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SATELLITE GEODETIC STUDIES ON THE REGIONAL DYNAMICS
OF THE CARPATHO-BALKAN AREA

I N Totomanov and N | Georgiev

Central Laboratory for Geodesy of the Bulgarian Academy of Sciences,
1000 Sofia, 7 Noemvri str. 1, Bulgaria

EManuscript received October 8, 1987, revised: November 2, 19893

The present paper expands the authors' investigations on the optimum
laser location on artificial Earth's satellites (AES) for the determination
of the absolute and relative kinematics of the regional lithosphere with
emphasis on the Carpatho-Balkan Region (CBR), on its two main structural
parts - the Middle European and Balkan ones. In earlier (BR studies, the
accuracy of the Cartesian components of the geocentric vectors was
investigated for the Balkan and the intercontinental chord vectors were
independently considered for Middle Europe and for the Balkan. In this
model study new results are presented for the accuracy of the determination
of: a) the components of the geocentric vectors in Middle Europe, and b)
the chord vectors for the entire CBR Conclusions are drawn on the optimum
AES orbit parameters, on the quality of the network of observatories and on
the common and differring characteristics of CBR and its parts as related
to the international project IDEAL.

Keywords: Carpatho-Balkan area; geodynamics; laser location; satellite
geodesy

INTRODUCTION

Earlier model studies (Georgiev et al. 1987, 1988,
Totomanov et al. 1987) aimed at the determination of the laser
location of artificial Earth's satellites (AES) as related to
the international geodynamic project IDEAL (Georgiev et al.
1983, 1986, Georgiev and Totomanov 1986) and were made both for
the entire Carpatho-Balkan region (CBR) and for its two main
parts: the Middle-European and the Balkan ones; results were
presented for the satellite geodetic observatories Penc near
Budapest (Hungary) and Plana near Sofia (Bulgaria). This paper
continues this series and outlines the results of a report
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(Totomanov and Georgiev 1987) at the conference "Structural
development of the Carpatho-Balkan orogenic belt" (Bratislava,
Czechoslovakia, October 12-15, 1987). 32 various computer-
generated laser measurements are used which have an integral
accuracy of 25 cm, and are between the terrestrial
observatories and an hypothetical AES with a major semiaxis a
(or height H = a-R) and an inclination i of the orbit.

ACCURACY CF GEOCENTRIC POSITIONING STUDIES

In earlier studies the root-mean square error mg of the
lengths of the CBR geocentric vectors S is used to measure the
accuracy of their determination. In the most recent investiga-
tions related to the Balkan (Totomanov et al. 1987), the errors
mx, my and nz of the Cartesian components of S are determined;
they show that ns is an approximate informative quantity. Thus
mx, nmy and nmz are calculated and mapped in the present work for
the Middle-European part of the CBR (Fig. 1), too; here the
laser location of an AES ensures the accuracy required by
IDEAL, m -$3.5 cm in the hatched areas.

Even in this case a considerable difference is seen in the
accuracy of the determination of the components of S the
accuracy is the least (3-11 cm) for Y, the highest (2-6 cm) for
Z, and an intermediate one (3-7 cm) for X. The optimum areas E
are for the determination of a component of S with the condi-
tion given for m for Middle Europe:

EME(mx) £ (50 <i <80°, H>4 Mm 80<i<90°, 5<H<7 Mm
100 <i <110°, H>6 Mm),

EME(ny) £ (50 <i<60°, H>5 Mm 60<i<100°, 5<H<6 Mm
100 <i <120°, H>6 Mm),

EME(mz) £ (50 <i <120°, H>4 Mm),

or jointly

E*E = BVE(MmxAmyAmz) £(50<i<60°, H 5>Mm; 60<i<100°,
5<H<6 Mm)
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Fig. 1. Isolines of the root-mean square errors m of the Cartesian compo-
nents of the geocentric positioning vectors S in Middle Europe: a -

for nx (cm), b - for ny (cm), ¢ - for nz (cm). For details see the
text

which are in accordance with the values given by Georgiev et
al. (1988), through ns, respective the area E.

Dirac's hypothesis on the expanding Earth can be only
checked by means of the component Z within the area E”~ (mz™
N2 cm)y E(70<i<90°, H>5 Mm).

A comparison of the new results E” obtained here for
Middle Europe, with those for the Balkan region EBr (Totomanov
et al. 1987):
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EBR(nZ) E (50 <i <120°, H>3 Mm),

EBR = ERRB(mx my nz) E (30<i<60°, 110<i<120°,
H>7 Mn 60<i<80°, 5<H<6 Mm 10Q<i <110°,
6 <H<7 Mm

shows the specific points of the two main CBR parts for the
positioning of an AES laser to be considered.

ACCURACY COF INTERCONTINENTAL GEOKINEMATIC STUDIES

The root-mean square errors mp, T and ni_ were calculated
for the length R and for the orientations ( ¢ by latitude, and
L by longitude) of two groups of chord vectors R between
observatories located in the stable parts of the African and
Eurasian plates (Helwan in Egypt and Zvenigorod in the USSR,
respectively), on the one hand, and the two parts of the mobile
CBR, on the other hand. The results are plotted in Fig. 2 where
the optimum areas E for the determination of R are hatched
(m 3.5 cm). This figure enables the following conclusions in
addition to earlier ones (Georgiev et al. 1986b, 1987, 1988,
Totomanov et al. 1987).

The determination of ¢ , by means of the location of a
very large class of admissible AES, namely

E( ) (60 <i <120°, 4<H<6 Mm 60<i <70°
100 < i <120°, H>6 Mm)

is characterized by the greatest reliability. When determining
R, the requirements to the orbit are considerably stronger, the
two parts of CBR differ significantly and the network of
observatories within Middle Europe has a more favourable con-
figuration. A need is indicated for the reconstruction of and
the addition of new observatories be they of the stationary or
of the mobile type to the network, because of the Balkan part.
The optimum area E is for the determination of R

E(R) £ (50<i <70°, 100<i <110°, 6<H<8 Mm
70 <i <100°, 5<H<6 Mm).
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Fig. 2. Areas can be determined with a root-mean square error less than
3.5 an where the polar components (a - for the length; for the ori-
entation: b - by latitude, and ¢ - by longitude) of the chord geo-
kinematic vectors R between the lithospheric plates and CBR
Helwan-Penc (1), Zvenigorod-Penc (2), Helwan-Plana (3), Zvenigorod-
-Plana (4). For details see the text

The estimation of L completely differs from those of R and o ,
by a new difference (in this case - according to the link of
the vectors R to the lithospheric plates mentioned) in the two
CBR parts. Nevertheless, a minimum area common for the four
vectors R, is represented in Fig. 2b:

E(L) £ (40 <i <50°, 7<H<9 Mm), (8)

the realization of this requirement, however, will create ad-
ditional difficulties for the project IDEAL.
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In conclusion, it should be emphasized that the results
obtained in the present study, and the inferences derived from
them, am to help the correct planning and the forthcoming
realization of the laser location of AES within the entire CBR
and its main structural parts.
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GRAVIMETRIC GEOID COMPUTATION FOR CANADA

D Nagy

Geological Survey of Canada
1 Observatory Crescent, Ottawa, Canada

Geological Survey of Canada Contribution No. 46989

[Manuscript received February 27, 1990]

Recently a gravimetric geoid (GEOID '88) has been calculated for Canada
using 125 530 block averages covering the entire surface of the Earth. The compu-
tation for 6398 points has been completed on a Cray 1-S supercomputer. Some
details of data preparation and computations are given. Histograms for three se-
lected points, which were also included in a geoid computation in 1972 using less
gravity information, and the contour map of the calculated geoid are shown.

Keywords: Canada; EFT; gravimetric geoid; Stokes’s formula

INTRODUCTION

Geoid computations follow a cyclic pattern. The first wave of gravimetric
geoid computation was started by Hirvonen (1934) who, after discussing the theory,
carried out a gravimetric geoid computation, with an estimation of the error of
the computed result. Then, in the early 60’s a new wave of computation began,
which was tied to predicting the gravity anomalies over unsurveyed regions of
the earth. In the next decade, the improvements in satellite tracking and better
computational facilities for high degree spherical harmonic expansion of surface
gravity data provided the foundation for a renewed interest in geoid computations.
Recently, additional requirements from other disciplines (such as Global Positioning
System, possible replacements of leveling, etc.) have given way to yet another set
of geoid computations. After a brief discussion of theory, a summary of recent
involvements with geoid computations is given.

THEORY

The gravimetric geoid in a spherical polar coordinate system is usually cal-
culated from a spherical approximation, as derived by Stokes (1849):

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiad6, Budapest



10 D NAGY

N=24 (1)
g

where N is the geoidal height,
R is the mean radius of the earth,
7 is the mean gravity,
Ag is the gravity anomaly, corresponding to da,
S(rp) is the Stokes function,
¢ is the spherical distance,

and da is the surface element of the unit sphere.

Stokes’ function is usually given in the following form:
S(ip) = cosecjtp+ 1 —(isin ii/) —5 cost/) —3 cos”In (sin A + sin2it/t) .

Thus, the geoidal height can be calculated by carrying out the integration
shown in Eg. (1). In practice the integration is replaced by double summadon.
The method obviously requires gravity everywhere over the surface of the Earth.
The surface element, da, on the sphere is:

da = sin (pddpda

where a is the azimuth measured from the north. Substituting da into Eq. (1), N
can be written as:

(2)
a=0"=0

In Eq. (2), F is the weight which must be applied to gravity in order to obtain
the contribution to geoidal height. The function F, defined as:

2F(if)) = S(ip) sin &

is shown in Fig. 1 It can be seen that even gravity anomalies far from the
computation point, cannot be ignored and, in order to obtain meaningful geoidal
heights using Eq. (2), the integration must be carried out to ¢ —n.

When astro-geodetic deflections are available for an area, but not in sufficient
detail for numerical integration to obtain relative geoidal heights, then deflections
calculated from gravity can be used for densification. The starting point in this
case is the formula derived by Vening-Meinesz (1928):

©)
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Fig. 1. The plot of F as the function of the spherical distance: y

where

VM(ip) = dji\;v —I cos 1 Bcosec2! + 8siiu/> —6cos j ip

—3(1 —sin ) Mcosecip + 3sinip In(sin Nip + sin2 *ip).

From Egs. (3) and (4) computational formulae for the plane were derived for
example, in Nagy (1963).

With the introduction of signal processing techniques lor gravity interpreta-
tion and for physical geodesy, the Fourier transform became a useful tool. Devel-
oped by Tsuboi (1937) and later extended and used in Canada by Shimazu (1962),
its wider application awaited the appearance of the Fast Fourier Transform (FFT)
algorithm published by Cooley and Tukey (1965). The equivalence of the convo-
lution integrals of both the Stokes and Vening-Meinesz forms and their Fourier
transform and other details can be obtained from Nagy (1988a,1988b), Nagy and
Fury (1988,1990), and Tsuboi and Fuchida (1937).

The geoid, for the plane, in the form of convolution integral is given as:

-Ag{xp,yp)dx dy.
VX —x )2+ {y- ¥)

Taking the Fourier transform of the kernel and the data (i.e. gravity anomaly),
then the inverse Fourier transform provides the solution:
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N = ﬁ(b-l (5)

where

1

(X - Xp)2+ (y - yp)2_

[0}

and AG{u,v) = ®[At/(xp,yp)]

Here ® and -1 stand for the direct and inverse Fourier transform respec-
tively.

The meridian and prime vertical components of the deflections of the vertical,
(£,7), can be calculated from the expressions:

(6)

@)

Although the FFT technique provides an easy and efficient way of carrying out
the necessary numerical computations, there are a number of characteristics that
are particular to this technique (periodicity, leakage, sampling interval, etc.), which
require special attention. To study some of these questions in detail, modeling
can be used. For the model, the required computations can be generated both
directly from analytical expressions and numerically by using FFT. The detailed
investigations by the comparison of the results obtained from modeling provides
the necessary understanding needed for the proper use of the FFT technique. For
details and useful expressions see for example Nagy (1966,1980,1988a).

COMPUTATIONS

In this section, the numerical computations relevant to the use of gravity in
geoid determination (including deflections of the vertical computations) are briefly
summarized.

Gravimetric deflections

Nagy (1963) was possibly the first to implement the calculation of the gravi-
metric deflections of the vertical by digital computer. The computation has been
carried out for an area of size 1200x 1200 km. Where possible, the gravity values
over unit areas (50x50 km) were represented by integral means, obtained from
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second order surfaces (in two variables) fitted to the irregularly distributed gravity
data by the methods of least squares. The computation was carried out at grid
points for three overlapping areas, each with the origin placed at an astro station.
The weighting function for the plane was derived from the Vening-Meinesz for-
mula. For the purpose of comparison with astro-geodetic deflections available for
the area, the necessary coordinate transformations were also programmed (from
Clark’s spheroid to the International Ellipsoid). A visual comparison, especially
for the centres of regions, showed reasonable agreement.

Geoid 72

The first gravimetric geoid for Canada was computed in the early seventies by
Nagy and Paul (1973). By that time, the gravity coverage had increased substan-
tially, although there still existed large gaps around Hudson Bay and particularly
in the western part of Canada. The Geodetic Reference System 1907 was used. For
Canada, and a 3° belt at the Canada-U.S. border, 30" x 30" block averages were
calculated (from 111997 points in Canada and from 27976 points in the U.S.A).
Large part of the United States was covered by 1° mean values. For the rest of the
world, 5° block averages were used. This totaled up to 7497 block averages, which
served as input to calculate one geoidal height. The geoid was calculated at 1050
points over Canada. Apart from the vertical shift (due to the use of a different
reference ellipsoid) all the major features, as we know it today, are on this map
(Fig. 2).

It is interesting to examine how the geoid builds up as a function of the spher-
ical distance measured from the computation point to the contributing elementary
block. This was examined in some detail in Nagy (1975). The results of such com-
putations are presented in the form of histograms. Some of these histograms (Nos
12, 16 and 20 of Fig. 3 in Nagy (1975)) may be compared with more complete
determinations (discussed below; locations are shown in Fig. 3).

Geoid '88

This computation is based upon Eq. (1). One of the major tasks has been to
assemble the input required for the computation. Since the last geoid computation
in 1972, the global gravity coverage and its quality is greatly improved. However,
there are still large regions where gravity is poorly known.

The input file consisted of three parts. Over Canada and the continental
U.S.A. 65539 15' X 15' block averages were calculated (Nagy 1988c,1988d,1989a).
For the world, 44 20 blocks of the 1° x 1° data bank of the Ohio State University was
used (Despotakis 1986). For the remaining areas, the GEM-T1 satellite model of
NASA was used to compute 15608 input values (Marsh et al. 1987). In total these
125530 block values provided the input for each of the 6398 computation points
where the geoid was computed. The computation has been carried out on the Cray
1-S supercomputer requiring about 8.07 hours of CPU time (Nagy 1988b).

Naturally, the quality of gravity coverage affects the accuracy of every cal-
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Fig. 2. The first gravimetric geoid for Canada from 1050 points
based on world-wide gravity data available in 1972
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culated geoidal height and, thus, study of the error due to lack of coverage or its
accuracy is important. To provide some insight into the mechanics of computation,
three histograms show (Fig. 3) how the geoid contributions build up as a function
of the spherical distance t> It, is clear from the histograms, that no simple rule is
available to obtain a rough estimate of geoidal height by using only local gravity
data. The partial histograms obtained for the same stations from the 1972 compu-
tations (Nagy 1975 Fig. 3 ) are superimposed on the diagrams and are shown by
heavy vertical bars. The scaling, quite arbitrarily, was done in such a way that the
match was established at the last entry of the 1972 computed values. Apart from
the uncertainty of scaling, the difference indicates the progress due to additional
information about the gravity field both locally and globally.

A contour map representation of the geoid is shown in Fig. 4. The map is
also printed as a part of the Geophysical Atlas Series of the Geological Survey of
Canada (Nagy 1989a).

Throughout the years many computational procedures have been developed
and refined for geoid computation, but the major obstacle, i.e. sufficient gravity
coverage of the whole earth, still limits the determination of a high accuracy geoid.
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Fig. 4. Gravimetric geoid for Canada, calulated from world-wide
gravity data at 6398 points. Contour interval is 2 m
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INTRODUCTION TO BEZIER CURVES*
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In many branches of science and engineering, the mathematical representa-
tion of curves and surfaces plays an increasingly important role. The widespread
availability of personal computers (PC-s) with good graphic capabilities (resolution
of up to 1024 X 708) now allows the development of interactive graphic design in a
very simple environment. One of the most useful techniques for these developments
is based on the use of the Bezier curves, which will be introduced.A comprehensive
list of references is also provided.

Keywords: Bernstein; Bezier; METAFONT; PostScript; 11X

INTRODUCTION

In most geodetic and geophysical applications, the graphic representation of
data (in two dimensions) requires:

* a simple mathematical form to approximate the given data points, which
contain errors. This in many cases leads to the use of the method of least
squares. This procedure selects some simple basis functions (in many cases
polynomials) and constructs from them a model function to be used for in-
terpolation. This function, in general, will not pass through any of the data
points!

* a mathematical representation to data points such that the input is repro-
duced, i.e. the function satisfies all data points! This requirements leads to
spline type of an approximation.

In many other applications such as Computer Aided Manufacturing (CAM),
Computer Aided Design (CAD), typography, generalization in mappings, etc. the

*Dedicated to the 100th birthday of I rd'esor Albert Staaney
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purpose is quite different. In these cases, curves are sought which express math-
ematically what the designer has in mind. These curves should be smooth in. the
definition of the user. They also should be simple to develop, i.e. the designer
should anticipate the result of changes in the shape of the curve. Today, with
the availability of PC-s, good graphic boards (EGA, VGA, SuperVGA, etc.) and
suitable programming languages (such as C), interactive design is a must. The use
of Bézier curves in large part fulfills these requirements.

BEZIER CURVES

The technique to be introduced was developed in the early 1960s mostly by
people involved in automobile manufacturing for the purpose of defining various
shapes of automobiles, which were then machined by computer driven software.
Because of secrecy, little of the details of the technique became available. Although
Bézier may not have been the first one to use the curves named now after him,
it was his contribution which was widely published and serves as the standard
reference on the subject.

THEORY

Before discussing the mathematical details, some basic properties of the
Bézier curve will be summarized:

e it requires only data points (no derivatives are needed),

e it passes only through the end points,

» it has tangency at the end points (discussed later),

« fort € [U, 1], it always remains within the polygon formed by the data points,
» the degree can be varied from segment to segment,

» the segments can be joined with various degree of continuity,

* it is suitable for interactive development,

» extension to higher dimensions is simple,

* implementation for PCs is easy.

To simplify the discussion, only two-dimensional cubic Bézier curves defined
over four points will be treated here. To use higher degree curves or to join the
piecewise approximations, the reader is referred to the list of references.

The cubic Bezier curve is based on the Bernstein (1912) cubic basis functions.
In vector notation such a Bezier curve can be written as:

ri) = (1- <3r0+ 3t(l - t)2rt + 3f2(1 - f)r2+ <r3, (L
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where ro,ri,r2,r3 are the position vectors which form a tetrahedron, such that
r, for £ 6 [0,1], lies within the same tetrahedron. Known as the convex hull
property of the Bézier curves, this is a most useful property, where bounds in
various computations, such as hidden line removal, are required.

Expanding the terms, for example for the coefficient of ro one finds:

(1- £)3=1- ¥+ 32- t3.

Thus Eq. (1) can be expressed in matrix form:
r=1I t t2 £] A [ro 1L r2 r3f

where T designates the transpose and

w o wo
w o o
-~ O C ©
=

The Bernstein basis functions in Eq. (1), can be generated easily from the
relation:

~ k\(m —k)

B™ is an m-th degree polynomial, in our case a cubic, with the property:

fco

They are coefficients of the expansion [E+ 1—£m = 1

By substituting 0 and 1 for t into Eg. (1), it can be seen that the curve passes
through the first and the last points. Examining the first and the second derivatives
with respect to £ r' and r" respectively, further insight into the behavior of the
Bezier curves can be gained. Thus:

r"E) = 30 - £)2[rl- r0] + 6EL - £)[r2- iq] + 32[r3- r2]. 2
Substituting 0 and 1 for £into Eqg. (2), one gets for the tangents:

r(o) = 3[r!- rQ],
r'(cly = 3[r3—r2).

This shows that tangents at end points (r0,r3) pass through other points (ri,r2)
respectively.
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Taking the second derivative of r:
r'(t) = 6(1 - <)[r0- 2ri +r2]+ 6<[r3- 2r2+ ri]

shows that at each end point r" depends only on three position vectors. This is
important information if control of continuity is sought when making a composite
Bézier curve by joining segments together.

We shall now return to the study of the Bernstein basis functions (also known
as blending functions). Fig. 1 depicts these functions for m —3. It can be seen
that at t = 0 only B% contributes to the curve. Similarly the curve att = 1is
controlled completely by 13% The other two functions reach their maxima at | and
j of the interval respectively.

COMPUTATIONS
Eq. (1) for the 2-D case is given explicitly as:
x = (1 - <)3a0+ 3L —9)2Xi + 3i2(l —<)x2+ <Bas,

Y — (1~ 1)3% + 31(1 —t)2yi + 3f2(1 —t)y2 + t3y3.

Here

(X ¥) ~ 0,123

are the coordinates of the four points which control the shape of the Bézier curve. In
Fig. 2 some examples are given to show the kind of shapes which can be generated
easily. For those who want to duplicate (and check their programs) Table | gives
the corresponding coordinates.

Table I. Coordinates of polygon points to draw Bézier curves. Unit: 1 pt (0.3515 mm)

x0 20 Xl n X2 2 X3 3
1 0 0 50 250 400 300 450 25
2 50 100 200 350 450 0 500 125
3 50 100 200 350 450 0 500 125
4 125 100 500 375 50 250 450 150

Table Il lists the coordinates for the curve 4 as a function of t. For space
saving, the coordinates (x,y) are rounded up to the nearest integer point value.
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Figure 1 The Bernstein basis functions for degree equal to 3

Figure 2. Some typical examples of using Bezier curves to draw lines.
The coordinates of control points for each curve are given in Table 1

23
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Figure 3. Times-Roman characters from PostScript ( 300 pt size )

Table 1l. Coordinates of points shown for the Bézier curve 4 in Fig. 2

t 0.0 01 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1.0

X 125 214 264 285 286 278 271 274 299 354 450
\VJ 100 170 220 251 265 266 255 235 210 180 150

APPLICATIONS

There are many applications of Bezier curves as can be seen from the refer-
ences provided. Here only two major applications will be mentioned:

Typography: Font making is one of the major task in desktop publishing. Here
the particular use of M etafont designed for TI3X and IATgX by Knuth
(1986¢, 1986d) is mentioned. The other major application is PostScript. As
an example in Fig. 3 the characters S and A are shown. The success of
PostScript to be able to handle practically any size of characters (from points
to several feet) is due to the use of Bézier curves.

Generalization: Reduction of maps brings in the problems of how to represent
the boundary in a smoother manner. It is easy to see, for example, how the
southern border of Hungary could be generalized with a few Bezier curves to
provide a smooth form for page size diagrams.
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SUMMARY

In this short introduction to Bézier curves, sufficient detail is provided to
enable the reader to investigate the usefulness of the technique for a number of
problems. Implementation of Bezier curve drawing on a PC is straightforward,
and the interactive mode of operation provides an easy mastering of the design
principles. Obviously for some applications one may have to use either higher
degree Bézier curves and/or joining segments. One of the major advantages of
using segments is, that changes within the segments have no effect at all on any
other part of the development. This means that once a sectionally good design has
been achieved it will not be changed by any other segment. Another advantage of
using only the cubic Bézier curves is, that very quickly, the user picks up the idea
how to change the control points to achieve the desired change in the shape. For
higher and (variable) degree curves, this knowledge is more difficult to achieve.

REFERENCES
- Bézier curve related -

Bernstein S 1912: Démonstration du théoreme de Weierstrass fondeé sur le calcul
des probabilités. Harkov Soobs. Matern ob-va, 13, 1-2.

Bézier P 1966: Definition numérique des courbes et surfaces I. Automatisme, 11,
625-632.

Bézier P 19(i7: Definition numérique des courbes et surfaces Il. Automatisme, 12,
17-21.

Bézier P 1972: Numerical Control; Mathematics and Applications. Translated by
R. Forrest, Wiley, New York

Bézier P 1977: Essay de définition numérique des courbes et des surfaces expérimen-
tales. PhD thesis, University of Paris VI.

Bézier P 1980: The Mathematical Basis of the UNISUIIF CAD System., Butter-
worths, London

Brueckner | 198U: Construction of Bézier points of quadrilaterals from those of
triangles. Computer Aided Design, 12(1), 21-24.

Chang G 1982: Matrix formulation of Bézier technique. Computer Aided Design,
14(6).

Chang G, Feng Y 1985: An improved condition for the convexity of Bernstein-
Bézicr surfaces over triangles. Computer Aided Geometric Design, 1, 279-
298.

Coons S 1964: Surfaces for computer aided design. Technical Report, M.I.T.
de Boor C 1978: A Practical Guide to Splines. Springer

de Casteljau P 1959: Outillages méthodes calcul. Technical Report, A. Citroen,
Paris



26 D NAGY

de Casteljau P 19G3: Courbes et surfaces a poles. Technical Report, A. Citroen,
Paris

de Casteljau P 1986: Shape Mathematics and CAD. Kogan Page, London
do Carnio M 1976: Differential Geometry of Curves and Surfaces. Prentice Hall

Farin G 1977: Konstruktion und Eigenschaften von Bézier-Kurven und Flachen.
Master’s thesis, Technical University Braunschweig, FRG

Farin G 1983: Algorithms for rational Bézier curves. Computer Aided Design,
15(2), 73-77.

Farin G, Barry P 1986: A link between Lagrange and Bézier curve and surface
schemes. Computer Aided Design, 18, 525-528.

Farouki R, Rajan V 1988: Algorithms for polynomials in Bernstein form. Computer
Aided Geometric Design, 18(1), 15-21.

Foley J, Van Dam A 1982: Fundamentals of Interactive Computer Graphics.
Addison-Wesley

Forrest A 1968: Curves and surfaces for computer-aided design. PhD thesis, Cam-
bridge

Forrest A 1972: Interactive interpolation and approximation by Bézier polynomials.
Computer Journal, 15, 71-79.

Goldman R 1982: Using degenerate Bezier triangles and tetrahedra to subdivide
Bezier curves. Computer Aided Design, 14(6), 307-312.

Gordon W J 1969: Fiee-form Surface Interpolation through Curve Networks. Tech-
nical Report GMR-921, General Motors Research Laboratories, Warren,
Michigan

Gordon W J, Riesenfeld Il F 1974: Bernstein-Bézier Methods for the Computer-
Aided Design of Free-Form Curves and Surfaces. Journal of the Association
of Computing Machinery, 23(2), 293-310.

Lasser D 1987: Bernstein-Bézier Darstellung trivariater Splines. PhD thesis, TH
Darmstadt, FRG

Overhauser A 1968: Analytic definition of curves and surfaces by parabolic blend-
ing. Technical Report, Ford Motor Company

Piegl L 1986: The sphere as a rational Bézier surface. Computer Aided Geometric
Design, 3(1), 45-52.

Piegl L 1987: A geometric investigation of the rational Bézier scheme in computer
aided geometric design. Computers in Industry, 7, 401-410.

Sabin M 1976: The use of piecewise forms for the numerical representation of shape.
PhD thesis, Hungarian Academy of Sciences, Budapest, Hungary

Shinnan L, Séquin C 1988: Local surface interpolation with Bezier patches. Com-
puter Aided Geometric Design, 4(4), 279-296.

Staerk E 1976: Mehrfach differenzierbare Bézierkurven und Bézierflachen. PhD
thesis, Technical University, Braunschweig



BEZIER CURVES 27

- 'IIoX and PostScript related -

Braswell F M 1989: Inside PostScript. Peachpit Press, Inc. Berkeley California

Glover G 1989: Running PostScript from MS-DOS. Windcrest Books Division of
TAB BOOKS Inc. Blue Ridge Summit, PA

Holzgang D A 1988: Understanding PostScript programming. Second Edition.
SYBEX Inc. San Francisco

Holzgang D A 1989: PostScript Programmer’s Reference Guide. Scott, Foresinan
and Company, Glenview, lllinois

Knutli D E 198(ia: Volume A The 'I"Xbook, Addison-Wesley Publishing Company,
Inc.

Knutli D E 198Gh: Volume B 'leX: The Program, Addison-Wesley Publishing
Company, Inc.

Knutli D E 1986c: Volume C The METAFONTbook, Addison-Wesley Publishing
Company, Inc.

Knutli D E 1986d: Volume D METAFONT: The Program, Addison-Wesley Pub-
lishing Company, Inc.

Knutli D E 1986e: Volume E Computer Modern Typefaces, Addison-Wesley Pub-
lishing Company, Inc.

Kunkel G 1990: Graphic Design with PostScript. Scott, Foresman and Company,
Glenview, lllinois

Lamport L 1986: IATgX: A Document Preparation System, Addison-Wesley Pub-
lishing Company, Inc.

Nagy D 1989a: A bar chart in IATgX. TUGBOAT Volume 10, Number 2. P.O. Box
9506 Providence, RI, U.S.A.

Nagy D 1989b: Vertical centering for transparencies. TUGBOAT Volume 10, Num-
ber 2. P.O. Box 9506 Providence, RI, U.S.A.

Nagy 1) 1989c: An introduction to H)yX. Electronic Composition & Imaging, Vol.3,
Issue 4, 200 Yorkiam! Blvd., Willowdale, Canada

Nagy D 1989d: Mathematical typesetting. Electronic Composition & Imaging,
Vol.3, Issue 5, 200 Yorkland Blvd., Willowdale, Canada

Nagy 1) 1989%: Mathematical typesetting. Electronic Composition & Imaging,
Vol.3, Issue 6, 200 Yorkland Blvd., Willowdale, Canada

Spivak M D 1986: The Joy of "X, American Mathematical Society, Providence,
Rhode Island

PostScript Language-Reference Manual 1985a: Addison-Wesley Publishing Com-
pany, Inc.

PostScript Language-Tutorial and Cookbook 1985b: Addison-Wesley Publishing
Company, Inc.



28 D NAGY

PostScript Language-Program Design 1988: Addison-Wesley Publishing Company,
Inc.

Roth SF cd. 1988: Real World PostScript, Addison-Wesley Publishing Company,
Inc.

Smith R 1990: Learning PostScript. A Visual Approach. Peachpit Press, Inc.
Berkeley California

Thomas B 1988: A PostScript Cookbook. Van Nostrand lleinhold New York



Acta Gecd. Geoph. Mont. Hung., Vol. 0-4), pp. 29-31 (1991)

ENCLOSED AREA OF A POLYGON

D Nagy
Geological Survey of Canada
1 Observatory Crescent, Ottawa, Canada

[Manuscript received February 27, 1990]

Following a brief review of methods suggested recently by Stolk and Etter-
shank, and also by Messeder, another derivation is given for the calculation of the
area enclosed by a polygon. It is shown, that after some simplification, the number
of multiplication can be reduced by a factor of two.

Keywords: Area; enclosed polygon; minimum

INTRODUCTION

In a recent article, Stolk and Ettershank (1987b) commented on the calculation
of the area enclosed by a closed polygon. Also on the same topic a letter was
published by Messeder (1987a). His statement about a more general solution and
no overlapping areas may require clarification.

Following the tradition well established in surveying, we return to the same
topic and give a different and simpler derivation for the same problem: that is the
computation of the area enclosed by an n-sided polygon. Our derivation obviously
gets the same result, but in a different form, and by rearrangement, gives an al-
ternate expression as well, which may be used to check out the correctness of the
computation (admitedly, this computation is a simple one, however, the provision
for alternate expression may build good programming habits). In addition, the
derived expression has the minimum number of arithmetic operations required in
the computation.

THEORY

Let us start from Fig. 1, and write out twice the area (in order to avoid the
use of fractions) under the first polygon sidel

~Nor simplicity, only the minimum polygon i.e. a triangle is used in the derivation.

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiadé, Budapest
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Yy1-

x 2 x3

Fig. 1 Notation used in derivation

The area of this trapezoid is the basexheight, i.e.

2a= (x2-xi)(t/i + 1/2m

Clock-wise direction gives a positive value for the area. The sum of areas for
each polygon side actually gives the area inside of the polygon. Thus the general
expression for an n-sided polygon can be written immediately:

I=n
(1)
t=I

In order to get the simplified form, the area for a triangle, (n = 3), will be
written out in detail, then regrouped:

2A (x2- xi)(yi + y2) + {x3- x2){y2+ ¥3) + (i4- x3)(y3+ y4)
(X2- xi)yi + {x2- xi)y2+ {x3- x2y2+ (x3- x2)y3+
+ (x4- x3)y3+ (x4- x3)y4

[(r2 - 2:3) + (zi - x3)IWN + [(x2- Xi) + (x3- X2)] Y2+

+ [(Z3 - x2)+ (X! - x3)]y3
[x2- x3yi+[x3- Xi]ly2+[xi - x2y3.

Here we made use of the property, that:
xmd-i = Xi and Yn+i —Y\-

Thus the general expression to calculate the area of an n-sided polygon is:

(2)
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Regrouping the expression in a different manner, or forming the trapezoids
with respect to the y axis, the following alternate form can be obtained for the
area:

©)

t=1

Since the area is the absolute value of the right-hand side, multiplication by
—1 is permitted, which then results in the form:

(4)

t=i

which can be obtained directly from Eq. (2) by simply exchanging x and y.

It is noted here, that all forms, including those of the authors quoted earlier,
give the same result. The difference is in the derivation and in the number of
algebraic operations. All forms require 2n—1 additions or subtractions, but whereas
the other forms quoted, require 2n multiplications, (which is normally a more time
consuming operation than addition or subtraction), the form | give requires only
half of the multiplications, i.e. only n.

In conclusion, we return to the statment of Messeder, that his method may
provide a more general solution analysis than the Stolk and Ettershank approach.

Since all methods are equivalent, it is hard to see the validity of this statement.
Furthermore, Messeder showed his derivation on a special (definitely not a general)
triangle, with one point at the origin. Writing out the area for a triangle in a
general position results exactly in the form given by Stolk and Ettershank. Of
course in this case there will be overlapping areas as well.
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The Fast Fourier Transform (FFT) technique is an efficient and practi-
cal tool in geodesy for solving local gravity field approximation problems,
among others for local geoid (quasigeoid) determination (Schwarz et al.
1989). In the future we plan to use the HT procedure for its efficiency in
computing a detailed gridded set of height anomalies for Hungary (Adam et
al. 1988).

As a first step, a test calculation was carried out for the determina-
tion of height anomalies in Hungary using point gravity data published by
Renner (1959) and Renner and Szilard (1959) as well as the global geo-
potential model OSUS6F (Rapp and Cruz 1986).

Keywords: FFT; geoid; gravity anomalies; Hungary; quasigeoid
1. COMPUTATION METHOD

Height anomalies have been determined for Hungary using
FFT techniques. The predicted height anomalies are obtained by

where is the influence of the spherical harmonic model, and
g2 1s the contribution from terrestrial gravity field observa-
tions. The spherical harmonic model is used as a reference
field and yields the major part of the quasigeoid. Improved
results can in general be obtained by using terrain reductions
as shown by Kearsley et al. (1985).

After subtracting the effect of a global geopotential
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model from all observations, the contribution of terrestrial
gravity field observations ( *2) can be computed by integral
formulas evaluated by FFl techniques. The spectral computation
of the disturbing potential and its functionals by FFT is based
on flat-earth approximations. Thus, Stokes' integral formula
can be written as a two-dimensional convolution in the form
(Schwarz et al. 1989)

1
2
201T 3 THAAT, (2)

where Oar are the gravity anomalies reduced for the effect of
a geopotential model. The convolution of the kernel function s
with the data JAar is most easily done in the frequency domain.

Using the analytical transform of s, formula (2) can be written
as

-1
oor T L fg(u,v) vy (3)

where F" denotes the inverse Fourier transform, (u,v) are the
frequencies and Aqg is the Fourier transform of Agr.

This computation procedure and numerical results have been
discussed in a number of papers, see e.g., Denker (1988, 1989),
Forsberg and Solheim (1989), Kearsley et al. (1983), Sideris
(1987), Schwarz et al. (1989) and Tziavos (1987).

2. DATA COLLECTION AND EVALUATION

For the determination of the long wavelength part of the
Earth's gravity field, the geopotential model O0SU86F has been
used (Rapp and Cruz 1986). This model is complete to degree and
order 360 corresponding to a spatial resolution of approx. 50
km. The geopotential solution OSU86F has an accuracy estimate
of roughly +0.5-1.0 m including omission errors.

For the generation of the reference height anomalies £q
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and gravity anomalies ( Ag”) from the OSU86F potential model
complete to degree and order 360, the efficient algorithm of
Rizos has been used (see e.g., ischerning et al. 1983). lhe
reference height anomalies and gravity anomalies were computed
for a 0°25 grid in the area F40° = ¢ = 55°; 10° - K = 30°M.
Altogether, 4941 gravity anomalies respectively height
anomalies were computed on this 0°25 grid, these gridded values
were then interpolated to the actual station location using a
4*4 spline window.

For the determination of the medium and short wavelength
part of the earth's gravity field, the point gravity data
reported by Renner (1959) and Renner and Szilard (1959) have
been used for the test calculation, these gravity data were
obtained by means of a Heiland gravimeter (type GSC-3, No. 40)
on 16 first order base stations and on 493 second order base
stations while establishing a fundamental gravity network
across Hungary in the years 1950-1955. I|he first order network
was adjusted by least squares. lhe adjusted gravity values of
the first order network stations were fixed in the adjustment
of the second order network. Ilhe second order network was
adjusted in one stage to form a unified network as a whole. lhe
precision of gravity values in the first order network was
estimated as +0.02 mgal (std. dev.). Ihe precision of the
gravity data in the second order networks is estimated to be
+0.029 mgal. Ihese gravity values are given in the Potsdam
system. lhe stations of the first order network are distributed
all over the country, some 100 to 120 kilometres apart, while
the average spacing between second order gravity stations is 15
to 20 km. Figure 1 shows the location of the gravity stations.

lhe adjusted gravity values were transformed into free air
gravity anomalies at 508 of the 509 points using the
International Gravity Formula (1930). |Ihe free air gravity
anomalies computed in this way and referring to the Potsdam
gravity system are shown in Fig. 2.

Ihe gravity anomaly data reported by Renner (1959) and
Renner and Szilard (1959) were converted as follows in order to
make them suitable for the test computation. The appropriate
formula for the conversion from the International Gravity



Fig. 1. Distribution of point gravity data in Hungary used for test computation (after Renner 1959)
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Fig. 2. Representation of the free air gravity anomalies computed from point gravity values using the Int.
Gravity Formula (1930) and the Potsdam gravity system. The contour interval is 5 mgal (after Renner
1959)
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Formula (1930) to the Geodetic Reference System 1980 (GRS80) is
given by Moritz (1984):

71080 " A1930 = (“16.3 + 13.7*sin2 ¢) mgal. (4)

Taking into account the -14 mgal for the difference between the
Potsdam gravity system and the IGSN71 system, we get the
following equation

01980 = (AgQi9so + 2.3 - 13.7*sin2(j)) mgal. (5)

Equation (5) was applied for the data set of Renner (1959) and
Renner and Szilard (1959).

3. RESULTS OF THE TEST CALCULATION

The first step in the processing was to calculate the re-
sidual gravity anomalies Onar. These values were found by
simply subtracting the interpolated model gravity anomaly
values Agg® from the terrestrial gravity anomaly values
Ag-j*gg. These residual gravity anomalies ( Aar) were gridded
in a 0°1*0°1 grid for the area E43°5 =¢ = 50°5; 13°0 = A=
= 26°0H using the GEOGRID program. This prediction area was
chosen 2° in latitude and 3° in longitude larger than the area
for which the ,final" geoid was to be retained. In total, 9301
091 grid values were calculated. All data are gridded in a
geographic grid. The gridding was done wusing collocation
(kriging). The number of closest points per quadrant used for
the prediction is 4.

The residual gravity anomalies in Hungary referring to
GRS80 are shown in Fig. 3. The contour interval is 5 mgal.

The residual height anomalies were then calculated
using the GEOFOUR program. A total of 8192 values were computed
on a 0°1 grid in the area L4398 = ¢ = 5091 ; 1391 = /1 = 2598U.
Figure 4 shows the residual height anomalies computed by the
FFT method. Values are given on a 091*091 grid. Contour
interval is 10 cm.

For generating the actual reference height anomalies £,
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Fig. 3. A representation of the residual gravity anomaly field. Values given on 0.1” 0.1° grid. Contour
interval: 5 mgal. Gravity anomalies refer to the Geodetic Reference System 1980 (GRS80)
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Fig. 4. Residual height anomalies computed by F-T method. Values given on 0.1°x 0.1° grid.
Contour interval: 10 cm
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the computed values generated from the OSU86F field to degree
and order 360 on a 0?25 grid (see Chapter 2) were interpolated
to the detailed 091 grid in the same area of C43°8 = ¢ 5091 ;
1391 = A = 25°83. A total of 8192 values were calculated.
Finally, the total height anomaly Z was obtained by adding the
reference height anomaly Z{ to the residual height anomaly
Z2m

The geoid map for Hungary obtained from the FFT analysis
and referring to the Geodetic Reference System GRS80 is shown
in Fig. 3. The significant details that can be seen in Figs 4
and 5, lying in the northeast/southwest direction in two
separated areas, primarily reflect the anomaly field associated
with the topography in that regions.

The FFT method as wused herein does not yield accuracy
estimates although such estimates are possible (Sideris 1987).
The effect of the terrain on the quasigeoid has not been taken
into account. A way to do this is to calculate the residual
terrain model (RTM) effect on both anomalies and undulations.
This can be done by using a remove-restore technique as
proposed by Forsberg and Tscherning (1981).

The FFT procedure described in this report can be used to
construct a high resolution local quasigeoid for Hungary using
all the available gravity data. Although the amount and distri-
bution of the point gravity data (Renner 1959, Renner and
Szilard 1959) used in this test calculation is not sufficient
for a detailed quasigeoid determination, however, these gravity
values may be wuseful to involve them in future geopotential
solutions .
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THE FR-1 FIELD INSTRUMENT FOR AUTOMATIC RECOGNIZING AND
RECORDING OF NEAR EARTHQUAKES
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The construction and the operation principle of an automatic earth-
guake recognizing and recording field instrument is presented. The
instrument is intended to record near week earthquakes to know the local
seismic activity in the vicinity of dangerous industrial establishments. A
very simple algorithm for earthquake recognition and a simulated example to
show the efficiency of the algorithm are given.

Keywords: earthquake recognition; field instrument; recognition
algorithm

INTRODUCTION

The destroying effect of large earthquakes is well-known.
The demage can be intensified if dangerous industrial projects
e.g. chemical factories, nuclear power-stations etc. are
destroyed and an additional high-grade and long-term demage of
the surroundings is caused by an earthquake. Therefore it is
very important to know the local seismic activitiy in the
district of dangerous establishments. For this purpose it is
recommended to place more seismographs onto the field closely
around the dangerous object. However, for earthquake recording
in more points in the field low-cost instruments with high
reliability are needed. The existing instruments (e.g.
KINEMETRICS) are expensive and have much more ability then we
need for this purpose. That was the reason why we developed an
automatic earthquake recognizing and recording instrument which
has the following main properties:

1. The instrument has a very low energy consumption and
can operate from a battery or a solar-cell.
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2. The instruments placed in the field can be synchronized
by means of a built-in DCF-77 time-signal receiver.

3. The instrument stores the recognized earthquake data
in its semiconductor memory. The recorded data of the
individual instruments placed in the field are collected by

means of a portable cassette recorder or a laptop computer.

THE OPERATION OF THE FR-1 INSTRUMENT

Figure 1 shows the block diagram of the FR-1 automatic
earthquake recognizing and recording instrument. It is built
with a 2780 OCMOS microprocessor. All of the functions of the
instrument which can be realized by software are programmed for
the microprocessor to minimize the number of elements of the
instrument. Thus the instrument is very reliable when put it
into action in the field. The controlling program of the
instrument is burnt into the ROM memory. The instrument, has a
CMOS solid-state memory for data storage. The capacity of this
memory is 64K bytes and is expandable to 1024K bytes on two
extra boards of 256K bytes each.

The instrument has an inner clock with calendar for
identification of the recognized earthquakes. The built-in DCF-
77 receiver is used to refresh the inner clock. When switching-
on the instrument, the microprocessor decodes the received
time-signal and writes the correct time into the inner clock.
After that the FR-1 is ready for operation. The inner clock
causes an interrupt once per day and the microprocessor
refreshes the inner <clock in the above described way. This
solution provides a reliable timing when receiving
disturbances, too.

The inner clock controls the 8 bits A/D converter. The
sampling rate of the converter is 32 samples per second. The
sampling is made continuously and data are stored only if an
earthquake is detected by the microprocessor. The low-noise
amplifier has a gain of more then 80 dB. The anti-alias filter
built together to the amplifier has a fixed cut-off frequency
of 8 Hz.



Antenna

Fig. 1. The block diagram of the FR1 automatic earthquake recognizing and recording instrument
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The instrument works fully automatically. It has three
pushbuttons for handling, one to reset the microprocessor, one
to control the read-out of the data from its memory and one for

enabling the four LED indicators. For sake of low energy
consumption the LEDs Ilight until this last push-button is
pushed. The LEDs indicate the power supply, the time
syncronization, the full memory and the recording of a

recognized earthquake.

The data are read-out from the CMOS memory via a RS 232 C
port into a portable laptop computer. By means of an adapter
and a portable cassette recorder the data can be stored on a
cassette, too. By means of this adapter the data can be
backplayed from the cassette into a computer having a RS 232 C
port (Fig. 2).

Figure 3 shows the global flow-chart of the controlling
program. The main part of the program is the trigger algorithm
which recognizes the earthquakes.

THE RECOGNIZING PROCESS OF AN EARTHQUAKE

Many algorithms are already known for earthquake
recognition (Stewart 1977, Allen 1978, Gofort and Herrin 1981).
For the FR-1 instrument an algorithm was developped which
performs the recognition very rapidly by means of simple
arithmetic operations and the calculation do not need a lot of
memory locations.

The sampled raw data are stored as pre-event values
continuously in the RAM memory for earthquake data. The number
of pre-event values is 320 what corresponds to the time
interval of 10 seconds. I|f the number of the sampled and stored
pre-event data is more than 320, then the first value is
shifted out of the memory and all data are shifted forward by
one and the latest sampled data will be the 320th data if no
earthquake had occurred.

In the case of a recognized earthquake the data storage is
made continuously for 30 seconds without shifting. So the
stored data block consists of 320 pre-event and 960 post-event



Fig. 2. The possibilities of the data transfer from the FR1 instrument into a computer

ONIZINOCOFH STIVNOHIMAVA

Le)



50 GY MENTES

Fig. 3. The flow-chart of the controlling program of the FR1 instrument
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data .

The earthquake recognition is based upon a comparison of
the Short Term Average (STA) and the Long Term Average (LTA) of
the digitized seismic data. The STA is computed by averaging
the absolute value of each sample over the SIA interval of 4
seconds. The calculation of the absolute value, that is, the
rectification of the seismic signal is performed digitally in
parallel with the raw data storing and is used only for
triggering computations. There is a 128 bytes length buffer for
storage of the absolute values for calculation of the STA. When
a new value is coming all bytes of the buffer are shifted
forward. The first value is lost and the new value is written
into the last byte. Before the first data is lost, the new STA
is calculated in the following way:

STA, m 128-DATA, 10H+DATA,
1-1 1- 110 1

STAN 178 if i > 128 . 1)
The LTA is computed as follows:
LTA. ,32 - LTA. ,+STA
Ubi = - j 2 — , it 0> 4096 . (2)

The initial LTA is established by averaging 32 STA's. The
triggering is inhibited during the calculation of the initial
LTA. These calculation methods are very effective for
microprocessor programming because the multiplications and
divisions by 32 and 128 <can be performed very simply by
shifting of register contents.

The program calculates the STA?LTA~_1 ratio. If this is
greater than a pregiven trigger level, the program detects an
earthquake and the instrument stores altogether 1280 seismic
data and the exact date and time of the last sample in its
memory. During this time the LTA will be so high that a long
earthquake cannot trigger the instrument again. The trigger
level can be changed from 2 to 5 in the FR-1 instrument. Figure
4 shows the variations of STA, LTA and the ratio of STA/LTA
during an earthquake. The data were recorded with the FR-1
instrument and then processed by a simulation program to
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indicate the change of the above mentioned values.

THE FIRST PRACTICAL EXPERIENCES WITH THE FR-1 [INSTRUMENT

The prototype of the instrument has been operating in the
Geodynamical Observatory of the Geodetic and Geophysical
Research Institute of HAS in Sopron for a half year. The sensor
is an 0YO0O McSEIS TM-202 vertical seismometer with 2 Hz natural
frequency. The chosen STA/LTA ratio is 2. In this time interval
about 100 earthquakes or microseismic activities were recorded.
A program was developed for an IBM computer to process the
recorded earthquake data. The dates of earthquakes can be
listed and the recorded data plotted by the program.

Though the FR-1 instrument was developed for recognizing
and recording of near earthquakes, in the following the plots
of some large far earthquakes are demonstrated to illustrate
the operation of the instrument. Figure 5 shows the first part

Fig. 5. The Rumanian earthquake (Richter magnitude 6.B)
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Fig. 6. An afterquake of the Rumanian earthquake

Fig. 7. The Iranian earthquake (Richter magnitude 7.3-7.7)
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Fig. 8. An afterquake of the Iranian earthquake (Richter magnitude 6.5)

of the plot of the Rumanian earthquake (Richter magnitude 6.8).
From this figure it can be seen that the very sensitive
amplifier was saturated at this strong but not near earthquake.
Figure 6 shows an afterquake of the Rumanian earthquake on the
following day. Figure 7 shows the beginning of the Iranian
earthquake (Richter magnitude 7.3-7.7) and Fig. 8 shows one of
its afterquakes (Richter magnitude 6.5). The date and time
written on figures are the arrival times of the first wave. The
amplitudes of the curves are in relative units, the time is in
seconds. Thus, the figures show only a 10 seconds part of the
recorded 40 seconds long curve.
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The LSM yields an unbiased estimation in the case when the measuring
data are normally distributed. Sore alternatives to the least squares
estimation are available when the measurements are contaminated by gross
errors or they are not fully normally distributed. The paper deals with
different robust estimation methods for geodetical application.

Keywords: distributions; Hampel's estimator; Huber's function; likeli-
hood function; M-estimation; object function; Sopron method; W-estimation

1. INTRODUCTION

In geodetic data processing, the least squares methods is
most widely used. This estimation process connected with Gauss
implies the supposition about the normal distribution of the
measurement data and leads to a very simple mathematical
solution of the problem. Nevertheless, the least squares
estimator is very sensitive to gross errors caused by outliers
and other contaminated values. They result in uncertain
estimators and in erroneous consequences of the analysis. That
is why robust methods have been developed to reduce the effect
of outliers and contaminations in the estimation.

In the last decades significant results have been achieved
in the development of robust methods and in theoretical
problems connected with them.

Basic works are those by Tukey (1960) about the
distribution of observations, by Huber (1964) about the M-
estimation and by Hampel (1968) about the influence curve.

At present several robust estimation methods are at
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disposal. Their practical use increases, however, slower than
expected, as most of the users sticks to the least squares
method supposing a normal distribution of the errors. This is
especially true for geodesy, nevertheless, there were some
experiments to introduce robust methods there, too, e.g. by
Carosio (1979), Krarup et al. (1980), Caspary and Borutta
(1987), Somogyi and Kalmar (1988), Xu Peiliang (1989) and Koch
(1989) .

In the present paper a method is described which belongs
to the group of M-estimations for the determination of the
location parameter, and it is compared to Hampel's (1974)
method.

2. ESTIMATE FUNCTIONS

The estimate function p(x) expresses the mathematical
connection between the observations x* and the parameters © to

be determined. | f x|, Xj ... xn is a random sample with the
density f(x- 0), then the Ilocation parameter O can be
estimated using the popular maximum likelihood method. The
logarithm of the |likelihood function L( 0) of the location

parameter O is:

In L(O0) = \r(] In fCx"-Q) = - \r; g(xj_-0) (i)
i=1 i=1

where -In f(x) = g (x).

The aim of the M-estimation is to maximize the function
L(O) by minimizing the object function Zs (x- 0). This aim is
reached by deriving the object function after 0

-4ar X SW-0) = X V(xi' © 2
au i=1 ) i= ( ) (2)
where g'(x) =y(x).
The solution
n

Y V(x* 0) =0 (3)
i =l
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is the maximum likelihood estimator of the parameter ©. An
unambiguous solution is obtained if Eq. (1) is convex. The
weight function w(x-0) of the function y(x-0) is defined as
follows :

wix- 0) = " (X} (4)

The M-estimation gets a robust one if the object function g(x)
is chosen to have robust properties, i.e. it is unsensitive for
deviations from the supposed distribution. The solution would
be easy if the distribution of the random sample would be
known, as in such a case the generalized maximum likelihood
estimators would lead in every case to the most acceptable
solution. To show this three solutions are presented for
different types of distributions.
a) Normal distribution

0 n
g(x) = XV 2 + c, y(x) = x, Y (Xj.-©) =0
=1

gives the least squares estimator 0 = -2
b) Double exponential distribution

g(x) = Ixl + c, y(x) =-1if x< 0, y(x) =1if x>0,

IV (Xi- 0) = 0 gives the median of the sample é&-
c) Cauchy-distribution

g(x) = 1n(1+xOO + c, y (x) = 2x/(1+x9‘), £r| y(x”"- =0
i =l

this is a non-linear system of equations and 0= can be
obtained by iteration.

Figure 1 shows the functions ig of the three
distributions. The least squares method is fully influenced by
the outliers and by other contaminations, i.e. by deviations
from the supposed distribution, whereas in the case of the

other two distributions their effect is much smaller. The
functions y of the second and third examples have an upper
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Fig. 2. y (x) and w(x) functions for Huber's estimator
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where x = (x- 0).

Figure 3 shows the vy and w functions of Hampel's
estimator.

Fig. 3. (x) and w(x) functions for Hampel's estimator

As function ip is descending, the corresponding object
function is not convex. That is why problems of convergence may
appear in numerical solutions. The tuning constants a, b and ¢
are to be chosen in accordance with the actual problem.
Hampel's propositions are a=2, b=4, c=8.

3.1  Working formulas for Hampel's method for the adjustment
of indirect observations

The task is to estimate the parameter vector 0 (with r
elements) on the basis of

V = A0 1 (B)
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The solution is:

Q(Xi) —- min (9)

instead of Eq. (9), the following system of equation is solved:

n 09(Xj)
X  ..=0 jo= 1, eee 1 . (10)
i =l "
One gets:
n H(x,) X, n 24(x.) n
_ P [ =Y aij X i =0 (11
X, DS AL 2y iy Yo aily (xi) (11)

with x = (x-0).
By substituting Y and xi one has:

B ©=d where B = A'PA and

d = ATP1 + aA™Q sign (x) further

P and Q are diagonal weight matrices which fulfil the
equations :
pii = 1 if 1xil <a
= al(b-c) if b xI*ij <¢ (12)
= 0 else
4ii =1 if anrnaxi1<b
= c¢/(b-c) if b « xi1<c (13)
= 0 else.

The above algorithm yields Huber's solution if b =c¢ =g
4. THE SOPRON METHOD
As a variant of Hampel's solution, a descending estimator

function has been proposed by us, where the density
distribution is at the tails double exponential.
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The functions LJ and w of the estimator are the following:

(X ) = x if Ixil< a
= a(x+(a-2b) sign(x"))/2/(a-b) if a <|xi|] <b (14)
= a 31an(x")/2 if b ~JXXzl <c
=0 else

w(Xi) =1 if Xil< a
= a(l+(a-2b)/1 X_1)/2/(a-b) if a $|x < b (15)
= al 2/ I X if b €IXil < c
=0 else

where x = (x- 0).

Figure 4 shows the function \fj and w of the estimator.

Fig. 4.y (x) and w(x) functions for Sopron estimator
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4.1 Working formulas of the Sopron method for the adjustment
of indirect observations

By substituting tp and x* into the system of equations:

n
XlaiiV(xi) =0 0 =1> eeenr (16)
i = J
one gets:
B ©=d';

where B = A'PA and

d = AWl + aA*Q' sign(x)
where the diagonal weight matrices P and Q fulfil the
following :

Pii = 1 if T*ill< a
= al[(a-b)2] if a «ijxjj < b (17)
= 0 else

q't = (2b-a)/ [(a-b)2] if a < Ixjg < b
= -1/2 if b « xi1< ¢© (18)
= 0 else

where x = (x-0).
5. W-ESTIMATION

An alternative for the M-estimations is the W-estimation
which leads to the weighted average as to a solution and the
weights depend on the data. Thus the robust estimation can be
reduced to the re-weighted iterative least squares adjustment.
Each weight depends on the deviations in the previous
iteration. Starting from a convenient approximation, the
iteration is to be continued till the solution converges with a
prescribed accuracy. In the iterations, weights refer to single
data, e.g. outliers or contaminated values get zero or low
weights.
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The weights deduced from the M-estimators in the previous
chapters are in the method of the re-weighted least squares the
following :

0 is determined from the equations V = A0 - 1
the condiction
n 2
iX=I Pivi — min
be also fulfilled, i.e. by solving the system of equations
aTps g - ATp:1} where p is the diagonal weight matrix and

Pii “ Pie

By substituting the previously deduced weight functions,
the following formulas are obtained:

1. Hampel's method

Pii =1 if K| <a
= al 1vijj if a < Ly <b
= a(l-c / 1vjd )/ (b-c) if b 4 1ViI
=0 else

2. The Sopron method

Pii 1 if 1vil <a
= a(l+(a-2b)/|vjj) I [2(a-b)] if ad 1yl <b
= al/(21vi|) if  b”™ Ly <c
=0 else
where naturally v = (xj-0).
In order to avoid computational difficulties, it is

advisable to start both in the cases of the M- and W-estima-
tions from suitable approximative values. As approximative
values, the results of a least-squares adjustment can be used
or even more advantageously the sample median as by it the
outliers can be already found and the robust estimation
following the first phase may concentrate on the elimination of
the effects of smaller contaminations.

so tl
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6. NUMERICAL EXAMPLE

Finally we compare the robust estimation methods described
in the previous sections. The x and y coordinates are obtained
from the X and Y coordinates of a simulated point field
consisting of 125 points so that the former are rotated and
multiplied with a scale factor. For the determination of the
transformation parameters 15 points were chosen. The
coordinates x, 'y of the points were contaminated by normally
distributed N(0,3) errors and in 20 percent, by gross errors.
The results of the different robust methods are presented in

Table 1. Using the transformation parameters from the different
Table |
H c wH W

VX vy VX vy VX vy VX vy

1 -5 1 -5 0 -6 -2 -6 -2
2 1 -4 0 -4 0 -4 0 -4
3 44 -8 a4 -8 47 -8 47 -8
4 -5 1 -6 2 -8 4 -8 4
5 1 -5 0 -5 -1 -4 -1 -4
6 -B 11 -8 12 -9 15 -9 15
7 -2 -2 -2 -2 -3 -1 -3 1
8 -5 -82 -5 -81 -4 -79 -4 -79
9 -2 -9 -1 -8 0 -7 0 -7
10 13 3 13 3 14 3 14 3
11 5 -1 6 -1 8 -2 8 -2
12 -2 -3 -1 -4 1 -5 1 -5
13 163 -29 164 -30 165 -30 165 -30
14 3 6 3 6 2 4 2 4
15 0 2 1 1 1 -1 1 -1

Hampel's method

Sopron method
Weighted Hampel

5 § 7T

Weighted Sopron
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robust methods the X and Y coordinates of the remaining 110
points were computed. Mean square errors from the difference
between original and computed coordinates are contained in
Table II.

Table 11
H S wH ws
AIX Ay AIX Xy AIX Al L X uy
1.58 1.54 1.58 1.46 2.28 2.64 2.28 2.64

It is evident that different solution vyield similar
results and the effect of the points with gross errors does not
appear in other points.
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STUDYING THE ATTENUATION OF ELASTIC WAVES IN HOMOGENEOUS
MATERIALS UNDER HIGH PRESSURES BY USING THE METHOD COF FREQUENCY
ANALYSIS

V A Kalinin, | V Zhukov, G A Yefimova
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Attenuation  characteristics of ultrasonic waves for homogeneous
materials were investigated under high pressure in a piston-type apparatus.
The approach is based on Fourier analysis of a pulsed signal taking into
account the scale factor. For a test of the method frequency-attenuation
relationships were determined in some metals (copper, brass) undergoing
pressure up to 0.95 GPa

Keywords: attenuation; elastic waves; high pressure; piston

A high sensitivity of ultrasonic pulse-frequency spectra
to variations in physical properties of materials prompted the
development of spectral mehods for determining the attenuation
of elastic waves in defectoscopy and in solid state physics
(Truell and Elbaum 1969, Merkulov and Tokarev 1970). In
studying elastic wave attenuation in high-pressure setups the
traditional methods must be modified, because in this case the
ultrasonic wave channel respresents a system of abutting
elements and the recorded waveform turns outto be extremely
complex for interpretation. Moreover, in the operating
frequency range one should assess the effect of the scale
factor when using specimens of limited dimensions. The proposed
methodological solution, which belongs to the category of so-
called variable-distance methods (Brazhnikov 1965), permits us
to determine the attenuation coefficient of compressional waves
acp in the frequency function f forvarious materials
sufficiently homogeneous with respect tostructure and
substance composition in the case of quasi-hydrostatic
compression in "piston-type" apparatus (Volarovich et al.

1974).
Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiadd, Budapest
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First our studies of attenuation by the proposed method
were made for polycrystalline copper and brass (40 % Zn + 60 %
Cu) loaded wup to 1 GPa pressure. Ultrasonic attenuation in
these metals wunder atmospheric pressure was studied in some
works (Papadakis 1969, Kobelev and Soifer 1985). The effect of
high pressure on ultrasonic attenuation in metals due to
methodological difficulties has not yet been adequately
studied. In some isolated works (Pilipenko 1977) it was noted
that attenuation depends on the type of crystal lattice, the
presence of defects, the properties of the medium transmitting
pressure and certain other factors.

EXPERIMENT

Determination of oCp at different frequencies was achieved
by comparing the amplitudes of the spectral components of
ultrasonic pulses passing through specimens of one and the same
metal having a different length and alternately placed in the
system. The principal computation formula for o at a given
frequency fA has the form:

< p (1)
where In and Im are the lengths of specimens placed in the
high-pressure cell; An and Am are the correspoding amplitudes

of spectral components at the frequency f~.

To estimate the magnitude of an error in determining c¢6p,
which is due to a difference in specimen lengths, we studied
copper and brass specimens of 19.8, 14.9, 12.0 and 8.0 mm
length (all specimens having the form of a cylinder of 17.5 mm
diameter); thus, we had 6 combinations of In-Im.

Ultrasonic investigations were conducted on standard
equipment; the block-diagram of the setup is described in
(Volarovich et al. 1974). For the excitation and reception of
ultrasound we wused resonance pickups made of lead zirconate-
titanate (PZT).

Registration of pulses in the system with different-length
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metal specimens placed in it was achieved under pressures
ranging from 0.15 to 1.0 GPa. Loading was made in a stepped
regime. An adequate quality and stability of acoustic contacts
between ultrasonic channel elements, as was necessary for
comparison of the wave forms, were guaranteed by the condition
of a complete closure of *"gaps" formed by roughnesses at
contact boundaries: this condition was fulfilled in loading the
system up to over 0.15 GPa pressures. The given criterion was
established experimentally.

AMPLITUDE-FREQUENCY ANALYSIS

General theoretical principles (2) pertaining to the
spectral method for determining dp require that for the
purpose of analysis a complete pulse should be singled out from
the moment of arrival of the front of a direct compressional
wave till a complete attenuation of oscillations against a
noise background. In practice this requirement is realizable
only in limited cases, particularly, in a boundless mass of a
homogeneous isotropic material. The presence of acoustic
boundaries inavoidably leads to interference effects
introducing complications in the resultant waveform. Thus,
under conditions of the ultrasonic channel of the high-pressure
setup used by us we usually succeed in registering an
oscillation free from distortion, which corresponds to a direct
compressional wave, in a time window from t=0 to t=T
Apparently, for the purpose of analysis we should use only this
part of the pulse, discarding the uneasily interpretable pulse
"tail". The spectra of incomplete pulses obtained in the
frequency analysis, as is known from works in the field of
seismology (Berzon et al. 1962), with respect to component
width and amplitudes are different from that of a pulse
(corresponding to a given type of wave) analysed from the
moment of first arrival till a complete attenuation. To
estimate errors in determining frequency component amplitudes
and, consequently, op, we studied the effect of the width of
time window on quantitative spectral parameters. Proceeding
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from a reasonable physical assumption that in using resonance
ultrasonic transducers the pulse tail must have a form similar
to an attenuating sinusoidal signal at the fundamental
resonance harmonic frequency of the emitter (and its identical
receiver), the amplitude spectrum of a complete pulse was
constructed on the basis of the formula:

S(f) =\/s2(f)+s|(f5+2S, (f)S2(f) cos[$1(f)-$2(f)-21f X], (2)

where S-j(f) and 8i(f) are the amplitude and phase spectra of
the head portion of the pulse, corresponding to the time window
V , both spectra being determined directly by analysing the
pulse oscillogram; Sz (f) and £2(f) are the amplitude and phase
spectra of the attenuating portion of the pulse represented in
an analytical form by an attenuating sinusoid with the
parameters (initial amplitude, fundamental frequency and time
attenuating coefficient) Ilikewise to be determined from the
oscillogram.

The pulse-frequency spectra computed after the formula (2)
in a copper specimen for time windows T = 1.3, 2.0, 2.4 and
3.0 yws and the frequency-dependent spectral ratios S{/S
obtained for these T are presented in Figs 1, 2, respectively
(for 0.5 GPa pressure). As follows from the above estimates,
the maximum error in analysis, i.e. up to 25 9% occurs at low
amplitudes of the spectral components, and that at the
frequencies in the vicinity of the resonant frequency of the
pickups, i.e. the fundamental frequency of the attenuating
sinusoid (4.2 MHz), it is up to 20 % In the rest, sufficiently
wide frequency interval the amplitudes can be determined to
high accuracy and used for the purpose of a quantitative
interpretation, including also the computation of cdp from the
formula (1).

RESULTS

The obtained «dp versus Alnfm = In-Im at aH °f the
frequencies under study are observed to be practically



Fig. 1. Form and amplitude spectra of pulses recorded in the system with
specimens of polycrystalline copper (length prior to loading
19.8 M) wunder o.5 GPa pressure. The S(f) spectra computed after
the formula (2) for different time windows: 1.3/3s - 1; 2.0 ps - 2;
2.4/js - 3; 3.0/3s - 4. The amplitude is given in arbitary units

insensitive to variations of AlnTt, i.e. dp( Alnm) = const.
Consequently, the resultant waveform at the selected
frequencies is not subject to perturbations due to restricted
specimen dimensions and oJ to be determined thus characterize
the properties of the mass of the material under investigation.

Quasi-hydrostatic pressure was found to alter o® in the
investigated copper within the frequency interval where
spectral component amplitudes are determinable with a minimum
error (1.0-3.1 MHz); moreover, with an increase in pressure
from 0.15 to 0.50 GPa oip is observed to decrease in copper at
all frequencies under study averagely by 50 % As loading is
further increased from 0.50 to 1.0 GPa o display a tendency
for growth, Fig. 3. Possibly this effect is associated with the
appearance of microplastic zones and needs to be interpreted
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from the viewpoint of a dislocation model (Merkulov 1963,
Strel'tsov 1983).

Fig. 2. The ratio of the spectra S~f) of an incomplete pulse for different
T: 1.3NJs - 1, 2.0/Js - 2; 2.4]js - 3; 3.0 *JS- 4 to the
corresponding complete spectra S(f) computed after the formula (2),

which characterizes the accuracy of the quantitative frequency
analysis

As regards brass, variations in cip with pressure are less
distinct and do not go beyond accuracy limits in determinig
oCp(+.lo %). This could be expected, because in brass, similarly
as in a solid substitution solution where Zn atoms occupy the
places of Cu atoms in the FCC-lattice, plastic properties are
expressed much weaker than is the case with pure copper.

Thus, the qualitative character of oQ versus pressure
relationships obtained by us confirms the validity of the

chosen methodological approach. Data on elastic waves
attenuation under high pressures in metal, apart from an
independent scientific significance, may prove useful in

studying the impact of high pressure on substances with a more
complex composition and structure, particularly rocks. On the
basis of the above investigations we may choose brass as a
reference material, since the effect of high pressure on its
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acoustic characteristics is expressed much weaker compared to
the majority of rocks.

Fig. 3. Attenuation coefficient of compressional waves o versus pressure

in copper (a) and brass (b) for the frequency components 1.0 MHz -
1, 15 M - 2 and 3.0 M - 3
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Ultrasonic velocities and density of the two-phases media (quartz sand
mixed up with stearin) were experimentally determined at high pressure and
temperature (up to 1.2 GPa and 400 K). Elastic moduli of the mixture are
calculated by the use of the generalized singular approach method based on
the physically more correct model of strain and stress fields in elastic
media, then by the Voight-Reuss-Hill method. The theoretical results are in
agreement with the experimental data.

Keywords: elastic moduli; high pressure; two-phase media; ultrasonic
wave velocity

In determining the substance composition of the Earth
there arises the necessity of theoretically determining the
elastic properties of rocks from the properties of the minerals
composing them. To achieve this purpose the Voight-Reuss-Hill
method (Belikov 1970) is widely used in geophysics. The method
is based on the following inequalities proved by Hill (1952):

KR ~ K « Kv

1)
/-ip JA R ALY

where K and /J are the bulk and shear moduli of a heterogeneous
body .

The moduli Ky, uy were computed after the Voight method
(with an assumption of the constancy of the deformation field)
and Kp, /Up - after the Reuss method (with an assumption of the
constancy of the stress field). On the basis of (1) Hill
proposed that elastic moduli of a heterogeneous body be

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiad6, Budapest
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computed from the fomulae

. _ KV+KR _
KVRH =meeeee - > "VRH e 2— (2)

If we denote the true value of the bulk and shear modulus
*true> then by virtue of the inequalities (1) X*rue = Xy- Sy or

56. Here dy is an error in determining the
modulus, which results from an assumption about the constancy
of the deformation field, i.e. the Voight method. Similarly,
Op is an error in determining the modulus, resulting from an
assumption of the constancy of the stress field, i.e. the Reuss
method. According to the definition,

XVRH - xtrue + ( "6r)/2 .

In the case of low values of by and op Xypp is close to
xtrue> which is wvalid for the case of weakly-contrasting
composite media, the anisotropy of elastic properties of which
is insignificant. However, in the lithosphere and astenosphere
there are present partial melts, the elastic moduli of which
are much smaller than the corresponding moduli of the solid
component. In such a medium the melt fills in interstices,
spreads out along grain boundaries in the form of films. Under
the impact of external loading the melt is subject to a greater
deformation than are the solid components. This brings about a
strongly heterogeneous deformation field. Moreover, it is to be
expected in this case that the stress field will be close to a
homogeneous one. Therefore, 6p 6y and Xyp® b X"rue + fry/2.
Thus, in  this case the VRH method yields overstated values of
the moduli. On the other hand, in the case of liquid (K i O,
/J=0) and gaseous (K % O, /U= 0) components the VRH method
is inapplicable, since the formulae involved lead to a
necessity of dividing by zero. Accordingly, there arises a need
of using a theoretical method taking a more correct account of
the distribution of the stress and deformation fields in a
heterogeneous body and furnishing a possibility of estimating
the effect of liqguid and gaseous inclusions on its elastic
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properties.

In the given work for determining elastic properties of
such heterogeneous media wuse was made of the method of
generalized singular approach (GSA) which was extended to the
case of multicomponent systems, such as rocks (Shermergor 1977,
Kalinin and Bayuk 1987). The GSA method is based on an analysis
of a difference in the deformation fields which arise under
similar boundary conditions in the investigated heterogeneous
body and in a certain homogeneous body which is termed the body
comparison. Deformations arising in a heterogeneous body
satisfy an equilibrium equation by means of which is
established a relationship between the magnitude of the
deformation arising in each of the components and its value
averaged for the volume. This relationship is determined by the
elastic properties of the given component and the comparison
body. Making use of a definition of the effective elasticity
tensor

Cr =<6 >_1<£> (4)

where triangular brackets stand for averaging by volume, we
obtain an expression for the effective elasticity tensor in the
operator form. Obtaining the formula in a tensor form is
possible solely by accepting an assumption about the constancy
of the stress and deformation fields inside each of the
components. In  the case of a rock we presume the constancy of
the respective fields in the grains of one and the same mineral
having a similar orientation of crystallographic axes. Whereas
the fields in the other minerals or in the grains of the same
mineral, but differently oriented may be different.

In the —case of isotropic rocks the principal computation
formulae of the method concerned have the form

K*
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Here is a volume concentration of the V -th phase, N is the
number of phases, K*, /j* are elastic moduli of the V -th
phase, Kg, /uq are elastic moduli of the comparison body.

The method under discussion permits us at least partly to
take into account the structural specifics of a heterogeneous
body. This is achieved by the choice of a comparison body. In
the choice of a comparison body we should proceed from physical

assumptions about the distribution of the stress and
deformation fields in a heterogeneous body. For composites of
the "matrix-inclusion" type in the case of a soft matrix and
hard inclusions a comparison body should be chosen with elastic
moduli after Reuss, i.e. on an assumption of the constancy of
the stress field. In an opposite case, i.e. "hard matrix - soft
inclusions", a comparison body will be chosen with elastic
moduli after Voight. And in the case of polycrystalline

aggregates we presume that Kg = K*, /jg =/j*, which corresponds
to elastic fields in an aggregate, the components of which have
an isometric form. An analysis of the formulae (5) enables us
to draw a conclusion that for determining the elastic moduli of
isotropic rocks instead of determining total elasticity tensors
of the minerals composing the rock it is sufficient to know
only the elastic moduli of polycrystalline aggregates of the
corresponding minerals.

Elastic properties of multicomponent systems, as determined

from the formulae (5), are in good agreement with the
experiment. Figure 1 shows velocities of elastic waves versus
pressure in granites, the latter being 4- and 5-component
systems. Moreover, it can be seen that by taking account of

isometric pores as a 5th component in the Westerley granite
enables calculated values of elastic wave velocities to be
brought closer to the experimental ones. In this rock pores
account for 1.2 % of the volume (8). In making computations to
secure an equality of elastic moduli of the comparison body
quite effective proved the use of the iteration process. The
values obtained after the VRH method were used as the initial
approximation. The result was obtained after 3 iterations, as
a maximum.
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Fig. 1. Velocities of compressional and shear elastic waves in granites.
a) composition (5) (in percent by volume): oligoclase-0.32, micro-
cline-0.29, quartz-0.35, biotite-0.04; calculation after GSA method
of velocities of compressional V, (1) and shear V (2) elastic
wave, X - experimental data; b) composition (Westerley granite):
oligoclase-0.32, microcline-0.36, quartz-0.28, biotite-0.04, 1 -
calculation after GSA method of the velocities of compressional V,
and shear Vg waves disregarding pores, 2 - calculation after GSA
method of tne velocities of elastic waves, account being taken of
pores, 3 - linear approximation of experimental data (6), (7)

It is worth noting that a relatively rapid decrease of
velocities under a declining pressure in the 0.2-0.3 GPa region
is usually attributed to cracks. The GSA method departs from
the experiment precisely in this region. It is yet unable to
take account of the effect of jointing.

As a rule, elastic properties of the mineral skeleton of
rocks, determined after the VRH and GSA methods, are close,
this fact being due to a similarity of elastic properties of
the minerals composing the rock. However, once there appears a
component the elastic properties of which greatly differ from
those of the other components a comparison of the computation
results after the VRH method with experimental ones points to



82 I 0 BAYUK et al.

their poor agreement. Thus were calculated the elastic
properties of an artificial mixture consisting of a polyether
matrix with glass microspheres of 210-297 /uUn diameter
impregnated into it. The volume concentration of inclusions was
subject to change. The ratio of elastic moduli of the mixture
components is as follows: Kj/KM = 7, = 49; | is the
microspheres, M is the matrix. Elastic moduli of the reference
body were taken after Reuss. An analysis of Fig. 2 indicates a
good agreement between the results obtained by the GSA method
and the experiment, the latter being borrowed from Christen
(1979). Furthermore, we may speak of practical inapplicability
of the VRH method in determining elastic properties of mixtures
whose components have sharply different properties.

Fig. 2. Glass microspheres in a polyether matrix. E - Young's modulus, Cj -
a volume concentration of microspheres in the matrix, 1 - calcula-
tion after VRH method, 2 - calculation after GSA method, X -
experimental data (9)

A similar comparison was made for a mixture of quartz sand
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with a fusible component - stearin - under pressures up to
1.2 GPa and temperatures - 20°C (under these conditions
strearin beeing in solid state) and 95°C (stearin being in
molten state up to 0.6 GPa pressure). The composites were
obtained by intermixing a fractionated quartz sand with molten
stearin. Average grain sizes of the sand fraction were 400, 200
and 50 /Um. Stearin fills in voids between grains and forms
films at the contacts of separate grains, i.e. quartz is well
wetted with liquid stearin. lhe film thickness is estimated to
be 10-20 /jm. Experiments were conducted in a piston-type

Fig. 3. Elastic wave velocities in quartz and stearin. Compressional wave
V, velocities: 1 - in quartz at 20°C and 95°C, 2 - in stearin at
20°C, 3 - in stearin at 95°C; shear Vb wave velocities: 4 - in
quartz at 20°C and 95°C, 5 - in stearin ax 20°C, 6 - in stearin at
95°C
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apparatus with external heating (Levykin 1981). lhe selected
ultrasonic frequency (1 MHz) permits the wave to be considered
long.

An error in determining velocity values in stearin and
mixtures has been estimated: for velocities of compressional
waves not more than 3 % for shear waves not more than 5 %
Figure 3 shows ultrasonic wave velocities in stearin obtained
at the High-Pressure Laboratory, Institute of Physics of the
Earth (Levykin 1981) as well as the corresponding velocities in
quartz (Anderson 1968). Compressional wave velocities in
stearing (20°) are observed to be sharply rising with pressure,
this being associated with the structure of organic matter
consisting of large «crystals. Under high pressures this is a
compact medium.

If stearin fills in contacts between quartz grains, good
results are to be expected if we take as elastic moduli of the
comparison body the corresponding moduli after Reuss. A good
agreement between calculations after GSA and the chosen
comparison body was obtained for mixtures of 200 and 400 Un
(T = 20°C). It is to be noted that the experimentally
determined velocities of compressional and shear waves in these
mixtures are practically coincident (cf. Fig. 4). The fact of
coincidence between calculated and experimental values in such
a choice of the comparison body confirms our assumption about
the structure of the mixture. However, under compression of the
mixture with the fusible component being in the molten state
the internal structure is subject to alteration, thus leading
to the joining of quartz grains before stearin grows solid.
Therefore, in calculations the elastic moduli of the reference
body were taken after Voight (i.e. on an assumption of the
homogeneity of the deformation field), as a result of which in
the high-pressure region wunder T = 95°C there was obtained a
good agreement between calculations and the experiment (cf.
Fig. b5).

Comparing elastic wave velocities calculated after the VRH
method with experimental ones in the low-pressure region, i.e.
where elastic properties of the components are particularly
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Fig. 4. Elastic wave velocities in a mixture of quartz (400 /Jm) and stearin
at 20°C. Mass concentration of stearin in the mixture - 0.15.
Compressional wave velocities: 1 - calculation after VRH method,
2 - calculation after GSA method; shear wave velocities: 3 - calcu-
lation after VRH method, 4 - calculation after GSA method, x -
experimental velocity  values, 5 - calculated density of the

n
mixture, ¢= zl ¢v cv,0 - experimental density values
V=1

contrasting, we may draw a conclusion about practical
inapplicability of the VRH method in this region.

It follows from what has been said above that for a
theoretical determination of elastic properties of rocks either
endowed with porosity or containing partly and completely
molten components the GSA method yields fairly good results,
whereas the VRH method in these cases is either inapplicable or
gives values very much different from experimental ones.
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Fig. 5. Elastic wave velocities in a mixture of quartz (400/jm) and stearin
at 95°C. Compressional wave velocities: 1 - calculation after GA
method with a comparison body after Voight; 2 - calculation after
VRH 3 - calculation after GSA method with a comparison body after
Reuss, X - experimental data
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The acoustic emission activity wes investigated during a process of
solid-state transformation (phase transition in KNG at ~ 128°C and
reaction dehydration in gypsum). Experiments were carried out in a range
from 20°C to 160°C. The sample of the investigated material was slowly
heated up to 160°C, then it was cooled. The biggest acoustic emission peak
was found during the cooling of the KN& sample at ~ 128°C.

Keywords: acoustic  emissions; dehydration; gypsum; solid-state
transformation

Proceeding from laboratory experiments under high
pressures and temperatures, as well as from theoretical
estimates, it appears to be universally acknowledged today that
practically all  rock-forming minerals under thermodynamic
conditions of the Earth's crust and mantle are experiencing
diverse solid-state transformations (polymorphous transitions,
dehydration, metamorphism, etc.). More and more new data have
been reported in recent years, indicating that during the
process  of solid-state transformations accompanied by
microstructural variations of materials, solids are growing more
deformable, less strong, propagation velocities of elastic
waves in them decrease, thermal expansion coefficients are
subject to abrupt alterations. Our experiments in determining
the deformation-strength properties of quartz-containing rocks
under thermodynamic conditions of the d - th transition in
quartz (Tomashevskaya and Kalinin 1985, Kalinin and
Tomashevskaya 1985) and Murrell's (Murrell and Ismail 1976) and
Paterson's (Raleigh and Paterson 1965) works in experimental
studies of strength properties during the process of
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dehydration of various water-containing minerals have revealed
that during these processes subject to anomalous changes are
the physical properties not merely of individual minerals
undergoing transformation but of the rock as a whole.

Studies of heat flows and the estimates of temperature
distributions with depth obtained from them indicate that these
distributions significantly differ for tectonically active and
passive regions. Figure 1 shows by way of illustration the
geotherms plotted on the basis of (Lyubimova et al. 1983) for
placid regions (lower hatched zone) and for seismically active
regions (upper hatched zone). The same Fig. 1 presents p and T
values for which under laboratory conditions phase
transformations were observed in CaCO3 (Rapoport 1966) and in

Fig. 1. p,T-conditions at down to 50 km depths and p,T-conditions for some
solid-state reactions (cf. text)
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guartz (QO) (Rapoport 1966), as well as a dehydration process
was observed in gypsums (G), amphiboles (A), chlorites (Ch) and
in a number of serpentinous rocks (S) (Murrell and Ismail 1976,
Raleigh and Paterson 1965, Reference physical constants of the
rocks 1969).

It is worth noting that in placid or stable regions
thermodynamic conditions practically do not change with time,
whereas in tectonically active zones these conditions are
changing fairly rapidly. Hence, in seismically passive regions
the boundaries of solid-state transformations do not change
their position and, consequently, the specifics of the physical
properties of minerals and rocks are not manifested, because
anomalous properties arise solely when the process of lattice
restructuring is in progress. In seismically active regions on
account of variations in thermodynamic conditions the phase
boundaries do not remain stationary, i.e. phase transformations
are taking place along the boundaries and, as a result of this,
there arise ductile layers, which significantly affect the
progress of tectonic processes - a highly important fact as far
as geophysics is concerned.

What has been said above indicates that the study of the
kinetics of solid-state transformations and of the nature of
these phenomena proves to be an important task for geophysics.

As is known, under mechanical loading or under temperature
variation there arise acoustic pulses in polycrystals, which
are due to the fissuring of the material, this fact being
widely turned to account in technology for the purpose of
defectoscopy. Intensity variation of acoustic emission (AE)
under polymorphous transformations was reported only in some
isolated works (Beattie 1973, Livshits et al. 1973, Kalitenko
et al. 1980). We presume that AE during solid-state
transformations can be employed for studying the kinetics of
these transformations and, consequently, for an analysis of the
causes behind anomalous alterations of physical properties of
solids in the process of their transformation.

Investigations of AE during solid-state transformations of
geophysical objects meet with great difficulties, because these
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transformations usually occur under high pressures and
temperatures and the available equipment restricts the
possibility of recording weak acoustic signals. Accordingly, at
least at the initial stage of work, investigations should
preferably be conducted on model materials in  which
thermodynamic conditions of solid-state reactions permit us to
employ the widespread standard piezoelectric transducers.
Furthermore, this significantly improves conditions for
recording weak signals because of the absence of noise from
mechanical equipment setting up high pressure.

At the first stage of work, the results of which are
reported herein, we worked out the procedure and software for

recording AE signals, studied the <characteristics of AE in
three materials: sodium nitrate NaNOj, potassium nitrate KNOj
and gypsum - in the process of heating from room temperature to

200°C. these materials had been chosen for the following
reasons: sodium nitrate in the above temperature interval does
not experience any transformations and this makes it possible
to bring to light the level and character of variation of
acoustic noise in the system and the nature of AE under
different heating rates; potassium nitrate with respect to its
phase diagram and polymorphous structures happens to be a close
analogue of CaCQj (Rapoport 1966), but polymorphous
transformations in it take place under lower temperatures and
pressures; on samples of gypsum we studied AE during the
process of dehydration.

The registering apparatus represented a complex comprising
an "Elektronika-60" computer and a modular, program-controlled
system "KAMAK". Figure 2 shows a functional diagram of the
measuring equipment. The software and hardware combined made it
possible to register AE activity versus temperature and time,
to count the total number of AE pulses, to select the threshold
of detectability, to increase the number of measurements within
the selected temperature interval and simultaneously to plot
differential thermal analysis (DTA) data for different heating
rates .



ACOUSTIC EMISSION 93

Fig. 2. Functional diagram of the measuring equipment. 1 - sample,
2 - transducer, 3 - thermocouple, 4 - furnace, 3 - A/D converter, s
- amplifier, 7 - detector, s - counter, 9 - micro-computer, 10 - X-
Y recorder, 11 - line printer

Samples along with piezotransducers and thermocouples were
confined inside a steel vessel which was placed in a
cylindrical furnace. Both heating and cooling were conducted at
rates within 0.5°C to 3°C per minute. Samples of sodium nitrate
and potassium nitrate were pressed from powder and those of
gypsum were either cut out from monolith or pressed from
crushed gypsum in the form of tablets of 20 mm diameter and
6 mMm thick.

Special experiments were made to identify a difference of
temperature at the edge and in the centre of the sample. Under
the aforementioned heating rates the difference of temperature
did not exceed 1-2°C outside the range of temperature of solid-
state transformation. Within the range of transformation
temperature the difference in temperature could increase up to
5°C.

Studies of AE have yielded the following results:

1. Sodium nitrate AE was characterized by weak background
intensity without any bursts whatsoever in the process of both
heating and cooling.

2. In potassium nitrate we observed AE bursts at
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temperatures of polymorphous transformation, the AE intensity
in heating being some hundred times less than that in cooling
(Fig. 3). In a repeated heating the AE intensity during solid-
state transformation increased nearly by an order, wheres in a
repeated cooling in transition its intensity was nearly twice
as low as in the first cooling. In subsequent heatings the AE
intensity was observed slightly to increase, whilst in cooling
it practically did not change.

Fig. 3. Typical acoustic emission intensity versus time in the process of
heating and cooling of a potassium nitrate sample - temperature
variation, o - AE intensity
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3. In heating, the gypsum samples over the entire
temperature range are producing AE of weak intensity (Fig. 4).
During a dehydration process the AE intensity rises but
insignificantly.

Fig. 4. AE intensity versus temperature in heating gypsum samples

In  studying AE intensity records we observed certain
specifics: in potassium nitrate under a temperature decrease at
132-135°C temperatures there arose acoustic pulses with a
rapidly increasing intensity; an intensity maximum in cooling
was observed at 123-125°C with a subsequent abrupt decline. In
further cooling the radiation intensity of acoustic pulses
continued to be sufficiently high down to room temperature,
whereas DTA plotted in temperature decrease indicates a
completion of the process at 112-114°C. It appears that in
cooling, when transformation is proceeding with a volume
decrease, an irregular stress field arises in the specimen and
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its subsequent relaxation is accompanied by AE (Fig. 5).

Fig. 5. An example of AE attenuation following a polymorphous transition
in a potassium nitrate sample in cooling

In view of the fact that in seismically active areas there
is a possibility of the temperature regime undergoing a change,
we carried out special experiments in studying the AE intensity
when in the process of polymorphous transformation in potassium
nitrate the trend of temperature variation changes its sign to
the opposite one. Figure 6 presents some results: the AE
intensity behaves as an analogue of the Kaiser effect, i.e., if
temperature in the specimen is reduced following the beginning
of transition and the initial build-up of AE intensity, the AE
intensity is observed sharply to decrease, and practically the
AE intensity is equal to zero until temperature exceeds the one
at which AE intensity started to fall off. On the right is
shown the variation pattern of the AE intensity at the "tail"
when a temperature decrease is followed by a local increase.



ACOUSTIC EMISSION 97

Fig. s. Manifestation of the Kaiser effect's analog at the start of direct
transition (a) and reverse transition (b)

And once again we observe a practical disappearance of AE until
temperature decline attains a level at which AE discontinued.

Relief or disappearance of the Kaiser effect's analogue
following transformation points to a kind of "annealing”
(relief of inner stresses) in the process of transformation.
And, as a result of this, we observe no drop of AE in a
multiple passage through the transition (Fig. 3).

In conclusion we would like again to point out that the
present work had for its purpose, above all, the elaboration of
the experimental procedure and is, in effect, only the first
stage in the study of the kinetics of solid-state
transformations with the aid of AE. The results of the work
indicate that in the setup concerned and with the experimental
procedure described the AE intensity due to thermal stresses in
the specimen and in the setup proper is sufficiently low, has
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the character of a uniform noise without bursts, and by setting
in the system a specific sensitivity level of registration it

can be eliminated from analysis. This follows both from
experiments with sodium nitrate experiencing no phase
transitions within the investigated temperature range and in
the heating of potassium nitrate up to the transition
temperature. Under transformation in  potassium nitrate,

particularly in the process of cooling, there is observed a
sharp rise in AE intensity. Furthermore, the AE intensity
starts perceptibly to increase even Dbefore the DTA diagram
registering the integral effect of transformation does show
such a transformation. Consequently, AE is a more sensitive
"instrument"” (characteristic) recording the beginning of the
process than is DTA.
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The cold plasma density gradients in the vicinity of the plasmapause
play an exceptional role in generation of different type waves in the
magnetosphere near L=4. Hydromagnetic waves (ULF-waves) in the Pci and Pc3-
4 ranges are very commonly seen in the area near the plasmapause. Ground
and satellite data are analysed. The intensity maximum of the Pc4 peak
(T=100 s) is always located at a lower latitude than the intensity maximum
of the Pc3 peak (T=30 s). This was interpreted as produced by a sharp
decrease of the phase velocity of the Alfven waves near the plasmapause.
The plasmapause region is a very important area for the generation and
ducting of the ELFVLF whistler mode, too. The chorus emissions are
typically observed outside the plasmapause, hiss emissions inside the
plasmapause. There is also a very strong interaction between ELF-VLF
whistler mode waves and hydromagnetic ones (ULF-waves). Pc5 and Pi2

geomagnetic pulsations frequently modulate the amplitude of VLF-waves
observed on the ground.

Keywords: ELF;, Pc3; Pi2; plasmapause; pulsations; WF
INTRODUCTION

Experimental results reported in the Ilast years have
yielded important evidence that cold plasma density gradients
in the wvicinity of the plasmapause play an important role in
determining the localization of different type waves in the
magnetosphere near L=4. Substantial theoretical work has also
been concentrated on the importance of plasma density gradients
in the generation of hydromagnetic waves (ULF-waves) and ELF-
VLF emissions. The stepwise increase of the Alfven velocity in
that region from about 400-800 km/s to 2000-3000 km/s leads to
a variation of the period of the fundamental toroidal
oscillations with the L-parameter (Webb and Orr 1975). The
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presence of the energetic trapped particles near cold plasma
gradients produces the condition for cyclotron instability of
the whistler mode and of high frequency hydromagnetic waves
(Pci) qguided by the plasmapause to the ionosphere. So the area
in the vicinity of the plasmapause will probably be rich in
different type waves.

Waves with periods of about hundred seconds can be

detected both at ground stations and on geostationary
satellites. So, geomagnetic observations on the ground at
subauroral latitudes give information about plasma instability

and wave generation near the plasmapause. Depending on the
geomagnetic activity, these stations are projected inside or
outside the plasmasphere.

HYDROMAGNETIC WAVES (ULF WAVES)

Most studies of geomagnetic pulsations near the
plasmapause are based on ground observations. Waves with
periods in the Pc3-4 range (15-150 s) are very commonly seen in
the area near the projection of the plasmapause. Using data of
stations established around the L~ 4 shell, the Bell
Laboratories group (Fukushima and Lanzerotti 1974) found the
dominant period of the pulsations to change sharply near the
plasmapause. The intensity maximum of the Pc4 peak (T=100 s)
near L=4 was always located at a lower latitude than the
intensity maximum of the Pc3 peak (T=30 s). That result was
obtained using megnetic field measurements made at stations
ranging L=3.2-4.4. This was interpreted to be produced by a
sharp decrease of the phase velocity of the Alfven waves with
decreasing latitude. Such a decrease occurs at the plasmapause
which was presumably located at a latitude between the
intensity maximum of the Pc4 and Pc3 peaks.

Results obtained by a Soviet group (Kopytenko et al. 1975,
Pudovkin et al. 1976) from a dense chain of 11 ground stations
along the magnetic meridian over a wide range of latitudes
indicated that Pc3 amplitudes have a minimum value in the
vicinity of the expected plasmapause location (Fig. 1). For Pc3



WAVE PHENOMENA 101

pulsations one maximum exists inside the plasmasphere and
another at higher latitudes, outside the plasmasphere. This
suggests that the plasmapause is a hydromagnetic discontinuity
for Pc3 waves because of the jump in the Alfven velocity in
this region (Southwood 1975).

Fig. 1. Amplitude profile of Pc3 pulsations (from Pudovkin et al. 1976)

Orr and Mathew (1971) showed that the dominant periods of
the hydromagnetic waves just outside of the plasmasphere are in
the Pc3 range (T=30 s), while the dominant periods just inside
the plasmasphere are in the Pc4 range (60-100 s). So, the
plasmapause density gradients play a very important role in the
localization of the origin of the hydromagnetic waves in the
Pc3-4 range.

The wave polarization in the H-D plane as measured on the
ground (Lanzerotti and Fukunishi 1975, Fukunishi and Lanzerotti
1974) changes sign across the rather narrow region near the
plasmapause projection. A reversal in the sense of wave
polarization occurs at latitudes where the I1SI— satellite
observed gradients in the electron density vs. L-shell.

The orientation of the elliptical polarizations on both
sides of the plasmapause projection and the linear polarization
at the plasmapause occur because the surface wave is coupled to
the resonant field lines. According to Chen and Hasegawa (1974)
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this happens in a region of magnetospheric density
discontinuity .

Satellite data have also shown that Pc3-4 pulsations are
common near the plasmapause. Electric field measurements by
ISEE-1 (Moe et al. 1980) confirmed that Pc3 waves with periods
20-40 s are more often observed near L=4 during local day. Ihe
polarization for the -electric field vector was mostly left
handed in the morning sector and right handed in the afternoon
sector.

Data from the Dynamic Explorer-1 satellite (Lin et al.
1986) at L ~ 3-6 and at magnetic latitudes ”~35° of the magnetic
equator showed that in general oscillations are complex.
Transverse and compressional waves of different frequencies
often occur at the same time (Lin et al. 1986). lheir period
range was 20 to 500 s, the common wave structure was
complicated with short period transverse fluctuations of 20-40
s superimposed on long period waves with | ~ 100 s. They
considered that the long period waves were most Ilikely
fundamental mode field line resonances while the short period
waves were at least second harmonic mode resonances. A decrease
of the eigenperiods of the resonant field lines with L was
observed very clearly in some cases.

For short period pulsations, as IPDP it was found
(Maltseva et al. 1981, Horita et al. 1979) that initially the
source of IPDP waves is located near the plasmapause and it
drifts later on inside the plasmasphere. The principal
generation mechanism is cyclotron instability of the trapped
particles.

Pci pulsations with periods of 0.2-5.0 s of a cyclotron
nature are generated near the plasmapause (Feygin et al. 1979,
Webster and Fraser 1985, Kikuchi and Taylor). Kikuchi and
Taylor suggested that in the plasmapause region the shear
Alfven waves are capable of producing short period pulsations
Pci : they are frequently observed on the ground near the same
latitude and local time as 0GO3 observed a structured
plasmapause with a sharp density gradient. These results
indicate that Pci excitation is associated with plasma



WAVE PHENOMENA 103

irregularities near the plasmapause and the situation is
favorable in the region of post-storm recovery and in the
region of plasma bulge of the afternoon - dusk sector. This
mechanism, however takes place only after very strong magnetic
storms. A more resonable source of Pci is the cyclotron
resonance near the plasmapause (Feygin et al. 1979).

Long period surface waves could be excited at plasmapause
gradients (Pc5 and Pi2 range).

Chen and Wolf (1972) showed that rapid changes with a time
scale of hours in the crosstail electric field could produce a
fine structure at the plasmapause which was observed by many
satellites as by 0GO-1, 3, 5; ISEE-1 at all local times, but
especially in the dusk region. More recently Daly and Hughes
(1985) using a simple computer model with a stagnation point on
the dusk meridian have found that the hydromagnetic wave
electric fields cause fluctuations in the cold plasma number
density both at large (around [IRe) and small (~ 0.1 Re)
distance scales. The effect primarily depends on the
polarization of the wave electric field. The linearly polarized
wave electric field located on the noon meridian caused small
scale perturbations (~ 600 km) in the shape of the plasmapause
boundary, while a circularly polarized wave electric field
caused the boundary to have much Ilarger deformations in
addition of the line scale structure. The deformations of the
plasmapause boundary by hydromagnetic waves are most noticeable
in the dusk region.

ELF-VLF EMISSIONS

The plasmapause region is very rich in different ELF and
VLF emissions. Kinter and Gurnett (1978) reported the existence
of electrostatic ELF-waves found only at the plasmapause (Fig.
2) and demonstrated that the polarization and the spatial
relationship to the plasmapause density gradient are consistent
with a drift wave origin. The Hawkeye-1 spacecraft crossed the
plasmapause at high altitude. A band of elecric field noise is
detected often in the frequency range 1.7 to 175 Hz. No
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MLT(HR) 9.4 9.3 9.3 9.2
HAWKEYE |, 19 FEBRUARY 1975

Fig. 2. Electric field spectrograms showing the output of the 16 electric
field channels from 1.78 to 178 kHz and ¢ magnetic field channels
and trajectorie of Hawkeye 1 near the plasmapause (from Kinter
and Gurnett 1978)
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corresponding magnetic field noise was detected. That means
that the ELF noise is electrostatic and the electric field is
polarized perpendicularly to the plasma density gradient. The
noise is only detected when the scale length of the plasmapause
was 0.1 Re or less so a large density gradient is required to
produce the ELF noise.

The plasmapause region is a very important area for
generation and ducting ELF-VLF whistler waves. Many satellites,
as 0GO-3, 5, S-3-A, and others which crossed the plasmapause
near equator show that outside the plasmasphere the typical
phenomena are ELF-VLF chorus with maximum occurrence from 3 to
15 hours local magnetic time. The observation of 0GO0-5 showed
(Daly and Hughes 1985) that outside the plasmasphere in the
area where the Alfven velocity dropped to less than 3000 km/s,
the ELF chorus was detected (Fig. 3), while inside the
plasmasphere in the region with large cold plasma density there
is an ELF hiss at the same frequencies. The intensities of ELF
emissions between 0.1 and 1 kHz observed aboard 0G0 5 are shown
in the top part of Fig. 3. Bottom the profile of the Alfven
velocity is shown by solid line.

The emissions can be understood in terms of an electron
cyclotron resonance instability between energetic electrons and

Fig. 3. ELF observations aboard 0G0-5 together with the derived profile of
Alfven velocity (from Barton et al. 1970)
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whistler mode waves moving in opposite direction along the
geomagnetic field lines. Ilhis mechanism is energetically
favoured where the critical energy per particle is small, so it
is just inside the plasmapause.

The same result was obtained on OGO-3 (Kinter and Gurnett
1978), the peak of the ELF-chorus intensity has been observed
just outside of the sharp gradient of the cold plasma density.
Low altitude satellites as Ariel 3, Ariel 4, Injun 3 detected
ELF-VLF chorus outside the plasmapause and the same frequency
hiss emissions inside the plasmasphere (Kaiser and Bullough
1975).

Many authors have shown that the plasmapause is an
excellent guide for ELF-VLF whistler mode waves because of the
sharp gradient of cold plasma density. The whistler waves could
be ducted by both the inner and outward borders of the
plasmapause (Fig. 4). With increasing gradients of the plasma
density, the effect of ducting increases as has been found by

Fig. 4. The scheme of VLF wave guiding by inner and outward border of the
plasmapause (from Inan and Bell 1977)
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Inan and Bell (1977). If the plasmapause is located near L=4,
the ducted waves have a highfrequency cuttoff near 6-7 kHz.
lhis cuttoff explanes the high frequency Ilimit of ground
subauroral VLF emissions. l|he reflection of the wave inward by
the plasmapause is alternatively countered by the curvature of
the geomagnetic field which deflects the ray outwards.

Ground subauroral VLF observations at the conjugate
stations Sogra-Kergelen (Kleimenova 1985) confirmed that the
plasmapause ducted VLF waves from the magnetosphere to the
ground. there was a very good conjugacy of VLF emission at the
stations Sogra-Kergelen when the location of the plasmapause
was near the latitude of these stations and it was very poor
when the stations were projected inside the plasmasphere during
periods of quiet magnetic activity.

lhe statistical result of the ground data confirmed that
the maximum of chorus intensity was everytimes located outside
the statistical plasmapause position, and shifted to lower
latitudes with increasing magnetic activity (Kleimenova 1985,
Raspopov and Kleimenova 1977).

Ilhere is also a very strong interaction between VLF waves
and hydromagnetic ones in the vicinity of the plasmapause. lhe
long period surface waves on the plasmapause modulate the
growth ratio of the ~cyclotron instability by the strong
magnetic wave component along the field line. Such a modulation
can be observed only on the ground because the satellites cross
this region in the time less than period of the modulating
pulsations. lhe data from Sogra-Kergelen showed (Raspopov and
Kleimenova 1977) that the modulation of the ELF-VLF intensity
by geomagnetic pulsations Pc5 and Pi2 is typical for subauroral
latitudes (Fig. 5). lhe modulation of the ELF-VLF hiss
emissions by Pi2 geomagnetic pulsations is shown on Fig. 5. lhe
very strong interaction between long period hydromagnetic waves
and whistler mode electromagnetic waves often occurs in the
vicinity of the plasmapause.

lhe modulation of the ELF-VLF emissions by Pc3 pulsations
near the plasmapause latitude is probably due to the fact that
the fundamental model of field line (Pc3) oscillations has a
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Fig. 5. An example of modulation of the VMLF emissions by Pi2 geomagnetic
pulsations at Sogra

node near the equator where the generation of electron-
cyclotron whistler mode waves is most effective.
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Seven deep magnetotelluric (MT) soundings were carried out in the
Villarrica active volcano zone in Chile during January 1986 and December
1987. Their interpretation shows an intercalated conductive layer (ICL) at
an average depth of between 23 and 40 km, and a sharp decrease of the
resistivity at a depth of about 530 km

Keywords: Chile; intermediate conductive layer; magnetotellurics;
ultimate conductive layer; Villarrica volcano

INTRODUCTION

Two deep MI sounding campaigns were done in January 1986
and December 1987 in the Villarrica volcano region, South of
Chile (Fig. 1). The point of this study is the alignment of the
three volcanoes Lanin, Quetrupillan and Villarrica, considered
as the result of a movement from E-S-E to W-N-W of one eruptive
center during the end of Tertiary and Quaternary eras. The
regional tectonic is characterised by the Liquine-0fqui fault
(FL on Fig. 1), known over a distance of 1000 km, generally NS.

INSTRUMENTATION IN THE FIELD

Two ,barres-magnetic-variometers” given by the Geophysical
Institute of Paris to the MI Mendoza laboratory and a fluxgate

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiadd, Budapest
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'ARGENTINE

Fig. 1. M showing the three volcanoes and the seven M sounding sites:
SL: San Luis, RI: Rinconada, ME Metrenehue, PL: El Playon,
JA: El Jaramillo, HU: Huiscapi, FQ Fundo Quechuco

magnetometer were used. The telluric electrodes were sheets of
lead situated in forest humus or in peat: previous records
have shown that there was a negligible drift with this
procedure. |he recording time was six days for the ME, PL and

FQ sites, four days for Rl and JA and two days for the SL and
HU sites.

DATA TREAIMENT AND RESULTS

The digital data obtained on the field were analysed in
the VAX-VMS/1 180 computer of the CRICYT of Mendoza using a
chain of four completely automatic programs based on the Fast
Fourier Transform. The M tensorial analysis, a part of this
chain is from Rankin's laboratory, University of Edmonton,
Canada. Ilhis chain gives a complete study of each site includ-
ing the one-dimensional interpretation sections, using the one-
dimensional automatic inversion program by Vozoff (see Fig. 7).
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It remains to choose which component is parallel with the local
tectonic axis supposed to be known by the geology. Figure 2

Fig. 2. Examples of Rho values of M soundings at the first stage showing
the error bars, thus before averaging: case of normal dispersion:
a) RI12, b) RI21, case of high dispersion: c) PL12, d) PL21,
1J12 means tensorial direction located in the magnetic North-East
quadrant, and in the sane way, 1321 in the magnetic North-West
quadrant

gives two examples of Rho values with error-bars: sites Rl and
PL (before the mean average). Concerning the PL site showing
very great error-bars, we have reviewed the analysis, using a
o.s coherency coefficient Ilimitation instead of 0.4 normally
used for this MI study. The new result is almost the same for
the length of the error-bars and for the Rho values. We
therefore do not present the corresponding graph. This means
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that the acting phenomenon is the direction of the geological
structure axis versus that of the axis of the incoming electro-
magnetic waves and not the quality of the data recording in the
field. Concerning the Rl site, having more or less normal
error-bars, we give in the three dimensional representation of
Fig. & the distribution of the number of log Rho values in some
intervals versus log T intervals for RI21 (Fournier et al.
1975, Kaufman and Keller 1981, p. 490).The Gaussian distribu-
tion seems to be acceptable. - See Fig. 2 (a) for the expres-
sion of the corresponding dispersion. Figure 3 shows the
tensorial curves used for the interpretation of each site with
the corresponding theoretical curve (account is taken of the
indétermination principle concerning ICL). Table | gives the

b) )

d) ' 5

Fig. 3. Tensorial MI sounding curves, after averaging, with the theoretical
curves in solid lines: a) RI, b) Mg c¢) PL, d) JA e) HU f) R
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Table |I. Theoretical sections obtained by the use of two
successive one-dimensional MI inversion programs

Thickness Resistivity Thickness Resistivity
in km in ohm.m in km in ohm.m
Rii2 RI21
0.5 5.2 0.95 15.0
14.0 800.0 30.0 800.0
23.0 20.0 18.0 18.0
470.0 4000.0 470.0 4000.0
17.0 17.0
ME12 PL21
0.8 30.0 0.12 92.0
17.0 1000.0 16.0 1500.0
18.0 63.0 15.0 65.0
526.0 4000.0 520.0 4000.0
93.0 1.0
JA12 JA21
0.8 25.0 0.95 26.0
25.0 800.0 18.0 800.0
15.0 17.0 20.0 13.0
470.0 4000.0 470.0 4000.0
17.0 17.0
HU21 FQ21
38.0 2000.0 18.0 800.0
15.0 17.0 10.5 46.0
445.0 4500.0 470.0 5000.0

10.0 3.0
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corresponding theoretical sections obtained after a revised
study of the calculated results given by the Vozoff program,
using the non-automatic one-dimensional inversion program pro-
posed by Fournier et al. (1963).

Ilhis means that we are using in this study the ,cylindric-
al hypothesis" for the structure and that we are determining it
using one-dimensional inversion programs. It is provisionally a
first working hypothesis for this study.

INTERPRETATION

The interpretation of Table Il shows two following main
positions of conductive layers:

1) one ICL in the lower crust, between 23 and 40 km depth
in average (Fig. 5). The Moho has been proposed at 37 km depth
in the studied region by Diez and Introcaso (1986). In the
Andes Chain, the geological structures are not in accord with
Cagniard's theoretical conditions (Cagniard 1953), but the
results of the RI and JA sites seem to be relatively less
disturbed. The ME, PL and FQ results show a distortion with
dispersion (Rokityansky 1982). The ICL-s of the RI, JA and HJU
sites have an integrated conductivity about 1000 to 1500 S
which we are allowed to attribute to a melted fraction of the
rocks, a phenomenon described by Feldman (1976). According to
the geology, the ME and PL structures should be the results of
a resistive granitic anticline ofthe basement, having an axis
parallel to the general trend oftheAndes Chain (Kaufman and
Keller 1981). This could explain the distortion with dispersion
presented by the MI curves of the two sites.

On the other hand, the skew of ME, 0.68, is relatively
low, indicating a two dimensional structure: effectively the M
site is situated a little to the West of the Ofqui-Liquine
great fault and consequently, the conductive effect of the NS-
fault explains the interpretation direction of the sounding
result, i.e. nearly NS. The site FQ also gives a low value for
the skew: 0.54; the geology of this region is less known.

2) the top of one conductive layer situated at a depth of
about 530 km, in average (Fig. 5). We suppose that it is the



1 2
1 1986
2 1986
3 1986
4 1986
5 1987
6 1987
7 1987
1. Site
7: Number
North, 10:
coherency

for the
14: Thickness

Rinconada

Metrenehue

El Playén

El Jaramillo

San Luis

Huiscapi

Fundo Quechuco

number, 2: Year
of
Mean tensorial
results

moving average calculation

RI

JA

ae}

of

direction

relative
of the considered component,
of the ICL in km, 15: Resistivity of the ICL in ohm.m, 16:

to

geographic

Table

North

- the
12: Mean skew for the site,

local

declination

16

1150

1000

285

230

670

1170

2-104

880

230

17

18

560

550

500

6: Longitude in degrees,

5 6 7 8 9 10 n 12 13 U 15
R12 58°Em  72°Eg 0.76 14-37 23 20
39°23'S 71°41'W 6 1.06
R2L 32°Wm  18°Wg  0.75 30-48 18 18
NSm 2Wm  12°Eg  0.82 18-36 18 63
39°16'S  71°53'W 6 0.68
BAm 2°Sm  12°Wg  0.82
R12  38cEm 52°Eg 0.70
39°19'S  71°59'W 13 1.37
R21 52°Wm  38cWy  0.85 16-31 15 65
RI2 50°Em  64°Eg 0.70 33-53 20 30
39°18'S  72°08'W 4 0.85
R1 40°Wm  26°Wg  0.60 24-51 27 23
RI2  45°Em  59°Eg 0.79 13-18 5 0.25
39°16'S  71°36'W 7 1.14
R21 45°Wm  3l°Ug  0.81
RI2  40°Em 54°Eg 0.76
39°19'S  72°23'W 4 1.34
R 50°Wm  36°Wg  0.78 38-53 15 17
RI2 65°Em  79°Eg  0.71
39°29'S 72°55'W 6 0.54
R21 25°Wm  11°wg  0.95 18-28.5 10.5 46
field work, 3: Site name, 4: Site name abbreviated, 5: Latitude in degrees,
analyses whose results are averaged, 8: Tensorial component interpreted, 9: Mean tensorial direction

relative to magnetic
is 14°Eg for the study epoch, 11: Mean
13: Depth of the top and bottom of the ICL in km,

Integrated conductivity of the ICL in S, 17: Log T interval of
log Rho versus log T, 18: Depth of the top of the ultimate conductive layer in km (UCL)
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Fig. 4. M curves of San Luis (SL, NE-SW, 2 10" S), Chile and of Vendée
(V, NWSE, 103 S), France

71'57'w
3195 WrQ HJ JA PL* ME R s1Z
33kn
00 7
&
@) ? !
2o] {{y
te "W ion
104
moho g & 8 ICL
y (’)) S «
1
< 12 7 7
ce
LU
CL
CL | 500km UQ |A"550Kkrr | 560 km

1

1000 km

Fig. 5. Schematic cross section with the results of the one-dimensional
interpretations. The vertical scale is logarithmic. The cross-
-section shows the position of the intercalated conductive layer
(ICL) and ultimate conductive layer (UCL)
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06 34 74
Log p Log p

Three dimensional representation giving the distribution of the
number of log Rho values in intervals versus intervals of log T
for RI21. The Gaussian distribution is acceptable. The order
number, the central period T of the log T interval and the
number of log Rho values for each interval of log Rho are in-
dicated. This representation is given automatically by the
chain of four programs (9000 FORTRAN lines without comments)
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Rho values by Data sets for
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Fig. 7. Flow chart of the Maxwell tensorial analysis chain of programs

containing 11000 FORTRAN lines (with comments).

A) Entries of the chain: C means entry in the chain by GPY
operation. 1: Direct measurements of Rho or E/H values for the
chosen direction of final Vozinvers interpretation. 2: Data sets
ready for tensorial analysis having different sensitivity and
interval of digitalisation. 3: Values of the parameters for the
mean averaging operation, particularly the coherency limit - 0.40
for this study - and the value of the moving smoothing interval -3
for this study. 4: Proposed model of layers section for the
Vozinvers one-dimensional inversion program - possible after a
first run of the chain giving the tensorial curves. This model
corresponds to the chosen direction of interpretation. Three runs
of the program chain are needed to study the two tensorial
directions of one M site. The time for one mean run is 4 minutes
with 2 minutes QU time for our VAX11/780 when there is a low
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computer load. Six minutes CPU time give the complete study of one
site. In the present study, Vozinvers gave the interpretation
section using two iterations with 10 % error when the first
interpretation is used as the proposed section.

B) Exits of the chain: 5 The Rho curves for each individual
analysis - following the telluric measurement directions or
tensorial directions - with the mean coherency, strike and skew. s :
The Rho log distribution, the mean Rho curves and the error-bar
values and graphs for all the group of individual analyses, also
the mean strike versus log T, etc. (75 pages of listing for a
complete output). 7: The layers section given by the Vozoff one-
dimensional inversion program, with comments. s: The same without
comments. 9: Exits 5, ¢ and 7, together

transition layer, - C in the Sullen structure - transition from
olivine and pyroxenes to spinels and stishovite (Feldman 1976,
Lacam 1982). It is why we name it the ultimate conductive layer
(UCL) (Fournier 1962, Fournier et al. 1963).

PARTICULAR CASE

The result from the SL site is very different from the
others; it is interesting to note that it is nearly the same as
the result of the MI site of Vendée in France (Fournier et al.
1975). In the two cases (Fig. 4) the MI soundings is situated
over a fault containing at depth very conductive rocks. In
Vendée the conductive zone was found at the same site by the
deep electrical sounding made by the Compagnie Générale de Géo-
physique in the International Geophysical Year while at the SL
site  we do not know at the surface what may be the cause of a
conductive fault at this depth. There are hot springs in this
region - see Fig. 1: Termas de Huife and Termas de Panqui.
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It has been shown in earlier papers that the turbulent parameters in
the lower thermosphere can be determined at mid-latitudes by means of the
parameters of sporadic E (Es) layers and ionospheric, as well as
atmospheric models. In this paper the steps of the computation and the
structure of the computer program are outlined.

Keywords: computer program; ionospheric sporadic E, lower thermo-
sphere; turbulence

INTRODUCTION

Considering the basic physical processes, the lower
thermosphere is a highly important region of the upper
atmosphere. The dynamical processes here determine, namely, the
distribution of the constituents of the gas mixture not only in
this height range, but by controlling the turbopause height
(the boundary between homosphere and heterosphere) also at
greater altitudes. From this point of view, the turbulent
diffusion plays a significant role giving rise to the vertical
transport of the constituents.

For the investigation of the dynamical processes
ionospheric parameters related directly to dynamic phenomena
can also be used (Thrane and Grandal 1981, Thrane et al. 1985,
1987). Thus, at mid-latitudes the parameters of sporadic E (Es)
layers due to wind-shears offer a wunique possibility to
determine the turbulent parameters, since the windshear is

Acta Geod. Geoph. Mont. Hung. 26, 191
Akadémiai Kiadd, Budapest
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connected with turbulence by the gradient Richardson number
(Bencze 1984, 1987). The Es parameters are regularly measured
at many ionospheric stations all over the world. Where the wind
speed is determined at a nearby station, too, the turbulent
parameters can be computed. For the calculation of additional
atmospheric and ionospheric parameters necessary in the
procedure, atmospheric and ionospheric models can be used.

METHOD

A widely accepted measure of the turbulence in
horizontally stratified flows is the gradient Richardson number

Ri a7 (1)
3z

where the numerator represents the force stabilizing the
laminar flow by the vertical gradient of the potential
temperature o, while the denominator stands for the force
making the flow turbulent by the vertical shear of the
horizontal wind U. The gradient Richardson number is preferred
to the other measures, since it includes directly measurable
guantities.

| f the gradient Richardson number is known, the turbulent
parameters (turbulent intensity, turbulent dissipation and
turbulent diffusion coefficient) can be determined by means of
empirical relations giving the turbulent intensity as a
function of the gradient Richardson number and the horizontal
wind velocity (Deacon 1959, Lumley and Panofsky 1964, Monin and
Yaglom 1971, Zimmerman and Murphy 1977). In the study of
transport processes the vertical turbulent diffusion
coefficient Kz is mostly used, which can be expressed applying
these relations by the formula
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Kz=0.32 <w2 > /N=0.32C+0.15 Rii/2 +0.08 J2 U2/N (2)

where N = is the Brunt-Vaisala frequency (Weinstock
1978, 1981).

The determination of the vertical shear of the horizontal
wind is based on the wind-shear theory of mid-latitude sporadic
E (Whitehead 1961, MaclLeod 1966). In the lower thermosphere
ions linked to the neutral gas by frequent collisions are
forced to move along geomagnetic field lines. This means that
at mid-latitudes charged particles move up or down depending on
the direction of the practically horizontal neutral wind. If
the direction of the horizontal wind changes with height, in
the northern hemisphere where an eastward wind turns to
westward wind with increasing height, an accumulation of
charged particles occurs; that is, due to the shear of the
horizontal wind a stratification in the ion density profile is
formed by this redistribution of ions, which is called a
sporadic E (Es) layer. Motions showing such variation of wind
direction with height occur in atmospheric gravity waves. The
processes counteracting the effect of wind-shear and the
survival of the stratification are recombination of the ions,
as well as turbulence. The latter depends on the strength of
the wind-shear.

These processes are included in the basic relations of the
wind-shear theory of midlatitude sporadic E (e.g. Axford et al.
1966). For the determination of the resultant wind-shear, the
vertical shears of both components of the horizontal wind are
needed. Thus, two equations are necessary and they are obtained
from the basic relations written for both ions and electrons
and neglecting the effect of electric fields (Bencze 1989):

A ! '1+Q:2 ]
dZ_T% Ir tAx 1QX d"Snm(chz_ Yosaluy +
' s m

dr
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1 dz2 1 dz2
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In these expressions Uy and Ux are the EW (westward) and
S-N (northward)components of the horizontal wind, respectively.
Qi='Vin/ooi ancd Oe="en/°°e> where Vj_n stands for the ion-
neutral collision frequency and c¢jj_ is the ion gyrofrequency.
Similarly, Ven is the electron-neutral collision frequency and
Gje represents the electron gyrofrequency. X and -Z are the
ratios of the northward and downward components of the
geomagnetic field to the total field intensity B, respectively,
n is the ion (electron) density, no being the background ion
(electron) density (in the absence of wind-shear) and nm the
maximum ion (electron) density in the layer. dCs stands for the
effective recombination coefficient inside the Es layer, c¢CD
being the effective recombination coefficient outside the
stratification. e is the unit charge and «k Boltzmann’s
constant. i and ne are the ion mass and the electron mass,
respectively.

It is to be noted that in these equations the first terms
determine practically the magnitude of the wind-shear. The
remaining terms represent rather a correction being orders of
magnitude smaller than the first terms. The magnitude of the
terms decreases going from left to right on the right side of
the equations.

If the wind-shear components are computed from these
equations and the vertical gradient of the temperature is taken
from atmospheric models, the gradient Richardson number can be
determined by means of Eg. (1). The turbulent diffusion
coefficient can be obtained from Eq. (2).
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COMPUTER PROCEDURE

For the computer procedure the steps of the computation
are given by the above equations. These can be followed in the
flow diagram presented in Fig. 1. First, the quantities
necessary for the determination of the first term are computed.
The total intensity (B) and the dip angle (Y1 = arc sin (Bz/B) =
arc cos (Bx/B)) are determined by calculating the field
components of the geomagnetic field on the basis of a Legendre
model used in IRl ss (FIELG). Then, the ion and the electron
gyrofrequencies, as well as the ion-neutral and the electron-
neutral collision frequencies are calculated using atmospheric
models (CIRA 1972, MSIS-ss). Thus, the ratio of the ion-neutral
collision frequency to the ion gyrofrequency and that of the
ion-electron collision frequency to the electron gyrofrequency
Qe can be computed.

The background electron density is obtained by means of
ionospheric models (IRl 9) using only those parts of the model,
which are necessary for these computations.

In Egs (3) and (4) bls and oco are unknown. As a first
approximation it is assumed that «Cg is equal to of0. The
effective recombination coefficient outside the Es layer oCo is
determined by means of a formula giving & as a function of
the relative percentage density of the main ions o2+, NO+ and
the corresponding dissociative recombination rate coefficients
(Torr et al. 1976, Walls and Dunn 1974).

The maximum electron density in the Es layer is calculated
from the blanketing frequency fbEs of the Es layer read from
ionograms. Then, with the above assumption and using only the
first term in Eq. (3) a zero order approximation of the
vertical shear of the E-W wind component is obtained.

The components of the horizontal wind velocity are also
introduced in the main program. If the data of meteor radar
measurements (D2) are used, then the components are directly
given and the resultant speed is calculated. If the data of
drift measurements carried out by the spaced receiver method
(D) are available, a harmonic analysis is carried out by a
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1. Flow diagram of the computer procedure for the determination of
turbulent parameters
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separate program and the amplitude of the mean (prevailing)
wind, as well as the amplitudes and phases of the diurnal and
semi-diurnal components are determined. In  this case the
amplitude of the wind is computed for the given hour using the
results of the harmonic analysis.

the other terms in Egs (3) and (4) consist of products in
which the parameters (uUx, Uy, dl/dz, d~n/dz”, d”T/dz", g) are
multiplied by coefficients. In the subroutine KORR first the
elements of these coefficients as well as the first and second
derivatives of the temperature are determined. The term with
the second derivative of the electron density is neglected.
Taking the =zero order approximation of the vertical shear of
the E-W wind component, the terms of Eq. (3) are calculated and
a more accurate zero order approximation of the EW wind-shear
is obtained (still with the assumption ds = d0). In the
following step the effective recombination coefficient inside
the Es layer s is computed substituting this approximate
value of the EW wind-shear into Eg. (3) and expressing "~ s
from it. Thus, a first approximation for oTs is found. A more
accurate value of dos can be obtained by repeating the above
procedure several times. Then the first term of Eq. (3) and all
terms of Eg. (4) are determined and the vertical shear of both
the E-W and the S-N wind components are calculated.

Returning to the main program, the potential temperature
and its vertical gradient are computed, where the temperature
and pressure are obtained again by means of atmospheric models.
Thus, the gradient Richardson number and the Brunt-Vaisala
frequency can be determined, too. Finally, the turbulent
parameters, the turbulent intensity, the turbulent dissipation
and the turbulent diffusion coefficient are calculated. The
formulas used for these computations, however, are valid only
for the inertial subrange of the turbulence spectrum (Zimmerman
and Murphy 1977). Thus, it is necessary to determine the
vertical scale of the motion producing the stratification and
to establish whether the computed scale falls into the inertial
subrange. (The limits of the inertial subrange are given at the
larger scales by the outer scale L, at small scales by the
inner scale, which is a multiple of the Kolmogorov microscale
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(Lumley and Panofsky 1964, Hocking 1985)). The former is
achieved by taking the ratio of the vertical wind amplitude w
to the wind-shear.

Monthly averages of these turbulent parameters, but also
that of the gradient Richardson number and the wind-shear
components are determined. For the study of the height of the
turbopause, the molecular diffusion coefficient can also be
computed (U.S. Standard Atmosphere 1976). In Fig. 2 a sample
output is shown where all parameters utilizable in further
investigations are given.

JULIUSRUH JUNE 1982

MONTH LMON3: 6 NUMBER OF DAYS CLDAYJ: 11
GEOGR. COORDINATES CLATI, LONGIJ: 54.60 13.40

ALT DVIK DUz DUZE RI VT w EPS TK
105.  +8740E-01  3.089 2595 *6797E-04 3821  9.057  .1531 357.1
105.  m6728E-01  2.383 .1997 1128E-03  27.02 4.488  .7543E-@1  178.0
110, w2698E-01 4277  .BO08E-01  +3534E-02  26.25  3.481  +5773E-01 140.0
105.  m2792E-01 9791  .B287E-01  .6703E-03  14.76  1.263  .2124E-01 50.08
105.  .1599 5.548 4747 «2095E-04  36.62 8.436  .1423 333.4
105.  m8858E-01  3.065 .2629 *6779E-04  24.33  3.673  mW6l60E-01  146.0
150.  .2139E-01 7369  .6351E-01  .1178E-02 3471 6751  .1132 268.4

Fig. 2. Sample output of the computer program

As regards the input data, in addition to the geographic
latitude and longitude of the place, the altitude (given by the
virtual height of the Es layer h’Es), the time (given by the
time of its measurement), the Es parameter fbEs and the wind
velocity are needed. Furthermore, the 12 month running mean of
the sunspot number and if CIRA 1972 is used, the date and time
in modified Julian days and the fraction of it, the right
ascension and declination of the sun, the point’'s right
ascension and declination, the 10.7 cm solar radio flux for a
time of 1.71 days earlier, the 10.7 cm solar radio flux
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averaged over four solar rotations (centered on the time in
question) and the geomagnetic activity indices Kp for a time
0.279 days earlier, if MSIS.-ss is selected, the 3 month average
of the 10.7 cm solar radio flux, the 10.7 cm solar radio flux
for the previous day and the geomagnetic activity index Ap are
prepared.
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The type-model of the probability densities may be different for dif-
ferent data sets. Certain ranges of the types occur more or less frequently
in the practice, therefore the occurrence frequencies of the different
types can be characterized by their density functions.

As error distribution types of the fa(x) supermodel are predominant in
geosciences, the density function fA(p) is used in the present paper to
define the average efficiency of different statistical algorithms (p =
1/(a-1)). The density function f\ is given numerically, too. The average
efficiency is a global parameter which enables a simple comparison of
statistical procedures. Moreover, the values of the average efficiency show
most clearly the importance of the robustness for the practice (an over-
emphasizing of the insensitivity for outliers, i.e. of the resistance often

veils in many practical papers the real sense of robustness, and thus the
importance of this notion remains unclear, too).

Keywords: efficiency; error distribution types; statistical procedures

Robustness has been treated recently in two monographs
(Huber 1981, Hampel et al. 1986). Hajagos and Steiner (1991a)
proposed a method to express numerically the robustness for
practical purposes. This characterization can be used if a one-
parameter supermodel is applied as basis which contains (at
least as a limit distribution) the Gaussian distribution, too.
In generally conceived geostatistics the supermodel fa(x) (see
e.g. Steiner 1988) can be versatilly used and it fulfills the
mentioned condition, too (the Gaussian distribution is obtained
here at a “m <0); else the Cauchy-distribution (at a = 2), the
geostatistical distribution (at a = 5) and the Jeffreys-distri-
bution (at a = 9) belong to this family, too.
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Akadémiai Kiad6, Budapest
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If instead of a, p = 1/(a-1) is introduced as type param-
eter, then the type distance of two distributions characterized
by the type parameters P] and P (pj < P2) can be expressed by
the product (p2—P1) ' 0.064 (for details see Hajagos and Steiner
1991a). In the following any constant multiple of the type
distance nmay be used without influencing the numerical values,
consequently the difference P2_P1 is considered as type
distance.

The standard form of the density function of the distribu-
tion types in the supermodel fa(x) is expressed with the param-
eter p as follows:

1 |

fg(x) = n(p) (1+x2) 2p 2 (l1a)

where the norming factor n(p) is to be calculated as

n(p) (Ib)

(It would be perhaps disturbing to use instead of a, p in the
index of fa(x) as the character of the supermodel does not
evidently change if on the right hand side p is used instead of
a.)

The minimum asymptotic variance of the estimated values of
the location parameter is (Hajagos 1985 or Eg. (116) in Steiner
1988):

2 1+3p
Amin (p) P 1+p (2)

That means that if a different algorithm — being an optimum one
from the point of view of p —is used for each p, then A . (p)//h
according to Eq. (2) would vyield the variance of the
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estimations of great sets of data, n.

The actual type of the error-distribution is, however,
unknown for practical data sets. Some ranges of the type
parameter occur with higher probability then the others — that
is one hopes that the used method for estimation of the loca-
tion parameter is not much less accurate than the optimum one.
This is expressed by the asymptotic variance A”(p) of the
actually used procedure so that the efficiency

e(p) Amin(p) (3)
Az (p)

should be made as near to 1 (or to 100 percent) as only
possible for the p-s occurring in the given situation.

As A~(p) can be very easily given for some algorithms in
the case of the supermodel fa(x), e(p) itself can be given in
these cases explicitely, too.

For all unimodal distributions which are symmetrical for
the origin, the asymptotic scatter (i.e., the square root of
the asymptotic variance) of the sample median is

Amed 2f (o)

thus by taking Eqs (Ib), (2) and (3) into account the ef-
ficiency is for this estimation:

4nz(p) (1+3p)

emed *p” 1+p )

In the case of the Hodges-Lehmann estimation one has:
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1/Ant =\iVZ m  fa2(x) dx (6)

(Huber 1981) which results by substituting fa(x) in the
expression

1/aht(p) - \JT2 n(gfég)z) (7)

Taking Eg. (2) into account one gets as the formula of the
estimation of the efficiency:

12p-na (p) * (1+3p) (8)

eHL(p) Nz (2/p+2) m(1+p)

For the efficiency of the arithmetic averaging in function of p
one gets the following expression:

r (i-a)ﬂﬁ{ij) if p <05
eE(p) 2 (9)
I 0 if p A0S

The variance is namely 1/ (a-3) for the case a > 3, else it is
infinite (e.g. Egq. (89) in Steiner 1988), and the ,variance"
equals statistically the asymptotic variance of the arithmetic
means.

Practical and theoretical problems are treated in details
by Steiner (1988): by choosing a coefficient k, different
algorithms are obtained for the estimation of the location
parameter. The general formula for the asymptotic variance are
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given there in Eq. (124). Usually k is chosen as k = 1, 2 or 3,
and the standard algorithm of the <calculation of the most
frequent value is that at k = 2. If k = 1 or k = 3 is used, the
most frequent value is denoted by M (or Mg) and My (or Mj); in
the case of the standard algorithm, the notation M (without
index) is used.

The efficiency formulas of the Ms— M- and Mj-computations
are not repeated in this paper, they are only shown graphically
(top curves in Fig. 1 taken from Steiner 1990a). In the type
range presented there which covers types from the Cauchy type
to the Gaussian one, all three curves show high efficiencies.
The e”-(p) curve according the Eq. (9), however, decreases rap-
idly from 100 percent to zero.

Figure 1 gives a basis for the introduction of a qualita-
tive notion of the robustness for users (the mathematical
definition is given by Huber 1981, Hampel et al. 1986 and
Kerékfi 1978, but these definitions do not cover the present
one in all cases). According to Fig. 1 there are significant
differences between the different procedures in the rate of the
decrease of the statistical efficiency when one gets farther
and farther away from the distribution type characterized by
pmax, corresponding to a maximum efficiency emax. If the
decrease of the efficiency is slow, the procedure is called a
robust one.

The robustness has ment a boundary toward traditional
statistical methods ever since the appearance of ,robust
statistics". It is a curious coincidence that the notion
.robust” was introduced one decade before the appearance of the
robust methods by Box for the algorithms being optimum ones for
the Gaussian distribution to indicate that these methods can be
used not only in the case of Gaussian distributions, but in the
case of other distributions, too. In the possession of the
notion .type distance" it is evident, however, that this
statement is only true for distributions lying very near to the
Gaussian one. That is why robustness got later a distinguishing
attribute.

Hajagos and Steiner (1991a) proposed the following proce-
dure to get a numerical measure of the robustness: to fit to
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DISTRIBUTION

Fig. 1. Efficiency curves for different statistical algorithms

the location of the maximum a (second-order fitting) parabola
and to determine from it by

e(P)  CpaxC * (Pmax B’ (10)

the value c¢ <characterizing the more or less quick rate of
decrease (it is the second order term in the Taylor-polynomial
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at the maximum multiplied by (-1)). If this coefficient is
denoted by C for the arithmetical averaging then

R = Clc (11)
is the measure of robustness. The traditional case is
characterized by R = 1. This case is no more considered as
robust, i.e. R has to be much greater than 1 to belong to a

robust method in the present sense of the word.

Figure 2 (from Hajagos and Steiner 1991a) shows the curves
e(p) and ef£ (p) in a magnified form for the range of
distribution types Gaussian-geostatistical. The fitting
parabolas are not drawn as the value 3.7 belonging to Ms can be
easily verified. Figure 3 (also from Hajagos and Steiner 1991a)

Fig. 2. A magnification of the maxima of the efficiency curves indicates
the differences in the flatness of these curves, i.e. in the
robustness
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Fig. 3. The range of the maxima of the efficiency curves of the °C-trimmed
mean and of the Hodges-Lehmann-estimation

shows in the vicinity of the maximum in an even greater
magnification for the Hodges-Lehmann-estimation, further for
the o€ -trimmed mean (for oC = o.1) the efficiencies of the
region around their maxima; the measure of the robustness is
somewhat less, R = 3.3 for the Hodges-Lehmann-estimation, and
even less, R = 2.8 for the d -trimmed mean.

In the cases treated in the previous chapter, emax has
been exactly 100 percent or less by a few tenth percents. In
such cases the measure of the robustness, R, can be considered
in a certain sense directly as a measure for the qualification
of the statistical method (in the vicinity of the distribution
type pmax).
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If emax lies far away from 100 percent, the R-s computed
from Egs (10) and (11) are not applicable to qualify the
method. Let wus consider e.g. the efficiency of the median
determination, as presented in Fig. 4 with abscissae differing
significantly from the previous one. The R-values would be much
greater than previously (in accordance with Hampel (1986) who
gualified the median as a ,most robust" method), but such a
high degree of robustness is accompanied by a maximum
efficiency of less than 84 percent. Thus the value R cannot be
accepted as a unique qualifying measure in the case if emax
significantly differs from 100 percent. We have to continue the

Fig. 4. Efficiency curve of the sample median
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search for a global measure of robustness which enables a
simple comparison of statistical methods.

The efficiency is of crucial importance in the qualifica-
tion of statistical methods, but a single value e(p) refers to
a single type of distribution characterized by (p) (which
rigorously has a mathematical probability of occurrence zero)
and a range of types has only a finite probability of occur-
rence. Even if the same wide intervals are taken into account
around different values of p, the probabilities of occurrence
are different for them, thus the occurrence probability of the
types should be also characterized by their density functions.

For the determination of a density function fA(p) the
necessary quantity of type determinations may not be available
even in geosciences (index t refers to the density function of
types of distributions). Nevertheless, Steiner (1990b) has
shown that the available data and the requirement of simplicity
are fulfilled by the following density function

ft(p) = 16pe_4p . (12)

Let us give some facts which motivate the selection of Eqg.
(12) as density function as long as no more information is
available about distribution types.

Both a derivation or Fig. 5 show that the maximum of f-t-(p)
is at p = 0.25. Dutter (1987, p. 22) has presented the density
function of a mother distribution considered as typical in geo-
statistics. This is a density function fa(p) with the parameter
a = 5. Newcomb's (1886) classical astronomical density function
is very near to a density function with the parameter a = 5.3
(Fig. 38 in Steiner 1988). A similar value of a characterizes
the error distribution presented by Romanowski (1964) resulting
from automatic angle measurements in a laboratory - these data
show that such a type of distribution may have an eminent role
outside of geosciences, too. A much smaller, but not negligible
(five times less) density of probability is attributed to the
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Fig. 5. Density function f~(p) of the occurrence of error distribution types

Cauchy-distribution by Eg. (12); the occurrence of this
distribution is not negligible in geosciences as shown by Landy
and Lantos (1982) by a practical example and by Steiner (1982)
indirectly, from the analysis of a data system. The density
function f.].(p) allows in a rate of about 9 percent
distributions with p > 1. (Such distributions may occur seldom
in practice, but in the difficult case of the detection of
.Symmetrical and near outliers" the application of such a type
could be actual, and therefore it would be a mistake to neglect
such distributions; some meteorological data sets may have such
a character, too.) The occurrence frequency of 9 percent of
these types p > 1 is much less than the probability of the
types 0 < p < 0.5: the latter have an occurrence probability of
about 60 percent.

The probability density of the Gaussian distribution is
according to Eq. (12) zero. Steiner (1988) summarized in a
table some statements about the occurrence of this type.
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Jeffreys wrote that experiments carried out in most carefully
controlled conditions result in distributions characterized by

6 < a <10 (0.11 < p < 0.20). This interval is called
Jeffreys' interval” (within it, the type a = 9 is called
Jeffreys' distribution). lhe f-t(p) curve in Fig. 5 shows that

the Jeffreys-interval is characterized by a great average f~(p)
value being about 90 percent of the maximum. X”*-tests carried
out for the distribution types of this interval having high
occurrence frequency show in a significant percentage of the
cases that the ,zero hypothesis according to which the
distribution is a Gaussian one, can be accepted" (Hajagos
1988). this misleading result corresponding to the usual levels
of the X~*-test, however, cannot yet be accepted.

As geosciences do not yield Gaussian distributions
(seeming exceptions can be produced by incorrect tests), some
examples from classical statistical textbooks should be
investigated. Our investigations in this respect led to similar
results, thus we refer here only to Hajagos and Steiner (1991c)
where two basic examples of Kendall and Stuart (1958) have been
investigated and the result was in the first case a
distribution with a = 10, in the second a distribution with
about 50 (a = 47). Thus the classical examples in textbooks are
perhaps nearer to the Gaussian distribution than Jeffreys'’
interval, but they are no Gaussian ones. The density function
fa(X) for a = 50 is of course very near to the Gaussian
distribution (the type distance is only o.02) a comparison of
the density functions lying near to each other is given in Fig.
6 . Hajagos and Steiner (1991c) have shown that such near types
of distributions can be distinguished only on the basis of data
sets consisting of n = 3¢0.6/0.02" = 8100 data and this dis-
tribution being so near to the Gaussian one is characterized by
the density function f~.(p) with the same probability density of
occurrence, i.e. 20 percent of the maximum, as the Cauchy-dis-
tribution. The distribution at a = 10 has a density of 76 per-
cent of the maximum. We conclude therefore that the occurrence
of distributions near to the Gaussian one is described by the
density function f-fXp) (Eq. 12) that no objections can be made
based on our present knowledge against it (if only that the
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Fig. s. Density function of the standard Gaussian distribution (curve) and
the values of the density function of the fa(x) distribution for
a = 50 with the same scatter (circles). The latter has according to
f-.(p) in Fig. 5 a significant probability; the two near types can
be only distinguished on the basis of a sample of about 8000
elements

probability of the occurrence of the type set characterized by
p <o.2 is too high, since this probability is almost exactly
1/5, or that the probability of somewhat more than 0.1 is too
high which belongs to distributions qualified according to
Csernydk (1991) as sterile ones if the density function of Eqg.
(12) is applied) .

Having in mind the previous chapters, it is easy to find a
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global measure for the comparison of statistical algorithms: if
the function e(p) gives the efficiency of a method, then the
average efficiency defined as

y OO

e e(p) ft(p) dp (13)

is such a measure as in it the efficiencies, e(p), are
multiplied with the corresponding probability of occurrence
f-j-(p) of the error distribution functions characterized by the
type parameter p, i.e. the averaging of the efficiencies is
made using them as weights. (Equation (13) can be easily
generalized for type-sets with more parameters, or even for
those defined more generally, where a measure of probability is
defined; this generalization is not dealt with here.)

The curves in Fig. 7 represent the integrands of Eq. (13)
for different algorithms of the determination of the location

Fig. 7. The curves of the integrands in the formula of the average effi-
ciency & (Eq. 13) for different statistical methods
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parameter. The results of the calculation of the average
efficiency are given in Table I.

Table |
Name of the statistical Notation Average efficiency e
method percent
Calculation of the
arithmetic mean E 36
Determination of the
sample median med 80
Hodges-Lehman estimation HL 85
Most frequent value k=3 m3 90
" " " k=1 94
” » " (stalt(n_dard) M 96
=2

It is interesting to compare different degrees of robust-
ness for methods were emax is nearly or exactly 100 percent by
the values of the average efficiency. The maximum efficiencies
of the HL-estimation and of the Mj-calculation are nearly at
the same location pmax (see the corresponding curves in Figs 2
and 3) but due to the higher robustness of M (R = 3.7), the
average efficiency of this estimation is significantly higher
(eM = 90 percent) than that of the Hodges-Lehmann-estimation
where the robustness is somewhat less, R = 3.3, but the average
efficiency is only slightly over 85 percent.

The table suggests that the maximum average efficiency of
the standard method of the determination of the most frequent
value is connected to the fact that its maximum lies at the
same place as the maximum occurrence frequency of the types,
characterized by the density function f*-(p). This fact is
partly self-evident (as it is clear that the standard method
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should be defined so that its maximum be there where that of
f-j-(p) is), partly it does not show the whole background of the
situation. This becomes evident if the average efficiency of an
algorithm having a location of pmax far from p = 0.25, namely
that belonging to the M-|-calculation, & = 94 percent is
compared with the average efficiency 36 percent of the E-calcu-
lation. In latter case the maximum locations of e”(p) and of
f-t-(p) are in vane near to each other: in a distance of 0.25. In
other words: the distance between the maximum locations of
B[r(p) and f-t(p) is three times less than the distance between
eM (p) (pmax = O ancl e[:(p), the decisive factor in the dif-
ference of the average efficiencies (36 and 94 percent,
respectively) is the consequence of the difference in the
robustness; let us remember, the E-calculation was only charac-
terized by R = 1.

The basic importance of a sufficiently large robustness
appears for the practice in the high average efficiencies. It
should be considered that this measure could be (also) used as
a measure of the robustness itself. The integral in Eq. (13)
takes namely the whole efficiency e(p) into consideration while
R has a point-like character (nevertheless the point-like
information can be used in a rather wide range of types, as
e.g. a comparison of the efficiency curves of Fig. 3 shows with
Fig. 58 by Steiner (1988), where the curves eH|_(p) and e(p) can
be compared in a four times wider range). On the other hand
while R (or any other parameter which indicates exclusively the
flatness of the e(p)-curve) is a practically useless measure of
the robustness due to the rather low value of emax, the average
efficiency & takes this property into account, it influences in
a negative sense the determination of the robustness (let us
remind to the fact that emeq = 80 percent in spite of a high R
due to the flatness of the efficiency curve). That means that
we propose the use of the average efficiency also as measure of
the robustness in a wide range of types; the average efficiency
should, however, used primarily as a general parameter charac-
terizing the usefulness of statistical algorithms.
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The inversion means mathematically a search for model parameters which
yield computed values, the deviations of which from the measured ones are
characterized by a minimum norm. For a long time exclusively the L2-norm of
the deviations has been used (due to computational advantages); from the
generalized Lp-norms the application of the Li-norm is only spreading
nowadays moreH and more. (This norm is optimum at the Laplace distribution
of errors, contrary to the Lo-norm which yields optimum at the Gaussian
distribution.)

The present paper suggests the use of the Pi-norm in three different
realizations as a variant of the recently defined Pp-, P- and Pj-norms with
greater resistance. The P"-norm belonging to k =VT is most advantageously
used in the neighbourhood of the Cauchy-distribution, the P-norm belonging
to k = 2\[b in the neighbourhood of the geostatistical distribution, and
the P~-norm belonging to «k = 3\/T is optimum in the vicinity of the
Jeffreys distribution. The comparisons are promoted by tables and figures
(e.g. curves of the efficiencies).

Keywords: inversion; most frequent value; norm; statistical
efficiency; type of the error distribution

1. MOST IMPORTANT NOTIONS AND FACTS IN CONNECIION WITH THE
MK -ESTIMATION

For the sake of easier understanding of the new proposals
and statements in this paper, let us first give a short outline
of the statistical estimation method called ,M”"-estimation".

If the value of T for which holds:

f f(xi-T)-xi

f(xi'T)

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiado, Budapest
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is determined on the basis of a sample x|, X2, ... x*, ... Xxn
with the help of the function f (m) which is symmetrical to the
origin and has only one maximum then this value characterizes
the location of the gathering of the data, i.e. it is - in the
most general sense of the word - the most frequent value; this
fact was shown in details by Steiner (1988a). (The determina-
tion of T is made most advantageously by iterations.) If one
has a sufficiently large number of data to characterize the
distribution of the data x by their probability density
function f(x), then Eg. (1) is substituted by the equation

xef (X-T) o f (x)dx
T = (2)
mf(x-T) mf (x)dx

which can also be read as a prescription for iteration.

The analytical form of the weight function f naturally
defines the process for the definition of T, i.e. that of the
estimation of the location parameter, but within this process
the width of the interval around the origin has eminent
importance where the function has values differring
significantly from zero. This interval should be fitted to the
,most dense" interval of the data set xi, ... xn whatis most
easily realized by determiningthe dihesion of the dataset, £ :

(xi-T)2

|
1 [£2+(xr T)2]2
.2 |H_1 (3)

| fe2a i T3P

where Eg. (3) can be again considered as a prescription for an
iteration (see Eq. 28 in Steiner 1988b), and the product of
this dihesion with a number k is used as scale parameter in the
weight function ‘f(m. If the density function f(x) is given,
then Eq. (3) is substituted by
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(x-T)’ f(x)dx
2 - [s2+(x-T )r F (4)
f ( X)dx
[E2+(x-T)2]2
If a function f is to be used for which the necessary
number of operations is a minimum, then the weight function
f(x-T) r (5)

(KE)2+(x-T)2

should be applied. Using this function f in Eg. (1), the final
result T of the double iterations according to Egs (1) and (3)
is called in a more restricted, but correctly defined sense as
the most frequent value. This fact is emphasized by denoting
this value by M instead of T in the standard case when k = 2,
else the notation is used.

The density function f(x) of the probability distribution

from which the sample is taken, determines the most
advantageous value k. Error distributions occurring in realty
can be well modelled by means of the so-called ,supermodel
fa(x)":

fg(X) = n(a) m(l+x2)~al 2 (a > 1) (6)

(the norming factor n(a) is computed as

n(a) (6a)

Equation (6) gives the density functions fa(x) in a standard
form i.e. the location parameter T is substituted by 0 and the
scale parameter S by the unity. The general form of the density
function is obtained, as usual, by substituting x by (x-t)/S
and by dividing the expression by S.

Some important special cases (characterized by different
values of the type determining parameter a) are given in Table
I .
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Table |

value of the type name of the random density function in
parameter a distribution-type the standard case

2 Cauchy 1 1

JL 1+x2

5 geostatistical 2 1
(1+x2)2-\/1 +x2

9 35 1

Jeffreys 2

(1+x2)4-\/1+x2

If the type parameter a is increased above all bounds
under the condition S =\/a-3 then one obtains the density
function of the standard Gaussian distribution:

f G(x) (7)

Using the notation

" (KE (k& )2 f(X) dx (8)
(KE )2+(x-T)2

the asymptotic scatter of the estimation of the most frequent
value T = Mk can be written for symmetrical distributions as
(Hajagos 1985) :

VS (KE) - S2(KE)

A(MK) 252(kE) - S1(KE) ()

- . . 2 .
As the minimum asymptotic variance Amn the so-called (Cramér-
Rao-bound) of the determination of the location parameter for



the family fa(x) is:

a+2

arnan a(a-1) (10)

(Hajagos 1985), the efficiencies are easily computed for any
f(x) = fa(x) and k by means of:

e(Mk) = L, . (11)
a(a-1)AzZ (Mk)

Based on the supermodel fa(x), so the question can be
answered now for which type of distribution has the statistical
algorithm determining the most frequent value MK a maximum
efficiency at a given value of k. One gets

at k=1, for the Cauchy,
at K=2, for the geostatistical, (12)
at K=3, for the Jeffreys

distribution maximum efficiency, i.e. 100 percent (e.g. Steiner
1990a). Distribution types which differ significantly from that
of maximum efficiency have naturally rather lower efficiencies,
but the decrease is slower than that of the arithmetic mean
described by

e(E) . A i P i 03)

if one gets further and further away from the Gaussian
distribution. (The type distance is with close approximation
proportional to the differences of the values p = 1/ (a-—1) for
pairs of elements of the supermodel fa(x) as shown by Hajagos
and Steiner 1991a.) This robust character enables to use only
the values «k =1, 2 and 3 (with the exception of very special
cases). In order to identify the corresponding distribution
types, M and Mj will be substituted (in the index) by Mg, and
Mj, respectively. In  the case of the standard value k = 2 no
index is used (in this particular case the geostatistical
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distribution has the highest, 100 percent efficiency for the
computation of the most frequent value). As the occurrence
probabilities of the distributions in geosciences are modelled
by the density function

f(p) = 16pe (14)
(where similarly p = 1/(a-1), Steiner 1990b) the average
efficiency (expressing also the robustness) is defined by
/oo
e = Jf(p)e(p)dp . (15)
0
Having a value of e = 96 percent in the case =M really the

value Kk = 2 should be wused in the cases when one has no
information about the type of distribution. The function e(p)
in Eq. (15) is naturally the efficiency e(Mk) in Eq. (11)
obtained by the values a = 1+1/p and by AiM%) according to Eq.
(9) where s~(kf ) (computed according to Eq. (8) are obtained
with f(x) = fa(x)).

In the <case of the family fa(x), the scale parameter
S = k£ can also be obtained directly according to the
iteration prescription

S1(S)
S2 (atl) 2 gy(s) (16)

thus values of a = 2; 5 and 9 are to be used in Eq. (16) in
turn for the computation of Mg, M and Mj. If f(x) is no element
of the supermodel fg(x), the statistical procedure using Eq.
(16) is theoretically not identical with that which uses the
dihesion multiplied by Kk, in  the practice, however, both
procedures mean the same thing. Consequently, they should be
considered as two variants of a statistical method resulting
with good approximation in the same results.
The expression

\% (kE )2 (17)

Me* " A, (KE )2+(xr T)2
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is the effective number of data (points), as if is very far
from T with respect of (kf ), then fractions with the practical
value zero belong only to in the sum of Eq. (17); and if x"
is close to T, then the value belonging to x* has a value of
nearly 1. Thus neff is always less than n: Eq. (17) eliminates
the values which do not play a significant role in Eq. (1) due
to their low weights, therefore it is correct to consider the
sum in Eq. (17) as the effective number of data.

2. CONSIDERATIONS ABOUT THE M7-ESTIMATION

The number of the operations increases only by just one if
in the computation of the values in the weight function, the
square of the expression in Eq. (5) is considered as weight:

f*(x-T) 1 (18)

[(k*E )2+(x-T)2] 2

If this weight function appears in Eq. (1) instead of f (°),
then the location parameter T is estimated by M* (Steiner
1988b, Appendix 11); more exactly that means that in such a
case that value is estimated by the iteration prescribed in Eq.
(1) which is unambiguously attributed by Eg. (2) to a given
f(x), and in this case T is substituted in Eq. (2) by M, too.
As Eqg. (18) is an unimodal, symmetric weight function, too, M*
is also a location parameter of a most frequent value-
character. If the coefficients of £ in Egs (5) and (18) are to
be distinguished, then the factor in Eq. (18) will be denoted
by k*.

The most advantageous value of k is determined again by
the supermodel fa(x). The decision is made on the basis of the
maximum efficiency of the possible distribution types, as Eq.
(134) in Steiner (1988b) can be rewritten as

\/s3(kE )-S4(kE )

almE)  y£  4S3(KE ) - 3S2(KE)

(19)

and the efficiency is obtained simply from the formula
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a+2 (20)
a(a-1) « A2(M*)
being analogous with Eq. (11).
Let us try at first k* = 1; the curve of the efficiency
VS. a isshown in Fig. 1. The maximum efficiency lies at
a = 1.1, this type of distribution is characterized (according
to Eq. 6) by heavy flanks and by a strong peak in the centre.
Thus this distribution can only be used for modelling real
distributions in exceptional cases. If regional parts of a
Bouguer mep are approximated by a simple analytical formula,
then the deviations of the Bouguer anomalies from this

efficiency (%)

1004

90-

80
a

Fig. 1. If k* has a small value, the maximum place of the efficiency curve
lies far from the range of the often occurring type of distribu-
tions beginning at about a = 2 (the meaning of the type parameter a
is given by Eg. 6)
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approximative function can be in the range of the local effects
by one order of magnitude greater than the deviations for the
pure regional parts of the map, and a distribution with a
strong central peak and with heavy flanks is expected for the
whole map. It is thus not surprising that Zilahi-Sebes (1987)
reported best results exactly with k* = 1 for such a problem.

Let us return to the general statistical problem:to find
k*-values which can be used in the most cases.

In order to use the results in the theory of the M-

estimations, let us compare the dihesion factors which are
optimum ones for an fa(x) belonging to a value of a in the case
of M+ and of M”"-estimations. (These k*- and k-values,
respectively, can be obtained as maximum place of the

efficiency curve, if the efficiencies are computed for a value
of a vs. the corresponding coefficient, or by a special method
Steiner 1988a.)

Figure 2 represents the curve of the quotient of these

Fig. 2. The optimum value of k in Eg. (5) and of k* in Eg. (18) can be
determined for the distribution types having the type parameter a.
The ratio k*/k is around \T5 for the practically occurring types of
distributions
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factors, i.e. the values k*/k vs. a. The quotient k*/k is quite
well averaged by the value \[T over the whole range, but it is
even more important that in the interval of the most usually
occurring a-s (thick line) - and even in the Jeffreys-interval,
too - \f} is agood approximation of the values of the quotient
k*/k (at a =2this value is only by 10 percent lower, while at
a = 5by 3 percent, at a = 6 by 6 percent, and at a = 10 by it
is 10 percent higher).
These considerations show that the value

K* = kKvT (21)

characterizes the connection between the factors k and k* being
optimum ones for a given value of a. This can be expressed also
with the corresponding scale parameters (the latter ones being
the products of the dihesion with the corresponding factors):

St = SVT . (22)

Be S = 1(what can be reached in each case by selecting a
suitable unit for x) and for sake of simplicity the value of I
be 0. Ihe corresponding weight functions f (. ) and (Eqs
5 and 18) are (taking into account Eg. 22) simply:

() = —U- and  fr(x) =-—l— . (23)

As any weight function multiplied by a constant yields the same
estimation of the location parameter T according to Eq. (1),
the visual comparison should be promoted by taking 9-times the
value f *(x) obtained from Eqg. (23). Both weight functions have
so a maximum with the value 1. Figure 3 shows the weight
functions; the small differences between the two curves suggest
that and M do not differ significantly. Since the values of
¥3*(x) are however in the case of great x-values significantly
less than those of the .weight function ~>(x), the estimation M*
is a method for the determination of the most frequent value
which is much less sensitive for outliers (Appendix Il in
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Fig. 3. There are no big differences between the corresponding weight
functions f and f*; it is, however, clear that the weight
function f* defines a much more resistant statistical procedure
than weight function f does (see the sections of the curves at
high x-values)

Steiner 1988b gives a more exact proof of this statement by IC-
functions). This fact shows the importance of not only the M*-
estimation, but of the introduction of the P*-norm, too as a
generalization (see in the next chapter).

It has been mentioned that (with the exception of very
special cases) it is sufficient to treat the cases k = 1, 2 and
3 Consequently, in the case of the M*-estimations - according
to Eg. (21) - it is sufficient to introduce the values «k* =-\/3,
2-i3~, 3V3~ and it is expected that the maximum efficiency is
obtained near to the distribution types

k* =\fj Cauchy,
k* = 2V3 geostatistical, | (24)
k¥ = 3\/T Jeffreys

and this is expressed by the notations M at k* =\/T, and M* at
k* = 3-VT analogously to the M-estimations. The standard
character of the case k* = 2\/3" is emphasized by writing simply



164 B HA3AGOS and F STEINER

M*, i.e. simply without index.

The curves of the efficiencies determined for the
supermodel fa(x) from Eg. (20) (and naturally from Eq. 19) for
the three coefficients in Eq. (24) are presented on Fig. 4.
(Here «k is used instead of k* because here no distinction is

made between and M*-estimations, and further - according to
the next chapter - P* is used with the corresponding index
instead of M*, as these curves of efficiencies are very

instructive not only for the calculation of a single T-value,
but also for that of several unknowns.) In the case k =\fb the
location of the maximum, amax is by only about 0.2 less than
the value a = 2 characterizing the Cauchy-distribution, and the
maximum efficiency is more than 97.57 percent. It should be
remarked about this value that an efficiency of exactly

efficiency

Fig. 4. The efficiency vs. type of distribution for the three values of the
factor k defining completely P* (k = 2-\/3 is considered as standard
case)
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100 percent must not be expected for the M*-estimation and for
the elements of the family fa(x), as the M*-estimate is for no

K value a maximum likelihood estimate of an fa(x)-type
distribution. The good approximation of the 100 percent
efficiency in the standard case «k = 2-\fb is shown in the

enlarged Fig. 5: the maximum efficiency is 99.7 percent giving
a further proof of the affinity of the Mi- and M*-estimations.

(The value amax = 4.95 is for all practical applications
identical with the value a =5, characterizing the geo-
statistical distribution, thus confirming the central line of
Eq. (24).) The curve P* in Fig. 4 (k = 3-V3~) has a maximum at
a = 10.9, i.e. in a distance from the Oeffreys-distribution
which is - expressed in type distance - negligible. The maximum
is only by 0.03 percent less than 100 percent. It is

characteristic for the robustness that the optimum statistical

efficiency (%)

Fig. 5. Central zone of the efficiency curve belonging to P* (magnification
of a part of Fig. 4)
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algorithm for distributions similar to the Jeffreys-
distribution has an efficiency of about 75 percent for the
Cauchy-distribution ; the optimum for the Cauchy-distribution M
(k =\i3) has again an efficiency of 78.6 percent at
distributions similar to the Jeffreys one (the efficiency is
68.6 percent at the sterile Gaussian distribution, at the geo-
statistical distribution it is 85.2 percent).

The robust character of the standard case (k = 2\/3~) can
be characterized by similar values: the efficiency is more than
90 percent in the complete Gauss-Cauchy-interval, and 98.3
percent at the Jeffreys-distribution (at the Gaussian one, 92.2
percent); at a = 3, where the averaging has an asymptotically
zero efficiency it is 97.3 percent, etc. but the robust
character can be also characterized in this case by a single
numerical value, namely by the average efficiency e (Eq. 15)
similarly to the characterization of the standard case M (i.e.,
Mk for k = 2). lhe results shows that the average efficiency is
for the standard M*-estimation 96 percent, i.e. just the same
value as for the standard variant of the original most frequent
value calculation.

3. DEFINITION OF THE P*NORMS - COMPARISON WTH THE Pk-NORMS

Both in solid Earth geophysics and in exploration
geophysics responses to open problems are mostly given by model
parameters which yield computed values best fitting to the
measured ones. These model parameters which are accepted as
most likely ones are obtained by the so-called inverse methods
(recently surveyed by Tarantola 1987).

In case of inverse methods it is evident that the degree
of approximation of the measured data system by the actually
calculated values is judged on the basis of an arbitrarily
chosen norm - at least it seems to be so for a first glance.
Steiner (1990a and 1990b) gave the general Lp-norm of the
deviations for n measurement data x* - in accordance with
Tarantola (1987) - in the following form:
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n J/p
Lp-norm: i-i Ixi - T(n;yi) |Pj (25)

where the calculated values are obtained to the practically
accurately (errorfree) known y" vectors by an analytically a
priori  known function T to the given model parameter values
m=m0, m, m, ... m, ... nmO0. The deviations of the measured

data from these calculated ones are denoted by capital
letters , i.e.:

xi = xi - T(ii;yi) . (26)

By means of Eq. (26) the Lp-norm is simply:

Lp: 1 IXilP (27)

where the two best known cases belong to p = 1and to p = 2:

n
i 28
" A2, xil (28)
i=1
and
\r 2
L2: Xi e (29)
I K

The norms judge the deviations in respect of their totality as
big or small, and if some kind of norm has been chosen, then
the result of the inversion is the parameter-vector, for which
the chosen norm of the deviations has a minimum.

The by far most usual method in inversion is the
minimizing of the Lz2-norm, i.e. the method of the least
squares. The gist and at the same time the limitation and
dangers of this choice are illustrated by quotations from
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Tarantola (1987): .Least squares are so popular for solving
inverse problems because they lead to the easiest computations.
Their ... drawback is ... their strong sensitivity to a small
number of large errors (outliers) in a data set" (p. 187),
"... least-squares theory is justified only when data
uncertainties can be described using Gaussian statistics™
(p. 410). By choosing the presently much less usual L”-norm for
minimization one obtains a resistant (unsensitive for a small
number of outliers) inversion method which is an optimum in the
case of Laplace error distributions. In the most simple case,
if T = const., the minimum of the L-j-norm is at the sample
median, and that of the Lz-norm is at the arithmetic mean of

the sample elements.

| f the Pb-norm is introduced with the following
definition :
2n
n ! \% \ 2 1
< 1+ - > (30)
n ’
i =1
where £ is the dihesion of the deviations X*, i.e. the
equation
|_ ( £2+X2)2
1=1 £ (3n
\Y 1
2, (c2.p

is fulfilled (compare Eq. 3), then in the simplest T = const,
case the minimum of the P”-norm vs. T (under the condition Eq.
31) is to be found exactly as the determination of the most
frequent value is made.
This fact is proven as follows:

1 . the expression is multiplied by Kk,
2. (k£) is included into the product by multiplying each factor

by (k£)2,
3. the (2n)-th power of the expression is calculated,

the expression is logarithmed.



THE P*NORM 169

The expression
Y[in(K£)2+X?] (32)
i=1

obtained so has obviously its minimum at the same place where
the P”-norm has (see Eg. 30), as in the transformations no
steps occur which would influence the minimum place: Equation
(32) is therefore from the point of view of the location of the
minimum equivalent with the P”-norm given by Eq. (30). So far

was used in a most general sense according to Eq. (26). By

using now
i =xi " T
as supposed originally, when the statement about has been
considered - the minimum after T of Eg. (32) follows from the

zero value of the derivate after T of

foin [(KE )2 + (X:-T)2] (33)
i =1

i.e. from the equation:

L .7 i 7O 34)

which is after some rearrangement
n X

X (KkE )2 + (xi-T)i
T = cmeeeeeemeemeeeeees (35)

LokEHT it
And this is in fact Eq. (1) defining the most frequent value
with the weight function of Eq. (5).

An expression can also be easily given which leads in the
case T = const. similarly (i.e., determining of the minimum
place) to Eq. (1) with the weight function of Eg. (18), i.e. to

the M*-estimation:
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2 £ (kK /3+1) 4
i1 (KE )2+X2

(36)

The constant of the just introduced P*-norm seems at first
to be superfluously complicated but not only the minimum place
has significance (yielding the solution of the inverse
problem), but their minimum value too, which is considered as
an error characteristics.

Hajagos and Steiner (1991b) show in detail how the values
of the minimum of Eq. (36) characterize the uncertainty in the
system of the deviations.

The sum in Eq. (36) can be written as

n
(KE )’ a7
i>:§ (k E J T+X| 37

i.e. (by taking Eg. 17 also into acount) as
n - neff . (37a)

That means that by minimizing the P*-norm, the effective data
number according to Eg. (17) is maximized. If now T = const,
then the maximum place of the expression

neff _ T 1

(38)
(KE)2 X (KE )2 + (xr T)2

could also be looked for instead of the minimum place of the
P*-norm ; here the derivate of the sum is zero:
4 X.- |
| ) (39)
(KR )2 + {xr T)2J"

after rearrangement one gets:
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(40)

and this is Eg. (1) written with the weight function of Eq.
(18) yielding really T = M*.
The proposed values k = 1, 2 and 3 for the most frequent

values correspond to M and Mj, it is therefore
advantageous to use the same indices for the P”-norm for these
k-values, i.e. Pg, P and Pj, referring to the case Kk = 2 as to
the standard one (where no index is written) and to the
preference of the Cauchy- and Jeffreys-distributions at k = 1,
and at K = 3, respectively. Similarly, the P*  norm

corresponding to k = 2-\fb (considered again as a standard one)
is denoted simply by P* and those preferring the Cauchy- and
Jeffreys-distributions at «k =\fb and « = 3-/3" by P* and P*,
respectively. It is advisable to summarize these in a table
(Table 11) where the integral forms of the norms are also
given, being valid if not only a sample with n elements is
known from X, but its density function, f(X), too. (E-s are the
dihesions of the deviations X*» which fulfil Eq. 31.) In the
case of T = const the relative efficiency of the standard cases
was 96 percent both for P* and for the P-norm (see in the Table
Il the central column referring to the standard case). If one
has no preliminary information about the type of the
distribution, the actual decrease of the efficiency s
generally very slight using the P- or the P*-norm.

The scale parameter S = kE can be directly obtained for a
distribution fg(x) with a known a immediately from Eq. (16).
Alternatively the sum-equivalent of Eq. (16),

S2 = (a+l) (41)

can be considered as a prescription for iteration, namely using
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for pc and for BC:K a=2
for p and for p*, a =
for PGK and for PX a =9

(to obtain as results S2 = E2, S2 = (2£ )2, and S2 = (3£ )2,
respectively). This expressions will appear in f directly, in
f*  multiplied by 3. (This solution has been mentioned at the
end of Chapter 1, as a variant of the computation of the most

frequent value.) In  such a case the P-norms are used in the
forms
1
211
const. O ¢(X"S)2] and const. ~ InCI+(X/S)2llf(X)dx (42)
i=1

respectively, for the search of the minimum place, the P*-norms
in the form
n Xz 00 2
const. \ — and const. — —» f(X)dx (43)
i=l 3S +xi A
respectively.

A comparison of P*-norms for given data sets is most
simple with the corresponding P”-norms from the point of view
of the solution of the inverse problem if we consider the sum-
equivalents of the latters given in Egs (32) and (33). An
excellent feature of the P*-norm is that an outlier be at any
great distance, the term corresponding to the actual X* tends
to a finite value, namely to unity, while the corresponding
term in Eq. (33) increases with the increase of the distance
above all limits without Ilimits, too - the increase is,
however, slower and slower (as follows from the character of
the logarithmic function). (This fact explains the mentioned
higher resistance of the M*-estimation in comparison with the
M~M-estimation.) The “increase without Ilimits" in connection
with the P~-norm results for given deviation values by far
smaller additive terms in the case of far away outliers than in
the case of the L”-norm with linear increase (see Eq. 28) not
mentioning the sum in the Lz-norm (Eq. 29), where the additive
terms increase parabolically, in an even increasing rate for
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outliers in greater and greater distances, i.e., a single value
gets a more and more deterministic role in the sum of the 12-
norm what results in the mentioned harmful sensitivity of the
r2-norm for outliers.

From the point of view of resistance and robustness the
P~- and P*-norms differ significantly from the |2-norm. What
the often mentioned computational advantages of the |2-norm
concerns, however - they are valid in an important point of
view as far in the minimization of the P*- and P*-norms, as in
that of the L”-norm in the most frequent by occurring practical
applications.

This practical case is when the function T(m;y) is in the
parameters linear, i.e.

T(m;y) = T0+m] « T{(y)+...+mj . Tj(y)+...mjO . TjoO(y) (44)

when Tj-s are arbitrary, but a priori known functions. In such
a case the derivation of the |l2-norm yields after all unknown
mj-s a simple linear algebraic system of equations, the
derivation of the Pu- and Pi-norms a system of equations which
is also linear but weighted with

(45)
and

(46)
respectively. The weights depend through on the parameter
vector in - and therefore the system of equations can be only

solved iteratively (a detailed description and explanation is
given by Steiner (19B8b at pp. 167 and 174-175) about the Pg-
norm and about a given function T(m,y); about the P”-norm see
Steiner 1988d). It is evident that even an iterative solution
of an algebraic system of equations is much simpler than the
search for the minimum place in the case of many variables. The
L-j-norm does not possess this common peculiarity of the L2-5
pA- and P*-norms. On the other hand any norm, even the |2-norm



leads to a many-variable general minimum problem if T(m;y) does
not possess the form given in Eq. (44), or it cannot be brought
to such a form, respectively. In other words, the computational
advantages of the I2-, P~ and P*-norms are nearly the same,
the iteration in the Pu- and P*-norms is in each step the same
as a weighted least squares computation; the weights come in
the case of the P”-norm from Eq. (45), in the case of the P*-
norm from Eq. (46).

4. THE PERMISSIBLE RATIO OF OUTLIERS IN COMPUTATIONS ACCORDING
TO THE P- AND P*-NORMS

The point of view of resistance has been mentioned already
several times. It is justified question now that wusing
different «k-s and corresponding a-s - what amount of outliers
is permissible in the measured data set without any influence
of the final result. The answer is given for two important
cases - and the results will help us in the general
orientation, too.

4.1 The case of arbitrarily dispersed outliers

In one of the possible cases outliers are dispersed in all

possible positions without concentrating in a density
comparable to the <concentration (around T) of the regularly
appearing data (i.e., of the data without blunders). This case

is dealt with in  many details by Steiner (1988a) with the
result that in the case of the variant using Eq. (41) the
maximum quantity of permissible outliers is to be computed from

1 -meemeeemeee- (a+l1)2 (47)
(a+1)" + 4(a+2)

meaning that in the <case of a-—»1, their proportion may
approximate even 75 percent. More interesting for the present
study are the cases a = 2; 5 and 9:
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the case of R and HE max . 16/25 = 64 percent,
* max. 7/16 43.75 percent

® [in the case of p; and |'°3>JK max . 44/144 = 30.56 percent

c
.2 roJin the case of P and

©

arbitrarily dispersed outliers are permitted. There are no
differences from the point of view of the permissible outliers
betwen and P*, as according to Steiner (1988a) this maximum
depends only on the value of a used in the determination of the
scale parameter according to Eg. (41). As in the determinations
of the dihesion a = 2, in all the norms P*» and P* with k = 1; 2
and 3 and with k* =V3~ 2Vv3_and 3V3~ respectively, the maximum
ratio of permissible outliers is in all these cases 64 percent.
That means that using the k-variant of the P and P*-norms, the
maximum permissible ratio of outliers is 64 percent, in
contrast to the a-variant where this ratio changes with the
value of a.

If a-—»co, in the limiting case the minimization of the P-
and P*-norms is identical with the minimization according to
the Il-2-norm (as fg(x) converges to the Gaussian density
function), see the summarizing tables in Steiner 1990a and
1990b (where k—co , but this is a consequence of a-“co ). This
fact is, however, shown by the present paper, too: by
multiplying the weights in Eq. (45) by the (constant) (k£ ),
and those in Eq. (46) by the (similarly constant) (k£ )4, the
cases Y =1 and f * =1 3re more and more approximated by
increasing the value of k. lhis is equivalent with the use of
the Il-2-norm. In such a case Eq. (47) yields 0 percent of
permissible outliers* i.e. no outliers are permitted in the 12-
norm without an accidental catastrophic deterioration of the
results (remember that in the present case the outlier can lie
really anywhere). Using the a-variant of Pj or P* the
permissible rate of dispersed outliers is rather high, 30
percent and the efficiency remains at the Gaussian distribution
close to the 100 percent (e = 97.5 percent). lhat means that if
in a practical case the Gaussian distribution can be accepted
with certainty, even in that case the minimization of the Pj-
or of the P*-norm is to be recommended. (It is repeatedly
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emphasized in connection with the latter that in the variants
using k-times the dihesions the value a = 2 is used in each
case, the permissible ratio of the arbitrarily dispersed
outliers is 64 percent using the minimization of the P-, Pj-,
P*- and Pj-norms.

4.2 Concentrated outliers

It is evident that outliers lying concentrated may modify
already in a lower ratio the location of the minimum of the
different norms, i.e. the result of the inversion.

In Hajagos's (1988) extremely simplified model the
distribution of the data without blunder is characterized by a
Dirac- S in T with a length of the arrow (1-b), where b is the
ratio of the outliers. Outliers are now supposed to appear
concentrated, i.e. their distribution is characterized by a
Dirac- S of the wvalue b in a point differring from T. It is
insignificant from the point of view of the ratio of the
permissible outliers, in which  point this Dirac- S s
(naturally, this point differs from T), thus let us consider
the case when this arrow of the length b is at the point (T+I).

It is easily proven that a ratio of 50 percent outliers
(b = 0.5) is not permitted in such a case: in this special case
of the symmetrical U-distribution both and M* yield the
value (T+0.5) for any value of k.

If b is decreased continuously from 0.5 then till a
certain value of b the most frequent value shifts continuously
from this position nearer and nearer to T; this shift from the
value (T+0.5) is denoted by t, corresponding to a certain value
of b. Thus the most frequent value is at a distance from the
Dirac- S in T with the value (1-b) of (0.5-t), from the Dirac-

)

s’ at (T+l) with the value b of (0.5+t). These values appear in
the following equations which represent the substitution into
the integral forms of the condition equation of the location
parameter and of the scale parameter (Egs 2, 4, 16) of this
f(x) consisting of two Dirac- S-s. These equations do not

contain integrals due to the known selection characteristics of
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the Dirac- £I-s:

(a,.); (°.i-t);82.(,.b) , (mm})m 0-  (49)
[s +(0.5-tr]Zz Cs"+(0.5+t)"]2

These two equations enable the investigation of both forms
of the most frequent value in both variants taking into account
the following:

a) q = 1 at , Q= 2 at M

b) if a is fixed (as an arbitrary value greater than 1 or
according to the present convention as 2, 5 or 9), then an S
fulfilling Eq. (49) has a factor in Eq. (48) k = 1 for the
M-estimations and k =VT for the M*-estimations;

c) if a has the fixed value 2 in Eq. (49), then S fulfilling
Eq. (49) is equal with the dihesion £ which may be
multiplied with an arbitrary k (according to the conventions
in this paper, we prefer k = 1, 2 and 3 at and Kk =VT,
2-VT, and B-\]T at M*).

At the beginning of the computations one has to decide

about the question which of the estimations M or is to be
checked, the values g are thus known. The pair (a,k)is also
given, as either a isarbitrary (but greater than 1) and the

corresponding values are k = 1 and VT, respectively, depending
on the value of q@ or 2), - or a = 2, accompanied bya value
of Kk greater than 0.The triplet (g, a, k) defines thetype of
the estimation used, and the value of b defines the asymmetry
of the J-distribution (i.e. of the "skew U-distribution") which
should be wused for testing the estimation. If b is not less
than a critical value then Eqgs (48) and (49) can be solved for
t and S.

Below the mentioned critical b value, the most frequent
value is at T, i.e. the computation of the most frequent value
is not influenced by the concentrated outliers in a ratio b.
From this point of view, a maximum ratio b can be found for any



THE P*NORM 179

triplet (g, a, k) at which the concentrated outliers may appear
without influencing the result of the computation. It is a
secondary question that this ratio called OUT (and given in
percent) is determined analytically from Eqs (48) and (49) (as
made by Hajagos 1988) or with a program using exclusively
computational technics.

The OUT-values are presented for the «k-variants of the P-
and P*-norms for the full range k i 1 vs. 1/k in Fig. 6. Figure
7 shows the OUT-curves for the a-variant vs. 1/ (a—1) for the

Fig. 6. The meximum permissible ratio of outliers, OUT, for the statistical
methods based on the P- and P*-norms (k-variant)
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Fig. 7. The meximum permissible ratio of outliers, QOUT, for the statistical
methods based on the P- and P*-norms (a-variant)

full range a > 2. (The reader should remember that a defines
here the statistical procedure, and not the type of
distribution, as e.g. in Figs 4 and 5.)

In spite of the fact that these figures give a complete
picture, we give in the following the exact OUT-values for both
variants of the Pgq, P, Pj and P*, P*, P* norms, too.



Variant Percents

1pC' 41.10 P: 31.05 Pj: 25.49
[ pe: 39.83
1p 41.10

C.

These numerical values (and Figs 6 and 7) show that

a) there are no great differences between the OUT-values for
the k- and a-variants of the P-and P*-norms (in the case of
Pg and P*, there are no differences at all between the
variants) ;

b) the OUT-values for P* are everywhere less than the
corresponding values for P, being in connection with the
property of the P*-norms mentioned in Chapter 3, namely that
it maximizes the effective number of points (neff);

c) as the values appearing for the P-norms do not differ
significantly from that of the P*-norms which maximize the
value neff> it seems that the maximization of the effective
point number is realized in good approximation by the
minimization of the P-norms.
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DIFFERENT MEASURES OF THE UNCERTAINTY
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The most widely used measure of uncertainty of data sets from measure-
ments is the minimum mvalue of the |I*-norm, i.e. the standard deviation or
scatter (s ). This choice is motivated by the extensive use of the I*-norm
in inversion problems. If the quickly spreading L-nort is used, however,
the adequate measure of the uncertainty is the nean deviation denoted by d.

In the last years successful experiments have been mede for the appli-
cation of the P-norm in inversions. Most recently, a resistant variant of
the P-norm, the so-called P*-norm has also been defined. The present paper
gives the formulas for the uncertainty measures U- and U* as belonging to
both mentioned cases, i.e. to the P- and P*-norms, further the numerical
values are also given for a wide range of error distributions in a super-
model. Comparison of numerical values shows that U and U* approximate in a
wide range of types an interquantile range corresponding to the sare
probability values as is approximated by £' in a narrow range around the
Gaussian distribution.

Keywords: asymptotic variance; interquartile range; intersextile
range; inversion; norm; uncertainty

1. INTRODUCTION

The nearly exclusive use of the Gaussian distribution as
error distribution type is motivated by the history of science
as well as by its computational advantages (see the table with
time scale by Steiner 1988). If all error distributions could
be accepted as Gaussian ones without outliers, then not only
the whole of robust statistics would be superfluous (e.g. Huber
1981) but also Fisher's maximum likelihood principle would not
be generally wusable: in such a case it would only serve as a
possible theoretical basis of traditional statistics.

It is very comfortable to accept in all cases the Gaussian

error distribution with the form of the density function

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiadd, Budapest
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fg(X) = (9N/KE)'~ mexp (-x*/2S™). In this case the quasiauto-
matically computed empirical scatter is a good approximation of
the scale parameter, S, of the Gaussian distribution. If S (the
.scatter") in fg(x) is known, the length q(p) of all confidence
intervals can be easily given (from a table or by another
method) to any value of the probability p outside of which, to
the left and to the right, errors occur with a probability p.
Two data are generally known even without tables or other com-
putation: a) an error is expected outside of the interval
(-3S, +3S) with a probability of only 0.27 percent, i.e. the
occurrence probability of such errors is practically
negligible; b) within the interval (-0.6745 S; +0.6745 S) the
probability for the occurrence of an error is the same, namely
0.5 as outside of it.

S yields not only these, e.g. all the values q(p), but any
error characteristics is computable from it, thus if the dis-
tribution is really a Gaussian one, the scatter characterizes in
itself all the error measures. |f one expects, however, the
occurrence of many types of error distributions, then one has
to use a lot of uncertainty measures which are motivated by
different points of view and which have certain connections
between themselves, and these uncertainty measures should be
known for a wide range of error distribution types. This paper
has only the moderate task to summarize the properties of some
important uncertainty measures together with their interconnec-
tions. A final conclusion about the ,most realistic"
uncertainty measure cannot yet be made and it is even possible
that such a conclusion shall never be made.

2. THE INTERQUANTILE RANGES q(p). THE SEMI-INTERQUARTILE RANGE (¢
AND SEMI-INTERSEXTILE RANGE Q. THE UNCERTAINTY U

In the following f(x) denotes the density function of the
error distribution, its distribution function is F(x). The most
frequently used models of the density functions are simple
formulas; in the case of the supermodel fa(x) e.g. the value of
the standard density function is obtained as
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fa(x) =V(a) m(l+x2)-~air2 a >i (1)

for any value of x; in such a case the location parameter, T is
zero and the scale parameter has the value 1. In a general case
X is to be substituted by (x-T)/S and the expression is to be
divided by S. (The norming factor ~v(a) is obtained from

for a given value of a.) The computation of the distribution
functions F(x) is mostly somewhat more complicated, simple
formulas for the computation of Fg(x) are only known for the
integer values of a (Eq. ssb in Steiner 1988). The inverse of
the distribution function, x = F~a p) is even more complicated,
i.e. if one has to know which is the value of x where the dis-
tribution function F(x) gives a certain probability p. This
value of x is called p-quantile and it is denoted by Qp, thus

F(Qp) =p and Q = F~1(p) resp. (2)

lhe series of the quantiles gives information about the given
distribution. Table | presents such series of values concerning
some distributions fa(x), i.e., for a few values of the type
parameter a, including the limiting case a -» oo, the Gaussian-
distribution, and naturally the Cauchy-distribution, too, being
an element of the supermodel fa(x) (if a = 2).

The values Qp of Table | refer to p ~ 0.5 as evidently
Ql-p = -Qp (3)
holds for all distributions being symmetrical to the origin,
i.e. it is sufficient to present the range p 0.5 or p ~ 0.5
of probabilities, and here the latter has been chosen as in

that case the quantiles Qp are positive. But the selection of
the probability range p 0.5 is more advantageous also from
another, more important point of view: these Qp-values are



Table | o\

Values of x = Fadp) - @ belonging to some probability values p( ~-0.5)
(The values x refer to standard density models fa(x) for a=2; 2.2; 2.4; 2.8; ... ; 100. The limit case
a—moo i.e. the Gaussian distribution is also the standard one.)

o8}
\ a= 2 2.2 2.4 2.8 3 3.2 4 5 6 7 8 10 20 40 100

0 \ Cauchy Jeffreys interval! Gauss
0.50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 é
0.55 0.1583 0.1397 0.1260 0.1073 0.1005 0.0948 0.7886 0.0669 0.0591 0.0535 0.0492 0.0430 0.0292 0.0202 0.0126 0.1256
0 60 0.3249 0.2855 0.2571 0.2181 0.2041 0.1924 0.1597 0.1353 0.1194 0.1081 0.0994 0.0869 0.0589 0.0408 0.0255 0.2533 %_
0.65 0.5095 0.4449 0.3988 0.3366 0.3144 0.2960 0.2449 0.2070 0.1825 0.1650 0.1517 0.1326 0.0897 0.0621 0.0388 0.3853 Tn
0.70 0.7265 0.6282 0.5595 0.4684 0.4364 0.4099 0.3374 0.2843 0.2501 0.2259 0.2075 0.1811 0.1223 0.0846 0.0528 0.5244
0.75 q=1.0000 q=0.8522 q=0.7517 =0.6221 q=0.5773 q=0.5407 q=0.4416 @=0.3703 q=0.3249 @=0.2929 =0.2687 @=0.2342 ¢=0.1577 q=0.1090 q=0.0680 @=0.6744 %
0.80 1.3763 1.1484 0.9989 0.8126 0.7500 0.6993 0.5649 0.4704 0.4112 0.3697 0.3386  0.2944  0.1975 0.1362 0.0849  0.8416 =
0.83 Q=1.7320 Q=1.4169 Q=1.2166 Q=0.9741 Q=0.8944 Q=0.8306 Q=0.6642 Q=0.5496 0=0.4787 0=0.4294 0=0.3927 0=0.3407 0=0.2277 0=0.1568 0=0.0977 0=0.9674 %
0.85 1.9626 1.5860 1.3508 1.0710 0.9802 0.9079 0.7215 0.5947 0.5168 0.4630 0.4230 0.3665 0.2444 0.1682 0.1047 1.0364
0.90 3.0776 2.3613 1.9429 1.4769 1.3333 1.2219 0.9455 0.7666 0.6600 0.5877 0.5347 0.4610 0.3046 0.2087 0.1296 1.2815
0.95 6.3137 4.3780 3.3646 2.3506 2.0647 1.8518 1.3587 1.0659 0.9011 0.7933 0.7160 0.6110 0.3966 0.2698 0.1668 1.6448
0.975 12.706 7.8955 5.6261 3.5738 3.0424 2.6622 1.8373 1.3882 1.1496 0.9989 0.8937 0.7540 0.4801 0.3238 0.1994 1.9599
0.99 31.820 17.014 10.913 6.0532 4.9246 4.1565 2.6215 1.8734 1.5048 1.2829 1.1331 0.9404 0.5825 0.3884 0.2376 2.3263
0.995 63.656 30.344 17.937 8.9445 7.0179 5.7544 3.3722 2.3020 1.8032 15135 1.3226 1.0832 0.6563 0.4336 0.2639 2.5758
0.9975 127.32 54.075 29.456 13.180 9.9624 7.9274 4.3031 2.7987 2.1347 1.7623 1.5229 1.2298 0.7281 0.4764 0.2885 2.8070
0.999 318.30 116.06 56.714 21.957 15.787 12.061 5.8973 3.5865 2.6356 2.1260 1.8086 1.4322 0.8211 0.5304 0.3190 3.0902

0.9995 636.61 206.83 93.066 32.256 22.343 16.553 7.4616 4.3051 3.0718 2.4326 2.0439 1.5936 0.8909 0.5697 0.3408 3.2905
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identical with the semi-interquantile ranges (see below).

When for the characterization of the fluctuation of the x-
values a range q(p) is to be given, where the x-values occur
with a probability of (1 -2p) and x-values less than the Ilower
limit of the range and more than the upper limit, have the same
probability p, obviously the corresponding formula is to be
used

a(p) = Qi_p - Q - (A)
If p=1/4, @ = Q4 is the lower quartile, Qi_p = /4 is the
upper quartile, and the Ilength of the interval. g(0.25) =
= Q4 - Qura is called interquartile range; if p = 1/6, then
Ap = Qire is the lower, Qs is the upper sextile, the

difference Q(l/e)= &i/s - Qu/e is the intersextile range.

In the case of symmetrical distribution it is obvious to
use the half of the range q(p) as a measure of uncertainty, but
its use can also be suggested for asymmetrical distributions.
Namely, by adding and subtracting this value from the correct
value (from 1), below and above this interval the values of the
random variable occur with the same probability p. The semi-
interquartile range belonging to p = 1/4 and denoted by q, is:

g = q(0.25)/2 = CQ/s - Q/a3/2 . (5)

Bessel proposed the semi-interquartile range in 1815 as a mea-
sure of uncertainty; if T is the symmetry point of a symmetri-
cal distribution, the probability for the occurrence of values
within the interval (T-q; 1+q) is the same as outside of it. |If
a more rigorous measure is wanted, then the occurrence ratio of
2:1 is to be used. In this case the semi-intersextile range

Q=q(l/I6)/2 = CQis - Qu/eD/2 (¢)

is the measure of uncertainty: the occurrence of values within
the interval (T-Q; [+Q) is really twice as much probable as
outside of it. Table | shows that this quantity is very near to
the standard deviation in the case of a Gaussian distribution.
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Thus in the case of a Gaussian distribution, the sample average
plus and minus the scatter 6 gives an interval within which
about twice as much values occur as outside of it.

If any value of p or any ratio of occurrence probabilities
is chosen as appropriate measure of the uncertainty, be it
either q (the semi-interquartile range), or Q (the semi-inter-
sextile range), or any semi-interquantile range belonging to a
value p ~ 0.5 (for error distributions symmetrical to the

origin, thus also for the fa(x) distribution where the values
in Table | are valid, the upper quantile equals with the semi-
interquantile range), — one may doubt, however, about the cor-
rectness of the selection of a single value of p and of a
single semi-interquantile range, respectively, for this
purpose. It would be namely better to take several q(p)-s

weighted with an appropriate weight function into account.
Steiner (1985) proposed to use the following integral which
yields in all cases a finite value in contrast to weighting
functions which do not contain q(p):

P N
U = 48q (0.25) (7)

Steiner (1985) presented examples for a given g for the

increase of O with increasing flanks of the distributions, — at
the same time Eq. (7) does not overestimate the role of the
flanks: even in the case of a distribution with infinite

entropy G is less than twice q. The entropy, as uncertainty
measure is not dealt with here as its value may be infinite for
certain types of distributions. The same refers to the average
deviation d, the scatter s is even less applicable. Never-
theless, the theory of statistics is so full of these
guantities that they shall be treated in the next chapter.

3. UNCERTAINTY MEASURES DEFINED AS MINIMUM NORMS

The solution of the inversion problem in geophysics means
to fit the measured values x to an a priori analytically known
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function T(m; y”) by minimizing the deviations
Xi = * - T(m; yA) (8)

between these values according to a chosen norm, more exactly
it means the determination of a set of parameters m = n0, m

m , nijo where the corresponding norm is a minimum
(Tarantola 1987). As norm most frequently the expression

(9)

called 12-nort is used, but the L-|-norm being

(10)

comes more and more into use due to its robustness.
Further norms also exist as the expression

(11)

of the Lp-norm is valid not only for p =1 and 2 (giving the Lj
and |2-norms) but also for any positive number (Tarantola
1985), and therefore Eq. (11) defines an infinite number of
norms. In the practice, however, values other than 1 or 2 are
hardly used for p. This is partly due to computational
advantages, partly due to the fact that the elements of the
supermodel defined by the density function

pl-1/p - X pIP

fp(x) 2 T (1/p) e (p > o) (12)
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are in the practice quite seldom adequate models of error
distributions. As e.g. Tarantola (1985) has shown the Lp norm
minimization algorithm is an optimum statistical algorithm in
the case of fp(x)-type error distributions.

As the elements of the supermodel fa(x) (Egq. 1) prove
quite often to be acceptable models for the distributions in
statistical problems, the P- and P*-norms - being optimum ones
for the fa(x) distributions - should be taken seriously into
account (for definitions see Hajagos and Steiner 1991).
According to these, P~- and P* can be used with the highest
statistical efficiency in the vicinity of the Cauchy- (a=2), Pj
and P* in the vicinity Jeffrey's type (a=9), while the P and
P*-norm are optimum ones in the vicinity of the so-called geo-
statistical distribution (a=5) and have an efficiency of over
90 percent in the complete Gaussian-Cauchy-range. (As this case
is considered as a standard one for both series of norms, no
index is used here.)

The resulting model parameters differ when different norms
are used, and these vectors are denoted by m(L-|), m(l_2), fn(Pg),
m(P), m(Pj), m(P*), m(P*), m(P*). Using anyone of these m(.)-s,
a different set of deviations is obtained from Eq. (s), and
therefore these deviations are denoted per analogiam by X(Li),
XU-2), X(PC), ... X(P*) for the sets of deviations obtained with
the corresponding m(.)-s.

These sets of deviations are those which minimize the
norms L-|, ... Pj, and just these minimum norms can be cosidered
as measures of uncertainty from the point of view of the cor-
responding norm. (Some heuristic trains of thought are given in
Steiner 1990). Thus for the i12-norT, i.e. in the conventional
statistical methods, the expression

(13)

i.e. the scatter, < , is used to characterize the uncertainty,
while in the case of the U-nort the average deviation, d is
this measure:



MEASURES OF THE UNCERTAINTY 191

n Xi<4>

For the P- and P*-norms the uncertainties are denoted by
Ug, U, uj, Up, U*, U*. The formulas for the uncertainty mea-
sures were given in Table Il both in form of sums and in
integral forms. These formulas are naturally the same as the
index of the X7-s hints at that special set of deviations which
gives the minimum value of the norm in question. ( £is the
dihesion of the actual set of deviations X", see e.g. Hajagos
and Steiner 1991.) Of course, every special set of deviations
is automatically given simultaneously with the results of the
inversion made by the corresponding norm.

Figure 1 informs about the different uncertainties for the
supermodel fa(x). Here the quantile values are given at which
the uncertainty measures of the two standard cases, U and U?*,
as well as (5 and d are identical. The precise numerical
values for all the uncertainty measures studied, i.e. for the
three variants of U and U* for <% and for d, are given in
Table I, where - for completeness - the values of the
dihesion are also given.

The curves in Fig. 1 show that U is a good approximation
of the semi-intersextile-range, i.e. the absolute values of the
deviations are with a probability of 2/3 less than this value.
A similar conclusion refers to U*, too, but here the deviations
from Q are in certain type ranges significantly greater than
the deviations of O. The standard deviation G is only in the
immediate vicinity of the Gaussian distribution practically
identical with Q and the same refers to d in the vicinity of
the geostatistical distribution. (The weighted average of the
interquantile ranges, U, according to Eg. (7) is also plotted
in Fig. 1, and it is everywhere nearer to Q, then to the semi-
interquartile range, q.)

The conclusions from Fig. 1 suggest that the uncertainty
measures should be presented for different types of
distributions by their ratio to Q, i.e. to the semi-inter-
sextile-range. The curve U/Q, but even the curve U*/Q confirm
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Table 11



uc

Uj

uc

u*

1.8

2.5939
1.8995
1.6616
1.7983
2.9507
4.4772
1.1155

2.0000
1.5000
1.3333
1.4641
2.2401
3.2278
1.0000

2.2

3.6043
1.6638
1.2693
1.1411
1.2389
1.7877
2.4635
0.9117
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2.4

1.9954
1.4463
1.1174
1.0128
1.0783
1.4809
1.9639
0.8418

Table

1.0000
1.0880
0.8605
0.7916
0.7936
0.9806
1.1961
0.6993

1.0000
0.6366
0.8231
0.6628
0.6166
0.5772
0.6473
0.7317
0.5616

0.7071
0.5000
0.6875
0.5585
0.5223
0.4698
0.5005
0.5444
0.4818

10

0.3780
0.2910
0.4327
0.3563
0.3358
0.2812
0.2759
0.2837
0.3148

0.1644
0.1303
0.2009
0.1667
0.1577
0.1264
0.1185
0.1188
0.1489

193

100

0.1015
0.0808
0.1253
0.1041
0.0986
0.0784
0.0730
0.0728
0.0932

Fig. 1. Minima of different norms, as measures of uncertainty; they approx-
imate more or less the semi-intersextile range Q
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that U (and U*, too) can be considered as a value approximating
Q, i.e. they can be interpreted as semi-intersextile ranges in
the complete Gaussian-Cauchy-type interval, similarly as the
scatter (standard deviation) is interpreted as such but only in
the immediate vicinity of the Gaussian distribution. Figure 2
shows that the curve <5/ Q is steeply increasing till 1/ (a-1) =

= 0.5 later at (a 3)6 is infinite, i.e. it cannot be used as

an error characteristics. The value d only gets unapplicable
from a = 2 on.

measure of dispersion

Fig. 2. The norm ninimun/Q ratio vs. distribution type
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Figure 3 shows the curves Uqg/Q, U/Q and Uj/Q, Fig. 4 the
corresponding curves denoted by U*/Q, U*/Q and U*/Q. There are
places where these ratios differ significantly from 1, but in
the majority these values are near to 1. The actual judgement
about the significances of these deviation also depends on the
accuracy of the determination of the uncertainty measures; the
error of errors is a very wide field which shall not be treated
in the present paper. It is to be mentioned, however, that
independently of the deviation from Q of an uncertainty measure
for a distribution fg(x) with the type parameter a, a
comparison of the data in Tables IlIl and | gives all necessary
factors to be multiplied with the uncertainty measure obtained

Fig. 3. The dependence of the three kinds of U as referred to Q on the
type of the distribution
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uncertainty

w33

(k=2.13)

tk=AEi

Fig. 4. The dependence of the three kinds of U* as referred to Q on the
type of distribution

as minimum norm for obtaining any semi-interquantile range (in
Table 1) and therefore one gets a complete picture on the error
distribution. For this purpose, sufficiently precise values of
G, d, Ug, U, ... are needed what necessitates not only a great
number of values, but sufficiently resistant error characteris-
tics, too. Such a sufficiently large resistance is characteris-
tic only for the uncertainty measures U*, U*, and U*, if
outliers can occur really anywhere.

4. ABOUT ASYMPTOTIC SCATTERS

If the task is to determine just the most characteristic
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values T (e.g. the symmetry point), it is often necessary to
estimate the error of this estimate (standard deviation) (the
latter is obtained after all as the location of the minimum
norm). As the distribution of the estimates approximates at
great values of n under loose conditions the Gaussian distribu-
tion (Huber 1981), it is sufficient to give the scatter
(standard deviation) of the estimates to be computed as A/\/n if
the asymptotic scatter A is known.

The estimates of T are denoted by Mc, Mand Mj, if the
corresponding P-norms are used, and by the same notations with
stars, if the P* norms are wused. Essentially all the six
quantities should be considered as most frequent values.

The formulas for the asymptotic variances are given by
Hajagos and Steiner (1991). It is advantageous to denote with
star these asymptotic scatters A or to use them without star,
and to use the same indices C and J (or leave them unindexed)
as it is used for the corresponding most frequent value.

The following table contains not only the asymptotic
scatters for these six kinds of most frequent values for
different values of the type parameter a, but these of the
average, Ajr, too (but it is identical with <3, as well known),
and the asymptotic scatter of d, denoted by Ame( which is for
unimodal distributions being symmetrical at T:

Amed = 2f(T) (15)

(see e.g. Steiner 1988). The quotients A/U and A*/U* are also
included into this table; the latter curves are plotted in Fig.
5, too.

The curve A/U in Fig. 5 and the last but one row of Table
IV shows that A/U = 1 is fulfilled in high approximation. It is
analogous to the equality KB = A*. The curve A*/U* is also ap-
proximating in average 1, but significantly less closely. As
the thin curve in Fig. 5 shows, the ratio Ame[j/d has values
between 1.6 and zero in the Gaussian-Cauchy-range (an exact
identity is valid at a = 3), thus it cannot be stated for the
complete range that Ame¢ and d could be substituted by each
other, not even if a great error is permitted.
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asymptotic scatter of the estimate
minimum value of the norm in question

Fig. 5. The connection of the asymptotic scatters and corresponding norm

identical

if

location
and the asymptotic scatter of the median. We have seen that the
values A*
same
the
estimates

taken into account, as these uncertainties are often uncertain

minima vs. distribution type

comfort being usual for A" and G (as they are

the first half of the Gaussian-Cauchy-range, i.e.

values are not infinite ones) is not valid for the

the minimum of the LU -norm, i.e. for the value d

and U* are near to each other (have approximately the

and A and U can be taken as practically equal. In

evaluation of the latter statement the errors of the

these values from given samples are also to be
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Table IV

a= 2 2.5 3 4 5 10 40 100

l.oooo 0.7071 0.3780 0.1644 0.1015  1.0000
1.5708 1.1982 10000 o0.7854 0.6667 0.4295 02020 0.1263 1.2533

ae

Amed

AC 1.4142 11011 0.9261 0.7311 0.6214 0.4002 0.1818 0.1174 1.1646
A 1.5000 1.1251 0.9236 0.7080 0.5917 0.3694 0.1699  0.1057 1.046
Al 1.6330 1.1941 0.9636 0.7234 0.5974 0.3652 0.1658  0.1030 1.0177
A* 1.4347 1.1241 0.9492 0.7526 0.6411 0.4144 0.1948 0.1218 1.2085
A* 1.4976 1.1261 0.9253 0.7094 0.5925 0.3690 0.1692 0.1053 1.0413
A* 1.6375 1.2008 0.9697 0.7275 0.6000 0.3652 0.1652 0.1025 1.0127
AU 1.000 1.063 1.073 1.068 1.059 1.037 1.019 1.015 1.013
A*U* 0.669 0.826 0.944 06 1.184 1.337 1428 1.442 1.452

to several tens of percents. The deviations of the values A*
and U* in Fig. 5 have as maximum the just mentioned value
while the deviations of A and U are not more than a few

percent.
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The response of the inner core motion with respect to the mantle due
to the attraction of the Sun and the Moon is studied. It could be shown
that some periodic constituents of polar motion and the dipole part of the
geomagnetic westward drift, which correspond with astronomical nutation
periods, are in accordance with the applied hypothesis of a relative pre-
cession and nutation of the inner core.
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motion

Recently, Smylie et al. (1984) discussed the motion of the
inner core and mantle coupled via mutual gravitation. The basic
idea of their investigations was the hypothesis that the sym-
metry axis of the inner core is inclined to that of the mantle.
The above mentioned authors showed that this model is capable
to produce a retrograde precession relative to the mantle. The
amounts of the precession and the inclination are given by the
westward drift and the inclination of the geomagnetic dipole.
Some authors (Bullard 1949, Schmutzer 1978) showed that the
direction of the observable dipole field - which is a result of
the induced dipole field of the inner core and the dipole part
of the fluid outer core - coincides with the symmetry axis of
the inner core. Smylie et al. (1984) proved that the gravita-
tional torque exerted by the mantle and the fluid outer core
can explain this precessional motion, because this torque is
larger than viscous or electromagnetic torques influencing the
motion of the inner core. They rigorously calculated the
torques exerted by the mantle and the outer core, and assuming
that the westward drift of the geomagnetic dipole represents

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiado, Budapest
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the precessional motion, the rotational velocity of the inner
core was calculated, supposing regular precession.

The hypothesis of inner core motion, as indicated by the
variation of the geomagnetic dipole's westward drift, was
confirmed by calculating the polar motion component which is
excited by inner core motion (see Jochmann 1989).

In the following, the attraction of the Sun and the Moon

within a model consisting of an inner core and mantle will be
discussed. Some periodic variations of the dipole's westward
drift and polar motion will be explained by these considera-
tions .

1. THE EQUATIONS COF MOTION

The motions of the inner core and the mantle are described
by the motions of an inner core fixed co-ordinate system (i,
i-2, 13) and a mantle fixed co-ordinate system (e, 82, 83) with

respect to an inertial frame of reference (|i, E2, Es) attached
to the plane of the ecliptic. Es is perpendicular to this
plane.

The inertia frame is chosen in the above mentioned way,
because it allows the connection to the orbital motions of the
Earth and the Moon. The motions of the above mentioned co-
ordinate systems are described by Euler's angles (see Fig. 1
and 2).

e and i' are the unit vectors along the nodal lines be-
tween the mantle and the inertial frame and the inner core and
the mantle frame.

The motions of the inner core and the mantle are governed

by the equations

=Jat (ovi X gm) = km +f

dH .
E’[ +(002><Si)=é =

where Hm and are the angular momenta of the mantle and the
inner core. oo” and oo2 are the angular velocities of the
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Fig. 1. The mantle fixed and the inertial coordinate systems

11

Fig. 2. The inner-core fixed and the mantle fixed co-ordinate systems

co-ordinate systems where the equations (1) are given. T is
the torque caused by mutual gravitation between the inner core
and the mantle. Lm and Lj are the torques acting on the mantle
and the inner core which are caused by the attractions of the
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Sun and the Moon.

According to Smylie et al. (1984) it is convenient to
choose <co-ordinate systems for the construction of equations
(1) with following unit vectors along their axes

i~, 83X s3 for the first equation (1)

ij xIj, as for the second equation (1).
The angular velocities of these co-ordinate systems are

- YT + W |3
(2)

~2 = fNs 7 i 13

where eomis the spatial angular velocity of the mantle and a>s
is that of the inner core.

According to Fig. 2 the relative rotational velocity of
the inner core with respect to the mantle can be written in the
notation

N~ 13 + ~N U + fi (3 (3)

Introducing spatial rotational velocity components ips> :>S and
fs along the same vectors as in equation (3) we obtain an
expression for the spatial rotational velocity of the inner
core

Ss - Vs 13 + A~s U + fs 13

According to Egs (3) and (4) the spatial angular velocity of
the mantle is given by

tm  O*s ~ VA (/Ps - 4A7) 3 + AAs Vool o+
(5)
+ <fs - fO 3 »

Using the Euler angles between the mantle and the inertial
frame, the spatial angular velocity of the mantle reads
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Using the tensors of inertia of the mantle Imand the inner
core 1" the angular momenta of both components of the Earth are
obtained according to

Introducing (7) in (1) and using the expressions (4) and (5),
we obtain after some transformations between different co-
ordinate systems the following differential equations

with the principal moments of inertia C, A, C» A" of the
mantle and the inner core.

Comparing (5) and (6) we obtain the relation between the
angular velocity components f , ip ,
the differential equations (8) and (9)

, and those contained in
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Equations (8), (9) and (10) enable us to determine the relative
motion between inner core and mantle, and the motion of the
mantle with respect to the inertial co-ordinate system,
provided that we can obtain suitable expressions for the
torques Lm, and I

2. THE TORQUES INFLUENCING MOTIONS OF THE PRESUMED EARTH MODEL

The components of the presumed Earth model are subject to
external and relative torques. Relative torques are caused by
electromagnetic forces, which act on the inner core because of
its high electrical conductivity and the strong magnetic field
in the outercore. The relative motion of the inner core to the
outer core will be resisted by viscous drag. Motions of an
inner core with an inclined symmetry axis cause an inertial
restoring torque.

All  these torques are four orders of magnitude smaller
than the torque caused by mutual gravitation between core and
mantle.

Therefore in Smylie et al. (1984) only the torque due to
mutual gravitation is considered. They found that this torque
is given by

= [ cos i1t, sintt;

— 7 (11)
= 1 1 le3 X13l

where ' = 2.52-1024 Nm.
As Smylie et al. (1984) have shown, it is possible to
determine the velocity of rotation of the inner core by means
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of this torque and assuming the westward drift of the geomag-
netic dipole as precession of the inner core.

2.1 The torques due to the attraction of the Sun and the Moon

External torques acting on the inner core and the mantle
can be calculated according to

(12)

where G is the gravitational constant, mis the mass of the Sun
or the Moon respectively. R is the geocentric distance of the
celestial body which produces the torque.

Formulae (12) are well known from the theory of precession
and nutation. In the co-ordinate system connected to the
ecliptic the vector R is given by

R = R cosb cosl el + Rcosb sinl (Ej xej) + Rsinb Es . (13)

In equation (13) b and 1 are the latitude and the longitude in
the ecliptic of the celestial body considered. R, b and 1 in
equation (13) are temporally variable. The temporal variation
of R will be neglected, because we consider only first order
effects. Only those can be proved by geomagnetic field varia-
tions, because of the insufficient accuracy of the field data.

The vector R must be transformed into the inner core and
the mantle frame, to evaluate the torques (12). The components
of the torques, which must be introduced into the equations (s)
can be written in the notation

Lmij = 1 Kj cos(c«cjt+ 7-j)
i (14)
Lm (ejxij) = - Y. K sin( Cjt+ -j-j)
i
Similar we obtain for the components to be introduced in
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equations (9)

Li Ij =r kji cos (cCjt+ -Jpj)
o (15)
L U3xi:) =- | Kj2 sin( @+ 7-j).
i
The ~circular frequencies o(j in expressions (14) and (15)
depend on the temporal variations of the orbital elements of
the Earth and. the Moon, the rotational velocity of the Earth's
mantle and the precessional velocity of the inner core. Xj
depends on the moment to which the calculations of the torques
are related. Kj, Kj|, and Kj2 are shown in Tables | and Il for
different circular frequencies. In the above mentioned tables

are
I ca
(1) 2 A« 4.2422 m1Cr16
Rt
(2) 2 C-AA 1.9538 « 1CI'16
2 R/\
(3) ° Ci-Al - 31087 m10" 16
2,3 Al
i
grb Cl-A.
(4) 2 A = 1.4318 - 10716
2 Ro i
In Tables | and Il are 1Q and 1§ the velocities of the
ecliptical longitudes of the Sun and the Moon. i is the
inclination between the Moon's orbit and the ecliptic. — d s

the velocity of the retrograde motion of the Moon's node.

3. SOLUTIONS OF THE EQUATIONS CF MOTION

3.1 The solution of Smylie, Szeto and Rochester

Comparing the orders of magnitude of the external torques
and the torque produced by mutual gravitation between the core
and the mantle, we find that the relative torque ( 102~ Nm)
between the core and the mantle is much larger than the torques
caused by the attraction of the Sun and the Moon (L, % 101" Nm
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Table 1. Amplitudes of periodic terms of the torques
excerting the mantle

1. Terms caused by the Sun

2. Terms caused by the Moon

From this follows that the relative motion between the
inner core and the mantle is mainly governed by the torque T.
The effect of the external torques will be considered as a
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terms of the torques
core
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Table Il (contd)
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small disturbance of this motion. Smylie et al. (1984) discus-
sed the problem considering the torque of mutual gravitation
only. They solved the equations of motion supposing regular
precession. This supposition is in accordance with the
properties of the westward drift of the dipole field.

Regular precession requires

Vi = const, = const and = const.

Introducing these quantities in (8) and (9) we find also

With mJi = 11° and y i = -0.05° per year. Smylie et al. (1904)
obtained the following quantities for the parameters to be
determined

3.2 Relative motion of the inner core, caused by external
torques

Nfij; denote disturbances of the param-
eters of the relative motion caused by a periodic constituent
of the external torques. If we mark the parameters valid for
regular precession by a zero index, we obtain the following
parameters for the complete motion
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J

Similar expressions are obtained for the spatial components of
the rotational velocity of the inner core ys, f s and T>s.

If we introduce the expressions (17) in the equations (8)
and (9), we obtain for each periodic constituent of the
external torques following differential equations taking into

account the relations (16)

In equations (18) and (19) and in all that follows we
cancel the index zero of the components of rotation for simpli-
fication .

The solution of the equations (18) and (19) yields values
for the spatial and relative rotational velocity components of
the inner core. After some simple calculations and an addition-
al integration we obtain following periodic constituents of the
Euler angles, which stand for the relative motion between inner

core and mantle



By means of the amplitudes Kj, Kji, Kj2 contained in

Tables | and Il the periodic constituents of the inner core
motion can be evaluated according to equations (20). A number
of periodic constituents in Tables | and Il depend on circular
frequencies containing f . These constituents vary with a
nearly diurnal period. Other constituents vary with nearly

semi-diurnal periods.

These terms cause variations of O~ and Ay~ which do
not exceed 0.01". These small quantities cannot be derived from
the coefficients of the spherical-harmonic expansion of geo-
magnetic field data.

Besides the insufficient accuracy the not determinable
origin of these periods prevents the investigation of such
small variations. They <can be attributed to the internal or
external geomagnetic field.

3.21 The influence of long-period variations of the external
torques

In  Table Il we find long-period constituents which depend
on temporal variations of the longitudes 1Q and and the
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velocity of the retrograde motion of the Moon's node. For these
terms the coefficients Kjj and Kj2 vanish and we obtain from
equations (20) following relations

A\>i = A\>o0i COS (€ 1ty 1))

X (v

Using the quantities Kj-| given in Table Il we obtain fol-
lowing amplitudes of the variations >~ and  AyN

Only the 18.6 years period has a sufficient large amplitude to
be determined from geomagnetic data. The potential of the geo-
magnetic dipole is given by

vDip = ro (9? Pytcos V) + (g] cos \+h] sin \ ) p](cost>) (22)

from which we obtain the parameters of the westward drift

1/2

Ui = arc tan B
"1 (23)
Vi = arc tan

1

9l

which are per definition the parameters of the relative preces-
sion and nutation of the inner core. The spherical harmonic

expansion of the geomagnetic field is given for different
epochs. From these expansions we can construct time series for
Vv~ and These time series allow to determine the periodic

constituents contained in the temporal variations of the above
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mentioned parameters, according to suitable mathematical
procedures. We used a method published by Jochmann (1986). The

result is exhibited in Fig. 3. For an 18.6 years period results
an amplitude of

Ayi = 0.103°

Fig. 3. Amplitude spectra of the direction angles of the geomagnetic dipole
axis
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which agrees sufficiently with the theoretically calculated
value, because the mean square error of the estimated quantity
amounts to 0.1°. This result can be supported by an investiga-
tion of the 18.2 years periodic constituent of polar motion.
This constituent of polar motion is caused by inner core motion
and tidal effects. The latter effect is very small and can be
neglected. The inner core motion contributes to the excitation
function of polar motion. By Jochmann (1989) a method for the
construction of the excitation function of inner core motion is
given. Applying this and calculating the corresponding periodic
constituent of polar motion, we found for the 18.6 years period
an elliptical pole path with the semi-axes

0.008"
b =o

From the amplitude spectrum of polar motion results

0.007"
b = 0.0004".

Both values agree very well. Since by Jochmann (1989) the rela-
tion between the variations of the geomagnetic dipole and polar
motion was proved for a number of periodic terms, this result
confirms the relation between inner core motion and the west-
drift of the geomagnetic dipole.

3.22 The effect of secular variations of the external torques

Table Il shows that the external torques acting on the
inner core contain constant coefficients which are the reason
for secular variations of the relative motion between the inner
core and the mantle. Solving Egqs (9) and (10) for these terms,
we obtain

OyA = 6.178 « 1010 t + [yO
(24)

AM. = 2.14 101 rad - —-----LI,-
1 _
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The secular variation corresponds to a variation of the
relative precession with a period of 320 years. This term of
the inner core motion can be considered as an additional nuta-
tion imposed on the regular precession. The constants [Oyo and
K1 cannot be determined because of the lack of initial values.

In archaeomagnetic time series, which were investigated by
Adam (1983), there is a 360 years period shown, which may
correspond to the secular motion (24) (see Fig. 4).

S(T)

Fig. 4. Spectral density of archaeomagnetic data (according to Adam N V
1983)

4. CONCLUSIONS

In  Jochmann (1989) the correlation between variations of
geomagnetic field data and polar motion could be proved, using
the hypothesis of a rotating, precessing inner core according
to Smylie et al. (1984). W extended the theory given in the
gquoted paper to the influence of external torques caused by the
attraction of the Sun and the Moon. It could be proved that
periodic terms in the westward drift of the geomagnetic field
were caused by inner core nutations due to corresponding terms
of the temporally variable external torques. Similar corre-
sponding terms were found in the time series of polar motion.

From these results follows that the applied hypothesis is
useful to explain some relations between the geomagnetic west-
ward drift, polar motion and the orbital elements of the Earth
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and the Moon. On the other hand the results seem to confirm the
hypothesis of a rotating, precessing inner core. But, one must
mention that the results are only a first step to prove this

hypothesis.

Extended time series of the investigated phenomena, which
may be available in future will possibly confirm the obtained
results.
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In this paper, we have developed an algorithm based on the method of
integral equations (IE) to simulate the magnetotelluric (MT) response of
three-dimensional (3D) bodies in a layered earth. It has two steps. First
is to compute the equivalent volume currents in inhomogeneities. The 3D
bodies are replaced by an equivalent volume current distribution which is
approximated by pulse basis functions. The integral equations of unknown
electric fields in 3D bodies are constructed using the tensorial Green
functions appropriate to a layered earth. The second step is to find the
scattered fields at the earth surface by integrating the electric and
magnetic tensorial Green functions over the scattering currents.

In order to reduce computation time and memory, three kinds of
processing methods are adopted. They are Hankel transformation and
interpolation, group transforms, and the sparse tensorial Green function
matrix.

A comparison of our responses over a 3D body in a uniform half-space
to these reported in earlier works and a checking of the reciprocity of the
Green functions have verified our program. The distortions of 3D M curves
are preliminarily discussed by practical modeling and some new suggestions
are presented.

Keywords: Green function; Hankel transform; integral equation;
magnetotelluric response; magnetotelluric modeling; numerical modeling; 3D
modeling

INTRODUCTION

The straightforward problem of 3D MI responses in an
important part of magnetotellurics. The integral equations (IE)
method was previously wused in electromagnetic simulations to
model the inhomogeneities in a half-space by Hohmann (1975).
Later Wannamaker et al. (1984) developed an IE method in a
layered earth for MI' modeling and obtained a lot of useful
results. Owing to its advantages less computation time and

Acta Geod. Geoph. Mont. Hung. 26, 1991
Akadémiai Kiado, Budapest
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small memory, great attention is paid to this method and has
became one of the most commonly wused simulation tools
(Varentsov 1983).

The recent developments in MI field surveys and data
interpretation in China have profoundly contributed to our
understanding of the relations between the subsurface
resistivity structure and observed M quantities. However,
.existing ID and 2D M theories are not enough to rationally
interpréte the practical observed data and it is necessary to
discuss the characteristics of distortions of 3D MI curves.

Starting with the Maxwell equations and using Schelkunoff
symmetric potentials, the dyadic Green functions in a layered
earth are derived following Wannamaker et al. (1984). Then the
secondary vectorial Fredholm integral equations are constructed
for the electric fields in the inhomogeneity. In order to
improve the computation efficiency, we have used three methods
in digital processing. They are Hankel transformation and
interpolation, group transforms, and sparse Green matrix.
Finally, we verified our program and studied the distortions of
3D Mr based on practical modeling.

BASIC PRINCIPLES OF INTEGRAL EQUATIONS

Consider a 3D body with the conductivity (59 in a N-
layered host, shown in Fig. 1 confined to layer | for
simplicity. Impressed with a downward propagating plane wave,
the scattering electric and magnetic fields (Es, Hs) as
functions of position R and for an exp (icjt) time depedence
obey the Helmholtz equations (Wannamaker et al. 1984)

(V2+K2) Es = © W o) (l1a)

(V2+K2) g o (17]) (Ib)

(VtK?) g5 = [ f- W L, 5 198 VXM () (le)
v "o

(VotK2) s =y jroyy o ogoyg J Me- v (I=p)  (d)

AN



MAGNETOTELLURIC MODELING 223

where

Fig. 1. Geometry of 30 body in layered earth

Here 3S and Ms are called equivalent scattering electric

and magnetic current substituting for the body. \?(/lrs the
n~

n

admittivity and Z is the impedance at any point. K =y -YZ s
n n
the wawe-number in any layer. The relations among Y, Z
conductivity 6 , dielectric permittivity £ and magnetic

permeability /j are
6 + iuuf (3a)
i UK. (3b)
where i is the imaginary unit. Subscript b represents a 3D

body, j is the layer which contains the 30 body, 1 is any
layer.

If oE(rir') and G~(RIR') are the electric and magnetic
dyadic tensorial Green functions in half-space with layered
earth, the solution of Egs (1) are given by the method of Green
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functions according to the vectorial Green theorem. We only
consider the electric difference of layered earth and neglect
the displacement currents. The integral equations are as follow

ES(R) G|(RIR') * Js(R1)dv (4a)

HS(R) GA(RIR') « Js(R"dv . (4b)

The quantitites G~*(RIR') and G”(RIR") are the electric and
magnetic fields which relate a vector field at R in layer 1, to
a current element at R in layer j, including the case I=j.

Using decomposition of the total fields (E,H) and Eg. (2),
a vectorial Fredholm integral equation of the second-order can
be written about electric fields in the inhomogeneity as

E(R) Ei (R) + (6b-6j) GA(RIR') *3g(R")dv (5)

where PE" is a plane wave response in a layered earth. A simple
matrix equation (e) with order 3N is obtained using the method
of collocation with pulse subsection basis functions. N is the
number of rectangularly prismatic cells by which the 30 body is
approximated.

EIl) « FED = EEa: . (6)

From these we can calculate all MI responses of the 3D
body at the surface of earth by solving for the electric fields
within the cells, by computing the scattering fields about the
inhomogeneity, and by using the discrete version of Eq. (2),

It should be noted that when the difference of
conductivities between host and 3D inhomogeneity is large and
the working frequencies are also high, the vortex currents in a
3D body should be <considered in the integral equation. Thus
integral equation (5) should also be modified corresponding to
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eddy currents. This is one of the important parts in which we
have modified Wannamaker's program using the IE  method.
Unfortunately, by now we have not seen any discussion about
this aspect in published papers. Our program has demonstrated
that eddy currents are significant in 30 MI modeling under some
conditions. A detailed discussion is found at Chen Jiuping
(1987).

NUMERICAL PROCESSING

1. Hankel transformation and interpolation

The primary tensorial Green functions are analytic
expressions, but the secondary ones require much tine to
calculate the Hankel transformation of the complicated kernel
functions of orders 0 and 1. If the inhomogeneity is divided
into N cells and M computing points are needed at the surface

of the earth, there are e N+IIM-*- total transforms. For
overcoming this difficulty, we set up six electric and five
magnetic Hankel transform tables prior to the matrix equation.
Then we compute secondary Green functions by cubic
interpolation using Newton's divided difference method
(Wannamaker et al. 1984). In Hankel transforms, Anderson's

(1975) numerical filters are used with 283 coefficients.

I f a 3D body is divided into 128 cells and no
interpolation is wused, we need 2* 10" Hankel transforms.
Otherwise, only 10" transforms are needed. There is 200 times
difference between them.

The interpolation reduces not only the computation time,
but also satisfies the requirement of a certain precision.
Table | is a comparison of analytic to interpolation results
using 10X s Xs basic points.

2. Group transformation

A unitary transformation matrix can be constructed using
group representation theory as shown in Fig. 2, if all the
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Table |

Calculating Point R = 1500 M,Z = 750 M,Z' = 750 M

functions
Re Im Re Im Re Im Re Im

interpolation 2.4961E-5 3.6623E-9 2.2455E-4  6.7377E-4 2.0132E-8 4.3245E-12 2.0187E-8 4.3444E-12
analytic 2.4546E-5 3.5278E-9 2.3561E-4  6.4676E-4 1.9291E-8 4.1391E-12 1.9291E-8 4.1331E-12
error 16 % 3.8 % 4.7 X 41 % 4.3 % 4.4 X 4.6 % 5.1 X

horizontal <cross sections of a 3D body with vertical edges
possess a certain symmetry (Tripp et al. 1984). Through matrix
U the original coefficient matrix Z of dimension 3Nx 3N in
Eq. (¢), containing redundant information, can be transformed
into a block-diagonal matrix, Z', each of whose four diagonal
subnatrices have dimensions 3N/4x 3N/4. The transform formula
is

r =uzut (7)

where 0 is the transpose of O. Similarly, E and E* can be
transformed into E' and E| by Egs (s).

B =UE (sa)

Ej =u Ej . (sb)

It can be demonstrated that the original Eq. (s) is
equivalent to Eqg. (9)

CZ] mCE']l = EE{D . (9)

Having solved for transformed -electric fields by anti-
transformation
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Fig. 2. The horizontal cross sections of a body with vertical sides possess
a certain symmetry (point group G)

E=UFE (10)

the electric fields E in Eq. (s) can be easily obtained.

Using this technique we only need 1/16 of the storage
capacity and 1/4 at matrix formation time required for the
original matrix.

3. Sparse Green matrix

The elements of matrix Z are related to the relative
distance of the observed cell to the source cell according to
the physical meaning of the Green functions. Compared to the
primary Green functions, the secondary ones are small and can
be neglected if the distance between the cells are large
enough. Therefore, the secondary Green matrix can become a
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sparse matrix according to a certain precision requirement.

3D MODEL STUDY

The program was verified by comparing its 3D MI modeling
results with those reported in earlier works and by checking
the reciprocity of the Green functions.

Figures 3 and 4 aid comparisons of Wannamaker's |E, Lee's
hybrid method and our modeling results for TE and TM mode
excitations. It is clear that our curves are very close to
Wannamaker's ones.

Table 1l contains the checking of reciprocity of the Green
functions. Here the Green function imply their secondary part.
The reciprocity relation is given as

Gt (RIR') = G (R’ IR) ij=x,y,z . (11)
Table |1
Fi 2
Re Im Re Im
1 1.7241E-5 5.6768E-8 1.3347E-8 4.9109E-11
2 1.7241E-5 5.6768E-8 1.3347E-8 4.9109E-11
F3 F4 F3
Re Im Re Im Re

2 .5321E-6 7.4002E-5 2.6738E-8 1.9005E-10 1.3422E-8
2.5321E-6 7 .4002E-5 2.6738E-8 1.9005E-10 1.3422E-B

F5 Fo
Im Re Im

2.9557E-10  2.6736E-8 1.8986E-10
2.9557E-10 2.6736E-8 1.8986E-10

The model parameters are shown in Fig. 5. The working
frequency is 0.01 Hz. Source and observed points are (0, O,
750), (1, 1000, 1500).

Consider a 3D body of low resistivity in a three-layered
earth (Fig. 5). Multifrequency maps of the tensorial apparent
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Fig. 3. Comparison of

Wan's, Lee's and
the present M
results for TE-
nmode excitation.
Legend: + 20;
Olee et al.;
¢ Wannamaker et

al.; ©°Chen et
al.
Fig. 4. Comparison of

Wan's, Lee's and
the present M
results for TV
mode excitation.
Legend: + 2D
Olee et al.;
e Wannamaker et
al.; ° Chen et
al.
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Fig. 5. Theoretical 3D model: a) plan mep, b) section map

resistivities §Xy anc* 9yx are shown in Fig. . At low
frequencies ( <0.1 HZ), the contours of gXy and gyX are close
to each other especially near the edge of 3D body, and form a
"resistivity gradient band". If frequencies are higher than
5 Hz, the contours become sparse and anomalies are not clear.
This phenomenon is explained as a "static field distortion"
(Chen 1987).

Figure 7 shows sounding curves of the apparent resistivity
over a 3 body at site A as well as ID and 2D models which
correspond to the 3D model. Note at low frequencies that the 3D
gxy and gyx curves are seriously departed. However, the 2D
and 3D gyx curves are close to each other at all frequencies.

It should be emphasized that impedance phase curves are
different from pseudo-resistivities in distorting
characteristics (Fig. 7b). At high and low frequencies, the two
phase curves are almost undistorted, but at middle range, they
departed clearly.
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Fig. &. Multifrequency plan nep of apparent resistivities gX/ and gyX

A map and a section of the tipper magnitude T are
displayed over a 3D body in Fig. s. lhe tipper strongly changes
vs. frequency and it looks Ilike a band filter. Ihe tipper
changes most quickly in the range 1-10 Hz and quickly decreases
beyond this range. We define this range as the best range of
frequencies for the tipper. It is not difficult to see that
this best range is just corresponding to the penetration depth
in this example.

In the map, the contours are extended in a direction which
is parallel to the strike of the elongation in 30 and gathered
near the edge of the inhomogeneity.

Generally speaking, the skew S is an important parameter
which is an indicator of the dimensions of subsurface targets.
In the map of Fig. 9a, the contours appear as a bundle of
inclined ellipses. As the observed sites are on the symmetry
axis of the prismatic 3D body, the skew approaches zero. This
illustrates that S cannot present the characteristics of 3D
bodies in some special positions.

As shown in the pseudo-sections of the skew, Fig. 9b, the
contours look like an inverted V, the axis is located at the
right side and is parallel to the frequency axis. Moreover,
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In

Fig. 7. M sounding curves at site A

the magnitude decreases if the frequency increases. Therefore,
the effective frequency of the skew is at low frequencies. The
skew is affected by the distortion due to inhomogeneities.
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Fig. s. Tipper T: a) profiles at x=0 m b) plan nep

DISCUSSIONS AND CONCLUSIONS

Based on the modeling results over a 30 body in a layered
earth, we conclude that

1. The distortions of 3D MI responses can be still divided
into two types: galvanic and induced ones. But galvanic ones
are more significant than induced ones. Essentially, galvanic
distortions may be due to the static effect which is the direct
reason of the departing of ¢xy and Qyx at all frequencies.
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Fig. 9. Skew S: a) plan mep, b) pseudosections at x=500 m

2. The tipper has the characteristic to indicate the
working frequencies. At the best frequency range, the tipper
reflects the existence of a subsurface target. The strike and
the border of an elongated inhomogeneity can be determined
according to the map of tipper magnitude, so the tipper is a
very useful parameter.

3. The effective frequency range of the skew corresponds
to low frequencies. It is not enough to determine the
dimensions of a 3D body only from the values of the skew at a
single site.
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A JOINT VIEW OF GEOMAGNETIC, IONOSPHERIC AND THERMOSPHERIC
DISTORBANCES*

P Bencze

Geodetic and Geophysical Research Institute of the Hungarian Academy
of Sciences, H-9401 Sopron, POB 5, Hungary

Common  features of the storm time and disturbance daily variations of
the geomagnetic field, the ionosphere and the thermosphere are discussed.
An attempt is nmede to use the results achieved in the interpretation of one
of these phenomena, e.g. in the geomagnetic disturbances for the
explanation of the others. It has been found that as energy sources
producing these variations not only auroral processes, but also particle
precipitation  from the ring current belt should be taken into
consideration.

Keywords: energetic particles; geomagnetic disturbances; ionospheric
storms; ring current; thermospheric disturbances

INTRODOCTION

If the variations of the geomagnetic field, the ionosphere
and the thermosphere related to geomagnetic disturbances are
considered, several common features can be detected. Both the
horizontal component of the geomagnetic field and the electron
density in the F region of the ionosphere - the former at low
and mid-latitudes, the latter at middle and high latitudes -
show a storm time variation consisting of a lasting decrease of
the field and the electron density, respectively (storm time is
reckoned from the commencement of the storm) (Figs 1, 2)
(Chapman and Bartels 1951, Matsushita 1959, Bencze 1965,
Obayashi and Matuura 1971). In this paper the F region electron
density is represented by the critical frequency of the F2

*Paper presented at the 10th KAPG Winter School on ,Physical Processes in
the Plasma of the Magnetosphere" and dedicated to the menmory of the late
professor Dr Ch-O Wagner
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Fig. 1. Storm time variation in the horizontal component of the geomagnetic
field at low and middle latitudes (after Chapman and Bartels 1951)

STORM TIME

Fig. 2. Storm time variation of foF2 (proportional to the mexinum electron
density of the F2 layer) in different seasons at low, middle and
high latitudes (after Matsushita 1959)

layer foF2 indicating the maximum electron density of the
ionosphere. In the same latitude zone (30°-60°), where the
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decrease of the electron density during geomagnetic
disturbances (a negative ionospheric storm) can be observed, at
the same time the composition of the neutral atmosphere is
changed in the thermosphere (composition disturbance). The
concentration of the molecular constituents (N2, Ar) is
increased as compared to that of the atomic constituents (o ,He)
(Fig.3) (Prolss 1980). At low latitudes the increase of the
electron density in the F region during geomagnetic
disturbances (positive ionospheric storm) (Fig. 2) coincides
with the zone of unchanged composition in the thermosphere
(Fig. 3). The relation between the F region electron density
variation and the composition disturbance in the thermosphere
during geomagnetic disturbances is confirmed by the
corresponding change of the Ilatitudinal extension of the
decreased electron density and that of the composition
disturbance with season, too. In summer the zone of decreased
electron density is extended equatorward as compared to winter

HEIGHT (KM)
280260 2A0 231 2A0 260 280 300 30

Fig. 3. Latitudinal variation of the composition disturbance in the thermo-
sphere (after Prolss 1980)
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in accordance with which the zone of the composition
disturbance is also enlarged equatorward (Figs 2, 4)
(Matsushita 1959, Prolss 1980).

GEOVAGNETIC LATITUDE

Fig. 4. Seasonal variation of the latitudinal extension of the composition
disturbance in the thermosphere (after Prolss 1980)

Further similarities can be found in the disturbance daily
variations (SD) of the above quantities. Both the disturbance
daily variation of the geomagnetic horizontal component and
that of the F region electron density changes similarly the
maximum being shifted with increasing latitude from the
forenoon hours at low latitudes to the afternoon hours at mid-
latitudes (Figs 5, e, 7) (Chapman and Bartels 1951, Matsushita
1959, Bencze 1965). In the density of the thermosphere a
disturbance daily variation could also be traced at Ilow
latitudes the mean variation determined for the latitude zone
_+30° having a maximum in the day-time hours (Fig. s) (Illés-
Almar et al. 1989). This picture is in agreement with the well
known fact that at low latitudes the F region electron density
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increases with geomagnetic activity. Here a morning maximum in
the disturbance daily variation of the electron density
corresponds to the morning maximum of the disturbance daily
variation of the geomagnetic horizontal component (indicating
the geomagnetic activity). As for the disturbance daily
variation of the F region electron density at middle latitudes,
the circumstance that at the time of maximum geomagnetic

Fig. 5. Disturbance daily variation in the horizontal component of the geo-
magnetic field determined for the first and second days of the
disturbance (after Chapman and Bartels 1951)
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Fig. . Disturbance daily variation of foF2 (proportional to the meximum
electron density of the R layer) in different seasons at middle
latitude (Bencze 1965)

disturbance in the afternoon instead a minimum a maximum is
observed, hints at a process differing from that producing the
storm time variations. Similarly, since rising geomagnetic
activity is accompanied by increased thermospheric density,
enhanced day-time density corresponds to the morning maximum of
the disturbance daily variation of the geomagnetic horizontal
component (reminding that the disturbance daily variation of
the thermospheric density considered here represents a spatial
mean and the delay in the reaction of the thermosphere must
also be taken into account).

DISCUSSION AND INTERPRETATION

As the background of the geomagnetic disturbances is
fairly well known, it can support the interpretation of
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TIMES OF MAXIMA

Fig. 7. The latitudinal variation of the phase (local time of the maxima)
of the disturbance daily variation in foF2 (full line) (after
Matsushita 1959) and in the geomagnetic horizontal component
(circles) (after Chapman and Bartels 1951)

Fig.. s . Disturbance daily variation of the running nean residuals of the
neutral density measured at about 400 km (deviations from the model
values corrected for storm time variation determined fro the total
material (full line) and for disturbed days (dots) (lllés-Almar et
al. 1989)
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ionospheric and thermospheric phenomena occurring during
geomagnetic disturbances.

The lasting depression of the horizontal component of the
geomagnetic field at low and mid-latitudes - called the main
and recovery phases of a geomagnetic storm - are due to the
ring .current. It has been found that as a consequence of the
interaction between the cross tail (convection) electric field
generated by the solar wind and the geomagnetic field a plasma
sheet is formed along the central plane of the tail. After
earthward transport particles get from the plasma sheet both to
the auroral ovals and the ring current. The particle injection
to both of these regions during geomagnetic disturbances is due
to the increased convection. The particles enter into the ring
current belt as a result of gradient and curvature drifts in
the geomagnetic field. The main phase depression of the
geomagnetic field at low and mid-latitudes is the effect of the
intensification of the ring current due to this particle
injection from the plasma sheet. The decrease of the electron
density in the F-region and the composition disturbance in the
thermosphere at middle and high latitudes can be related to the
effects of the particle injection from the plasma sheet to the
auroral ovals occurring simultaneously with the injection to
the ring current.

The modelling of thermospheric storm effects has shown
that heating caused by precipitating electrons in the auroral
zones establishes an upwelling of air rich in molecular
constituents thus, increasing the concentration of molecular
constituents as compared to that of the atomic components
(Rishbeth et al. 1985). The effect of the upwelling, however,
spreads over a latitude zone of only 5° equaforward from the
auroral ovals, the vertical diffusion being faster than the
equatorward transport by the horizontal wind (Rishbeth et al.,
1985). Thus, at lower latitudes - at middle latitudes - thermal
expansion due to additional heating can assure the increased
concentration of the molecular constituents as compared to that
of the atomic constituents.

Hence at middle and high latitudes negative ionospheric
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storms are connected with composition changes mentioned above.
The increase of the concentration of the molecular components
(N2 ,02) as compared to that of the atomic oxygen can enhance
the rate of dissociative recombination and a reduction of the
electron density is observed in the F region.

At low latitudes thermal expansion caused by additional
heating can also be necessary to compensate the effect of
sinking of air rich in atomic components corresponding to the
upwelling of air at high latitudes and establishing unchanged
composition.

The development of the positive ionospheric storm is less

clear. Considering the state of the thermosphere during
geomagnetic disturbances, it can not be due to composition
changes. Thus, it has been assumed that the increase of the F

region electron density is related to the vertical transport of
ionization caused by equatorward winds and/or zonal (eastward)
electric fields. The circumstance that at low latitudes thermal
expansion due to additional heating is necessary for the
maintenance of unchanged composition, hints at the role of
increased temperature. An increase of the temperature would
also decrease the recombination rate and result in enhanced
electron density.

The disturbance daily variation of the geomagnetic field
is attributed partly to the asymmetry of the ring current,
partly to auroral sources. Thus, an interpretation of the
disturbance daily variation of the F region electron density
and that of the thermospheric density might be attempted on the
basis of this assumption. The ring current is asymmetric first
of all from the point of view of its intensity the latter being
greater at the night side than on the day side. The asymmetry
of the intensity is due partly to the limited range of the
longitudinal drift of the particles, partly to the partial ring
current established by field aligned currents (region Il
currents) (lijima et al. 198B). The ring current is also
asymmetric considering its composition. It has been found that
o+ Jions are the dominant ions on the dayside during the main
and recovery phases of geomagnetic storms (Lundin et al. 1983).
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The decay of the ring current is attributed partly to
charge exchange between ring current ions (H+,0+,He+) and
neutral atoms in the geocorona (Dessler et al. 1961), partly to
wave-particle interaction (Cornwall et al. 1970, Williams and
Lyons 1974a,b, Williams et al. 1976, doselyn and Lyons 1976,
Lyons and Speiser 1982). As a result of the former process
energetic neutral atoms are produced precipitating into the
upper atmosphere at Jlow latitudes, while due to the latter
process energetic electrons leave the radiation belt (Fig. 9)
(Torr 1983). The particles lose their energy in collisions with
the ambient atmosphere. The wave-particle interaction can be
considered as a third factor contributing to the asymmetry of

the ring current. The efficiency of the wave-particle
interaction as a loss process for the ring current is
influenced namely by the interaction between the hot plasma of
the ring current and the cold plasma of the plasmasphere

(Cornwall et al. 1970, Kozyra 1988). The plasmasphere being
larger on the dayside than on the nightside and having a bulge
in the afternoon sector (Oecreau et al. 1982, Gringauz 1983),
the particle loss due to this process is not uniform along the
belt. Thus, the particle loss can be larger on the dayside,
especially in the afternoon than on the night side.

Making use of these findings, in case of the disturbance
daily variation of the geomagnetic horizontal component the
maximum in the morning hours at low latitudes hints at the
relation to the asymmetry in the intensity of the ring current.
As to the disturbance daily variation of the F-region electron
density and the thermospheric density the compositional
asymmetry (presumably the flux of energetic oxygen atoms
produced by charge exchange being larger and resulting also in
a greater energy deposition on the dayside in the thermosphere
than protons) can also contribute to the development of the
maximum in the morning-midday hours. The shift of the maximum
from the forenoon to the afternoon hours with increasing
latitude can be connected with the increasing importance of the
wave-particle interaction in the afternoon as compared to
charge-exchange in the production of energetic particles. An
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Fig. 9. The nighttime zones of precipitating electrons (dashed line) and
ions (solid line) as a function of geomagnetic latitude, energy flux
referring to 200 km moderately disturbed conditions (lorr 1983)

argument in favour of this explanation can be the circumstance
that at the time of the maximum geomagnetic disturbance a
maximum of the disturbance daily variation of the F region
electron density occurs also at mid-latitudes as at low
latitudes, indicating a process analogous to the conditions at
low latitudes, probable heating but not composition change.

CONCLUSIONS

Up to recent years the auroral oval has been considered as
the place of energy input into the upper atmosphere during
magnetospheric storms. The uncommon phenomena (aurora,
geomagnetic, ionospheric disturbances) taking place in these
cases at high latitudes directed the attention to the auroral
zone. Since such phenomena of similar intensity were observed
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nowhere else, the investigation of the terrestrial effects of
the solar activity has been focussed on the polar regions. The
observation of atmospheric emissions at low latitudes was
probable the first observation, indicating that the storm
energy has access to the upper atmosphere at these latitudes,
too (Barbier 1947, Seaton 1956, Chapman 1957 a,b, Chamberlain
1961, Levasseur and Blamont 1973, Meier and Weller 1975,
Paresce 1979, Tinsley 1979, Burnside et al. 1980, Meriwether
and Walker 1980, Thomas 1980, Cazes and Enterich 1980, Tinsley
and Burnside 1981, Tinsley et al. 1982, Rohrbaugh et al. 1983,
Tinsley et al. 1984, Ishimoto et al. 1986, Tinsley et al. 1986,
Abreu et al. 1986). At first it was not quite clear how these
emissions are produced. A systematic study of atmospheric
emissions has enabled the determination of the energy source of
these emissions, particles transferring the energy stored in
the magnetosphere (Meier and Weller 1975, Tinsley 1979, Tinsley
and Burnside 1981, Tinsley et al. 1982, Rohrbaugh et al. 1983,
Ishimoto et al. 1986, Tinsley et al. 1986, Abreu et al. 1986).
lonospheric observations have also shown that at low latitudes
there is an excess ionization (intermediate layer formation)
during geomagnetic disturbances hinting at an additional energy
source (Rowe 1974, Goldberg 1974, Kelley et al. 1977).
Increased electron temperature has also been observed in the
recovery phase at middle latitudes (Fig. 10) (Wagner et al.
1986). The increase of the neutral temperature at low latitudes
deduced from satellite drag data could partly be explained by
particle (energetic hydrogen atoms) precipitation from the
storm ring current (Prolss et al. 1973). However, not only
these effects of particle precipitation, but also the particles
themselves, e.g. quasi-trapped particles (2-20 keV electrons or
protons) have been observed by rocket measurements above 200
km at low latitudes (Goldberg 1974, Kelley et al. 1977, Guzik
et al. 1989) supporting the idea of multiple charge-exchange
between radiation belt ions and neutrals (Scholer et al. 1975).

Thus, there are many observations indicating the access of
energy into the upper atmosphere during geomagnetic
disturbances also at Ilow latitudes. Consequently, in addition
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Fig. 10. Latitudinal variation of the electron temperature measured by the
satellite 1K-10 on 29.1.1974 (+) and 31.1.1974 () at 5 MT in
about 1000 km altitude (Wagner et al. 1986)

to the auroral processes the particle precipitation at low and
mid-latitudes should also be taken into account. As it has been
shown, in disturbed periods the different typs of precipitating
particles can contribute to the variations of the geomagnetic
field, the ionosphere and the thermosphere.
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