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TO OUR READERS!

From 1966, papers on geophysics and geodetics will be published in a
new periodical of the Hungarian Academy of Sciences, the Acta Geodaetica,
Geophysica et Montanistica Academiae Scientiarum Hungaricae. Consequently,
the Series Geodaetica et Geophysica of our periodical ceases publishing.

The Acta Geodaetica, Geophysica et Montanistica publishes papers, in
English, French, German or Russian, besides geodetics and geophysics also
on mining subjects.

Editorial office: Rudapest Y, Nador u. 7, Hungary.

Subscriptions: Kultdra Trading Company for Rooks and Newspapers,
Rudapest I, F6 u. 32, or the foreign agencies of the company.

AN UNSERE LESER!

In der Acta Technica werden von 1966 an Abhandlungen lber geo-
datische und geophysikalische Themen nicht mehr verdffentlicht. Aus diesem
Grunde wird das Erscheinen der Series Geodaetica et Geophysica eingestellt.
An ihrer Stelle werden Artikel aus Fachgebieten der Geodéasie, Geophysik und
Bergbauwissenschaft in der neuen Zeitschrift der Ungarischen Akademie der
Wissenschaften Acta Geodaetica, Geophysica et Montanistica erscheinen.

Redaktion: Budapest V, Nador u. 7, Ungarn.

Zu bestellen durch: AuRenhandelsunternehmen fiur Bilcher und Zeit-
schriften Kultira, Budapest I, F6 u. 32, oder bei ihren Auslandsagenturen.
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A NOS LECTEURS !

Etant donné qu’ a partir de 1966 les Acta Technica ne publient plus
des travaux du domaine des sciences géodésiques et géophysiques, la Series
Geodaetica et Geophysica cessera de paraftre. Elle se trouvera remplacée par
le nouveau périodique de I’Académie Hongroise des Sciences Acta Geodaetica,
Geophysica et Montanistica.

Ce périodique publiera des travaux géodésiques, géophysiques et miniers
en langues anglaise, francaise, allemande et russe.

Rédaction: Rudapest V, Nador u. 7, Hongrie.

Abonnement: Entreprise pour le commerce extérieur des livres et jour-
naux Kultdra, Budapest I, F6 u. 32 ou chez les représentants et dépositaires
de cette entreprise.

K UATATENO!

HaumHaa ¢ 1966 roga B >XypHane ,Acta Technica“ He 6ygyT ny6ayko-
BaTbCA paboTbl MO reoM3nKe W reofesMn W, Takmm obpasom, cepus ,,Series
Geodaetica et Geophysica® npekpatlaetca. BmecTo yrnomsiHyTon cepumn 6ygeT
n3gaBaTbCs HOBbIA >XypHan AKajemuun HaykK BeHrpum ,Acta Geodaetica, Geo-
physica et Montanistica“ KoTopblii 6ygeT ny6numkoBaTb paboTbl NO reoges3nu,
reosnKe v rOpHOMY [efny Ha aHr/IMNCKOM, (PpaHLy3CKOM, HEMELKOM U pycc-
KOM A3blKax.

Aflpec pegakumn: Budapest Y, Nador un. 7.

Moanucky odopmaseT BHewHeToprosoe npegnpusatve ,Kultira“ (Buda-
pest I, F6 u. 32) nan ero 3apyb6exHble NpeAcTaBUTENbLCTBA.

Acta Technica Academiae Scientiariim Hungaricae 54, 1966
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TORSIONAL VIBRATION

PROBLEMS AND PRACTICAL SOLUTIONS

A. BALOGH
CAND. OF TECHN. SC.

[Manuscript received April 2, 1962]

For the purpose of calculating the natural frequencies of torsional vibrations, generally
the frequency determinant or the frequency equation developed therefrom is used. This latter
is an algebraic equation with real roots. In eight preceding studies the method was developed
by the author of how to establish a general, and for some essentially practical cases a suitable
system, appropriate for finding the algebraic equation for any given number of masses. In
this way it is possible to obtain exact — and not only approximative — results. It seemed
to be useful to give a short summary of the essential matter of all these previous studies
enumerated under the usual heading of references. The reader will find further details and
numerical examples in these papers.

I. Introduction

Several methods of calculating the natural frequencies of torsional
vibrations need preliminary estimations, judgement and also experience,
because all these methods have some uncertainties, therefore the prevailing
intention is to simplify the whole operation. Many methods are based on first
approximations. For the estimation of the first frequency many kinds of
graphs combined with correctional graphs are known. Such uncertainties are
present with the known tabulation methods.

All these methods which one usually applied for solving the problem are
not exact; and when we can find the solution of how to solve the problem
exactly, in the future all these previous calculating methods will be superfluous.

In the following we shall explain first the essentials of the problem and
then we will try to solve it exactly.

To this end the frequency determinant that has many interesting features,
will be used. In this way we shall be able to find the exactsolution of the problem
without the necessity to make preliminary estimations.

Our whole procedure will be illustrated by examples, and it will be
shown, that no approximations are needed.

The following matter contains seven essential topics of already published
studies. More details with numerical examples are to be found in the original
studies, which are quoted in the respective chapter.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



6 A. BALOGH

Il. Frequency Determinant and Equation

In general cases of torsional vibrations of a shaft with several rotating
masses the following differential equations are obtained:

Fifl“tci(/i /2) — 0 ;

N3/2 cr(/r /3)  ci(/i 2) = 0 ;

ffn "o -I(fn  /n-1) = 0

where 11...1In are values of the moment of inertia of the masses rotating
around the axis of the shaft, f 1tf.2 .. the momentary angles of twist of the
masses, cv ¢2...cn_1the values of shaft stiffness.

The particular solutions of the Equs (1) are:

= prcos Mf, /2 = p2coswt, ... (2)

where p is the amplitude of vibration, w is the angular velocity.
Substituting (2) into Equ. (1), we obtain:

w2 —cl)pl+ G/1,= 0;
ciPi+ (hw2~ ci —c2Pz+ c2Pa= 0 ;
@)
h—xPn—1~b (Int® G—d)Pn= 0.

Considering the coefficients of the p values [in (3)] the following deno
tation shall be introduced:

Uik (4)

The introduction of this denotation implies the following operation: all
the rows of the original determinant are divided by the value of the moment
of inertia that characterises each member of the respective row. In this way
the following determinant is obtained:

w2 — i unt 0 0.. 0 0

U2 W2 — ul2 — iz u2 0..0 O

Bn= 0= 0 M3 W2 — «23 — «33 33+ 0 0
0 0 0 0 un_jn w2

Acta Technica Academiae Scientiarum Hungarieae 54, 1966



TORSIONAL VIBRATION 7

Developing the determinant-equation (5) in the usual way we obtain the
frequency equation; notably the roots of this algebraic equation serve as
basis for the calculation of the natural frequencies.

But this equation is, for practical calculation, especially in the case of a
large number of masses rather unsuitable. Therefore, in all methods which have
been developed till now, the use of this determinant (5) for calculation was
discarded. This determinant is however of the continuous type and is appro-
priate in many respect for establishing the algebraic equation from which the
natural frequencies can be derived.

— A - 2.2
e 21- *

ZY\\.
5 Mosses 24- 6
B Masses SIV -5/____ V- 2% -32

7 Masses

D
8 Mosses |A7/ 1M \ >nzjﬁ|%/-ll [—
o Masses. A p * / n

Fig. 1

This determinant can be expressed as follows [1]:

Bn — (w2 Un-i,n— un—in) 1 M—=2n41'un4,n—<1‘Bn=2' @)

As an example for n = 8:
Bg= W2 u77 — umB7 ub’ e u7’ *Be,

where B denotes the determinant with a subscript index denoting the grade.

In other words the determinant Bscan be calculated if the determinants
B6and B1are known.

By making use continually of the expression (6) we obtain the number
of the members of the frequency equation, developed from the frequency
determinant. The results are shown in Table | and in the Pascal-Triangle
in Fig. 1 [2].

In Table I the number of the members of the respective frequency
equation can be found for the cases characterized by 4 up to 9 masses cor-
responding to the powers of w.
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8 A. BALOGH

In Fig. 1 we see how it is possible to find, e.g. the number ofthe members
in the equation for eight masses when that for seven masses is known:

Table |

Synoptic table of the numbers in frequency equations

8 7 6 5 4

©

ITBSSES eSS ITBSSES 11:553 11:553 eSS
wlk 8 = 1 - - _ _ _
0
woli 8 — 8 Y = 1 —_ —_ — —
1 0
w 12 = 28 = 7 = 1 — — —_
8 r 16
2 n (o
w 8 = 56 = = _ _
7 A 6 5 1
3 2 1 (o
w8 18 = 70 171= &= i6 =15 5= 5 - = 1 —
4 € uJ 1 %
we 8 = 56 7 6 = 20 = 4 = 4 P
3 5 =10 3=1
5 4 3 2 1 0
14 812 28 7= 2 6 = 15 5 = 1° 4 = 6 13 =3
6 5 4 A 2 U
w 8 = 8 = 7 = 6 5=5 . = 4 -3
’ i7 6 i4 13
7 U 5 4 3 12
Uu S = 1 7T = 1 |: 1 5 = 1 4 = 1 L =1
8 7 8 5 4 |3
Number of members 256 128 64 32 16 8
Number of members for 8 masses:
+ . 1+ 7+ 21+ 35+ 21+ 7+1 = 128 ;
for 7 masses:
+ + + + + 1+ 6+15+ 20+ 15+ 6+1 = 64;

in other form: 128 = 2 X 64.
Using the results in Table | we can obtain the number of members e.g.

in the equation for 14 masses as follows:

Acta Technica Academiae Scientiarum Hungaricae 54, 1906



TORSIONAL VIBRATION 9

Number of masses 10 11 12 13 14
2X256 = 2X512 = 2X1024 2X2048 = 2 4096 =
Number of members = 512 = 1024 = 2048 = 4096 = 8192

Of course, equations with so many members are unsuitable for practical
purposes. In order to avoid these difficulties several methods were developed;
among these, the most known is the method by Tolle—Giimbel—Holtzer.

In the following we shall demonstrate that the original problem can be
solved — by using correct denotations in the derivation of the frequency
determinant — because we obtain an algebraic equation with real roots, and
from these roots we can calculate the natural frequencies instead of estimations
by chance.

Developing the original frequency determinant, where the values of
stiffness and of the moments of inertia are kept in the original form, without
introducing the symbol of n we can introduce, by making use of the addition
and the multiplication of the respective values, the new denotation L [3]:

JK+ |l k+l+ ome+ |In
At + | LKk+1, . .ne. @)
h i Al ee-1,

X0 - (L2+ LB+ LA+ LS+ LseK +

+ 123 “b 7234 4" 7345 4" ~450) 4~ L 12 ("34 “r 745 4~ nGo) 4"
. \AJ [1] [1]
Hiei (Y6 4" ) 4“734"53]MB
[-A 1234 4~ 72345 4~ 7345« 4~ A123 (45 : A56) 4~ A12 (7345 (®)

_b ~446 “IF 34 "56) 4 “"234 "3Y 4" N23 NA36]M4 4~
4 (WA'12..5 4" A23... 64" A1234 A56 "b A123 A456 “b A12 A343u)n,~ AL2. 6= 0.
E.g. for the case of 6 masses, the ultimate Equ. (8) is established on the basis
of Table Il; in considering the repetitions occurring, and making use of the
above denotation L (7) this ultimate expression of frequency (8) can be con-

siderably shortened. In other words, for 6 masses only the following values
have to be calculated:

w12»"23» "34» M5’ i'S6” 123’ A234’ A315° A156°
A1234° A2345° A3450° A12..5° A23..rd A12.. «

Returning to the expression as written in (4) for u, this can he applied
in order to find the calculation of the natural frequencies:

Ada Technica Academiae Scientiarum Hungaricne 54, 1906



10 A. BALOGH

Table 11
6 masses
ww w8 m.B >4 w2 v)
c1r12 c1c24123 Clc2c3~1234 Clc2 C3 C4 712345 Cl c2C3 C4 C5 712345
c2 123 cics 12e34  CAC2cAL123L 46 C1c2 C3 C571234 A5G
c3r34 ClCanti2 ~as Cj c2 C5 Xi123 b 56 c1c2 c4c5L 1231 4se
canas C1C5-712 -"56  C1c3 C4 -A12 -A345 Cl C3 C4 C571273456
c5756 c2 C3 -234 C1C3C5r12 734 A5« c2c3c4c5L 2345

C2 C4 i«23 -"34 Cl1C4 C5712 "456

C2C5723 ~56 C2 C3 C4 172345

C3 C4 345 C2 C3 C57234 756
3 5 nga nss  C2CACSL2BL 46

C4 C5 456 C3 C4 C5 -"3456

uik = ~T [1l/sec?].
1k

The advantage in using this formula is obvious because it is kept valid irre-
spective of whether dimensions are chosen in english or metric units.

In order to illustrate its application the following example of the fre-
quency equation for 5 masses will serve:

in8— (Lu + LJ13-f- L3i -f- LB)w6 -f-
+ [M23 + A234 + M35+ M2 (TA+ TH) + TBTHuA— (9)
(1234 4% N~2345 4" "NJ123 745 4~ ~12 N-JB4b)U2 4 ¢ NM12 .5 = ®

Accordingly all the values of L of Equ. (9) should be changed into u*
wrhich are to be found in Table IV and by using the denotations in Table 111,
we obtain the equations (10) and (11). With the known values of k and A,
the frequency equation can be established [4, 5].

M8 — & U-5 W® V 1722-5 4" U12723-5 4" M22 ~33-5 “I’" u >3 7345 4 “ M33 "445 4"
4" M34 MibVvi [UIl (U22 7"33—5 4 * U23 "345 4“ M33 7445 4*“ U34 4~
+ «12 (U23 "345 + U33 "445 + M34 M) + u22 (U33 "415 ' M34 745) 4% M23 U344 * « K +
4 Mil [u22 (U33 "445 4- M34 k45) u23 u 34 fodd] ul2u23ux ks = 0 ; (10)

ws fcl4_5 MI® -f- [I*n fc22—5 4* M12 7234 4~ ~ 22—8]1@4
[WII -422-*5 4% U124 23-5 4% M22 4 33_s -)- U234 345]IC2 -)- (n)

4~ «u [u224 33_5 U234 345] -)- u12 U234 345 = O .

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



TORSIONAL VIBRATION 11

As can be seen, this equation (11) incorporates the ultimate simplifi-
cation for the case of 5 masses.

The values of Kk and A can be obtained from the graphs as shown in Fig. 2;
moreover this graph is a modified Pascal-Triangle. Some examples are indi-
cated in these graphs.

UteUi+Aus’ AZ3
uUtt Kn-j+Ass3 - A
Uu Ki+4+ALp—3: A 23

Fig. 2

Table 111

Notations
*11-5 = «11 b MI12 + «22 d* U23 + «33 d- «34 d- «44 -f «45 = «11 &12
*,2-5 = Hii ~f* «22 d- u23 + «33 d- «34 d- «44 + «45 = «12 + 722
*22-5 7 «22 d- U23 d- «33 + «34 -b «44 d- «45 = «22 7235
*23-5 = U23 + «33 d- «34 1 «14 WF «45 = «23 "33
*33-5 - «33 t «34 + «44 t+ «45 = «33 "345
*345 = «34 +  «44 + «45 = «34 "445
*445 7 «44 d- «45 = «44
5 = «5
AN 22—5 = «22 *33—5 d- «23 *345 ' «33 *445 A «34 *45 = «22 *33 -5 A ,3 3
N 23—5 == «23 *345 d" «33 *145 d~ «34 *45 = «23 *345 d~ ~ 335
N 33—5 = «33 *445 d~ «34 *45 - «33 *445 d- A 315
d 343 — «34 *45

In the same way as for 5 masses, this simplification can be extended for
any number of masses. In Table ¥ can he seen the frequency equations for the
range of 4 4- up to 9 masses; and also that the number of capital symbols are
always identical with the highest power minus 3.

E.g. for the case of 8 masses the denotations are shown in Table VI and
the respective Pascal-Triangle in Fig. 3; some examples are also indicated.

All the expressions denoted with capital letters are established on the
same scheme; therefore, on this basis, any type of graphs can be developed

Acta Technica Academiae Scienliarum Hungaricae 54, 1966



12 A. BALOGH

Table 1V
: T+l 6.6
Li- ¢ /0, - M+ 77~ “u+ ’
Lia= n+ um
b 34 33+ <3l
Ls= “1+ “®
N12 + -A23 4+ M34 + -M5 — UU + UL2 + U22 + U23 + «33 + «34 + U444 + «45 — ~U-5-
L: _c.r.A+'|I+h_Q/(2-C2\.C1 Q
. I nlh o\t + 1r ia CHE(UUr e 423>+ UHE 33,
AISE = “S2("83+ “8I)+ “88“i

Las= -3 (114 ”iS) + Iu'is.
AL s ey s e
bi2 AS- (“n +o2)(f1LH “iS).
13 AS- (s o3 (“ll + *15)

-A123 + 7234 “b -~315 * h ]2(Lm-+ F45) + "23 F45 - «11 («22 + «23 + «33 + «34 + «44 + *“40) +

+ UL2(M23 “b U33 W «34 + <44 + «45) + «22 (¢33 + «34 + «44 + «do) + «23 (A «aq s «a5) .

+ U333 (M44 + Mds) 1- «34 «45 = «11 fe22-5 + «12 723—5 + «22”"33—5 A «23 7345 4" «33 "445 "I' «34 "da'.

- 7X4* L2 73 74 Cj €2 scC2 , C1\N . C1 C2c3 I Clc2c3 uz3u3

hhhh ~h h\l, wur AJNA AAA TEECE: e rEtal
LA3- “22["33 ("1 + “45)+ “3Lis]+ waana S,
ro3mei= [ (R4 wi) + URLE] (U+ udy™
£ 2tile= [UIH D «[BEN+ “i9+ “A-K

1234t h 2345 . L 123845 Ho -n124345 =

= 11 [«22 («33 F «31 + «44 + «45) “h W23 (U34 “b M44 b ILi6) " «33 (<44 “b «45) 1 «31 «45] +

Utz (w2 («31 t «14 + «ai) + «33 («14 + «46) + «34 ULD] +
22 [«33 (<44 + «a5) + 34 5] o UBSA«b=

+ o+

«11 [«22 733-5 “b u23 2345 ‘Db U33 ra15 ‘b 113a MOl "t~ m12 [U23 2345 b «33 F145 T «34 "45]

+ <22 [«33 r445 "D M3aras] + U 3 U3 a5t

+ f
123aci = c1c2 GBea «un [«22 («33 (u44 — U4i) ~b «31 ' “la!
f, F FF
4% u23 U34 “45) «12 U23 U34 «45 —
= Mu [«22 («33 "445 "F «34 F45) "b «23 «34 ~45] ' «1 *23 «34 N5

for n masses. This is shown in a modified Pascal-Triangle according to Fig. 4.
The use of this graph is illustrated by the following examples:

First example: A2Z3 n= uBftd n+ A3 n

For 5 masses is n = 5: uZBk3i_,s A3.3= A~
for 8 masses is n — 8: uBfHA g-f- A33 a= A23 8
Another example: U4Ax_n-f- Bi3_ n= Bu_n.

F'or n = 8 we have:

M44755-8 “b A45-8 = -@44-8'
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7777777 uKt ASLy-Btg.f
Ul4*Kir * Ku .7
Kn -7 U3* A*L-T+-B**-7

W .8be-T"C,*.T
S) BA, 7*C H-7~Cti-7
Ujt.BVLI*C jj-7"Cjj.7
n B, .7+Cr3.7-Crr.T

UU "4 - A»l
USS AU-y* AW r-re-7 -
ure Ku-i*  yAm -

Fig. 4

Acta Technica Academiae Scientiarum Hungarutae 54, 1966

13



14 A. BALOGH

Table ¥
4 masses
w 6 ~11—4 "i' (M1 "22—4 4% U12 ~231 4% M22 "334 4 M23 ~3d)1M 2 [ull (w22 7334 4“ M23 ~"31) 4°“
+ uluBfA = 0.
5 masses
A11—5 W6 4“ (UIl "22—5 4- U12 "23—5 4- A 22_5)w 4 (WU ~22—5 4% U12 ™ 23—6 4

4- Mz N33-5 4- wes AZDwW2 H [uu (uz2 1B 6 4- wes Naas) 4- ul2 uB4 35 = 0.

6 masses
™10 — kl1I-6 4- (ulfc22_6 4- ul2ki3_6)wb6 — (mu ~"22_e 4- w124 23_e 4- B22_6)w4 4-
4% (171 B 22_e 4" w12 723 —6 4~ U22 ~33—6 4“ U23

[UIl (U22 733-B 4- M23 "34—g) 4“ ul2U>3 "34—6! =

7 masses
W12 — fcu _e U>10 + (uu 1*22—6 + W12 "23-6 4- A 22_6)u8 — (uu ~ 22_6 + U112~ 23_6 -f B 22._8w 6 —

(MII ~22—6 4”7 U12 "23—G 4- "~ 22—g)I*4 4“ (ull ~"22—6 4“ W12 ~23—6 4*“

4% u227°33—6 4- u23Qid—e)lr" [ull (u22~33—6 4“ M23 ~34—6) 4~ U12 U23 ~"34—6] = 0*
8 masses
W X4 A11—8 u’12 4- (un "22—8 4~ M12 ~23—8 4" A 22_8)w 10 (m4l A 22—g 4™ u\2723—8 4"
4- B2 Qw8 4 (Ml B22-s 4- b2B2 8 4" C2 s)W6 - (muC2_84- URCA 8-
4- B>22—8)w i 4" (“wn B 22—8 4- “12 "23—8 4% M22"733—8 4- W23D 3i-s)wzZ —
[UIl (U22 "33 —8 4% M23 34 —B) 4“ KI2 U23 -"34—s! = 0*
9 masses

w'e— kiu” ivli + (uu f22_ 9+ ul2fcB 9+ N2 Yu)I2— (ua A2 9+ ul2d23 a+

~b A22—3)1010 4~ (“il "22—9 * “12723—-9d" ~22—)18 (UU A*22—9 ~"b “ 12/%23—9 “b
d“n 22-3)7"6 ~b (“il A 22—9 ul12-"22-—)1"1 (UU » 22—9 bl12 723 —9 “b
“b " 22 -A23—9 *~bU23E 3i_g¢,)w2 + [ull (w22 -733—9 “b W23 “b U 12 W23 ~34—9]

1. Simplified Method of Calculating the Natural
Frequencies by Means of the Frequency Determinant

A most interesting practical application is found for multi-cylinder i.c.
engines, because a large range ofvalues of moment ofinertia and of the stiffness
respectively are equal; this correlation helps us to find a more simplified
method for the calculation of the natural frequencies. (Besides there are a few
values which are different, e.g. the values referring to the flywheel.)

In this case, the u values take the form:

W= U222 — W23 = M33 = “ e e e

Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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Table VI

The denotations refer to the case of 8 masses

8 = “B 68 = 78 Uo7 N58—8= 678 &5 C458 = @06-8Ub "34-8= "M5-8U
T8 = 18 b un w7-8= /68 "b 78 Urr ®@H-8= "5GeN-"ee—8B  MA8="M58+ N55-QUM  "33-8= "34-81'"™M4-8UB
68 = N8 ‘b U A58—8= -"68-8"b 678N M5-8= "S5+ 8Ub 34-8= M4-8+M5-3B  wZB-8= "33-81"34-8\B
NT-8= 678 ‘b Ub N55-8= "55-8b 668D M4-8= ®B-8HS5-8U4 N338= NAU-SHMM4AB  R2-8= C38u2
= 68 Ub M58= H-8b"6-8Mb  34-8 = M4-8bM5-AEB  A23-8= "33-8HREA-8U3
= "56-8 ‘b “& AU-8 = 745-8+ M55-8UM N33-8= "34-8bM4A-8UB  N22-8= 238”3382
M58~ "55-8'b Mb N34-8= MASTMEBB R3-8= -BB-8H3U-8UB
= M5-8"b U4 N33-8= 348 MA-8UB ®2-8= 23-8~p"33-8U2
"4-8= MA8b U 3-8~ "33-8+ "34-8VIB
n33-8 = "3J-8+ uB w2-8= "23-8"b 3382

"238= "BL“T UB
"2-8= "238H U2
M2-8= 284~ UR
Mi8= 28'"b M2

NOILVYEIA TVNOISHOL



16 A. BALOGH

For this special case in Table VII the modified frequency equations are
shown for 4 up to 9 masses and also for the case of 12 masses. In order to facil-
itate the calculation, the numerical values of the factors by which ulx and uvi
are to be multiplied in order to obtain all the factors of the powers of w accord-

ing to the frequency equations.

Fig. 5

The way to find the coefficients of the powers of win the quoted equations
is shown in Table VIII for 5, 7, 8, 9 and 12 as binomial factors. In this way it is

possible to develop the frequency equation for any number of masses.
It is worth while to remark that all the coefficients can be obtained by

using the Pascal-Triangle as it is shown in Fig. 5; according to this graph, the
vertical lines help us to find all the coefficients for calculation purposes.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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Table VII
7 masses

w'*— (u,, + u,2+ 10u)m10 + u(1O0u,, + 9ul2 + 36u)nms — u- (36u,, + 28u,24- 56u)ive +
4- P3(56u,, + 35ul2 -f- 35«)u4— u4(35«,, 4- 15u,2+ 6u) -(- u5(6u,, + ul)= 0

« 1 10 36 56 35 6
«12 1 9 28 35 15 S
M 10 36 56 35 6
8 masses
h34 — («u + «22+ 12u)wl2 -f- u(12«,, Ilu|2 + 55«)tel0 — n2(55«,, + 45ul2+ 120u)u;s 4-

+ u3(120u,, + 84u,2+ 126«)tee — u4(126u,, + 70u,2+ 56u)ied +
u5(56uu 4" 21«,2+ 7«)w2— u6(7u,, 4" “12= 0

«n 1 12 55 120 126 56 7
«n 1 11 45 84 70 21 1
n 12 55 120 126 56 7

9 masses

wl*—(ul, 4- «12 + 14u)ield 4- u(l4un 4- 13ul2 4- 78«)iel2— u- (78u,, 4- 66ul2 4- 220u)h40 4-
4- u3(220u,, 4- 165«,, 4- 330uK — u4(330u,, 4- 210«,2 4- 252«)«;« 4-
+ «& (252utl 4- 126«,, 4- 84u)m4 — ue (84«,t 4- 28«,, + 8u)«i2-\- u7(8uu 4~u,) = 6

" 1 14 78 220 330 252 84 8
n 1 13 66 165 210 126 28 1
u 14 78 220 330 252 84 8

12 masses

©22— («,, 4 «,, 4- 20<Qu>20 4- u(20u,, 4- 19«,j 4- 17Inn>18—u2(171«,, 4- 153«124- 816«)«>164 -
1 u3(816u,, 4- 680«,24- 2380«)«’14— «'(2380«,, 4- 1820«12 4- 4368«)u>124-
4- u5(4368«,, 4- 3003«,2 4- 5005«)«;"® — «« (5005«,, 4- 3003«,2 4- 3432«)W8 4-
4- u7(3432«,, 4- 1716«,24- 1287u)we — «""(1287«,, 4- 495«,2 4- 220«)«;4 4-
4- UB(220«,, 4" 55« ,24" N«)«B®B— «10(11«,, 4~ “12) = 0

«u 1 20 171 816 2380 4368 5005 3432 1287 220 11
«it 1 19 153 680 1820 3003 3003 1716 495 55 1
u 20 171 816 2380 4368 5005 3432 1287 220 11

2 Acta Technica Academiac Scientiarum Hungaricae 54, 1960
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Table VIII
5 masses
ron( o+ “12( o JJ «<+ » 1>>>>v|( 1)

+ “i%(8 13)+ “(823)JIM4_“2[u"(8 2 3)+ “

W@l 4+leT7 4] =0-

i2(8 2 4)+ u(8 3 4)]"2+

7 masses

m[fV ) “mm+(127r2)“m=+(121 2)“] t010 -f-

|(’2r 2)«11+(12 r 3)“--+(12r d_l ‘<

(12 —4

uoae s
+o(12 2 4) “H1 2+ ( 3

+ -[f% -])-u+ (“FV + (U 4 SH

“ 4127 B+ (127 6) I+ (2179 € ¢

“2[(C12 2 3) “u

+ “B[(127 6)“n + (127 6)“] = °-

9 masses
B[V b “:VoAGTH-+
+ ({(,6 r 2))M+(16 r 3)))”+(15 I 3H -
Ua6 , Yo +,(A161_MJ«12+, 2162—44 Wt
. u,rwle-- 454‘(1“ tm 3--54r o
3
,k(164 5¢]1 . I|164 6§1«uz+ J1eé GT ® +
L s fleé-G? - (l6-5- ?Tulz
,Kllﬁ6 . 166 84M12+ (,167_8)1

8 masses

w'4 + <<12j|“ -2 + «( itl2 +

[-m@ r 2+ U2 1+

oV urﬂ';ZVI” o
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TORSIONAL VIBRATION 19

+ U3 (U 3 N T4 gy e 2 (147 B) ] - -

r (1a— 5l fla—6L = 114 —61] .
“ L - .
-» ‘LM 4 Jl+ l*'l'l 4 (
14 —71
£ M 5 Jt e 5 J+*( 6 XN —
r 14—, . (14—m ,
“hit1 6 I3tV 7 K

12 masses

rf22 —Nqec;: 2 —2 122 — 21
“I-r'}@ 0 l:]uu 1|

i« 9 1)
+n[(‘ r :)un+(‘ r S).,+(22I’ sH “'-
- I[22r 3) .+ (22 A« (" AH 7L+
+-[(Mr 4)-..+rr9)-.+(Kr sV-“-
— I r)-+rr9-+Irop+
+“[G2r 6)".. 425> . I +Gar »]---
--[(22r T)«..+(226 8»..+(227-8/1 - +
+ “T[(22r 8)“..+ (225 9.+ (22r 9H » - -
- K22r 9 +(27,0) + (27 “)"]". +
- (2« 0"+ (25 ") =+ (221) -
£ 2B+
Taking into consideration the case when two independent masses are

situated on the same end of a multicylinder i.c. engine, we find for the rotating
masses belonging to the cylinders:

u= uxd= u3i= u4...

All the frequency equations for this case are shown in Table IX, i.e. for 4, 5, 6
and 8 masses; as can he seen, the regularity of the factors of the equations is
obvious and serves to establish the frequency equations for any number of
masses in a more simple way. This table contains only binomial factors.

2* Acta Technica Academia« Scientiarum Hungaricae 54, 1966



20 A. BALOGH

Table IX

“34 = «*«
4 masses

n6-[ (60 +f 024+ (603M (60 4)“=3+(6] 4)“]»4+

+n [(67 3“2+ (6" 4B+ BT 4]+ “[(67 4“B+ETH“L+

+i6I4 2+ (6" § B —
—[*1U[(67 4)“2+ (67 4)“B]“ + (67 4)“12“B“j = 0-

5 masses

I A B e N N P R R RN

-

+ {“11[(873)“22+ (87 4) %23 + (87 4)“]+ "12[(874)“23+ (8 7 4) 1 +

(678 .. 873.. @15 I
i @7 BT B - BT
+{(87 9“2+ (87 6)“x] -y 4R+
+ N [(87 52 + (87 6)2a] +(87 6)*2“2F“2= >

B Y e

6 masses

PETE I ( | R ro- 3B

(825)"] v

14t

NB+

by "2 B g “erfpo_")“Bﬂ B

A L0 B (- gy uj . 6—

Sy T J'“23+(102~”\l +912 0 9By Ty

} [" [ | 0 +(:|02 5\\]“8_(\1[ uiugw4+

-{‘]]-H“i”)'* ’-" 6)“2'P"[G\\;'I‘“B[’-"J“B_’_

o1ty A8
SN g+ % ggS=o

Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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TORSIONAL VIBRATION 21

IV. Reduction of the Number of Masses by Using
the Frequency Equation [6]

The reduction of the number of masses, in other words the moments of
inertia is made for the purpose of obtaining a system of only two masses;
the reduced form is [6]:

1 1

I (w2) + ~1~

w 2

where 12 is a function of wl and is the inertia moment of the independent
mass. This expression is valid for two masses but can be extended for systems

of more masses.
First wc shall develop this method or reduction for a system of three

masses.
For three masses the frequency equation is:

ud — (uu -f n12-f 2n) m2-f (2uu -)- u)u = 0.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



22 A. BALOGH

In this case: un = uB= u.
W ritten in another form:

nu (—le2+ 2u) + u2(—w~+ h) — uj-{—vj2-f- 2u) = 0

or
(—w2-)- 2u) (mu —w2 + ul2(u —ie) = 0,
Ind
i —
W*_ u Uu — Ww- n
- , = «1
om —w2+ Un u12 +
W ith the denotation:
9=
u
we obtain:
w2 4 Un = un ¥ Ml m
Substituting the values of uu and ul2
and with the denotation
~ o l-g ]
we obtain:
1

1,
v2= 04 & —t——
h h

As can be seen, we have reduced the system of three masses to another one
of two.

Table X contains the expression of /2I*for 4 up to 9 masses always with
one independent mass; as is to be seen w2is a function of 12

Table X1 contains the general formula for the reduction ofthe number of
masses, for the case when the number of the independent masses is only one.
In this table the use of the general formula is shown for 8 and 10 masses.
We should like to recall that n —i 4 2.
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Table X
4 masses
6 masses
< = [ 11, - 6g«4-109-4 1
2 Il h -g4+ 7g>- 15g*+10¢g- 1 J"
7 masses
,(5)= . ( ql — 898+ 12g* — 20g + 5 1
2 “ 11—g5+ 994— 2893+ 3592— 159 + 1J°
S masses

q5— 10g4  369g3— 5692+ 359 — 6
J<6) —_—
A ( 1+ 964 11g6— 4594 4- 84g3— 70g2-f 21g —r)-

9 masses
o g6 — 1295+ 55¢* — 12093+ 12692— 569 + 7
/b7>_ Il 1 —g7-f 13ge — 6695 16594 — 21093+ 12692— 289 + r)-
Table Xl
FCi Usll-T TV “+(@Tiiy-*— )
/(o = 1 1+
+ eee + (*) ii
8 masses and i — 6
9 - 110199 par L o—
1= sy 1+
g5— 10g1-|- 3693 » 5692+ 359 — 6
‘mot ge + llg5— 4594 4* 84g3— 7092+ 21g d
10 masses and i = 8
1151, /141 ,, . /131 5 /121 i , /111 a /101 , , /91 /81

(0jg7—(1Jdge+ (2)g (3)« + U)9*-[5)« + U)*~ bl

@+ (1)-(DoHYe-@) HV) -(*>+(?kd)

g7— 1496 + 78g5— 22094 + 330g3— 25292+ 84g — 8
— ¢"+ 1597— 91ge + 28695— 49594 + 46293 — 21093+ 369 — 1

jeas= |
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The results can be read off also from Fig. 6, this being essentially the
Pascal-Triangle. The straight lines, marked by J2 and with an additional
letter n, refer to the numerators; again those marked with an additional letter
d refer to the denominators. Along the lines the ciphers are the numerical
values of the coefficients. The coordinated exponents of q are noted at the
peaks of the crossing lines.

The next step is to deal with the case when not one hut two independent
masses (having the moment of inertia Ixand 12) are present at the same end
of the main shaft; notably, the moment of inertia of the rotating masses all
being equal for each cylinder, is denoted by I. In this connection the expressions
of w2 are contained in Table X1I, for the cases of 4, 5 and 6 masses.

Table XII
4 masses
1 1 o r 1 |
i 2 ~q rh r . AN
- v 7 2-9 2+ 2 2 J
L (h 1— 9
5 masses
+
|1 9-2 n h
1w 9+ 3 -1
n4 9 B
9 -
Lowotr o e
i2+ - -2 -
1 _ HL- KD
Cc2 2
6 masses
3— 49 + gz
-q3+ 592— 65+ |
1 - 3 — &r H—g2
T —g3+ 5g2—6g + 1
1
+
IP h
I,
1- — n3
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Notably, in the obtained formulae we succeeded in establishing the
expressions that have already been developed for the case of only one inde-
pendent mass; as can be seen in the formulae in Table XII. In these expressions
for le2, a clear regularity is manifested in such a manner that any wanted
formula can be written down for any number of masses surpassing 6.

4 i £ 4 A 4 &K 4 U Y 4y 7 ¢ « 4 v 4 u «*

Fig. 6

Some Special Forms of the Frequency Equation
for Torsional Vibrations [7, 8]

The case of multi-cylinder i.e. engines are to be dealt with where inde-
pendent masses are situated on both the forward and the rear end; notably
the cylinders have equal moments of inertia and equal values of stiffness.

In order to facilitate the course of explanation the following designation

seems to be convenient:
e.g.: 2 (8m) 1
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is a system with atotal of 8 masses, of which 2 independent masses are situated
at one end, and one independent mass is situated at the other end.

In this symbol the middle member (n m) stands for denoting the total
number of masses, with the letter m being the abbreviation of “mass”. The
number of the independent masses — being a part of the total — is denoted
by i (at the one end) and by k (at the other end). Consequently, this symbol
runs as follows:

i(nm)k.

M aking use of this symbol an example of the case 1 (8m) 1 is elaborated
in Table XIII.

As we have shown in the precedings, the use of the frequency determinant
viz. of the frequency equation is rather cumbersome, because the number of
members is high. By introducing new denotations we obtained a simplified
equation and we have shown its application to systems with independent
masses on only one end of the engine.

For practical purposes we have to deal with the case when independent
masses are placed on both ends; further, it is essential to find the possibility
to promptly establish the frequency equation in an easy manner.

The following explanation and the figures refer to the usual arrangement
when at one end of the engine there is only a single independent mass, and at
the other end there are 1, 2 or 3 independent masses. In order to find the
coefficients, a Pascal-Triangle was drawn according to the special Fig. 7.
By using this triangle, the frequency equation can be promptly established.
To make this triangle understandable first two new symbols were introduced
namely, fyand f2 Both are functions of w2 and by using them, the final result
for n masses goes as follows:

—telj (w2) + U,,_Inf2(w2) + unne/, (w2) = 0.

It should be stated that the triangle in Fig. 7 is equally suitable for the
case when 1, 2 or 3 independent masses are arranged only at one end of the
engine, as indicated by the letter symbol. This case will be dealt with later on
and its explication will be followed up by a further simplification of the method
of establishing the equation.

1. Cases of Engines Having Independent Masses at Both Ends of the Crankshaft

Here we shall analyze some generally realized cases:

a) 1(6m) 1 in four cylinder engines;

b) 1(8m) 1 in six cylinder engines; in both cases the engine is charac-
terized by having one independent mass at each end (Table X111).
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Table XII1
1(m8) 1

8 masses
wy + «p-f 10u= iill2 “it + «q + 9u = Vn,
(10“,t + 9%“ij2-° 36u)u == U,, (9“u } 8ul2 f- 28u)u = W»
(36un + 28mI2 56u)u2= U3 (28it,, + 21ul2 -f- 35u)u2-
(56u,, + 35iij2-m35u)u3= UM (35u,1+ 20ul2-j- 15w)u3= Vv3H
(35“y + 15ul2+ 6u) = U3 (15*i, + SU2 -f- u)u* = vy 5
(6u,i ! u,5ud- Qe

/1“9 = FMA- X 12HR+ Cio#10- UM“s+ Ubeive-- uldws + V, w2;

/2 (ND: —k®2+ Fi.—v, MB+ VBus— VBMa+ vis 42— “il “5°’
us

/1 (¢2) = — 12+ K 12M10 — 17,08+ UM1oe — t/sst~a+ USw2—- U.

—“2i + «72 (Wa + u7s/i (\/\Q): 0.

c) 2 (8m) 1 in five cylinder engines having one independent mass at one
end of the engine, and two masses at the other end (Table XIV).

d) 3 (12m) 1 in eight cylinder engines having one independent mass at
one end of the engine and three masses at the other end (Table XV).

la) To begin with, the first explicative analysis refers to the case 1 (6m) 1
in order to show how the triangle according to Fig. 7 serves the purpose of
establishing the frequency equation.

The 1 values are arranged in three groups, as follows:

un, ul2for the independent mass at the one end;
M= umu= MB= UB— mA= usd= usbfor the six equal masses of the engine;

web' whe f°r the independent masses at the other end of the engine.

Notably, the number of the equal values is 6. Consequently, in the ex-
pression ue, the coefficient of the first member equals 6; for the next member,
the coefficient is equal to the first minus one, i.e. 5. For the 3rd member, the
coefficient is taken from Fig. 7 (in this case, it makes 10). Of course, the same
rule applies to [7S; namely, the first coefficientis 5, the second equals (5 — 1) =
= 4; further, the 3rd is taken from Fig. 7, in this case it equals 6.

The next step is to find the way of how to form the expression offi(w2)
and/2M2), by using Fig. 7.

According to the rubric

1(6m)1
/1
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in the triangle, we find the following values:
10, 6, 4, 1.
By applying these values we obtain:

U6 = ( 6un 5u12 -f- 10u)u ,
U0 = (10un + 6ul2+ 4u)u2
U4 = (4uu + ulus,

and so the final result is:
= tol0 — (uu + wul2-f 6u)ws -f- U6wl — i/10 ted — LfFf, mi-

The next step is to form the expression o f/2(it'2); to this end, we find according
to the rubric

1(6m) 1
n
in Fig. 7 the following values (8)
6, 3, 1.

These values help us to form the following formulae:

= (bull + 4u2+ 6u)Uu>
F6= (6un + 3ul2+ u)u2

from which we obtain:

/2re2) = 8 — (itu -f- m2+ 5u)we V5w4 — Vew2 — udl u3
and as final expression we have:
— m;2/ i(m;2) + ub56/2(m)2) + wn66/r(Wn;2) = 0 .

Members having the same power are summarized; in this way, as has
been proved, Fig. 7 serves to establish the frequency equation.

hrw
Ib) Taking into consideration the case of an engine characterized by

1(em) 1 (i.e. a six cylinder engine) we nony refer to the Table XIII.
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As before, the n values are classed into three groups: un, ul2are to be un-
derstood for the independent mass at the one end of the engine’s crankshaft;
M= u2—uB= uB= mA= udd= Ub= Mb= uSb= h66= b6/ refer to the
ten equal masses of the engine; u77, uBrefer to the independent mass at the
other end of the engine’s crankshaft.

The number of the equal values (group second) is 10. Consequently, this
applies to the first member in the expression of U10. In the same way as was
shown in the example for 1 (6m) 1, in the expression of Ug the analogous
figure equals (10 — 1) = 9.

Now, when establishing the formulae for f x(w2) and f2(w2), we find, in
Figure 7, the following values:

according to the rubric

1(6m) 1
/1 ;

the figures are 36, 28, 25, 25, 15, 6, 1;

and according to the rubric

1(8m) 1

12

the figures are 28, 21, 35, 20, 15, 5, 1.

By using these figures we can establish the U and V values for J\(w2) and/2(ie2).
And these formulae serve to form the resulting equation, the solution of which
serves to obtain the roots. Of course, for the final expression the members
having the same power in the formulae oif*w2) and/2(tc2) shall be summarized.

Ic) By analysing the case of the five cylinder engine characterized by
2 (8m) 1, we refer to Table XIV. The values of u, forming three groups, are
the following: un, ul2, u2, u23 for the 2 independent masses at one end of the
engine’s crankshaft; u» = u33+ u3i= u#= ub= udb= ub6= ub6= ub7, being
the figures for the 8 equal masses, u77, u7g for the independent mass at the
other end of the engine. The number of equal masses is 8, and this applies to
the first member in the expression of ug. Again, in the first member of the
expression for u7, the corresponding figure is (8 — 1) = 7.

In order to establish the formula for f x(w2), the values are to be found
in the rubric

2(8m) 1

/1
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Table XIV
2 (8m) 1
8 masses
SUL4v e l2vP <224 %234 - A11-3»
“R4 “24 “B4 8&«—AIB
Wy [ <23 H sz - Nop
“23 + Bu = K 23.
(Bu2 + 7«84 21u)u = f/8, (TuB+ 21«)« = wu7,
(2lu2 4- 15uB84 20u)u* = Ux (15«23 + 20«)«* = Ulb,
(20u2  18“ZB+ 5u)u3= USY) (10«B 4 5«)«* = (/5;
(8u22 4" *23)" * = i
“ 11 4 “12 4 “22 4 *23 4 7T« = Hn_3-= K n 3— u,

12+ 2+ 234 7« = AlB= X12_3- u,

“24 %234 T« = H223— -A223 «,
«23 4- 7T« — H3s — K33 «.
(Tu2 4- 6«B 4 15«)« = F 7, (6«23 + 15«)« = Fe,
(15«22 4- 210u2B4 10«)«* = F 1S, (210uZ 4" 10u)u* = F20,
10«23 4- 423 + “)“3= A10, (4uB 4- uu* = F4
4 («I3 /21 4% “22t/,3 4% t/2076  (“11 420 4 “121710 4% 173w 4 4% (“11 A% 4 “ 12 M23 “) 42

—(*29a214-U2isi54- t/2UM4- («u wro4s-u12uito s- t/B)ie*— («, Ujs- “12+23+4) =

=, a4 t,/294 aB, «9=0

in Fig. 7, and they are the following:
21, 15, 20, 10, 5, 1.

As for the formula of/2 we find according to the rubric

2 (8m)1
A
the values:
15, 10, 4, 1.

Of course, the final equation is found, when in the formulae of and f2 the
members having the same power exponent, are summarized.
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As can be observed, the detailed examination of the examples quoted
above clearly showed the advantages of the triangle in Fig. 7. Since all the
coefficients are to be found in the ready series of values, the wanted algebraic
equation can be promptly established.

Id) Here follows the explanation of a most interesting case, namely

referring to the engine characterized by 3 (12m) 1. Of course, this symbol
indicates an 8 cylinder engine having 3 independent masses at one end of the
crankshaft, and 1independent mass at the other end. The three groups are:

udl, m12 m2, u23 u33 u3 referring to the three independent masses at
one end.

M= HMA= ub= b= ube= u66= ung, = utl = uB= uB= uP = uP —
= u9io = wuiojio = uiou referring to the equal masses (14 equal values).

itlhtll, u4ln2 referring to the one independent mass at the other end.

The number of the equal masses (14) applies to the first member in the formula
of Ul4 Diminished by I,i.e. 13, applies to the first member in the formula of UI3.
In order to establish the equations for//ic2 and /,(m>2), the values are to be
found in Fig. 7, according to the rubric

3(12m)1 3(12m) 1
and R
/i A

respectively. There we find the following values:

(for/,): 78, 66, 220, 165, 330, 210, 252, 126, 84, 28, 8, 1,
(and for/,): 66, 55, 165, 120, 210, 126, 126, 56, 28, 7, 1.

After forming the formulae for the U values as before, and establishing the
equations for //u;2 and /2(n;2), the final resxdt is:

—rc2/,(»c2) + uu>lV 2AmR) + wnllar/,(w2) = 0.

Of course, in order to solve the equation, members having the same
power should be summarized according to a series of diminishing exponent
values.

By a further examination of Table XV, as far as the function /,(rc2 is
concerned, we find items that appear repeatedly; these are:
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Table XV

3(12m) 1
12 masses
For /, (w2
i/u = (14u33 4- 13u3, + 78u)u 13 — (13«3i + 78u)u
U,e = (78u38 + 66u3( + 220u)u2 U, (66uldl + 220u)u2
/2= (220u33 -f 165u3] + 330u)u3 165 = (165u3l + 330u)u3
H30 = (330uxB+ 210u3] + 252u)u4d 210 = (210u3A + 252u)ua
H22= (252u33 + 126u3, + 84u)ub 126 = (126U -j- 84mub
Uai = (84u33 + 28ul3l + 8u)ue s = (28u3+ B«)ue

(8u3 «33)«7
3l — B34 4 14u, "4 — 33 4" "4 24 — 23" 53334» A22—4 == u22 “b 234
*12.4 = «12 4 % > NMa—a = “ll 4“r104"
Fi («*2) = *A2 114w, 4- (UU *22_4 + U|2 =234 B VB2/33k ‘B v sad 144 ~isig )« 18 -
(W (22 *330 4 «23 %34 4 ™M) 4 <12 (23 #3a 4~ 1) 4 «22 U «23 ~13 4 HE)G:
4% [«,, (u22 14 4% «23 1/, 4 H78) 4 «12 (U23 213 & H2g) 4 «22 M 7g “I" «23 Hgg 4 H 220]mild 4
4 [« («22 H7g 4" «23 Hgg 4 H220) 4 «12 («23 Hgg 4 H220) 4 «22 ~220 4 «23 H(eg 4 Hgggjiel-
fa1 (22 ~220 4 23 wnis 4 H3) 4 <12 (23 wo1es £ 11330) b 2211330 ‘buzs ~210 r25r1 « D+
[«n (*2 U, 10 4 HED 4 12 («23 »210 4 HE) 4 22 n2s2 4 23 HRU4 HPYIS
1 («2YZ4 43 UB4 HP F R2BHDY4 HP 4 «2Hp4 BHY4 Hjteo-(-
4[«u (2444 Bt/4' W) | P2UuBt/4 1) 4 \(PTlg4d «BA<qN

i (r2249 4 «23 34 7)) L «12 «23 «34 *7] — M2

For/ 2(to2

173 = (Huj, 4 12u3l 4 66u)u Uj2 = (1234 &aiu
He = (66 <34 55us1 4 165u)u2 'S = @A 4 168
4us = (165u3B4+ 126u3ls 210U)Us UlB = (126w 4 210U
1/2i0= (210uss 4 126u3, « 126n)u4 U@= (126184 1264
I/ize= (126uB4 56u 4 28u)ub tiso = (56u3l 4 28u)ub
trzs = (28u3 4 7u3l 2+ u)ue 17 = (A4 J®

Wb 4 13«= A —«, 334 344 13«= [BA—U, uB4 UB4 UA4 13u= 24— U
R4 B4 PB4 B4 BlA= Y24 ©A24 24 B4 B4 B4 13«=1jj 4 «
“Mad «124 «24 «234 334 344 13«= fo, 4 — u

12 (€2 = «20— (Mu-4 — “)T4

4 [«11Ne22-4 — «) 4 «12 (24— «) 4 «22 (34— «) 4 «23 (feh— «) 4 U, 3w™* —

—«11 [«22 (fe33] — «) 4 «23(feB— «) 4 1/13] 4 «12 [«23 (feA~ «) 4 U3+

4 2y 34 «BYva 4 Funt2Us: “3M2 4@ 4 “Re3H24 HD 4
4 Pngs 4 »28.Hss 4 U teoniviz —

—[L(“2ss 4 BLB1 N4 “2 (“BHB4une 4“2764 NBN20 4 ~2A0Mo +
A[N(Piiss 4 <BHD N0 4 “R(“Buo 4'vavy 4 “27°2104 “BH2: 4 vidP » -
[en (im0 4 B4 HD4 N4 “R(“B 1 IDLEFRDAE “2M64 “B B4 7] «ic 4
4 [«n (24284 B Hs, 4 £#H4 “R(“BHB+ vy “F 1z us 4 “Br 714 B R
—[«n (2HB4 BH 4+ “B74- “R(Bur 4 “B“D4“2“B“7L 4

4 N DBy
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«22 7334 + «23V o+ Vi

«22 Uu + «23 tV + t/78,

«22 z B+t «23 tV \ tVO ’
«22 N220 + «23 tVS “b t/?ln,

«2 U3+ 33 vio ~b t/252 »

«22 V 52 + «23 tM26 “b t/m‘,
N22 1.4t «23 t_V t/ga
UZtV4-u23u24u7.

Making reasonable use of these repetitions, an additional simplification
of the equation is possible.
The same applies to the expression of/ 2(it>2).

2. Cases of engines having independent masses only at one end of the crankshaft

In the following a special use of Fig. 7 will be dealt with, referring to
cases where at one end of the engine’s crankshaft no masses are present.
The cases forming the object of our examinations are the following:
a) 1(7m) 0 a six cylinder engine having one independent mass at the
loaded end (Table XYI);
b) 2 (7Tm) 0 a five cylinder engine having 2 independent masses at
the loaded end (Table XVII);
c) 3(7Tm) 0 a four cylinder engine having 3 independent masses at
the loaded end (Table XVIII);
d) 1 (8m) o a seven cylinder engine having one independent mass at
the loaded end (Table XI1X);
e) 2 (sm) o a six cylinder engine having 2 independent masses at
the loaded end (Table X X);
f) 3 (8m) 0 a five cylinder engine having 3 independent masses at
the loaded end (Table XXI).
2a) Referring to Table XV, the following values of u are equal (viz. for
the case 1 (Tm) 0): M = w22 = u2s= UB= u3s= — ute — WHI— tie
= u67; the number of these values amounts to 10, and this is the coefficient
of the first member in the equation. The coefficient of the next member equals
(10 — 1) = 9. According to the rubric I(7m)0 in Fig. 7, the coefficients
of the 3rd, and of all the other members following this are:

36, 28, 56, 35, 35, 15, 6, 1.
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Table XVI
1(7Tm)0

@l + 1+ 102 = K21
(10«n + 9«,2 f-36U)u = Yy,
(36u,, + 28a,2+ 56u)ju2=u3,
(56u,, + 35uj2+ 35u)u3 = N
(35«,, + 15ui2 + 5u)ud -mU3i,
(6«n ‘b u,dus u,-,

n2- X, 2«»+ 17,,ufi - Uu <e + TMw*- UBW2+ t/,,= 0

Table XVII
2(7Tm) 0
7 masses
UU + “12 + «22 + «23 + 8u = K ,_ 3
«l12 T «22 ~b «23 + 8I* ~ ~"123»
«22 + «23 + 8u = K.E23

«23 T 8u = -"233°
(Bu2 + 7«28+ 21lu)u = l/g, (7uzB + 21u)u = 1/,,
(21u2 -f 15u,3 + 20u)u2= 1/,,, (15uB + 20u)u2= 17,5,
(20u2 + 10uZ + 5u)u3= /20, (10uB + 5u)u3d= [710;
(5«22 + «23)«4 = 145,

tol2— Ku_3tel0 -f (u,, K2+ u,, X 23+ 1/,)ie" - (uu I/8+ ul2t/7+ t/2)te6+
(- (n,, t/2, -ma, 2173 { 1/0Dted  («» UD «12 f/,0 U3mi2 4" «n U3"" «12 «23 «4*“ 0.

Using these coefficients, the expressions of the values U can be established.
2b) In the same way, the equal values for the case 2 (7m) 0 according
to Table XV II are the following:

bl = M33= n34= u4s = it5= UD= U= ugg= UQg7

The number of the equal values amounts to 8, and consequently 8 is
the coefficient of the first member in the equation. The next member will have a
coefficient obtained by subtracting 1from 8, i.e. 7. And as far as the coefficients
for the expression of the U values are concerned, they are, according to Fig. 7,
namely to the rubric 2(7m)0 the following:

21, 15, 20, 10, 5, 1.
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Table XVni
3(7Tm) 0
7 masses
‘= Y = e e e «67
MIT + 12 H U22+ U23 «p y33 ~p M34 + 6U =« y _j = «j| + *12-1.
»12 L u22“b u23“T u33 1 w34 * BU - w12 4= 5,12 + *23-4>
U22 -j- U..3 ~T u33 usa T BU = 22,1 = 522 + *231>
Uoig 4« M33 + *x34 * 6U = %234 = 523 ' *334»
“s3 + 34 -(- 6U = %331 = 1,33 ' *34»
M34 4- 6n = * 34;
(6m33 [ ,37 + 10u)u = u,. (S»34 4- 10u)u = Ub,
(10u33 , (31 4 guyw = Uro, (6034 + 4»)p* = T,
(4»33 + “34)“3= C4;
W12 — w1g. 10« + (»11 *+2.4 + U,2+%234 “b »22 *334 + »23 *31 + C 6)t«8 —
— [«a (“227334 U23 -A34 H Afi) "b **12 (**33 N34 4 A6) **22 A “b *23 A5+ C o, > C o+
+ [«l1(v22C6+ u28 U, + U J + 5,12 (»31346 “b t/lo) **22 1hio w3 ng 4- Utlw* -

— [«a (»22 Flo + »23 Us+u.,) + a2 (**23 A6 "f A 4) + u22 U4+ U23 U3 -J- 523 »31 » 3[«>2 +

+ 0 [* 11 (»22 + »23 »31 »3) + »12 »23 »31 Usl = 0

2c) Referring to Table XVIII, we can find for the case 3(7m)0 the
following group of equal values of u:

n — — ub— ub — ub6 — ub6 — ub7 ;

their number is 6, and therefore 6 is the coefficient of the first member in the
equation. For the next member, the coefficient is (6 — 1) = 5.

For the purpose of establishing the expression of the U values, the
following values are found, according to the rubric

3 (Tm)o0
in Fig. 7:
10, 6, 4, 1.

2d) Analysis of Table X 1 X (Referring to the case: 1 (8m) 0):
Enumerated are 12 equal values viz.:

M —u2— uB —udm—ud—ud—ub— udb—us6—ube —ue/ —u77—uis

Consequently, 12 is the coefficient of the first member in the equation.
For the next member, the coefficient is equal to (12 — 1) = 11. For the
formulae of U, the values are found, according to the rubric [1 (8m) 0] to be
as follows:
55, 45, 120, 84, 126, 70, 56, 21, 7, 1
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Table XIX

1(8m) 0
8 masses
iol4— (u,, + ul2+ 12u)u>124~u(1l2u,, + llu,2+ 55u)uild —
—u2(55un + 45u,2+ 120u)te8 + m3(120uH -f 84u,2+ 126u)iee —
—u4(126u,, + 70u,2+ 56u)n™ + u5(56u,, + 2lul2+ 7u)te2— u*(7uu  “i) — 0 ;

“1 o+ “12+ 12u = All-2>
u(l2u,, + llu12+ 55u) = UI2,
u2(55u,, -f- 45u,2+ 120u) = UGBS
u3(120uu + 84ul2+ 126u) = 1/120,
ul(126uu + 70ul2 56u) = t/1B
u5(56u,, + 21ul2+ 7u) = u 56
“6(7Tuu + « = U, ;

a4 Klltwe™*+ Ul2w'™ — UbAw8 + 1/10id*— /1264 + 1/5%6w2— 1/, = 0.

Table XX
2(8m) 0
8 masses
First group :
1111 4" u\24" M22 4“ U23 4“ = Kn_3= Ujj -j -"12—3
1112 4% M22 4~ M23 101i = Ky3 = U12 4~ -~223*
42 4° N3 47 = Y223 = M24" 12»
M3 4% HOm = KZ3;
Second group :
(10u22 f- 9uB +j- 36u)u = UIO, (Qu2B 4* 36u)u = t/9,
(36u2 -f- 28uB f- 56uU)u2=i/3e, (28uZ 4- 56u)u2= /28
(56u22 f- 35uB + 35u)u3= T[/58, (35uZ 4- 35u)u3= 17M,
(35u2 F 15uB + 6u)u* — U3, (15uZ 4- 6«)ud= t/u ;
(6u2 + uBus5= 1/5;
1414 — *11-3 4412 + (“ Il ~223 + “12 X 23 + Ula)w'0 —

(“lINUI0 4 “t279 t Us. K 4 (“n 173 4 “12728 ‘b Ua)vr
—(“il Uu 4 «i2 U3i 4- URtv* — u(u, U+ -1, 17154- t/ie)w24- (*n C,54- ul2 u23u5) = 0.

2e) Analysis of Table X X [Referring to the case 2 (8m)0]:
Enumerated are 10 equal values of u, viz:

U= uxld= u*l= uu - ud - uUB=usG= uee= ub/= u77= uis

Consequently, the coefficient of the first member in the equation is 10,
and for the second member the coefficient is obtained by diminishing it by 1;
thus, (10 - 1) = 9.
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Table XXI
3(8m) 0
8 masses
First group :
«l+ «12+ «22+ «23 4 Uz + M2 48 = F1,_a= un + Ku_t,
€12 ¢ N2+ «23 + «33 + ML + 8« = Ki2_4= «, + K2,
QR4 23 B3 4 za + 8B = k.2 4= «2+ n234>
@3 4 «B 4 4+ 8« = jc24 = 23 + K3
33 4 a4 4 8= k3 = B trraan
«4 + 8«= Ku.
Second group :
(8«33 + 7«34 + 21«)« = Ua, (7«3l + 21«)« = t/6,
(21«33 + 15«3, + 20«)«2= U?21, (15«34 4 20«)u2= Via,
20«33 + 10«34 + 5u)u3= 1/2, (10«34 + 5«)«3= V10
(5«33 + u)«4= U5,
The frequency equation:
W14 — K ou _4 1*12+ (ttn K274 + w12 K 23—4 + «22 2334 + «23 K3, + V3)wi0 —

[ett («22 ~334 & 23731 4 Va)a4 «12 («23~344 V8 4«22 V$a VBVT7c F2|lms F
4 11 («22 V$ 4 «23 Vj 4 V20) a2 «12 (23 V212 V20) 4 «22 V24 «23 715 4 ~20IM
—[«11 (<22 U2 + uBUu + U2) + «l2(23 45+ U,,) + «22 Uzo + «23 Uo + E/Jw4 +

4 [«,, («22 429+ «2, Via4 Va) s «12(«23 VIO + Va) 4 «22 Ua4 «23«31 "y e —

— [«11 («22 Vb + Ujj «34 «4) + «, 2«23 «4] = 0.

Again, for the expressions of U values, the Fig. 7 contains, corresponding
to the rubric [2 (8m) 0] the following coefficients:

36, 28, 56, 35, 35, 16, 6, 1.

2f) The object of our consideration is the case of 8 masses according to

the arrangement of 3 (8m) 0.
There are 8 equal masses enumerated, to which the following u values

are coordinated:

U—«33 = «34 = «44 = «45= «55 = U56 = M66= UG -

Accordingly, the coefficient of the first member of the equation is 8,
and for the second member, this equals (8 — 1) = 7. Again, for the purpose
of forming the U values, we find by means of the triangle in Fig. 7, the following

coefficients:
21, 15, 20, 10, 5, 1.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



TORSIONAL VIBRATION 39

REFERENCES

1. Batogh, A.: Einiges Uber die Eigenschaften der charakteristischen Gleichung hei Torsions-
schwingungen. Acta Techn. Hung. 32 (1961), 436 [Derivation of formula (6)].

Ibid. 429—440.

Batogh, A.: Torziéslengés karakterisztikus egyenlete egyltthatéinak kiszamitasa (The
Calculation of the Coefficients of the Frequency Equation). MTA M{sz. Tud. Oszt. Kozi.
27 (1960), 333—358.

4. Batogh, A.: Torziéslengés dnlengésszamanak szamitdsa a karakterisztikus egyenlettel (The

Calculation of the Natural Frequencies for the Torsional Vibration by Means of the
Frequency Equation). MTA M{sz. Tud. Oszt. Kdzi. 15 (1955), 91— 114.
Balogh, A: A torziéslengés karakterisztikus egyenletével kapcsolatos tAblazatok szerkezete
(The Construction of the Tables for the Frequency Equation of Torsional Vibration).
MTA Mdsz. Tud. Oszt. Kdzi. 30 (1962), 65—84.
6. Batlogh, A.: Torziéslengéseknél keletkezd tehetetlenségi nyomatékok redukcidja (The Re-
duction of the Number of the Moments Inertia in the Equation of Torsional Vibration).
MTA Misz. Tud. Oszt. Kézi. 30 (1962), 417—456.

7. Batlogh, A.: Einige spezielle Formen der charakteristischen Gleichung hei Torsionsschwin-
gungen. Acta Techn. Hung. 40 (1962), 105—126.

8. Balogh, A: A torziéslengés karakterisztikus egyenletének diagramja (The Diagram for the

Characteristic Equation of Torsional Vibration). M TA M(sz. Tud. Oszt. K6zi. 35 (1965).
293—318.

w N

TORSIONSSCHWINGUNGEN
PROBLEME UND DEREN PRAKTISCHE LOSUNGEN

A. BALOGH

ZUSAMMENFASSUNG

Bei Torsionsschwingungen wird die charakteristische Determinante bzw. nach deren
Entwicklung die charakteristische Gleichung — eine algebraische Gleichung mit reellen Wur-
zeln — dazu benitzt, die Eigenschwingungszahlen des Systems zu berechnen. In acht friheren
Aufsdtzen wurde ein Verfahren vorgefiihrt, um im allgemeinen und in einigen wichtigen prak-
tischen Féllen fur beliebige Massenzahlen, durch Vermeidung von jedweden Anndherungen,
die algebraische Gleichung aufzustellen. Es hat sich gezeigt, dal die hier gegebene zusammen-
fassende Darstellung der Ergebnisse dieser Aufsdtze wenigstens in den wichtigsten Teilen
erwinscht ist, um das Verfahren lbersichtlich fur die Praxis ubergeben zu kénnen. In dem
Gblichen Schrifttumsverzeichnis sind diese Arbeiten aufgezahlt. Der Leser findet in diesen

néhere Aufklarungen dber die Problematik und auch Ergdnzungen zu den praktischen Zahlen-
beispielen.

VIBRATIONS DE TORSION
PROBLEMES ET SOLUTION PRATIQUE

A. BALOGH

RESUME

Lors du calcul des vibrations de torsion, on part du déterminant caractéristique dont on
développe I’équation caractéristique, c’est-a-dire une équation algébrique ayant des racines
réelles qui servent a déterminer les vibrations naturelles des arbres. Dans ses huit études anté-
rieures, lauteur a développé une méthode générale permettant de résoudre I’équation algébrique
méme dans quelques cas pratiques et obtenir des résultats non pas approximatifs, mais par-
faitement exacts. Le présent abrégé contenant les parties essentielles de ces études a pour but
d’offrir une vue d’ensemble du procédé a I’'usage des praticiens. Les lecteurs désireux de trouver
des informations plus détaillées ou des explications supplémentaires concernant les exemples
numériques, peuvent se reporter aux travaux précédents de l'auteur, énumérés dans la liste
bibliographique publiée en fin de I’étude.
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KPYTWUNbHBIE KONEBAHWNA
NMPOBNMEMbI U MPAKTUYECKWE PEWEHWNA

A. BANOT

PE3IOME

Mpu pacuéte KPyTUNbHbIX KonebaHWiA Ansi OnpejeneHWs Mopsifka KoAM4YecTBa CO6-
CTBEHHbIX KO/Me6aHWi NPUMeHsIEM XapaKTepuUCTUYecKoe anreGpanyeckoe ypaBHEHUe C [Jeid-
CTBUTENbHbIMM KOPHSIMUW, Mofly4vatolleecsi M3 060CHOBaHUS napameTpa onpefenutensi. B npe-
AblAyW X BOCbMM paboTax aBTOp Y)Ke Mokasas OavH TaKoi 06LmiA MeTod, KOTOpbIli AelcTBU-
Te/leH B OTAeNbHbIX MPAKTUYECKUX C/y4asx, Korga TpebyeTcsi BbIBECTU anrebpanyeckoe ypas-
HeHWe, Jalolllee TOYHble, @ He NPUBM3UTENbHbIE pe3ynbTaThbl NPU NH060M KOMYeCTBE Kadaro-
Wweica maccbl. OTciofa crefyeT, UTO ONy6/IMKOBaHHbIE 34eCb BbIBOAbI, COAepXKalliue B cebe
OCHOBHble BOMPOCbI MpeAblAyLMx paboT, HarnsgHO MOKasblBaeT MPaKTUYECKOe 3HaueHue Me-
Tofa. M3 Bbllle NPUBEAEHHOIO NMepeyHsi paboT unTaTeslb MOXET MOMyYNUTb AasbHelillne cBefe-
HUSA U JOMOMHUTE/NbHbIE Pa3bsCHEHUS K MPaKTUYECKUM MpuMepam A5t pacyéTa.
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A NEW METHOD OF DESIGNING A SINGLE STAGE
AXIAL-FLOW FAN FOR PRESCRIBED SPANWISE
CIRCULATION

G. NATH
DEPARTMENT OF FLUID MECHANICS, TECHNICAL UNIVERSITY BUDAPEST

[Manuscript received August 4, 1964]

In the present paper, the author has obtained the solution of the inverse problem of
the three dimensional flow in axial fan, consisting of rotor only, having finite number of
blades and hub/tip ratio lying between 0,2 to 0,4, by the method of isolated aerofoil of finite
span. The circulation is taken as variable along the radius and the effects of trailing and bound
vortices are taken into account. The trailing vortices are considered to be straight lines ex-
tending to infinity. The fluid is taken as incompressible, frictionless and without heat transfer.
The velocity components of induced velocity, chord distribution, geometric angle of attack,
efficiency, etc. have been obtained.

Symbols
r circulation;
I pi circulation at the hub;
N number of blades;
a = 2n/N angle between consecutive blades;
R, (. Z cylindrical polar co-ordinates;
| chord length;
Rp tip radius;
Rpj hub radius;
Rpi/Rp hub/tip ratio;
to angular velocity of the rotor;
X distance of the fixed point on a given blade from the origin;
CL lift coefficient;
CD drag coefficient;
Pgto. geometrical angle of attack;
OCA effective angle of attack;
v angle which the relative mean velocity (Wm) makes with the tangential direction;
> angle which the new relative mean velocity () makes with the tangential direction;
Ca axial velocity;
Vf induced velocity due to trailing vortices;
Vp, induced radial velocity due to trailing vortices;
Vif induced tangential velocity due to trailing vortices;
W, relative inlet velocity;
W-. relative outlet velocity;
Woa relative mean velocity;
Wa, new relative mean velocity;
Vv distance between two points;

i, j, kK unit vectors along radial, tangential and axial directions;
a, 6, ¢ constants;

ti 3,141592;

| blade spacing;

11 solidity;

Q torque;

Qc torque coefficient;
T thrust;
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Tc thrust coefficient;

nT efficiency at a point;

nT mean efficiency;

Kfh theoretical head rise coefficientat any point;
K act actual head rise coefficient at any point;

K ft loss coefficient of rotor at a point;

Kswirl loss coefficient due to swirl at a point;

Kft)p profile drag loss coefficient at a point;

Kas secondary drag loss coefficient at a point;
K Da annulus drag loss coefficient ata point;
Cdp profile drag coefficient;

C'DS secondary drag coefficient;

Cda annulus drag coefficient;

n unit vector along tangent to the vortex line.

I. Introduction

The aerodynamic problems of axial-flow fans may be classified under
the following two general problems:

a) If the circulation distribution, blade speed, axial velocity and the
fluid state ahead of the fan are given, the three dimensional velocity field,
chord length, geometrical angle of attack and energy distribution can be
obtained.

b) If the blade shape, geometrical angle of attack, axial velocity and
the fluid state ahead of the fan are given, the three dimensional velocity field,
the circulation distribution and the energy distribution can be obtained.

These are designated, respectively, the inverse and the direct problem.
The solution of the inverse problem is much easier than the solution of the
direct problem. These problems can be solved by isolated aerofoil method of
finite span or by Cascade method. The isolated aerofoil method is appropriate
when solidity I/t < 0,7. The Cascade method is appropriate when solidity
I/t > 1. When solidity lies between 0,7 and 1, both methods can be applied.

The solution of three dimensional flow through an axial turbomachine
was obtained by Marble [1], Smith, Traugott and Wislicenus [2], Vavra
[3], Howell [4], Seippel [5], Ginsburg [6] and others [7—11], when the
fluid Mony is steady, isentropic, free of fluid friction and heat transfer. They
have obtained the solution on the assumption that there are infinite number
of blades in each row and RH/RT > 0,4.

Betz [12] has obtained expressions for the three components of induced
velocity at any point of a given blade due to trailing vortices emanating from
all the blades in the case of an airscrew, but has not integrated them. Grauert
[13] has obtained the solution of the direct problem in the case of a finite
wing by the isolated aerofil method, by considering the variation of circulation
along the span. He considers that there is no change in the direction of inflow
and outflow which cannot be valid in the case of an axial fan. Wainris [14] has
obtained the solution of the three dimensional flow in an axial fan with pre-
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rotator and straightener in the case of free vortex and arbitrary vortex flow.

The present author has obtained the solution of the inverse problem of a
single stage axial fan consisting of finite number of blades by the isolated
aerofoil method of finite span without pre-rotator and straightener when the
circulation varies along the span and the hub/tip ratio is < 0,4. Since the
circulation is not constant, in addition to bound vortices, infinite number of
trailing vortices will emanate from each blade and move in the direction of
stream lines. These trailing vortices will be spirals, but for most purposes it is
sufficiently accurate to assume that they are straight lines parallel to the axial
direction. These trailing vortices will induce a velocity at every point of a
given blade.

Il. Basic Assumptions

At present axial fans are generally designed by taking the hub/tip ratio
0,4 and circulation as constant along the span. But if RHIRT < 0,4, and the
circulation is taken as constant along the span of the blade, the design and
manufacturing difficulties will arise, because the swirl coefficient Cu/Ca and
flow coefficient Ca/eR being inversely proportional to radius R, tend to in-
finity as R tends to zero. Therefore, at very small Rh/Rt, these coefficients
will be very great. Hence, in order to overcome this difficulty, we prescribe
a circulation which is maximum at the tip and minimum at the hub and its
derivative must vanish at the tip and the hub. In this case the blade will not
occupy a large portion of the circumference at the hub, whereas in the case
of constant circulation, when RHIRT < 0,4 it occupies a large portion at the
circumference of the hub.

In addition, the following assumptions have been made:

a) The fluid is non-viscous and incompressible;

b) the blades are considered as lifting lines and are symmetrically placed;

c¢) the hub/tip ratio RH/RT lies between 0,2 to 0,4 and CJmR t lies

between 0,1 to 0,3;
d) the axial velocity Cais given and is constant before the rotor;
e) the tip clearance is considered to be zero.

Il1l. Basic Equations and Solutions

Consider the rotor of an axial fan consisting of N blades symmetrically
placed whose circulation ' varies from the inner radius R” to the outer
radius RT. We want to obtain the components of the induced velocity in the
radial, tangential and axial directions at any point of a blade due to trailing
vortices and bound vortices of all the blades.
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There are an infinite number of trailing vortices emanating from each
blade which move parallel to the axial direction. The strength of a trailing
vortex which originates from the point (R, 0, 0) is (dridR)dR and the strength
remains constant along the whole length. The induced velocity at a given point
due to trailing vortices is given by the Biot—Savart rule:

d
' drR "x*JZ (1)
dR Y3
In the present case
Y= —i(X—Rcosa)4jRsina -(-ks, (2)
n= —«K. (3)

The circulation distribution along the span is taken as a cubic expression and
in non-dimensional form can be expressed as:

R 3 R
r —r —a Rh ‘6 Rh (4)
iR 2 Rr RT RT Rr
where
b 3a y__
2 RT,

If the linear circulation distribution is taken, the radial and tangential induced
velocity becomes infinite at the hub and at the tip.

From the equations (1), (2), (3) and (4), we can express the induced
velocity due to trailing vortices of all the blades at a point (X/RT. 0, 0) in
non-dimensional form:

ITR 2 R

— i+ — i 1 Rnl] | Esina

\Rr RTiRT Re\ RT

R R
1 X A

- °e IR R, QOS<7 RT .
o 2
iR 47 ta X . . A
o R RT - Rr RT

There is no component of induced velocity along the axial direction. From (5)
the tangential component is given by:

Vn _ 3a sin a (4 cos2a— 1)

ojRn 4n
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., n RH .
sin 2a -\- ——sin a
| RT Rr ,
Rr X
Rn Rt
tan R
-~ 1+ ' cos 0
Rr R, Rij- 1 Rj
X 2
g p— (3 cos o —4cos3a) — i+ R'_'I)
2 RT R ) Rr
oS 0 X sina =
R, Rr
--—C0S a In
RT RH cosa + sin a
Rr  Rr Rt
RH
----- cosa  L-—X-.cosa cos a
R, , RT
X R
(1 — 3 cos2a) — 1 " cosa R+
R, Rr R,
The radial component of induced velocity is given as:
VR N X foh
. 284 sin a 1 cosa’ ! X 2
()R-, »” RT .. R T (]
4- 3 X . cosa +
Rj' 1 R, 1 R,
1iX 12
(3 cos2a —sin20) 1+ _R_h\ X cos a
2 Rr Rr JRr 2 RT
X J*
1 cosa + j
Rr R, ] N cosa X (2c0s20 —
R, X 2 1 x . 2 sino RT
— D CcoS a 4+ — sin 0
RT RT \RT
y
------ (cos2a — sin2a) vV
. 1+ arf. RT RH cosa
— 3sin2a) — . ]
sin a R, sino
X .
1 R sin a
RT r
t
an R R,
1 A\emreeee— —eeeeen CO SO
RT Rr Rr
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The induced velocity may be regarded as variable along the chord of
the blade, but the theory of aerofoil of finite span can be developed with
sufficient accuracy by assuming a constant value of the induced velocity.
As every quantity in equation (6) is given, we can obtain the induced velocity
in the tangential direction due to trailing vortices of all blades at the point
(X/RT,0,0). The radial component of the induced velocity vanishes at every
point of the blade. The value ofthe induced velocity in the tangential direction
is given in Table I.

Table |
Tangential component of induced velocity
a= —001c= 0,02
N= 4 N= 3

X/RT vii CuU  cu+ 2va va cu Cu+ 2 Vii

(DRj< coRjt CRj< iaRj” CORj" PRT
0.2 -0,00023 0,06318 —0,00033 0,04707
0,3 — 0,00034 0,04175 — 0,00048 0,03086
04 — 0,00011 0,03160 — 0,00027 0,02332
0,5 0,00017 0,02580 — 0,00000 0,01909
0,6 0,00052 0,02227 0,00034 0,01660
0,7 0,00087 0,01994 0,00070 0,01504
0,8 0,00117 0,01826 0,00100 0,01394
0,9 0,00135 0,01684 0,00118 0,01298
1,0 0,00119 0,01511 0,00103 0,01162

The induced velocity in the tangential direction (Fig. 1) depends on
[, X/IRt,Rh/Rtand -N. It increases asI" or X/R T or both increase and decrease
as RH/RT or N or both increase. It is independent of CaleR-r. It changes the
effective angle of attack. The effective angle is less than the geometrical angle
of attack when the induced velocity is positive and is greater than the geo-
metrical angle of attack -when the induced velocity is negative. It changes the
lift and gives rise to an induced drag on the blade. The tangential induced
velocity is only present downstream of the rotor and no tangential velocity is
induced before the rotor. In the plane of the rotor, its value is Vti but far
from the rotor, it becomes 2 Vti.

1. Induced Veloci'y Due to Bound Vortices

The induced velocity due to bound vortices of all the blades at a given
point (X, 0, 0) of a blade is given by:

e ®
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where

<
1

— i(X —R cos o) -f- jft sin a , 9)

=}
1

—icosa—jsin a. (10)

From equations (4), (8), (9) and (10), the induced velocity in a non-dimensional

u,lgy B--LUM

form is given by:

R RH\s 3a j Rh R
RT Rt R, Rr
A RH)2 J; X J R j
VB (k) v. Rt Rt J Rel
WRT  4n R X 2 R 2 4y R 32
¥ R +
“Url RT <Rt R,
X X 1/2
CH v Xgma cos a
47 RN RT R,
2 2 112
X s e i Xogwr
\'rt RT RT
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\* 2'ila
i Xcos a4 Lo cosOﬁ"' ----- sin a
In \ Rt Rt
X Rn X 2 X 212
+
Ur Rt ~J RT RT RT
3a
83a-2- cos a Rh
2 R,
(cos2a — 3sin2a) ()
-sina
3 X X
&1 Ry Rh
2 Rt Rt RT Rt
X
» 1- R_l_cosa
3a
LRnY 2 (Fri; | 2 X 2
U ril X .
1-—cosa
ilp + Iifsm(T!
R
H cos a
R, R,
+
2 X
12j-  Rf R (P
+
X .2 | rn_x X
---cosa + _,- sma -7 — cosa -smff
Ajl Inp /| RT RT R
X -
(sin2a — 3 cos2a) -j- 3a Ri cosa—3a <7
Ri R~ Rr RT

From (11), it can easily be shown that the induced velocity due to bound
vortices of all the blades at every point of a blade is zero. Hence, there is no
induced velocity due to bound vortices.

2. Geometrical Angle of Attack and Chord Length

We know that the tangential velocity induced by the trailing vortices
changes the effective angle of attack and the blade behaves as a blade of
infinite span at this angle of attack. Hence the profile drag coefficient, cDP,
lift coefficient cLand O eff can be obtained from the experimental data of
isolated aerofoil [15]. We know that

Aeff. = @ 8eo. — (V — W) (12)
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and
— ao”eff.’ (13)

where a0is the slope of the curve of CLwith respect to the angle of incidence.

RT
Fig. 2. Dimensionless velocity diagram of axial flow fan

In the present paper for numerical calculation RH/RT= 0,2; CL= 1,0; CDp
= 0,0177; a= - 0,01; c= 0,02; 0eff = 6°. The aerofoil is RAF 6E, Re. NO
= 0,312 X 10«.

The angle y and can be determined from the dimensionless velocity
diagram (Fig. 2).

We know that

Cu N  riH (14)
0)RT 271 X
Rr
where T1IH= c.
ca
Hence R (15)

X N riH
RT 471 X
RT
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CJwWR,
N U H Vu
RT 4n X,Rr CoRT

tan r) (16)

From (12), (13), (15) and (16), 0 geo- can be obtained. The new relative mean
velocity is given by

* < N E’
WL Tca 5, 4. - | (17

mRT!  1coRT ', \n. 47 XIRT @RT:

The chord length is given hy

/ 21 (18)
R~ iv
cr- (oRT
The theoretical total head rise coefficient is given by:
K b= 2 (; X and lvact. (19)
' nRT Kh
where
. Ca
g= CU+ 2V" and N =
Ca ojiR 1

The chord length and geometrical angle of attack are given in Table Il and
(> -j- @)° is given in Table I1I.

Table 11
a— —0,01; c= 0,02

N =4 N =3
XIRT n=103 n =02 n= 103 n=02
IIRT rgeo- IR’ rgeo. IIRT Ageo. 1Rt rgeo.

0,2 0,1162  5,964° 0.1529  5,9600° 0,1149  5,9443° 0,1499  5,946°
0,3 0,0981 5.967° 0,1171 5,9672° 0,0972  5,9403° 0,1156  5,9543°
0,4 0,0837 5,9922° 0,0941  5,9930° 0,0831  5,9795° 0,0934  5,9834°
0,5 0,0727  6,0121° 0,0790  6,0069° 0.0723 6° 0,0785 6°
0,6 0,0643  6,0208° 0,0684 6,016° 0,0641  6.0135° 0,0681 6,0099°
0,7 0,0578  6,0262° 0,0605 6,0193° 0,0576  6,0213° 0,0603  6,0154°
0,8 0,0523  6,0326° 0,0543 6,021° 0.0522  6,0234° 0,0541 6,0177°
0,9 0,0477  6,0269° 0.0491 6,018° 0.0476  6,024° 0,0490 6,0156°
1,0 0,0435 6,0192° 0,0445 6,0135° 0.0434  6,0170° 0,0444  6,0117°
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XIRT

0,2
0,3
04
0,5
0,6
0,7
0,8
0,9
10

Table 111
(V + ecy
a= —0,01; e= 0,02
N =4
N= o3 N= o2 N= o3
66,6911° 55,8918° 65,5328°
53,0697° 41,6233° 52,5076°
43,9839° 33,4984° 43,6865°
37,6290° 28,3236° 37,4533°
32,9980° 24,7598° 32,8871°
29,4981° 22,1653° 29,4251°
26,8114° 20,1937° 26,7189°
24,5990° 18,6432° 24,5608°
22,8202° 17,3957° 22,7922°

1
w

=g

54,5845°
41,1009°
33,2507°
28,1843°
24,6755°
22,1114°
20,1554°
18,6177°
17.3760°

51

The chord length, I/Rt and geometrical angle of attack, OPgeo, depend
upon circulation/1C,l(oRt, X/Rt and N (Fig. 3). From Table II, itis evident
that N has very small effect on the chord distribution. The chord length
decreases as CJitRt or RH/RT increases,
stant. In the present case Zit at the hub is < 0,55, hence there is no interference
effect and the application of isolated aerofoil method is valid.

The geometrical angle of attack, i>geo, slightly changes as circulation,

IR

Aerofoil Section RAFEE
RN - 03124
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I, or N changes. The angle, {) -f- ®deff, decreases as X/RT increases and in-
creases as CJooR t increases. The number of blades, /T, has very little effect
on it.

3. Fan Unit Efficiency

In a fan unit which consists of a rotor only, the loss in efficiency is due
to rotor loss and swirl loss, other losses can be neglected. The distribution of
losses along the blade span will not be regular. To overcome this difficulty,
we calculate the mean value of the losses and assume a uniform distribution
of these losses along the span.

Small inaccuracies are not critical in calculating the efficiency in rotor
design.

Hence the efficiency at a point (X/RT, 0, 0) can be expressed as:

nT=1 KR i (20)
KIf, K th
Kr _ KDp-fKDs-j-Kda
Now
Kth K th
(21)
ICpp + Cps|l _ 1 K da

CL ) sin2mp X/RT Klh *

The secondary drag coefficient, CDs, is given by the well known empirical
formula by Howern i.e., Cds/C1= 0,018 [14] and the annulus loss KDA/Kth =
= 0,02 [14] for the fan unit. The secondary loss should be calculated at the
mean radius.

The swirl loss at any point (X/RT, 0, 0) is given by:

Aswirl 1 AN (22)
K if, 2 XIRT

The mean efficiency is given by:

2 b1 swirl
RH2 K * + - fX d 1 ox o\ (23)
1 K th K th RT ur)
Rh
Rr g Rt

which can be integrated graphically or numerically. The loss in efficiency due
to the profile drag is given in Table IY.

For a prescribed circulation, the loss due to the profile drag increases
rapidly towards the tip when CJcaRr = 0,2, but when Ca/wl?7 = 0,3, the
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Table IV
Rotor loss due to profile drag, k ap !<th

a= —0,01; c= 0,02

N =4 N =3
XIRT

n=103 n=0.2 n=10,3 n= 0.2

0,2 0,0349 0,0302 0,0357 0,0314
0,3 0,0330 0,0347 0,0336 0,0356
0,4 0,0350 0,0415 0,0355 0,0422
0,5 0,0386 0,0490 0,0390 0,0496
0,6 0,0429 0,0570 0,0432 0,0575
0,7 0,0477 0,0652 0,0480 0,0656
0,8 0,0527 0,0736 0,0530 0,0739
0,9 0,0580 0,0820 0,0582 0,0824
1,0 0,0634 0,0907 0,0636 0,0910

increase is not so rapid (Fig. 4). For a given circulation, the loss decreases
when CJcoRp or RH/RT or both increase, but N has very little effect on it.

The swirl loss is given in Table V.

The swirl loss is independent of CJcoRp (Fig. 5). For a given circulation
the swirl loss decreases as N decreases. It has very high value at the hub.
Near the hub it rapidly decreases hut later on it slowly decreases. The loss
decreases as RH/RT increases and increases as circulation increases.

The efficiency, taking into account losses due to the profile drag and
swirl, is given in Table YI. The mean efficiency, rjT (taking into account profile,
secondary, annulus and swirl losses) is given in Table VII. From Fig. 6, it is

Table V

Swirl loss, KswM/K |h

a= —0,01; c— 0,02
X/RT = 4 N= 3
0,2 0,1570 0.1176
0,3 0,0695 0,0514
0,4 0,0395 0,0291
0,5 0,0258 0,0190
0,6 0,0185 0,0138
0,7 0,0142 0,0107
0,8 0,0114 0,0087
0,9 0,0093 0,0072
1,0 0,0075 0,0058
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Aerofoil Section, RAF 6E,

Re. No.s1 0,312 *10s
KDp

0,09

0,07

0,05

0,03

Fig. 4. Loss in efficiency due to profile drag

evident that the efficiency, nT, has the lowest value at the hub, but it rapidly
increases near the hub and again slowly decreases nearthe tip. The efficiency
or the mean efficiency increases as CqdodR t or R"IRt or both increase and it
slightly increases as N decreases.

Kswirl
*th

Fig. 5. Loss in efficiency due to swirl
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Table VI
Efficiency (taking into account losses due to profile drag and swirl only), t)T
a= —0,01; c= 0,02
N=4 N=3
XIRT
n=o03 n=02 n=103 n=02
0,2 0,8071 0,8117 0,8465 0,8508
0,3 0,8973 0.8956 0,9149 0,9128
0,4 0,9254 0.9189 0,9353 0,9286
0,5 0,9355 0.9251 0,9419 0,9312
0,6 0,9384 0,9243 0,9428 0,9286
0,7 0,9380 0.9205 0,9412 0,9235
0,8 0,9358 0.9149 0,9382 0,9172
0,9 0,9326 0,9085 0,9345 0,9103
1,0 0,9290 0.9017 0,9305 0,9031
Table VII
Mean efficiency, T
a= —0,01; c= 0,02
N= 4 N =3
n=03 n=02 n=03 n=02
0,8659 0.8348 0,8708 0,8395

Aerofoil Section RAF 6E,
Re.No -0312-101
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4. Torque and Thrust

The torque acting on the rotor shaft can be expressed in terms of the
swirl momentum.
We define the torque coefficient as:

(24)

Hence

(25)

which can be integrated numerically or graphically or otherwise.

In the design of a fan, the main interest in the thrust produced by the
rotor is in relation to the design of thrust bearing and supports. Hence an
estimate based on the pressure rise across the rotor and the swept area is

usually adequate.
We define the thrust coefficient Tc, as:

(26)

Hence

Te= 2 |Rn Kth KR ey g X @7)
J RT K th Kth RT RT

which can be integrated numerically or graphically.

5. Approximate Estimation of a and c

The maximum and minimum value of a and c can be estimated by assum-
ing that the finite number of blades are replaced by infinite number of blades
whose total circulation is the same as the total circulation in the case of finite
number of blades. Now the trailing vortices will form vortex sheets and tangen-
tial component of induced velocity is given by

NF

2nx

(28)
or

X RH3 3a j Rh X RH 2, 2a /1 X L 29
Rp  Rp 2 RT RT RT '°7 N gt ©?
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where

The minimum and maximum value of are 0 and 1, respectively.
W hen = 0, there is no change in the direction of inflow and outflow. If the
maximum value of is taken greater than 1,the lift coefficient CLbecomes
greater than 1,2, which is generally the maximum permissible value. If the
lift coefficient is greater than 1,2, the drag coefficient rises rapidly with the
angle of incidence, hence drag/lift ratio increases. Hence the losses become
greater which reduces the efficiency. For a given ca/blHT, RhIRt and TV, the
minimum value of a (a is negative) and minimum value of c are obtained by
prescribing maximum circulation at the tip and minimum at the hub by putting
1 and 0, respectively. Similarly the maximum value of a and maximum value
of c are obtained by prescribing the circulation at the tip to be equal to the
maximum circulation at the hub. The maximum and minimum values of a
and c are given below:

a=20 (maximum) ,

40N 1 .
@— (minimum) ;
M .
2n/1 RH .
c— (maximum), (30)
™v. R~
c=0 (minimum).

IV. Conclusions

In the present paper, a method has been developed to design a fan
without pre-rotator and straightener with three or more blades having hub/tip
ratio lying between 0,2 to 0,4, considering the circulation distribution as
variable along the span and taking into account the effects of trailing vortices
which are taken as straight lines. The circulation is taken as maximum at the
tip and minimum at the hub. At every point of the blade the trailing vortices
induce velocity in the tangential direction only and the velocity induced by
bound vortices is zero. The efficiency rises as the number of blades TV, or
Cal/coRr or Rfi/RT increases. The swirl loss at the hub is very high. The present
method is quite different from the methods of other authors. The present
method is valid for RH/RT lying between 0,2 to 0,4, whereas other methods
are valid for RHIRT > 0,4.
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EINE NEUE METHODE FUR DIE BERECHNUNG
EINES EINSTUFIGEN AXIALVENTILATORS FUR VORGESCHRIEBENE
ZIRKULATION ENTLANG DER SCHAUFEL

G. NATH
ZUSAMMENFASSUNG
In der vorliegenden Arbeit hat der Verfasser — mit Hilfe der Theorie des Tragflugels
von endlicher Tragweite — das Problem der dreidimensionalen Stromung in einem Axial-

ventilator geldst, der bloR aus einem Rotor besteht, eine endliche Zahl von Schaufeln und ein
Nabenverhaltuis zwischen 0,2 und 0,4 besitzt. Die Zirkulation wird als mit dem Radius ver-
&nderlich in Rechnung gestellt, und die Wirkung der freien und der gebundenen Wirbel wird
bertucksichtigt. Die freien Wirbel werden als unendlich lange Geraden betrachtet. Das Medium
wird als inkompressibel, reibungslos und ohne Warmetbertragung betrachtet. Die Geschwindig-
keitskomponenten der induzierten Geschwindigkeit, Sehnenlangeverteilung, Anstellwinkel,
W irkungsgrad usw. wurden berechnet.
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METHODE NOUVELLE POUR L’ETUDE D’UN VENTILATEUR AXIAL A UN ETAGE
POUR CIRCULATION PRESCRITE LE LONG DE L’AUBE

C. NATII

RESUME

L’auteur utilisant la méthode du profil isolé & portée finie, a obtenu la solution du pro-
bléme inverse de I’écoulement tridimensionnel dans un ventilateur axial. Celui-ci consiste seule-
ment en un rotor, les aubes sont d’un nombre fini et le rapport de moyeu est de 0,2 a 0,4. L’au-
teur considére la circulation comme variable le long du rayon et tient compte de I’effet des
tourbillons libres et liés. Les tourbillons libres sont considérés comme des lignes droites s’éten-
dant a I'infini et le fluide comme incompressible, sans frottement et sans transmission de cha-
leur. Les composantes de la vitesse induite, la distribution de la longueur de corde, I’angle
d’attaque géométrique, le rendement, etc . .. ont été calculés par I'auteur.

HOBbI METO/ MPOEKTUPOBAHUA OAHOCTYMNEHUYATOIO
AKCUA/IBHOIO BEHTUNATOPA MNPV 3AAAHHOW UMPKYASAUUKM BAO/b
JIOMNACTEWN

r. HAT

PE3IOME

B faHHol paGoTe aBTOp peLLnn UHBEPTHYH Mpobnemy B cydae akKCUasibHOro BEHTU-
NniTopa  TPEXMEPHOro [BMXKEHMSI NOTOKAa METOOM OTAE/bIIOCTOSLLEA oNacT KOHEYHOro pas-
Mepa. BeHTU/IATOP COCTOWUT TO/bKO M3 POTOPA, YWUC/O /onacTeil ABNSETCA KOHEUHbIM U OTHO-
LLIeHMe CTynuLbl paBHo 0,2—0,4. ABTOP NPUHUMAET LMPKYNSLMUIO NEPeMEHHON BAOMb paauyca
N YyUnTbIBaET AeiiCTBME CBOGOAHLIX U CBA3AHHbLIX BUXpel. CBOGOAHbIE BUXPU MPUHATbLI B Kaue-
CTBE MPAMbIX, PAcNpOCTPaHSIOWMXCA A0 GEeCKOHEUHOCTU; Cpefa MpeanosiaraeTcss B KauecTse
HEC)KMMAaEeMOi, He VMeloLLeli TpeHus UM Tennonepedaqn. ABTOPOM paccumTaHbl KOMMOHEHTbI
BO36Y)XIEHHO CKOPOCTW, pacnpefeneHve AMHbI XOPAbl, Yron CTOSHUS, KOI(MULMEHT Mnoses-
HOro [AeWcTBMS M T. A
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BEITRAG ZUR PROBLEMATIK DER ENTSTEHUNG
VON MAGNETISCHEN EIGENSCHAFTEN DES «-Fed 3
BEIM ERHITZEN AUF MITTLERE TEMPERATUREN

K. SMROEK, 0. OEJCHAN und J. CHVATIK
FORSCHUNGSINSTITUT DER EISENBERGWERKE UND RENNANLAGEN; MNTSEK POD DRDY, CSSR

[Eingegangen am 1. August 1964J]

lin vorliegenden Aufsatz wird unter Verwendung von Spéculant — einem indischen
Hamatit — und von analytisch reinem synthetischen Hamatit die Bildungsmodglichkeit des
Maghemits (y-Fe203) im Laufe des einfachen Ro6stens des a-Fe203 bei einer mittleren
Temperatur von 500—800 °C untersucht. Es konnte die Bildung einer neuen Phase mit mag-
netischen Eigenschaften beobachtet werden, und mit Hilfe der chemischen Analyse konnte
die Gegenwart des zweiwertigen Fe'2+ nachgewiesen werden. Der alleinige Trager der magne-
tischen Eigenschaften dirfte der Magnetit sein, der durch die Reduktion der vorhandenen
und von ihrem Sulfidgehalt durch thermische Dissoziation befreiten Sulfide erhalten wird.
Diese Annahmen wurden durch Versuche bestéatigt, die an synthetisch dargestellten Verbin-
dungen vorgenommen worden waren.

I. Einleitung

Bei der Untersuchung der Aufbereitbarkeit des sideritischen Erzes der
Lagerstatte Rakos bei Sirk, im sidlichen Teil des Zips-Gemer’schen Erzge-
birges, durch magnetisierende R&stung war es notwendig, eine erhdhte Auf-
merksamkeit dem Verhalten des Spéculants zu widmen, da sein Anteil im Erz
stellenweise ziemlich hoch war. Der Ubergang des Spéculants bei der Magnet-
scheidung in den nichtmagnetischen Anteil wirde einen betrédchtlichen Verlust
an Eisen und somit eine bedeutende Herabsetzung der Eisenausbeute bedeuten.
Die technologischen Laborversuche wurden mit einem bis zu 40% Spéculant
enthaltenden sideritischen Erz [1] durchgefuhrt und haben im Gegenteil
gezeigt, dall der uberwiegende Teil von Specularit in den magnetischen Anteil
Ubergeht. Deshalb wurden weitere Untersuchungen allein mit dem Specularit-
konzentrat und Zusatz festen Reduktionsbrennstoffes durchgefihrt; diese
haben zu der uberraschenden Feststellung gefiuhrt, dal bei Rd&stung des
bloBen Spéculants eine magnetische Verbindung entsteht [2].

Uber die Entstehung magnetischen y-Fe.2 3 bei der Rdstung von a-Fe20 3
im Bereich mittlerer Temperaturen von 500 bis 800 °C wird in der Literatur
nur an einer Stelle [3] berichtet. Die Bildung von y-Fe20 3 bei der thermischen
Oxydation von Fe30 4 ist sehr gut bekannt [4, 5]. Minder bekannt ist die
Entstehung von y-Fe20 3 beim thermischen Zerfall von H&matit in Magnetit
bei hohen Temperaturen [6]. Das Ziel dieser Arbeit besteht darin, festzustellen,
inwieweit die vorherigen und die letztgenannten Tatsachen Zusammenhéngen.
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Il. Experimenteller Teil

1. Angewandte Rohstoffe

Bei den Untersuchungen wurde a-Fe20 3 in dreierlei Form angewandt:
blattriger Speculérit, isometrisch koérniger Hd&amatit und pulverformiges
(X-Fe20 3 p. a. Der untersuchte Specularit aus Rudnany bildet an hydrother-
malen Erzadern anomale Akkumulationen im siderit-baryt-quarz-sulfidischen
Erz, wovon er leicht zu trennen ist. Mit Quarz und Pyrit verwéchst er so eng,
dall diese nicht vollig entfernt werden kénnen. Der Hamatit wurde aus indi-
schem metamorphen Héamatit-quarz-Erz mit akzessorischem Magnetit ge-
wonnen. Die Zusammensetzung von Rohstoffen ist in Tafel 1 angefihrt.
Der bei der Untersuchung benitzter Siderit und Pyrit stammen auch aus den

Tafel |

Chemische Zusammensetzung der beniitzten Rohstoffe

S
%

" etot 66,70 62,00
Fe2+ 1,17 0.58
si0 2 0,22 7.72
A 120 3 0,09 1,21
MnO 0,08 0.12
MgO 0,26 0,97
CaOo 1,33 1,03
s 2,79 0.35

Rudnan’schen Erzadern; der Siderit enthdlt mikroskopische, heterogene Bei-
mengungen, die abgetrennten Pyritkristalle sind praktisch monomineral. Die
KorngroRe des Specularits war gleich 0,5 mm, diejenige von Héamatit, Siderit
und Pyrit 0,25—1,0 mm.

2. Durchfihrung der Versuche

Die Einwaage von 20 g a-Fe2 3 wurde an der Luft bei 500 bis 900 °C
im elektrischen Muffelofen 5—20 Min gerdstet, und zwar sowohl in offenen
als auch in mit Asbestdeckeln abgedeckten breiten Pyrolanschalen mit einem
Bodendurchmesser von 55 mm. Die Proben wurden nach Ablauf der Rdstzeit
entweder im frei abkiuhlenden Ofen gelassen, oder aus diesem herausgenommen
und schnell luftgekihlt.

Bei der Untersuchung von Mischungen mit Pyrit wurden beide Rohstoffe
vor der ROstung vollkommen vermischt. Die Versuche in der Atmosphdre
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gasformiger Produkte des Sideritzerfalls wurden so durchgefiihrt, dafl in die
Schale 25 g Siderit eingebracht, dieser mit Drahtnetz gedeckt und auf diesem
die Einwaage von Specularit ausgebreitet und die Schale mit Asbestdeckel
abgedeckt wurde.

Die Gewichtausbeute wurde unter Beniltzung von nassem Magnet-
scheider Type 25—SE mit Feldstarke 2800 Oersted an den Polschuhspitzen
und 980 Oersted inmitten der Spalte zwischen den Polschuhen, bei einer
Spitzenentfernung von 55 mm festgestellt.

I1l. Versuchsergebnisse

Bei RdOstung in Schalen ohne Deckel wurden bei allen drei Rohstoffen
sehr niedrige, nicht einmal 3% der Gesamteinwaage Uberschreitende Gewichts-
ausbeuten magnetischen Anteils erreicht, wobei keine Unterschiede bei ver-
schiedener Art der Kihlung des gerdsteten Produktes beobachtet wurden.

Bei der Kuhlung in abgedeckten Schalen beeinflufte im Gegenteil die
Art der Kihlung entscheidend die Gewichtsausbeute (Tafel 11).Beim Specularit
wurde festgestellt, dall im Falle langsamer Kihlung eine betrdchtlich niedrigere
Ausbeute des magnetischen Anteils erreicht wird, und deshalb verzichteten wir
bei weiteren zwei Rohstoffen auf diese Versuche. Bei synthetischem a-Fe20 3

Tafel 11

Prozentuale Ausbeuten des magnetischen Anteiles nach Résten in abgedeckten Schalen

Rostdauer, Min

Rosttempe- 5 i 20 5 10 20
ratur, °C Schnelle Abkiihlung Langsame Abkiihlung
Specularit
500 | 31,6 11,0 | 11,0 7,8
600 4.8 35,6 17,8 | 6,9 4.8
700 60,3 45,0 52 6,2 4.5 3,4
800 97,3 455 1,0 2,0 1 1
900 65,5 5,0 3,4 1,3 1 1
Indischer Hé&am atit
500 3,3 3,4 1,3
600 4,0 3,4 2,6
700 3,3 3,0 3,0
800 32,2 12,4 3,4
900 3,4 2,0 2,3

Bemerkung: Brim n|rhtgerosteten Specularit war die Ausbeute des magnetischen Anteiles 1 %, beim nichtgeros-
teten indischen Hamatit 3,2 %.
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p. a. war nicht einmal bei schneller Abkihlung die Ausbeute des magnetischen
Anteils hoher als 1%, und deshalb wurden die Ergebnisse in Tafel Il Uberhaupt
nicht einbezogen.

Aus den Angaben der Tafel Il geht hervor, dal hei schneller Abkihlung
des Specularits eine viel groRere Ausbeute des magnetischen Anteils als bei lang-
samer Abkuhlung erreicht wird, und daf mit Verldngerung der ROstzeit
sowohl die Menge des magnetischen Anteils als auch die Temperatur sinkt, bei
welcher die hochste Ausbeute des magnetischen Anteils erreicht wird. Beim

Tafel 111

Ausbeuten des magnetischen Anteiles der im Gemisch mit Pyrit
und in Anwesenheit von Siderit gerdsteten Rohstoffe

Rohstoff Verlauf der Rostung Ausbeute, %

1000 °C. 30 Min |

Specularit 1000 °C, 30 Min, anschlieBend 800°C, 5 Min i
1000 °C. 30 Min, Zusatz 5% FeS2, anschlieBend 800 °C,
5 Min 49,7
Indischer Hamatit Zusatz 5% FeS2 anschlieRend 800 °C, 5 Min 69,4
Fe20sp.a. Zusatz 5% FeS», anschlieBend 800 °C, 5 Min 21,8

In der Atmosphdre der Zerfallsprodukte des Siderites
Specularit (CO + C02 800 °C, 10 Min 39,8
800 °C, 20 Min 2,6

indischen h&matitischen Erz kann man nur die Abhéngigkeit der Ausbeute
des magnetischen Anteils von der Rdstzeit feststellen, wobei das Maximum
der Ausbeute immer bei derselben Temperatur erreicht wird.

Die Versuchsréstungen von a-Fe20 3 mit Pyritzusatz und in der Atmos-
phére von Produkten der thermischen Dissoziation des Siderites wurden nur
hei schneller Abkihlung durchgefliihrt (die Ergebnisse siehe in Tafel Il1).
Nach einer halbstindigen Rdstung des Specularits bei 1000 °C verschwinden
vOllig die magnetischen Eigenschaften, die nicht einmal nach wiederholter
Roéstung unter optimalen Bedingungen (800 °C, 5 Min) erscheinen. Unter
diesen Entstdnden ruft jedoch der Pyritzusatz wieder die Entstehung magne-
tischer Phasen hervor. In gleicher Weise verh&lt sich das indische Hamatiterz
sowie reines a-Fe20 3, wenn mit dem Pyritzusatz die durch Magnetscheidung
vorher abgetrennten nichtmagnetischen Anteile gerdstet werden. Zu &hnlichen
Ergebnissen fihrt die ROstung des Specularits oberhalb der Sideritschicht;
die betreffenden Ergebnisse wurden ebenfalls in Tafel 111 angefihrt.
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IV. Diskussion der Ergebnisse

Die im Verlauf der technologischen Versuche der Aufbereitbarkeit sideri-
tischen Erzes mit hdherem Specularitgehalt ermittelte Entstehung einer
Phase mit magnetischen Eigenschaften wurde an einer Reihe von Laborver-
suchen nachgeprift, wobei die Grundbedingungen des Specularitiberganges
in eine Verbindung mit magnetischen Eigenschaften bestimmt wurden. Es
wurde festgestellt, dal die magnetischen Eigenschaften nicht nur bei Specularit

%k

Bild 1. Temperaturabhédngigkeit der Ausbeute des magnetischen Anteils des Specularit
(schnell gekihlt, gerdstet in abgedeckten Schalen)

Rostdauer: Q — 5 Min, 0 — 10 Min, A — 20 Min

entstehen, sondern auch beim indischen H&matiterz; sie wurden jedoch nicht
hei der Rdstung von a-Fe20 3 p. a. beobachtet. Im Falle beider H&matiterze
machten sich die Rdstbedingungen entscheidend bemerkbar. Die magnetische
Verbindung entsteht ndmlich nur bei Rdstung unter beschrankter Luftzufuhr
(dies wurde durch Abdecken der Tiegel mit Asbestdeckeln erzielt) und bei
schneller Abkihlung des RdOstproduktes. Bei freier Luftzufuhr und allmé&hli-
cher Abkihlung des Ofens entsteht keine magnetische Phase. Diese Unter-
schiede sind aufféllig beim untersuchten Specularit (Bild 1 und 2). Mit der
Verldngerung der Rdstzeit bei einer bestimmten Temperatur sinkt die Ausbeute
des magnetischen Anteils sowie die Temperatur, bei der die maximale Ausbeute
des magnetischen Anteils erreicht wird. Minder bemerkbar machten sich diese
Abhéngigkeiten bei dem indischen H&matiterz (Bild 3), und ohne jedwede
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Anderung blieb gerdstetes synthetisches a-Fe20 3. Die Versuchsergebnisse
deuten an, dal fir die Entstehung magnetischer Eigenschaften neben den
Rost- und Abkihlungsbedingungen auch die chemische Zusammensetzung
des Rohstoffes entscheidend ist, falls wir die Unterschiede in Betracht ziehen,
die bei drei untersuchten Formen von a-Fe20 3 festgestellt wurden.

Bei der Untersuchung des Trégers von magnetischen Eigenschaften
gingen wir zuerst vom mikroskopischen Studium der Anschliffe der Produkte
der Specularitréstung aus. Das Bild 4 zeigt einen schrdgen Schnitt durch ein
Aggregat von Specularitschuppen, in dem schwarze Linien die einzelnen Kris-
talle abgrenzen. Das Bild 5 zeigt einen Rand eines dhnlichen Aggregates nach

% k

Bild 2. Temperaturabhdngigkeit der Ausbeute
des magnetischen Anteils des Specularits

(langsam gekihlt, gerdstet in abgedeckten
Schalen)
Rostdauer: O — 5Min, O — 10 Min, 4 —

20 Min

Bild 3. Temperaturabh&ngigkeit der Ausbeute
des magnetischen Anteils indischen Hama-
titerzes (schnell gekiuhlt, gerdstet in abge-
deckten Schalen)
O — 5Min, O — 10 Min, 4 —
20 Min

Réstdauer:

der Rostung auf 600 °C wé&hrend 10 Min; die Oberflaichenzone des Aggregates
ist deutlich dunkler, mit niedrigerem Reflexionsvermdgen. Analogische Doppel-
phasenzusammensetzung wurde bei allen aus dem magnetischen Anteil vorbe-
reiteten Préparaten beobachtet; mit der Verldngerung der R@stzeit nimmt
allméhlich die neugebildete dunklere Phase ab, die dem urspringlichen Specu-
larit gegeniuber betrdchtlich kleineres Reflexionsvermdgen aufweist und
zwischen gekreuzten Nicols sich isotrop verhé&lt. Optisch kann man jedoch
diese neugebildete Phase verldRlich nicht identifizieren, denn die Isotropie ist
sowohl fur Maghemit als auch fir Magnetit charakteristisch. Nicht einmal die
Rontgenanalyse gibt infolge der Isostruktur der G-itter beider Minerale Uber-
zeugend eindeutige Antwort, und dartber hinaus deshalb, da im Rdntgeno-
gramm die Linien des Hé&matits weiterhin deutlich bleiben. An der DTA-
Kurve des Produktes der Rdstung an der Luft weist ein breiter exothermer
Ausschlag eher auf die Anwesenheit von Magnetit hin. Eine genaue Antwort
bot die chemische Analyse, welche im Falle des nach fiinfminutiger Rdstung
bei 800 °C gewonnenen magnetischen Anteils die Werte 69,1% Fetot und 9,2%
Fe2+ ergab. Diese Erhdhung des Fe2+-Gehaltes beweist verldBlich die Anwesen-
heit von Magnetit, dessen Gehalt fast 38% der Proben entspricht.
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Bild 4. Schrager Schnitt durch ein Aggregat von Spéculant

Bild 5. Rand eines Aggregates, nach Rdstung auf 600 °C, wahrend 10 Min

Acta Technica Acadcmiae Scienliarum Hungaricae 54, 2966»

67



68 K. SMRCEK. O. [EJCHAN und J. CHVATIK

Grundsatzlich ist es zu erkldren, wie es zur Umwandlung von a-Fe20 3in
Fe30 4 in Abwesenheit Ublicher Reduktionsmittel kommt. Mit Bezug darauf,
dall bei chemisch reinem Fe20 3 praktisch keine magnetische Verbindung
gebildet wird, ist es notig, die Ursache der Anderungen im Unterschiede der
chemischen Zusammensetzung der Rohstoffe zu suchen. Als eine der Mdglich-
keiten ergibt sich die Reduktion durch den heim Waéarmezerfall der anwesenden
Sulfide, insbesondere des Pyrites, entstandenen Schwefel.

Zur Bestdtigung dieser Vermutung wurde eine Reihe von Rdstversuchen
der untersuchten Rohstoffe mit Pyritzusatz durchgefihrt, wobei es vermutlich
zur Bildung von Magnetit kommen sollte. Bei den Versuchen wurden verl&Rlich
unmagnetische Anteile angewandt; der Specularit wurde zuerst gerdstet unter
Bedingungen einer optimalen Ausbeute des magnetischen Anteiles (800 °C,
5 Min), der magnetisch separiert und weiter 30 Minuten bei 1000 °C gerdstet
wurde, um vollstdndiges Abbrennen von Schwefel und Reoxydation des eventuell
anwesenden Magnetites in Hadmatit zu erreichen. Ein Teil des auf solche Weise
vorbereiteten Rohstoffes wurde dann direkt magnetisch separiert, ein weiterer
Teil nochmals unter den obenangefiihrten Bedingungen gerdstet, um zu ermitteln,
ob bloRes Erhitzen zur Wiederbildung einer magnetischen Verbindung genigt,
und schlieBlich wurde der letzte Teil unter denselben Bedingungen (800 °C, 5 Min)
mit Zusatz von 5% FeS2 gerdstet. Nach Beendigung der Rdstung wurde das
Produkt schnell luftgekihlt und magnetisch separiert; die ermittelten Aus-
beuten der magnetischen Anteile sind in Tafel 11l angefliihrt. Die Ergebnisse
beweisen, dal durch Rdstung bei 1000 °C die magnetischen Bestandteile
praktisch véllig verschwinden, daB durch neue Rd&stung bei 800 °C keine
W iederbildung hervorgerufen wird, und daf es in Anwesenheit von Pyrit
wirklich zur Magnetitbildung kommt. Diese Ergebnisse unterstiitzen wohl in
genligendem MaRe die geduBerten Voraussetzungen.

Analogische Versuche wurden auch mit nichtmagnetischen Anteilen
indischen H&matiterzes und mit reinem Fe20 3 durchgefihrt; auch in diesen
Féllen fuhrte der Zusatz von Pyrit zur Bildung einer magnetischen Verbindung.
Die Vermutung tUber die Wirkung des beim thermischen Zerfall der anwesenden
Sulfide entstandenen Schwefels kann man als bewiesen betrachten und das
Schema des Reduktionsprozesses mit der Reaktionsgleichung

6 Fe20 3+ FeS2= 4 Fe30, + FeS + S02

ausdricken, deren Stéchiometrie zeigt, daB zur vollstdndigen Reduktion etwa
11% von Pyrit ausreicht. Den vorausgesetzten Reaktionsverlauf kann man
durch Berechnung der Verdnderung der freien Enthalpie

A GT= 74980 - 94,94 - T,
Uberprufen, wie sie sich aus den Tafeldaten fir die einzelnen Teilreaktionen
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[7—9] ergibt, die andeuten, dafl die Reaktion theoretisch von 510 °€ ab Ver-
ldufen wird.

Der angedeutete Mechanismus erlaubt die Erkldrung der Umwandlungen,
die bei der Rostung Vorkommen. In den Schalen ohne Deckel tritt zuerst der
Zerfall von FeS2 und unter freier Zufuhr atmosphérischen Sauerstoffs auch
die schnelle Oxydation des bei der Dissoziation entstehenden Schwefels bezie-
hungsweise des reduzierten Magnetites auf. Unter diesen Umstédnden erreichen
deswegen die magnetischen Anteile nur Prozentbruchteile. Ahnliche Verédnde-
rungen treten auch bei den in abgedeckten Schalen, d.h. in der Atmosphére
von eigenen Zerfallprodukten, gerdsteten Rohstoffe auf, die jedoch einer
mehrstiindigen freien Kihlung im Ofen unterzogen wurden. In diesem Falle
dauert die Erhitzung der Rohstoffe auf hohe Temperaturen verhdltnisméRig
lange, und obzwar anfangs oberhalb des Rohstoffes eine Reduktionsatmosphdre
gebildet wird und Magnetit entsteht, kommt esim Verlaufeiner verhdltnisméaRig
langen Kihlzeit zum Abbrennen der Scbhwefeldampfreste oberhalb der Probe
und zur Reoxydation von Magnetit. Je niedriger die Temperatur und kirzer
die RoOstzeit ist, um so friher werden die Redingungen der thermischen Stabili-
tdt des Magnetites und somit die Mdglichkeiten der Erzielung einer hdheren
Ausbeute des magnetischen Anteiles bei der Abkuhlung erreicht; diese Ausbeute
kann jedoch nie eine solche Hdéhe erreichen, die bei schneller Abkihlung der
Produkte unter denselben Bedingungen erreichbar ist. In diesem Falle tritt
nach anfdnglichem Wadarmezerfall von Sulfiden die Reduktion des Hé&matites
mit entstandenem Elementarschwefel in Magnetit ein, jedoch wird durch
schnelle Abkihlung die Reoxydation durch Luftsauerstoff verhindert. Daraus
resultieren bedeutend héhere Ausbeuten des magnetischen Anteiles gegeniiber
den vorigen Féllen. Aus den Abhéngigkeiten in Bild 2 ist gleichzeitig klar
ersichtlich, daB mitderVerldngerung der Rdstzeit die Ausbeute des magnetischen
Anteiles erniedrigt wird, d. h., die Bedingungen der Aufrechterhaltung des
M agnetits werden verschlechtert, und dall die Ausbeute des magnetischen
Anteiles in Abhangigkeit von der Temperatur ein Maximum aufweist, das mit
Verldngerung der Ro&stzeit herabgesetzt wird. Hier kommen offensichtlich
gegensatzliche EinfluBRgréRen zur Geltung, wie eine Beschleunigung der Reduk-
tion mit Temperaturanstieg, allmdhliche Verschwindung der Reduktions-
atmosphdre mit Verldngerung der ROstzeit, Beschleunigung der Reoxydation
von Magnetit mit dem Temperaturanstieg und Verldngerung der Rd3stzeit;
diese EinfluBgréRen haben die angefuhrten Abhé&ngigkeiten mit maximalen
Ausbeuten des magnetischen Anteiles bei einer bestimmten den Versuchsbe-
dingungen gemdR schwankenden Temperatur zur Folge.

Der angedcutete Mechanismus der Umwandlung erlaubt vorauszusetzen,
daB auf gleiche Weise wie die Sulfide auch der Siderit (im Gemisch mit H&m atit)
sich verhalten wird, der die Basis des urspringlich untersuchten Erzes der
Lagerstatte Rakos darstellt. Die Zerfallprodukte von Siderit, d. h. ein Gemisch
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aus CO und CO02 konnen gleichfalls Fe20 3 in Fe304 reduzieren, wie es die
Versuche erwiesen haben, deren Durchfihrung bereits im experimentellen
Teil beschrieben worden ist. Die Resultate in Tafel 11l beweisen klar, daB die
Reduktion von Hé&matit wirklich eintritt, und daRB die Bedingungen der
Reduktion grundsétzlich mit denjenigen der Reduktion mit Zerfallprodukten
der thermischen Dissoziation von Sulfiden Ubereinstimmen.

Die angefiihrten Feststellungen weichen einigermafRen von den Ergeb-
nissen der Arbeit von Lecznar [3] ab, die sich praktisch als die einzige mit der
analogischen Problematik befalt und die Bildung von magnetischen Eigen-
schaften bei Rdstung von Hé&matit im Temperaturbereich von 500 bis 800 °C
an der Luft der Umwandlung von H&matit (a-Fe20 3)in Maghemit (y-Fe20 3)
zuschreibt. Die Durchfiihrung der Versuche ist ein wenig unterschiedlich, da
der Autor die Entstehung der magnetischen Eigenschaften an den aus ange-
feuchtetem Hamatit geballten Kugeln mit Durchmesser von einigen Zenti-
metern sowie an Proben, die in einen mit einer Schicht von Quarzsand isolierten
Quarztiegel frei geschittet worden, untersucht. Er fihrtjedoch keine chemische
Zusammensetzung von den angewandten Rohstoffen an, und man kann des-
halb die Mdglichkeit nicht ausschlieBen, daB sie Anteile der die Reduktion
hervorrufenden Bestandteile (z. B. Sidfide) enthalten. In diesem Falle wéren
die meisten angefithrten Ergebnisse mit Hilfe eines die Magnetbildung klar-
legenden Reaktionsmechanismus leicht zu erkléren. In groReren Kugeln ist in
diesem Falle deshalb eine groRere Menge des magnetischen Anteils anwesend,
weil die Reoxydation des entstandenen Magnetits bis in deren Mitte nicht
eindringt; bei schneller Abkihlung im Luftstrom muB die Reoxydation des
M agnetits schneller verlaufen, und die Abdeckung von Proben bei der Kihlung
beschrankt die Luftzufuhr und bremst also die Reoxydation des Magnetits.
Die angefihrten Abhé&ngigkeiten zwischen der Menge des magnetischen Anteiles,
der Temperatur und der Rd&stzeit stimmen mit den unsererseits ermittelten
Beziehungen (berein.

Durch Bildung von Magnetit kann man jedoch die Entstehung der
magnetischen Phase bei Rdstung von synthetischem Fe2 3 p. a. nicht er-
kldren. In dieser Hinsicht differieren unsere Ergebnisse von den Angaben der
zitierten Arbeit: Lecznar behauptet, daB reines synthetisches Fe20 3 durch
Rdstung bei 850 °C in Abwesenheit der Reduktionsmittel in eine magnetische
Substanz vollig umgewandelt wurde, wéhrend in unserem Falle beim Erhitzen
auf 800 °C an der Luft (10 Min) der entstandene magnetische Anteil sehr klein,
unter 1%, war.

Die Frage, ob magnetisches y-Fe20 3 aus oc-Fe20 3 durch bloRRes Erhitzen
auf mittlere Temperaturen (500-t800 °C) entsteht, oder nur ein Zwischenglied
der Redox-Reaktion a-Fe20 3— y-Fe2 3— Fc30 4 darstellt, kann man anschei-
nend nur auf Grund weiterer Untersuchungen mitreinen Stoffen oder mit H&ma-
tit vollig bekannter chemischer Zusammensetzung entscheiden.
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CONTRIBUTION TO THE PROBLEMS OF THE ORIGIN OF MAGNETIC PROPERTIES
OF a-FeX., DURING HEATING TO MEDIUM TEMPERATURES

K. SMRCEK, O. CEJCHAN_and J. CHVATIK

SUMMARY

Using a specular hematite concentrate, an Indian hematite ore and a synthetic Fe20c
p.a., the possibility of forming maghemite (y-Fe203 by a simple annealing of a-Fe23
in the temperature range of 500 to 800 °C was investigated. The formation of a new phase
which exhibits magnetic properties was observed; by chemical analysis the presence of Fe2+
was proved. It is most probable that magnetite is the sole carrier of magnetic properties; it
originates by the reducing action of sulphur liberated by the thermal dissociation of the sul-
phides present, possibly also by the action of carbon monoxide contained in the gaseous pro-
ducts of thermal dissociation of siderite. These presumptions were verified experimentally on
synthetic mixtures.

CONTRIBUTION AUX PROBLEMES D’ORIGINE DES PROPRIETES MAGNETIQUES
a-Fe203 AU COURS DE LA MISE AUX TEMPERATURES MOYENNES

K. smrCek, o. Cejchan etj chvatik
RESUME

La possibilité de la formation de maghemite (y-Fe203) par le recuit simple dans I’inter-
valle des températures de 500 & 800°C fut vérifiée sur un concentré de spéculante, sur I'hnéma-
tite de I’Inde et sur Fe20 3p.a. synthétique. La formation d’une phase nouvelle faisant appa-
raftre des propriétés magnétiques fut observée; la présence de Fe2+ fut montrée par I’analyse
chimique. Comme porteur unique le plus probable des propriétés magnétiques, on peut consi-
dérer la magnétite produite par I’action réductrice de soufre libéré par la décomposition ther-
mique des sulfites présents, possiblement aussi par I’action de I’oxyde de carbon contenu dans
les produits gazeux de la décomposition thermique de la sidérite. Ces hypothéses furent véri-
fiées par des essais aux mélanges synthétiques.
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K MPOBMEMATUKE BO3HWKHOBEHWA MATHUTHbLIX CBOWCTB a-Fe203
MPW HATPEBE 4O CPEAHEN TEMMNEPATYPHI

K. CMPYEK, O. HEMXAH un N. XBATUK
PE3IOME

Bo3moXHOCTb 06pasoBaHns marremuta (-/-e,03) NPOCTbIM 06XMIOM oc-Fe20 3 B 061acTn
TemnepaTyp oT 500 go 800 °C 6bina npoBepeHa Ha CMeKynapyTOBOM KOHUeEHTpaTe, UHANNCKONA
reMaTUTOBOWN PYyLe N CUHETUYECKON Fe20 3 aHAIMTUYECKON YncToTbl. O6Hapy>keHo obpasoBaHue
HOBOW (ha3bl C MarHUTHbIMM CBOMCTBaAMU M MyTEM XMMUYECKOr0 aHanmsa [oKasaHo MpucyTcTBue
[BYXBaNeHTHOro >enesa. HocuTenem MarHUTHbIX CBOWCTB MOXHO CUMTaTb, MO BCeli BEPOAT-
HOCTW, TO/IbKO MarHeTWT, KOTOPbIA 06pa3yeTca BCNeACTBME BOCCTAHOBWUTENbLHOIO BO3LENCTBUSA
npu TepMMYEeCKOM pacnage MNPUCYTCTBYHOLLMX CYNb(MUAOB BbIAENAIOWENCA Cepbl UM OKUCK
yrnepoja, KOTOpyto cofep>katoT razoobpasHble NPOAYKTbI TEpPMUYECKON guccoumaumm cngepmra.
3TN NpeanonoXeHA MPOBePeHbl IKCNEPUMEHTANIbBHO HA CUHTETUYECKUX COEAMHEHUAX.
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ON THE RELATION OF CUTTING FACTORS
TO CUTTING FORCE IN TURNING
OF ALUMINIUM ALLOY

A. KARDOS
DEPARTMENT OF TECHNOLOGY OF MACHINE PRODUCTION, TECHNICAL UNIVERSITY BUDAPEST

[Manuscript received November 4, 1964]

In this paper the influence exerted by the variation of feed, depth of cut, and cutting
speed on the cutting force is dealt with. The tests are described and the results are made
known. On the basis of a large number of experiments and measurements including computing
operations, the relations between the specific cutting force, the chip thickness and the chip
area are discussed and analyzed. The change of the cutting force as a function of the cutting
speed is explained by investigation of variations of the chip deformation coefficient.

I. Introduction

In the field of cutting research, investigation of the relation of cutting
factors to cutting force including the determination of the latter has ever
been object of technological studies as can be seen by reviewing the relevant
literature during the past century.

According to recent experiments the magnitude of the cutting force is
influenced the most by cutting factors, especially by the chip section.

During the last 100 years, a great many measurements were carried out
in order to find some regular relation of cutting factors to cutting force.
Among these investigations, there were only a fewr measurements made in the
field of turning aluminium alloys. The present paper deals with experiments
carried out by turning an aluminium alloy containing 2,8% Cu, having a
hardness of HB — 61 kp/mm2 and characterized by a breaking stress of
erg = 24 kp/mm2 Remarkably, methods of, and means for, the measurement
of cutting force are generally known. Our task is restricted to show the results
and to draw some consequences in a more concise form.

Il. Relation of Chip Section to Cutting Force

During our experiments the main factors were the following: depth of
cutting/= 1+8 mm; feed e = 0,1 50,8 inm/rev; cutting speed v = 280 rn/min;
the chisels used were uniformly characterized by the following values: y — 30°,
a = = 10° vy - 45° r = 15°, A= 0°and r= 0,5 mm. The main cutting
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force was measured by means of a strain gauge type dynamometer [1]. Results
were evaluated by a semi-graphical method.

Table | shows the sequence of experiments carried out in order to find

Fig. 1 Fig. 2

some regularity of the relation cutting force versus feed, and cutting force
versus depth of cut.

In Figs 1 and 2, in a system of coordinates having logarithmic scales on
both axes, curves are shown which illustrate the functions Pfversus e, and f
versus e respectively (where Pj denotes the main cutting force). The resulting

Table |
Program of cutting tests

Depth of Feed values, mm/rev
Cutting, mm 01 0146 02 024 02 04 0475 058 08

+ + + + +

2 + + + + +

3 + + + + + +

4 + + + + + +

5 + + + + T ~f
6 + + ~r ~T +

7 + + +

8 . -r R
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values represent the average of more, at least of two, measurements. Plotted
are only 2 measuring points for each value.

The basic idea of evaluation was the assumption that the relation of feed
to cutting force has parabolic character as generally experienced by previous
tests.

Depth of cut f mm

Fig. 3 Fig. 4

The parallel straight lines, as drawn in this double logarithmic system,
show a fairly good approximation of the plotted measuring points. The evalua-
tion of these lines as curves can he expressed by the following type of formula:

Pj = Ce«e0'85.

The same manner of illustration serves to show the relation cutting force
Pj versus depth of cut/, according to Figs 3 and 4. These curves lead to the
following formula:

Pj = Cj-fo8.
By a logical and systematical comparison obtained measuring results

and by partial extrapolations, the following formula can be stated as the
expression of the cutting force:

Pf= Cpmex p = 54 ee°85-/°.98
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The value of Cpi.e. a constant representing the cutting force necessary
from the given material, to remove by means of the tool as determined, a
chip having a section area of/ ee= 1 X 1 mm2is, by basing this determi-
nation of the hardness and the tensile strength, proportional to values found
in known handbooks with reference to steel tests.

Exponent x of the feed is greater than the corresponding exponent
referring to steel. By precise and detailed calculations carried out in taking
all the available measuring results into account, this exponent is found when
feed is reduced to be a bit less and when feed is increased to be greater than the
above fixed average value of x = 0,85.

Exponenty of the depth of cut is less than the corresponding exponent
for the cutting operation of other metals. Besides, this exponent is character-
ized by the same rule as the exponent x. With smaller values of depth of cut it
is less and with larger values of depth of cut it is greater than the above
fixed average value (0,98).

A further research work was done, partly on the basis of a thorough
recalculation of experimental results, partly by carrying out further experi-
mental results, partly by carrying out further experiments in order to find
some regular relation between the chip thickness and the specific cutting
force. As is known from literary sources, some authors preferred to take the
specific cutting force (k — Pflg kp/mm2) and the change of its value as a basic
factor of inferences on the ground of experiments, that could help us to a more
exact knowledge of the whole cutting process (see e.g. [2, 14]).

Leyvensetter Was the first to introduce the term of a chip thickness [3]
for research work in the field of cutting technology. According to this definition,
the chip thickness is determined as the original chip section divided by the
length of the tool edge in action. This is, by using conventional symbols:

e of

ek |

Relying on approximate calculations, it is usual to take, instead of the
length of the tool edge |, the chip width (/') into account. This method does not
allow for a real consideration of the rounding-off the tool edge and of the tool’s
secondary cutting edge. Chip width is generally expressed, for straight edged
cutting tools, by the formula: ' = //sin x. For our purposes, we calculated
the edge length in action by using the formula:

f —r(l —cosx) N

X . e
A Lrarcsin-—.
sin x 360 2r

For routine calculations in the workshop, the simplification by intro-
ducing the chip width is permissible, but for the purposes of scientific research,
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we hail to look for another method of estimation. Doing so, we have found
that instead of calculating the mean chip thickness (a) by taking the chip
width (/') into account, it is better to determine the chip thickness ek on the
basis of the length of edge being theoretically in action (/).

First, experimental values directly obtained were recalculated. On the
hasis of the depth of cut, of the feed, of the tip radius and of the setting angle
of the main cutting edge, it is possible to determine the value of ek. Again,
the value of k can be calculated by the cutting force and the chip area.

In Table Il, the course of calculation is shown by means of a partial
computing operation. For comparison’s sake, the table contains, besides the
chip thickness (ek) also the values of the mean chip thickness (a).

Table 11

f. e «b f 9 K, a,
mm mm/rev mm Ep mm2 kp/mm* mm
3 0.2 0,135 40 0,6 66,6 0,142
3 0,29 0,196 55 0,87 64,1 0,206
3 0,475 0,306 84 1,42 59,1 0,336
4 0,29 0,199 74 1,16 63,6 0,206
5 0,29 0,202 91 1,45 62,7 0.203

The curves in Figs 5and 6 were obtained from recalculated results after
cumbersome computing operations and geometrical constructions were carried
out. In these figures measuring points are plotted in order to keep the diagrams
more conspicuous.

In Fig. 5 the curve represents the relation of the specific cutting force
and the chip thickness. The curve can be considered as a fairly good approxi-
mation of the measuring points obtained with various values of feed and
depth of cut.

Obviously, the statement seems to he well motivated according to
which, from the practical viewpoint, the specific cutting force is but a function
of the chip thickness, of course by the given conditions and within the ranges
of measurements observed when testing the actual material machined. The
mathematical expression of this curve (Fig. 5) is found in the formula:

KE,l45

As seen from Fig. 5, the diminution of the specific cutting force, in con-
sequence of an increase of the chip thickness, is relatively slower than in the
case of steel machining. Therefore, when feed becomes greater, — by keeping
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the chip area constant — no sensible decrease of the specific cutting force can
be expected. This factis obviously able to reinforce the validity of the formula:

Pf = Ce-e°’85,

that was obtained from the previous tests.

The relation of the specific cutting force and the chip area is shown in
the curves in Fig. 6.

For plotting the curves, feed values and depth of cut values served as
parameters. These diagrams make the statement plausible that the values of

a

the specific cutting force undergo relatively greater variations, under the
influence of small values of the parameters, and they show smaller variations
under the influence of greater parameter values.

According to the diagram in Fig. 6 that was plotted on the basis of
meticulous calculations the following statement seems to be motivated:

The thesis most preferred by acknowledged scientists, namely that
the relation between the specific cutting force and the chip area is charac-
terized, quite independently from the depth of cut, by a hyperbolical curve,
cannot be maintained. Such a relation is valid only for a single depth of cut,
and cannot be accepted as a general rule. (In Fig. 6, this can be seen when
considering the specific cutting force values belonging to depth of cut values
/ = 2, 3,4 mm for the case of a chip area of g = 0,4 mm2) In other diagrams,
although of a similar character as the one in Fig. 6, the relation k — ¢ can be
illustrated only by a multitude of straight lines and not by a single line (as in
Fig. 6). It follows from what has been said above, that the relation between
the cutting force and the values of depth of cut and feed, respectively, finds
its motivation in the relation between the specific cutting force and the chip
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thickness. Variations as found during the tests within small intervals can be
motivated by the same reason.

It should be noted that to the best of our knowledge, nowhere and never
have tests been carried out for the purpose to throw light on this problem by
making such a great deal of measurements and computing operations than it
was done during our experiments with the task to investigate cutting con-
ditions of light alloys. Our results culminate in the perception that the right
determination of the cutting force is only possible by taking the chip thickness
and the specific cutting force into consideration, whereas the hypothesis
according to which the relation between the specific cutting force and the

chip area can be represented by a strict mathematical formula should he
considered as refuted.

As a final result of our investigations, a nomograph was constructed
mainly for practical purposes (Fig. 7). With a view of possibly varying values
of the setting angle x, the diagram contains some auxiliary lines for the sake
of corresponding corrections. Of course, these auxiliary lines are the result of
supplementary tests.

I1l. Relation between the Cutting Force and the Cutting Speed

In connection with bringing about so many new kinds of structural
materials, it is to he understood why in the last three decades scientists were
anxious to investigate the influence exerted by the cutting speed on the cutting
force. Atthe beginning ofthis century, Nicolson and Taylor [4] preferred the
view that the magnitude of the cutting force is quite independent of the
cutting speed. Again, it was Leyensetter [5] who carried out measurements
according to which the theorem seemed to be motivated that the relation
between the cutting force and the cutting speed can be illustrated by a hyper-
bolic curve.
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In our days, the prevailing opinions can be classed into three groups.
According to the first opinion, practically there is no fixed rule that could be
applied to the influence of the cutting speed on the cutting force. According
to researches of the second group, an increase of the cutting speed acts, up to
a certain limit value, diminishing with the cutting force, hut starting from a
limit value, the force remains unchanged in spite of the further increase of the
cutting force. Again, the opinion of the third group is the following: when
cutting speed is increased, a certain fluctuation of the cutting force takes place.
This period is followed by a decrease of the cutting force and finally this force
remains constant.

By considering experiments that were carried out by various scientists
we find that the above mentioned three differing opinions are generally
adopted. To quote Coenen [6], according to his experiments made on four
kinds of aluminium alloys, the change of the cutting speed has no bearing on
the cutting force. Again, Schallbroch and Schaumann [7] observed that the
force shows a monotonie decrease when the cutting speed increases, although,
according to some experiments made by Schallbroch and Bethmann [8]
the force increases at the beginning and afterwards diminishes. Most interesting
informations are to be found in reports about the latest experiments carried
out by others [Il —13].

Various comments were construed in order to find the reasons of the
observed effects. The factors to which some influence was ascribed were
generally the cutting temperature, the coefficient of friction, the built up
edge, the tensile strength of the workpiece, and the coefficient of deformation
(of the chip).
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We started with tests to determine, by means of dynamometric methods,
the relation between cutting force and cutting speed. Doing so, the measuring
range was characterized by a cutting speed v = 104600 m/min, by values of
the depth of cutf = 2 and 3 mm, and by values of the feed e= 0,1;0,2; 0,28;
0,292; 0,36; 0,4 and 0,475 mm/rev.

Some measuring results are to be seen in Figs 8, 9 and 10. For the
purpose of a clear visibility only the points that correspond to average values
are plotted. The chip area is noted beside each curve.

The diagrams show the general trend that the cutting force decreases
when the cutting speed increases. Only, this decrease is not continuous. The

Fig. 8

wavy form of the curves cannot be considered as some error of measurement.
In view of this waviness it seems to be motivated that the third view-point
among those that are enumerated above should be accepted, namely, under
the given conditions when the cutting speed increases, the cutting force
assumes a fluctuation combined with a lowering trend, and reaches a final
low value that remains practically constant when the cutting speed arrived
at abt. 250 m/min. The general feature of the curves seems to coincide with
the thesis laid down by Hornung [2] according to which the cutting force
reaches its final low value at a lower cutting speed when a greater feed is
chosen.

The second series of tests was carried out in order to find some expla-
nation for the curves in connection with the coefficient of deformation.

When the coefficient of deformation was examined, it seemed probable
that some change of the chip root Avas to be assumed [9].

The coefficient of chip deformation can be determined by measuring
the chip length and the chip area 110]. In our tests, we compared the chip
area values.
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To this end, the first series of experiments served to throw light on the
relation of cutting force versus cutting speed, within the speed range v =
= 15-i-500 m/min. For each measurement we carefully kept some pieces of
chip separated. These served then for the determination ofthe chip deformation
coefficient.

The cut areas of chips were polished and measured by planimetry

(photomicrograph 10-times magnification). The coefficient of chip deformation

Cutting speed r m/min

Fig. 9

Fig. 10

is obtained by the ratio of the measured value to the calculated one (this
latter being g= e /).

These two groups of results (measured values of force and determined
values of the deformation coefficient) are gathered on one diagram of Fig. 11.
In this system of coordinates, the cutting speed scale is placed on the abscissa
axis, while on the ordinate axis there are two scales: one for the force values
and another forthe deformation coefficient values corresponding to a calculated
chip-area (this being equal to 3 X 0,4 mm?2).
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The similarity between the two curves is conspicuous. (The slight waviness
on the curves of deformation coefficient can probably be ascribed to some
mistakes committed during the preparation before polishing.) Consequently,
the thesis seems to be motivated, according to which, for the given case, the
variation of the cutting force depends on the variation of chip deformation as a
function of cutting speed.

From the processes observed the statement can be inferred that the
deformations of the chip and the chiproot exert a decisive influence on the

Fig. 11

variation of the cutting force. The nature of the measuring results is suitable
to support the opinion according to which a further investigation of chip
deformation is greatly needed. The importance of this kind of tests is most
obvious by the experience that the obtained results originate not from a
direct observation of chiproot deformation but by means of indirectly made
investigations, besides throwing light on the essential feature of the cutting
process.

IV. Consequences

In summarizing the results obtained from the investigation of the relation
between cutting force and cutting speed, the following facts were found:

a) The mathematical formula expressing the relation of cutting
to chip area runs as follows:

Pf = 54 «e08 ¢/°-RB.

The effective value of the exponents belonging to smaller or larger values
of feed and of depth of cut always deviates from the average exponent as
given above. These differences can be explained by the variations of the
specific cutting force.
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b) In the given range of the tests, the function of specific cutting force
versus chip thickness is represented by the formula:

«0,145

This equation can be considered as an explanation for the cutting force
depending on the chip area.

c) From the diagram in Fig. 6, it may be inferred that the opinion of
some authors, according to which the relation between the specific cutting
force and the chip area is characterized by a hyperbolic curve, cannot be
maintained.

d) Within the given conditions and with the material tested, the cutting
force changes when the cutting speed changes. Only, the decrease of the force
is not monotonie but the respective curve shows a wavy form. Practically, in
the speed range greater than 250 m/min, the change of force is negligible.
The cutting speed values usually applied in connection with the conventional
values of tool life belong to the range here mentioned (v > 250 m/min).

e) The nature of the variation of the cutting force as a function of cutting
speed finds its explanation by taking the change of chip deformation or more
exactly the change of deformation in the chiproot into consideration.
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BEZIEHUNGEN ZWISCHEN DER SCHNITTKRAFT UND DEN ZERSPANUNGS-
FAKTOREN BEIM DREHEN EINER ALUMINIUMLEGIERUNG

A KARDOS

ZUSAMMENFASSUNG

Es wird die von dem Vorschub, der Schnitttiefe und der Schnittgeschwindigkeit auf die
Schnittkraft ausgetbte Wirkung behandelt. Verfasser beschreibt den Verlauf der Experimente
und gibt die Resultate an. Ferner wird, auf Grund zahlreicher Messungen und eigener Kalku-
lationen, der Zusammenhang zwischen Schnittkraft und mittlerer Spandicke bzw. Spanquer-
schnitt analysiert. Die Anderung der Schnittkraft als Funktion der Schnittgeschwindigkeit
wird durch Einbeziehen des Spandeformationskoeffizienten erklart.

LES RELATIONS ENTRE LA FORCE DE COUPE ET LES CARACTERISTIQUES
DE COUPE AU TOURNAGE DES ALLIAGES D’ALUMINIUM

A. KARDOS

RESUME

L’étude traite de I’influence des variations de I’avance, de la profondeur et de la vitesse
de coupe sur la force de coupe et indique la marche et les résultats des essais. La relation entre
la force de coupe spécifique et I’épaisseur moyenne, resp. la section des copeaux est ensuite ana-
lysée sur la base d’un grand nombre de mesures et de calculs. La variation de la force de coupe
en fonction de la vitesse de coupe est expliquée par I’analyse du facteur de variation de la forme
des copeaux.

SABNCMOCTb MEXAY YCWIMEM PE3AHUVA N OAHHbIMA PE3AHWA
MNP TOKAPHOW OBPABOTKE A/IFOMUHWEBbLIX CrJ/IABOB

A. KAPAOW

PE3FOME

CraTbsl 3aHMMaETCs BO3[ECTBMEM, OKasblBaeMbIM Mofadqeit, ray6uHON pe3aHWs U CKo-
POCTbIO pPe3aHUst Ha Yycunue pesaHusi. WM3naraeTcss MpoLecc NpoBefeHUst SKCMepUMeHTalb-
HOrO OMbITa U MOMyYeHHbIe MPU HeM pesynbTaTbl. Ha 0CHOBE 60/bLIOr0 Yncia U3MEPEHUA 1
pacyeToB faeTcs aHa/N3 3aBUCMMOCTU MEXAY YAeNbHbIM YCUIMEM Pe3aHUs U CPefHei Toswum-
HOW CTPYXXKW, WM >Ke CeYeHUeM CTPYXKW. VccnefoBaHveM MokasaTenst M3MEHEeHUs (opMbl
CTPYXXKU OGBSCHSAETCS M3MEHEHVe YCUMUSI pe3aHnst B (PYHKLUMM CKOPOCTU pe3aHus.
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YUYBCTBUTE/IBHOCTb MAOCKUX MEXAHW3IMOB
K OWNBEKAM B PASMEPAX EIrf0 3BEHbLEB

B. BAPAOLLU kaHA. TexH. Hayk

CNOBEHCKA BbICOKA WKONA TEXHUUKA, BPATUCNABA

[MocTtynuno 5. Hosibpa 1964 r.]

ABTOp CTaTbW OMUCLIBAET METOA, C MOMOLLUIO KOTOPOrO MOXHO OMNpeaenvTb YyBCTBU-
TENbHOCTb MOMOXKEHUA W [IBUXEHUS BeJOMOro 3BeHa WAM TOUKM BeJOMOro 3BeHa [M/0CKOro
MexaHW3Ma K MepBUYHbIM OLLUM6KaM. MeTof UCXOAUT M3 MEPBUYHBIX OLLIMGOK B CTPYKTYpasb-
HbIX pasmepax M/J0CKOro MexaHuWama. ABTOP CHauasia U3faraeT OCHOBHbIE MOHATUSA, MOTOM
OMNMCbIBAET BECb METOA W, HAKOHEL, KOHCTaTWUPYeT, YTo A1S OMNpefeneHUs YyBCTBUTENbHOCTM
[eiCTBUTENIbHBbIX MEXaHW3MOB K MEpPBUYHLIM OLLUM6KaM B CTPYKTYpasibHbIX pasmepax Hafo,
NoNb3ysCb CXeMOW MexaHu3Ma, OMNpefennTb MepBYH COGCTBEHHYID MepefaTouHY0 (PYHKLIMIO
N OTAeNbHO MepBble (IUKTUBHbIE NepefaTouHble (QYHKUMA. VCXOAA M3 3TUX AaHHbIX, MOXHO
KpOMe OnpeaenieHnst UyBCTBUTENILHOCTM TaKXe [A0CTUYb MOHMXKEHWE BJIMSIHUS MEepPBUUHbIX
OWWBOK, WM AOBECTU UX BAWSHUE 40 MUHUMYMA.

1. BeefeHue

CTaTbsl CTaBUT LE/blo 00BACHWTbL M onucaTb MeTOd, C MOMOLLbIO KOTOPOro
MOXHO OMpPefenUTb YyBCTBUTENIbHOCTL TMOJIOXKEHUSA W [ABWKEHUA BeLOMOro
3BEHa WM TOYKM BELOMOro 3BeHa MJIOCKOro MexaHu3ma K MepBUYHbIM OLLIMOKam
[1,2] B CTpPYKTYypasibHbIX pasMepax MI0CKOro MexaHu3ma, npu4eM nog mno-
HATMEM CTPYKTYpasibHble pa3Mepbl MogpasymeBaeM pasMepbl KMHEMaTU4ecKoi
CXeMbl [JaHHOro MexaHu3ma; Harpumep, B MexaHusMax Ha puc. 1 pasmepbl A A
CC4 =R, OB = | 1 K ABNA0TCA CTPYKTYPaSIbHbIMU pa3mepaMmn faHHbIX M/I0CKUX
MeXaHM3MOB.

B panbHeiillem TeKCTe WCCAEAYIOTCS TOMbKO M/IOCKME MeXaHW3Mbl, KOTO-
pble KPaTKO HasblBaeM MNPOCTO MexaHW3MaMmu.

2. OCHOBHble MOHATUA

Mog NOHATMEM MexaHW3Mm 6yfeM MOHUMaTb CUCTeMY 3BEHbEB (Tesl), Coefu-
HEHHbIX KMHEMATUYECKMMW NapaMu ¢ OL4HUM HEMOABMXHbIM 3BEHOM OTHOCUTESIbHO
PeNsATUBHO HEMOABVKHOW MIOCKOCTM M C OAHON CTemneHbi0 CBO6GOAbI ABMXXEHUS,
T. €. C O4HMM BedyLLMM 3BEHOM. Y AaHHOr0 MexaHu3Ma OAHO BeAOMOe 3BEHO, T. e.
3BEHO, KOTOPOe [AO0/KHO BbINOMHATL Tpebyemyto Mose3Hy paboTy.

MexaHu3m, KOTOPOro BCe CTPYKTypasibHble pasmepbl [0BOMIbHO TOYHbI,
Ha3blBaeTCA wufieaslbHbIM MexaHusMom [2].
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MpeanbHbIX MexaHW3MOB, TakKuM 06pa3oM, He cyLllecTByeT. Hyxabl mexa-
HM3aUUM U aBToMaTu3auuM TPebyroT, UTOBbl W3rOTOB/IEHHbIA MEXaHW3M OT/U-
yanca 0T WAea/IbHOTO MexaHW3Ma MWHUMAsIbHO.

MexaHn3M, KOTOpbIi MOCTPOEH Ha OCHOBE WAeasibHOM CXeMbl, Ha3blBaeTCs
[eACTBUTENbHBIM MexaHu3MoM. CTpyKTypasibHble pasMepbl [efACTBUTENIbHOMO
MexaHU3Ma OT/IMYAKTCS OT CTPYKTYPasibHbIX Pa3MepoB UAeaSlbHOr0 MeXaHU3ma.

MycTb paH, Hanpumep, /r-3BeHHbI WAeaSIbHbIA U COOTBETCTBYIOLUMIA eMY
[eACTBUTENbHbIA MeXaHWU3M.

MycTb UMEKT MAEaUTbHBIA 1 COOTBETCTBYHOLUUIA €My AeMCTBUTENbHBIA Mexa-
HM3M T CTPYKTYpa/lbHbIX pa3MepoB; 3aTeM MycTb, HanpuMmep, pasmep napa-
MeTep T-TOFO 3BeHa N-3BEHHOr0 WAeaslbHOro MexaHusma 6ygeT qt; A cooTBeT-
CTBYHOLUNIA eMy pa3Mep N-3BEHHOr0 AeNCTBUTE/ILHOrO MexaHu3Ma MoToM 6yfeT qis.
Takum 06pas3oM, UMeeM:

iis= g, + AQ,, (1)

roe Agj — T.H. nepBuyHas owubka [l, 2] B CTPyKTypasibHOM pasmepe (is,
Ha KOTOPYI OT/IMYAETCH CTPYKTYpPaibHbIli pasmep AeNCTBUTENIbHOMO MexXaHu3ma
OT COOTBETCTBYHLLErO emy CTPYKTYpasbHOro pasmepa WaeasibHOr0 MexaHU3Mma;
MHAOEKCOM S 0003Ha4aloTcsa napamMeTpbl, COOTBETCTBYIOLME [AeACTBUTEIbHOMY
MeXaHU3My.

MepBuyHasa owmbka Aqt MOXET ObITb MOMOXMTENBHOM, OTpULATE/TbHON
AN MHOT4a MOXEeT ObiTb PaBHOW HyJO.

MepBrYHYO OWIMOKY AQt MOXHO OMpejennTb BbIYMC/IEHVMEM WAN U3Mepe-
HueM.

Mpegnaraemble MOHATMA MPeACTaBASAIOT COO0K OCHOBbI YUYEHMS O TOUHOCTU
mMexaHu3moB [1, 2], nNpegMeTOM KOTOPOro SBASETCA MWCCNef0BaHWe pPasHOCTeN
B NOJIOXKEHUWN VW ABVKEHUWN [eliCTBUTENIbHOIO M COOTBETCTBYIOLLErO eMy uaeasb-
HOF0 MexaHu3Ma; uaeasibHas CxeMa 3TOro MexaHuM3ma W3BeCcTHa.

OcHoBatefnieM y4eHUsi 0 TOYHOCTU MeXaHWU3MOB SBSAeTCA akagemunk H. T.
Bpyesuy [3].

YuUeHne 0 TOUHOCTU MeXaHW3MOB VMEET TPWM OCHOBHbIE YacTu:

a) uvccrefoBaHMe reoMeTPUYECKON TOYHOCTU;

6) wnccnegoBaHMe KMHEMATMYECKOW TOYHOCTU U

B) MCCNefoBaHWe [AUHAMWYECKOW TOYHOCTU MexaHu3moB [2].

JTa cTaThA MO CBOEMY COAEpPXXaHWK OTHOCUTCA K 4acTW reoMeTPUYECKOA
TOYHOCTM MEXaHU3MOB.

Mpw nccnefoBaHNM reOMeTPUYECKON TOHYHOCTU MEXaHM3MOB MOXHO UCXOANUTh
13 PYHKLMM NOSIOXKEHUS BEAOMOr0 3BeHa WM PYHKLMU MOMOXKEHUSA TOUKM BefO-
MOro 3BeHa [4]; 3T (PYHKUUWM HA3bIBAIOTCA FeOMeTpPUYECKUMUN XapaKTepucTy-
Kamu ugeanbHblX MexaHW3MOB.

MycTb faH nN-3BEHHbIA  WMAeaNbHbIA MexaHu3M. DPyHKLUUWeli MNOoSI0KeHUS
BEAOMOro 3BeHa WM (PYHKLMeR MOMOXKEHUA TOYKU BeAOMOr0 3BeHa Ha3blBaeTcs
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hyHKUMA
0= p(4ib (i=1*2, .. ., 1) ; 2)

rge S napametp, onpe,qenmou_l,mﬁ nono>XXeHne BeEAOMOro 3BeHa WM TOYKW BeAOMOro 3BeHa
OTHOCWUTE/IbHO TMJIOCKOCTMW, onpe,qeneHHoﬁ KOOpAUHaTHbIMW 0CAMW, KOTOpPble Henopa-
BUMXXHO COeANHEHbl CO CTOIAKOW [JaHHOIro wmaeasibHOro MexaHusma;

gi Npu i= | — napameTp, OMpeaenstoLMiA NONOXEHWe BeAyLUEro 3BeHa UM MOJIOKEeHMe
TOUYKM BefyLUero 3BeHa OTHOCUTE/IbHO HEKOTOPOro ApYroro 3BeHa;
npu i= 2, 3...... T He3aBMCUMble APYr OT Apyra napameTpbl, onpeaensiolie CTpyK-

Typa/ibHblE pa3sMepbl WKCCefoBaHHOIo MaeasibHOro MexaHu3ma.

XapaKTepI/ICTVI‘-IeCKOVI 0COBEHHOCTbIO (pyHKLI,I/II/I MOJI0XKEHNA BEAOMOro 3BEHa
WM TOYKM BeJOMOro 3BeHa SABNAETCA, YUYTO 3Ta (*)yHKLI,VIFI He 3aBUCUT OT Temna
OABMXEHNA MAea/ibHOro MexaHu3sma, a 3aBMCUT TOJIbKO OT CTPYKTYpPas/ibHbIX pas-
MEPOB 1 OT MapaMeTpa, KOTOprI7I onpenendeT rnosioXxkeHne BeayLlero 3seHa wWin
NnonoXKeHe TOYKM BeayLliero 3BeHa.

3. OnucaHve meTofa

MeToA onpeaeneHnst YyBCTBUTEIbHOCTU MeXaHU3Ma K MePBUYHbIM OLUMGKam
B CTPYKTYpa/ibHbIX pasMepax OCHOBaH Ha MOHATMAX OLIMOKU  MOMOXEHMWS
BEAOMOr0 3BEHa, OLLUMOKM MOJIOXKEHUST TOUKM BEAOMOrO 3BeHa, OLLUMOKM MOoMoXe-
HUS AEACTBUTE/IbHOIO MeXaHU3Ma WM OLLUMOKN MOJSIOXKEHUS] TOUKU AeACTBUTESb-
HOro mexaHusma [2].

OWwNBKOIA MOMOXKEHUST BeJOMOro 3BeHa WM TOYKW BeOMOr0 3BeHa Hasbl-
BaeTCA pasHOCTb B MOJIOXKEHUN BEAOMOr0 3BeHa [eMCTBUTE/IbHOIO U COOTBET-
CTBYIOLLETO €My WAEa/IbHOF0 MexaHu3Ma, KOTopasi CyLLeCTBYET BC/IEACTBME CyLe-
CTBOBaHUSI MepBUYHbIX owmnbok /Jg, E= 1,2,...,m).

OWMOKOA MONOXXEHUA AeACTBUTE/IbHOINO MeXaHM3Ma WM OLUMOKOI Mosio-
YKEHUSA TOUKMN AENCTBUTENIbHOMO MeXaHu3Ma Ha3blBaeTCsl PasHOCTb B MOJIOXKEHUM
BEIOMOr0 3BEHAa WM TOYKW BELOMOFO 3BeHa [EMCTBUTE/IbHOMO MexaHu3ma n emy
COOTBETCTBYIOLLEN0 MAea/IbHOFO MexXaHuM3Ma, KoTopas MosiBuiack BCeAcTBUE
CYLLECTBOBaHUSA MEPBUYHbIX OwWwMboK Ag, rge £= 2,3,..., O

PasHOCTb MeXAy OLUMOKOM MOSIOXKEHNS BEAOMOr0 3BeHa WM OLIMOKONA
MOMOXXEHNST TOYKM BEAOMOr0 3BeHa M OLIMOKOWM [AeCTBUTE/IbHOIO MeXaHu3ma
NN OLUMBKOM MOJIOKEHNSA TOYKU [EACTBUTENIbHOMO MEXaHu3Ma Mbl YYUTbIBAEM
MOTOMY, YTO OLIMOKA MOSIOXKEHMS [EeMCTBMTENIbHOIO MexaHuW3Ma WM oLunbka
MOJTIOXKEHNS TOUKW [eNCTBMTENIbHOINO MeXaHW3Ma BblpaXkaeT B/IUSHME MEPBUYHbIX
OLIMBOK B CTPYKTYpPa/ibHbIX pasMepax Ha MOJI0OKeHWe BefOMOro 3BeHa, U owmnbka
NoJIOXKEHNS BEAOMOr0 3BeHa WM OLIMOKa MOJIOXKEHUS TOYKU BeAOMOro 3BeHa
YUMTbIBAET TakKXe OWMOKY NapameTpa ql; napameTp g, OMpeaensieT MOOXKeHUe
BEAYLLEr0 3BEHa, 3TO 03HA4aeT, 4TO MOMy4YeHHas OWMOKa BbIpaXaeT TaKXe
B/IMSIHME OWMOKM MpUBOJA.
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OwwubKa NOMOXEHUSA BEAOMOr0 3BeHa WM OWMOKA MOSIOKEHUSA TOUKU
BEAOMOro 3BeHa mccrnegyeTcs MOTOMY, YTO BEAOMOe 3BEHO WM €ro ToYKa COBep-
WwatoT Tpebyemoe ABVXKEHWE W OT TOYHOCTU MOJSIOXKEHUA WU ABUXKEHUSA BESOMOI0
3BEHA 3aBMCUT TaKXXe TOYHOCTb peanusaumm Tpebyemoi onepaumm.

YKaszaHHble Bbille OWNOKM BbITEKAOT 13 ypaBHeHui (1) u (2) n paccmot-
peubl B [I] v [2].

OLwmbKa NoNoXKeHNA BELAOMOrO 3BeHa UM OLIMOKA MOSIOKEHNS TOUKM Befo-
MOro 3BeHa 6ygeT:

AO = MmAgx+  fidnAq, . 3)

T-~2

OwmnbKa NonoXXeHNs AeNCTBUTENBHOIO MeXaHn3Ma WM OLIMOKA MOJOXKEHUNS
TOUYKW [AeliCTBMTE/IbHOIO MexaHu3Ma OygeT:

AaM = (i=23,...,Tn). 4)

B3anMMOCOOTHOLLIEHNE MeX Yy OLUMOKON MOMOXKEHWUS BELOMOro 3BeHa W OLUMOKOL
MOIOXKEHNS [eNCTBUTE/IbHOTO MexaHM3Ma BbITeKaeT U3 ypaBHeHWA (3) u (4)

A6 = /i2nAgl + AOM. (5)

CumBonioM pZ1o603HaveHa BeNMYMHA, HasblBaemasi NepBoil COGCTBEHHOW Nepepa-
TOYHON (hyHKLUMEN mpaeanbHoro MexaHmsma [5]. OHa onpegensetca no dopmysne

Pon= . (6)

BennuunHbl py,, Ha3bIBAOTCA NEPBbIMA (PUKTUBHBIMU MepesaTouHbIMU (DYHKLUSAMM
ngeanbHoro mexaHusma [6]. Viveem

1 , (i=23, ...,/n). )
94

W3 ypaBHeHuWii (3) 1 (4) BbITEKAET, YTO OLIMOKA MOMOXEHUSA BELOMOr0 3BEHA
UM owmbka MosioXKEHMSA TOUKM BELOMOro 3BeHa TakXke, Kak M owunbka noso-
XKEHUA [eliCTBMTENIbHOMO MeXaHusma WM OwmbKa MOMOXKeHUA TOUKU AeicTBU-
TENIbHOI0 MexaHu3Ma NPy AaHHbIX NePBMYHbIX OWMOKax Aqt ABASETCS IMHeapHOM
3aBUCMMOCTbIO OT MePBbIX MepefaTouHbIX (DYHKLUWMIA; M3 3TOM0 BbITEKAET, UTO YeM
MeHbLUMMW 6yayT NepBbie NepejaToyHble YHKLUKN, TeM MeHbLUel ByaeT, Hanprmep,
owmnbKa MNOMOXKEHUSA [eliCTBUTE/IbHOr0 MexaHu3Ma WM OWMbKa MNOJI0XKEHUS
TOYKM [eCTBUTE/IbHOr0 MexaHu3Mma.
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HaobopoT, Mpu [aHHbIX MNepBbIX MepefaToyHbIX (YHKLUMAX, KOTOpble 3a-
JaHbl reoMeTpueil MexaHusma, OygeT, Hanpvmep, OWMOKA MONOXEHUA [eid-
CTBUTE/IbHOTO MeXaHuW3Ma WM OWMbKa MOMIOXKEHUSA TOUYKM [AeACTBUTENIbHOMO
MexaH/n3Ma TeM MeHbLLE, YeM MeHbLUMMK 6yayT nepBUYHbIe OLLINMGKK Agh

UyBCTBUTENBHOCTb MOMOXEHUA WM ABVKEHWS BELOMOro 3BeHa wnu Jeii-
CTBUTENbHOIO MexaHn3ma K MepBUYHbIM OLIMOKaM MOXHO OMpefenvTb Cregyto-
LWMM 0bpasom.

[JecTBUTENbHBIA MeXaHW3M SBNSETCA Hambosiee 4YyBCTBUTE/IbHbIM K 3TOM
nepBMYHOM owMbKe Aqt nNapameTpa qi} nepBas nepefatovHas (CO6CTBEHHasA wu
(PMKTUBHAA) (hyHKLUNS KOTOPOro LOCTUraeT PensiTMBHO MaKCUMasbHbIX 3HaYeHui
B CPaBHEHUWN CO 3HAYEHWSAMU APYTUX MepBbIX MNepefaTOUHbIX (YHKLMNA.

[elicTBNTENbHbI MexaHM3M, HaobopoT, SABMSETCA O4YeHb MasiouyBCTBU-
TelbHbIM K 3TOW MepBMYHON owmnbke Aqt mapameTtpa g,, nepsas MnepefaTtoyHas
(cobcTBEHHAA MM (PUKTUBHAS) (PYHKUUSA KOTOPOro [JOCTUraeT MUHUMaSIbHbIX
3HaYeHWA B CPABHEHMMN CO 3HAYEHUAMMU [PYTrUX MePBbIX MePefaTOUHbIX PYHKLMIA.

3T0 3HAYMT, YTO MPU HEOOXOAMMOCTU MOBbILEHUA TOYHOCTU MOJIOXKEHUS
W ABWXXEHUA [eliCTBUTE/IbHOr0 MexaHusma Hafo, Npexne BCero, YMeHbLUWTb
NMePBUYHYI0 OLWIMOKY MO TOMY pasmepy, MO OWWOKe KOTOPOro Mccriegyemblii
[eliCTBUTE/bHBIA MeXaHM3M ABMSeTCA Hanbonee 4yBCTBUTESIbHbLIM.

OnuvcaHHble CBOMCTBA MO3BOMAIT TaKXe CPaBHUTb HECKO/IbKO BapuaHTOB
MeXaHn3MOB, KOTOPbIE [O/KHbI Peasi3MpoBaTb NOAOOHbIE MOSIOXKEHUA WU ABU-
YKEHWS BEAOMOro 3BeHa B OTHOLUEHMM YYBCTBUTE/IbHOCTM K MEPBUYHBLIM OLLMO6KaM
Aqt no napameTpam g,.

MeHee 4yBCTBUTENIbHOW WM HaliMeHee YyBCTBUTENIbHOW K MEPBUYHBLIM
owmbkam Agi Mo napameTpam g, SBASETCA Ta Cxema, rnepsas co6CTBeHHas nepe-
faTouHas (yHKUMA U nepBble (MKTVBHbIE MepefaTovHble PYHKLMU KOTOPOR Ao-
CTUralT MUHVMA/IbHbIX 3HAYEHW MO CPaBHEHMIO CO 3HAYEHWSAMU MepBbIX Mepe-
[ATOUHbIX (PYHKUMIA APYrnX MNPUHATbIX BO BHUMAHWME CXeM.

MycTb, HanpuMep, WMMEeM LLUECTM3BEHHbI MexaHu3m (puc. 1a); BegyLUM
ABNAETCA 3BeHO 2, a BefOMbIM — 3BeHO 6. NonoxkeHne Toukn C 3BeHa 6 OTHOCU-
TENIbHO CUCTEMbI KOOPAUHAT X,y C Havasiom B ToUke O U eAVHUYHBbIMU BEKTOPamMm
> . e

onpefensieT QyHKUUA nonoxeHusa (puc. 1la)

R sin (p
S = K '(' | (8)
YR2-)- b2-f- 2Rb cos P
OwmnbKa MnonoXxeHUs Toykn C 3TOro MexaHusMa npu LaHHOM yrie <p 6yaet
AsM = [rkBAK -f- MBAI f- IXBAb -f- Rm dR 9)

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



92 B. BAPAOL

rae
Rsin ® (10)
T — YO + b2+ 2Rb cos < ’
Mm= 1, 2
IR sin (p(b 4-R cos X9
NG = (p( ) 12

(R2+ g2-f- 2Rb cos yI2

Ib sin cp(b -f- R cos ) (13)
(R2-f- b1-f- 2 Rb cos 932

Ona cnyyvaa R = 02 wm b= 38R, h=7\R nl= 68R (puc. la) nepsble ¢uk-
TUBHbIE MepefaTouHble  (YHKUWW, BbIPpaKEHHbIE YypaBHeHusaMKU (10) — (13),
cBefileHbl B Tabs. 1; Ha OCHOBE TMOJIYYEHHbIX BENMYMH B Tabn. 1 MOXHO nNpous-
BECTW CpaBHEeHVEe 3HayeHW OTAe/bHbIX MEPBbIX (QUKTUBHBLIX MNepesaToyvHbIX
(OyHKUMA. Elle Nyyllylo KapTUHY 0 B3aMMOOTHOLLUEHUSX MeXAy MepBbiMU (PUK-
TUBHbIMW MePefaTodHbIMU PYHKUMAMWN AaeT auvarpaMmma puc. 2, NOCTPOeHHas Ha
ocHoBe Tabn. 1

N3 guarpammbl puc. 2 BbITEKAeT, YTO UCC/eLyeMblli MexaHM3M Haubonee
YyBCTBUTENEH K nepBuvYHON owwmnbke dR, a notom K nepBu4HOl owwmnbKe JIK B
pasMepax R nk Mpy nepBuvyHON owmbke JIK 3TO ACHO M3 puc. la, MOTOMY YTO
aTa nepBMYHas oWMOKa MPAMO MPUUNTHIBAETCA K 3HAYEHUIO S. 3TO 3HAYUT, 4UTO
B pasmepax R 1 K HeobxoAMMo 3afaTb CTpOrve AOMYCKM 3TUX pasMepoB, MOTOMY
YTO YeM MeHbLUMMM OYAYT OTK/IOHEHUA OT pasmepoB R U1 K, TeM MeHbLUe BygeT AsM.



YYBCTBUTENBHOCTb MNOCKNX MEXAHW3IMOB 93

Ta6bnuua 1
o vu Wt VRt

0° 1,000 0,000 0,000 0,000
15° 1,000 0,055 -0,079 0,298
8.p 1,000 0,106 -0,153 0,582
45° 1,000 0,154 -0,229 0,863
60° 1,000 0,197 - 0,301 1,141
75° 1,000 0,230 -0,350 1,335
90° 1,000 0,254 0,426 1,612
105° 1,000 0,262 -0,470 1,788
120° 1,000 0,254 —0,491 1,864
135° 1,000 0,223 0,463 1,762
150° 1,000 0,167 -0,392 1,433
165° 1,000 0,092 —0,220 0,838
180° 1,000 0,000 0,000 0,000
195° 1,000 -0,092 0,220 -0,838
210° 1,000 -0,167 0,392 -1,433
225° 1,000 -0,223 0,463 -1,762
240e 1,000 -0,254 0,491 - 1,864
255° 1,000 -0,262 0,470 - 1,738
270° 1,000 -0,254 0,426 -1,612
235° 1,000 —0,230 0,350 - 1,333
300° 1,000 0,197 0,301 - 1,141
315° 1,000 -0,154 0,229 -0,868
330° 1,000 -0,106 0,153 -0,582
345° 1,000 -0,055 0,079 -0,298
360° 1,000 0,000 0,000 0,000

W3 gnarpammbl puc. 2 fgasiee BbITEKAET, YTO NPV MoAxoasLlemM Bblbope COOT-
HOLLIEHMSA MeXAY MepBUYHbIMK oLnbKamun JIb 1 AR MOXHO (TEOpPeTUYECKM) ycTpa-
HUTb B/IMSIHWE 3TUX MEPBUYHbIX OLINGOK; B AEACTBUTENIbHOCTM BO3MOXHO TO/IbKO
MOHWKEHWE BJ/IUAHUA 3TUX MEPBUYHBLIX OLWIMOOK [0 MWHMMYMa, NOTOMY 4YTO W
nepBuYHble OWKNEKN JIb 1 JIR HEBO3MOXHO peann3oBaTb abCoOMOTHO TOYHO.

TpebyemMoe B3aMMOOTHOLLIEHWE MeXAy nepBUYHbIMK owwmbkamun JIb n /IR
MOXXHO OMPeAennTb C MOMOLWBK ypaBHeHun (12) n (13); wTak

o, (14)
Vb
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nnn

Rrs + VbB -}!T —0. (15)

N3 ypaBHeHuA (14) nnn (15) npu ymHOXeHUM Ha AR umeem:

Rr6 +"66_R AR = 0. (16)

N3 ypaBHeHuA (16) BbITEKAET, 4TO

Ab=— AR
R
Unn e
Ab b an
AR R
npuyem

sgn Ab = sgn AR .

Ecnu peanusyeTcs COOTHOLUEHME MeEXAY TMEPBUYHbIMK OlWMGKamm Ab 1 AR,
BbIPa)KEHHOE ypaBHeHWeM (17), TO MOTOM 3TV MEPBUYHbIE OLUMOKM He BUSIIOT Ha
MONOXKEHWE WU ABWXEHUE TOYKU C MexaHu3Ma puc. la
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Vccnegyem Tenepb APYrux fBa LUECTU3BEMHBLIX MexaHW3Ma, KOTopble Mnpeg-
HasHayeHbl AN peanu3auun TOW camoli onepauMyM Kak MexaHusm Ha puc. la
(pyc. 16 u 1B). VIHTepecHbIM ABNSeTCA, YTO 06a 3TU MexaHW3Ma WMEKT Npu 0au-

HaKOBbIX pasMepax OAMHAKOBblE (PYHKLUMU MOMOXKEHUS ToUkM C 3BeHa 6. PYHK-

UM NonoXkeHna Todknm C mexaHusma puc. 16 1 1B nmeeT BUA:
R sin 9
b Rcos<$

s= K -f

OwmnbKa NonoXeHNs TOUKU C 3TUX MEXaHU3MOB npn AgaHHOM yrne

AsM — Nk fikbAh -f- nb - /IRRNR
f*kt = 1.
R sin ¢
~ b+ Rcos9
Rh sin 9

(b f- R cos 92
bh sin
[b-f-R cosy)l

(18)

bypet:

(19)
(20)

(21)

(22)

(23)
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Ona cnyqaa R = 0,2 M, b= 38K nh= 7,\R (puc. 16, B) 3HaueHns nep-
BbIX (PMKTUBHbIX MepefaToyHbIX (DYHKUWIA, KOTOpble onpedesieHbl YpaBHEHMAMMN
(20) — (23), ykasaHbl B Tabn. 2; Ha OCHOBE BeNMUMH, Tab/n. 2 MOXHO MPOU3BECTU

Tabnuua 2
RH R6 Rht RRO

0° 1,000 0,000 0,000 0,000
15° 1,000 0,054 -0,081 0,312
30° 1,000 0,106 —0,163 0,632
P 1,000 0,155 -0,246 0,958
60° 1,000 0,201 —0,332 1,233
75° 1,000 0,238 —0,416 1,617
85 1,000 0,263 0,491 1,903
105° 1,000 0,272 -0,546 2,119
120° 1,000 0,262 -0,564 2,175
135° 1,000 0,229 —0,522 2,031
150° 1,000 0,170 —0,411 1,594
165° 1,000 0,091 0,230 0,885
180° 1,000 0,000 0,000 0,000
195° 1,000 0,091 0,230 0,885
210° 1,000 50,170 0,411 -1,594
225° 1,000 0,229 0,522 2,031
240° 1,000 0,262 0,564 -2,175
255° 1,000 50,272 0,546 —2119
270° 1,000 -0,263 0,491 -1,903
285° 1,000 -0,238 0,416 -1,617
300° 1,000 -0,201 0,332 -1,283
315° 1,000 -0,155 0,246 —0,958
330° 1,000 —0,106 0,163 0,632
345° 1,000 -0,054 0,081 0,312
360° 1,000 0,000 0,000 0,000

CpaBHEHMWE OTAeNbHbIX NepBbIX PUKTUBHBLIX MepesaTouHbIX GyHKUWA. Ha ocHose
Tabn. 2 MOXHO TakXe MOCTPOUTb rpatiuku MepBbiX (UKTUBHBLIX MepeaaToYHbIX
byHKUMA (puc. 3).

N3 guarpammbl puc. 3 BbITEKaeT, UTO MexXaHu3Mbl puc. 16, B Haubonee
YyBCTBMTE/IbHbI K NepBUYHON owmnbke AR B CTPYKTypaslbHOM pasmepe R KpuBo-
Wwnna 2 1 o0YeHb MasiovyBCTBUTE/IbHbI K MEPBUYHOM owwmbke Ah B CTPYKTypasib-
HOM pa3smepe h.
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Ecnun cpaBHUTL gnarpammbl puc. 2 U 3, TO BUAHO, YTO MPU 3afaHHbIX pas-
Mepax MeHee YyBCTBUTE/IbHbIM K MEPBMYHBLIM OLUMOKAaM B CTPYKTYpasibHbIX pas-
Mepax fIBNSeTCA MexaHusMm puc. la

UyBCTBUTENBHOCTL MexaHW3MoB puc. 16, B K MepBMYHOMA owmnbke AR
MOXXHO YMEHbLUNTb BbIGOPOM COOTHOLLIEHUS MEXAY NepBUYHbIMKA OLLIMGKamMu Ab 1
AR. W3 ypaBHeHWIA (22) u (23) vMeeMm:

M/«

(24)
Vb
M3 ypaBHeHUA (24) nonydvaem:
b
t*R6 + Ub6 « = 0- (25)
Ecnn nomMHOXUTbL ypaBHeHWe (25) Ha BennuuHy AR, NOYy4UM:
B AR fitfi—R AR = O
€CNN NPegnosoKnNM:
— AR = Ab,
R
Torga
Ab
26
AR ~ R’ (26)
rae

sgn Ab = sgn AR

MOTOM B/IUSIHWE MEPBUYHBIX OLUMGOK AR 1 Ab Ha MOJIOXKEHUE WU ABUXKEHME TOUKU
C wcCnefoBaHHbIX MeXaHU3MOB 6yAeT MUHUMa/IbHBIM (TEOPETUYECKU OHO 6ygeT
OTCYTCTBOBAaTb); A/ BbIGPAHHbIX HaMK Pa3MepoB HEeOGXOAUMO, 4UTO6bI

Ab = 3,8 AR, (27)
npuyem
sgnAb = sgnAR . (27a)

Ecnn peanusyeTcs COOTHOLLIEHWE, BbIPaXXEHHOe ypaBHeHUsAMU (27) v (27a),
TO MexaHu3M Ha puc. 16 n 1B ABNAETCA MeHee UyBCTBUTE/IbHBbIM K MEPBUYHBLIM
ownbKam B CTPYKTYpa/ibHbIX pasmepax, Kak MexaHW3m Ha puc. la, NOTOMy 4TO B
3TUX MexaHu3Max B/NAIOT Ha MOMOXKEHUE WM [BUXKEHME TONbKO MepBUYHbIE
owmnbkm Ah un Ax.
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4. 3aK/o4eHne

Mpwn onpegeneHMn YyBCTBUTE/ILHOCTU MEXAHU3MOB K MEPBMYHbIM OLUMOGKaM
B CTPYKTYpa/ibHbIX pasMepax Hafo 3HaTb CXEMY MWAea/lbHOro MexaHu3Ma, Ha
OCHOBE KOTOPOr0 BO3HMKAET [eliCTBUTE/bHbIA MeXaHU3M; C NOMOLLIbIO 3TOM CXeMbl
MOXXHO OMpefe/MTb MNepBYK COOCTBEHHYHD NepefaTouHY (PYHKUMIO 1 NepBble
(PMKTMBHbIE NepefaTouvHble (YHKUMM anrebpanyeckum, rpaguko-anrebpanye-
CKUM nnu rpaguyeckum [5, 6] nyTem.

Mocne onpegeneHWs MNepBbiX MepefaToOUHbIX (DYHKLUWIA YXKe MOXHO Mpu-
CTYNUTb K OMpefeNieHNt0 YyBCTBUTE/IbHOCTU WAN XKe, eClIM UMEETCA HeCKO/bKO
BapMaHTOB, MOXHO OMpefeNINTb HavMeHee YYBCTBMTE/IbHYKO MO OTHOLUEHUIO K
NepBMYHBLIM OLIMOKaM B CTPYKTYpaslbHbIX pasMepax CXemy.

Mpwn onpegeneHNN 3HaYeHWUA NepBbIX (MKTUBHbLIX MepeaToyHbIX (YHKL M
MOXHO MPMMEHATb BCMOMOraTesibHble MexaHusmbl [3, 1] uavM MeTodbl, KOTopble
BbITEKAIOT M3 BCMNOMOraTe/lbHbIX MeXaHW3MOB, NPUYEM KX MOCTPOeHWEe AN Mo-
nydeHnss TpebyeMbiX pe3ynbTaTOB He SABASAETCA Heobxogumbim [5].
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THE SENSITIVITY TO DIMENSIONAL ERRORS OF THE MEMBERS
OF PLANE MECHANISMS

V. BARDOS

SUMMARY

In this paper the author describes a method for the determination of the positional
and cinematic sensitivity of the guided members of plane mechanisms. He starts from the
primary errors of the dimensions of plane mechanisms. Then by discussing basic concepts he
describes the method and in the summary he points out that for the determination of the sensi-
tivity to dimensional errors in real mechanisms, the first transmission eigenfunction must be
determined and, separately, the first fictive transmission function, using for that the cinematic
plan of the mechanism. With the aid of the transmission functions (eigen and fictive) not
only the sensitivity can be determined, but it also becomes possible to diminish the influence
of the primary errors, and to reduce them to a minimum.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



YYBCTBUTENBHOCTb MNOCKUX MEXAHWN3MOB an

DIE EMPFINDLICHKEIT GEGEN MASSFEHLER DER GLIEDER
BEI EBENEN MECHANISMEN

V. BARDOS

ZUSAMMENFASSUNG

Der Verfasser beschreibt eine Methode fiir die Bestimmung der Lage- und kinemati-
schen Empfindlichkeit des gefiihrten Gliedes von ebenen Mechanismen. Er geht von den pri-
méren Fehlern der KonstruktionsmaRe der ebenen Mechanismen aus. Zuerst bespricht er die
Grundbegriffe, dann beschreibt er die Methode und als SchluBfolgerung stellt er fest, da zur
Bestimmung der Empfindlichkeit gegentiber MaRfehlern in wirklichen Mechanismen mit Hilfe
des kinematischen Plans die erste Eigenlbersetzungsfunktion und gesondert hievon die erste
fiktive Ubersetzungsfunktion bestimmtwerden muB. Mit Hilfe der Ubersetzungsfunktionen
(Eigen- und fiktive Funktion) kann nicht nur die Empfindlichkeit bestimmt werden, sondern
es wird auch maglich, den EinfluR der primdren Fehler zu verringern bzw. sie auf ein Minimum
zu reduzieren.

LA SENSIBILITE DES ERREURS DIMENSIONNELLES DES MEMBRES
DANS LES MECANISMES PLANS

V. BARDOS

RESUME

L’auteur décrit une méthode permettant de déterminer dans les mécanismes plans la
sensibilité positionnelle et cinématique du membre guidé. La méthode part des erreurs pri-
maires de dimension des mécanismes plans. L’auteur faisant connaftre d’abord les notions
fondamentales, décrit la méthode et constate, en conclusion, que la détermination de la sen-
sibilité aux erreurs dimensionnelles des mécanismes réels nécessite d’obtenir, a I’'aide de
I’épure cinématique du mécanisme, la premiere fonction de transmission propre et, séparé-
ment, les premieres fonctions de transmission fictive. Les fonctions de transmission (propre
et fictive) permettent non seulement de déterminer la sensibilité, mais aussi de diminuer I’in-
fluence des erreurs primaires et de les réduire au minimum.
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DIE GEOMETRIE DES THEORETISCHEN EINGRIFFES
VON MITTELS EINES KREISRINGABWALZWERKZEUGES
ERZEUGTEN ZAHNFLACHEN~*

I. DRAHOS

KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN
LEHRSTUHL FUR DARSTELLENDE GEOMETRIE
TECHNISCHE UNIVERSITAT FUR SCHWERINDUSTRIE, MISKOLC (UNGARN)

[Eingegangen am 16. Dezember, 1964]

Man kann nach dem Wildhaber-Novikov-Prinzip zylindrische Zahnrdderpaare an
der Forster-Kegelverzahnmaschine und Hypoidradderpaare an der Gleason-Verzahnmaschine
hersteilen. Fir solche Verzahnungen bedient man sich solcher Zahnstangen bzw. Planrédern,
deren Abwalz-Zahnfldchen als Rotations-Kreisringflachen ausgebildet sind, mit dem Rotations-
kreis als Berthrungslinie. (Man kann die Z&dhne auch mittels einer kreisprofilierten Topf-
scheibe bearbeiten !) Es wird hier mit Hilfe von konstruktiven Methoden die Kinematik der
oben beschriebenen Zahnflachen besprochen.

Wir verdanken w irananer [27] die lIdee einer zylindrischen Schrég-
verzahnung, bei welcher die Normalprofile von eingreifenden Zahnfldchen aus
Kreisbdgen bestehen, und sich diese Zahnflachen momentan entlang je eines
Normalkreisprofils — kontinuierlich immer entlang von nacheinander folgenden
Normalkreisprofilen — berthren.

Nun hatte Novikov [7, 8, 19] eine zylindrische Schrédgverzahnung
konstruiert, bei welcher eines der eingreifenden Stirnprofile als konvex, das
andere als konkav erzeugt ist, und die Zahnfladchen berihren sich in einem
Punkt. Das Novikovsche Prinzip wurde auch auf R&der mit windschiefen
Achsen angewendet [21].

Diese Verzahnungen haben an der Internationalen Konferenz Zahnrédder
und Zahnradgetriebe Essen 1960, sozusagen die erste internationale Bewertung
erfahren [14, 21, 26]. Nach Niemann’s Vortrag werden solche Verzahnungen
gemeinsam als WN (Wildhaber—Novikov) Verzahnungen genannt [18].

Das Wildhaber—Novikov’sche Prinzip kann und wird auch an Kreis-
bogenverzahnungen angewendet. Die Verzahnmaschine Forster [24] st
geeignet, nach dem W N-Prinzip ein zylindrisches Zahnrdderpaar durch Ab-
waélzen mit einer Kreisringflache [11] herzustellen [3]. An der Verzahnmaschine
Gleason [6, 12] kann nach dem WN-Prinzip ein Kegclrdderpaar und auch
ein Hypoid-Kegelrdderpaar ebenfalls durch Abwdlzen mit einer Kreisring-
flache erzeugt werden.

In dieser Abhandlung soll — fur die in der Praxis Ublichen Félle der
Axoidanordnungen [20, 22] — an den durch eine Abwalz-Kreisringflachc

* Diese Abhandlung ist ein Teil der Kandidats-Dissertation v. 25. Juni 1964.
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erzeugten zylindrischen Rd&derpaaren, Kegel- und Hypoidrdderpaaren der
theoretische Eingriffsvorgang mit Hilfe von geometrischen Konstruktionen
analysiert werden. Das Problem unterschnittener Zdhne wird nicht beriuhrt.

Die Anordnung der Axoiden eines zylindrischen Zahnréderpaares mit
parallelen Achsen ist im Bild 1folgenderweise dargestellt: die Axoiden A 2und
A2l des kleinen bzw. des grofRen Rades sind Drehzylinderflachen, die Axoide
A3l==A3= A32 der Abwadlz-Zahnstange ist eine Ebene. Die Axoiden A1

! I X
I f |
M\ \bl,,: A»aA*BA"
/ LI
|
PR A
\ 23"\,
\ Yy

Bild 1. Axoiden der zylindrischen Verzahnung

A 21, A32berihren sich entlang der Hauptgeraden /123 und rollen auf einander
ohne Gleiten ab, folglich ist A2= A13und A2L= A23 Der Punkt E123 der
Hauptgeraden ist der Hauptpunkt in der Mittelebene der Radkdrper.

Die Zahnflache &3 (Bild 2) der Abwé&lz-Zahnstange, mittels welcher die
eingreifenden Zahnflachen ®r am kleinen und ®2am grofRen Zahnrad erzeugt
werden, ist eine Kreisringflache (vierter Ordnung) mit dem Profilhalbomesser
Q, deren Achse t normal zur Axoide A312ist und von der Mittelebene der Rad-
kdrper sich in einem Abstand T befindet, und deren Mittelkreis Kk mit dem
Halbmesser K von H312sich in einem Abstand H befindet. Die augenblickliche
Lage von @3 wird durch die relative Verschiebung r — Fi23 M der Zahn-
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Stange gegeniber der Hauptgeraden /123 bestimmt, wobei im Falle r = 0
der Punkt M mit dem Hauptpunkt ~123 zusammenfallt.
Die Gesamtheit der Normalen zu ®3ist durch die Kongruenz der Geraden,
die sowohl die Achsen t wie auch die Mittelkreise k schneiden, gegeben [23].
Die momentanen Eingriffsnormalen n der Zahnfldichen ®15 ®2 ®3 sind
jene Geraden der durch die Normalen zu ®3 gebildeten Kongruenz, die die
Hauptgerade /123 schneiden [16]. Die gemeinsamen Normalen bilden nun

t

Bild 2. Zylindrische Verzahnung mit linienmé&Biger Beriihrung

(im Falle r 5=0) eine Regelflache vierter Ordnung, da sie zugleich k, t und
/ 123 schneiden, d. h. sie sind die Transversalen eines Kreises (als Linie zweiter
Ordnung) und zweier Geraden (als Linien erster Ordnung) [17, 28].

Die zum momentanen Eingriff gehdrende, fur die Zahnfldchen ®x ®2
und ®3 gemeinsame Beruhrungslinie e (achter Ordnung) besteht aus Linien,
die auf dieser Regelflache von k sich in einem Abstand g befinden. (Die tech-
nisch notwendige Ld&ésung ist nur ein Teil der geometrisch vollstdndigen
Losung !)

Ein Punkt E der Linie e wird folgenderweise konstruiert: eine durch t
gelegte Ebene schneidet k im Schnittpunkt 1, und f123 im Schnittpunkt 2.
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Die diese Punkte 1 und 2 verbindende Normale n schneidet t im Schnittpunkt
3. Wenn man n durch eine Drehung um t in die Hauptprofilebene umlegt, so
schneidet diese Gerade [n] den Hauptprofilkreis in dem umgelegten Bildpunkt
[E] des Punktes E. (Fir jede Ebene erhdlt man vier geometrische Ldésungen.)

Durch wiederholte Konstruktionen mit verschiedenen T-Werten erhdlt
man die Berthrungslinienschar zur Zahnfldche ®3und die gemeinsame Ein-
griffsflaiche zu den Zahnfldchen ®15 ®2und P3.

Bild 3. Im Falle H = 0 zerfallt die Berlhrungslinie in Kreise

Ist H = 0 (Bild 3), so liegt der Mittelkreis k in der Ebene der Axoiden
A 312, und man erhdlt (im Falle |r| < K) auf der Hauptgeraden f 123 zwei
Schnittpunkte mit k. In diesem Falle zerfallt die Regelflache (vierter Ordnung)
der gemeinsamen Normalen in ein doppelt zu zdhlendes und am Schnittpunkt
von A 312und tin der Ebene 4312 sitzendes Strahlenbiischel, und zwei andere
Strahlenbiischel, die an je einem Schnittpunkt von fvi3 und Kk sitzen und t
schneiden [17]. (Ist ]T7 | = K, so fallen die zwei letzteren Strahlenbiischel
zusammen; ist aber |t | > K, so verschwinden sie.)

Die Beruhrungslinie e (achter Ordnung) zerfallt (im Falle I1TI< K)
in die an der Flache ®3durch die Ebene der oben bezeichneten Strahlenbischel
als Schnittlinie gebildeten vier Kreislinien, nimlich den Aquatorkreis, den
Kehlkreis und zwei Profilkreise. (Im Falle | x \= K fallen die zwei letzteren
zusammen, und im Falle |r | > K verschwinden sie.) Die Berthrungslinien-
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schar von @3 besteht aus dem Aquatorkreis, dem Kehlkreis und der Schar
der Profilkreise. Die Eingriffsflaiche zerfallt in die Ebene A3n und eine von
der im Eingriff befindlichen Profilkreisschar gebildete Flache [3].

Die Tatsache, daB in diesem Sonderfall die Profilkreise der Zahnflache
®3 der Abwélz-Zahnstange zugleich als Berihrungslinien erscheinen, d. h.
sie sind auch die Profilkreise der eingreifenden Zahnfldchen ®3und ®2 ent-
spricht dem Wildhaberschen Prinzip [27]. Also kann man die aus der oben

Bild 4. Zylindrische Verzahnung mit punktméRiger Berihrung

beschriebenen Anordnung abgeleitete Verzahnung als W-Verzahnung er-
kennen und benennen.

Wenn eine von den zwei eingreifenden Zahnflachen &, und ®., — wie
zuvor — durch Abwélzen einer Kreisringflaiche ®3 mit dem Profilhalbomesser
Q die andere aber (Bild 4) durch Abwdélzen einer Kreisringfliche ®3 mit dem
Profilhalbmesser q' =f=q erzeugt wird, wobei die Beruhrungslinie von ®3 und
d3als ein Rotationskreis q der Flache ®3in einem Abstand L von der Mittel-
kreisebene (derselben Flache ®3)erscheint, so sind die den Zahnflachen ®15 ®2
®3 und ®3 gemeinsamen momentanen Eingriffsnormalen n jene Geraden der
von den Normalen der ®3 gebildeten Kongruenz, die den Kreis q und auch
die Hauptgerade /123 schneiden. Die gemeinsamen Normalen sind also die
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Transversalen von k, t, g und/123 Die Transversalen von k, t und g sind teil-
weise zugleich die Erzeugenden einer Drehkegelflache mit der Achse t und
mit den Kreisschnitten k und q ein und derselben Halbkegelmantelflache.
Jene Erzeugenden der Kegelflache, welche die Gerade f 123 schneiden, sind die
gemeinsamen Normalen. Die Zahl der gemeinsamen Normalen ist also endlich
(allgemein zwei), und der Eingriff der Flachen ®x und ®2 ist punktmdaRig.

Die momentanen Eingriffspunkte E der Zahnflachen ®x ®2 ®3und &3
sind die Schnittpunkte der gemeinsamen Normalen mit dem Kreis qg.

t

Bild 5. Zylindrische Verzahnung mit punktmaéagfiger Bertthrung im Falle H = L

Irgendein Punkt E wird folgenderweise konstruiert. Eine Erzeugende
der oben bezeichneten Kegelflaiche hat mit dem Kreis x den Schnittpunkt 1
und mit g den Schnittpunkt 2 (u. zw. liegen beide Schnittpunkte in der Haupt-
profilebene) und hat noch mit der Geraden t den Schnittpunkt 3. Die Ebene
durch Punkt 3 und die Gerade /1B schneidet g im Punkte E. (Je nach der
GrolRe von r gibt es zwei, eine oder gar keine geometrische Ldsung.)

Durch wiederholte Konstruktionen bei Annahme verschiedener r-Werte
kann man an dem gemeinsamen Kreis q der Zahnflaéchen ®3und ®3 die der
punktmdRigen Beruhrung der Zahnflachen ®1 und ®2entsprechende Punkt-
schar und die Eingriffslinie von ®xund ®2 herstellen.
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Ist L = H (Bild 5), so ist der Punkt E der Schnittpunkt der Haupt-
geraden /12 mit dem Kreise . Die Hauptgerade / 123 ist zugleich die Eingriffs-
linie.

Ist aber H = 0 (und dabei L =#=0) (Bild 6), so ist E der Schnittpunkt
eines Profilkreises der Zahnflache ®3 mit dem Kreis ¢, vorausgesetzt, dal der
Kreismittelpunkt dieses Profilkreises mit dem Schnittpunkt von f 123 und Kk
identisch ist [3].

Bild 6. Zylindrische Verzahnung mit punktmaBiger Berihrung im Falle H = 0

Da ein Verzahnungssystem mit punktmdRiger Berihrung von konvexen
und konkaven Zahnfldchen dem Prinzip von Novikov entspricht [19], kann
man die aus der im Bild 4, 5, 6 gezeigten Anordnung abgeleitete Verzahnung
als eine WN-Verzahnung erkennen und benennen.

2.

Die ubliche Anordnung der Axoiden eines Kegelrdderpaares mit sich
schneidenden Achsen (Bild 7) ist die folgende [20]. Die Axoiden A12und A2l
des kleinen bzw. des groRen Rades sind Drehkegelflachen, die Axoide yl3l =
= A®= A312 des Abwadlzplanrades ist eine Ebene, deren Achse 111 durch
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den Schnittpunkt der Achsen | und 11 (des kleinen bzw. des groRen Kegelrades)
hindurchgeht. Die Axoiden A 12 A2und A32berlihren sich entlang der Haupt-
geraden f 123 und rollen aufeinander ohne Gleiten ab, also ist A2= A 13 und
A2l= A23 Punkt FI1B auf der Hauptgeraden ist also der in der Mittelebene
der Radkdrper befindliche Hauptpunkt.

Die Zahnflache ®3des Abwélz-Planrades, durch welches die eingreifenden
Zahnflachen ®x (des kleinen Zahnrades) und ®2 (des grofen Zahnrades)
erzeugt werden (Bild 8), ist eine Kreisringflache (vierter Ordnung) mit dem

Profilhalbmesser g, deren Achse t zur Achse 111 des Planrades sich in paralleler
Lage und davon in einem Abstand S befindet, und deren Mittelkreis k, mit dem
Halbmesser K, von der Axoide A 312des Planrades sich in einem Abstand H
befindet. Die augenblickliche Lage der Zahnflache ®3 wird durch den von der
Hauptgeradenf1Bausgehend gemessenen Verdrehungswinkelxp= <€ FIZ3 111 M
bestimmt, wobei im Falle yp= 0 der Punkt M mit dem Hauptpunkte Fr=3
zusammenfallt.

Die Gesamtheit der Normalen der Flache ®3ist durch die Kongruenz
von Geraden, die zugleich t und Kk schneiden, bestimmt [23].

Die momentanen Eingriffsnormalen der Zahnfldchen 0V ®2 und &3
sind jene Geraden der durch die Normalen von ®3 gebildeten Kongruenz,
die die Hauptgerade f 123 schneiden [16]. So bilden die gemeinsamen Normalen
(im Falle »5=0) eine Regelflache vierter Ordnung, da sie den Kreis k und
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die Geraden f 12 und t schneiden, d. h. sie sind die Transversalen eines Kreises
(als Linie /.weiter Ordnung) und zweier Geraden (als Linien erster Ordnung)
[m, 28].

Die zum momentanen Eingriff gehdrende, fur die Zahnfldchen ®x, &,
und ®3 gemeinsame Berlhrungslinie e (achter Ordnung) besteht aus Linien,
die sich auf dieser Regelflache von k in einem Abstand g befinden. (Die tech-
nisch notwendige Ldsung ist nur ein Teil der geometrisch vollstdndigen Lésung.)

t i

Bild 8. Kegelverzahnung mit linienméaRiger Berlhrung

Irgendein Punkt E der Linie e kann folgenderweise konstruiert werden.
Eine durch t gelegte Ebene hat mit k den Schnittpunkt 1 und mit fI23 den
Schnittpunkt 2. Die die Punkte 1 und 2 verbindende Normale n schneidet t
im Punkte 3. Durch Drehung um t in die Hauptprofilebene nimmt die Gerade
n die Lage [n] ein, und [n] schneidet den Hauptprofilkreis im Punkte [E] als
Bildpunkt von E. (Die Zahl der geometrischen Ld&sungen ist fur jede Ebene
vier.)

Durch wiederholte Konstruktionen mit verschiedenen ~»-Werten erhélt
man die Berdhrungslinienschar der Zahnflaiche ®3 und die gemeinsame Ein-
griffsfliche von ®x ®2 und &3

Ist H = 0 (Bild 9), so liegt der Mittelkreis k in der Ebene der Axoiden
A 123und hat (im Falle S-sin |y < K) mitder Hauptgeraden f 123 zwei Schnitt-
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punkte. So zerfdllt die Regelfliche (vierter Ordnung) der gemeinsamen Nor-
malen in ein doppelt zu zdhlendes und an dem Schnittpunkt von A312 und t
in der Ebene A 312 sitzendes Strahlenbiischel, und in zwei andere Strahlen-
biuschel, die anje einem Schnittpunkt von / 123und k sitzen, und tschneiden [17].
(Die letzten zwei Buschel fallen zusammen, wenn S-sin \y\ = K, und ver-
schwinden, falls S-sin \jp\ > K.)

Die Beruhrungslinie e (achter Ordnung) zerfallt (im Falle S *sin W\ <K)
in die durch die oben angefithrten Strahlenbiischel in der Zahnfladche ®3 gebil-
deten Schnittfiguren, namlich den Aquatorkreis, den Kehlkreis und zwei

t L

Bild 9. Im Falle H = 0 zerfallt die Beruhrungslime'in Kreise

Profilkreise. (Die letzteren fallen in einem Profilkreis zusammen, falls
S-sin |y| = K, und verschwinden, falls S-sin W\ > K.) Die Beruhrungs-
linienschar von @3 besteht aus dem Aquatorkreis, dem Kehlkreis und aus
der Schar der Profilkreise. Die Eingriffsfliche zerfdllt in die Ebene A 312 und
in eine durch die Schar der sich in Eingriff befindenden Profilkreise gebildete
Flache.

Die Tatsache, dafl in diesem Sonderfall die Profilkreise der Zahnflache
®3 des Abwadlz-Planrades zugleich Beruhrungslinien, d. h. auch Profilkreise
der eingreifenden Zahnfldchen ®x und ®2 sind, entspricht dem Wildhaber-
schen Prinzip [27]. Also kann man die aus der oben beschriebenen Anordnung
abgeleitete Kegelverzahnung als W-Verzahnung erkennen und benennen.

Wenn eine von den zwei eingreifenden Zahnfldchen ®dxund ®2 — wie
zuvor — durch Abwadlzen einer Kreisringflache ®3 mit dem Halbmesser q, die
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andere aber (Bild 10) durch Abwaélzen einer Kreisringfliche ®3mit dem Profil-
halbmesser q' @ Qerzeugt wird, wobei die Berihrungslinie von ®3und ®'3als
ein Rotationskreis q der Flache ®3in einem Abstand L von der Mittelkreis-
ebene (derselben Fldche ®3) erscheint, so sind die fur die Zahnfldchen ®j,
@2, ®3 und P33 gemeinsamen momentanen Eingriffsnormalen n jede Geraden
der von den Normalen der ®3gebildeten Kongruenz, die den Kreis g und auch
die Hauptgerade fvi3 schneiden. Die gemeinsamen Normalen sind also die
Transversalen von k, t, gund/123 Die genannten Transversalen sind teilweise

Bild 10. Kegelverzahnung mit punktméRiger Berlihrung

zugleich die Erzeugenden einer Drehkegelfliche mit der Achse t und mit den
Kreisschnitten fcund g ein und derselben Halbkegelmantelfliche. Jene Erzeu-
genden der Kegelflache, welche die Gerade /123 schneiden, sind die gemein-
samen Normalen. Die Zahl der gemeinsamen Normalen ist also endlich (all-
gemein zwei), und der Eingriff der Fla&chen ®yund ®2ist punktmélig.

Die momentanen Eingriffspunkte E der Zahnflachen &g ®., #3und ®3
sind die Schnittpunkte der gemeinsamen Normalen mit dem Kreis g.

Irgendein Punkt E wird folgenderweise konstruiert. Eine Erzeugende
der oben bezeichneten Kegelfliche hat mit dem Kreis «k den Schnittpunkt 1
und mit g den Schnittpunkt 2 (u. zw. liegen beide Schnittpunkte in der Illaupt-
profilebene), und hat noch mit der Geraden t den Schnittpunkt 3. Die Ebene
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durch Punkt 3und die Gerade f ri3schneidet qim Punkte E. (Je nach der GroRe
von X giht es zwei, eine oder gar keine geometrische Ldsung.)

Durch wiederholte Konstruktionen bei Annahme verschiedener ~-Werte
kann man auf dem gemeinsamen Kreis q der Zahlflaichen ®3 und @'3 die der
punktmé&Rigen Berihrung der Zahnflichen ®x und ®2entsprechende Punkt-
schar und die Eingriffslinie von ®lund ®2darstellen.

Ist L = H (Bild 11), so ist der Punkt E der Schnittpunkt der Haupt-

Bild 11. Kegelverzahnung mit punktméRiger Berihrung im Falle H = L

geraden/ 12 mit dem Kreise . Die Hauptgerade fn3 ist zugleich die Eingriffs-
linie.

Ist aber H = 0 und dabei L 5§=0 (Bild 12), so ist E der Schnittpunkt
eines Profilkreises der Zahnflache ®3 mit dem Kreis g, vorausgesetzt, dal der
Kreismittelpunkt des Profilkreises mit dem Schnittpunkt von fvl3 und k iden-
tisch ist.

Der Eingriff der Zahnflachen ®lund ®2eines Kegelrdderpaares mit sich
schneidenden Achsen ist auch in dem Falle punktmd&RBig, wenn zwar die Zahn-
flachen ®yund @, von ein und derselben Zahnflache ®3des Planrades erzeugt
werden, aber die Axoiden [20] anders, u. zw. folgenderweise (Bild 13) ange-
ordnet sind: die Axoiden A 22und A 2Lsind Drehkegelflachen. Die Axoide A 3 des
Planrades ist eine Ebene, deren Achse I'll durch den Schnittpunkt der Achse I1
(des groBRen Rades) mit der Ebene A X hindurchgeht. Die Axoide AZ23 des
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groRen Rades ist eine Drehkegelflache. Die Axoide A 3l des Abwalz-Planrades
ist eine Drehkegelfldche, deren Spitze sich im Schnittpunkte der Achse | (des
kleinen Rades) mit der Achse Il1 befindet. Die Axoide A 13des kleinen Rades
ist eine Drehkegelflache. Fir die Axoiden A 1B und A3l ist die Hauptgerade
f 13 und fir die Axoiden A13und A2 ist die Hauptgerade f 23 die Berihrungs-
linie, wobei die Axoiden aufeinander ohne Gleiten abrollen. Der Schnittpunkt
Fj23 der beiden Hauptgeraden ist der Hauptpunkt in der Mittelebene der
Radkodrper. Die Beriihrungslinie fir die Axoiden A 2und A2list Hauptgerade

t

Bild 12. Kegelverzahnung mit punktmaRiger Beruhrung im Falle H = 0

f 12, die durch den Schnittpunkt der Achsen | und Il und den Hauptpunkt
Fvi3 bestimmt ist, wobei auch diese Axoiden aufeinander ohne Gleiten abrollen.

Die Zahnflache ®3 des Abwdélzplanrades, durch welches die eingrei-
fenden Zahnfldchen ®1(des kleinen Zahnrades) und ®2 (des groBen Zahnrades)
erzeugt werden (Bild 14), ist eine Kreisringflache (vierter Ordnung) mit dem
Profilkreishalbmesser g, deren Achse t zur Achse Ill des Planrades sich in
paralleler Lage und davon in einem Abstand S befindet und deren Mittelkreis
K mit dem Halbmesser K von der Axoide A 3 des Planrades sich in einem
Abstand H befindet. Die augenblickliche Lage der Zahnflache ®3 wird durch
den von der Hauptgeraden f,3 ausgehend gemessenen Verdrehungswinkel
= FI2Z 111 M bestimmt, wobei im Falle ip= 0 der Punkt M mit dem
Punkte FMg zusammenfallt.
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Die gemeinsamen momentanen Eingriffsnormalen n der Zahnfldchen
®L5 d2und P3sind zum Teil jene Geraden der von den Normalen der Flache
®3gebildeten Kongruenz, die durch den Hauptpunkt E123 hindurchgehen, und
zum Teil jene Geraden, die in der von den Hauptgeraden/ 22und /23 gebildeten
Ebene liegen. Die gemeinsamen Normalen sind also Transversalen von k und t
durch Fus. Die Zahl der gemeinsamen Normalen ist (falls p=$=0) endlich. (Die

Bild 13. Axoiden der Kegelverzahnung, Bild 14. Kegelverzahnung mit punkt-
wenn A3l AR méBiger Berlihrung, wenn A3l @ AM

Zahl der obigen Teillésungen ist allgemein zwei.) Der Eingriff von ®rund ®2
ist effektiv punktmaRig.

Die momentanen Eingriffspunkte E der Zahnflachen ®x, ®2und ®3sind
jene Punkte der gemeinsamen Normalen, welche von dem Schnittpunkt der
betreffenden Normale mit dem Kreis k sich in einem Abstand g befinden.

Irgendein Punkt E kann folgenderweise konstruiert werden: die durch
die Gerade t und den Punkt F 123 gelegte Ebene hat mit dem Kreise Kk den
Schnittpunkt I. Die Normale n durch die Punkte F12Z und 1 schneidet die
Gerade tim Punkte 2. Durch Drehung um tnimmt n in der Ebene des Haupt-
profilkreises die umgelegte Lage [n] ein, und [n] schneidet den Hauptprofil-
kreis im Punkte [E] als Umlegung des Punktes E. Die Anzahl der geometri-
schen Teilldsungen ist vier. (Zusammen mit den Lésungen in den Ebenen der
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Hauptgeraden ist die Gesamtzahl der Ldsungen allgemein acht, da man
auf den zwei mit t parallelen Normalen, die durch die Schnittpunkte von K
mit den Ebenen der Hauptgeraden hindurchgehen, weitere vier Punkte
erhdlt.)

Durch wiederholte Konstruktionen — mit verschiedenen ~-Werten —
kann man auf der Zahnflache ®3 die der punktmd&aRBigen Berihrung von

Bild 15. Axoiden der Hypoidverzahnung, wenn X > 0

und @2 entsprechende Punktschar und die Eingriffslinie von ®x und ®2 be-
stimmen.

Da ein Yerzahnungssystem mit punktmdRiger Berlithrung von konvexen
und konkaven Zahnflachen dem Prinzip von Novikov entspricht [19] kann
man die aus der im Bild 10, 11, 12 und 14 dargestellten Anordnung abgeleitete
Verzahnung als eine WN-Verzahnung betrachten.

3.

Die ubliche Anordnung der Axoiden eines llypoid-Kegelrdderpaares
(mit windschiefen Achsen) [20] ist die folgende (Bild 15, 16 u. 17): Die auf-
einander schrotenden Axoiden A 22und A2l des kleinen hzw. des groBen Kegel-
rades sind einschalige Drehhyperboloiden [2, 9, 13, 25]. Die Achse 111
des Abwélzplanrades schneidet die Achse Il des groRen Rades. Die Axoide A 3i
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des Planrades ist eine durch diesen Schnittpunkt hindurchgehende (zugleich
zur Achse Il normale) Ebene, und die Axoide A 23 des groBen Rades ist eine
Drehkegelflaiche. Die Axoiden A2 und A3 berthren sich ldngs der Haupt-
geraden f23 und rollen aufeinander ohne Gleiten ab. Die Axoide A 3l des Plan-
rades ist eine durch die Normaltransversale der Achsen | (des kleinen Rades)
und 111 (des Planrades) hindurchgehende zur Achse Il normale Ebene, und
die Axoide AI3 des kleinen Rades ist eine Drehkegelfliche. Die Axoiden A3

/ 1hn
/
K m
/ ?Np A\
/ > .
i / i
/ |
\
\ \ "
\ % i/
\ y

Bild 16. Axoiden der Hypoidverzahnung, wenn X < 0

und A 2 beriihren sich ldngs der relativen Schraubenachse ¢, und schroten auf-
einander [20]. Der Parameter p dieser relativen, hier rechtsgewundenen
Schraubenbewegung kann auf Grund der im Bild 18 dargestellten Zusammen-
hdnge mit Hilfe einer einfachen geometrischen Konstruktion folgenderweise
bestimmt werden:

Die GroBRe der relativen Geschwindigkeit ist

V= [v3—1tlJ = v3sin £= R a&8sin C= A &3.

Die GroRe der relativen Winkelgeschwindigkeit ist

= [Z8—ca] = ft3cot G

Also ist p = n/ft) = A codla>3cot 6j = A tan 05 wobei A der Abstand
zwischen den Achsen | und II1, und der Ersatzwinkel des Winkels dieser
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Achsen ist. Der Abstand X der Planradaxoiden A3l und A3von einander kann
X > 0 (Bild 15) oder X < 0 (Bild 16) oder X = 0 (Bild 17) sein. Nach Bild 15
und 16 ist F23 bzw. nach Bild 17 ist FV3der Hauptpunkt in der Mittelebenen
der Radkdrper.

Die momentanen Eingriffsnormalen der Zahnflachen ®2 (des grofien
Rades) und @3 (des Planrades) schneiden die Hauptgerade f13 [16]. Die mo-
mentanen Eingriffsnormalen der Zahnflachen ®1 (des kleinen Rades) und &3

Bild 17. Axoiden der Hypoidverzahnung, wenn X = 0

(des Planrades) sind jene Geraden, die zugleich in dem zur relativen Schrau-
bung mit der Achse cund dem Parameter p angeh6renden linearen Komplex
[13] enthalten sind [1, 13, 16]. Die momentanen gemeinsamen Eingriffsnorma-
len n von 0,, @, und ®3sind also die, welche die Hauptgerade f.,3schneiden
und auch im obigen Komplex enthalten sind. Wenn aber diese Normalen die
Hauptgerade f Zschneiden, so wird von ihnen auch die zu dieser Hauptgeraden
koordinierte reziproke Polare f23 (in dem obigen Komplex) auch geschnitten
[13]. Man kann nach den hier folgenden prinzipiellen Zusammenhédngen diese
Polare f 23 einfach bestimmen. Die zur Achse 111 parallele Transversale | der
Achsen | und Il (Bild 15, 16, 17) ist zugleich eine gemeinsame Normaltrans-
versale von e, fI3 und f23 Der Schnittpunkt 1 der Achse | und der Geraden /
ist zugleich ein Punkt von/23 da der Abstand (im Sinne der Rechtsschraubung)
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zwischen c und f23 gleich p -cot £ ist, und weil p/A = p cotE/ A cot £, wobei
£ der Winkel zwischen f2Z und c ist. Der Winkel (im Sinne der Rechtsschrau-
bung) zwischen c und f 23ist arctan (p/X). Also (Bild 15 und 16) wenn man in
einer zu |11 normalen Ansicht den Abstand X auf die Gerade cund in hierzu
normalen Richtung (in entsprechenden Sinne) p auftrdgt, so ist der derart
erhaltene Punkt 2 ein Punkt auf der Projektion von /23 Ist X =0 (Bild 17),
so isty23normal zu c [10, 13, 15].

Bild 18. Axoiden des versetzten kleinen Rades

Die Zahnflache ®3 des Abwaélzplanrades, durch welches die eingrei-
fenden Zahnfldchen ®r (des kleinen Rades) und ®2 (des groRen Rades) erzeugt
werden (Bild 19), ist eine Kreisringfldche (vierter Ordnung) mit dem Profil-
halbmesser Q deren Achse t mit der Achse |11 des Planrades sich in paralleler
Lage und davon in einem Abstand S befindet, und deren Mittelkreis kK mit dem
Halbmesser K von der Axoide A X des Planrades sich in einem Abstand H be-
findet. Die augenblickliche Lage der Zahnfldche ®3 wird durch den von der
Hauptgeraden/Zausgehend gemessenen Yerdrehungswinkel o= <€ F23 111 M
bestimmt, wobei im Falle o= 0 der Punkt M mit dem Punkte F2Z zusammen-
fallt.

Die Gesamtheit der Normalen von ®3ist die Kongruenz von Geraden,
welche t und auch k schneiden [23].

Die momentanen Eingriffsnormalen n von den Zahnflachen ®x, ®2 und
®3sind jene Geraden in der von den Normalen der Flache ®3gebildeten Kon-
gruenz, welche die Gerade f23 und auch deren reziproke Polare f 22schneiden
[4, 5]. Die gemeinsamen Normalen (der drei Zahnfldchen) sind also die Trans-
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versalen von k, t,fa undyi23 Die Transversalenvon k, t und/23sind allgemein
die Erzeugenden einer Regelflache vierter Ordnung. Die gemeinsamen Norma-
len von den Erzeugenden dieser Regelflaiche sind jene, die die Hauptgerade/ 23
schneiden. Die Anzahl der gemeinsamen Normalen ist endlich (allgemein vier)
und der Eingriff von ®lund ®2ist punktmaRig.

Die momentanen Eingriffspunkte E von ®3 ®2und @3 liegen auf den

gemeinsamen Normalen, u.zw. in einem Abstand g vom Schnittpunkte von k
mit der betreffenden Normalen.

Bild 19. Hypoidverzahnung mit punktmaRiger Beriihrung

Ein Punkt E kann folgcnderweise gefunden werden. Allgemein kann die
Aufgabe mit Hilfe einer geometrischen (d. h. euklidischen) Konstruktion
zweiter Ordnung nicht geldst werden. Eine graphische Ann&herung (Bild 19)
ist die folgende: eine beliebige durch t gelegte Ebene hat mit/ 23in 1 und mit K
in 2 je einen Schnittpunkt. Die durch 1und 2 gefiihrte Gerade g, ist eine Nor-
male zu ®3, aber allgemein keine momentane Eingriffsnormale. Die Gerade fx
hat in der durch /23 gelegte Ebene AR einen Schnittpunkt 3. Durch Wieder-
holung dieser Konstruktion — mit verschieden angenommenen Ebenen durch t
— oder unter Mitverwendung der Proportion A= 23/13=-H/(p cot £-}-X) erhdlt
man einzelne Punkte der Kurve g (vierter Ordnung), als Schnittlinie der Ebene
Az mit der von den die Gerade /23 schneidenden Normalen der Flache ®3 ge-
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bildeten Regelflache (vierter Ordnung). In der durch die Gerade t und durch
den Schnittpunkt 4 von g und f 23 gelegten Ebene enthaltene Gerade n hat mit k
den Punkt 5, mitf23 den Punkt 6, und mit t den Punkt 7 als Schnittpunkte.
Die durch Punkte 5, 6 und 7 hindurch gehende Erzeugende n der Regelfldche
ist zugleich die momentane Eingriffsnormale von ®3 da sie den Kreis k, und
die Geraden t, /2 und f 28 schneidet. (Fur yj-Werte, mit denen t entweder die
Geraden f13oderf.,3schneidet, kann n mit einer Konstruktion héchstens zweiter

Bild 20. Hypoidverzahnung mit punktmaRiger Berihrung im Falle H = 0

Ordnung gefunden werden. In diesem Falle ist die geometrische Lage der ge-
suchten gemeinsamen Normalen gegeben, entweder in der Ebene von t und
/,.j, bzw. auf der Kegelfliche mit dem Leitkreis k und mit einem, mit dem
Schnittpunkt von t und f23 identischen Spitzpunkt, oder in der Ebene von t
und f 23 bzw. auf der Kegelflaiche mit dem Leitkreis kK und mit einem, mit dem
Schnittpunkt von t und/,3 identischen Spitzpunkt.) Durch Drehung um tin die
Hauptprofilebene nimmt die Gerade n die Lage [n] ein, und [n] schneidet
den Hauptprofilkreis im Punkt [E] als umgelegten Bildpunkt von E. (Die
Zahl der geometrischen Ldsungen ist acht.)

Durch mit verschiedenen mp-Werten wiederholte Konstruktionen kann
man auf der Zahnfldche @3 die den punktmé&Rigen momentanen Eingriffs-
stellen von ®1und ®2 entsprechende Punktschar und die Eingriffslinie er-
halten.
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Ist H = 0 (Bild 20), so liegt der Mittelkreis k in der Axoidenebene A 32
und hat mit der Hauptgeraden f 23 allgemein zwei Schnittpunkte. In diesem
Falle z&hlt man zu den gemeinsamen momentanen Eingriffsnormalen n der
Zahnflachen @®x @, und ®3teilweise jene Geraden aus der von den Normalen
der Flache ®3gebildeten Kongruenz, die durch die Schnittpunkte von Kk und/ 23
hindurchgehen und zugleich f23 schneiden, und teilweise noch die (zweimal
mitzurechnende) Gerade, welche m it/ 2Zparallel ist. Die gemeinsamen Normalen

Bild 21. Hypoidverzahnung mit punktmé&gRiger Berlhrung im Falle H = p. cot £ + X

sind also teilweise die durch die Schnittpunkte von k und/,3hindurchgehenden
Transversalen von t und f23 In diesem Sonderfall kann also die Ldsung nach
den euklidischen Prinzipien gefunden werden. (Die Anzahl der obigen Teil-
I6sungen ist allgemein zwei.)

Irgendein Punkt E kann folgenderweise konstruiert werden: die durch
die Gerade t und den Schnittpunkt 1 von k und fI3 gelegte Ebene hat mitf,3
den Schnittpunkt 2. Die die Punkte 1 und 2 verbindende Normale n schneidet
die Gerade t im Punkte 3. Wird n durch Drehung um t in die Hauptprofil-
ebene in die Lage [n] umgelegt, so schneidet [n] den Profilkreis im Punkte
[E]. also ist [E] die umgelegte Lage von E. (Die Anzahl der geometrischen Teil-
I6sungen ist allgemein vier. Die Anzahl s&mtlicher Lésungen ist acht, da wir
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auf der durch den M ittelpunkt von k hindurchgehenden, mitf2parallelen Nor-
malen weitere vier Punkte erhalten.)

Ist H = p mcot £ -f- X (Bild 21), so liegt der Mittelkreis k in der zur
Achse 11l normalen, durch die Hauptgerade f23 gelegten Ebene, und hat K
mit f 23 allgemein zwei Schnittpunkte. In diesem Falle kann man zu den ge-
meinsamen, momentanen Eingriffsnormalen re der Zahnflachen ®15 ®2und ®3
teilweise jene Geraden, der durch die Normalen von ®3gebildeten Kongruenz,
die durch den Schnittpunkt von k und / 2 hindurchgehend f23 schneiden, und
anderseits noch jene Gerade (der Kongruenz) z&hlen (diesmal doppelt), die
m itf2Zparallel lduft. So sind die gemeinsamen Normalen zum Teil die Transver-
salen von t und f23 welche durch die Schnittpunkte von k und f23 hindurch-
gehen. (Die Lésung kann in diesem Sonderfall nach euklidischen Prinzipien
gelost werden. Die Anzahl der obigen Teillésungen ist allgemein zwei.)

Ein Punkt E kann folgenderweise konstruiert werden. Die durch die
Gerade t und durch den Schnittpunkt 1 von k und f 25 gelegte Ebene hat mit
f23den Schnittpunkt 2. Die die Punkte 1und 2 verbindende Normale reschneidet
tim Punkte 3. Wenn man durch Drehung um t die Gerade rein die Hauptprofil-
ebene in die Lage [re] umlegt, so schneidet [re] den Hauptprofilkreis im Punkte
[.E], also in dem umgelegten Bildpunkt von E. (Die Anzahl der geometrischen
Teillésungen ist allgemein vier. Die Anzahl s&mtlicher Lésungen ist allgemein
acht, da man auf der durch den Mittelpunkt von k mitf2 parallel gezogenen
Normalen weitere vier Punkte erhdlt.)

Da ein Yerzahnungssystem mit punktmé&Riger Berihrung von konvexen
und konkaven Zahnflachen dem Novikovschen Prinzip [19] entspricht, kann
man die aus der in den Bildern 19, 20, 21 gezeigten Anordnungen abgeleitete
Verzahnung als eine WN-Verzahnung betrachten.
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GEOMETRY OF THEORETICAL MESH CONDITIONS OF TOOTH SURFACES
GENERATED BY MEANS OF A TORUS SHAPED TOOL SURFACE

I. DRAHOS

SUMMARY

According to the Wildhaber-Novikov principle, cylindrical gears can he generated by
the Forster-type gcarcutting machine, and bevel- or hypoid-gears by the Gleason-type gear-
cutting machine. The tooth surfaces of the respective generating tools, the rack and the
imaginary crown-wheel are rotational torus surfaces, having the rotational circle as tangent
line. (These teeth can be machined by means of a cup-type grinding wheel with a circular
profile.) In this paper, kinematical relations of working conditions are treated with geo-
metrical analysis.

LA GEOMETRIE DE L’ENGRENEMENT THEORIQUE DES SURFACES
DE DENTS ENGENDREES PAR UNE SURFACE TOROIDALE

I. DRAHOS

RESUME

Sur les machines de type Forster on peut faire des couples d’engrenages cylindriques, et
sur les machines de type Gleason, des roues coniques et hypoides, dont I’engrénement répond
au principe de Wildhaber—Novikov. Les surfaces des dents des crémailléres ou roues planes
génératrices sont alors des surfaces toroidales venant en contact le long de leur cercle de rota-
tion. Les dents peuvent aussi étre usinées par meulage a développante au moyen de meules
boisseaux de profil circulaire. L auteur, étudiant la cinématique de I’engréneinent des surfaces
de dents engendrées par ce procédé, utilise des méthodes graphiques.
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FEOMETPUA TEOPETUYECKOIO 3ALENMMAEHNA B C/IYYAE
MOBEPXHOCTEW 3YBEbEB, OBPABOTAHHbIX MO KOJIbLIEBOW MOBEPXHOCTM

N. PAXOLW

PE3FOME

Ha cTaHkax Tuna dopctepa MOXHO M3rOTOBMIATL TaKUe LUIMHAPUYECKME, a Ha CTaHKax
Tvna FIMCOH Takue KOHUYECKMe U TUNonaHble 3y6uaTble Koeca, 3alernseHre KOTopbIX COOTBET-
CTBYeT npuHuuny Bunbara6epa— HoBuKoBa. B aToM cilyyae MoBepXHOCTU 3y6beB 06pabaTbl-
BalOLNX PeeK W, COOTBETCTBEHHO, MIOCKUX KOMieC NpeAcTaBAsoT co60i MNOCKOCTM  Konel,
BpALLEHNsA, KOTOpble KacaloTcs ApYr Apyra BAofb Kpyra BpaueHus. (3y6bs MOXHO o6paba-
TbiBaTb TAKXe LUINGOBAHNEM 06KATKOM MpU MOMOLLM TOPLUEYHOTO KaMHS Kpyraoro npodgunst)
B cTaTbe paccMaTpuBaeTcs KMHeMaTMKa 3aLensieHns 06paGoTaHHbIX BbILLEONMCaHHBLIM COCO60M
noBepxHOCTel 3y6beB, paspaboTaHHash C WUCMOMb30BAHWEM KOHCTPYKTUBHbIX METO/OB.
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INVESTIGATION OF THE LEAD-ANTIMONY SYSTEM

W. W. KRYSKO and J. M. NEWBURN

Dr. Ing. M. Sc.
THE UNIVERSITY OF NEW SOUTH WALES, SYDNEY (AUSTRALIA)

[Manuscript received January 11, 1965]

An investigation into the aspects of the lead-antimony phase equilibrium diagram was
undertaken. It was found that the abrupt increase in the gravity segregation of the antimony-
rich phase when the eutectic point is passed is due to the different morphology of the primary
solid phase and not to the viscosity change of the system. Hardness tests were conducted on
a macro and micro scale and it was found that the hardness of high purity antimony is 79,5
kg/mm2 and not 26 kg/mm2 and the hardness of the antimony-rich phase is 107,4 kg/mm2
and not 32 kg/mm?2as hitherto reported. The hardness of high purity lead (99,9999) was found
to be 2,74 kg/mm2and of commercial lead (99,99) 3,75 kg/mm2in Brinell units, H 10/100/30
at 20 °C. The composition of the eutectic point nras found to be 11,5% antimony which is close
to the accepted value of 11,1% antimony. The maximum solubility of lead in antimony was
determined by a new method of separation with the aid of hot centrifuging and was found
to be 5,01% lead at 300 °C, 4,92% lead at 400 °C, and 4,21% lead at 500 °C. These values
in the antimony-lead phase equilibrium diagram were not known hitherto.

The lead-antimony system was investigated in the earliest times of
scientific research, and sac« [1] describes investigations before 1890. In1896,
Rotand — Gossetin [2] determined, with the aid of 12 alloys, the liquidus
line, and found the eutectic point to be 13% of antimony in lead at a temper-
ature of 228 C. The composition of the eutectic point was confirmed by ciiaroy
[3] to be 13% of antimony. steaa [4] reported measuring a temperature of
247 °C as the eutectic temperature and the composition of the eutectic point
to be 12,7% antimony. contermann [5] found a eutectic temperature of
247 °C and a eutectic composition of 13% antimony. Table | presents the com-
position of the eutectic point and the temperature of the eutectic transfor-
mation as found by various authors in an historical aspect. The eutectic tem -
perature is today taken as being 252 °C -|- 0,5 °C, and the eutectic composition
as 11,1 per cent by weight or 17,5 atomic per cent of antimony.

The strong supercooling effect, combined with a marked tendency for
gravity segregation are the reasons why, over the years, the results of the
determination of the eutectic temperature have increased from 228 °C to
252 °C " 0,5 °C, and the eutectic composition has decreased from 13% anti-
mony to 11,1% antimony. It is also known that the gravity segregation of
lead-antimony alloys increases abruptly on passing the eutectic composition
towards the antimony side. This behaviour has been attributed, firstly, to the
difference in the density of the primary crystals of antimony-rich solid solu-
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tions formed in the hyper-eutectic alloys, compared with the density of the
primary crystals of lead-rich solid solutions in the hypo-eutectic alloys, and
secondly, to the decreasing viscosity of the molten alloy itself as a function
of the antimony content.

Table |
Eutecti point
Author Year Temperature, Composition
in per' cemt B

Roland—Gosselin [2] 1896 228 13
Charpy [3] 1897 — 13
Stead [4] 1897 247 12,7
Gontermann [5] 1907 247 13,0
Loebe [6] 1911 245 13,0
Heyn—Bauer [7] 1914 245 13,0
Dean [8] 1923 247/258 12,5
Endo [9] 1925 250 12,5
Broniewski—Sliwowski [10] 1928 250/252 13,0
Abel—Redlich—Adler [11] 1928 245 12,1
Quadrat—Jiriste [12] 1934 — 11,4
Hofe—Hanemann [13] 1940 254 —
Pellini—Rhines [14] 1943 2515+ 05 —
Blumenthal [15] 1944 252 11,1
Raynor [16] 1951 252 +0,5 11,1
Hofmann—Engel [17] 1953 — 11,6
K rysko 1963 - 115
Values accepted today Hansen [18],

Hofmann [19] 252 + 0,5 111

It is known that the viscosity of the lead-antimony system decreases
steadily towards the eutectic point and beyond [19, 20] but no abrupt changes
in the viscosity values have ever been observed. Calculations on the basis of
Stokes’ Law may be applied for estimating the rate of separation [21, 22] but
this is only applicable under the assumption that a spherical body moves
through an ideal liquid. The morphology of the primary crystals of antimony-
rich solid solutions may have bearing on the rate of segregation, and the form
of crystallization may be the decisive factor for the abrupt increase in gravity
segregation.

On the basis of the above-said, the authors decided to investigate this,
and allied phenomena, of the lead-antimony system.
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Il. Experimental Investigations

The material selected for the investigation consisted of two commercial
antimonial lead ingots each of approximately 22 kg weight, containing respec-
tively 10% and 13% antimony. These ingots were sectioned in both longitudinal
and transverse directions and drillings were taken from numerous places and
chemically analysed. The maximum variation in composition of the 10%
antimonial lead was 9,10% -f- 9,79% antimony, whereas the maximum vari-
ation in the 13% antimonial lead was 10,72-719,34% antimony. The results
confirm the observations by Ensstin [23] with particular reference to hyper-
eutectic alloys, and emphasise the need to remeit one ingot for sampling and
to take samples by chillcasting, preferably on to a large cold metal plate.
The two ingots were cast and then aged for 5 years at 15 °C >30 °C.

£°9,000800 °824 86 0954 IS8 990 °)l08O
\0B6O °799 ~°g864 °8 24 08,25 °874 °9,18 018A
[°884 78,08 °84l1 °$)1 0810 08,02 M09 o g74
[°824 °79S ° U «8 24 08,3807,82 08.96 07(88
i»a04 »863 °7,83 07, 92 0857 09,25 0876 <7/66
\0&02 <844 083204 4 08,57 08,66 08,72 07166
1°8/1 0935 «84748 36 08910891 0871 d765
1 0S79 ogas og,670off 88 08,9108,95 08670751

1c 9,0909,27 087908 9 08740847 0B,3967150
10 % Sb 13% Sb

Fig. 1

I1l. Hardness Determinations

Test plates for hardness tests were cut out as cross-sections from the
centre of each ingot and hardness determinations made with an Avery Visual
Hardness Testing Machine, Type 6406, using a diamond pyramid indenter
with an included angle of 136° and a load of 5 kg. The rate of loading was auto-
matically adjusted with the aid of a hydraulic cushioning device. Both diago-
nals for each indentation were read and the means determined. The Vickers
pyramid hardness numbers were extracted from the tables [24] and are pre-
sented in Fig. 1 for the 10% and 13% antimony alloy, superimposed on each
half section of the ingot, the centre partitioning planes facing each other.
It can be seen that the hardness numbers at the top of the 13% antimonial
alloy were considerably higher than those of the 10% alloy. This behaviour is
consistent with the chemical analysis, and this hardness determination test
was conducted to investigate the applicability for semimicro-hardness testing
as a means of determining the degree of segregation.
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Because the results were lower than expected [19], eutectic areas were
selected under the microscope and were subjected to hardness determination.
The hardness of the eutectic composition was found to be 8,41 ~ 0,5 VHS5,
representing a mean value determined from 30 indentations.

The same eutectic structure measured by the Brinell method with a 10
mm ball and a load of 100 kg with a steady increase of the load during 15
seconds and holding the maximum load for 30 seconds, showed a hardness of
H 10/100/30 = 13,5 0,5 kg/mm2 The hardness of the eutectic structure as
determined with the Leitz Durimet with a load of 15 g and a loading time of
30 seconds, was HV (15 g) = 16,6 ~ 3,0 kg/mm2 The Durimet was also used
to find the hardness of the phases present in the eutectic structure. The lead-
rich dendrites showed a value of HY (15 g) = 15,7~ 3,2 kg/mm?2, whereas
the antimony-ricli phase in the form of large cuboids showed a Durimet value
of HY (15 ¢g) = 107,4 2,0 kg/mm2 For comparison with previously deter-
mined values, the hardness determination tests of commercial lead (Feinblei
99,99 DIN 1719), high purity lead (Cominco 69*), and high purity antimony
(Cominco 69) with the Brinell, Avery and Durimet machines respectively,
were undertaken. The results given are a means of at least 30 indentations
with maximum and minimum variations and are presented in Table II.

Table 11

Hardness values in Brinell and Vickers (Avery and Durimet) for commercial lead,
high purity lead, high purity antimony, lead-rich dendrites, antimony-rich cuboids
and the eutectic structure of the lead-antimony system.

The results are the means of at least 30 indentations with maximum and minimum
readings as tolerances

Hardness determined by
Tem&)erature of test,
°C+ 05°C

H/10/1g(5/i§8"|’<g/mm2 AveryHl{?i\(lg)rsﬁlngr%?rtg' H #@'ﬁs%%?ﬁﬁmz

Commercial lead, Feinblei

99.99 (Grainsize: 0,5 mm?2) 3,57 £+ 0,05 Outside reading range 3,71 £ 0,1
High purity lead, Cominco

69 (Grainsize: 0,2 mm2) 2,74 + 0,04 Outside reading range 3,26 + 0.08
High purity antimony, Com-

inco 69 (Cast structure) 30,0 + 18,0 38,6 £ 20,0 795 £ 2,0
Lead-rich dendrites Not possible Not possible 15,7 + 6,2
Antimony-rich solid solution

as cuboids Not possible Not possible 107,4 = 2,0
Eutectic structure 135+ 0,5 8,41 £ 05 16,6 £ 3,0

* Cominco is the abbreviation of Consolidated Mining and Smelting Company of Canada
Limited, Montreal. Cominco 69 means 99,9999% purity.
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The previously reported values of 2,5 to 4,0 Brinell Units for commercial
lead [19] at room temperature, are similar to the values in Table Il. The values
for high purity lead are, as expected, considerably lower than the values for
commercial lead. High purity antimony showed a broad scattering on the
Brinell and Avery testing equipment, whereas the accuracy of the Durimet
was satisfactory. In the latter case, the hardness values were considerably
higher than those obtained with the Brinell and Avery readings, as well as
the previously reported result of 26 kg/mm2by Goebetr [25]. The same author
reported a maximum hardness of 32 kg/mm2in the lead-antimony system for
an alloy of 90% antimony. This is considerably lower than the result obtained
in this investigation of 79,5 kg/mm2 for high purity antimony and 107,4
kg/mm2 for the cuboids. The difference may be explained by the observation
that the high purity antimony showed even at low loads, microscopic cracks
through the indentations, which increased the diameter considerably. W ith
loads of 15 g no cracks were observed and the results showed no scattering.
It was concluded that the value of the hardness of high purity antimony at a
temperature of 20 °C is 79,5~ 2,0 kg/mm2in Vickers H Units (15 g) measured
with the Leitz Durimet, rather than the previously reported value of 26 kg/mm 2.

The determination of the hardness of the antimony-rich solid solution
in form of cuboids led to the following observation. If the cuboids were
smaller than 20 times the diagonal of the indentation they split and were
pressed into the soft matrix. Further, if the indenter was not placed centrally
on the cuboids, they tilted in the soft matrix and the indenter slid along the
tilted surface producing a scratch. By carefully selecting larger cuboids under
the miscroscope, 30 indentations were produced which did not scatter more
than 2%. On the basis of the above said, it may be claimed that the highest
hardness in the lead antimony system is the antimony-rich solid solution of
cuboids with a hardness value of 107,4 2,0 kg/mm2 determined with the
Leitz Durimet micro hardness tester under a load of 15 g, and not the previously
reported value of 32 kg/mm?2 [25].

The values of the hardness of the eutectic structure of 13,5~ 0,5 kg/mm?2
found with the Brinell machine, are similar to the previously reported value
of 15 kg/mm2[26]. The values determined with the Durimet are more scattered,
but this is not surprising, taking into consideration the duplex nature of the
structure. The values determined with the Avery machine are lower, and this
may be explained by the shorter testing time and the fact that the edges of
the diamond pyramid crush or press the hard lamelldas of the antimony-rich
phase and thus decrease the hardness. Further, the minimum load applicable
(5 kg) is unfavourable in the case of the lead-antimony alloy.

Summarizing, it may be said that the Brinell machine is the most reliable
for measuring the values of pure lead and the lead-antimony eutectic, whereas
micro hardness testing is the only means of determining the hardness of pure
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antimony and the antimony-rich cuboids. The Avery hardness tests are fast
and convenient but do not give results to the Brinell values in hardness testing
of the lead-antimony system.

IV. Structural Investigations

A metallurgo-metallographic investigation was conducted on samples
similar to the samples used for the hardness test. Macro examination ofsamples
(Fig. 2) showed a stronger segregation of antimony in the 13% antimony alloy

Fig. 2

than in the 10% alloy. The area of segregation was out of proportion to the
increase in the primary formed antimony-rich phase, and all this points
towards an abrupt increase in the gravity segregated phase on passing the
eutectic point.

Samples for microscopic investigation were selected. The sampling of
the alloys, which is presented in Fig. 2, took place in such a manner that point 1
is presented in Fig. 5; point 2 in Fig. 4; and point 3in Fig. 3 at 120 times mag-
nification. From these micro structures we can observe that the primary
crystallization took place in the form of a dendritic formation of the lead-rich
phase and the eutectic structure was formed between the dendritic branches,
in consequence of which any gravity segregation was very restricted. The micro
structures ofthe 13% antimony alloy were sampled so that point 4 is presented
in Fig. 8; point 5 in Fig. 7; and point 6 in Fig. 6. By examination of these
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Fig. 4

pictures it may be concluded that in contrast to the behaviour of the hypo-
eutectic alloys, the primary crystallized phase in the hyper-eutectic alloys is
the antimony-rich phase, and this phase does not form any dendritic pattern
but crystallizes in individual independent cuboids the segregation of which
is not restricted and can be calculated [21, 22]. Due to the pronounced seg-
regation of the primary cuboids of the hyper-eutectic composition, the anti-
mony-rich phase of the eutectic is absorbed by the primary phase and an
antimony deficiency is produced forming localized hypo-eutectic compo-
sitions and a reappearance of the dendritic pattern of the lead-rich phase
(Fig. 7).
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Fig. 6

From this investigation it may be deduced that the main reason for the
abrupt increase in the gravity segregation of the hyper-eutectic alloys is the
different form of the primary crystallization. In the hypo-eutectic alloys the
primary crystallization is dendritic and interferes with any type of segregation.
In the hyper-eutectic composition the primary phase is a formation of indivi-
dual independent cuboids of the antimony-rich solid solution and there is no
restricting interference to gravity segregation. This has contributed consider-
ably to the difficulties in determining the eutectic composition. Further, it
must be recommended that wherever possible the casting of lead-antimony
alloys with an antimony content of more than 11,1% be avoided, and the
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Fig. 7

Fig. 8

specifications for commercial 13% antimonial lead in the light of the latest
investigations [15—19] should be rewritten.

V. Determination of the Eutectic Composition

Areas of the polished samples showing the eutectic structure were
selected under a low-power binocular microscope and sampling was done with
the aid of a micro-drill, carefully selecting only the eutectic structure. Ten
independent samples were taken and chemically analysed. The result of this
analysis was 11,5~ 0,3 per cent by weight of antimony. The lowest analytical

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



134 W. W. KRYSKO and J. M. NEWBURN

value found was 11,2% antimony, and this value approaches today’s accepted
value of 11,1% [18, 19] very closely.

VI. Determination of the Maximum Solid Solubility
of the Antimony-rich Phase

Because the composition of the antimony-rich phase appears to be not
known [18, 19] an attempt was made to determine the composition of the
cuboids. A cylindrical container was placed in an electric pot furnace and
heated to 300 °C 5°C; 400 °C ™ 5°C; and 500 °C 5 °€. This container
was so constructed that the vertical walls were made of porous bearing ma-
terial and the bottom was made of solid sheet material as well as the upper
horizontal collar ring. When the container reached the desired temperature it
was rotated giving at the walls of the container a gravity force of g = 21.
Through a pipe, a lead alloy of 13% antimony heated up to 300 °C; 400 °C and
500 °C, was introduced into the rotating container. W ith the aid of the centri-
fugal force of g = 21, the liquid part of this alloy was squeezed through the
porous material and catapulted from the container, whereas the solid part
remained as a layer on the vertical wall. The advantage of this method was
that a large amount of alloy could be put through the rotating cylinder without
a stop and an accumulation of the solid phase could take place. This solid phase
wasremoved after completion of the test and underwent the following analytical
treatment. Preliminary investigations on pure antimony and pure lead shaken
in various portions for various times showed that only the lead was dissolved
in cold concentrated hydrochloric acid and the antimony remained.

Five samples for each temperature were treated according to the above
described methods and the final residue analysed. The results are presented
in Table I1II.

Tabic 111
Temperature Percentage of lead by weight
separation Test 1 Test 2 Test 3 Test 4 Test 5 Mean
300 °c 511 5,02 5,14 4,83 4,95 5,01
400 °C 4,90 4,92 4,95 4,89 4,94 4,92
500 °C 4,22 4,29 4,14 4,19 4,23 4,21

From this investigation it may be said that the composition of the
antimony-rich solid solution of the lead-antimony phase equilibrium diagram
is as follows:

At 300°C 5,01% lead by weight;
at 400°C 4,92% lead by weight;
at  500°C 4,2}% lead by weight.
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UNTERSUCHUNG DES BLEI-ANTIMON SYSTEMS

W. W. KRYSKO und J. M. NEWBURN
ZUSAMMENFASSUNG

Die Verfasser untersuchten das Blei-Antimon Zustandsdiagramm. Sie fanden, daR
das plétzliche Anwachsen der Gravitationssteigerung der antimonreichen Phase nach Uber-
schreitung des eutektischen Punkts durch die verschiedene Morfologie der priméren Solidus-
phase verursacht wird und nicht durch eine Verédnderung der Viskositdt des Systems. Mikro-
und Makrohértemessungen wurden durchgefihrt und die Hé&rte von Reinstantimon wurde
zu 79,5 kg/mm2 gefunden und nicht zu 26 kg/mm2 die Hé&rte der antimonreichen Phase ist
107,4 kg/mm2und nicht 32 kg/mm2, wie bisher bekannt. Die Harte von reinstem Blei (99,9999)
wurde zu 2,74 kg/mm2gefunden und die von handelsiblichem Blei (99,99) zu 3,75 kg/mm2 in
Brinelleinheiten H 10/100/30 bei 20 °C. Die Zusammensetzung des eutektischen Punkts war
11,5% Antimon, was nahe dem allgemein anerkannten Wert von 11,1% Antimon ist. Die
maximale Ldéslichkeit von Blei in Antimon wurde mittels einer neuen Separationsmethode
durch HeiRzentrifugieren gefunden und wurde zu 5,01% Blei bei 300 °C, zu 4,92% Blei bei
400 °C und zu 4,21% Blei bei 500 °C gefunden. Diese Werte im Antiinon-Blei-Zustandsdiag-
ramm waren bisher nicht bekannt.
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RECHERCHES SUR LE SYSTEME PLOMR-ANTIMOINE
W. W. KRYSKO et J. M. NEWBURN

RESUME

Le diagramme d’équilibre du systéme plomb-antimoine a été étudié par les auteurs. lls
ont trouvé que l'augmentation brusque de la ségrégation gravitationnelle de la phase riche en
antimoine au dela du point eutectique est due & la morphologie différente de la phase solide
primaire et non au changement de viscosité du systéeme. Des essais de micro- et macrodureté
ont été faits par les auteurs, qui ont trouvé que la dureté de I’antimoine de haute pureté est de
79,5 kg-mm2et celle de la phase riche en antimoine de 107,4 kg-mm2, au lieu de 26 kg-mm2,
resp. de 32 kg-mm2,comme on I’a cru jusqu’a présent. La dureté du plomb le plus pur (99,9999)
est de 2,74 kg-mm2et celle du plomb commercial (99,99) de 3,75 kg-mm2, en unités Brinell
H 10/100/30 a 20 °C. La composition du point eutectique présentait 11,5% d’antimoine, pour-
centage proche de la valeur généralement admise: 11,1% d’antimoine. La solubilit¢é maximum
du plomb dans I’antimoine était déterminée par une nouvelle méthode de séparation avec
centrifugeage a chaud, qui donnait 5,01% du plomb a 300 °C, 4,92% du plomb a 400 °C et
4,21% du plomb a 500 °C. Ces valeurs du diagramme d’équilibre antimoine-plomb n’étaient
pas connues jusqu’a présent.

NCC/NTEAOBAHVNE CNCTEMbl CBUHEL, — CYPbMA
B. B. KPMUICbKO n 1. M. HbIOBYPH

PE3IOME

ABTOpbI MCCNefoBanN AmarpaMMy COCTOSIHUS CUCTEMbl CBWMHEL, — cypbMa. ABTopamu
YCTAHOBJ/IEHO, YTO BHe3anHbIi POCT rpaBUTALMOHHOrO 3elirepoBaHUs 6oraToll cypbMoii asbl
nocne rnepexofa uYepe3 3BTEKTUUECKYHD TOUKY SABNSAETCA CAEACTBMEM Pa3IMYHON Mopdonorum
NepBUYHbIX COMUAYCHbIX (a3, a He CneiCTBUEM W3MEHEHWUS BA3KOCTU CUCTeMbl. Bblav npo-
BeJeHbl M3MEPEHNS MUKPO- U MakpoTBEPAOCTU M TBEPAOCTb COBEPLLEHHO YMUCTOM CypbMbl Oblia
yCTaHOB/IeHa paBHOM 79,5 Kr!'MM2, a He 26 Kr/MM2; TBEPAOCTb XXe 6oratoli Cypbmoii (hasbl paBHa
107,4 kr/mM2 a He 32 KI/MM2, KaK 3TO CYMTa/IoCh 0 CUX NOop. TBEPAOCTb OYeHb YMCTOr0 CBUHLA
(99,9999) 6bina ycTtaHoB/MeHa paBHONM 2,74 Kr/MM2, a CBUHLA TOproBoii mMapku (99,99) paBHoli
3,75 kr/ImmM2 B eguHuyax bBpuHens H 10/100/30 npu 20 °C. CocTaB B 3BTEKTUYECKON TOUKe
Obln ycTaHOB/IEH paBHbIM 11,5 % CcypbMbl, YTO NIEXUT 6/IN3KO K OOLLENPUHATOMY 3HAYEHUIO B
11,1 % cypbMbl. MakcvMasibHas pacTBOPUMOCTb CBUHLA B CypbMe Oblia YCTaHOB/eHa Mpu Mo-
MOLLUM HOBOFO MeTofa cenapuvpoBaHusa (LeHTPUYrMpoBaHUS B FOpsYeM COCTOSHMM) U OMpe-
feneHa pasHoi 5,01 % cBuHLy npu 300 °C, 4,92% cBuHuy npu 400 °C 1 4,21 % cBUHLY npn
500 °C. 3Tn BeNMYMHbI Ha AMarpamMmmMe COCTOSIHUSA CUCTEMbI CypbMa — CBUHEL, A0 CUX Mop He
OblNN  elle W3BECTHbI.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



Acta Technica Academiae Scienliarum Hungaricae, Tomus 54 (1—2), pp. 137—142 (1966)

THE INFLUENCE OF TEMPERATURE AND RELATIVE
INTERFACIAL SHEAR MOVEMENT RATE
ON THE SHEAR STRENGTH OF HIGH PURITY LEAD

W. W. KRYSKO and R. G. FENTON
Dr. Ing. M.Sc.

THE UNIVERSITY OF NEW SOUTH WALES, SYDNEY (AUSTRALIA)
[Manuscript received January 11, 1965]

Tests were carried out to determine the influence of the temperature and the relative
interfacial shear movement rate on the shear strength of high purity lead. It was found that
critical rates exist, as follows: At + 170 °C and +100 °C, above 150 mm/cm/min; at
0°C, 80 mm/cm/min; at —70°C, 50 mm/cm/min; at —135°C, 35 mm/cm/min; and
at —185 °C, less than 5 mm/cm/min, for 99,9999% purity lead with a grain size of 0,2 mm2
These values are needed for the calculation of power requirements during the process of
extrusion and may explain the increase in pressure required with increasing ram speed.

For the calculation of the power consumption required during the process
of extrusion of metals [1] it is necessary to know the shear strength of these
metals at different temperatures, applying various deformation rates. It is
known that the shear strength of lead at a given temperature depends on the
grain size [2] and on the deformation rate [3]. The effect of the strain rate
on the properties determined varies with the temperature. Its influence
rapidly increases with increasing temperature and it becomes dominant at
temperatures close to the melting point of metals. At room temperature the
effect of the strain rate on properties of high melting point metals is generally
negligible, but properties of low melting point metals are strongly influenced
by the applied strain rate even below room temperature.

Since the extrusion of metals usually takes place at elevated temperatures
relatively close to the melting point, it is therefore necessary to obtain exact
values of the shear strength of metals used in extrusion as a function of the
temperature and the relative interfacial shear area movement.

The shear strength properties of high purity lead (99,9999%) [4] are
investigated in this paper as part of an extended investigation on extrusion
of metals. Lead was extruded to a rod of 11,2 mm diameter. Specimens were
cut from this rod, each measuring about 70 mm in length. The surface of the
specimens was smooth, the grain structure fine and uniformly distributed.
The average grain size measured 0,2 mm2 This grain size was determined by
etching the extruded surface [5]. The tensile strength of the material at a
strain rate of 10,2 mm/cm/min and a temperature of 22 °C was found to be
158,2 kg/cm2 and its elongation over 110 mm was 85%.
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A universal electro-hydraulic testing machine was used to carry out
the tests. An average deformation rate in mm/min was calculated by dividing
the relative transverse displacement of the fixed and moving shearing rings
by the corresponding time interval. By dividing the average deformation rate
by the diameter of the specimen in cm the average relative interfacial shear
movement rate in mm/cm/min was obtained.

The tests were carried out in a temperature bath. The specimen was
placed in the circular hole of the two fixed and one moving steel shearing rings
and when the specimen was properly placed in position and the rings adjusted,

Relative interfaciai shear movement rate,
mm/cm/min

Fig. 1. The shear strength of high purity lead as a function of temperature and the relative
interfacial shear movement rate, the dotted line shows the critical rate

the container was filled with liquid. The specimen and the rings were completely
submerged so that uniform temperature could be kept throughout. A thermo-
meter was placed in the liquid to measure its temperature. At one end of each
specimen a small hole was drilled, into which the end of a thermocouple was
placed and by this means the actual temperature of the specimen itself was
measured. Most of the temperatures at which tests were carried out were
fixed temperatures, selected to enable constant temperatures to be maintained
over a lengthy period of time. The results obtained from six test temperatures
are listed in Table 1.

These results are plotted in Fig. 1. The shear strength increases with
the increase of shear movement rate until the critical rate is reached, and
after that, the shear movement rate has no effect at all on the shear strength.
The value of the critical rate is dependent on the temperature. Athigh temper-
atures the critical rate is high and the shear strength keeps on increasing.
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Table |

The variation of the shear strength of high purity lead as a function
of the relative interfacial shear movement rate at six different test temperatures

Temperature, Shear strength, Shear movement
°C kg/cma rate, mm/cm/min
+170 54,8 120,0
45,2 50,0
30,5 13,0
+ 100 74,0 150,0
64,0 60,0
59,0 35,3
53,8 17,1
47,2 9,2
42,2 2,3
0 155 150,0
155 85,5
141 54,6
142 33,3
123 10,0
110 55
— 70 218 150,0
218 75,0
218 50,0
203 17,1
196 11,3
-135 292 200,0
292 85,8
291 27,3
271 17,1
-185 344 86,0
343 40,0
346 30,0
345 10,9
343 3,4

Such is the case at 4200 °C and at +170 °C where the critical rate was not
actually reached during testing. At lower temperatures the value of the
critical rate gets smaller. The horizontal part of the curves corresponding to
0 °C, —70 °C and —135 °C testing temperatures, can be clearly seen. The
critical rates are, at + 170 °C and -f- 100 °C above 150 mm/cm/min; at
0 °C, 80 mm/cm/min; at —70 °C, 50 mm/cm/min; at —135 °C, 35 mm/cm/min;
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and at —185°C = below 5 mm/cm/min. The dotted line on Fig. 1 shows

the critical rates.
The increase in shear strength as a function of the increasing shear

movement rate may explain the observation that under otherwise equal con-
ditions the power consumption increases with increasing ram speed [6] during
the extrusion of lead in a ram press.
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SESENAEN

DER EINFLUR DER TEMPERATUR UND DER RELATIVEN GLEITFLACHEN-
SCHUBGESCHWINDIGKEIT AUF DIE SCHUBFESTIGKEIT VON REINSTBLEI

W. W. KRYSKO und R. G. FENTON
ZUSAMMENFASSUNG

Die Verfasser untersuchten experimentell den EinfluB der Temperatur und der relativen
Gleitflachen-Schubgeschwindigkeit auf die Schubfestigkeit von Reinstblei. Sie fanden, daR
fur Blei von 99,9999% Reinheit mit einer Korngrofe von 0,2 mm2kritische Verhdltnisse
existieren, und zwar: bei +170 °C und bei + 100 °C tber 150 mm/cm/min; bei 0 °C 80 mm/
cm/min, bei —70 °C 50 mm/cm/min, bei —135 °C 35 mm/cm/min und bei —185 °C weniger als
5 mm/cm/min. Diese Werte werden fiir die Berechnung des Leistungsbedarfs der Strangpresse
bendtigt und sie konnen die Erhohung des Drucks mit steigender Kolbengeschwindigkeit er-

klaren.

L’INFLUENCE DE LA TEMPERATURE ET DE LA VITESSE DE CISAILLEMENT
INTERFACIALE RELATIVE SUR LA RESISTANCE AU CISAILLEMENT
DU PLOMB DE TRES HAUTE PURETE

W. W. KRYSKO et R. G. FENTON
RESUME

Les auteurs ont fait des essais pour déterminer I'influence de la température et du rap-
port de la vitesse de cisaillement interfaciale relative sur la résistance au cisaillement du plomb
de trés haute pureté. lls ont trouvé que pour un plomb de 99,9999% de pureté a grains de 0,2
mm2, il existe des rapports critiques de vitesse, notamment: au-dessus de 150 mm/cm/min a
—-+170 °C et 100 °C, 80 mm/cm/min a 0 °C, 50 mm/cm/min a —70 °C, 35 mm/cm/min a
— 135 °C et moins de 5mm/cm/min a —185 °C. Ces valeurs sont nécessaires pour calculer les
puissances demandéet par I’extrusion et peuvent expliquer I’augmentation de pression en fonc-
tion de I’accroissemens de la vitesse du piston.
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BO3AENCTBME TEMMEPATYPbl M OTHOCUTE/NIbHOM CKOPOCTW CPE3A
MEXAY TMOBEPXHOCTAMW HA COMPOTUBJ/IEHNE CPE3A OYEHb
YNCTOIro CBMHUA

B. B. KPUCbKO u P. I'. ®EHTOH

PE3FOME

ABTOpbI MPOBOAUAM ONbITbl ANA TOro, YTobGbl OMpefenNnTb BO3AENCTBME, OKasbiBaeMoe
TemnepaTypoli M OTHOLLEHWUS OTHOCUTENIbHOM CKOPOCTU Cpe3a MeXJy MOBEPXHOCTAMU Ha Co-
NPOTUB/IEHNE CPe3a OYeHb YMCTOr0 CBMHLA. ABTOPbl HALUIW, YTO B CAy4aecB WMHLA 4YUCTOTOMN
99,9999% c KpynHOCTb 3epeH nopsfgka 0,2 MM2UMEKTCA OTHOLUEHUA KPUTUYHECKUX CKOPOC-
TelA, @a UMeHHO Npn +170 n +100 °C Bbiwe 150 mm/cm/MuH ; npn O°C 80 MM/CM/MUH; npyu —
70 °C 50 mm/cm/MuH; npyu — 135 °C 35 mm/cm/MUH 1 npy — 185 °C HKe 5 MM/CM/MUH. 3Tn
BE/IMYMHbI HEOOXOAMMbI 4151 BbIYMUCAEHNS NOTPEGHOM MOLLHOCTY NPU 3KCTPYANPOBaAHU U MOTYT
06bACHWUTbL POCT AaB/ieHUs, HabNA4aeMblii NPY BO3pacTaloLLel CKOPOCTWU MOPLUHS.
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BESTIMMUNG DER BEIM GESENKSCHMIEDEN
AUFTRETENDEN HOCHSTKRAFT

36. MITTEILUNG DER METALLURGISCHEN ARBEITSGEMEINSCHAFT

L. TOTH
TECHNISCHE UNIVERSITAT FUR SCHWERINDUSTRIE, MISKOLC (UNGARN)

[Eingegangen am 24. Februar, 1965]

Vorliegende Studie beschaftigt sich mit der Bestimmung des maximalen Kraftbedarfs
beim Schmieden von Gesenkschmiedesticken. Das Hauptkennzeichen der hier erldauterten
Theorie der Naherungsbestimmung der maximalen Schmiedekraft ist neben ihrer Einfachheit
der Umstand, daR sie samtliche, das Gesenkschmieden beeinflussende Faktoren berticksich-
tigt. Im Artikel werden ferner Zusammenhdnge abgeleitet, die sich auf einfache Schmiede-
stiicke beziehen. Uber die Richtigkeit der abgeleiteten Zusammenhinge kann man sich mit
Hilfe eines Vergleichs mit den Versuchswerten Uberzeugen. Die Né&herungsbestimmung des
Hochstkraftbedarfs beim Schmieden von Schmiedestiicken mit komplizierten Formen bildet
die letzte Anwendung der in der Studie beschriebenen Theorie. Die Anwendung des Rechen-
verfahrens ist an einem Zahlenbeispiel dargestellt.

Bezeichnungen

A [mkp] Arbeitsbedarf je Schlag;

b [mm] Hohe der bildsamen Zone im Falle eines einfachen zylindri-
schen Schmiedestickes;

6, 62 [mm] Hohe der Teile der bildsamen Zone;

6jti [mm] mittlere Hohe der bildsamen Zone;

D [mm] Durchmesser oder Breite des Schmiedestiickes;

F [mm2] Flache des Querschnittes vom Schmiedestiick in der Gratebene;

h [mm] Hohe des Schmiedestiickes;

K [mm] Ausgangshohe des Schmiedestickes;

h'im [mm] mittlere Hohe des fertigen Schmiedestiickes;

Ah [mm 1 Hohenabnahme;

Ahjjj [mm] mittlere Hohenabnahme des Schmiedestiickes;

Kf [kp/mm2] Yerformungsfestigkeit;

Kkfm [kp/mm2] mittlere Yerformungsfestigkeit;

KfiGr [kp/mm2] Verformungsfestigkeit des im Grat befindlichen Stoffes vor dem
Schlag;

Kfzir [kp/mm2] verformungsfestigkeit des im Grat befindlichen Stoffes nach
dem Schlag;

KfmGr [kp/mm2] mittlere Verformungsfestigkeit des im Grat befindlichen Stoffes;

kf\iie [kp/mm2] Verformungsfestigkeit des im Gesenkhohlraum befindlichen
Stoffes vor dem Schlag;

KfzGe [kp/mm2] Verformungsfestigkeit des im Gesenkhohlraum befindlichen
Stoffes nach dem Schlag;

kfmGe [kp/mm2] mittlere Verformungsfestigkeit des im Gesenkhohlraum befind-
lichen Stoffes;

L [mm] Lange des Schmiedestickes;

h [mm] Breite des Gratstegs;

p [kp/mm2] PreRdruck beim Strangpressen;

Ponax [kp] beim Gesekschmieden auftretende Hodchstkraft;

max, prism [kp] beim Gesenkschmieden von prismatischen Korpern auftretende
Hochstkraft;

camax. zyl. [kpl beim Gesenkschmieden von zylindersymmetrischen Schmiedes-

ticken auftretendc Ho6chstkraft;
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beim Schmieden von einfachen Teilen eines komplizierten
Gesenkschmiedestiickes auftretende maximale Schmiedekraft;

beim Strangpressen in normaler Richtung auf die tote Ecke
wirkende Spannung;

Radius eines beliebigen Raumelementes von zylindersymmetri-
schen Schmiedestiicken;

Radius oder halbe Breite des Schmiedestiickes;

Kennzeichnendes InnenmaB (Radius oder halbe Breite) des
Schmiedestiickes;

Gratdicke;

die bildsame und die elastische Zone trennende

Zeitdauer des Schmiedens;

Geschwindigkeit des Schmiedens (der Umformung);

radiale Geschwindigkeit vom beliebigen Volumen des zylinder-
symmetrischen Schmiedestiickes;

Koordinate;

Koordinate;

spezifische Querschnittsverminderung;

Querschnittsverminderung des im Gesenkhohlraum vorhande-
nen Stoffes wahrend des vorigen Schlages;

Querschnittsverminderung des im Gesenkhohlraum vorhandenen
Stoffes nach dem Schlag;

Querschnittsverminderung des im Grat befindlichen Stoffes vor
dem Schlag;

Querschnittsverminderung des
nach dem Schlag;

Forméanderungsgeschwindigkeiten der
dersymmetrischen Kérpers;

Verhdltniszahl zwischen den Spannungen und Forménderungs-
geschwindigkeiten;

Reibungszahl zwischen Schmiedestick und Werkzeugwand;

auf ein beliebiges Raumelement des bildsamen Kdérpers wirkende
Hdéchstspannung;

auf ein beliebiges Raumelement des bildsamen Kérpers wirkende
Kleinstspannung;

in der Symmetrieachse des Schmiedestiickes auftretende Span-
nung (73;

an der Stelle x = 0 auftretende Spannung ax bzw. 03;

auf ein beliebiges Raumelement des zylindersymmetr. Kdrpers
wirkende Hauptspannungen;

auf ein beliebiges Raumelement des bildsamen Kodrpers wirkende
mittlere Spannung (algebraischer Mittelwert der Hauptspan-
nungen);

entlang der Gesenkwand auftretende Schubspannung;

im Werkstoff auftretende maximale Schubspannung;

Faktor zur Bericksichtigung der Gratwirkung;

Faktor zur Berilicksichtigung der Formwirkung des Gesenk-
hohlraumes;

Faktor zur Beriicksichtigung der Formwirkung des Gesenk-
hohlraumes beim Schmieden von prismatischen Kérpern;
Faktor zur Berlicksichtigung der Formwirkung des Gesenkhohl-
raumes beim Schmieden von zylindersymmetrischen Kdorpern.

s.g. RiBflache;

im Grat befindlichen Stoffes

Raumeinheit des zylin-

I. Einleitung

Die Kenntnis der beim Schmieden auftretenden Kraft bildet die Grund-
lage fur die Ausarbeitung der Technologie des Gesenkschmiedens. Nach den
Versuchen von A. Gelejt [1] erfolgt die Kraftdnderung in Abhdngigkeit von

der

Hdéhenabnahme bei

der Umformung eines einfachen Schmiedestiickes
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entsprechend des Bildes 1. Im Bild bezeichnet a Beginn der Gesenkraumfil-
lung, b Austrittsbeginn des Grates, ¢ Beginn des Zusammendrickens des
Grates, d vollkommene Ausfillung des Gesenkraumes. Es ist zu sehen, daB
mit der Abnahme der Hohe der Kraftbedarf der Umformung stdndig wéchst.
Die im Bild 1 dargestellte Kraft-Hohenabnahme-Kurve liefert fur die Ausar-
beitung der Schmiedetechnologie zwei wichtige Angaben: Einerseits die Grol3e
der zur Fertigung des Schmiedestiuckes erforderlichen Héchstkraft, aus der die
Belastbarkeit der Maschine angegeben werden kann, andererseits die GroRe der
zur Herstellung des Schmiedestiickes aufgewandten mechanischen Arbeit, mit
deren Hilfe die Maschinenleistung bzw. die Anzahl der erforderlichen Schlége be-

Hoéhenahnahme, dh[mm]

Bild 1

stimmt werden kann. Vorliegende Arbeit beschéftigt sich mit der Bestimmungs-
mdglichkeit der beim Schmieden auftretenden Hd&chstkraft. Die Hdchstkraft
tritt nach dem Bild 1 im letzten Augenblick des Schmiedens auf, wenn das
Gesenk bereits ganz ausgefullt ist.

In den letzten Jahren ist eine bedeutende Entwicklung in der Theorie
der Bestimmung der Hochstkraft des Schmiedens festzustellen. Als Erster
stellte A. 6 c1cji 27 den Umstand fest, daB im Verlauf des Gesenkschmiedens
im ausgefillten Gesenk nicht der ganze W erkstoff in einen bildsamen Zustand
Ubergeht. A. ce1e;: bestimmte experimentell die Grenzen der bildsamen Zone,
und in Kenntnis der GroBe der bildsamen Zone arbeitete er ein Rechenver-
fahren zur Bestimmung der maximalen Schmiedekraft aus. semenow [31,
Stroscnew UNA Popow [4], fErNErstroscnew,semenow UNDd Kk irsanowa [5]
haben ein der Gelejischen Methode &hnliches Verfahren zur Bestimmung der
maximalen Schmiedekraft ausgearbeitet. canago, W aisbura UND Tarnow -
SKij [6] haben die Grenzen der bildsamen Zone mit Hilfe der Variations-
gleichungen, die fur kleine Formé&nderungen der Plastizitdtstheorie gultig
sind, bestimmt. sorman [8l UNd sonnson [9] haben mittels der sog. Charakte-
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ristikmcthode die Grenzen der bildsamen Zone und die maximale Schmiede-
kraft ermittelt. Gegen jede der hier aufgefihrten Lésungen kénnen Anspriche
gestellt werden, die sie nicht erfillen kénnen. Die mit Hilfe der Variations-
und der Charakteristikmethode gefundenen Ld6sungen sind trotz ihrer schein-
baren Exaktheit doch nicht ganz zufriedenstellend. Wegen der Ausgangsbe-
dingungen und der Einschrdnkungen besitzen sie nur fir kleine Forméanderun-
gen Gultigkeit, dariber hinaus jedoch, st6Rt ihre Anwendung auf komplizierte
Gesenke auf ernsthafte rechnerische Schwierigkeiten. Die Ld&sungen von
Geleji [2], Semenow [3], Stroschew [4], ferner von Stroschew, Semenow
und Kirsanowa [5] sind auch im Fall von komliziert geformten Gesenken
einfach anzuwenden. Zur Feststellung der Grenzen der im Schmiedestlick
auftretenden bildsamen Zonen sind jedoch Einzel- und mitunter recht kompli-
zierte Versuche erforderlich. Die vorliegende Studie bezweckt die Ausarbeitung
einer Ndherungslésung, mit deren Hilfe die Grenzen der bildsamen Zone und
die maximale Schmiedekraft theoretisch einfach bestimmbar sind.

Il. Theoretische Grundlagen der Bestimmung
der Schmiedekraft

Die im Betrieb t&tigen Ingenieure erachten jene Beziehungen als befrie-
digend, die auBer ihrer einfachen Handhabung auch die Faktoren entsprechend
berlGcksichtigen kénnen, welche das Schmieden beeinflussen. Um eine theore-
tische Loésung, welche diesen Bedingungen entspricht, ausarbeiten zu kdénnen,
missen wir vereinfachende Voraussetzungen einfihren. Diese vereinfachenden
Voraussetzungen missen mit den tatsé&chlichen Verhéltnissen im Einklang
stehen, daher ist es zweckmé&Rig, sie aus den Versuchsergebnissen ausgehend
zu bestimmen.

Im Bild 2 sehen wir den Querschnitt eines Probestiickes, das in einem
einfachen zylindrischen Gesenk eine relative Hohenabnahme von 5% erleidet.
Aus dem Bild ist es zu ersehen, daB von den urspringlich geraden Linien nur
ein Teil, auf einer begrenzten Fldche, eine Krimmung, als Zeichen einer
bleibenden Forméanderung erfédhrt. Auf Grund des Bildes 2 kann die im Schmie-
destiick entstandene bildsame Zone abgegrenzt werden. Die Grenze der im
Schmiedestiick gebildeten bildsamen Zone ist im Bild 3 veranschaulicht.
Nach Bild 3 kann die bildsame Zone auf drei Teile, mit voneinander abwei-
chenden Eigenschaften, zerlegt werden:

I. Zone, Stauchung des Werkstoffes zwischen parallelen, rauhen Platten;

Il. Zone, Stauchung des Werkstoffes durch parallele, glatte Flachen
von elastischen Stoffteilen;

I1l. Zone, Pressen zwischen elastischen Stoffteilen, die miteinander
einen Winkel von glatten Flachen bilden.
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Bild 2

In den folgenden Ausfiihrungen werden wir ausgehend aus den Grundbe-
dingungen, die im Bild 3 dargestellt sind, die Schmiedekraft theoretisch

bestimmen.

1. Bestimmungsmethode der maximalen Schmiedekraft

Die bei der einachsigen Verformung (Ziehen oder Stauchen) von Metallen
auftretenden Verformungsspannungen bezeichnen wir als Verformungs-
festigkeit. Die Verformungsfestigkeit bedeutet vom Standpunkt der bildsamen
Verformung aus das wichtigste Kennzeichen des metallischen Stoffes. Dieser
Umstand kommt auch in der Mohrschen bildsamen Bedingung zum Ausdruck.

ai-o 3= kf, 1)

wo < die auf das Volumenelement des Bildsamen Stoffes wirkende grosste,
a3 die kleinste Spannung und kj die Verformungsfestigkeit des Metalles be-
deuten.

Die Verformungsfestigkeit der Metalle ist auler der Metalleigenschaften
noch eine Funktion der Verformungstemperatur, des Grades und der Zeitdauer
der Forménderung. Die Verformungsfestigkeit der Metalle kann durch Ver-
suche bestimmt werden [10]. Die Versuchsergebnisse kénnen in Fachver-
o6ffentlichungen in Form von Gleichungen, Tabellen oder Diagrammen ge-
funden werden.
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W é&hrend des Schmiedens &ndert sich die Temperatur und der Grad der
Verformung als Funktion der Zeit. Daraus geht hervor, dall auch die Ver-
formungsfestigkeit sich als Funktion der Zeit dndert. Die Schmiedekraft wird
der Einfachheit halber mit Flilfe einer konstanten, sogenannten mittleren
Verformungsfestigkeit bestimmt. Das fir die Bestimmung der mittleren
Verformungsfestigkeit anerkannte Verfahren ist im Bild 4 veranschaulicht.

Bild 3

Zur Bestimmung der mittleren Verformungsfestigkeit ist nach Bild 4
das Aufzeichnen des Diagramms der Verformungsfestigkeit und der spezifi-
schen Formdnderung erforderlich. Im Fall der Kaltverformung hé&ngt die
Verformungsfestigkeit nur vom Grad der Formdnderung ab, daher ist die
Kurve kf—e durch die Versuche unmittelbar gegeben. Im Fall der Warm-
verformung, wenn die Verformungsfestigkeit auch noch von der Zeitdauer
der Formé&nderung abhéngig ist, kann das Diagramm kf—e in Kenntnis der
Kurve t = f(e) aus der rdumlichen Darstellung kf = kj(e; t) ermittelt werden
[11]. Als Beispiel untersuchten wir in dem Bild 5b eine auf einer Kurbelpresse
durchgefihrte Verformung. Im Bild 5a ist unten die Kurve t — f(e) dargestellt.
In Kenntnis der Funktion t = f(«) ist aus der Funktion kf = kf(e; t), und im
Bild 5a die Kurve kf — f(e) im Bild 5b Punkt fir Punkt bestimmt worden.
Der Wert der mittleren Verformungsfestigkeit kann in Kenntnis der Funktion
kf — s als Funktion der vollen spezifischen Formé&nderung ermittelt werden.
In den Zonen nach Bild 3 zeigt die bildsame Formé&nderung verschiedene Male,
daher ist die mittlere Verformungsfestigkeit ebenfalls verschieden groR. Be-
sonders groB ist die Differenz zwischen der in der Zone | auftretenden mittleren
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Verforinungsfestigkeit und der Yerformungsfestigkeit, die in den Zonen Il
und 11l auftritt. Daher ist es zweckmé&Rig, sie getrennt zu bestimmen.

Nach dem Bild 6 betrdgt die in den Zonen W —I11 auftretende mittlere
volle Forménderung angenéhert:

A n2 Ah,,
- (2)
hl~ (h2am- h)  Ahm+b
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wobei e2Gedas MaR der mittleren spezifischen Forméadnderung des im Gesenkra-
um befindlichen Stoffes, Ahm die beim Schmieden auftretende durchschnittliche
Hohenabnahme, b die Hohe der bildsamen Zone bedeutet.

In Kenntnis des W ertes von e2Ge, der mit Hilfe der Gleichung (2) bestimmt
wurde, kann nach Bild 4 die mittlere Yerformungsfestigkeit des im Gesenk-
raum befindlichen Stoffes ermittelt werden:

. 2k/2Gf
kj der IGe (3)

c2Gc 61Ge J siGe

Bild 6

wo fc/ice die Verformungsfestigkeit vor dem Schlag, kf2Ge den Wert der Ver-
formungsfestigkeit nach der spezifischen Formé&nderung e2Gj bedeutet.

Auf Grund des Bildes 6 kann das Malk der Verformung des in der Gratrille
befindlichen Stoffes aus folgender Gleichung bestimmt werden:

1 e2ar—(1“ e2Ge) 1 4)

Aus der Gleichung (4) kann man die GrofRe der mittleren spezifischen Form-
&nderung des Grates ermitteln:

5
e2Gr— 1 0-(! e2Ge), (5)

wo s die Gratdicke bezeichnet. Mit Hilfe der Gleichung(5) wurde s2cr bestimm t,
und in Kenntnis dieses Wertes kann die mittlere Verformungsfestigkeit des in
der Gratrille befindlichen Stoffes bestimmt werden:

1 JGa«r hfior + 2KJIG
kfmGr = Kk de ' (6)

e2GF  elgr sior
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Avo kf.jQr die bei der spezifischen Forméanderung e2 auftretende Verformungs-
festigkeit bedeutet.

Im Fall der Warmverformung mufl man bei der Bestimmung der mittleren
Verformungsfestigkeit des Grates auch darauf achten, daB sich der Grat
infolge seiner kleineren Masse und seiner groBen Flache stdrker abkuhlt als der
im Gesenkraum vorhandene Stoff.

In Kenntnis der mittleren Verformungsfestigkeit ergibt sich die maximale
Schmiedekraft nach Geleji [1]:

Am ax F  fmGr ’ £0r ~b " fmGe ' "Ge)i (@)

wo P max die maximale Schmiedekraft, F die Querschnittsflache des Schmiede-
stickes in der Gratebene, kfmae die mittlere Verformungsfestigkeit des im
Gesenkraum vorhandenen Stoffes, AynGr die mittlere Verformungsfestigkeit
des im Grat befindlichen Stoffes, | Gr und £G Faktoren bedeuten, die sich auf
die Reibungs- und geometrischen Verhéltnisse beziehen. In den weiteren
Ausfihrungen befassen wir uns mit den theoretischen Grundlagen der Bestim-
mung unserer Faktoren.

2. Stauchung zwischen parallelen Ebenen

Die angenédherte Analyse der Spannungen, die in einem bildsamen Stoff
zwischen zwei parallelen, rauhen, ebenen Fldchen auftreten, kann entsprechend
dem Bild 7 erfolgen. Im Bild 7 ist der Querschnitt eines unendlich langen pris-
matischen Korpers zu sehen. Das Gleichgewicht der Kréafte, die auf ein belie-
biges Flachenelement h mdx des Querschnittes wirken, ergibt sich zu:

da3 2t
d* h

Aifx-o A3 ix-0)+kf
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Die Bedingung der Bildsamkeit auf Grund der Gleichung (1) lautet:
CL - a3= kfm. 9)

An der Berthrungsflache der Druckplatte und des bildsamen Stoffes entsteht
ein Gleiten. Als Folge hiervon ist das Auftreten der Schubspannung T, die im
Bereich des Gleitens mit Hilfe des Coulombschen Gesetzes bestimmt werden

kann:
r=fi <. (10)

Aus den Gleichungen (8), (9) und (10) kann eine Differentialgleichung gebildet
werden:
dal 2fl

()
dx h

Die Gleichung (11) kann unter Berlicksichtigung der im Bild veranschaulichten
Grenzbedingungen integriert werden:

°j — UX=0) (12)
Die kleinste Spannung kann aus den Gleichungen (9) und (12) enthnommen
werden:

°3 — "Kx-0) (13)

Die Gleichungen (12) und (13) haben in dem Fall Gultigkeit, wenn zwischen
der Druckplatte und dem Stoff ein Gleiten auftritt. Sofern die Druckebene
einen im elastischen Zustand befindlichen, mit dem bildsamen Teil des Mate-
rials zusammenhdngenden Stoff bedeutet, bzw. wenn der Wert der Schub-
spannung T = uaxdie maximale Scherspannung des bildsamen Stoffes uber-
schreitet, dann wird die Schubspannung:

Tmax (14)

Die aus den Gleichungen (8) und (14) gebildete Differentialgleichung lautet:

aClg

dx (15)

Die Gleichung (15) kann unter Berlcksichtigung der im Bild 10 angefiihrten
Grenzbedingungen integriert werden:

°3 — °3(X=0) (16)

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



BESTIMMUNG DER BEIM GESENKSCHMIEDEN AUFTRETENDEN HOCHSTKRAFT 153

Die groRte Hauptspannung kann aus den Gleichungen (8) und (16) entnommen
werden:

X
= ffi(x=0) + kfm 5 17

Die Gleichungen (12), (13), (16) und (17), die zur Bestimmung der Spannungen
dienen, bringen nur eine Anndherung an die praktischen Verhdltnisse. Einer-
seits berucksichtigen sie nicht die in der bildsamen Zone auftretenden Schub-

spannungen, andererseits sind sie aus den idealisierten ebenen Formé&nderungen
abgeleitet. Trotzdem ist eine entsprechende Ubereinstimmung mit den Ver-
suchsergebnissen feststellbar. Eine besonders gute Ubereinstimmung ist im
Fall des Stauchens von zylindersymmetrischen Sticken zu erwarten, denn
dabei sind die Gleichungen (8) und (9) richt’g; ihre Richtigkeit ist in exakter
Form nachweisbar (mit Ausnahme der elastischen Bereiche in der Stickmitte).
Zum Nachweis dieser Behauptung mogen folgende Ausfihrungen dienen:
oy, BB und azsind die Normalspannungen, die auf ein Fld&chenelement des im
Bild 8 veranschaulichten zylindersymmetrischen Kdrpers wirken. Bei Anwen-
dung der Gleichgewichtsgleichungen, die fiur die zylindersymmetrischen
Korper glltig sind, auf die im Bild 8 dargestellte Stauchung erh&lt man [10]:

dar °e ar 2r

18
d7+ r h (18)
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In den Gleichungen (9), (10) und (18) kommen vier Unbekannte vor, daher
mufl man bei Bestimmung der Spannungen eine weitere Gleichung verwenden.
Diese konnte anhand des Bildes 9 abgeleitet werden. Nach dem Bild 9 kann
die Radialgeschwindigkeit der Punkte des ringfdrmigen Raumelementes
h «2 mr «dr en aus einer Gleichung, welche die Stetigkeit des Stoffes aus-

drickt, bestimmt werden:

vr= —V [ e (19)

Anhand des Bildes 9 kdnnen die Formanderungsgeschwindigkeiten des unter’
suchten Raumelementes ermittelt werden:

(20)

Auf Grund der Gleichung (19), unter Berlicksichtigung der Beziehung se= —

ergibt sich:
(21

Wenn man das Gesetz von der Erhaltung der Masse in bezug auf das unter-
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suchte Raumelement anschreibt, so erhdlt man [10]:

+ G+ £2*=0. (22)

Aus den Gleichungen (20), (21) und (22) kann er ausgedriickt werden:

(23)

Im weiteren mufl man die Gleichungen nach Lévy—Mises [10] anwenden;
nach ihnen besteht zwischen den Spannungen und Formé&nderungsgeschwindig-
keiten folgende Beziehung:

ke = N(oB - am), (24)
Er— r  °m)e
Aus den Gleichungen (22), (23) und (24) geht hervor:
ar= ae. (25)
Nach der Gleichung (25) wird die Gleichung (18) zu:

der,. 2t

dr h (20)
Im Fall eines Stauchens zwischen zylindersymmetrischen Druckplatten stimmt
die Gleichung (26) formell mit der Gleichung (8) Uberein, daher stimmen die
Losungen der Gleichungen (26), (9) und (10) mit denen der Gleichungen (12)
und (13) Uberein. Demnach besitzen Gleichungen, die unter Voraussetzung
einer ebenen Formdnderung im Falle eines Stauchens von zylindersymmetri-
schen Kdrpern zwischen Druckplatten beliebiger Form bestimmt wurden,
eine exakte Giltigkeit.

Die mit Hilfe der Gleichungen (12) und (17) bestimmbaren Spannungen
cTj sind im Bild 10 in Abhé&ngigkeit von x/h zu sehen. Aus dem Bild 10 geht
hervor, dall die zwischen dem bildsamen Stoff und der Druckplatte auftretende
Reibungszahl nur unter einem Wert von 0,3 von bedeutendem EinfluR auf
die Spannungen ist. Da beim Gesenkschmieden die Reibungszahl im allgemei-
nen zwischen 0,3-r-0,5 liegt, kann der Spannungswert Oj nach dem Bild 10
durch folgende Beziehung anndhernd bestimmt werden:

o-ic* kdm 1+ (27)

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



156 L. TOTH

Die Berechnung mit Hilfe der Gleichung (27) zeigt mit den Versuchswerten
eine sehr gute Ubereinstimmung sowohl beim Stauchen von ebenen als auch
beim Stauchen von zylindersymmetrischen Stlcken; dieser Umstand wird
auch durch die sorgfaltigen Versuche von Georg [12] bestétigt.

05
03
02

Jir
0,15

e a0 a5°

01

is/s

Bild 10

3. Stauchung zwischen »toten« Ecken

Die im Bild 3 mit 111 bezeichnete Zone zeigt eine Ahnlichkeit mit dem
Strangpressen, da bei Anwendung von Werkzeugen mit einem halben Kegel-
winkel von 90° im Fall des Strangpressens ebenfalls tote Ecken von 45° auf-
treten (elastischer Anteil des Stoffes). Die im Fall des Strangpressens auf-
tretenden Spannungsverhdltnisse kdnnen anhand des Bildes 11 bestimmt
werden. Vom Standpunkt des Kraftbedarfes beim Strangpressen bedeutet
die im Bild 11 mit p bezeichnete Spannung die wichtigste Angabe. Die Span-
nung kann auch durch Versuche bestimmt werden. Im Bild 12 sind die auf
Grund der Versuche von s onnson UNDd Mert1or [9], 50nnson [13], w i11cox
[14] und chang [15] bestimmten Werte von plkfm in Abhéngigkeit von der
relativen Querschnittsabnahme zu sehen. Die versuchsmdaRig festgestellten
W erte von p/kfm liegen bis zur Querschnittsabnahme von 50% in der Né&he
der Geraden

— A3,5¢, (28)
kfm
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wogegen bei Werten der Querschnittsabnahme tber 50% liegen sie nahe der
Johnsonschen Kurve [9]:

-P- 220,85+ 15In---——-—--—- . (29)
kjm l1—e

Uber einer Querschnittsabnahme von 50% zeigt die Gleichung nach A. Geleji
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[1] eine gute Ubereinstimmung mit den Versuchswerten:

p 1-1-0,93 ¢
kjm 1- 0,93e

Die Gultigkeitsgrenze der Gleichungen (28), (29) und (30) mull eingehalten
werden, denn aus den Gleichungen (29) und (30) kann zum Beispiel im Fall
von e = 0 fur den Wert von pjkfm anstelle von 0 ein Wert von 0,85 bzw. 1
errechnet werden.

Aus den weiteren Ausfuhrungen wird hervorgehen, da man beim Schmie-
den Ndherungsgleichungen bendtigt, die im ganzen Bereich von e, mit nur
kleinem Fehler, mit einer einzigen Gleichung die Werte von plkfm angeben.
Daher war die Ausarbeitung der nachfolgenden N&herungsberechnung er-
forderlich.

Das Gleichgewicht der Spannungen, die auf das Raumelement h mdx,
veranschaulicht im Bild 11, wirken, kann man mit folgenden zwei Gleichungen
ausdrucken:

d(<yy)

d.r
(31)

Wenn man zu den Gleichungen (31) die Gleichung (9) hinzuflgt, erh&lt man
ein aus drei Gleichungen bestehendes Gleichungssystem. Berucksichtigt man,
dalRy = s/2 Xist, so kann aus dem Gleichungssystem die folgende Differen-
tialgleichung gewonnen werden:

_2,3kjm (€]
dx s/2 ¢+ X

Die Gleichung (32) kann getrennt und integriert werden [im Fall der Grenz-
bedingung: * = 0, y B=s/2 und a3 = <3x 0)]:

a3 — ~r(xnro) + 2,3 kim\n —=~ — (33)
s/2

Wenn man die Definition von p und e beachtet, erhdlt man aus der Gleichung
(33):

-N—=23In—-— . (34)
k/m 1—e
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Vergleicht man die Gleichung (34) mit den im Bild 12 dargestellten Versuchs-
werten, so kann man sehen, dall die mit der Gleichung (34) bestimmten Werte
von p/kfm bei einet Querschnittsabnahme von 0 bis 90% eine entsprechende
Ubereinstimmung aufweisen. Bei relativ kleinen Querschnittsabnahmen ergibt
sich ein maximaler Fehler von 25%. Die durch die Gleichung (34) ermittelten
p/kfm Werte sind beim Pressen von Stangen mit beliebiger Symmetrie giltig.
Purcnase UNd Tupper [16] haben ndmlich durch Versuche nachgewiesen,
daR sich beim Pressen von sowohl prismatischen alsauch zylindersymmetrischen
Stangen identische W erte ergeben, wenn die relativen Querschnittsab-
nahmen Ubereinstimmen. Aus den Gleichungen (9) und (33) kann die Spannung
Clj, die auf die toten Ecken wirkt, in folgender Weise ausgedrickt werden:

sj2 + x
i —aix o)V 2,3 kfm-In Js/2 (35)

4. Das Prinzip der minimalen Arbeit

Das Prinzip der minimalen Arbeit bedeutet eine wichtige Ld&sungs-
methode in der mathematischen Plastizitdtslehre. Im Fall der Schmiedeauf-
gaben kann das Prinzip der sogenannten kinematisch zuldssigen Spannungen
angewandt werden. Kinematisch zuldssig nennt man jene Spannungen, welche
auf beliebige, aber auf kinematisch vorstellbare Geschwindigkeitsfelder, mit
Hilfe der Lévi—Misesschen Gleichungen, unter Wahrung der Gleichgewichts-
gleichungen, zurickgefihrt werden kénnen. Das bei der bildsamen Verformung
tatsdchlich auftretende Geschwindigkeitsfeld reiht sich ebenfalls in die unend-
liche Zahl der kinematisch vorstellbaren Felder, die den gegebenen Grenz-
bedingungen der Geschwindigkeit entsprechen, ein. Das Prinzip der minimalen
Arbeit bezeichnet gerade den Umstand, daB ein bei der tatsdchlichen Ver-
formung auftretendes Geschwindigkeitsfeld den Uber besondere Eigenschaften
verfugenden Grenzfall der kinematisch zuldssigen Geschwindigkeitsfelder be-
deutet. Es ist ndmlich jenes kinematisch zuldssiges Geschwindigkeitsfeld, bei
dem die Gesamtarbeit (Leistung) eine minimale ist. Dieses Gesetz kann in
Gleichungsform mit den Bezeichnungen vom Bild 13 niedergeschrieben werden
[107:

612]  <F*evnds — { (crfef £ of, &f £ aféf)dvl 0, (36)
\2 I

1 Jshn

wobei é*, e* und éf die kinematisch zuladssigen Forménderungs-Geschwindig-
keitskomponenten von beliebigen Raumelementen des bildsamen Korpers,
er*, er*und er* die zu den kinematisch zuldssigen Formé&nderungsgeschwindig-
keiten gehdrenden inneren Spannungen, vn die bekannte Grenzbedingung der
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Geschwindigkeit entlang der Fldche Bga, an die in Normalrichtung der Fldche
srj\ wirkende innere Spannung bedeutet.

Das Prinzip der minimalen Arbeit kann man bei den praktischen Proble-
men der bildsamen Verformung, also auch beim Schmieden anwenden. Im
Bild 14 sieht man drei beliebige kinematisch zuldssige Geschwindigkeitsver-
teilungen fir den im Bild 2 dargestellten Schmiedefall. Selbstverstdndlich
bestehen unzé&hlige Moglichkeiten fir den Entwurf einer derartigen Geschwin-

Bild 13

digkeitsverteilung. Nach dem Prinzip der minimalen Arbeit bedeutet jenes
Feld das wirkliche Geschwindigkeitsfeld, bei dem die Arbeit der &ufReren und
inneren Krafte zu einem Minimum wird. Diese Bedingung kann, &hnlich der
Gleichung (26), auch mathematisch formuliert werden. Wenn man annimmt,
dall das Raumelement dV = h <dx ml ist, dann kann anhand der Gleichung
(26) angeschrieben werden:

0 Vedx (37)

Nach dem Bild 14 ist t* = v/h und e* = —uvjh, ferner unter Verwendung der
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Mohrschen Bedingung der Bildsamkeit [Gleichung (1)] erhdlt man aus der
Gleichung (37):

0 fffeda: = 0. (38)

Mit Ricksicht darauf, daf wir auf Grund von Versuchen die im Bild 1l4c
dargestellte Geschwindigkeitsverteilung als richtig annehmen, ist ff3 die
Funktion von lediglich einer Verénderlichen, von b. Daher kénnen wir anstelle
der Variation zu einer partiellen Differentiation Ubergehen:
8 J
a*(b!'x)d# = 0. (39)
8b X=0 J

Die Gleichung (39) kann noch weiter vereinfacht werden, wenn wir die Er-
fullung folgender Bedingung annehmen:

ff* (b ; x) =f(x)-a*max(b). (40)

Die annédhernde einfache Formulierung des Prinzips der minimalen Arbeit
lautet auf Grund der Gleichungen (39) und (40):

wax (b) — 0. (41)

Aus der Gleichung (41) kann eine algebraische Gleichung gewonnen werden,
aus der man die Hohe der bildsamen Zone bestimmen kann.

I11. Untersuchung des Schmiedens im Gesenk

Die im Kapitel Il erlduterte Theorie ist grundsdtzlich auch fir das
Schmieden im kompliziertesten Gesenk giiltig. Dennoch ist es zweckmaRig,
zuerst das Stauchen im einfachsten Gesenk zu untersuchen, damit die Richtig-
keit der im Kapitel Il beschriebenen Theorie ohne stérende Umstdnde durch
einfache Versuche uUberprift werden kann.

1. Bestimmung der Grenzen der im Schmiedestiick auftretenden bildsamen Zone

Im Schmiedefall nach Bild 3 besteht die Absicht, die Héhe b der bild-
samen Zone zu bestimmen, da sie im vollem MaRe die bildsame Zone definiert.
Nach den Erlduterungen im Kapitel Il kann der Wert von bunter Anwendung
des Prinzips der minimalen Arbeit [Gleichung (41)] bestimmt werden. In der
Gleichung (41) tritt fff max in der Symmetrieachse des im Bild 15 dargestellten
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Schmiedestiickes auf. Ihre GréRe kann mit den Bezeichnungen auf Bild 15,
mit Hilfe der Gleichungen (27) und (35) bestimmt werden:

namax — kfmGe [*--< bb-*>/2 +2,3.1n AS~ + kfmGr 1+ — (42)
5

Anhand der Gleichungen (41) und (42) erh&lt man:

3 2,3 R + s/2

«. |
73max — "™fmG
) " 62

0. (43)

Bild 15
Aus der Gleichung (43) ergibt sich die Bedingung der minimalen Arbeit:

s D+ s
b > (44)
2 4

wo b die Dicke der bildsamen Zone, s die Gratstarke, R den Radius oder die

halbe Breite des Gesenkschmiedestiickes, D den Durchmesser oder Breite des

Schmiedestiickes bezeichnet.
Die Hohe der bildsamen Zone kann nicht kleiner sein als die Gratdicke:

(45)
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Aus der Gleichung (45) folgt:

— A1,5. (46)
S

Wenn die Bedingung (46) nicht erfullt wird, so wird die bildsame Zone von
zwei parallelen, im Abstand s voneinander liegenden Geraden begrenzt, wie
das auch durch die Versuche von A. Geleji [1] bestatigt wird.

Von der Richtigkeit der durch die Gleichung (44) bestimmbaren Werte
kann man sich durch Versuche Uberzeugen. Im Bild 16 sind die Versuchs-
ergebnisse von A. Geleji [1], ferner von Girs und Volkovickij [17] zu sehen.
Im Bild 16 ist neben den Versuchswerten auch die Gleichung (44) angegeben.
Aus dem Bilde ist es zu ersehen, daB zwischen den versuchsmé&Bigen und
theoretischen Werten eine sehr gute Ubereinstimmung herrscht, und dieser
Umstand liefert einen der Beweise fir die Richtigkeit der im Kapitel Il be-
schriebenen Annahmen.

Die Gleichung (44) liefert richtige Ergebnisse sowohl im Fall von prisma-
tischen als auch zylindersymmetrischen Schmiedestiicken, was anhand der
Erlduterungen des Kapitels Il einleuchtet.2

2. Bestimmung der maximalen Schmiedekraft

Anhand der Kenntnis der Grenzen der bildsamen Zone und der Spannungs-
verteilung kann die maximale Schmiedekraft bestimmt werden.

Die maximale Schmiedekraft, die heim Schmieden eines prismatischen
Korpers von der L&nge L und der halben Breite R, der eine ebene Form-
&nderung erleidet, auftritt, kann mit den Bezeichnungen des Bildes 15 und
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unter Anwendung der Gleichungen (27) und (35) bestimmt werden:

'max prism 2 L\kimgr R L+ — +

(47)

*

- b —

+ Ty (R (b -s)/2) 23 R s In
2b 4

Wenn man die Gleichung (47) mit der Gleichung (7) vergleicht und berick-
sichtigt, dal F — 2 mR mL ist, so erhdlt man fur die Verhéltniszahl |s:

L
- 1 (48)
f= 1 Lo

Fir die Verhaltniszahl £Geprism kann angeschrieben werden:

[R- (b- ®2* 23R -(b-5s)4 1Inb (49)
BGe prism 2bR R

Nach Ordnung der Gleichungen (44) und (49) gewinnt man:

wceprism @ 2\ —— 0,28+ In 025+ 05 — | (50)

R LN

Anhand der Gleichungen (7), (48) und (50) ergibt sich die beim Schmieden
eines Schmiedestiickes von der Ldnge L und Breite 2R auftretende maximale
Schmicdekraft zu:

Pmax prism — 2 R sL(kjmGre  -f- KimGe %GePrism) * (51)
wo
’ 1+ 1+ (52)
Gr IR
und
R
»Ge prism . 028+ n 0,25 + 0,5 (53)

ist. Nach der Gleichung (46), im Fall von R/s < 1,5, kann aus der Gleichung
(27) der Wert der Verhdltniszahl £oeprism abgeleitet werden :

Ge prism (54)

Die Hdchstkraft, die beim Schmieden von zylindrischen Kdrpern auftritt,
kann &hnlich den Gleichungen (51), (52), (53) und (54), entsprechend der
Bezeichnungen im Bilde 14, unter Anwendung der Gleichungen (27) und (35)
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abgeleitet werden:
Amax zyl — n (fymGr ' %Gr “t~ ~NImGe ' » Gezyly > (55)

fol 1 (56)
iar IR

iaf,,~0,28 1 + 154 + 0,29 In 025+ 0,5— 1, (57)
R R S J

R
>1,5

sGe zyl 1
(58)

R
<1,5

In den Gleichungen (51) und (54) bedeutet f'/mGr die mittlere Verformungs-
festigkeit des im Grat befindlichen Stoffes, kfmae die mittlere Verformungs-
festigkeit des im Gesenkraum befindlichen Stoffes. Ihre Bestimmung erfolgt
nach den Erlduterungen des Kapitels Il. 1.

Die mittlere Verformungsfestigkeit des im Gesenkraum vorhandenen
Stoffes kann auf Grund der Gleichung (3) ermittelt werden:

kfmGe ~ . kW £ 2k/ale (59)

wo kf.,Qe die Verformungsfestigkeit des im Hohlraum befindlichen Stoffes bei
einer Formanderung e2G bedeutet. Das Mal der relativen Formé&nderung e2Ge
kann mit Hilfe der Gleichungen (2) und (44) bestimmt werden:

Ahm

E2Ge “ (60)
Ahm

Die mittlere Verformungsfestigkeit des im Grat vorhandenen Stoffes ergibt
sich nach Gleichung (6) zu

kfiGr + 2 kj2Gr

3 (61)

KJmGr

wo kf.Ax die Verformungsfestigkeit des Grates nach einer spezifischen Form -
&nderung e2Grbedeutet. Das MaR der spezifischen Forméanderung kann anhand
der Gleichungen (5) und (44) ermittelt werden:

4dcr=1~ 2s-(1-e 2G). 62
R+s/2( ) (62)
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Yon der Richtigkeit der Gleichungen (54), (55) und (56) kann man sich durch
Vergleich mit Yersuchsergebnissen lberzeugen. Im Bild 17 sind Werte von
1Qezyh die nach den Versuchsergebnissen von Geleji [1], von Gms und Wol-
kowickij [17], und nach unseren eigenen Versuchsergebnissen mit Hilfe der
Gleichungen (54), (55) und (56) bestimmt wurden, veranschaulicht. AuBer
den Versuchswerten ist im Bild 17 auch die Kurvendarstellung der Gleichung
(57) zu sehen. Aus dem Bild geht hervor, daR die theoretisch abgeleitete Kurve
sehr gut mit den Ergebnissen der von verschiedenen Autoren durchgefihrten
Versuche lbereinstimmt. Dieser Umstand liefert einen grundlegenden Beweis
fur die Richtigkeit der im Kapitel Il dargestellten Annahmen.

e /ersuchswerte von Gelen (1955)
+ Rirs, |V0|k0WICkIj(19592/
o Eigene /ersuche des Verfassers(1964) 0

S

10 15 20 25
— m- R/S

Bild 17

IV. Die Bestimmung der maximalen Schmiedekraft
im Fall eines beliebig geformten Schmiedestickes

Selbst das komplizierteste Gesenkschmiedestliick kann in Teilprofilsticke
zerlegt werden, bei denen innerhalb der Profile der auf den Grat des Schmiede-
stiickes senkrechte Querschnitt konstant ist. In diesem Fall kann die maximale
Schmiedekraft als die Summe der auf die Teilprofile wirkenden Schmiede-
krafte berechnet werden. In dem Bild 18a ist eine Pleuelstange zu sehen. Die
Zerlegung der Pleuelstange in Teile kann nach dem Bild 18b erfolgen. Die
Summe der bei der Verformung der einzelnen Teile auftretenden Kréfte
ergibt den maximalen Kraftbedarf fir das Schmieden des Pleuels:

Arnax = “rnaxi ~~"max2 “b ~rmaxs ’ (63)

wo P max den maximalen Kraftbedarf fir das Schmieden des Pleuels, P maxi,
Pmax2 und P max3 den maximalen Kraftbedarf der drei Teilprofile bedeutet.

Die auf die Teilprofile wirkenden maximalen Schmiedekrafte kann man
anhand der fir die Teilprofile kennzeichnenden Querschnitte bestimmen. In
der Tafel | sind die kennzeichnenden Querschnitte zu sehen, aus denen die
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Bild 18

hdufigsten Teilprofile der Schmiedestliicke bestehen. In der Tafel | sind lediglich
jene kennzeichnenden Querschnittstypen zusammengefat, fur die eine Be-
rechnung durchfiurbar ist. Daher fehlen in der Tafel die Querschnittstypen,

Tafel |
?
T ! :
P 20 2b 3a 3b 4
R
-Sh | rrii |
Querschnitt- r/\j 1L il/\
form IYZdyjy A -
® TWN
I/I L)
Zusammenhang i (R<-§)>h
dem Abmessun- |\ )< h
gen | (R'tj)<h I(R%j)>h 5 < 15 f « T(R - $)>h,
r-T-b—1 ! j
Form der “T-b— n'n rni.n )
bildsamen Zone
Lo-rtT _3 D||7 ZT1]
Hohe der
bildsamen zone ~ P--"(R-N") b-h b—£(R+]) b-h brhi b2-h2
Mittlere héhe der AN _ L
bildsamen Zone »,-b b,,-b bjxazb. bm-b bm*T+b K b;e'
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bei denen sich das Schmiedestiick im Verhéaltnis zur Ebene der Gratrille,
innerhalb der Entfernung -"-6/2, asymmetrisch ist. Im Fall der in der Tafel |
zusammengefaBten Querschnittstypen kann die Grenze der bildsamen Zone
durch die Anwendbarkeit des im Kapitel Il. 4, erlduterten Prinzips der mini-
malen Arbeit bestimmt werden. Der Rechengang dhnelt dem im Kapitel I11. 1.
beschriebenen Rechengang. In der Tafel I findet man bereits die Endformel
fir die Bestimmung der bildsamen Zone. In Kenntnis der Grenzen der bild-
samen Zone wdare es moglich, anhand der im Kapitel Il beschriebenen Theorie,
den Kraftbedarf fir die Teilprofile genau zu bestimmen. Die Gleichungen, die

Elastische Zone Bildsame Zone

Bild 19

ein genaues Ergebnis liefern, sind jedoch sehr kompliziert. Zwecks Verein-
fachung der Berechnungen ist es zweckmé&Rig, den Wert von Pmax durch eine
Anndherungsmethode zu bestimmen. Das Wesentliche dieser Methode besteht
darin, daB man die relativ komplizierten Formen der bildsamen Zone bei
jedem Typ durch N&herungsformen ersetzt. Wenn daher die bildsame Zone
aus Teilen verschiedener Hoher besteht (aus den Typen 2b, 3b, und 4), dann
fihren wir die Berechnung mit der mittleren Hohe bm der bildsamen Zone
durch. Als mittlere Hohe kann in erster Anndherung der arithmetische Mittel-
wert der Teilhdhen benutzt werden. In der Tafel | findet man auch die Be-
ziehungen, die zur Bestimmung der mittleren Hohe der einzelnen Querschnitts-
typen dienen.

Die Bestimmung des maximalen Kraftbedarfs fir das Schmieden von
Teilprofilen konstanten Querschnitts mit Hilfe der mittleren Hdhe der bild-
samen Zone kann anhand der Gleichungen (7), (27), (57), (53), (59), (60), (61)
und (62) durchgefiihrt werden:

~rnax == F irMfmGr ' £Gr "F MmGe %Ge) » (™)
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Gr — 1+
$Gr IR
[1—.. —s)/2R]2 ( 6m- s K R
SFprism = —Tz r 1 *In -
prism o AR R s
[ — (bm—5s)/2K]i i .
SG? zyl 3bm/R | IR
1 - 2
[ bm S In bn
3 ( 2R R s
], ~flGe + 2 &2Ge
KImGe = - 5
h — ~fer+ 0023
KImGr — — »
6
5
tie zyl
4
3
2
7
0
5 10 15 25
Hild 20
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(65)

(66)

(67)

(68)

(69)
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Ahm
_ Ao (70)
b2Ge Ahm -f- bm
e2Gr = 1 - ;— (1 £2Ge) ()
bm

ist.

Um die Berechnung mit den Gleichungen (66) und (67) zu erleichtern,
kann man an dem Bild 20 die Verhéltniszahlen fGezyl und fG(prism in An-
hdngigkeit von s/R und bm/R unmittelbar ablesen.

In Kenntnis des maximalen Kraftbedarfs fur das Schmieden der Teil-
profile kann nach dem Muster der Gleichung (63) der maximale Kraftbedarf
fir das Schmieden des ganzen Stickes bestimmt werden.

V. Beispiel

Die Anwendung der im Kapitel IV beschriebenen Theorie kann man aus dem Schmiede-
beispiel eines Pleuels ersehen. Die vom Standpunkt der Bestimmung der maximalen Schmiede,
kraft wichtigen Abmessungen findet man in Tafel Il. Werkstoff des Pleuels ist Aluminium
Schmiedetemperatur 550 °C, die Temperatur des Grates 450 °C. Die Verformungsfestigkeit des
Pleuelstoffes kennen wir aus den "Versuchen von Bella und Gulyas [18].

Tafel 11
Teilprofil 1 Teilprofil 2 Teilprofil 3
*j 35 mm R, 20 mm *3 25 mm
R[ 18 mm K 15 mm *3 25 mm
h, 15 mm K 6 mm — -
h, 35 mm h, 20 mm — R
- - L 150 mm - -
Die Bestimmung der Schmiedekraft findet man in den Tafeln IIl, IV und V zusammen-
gefalt. Aus den Tafeln ist der Rechengang deutlich zu ersehen.
Anhand der Tafeln I und Il bestimmen wir in der Tafel 11l die Abmessungen der bild-

samen Zone und dann die von Reibungs- und geometrischen Verhaltnissen abhangigen Fak-
toren CQr und £0e.

In Tafel IV bestimmen wir die mittlere Verformungsfestigkeit des im Gesenk und Grat
vorhandenen Stoffes anhand der Versuche von Bella und Gulyas [18]. Die durchschnittliche
Hohenabnahme im Fertiggesenk kann mit 5 mm, die aus der Schmiedegeschwindigkeit er-
rechnete Verformungszeit mit etwa 0,1 sec angenommen werden.

In Tafel V wird aus den Angaben der Tafeln Il, Il und IV der maximale Kraftbedarf
fir das Schmieden des Pleuels bestimmt. Nach Tafel V ist der maximale Kraftbedarf fur das
Schmieden des Aluminiumpleuels etwa 175 Mp, woraus der Arbeitshedarf des Schlages néhe-
rungsweise folgende GroRe ergibt:

A @(0,2-70,4) Ahm mPmax » 0,3 «5 + 10~3+ 175 « 103= 262 mkp.
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Tafel 111

B= 15mm, le= 4mm

K[nunJ bm [mm]
Typenbe-
Nummer éelcq(nung
des Teil- Zefcshn;?d’;'n Nach Tafel |
profils Querschnitts
(Tafel 1)
I 35 2a 15
2 20 2a 6
3 25 1 13,25
Stoff: Al 99
Jhm = 6 mm
bm [mm] e*(p E, or
5
Nummer Y
des Teil- Nach Ahm !
profils ~ Tafel Il apm + pm .
°\J
1
| 15 0,285 0,93
2 6 0,5 0,875
3 13,25 0,452 0,94
1 kfmOr [kp/mm!] Sor
Nummer der  Nach Tafel Nach Tafel
Teilprofils v 111
1 2,53 3,8
2 2,53 3,92
3 2,53 3,88

Schmiedetemperatur 550 °C

al

23,3
18,3
16,6

Tafel IV

Rfb

2,33
3,33
1,89

171

i {u

Aus Bild 20
3,8 4
3,92 4,6
3,88 3,65

Grattemperatur 450 °C

Zeitdauer des Schmiedens0,1sec S= 15m

Ls= 4 nun

KED (o (o KRN 1T SNy

Tafel V
KInmOr [kp/mm1]

Nach Tafel
v

1,13
13

1,3

Der maximale Kraftbedarf fir das Schmieden des Pl euels

Anhand der Versuche
VON Betra UN

Guiyas [18]
2 1,2
2 14
2 1,4
e
Nach Tafel
111
4
4.6
3,65

‘((

& a
+ " + ©
&
ST iT
2,8 1,13 2,53
2,8 1,3 2,53
2,8 1,3 2,53
F [mm1] Pmax [MP]

Flache des Teil-
profilquerschnitts
In der Gratebene

3670
6000

1960

Aus Gleichung
(64)

Ada Technica Academiae Scientiarum Hungaricae 54, 1966



172 L. TOTH

SCHRIFTTUM

[N

. Geteji, Al Bildsame Formung der Metalle in Rechnung und Versuch. Berlin 1960.

2. Geteji, A.: Kraftbedarf und Fliessvorgange beim Strangpressen und beim Pressen im
Gesenk. Acta Techn. Hung. (1950), 187—220.

3. CemeHos, E. W.: OnpegeneHne HeobxoguMOro AAS LUTaMMNOBKM HOMUHA/IbHOFO YCUAWSA
KPUBOLLUMHOIO FOPAYOLITaMNOBOYHOIO npecca. MalwmnHM 1 TexHonorma o06paboTkm
MeTasinoB AasneHveM. MALLUTN3, Mocksa 1955.

4. CTpoxketh M. B,—TIonos E. A.: Teopusi o6paboTku MeTasnoB fgasneHvem. MALLIAS,
Mocksa 1959.

5. CTpo>keB m. B,—CemeHoB E. N ,—KwupcaHose C. 5. : YToUYHeHue hopMmM ovara gechopmaymnm
N onpegeneHne ycunmsa Npu WTamnoBke. BecTHMK MalumMHocTpoeHus 4 (1959).

6. MaHaroO. A,—Baiicoypg P. A.—TapHosckuii . A. : OnpeaeneHnss yCUnmin npecca n Becex
noJaroLLmMX YacTeli MON0OTa, NOTPEBHbIX ANS ropsdveli LWTaMNoBKWU. KysHeublo-LITammno-
BOYHasi npomssoacTBo (1960), Ne 4.

7. Tpuropes . N.—Balicbypr P. A.: ConocTaB/fieH/e MeTOLOB pacyeTa YCUWIA LUTaMMNOBKM.
Ky3HeYHo-LWTamMnoBo3Hoe npou3BoAcTBO 2 (1962).

8. CoghmaH,/1. A. : OCcHOBbI pacyeTa MpPOLIECCOB LWTaMMNOBKM 1 npeccoBaHus. MALLUTMN3, Mock-
Ba 1961.

9. Johnson, W.—Melloh, P. B.: Plasticity for Mechanical Engineers. D. Van Nostrand Com-
pany 1962.

10. Prager, W.: Einfihrung in die Kontinuummechanik. Birkhauser, Basel-Stuttgart 1961.

11. Toth, L.: Doktor-Dissertation. Technische Universitat fir Schwerindustrie, Miskolc 1964.

12. Georg, O.: Der Arbeitsbedarf beim Stauchen dinner Ronden. Schmiedetechnische M ittei-
lungen (1964), Heft 4.

13. Johnson, W.: Experiments in Plane-Strain Extrusion. Journal of the Mechanics and Phy-
sics of Solids (1956), 269—282.

14. Wilcox,R.J. —Whitton, P. W.: The Cold Extrusion of Metals using Lubrication at Slow
Speeds. Journal of the Institute of Metals (1958—59), 289—293.

15. Chang, S. S.: Practical and Theoretical Aspects of the Cold Forming of Steel. Sheet Metal
Industries (1963), 575—583.

16. Purchase, N.W. —Tupper, N. W.: Experiments with a Laboratory Extrusion Apparatus
under Conditions of Plane-Strain. J. Mech. Phys. Solids (1953), 277.

17. T'mpw V. N,— Bonkosuukuin B. ®.: [edopmauumn KpMBOLUMMHBIX MNPECcCOB Haapy3KOW.
Ky3HeyHo-WTaMnoBoYHoe npomn3BoacTBO 12 (1959).

18. Bella, —E. Gulyas,J.: Warmstauchversuche mit Kupfer bei mittleren Formé&nderungs-

geschwindigkeiten. Acta Techn. Hung. (1964).

DETERMINATION OE THE MAXIMUM FORCE IN DIE-FORGING

L TOTH

SUMMARY

The paper deals with the determination of the maximum forging force in die forging.
In the first chapter the theory of the approximate determination of the maximum forging force
is to be found. The theory is characterized mainly by its simplicity and by taking into con-
sideration every influencing factor. In the second chapter the relation for simple forgings are
deduced. The results are checked by comparing them with experimental results. Finally, the
theory is applied to the maximum forging force required for the forgings of complicated shape.
A numerical example shows the application of the method.
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DETERMINATION DE LA FORCE MAXIMUM A L’ETAMPAGE

L. TOTH

RESUME

L’étude traite de la force maximum nécessaire au forgeage des pieces étampées. Le pre-
mier chapitre contient la théorie de la détermination approchée de la force de forgeage maximum.
La théorie exposée est caractérisée surtout par sa simplicité et le fait qu’elle tient compte de
tous les facteurs intervenant dans I’étampage. Le deuxiéme chapitre est consacré a la déduction
des relations se rapportant aux piéces étampées simples. Les relations déduites a I’aide de la
théorie ont été vérifiées par comparaison avec des résultats d’essais. L’application finale de la
théorie exposée par I’étude est la détermination approchée de I’effort d’étampage maximum
des piéces de forme compliquée. L’application de la méthode de calcul est démontrée sur un
exemple numérique.

OMPEAENEHNE MAKCUMAJIbBHOIO YCUInNA, BOSHUKAKOLWEIO TPU
KOBKE B LUTAMIIAX

n. T0T

PE3IOME

Pa6oTa 3aHMMaeTca OnpeAeneHneM MaKCUMasllbHOro YCWUAMSI MpPU KOBKE 3aroTOBOK
o6pabaTbiBaeMbIX B LUTaMMax. B nepBoii rnaee AaeTcs Teopus NPUGVXKEHHOTO onpejeneHust
MaKCUMasibHOro yCUIMs KoBKW. OCHOBHOM XapaKTepHO 4epToid, Hapagy C NPOCTOTOM, 3TOro
MeTofa SIBNSIETCS, YTO OH YUMTbIBAaeT BCE (DaKTOpbl, BO3AEWCTBYIOLME HA KOBKY B LUTammnax
Bo BTOpO/i rnaBe MOXHO HaliTU BBeJeHWe 3aBUCMMOCTEN, KacatloLMXCs MPOCTbIX 3aroToBOK
B NMpaBUbHOCTY BbIBEAEHHBIX 3aBUCMMOCTE MOXHO Y6eAMTbLCA NMYTeM CPAaBHEHWS C IKCMepu-
MeHTa/lbHbIMW flaHHbIMU. TPUGAVXKEHHOe onpeaeneHne MaKCUMaibHOTO MOTPEGHOro ycunus
NPU KOBKE CMIOXKHbIX M0 KOH(UIypaumm 3aroToBOK NpeAcTaB/seT co6oii KoHeuHoe NpuMeHeHne
Teopuu, OMMcaHHOM B pa6oTe. MeToauka pacueTa npvBedeHa B pa6oTe C MOKa3oM ee Npume-
HEHUS Ha YMC/I0BOM MpPUMEpe.
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HYPERSONIC FLOW IN THE STAGNATION REGION
OF ACIRCULAR CYLINDER

G. NATH
TECHNICAL UNIVERSITY, BUDAPEST

[Manuscript received April 15, 196S]

An approximate solution of the inviscid hypersonic flow in the stagnation region of a
circular cylinder with detached shock wave has been obtained. Real gas effects are taken into
account. Various characteristics of the flow have been obtained. When A the ratio of the den-
sities just behind the shock and the stagnation point, is equal to 1, the results in the stag-
nation region are reduced to that of other authors. By using real gas values of A the shock
detachment distance, pressure coefficient and temperature increase, but stagnation point
velocity gradient and Mach number decrease. The predicted values correlate well with expe-
rimental data which are for perfect gas conditions.

Symbols
JR, 6) polar co-ordinates;
" radial velocity component;
\Y tangential velocity component;
Uoo  free stream velocity;
A = Rs — RB;

RB radius of the cylinder;
radius of the shock cylinder;
= R — RRB, radial distance from the surface of the cylinder;
density;

pressure;

absolute temperature;

= QoG

= BsIBli

Mach number;

pressure coefficient;

ratio of specific heats;
specific enthalpy;

velocity of sound.

Pyl
©

S - @) -4 wo &
<9z X

Subscripts
conditions in free stream;
conditions just behind the shock;
stagnation point conditions;
conditions at the axis, 0 = 0.l

O"'(/')/*
1

I. Introduction

The interest in hypersonic flow has been stimulated around blunt bodies
in the last few years by intercontinental ballistic missile and satellite program -
mes. In this problem the bow shock wave is detached from the body surface.
The solution of the inviscid hypersonic flowing past blunt bodies is important
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from a practical point of view. The inviscid analysis provides an accurate
description of the main stream conditions outside the viscous boundary layer.
Analysis of the boundary layer behaviour will provide important design infor-
mation on skin friction and heat transfer. The heat transfer rate near the
stagnation point of blunt body is important for designers, because for certain
kinds of body shapes, the aerodynamic heating is the most severe in this region.

The hypersonic flow past blunt bodies has been considered by several
authors [1—3] without taking into account the real gas effect. Linner [4]
obtained the solution of the symmetric inviscid hypersonic flow in the stag-
nation region of a sphere, by taking into account the real gas effect. The
present author has obtained a similar solution for a cylinder under the following
assumptions:

a) The shock layer is thin;

b) the shape of the shock in the neighbourhood of the stagnation point
is the same as that of the body;

c) the density in the shock layer is constant;

d) the density ratio across the shock, Qadgsi in the very small neigh-
bourhood of the stagnation point, is taken as constant and is the same as
that of the normal shock.

Il. Conditions just behind the Shock Wave

The thermodynamic state of a gas behind a shock wave is calculated
from Rankine-Huginot equations of the conservation of mass, momentum
and energy across the shock wave. The equations can be written as:

2
+ -1
go, K M1 cos2© )
o v v (i)
A= 1 + Y{I-K) MI cos20, (2)
P»
— = iC[1-fY (1 -K)MIcos20], (3)
0
hs =1+ Y~ 100 -K2MI cos20 . 4)
ho 2
For a normal shock, 0 = 0. In the present case, 0 is very small.
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I1l. The Velocity and the Shock Detachment Distance

The velocity components and the shock detachment distance are obtained
as in reference [4] and hence no details are given.

bo -f- co2

Ua R ’
where

(5)
b= Y2AK (1 - K) + K2,

- 1~bD
2Nn

= (6 -1 2co) sin ©

(6)
n.
K
”
Rf 1+ (—eo ., (?)
IV. Pressure, Temperature and Mach Number
The pressure is given by:
_ 1/ bo f-co2 72
JL = 1+2Z % 2A1-K) + K - 0520 , (8)
P. 2A K R
n YIin2

= 14 — [2A(1 - K ) + K] c0s20 .
Poo 2A

(9)

Similarly the temperature is given by:

T a2 YMI
= —%°< XK 1 2A(1 - K) + K
- 2A
® a (10
1 bo -)- co2 a
€0s20
K R
Ti Y M I
= XK 1+-/\-£2A(1 K) + K Jcos2© (n)
Ta 2

Similarly Mach number is given by:

M1 (sin2© -f- K 2c0s20) (12
K[l + ¥ (1~ K) MI cos20]
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ba
M c0s20 -~ (b -)- 2ccr)2sin20
R
M2= yYM2 i 1 bad-ed 2 (13)
X1+ €291 K)+ K ad-eR 2 (00
259 K R

M'i [29K(@  K) + K*]sin20

gk 1 ' % [28(1 —K) + K} cos2s
25

M1 (14)

All the characteristics of the flow at the stagnation point and along the
axis 0 = 0 are obtained from the above equations by simply putting 0=0.

Y. The Pressure Coefficient and the Stagnation
Point Velocity Gradient

The pressure coefficient is given by:

24 (1- K)+ K
<Pp= ( q ) Cc0S20 . (15)

When A= 1, Li and Geiger’s [1] result is obtained. By putting 0 = 0, stagnation
point pressure coefficient is obtained.

The stagnation point velocity gradient is given by:

dv
do -y

= WNK2A9K(1 K)4 K2\ . (16)

For A= 1, the result is the same as that of Li and ceiger [1] and that of the
sphere [4]. It agrees well with experimental results even for Mach numbers
as low as 2.

V1. Discussions and Conclusions

The shock detachment and the stagnation point velocity gradient agrees
fairly well with experimental results, when Mach number is high and either
perfect gas values of Afor Y = 1,4 or A= 1 is used. The effect of using real gas
values of A obtained from reiaman (51 IS to decrease the stagnation point
velocity gradient by about 5 per cent and to increase the shock detachment
distance by about 3 per cent. By using real gas values of §, there is little increase
in the values of pressure 6 and temperature and little decrease in the value
of Mach number. For 9= 1, in the stagnation region, the results are the
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same as obtained by Li and Geiger and others. While shock detachment
distance for the cylinder is greater than that of the sphere, the stagnation
point velocity gradient both for the cylinder and the sphere is the same. The
velocity at the stagnation point is zero, but the velocity gradient is finite. The
pressure at the stagnation pointis finite, but the pressure gradient is zero. The
present solution is valid only in the stagnation region.
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UBERSCHALLSTROMUNG IM STAUBEREICH EINES KREISZYLINDERS
G. NATH

ZUSAMMEN FASSUNG

Eine Néaherungslésung fiir die reibungsfreie Uberschallstrémung in der Stauzone eines
Kreiszylinders mit gekrimmter StoBfront ist abgeleitet. Die Effekte bei realen Gasen sind in
Betracht gezogen. Die Kennzahlen der Strémung sind berechnet. Fiir einVerhaltnis der Dichte
knapp hinter der StoBwelle zu derjenigen im Staupunkt von A= 1 reduzieren sich die Ergeb-
nisse fur den Staubereich auf diejenigen von anderen Autoren. Fir reale Gase erhdhen sich die
Werte von A die kiirzeste Entfernung zwischen der abgegriffenen StoBwelle und dem Kdorper,
der Druck, der Druckkoeffizient und die Temperatur, aber der Staupunktgeschwindigkeits-
gradient und die Machzahl sinken. Die berechneten Werte stimmen mit den experimentellen
Daten fir ideale Gase gut Uberein.

ECOULEMENT SUPERSONIQUE DANS LA REGION DE STAGNATION
D’UN CYLINDRE CIRCULAIRE

G. NATH

RESUME

Une solution approchée pour le probléeme de I’écoulement supersonique sans frottement
ayant lieu dans la région de stagnation d’un cylindre circulaire a été élaborée par I'auteur, qui
tient compe aussi des effets dus a la présence d’un gaz réel. Différentes caractéristiques de
I’écoulement ont été calculées. Si A c’est-a-dire le rapport de la densité aprés I’onde de choc a
la densité au point de stagnation est égal a 1, on recoit dans la région de stagnation des résultats
plus simples, identiques a ceux des autres auteurs. En appliqguant des Acorrespondant a des
gaz réels, la distance minima entre I’onde de choc détachée et le corps, le coefficient de pression
et la température augmentent, mais le gradient de vitesse au point de stagnation et le nombre
de Mach décroissent. Les valeurs calculées a I’avance concordent bien avec les données expéri-
mentales mesurées sur des gaz idéals.
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OBVXXEHWE TMOTOKA CO CBEPX3BYKOBOW CKOPOCTbIO B PEAKTUBHOW
OBJIACTN HEKOTOPOIO KPYIrsoro umnnnHaprPA

PE3IOME
. HAT

ABTOp paspaGoTan MeTog NPUGAVKEHHOrO peLleHMs NPo6ieMbl ABUKEHUS MOTOKA CO
CBEPX3BYKOBOI CKOPOCTbIO B PeaKTMBHOM 0611aCTM KPYrioro LUWAMHApa 6e3 TPeHus. YuuTbl-
BalOTCA BO3AECTBUS, COOTBETCTBYHOLME [Ae/iICTBUTE/IbHLIM Fa3aM. ABTOPOM BbIYMC/IEHbI pas-
NNYHbIE NapameTpbl NoToka. Ecnn =1, oTHOLIeHWe NAOTHOCTM HEeMoCPeACTBEHHO Mocne yaap-
HOVi BOMHbI K MIOTHOCTM B PEAKTUBHOM TOUKe, TOrAa B PeaKTVUBHOM 06/1acTW pesynbTaTbl peay-
LUpyoTCs A0 pe3yNbTaToB ApYrux aBTOpoB. MpuMeHss 3HaYeHWs1 S COOTBETCTBYIOLLME AeACT-
BUTE/IbHLIM Ta3aM, YBEe/IMUYMBAOTCA HavMeHblliee PacCTOsiHUE MeXAy OTK/UEHHOWR yaapHOi
BOJIHOI W TeNoMm, flaBrieHve, KoaMULMEHT AaBMeHUa M TemnepaTtypa, HO rpajueHT CKOpOCTM
B TOUKE Hamnopa v umc/io Maxa yMeHbLUAoTCs. BbluncieHHble 3apaHee AaHHble XOpOoLO CoBMa-
[AloT C 9KCMEePUMEHTANIbHLIMU AaHHbIMU, KOTOpble ONpeAeneHbl ANa Ciy4as uaeasbHbIX rasos.
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THE FLOW OF APERFECT FLUID THROUGH A SINGLE
STAGE AXIAL FLOW FAN WITH PRESCRIBED SPANWISE
CIRCULATION

G. NATH
TECHNICAL UNIVERSITY, BUDAPEST

[Manuscript received July 19, 1965]

A new method of solving the inverse problem of the three dimensional flow in the
rotor of a single stage axial fan has been developed for a prescribed variable circulation. The
number of blades has been replaced by an infinite number of blades so that the total circulation
is NT. The trailing vortices are spirals and the axial velocity before the rotor, J1 is not great.
The method is valid for small R"jRT i.e. RHjRr > 0,2. The mean efficiency, chord length and
other design parameters have also been obtained. The fluid is taken as incompressible and
frictionless.

Symbols
r circulation;
Pfj circulation at the hub;
N number of blades;
R, &, Z cylindrical polar coordinates;
| chord length;
RT tip radius;
Rfj hub radius;
Rfj/Rf hub/tip ratio;
co angular velocity of rotor;
Ci lift coefficient;
CD drag coefficient;
&geo. geometrical angle of attack;
effective angle of attack;
» angle which the relative mean velocity W~,. makes with the tangential direction;
> angle which the new relative mean velocity W ~, makes with the tangential direction;
Ca axial velocity before the rotor;
Cai axial component of induced velocity due to trailing vortices;
cRt radial component of induced velocity due to trailing vortices;
Clj tangential component of induced velocity due to trailing vortices;
Cu tangential component of induced velocity due to trailing vortices, when the circul-
ation is constant along the radius;
W X relative inlet velocity;
W2 relative outlet velocity;
Woo relative mean velocity;
Wo° new relative mean velocity;
a, b, ¢ constants;
n 3,141592;
t blade spacing;
it solidity;
Q torque;
Qc torque coefficient;
T thrust;
Tc thrust coefficient;
r/f efficiency at a certain point;
rjj mean efficiency;
K ti, theoretical total head rise coefficient at any point;
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Kr total head loss coefficient of rotor at a certain point;
K swiri loss coefficient due to swirl at a certain point;
Kdp profile drag loss coefficient at a certain point;
KDs secondary drag loss coefficient at a certain point;
Kda annulus drag loss coefficient at a certain point;
Cdp profile drag coefficient;

CDs secondary drag coefficient;

Cda annulus drag coefficient;

n = Ca/wR-pi

n — (Ca+ Caj)/lo>RT;

A constant of integration.

I. Introduction

The solution of the three-dimensional flow of anon-viscous,incompressible
fluid through an axial turbo-machine, has been obtained by several authors
[1—14], under the assumption that the circulation is variable along the span
of the blade. There are an infinite number of blades and RH/Rf > 0,4. But
none of them has considered that the trailing vortices are spirals which approx-
imate to the real pattern of flow.

The present author has obtained the inverse problem of the three-
dimensional flow of a non-viscous, incompressible fluid through a single stage
axial flow fan by the isolated aerofoil method for a prescribed variable circu-
lation, when RHIRT lies between 0,2 to 0,4. The trailing vortices considered
are spirals extending up to infinity. It was also assumed that the finite number
of blades, N, are replaced by infinite number of blades so that the total
circulation is NT. Hence the trailing vortices form concentric cylinders of
infinite length. The efficiency, chord length and other design parameters have
been obtained. The back flow can occur near the hub, but it can be prevented
by suitably choosing a. The present method is valid for RHIRT > 0,2, whereas
other methods are valid for RH/RT > 0,4.

Il. Basic Assumptions

As the circulation is assumed as being known, we take the circulation
which increases as the radius R/RT increases, being maximum at the tip and
minimum at the hub, and its derivative vanishes both at the tip and at the
hub. In addition the following assumptions are made:

a) The blades are considered as lifting lines;

b) the axial velocity, Ca/(of?r is constant along the radius and lies
between 0,13 and 0,3. The lower limit of CJooR t depends upon N and T;

c) the tip clearance is considered as being zero;

d) the radial component of induced velocity is considered to be zero
as it is very small and it vanishes far from the rotor;
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B) the angle of spiral lies between y>and y2 In the present case, it is
assumed that throughout the whole length the angle of spiral is 7=

f) for numerical calculation, in the present paper: a = —0,01; C =
RHIRT = 0,2; the aerofoil is RAF 6E, Re. No. 0,312 x 10e; ®en. = 6°; CDp —
= 0,0177 and CL= 1.

II1. Basic Equations and Solutions

Let us consider the rotor of a single stage axial fan consisting of N blades
symmetrically placed whose circulation ' varies along the radius. The re-
quirement is to obtain the components of the induced velocity in the radial,
tangential and axial directions at any point of a blade, due to trailing vortices
and bound vortices of all the blades. The trailing vortices are spirals and form
infinite concentric cylinders.

The circulation is prescribed and can be expressed in a non-dimensional
form as:

R R
r r —a RH\3+ b RHI o
wRZ 3 RT)

where b = 3a/2 (1 — Rh/Rt) and ° and C are assumed to be known.
The induced tangential velocity due to trailing vortices at the point
(RjRT, 0, 0) for a constant circulation is given by:

Cg Nrw
a>Rr 2nR/RT
Table 1
Tangential component of induced velocity
N = 4 N =3
RIRT c, Qu C. cu
0)Rj< (IH* (oRjt CcoRj<
0,2 0,0636 0,0636 0,0477 0,0477
0,3 0,0424 0,0426 0,0318 0,0320
0,4 0,0318 0,0324 0,0238 0,0243
0,5 0,0254 0,0264 0,0190 0,0198
0,6 0,0212 0,0225 0,0159 0,0169
0,7 0,0181 0,0197 0,0136 0,0148
0,8 0,0159 0,0176 0,0119 0,0132
0,9 0,0141 0,0158 0,0106 0,0119
1,0 0,0127 0,0143 0,0095 0,0107
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The induced tangential velocity due to trailing vortices at any point
(R/RT, 0, 0) when the circulation is variable is given by:

o] v b2cCy N7
WRT CORT 2nRjRT (3)

The tangential component of induced velocity due to trailing vortices
is given in Table I (Fig. 1). It decreases as R/RT increases. It also decreases

Fig. 1

when either I or N decreases or RH/RT increases. It is independent of /1. It
represents a discontinuity, as there is no tangential velocity before the rotor.

The axial component of induced velocity due to trailing vortices at any
point (RIRT,O0, 0) is given by:

cos Vd (R/RT) =
a>Rr d(R/RT) (R/RT)

3aN 2(2 - K2
= | A X sec20 tan 0 —
3K'2
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RH . NC ] a2
1+ — c20 tan 0 +
R, 2K2 R> 4n ) K'2
a2 a22(2-K 2 RH NC
E(6, K)
K'2 3K 2 RT 4n
R,, NC

- mF (0, K)
3K'2  RT 4n

Rhl @ *A1 + K'2) NC'In AX + K' ) 4)
Rt | 2K' 2K?2 4n AX —K' 1
when
2 NC
QLU
where
— *h —4 R 2= - — A —FR—4A
= atan0 ; KO = ~ 7~ o AX = /1 - X2sin*B !
F(&, K) and E(&, K) are elliptic integrals of the first and the second kind, respectively.
But when
Ca I2 NC
(0R-j-
equation (4) reduces to
C,» 1f RH K
A—3aN (a |— T - 1H-----" +
oRn 3 RTI 2 R+ RT
R, NC INC 2 R
+ +
R, 4 An R
NC NC R
1+ Rh In
4n |+t 4n R: a>RT
3 ivC
4 [JvC Rh NC Rh] tan-1 (5)
an 4n RT 4n RT NC

Cai/coRT is imaginary if

(CJo>RT)2< NC/n.
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The constant of integration, A in equations (4) and (5), is calculated in
order to satisfy the condition of continuity, which is:

1n 24 R/IRTd(R/RT)=T (-C +- 2C( 2¥ R/RTd (R/RT) . (6)
"Rb IRt O)H.t JR h/Rt \ 0)KT
The axial component of induced velocity is given in Table Il (Fig. 2).

It increases as R/Ry increases. Further it also increases as I' increases and
decreases as N or /1 or RhIRT increases. If the constant a is taken as large,
then back-flow occurs near the hub ofthe rotor. The value of a beyond which
back-flow occurs at different points on the rotor is given in Table Ill. It can

Table 11

Axial component of induced velocity, Cuw/coRj-

a= —0,01, C= 0,02 a= —0,01, C= 0,01
RIRT N =4 N= 3 N =4
Ca/(oRT = 0,3 CaltoRr = o»2  CajciRjt= 0,3 Cafi)RT = 0,3 CjciRjt= 0.2
0,2 —0,0222 -0,0244 -0,0181 -0,0240 -0,0259
0,3 -0,0203 -0,0220 -0,0166 -0,0220 -0,0233
0,4 -0,0175 -0,0187 -0,0143 -0,0190 -0,0199
0,5 -0,0138 -0,0145 -0,0112 -0,0149 -0,0155
0,6 — 0,0089 —0,0092 — 0,0072 -0,0095 -0,0098
0,7 -0,0026 -0,0025 -0,0021 -0,0032 -0,0027
0,8 0,0052 0,0056 0,0042 0,0057 0,0060
0,9 0,0149 0,0157 0,0121 0,0161 0,0167
10 0,0267 0,0279 0,0216 0,0295 0,0296
Table 111

The value of a beyond which back-flow occurs on the rotor

N = 4 N =3

RjRjJ'
Ca0Rj<=0,3 Ca/eRT=02  Cala)Rip=0,3

0,2 0,135 0,081 0,164
0,3 0,147 0,090 0,180
0,4 0,170 0,106 0,209
0,5 0,216 0,137 0,266
0,6 0,334 0,215 0,413
0,7 1,119 0,774 1,414

easily be shown that the induced velocity due to bound vortices vanishes at
every point of the blade.
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Fig. 2

1. Geometrical angle of attack and chord length

It is known that the induced velocity changes the effective angle of
attack and the blade behaves as a blade of infinite span at this angle of attack.
Hence the profile drag coefficient, CDp, lift coefficient CL and ®df. can be
obtained from the experimental data of isolated aerofoil of infinite span [15].

The geometrical angle of attack, ®reo. can be obtained from ®d/. =
= &po —fp—W )

The angle ¥ and » can be obtained from the dimensionless velocity
diagram (Fig. 3). Hence

Cg/wR-T
tan g (8)
r,rt- — J fia -
4n RI/RT
Cg+ Cgj
tan » (O.R,\:- U )
R/R, 4n R/R,
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The new relative mean velocity We is given by:

( tVf: 2—{lf\a+ Cai 2_,_ R N rr (10)
\ ORj coRT RT 40 RIRT

Fig. 3

The chord length is given by:

T

Rt r We

(11)

Again

<>
where £= Cu/Ca
The chord length and geometrical angle of attack are given in Table IV.
For a prescribed circulation, I/Rj decreases as /1 increases and N has
very little effect on the chord length. There is no interference effect on the
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Table 1V
N-.= 4 N =3

RIR}> Cderji = 0,3 Ca/(oRf= 0,2 Caj(uRji = 0,3
IIRT reo’- IIRT IIRT ¢,,.<N
0,2 0,1231 4,08 0,1645 2,28 0,1203 4,41
0,3 0,1018 4,01 0,1216 2,90 0,100 4,37
0,4 0,0856 4,35 0,0961 3,77 0,0847 4,66
0,5 0,0737 4,83 0,0799 4,54 0,0731 5,05
0,6 0,0648 5,33 0,0687 5,20 0,0644 5,45
0,7 0,0578 5,83 0,0606 5,81 0,0576 5,86
0,8 0,0523 6,30 0,0542 6,39 0,0521 6,28
0,9 0,0474 6,87 0,0489 6,97 0,0474 6,70
1,0 0,0431 7,41 0,0442 7,54 0,0431 7,14

rotor, as I/t lies between 0,3 and 0,6 at the hub. The geometrical angle of
attack generally increases as I/Rt increases. The angle ip  <%eff. > given
in Table V.

Table V
(4> + 0 eff-)°

N = 4 N <=3
RIRT Ca/aRT= 03 CeimRji= 02 CaJ(ORj> = 0,3
0,2 64,81° 52,22° 64,00°
0,3 51,11° 38,56° 50,93°
0,4 42,34° 31,27° 42,37°
0,5 36,44° 26,86° 36,50°
0,6 32,30° 23,95° 32,33°
0,7 29,30° 21,96° 29,27°
0,8 27,09° 20,57° 26,98°
0,9 25,44° 19,59° 25,24°
1,0 24,21° 18.93° 23,92°

IV. Fan Unit Efficiency

In an axial fan which consists of a rotor only, the loss in the efficiency is
due to rotor loss and swirl loss; other losses are neglected. The distribution of
losses along the radius is not uniform, therefore, the mean value is calculated.
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The efficiency at point (RjRT, 0, 0) is given by:

KR K swir

Vie= 1 (13)
K Ih K Ih
K R KDp» KDs+ k Da CDp*bCDs A 1 1 Kda (14)
K h K Ih cL Sin2yj R/RT K th

The profile drag coefficient, Cqp, is calculated from the experimental
data of isolated aerofoil. The profile loss is given in Table VI (Fig. 5). For a
given I, it decreases when J1 or N increases.

The secondary drag coefficient, CD& is given by the well-known empirical
formula by Howelnt, i.e. CDg— 0,018 CL2 and should be calculated at the mean
radius. Similarly the annulus loss, KDJKth = 0,02, for the entire axial fan.

The swirl loss is given by:

K-swirl 1 CulC>r Mns)
K ih 2 R/IRT

The swirl loss is given in Table VII (Fig. 6).
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R/R

0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9
1,0

T

Cal(4Rf= 0,3

R/RT

0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9
1,0

G. NATH

Table VI
Rotor loss due to profile drag, Kppru,

N =4

0,0362
0,0352
0,0377
0,0413
0,0450
0,0484
0,0526
0,0532
0,0543

CfitaRjt = 0,2

0,0339
0,0407
0,0485
0,0558
0,0621
0,0668
0,0698
0,0711
0,0706

Table VII
Swirl loss, Kswl K |h

0,1591
0,0711
0,0405
0,0264
0,0188
0,0141
0,0110
0,0088
0,0071

0,1193
0,0533
0,0304
0,0198
0,0141
0,0105
0,0082
0,0066
0,0053

N= 3

CJcuRjt= 03

0,0369
0,0354
0,0377
0,0412
0,0449
0,0485
0,0517
0.0543
0,0560

The swirl loss is independent of /1 and decreases as R/R-p increases.
It also decreases as RH/RT increases, and increases as circulation or N increases.
The mean efficiency is given by:

2
1. Rn]2
Rri

Equation (16) can be integrated numerically or graphically.

r
RhL
J Pk

R-swirl 1 R

Kth Kth

J Rt

d(R/RT)

K ds-\~Kda
Kk

(16)

The efficiency due to profile loss and swirl loss and the mean efficiency
(taking into account all the losses) are given in Table V11l (Fig. 7) and Table IX
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Efficiency, nT ; taking into account losses due to profile drag and swirl only

Table VIII

=4 N= 3
RIRT
caloRT = 03 Cala>Rj> =02 CdoRji= 0,3
0,2 0,8045 0,8068 0,8437
0,3 0,8936 0,8881 0,9111
0,4 0,9216 0,9108 0,9318
0,5 0,9321 0,9176 0,9389
0,6 0,9361 0,9190 0,9409
0,7 0,9374 0,9190 0,9408
0,8 0,9363 0,9190 0,9399
0,9 0,9379 0,9200 0,9390
10 0,9384 0,9221 0,9385
Table IX
Mean efficiency, Tij
N=4 nr=3
CoJaRf= 03 Cd(iRT= 02 CyuRT= 03
0,8644 0,8315 0,8698
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respectively. For a prescribed circulation, the mean efficiency increases as /1
increases, and N has very little effect on it.

V. Torque and Thrust

The torque is given by:

4 1l 14 Am 1 Cu (R/RTy-d(R/RT), (17)
N Jeq N coRT
where
Q
=T
Qe , QCaTRt
is given by:
Te- 5 ree KU, KR r2 INV*d (R/RT) (18)
©TEyRT T 1+717 Ca '
where
Tr = 1
oCl tR?

Both equations (17) and (18) can be integrated numerically.

VI. Estimation of a and C

The maximum and minimum values of a and C are given below (for
details see Appendix I):

a= 0(maximum),

4nn 1 .
a= . (minimum) ;
N fj RH\3
RT
23¥A RH ,
c= T (maximum), (19
N RT

C

0 (minimum).
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VII. Conclusions

In the present paper the trailing vortices are taken as spirals which
approximate the real pattern of flow that occurs in the rotor of an axial fan,
when the circulation is variable. The derivative of the circulation along the
radius should not he high, i.e. a should not be taken as large, because back-
flow will occur near the hub. The occurrence of back-flow should be avoided,
because the portion where the back-flow occurs will act as a turbine. For a
prescribed circulation, the mean efficiency increases as J1 increases and it is
affected very little by the number of blades. The swirl loss at the hub is very
high. For prescribed circulation ', N and /1, the chord length, I/Rpmand the
mean efficiency, are almost the same, whether the trailing vortices are
spirals or straight lines or the number of blades are finite or infinite. The
present method is valid for RH/RT > 0,2, whereas the method by other authors
[L—14] are valid for RH/RT > 0,4.
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APPENDIX |

The maximum and minimum values of a and C are obtained from equation (3). Equation
(3) can be written as:

(R Rh YV 3ai, Rh)IR Rh 1:
ur RTJ 2 1 «rJur RT)

The minimum and the maximum values of Care 0 and 1, respectively. If £= 0, the inflow and
the outflow directions coincide. If the maximum value of £ is taken greater than 1,
becomes greater than 1,2, which is generally the maximum permissible value. If Ci > 1,2, (/)
rises rapidly with the angle of incidence, hence CJCq increases, thus reducing the efficiency.
For a given CJiuRp, Rpi/Rp and N, the minimum value of a (a is negative) and C are obtained
by prescribing maximum circulation at the tip and minimum at the hub, by putting £ equal
to 1 and O, respectively. Similarly the maximum values of a and C are obtained by prescribing
the circulation at the tip to be equal to the maximum circulation at the hub. Hence, the
maximum and minimum values of a and C are given by equation (19).

DIE STROMUNG EINER VOLLKOMMENEN FLUSSIGKEIT DURCH EINEN
EINSTUFIGEN AXIALVENTILATOR MIT VORGESCHRIEBENER ZIRKULATION
ENTLANG DER SCHAUFEL

G. NATH

ZUSAMMENFASSUNG

Fir die Losung des inversen Problems der dreidimensionalen Stromung im Rotor eines
einstufigen Axialventilators mit vorgeschriebener verdnderlicher Zirkulation entlang der
Schaufel wurde eine neue Methode entwickelt. Die Schaufelzahl wurde durch eine unendliche
Schaufelzahl ersetzt, so daR die gesamte Zirkulation N T wird. Die freien Wirbel sind Spiralen
und die axiale Geschwindigkeit vor dem Rotor, /1, ist nicht groB. Die Methode ist fur kleine
Verhéltnisse R Rp gilltig, d.h. Rpi/Rp (m0,2. Der durchschnittliche Wirkungsgrad, Sehnen-
lange und sonstige Parameter fur die Konstruktion wurden auch berechnet. Die Flissigkeit
wird als inkompressibel und reibungsfrei betrachtet.

L’ECOULEMENT D’UN FLUIDE PARFAIT A TRAVERS UN VENTILATEUR
AXIAL A UN ETAGE, AVEC CIRCULATION PRESCRITE LE LONG DE L’AUBE

G. NATH

RESUME

L’auteur a élaboré une nouvelle méthode pour résoudre le probleme inverse de I’écoule-
ment tridimensionnel a travers un ventilateur axial a un étage, en cas de circulation variable
prescrite. Le nombre d’aubes a été remplacé par un nombre infini d’aubes, de sorte que la
circulation totale est N. . Les tourbillons libres sont des spirales etla vitesse axiale devant le
rotor, J1, n’est pas grande. La méthode est valable pour des Rfj/Rp de faible valeur, c’est-a-dire
Rpj/Rp 0,2. Le rendement moyen, la longueur de corde et d’autres caractéristiques de la
construction ont été également déterminés par I'auteur, le fluide étant considéré comme incom-
pressible et sans friction.
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OBVDKEHWE MOTOKA WAEA/IBHOIMO FA3A YEPE3 OAHOCTYMEHUYATbIN
AKCUANBbHbIA BEHTUMAATOP MPU 3A0AHHOWN UWMPKYNAUUW BAOSb
JIONACTEN

I HAT
PE3IOME

[Ona peweHns WHBEpPTHOM npob6neMbl TpexpasMepHOro MOTOKa, ABWKYLLErocs 4epes
OJHOCTYMNeHYaThbIi akcuanbHbIi BEHTUNSATOP, aBTOPOM pas3paboTaH HOBbIA MeToh ANnA cry4as
3aflaHHOr0 MepeMeHHOro BpeMeHV UMKna. Yucno nonacteli 3ameLleHO 6eCKOHEYHbIM YMCIOM
nonacTei, Tak 4To NonHaa umpkynauma 6ynet N. CBo60AHble BUXPU SABAAIOTCA CNUPaAnsMu,
aKcuanbHas CKOpPOCTb Mepej POTOPOM HeBbicoKa. MeTof NpurofeH Ans HeboNbLIOro COOTHO-
weHnsa Rh/Rt, T-e- Ana Rh/Rt = 0,2. ABTop onpeaensieT TakKXXe CpeAHuiA Kng, ANHY XopAbl
N Apyrue npoekTHble napameTpbl. Cpefa NPUHMMAETCA HECXKMMAEMOM U He UMeIOLLel TPeHNS.
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ON STRAIN INCOMPATIBILITY AND GRAIN
BOUNDARY DAMAGE IN FATIGUE
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The incompatibility between the imposed macroscopic strain field and the deformation
of the inhomogeneous anisotropic polycrystalline aggregate as well as between the deformation
of the individual members of the aggregate is considered to be most severe under circumstances
of fatigue mainly as a result of the very small number of operating slip systems in the individual
grains, the characteristic concentration of slip into bands under reversed straining of moderate
amplitudes and the accumulation of permanent deformation due to imperfect reversibility of
slip. As a result of strain incompatibilities caused by the restrictions imposed by surrounding
grains or non-deforming parts of the same grain, slip-band, grain-boundary, and subgrain-
boundary damage occur. The strain incompatibilities find relief on the surface in the form
of extrusions, intrusions, grain rumpling and subgrain rumpling. The concepts are illustrated
by photomicrographic studies on superpurity copper aluminium and 70/30 alpha brass under
conditions of constant strain amplitude cycling in torsion.

I. Introduction

Fatigue is a progressive deterioration of the continuity of the medium
terminated by macroscopic cracking and final separation due to the repetition
of reversed strain cycles imposed on the inhomogeneous, locally anisotropic
crystal structure [1, 2]. The state of strain which is defined in terms of con-
tinuum mechanics on the usual basis of continuity, homogeneity and isotropy
of the medium thus enforces the deformation of a locally inhomogeneous
anisotropic aggregate that cannot accommodate such strains without high-
intensity elastic distortion creating severe local discontinuities in the micro-
scopic deformation pattern. Such discontinuities, which are the source of
“textural stresses” [3], arise mainly from a lack of compatibility of the defor-
mation of neighboring crystals, or of different parts of a single crystal and
had been referred to as incompatibility centers [4]. The density of their distri-
bution is highest where the discrepancy between the overall “continuum
mechanical” strain field and the resulting localized glide fields are largest and
where the intensity of this strain field is highest. It will therefore in general be
lower in cubic crystals where the large number of potential slip systems makes
accommodation by slip easier than in crystals with a small number of slip
systems, and higher in the region of macroscopic strain concentration.

There is obviously a significant difference in the severity of incompati-
bility produced in uni-directional and in reversed straining. The increase of the

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



200 M. RONAY

strain in uni-directional straining activates new slip planes and slip systems
in the course ofthe deformation. The result of this process is a pattern of widely
distributed and statistically oriented glide processes which tends to produce a
quasi-isotropic deformation field rather closely related to the continuum
mechanical strain field, and it is on the effectiveness of this process that the
classical continuum-mechanical theory of plasticity is based.

In reversed straining the strain does not increase but is kept constant
or decreases depending on whether constant strain or constant stress cycling
is applied. Under circumstances significant for fatigue usually only one slip
system operates in individual grains. This predominantly one-fold slip per
grain (in a few grains two-fold slip may exist, in other grains none develops)
is the least favorable state of deformation of a polycrystalline aggregate
tending to accommodate to the applied macroscopic strain field while main-
taining continuity at the boundary of differently oriented grains. The well-
known concentration of slip in slip bands and the accumulation of uni-direc-
tional displacement at the intersection of slip bands with grain boundaries
due to the non-reversibility of the slip process further increases the difficulty
of the accommodation of the deformation of individual grains to each other.
Thus under low amplitude reversed cyclic straining there are three main
sources of strain incompatibility:

a) Incompatibility due to differently oriented grains with predominantly
one operating slip system (see Fig. 4).

b) Incompatibility between the accumulated permanent deformation at
the end ofthe slip bands and the intersecting grain boundary (see (Figs 1, 2, 4).

¢) Incompatibility within one grain between parts subject to concen-
trated deformation (slip bands) and their non-deforming neighbourhood (see
Fig. 12).

Il. Inhomogeneity of Deformation Due to the Varying
Orientation of Grains

The simplest type of incompatibility in the polycrystalline aggregate is
due to the elastic and plastic anisotropy of the grains. The angles between the
planes and directions of easy glide and the direction of the applied stress are
different for different grains. Under a given load, grains of different orientation
take up different stresses already in the elastic range due to differences in
elastic moduli. As a result of this variation of stress, the surface of a poly-
crystalline specimen subject to load will show a slight warping from grain to
grain even within the elastic range [5].

When local plastic deformation begins the stress differences usually
increase. Studies of the inhomogeneity under uni-directional straining of the
plastic deformation in the crystals of an aggregate [6] have not only shown
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wide differences in the amount of deformation from grain to grain, but also
that deformation is inhomogeneous within each grain due to interaction of
neighbouring grains which enforces continuity of the macroscopic strain across
grain boundaries. Hence the distribution of stress in the aggregate is not
uniform, some grains carrying more and some less than average related to
the externally applied forces; moreover, the spacing of the stress-operated slip is
non-uniform within an individual grain, varying from the interior to the
restraining grain boundary. Obviously, crystals in the interior of a poly-
crystalline specimen are more restrained in their deformation since they are
not allowed the freedom in deformation at a free surface that can be observed
as surface rumpling; they have, moreover, alarger grain-boundary area relative
to their volume.

It isimportant to note that this inhomogeneity of the plastic deformation
is considerably intensified under fatigue conditions where usually only one
slip system operates and the relief that can be expected from polyslip and
change in orientation of crystals in the course of uni-directional straining is
usually not available.

Inhomogeneity of the deformation of single crystals and associated
formation and intensification of incompatibilities arise from the imposition
of homogeneous or non-homogeneous stress fields on the anisotropic crystal;
the specific features of the relation between incompatibility and fatigue in
single crystals will, however, be dealt with in a subsequent paper.

I1l1. Strain Incompatibility at Grain Boundaries

If it is assumed that glide starts in two neighbouring grains of a poly-
crystal of different lattice orientation at the same intensity of the applied
force, the grain boundary restraints imposed by the surrounding crystals of
the aggregate as well as the incompatibility of the simultaneous slip of the
neighbouring crystals will obviously modify the plastic deformation in the
individual grains.

Single crystals of cubic metals subjected to uniaxial tension usually
deform by pure shear along the slip system for which the resolved shear stress
is higher than the critical value. This type of deformation cannot satisfy the
continuity conditions for the displacement across grain boundaries in an
aggregate of crystals. It is theoretically possible to maintain macroscopic
continuity within the polycrystal by appropriate combinations of slips on
several crystal planes. According to purely geometric considerations any
arbitrary incompressible deformation of a crystal within an aggregate can be
accommodated by a suitable combination of slip along five independent slip
systems. However, if five-fold slip were to operate from the start of the plastic
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deformation, the critical shear stress would have to be attained in all five
systems, and the applied force would have to be much higher than that which
produces the critical shear stress on the most favorably oriented slip system.
Continuity of the deformation across the boundary of the two simultaneously
deforming crystals would require different stresses on two sides of a boundary
between crystals of different orientation, a requirement that is contradicted
by equilibrium conditions. Thus, G. |I. Taylor’s proof [7] that Fee crystal
grains can adjust to any specified deformation by slip on five slip systems
selected out of the total number of available systems by a concept of minimum
rate of energy dissipation, and can therefore be expected to maintain continuity
of deformation at grain boundaries of a polycrystal is open to serious questions
even under conditions of uni-directional straining [8], unless it can be assumed
that most of the crystals of the aggregate are oriented for “polyslip” [9, 10].

In reversed repeated straining leading to fatigue the situation is radically
different. The stress amplitudes, the repetition of which produces fatigue
damage after a large number of cycles, are of the order of magnitude that
usually produces single slip on the most favorably oriented slip system only.
W hile it is well-known [10] that even under uni-directional straining, defor-
mation of a crystal by slip on one system cannot, in general, satisfy continuity
conditions across a grain boundary, the characteristic concentration in re-
versed cyclic straining of slip into relatively widely spaced bands concentrates
this strain in narrow regions. This fact coupled with the most significant
feature of the deformation in fatigue of strain-hardening metals which distin-
guishes it from uni-directional straining, namely, the large total amount of
permanent strain (added irrespective of sign) which the material absorbs
before fracture, clearly shows that under conditions of fatigue the strain across
the grain boundary cannot remain continuous but will instead be concentrated
in regions of severe incompatibility. There is, moreover, hardly any doubt
that the so-called “reversed slip” in or close to the original slip plane produced
by reversed straining is not fully reversible, particularly at higher strain
amplitudes; this non-reversibility of the slip motion induced by cyclic strain
produces an accumulation of uni-directional displacements on the slip system
activated by cyclic straining, and thus intensifies the strain incompatibilities
at the grain boundary. At small strain amplitudes the uni-directional displace-
ment produced by a single cycle is very small but accumulates during a very
large number of cycles; at larger strain amplitudes the uni-directional dis-
placement per cycle is larger, but the accumulation takes place in the course of
a smaller number of cycles. Obviously, at small enough amplitudes the cyclic
slip movement becomes practically reversible as a result of the gradual decrease
and final stoppage of plastic strain due to strain hardening, as postidated in
Orowan’s theory [1, 2] and the accumulation of uni-directional displacement
in individual slip bands comes to an end. At still lower strain amplitudes, the
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elastic surrounding of the localized slip band forces the slip to be reversible
from the start of the cycling. It is assumed that reversibility of the slip in the
individual localized bands is the criterion of the safe range.

After a certain number of cycles, depending on strain amplitude, the
uni-directional displacement accumulated on the slip bands interferes with the
deformation by slip of the surrounding grains and leads to two forms of damage
depending on the extent of slip concentration:

a) Under circumstances favorable for slip concentration (low strain
amplitudes in Fee metals, low temperature) the incompatibility of the ac-
cumulated uni-directional displacement concentrated in slip bands with the re-
strictions imposed by the surrounding grains results in damage within the slip
bands. For grains located in the surface, the effects of this incompatibility
can be relieved by the formation of surface extrusions and intrusions, which
arc the most easily visible appearance of the accumulated permanent dis-
placements on the end of the slip bands.

In the widely accepted explanation, based on purely geometrical concepts,
of the development of fatigue damage in the surface as a result of forward
and backward movement of fine slip intersecting the surface and forming
extrusions and intrusions on the surface [11], the intrusions being considered
as incipient fatigue cracks, it seems to have remained unnoticed that the inverse
of the configuration appearing on the surface should appear on the other end
of the slip band, usually at the grain boundary.

Fig. 1 shows extrusions and intrusions on the surface end and on the
grain boundary end of the slip bands in a taper-sectioned [12] 70/30 alpha
brass specimen after 6 x K5 cycles of alternating torsion at 1750 cpm. All
specimens had circular cross section 7/32 in. (—0,555 cm) diameter with U/4in.
(—3,175 cm) long cylindrical test portion. They were annealed to 0,1 mm
grain-size and electropolished in orthophosphoric acid. A twist of 1° corresponds
to a surface shear of 15 X 10~4.

Fig. 2 represents an inside grain of the same specimen showing that the
permanent deformation accumulated in the slip bands tends to develop con-
figurations similar to those of “extrusions and intrusions” at the grain bound-
ary. Because of the restrictions imposed on the development of uni-directional
displacements at the end of the slip band by the neighbouring grain, damage
occurs within the slip bands close to the grain boundary. The deformation
of the specimen represents an intermediate condition between heavily con-
centrated and evenly distributed slip, and has been selected in order to illus-
trate that the damage occurs in the slip band because of the restriction imposed
on the deformation by the surroundings. This effect is also present at smaller
strain amplitudes and therefore more concentrated slip, where slip band damage
occurs all across the grain. Since its appearance under such conditions is well-
known, it does not need a special illustration. However, it should be mentioned
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Fig. 1. Stiles and notches on the surface end and on the grain boundary end of slip bands
(Amp. i 3°; taper-sectioned brass specimen etched with ammonium persulfate; 1000 X)

Fig. 2. Inside grain with slip band damage concentrated along the grain boundary (Amp.
-4- 3°; taper-sectioned brass specimen etched with ammonium persulfate; 1000 x)
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that after careful re-electropolishing of the surface of a long-life fatigue speci-
men showing slip band damage all across the grain, the most persistent portions
of the slip bands are those close to the grain boundaries, as illustrated in Fig. 3
(failure at 6 < 106 cycles).

Fig. 4 shows the surface of a brass specimen which failed after 8,3 x 105
cycles under cyclic strain amplitudes that produce an intermediate condition
between concentrated and evenly distributed slip. In grains where slip is

Fig. 3. Surface of fatigued brass specimen after electropolish, showing persistent slip bands
at the grain boundaries (Amp. i 2°; 500 X)

concentrated (arrows A), the grain boundary damage follows a zigzag path
according to slip bands similar to that in Figs 1 and 2. However, along
boundaries of grains with uniformly distributed slip the grain boundary
damage follows a smooth path (arrow B). Fig. 4 shows the a and b type of
incompatibilities referred to in the Introduction.

b) Under circumstances which do not favor slip band concentration
(large amplitudes in Fee metals or amplitudes that lead to fatigue failure in
Bcc metals, high temperatures) the incompatibilities arising from different
grain orientation and accumulated permanent displacements are not con-
centrated but evenly distributed; thus damage occurs where the restrictions
are: along the grain boundaries. Relatively few papers have been published
concerning grain boundary damage in fatigue. Grain boundary cracks have
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been found in aluminium [13]; repeated electropolishing of the specimens
showed that grain boundary cracks were deeper than slip band cracks. Ex-
tensive grain boundary damage has also been found in nickel and magnesium
subject to alternating torsion producing failure in the 105 cycle range [14].
W hile it should be expected that grain-boundary damage will be most severe
when the misorientation between crystals at the boundary is largest or least
susceptible to relief, as in hexagonal crystals such as magnesium or zinc,

Fig. 4. Surface of fatigued brass specimen showing grain boundary damage with zigzag path
at boundaries of grains with concentrated slip (arrows A) and smooth path at boundaries of
grains with uniformly distributed slip (arrow B) (Amp. i 3°; 500 x)

this is not necessarily the case. That grain boundary cracks are extensive and
severe in hexagonal metals has been shown in magnesium and zinc [12];
however, the grain-boundary damage observed in nickel [14] has been quite
pronounced in spite of the fact that slip bands have been able to cross the
grain boundaries. It seems that “restricted slip” concentrated along grain
boundaries [12] is closely associated with grain boundary damage. At large
strain amplitudes grain boundary damage has also been found in the form of
“pores” [15] which, however, represent regions of atomic misfit rather than
microscopic strain incompatibility.

Experiments carried out by the author on high purity copper in alter-
nating torsion showed an extensive amount of grain boundary damage at the
larger cyclic strain amplitudes at which slip does not concentrate. The surface
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of the specimens showed extensive rumpling determined by the individual
grains, thus illustrating the deformation of individual grains with only partial
restrictions from the neighbouring grains. The differently oriented hills and
valleys that develop from the initially flat surface of the individual grains is
an indication of the permanent deformation that accumulates during cycling.
The grain-sized hills and valleys on the surface in the case of evenly distributed
slip are the equivalent of the extrusions and intrusions characteristic for

Fig. 5. Surface rumpling on a fatigued copper specimen built up by distortions of the individual
grains (Amp. A 3°: 200 X)

concentrated slip. The restriction of the deformation that occurs on the surface
as rumpling is believed to cause grain boundary damage in inside grains.

Fig. 5 shows the surface of an O. F. H. C. copper specimen which failed
after 1,7 X 10s cycles. It can be seen that the surface rumpling is built up by
distortions of the individual grains, and is determined by grain and twin
boundaries.

Fig. 6a shows the surface of the same specimen; sharp hills and valleys
are developed at twin boundaries. Fig. 6b shows damage at twin and grain
boundaries. In specimens of longer lives the rumpling of the surface is some-
what decreased but still significant. Fig. 7 represents the surface of a specimen
which failed after 10° cycles.

After fatigue cycling the surface of the specimens has been electro-
polished in order to make the persistent damage visible. Fig. 8 shows the sur-

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



208 M RONAY

Fig. 6. (a) Rumpled surface of copper specimen showing sharp hills and valleys at twin bound-
aries (Amp. £ 3°; 200 X); (b) Rumpled surface of copper specimen, with sharp hills and
valleys at twin boundaries showing damage at twin and grain boundaries. (Amp.+ 3°; 500 X)
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Fig. 7. Rumpling of the surface of a copper specimen at smaller strain amplitude
(Amp. i 2° 500 X)

Fig. 8. Surface of copper specimen after fatigue and electropolish showing twin boundary and
grain boundary damage (Amp. ~ 3°; 500 x)
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face of a specimen of fatigue life of 1,5 X KO5 cycles after removal by electro-
polishing of a 5 micron deep surface layer. The surface is still rumpled and
shows grain boundary and twin boundary damage. Fig. 9 shows extensive
grain boundary damage in the same specimen after removal by electropolishing
of a 20 micron deep surface layer. In specimens of fatigue lives of 106 cycles
the damage is similar to that shown in Figs. 8 and 9; the a;rain boundary
damage is somewhat less extensive and slip band damage can be observed
to start. Fig. 10 shows grain boundary, twin boundary and slip band damage

Fig. 9. Surface of copper specimen after fatigue and further electropolish, showing extensive
grain boundary damage (Amp. ~ 3°; 200 x)

on the surface of a specimen which failed at 9 x 105 cycles after the removal
of a 7,5 micron deep layer by electropolishing. Fig. 11 shows grain boundary
damage on the same specimen. Specimens with a life of 107 cycles still show
a small amount of grain boundary damage, but usually only on one side
of the grain.

It is worth noting that grain boundary incompatibility increases with
increasing grain size and increasing length of slip movements. As grain bound-
ary incompatibility is considered a major contribution to fatigue damage, the
effect of grain size on fatigue life might require a more elaborate study than
the few investigations reported in the past.
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Fig. 10. Grain boundary, twin boundary and slip band damage on the surface of fatigued and
electropolished copper specimen, fatigued with smaller strain amplitude (Amp. i 2°; 500 X)

Fig. 11. Grain boundary damage on the surface of fatigued and electropolished copper speci-
men (Amp. i 2°; 500 X)
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IV. Incompatibility between Slip Bands
and Non-Deforming Neighbourhood

The characteristic concentration of slip into bands under conditions of
low amplitude fatigue introduces another kind of incompatibility, namely
that between the slip bands and tbe non-deforming parts between them.
This type of incompatibility is shown in Fig. 12 where heavy damage occurs
at the side of the deforming part adjacent to the non-deforming part of the

Fig. 12. Damage between deforming and non-deforming zones of the same grain (Amp. i 2°;
taper-sectioned brass specimen etched with ammonium persulfate; 1500 X)

same grain (taper-sectioned brass specimen, failure at 6 x 10 6cycles). It can be
partly relieved by subgrain formation in the “non-deforming region” between
two slip bands and in such cases less damage is produced in the slip bands.
The subgrain formation between slip bands is represented in Fig. 13 which
shows the surface of a superpurity aluminum specimen that failed after 3x 105
cycles in alternating torsion. Subgrain formation as a relief mechanism of
textural stresses caused by incompatibilities is discussed in the following
Section.
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Fig. 13. Subgrain formation between slip bands on the surface of electropolished and fatigued
aluminum specimen (Amp. + 1°; electropolished in 1 :5 perchloric acid and methanol; 750 X)

V. Substructure Formation and Incompatibility Cracking

In the early studies of the inhomogeneity of the plastic deformation
in uniaxial straining of a polycrystalline aggregate [6] the conclusion seemed
already inescapable that because of the wide differences in strain between
individual grains and the inhomogeneity of the deformation within each grain
polyslip alone could not provide the mechanism by which continuity of strain
across grain boundaries could be enforced without excessive elastic distortion,
and that the existence of another, at that time unspecified, mechanism would
have to be assumed for this purpose. It only seemed clear that the stress
activating this mechanism must be lower than that initiating slip on the less
favorably oriented of the five slip systems.

Electron-microscope and X-ray studies of various metals have since
shown that this mechanism is related to sub-grain formation. The intensifica-
tion of the inhomogeneity of the plastic deformation by reversed cyclic
straining, which further reduces the effectiveness of polyslip to relieve, or
at least reduce the grain-boundary incompatibilities characteristic of this type
of straining, necessarily increases the participation of the subgrain formation
mechanism in the total plastic deformation.
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Subgrain formation thus acts, at least over a significant initial range
of cyclic straining, as a relief mechanism, reducing the severity of the strain
incompatibilities that have arisen along the grain boundaries and dissipating
part of the elastic distortion energy latently stored around them. It has been
conclusively demonstrated that the development of subgrain structure is a
significant feature in both constant stress fatigue of aluminum at high stress
cycles [16] and constant strain fatigue of iron at large strain cycles [17] and
aluminum over a wide range of reversed strain cycles [17, 18] and that sub-
grain formation and fatigue cracking are inseparably related in those metals.

It might, however, be important to consider the fact that the signifi-
cance of the process with respect to fatigue damage changes in the course of
fatigue cycling. The formation of subgrains undoubtedly starts as a relief
mechanism of the strain incompatibilities at the grain boundaries, a view that
is supported by the fact that the rate of their formation is proportional to the
cyclic strain [18], and that the misorientation between subgrains increases
considerably in the course of cycling, attaining angles as large as 1,5° in super-
pure aluminum and 13° in commercially pure aluminum [17, 18]. It might not
be unreasonable to assume that this misorientation is proportional to the
severity of the strain incompatibilities along the grain boundaries which the
subgrain formation is attempting to relieve. Obviously, maximum relief
requires a maximum ratio of sub-boundary area to volume of the subgrains
and thus a minimum subgrain dimension still consistent with thermodynamic
stability of the structure; the observation that during cycling of annealed
metals the average subgrain volume decreases towards a stable limit [18]
characteristic of the metal confirms this view.

However, once the minimum subgrain size and the maximum misorien-
tation consistentwith continuity is attained, the relief mechanism is exhausted.
Further increase of misorientation along subgrain boundaries is incompatible
with continuity of the strain on both sides of the boundary and further cycling
is therefore increasing the incompatibility between the subgrains. At the
surface the incompatibility between subgrains can be relieved by surface
rumpling. Fig. 14a is a photomicrograph about the surface of a superpurity
aluminum specimen that failed after 4x104 cycles of alternating torsion.
Fig. 14b is an electronmicrograph about the same surface. The sample was
replicated with Faxfilm shadowed with 80—20 Pt—Pd (45°) and then with
carbon (90°). Both pictures show that the surface is rumpled according to the
subgrains in a similar way as the surface of copper specimen has been shown
to be rumpled according to the grains (Figs 5—7). In the inside grains the
incompatibility cannot be relieved by rumpling; hence further cycling is
accompanied by micro-cracking in the subgrain boundaries, which had become
new regions of severe strain incompatibility. Their number is obviously much
larger than that of the grain boundary incompatibilities which they have
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Fig. 14a. Subgrain rumpling on the surface of electropolished and fatigued aluminum speci-
men! (Amp. i 2°; electropolished in 1:5 perchloric acid and methanol; 500 x)

Fig. 14b. Subgrain rumpling on the surface of electropolished and fatigued aluminum speci-
men (Amp. i 2°; electropolished in 1 :5 perchloric acid and methanol. Electron micrograph;
4500 X)



216 M. Rénay

partly relieved (if they were completely relieved no farther misorientation
of subgrains would be necessary), which explains their importance in the
propagation of the final fatigue crack [17, 19]. Since the extent of subgrain
formation might well depend on the severity of the strain incompatibilities
built up along the grain boundaries in the earlier stages of strain-cycling, it
would therefore appear to have the character of a secondary phenomenon
with respect to the initiation of fatigue damage, although it is a primary
feature of the mechanism of micro-crack formation and crack propagation.
This fact is responsible for the importance that is sometimes attributed to
phenomena which facilitate subgrain formation, such as cross-slip, as primary
causes of fatigue damage, while they are in fact only contributing features.

The importance of distinguishing between primary and secondary
features of the fatigue process is of more than theoretical significance. The pro-
duction of metals of superior fatigue performance would seem to require the
suppression of the primary causes of fatigue rather than the alleviation of
secondary or contributing features.

V1. Conclusions

The following conclusions can be reached on the basis of the joint con-
sideration of the inhomogeneity of the deformation, the appearance of strain
incompatibilities and the formation of subgrain structure in the course of
repeated reversed straining (fatigue cycling) of a polycrystalline metal:

a) The inhomogeneity of the deformation of a polycrystalline aggregate
due to different lattice orientation is magnified by reversed cyclic straining,
mainly as a result of limited number of operating systems, the characteristic
concentration of slip under reversed straining of moderate amplitudes and the
accumulation of permanent deformation due to imperfect reversibility of slip.

b) The magnification of the inhomogeneity of the deformation results
in the formation of concentrated regions of strain incompatibility along the
grain boundaries. The severity of these incompatibility regions increases with
decreasing number of operating slip systems, increasing strain amplitude and
increasing grain size.

c¢) The high energy of elastic distortion concentrated in the regions of
strain incompatibility can be relieved by subgrain-structure formation. How-
ever, the increasing misorientation of the subgrains in the course of cycling
creates new incompatibility centers, the severity of which may be lower, the
number of which, however, is much larger than that of the grain-boundary
regions. Hence subgrain formation, after a period of operation as a relief
mechanism, appears to introduce a new severe mechanism of micro-cracking.
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UBER DIE UNVERTRAGLICHKEIT DER DEFORMATIONEN UND
DIE SCHADIGUNG DER KORNGRENZEN BEI ERMUDUNG

M. RONAY

ZUSAMMENFASSUNG

Die Unvertraglichkeit zwischen dem aufgezwungenen makroskopischen Deformations-
feld einerseits, und der Deformation der inhomogenen anisotropischen polykristallinen Vielheit
und der Verformung ihrer einzelnen Mitglieder andererseits ist am starksten bei Ermidung.
Der Grund hiefir ist hauptsdchlich die sehr kleine Zahl von funktionierenden Gleitsystemen
in den einzelnen Kdrnern, die charakteristische Konzentration von Gleitsystemen in Béander
bei zyklischer Deformation von maRiger Amplitude und die Anhdufung der permanenten
Deformation wegen der unvollkommenen Umkehrbarkeit des Gleitens. Infolge von Unvertrag-
lichkeiten der Deformation, welche die von benachbarten Kérnern oder von nichtdeformieren-
den Teilen desselben Korns hervorgerufenen Beschrankungen verursachen, treten Schaden
in den Béandern, an den Korngrenzen und an den Unterkorngrenzen auf. Die Unvertraglich-
keiten der Deformationen finden einen AuslaR an der Oberflaiche in der Form von Beulen,
Einbeulungen, Kornfaltenbildung und Unterkornfaltenbildung. Die Ausfihrungen werden
durch fotomikrografische Studien an Reinstkupfer, Reinstaluminium und 70/30 Alpha-Messing
unter zyklischer Torsion hei konstanter Deformationsamplitude illustriert.
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INCOMPATIBILITE DES DEFORMATIONS ET DOMMAGES
AUX JOINTS DES GRAINS A LA FATIGUE

M RONAY

RESUME

Le champ de déformations macroscopique imposé a la matiére, présente avec les défor-
mations de la multitude polycristalline inhomogéne et anisotrope d’une part, et avec les défor-
mations des membres individuels de la multitude d’autre part, une incompatibilité qui semble
arriver a son plus haut degré en cas de fatigue. La cause en est a chercher surtout dans le petit
nombre des systemes de glissement fonctionnant dans les grains individuels, dans la concentra-
tion caractéristique en bandes des glissements sous I’action de déformations cycliques d’ampli-
tude modérée, enfin dans I’accumulation des déformations permanentes due a la réversibilité
imparfaite du glissement. Par suite des incompatibilités de déformation dues aux restrictions
imposées par les grains environnants ou aux parties sans déformation du méme grain, des
dommages se produisent dans les bandes de glissement, dans les joints des grains et des sous-
grains. Les incompatibilités de déformation se traduisent & la surface par les renflements,
intrusions et bourrelets des grains et sous-grains. Ces vues de l'auteur sont illustrées par des
essais photo-micrographiques faits sur du cuivre et de I"aluminium de trés haute pureté et du
laiton alpha de 70/30, soumis a des cycles de torsion a amplitude de déformation constante.

OJE®POPMALMNOHHAA HECOBMECTUMMOCTb W MOBPEXAEHWE MPAHWL,
3EPEH IMPU YCTANOCTU

M. POHAU
PE3IOME

HecoBMECTUMOCTb MPUHYAUTE/IbHO NPUAAHHOrO MaKPOCKOMUYECKOro AedopMaLMoHHOro
NPOCTPAHCTBA C HErOMOTEeHHbIM aHM30TPOMHBLIM MONIMKPUCTIIMHHBLIM MHOMXECTBOM, a Takxe
nepBoro ¢ fAedopmalveii MHAMBUAYMOB MHOXECTBA MOXHO CuMTaTb Ham6o/blueli B ciyudae
ycTanocTu. MNpuumMHamMn 3TOro B OCHOBHOM SIBNSAOTCS HEB60/bLUIOE UMCIO CUCTEM CKOMbXKEHUS,
[EMCTBYIOLWMX B 3epHAX, KOHLEHTPALMs CKOMbXEHWI B Nofocax Mpu repemMeHHol Harpyske
CO cpefHei amnaMTyol, a TaKXKe HaKomn/eHve NoCcTOSIHHOM fiehopMaLivm 13-3a HECOBEPLLIEHHOM
06paTUMOCTU CKOJIbXXEHUSI. M13-3a HECOBMECTUMOCTE iedhopMaLiMmn, — KOTOPbIe BbI3BaHbl OKPY-
XatoLW UMY 3epHaMU UK HeethOPMUPYIOLWLMMUCA YacTSMU 3TUX XKe 3epeH, — MOXKET MPOU30NTU
NOBpPEeX/eHNe B MOM0CaX CKOMbXEHWS, Ha rpaHuMuax 3epeH M YacTUUHbIX TPaHULAX 3epeH.
HecoBMeCTMOCTM flehopMaLMy Ha MOBEPXHOCTY YPaBHMBAKOTCA B ()OPME BbICTYMNOB, BMaAuH,
CK/MaauaTocTy 3epeH U CKMaA4YaToCTX YaCTUUHOIO 3epHa. ITU COOGPaXKEHUS UNMIOCTPUPYOTCS
(hOTOMMKPOrpagnyecKMmMn ONbiTamu, MPOBEAEHHbIMM Ha 06paslax M3 OyeHb YWUCTOM Meaw,
AMOMUHMSA 1 a-natyHn 70/30 nNpw MOMOLLM LMKIOB C MOCTOSHHOW aMNUTYA0l KpyUeHus.
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ELASTO-PLASTIC ANALYSIS
OF THREE-DIMENSIONAL MEDIA

J. H. ARGYRIS

DEPARTMENT OF \ERONAUTICAL STRUCTURES, IMPERIAL COLLEGE LONDON and
INSTITUTE FOR STATICS AND DYNAMICS OF AIRCRAFT AND SPACECRAFT
TECHNICAL UNIVERSITY, STUTTGART

[Manuscript received November 5, 1965]

The paper develops a procedure exclusively based on the use and philosophy of digital
computers for the analysis of three-dimensional continua with arbitrary elasto-plastic be-
haviour. Essentially the theory evolves from the matrix displacement method of the author,
in which the continuum is represented by a finite assembly of elements with the prescribed
simplified kinematic behaviour. Thus, in general, for three-dimensional media the most com-
monly adopted element is the tetrahedron of constant or linear variation of strain [2,3]; the cor-
responding element in two-dimensions is the triangle again of constant or linear strain [6,7].
The plastic strains as function of stresses may be derived from any analytical or experimental
constitutive equations. Here the procedure is illustrated on the basis of the Prandtl —Reuss
(incremental) equations in conjunction with the von Mises yield criterion and the concept of
equivalent stress and strain. The plastic strains may be considered as a particular form of
initial strains [5]and their effect represented by the so-called initial load vector[I—3]. Since the
plastic strains are initially unknown the author proposes two step by step procedures on the
computer. The first is a direct one and relies on suitably small incremental loading or displace-
ment steps and effectively introduces at each step the preceding incremental plastic strain.
The second, a more accurate one, uses for each step a sequence of iterations leading to a con-
vergent solution which processes also the current plastic strain. Two examples, both two-
dimensional, illustrate the application of the technique on plates with internal holes.

I. Introduction

Though the basic principles and equations of the matrix theory of
structures are essentially concerned with linear systems, non-linear systems
may easily be brought within their scope by representing the non-linear
relations as a series of linear steps. Many problems have already been treated
successfully in this way. The particular type of non-linear relation with which
we will concern ourselves in this paper is that for the stress-strain properties
of the material. In the most general case, this relation may not be simply non-
linear, but also dependent on time and the stress-strain history. At present,
the state of knowledge in this field is neither as certain nor as comprehensive
as could be desired. It is open to argument whether completely general con-
stitutive equations can be formed to cover all cases, or even whether this is
desirable. But in practice, analyses which are made are usually concerned with
fairly distinct phenomenological descriptions of the material properties such as
plasticity, creep and viscoelasticity. In their introduction into the matrix
displacement theory, however, all these share the common property that they
can be described in terms of incremental strain/stress laws with time, temper-
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ature and direction of strain in relationship to previous history as further
parameters. Given these data, either in functional or tabular form, the prin-
ciples of solution by the matrix displacement method are the same for all types
of behaviour. We restrict ourselves in what follows to strain hardening, elasto-
plastic materials and to fix ideas, assuming the Prandtl—Reuss equations
and the von Mises yield criterion for calculation of the stress/strain relations
in the plastic regime. The presentation is equally applicable to large displace-
ments and strains, provided the experimental data are available.

For the step-by-step calculations, two distinct incremental techniques
are possible. Thus, we may calculate an effective tangent modulus, which
describes directly the incremental stress/strain relation, allowing for plasticity
and distinguishing between increase of plastic strain and unloading. From this,
the tangent stiffnesses are computed and hence the incremental displacements
for the linear step. The alternative method is always to operate with the elastic
stiffness and to represent the plasticity effects as initial loads. This latter
method appears, at present, to have some computational advantages when
local unloading may occur and is the one discussed in the following sections.

For a three-dimensional continuum, tetrahedral elements are the most
generally usable, since they can be fitted to arbitrary boundaries and changed
in size throughout the body, so as to give a more detailed representation in
regions of particular importance. These may he of the constant stress type
[2, 3] or be permitted linear variation of stress and strain [5—10]. Tetrahedral
elements have the further advantage that large displacements may also be
allowed for simply by incorporating the geometrical stiffness [2, 3]. In two
dimensions, the corresponding element is the triangle.

Il. General Incremental Stress/Strain Law

W hatever the nature of the deformational characteristics of a three-
dimensional continuum, we may define an incremental stress/strain law in
the form

Ya = Ya+ ea = Ysa + YeA+ Yca+ ea = YBA + YeA+ Yca + e ~1Ja » @)

where all lower case symbols are (6x1) vectors or column matrices. Their
components or elements may be measured in any coordinate system, e.g., as
the natural strains introduced in Refs [1—3]. The specific meaning of the
vector symbols in Equ. (1) is

Yq incremental total strain;
€0 incremental elastic strain;
g incremental thermal strain;
pa incremental plastic strain;
n4 incremental creep strain;
cTj incremental stress.
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E is the generalised (6x6) elasticity modulus as given in Refs [2, 3] and need
not be constant, i.e., non-linear elasticity is allowed for, hut requires careful
definition, especially in the unloading stage, since it is, in general, a function
of the preceding loading history. E may, moreover, vary with temperature.
Fig. 1 illustrates typical stress/strain diagrams in the presence of temperature
and its effect on the elastic limit and proof stress. Anisotropy of the material
is easily included in our theory, as is inhomogenity, as long as each element is
taken to be homogeneous. However, we assume in our present discussion that
the material is isotropic.

Fig. I. Characteristic stress-strain-temperature diagrams

Assuming for simplicity sake a cartesian system of axes, we write the
incremental strain and stress vectors in the form

1 1 1
Va- jyxx Vyy Vzz yj 7xy 12 Yyz 2 Vaxi (2)
OA = {axx Vyy azz M °Xy K2 ayz K2 <zz}a- (3)

Expressions analogous to yn may be given for rla, Isa, pr. The generalised
Young’s Modulus E for a three-dimensional isotropic body isthen most con-
veniently put in the form

S T )
2G 2G 1--V 0303

v E, 0
2Gfi~'"= 2G K 4+ cccoeeeeee s 0d (4a)
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Here G is the shear modulus, vPoisson’s ratio, and E3a (3 X 3) matrix, fully popu-
lated with ’ones’. Before proceeding to the plastic strains we must first con-
sider the yield criterion.

I1l. Yield Criterion

When operating with the digital computer, it is, in principle, possible
to allow forany yield condition in association with strain hardening. The law
need not he given as an analytical expression, but can be fed into the machine
in tabular form. We base our consideration here on the von Mises crite-
rion. This is founded on the so-called equivalent stresses a and strains y {rj or e)
which, for the present purposes, are best written as*

©1/2
a = adad~ °d + (5)

12

3
YdYd YdYd + 5 Y'sYs (6)

where Od and Os (yd and ys) are the two (3x1) submatrices of the total stress (strain)vector
corresponding to the direct and shear components, respectively. For example,

(= = {°xx oyy °zz 12 oyz 12 <2x}. (7)
Hence
ad= {°xx ayy azz)> a.= { M oxx 1/2V n "} . (?»)
Similarly
1 1 1 8
Yd = {Y Y Yzz}i Ys (0)
o vy vz} 1wy 2 Y2 YX
The subscript “—” indicates a single regression of the elements of a vector.
Thus,
04a-=k ,v azz axx}, Yd- = {Yyy Yzz Yxx}- 9)

The formulation (5) and (6) for the yield criteria is very suitable for operations
on a digital computer in conjunction with a matrix interpretative scheme.
If a at the current loading step is found to exceed the critical value,
which may include the effect of work hardening due to previous plastic strain,
additional plastic deformation will take place. We may also include the effect
of a temperature increment 0 A in the yield criterion by re-writing Equ. (5)

in the form
1/2 T OJ

o oy o 0, (5a)
<°d d °d ao + @ 2

* These formulae may also be expressed concisely in terms of natural stresses or strains.
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Given the necessary experimental data, the application of Equ. (5a) proves
to be straightforward. Fig. 2 shows some typical a versus eA rjp curves, and
the corresponding diagrams for ideal plastic behaviour.

----- Elasto-ldeol Plastic Material)
-—--- Actual Material.

Fig. 2. Characteristic equivalent stress-equivalent strain diagram for different temperatures

IV. Plastic and Thermal Strains

Following the basic philosophy of w i1 s classical work (47 on a mathe-
matically consistent theory of work hardening, we may reformulate the
Prandtl—Reuss stress/strain equations in conjunction with the von Mises
criterion in a suitable matrix form. (As stated previously, we could operate
equally well with any other more general constitutive equation.) For an iso-
tropic and plastically incompressible body we find for the incremental non-
elastic straining vector tjA, whose elements are ordered as in Equ. (2), the simple
matrix expression

VA= RaVpa+ Vbae, (10)

where a is the total stress vector of Equ. (7), rleA the thermal strain increment
and
13 03 1 E3 O3

1 (11,
M 03 13 3

03 03

e= {111000) (12

BAis a non-constant scalar, which depends on the plastic and thermal straining
history and hence may vary from point to point. Substitution of Equ. (11) into
the yield criterion specified by r/j leads to w 115 results,

A= by — (13)
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rjpA is the equivalent plastic strain derived from an expression of the type (6)
with rjpj in place ofy.

Let us now assume that we have the diagrams or tabular data of the a
versus rjp relations for various temperatures suitably stored in the computer;
whence corresponding information may be construed for the I]p versus 0
relations for various stresses a (see, for example, Figs 3a, 3b). To the first
approximation, we obtain

where

Fig. 3. Characteristic equivalent stress-equivalent plastic strain diagrams for different
temperatures (a), characteristic equivalent plastic strain-temperature diagrams for different
equivalent stresses (b)

are the slopes of the diagrams in Fig. 3 and an, 0 Aare the incremental changes
in a and 0; note that bn is evaluated from an expression of the type (5) with
aAin place of a. Substitution of Equ. (14) into (13] yields

RA = on+ @ a (16)

3 1
2 b

It is evident that for a plastically isotropic material the a versus rjp
information required to obtain £ and 9 may be deduced from uniaxial test

0l — yxfor a sequence of temperatures 0; see Fig. 3. In fact, for such a loading
we immediately confirm that

0=0, rp=1p=y—E=y - - (7)

To illustrate the application of this procedure to the calculation of £, let us
assume that the uniaxial strain rpis given by a modified Ramberg—Osgood
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expression of the type

(18)

1'Ia, 1 = r 1]m
= me L% i)

where atis the elastic limit and m a constant. Using Eqs (17), (18) in the first
of Eq. (15) we find
1 1 a i"k1 (15a)
T~~E I-1*%i)

V. Method of Solution of the Elasto-Plastic Problem

To understand the basic philosophy of our technique, we first assume
that the initial strain vectors of all consituent elements are known, irrespec-
tive of their origin. Then the problem may be solved directly by applying the
idea of initial loads. From Ref. [11] we have

R= KEr+ a'l (19)

where R and r are the external load and displacement vectors at the nodal
points. Ke is the elastic stiffness and J the elastic loads arising at the nodal
points, if all initial strains are suppressed; a is a Boolean or location matrix. If
the effect of large displacements is being included, we must substitute the
total stiffness Ke -j- KGfor Ke in Equ. (19). Refs [2, 3, 12] show in detail how
the Ke, Kgand J may be set up for anisotropic, constant stress triangular and
tetrahedron elements where the initial vector y is permitted to be arbitrary.
Ke and J for tetrahedral and triangular membrane elements with linear vary-
ing strain are established in Ref. [6], for triangular plate bending elements
in Ref. [8]. For example, for a typical constant strain tetrahedron element sub-

ject to a uniform thermal strain f] — «0, the (12 X 1) vector J of the x, vy, z
components of the initial loads is simply
J= —T1kyj, (20)

where k is the (12 X 12) cartesian stiffness of the element and ip the (12 XI)
vector

W=Wx % v38 v«} (21)
in which

Vi = {xiJi *i}nm
In practice, plastic and creep strains are not known in advance. Solution

of the problem is then necessarily incremental (either direct or preferable
iterative). We start by establishing in our load cycle (see Fig. 4) the load Rj
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and temperature 0 n for which the elastic limit A is just reached at some point
within the structure. The subsequent loading is then represented by a sequence
of steps Rj and 0 A as indicated in Fig. 4. For each increment we apply the

linearised equation
Rj= KEr* j-a'lj. (22)

There remains the vital problem of establishing the Ja associated with
the initially unknown strain rjA We have applied on the computer the following
two procedures with success:

Fig. 4. Load temperature cycle

a) The direct incremental approach

Assuming that the analysis of a typical preceding stepj — 1,j has been
completed, we obtain from its results a, aA 1/f, RAand hence r/pA from Eq. (10)~
This rpAis then fed into the subsequent step j, j + 1 and added to the current
Jej. Hence, we determine J and solve Equ. (22) for rAfrom which we derive the
solution of the stepj,j -f- 1 and so on; Figs 5a, b. Thus, starting with point A,
we find in turn the points B, C, D of the time-displacement history. Ifun-
loading occurs, this is not taken into account until the next step, which then
operates under purely elastic conditions. This method is seen to include at each
incremental step (a) the directly associated thermal strain vector rjeA and (b)
the preceding plastic strain vector rjpA. The question of further loading after
unloading is discussed after the iterative method.

b) The iterative incremental approach

The first loop of each loading step is elastically analysed. The calculation
of the subsequent loops is based on an average value of I/E from which the
relevant Nn are obtained and hence rAfrom Equ. (22). This mean value of 1/C
is in each case set up using the final I/£ of the antecedent step j — 1,j and
the 1/t derived at the end of the preceding loop of the current step j, j -f 1.
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We may repeat these operations until convergence to a point B, is achieved.
Note that in each loading step the rjpd of the preceding step is ignored, since
it has been processed in th¢ relevant computation. Fig. 5b.shows a sequence
of equilibrium positions B, C, D, etc. attained by this procedure.* This second
method is evidently more accurate, but more time consuming. It is necessary
to check out at each iteration if loading or unloading occurs. At the same time,
high accuracy is, in general, achieved after three iterations. In our experience

Displacement
b)

Fig. 5. Load temperature history (a), direct and iterative incremental solution of elasto-
plastic problem (6)

the direct approach proves sufficiently accurate for engineering purposes as
long as small enough intervals are chosen. However, it may be best in practice to
apply an intermediate procedure with fewer loading steps hut allowing for
a finite number of iterations, say two or three, for each increment.

In either of the two procedures, the programming must also provide for
the case when loading follows an unloading sequence. To take account of the
strain hardening Rdis held zero until the current ais found to exceed the highest
equivalent stress dmax (not all achieved (and stored) in the previous loading
history. In fact, this is best realised by introducing initially a column matrix
with an entry er,corresponding to each element. As plasticity occurs and spreads
in the loading history, the corresponding er, entries are changed into the
appropriate <max > er,

It follows that the incremental of Equ. (16) for a current step j,j -)- 1
may always be written (when positive) in the form

6a = 6j+1  OMEX (23)

where Omax is the highest equivalent stress achieved in the previous loading
history of the element. The above argument applies for a constant temperature

*The differences between the results of the two methods are exaggerated in Fig. 5b for
illustrative purposes.
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case 0j = 0. The factor BA, when positive, is then evaluated from Equ. (16)
in conjunction with Equ. (15). In the presence of a temperature history we may
allow for a negative an as long as 0n is sufficiently large to yield a positive
By, in this case dimax must correspond to the current temperature.

VI. Examples of Elasto-Plastic Analysis

Two problems which have been analysed by the direct increment method are illustrated
in Figs. 6 to 15. Both consist of flat, square plates of constant thickness, loaded by a uniform
shear flow at the edges and both have a central hole, giving rise to stress concentrations.

Fig. 6. Plate with central hole, F/a—O,Z; outer grid for TRIM 3 elements

Fig. 7. Plate with central hole, rja: 0,2; inner grid for TRIM 3 elements
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Fig. 8. (a) Plate with central hole, r/a = 0,2 (TRIM3 elements) principal stress a,, applied
uniform stress r0 (elastic state), (b) plate with central hole, r/a = 0,2 (TRIM3 elements)
principal stress <2 applied uniform stress TO( elastic state)
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Thin kp/mm2 4,38 463 488 513 532563 588 6,13 838 6,638,88 6,83
825 8,238,20 813 8,05 7,96 782 ~70 753 83 773 777

Fig. 9. Plate with central hole, r/a = 0,2, load increasing

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



ELASTO-PLASTIC ANALYSIS OF THREE-DIMENSIONAL MEDIA 231

*45°

Five Loading Steps \ Load History

kp/mm
P Time

TOmkp/mm2 6 88 6,38 5,88 5,38 4,88 4,38
~6imox/T'0 777 7055 6,91 6,80 6,65 6,72

Fig. 10. Plate with central hole, r/a 0.2, load decreasing
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Fig. 11. Plate with central hole r/a = 0,2 stress r0 (TRIM3 elements), residual stress ax, after
unloading load

In each case, the analysis was carried out for a quarter of the plate, by taking advantage of the
symmetry about the diagonals. For the square hole with rounded corners (r/a = 0,2), constant
strain triangular elements (TRIM3) were used and the finer grid adjacent to the hole is shown
in Fig. 7. The number of nodal points, triangles and unknowns is 309, 556 and 603, respec-
tively. Results are given, first for the elastic analysis in the form of non-dimensional principal
stress contours and show a stress concentration factor of 8,25 as compared with 8,04 obtained
analytically [19] for an infinite plate with the same shape of hole; Fig. 8, 8a. From the end
of the elastic range, load was applied in a series of 48 steps for which the direct incremental
method was used; the incremental load was in each case r0= 0,05 kp/mm2 A final 49th step
had zero load increment in order to give the final elasto-plastic state from which the unloading
calculation proceeded. The stress distribution al, at four loading steps are reproduced in Fig. 9
and Fig. 10 shows the corresponding information for four unloading steps. It is con-
firmed that the stresses in the latter stage are in agreement with those deduced by subtraction
of the elastic stresses, associated with the current load decrement, from the stresses of maxi-
mum load level. Fig. 11 illustrates the residual stress ox, after removal of the external load.
The computing time for each loop was 6' 50".

Similar results appear in the remaining figures for the plate with a circular hole. How-
ever, in this case, the triangular elements used were allowed linearly varying stresses (TRIM®6)
and the grid of Fig. 12 is correspondingly coarser. The number of nodal points, triangles and
unknowns is now 441, 200 and 840, the loading increment is once more r0= 0,05 kp/mm2
The analytical solution [14] for an elastic infinite plate yields a stress concentration factor
of 4,0; this compares with 4,7 given by the present analysis of the finite plate; see Fig. 13.

Since the development of plastic strains would obviously be limited to the elements
in the vicinity of the hole, the elements were divided into two groups and the plastic plain
calculations were carried out only for the inner group. This afforded some shortening of the
computation time, but would not, of course, be possible in a more general problem. The pro-
gramming for the calculations was made entirely with ASKA, except for the calculation of the
incremental initial loads Jj, which had notthen been incorporated into ASKA [15]. The compu-
ting time per loop was 7' 48". The stress 0',, at four loading steps is graphically shown in Fig.
14, whilst Fig. 15 reproduces the final residual stresses cr,.
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Fig. 12. Plate with circular hole r/d 0,125, TRIMG6 elements

Fig. 13. Plate with circular hole under shear TO (elastic state)

Acta Technica Academiae Scientiarum Hungaricae 54, 1966

233



234 J. H. ARGYRIS

Fig. 14. pPlate with circular hole r/d = 0,125 and shear loading (TRIMG6 elements), load
increasing

Fig. 15. Plate with circular hole under shear T(), TRIMG6 elements, residual stress cr, after
unloading
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Fig. 16. Plate with circular hole r/d = 0,125 under shear TO, comparison of iteration and
direct incremental method in elasto-plastic analysis

Fig. 17. Plate with circular hole under shear r0O(TRIM®6 elements), residual principal stressa,
after unloading (iteration method)

The last example has also been analysed by the iterative incremental method, applying
constant loading increments r0= 10x0,05 = 0,5 kp/mm2and on the average five iterations
at a time. Close agreement between the two procedures has been found as may be seen from
Fig. 16. As is to be expected, greater differences are observed in the residual stresses; Fig. 17.
The total computing time required by the iterative method is smaller.
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ELASTO-PLASTISCHE ANALYSE VON DREIDIMENSIONALEN MEDIEN
J. H. ARGYRIS

ZUSAMMENFASSUNG

In der Arbeit wird ein ausschlieflich auf die Verwendung und die Philosophie von
Digitalrechnern begriindetes Verfahren fur die Analyse von dreidimensionalen Kontinua mit
beliebigem elasto-plastischem Verhalten beschrieben. Die Theorie ist im Wesen auf der Matrix-
Verschiebungsmethode des Verfassers aufgebaut, in welcher das Kontinuum durch eine
endliche Gesamtheit von Elementen mit vorgeschriebenem vereinfachtem kinematischem
Verhalten dargestellt wird. Dabei ist im allgemeinen das fiir dreidimensionale Media gebréduch-
lichste Element das Tetraeder mit konstanter oder linearer Anderung der Dehnung [2, 3].
Das entsprechende zweidimensionale Element ist das Dreieck, wiederum mit konstanter oder
linearer Dehnung [6, 7]. Die plastischen Deformationen als Funktionen der Spannungen
kénnen aus beliebigen analytischen oder experimentellen Grundgleichungen abgeleitet werden.
Das Verfahren ist hier auf Grund der (stufenweise aufgebauten) Prandtl—Reuss’schen Glei-
chungen in Verbindung mit dem von Mises’schen Plastizitdtskriterium und dem Begriff von
equivalenter Spannung und Deformation beschrieben. Die plastischen Deformationen kénnen
als eine spezielle Form von Vorspannungen [5] betrachtet werden, und ihre Wirkung wird
durch den sogenannten Vorspannungsvektor [1, 2, 3] dargestellt. Da die plastischen Deforma-
tionen urspringlich unbekannt sind, schlagt der Verfasser zwei stufenweise durchgefihrte
Methoden fir den Digitalrechner vor. Die erste ist eine direkte Methode und beruht auf zweck-
entsprechend kleiner stufenweiser Belastung oder Verschiebungsstufen und fiihrt bei jedem
Schritt die vorhergehende plastische Verformungsstufe ein. Die zweite Methode ist genauer
und verwendet flir jeden Schritt eine Folge von Iterationen, die zu einer konvergenten Ldsung
fuhren, welche auch die laufenden plastischen Dehnungen bericksichtigt. Zwei zweidimen-
sionale Beispiele illustrieren die Anwendung der Technik auf Platten mit zentralen Léchern.
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ANALYSE ELASTO-PLASTIQUE DES MILIEUX TRIDIMENSIONNELS

J. H. ARGYRIS

RESUME

L’étude présente un procédé basé exclusivement sur I'utilisation et la philosophie des
calculatrices digitales, pour I’analyse des continus tridimensionnels d’un comportement élasto-
plastique quelconque. La théorie a été développée, pour I’essentiel, de la méthode de déplace-
ment matriciel de I’auteur, ou le continu est représenté par un assemblage fini d’éléments d’un
comportement cinématique prescrit. Ainsi, en général, I’élément le plus communément adopté
pour les milieux tridimensionnels est le tétraédre a variation constante ou linéaire de la défor-
mation [2, 3]; I’élément bidimensionnel correspondant est le triangle, également a déformation
constante ou linéaire [6, 7]. Les déformations plastiques, comme fonctions des contraintes,
peuvent étre dérivées de n’importe quelles équations fondamentales, analytiques ou expéri-
mentales. Ici le procédé est illustré sur la base des équations de Prandtl-Reuss, en rapport avec
le critére de plasticité de von Mises et la notion de contrainte et de déformation équivalentes.
Les déformations plastiques peuvent étre considérées comme une forme particulére des défor-
mations initiales [5] et leur action peut étre représentée par le vecteur dit de la charge initiale
[1, 2, 3]. Les déformations plastiques étant en général inconnues, I’auteur propose deux procé-
dés pas a pas pour la calculatrice. Le premier est un procédé direct qui dépend de paliers de
chargement ou de déplacement suffisamment petits et introduit & chaque pas le palier de défor
mnation plastique précédent. Le deuxieme procédé, plus précis, utilise pour chaque pas une série
d’itérations conduisant & une solution convergente, laquelle contient aussi la déformation
instantanée plastique. Deux exemples bidimensionnels illustrent les applications de la techni-
que de calcul aux plaques a orifice central.

3NACTO-NMAACTUYECKNIA AHANN3 TPEXMEPHbIX CPE[

n. X. APrupuc

PE3IOME

B pa6oTe aBTOp M3naraeT MeTOf aHanM3a TPEXMEePHbIX KOHTUHYYMOB C MPOU3BO/IbHBIM
3/1aCTO-NNacTUYECKUM MOBeAEHUEM, OGOCHOBaHHbIA WCK/OUUTENIBHO Ha WCMOMb30BaHUA W
METOAUKE LM(POBbLIX BbIYUCINTENbHbIX MalUMH. ABTOP BbIBE/ TEOPKMIO, MO CYLLECTBY, U3 MeToda
CMeLLeHMs1 COOCTBEHHOM MaTpuLbl, B KOTOPOA KOHTWHYYM MOJlyYaeTCsl B KauyecTBe KOHeUHOM
CYMMbI 371eMEHTOB, 06n1ajaloLnx 3ajaHHbIM MoBedeHVeM. Takum o6pa3oM, BoobLLe, B Clyyae
TPeXMepHOW cpefbl 06bIYHO UCMOMb3YEMbIM 3/IEMEHTOM SIBsieTCA TeTpasap, obnajatoLumii
NOCTOSIHHOW UNW NHeHON aechopmaumeit [2, 3]; B 4BYX PasMepHOCTAX NOAXOAALLMM 3/1EMEHTOM
ABNSAETCSA TPeyrosibHUK, ONSATb-TaKW C MOCTOSAHHON WAn nnHelriHon aechopmaumeid [6, 7]. Mnac-
TUYeckne JeopMaumv, Kak QYyHKLUMU HanpsKeHW, MOryT 6bITb BbIBEAEHbI U3 /IOObLIX aHaNu-
TUYECKUX WM 3KCMEPUMEHTA/IbHBIX OCHOBHbIX YpaBHeHWI. 34ecb MeTOZ [eMOHCTpUpyeTcs
aBTOPOM Ha OCHOBe ypaBHeHWi lMpaHATnas—Peyca (cTyneH4YaTbIX) B 3aBMCUMOCTM OT mopora
NAaCTUYHOCTM Mises U COOBpPaXKeHWUI A 3KBMBANEHTHbIX HaNpPsHKeHWUn U gedopmaymnii. MnacTtu-
YecKyo fethopMaumio MOXHO CUMTaTb B KayecTBe 0C060i (hopMbl HaudaslbHbIX gedopmaunii [5]
N UX AeNCTBUE MOXHO MPeACTaBUTb T. H. BEKTOPOM OCHOBHOW Harpysku [1,2, 3]. Bcnegctsue
TOro, YTO MyacTuyeckue dechopMaLym Mo CyLLeCTBY HEM3BECTHbI, aBTOP MpejaraeT ABa CTymneH-
YaTbIX MeToda pacyeTa npu MOMOLUY BbIYUC/INTENbHOM MallvHbL. [MepBbIli NpeacTaBnsieT coboi
npsiMoli MeTof M COOTBETCTBEHHO 3TOMY OCHOBbIBAETCA Ha HeGOMbLUMX CTYMeHYaTbIX Harpyskax
WM CTYNeHSIX CMeLleHus. [pu KaKAoW CTyneHU BBOAUT MpedblAyLiyto CTyMeHb naacTude-
CKol pethopmaumn. [pyroii metog siBNsieTca 60onee TOYHbIM. NS KaXAOW CTyneHW npume-
HSIETCS MTepaLuoHHasi cepusi, KoTopasi BefleT K KOHBEPreHTHOMY PpELLEHWI0, KOTOpoe faeT
TaKXXe HernpepbIBHYIO MIacTUYecKy fecopmauuio. [Ba ABYXMEpPHbIX MpuMepa AeMOHCTpU-
pYIOT NprYMeEHEHWe MEeTOAMKW Ha MacTUHax C LeHTpasibHbIM OTBEPCTUEM.
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COMPTE RENDU DE LIVRES - OB3OP KHWTI

I. Salyi—G. Faber:

SZILARDSAGTANI PELDATAR (AUFGARENSAMMLUNG AUS DER FESTIGKEITS-
LEHRE)

Tankényvkiadé (Rudapest), Bd. I, Aufl. 2, 1962 (323 Seiten). Bd. II, Aufl. 1, 1964
(534 Seiten).

Dieses in ungarischer Sprache erschienene Werk umfaRt (ber 900 Beispiele, die die
folgenden Gruppen bilden: Beanspruchungen zufolge der ruhenden Last, Beanspruchungen
zufolge der beweglichen Last, Geometrie des Stabquerschnittes, Spannung und Formdnderung,
allgemeine Zielsetzungen der Festigkeitslehre, Zug und Druck, Biegung, Knickung. Weg-
weisend fir die Auswahl und Anordnung des Stoffes waren die Erfahrungen, welche die Ver-
fasser aus Vorlesungen schopften, die sie an der Maschineningenieurfakultat der Technischen
Universitdt Miskolc und an der Elektrotechnischen Fakultdt der Technischen Universitdt
Budapest hielten. Das Werk eignet sich Studierende dieser Fakultdten oder zum Selbststudium
in hervorragender Weise. Auch in der Praxis stehende Ingenieure kénnen aus ihm zahlreiche
Anregungen erhalten. Es sei die groRe Mannigfaltigkeit der behandelten Beispiele hervorge-
hoben, die es dem Praktiker ermdglichen wird, die meisten einschlagigen Aufgaben nach den
hier gegebenen Methoden selbstdndig zu lésen. Den einzelnen Kapiteln gehen knappe und
leichtfalliche Einleitungen voraus, die die zum Verstdndnis der Beispiele notwendigen Grund-
begriffe und Lehrs&tze zusammenfassen. Zur Behandlung der Spannung und Forméanderung
werden der Tensorbegriff und die Matrizenrechnung reichlich benitzt. Musterhaft sind die
Zusammenfassungen Uber reduzierte Spannung und Ermidung. Die sehr griundlich ausge-

arbeiteten Losungen bilden den groBen Wert des Werkes.
Dr. J. Barta

J. Mika:
METALLURGISCHE ANALYSEN

Chemische Untersuchung von technisch wichtigen Metallen und Erzen

Verlag der Ungarischen Akademie der Wissenschaften, Budapest, 1964. 843 S. 32 Abbildungen
u. 2 Beilagen

Dieses groRangelegte Werk von Professor J. Mika ist die neubearbeitete und erweiterte
deutschsprachige Ausgabe der im Jahre 1958 in ungarischer Sprache erschienenen Monographie
des Verfassers, die ins Deutsche Ubersetzt den Titel »Httenménnische Analysen« trug. —
Das vor uns liegende Buch gliedert sich in zwei Hauptteile.

Der Teil I befaBt sich in acht Kapiteln ausfiihrlich mit der Analyse der Metalle, nament-
lich der technisch wichtigen Legierungen bzw. Vorlegierungen in folgender Zusammenstellung:
1. Eisen-, 2. Aluminium-, 3. Magnesium-, 4. Kupfer-, 5. Blei-, 6. Zinn-, 7. Zink-, 8. Sinter-
legierungen. Jedes Kapitel beginnt mit einer allgemeinen Einleitung bzw. mit einer Ubersicht
der einschlagigen Legierungen und wird dann entsprechend in mehrere Abschnitte je nach
der Anzahl der ublichen Legierungskomponenten geteilt, wobei die Mehrzahl der Abschnitte
naturlich auf die Eisenlegierungen féllt, so daB dies allein etwa die Halfte des |. Teiles bzw.
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mehr als ein Drittel des ganzen Werkes ausmacht. In den einzelnen Abschnitten werden nach
Besprechung der Grundlagen der anzuwendenden bzw. anwendbaren Verfahren auch die
genauen Vorschriften, ja sogar Anweisungen fiir die Berechnung der Resultate angegeben,
so daB die Analysen eine jede in der Laboratoriumspraxis nur einigermafen bewanderte Person
glatt durchfihren kann.

Der Teil Il. ist nun der Analyse der Erze gewidmet und umfaflt folgende vier Kapiteln:
9. Eisen- u. Manganerze, 10. Bauxit, 11. Magnesit u. Dolomit, 12. Kupfer-, Blei-, und Zink-
erze, welche je nach den zu bestimmenden Bestandteilen der einzelnen Erzgattungen gleich-
falls in Abschnitte eingeteilt sind. Uber diese lieRe sich nun dasselbe wiederholen, was bereits
in Beziehung der Abschnitte des I. Teiles gesagt wurde, doch soll es hinzugefiigt werden, daR
der Verfasser die Darstellung dieses naturgemaRB etwas mehr verwickelten Teils der analyti-
schen Praxis gleichfalls ausgezeichnet meistern konnte.

W as nun die ZweckméaBigkeit der Auswahl der beschriebenen bzw. empfohlenen Metho-
den anlangt, soll betont werden, daB in diesem gediegenen Werke neben der rezenten Ver-
fahren der herkémmlichen Gewichts- und MaBanalyse auch aus den heutzutag bereits auch
als klassisch betrachtenden physikalisch-chemischen Methoden der chemischen Analyse wie
die der Photometrie, Potentiometrie, Polarographie u.s.w. weitgehend Gebrauch gemacht
wird. An vielen Stellen des Buches findet man auch Vorschriften fur Schiedsanalysen, doch
die nicht ausgesprochen als solche bezeichneten haben sich in der Praxis offenbar gut bewahrt,
wodurch das Werk sozusagen den Charakter eines Kodexes metallurgischer Analysen gewinnt.

Der Verfasser selbst auch Hutteningenieur arbeitet ja seitJahrzehnten mit nahmhaftem
Erfolg auf diesem Gebiet sowohl als Forscher wie auch als Professor der analytischen Chemie.
Offenbar diesem letzteren Umstand ist zu verdanken, daB sein Buch gemaR seiner Zielsetzung
nicht nur fir Chemiker der Betriebslaboratorien, sondern auch fir Studierenden warmstens
empfohlen werden kann.

Dr. J. Proszt
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THE FORMATION OF ELECTRICAL FIELDS NEARLY
PERPENDICULAR TO THE DIRECTION OF LEAKAGE
CURRENT IN NON-LINEAR SILICON-CARBIDE
RESISTANCES

J. LUKACS
CAND. OF TECHN. SC.
and

I. BOGOLY
RESEARCH INSTITUTE FOR ELECTRICAL INDUSTRY, BUDAPEST

[Manuscript received February 13, 1963]

During a series of tests on non-linear resistances made of silicon-carbide
as basic material, and with 10 KA discharge current, we observed some interest-
ing phenomena. We rejected as unsuitable a production series of the resistances
of 90 mm 0 and 45 mm height, produced by the “Warmpressen” technique.
Previously the resistance blocks withstood some current waves with a peak
value of 15 kA, and a form of 20/40. To destroy resistances, we applied a blow
with a sharp instrument to the mantle, in the plane of the circular cross-section,
as shown in Fig. Lunder the blow, the resistance body cracked conically, most
likely as a result of the isobar layer formed during pressure

In certain fortunate cases, we noticed black streaky lines of creeping
on the cracked conical (possibly paraboloid) surface. These lines were similar
to those, that can be seen on insulating materials due to leakage current. We
wish to stress that no signs of puncture or flashover showed either on the
front surface or on the mantle of the resistance bodies. The above signs could
be observed on several blocks.

We give the following possible explanations with regard to these signs.
It is known that, when pressing powders, the pressure does not spread hydro-
statically. During the pressure of cylindrical shapes the peripheral layers are
retarded, owing to wall friction, in comparison with the layers in the middle
of the circular cross-section, with regard to piston movement direction. More-
over, in the case of insufficient heat treatment, the conductivity is lower in the
middle of the disc than at the edges. In the same way during pressure, changes
occur in conductivity along the gliding surface as well. In our opinion, at the
time of the impulse current, different voltage drops occur in the layers next
to the mantle and in those in the middle of the cross section (see Fig. 2). The
difference in tension creates a tangential field along the contour lines, which
is perpendicular to the main field strength. According to facts, the latter also
produces a leakage current.

We must point out that the first phase of the tension current characteris-
tics of the insufficiently heat-treated resistance bodies proved to be of better
non-linearity than those which had received the necessary heat treatment
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On the other hand, the latter could withstand less current surges during type
testings, and the point of breakdown generally occurred in the middle.

The above explanation is not supported by detailed structure tests.
We consider the interpretations as an approximation. We would be grateful,

if our colleagues working in a similar field, were to contribute their views and
observations to help complete this picture.

Fig. 3showsthe photograph,in mirror reflection, of the fractured surfaces
of a broken resistance body due to leakage current. The blow causing the split
was administered on the upper edge.

a) b)
Fig. 3
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ETCH FIGURES ON GERMANIUM
INDUCED RY SURFACE CONTAMINANTS

Mrs. M. NEMETH and I. C. SZEP
RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES

[Manuscript received September 2, 1963]

According to some authors’opinion, certain figures appearing after chemical etching
on the surface of Ge single crystals are related to occluded impurities. The authors of the present
paper investigated contaminants both soluble and insoluble in the etchant as to their effect
on the formation of etch figures. They established that soluble contaminants on the surface of
Ge (whether originating from microscopic impurities incorporated in the crystal or from the
surroundings) induce pits in the surface structure, whereas insoluble contaminants have an
impeding effect on etching and lead to the formation of hillocks. The formation of pits is
caused by local heat'development, which fact can be proved both experimentally and by approx-
imate thermochemical calculations. The hillocks are caused partly by the abrasive and pol-
ishing material embedded in the surface layer.

I. Introduction

Due to different chemical treatments etch pits of various shape and
origin were produced on the surface of a Ge single crystal. The most thoroughly
studied etch figures are those corresponding to dislocations [1—7]. The etch
figures appearing after chemical treatment on the surface of Ge single crystals
and having different character from the dislocation etch figures have been
most investigated. Fig. 1 shows such peculiar etch figures [8]. The cavities
“C” were formed under the influence of microscopic Si02, Ge0O2particles [9—11]
or are due to the oxidation products of other impurities [12] found in the crys-
tals. The importance of physical contaminants (e.g. dust) and of absorbed or
adsorbed chemical impurities as to the smoothness of the etched surface has
been emphasized by other authors, too.

In the course of our research work differences were experienced in the
effects caused by contaminants, as above referred to, on the structure of the
surface (see below) and therefore we have gone into detailed investigation on
this problem. The investigation started from the suggestion that the impuri-
ties forming a separate phase must behave in the same manner whether they
were originally in the occluded state inside the crystal or they got on its surface
later. This is obvious, since the impurities are able to show a real effect during
chemical treatment only, if they have reached the surface. On the basis of
this hypothesis the role had to be cleared which soluble and insoluble4impuri-
ties, either built in the Ge crystal or got later on its surface from the surround-
ings, are playing a role in the process of etch figure formation.

I* Acta Technica Academiae Scientiarum Hungaricae 54, 1966
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Il. Experimental results and discussion

The experiments were made on 1 ohmcm p-type Ge single crystal slices
of (H 1) orientation (the surface area was about 2 cm2). After cutting they were
ground and polished with A1203powder. The surface roughness was 0,1 fi.

The slices were cleaned by washing in water and afterwards in alcohol.
In order to remove the last remainders of adhesive and surface contaminations,
the crystals were treated with bidistilled p.a. alcohol which contained no dry
residues.

Fig. 1. Etch pits on the surface of Ge treated with CP-4 [8]

In these experiments a composition was chosen for etching to which
dislocations on the (111) surface are not sensitive at all. This etchant was devel-
oped in the Research Institute for Technical Physics of the Hungarian Acad-
emy of Sciences for obtaining slight surface roughness [14]. It is labelled
etchant “A”* Neither the composition nor the temperature of the etchant was
altered during the experiments. Each slice was etched in 40—45 ml of etchant.
Si02was used as soluble impurity and A120 3as the insoluble one. The maximum
size of particles was less than 100 fi.

I1l. Contaminants soluble in the etchant

The Si02 or Si particles in known quantitites were deposited onto the
surface of the samples with the aid of a sieve. Thus it could be achieved that
the distribution on the particles falling through an intermediate layer of liquid
onto the surface of the Ge crystal became statistically uniform. Using distilled
water as medium, this distribution was experimentally controlled with a stereo-

* Etchant “A” is composed of: 254,3 g 38% H2F2; 75 ml 65% HNO03; 0,50 gJ2crystal.
The solution is saturated at 22 °C, within 20 minutes.
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ETCH FIGURES ON GERMANIUM 245

microscope. During the etching process continuous but slow mixing was applied.
Under the above condition adding different amounts of Si02 the results sum-
marized in Table | were found. These data show that the density of “C” pits
per cm2increases if the added quantity of Si0.2is increased (Fig. 2) thus the pits
develop as a consequence of the presence of Si02 particles on the surface. The
diameter of the pits varies in a wide range (see Table I and Fig. 3).

Fig. 2. The increase of density of pits under the influence of Si02

Fig. 3. Pits produced under the influence of Si02 during etching, “C”:pit; j : direction of
illumination; (hundredfold magnification)

This is caused by the varying size of the applied Si0O2particles and partly
by the fact, that due to mixing each single particle stay for different periods
at a particular spot of the surface. At the very sites where the Si02 particles
remain for a longer interval, the formation of larger and deeper pits is possible,
even in case of smaller particles, as will be later explained in detail.

If the etching time is long enough, it can happen that the Si0O2 particles
perforate the Ge slice according to Fig. 4. In some experiments only about one
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Table 1

The influence of Si02 addition on the density of “C” pits
(Under dustproof conditions, using 45 cm3 of etchant)

Number of Diameter of

SiO, “C” pits hillocks “C” pits hillocks

[mg]
per cm2

| 40 434 114-78 24-15

2 75 455 64-53 64-12

3 110 420 74-75 34-20

10 306 490 34-40 34-25

40 656 667 44-40 34-30

50 764 890 74-55 54-24

70 987 745 54-51 24-28

half of the specimens’ surface was covered with Si0O2particles. The rate of etch-
ing was considerably higher on the covered parts, thus after etching the differ-
ence between the surface levels ofthe covered and uncovered part was approx.
40 p, while the rate of etching on the opposite side was uniform.

Fig. 4. Ge slice, perforated under the influence of Si02 (hundredfold magnification)

Similar tests were made by also adding Si powder and similar to the
case of Si02“C” pits developed as well. Their number was proportional to the
quantity of admixed Si powder. The rate of the solution and the effect of Si
powder was considerably higher in etchant “A” than that of Si02

In order to check the influence of a possible dust contamination coming
from the air, the above mentioned experiments were also made without adding
any Si02 but, under dustproof conditions. The data of Table Il show that under
dustproof conditions etchant “A” induces only few “C” pits on the surface
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Tabic 11

Ge slices etched withoud adding Si, Si02
(under dustproof conditions)

Samples 1 2 3 4 5 6 7 8 9 10
No. of “C” pits/cm2 0 0 0 | 4 0 0 0 5 1
Dia of “C”pits [/t] — — — 6 E+o0 — — — 124-69 30
No. of hillocks/cm2 357 397 443 476 320 415 290 370 425 315

Dia of hillocks [/<] 6—59 9—75 5—24 64-18 64-54 64-60 64-53 64-29 74-15 64-44

of most specimens. When the described experiments were made with etchant
“A” under standard laboratory conditions, i. e. without air-conditioning and
filtering, the Ge surface showed more pits than given in Table Il and Table
Il proves this fact.

From the increase ofthe number of “C” pits per cm2 the conclusion might
be drawn that the dust content of the laboratory air has a strong effect upon
the density of the “C” pits induced on the surface (see Table Il and I111).

Table 111

Ge slices etched under standard laboratory conditions

Samples | 2 3 4 5 6 7
No. of “C” pits/cm2 .... 50 50 34 48 20 43 4
No. of hillocks/cm2 ........ 435 466 209 406 310 321 453
Dia of “C” pits [/t]........ 34-78 44-41  104-35 104-35 74-45 O+ o 54-30
Dia of hillocks [/n]........... 34-18 = 3238 54-30 24-40 34-35 14-25 14-28

IV. Mechanism of “C” pit formation

A great number of experiments made on Ge single crystal slices prove,
that all contaminants, the solution heat of which in the etchant is higher than
that of Ge play a great role in producing “C” pits. Such impurities might be
present in the single crystal in the form of occluded micrograins, or can get
to the surface from the different chemicals applied, and also from the air.

In the above described case the released heat ofsolution of Si0O2particles
is decisive in the formation of the pits. Considering f.i. in detail the relation be-
tween the quantities of relatively evolved heat between the Si02grain and its
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corresponding pit, both having a diameter of 50 /r, the following result was
found:

3Ge+ 4HNO03= 3Ge02+ 4NO + 2H2.

Measured data of the reaction heat of this procedure were not available but
on the basis of the formation [18] its approximation would be as follows:

Z)Hhno3aq400 = -)- 49,2 kcal/mol,

[1ff1Ge02 = + 128,0 kcal/mol,
zlHno = — 21,6 kcal/mol,
zJHhjoO = + 68,3 kcal/mol.

Thus, when oxidizing 1 atomic mass of Ge the evolved heat is -j- 80 kcal/mol.
Further it is known that the reaction heat of process:

Ge02+ 6HF= H2[GeF6] + 2H2

comes to 30 kcal/mol [15], i.e. that when dissolving 1 gramatomic mass
of Ge during the originating of fluoric complex the evolved heat comes to
-f- 110 kcal/mol. Si02 dissolves in HF similarly to Ge02 forming H2[SiFe],
The dissolution heat of the process:

Si02+ 4 HF = SiF4+ 2 H,0

comes from the basis of the formation heat [18]:

NHaw2= + 208,0 kcal/mol,
ZIHhf = + 64,2 kcal/mol,
ZIHgiFi = + 361,3 kcal/mol

to -(- 33,5 kcal/mol, to which the formation heat of the complex -)- 36 kcal/mol
has to be added, i.e. the total comes to 695 kcal/mol. The above approximate
calculation proves that more than the double of the dissolution heat of GeO.,
evolves when dissolving Si02 The -j- 80 kcal/mol oxidation heat of Ge was
left out of consideration, since it is characteristic for the whole procedure occur-
ring on the surface. The local overheating is due only to the presence of Si02
As to their shape the etched pits occurring on Ge surface (“C” pits) may be
looked upon as hemispheres.

According to the example the volume of such a pit is 3,2 «10~8 cm3
and the quantity of the dissolved Ge 2 « 10“7g. The order of magnitude of the
local overheating can be estimated by the rate of the etching as a function of
temperature (Fig. 5). The etching rate of the etchant “A” on pure Ge surface
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at 0 °C is 0,6 («/min. On the basis of the above data the etching rate, related to
a pit area having a cross-section surface of 2 « 10~5cm2 comes to 17,3 u; the
measured data of Fig. 5 prove, that the local rise in temperature comes to
50 °C. The volume of the spherical Si02 grain is 1,6 « 10~8 cm3. To raise its

Fig. 5. The variation rate of etching of etchant “A” as the function of temperature

temperature by 50°C, 8,1 «10~7 cal is needed; assuming that the specific
heat of the etchant is unity.

We have not considered the heat conduction of the etchant, as the disso-
lution of a rather little part (some thousandth) of the grain in question would
produce the raise of local heat. In practice more Si02is dissolving than esti-
mated, hut the convective currents in the etchant set limits to local over-
heating in the above mentioned order of magnitude.

V. Contaminants which do not dissolve in the etchant

In order to control the influence of contaminants insoluble in the etchant,
Al120 3 was distributed on the Ge surface with methods similar to those applied
in the case of Si02and Si. A120 3is practically insoluble in etchant “A”. In this
way a great number of hillocks could be produced (Fig. 6). The number of
hillocks is proportional to the amount of added particles. The process of etch-
ing can be completely prevented by depositing sufficient quantity of A1203
particles on one part ofthe Ge slice (> 50 mg/cm2). The thickness on the covered
area did not change at all, whereas the uncovered part of the slice decreased
with 5 ju

Since Ge dissolves from the uncovered parts, the covered part will be
successively more and more exposed to the etchant laterally, and, in conse-
quence of its sides being etched, pointed hillocks are formed. After a possible
displacement of the covering grain, or due to the lifting effect of the gaseous
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products, the spikes become rather unprotected and gradually disappear under
the action of the etchant. Tables I, Il and Ill show that hillocks are to be
found on the Ge slices after each etching. The density of these varies between
2—4 +102cm?2 their diameter between 1—90 u. The diameter of the majority
is approx. 1—5 /n, big hillocks are not numerous. Concerning the hillocks it
has been found (Tables Il and IIl), that they are due to mechanical effects on
the specimens. During grinding and polishing the A12 3 particles, which are
insoluble in the etchant, become mixed with Ge powder and are embedded

Fig. 6. Hillocks, produced during etching, under the influence of A1203 “E”: hillocks; f:
direction of illumination (hundredfold magnification)

between the irregularities of the surface. These embedded particles influence
the etch figures as stated above; they are removed during the etching proce-
dure.

This mechanism explains the great density of hillocks in Tables I, Il
and Ill. The experiments unambigously confirm, that after the removal of
the damaged layer, the density of hillocks decreases by increasing the time
of etching, moreover, after etching for several 2—3 hours they disappear
completely.

The data of Table | show, that the number of hillocks tends to increase
proportionally to the quantity ofadded Si02 though the primary effect ofSi02
grains is the production of the pits. Microscopic observations made it possible
to interprete this phenomenon as the consequence of adherence of Si02grains.

The enhancing effect of the reaction heat acts at the periphery of the
adhering group of grains, however, under the central part of the conglomerate
the surface being covered extended, flat hillocks arise in this area.

According to Table I the number of hillocks is approximately doubled
when the quantity of Si02is 50 times as much and on the other hand the num-
ber of cavities increases to 20-)-25 times as much.
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Thus, it is evident that the presence of Si0O2particles ensures the predom -
inancy of the cavity-producing effect. Of course, even in this case, one part
of the hillocks is either due to the presence of Al120 3 particles embedded into
the damaged surface layer, or to insoluble contaminants coming from the
atmosphere to the surface.

V1. Conclusions

When investigating the etching of Ge-slices, it was found, that in the
production of those pits and hillocks which are not correlated to dislocations,
solid contaminants play an important role. These mighthe divided into two
groups according to their attitude towards the etchant: whether they dissolve
in it, or not. Taking into account, that the impurities occluded in the Ge single
crystals play the role of surface contaminants when influencing the etch figures,
above experiments were performed using contaminants distributed homoge-
neously onthe surface of the crystals. Si02 was selected as model material for
soluble contaminants.

After great many experiments the conclusion could he drawn, that the
primary effect of Si02 which dissolves in the etchant is producing the pits.
This effect can be explained by local heat development. The experimental
observations and thermochemical calculations confirmed this hypothesis.

Al120 3 was chosen as an impurity which is not soluble in the etchant.
Under the surface of mechanically treated and etched crystal slices one can
observe hillocks as well, which may be due to the abrasive and polishing mate-
rials embedded into the damaged layer.

Above investigations made it clear,that in the presence of solid contam -
inants purposefully added, the dust content of the air and the chemicals as
well as the applied methods of surface treatment greatly influence the appear-
ance of etch figures, hence one has to be very careful when interpreting these
structures as to their origin.

REFERENCES

.Vogel, F. L .-P fann,V. G .-T homas, E. E.: PhyS. Rev. 90 (1953), 489.

.Deutschanein, O.—Rernard, B.: Proceedings of the Brussels Conference on Solid State
Physics (1958), 117—125.

.Tyter, W. W .-D ash, W. C.: J. Appl. Phys. 28 (1957), 122.

.Dash, W. C.: J. Appl. Phys. 27 (1956), 1195.

.Eunris, S. G.: J. Appl. Phys. 26 (1955), 1140.

. Rosi, F. D.: R. C. A. Review 19 (1958), 349.

.Szép, |.—Neémeth, M.: Festkdrperphysik. Akademie Verlag, Berlin 1961; 122.

. Muraoka, H.: Thosiba Rev. 1 (1960), 580.

.Abe, T.—Onhashi, T.: Acta Met. 9 1072; 12, 1961.

10. Abe, T.—Ohashi, T.: Appl. Phys. 30 (1961), 9.685 (in Japanese).

11. Lyon, D. H.: Western Electric The Engineer 10 (1963), 5.

12. Dale,J. R.—Brice, J. D.: Solid State Electronics 3 (1961), 105.

N =

©oCom~No U~ w

Acta Technica Academiae Scientiarurn Ilungaricae 54, 1966



252 Mrs. M. NEMET and I. C. SZEP

13. Faust, J. W. Jr.: ASTM Symposium on Cleaning Electronic Components and M ate-
rials; STP 246. March, 1959.

14. Németh Tiborné: Hung. Patent. No. Ma-1311. Procedure providing crystals surfaces of
semiconductors with surface roughnes better than 0,05/t. Date of application: 1964.
jan. 15. (in Hungarian)

15. 6 me1in: Germanium. Verlag Chemie GmBH, Weinheim 1958, 497.

16. G m e1in: Silicium. Verlag Chemie GmBH, Weinheim 1958, 639.

17. Roth, A.—Troitzsch, H.: Z. anorg. Chemie 260 (1949), 337.

18. Erdey-Gruz—Schay: EIméleti fizikai kémia, Il (1958).

EINFLUSS DER OBERFLACHENVERUNREINIGUNGEN AUF DIE ATZFIGUREN
VON GERMANIUM

Frau M. NEMETH und I. C. SZEP

ZUSAMMENFASSUNG

Nach Ansicht einiger Autoren hangen gewisse, bei der chemischen Atzung der Ge-Ein-
kristalle entstehende Oberflachenerscheinungen mit dem Vorhandensein okkludierter Verun-
reinigungen zusammen. Die Verfasser dieses Artikels untersuchten die Wirkung auf die Ober-
flachenerscheinungen der im Atzmittel I6slichen und unléslichen Verunreinigungen. Es wurde
festgestellt, daR die auf die Ge-Oberflache gelangenden I6slichen Verunreinigungen (unabhéngig
davon, ob diese von Mikroverunreinigungen des Kristalls selbst oder von der Umgebung herriih-
ren) auf der Oberflaiche Gruben verursachen. Dagegen entstehen infolge der unléslichen Verun-
reinigungen, die auf den Atzprozess hemmend wirken, Erhebungen. Vertiefungen entstehen
infolge lokaler Warmmeentwicklung, wie dies durch Experimente und anndhernde thermo-
chemische Berechnungen bewiesen wurde. Die Erhebungen entstehen teilweise durch die,
in der Oberflaichenschicht enthaltenen Schleif- bzw. Polierstoffe.

FIGURES DE CORROSION CHIMIQUE SUR LE MONOCRISTAL DE GERMANIUM,
CAUSEES PAR DES IMPURETES DE LA SURFACE

Mme M. NEMETH et I. C. SZEP

RESUME

Selon I’opinion de quelques auteurs, certaines figures chimiques apparentes sur la sur-
face du monocristal de Ge sont dues a des impuretés occludées. Les auteurs de cet article ont
examiné les effets d’impuretés solubles et insolubles dans le liquide corrosif sur les figures
apparentes a la surface. lls ont trouvé que les impuretés solubles sur la surface de Ge (par-
venus a la surface soit des micro-impuretés du cristal méme, soit de I'ambiance) forment
des cavernes dans la structure de la surface, tandis que les impuretés insolubles, em-
péchant le processus de corrosion forment des protubérances. La formation des cavernes
est due a la chaleur locale, fait prouvé par des expériences et des calculs thermochimiques
approximatifs. Les protubérances se forment en partie a la suie des substances abrasives et
de polissage, se trouvant sur & la surface du cristal.
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OUrYPbl TPABJIEHNA HA TEPMAHUW, BO3HWKALIOLWVE
noa AENCTBUEM MOBEPXHOCTHbIX MPUMECEN

M. HEMET, nw U. U. CEN

PE3IOME

MoBEPXHOCTHbIE 06Pa30BaHKs, BO3HUKaOLME B Pe3y/bTaTeé XMMWUYECKOrO TPaBeHMUs
MOHOKpUCTa/N0B Ge, HEKOTOPbIE aBTOPkI CBA3LIBAIOT C MPUCYTCTBMEM OKK/HOAMPOBAHHBIX 3arps-
3HeHWil. B HacTosiLeli paboTe MCCieA0BasioCch BAIMSIHUE PAcTBOPUMBIX U HEPACcTBOPUMbIX B Tpa-
BWTENe 3arps3HeHUl Ha BbllleyKazaHHble 06pa3oBaHWs. OGHapYXeHO, YTO pacTBOPUMbIE
3arps3HeHUs, HaXxoAALMECS HA MOBEPXHOCTU repMaHus (He3aBUCUMO OT TOTO MPOUCXOAAT /N
OHU M3 HaXOASALWMUXCS B FepPMaHM MUKPO-3arPsISHEHUI UM 3aHECEHbI TyAa U3 BHELUHEN cpefbl)
06pasytoT yrny6neHuss Ha MOBEPXHOCTWM KpucTanna. B To Bpemsi Kak HepacTBOpUMbIE Mpu-
Mecy, NpensTCTBYs MpoLeccy TpaBneHws, 06pas3ytoT Xxonmuku. O6GpasoBaHue Yrny6neHwuii
COMPOBOXAAeTCs JIOKa/bHbIM 06pa3oBaHMeM Tenna, YTo MOATBEPXKAAETCH OnbITaMu U TepMmo-
XUMUYECKUM pacyeToM. OGpa3oBaHWe XOSIMMKOB YaCTUYHO CBS3aHO C Ha/MUMEM Ha MOBEpX-
HOCTU KpUCTaNIOB OCTAaTKOB LU/MGYIOLLErO M MONMMPYHOLLEro MaTepuana.
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INVESTIGATIONS OF THE CURRENT LOAD OF AUXIL-
IARY ELECTRODES PLACED AT THE SIDES OF THE
MAIN ELECTRODE SPIRALS OF FLUORESCENT LAMPS

GY. LAKATOS and J. BITO
RESEARCH INSTITUTE RESEARCH INSTITUTE
FOR ELECTRICAL INDUSTRY, BUDAPEST FOR ELECTRONICS, BUDAPEST

[Manuscript received November; 25, 1963]

Investigations were made to determine, during the anodic half-period, the current load
of auxiliary electrodes that serve as regulating elements to the spirals of the main electrodes
of 100 W fluorescent lamps having main dimensions equal to a 40 W lamp, and fed with an
A. C. current. Authors setup tables showing the current load of the main electrode as a function
of the relative position of the auxiliary electrodes to the spirals.

I. Introduction

In some types of fluorescent lamps fed with D.C. or A.C. currents it is
usual to apply auxiliary electrodes as supplementary elements of the main
electrode spirals. These auxiliary electrodes can be made of various metals,
and are formed differently: they may form wires (of a few mm diameter), or
small plates; they can be placed around the main spiral in a cylindric position.

Generally, these auxiliary electrodes are mechanically fixed into the
spiral-ends of the main electrodes having the same electric potential. These
auxiliary electrodes play an importantrole equally at the start and during the
discharge. They have a significant bearing on the space charging conditions
around the electrodes and on the discharge and current conditions.

According to some literary sources [1] the influence of the auxiliary
electrodes is acting on the tube voltage of the lamp as well. Varying the
surface area of the auxiliary electrodes a change of the tube voltage of the
lamp can he observed.

Our previous investigations [2] revealed the variations of the specific
current load on the surface of the discharge with varying discharge conditions,
and we made use of these characteristics in order to increase the life of some
special type of fluorescent lamps.

In that which follows authors have determined the current load of auxil-
iary electrodes having the same potential values as the main electrodes, in
connection with the varying positions of the auxiliary electrodes.
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Il. Testing conditions, measuring methods

The normal ambient temperature for testing was 25 ~ 2 °C, and
tests were carried out on fluorescent lamps having the same outer dimensions
as the usual 40 W type. The applied electrodes were identic with those of the
80 W type. Auxiliary electrodes in the form of perforated nickel plates were
placed at the side of the main spirals, in a parallel position. A 100 mm long
extension of the electrodes was protruded into the discharge tube along the
axis of the discharge. No external heating effect was directed to the electrodes.

TOILTOTOTr

Fig. 1. Connection scheme of the tests

During the tests, the tubes were fed with a stabilized A.C. current. The dis-
charge current of 1 amp. was regulated by a special iron-cored throttle coil.
Igniting was made by application ofhigh frequency. The input was controlled
at the level of 100 W. The inner surface of the tube walls was coated with a
fluorescent material as usual. The gas filling the tubes was composed of 60 mg
mercury and a neon-argon mixture of the ratio of 80% Ne and 20% Ar
having a pressure corresponding to 2 mm mercury column with an accuracy
of 0,05 mm Hg.

The special task of the tests required that the ends of the auxiliary elec-
trodes should be separately pulled out from the discharge tube.

The tests were carried out by using a circuit according to the scheme in
Fig. 1. The instrument Itserved to indicate the current load of tube F. Instru-
ment VI served to indicate the tube voltage. The discharge tube was fed
by a stabilized A.C. source, by means of a separating transformer and an
autotransformer.
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The discharge current passes through the measuring resistance of 0,1
Ohm; this voltage drop is amplified by the amplifier E, and the amplified
signal is lead to the vertical input of the oscilloscope 0. Preceding the meas-
uring operations, the vertical amplification of the oscilloscope was measured
and calibrated by an A.C. current. By making uses of the calibration curve,
the discharge current could be determined by the magnitude of the signal size
in the oscilloscope. Possibilities were arranged to compare the shape of the
current curves seen in the oscilloscope and to make snapshots. During the
tests, the various methods of connection as illustrated in Fig. 2 were carried

Fig. 2. Auxiliary connections for the determination of the current load of auxiliary electrodes
and of main spirals

out. These served to determine separately the current load of the two auxiliary
electrodes of different function, and to compare the shapes in the oscilloscope.
The two parallel arrows in Fig. 2 on both sides of resistance R indicate the
connecting points to oscilloscope 0. A third arrow that points to B indicates
the point at which the circuit to be tested joins the inductive limiting element
B placed into the discharge circuit.

For the sake of a positive control, the discharge tube was put in action
for 20 minutes before the measurements began in order to have a stabilized
state under normal discharge conditions.

I1l. Results

By making use of the connecting conditions according to Fig. 2, the
current load of the spirals and that of the auxiliary electrodes could be sepa-
rately stated. When the current ofthe auxiliary electrodes passed the resistance
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R the oscilloscope diagram as a consequence of the A. C. working period showed
the signal of rectification. When the main electrode under test assumed the
function of a cathode during discharge, no current was observed through the
auxiliary electrode. In this period the discharge current passed through the
cathodic spiral by simultaneous emission of the electrons into the discharge
space.

Due to the negative potential at the auxiliary electrodes, some minute
current load may pass through them, although this ionic current is not ob-
servable at all.

According to Table I, the current load during the anodic half-period of
the spiral equals — when the auxiliary electrode is in the position b, only 19%
of the discharge current. According to our measurements, the other 81% of

Table 1

Determination of the
relative position of the
auxiliary electrode to

Sign. .of the the spiral
position of
the auxil-
iary elec- Axial distance Radial distance Current through
trode of the auxiliary between the the spiral in
electrode from two auxiliary percents of the
the spiral, electrodes, total,
/ [mm] d [mm] %
a 0 12 6,7
b 0 7 19,0
c 10 7 13,2
d 20 7 24,9

the current passes through the auxiliary electrodes. It is to be noted, that the
current input of the two perforated plates placed as auxiliary electrodes close
to the spiral, is not always the same; the distribution of the current load be-
tween the two auxiliary electrodes depends not only on the relative position
to the spirals but also on the relative position of the two auxiliaries to each
other.

Based on the observed effects, the next series of experiments served the
purpose of showing the influence of an arrangement when the relative position
of the two auxiliary electrodes to the spiral was not the same.

Two parameters were varied during the experiments. One of them was
the distance of the auxiliary electrode from the spiral measured in the radial
direction within the discharge tube. The other parameter was the distance of
the auxiliary electrodes from the spiral in the axial direction of the discharge
tube.

In comparing the position a and b, the current load of the spiral increases
when the radial distance decreases (NB. the values of the radial distance, as
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given in the Table I, are twice as much as the distance measured from the spiral).
On the other hand, when the distance between the auxiliary electrodes and
the spiral increases, the current load of the spiral is the lowest at an axial
distance of 10 mm (Pos. b, ¢, and d).

As seen from the preceding, the position of the auxiliary electrodes has a
very great bearing on the superficial current load of the spiral. It is important
to determine the detailed current load condition when taking the life of the
electrodes into consideration. The electronic and ionic attack exerted on the
electrodes during the cathodic and anodic period highly influences the charge
of the electrodes, and their deterioration due to increased charge is decisive
as far as the life of the lamp is concerned. When we are able to disclose these
conditions, we will be in a position to ensure a longer life of the lamp.

The current load of the auxiliary electrodes was the subject of tests made
by roomey, carried out at a time after our own experiments, but were made
known before our paper could he published [4]. His investigations were carried
out under different conditions than the ours were. He made the tests with a
D.C. currentinstead of A.C. He applied an uncoated cathodic spiral. Further,
in his paper there is no mention made of the performance of the tube, the
shape of the auxiliary electrodes and their position or distance.

In a previous study the authors of the present paper dealt with the
question referring to the varying function of the auxiliary electrodes, in one
or the other half-period of their discharge. By means of measurements carried
out at random, authors stated that during the cathodic half-period the auxil-
iary electrodes are acting to diminish the voltage drop at the cathodic pole.
Authors then did not extend their investigations to determine the superficial
current charge in the cathodic and anodic half-periods.

Another series of experiments should be made by applying probe
measurements in order to obtain more detailed data that could help to increase
the life of the electrodes.
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UNTERSUCHUNG UBER DIE STROMAUFNAHME DER IN LEUCHT STOFF-
LAMPEN VERWENDETEN HILFSELEKTRODEN

GY. LAKATOS und J. BITO

ZUSAMMENFASSUNG

Versuche wurden durchgefiihrt, um die Stromaufnahme wéhrend der anodischen Halb-
periode von Hilfselektroden zu bestimmen, die als Regelelemente zu der Hauptelektroden-
spirale von Leuchtrohrlampen eingebaut sind, wobei sich um wechselstromgespeiste 100-W-
Lampen handelt, deren Dimensionen mit denen der 40-W-Lampe Ubereinstimmen. Es wird in
einer Tabelle die jeweilige Stromstarke in der Hauptelektrode als Funktion der relativen Lage
der Hilfselektroden mitgeteilt.

RECHERCHES SUR LA CONSOMMATION ELECTRIQUE DES ELECTRODES
AUXILIAIRES EMPLOYEES DANS LES TUBES LUMINESCENTS

GY. LAKATOS et J. BITO

RESUME

Les auteurs déterminent, pour des tubes luminescents de 100 W de dimensions analo-
gues a celles des tubes luminescents de 40 W, I'intensité de courant des électrodes auxiliaires
employées a coté de la spirale électrodique, dans la demi-période anodique. En modifiant la
position des électrodes auxiliaires par rapport a la spirale cathodique, ils observent comment
les électrodes auxiliaires influencent le pourcentage de courant des spirales dans les différentes
positions. Les résultats sont donnés en pour cent du courant de décharge.

MCCNEAOBAHWME MOTPEB/IEHNA TOKA BCIMOMOIATE/IbHLIMUA
SNEKTPOJAMU, MPUMEHAEMbBIMA B NTHIOMWHECLUEHTHBLIX NAMMAX

A. NTAKATOW wn A4. BUTO

PE3IOME

ABTOpbl OMNpefensioT TOKOBYH HarpyskKy BCMOMOraTe/bHbIX 371EKTPOAOB, MPUMEHEH-
HbIX BO3/1€ CMWPa/IM 3/1EKTPOAOB, B aHOAHbLIA MOMYyNepuod, /s MIOMUHECLEHTHBIX 1amn ¢ Mo-
Tpe6aseMoil MolHocTblo B 100 BT, MAEHTUYHBIX MO HAPYXXHbIM pasMepaM C IIOMUHECLIEHTHBIMY
namnamu 40 BT, M MUTaeMbIX MEPEMEHHbIM TOKOM. VI3MeHssi pacronoXeHWe BCMOMOraTesb-
HbIX 3/1EKTPOJJOB MO OTHOLUEHMIO K KAaTOAHOW CMpasu, yKasblBaeTcsl, KakuM 06pa3om Bo3feit-
CTBYIOT BCMOMOraTe/bHble 3MEKTPOAbl Ha MPOLEHTHYI0 TOKOBYHK) Harpysky Cnvpanu B OTAefb-
HbIX MOMOXEHUsX. Pe3ynbTaTbl JAlOTCS B MPOLEHTaX Pa3psijHOro TOKa.
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SEMI-AUTOMATIC RECORDING OF VOLT-MICROSECOND
CHARACTERISTICS

GY. VAIDA
DOCTOR OF TECHN. SC.
MINISTRY OF HEAVY INDUSTRIES

[Manuscript received December 20, 1963]

In this paper a measuring method is given for the statistical test of breakdown and
flashover. The equipments developed make possible the automatic evaluation of the measure-
ments. By the procedure discussed, the probability distribution of the breakdown in function
of the voltage may be plotted, the distribution of the time lags measured and the set of volt/
/lsec, characteristics plotted.

I. Introduction

One of the most important methods of the atmospherical overvoltage
protection is the co-ordination of insulations. This assures that in the case of
an overvoltage of dangerous value, the breakdown should occur at a definite
point of the system, where it cannot cause considerable damage (mostly be-
tween the spark-gaps of the overvoltage protecting devices) and at the same
time, at other points of the system no breakdown should occur on the insula-
tions, even at higher voltages. Accordingly, to realize a suitable protection,
the dielectric strength of the insulations and the sparkover voltage of the pro-
tective devices must be known.

As a consequence of endeavouring to attain economic dimensions, the
difference between the insulations breakdown voltages and the sparkover
voltage of the protective devices shows a tendancy to decrease. Therefore, the
accurate knowledge of decisive values is becoming increasingly important.
For a perfect co-ordination of the overvoltage protecting devices and the insu-
lations to he protected, indication of some average breakdown voltages is not
sufficient, therefore the actual values of the impulse breakdown voltages must
be taken as a basis.

If in a given arrangement breakdown occurs under given circumstances,
two facts must he considered.

One of these is that the breakdown voltage is not a discrete value, hut
the measurable values are dispersed within a certain voltage range. The de-
viation is essentially greater than the incertitude of the test method and the
error of the voltage measurement, so the scatter must be considered as a
characteristic feature of the breakdown. The scatter is caused partly by
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inhomogeneity and contamination of the insulating materials, as well as
by fluctuations in the characteristics of the environment (temperature,
air pressure, atmospheric humidity). The other reason of the scatter is that
the quantum-mechanical statistical feature of the elementary processes
taking place during breakdown manifests themselves macroscopically, enlarged
through the electron avalanche. Due to the dispersion, when repeating a test
with the same voltage and under identical circumstances, it does not by all
means cause a breakdown again. Under given circumstances, occurrence of the
breakdown may be characterized by a probability pb.

The other fact to he considered is that the duration of the surges is com-
mensurable with that of the breakdown formation. Consequently, the time
lag between the start of the voltage stress and the ensueing of the breakdown
also shows a statistical deviation, depending on the circumstance, to what
extent are the microconditions, necessary for the breakdown at the given in-
stant, fulfilled (if there are, at the place and time wanted, charge carriers to
start the breakdown and to further carry on the physical processes.)

The higher the voltage is, the better are the circumstances for the break-
down, probability for the breakdown increases, while its time lag is reduced.
These relations can be account for by the breakdown probability-voltage and
breakdown voltage-time lag characteristics, respectively, the latter used to
be called volt//Jsec characteristics.

Concerning the characteristics of this kind of insulations and overvoltage
protective devices, few detailed data have been published. This is first of all
due to the fact that the tests demand much work and time. Thus, it seemed
to be practicable to elaborate a simple — half-automatized — test method
permitting to plotthe characteristics relatively quickly with a suitable accuracy
for the practice. It is expedient to treat the phenomena relative to the break-
down, as well as the experimental results with the method of probability
calculation and mathematical statistics.

Il. The developed test method

To plot the necessary characteristics, a high number of breakdowns and
flashovers, respectively, must be produced at different voltages on the arrange-
ment tested. By the test the value of the impulse voltage must be regulated
and measured, it must also be observed if the breakdown had actually taken
place and if so the time lag must be measured. As control and measurement
of the voltage is relatively simple, these problems were solved by the usual
methods, for the other two tasks special equipments have been developed.

The schematic diagram of the measurements is shown in Fig. 1. With
the high-voltage produced by transformer T, the surge generator S is fed
through the rectifier R. The value of the impulse voltage may be regulated
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from operating table O by the motor M (adjusting the spheres of the surge
generator), for adjusting the charging serves voltage controller C, this being
hand-operated, too. The D.C. voltage feeding the surge generator is measured
by the static voltmeter V.

At the low-voltage part (JX) of the surge generator starter the operating
method may be adjusted, its high-voltage part (J2) is connected to the first
sphere gap of the surge generator developed as a triggatron. The high-voltage

Fig. 1. Circuit diagram of the statistical measurements

part gives high-voltage impulses and if the charging voltage is sufficiently
high the flashover of the surge generator spheres gets started. The equipment
Ir produces two impulses, one of them may be used for starting the cathode-
ray oscilloscope, the other may be delayed arbitrarily with respect to former
and this latter serves for starting the surge generator, through the high voltage
part. In one of the operations the starter produces repetitive impulses of ad-
justable frequencies, at that time the surge generator gives repeating impulses
by the preadjusted frequency. In an other operation the starting impulse
may be produced by a push button on the low-voltage part, the surge generator
is started only by operating this button.

The starter facilitates the measurement, but is not indispensable. W ith-
out a starting equipment the frequency of the impulses can be adjusted by
controlling the charging voltage.

The value of the impulse voltage can be measured partly by the sphere
gap SG and partly by the catlioderay oscillograph KO joining the voltage
divider Dj (It is also possible to use a peak-voltmeter). If loading of the surge
generator is constant, and the repetition time is long enough, also the crest
of the charging voltage may be measured without starter by a voltmeter V,
which can be calibrated to impulse voltages. The so measured values were in
perfect accordance with those measured by sphere gap, or cathoderay oscillo-
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graph and the voltage measurementis considerably quicker. To obtain standard
values, the greater part of the voltage figuring in the paper was measured by a
sphere gap.

The surge counter SC counts all surges given by the surge generator,
recording separately the flashovers and breakdowns of the proofed object P.
Besides, it is suited for stopping the surge generator after all preadjusted im-
pulses and flashovers, respectively, are over.

Fig. 2. Block diagram of the time meter

D voltage divider; 7\ and Tspulse transformers; A the pulse forming unit: 1 differentiator and limiter, 2 bistable multivibrator

3 square wave former and ampbfier, 4 delay line, 5 logical integrator, 6 time discriminator, 10 reset stage, 11 battery eliminator;

B signal registrating unit, 7 amplifier, 8 signalling lamp, 9 electromechanical metering relay; C unit for recording the number of
pulses and breakdowns.

The time meter TM, detects the time lag of the breakdowns, classifying
and counting them at distinct intervals. The instrument gets the signals from
the voltage divider D.2 through two impulse transformers. The time meter
includes 10 electromechanical metering relays, so it can count the times in
10 intervals, one time is registered only by a single counter. The measuring
range and the length of the intervals may be adjusted by a simply exchange-
able delay line, in the measurements two linear delay lines have been applied
till now. One of the delay lines permits the classification of the time lags be-
tween 0 and 5 fisecs with intervals of 0,5 /jsecs, while the other within 0 and
10 [lIsecs, at intervals of 1 /isec. Naturally, delay lines of other time scales or
of not linear calibration may he used, too. Accuracy of the time metering
is higher than 0,1 sec.

Also in this instrument two further relays count the number of all surges
and of all breakdowns. The block scheme of the time meter is illustrated in
Fig. 2.
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The course of the measurements is generally as follows. After adjusting
the value of the impulse voltage, the number to be given to the proof object
or of the permissible breakdowns must be preadjusted on the surge counter.
By switching the starter on the series of measurements begins and is autom ati-
cally stopped after a number of adjusted measurements. At the end of the
series, the total number of the surges and breakdowns may be read off directly,
the ratio of these two values gives the probability p6ofthe breakdown. Besides,

Fig. 3. Distribution of the time lags on the insulation to earth of a 20 kV isolator at —1S2 kV,
out of 100 flashovers: measured by the time meter (1), determined by oscillograms (2)

one may read off the way the breakdowns single time lags within the intervals
determined by the delay line are distributed. Evaluation of the values measured
will be discussed in a further article of the author, entitled: “Test method for
determinating the impulse withstand strength of electrical insulations”. There-
after the series of measurements can be continued at the following voltage step.
A typical measurement is shown in Table | concerning the test between phases
of a 10 kV isolator, with surge voltages of positive polarity.

From the viewpoint of the measurements the reliable work of the time
meter is of special importance, the equipment proved to be perfect in the prac-
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Table 1

Measurement of a 10 kV

Voltage ’g g Short (5,us) delay line
2 = <
Polarity @ E — 1 2 3 4 5 6 7 8 9 10 11
H 2 g
[cm] [kV] E E o=Bd0,5-1 115 1,5-2 2-2,5 2,5-3 3-3,5 3,5-4 4-4,5 45—5 >5
7,6 189 50 50 100 37 13
7,0 178 50 50 100 27 23
6,4 166 50 50 100 10 28 12
6,26 163 50 50 100 1 4 44 1
6,2 162 50 50 100 3 43 4
6,0 158 50 50 100 40 10
5,7 151,5 50 50 100 15 31 4
54 1455 50 50 100 2 29 18 1
50 139,5 50 50 100 7 33 10
4.8 1315 50 50 100 5 28 13 3 1

4.6 126,5 116 100 86,2
4,5 124 169 100 59,1
4.4 122 353 122 34,5
4,2 117 200 6 3

4,0 111 100 0 0

tice. After calibrating by electronic devices, the agreement of the values meas-
ured by time meter, and those of the oscillograms were verified at actual
surges. For that purpose the surge voltage oscilloscope type PL 9191 of the
AEG was applied, in Figs 3 and 4 the results of two of these comparative meas-
urements may be seen. The figures illustrate the empirical distribution of the
time lags in Gauss’ co-ordinate system, on the horizontal axis the time lags
are indicated in /tsecs, while on the vertical one the number of the time lags
being shorter than the instant tested, of all the time lags measured in
percentage. On account of the presentation possibility given, the initial and
final values of the distributions were indicated — arbitrarily — at values
0,01 and 99,99%. The function values of the distributions plotted by the time
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isolator in connection d2

Long (10 /ts) delay I'ne
1 2 3 4 5 6 7 8 9 10 111

0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 5,

2,78
3,43
53 32 12 2 I 4,16

14 57 22 4 | 2 4,77

[/<»]

0,29

0,29

0,45

0,84

0,93

0,88

0,89

o

0,26

0,05

0,02

0,062

0,01

0,02

0,01

0,01

0,003

0,02

0,05

0,03

0,02

meter and on the basis of the oscillograms are everywhere lower than 0,1 fisec.
Considering that the evaluation ofthe oscillograms is charged by an uncertainty
of abt. 0,1 [iscc (because of nonlinearity of the time deflection, accuracy of
the time calibration, distortion of the cathode-ray tube, line thickness, etc.),

the agreement may be judged to be perfect.

Possibility of reproducing the distribution functions is illustrated by
Fig. 5 on the basis of comparing two series of measurements consisting of at
least 1000 flashovers. According to the figure, on the section between the
probability values 1,0 and 99,0%, the deviation between the distribution curves
issmaller than 0,1 //sec, while between the probabilities 5,0 and 95,0% it is below
0,05 ysec. Similar results were obtained when testing other arrangements, too.

Acta Technica Academiae Scientiarum Hungaricae 54, 1960



268 CY. VAIDA

The possibility of reproducing the breakdown probability is illustrated in
Table Il, on the insulation to earth of a 20 kV isolator.

Fig. 6 is characteristic of the two delay lines overlapping, at the proba-
bility values exceeding 0,5% the deviation between the distribution curves
plotted by two delay lines is smaller than 0,15 /rsec.

Fig. 4. Distribution of the time lags on the insulation to earth of a 20 kV isolator at —156,5
kV out of 53 flashovers: measured by the time meter (1j, determined by oscillograms (2)

According to experiences, the repetition time of the surges is of relatively
small influence, the measurements were performed with a frequency of 5—10
impulses/min.

For the sake of completeness the atmospherical conditions were recorded,
too. During the total duration of the tests the temperature was between 16 and
22 °C, the relative atmospheric humidity between 46 and 60%, while the air
pressure between 741,0 and 756,6 Torr. The differences between the extreme
values are so small that the atmospherical conditions cannot greatly influence
the measurement results. Naturally, within a day and especially during a single
series of measurement, the variations were much smaller.
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Tabic 11

Flashover probability on the insulation to earth of a 20 kV isolator

Flashover

Time of measurement probability Number of flashovers
February 6, 1963 1300 0,97
February 7, 1963 1000 0,97
February 14, 1963 2100 0,98
February 15, 1963 2000 0,97

%

Fig. 5. Flashovers on the insulation to earth of an open, 20 kV isolator, surges on the moving
contact, -f-156 kV, 10 pulses pro minutes: 6th February from 1300 flashovers (1), 7th February
from 1000 flashovers (2)
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%

Fig. 6. Flashovers on the insulation to earth of an open, 20 kV isolator; surges on the standing

contact with -{-176 kV by 10 pulses pro minutes: 14th February from 2100 flashovers measured

by a delay line of 54sec (1), on the 15th February out of 2000 flashovers measured by a delay
line of 10 /rsec (2)

Ill. The arrangements tested

Temporarily the measurements were carried out for testing the break-
downs in air.

The first time the test method was proved for a 10 kV insulator and for
a 10 kV, 1000 A isolator. The insulator was tested in the arrangement as per
Fig. 7, the circuits realized with the isolator are shown in Fig. 8. In the course
of the measurements the frame of the isolator was placed on insulators its
height was 0,6 m above the earth. In Fig. 8 the arrangements a—d correspond
to the IEC recommendations, in some cases, in order to force the breakdown
between certain points, also connections different from this were applied.
The measurements were performed with 1/50 waves.
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Fig. 7. Arrangement with the test of an overhead line insulator

IV. Statistical characteristics of the breakdown

In the last years many publications have appeared on the statistical
deviation ofthe breakdown voltages and on the aspect of the breakdown proba-
bility, one part of them containing also experimental data. The publications
are, however, often conflicting and the greatest part of the problems is unde-
cided as yet. The most important questions are as follows:

a) By what sort of distribution function may probability of the break-
down be plotted in function of the voltage;

b) by what values is it practicable to characterize the breakdown vol-
tage;

c¢) on how many voltage steps must measurements be made to plot the
characteristics in a reliable way;

d) how many impulses are necessary at one voltage step;

e) what is the relation between the characteristics plotted at different
wave shapes.

All these problems may be solved in an experimental way only. On the
basis of a sufficiently high number of measurements the probability distribu-
tion of the breakdown voltage may be plotted. The test method developed con-
siderably facilitates this as the number n of all impulses and the number of
the breakdowns nb are recorded automatically at a voltage adjusted. If the
value nbis high enough, the frequency of the breakdown n”n is, with a good
approximation, equal to the breakdown probability phb.

Newertheless, when interpreting the probability pb the test method
and way of the breakdown must be considered. By agreement, in the case of an
impulse voltage, the highest voltage actually arising during the stressis consid-
ered as the breakdown voltage. Consequently, with a breakdown at the front,
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the momentary value prevailing at the instant of the breakdown, while for a
breakdown at a wave crest and tail, the crest value is decisive.

According to our experiences hitherto obtained within this range, where
pb< I,the breakdown always occurs at the wave tail. If the breakdown is tested

Fig. 8. Connections for isolator tests

by a fixed voltage, there is no guarantee that the breakdown would not arise—
after a longer delay — at a voltage of lower crest. Therefore, on the basis of the
value pbi measured at the voltage U, only that may be stated without doubt,
that there is a probability of the breakdown taking place at a voltage exceeding
I/, which is 1—pbl- Consequently, pbl is the resultant probability of the break-
downs arising at voltages 17, and below, that is, it is a point of experimental
distribution.

Figs 9—11 illustrate the results of some of our measurements, on the
horizontal axis the voltage is shown in kV, while on the vertical axis the value
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ofpb is given in percentage. The measured points were, instead of interpolating
the curves, interconnnected by dotted lines, thus illustrating the tendencies
better. Already the relatively small number of measurements performed till
now furnish data for approximating the problems mentioned at the beginning
ofthe chapter, or at least for raising the questions more unambiguously.

Fig. 9. Flashaver probability of an insulator type ER 10 in function of the voltage

Fig. 10. Flashover probability of a 10 kV isolator in function of the voltage, at positive polar-
ity, with the connections of Fig. 8

From the figures it can be seen that also the shape of the characteristics
depend considerably, besides the value of the breakdown voltage, also on the
connection and thereby on the character of the electric field. This effect seems
to be greater at a negative polarity, than at a positive one. The role of the field
character is especially striking with a breakdown between the isolator contacts,
extremely great differences may be observed depending on the circumstance,
which of the contacts is stressed (arrangements dt and d2). The conditions first
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of all depend on the polarity of the electrode of greater field strength. It was
interesting to observe that in the open state ofthe isolator the dielectric strength
to earth was smaller than in a closed position.

Further on the publications of literature regarding the individual prob-
lems will be outlined, completing them with our own experiences.

Fig. 11. Flashover probability of a 10 kV isolator in functions of the voltage at a negative polar
ity, with the connections of Fig. 8

1. Analytical approximation of the empirical distribution

This problem is not merely of theoretical importance. The breakdown
voltage may be characterized by a discrete value, with a distinct reliability
and probability, only if the measurement results can be elaborated by mathe-
matical methods. For this purpose the empirical distribution must however be
approximated, by some analytically expressed distribution function.

Generally, the normal distribution is applied, according to which the
probability of the breakdown taking place at a voltage lower than U is

— UU-~UMmS4
Pb(U) = F(U) — du =
(v) (V) ay’kn\r_ exP 2 a2

u—ur ()
K<

where Umis the mean value of the distribution and a its standard deviation,
while ® the symbolic representation of the standardized, normal distribution.

In many references a normal distribution is assumed [1—3], but these
do not always approach the measurement-results well [4—6]. The fact that
the normal distribution attains the value pb= 0 at a voltage —oo, while the
value pb= 1 at -f-cto, is opposed to the physical reality, too. In the literature
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suggestions are made for the use of binomial [7, 8], Poisson’s [9], not central
t [10], Pearson’s [10], twice exponential Gumbel | [11], and twice-exponential
logarithmic [11] distributions.

Baumann [1] and rjavov [2] approximate the distribution curve by
the straight line

Nl MTW

considering the first two terms of the infinite series of curve S, where U0 is
the 50% probability value. At the medium section this straight line approxi-
mates the normal distribution very well, in the section between F(U) = 0,1
and F(U) = 0,9 the deviation is less than 6,7%, in the range between 0,2 and
0,8 it is smaller than 2,8%. W ith the linear approximation, instead of the
statistical deviation the symbol

a L w Up US0 _ ~100 Up _ Uso 4

1~r _ Y2a ' usx ~ f2h ' 1

may be introduced, where U0 and UI00 are the points of intersection of the
straight line with the ordinates pb= 0 and pb= 1, respectively. According to
Baumann, in the air h ~ 10%, while in a liquid h < 30%.

The greatest part of the empirical distributions plotted in the course
of our measurements may be approximated by curves S having well-defined,
finite initial and final values, which in the middle section within a significant
range may be replaced with a good approximation by a straight line. Some
distributions were nearly uniform throughout, but a few irregularities could be
observed.

The greater part of the found distributions could be approximated by a
suitable matched truncated normal distribution, yielding

- 1
r (v Uso)2.d

J U
2 ¥
ruld t/ — t/50)2
exp ( ) du
u, 2a2

where UO and UIO0 are the points of intersection with the ordinates pb= 0
and pb= 1, actually observed. Also the end points of the truncated normal
distribution are in the infinity; to eliminate this, if the characteristic is symmet-
rical for U50, the approximation

1 1
Ph= - cos . U-Uh (5)
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may be considered, too, where AU = U100 — UO. Formula (5) is naturally
interpreted only in the range U5 — AU/2 <] U <| US -j- AU/2, below this
pb= 0, above it pb= 1,

2. The breakdown voltage

From the viewpoint of practice, some medium values (average value,
means, median, etc.), as well as the lower and upper limit values, respectively,
are significant.

Formerly, for characterizing the impulse breakdown, determination
of the [/50 50% breakdown voltage was in use exclusively. By trials such vol-
tages could be adjusted, at which the breakdown took place in half the cases.
The method is very lengthy, wearisome, uncertain and subjective. Recently
plotting of the empirical distribution pb= F(17) is being generalized, by these
1/50 may be determined on the basis of the intercept belonging to the value
pb= 0,5.1tis worth mentioning that the value of t/5 and the probable value
of the distribution are not by all means equal, I/90is the median of the distri-
bution.

Lately the problem that determination of the 50% breakdown voltage
might be given up has been raised by several experts. As from the measuring
techniques point of view the 50% breakdown voltage may be determined in
the most simple way (based on the characteristics pb = F(17) and for obtain-
ing US50 no further calculations are needed either, these suggestions are not
correct. For giving the general character of the breakdown voltage, t/% is
still by far the most suitable.

From the viewpoint of practice, the highest voltage U0 at which a break-
down does not occur in any case (0% breakdown voltage), as well as the lowest
voltage U100 at which a breakdown certainly arises (100% breakdown voltage),
must be determined. In case of a few measurements, these values may reliably
be stated only iftreatment of the distributions is based in a suitable way mathe-
matically.

In the literature one may often find such views, that the determination
of U0 and 17100isvery doubtful. First of all these ideas originate from the cir-
cumstance that the empirical distribution was approximated by a normal
distribution function, which function attains its lower and upper limit asympto-
tically in the infinite. Therefore, instead of the values 0 and 100% application
ofthe numbers 1; 2; 2,5; 4; 5; 10; 16 and 99; 98; 97,5; 96; 95; 90; 84%, respec-
tively, have often been suggested. Generalization of the normal approximation
for the limit values of the distribution is obviously wrong and also physically
unjustified.

The measurements have shown, that the limits are real characteristics of
finite values and the voltages UO and U100, respectively, may be properly
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determined by the test method discussed. Reliability of the measured values
is not limited by the physical process, but by the uncertainty of the voltage
regulation and -measurement. With these values the breakdown probability
was not altered by the multiple repetition of the tests, either.

In Table 11l the characteristic values determined on the basis of the
empirical distributions are summarized for some arrangements. The first six
columns of the table indicate the 50% breakdown voltage UBR) the difference
AU = U100 — UO between the voltages U0 of 0% and U100 of 100%, as well
as the percentage ratio 100/1 U/Ub0of the two voltages, for both polarities. The
relative extent AU/U5S0 of the distribution curve at positive polarities is gener-
ally below 20%, while at negative polarities the distribution becomes more
extended, the relative extent often exceeding even the 30%. The upper limit
of the relative extent may be reliably estimated for 40% in air.

The relative extent is interesting first of all from the viewpoint of accur-
acy, aimed at in determining the values of [760. The steeper the distribution is,
the lower is the accuracy with which it can be satisfied, as the dielectric
strength of the insulation may be well assessed on the basis of a less accurate
value, too. It appears from the foregoing that at negative polarities to attain
higher accuracy is advisable.

The succeeding columns of the table contain the values obtained by the
linear approximation of the distribution. It may be stated that the straight
line interpolated between the points measured may be regarded as a good
approximation. Between the voltage US0 so determined and the value US0
obtained on the basis of the empirical distribution a deviation of 1—2 kV
could be observed at the most. In the following columns of the table the dif-
ference Ulog— Ugof the 0% and 100% values obtained by extrapolating the
straight line, as well as the ratio h = 100(17%o0— UQ)IUS0 characteristic of the
straight line rate of rise may be seen. From these it can be seen thatatapos-
itive polarity the upper limit is about 10%, while at a negative polarity the
values are often much higher, the upper limit being 26%.

Consequently, the 10% upper limit assumed for the air by Baumann
and Rjabov is not valid, so the reliability of their calculations is considerably
smaller than the value published by them and, at the same time, the number
of the necessary measurements is greater than the suggested one.

The last eight columns of the table give a comparison between the ex-
treme values measured actually and those extrapolated linearly, the relative
deviations always being less than 15%. It may be suggested that the extreme
values should be estimated on the basis of the linear approximation by a 20%
correction towards security, UOw1 0,8 UOand U100 c* 1,2 U100.
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Table I

The characteristic values determined on the basis

n
Test object Arrangement U kv oty Uso [%]

+ - + - + -

ER 10 1221 165,5 16 15,5 13 9,5
a, 126,5 160,0 21 57 16,5 355
a2 113,0 136,0 23 23 20,5 17,0
b 130,0 82,0 18,5 20,5 14,0 25,0
10 kV isolator c1 110,5 90,0 16 25,5 14,5 28,5
c2 118,5 93,0 20 22 17,0 23,5
d\ 166,5 136,5 14,5 44 9,0 32,0
d,. 123,0 197,0 20,5 8,5 16,5 4,5
A 208,0 22,5 11,0
i 135,5 20,5 15,0
K 180,0 50 27,5
20 kV isolator el 151,5 30 20,0
ft 189,0 40 21,0
i 196,0 26 13,0

3. Number of the voltage steps

The higher the number of the voltage steps, the more reliable is its char-
acteristic, but at the same time the measurement becomes longer, too.

Baumann [1] suggested measurements at 4 voltage steps between pb =
= 0 and pb = 1, the IEC [12] suggests 3—4 voltage steps in such a way that
at least one voltage should be under U50 and one above it.

According to our experiences, to plot the characteristics, measurements
are to be made at least on 4 voltages, so that there should be a point both below
and above [/50. To measure at more voltage steps is not often possible, as the
voltage regulation and -measurement involve difficulties.

4. Number of the impulses needed

When choosing this number, an optimum must be found between relia-
bility of the measurement and economy of the test.

When stating the number of impulses in order to determine the 50%
breakdown voltage, saumann [1] assumed that the breakdown follows a
binomial distribution. Accordingly, if an impulse of number n is imposed on
an insulation by a voltage U, at which probability of the breakdown is p?
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of the distribution curves with some arrangements tested

u;Mu;[kv] 4%1 ;- U kv YO o) Usrr-U; MKV] utqu-u - %]
+ - + - + - + - + - + -
7 75 57 45 4 3 3,3 18 5 5 41 3,0

8,5 35,0 6,7 21,7 9 19 71 11,9 35 3 2,8 1,9
3 20,5 2,7 15,1 5 2,5 4,4 18 15 0 13,2 0

14 12 10,8 14,6 2 2,5 15 3,0 2,5 6 1,9 7,3

2 13 1,8 14,4 2,5 2,5 2,3 28 125 10 11,3 111

10 10 8,5 10,8 10 5 8,4 5.4 0 7 0 7,5

12 35,5 7,2 26,0 2,5 2,5 1,5 1,8 0 6 0 4,4

7,5 5,5 6,1 2,8 9 —1 73 - 05 4 0,5 3,3 0,3

10 4,8 2 0,9 10 4.8

6 4,5 5 3,7

45 25,0 -5 -2.,8 10 5,6

25 16,6 2 1,3 3 2,0

30 15,8 5 21

10 5,1 17 8,8

the probability that from n impulses not pn, but k will cause breakdown, is
Pnk*

Pnk - p\l-p)r‘]_k (6

From his calculations it is assumed thatp = F(U) (formula (2)) is linear, based
on this to determine the 50% breakdown voltage (fc= n/2) anumber of impulses
n = 100 is necessary at a wanted 5% reliability. The necessary impulses may
be divided in to several voltage steps, in case of m voltage steps impulses of
n' = n/m are necessary at one step, while with 4 steps n = 25 is the value
suggested by Baumann. It is to be noted that due to the rounding off the fre-
quency, a further error of ~ 50/n is possible.

Rjabov [2] similarly deduces — but assuming a normal distribution
for pnk for the number n of the impulses needed — a relation
n—u2 2)

where u is the safety factor depending on the needed reliability, h = ([/lo0—
— U0)IUb50a ratio interpreted on the basis of formula (3), and e is the relative
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error permissible with the voltage measurement. Starting from this he calcu-
lated, that at a 95% reliability (safety factor u = 1,96) Uso may be determin-
ed in air by less than 3% deviation, if e> 42. The voltage may be regarded
as of 50%, if from re= 42 there stands 15 K 27.

It should be emphasized that both former calculations can be made on
condition that pb(U) may be approximated by a straight line and they both
refer to the determination of the 50% value. Both authors assume that the
value of hfiguring in formida 3 is less than 10% in air. In the course of our
measurements even values of 26% occurred, so these calculations are to be re-
vised. With the 26% limit, in case of the 100 measurements suggested by
Baumann the error increases from 1% to 2,6%, with the conditions pre-
scribed by rjanov instead of 42 impulses a number of 288 is needed. The IEC
[12] suggests 10—10 impulses on all voltage steps.

According to our own tests, for well reproducable pbvalues 100 break-
downs were to be assured (and not 100 impulses) at the individual voltage
steps (and not on all the steps together). As on the medium section the charac-
teristics are quite steep, to determine U-Onot quite precisely, production of 50
breakdowns onthe individual steps is sufficient, the number of the necessary
impulses is naturally above this. Determination of the voltage US50 with an
accuracy of some percentage needs less breakdowns, this problem requires
further investigation.

5. Effect of the wave shape

For the time being no data are available concerning the influence of
the wave shape on the distribution.
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HALB AUTOMATISCHE AUSMESSUNG VON VOLT-MIKROSEKUNDEN KENNLINIEN

GY. VAIDA

ZUSAMMENFASSUNG

Der Artikel behandelt eine MeRBmethode zur statistischen Untersuchung des Durch-
schlags und des Uberschlags. Die entwickelten Einrichtungen erméglichen die automatische
Auswertung der Messungen. Durch die entwickelte Methode werden die Aufnahme der Wahr-
scheinlichkeitsverteilung des Durchschlages als Funktion der Spannung, die Messung der
Verteilung der Verzdgerungszeiten und die Aufnahme der Volt-Mikrosekunde-Kennlinie er-
maoglicht.

ENREGISTREMENT SEMI-AUTOMATIQUE DES COURBES CARACTERISTIQUES
VOLT-MICROSECONDE

GY. VAIDA

RESUME

L’article expose une méthode de mesure pour I’examen statistique de la disruption et
de la formation d’un arc. Les instruments développés permettent I’évaluation automatique
des mesures. Par la méthode développée, il devient possible de relever la distribution des pro-
babilités des disruptions en fonction de la tension, de mesurer la distribution des temps de retar-
dement et de relever la famille des caractéristiques Volt-microseconde.

MNOJIYABTOMATUYECKOE OMPEAENIEHVNE BONT-MUWKPOCEKYHAHbIX
XAPAKTEPNCTUK

0. BANAA

PE3IOME

B paboTe M3naraeTcsi MeTOAMKA U3MEPEHUSA ANA CTATUCTUUECKOrO MUCCNefoBaHusl Npo6ost
M paspaga. PaspaboTaHHble YCTPOWCTBA MO3BOMSIOT OCYLLECTBUTL ABTOMATUYECKYIO OLIEHKY
M3MepeHnii. Pa3paboTaHHbI MeTOZ MO3BONSET OTPasUTb B (PYHKUMM HaMpsbkeHWsl pacnpege-
NeHNe BEPOSITHOCTM Npo6os, Aaniee M3MepeHue pasbpoca 3HaUYeHUn BpemMeHW 3anasfbliBaHus U
MOCTPOEHMEe cemelicTBa BO/IbT-MUKPOCEKYH/HON XapaKTepuUcTUKM.
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TEST METHOD FOR DETERMINING
THE IMPULSE WITHSTAND STRENGTH OF ELECTRICAL
INSULATIONS

GY. VAIDA

DOCTOR OF TECHN. SC.
MINISTRY OF HEAVY INDUSTRIES

[Manuscript received December 20, 1963]

The paper gives the first experimental results affording in many respects a basis for
better approaching the theoretical and methodological problems ad yet not cleared up. A part
of the conclusions to be made on the basis of the test disagree with some statements of the
literature. Paper includes some suggestions for the practical evaluation of the measurements-
results and for plotting the characteristics.

I. Statistical characteristic of the time lag

The time lag of the breakdown has been examined more thoroughly only
from a physical point of view hitherto, first of all with small electrode gaps in
air for practical arrangements only a few data are available [2].

The essential questions, when examining the time lags are as follows:

a) By what kind of distribution function can the empirical distribution
be represented;

b) by what values is it practicable to characterize the distribution;

c¢) how many measurements are to be made for determining the time
lags;

d) how is the character of the distribution influenced by the wave shape.

Till now the time lag of the breakdown was determined from the oscillo-
gram of the voltage arising on the tested insulation. For recording the empirical
distribution a great number of oscillograms had to be photographed and eval-
uated, this is expensive and takes much time; at the same time the possibility
of the objective and subjective errors is greater. Besides, if the probability pb
of the breakdown is less then 1, many superfluous records must be made.
Further difficulties are encountered because the oscilloscope time deflection
must be preadjusted; if the time lag is short with respect to the total deflection,
the measurement is inaccurate, while if it is greater than the full deflection,
it cannot be determined.

One of the greatest advantages of the test method developed is
that it permits a rapid, automatic and objective registration of the distribution
of the time lags. The so recorded distributions are in good accordance with those
to be plotted on the basis of the oscillograms (e.g. Figs 3 and 4 of [1]). On the
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counter ofthe time meter the hystogram of the distribution can directly be read
off with the intervals adjusted by the delay line within its measuring limits.
By the cumulative sum of the values counted, the empirical distribution is
given. Considering all breakdowns, determination of the relative frequencies
and recalculation of the empirical distribution to the relative unit raises no
problems.

Figs 1—2 illustrate the results of two characteristic series of measure-
ments. On the horizontal axis the time lag is given in /usee, on the vertical one

Fig. 1. Empirical distributions on a 10 kV isolator at negative polarity in connection a2

the percentage value of the empirical distribution is indicated. The distribution
is shown instead of the usual step curve by the interconnecting envelope line,
thus the figures are more perspicuous and clear. This way of illustration may
be interpreted in such a way that the distribution can be regarded as being
nearly linear within each interval. The initial and final values of the distribu-
tions are indicated arbitrarily at the initial 0,01% and end point 99,99% of
the available co-ordinate system.

Raising the voltages, the distribution curves become displaced towards
the shorter time lags and steeper.
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Fig. 2. Empirical distribution on a 10 kV isolator at positive polarity in connection &1

1. The type of distribution

On the basis of the available data it cannot still be decided what type
of distribution follows the time lag { Some experts assume a normal dis-
tribution [3], that, in the case of short electrode gaps in the air there are some
measurement-results supporting this [4]. At the same time, according to the
other measurements the distribution is of exponential character [4], moreover
there are measurements resulting in an exponential distribution, but not in
the function oft, but in tc, where ¢> 1.

W ith the distributions illustrated in Figs 1, 2, in the voltage range,
where pb= 1, the distributions may be replaced practically by a straight line.
In the co-ordinate system chosen the normal distribution function is a straight
line, that is, in the voltage range, where the breakdown certainly arises the
distribution of the time lags may be approximated by a normal distribution
in the cases tested. In the voltage range pb< 1 the empirical distributions
deviate from the straight line considerably, the normal distribution cannot be
applied.

The experiences were essentially similar with all of the measurements
performed with abt. 300 characteristics, in some cases, at voltages somewhat
higher than the 100% breakdown voltage, also distributions deviating some
from the normal one could be experienced and only at some kV higher voltages
could the distribution be replaced by a straight line. At voltages exceeding
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the 100% value, the range of the time lags becomes restricted, the distribution
was often plotted merely on the basis of 2-~3 measuring points. One might
have doubts, if the linear representation is not a consequence of the few num-
bers of the measuring points and of the characteristics being restricted to a
narrow range. To control this, measurements were also made by an oscillograph,
as oscillograms permit a greater resolution capability than the time meter.

On a Gauss paper, the hystogram of a nearly linear distribution is
shown in Fig. 3, while the hystogram of a curved distribution may be seen in

Fig. 3. Hystogram of the time lags with the flashover of the insulation to earth of a 20 kV
isolator with a voltage 4150 kV, nb= 100

Fig. 4. Hystogram of the time lags with the flashover of the insulation to earth of a 20 kV
isolator with a voltage —152 kV, nb= 100

Fig. 4. It can be stated also from visual observation, that the distribution is
practically normal (a Poisson distribution is possibly even a better approxi-
mation), the second is certainly not a normal one. The same was proved by
the matching tests, too. The curved characteristics may be resolved to the
sum of more normal distributions (Fig. 5), the question is, how can this be
physically justified.

Here, instead of the normal distribution application of the truncated
normal distribution may come into question, too. The lower limit is stipu-
lated by the fact that the time lag cannot be shorter than the formative time
i0, necessary for the physical development of the breakdown channel. In the
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practice there is also an upper limit, the maximum of which may he estimated
in the following way. The actual impulses are of finite time, the tails, or envelop
curves are decreasing aperiodically and after a certain time t' they reach the
lower limit of the static breakdown voltage value, below which no breakdown
can be formed. Consequently, the time lag may not exceed t' -|- At, the addi-
tional term Atexpressing the factthat ifthe breakdown is to develop before the
instant t' the field becomes deformed and the breakdown voltage of the scheme
decreases below the static breakdown voltage. In reality the upper limit of the
time lag is considerably lower than this value.

Fig. 5. Density functions of the time lags: With the distribution shown in Fig. 3 (1); with the
distribution shown in Fig. 4 (2); normal components of the distribution of Fig. 4 (3t, 32, 33)

2. Features of the time lags

The time lag can be the most practically characterized by a medium value.
The characteristics volt/*tsec to be found in literature indicate the arithmetical
mean calculated on the basis of the oscillograms. When examining the condi-
tions more thoroughly, the minimum and maximum values become interest-
ing, too.

It is avisable to process the measurement results by the methods of
mathematical statistics. If on the time meter there are data on counters of
number k, the medium value of the interval of the ith counter is *mand this
counter detects times in a numberf, than the series of measurements consist-
ing of rib breakdowns may be characterized by

2 fif<

1=1 AR

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



288 GY. VAIDA

and by the corrected empirical standard deviation

~fiih - #2
=1

nb— 1 2
If nbis high enough, the mean £approaches the expected value of the distribu-
tion and the empirical standard deviation s approximates the standard devia-
tion of the distribution. The extreme values may be given by a definite proba-
bility as a multiple of the standard deviation, introducing the safety factor
u, the lower limit is t — us and the upper one £+ us.

The above relations are valid exclusively in case of a normal distribution,
reliability of the results so obtained is the less, the more the distribution differs
from the normal. An important part of the experienced distributions deviates
considerably from the normal one, therefore one had to consider which type
of values are suitable for characterizing them expediently. Further considera-
tions were also necessary because in certain —though only a few — cases time
lags occurred outside the measuring limits determined by the delay lines,
with unknown values. All of these problems were removed by introducing in-
stead of the mean value the median i50, calculated by a linear interpolation
between the ends of the Zh and (I -(- I)th interval, as per formula (3),

= - (*5itl+ h+ 4 ——eo  —(1 —Pl+1—Pi 3
5 2 pirl—pt )> )

where At is the length of the interval (0,5, or 1,0 /nsec, depending on the de-
lay line), f;+1 and t; the mean of the intervals Z+ 1)1” alkl Pt+1 an<i Pi
the corresponding values of the empirical distribution in relative units, further
the values | and | -f- 1, respectively, are interpreted, so that

i+i

4)

The median t50 may be determined more simply from the empirical distribu-

tions also by plotting (as a value belonging to the probability p = 0,5).
Tracing the extreme values can also he simplified by introducing the

notion ofrange. Approximately, as the lower limit of the range one may regard
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the beginning of the interval in the first operating counter, and as the upper
one the end of the interval in the last working counter. This poses a problem,
if also greater time lags than the measuring limit adjusted occur. At those times
these were classified into an 11th interval and regarding the upper limit of the
range it was merely stated that it is higher, or equal to the end of the [t
interval.

The measurement-results were elaborated on the computer type Elliott
803 B. In Tables I and Il the computed data of nearly 300 distributions are
summarized. 52% of the plotted distributions fall into the range U > [7100
(pb = 1)» 48% to the range UO<[ U <C "moG5* <C 1)» the data summarized
are also illustrated in a resolution according to the voltage range. The distribu-
tions having a range inside the measuring limit adopted are denoted in the
tables as “complete measurement”.

It occured first of all in the rangepb lthat some time lags were greater
than the measuring limit applied and these were classified into the Ilttlinterval.
These distributions are distinguished in the tables by “fall-out values”, such
distributions form 18% of the total ones. When calculating the mean and the
standard deviation, the fall-out values were considered — as an approxima-
tion — by the mean value tn of the 11th interval.

In Table | the data of the relative standard deviation sjt are summed up
in the range U > U100 the great majority of cases it is (94,5%) below 30%,
the fall-out values may practically be neglected. In the range U < [/100 the
standard deviation of the complete series of measurements is displaced towards
somewhat higher values, naturally the standard deviation ofthe series involv-
ing fall-out values is even greater. With 84% of the total measurements the
deviation is below 30%.

Table Il gives a picture of the relative deviations (i5% — ()/tsO between
the median and the means. It is suprising that the values of } and t50 are in
good accordance, the deviation being with the complete measurements some
percents, with 93% of the complete series it is smaller than 10% and it never
exceeds 20%. The agreement is good even in the case of fall-out values (though
the mean | is calculated in a quite arbitrary way) and only in 4 cases was a
deviation of 20 and 40% observed. All these support the correctness and expe-
dience of applying the median t50.

3. Number of the necessary measurements

The number of measurements needed for plotting the empirical distribu-
tion is stipulated by the character of the problem.

If it is required that the empirical distributions should approach the
physical distribution function in a well reproducable manner, many hundred
breakdowns are necessary. Measurements of that type are demonstrated in
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Table |

Percentage distribution of the

gk
Range tested Type of characteristics {04
0-5 5-10 10-15 15-20 20-25
Complete measurement 12,3 12,3 32,1 18,9 7,6
n > U100
with fall out values (2,8%) L — — 33,3 33,3 —
complete measurement - 1,2 21,0 19,8 22,2
n > uloo
with fall out values(34,6%) - — 7,0 14,2 14,2
Total 5,9 6,4 24,8 18,8 13,8

Table 11

Percentage distribution of the upper limit of the relative

_7— [0
Range tested Tjpe of characteristics 7"?0 [AJ]
1 2 3 4 5 6 7 8
complete measure-
ment 44,7 64,4 81,4 87,5 90 92 93,6 94,6
u > uloo withfall-out values
(2,8%) 0 50 50 50 50 50 50 50

Total 43,9 64,2 80,8 87,0 895 913 93,0 94,0

Complete measure-
ment 16,2 31,1 459 581 662 71,8 744 852

U > ulmn withfall-out values
(34,6%) 10 16,7 26,7 26,7 333 36,7 36,7 46,7

Total 146 27,2 40,8 496 574 62,2 64,2 74,8

Total 29,9 46,5 61,7 69,1 742 774 79,2 84,7

the first part of the paper [1]. For characterizing a distribution of well-known
kind, a sample consisting of a lower number of measurements also suffices to
estimate the number of the measurements needed to apply the methods of
mathematical statistics. An estimation of this kind may be made e. g., by the
relation

(5)
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relative standard deviations

Sq4A
25-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100
113 1,9 0,9 0,9 0,9 - . 0,9
— 33,3 — — - - — —
173 87 6,1 25 1,2 — —
116 17,8 7,0 7.0 35 14,2 - 35
133 6,9 3,7 14 18 2,3 - 0,9

deviation between the median and the mean value

9 10 11 12 13 14 15 16 17 18 19 20 40

955 955 97,5 97,5 97,5 97,5 983 98,3 98,3 99,2 99,2 100 —

50 50 100 — — — — — — — — — _
94,7 94,7 97,4 97,4 97,4 974 984 984 98,4 99,3 99,3 100 —

90,6 90,6 945 96,0 96,0 960 96,0 975 97,5 97,5 98,6 100 —

53,3 63,3 633 70 73,4 76,7 80,0 80,0 83,5 835 835 86,8 100

80,6 83,5 86,5 89,5 90,5 91,5 925 93,4 94,3 943 953 96,2 100

88 89,3 92,2 93,5 94,0 945 955 96,0 96,5 97,0 973 98,2 100

according to which, to determine the probability pointj) = 0,5 of the distribu-
tion function, if the safety factor u = 1,28 (the one-side discarding probability
being Ps= 10%) and the relative deviation permitted is a = 5%, measure-
ments of w > 655 are necessary; with a relative deviation of 10% a number
of mb > 164 is sufficient. The exact knowledge of the distribution type permits
a more accurate estimation, such calculations for the needed w give lower
values, in the practice generally 100 measurements are sufficient.
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Fig. 6 was made on the basis of 13 series consisting of 100 measurements
each. It shows the distribution function as well as the envelope curves limiting
the greatest deviations of the empirical distributions, plotted on the basis of
the above series. Over an important section of the distribution the standard
deviation is small, the greatest deviation being between 5 and 95% having a

%

Fig. 6. Flashovers on the insulation to earth of an open 20 kV isolator, surges on the moving
contact +156 kV, 10 pulses pro minute: On the 6th February out of 1300 flashovers (1);
envelope curve interconnecting the highest values of series consisting of 100 flashovers (2);
envelope curve interconnecting the lowest values of series consisting of 100 flashovers (3)

value 0,15 ”s, between 10 and 90% it is 0,1 /ts and at i50 it does not exceed
0,05 [is. It must be emphasized that the dotted lines are envelope curves and
the individual distributions fit the distribution function much better. Similar
results were obtained when testing other arrangements, Table Ill gives an
idea of the greatest deviations experienced with 100 series of measurements.

As shown by the more detailed teste, the extent of the distribution in the
range pb = 1 is generally small, only 2-+3 counters of the time meter are
working (at a very high voltage sometimes only 1), at those times even 50
measurements are enough to plot the distribution. The characteristics volt/*sec
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were plotted for each voltage step on the basis of a series of measurements
consisting as a rule of 50 flashovers where the magnitude of the time lags
distribution increased (at least 4 counters operating), the seriesof measurements

Table 111

The greatest deviations were observed between the series of measurements consisting of 10
flashovers and the distribution function

Greatest deviation in /isec
Measurements

range e
(percentage short artificial line (5 lisec) with fall long artificial line

values) delay complete series of out values 10 /isec)
measurement

1-99 0,25 1,0
5-95 0,15 - 0,5
10-90 0,1 0,2 0,25
20—80 0,1 0,15 0,15
50 0,06 0,06 0,1

was extended to 100 flashovers. In the range pb < 1 generally series of measure-
ments consisting of 100 flashovers were adopted.

4. Effect of the wave shape

Regarding the influence of the wave shape no data are available.

Il. The volt-microsecond characteristics

The main object of the tests was to plot the volt//isec characteristics indi-
cating the breakdown voltage as a function of the breakdown time lag. In the
literature a few characteristics for insulations and spark gaps may he found.
These were plotted by making an oscillogram on a great number of breakdowns
at many voltage steps, based on this the mean time lag was calculated for each
voltage step and a curve was inserted between the points obtained.

The usual volt//lisec characteristics do not show the full value relations,
a perfect idea may be given only by a set of characteristics to be plotted on
the basis of the time lags distribution (Fig. 7). In Fig. 7 the curves interconnect
the points of identical probability of the distributions recorded at different
voltages, the probability figuring as a parameter. The curve p, means that the
quota fraction p, of the time lags is falling to the left of the points marked
by the curve at all voltages, the half of the total breakdowns falls to the left
of the curve p, = 0,5, this curve interconnecting the values t50.

In connection with plotting the characteristics, the main problems are
as follows:
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a) On how many voltages is it practicable to perform measurements;

b) how many impulses are needed for the single voltages;

c¢) how are the relations influenced by the deviation of the breakdown
voltage;

d) how may the set of characteristics be characterized more simply;

e) by what kind of analytical function may the characteristic be approxi-
m ated;

f) how are the characteristics influenced by the wave shape.

Fig. 7. Set of characteristics volt//tsec based on the distribution shown in Fig. 2. UOcrest of
the impulse voltage, Iy front time

The test method developed permits the quick and reliable plotting of
the average characteristic or of the complete set of characteristics. The times t¢
belonging to the arbitrary probability p- may simply be determined from the
time lag distributions and so the characteristics may be plotted.

Figs 8—12 illustrate the probability curves 0,5 of some sets of character-
istics plotted by us for different test arrangements and connections.

It should be pointed out that the characteristics of the 10 kV insulator
intersect many characteristics of the 10 kV isolator. Thus, if there is no co-
ordination, it depends on the shape of the wave entering the transmission
line whether the breakdown follows on the overhead line, or on the isolator.
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1. Number of the practicable voltage steps

It is advisable to connect the measurements with the probability test
of the breakdown, within the range U << 17100 — according to those mentioned
in the first part [1] — it is proper to measure on 4 voltage steps. For plotting

Fig. 8. Volt//isec characteristics of a 10 kV isolator type ER 10 on th mbasis of i5)

the characteristics in a reliable way, the purpose is to perform measurements
on at least 4—5 voltage steps in the voltage range u >- u1oo, the number of
the necessary steps depending naturally on the magnitude of the voltage range
to be tested.

2. Number of the impulses needed

As was stated in chapter 1, according to our experiences the time lags
may reliably be characterized within the range pb = 1 mostly on the basis of
50 impulses, while as a rule in the range pb <c. 1 by 100 flashovers.
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3. Role of the standard deviation in the breakdown voltage

If the breakdown follows at the tail, or crest of the wave, the conditions
are not influenced, but by the accuracy of the impulse voltage measurement
and by the deviation of the surge generator sparkover voltage. Under the cir-

Fig. 9. Volt/jMsec characteristics of a 10 kV isolator on the basis of t3 at a positive polarity
standard connections

cumstances of the given test, it could be assured that these factors should

not cause an uncertainty of more than 1—2%. By the measurements it is

important that the voltage of the surge generator should be practically con-
stant within one voltage step.

If the breakdown follows at the wave front, the conditions are more
complicated. Besides the voltage and the time, a third factor — the rate of

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



TEST METHOD FOR DETERMINING THE IMPULSE WITHSTAND STRENGTH 297

rise of the front — also plays a role, at the same time there is a unanimous
and definite relation between the breakdown voltage and the time lag, contrary
to the probability relation observed at breakdowns arising not at the front.
The deviation in the time lag results the deviation of the breakdown voltage.
A ith uniform impulses the distribution of the time lags may be transformed

Fi%. 10. Volt/,Msec characteristics of a 10 kV isolator on the basis of f50 at a negative polarity
standard connections

into the distribution of the breakdown voltages on the basis of the front shape
(with a linear front the two distributions are proportional to each other).
As a consequence of this, with waves of identical rate of rise (i.e., in case of
identical crest and front time), the breakdown at different voltages ensues;
nevertheless, with waves of divergent rates of rise (that is, with different
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crest values and front values) it may occur that some breakdown voltages are
identical. All these involve problems for the statistical evaluation of the meas-
urement-results as a function of the breakdown voltage. Based on the oscillo-
grams — at a fixed rate of rise — at least a more probable breakdown voltage
and arelating, more probable time lag (determined by this) may be established.

kv U
kV/usec 'u0/Tf

240-
230-
220.
270-
200.
190-
180-
770-
760-
750-
740-
730-
720-

770-
700-
90-
80-
70-
60-
50-
40-
30-
20.
70-

1
0 7 2 3 4 - 5 86 7 8ljsec

Fig. 11. Volt/jHsec characteristics of a 10 kV isolator on the basis of t50at negative polarity,
special connections

The problem may be solved exactly only by examining the conditions
in the case of breakdowns at the frontinstead of the breakdown voltages as a
function of the rate of rise. It makes it more complicated that there is a transi-
tory voltage range where breakdowns occur both at the front and at the tail.
Fig. 13 illustrates the probability distributions of breakdowns with different
characters, in range | breakdown arises only at the tail or at a crest value, in

range |1l only at the front, in range Il both possibilities exist.
In our measurements the most simple voltage measuring method was
applied, that is, measuring with fixed voltage of the surge generator — at
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that time also the rate of rise being constant — the crests of the impulses were
recorded. Accordingly, in the figures and tables of the paperrelative to the
volt/fisec characteristics, the voltage scales mean above 1 /j,sec for a breakdown
voltage, while below 1 /nsec a rate of rise measured in kV/fxsec, finally at 1
Psec both interpretations are possible.

Fig. 12. Volt///sec characteristics of a 20 kV isolator in some connections

For breakdowns at the front the 0,5 fxsec interval ofthe delay line adopted
is too long, the measurements performed in this way may be regarded only
as being of informatory character. For more precise tests delay lines with
intervals of 0,l-f-0,2 fxsec are suitable. (Such lines are under construction.)
In the cases examined, with the wave shape 1/50 applied in the measurements,
this problem is not of practical importance, as a considerable part of the char-
acteristics is placed in the range above 1 /xsec. With the arrangements tested,
in the range where the probability of the breakdown is less than 1, the break-
down always follows at the wave tail. The situation was similar in a consider-
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able part of the zone above the 100% breakdown voltage. Table IV shows
that with the 25 sets of characteristics plotted, at which voltage U[ occurred,
more than 1 breakdown out of 50 at the wave front (1 fisec).

Table IV

Distribution of breakdowns at the front

In percentage of

\7~ higher than all cases

ii 100
1,15 92
1,2 88
1,25 84
1,3 76
1,35 64
1,4 56
1,45 52
15 40
1,55 40
1,6 32
1,65 24
17 20
1,75 16
1,8 12
1,85 4
1,9 0

From the table it can be seen that the breakdowns appearing at the front
do not at all influence the plotting of the characteristic within an important
section. The greatest part of our measurements was made on insulations of
10 kV rated voltage. At higher rated voltages the characteristics became dis-

Fig. 13. Probability of breakdown considering the way of breakdown; — breakdown proba-
bility at crest and tail; — breakdown probability at front
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placed towards a longer time lag, at that time the effect to be counted is even
smaller.

If only plotting of the mean characteristic is aimed at, the effect of the
breakdowns at the front is insignificant until their ratio does not exceed half
of the total breakdowns, as these do not influence the determination of the
median. Here again the advantage of applying median t50is proved. Determina-
tion of the median is generally not influenced by the breakdowns at the front,
at least up to 1,5 UQ, in the majority of cases it is sufficient to plot the charac-
teristic up to this voltage.

The set of characteristics volt/jiisec gives information on the actual break-
downs. In the range, where pb 1 a modification of the set of characteristics
may be suggested, taking into consideration the probability of the breakdown,
too. If the number of the measured time lags does not refer to the number of
breakdowns, but to the total number of impulses, instead of p, the parameter
is pe = piPb- With a demonstration of this kind, in the rangepb 1 the char-
acteristics become prolated. Asp,- < 1,pemay be at least equal to pb, that is,
in this lower range the characteristics pe are broken and ended at the voltage
where pe= ph. The advantage of this modified set of characteristics is that it
gives a more detailed picture of the breakdown and the end point of the char-
acteristics is more definite (Fig. 14).

4. The set of characteristics

Among the characteristics the medium and extreme curves are the most
important. Depending on the possibilities of two kinds of characterization of
the time lags, also the curves may be given in two ways.

If the medium curve interconnects the arithmetical means i of the time
lags, the extreme curves may properly be given with the aid of the standard
deviation and of a safety factor suitably chosen. With this demonstration
— in principle — the complete, positive half-plane of the co-ordinate system
contains values within the range pb> 0.

If the medium curve interconnects the medians t50 of the time lags, the
extreme curves may be plotted by the suitably chosen points of the empirical
distribution. The range interpreted in chapter 1 permits a quick representation,
the lower limit is the beginning of interval of the first operating counter, the
upper limit being the end of the interval of the last working counter.

Fig. 15 makes a comparison between the two kinds of representations
for the cases to be seen in Fig. 6. In the figure the characteristics plotted on
the basis of the mean value and of the standard deviation are shown by a full
line, the curves obtained from the distribution function are drawn by a dotted
line, on the basis of Fig. 6. One can see that the characteristics plotted on
the basis of the mean value (t) and of the median (i50) practically agree. At the
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extreme values the coincidence is naturally not so good. In case of the first
conception the extreme curves are to be plotted at least on the basis of the
limits 3s discarding level of 2% 0, the lower limits | — 3s proved to be suitable,
but the upper limit | -(- 3s is not completely so.

Fig. 14. Modified volt/lyUsec characteristics on the basis of Fig. 7, parameter of the curves
Pe — PbPi

5. Mathematical approximation of the characteristics

Grove and Maskileison [5] have established for the medium curve in
air the relation

17= 170 (6)

where U”, a, and b are constants depending on the arrangement. Application
of the functions of character

U=+ — (7

may be considered, too, where the constants o, b and c are functions of the
arrangement.
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Fig. 15. Characteristics of the extreme values

6. Influence of the wave shape

In the literature several methods can be found for recalculating the char-
acteristics plotted for a given wave shape to another wave shape. Among these
methodS zingermanns [3] @and « ina s [6] works are especially remarkable.
The calculations refer to characteristics plotted on the basis ofthe mean values.

I11. Summary

Method and instruments have been developed for the statistical analysis
of impulse breakdown voltages and flashovers. The equipments realized are
suitable for the half automatic control of series of measurements consisting
of numerous impulses and for the automatic evaluation of the measurement-
results. It may be predetermined, of how many impulses, or breakdowns (flash-
overs) should the series of measurements consist, the instrument records the
number of impulses and breakdowns (flashovers), as well as the probability
of the breakdown, it classifies the time lags in adjustable time ranges and
counts their distribution.

W ith this test method probability of the breakdown in function of the
voltage may be determined in a quick and simple way, distribution of the time
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lags for each voltage step, as well as the set of characteristics volt//jsec repre-
senting the relation between the time lag and the breakdown voltage may be
plotted.

The first — methodological — test were made on medium-voltage insula-
tions. The different characteristics may well he represented, reliability and
accuracy of the measurements are satisfactory. On the basis of the characteris-
tics plotted, numerous conclusions can be drawn even now, assisting in solving
the principal and theoretical problems better which have not been cleared
up yet.

The probability-voltage characteristics of the breakdown (curves S)
are situated in a voltage range limited by voltages UOand UI1Q, the full char-
acteristic may be approximated by a truncated normal distribution, or by a
similar one; on the medium section a good result is given by the linear approxi-
mation. The ratio (U100—U0)IUS characteristic of the uniform distribution
rate of rise may according to our measurements attain even a value of 26%,
as against to the 10% Ilimit generally accepted in literature. The data and
derivations published in the literature forthe number of impulses to be imposed
on each voltage step are not valid and are to be corrected; according to our
experiences 100 breakdowns are necessary by voltage steps and it is advisable
to measure 4 voltage steps at least. For estimating the extremes, the values
Uuo= 0,8 U0 and U100 = 1,2 UI0O0 may be considered.

Distribution of the time lags above the 100% breakdown voltage is
practically normal, below this value it is strongly curved and the distribution
can be produced as the sum of some normal distributions. The distribution may
be most suitably characterized by the median i50 and the range, in the great
majority of cases i50 was in a good accordance with the mean value. For
plotting the distribution, below U100 100 flashovers, above it 50 impulses
proved to be necessary.

The set of characteristics volt/jisec can simply be plotted on the basis
of the measurements, it may be most practicably characterized by the mean
curve interconnecting the medians of the time lags and by the extreme curves
traced by the range. To plot this, measurements are to he made on at least
4 voltage steps within the area U U 100.

In the area U <U 100 modification of the characteristics may come into
question, taking into account the resultant probability referring to all of the
impulses.

The tests discussed in the paper refer as yet merely breakdowns in the
air. Consequently, the relations and conclusions given may be considered valid
only for the case of air.
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EINE PRUFMETHODE ZUR BESTIMMUNG DER ELEKTRISCHEN STOSSSPANNUNGS-
FESTIGKEIT VON ISOLATIONEN

GY. VAJDA
ZUSAMMENFASSUNG

Die Studie teilt die ersten Versuchsergebnisse mit, die in mehreren Hinsichten Stitz-
punkte fur eine bessere Annéherung noch ungeklérter prinzipieller und methodologischer Prob-
leme bieten. Ein Teil der Folgerungen, die aus den Experimenten gezogen werden kénnen,
steht zu einigen Feststellungen der Literatur im Gegensatz. Die Studie enthalt mehrere Vor-
schldage fur die zweckmaBige Auswertung der MeRergebnisse und fir die Konstruktion der
Kennlinien.

METHODE D’EXAMEN POUR LA DETERMINATION DE LA RESISTANCE
AUX TENSIONS DE CHOC DES ISOLATIONS

GY. VAIDA
RESUME

L’étude expose les premiers résultats expérimentaux, qui servent a plus d’un égard de
points d’appui permettant de mieux approcher les problemes théoriques et méthodologiques
non éclaircis. Une partie des conclusions tirées des essais contredit & certaines constatations
de la littérature. Plusieurs propositions pour I’évaluation pratique des résultats de mesures
et pour le tracé des caractéristiques ont été faites par l’auteur.

METOAVNKA WUCNbITAHUA U30AAUWNW ANA OMPELENEHUSA
3NEKTPUNYECKOW MPOYHOCTU MPU YAAPHOM HATMPSXXEHUMN

0. BANAA
PE3IOME

B pa6oTe OMMCLIBAIOTCS MepPBble OMbITHbIE Pe3y/bTaTbl, KOTOPble BO MHOTMMX OTHOLLE-
HUAX JAl0T UCXOAHbIE TOUKWN ANA NyULIero NPUGAMKEHUS elle He YTOUHEHHbIX MPUHLUNNAb-
HbIX W METOAMYECKMX TOYeK 3peHUs. YacTb BbIBOOB, KOTOPblE MOXHO cAefaTb Ha OCHOBe
NpoBe/ieHHbIX OMbITOB, MPOTUBOPEUUT HEKOTOPLIM NINTEPaTypPHbIM YCTaHOBMeHUAM. B pa6GoTe
npvBedeH pPsig NPeaioKeHWi OTHOCMTENBHO Lienecoo6pasHoiM OLUEHKU pe3ynbTaToB M3MepeHuii
N MOCTPOEHUS XapaKTepUCTUK.
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OMUCBLIBAKOLWMNE ®dYHKUUN HEJAMNHEWHOCTEW
C KYCOYHO-TMHENHOW XAPAKTEPUCTUKOW

A. LOMJI0

WCCNELOBATENbBCKUN MHCTUTYT NO ABTOMATU3ALUN
AKALJEMUNWWN HAYK BEHTPUW, BYOANEWT

[MocTtynuno 27-ro aHBaps, 1964 r.]

PaboTa 3aHMMaeTCcsi rapMOHMYECKOW NMHeapu3aumneli HeIMHEIHOCTEe B COBEPLUEHHO 06-
wem cnyyae. C NOMOLLBI0 BbIBefieHHbIX (hopMyn B C/lyvae N06bIX HenMHelHOCTeld co cTaTuue-
CKOW XapaKTepUCTUKOM, KYCOUHO-NMHENHOW annpoKCUMaLMein, MoXHO Noy4nTb NOCTOSIHHYHO,
COCTaB/ISAIOLLYI0 M MapaMeTpbl MepBO rapMoHUM MEpPUOUYECKOro CUTrHana, MOsiBASHLLErocs
Ha BbIX0fle M0J BO3AeliCTBUEM [eliCTBYIOLLErO Ha BXOAe HE/IMHEAHOro YeHa CUrHana ¢ nocTosiH-
HOW W rapMOHWYECKOI cocTaBsLeld. Pe3ynbTaTbl MOXHO MOMyYMTb KakK B Buie opmyn
(aHanuTnyeckas opma), Tak 1 B YMCOBOM hopMe Npu nomown Tabamy. CMMMETpUYUHbIE KOle-
GaHMa (UrypupyloT B KaudecTBe CMeLuasibHOro cryyasi, Ans KOTOpbIX MOJHOCTbIO AelicTBU-
Te/bHbI CAeNaHHble Bbillle BbIBOAbI (M OHW JAlOT OMUCLIBAIOLLYIO (DYHKLMIO HeNMHeliHOW xapak-

TepUCTUKM). NS AaHHOTo c/iydas pesynbTaTbl COBMAfaloT C pe3ynbTaTaMu NpexKHei paboTbl
aBTopa.

1. BsegeHwue

BoobLle HenuHeliHble uUfeHbl XapaKTepu3yrTCA CTaTMYeCKMMM Xapak-
TepucTUKamu. 370 B hopme (PYHKLMOHANBHON CBA3W MOKa3bIBaeT, KaKOM BbIXOf-
HOW CMIHan COOTBETCTBYET HEKOTOPOMY BXOAHOMY CUTHAaNy HefMHEMHOro 4seHa.

CraTunyeckyo xapakTepucTuky [xk —f(xb] MOxHO 33agaTb B aHannTu-
YECKOM K rpadmyeckoi hopmax.

Mpy rapMOHMYECKON NMHeapu3aLMn HEeNMHENHbIA YneH XapakKTepusyeTcs
onucbIBaloLLEel (hyHKLUMeNR. 3TO MOKasbiBaeT OTHOLLUEHMEe MeXAy MepBoli rap-
MOHMKO MepPUOAMYECKOr0 CUrHaNa, BO3HWKAOLLEro Ha BbIXO4e MOJ BO3fei-
CTBMEM TapMOHWYECKOr0 CWUrHana, AenCTBYIOLLEro Ha BXOfe, W BXOAHbIM CWUT-
Has1I0M.

[na cnyyas UEHTPa/ibHO CMMMETPUYHBIX OfHO3HAYHbIX, @ TakKXe [BYX-
3HAYHbIX CTATUYECKUX XapaKTEPUCTUK U CUMMETPUYHBLIX FapMOHUYECKUX BXOA-
HbIX CUrHanoB, B [3] paeTca o6wwmii MeTon LA ONpefesieHNs OrnuCbIBaOLLMX
(PYHKUMA NpY NOMOLLM  KYCOUMO-IMHEHOW annpoKcuMaumn.

Ha npakTuke, ofHaKo, 60/bLUOe 3HAYeHME WMeeT TakXKe uccrnefoBaHue
HECUMMETPUYHBIX  KonebaHWd. HecummeTpuuHble KofebaHWs BO3HUKaOT Ha
BbIXO4e HE/IMHENHOro usieHa B TOM Cfly4yae, ecnu

a) cTaTMyeckas XapakKTepucTMKa €ero HecMMMETPUYHA;

6) ueHTp KonebaHMA BXOAHOMO FapMOHMYECKOr0 CUrHania CABWHYT NO
OTHOLLUEHWUIO K LEEHTPY CUMMETPUMA CUMMETPUYHOM CTATUYECKON XapaKTepUCTUKU;
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B) B 0OLIeM c/lydvae, Korja CTaTUYecKasl XapaKTepuUCTUMKa SIBSIETCS He-
CMMETPUYHOW U CABUHYT LIEHTP KO/ebaHWsi BXOAHOTO curHana (paboyas Touka).
B 3aTom cnyuyae, ncnosb3ysi 0603HaveHns [3], BbIXOAHOW CUFHA/ HesIMHERHOro

YJieHa
o Al(B,xQ) . () + a(B,x%) .
( ) - (O (1)

dt
rae
*.= *? + Xb;
Xb= Bsin@, (= ct);
A 1 ron

— = 2
5 Ao 21 Jo xK bl d(P (2)

NOCTOAHHAA CoCTaB/iAOLWaA pPasioXXeHna B pAn CDypbe.

a= 1% k(xb) cos pdp, (3)
nB Jo

b= 2 {Pxkxb) sin (pdp )
nB Jo

KO3(PhULMEHTBI MEPBOA FapPMOHUKM.

C NMOMOLLbK KYCOYHO-IMHENHOW annpoKCMMauum 1 B 3TOM C/lydae MOXKHO
OMpefenvTb ONMUCbIBAOLLYIO (YHKLUMIO 4715 0606LLEHHOM CTaTU4yeckol Xxapak-
TEPUCTUKN. B OTAeMbHBbIX CneunanbHbIX Cay4vasax u3 obwmx (opmysT MOXHO
NoyYnTb OMUCbIBAKOLLME (PYHKLMW MPU MOMOLLM MNPOCTOM MOACTAHOBKM, a npu
NMoMOLLKM Tabnunubl MOXXHO ONpefennTb UX LNMPOBble 3HAYEHUS.

[aHHaa paboTa CTaBUT CBOEl Le/bl0 0606WUTL METOA, paspaboTaHHbIn B
[3], &nsa cnay4dad HeCUMMETPUYHBIX KoOJs1e6aHWiA.

CnepyeT OTMeTWUTb, YTO rpaMyecKuin MeTof OnpefesieHNs1 OMUCbIBAOLLNX
(PYHKUMIA KYCOYHO-/IMHEMHbIX HeIMHEMHOCTeA paccmaTpuBaeTcs B [2]. B [6] w
[7] onucbiBaeTcsA rpadmyecknii MeTo ONpefesieHnst OMNMCbIBatOLLEN (PYHKLUMN Ha
OCHOBe MEePBOHAYa/IbHON He MPUOGIVDKEHHOM XapaKTepucTuku. Mcexoga us pa-
60Tbl Km MarH]yca (ynoMsHyTOW Mo3gHee B TeKcTe), B [4] AaeTca W3/I0XKeHMe
onucbiBaloLWed (QYyHKUUM 3HAUMTENIbHOTO 4UC/a XapakKTepuCTUK W UX CBSA3W.
Ha ocHoBe [5] B pabote [8] n3naraetca o6wWmiA MeTog onpefesieHNss OnucbiBato-
wer MyHKUMM B CNydae KyCOUHO-/IMHEMHbIX XapaKTePUCTUK OMpefeieHHOro
XxapakTepa. 3TO MOXHO cuMmTaTb B KayeCTBe 4aCTHOro pesyfnbTaTa o6Liero me-
Tofa, onucaHHoro B [3], HO pe3ynbTaTbl UMEKT [0BOJIbHO C/I0XHYIO opMmy.
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2. O6wme 3ameyaHus

MpoaHanu3npyeM cfiyyaid, Korga cTaTU4ecKasi XapaKTepucTuKa HelnHeld-
HOrO u/ieHa COOTBETCTBYET pvC. 1 M BXOLHOW CUIHas UMEET MOCTOSIHHYH COCTa-
B/SIOLLLYO.

Kak BMAHO, 3TOT cny4ail, M BooGLUe Nto6oIi cnyyali HECUMMETPUYHBIX
K0/1e6aHNin MOXKHO CBECTU K TaKOMY C/lydaro, Korja crtaTMyeckas XxapakKTepuctunka
He/IMHEHOr0 Y/ieHa SBNSIETCSA Pa3/IMUHON B KaXK0M (ha30BOM YeTBEPTU

n n
P= 0+ -

JTO MOKa3aHo B MO/IHOCTbIO 0606LLEHHOM BUae Ha puc. 2.
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3. OnpepgeneHne KoauumeHTa «bx»

Mpu onpegeneHun KoapguumeHTa b MOXHO 6b110 6bl UCMOMb30BaThL 06-
wue dopmynsl [dopmynbl (14) n (17)], BbiBefeHHble B [3], eCTeCTBEHHO, Mpu-
MEHAS MX B JaHHOM Cny4yae TOMbKO A4S KaKOi-1Mb0 OAHOM BETBM CTATMYECKOW
XapaKTepPUCTUKKN, OAHAKO B AAHHOM Cfyyae pagy MOSIHOTbl YNOMSHYTbIE 3aBUCK-
MOCTW BbIBOAATCA OT/IMYHbIM OT [3] o6pasom.

Ha ocHoBe (4)

/2 m
b(B,x1) = f Yxb)sin(pd<p+ f2(xb) sin (pdtp +
nB Jo J n2
ren2 cln
+ /3(*6) sin VAP + fi("'xb) sin V dP
S, FCosin®dP+ fiCxt)sinV
Tak Kak
Sin(p= —-,
B
dxh
9
B cos B 1-

B

*h dxb-J]f x b dkb
nB2 o )sz—Q)L S P g

B
f fA*b) X £ 2dxb+ F f 4(kb) Ve f-ab

OTcropa ecTecTBEHHO cnegyer, 4yto

fI(Xb) + TAXD) + /3 (xb) + J1(*b) YB2x] dxp9 6)

nB2
rae kpusble fi{xh n fi(xb) asnawTca kpuBbimn f3(xb) wn ft(xb), noBepHyTLIMK
BOKPYT UeHTpa KoopauHaT Ha 180° (ueHTpasibHO OTpaXkeHHOo wnu /3 un /4, pac-
cmatpuBas puc. 2 cesepxy). CnegoBaTenbHO, Kak 3To BuaHo no copmyne (5), b
MOXHO MOSlyYUTb MPU WHTErPUPOBAHUK, BbIMOIHEHHOM WAEHTUYHBIM 06pa3oM
419 (ha3oBbIX YeTBepTel, U anrebpavyeckMM CAOKEHWEM MOMYYEHHbIX Pe3sy/ib-
TaToB.

WHTerpmposaHue
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MO>XHO BBbINO/IHUTb MO0 4YacTAM

(N «>) dib = [-N*b)kag2-~ 10 +

Jo (6)
+f Bl -xiar(x.) :B(O)+ [-fel do

Jo Jo dxb

CTaTUYeCKYH XapaKTepPUCTNKY annpoKCUMUPYeM NIMHEHbIMI 0Tpe3kamu (puc. 3).

Myctb
aree) - i,
dxh

e Ha CTaTUYecKo XapaKTePUCTUKE UMEETCA KOHEUHb Il paspbiB

JL = D 6(xb—FY),
dxb Fi

rae
Fn-i < B < Fn.

(BmecTo Fn BepxHMM NpefenioM WHTErPUPOBaHUSI HeobxoaumMo B3siTb B.)
Df 3HauyeHMe paspbliBa CTATMYECKON XapaKTePUCTUKMU,

of(=[/(F,+ © -sa* ;-]
Ha ocHoBe (6) 47151 OfHOM BETBU XapaKTEPUCTUKU MOMYyUUM

rFi
k) + ! K, Y B U dxb
nB nB2
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+JRDFO-x-L)YB*~~x1<U

f(o) , .
- + ‘ i6]/B2— -f B2arc sin — +
nB a2 i K B
Fo, (7)

t+c,p”” ] = x +1'1T K H rK B

FF, I
4- arc sin —---—----- y P P 2—arc S|n--T-’-_+

B B p - B B

Tak Kak
sin (fj m

U npuMeHMB 0603HadeHns [3]

. . B
2 Ff (F1% 4 aresf2— 2 Lsmoors Gt = [ (8
n BV- 81 bJ 74 2 kl
2 1-w ° :isinZCpi:I B ©)
" B | 71 VX I

no cgopmyne (7) npu no,U,CTaHOBKe (8) n (9) nonyunm

b = f B N Df, .,/ B (10)
I I Fia ij

Bbipasus cymmy

- % = M,
F, Er,
YyUYuUTbIBasA, u4TO
B
= Al 1= 1
nonyymnm
B
M = Kn- K nk B B + .+
ALZ1) f,._i LT-~2
B B
+ F,+17n ® —F +1A + F,fc B - F, R +
Fisi F, F, 13- (H)
B B B B
+ F’_tfc _ * + eee+ F2A —K 2k +
Ri— 1-2 K
B B n—i _
+ *Ix]- - Kzk = Kn+ 2 (K ,-K itk
1=0
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[CnepyeT otmetutb, uto fc(B/FO) = 0, Tak Kak
F,= 0 u I(B/Fn)— I(BIB) — 0]

Moactaeus B (10) BbIpakeHve (11), nonyyum

b\B,Xob):rLLI S+ & ko o0+ 2
nB 41 [Ti

(K "-K "~k - o
3HauveHnsa fc(B/F,) n/(B/F/) moxHOo HainTu B [3] B Tabnuuax.* Pagu NOMHOTbI
N3/TIOKEHNSA 3TW Tabnuubl MpuBeLeHbl B MNPWUAOKEHMM (NpunoxeHus B, B).

Mo BbipaxkeHuto (1) npu nogctaHoBke (8) M (9) KOIMULMEHT «B» OMUCHI-
BatoLLei OyHKUUN B Cnyyae 060 HeNMHEMHOCTU C KYCOYHO-SIMHEMHOM CcTaTu-
YECKOW XapaKTEPUCTUKON MOXXHO MOMYYUTb TakKXe 1M B 00bIYHON aHa/IMTUYECKOM
thopme.

B uyacTHOCTM — B Cnyyae OAHO3HAYHbIX CUMMETPUYUHBLIX HENNHEAHOCTEN
N CUMMETPUYECKMX KonebaHuii no gopmyne (5):

B
b(B) = Kn+ >' (Ki- Ki+l)k (b)
i=o L £ Fi
roe, ecom FO O

,An* = 4/(°)
Fu FO ) nB nB

B cnyyae ABYX3HAUHbIX HEMHEMHOCTEl C CUMMETPUUHON CTaTUYECKON xapak-
TEPUCTUKOI, ecnin 0gHa BETBb COCTOMT M3 «», a Apyrasi U3 «T» MNpPsAMbIX OTPE3KOB,
Torga no copmyne (5) nonyymm:

dopmynsl (1a) 1 (16) naeHTUYHbI hopmynam (14) n (17) pabotsl [3].

*Tabnuua k(B/Fj) B3sATa u3 paboTbl: Magnus K.: Uber ein Verfahren zur Untersu-
chung nichtlinearer Schwingungs und Regelungs-Systeme (VDJ-Forschungsheft 451). VDI-
Verlag, Dusseldorf 1955.
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4. OnpegeneHne koathduuymeHta A0
AHaNIOrMYyHO M3M10XXEHHOMY BbIlLE HECUMMETPUYHOCTL KOMe6aHWin MoXeT

OblTb paccMOTpPeHa KaK CrefCcTBUE pas3/MyHbIX MO (hasoBbIM YETBEPTAM CTaTu-
YecKUX XapakTepuctuk (puc. 2). Mo (2) vmeem

L2y glkid<p
2n Jo
Ha ocHoBe puc. 2
rTT/2 rn r3/2n r2n
A = /[, A) dp+ f>(xb) d<p + /lMA) A + [iA) A
20 Jo Jar2 Jrc J3/2 2

AHaNOrnM4yHoO, Kak " Bbllle, 3aMeEHNB NEPEMEHHYIO, NMEEM

A= r 16 2—;

- .
BA) axp 1 IBA axn
o 1A2-7 J. KB2-*g
OTcropa

1 ,
or L INA) + 13A) ~ 3A) —IA)] Uy 25 A)

Ha ocHoBe (12) nHTerpMpoBaHue 1 B JaHHOM C/ly4ae MOXeT ObiTb OCYLLECTB/IEHO
no (asoBbIM YETBEPTAM WAEHTUYHLIM 06Pa30M.
VHTerpupysa no 4vactam, AN KadKAoi BeTBU KPUBOW MOMYUUM:

M 1 T I"1(6) %
/A)ﬁ— f=-axo — /(B) — arc sin—-d /= 2TrA"
Jo 2— 2 J no) B

B cny4dae KycOYHO-/IMHEWHOM annpokcoMaumm (puc. 3) MPUBEAEHHBbIA  BbliLLe
MHTerpan MOXHO 3anucaTb B CfefytoLlein topme

; N6)- b dl'(;(f arc sin —B—dxbz —/(B) m
» (13)
n oo I A
Ki arcsin——dxb— DRj 6(xb— F() arc sin--—- dxb
i=i Jfm B Jo B
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f(B) = DFo+ K, F, + K2(F,- F,)+ ...+ K,(F'-Fn) +
+ DPt+ ...+ Xn XF,, 1- Fn_2)+ Kn(B - Fn_j) = DFo+

14
+ F (™M~ F2+ F2(K2— K3)+ ... + F((Kj — Ki+j) + (14)
ot ot F.,)+F,B;
arc sin ——dii, = F,- F,arcsin——I-VBr — Fi —
B "I B
(15)
- F_iarcsin — YB2—F?_j| = F,(ft- V/-J,
raoe 6b110 BBefeHO 0603HauYeHue
r _
fi = F-arcsin——\YB2—F2 (16)
B
Wcnonb3ya (15) n yunteisad, uto F,,_1< B< F,, — 1 uT0 BMecTo F n BEpXHUM
npeAenoM WHTErpupoBaHus aBaseTca B, nonydunm:
< *t
\r]: arc 8LLI,--Baxh= F, B - -fnmM . Kn-l(v>n-l — Wn-2)
G 2
Kn-2 (yn-2 - Vn-3) - eee — g 22— fi) — *4 (Yol — W) =
n
—— —KnB + (F,, —Fnj)fnx+ (F,,_ ! —F, 2y>n2+ eee+
+ (KI+1-K ,)n+ ...+ (K2-K })VI+ X1B; (17)
J R . . F
—J D f,06(xb—F,)arc sin-~-dxb= —* D+f{arcsin- = V — Dk 9. (18)
Jo R 1EL B =0

MopctaBnaa B (13) BbipaxeHus (14), (17) n (18), a Takxke noactasus no (16)
BenimumHy fi, nonyyum

Y= ftINew-*) """ g m £y

- F
+K‘Bi = N ft; Ne +, - K,) lp.arCS|n_B_4_

cHiE Sl e
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L iEiaresin 1

n 1B B B

BBeaeM 0603HaYeHMe:

H ]arcsh—Fl
B 1 B

(20)
cos <§ — sm g arc cos

(Ons obneryeHns obpalleHVss NPUHUMAEM, YTO ANS «P» NEepeMeHHas MMeeT Buf
B/Fi,aHeFRJ).B.)
Mcnonb3sysa aTo, BbipaxkeHWe (19) MOXHO 3anucaTb B CregytoLLlemM Buae

K1, po) " V|
A i , - +Df, s
= 7 01 -+ - B(K,+1 F’g 2 aln (n)
roe 40) = DpQ

Mo copmyne (11) nonyunm BennuuHy KoagdmumeHTa AO AN OGHON BETBM
CTaTUYeCKOW XapaKTepuCTMKW. KOHeUHbI pesynbTaT NS BCEA CTATUYECKOl
XapaKTepPUCTUKN MONyYaeTca npu cnoxeHun no (12) pe3ynbTatoB, MOAYYEHHbIX
4N OTAeNbHbIX BETBEN XapaKTepucTUKW. B cnyyae OfHO3HAYHOM CTATMYECKON
xapakTepuctukn , = /2-/3= /4 n

A =B {W_ K?) +i-Lfl0)- f o)

n— B 1
B(K1+1-K,)p + DFi 11 (Ma)
1=1 2 n

_, B(Kh+l~K hp 4.

rae VHAEKCbl <h» U «G» JeCTBUTENbHbI A5 NPaBOi CTOPOHbI CTATUYECKON Xapak-
TEPUCTUKN WU, COOTBETCTBEHHO, [ N1eBOM, NOBEPHYTOM Ha 180° (1 cocTosALlel u3
«™ OTPE3KOB).

3HaueHus ¢yHkumn p{BjFi) MoxxHOo cBecTu B Tabnuuy. Takaa Tabnuua
npusegeHa B npuaoxeHun (MpunoxeHue A).

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



OMUCBLIBAIOLWWNE ®YHKLUUWN HENUHEWHOCTEN 317

5. OnpegeneHve KoapguumeHTa a

MycTb aHanorM4yHo YMOMSHYTOMY Bbllle CTaTMYeCKass XapaKTepucTuka
HeIMHERHOro 4neHa 6yfeT pasnM4YHoOM No (ha3oBbIM 4YeTBepTAM (puc. 4).

Ha ocHoBe chopmynbl (3) nmeem

ran 1 rx*(2n)

1 1 rrs
a= —— xkoosfpa<p = — - xkdxb= —— \\ ffa) dxb
nB Jo P nB1J &0 nB2 (Jo )

(21)

+ [ M*b)d*b+ I fa(*b)d*b+[ fA*b)d*b m
JB Jo J-8

BblpakeHune, B3ATOe B CKOOKM {}, COOTBETCTBYET 3alLUTPUXOBAHHOW Ha puc. 4
naowaan u B faHHOM c/lydae MMeeT OTpuvuUaTeNbHbI 3HaK. (Booblue 3TOT 3HaK
3aBUCUT OT HampaB/eHUss 06xofa KpwuBOii.) ITy NAoOWadb MOXHO Nerko ornpe-
JeNMUTb rpaduyecKUM MeToaoM. AHaNIMTUYECKUIA MeTof onpefeneHnst Koaddu-
LUMeHTa a W3faraeTcs HUXe.

ANNPOKCOMUPYEM XapaKTEPUCTUKY KYCOUYHO-IMHEIRHO YKa3aHHbIM Ha puc. 5
06pa3oM, HeCKONbKO OTK/IOHSISICb OT MPMMEHsIBLLIEroca [0 cCUX Mop croco6a
0603HaYeHNs

(s = T n).

OcyLuecTBMM MHTErpypoBaHue, ykKasaHHoe B (21), TONbKo AN npasoii
CTOPOHbI XapaKTepUCTUKMN.

Camo co6ol0 pasymeeTcsl, 4TO A/1S JieBOM CTOPOHbI PUCYHKa rocse MoBo-
poTa Ha 180° (UeHTpaslbHOE OTpa’KeHWe) BbIBOAbI OyAyT MOMIHOCTLIO [EeNCcTBU-
TeNbHbIMW.
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BBegem 0603HaYeHME:

1'= M(**)dxb+ J O/Zﬁ%d)(b,

Puc. 5

Taknum 06pas3om Mosyynm:
1' = JH[/1(0) + K, xb] dxb+ JE\NT + K, F, +
+ K2(xb- FJldxb+ ...+ IMA[ T + (K,- K2+
+ (X2—K3R2-f ... + X, + Df, + Kitl(xb—T))] + ...+

+ \l [N)+ (K,- KF+ ... + Kn=e- B)] dxb+

+ JAWi/i(0) + (K1~ K 2F1l+ ... + Df,+ ... + KnB- Fn_2 +
+ DB+ Kn+l(xb— B)]dij + ... + FFm [/i(0) +

+ Xx—K2)H+ ... + DF+ ...+ (Kn—Kn+)B DB+

+ (Fnti —Kn+2) Fn+l + ... + Kg(xb Fs_j)] dxb.

BbinosiHMB MHTErpmnpoBaHne w1 ceega WAEHTUYHbIE YNEHbIl, MOosydaem Bblpa'
>XeHune

o= — (K,+1- X,)Ff+ Ji- Df Ft- BDB (22)
1- 1

rge Fn_: < B < Fn; B hopmyny (22) Bmecto Fn HeobxoguMo MOACTaBUTL B.

Ji = [(K, - KJFL+ (K2- K JF2+ ... + (K-- KH)F](ij+- F).
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BbInonHuM cnoxkeHne Jt:
Ji= (*1 - - -PI);
n o= [(K,- K3F1+ (K2- K3)F2] (F, - F2
J3= [(K, - K2F2+ (K2- K3F2+ (K3- K4F3 (F4- F3);
n_2= [(K,- k2f4+ (K2- K3IF2+ ...+ (Ks_2-
Pi—) P,_ 2 (Fs—=2— Fs—);
gJt = (Pi- P2PiPs-i+ (P2- KJF2Fs™ + ... +
+ (Ps_2- K,.,) Fs_2Fs_I' + (K2- K2 F\+

+ {K3- K)FIl+ ...+ (Ks_2- Ks 2F|_2 (23)
Tak kKak Fs= 0, noatomy

Js-1= [(Pi- K2)F, + (K2- K3 F2+ ...+ (Ps-2- P-i) P.-a+
+ (P5x- F9F..J (0- Fs_X.

Mo (23) u (24) nonydaem

2Ji=2(P,+i-P/)FF. (25)
=1 =1

B topmyne (22) umeem (cm. puc. 4 u 5)

DB=U B )-Ji(B); (26)
a) FA0) + PSRBX+PiHi P. - PH)+ eeet
+ Pfi+i (P — Pfi+i) + Pf :

fi(P) = /i(0) + PiPi+ P2P2- Pi)+ K3(F3- F)+ ... +

+ Kn(B-Fn 1)+ p? DT,

MoactaBnsas B BblpaxkeHue (26) / XP) u /2AP), umeem

Db=/20) -/,(0) + (p2- Pi)Pi+ (p3- P2P2+ e .+
+ (%, - *,_DPnl+ (pav1- P,)5 + {KmM2- Ft)Ftl+  (27)
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+ ..+ (Kj-i- Ks_ 2Fs 2+ (K5- Ks j)is-i=/20)-/1(0) +

' ICT- X)F+ "o+ Voo

I=s-1

B dopmyne (27) F,,_x< B < F,, u Bmecto F,, crnegyet nucatb B.
MoacTtaBuB B BblpaxkeHWe (22) BblpadkeHUS (25) u (27) v BbINONHUB anreo6-
panyeckoe C/IOXEHMWE, MOSYUUM:

r:éN_[(K‘h‘-KdW-DF* Bm - m o+

28
s—1 n+l n— (28)
+ 2 (K41~ 7Y V- DFI+ 2 »Fi-
1=1 z=s—

Ha ocHoBe (21), yunTbiBas BblpaxeHus (22) u, COOTBETCTBEHHO (25), 3HaueHue
a Ans MpaBoOil CTOPOHbl XapaKTepUCTUKK OyaeT:

! (Ki+l- Kj) F-12_ DHF, R b (111)
711i=i B B2 B
N3 (llla), yuutbiBas (27)
Kt+1- K F? 2 F
- t+1- Hn — _2—-
% = -I'I\|?:i { ) 52 5
{an
n+l n—
Of F, 12(0)-/x (0) 2 ,Dpi+ 2 Df<
B2 B E

Ha ocHose topmynbl (I11) MOXHO onpefenuTb OKOHYaTeNIbHOE 3HaudeHWe Ko3g-
thuymeHTta a. Kak yxke rosopuiocb Bble

a= al+ ab. (29)

B cnyyae CMMMETPUYHOM HENMHEMHOCTM Tuna NeTan rucTepesnca U CMMMETPUY-
HOro KosnebaHus, BcneacTBme Toro, 4to DB = 0 u ai —ab no dopmyne (La)
Noy4YnMm:

Kitl- K) 2br.F ()
- i+l - K,
T A ( ) B B2

dopmyna (Illb) coBnagaet ¢ copmynoii [3], MOAy4eHHOR AN 3TOro Xe ciay4vas
[hopmyna (20)].
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6. BbIBOAbI

|-|pl/l FapMOHI/I‘-IeCKOVI NMHeapunsaunn Ha BbIXoae HeIMHENHOro YneHa nopg
BOS,EI.GI?’ICTBVIGM rapMoOHM4YecKoro curHasia B O6LLI,€M cny4yae nosBnsAeTcA BleO,EI,HOI7I
CUTHan

XKO0 — (>» B) + bbl,B) ! B)

B cTaTbe gaeTcA o6WMiA MeTOf OnpefesieHnst Ko3MUUMEHTOB «A,» «>» 1
«a».

Tenepb 0606LLUMM 3TU METOAbI.

Mpn onpegeneHnn b n A0 cTaTnyeckas XxapaKTepUCTUKa HEMHENHOro yne-
Ha pa3buBaeTCs Ha YeTblpe BETBM KPUBOW BMpPaBO M B/EBO OT MPAMOR «b». [o-
BEPHEM JIEBOCTOPOHHME BETBM KPMBOA Ha 180°, TO eCTb MpaByk MOAYM/I0CKOCTb
(PMCYHOK cnepyeT paccMaTpuBaTb CBEpPXY, CM. puc. 2). BeTBu kpuBoili pasbusa-
IOTCA Ha JIMHEelHble OTPe3KM M MOCNeAHVMM MPUAA0TCA 0603HaYeHWs, YKas3aHHble
Ha puc. 3.

Mo copmyne (1), Ans ofgHo BETBU KPWUBOW, OMNPEAENsieTcs KoaPPUUNEHT
b a no copmyne (11) A0. KoathdpuumeHTbl cknagbisaoTca no (5) U COOTBETCTBEHHO
no (12). 310 AnA b 03HAYaeT C/I0XKEeHWE Pe3ysibTaToB, MOMYYeHHbIX ANA OTAeNb-
HbIX BeTBeil KpuBoi. B cnydae AQ pesynbTar, MOMAYYeHHbIA 415 NOBEPHYTbIX
Ha 180° BeTBell KPWBOWN, HEO6XOAUMO BbIYeCTb M3 pesyfbTara, MoYyHeHHOro Ans
OCTaBLUMXCA Ha MeCTe BeTBeli KpPUBOIA.

UuncnoBble pacyeTbl B 60MbLUOA Mepe 06/7ervaroTcs COCTaBEHHbIMU Tab-
nvuamun. OgHako, npu >kenaHun b un AO0MOXHO MOAY4YUTb B NOMHOCTLIO pas3Bep-
HYTOM Buge Npu NoacTaHoBKe Mo opmynam (8), (9) mn (20) BbipaxkeHuii K (B/F)),
KBIFi) n p(BIFj). Mpu onpegeneHun «o» cTaTU4eckKas XapaKTepucTuka Heu-
HeliHOro uneHa ToXe pas3byBaeTCA YKas3aHHbIM Bbllle CNoco6oM Ha BETBU Kpu-
BOW, MOC/MefHME pacceKarTcs MpsMbIMM Xb— B) — B (puc. 4), a nosy4yeHHble
KpuBble annpoKCUMUPYIOTCA C NIMHERHBbIMU O0Tpe3KaMn 1 0603Ha4vatoTes no puc. 5.
JleBYl0O CTOPOHY XapakKTepMCTUKU YKasaHHbIM paHee 00pa3oM MNepeBepHeM Ha
NPaBOCTOPOHHIOK MOMYMI0CKOCTb. A5 ABYX 3aMKHYTbIX KpuBbix no (I11) wvan
(I11a) onpegensatoTca 0; U ab. [MonyyeHHble pe3ynbTaTbl CnarakTCs.

Ona ofHO3HauHbIX CTaTU4YeCKMX XapakTepuctuk a = 0. Korga sawTpwu-
XOBaHHYH «MepeKpbITyo» nowanb (prc. 4) MOXHO NerKo BbIUUCAUTL (MK Xe
B C/y4yae, KOrga npollie HernocpeiCcTBEHHO M3MePWUTb 3Ty nowafp), Torga 3Ha-
YyeHMe a LefnecoobpasHo BbMUCAUTL MO Gopmyne (21).

BbiBegeHHble (hOPMY/ibl MOXHO MPUMEHATL M B C/lyvae BCTPevaroLLmxcs
Ha npakTuke 6onee NpPocTbix cny4aeB. (B oTHoweHwe 3atoro B IV-oM npwuno-
YKEHUWN MpPUBEAEHO HECKOSIbKO MNPYMEPOB.)

*

HakoHewu, aBTOp [faHHOlM paboTbl BblpaXaeT CBOK 6narofapHocTb npod.
4-py. @®. Yaku 3a MpocMOTP PYKOMUCWU U 3a LEHHbIE COBETHI.
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B/Fi

~N O o1 B wWw N e

10
1

13
14
15
16
17
18
19

0,0000
0,1090
0,1695
0,2033
0,2247
0,2394
0,2501
0,2583
0,2647
0,2699
0,2742
0,2778
0,2808
0,2834
0,2857
0,2877
0,2895
0,2910
0,2924

0,0083
0,1170
0,1737
0,2059
0,2264
0,2406
0,2510
0,2590
0,2653
0,2704
0,2745
0,2781
0,2811
0,2837
0,2859
0,2879
0,2896
0,2912
0,2925

0,0206
0,1245
0,1777
0,2083
0,2281
0,2418
0,2519
0,2597
0,2658
0,2708
0,2749
0,2784
0,2813
0,2839
0,2861
0,2881
0,2898
0,2913
0,2927

MPNJTOXXEHWE A

LleHa peneHus 0,1

0,0337
0,1315
0,1815
0,2107
0,2297
0,2429
0,2528
0,2604
0,2664
0,2713
0,2753
0,2787
0,2816
0,2841
0,2863
0,2883
0,2899
0,2915
0,2929

Ta6bnuuya p(B/Fi)

0,0465
0,1380
0,1851
0,2129
0,2312
0,2441
0,2537
0,2611
0,2669
0,2717
0,2757
0,2790
0,2819
0,2844
0,2865
0,2884
0,2901
0,2916
0,2930

0,0588
0,1441
0,1885
0,2150
0,2327
0,2452
0,2545
0,2617
0,2674
0,2722
0,2760
0,2793
0,2821
0,2846
0,2867
0,2886
0,2903
0,2918
0,2931

0,0703
0,1498
0,1918
0,2172
0,2341
0,2462
0,2553
0,2623
0,2680
0,2726
0,2764
0,2796
0,2824
0,2848
0,2869
0,2888
0,2904
0,2919
0,2932

0,0810
0,1552
0,1949
0,2191
0,2355
0,2472
0,2560
0,2629
0,2685
0,2730
0,2767
0,2799
0,2826
0,2850
0,2871
0,2889
0,2906
0,2920
0,2933

0,0910
0,1603
0,1978
0,2211
0,2369
0,2482
0,2568
0,2635
0,2690
0,2734
0,2771
0,2802
0,2829
0,2852
0,2873
0,2891
0,2907
0,2922
0,2935

0,1003
0,1650
0,2006
0,2229
0,2382
0,2491
0,2576
0,2641
0,2694
0,2738
0,2774
0,2805
0,2832
0,2855
0,2875
0,2892
0,2908
0,2923
0,2936

443
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20
30
40
50
60
70
80
90

100

0,2937
0,3018
0,3059
0,3084
0,3100
0,3112
0,3121
0,3128

0,3133

0,2949
0,3023
0,3062
0,3086
0,3102
0,3113
0,3122
0,3128

0,3138

[MpumeyaHue:

Mpumepsbl:

0,2959
0,3028
0,3065
0,3088
0,3103
0,3114
0,3122
0,3129

0,3142

0,2969
0,3033
0,3067
0,3089
0,3104
0,3115
0,3123
0,3130

LleHa peneHunsa 10

0,3145

B/F.-*o00,

1. B/F.-
2. J3/F,
3. B/Fi

LleHa genennsa 1

0,2977
0,3038
0,3070
0,3091
0,3106
0,3116
0,3124
0,3130

0,3148

P —f(B/Fi)

p-3--—= 0,3183L.
n

0,2986
0,3041
0,3073
0,3093
0,3107
0,3117
0,3124
0,3131

0,3150

71, p = 0,2510;
71, p = 0,3113;
140, p = 0,3148.

0,2993
0,3045
0,3075
0,3094
0,3108
0,3117
0,3125
0,3131

0,3152

0,3000
0,3049
0,3077
0,3096
0,3109
0,3118
0,3126
0,3132

0,3154

0,3007
0,3053
0,3080
0,3098
0,3110
0,3119
0,3126
0,3132

0,3156

0,3013
0,3056
0,3082
0,3099
0,3111
0,3120
0,3127
0,3133

0,3157
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1
12
13
14
15
16
17
18
19

1,00000
0,60900
0,41642
0,31496
0,25294
0,21122
0,18127
0,15874
0,14118
0,12711
0,11559
0,10598
0,09784
0,09087
0,08482
0,07952
0,07485
0,07070
0,06698

0,96755
0,58254
0,40348
0,30744
0,24804
0,20779
0,17873
0,15679
0,13963
0,12586
0,11455
0,10511
0,09710
0,09022
0,08426
0,07903
0,07441
0,07031
0,06663

0,92937
0,55815
0,39131
0,30026
0,24333
0,20447
0,17627
0,15489
0,13812
0,12463
0,11353
0,10425
0,09636
0,08959
0,08370
0,07854
0,07398
0,06992
0,06628

MPNITOXEHWE B

0,87163
0,53561
0,36984
0,29341
0,23880
0,20125
0,17387
0,15303
0,13664
0,12342
0,11253
0,10340
0,09564
0,08896
0,08316
0,07806
0,07356
0,06954
0,06594

Tabnuua k(B/Fi)

LleHa feneHus

0,82474
0,51474
0,36901
0,28686
0,23443
0,19813
0,17153
0,15122
0,13519
0,12224
0,11154
0,10257
0,09493
0,08835
0,08262
0,07759
0,07313
0,06916
0,06560

0,78090
0,49537
0,35877
0,28059
0,23022
0,19511
0,16926
0,14945
0,13378
0,12108
0,11058
0,10175
0,09423
0,08774
0,08209
0,07712
0,07272
0,06879
0,06526

0,74040
0,47735
0,34907
0,27459
0,22615
0,19217
0,16704
0,14772
0,13239
0,11994
0,10962
0,10094
0,09353
0,08714
0,08156
0,07665
0,07230
0,06842
0,06493

0,70319
0,46055
0,33988
0,26884
0,22222
0,18933
0,16489
0,14603
0,13103
0,11882
0,10869
0,10015
0,09285
0,08655
0,08104
0,07620
0,07190
0,06805
0,06460

0,66906
0,44487
0,33115
0,26333
0,21843
0,18656
0,16279
0,14437
0,12969
0,11772
0,10777
0,09937
0,09218
0,08596
0,08053
0,07574
0,07149
0,06769
0,06428

0,63775
0,43018
0,32286
0,25803
0,21476
0,18388
0,16074
0,14276
0,12839
0,11665
0,10687
0,09860
0,09152
0,08539
0,08002
0,07529
0,07109
0,06733
0,06395

1443
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20
30
40
50
60
70
80
90

100

0,06363
0,04243
0,03183
0,02546
0,02122
0,01819
0,01591
0,01415

0,01273

0,06061
0,04106
0,03105
0,02496
0,02087
0,01793
0,01572
0,01399

I 0,01157

Mpumepsl :

0,05785
0,03978
0,03031
0,02448
0,02053
0,01768
0,01553
0,01384

0,01061

Llena peneHmns 1

0,05534 0,05303 0,05092
0,03858 0,03744 0,03637
0,02961 0,02893 0,02829
0,02402 0,02358 0,02315
0,02021 0,01989 0,01959
0,01744 0,01720 0,01697
0,01534 0,01516 0,01498
0,01369 0,01354 0,01340

LleHa peneHus 10

0,00979 0,00909 0,00849

kK =f(B/Fj)
1L B,F =171, kK = 0,17873;
2. BfFj = 71, kK = 0,01793;
3. B/Fi = 140, k = 0,009009.

0,04896
0,03537
0,02768
0,02273
0,01929
0,01675
0,01480
0,01326

0,00796

0,04715
0,03441
0,02709
0,02233
0,01900
0,01653
0,01463
0,01313

0,00749

0,04546
0,03350
0,02652
0,02195
0,01872
0,01632
0,01447
0,01299

0,00707

0,04389
0,03264
0,02598
0,02158
0,01845
0,01612
0,01430
0,01286

0,00670
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B/F.-

© o ~N o U W N R

= [ e
I N o O =

MpumeyaHue :

Mpumepsbl:

0,5513
0,4002
0,3081
0,2495
0,2093
0,1801
0,1579
0,1406
0,1266
0,1152
0,1057
0,0976
0,0907
0,0847

Ecnn B/F,-> 16, Toraa 3HadyeHuMs 1= k MOXHO OnpefenuTb, ucnonb3ys Ttaénuuy k = f (B/F,-).

0,4822
0,5332
0,3889
0,3011
0,2447
0,2058
0,1776
0,1560
0,1390
0,1254
0,1142
0,1049
0,0968
0,0901
0,0842

0,5865
0,5155
0,3781
0,2944
0,2403
0,2026
0,1751
0,1541
0,1375
0,1242
0,1132
0,1042
0,0961
0,0894
0,0836

NMPNNOXEHWE B
Ta6bnuua I(B/Fi)

0,6258
0,4986
0,3677
0,2879
0,2359
0,1994
0,1726
0,1523
0,1361
0,1230
0,1122
0,1031
0,0954
0,0887
0,0831

1 B/F,-= 71,
2. BIF-= 71,
3. B/F,- = 140,

LleHa peneHus

0,6365
0,4822
0,3578
0,2819
0,2317
0,1963
0,1703
0,1505
0,1348
0,1218
0,1112
0,1023
0,0947
0,0881
0,0826

0,6327
0,4668
0,3485
0,2758
0,2277
0,1935
0,1682
0,1487
0,1334
0,1206
0,1103
0,1015
0,0940
0,0875
0,0820

1= 0,1776;
1= 0,01793
1= 0,00909

0,6212
0,4521
0,3398
0,2703
0,2238
0,1906
0,1661
0,1471
0,1320
0,1195
0,1094
0,1008
0,0933
0,0869
0,0814

0,6057
0,4381
0,3313
0,2649
0,2200
0,1879
0,1641
0,1454
0,1306
0,1185
0,1085
0,1000
0,0927
0,0863
0,0809

0,5882
0,4246
0,3231
0,2594
0,2164
0,1853
0,1620
0,1437
0,1293
0,1173
0,1075
0,0992
0,0921
0,0858
0,0804

Ha ocHoBe Tabnuubl fc=/(B/F,-).

0,5698
0,4122
0,3154
0,2543
0,2128
0,1826
0,1600
0,1422
0,1279
0,1162
0,1065
0,0984
0,0914
0,0852
0,0799
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ONUCLIBAIOWWNE dYHKLUWN HENVUHEWHOCTEN 327

MNMPUNOXEHWNE I
MpvmepsbI

1 CUMMETPUYHasi cTaTMyeckasl XapaKTepuUCTUKa C MepeMeHHbIM KO3(P(ULMEHTOM YyCu-
NIEHNS1 C HECUMMETPUYHBLIM BXOAHbIM CUrHasiom (cM. puc. 6). Mo (1) n (5) nmeem

L||B'4)'y (K:+K,+(K,' Kv)k(‘J_] -'(K,' Kv)*(A) .(K,' K,)K[-|')|

Bnuwem no (8) BbipaxeHue k(B/F(), ¢ Lenbio nonyyeHUst B NpuBbIYHONA hopme KoadhduumeHTa 6

b(BX'b) = y |K2+ K3+ (K2- K3 L [Fgé)ﬂ’ - (a-4ar

+ arcsinPe—41 4 (k1 2 fFJ —4 \[n (Fi- sy

£ arc sin Pl B4 1\] 4 (JC‘. **>¥Z [“? -B—4 rﬂ I \J’ t arc Sln I\]\]
Ecnm F°< 4 + B< F?
F2<B- 4 < f;

Torga B MOMHOCTLIO Pa3BePHYTON hopme

1<, 4) - K, +J0-(x, - K)[(Fi- *a 1- (*% *~Y

4

-f- arc sin *
B ]m

FI-XI. 4 arc sin FI
B
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Ha ocHoBe (Ha) npwu
Fe<4 +B < F",
F,< B- 4 < Fi;
AB,4) = 4+B(K3- KJp[A] +8 (K2- k,)p (Aj - B(K2- k,)P (A].

Bnncas no copmyne (20) BbipaxkeHue p(B[F), nonyunm

Lrifi (Fi—apin 4 F2 s 1,
ALrl N i B 2J) +
1 (Fi - 4j2 »-4JF F? - Xt

B (K. Dip~ | 5 Jl+ B arc sm----F 'ZJ]+
1\\1 (Fi+ 4 b o+ 4 i . F7+4 "
7lL[r_{ B jrz B I B f'!]%

Ecnn
Fi<B+4 <Fi'
Fi< B - x°< Fi

BbinonHus anre6paV|L|eCKoe C/1I0XKeHWMe, nonyvymm

Aa= Kra B(K2- K1 r]/i A-AZ T i £A

A { 8 1 J
Fi- 4 -arc st Lt b >+ 4 arc sin F2+ 4
B *m TR B B |

Heo6xo,q|/| MO OTMETI/ITb, YTO TOYHO TakuM Xe 06pa30M cneagyeT noctynatb U B cslydae HECUMMET-

pVIHHOIZ CTaTMYeCKOM XapaKTeEPUCTUKN.
2. CUMMETpUYHAA cTaTu4vecKasl XapakTepucTuka c 30HOM HeYyBCTBUTEJ/IBHOCTU, Yy4acT-

KOM HacbllweHmsa (cm. puc. 7). Ha ocHose (1) n (5) nmeem

n-T-3

FrEf-xg
F-H-xi
Fi-Ffag
Fi=F2+x°b

AH D -mnlTTA o)
2[R T 2, Rrar Firdp.

n L B 1 8 Jj°
Fi- 4 ] iFl--4' Fi+ 4 X6\
B B Y] | F K
. . o .
arc S|.n ----- . 3 arc sin ':I—-f} arc sm I:'B 4 —arc sin F g 4 :jL
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Ha ocHoge (Ma) nonyyaem

bul+

CraTuyeckas xapakTepucTukKa Tuna neTnnm rucrepesnca € y4acTKOM HacbILeHUA

3.
(puc. 8).
Ha ocHoBe (1) n (5) nmeem

b= ~rs U1(0) +/r(0) +/3°(0) +/1<°)] + T [Kk (~-) +

“(r2) I )=k ()]
afftty FRYRoon F

SATap [1EYy Tum pogd)
Fl-xl  F+d 8

+ arcsin ————--- f-arc sin -———---—------- ¥ arc sin
B B B |—B ]m
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Ha ocHose (II) un (12) nonyuyaem

al0=y [n<>+N1(°) - BKP (“17) - BKP(~r) + BKP (*5>) + BKP (~r)].
1.(0) = - « (c - 4),
/20) = K(F« - ©),
N(0) +/20) = K(x°b + d)i

Ky

*b

13
*h
F*> F<3>
-.-#[K T Y - m -
x f-dy, -F?+ 4 Fr+ 4
-n 1! arc sin
B
'|'—4—+—d arc sin* 29 B2 e P ;4 4 i 94rc sin XD
B B B B B B |m

B pgaHHOM cnyyae ,,a” MOXHO 04eHb MPOCTO ONpeAenuTh Mo Nowaay NeTam rucrepesmca
Ha ocHoBe (21)
4c(F° —c) K
a-~ n Bl

M3 3TOro npvmMepa BMAHO, YTO MPW MOMOLLM TabauL, MOXHO O4YeHb MPOCTO OCYLLECTBUTH
onpeseneHve NapamMeTpoB BbIXOAHOIO KonebaHus, HO Moc/ie BbIMNOSHEHUSI NOACTAHOBOK MOXHO
nonyynTb Takxke NPUBbIYHBbIE (hOPMbI B BUAe opMyn 6e3 KaKuMx-nnbo 3aTpygHeHUn 1 Hemea-
JIEHHO B CamMoOM MpOCTOM BUfe.

(CTaHOBUTCSI BO3MOXHbIM OCYLLEECTBUTb MHTEPECHOE CpPaBHEHWe C BbIBOJAMW U MOSY-
YeHHbIMW pe3ynbTaTamu 71 3TOF0 XXe C/yyasi, yKasaHHbIMKU B [1].)

4. PeneiiHasn xapaKTepucTUKa C MeTneil rucrepesnca, HECUMMETPUUHbIE KonebaHus
(puc. 9).

Ha ocHoBe (I) n (5) 6ygeTt
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noactaBmB Ha ocHoBe (9) BblpaxeHune ans 1(B/F(), nonyumm:

“£[F(tbl +-\— bm J
Ha ocHoBe (I1) n (12) wmeem

n ~ N .me | xb . c—xb . me —Xb
An= .—— larc sin =— ———f- arc sin——-———-——arc Sif — —-—mmem arc sin ]
.- H a n i)

iM |m

Ha ocHoBe (21) nonyyum

2e(l - m)D
nBr
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DESCRIBING FUNCTIONS OF NON-LINEARITIES WITH
PIECEWISE LINEAR CHARACTERISTICS

J. SOMLO
SUMMARY

The paper deals with theharmoniclinearizationof non-linearities in the completely gener-
al case. With the aid of the deduced formulae the parameters of the constant component and
of the first harmonic of the signal appearing on the output of any non-linearity having a
piecewise linear characteristic can be obtained under the action of a signal with a constant
and harmonic components acting on the input, The results can be got by simple substitutions
either in analytic form (formulae) or, with the aid of tables, in a numerical form. Symmetrical
oscillations are a special case for which the calculations are fully valid (and produce the
describing function the non-linear characteristic). For this case the results agree with those of
an earlier paper of the author.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



332 A womno

FUNKTIONEN FUR DIE BESCHREIBUNG VON NICHTLINEARITATEN MIT DURCH
GERADENABSCHNITTE ANGENAHERTER KENNLINIE

J. SOMLO

ZUSAMMENFASSUNG

Die Arbeit befalt sich mit der harmonischen Linearisierung von Nichtlinearitaten im
vollkommen allgemeinen Fall. Mit Hilfe der abgeleiteten Formeln kdnnen fir eine beliebige
Nichtlinearitdt mit durch Geradenabschnitte angendherter statischer Kennlinie die Parameter
der konstanten Komponente und der ersten Harmonischen des am Ausgang — unter der Wiir-
kung des am Eingang des nichtlinearen Gliedes wirkenden Signals mit konstanter und mit har-
monischer Komponente — erscheinenden Signals bestimmt werden. Die Ergebnisse kénnen
durch einfache Substitutionen sowohl in analytischer Form (Formeln) als auch mit Hilfe von
Tabellen numerisch erhalten werden. Symmetrische Schwingungen erscheinen als Sonderfall,
fir welchen die Ableitungen voll gelten (und die nichtlineare Kennlinie beschreibenden Funk-
tionen ergeben). Fur diesen Fall stimmen die Ergebnisse mit denen der friheren Arbeit des
Verfassers Uberein.

FONCTIONS DECRIVANT DES NON-LINEARITES A CARACTERISTIQUE APPROCHEE
PAR DES SECTIONS DROITES

J. SOMLO
RESUME

L’étude traite de la linéarisation harmonique des non-linéarités dans le cas le plus
général. A I’aide des formules obtenues on peut calculer, dans le cas de n’'importe quelle non-
linéarité & caractéristique statique approchée par des sections droites, la composante constante
et les parametres de la premiére harmonique du signal périodique, signal qui apparait a la
sortie sous I’action du signal & composantes constante et harmonique, agissant a I’entrée. Les
résultats peuvent étre obtenus par simples substitutions, soit sous une forme analytique (for-
mules), soit sous forme numérique, a I’aide de tableaux. Les oscillations symétriques figurent
comme un cas particulier, pour lequel les calculs sont pleinement valables (et donnent la fonc-
tion décrivant la caractéristique non-linéaire). Pour ce cas, les résultats concordent avec ceux
d’un travail antérieur de l'auteur.
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EFFECT OF NEUTRAL LOOSENING OF A 120 KV
NETWORK UPON THE OVERVOLTAGE PROTECTION OF
TRANSFORMERS

GY. VAIDA
DOCTOR OF TECHN. SC.
MINISTRY OF HEAVY INDUSTRIES
AND

S. CSIDA

INSTITUTE FOR ELECTRICAL POWER RESEARCH, BUDAPEST

[Manuscript received February 11, 1964]

The Hungarian 120 kV system is an effectively earthed one. The rapid extension of the
interconnected system has led to a sudden rise in the short-circuit power and has in some places
necessitated the reduction of the earth-fault currents. For this aim a practicable solution is,
among others, the loosening of the neutral earthing, when on disconnecting the earthing of a
part of the transformers the neutral is left isolated or earthed through a reactor, while the other
transformers of the system are working further with a directly earthed neutral. By a suitable
selection of the reactances it may be assured, that the network should further remain effectively
earthed; in case of a phase-to-earth fault the voltage to earth of the sound phases does not rise
to a higher value than 80% of the phase-to-phase voltage. As a consequence of offsetting the
direct earthing, the neutral voltage rises with respect to the earth in certain cases. In the inter-
est of operational safety it had to be examined, what the effect of the electrical stresses upon
the insulation is and by what kinds of overvoltage protecting measures could these be limited
to a reasonable value.

I. The permissible stresses of the neutral insulation

The Hungarian 120 kV transformers are produced with a graded insula-
tion towards the neutral. Dimensioning of the insulated to earth of the trans-
former winding in the neutral is determined by the fact, that to some trans-
formers a regulating transformer is connected. In this case 66 kV power fre-
quency withstand voltage is prescribed by the Hungarian standard [1], a
similar value follows from the corresponding IEC recommendation. For the
same withstand voltage are realized the regulating transformer and the neutral
reactor, too.

Regarding the neutral and the objects connected to it, neither operating,
nor rated voltage can be indicated. The permissible stresses can be estimated
only on the basis of the withstand voltage.

Under normal operational conditions the stress of the neutral is not
considerable, the stresses endangering the insulation may arise in case of inter-
nal and atmospherical overvoltages. In case of internal overvoltages it may
generally be assured that even the highest stress arising should not exceed
the crest value of the 50-cycle withstand voltage. The extent of loosening is
often limited just by this requirement. If, e.g., in view of the D.C. component,
30 kVr_ms is permitted for the voltage rise in the neutral caused by the sub-
transient a.c. component of the single-phase earth-fault current, this voltage
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often appears at a smaller X 00X1 proportion than XJX 1= 3 [2], which is
the limit of the system effective earthing.

The most unfavourable stresses for the neutral can arise in case of atmos-
pheric overvoltages. For the neutral and the elements connected to it, no im-
pulse-test is prescribed. The permissible stress may be estimated by interpolat-
ing the usual withstand voltages, the value calculated according to Table I is
162 kV.

Table |

Power-frequency and impulse test voltages

Un rated volt- Ul @ power fre-  Utimp impulse

age, kVr.m.B quency test volt-  test voltage, impWt s®
' o age, kVr.m>s. kVpeak
20 50 125 2,5

neutral 66 162 2,45
30 70 170 2,43
35 80 190 2,37

For the main insulation of 120 kV transformers an impulse test of 520 kV
is prescribed by the co-ordination standard. Consequently, it is to be assured
that under the effect of an impulse voltage of 520 kV arriving to the 120 kV
terminals, no crest voltage exceeding 162 kV, i.e. 31% of the incoming surge
should appear in the neutral.

The stress of the turn insulation greatly depends on the rate of rise of sur-
ges. Under the effect of surges with a 1/50 waveshape, appearing at the 120 kV
terminals, voltage oscillations appear in the undirectly earthed neutral, of
which the rate of rise is 1 or 2 orders of magnitude smaller than that of the
front of the incoming surge. Thus, neither the insulation of the transformer
nor that of the reactor is exposed to danger.

Il. Determination of the overvoltage stress of the neutral

From the point of view of tests the following combinations may be met
with:

a) The neutral of the main transformers is earthed;

b) the neutral of the main transformers is isolated;

¢) the neutral of the main transformers is earthed through a reactor;

d) aregulating transformer, the neutral of which is earthed, is connected
to the main transformer;

e) aregulating transformer isjoined to the main transformer, the neutral
of which is earthed through a reactor;

f) a number of transformers are earthed through a common reactor.
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According to more detailed tests, the secondary-side loading [3] of the
main transformer and the position of the regulating transformer [4] do not
influence the stress of the neutral, so these questions may be neglected in the
following.

Determination of the competent stresses has partly been realized by
measurements and partly by calculations.

1. Measurement of the stresses

The measurements have been carried out with different circuits on a
number of stations. The surge entering the station was furnished with a low-
voltage, repetitive surge generator. According to preliminary tests, the distri-
bution of the overvoltages is, from a practical point of view, the same both
at high and low voltage. Magnitude and form of the arising voltages were re-
corded by a cathode-ray oscillograph. The transformers, neutral regulators and
reactors were manufactured in the Ganz Electrical Factories. According to
the measurements the reactors for the overvoltage distribution tests can be
replaced by a concentrated inductivity of small resistance [3], thus it could be
tested how the stresses are influenced by the magnitude of inductivity.

The low-voltage measurements have also made it possible to examine how
the limiting elements connected to the neutral (resistance, capacitor, lightning
arrester) influence the relations. These elements could be assembled of low-
voltage impedances and electronic circuits, respectively.

Some examined circuits are shown in Fig. 1. The surge generator was
connected to the 120 kV terminals to which the impulse was applied. The not
examined 120 kV terminals were earthed through a 500 Ohm, inductive-free
resistance replacing the surge impedance of the overhead lines.

Some typical oscillations occurring formed in the neutral may be seen
in Figs 2 and 3.

2. Calculation of the stresses

The stress of the neutral designating the transformer impedance by
Zt(p) while the resultant impedance between the neutral and the earth by

Zn{p) is

Zn(P
Un(p) ( ) Uin(p)VOIt. (1)

Z1(p) + Zr.(p)
The incoming surge may be expressed by the relation

ujn = UO(e at—e bt)volt (2)
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where a and bare constants depending on the waveshape. According to detailed
calculations [5] the shape and magnitude of the surges to be calculated by
Equ. (1) and (2) are in good accordance with the measurement results if the
transformer is replaced by an inductive impedance Zt(p) = pLt. The expres-
sions so obtained may be simplified by taking into account the orders of magni-
tudes met with in the practice [5] and the neutral voltage may be approached
by the relation

uncsl UQ------- - (e~at — cos cot) volt. (3)
Lt+ Lr

Fig. 1. Circuit diagram of the measurements; a without a neutral regulator, b with neutral
regulator
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The angular frequency co depends, besides the inductivity Lh also on the value
of the inductivity Lrand capacity C between neutral and earth (Lris generally
the inductivity of the reactor)

~YL,Lr/(Lt+ Lr)C

The values u- and oo~ characteristic of the isolated neutral may he obtained
from Equ. (3) and (4) by a substitution Lr = o00. As in the practice the forma-

Unmax /U inmax *0,525 Uregmax/U'm, =0,538
S
Ayv- AV
a) b)

Fig. 2. Voltage of the neutral and ofthe regulator terminals in case of a neutral earthed through
a reactor (Lr = 24,3 mH); a neutral (marker: 10 /is), 6 regulator terminals

Fig. 3. Voltage of the neutral and of the regulator terminals in case of an isolated neutral
(Lr = o00); a neutral (marker: 10 /is), 6 regulator terminals

tion of the crest values is not considerably influenced by the deviation between
co and co-, for the crest values the relation

U n max LT Ui maxvolt (5)

Lt+ L,
may be deduced from Equ. (3) [5]. By Equ. (5) a relation is established between
the stress crest value Unmax of the neutral earthed through a reactor of an
inductivity Lr and the maximum value I//max of the isolated neutral stress,
the relation being greatly supported by experiments.
The inductance replacing the transformer may be calculated from the
zero-sequence reactance of the primary winding. With transformers of Y/d
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connection, this value is half of the resultant leakage reactance. The inductance
by phases of the primary winding will be
L2 L eun henry.

(6)
2n/ 2 2nfPn

where e is the drop in relative units, f frequency (50 Hz), Un rated voltage
in kV, and Pn nominal MYA rating. With single-pole surges L, = L4 in case
of 2-, resp. 3-pole surges, two, resp. three poles are parallelly connected, at
this event Lt= LJ2and Lt = LJ3, respectively. If a regulating transformel
is connected to the transformer of R relative regulation as a maximum,
instead of L,, the resultant inductivity Lres of the two transformers are to be
substituted in the formula, where

tris= M 1+ R)henry, 7)

assuming that the percentage drop of the regulating and the main transformer
are equal. The expressions are also valid for the case of many transformers
parallelly connected and their neutrals interconnected [4].

The inductivity Lr figuring in the formulas is that of the short-circuit
limiting reactor, in case of isolated neutral Lr = o00. The capacitance C is the
equivalent capacitance to earth of the transformer neutral, to which the other
capacitances possibly connected between the neutral and the earth are to be
added.

The isolated neutral maximum stress will he, expanding formula (3)
approximately

Uit 1,02 uj (8)
GO 2 lo

where tunl/j/x”~ Cand with the halftime Thof the incoming wave a=0,693/T ft.

II1. Stress of the unprotected neutral

The voltage in the neutral depends on the number of phase-conductors
the overvoltage is entering through, correspondingly, single-, two-, and three-
pole surges may be distinguished. The highest stresses arise with three-pole
surge; in case of two-pole and single-pole stresses smallervoltages arise, accord-
ing to the circumstance, if in formula (5) LJ3, LJ2, respectively Liis figuring
at the place of Lt and the inductivity Lris shunted by the inductivity Lv res-
pectively LJ2 ofthe phases to which no impulse was applied [4]. The probability
of entering simultaneously all the three 120 kV phase conductors at high over-
voltage value, is small. Nevertheless, in the interest of the insulations operation-
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al safety, the most unfavourable three-pole surges are to be considered as
decisive.

In some arrangements of Fig. 4 the maximal stresses arising in the neutral
are shown, in function of the inductance and reactance, respectively, of the
neutral, in case of a three-pole surge. According to the figure, the results cal-

Fig. 4. Stress of the neutral in case of a three-pole surge

a) 60 MVA, 132/10,5 kV transformer, fe] = 8,35%, - - - calculated values, -(- measured values;

b) 24 MVA, 120/11 kV transformer, e = 10,5%, - - - calculated values, X measured values;

¢) 24 MVA, 120/11 kV transformer, series neutral regulator ofe = 8% and 8= +£15%, - -« -
calculated values, Q measured values

culated by the aid of formula (5) and the measurement-results are in a good
accordance.

A similar good accordance may be met with also in case of single- and
two-pole impulses. The highest voltage in the isolated neutral is 1/3 and 2/3,
respectively, of the three-pole stress.

As per Fig. 4, if the inductivity of the neutral reactor exceeds a certain
value LrkT, then the stress of the neutral exceeds the upper limit Unperm=31% ,
prescribed in clause 1. With a three-pole surge this limit value is, transforming
Formula (5)

U erm
rkrS'b»' e ' (9)

Nl np'erm/~i max)
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while with single-pole surges

u u
Lrkri— ~1 m permIUT . (10)
1  3(Unperm/Ui max)

For the cases shown in Fig. 4 the corresponding values are summarized in
Table 1I.

Table 11

The neutral reactors corresponding to the permissible stress

Arrangement Lrkr 3. mHy Xrkrz*ohm t-rlcri, mHy Xrfo- 1. Ohm
a 2,16 0,68 11,6 3,66
b 6,1 1,92 46 14,5
¢ 10,35 3,25 104 32,8

If the neutral of many transformers is earthed through a common reactor,
the stress of the neutral increases. In case of the same transformers of number
re, instead of Ltthe value L,/re must be substituted in Formida 5, whereas the
critical inductivity will in case of three-pole impulses he

Lrkrs
Lykran rnr (m)

If we also have a regulator in the neutral, the stress between the regulator
terminals and the earth is by some percents higher than that arising at the
reactor terminals.

IV. Limitation of the neutral stress

According to the aforesaid, as a consequence of loosening the neutral
earthing, on the effect of atmospheric overvoltages, stresses endangering the
neutral insulation may arise. To avoid disturbances, the stresses must be reduced
to below 31% of the transformer impulse withstand voltage. For this aim
many conceptions outlined below have come up:

1. Inductivity reduction of the reactor

If the inductivity of the reactor is smaller than the value as per Formula
(9) and (11), under no circumstances do higher stresses arise than the permis-
sible ones. If there is a possibility to use a reactor smaller than this no special
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overvoltage protecting measures are necessary. Unfortunately, this is not often
a feasible arrangement, in most cases reactances of about 104-20 Ohm are
needed for reducing the short-circuit current to a suitable value [2], this being
much higher than the values included as an example in Table II.

2. Reactors applied by phases

The stresses may he reduced somewhat if the neutral is disjoined and a
separate reactor is inserted to each phase (Fig. 5a). In case of equal short-
circuit limitations, to each phase a reactor of the same magnitude must be
connected, as between the joint neutral and the earth, nevertheless, in case

a) b) c) d)
Fig. 5. Possibilities of reducing the neutral stress; a reactors by phases, b parallel resistance,
¢ parallel capacitor, d lightning arrester

of a three-pole overvoltage the highest voltage between the terminal and the
earth corresponds to the stress of a neutral reactor of a third value. The desired
stress reduction may sometimes he assured in this way, hut its application in
practice is out of question, as three reactors are too expensive and they must
he dimensioned for a constant working load.

3. Effect of a resistance parallel to the reactor

The stress of the neutral is reduced when a resistance parallel to the
neutral is inserted (Fig. 5b). The reduction becomes effective at about some
hundred ohms (Fig. 6). The resistance is to be dimensioned for high short-
circuit stresses and for a high thermal load, which raises problems difficult to
eliminate.

4. Role of the capacitor parallel to the reactor

The stress is also reduced by a capacitor parallel to the reactor (Fig. 5c),
a suitable reduction may be achieved, however, by such a great capacitor
(Fig. 7) which cannot be realized in practice.
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5. Application of a lightning arrester in the neutral

The most effective and economic way of neutral overvoltage protection
is the use of alightning arrester (Fig. 5d). The characteristic values of the light-
ning arrester types to be taken to consideration are shown in Table Il1.

Table 11

Sparkover voltages of lightning arresters

Minimum 50 Hz sparkover voltage

Rated Protection

voltage, level,

kVr.m.s. kVpeak kVr>m.g.,, as per IEC kVr.m.8. as perMSZ
35 132 605 (855 875  (124)
30 116 52 (135 75 (106)
20 86 345 (488) 50 (71)

W hen choosing the suitable lightning arrester, care must be taken, on the one
hand, that their protection level should be lower than the permitted stress.
On the other hand, it must be assured that they should not spark over at

Fig. 6. Effect of a parallel resistance upon the neutral stress
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overvoltages of internal origin, i.e. the crest of the internal overvoltages should
not exceed that of the 50 Hz sparkover voltage (values in brackets of the
Table).

For estimating the highest internal overvoltage, the 1,8.[/2 = 2,54-
times value of the alternative component of the subtransient neutral voltage
arising with single-phase short-circuit to earth can be assumed as an approxima-
tion. The voltage in the neutral may be determined more exactly by a model-
measurement together with a test for determining the necessary measure of

Fig. 7. Effect of a parallel capacitance upon the neutral stress. Three-pole stresses, layout as
per “a”, measured values

short-circuit limitation. In lack of accurate data, according to the aforesaid,
for the neutral voltage a value of about 33,5 kV is allowed with a 35 kV light-
ning arrester, about 29 kVV with a 30 kV lightning arrester. To protect the neutral,
application of a special lightning arresteris practicable, which has a high resid-
ual voltage. In that case the relatively small impulse current flowing after
the sparkover does not cause an abrupt voltage collapse between the sparkover
voltage and the residual voltage.

Applying a neutral series regulator, it is not sufficient to assure the pro-
tection of the neutral, but also the stresses arising at the regulator terminals
should if possible be reduced. Theoretically, the lightning arresters may be
adopted in two ways (Fig. 8). With the layout shown in Fig. 8a, the stresses
are reduced only in the neutral, the effect is far less intense on the regulator
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Fig. 8. Overvoltage protection in case of aneutralregulator; a lightning arrester at the neutral,
b lightning arresters at the regulator terminals

terminals. The results of a measurement according to con Fig. 4 a 35 kV light-
ning arrester model with the arrangement are summarized in Table 4.

Table IV

Stresses in case ofa 35 kV lightning arrester
(Three-pole surges-, layout “C” on Fig. 4; Lr = 41,8 mily)

Maximum stress, kV peaif

Connection of the

lightning arresters . at the regulator
in the neutral

terminals
Fig. 8a 132 175
Fig. 8b 125 132

Consequently, when choosing a lightning arrester, besides the above said it
must be assured that the stress should not exceed the permissible value at
any of the critical points.
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DER EINFLUSS DER LOCKERUNG DES STERNPUNKTS DES 120 kV-NETZES AUF

den Uberspannungsschutz der Transformatoren

GY. VAJDA und S. CSIDA

ZUSAMMENFASSUNG

Der Erdschlustrom des ungarischen 120 kV-Netzes wird durch Lockerung des Stern-
punkts des friher starr geerdeten Systems begrenzt. Im Zusammenhang hiermit untersuchen
die Verfasser die Uberspannungsbeanspruchungen im Uber Drosselspulen geerdeten bzw.
isoliert belassenen Sternpunkt und die Mdglichkeiten fiir deren Herabsetzung. Nach Bestim-
mung der elektrischen Festigkeit der Sternpunktsisolationen werden die Ergebnisse der Nieder-
spannungsmessungen und der Berechnungen mitgeteilt. Bei der theoretischen Untersuchung
der Vorgange ergaben sich einige einfache Formeln fur die Beanspruchung des Sternpunkts,
welche von den Versuchsergebnissen voll bestatigt worden sind. Mit Hilfe des Berechnungs-
verfahrens kann entschieden werden, ob im gegebenen Fall eine Begrenzung der Beanspruchung
notig ist. In den meisten praktischen Féllen kdnnen unter der Einwirkung von atmosphérischen
Uberspannungen Beanspruchungen auftreten, welche die Isolation des Sternpunktes bzw. des
Sternpunkt-Reihen-Regeltransformators gefdhrden. Die Verfasser geben einen Uberblick tber
die Methoden fir die Herabsetzung der Sternpunktbeanspruchung und veréffentlichen die
Ergebnisse der Messungen, welche sie zur quantitativen Bestimmung der begrenzenden Wir-
kung der einzelnen Elemente durchgefihrt haben. Auf Grund dieser Untersuchungen empfehlen
sie fir den Schutz des Sternpunkts die Anwendung von Uberspannungsableitern, was vom
technischen und wirtschaftlichen Standpunkt aus_gleicherweise eine entsprechende L&sung
ist. Die fur die Auswahl und die Anwendung des Uberspannungsableiters malRgebenden Ge-
sichtspunkte werden besprochen.

L’EFFET DU RELACHEMENT DU POINT NEUTRE DU RESEAU DE 120 kV SUR LA
PROTECTION CONTRE LES SURTENSIONS DES TRANSFORMATEURS

GY. VAJDA et S. CSIDA

RESUME

Le courant de court-circuit a la terre du réseau hongrois de 120 kV est limité par rela-
chement du point neutre du systéme, au lieu de la mise a la terre rigide employée par le passé.
Les auteurs examinent les contraintes de surtension dans le point neutre des transformateurs
mis a la terre a travers des bobines d’induction ou laissés isolés, ainsi que les possibilités de
réduire ces contraintes. Apreés détermination de la rigidité diélectrique des isolations des points
neutres, ils communiquent les résultats des mesures a basse tension et des calculs. Par I’exa-
men théorique des phénomenes, ils ont obtenu quelques formules simples pour le calcul des
contraintes au point neutre, formules pleinement confirmées par les résultats des mesures.
En utilisant la méthode de calcul, on peut savoir s’il est nécessaire de limiter les contraintes
dans un cas donné. Dans la plupart des cas pratiques, une contrainte mettant en danger
IYisolement du point neutre ou du transformateur de réglage en série de ce dernier peut étre
engendrée par les surtensions atmosphériques. Les auteurs passent en revue les méthodes de
réduction des contraintes. lls donnent les résultats de leurs mesures faites en vue de déterminer
I’effet quantitatif des éléments de limitation. Sur la base de ces examens, ils recommandent
Iutilisation de para-surtensions pour la protection du point neutre, solution satisfaisante du
double point de vue technique et économique. L’examen des points de vue devant prévaloir
lors de la sélection et de I’emploi des parasurtensions termine |’étude.
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BJIVAHWE OCJ/IAB/IEHNA HEWTPAM 120 KB-HOPI CETV HA 3ALLUTY
TPAHC®OPMATOPOB OT MEPEHAMPAXEHUN

A. BAMOA nw W. MULA

PE3IOME

TOK 3aMbIKaHMSi Ha 3eM/IK0 BeHIepckoit 120 KB-HOW CeTV orpaHvMumBaeTcs ocnabreHvem
HeATpanu paHee XeCTKO 3a3eM/IEHHOM CUCTEMbl. ABTOPbI B CBSI3U CO CKa3aHHbIM Bbille UCC/e-
[OBaNM Harpysku Mo nepeHanpsbkeHWsM, BO3HUKalOWMe Ha HeldTpanu, 3a3emsieHHble uepes
peakTopbl TPaHCHOPMATOPOB WM XK€ OCTaB/EHHbIE W30/IMPOBAHHLIMK, M BO3MOXHOCTU CHU-
XeHue 3TUX Harpysok. locne onpefeneHnst aNeKTPUUECKO MNPOYHOCTY U30NALMIA HA HEWT-
pany onuCbIBAlOTCA Pe3y/bTaTbl U3MEPEHMIA MPU HU3KMX HaMpPsHXKeHUsX WU pesynbTaTbl pac-
yeToB. MpK NOMOLLM TEOPETUYECKOr0 UCCNeA0BaHWS SIBNEHUIA AN pacyeTa Harpy3Ku HeiATpanu
MoMy4YeHO HECKONbKO MPOCTbIX (POPMY/, KOTOpble MOMbHOCTLIO MOATBEPXKAEHbI pe3ynbTaTamMu
n3MepeHmnit. Mcnonb3oBaHWeM MeETOAMKW pacyeTa MOXHO PeLlnTb, cneyeT v orpaHUM4nBaTh
Harpy3ku B JaHHOM c/ydae. B 60/bLUIMHCTBE CNy4aeB Noj BO3AEWCTBMEM aTMOCHEpPHbLIX nepe-
HanpsHKeHNN MOryT BO3HWUKHYTb Neperpyskun, KOTopble MOTYT 6biTb OMacHbIMU ANS U30MSLUK
HeliTpanu Wy e nocnefoBaTe/IbHONO PErynvpyIoLLero TpaHcopmaTtopa HeldiTpanu. ABTOpbI
[aloT 0630p CMOCOGOB CHUXKEHMSI HArpysku. Coo6LaloTcs pesynbTaTbl M3MEepeHui, NpoBefeH-
HbIX aBTopamy ANA OMNpeAeNieHUst AeACTBUS OTAENbHbIX OrpaHWuYMBalOLLMX 3/71eMEHTOB. Ha
OCHOBE 3TUX WUCCMEfoBaHNI aBTOPbI MpeaiaraloT NpYMeHeHWe PaspsiAHMKOB A1 3alUTbI Hei-
Tpanu, UTo KaK B TeXHUYECKOM, TaK M B 3KOHOMWYECKOM OTHOLLUEHUW SIBMSIETCS MOAXOAALLM
pelleHneM. WM3naraioTcss TOUKM 3peHMs BbiGopa M MPUMEHEHUS PaspsiiHUKOB.
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EIN TRANSISTORISIERTER RINGZAHLER
MIT ERHOHTER BETRIEBSSICHERHEIT

D. LENNERS
MITTEILUNG AUS DEM GEOMAGNETISCHEN INSTITUT DER DEUTSCHEN AKADEMIE DER WISSENSCHAFTEN
POTSDAM

[Eingegangen am 7. August, 1964]

Herrn Prof. Dr. Fanserau zur Vollendung des 60. Lebensjahres am 30. April 1964 gewidmet.

Der in der Arbeit beschriebene basisgesteuerte Ringzahler ist in seiner Art ein Spezial-
fall des Schieberegisters. Die erhohte Betriebssicherheit begriindet sich auf die Trennung der
Weiterschaltimpulse (Schiebetakt) von der zum Verschieben des L-Signals notwendigen Steue-
rung des jeweils nachstfolgenden Multivibrators. Das erleichtert auch die Umschaltung des
Ringzéahlers, denn es braucht nur das L-Signal des letzten in den Ring eingeschlossenen Multi-
vibrators mittels des Tastenschalters der dem ersten Multivibrator vorgeschalteten Torstufe
zugeleitet zu werden. Dagegen sind die Taktimpulse gleichzeitig an allen Toreingangen wirksam.
Weiterhin ist die Verwendung selbstandiger bistabiler Elemente von Vorteil, die nur durch
die Hilfstorschaltungen miteinander verbunden sind. Dadurch kdénnen, im Gegensatz zum
emittergesteuerten Ringzahler, beliebig viele dieser Elemente zu einem Ring zusammen-
geschaltet werden, ohne daB die Betriebssicherheit der Schaltanordnung beeinfluBt wird. Im
praktischen Einsatz hat sich der basisgesteuerte Ringzahler bisher sehr gut bewahrt. AuRer
dem in der Arbeit beschriebenen zehnstufigen Ringzahler wurde auch ein 19-stufiger Ring-
zahler mit Basissteuerung fur die MeRstellenabfrage eingesetzt.

I. Einleitung

Im Rahmen der Entwicklungsarbeiten fir eine vollautomatisch arbei-
tende programmgesteuerte Kurvenauswerteanlage war u. a. auch zu berick-
sichtigen, dal auf dem zu bearbeitenden Registrierstreifen mehrere Kompo-
nenten gleichzeitig aufgezeichnet sind. Es ist somit naheliegend, diese beim
Auswertevorgang auch gemeinsam zu erfassen. Dadurch werden Parallaxen-
fehler vermieden, die bei mehrmaligem Durchlauf der Registrierung und
nacheinanderfolgender Auswertung der einzelnen Komponenten nur schwer
zu korrigieren sind. Diese Aufgabenstellung erfordert also eine Einrichtung,
die es gestattet, das Kurvenbild in Ordinatenrichtung abzutasten. Am Aus-
gang des hierzu notwendigen, aber hier nicht ndher beschriebenen optischen
Teiles erhdlt man dann bei jedem Abtastvorgang eine Impulsfolge, die ein
getreues Abbild der Kurvenabstdnde zu dem jeweiligen Abszissenwert darstellt.
Fur die weitere Verarbeitung dieser Impulsfolge ist die Umwandlung von der
Serien- in die Paralleldarstellung notwendig, die zweckmélRigerweise mit einer
Ringzahlerschaltung durchgefihrt wird.
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Il. Die Aufgabe einer Ringz&hlerschaltung

Ringzédhler werden immer dann verwendet, wenn nacheinander an einer
Reihe von Anschliissen S (Bild 1) ein Signal abgegeben werden soll, wobei das
Fortschalten durch ein von auflen in den Ring gegebenes Signal R geschieht.
W ichtig ist, dal die Folge der abgegebenen Signale Sv S2usw. zeitlich nicht
gleichm@Rig einzutreffen braucht, sondern in einem Rhythmus, der ausschliel3-
lich durch R bestimmt wird. Nach Snkommt als ndchstes wieder Sv

Bild 1

Ringzéhlschaltungen bestehen aus einer Anzahl bistabiler Stufen, die so
zusammengeschaltet sind, daf nur jeweils eine dieser Stufen dem Schaltzu-
stand L entsprechen kann, wéhrend alle Gbrigen in der Stellung 0 stehen, und
dall sich dieses L durch Steuerimpulse von Stufe zu Stufe fortschalten 14Rt.

I1l. Der emittergesteuerte Ringzéhler

1. Wirkungsweise

Die beiden ersten Stufen einer Gblichen Ringzéahlschaltung sind im Bild 2
dargestellt. Die einzelnen bistabilen Multivibratoren sind jeweils {ber einen
Kondensator CK miteinander gekoppelt. Die Em itter aller linken Transistoren
liegen mit dem gemeinsamen Emitterwiderstand R1in Reihe mit dem Transis-
tor T2 an Null. Die Em itter aller rechten Transistoren besitzen den gemein-
samen Emitterwiderstand R 2. Der Zustand linker Transistor gesperrt, rechter
gedffnet, soll der Nullstellung entsprechen und der umgekehrte Zustand der
Stellung L.

Befindet sich z. B. die erste Stufe in der Stellung L, so wird sie beim
Anlegen eines positiven Impulses an den Eingang in die Stellung 0 umgeschal-
tet. Dabei ist am Kollektor des linken Transistors ein negativer Spannungs-
sprung wirksam, der die folgende Stufe in die Stellung L umschaltet. Der dabei
an deren Ausgang entstehende positive Impuls trifft auf die Basis des gesperrten
Transistors der darauffolgenden Stufe und sperrt diesen vollends, schaltet also
die Ziffer L nicht weiter. Jeder weitere Impuls am Eingang rickt die Ziffer L
um einen Schritt weiter nach rechts.
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Die Riuckstellung des Zé&hlers erfolgt durch einen jiositiven Impuls auf
die Basis des Transistors Tv Der Basiswiderstand R4 der ersten Stufe liegt
nicht direkt, sondern Gber Txan Null. T1wird normalerweise Uber R3 offen-
gehalten. Durch den positiven Impuls an seiner Basis steigt die Basisspannung
des rechten Transistors der ersten Z&hlstufe, so daB diese in die Stellung L
kippt. Eine zuvor in der Stellung L stehende beliebige Stufe wird Uber den
gemeinsamen Emitterwiderstand rickgestellt.

2. Die nachteiligen Eigenschaften des emittergesteuerten Ringzéhlers

Der Aufbau eines Ringzdhlers in der eben beschriebenen Art hat zwar
den Vorteil eines geringeren Bauelementbedarfs, nachteilig ist aber, daB die
Form und das Tastverhé&ltnis der Steuerimpulse einen grofen Einfluf auf die
maximale Zahlfrequenz haben. Kurze, steile Impulse sind fiir das Fortschalten
des Ringzéhlers notwendig. Solange der Steuerimpuls T2 gesperrt halt, kann
die Ziffer L nicht weitergeschaltet werden, da alle linken Transistoren Uber
ihre Em itter gesperrt sind. Die Breite des Steuerimpulses stellt also eine ge-
wisse Totzeit des Zdahlers dar, in der keine weiteren Schaltungen mdéglich sind.
Sie istin der Art der Ansteuerung begrindet und muB mdéglichst klein gehalten
werden.

W eiterhin sind bei diesen Ringzdhlschaltungen die Mitkopplungen zu
beachten, da die ganze Anordnung in sich geschlossene Wechselstromwege
enthalt. Wenn man unterstellt, da die beiden Schaltzustande von den Transis-
toren nicht ideal eingenommen werden, daB also ein Sperrimpuls einen bereits
gesperrten Transistor »noch etwas besser sperrt« und ein Offnungsimpuls einen
schon leitenden Transistor »noch etwas besser leitend« macht, dann kdnnen bei
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jedem Umschaltimpuls diese beiden Félle, von Stufe zu Stufe wechselnd, ein-
treten. Das AusmaR der Fortwirkung der dabei auftretenden kleinen Impulse
in der Kette hdngt vor allem davon ab, wie stark sich die Potentialdnderungen
noch in der auf die der umgeschalteten Stufe n&dchstfolgende auswirken kénnen.

Unangenehm wirkt sich auch die begrenzte Stufenzahl eines Ringzéhlers
aus. Die praktische Grenze der Stufenzahl wird von der Grdfle des gemeinsamen
Emitterwiderstandes aller rechten Transistoren bestimmt. Wie schon erwahnt,
sind von den linken n Transistoren stets einer leitend und n — 1 gesperrt
und von den rechten n — 1 leitend und einer gesperrt. Da die Symmetrie der
einzelnen Stufen aber gleiche Emitterspannung erfordert, gilt fur die Em itter-
widerstdnde

Fur einen zehnstufigen Ringzéahler ergibt sich dann mit einem Ublichen Wert
von Rx= 300 Ohm ein R2von rund 33 Ohm. Die Einstellung dieses Wertes
ist schon relativ kritisch, wenn man aullerdem noch das Temperaturverhalten
der einzelnen Transistoren bericksichtigen mufl. Man gelangt dann leicht in
den Bereich, wo der Ringzé&hler nicht mehr betriebssicher arbeitet.

IV. Der basisgesteuerte Ringzahler

1. Die Wirkungsweise

Diese Nachteile waren nun der AnlaB, eine Ringzé&hlschaltung aufzu-
bauen, die diese Nachteile weitgehend ausschlieBt. Das erfordert zwar einen
héheren Bauelementbedarf, hat aber daflir den Vorteil, daR die Schaltung
absolut betriebssicher arbeitet. Der Z&hler (Bild 3) besteht aus einer Kombina-
tion von zehn bistabilen Multivibratoren, die je zwei Uber Hilfstorschaltungen
gesteuerte Eingdnge besitzen. Mittels eines Tastenschalters ist es mdéglich, die
Zahl der zu einem Ring geschlossenen Z&hlelemente zwischen 2 und 10 zu
variieren. Diese Aufgabenstellung ist speziell durch die automatische Kurven-
auswertung bedingt und berlicksichtigt die Forderung, Registrierstreifen mit
maximal zehn verschiedenen Registrierkurven auswerten zu kdénnen.

Zur Beschreibung der Wirkungsweise dieses Ringzéhlers ist das Impuls-
bild im Bild 4 dargestellt. Nach Anlegen der Betriebsspannung befindet sich
zunéchst jeder bistabile Multivibrator in einer der beiden stabilen Lagen. Da
nicht vorhergesehen werden kann, in welche von beiden sich jede Kippstufe
einstellt, ist zun&chst eine definierte Anfangsstellung aller Multivibratoren
herzustellen. Das geschieht durch einen Rickstellimpuls an Kontakt 13. Die
positive Vorderflanke dieses Ruckstellimpulses ¢ffnet nur den rechten Transis-
tor des ersten Multivibrators, wahrend dagegen in allen tUbrigen Multivibrato-
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Bild 3

ren die rechten Transistoren gesperrt und die linken leitend sind. Somit sind
die durch Emitterfolger niederohmig gemachten Ausgéange (T) bis (io) negativ
(Schaltzustand 0) und der Ausgang (T) schwach negativ (Schaltzustand L).

Fuhrt man nun die Steuerimpulse an den Eingang 12, dann wird die
erste Stufe durch die positive Vorderflanke des ersten Steuerimpulses in die
zur Anfangsstellung komplementidre Lage geworfen, und durch das schon
offen gewesene Tor des linken Systems der zweiten Stufe wird diese jetzt in
den Schaltzustand L versetzt. Diese 6ffnet nun wiederum das Hilfstor des
rechten Systems der zweiten Stufe, und das Uber den Schalter angeschlossene
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linke Diodentor der dritten Stufe bereitet somit die Weiterschaltung von
der zweiten zur dritten Stufe vor. Durch den ersten Steuerimpuls ist also an (7)
ein negativer Spannungssprung wirksam, dessen negative Flanke mit der posi-
tiven Vorderflanke des Steuerimpulses zeitlich Ubereinstimmt.

Diese Vorgédnge wiederholen sich nun fur alle folgenden Steuerimpulse
an den Ausgdngen (2), Q) usw. bis, wie fur einen speziellen Fall im Bild 3 und 4
dargestellt, durch SchlieBen des Ringes nach dem 7 Multivibrator der 7 Steuer-
impuls sowohl den 7 Multivibrator in seine Anfangsstellung zuriickstellt, als
auch an (T) wieder die Ziffer L erscheinen I4Rt. Damit befindet sich der Z&ahler
wieder in seiner Grundstellung. Die Multivibratoren 8, 9 und 10 im Bild 3 wer-
den durch diese Schaltvorgédnge in keiner Weise beeinfluft, da durch SchlieRen
des Ringes nach Stufe 7 das linke Diodentor des 8 Multivibrators an eine feste
negative Spannung gelegt und damit ein Wciterschalten von 8 auf 9 und 10
verhindert wird.

2. Die Anwendung des basisgesteuerten Ringzahlers

Der wesentliche Vorteil dieses Ringzéhlers liegt in der Basissteuerung
der Multivibratoren mittels Hilfstorschaltungen. An die Form der Steuerim-
pulse brauchen bei weitem nicht mehr so hohe Anforderungen gestellt wer-
den wie bei dem emittergesteuerten Ringzé&hler. Die Impulsbreite kann sogar
beliebig groR sein. Entscheidend ist nur eine ausreichend steile positive Vorder-
flanke, die bei einem offenen Diodentor einen genigend groBen positiven
Nadelimpuls an der entsprechenden Basis wirksam werden l4Rt.

Entschieden glnstiger ist auch das Temperaturverhalten des Ring-
zéhlers, da jeder Multivibrator durch seine eigene Emitterspannung bessere
Symmetrieeigenschaften besitzt. Dadurch ist es auch mdglich, beliebig viele
M ultivibratoren zu einem Ring zusammenzuschliefen, ohne die Betriebssicher-
heit des Ringzdhlers zu beeinflussen.

SchlieRlich ist auch die Gefahr der Mittkopplungserscheinungen bei
dieser Art der Ansteuerung praktisch zu vernachlédssigen.

Esistnun ohne weiteres mdglich, an die Ausgénge (T) bis @ je einen mono-
stabilen Multivibrator zu legen, der auf die schon erwdhnte negative Impuls-
flanke des jeweiligen Multivibrators anspricht und damit einen definierten
Ausgangsimpuls liefert, dessen positive Vorderflanke mit der des Steuerimpulses
zeitlich Ubereinstimmt. Dies ist besonders wichtig, da bei der Kurvenaus-
wertung die positive Vorderflanke des Steuerimpulses die Kurvenunterkante
einer Registrierlinie darstellt. Dieser Informationsinhalt darf durch die Um-
wandlung von der Serien- in die Paralleldarstellung nichtverfalscht werden.

Betrachtet man nun die im Bild 4 fur den Eingang 12 dargestellten Im -
pulse als Kurvenimpulse eines Abtastvorganges, dann sieht man eindeutig,
daB die durch Pfeilspitzen gekennzeichneten positiven Vorderflanken wieder-
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um definierte Impulse an den Ausgédngen (T) bis (T) liefern. Damit ist eine ein-
wandfreie Umwandlung von der Serien in die Paralleldarstellung gewdéhrleistet.
Die ausfuhrliche Schaltung dieses Ringzéhlers ist im Bild 5 dargestellt. Bild 6
zeigt schlieflich den Ringzdhler in seinem praktischen Aufbau. Der gesamte
elektronische Teil ist beiderseits des Tastenschalters auf zwei Leiterplatten

Bild 6

angeordnet. Die Steckverbindung erfolgt lber zwei achtpolige Messerleisten,
die an der Unterseite des Tastenschalters zwischen den beiden Leiterplatten
angeordnet sind. Eine ldngere praktische Erprobung dieses Ringzédhlers hat
bei Anderungen der Betriebsspannung um * 20% )n einem Temperaturbereich
von =10 °C bis 40 °C ein betriebssicheres Arbeiten gezeigt.

TRANSISTORIZED RING-COUNTER WITH INCREASED RELIABILITY
OF OPERATION

D. LENNERS

SUMMARY

The base controlled ring-counter discussed in this paper is a special case of the shift-
register. The increased reliability of operation is founded on the separation of the switching
pulse (shift cadence) from the control of the next multivibrator needed for the shifting of the
L-signal.That makes it easier to switch over the ring-counter, because only the L-signal of the
last multivibrator of the ring-counter must be connected by means of a press-button to the
gate-circuit preceding the first multivibrator. On the other hand, the timing pulses simulta-
neously effect each gate input. It is advantageous to use independent bistable elements
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which are connected to each other merely by auxiliary gate-circuits. By this means any
number of these elements may be connected to a ring — in contradiction to the emitter
controlled ring-counters — without impairing the reliability of operation of the circuit. In
practice the base controlled ring-counter has proved very good. Besides the ten-stage ring-coun-
ter, a 19-stage base controlled ring-counter was used for reading-off measuring points.

UN COMPTEUR A SECURITE DE SERVICE ACCRUE

D. LENNERS
RESUME

Le compteur en anneau a commande par la base, que I’auteur décrit dans cette étude,
est un cas spécial du registre de décalage. La sécurité de service augmentée est basée sur la
séparation des impulsions de décalage et de la commande du multivibrateur suivant nécessaire
pour décaler le signal L. Ceci facilite aussi le basculement du compteur en anneau, le signal
L du dernier multivibrateur inclus dans I’'anneau devant étre simplement conduit, a I’aide d’un
bouton-poussoir, au circuit porte placé devant le premier multivibrateur. Par contre, les impul-
sions de cadence agissent simultanément a toutes les entrées des portes. Un autre avantage
est I'utilisation d’é¢léments Instables autonomes, reliés seulement par les circuits portes auxi-
liaires. Ainsi, a la différence du compteur en anneau commandé par I’émetteur, il est possible
de brancher en anneau un nombre quelconque de ces éléments, sans influencer la sécurité de
fonctionnement du montage. Le compteur en anneau a commande par la base a fait ses preu-
ves dans la pratique. En plus du compteur en anneau a 10 étages décrit dans I’étude, un comp-
teur a 19 étages a été utilisé pour le relevé des points de mesure.

KO/IbLIEBOW CYETUMK HA TPAH3VNCTOPAX C MOBbILUEHHON
3KCMNYATALUMNOHHOWN HALEXXHOCTbLIO

A. NEHHEPC
PE3IOME

OnucaHHbI B pa6oTe KONbLEBOM CHETUMK 6a30BOr0 YNpaBfeHWsl SIBNSIETCS, B CBOEM
poe, creuuanbHbIM C/lydaeM LMTperncTpa. MoBbIWEHHAs SKCMyaTauMoHHAsA HaAeXHOCTb
OCHOBbIBAETCS Ha OT/ENEeHNN YNpaBfeHns, Heo6X0AMMOro ANsl CMellueHWUst curdana L nocne-
AyloLuLero MynbTMBMbpaTopa, 0T KOMMYTALMOHHOMO UMMNYy/bca. TaKoi pexum o6/iervaet nepe-
K/oUeHVe KO/bLEBOMO CYETUMKA, TaK Kak curHan L MynbTuBMGpaTopa, BKIOUEHHOrO TO/bKO
B nocfeaHee Ko/blLo, HEo6XOAMMO MpW MOMOLLY KHOMOYHOrO MepeksoyaTens nojaeBaTh Ha
CTPO6MPYIOLLYIO LieMb NepBoro MynbTuBMGpaTopa. Mpu aTOM BCE MMMY/bCbl BPEMEHHbIX CUT-
HafoB OfIHOBPEMEHHO [AeMCTBYIOT Ha Bce BXOAbl. Kpome TOro, BbIFOAHO MPUMEHSITb CaMOoCTOSi-
TeNbHble 6UCTabU/IbHBIE 3/1EMEHTbI, KOTOPbIE COEAUHAIOTCA MeXAYy CO60i TO/bKO Mpu NMOMOLLM
BCromMoraTte/ibHbIX CTPo6exeM. BcneAcTBuMe 3TOro (B NMPOTUBOMOMOXHOCTbL C KOJbLEBbLIM CUETHM-
KOM SMWUTTEPHOr0 YMpaB/eHWs) MOXHO MPOM3BO/IbHOE KOMIMUYECTBO TaKMX 3/1IEMEHTOB COeAM-
HWTb B KO/MbLO 6€3 TOro, UYTOGbl 3Ta CXeMa BO3feliCTBOBafa Obl Ha 3KCM/yaTalLVOHHY0 Ha-
[EXHOCTb CXeMbl. BO Bpemsi MpaKkTUYecKoro NMpUMeHeHWsl KOMbLEBOA CUeTuMK 6asoBoro yr-
paBfeHnsl OnNpaBAaics OYeHb XOPOLLO. Kpome AecATUKACKaAHOro KOJbLEBOrO CYETUMKA, ONu-
CaHHOro B CTaTbe, AN OMNpoca M3MepUTENbHLIX TOUYEK 6bl1 MPUMEHeH Takxke 19-KacKagHblii
KO/bLIEBOI CYETUK 6a30BOr0 YMpaB/fieHUs.
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ENERGIEUBERTRAGUNG IN MECHANISMEN

A. POOCZA

ROTTENBURG/NECKAR (DEUTSCHE BUNDESREPUBLIK)

[Eingdngen am 28. September, 1964]

Mit Hilfe der flachenhaften Wirbel werden Energievorgange in Mechanismen gedeutet

I. Vektoranalytische Grundlagen

Das unvollstdndige Differential Xdcp der die Energie — von einem Null-
punkt abgesehen — ausdriickenden skalaren GrofRe X stellt bei Energieprozes-
sen die Elementararbeit dar [1]. So ist z. B. die Elementararbeit dA einer Kraft
vom Betrage Q entlang ihrer Wirkungslinie d* = (ids das unvollstdndige
Differential der EnergiegréfRe: Qs. Die elementare Expansionsarbeit Pdv stellt
das unvollstindige Differential der Verdriangungsarbeit Pv dar. Ahnlich l4aBt
sich die elementare Wé&rmemenge in der Thermodynamik d@ = Tds (T absolute
Temperatur, s Entropie) als unvollstindiges Differential der gebundenen
Energie Ts angeben.

Die totale Anderung d(p der skalaren GroRe @ kann im stationdren Wir-
kungsfeld stets als

de>= dr grad @ (1)

angegeben werden. Die GroRe qist also eine skalare Ortsfunktion o= cp(r),
derenWert nur von der Lage eines Punktes, den man im allgemeinen Feld-
punkt nennt, abh&ngt. Der Raum, in dem die Abhédngigkeit der Gréfle g von
der Lage des Feldpunktes definiert ist, heilt das Feld dieser GroRe. Die Punkte,
in denen die Grofe @ konstant ist, bilden im allgemeinen krumme Fldchen.
Grad o ist in jedem Punkt einer solchen Fldche parallel zur Flachennormale
und weist in die Richtung der steigenden . Die Fldchen auf denen die Orts-
funktion <p(r) einen konstanten Wert hat, werden Niveau- oder Aquipotential-
flachen der Funktion cp(r) genannt. Man kann in jedem Fall zu den zusammen-
hdngenden Aquipotentialflichen senkrechte Linien legen, die als Feldlinien
die Wirkungslinien des Feldvektors A darstellen. Wegen der Orthogonalitat
der Feldlinien zu den Niveaufldchen heiflt ein solches Feld flachennormal
[A, grad ] = 0. In einem fldchennormalen Felde ist somit der Feldvektor A
stets in der Form

A= Xgrad @ 2)
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darstellbar, wo Aeine beliebige skalare Ortsfunktion sein kann. Man gewinnt
einen klaren Einblick in die Eigenschaften solcher komplex-lamellaren Vektor-
felder, wenn man den raumhaften Wirbelvektor rot A betrachtet. Nach den
Regeln der Vektoranalysis findet man:

rot A = rot (Agrad c¢p) = 4 rot grad o -f- [grad A grad <] =

- (3)

= [grad A grad 9],

da fur einen beliebigen stetigen Vektor grad @
rot grad = 0 4)

ist. Wenn Anur eine Funktion von @ist, auf einer Orthogonalflache <p(r) =
= konst, also A= konst, ist, kann geschrieben werden:

A= A< ®)

Dann ist aber fur stetige, endliche, eindeutige Funktionen:

A
grad A grad Hep) = ;cp grad @ (6)

also grad A parallel zu grad cp, womit das &uBere Produkt in GI. (3) zu Null
wird. Die Flachen @@= konst, und A= konst, fallen zusammen, das Feld wird
wirbelfrei, also ein reines Gradientenfeld. In diesem Fall kann ja der Feldvektor
A als Gradient

A = grad w (7
des skalaren Feldes

w= jAcp C (8

dargestellt werden. In einem solchen Potentialfelde auf einem geschlossenen
Weg Arbeit zu leisten ist nur moglich, wenn das Feld des Vektors A unstetig
ist, genauer gesagt, wenn der sonst im Felde stetige Vektor A an bestimmten
Flichen eine sprunghafte Anderung erleidet. Der fiir die Arbeitsleistung auf
einem geschlossenen Wege wichtige Stokessche Satz gilt in seiner (blichen
Form
<>drA = Jd/u rot A, 9)
K F
wobei u den normalen Einheitsvektor des Flachenelementes df bezeichnet,
nur, wenn der Vektor A auf der von der Kurve K berandeten Flache F endlich
und stetig ist. Ist nun auf F eine geschlossene Unstetigkeitskurve K' vorhan-
den, so zerlegt sie die Fldche F in zweiTeile F'und F — F', wobei auf beide, da
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A stetig bleibt, der Stokesscbe Satz laut GI. (9) anwendbar ist. Mit dem Wert
At des Feldvektors A auf der negativen und mit A auf der positiven Seite der
Unstetigkeitskurve K' findet man unter Berilicksichtigung des Umlaufsinnes
auf K' die Zusammenhénge:

(f) drAi= ¢ d/u rot A (10)
AN drA — (M) drA, = | d/u rot A. (n)
K J K J(F-F")

Nach Addieren der GIl. (10) und (11) ergibt sich:

g dra= () odr(az—aAj) + | du rot A (12)
J K J K! JF

Bei einer ungeschlossenen Unstetigkeitskurve K 1umgibt man sie mit
einer geschlossenen Kurve, die sich im Grenzfall unendlich dicht an die Kurve
K' anschmiegen soll, womit das Randintegral K' in GI. (12) in ein Linieninteg-
ral Gber die offene Kurve K' Ubergeht:

¢ drA= 1 dr(A2— AL+ ( d/u rot A. (13)
J K Jk: JF

Hat der Vektor A die Bedeutung einer Kraft, so ist der Ausdruck auf
der linken Seite der GI. (9), (12), (13) offenbar die Umfihrungsarbeit dieser
Kraft entlang der geschlossenen Kurve K', also wéhrend einer Periode einer
periodisch arbeitenden Maschine. Wie man es aus GIl. (12) bzw. (13) ersieht,
verschwindet diese Arbeit auch im Potentialfelde (rot A = 0) nicht, wenn
der Integrationsweg K eine Unstetigkeitsstelle des Vektors A umschlief3t.

Bei Aufgaben lUber Energie st6Bt man auf Wirbel. Dies hdngt mit dem
weiter oben diskutierten unvollstindigen Differential Ad<9 der die Energie
ausdrickenden skalaren GrélRe A®?eng zusammen. Im Gegensatz zum Integral
des vollstdndigen Differentials d(A<p) = gsdA + Adg — das nur von den Koor-
dinaten der Grenzpunkte abhdngt — ist das Integral des unvollstdndigen
Differentials Adp im allgemeinen wegabhdngig, da zwei unabhédngige skalare
Ortsfunktionen A= A(r) und @= <p() den Integrabilitdtsbedingungen nicht
genligen. Somit ist das Feld dann im allgemeinen wirbelhaft. [Es gibt Félle,
in denen das scheinbar unvollstandige Differential Adtp ein vollstdndiges Diffe-
rential d(A o) darstellt, und somit der Integrand Ad<p den Integrabilitdtsbedin-
gungen geniligt, und das Feld des Vektors A = A grad 9 wirbelfrei wird. Es
leuchtet sofort ein, daR das immer der Fall ist, wenn A= konst, oder wenn A
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nur eine Funktion von <pist, wie das bei GI. (5) und (6) angedeutet wurde.
Dann ist namlich der Ausdruck Xd<gp = X(<p)d(p eben das vollstandige Diffe-
rential der Funktion: w = jX(cp)dep -)- C.

Man weiR aus der Erfahrung, daB auf einem geschlossenen Wege auch
im Gradientenfelde Arbeit geleistet werden kann; es mull eben nur dafir ge-
sorgt werden, dall das Feld auf der von der geschlossenen Kurve K berandeten
Flache eine Sprunglinie habe, wie das bei GI. (13) gezeigt wurde. Eine Kolben-
pumpe z. B., die das Gewicht einer Wassersdule zu heben hat, arbeitet offenbar
im Gradientenfelde der Schwerkraft. Eine Arbeitsleistung wird erst dadurch
maoglich, dal in die Pumpe Organe — die Ventile ndmlich — eingebaut sind,
die fiir eine sprunghafte Anderung des Feldvektors sorgen. Um zu zeigen, daR
auch in solchen Féllen Wirbel vorhanden sind, wollen wir GI. (13) etwas nédher
diskutieren.

In der Vektoranalysis wird der sogenannte Fldchenrotor (der zur Unter-
scheidung vom raumhaften Rotor rot A mit groBem Anfangsbuchstaben ge-
schrieben werden soll: Rot A als Ausartung der entsprechenden rdumlichen
Ableitung definiert [2]. Einen fl&chenhaften Rotor haben Vektoren, die an
gegenlberliegenden Stellen auf beiden Seiten einer gegebenen Fldche dicht an
der Fldche verschiedene Werte haben. Obwohl sich der physikalische Zustand
an der Trennflache benachbarter Kdrper — wenn auch ziemlich schroff —
im allgemeinen doch stetig &ndert, idealisiert man den Zustand —e um die
Berechnung zu erleichtern — indem man eine sprunghafte Anderung annimmt.
Bezeichnet man den Vektor A auf der positiven Seite der Sprungflache mit
dem Index 2, den Vektor auf der anderen Seite mit 1, so findet man fiir den
Flachenrotor des Vektors A den Ausdruck:

Rot A= [u(A, — AX)]. (14)

Man kann leicht zeigen, daB dieser Ausdruck mit dem Integrand in GIl. (13)
dr(A2 — Aj) in engem Zusammenhang steht. Es ist:

dr(A2— AX = dr[u[(A2— Aj)u]] = dr[Rot A, u], (15)
Nach dem Entwicklungssatz findet man ndmlich:
drfu[(A2— A2u]] = dr{(A., — AX) cuu —u *u(A, —AX} =
= dr(A2—Aj) (16)

da (uu) = 1 und l&dngs der Sprungfldche (dru) = 0 sind. Mit GIl. (15) kann
man also GIl. (13) auf folgende Form bringen:

(f) drA = |- dr[Rot A, u] + j d/urot A. 17)
J K Jk' Jf
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Ist nun das Feld des Vektors A ein Gradientenfeld, und F =0, dann entfallt
das letzte Glied in GI. 17. und man findet:

(f) dr A = | dr[RotA,u]=j dr[Rot grad @, u] =
J K J K JK!

| ilr{[u, grad(02— & » - | ar grad(®2 -
Ik IK on

= ( dp2- ( doL (18)
JK JK

In einem Potentialfelde ist also die auf einem geschlossenen Wege K
geleistete Arbeit durch den Potentialsprung an der Sprungflache K' gegeben.
Ist diese eine geschlossene Flache, so ist natlrlich ¢”-.drA = 0, da |'KM®= 0 ist.

Das zweite Integral auf der rechten Seite von GI. (17) verschwindet noch
in einem anderen wichtigen Falle: Dann n&dmlich, wenn man die geschlossene
Kurve K wunendlich dicht an die Unstetigkeitskurve K’ anschmiegen l4aRt,
da in diesem Falle die von K berandete Flache F dem Grenzwert Null zu-
strebt. Dann liegt die wirkliche Bahn K des Kraftangriffspunktes in der Sprung-
flache und der Arbeitsprozess spielt sich l&ngs beider Seiten der Unstetigkeits-
kurve K' ab, womit die in Gl. (14) angegebenen fldchenhaften Wirbel — als
Trager der Arbeitsleistung — verbunden sind.

Bei einer geschlossenen Unstetigkeitskurve K list es nicht madglich, die
wirkliche Bahn K an die Unstetigkeitskurve von beiden Seiten her anzu-
schmiegen. Die Kurve K bleibt stets auf der positiven Seite von K'. Eine ge-
schlossene Unstetigkeitskurve K'ist aber offenbar mdglich, wenn die zugehdrige
Sprungfldche ein Volumen, einen Raumteil umschlieBt. Der Raum ist somit
zweifach zusammenhé&ngend. Man kann also sagen, daB der von der Sprung-
flache umschlossene Raum nicht zum Bereich des Vektors A gehdrt, womit
fir diesen Raum A = Ax= 0 wird. Nach dieser Auffassung spielt sich der
ArbeitsprozeB am Rande des Vektorfeldes A ab, wo nach GI. (14) die fld&chen-
haften Wirbel

Rot A = [u,(A2— Al)] = [u, A2] = [u, A]
vorhanden sind.

Somit erhélt man aus GI. (17) beim unendlich dichten Anschmiegen von
K an K' fir eine offene Bahn die Gleichung:

(f) drA = |- dr[RotA , u] = J dr(A2—A)) (19)
J K-+K' Jk' K'

und fir eine geschlossene Bahn:

) drA = (f) dr[Rot A, u] = (f) drA2 (20)
y Yk Yk

K —K-
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Wie GL (17) zeigt, ist eine Arbeitsleistung nur im Zusammenhang mit
W irbeln mdglich. Diese Wirbel haben die charakteristische Eigenschaft, daR
sie immer senkrecht zum Feldvektor stehen. Fur den Fldchenrotor geht diese
Behauptung unmittelbar aus GIl. (14) hervor. Fir die rdumlichen Wirbel gehen
wir einfach von GI. (3) aus und setzen, im Einklang mit Gl. (2)

A

grad @= (21)
Somit nimmt GIl. (3) die Form:
grad 4
rot A = 5A (22)
an. Man kann also schreiben:
A rot A= 0,
(23)
A RotA = 0,

d. h., der Feldvektor steht in einem flachennormalen Felde senkrecht zu sei-
nem Rotor bzw. zu seinem Flachenrotor.

Il. Beispiele fir flichenhafte Wirbel
1. Zahnrad

Um die Vektorfelder bei unseren einfachen Mechanismen zu zeigen,
wéhlen wir einen von einem Zahnrad angetriebenen Kurbeltrieb, wie er z. B.
bei Kolbenmaschinen, Kurbelpressen usw. verwendet wird. Der einfachen
mathematischen Darstellung halber setzen wir eine unendlich lange Pleuel-
stange voraus. Somit haben wir mit dem im Bild 1 skizzierten Mechanismus
zu tun, wobei also der am oberen Gelenkpunkt der Pleuelstange angebrachte
Bolzen eine reine sinoidale Bewegung hat.

Wi ir betrachten zuerst das Feld der am Umfang des Zahnrades angreifen-
den Kraft. Wir sehen dabei von dem Eingriffswinkel und der Reibung ab und
ziehen nur die tangentiale Komponente der wirklichen Umfangskraft — die
zeitlich unverénderlich sein soll —in Betracht. Die elementare Arbeitsleistung
einer solchen Kraft wird bekanntlich durch die Gleichung

dA = — Trd w (24)
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definiert, wo die einzelnen skalaren Gréfen folgende Bedeutung haben:

T Betrag der tangential gerichteten Kraft, T = T(r, ¢ eine stetige
Funktion;
r,y) Ortskoordinaten im zylindrischen Koordinatensystem (r0, t0, z0).

Fir die bisher benutzten skalaren GroRen Aund @ findet man in Anleh-
nung an GIl. (24) die Ausdricke:

(25)

[Eine freie Wahl, wie etwa A= —T, = np oder A= —Tip, @ = r st
nicht maéglich, da in GIl. (24) das totale Differential der skalaren GréRe @ — wie
das GI. (1) zeigt — vorhanden sein mufl. Dies ist nur moéglich bei der Aufteilung
des Produktes Trdip nach GI. (25).] Die Gradienten ergeben sich zu:

grad ¢ -- grad ip= -—10, (26)
grad A= grad(—Tr) = —T gradr —rgrad T =
Tr0 9T 1 9T
r0o—r * 27
or 7 drp 2"

Laut GI. (2) ist also der Feldvektor

A= dgrad - —TtO (28)
eine tangentiale Kraft vom Betrage T. Der rdumliche Rotor des Feldes errech-
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net sieh aus GIl. (3) zu
rot A = [grad 4, grad 9 (29)

Das Feld der tangentialen Kraft A ist also wirbelhaft. Somit ist es mdglich
in diesem Felde entlang einer geschlossenen Kurve K Arbeit zu leisten:

Tto(drrO+ rdipt0) (30)

Im vorliegenden Fall ist die physikalisch mdégliche Bewegung durch die Kreis-
bahn r = r0= konst, gegeben. Somit erh&lt man aus GI. (30) fiir die entlang
einer geschlossenen Kreisbahn geleistete Arbeit:

drA = - ow Yl’di, (31)
K

oder nach dem Stokesschen Satz [GIl. (9)]:

8T
dr A = d/urot A= — ! rdipdrz0]—
K Jf Jf I r 8r
T C2jzi O°\ 9T ) ,,
= ot oA e = PP e e gy -
m| 8r 8r J
29 1 rr0 2n ( r*r0
{Tdr + rdT} dtp= - d(Tr) dip =
ran
-1 \TrYCPdW= -1 0 Tdy>.

(32)

Die geschlossene Kurve K kann im Sinne des Stokesschen Satzes irgend eine
beliebige Kurve sein. Wahlen wir z. B. die im Bild 2 dargestellte Kurve K,
so erhalten wir fur die geleistete Arbeit:

drA = — () Trdy>= —1r2 Tdy -f- Tdy> (33)

oder nach dem Stokesschen Satz:

8T
A = d/urotA = — rdip dr z0
dr
rvo
d(Tr) dtp O[T *dy>= —r.  Tdf+ rA Tdy). (34)
Jo JO
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Diese Arbeit A wird Null, wenn rr= r2ist, wenn also das Zahnrad ei-
ne hin- und herpendelnde Bewegung ausfiuhrt, wenn sich also der Kraftan-
griffspunkt auf dem offenen Kreisbogen K' bewegt. Somit spielt in diesem
Falle bei einer Energietibertragung der rdumliche Rotor rot A Gberhaupt kei-
ne Rolle, da die von der Kurve K = K' berandete Flache F Null wird. Eine
Energieubertragung entlang einem offenen Kreisbogen ist jedoch erfahrungsge-
maBR maoglich, wenn fir den »Hingang« und »Riickgang« verschiedene Kraft-
funktionen gelten. Das bedeutet aber vektoranalytisch gesehen, daR der Feld-
vektor A auf der durch diesen offenen Kreisbogen gelegten offenen Zylinder-
flache, an deren beiden Seiten der Hin- bzw. Rickgang stattfindet, eine sprung-
hafte Anderung erleidet und somit einen flaichenhaften Rotor

RotA = [u(A2— AX)  [r0( T20-- TIt())] — ( T24- Tj)z0 (35)

hat, wobei T2und Tr die fir den Hin- bzw. Rickgang geltenden Betrdge der
in beiden F&llen tangential wirkend angenommenen Kraft bezeichnen. Der
offene Kreisbogen liegt also in der durch die parallelen Wirbelfdden des Rot A
gebildeten Flache, in einer »Wirbelschicht«, die mit den Wirbeln laut GI. (35)
belegt ist. Aus GI. (17) ergibt sich die geleistete Arbeit zu

A = | dr[Rot A,u] = - [ dr[(T2- 7 > 0,r0]
Jk Jk'
. v (36)
JT.dy + r, T,dy>.
0 Jo

Gl. (36) ist natlrlich auch fur den Fall yi0 2n gultig, nur wird jetzt —
da bei einer geschlossenen Unstetigkeitsfliche ein zweifach zusammenhéngen-
der Raum vorliegt — der Vektor (Tjt0) im Inneren des von der Sprungflache
berandeten Raumes zu Null. Der ArbeitsprozeR spielt sich jetzt an dem durch
den geraden Kreiszylinder vom Halbmesser r0 gebildeten Rande des Vektor-
feldes A = Tt0O= T2u' ab, wo die Flachenwirbel

Rot A = Rot(—Tt0) = —[r(, Tt(] = —Tz0= —T,z0 (37)

vorhanden sind. Fur die geleistete Arbeit wé&hrend einer Periode erhdlt man
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aus GIl. (20):

(b drA= T x 0i ro] rUdy t0TtO = (38)
J K—K'

wie bei den GI. (31) und (32).

2. Kurbel

Im Gegensatz zum vorhergehenden Beispiel wé&hlen wir nun ein Gradien-
tenfeld.

An der Pleuelstange soll die Kraft vom Betrage P (Bild 1) angreifen.
Die Kraftrichtung ist im Raume konstant, da voraussetzungsgemadR die Pleuel-
stange unendlich lang sein soll.

Die Elementararbeit 148t sich nun wie folgt angeben:

dMa = Xadga= P(—drcosy -{-r sin ydy) = P e«d(H —r ccosy). (39)
Die zwei skalaren GrofRen der Energie sind somit:

A= P, (40)

ga= H —r cosy (41)

mit H als einer Konstanten.
Die Gradienten ergeben sich zu:

op 2 gp
grad Aa= — rOH---—----——-- to, (42)
9r r 8y
grad ga= —cos yr0 -)- sin yt0. (43)
Der Feldfaktor ist:
Aa = Aa grad ¢a = P(—cos yr0+ sin yt0). (44)

Fir den rdaumlichen Rotor findet man:
9P ..
rot Aa= [grad la grad qa\ --é---sm y - (45)

Das Feld des Vektors Aa ist also im allgemeinen wirbelhaft. Um ein
Potentialfeld zu erhalten, wdahlen wir P = P 0= konst., womit grad Xa und
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rot Aa Null werden. Wir finden aus Gl. (44)
Aa = PO0(—cos y>0+ sin y/0). (46)
Bei wirklichen Maschinen sind am Kurbelzapfen Reibkrdfte vorhanden.
Unter der Voraussetzung, dall fiir diese Reibkréfte das Coulomb’sche Gesetz
gilt, ergibt sich mit dem Reibbeiwert /rund mit dem Halbmesser p des Zapfens
ein wirksames Reibmoment von:
M = —PJio. (47)
Die Elementararbeit dieses Momentes errechnet sich aus der Gleichung

dAb= Mdy> = —P/J-Qdy> = Xdyp. (48)

Fir die zwei skalaren GréRen A und (p finden wir:

Xo= M = —PJ/IQ, (49)
b= v (50)
Die Gradienten sind:
| 9P 1 P 1
grad &, == — H>\ ro+ — QF 10 , (51)
(dr r o ay)
1
grad (b= — to. (52)

r

Der Vektor dieses Feldes ist somit:

Ab = Xbgrad gh= --—--—-— 10. (53)
r
Fir den rdaumlichen Rotor findet man:
rot Ab= [grad ).b grad qb] (54)

Mit P = PO = konst, wird dieses Feld auch wirbelfrei.
Wir setzen also:

10 (55)
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Der Vektor des Gesamtfeldes ergibt sich aus GIl. (46) und (55) zu:
. [10
A= Aa+ As—PO QOB Y)VO -j- (sin ip (56)

Der Anschaulichkeit halber ist dieser Vektor im Bild 3 dargestellt. Wegen
des negativen Vorzeichens in Gl. (47) weist die Komponente Abgegen tQ Da die
zwei Teilfelder Aa und Ab wirbelfrei sind, ist das resultierende Feld A auch

wirbelfrei. Somit mufl es mdglich sein, den Vektor A als Gradienten des Poten-

tials @ darzustellen:
A grad ®. (57)

Dann st aber:

® — dx= j drgrad @ = | dr <A. (58)
Jrt J tx

Nach Einsetzen von GIl. (56) in GIl. (58) ergibt sich:

—cos iphdr + P rosinip----—-—--— dip =
Vi r

: _Q
= —POcosipr rjy+ jy —cosip—-—" (59)
V)

Es ist also:
® = PO{rxcosipl—rcosip — fig(ip — ")} + @\ (60)

wobei ®x das Potential im Punkt Qx(rx f x) bezeichnet, das frei zu wéhlen ist.

W dhlen wir z. B.
W= - R, - 0, (61)

dann erhalten wir fir die Gleichung der Aquipotentiallinien den Zusammen-
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hang:
(o)
R-.m (62)
COSy)
wobei fir eine Linie & = konst, zu setzen ist.
Fiuhren wir noch die Substitutionen
I*.=
R
(63)
[0)
p OR

ein, so findet man die flr die zeichnerische Darstellung bequeme Gleichung:

r 1 —a —Ry)
R cos

(64)

wobei jetzt also x zu variieren ist. Im Bild 4. sind die Aquipotentiallinien fur
/3= 6/5w und fir den Potentialsprung /1@ = AxPnR = 0,1 PWR dargestellt.

Die Konstruktion der Linien wird sehr einfach, wenn man zwei wichtige
Eigenschaften der Kurvenschar vor Augen hélt.

a) Auf einer Geraden y>= konst, wird keine Reibarbeit geleistet, da
keine relative Verdrehung zwischen Pleuelstange und Kurbelzapfen statt-
findet. Aus GIl. (64) folgt:

Ad
zlr _ (65)
cos y) P Ocosyi

Der Abstand der Aquipotentiallinien in Richtung der Radien ist mit dem

Potentialsprung proportional.
b) Auf einer Geraden r cos y>= konst, leistet die Kraft an der Pleuel-

stange keine Arbeit, da keine Verschiebungin Richtung dieser Kraft stattfindet.
Aus GIl. (64) folgt fur solche Geraden:

AX 10

“ fioPn

(66)

Die Potentialinderung entlang einer waagerechten Geraden ist also der Ande-
rung des Azimutwinkels y>proportional. Aufgrund dieser zwei GesetzmaRig-
keiten kann man ein bequemes Netz der zweierlei Geradenscharen mit festem
Potentialsprung konstruieren, wobei die Netzpunkte jeweils auf einer Aqui-
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potentiallinie liegen. Durch sinngemdRes Verbinden erh&lt man die Schar der
Aquipotentiallinien.

In einem solchen Felde entlang einer geschlossenen Kurve ist keine Ar-
beitsleistung mdglich. Lassen wir z. B. die geschlossene Kurve K ganz dicht
an einen die physikalisch mdégliche Bewegung des Zapfenmittelpunktes dar-
stellenden offenen Kreisbogen K' anschmiegen, den Zapfen also eine hin- und
herpendelnde Bewegung ausfliihren, erhalten wir in diesem Felde keine Arbeit,

Bild 4

soweit das Feld auf der durch die Kurve K berandeten Fldche stetig ist. Nun
weil man aber, dal bei der hin- und herpendelnden Bewegung eines solchen
verspannten Mechanismus Arbeit geleistet wird, u. zw. in der Hohe der entste-
henden Reibverluste. Daraus muRR man folgern, dall das Feld auf der die Kurve
K ' enthaltenden Flache unstetig ist, dall also hier der Feldvektor eine sprung-
hafte Anderung erleidet. Die sprunghafte Anderung des Feldvektors findet
man bei Reibvorgédngen sehr leicht, indem man bedenkt, daB die Richtung
der natirlichen Reibkraft immer entgegen dem Vektor der relativen Verschie-
bung zeigt. Somit — wenn wir fur den Hingang den Vektor Af2= Ablaut GI.
(55) gelten lassen — ist beim Rickgang der entgegengesetzte Vektor

Abl= + ~ -t o0 (67)
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vorhanden. Das Gesamtfeld ist also fir den Hingang mit A = A2laut GI. (56)
fur den Ruckgang mit

nQ 1

—cosy>r0  (sinyi+ — tO1
gegeben. Der Sprung des Vektors an der Sprungflache betragt somit:
A2-A 1= -2 P A (69)
und fur die geleistete Arbeit erh&lt man aus GIl. (13):

(D drA = J dr(A2 — A) = —2Po/zq I — dipto= —2 P 0/iq rdyi =
Jk Jk' Jk’r do

= —2PgVQVo= m 2 W (70)

Obige Ausfuhrungen lassen sich verallgemeinern: In jedem Vektorfeld,
dessen Feldvektor eine von Reibung herrihrende Komponente hat, kann jede
mit dieser Komponente parallele Verschiebung als Sprungflache im Feld ange-
sehen werden. Daraus folgt weiterhin, daB jede physikalisch mdégliche Bewe-
gungslinie eines Maschinenelementes — soweit Reibung vorhanden ist — auf
einer Sprungflache des Feldvektors liegt, da jede physikalisch mdégliche Be-
wegung parallel zur Reibkraft ist. In unserem Beispiel sind also alle konzentri-
schen Kreiszylinder mit der Achse : mdégliche Sprungflachen im Feld.

W ie fruher gezeigt wurde, ist jede Sprungflache eine Wirbelschicht.
Der Flachenrotor errechnet sich in unserem Beispiel zu:

n v
Rot A = [u(A2 An) ro- 2P0- t 0 -2 (71)

Ein Kreisbogen ist also gleichm&flig mit Wirbeln belegt. Erst durch Vorhanden-
sein bzw. Zustandekommen dieser Wirbel ist eine Energielibertragung maglich.

Fur eine geschlossene Kurve, hier fir einen um den Anfangspunkt 0
gezogenen, geschlossenen Kreis, erhalten wir mit

Rot A

[u(A - 0)] ro> P« |—cos y>ro + fSin y ) -
r

O R (72)
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die geleistete Arbeit aus GIl. (20) zu:

drA= ¢ _dr[RotA,ul ¢ | Po Sinw— "= Zpro
T K JK r

K-~K*

r2n _ fiQ ran
rdi)tOP 0 sin rp-—--—-—-- t0O= pPor sin ydip —
Jo ro) Jo

ayi = —p UMCRr = m 25 (73)

Anhand des Bildes 4 soll nun noch eine lehrreiche Analogie kurz be-
sprochen werden. Die im Bild 4 gezeichneten Aquipotentiallinien unseres
mechanischen Problems kdnnten auch die Stromlinien einer aus der Hydro-
dynamik wohlbekannten Strémung sein. Diese Ahnlichkeit ist nicht nur ober-
flachlich: Durch die Superposition einer horizontalen parallelen Potential-
stromung und einer Quellstromung im Anfangspunkt des Koordinatensystems
erh&lt man bei geeigneter Wahl der Konstanten die gezeichneten Linien. Die zu
diesen Linien orthogonale Kurvenschar stellt die Kraftlinien des Feldes dar.
Sie sind die Superposition des homogenen Feldes A a [GI]. (46)] und des Potential-
feldes ab [Gl. (55)], dem in der Hydromechanik bekanntlich ein Potential-
wirbel — auch Stabwirbel genannt — entspricht. Die sogenannte Null-Linie,
die bei dem Stromungsbild die Flussigkeit der Quelle von der der Potential-
stromung trennt, grenzt in unserem mechanischen Beispiel die Potentiale ab,
die der singuldare Punkt 0 haben kann. Diese Linie ist die einzige Aquipotential-
linie, die — nur die rechts liegende Halbebene betrachtet — ganz im Endlichen
liegt und somit die einzig mdégliche wirkliche Bahn darstellt, die ohne Arbeits-
leistung durch die Symmetrieachse des Potentialfeldes in der Halbebene fuhrt.

Auch das Analogon der Sprungflachen I&4B8t sich in der Mechanik der
Flussigkeit auffinden und wird dort als eine Wirbelschicht, an der die Stro-
mungsgeschwindigkeit eine sprunghafte Anderung aufweist, erklart [3]. So
ersetzt man z. B. in der Aeromechanik den Tragfligel bzw. sein Skelett bei
dunnen Profilen durch eine gebundene Wirbelschicht, deren Zirkulations-
dichte so gewd&hlt wird, dalR die resultierende Geschwindigkeit aus der unge-
storten Anstromung und den Geschwindigkeiten der flichenhaften Wirbel-
belegung an jeder Stelle in die Richtung der Skelett-Tangente fallt. Die durch
die Skelettlinien gebildete Flache ist eine offene Sprungflache im Geschwindig-
keitsfeld, wahrend der Tragflugel selbst eine geschlossene Sprungflache dar-
stellt.
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ENERGY TRANSMISSION IN MECHANISMS
A. POOCZA
SUMMARY

After a shortreview ofthe vectoranalytical bases of considerations on energetic phenom -
ena, which in a continuous field are always connected with whirls, the transmission of energy
in a discontinuous field is interpreted with the aid of plane whirls. Thus, it is shown that work
is possible only in connection with whirls. The toothed wheel and the crank are used as exam-

ples for the practical calculation of plane whirls. Incidently, some interesting hydrodynamical
analogies are discussed.

TRANSMISSION D’ENERGIE DANS LES MECANISMES
A. POOCZA

RESUME

Aprés un bref exposé des bases de l’analyse vectorielle des phénomeénes énergétiques,
reliés dans les champs continus a des tourbillons, la transmission d’énergie dans le champ dis-
continu est interprétée a l’aide des tourbillons plans. L’auteur prouve ainsi qu’une production
d’énergie n’est possible qu’en relation avec des tourbillons. La roue dentée et la bielle sont
utilisées comme exemples pour le calcul pratique des rotors plans. Quelques analogies hydro-
dynamiques intéressantes sont également mentionnées par l’auteur.

MNMEPEOAYA SHEPITMN B MEXAHW3MAX
A. MOOLA
PE3IOME

Mocne KpPaTKOro CXeMaTWMuYecKoro M3/I0KEeHWs OCHOB MO BEKTOPHOMY aHasfim3y sHepre-
TMYECKMX MPOLIECCOB, B CM/IOLIHOM MPOCTPAHCTBE BCErAa 3aBUCALLMX C BUXPSIMU, 1aeTCs 06bsc-
HeHMe 3Heprorepefayn B HECMIOLWIHbIX MPOCTPAHCTBAX MPU MOMOLLUM MJIOCKOCTHBIX BUXpEN.
TakumM 06pa3oM MOXHO MOKa3aTb, UTO BbINO/IHEHWE PA6OTbl BO3MOXHO TO/IbKO B CBSA3U C BUX-
psMu. Ha npumepe 3y64aToro Koseca U BPALLAIOLLEr0 pblyara aBTop MPakTUYECKW BbluMCNseT

M/IOCKOCTHbIE POTOpPbl. B gononHeHWe aBTOpP paccmMaTpuBaeT HeCKO/IbKO WHTEPECHbIX TMApo-
ANHaMUYeCKNX aHanorui.
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ON A QUEUING PROBLEM IN RANDOM ACCESS
COMMUNICATION

S. CSIBI
CAND. OF TECH. SC.
TELECOMMUNICATION RESEARCH INSTITUTE, BUDAPEST

[Manuscript received March 3, 1965]

Congestion in a particular random access multiplex situation, proposed by ACS, is ex-
amined, using position-modulated code-words. Quantities characterizing performance deterio-
ration are estimated, assuming a Markovian queuing rule. Numerical results are presented for
two particular traffic situations.

I. Introduction

When several talkers are served by a common communication channel,
bandwidth may be saved by utilizing the partial activity of the talkers.

Multiplex systems exploiting this possibility are called random access
systems [3], since access to the common channel is governed by a property,
viz. activity, varying at random.

In random access systems however we run the risk of getting the system
congested, and therefore congestion has to be carefully studied in any of these
situations.

The purpose of the present paper is to investigate a particular random
access situation. The procedure under consideration, proposed by Acs [1], may
be specified as follows:

We transmit messages from several talkers simultaneously, by means
of a sequence of pulses, arranged in time-frames and code-words as in usual
pulse-code-modulation (PCM).

However, the use of structure and position of the code-words is inter-
changed, unlike in usual PCM, viz. position bears information, the individual-
messages being distinguished by code-word-structure. Particularly the code-
words are position-modulated throughout the entire time-frame.

Provided the samples drawn from two or more talkers happen to be equal
at the same sampling instant — within resolution — congestion occurs and
either the loss or a delayed transit of some code-words has to be tolerated.

In the course of this procedure we may, of course, readily prevent passive
sources from sending code-words through the channel.

The afore-mentioned principles leave still some ambiguity concerning
the performance of the system. Particularly, rules on transit, loss and delay
of the code-words have to be defined.
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W e shall specify, in the sequel, queuing rules selected chiefly for a simple
comprehensive treatment. Note however that the queuing procedure to be
considered does not represent an optimum as far as either instrumentation or
performance characteristics are concerned.

2. Posing the problem

Assume that the code-words from the individual talkers may only be
inserted at discrete instants into the time-frame, viz. at

o, T,... fit, ... Qt, (1)

where t denotes the length of a code-word, 0 the first, ot the last possible
position within a frame. [Provided no code-word is delayed into a subsequent
frame, the inspection of a single frame, according to (1) suffices.]

Note that the assuming of discrete time is a restriction fairly irrelevant,
provided r is only a small fraction of the frame-period.

Suppose that incoming code-words are directed according to the rules
as follows:

When only a single code-word arrives at sit, it is immediately inserted
into the frame.

Provided j arrivals occur at /it, these are rank-ordered randomly, viz.

any one may obtain the first, second, ...jth place with equal probability.
The particular code-word having the first place is inserted immediately into
the frame, those occupying the 2nd through (s — i -j- I)-th places are queued

up, any additional code-word being lost. Note that i denotes the number of
the code-words queued up just preceding /it and s is the maximum possible
length of the queue:

0O<i<n.

The code-words selected for waiting are queued up according to their
rank-order, subsequent to those already in the queue. If there is no new arrival
at /it the word having the first place in the queue is inserted into the frame.

We shall describe, in the sequel, the state of the system in terms of two
series, viz. by and nm, denoting the number of the code-words queued
up just after /it—for instance at (4 -} v2)t— and R the number of the words
arriving at vit.

Suppose that the possible states are

rit = 0, 1,...N,

== (0, !?2eeef
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where N denotes the number of sources.

Note that {rjj] is a series of independent random variables and, therefore
{u is a finite Markov chain.

We are, of course, interested in p(t1e — j), the probability that exactly
j code-words arrive at fit.

In real life this probability depends, of course, on the particular position
fi under consideration. As a matter of fact the probability distribution of the
speech samples is non-uniform, and can only partly be equalized by expansion
(i. e. specifying the voltage vs. position curve properly), unless undue quantiz-
ing-distortion or tolerance-sensitivity is not admitted.

For simplicity, however, we shall substitute the real-life distribution by
a uniform distribution defined over a subinterval \(iv p2] °f the frame.

Particularly let B denote the event that a code-word arrives from an
arbitrary active source F; at fit, and assume

aQ
P(B,) = for fil <; fi <;
V i- Pi

0 otherwise, (2)

where (fi2— Vi) 1 is the lowest possible value dominating the maximum
of the real-life probability density function. (From well known speech statistics

[2] and a proper expansion curve we have: p/(p2— vi) — 1-5 (see Sec. VI).
« is the probability that a source is active.
For j arrivals we simply assume that

P(%=])" — eX ®
where

A= Ntj(fiz— fi).

In order to construct a situation definitely worse then the real-life situa-
tion, we shall assume that (3) holds not only within rfly, p2] but throughout
the entire frame.

Next let us neglect details depending on frame length, build-up conditions,
etc. In order to do this we first extend the domain of and from (1) to

—&t, ..., 0,... fit, ..., Qt, (4)

assuming (3) to hold everywhere. Then we take: § -> o0o.
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W e shall be concerned in the sequel only with this asymptotic situation.
Following this procedure we obviously examine the transfer of any code-word
under worse conditions than faced in real-life situation.

As a matter of fact, the model to be considered enables us to select promis-
ing performance conditions.

W e shall describe the deterioration due to loss and delay, respectively
in terms of the following attributes:

Freeze-out: «,
mistake: Tw,
remainder: ™M w.

We call freeeatkthe probability, that a code-word arriving from source
Ft is lost immediately.

We call ramalter the probability that a code-word arriving from F-
stays for a time exceeding wx in the queue.

Finally, we call mistek@the r.m.s. of the number of steps by which code-
words in the queue are delayed, provided the transit of the code-words queued
up for a time longer than wt is prohibited.

I1l. Freeze-out

Let us consider the transition probabilities, concerning Following from

the rules defined in Sec. Il, we have (see Fig. 1):
0, for j— - 1
P(y=0)+ p(rj= 1), forj = i=0,
_ Jo<s
aij:P(":j\’\-i:i): Pil: _l—*+ > for_l+ |> 0, (5)
i<s,
"YP(rj= I —i-)-1), forj = s.

Let A denote the event that a code-word arriving from F, is immediately
lost, and C’\\)the event that J arrivals occur at fit.

The probability that a code-word arriving from F, is immediately lost,
reads

P(A)-. S P(ANB)- 6)
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Realizing that no more than N code-words may occur

p(ab,)= 2 p(Ae>G
7=i

-1
PCP\BR) AP (% =j- 1) 0- 1§ - |

PN |BleC«>)= 2 p(A\B, ec«> o = »})
1- 0

From the rules on rank-ordering and queuing, defined in Sec. I1, it readily
follows that

. 1
bt ) forj + i—s—1> 0,
P(A\B'-CY>. {*,_>= »}) = J
0 forj + i—s—1< 0.
Considering the temporary succession of the positions labelled by 5, — 1

and f, we obtain

I E L B N T U PR R A

Note that the transitional probabilities of {1} meet the conditions of
Markov’s limit theorem. Thus for # — .. the following limit distribution exists:

ﬂ:!miS“-x =i, 7)

and the limit distribution is given by

ni= .2

nr op(r = i\r-i=j)-
J

0

Ada Technica Academiae Scicntiarum Hungaricae 54, 1966



378 S. CSIBI

Here i = 0,s,j — 0,si and the transitional probabilities follow from (5) and
(3).
Particularly, referring to (6) and (7), the freeze-out reads as follows:
K A VT Nx-'l e-A k— (s— i) (3)
1=0 k=s—i+l hi ) k+1 !
IV. Mistake

Let pv be the event that a code-word arriving from P, stands in the
queue throughout exactly v steps.

The mistake, i. e. the mean-squared value of the number of steps by
which code-words in the queue are delayed, reads

w
Mv2= 2 v2P{Dr),
v=\
where
P(DV = — 2 P(Dr\B,,) = 9
( \l) r2 ri/n=/nx ( ) ()

Let e u be the event that a code-word from P,- is queued up exactly at
the uth place. Then

P(DrBfl)= 2 P(D r\Eag ,,). P(P,|B,). (10)

It follows from the rules in Sec. Il that a code-word queued up at fit
exactly at the uth place will be inserted at (y -)- v)t into the frame if and only
if there are exactly (u — I)-times no new arrivals during the v — 1 steps sub-
sequent to uv, and no additional code-word arrives at (y + v)t, provided
v u. Thus

v — 1
P(DVVE UB A ) A 1- ¢ Xy -
( o y (11)

The probability that a code-word arriving from P, at ur is queued up
exactly at the uth place reads

P(EU\B,) = P(Eu\CL>By) P (C "\B R), (12)

2
J_*
where

P{EUC?BJ= 2 P(Eacps, *{|, = -P"-"K'U),
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and

Consider next the conditional probability that a code-word arriving
from F 1 at mx is queued up exactly at the nth place, providedj arrivals occur
at fix and the length of the queue at [jJU— (% )]T is just equal to i.

Following from the rules in Sec. Il, a code-word from F- may only be
queued up if i < s — 1, and exclusively the places, numbered by

m=i-(-1,...5s

along the queue, may he occupied.

Referring to the rank-ordering defined in Sec. Il, we have
1 torm:i4-l,...s,
p(Eu\gp *B,, == i<, (13)
0, otherwise.
For $ —»00
= i) - nt (14)

The probability that a code-word arriving from F,- stays in the queue
throughout exactly v steps is, from (9)—(14):

N s v o— 1j |
(1 —e~*)"~uee~-*u — e (15)
A j=2 1=0 u= i+l mn — 1
where co = min(i -j-j — 1, s, v) and pv= |lim p(DV.
Note that the mistake is
112
= 7 yopm (16)

V. Remainder

The remainder, i.e. the probability that a code-word from Ff stands in
the queue for a time exceeding wx, reads

mw = 57
v=w-\-1
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Let ¢ be the event that a code-word arriving from rt at /tris transferred

without any delay.
From the rules defined in Sec. Il, we obtain

rie) — J P (pC<>) +

=213
1—e-~x
provided (3) approximately holds.
6, Dt,p2 ... represent a complete system of events. Thus, the remainder
may be written as follows
MW= 1-P (G )-K- JEP,. (17)
V1

Note that if the transfer of the code-words queued up longer than wx
is prohibited, the freeze-out as well as the remainder cause a sample loss.
Let us call 10ss the probability that a code-word arriving from F t is lost.

The loss reads
L= K+ M W. (18)

VI. Numerical results

We shall confine ourselves now to cases A and B, specified in Table 1.

Table 1

Cases to be considered

Case A B
n 0,45 0,75
n X 0,3 05
Q - XT
a- U4 12 2
N
e a = 1/40 12 20

For convenience we have also included the load parameter njQ and
the economy parameter 1V/q into Table 1, assuming particularly that

(fiz— /q)-1 = 1,5 g~ (19)
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and
{1/4

11/40 » (20)

Here n = oCA/denotes the average number of active sources.

Formula (19) holds, e. g., for a probability distribution-function accord-
ing t0 Ho1vroox and Dixon [2], a maximum-to-r.m.s. ratio of 12 dB, and
the particular weight function:

Je-5(1-X) 21)

Here X denotes the relative position within the time-frame, y the ratio of the
instantaneous-to-r.m.s. voltage, pr/2 is attached tox = 0 and Qt to x — 1.

Note that the quantization distortion may he kept within acceptable
limits under these conditions.

@« = 1/4 characterizes a trunk situation supposing that all sources are
busy (however pauses are still included), a = 1/40 refers to a situation when
individual subscribers are served, viz. only 10 percent of the total number of
sources is busy.

Data on direct transfer, loss and mistake are given in Tables 2 and 3,
and Figure 2 for s = 4.
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Table 2

Freeze-out and direct transfer

A K P(G)
0,45 0,0006 0,805
0,75 0,018 0,704

Table 3

Delayed transfer

X
v 045 0,75
Pv Tv p, Tv

1 0,092 0,30 0,061 0,25

2 0,049 0,53 0,050 0,51

3 0,026 0,72 0,040 0,79

4 0,013 0,85 0,032 14

5 0,0069 0,95 0,026 13

6 0,0035 1,0 0,020 1,6

7 0,0018 1,0 0,015 1,8

8 0,00090 — 0,011 —

9 0,00044 — 0,0075 —
10 0,00021 — 0,0052 —
1 0,00012 — 0,0035 —

The mistake itself is only of relevance if delay means ambiguity in code-
word-position, viz. no bits are added to the code-words for delay-identification.

As far as mistake is concerned, we may refer to well known data concern-
ing particularly r.m.s. quantization-distortion to step-height ratio, taking
for convenience, equidistant and équiprobable quantizing levels. This figure
reads: To= 12 12~ 0,3.

Note that if no means for delay identification are introduced the value
of g has to be about TWMT O-times higher than the minimum value just meeting
guantization-distortion objectives.

Data in two specific situations are illustrated in Table 4, assuming that
the transit of code-words waiting for more than w steps is prohibited.

In particular applications, of course, one is also interested in the band-
width requirements. This is defined by q and the code-word-length (neglecting,
for the moment, questions of minor interest, e. g. space reserved at the edge
of the frame, etc.).
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The bandwidth compression relative to a usual PCM situation, conveying
TV speech channels at the same time and using exactly the same number of
bits per code-word as the system under consideration, is just N /q.

However the code-word-length depends on the total number of the voice
channels to be distinguished. If this number is low, additional hits are needed
for delay identification. Anyhow the code-words have to be longer than in
usual PCM. Thus the gain given by n /q is reduced.

If, for instance, a code-word consists of nine bits in contrast to the seven
bits needed in an equivalent usual-PCM situation the gain given by TVgq is

Table 4
Particular situations

Case A B
W 7 7
L 0,003 0,07
TJTO 3,3 6,0

reduced by a factor of 1,3. This is to be taken into account when comparing
the procedure under consideration with competing possibilities in particular
design situations.

*

The author is indebted to Mr. E. Acs, Doctor of techn. sc. for posing the
underlying problem, to Mr.o. ¢ uw1yas for reading the manuscript and prepar-
ing work for sec. YI, and to Miss E. r ¢ e~ for assisting in computations.
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UBER EIN WARTESCHLANGEPROBLEM BEI NACHRICHTENSYSTEMEN
MIT ZUFALLIGEM ZUGANG

S. CsiBI
ZUSAMMENFASSUNG

Die Stauung im Falle eines Multiplexverfahrens mit zufalligem Zugang wird untersucht.
Der Gegenstand der Untersuchung ist die Pulsphasenmodulation von Kodegruppen, geméaR
einem Vorschlag von Acs. Eine Abschitzung der die Verschlechterung beschreibenden GréRen
wird angegeben, unter Voraussetzung von Markovschen Warteregeln. Zahlenergebnisse fir
zweierlei Verkehrszustande werden mitgeteilt.
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UN PROBLEME DE QUEUE EN TELECOMMUNICATION AVEC ACCES ALEATOIRE

S. CsIBI
RESUME

L’auteur étudie I’accumulation dans le cas d’un procédé multiplex ayant une communi-
cation aléatoire. L’étude a pour objet la modulation de position des groupes de codes, traitée
suivant la proposition d’Acs [1]. Une évaluation des quantités décrivant la détérioration du
fonctionnement est donnée, dans la présomption des régles d’alignement en queue de Markov.
L’auteur donne des résultats numériques pour deux états de trafic.

O MPOB/IEME OYEPEAUN B CUCTEMAX CBSI3M CO CNYUAMHBIM
JOCTYMOM

w.4nen

PE3FOME

PaccmaTtpuvBaeTcsi CKOMJIeHWe B Ciydae Npougecca YMAOTHEHUSI €O ClydaliHbIM COeau-
HeHueM. [peaMeTOM M3YUYeHUsi ABMSETCA UMMYNbCHO(A30Bas MOAYNALMS KOAOBbIX Fpynn B
COOTBETCTBUM C NpefnokeHneM Au, OLEHMBAIOTCS BEMMUMHBI, OMNUCbIBAOLLME YXY/LLIeHWe
paboTbl, MpeAnonaras npasuna odepean MapkoBa. [aloTCsi YMCMEHHbIE Pe3y/bTaTbl A5 ABYX
BW/OB COCTOSIHUA 06MeHa.
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SOME THEORETICAL PROBLEMS OF RADIOISOTOPE
SCANNING

GY. EMBER and I. HALASZ
GAMMA OPTICAL WORKS, BUDAPEST

[Manuscript received June 4, 1965]

The paper based on the simple counting principle defines the minima of the observable
activity differences by statistical methods in the scanning technics. The authors compute re-
cording error caused by detector movement. They consider, that observation decreases about
the calculated value which was computed by the statistical method for the logarithmic sen-
sitivity of eyes. The authors examinated the generally used contrast enhancement in the
scanning record and they conclude from them, that they do not essentially increase the
observation, but cause a loss of information without exception. They give the theoretically
best gradation curve and prove it by scanning image which was taken by a thought experiment.

I. Introduction

The generally used device of medical scanning diagnostic is the medical
scanner. Therefore we should like to examine a few problems connected with
the perfect picture transmission. The sensitivity and effect on the visualization
of intensity differences of the various collimator types has been the subject
of several papers, both from the theoretical and the experimental point of
view, and therefore, it is not intended to deal with this problem in this paper
[1, 2]. In the following examinations, the detector and the shielding collimator
are considered as given. It is equally assumed that — photons will not pass
through the collimator wall to reach the detector and the scattering occurring
on the inner wall of the collimator will be left out of consideration.

Let us assume that the detector will detect two areas, one after the other,
the activities of which are such that the detector measures an average count
of réj, resp. n2 (Fig. 1).

The distribution being of the Poisson type, a standard deviation of ]fn1
may occur on measuring n1 (or |JAn2on measuring n2). It is quite obvious that the
activity difference of the two areas can be discriminated with a given proba-
bility by the measurement only if the difference between average values rq
and r&2is so great that the two areas of standard deviation do not overlap each
other.

Thus we may write

m2—ni~ M|S + 1S)’ (la)
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where h is a factor expressing the reliability of the detection. As a consequence
of the basic laws for the mathematical statistics the real conditions are expres-
sed more truly by the standard deviation value J/n, -j- 2, instead of stan-
dard deviation jn1+ ]/n2 and therefore

n2— oW, o+ Nr (Ib)

Iposition 2position
1 1
€ o
|'_ ﬂ 17:* 117,

n,-l/nr
n2+1n2 7T,

awr
n2-rnsa
Direction ofscanning

Fig. 1

The above formula holds good in v per cent of the measurements, depend-
ing on the value of nh. If a reliability of 99 per cent is striven for, h assumes the
value of 3. Based on the above, we define the reliability of the yielded informa-
tion as true observation on the following

no — nL 3
“ ynl + rQ- ’ (2)
where nxis the count rate detected at the point in question, n2the administered
count rate detected at the scanning element preceding this point immediately.
If we assume that ratio being constant for a given recording, we might
write on the base of (2)

kK = constant s Jre2> 3. (3)

From equation (3) it is obvious that at a given ratio, the true observa-
tion of the hot, resp. cold area increases with the square root of the administered
isotope quantity. The true observation so computed is valid only for the case
of the counting, for the case when the detector is placed on points k15k2, . . . kn
and the counts arriving at every point “/c” during time “T” are scaled.

Il. Effect of scaling on the scan recording

When computing the true observation for the scan recording, where a
detector passes continuously and at a uniform speed along a specified area,
two further factors should also he considered.
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For the most simple case, the counts appear after the scaling in the form
of lines during the scintillation recording. This means that the lines are func-
tions ofthe counting rates. The line thickness being, for technical reasons, finite,
the number of lines to be introduced into a given area is also limited. A given
area can he supplied only with limited, definite information. The problem can
be solved by dividing the number of informations thus introduced. In this
case, we are forced to complete the true observation with further factors.

Let us assume that the number of pulses arriving from the detector are
divided by «k, i.e. each « count is recorded.

When recording every fctn particle, the probability of recording a mistaken
line is («k — 1)/2x on two neighbouring areas still resolved by the collimator.
The detector, namely, can store informations of any value from 0 up to k — 1
from the preceding area, depending on the instantaneous position of the de-
tector head and so an older information of a value from 0 up to K — 1 may be
added to the count detected on the new area. Thus we may draft our task as
follows: let us examine, which is the probability that the sum of two informa-
tions, each within the range from 0 to k — 1, may yield a value exceeding k.
It is quite obvious that this probability is (x — 1)/2k.

Consequently, the true observation is

K = to — 11 (4)

2 (k —1)/6k
at the areas corresponding to count rate iq, resp. n2, where the number of lines
has been marked by t1 and t2 t = njk. k being the mentioned dividing factor.

The examination of the equation (4) is the following, that a ds distance
originates for the dividing independently of it, what size is the resolution of
collimator. The magnitude of this line section is, in case of homogeneous inten-
sity distribution,

(5)

where k is the number of the divisions, v the translation speed of the detector,
n the expected value of the counts in the surroundings of point a. Namely, the
resultant expected value of time interval between two particles is 1/n and as
the time intervals between the particles show an exponential distribution,
their standard deviation is

+1/». (6)

From equation (5) it can be seen that the true observation decreases

with the magnitude of the transmitted range and the maximum change of n
is understood as the information range.

If the distribution of the radiation is inhomogenous around point a,
the surroundings of point a are separated into areas wherein the radiation
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intensity is uniform. The expected values are determined individually for these
areas, the resultant expected value being the sum of the expected values of
the individual areas. The result can be generalized for any case of the local
intensity distribution.

11l1. Effect of the logarithmic detection of the human eye on true observation

The other reason for the decreasing true observation can be found in
the subjective human detection. Due to the great number of lines, the human
eye will detect on the scanner images the density differences caused by the
lines instead of the number of the lines. For further calculations aiming at
the determination of the true observation it is required to express the counts
in the error formula by the blackening observed in fact by the human eye.

If the area momentarily scanned by the collimator is ¢ cm2 and the area
of a line f cm2 then the blackening of the scanned area d, in case of lines t
denoted by p isp = tf/d per cent, since n/k = t. In this last expression, « de-
notes the number of the divisions, t the number of the lines, and n the counts
recorded by the detector. Between the blackening of area 4 and the count
rate the following relation can be set up:

P « 100 \E)er cent. (7)

Now we may already determine the condition of the true observation
for the two neighbouring areas still resolved by the collimator. The detector
moving at a uniform speed, the two neighbouring areas may overlap each
other.

The geometrical dimensions of the collimator and of the detector being
given, the difference of the recorded counts is determined by the length of the
path section ds. This is the smallest section to be resolved where an intensity
difference may still exist; ds denotes the uncertainty caused by the scaling
defined by equation (5). To facilitate further calculations, it is assumed that
the difference between the diameters of the two neighbouring areas examined
is always greater than ds [cm].

The physicians and opticians knew the fact that the human eye detects
the blackening logarithmically, because the stimulation must increase logarith-
mically, that the sense is able to increase by linear (by Weber—Fechners law).
The best agreement with practical conditions can be obtained by taking account
of the logarithmic detection of the human eye in case of the detectability here
defined. Thus true observation k must be put into the logarithmic system in
order to obtain the subjective true observation ks. Using equation (7), ks
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can be expressed as follows:

logn., —lognt

K, =
[log n2— log (re2— 3[in 2t + [log («! + 3|/n,) —lognj2+ L (8)

L denotes the resolving ability of the human eye.

Before proceeding with the examination of the results here obtained,
let us define the place were n2= 0. In the numerator of equation (8) there is
log nr — log n2; when n2 = 0, then log n2, i.e. if the background is zero, it is
seemingly the true observation which tends to infinite. To remove the apparent
contradiction which has thus occurred, let us examine the physical contents of
log n2; n2 = 0 means that the blackening is 0. The blackening of the white
paper, however, never corresponds to zero but to a definite numerical value.
Thus, log 0 has no physical contents. Agreement with experience is obtained
when assuming that at n2= 0, logn2= ¢, where cis a constant characteristic
for the “blackness” of the paper.

By increasing the blackening, a limit will be reached where the human
eye is unable to resolve the differences in the blackening, even independently
of the Poisson error. From equation (7), the following features of the projection
follow:

1. Due to the logarithmic detection of the human eye, the subjective
detection is considerably lower than that obtained by the counting, at any value
of n1 and n2, where the detection may be estimated. As both n2and n2are con-
siderably greater than the difference of the logarithm of 1, both are consid-
erably less than the difference of the arguments. From equation (8) it is
obvious that the true observation can be defined for the case of n ™ 3 only.
The denominator of equation (8) decreases at a smaller rate than the numer-
ator, even in the boundary case when equality exists in equation (8) for the
true observation. The denominator would decrease at an identical rate with
the nominator if the square root of the sum of the standard deviation
were replaced by the sum of the standard deviation. As the square root
extracted from the squared sum of the standard deviations is always less than
the sum of the standard deviations, the decrease of the nominator is always
smaller than that of the denominator, even in a limited case.

Thus, if the plotting of the distribution of the radioactive isotopes is done by
means oflines, then, due to the recording, thetrue observation decreases atany number
of lines.

2. In counting, the true observation increases with the square root of
the isotope administered; in the present case, however k s cannot be increased
beyond any limit by the increase of the isotope quantity administered. From
equation (8) it may be seen that by increasing the administered isotope quan-
tity, eventually a limit is attained, due to the very nature of the logarithmic
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curve, where the differences in the blackening become smaller than L, the
resolving ability of the human eye. Thus at a certain value of the blackening,
the human eye is unable to detect the differences of the blackening, independ-
ently of the standard deviation. If scaling is applied, the error resulting from
the scaling increases, on the other hand, according to equations (4) and (5).

Consequently, the true observation increases by the increase of the isotope
quantity administered up to a maximum value, and isfollowed, beyond this value,
by a decrease.

3. Equation (8) further shows that after projection, the photons
originally a symmetrical standard deviation, due to the recording, will have
an asymmetrical distribution. The error in the negative sense will show con-
siderably greater values than toward the positive. In most cases, this is the
cause of the mistaken negative “nodules” occurring in the scanner images.

4. It is profitable to examine equation (8) for the special case when the
measuring error remains constant. This case is represented by Fig. 2 when the
information transmission has been examined at constant measuring error for
the case of warm “nodules” of a small diameter. In the figure it can be seen
that, due to the logarithmic sensitivity of the human eye, the scanner images
do not indicate the activity differences, but the logarithms of the activity
differences. Thus heavily distorted warm, resp. cold “nodules” are obtained
and quantitative differences in respect to the activities and magnitudes of
the various cold and warm “nodules” cannot be established.

The projection ofthe “nodules” greatly depends on the activity of the sur-

rounding body tissues and on the magnitude of iinodules,\

IY. Conditions of the ideal projection

Based on equation (8), it is worthwhile to examine the question of the
so-called background erase. The improvement of the detection in the scanner
images is achieved by applying various electronic circuits to provide the record-
ing for only above a certain count rate [4, 5]. Based on equation (8) it is ob-
vious that in case of negative “nodules” the count rate cut off the background
does not result in essential improvement. By the decrease of 2, the nominator
of equation (8) increases in proportion to log njn2 the denominator, on the
other hand, similarly increases if n2is decreased. In this case, it is practically
just the same when no recording is done up to a certain n0or if the smaller
values are cut off gradually. At the same time, by increasing the number of
the removed counts, we run the risks of losing valuable information and mis-
taken negative “nodules” occur in the image, due to the asymmetric error
distribution. In case of isotope enrichment when detecting the so-called warm
“nodules” advantages of the background erase may occur in some special
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cases. The Poisson statistical raggedness can be left out of consideration in
case of high counting rates, the detection being determined only by the value
of L.

For this special case, the following is obtained from equation (8):

< n—rm ., ©)
My

In practical diagnostics, the possibilities for the application of equation
(9) are excessively rare. Possibilities for losing informations may, however,
exist, also in this case. The physician cannot know in advance which portion
of the background fraction may be cut off.

The greatest disadvantage of the background erase is that it does not
eliminate the logarithmic transmission of the activity differences.

The logarithmic transmission can be eliminated by transformation

nr= 10"/~ (10)

The recorder counts are denoted by nr, the detected counts by nd; b
is a constant determining the gradient of the transmission curve. The value
of b should be selected so high as to enable the use of the entire information
range for the transmission. Using equation (10), the true observation obtained
in counting can be recovered from equation (8), in case of b — 1:

_ n, —n. 3
s ' 2)
+ n2

Such, transformation is supplied by the photoscanning, the gradation
curve of which is exponential. A film can be found the blackening curve of
which will just eliminate the logarithmic character of visual perception of the
human eye. In this case, the differences are not distorted by the recorder, the
transmission curve is linear as shown by the curve b in Fig. 2.

It is worth mentioning that value k obtained from (2) was examined
by w. enctzian who has tried to determine the optimum true observation by
means of photoscanning for phantoms of different activities and magnitudes
[6]. His results show good agreement with equation (2) figuring in the present
work. It should be mentioned, however, that various problems have arisen in
connection with the photoscanning-type recorders but these problems are
not dealt with in this paper.

Finally, we wish to demonstrate the logaritmic nature of the subjective
visualization. Two pictures are shown which have been taken in the following
manner:
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Initially it was assumed that a detector feeds two different analyzers.
The first analyzer provides for the usual linear signal transmission, the second
one, e.g. a film, shows a blackening curve which fulfils the transformation
required by equation (10). The area has been divided, in thought, into small
squares and above each of these small squares the detector has been staying
for a definite time; thus preventing the analyzer from transferring information
from one square to the other. This means that the error originating from the
scaling has been admitted and distance ds defined by equation (3) been con-
sidered. The Poisson set was recorded corresponding to practice. The staying

Number of lines
Fig. 2

time of the detector above each of the small squares to be scanned during the
assumed recording did correspond to the usual continuous scanner speed of
10 cm/min. The intensity of the assumed warm “nodule” was 3000 cpm, the
homogeneous intensity of the surrounding 300 cpm, whereas the intensity of
the cold area 60 cpm. For the linear transmission, a signal has been allocated
to every 6th pulse.

The blackness value was adjusted as a combination of dots and dashes,
on the scanner image taken by exponential transformation method for the better
approximation of the exact exponential function. The blackness value is ten
times greater than caused by a dash than a dot.

The pictures show conspicuously the better transmission of the trans-
formed image wherein the subjective visualization has been considered. The
outlines of both the cold and warm areas are more definite and in the trans-
formed image the homogeneous basic intensity is really homogeneous; as for
the linear transmission, more cold areas occur in the homogeneous intensity.

Summing up our examination, it can be established that improvement
of the scan recording may be realized’by two methods: The “best” picture can
be obtained by increasing the administered isotope quantity and by applying
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simultaneously the photo-scanning to remove the logarithmic sensitivity of
the human eye. The increase of the administered isotope quantity is limited
by the risk of radiation damage. According to the more recent reports, the pres-
ently applied isotopes of short half-periods and containing weak beta-compo-
nents may open new outlooks for the radioisotope scanning [7].
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UBER EINIGE THEORETISCHE FRAGEN DER SZINTOGRAPHIE
GY. EMBER und I. HALASZ

ZUSAMMENFASSUNG

Die Publikation bestimmt, von den Eigenschaften des einfachen Z&hlprinzips ausgehend,
mit Hilfe statistischer Methoden den scanning-diagnostisch nachweisbaren kleinsten Aktivitats-
unterschied. Die Verfasser berechnen den durch das Bewegen des Detektors entstandenen
Registrierungsfehler. Sie beachten, daf die wahrgenommene Nachweisbarkeit wegen der loga-
rithinischen Empfindlichkeit des menschlichen Auges mit der mit Hilfe statistischer Methoden
berechneten Nachweisbarkeit nicht Ubereinstimmt. Die Verfasser haben die in der Scanning-
Technik Ublichen Kontrastverbesserungsmethoden geprift und stellen fest, daB dieselben die
wahrgenommene Nachweisbarkeit wesentlich nicht steigern, wogegen die angewendeten Ver-
fahren wesentlichen Informationsverlust verursachen. Sie bestimmen die prinzipiell wirksamste
Gradationskurve und zum Beweis legen sie als theoretischen Versuch ein Scannerbild bei.
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QUELQUES PROBLEMES THEORIQUES DE LA SCINTIGRAPHIE
GY. EMBER et I. HALASZ

RESUME

Les auteurs, partant des propriétés du compteur normal, déterminent par des méthodes
statistiques la plus petite différence d’activité observable par scintigraphie. Les auteurs cal-
culent I’erreur d’enregistrement due au déplacement du détecteur. Ils considérent qu’en
raison de la sensibilité logarithmique de I’ceil, le pouvoir séparateur observé différe de celui
calculé par des méthodes statistiqgues. Les auteurs ayant examiné les procédés d’amplification
de contraste habituellement utilisés dans la technique scanner, ont trouvé que ceux-ci n’aug-
mentent pas sensiblement le pouvoir séparateur observé, mais impliquent, par contre, une perte
notable d’information. Les auteurs déterminent la courbe de gradation la plus efficace en
principe et donnent, pour vérifier cette courbe, une image scanner obtenue par voie hypothé-
tique.

HEKOTOPbIE TEOPETUYECKWE BOTMPOCbLI CUNHTUTPA® A

A. SMBEP n U. XANTAC

PE3FOME

Mcxoaa U3 0C06eHHOCTU MPUHLMMIA MPOCTOro cYéTa, B CTaTbe C MOMOLLbIO CTATUCTUYe-
CKMX METO/IOB ONpefensieTc HauMeHbLUasi PasHOCTb AKTWBHOCTENM, BOCTMPUHMMaeMasi CLMH-
TUrpadueii. ABTopbl ONpeensitoT OWNGKY PerncTpaLyi, BO3HMKAIOLWLYIO U3-3a NepeaBuKeHus
[eTeKTopa. YuuTbIBalOT, YTO HabG/ogaemoe paspelleHne OT/IMYaeTcsl OT paspeLleHusi, paccyu-
TAHHOTO CTATUCTMYECKMM METOAO0M, M3-3a SIOrapuiMMUEcKoro BoCnpusTUs rnasa. ABTOpbI pac-
CMOTPEeNM METOAbl YNYULLIEHWA KOHTPACTHOCTM, 06bIMHO MCMO/b3yeMble B CUMHTUTpadum u
[eNatoT BbIBOf, YTO 3TV METOAbl 0COG0 He ynyuyllaloT Hab/tofaeMoe paspeLleHne, ogHaKo, npu-
BOAAT K 3HAUMTeNbHOW MoTepe UHGopMauuu. OnpefensioT TeopeTUUecKn Hambosee BbIroAHYIo
KPUBYIO rpagmauyn v Ansi TeOpeTMUecKoro NoATBEPXKAeHWS 3TON KPWBOW NPUBOAAT CLUMHTYW-
rpaguueckyto KapTuHy.
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THE HUNGARIAN INVENTION
OF THE RAM JET DRIVE IS 50 YEARS OLD

D. BRODSZKY
CANDIDATE OF TECHNICAL SCIENCES
TECHNICAL UNIVERSITY, BUDAPEST

[Manuscript received March 11, 1965]

The paper discusses the solution of the ram jet drove proposed by a Hungarian pioneer.

Aibert Fono, Mmechanical engineer — to-day Corresponding Member of
the Hungarian Academy of Sciences — 50 years ago on February 10, 1915 set
forward a proposal to the Austro-Hungarian Army Headquarters for the
creation of a ramjet-driven projectile (air torpedo). The detailed calculations
submitted in support of the proposal show that with the proposed air torpedo
efficient shooting was possible at a far greater distance than with the longest-
range guns known at the time [1].

The Technical Committee of the Army Headquarters informed rons
in a briefletter that no practical success was to be expected from the realization
of the proposal and therefore it would not deal with it (Fig. 1).

Viewing the proposal with our eyes of to-day, there can be no doubt that
a very important invention was rejected. rfono's proposal involved every
basic idea of the power plants of our modern sonic and supersonic air trans-
portation and above this, it recommended an application which in its time
(1915) was the most realistic and could have been realized with the maximum
chance of success.

The sketch of A1vere Fonos air torpedo is shown in Fig. 2 (1;. To-day
one needs only to give it a swift glance in order to see that it is jet drive with-
out an aspirating compressor (ram-jet, athodid). Its operation is already well-
known, theoretically it can be separated into a thermal power unit and a pro-
pulsion unit. The basic condition for its operation is that the air arrives at
adequate relative velocity. This relative velocity is provided by the flight itself.
The operating cycle is the following: the relative kinetic energy of the air arriv-
ing at the drive unit is already partly reduced in front of the drive unit, partly
in its adequately arranged channel, thus its enthalpy increases and also
its pressure; so dynamic compression is brought about. Then fuel is injected
into the compressed air, ignited and burnt at constant pressure; the in-
creased-energy gas expands in a driving nozzle and is exhausted at high
speed. The reaction of the impulse of the high-speed medium provides the
thrust.
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Fig. 1

According to the foregoing, the ideal working cycle of the power unit
consists of adiabatic (isenthropic) compression, heat introduction at constant
pressure, adiabatic expansion (outflow) and heat extraction at constant pres-
sure (Fig. 3). The efficiency of the thermal power plant working according
to the ideal cycle depends only on the compression ratio,

PO
pl
where p o is the initial pressure, p1 the final pressure of compression. But here
there is dynamic compression, the pressure ratio depends on the inlet velocity

and finally efficiency is an univocal function of the inlet velocity, which can be
characterized by its m» number Hence
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which is also shown on the diagram of Fig. 4. At small m» numbers efficiency
is low, and with increasing m it increases first slowly, then rapidly and finally
again at a lower rate. At m» = 0,1 the efficiency attains only 0,1%, at v =
= 0,5itis5%,atm = 1itis 16,6%, atm = 2itis already 45% and atm =
= 5 it attains 83%.

If we consider that these values give the ideal efficiency of the thermal
power plant but that its real efficiency is reduced by further considerable losses
and that the over-all efficiency of the power plant is reduced still further by
the propulsion efficiency, we see that the very base of advantageous applica-
tion of the compressorless ram jet is supersonic speed, which fact has practically
been proven to-day.

Carburation
Fig. 2. Sketch of Fonos’s air torpedo [1]

Fig. 3. Ideal working cycle of the air-aspirating jet drive: p —v diagram (a);
T —s diagram (b)

In 1915 only projectiles attained supersonic speed, aircraft was still in
its infancy, their speed was far below sonic and attained only a fraction of its
speed. Attaining sonic speed was at that time not a question of drive units,
but much more of airframes, therefore the development of a power plant suit-
able for supersonic flying was untimely. For the aircraft of the time the petrol-
engine driven airscrew was absolutely suitable from the points of view of
thrust efficiency and many other points, too. At low flying speeds the compres-
sorless jet plant (ram jet) is not suitable for replacing it; under such conditions
— slow flying — it did not acquire importance during later stages of develop-
ment either.

From what has been said it is clear that Fonoé’s proposal of 1915 was
realistic, much more so than the paper of the French Lérin published in 1915
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which also set up the idea of the ram jet, but without pointing to the need
for high speed [4]. FonO’s most important finding was that the jet propulsion
plant without aspirating compressor becomes of great importance at supersonic
flying speed. Furthermore he saw not only that the initial speed required for
its operation must be secured from some other source, but he also found that
field of application where in 1915 this could be realized within a limited time.
He was clear about the importance of experimental work and insisted on this
in his proposal [1].

W ith this the basic principle of our modern aircraft propulsion plants
was created. A smaller step was necessary for the adaption of the propulsion
plant to infrasonic speeds and to provide it with a starting power. Foné also
achieved decisive progress in the solution of this question. Although infavour-

Fig. 4. Variation of the ideal thermal efficiency of the air-aspirating jet drive as a function
of the M number

able conditions caused loss of time, meantime development brought the solu-
tion of the problem into the foreground.

For a long time after the rejection of his proposal Fons had no possi-
bility of continuing his work on the air-aspirating jet power plant. Only in
1928 could he think of realizing a jet plant suitable for aircraft and to claim a
patent for sonic. He applied for a patent also in the cerman Reichspatentamt,
because the preliminary examination carried out by this institution was consid-
ered at that time as being the most reliable one. First he claimed a patent for
the application to supersonic aircraft of the solution he had proposed for the
air torpedo and within half a year he asked for an additional patent on a power
plant suitable for infrasonic flight. In the latter a compressor driven by a sepa-
rate thermal engine (e.g. a piston engine or a rotating piston engine) created
the pressure ratio necessary for satisfactory operation, to which during flight
also the dynamic compression contributes. This additional patent basically
solves the problem of the aspirating compressor jet engine, leaving open the
guestion as to what kind of compressor and of thermal engine would finally
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be of advantage. The German patents granted after a preliminary examination
lasting for an unusually long time of about 4 1/2 years priority as from 1928 [2].

After the patent applications Fono searched for a possibility to try the
air aspirating jet engine on aircraft. After several promises (Fokker, Junkers)
there was finally no opportunity for this, largely because engineering at that
time had not reached a level permitting adequate temperatures at the critical
places, e.g. at the exhaust valves of petrol engines. So the experimental work
and the practical realization fell to others.

At present the most important drive unit for sonic and supersonic flight
is the turbo-jet engine, on which afterburning can be used, too. This power

Compressor Turbine

Fig. 5. Theoretical drawing of a gas-turbine jet drive unit with afterburning

plant can be complated by a ram jet, which enters into operation at high speed
only.

Now let us examine a modern turbo-jet engine completed by afterburn-
ing, — used also for infrasonic flight — and then let us investigate what part
of it could have been realized at a general level of engineering of 1915.

Fig. 5 shows the theoretical arrangement of a modern gas-turbine jet-
driven unit with an afterburning device; Fig. 6 shows i—s and 71— s dia-
grams of the drive unit’s working cycle during supersonic flight operation.
As shown in the i—s diagram, the working cycle starts with dynamic compres-
sion (0—1) then the compressor continues by the compressing the air (1—2).

After that — neglecting smaller pressure losses — fuel is burnt at constant
pressure in the combustion chamber (2—3), then the gas expands in the turbine
(3—4). The turbine covers the work needed for driving the compressor and for
this it does not require the whole of the available total heat drop, so the pressure
behind the turbine is still higher than in front of the compressor. Behind the
turbine — in the afterburning chamber — a fresh quantity of fuel is burned
(4 —5), finally the gas carrying increased energy is expanded in the propulsion
nozzle (5—6) and thus high outlet velocity is secured, resulting in a high thrust.

This working cycle is the result of knowing the limitsimposed by structur-
al materials and by design and therefore of complying with them. Such alimit
is permissible temperature on the turbine blade. In the propulsion nozzle higher
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temperature is permitted than on the turbine blades because there are no
centrifugal stresses and because of the possibility of better cooling. These
limits — as is known — are of essential influence on the energy which can be
obtained from the cycle and its efficiency, further considerable influence on
them have the efficiencies of the turbine and of the compressor.

a) bj

Fig. 6. Enthropy diagram of afterburning gas-turbine jet drive unit and of compressor-less

air-aspirating jet drive unit: a) i—s diagrams of to-day’s (1965) gas-turbine jet drive and of a

jet drive unit imaginable in 1915; b) T—s diagrams of an idling gas turbine (the -j- and the —
thermal areas compensate each other)

In 1915 temperature limits were much lower and efficiencies of turbine
and compressors were smaller. These are shown in the diagram by indicating
the date. The smaller allowable temperature of the afterburning chamber has
only the effect of reducing the thrust. But the smaller allowable temperature
in front of the turbine and the worse efficiencies of turbine and compressor bring
about basic changes. The turbine working at low inlet temperature and low
efficiency for driving the compressor of still lower efficiency needs such a tem-
perature drop that after-turbine pressure drops to about the pressure in front
of the turbine, i.e. the turbine would nearly be idling and would not be of
any appreciable use. So the turbine could be omitted, it being a superfluous
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complication. But this one can lead to rono-s proposal of 1915 concerning
supersonic flight, which is also shown in the T—s diagram where heat is
introduced at pressure p'2

It can rightly be assumed — although it would be difficult to prove —
that the ideas of r o ns reached those who later realized the air-aspirating jet
engine and that they had a stimulating influence on their work. On the base
of the German patent, and in broader circles on the base of recent papers,
Fono's WOrk receives more and more acknowledgement. l.e. a paper published
in 1960 by W. H. Avery in the American Rocket Society Journal [4] terminates
by the following:

“ Tfte documentation furnished by Dr. Foné indicates that he was the first
person to visualize the possibilities of ram-jet propulsion for supersonic flight.
Although the work ofLd6rin was earlier, there is no indication in borin’s published
papers that he foresaw the use of ram-jets at the high speeds needed by this type
of engine to achieve useful thrust or efficient operation.

| feel sure that all ARS readers ivill be glad to acknowledge Dr. Foné recog-
nition for his pioneering studies of ram-jet propulsion.”
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DIE UNGARISCHE ERFINDUNG DES SELBSTANSAUGENDEN
STRAHLTRIEBWERKES IST 50 JAHRE ALT

D. BRODSZKY
ZUSAMMENFASSUNG

Der Artikel macht mit der von einem ungarischen Bahnbrecher vorgeschlagenen L&ésung
des selbstansaugenden Strahltriebwerkes bekannt.

L’INVENTION HONGROISE D'UN MOTEUR A REACTION ASPIRANT A 50 ANS
D. BRODSZKY
RESUME

L’article expose la solution du probléme de construction d’un moteur a réaction aspirant,
proposée par un savant hongrois ayant fait oeuvre de pionnier.

50-IETUE KOHCTPYUPOBAHWA PEAKTUBHOIO ABUIATENA
C BCACbIBAHVEM BO30Y XA

L. BPOLCKM
PE3IOME
B cTtaTbe nanaraercs npeanoXeHHoe OAHUM BEHIFepCKMM NMUOHEPOM peLleHne peakTuB-
HOro papuratensa C BcCacbiBaHWEM BO3AyXa.
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ANALYTICAL DESIGN OF MULTIVARIABLE CONTROL
SYSTEMS WITH CONSTRAINTS FOR DETERMINISTIC
INPUTS APPLYING THE INTEGRAL OF SUM
OF ERRORS SQUARED CRITERION

F. CSAKI
CORRESPONDING MEMBER OF THE HUNGARIAN ACADEMY OF SCIENCES

[Manuscript received August 17, 1965]

In this paper the optimum design of multivariable control systems is treated in the
case of the semi-free configuration with constraints. The inputs are assumed to be deterministic
signals. As optimization criterion the integral of the sum of the squared errors is taken. An
illustrative example is also given.

I. Theoretical considerations

In the technical literature many papers deal with the statistical design
of single-variable, e. g. [1—3], and multivariable, e. g. [4—9], control systems.
There are also some publications concerned with the design of single-variable
systems for deterministic inputs [10, 2]. In this paper the optimum design of
multivariable control systems is treated concerning the most general case,
that is, the so-called semi-free configuration with constraints. The derivation
of results is based merely on frequency-domain notions, thus, variational
calculus and integral equations are completely avoided.

The problem is depicted in Fig. 1. Here the following symbol is used:

R.f(s) (k= 1,...,K) isthe Laplace transform (or with s = jcothe Fourier trans-
form) of the input row vector, C;(s) (1=1,... ,L) isthe transform of the output
row vector. Mj(s) (j — 1,...,J) is the transform of the row vector of manip-

ulated variables acting between the fixed part, for example, the plant and
the controller. The former is represented by transfer-function matrix W p(s)
while the later by matrix W y(s). Anindirect constraintisintroduced by matrix

Wij0®) (j=1,... J; h=1,...,H). Theoutput row-vector B h(s) of this trans-
fer link represents the indirect variables: the so-called modified manipulated
variables to be constrained. For the sake of simplicity K = J = L = H is
assumed.

As performance criterion the sum of the integrals of the squared error
components is taken, the errors being the differences between the inputs and
outputs:

Ek(s) = Rfe(s) - C.(s); (1)
(k=1=1,2,...,K=1).
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Applying Parseval’s theorem the functional in question can be expressed
as

tr[EA.(-s)E fi.(s)]ds, )

2ttj J —fo*

where E”,.(—s)isthe conjugate complex column vector of the error row vector
E.f(s) as here and in the following treatise s = jco. Hence, E.(—s) E k(s) is a
matrix of type K X K, while the symbol “tr” denotes the trace i. e. the sum
of the principal diagonal elements of the matrix.

Fig. 1

Fig. 2
In a similar way the condition of constraint can be expressed as

h = 5%’1\ r tr[»*'e( s)B h(s)]ds<o02 )

the sum of the integrals of the squared values of the indirect manipulated
variables being limited.
Applying the Lagrangean conditional extremum technique the functional
to be minimized is
Il = le+ Ub. 4)

Taking Equ. (1) and Fig. 1 into consideration Equ. (2) gives:

le= —7 r tr [Rk, (s) - C,(-s)] [R./,(s) - C, (s)]ds, (5a)
2nj J
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or

h = AT U R-(QR*()- R (X)R*©Wh (O ©)-
- W{T (=) WV (— )»*..(-*)R., (s) +
+ W} (-s)W YV (-9 R ,.(-S)R ,(SYW ii.(s)W {((s)}<is (5b)
where W,y (—s), Wyfc.(—s) are the adjoint i. e. the conjugate complex trans-

posed matrices of W j((s) ana w &j(s), respectively. Similarly, from Equ. (3)
and Fig. 1

= ~2 Jf tr IW,V (-*)w fr(-s) R/-.(—s) R.ft(s) Wfc («) Wjj, (»)] ds < a?
Ty
(6)

Now let us introduce two adjoint auxiliary matrices Akk{—s, A and
Alixfc (s, A) by the following implicit definition
w W A-(—s)Ra-(-«) R, ()W ij(s) W (s) +
+ AW A (-s) Wijv (-s) Rk (~s) R.{t(s) WIj(s) Wft(s) = 7)
= Wou (- )w k(-H)A,.a(-s,AAkks, AWII(S)w  («).

It is assumed that the elements of matrix Akk(s, A) have only poles
and possibly zeros in the left-half plane while the elements of the adjoint
matrix A/;a (s, A) have poles (and zeros) merely in the right-half plane, the corre-
sponding poles and possibly zeros being mirror images with respect to the
imaginary axis of the complex plane. The poles and zeros on the imaginary axis
are assumed asbeing shifted by asmall quantity to the left-hand and to the right-
hand side, respectively. The same is valid also for the inverse matrices. It can
be shown that the choice of the auxiliary matrices does not depend on matrices
Wik (—s) and Wykj(s) if

y Mh(s) [Wjl(s)]* = 1(s)iji, (8)
where lyis an unity matrix of type J x J, while J(s) is some scalar transfer

function. Indeed in this case, the product of the auxiliary matrices can be
written as

A** (-*,A)A*.*(B, A) = [1 + A/(—s)J(s)]Ra,.(—s)R.f(s). 9)
Thus, taking Equs (5b), (6) and (7) into consideration the function in Equ. (4)
takes the following form
I = |7~ tr{R/-~(-.) Riy(s)-R k (-.) RE(s)yWij () w (s) -
- W{7, ( - s ) (—s)Rk, (-<) R k(s) + (10)
+u o (—RWY.L-») Aad. (- .8 A Kk« SA) W ij ()W, ()} ds.
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Let us introduce furthermore two other adjoint auxiliary matrices MAy(s, A
and —s, A) by the following implicit relations:

Afc'f (—s,A) A kk(s,A) Mity(s,A)W j, (s) = RI.(—s) R.fe(s),
W{7-(—s) MA-(—s,A) Arr (—s,A) (5,A) = R,-. (—S) R *(s). ()

Hence, the functional to he minimized assumes the form:

1= J . f tr{RA.(—s)R.f(s) —
2 Jj Iy~

W{7,( -*) M/ft. (- e, A AFtV(- sA) A rt(M ) MATV.W {((S) +
+ W{r (- 9[Mirt(-s,A) - Wb (—»)] A,-r(-*,9) X
x AL (sA) M. (A - Way (s)] W, (M)} ds. (12)

The matrix Wfcy(s) and its adjoint is contained only in the last term.
The functional | should be minimum if this last term would be zero. This
condition would be fulfilled if and only if the optimum transfer-function ma-
trix of the controller was

Wrey (s, A) = Miy(s, A). (13)

However, as the matrix M/y(s, A is generally physically unrealizable
the matrix w k°js, A) is also unrealizable and does not solve our problem.
Let us decompose the later matrix into two parts:

w % (s,A) = WEy (5,A) + WET7 (5,A), (14)

where the second term on the right-hand side of Equ. (14) is the transform of a
certain physically realizable positive-time-function matrix, while the first
term on the right-hand side of Equ. (14) belongs to a negative-time-function
matrix, consequently it is physically unrealizable. Substituting instead of
W ~(s) and its adjoint matrix the physically realizable matrix Wicy!(s) and
its adjoint matrix, the last term in Equ. (12) does not become zero but the
functional | gives the least possible value, as according to

MKJ(s,A) - Wijjyl(s,A) = WEy (s,A (15)

only a transfer-function matrix belonging to a negative-time function figures
in the expression of I.

Taking Equs (13) and (14) into consideration the first relation of Equ. (11)
gives

AfC'**(—S,A) A -, (*,A) Wic? (s, A)Wj/(s) w r (-») =
= REE.( s)R k(s) W{~-(-*) + F«xr (s,A),
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where
Fkr M ) = —Akkr(—sA) AkkGAW # (%A WL (S)W{r (-*)

is a certain matrix with elements containing only right-half plane poles. (The
proof will he given somewhat later.) In Equ. (16) the matrix Wf.y (—s) must
figure for the sake of symmetry. Now, let us perform the following factoriza-
tion

WEEWLy(—=s) = [WEG)YHT(-3)] +[W () Wir(-s)]-, 17)

where the upper index — (minus) denotes a matrix factor whose elements,
and the elements of its inverse matrix, have only right-half-plane poles and
possibly zeros, while the upper index -(- (plus) denotes a matrix factor whose
elements, together with the elements of its inverse matrix, have only left-half-
plane poles and possibly zeros.

Thus, from Equ. (16) we have

Atk (s.A) GA) (W W% (-«))+ =
= [Ak( -SA)]-IRK (s) R*(SHW j. (-«) [(W YW IV (-«))-]1%4-
+ AT (—s,A)]- FRY (5,A) [(W L) W, (-.))-1"~ (18)
if the inverse matrices do exist.

To ensure this condition some diagonal elements tending to zero must be
inserted into the auxiliary matrices defined in Equ. (7) (see the illustrative
example on the end of this article).

Separating the physically realizable and unrealizable matrix components
on both sides of Equ. (18) the following two relations can be obtained:

A** (s,A) W £7 (5,A) (W ], () W frj, ( - 5))+ =
= {[Akr (-s,A)]-iRk, (-,) Rk(s) W{r (-,) [(LL(>) (-S))-]-i(igﬂ”)

and
«= {[A**.(ms *)]-IRk (~s)R.k(S)WY -s) [(W (W {. (- *))-1-i}_+
+ [A,r (- 8,A)]-TFKT (s, A)[(W /(S W{v.(-*))-]-1,
where the lower index -|- (plus) denotes a matrix component with physically

realizable elements belonging to positive-time functions while the lower index
— (minus) denotes a matrix component with physically unrealizable elements,
that is, with right-half-plane poles, and thus belonging to negative-time func-
tions. Generally, the physically realizable component can be obtained by first
performing an inverse Fourier transformation and then a Laplace trans-
formation.

Here the fact was taken into consideration that the left-hand side of
Equ. (18) supplies merely a physically realizable component, while the second
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term on the right-hand side of Equ. (18) gives only a physically unrealizable
component.

Expressing the matrix F (s, A from the second relation of Equ. (19)
explicitly it is clearly shown that indeed its elements have only right-half-plane
poles.

On the other hand, the first relation of Equ. (19) yields

Wijyl(s,A) = [ A R . * ( * ) X
X W ACG»)[(W AW iy (-*))-1-+[(Wi,(« W ir (-s))+]-K  (20)

The solution Wfc/1(s,A) and its adjoint matrix may now be substituted into
condition of constraint in Equ. (6) in place of Wy (s) andW )*(—s), respec-
tively. The parameter A must be so adjusted that the unequality (6) will
be satisfied. After having determined the proper value of the parameter A
the latter can he substituted back into Equ. (20). Hence, the physically real-
izable optimum transfer-function matrix of the cascade controller Wfc™(s) is
obtained.

After having determined the matrix WI/y- (s), according to the equi-
valence of the two configurations show in Fig. 1 and Fig. 2, the transfer-func-
tion matrix of the controller in the forward branch or that of the feed-back
link can also be ascertained. For example if there is no feed-back controller
then the transfer-function matrix of the series controller can be expressed as

GRtT (s) = [I** - WJI7 () WE (*)]-' Wij(s) (21)

while, on the other hand, if the series controller is missing then the transfer-
function matrix of the feed-back controller is given in the following relation

Ho*(%) = [Wij(s) W{,(s)]-1- [WE(*)]-*. (22)
(k=j=1=1,...,K=J=1)

Il. An illustrative example

For the sake of illustration a relatively simple example is presented. The starting data
are the following:

R*@ = [/=> i,

S 0
WG g W ()=

0 s/3
On the basis of Equ. (9)
1/s2
Ack- (—SA) Ak (5A) = (1 + Asd8l) 1 [1/s21/s],
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Hence
Y49 1/s2  1Is
An-* (5,A) — -
A 5A) 1+ 3 x II§ )J 0 els
in vl A ' 1/s2 0
K%k, * -
A**» ()= U 3 —Us -

where eis a small quantity later tending to zero. After introcuding the diagonal elements, the
inverse matrices can be determined

IAn*(M)]-1 = 1 s2  — S2E
1+ 3 0 sle
[AN(-»,A)]-i = . I s2 0
—s3e —sle
Furthermore
. ) s2/9 0
[(w () Wiq. (-£))+]- o s
} s2/9 0
[(wl @Wiav(-s))-1"1 .

First, let us calculate the term in brackets in Equ. (20). Completing the column and
row matrices Rk. (—s) and Rk'.(s) with corresponding diagonal elements and performing some
algebraic manipulations:

Hence, applying Equ. (20)

Ce
o

W$(.)-m 4 1 T

., e fx

1+ — s+ -r s

Thus, the overall transfer-function matrix of the control system is

4

The condition of constraint in this case is

ds < a2
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which results

h=_thsl <@

*18 « A3

For example, if a2= 11/81, then A= 81/64 and the overall transfer-function matrix

becomes

1 1+ 055 O

WMEWHLE) = 4 o554 042552 1

Applying Equ. (21) finally, the expression of the controller in the closed loop is

Th

10.

y 0 + °’5s) 0
2 1
0 T 1+ 0,25s.

us a controller of type PD and a controller of type PT would be necessary.
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ANALYTISCHE SYNTHESE VON MEHRFACHVARIABLEN REGELUNGSSYSTEMEN
MIT DETERMINISTISCHEN EINGANGSSIGNALEN AUF GRUND DES KRITERIUMS

de
de
Fe

DES QUADRATISCHEN FEHLERINTEGRALS
F. CSAKI
ZUSAMMENFASSUNG
In diesem Artikel wird die Optimierung von mehrfachvariablen Regelungssystemen fur
n Fall der halbfreien Konfiguration mit Beschrdankung behandelt, wobei die Eingangssignale

terministisch sind. Als Kriterium der Optimierung wurde die Summe der quadratischen
hlerintegrale genommen. Zur Veranschaulichung wurde auch ein Beispiel angefihrt.

Acta Technica Academiae Scientiarum Hungaricae 54, 1966

Chang, S. L.: Synthesis of Optimum Control Systems. Me Graw-Hill Book Company Inc.



ANALYTICAL DESIGN OF MULTIVARIABLE CONTROL SYSTEMS 411

SYNTHESE ANALYTIQUE DES SYSTEMES DE REGULATION MULTIVARIABLES
AVEC CONTRAINTE ET SIGNAUX D’ENTREE DETERMINISTIQUES, SUR LA BASE
DU CRITERE DE L’INTEGRALE DE LA SOMME DES ERREURS QUADRATIQUES

F. CSAKI
RESUME

L’article traite de la synthése optimale des systémes de régulation multivariables en
cas de configuration demi-libre et de contrainte. Les signaux d’entrée sont déterministiques.
Comme critére de I'optimisation, on prend I’'intégrale de la somme des erreurs quadratiques.
Un exemple présenté par l'auteur termine I’étude.

AHANTUTUYECKNI PACYET MHOMOMEPHbLIX CUCTEM PEIY/IMPOBAHUA

C OrPAHMYEHNAMWN B CNYYAE AETEPMWHWPOBAHHbLIX BXOAHbIX

CUr'HANOB HA OCHOBE MHTEIPAJ/IbHOINO KPUTEPUA CYMMbI
KBAOPATUNYECKNX OLUMNBOK

®. YUAKU
PE3IOME

B JaHHOI cTaTbe paccMaTpMBaeTCsl BOMPOC ONTMMasibHOMO CUHTE3a MHOTOMEPHbIX CUCTEM
perynvupoBaHusi B ciiydae nosycBo6oAHON KOHAMIypauuy ¢ orpaHuueHusimn. Mpeanonaraetcs,
UTO BXOAHble CUrHaNbl SBASIOTCA [AETEPMUHMPOBaHHbIMW. B KadecTBe KpuTepus 6Gepetcs
MHTerpas CyMMbl KBafpaTUYecKMX OLIMGOK. NS uanocTpauuy TeopeTUHeckoro matepuana
B CTaTbe MPUBOAWUTCA TaKXe KOHKPETHbIA npumep.
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THE IDEAL KLYSTRON MODULATOR
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[Manuscript received September 28, 1965]

The main task of the frequency modulators is to ensure a modulation characteristic
of high linearity. For this purpose the klystron modulator is the most suitable. In this connec-
tion the author has solved, in a general way, the following problem: the active element of the
modulator, a reflex klystron, is given and the question is what requirements by the passive load
circuit must be satisfied in order to obtain an ideally linear modulation characteristic. The requi-
rement of linear modulation leads to a non-linear differential equation for the phase angle of
the load circuit. The function T obtained as solution determines the phase characteristic of
the assumed load circuit of the ideal klystron modulator. In the designing of klystron modulator
circuits, the problem isto achieve the phase characteristic of the load circuit within a given
range approaching as much as possible the ideal function F.

I. Introduction

One of the principal tasks in designing multi-channel microwave links
is to provide for a frequency modulation giving high linearity within a wide
band. For such purposes the klystron modulator may be used at the great-
est advantage because its frequency-reflector voltage characteristic may
be linearized within a wide frequency band by the proper choice of load-
ing circuit.

Pierce and Shepherd [1] described the operation of a single-civity reflex
klystron oscillator in detail. Jepsen and Moreno [2], later Houghton and
Hatch [3] dealt intensively with the analysis of the single-cavity klystron
modulator. The problem ofthe two or more coupled cavity klystron modulators
are, however, still not quite cleared up. The papers dealing with this subject
[4, 5] are based namely on the assumption that the frequency and amplitude
characteristics of the klystron oscillators are determined exclusively by the
loading circuit. This may be accepted in effect only as a first appro-
ximation.

In the present paper, the analysis is extended to the entire circuit, i.e.,
the effect of the reflex klystron as the active circuit element on the modulation
characteristic is also taken into consideration. On this basis, the author exam-
ines in general, the demands on the loading circuit of an ideal modulation char-
acteristic is striven for.
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Il. Electronic and loading admittance

The operation of the klystron modulator is the result of the interaction
of the electron beam passing through the reflex klystron with the loading circuit
coupled to it. From the point of view of circuitry, the electron beam may be
taken into consideration with an electronic admittance Yeconnected in paral-
lel with the admittance Y[represented by the load. To deal with the modulator,
we should know the electronic and loading admittances, and then the working
characteristics ofthe modulator may be determined by considering the parallel
connection of the two admittances.

According to the small signal theory [1] known from the literature, the
electronic admittance caused by the electron beam of the reflex klystron is:
V _ 2]»B8 r BVO

Ve [sin0 + j cosO0],

2Fn, )
where Inthe effective component of the direct current of the electron beam;
VOthe electron acceleration voltage;
V the amplitude of the high-frequency voltage between the grids of
the cavity;
f the beam modulation factor;
0 the transit angle;
Jj the Bessel function of the first kind and first order.

The transit angle 0, for the case of a reflector space with linear potential
distribution, is given by the following equation [5]:

e=M F « rl (2)
Wh vO+ v/
where V# the voltage between the reflector and cathode;
f the frequency;
| the distance from the reflector to the grid;
1] the ratio of the charge and mass of the electron.
The loading admittance is expressed in the general form:
Yi= |Yfler, 3)

where ¥ the phase angle of the loading admittance.

I1l. The oscillation frequency

From the point of view of circuitry, the electronic admittance and the
loading admittance are connected in parallel. In case of natural oscillation,
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the sum of the two admittances should be consequently equal to zero. Thus,
it follows that the loading admittance should be equal to the negative of the
electronic admittance

Yi=-Ye O]

Admittances Ye and Y; being complex quantities, Equ. (4) may he
decomposed into two independent equations:

Re(Y,) = Re(-Ye), (5)
arc(Y/)=arc(—VYe). (6)

By the solution of these two equations, two unknowns, the oscillation frequency
and the oscillation amplitude can be obtained.

In the following, the place where the electronic admittance is a negative
real number will be called mode-centre. The values of the various parameters
at the nth mode-centre will be noted by index n where n represents the serial
number of the mode.

In the following we only require the determination of the oscillation
frequency, which may be obtained from Equ. (6). The formation of the arcus
of the electronic admittance is carried out by referring it to the n h mode-
centre.

Consequently, on the basis of Equs (1) and (3), we may write:

arc(YL) = IF |
(7)
arc(-Y,)= 0n- 0)
Here, On is the value of the transit angle at the nh mode-centre.
Let us substitute now relations (7) into Equ. (6):
On- e = V. (8)

Let us substitute thereafter the expression of the transit angle according to
Equ. (2) into Equ. (8):

e Wo f yj 9)
yri VOo+V J~

At the mode-centre, the formula of the transit angle will be:

8snl M
12V Yu+V

(10
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where VRnthe value of the reflector-cathode voltage at the nth mode-centre;
f 0 the load resonance frequency which is equal to the mode-centre
frequency.
Let us express 8tr//]JA2?y from Equ. (10) and substitute this into Equ. (9).
After having arranged the equation,

Vo+tvpn f _ On~y (1)
K+vR 1/, en
is obtained.
In Equ. (11), Qn,f0, VO and VRn are given quantities and thus a relation
is obtained between VR and/, supposing, of course, that the frequency depend-
ence of W is known.

IV. Modulation sensitivity

The modulation sensitivity is the derivative of the frequency with respect
to the reflector voltage. This may be obtained from the implicit Equ. (11),
after suitable rearrangement, in the following form:

s= df r_ 1 /o (<9,-Y )2 (12)
~dvR  en VOrVRY en-v+f.(<widf)

At the mode-centre, the loading circuit should be at resonance, and,
therefore, it seems to be advisable to introduce the relative frequency deviation
as a new variable, instead of the frequency:

6= (13)
fo

On this basis, the formula of the sensitivity is:

&n VO+VRn en-Y + {l+d)(d!P/d6) m

s = _| _Jo (&n - ¥)2 (14)

The mode-centre sensitivity is obtained by taking the expression for the
sensitivity at 6= 0:

° K+VRn <9,+ g’
where
dw
8i = ) (16)
do 6o
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In Equ. (15) it has been considered that phase angle *? should assume zero
value at point b = 0.

Y. The differential equation of the ideal klystron modulator

The modulation sensitivity of an ideal klystron modulator is constant,
i. e. it has no non-linearity. Thus, our requirement is that the sensitivity be
constant and equal to its mode-centre value:

S = so. (17)

Letus substitute Equs (14) and (15) into Equ. (17). Aftersuitable arrange-
ment the following relation is obtained:

den @n d" 8i u/2 d- 2g1d (18)
d& ~w r - B

The requirement for the constant modulation sensitivity thus leads to
the differential equation referred to phase? of the loading circuit. In the follow-
ing, this equation is considered as the differential equation of the ideal klys-
tron modulator.

In the differential equation of the ideal klystron modulator, the phase
angle!? of the load is the function of the relative frequency deviation b, and
transit angle On is a parameter. The differential equation incorporates, as
another parameter, the value of the first derivative of phase angle!?at b = 0.
In addition to this, phase angle !? should be equal to zero at b= 0. The form
of the differential equation as shown at (18) already involves this requirement.

The differential equation of the ideal klystron modulator is a non-linear
differential equation of the first order and belongs to the group of the Riccati’s
differential equations [6, 7].

Let a solution of the differential equation be assumed in the form of an
infinite convergent power series with a convergency range around the mode-
centre frequency. Consequently, the relative frequency deviation is selected
for independent variable. Thus:

= gl6+ g2+ g3*>+ --- - (19)

The solution of the differential equation should yield zero value at b = 0O»
therefore the constant term in series (19) has been taken for zero. Further,
the coefficient of the first-order term has been selected as gl and thus the re-
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quirement represented by Equ. (16) is also fulfilled, i.e., the value of the first
derivative of the phase angle at zero — obtained as the result — is equal to
gv Subscript o of function W0 in (19) suggests that this solution is valid only for
the surroundings of 6 = 0.

Let us determine now the coefficients in power series (19). Let us sub-
stitute for this reason the form of Y70 according to power series (19) into the
differential equation (18). The differential equation should hold after the sub-
stitution for any 6value in the neighbourhood of location 6 = 0. Thus, it follows
that on the left-hand and right-hand side of the equation, the coefficients
belonging to identical powers of 6 should be equal. On this basis, the coefficients
may be determined. When carrying out the detailed computations, it may be
seen that the coefficients may be obtained by means of the following recursion
formula:

@n + Si 20)

sV 6> *Si-

Thus, the solution of the differential equation of the ideal klystron modu-
lator in the surroundings of location 6 = 0 is:

Wo— -V ®n + Si .si1 21
6>

It may be established directly that the expression for ¥7,, according to
Equ. (21), is convergent if:

6L (22)
+ Si

<5|<

This range is entirely satisfactory for practical purposes.
Let us now transform Equ. (21). Let us factor out gx6 and then exponent
v may begin at zero. Thus:

co

"D = SISy @n+ si g (23)

6> "

The sum of the infinite power series here represented is [8], within the
range (22), the following:

v @n+ Sil'fy @n

r=o @en ) + {Bn + Si)A

(24)
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Let us substitute Equ. (24) into (23) and use notation W:

V' = ®ngijl_ (25)
&n + (®n + £1t)7

When this is substituted into differential equation (18), it becomes
evident that function ¥7, according to Equ. (25), is a solution of (18) within the
entire range of O, from —oo up to -foo. The lack of subscript suggests that the
function *F, according to Equ. (25), is a solution for the entire range of alteration
of 6, while the solution 4x0, according to Equ. (21), may be used only within the
range

0.

+ gl

At values beyond this range, K may he expanded in power series only in a
form that differs from (21).

Fig. 1. Phase characteristic of the supposed loading circuit of the ideal klystron modulator

VI. The approximation problem

Let us now examine the course of function W on the basis of formula (25).
The curve representing this function is shown in Fig. 1. The slope of the curve
at point $= 0 is gv The limit value of the function at -foo is giOnl(@n + gj).
The function has a pole at b = —0n/(0n-|-gj). Its limit value at —oo0 is similarly

glonl(6n +gl).
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Based on Fig. 1, it may be stated that there exists no such real load, the
phase characteristics of which would show a course corresponding to function 4*
within the entire frequency range. On the other hand, it is possible to approach
more and more the characteristics of the ideal klystron modulator by means
of real circuits, in the neighbourhood of the mode-centre. This is entirely satis-
factory from the practical point of view, since this approach is in fact required
only within the range of a given klystron mode.

W hen designing the circuits of a klystron modulator, the task is conse-
quently to obtain a phase characteristic ofthe loading circuit which approaches,
within a given range the ideal function F as far as possible.
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DER IDEALE KLYSTRONMODULATOR
T. BERCELI
ZUSAMMENFASSUNG

Die Hauptaufgabe der Frequenzmodulatoren ist die Sicherung einer Modulationskenn-
linie von hoher Linearitat. Fir diesen Zweck eignet sich der Klystronmodulator am besten.
In diesem Zusammenhang hat der Verfasser folgendes Problem im allgemeinen geldst: das
aktive Element des Modulators, ein Reflexklystron ist gegeben, und es wird gefragt, welchen
Forderungen der passive Verbraucherkreis gentigen soll, damit die Modulationskennlinie auf
ideale Weise linear sei. Die Forderung der linearen Modulation fihrt zu einer nichtlinearen
Differentialgleichung des Phasenwinkels des Verbraucherkreises. Die als Lésung gewonnene
Funktion W bestimmt die Phasenkennlinie des angenommenen Verbraucherkreises des idealen
Klystronmodulators. Beim Entwurf der Klystronmodulator-Stromkreise besteht die Aufgabe
darin, eine Losung zu finden, bei der die Phasenkennlinie des Verbraucherkreises in einem ge-
gebenen Bereich die ideale Funktion P maoglichst annahert.
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LE MODULATEUR A KLYSTRON IDEAL

T. BERCELI
RESUME

La tache essentielle des modulateurs de fréquence est d’assurer une caractéristique de
modulation d’une haute linéarité. Le modulateur a klystron est le plus approprié a ce but.
L’auteur a résolu d’une facon générale le probléeme suivant: étant donné I’élément actif du
modulateur qui est un klystron réflexe, on se demande quelles conditions doivent étre remplies
par le circuit de charge passif pour que la caractéristique de modulation soit d’une linéarité
idéale. L’exigence d’une modulation linéaire conduit a une équation différentielle non-linéaire
pour I'angle de phase du circuit de charge. La fonction W obtenue comme solution détermine la
caractéristique de phase du circuit de charge supposé du modulateur a klystron idéal. Lors
de I’établissement du projet des circuits des modulateurs a klystron, le probleme est d’assurer
que la caractéristique de phase du circuit de charge s’approche le plus possible de la fonction
idéale IF dans un domaine donné.

NOEANbHBINA KIINCTPOHHbLIA MOAYNATOP
T. BEPUENWN
PE3IOME

OCHOBHOIA 3afiayeli YacTOTHbIX MOAY/SITOPOB SIBASieTCSi 06ecrneyeHre BbICOKONMHENHOM
MOLY/NSALMOHHON XapaKTepucTUKW. [Nsi Takoi uenu 6onblue BCEr0 MOAXOAUT K/MCTPOHHbINA
MOAYNATOP. B cBSI3M ¢ 3TMM aBTOP peLunn crefyroLyo npobnemy B o6LLeM Buae: 3ajaH aKTUB-
HbI 31EMEHT MOAynsiTopa (OTpaaTeNbHbI KAUCTPOH) M CNpallMBaeTcs, Kakue TpeboBaHMs
[O/MKHbI 6bITb YA0BMETBOPEHbI MNACCUBHOW UMb Harpy3ky fAas TOro, 4tobbl MOAYNsLMOHHAs
XapaKTepucTuKa 6blna mnieanbHO NMHeliHOW. Tpeb6oBaHWe AWHENHONM MOAYNSAUMW [aeT Henu-
HeliHoe anddepeHUManbHOe ypaBHeHMe A5 (a30BOro yrja Lenu Harpysku. [lonydveHHas
KaK pelleHVe (PyHKUMS — onpefensieT (pasoBYH XapaKTepUCTUKY MpeanosiaraeMoil Lenu Ha-
rpy3Ky MpeasibHOr0 K/AMCTPOHHOIO MoAynsitopa. [pu NpoeKTMpOBaHUU LEeneit KAUCTPOHHbIX
MOAY/IATOPOB 3alaya COCTOUT B TOM, YTOGbI (ha3oBas xapaKTepucTMKa Lenu Harpy3ku B 3afaH-
HOM AManasoHe KakK MOXHO 6Gonbllue npubnuxkanacb K vaeanbHoW (yHKumm P.
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UBER DIE WAHL DER REIHENKAPAZITATEN
VON STELLTRANSFORMATORWICKLUNGEN
AUS DEM GESICHTSPUNKT
DER STOSSSPANNUNGSBEANSPRUCHUNGEN

D. KERENYI und G. UJHAzZY

KANDIDAT DER TECHNISCHEN WISSENSCHAFTEN ~.GANZ“ ELEKTROWERKE, BUDAPEST
[Eingegangen am 30. September, 1965]

Die gleichmé&Rige StoBspannungsverteilung bei Stelltransformatoren wird durch groRe
Reihenkapazitdten der einzelnen Wicklungen allein nicht erreicht. Die Schwingungsfreiheit
eines Wicklungssystems erfordert ndmlich auch die Abstimmung der einzelnen Reihenkapa-
zitdten auf einander. Stimmt die kapazitive Spannungsverteilung im Wicklungssystem mit
der stationdren Spannungsverteilung Uberein, so werden keine Schwingungen auftreten. Die
verschachtelten Wicklungen ermoglichen die Anderung der Reihenkapazititen zwischen den
in der Praxis notigen Grenzen.

I. Einleitung

Bei der Kupplung von Netzen, deren Nennspannungen voneinander
abweichen, wurden innerhalb der letzten Jahre in zunehmendem Umfang
Stelltransformatoren zur Energielibertragung eingesetzt. Bei Transformatoren
zur Kupplung von Hochspannungsnetzen besteht ndmlich das Verlangen,
die Ubersetzung unter Last in weiten Grenzen einstellen zu kénnen. Eine W ick-
lung eines derartigen Transformators, und zwar meistens die Oberspannungs-
wicklung ist so ausgefluhrt, dall sie eine Hauptwicklung und eine oder mehrere
Stellwicklungen enth&lt. Die Stellwicklung bzw. eine der Stellwicklungen ist
mit vielen (8—10) Anzapfungen versehen. Die erforderliche Ubersetzung des
Transformators kann nunmehr dadurch eingestellt werden, dall ein dem ge-
wiinschten Spannungsverhéltnis entsprechender Teil der Stellwicklung mit
Hilfe eines Stufenschalters an die Stammwicklung angeschaltet wird. Die
Verwendung von Spartransformatoren zur Kupplung von Netzen bringt in
vielen Fallen wesentliche wirtschaftliche Vorteile.

Die StoRspannungsfragen spielen beim Entwurf von Stelltransformatoren
eine ebenso wichtige Rolle, wie bei den Transformatoren mit konstanter Uber-
setzung. Die Berechnungsmethoden aber, die fur den letzteren Typ von Trans-
formatoren geeignet sind, kénnen fir die Stelltransformatoren nicht ohne wei-
teres verwendet werden. In diesem Falle missen neuere Gesichtspunkte be-
achtet werden.

In der vorliegenden Arbeit werden die Grundsédtze behandelt, die bei
der Bemessung der Stelltransformatoren fir StoBspannungsbeanspruchungen
unbedingt beriucksichtigt werden miussen, um dadurch die Beanspruchungen
bis auf einen minimalen Wert herabsetzen zu kdnnen. Im Aufsatz wird das
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Kriterium der Schwingungsfreiheit einer Transformatorwicklung, die mit
keiner anderen Wicklung in galvanischer Kupplung steht, fur ein Wicklungs-
system, das aus mehreren Wicklungen besteht, angewendet, und die Bedin-
gungen der Schwingungsfreiheit des Wicklungssystems angegeben. Danach
werden praktische Methoden fir die Realisierung von schwingungsfreien
Wicklungssystemen vorgefiihrt und endlich die Ergebnisse der theoretischen
Erwédgungen durch MelRergebnisse an Modellwicklungen bestétigt.

Il. Bedingungen fur die Schwingungsfreiheit von Stelltransformatoren

Es ist bekannt, daR infolge der Uberspannungen mit steiler Stirn in den
Transformatorwicklungen Spannungsschwingungen auftreten kénnen. Die
durch diese Schwingungen hervorgerufenen Spannungsbeanspruchungen der
Isolation kénnen gefdhrliche Werte erreichen. Die Dimensionierung der Isola-
tion fir diese Beanspruchungen ist entweder ganz unmdglich oder erfordert
einen solchen Mehrpreis, der sich nicht lohnt. Die Konstrukteure der zeit-
gemadBen Transformatoren bestreben sich darum schwingungsfreie Wicklungen
auszufihren.

Die Schwingungsvorgdnge von einer einzelnen homogenen Transformator-
wicklung wurden erstens von K. W. w agner [1] behandelt. Es wurde fest-
gestellt, daB eine Schwingung der Wicklung dann entsteht, wenn sich der
Anfangszustand des Vorganges, der durch die Reihen- und Parallelkapazitdten
der Wicklung bestimmt wird, von dem Endzustand, der sich aus den W ider-
stdnden der Wicklung ergibt, unterscheidet. Die Anfangsverteilung in einer
schwingungsfreien Wicklung stimmt also mit der linearen Endverteilung ubei-
ein. Die Anfangsverteilung wird durch den StoBspannungsfaktor der Wicklung
gekennzeichnet (a = ]fC/K, wo C die gesamte Erdkapazitdt und K die resultie-
rende Reihenkapazitdt bedeutet). Eine lineare Anfangsverteilung tritt bei
einem StoBRspannungsfaktor « = 0 auf, das bedeutet, dal die Erdkapazitat
der Wicklung gleich Null ist. Da dies sich offensichtlich nicht verwirklichen
1aRkt, kann eine Transformatorwicklung als ganz schwingungsfrei nicht aus-
gefuhrt werden. In den ublichen Transformatoren betrdgt der Faktor a 5A 30.
Durch VergroRerung der Reihenkapazitdten kann der StoBRspannungsfaktor bis
auf 0,5 vermindert werden, und der ideale schwingungsfreie Zustand 4Rt sich
anndhern. In Transformatorwicklungen mit groBer Reihenkapazitdt (a <C 3)
unterscheidet sich die Anfangsspannung nur wenig von dem Endzustand, die
Wicklung ist praktisch schwingungsfrei. Auf Grund dieser Erfahrung wurden
in den letzten Jahrzehnten die verschachtelten Wicklungen verschiedener
Art entwickelt [2, 3].

In den Transformatoren »europdischer Anordnung« sind zwei oder mehre-
re konzentrische Wicklungen je Phase untergebracht. Die Uber die einzelnen
Wicklungen vorgefihrten Erwdgungen gelten auch fiir Transformatoren mit
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mehreren Wicklungen, wenn man die nicht gestofenen Wicklungen als kurz-
geschlossen und geerdet betrachten kann. Diese Ndherung ist nur in dem Falle
statthaft, wenn die Wicklungen galvanisch nicht gekoppelt sind. In Stell-
transformatoren und Autotransformatoren sind aber die StoBvorgdnge infolge
der direkten galvanischen Kupplung der Haupt- und Stellwicklung bzw. der
Hochspannungs- und Niederspannungswicklung viel komplizierter. In diesem
Falle miussen die StoBerscheinungen in einem Wicklungssystem, das aus mehre-
ren Wicklungen besteht, untersucht werden.

Von dem Gesichtspunkt der Dimensionierung der Isolation aus ist die
Festlegung der Bedingungen der Schwingungsfreiheit eine der wichtigsten
Aufgaben. Selbstverstdndlich mull man erstens die einzelnen Wicklungen schwin-
gungsfrei ausgestalten. Diese Forderung ist durch die groBen Reihenkapazi-
tdten der Wicklungen erfillt. Von dem Standpunkt der Schwingungsfreiheit
des ganzen Systems ist es aber nicht immer richtig, die mdglich groBten Rei-
henkapazitdten zu verwirklichen. Infolge der groBen Reihenkapazitdten ist
namlich die Spannungsverteilung nur innerhalb der einzelnen Wicklungen
gleichmdaRig. Die Schwingungsfreiheit des ganzen Systems ist nur dann erfillt,
wenn sich die Spannung unter den einzelnen Wicklungen gleichmé&Rig verteilt,
die Uberspannungen der einzelnen Wicklungen sind also den Betriebsspannun-
gen der betreffenden Wicklungen proportional. Ahnlicherweise wie bei den
einzelnen Wicklungen kann das Kriterium fir die Schwingungsfreiheit eines
Wicklungssystems folgenderweise angegeben werden: Ein Wicklungssystem,
das aus mehreren Wicklungen besteht, ist nur dann schwingungsfrei, also die
Uberspannungen verteilen sich unter den einzelnen Wicklungen nur dann gleich-
maRig, wenn die kapazitive Anfangsspannung jeder Wicklung mit der stationéaren
Spannung der Wicklung Ubereinstimmt. Die stationdre Spannung wird durch
die Induktivitdten der Wicklungen bestimmt und kann im allgemeinen
nicht verdndert werden. Die Schwingungsfreiheit erfordert also die richtige
Einstellung der kapazitiven Spannungen, das heif§t die richtige Wahl der Wick-
lungskapazitdten.

Die Anfangsverteilung eines Wicklungssystems, das aus mehreren Wick-
lungen besteht, wird durch die Reihen- und Erdkapazitdten und durch die
Kapazitdten zwischen den einzelnen Wicklungen bestimmt. Aus diesen Kapazi-
tdten wird das kapazitive Modell des Systems aufgebaut. (Das Modell bedeutet
in diesem Falle ein mathematisches Modell, das der Berechnung der Spannungs-
verteilung zugrunde liegt.) Da fur die Feststellung der Schwingungsfreiheit die
Spannungen nur an den kritischen Stellen des Wicklungssystems zu bestimmen
sind, gentgt es, fur diesen Zweck ein vereinfachtes, aus wenigen Elementen
bestehendes Modell zu benitzen. Esist z. B. zweckmaRig, ein solches Modell zu
wahlen, wo jede Wicklung durch ihre resultierende Induktivitdt und Reihenka-
pazitdt abgebildet wird, und die Parallelkapazitdten an den Wicklungsenden (als
zwei konzentrierte Kapazitidten) untergehracht sind (siehe [4, 5] und Bild 5).
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Auf Grund des kapazitiven Netzes, das das Wicklungssystem abbildet,
kénnen so viele Spannungsgleichungen angeschrieben werden, wie die Zahl
der Knotenpunkte in dem Netz. Sind die Kapazitdten bekannt, so kénnen die
Spannungen in den einzelnen Knotenpunkten mit Hilfe der Spannungsglei-
chungen bestimmt werden. In unserem Falle sind aber die Spannungen bekannt,
da diese mit den stationdren Spannungen der Knotenpunkte Ubereinstimmen
mussen. Das Ersatzschema eines Wicklungssystems, das aus zwei Wicklungen
besteht, kann z. B. so aufgefalt werden wie ein Spannungsteiler, der Induktivi-
tdten und Kapazitdten enth&lt (siehe das Beispiel im 1V. Kapitel und das Bild
5b). Die Schwingungsfreiheit des Spannungsteilers wird selbstverstdndlich
dadurch erreicht, dall die kapazitive Anfangsspannung mit der durch die
Selbstinduktivitdten und die gegenseitigen Induktivitdten bestimmten statio-
ndren Spannungsverteilung Ubereinstimmt. (Es mull bemerkt werden, dal
die stationdren Spannungen, die sich aus der Ubersetzung errechnen, nur eine
Nédherung bilden. Die genauen Werte ergeben sich mit Hilfe der Methode von
P. A. Abetti [6].)

In dem auf Grund der Bedingung der Schwingungsfreiheit sich erge-
benden Gleichungssystem, das aus so vielen Gleichungen besteht, wie die Zahl
der Knotenpunkte betrdgt, werden also nur die Kapazitdten unbekannt sein.
Auf Grund des Wicklungssystems kdnnen so viele Kapazitdten errechnet wer-
den, wie die Zahl der Knotenpunkte betrdgt. Die parallelen Kapazitadten des
Wicklungssystems sind durch die Hauptabmessungen des Transformators
und durch die verwendeten Isolierstoffe im allgemeinen eindeutig bestimmt,
so dal nur die Reihenkapazitdten als unbekannt beriicksichtigt werden sollen.
Enthdlt das Wicklungssystem n Wicklungen, so ist die Zahl der Knotenpunkte
nur (n — 1), die Serienkapazitit einer der Wicklungen kann also frei gewé&hlt
werden, die anderen errechnen sich aus dem Gleichungssystem.

Die oben angefliihrten Erwé&gungen zusammenfassend, kénnen die Be-
dingungen der Schwingungsfreiheit folgenderweise summiert werden:

a) Die einzelnen Wicklungen des Wicklungssystems sollen schwingungs-
frei sein (< 3).

b) Das Wicklungssystem als Ganzes darf nicht schwingen. Diese Forde-
rung ist durch die richtige Wahl, die »Abstimmung« der Reihenkapazitdten
auf einander erfullt. (Eine &hnliche Abstimmung ist im Falle einer inhomoge-
nen Transformatorwicklung erforderlich, wenn man eine gleichmé&Rige Span-
nungsverteilung erreichen kann [7].)

Auf Grund der oben vorgefihrten Gedanken kénnen beim Entwurf von
Stelltransformatoren die gunstigsten Kapazitdten der einzelnen Wicklungen
festgestellt werden. Es mufl hier bemerkt werden, dall die kapazitiven und
stationdren Spannungen in den verschiedenen Schaltstellungen im allgemeinen
voneinander abweichen. So ergeben sich fir die verschiedenen Schaltstellungen
verschiedene »glnstigste« Kapazitdten. Fir praktische Zwecke geniigt es aber,
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die Berechnungen nur fir die Schaltstellungen durchzufihren, in denen die
ganze Stellwicklung entweder mit der Hauptwicklung in Reihe geschaltet
wird, oder nur einpolig an die Hauptwicklung angeschlossen wird, wéhrend
ihr anderes Ende frei ist. Die maximalen Beanspruchungen treten namlich ge-
mé&R ausldndischer [8] und eigener Erfahrungen in diesen Schaltstellungen auf,
oder die hier auftretenden Beanspruchungen unterscheiden sich nur wenig
von den maximalen Werten. Selbstverstdndlich ergeben sich auch in diesem
Falle den verschiedenen Schaltstellungen entsprechend mehrere »ginstigste«
Kapazitdten. Beim Entwurfist darum auf Grund der berechneten Kapazitéts-
werte ein guter Mittelwert zu wahlen.

Ein Wicklungssystem, das als schwingungsfrei betrachtet werden kann,
kann nur dann ausgeflihrt werden, wenn sich die gem&R der Berechnungen
ergebenden Kapazitadten beim Konstruieren verwirklichen lassen. Das I11. Kapi-
tel befaBt sich darum mit den Madglichkeiten der Verdnderung der Reihen-
kapazitaten.

I11. Praktische Mdglichkeiten fir die Ver&dnderung
der Reihenkapazitaten

Es wurde in Kapitel Il festgestellt, dal die einzelnen Wicklungen eines
schwingungsfreien Wicklungssystems groBe Reihenkapazitdten haben mussen.
Die Lagenivicklung, die eine der h&ufigst verwendeten Wicklungsarten ist,
hat wegen der groBen Kapazitdt zwischen den einzelnen Lagen ohne besondere
konstruktive MalRnahmen eine bedeutende Reihenkapazitdt. Die Reihenkapa-
zitdt der anderen h&ufig verwendeten W icklungsart, der Scheibenspulenwick-
liingen kann demgegeniber nur mit gewissen Verdnderungen vergrofRert werden.
Die Reihenkapazitdt der Lagenwicklung wird durch die Konstruktion praktisch
genau bestimmt, dieser Wert I4Rt sich nur in kleinem MaRe beeinflussen. Die
Reihenkapazitdt der Scheibenspulenwicklungen kann demgegeniber zwischen
den praktisch ndtigen Grenzen verdndert werden, ohne dadurch die anderen
Daten der Wicklung (z. B. Windungszahl, Hauptabmessungen usw.) verédndern
zu missen. Die erforderliche Anpassung der Reihenkapazitdten des Wicklungs-
systems aneinander kann also im allgemeinen nur hei Verwendung von Schei-
benspulenwicklungen verwirklicht werden.

Die Reihenkapazitidt der gewdhnlichen Scheibenspulenwicklungen (siehe
Bild la) kann mit der sogenannten Verschachtelung der Windungen vergroRert
werden. Das Prinzip der verschachtelten Wicklungen besteht in der Steigerung
des Spannungsunterschiedes zwischen den benachbarten Windungen. Auf
dem Gebiete der verschachtelten Wicklungen wurden bei den verschiedenen
Firmen zahlreiche L&ésungen entwickelt und patentiert. Die verschachtelte
Wicklung der Firma English Electric war die erste Wicklung dieser Art und
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kann als am meisten charakteristisch betrachtet werden. Die Wicklung der
»Ganz« Elektrotechnischen W erke kann aus der English Electric Wicklung
abgeleitet werden. Diese beiden Arten der verschachtelten Wicklungen gehen
aus zwei parallelen Drahten aus, das Ende des einen parallelen Zweiges wird
dann nach einer gewissen Strecke mit dem Anfang des anderen parallelen Zwei-

4 d)
Bild 1. Scheibenspulenwicklungen verschiedener Art

a) Normale Scheibenspulenwicklung; b) Verschachtelte Wicklung mit Wicklungselementen, die aus zwei
Scheiben bestehen (E = 2); ¢) Verschachtelte Wicklung mit Wicklungselementen, die aus vier Scheiben bestehen
(1£ = 4); d) Verschachtelte Wicklung m it Wicklungselementen, die aus sechs Scheiben bestehen (E = 6).

ges verbunden. Eine solche Strecke — ein Wicklungselement — mul} aus prak-
tischen Grinden eine gerade Zahl von Scheiben enthalten. Die English Electric
Wicklung wird aus Wicklungselementen, die aus zwei Scheiben bestehen, auf-
gebaut, ein Wicklungselement der Ganz Wicklung besteht aus 4, 6 oder mehr
Scheiben (siehe das Bild Ib, Ic, Id). Ein Wicklungselement, das aus mehreren
Scheiben besteht, besitzt eine grofere Reihenkapazitdt.
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Wird die Wicklung wegen der groRen Strom stdrke aus zwei oder mehreren
parallelen Zweigen aufgebaut, ergibt sich eine weitere Mdglichkeit fur die
VergroRerung der Reihenkapazitdt. Sind die zwei parallelen Zweige z. B. nicht
nebeneinander (Bild 2a), sondern voneinander abgesondert (Bild 2b) unter-
gebracht, so verdoppelt sich die Reihenkapazitdt.

TT
a) b)
Bild 2. Verschachtelte Wicklungen aus zwei parallelen Zweigen
a) Die parallelen Zweige sind nebeneinander untergebracht (p = 1); b) Die parallelen Zweige liegen nicht
nebeneinander (p = 2).

Die Madglichkeiten der Verdnderung der Reihenkapazitdt kdnnen aus
der folgenden Formel gut abgelesen werden [3]:

wo E die Zahl der Scheiben in einem Wicklungselement;

Cw die Kapazitdt zwischen den benachbarten Windungen;

N die Zahl der in der Wicklung untergebrachten Scheiben;

n die Windungszahl in einer Scheibe;

p die Zahl der parallelen Zweige
bedeutet.

Sind die Werte fir Cw, N und n, die im allgemeinen durch die elektrischen
Daten und die Hauptabmessungen der Wicklung bestimmt werden, gegeben,
so kann die Formel (1) in folgender Form geschrieben werden:

K = KE2p , )
WO

41V

ist. Bei einer Wicklung, die aus zwei parallelen Zweigen besteht, betrdgt der
Wertvon p 1 oder 2. Aus dem Standpunkt der praktischen Ausfihrungen kann
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die Zahl der Scheibenspulen in einem Wicklungselement 2, 4, 6 oder 8 gewahlt
werden. Das Verhdltnis der gréften und der kleinsten Reihenkapazitdt ist
also bei den erwdhnten Bedingungen

32

"max =
K,, 22ml

Das bedeutet also, dall die Reihenkapazitdt in Abhé&ngigkeit von E und p
in weiten Grenzen verdndert werden kann. Die Verdnderung ist selbstver-
standlich nur in gewissen Stufen mdglich.

Bild 3. Einlagige Schraubenwicklung als Stellwicklung eines Stelltransformators ausgefihrt.
Die veranschaulichten Zahlen bedeuten die laufenden Nummern der Stufen (N = 8)

Die verschachtelten Wicklungen aller Art haben groe Reihenkapazité-
ten, sie sind also schwingungsfrei. Diese Reihenkapazitdten betragen einen Wert,
der um mehrere GréRenordnungen hdoher ist als die Reihenkapazitdt einer
normalen Scheibenspulenwicklung mit denselben elektrischen Daten und geo-
metrischen Abmessungen.

Die verschachtelten Wicklungen werden hauptsdchlich fur die Haupt-
wicklungen der Stelltransformatoren verwendet, die Stellwicklungen werden
im allgemeinen als einlagige Schraubenwicklungen ausgefihrt (Bild 3). In dieser
Wiicklungsart sind die die einzelnen Stufen bildenden Wicklungsstrecken wie
parallele Zweige nebeneinander aufgewickelt. Wie aus dem Bild ersichtlich
ist, betrdgt der Spannungsunterschied zwischen den benachbarten Windungen
Uberwiegend das Zweifache der Stufenspannung. Dieser Wert ist ziemlich
gro. Demzufolge ist die Reihenkapazitdt dieser Wicklungsart sehr groR.
Es kdnnen bei diesem Wicklungstyp mehrere Kapazitdtswerte im allgemeinen
nur dann gewdhlt werden, wenn die einzelnen Stufen aus mehreren parallelen
Zweigen gewickelt werden. Die resultierende Reihenkapazitdt der Wicklung

Acta Technica Academiae Scientiarum Hungaricae 54, 1966



UBER DIE WAHL DER REIHENKAPAZITATEN VON STELLTRANSFORMATORWICKLUNGEN 431

ergibt sich aus der Formel

wo Cu; die Kapazitadt zwischen den benachbarten Windungen;
die  Zahlder Windungen in einer Stufe;
N die Zahlder Stufen;

die  Zahlder parallelen Zweige

>

bedeutet. Die Formel (3) wurde unter Berucksichtigung der in den Windungs-
kapazitdten aufgespeicherten Energie berechnet.

AuRer den oben vorgefihrten und in der Praxis am meisten verwendeten
Wicklungsarten gibt es naturlich auch andere Wicklungstypen, die in der
vorliegenden Arbeit nicht erwdhnt werden. Auch auf Grund der dargelegten
Erwdgungen kann aber festgestellt werden, dafl in der Praxis die Verdn-
derung der Reihenkapazitdten, das heiBt die Abstimmung der Kapazitdten
auf einander madglich ist.

Bild 4. Schaltbild eines Stelltransformators

IV. Zahlenbeispiel

Die im Il. und Ill. Kapitel vorgefithrten Feststellungen werden durch ein Zahlenbeispiel
erklart. Fir die Berechnungen wurde das geometrische Modell eines Stelltransformators ge-
wéhlt. Das Modell bestand aus einer Hauptwicklung und einer Stellwicklung, die aufRer der
Hauptwicklung konzentrisch untergebracht wurde. Die Niederspannungswicklung des Trans-
formators wurde im Modell nicht abgebildet, ihre kapazitive Wirkung wurde aber durch einen
im Inneren der Hauptwicklung nntergebrachten Blechzylinder ersetzt. Die Berechnung wurde
fir die Schaltstellung der maximalen Spannung durchgefihrt, die Haupt und Stellwicklung
wurde also mit gleicher Windungsrichtung in Reihe geschaltet (siehe Bild 4). Die Windungs-
zahl der Hauptwicklung betrug 384, die der Stellwicklung 64. In stationdrem Zustand ist der
auf die Stellwicklung entfallende Anteil der gesamten Spannung ungeféhr [64/(384 -f- 64)] «
«100 = 14,3% und der auf die Hauptwicklung 85,7%. GemdaR der Erwdagungen des Il.
Kapitels wird die Bedingung der Schwingungsfreiheit dann erfullt, wenn die kapazitiven An-
fangsspannungen der einzelnen Wicklungen mit dcnstationdren Spannungen (bereinstimmen
werden. (AuBerdem muissen selbstverstdndlich auch die einzelnen Wicklungen schwingungs-
frei sein.)

Das vereinfachte kapazitive Modell des Wicklungssystems wurde im Bild 5 veranschau-
icht. Die Bezeichnungen des Bildes sind die folgenden:
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K fj die resultierende Reihenkapazitdt der Hauptwicklung;
Kg die resultierende Reihenkapazitdt der Stellwicklung;
CH die Kapazitdt zwischen der Hauptwicklung und dem die Niederspannungs-
wicklung ersetzenden Blechzylinder;
C/I5 die Kapazitdt zwischen der Hauptwicklung und der Stellwicklung.
Aus dem Gleichgewicht der Ladungen ergibt sich nach einer einfachen Berechnung die
kapazitive Spannung der Stellwicklung, d. h. die Spannung des ersten Knotenpunktes zu

B Kh + 05 Chs
“ ~ KH+ KS+ 0,5CH + CHS 0

(siehe das Bild 5b). Das Wicklungssystem wird auf Grund der oben vorgefiihrten Bedingung
schwingungsfrei, wenn
= 0,143

_ uo
ist.

0; b j

Bild 5. Vereinfachtes kapazitives Ersatzschema des im Bild 4 veranschaulichten Transfor-
mators (a) und Ersatzschema des im Bild 4 veranschaulichten Transformators nach dem Redu-
zieren der Kapazitaten (b)

Bezeichnungen: Ljy Induktivitit der Hauptwieklung; Lg Induktivitat der Stellwicklung; M gegenseitige Induktivitat der
Haupt- und der Stellwicklung.

Aus den vier Kapazitdten, die in der Gleichung (4) Vorkommen, kénnen drei im voraus
frei gewdahlt werden, eine der Kapazitdten mufl aber auf Grund der Gleichung berechnet wer-
den. Die parallelen Kapazitdten werden durch die Hauptabmessungen und die Dielektrizitats-
konstante der verwendeten Isolation eindeutig bestimmt. In unserem Falle sind

Cfj — 400 pF und Ch5 = 320 pF.

Die Stellwicklung ist eine verschachtelte Wicklung mit Wicklungselementen, die aus 8
Scheiben bestehen (E — 8), die Zahl der parallelen Zweige betrdgt 1 (p — 1). Die resultierende
Reihenkapazitat dieser Wicklung ist

Ks = 2250 pF.

Die oben angegebenen drei Kapazitdten und den stationdren Wert von ul/ullin die Gleichung
(4) eingesetzt, ergibt sich fir die optimale Kapazitdt der Hauptwicklung

K-Hopt- = 275 pF.

Dieser Wert kann am besten mit der Kapazitdt einer verschachtelten Wicklung, in der die
Wicklungselemente aus zwei Spulen bestehen (E = 2) angenéhert werden. Die Reihenkapazi-
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tat dieser Wicklung betragt namlich

KH(E-r) — 420 pF-

In diesem Falle weicht das Verhé&ltnis u,/u0von dem berechneten optimalen Wert nur wenig ab,
die sich aus der Formel (4) ergebende Spannung ist ndmlich 18,2%.
Diese Wicklung kann als schwingungsfrei betrachtet werden, da hier der Faktor a =

= /400/420 = 1 ist. Werden Wicklungselemente, die aus vier Spulen bestehen (E = 4), ge-
wéahlt, so wird der vollkommen schwingungsfreie Zustand der Hauptwicklung noch besser

Bild 6. Faktoren, die die Spannungsverteilung innerhalb der Hauptwicklung bestimmen, in
Abhé&ngigkeit von der Reihenkapazitat

angenéhert, da jetzt die Reihenkapazitdt viermal so groR wird [K/y(g_4)= 1680 pF], und der
Faktor a sich auf die Halfte vermindert. Aus dem Standpunkt der Scbwingungsfreiheit des
ganzen Wicklungssystems geniigt aber diese Losung nicht, dajetzt die Anfangsspannung ge-
maR der Formel (4) 41,5% betragt. Dieser Wert weicht von dem zum Endzustand gehdrenden
Wert von 14,3% wesentlich ab. Dementsprechend wird die Beanspruchung der Regelwicklung
ungefdhr dreimal so grof, und es ist das Auftreten von starken Schwingungen zu erwarten.

Von dem Gesichtspunkt der Stellwieklung aus ist also die Verwendung der Haupt-
wicklung mit kleinerer Reihenkapazitdt unbedingt glinstiger. Berechtigt wird aber die Frage
aufgeworfen, in welchem MaRe die Beanspruchungen der Hauptwicklung sich vergréBern,
wenn man fir diese Wicklung nicht die praktisch méglich groRte Reihenkapazitat wahlt. Wir
wolle nun hiese Frage behandeln.
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Die Beanspruchungen der Hauptwicklung werden in unserem Falle durch zwei Faktoren
beeinfluBt. Die StoBspannungsverteilung innerhalb der Wicklung hdngt von dem StofRspan-
nungsfaktor (cttf = ¥YCu/KH) ab (siehe das Il. Kapitel). Die StoBspannungsbeanspruchungen
werden aber auch durch die Verteilung der Spannung zwischen den einzelnen Wicklungen be-
einfluRt. Verteilt sich ndmlich die Spannung ungleichméBig zwischen den einzelnen Wicklun-
gen, so entfallt auf die Hauptwicklung eine (pa-inal gréRere Spannung als bei gleichméaRiger
Spannungsverteilung:

UHmex
<$H A is
uHst )
_______ *
r ‘ . B}
— H‘
9 ) ]
" 4
-r\2/Jsw-

—t1 1 L —1 1 "

" R R R FUSS— FUSS— .
Lo i
co ]
= I

y
el B b 0
o4
T ,
— - i *
1 1 1 1 [ ] [ ] [ ] c/

Bild 7. Oszillogramme beirichtiger Abstimmung der Kapazitdten aufeinander (K* —420 pF
und E = 2)

Bezeichnungen : a) Wellenform der Spannung an der Klemme 0; b) Wellenform der Spannung der Hauptwicklung (Spannung
zwischen den Punkten 0,1); ¢c) Wellenform der Spannung der Stellwicklung (Spannung zwischen dem Punkt 1 und der

Erde).

wo u//max die maximale Spannung der Hauptwicklung, und u”*stdie auf die Hauptwicklung bei
gleichmaRiger Spannungsverteilung entfallende, ungefahr die der Ubersetzung proportionale
Spannung bedeutet. In unserem Falle ist u”st= 0,857. Man kann leicht einsehen [4], daB bei
Einheitsstof

“HAuex = uHsl + luHst — uHd »

wo !(/ll; die kapazitive Spannung der Hauptwicklung bedeutet. In unserem Falle ist auf Grund
des Bildes 5b

Ks + 0>5 (Ch + Chs) 0
Hk 0 kH + Ks+ 0,5Cn + CHs )
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Fur eine homogene Wicklung kann nunmehr das Verhaltnis des maximalen (am Anfang
der Wicklung auftretenden) und bei gleichmé&Riger Spannungsverteilung sich ergebenden Span-
nungsgefalles bei EinheitsstoR leicht angegeben werden (z. B. [8]):

OH = aH c°th “H -« (8)

Wegen der ungleichmédRigen Spannungsverteilung innerhalb des Wicklungssystems
mul man aber mit einem Spannungsscheitelwert hoher als 1rechnen. Der Faktor der Ungleich-
méaRigkeit ist im gegebenen Falle

OH = < o' = vh “Hcotl» “HAe 9)

Bild S. Oszillogramme bei unrichtiger Abstimung der Kapazitaten aufeinander (Kj*= 1680 pF
und E = 4)
Bezeichnungen : a) Wellenform der Spannung an der Klemme 0; b) Wellenform der Spannung der Hauptwicklung (Spannung
zwc;sghen den Punkten 0,1); c) Wellenform der Spannung der Stellwicklung (Spannung zwischen dem Punkt 1 und der
Erde).

Vom Gesichtspunkt der glnstigsten StoBspannungsverteilung in der Hauptwicklung
muf man also den Faktor 6// bis auf seinen Minimalwert herabsetzen.

Fir unser Beispiel wurde der Wert cp® in Abhéngigkeit von der Reihenkapazitdt K#
im Bild 6. veranschaulicht. Das Diagramm wurde auf Grund der Formeln (5), (6) und (7) und
der schon gegebenen Kapazitdtswerte konstruiert. In demselben Diagramm wurde auch der
Faktor von KH aufgetragen. Ist die Kapazitat kleiner als die vom Standpunkt der Schwin-
gungsfreiheit des ganzen Systems optimale Kapazitat KHop(, so wird mit abnehmender Kapazi-
tat sowohl s als auch g1 zunehmen. In diesem Gebiet folgt also kein Minimum des Faktors s»j.
Demgegeniber wird <5jjbei Kapazitdten gréfRerals K”opl. mit zunehmender Kapazitdt abnehmen
und cpH zunehmen. Im Verlaufvon OHkann alsééin Minimumauftreten. Fir den gegebenen Fall
wurde im Bild auch der Verlauf des Faktors 6 *—rpfj6'* veranschaulicht. Aus diesem Diagra mm
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kann festgestellt werden; daf <&/ bei einer Kapazitdat Kn 600 p1l sein Minimum hat. Ist die
Reihenkapazitdt der Hauptwicklung groRer als 600 pF, so wird das maximale Spannungsge-
falle in der Hauptwicklung zunehmen. In unserem Beispiel unterscheidet sich also die Reihen-
kapazitdt der Hauptwicklung (JKW= 420 pF) nur wenig von dem fir die Hauptwicklung
optimalen Wert.

Auf Grund des Bildes 6 kann noch festgestellt werden, daB sich das maximale Spannungs-
gefdlle der Hauptwicklung bei den praktischen Kapazitdatswerten (400 pF und 1680 pF) nur
um einige Prozente verdndert. Demgegenlber wird der auf die Stellwicklung entfallende Teil
der StoBspannung bei der hdheren Reihenkapazitat fast dreimal so groR wie bei der kleineren.
In gegebenem Falle muB also bei der Dimensionierung der Isolation von Stelltransformatoren
fir StoRspannungsbeanspruchungen die Stellwicklung bevorzugt werden. Es mufl noch be-
merkt werden, da die oben vorgefiihrten Erwagungen nur fir Hauptwicklungen mit groBBer
Reihenkapazitat gelten, die Verhaltnisse verdandern sich wesentlich bei der Verwendung von
normalen ScheibenspulenWicklungen.

Diese theoretischen Feststellungen wurden durch Modellmessungen vollkommen besta-
tigt. Aus den Oszillogrammen des Bildes 7 kann abgelesen werden, dal im Falle, der die opti-
male Abstimmung am besten annéhert (E — 2), der auf die Hauptwicklung entfallende An-
teil der ganzen Spannung 88,5%, und der auf die Stellwicklung entfallende 17% betréagt. [Auf
Grund der Formel (6) errechnet sich fir die Hauptwicklung 85% und der Formel (4) fur die
Stellwicklung 18,2%]. Demgegeniber entféllt auf die Stellwicklung bei ungeniigender Anpas-
sung 45%, und auf die Hauptwicklung 105%, siehe Bild 8. (Die berechneten Werte sind in
diesem Falle 41,5% bzw. 113%). Infolge der unrichtigen Anpassung nimmt also die Beanspru-
chung der Hauptwicklung um 19%, die der Stellwicklung aber um 165% zu.

Die richtige Abstimmung ist also in erster Reihe fiir die Stellwicklung bedeutend. Es ist
zu bemerken, daB im gegebenen Falle nicht die groBere, sondern die richtig gewdahlte kleinere
Reihenkapazitidt die Schwingungsfreiheit gewéhrleistet. Die gute Ubereinstimmung der be-
rechneten und gemessenen Spannungswerte bestdtigt nicht nur die Gultigkeit der theoreti-
schen Erwégungen, sondern auch die Richtigkeit der Berechnungsmethode.
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SELECTION OF THE SERIES CAPACITIES OF REGULATING TRANSFORMER
WINDINGS FROM THE POINT OF VIEW OF SURGE VOLTAGE STRESSES

D. KERENY!I and G. TIJHAZY

SUMMARY

The uniform distribution of surge voltages in regulating transformers cannot be obtained
but by great series capacities of the individual windigs. The absence of oscillations in a system
of windings also requires mutual matching of the individual series capacities. If the capacitive
voltage distribution in the winding system agrees with the stationary voltage distribution,
no oscillations will occur. The interleaved windings permit the variation of the series capac-
ities within the limits required in practice.
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CHOIX DES CAPACITES EN SERIE DES ENROULEMENTS DES*RANSFORMATEURS
DE REGLAGE DU POINT DE VUE DES EFFORTS DE TENSIONS DE CHOC

D. KERENYI et G. UJHAZY

RESUME

La distribution uniforme des tensions de choc dans les transformateurs de réglage ne
peut étre obtenue uniquement par les grandes capacités en série des enroulements individuels.
Pour arriver a I’absence d’oscillations dans un systéme d’enroulements, il faut accorder les
capacités en série individuelles. Si la distribution capacitive des tensions dans le systeme
d’enroulements est accordée avec la distribution des tensions stationnaires, il n’y aura pas
d’oscillations. Les enroulements transposés permettent de varier les capacités en série entre les
limites nécessaires dans la pratique.

O BblBOPE MOC/ELOBATE/IbHbIX EMKOCTEW OBEMOTOK
PErYNIMPYEMbIX TPAHC®OPMATOPOB C TOYKW 3PEHNA TPEBEOBAHWN
B OTHOWEHVN UMMY/bCHbIX HAMPAXEHW

L. KEPEHW n . YAXA3N

PE3IOME

PaBHOMEPHOr0 pacnpefeneHnst UMMNYNbCHOr0 HamnpsiXeHWUst B criyydae pPerynmpyemMbix
TpaHc(opMaTopoB HeMb3s AOCTUIHYTb TO/LKO MPU MOMOLLM BbICOKMX 3HAYEHWIA nocnefoBa-
Te/lbHbIX €MKOCTe 0TAesbHbIX 06MOTOK. CBo6ofa KonebaHWsS HEKOTOPOW CUCTEMbl OOMOTOK,
KaK M3BECTHO, TpebyeT TaKXXe COrnacoBaHWsi Mexpay co60ii OTAeNbHbIX MOc/efoBaTeNbHbIX
eMKoCTell. Ecnnm eMKOCTHOe pacnpefiefieHnme HanpsixXeHUsi cornacyeTcs B CUCTeMe 06MOTOK ¢
CTaLMOHApPHbIM pacrpefie/leHVeM HanpsXKeHUsl, Torja He BO3HWKHET HUKaKMX KonebaHWi.
PacnonoXeHHble B LLIAXMaTHOM MOpPsiAke 0GMOTKM MO3BOMSIIOT MPOM3BOAUTL U3MEHeHMe nocrie-
[oBaTe/bHbIX eMKOCTeli B HEOOXOAUMbIX Ha NPaKTUKe rpaHuLax.
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SOME REMARKS ON THE OPTIMUM SETTING
OF VARIABLE PARAMETER PROCESS-CONTROLLERS

T. VAMOS
DOCTOR OF TECHN. SC.
and

J. GYURKI
RESEARCH INSTITUTE FOR AUTOMATION OF THE HUNGARIAN ACADEMY OF SCIENCES

[Manuscript received November 19, 1965]

Authors made an analogue computation study to investigate the effect of parameter-
changes in controlled plants on the optimum setting of controllers. Basic types of plants with
two- and three-term controllers were modelled and conclusions are made for the optimum
criterion of variable parameter controller settings.

Since the basic paper of Ziegter and Nichots [1], published in 1942,
on the problem of the optimum setting of controllers an abundant literature
has been available. Following the initial analogue computer solutions the mathe-
matical theory of optimum setting has also been elaborated. Because of the
easier computation and because of other practical considerations most of the
publications discuss the minimization of the root mean square error. By means
of the Parseval theorem indicating the relation between infinite interval inte-
grals of the time and frequency domain this question can be discussed in a
more simple way. The literature discusses in detail the problems of optimum
setting according to different criteria [2].

The purpose of this paper is to draw attention to a practical problem
arising in a wide class of process controls, namely the effect of the variation
of the process parameters on the optimum setting of the controllers. As opposed
to the previous simplifying view, aiming to describe the processes by linear
equations of constant parameters, the majority of processes show considerable
differences.

The variable parameters in several cases play a more important role than
the nonlinearities, because in the practical cases the controlled range of normal
operation is made so narrow, that the linear approximation generally proves
fully satisfactory. The variation of the parameters — as was shown by the au-
thor previously in the case of boilers [3] — may be very significant, which may
influence the optimum setting derived on the basis of constant parameters.
Though in the general theory of variable parameter-systems important prob-
lems have been solved, it has not been possible to obtain explicit formulae
for the computation of the parameter depending time-integrals of feedback
systems. In the majority of cases the changes of the parameters are not fast,
they last considerably longer than the time-constants of the systems, so that
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it is possible to make a comparison between the optimum settings of two differ-
ent parameter (time constant) systems, and also in the case of the deteriora-
tion of the setting, made fora given time constant, and altered by the change of
the latter.

In a previous paper [4] the effect of the statistical fluctuations of the
control error on the optimum parameter of the controlled process was discussed
in details. In the case of a deviation from the optimum setting of the controller
caused by the alteration of one of the system-parameters — the deviation of
the system optimum generated by the statistical disturbance of the system
will also be statistical. From this point of view the mean absolute value or the
mean square of the error is characteristic, thus, the quadratic and absolute
integral value criteria are suitable for our investigations.

In this paper we discuss a few tipical linear controlled processes connected
with two- and threeterm controllers. These controllers are set “optimally”
for a discrete state by the method discussed later. We observe the change of
the selected dynamic quality characteristic integral

, -
5 ied
as a response to a step function input, if we vary the time constant of the con-
trolled process over a wide range. The paper gives the results of the analogue
computations and some conclusions.
As pointed out by strejc [5] and n asiin [6], from the point of view of
the transients in linear systems —mand especially for the error integrals summing

these transient effects — the investigation of a few basic types is sufficient.
The following selected basic types were computed:

K
one time lag, with delay Y(s) = e
1+ Ts
] . . K
two identical time lags Y (s)
(1 + Tsy
) ) K
two different time lags Y(s) =

T+ Ts)(d + TOs)

Figures 1—10 contain the results of the investigations. The two- and
three-term regulators were set according to the nominal values of the param-
eters of the plant, to minimalize the integral of the absolute value of the error.
W ithout varying the adjustment of regulator, the dominant time constant T
was altered, and its effect on the value of the error-integral was observed.

The analogue models of the controlled plants and three-term regulator
are shown in Fig. 11. These models give the possibility of rapid changes and
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Fig. 1. Second order system, with two-term controller; optimum setting at nominal value

(Tn= 1 sec)
1 curve: K =1, 1/, = 2,2; 2 curve: K = 2, 1/, = 1,2; 3 curve: K = 4, 1/T, = 1,0;
4 curve: K = 10, 1/T,-= 1,0.

Ql 0,2 04 06 Q8 1 2 4 6 8 10
Fig. 2. Second order system, with three-term controller; the effect of the differentiating term
(T,, = 1 sec)
1 curve: 1/T, = 1, Td= 0,25; 2 curve: 1/Tt=1, Td= 0,5; 3 curve: 1/, = 1, Td= 1,0.
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01 0,2 Q1 06 08 1 2 4 6 8 10
Fie 3. Second order system, with three-term controller; optimum setting at nominal value
(T, = 1 sec)

1 curve: 1/Tt= 3,5, Td= 0,5; 2 curve: 1/,-= 3,0, Td= 1,0.

Fie- 4. Double-pole system with two-term controller; optimum setting at nominal value
(T, = 1 sec)
1 curve: K — 1, 1/T#—0,7; 2 curve: K = 2, 1/TE= 0,53;
3 curve: K = 4, 1/T) = 0,43; 4 curve: K = 10, /Tr= 0,31.
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Fig. 5. Double-pole system with three-term controller; the effect of the differentiating term

(T = 1 sec)
1 curve: 1/T, = 0,43, Td =0,5; 2 curve: 1/T, = 0,43, Td= 1,0; 3 curve: 1/Tt= 0,43,
Td= 2,5.

Fig. 6. Double-pole system with three-term controller; optimum setting at nominal value
(T =1 sec)
1curve: 1/T,= 0,7, Td= 0,5; 2 curve: 1/T,= 0,8, Td= 1,0; 3 curve: 1/T,= 0,9, T,= 2,5.
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adjustments since only one of the parameters becomes altered by one of the
adjusting elements (potentiometers).

In the diagrams r is plotted with relative values, the computer unit is
one second. In all demonstrated cases the procedure was as follows: The time
constant or time delay dominating the performance of the system at the plant
has been fixed in the nominal value of 1 sec which was taken as a basis. (T,,T,,).

Fig. 7. First order system with time delay and two-term controller; optimum setting at
nominal value (r = 1sec, Tn— 2 sec)

= 0,5, 1T,-= 0,75; 2 curve: K 1,0, 1/T,-
= 1,5, 1/T,-= 0,4; 4 curve: K 2,0, 1T,

1 curve:
3 curve:

0,5;
0,3.

X X
"o

After that the setting of the PI, resp. PID controllers, simulated also on the
analogue computerwasvaried until the minimal f*“|e[di value has been reached.
This situation conforms to the practical case when the optimum setting of the
controller is made on the basis of the plant parameters measured or calculated
once. After that the plant parameters have been changed (T time constant
and K gain) and the influence of these parameter changes supposed during
the operation was investigated in conjunction with the chosen optimum crite-
rion.
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The time delay cannot be exactly simulated by means of the standard
analogue computer elements (summators, integrators, potentiometers). Various

approximations are being used giving a more or less adequate realization of the
desired transfer function.

Fig. 8. First order system, with time delay and three-term controller; optimum setting at
nominal value (r = 1 sec, Tn= 2 sec)
2,0, 1/Tt= 0,4, Td= 0,384; 2 curve: K -1,5, 1/T,
1,2, 1/Tt= 0,6, Td= 0,625; 4 curve: K = 0,8, 1/,-
5 curve: K = 0,3, YTt= 1,75, Td= 2,00.

1 curve: K
3 curve: K

5, Td
9, Td

0, 0,454;
0, 1,111,

The applied approximation is well known in the literature. The realized
transfer function:
oMM 2 M P + rrP>
i7l 1+ 2$8.Tp+ Hp>
r=4 V f X.
i=1
2. Data: = 0,866; |2= 0,4; 71X12= 1,68.
The approximation is of all-pass character, i.e. without amplitude-error. The
linear phase characteristic is valid to 7,44 radian phase shift. Within this range

the maximum phase-error is 0,021 rad.
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The error of the approximation from the point of view of transient re-
sponse isrelatively high because the delay of the high frequency components in
the step function is bad. (We refer to te Fourier-transform.)

The relations are by far better if we do not realize a pure delay but a
block containing also a proportional element, being our case at present. If the

Fig. 9. First order system, with time delay and three-term controller; optimum setting at
nominal value (r = 1 sec, Tn= 1 sec)

1,5, 1Tt= 0,4, Td= 0,25; 2 curve: K = 1,0, Ur,-= 0,7, Td= 0,312;
0,7, Ur-= 1,0, Td= 0,50; 4 curve: K = 0,5, 1/r,-= 1,5, Td= 0,714;
5 curve: K = 0,3, 1/r,-= 2,1, Td= 1,00.

1 curve: K
3 curve: K

time constant of the proportional part is in the magnitude of the delay time
or it is greater the error is diminishing. (Fig. No. 12.)

At the referred computations the distortion did not influence the results
and the qualitative conclusions.

The diagrams presented indicate the following important conclusions:

1. The change of the dominant time parameter, given for the controlled
phase of supposed on the basis of the chosen optimum setting criterion, greatly
influences this criterion. In the case of variable parameter processes this gener-
ally exerts a considerable effect on the performance and economy ofthe system,
as was to be expected.
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2. The change of the parameter, characterizing the optimum in the region
of the working point chosen on the basis of the hypothetical constant system
parameter is in many cases rather asymmetrical.

It follows that:

a) In setting the controllers “optimally” we have to check the optimum
criterion for the whole range of the expected parameter values and must not
be satisfied with the usual mean estimations.

Fig. 10. First order system, with time delay and three-term controller; optimum setting at
nominal value (r = 1 sec, Tn= 5 sec)

1 curve: K = 4,5, 1/r-= 0,2, Td= 0,417; 2 curve: K = 4,0, 1/r,-= 0,2, Td = 0,454;
3 curve: K = 3,55, 1/r-= 0,2, Td= 0,50; 4 curve: K = 3,0, 1/- = 0,225, Td = 0,714;
5 curve: K = 2,5, 1/r-= 0,26, Td= 1,111; 6 curve: K = 2,0, 1/r,-= 0,35, Td= 1,666.

b) In the less sophisticated cases, where an adaptive control is not needed,
the controller should be set at a point, which is optimal for the whole variation
range. This point may in some cases be at one end of the expected band and
not necessarily at its centre. In the case of statistical disturbance (input) we
have to fix the setting on the basis of the appropriate optimum criterion match-
ed to the statistical distribution of the input and the statistical distribution
of the variable parameters. Therefore we have to consider what is the expected
frequency of the single parameter changes in the region of the setting and what
iSthe effected deviation from the optimum, caused by these parameter changes.
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The setting must be fixed at that parameter where the best optimum-criterion
value can be expected considering the expected variations. The criterion itself
is of course independent of these considerations: it follows from the technical-
economical condition of the system.

More exactly: let the optimum criterion for any functional f be:

y = vM 1)’

M./ 7j 14sTd
1d Bri1 1tsTg

Fig. 11. Analogue computer block-schemes

where y(t) is the output of the closed loop controlled system y(t) is a func-
tion of the input x(t) and of the variable parameter z of the system:

y(t) = glx(®. = 1.

where

X(t) is, in the general case, a statistical variable with known statistical
characteristics;

g is any absolute integrable function;

7zt < z <[z2 is, in the general case a statistical variable with known distribu-
tion in a definite interval.
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We have to find the optimum of ip (per definitionem maximum or mini-
mum), taking into consideration the whole range of variables given by the
above conditions. For the cases discussed, the usual design for a fixed x(t)
input (e.g. step function) and fixed z parameter (e.g. time constant) is insuffi-
cient.

c) In more complicated problems, where the change of optimum involves
considerable economic loss, an adaptive controller must be used [7]. This need
can be checked by computations for the given cases on the basis of point b).

It should be pointed out that the conclusions drawn on the basis of the

IAE (Integral-Absolute-Error) criterion [8], chosen by way of example, are
also valid — mutatis mutandis — for other criteria, e.g. the ITAE (Integral-
Time-Absolute-Error) criterion.

Granam and Lacenrop, discussing the various optimum setting criteria
[9], touch on this question, but because of the differing purpose of their paper
they do not further discuss the examples and do not draw conclusions similar
to the above. For other types of transfer functions, for other input signal forms
and other optimum criteria it has not been possible to find any closed formulae
which could give an explicit expression for the influence of the parameters
and the tendencies of change in general cases. This is probably not possible
and would have no practical use. Similarly we did not consider it useful, to
elaborate a more detailed collection of examples or nomograms beyond the
above illustrative ones. The purpose of this paper was to draw the conclusions
under a) to c), emphasizing the need for individual analogue or digital computer
calculations.
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EINIGE BEMERKUNGEN ZUR OPTIMALEN EINSTELLUNG DER REGLER
VON PROZESSEN MIT VERANDERLICHEN PARAMETERN

T. VAMOS, und J. GYURKI
ZUSAMMENFASSUNG

Die Parameterdnderungen der Regelstrecke sind eine Erscheinung, die beim grofen
Teil der ProzeRregelung eine Rolle spielt. Ihre Wirkung auf die optimale Einstellung der Regler
wird mit Hilfe eines Analogrechners bei Anwendung von Pl bzw. PID Reglern geprift.

Die Verfasser ziehen Folgerungen in Bezug auf das Optimum-Kriterium der durch verschiedene
Parameterdnderungen beeinfluBten Reglereinstellungen.

QUELQUES REMARQUES SUR LE REGLAGE OPTIMUM DES REGULATEURS DE
PROCESSUS A PARAMETRES VARIABLES

T. VAMOS et J. GYURKI
RESUME

Les auteurs utilisant des calculateurs analogues ont examiné I’'influence qu’un phéno-
mene intervenant dans une large gamme de problémes de régulation des processus, & savoir
la variation des paramétres de la section réglée, exerce sur le réglage optimum des régulateurs
Pl ou PID. Ils tirent des conclusions sur le critére du réglage optimum des régulateurs, influencé
par les différentes variations des paramétres.
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HEKOTOPBIE 3AMEYAHUA MO OMNTUMAJ/IbHOW HACTPOMKE PErY/IATOPOB
MPOLIECCOB C USMEHAKOWWMMNCA NMAPAMETPAMU

T. BAMOW u N. AOPKMW

PE3IOME

ABTOpPbI NPOU3BENN WCC/EA0BAHMUA Ha BbIYUC/NTENLHOW MallnHe HenpepbIBHOrO feli-
CTBUSA nNpumeHeHnem perynsatopoB M n ML WMPOKOro Knacca SIBNEHWIA, UMEKLNX MeCTO
Npu perynmpoBaHMM MPOLECCOB, C LeNb0 ONpefesieHns BAUSHUA W3MEHeHW napameTpoB

06BEKTOB PErysiMpoBaHus Ha ONTMMa/bHYI YCTAHOBKY PerynsaTtopoB W cfenanv BbiBOAbl O
KPUTEPUM ONTUMA/IbHOW YCTAHOBKM PErynsiTopos.
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ON THE STARTING PHENOMENA OF ASYNCHRONOUS
MOTORS

K. P. KOVACS

CORRESPONDING MEMBER OF THE HUNGARIAN ACADEMY OF SCIENCES
RESEARCH INSTITUTE OF THE ELECTRIC POWER INDUSTRY, BUDAPEST

[Manuscript received January 6, 1966]

At the starting of asynchronous motors —inasmuch as the accelerated masses having
a small moment of inertia and no mechanical resistance is concerned — in consequence of the
high accelerations, the speed of the motor may overshoot the synchronous speed, the no load
speed being attained after damped oscillations. The author analytically deduces the conditions
of the harmonic oscillations and shows that the data known from literature need correcting.

I. Introduction

It is well known that at the starting of asynchronous motors, when the
moment of inertia of the mass to he started is small (e. g. the machine starts
only by itself), in consequence of the torque conditions caused by the high
acceleration the speed may exceed the synchronous speed. The rotor of the
machine attains the no load speed under damped oscillations. Naturally these
speed oscillations are concerned also with torque oscillations.

It became known from literature — especially in connection with the
investigations carried out, with analog computers — that in the case of high
acceleration the torque speed characteristic does not follow by far the static
torque characteristic. In the case of high acceleration, on the one hand, the
value of the torque-maxima (pull-out torques) decreases, and on the other
hand, the machine arrives to the no load speed (approx. Mmech = 0) in such a
way that meanwhile also generator-torque conditions appear, corresponding
to the spead oscillations. The conditions are shown by curve 2 on Fig. 1, which
shows some analog computed results [1].

If the acceleration is going on slowly e. g., because a great mass must be
accelerated, the machine will follow the static torque characteristics shown
in Fig. 1 as well (curve 1).

From the measuring data obtained with the analog computer that limit
of the torque of inertia was determined below which the acceleration is termi-
nated amidst oscillations or when the machine reaches the no load speed aperio-
dically. This limit can be determined also analitically as will be shown further
on — when it becames evident that the conclusion drawn from the measurings
performed with the analog computer did not lead to the quite correct result
(owing to the fact that the extremum conditions are difficult to evaluate).
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IL Equations of the accelerating motor

Assumptions:

a) The machine is connected to 3-phase symmetrical mains;

b) the changes of saturation are disregarded, the permeability in the
iron is considered as being constant (saturated);

c) the ohmic resistance of the stator is neglected;

d) It is assumed that the rotor of the machine is allowed to accelerate
freely only after the passing of the electromagnetic transients arising at switch-
ing-on: in other words, at the very moment of the beginning of acceleration,
in the machine there exist stationary short circuit conditions (stationary
short circuit current and torque);

e) pure acceleration of masses is assumed (every mechanical friction is
considered negligible);

f) the leakage inductance of the stator and of the rotor are assumed to
be equal: Ls= Lr.

The equation of the motor is written in the form known from literature
[2] and a synchronous rotating frame is used, where the real axis of the co-ordi-
nates is coincident with the direction of the stator voltage. Thus in these mov-
ing co-ordinates the value of the voltage is real and constant:

us=u. 1)
The equations are:
Us= U = ~"+ jco"s, (2)
dt
— - d4* —
Ur= 0= irRr+ —d-A+Jsa>1Vr, 3)
t
& dt = 42 Im (W *is), (4)

where nq is the angular frequency of the mains, the asterisk placed above the
symbol denoting the conjugate complex quantity.

Expressing ir and respectively, by the flux, Equs (3) and (4) respec-
tively, pass onto the following:

0:ska>1(\"(r-k¥s)+|ré-+ jsoh v, , (3a)
t

and
-8 =4 7 o 1TNe A “a)
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respectively, where sk = RfjwjLr is the static pull-out slip of the machine and

Lm Lm
Lpi + Lscr L,n “f~ Prer
and where
Lro- o 1 LA L
Lra + - L 4L

is the transient inductivity.
As the length of the voltage vector does not change and as the ohmic

stator resistance is disregarded it becomes in the synchronous co-ordinates

d'/,
dt

and so Equ. (2) takes the following form:
U= (2a)

The following further simplifications are introduced:

a) (Ot= r;

b) we pass onto relative units. Namely: UN— 1 (maximum value) is

the nominal voltage;
WN = UNIloh

and the nominal output is

PNZ—Z\}JN N

If we refer the voltages to the nominal voltage, the fluxes to the nominal
flux and the angular velocity to the nominal (synchronous) angular velocity
then the above equations change to the following (no separate letters or indices
are used to indicate relative units):

1= J*Ps (5)
0 = sk(Vr-kVs)+ "~ + jsV r, (6)
3T
do> = K /Im [P *«Pr], (7)
dr Hw1X'r

where in Equ. (7) H = cOjo/PN is the inertia coefficient of the machine.
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If oqis the angular velocity referring to 50 Hz (oq = 314) then for ma-
chines having more than two poles

where zp indicates the number of pole pairs. Taking into account this and the
circumstance that for the same flux and impedances the mechanical torque
acting on the shaft of the machine is

M = zp~Im (Xf/*is)-

Equ. (7) retains its original form, where, however, m is a relative value referred
to the real synchronous angular velocity of the shaft (aq/zp) (i. e. in the case
of synchroneous rotation col = 1).

The complex quantities figuring in Equs (5), (6) and (7) are divided into
their real and imaginary parts

5 =2, + frB,
Vr=Vn + jvrR.

By substitution we obtain the following relations:

0= 1IP.
-1 = w* (8)
_ dwr
0 = skWn + dr sWn3,
dw 7
r
0 = sk(WrB+ h)~IL + s4'n
dr
do>
« (10)
dr Hw1X)

The slip shall also be introduced on the left side of Equ. (10). Owing to the rela-
tive units we have written w instead of (ojcol and therefore

- = _S)A_
u>1(1 aq
that is
dm ds
dr dr
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and Equ. (10) changes to
ds B
dr HcolX'r (if)
IIl. The oscillation equation
If we wish to examine whether the machine attains the no load speed
under oscillations or aperiodically we have to examine the coefficients of the

following type of differential equation:

d2s
dr2

+ A~d~r h Bs =1(s). (12)
It is well known that oscillations will appear if

A2- 4B < 0. (13)
The process will become aperiodic, if

A2-4B "0 . (14)

Let us examine how we could obtain from equations (9) and (10) a form
similar to Equ. (12). For this purpose we differentiate both sides of Equ. (11):

(Ps K d}Pra
(15)
dr2 HcolX'r dr
Substituting dif'ra/dr from the first equation of Equ. (9) into Equ. (15)
d2 (16)
. i
dr2 Hwix[ B 1)
Substituting P from (11) into (16)
d K ds
17
dr2 tfoqX; p dr
Or writing Equ. (17) in another form
d2s
= 0. (18)
dr2 H(ol X
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1. The value of Wl in the region of s = 0

In Equ. (18) Wrij appears in the coefficient of s. Its value must be deter-
mined. As the oscillations take place around the no load (synchronous) speed,
the value of Wr has to be examined at a quite small slip (practically at s = 0).
In stationary state (s = constant) the Equ. (9) change to:

From the latter:

It is to be seen that if s Qi 0 then

E. g. at 3% slip and — 0,15 is still IFt5= 0,96 k, if the value of WrR taken
from (21) is introduced into the relation (18) we obtain

(22)

2. Conditions for oscillations

The machine connected to nominal voltage will at acceleration make
oscillations, if according to Equ. (13)

4 k2

IIiI_<0. (23)

From (23) the condition for oscillations is

SRHw1X i ~ d
(24)
Let us examine a numerical example:

H = 0,2 sec; sk= 0,15; s{ = 2,25 m10“2; = 3,14 « 102; X'r= 0,2; k = 0,96 (k- -
= 0,92); then in the case of zp = 1

slHa”X'r 2,25 +10-2 m0,2 « 3,14 102+ 0,2
A2 0,92 “
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less than 4, thus the assumed machine will reach the no load speed amidst oscillations. Let us
compute how great must H be so that there will be no oscillations. The condition is:

.o 4k2 4-0,92 9
SEWIXT 2’25. .ch’ 4 +102+0.2 ’

cpp

That means, that if the GD-on the shaft of the machine is so great that when accelerat-
ing the rotor by the nominal output till fullspeed the time of acceleration became 2,6 sec, the
machine will certainly reach the synchronous speed without oscillations.

The oscillations can also be avoided at the given H by increasing the pull-out slip. E. g.
in the case of the assumed H = 0,2, if sk = 0,54 no oscillation occurs.

Finally we can evaluate on the basis of Equ. (22) the frequency of oscilla-
tion. The form of the wave of oscillations is given generally by an expression of
the following form:

a -f- bePIZ -j- cePT = /() (25)

a _|_ bep,ait -h ceRlll" = (1), (25a)

where pr and p2 are the roots of the characteristic equation. In our case the
characteristic equation becomes

Ne
P2+ skp + . =0 (26)
HcolX'r
Its two roots are given
o Hky 4R |
Pi 2" "7 Heoxr 47 —9tIQ
sk 1

P2 5 o eder Sk —Qio:

The damping coefficient of the oscillation is

B= o2 (27)

The angular velocity of the oscillations is

4k1 )

. Sk 28
Hcol X'r « (28)

Using the data of the machine marked 7 elaborated in the paper [1] with an analog
computer, where: X'r= 0,2 Pn = 28 kW; 4 poles; H = 0,225 sec; sk — 0,212 and k = 0,97
we calculate the value of Q:

[ 4094 0,2122 = 0,235
0,2 +0,225 « il | ’ oo
The real angular velocity of the oscillation is 0,235 « 314 = 74 sec-1, and the period time is
0,02/0,235 = 0,085 sec. The measurements of the mentioned machine are contained in Fig. 8
of [1] with an oscillation time of 0,085 sec which corresponds absolutely with the calculated
value mentioned above. According to the few numbers of oscillations the damping coefficient
cannot be evaluated correctly from the measurement.
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The paper quoted under [1] states for the right side of the inequality (24), from the
different calculations carried out with the analog computer, the value 2,5 instead of the value 4
the latter calculated analytically. The reason of this difference lies very probably in the diffi-
culty of the evaluation of the limits between the oscillatory and the aperiodic state from the
oscillation curves themselves — especially in the case of transition from one state to the other.

This critical remark does not of course touch by far the fact that it was the universal
analog computer, which permitted the solution of the non-linear differential equation and thus
the practical evaluation of the whole problem.
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UBER DIE ANLASSVORGANGE VON ASYNCHRONMOTOREN
K. p. kovacs
ZUSAMMENFASSUNG

Beim Anlassen von Asynchronmotoren —insofern es sich um die Beschleunigung von
Massen mit kleinem Tragheitsmoment und ohne mechanischen Widerstand handelt — ist es
zufolge der hohen Beschleunigungen mdglich, da die Drehzahl des Motors Uiber die synchrone
Drehzahl hinausschwingt, und der Motor seine Leerlaufdrehzahl nach gedampften Schwingun-
gen erreicht. Der Verfasser leitet die Bedingungen fir die harmonischen Schwingungen analy-

tisch ab und weist nach, daR die aus der Literatur bekannten Zahlangaben einer Korrektion
bedurfen.

SUR LE PROCESSUS DE DEMARRAGE DES MOTEURS ASYNCHRONES
K. P. KOVACS
RESUME

Au démarrage des moteurs asynchrones —en tant qu’il s agit de I’accélération de masses
d’un faible moment d’inertie et n’ayant pas de résistance mécanique — la vitesse du moteur
peut dépasser, par suite des accélérations élevées, la vitesse synchrone, le moteur atteignant
alors sa vitesse a vide apres des oscillations amorties. L’auteur déduit analytiquement les con-

ditions des oscillations harmoniques et démontre que les données connues de la littérature néces-
sitent des corrections.

O MPOLIECCAX MYCKA ACUHXPOHHbIX ABUTATENEW
K. M. KOBAY

PE3IOME

Mpu nycke acCMHXPOHHbLIX ABurateneit (MOCKONbKY MpW 3TOM MAET pedb 06 YCKOPeHWU
Macc C He60MbLUMM MOMEHTOM WMHEepLMU U 683 MexaHM4YecKOro COMpPOTMBI/IEHMS) BCNEeACTBME
60MbLUMX YCKOPEHWIA unicio 06OPOTOB ABUraTeNiss MOXET MPeB30MTH CUHXPOHHOE Yncio 060po-
TOB, ¥ 4MCNO 0GOPOTOB XO/I0CTOTO X04a ABUraTeNlb AOCTUraeT Noc/e 3aTyXxalWmnx KonebaHui.
B nanbHeillem, ycrnoBre rapMOHUYECKUX KOneb6aHwii BbIBOAUTCS aHa/IMTUYECKM M MOKasaHo,
UTO M3BECTHblE M3 NUTEPaTypbl JaHHble TPe6YIOT KOPPEKLMU.
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A. F. Harvey:
MICROWAVE ENGINEERING

Academy Press, London 1963; 1313 pages

This very interesting and substantial technical book comprises various problems of
principle as well as theoretical and design problems of the microwave engineering. It describes
the various fields of application and discusses the fundamental problems connected with them.

This is by far the most significant work among the microwave books issued since the
27 volumes of the MIT Radiation Laboratory Series published in 1947 —1948.

The great significance of Harvey’s book mainly consists of the following:

1. It deals with all passive and active microwave elements, components, devices as
well as with the microwave properties of the materials. Out of the 26 chapters, 18 may be con-
sidered as such. The remaining 8 chapters deal with the receivers, with frequency measurement
and stabilization, industrial, biological and medical aspects, wide-band wire transmission, wave
propagation, radio relay links, radar systems, radioastronomy and radar astronomy.

2. The parts known from the MIT series are treated relatively briefly and concisely.
On the other hand, the new methods and facilities developed since then are taken in detail
more.

3. Many new constructions and diagrams are shown and described which can partly be
used directly for the design work.

4. The enormous material is set forth concisely but to each chapter a very extensive
list of references is given. Altogether, there are 10 100 references to which also the referring
number in the text can be found.

To illustrate what a variety of materials not occurring in the MIT series has been treated
by the author of the book, some examples may be cited here.

The ridged wave guides and their standard dimensions, the wide-band matchings by
means of nonuniform wave guides, the up-to-date directional couplers and hybrids, the use of
the Hall-effect on the measurement of microwave power, the travelling-wave resonant ring
of the cavity resonators and the various up-to-date filter circuits are related. An exceedingly
great number of data are given concerning the various gases, fluids and solids in the range of
microwaves. The polar molecules are dealt with in detail and superconductivity is also consi-
dered. Linder the heading “Dielectric Spectrometry” the means for taking the electric and
magnetic resonance spectra of materials are treated.

The gyromagnetic effect, the ferrites, the granate structures, the measurement methods
of microwave ferrites, the various isolators and circulators are described in detail.

23 pages are devoted to the strip transmission lines, to the calculus of their parameters
as well as for the realization of various susceptances, junctions, directional couplers, filters
and antennas used with such elements.

The periodically loaded lines are dealt with in a separate chapter. In this chapter enter
the various surface wave guides, the corrugated-surface antennas, the wave guides made of
dielectric rods, the slow-wave and helical structures.

r The backward-wave oscillator, the magnetrons suitable for generating ultramicrowaves,
the Tcherenkov radiation and its use to generate short microwaves are also treated.

The artificial dielectrics, the spectrometers and interferometers, the frequency-inde-
pendent antennas, the Luneberg lenses, the wide-angle reflectors and lenses are dealt with in
detail.

The present-day technological methods of manufacturing, the low-noise amplifiers,
tunnel diodes, parametric amplifiers, masers, travelling-wave amplifiers are described.

The spectrum line frequency standards, the biological and healing effects of microwave
radiation, the sanitary protective methods and the microwave apparatus of the particle acceler-
ator (cyclotrons, synchrocyclotrons) are pointed out.
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The wide-band wire transmission on coaxial cable and cylindrical wave guide in TOU
mode as well as the mode conversion losses and the ways to reduce them are dealt with.

In the chapter on the radio relay links the use of passive reflectors, the space communi-
cation by means of earth satellites, the relay stations between celestial bodies, in the chapter
on radar systems the guidance of missiles, the radioastronomy and radar astronomy, the radio
telescopes, interferometers and polarimétere are related upon.

The book will for long years be a useful and valuable tool for microwave engineers in
research institutes as well as in manufacturing works or in teaching.

E. Istvanffy
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