case o f  th e  sam e tran sfo rm ers  o f n u m b er 
re, in s te a d  of L t th e  v a lu e  L,/re m ust be s u b s t i tu te d  in  F o rm ida  5, w hereas th e  
c ritic a l in d u c tiv ity  w ill in  case of th ree -p o le  im p u lses  he

L r kr 3 n
L r kr 3

П
( П )

I f  we also h a v e  a re g u la to r  in th e  n e u tra l ,  th e  stress betw een  th e  re g u la to r  
te rm in a ls  an d  th e  e a r th  is b y  some p e rcen ts  h ig h e r  th a n  th a t  a ris in g  a t  th e  
re a c to r  te rm in a ls .

IV. Lim itation of the neutral stress

A ccording to  th e  afo resa id , as a co n seq u en ce  o f loosening th e  n e u tra l  
e a r th in g , on th e  e ffec t o f a tm ospheric  o v e rv o lta g e s , stresses end an g erin g  th e  
n e u tra l  in su la tio n  m a y  a rise . To avoid d is tu rb a n c e s , th e  stresses m u st be reduced  
to  below  31%  of th e  tra n s fo rm e r im pu lse  w ith s ta n d  vo ltage . F o r  th is  aim  
m a n y  conceptions o u tlin e d  below  have com e u p :

1. In d u c tiv ity  reduction  o f  the reactor

I f  th e  in d u c tiv i ty  o f  th e  reac to r is sm a lle r  th a n  th e  value as p e r  F o rm u la  
(9) a n d  (11), u n d e r  n o  c ircum stances do h ig h e r  stresses arise th a n  th e  p erm is
sib le  ones. I f  th e re  is a p o ss ib ility  to  use a re a c to r  sm aller th a n  th is  no  special
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o v e rv o ltag e  p ro te c tin g  m easu res  are necessary . U n fo rtu n a te ly , th is  is n o t  o ften  
a feasib le  a rra n g e m en t, in  m o st cases rea c ta n ce s  o f  ab o u t 104-20  O hm  are 
n eed ed  fo r reducing  th e  sh o rt-c irc u it c u rren t to  a su ita b le  v a lu e  [2 ], th is  being 
m u ch  h ig h er th a n  th e  v a lu e s  included  as an  ex am p le  in  T ab le  I I .

2. Reactors app lied  by phases

T h e stresses m a y  h e  red u ced  som ew hat i f  th e  n e u tra l  is d is jo in ed  an d  a 
se p a ra te  reac to r  is in se r te d  to  each phase (F ig . 5a). In  case o f e q u a l short- 
c irc u it lim ita tio n s , to  each  p h ase  a re a c to r  o f  th e  sam e m a g n itu d e  m u s t be 
co n n ec ted , as be tw een  th e  jo in t  n e u tra l an d  th e  e a r th , n ev erth e less , in  case

F i g .  5 .

a )  b )  c )  d )

Possibilities of reducing the neutral stress; a  reactors by phases, b parallel resistance, 
c parallel capacitor, d  lightning arrester

o f a  th ree-po le  o v erv o ltag e  th e  h ighest v o ltag e  b e tw een  th e  te rm in a l a n d  th e  
e a r th  co rresponds to  th e  s tre ss  of a n e u tra l re a c to r  o f  a th ird  va lue . T h e  desired  
s tre ss  red u c tio n  m ay  so m etim es he assured  in  th is  w ay , h u t  its  ap p lic a tio n  in 
p ra c tic e  is o u t of q u es tio n , as th ree  reac to rs  a re  to o  expensive an d  th e y  m u st 
h e  d im ensioned  fo r a c o n s ta n t  w orking load .

3. E ffect o f  a resistance parallel to the reactor

T he stress o f th e  n e u tra l  is reduced  w hen  a re s is tan ce  p a ra lle l to  th e  
n e u tra l  is in se rted  (F ig . 5b). T he redu c tio n  becom es effective a t  a b o u t some 
h u n d re d  ohm s (F ig . 6 ). T h e  resistance  is to  b e  d im ensioned  fo r h ig h  sho rt- 
c irc u it stresses an d  fo r a h ig h  th e rm a l load , w h ich  ra ises prob lem s d ifficu lt to  
e lim in a te .

4. Role o f  the capacitor parallel to the reactor

T h e stress is also re d u c e d  b y  a cap ac ito r p a ra lle l to  th e  re a c to r  (F ig . 5c), 
a su ita b le  red u c tio n  m a y  b e  achieved , how ever, b y  such a g re a t c ap ac ito r  
(F ig . 7) w hich c a n n o t b e  rea lized  in p rac tice .
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5 . A pp lica tion  o f  a lig h tn in g  arrester in  the neutral

T h e m ost effective and  econom ic w ay o f neutral overvoltage protection  
is th e  u se  of a lightning arrester (F ig. 5d). The characteristic values o f  th e  lig h t
n in g  arrester types to  be ta k en  to  consideration are shown in Table III .

Table III
S p a r k o v e r  v o l ta g e s  o f  l ig h tn in g  a r r e s t e r s

R a te d
v o l ta g e ,
k V r.m .s.

P r o t e c t i o n
l e v e l ,

k V p e a k

M in im u m  50  H z  s p a r k o v e r v o l ta g e

k V r>m.g., a s  p e r  I E C k V r.m .8 . a s  p e rM S Z

35 132 60,5 (85,5) 87,5 (124)
30 116 52 (73,5) 75 (106)
20 86 34,5 (48,8) 50 (71)

W h en  choosing the su itab le ligh tn ing  arrester, care m ust be taken , on th e  one 
h a n d , th a t  their protection  lev e l should be low er than the perm itted  stress. 
On th e  other hand, it  m u st be assured th at th e y  should not spark over at

F ig .  6 . Effect of a parallel resistance upon the neutral stress
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overv o ltag es  of in te rn a l o rig in , i.e. th e  c re s t o f  th e  in te rn a l o v erv o ltag es  should  
n o t exceed  th a t  o f th e  50 H z sp a rk o v e r v o lta g e  (values in b ra c k e ts  o f th e  
T able).

F o r  e s tim a tin g  th e  h ig h es t in te rn a l o v erv o ltag e , th e  1 ,8 .|/2  =  2,54- 
tim es v a lu e  of th e  a lte rn a tiv e  co m ponen t o f th e  su b tra n s ie n t n e u tr a l  v o ltag e  
arising  w ith  sing le-phase sh o rt-c irc u it to  e a r th  can  be assum ed as a n  a p p ro x im a 
tio n . T h e  v o ltage  in  th e  n e u tra l  m ay  be d e te rm in e d  m ore e x a c tly  b y  a m odel- 
m easu rem en t to g e th e r  w ith  a te s t  for d e te rm in in g  th e  n ecessary  m easu re  of

F i g .  7. Effect of a parallel capacitance upon the neutral stress. Three-pole stresses, layout as
per “a” , measured values

sh o rt-c irc u it lim ita tio n . In  lack  of a c cu ra te  d a ta ,  accord ing  to  th e  a fo resa id , 
for th e  n e u tra l  v o ltag e  a v a lu e  o f a b o u t 33,5 kV  is allow ed w ith  a 35 kV  lig h t
n ing  a r re s te r , ab o u t 29 kV  w ith  a 30 kV lig h tn in g  a rre s te r . To p ro te c t th e  n e u tra l , 
ap p lica tio n  o f a special lig h tn in g  a rre s te r  is p ra c tic a b le , w hich h as  a h ig h  resid 
ual v o ltag e . In  t h a t  case th e  re la tiv e ly  sm all im pulse c u rre n t flo w in g  a fte r  
th e  sp a rk o v e r does n o t cause  an  a b ru p t v o lta g e  collapse betw een  th e  sp a rk o v e r  
v o ltag e  a n d  th e  re s id u a l vo ltage .

A p p ly ing  a n e u tra l  series reg u la to r, i t  is n o t  su ffic ien t to  a s su re  th e  p ro 
te c tio n  o f  th e  n e u tra l, b u t  also th e  stresses a ris in g  a t  th e  re g u la to r  te rm in a ls  
shou ld  i f  possible be red u ced . T h eo re tica lly , th e  lig h tn ing  a r re s te rs  m a y  be 
a d o p te d  in  tw o w ays (F ig . 8 ). W ith  th e  la y o u t show n in Fig. 8a , th e  stresses 
are  red u ced  only in  th e  n e u tra l , th e  effect is fa r  less in tense  on th e  re g u la to r

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



344 GY. VAJDA and S. CSIDA

U I/ W U  V  IV

F i g .  8 .  Overvoltage protection in case of a neutralregulator; a  lightning arrester at the neutral, 
b lightning arresters at the regulator terminals

te r m in a ls .  The results o f a m e a su re m e n t acco rd ing  to  c on Fig. 4 a 35 kV  l ig h t
n in g  a r re s te r  model w ith  t h e  a rran g em en t a re  su m m arized  in  T ab le  4.

Table IV

S tr e s s e s  i n  c a s e  o f  a  3 5  k V  l i g h t n i n g  a r r e s t e r  
( T h r e e - p o le  s u r g e s - ,  la y o u t  “c” o n  F i g .  4 ;  L r =  41,8 m i l y )

M a x im u m  s t r e s s ,  k V p ea i£

C o n n e c t io n  o f  t h e  
l i g h t n i n g  a r r e s t e r s

in  t h e  n e u t r a l
a t  t h e  r e g u l a to r  

t e r m i n a l s

Fig. 8a 132 175
Fig. 8b 125 132

C o n se q u e n tly , when ch o o sin g  a ligh tn ing  a r re s te r ,  besides th e  above sa id  i t  
m u s t  b e  assured th a t  th e  s tr e s s  should n o t ex ceed  th e  perm issib le v a lu e  a t  
a n y  o f  th e  critical p o in ts .
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DER EINFLUSS DER LOCKERUNG DES STERNPUNKTS DES 120 kV-NETZES AUF
d e n  Ub e r s p a n n u n g s s c h u t z  d e r  Tr a n s f o r m a t o r e n

G Y . V A J D A  u n d  S . C S ID A  .

ZUSAMMENFASSUNG

Der Erdschlußstrom des ungarischen 120 kV-Netzes wird durch Lockerung des Stern
punkts des früher starr geerdeten Systems begrenzt. Im Zusammenhang hiermit untersuchen 
die Verfasser die Überspannungsbeanspruchungen im über Drosselspulen geerdeten bzw. 
isoliert belassenen Sternpunkt und die Möglichkeiten für deren Herabsetzung. Nach Bestim
mung der elektrischen Festigkeit der Sternpunktsisolationen werden die Ergebnisse der Nieder
spannungsmessungen und der Berechnungen mitgeteilt. Bei der theoretischen Untersuchung 
der Vorgänge ergaben sich einige einfache Formeln für die Beanspruchung des Sternpunkts, 
welche von den Versuchsergebnissen voll bestätigt worden sind. Mit Hilfe des Berechnungs
verfahrens kann entschieden werden, ob im gegebenen Fall eine Begrenzung der Beanspruchung 
nötig ist. In den meisten praktischen Fällen können unter der Einwirkung von atmosphärischen 
Überspannungen Beanspruchungen auftreten, welche die Isolation des Sternpunktes bzw. des 
Sternpunkt-Reihen-Regeltransformators gefährden. Die Verfasser geben einen Überblick über 
die Methoden für die Herabsetzung der Sternpunktbeanspruchung und veröffentlichen die 
Ergebnisse der Messungen, welche sie zur quantitativen Bestimmung der begrenzenden Wir
kung der einzelnen Elemente durchgeführt haben. Auf Grund dieser Untersuchungen empfehlen 
sie für den Schutz des Sternpunkts die Anwendung von Überspannungsableitern, was vom 
technischen und wirtschaftlichen Standpunkt aus gleicherweise eine entsprechende Lösung 
ist. Die für die Auswahl und die Anwendung des Überspannungsableiters maßgebenden Ge
sichtspunkte werden besprochen.

L’EFFET DU RELÂCHEMENT DU POINT NEUTRE DU RÉSEAU DE 120 kV SUR LA 
PROTECTION CONTRE LES SURTENSIONS DES TRANSFORMATEURS

G Y . V A J D A  e t  S . C S ID A

RÉSUMÉ

Le courant de court-circuit à la terre du réseau hongrois de 120 kV est limité par relâ
chement du point neutre du système, au lieu de la mise à la terre rigide employée par le passé. 
Les auteurs examinent les contraintes de surtension dans le point neutre des transformateurs 
mis à la terre à travers des bobines d’induction ou laissés isolés, ainsi que les possibilités de 
réduire ces contraintes. Après détermination de la rigidité diélectrique des isolations des points 
neutres, ils communiquent les résultats des mesures à basse tension et des calculs. Par l’exa
men théorique des phénomènes, ils ont obtenu quelques formules simples pour le calcul des 
contraintes au point neutre, formules pleinement confirmées par les résultats des mesures. 
En utilisant la méthode de calcul, on peut savoir s’il est nécessaire de limiter les contraintes 
dans un cas donné. Dans la plupart des cas pratiques, une contrainte mettant en danger 
l’isolement du point neutre ou du transformateur de réglage en série de ce dernier peut être 
engendrée par les surtensions atmosphériques. Les auteurs passent en revue les méthodes de 
réduction des contraintes. Ils donnent les résultats de leurs mesures faites en vue de déterminer 
l’effet quantitatif des éléments de limitation. Sur la base de ces examens, ils recommandent 
l’utilisation de para-surtensions pour la protection du point neutre, solution satisfaisante du 
double point de vue technique et économique. L’examen des points de vue devant prévaloir 
lors de la sélection et de l’emploi des parasurtensions termine l’étude.
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ВЛИЯНИЕ ОСЛАБЛЕНИЯ НЕЙТРАЛИ 120 KB-HOPl СЕТИ НА ЗАЩИТУ 
ТРАНСФОРМАТОРОВ ОТ ПЕРЕНАПРЯЖЕНИЙ

Д .  В А Й Д А  и  Ш .  М И Д А

РЕЗЮМЕ

Ток замыкания на землю венгерской 120 кв-ной сети ограничивается ослаблением 
нейтрали ранее жестко заземленной системы. Авторы в связи со сказанным выше иссле
довали нагрузки по перенапряжениям, возникающие на нейтрали, заземленные через 
реакторы трансформаторов или ж е оставленные изолированными, и возможности сни
жение этих нагрузок. После определения электрической прочности изоляций на нейт
рали описываются результаты измерений при низких напряжениях и результаты рас
четов. При помощи теоретического исследования явлений для расчета нагрузки нейтрали 
получено несколько простых формул, которые польностью подтверждены результатами 
измерений. Использованием методики расчета можно решить, следует ли ограничивать 
нагрузки в данном случае. В большинстве случаев под воздействием атмосферных пере
напряжений могут возникнуть перегрузки, которые могут быть опасными для изоляции 
нейтрали или же последовательного регулирующего трансформатора нейтрали. Авторы 
дают обзор способов снижения нагрузки. Сообщаются результаты измерений, проведен
ных авторами для определения действия отдельных ограничивающих элементов. На 
основе этих исследований авторы предлагают применение разрядников для защиты ней
трали, что как в техническом, так и в экономическом отношении является подходящим 
решением. Излагаются точки зрения выбора и применения разрядников.
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EIN TRANSISTORISIERTER RINGZÄHLER 
MIT E R H Ö H T E R  BETRIEBSSICHERHEIT

D. LENNERS
M I T T E I L U N G  A U S  D E M  G E O M A G N E T IS C H E N  I N S T I T U T  D E R  D E U T S C H E N  A K A D E M IE  D E R  W I S S E N S C H A F T E N

P O T S D A M

[Eingegangen am 7. August, 1964]

Herrn Prof. Dr. F a n s e l a u  zur Vollendung des 60. Lebensjahres am 30. April 1964 gewidmet.

Der in der Arbeit beschriebene basisgesteuerte Ringzähler ist in seiner Art ein Spezial
fall des Schieberegisters. Die erhöhte Betriebssicherheit begründet sich auf die Trennung der 
Weiterschaltimpulse (Schiebetakt) von der zum Verschieben des L-Signals notwendigen Steue
rung des jeweils nächstfolgenden Multivibrators. Das erleichtert auch die Umschaltung des 
Ringzählers, denn es braucht nur das L-Signal des letzten in den Ring eingeschlossenen Multi
vibrators mittels des Tastenschalters der dem ersten Multivibrator vorgeschalteten Torstufe 
zugeleitet zu werden. Dagegen sind die Taktimpulse gleichzeitig an allen Toreingängen wirksam. 
Weiterhin ist die Verwendung selbständiger bistabiler Elemente von Vorteil, die nur durch 
die Hilfstorschaltungen miteinander verbunden sind. Dadurch können, im Gegensatz zum 
emittergesteuerten Ringzähler, beliebig viele dieser Elemente zu einem Ring zusammen
geschaltet werden, ohne daß die Betriebssicherheit der Schaltanordnung beeinflußt wird. Im 
praktischen Einsatz hat sich der basisgesteuerte Ringzähler bisher sehr gut bewährt. Außer 
dem in der Arbeit beschriebenen zehnstufigen Ringzähler wurde auch ein 19-stufiger Ring
zähler mit Basissteuerung für die Meßstellenabfrage eingesetzt.

I. Einleitung

Im  R ah m en  d er E n tw ic k lu n g sa rb e ite n  fü r  eine v o lla u to m a tisc h  a rb e i
te n d e  p ro g ram m g esteu erte  K u rv e n a u sw e rtea n la g e  w ar u . a. au ch  zu  b e rü c k 
sich tig en , daß  a u f  dem  zu b e a rb e ite n d en  R eg is trie rs tre ifen  m eh re re  K o m p o 
n e n te n  gleichzeitig  aufgezeichnet sin d . E s is t  som it naheliegend , d iese  beim  
A u sw ertev o rg an g  au ch  gem einsam  zu erfassen . D ad u rch  w erden  P a ra l la x e n 
feh le r  verm ieden , die bei m eh rm alig em  D u rc h la u f  der R e g is tr ie ru n g  u n d  
n ach e in an d erfo lg en d e r A u sw ertu n g  d er e inzelnen  K om p o n en ten  n u r  schw er 
zu  k o rrig ieren  sin d . Diese A u fg ab en ste llu n g  e rfo rd e rt also eine E in r ic h tu n g , 
d ie  es g e s ta tte t , das K u rv en b ild  in  O rd in a te n ric h tu n g  a b z u ta s te n . A m  A us
g an g  des h ierzu  n o tw end igen , a b e r  h ie r n ic h t n ä h e r b esch riebenen  o p tisch en  
T eiles e rh ä lt m a n  d an n  bei je d e m  A b ta s tv o rg a n g  eine Im p u lsfo lg e , d ie  ein 
g e treu es A bbild  d e r  K u rv e n a b s tä n d e  zu dem  jew eiligen  A bszissenw ert d a rs te llt . 
F ü r  die w eitere V era rb e itu n g  d iese r Im pu lsfo lge  is t  die U m w an d lu n g  v o n  der 
S erien - in die P a ra lle ld a rs te llu n g  n o tw en d ig , d ie  zw eckm äßigerw eise m it  einer 
R in g zäh le rsch a ltu n g  d u rch g e fü h rt w ird .
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II. D ie A ufgabe einer R ingzählerschaltung

R ingzäh ler w e rd en  im m e r  d ann  v e rw en d e t, w en n  n ach e in an d er an  einer 
R e ih e  v o n  A nschlüssen S  (B ild  1) ein S ignal a b g eg eb en  w erden soll, w obei das 
F o r ts c h a lte n  du rch  e in  v o n  au ß en  in den R in g  gegebenes Signal R  gesch ieh t. 
W ic h tig  is t, daß die F o lg e  d e r  abgegebenen S ig n a le  S v  S 2 usw . ze itlich  n ic h t 
g le ich m äß ig  e in zu tre ffen  b ra u c h t ,  sondern in  e in em  R h y th m u s , der au ssch ließ 
lic h  d u rc h  R  b e s tim m t w ird . N ach  Sn k o m m t a ls  n ä c h s te s  w ieder S v

Sj S2S3S4------sn

R o-

B i l d  1

R in g zäh lsch a ltu n g en  b e s teh en  aus e iner A n z a h l b is tab ile r S tu fen , die so 
zu sam m en g esch a lte t s in d , d a ß  n u r  jeweils e ine d iese r S tufen  dem  S c h a ltz u 
s ta n d  L  en tsp rechen  k a n n ,  w äh ren d  alle ü b rig en  in  d e r S tellung  0 s te h e n , und  
d a ß  sich  dieses L  d u rc h  S teu erim p u lse  von  S tu fe  zu  S tufe  fo rtsch a lten  lä ß t.

III. D er em ittergesteuerte R ingzähler

1. W irkungsw eise

D ie beiden e rs te n  S tu fe n  einer üblichen R in g z ä h lsc h a ltu n g  sind im  B ild  2 
d a rg e s te ll t . Die e inze lnen  b is ta b ile n  M u ltiv ib ra to re n  sind  jew eils ü b e r  einen  
K o n d e n sa to r  CK m ite in a n d e r  gekoppelt. D ie E m i t te r  a lle r linken T ran s is to ren  
lieg en  m it dem g em ein sam en  E m itte rw id e rs ta n d  R 1 in  R eihe m it dem  T ra n s is 
to r  T 2 an  Null. D ie E m i t t e r  a lle r rech ten  T ra n s is to re n  besitzen  den  gem ein 
s a m e n  E m itte rw id e rs ta n d  R 2. D er Z ustand  l in k e r  T ra n s is to r  g esp errt, re c h te r  
g e ö ffn e t, soll der N u lls te llu n g  en tsprechen  u n d  d e r  u m g ek eh rte  Z u s ta n d  der 
S te llu n g  L .

B efin d e t sich z. B . d ie  erste  Stufe in  d e r  S te llu n g  L , so w ird  sie beim  
A n leg en  eines p o sitiv en  Im p u lse s  an  den E in g a n g  in  die S tellung  0 u m g esch a l
t e t .  D ab e i is t am  K o lle k to r  des linken T ra n s is to rs  ein  n eg a tiv er S p an n u n g s
s p ru n g  w irksam , d er d ie  fo lg en d e  Stufe in die S te llu n g  L  um sch a lte t. D er dabei 
a n  d e re n  A usgang e n ts te h e n d e  positive Im p u ls  t r i f f t  a u f  die Basis des g esp errten  
T ra n s is to rs  der d a ra u ffo lg e n d en  S tufe und  s p e r r t  d iesen  vollends, s c h a lte t also 
d ie  Z iffe r L  n ich t w e ite r . J e d e r  w eitere Im p u ls  a m  E in g an g  rü c k t die Z iffer L  
u m  e in en  S ch ritt w e ite r  n a c h  rech ts.
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D ie R ü ck ste llu n g  des Z äh lers e rfo lg t d u rch  einen jiositiven  Im p u ls  a u f 
die B asis des T ran sis to rs  T v  D er B asisw id e rs tan d  R 4 der e rs ten  S tu fe  lieg t 
n ic h t d ire k t, sondern  ü b er T x an  N u ll. T 1 w ird  norm alerw eise  ü b e r  R 3 offen
g eh a lten . D urch  den positiven  Im p u ls  an  seiner Basis s te ig t die B as issp an n u n g  
des re c h te n  T ran sis to rs  der e rs ten  Z äh ls tu fe , so d aß  diese in  die S te llu n g  L  
k ip p t . E in e  zuvor in der S te llung  L  s teh en d e  beliebige S tu fe  w ird  ü b e r  den 
gem einsam en  E m itte rw id e rs ta n d  rü ck g este llt.

2. D ie nachteiligen E igenschaften  des emittergesteuerten R ingzählers

D er A u fb au  eines R ingzäh lers in  d e r eben beschriebenen  A r t  h a t  zw ar 
den  V orte il eines geringeren B a u e le m e n tb e d arfs , nach te ilig  is t  a b e r , d aß  die 
F o rm  u n d  das T a s tv e rh ä ltn is  d er S teu erim p u lse  einen großen E in f lu ß  a u f  die 
m ax im a le  Z äh lfrequenz haben . K u rz e , ste ile  Im p u lse  sind  fü r  das F o r ts c h a lte n  
des R ingzäh le rs no tw end ig . S olange d e r S teu erim p u ls  T 2 g esp e rrt h ä l t ,  k an n  
die Z iffer L  n ic h t w e ite rg esch a lte t w erd en , da  alle linken  T ra n s is to re n  ü b e r 
ih re  E m it te r  g esp errt sind. Die B re ite  des S teuerim pu lses s te llt  also  eine ge
w isse T o tz e it des Z äh lers dar, in  d e r  k e ine  w eite ren  S cha ltungen  m öglich  sind . 
Sie is t  in  d er A rt der A nsteuerung  b e g rü n d e t u n d  m uß  m öglichst k le in  geh a lten  
w erden .

W eite rh in  s ind  bei diesen R in g zäh lsch a ltu n g en  die M itk o p p lu n g en  zu 
b e a c h te n , da die ganze A n o rd n u n g  in  sich geschlossene W echselstrom w ege 
e n th ä lt .  W enn  m an  u n te rs te llt , d a ß  die b e id en  S ch a ltzu s tän d e  v o n  d en  T ran sis
to re n  n ic h t ideal eingenom m en w e rd e n , d aß  also ein Sperrim puls e inen  b e re its  
g e sp e rrten  T ra n s is to r  »noch etwas besser sperrt« u n d  ein Ö ffnungsim pu ls einen 
schon  le iten d en  T ra n s is to r  »noch etw as besser leitend« m ach t, d a n n  k ö n n e n  bei
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je d e m  U m sch a ltim p u ls  d iese  beiden  Fälle , v o n  S tu fe  zu S tufe  w echselnd , ein- 
t r e te n .  D as A usm aß d e r F o rtw irk u n g  der d ab e i a u f tre te n d e n  k le inen  Im p u lse  
in  d e r  K e tte  h ä n g t v o r  a llem  davon  ab , wie s ta rk  sich  die P o ten tia lä n d e ru n g e n  
n o c h  in  der au f die d e r  u m g e sc h a lte te n  S tu fe  n äch stfo lg en d e  ausw irken  k ö n n en .

U nangenehm  w irk t  s ich  auch  die b e g re n z te  S tu fen zah l eines R ingzäh le rs 
au s . D ie  p rak tisch e  G renze  d e r S tu fenzah l w ird  v o n  d e r  G röße des gem einsam en 
E m itte rw id e rs ta n d e s  a lle r  re c h te n  T ran sis to ren  b e s tim m t. W ie schon e rw ä h n t, 
s in d  v o n  den linken  n  T ra n s is to re n  s te ts  e in e r le ite n d  u n d  n  — 1 g esp errt 
u n d  v o n  den rech ten  n  — 1 le iten d  und  e in er g e sp e rrt. D a die S y m m etrie  d er 
e in ze ln en  S tufen a b e r g leiche E m itte rsp a n n u n g  e rfo rd e r t, g ilt fü r  die E m it te r 
w id e rs tä n d e

A  =  n _ ! .

F ü r  e inen  zehnstu figen  R in g zäh le r erg ib t sich d a n n  m it einem  üb lichen  W ert 
v o n  R x =  300 O hm  ein R 2 von  ru n d  33 O hm . D ie E in s te llu n g  dieses W ertes  
is t  sch o n  re la tiv  k r it is c h , w en n  m an außerdem  n o ch  das T e m p e ra tu rv e rh a lte n  
d e r  e inzelnen  T ra n s is to re n  b erücksich tigen  m u ß . M an gelang t d an n  le ich t in  
d en  B ereich , wo d e r R in g z ä h le r  n ich t m ehr b e tr ie b ss ic h e r a rb e ite t.

IV. Der basisgesteuerte R ingzähler

1. Die W irkungsw eise

D iese N ach te ile  w a re n  nun  der A n laß , eine R in g zäh lsch a ltu n g  a u fz u 
b a u e n , die diese N a c h te ile  w eitgehend  au ssch ließ t. D as e rfo rd e rt zw ar einen  
h ö h e re n  B a u e lem en tb ed arf , h a t aber d a fü r d en  V o rte il, daß  die S ch a ltu n g  
a b so lu t be trieb ssich e r a rb e ite t .  D er Z ähler (B ild  3) b e s te h t aus einer K o m b in a 
tio n  v o n  zehn b is ta b ile n  M u ltiv ib ra to ren , die je  zw ei ü b er H ilfs to rsch a ltu n g en  
g e s te u e rte  E ingänge b e s itz e n . M ittels eines T a s te n sc h a lte rs  is t es m öglich , die 
Z a h l d e r  zu einem  R in g  geschlossenen Z äh le lem en te  zw ischen 2 u n d  10 zu 
v a r iie re n . Diese A u fg ab en ste llu n g  is t speziell d u rc h  die au to m atisch e  K u rv e n 
a u sw e rtu n g  b ed in g t u n d  b e rü ck s ich tig t die F o rd e ru n g , R eg is trie rs tre ifen  m it 
m a x im a l zehn v e rsch ied en en  R eg is trie rk u rv en  au sw erten  zu können .

Z u r B esch re ibung  d e r  W irkungsw eise dieses R ingzäh le rs is t das Im p u ls 
b ild  im  B ild  4 d a rg e s te llt . N ach  A nlegen d e r B e trie b ssp a n n u n g  b e f in d e t sich 
z u n ä c h s t jed e r b is ta b ile  M u ltiv ib ra to r  in  e in er d e r  be id en  s tab ilen  L agen. D a 
n ic h t  vorhergesehen  w erd en  k an n , in  w elche v o n  b e id en  sich jed e  K ip p stu fe  
e in s te ll t , is t z u n äch s t eine defin ierte  A n fan g ss te llu n g  a ller M u ltiv ib ra to ren  
h e rzu ste llen . D as g esch ieh t d u rch  einen R ü ck s te llim p u ls  an  K o n ta k t 13. D ie 
p o s itiv e  V orderflanke dieses R ückste llim pulses ö ffn e t n u r  den rech ten  T ran sis
to r  des e rsten  M u ltiv ib ra to rs , w ährend  dagegen  in  a llen  übrigen  M u ltiv ib ra to -
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ren die rechten Transistoren gesperrt und die linken leitend sind. S om it sind 
die durch Em itterfolger niederohm ig gem achten Ausgänge (T) bis (io) n egativ  
(Schaltzustand 0) und der Ausgang (T) schw ach negativ  (Schaltzustand L) .

Führt man nun die Steuerim pulse an den Eingang 12, dann wird die 
erste Stufe durch die positive Vorderflanke des ersten Steuerim pulses in  die 
zur A nfangsstellung kom plem entäre Lage geworfen, und durch das schon  
offen gewesene Tor des linken System s der zw eiten Stufe wird diese je tz t  in 
den Schaltzustand L  versetzt. D iese öffnet nun wiederum das H ilfstor des 
rechten System s der zw eiten Stufe, und das über den Schalter angeschlossene
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lin k e  D io d e n to r  der d r i t te n  S tu fe  b e re ite t  so m it die W e ite rsch a ltu n g  v o n  
d er z w e ite n  zu r d r it te n  S tu fe  v o r . D urch  den  e rs te n  S teuerim pu ls is t also  a n  (7) 
ein  n e g a t iv e r  S p an n u n g ssp ru n g  w irksam , dessen  n eg a tiv e  F lan k e  m it d e r p o s i
t iv e n  V o rd e rflan k e  des S teu erim p u lses  ze itlich  ü b e re in s tim m t.

D iese  V orgänge w ied erh o len  sich n u n  fü r  alle  folgenden S te u e rim p u lse  
an  d e n  A usg än g en  (2) , Q )  usw . b is , wie fü r  e inen  speziellen  F a ll im  B ild  3 u n d  4 
d a rg e s te l l t ,  d u rch  Schließen des R inges n ach  d em  7 M u ltiv ib ra to r  d er 7 S te u e r 
im p u ls  sow ohl den 7 M u ltiv ib ra to r  in  seine A n fan g sste llu n g  z u rü c k s te llt , als 
au ch  a n  (T) w ieder die Z iffer L  e rscheinen  lä ß t .  D a m it b e fin d e t sich d e r Z äh le r  
w ied e r in  seiner G ru n d ste llu n g . D ie M u ltiv ib ra to re n  8, 9 u n d  10 im  B ild  3 w e r
d en  d u rc h  diese S ch a ltv o rg än g e  in  ke iner W eise b e e in flu ß t, da d u rch  S ch ließen  
des R in g e s  n ach  S tu fe  7 das lin k e  D io d en to r des 8  M u ltiv ib ra to rs  an  eine  fe s te  
n e g a tiv e  S p an n u n g  gelegt u n d  d a m it ein W c ite rsc h a lte n  von  8 a u f  9 u n d  10 
v e rh in d e r t  w ird.

2. Die A n w en d u n g  des basisgesteuerten R ingzählers

D e r w esentliche V o rte il dieses R in g zäh le rs  lieg t in  der B a s is s te u e ru n g  
d e r  M u ltiv ib ra to re n  m itte ls  H ilfs to rsc h a ltu n g e n . A n die F o rm  d er S te u e r im 
p u lse  b ra u c h e n  bei w eitem  n ic h t m ehr so h o h e  A nfo rderungen  g es te llt w e r
den  w ie  b e i dem  e m itte rg e s te u e rte n  R in g zäh le r. D ie Im p u lsb re ite  k a n n  so g ar 
b e lie b ig  g roß  sein. E n tsc h e id e n d  is t  n u r  eine au sre ic h e n d  steile p o sitiv e  V o rd e r
f la n k e , d ie bei einem  offenen  D io d en to r e in en  genügend großen  p o s itiv e n  
N a d e lim p u ls  an  d er e n tsp re c h e n d en  Basis w irk sa m  w erden lä ß t.

E n tsc h ie d e n  g ü n stig e r is t  auch  das T e m p e ra tu rv e rh a lte n  des R in g 
z ä h le rs , d a  je d e r  M u ltiv ib ra to r  d u rch  seine e igene E m itte rsp a n n u n g  b essere  
S y m m etriee ig en sch a ften  b e s itz t . D ad u rch  is t  es au ch  m öglich, be lieb ig  v iele  
M u ltiv ib ra to re n  zu einem  R in g  zu sam m en zu sch ließ en , ohne die B e tr ie b ss ic h e r
h e it  des R ingzäh lers zu  bee in flu ssen .

S ch ließ lich  is t  au ch  d ie  G efahr d er M ittk o p p lu n g se rsch e in u n g en  bei 
d ie se r A r t  der A n steu e ru n g  p ra k tis c h  zu vern ach lässig en .

E s  i s t  n u n  ohne w eiteres m öglich , an  die A usgänge  (T) bis @  je  e inen  m o n o 
s ta b ile n  M u ltiv ib ra to r  zu legen , d er a u f die sch o n  e rw äh n te  n eg a tiv e  Im p u ls 
f la n k e  des jew eiligen M u ltiv ib ra to rs  a n sp r ic h t u n d  d am it einen d e fin ie rten  
A u sg an g sim p u ls  lie fe rt, dessen  p ositive  V o rd e rflan k e  m it der des S teu erim p u lses  
z e itlic h  ü b e re in s tim m t. D ies is t  besonders w ich tig , da bei der K u rv e n a u s 
w e r tu n g  die positive  V o rd erflan k e  des S teu erim p u lses  die K u rv e n u n te rk a n te  
e in e r  R eg is trie rlin ie  d a rs te llt . D ieser In fo rm a tio n s in h a lt  d a rf  d u rch  d ie  U m 
w a n d lu n g  von  der Serien- in  die P a ra lle ld a rs te llu n g  n ich t v e rfä lsc h t w e rd e n .

B e tra c h te t  m an n u n  die im  B ild 4 fü r  d en  E in g an g  12 d a rg e s te llte n  I m 
p u lse  a ls  K u rv en im p u lse  eines A b ta s tv o rg a n g e s , d an n  sieh t m an  e in d e u tig , 
d a ß  d ie  d u rch  P fe ilsp itzen  g ek en n ze ich n e ten  p o s itiv e n  V o rd erflan k en  w ieder-
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u m  d efin ie rte  Im pu lse  an  den  A usgängen  (T) b is (T) liefern . D am it i s t  e ine e in 
w an d fre ie  U m w andlung  v o n  d e r Serien  in die P a ra lle ld a rs te llu n g  g e w ä h rle is te t. 
D ie au sfü h rlich e  S ch a ltu n g  dieses R ingzäh lers is t  im  B ild  5 d a rg e s te llt . B ild  6 
ze ig t sch ließ lich  den R in g zäh le r  in  seinem  p ra k tisc h e n  A ufbau . D e r  g esam te  
e lek tro n isch e  Teil is t b e id e rse its  des T aste n sc h a lte rs  a u f  zwei L e ite rp la t te n

B i l d  6

an g e o rd n e t. D ie S teck v e rb in d u n g  erfo lg t ü b e r zwei ach tpo lige  M esserle is ten , 
die an  d e r U n te rse ite  des T a s te n sc h a lte rs  zw ischen den  beiden  L e ite rp la t te n  
a n g e o rd n e t sind . E ine längere  p ra k tisc h e  E rp ro b u n g  dieses R in g zäh le rs  h a t  
bei Ä n d eru n g en  der B e trie b ssp a n n u n g  um  ± 2 0 %  )n einem  T e m p e ra tu rb e re ic h  
von  ± 1 0  °C bis 40 °C ein b e trieb ssich e res  A rb e iten  gezeigt.

TRANSISTORIZED RING-COUNTER WITH INCREASED RELIABILITY 
OF OPERATION

D. LENNERS

SUMMARY

The base controlled ring-counter discussed in this paper is a special case of the shift- 
register. The increased reliability of operation is founded on the separation of the switching 
pulse (shift cadence) from the control of the next multivibrator needed for the shifting of the 
L-signal.That makes it easier to switch over the ring-counter, because only the L-signal of the 
last multivibrator of the ring-counter must be connected by means of a press-button to the 
gate-circuit preceding the first multivibrator. On the other hand, the timing pulses simulta
neously effect each gate input. It is advantageous to use independent bistable elements
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which are connected to each other merely by auxiliary gate-circuits. By this means any 
number of these elements may be connected to a ring — in contradiction to the emitter 
controlled ring-counters — without impairing the reliability of operation of the circuit. In 
practice the base controlled ring-counter has proved very good. Besides the ten-stage ring-coun
ter, a 19-stage base controlled ring-counter was used for reading-off measuring points.

UN COMPTEUR A SÉCURITÉ DE SERVICE ACCRUE

D . L E N N E R S

RÉSUMÉ

Le compteur en anneau à commande par la base, que l’auteur décrit dans cette étude, 
est un cas spécial du registre de décalage. La sécurité de service augmentée est basée sur la 
séparation des impulsions de décalage et de la commande du multivibrateur suivant nécessaire 
pour décaler le signal L. Ceci facilite aussi le basculement du compteur en anneau, le signal 
L  du dernier multivibrateur inclus dans l’anneau devant être simplement conduit, à l’aide d’un 
bouton-poussoir, au circuit porte placé devant le premier multivibrateur. Par contre, les impul
sions de cadence agissent simultanément à toutes les entrées des portes. Un autre avantage 
est l’utilisation d’éléments Instables autonomes, reliés seulement par les circuits portes auxi
liaires. Ainsi, à la différence du compteur en anneau commandé par l’émetteur, il est possible 
de brancher en anneau un nombre quelconque de ces éléments, sans influencer la sécurité de 
fonctionnement du montage. Le compteur en anneau à commande par la base a fait ses preu
ves dans la pratique. En plus du compteur en anneau à 10 étages décrit dans l’étude, un comp
teur à 19 étages a été utilisé pour le relevé des points de mesure.

КОЛЬЦЕВОЙ СЧЕТЧИК НА ТРАНЗИСТОРАХ С ПОВЫШЕННОЙ 
ЭКСПЛУАТАЦИОННОЙ НАДЕЖНОСТЬЮ

Д .  Л Е Н Н Е Р С

РЕЗЮМЕ

Описанный в работе кольцевой счетчик базового управления является, в своем 
роде, специальным случаем шифтрегистра. Повышенная эксплуатационная надежность 
основывается на отделении управления, необходимого для смещения сигнала L после
дующего мультивибратора, от коммутационного импульса. Такой режим облегчает пере
ключение кольцевого счетчика, так как сигнал L мультивибратора, включенного только 
в последнее кольцо, необходимо при помощи кнопочного переключателя подавать на 
стробирующую цепь первого мультивибратора. При этом все импульсы временных сиг
налов одновременно действуют на все входы. Кроме того, выгодно применять самостоя
тельные бистабильные элементы, которые соединяются между собой только при помощи 
вспомогательных стробсхем. Вследствие этого (в противоположность с кольцевым счетчи
ком эмиттерного управления) можно произвольное количество таких элементов соеди
нить в кольцо без того, чтобы эта схема воздействовала бы на эксплуатационную на
дежность схемы. Во время практического применения кольцевой счетчик базового уп
равления оправдался очень хорошо. Кроме десятикаскадного кольцевого счетчика, опи
санного в статье, для опроса измерительных точек был применен также 19-каскадный 
кольцевой счетик базового управления.
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ENERGIEÜBERTRAGUNG IN MECHANISMEN

A. POÓCZA
R O T T E N B U R G / N E C K A R  ( D E U T S C H E  B U N D E S R E P U B L I K )

[Eingängen am 28. September, 1964]

Mit Hilfe der flächenhaften Wirbel werden Energievorgänge in Mechanismen gedeutet

I . V ektor analy tisch e  G ru n d lag en

D as u n v o lls tän d ig e  D iffe ren tia l Xdcp d e r d ie  E n erg ie  — von  einem  N ull
p u n k t abgesehen — au sd rü ck en d en  ska la ren  G röße  Xcp s te llt bei E n erg iep ro zes
sen die E le m e n ta ra rb e it d a r  [1]. So is t z. B. die E le m e n ta ra rb e it  d A  e in e r K ra f t  
vom  B e trag e  Q e n tla n g  ih re r W irkungslin ie  d^4 =  (ids das u n v o lls tän d ig e  
D iffe ren tia l der E n erg ieg rö ß e : Qs. D ie e lem en ta re  E x p a n s io n sa rb e it P d v  s te llt 
das u n v o lls tän d ig e  D iffe ren tia l d e r V e rd rä n g u n g sa rb e it P v  d a r. Ä hn lich  lä ß t 
sich die e lem en tare  W ärm em enge  in  d e r T h e rm o d y n a m ik  d@ =  T d s  (T  abso lu te  
T e m p e ra tu r , s E n tro p ie )  als u n v o lls tän d ig es  D iffe ren tia l d er geb u n d en en  
E n erg ie  T s  angeben .

D ie to ta le  Ä n d e ru n g  d(p d e r sk a la ren  G röße  cp k a n n  im  s ta tio n ä re n  W ir
kungsfe ld  s te ts  als

angegeben  w erden. D ie G röße cp is t  also eine sk a la re  O rtsfu n k tio n  cp =  cp(r), 
deren  W e rt n u r von  d e r Lage eines P u n k te s , d en  m a n  im  a llgem einen  F e ld 
p u n k t n e n n t, a b h ä n g t. D er R au m , in  dem  die  A b h än g ig k e it der G röße cp von 
d er L age des F e ld p u n k te s  de fin ie rt is t , h e iß t das F e ld  d ieser G röße. D ie P u n k te , 
in  den en  die G röße cp k o n s ta n t  is t , b ilden  im  a llgem einen  k ru m m e  F läch en . 
G rad  cp is t  in  jed em  P u n k t  einer so lchen F läch e  p a ra lle l zu r F läch en n o rm ale  
u n d  w eis t in  die R ic h tu n g  der s te igenden  cp. D ie F läch en  a u f  denen  die O rts 
fu n k tio n  <p(r) einen k o n s ta n te n  W e rt h a t ,  w erden  N iv eau - oder Ä q u ip o te n tia l
fläch en  d er F u n k tio n  cp(r) g en an n t. M an k an n  in  je d e m  F all zu den zu sam m en 
h än g en d en  Ä q u ip o ten tia lflä ch en  sen k rech te  L in ien  legen, die als F eld lin ien  
die W irkungslin ien  des F e ld v ek to rs  A  d a rs te llen . W egen d er O rth o g o n a litä t 
der F e ld lin ien  zu den  N iv eau fläch en  h e iß t ein  solches Feld  flä ch en n o rm al 
[A, g rad  <p] =  0. In  e inem  fläch en n o rm alen  F e ld e  is t  som it der F e ld v e k to r  A 
s te ts  in  d er Form

dç> =  d r  grad  cp ( 1 )

A =  X g rad  cp (2 )
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d a r s te l lb a r ,  wo A eine b e lieb ig e  sk a la re  O rts fu n k tio n  sein k a n n . M an  gew inn t 
e in e n  k la re n  E inblick  in  d ie  E ig en sch a ften  so lcher kom plex-lam ellaren  V e k to r
fe ld e r , w en n  m an den ra u m h a f te n  W irb e lv ek to r ro t  A b e tra c h te t .  N a c h  den 
R e g e ln  d e r  V ek to ranalysis  f in d e t  m an :

r o t  A =  ro t  (A g ra d  cp) =  Я ro t g rad  cp -f- [g rad  A g rad  <p] =
(3)

=  [g rad  A g rad  9?],

d a  f ü r  e in en  beliebigen s te t ig e n  V ek to r g rad  cp

ro t  g rad  cp =  0 (4)

is t .  W e n n  A n u r eine F u n k t io n  v o n  cp is t , a u f  e in e r O rth o g o n a lfläch e  <p(r) =  
=  k o n s t ,  also A =  k o n s t, i s t ,  k a n n  geschrieben  w erden:

А =  Я(<р). (5)

D a n n  i s t  aber fü r s te tig e , en d lich e , e indeu tige  F u n k tio n e n :

g rad  А
ЭА

g rad  Я{ср) =  —  g ra d  cp
acp (6)

a lso  g ra d  A parallel zu  g ra d  cp, w o m it das äu ß e re  P ro d u k t in  Gl. (3) zu  N ull 
w ird . D ie  F lächen cp =  k o n s t ,  u n d  A =  k o n s t, fa llen  zusam m en, d as  F e ld  w ird 
w irb e lf re i , also ein reines G ra d ie n te n fe ld . In  d iesem  F a ll k a n n  ja  d e r  F e ld v e k to r  
A  a ls  G rad ien t

des sk a la re n  Feldes
A  =  grad  w 

w  =  j"Ad<p C

(7)

( 8)

d a rg e s te l l t  w erden. In  e in e m  solchen P o te n tia lfe ld e  a u f  einem  geschlossenen  
W e g  A rb e it  zu leisten  is t  n u r  m öglich, w enn d as  F e ld  des V ek to rs  A  u n s te tig  
i s t ,  g e n a u e r  gesagt, w enn  d e r  so n s t im  F e lde  s te tig e  V ek to r A a n  b e s tim m te n  
F lä c h e n  eine sp ru n g h afte  Ä n d e ru n g  erle idet. D e r fü r  die A rb e its le is tu n g  auf 
e in e m  geschlossenen W ege w ich tig e  S tokessche S a tz  g ilt in  se in e r üb lichen  
F o rm

<J>drA =  J d /u  ro t  A , (9)
к  F

w o b e i u  den norm alen  E in h e its v e k to r  des F läch en e lem en tes  df  b eze ich n e t, 
n u r ,  w e n n  der V ek to r A a u f  d e r  v o n  der K u rv e  К  b e ra n d e te n  F lä c h e  F  endlich  
u n d  s te t ig  ist. I s t  n u n  a u f  F  e ine geschlossene U n s te tig k e itsk u rv e  K '  v o rh a n 
d e n , so zerleg t sie die F lä c h e  F  in  zwei Teile F ' u n d  F  — F ',  w obei a u f  be ide , da
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A s te tig  b le ib t, d e r S tokesscbe  S a tz  la u t  Gl. (9) a n w e n d b a r is t. M it d em  W ert 
A t des F e ld v ek to rs  A a u f  d e r  n eg a tiv en  u n d  m it A  ̂ a u f  d e r p o s itiv en  S e ite  der 
U n s te tig k e itsk u rv e  K '  f in d e t  m an  u n te r  B e rü ck sich tig u n g  des U m lau fs in n es  
a u f  K '  die Z u sam m en h än g e :

(f) d rA i =  ф  d /u  ro t  А

^ d rA  — (T) d rA , =  I d /u  ro t A.
К  J  К ’ J ( F - F ' )

( 10)

( П )

N ach  A ddieren  d e r Gl. (10) u n d  (11) e rg ib t s ich :

ф drA =  (f) 0 d r(A 2 — Aj) +  I d/u
J  K  J  K.' J  F

ro t A. ( 12)

B ei einer ungesch lossenen  U n s te tig k e itsk u rv e  K 1 u m g ib t m a n  sie m it 
e iner geschlossenen K u rv e , die sich im  G renzfall u n en d lich  d ich t an  d ie  K u rv e  
K '  anschm iegen  soll, w o m it das R a n d in te g ra l K '  in  Gl. (12) in  ein L in ie n in te g 
ra l  ü b e r  die offene K u rv e  K '  ü b e rg eh t:

ф  drA =  Í dr(A2 — A L) +  ( d/u ro t A.
J  K  J K ' J F

(13)

H a t  der V ek to r A die B ed eu tu n g  e iner K ra f t ,  so is t  d er A u sd ru c k  a u f 
d er lin k en  Seite d er Gl. (9), (12), (13) o ffen b ar die U m fü h ru n g sa rb e it d ieser 
K ra f t  en tlan g  d er geschlossenen K u rv e  K ' , a lso  w äh ren d  einer P e rio d e  e iner 
p e riod isch  a rb e iten d en  M aschine. W ie m an  es au s  Gl. (12) bzw . (13) e rs ieh t, 
v e rsch w in d e t diese A rb e it au ch  im  P o te n tia lfe ld e  (ro t A  =  0) n ic h t , w enn  
d er In teg ra tio n sw eg  К  e ine U n ste tig k e itss te lle  des V ek to rs A  u m sc h lie ß t.

Bei A ufgaben  ü b e r  E n erg ie  s tö ß t  m an  a u f  W irbel. D ies h ä n g t m it  dem  
w e ite r oben d isk u tie r te n  u n v o lls tän d ig en  D iffe ren tia l Ad<p d er die E n erg ie  
au sd rü ck en d en  sk a la ren  G röße A9? eng zu sam m en . Im  G egensatz  zum  In te g ra l  
des vo lls tän d ig en  D iffe ren tia ls  d(A<p) =  qsdA +  Ad cp — das n u r  v o n  d en  K o o r
d in a te n  der G ren zp u n k te  a b h ä n g t — is t  das In te g ra l des u n v o lls tä n d ig e n  
D iffe ren tia ls  Ad<p im  a llgem einen  w egabhäng ig , d a  zwei u n ab h än g ig e  sk a la re  
O rtsfu n k tio n en  А =  A(r) u n d  cp =  <p(r) den In te g ra b ilitä tsb e d in g u n g e n  n ic h t 
genügen . Som it is t das F e ld  d an n  im  allgem einen  w irb e lh aft. [E s g ib t F ä lle , 
in  denen  das sch e in b ar u n v o lls tän d ig e  D iffe ren tia l A dtp ein v o lls tän d ig es  D iffe
re n tia l  d(A cp) d a rs te llt , u n d  som it d er In te g ra n d  A d<p den In te g ra b il i tä ts b e d in 
gungen  genüg t, u n d  das F e ld  des V ek to rs A =  A grad  <p w irbelfrei w ird . E s 
le u c h te t so fo rt ein , d aß  das im m er d er F all is t , w enn A =  k o n st, o d e r w en n  A
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n u r  e ine  F u n k tio n  v o n  <p i s t ,  wie das bei Gl. (5) u n d  (6) a n g e d e u te t w urde. 
D a n n  is t  näm lich  d e r A u sd ru c k  X d<p =  X(<p)d(p eben  das v o lls tän d ig e  D iffe
r e n t ia l  d e r F u n k tio n : w =  j X(cp)dcp -)- C.

M an weiß aus d e r  E rfa h ru n g , daß  a u f  e in em  geschlossenen W ege auch  
im  G rad ien ten fe ld e  A rb e it  g e le is te t w erden k a n n ;  es m uß  eben n u r  d a fü r  ge
s o rg t  w erden , daß  das F e ld  a u f  der von  der gesch lossenen  K u rv e  К  b e ra n d e te n  
F lä c h e  eine Sprung lin ie  h a b e , wie das bei Gl. (13) gezeig t w urde . E in e  K o lb en 
p u m p e  z. B ., die das G ew ich t einer W assersäu le  zu  heb en  h a t , a rb e ite t o ffenbar 
im  G rad ien ten felde  d e r  S ch w erk ra ft. E ine A rb e its le is tu n g  w ird  e rs t d a d u rc h  
m ö g lich , daß in  die P u m p e  O rgane — die V en tile  n äm lich  — e in g eb au t sind , 
d ie  f ü r  eine sp ru n g h a fte  Ä n d e ru n g  des F e ld v e k to rs  sorgen. U m  zu zeigen, daß 
a u c h  in  solchen F ä llen  W irb e l v o rh an d en  s in d , w ollen  w ir Gl. (13) e tw as n ä h e r  
d isk u tie re n .

I n  der V ek to ran a ly s is  w ird  der so g en an n te  F lä c h e n ro to r  (der zu r U n te r 
sc h e id u n g  vom  ra u m h a f te n  R o to r ro t A m it  g ro ß em  A n fan g sb u ch stab en  ge
sc h rie b e n  w erden soll: R o t A  als A u sa rtu n g  d e r  en tsp rech en d en  räu m lich en  
A b le itu n g  defin iert [2 ]. E in e n  fläch en h a ften  R o to r  h ab en  V ek to ren , die an 
gegenüberliegenden  S te llen  a u f  beiden S eiten  e in e r gegebenen F läche  d ic h t an 
d e r  F läch e  v ersch iedene W e rte  haben . O bw ohl sich  d e r physika lische  Z u s ta n d  
a n  d e r  T rennfläche  b e n a c h b a r te r  K örper — w en n  auch  ziem lich sch ro ff — 
im  allgem einen doch  s te t ig  ä n d e rt, id ea lis ie rt m a n  den  Z u s ta n d  —• u m  die 
B e re c h n u n g  zu e r le ic h te rn  — indem  m an  eine sp ru n g h a fte  Ä n d eru n g  a n n im m t. 
B e z e ic h n e t m an den  V e k to r  A  a u f der p o s itiv e n  S eite  der S p ru n g fläch e  m it 
d e m  In d e x  2, den V e k to r  a u f  der anderen  S e ite  m it 1, so f in d e t m an  fü r  den 
F lä c h e n ro to r  des V e k to rs  A  den A u sd ruck :

R o t  A =  [u(A, — A x)]. (14)

M an  k a n n  le ich t zeigen , d a ß  dieser A u sd ru ck  m it  dem  In te g ra n d  in  Gl. (13) 
d r(A 2 — Aj) in  engem  Z u sam m en h an g  s te h t .  E s  is t:

dr(A 2 — A x) =  d r[u [(A 2 — A j)u ]] =  d r [R o t A , u ], (15)

N a c h  dem  E n tw ic k lu n g ssa tz  f in d e t m an  n ä m lic h :

d r[u [(A 2 — A 2)u ] ]  =  dr{(A., — A x) • u u  — u  • u(A , —Ax)} =

=  dr(A 2 —A j)  (16)

d a  (uu) =  1 u n d  län g s  d e r  S prungfläche (d ru ) =  0 sind . M it Gl. (15) k an n  
m a n  also Gl. (13) a u f  fo lgende F orm  b r in g e n :

(f) d rA  =  Г  d r[R o t A, u ]  +  j d /u  ro t A. (17)
J k  J  k ' J f
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I s t  n u n  das Feld des V ek to rs A ein G ra d ie n te n fe ld , u n d  F  =f= 0, d a n n  e n tfä l l t  
das le tz te  Glied in  Gl. 17. und  m a n  f in d e t:

(f) d r A =  | d r[R o t A ,u ]  =  j d r [R o t  grad  Ф, u] =
J  К  J  K.' J  K.'

=  I ilr{[u, g r a d (0 2 — Ф »  =  I dr g rad (Ф 2
J K' J K'

=  ( с1ф 2 -  ( d 0 L.
J K' J K'

0 i )  =  

(18)

In  einem  P o te n tia lfe ld e  is t a lso  die a u f  e inem  geschlossenen W ege К  
g e le is te te  A rbeit d u rc h  den  P o te n tia lsp ru n g  an  d e r Sprungfläche K '  gegeben . 
I s t  d iese eine geschlossene F läche, so is t  n a tü r lic h  ф^-.drA =  0, da | 'К^1Ф= 0 is t.

D as zw eite In te g ra l  a u f  der re c h te n  S eite  von  Gl. (17) v e rsc h w in d e t noch  
in  e inem  anderen  w ich tig en  Falle: D a n n  n äm lich , w enn m an d ie gesch lossene  
K u rv e  К  u nend lich  d ic h t an die U n s te tig k e itsk u rv e  K ’ an sch m ieg en  lä ß t , 
da  in  d iesem  F alle  d ie  von  К  b e ra n d e te  F läch e  F  dem  G renzw ert N u ll zu 
s tre b t . D an n  liegt die w irk liche B ahn  К  des K ra fta n g riffsp u n k tes  in  d e r  S p ru n g 
fläch e  u n d  der A rbeitsp rozess sp ielt s ich  län g s b e id e r Seiten der U n s te t ig k e its 
k u rv e  K '  ab , w om it d ie  in  Gl. (14) an g eg eb en en  fläch en h a ften  W irb e l — als 
T rä g e r  d e r  A rb e its le is tu n g  — v e rb u n d e n  sind .

B ei einer geschlossenen U n s te tig k e itsk u rv e  K 1 is t  es n ich t m ö g lich , die 
w irk lich e  B ahn  К  an  die U n s te tig k e itsk u rv e  v o n  beiden Seiten  h e r  a n z u 
schm iegen . Die K u rv e  К  b le ib t s te ts  a u f  d er p o sitiv en  Seite von K ' .  E in e  ge
sch lossene U n s te tig k e itsk u rv e  K '  is t  a b e r  o ffen b ar m öglich, w enn die zugehörige  
S p ru n g fläch e  ein V o lum en , einen R a u m te il  u m sch ließ t. D er R au m  is t  so m it 
zw eifach  zu sam m en h än g en d . Man k a n n  also sagen , daß  der von  d e r  S p ru n g 
fläch e  um schlossene R a u m  n ich t zu m  B ereich  des V ektors A g e h ö rt, w o m it 
fü r  d iesen  R aum  А  =  A x =  0 w ird . N ach  d ieser A uffassung  sp ie lt s ich  der 
A rb e itsp ro zeß  am  R a n d e  des V ek to rfe ldes A ab , wo n ach  Gl. (14) d ie f lä c h e n 
h a f te n  W irbel

R o t А  =  [u,(A2 — A l) ] =  [u, A 2] =  [u, A]
v o rh a n d e n  sind.

S o m it e rh ä lt m a n  aus Gl. (17) b e im  u n en d lich  d ich ten  A nsch m ieg en  v o n  
K  an  K '  fü r  eine offene B ahn die G le ichung :

( f )  d rA  =  Г  d r[R o tA  , u] =  j d r(A 2 — A,)
J  K-+K' J k ' J K'

u n d  fü r  eine geschlossene B ahn:

(1) d rA  =  (f) d r [ R o t  A , u] =  (f) d rA 2.
У  к —к- У  К' У  К'

(19)

( 2 0 )
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W ie GL (17) z e ig t, i s t  eine A rb e its le is tu n g  n u r  im  Z u sam m en h an g  m it 
W irb e ln  m öglich. D iese W irb e l haben  die c h a ra k te ris tisc h e  E ig en sch a ft, d aß  
sie im m e r sen k rech t zu m  F e ld v e k to r  s teh en . F ü r  d en  F läch en ro to r g eh t diese 
B e h a u p tu n g  u n m itte lb a r  au s  Gl. (14) h e rv o r. F ü r  d ie  räum lichen  W irb e l gehen 
w ir  e in fach  von Gl. (3) a u s  u n d  setzen, im  E in k la n g  m it Gl. (2)

A
grad cp =  —  . (21)

S o m it n im m t Gl. (3) d ie  F o rm :

ro t  A =
grad  Я

5 А

a n . M an k an n  also sch re ib e n :

A ro t A =  0 , 

A R ot A =  0 ,

(22)

(23)

d . h .,  d e r F e ld v ek to r s t e h t  in  einem flä c h e n n o rm a le n  Felde se n k re c h t zu sei
n e m  R o to r  bzw. zu se in em  F lächen ro to r.

I I .  B eispiele fü r  f lä c h e n h a fte  W irbel

1. Zahnrad

U m  die V e k to rfe ld e r  bei unseren  e in fa c h e n  M echanism en zu  zeigen, 
w ä h le n  w ir einen v o n  e in em  Z ahnrad  a n g e tr ie b e n e n  K u rb e ltrieb , w ie er z. B . 
b e i K o lb en m asch in en , K u rb e lp ressen  usw . v e rw e n d e t w ird. D er e in fachen  
m a th e m a tisc h e n  D a rs te llu n g  halber setzen  w ir  e ine unend lich  lan g e  P le u e l
s ta n g e  vo raus. S om it h a b e n  w ir m it dem  im  B ild  1 sk izzierten  M echan ism us 
zu  tu n ,  wobei also d e r  a m  oberen G e len k p u n k t d e r  P leuelstange an g e b ra c h te  
B o lzen  eine reine s in o id a le  Bewegung h a t .

W ir b e tra c h te n  z u e rs t  das Feld  der am  U m fa n g  des Z ah n rad es an g re ifen 
d en  K ra f t .  W ir sehen  d a b e i von  dem E in g riffsw in k e l u n d  der R e ib u n g  ab  u n d  
z ieh en  n u r  die ta n g e n tia le  K om ponen te  d e r  w irk lich en  U m fan g sk ra ft — die 
z e itlic h  u n v e rän d e rlich  se in  soll — in B e tra c h t. D ie  e lem en tare  A rb e its le is tu n g  
e in e r  solchen K ra f t  w ird  b ek an n tlich  d u rch  d ie  G leichung

dA =  — T rd  w (24)
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d e fin ie rt, wo die e inzelnen  sk a la ren  G rößen  fo lgende B ed eu tu n g  h a b e n :

T B e trag  d e r ta n g e n tia l g e ric h te te n  K ra f t ,  T =  T (r, ç>) e ine  s te tig e  
F u n k tio n ;

r, y) O rtsk o o rd in a ten  im  z y lin d risch en  K o o rd in a te n sy s te m  (r0, t 0, z 0).

F ü r  die b ish er b e n u tz te n  sk a la re n  G rößen  Я u n d  cp f in d e t m an  in  A n leh 
n u n g  an  Gl. (24) die A usdrücke:

Я =  - T r ;
cp =  xp.

(25)

[E in e  freie W ahl, w ie e tw a Я =  — T , q> =  rxp o d e r Я =  —Tip, cp =  r  is t  
n ic h t  m öglich, da in  Gl. (24) das to ta le  D iffe ren tia l d e r sk a la ren  G röße cp — wie 
d as  Gl. (1) zeig t — v o rh a n d e n  sein m u ß . D ies is t  n u r  m öglich bei d e r A u fte ilu n g  
des P ro d u k te s  Trdip n a c h  Gl. (25).] D ie G rad ien ten  ergeben sich zu :

g rad  cp -- g rad  ip =  - — 10, (26)

g rad  Я =  grad( — T r)  =  —T  g rad  r  — r g rad  T  =

T r0 — r
9 T
9r r o +  *

1 9 T

r drp
(27)

L a u t  Gl. (2) is t also d er F e ld v e k to r

А =  Я g ra d  cp - — T t0 (28)

eine ta n g e n tia le  K ra f t  vom  B etrage  T . D er räu m lich e  R o to r des F e ldes e rrech -
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n e t  s ieh  aus Gl. (3) zu

ro t  A  =  [g rad  Я, g rad  99] (29)

D a s  F e ld  der ta n g e n tia le n  K ra f t  A  is t  also w irb e lh a ft. S om it is t  es m öglich  
in  d ie sem  Felde e n tla n g  e in e r geschlossenen K u rv e  К  A rb e it zu le is ten :

Tto(drr0 +  rdipt0) (30)

Im  v o rlieg en d en  F a ll is t  die p h y sik a lisch  m ögliche B ew egung d u rc h  die K re is
b a h n  r  =  r 0 =  k o n s t, gegeben . S om it e rh ä lt  m a n  aus Gl. (30) fü r  die en tla n g  
e in e r  geschlossenen K re isb a h n  geleiste te  A rb e it:

drA  =  -
к

7’di,0 W  -1 (31)

o d e r n a c h  dem  S tokesschen  S atz  [Gl. (9)]:

d r  A =  d /u  ro t  А  =  — ! rdip d r z 0 ] — 
к  J f J f  I r

8 T

8r

=  —j  I T r —— I drdip
:■ I 8r )
2 я  /  r r 0

д Т  1 ,  C2jzi Cr°\  9T  ) ,
r  —— } drdi/i =  — I I I T  +  r ----- \d r

8 r J
d y  =

{T d r +  rd T }  dtp =  -

Г 2 Л

- I  \T r Y 0° d W =  - r 0 Tdy>.

2л (  r*r0

d (Tr) dip =

(32)

D ie geschlossene K u rv e  К  k a n n  im  Sinne des S tokesschen  S atzes irg en d  eine 
b e lieb ig e  K u rv e  sein. W äh len  w ir z. B. die im  B ild  2 d a rg es te llte  K u rv e  K , 
so e rh a lte n  w ir fü r  d ie  g e le iste te  A rb e it:

d rA  =  — (V) Trdy> =  — r2 T d y  -f- Tdy> (33)

o d e r n a c h  dem  S to k essch en  S atz :

A  =  d /u  ro t А =  — r dip d r z0
8 T

dr

rv  0

J 0
d(T r) dtp j'V0 [Tr\ ;* dy> =  — r. 

J 0
T d f  +  r A  Tdy). (34)
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D iese A rb e it A  w ird  N ull, w enn  гг =  r2 is t ,  w enn  also das Z a h n ra d  ei
ne h in - u n d  h e rp e n d e ln d e  B ew egung a u s fü h r t ,  w enn  sich also d e r K r a f ta n 
g riffsp u n k t a u f  dem  offenen K reisbogen  K '  bew eg t. Som it sp ie lt in  d iesem  
F a lle  bei e iner E n e rg ie ü b e rtra g u n g  d e r rä u m lic h e  R o to r  ro t A ü b e rh a u p t  k e i
ne R olle , da die v o n  d e r K u rv e  К  =  К '  b e ra n d e te  F läch e  F  N u ll w ird . E in e  
E n e rg ie ü b e rtra g u n g  e n tla n g  einem  offenen K re isb o g en  is t jedoch  e r fa h ru n g sg e 
m äß  m öglich, w enn fü r  den  »H ingang« u n d  »R ückgang« versch iedene K r a f t 
fu n k tio n en  gelten . D as b e d e u te t ab e r v e k to ra n a ly tis c h  gesehen, daß  d e r  F e ld 
v e k to r  A a u f  d er d u rch  diesen offenen K re isb o g en  gelegten  offenen Z y lin d e r
fläch e , an  deren  beid en  S eiten  der H in- bzw . R ü c k g a n g  s ta t tf in d e t , eine s p ru n g 
h a fte  Ä n d eru n g  e rle id e t u n d  som it einen  f lä c h e n h a fte n  R o to r

R o t A =  [u(A 2 — A x) [r0( T 2t 0 -j- T lt())] — ( T 2 -j- T j)z0 (35)

h a t , w obei T2 u n d  Т г die fü r  den H in- bzw . R ü c k g a n g  geltenden B e trä g e  d e r 
in be id en  F ä llen  ta n g e n tia l  w irkend  an g en o m m en en  K ra f t b eze ich n en . D er 
offene K reisbogen  lieg t also in der d u rch  die p a ra lle len  W irbelfäden  des R o t А 
g eb ilde ten  F läch e , in  e in e r  »W irbelschicht«, d ie m it den  W irbeln la u t  G l. (35) 
b e leg t is t. A us Gl. (17) e rg ib t sich die g e le is te te  A rb e it zu

A  =  I d r[R o t A, u ] =  -  f  d r[ (T 2 -  7 > 0, r 0]
J k  J k '

(36)

J' Vo I V> о
T .d y  +  r „ T,dy>.

0 J o

Gl. (36) is t  n a tü r lic h  auch fü r  den  F a ll yi0 2 л  gü ltig , n u r w ird  j e t z t  — 
da bei einer geschlossenen U n s te tig k e its fläch e  ein zw eifach zu sam m e n h ä n g e n 
der R au m  v o rlieg t — d e r V ek to r (T j t0) im  In n e re n  des von der S p ru n g flä c h e  
b e ra n d e te n  R au m es zu N ull. D er A rb e itsp ro zeß  sp ie lt sich je tz t  an d em  d u rc h  
den geraden  K re iszy lin d er vom  H alb m esse r r 0 g eb ild e ten  R ande des V e k to r 
feldes А =  T t0 =  T2t u' '  ab , wo die F läch en w irb e l

R o t А =  R o t(— T t0) =  — [r (), T t (l] =  — T z 0 =  — T ,z 0 (37)

v o rh an d en  sind . F ü r  die geleistete A rb e it w ä h re n d  e iner Periode e rh ä lt  m an
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au s G l. (20):

(Ь drA=
J  К —K'

T x oi r o] Г U d y  t 0 T t0 = (38)

w ie b e i den Gl. (31) u n d  (32).

2. K urbe l

Im  G egensatz zu m  vorhergehenden  B e isp ie l w ählen w ir n u n  ein G ra d ie n 
te n fe ld .

A n der P le u e ls ta n g e  soll die K ra f t v o m  B etrag e  P  (B ild 1) an g re ifen . 
D ie  K ra f tr ic h tu n g  is t im  R au m e k o n s ta n t, d a  v o rau sse tzu n g sg em äß  die P le u e l
s ta n g e  unend lich  la n g  sein  soll.

D ie E le m e n ta ra rb e it  lä ß t  sich n u n  w ie fo lg t angeben:

d^4a =  Xa d<pa =  P ( — d r  cos у  -{- r sin y d y ) =  P  • d (H  — r • cos y ) . (39)

D ie zw ei sk a la ren  G rö ß en  d er Energie s in d  so m it:

Aa =  P , (40)

q>a =  H  — r cos у  (41)

m it  H  als einer K o n s ta n te n .
D ie G rad ien ten  ergeben  sich zu:

0 p  2 g p
g rad  Aa =  —  r 0H-------------- t0 , (42)

9r r  8y

g ra d  cpa =  —cos y r 0 -)- s in  y t 0. (43)

D er F e ld fa k to r  is t :

Aa =  Aa g rad  <pa =  P ( — cos y r 0 +  sin y t0). (44)

F ü r  den rä u m lic h e n  R o to r f in d e t m a n :

ro t A a =  [g ra d  l a g rad  cpa\
ЭР . 1

------sin  у  -J-------
Эг r

ЭР

Эу
(45)

D as Feld  des V ek to rs  Aa is t also im  allgem einen  w irb e lh a ft. U m  ein 
P o te n tia lfe ld  zu e rh a lte n , w ählen w ir P  =  P 0 =  kon st., w om it g ra d  Xa u n d
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ro t A a N u ll w erden . W ir f in d e n  aus Gl. (44)

A a =  P 0(—cos y>r0 +  sin  уЛ0). (46)

B ei w irk lichen  M aschinen s ind  am  K u rb e lzap fen  R e ib k rä fte  v o rh a n d e n . 
U n te r  d er V orau sse tzu n g , d a ß  fü r  diese R e ib k rä f te  das C oulom b’sche G esetz 
g ilt, e rg ib t sich  m it dem  R e ib b e iw e rt /г u n d  m it dem  H albm esser p des Z apfens 
ein w irk sam es R e ibm om en t v o n :

M  =  — P[i o. (47)

Die E le m e n ta ra rb e it  dieses M om entes e r re c h n e t sich aus der G le ichung

d A b =  Mdy> =  — P/J-Q dy> =  Xdyp. (48)

F ü r  die zw ei sk a la ren  G rößen  Я u n d  (p f in d e n  w ir:

Xb =  M  =  — P/IQ,

<Pb =  v>-

D ie G ra d ie n te n  sind:

, , I Э P  1 QP I
grad Я„ == — н> \ r 0 +  —  — 10 ,

( d r  r ay)

1
grad  (pb = — t 0 .

r

D er V ek to r dieses Feldes is t  so m it:

A b =  Xb g rad  cpb = ------- — 10. (53)
r

(51)

(52)

(49)

(50)

F ü r  den rä u m lich en  R o to r f in d e t m an :

ro t A b =  [g ra d  ).b g ra d  cpb] W
r

M it P  =  P 0 =  k o n st, w ird  dieses F e ld  au ch  w irbelfrei. 
W ir se tzen  also:

A s — p „ W  ,
l 0

(54)

(55)
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D e r  V e k to r  des G esam tfe ldes e rg ib t sich au s Gl. (46) u n d  (55) zu:

A =  A a +  As — P 0 COS y)V0 -j- (sin ip
[10

(56)

D er A n sch au lich k e it h a lb e r  is t d ieser V e k to r  im  B ild  3 d a rg es te llt. W egen 
d es  n e g a tiv e n  V orzeichens in  Gl. (47) w eist d ie  K o m p o n en te  A b gegen t0. D a die 
zw ei T eilfe lder Aa u n d  A b w irbelfre i s ind , i s t  das re su ltie ren d e  F e ld  A  auch

w irb e lfre i. Som it m u ß  es m öglich  sein, den V e k to r  A  als G rad ien ten  des P o te n 
t ia l s  Ф da rzu ste llen :

A g rad  Ф. (57)
D a n n  is t  aber:

Ф — Фх =  j d r g rad  Ф =  I d r • A. (58)
J rt J tx

N ach  E in se tzen  v o n  Gl. (56) in Gl. (58) e rg ib t sich:

— cos ip^dr  +  P
xp

Vi
r

UQ
sin  ip ---------

r
dip =

=  — P 0 cos ip^r ri ) +  Í V
/LIQ

— cos ip— ---- ^
V

Vi

E s  i s t  also:
Ф =  P 0 {rx cos ip1 — r cos ip —  f i g ( i p  —  ^ ) }  +  Ф\

(59)

(60)

w o b e i Фх das P o te n tia l  im  P u n k t  Qx(rx, f x) b e ze ich n e t, das frei zu w äh len  is t. 
W ä h le n  w ir z. B.

v>i =  r i  -  R, =  o, (6i)

d a n n  e rh a lten  w ir fü r  die G leichung der Ä q u ip o te n tia llin ie n  den Z usam m en-
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h an g :
ФR — - —  m

n

CO S y )

w obei fü r  eine L in ie  Ф =  k o n s t ,  zu  se tzen  ist. 
F ü h ren  w ir noch  die S u b s titu tio n e n

(62)

! * - = ß
R

Ф

p 0 R

(63)

e in , so f in d e t m an  die fü r  die ze ichnerische  D ars te llu n g  bequem e G leichung:

r 1 — a  — ßy)

R  cos y>
(64)

w obei je tz t  also x  zu  variie ren  is t .  Im  B ild  4. sind  die Ä q u ip o ten tia llin ien  fü r  
/3= 6/5tt und  fü r  den P o te n tia lsp ru n g  ЛФ =  A x P nR  =  0,1 P UR  d a rg es te llt.

D ie K o n s tru k tio n  der L in ien  w ird  sehr e in fach , w enn  m an  zwei w ich tige 
E ig en sch aften  d e r K u rv en sch a r v o r  A ugen h ä lt . :

a)  A uf e in er G eraden  y> =  k o n s t, w ird  keine R e ib a rb e it ge le is te t, da 
ke in e  re la tiv e  V erd reh u n g  zw ischen  P leu e ls tan g e  u n d  K u rb e lzap fen  s t a t t 
f in d e t. Aus Gl. (64) fo lg t:

zlr
CO S y )

АФ

P 0 cosyi
(65)

D er A b s tan d  d er Ä q u ip o te n tia llin ie n  in  R ic h tu n g  d e r R ad ien  is t  m it  dem  
P o te n tia lsp ru n g  p ro p o rtio n a l.

b)  A u f einer G eraden  r cos y> =  k o n st, le is te t die K ra f t  an  d e r P leu e l
s ta n g e  keine A rb e it, da  keine V ersch ieb u n g  in R ic h tu n g  d ieser K ra f t  s ta t tf in d e t .  
A us Gl. (64) fo lg t fü r  solche G erad en :

A x  10

“  f io P n
(66 )

D ie P o te n tia lä n d e ru n g  en tlan g  e in e r w aag erech ten  G eraden  is t also d e r Ä n d e
ru n g  des A zim utw inkels y> p ro p o rtio n a l. A ufg rund  d ieser zw ei G ese tzm äß ig 
k e ite n  k an n  m an ein bequem es N e tz  d e r zw eierlei G erad en sch aren  m it festem  
P o te n tia lsp ru n g  k o n s tru ie re n , w obei die N e tz p u n k te  jew eils a u f  e in er Ä qui-
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p o te n tia ll in ie  liegen. D u rc h  sin n g em äß es V erb in d en  e rh ä lt  m an  die S ch ar der 
Ä q u ip o te n tia llin ie n .

I n  einem  solchen F e ld e  e n tla n g  einer geschlossenen K u rv e  is t  k e ine  A r
b e its le is tu n g  m öglich. L a sse n  w ir z. B. die geschlossene K u rv e  К  ganz d ich t 
an  e in e n  die physikalisch  m ög liche  B ew egung des Z a p fe n m itte lp u n k te s  d a r
s te l le n d e n  offenen K re isb o g en  K '  anschm iegen , d en  Z apfen  also eine h in- u n d  
h e rp e n d e ln d e  B ew egung a u s fü h re n , e rh a lten  w ir in  d iesem  F e ld e  keine A rb e it,

B i l d  4

s o w e it  das Feld a u f  d e r  d u rc h  die K urve  К  b e ra n d e te n  F läch e  s te tig  is t. N un 
w e iß  m an  aber, d aß  b e i d e r  h in- u n d  h e rp en d e ln d en  B ew egung  eines solchen 
v e rs p a n n te n  M echanism us A rb e it gele iste t w ird , u . zw. in  d e r H öhe d er e n ts te 
h e n d e n  R eibverluste . D a ra u s  m u ß  m an fo lgern , d aß  das F e ld  a u f  der die K urve  
K '  en th a lte n d e n  F läch e  u n s te t ig  is t, daß  also h ie r  d e r F e ld v e k to r  eine sp ru n g 
h a f te  Ä nderung e rle id e t. D ie sp ru n g h a fte  Ä n d e ru n g  des F e ld v e k to rs  f in d e t 
m a n  be i R eibvorgängen  se h r  le ich t, indem  m a n  b e d e n k t, d a ß  die R ich tu n g  
d e r  n a tü rlich en  R e ib k ra f t  im m e r en tgegen  dem  V e k to r d er re la tiv e n  V erschie
b u n g  zeigt. Som it — w en n  w ir fü r  den H in g an g  den V ek to r A fc2 =  A b la u t  Gl. 
(55) gelten  lassen — is t  b e im  R ü ck g an g  d er en tg eg en g ese tz te  V ek to r

A b l =  +  ^ - t 0 (67)
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vorhanden. Das G esam tfeld ist also für den H ingang m it A =  A 2 lau t Gl. (56) 
für den Rückgang m it

{ /IQ 1 
— cos y>r0 (sin yi +  -— t 0 I (68)

gegeben. Der Sprung des V ektors an der Sprungfläche beträgt som it:

А 2 - А 1 = - 2 Р Д  (69)
r

und für die geleistete A rbeit erhält man aus Gl. (13):

(f) drA =  j dr(A2 — A ,) =  — 2 P 0 /z q  I —  d i p t 0 =  — 2  P 0 / i q  Г d y i  =
J  к  J k ' J k ’ r  d o

=  — 2 P qV Q V o =  m  2  W  ( 7 0 )

Obige Ausführungen lassen sich verallgem einern: In jedem  V ektorfeld, 
dessen Feldvektor eine von  R eibung herrührende K om ponente h at, kann jede 
m it dieser K om ponente parallele Verschiebung als Sprungfläche im  Feld  ange
sehen werden. Daraus fo lg t weiterhin, daß jed e physikalisch m ögliche B ew e
gungslin ie eines M aschinenelem entes — sow eit R eibung vorhanden ist — auf 
einer Sprungfläche des Feldvektors liegt, da jede physikalisch m ögliche B e
w egung parallel zur R eibkraft ist. In unserem B eispiel sind also alle konzentri
schen K reiszylinder m it der Achse z  m ögliche Sprungflächen im  Feld.

W ie früher gezeigt w urde, ist jede Sprungfläche eine W irbelschicht. 
D er Flächenrotor errechnet sich in unserem B eispiel zu:

Rot A =  [ u(A2 A r ) ] ro
IIQ V

- 2 P 0 - t 0Г /
- 2 (71)

E in  K reisbogen ist also gleichm äßig m it W irbeln belegt. Erst durch V orhanden
sein bzw . Zustandekom m en dieser Wirbel ist eine Energieübertragung m öglich .

Für eine geschlossene K urve, hier für einen um den A nfangspunkt 0 
gezogenen , geschlossenen K reis, erhalten wir m it

R ot A =  [u(A -  0)] ro> P« — cos y>r0 +
f . wSin y ) ------

* " 1l r J

=  P„ [ y)
PQ

(7 2 )

9 Acta Technica Academiae Scientiarum Hungaricae 54, 1966



370 A. POÓCZA

die geleistete  Arbeit aus Gl. (20) zu:

drA =  ф  d r[R ot A , u]
K - ^ K '  T  K’ f  ,lr Po

. wsin \p — ----- Z0’ r o
J  K' r

Г2л _ fiQ r 2n
r di/)t0 P 0 sin  г р -------- t 0 =  P 0 r sin y d i p  —

Jo r  ) J o

J- 271
d y i  =  — P  üfiq2 л  =  M  2 я .  

о
(73)

Anhand des B ildes 4 so ll nun noch eine lehrreiche Analogie kurz be
sp roch en  werden. D ie im  B ild  4 gezeichneten Ä quipotentiallin ien  unseres 
m echanischen  Problem s kön n ten  auch die Strom linien einer aus der H ydro
d y n a m ik  wohlbekannten Ström ung sein. D iese Ä hnlichkeit ist n icht nur ober
flä ch lich : Durch die Superposition  einer horizontalen  parallelen P oten tia l
ström u n g und einer Q uellström ung im A nfangspunkt des K oordinatensystem s 
erh ä lt man bei geeigneter W ahl der K onstanten die gezeichneten Linien. D ie zu 
d iesen  Linien orthogonale K urvenschar ste llt die K raftlinien des Feldes dar. 
Sie sind  die Superposition des hom ogenen Feldes A a [Gl. (46)] und des P oten tia l
fe ld es A b [Gl. (55)], dem  in  der H ydrom echanik bekanntlich  ein P oten tia l
w irb el — auch Stabw irbel genannt — entspricht. D ie sogenannte N ull-L inie, 
d ie b e i dem Ström ungsbild die Flüssigkeit der Quelle von der der P oten tia l
ström u n g  trennt, grenzt in  unserem  m echanischen B eispiel die P oten tia le  ab, 
die der singuläre P un k t 0 hab en  kann. Diese Linie ist die einzige Ä quipotentia l
lin ie , die — nur die rechts liegende H albebene betrach tet — ganz im  Endlichen  
l ie g t  und somit die einzig m ögliche wirkliche B ahn darstellt, die ohne A rbeits
le is tu n g  durch die Sym m etrieachse des P otentia lfeldes in der H albebene führt.

Auch das A nalogon der Sprungflächen läß t sich in der M echanik der 
F lü ssigk e it auffinden und wird dort als eine W irbelschicht, an der die Strö
m ungsgeschw indigkeit eine sprunghafte Ä nderung aufw eist, erklärt [3]. So 
e rse tz t  man z. B. in der Aerom echanik den Tragflügel bzw. sein Skelett bei 
d ü n n en  Profilen durch eine gebundene W irbelschicht, deren Z irkulations
d ich te  so gewählt w ird, daß die resultierende G eschw indigkeit aus der unge
stö r ten  Anström ung und den G eschw indigkeiten der flächenhaften  W irbel
b e leg u n g  an jeder Stelle in die Richtung der Skelett-T angente fä llt. D ie durch 
d ie Skelettlinien gebildete F läche ist eine offene Sprungfläche im G eschw indig
k e itsfe ld , während der T ragflügel selbst eine geschlossene Sprungfläche dar
s te llt .
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E N E R G Y  TR A N SM ISSIO N  IN  M EC H A N ISM S

A. POÓCZA

SU M M A R Y

A fte r a  sh o r t  rev iew  of th e  v e c to ra n a ly tic a l bases o f c o n sid era tio n s on e n e rg e tic  p h e n o m 
en a, w hich  in  a c o n tin u o u s  fie ld  a re  a lw ays co n n ec ted  w ith  w hirls, th e  tran sm iss io n  o f  en erg y  
in  a  d isco n tin u o u s fie ld  is in te rp re te d  w ith  th e  a id  o f p lan e  w hirls. T hus, i t  is sh o w n  t h a t  w ork  
is possib le  o n ly  in  c o n n ec tio n  w ith  w hirls. T he to o th e d  w heel an d  th e  c rank  a re  u se d  a s  e x a m 
ples fo r th e  p ra c tic a l c a lcu la tio n  of p lan e  w hirls. In c id e n tly , som e in te res tin g  h y d ro d y n a m ic a l 
analog ies a re  d iscussed .

T R A N SM ISSIO N  D ’É N E R G IE  D A N S L E S  M ÉCANISM ES

A. POÓCZA

R É SU M É

A près u n  b re f  exposé des bases de l’an a ly se  v ec to rie lle  des phénom ènes é n e rg é tiq u e s , 
re liés dans les ch am p s co n tin u s à  des to u rb illo n s , la tran sm iss io n  d ’énergie d an s le c h a m p  d is
co n tin u  e st in te rp ré té e  à  l ’a ide  des to u rb illo n s p lans. L ’a u te u r  p rouve  ainsi q u ’un e  p ro d u c tio n  
d ’énergie  n ’e s t possib le q u ’en  re la tio n  avec des to u rb illo n s . L a roue  den tée  e t  la  b ie lle  so n t 
u tilisées com m e exem ples p o u r le calcu l p ra tiq u e  des ro to rs  p lans. Q uelques an a lo g ies  h y d ro 
d y n am iq u es in té re s sa n te s  so n t ég a lem en t m en tio n n ées p a r  l ’a u te u r .

ПЕРЕДАЧА ЭНЕРГИИ В МЕХАНИЗМАХ

А. П О О Ц А

РЕЗЮМЕ

После краткого схематического изложения основ по векторному анализу энерге
тических процессов, в сплошном пространстве всегда зависящих с вихрями, дается объяс
нение энергопередачи в несплошных пространствах при помощи плоскостных вихрей. 
Таким образом можно показать, что выполнение работы возможно только в связи с вих
рями. На примере зубчатого колеса и вращающего рычага автор практически вычисляет 
плоскостные роторы. В дополнение автор рассматривает несколько интересных гидро
динамических аналогий.
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ON A QUEUING PROBLEM IN RANDOM ACCESS 
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C ongestion  in  a  p a r t ic u la r  ra n d o m  access m u ltip le x  s i tu a t io n , p ro p o sed  b y  Ács, is ex 
am in ed , u sin g  p o sitio n -m o d u la te d  code-w ords. Q u an titie s  c h a ra c te riz in g  p e rfo rm an ce  d e te rio 
ra tio n  are  e s tim a te d , a ssu m in g  a  M ark o v ian  queuing  ru le . N u m e ric a l re su lts  a re  p re sen te d  for 
tw o  p a r tic u la r  tra ff ic  s i tu a tio n s .

I. Introduction

W hen several ta lkers are served by a com m on com m unication  channel, 
bandw idth  m ay be saved  b y  utilizing the partial a c tiv ity  o f the talkers.

M ultiplex system s exp lo itin g  this possib ility  are called random  access 
system s [3], since access to  the com m on channel is governed b y  a property, 
viz. a c tiv ity , varying at random .

In random access system s how ever we run the risk o f getting  the system  
congested , and therefore congestion  has to  be carefully  studied in any o f these  
situations.

The purpose of th e  present paper is to  in vestiga te  a particular random  
access situation . The procedure under consideration, proposed b y  Á cs [1], m ay  
be specified as follows:

W e transm it m essages from  several talkers sim ultaneously , b y  means 
o f a sequence of pulses, arranged in tim e-fram es and code-words as in  usual 
pulse-code-m odulation (PCM).

H ow ever, the use o f  structure and position o f th e  code-words is inter
changed, unlike in usual PCM, v iz . position bears in form ation, th e  individual- 
m essages being d istinguished b y  code-word-structure. Particularly th e  code
words are position-m odulated  throughout the entire tim e-fram e.

Provided the sam ples drawn from tw o or more talkers happen to  be equal 
at the sam e sam pling in sta n t — within resolution — congestion occurs and 
either the loss or a delayed  transit o f some code-w ords has to  be tolerated .

In the course o f th is  procedure we m ay, o f course, readily prevent passive  
sources from  sending code-w ords through the channel.

The afore-m entioned principles leave still som e am bigu ity  concerning  
the perform ance o f the system . Particularly, rules on transit, loss and delay  
o f the code-words have to  be defined.
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W e shall specify, in th e  sequel, queuing rules selected  ch iefly  for a simple 
com p reh en sive treatm ent. N o te  however th a t th e  queuing procedure to  be 
con sid ered  does not represent an optim um  as far as either instrum entation  or 
perform an ce characteristics are concerned.

2 . Posing the problem

A ssum e that the code-w ords from the ind iv idual talkers m ay only be 
in ser ted  at discrete in sta n ts  in to  the tim e-fram e, v iz . at

0 ,  T, . . . ,  f i t ,  . . . ,  Q t ,  ( 1 )

w h ere  t  denotes the len g th  o f  a code-word, 0 the first, Q t  th e  la st possible 
p o s it io n  within a frame. [P rov id ed  no code-word is delayed in to  a subsequent 
fra m e, th e  inspection o f a sin g le  fram e, according to  (1) suffices.]

N o te  that the assu m in g o f discrete tim e is a restriction fa irly  irrelevant, 
p ro v id ed  r is only a sm all fraction  of the fram e-period.

Suppose that in com in g  code-words are d irected according to  the rules 
as fo llow s:

W hen  only a single code-w ord arrives at / i t ,  it  is im m ediately  inserted  
in to  th e  frame.

Provided j  arrivals occur at / i t ,  these are rank-ordered random ly, viz. 
a n y  one m ay obtain th e  f ir s t , second, . . . j t h  p lace w ith  equal probability. 
T h e particular code-word h a v in g  the first place is inserted im m ediately  into  
th e  fram e, those occupying th e  2nd through (s — i  -j- l) - th  places are queued  
u p , a n y  additional code-w ord  being lost. N ote  th a t i  denotes th e  num ber of 
th e  code-words queued up ju s t  preceding / i t  and s  is the m axim um  possible 
le n g th  o f  the queue:

0 < i < ^ .

T he code-words se lec ted  for waiting are queued up according to their 
rank-order, subsequent to  th o se  already in th e  queue. I f  there is no new  arrival 
a t  / i t  th e  word having th e  f ir s t  place in the queue is inserted in to  the frame.

W e shall describe, in  th e  sequel, the sta te  o f the system  in term s of two  
ser ies , v iz . by and r)M,  denoting the num ber of the code-words queued 
up  ju s t  after / i t —for in sta n ce  a t ( ц  -}- У '2) t — and r/ß  the num ber o f the words 
a rr iv in g  at / i t .

Suppose that th e  p ossib le  states are

rjft =  0, 1 , .  . . N ,

== 0 , ! ? • • • £ ,
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where N denotes th e  num ber o f sources.
N ote that {'I'j/j] is a series o f independent random  variables and, therefore 

{ Ц  is a fin ite M arkov chain.
W e are, o f course, interested in P ( t ] ß  —  j ) ,  the probability th a t ex a ctly  

j  code-words arrive at f i t .

In real life th is  probability  depends, o f course, on the particular position  
f i  under consideration. As a m atter o f fact the probability  d istribution  o f the  
speech samples is non-uniform , and can only partly  be equalized b y  expansion  
(i. e. specifying th e  vo ltage  vs. position curve properly), unless undue quantiz- 
ing-distortion or to lerance-sensitiv ity  is n o t adm itted .

For sim plicity , how ever, we shall su b stitu te  the real-life d istribution  by  
a uniform  distribution  defined over a subinterval \ ( i v  p2] ° f  the fram e.

Particularly le t B ß  denote the even t th a t a code-word arrives from  an 
arbitrary active source F ; at f i t ,  and assum e

P ( B „ )  =
OL

V i -  P i  ,
0

for f i l  <; f i  <; 

otherw ise, (2)

where ( f i 2 — V i ) 1 is the low est possible value dom inating the m axim um  
of the real-life p robab ility  density function . (From  well known speech sta tistics
[2] and a proper expansion curve we have: p /(p2 — V i )  — 1-5 (see Sec. VI). 
« is the probability  th a t a source is active.

For j  arrivals w e sim ply assum e th at

P ( % = j ) ^  —  e~X’ (3)
where

A =  Nctj(fi2 — fi,).

In order to construct a situation  d efin itely  worse then the real-life situ a 
tion , we shall assum e th a t (3) holds not on ly  w ithin [ f l y ,  p2] but throughout 
the entire frame.

N ex t let us n eg lect details depending on fram e length , build-up conditions, 
etc. In order to  do th is we first extend  the dom ain of and from  (1) to

— & t ,  . . ., 0, . . ., f i t ,  . . ., Q t ,  (4)

assum ing (3) to  hold  everyw here. Then we take: §  ->• oo.
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W e shall be concerned in the sequel on ly  w ith  th is asym ptotic situation . 
F o llo w in g  th is procedure we ob v iou sly  exam ine th e  transfer of any code-word  
under w orse conditions than  faced in real-life situation .

A s a m atter of fact, th e  m odel to  be considered enables us to  select prom is
ing  perform ance conditions.

W e shall describe the deterioration due to  loss and delay, respectively  
in  term s o f the follow ing attributes:

Freeze-out: K ,

m istake: T w ,

rem ainder: M w .

W e call freeze-out the probability , th a t a code-word arriving from  source 
F t is  lo s t  im m ediately.

W e call remainder th e  probability th a t a code-word arriving from  F,- 
s ta y s  for a tim e exceeding w x  in the queue.

F in a lly , we call mistake the r.m .s. o f th e  num ber o f steps b y  w hich code
w ords in  the queue are delayed , provided th e  transit o f the code-words queued  
up for a tim e longer than  w t  is prohibited.

III. Freeze-out

L et us consider the tran sition  probabilities, concerning Follow ing from  
th e  rules defined in Sec. I I , we have (see F ig. 1):

aij =  P ( ^ = j \ ^ - i  =  i ) =

0, for j — i <  —  1 
P ( y =  0) +  P ( r j  =  l ) ,  for j  =  i = 0 ,

j  < s

P i7! =  j —  * +  ! ) >  f o r  j +  i >  0 ,  ( 5 )

j < s ,

"У P(rj =  l — i -)- 1), for j  =  s.

L et A  denote the even t th a t a code-word arriving from F , is im m ediately  
lo s t , and  Ĉ J) the event th a t j arrivals occur at f i t .

T he probability th a t a code-word arriving from F , is im m ediately  lost,
reads

P(A) = ■  1  „  Ü  P(A\B„). ( 6 )
IH Hi
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R ealizing th at no more than N  code-w ords m ay occur

p (a  ; b „) =  2  p (A \в > С<Л
7=i

- 1

P(CjP\Bß) ^ P ( % = j -  1)‘ 0- _ 1}! - ,

Р(Л  |Б ;1 • C«>) =  2  p (A \B ,  • c«> • =  »})
1 =  0

From  the rules on rank-ordering and queuing, defined in Sec. I I , it  readily  
follow s that

j  +  i  — s  — 1
Р ( А \ В ' - С У > .  {*„_> =  »}) = J

0

for j  +  i  — s — 1 >  0 ,  

for j  +  i  — s — 1 <  0.

Considering the tem porary succession o f the positions labelled b y  /j , — 1 
and fj, we obtain

p ( K , - i  =  ■ ' !  I V е ? )  -  p ( { f , - i  =  0  •
N ote th at the transitional probabilities o f  {1^} m eet the con d ition s of 

M arkov’s lim it theorem . Thus for #  —>  o o  th e  follow ing lim it d istribution  ex ists:

Я, = lim PiS^-x = i ) ,
0—>00

and th e  lim it distribution is given by

(7 )

n i = 2 n r p ( ^  =  i \ ^ - i = j ) -
j=0
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H ere i  =  0, s ,  j  —  0, S i  and  th e  transitional probabilities follow from (5) and
(3).

Particularly, referring to  (6) and (7), th e  freeze-out reads as follow s:

K  ^  -V77,.
N - l

X ’

1=0 k = s — i + l hi

e - A  k  —  ( s  —  i )

) k + 1  '
( 3 )

IV. Mistake

L et D v be the e v e n t th a t a code-word arriving from P , stands in the  
queue throughout e x a c tly  v  steps.

The m istake, i. e. th e  mean-squared va lu e  o f  the number o f steps b y  
w h ich  code-words in th e  queue are delayed, reads

w
M v 2 =  2  v 2P { D r ) ,

V = \

w here

P (D V) =  — 2  P (D r\B„) ■ (9)
Г  2 Г 1 /л=/лх

L et E u be the e v e n t th a t a code-word from  Р,- is queued up ex a ctly  at 
th e  u th  place. Then

P ( D r \ B f l )  =  2  P ( D r \ E a B „). Р (Р „ |Б „ ). (10)
u=i

I t  follows from  th e  rules in Sec. II  th a t a code-word queued up at f i t  

e x a c tly  at the uth p lace w ill be inserted at ( ц  -)- v ) t  into the frame if  and only  
i f  th ere  are exactly  (u — l)-tim es  no new arrivals during the v  — 1 steps sub
seq u en t to  ц т ,  and no additional code-word arrives at ( ц  +  v ) t ,  provided  
v  u .  Thus

P ( D V \ E UB ^ ) ^
V  —  1

и  — 1
(1 -  e )к у - и  -Л/l

( 11)

The probability th a t  a code-word arriving from  P, at ц т  is queued up 
e x a c tly  at the uth p lace  reads

P ( E U \ B „ )  =  2 Р ( Е и \ С Ц > В ц )  P ( C ^ \ B ß ) , ( 1 2 )

w here
J - *

P{EU\C ? B J =  2  Р(Еа\срв„ • {|,_г = ф - Р ^ - ^ К 'Ч ) ,
í =  0
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and

Consider n ex t the conditional p robab ility  th at a code-word arriving  
from F I a t / и х  is queued up exactly  at the n th  place, provided j  arrivals occur 
at f i x  and the length  o f the queue at [jU — (% )]т is just equal to i .

Follow ing from  the rules in Sec. II , a code-word from F,- m a y  on ly  be 
queued up if  i  <  s — 1, and exclusively  th e  p laces, numbered b y

и  =  i  -(- 1, . . . s

along the queue, m ay he occupied.
Referring to  the rank-ordering defined in  Sec. II, we have

p(Eu\qp  • в,, = »}) =

For $  —► oo

1 и  =  i  4- 1, . .  . s ,
— , tor
j  i  < ,  s  —  1 ,
0, otherwise.

=  i } )  -  n t .

(13)

(14)

The probability  that a code-word arriving from F,- stays in th e  queue 
throughout ex a ctly  v  steps is, from (9) — (14):

\  N  s — 1

A  j = 2 1 = 0  u  =  i + l

V  —  l j  

и  — 1 1
I

(1 — e ~ * ) " ~ u • e ~ * u —  e, - л (15)

where со =  m in(i - j -  j  — 1, s, v )  and P v =  lim  P ( D V) .  

N ote th a t th e  m istake is

T  =■*u- Z v2p”
I

1/2
(16)

V. Rem ainder

The rem ainder, i.e. the probability th a t a code-word from F f stan d s in 
the queue for a tim e exceeding w x ,  reads

m w =  5 ’
v = w - \ - 1
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L et G  be the even t th a t a code-word arriving from  F t at /.tr is transferred  
w ith o u t  any delay.

From  the rules defined  in Sec. II , w e obtain

P { G )  —  J  P(B„) (p(C<i>) +
l j =  2 J

1 — e ~ x

p ro v id ed  (3) approxim ately holds.
G ,  D t, D 2, . . . represent a complete system  o f events. Thus, the rem ainder  

m a y  b e w ritten as follow s

M W = 1 - P ( G ) - K -  j £ P „ .  (17)
V — 1

N o te  that if  the transfer of the code-w ords queued up longer th an  w x  

is p roh ib ited , the freeze-out as well as the rem ainder cause a sample loss.
L et us call l o s s  th e  probability  that a code-w ord  arriving from F t is lost. 

T h e loss reads
L  =  K + M W . (18)

VI. Numerical resu lts

W e shall confine ourselves now to cases A  and B ,  specified in T able 1.

Table 1

Cases to be considered

Case A В

Л 0,45 0,75

n
Q

X
~  X T

0,3 0,5

N
a  =  1/4 1,2 2

e a =  1/40 12 20

For convenience we h ave also included th e  load parameter njQ and  
th e  econom y param eter IV/ q into Table 1, assum ing particularly th a t

( f i 2 — /q )-1  =  1,5 q ~ \  (19)
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and

a
{1 /4  
Í 1/40 •

( 20)

Here n  =  0C.ZV denotes th e  average num ber o f active  sources.
Form ula (19) holds, e. g., for a probability  d istribution-function accord

ing to  H o l b r o o k  and D ix o n  [2 ], a m axim um -to-r.m .s. ratio o f 12 dB , and  
the particular w eight function:

У  =
J e - 5 ( 1 - X )

4 - (21)

H ere X denotes th e  relative position w ithin the tim e-fram e, y  the ratio o f the  
instantaneous-to-r.m .s. vo ltage, pr/2 is a ttached  to  x  =  0 and Q t  t o  x  —  1.

N ote th at th e  quantization  distortion m ay he kept w ithin acceptable  
lim its under th ese conditions.

oc =  1/4 characterizes a trunk situation  supposing th at all sources are 
bu sy  (however pauses are still included), a =  1/40 refers to  a situation  when  
individual subscribers are served, v iz . only 10 percent of the to ta l num ber of  
sources is busy.

D ata on direct transfer, loss and m istake are given in Tables 2 and 3, 
and Figure 2 for s =  4.
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Table 2

Freeze-out and direct transfer

A к P(G)

0,45 0,0006 0,805

0,75 0,018 0,704

Table 3

Delayed transfer

X

V 0,45 0,75

P v Tv p , Tv

1 0,092 0,30 0,061 0,25

2 0,049 0,53 0,050 0,51

3 0,026 0,72 0,040 0,79

4 0,013 0,85 0,032 1Д
5 0,0069 0,95 0,026 1,3

6 0,0035 1,0 0,020 1,6

7 0,0018 1,0 0,015 1,8

8 0,00090 — 0,011 —

9 0,00044 — 0,0075 —

10 0,00021 — 0,0052 —

11 0,00012 — 0,0035 —

T he mistake itse lf  is on ly  of relevance if  delay means am biguity  in  code
w ord-position , viz. no b its  are added to the code-words for delay-identification .

A s far as m istake is concerned, we m ay refer to  well known data concern
in g  particularly r.m .s. quantization-d istortion  to  step-height ratio , taking  
for convenience, eq u id istan t and équiprobable quantizing levels. This figure  
read s: T 0 =  12 1/2 ^  0,3.

N ote  that if  no m eans for delay id en tifica tion  are introduced th e  value  
o f  g  has to  be about Tlv/T 0-tim es higher than  th e  m inim um  value ju st m eeting  
quantization-d istortion  objectives.

D ata  in two specific  situations are illu strated  in Table 4, assum ing th at 
th e  tra n sit of code-words w aitin g  for more th an  w  steps is prohibited.

In  particular ap p lication s, o f course, one is also interested in the band
w id th  requirements. This is defined by q and th e  code-word-length (neglecting, 
for th e  m om ent, questions o f minor in terest, e. g. space reserved at th e  edge 
o f  th e  frame, etc.).
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The bandw idth compression relative to  a usual PCM situation , conveying  
TV speech channels at the sam e tim e and using exactly  the sam e num ber of 
bits per code-word as the system  under consideration, is ju st N / q .

H ow ever the code-w ord-length depends on the total num ber o f  th e  voice  
channels to  be distinguished. I f  th is num ber is low , additional h its  are needed  
for delay identification . A nyhow  the code-words have to be longer th an  in 
usual PCM. Thus the gain given b y  N / q is reduced.

If, for instance, a code-word consists o f nine bits in contrast to  th e  seven  
bits needed in an equivalent usual-PCM  situ ation  the gain given  b y  TV/ q is

Table 4
Particular situations

Case A в

W 7 7

L 0,003 0,07

T J T 0 3,3 6,0

reduced b y  a factor o f 1,3. This is to  be taken  into account w hen com paring  
the procedure under consideration w ith com peting possibilities in  particular 
design situations.

*

The author is indebted to Mr. E. Á cs, D octor of techn. sc. for posing the 
underlying problem , to Mr. O .  G u l y á s  for reading the m anuscript and prepar
ing work for sec. Y I, and to  Miss E. P é t e r  for assisting in com putations.
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ZU SA M M E N FA SSU N G

D ie S ta u u n g  im  F alle  eines M u ltip lex v erfah ren s m it zufälligem  Z ugang w ird  u n te rs u c h t . 
D er G eg en s tan d  de r U n te rsu ch u n g  is t die P u lsp h asen m o d u la tio n  von K o d eg ru p p en , gem äß 
einem  V o rsch lag  von  Á cs. E ine  A b sch ä tzu n g  de r die V ersch lech te ru n g  b esch re ib en d en  G rößen 
w ird an g eg eb en , u n te r  V o rau ssetzu n g  von  M arkovschen  W arteregeln . Z ah len erg eb n isse  fü r 
zw eierlei V e rk eh rszu s tä n d e  w erden  m itg e te ilt.
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S. CSIBI

RÉSUMÉ

UN PROBLÈME DE QUEUE EN TÉLÉCOMMUNICATION AVEC ACCÈS ALÉATOIRE

L ’a u te u r  é tu d ie  l ’acc u m u la tio n  dans le cas d ’u n  p ro c éd é  m u ltip le x  a y a n t une  co m m u n i
c a t io n  a léa to ire . L ’é tu d e  a  p o u r  o b je t  la  m o d u la tio n  de  p o s it io n  des groupes de codes, t r a i té e  
s u iv a n t  la  p rop o sitio n  d ’Àcs [1]. U n e  év a lu a tio n  des q u a n ti té s  d é c riv an t la d é té r io ra tio n  d u  
fo n c tio n n e m e n t e s t d o n n ée , d an s  la  p résom ption  des règ les  d ’a lig n em en t en queue de  M ark o v . 
L ’a u te u r  donne des ré s u l ta ts  n u m ériq u es  p o u r d eu x  é ta t s  d e  tra fic .

О ПРОБЛЕМЕ ОЧЕРЕДИ В СИСТЕМАХ СВЯЗИ СО СЛУЧАЙНЫМ
ДОСТУПОМ

Ш .ЧИ БИ

РЕЗЮМЕ

Рассматривается скопление в случае процесса уплотнения со случайным соеди
нением. Предметом изучения является импульснофазовая модуляция кодовых групп в 
соответствии с предложением Ач. Оцениваются величины, описывающие ухудшение 
работы, предполагая правила очереди Маркова. Даются численные результаты для двух 
видов состояния обмена.
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SOME THEORETICAL PROBLEMS OF RADIOISOTOPE
SCANNING

G Y . E M B E R  an d  I. H A LÁ SZ
GAMMA OPTICAL WORKS, BUDAPEST 

[M an u scrip t rece ived  J u n e  4, 1965]

T h e  p a p e r  based  on th e  sim ple  c o u n tin g  p rin c ip le  d efines th e  m in im a o f th e  o b se rv ab le  
a c t iv ity  d ifferences b y  s ta tis t ic a l  m e th o d s  in  th e  scan n in g  techn ics. T he a u th o rs  c o m p u te  re 
co rd ing  e rro r  caused b y  d e te c to r  m o v em en t. T h ey  co n sid er, t h a t  o b se rv a tio n  d ec reases  a b o u t 
th e  c a lcu la te d  va lue  w hich  w as co m p u ted  b y  th e  s ta tis t ic a l  m eth o d  for th e  lo g a r ith m ic  sen 
s i t iv i ty  o f eyes. T he a u th o rs  e x a m in a te d  th e  g e n era lly  u sed  c o n tra s t e n h a n c e m e n t in  th e  
scan n in g  reco rd  and  th e y  conclude  fro m  th em , t h a t  th e y  do n o t e ssen tia lly  in c re a se  th e  
o b se rv a tio n , b u t  cause a loss o f in fo rm a tio n  w ith o u t e x cep tio n . T h ey  give th e  th e o re tic a lly  
b e s t  g ra d a tio n  cu rve  a n d  p ro v e  i t  b y  scan n in g  im age  w h ich  w as ta k e n  by  a th o u g h t e x p e rim e n t.

I. Introduction

The generally used device of m edical scanning diagnostic is th e  m edical 
scanner. Therefore we should like to  exam ine a few  problems connected  w ith  
the perfect picture transm ission. The sen sitiv ity  and effect on the v isu a liza tion  
of in ten sity  differences o f the various collim ator types has been th e  subject 
of several papers, both  from the theoretical and the experim ental p o in t of 
view , and therefore, it  is not in tended to  deal w ith  this problem in th is  paper 
[1, 2]. In th e  follow ing exam inations, the detector and the shielding collim ator  
are considered as given. It  is equally assum ed th a t — photons w ill n o t pass 
through th e  collim ator wall to  reach the detector and the scattering occurring  
on the inner wall of the collim ator w ill be le ft ou t o f consideration.

Let us assume th a t the detector w ill detect tw o areas, one after th e  other, 
the activ ities of which are such th at the detector measures an average count 
of rëj, resp. n2 (Fig. I).

The distribution being o f the Poisson ty p e , a standard deviation  o f ] f n 1 

m ay occur on m easuring n 1 (or |An2 on m easuring n2). It  is quite obvious th a t the  
a ctiv ity  difference o f the tw o areas can be discrim inated with a g iven  proba
b ility  b y  th e  m easurem ent on ly  if  the difference betw een average va lu es rq 
and rë2 is so great th at the tw o areas o f standard deviation do not overlap each  
other.

Thus we m ay write

и2 — ni ^  M | S  +  I S ) ’ ( la )
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w here h  is a factor expressing the reliability o f th e  detection . As a consequence  
o f  th e  b asic  laws for the m athem atical statistics th e  real conditions are expres
sed  m ore truly by th e  standard  deviation va lu e  J / n ,  - j -  re2, instead of sta n 
dard d eviation  jf n 1 +  ]/n2 and therefore

n2 —  h  Щ  +  nr ( lb )

1 position 2position

' e  9  '
г — я

n2+ l/n2 77/77У77?.
п2-Гпя

аш ш .

/7;* f/7, 

n , - l / n r

Direction o f scanning

Fig. 1

T he above form ula holds good in V  per cent o f  the m easurem ents, depend
in g  on th e  value of h .  I f  a reliab ility  of 99 per cent is striven for, h  assum es the  
va lu e o f  3. Based on th e  ab ove, we define the re liab ility  of the yielded inform a
tion  as true observation on the following

K  =
n 0 — n

у n l +  re2
L- ^ 3 , ( 2)

w here n x is the count rate detected  at the poin t in question, n 2 the adm inistered  
co u n t rate detected at th e  scanning elem ent preceding this point im m ediately . 
I f  w e assum e that ratio being constant for a given recording, we m ight
w rite  on the base o f (2)

К  =  constant • J/re2 >  3. (3)
From  equation (3) it  is obvious that a t a g iven  ratio, the true observa

tion  o f  th e  hot, resp. cold area increases w ith  th e  square root of the adm inistered  
iso to p e  quantity . The true observation so com p u ted  is valid only for th e  case 
o f  th e  counting, for th e  case when the detector is placed on points к 15 k 2, . . . k n 

an d  th e  counts arriving at every point “ /c” during tim e “ T ” are scaled.

II. E ffect o f  scaling on the scan  recording

W hen com puting th e  true observation for th e  scan recording, where a 
d etec to r  passes con tin u ou sly  and at a uniform  speed along a specified  area, 
tw o  further factors should  also he considered.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



THEORETICAL PROBLEMS OF RADIOISOTOPE SCANNING 387

For the m ost sim ple case, the counts appear after the scaling in th e  form  
of lines during th e  scintillation  recording. This m eans th at the lines are func
tions o f the counting rates. The line thickness being, for technical reasons, finite, 
the num ber of lines to  be introduced into a given area is also lim ited . A  given  
area can he supplied on ly  w ith  lim ited, defin ite inform ation. The problem  can 
be solved by d ivid ing th e  number of inform ations thus introduced. In this 
case, we are forced to  com plete the true observation  w ith  further factors.

Let us assum e th a t the number of pulses arriving from the d etector are 
divided by k ,  i.e . each к  count is recorded.

W hen recording every fctn particle, the probability  of recording a m istaken  
line is ( k  — l) /2 k  on tw o neighbouring areas still resolved by the collim ator. 
The detector, nam ely , can store inform ations o f any value from 0 up to  k  — 1 
from the preceding area, depending on the instantaneous position  o f  the de
tector head and so an older inform ation o f a va lue from  0 up to  к — 1 m ay be 
added to  the count detected  on the new area. Thus we m ay draft our task  as 
follow s: le t us exam ine, w hich is the probability th at the sum o f tw o inform a
tions, each w ithin the range from 0 to k  — 1, m ay yield  a value exceed ing k .  

I t  is quite obvious th a t th is probability is ( k  — l)/2k .
C onsequently, th e  true observation is

К  =
to —  Í 1

*2 ( k  — 1)/6 k
(4)

at the areas corresponding to  count rate iq, resp. n2, where the num ber o f lines 
has been marked b y  t 1 and t2, t  =  n j k .  k  being the m entioned divid ing factor.

The exam ination o f the equation (4) is the follow ing, th a t a d s  distance  
originates for the d ivid ing independently of it , w hat size is the resolution  of 
collim ator. The m agnitude o f this line section is, in case of hom ogeneous in ten
s ity  d istribution,

( 5 )

where k  is the num ber o f th e  divisions, v  the translation  speed of th e  detector, 
n  the expected  va lu e of th e  counts in the surroundings o f point a .  N am ely , the  
resultant expected value o f tim e interval betw een tw o  particles is 1 / n  and as 
the tim e intervals betw een  the particles show  an exponentia l d istribution , 
their standard deviation  is

± 1 / » .  (6 )

From equation (5) it  can be seen th a t the true observation decreases 
w ith  the m agnitude of th e  transm itted range and the m axim um  change of n  

is understood as th e  inform ation range.
I f  the distribution o f the radiation is inhom ogenous around p oin t a ,  

th e  surroundings o f point a  are separated in to  areas wherein the radiation
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in te n s ity  is uniform. The e x p ec ted  values are determ ined  ind ividually  for these  
areas, th e  resultant ex p ected  value being the sum  of the expected  values o f  
th e  ind iv id u al areas. T he resu lt can be generalized for any case of the local 
in te n s ity  distribution.

III. E ffect of the logarithm ic detection of the hum an eye on true observation

T he other reason for th e  decreasing true observation can be found in 
th e  su b jective  human d e tec tio n . Due to the great num ber of lines, th e  hum an  
eye  w ill detect on the scan n er im ages the d en sity  differences caused b y  the  
lin es in stead  of the num ber o f the lines. For further calculations aim ing at 
th e  determ ination o f th e  tru e  observation it  is required to express th e  counts 
in  th e  error formula b y  th e  blackening observed in fact by the hum an eye.

I f  th e  area m om en tarily  scanned by the collim ator is d  cm2 and th e  area 
of a lin e  f  cm2, then th e  b lacken ing  of the scanned area d ,  in case o f  lines t  

d en o ted  b y  p  is p  =  t f / d  per cen t, since n / k  =  t .  In  th is last expression , к  de
n o te s  th e  number of th e  d iv ision s, t  the num ber o f the lines, and n  the counts 
recorded  by the detector. B etw een  the b lackening o f area d  and th e  count 
rate  th e  following relation  can be set up:

P ------  • 100 per c e n t.
k d  v

( 7 )

N ow  we m ay already determ ine the condition  o f the true observation  
for th e  tw o neighbouring areas still resolved b y  the collim ator. The detector  
m o v in g  at a uniform sp eed , the two neighbouring areas m ay overlap each 
oth er .

T he geometrical d im ensions of the collim ator and of the detector being  
g iv en , th e  difference o f  th e  recorded counts is determ ined by the length  of the  
p a th  section  d s .  This is th e  sm allest section to  be resolved where an in ten sity  
difference may still ex ist;  d s  denotes the u n certa in ty  caused b y  the scaling  
d efin ed  b y  equation (5). To facilitate further calcu lations, it is assum ed that 
th e  difference betw een th e  diam eters of the tw o  neighbouring areas exam ined  
is  a lw a y s greater than  d s  [cm ].

T he physicians and op ticians knew the fa c t th a t the hum an eye detects  
th e  b lackening logarith m ica lly , because the stim u lation  m ust increase logarith
m ic a lly , that the sense is ab le  to  increase b y  linear (by W eber—Fechners law ). 
T he b e st  agreement w ith  p ractica l conditions can be obtained b y  taking account 
o f  th e  logarithm ic d etection  o f the human eye in case of the d etectab ility  here 
d efin ed . Thus true ob servation  К  must be put in to  the logarithm ic system  in 
order to  obtain the su b jec tiv e  true observation K s . U sing equation (7), K s
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can be expressed as follows:

К ,  =
log n . ,  — log n t

[log  n 2 — log (re2 — 3[l n 2 f  +  [log («! +  3 |/n ,) — log n j 2 +  L (8 )

L  denotes the resolving ab ility  of the hum an eye.
Before proceeding w ith  the exam ination  of the results here obtained, 

le t us define the place were n2 =  0. In the num erator of equation (8) there is 
log n r — log n 2 ; w hen n 2 =  0, then log n 2, i.e . i f  the background is zero, it  is 
seem ingly the true observation which tends to  in fin ite . To rem ove the apparent 
contradiction w hich has thus occurred, le t us exam ine the physical contents of 
log n2; n 2 =  0 m eans th a t the blackening is 0. The blackening o f the w hite  
paper, how ever, never corresponds to zero b u t to  a definite num erical value. 
Thus, log 0 has no physical contents. A greem ent w ith  experience is obtained  
when assum ing th a t at n 2 =  0, log n 2 =  c, w here c is a constant characteristic  
for the “ blackness” o f the paper.

B y increasing the blackening, a lim it w ill be reached where th e  hum an  
eye is unable to resolve the differences in th e  blackening, even independently  
of the Poisson error. From  equation (7), the fo llow ing features o f the projection  
follow:

1. D ue to  th e  logarithm ic detection o f  th e  human eye, the subjective  
detection  is considerably lower than that obtained  b y  the counting, at any value  
of n l and n2, where the detection m ay be estim ated . As both n 2 and n 2 are con
siderably greater than  the difference of th e  logarithm  of 1, both  are consid
erably less than the difference of the argum ents. From equation (8) it  is 
obvious th a t the true observation can be defined  for the case o f n  ^  3 only. 
The denom inator o f  equation (8) decreases at a sm aller rate than  the num er
ator, even in th e  boundary case when eq u ality  exists in equation (8) for the  
true observation. The denom inator would decrease at an identical rate w ith  
the nom inator i f  the square root o f the sum  o f the standard deviation  
were replaced by the sum  of the standard deviation . As the square root 
extracted  from th e squared sum of the standard deviations is alw ays less than  
the sum  o f  the standard deviations, the decrease o f the nom inator is alw ays 
sm aller than  th at o f  th e  denom inator, even in  a lim ited case.

T h u s , i f  t h e  p l o t t i n g  o f  t h e  d i s t r i b u t i o n  o f  t h e  r a d i o a c t i v e  i s o t o p e s  i s  d o n e  b y  

m e a n s  o f  l i n e s ,  t h e n ,  d u e  t o  t h e  r e c o r d i n g ,  t h e  t r u e  o b s e r v a t i o n  d e c r e a s e s  a t  a n y  n u m b e r  

o f  l i n e s .

2. In counting, the true observation increases w ith the square root o f  
the isotope adm inistered; in the present case, how ever K s cannot be increased  
beyond any lim it b y  the increase of the isotop e q u an tity  adm inistered. From  
equation (8) it m ay be seen that by increasing th e  adm inistered isotope quan
t ity , even tu a lly  a lim it is attained, due to  th e  very  nature of the logarithm ic
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curve, w here the differences in the blackening becom e smaller than  L ,  the  
reso lv in g  ab ility  of the hum an eye. Thus at a certain value of the b lackening, 
th e  h u m an  eye is unable to  d etect the differences of the blackening, in d ep en d 
e n tly  o f  th e  standard d ev ia tion . I f  scaling is applied, the error resulting from  
th e  sca lin g  increases, on th e  other hand, according to  equations (4) and (5).

C o n s e q u e n t l y ,  t h e  t r u e  o b s e r v a t i o n  i n c r e a s e s  b y  t h e  i n c r e a s e  o f  t h e  i s o t o p e  

q u a n t i t y  a d m i n i s t e r e d  u p  t o  a  m a x i m u m  v a l u e ,  a n d  i s  f o l l o w e d ,  b e y o n d  t h i s  v a l u e ,  

b y  a  d e c r e a s e .

3 . E quation  (8) further show s th at after projection, the photons hav in g  
orig in a lly  a sym m etrical standard  deviation , due to the recording, w ill have  
an asym m etrica l distribution . The error in  the n e g a t i v e  s e n s e  w ill show  con
sid erab ly  greater values th an  tow ard the positive. In m ost cases, th is  is the  
cause o f  the m istaken n eg a tiv e  “ nodules”  occurring in the scanner im ages.

4 . I t  is profitable to  exam ine equation (8) for the special case w hen the  
m easu rin g  error remains con stan t. This case is represented by F ig. 2 w hen the  
in form ation  transmission has been exam ined at constant measuring error for 
th e  case o f warm “nodules” o f  a sm all diam eter. In the figure it  can be seen 
th a t , due to  the logarithm ic sen sitiv ity  of the hum an eye, the scanner im ages 
do n o t  indicate the a c tiv ity  differences, but the logarithm s of the a c tiv ity  
differen ces. Thus heavily  d istorted  warm, resp. cold “ nodules” are obtained  
and q u an tita tive  differences in  respect to  the activ ities and m agnitudes of 
th e  various cold and warm  “ nodules” cannot be established.

T h e  p r o j e c t i o n  o f  t h e  “ n o d u l e s ” g r e a t l y  d e p e n d s  o n  t h e  a c t i v i t y  o f  t h e  s u r 

r o u n d i n g  b o d y  t i s s u e s  a n d  o n  t h e  m a g n i t u d e  o f  i i n o d u l e s , \

IY. Conditions o f the ideal projection

B ased  on equation (8), it  is worthwhile to  exam ine the question  o f the  
so -ca lled  background erase. T he im provem ent o f the detection in the scanner  
im ages is achieved by ap p ly ing  various electronic circuits to provide th e  record
in g  for on ly  above a certain count rate [4, 5]. B ased on equation (8) it  is ob
v io u s  th a t  in case of negative  “ nodules” the count rate cut off the background  
does n o t result in essential im provem ent. B y  the decrease of re2, the nom inator  
o f eq u ation  (8) increases in proportion to  log n j n 2,  the denom inator, on the  
oth er hand, similarly increases if  n2 is decreased. In th is case, it  is practica lly  
ju s t  th e  sam e when no recording is done up to  a certain n 0 or i f  th e  sm aller  
v a lu es  are cut off gradually. A t the sam e tim e, b y  increasing the num ber of 
th e  rem oved  counts, we run th e  risks of losing valuable inform ation and m is
ta k en  n egative “nodules”  occur in the im age, due to the asym m etric error 
distr ib u tion . In case of iso top e enrichm ent w hen detecting the so-called  warm  
“ n o d u les”  advantages of th e  background erase m ay occur in som e special
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cases. The Poisson sta tistica l raggedness can be left out of consideration in 
case of high counting rates, the detection being determ ined only b y  the value  
o f L .

For th is special case, the following is obtained  from equation (8):

К s
П2 — П\

П1
^ > L . (9)

In practical d iagnostics, the possibilities for the application o f equation  
(9) are excessively  rare. Possibilities for losing  inform ations m ay, how ever, 
ex ist, also in this case. The physician cannot know  in advance w hich portion  
o f the background fraction m ay be cut off.

The greatest d isadvantage of the background erase is th at it  does not 
elim inate the logarithm ic transm ission o f the a c tiv ity  differences.

The logarithm ic transm ission can be elim inated  by transform ation

n r =  10"^ . ( 10)

The recorder counts are denoted b y  n r , the detected counts b y  n d ; b  

is a constant determ ining the gradient o f th e  transm ission curve. The value  
o f b  should be selected so high as to enable th e  use of the entire inform ation  
range for the transm ission. U sing equation (10), th e  true observation obtained  
in counting can be recovered from equation (8), in case of b  —  1:

К  =
n., — n .

+  n 2
3 . (2 )

Such, transform ation is supplied b y  th e  photoscanning, the gradation  
curve of which is exponentia l. A film  can be found the blackening curve of 
w hich will ju st elim inate the logarithm ic character o f visual perception of the  
hum an eye. In this case, th e  differences are not distorted  by the recorder, the  
transm ission curve is linear as shown by the curve b  in Fig. 2.

It is worth m entioning that value К  ob ta ined  from (2) was exam ined  
b y  W .  E n t z i a n  who has tried to  determine th e  optim um  true observation by  
m eans of photoscanning for phantom s o f different activ ities and m agnitudes  
[6]. H is results show good agreem ent w ith equation  (2) figuring in th e  present 
work. It should be m entioned , however, th at various problems have arisen in 
connection w ith the photoscanning-type recorders but these problem s are 
not dealt w ith in th is paper.

F inally , we wish to dem onstrate the logaritm ic nature of the subjective  
visualization . Two pictures are shown which have been taken in the follow ing  
manner:
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In itia lly  it was assum ed th a t a detector feeds two different analyzers. 
T he f ir s t  analyzer provides for the usual linear signal transm ission, th e  second  
one, e .g . a film , shows a b lackening curve w hich fulfils the transform ation  
required  b y  equation (10). T he area has been d ivided , in thought, in to  sm all 
squares and above each o f th ese sm all squares th e  detector has been staying  
for a defin ite  time; thus p reven tin g  the analyzer from  transferring inform ation  
from  one square to the other. This means th a t the error originating from  the  
sca lin g  has been adm itted  and distance d s  defined b y  equation (3) been  con
sidered . The Poisson set w as recorded corresponding to practice. T he staying

Number o f  lines
F ig .  2

tim e  o f th e  detector above each of the sm all squares to be scanned during the  
a ssu m ed  recording did correspond to  the usual continuous scanner speed of 
10 cm /m in . The in ten sity  o f  the assum ed warm  “ nodule” was 3000 cpm , the  
hom ogeneous in tensity  o f th e  surrounding 300 cpm , whereas the in ten sity  of 
th e  cold  area 60 cpm. For th e  linear transm ission, a signal has been allocated  
to  ev ery  6th pulse.

T he blackness va lu e w as adjusted as a com bination of dots and  dashes, 
on th e  scanner image taken b y  exponential transform ation m ethod for th e  better  
approxim ation  of the exact exponentia l function . The blackness va lu e  is ten  
tim es greater than caused b y  a dash than a dot.

T he pictures show  conspicuously  the b etter transm ission o f th e  trans
form ed  im age wherein th e  subjective visualization  has been considered. The 
o u tlin es of both the cold and warm areas are more definite and in th e  trans
form ed  image the hom ogeneous basic in ten sity  is really hom ogeneous; as for 
th e  linear transm ission, m ore cold areas occur in the hom ogeneous in ten sity .

Sum m ing up our exam in ation , it can be established th at im provem ent 
o f th e  scan recording m ay be realized’by tw o m ethods: The “ b est”  p icture can 
b e ob ta in ed  by increasing th e  adm inistered isotope quantity and b y  applying
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sim ultaneously  the photo-scanning to  rem ove the logarithm ic sen sitiv ity  of 
the hum an eye. The increase o f the adm inistered isotope q u an tity  is lim ited  
by the risk of radiation dam age. According to  th e  more recent reports, th e  pres
en tly  applied isotopes o f short half-periods and containing weak b eta-com p o
nents m ay open new outlooks for the radioisotope scanning [7].

II1II Il II1 II Il II II II1II и и 1 il il 1
Il II II 1 II II II 1 II II 1 II 1 и и и 1 1 1
II1II 1 II II 1 II II II11 il II 1 il 1 и
II1II 1 II 1II III IIII 1 1 il il il 1
Il 1 II II 1 II 1 II II II1 1 и и 1 и и 1
H 1 1 Il 1 II II Il 1 II 1 1 II il и 1 и и II
II1II 1 II II 1 1 RHIIIIIIII 1 и llllll
Il II II 1II1 II 1 miiiiiii и 1 и Il II 1 II
1 II II Il II 1 II Ш111111111Н 1 1 и 1 II 1 II
Il II 1 Il 1 II II il il 1 1 и и и и 1 II II 1
Scanner image taken at the usual 

signal transmission

a )

I I I I i l  I I
I I I I i l  I Ii l l  t i l l  i l l  t i l l  

I l  I il I I
I l  I il I I

i l l  i l  I I

I I I I

t i l l  I I I I
Scanner image taken by considering 
the logarithmic sensitimy of the human 

eye
b)

F ig .  3
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Ü B E R  E IN IG E  T H E O R E T IS C H E  F R A G E N  D E R  S Z IN T O G R A P H IE

GY. EMBER und I. HALÁSZ

Z U SA M M E N FA SSU N G

Die P u b lik a tio n  b e s tim m t, von  den  E ig en sch aften  des e in fachen  Z äh lp rin z ip s a u sg e h en d , 
m it H ilfe  s ta tis t is c h e r  M ethoden  d en  scan n in g -d iag n o stisch  nachw eisbaren  k le in s te n  A k t iv i tä ts 
u n te rsch ied . D ie V erfasser b e rech n en  den  d u rc h  das B ew egen des D e tek to rs  e n ts ta n d e n e n  
R eg is trie ru n g sfeh le r. Sie b e ac h te n , d aß  d ie w ah rg en o m m en e  N ach w eisb ark e it w egen d e r  loga- 
r i th in isc h en  E m p fin d lich k eit des m ensch lichen  A uges m it d e r m it Hilfe s ta tis t is c h e r  M eth o d en  
b e rec h n e te n  N ach w eisb ark e it n ic h t ü b e re in s tim m t. Die V erfasser hab en  die in  d e r  Scan n in g - 
T ech n ik  ü b lic h e n  K o n tra s tv e rb e sse ru n g sm e th o d e n  g e p rü ft u n d  ste llen  fest, d a ß  d iese lb en  die 
w ah rg en o m m en e  N ach w eisb ark e it w esen tlich  n ich t ste ig e rn , w ogegen die a n g ew e n d e te n  V er
fa h re n  w esen tlich en  In fo rm a tio n sv e rlu s t v e ru rsach en . Sie b e stim m en  die p rinzip ie ll w irk sa m ste  
G ra d a tio n sk u rv e  u n d  zum  B ew eis legen sie als th eo re tisch e n  V ersuch  ein S can n erb ild  bei.
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Q U E L Q U E S P R O B L È M E S  T H É O R IQ U E S  D E  LA  S C IN T IG R A P H IE

GY. EMBER et I. HALÁSZ

R ÉSU M É

Les au teu rs , p a r ta n t  d es p ro p rié té s  du  co m p teu r n o rm a l, d é te rm in e n t p a r des m éth o d es  
s ta t is t iq u e s  la plus p e ti te  d iffé re n ce  d ’activ ité  o b se rv ab le  p a r  sc in tig rap h ie . Les a u te u rs  cal
c u le n t  l ’e rreu r d ’en re g is tre m e n t d u e  au  dép lacem en t d u  d é te c te u r . Ils  c o n sid è ren t q u ’en 
ra is o n  de la  sensibilité lo g a r i th m iq u e  de l’oeil, le p o u v o ir  s é p a ra te u r  observé d iffère  de celui 
c a lcu lé  p a r  des m éthodes s ta t is t iq u e s .  Les au teu rs  a y a n t  e x am in é  les procédés d ’am p lif ic a tio n  
de  c o n tra s te  h a b itu e llem e n t u til is é s  d an s la tech n iq u e  sc a n n e r , o n t  tro u v é  que ceux-c i n ’aug
m e n te n t  pas sensib lem ent le  p o u v o ir  sép a ra teu r o b servé, m a is  im p liq u en t, p a r  c o n tre , u n e  p e rte  
n o ta b le  d ’in fo rm ation . L es a u te u r s  d é te rm in en t la  co u rb e  de  g ra d a tio n  la p lus efficace  en 
p r in c ip e  e t  d o nnen t, p o u r  v é r if ie r  c e tte  courbe, une  im ag e  sc a n n e r  ob ten u e  p a r voie h y p o th é 
t iq u e .

НЕКОТОРЫЕ ТЕОРЕТИЧЕСКИЕ ВОПРОСЫ СЦИНТИГРАФИИ

Д .  Э М Б Е Р  и  И .  Х А Л А С

РЕЗЮМЕ

Исходя из особенности принципа простого счёта, в статье с помощью статистиче
ских методов определяется наименьшая разность активностей, воспринимаемая сцин- 
тиграфией. Авторы определяют ошибку регистрации, возникающую из-за передвижения 
детектора. Учитывают, что наблюдаемое разрешение отличается от разрешения, рассчи
танного статистическим методом, из-за логарифмического восприятия глаза. Авторы рас
смотрели методы улучшения контрастности, обычно используемые в сцинтиграфии и 
делают вывод, что эти методы особо не улучшают наблюдаемое разрешение, однако, при
водят к значительной потере информации. Определяют теоретически наиболее выгодную 
кривую градиации и для теоретического подтверждения этой кривой приводят сцинти- 
графическую картину.
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THE HUNGARIAN INVENTION 
OF THE RAM JET DRIVE IS 50 YEARS OLD

D. B R O D S Z K Y
CANDIDATE OF TECHNICAL SCIENCES 
TECHNICAL UNIVERSITY, BUDAPEST

[M an u sc rip t rece ived  M arch  11, 1965]

T h e  p a p e r discusses th e  so lu tio n  o f th e  ra m  j e t  d ro v e  p roposed  by  a H u n g a r ia n  p ioneer.

A l b e r t  F o n ó ,  m echanical engineer — to -d ay  Corresponding M ember of 
the Hungarian A cadem y o f Sciences — 50 years ago on February 10, 1915 set 
forward a proposal to the A ustro-H ungarian Arm y H eadquarters for the  
creation o f a ram jet-driven projectile (air torpedo). The detailed  calculations  
subm itted  in support of the proposal show th a t w ith  the proposed air torpedo  
effic ien t shooting was possible at a far greater distance than w ith  th e  longest- 
range guns known at th e  tim e [1].

The Technical C om m ittee o f the A rm y Headquarters inform ed F o n ó  

in a brief letter that no practical success was to  be expected from the realization  
of the proposal and therefore it  would not deal w ith it (Fig. 1).

V iew ing the proposal w ith  our eyes o f to -d ay , there can be no doubt that 
a v ery  im portant invention  was rejected. F o n o ’ s  proposal in vo lved  every  
basic idea of the power p lants o f our m odern sonic and supersonic air trans
portation  and above th is, it  recom m ended an application w hich in  its tim e 
(1915) w as the m ost realistic and could have been realized w ith  th e  m axim um  
chance o f success.

The sketch of A l b e r t  F o n o ’ s  air torpedo is shown in F ig. 2  [ 1 ] .  To-day  
one needs only to  give it  a sw ift glance in order to  see that it  is je t  drive w ith 
out an aspirating com pressor (ram -jet, athodid). Its operation is already well- 
know n, theoretically  it  can be separated into a therm al power u n it and a pro
pulsion  un it. The basic condition  for its operation is that the air arrives at 
adequate relative velocity . This relative v e lo c ity  is provided by th e  flig h t itself. 
The operating cycle is the follow ing: the relative kinetic energy o f th e  air arriv
ing at the drive unit is already partly reduced in front of the drive u n it, partly  
in its adequately arranged channel, thus its enthalpy increases and also 
its pressure; so dynam ic com pression is brought about. Then fuel is injected  
in to  the compressed air, ignited  and burnt a t constant pressure; the in- 
creased-energy gas expands in a driving nozzle and is exhausted  at high 
speed. The reaction of the im pulse of the high-speed medium  provides the  
thrust.
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/-row.iâf* niöftt weiter r e m itt ie r t  «erden kann.

rur oen Prfceidenten:

Fig. 1

According to the foregoing, the ideal w orking cycle of the pow er unit 
con sists o f adiabatic (isenthropic) compression, h eat introduction at constant 
pressure, adiabatic expansion  (outflow) and h ea t extraction  at constant pres
sure (F ig. 3). The e ffic ien cy  of the therm al pow er p lant working according  
to  th e  ideal cycle depends on ly  on the com pression ratio,

Г) =  1 — P  0

p  1

w here p 0 is the in itia l pressure, p l  the final pressure o f compression. B u t here 
there is dynam ic com pression, the pressure ratio depends on the in let ve loc ity  
and fin a lly  efficiency is an un ivocal function o f th e  in let velocity , w hich can be 
characterized by its M  num ber Hence

7] —  1
1

1 +  0 ,2  M 2

1

M 2
H - l
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w hich is also shown on th e  diagram of F ig. 4 . A t small M  num bers efficiency  
is low , and with increasing M  it increases first slow ly, then rapidly and  finally  
again at a lower rate. A t M  =  0,1 the effic ien cy  attains only 0 ,1% , a t M  =  
=  0,5 it  is 5% , at M  =  1 it  is 16,6% , at M  =  2 it  is already 45%  and at M  =  

=  5 it  attains 83% .
I f  we consider th a t these values give th e  ideal efficiency o f th e  therm al 

power plant but th a t its  real efficiency is reduced b y  further considerable losses 
and th a t the over-all efficiency of the power p lant is reduced still further by  
the propulsion effic iency , we see th at the very  base of advantageous applica
tion  of the compressorless ram je t is supersonic speed, which fact has practically  
been proven to-day.

Carburation
Fig.  2. S k e tch  of F o n ó ’s a ir  to rp ed o  [1]

F ig .  3. Id ea l w o rk in g  cycle o f  th e  a ir -a sp ira tin g  j e t  d riv e : p  — v d ia g ra m  ( a ) ;
T — s d iag ram  ( b)

In 1915 only projectiles attained supersonic speed, aircraft w as still in 
its  in fancy, their speed w as far below sonic and attained only a fraction  o f its 
speed. A ttaining sonic speed was at that tim e not a question o f d rive units, 
b u t much more o f airfram es, therefore the developm ent of a power p lan t su it
able for supersonic fly in g  w as untim ely. For th e  aircraft o f the tim e th e  petrol- 
engine driven airscrew w as absolutely su itab le from the points o f  v iew  of 
thrust efficiency and m any other points, too. A t low  fly ing speeds th e  com pres
sorless je t plant (ram jet) is not suitable for replacing it; under such conditions  
— slow fly ing  — it  did n o t acquire im portance during later stages o f  develop
m ent either.

From what has been said it  is clear th a t F o n ó ’s proposal o f  1915 was 
realistic, much more so than  the paper of the French L ó r i n  published in 1915
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w h ich  also set up the idea o f  th e  ram jet, but w ith o u t pointing to  th e  need  
for h ig h  speed [4]. F o nÓ’s m o st im portant fin d in g  w as th at the je t propulsion  
p la n t w ith ou t aspirating com pressor becomes o f great im portance at supersonic  
f ly in g  speed. Furtherm ore h e  saw  not only th a t th e  initial speed required for 
its  operation  must be secured from  some other source, but he also found th a t  
fie ld  o f  application where in  1915 this could be realized  within a lim ited  tim e. 
H e w a s clear about th e  im p ortan ce of experim ental work and insisted  on th is  
in h is proposal [1].

W ith  this the basic princip le of our m odern aircraft propulsion plants  
w as created . A smaller step  w as necessary for th e  adaption of the propulsion  
p la n t to  infrasonic speeds and  to  provide it w ith  a starting power. F onó also 
a ch iev ed  decisive progress in  the solution of th is question . A lthough infavour-

F ig .  4.  V a ria tio n  of th e  id ea l th e r m a l  efficiency of th e  a ir -a sp ira tin g  j e t  d rive  as a  fu n c tio n
o f the  M  n u m b er

a b le  conditions caused loss o f  tim e, m eantim e developm ent brought th e  solu
tio n  o f  the problem in to  th e  foreground.

F or a long tim e after th e  rejection o f his proposal F o n ó  had no p ossi
b il ity  o f  continuing his w ork  on the air-aspirating je t  power p lant. O nly in 
1928 could  he think o f realizing a jet plant su itab le  for aircraft and to  claim  a 
p a te n t  for sonic. He applied  for a patent also in  th e  G e r m a n  R e i c h s p a t e n t a m t ,  

b ecau se  the preliminary exam ination  carried ou t b y  th is institu tion  was consid
ered a t th at tim e as being th e  m ost reliable one. F irst he claimed a p a ten t for 
th e  application  to supersonic aircraft of the so lu tion  he had proposed for the  
air torp ed o  and w ithin h a lf a year he asked for an additional patent on a power 
p la n t suitable for infrasonic flig h t. In the la tter  a com pressor driven b y  a sepa
ra te  therm al engine (e.g. a p iston  engine or a ro ta tin g  piston engine) created  
th e  pressure ratio necessary for satisfactory operation , to which during fligh t 
also  th e  dynamic com pression contributes. T his additional patent basically  
so lv es  th e  problem o f th e  aspirating compressor je t  engine, leaving open the  
q u estio n  as to what kind o f  compressor and o f  therm al engine w ould finally
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be o f advantage. The German patents granted after a prelim inary exam ination  
la stin g  for an unusually long tim e of about 4 1/2 years priority as from  1928 [2].

A fter the patent applications F o n ó  searched for a possib ility  to  try  the  
air aspirating je t engine on aircraft. After several prom ises (F o k k e r , J u n k e r s )  

there was finally  no opportun ity  for th is, largely because engineering at th at 
tim e had not reached a level perm itting adequate tem peratures at the critical 
places, e.g. at the exhaust va lves o f petrol engines. So the experim ental work  
and th e  practical realization fell to  others.

A t present the m ost im portant drive u n it for sonic and supersonic fligh t  
is the turbo-jet engine, on which afterburning can be used, too. T his power

Compressor Turbine

Fig.  5. T h eo re tica l d raw in g  of a g a s-tu rb in e  j e t  d riv e  u n it  w ith  a f te rb u rn in g

p lan t can be com plated by a ram je t, which enters in to  operation at high speed  
only.

N ow  let us exam ine a modern turbo-jet engine com pleted b y  afterburn
ing, — used also for infrasonic fligh t — and th en  le t us investigate w h at part 
of it  could have been realized at a general level o f  engineering o f 1915.

F ig. 5 shows the theoretical arrangem ent o f  a modern gas-turbine jet-  
driven unit w ith an afterburning device; F ig. 6 show s i —s and T —  s  d ia
gram s of the drive u n it’s working cycle during supersonic fligh t operation . 
As show n in the i —s diagram , the working cycle starts w ith dynam ic com pres
sion (0 — 1) then the com pressor continues b y  th e  com pressing the air ( 1 —2).

A fter th at — neglecting sm aller pressure losses — fuel is burnt a t constant 
pressure in the com bustion cham ber (2 — 3), then  th e  gas expands in th e  turbine  
( 3—4). The turbine covers the work needed for driving the compressor and for 
th is it  does not require th e  whole o f the available to ta l heat drop, so th e  pressure 
behind the turbine is still higher than in front o f  the compressor. B eh ind  the  
turbine — in the afterburning chamber — a fresh quantity  of fuel is burned  
(4 — 5), fin a lly  the gas carrying increased energy is expanded in the propulsion  
nozzle ( 5—6) and thus high ou tlet velocity  is secured, resulting in a h igh th ru st.

This working cycle is the result o f knowing th e  lim its im posed b y  stru ctu r
al m aterials and by design and therefore of com plying w ith them . Such a lim it 
is perm issible tem perature on the turbine blade. In th e  propulsion nozzle higher
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tem p eratu re  is perm itted th a n  on the turbine blades because there are no 
cen tr ifu g a l stresses and because of the p ossib ility  of better cooling. These 
lim its  — as is known — are o f  essential in fluence on the energy w hich can be 
o b ta in ed  from the cycle and its efficiency, fu r th e r  considerable in fluence on 
th em  h a v e  the efficiencies o f  the turbine and o f th e  compressor.

a )  b j

F ig .  6. E n th ro p y  d iag ram  o f  a f te rb u rn in g  g a s-tu rb in e  j e t  d riv e  u n it  an d  of com pressor-less 
a ir - a s p ir a t in g  j e t  drive u n it:  a )  i — s d iag ram s of to -d a y ’s (1965) g as-tu rb in e  j e t  d r iv e  a n d  of a 
j e t  d r iv e  u n i t  im aginable in  1915; b) T —s d iag ram s o f a n  id lin g  gas tu rb in e  ( th e  -j- a n d  th e  —

th e rm a l  a reas co m p en sa te  e ach  o th er)

In  1915 tem perature lim its were m uch low er and efficiencies o f  turbine 
and  com pressors were sm aller. These are show n in the diagram b y  indicating  
th e  d a te . The smaller a llow able tem perature o f th e  afterburning cham ber has 
o n ly  th e  effect of reducing th e  thrust. B ut th e  sm aller allowable tem perature  
in  fron t o f  the turbine and th e  worse efficiencies o f turbine and com pressor bring 
a b o u t basic changes. The turbine working at low  in let tem perature and low  
e ffic ien cy  for driving th e  com pressor of still low er efficiency needs such a tem 
peratu re  drop that after-turbine pressure drops to  about the pressure in front 
o f  th e  turbine, i.e. th e  turb ine would nearly  be idling and w ould not be of 
a n y  appreciable use. So th e  turbine could be om itted , it being a superfluous
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com p lica tio n . B u t th is  one can lead  to  F o n o ’ s  proposal of 1915 concern ing  
superson ic  flig h t, w hich  is also show n in  th e  T — s d iagram  w h ere  h e a t  is 
in tro d u c e d  a t  p ressu re  p'2.

I t  can  r ig h tly  be assum ed  — a lth o u g h  i t  w ould  be d ifficu lt to  p ro v e  — 
th a t  th e  ideas of F o n ó  reached  tho se  w ho la te r  rea lized  the  a ir -a sp ira tin g  je t  
engine a n d  th a t  th e y  h a d  a s tim u la tin g  in flu en ce  on th e ir  w ork. O n  th e  base 
o f th e  G erm an  p a te n t , an d  in  b ro a d e r circles on th e  base of re c e n t  p ap ers , 
F o n o ’ s  w ork  receives m ore an d  m ore ack n o w led g em en t. I .e . a p a p e r  p u b lish ed  
in  1960 b y  W . H . A v e r y  in  th e  A m erican  Rocket Society Journa l [4 ] te rm in a te s  
b y  th e  follow ing:

“ Tfte docum entation fu rn ish ed  by D r. F onó indicates that he w as the f ir s t  
person to visualize the possib ilities o f  ram -jet p ropu lsion  fo r  supersonic  flig h t. 
A lthough  the work o f  L ó rin  was earlier, there is no indication in  b o r in ’s pub lished  
papers that he foresaw  the use o f  ram -jets at the high speeds needed by th is type  
o f  engine to achieve usefu l thrust or e ffic ien t operation.

I  fe e l sure that all A R S  readers ivill be g lad to acknowledge D r. F onó  recog
n ition  fo r  his p ioneering studies o f  ram -jet p ro p u ls io n .”
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D IE  U N G A R IS C H E  E R F IN D U N G  D E S  S E L B S T A N S A U G E N D E N  
S T R A H L T R IE B W E R K E S  IST  50 J A H R E  ALT

D . B R O D S Z K Y

Z U SA M M EN FA SSU N G

D er A rtik e l m ac h t m it de r von  einem  u n g a risch e n  B a h n b rec h er vo rg esch lag en en  L ösung  
des se lb s tan sau g e n d en  S trah ltr ieb w erk es  b e k an n t.

L ’IN V E N T IO N  H O N G R O IS E  D ’U N  M O T E U R  A R É A C T IO N  A SPIR A N T  A 50 ANS

D . B R O D S Z K Y

R É SU M É

L ’a rtic le  expose la so lu tio n  d u  prob lèm e de c o n s tru c tio n  d ’un  m oteur à ré a c tio n  a sp ira n t ,  
p roposée  p a r  u n  sa v a n t hongro is a y a n t  fa it o euvre  de  p io n n ie r.

50-ЛЕТИЕ КОНСТРУИРОВАНИЯ РЕАКТИВНОГО ДВИГАТЕЛЯ 
С ВСАСЫВАНИЕМ ВОЗДУХА

Д .  Б Р О Д С К И

РЕЗЮМЕ
В статье излагается предложенное одним венгерским пионером решение реактив

ного двигателя с всасыванием воздуха.
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ANALYTICAL DESIGN OF MULTIVARIABLE CONTROL 
SYSTEMS W ITH CONSTRAINTS FOR DETERMINISTIC 

INPUTS A PPLYING THE INTEGRAL OF SUM 
OF ERRORS SQUARED CRITERIO N

F . CSÁ KI
C O R R E S P O N D I N G  M E M B E R  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S

[M an u sc rip t rece ived  A u g u s t 17, 1965]

I n  th is  p ap er th e  o p tim u m  design  of m u ltiv a r iab le  con tro l sy s tem s is  t r e a te d  in  the  
case o f th e  sem i-free co n fig u ra tio n  w ith  c o n s tra in ts . T h e  in p u ts  are assum ed  to  be  d e te rm in is tic  
signals. As o p tim iza tio n  c rite rio n  th e  in te g ra l o f  th e  su m  o f th e  sq u a red  e rro rs  is ta k e n . An 
i l lu s t ra tiv e  exam ple  is also  g iven.

I .  T heoretical considerations

In  th e  tech n ica l l i te ra tu re  m an y  p ap ers  deal w ith  th e  s ta t is t ic a l  design 
o f sing le-variab le , e. g. [1 — 3], an d  m u ltiv a ria b le , e. g. [4 — 9], c o n tro l system s. 
T h ere  are  also som e p u b lica tio n s  concerned  w ith  th e  design o f s in g le -v a riab le  
sy stem s fo r d e te rm in is tic  in p u ts  [10, 2]. In  th is  p a p e r th e  o p tim u m  design of 
m u ltiv a ria b le  con tro l sy stem s is t re a te d  concern ing  th e  m o st g en era l case, 
t h a t  is, th e  so-called sem i-free co n fig u ra tio n  w ith  co n s tra in ts . T h e  d e riv a tio n  
o f re su lts  is based  m ere ly  on freq u en cy -d o m ain  no tions, th u s ,  v a r ia tio n a l 
calcu lus and  in teg ra l e q u a tio n s  are  co m p le te ly  avoided .

T he problem  is d ep ic ted  in  F ig . 1. H ere  th e  follow ing sy m b o l is used : 
R .fc(s) (k  =  1, . . . ,K )  is th e  L ap lace  tra n sfo rm  (or w ith  s =  jco th e  F o u r ie r  t r a n s 
fo rm ) o f th e  in p u t row  v ec to r, C ;(s) ( 1 = 1 , . . .  , L)  is th e  tra n sfo rm  o f th e  o u tp u t 
row  v ec to r. M j(s) ( j  — 1, . . . , J )  is th e  tra n sfo rm  of th e  row  v e c to r  o f m a n ip 
u la te d  v a riab les  ac tin g  be tw een  th e  fixed  p a r t ,  for exam ple , th e  p la n t  an d  
th e  con tro ller. The fo rm er is rep resen ted  b y  tran sfe r-fu n c tio n  m a tr ix  W p(s) 
w hile th e  la te r  b y  m a tr ix  W y (s ) .  A n in d ire c t c o n s tra in t is in tro d u c e d  b y  m a tr ix  
W j‘„(S) ( j =  1, . . .  , J;  h =  1, . . . ,H) .  T he o u tp u t  row -vecto r В h(s) o f  th is  t r a n s 
fe r  lin k  rep resen ts th e  in d ire c t v a riab le s : th e  so-called m od ified  m a n ip u la te d  
v a riab le s  to  be c o n stra in ed . F o r  th e  sake  o f s im p lic ity  К  =  J  =  L  =  H  is 
a ssum ed .

As perfo rm ance c rite rio n  th e  sum  of th e  in teg ra ls  of th e  sq u a re d  e rro r 
com p o n en ts  is ta k e n , th e  e rro rs  being  th e  d ifferences betw een  th e  in p u ts  an d  
o u tp u ts :

E.k(s) =  R.fc(s) -  C.;(s) ; (1)

(к =  l =  1, 2, . . . , К  =  L ) .
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A p p ly in g  P a rse v a l’s th e o re m  th e  fu n c tio n a l in  q u e s tio n  can be exp ressed  
as

=  t r [ E /i, . ( - s ) E /i. ( s ) ] d s ,  (2)
2t t j  J  — jo *

w h e re  Е ^,.(—s) is th e  c o n ju g a te  com plex  co lum n v e c to r  o f th e  e rro r row  v e c to r  
E .fc(s) as here  and  in  th e  fo llo w in g  trea tise  s =  jco. H en ce , E fc,.(—s) E k(s) is a 
m a t r ix  o f  ty p e  К  X К ,  w h ile  th e  sym bol “ t r ”  d e n o te s  th e  tra c e  i. e. th e  sum  
o f  th e  p rin c ip a l d iagonal e le m e n ts  of th e  m a tr ix .

Fig. 1

Fig. 2

I n  a sim ilar w ay  th e  c o n d itio n  of c o n s tra in t c an  be  expressed as

h  =  -г1^  Г  t r [»* '•( s) B h(s ) ] d s < o 2 (3)
2nj

th e  su m  of th e  in teg ra ls  o f  th e  sq u ared  v a lu es  o f  th e  in d irec t m a n ip u la te d  
v a r ia b le s  being lim ited .

A pply ing  th e  L a g ra n g e a n  cond itional e x tre m u m  tech n iq u e  th e  fu n c tio n a l 
to  b e  m inim ized is

I  =  Ie +  U b . (4)

T ak in g  E qu . (1) a n d  F ig . 1 in to  c o n s id e ra tio n  E q u . (2) gives:

I e =  —~ т  Г  t r  [ R k,  ( s )  -  C„ ( - s ) ]  [R./, (s) -  C , (s)] ds , (5a)
2n j J
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or

h  =  -^-7 Г  tr {R*'- ( -« )  R * (*) -  R/ ( - * )  R * (s) W h  (S) (5) -J -у«
-  W {T ( —s) W ;V  ( — ) » * . . ( - * )  R ., (s) +

+  W } / ( - s ) W JV ( - S) R , . ( - S) R , ( S) W i i.(s )W {( (s )}<is (5b)

w here  W ,.y (—s), Wyfc.(— s) are  th e  a d jo in t i. e. th e  con juga te  co m p lex  t r a n s 
posed  m atrices  of W j((s) an a  w ckj(s), re sp e c tiv e ly . S im ilarly , from  E q u . (3) 
an d  F ig . 1

h  =  ~  f  t r  I W ,V  ( - * )  w f r ( - s )  R/,-. ( —s) R.ft (s) W fc («) W jj, (»)] ds <  a? 
2 ту J

( 6)

N ow  le t us in tro d u c e  tw o  a d jo in t a u x ilia ry  m atrices A k,k,{—s, A) an d  
A/í»fc (s, A) b y  th e  fo llow ing im p lic it d e fin itio n

w W j 7i- ( —s) R a-. ( - « )  R ., ( S )  W i j  (s) Щ  (s) +

+  A W ^ , ( - s )  W j v ( - s )  R k ( ~ s )  R .ft (s) W lj (s) W ft  (s) =  (7)

=  W % ( - , ) Щ к . ( -H )  A ,.a. ( - s , A) A k.k ( s ,  A)W ÍJ(s)Щ  («).

I t  is assum ed  th a t  th e  e lem ents of m a tr ix  A k.k(s, A) have  o n ly  poles 
an d  po ssib ly  zeros in  th e  le f t-h a lf  p lane  w h ile  th e  elem ents o f th e  a d jo in t 
m a tr ix  A/;.a. ( s ,  A) h av e  poles (an d  zeros) m erely  in  th e  r ig h t-h a lf  p lan e , th e  co rre 
spon d in g  poles an d  p o ssib ly  zeros being m irro r  im ages w ith  re sp e c t to  th e  
im a g in a ry  ax is o f th e  com plex  p lane . T he poles a n d  zeros on th e  im a g in a ry  axis 
are  assum ed  as b e ing  sh ifted  b y  a sm all q u a n ti ty  to  th e  le f t-h an d  an d  to  th e  rig h t- 
h a n d  side, re sp ec tiv e ly . T he sam e is v a lid  also  fo r  th e  inverse m a trices . I t  can  
be  show n th a t  th e  choice o f th e  au x ilia ry  m a tric e s  does n o t depend  on m a trice s  
W j k ' ( — s )  an d  W kj ( s )  if

y^ fh(s ) [Wj l (s)]^ =  I(s) i j j, ( 8)

w here lyy is an  u n ity  m a tr ix  o f ty p e  J  X  J ,  w h ile  J(s) is some sca la r  tra n s fe r  
fu n c tio n . In d eed  in  th is  case, th e  p ro d u c t o f  th e  au x ilia ry  m a trices  can  be 
w r itte n  as

А **.(-* ,А )А *.*(в, A) =  [1 +  A /(—s) J (s) ]R a,.(—s)R .fc(s ) . (9)

T h u s , ta k in g  E q u s  (5b), (6 ) a n d  (7) in to  co n sid e ra tio n  th e  fu n c tio n  in  E q u . (4) 
ta k e s  th e  fo llow ing fo rm

I  =  | 7~ tr{ R /;-. ( - . )  R.;, ( s ) - R k  ( - . )  R .fc ( s )  W l j  ( .)  Щ  (s) -

-  W {7, ( - s ) ( —s) R k,  ( - < )  R k (s) +  (10)

+  Щ - у  (—K) wy.fc. ( - » )  A a4. ( - s , A)  A k ~k  (s,A) W ij ( .)  W f, (*)} d s .
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L e t  u s  in tro d u c e  fu r th e rm o re  tw o o th e r a d jo in t  au x ilia ry  m atrices  M A.y(s, A) 
a n d  —s, A) b y  th e  fo llow ing im p lic it re la tio n s :

A fc'f ( —s,A) A k.k (s,A) M ;ty(s,A) W j, (s) =  R /(' . ( —s) R .fc(s),

W {7- (—s) M A - ( —s,A) A r r  ( —s,A) (s,A) =  R„-. ( —s) R  * ( s ) . (П )

H  en ce, th e  fu n c tiona l to  he  m inim ized assum es th e  form :

I =  J  . f  t r  {RÄ-.( —s) R.,f (s) —
2 Jtj J_y~

W {7,(  -*) M /ft. ( - e,A) A ftV (- s,A) A r t ( M )  M /17(V .W { ( (S) +

+  W {r ( - S)[M ;r t ( - s , A )  - W b  ( —•»)] А ,- г ( - * ,Я )  X 

X  A ;, r  (s,A) [M,.; (5,A) -  Wgy (s)j W f, (*)} d s . (12)

T h e  m a trix  Wfcy(s) a n d  its  a d jo in t is c o n ta in e d  only in  th e  la s t  te rm . 
T h e  fu n c tio n a l I  shou ld  b e  m in im um  if  th is  la s t  te rm  w ould be  zero . This 
c o n d itio n  w ould  be fu lfilled  i f  an d  only  if  th e  o p tim u m  tra n sfe r-fu n c tio n  m a 
t r i x  o f  th e  con tro ller w as

Wfcy (s, A) =  M fcy(s, A). (13)

H ow ever, as th e  m a tr ix  M/y(s, A) is g en era lly  physica lly  u n rea lizab le  
th e  m a tr ix  w ck°j(s , A) is a lso  un rea lizab le  a n d  does n o t solve our p ro b lem .

L e t us decom pose th e  la te r  m a tr ix  in to  tw o  p a r ts :

w % (s,A) =  W£y (s,A) +  W £7 (s,A), (14)

w h e re  th e  second te rm  on th e  r ig h t-h a n d  side o f E q u . (14) is th e  tra n s fo rm  of a 
c e r ta in  physica lly  rea lizab le  p o sitiv e -tim e-fu n c tio n  m a trix , w hile th e  f irs t 
te r m  on  th e  r ig h t-h a n d  side  of E q u . (14) be lo n g s to  a n eg a tiv e -tim e-fu n c tio n  
m a t r ix ,  co n seq u en tly  i t  is p hysica lly  u n rea lizab le . S u b s titu tin g  in s te a d  of 
W ^ ( s )  an d  its  a d jo in t m a tr ix  th e  p h y sica lly  rea lizab le  m a tr ix  W/cy!(s) and  
i t s  a d jo in t  m a trix , th e  la s t  te rm  in  E q u . (12) does n o t becom e zero  b u t  th e  
fu n c tio n a l  I  gives th e  le a s t  possible v a lu e , as accord ing  to

M kJ (s,A) -  Wjjy1 (s,A) =  W£y ( s , A) (15)

o n ly  a tra n sfe r-fu n c tio n  m a tr ix  belong ing  to  a n eg a tiv e -tim e  fu n c tio n  figures 
in  th e  expression of I .

T ak in g  E q u s (13) a n d  (14) in to  co n sid e ra tio n  th e  f irs t re la tio n  o f  E q u . (11)
g iv es

Afc'**(—S,A) A ,- ,  (*,A) Wfc? (s,À)W j/ ( s )  Щ г  ( - » )  =

=  R fc'. ( s )  R  k  ( s )  W {7- ( - * )  +  Fк Г  (s,A),
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w here
F k r  M )  =  — A k-k» (—s,A) A k.k (s,A) W #  (*,A) W {,(s)W {r ( - * )

is a ce rta in  m a tr ix  w ith  e lem ents c o n ta in in g  o n ly  rig h t-h a lf p la n e  p o les . (The 
p ro o f  w ill he given so m ew h at la te r .)  In  E q u . (16) th e  m a trix  W f.y ( —s) m u st 
fig u re  fo r th e  sake of sy m m etry . N ow , le t us p e rfo rm  th e  fo llow ing fa c to r iz a 
tio n

W {; (s) W{.y,(—s) =  [ Щ ( з ) У / { т ( - з ) ]  + [ Щ ( з )  W i r ( - s ) ] - ,  (17)

w here  th e  u p p e r in d ex  — (m inus) d en o tes  a m a tr ix  fac to r w hose  e lem en ts , 
an d  th e  e lem ents of its  in v erse  m a tr ix , h a v e  on ly  r ig h t-h a lf-p lan e  po les and  
p o ssib ly  zeros, w hile th e  u p p e r  in d ex  -(- (p lu s) deno tes a m a trix  f a c to r  w hose 
e lem en ts , to g e th e r  w ith  th e  e lem ents of its  in v e rse  m a trix , have  o n ly  le f t-h a lf
p lan e  poles an d  possib ly  zeros.

T h u s , from  E q u . (16) we h av e

A ,rk  (s,A) (s,A) ( Щ  (s) W %  ( - « ) ) +  =

= [A ,,k- ( -S,A )]-J R k, ( s )  R .* (s) W j .  ( - « )  [ ( Щ  (s) W iV ( - « ) ) - ] “ 4 -  

+  |A , . 'r  ( —s,A )]- ' Fк'у (s,A) [ (W fj,(s) W {,, ( - . ) ) - ] " *  (18)

if  th e  inverse  m atrices  do ex ist.
To ensure  th is  co n d itio n  som e d iag o n a l e lem en ts  tend ing  to  zero  m u s t be 

in se rte d  in to  th e  a u x ilia ry  m atrices  d efin ed  in  E q u . (7) (see th e  i l lu s tra t iv e  
ex am p le  on th e  end  o f th is  artic le).

S ep a ra tin g  th e  p h y sica lly  rea lizab le  a n d  unrea lizab le  m a tr ix  c o m p o n en ts  
on b o th  sides of E q u . (18) th e  follow ing tw o  re la tio n s  can be o b ta in e d :

A*-* (s,A) W £7 (s,A) (W j, (s) W frj, ( - 5))+  =

= {[A k.r ( - s ,A ) ] - i  R k,  ( - , )  R k (s) W {r  ( - , )  [ ( Щ ( > )  ( - s ) ) - ] - i } +
an d  ( 19)

« =  {[A*.*. ( ■- s ,* ) ] -1 R k  ( ~ s )  R . k  (s) W у - s )  [ ( Щ  (s) W {j. ( -  * ) ) - ]  - i } _ +

+  [A „ r ( - s ,A )]-i Fk T (s,A )[(W /; (S) W {v. ( - * ) ) - ] - ! ,

w here th e  low er in d ex  -|- (p lus) deno tes a m a tr ix  com ponent w ith  p h y sica lly  
rea lizab le  e lem ents be longing  to  p o s itiv e -tim e  fu n c tio n s  while th e  lo w er in d ex  
— (m inus) deno tes a m a tr ix  com ponen t w ith  p h y sica lly  u n rea lizab le  e lem en ts , 
th a t  is, w ith  rig h t-h a lf-p lan e  poles, an d  th u s  belong ing  to  n e g a tiv e - tim e  fu n c 
tio n s. G enera lly , th e  p h y sica lly  rea lizab le  c o m p o n e n t can be o b ta in e d  b y  f irs t 
p erfo rm in g  an  inverse  F o u rie r  tra n s fo rm a tio n  an d  th en  a L a p la c e  t r a n s 
fo rm a tio n .

H ere  th e  fa c t w as ta k e n  in to  c o n s id e ra tio n  th a t  th e  le f t-h a n d  side of 
E q u . (18) supplies m erely  a p hysica lly  rea lizab le  com ponen t, w hile th e  second
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te rm  on  th e  r ig h t-h an d  side  o f  E qu . (18) gives o n ly  a physically  u n re a liz a b le  
c o m p o n e n t.

E x p re ss in g  th e  m a tr ix  F (s,  A) from  th e  second  relation  of E q u . (19) 
e x p lic it ly  i t  is clearly  show n  t h a t  indeed its  e le m e n ts  h av e  only r ig h t-h a lf-p la n e  
poles.

O n  th e  o ther h a n d , th e  f irs t re la tion  o f  E q u . (19) yields

W jy 1 (s,A) =  [ A R . * ( * ) x

X W ^ ( - » ) [ ( W ^ ( . ) W i y. ( - * ) ) - ] - 1}+ [ ( W i,( « ) W ir ( -s))+]-K  (20)

T h e  so lu tio n  Wfc/1 (s,A) a n d  i ts  ad jo in t m a tr ix  m a y  now  be s u b s titu te d  in to  
c o n d itio n  of c o n s tra in t in  E q u . (6) in place o f  W y  (s) a n d W ) * ( —s), re sp e c 
t iv e ly .  T h e  p a ra m e te r  A m u s t  be so a d ju s te d  t h a t  th e  u n e q u a lity  (6 ) w ill 
be s a tis f ie d . A fter h a v in g  d e te rm in ed  th e  p ro p e r  v a lu e  of th e  p a ra m e te r  A, 
th e  l a t t e r  can he s u b s t i tu te d  back  in to  E q u . (20). H ence , th e  p h y sica lly  r e a l
izab le  o p tim u m  tra n s fe r - fu n c tio n  m atrix  o f  th e  cascad e  contro ller Wfc™(s) is 
o b ta in e d .

A fte r  hav ing  d e te rm in e d  th e  m a trix  W/y- (s), according to  th e  e q u i
v a le n c e  o f th e  tw o c o n fig u ra tio n s  show in F ig . 1 a n d  Fig. 2, th e  tra n s fe r - fu n c 
t io n  m a tr ix  of th e  c o n tro lle r  in  th e  fo rw ard  b ra n c h  or th a t  o f th e  feed -b ack  
lin k  c a n  also be a sc e r ta in e d . F o r exam ple i f  th e r e  is no feed-back c o n tro lle r  
th e n  th e  tra n sfe r-fu n c tio n  m a tr ix  of th e  series c o n tro lle r  can be ex p re ssed  as

GftT (s ) =  [I** -  W J7 (s) W £  ( * ) ] - ' W i j ( s )  (21)

w h ile , on th e  o th e r h a n d , i f  th e  series c o n tro lle r  is m issing th en  th e  tra n s fe r -  
fu n c tio n  m a trix  of th e  feed -b ack  con tro ller is g iv e n  in  th e  follow ing re la tio n

H?*(*) =  [ W ij(s) W { ,(s )]-1 -  [W £ (* )]-* . (22)

( k = j  =  l =  l , . . . , K  =  J  =  L)

I I .  An illustrative exam ple

For the sake of illustration a relatively simple example is presented. The starting data 
are the following:

R* (s) = [i/s2> i/*] ;
9/s2 0

W{, (*) : 0 3/s ■ W %  (s) =
1 0
0 s/3

On the basis of Equ. (9)

А к ’к -  (—S>A) А к . к (s,A) =  (1 +  AsJ/81)
1/s2

- 1/*
[1/s2,1/s],
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H ence

Ад-* (s,A) —

A*'*» ( *»̂ )

1 +

=  U

У4Я
3

i n
3

+  I L . - )
1/s2 1/s

^  9 J 0 e/s

V J  A '  1/s2 0

— 1/ s — «/•

w here  e is  a sm all q u a n ti ty  la te r  ten d in g  to  zero. A fte r  in tro c u d in g  th e  d iag o n a l e lem en ts , the  
in v e rse  m atrices can  be  d e te rm in e d

I А л.* ( П ) ] - 1  =

[A ^ ( -» ,A ) ] - i  =

F u rth e rm o re

1

1 + 3

l
4

S 2 —  S 2/ E

0 s/e  

s2 0

—s3/e  — s/e

[ ( w f , ( S) W Í q .  ( - £ ) ) + ] - '  

[ ( w | ,  (a) W Íq v  ( - s ) ) - ] “ 1

s2/9 0

0 s/3

s2/ 9 0 '

0 — s/3

F irs t ,  le t us c a lcu la te  th e  te rm  in  b ra ck e ts  in E q u . (20). C om ple ting  th e  co lu m n  and 
row  m atrice s  R k'. ( —s) a n d  R k'.(s) w ith  co rrespond ing  d iag o n a l e lem en ts  a n d  p e rfo rm in g  some 
a lg eb ra ic  m an ip u la tio n s:

H ence , ap p ly ing  E q u . (20)

4

0

4

W  $ ( . ) - ■  4 1 Оec

It* 
f

+ C« О
'

,  , Й Я  f x  ,
1 +  — s + - r s ' 0 1

0 s/3

T h u s, th e  overall t ra n s fe r-fu n c tio n  m a tr ix  o f th e  co n tro l system  is

4

T h e  condition  of c o n s tra in t  in  th is  case is

s

£

S

ds  <  a 2,
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w h ic h  r e s u l ts

h  = __t h ± l __<  (T2.
4

• 18 • ^A3

F o r  exam ple, if  cr2 =  11/81, th e n  A =  81/64 an d  th e  o v e ra ll tran s fe r-fu n c tio n  m a tr ix  
b e co m es

w™(S) W/ ,( . )  =
1

Ï  +  0,5s +  0,125 s2
1 +  0,5s 

0
0
1

A p p ly in g  E q u . (21) finally , th e  e x p re s s io n  of th e  co n tro lle r in  th e  c losed loop is

y 0  +  °’5s) 0
2 1

0 T  1 +  0,25s .

T h u s  a  c o n tro lle r  of ty p e  P D  a n d  a  c o n tro lle r  of ty p e  P T  w o u ld  be  necessary .
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A N A L Y T IS C H E  SY N T H E SE  V O N  M E H R F A C H V A R IA B L E N  R E G E L U N G S S Y S T E M E N  
M IT  D E T E R M IN IS T IS C H E N  E IN G A N G S S IG N A L E N  A U F  G R U N D  D E S K R IT E R IU M S  

DES Q U A D R A T IS C H E N  F E H L E R IN T E G R A L S

F .  C S Á K I

Z U SA M M E N FA SSU N G

I n  d iesem  A rtikel w ird  d ie  O p tim ie ru n g  von m e h rfa c h v a ria b le n  R eg elu n g ssy stem en  fü r  
d e n  F a l l  d e r  halbfre ien  K o n f ig u ra t io n  m it  B eschränkung  b e h a n d e lt ,  w obei die E in g an g ss ig n a le  
d e te rm in is t is c h  sind. Als K r i te r iu m  d e r  O p tim ierung  w u rd e  d ie  Sum m e der q u a d ra tis c h e n  
F e h le r in te g ra le  genom m en. Z u r V e ran sch a u lic h u n g  w u rd e  a u c h  e in  B eispiel an g efü h rt.
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S Y N T H È S E  A N A L Y T IQ U E  D E S SY ST È M E S D E  R É G U L A T IO N  M U L T IV A R IA B L E S  
AV EC C O N T R A IN T E  E T  S IG N A U X  D ’E N T R É E  D É T E R M IN IS T IQ U E S , S U R  LA B A SE  
D U  C R IT È R E  D E  L ’IN T É G R A L E  D E  LA SO M M E D E S E R R E U R S  Q U A D R A T IQ U E S

F. CSÄKI

R É S U M É

L ’a rtic le  t r a i te  de la  sy n th èse  o p tim ale  des sy s tè m es de rég u la tio n  m u ltiv a r ia b le s  en 
cas de co n fig u ra tio n  d em i-lib re  e t de co n tra in te . L es s ig n au x  d ’en trée  so n t d é te rm in is tiq u e s . 
C om m e c ritè re  de l ’o p tim isa tio n , on p ren d  l’in té g ra le  de la  som m e des e rre u rs  q u a d ra tiq u e s . 
U n  exem ple  p résen té  p a r  l ’a u te u r  te rm in e  l ’é tu d e .

АНАЛИТИЧЕСКИЙ РАСЧЁТ МНОГОМЕРНЫХ СИСТЕМ РЕГУЛИРОВАНИЯ 
С ОГРАНИЧЕНИЯМИ В СЛУЧАЕ ДЕТЕРМИНИРОВАННЫХ ВХОДНЫХ  
СИГНАЛОВ НА ОСНОВЕ ИНТЕГРАЛЬНОГО КРИТЕРИЯ СУММЫ , 

КВАДРАТИЧЕСКИХ ОШИВОК

Ф. ЧАКИ

РЕЗЮМЕ

В данной статье рассматривается вопрос оптимального синтеза многомерных систем 
регулирования в случае полусвободной конфигурации с ограничениями. Предполагается, 
что входные сигналы являются детерминированными. В качестве критерия берется 
интеграл суммы квадратических ошибок. Для иллюстрации теоретического материала 
в статье приводится также конкретный пример.
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THE IDEAL KLYSTRON MODULATOR

T . B E R C E L I
DOCTOR OF T E C H N . SC.

TELECOM M UNICATION R ESEA R C H  IN ST IT U T E , BUDAPEST 

[M an u scrip t rece ived  S e p te m b e r  28, 1965]

T h e  m ain  ta s k  of th e  freq u en cy  m o d u la to rs  is to  ensu re  a m o d u la tio n  c h a ra c te r is tic  
o f h ig h  lin e a rity . F o r th is  p u rp o se  th e  k ly s tro n  m o d u la to r  is th e  m ost su itab le . I n  th is  connec
tio n  th e  a u th o r  has so lved, in  a genera l w ay , th e  fo llo w in g  prob lem : th e  ac tiv e  e le m e n t o f th e  
m o d u la to r , a  re flex  k ly s tro n , is g iven  an d  th e  q u e s tio n  is w h a t  requ irem en ts  b y  th e  p a ss iv e  load  
c irc u it  m u s t be  sa tisfied  in  o rd e r to  o b ta in  an  id ea lly  l in e a r  m o d u la tio n  c h a ra c te ris tic . T h e  re q u i
re m e n t o f lin ea r m o d u la tio n  lead s to  a n o n -lin ear d iffe re n tia l  eq uation  for th e  p h a se  ang le  of 
th e  lo ad  c ircu it. T he fu n c tio n  T  o b ta in e d  as so lu tio n  d e te rm in es  th e  phase  c h a ra c te r is tic  of 
th e  assu m ed  lo ad  c ircu it o f th e  id ea l k ly s tro n  m o d u la to r . I n  th e  designing of k ly s tro n  m o d u la to r  
c irc u its , th e  p rob lem  is to  ach iev e  th e  ph ase  c h a ra c te r is tic  o f th e  load  c irc u it w ith in  a  g iven  
ra n g e  a p p ro ach in g  as m u ch  as possib le  th e  idea l fu n c tio n  lF .

I. In tro d u c tio n

O ne o f th e  p rin c ip a l ta sk s  in  design ing  m u lti-channe l m ic ro w av e  links 
is to  p ro v id e  fo r a fre q u e n c y  m o d u la tio n  g iv in g  h igh lin ea rity  w ith in  a  w ide 
b a n d . F o r  such pu rp o ses  th e  k ly s tro n  m o d u la to r  m ay  be used  a t  th e  g re a t
e s t a d v a n ta g e  because  i ts  fre q u e n c y -re fle c to r  vo ltage  c h a ra c te r is tic  m ay  
be lin ea rized  w ith in  a w ide frequency  b a n d  b y  th e  p roper choice o f  lo a d 
in g  c ircu it.

P ie r c e  an d  Sh e p h e r d  [1] described  th e  o p era tio n  of a s in g le -c iv ity  re flex  
k ly s tro n  osc illa to r in  d e ta il. J e p s e n  an d  M o r e n o  [2], la te r  H o u g h t o n  an d  
H a t ch  [3] d ea lt in ten s iv e ly  w ith  th e  an a ly s is  o f th e  sing le -cav ity  k ly s tro n  
m o d u la to r . The p ro b lem  o f th e  tw o or m ore co u p led  cav ity  k ly s tro n  m o d u la to rs  
a re , how ever, s till n o t q u ite  cleared  up . T h e  p a p e rs  dealing w ith  th is  su b je c t 
[4, 5] are b ased  n am ely  on th e  assu m p tio n  t h a t  th e  frequency  a n d  a m p litu d e  
c h a ra c te r is tic s  o f th e  k ly s tro n  oscilla tors a re  de te rm in ed  exc lusive ly  b y  th e  
lo ad in g  c ircu it. T h is m a y  be accep ted  in  e ffec t only as a f i r s t  a p p ro 
x im a tio n .

In  th e  p re sen t p a p e r, th e  analysis is e x te n d e d  to  th e  en tire  c irc u it , i.e., 
th e  e ffec t o f th e  re flex  k ly s tro n  as th e  ac tiv e  c irc u it elem ent on th e  m o d u la tio n  
c h a ra c te r is tic  is also ta k e n  in to  co n sid e ra tio n . O n th is  basis, th e  a u th o r  e x a m 
ines in  general, th e  d em an d s on th e  load ing  c irc u it  o f an  ideal m o d u la tio n  c h a r
a c te r is tic  is s triv en  for.
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II. E lectronic and loading adm ittance

T h e  opera tion  o f th e  k ly s tro n  m o d u la to r  is th e  re su lt of th e  in te ra c tio n  
o f th e  e lec tro n  b eam  p a ss in g  th ro u g h  th e  re flex  k ly s tro n  w ith  th e  load ing  c irc u it 
c o u p led  to  it. F ro m  th e  p o in t  of view  of c irc u itry , th e  electron b eam  m a y  be 
ta k e n  in to  co n sid e ra tio n  w ith  an  electronic a d m itta n c e  Y e connected  in  p a r a l 
lel w ith  th e  a d m itta n c e  Y [  rep re sen ted  by  th e  lo a d . To deal w ith  th e  m o d u la to r , 
we sh o u ld  know  th e  e le c tro n ic  and  loading  a d m itta n c e s , and  th en  th e  w o rk in g  
c h a ra c te r is tic s  of th e  m o d u la to r  m ay be d e te rm in e d  b y  considering th e  p a ra lle l 
c o n n e c tio n  of th e  tw o  ad m itta n c e s .

A ccord ing  to  th e  sm a ll signal th e o ry  [1] k n o w n  from  th e  l i te ra tu re , th e  
e lec tro n ic  a d m itta n c e  cau se d  b y  th e  elec tron  b e a m  o f th e  reflex k ly s tro n  is:

V  _  2 l »ß r
1  e T7.

ß V O  

2 F n ,
[sin 0  +  j  cos 0 ], ( 1 )

w h ere  I n th e  effective co m p o n en t of th e  d ire c t c u r re n t of th e  elec tron  b e a m ; 
V 0 th e  e lec tron  acce le ra tio n  vo ltage;
V  th e  a m p litu d e  o f  th e  h igh -frequency  v o lta g e  betw een th e  g rid s  of 

th e  c a v ity ;
ß  th e  b eam  m o d u la tio n  factor;
0  th e  tr a n s i t  an g le ;
J j  th e  Bessel fu n c tio n  of th e  f irs t k in d  a n d  f i r s t  order.

T h e  tra n s it  ang le  0 ,  fo r  th e  case of a re f le c to r  space w ith  linear p o te n tia l  
d is tr ib u tio n , is given b y  th e  following e q u a tio n  [5]:

e = M  F «  r  
Wri v0+ v / '

w h ere  V # th e  v o ltag e  b e tw een  th e  re flec to r  a n d  ca thode ; 
f  th e  fre q u e n c y ;
l th e  d is ta n c e  fro m  the  re flec to r to  th e  grid; 
rj th e  ra tio  o f th e  charge and  m ass o f th e  electron. 

T he loading  a d m itta n c e  is expressed in  th e  general form :

Y I =  |Y f| e>r ,

w h ere  ¥  th e  phase  an g le  o f  th e  load ing  a d m itta n c e .

( 2 )

(3)

III. The oscillation frequency

F ro m  th e  p o in t o f v iew  of c ircu itry , th e  e lec tron ic  ad m ittan ce  a n d  th e  
lo a d in g  ad m itta n c e  a re  co nnec ted  in p a ra lle l. I n  case of n a tu ra l o sc illa tio n ,
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th e  su m  o f th e  tw o  a d m itta n c e s  shou ld  be co n seq u en tly  equal to  ze ro . T h u s, 
i t  follow s th a t  th e  load ing  a d m itta n c e  shou ld  be  equal to  th e  n e g a tiv e  o f th e  
e lec tro n ic  ad m itta n c e

Y i = - Y e. (4)

A d m itta n c e s  Y e a n d  Y; b e ing  com plex  q u a n titie s , E q u . (4) m a y  he
decom posed  in to  tw o in d e p e n d e n t eq u a tio n s:

R e ( Y , )  =  R e ( - Y e), (5)

a r c ( Y / ) = a r c ( — Ye). (6 )

B y  th e  so lu tion  of these  tw o  e q u a tio n s , tw o  u n k n o w n s, th e  oscillation  fre q u e n c y  
a n d  th e  o scilla tion  a m p litu d e  can  be o b ta in ed .

In  th e  follow ing, th e  p lace  w here th e  e lec tron ic  ad m itta n c e  is a  n e g a tiv e  
rea l n u m b e r will be called m o d e-cen tre . T he v a lu es  of th e  various p a ra m e te rs  
a t  th e  n th m ode-cen tre  w ill be n o te d  b y  in d ex  n  w here n rep resen ts  th e  serial 
n u m b e r  o f th e  m ode.

In  th e  follow ing we on ly  req u ire  th e  d e te rm in a tio n  of th e  o sc illa tio n  
freq u en cy , w hich m ay be o b ta in e d  from  E q u . (6 ). T he fo rm atio n  o f  th e  arcus 
of th e  e lec tron ic  a d m itta n c e  is ca rried  o u t b y  re fe rring  i t  to  th e  n h m ode- 
cen tre .

C onsequen tly , on th e  basis  o f E q u s  (1) an d  (3), we m ay w rite : 

arc  (Y L) =  !F I
(7)

a r c ( - Y „ ) =  0 n -  0 )

H ere, O n is th e  value of th e  tr a n s i t  angle  a t  th e  n h m ode-centre.
L e t us su b s titu te  now  re la tio n s  (7) in to  E q u . (6):

On -  e  =  V .  (8)

L e t us su b s ti tu te  th e re a f te r  th e  expression  of th e  tr a n s i t  angle a c c o rd in g  to  
E q u . (2) in to  E qu . (8):

И-ГС* W o  f  yj
У2т! V 0 +  V J ~

A t th e  m ode-cen tre , th e  fo rm u la  of th e  t r a n s i t  angle will be:

8 л / ]/l Q

1/2 V Y u+ V

(9)

( 10)
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w h ere  V Rn th e  v a lu e  o f  th e  re flec to r-ca thode  v o lta g e  a t  th e  n th m o d e-cen tre ;
f 0 th e  load  re so n a n c e  frequency  w h ich  is eq u a l to  th e  m o d e-cen tre  

fre q u e n c y .
L e t us express 8тг//]А2?у from  E qu . (10) a n d  s u b s titu te  th is  in to  E q u . (9). 

A f te r  hav in g  a rra n g e d  th e  equation ,

Vo+Vpn f  _  0 n ~  у  (11)
K+vR /„ 6>n

is o b ta in ed .
In  E qu . (11), Q n, f 0, V 0 and  VRn are g iv en  q u a n tit ie s  an d  th u s  a re la tio n  

is  o b ta in e d  betw een  V R a n d / ,  supposing, o f c o u rse , t h a t  th e  freq u en cy  d ep en d 
ence  o f W  is know n.

IV. Modulation sen sitiv ity

T he m od u la tio n  s e n s it iv i ty  is th e  d e r iv a tiv e  o f th e  frequency  w ith  resp ec t 
to  th e  reflecto r v o lta g e . T h is  m ay  be o b ta in e d  fro m  th e  im p lic it E q u . (11), 
a f te r  su itab le  re a r ra n g e m e n t,  in  th e  fo llow ing  fo rm :

s =  d f  r_  1 /о  (<9„- У )2 (12)
~ dVR en v0+vRn e n - v + f . ( < w / d f )  '

A t th e  m o d e -c e n tre , th e  loading c irc u it sh o u ld  be a t  resonance , an d , 
th e re fo re , i t  seems to  b e  ad v isab le  to  in tro d u ce  th e  re la tiv e  freq u en cy  d ev ia tio n  
as a new  variab le , in s te a d  o f th e  freq u en cy :

6 =
fo

O n th is  basis, th e  fo rm u la  of th e  se n s itiv ity  is:

s  =  _ l _  _ J o _____________(&n -  У )2
&n V0+ V Rn e n - Y  +  {l+ d)(d !P /dô)  ■

(13)

(14)

The m ode-cen tre  s e n s itiv ity  is o b ta in e d  b y  ta k in g  th e  expression  fo r th e  
s e n s itiv ity  a t ô =  0 :

s  fo @ n

° K + V Rn <9„ +  g l ’
w h ere

(15)

8i =
dW

dö Ő-0
(16)
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In  E q u . (15) i t  has been  considered  th a t  ph ase  an g le  *? shou ld  assu m e zero 
v a lu e  a t  p o in t b =  0 .

Y. The d iffe ren tia l eq u a tio n  o f the  ideal k ly s tro n  m o d u la to r

T he m o d u la tio n  s e n s itiv ity  of an  ideal k ly s tro n  m o d u la to r  is c o n s ta n t ,  
i. e. i t  has no n o n -lin ea rity . T h u s, our re q u ire m e n t is th a t  th e  s e n s itiv ity  be 
c o n s ta n t an d  equal to  i ts  m ode-cen tre  v a lu e :

S =  S 0. (17)

L e t us su b s ti tu te  E q u s  (14) an d  (15) in to  E q u . (17). A fte r su itab le  a rra n g e 
m e n t th e  follow ing re la tio n  is o b ta in ed :

(1 +  *)
d W

d &

@n d" 8i u/2 d-  2g1 ф
~ щ г  -  -

(18)

T he req u irem en t fo r th e  c o n s ta n t m o d u la tio n  se n s itiv ity  th u s  lead s to  
th e  d iffe ren tia l e q u a tio n  re fe rred  to  p h a se 1?  of th e  lo ad in g  c ircu it. In  th e  fo llow 
ing , th is  eq u a tio n  is considered  as th e  d iffe ren tia l eq u a tio n  of th e  idea l k ly s 
tro n  m o d u la to r.

In  th e  d iffe ren tia l eq u a tio n  of th e  ideal k ly s tro n  m o d u la to r, th e  p h ase  
a n g le !?  of th e  load  is th e  fu n c tio n  of th e  re la tiv e  freq u en cy  d ev ia tio n  b, an d  
t r a n s i t  angle 0 n is a p a ra m e te r . T he d iffe ren tia l e q u a tio n  in co rp o ra te s , as 
a n o th e r  p a ra m e te r, th e  v a lu e  of th e  f irs t d e riv a tiv e  o f  p h ase  angle !?  a t  b =  0 . 
In  ad d itio n  to  th is , p h ase  ang le  !?  should  be e q u a l to  zero  a t  b =  0. T h e  fo rm  
o f th e  d iffe ren tia l eq u a tio n  as show n a t  (18) a lre a d y  invo lves th is  re q u ire m e n t.

T he d iffe ren tia l e q u a tio n  o f th e  ideal k ly s tro n  m o d u la to r  is a n o n -lin ea r 
d iffe ren tia l eq u a tio n  o f th e  f ir s t  o rd er an d  belongs to  th e  group o f th e  R ic c a ti’s 
d iffe ren tia l eq u a tio n s [6 , 7].

L e t a so lu tion  o f th e  d iffe ren tia l e q u a tio n  be assu m ed  in th e  fo rm  o f an  
in fin ite  convergen t pow er series w ith  a convergency  ran g e  a ro u n d  th e  m ode- 
c e n tre  frequency . C on seq u en tly , th e  re la tiv e  fre q u e n c y  d ev ia tio n  is se lec ted  
fo r in d ep en d en t v a riab le . T h u s:

=  g l6 +  g2Й* +  g.3*> +  - - - - (19)

T he so lu tion  o f th e  d iffe ren tia l eq u a tio n  sh o u ld  y ie ld  zero va lu e  a t  b =  0» 
th e re fo re  th e  c o n s ta n t te rm  in  series (19) has b een  ta k e n  fo r zero. F u r th e r ,  
th e  coeffic ien t of th e  f irs t-o rd e r  te rm  has been  se lec ted  as g l an d  th u s  th e  re-
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q u ir e m e n t  rep resen ted  b y  E q u . (16) is also fu lfilled , i.e ., th e  v a lu e  o f th e  f irs t  
d e r iv a t iv e  of th e  p h ase  a n g le  a t  zero — o b ta in e d  as th e  re su lt — is eq u a l to  
g v  S u b s c r ip t о of fu n c tio n  W 0 in  (19) suggests t h a t  th is  so lu tion  is v a lid  o n ly  fo r 
th e  su rro u n d in g s  of 6 =  0 .

L e t  us de te rm ine  n o w  th e  coefficien ts in  pow er series (19). L e t us su b 
s t i t u t e  fo r  th is  reason  th e  fo rm  o f У70 acco rd in g  to  pow er series (19) in to  th e  
d if fe re n tia l  equation  (18). T h e  d iffe ren tia l e q u a tio n  should  ho ld  a f te r  th e  su b 
s t i tu t io n  fo r any  6 v a lu e  in  th e  n e ig h b o u rh o o d  o f lo ca tion  6 =  0. T h u s , i t  follows 
t h a t  on  th e  le ft-h an d  a n d  r ig h t-h a n d  side o f th e  eq u a tio n , th e  coeffic ien ts 
b e lo n g in g  to  iden tica l p o w ers  o f 6 should  be eq u a l. O n th is  basis , th e  coeffic ien ts 
m a y  b e  determ ined . W h e n  c a rry in g  out th e  d e ta iled  c o m p u ta tio n s , i t  m ay  be 
seen  t h a t  th e  coeffic ien ts m a y  be  o b ta in ed  b y  m ean s of th e  fo llow ing  recursion  
fo rm u la :

§ V
@n +  S i 

6> •Si- ( 20 )

T h u s , th e  so lu tion  o f  th e  d iffe ren tia l e q u a tio n  of th e  ideal k ly s tro n  m o d u 
l a to r  in  th e  su rro u n d in g s o f  loca tio n  6 =  0 is:

W  _ -Vr  о —
®n +  Si

6>
• S i1 ( 21 )

I t  m ay  be e s ta b lish e d  d irec tly  th a t  th e  expression  fo r У7,,, acco rd in g  to  
E q u .  (21), is co n v erg en t if :

<5|<
6L

+  S i
(22)

T h is  ra n g e  is en tire ly  s a tis fa c to ry  for p ra c tic a l purposes.
L e t us now tra n s fo rm  E q u . (21). L e t us fa c to r  o u t gx6 a n d  th e n  ex p o n en t 

V  m a y  begin  a t  zero. T h u s :

CO

^ 0  =  S i <5 у
@П +  S i  

6> "
• 6\ (23)

T h e  sum  of th e  in f in i te  pow er series h ere  rep re sen ted  is [8 ], w ith in  th e  
r a n g e  (22), the  fo llow ing :

CO

V
—
r  =  0

@n +  Si I" fry _  @n_____
@n ) +  { ß n  +  S i) ^

(2 4 )
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L e t us su b s titu te  E q u . (24) in to  (23) a n d  use n o ta tio n  W :

V' = ®_n g j J _

& n  +  ( ® n  +  £ t ) ^

(25)

W hen  th is  is s u b s ti tu te d  in to  d iffe ren tia l eq u a tio n  (18), i t  becom es 
e v id e n t th a t  func tion  У7, acco rd in g  to  E q u . (25), is a so lu tion  of (18) w ith in  th e  
e n tire  range  of Ô, from  — o o  u p  to  - f o o .  The la c k  o f  su b sc rip t suggests t h a t  th e  
fu n c tio n  *F, according to  E q u . (25), is a so lu tion  fo r  th e  en tire  range o f a lte ra t io n  
o f  ô, w hile th e  so lu tion  4х 0, acco rd in g  to  E q u . (21), m ay  be used on ly  w ith in  th e  
ran g e

0 „

+  g l

A t v a lu es  beyond  th is  ra n g e , XF  m ay  he e x p an d ed  in  pow er series o n ly  in  a 
fo rm  th a t  differs from  (21).

F i g .  1 .  P h a s e  c h a r a c t e r i s t i c  o f  t h e  s u p p o s e d  l o a d i n g  c i r c u i t  o f  t h e  i d e a l  k l y s t r o n  m o d u l a t o r

VI. T he approx im ation  problem

L e t us now  exam ine th e  course of fu nc tion  W  on th e  basis of fo rm u la  (25). 
T h e  cu rv e  rep resen tin g  th is  fu n c tio n  is shown in F ig . 1. T he slope o f th e  cu rv e  
a t  p o in t <5 =  0 is gv  T he  lim it v a lu e  of th e  fu n c tio n  a t  - f o o  is g iO nl(@ n +  gj). 
T h e  fu n c tio n  has a pole a t  b =  — 0 n/ ( 0 n-|- gj). I t s  lim it  v a lue  a t  —oo is s im ila rly
g l 0 n l ( 6 n  + g l ) .
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B ased  on Fig. 1, i t  m a y  be  s ta ted  t h a t  th e re  ex is ts  no such re a l lo a d , th e  
p h a s e  ch a rac teristics o f  w h ic h  w ould show a co u rse  co rrespond ing  to  fu n c tio n  4* 
w i th in  th e  en tire  f re q u e n c y  ra n g e . On th e  o th e r  h a n d , i t  is possible to  a p p ro ach  
m o re  a n d  more th e  c h a ra c te r is tic s  of th e  id ea l k ly s tro n  m o d u la to r b y  m eans 
o f  r e a l  circu its, in th e  n e ig h b o u rh o o d  of th e  m o d e -cen tre . This is e n tire ly  sa tis 
f a c to r y  from  th e  p ra c tic a l  p o in t  of view, since  th is  ap p ro ach  is in  fa c t  req u ired  
o n ly  w ith in  th e  ran g e  o f  a given k ly stro n  m o d e .

W hen  designing th e  c ircu its  of a k ly s tro n  m o d u la to r , th e  ta s k  is conse
q u e n t ly  to  ob ta in  a p h a se  c h a ra c te ris tic  of th e  lo a d in g  c ircu it w hich ap p ro ach es, 
w ith in  a given ran g e  th e  id e a l function  lF  as f a r  as possible.
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D E R  ID E A L E  K L Y S T R O N M O D U L A T O R

T . B E R C E L I

ZU SA M M EN FA SSU N G

Die H a u p tau fg ab e  d e r  F re q u e n zm o d u la to ren  i s t  d ie  S icherung  einer M o d u la tio n sk en n 
lin ie  v o n  hoher L in e a r itä t .  F ü r  d iesen  Zweck e ig n e t s ich  d e r K ly s tro n m o d u la to r a m  besten . 
I n  d iesem  Z usam m enhang  h a t  d e r  Verfasser fo lgendes P ro b le m  im  a llgem einen  ge lö s t: das 
a k t iv e  E lem en t des M o d u la to rs , e in  R eflex k ly stro n  i s t  gegeben , u n d  es w ird  g e fra g t, welchen 
F o rd e ru n g e n  der p assiv e  V e rb rau c h e rk re is  genügen  so ll, d a m it die M odu la tio n sk en n lin ie  au f 
id e a le  W eise linear sei. D ie  F o rd e ru n g  der lin ea ren  M o d u la tio n  fü h r t  zu e in e r n ich tlin ea ren  
D ifferen tia lg le ich u n g  d es P h a se n w in k e ls  des V e rb rau c h e rk re ise s . D ie als L ö su n g  gew onnene 
F u n k t io n  W  b estim m t d ie  P h a se n k e n n lin ie  des an g en o m m en e n  V erb rau ch erk re ises  des idealen  
K ly s tro n m o d u la to rs . B e im  E n tw u r f  der K ly stro n m o d u la to r-S tro m k re ise  b e s te h t  d ie  A ufgabe 
d a r in ,  eine Lösung zu  f in d e n , b e i  der die P h ase n k e n n lin ie  des V erb rau ch erk re ises in  e inem  ge
g e b e n e n  B ereich die id ea le  F u n k tio n  P  m öglichst a n n ä h e r t .
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L E  M O D U L A T E U R  A K L Y S T R O N  ID É A L

T . B E R C E L I

R É SU M É

L a tâc h e  essen tie lle  des m o d u la teu rs  de fréq u en ce  e s t  d ’assu re r une c a ra c té ris tiq u e  de 
m o d u la tio n  d ’une h a u te  lin é a rité . Le m o d u la teu r à  k ly s t ro n  e st le plus ap p ro p rié  à  ce b u t .  
L ’a u te u r  a résolu  d ’une  faço n  gén éra le  le p rob lèm e s u iv a n t:  é ta n t  donné l’é lém en t a c t i f  d u  
m o d u la teu r  qu i e st u n  k ly s tro n  ré flex e , on se d em an d e  q u e lle s  conditions d o iv en t ê tre  rem p lies  
p a r  le c irc u it de charg e  p a ss if  p o u r  que la c a ra c té ris tiq u e  d e  m o d u la tio n  so it d ’un e  lin é a rité  
idéale. L ’exigence d ’une  m o d u la tio n  linéaire  co n d u it à  u n e  éq u a tio n  d ifféren tie lle  n o n -lin é a ire  
p o u r l’ang le  de phase  d u  c irc u it de  charge. L a fo n c tio n  W  o b te n u e  com m e so lu tion  d é te rm in e  la  
c a ra c té ris tiq u e  de p h ase  d u  c irc u it  de charge supposé d u  m o d u la teu r à k ly s tro n  id éa l. L ors 
de l ’é tab lissem en t d u  p ro je t  des c ircu its  des m o d u la teu rs  à  k ly s tro n , le p roblèm e e s t d ’a s su re r  
que la c a ra c té ris tiq u e  de p h ase  d u  c ircu it de charge s ’ap p ro c h e  le p lus possible de  la  fo n c tio n  
idéale  IF d an s  un  d o m aine  d o nné .

ИДЕАЛЬНЫЙ КЛИСТРОН H ЫЙ МОДУЛЯТОР

T .  Б Е Р Ц Е Л И

РЕЗЮМЕ

Основной задачей частотных модуляторов является обеспечение высоколинейной 
модуляционной характеристики. Для такой цели больше всего подходит клистронный 
модулятор. В связи с этим автор решил следующую проблему в общем виде: задан актив
ный элемент модулятора (отражательный клистрон) и спрашивается, какие требования 
должны быть удовлетворены пассивной цепью нагрузки для того, чтобы модуляционная 
характеристика была идеально линейной. Требование линейной модуляции дает нели
нейное дифференциальное уравнение для фазового угла цепи нагрузки. Полученная 
как решение функция определяет фазовую характеристику предполагаемой цепи на
грузки идеального клистронного модулятора. При проектировании цепей клистронных 
модуляторов задача состоит в том, чтобы фазовая характеристика цепи нагрузки в задан
ном диапазоне как можно больше приближалась к идеальной функции Р.
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ÜBER D IE WAHL DER REIHENKAPAZITÄTEN 
VON STELLTRANSFORMATORWICKLUNGEN 

AUS DEM GESICHTSPUNKT 
DER STOSSSPANNUNGSBEANSPRUCHUNGEN

D. K E R É N Y I u n d  G. Ü JH Á Z Y
K A N D ID A T  D E R  T E C H N I S C H E N  W I S S E N S C H A F T E N  „ G A N Z “  E L E K T R O W E R K E ,  B U D A P E S T

[E ingegangen  am  30. S e p te m b e r, 1965]

Die g leichm äßige S to ß sp an n u n g sv e rte ilu n g  bei S te lltran s fo rm a to re n  w ird  d u rc h  große  
R e ih e n k ap a z itä te n  d e r  e in ze ln en  W icklungen a lle in  n ic h t  e rre ich t. Die S chw in g u n g sfre ih e it 
e ines W ick lungssystem s e rfo rd e r t  näm lich  a u ch  d ie  A b s tim m u n g  der e inzelnen R e ih e n k a p a 
z itä te n  a u f  e in an d er. S tim m t d ie k ap az itiv e  S p a n n u n g sv e rte ilu n g  im  W ick lu n g ssy s tem  m it 
d e r s ta tio n ä re n  S p an n u n g sv e rte ilu n g  übere in , so w e rd en  keine  Schw ingungen a u f tre te n .  D ie 
v e rsch a c h te lte n  W ick lu n g en  erm öglichen die Ä n d e ru n g  d e r R e ih e n k ap a z itä te n  zw ischen  den  
in  de r P ra x is  n ö tig en  G renzen .

I. E in le itu n g

Bei der K u p p lu n g  von  N etzen , d e re n  N enn sp an n u n g en  v o n e in a n d e r  
ab  w eichen, w u rd en  in n e rh a lb  der le tz te n  J a h r e  in  zunehm endem  U m fan g  
S te lltra n sfo rm a to re n  zu r E n e rg ieü b e rtrag u n g  e in g ese tz t. Bei T ra n sfo rm a to ren  
zu r K u p p lu n g  v o n  H o ch sp an n u n g sn e tzen  b e s te h t  näm lich  das V erlan g en , 
die Ü berse tzu n g  u n te r  L a s t in  w eiten G renzen  e in ste llen  zu können . E in e  W ick 
lu n g  eines d e ra rtig e n  T ran sfo rm a to rs , u n d  zw ar m eistens die O b e rsp a n n u n g s
w ick lung  is t so a u sg e fü h rt, daß  sie eine H a u p tw ic k lu n g  und  eine oder m eh re re  
S te llw ick lungen  e n th ä lt .  D ie S tellw ick lung  bzw . eine der S te llw ick lungen  is t 
m it  vielen (8 —10) A nzap fu n g en  versehen . D ie erforderliche Ü b erse tzu n g  des 
T ran sfo rm a to rs  k a n n  n u n m e h r d ad u rch  e in g e s te llt w erden, daß  ein dem  ge
w ü n sch ten  S p an n u n g sv e rh ä ltn is  e n tsp re c h e n d e r  Teil der S te llw ick lung  m it 
H ilfe  eines S tu fen sch a lte rs  an  die S tam m w ick lu n g  ang esch a lte t w ird . D ie 
V erw endung  von  S p a rtra n sfo rm a to ren  zu r K u p p lu n g  von N etzen  b r in g t in 
v ie len  F ä llen  w esen tliche  w irtsch aftlich e  V o rte ile .

Die S to ß sp an n u n g sfrag en  spielen beim  E n tw u r f  von S te lltra n sfo rm a to re n  
eine ebenso w ich tige R olle, wie bei den T ra n s fo rm a to re n  m it k o n s ta n te r  Ü b e r
se tzung . D ie B erech n u n g sm eth o d en  ab er, die fü r  den  le tz te ren  T yp  von  T ra n s 
fo rm a to ren  geeignet s in d , können  fü r die S te lltra n sfo rm a to re n  n ich t o hne  w ei
te re s  v erw en d et w erd en . In  diesem  F alle  m ü ssen  neuere G esich tsp u n k te  b e 
a c h te t  w erden.

In  d er vo rlieg en d en  A rb e it w erden die G ru n d sä tze  b e h a n d e lt, d ie bei 
d e r  B em essung d e r S te lltran sfo rm a to ren  fü r  S to ß sp an n u n g sb ean sp ru ch u n g en  
u n b e d in g t b e rü c k s ic h tig t w erden m üssen, u m  d a d u rc h  die B ean sp ru ch u n g en  
b is  a u f  einen m in im alen  W ert h e rab se tzen  zu  k ö n n en . Im  A ufsa tz  w ird  das
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K r ite r iu m  der S chw ingungsfre ihe it e iner T ran sfo rm ato rw ick lu n g , d ie  m it 
k e in e r  a n d e ren  W ick lung  in  g a lv an isch er K u p p lu n g  s te h t, fü r ein W ick lu n g s
s y s te m , das aus m eh reren  W ick lungen  b e s te h t , angew endet, u n d  die B e d in 
g u n g e n  d e r S chw ingungsfre ihe it des W ick lu n g ssy stem s angegeben. D a n a c h  
w e rd e n  p ra k tisc h e  M eth o d en  fü r  die R ea lis ie ru n g  von  schw ingungsfre ien  
W ick lu n g ssy stem en  v o rg e fü h r t  u n d  end lich  die E rgebn isse  der th e o re tisc h e n  
E rw ä g u n g e n  du rch  M eßergebnisse  an  M odellw ick lungen  b e s tä tig t.

I I .  B ed ingungen  fü r  die S chw ingungsfre iheit von S te lltran sfo rm ato ren

E s is t b e k a n n t, d aß  infolge d er Ü b e rsp a n n u n g e n  m it ste ile r S tirn  in  den  
T ra n sfo rm a to rw ick lu n g e n  S p an n u n g ssch w in g u n g en  a u ftre te n  k ö n n e n . D ie 
d u rc h  diese S chw ingungen  h e rv o rg eru fen en  S p an n u n g sb ean sp ru ch u n g en  d er 
Is o la t io n  können  gefährliche  W erte  erre ich en . D ie D im ensionierung  d e r Iso la 
t io n  f ü r  diese B ean sp ru ch u n g en  is t en tw ed e r ganz unm öglich  oder e r fo rd e r t  
e in en  solchen M ehrpreis, d e r  sich n ich t lo h n t. D ie K o n s tru k te u re  d e r  z e it
g e m ä ß e n  T ran sfo rm a to ren  b e s tre b e n  sich d a ru m  schw ingungsfreie W ick lu n g en  
a u sz u fü h re n .

D ie  S chw ingungsvorgänge von  einer e in ze ln en  hom ogenen T ra n s fo rm a to r 
w ic k lu n g  w urden  e rs ten s  v o n  K . W . W a g n e r  [1] b eh an d e lt. E s w u rd e  fe s t
g e s te ll t ,  d aß  eine S chw ingung  der W ick lu n g  d a n n  e n ts te h t, w enn  sich  d er 
A n fa n g sz u s ta n d  des V organges, d er du rch  d ie  R eihen - u n d  P a ra lle lk a p a z itä te n  
d e r  W ick lu n g  b e s tim m t w ird , von  dem  E n d z u s ta n d , d er sich aus den  W id e r
s tä n d e n  der W ick lung  e rg ib t, u n te rsc h e id e t. D ie A n fangsverte ilung  in  e iner 
sch w in g u n g sfre ien  W ick lu n g  s tim m t also m it  d e r lin earen  E n d v e rte ilu n g  ü b e i-  
e in . D ie  A n fan g sv erte ilu n g  w ird  d u rch  d en  S to ß sp a n n u n g sfa k to r d er W ick lu n g  
g e k e n n z e ich n e t (a =  ]fC/K,  w o C die g esam te  E rd k a p a z itä t  und  К  die re s u lt ie 
re n d e  R e ih e n k a p a z itä t b e d e u te t) . E ine  lin e a re  A nfangsv erte ilu n g  t r i t t  bei 
e in e m  S to ß sp a n n u n g sfa k to r  «  =  0 au f, d as  b e d e u te t, daß  die E r d k a p a z i tä t  
d e r  W ick lu n g  gleich N ull is t . D a dies sich  offensich tlich  n ich t v e rw irk lich en  
l ä ß t ,  k a n n  eine T ran sfo rm a to rw ick lu n g  als ganz  schw ingungsfrei n ic h t  a u s 
g e fü h r t  w erden . In  den  ü b lich en  T ra n s fo rm a to re n  b e trä g t  der F a k to r  а  5 А  30. 
D u rc h  V ergrößerung  d er R e ih e n k a p a z itä te n  k a n n  der S to ß sp a n n u n g sfa k to r bis 
a u f  0,5  v e rm in d e rt w erd en , u n d  d er ideale  schw ingungsfreie  Z u s ta n d  l ä ß t  sich 
a n n ä h e rn . In  T ra n sfo rm a to rw ick lu n g en  m it g roßer R e ih e n k a p a z itä t (a  <C 3) 
u n te rs c h e id e t sich die A n fan g ssp an n u n g  n u r  w enig  von  dem  E n d z u s ta n d , die 
W ic k lu n g  is t p ra k tisc h  schw ingungsfre i. A u f  G ru n d  dieser E rfa h ru n g  w u rd en  
in  d e n  le tz ten  J a h rz e h n te n  die v e rsc h a c h te lte n  W icklungen v e rsc h ie d e n er 
A r t  en tw ick e lt [2, 3].

In  den T ra n sfo rm a to ren  »europäischer A nordnung«  sind zwei o d e r m e h re 
re  k o n zen trisch e  W ick lu n g en  je  P h ase  u n te rg e b ra c h t. Die ü b e r die e inzelnen  
W ic k lu n g e n  v o rg e fü h rten  E rw äg u n g en  g e lten  au ch  fü r  T ra n sfo rm a to ren  m it
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m eh re ren  W ick lungen , w enn  m an  die n ich t gesto ß en en  W ick lungen  als k u rz 
geschlossen u n d  g eerdet b e tra c h te n  k a n n . D iese N äh e ru n g  is t n u r  in  d em  F alle  
s t a t th a f t ,  w enn die W ick lungen  galvan isch  n ic h t geko p p elt s in d . I n  S te ll
tra n s fo rm a to re n  u n d  A u to tra n s fo rm a to re n  s ind  ab e r die S to ß v o rg än g e  infolge 
d e r d ire k te n  galvan ischen  K u p p lu n g  d e r H a u p t-  u n d  S te llw ick lung  bzw . d er 
H o ch sp an n u n g s- u n d  N ied ersp an n u n g sw ick lu n g  v iel k o m p liz ie rte r. I n  d iesem  
F a lle  m üssen die S to ß ersch e in u n g en  in  einem  W ick lu n g ssy stem , das au s  m eh re 
ren  W ick lungen  b e s te h t, u n te rs u c h t w erden .

V on dem  G esich tsp u n k t d er D im ension ie rung  d er Iso la tio n  au s is t  die 
F es tleg u n g  der B ed ingungen  d e r S chw ingungsfre ihe it eine d er w ic h tig s te n  
A ufgaben . S e lb s tv e rs tän d lich  m uß  m an  e rstens die einzelnen W icklungen  sch w in 
gungsfrei au sg esta lten . D iese F o rd e ru n g  is t d u rch  die großen R e ih e n k a p a z i
tä te n  d e r W icklungen  e rfü llt. V on dem  S ta n d p u n k t d e r S chw ingungsfre ihe it 
des ganzen System s  is t  es a b e r  n ic h t im m er r ic h tig , die m öglich g rö ß te n  R e i
h e n k a p a z itä te n  zu verw irk lich en . In fo lge d er g roßen  R e ih e n k a p a z itä te n  is t 
n äm lich  die S p a n n u n g sv e rte ilu n g  n u r  innerhalb der einzelnen W icklungen  
g le ichm äßig . D ie S ch w in g u n g sfre ih e it des ganzen System s  is t  n u r  d a n n  e rfü llt, 
w enn  sich die S p an n u n g  u n te r  den  einzelnen  W ick lungen  g le ichm äßig  v e r te i l t ,  
d ie Ü b e rsp an n u n g en  d er e inzelnen  W ick lungen  s ind  also den B e tr ie b s sp a n n u n 
gen d e r b e tre ffen d en  W ick lungen  p ro p o rtio n a l. Ä hnlicherw eise  w ie be i den 
e in ze ln en  W ick lungen  k a n n  das K rite riu m  fü r  die S ch w in g u n g sfre ih e it eines 
W ick lu n g ssy stem s fo lgenderw eise angegeben  w erd en : E in  W ick lungssystem , 
das aus mehreren W icklungen  besteht, ist nur dann  schw ingungsfrei, also die 
Ü berspannungen verteilen sich unter den einzelnen W icklungen  nur d a n n  gleich
m äß ig , w enn die kapazitive A n fa n g ssp a n n u n g  jeder W icklung m it der sta tionären  
S p a n n u n g  der W icklung  übereinstim m t. D ie s ta tio n ä re  S p an n u n g  w ird  d u rch  
die In d u k tiv i tä te n  d er W ick lungen  b e s tim m t u n d  k an n  im  a llgem einen  
n ic h t  v e rä n d e r t  w erden . D ie S chw ingungsfre ihe it e rfo rd e rt also d ie  rich tig e  
E in s te llu n g  der k ap az itiv en  S p an n u n g en , das h e iß t die rich tige  W ah l d e r  W ick 
lu n g sk a p a z itä te n .

D ie A n fan g sv erte ilu n g  eines W ick lu n g ssy stem s, das aus m eh re ren  W ick 
lu n g en  b e s te h t, w ird  d u rc h  die R eihen- u n d  E rd k a p a z itä te n  u n d  d u rc h  die 
K a p a z itä te n  zw ischen den  einzelnen  W ick lungen  b e s tim m t. A us d iesen  K a p a z i
tä te n  w ird  das k ap a z itiv e  M odell des S ystem s a u fg e b a u t. (D as M odell b e d e u te t  
in  d iesem  F alle  ein m a th em a tisch es  M odell, das d e r B erech n u n g  d e r S p a n n u n g s 
v e r te ilu n g  zug runde lieg t.) D a fü r  die F e s ts te llu n g  d er S ch w in g u n g sfre ih e it die 
S p an n u n g en  n u r  an den k ritisc h e n  S tellen  des W ick lu n g ssy stem s zu b e s tim m en  
s in d , g en ü g t es, fü r  diesen Zw eck ein v e re in fach te s , aus w enigen E le m e n te n  
b es teh en d es  M odell zu b en ü tz e n . E s is t z. B. zw eckm äßig , ein solches M odell zu 
w äh len , wo jed e  W ick lung  d u rch  ih re  re su ltie ren d e  I n d u k t iv i tä t  u n d  R e ih e n k a 
p a z i tä t  ab g eb ild e t w ird , u n d  die P a ra lle lk a p a z itä te n  an  den W ick lu n g sen d en  (als 
zwei k o n z e n tr ie rte  K a p a z itä te n )  u n te rg e h ra c h t sin d  (siehe [4, 5] u n d  B ild  5).
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A u f G rund  des k a p a z itiv e n  N etzes, das das W ick lungssystem  a b b ild e t, 
k ö n n e n  so viele S p an n u n g sg le ich u n g en  an g esch rieb en  w erden , wie die Z ahl 
d e r K n o te n p u n k te  in  d em  N etz . S ind die K a p a z itä te n  b e k a n n t, so k ö n n en  die 
S p a n n u n g e n  in den e in ze ln en  K n o te n p u n k te n  m it H ilfe der S p an n u n g sg le i
c h u n g e n  b es tim m t w erd en . In  unserem  F alle  s in d  ab e r die S pan n u n g en  b e k a n n t, 
da  d iese  m it den s ta t io n ä re n  S pan n u n g en  d e r K n o te n p u n k te  ü b ere in s tim m en  
m ü ssen . D as E rsa tz sc h e m a  eines W ick lu n g ssy stem s, das aus zwei W ick lungen  
b e s te h t ,  k a n n  z. B . so a u fg e fa ß t w erden wie ein S p an n u n g ste ile r, d er In d u k tiv i
t ä t e n  u n d  K a p a z itä te n  e n th ä l t  (siehe das B eisp ie l im  IV . K ap ite l u n d  das Bild 
5b). D ie S ch w in g u n g sfre ih e it des S p an n u n g ste ile rs  w ird  se lb s tv e rs tän d lich  
d a d u rc h  erre ich t, d a ß  d ie  k a p a z itiv e  A n fa n g ssp a n n u n g  m it d er d u rch  die 
S e lb s tin d u k tiv itä te n  u n d  die gegenseitigen  I n d u k t iv i tä te n  b e s tim m te n  s ta tio 
n ä re n  S p an n u n g sv e rte ilu n g  ü b e re in s tim m t. (E s m u ß  b e m e rk t w erden , daß  
d ie  s ta tio n ä re n  S p a n n u n g e n , die sich aus d e r Ü b e rse tzu n g  e rrech n en , n u r  eine 
N ä h e ru n g  b ilden . D ie g e n a u e n  W erte  ergeben  sich  m it H ilfe d er M ethode von  
P . A . A b e t t i  [6 ] .)

I n  dem  au f G ru n d  d e r B ed ingung  d e r S ch w in gungsfre ihe it sich  erge
b e n d e n  G le ichungssystem , d as  aus so v ie len  G le ichungen  b e s te h t, w ie die Z ahl 
d e r K n o te n p u n k te  b e t r ä g t ,  w erden  also n u r  die K a p a z itä te n  u n b e k a n n t sein. 
A u f  G ru n d  des W ick lu n g ssy stem s k ö nnen  so v ie le  K a p a z itä te n  e rre c h n e t w er
d en , w ie die Z ahl d e r K n o te n p u n k te  b e trä g t . D ie p ara lle len  K a p a z itä te n  des 
W ick lu n g ssy stem s s ind  d u rc h  die H a u p ta b m e ssu n g e n  des T ra n sfo rm a to rs  
u n d  d u rc h  die v e rw e n d e te n  Iso liersto ffe  im  a llgem einen  e in d eu tig  b e s tim m t, 
so d a ß  n u r  die R e ih e n k a p a z itä te n  als u n b e k a n n t b e rü c k s ic h tig t w erd en  sollen. 
E n th ä l t  das W ick lu n g ssy stem  n W ick lungen , so is t die Z ahl d er K n o te n p u n k te  
n u r  (n  — 1), die S e r ie n k a p a z itä t  einer d er W ick lu n g en  k an n  also fre i gew ählt 
w e rd e n , die an d eren  e rre c h n en  sich aus dem  G leichungssystem .

D ie oben a n g e fü h r te n  E rw äg u n g en  zu sam m en fassen d , k ö n n en  die B e
d in g u n g en  der S ch w in g u n g sfre ih e it fo lgenderw eise su m m ie rt w erd en :

a )  D ie e inzelnen  W ick lungen  des W ick lu n g ssy stem s sollen schw ingungs
fre i se in  (oc <  3).

b)  D as W ick lu n g ssy stem  als G anzes d a r f  n ic h t schw ingen. D iese F o rd e 
ru n g  is t  du rch  die r ic h tig e  W ahl, die »A bstim m ung« der R e ih e n k a p a z itä te n  
a u f  e in an d e r e rfü llt. (E in e  ähn liche  A b s tim m u n g  is t im  F alle  e iner inhom oge
n e n  T ra n sfo rm a to rw ick lu n g  erfo rderlich , w en n  m an  eine g le ichm äßige S p an 
n u n g sv e rte ilu n g  e rre ich en  k a n n  [7].)

A u f G rund d e r o ben  v o rg e fü h rten  G ed an k en  k ö n n en  beim  E n tw u r f  von  
S te lltra n s fo rm a to re n  d ie  g ü n stig s ten  K a p a z itä te n  d er einzelnen  W ick lungen  
fe s tg e s te ll t  w erden . E s  m u ß  h ier b e m e rk t w erd en , d aß  die k a p a z itiv e n  u n d  
s ta t io n ä re n  S p an n u n g en  in  den versch iedenen  S ch a lts te llu n g en  im  a llgem einen  
v o n e in a n d e r  abw eichen . So ergeben  sich fü r  die versch ied en en  S ch a lts te llu n g en  
v e rsch ied en e  »günstigste«  K a p a z itä te n . F ü r  p ra k tis c h e  Zw ecke g en ü g t es aber,
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die B erechnungen  n u r  fü r  die S ch a lts te llu n g en  d u rch zu fü h ren , in  denen  die 
ganze S tellw ick lung  e n tw e d e r m it der H au p tw ic k lu n g  in  R eihe  g esch a lte t 
w ird , oder n u r  einpolig  an  die H au p tw ick lu n g  angeschlossen w ird , w ährend  
ih r  anderes E n d e  frei is t. D ie m ax im alen  B ean sp ru ch u n g en  tr e te n  n äm lich  ge
m äß  au sländ ischer [8 ] u n d  eigener E rfa h ru n g e n  in  diesen S ch a lts te llu n g en  auf, 
oder die h ier a u f tre te n d e n  B ean sp ru ch u n g en  u n te rsch e id en  sich  n u r  wenig 
von  den  m ax im alen  W e rte n . S e lb s tv e rs tän d lich  ergeben  sich au ch  in  diesem  
F a lle  den  versch iedenen  S ch a lts te llu n g en  e n tsp re c h e n d  m ehrere  »günstigste« 
K a p a z itä te n . B eim  E n tw u r f  is t d a ru m  a u f  G ru n d  d er b e rech n e ten  K a p a z itä ts 
w erte  ein g u te r  M itte lw e rt zu  w ählen.

E in  W ick lungssystem , das als schw ingungsfre i b e tra c h te t  w erd en  k an n , 
k a n n  n u r  d an n  a u sg e fü h rt w erden , w enn sich die gem äß d er B erech n u n g en  
e rgebenden  K a p a z itä te n  beim  K o n stru ie ren  verw irk lich en  lassen . D as I I I .  K ap i
te l b e fa ß t sich d a ru m  m it den M öglichkeiten  d er V e rän d e ru n g  d e r  R e ih en 
k a p a z itä te n .

I I I .  P rak tisch e  M öglichkeiten fü r  die V eränderung  
der R e ih en k ap az itä ten

E s w urde in  K a p ite l I I  fe s tg este llt, d aß  die einzelnen  W ick lu n g en  eines 
schw ingungsfreien  W ick lungssystem s große R e ih e n k a p a z itä te n  h a b e n  m üssen. 
D ie Lagenivicklung, d ie eine d er h äu fig s t v e rw en d e ten  W ick lu n g sa rten  ist, 
h a t  w egen der großen K a p a z itä t  zw ischen den  einzelnen  L agen ohne besondere  
k o n s tru k tiv e  M aßnahm en  eine b ed eu ten d e  R e ih e n k a p a z itä t. D ie R e ih e n k a p a 
z i tä t  d er anderen  h äu fig  v e rw en d e ten  W ick lu n g sa rt, der Scheibenspulenw ick- 
liingen  k a n n  dem gegenüber n u r  m it gewissen V erän d eru n g en  v e rg rö ß e rt w erden . 
D ie R e ih e n k a p a z itä t d e r L agenw ick lung  w ird d u rc h  die K o n s tru k tio n  p ra k tisc h  
genau  b e s tim m t, d ieser W e rt lä ß t  sich n u r in  k le inem  M aße b ee in flu ssen . Die 
R e ih e n k a p a z itä t der S che ibenspu lenw ick lungen  k a n n  dem gegenüber zw ischen 
den  p rak tisch  nö tigen  G renzen  v e rä n d e rt w erd en , ohne d ad u rch  d ie  an d eren  
D a te n  d e r W icklung  (z. B . W ind u n g szah l, H a u p tab m essu n g en  usw .) v e rä n d e rn  
zu  m üssen . Die e rfo rderliche  A n p assu n g  der R e ih e n k a p a z itä te n  des W ick lu n g s
sy stem s an e in an d e r k a n n  also im  allgem einen n u r  hei V erw endung  v o n  Schei
benspu lenw ick lungen  v e rw irk lich t w erden.

Die R e ih e n k a p a z itä t d e r gew öhnlichen S ch e ibenspu lenw ick lungen  (siehe 
B ild  la )  k an n  m it der so g en an n ten  V ersch ach te lu n g  d er W indungen  v e rg rö ß e rt 
w erden . D as P rinz ip  d er v e rsc h a c h te lte n  W icklungen  b e s te h t in d e r S te igerung  
des S p an n u n g su n te rsch ied es zw ischen den b e n a c h b a rte n  W in d u n g en . A u f 
dem  G ebiete d er v e rsc h a c h te lte n  W icklungen  w u rd en  bei den v ersch ied en en  
F irm en  zahlreiche L ösungen  en tw ick e lt u n d  p a te n tie r t .  D ie v e rsc h a c h te lte  
W ick lu n g  der F irm a  E n g lish  E lec tric  w ar die e rs te  W ick lung  d ieser A r t  und
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k a n n  a ls  am  m eisten c h a ra k te r is tis c h  b e tra c h te t  w erden . D ie W ick lu n g  der 
»G anz« E lek tro tech n isch en  W e rk e  k an n  aus d e r E n g lish  E lec tric  W ick lung  
a b g e le i te t  w erden. D iese b e id e n  A rten  der v e rsc h a c h te lte n  W ick lungen  gehen 
a u s  zw ei parallelen  D rä h te n  a u s , das E nde des e in en  para lle len  Zweiges w ird  
d a n n  n a c h  einer gewissen S tre c k e  m it dem A n fan g  des an d eren  p a ra lle len  Zwei-
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d )

B ild  1. S ch e ib en sp u len w ick lu n g en  v e rsch ied en e r A rt
a )  N o rm a le  S c h e ib e n s p u le n w ic k lu n g ;  b)  V e r s c h a c h te l te  W ic k l u n g  m i t  W ic k lu n g s e le m e n te n ,  d ie  a u s  z w e i 

S c h e ib e n  b e s te h e n  (E  =  2 ); c) V e r s c h a c h t e l t e  W ic k lu n g  m i t  W ic k lu n g s e l e m e n te n ,  d ie  a u s  v i e r  S c h e ib e n  b e s te h e n  
(1£ =  4 ) ;  d )  V e r s c h a c h te lte  W ic k lu n g  m i t  W ic k lu n g s e le m e n te n ,  d ie  a u s  s e c h s  S c h e ib e n  b e s te h e n  (E  =  6 ).

ges v e rb u n d e n . E ine so lche S tre c k e  — ein W ick lu n g se lem en t — m uß  aus p ra k 
t i s c h e n  G ründen eine g e ra d e  Z ah l von Scheiben e n th a lte n . Die E n g lish  E lec tric  
W ic k lu n g  w ird aus W ick lu n g se lem en ten , die au s  zw ei Scheiben b es teh en , au f
g e b a u t ,  ein W ick lu n g se lem en t d er Ganz W ick lu n g  b e s te h t aus 4 , 6 oder m ehr 
S c h e ib e n  (siehe das B ild  l b ,  l c ,  ld ) . E in  W ick lu n g se lem en t, das aus m ehreren  
S c h e ib e n  besteh t, b e s itz t  e in e  größere R e ih e n k a p a z itä t.
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W ird  die W ick lu n g  w egen der großen  S tro m s tä rk e  aus zwei oder m eh re ren  
para lle len  Zw eigen a u fg e b a u t, e rg ib t sich eine  w eitere  M öglichkeit fü r  die 
V erg rö ß eru n g  d e r R e ih e n k a p a z itä t. S ind die zw ei para lle len  Zweige z. B . n ic h t 
n eb en e in an d er (B ild  2a), sondern  v o n e in a n d e r ab g eso n d ert (B ild 2b) u n te r 
g eb rach t, so v e rd o p p e lt sich die R e ih e n k a p a z itä t.

M
7  "

/

-  7 7

'l

11i n
■Щ
-VsL

i

j i
II

T T

a) b)
B ild  2. V e rsch ach te lte  W ick lungen  au s  zw ei para lle len  Zweigen

a )  D ie  p a r a l le l e n  Z w e ig e  s in d  n e b e n e in a n d e r  u n t e r g e b r a c h t  (p  =  1); b) D ie  p a ra l le le n  Z w e ig e  l i e g e n  n i c h t  
n e b e n e in a n d e r  ( p  =  2 ).

D ie M öglichkeiten  d e r V erän d eru n g  d e r  R e ih e n k a p a z itä t k ö n n e n  aus 
d er fo lgenden  F o rm el g u t abgelesen w erden  [3]:

wo E  die Z ah l d e r Scheiben  in  einem  W ick lu n g se lem en t;
Cw die K a p a z itä t  zw ischen den b e n a c h b a r te n  W indungen ;
N  die Z ah l d e r in  d er W icklung  u n te rg e b ra c h te n  Scheiben; 
n  die W in d u n g szah l in  e iner S cheibe; 
p  die Z ah l d er para lle len  Zweige 

b e d e u te t.
S ind  die W erte  fü r  Cw, N  u n d  n , die im  a llgem einen  du rch  die e le k tr isc h e n  

D a ten  u n d  die H a u p tab m essu n g en  d er W ick lu n g  b e s tim m t w erden , g egeben , 
so k a n n  die F o rm el (1) in  fo lgender F orm  gesch rieb en  w erden:

К  =  k E 2p  , (2)
wo

k _
41V

is t. Bei e iner W ick lung , die aus zwei p a ra lle len  Zw eigen b es teh t, b e t r ä g t  d er 
W ert v o n  p  1 oder 2. A us dem  S ta n d p u n k t d e r p ra k tisc h e n  A u sfü h ru n g en  k a n n
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die  Z a h l d e r  Scheibenspu len  in  einem  W ick lu n g se lem en t 2, 4, 6 oder 8 g ew äh lt 
w e rd e n . D as V erh ä ltn is  d er g rö ß ten  u n d  d e r  k le in s ten  R e ih e n k a p a z itä t  is t 
a lso  b e i den  e rw äh n ten  B ed ingungen

^m ax =  =  32
K„ 22 ■ 1

D as b e d e u te t  also, d aß  die R e ih e n k a p a z itä t in  A b h äng igke it von  E  u n d  p  
in  w e ite n  G renzen v e rä n d e r t  w erden  k a n n . D ie  V erän d eru n g  is t s e lb s tv e r
s tä n d lic h  n u r  in  gew issen S tu fen  m öglich.

B ild  3. E in lag ige  S ch rau b en w ick lu n g  als S te llw ick lu n g  e ines S te lltran sfo rm a to rs  a u sg e fü h rt . 
D ie  v e ran sc h a u lic h te n  Z ah len  b e d eu ten  die la u fe n d e n  N u m m ern  der S tu fen  ( N  =  8)

D ie v e rsch ach te lten  W ick lungen  a ller A r t  h ab en  große R e ih e n k a p a z itä 
te n ,  sie s in d  also schw ingungsfre i. Diese R e ih e n k a p a z itä te n  b e trag en  e inen  W e rt, 
d e r  u m  m ehrere  G rö ß en o rd n u n g en  höher is t  als die R e ih e n k a p a z itä t e iner 
n o rm a le n  S cheibenspu lenw ick lung  m it d en se lb en  e lek trischen  D aten  u n d  geo
m e tr is c h e n  A bm essungen .

D ie  v e rsc h a c h te lte n  W ick lungen  w erd en  h au p tsäch lich  fü r  die H a u p t
w ic k lu n g e n  der S te lltra n sfo rm a to re n  v e rw e n d e t, die S tellw icklungen w erden  
im  a llg em ein en  als ein lagige S ch rau b en w ick lu n g en  a u sg e fü h rt (B ild 3). In  d ieser 
W ic k lu n g sa r t  sind  die die einzelnen  S tu fen  b ild en d en  W ick lu n g sstreck en  wie 
p a ra lle le  Zweige n e b e n e in a n d e r au fgew icke lt. W ie aus dem  B ild  e rs ich tlich  
i s t ,  b e t r ä g t  der S p an n u n g su n te rsch ied  zw ischen  den  b en ach b a rten  W in d u n g en  
ü b e rw ie g e n d  das Z w eifache der S tu fe n sp a n n u n g . D ieser W ert is t z iem lich  
g ro ß . D em zufolge is t  die R e ih e n k a p a z itä t d ieser W ick lungsart seh r groß. 
E s  k ö n n e n  bei d iesem  W ick lu n g sty p  m eh re re  K a p a z itä tsw e rte  im  a llgem einen  
n u r  d a n n  gew ählt w erden , w enn  die e inzelnen  S tu fen  aus m ehreren  p a ra lle len  
Z w eig en  gew ickelt w erden . Die re su ltie ren d e  R e ih e n k a p a z itä t der W ick lu n g
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e rg ib t sich aus d er F orm el

К  = (3 )

w о Cu; 
n

N

P

die K a p a z itä t  zw ischen den b e n a c h b a r te n  W indungen ;
die Z ah l d e r W indungen  in  e in e r  S tu fe ;
die Z ah l d er S tu fen ;
die Z ah l d e r para lle len  Zweige

b e d e u te t. D ie F o rm el (3) w urde u n te r  B e rü ck sich tig u n g  der in den  W in d u n g s
k a p a z itä te n  au fg esp e ich erten  E nerg ie  b e re c h n e t.

A u ß er den oben  v o rg e fü h rten  u n d  in  d e r  P rax is  am  m eisten  v e rw e n d e te n  
W ick lu n g sa rten  g ib t es n a tü rlic h  auch  a n d e re  W ick lungstypen , d ie  in  der 
vo rliegenden  A rb e it n ic h t e rw äh n t w erden . A uch  au f G rund d e r  d a rg e leg ten  
E rw äg u n g en  k a n n  a b e r  fes tg este llt w e rd en , d aß  in  der P rax is  d ie  V e rän 
d e ru n g  d e r R e ih e n k a p a z itä te n , das h e iß t d ie  A bstim m ung  d er K a p a z itä te n  
a u f  e in an d e r m öglich  is t.

B ild  4. S ch a ltb ild  eines S te ll tra n s fo rm a to rs

IV. Z ah lenbeisp ie l

D ie im  II . u n d  I I I .  K a p ite l v o rg e fü h rten  F e s ts te llu n g e n  w erden du rch  e in  Z ah len b e isp ie l 
e rk lä r t .  F ü r  d ie B e rech n u n g en  w urde das g eo m etrisch e  M odell eines S te ll tra n s fo rm a to rs  ge
w äh lt. D as M odell b e s ta n d  aus einer H a u p tw ick lu n g  u n d  e iner S te llw icklung, d ie  a u ß e r  der 
H a u p tw ick lu n g  k o n z en tr isch  u n te rg e b ra c h t w u rde . D ie  N ied ersp an n u n g sw ick lu n g  d es  T ra n s 
fo rm a to rs  w urde  im  M odell n ic h t ab g eb ildet, ih re  k a p a z it iv e  W irkung  w urde a b e r  d u rc h  e inen  
im  In n e re n  de r H a u p tw ick lu n g  n n te rg e b rac h ten  B lec h zy lin d e r e rse tz t. Die B e re c h n u n g  w urde  
fü r  d ie S c h a lts te llu n g  d e r m ax im alen  S p an n u n g  d u rc h g e fü h r t ,  die H a u p t u n d  S te llw ick lu n g  
w u rd e  also m it g leicher W in d u n g srich tu n g  in  R e ih e  g e sc h a lte t (siehe B ild 4). D ie W in d u n g s
zah l d e r H a u p tw ick lu n g  b e tru g  384, die de r S te llw ick lu n g  64. In  s ta tio n ä rem  Z u s ta n d  is t  der 
a u f  die S te llw ick lung  en tfa llen d e  A nteil d e r  g e sa m ten  S p an n u n g  u ngefäh r [64/(384 -f- 64)] • 
• 100 =  14 ,3%  u n d  de r a u f  die H au p tw ick lu n g  8 5 ,7 % . G em äß der E rw äg u n g e n  des II. 

K a p ite ls  w ird  die B ed ingung  d e r Schw ingungsfre iheit d a n n  e rfü llt, w enn die k a p a z it iv e n  A n 
fan g ssp a n n u n g en  de r e inzelnen  W icklungen m it d c n s ta t io n ä re n  S pannungen  ü b e re in s tim m e n  
w erden . (A u ß erd em  m üssen  se lb s tv e rs tän d lich  a u ch  d ie  e inzelnen W icklungen  sc h w in g u n g s
f r e i  sein .)

D as v e re in fac h te  k a p az itiv e  Modell des W ick lu n g ssy s tem s w urde im  B ild  5 v e ra n sc h a u -  
ich t. D ie  B ezeichnungen  des B ildes sind d ie fo lg en d en :
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K f j  die re su ltie ren d e  R e ih e n k a p a z itä t  de r H a u p tw ic k lu n g ;
K g  die re su ltie ren d e  R e ih e n k a p a z itä t  d e r  S te llw ic k lu n g ;
C H  die K a p a z itä t  zw isch en  der H au p tw ick lu n g  u n d  dem  die N ie d e rsp a n n u n g s

w ick lung  e rse tz en d e n  B lechzy linder;
C//5  die K a p a z itä t  zw isch en  d e r H a u p tw ick lu n g  u n d  d e r  S tellw icklung.
A u s dem  G leichgew icht d e r  L ad u n g e n  e rg ib t sich  n a c h  e in e r einfachen B e rec h n u n g  d ie  

k a p a z it iv e  S p an n u n g  der S te llw ick lu n g , d. h . die S p a n n u n g  des e rs ten  K n o te n p u n k te s  zu

_ ______ Kh +  0.5 Chs_______ . ,,
“ l ~  K H +  K S +  0,5 CH +  CHS ( )

(s iehe  d a s  B ild  5b). D as W ic k lu n g ssy s te m  w ird  a u f  G ru n d  d e r  oben  vo rg efü h rten  B e d in g u n g  
sch w in g u n g sfre i, w enn

=  0,143
uo

is t .

0 ;  b j

B ild  5. V ere in fach tes  k a p a z itiv e s  E rsa tz sch em a  des im  B ild  4 v e ran sch au lich ten  T ra n s fo r 
m a to r s  ( a )  u n d  E rsa tz sch em a  des im  B ild  4 v e ra n sc h a u lic h te n  T ran sfo rm a to rs  n ach  d em  R e d u 

z ie ren  der K a p a z itä te n  (b )
B e ze ic h n u n g e n :  L jy  I n d u k t i v i t ä t  d e r  H a u p t  w ie  k lu n g ;  L g  I n d u k t i v i t ä t  d e r  S t e l lw ic k lu n g ;  M  g e g e n se itig e  I n d u k t i v i t ä t  d e r  

H a u p t -  u n d  d e r  S te llw ic k lu n g .

A u s den  v ie r  K a p a z itä te n ,  d ie  in  der G leichung (4 ) V orkom m en, kön n en  drei im  v o ra u s  
fre i g e w ä h lt  w erden , eine d e r K a p a z i tä te n  m uß a b e r a u f  G ru n d  de r G leichung b e re c h n e t w er
d e n . D ie  p a ra lle len  K a p a z itä te n  w e rd en  du rch  die H a u p ta b m e ssu n g e n  u n d  die D ie le k tr iz itä ts 
k o n s ta n te  de r v e rw en d e ten  I so la tio n  e indeu tig  b e s tim m t. I n  u n se rem  Falle  sind

Cfj — 400 p F  u n d  Ch 5 =  320 p F .

D ie  S te llw ick lung  is t  eine v e rsch a c h te lte  W ic k lu n g  m it  W ick lungselem enten , d ie  au s  8 
S c h e ib e n  b es teh en  (E  — 8), d ie  Z ah l de r p a ralle len  Z w eige b e tr ä g t  1 (p  — 1). Die re su ltie re n d e  
R e ih e n k a p a z itä t  dieser W ick lu n g  is t

K s  =  2250 p F .

D ie  o b e n  angegebenen  d re i K a p a z i tä te n  u n d  den  s ta t io n ä r e n  W e rt  von  ul/u ll in  die G le ich u n g  
(4) e in g e se tz t, e rg ib t sich  fü r  d ie  o p tim ale  K a p a z itä t  d e r  H a u p tw ick lu n g

K -H opt-  =  275 p F .

D ie se r  W e r t  k a n n  am  b e s ten  m it  de r K a p a z itä t  e in e r v e rsc h a c h te lte n  W icklung, in  d e r  die 
W ic k lu n g se le m e n te  aus zw ei S p u le n  b esteh en  (E  =  2) a n g e n ä h e r t  w erden. Die R e ih e n k a p a z i-
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t a t  d ieser W ick lung  b e trä g t  n äm lich

Кн(Е-г) — 420 pF-
I n  d iesem  Falle  w eicht das V e rh ä ltn is  u ,/u 0 v o n  dem  b e rec h n e te n  o p tim a len  W e rt n u r  w enig  ab , 
d ie  sich  aus de r F orm el (4) e rg eb en d e  S p an n u n g  is t  n äm lich  18 ,2% .

D iese W icklung k a n n  als schw ingungsfre i b e tr a c h te t  w erden , d a  h ier d e r  F a k to r  а  =  
=  /4 0 0 /4 2 0  =  1 is t. W erd en  W ick lu n g selem en te , d ie au s v ie r  S pulen  b e s teh e n  (E  =  4), g e 
w ä h lt,  so w ird  der vo llk o m m en  schw ingungsfre ie  Z u s tan d  d e r H a u p tw ick lu n g  n o ch  b esse r

B ild  6. F a k to re n , die d ie S p a n n u n g sv e rte ilu n g  in n e rh a lb  der H a u p tw ick lu n g  b e s tim m e n , in  
A b h än g ig k e it v o n  de r R e ih e n k a p a z itä t

a n g e n ä h e r t ,  d a  je tz t  die R e ih e n k a p a z itä t  v ie rm al so groß  w ird  [K/y(g_4) = 1680 p F ] ,  u n d  de r 
F a k to r  а  sich  a u f  die H ä lfte  v e rm in d e rt .  A us dem  S ta n d p u n k t de r S cb w in g u n g sfre ih e it des 
g a n ze n  W icklungssystem s g en ü g t a b e r diese L ösung n ich t, d a  j e tz t  die A n fa n g ssp an n u n g  g e
m äß  d e r  F o rm el (4) 41 ,5%  b e trä g t.  D ieser W ert w eich t von  d em  zum  E n d z u s ta n d  g eh ö ren d en  
W ert v o n  14,3%  w esentlich  ab . D e m en tsp rech en d  w ird  die B ean sp ru ch u n g  der R eg elw ick lu n g  
u n g e fä h r  d re im al so groß, u n d  es is t  das A u ftre te n  v o n  s ta rk e n  S chw ingungen  zu  e rw a rte n .

V o n  d em  G esich tsp u n k t d e r S te llw iek lung  aus is t also die V erw endung  d e r  H a u p t 
w ick lu n g  m it k leinerer R e ih e n k a p a z itä t  u n b e d in g t g ü n stig er. B e rech tig t w ird  a b e r  d ie F ra g e  
au fgew orfen , in  w elchem  M aße die B ean sp ru ch u n g en  de r H a u p tw ick lu n g  sich v e rg rö ß e rn ,  
w en n  m an  fü r  diese W icklung  n ic h t d ie p ra k tisc h  m öglich  g rö ß te  R e ih e n k a p a z itä t  w ä h lt.  W ir 
w olle  n u n  h iese F rag e  b eh an d e ln .
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D ie B ean sp ru ch u n g en  d e r  H au p tw ick lu n g  w erd en  in  u n se rem  F a lle  d u rch  zwei F a k to re n  
b e e in f lu ß t .  Die S to ß sp a n n u n g sv e rte ilu n g  innerhalb der W ick lung  h ä n g t  v o n  dem  S to ß sp a n 
n u n g s fa k to r  (cttf =  УС ц /К н )  a b  (siehe das II . K a p ite l) . D ie  S to ß sp a n n u n g sb e a n sp ru ch u n g e n  
w e rd e n  ab er auch  d u rc h  d ie  V e rte ilu n g  der S p an n u n g  zw isch en  den  e inzelnen  W ick lungen  b e 
e in f lu ß t .  V erte ilt sich n ä m lic h  d ie  S pannung  u n g le ich m äß ig  zw ischen  den  e inzelnen  W ick lu n 
g e n , so en tfä llt  au f die H a u p tw ic k lu n g  eine (рд-in a l g rö ß e re  S p an n u n g  als bei g leichm äßiger 
S p a n n u n g sv e rte ilu n g  :
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B ild  7. Оszillogram m e be i r ic h tig e r  A b stim m ung  d e r K a p a z i tä te n  au fe in an d e r (К ^  — 420 pF
und  E  =  2)

B eze ic h n u n g e n  : a)  W e lle n fo rm  d e r  S p a n n u n g  a n  d e r  K le m m e  0 ; b) W e l l e n f o r m  d e r  S p a n n u n g  d e r  H a u p tw ic k lu n g  ( S p a n n u n g  
z w is c h e n  d e n  P u n k t e n  0 ,1 ) ;  c )  W e l le n f o r m  d e r  S p a n n u n g  d e r  S t e l lw ic k lu n g  ( S p a n n u n g  z w is c h e n  d e m  P u n k t  1 u n d  d e r  
E r d e ) .

w o u / /max die m axim ale  S p a n n u n g  der H au p tw ick lu n g , u n d  u ^ st die a u f  die H a u p tw ick lu n g  bei 
g le ich m äß ig er S p a n n u n g sv e rte ilu n g  en tfa llende, u n g e fä h r  die de r Ü b e rse tzu n g  p ro p o rtio n a le  
S p a n n u n g  b ed eu tet. In  u n se re m  F a lle  is t  u ^ st =  0 ,857. M an  k a n n  le ic h t e insehen  [4], d aß  bei 
E in h e its s to ß

“Яшах =  uHsl +  IuHst — uHk\ »

w o !(///; die k ap az itiv e  S p a n n u n g  d e r H au p tw ick lu n g  b e d e u te t .  In  u n se rem  F a lle  is t  a u f  G rund  
d es  B ildes 5b

Ks  +  0> 5 (Ch  +  Chs) 
Hk 0 к н  +  K s  +  0 ,5  Си  +  CHs 0 )
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F ü r  e ine  hom ogene W ick lung  k a n n  n u n m eh r das V e rh ä ltn is  des m ax im alen  (a m  A n fa n g  
d e r W ick lu n g  au ftre te n d e n ) u n d  bei g le ich m äß ig er S p an n u n g sv e rte ilu n g  sich e rg e b e n d e n  S p a n 
n u n g sg efälles bei E in h e itss to ß  le ic h t an g eg eb en  w erden  (z. B . [8]):

ÖH  =  a H  c ° t h  “ H  • ( 8 )

W egen der u n g le ic h m ä ß ig e n  S p a n n u n g sv e rte ilu n g  in n e rh a lb  des W ic k lu n g ssy s te m s 
m u ß  m an  a b e r  m it einem  S p a n n u n g ssc h e ite lw e rt hö h er als 1 rechnen . D er F a k to r  d e r  U n g le ich 
m ä ß ig k e it  i s t  im  gegebenen F a lle

ÔH  =  <Ph ô 'h  =  V h  “H c o t l » “Я • (9)

B ild  S. O szillogram m e bei u n rich tig e r A b s tim u n g  der K a p a z itä te n  au fein an d er (K j^ =  1680 p F
u n d  E  =  4)

B eze ich n u n g en  : a )  Wellenform der Spannung an der Klemme 0; b)  Wellenform der Spannung der Hauptwicklung (Spannung 
zwischen den Punkten 0,1); c) Wellenform der Spannung der Stellwicklung (Spannung zwischen dem P unkt 1 und der 
Erde).

V om  G esich tsp u n k t der g ü n s tig s te n  S to ß sp an n u n g sv e rte ilu n g  in der H a u p tw ic k lu n g  
m u ß  m a n  also den  F a k to r  ö// b is a u f  se inen  M inim alw ert he rab se tzen .

F ü r  u n se r  Beispiel w urde d e r W e r t cp^ in  A b h än g ig k eit von  der R e ih e n k a p a z itä t  K #  
im  B ild  6. v e ran sc h a u lic h t. D as D iag ram m  w urde  au f G ru n d  de r F o rm eln  (5), (6) u n d  (7) u n d  
d e r schon  gegebenen  K a p a z itä tsw e rte  k o n s tru ie r t .  In  d em selben  D iag ram m  w u rd e  a u c h  d e r 
F a k to r  v o n  K H au fg etrag en . I s t  die K a p a z i tä t  k leiner als die vom  S ta n d p u n k t d e r  S c h w in 
g u n g sfre ih e it des ganzen  S ystem s o p tim a le  K a p a z itä t  K Hop(, so w ird m it a b n eh m en d e r K a p a z i
t ä t  sow ohl ô  als auch  cpH  zunehm en. In  d iesem  G ebiet fo lg t also kein  M inim um  des F a k to r s  ö ^ j .  

D em g eg en ü b er w ird  <5jj bei K a p a z itä te n  g rö ß e r als K ^ opl. m it zun eh m en d er K a p a z itä t  a b n e h m e n  
u n d  срн zu n eh m en . Im  V erlauf v o n  ÔH k a n n  a lsó é in  M in im u m a u ftre te n . F ü r den  g e g eb en en  F a ll 
w u rd e  im  B ild  a u ch  der V erlau f des F a k to rs  ô ^ — rpfjô'^ v e ran sch au lich t. Aus d iesem  D ia g ra  m m
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k a n n  fe s tg es te llt w erden ; d a ß  <5// be i einer K a p a z itä t  К n  600 p 1 sein M inim um  h a t .  I s t  die 
R e ih e n k a p a z itä t  der H a u p tw ic k lu n g  größer als 600 p F ,  so w ird  das m axim ale  S p an n u n g sg e
fä lle  in  de r H au p tw ick lu n g  z u n e h m e n . In  unserem  B eisp ie l u n te rsch e id e t sich also d ie R e ih en 
k a p a z i t ä t  de r H au p tw ick lu n g  (JKW =  420 p F ) n u r  w en ig  v o n  dem  fü r  die H au p tw ick lu n g  
o p tim a le n  W ert.

A u f G rund des B ild es 6 k a n n  noch festg es te llt w e rd en , d a ß  sich  das m ax im ale  S p a n n u n g s
g efä lle  d e r H au p tw ick lu n g  b e i d e n  p rak tisch en  K a p a z i tä ts w e r te n  (400 p F  u n d  1680 p F )  n u r 
u m  e in ige  Prozen te  v e rä n d e r t .  D em gegenüber w ird  d e r  a u f  d ie S tellw icklung en tfa llen d e  Teil 
d e r  S to ß sp a n n u n g  bei d e r h ö h e re n  R e ih en k ap az itä t f a s t  d re im a l so groß wie bei de r k leineren . 
I n  g egebenem  Falle m u ß  a lso  b e i d e r D im ension ierung  d e r  Iso la tio n  von  S te lltran s fo rm a to re n  
f ü r  S to ß sp a n n u n g sb e a n sp ru c h u n g e n  die S te llw ick lung  b e v o rz u g t  w erden. E s m u ß  noch  be 
m e r k t  w erden , daß  die o b e n  v o rg e fü h rte n  E rw äg u n g en  n u r  fü r  H a u p tw ick lu n g en  m it  g roßer 
R e ih e n k a p a z itä t  gelten , d ie  V e rh ä ltn is se  v e rän d e rn  sich  w esen tlich  bei de r V erw en d u n g  von  
n o rm a le n  Scheibenspulen  W icklungen .

D iese th eo re tisch en  F e s ts te llu n g e n  w urden  d u rc h  M odellm essungen  v o llk o m m en  b e s tä 
t ig t .  A us den O szillogram m en d es  B ildes 7 k an n  ab g e lesen  w erd en , daß  im  F a lle , d e r  die o p ti
m a le  A b stim m u n g  am  b e s te n  a n n ä h e r t  (E  — 2), d e r  a u f  d ie  H au p tw ick lu n g  en tfa llen d e  A n 
te i l  d e r  ganzen  S p an n u n g  8 8 ,5 % , u n d  der au f die S te llw ic k lu n g  en tfa llende  17%  b e trä g t.  [A uf 
G ru n d  d e r Form el (6) e r re c h n e t  sich  fü r die H a u p tw ic k lu n g  85%  u n d  der F orm el (4) fü r  die 
S te llw ick lu n g  18,2% ]. D e m g eg e n ü b e r  en tfä llt a u f  d ie S te llw ick lu n g  bei u n g en ü g en d e r A n p as
su n g  4 5 % , u n d  au f die H a u p tw ic k lu n g  105% , siehe B ild  8. (D ie b e rech n eten  W erte  sind  in 
d iesem  Falle  41,5%  bzw . 1 1 3 % ). In fo lge  der u n rich tig en  A n p a ssu n g  n im m t also d ie B e an sp ru 
c h u n g  d e r H au p tw ick lu n g  u m  1 9 % , die der S te llw ick lu n g  a b e r  u m  165%  zu.

D ie richtige A b s tim m u n g  i s t  also in  e rs te r R e ih e  fü r  d ie  S tellw icklung b e d eu ten d . E s is t 
z u  b em erk en , daß im  g eg eb e n en  F a lle  n ich t die g rö ß e re , so n d e rn  die rich tig  g ew äh lte  k leinere 
R e ih e n k a p a z itä t  die S c h w in g u n g sfre ih e it g ew äh rle is te t. D ie  g u te  Ü b e re in stim m u n g  der b e 
re c h n e te n  u n d  gem essenen  S p an n u n g sw erte  b e s tä t ig t  n ic h t  n u r  die G ü ltig k e it d e r  th e o re ti
sc h e n  E rw ägungen , so n d e rn  a u c h  die R ich tig k eit d e r  B erech n u n g sm eth o d e .

SC H R IFT T U M

1. W a g n e r ,  K. W .: D as E in d r in g e n  einer e le k tro m a g n e tisc h en  W elle in  eine Spule  m it W in 
d u n g sk ap azitä t. E lek tro tech n ik  und M aschinenbau  33  (1915); 89, 105.

2. B r e c h n a ,  H .: S to ß sp a n n u n g ss ic h e re  T ran sfo rm a to ren  W icklungen. B ulle tin  Oerlikon  (1958);
N r. 328/329, 89— 101. .

3. K a r s a i ,  K .: S ch e ib en spu lenw ick lungen  m it v e rg rö ß e r te r  R e ih e n k ap a z itä t (in  u n g arisch er
Sprache). E lektrotechnika  55 (1962), 146.

4. W e l l a u e r ,  M.: D as V e rh a l te n  von  R e g u lie rsp a rtra n sfo rm a to ren  gegenüber S to ß sp an n u n g en .
B ulle tin  S E V  (1955), 240.

5. K e r é n y i ,  D.: B e rec h n u n g  d e r  S to ß sp a n n u n g sb e a n sp ru ch u n g e n  von S te lltran s fo rm a to re n
(in  ungarischer S p ra c h e ) . Elektrotechnika  58 (1965), 453.

6. A b e t t i ,  P. A.: P se u d o -F in a l V oltage D is tr ib u tio n  in  Im p u lse d  Coils an d  W ind ings. A I E E
Transactions 79 (1 9 6 0 ); P a r t  III , 87.

7. K a r s a i ,  К .: In h o m o g en e  T ran sfo rm a to rw ick lu n g en  ( in  u n g a risch e r S prache). Elektrotech
n ika  55 (1962), 538.

8. H e l l e r ,  В .— V e v e r k a ,  А  : S toßerscheinungen  in  e le k tr is c h e n  M aschinen. V E B  V erlag
T echnik , B erlin  1957.

S E L E C T IO N  O F T H E  S E R IE S  C APACITIES O F  R E G U L A T IN G  T R A N S F O R M E R  
W IN D IN G S F R O M  T H E  P O IN T  O F V IE W  O F  S U R G E  V O LTA G E ST R E SSES

D . K E R É N Y I  a n d  G . T J J H Ä Z Y

SU M M A RY

T he uniform  d is t r ib u t io n  o f surge voltages in  re g u la tin g  tran sfo rm ers  c an n o t b e  o b ta in ed  
b u t  b y  g re a t series c a p a c itie s  o f  th e  ind iv idual w ind igs. T h e  absence  of osc illa tions in  a sy s tem  
o f  w ind ings also req u ire s  m u tu a l  m atch ing  of th e  in d iv id u a l  series capacities. I f  th e  cap ac itiv e  
v o lta g e  d is trib u tio n  in  th e  w in d in g  system  agrees w ith  th e  s ta tio n a ry  v o ltag e  d is tr ib u tio n , 
n o  oscilla tions will occu r. T h e  in te rleav ed  w ind ings p e r m i t  th e  v a ria tio n  of th e  series cap ac 
i t ie s  w ith in  th e  lim its  r e q u ir e d  in  practice.
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CHOIX DES CAPACITÉS EN SÉRIE DES ENROULEMENTS DES^RANSFORMATEURS 
DE RÉGLAGE DU POINT DE VUE DES EFFORTS DE TENSIONS DE CHOC

D. K E R É N Y I e t G. Ü JH À Z Y

RÉSUMÉ

L a d is tr ib u tio n  u n ifo rm e  des tensions de choc  d a n s  les tran s fo rm a te u rs  de  rég lag e  ne 
p e u t ê tre  o b ten u e  u n iq u e m e n t p a r  les g ran d es c a p a c ité s  e n  série des en ro u lem en ts  in d iv id u e ls . 
P o u r a r r iv e r  à  l’ab sen ce  d ’osc illa tions dans u n  sy s tè m e  d ’en rou lem en ts, il f a u t  a cc o rd e r  les 
cap ac ité s  en  série in d iv id u e lle s . Si la  d is tr ib u tio n  c a p a c itiv e  des tensions d a n s  le sy s tèm e  
d ’en ro u lem en ts  e s t acco rdée  av ec  la  d is tr ib u tio n  d es  ten s io n s  s ta tio n n a ire s , il n ’y  a u ra  pas 
d ’oscilla tions. Les e n ro u lem en ts  transposés p e rm e tte n t  de  v a r ie r  les capacités en  série  e n tre  les 
lim ites nécessaires d a n s  la  p ra tiq u e .

О ВЫБОРЕ ПОСЛЕДОВАТЕЛЬНЫХ ЕМКОСТЕЙ ОБМОТОК 
РЕГУЛИРУЕМЫХ ТРАНСФОРМАТОРОВ С ТОЧКИ ЗРЕНИЯ ТРЕБОВАНИЙ 

В ОТНОШЕНИИ ИМПУЛЬСНЫХ НАПРЯЖЕНИЙ

Д .  К Е Р Е Н И  и  Г .  У Й Х А З И

РЕЗЮМЕ

Равномерного распределения импульсного напряжения в случае регулируемых 
трансформаторов нельзя достигнуть только при помощи высоких значений последова
тельных емкостей отдельных обмоток. Свобода колебания некоторой системы обмоток, 
как известно, требует также согласования между собой отдельных последовательных 
емкостей. Если емкостное распределение напряжения согласуется в системе обмоток с 
стационарным распределением напряжения, тогда не возникнет никаких колебаний. 
Расположенные в шахматном порядке обмотки позволяют производить изменение после
довательных емкостей в необходимых на практике границах.
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SOME REMARKS ON THE OPTIMUM SETTING 
OF VARIABLE PARAMETER PROCESS-CONTROLLERS

T . VÁMOS
DOCTOR OF TECH N . SC. 

and
J .  G Y Ü R K I

RESEA R C H  IN ST ITU TE FO R  AUTOMATION OF TH E  H U N G A R IA N  ACADEMY OF SCIEN CES 

[M an u scrip t received N o v e m b er 19, 1965]

A u th o rs  m ad e  a n  an alo g u e  co m p u ta tio n  s tu d y  to  in v e s tig a te  th e  effect o f p a ra m e te r -  
changes in  co n tro lled  p la n ts  o n  th e  o p tim u m  se ttin g  o f  c o n tro lle rs . B asic ty p es  o f  p la n ts  w ith  
tw o- a n d  th re e - te rm  co n tro lle rs  w ere m odelled  a n d  co n clu sio n s are  m ade fo r th e  o p tim u m  
c rite rio n  o f v a riab le  p a ra m e te r  co n tro lle r se ttin g s.

Since th e  basic  p a p e r  of Z ie g l e r  a n d  N ic h o l s  [1], pu b lish ed  in  1942, 
on th e  p ro b lem  of th e  o p tim u m  se ttin g  o f co n tro lle rs  an  a b u n d a n t l i te r a tu r e  
has b een  av a ilab le . F o llow ing  th e  in itia l an a lo g u e  co m p u te r  so lu tions th e  m a th e 
m a tic a l th e o ry  of o p tim u m  se ttin g  has also b een  e lab o ra ted . B ecause  o f  th e  
easie r co m p u ta tio n  an d  because  of o th e r  p ra c tic a l  considera tions m o s t o f  th e  
p u b lica tio n s  discuss th e  m in im iza tio n  of th e  ro o t  m ean  sq u are  e rro r. B y  m ean s 
o f th e  P a rse v a l th eo rem  in d ica tin g  th e  re la tio n  be tw een  in fin ite  in te rv a l  in te 
grals o f  th e  tim e  an d  freq u en cy  dom ain  th is  q u e s tio n  can  be d iscussed  in  a 
m ore sim ple w ay . T he l i te ra tu re  discusses in  d e ta il  th e  problem s o f o p tim u m  
se ttin g  acco rd ing  to  d iffe ren t c rite ria  [2 ].

T h e  p u rp o se  o f th is  p ap e r is to  d raw  a t te n t io n  to  a p ra c tic a l p ro b lem  
aris in g  in  a w ide class o f p rocess con tro ls , n a m e ly  th e  effect of th e  v a r ia t io n  
of th e  process p a ra m e te rs  on th e  op tim u m  s e ttin g  o f th e  contro llers. As o p p o sed  
to  th e  p rev ious s im plify ing  v iew , aim ing  to  describe  th e  processes b y  lin e a r  
e q u a tio n s  of c o n s ta n t p a ra m e te rs , th e  m a jo r ity  o f processes show  co n sid e rab le  
d ifferences.

T h e  v a ria b le  p a ra m e te rs  in  severa l cases p la y  a m ore im p o r ta n t ro le  th a n  
th e  n o n lin ea ritie s , because  in  th e  p rac tica l cases th e  con tro lled  range  o f  n o rm a l 
o p e ra tio n  is m ade so n a rro w , th a t  th e  lin ea r  a p p ro x im a tio n  genera lly  p ro v e s  
fu lly  sa tis fa c to ry . T he v a r ia tio n  of th e  p a ra m e te rs  — as w as show n b y  th e  a u 
th o r  p rev io u sly  in  th e  case o f boilers [3] — m a y  b e  v e ry  sign ifican t, w h ich  m a y  
in flu en ce  th e  o p tim u m  se ttin g  derived  on th e  basis  of c o n s tan t p a ra m e te rs . 
T h o u g h  in  th e  g enera l th e o ry  o f va riab le  p a ra m e te r-sy s tem s  im p o r ta n t  p ro b 
lem s h a v e  been  so lved , i t  has n o t been possib le  to  o b ta in  exp lic it fo rm u la e  
for th e  co m p u ta tio n  of th e  p a ra m e te r  d ep en d in g  tim e-in teg ra ls  o f fe e d b a c k  
sy stem s. In  th e  m a jo rity  o f cases th e  changes o f  th e  p a ram e te rs  a re  n o t  fa s t , 
th e y  la s t  con sid erab ly  longer th a n  th e  t im e -c o n s ta n ts  o f th e  system s, so t h a t
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i t  is  p o ssib le  to  m ake a co m p ariso n  b e tw een  th e  o p tim u m  se ttings of tw o  d iffe r
e n t  p a ra m e te r  (tim e c o n s ta n t)  system s, a n d  a lso  in  th e  case o f th e  d e te r io ra 
t io n  o f  th e  se ttin g , m ad e  fo r a given tim e  c o n s ta n t , a n d  a lte red  b y  th e  ch an g e  of 
th e  la t t e r .

I n  a  prev ious p a p e r  [4] th e  effect o f  th e  s ta tis tic a l f lu c tu a tio n s  o f  th e  
c o n tro l  e rro r  on th e  o p tim u m  p a ra m e te r  o f th e  co n tro lled  process w as d iscussed  
in  d e ta i ls .  In  th e  case o f a d ev ia tio n  from  th e  o p tim u m  se ttin g  of th e  co n tro lle r  
c a u s e d  b y  th e  a lte ra tio n  o f  one of th e  sy s te m -p a ra m e te rs  — th e  d e v ia tio n  of 
th e  s y s te m  op tim u m  g e n e ra te d  b y  th e  s ta t is t ic a l  d is tu rb an ce  of th e  sy stem  
w ill a lso  be  s ta tis tic a l. F ro m  th is  p o in t of v iew  th e  m ean  ab so lu te  v a lu e  o r th e  
m e a n  sq u a re  of th e  e rro r  is c h a rac te ris tic , th u s ,  th e  q u a d ra tic  a n d  ab so lu te  
in te g r a l  v a lu e  c rite ria  a re  su itab le  fo r o u r in v es tig a tio n s .

I n  th is  p ap e r we d iscuss a few tip ica l l in e a r  con tro lled  processes co n n ec ted  
w i th  tw o - an d  th re e te rm  con tro llers . T hese  con tro lle rs  are se t “ o p tim a lly ” 
fo r  a  d isc re te  s ta te  b y  th e  m e th o d  discussed  la te r . W e observe th e  ch an g e  of 
th e  se lec ted  d y n am ic  q u a li ty  c h a ra c te ris tic  in te g ra l

S',ie|d'
as a re sp o n se  to  a s tep  fu n c tio n  in p u t, if  we v a r y  th e  tim e c o n s ta n t o f  th e  con
tro l le d  process over a w ide ran g e . T he p a p e r  g ives th e  re su lts  of th e  ana logue  
c o m p u ta tio n s  an d  som e conclusions.

A s po in ted  o u t b y  S t r e j c  [5] an d  N a s l i n  [6 ], from  th e  p o in t o f  v iew  of 
th e  tr a n s ie n ts  in lin e a r  sy s tem s  —■ an d  esp ec ia lly  fo r  th e  erro r in teg ra ls  su m m ing  
th e s e  t ra n s ie n t  effects — th e  in v es tig a tio n  o f  a few  basic ty p e s  is su ffic ien t. 
T h e  fo llow ing  selec ted  b a s ic  ty p es  w ere c o m p u te d :

one tim e  lag , w ith  d elay

tw o  id en tica l tim e  lags

tw o d iffe ren t t im e  lags

F ig u res  1 —10 c o n ta in  th e  resu lts  o f th e  inv estig a tio n s. T he tw o - and  
th r e e - te rm  reg u la to rs  w ere  se t accord ing  to  th e  n o m in a l va lues of th e  p a ra m 
e te r s  o f  th e  p la n t, to  m in im alize  th e  in te g ra l o f  th e  abso lu te  v a lu e  o f th e  erro r. 
W i th o u t  v a ry in g  th e  a d ju s tm e n t of re g u la to r , th e  d o m in an t tim e  c o n s ta n t  T  
w a s  a lte re d , an d  its  e ffec t on th e  va lu e  o f th e  e rro r-in teg ra l w as o b se rv ed .

T h e  analogue m odels o f th e  co n tro lled  p la n ts  and  th re e - te rm  re g u la to r  
a re  show n  in Fig. 11. T hese  m odels give th e  possib ility  of ra p id  ch an g es and

Y (s )  =  e 

Y ( s )

К

1 +  Ts

К

(1 + T sy-

Y ( s )  =
К

(1 +  T s) (1 +  T0s)

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



OPTIMUM SETTING OF VARIABLE PARAMETER 441

F ig . 1. Second o rder sy s te m , w ith  tw o -te rm  co n tro lle r; o p tim u m  se ttin g  a t  n o m in a l value
( T n =  1 sec)

1 c u rv e : К  =  1, 1 /Г , =  2 ,2 ; 2  cu rv e : К  =  2, 1 /Г , =  1,2; 3 cu rv e : К  =  4, 1 /T , =  1,0;
4 cu rve: К  =  10, 1 /Т,- =  1,0.

Q1 0,2 0 4  0,6 Q8 1 2  4  6  8  10

F ig . 2. Second o rder sy s tem , w ith  th re e - te rm  c o n tro lle r; th e  effect o f th e  d if fe re n tia tin g  te rm
( T„ =  1 sec)

1 cu rv e : 1 /T , =  1, T d =  0 ,25; 2  cu rv e : 1 /T t = 1 ,  T d =  0 ,5 ; 3 cu rv e : 1 /Г , =  1, T d =  1,0.
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0,1 0,2 О, Л 0,6 0,8 1 2 4  6 8 10

F ie  3. S econd  order sy s tem , w i th  th re e - te rm  co n tro lle r; o p tim u m  se ttin g  a t  n o m in a l v a lu e
(T„ =  1 sec)

1 curve: 1 /T t =  3 ,5 , T d =  0,5; 2 cu rv e : 1/Г,- =  3,0, T d =  1,0.

F ie -  4 . D ouble-pole sy s te m  w ith  tw o -te rm  co n tro lle r; o p tim u m  se ttin g  a t  n o m in a l v a lu e
(T„ =  1 sec)

1 curve: К  — 1, 1 /T £* — 0,7; 2 cu rv e : К  =  2 , 1 /T £ =  0,53;
3 curve: К  =  4 , 1/T) =  0,43; 4 c u rv e : К  =  10, 1 /Т г =  0,31.

Лс*а Technica Academiae Scientiarum Hungaricae 54, 1966



OPTIMUM SETTING OF VARIABLE PARAMETER 443

F ig . 5. D ouble-pole sy s tem  w ith  th re e - te rm  co n tro ller; th e  e ffec t o f  th e  d iffe re n tia tin g  te rm
(T  =  1 sec)

1 cu rv e : 1/T, =  0,43, Td = 0 ,5 ; 2 cu rv e : 1 /T , =  0,43, Td =  1,0; 3 c u rv e : 1 /Tt =  0,43,
T d =  2 ,5.

F ig . 6. D ouble-pole sy s tem  w ith  th re e - te rm  con tro lle r; o p tim u m  s e ttin g  a t  n o m in a l value
(T  = 1  sec)

1 c u rv e : 1 /T , =  0,7, T d =  0 ,5 ; 2  cu rv e : 1 /T , =  0,8, T d =  1,0; 3 c u rv e : 1 /T , =  0 ,9 , T „ =  2,5.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



444 T. VÁMOS and J. GYÜRKI

a d ju s tm e n ts  since only  one o f  th e  p a ram e te rs  becom es a lte re d  b y  one of th e  
a d ju s t in g  elem ents (p o te n tio m e te rs ) .

I n  th e  d iagram s r  is p lo t te d  w ith  re la tiv e  v a lu es , th e  c o m p u te r  u n it is 
one  seco n d . In  all d e m o n s tra te d  cases th e  p ro ced u re  w as as fo llow s: T he tim e  
c o n s ta n t  o r tim e  delay  d o m in a tin g  th e  p erfo rm ance  o f th e  sy s tem  a t  th e  p la n t 
h a s  b e e n  fix ed  in  th e  n o m in a l v a lu e  o f 1 sec w hich  w as ta k e n  as a basis . (T„,T„).

F ig .  7. F irs t  o rder sy s tem  w i th  t im e  de lay  and  tw o -te rm  c o n tro lle r; o p tim u m  se ttin g  a t  
n o m in a l v a lu e  ( r  =  1 sec, T n — 2 sec)

1 curve: К  =  0 ,5 , 1/Т,- =  0,75; 2 cu rv e : К  =  1,0, 1/Т,- =  0,5;
3 curve: К  =  1 ,5 , 1/Т,- =  0,4; 4 cu rv e : К  =  2 ,0, 1/Т,- =  0,3.

A f te r  t h a t  th e  se ttin g  o f th e  P I ,  resp . P ID  co n tro lle rs , s im u la te d  also on th e  
a n a lo g u e  com pu ter w as v a r ie d  u n ti l  th e  m in im al f “ |e[di v a lu e  h as  been  reached . 
T h is  s itu a tio n  conform s to  th e  p ra c tic a l case w hen  th e  o p tim u m  se ttin g  of th e  
c o n tro lle r  is m ade on th e  b a s is  o f th e  p la n t p a ra m e te rs  m easu red  or ca lcu la ted  
o n c e . A fte r  th a t  th e  p la n t  p a ra m e te rs  h av e  b een  ch an g ed  (T  tim e  c o n s tan t 
a n d  К  gain) and  th e  in f lu e n c e  of these p a ra m e te r  changes supposed  du ring  
th e  o p e ra tio n  was in v e s tig a te d  in  co n junc tion  w ith  th e  chosen  o p tim u m  c rite 
r io n .
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T h e tim e  d e lay  c a n n o t be e x a c tly  s im u la te d  b y  m eans of th e  s ta n d a rd  
analogue co m p u te r  e lem en ts (su m m ato rs , in te g ra to rs , p o ten tio m e te rs) . V arious 
ap p ro x im a tio n s  a re  be ing  used  g iv ing  a m ore or less a d e q u a te  rea liza tio n  o f  th e  
desired  tra n s fe r  fu n c tio n .

F ig . 8. F ir s t  o rd e r sy s te m , w ith  tim e  d e lay  a n d  th re e - te rm  c o n tro lle r; o p tim u m  se t tin g  a t  
no m in a l va lue  ( r  =  1 sec, T n =  2 sec)

1 cu rve: К  =  2 ,0, 1 /T t =  0 ,4, T d =  0,384; 2 cu rve: К  - 1,5, 1 /T , =  0,5, T d =  0 ,454;
3 cu rve: К  =  1,2, 1 /T t =  0 ,6, T d =  0 ,625; 4 cu rve: К  =  0 ,8, 1/Г,- =  0,9, T d =  1 ,111;

5 cu rv e : К  =  0,3, 1 / T t =  1,75, T d =  2,00.

T he ap p lied  ap p ro x im a tio n  is w ell know n in  th e  lite ra tu re . T he rea lized  
tra n s fe r  fu n c tio n :

- P r
^ ^ l - 2 ^ r iP  +  r  rP >

i=1 1 +  2 $'.т,р +  Tjp

r  =  4 V  f , X/ .
i=1

2 n 2  ’

2. D a ta : =  0,866; | 2 =  0,4; тх/т2 =  1,68 .

T he ap p ro x im a tio n  is o f all-pass c h a ra c te r , i.e. w ith o u t am p litu d e-e rro r. T h e  
lin ea r p h ase  c h a ra c te ris tic  is v a lid  to  7,44 rad ian  p h ase  sh ift. W ith in  th is  ra n g e  
th e  m ax im u m  p h a se -e rro r  is 0,021 rad .
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T h e  e rro r of th e  a p p ro x im a tio n  from  th e  p o in t o f view  of t r a n s ie n t  re 
sp o n se  is re la tiv e ly  h igh  b ecau se  th e  d elay  o f  th e  h igh  freq u en cy  co m p o n en ts  in 
th e  s te p  fu n c tio n  is b a d . (W e re fe r to  te  F o u rie r- tran sfo rm .)

T h e  re la tio n s are  b y  f a r  b e tte r  i f  w e do n o t  realize a p u re  d e la y  b u t  a 
b lo c k  c o n ta in in g  also a p ro p o rtio n a l e lem en t, b e ing  ou r case a t  p re se n t. I f  th e

F ig . 9. F i r s t  o rder sy s tem , w ith  tim e  d e lay  a n d  th re e - te rm  co n tro ller; o p tim u m  se ttin g  a t  
n o m in a l v a lu e  ( r  = 1 sec, Tn =  1 sec)

1 c u rv e : К  =  1,5, 1 / T t =  0,4, T d =  0 ,25; 2  c u rv e : К  =  1,0, 1/Г,- =  0,7, T d =  0,312;
3 c u rv e : К  =  0,7, 1/Г,- =  1,0, T d =  0 ,50; 4 c u rv e : К  =  0,5, 1/Г,- =  1,5, T d =  0,714;

5 c u rv e : К  =  0,3, 1/Г,- =  2,1, T d =  1,00.

t im e  c o n s ta n t of th e  p ro p o rtio n a l p a r t  is in  th e  m ag n itu d e  of th e  d e lay  tim e  
o r i t  is g rea te r  th e  e rro r  is d im in ish ing . (F ig . N o. 12.)

A t  th e  referred  c o m p u ta tio n s  th e  d is to r tio n  d id  n o t  in fluence  th e  resu lts  
a n d  th e  q u a lita tiv e  conclusions.

T h e  d iagram s p re se n te d  in d ica te  th e  follow ing im p o r ta n t conclusions:
1. T he change o f th e  d o m in a n t t im e  p a ra m e te r , given fo r th e  co n tro lled  

p h a se  o f  supposed  on th e  b as is  of th e  chosen  o p tim u m  se ttin g  c rite r io n , g rea tly  
in flu e n c e s  th is  c rite rio n . In  th e  case o f v a r ia b le  p a ra m e te r  processes th is  gener
a lly  e x e r ts  a considerab le  e ffec t on th e  p e rfo rm an ce  an d  econom y of th e  sy stem , 
as  w as to  be expec ted .
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2. T he change of th e  p a ra m e te r , ch a ra c te riz in g  th e  o p tim u m  in  th e  region 
o f th e  w ork ing  p o in t chosen on th e  basis  o f th e  h y p o th e tic a l c o n s ta n t  sy stem  
p a ra m e te r  is in  m a n y  cases r a th e r  a sy m m etrica l.

I t  follows th a t :
a )  In  se ttin g  th e  con tro llers  “ o p tim a lly ”  we have to  check  th e  o p tim u m  

c rite r io n  fo r th e  w hole ran g e  of th e  e x p e c te d  p a ra m e te r  v a lues a n d  m u s t n o t 
be sa tisfied  w ith  th e  u su a l m ean  e s tim a tio n s .

F ig . 10. F irs t  o rd e r sy s tem , w ith  tim e  d e lay  a n d  th re e - te rm  con tro lle r; o p tim u m  s e ttin g  a t  
no m in a l v a lu e  ( r  =  1 sec, T n =  5 sec)

1 c u rv e : К  =  4 ,5 , 1/Г,- =  0,2, T d =  0 ,417; 2  c u rv e : К  =  4 ,0, 1/Г,- =  0,2, T d =  0 ,454;
3 cu rv e : К  =  3,5, 1/Г,- =  0,2, T d =  0 ,50; 4 c u rv e : К  =  3 ,0, 1/Г,- =  0,225, T d =  0 ,714;
5 cu rv e : К  =  2,5, 1/Г,- =  0,26, T d =  1 ,111; 6 c u rv e : К  =  2,0, 1/Г,- =  0,35 , T d =  1,666.

b )  In  th e  less so p h is tic a ted  cases, w here  an  a d a p tiv e  con tro l is n o t  n eed ed , 
th e  co n tro lle r shou ld  be se t a t  a p o in t, w h ich  is o p tim a l for th e  w hole v a r ia tio n  
ran g e . T his p o in t m ay  in  som e cases be a t  one end  of th e  ex p ec ted  b a n d  an d  
n o t n ecessarily  a t  its  c en tre . In  th e  case o f s ta tis t ic a l  d is tu rb an ce  ( in p u t)  we 
h av e  to  f ix  th e  se ttin g  on th e  basis o f th e  a p p ro p r ia te  op tim u m  c rite r io n  m a tc h 
ed to  th e  s ta tis t ic a l  d is tr ib u tio n  o f th e  in p u t an d  th e  s ta tis tic a l d is tr ib u tio n  
o f th e  v a riab le  p a ra m e te rs . T herefo re  we h av e  to  consider w h a t is th e  ex p ec ted  
freq u en cy  of th e  single p a ra m e te r  changes in  th e  region of th e  se tt in g  a n d  w h a t 
iS th e  effected  d ev ia tio n  from  th e  o p tim u m , caused  b y  these  p a ra m e te r  changes.
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T h e s e t t in g  m u st be f ix e d  a t  t h a t  p a ra m e te r  w h ere  th e  b e s t o p tim u m -c rite rio n  
v a lu e  can  be ex p ec ted  consid erin g  th e  ex p ec ted  v a r ia tio n s . T he c rite rio n  its e lf  
is o f  co u rse  in d e p e n d e n t o f th e se  co n sid era tio n s: i t  follow s from  th e  tech n ica l-  
eco n o m ica l cond ition  o f  th e  system .

M ore ex ac tly : le t  th e  o p tim u m  crite rio n  fo r  a n y  fu n c tio n a l f  be :

у  =  v M 1)’

-У* . Тг /. 7 j 1+sTd
1~d 5Ti 1  I t s T g

F ig . 11. A nalogue co m p u te r b lo ck -sch em es

w h ere  y ( t )  is th e  o u tp u t  o f th e  closed loop c o n tro lle d  system  y( t)  is a fu n c 
tio n  o f  th e  in p u t x(t)  a n d  o f th e  va riab le  p a ra m e te r  z  o f th e  system :

y(t) =  g[x(t) ,  * ,  t ] ,
w h ere

x(t)  is, in  th e  g en era l case, a s ta tis tic a l v a r ia b le  w ith  know n s ta tis t ic a l
ch a ra c te ris tic s ;

g  is an y  a b so lu te  in teg rab le  fu n c tio n ;
zt <  z < [ z2 is, in  th e  g en era l case a s ta tis t ic a l  v a r ia b le  w ith  know n d is tr ib u 

tio n  in  a d e fin ite  in te rv a l.
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W e have  to  f in d  th e  o p tim u m  of ip (per d e fin itio n em  m ax im u m  or m in i
m u m ), ta k in g  in to  co n sid e ra tio n  th e  w hole ran g e  o f v a riab le s  given b y  the  
above cond itions. F o r  th e  cases d iscussed, th e  u su a l design fo r  a fixed  x(t) 
in p u t  (e.g. s tep  fu n c tio n ) an d  fixed  z p a ra m e te r  (e.g. tim e  c o n s ta n t)  is insu ffi
c ien t.

c) In  m ore co m p lica ted  p rob lem s, w here th e  change o f o p tim u m  involves 
considerab le  econom ic loss, an a d a p tiv e  co n tro lle r m u s t be  used  [7]. T his need 
can  be checked b y  c o m p u ta tio n s  fo r th e  given cases on th e  basis  of p o in t b).

I t  shou ld  be p o in te d  o u t th a t  th e  conclusions d raw n  on th e  basis of the

IA E  (In teg ra l-A b so lu te -E rro r)  crite rion  [8 ], chosen b y  w ay  o f exam ple , are 
also v a lid  — m u ta tis  m u ta n d is  — for o th e r  c rite ria , e.g. th e  IT A E  (In tegra l- 
T im e-A b so lu te -E rro r) c rite rio n .

G r a h a m  an d  L a t h r o p ,  discussing th e  v a rio u s o p tim u m  se ttin g  crite ria  
[9], to u c h  on th is  q u es tio n , b u t  because o f th e  d iffering  p u rp o se  o f th e ir  p ap er 
th e y  do n o t fu r th e r  d iscuss th e  exam ples an d  do n o t d raw  conclusions sim ilar 
to  th e  above. F o r o th e r  ty p e s  of tra n s fe r  fu n c tio n s, fo r o th e r  in p u t  signal form s 
an d  o th e r  o p tim um  c rite r ia  i t  has n o t been possib le  to  fin d  a n y  closed form ulae 
w hich could give an  ex p lic it expression fo r th e  in fluence  o f th e  p a ram e te rs  
an d  th e  tendencies o f change in general cases. T his is p ro b a b ly  n o t possible 
an d  w ould  have  no p ra c tic a l use. S im ilarly  we d id  n o t consider i t  useful, to  
e lab o ra te  a m ore d e ta iled  collection of exam ples or nom ogram s b eyond  th e  
above illu s tra tiv e  ones. T he pu rpose  o f th is  p a p e r  w as to  d raw  th e  conclusions 
u n d e r a )  to  c),  em phasiz ing  th e  need fo r in d iv id u a l analogue o r d ig ita l co m p u te r 
ca lcu la tions.
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E I N IG E  B E M E R K U N G E N  Z U R  O P T IM A L E N  E IN S T E L L U N G  D E R  R E G L E R  
VON P R O Z E S S E N  M IT  V E R Ä N D E R L IC H E N  P A R A M E T E R N

Т . V Á M O S , u n d  J .  G Y Ü R K I

Z U SA M M EN FA SSU N G

D ie  P a ra m e te rä n d e ru n g e n  d e r  R eg elstrecke  sind  e ine  E rsch e in u n g , die be im  großen  
T e il d e r  P rozeßregelung  eine R o lle  sp ie lt. Ih re  W irkung  a u f  d ie o p tim a le  E in s te llu n g  de r R egler 
w ird  m it  H ilfe eines A n a lo g rech n ers  b e i A nw endung  v o n  P I  bzw . P ID  R eg le rn  g ep rü ft. 
D ie  V e rfasse r  ziehen F o lg eru n g en  in  B ezug  au f das O p tim u m -K rite r iu m  der d u rc h  versch iedene  
P a ra m e te rä n d e ru n g e n  b e e in f lu ß te n  R eglereinste llungen .

Q U E L Q U E S  R E M A R Q U E S S U R  L E  R É G L A G E  O PTIM U M  D E S  R É G U L A T E U R S  D E  
PR O C E S SU S A P A R A M È T R E S  V A R IA B L E S

T .  V Á M O S  e t  J .  G Y Ü R K I

R ÉSU M É

L es au teu rs  u til isa n t des c a lcu la te u rs  analogues o n t  ex am in é  l’in fluence  q u ’u n  p h én o 
m èn e  in te rv e n a n t  dans une  la rg e  g am m e de prob lèm es de  ré g u la tio n  des p rocessus, à  savoir 
la  v a r ia t io n  des p a ram ètre s  de la  sec tio n  réglée, exerce su r le rég lage  o p tim u m  des ré g u la te u rs  
P I  o u  P ID . Ils t ire n t des co n clu sio n s su r le c ritère  d u  réglage o p tim u m  des ré g u la te u rs , influencé 
p a r  les d ifféren tes v a ria tio n s  des p a ram è tre s .
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ON THE STARTING PHENOMENA OF ASYNCHRONOUS
MOTORS
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[Manuscript received January 6, 1966]

At the starting of asynchronous motors — inasmuch as the accelerated masses having 
a small moment of inertia and no mechanical resistance is concerned — in consequence of the 
high accelerations, the speed of the motor may overshoot the synchronous speed, the no load 
speed being attained after damped oscillations. The author analytically deduces the conditions 
of the harmonic oscillations and shows that the data known from literature need correcting.

I. Introduction

I t  is well know n  t h a t  a t  th e  s ta r tin g  o f asy n ch ro n o u s  m o to rs , w h en  th e  
m o m en t of in e rtia  o f th e  m ass to  he s ta r te d  is sm all (e. g. th e  m ach in e  s ta r ts  
on ly  b y  itse lf), in  consequence  o f th e  to rq u e  co n d itio n s caused  b y  th e  high 
acce lera tio n  th e  speed  m a y  exceed th e  sy n ch ro n o u s speed. T h e  ro to r  o f th e  
m ach in e  a tta in s  th e  no lo ad  speed  u n d e r d am p ed  osc illa tions. N a tu ra l ly  these  
speed  oscillations a re  co n cern ed  also w ith  to rq u e  oscilla tions.

I t  becam e know n  fro m  li te ra tu re  — especia lly  in  con n ec tio n  w ith  th e  
in v es tig a tio n s  ca rried  o u t, w ith  analog  co m p u te rs  — th a t  in th e  case o f h igh 
acce lera tio n  th e  to rq u e  speed  ch a rac te ris tic  does n o t follow  b y  fa r  th e  s ta tic  
to rq u e  ch a rac te ris tic . I n  th e  case of h igh acce le ra tio n , on th e  one h a n d , th e  
v a lu e  o f th e  to rq u e -m a x im a  (p u ll-ou t to rq u es) decreases, an d  on th e  o th e r 
h a n d , th e  m ach ine a rriv es  to  th e  no load  speed  (ap p ro x . M mech_ =  0) in  such  a 
w ay  th a t  m eanw hile also g en e ra to r-to rq u e  co n d itio n s a p p ea r, co rresp o n d in g  
to  th e  sp ead  oscilla tions. T h e  cond itions are  show n b y  curve  2 on F ig . 1, w hich 
show s som e analog  co m p u te d  resu lts  [1].

I f  th e  acce lera tion  is going on slowly e. g ., because  a g rea t m ass m u s t be 
acce le ra ted , th e  m ach in e  w ill follow  th e  s ta tic  to rq u e  c h a ra c te ris tic s  show n 
in F ig . 1 as well (cu rv e  1).

F ro m  th e  m easu rin g  d a ta  o b ta in ed  w ith  th e  analog  co m p u te r  t h a t  lim it 
of th e  to rq u e  of in e r tia  w as d e te rm in ed  below  w h ich  th e  acce lera tio n  is te rm i
n a te d  a m id s t oscilla tions o r w hen  th e  m ach ine reach es th e  no lo ad  speed  aperio- 
d ically . T his lim it can  be  d e te rm in ed  also a n a litic a lly  as will be show n fu r th e r  
on — w hen i t  becam es e v id e n t th a t  th e  conclusion d raw n  from  th e  m easu rings 
p erfo rm ed  w ith  th e  an a lo g  co m p u te r  d id  n o t le a d  to  th e  q u ite  c o rre c t re su lt 
(ow ing to  th e  fac t t h a t  th e  ex trem u m  co n d itions are  d ifficu lt to  e v a lu a te ) .
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IL  E q u a tio n s  o f  the acce lera tin g  m o to r

A ssu m p tio n s :

a )  T he  m achine is c o n n e c te d  to  3 -phase sy m m e tric a l m ains;
b)  th e  changes o f s a tu r a t io n  are d isreg a rd ed , th e  p e rm e a b ility  in  th e  

iro n  is considered as b e in g  c o n s ta n t  (sa tu ra te d );
c)  th e  ohm ic re s is ta n c e  o f  th e  s ta to r  is n eg lec ted ;
d )  I t  is assum ed t h a t  th e  ro to r  of th e  m ach in e  is allow ed to  acce lera te  

f re e ly  o n ly  a fte r th e  p a ss in g  o f  th e  e lec tro m ag n etic  tra n s ie n ts  aris in g  a t  sw itch 
in g -o n : in  o ther w ords, a t  th e  v e ry  m om ent o f  th e  b eg in n in g  of acce lera tio n , 
in  t h e  m achine th e re  e x is t  s ta tio n a ry  sh o rt c irc u it co n d itions (s ta tio n a ry  
s h o r t  c irc u it cu rren t a n d  to rq u e ) ;

e)  p u re  accelera tion  o f  m asses is assum ed  (ev ery  m echan ical fr ic tio n  is 
c o n s id e re d  negligible);

f )  th e  leakage in d u c ta n c e  of th e  s ta to r  a n d  o f th e  ro to r  are assu m ed  to  
b e  e q u a l:  L s =  L r.

T h e  equation  o f th e  m o to r  is w ritten  in  th e  fo rm  know n  from  li te ra tu re  
[2 ] a n d  a synchronous r o ta t in g  fram e is used , w h ere  th e  rea l axis of th e  co -o rd i
n a te s  is  co incident w ith  th e  d irec tio n  of th e  s ta to r  v o lta g e . T hus in  th e se  m ov
in g  co -o rd in a tes  th e  v a lu e  o f  th e  vo ltage is rea l a n d  c o n s ta n t:

ÜS = U .  (1)
T h e  equations a re :

Ü s = U = ^ + j c o ^ s , (2 )
d t

— - d4* —
U r =  0 =  i r R r +  — -A + jsa> 1 V r , (3)

dt

&  -“  =  4 -  I m ( W *  ï s ) ,  ( 4 )dt 2

w h e re  nq is the  an g u la r f re q u e n c y  of th e  m a in s, th e  a s te risk  p laced  above  th e  
s y m b o l denoting  th e  c o n ju g a te  com plex q u a n t i ty .

E x pressing  ir a n d  re sp ec tiv e ly , b y  th e  f lu x , E q u s  (3) an d  (4) resp ec
t i v e ly ,  pass onto th e  fo llo w in g :

0 =  s k a>1 ( Ÿ r - k ¥ s) + l p - +  jso h  V ,  , (3a)
dt

a n d

0 - ^  =  4 т г 1т№ ^  (4a)dt  2 L r
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R e g re tta b ly  th e  figure as re fe rred  to  in  th e  p a p e r 
On the S tarting  Phenomena o f  A synchronous  Motors b y
K . P . K o v á c s  (in  Vol. 54, Fase. 3 —4, p . 453) h ad  been 
o m itte d . N ow  th is  figu re  is p r in te d  herebelow :

.  at oswQ^as os 0,7 as 0,9
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re sp ec tiv e ly , w here  sk =  Rfjw jLr  is th e  s ta t ic  p u ll-o u t slip of th e  m a c h in e  an d

an d  w here

Lm L m
Lpi +  Lscr L,n “f~ Prcr

Lro- _  Г 1 L^ L
-  L  4- LLra +

is th e  tra n s ie n t in d u c tiv ity .
A s th e  le n g th  o f th e  v o ltage  v e c to r  does n o t  change an d  as th e  ohm ic  

s ta to r  re s is tan ce  is d isreg ard ed  i t  becom es in  th e  synchronous co -o rd in a te s

d'/ ',
dt

0

an d  so E q u . (2) ta k e s  th e  follow ing fo rm :

U  =  (2a)

T he follow ing fu r th e r  s im plifica tions are  in tro d u c e d :
a )  (Ojt =  r ;
b)  we pass o n to  re la tiv e  u n its . N a m e ly : UN — 1 (m ax im um  v a lu e ) is 

th e  n o m in a l v o ltag e ;
WN =  U Nloh

an d  th e  no m in a l o u tp u t  is

P  — —  U Ir N — V N 1N •
Zj

I f  we re fe r th e  v o ltag es  to  th e  no m in a l v o lta g e , th e  fluxes to  th e  n o m in a l 
f lu x  a n d  th e  a n g u la r  v e lo c ity  to  th e  n o m in a l (synchronous) a n g u la r  v e lo c ity  
th e n  th e  above e q u a tio n s  change to  th e  fo llow ing  (no sep ara te  le tte rs  o r ind ices 
a re  used  to  in d ic a te  re la tiv e  un its):

1  =  j*Ps ( 5 )

0  =  s k ( V r - k V s) +  ^ + j s V r ,
(IT

( 6 )

d0>  =  к  / m [ P * « P r ] ,  
dr  H w 1X'r

(?)

w here  in  E q u . (7) H  =  cO jö/PN is th e  in e r tia  coeffic ien t of th e  m ach in e .
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I f  oq is th e  a n g u la r  v e lo c ity  re fe rring  to  50 H z (oq =  314) th e n  fo r  m a 
ch in es  h a v in g  m ore th a n  tw o  poles

w h ere  zp ind ica tes  th e  n u m b e r  of pole p a irs . T a k in g  in to  accoun t th is  a n d  th e  
c irc u m s ta n c e  th a t  fo r th e  sam e f lu x  an d  im p e d a n c e s  th e  m echan ica l to rq u e  
a c tin g  on  th e  sh a ft o f th e  m ach ine is

M  =  z p ~ I m ( Xf/* i s ) -

E q u . (7) re ta in s  its  o rig in a l fo rm , w here, h o w ev er, m is a re la tive  v a lu e  re fe rred  
to  th e  re a l synch ronous a n g u la r  ve lo c ity  o f  th e  sh a f t  (aq/zp) (i. e. in  th e  case 
o f  sy n ch ro n eo u s  ro ta t io n  col =  1).

T h e  com plex q u a n tit ie s  figu ring  in E q u s  (5), (6) an d  (7) are d iv id e d  in to  
th e i r  re a l  an d  im a g in a ry  p a r ts

5  =  ^ .  + f r ß ,
V r =  V n  +  j v rß .

B y  s u b s ti tu t io n  we o b ta in  th e  follow ing re la tio n s :

0 =  IP.
- 1  =  w*

0  =  sk W n  +
dW r

dr
sW n3’

d W r
0  =  sk (Wrß +  h ) ~ l L  +  s 4 ' rt 

dr

do> к
dr  Нш1 X )

( 8 )

( 9 )

( 10)

T h e  slip  shall also be  in tro d u c e d  on th e  le f t s ide  o f E q u . (10). Owing to  th e  re la 
t iv e  u n its  we have  w r i t te n  ш in s tead  of (ojco1 a n d  there fo re

t h a t  is

- = ( 1 - s ) ^ -
u>1 aq

dm ds

dr d r
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an d  E q u . (10) changes to
ds

dr Hco1 X'r
( i i )

I I I .  The osc illa tion  eq u a tio n

I f  we w ish to  ex am in e  w h e th e r th e  m ach ine  a t ta in s  th e  no  lo ad  speed 
u n d e r  oscilla tions or ape rio d ica lly  we h av e  to  exam ine th e  coeffic ien ts  of th e  
fo llow ing ty p e  o f d iffe ren tia l e q u a tio n :

d 2s

d r 2
+  A ~ ~  h B s  = f ( s ) .  

dr

I t  is w ell know n th a t  osc illa tions w ill a p p e a r  if

A 2 -  4 B  <  0 .

T h e  process w ill becom e aperiod ic , if

A 2 - 4 B ^ 0 .

( 12)

(13)

(14)

L e t us exam ine how  we could  o b ta in  from  eq u a tio n s  (9) a n d  (10) a fo rm  
s im ila r to  E q u . (12). F o r th is  p u rp o se  we d iffe ren tia te  b o th  sides o f E q u . (11):

(P s к d}P ra
d r2 Hco1 X'r d r

(15)

S u b s titu tin g  d îf'ra/dr from  th e  f ir s t  eq u a tio n  o f E q u . (9) in to  E q u . (15)

d2s

d r2 H w 1 X [
7 i ^ ' r ß  -  Л ) -

S u b s titu tin g  Р Га, from  (11) in to  (16)

d2s к  . . .  ds

d r2 t f o q X ;  P d r

O r w ritin g  E q u . (17) in  a n o th e r  form

d2s

d r 2
=  0 .

H(ol X ’r

(16)

(17)

(18)

Acta Technics Academiae Scientiarum Hungaricae 54, 1966



4 5 8 к. р. kovács

1. The va lue o f  W rß in  the region o f  s =  0

E . g. a t  3 %  slip an d  — 0,15 is s till ÎFr/5 =  0,96 к , i f  th e  va lu e  of W rß ta k e n  
fro m  (21) is in tro d u c e d  in to  th e  re la tio n  (18) we o b ta in

( 22 )

2. C onditions fo r  oscillations

T h e m achine c o n n e c te d  to  no m in a l v o lta g e  w ill a t  acce lera tio n  m ak e  
o sc illa tio n s , if  acco rd in g  to  E q u . (13)

4 k 2
< 0 .Hm1 x;

F ro m  (23) th e  co n d itio n  fo r oscillations is

s2k H w 1X ’r ^  d

(23)

(24)

L e t us exam ine a n u m erica l exam ple:

H  =  0,2 sec; sk =  0 ,15 ; s{ =  2,25 ■ 1 0 “ 2; =  3,14 • 102; X 'r =  0,2; к  =  0,96 (к- -
=  0 ,92); th e n  in  th e  case o f zp =  1

s lH a ^ X 'r  2,25 • 10-2 ■ 0,2 • 3,14 • 102 • 0,2 
A:2 0,92 “

A c ta  T echnica  Academ iae S c ie n tia ru m  H ungaricae 5 4 , 1966

In  E q u . (18) W rij a p p e a rs  in  th e  coeffic ien t o f s. I t s  va lu e  m u st be  d e te r 
m in ed . As th e  osc illa tions ta k e  place a round  th e  no  lo ad  (synchronous) speed, 
th e  v a lu e  of Wrß has to  be  ex am in ed  a t  a q u ite  sm all slip  (p rac tica lly  a t  s =  0). 
I n  s ta t io n a ry  s ta te  (s =  c o n s ta n t)  th e  E q u . (9) ch an g e  to :

F ro m  th e  la tte r :

I t  is to  be  seen th a t  i f  s Q*i 0 th e n
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less th a n  4, th u s  th e  assu m ed  m ach in e  will reach  th e  no lo ad  speed a m id s t o sc illa tio n s. L e t us 
co m p u te  how  g re a t m u s t H  b e  so t h a t  th e re  w ill be no  osc illa tions. T he co n d itio n  is:

„  4k2 4 - 0 ,9 2—________ — _______________________  — 2 c p p
s£ w 1 X'r 2,25 • 1 0 -2 • 3,14 • 102 • 0.2 ’

T h a t  m eans, th a t  i f  th e  GD- on  th e  sh a ft o f th e  m ach in e  is so g re a t t h a t  w h e n  a cce le ra t
ing  th e  ro to r  b y  th e  n o m in a l o u tp u t  till fu llspeed  th e  tim e  o f acce le ra tio n  b e ca m e  2,6 sec, the  
m ach in e  will c e rta in ly  re a c h  th e  syn ch ro n o u s speed  w ith o u t  oscilla tions.

T h e  oscilla tions can  also  b e  av o id ed  a t  th e  g iv en  H  b y  in creas in g  th e  p u ll-o u t  slip. E . g. 
in  th e  case of th e  assum ed  H  =  0,2, if  sk =  0,54 no  o sc illa tio n  occurs.

F in a lly  we can e v a lu a te  on th e  basis o f E q u . (22) th e  fre q u e n c y  o f oscilla
tio n . T he form  of th e  w av e  o f oscillations is g iven  genera lly  b y  an  exp ression  of 
th e  follow ing form :

a  -f- bePlZ -j- сеРгГ = / (  r) (25)

a _|_ bep,ait -h сеРгШ1‘ =  f ( t ) , (25a)

w here р г an d  p 2 are  th e  ro o ts  of th e  c h a ra c te r is tic  eq u a tio n . In  o u r  case the  
c h a ra c te ris tic  eq u a tio n  becom es

I ts  tw o  roo ts are given

P 2 +  skp  +
№

Hco1X'r
=  0 . (26)

Pi

P‘2

* * .'+ ,-J L  
2 2

4 Ä2
Hco1 X'r

sk .1
/  №  s*

2 J2 |r Hw1 X'r k

4  =  — 9 +  j Q ,  

— Q — j O .

T he d am p in g  co effic ien t of th e  oscillation  is

в =  Sfc/2 •

T h e an g u la r v e lo c ity  o f th e  oscillations is

(27)

4 k 1
Hcol X'r

s2 
к  * (28)

U sing  th e  d a ta  o f th e  m ach in e  m ark ed  7 e la b o ra te d  in  th e  p a p e r  [1] w ith  a n  analog 
c o m p u te r, w here: X 'r =  0,2 P n =  28 k W ; 4 poles; H  =  0,225 sec; sk — 0,212 a n d  к  =  0,97 
we c a lcu la te  th e  v a lu e  of Q:

Í 4 • 0,94
0,2 • 0,225 • .'i l l

0 ,2122 =  0,235 .

T h e  re a l an g u la r v e lo c ity  o f th e  osc illa tion  is 0,235 • 314 =  74 sec -1 , a n d  th e  p e rio d  tim e  is 
0 ,02/0,235 =  0,085 sec. T h e  m easu rem en ts  of th e  m en tio n ed  m ach ine  a re  c o n ta in e d  in  Fig. 8 
o f [1] w ith  an  oscilla tion  t im e  of 0,085 sec w hich co rresp o n d s ab so lu te ly  w ith  th e  calcu la ted  
v a lu e  m en tio n ed  above. A cco rd in g  to  th e  few  n u m b ers  o f o scilla tions th e  d a m p in g  coefficient 
c a n n o t b e  e v a lu a ted  co rre c tly  fro m  th e  m easu rem en t.
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T h e  p a p e r  quo ted  u n d e r  [1] s ta te s  fo r the  r ig h t side o f th e  in eq u a lity  (24), fro m  th e  
d if fe re n t  c a lcu la tio n s carried  o u t  w i th  th e  analog  co m p u te r, th e  v a lu e  2,5 in s tea d  of th e  v a lu e  4 
th e  l a t t e r  ca lcu la ted  an a ly tica lly . T h e  re a so n  of th is  d ifference  lies v e ry  p ro b a b ly  in  th e  d iff i
c u lty  o f  t h e  ev a lu a tio n  of th e  lim its  b e tw ee n  th e  osc illa to ry  a n d  th e  aperiod ic  s ta te  fro m  th e  
o sc illa tio n  cu rv es them selves — esp e c ia lly  in  th e  case o f t r a n s i t io n  fro m  one s ta te  to  th e  o th e r.

T h is  c ritica l rem ark  does n o t  o f  course touch  b y  fa r  th e  fa c t t h a t  i t  w as th e  u n iv e rsa l 
a n a lo g  c o m p u te r , w hich p e rm it te d  th e  so lu tio n  of th e  n o n -lin e a r d iffe ren tia l e q u a tio n  a n d  th u s  
th e  p r a c t ic a l  ev a luation  of th e  w h o le  problem .
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Ü B E R  D IE  A N L A SSV O R G Ä N G E  VON A S Y N C H R O N M O T O R E N

к . p. kovács 

ZU SA M M EN FA SSU N G

B eim  Anlassen v o n  A sy n ch ro n m o to ren  — inso fe rn  es sich  u m  die B esch leun igung  v o n  
M assen  m it  kleinem  T rä g h e itsm o m e n t u n d  ohne m ech an isch en  W id e rs tan d  h a n d e lt  — is t  e s  
zu fo lg e  d e r  h ohen  B esch leu n ig u n g en  m öglich , daß die D re h za h l des M otors ü b e r  die sy n ch ro n e  
D re h z a h l  h inausschw ing t, u n d  d e r  M o to r seine L ee rlau fd reh zah l n a ch  g ed äm p ften  S ch w ingun
g en  e r re ic h t .  D er V erfasser le i te t  d ie  B edingungen  fü r die h a rm o n isc h en  S chw ingungen  a n a ly 
t is c h  a b  u n d  w eist nach , d a ß  d ie  a u s  d e r L ite ra tu r  b e k a n n te n  Z ah lan g ab en  e in e r K o rre k tio n  
b e d ü r fe n .

S U R  L E  PR O C ESSU S D E  D É M A R R A G E  D E S M O T E U R S  A S Y N C H R O N E S

к . P .  K O V Á C S

RÉSU M É

A u  dém arrage des m o te u rs  a sy n ch ro n es  — en t a n t  q u ’il s a g it  de l’accé lé ra tio n  de m asses 
d ’u n  fa ib le  m om ent d ’in e rtie  e t n ’a y a n t  pas de ré sis tan ce  m écan iq u e  — la v ite sse  d u  m o te u r 
p e u t  d é p asse r , par su ite  des a c c é lé ra tio n s  élevées, la v ite sse  sy n ch ro n e , le m o te u r a tte ig n a n t  
a lo rs  sa  v ite sse  à vide ap rès des o sc illa tio n s  am orties. L ’a u te u r  d é d u it  a n a ly tiq u e m e n t les con
d itio n s  des oscillations h a rm o n iq u e s  e t  d ém ontre  que les d o n n ées connues de la l i t t é r a tu r e  néces
s i t e n t  d e s  corrections.

О ПРОЦЕССАХ ПУСКА АСИНХРОННЫХ ДВИГАТЕЛЕЙ

К. П. КОВАЧ

РЕЗЮМЕ

При пуске асинхронных двигателей (поскольку при этом идет речь об ускорении 
масс с небольшим моментом инерции и без механического сопротивления) вследствие 
больших ускорений число оборотов двигателя может превзойти синхронное число оборо
тов, и число оборотов холостого хода двигатель достигает после затухающих колебаний. 
В дальнейшем, условие гармонических колебаний выводится аналитически и показано, 
что известные из литературы данные требуют коррекции.
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B O O K  R E V I E W  -  B U C H B E S P R E C H U N G  -  C O M P T E  R E N D U  
D E  L I V R E S  -  О Б З О Р  К Н И Г

A . F . H arvey:

M IC R O W A V E E N G IN E E R IN G  

A cadem y P ress , L o n d o n  1963; 1313 pages

T h is v e ry  in te re s tin g  and  su b s ta n tia l  te c h n ica l book  com prises v a rio u s  p ro b lem s of 
p rin cip le  as well as th eo re tic a l and  design  p ro b lem s of th e  m icrow ave en g ineering . I t  describes 
th e  v a rio u s  fields o f a p p lica tio n  an d  d iscusses th e  fu n d a m e n ta l prob lem s c o n n ec ted  w ith  th em .

T h is  is b y  fa r  th e  m o st s ig n ifican t w o rk  am o n g  th e  m icrow ave books issu ed  since th e  
27 vo lu m es of th e  M IT R a d ia tio n  L a b o ra to ry  Series p u b lish ed  in  1947 —1948.

T h e  great significance of H arv ey ’s book m ain ly  consists o f the follow ing:
1. I t  deals w ith  all passive an d  a c tiv e  m icrow ave  e lem en ts, c o m p o n en ts , dev ices as 

well as w ith  th e  m icrow ave p ro p erties  o f th e  m a te ria ls . O u t o f th e  26 ch ap te rs , 18 m a y  be con
sid e red  as such . T he rem a in in g  8 ch ap te rs  d eal w ith  th e  rece ivers, w ith  freq u e n c y  m e a su re m e n t 
a n d  s ta b iliz a tio n , in d u s tr ia l , b iological an d  m ed ica l a sp ec ts , w id e-b an d  w ire tran sm iss io n , w ave 
p ro p a g a tio n , ra d io  re la y  links, r a d a r  sy s tem s, ra d io a s tro n o m y  an d  ra d a r  a s tro n o m y .

2. T h e  p a r ts  know n  from  the  M IT series a re  tre a te d  re la tiv e ly  b rie fly  a n d  concisely . 
On th e  o th e r  h a n d , th e  new  m eth o d s an d  fac ilitie s  dev elo p ed  since th e n  are  ta k e n  in  d e ta il 
m ore.

3. M any  new  co n stru c tio n s an d  d iag ra m s a re  show n a n d  described  w hich  c an  p a r t ly  be 
u sed  d irec tly  fo r th e  design  w ork.

4. T h e  enorm ous m ate ria l is se t fo r th  concise ly  b u t  to  each  c h a p te r  a  v e ry  e x ten siv e  
l is t  o f re fe ren ces is g iven. A ltogether, th e re  a re  10 100 references to  w hich  also th e  re fe rrin g  
n u m b er in  th e  te x t  can  be found.

To i llu s tra te  w h a t a  v a r ie ty  o f m a te ria ls  n o t  o ccu rrin g  in  th e  MIT series h a s  b een  t r e a te d  
b y  th e  a u th o r  o f th e  book , som e exam ples m a y  be  c ite d  here.

T h e  rid g ed  w ave guides and  th e ir  s ta n d a rd  d im ensions, th e  w id e-b an d  m a tc h in g s  b y  
m eans o f n o n u n ifo rm  w ave guides, th e  u p - to -d a te  d irec tio n a l couplers a n d  h y b rid s , th e  use  o f 
th e  H a ll-e ffec t on  th e  m easu rem en t o f m icrow ave  pow er, th e  trav e llin g -w av e  re so n a n t  rin g  
of th e  c a v ity  re so n a to rs  an d  th e  va rio u s u p - to -d a te  f i l te r  c ircu its  are  re la te d . A n  exceed in g ly  
g re a t n u m b e r o f  d a ta  are given concern ing  th e  v a r io u s  gases, flu id s an d  solids in  th e  ra n g e  of 
m icrow aves. T h e  p o la r  m olecules are d e a lt w ith  in  d e ta il a n d  su p e rco n d u c tiv ity  is  also co n si
d e red . L inder th e  h ead in g  “ D ielectric  S p e c tro m e try ”  th e  m eans fo r tak in g  th e  e lec tric  and  
m ag n e tic  reso n an ce  sp e c tra  o f m a te ria ls  a re  t re a te d .

T he g y ro m ag n e tic  effect, th e  fe rr ite s , th e  g ra n a te  s tru c tu re s , th e  m e a su re m e n t m e th o d s  
o f m icrow ave  fe rrite s , th e  va rio u s iso la to rs  a n d  c ircu la to rs  are  described in  d e ta il.

23 pag es a re  d ev o ted  to  th e  s tr ip  tran sm iss io n  lines, to  th e  calcu lus o f th e ir  p a ra m e te rs  
as well as fo r th e  rea liza tio n  of v a rio u s su scep tan ces , ju n c tio n s , d irec tio n a l co u p le rs , f i lte rs  
an d  a n te n n a s  u sed  w ith  such  e lem ents.

T h e  p e rio d ica lly  loaded  lines a re  d e a lt  w ith  in  a  se p a ra te  ch ap te r . In  th is  c h a p te r  e n te r  
th e  v a rio u s  su rface  w ave guides, th e  co rru g a ted -su rfac e  an te n n as , th e  w ave gu id es m ad e  of 
d ie lec tric  ro d s, th e  slow -w ave and  helical s tru c tu re s .

r T h e  b ack w ard -w av e  oscilla to r, th e  m a g n e tro n s  su itab le  for g en era tin g  u ltra m ic ro w a v es , 
th e  T ch e ren k o v  ra d ia tio n  a n d  its  use to  g e n e ra te  sh o r t  m icrow aves a re  also tre a te d .

T h e  a r tif ic ia l d ielectrics, th e  sp e c tro m e te rs  a n d  in te rfe ro m e te rs , th e  fre q u e n c y -in d e 
p e n d e n t a n te n n a s , th e  L u neberg  lenses, th e  w ide-ang le  re flec to rs  an d  lenses a re  d e a lt  w ith  in 
d e ta il.

T he p re se n t-d a y  technolog ical m e th o d s  o f m an u fa c tu rin g , th e  low -noise am p lifie rs , 
tu n n e l d iodes, p a ra m e tr ic  am plifie rs, m asers , trav e llin g -w av e  am plifie rs a re  desc rib ed .

T h e  sp e c tru m  line freq u en cy  s ta n d a rd s , th e  b io logical a n d  healing  effec ts o f  m icrow ave  
ra d ia tio n , th e  s a n ita ry  p ro tec tiv e  m eth o d s a n d  th e  m icrow ave  a p p a ra tu s  o f th e  p a r tic le  acc e le r
a to r  (cy c lo tro n s , sy n chrocyclo trons) a re  p o in te d  o u t.
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4 6 2 RECENSIO

T h e  w id e -b an d  w ire  tran sm iss io n  on  coax ial cab le  a n d  cy lind rica l w ave gu ide in  T 01I 
m o d e  as w ell as th e  m o d e  co n v ersio n  losses a n d  th e  w ay s to  re d u ce  th e m  are d e a lt w ith .

I n  th e  c h a p te r  on  th e  ra d io  re la y  lin k s th e  use  o f p a ss iv e  re flec to rs , th e  space  c o m m u n i
c a tio n  b y  m ean s of e a r th  sa te llite s , th e  re la y  s ta tio n s  b e tw ee n  celestia l bodies, in  th e  c h a p te r  
on  r a d a r  sy s tem s th e  g u id an ce  o f m issiles, th e  ra d io a s tro n o m y  an d  ra d a r  a stro n o m y , th e  rad io  
te le sco p es, in te r fe ro m e te rs  a n d  po larim étere  a re  re la te d  u p o n .

T h e  b o o k  w ill fo r  long  y ears  be a u sefu l a n d  v a lu a b le  to o l fo r m icrow ave en g ineers in  
re se a rc h  in s t i tu te s  as w ell as in  m an u fa c tu rin g  w orks o r in  teach in g .

E . Is tv á n ffy
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