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Abstract. We contribute to the development of equivalence of fixed
point iterative sequences for multivalued mappings in modular function
spaces, by proving the equivalence of convergence of implicit Mann, im-
plicit Ishikawa, implicit Noor, implicit multistep iterative sequences for
multivalued p— quasi-contractive-like mapppings in modular function
spaces. An example is provided to support the applicability of the re-
sults. This work is complementary to equivalence results on normed and
metric spaces in the literature.

1 Introduction and preliminaries

The existence and approximation of fixed points for multivalued mappings in
modular function spaces abound in the literature. Some of the notable authors
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whose research work are very important in this study are ([8], [9], [10], [11],
[12], [14], [15] and [16]).

Let Q be a nonempty set and > be a nontrival o—algebra of subsets of
Q). Let P be a d—ring of subsets of QO such that ENA € P for any E € P
and A € ) . Assume there exists an increasing sequence K, € P such that
Q = [JKy. Let Ia represent the characteristic function of the set A in Q.
Let € represent the linear space of all simple functions with supports from P.
Let My, represent the space of all extended measurable functions, that is, all
functions f : Q — [—o00, 00] such that there exist a sequence {gn} C €, |gn| < |f|
and g(w) — f(w) for all w € Q.

Definition 1 [16] Let p : My — [0,00] be a nontrivial, conver and even
function. We say that p is a reqular convex function pseudomodular if

(1) p(0) =0
(2) p is monotone, that is, |f(w)| < gl(w)| for any w € Q implies p(f) <
p(g), where f,g € Mo

(3) p is orthogonally subadditive, that is, p(flaup) < p(fIa)+ p(flg) for any
A,B € ) such that ANB # ¢, f € Mc;

(4) p has Fatou property, that is, [fn(w)| T |f(w)| for all w € Q implies
p(fn) T p(f), where f € Mc;

(5) p is order continuous in €, that is, gn € € and |gn(w)| [ 0 for allw € Q
implies p(gn) | O.

Definition 2 [8]. Let p be a regular function pseudomodular;
(a) we say that p is a regular convex function modular if p(f) = 0 implies
f=0 p -a.e.
(b) we say that p is a regular convex function semimodular if p(af) =0 for
every o« > 0 implies f =0 p -a.e.

p also satisfies the following properties [10]:

(1) p(0) =0 ff f=0 p -a.e.
(2) plaf) = p(f) for every scalar & with |x| =1 and f € M.

(3) plaf+PBg) < p(f)+p(g) if a+p =1, % >0 andf,g € M, p is called
a convex modular if, in addition, the following property is satisfied:

(4) p(of +Bg) < ap(f) +Ppl(g) if a+B =1, x,f >0 and f,g € M.
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The class of all nonzero regular convex function modulars on Q is denoted by
R.

Definition 3 [16]. The modular function space L, is defined as: L, = {f €
M:p(Af) - 0 as A — 0L

In general terms, the modular p is not subadditive and therefore does not
behave as a norm or a distance. Nevertheless, the modular space L, can be
furnished with an F—norm defined thus:

I]l, = mf{a >0: p(;() < a}_

In the instance p is convex modular, ||f||, = inf{la > 0: p(&) < 1} defines a
norm on the modular space Ly. This type of norm is known as the Luzemburg
norm.

Definition 4 [16]. A nonzero regular convex function p is said to satisfy the
Ay— condition, if sup,s; p(2fn, D) — 0 as k — oo whenever {Dy} decreases
to 0 and supn>1p(fn, Dy) — 0 as k — oo. If p is convex and satisfies A;-
condition, then L, = E,.

Definition 5 [16] Let p be a nonzero reqular convex function modular defined
on Q.

(i) Let v > 0, € > 0. Define Dy(r,e) = {(f,g) : f,g € Ly, p(f),p(g) <
r,p(f—g) > er}. Suppose, &(r,e) = inf{1 — 1p(%9) : (f,g) € Di(r, )},
if Di(ry€) # 0 and 61(r,e) =1 if Dy(r,€) = (. We say that p satisfies
(UC1), if for every r > 0, € > 0, d1(r,e) > 0. Observe that for every

>0, Di(r,€e) #0, € >0 small enough.

(ii) We say that p satisfies (UUCT), if for every s > 0, € > 0, there ezists
M1(s, €) > 0 depending only on s and € such that &1(r,€) >ni(s,e) >0
for any r > s.

(iii) Let r > 0, € > 0. Define Dy(r,e) = {(f,g) : f,g € Ly, p(f),p(g) <
r,0(152) > er). Suppose, 8,(r,€) = inf (1 — 1p(559) : (f,g) € Dy(r,e))
if Da(ry€) # 0 and d3(r,e) = 1 if Da(r,e) = 0. We say that p satisfies
(UC2), if for every v > 0, € > 0, &2(r,€) > 0. Observe that for every
r>0, Dy(r,€) #0, € >0 small enough.

(iv) We say that p satisfies (UUC2), if for every s > 0, € > 0, there exists
n2(s,€) > 0 depending only on s and € such that d;(r,€) >na(s,e) >0
for any v > s.
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(v) We say that p is strictly convex (SC), if for every f,g € L, such that
p(f) = p(g) and p(T49) = w, there holds f = g.

Definition 6 [16]. Let L, be a modular space. The sequence {fn} € L, is called:

(1) p—convergent to f € Ly, if p(fn —f) = 0 as n — oo;
(2) p—Cauchy, if p(fn —fm) — 0 as n,m — oco.

Remark 1 p—convergent sequence implies p—Cauchy sequence, if and only
if p— satisfies the Ay— condition. However, p does not satisfy the triangle
mequality.

Definition 7 [16]. Let L, be a modular space. A subset D C L, is called:

(1) p—closed, if the p—limit of a p—convergent sequence of D always belongs
to D;

(2) p—a.e. closed, if the p—a.e. limit of a p—a.e. convergent sequence of D
always belongs to D;

(3) p—compact, if every sequence in D has a p—convergent subsequence in
D;

(4) p—a.e. compact, if every sequence in D has a p—a.e. convergent subse-
quence in D;

Definition 8 [16]. Let L, be a modular space. A function f € L, is called a
fized point of a multivalued mapping T : L, — Po(D) if f € Tf . The set of all
fized points of T is represented by Fy(T).

The following contractive defintions are useful in stating our definitions in
terms of functions in modular function spaces. In 1972, Zamfirescu [22] proved
a remarkable generalization of the Banach fixed point theorem by employing
the following quasi-contractive mapping:

Mty Ty) + dly, 1, (1)

a0, ) + dly, Ty)l, 5

d(TX, Ty) < hmax{d(x,y), E
where 0 < h < 1. In a Normed linear space setting, condition (1) implies
ITx — Tyl < 8lx —yl| + 25[]x — Tx||, (2)

where 0 < 6 < 1 and & = max{h,%}.
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In [18], the following contractive definition was used. Let X be a Banach
space, for each x,y € X, there exists 6 € [0,1) and L > 0 such that

M =Tyl < 8l[x —yll + Ll = Tx||. (3)

In [13], the following contractive definition was employed in proving stability
results. Let X be a Banach space, for each x,y € X, there exist & € [0,1) and
a monotone increasing function ¢ : R" — R with ¢(0) = 0 such that

M =Tyl < 8llx =yl + @(fx = Tx|]). (4)

It is important to remark that contractive condition (4) is a generalization of
(3) and (2) for single valued map T.

The modified versions of contractive conditions (2)—(4), is hereby presented
in a modular function space as follows.

Let L, be a modular space. A set D C L, is called p—proximinal if for each
f € L, there exists an element g € D such that p(f—g) = dist,(f, D). We repre-
sent the family of nonempty p—bounded p—proximinal subsets of D by P,(D),
the family of nonempty p—closed p—bounded subsets of D by Cy(D) and the
family of p—compact subsets of D by K,(D). Let H,(.,.) be the p—Hausdorft
distance on Cy(Ly), that is, Hy(A,B) = max{supsca distp(f,B),supyep
distp(g,A)L, A, B € Cy(L,).

A multivalued map T : D — C,(L,) is said to be:

(1) p—contraction mapping, if there exists a constant & € [0,1) such that
H, (Tf, Tg) < 8p(f —g), for all f,g € D. (5)
(2) p—Zamfirescu mapping if
H,(Tf, Tg) < 8p(f — g) + 28p(Tf — f), for all f, g € D. (6)
(3) p—quasi- contractive mapping if
H, (Tf, Tg) < dp(f — g) + Lp(Tf —f), for all f,ge D,L>0. (7)
(4) p—quasi-contractive-like mapping if
H, (Tf, Tg) < 8p(f — g) + @o(p(Tf —f)), for all f,g € D. (8)

where @, : R" — R* is a p—monotone increasing function with ¢,(0) = 0.
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Implicit iterations exist in literature and have been proved to have advantage
over explicit iterations for nonlinear problems as they provide better approxi-
mation of fixed points, and are widely used in many applications, when explicit
iterations are ineficient. Approximation of fixed points in computer oriented
programs using implicit iterations can reduce the computational cost of the
fixed point problems (see [7]). The following implicit iterative sequences in the
framework of modular function spaces are hereby presented:

Let L, be a modular space, D C L, and T : D — P,(D) be a multivalued
mapping, then the implicit multistep iterative sequence {fn};°, C D is defined
by:

foe D
fp-i—] - (] __an_)fL + ofnu.n—H) (9)
flo=(1 =BT +plul, i=1,2,..,k—2
it =0 =By D+ By ul !, n=0,1,2,..,
where u,, € Pg(fn), ul € Pg(f}l), ukl e Pg(ﬂkl_l), the sequences

{ocn}?LO:O,{B;};’f:O C(0,1)(i=1,2,..,k—1) such that ) 7 x, = oo.
The implicit Noor iterative sequence {gn}32, C D is defined by:

goe D

gn+1 = (1— (Xn)gll + XnVn+1, (10>
gn = (1—BL)gA + BLvh,

g% = (1 —B2)gn + B2V2, n=0,1,2,...,

where vy 1 € Pg(gn+1 ), VL € Pg(gn)l, v,z1 € Pg(gfl), the sequences

{on ) 0, {B1I2 0, {B2)2, C (0, 1), such that Y 52 ) oty = oo.
The implicit Ishikawa iterative sequence {hn}3° ; C D is defined by:

hy e D
hnt1 = (1 — o))+ ansnyt, (11)
h = (1—=B)ha+Blsl, n=0,1,2,...,

where s € Pg(hn+1), sl € Pg(h}l), the sequences {ocn}?lo:o,{fill}ff:o c (0,1),
such that ) 02 ) oy = oo.
The implicit Mann iterative sequence {gn}>>, C D is defined by:

In+1 = (] - (Xn)gn + XnVnt1, M= 0>1)2> ooy

where v € Pg(gnﬂ ), the sequence {52 5 C (0, 1), such that } 2 ) on = oo.
The following Lemmas will be needed in proving the main results.
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Lemma 1 [10]. Let T : D — Py(D) be a multivalued mapping and Pg(f) =
{g € Tf : p(f — g) = dist,(f, Tf)}. Then the following are equivalent:

(1) f e Fy(T), that is, f € THf.

(2) Pg(f) = {f}, that is, f = g for each g € Pg(f).

(3) fe F(Pg(f)), that is, f € Pg(f). Further Fo(T) = F(Pg(f)) where F(Pg(f))
represent the set of fized points of Pg(f).

Lemma 2 [6]. Let & be a real number satisfying 0 < & < 1 and {en}2, a
sequence of positive numbers such that limn_e0€n = 0, then for any sequence
of positive numbers {un 2 o satisfying uny1 < dun + €n, n=0,1,2,..., we have
Ump—ooun = 0.

Laudable papers have written by notable researchers on the convergence and
the equivalence of convergence of various iterative sequences for single mapping
T on normed and metric spaces. That is, different authors have shown that
the convergence of any of the iterative method to the unique fized point of
the contractive operator for single map T is equivalent to the convergence of
the other iterative sequences. For a look at some of the fine works in this
direction, see references: [1], [2], [5], [6], [7], [19],[20], [21], and [23]. Some results
also appear for pair of maps, for example, (see [3], [4], and [17] for details).
The new version of equivalence results will now be proved for multivalued
p—quasi-contractive-like mappings in modular function spaces in the following
theorems.

2  Main results

Theorem 1 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T : D —
Po(D) be a multivalued mapping such that Pg s a p—quasi-contractive-like
mapping, satisfying the contractive condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf —f)), (13)

for all ;g € D and Fyo(T) # 0, where § € [0,1) and ¢, : R" — R is a
p—monotone increasing function with @,(0) = 0. Let fy, go € D and {fr},{gn} C
D be defined by the implicit multistep (9) and implicit Mann (12) iterative se-
quence respectively, where the sequences {0m) 5, {BL}°, C (0,1) such that
Y X ot =00, Y 2 BY =00, fori=1,2,...;k—1. Then the following are
equivalent:
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(i) the implicit Mann iterative sequence (12) converges strongly to the fived
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fized point of the multivalued map T.

Proof. Let p € F,(T), from Lemma 1, Pg(p) ={p} and Fy(T) = F(Pg).

We prove that (i) = (ii). Assume limp_,00 gn = p. Using p—quasi-contractive-
like condition (13), implicit Mann (12) and implicit multistep iterative se-
quences (9), we obtain the following:

p(9n+1 - fn+1) =p[(1— o‘n)(gn - f:l) + (Xn(VnH _unH)]- (14)

Using the convexity of p in equation (14), we have

P(gnr1 — fu1) = (1= an)p(gn — ) + 0P (Vi1 — Uns1) 15)
< (1= on)p(gn — 1) + ot (Ho (Py (gns1), Py (Frgr))).
Using (13), let f = fi11, g = gn41, then, from (15), we get the following:

Ho(Pg (gns1)s Py (Frs1)) < 8p(gnst — fni1) + (14 8)@p(p(gns1 — ). (16)
Substituting inequality (16) in inequality (15), we obtain

P(gnt1 —fns1) < (1 —an)p(gn — f;) + 00t P(gns1 — frg1) +
(1+8)on@o(p(gni1 —p)).

That is,
1— o 1 n
plant —fa) < (1 Jolgn — 1A)+ (2% )y p(gne — p))- (17
plgn — 1) = pl(gn — ((1—BLIFA + Bhub)). (18)
Using the convexity of p in equation (18), we have
lgn — 1) < (1= BL)p(gn — F2) + Bhe(gn — 1))
gﬂ—ﬁL)p( —f2)+BLp( —Vn) + Bhp(vn — )

: (19)
+ Bnp(\)n _p) + Bnp(vn _un)

< (1= Bp)p(gn — fa) + Bhelgn — P) + BrHe(Py(gn), Py (P))
+ BrHo(Pp (gn), Py ().
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Using (13), let f =p, g = gn, and also let f = g, g = f}, then, from (19), we
get the following;:

_pl 1
oln —12) = (7 =y Jolon = 1+ (G50 Jolon =)

(148)B, @0)
+ <]_66f)@p(p(gn—p))-
Substituting inequality (20) in inequality (17), we obtain
1— n 11— B‘]l
P(gnt1 — frp1) < (] _;:Xn) (1 —5531)‘)(9”_]%)
T—on \ ((1+0)B)
+ (1 —6%)( T—op] >p(gn—p) o
1T—on \ ((1+0)B) (
+ (1 _Mn)( T— 5Bl >(Pp(P gn —P))
14 8)an
#(F e ) oylolonst — )
Similarly, an application of (13) and (9) and (12) give the following
1—p2 1+8)B2
olan —12) < (7 Jolon = 21+ (30" Jolon =)
(T+9B%) o olgn — p))
+ W ©olPplgn —P))-
3 1-B3 4 (1+8)Bs,
plgn — ) s( - 3)p(gn—fn)+<_3m(gn—p>
e T— B3 o)
(1+8)p3
+ T_op @o(p(gn —P)).
k2 W) e <W> _
olon — 1571 < (17505 Joton =57+ (08 otan —) "

(¢ +8)B

ok 2 )(pp(p(gn —p)).
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k 1 (] —1-5) k—1
plgn — i) < 6(5 Plgn —fn) + ( gk p(gn —p)

k—1
¥ (ﬂfzzﬁf]ﬁp(p(gn—p)).

(25)

Substituting inequalities (25), (24), (23), (22) in inequality (21) inductively
and simplifying, we obtain

T—on \(T=Bn \(1—B2\(1-B3
Plomn =) = (1 —6cxn) (1 —6%) <1 —65%) (1 —w%)'"

1oy (1o gk
(1 - 6[51%2) ( 6ﬁh1>p(g“_f“)

+<1—ocn>< +6[3n>< +5[32>< +5)Bi>
T—80n )\ 1—8B] 5p2 5p3 )
(1+5)pk>2
( 65h2>< 6611’ )p z0)
1— oy +8)BL +8)B2\ [ (1+8)p3
(1—6ocn>(1—6f3n < — B3 )( — o3, >
5 k—1
(( 5?3 ><( +5(3[3 )cpp(p(g —p))
1+ 8)on
+ <(1 J_rélix )@o(p(gnt —p)>.
Observe that
1 — o |
1—606n S]_an‘f'éo‘m
1— 1
Tapr| <1-BL+oBL,
1—f32: 2 2
o <1—p%+6p2,..., (27)
:]_ka_z
— 5[312] <1—B245p%2 and
- Y
- f;& <1 Bk 0Bk,
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Applying the inequality (27) in inequality (26) and simplifying, we obtain

(9n+] _fn+1) (] — O + 60(11)(] Bn+66n)(] - Bn + ‘Sﬁn)
(1— n +5[5 (1 — -1-5(?) N+en (28)
<O —(1—=08)anlplgn — )+ena

where,

=1 — (1= 8) o)1 — (1= 8)BLN — (1= 8)B2IT — (1 — §)B3]...
[1—(1=8)BX 21— (1-8)BX p(gn —p)
AR (T4+8)BL\ [ (1 +8)B2N [ (1+8)B3,
1T —d0tn 1—68B) 1—6p2 1-6p3 )7
k—2 k—1
<(1+6)f3n )(“+5”3n )wp(p(gn—p))

1—8p%2 1—5pk!

1 n
+ (tg)o:)cpp(p(gw —p)>-

Using the fact that 0 < & < 1 and the conditions {0}, {512, C (0,1)(i =
1,2,...,k—1) in iterative sequences (9) to (12) in (28), it follows that

lim p(gn —fn) =0.

n—oo

Since by assumption lim, o, gn = P, then p(f—p) < p(gn—Ffn)+p(gn—p) —
0 as m — oo. That is, limp_,00 fr = Pp.

Next we show that (ii) — (i). Assume limp_o fn = Pp.

Then using p—quasi-contractive-like condition (13), implicit multistep (9)
and implicit Mann iterative sequences (12), we obtain the following:

1

P(fny1 — 9n+1) =pl(1— O(n)(fn - gn) + oty (Unt1 — Vg I (29)

Using the convexity of p in (29), we have

p(an - gnH) =(1—- (xn)p(fll - gn) + ‘an(unﬂ _Vn+1)
<(- O‘n)p(ﬂl —gn) + “n(Hp(Pg(fn+l)a Pg(gn—&-] ))).

Using (13), let f = f111, g = gn+1, then, from (29), we get the following:

Ho (P} (1), Pa(gni1)) < 8p(fri1 — gni1) + (14 8)@p(p(fair —p)).  (31)
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Substituting inequality (31) in inequality (30), we obtain

P(frp1 —gny1) < (1— (Xn)p(f:l — gn) + 00tnp(fri1 — gni1)
+(1+8)an@p(p(frrr —p))-

That is,
1— o 1+38)an
P(frr1 —gni1) < <1 __;; )ﬁﬂfk—-gn)+-<(]j:5£x)(ppuﬂfn+1——p)L (32)
1 1- By, 2 (14 8)B,, 1
pﬁn—gnh£<]_6ﬁh>pﬁn—gn%+<]__mﬂl>pﬁn—P%+ .
1+8)B!
(g )otolrh—p)
Substituting inequality (33) in inequality (32), we obtain
T—an \ /1B
Pﬁwr—%ﬂ)ﬁ(]_g%)(]_ii)mﬁ—ﬂﬂ
1—oan (] + 6)[31]1 1
+<]_6ocn>< ]_6‘311 )p(f‘n_p) (34)
1—ow \ (1 +8)B)
+<1—§%><1—4BL)@Mmﬂ_p”
14+ 8)on
= (Ham ) oplolnr Pl
Similarly, an application of (13) and (9) and (12) give the following
1— P2 1+ 8)B3
pﬁﬁ—gﬂ<i<1_£;>pﬁi—gﬂ4—<%f6§?>pﬁﬁ—p)
1+ 5)p2
+ (S ) ostolh =
1- B (1+8)B%
o(f — ) < (7 g ol —on) + (gt ol =) »

3
+(Qf2§ﬁwamﬁ—p»
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_ pk—2 k—2
p(f 2 —gn) < (16“) P! —gn) + (“Hﬂﬁ“> p(fs 2 —p)

1—5pk=2 1—5pk2
(1 ff’) k=2 2 : (31)
+ <1_6Bknz>@p(9(fh_ —p))-
k-1 k-1
ol gn) < (12 ot —9n)+ (o ol =)
—OfBn 1—3Bn
(14 8)pk! 1 (38)
+ (1_6[51;_11>(Pp(9(fn_ —p)).

Substituting inequalities (38), (37), (36), (35) in inequality (32) inductively
and simplifying, we obtain

P(frne1 — Gne1) < 1 — (1 =0)anlp(fr — gn) + b, (39)

b = (1= (1= 8)anlll— (18BN — (1 -8B — (1 - §)BL...
01— (1—=8)BX 20 —(1—8)B p(f<" —p)

+<1—an><(1+6)rs;><(1+6)ﬁi (1+8)p3
T—80, )\ 1—0B) 1—6p2 1—5(5131)“'

k—2 k—1
(““’”5“ )(““’) n )@pm(f}i]—p))

Topk 2 )\ 1ok
1+0)an
H(HE0m ) gylolnr ~ b))

Using the fact that 0 < & < 1 and the conditions {ocn}ffzo,{ﬁk}flo:o c(0,1i=
1,2,...,k—1) in iterative sequences (9) to (12) in (39), it follows that

lim p(fy, —gn) =0.
n—oo

Since by assumption limy e fr = p, then

P(gn —P) < p(fn —gn) +p(fn—p) = 0 as n — ooc.

That is, limp—,00 gn = p. This ends the proof. O
Since the implicit Noor (10), the implicit Ishikawa (11) and the implicit

Mann (12) iterative sequences are special cases of the implicit multistep iter-

ative sequence (9), then Theorem 1 leads to the following corollary:
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Corollary 1 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg 18 a p—quasi-contractive-like
mapping, satisfying contractive-like condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf — 1)), (40)

for all g,h,g € D and Fo(T) # 0, where § € [0,1) and ¢, : R" — R* is
a p—monotone increasing function with @,(0) = 0. Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor iterative sequences (10) respectively, where the se-
quences {on}o2 o, (Brtpo, (BRI C (0,1) such that 3325 o = 00, 3220 By =
o0, fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Proof. The proof of Corollary 1 is similar to that of Theorem 1. O

Corollary 2 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg s a p—quasi-contractive-like
mapping, satisfying the condition

Ho(Tf, Tg) < dp(f — g) + @p(p(Tf — 1)), (41)

for all g,h,g,f € D and Fo(T) # 0, where & € [0,1) and @, : RT — R
is a p—monotone increasing function with @,(0) = 0. Let go, ho, go,fo € D
and {gn}, {hn} {gn}, {fn} C D be defined by the implicit Mann (12), implicit
Ishikawa (11), implicit Noor (10), implicit multistep (9) iterative sequences re-
spectively, where the sequences {0} 5, {BL1° ) C (0,1) such that Y o2, om =
00,Y 2, BL =00 fori=1,2,...k— 1. Then the following are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fixed
point of the multivalued map T,
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(ii) the implicit Ishikawa iterative sequence (11) converges strongly to the
fized point of the multivalued map T,

(iii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T,

(iv) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Theorem 2 Let p satisfy (UWUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T : D —
Po(D) be a multivalued mapping such that Pg 18 a P—quasi-contractive map-
ping, satisfying the condition

H, (Tf, Tg) < dp(f — g) + Jp(TF — 1), (42)

for all fyg € D and Fo(T) # 0, where & € [0,1) and J > 0. Let fo,go € D
and {fn},{gn} C D be defined by the implicit multistep (9) and implicit Mann
iterative sequences (12) respectively, where the sequences {on}> 5, {BLI, C
(0,1) such that Y % s o = 00,y 2 BL =00 fori=1,2,...k—1. Then the
following are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fixed
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Proof. The method of proof of Theorem 2 is similar to that of Theorem 1.
The proof is complete. O

Theorem 2 leads to the following corollary:

Corollary 3 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that PFT, 1§ a p—quasi-contractive map-
ping, satisfying the condition

H, (T, Tg) < dp(f — g) + Jo(Tf —f), (43)

for all g,h,g € D and Fy(T) # 0, where & € [0,1) and ] > 0. Let go, ho,go € D
and{gn}, {hn},{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{“n}?:o,{ﬁll}?:o,{ﬁﬁ}io:o C (0,1) such that Zio:o Kn = 00, foo:o 611 = oo for
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i=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Theorem 3 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that, Pg 1§ a p—Zamfirescu mapping,
satisfying the condition

HP(Tf7 Tg) S 5p(f— 9) +26p(Tf - f)) (44>

for allf,g € D and Fo(T) # 0, where & € [0,1). Let fo,go € D and {fn},{gn} C
D be defined by the implicit multistep (9) and implicit Mann iterative se-
quences (12) respectively, where the sequences {ocn}l‘iozo,{ﬁil}?zo C (0,1) such
that Y o0 s otn = 00,3 o0 BY = 0o fori=1,2,...k — 1. Then the following
are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the
fixed point of the multivalued map T.

Proof. The method of proof of Theorem 3 is similar to that of Theorem 1.
The proof is complete. O

Theorem 3 leads to the following corollary:
Corollary 4 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —

Po(D) be a multivalued mapping such that Pg is a p—Zamfirescu mapping,
satisfying the condition

H,(Tf, Tg) < dp(f — g) + 20p(Tf — f), (45)

for all g,h,g € D and Fo(T) # 0, where & € [0,1). Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
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(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{ocn}?:oa.{ﬁll}io:m{ﬁﬁ}?:o C (0,1) such that, Zio:o Kn = 00,

> 2o By =00 fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T;
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

Theorem 4 Let p satisfy (UUCT) and Ay—condition. Let D be a p—closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg 1§ a p—contraction mapping,
satisfying the condition

H, (Tf, Tg) < dp(f — g), (46)

for all f,g € D and Fy(T) # 0, where d € [0,1). Let fo,go € D and {fn},{gn} C
D be defined by the implicit multistep (9) and implicit Mann iterative se-
quences (12) respectively, where the sequences {on}2 o, {BL1°, C (0,1) such
that Y o0 s ot = 00,3 oo BY = 0o fori=1,2,...k — 1. Then the following
are equivalent:

(i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(ii) the implicit multistep iterative sequence (9) converges strongly to the fized
point of the multivalued map T.

Proof. The method of proof of Theorem 4 is similar to that of Theorem 1.
The proof is complete. O

Theorem 4 leads to the following corollary:

Corollary 5 Let p satisfy (UUCT) and Ay—condition. Let D be a p—-closed,
p—bounded and convex subset of a p—complete modular space Ly and T: D —
Po(D) be a multivalued mapping such that Pg s a p—contraction mapping,
satisfying the condition

H, (Tf, Tg) < dp(f — g), (47)
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for all g,h,g € D and Fo(T) # 0, where & € [0,1). Let go,ho,go € D and
{gnhy{hnh{gn} C D be defined by the implicit Mann (12), implicit Ishikawa
(11) and implicit Noor (10) iterative sequence respectively, where the sequences
{ocn}?:oa.{ﬁll}io:o){ﬁﬁ}io:o C (0,1) such that Zio:o Xn = OQ,

> 2o By =00 fori=1,2. Then the following are equivalent:

a. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,

(i) the implicit Ishikawa iterative sequence (11) converges strongly to the fized
point of the multivalued map T.

b. (i) the implicit Mann iterative sequence (12) converges strongly to the fized
point of the multivalued map T,
(ii) the implicit Noor iterative sequence (10) converges strongly to the fized
point of the multivalued map T.

3 Numerical example

Example 1 [3]. Let MI[0,1] be the collection of all real-valued measurable
functions on [0,1] and p : M[0,1] — R a convex function modular defined
by p(f) = [y Ifl Vfe MIO,1]. Let D ={f € Ly: 0<f(x) <2Vxe[0,1]} be a
subset of the modular function space L, = M[0, 1] defined by p. D is nonempty,
closed, and convex. Define map T : D — Py(D) by Tf = {6f}, where & = 0.9.
T satisfies property (I), has a unique fized point f = 0 (since 0 € T(0)), and
Pg is a p-contraction, with Pg(f) = {Tf} Vf € D. In fact, Pg s an m-strong
p-strong contraction for all m € N, since p(g) = mp(=L).

We present the results of convergence to f = 0 of implicit Mann iterative
sequence (12), implicit Ishikawa iterative sequence (11), implicit Noor itera-
tive sequence (10), and implicit multistep iterative sequence (9) using MAT-
LAB. The parameters used are the following: go(x) = ho(x) = fo(x) = 0.5x +
0.95Vx € [0,1], an =} + =5, BL = =5 for i = 1,2,..,k — 1, where k = 11
andn=1,2,...,130.
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Table 1. The approximate values of Implicit Mann (IMA(gy)), implicit
Ishikawa (ISH(hy,)), implicit Noor(INO(gy)), implicit multistep (IMU(fy))

iterative sequences.

n | IMA(gn) | ISH(hn) | INO(gn) | IMU(fy)
0 1.2 1.2 1.2 1.2

1 | 15621 | 1.1465 | 1.1332 | 1.1041
16 | 0.1997 | 0.1898 | 0.1779 | 0.1667
17 | 0.1985 | 0.1786 | 0.1646 | 0.1554
24 | 0.1098 | 0.1078 | 0.1064 | 0.1002
25 | 0.0089 | 0.0975 | 0.0966 | 0.0945
60 | 0.0216 | 0.0199 | 0.0196 | 0.0192
77 | 0.0189 | 0.0167 | 0.0152 | 0.0102
78 | 0.0173 | 0.0154 | 0.0141 | 0.0099
79 | 0.0164 | 0.0147 | 0.0135 | 0.0095
101 | 0.0102 | 0.0097 | 0.0087 | 0.0022
110 | 0.0078 | 0.0054 | 0.0043 | 0.0004
112 | 0.0055 | 0.0031 | 0.0023 | 0.0000
120 | 0.0043 | 0.0028 | 0.0000 | 0.0000
124 | 0.0029 | 0.0000 | 0.0000 | 0.0000
130 | 0.0000 | 0.0000 | 0.0000 | 0.0000
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4 Interpretation of result

The unique fixed point value of implicit Mann iterative sequence (12), implicit
Ishikawa iterative sequence (11), implicit Noor iterative sequence (10), and
implicit multistep iterative sequence (9) from table 1, at iterations 130, 124,
120 and 112 respectively is 0 (zero). This shows that the convergence of the
various iterative sequences (12), (11), (10) and (9) are equivalent, since they
all converge to the same unique fixed point 0.

5 Conclusion

The convergence of implicit multistep iterative sequence (9) had been shown
to be equivalent to the convergences of implicit Noor (10), implicit Ishikawa
(11), and implicit Mann (12) iterative sequences for multivalued p— quasi-
contractive-like mappings in modular function spaces. An example had benn
provided in section 3 to demonstrate the applicability of the equivalence re-
sults. The various iterative sequences and multivalued mappings considered in
this study have good potentials for further studies.
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Abstract. The intention of this article is to introduce and characterise
the concept of preopen sets and prelocally closed sets in Generalised
Topology and Minimal structure spaces.

Introduction

The notion of minimal structure space was introduced by Maki et al. [7] in
1999. The concepts of m-preopen sets and m-precontinous functions on min-
imal spaces was studied by Min and Kim [9]. Boonpok [1] introduced the
concept of m-preopen sets and studied the notion of M-continuous and weakly
M-continuous functions in Biminimal spaces. Carpintero et al.[4] also studied
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and characterised the concepts of m-preopen sets and their related notions in
Biminimal spaces. The concept of Generalised topologies was introduced by
Csaszar [5] in 2002. He also introduced the concepts of continuous functions
and associated interior and closure operators on generalised neighborhood sys-
tems and generalised topological spaces. In particular, he investigated charac-
terisations for the generalised continuous functions by using a closure opera-
tor defined on generalised neighborhood systems. The concept of generalised
topology and minimal structure(GTMS) spaces was introduced by Buadong
et al.[3] in 2011, which is a space with a generalised topology and a mini-
mal structure. In 2013, Zakari [11] studied on some generalisations for closed
sets in generalised topology and minimal structure spaces. He also studied gm-
continuous functions between GTMS spaces in [12]. The idea of a locally closed
set in topological space was defined by Kuratowski and Sierpinski [6]. Bour-
baki [2] defined this notion in a way that a subset of a space is locally closed
if it is the intersection of an open set and a closed set in X. Minimal structure
in fuzzy topological spaces has been studied by Tripathy and Debnath [10].

2 Preliminaries

Definition 1 [7] Let P(X) be the power set of a nonempty set X. A subfamily
Mx of P(X) is called a minimal structure (briefly m-structure) on X if ) € My
and X € Mx. A set X with an m-structure My is called an m-space and is
denoted by (X, Mx). Fach member of My is said to be an Mx-open set and
the complement of an Mx-open set is said to be Mx-closed set.

Definition 2 [7] Let (X, Mx) be an m-space where, X is a nonempty set and
Mx an m-structure on X. Let S be a subset of X, then the Mx-closure of S
and the Mx-interior of S are defined as follows

(a) Mx-Cl(S) =n{F:S C F;X\F e Mx}.
(b) Mx-Int(S) =U{G: G C S,G € MxJ.

Lemma 1 [7] Let (X, Mx) be an m-space where, X is a nonempty set and Mx
an m-structure on X. Let S and T be subsets of X, then the following properties
hold:

(a) Mx-CL(X\ S) = X\ Mx-Int(S) and Mx-Int(X\ S) = X \ Mx-CL(S).
(b) If (X\S) € Mx, then Mx-CL(S) = S and if S € My, then Mx-Int(S) = S.
() Mx-CL(0) =0, Mx-CL(X) = X, Mx-Int(0) = 0 and Mx-Int(X) = X.
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(d) IfS C T, then Mx-CL(S) C Mx-CU(T) and Mx-Int(S) C Mx-Int(T).
(e) Mx-Int(S) C S C Mx-CL(S).
(f) Mx-CL(Mx-CL(S)) = Mx-CL(S) and Mx-Int(Mx-Int(S)) = Mx-Int(S).

Definition 3 [9] Let (X, Mx) be an m-space where, X is a nonempty set and
Mx an m-structure on X. A subset S of X is said to be Mx-preopen set if
S € Mx-Int(Mx-CLl(S)). The complement of an Mx-preopen set is called an
My -preclosed set.

Definition 4 [5] Let X be a nonempty set and Gx a collection of subsets of
X. Then Gx is called a generalised topology (briefly GT) on X if and only if
0 € Gx and Gy € Gx for i€ I # 0 implies Uier)Gi € Gx. The pair (X, Gx) is
called a generalised topological space (briefly GTS) on X. The elements of Gx
are called Gx-open sets and the complements are called Gx-closed sets.

The closure of a subset S in a generalised topological space (X, Gx ), denoted
by Gx-CLl(S) is the intersection of generalised closed sets including S and the
interior of S, denoted by Gx-Int(S), is the union of generalised open sets
contained in S.

Theorem 1 [3] Let (X, Gx) be a generalised topological space and S C X. Then

(a) Gx-CL(S) = X\ Gx-Int(X\ S).
(b) Gx-Int(S) = X\ Gx-CL(X\ S).

Proposition 1 [8] Let (X, Gx) be a generalised topological space and S C X.
Then

(a) x € Gx-Int(S) if and only if there exists V € Gx such that x € V C S;

(b) x € Gx-CL(S) if and only if VNS # () for every Gx-open set V containing
X.

Proposition 2 [8] Let (X, Gx) be a generalised topological space. Let S and T
be subsets of X, then the following properties hold:

(a) Gx-CUX\S) =X\ Gx-Int(S) and Gx-Int(X\ S) = X\ Gx-C1(S).

(b) If X\'S € Gx, then Gx-Cl(S) =S and if S € Gx, then Gx-Int(S) =S.
(¢c) If S C T, then Gx-CL(S) C Gx-CU(T) and Gx-Int(S) C Gx-Int(T).
(d) S C Gx-CL(S) and Gx-Int(S) CS.

(e) Gx-ClL(Gx-CLl(S)) = Gx-CL(S) and Gx-Int(Gx-Int(S)) = Gx-Int(S).
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(One may refer to Buadong et al. [3] Proposition 2.4)

Definition 5 [3] Let X be a nonempty set and let Gx be a generalised topology
and Mx a minimal structure on X. A triple (X, Gx, Mx) is called a generalised
topology and minimal structure space (briefly GTMS space).

Let (X, Gx, Mx) be a GTMS space and S be a subset of X. The closure and
interior of S in Gx are denoted by Gx-CL(S) and Gx-Int(S), respectively. The
closure and interior of S in Mx are denoted by Mx-CL(S) and Mx-Int(S),
respectively.

Definition 6 [3] Let (X, Gx,Mx) be a GTMS space. A subset S of X is said
to be a (Gx, Mx)-closed set if Gx-CL{Mx-CL(S)) = S and a subset S of X is
said to be a (My, Gx)-closed set if Mx-CL(Gx-CLl(S)) = S. The complement of
a (Gx, Mx)-closed (resp. (Mx, Gx)-closed) set is said to be (Gx, Mx)-open set
(resp. (Mx, Gx)-open set).

Lemma 2 [3] Let (X, Gx, Mx) be a GTMS space and S C X. Then
(a) S is (Gx, Mx)-closed if and only if Mx-CL(S) =S and Gx-CL(S) =S.

(b) S is (Mx, Gx)-closed if and only if Mx-CL(S) =S and Gx-Cl(S) =S.

Proposition 3 [3] Let (X, Gx, Mx) be a GTMS space and S C X. Then S is
(Gx, Mx)-closed if and only if S is (Mx, Gx)-closed.

Definition 7 [3] Let (X, Gx, Mx) be a GTMS space and S be a subset of X.
Then S is said to be a closed set if S is (Gx, Mx)-closed. The complement of
a closed set is an open set.

Proposition 4 [3] Let (X, Gx, Mx) be a GTMS space. Then S is open if and
only if S = Gx-Int(Mx-Int(S)).

Proposition 5 [3] Let (X, Gx, Mx) be a GTMS space.

(a) If S and T are closed, then SN'T is closed.
(b) If S and T are open, then SUT is open.

Definition 8 [3] Let (X, Gx, Mx) be a GTMS space and T be a subset of X.
Then T is said to be s-closed if Gx-CU(T) = Mx-CUT) and T is said to be
c-closed if Gx-Cl(Mx-CU(T)) = Mx-CL(Gx-CL(T)). The complement of a s-
closed (resp. c-closed) set is called a s-open (resp. c-open) set.
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Proposition 6 [3] Let (X, Gx, Mx) be a GTMS space and T C X. Then

(a) T is s-open if and only if Gx-Int(T) = Mx-Int(T).
(b) T is c-open if and only if Gx-Int(Mx-Int(T)) = Mx-Int(Gx-Int(T))

Proposition 7 [3] Let (X, Gx, Mx) be a GTMS space and T C X.

(a) If T is closed, then T is s-closed.
(b) If T is s-closed, then T is c-closed.

3 (Gx, Mx)-preopen sets

Definition 9 Let (X, Gx, Mx) be a GTMS space. A subset S of X is said to be
a (Gx, Mx)-preopen set if S C Gx-Int(Mx-CL(S)) and (Mx, Gx)-preopen set if
S € Mx-Int(Gx-CL(S)). A subset S of X is said to be a (Gx, Mx)-preclosed set
((Mx, Gx)-preclosed set) if the complement X\ S of S is a (Gx, Mx)-preopen
set (respectively, (Mx, Gx)-preopen set). The set of all (Gx, Mx)-preopen sets
of (X,Gx, Mx) is denoted by (Gx, Mx)-PO(X) and the set of all (Gx, Mx)-
preclosed sets of (X, Gx, Mx) is denoted by (Gx, Mx)-PC(X).

Remark 1 A set which is (Gx, Mx)-preopen need not be (M, Gx)-preopen in
general as can be seen from the following example.

Example 1 Let X = {a,b,c}. We define generalised topology Gx and min-
imal structure space My on X as follows: Gx = {0,{a},{a,c}} and Mx =
{0,{b},{b,c},X}. Let S = {b} and T = {c} then S is (Mx, Gx)-preopen but is
not (Gx, Mx)-preopen set whereas T is both (Gx, Mx)-preopen and (My, Gx)-
preopen.

Remark 2 The intersection of two (Gx, Myx)-preopen sets need not be a
(Gx, Mx)-preopen set as the following example illustrates.

Example 2 Let X ={a,b,c,d}. We define generalised topology Gx and min-
imal structure space Mx on X by Gx = {0,{a},{b,c},{a,b,c}} and Mx =
{0,{a},{a,c},X}. Let S = {a,b} and T = {b,c}. Then S and T are (Gx, Mx)-
preopen sets but SN'T = {b} is not a (Gx, Mx)-preopen set.

Definition 10 Let (X, Gx,Mx) be a GTMS space and S be a subset of X.
Then
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(a) the (Gx,Mx)-preclosure of S ((Mx, Gx)-preclosure of S) denoted by
(Gx, Mx)-Cl,(S) (respectively, (Mx, Gx)-Cl,(S)) is defined as the inter-
section of all (Gx, Mx)-preclosed (respectively, (Mx, Gx)-preclosed) sets
containing S.

b) the (Gx, Mx)-preinterior of S ((Mx, Gx)-preinterior of S) denoted by
(Gx, Mx)-Int, (S) (respectively, (Mx, Gx)-Int,(S)) is defined as the union
of all (Gx, Mx)-preopen (respectively, (Mx, Gx)-preopen) sets contained
i S.

Theorem 2 Let (X, Gx, Mx) be a GTMS space and T be a subset of X. Then

(a) if T is s-closed, (Gx, Mx)-preopen set T is a Gx-preopen set and (Mx, Gx)-
preopen set T is a Myx-preopen set.

(b) if T is s-open, (Gx, Mx)-preopen set T is a Mx-preopen set and (Mx, Gx)-
preopen set T is a Gx-preopen set.

Proof.

(a) Let T be a (Gx, Mx)-preopen set. Then T C Gx-Int(Mx-CLl(T)). But T is
s-closed, so Gx-Cl(T) = Mx-CUT). Thus T C Gx-Int(Gx-Cl(T)). Hence
T is a Gx-preopen set. Similarly, if T is a (M, Gx)-preopen set then T
is a Mx-preopen set.

(b) Let T be a (Gx, Mx)-preopen set. Then T C Gx-Int(Mx-Cl(T)). But
T is s-open, so Gx-Int(T) = Mx-Int(T), by Proposition 6. Thus T C
Mx-Int(Mx-CU(T)). Hence T is a Mx-preopen set. Similarly, if T is a
(Mx, Gx)-preopen set then T is a Gx-preopen set.

O

Theorem 3 Let (X,Gx,Mx) be a GTMS space. Then the arbitrary union
of (Gx, Mx)-preopen ((Mx, Gx)-preopen) sets is a (Gx, Mx)-preopen (respec-
tively, (Mx, Gx)-preopen) set.

Proof. Let {Sy}acn be a family of (Gx, Mx)-preopen sets in (X, Gx, Mx).
Since, Sq¢ C Gx-Int(Mx-CLl(Sy)) Vax € A. So UgenSa C Ugen{Gx-Int(Mx-
CUSw))} C Gx-Int(UaeA{Mx-CL(Sa)}) = Gx-Int(Mx- CYUaeaSq}). Thus,
UxeaS« is a (Gx, Mx)-preopen set in (X, Gx, Mx). O

Theorem 4 Let (X,Gx,Mx) be GTMS space and S and T be subsets of X.
Then the following properties hold:
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() (Gx, Mx)-Inty(S) =U{F:F C S and F € (Gx, Mx)-PO(X)}

(b) (Gx, Mx)-Int,(S) is the largest (Gx, Mx)-preopen subset of X contained
i S.

(c) S is (Gx, Mx)-preopen if and only if S = (Gx, Mx)-Int,(S)

(d) (Gx, Mx)-Int,((Gx, Mx)-Int,(S)) = (Gx, Mx)-Int,(S)

(e) If S C T, then (Gx, Mx)-Int,(S) C (Gx, Mx)-Int, (T).

(f) (Gx, Mx)-Int(S) U (Gx, Mx)-Int,(T) C (Gx, Mx)-Int,(SUT)

(g) (Gx, Mx)-Int,(SNT) C (Gx, Mx)-Int,(S) N (Gx, Mx)-Int,(T)

Proof.

(a) Let x € (Gx, Mx)-Int,(S). Then there exists F € (Gx, Mx)-PO(X) con-
taining x such that x € F C S. So, x € U{F : FCS and F € (Gx, Mx)-
O(X)} showing that (Gx, Mx)-Int,(S) C U{F: FCS and F € (Gx, Mx)-
PO(X)}. Let x € U{F : FCS and F € (Gx, Mx)-PO(X)}. Then there ex-
ists a F € (Gx,Mx)-PO(X) containing x such that x € F € S. Thus
x € (Gx,Mx)-Int,(S) showing that U{F : FCS and F € (Gx, Mx)-
O(X)}C (Gx, Mx)-Int,(S). Hence, (Gx, Mx)-Int,(S) =U{F : FCS and

F € (Gx, Mx)-PO(X)}.

The proofs of (b) — (e) are evident.

(f) (Gx, Mx)-Intp(S) C (Gx,Mx)-Int,(S U T) and (Gx, Mx)-Int,(T) C
(Gx, Mx)-Int, (SUT). Then by (e) we obtain (Gx, Mx)-Int,(S)U(Gx, Mx)-
Int, (T) C (Gx, Mx)-Int,(SUT).

(g) Since SNT C Sand SNT C T, by (e) we get (Gx, Mx)-Int,(SNT) C
(Gx, Mx)-Int,(S) and (Gx, Mx)-Int,(SNT) C (Gx, Mx)-Int,(T). Thus
by (e), (Gx, Mx)—Intp(S NnT) C (Gx, Mx)—ITLtp(S) N (Gx, Mx)—Intp(T).

0

Theorem 5 Let S and T be subsets of (X, Gx, Mx). Then the following prop-
erties hold:

(a) (Gx, Mx)-ClL,(S) =G :S C G and G € (Gx, Mx)-PC(X)).

(b) (Gx, MX)—CIP(S) is the smallest (Gx, Mx)-preclosed subset of X contain-
ing S.

(c) S is (Gx, Mx)-preclosed if and only if S = (Gx, Mx)-CL,(S).

(d) (Gx, Mx)-Cl,((Gx, Mx)-CL,(S)) = (Gx, Mx)-CL,(S).
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(e) If S C T then (Gx, Mx)-CLy(S) C (Gx, Mx)-Cl,(T).
(f) (Gx, Mx)-Cl,(S) U (Gx, Mx)-Cl,(T) C (Gx, Mx)-CL,(SUT).
(g) (Gx, Mx)-CL,(SNT) C (Gx, Mx)-CL,(S) N (Gx, Mx)-ClL, (T).

Proof.

(a) Suppose that x ¢ (Gx, Mx)-CL,(S). Then there exists V € (Gx, Mx)-
PO(X) containing x such that VNS = (. Since X\ V is a (Gx, Mx)-
preclosed set containing S and x ¢ X\ V, we get x ¢ N{G : S C G and
G € (Gx, Mx)-PC(X)}. Conversely, suppose that x € N{G : S C G and
G € (Gx, Mx)-PC(X)}. Then there exists G € (Gx, Mx)-PC(X) such that
S C Gand x ¢ G. Since X\ G is a (Gx, Mx)-preopen set containing x,
we get(X \ G) NS = 0. This shows that x ¢ (Gx, Mx)-Cl,(S). Thus we
get (Gx, Mx)-CL,(S)=n{G:S C G and G € (Gx, Mx)-PC(X)}.

The proofs of the other parts can be established similarly. O

We formulate the following result, which can be established easily.

Theorem 6 Let (X, Gx, Mx) be a GTMS space and S C X. Then the following
properties hold:

(a) (Gx, Mx)-Int,(X\'S) = X\ (Gx, Mx)-CL,(S)
(b) (Gx, Mx)-CL,(X\ S) = X\ (Gx, Mx)-Int,(S).

4 (Gx, Mx)-prelocally closed sets

Definition 11 A subset Q of a GTMS (X, Gx, Mx) is said to be

(a) (Gx, Mx)-locally closed (in short (Gx, Mx)-Lc) if Q =RNS, where R is
Gx-open and S is Mx-closed.

(b) (Gx, Mx)-Prelocally closed (in short (Gx, Mx)-PL.) if Q = RNS, where
R is Gx-preopen and S is Mx-preclosed.

(¢) (Gx,Mx)-Prelocally closed* (in short (Gx, Mx)-PL{) if Q = RNS, where
R is Gx-preopen and S is Mx-closed.

(d) (Gx,Mx)-Prelocally closed** (in short (Gx, Mx)-PL{*) if Q = RNS,
where R is Gx-open and S is Mx-preclosed.

Here we denote the collection of all (Gx, Mx)-L¢, (Gx, Mx)-PLc, (Gx, Mx)-PL}
and (Gx, Mx)-PLg* sets in (X, Gx, Mx) by (Gx, Mx)-Lc(X), (Gx, Mx)-PLc(X),
(Gx, Mx)-PLE(X) and (Gx, Mx)-PL:*(X) respectively.
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Theorem 7 IfR,S € (Gx, Mx)-PLc(X), then RN'S € (Gx, Mx)-PLc(X).

Proof. Since R,S € (Gx, Mx)-PL.(X), so R = VN W where V is Gx-preopen
and W is Mx-preclosed, and S = A N B where A is Gx-preopen and B is Mx-
preclosed. Now, RNS = (VNW)N(ANB)=(VNA)N(WNB). Since VN A
is Gx-preopen and W N B is Mx-preclosed, so RNS € (Gx, Mx)-PL.(X). O

Remark 3 The converse of the Theorem 7 is not necessarily true as shown
in the example below.

Example 3 Let X ={a,b,c}, Gx = {0,{a},{a,c}} and Mx = {0, {b},{b, c}, X}.
Then (Gx, Mx)-PLc.(X) = {0,{a},{c},{a,c}, X}. We have {a,b}N{a,c} ={a} e
(Gx, Mx)-PL¢(X) but {a,b} & (Gx, Mx)-PLc(X).

Theorem 8 Let S be a subset of (X, Gx, Mx). Then
(a) If S € (Gx,Mx)-Lc(X), then S € (Gx, Mx)-PLc(X), (Gx, Mx)-PLE(X)
and (Gx, Mx)-PL*(X).
(b) If S € (Gx, Mx)-PL:(X), then S € (Gx, Mx)-PL(X).
(¢) If S € (Gx, Mx)-PL¥*(X), then S € (Gx, Mx)-PLc(X).

Proof. The above stated results are true in the sense that every Gx-open set
is Gx-preopen and every Mx-closed set is Mx-preclosed. ]

Remark 4 The converse of the Theorem 8 is not true in general as the fol-
lowing example illustrates.

Example 4 Let X ={a,b,c}, Gx = {0,{a}, X} and Mx ={0,{b}, X}. Then
(GX) MX) ( ) - {(D {a}){aa C}) X};

(GX) MX) PLC( ) - {@,{a}, {C},{Cl, b}){a> C}> X};

(GX) MX)_PL:(X) = {@a {Cl}, {Cl, b}a {Cl, C}) X} and

(Gx, Mx)-PLE*(X) = {0,{a}, {c}{a, c}, X}.

It is clearly seen that

(a) {c} € (6x,Mx])-PLc(X) but {c} & (Gx,Mx)-Lc(X); {a,b} € (Gx, Mx)-
PLE(X) but {a,b} ¢ (Gx, Mx)-Lc(X); {c} € (Gx, Mx]-PLE*(X) but {c} ¢
(Gx, Mx)-Le(X).

(b) {c} € (Gx, Mx)-PLc(X) but {c} ¢ (Gx, Mx)-PL%(X).
(c) {a,b} € (Gx, Mx)-PLc(X) but {a,b} ¢ (Gx, Mx)-PLE*(X).
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Theorem 9 Let T be a subset of (X, Gx, Mx), then the following statements
are equivalent:

(a) T € (Gx, Mx)-PLc(X).

(b) T=QNMx-CL,(T) for some Gx-preopen set Q.
() Mx-ClLy(T)\'T is Gx-preclosed.

(d) TU(X\Mx-CL,(T)) is Gx-preopen

(e) T C Gx-Int,(TU (X \ Mx-CL,(T))).

Proof. (a) = (b) Let T € (Gx, Mx)-PL.(X). Then T = Q N R, where Q is Gx-
preopen and R is Mx-preclosed. Since T C R and Mx-Cl,(T) is the smallest
Mx-preclosed set containing T, so Mx-Cl,(T) C R. Now,

T=QNRDQNMx—Cl,(T) (1)
Since T C Q and T C Mx-Cl,(T), so
TC QNMx—Cly(T) (2)

Hence, from (1) and (2), T = Q N Mx-CL,(T).

(b) = (c) Let T = Q N Mx-Cl,(T) for some Gx-preopen set Q. Now, Mx-
Cly(TINT = Mx-ClL (T)\ (QNMx-CL,(T)) =(Mx-Cl,(T)\ Q) U (Mx-CL, (T) \
Mx-CL,(T)) = Mx-CL,(T)\ Q = Mx-Cl,(T) N (X\ Q), which is Mx-preclosed,
since X'\ Q is Mx-preclosed.

(c) = (d) TUX\Mx-CLy(T)) = X\ (Mx-CL,(T)\T). By (c), (Mx-CL,(T)\T is
Gx-preclosed, so X\ Mx-C,(T)\T) is Gx-preopen. Hence, TU (X\ Mx-Cl,(T))
is Gx-preopen.

(d) = (e) Let TU(X\Mx-C1,(T)) be Gx-preopen. Then TU(X\Mx-Cl,(T)) =
Gx-Intp (T U (X \ Mx-Cl,(T))). Hence T C Gx-Int, (T U (X \ Mx-Cl,(T))).

(e) = (a) By (e) we have T C Gx-Int, (T U (X \ Mx-Cl,(T))). Since, T C Mx-
ClLy(T), so T C Gx-Intp(T U (X \ Mx-Cl,(T))) N Mx-Cl,(T). Further, {Gx-
Int, (TU(X\Mx-CL, (T)))NMx-CL, (T)} C {TU(X\Mx-CL,(T)))NMx-CL,(T)} =
{Mx-CLy(T)NTHU{Mx-C1, (T) N (X\ Mx-CL,(T))} = T. Consequently, T = Gx-
Int, (TU(X\ Gx-CL,(T)))NMx-CL, (T) . Since, Gx-Int, (TU(X\Mx—Cl,(T)))
is Gx-preopen and Mx-Cl,(T) is Mx-preclosed, so T € (Gx, Mx)-PLc(X). [

Theorem 10 If S C T C (X,Gx,Mx) and T € (Gx, Mx)-PL.(X), then there
exists R € (Gx, Mx)-PL¢(X) such that S C R C T.
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Proof. Since T € (Gx, Mx)-PL:(X), by Theorem 9., we have T = Q N Mx-
Cl,(T) where Q is Gx-preopen. As S C Tand T C Q, so S C Q. Also,
S € Mx-ClL,(S). Therefore, S € Q N Mx-CL,(S). Now, R = Q N Mx-CL,(S) C
QN Mx-CL,(T) =T Since, Q is Gx-preopen and Mx-Cl,(S) is Mx-preclosed,
so R € (Gx, Mx)-PL.(X) such that SC R C T. O

Theorem 11 Let S be a subset of (X, Gx, Mx). Then
(a) S € (Gx, Mx)-PLE(X) if and only if S = T N Mx-CU(S) for some Gx-

preopen set T.
(b) Mx-CLl(S)\ S is Gx-preclosed if and only if SU (X \ Mx-CL(S)) is Gx-
preopen.

Proof.

(a) Let S € (Gx, Mx)-PL%(X). Then there exists a Gx-preopen set T and a
Mx-closed set N such that S =T N N. Therefore, S C T. Since S C Mx-
CLl(S), so S € TN Mx-CL(S). Also, since S € N where N is Mx-closed
set and Mx-CLl(S) is the smallest Mx-closed set containing S, so Mx-
CL(S) € N. This implies TN Mx-CL(S) € TN N = S. Hence, S = TN Mx-
CL(S). Conversely, let S = T N Mx-CLl(S) where T is Gx-preopen set.
Since Mx-Cl(S) is Mx-closed, so by definition, S € (Gx, Mx)-PL%(X).

(b) Let Mx-Cl(S)\S be Gx-preclosed. Then X\ Mx—CL(S)\S is Gx-preopen.
Now, X\ Mx-CL(S)\'S) = SU(X\ Mx-CL(S)). Hence, SU (X\ Mx-CL(S))
is Gx-preopen. Conversely, let S U (X \ Mx-Cl(S)) be Gx-preopen. We
have X\ (SU (X \ Mx-CL(S))) is Gx-preclosed. Now, X \ (SU (X \ Mx-

CL(S))) = Mx-C1(S) \ S. Hence Mx-C1(S) \ S is Gx-preclosed. .

Theorem 12 Let S, T be two subsets of (X, Gx, Mx). If S € (Gx, Mx)-PL:(X)
and T is Gx-preopen or Mx-preclosed then SNT € (Gx, Mx)-PL.(X).

Proof. Let S € (Gx, Mx)-PL:(X). Then S = QNR, where Q is Gx-preopen and
R is Mx-preclosed. Now, if T is Gx-preopen, then Q N'T is also Gx-preopen.
Also, R is Mx-preclosed and SNT = (QNR)NT = (Q NT)NR. Hence,
SNT € (Gx,Mx)-PL.(X). Again if T is Mx-preclosed, then T N R is Mx-
preclosed. Now, SNT=(QNR)NT=QN(TNR). Hence, SNT € (Gx, Mx)-
PL.(X). O

Theorem 13 Let S and T be two subsets of (X, Gx, Mx). Then
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(a) If S,T € (Gx, Mx)-PL:(X) then SN T € (Gx, Mx)-PL(X).
(b) IfS, T € (Gx, Mx)-PL*(X) then SN T € (Gx, Mx)-PLE*(X).

Proof.

(a) Let S, T € (Gx, Mx)-PL{(X). Then S = A N B, where A is Gx-preopen
and B is Mx-closed and T = C N D, where C is Gx-preopen and D is
Mx-closed. Now, SNT=(ANB)N(CND)=(ANC)N(BND). Since,
ANC is Gx-preopen and BND is Mx-closed, so SNT € (Gx, Mx)-PL%(X).

(b) Let S, T € (Gx, Mx)-PL{*(X). Then S = AN B, where A is Gx-open and
B is Mx-preclosed and T = C N D, where C is Gx-open and D is Mx-
preclosed. Now, SNT = (ANB)N(CND) = (ANC)N(BND). Since, ANC
is Gx-open and B N D is Mx-preclosed, so SNT € (Gx, Mx)-PL*(X).

0

Remark 5 The union of any two (Gx, Mx)-PL! (respectively, (Gx, Mx)-PL:*)
sets is not necessarily a (Gx, Mx)-PL: (respectively, (Gx, Mx)-PLY*) set as
shown in the following examples.

Example 5

(a) Let X ={a,b,c}, Gx = {0,{a}, X} and Mx = {0,{a, b},{a,c},X}. Then,
{b}{c} € (Gx, Mx)-PL{(X) but {b}U{c} = {b,c} & (Gx, Mx)-PL{(X).

(b) Let X ={a,b,c}, Gx ={0,{a}, X} and Mx = {0,{b, c}, X}. Then, {b},{c} €
(Gx, Mx)-PLg*(X), but {b}U{c} = {b,c} & (Gx, Mx)-PL¢(X).

Remark 6 (Gx, Mx)-PL;(X) and (Gx, Mx)-PL{*(X) are independent as the
following example exhibits.

Example 6 Let X = {a,b,c}, Gx = {0,{a}, X} and Mx = {0,{b,c},X}. Then
(GX) MX)-PL:;(X) = {@a {a}a {Cl, b}a {Cl, C}) X} and

(GX) MX) 'PLZ* (X) = {Q)) {(1}, {b}) {C}) {(1, b}) {a) C}) X}

So, (Gx, Mx)-PLz(X) # (Gx, Mx)-PL (X).

We formulate the following result without proof which can be established
easily.

Theorem 14 If S is (Gx, Mx)-PLY* and T is either Mx-closed or Gx-open,
then SNT is (Gx, Mx)-PLE*.
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5 Conclusion

In this paper, the rudimentary concepts of preopen sets and prelocally closed
sets in GTMS spaces have been examined. With the help of these notions,
researchers can turn their attention towards generalisations of various types
of continuous functions as well as to develop the notion of connectedness of
generalised topology by considering minimal structure spaces.
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1 Introduction

In recent past, there has been a growing interest in the analysis of queueing
models with working vacation, where during the vacation period, the server
serves the arrivals with slower service rate rather than completely stopping the
service. This interesting research area has shown a noticeable effect on queue-
ing applications, especially in call centers, computer networks, manufacturing,
production systems, etc. Excellent research work on the subject can be found
in Servi and Finn [20], Baba [5], Jain and Jain [14], Sudhesh and Raj [23],
Kempa and Kobielnik [17], Zhang and Zhou [31] and the references therein.

In queueing models cited above, it is supposed that customers arrive to the
system one by one at a time, wherein there are many situations where cus-
tomers arrive in a group, such examples can be found in digital communication
systems, data traffic segmented as packets, and so forth. These queueing sys-
tems are known as batch arrival queues. For a comprehensive review of related
models, the readers can be referred to Khalaf et al. [16], Baba [6], Baruah et
al. [7], Singh et al. [21], Bhagat and Jain [8], Ayyappan and Udayageetha [4],
Zhang [30] and the references therein.

Working vacation queueing models with impatient customers have been in-
vestigated extensively because of the large application in many real-life prob-
lems (cf. Yue et al. [28], Vijaya Laxmi and Jyothsna [24], Sudhesh et al. [22],
Bouchentouf and Yahiaoui [12], Vijaya Laxmi and Rajesh [25], and Jain et al.
[15]. The analysis of customers’ impatience in multi-server vacation queueing
models is more complex compared to single-server vacation queueing systems
with impatient customers, where the servers may either take the same vacation
together (synchronous vacation) or take individual vacations (asynchronous
vacations) independently. Thus, a very limited literature is available for these
models. The readers can be referred to Altman and Yechiali [1], Yue et al. [27],
Altman and Yechiali [2], Yue et al. [29], Majid and Manoharan [18], Yahiaoui
et al.[26], and Bouchentouf and Guendouzi [10].

The concept of vacation queues with a waiting server was first introduced
by Boxma et al. [13], where once the system is empty, the server waits for a
random amount of time before going on vacation. This situation reflects many
real life queueing systems, particularly when dealing with human behaviour.
For recent research works on the subject, the reader can refer to Padmavathy
et al. [19], Ammar [3], Bouchentouf and Guendouzi [9], and Bouchentouf et
al. [11].

In this paper, we deal with an infinite-space multi-server queueing system
with batch arrival, waiting servers, synchronous multiple and single working
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vacation policies, Bernoulli feedback, reneging and retention of reneged cus-
tomers. Our investigation has a great application in many practical life situa-
tions, especially when we deal with a human behavior, examples can be found
in post offices, banks, hospitals, etc.

The rest of the paper is organized in the following manner. In Section 2, we
describe the model. In Section 3, we develop the equations of the steady state
probabilities of the model and derive their steady-state solutions, using the
probability generating functions (PGFs). Section 4 is devoted to derive various
performance measures. In Section 5, we formulate a cost model. Section 6 is
consecrated to the numerical analysis.

2 The model

Consider a MX/M/c queueing system with feedback, waiting servers, both
multiple and single working vacation policies, reneging, and retention of re-
neged customers.

— Customers arrive into the system according to a Poisson process with
arrival rate A. The sizes of successive arriving batches are i.i.d. random vari-
ables Xj, X,... distributed with probability mass function P(X =1) =by; 1=
1,2,3,....

— The service discipline is FCFS, and the system capacity is supposed to
be infinite.

— The service time during normal busy period is assumed to be exponen-
tially distributed with mean 1/p;.

— When the busy period is finished, the servers wait a random duration
of time before they switch to a working vacation. This waiting duration is
exponentially distributed with mean 1/®.

— The period of working vacation has an exponential distribution with mean
1/9.

— During vacation, servers can provide service to new arrival. The service
time during this period is assumed to be exponentially distributed with mean
1/u2, with pp < p.

— A synchronous working vacation is considered; once the system is empty,
the servers, all together, go on working vacation, and they also return to the
system as one at the same time.

— Both single and multiple working vacation are taking into consideration:

e Multiple working vacation policy (MWYV); once the system is still empty
at the end of a working vacation period, the servers begin another working



40 A. A. Bouchentouf, M. Houalef, A. Guendouzi

vacation period. Otherwise, a normal busy period begins.

e Single working vacation policy (SWV); the servers take a working vacation
all together and they comeback to the system as one, then wait passively for
new arrivals. Otherwise, they start a new normal busy period.

— During working vacation period, the new arrival activates an impatience
timer T, which is exponentially distributed with parameter x. If the customer’s
service has not been completed before the customer’s timer expires, the cus-
tomer may abandon the queue. We suppose that the customers timers are
independent and identically distributed random variables and independent of
the number of waiting customers. Each reneged customer may leave the system
with probability « and may be retained with probability o’ =1 — «.

— The inter-arrival times, vacation periods and service times during busy
and working vacation periods are mutually independent.

— If the customer is unsatisfied with the quality of the service or if he requires
another one, he can join the end of the queue with probability B’. Otherwise,
he leaves the system definitively with probability 3, where  + ' = 1.

It is worth noting that the system is stable under the condition
AE(X) < cPBuy, such that E(X) is the mean of a batch of arrivals.

3 Steady-state solution

We present the steady-state probabilities of the system under both single and
multiple working vacation policies. Let & denote the indicator function:

5= 1, for the single working vacation model;
| 0, for the multiple working vacation model.

Let L(t) be the number of customers in the system at time t. Let J(t) denote
the state of the servers at time t such that

(t) = 1, when the servers are on a normal busy period;
0, otherwise.

Clearly, the process {(J(t),L(t)),t > 0} is a continuous-time Markov process
with state space
Q={(G,n):j=0,1, n=0,1,...1

Let Pjn = tliglo P{J(t) = j,L(t) = n},(j,n) € Q, denote the system state
probabilities. The state transition diagram corresponding to our queueing sys-
tem is illustrated in Figure 1.
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Figure 1: State-transition-rate diagram for SWV
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Via Markov chain theory, we obtain the steady-state equations as follows:

(A4 89)Poo = (ax + Buz)Po1 + @P1p, n =0, (1)
(A 49+ Bua + ax)Pos = AbiPoo + 2(B2 + ax)Po2, =1, (2)
n
A+ +n(Buz + ax))Pon =AY bmPon-m+ (M +1)(Brz + ax)Ponit,
m=1

2<n<c—1, (3)

n
A+d+cPur +nax)Pon = }\mepo,nfm + (cBuz + (n+ 1 ox)Poni1, (4)

m=1
n>c,
(A+@)Pyo = 9Pop + BurPy 1 n =0, (5)
(A4 Bu1)Pr1 =Ab1P1o+ 2B P12 +9Pg1, n =1, (6)

n
A+npu)Pin=A Z bmPin—m + (M + 1)BUiP1 g1 +DPon,

m=1

2<n<c—1, (7)

n
A+ cB)Prin =2 bmPia m+cBuiPini +9Pon,n >c. (8)

m=1

The normalizing condition is defined as

ZPO,n+ZP1,n:]- (9)
n=0 n=0

Let the probability generating functions (PGFs) presented as

Gj(z) =) z"Pjn, j=0,1. (10)
n=0
Define
/ d :
Gj(z) = az ](Z)» j=0,1

The probability generating function(PGF) of the batch size X is given by

Gz)=) bz, <1, G(1)=) bi=1. (11)
i=1 i=1
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Multiplying equations (1)-(4) by z", and summing all possible values of n,
we find

axz(1 —z)Gy(z) — Az(1 = G(z)) + 9z — cPua(1 — 2)]Go(z) =

(12)
Bua(1 —z)Dq(z) — @zP1 o — (1 — 8)zPop.
In the same way, we get from equations (5)-(8),
(Az(G(z) = 1)+ cPmi (1 —2))Gi(z) = —9zGo(z) + @zP1 o
(13)
+ (1 = 8)zPop + B (1 — z) @2 (z),
where
c—1 c—1
D1(z) = ) (c—n)z"Pop, and, Dy(z) =) (c—n)z"Py,.
n=0 n=0
Next, putting z =1 in equation (12) or equation (13), we find
¥Go(1) :G)Pho +9(1 —5)Poy0. (14)
For z # 1, equation (12) can be given as
Ap'(z)  D+cPuy cBi2 ®
/
_ _ N »)
Golz) ox ax(T—z)  oaxz(l—2z) Golz) ax(1—2z) 10
(15)
1 -5
~( ) Poo + ﬁuzq)](z%
ax(1—2z) xxz
with -G
—G(z
¢'(z) = —5——-
—z
A (z) 9 cBup

Now, multiply both sides of Equation (15) by e ox (1 —z)axz ax | we
obtain

d —Aep(z) cBry D “Ap(z) cBup kN W
<ev«x o —z)w%(z)) —e o z H—z)w[—P]o

dz

+Buzq)1(z) (1 -39) Po,o}
xxz ax(1—2z)
(16)



44 A. A. Bouchentouf, M. Houalef, A. Guendouzi

Integrating the above equation from 0 to z, it yields

A@(z) 9 _Cﬁuz

Golz) = 5 (1—z) 2 [BMKZ(Z)—(3(1—5)1’0,04—@1’1,0)K1(Z)}) (17)

where
1 Z Ael(s) 9 1 cBrp
Kﬂz)—J e o (1—s)xx 's ax (s,
X Jo
and
1 Z  Ael(s) D cBup 4
Ky(z) :J e ox (I—s)mxs ax Di(s)ds.
ax Jo

To solve the differential equation (12), we must find @;(z). Recursively, from
equations (1)-(3), we obtain

Pon = ¥YnPo,0 +nnP1,0, (18)
with
1, n=0; 0, n=0;
A+ D0 —®
————, n=1; ——————, n=1;
Bra + ax By + ax
YT‘L - T'In =
—1 n—1
M } M
Wn—1¥n-1 = = Z] bivn-1-4, Wn—1Mn—1 = = Z1 binn 14,
1= 1=
2<n<c—1, 2<n<c-—1,
where
Ad+n(Bur + ax) A
n — aIld M - .
(n+1)(Br2 + ox) Bra + ax
Consequently,

Ap(2) 9 cBup

Go(z) =e = (1 —z) =z o« Kﬁuzl%(l) — (1 = 9d)K;4 (Z)>Po,o

(19)
— (G)K] (z) — E’HZK4(Z)> Pw] )

with

e ax (1 —s)axs oax Z(c—n)snnnds,

n=0

1 JZ _Ae(s) 9 cBuy ]C
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and

1 Z Ael(s) chu
Kolz) = o | &R 01— o)™ 1Zc_ n)sMynds.

(o]
Since Gqo(1) = Z Pon > 0 and z = 1 is the root of denominator of the right
n=0

hand side of Equation (15). Thus, from equation (19), we get

P10 = poPo,o, (20)

where

_ [BH2K5(1) —9(1 —6)K1(1)]
@K (1) = BraKye(1) |

Substituting equation (20) into equation (19), we obtain

Ao(z) b} cBuy

X (1—z) =z "= [BH2<K5(2)+K4(Z)00>

(21)
—(19(1 —d) + G)p0> K (Z)] Po,o.

Since Py, = Go(1) = Z Pon, by substituting equation (20) into (14), we get
n=0

_ @po +d(1—-9)
0, = 3

Poo. (22)

Now, equation (13) can be written as

—9zGo(z) + @zP1 o + (1 = 8)zPoo + B (1 —z) D2 (2)

Gi(z) = Az(G(z) = 1) +cBu (1 —2)

(23)

Next, in order to define Gi(z) in terms of Py, we need to express Pj ,, in terms
of Poo. To this end, we employ the recursive method, then from equations (5)-
(7) using equation 18, we get

Pin = PnPo0, (24)
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where
Po, n:();
A+ @D)pg — 90
y n=1;
Pn = By
A A
Wn 1P 1 — — Zbipn—l—i — 25, 2<n<c—1,
n = n
with
A4+ (n—1 A d
&n =Yn + PoNny, Wn = ( )BM) Ay =——, and Ay = —.
n(Bur) By By

Next, substituting equation (14) into (23), we have

Gi(z) = B (1 —2z)D3(z) — 20(Go(z) — Go(1))
e Az(G(z) — 1) + cpm (1 —z)

Via equation (25), applying ’hospital rule, we get

lim Gi(z) = G (1) = B ®,(1) +19G(’)(])’

z—1 0[5}41 —AG’(])
where
c—1
D,(1) = Z(C —n)pnPop.
n=0

Now, via equation (15), applying 1'hospital rule, it yields

lim Gl(z) = GL(1) = PG (1)~ cBua)Go(1) + Bpa®: (1)

z—1 ox +9 ’
where
c—1
(D1 (1) = Z(C - TL) (Yn +nnp0)P0,0-
n=0

Next, substituting equation (22) in equation (27), it yields

(AG'(1) — cBua)(@po + (1 —8)) + BuadH, (1) Poo

Gol1) = Hayx +9) ’
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with

c—1

Hi(1) =) (c—n)(yn + ponn).

n=0
Then, substituting equation (28) into (26), we get G(1) in terms of Py .
(o]
Since P71, = G1(1) = Z P1 > 0, we obtain

n=0
Py, =R(1)Po0, (29)
where
R(1) = BraHa (1) (ax +9) + (AG'(1) — cBpa)(@po +B(1 —3)) + BH23H1(1))
(cBrr —AG' (1)) (oex + 9)
and
Hy (1) = Cio(c —nJpn

Finally, by substituting equations (22) and (29) into (9), we get

1
Poo = <@p° +§“ —9) +R(1)> .

4 Performance measures

— Let Ly, be the system size when the servers are in working vacation period.
Then, the mean system size when the servers are in working vacation period
is given by

E(Lw) = G4(1) = lim Gj(2)

_ (AG/(1) —cPua)(@po +D(1 = 8) + BradHy (1) (30)
- 9 + ax) 0,0-

— Let Ly be the system size when the servers are in busy period. Therefore,
the mean system size when the servers are in this period is as follows

E(Li) = G{(1) = lim Gj(2).
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From equation (25), we get

9 S(AG”(1) + 2cBu)

) = 3 —aa ) @ Aepr—aerm &
(31)
B, MBW(2G'(1) 4 G(1))
e 0+ g —Awe )

c—1

with Hj(1) = Zn(c —n)pn, and G{(1) is obtained by differentiating twice
n=0

Go(z) at z = 1. Via equation (12), we have

(1) = (2AG'(1) —ZCBuz)Gé(;;i(;\G”(U +2¢Bu2)Go(1) (32)

Then, substituting equation(32) into (31), we find

B(2AG'(1) — 2cP ) DAG”(1) + 2cPf)
(B —AG/(1))(ox +9) = 2(cBmr —AG’(1))?

BlLi) = 5 [t

[ P AR (2G'(1) + G"(1))

BT+ e e e a0 @

S(AG”(1) + 2B )
2(cBr —AG (1) (ax +9)

— The mean system size: Let L denote the number of customers in the system.
Thus

E(L) = E(Lw) + E(Ly).

— The mean queue length:

E(Lg) = ) (n—c)Pno+ ) (n—c)Pny ZEU—)—H-<H1(U+Hz(1)>Po,o-
n=c+1 n=c+1

— The probability that the servers are idle during busy period: From (19), we
get

_ [Busz(l)—SU —6)1@(1)]],
@Kq (1) — BraKa(1) 00
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— The probability that the servers are on working vacation period:

@po+ (1 —5
Py = Go(1) = pOS()Po,o-

— The probability that the servers are working (serving customers) during
normal busy period:
Pg=1—P,, —P1.

— The average rate of reneging:

Rren = otf ) 1Py y = o (Lun).

n=1

— The average rate of retention of impatient customers:

0o
Ryet = (X/XZ nPO,n = “,XE(LW\))-

n=1

5 Cost model

We present a cost model in order to develop a cost-optimum analysis of the
queueing model under consideration. The following cost elements are needed:

e C;: Cost per unit time when the servers are working during busy period.
e C;: Cost per unit time when the servers are on working vacation.
e C3: Cost per unit time when the servers are idle during busy period.

e C4 : Cost per unit time when a customer joins the queue and waits for
service.

e Cs5: Cost per unit time when a customer reneges.
e Cg: Cost per unit time when a customer is retained.
e C7: Cost per service per unit time.

e Cg : Cost per unit time when a customer returns to the system as a
feedback customer.

o Co : Fixed server purchase cost per unit.
Let F be the total expected cost per unit time of the system:

F = CyPg + C2Pyy + C3P1 + C4E(I—q) + Cs5Ryen + CeRyet + CPLZ(C7 + B/CS)
+cuy(C7 + B'Cg) + cCo.
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We consider in this investigation the cost optimization problem under a
given cost structure via genetic algorithm (GA). A total expected cost function
has been developed in order to determine an optimum regular and working
service rates uj W, the number of servers in the system c* as well as the
optimum expected cost F(uj, u3,c*).

The optimization problem may be illustrated mathematically as:

Minimize: F(p1, p2,c).

6 Numerical analysis

This section presents a numerical results conducted by coding computer pro-
gram in R software in order to show the applicability of the theoretical analysis.
We perform an analysis on the optimum values uy, u; and c* based on changes
in specific values of the system parameters A, r, @, 9, X, « and (3. For com-
putational aim, we assume that the arrival batch size X follows a geometric
distribution with parameter r;

PX=l)=b=(1-1)""r, 0<r<1(1=1,2,..),

with

B TZ

S 1-(1=7)2
The different cost elements are taken as C; = 15, C; =10, C3 =5, C4 = 15,
Cs =25, C¢ =5, C; =15, Cg =10, and Co = 3.

The total cost function is presented in Tables 1-4 and plotted (using GA)
in Figures 2-3 by varying values of the system parameters. Further, Tables
1-4 depict the optimum values of wy, Uz, ¢, and the minimum expected cost
F* along with the corresponding performance measures Py, Pf, Pg, E(Lu)%,
E(L1)*, Rfen, and R}, for different values of A, 1, 9, @, B, X, and «, where

e Figure 2: A = 2.0, x = 1.50, 9 = 0.40, @ = 2.8, c =4, 1 = 0.70, p = 0.75,

2(1—r1)

B(z) 2

E(X):B’U):%, and E(X?)=B"(1)=

and o = 0.60.
e Figure 3: A =2.0,x =1.50,8% =040, ® =2.8,c =3, r=0.70, B = 0.75,
and o« = 0.60.

e Table 1: x =1.80, 9 = 0.80, @ = 1.50, B = 0.70, and « = 0.60.
e Table 2: x =1.80, @ = 1.50, r = 0.75, = 0.70, and & = 0.60.
e Table 3: A =2.10, x = 1.80, 4 = 1.70, r = 0.75, and o = 0.60.
e Table 4: A =2.10,9 =1.20, ® =1.40, r = 0.75, and § = 0.8.
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o1

Figure 3: Optimal cost vs. pu; and p; in single working vacation policy.
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Table 1: Optimum performance measures for different values of A and r.

(A7) | (2.00,0.40) (2.50,0.40) (3.00,0.40) (2.00,0.80) (2.50,0.80) (3.00,0.80)
Wi 2502220  2.814931  3.327466  2.308868  2.406292  2.410777
Wi 1.030319  0.994439  0.992243  0.966170  0.906214  0.895353
ct 4 4 4 4 4 4
F* 557.2287  629.3045  706.5886  456.5071  470.2396  472.7053
L 0392421 0272212 0.230084 _ 0.509018  0.456808  0.322744
MWV | P; 0.008850  0.010206  0.013398  0.039825  0.043037  0.038241
P: 0.598729  0.717582  0.756518  0.361157  0.500066  0.639014
E(Lwy)®| 1.991646  1.745720  1.787061  1.748074  1.680061  1.431087
E(L))* | 5724183  9.696449  11.07218  0.664982  1.236184  2.069782
Rf.. | 2150977  1.885377  1.930015  1.888891  1.814455  1.545574
R, 1.433985  1.256918  1.286677  1.259261  1.209637  1.030383
W 2568105 2.040578  3.443902  2.327490  2.415154  2.477015
M 0.810703  0.807034  0.805419  0.807520  0.804545  0.803916
cf 3 4 4 3 3 3
F* 466.4380  553.3533  645.1619  315.42420  329.8097  342.7443
Pr. 0.168896  0.115348  0.086045  0.256817  0.184708  0.123709
SWV | Pr 0.090078  0.061519  0.045891  0.136436  0.098511  0.065978
Py 0.741026  0.823133  0.868064  0.607747  0.716780  0.810313
E(Lwy)?| 0.777926  0.736848  0.668306  0.673716 _ 0.616176 __ 0.499103
E(Ly)* | 7.314611  8.614643  11.298461  1.667467  2.546185  3.969401
R%,,. | 0.840160  0.795796  0.721771  0.727614  0.665470  0.539129
R* 0.560107  0.530530  0.481180  0.485076  0.443647  0.359419

Table 2: Optimum performance measures for different values of & and A.

©,A) | (0.60,2.40) (1.20,2.40) (1.80,2.40) (0.60,2.80) (1.20,2.80) (1.80,2.80)
W 2100517  2.017012  2.015180  2.207845  2.110887  2.105012
W 0.909674  0.808033  0.821407  0.891618  0.847985  0.846099
c 4 4 4 4 4 4
F* 431.3379  390.9331  376.1093  456.1155  401.9582  386.6201
P 0.418996  0.334364  0.284606  0.353305  0.232393  0.190844
MWV | P} 0.027096  0.037466  0.046395  0.027895  0.033732  0.039143
Py 0.553908  0.628170  0.668999  0.618799  0.733875  0.770013
E(Lwy)¥ 1.717204  1.052859  0.743039  1.607097  0.857633  0.583564
E(L;)* | 1.840412  1.972379  1.994956  2.371337  2.861829  2.894786
Rf., | 1.854580  1.137087  0.802482  1.832864  0.926243  0.630249
R, 1.236387  0.758058  0.534988  1.221910  0.617495  0.420166
T 2.030994  2.083993  2.095927  2.302819  2.328809  2.358547
W 0.803204  0.810854  0.821965  0.819441  0.811570  0.829329
c* 3 3 3 3 3 3
F* 316.0318  301.9229 2955010  348.8217  331.6997  326.7999
Pi 0.143504  0.090891  0.064578  0.127889  0.077189 _ 0.057959
SWV | Pr 0.057401  0.072713  0.077494  0.051156  0.061751  0.069551
P: 0.799095  0.836396  0.857928  0.820955  0.861059  0.872489
E(Lwy)7| 0.538211  0.253632  0.144440  0.564638  0.253497  0.152763
E(L;)* | 4.548054  4.317499  4.412283 5172256  5.082254  4.873308
Rfen | 0581268 0273922  0.155995  0.609809  0.273777  0.164984
R* 0.387512  0.182615  0.103996  0.406539  0.182518  0.109990
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Table 3: Optimum performance measures for different values of @ and f3.

(@,B) | (0.70,0.40) (1.40,0.40) (2.10,0.40) (0.70,0.80) (1.40,0.80) (2.10,0.80)

[T 2.522527 2.519482 2.507588 2.520041 2.500059 2.494978

U5 1.043003 1.074571 1.080151 0.877730 0.822386 0.815934

c* 4 4 4 4 4 4

F* 473.9346 484.3575 488.3804 429.9572 439.7665 445.7521

Py 0.238491 0.329456 0.386641 0.388090 0.507123 0.559101
MWV | P{ 0.038605 0.028735 0.022758 0.126880 0.079166 0.057835

P¥ 0.722904 0.641809 0.590601 0.485030 0.413712 0.383064

E(Lwv)* 0.557301 0.770098 0.903807 0.903750 1.182511 1.303904
E(Ly)* | 2.857388 2.240101 1.856173 0.874812 0.676071 0.589290

Ryen 0.601885 0.831706 0.976112 0.976050 1.277112 1.408216
Riet 0.401257 0.554471 0.650741 0.650700 0.851408 0.938811
T 3.053832 2.996650 2.963749 2.496449 2.487807 2.485160
15y 0.822178 0.814544 0.813022 0.837259 0.844172 0.852589
c* 3 3 3 3 3 3
F* 397.0467 399.3800 402.0786 299.0660 306.4026 312.8086
Py 0.031943 0.056947 0.078803 0.095088 0.162837 0.214488
SWV Py 0.077577 0.069150 0.063793 0.230929 0.197730 0.173633
Py 0.890480 0.873903 0.857405 0.673983 0.639433 0.611879

E(Lwv)¥ 0.061687 0.109877 0.152020 0.192472 0.329719 0.434485
E(L;)* | 5.108708 5.373007 5.512663 1.681255 1.625559 1.573625
0.066622 0.118667 0.164181 0.207870 0.356096 0.469244
R* 0.044415 0.079111 0.109454 0.138580 0.237398 0.312829

Table 4: Optimum performance measures for different values of x and «.

(G o) | (1.40,0.40) (2.00,0.40) (2.60,0.40) (1.40,0.80) (2.00,0.80) (2.60,0.80)

uy 2.035823 2.006344 2.003822 2.002408 2.001909 2.001728

15y 0.652905 0.762774 0.778089 0.786285 0.958438 1.147763

c* 4 4 4 4 4 4

F* 365.2232 379.3121 397.5228 383.8521 414.1506 439.5431

P\ 0.299538 0.361594 0.456885 0.489400 0.661038 0.795944
MWV | Py 0.073968 0.064365 0.054125 0.049638 0.027214 0.008487

P 0.626494 0.574041 0.488990 0.460962 0.311747 0.195570

E(Lwv)* 1.138056 1.166085 1.280413 1.312554 1.406371 1.409206
E(Ly)* | 1.531777 1.341754 1.068388 0.983563 0.526212 0.206863

Rien 0.637311 0.932868 1.331630 1.470061 2.250193 2.918669
Ry.¢ 0.955967 1.399302 1.997445 0.367515 0.562548 0.729667
[T 2.012715 2.008421 2.006876 2.003986 2.001375 2.000632
U5 0.418530 0.454064 0.528121 0.473229 0.501516 0.556894
c* 3 3 3 3 3 3
F* 252.1570 256.7518 261.3502 254.0936 257.2435 264.9412
Py 0.144164 0.151797 0.159100 0.169835 0.183949 0.190602
SWV P 0.123569 0.130112 0.136371 0.145573 0.157671 0.163373
P¥ 0.732268 0.718091 0.704529 0.684591 0.658381 0.646026

E(Lwv)¥ 0.481415 0.429367 0.387929 0.391589 0.328053 0.276519
E(Ly)* | 2.540087 2.433606 2.352216 2.232054 2.075916 1.995080
0.269592 0.343494 0.403446 0.438580 0.524884 0.575158
0.404389 0.515241 0.605170 0.109645 0.131221 0.143790
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Discussion

1.

Figures 2 and 3 describe the impact of p; and py on the optimal expected
cost, for multiple and single working vacation policies, respectively. We
clearly see the convexity of the curves, which shows that there exist
certain values of the service rates w; and p; that minimize the total
expected cost function for the chosen set of model parameters. Further,
the optimal expected cost per unit time converges to the solution F =
327.783374 at uy = 1.184418, u; = 0.650655, and ¢* = 4, under multiple
working vacation, and converges to F = 299.378265 at uj = 1.615057,
w; = 0.505152, and ¢* = 3, under single working vacation.

. From Figures 2-3 and Tables 1-4, it is clearly observed that the opti-

mum service rate u of multiple vacation model is smaller than that of
single vacation model, whereas, the optimum service rate pj, the mini-
mum expected cost F*, and the optimum value of the optimum number
of servers c¢* of multiple vacation model is bigger than that of single
vacation model, as intuitively expected.

For both SWV and MWV, uj increases (resp. decrease) with A (resp.
with 1), while p3 decreases with A and r. In view of the stability of the
system, this results are quite reasonable. We remark from Table 2 that,
W5 increases with A, this can be due to the choice of 9.

The parameters uj and pj decrease with ¥ in MWV and increase along
the increasing of ¥ in SWV. Moreover, a decreasing trend is seen in pj
with @, X, oc and 3 in both MWV and SWV. While uj increases with x
and o, under both policies, it decreases with 3 in MWV and significantly
increases along the increasing of 3 in SWV. These results match with
our intuition. Further, uj is not monotone with @; this is due to the
choice of the system parameters.

. For both SWV and MWV, the optimum expected cost F* increases with

A, @, X, and «, while it decreases with ¥, r and (3. This is quite rea-
sonable, A (resp. r and ) increases (resp. decrease) the mean system
size, this results in the increasing (resp. the decreasing) of the mini-
mum expected cost. On the other side, with the increasing of vacation
rate, the servers rapidly switch to the busy period at which the cus-
tomers are served with a large service rate, this implies a decreases in F*.
In addition, the higher the waiting server rate, the greater the probabil-
ity that the servers go on working vacation and the bigger the average



Analysis of a batch arrival multi-server queueing system with... 55

rate of impatience which results in the increasing of optimal expected
cost F*.

. For both MWV and SWV models, along the increasing of A, the char-
acteristics E(L;)* and Py increase, while E(Lywy)*, Py, Rien, and Rig,
decrease; obviously, the arrival rate increases the system size which, in
returns, increases the probability that the servers are serving customers
during normal busy servers. On the other side, this implies a decrease
in the mean number of customers in the system during vacation period
which results in the decreasing of P}, R}, and R},,. Further, we observe

from Table 2 that P; decreases with A, as it should be, while from Table

1, it increases with the increasing of the arrival rate A, this can be due

to the choice of the system parameters ¥ and r.

. For both policies, with the increasing of v, E(L1)*, E(Lwy)*, Pj, Riens
and R}, decrease significantly, whereas P}, increases with r, which is
coherent with the fact that increasing the batch size r decreases the
system size when the servers are in working vacation. Consequently, the
probability of working vacation decreases. Further, the probability that
the servers are idle during normal busy period Py decreases with r under
MWYV and increases with the increasing of the batch size r under SWV,

as intuitively expected.

. For both MWV and SWYV policies, an increasing trend is observed in
E(Ly)*, P;, and P{ with § and a decreasing trend is seen in E(L;)*, Py,
E(Lwy)*, Rfen, and R}, along the increasing of the vacation rate 9. This
is quite explicable, the higher the vacation rate, the greater the mean
system size during normal busy period, and the smaller the mean number
of customers in the system during working vacation period, which lead
to the decreasing of average rates of reneging and retention.

. For both MWV and SWV models, the characteristics P§ and E(L;)* de-

crease with x and «, while P}, and R}, increase with the increasing
of x and «. Evidently, the impatience rate increases the probability of
working vacation, thus significant customers may leave the system which
results in the decreasing of the mean number of customers in the sys-
tem during normal busy period. Consequently, the probability that the
servers work during normal busy period decreases significantly. Further,
R}, increases (resp. decreases) with x (resp. o) under single and multi-

ple working vacation policies, as it should be. Then, obviously, E(L,.)*
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10.

11.

(resp. P}) decreases (resp. increases) with x and « in SWV model and
increases (resp. decreases) along the increasing of x and & in MWV
model.

Both E(Lwy)*, Py Rien, and R, increase with the increasing of @ and
[, as intuitively expected. It is quite clear that the probabilities of non-
feedback decreases the mean system size. Therefore, the servers switch
to working vacation period at which the customers may leave the sys-
tem because of the impatience phenomenon. Consequently, the average
reneging and retention rates increase with 3 and @. In addition, as the
mean waiting time of the servers decreases, the working vacation period
increases at which the impatience phenomenon may take place. Thus,
Ry, and R}, increase with @. Further, to keep the system size under
control and to avoid more reneging of customers, the firm may employ
some strategies, which can be increasing the service rates, or engaging
some additional service channels. Therefore, the average retention rate
increases. Moreover, Py decreases with @ and 3, while P} increases with
B and decreases with @, as intuitively expected. In addition, E(L;)* de-
creases significantly with 3, while it increases with @ for f = 0.4 and
decreases along the increasing of @ for 3 = 0.80. This can be due to the
choice of the system parameters.

By comparing the two policies, multiple and single working vacations,
we observe that

P, (single working vacation) < P, (multiple working vacation),
R}, (single working vacation) < R%., (multiple working vacation),
R}, (single working vacation) < R%.(multiple working vacation),

E(Lyy)*(single working vacation) < E(L,,)*(multiple working vacation),

while

E(L;)*(multiple working vacation) < E(L;)*(single working vacation),
Pg (multiple working vacation) < Pg(single working vacation),
P} (multiple working vacation) < Py (single working vacation).

Thus, it can be concluded that the single working vacation model has bet-
ter performance measures than the multiple working vacations model. This
perfectly matches with our expected intuition.
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7 Conclusion

In this paper, we considered an infinite-space multi-server queueing system
with batch arrival, waiting servers, synchronous multiple and single working
vacation policies, Bernoulli feedback, reneging and retention of reneged cus-
tomers. We developed the equations of the steady state probabilities of the
model and obtained their steady-state solutions, using the probability gener-
ating functions (PGFs). Further, we derived various performance measures. A
cost model has been formulated. In addition, the cost optimization problem
under a given cost structure via genetic algorithm (GA) has been done. For
further works, it will be interesting to deal with more realistic models including
G/G/c and G*/G/c queues with waiting servers, multiple and single working
vacation policies, reneging, and retention of reneged customers.
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Abstract. This paper aims to show how some standard general results
can be used to uncover the spectral theory of tridiagonal and related
matrices more elegantly and simply than existing approaches. As a typ-
ical example, we apply the theory to the special tridiagonal matrices
in recent papers on orthogonal polynomials arising from Jordan blocks.
Consequently, we find that the polynomials and spectral theory of the
special matrices are expressible in terms of the Chebyshev polynomi-
als of second kind, whose properties yield interesting results. For special
cases, we obtain results in terms of the Fibonacci numbers and Legendre
polynomials.

1 Introduction

In the recent survey [9], we presented important modern applications involv-
ing tridiagonal matrices in applied mathematics, physics, and engineering and
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showed how the solutions/spectral theory could be easily obtained from Loson-
czi’s work [13] of nearly thirty years ago. The latter work seems not only to
have been neglected, but has also been re-cast or re-discovered in alternative
guises since. In fact, many of these papers cite less general work that followed
Losonczi a decade or so later. Interestingly, as described in [10], Losonczi’s
work grew out of the 1928 seminal paper by Egervary and Szész [5].

In this note we uncover most of the important material in an existing publi-
cation in a simple and more elegant manner. Specifically, we aim to study the
work of Capparelli and Maroscia [2] on orthogonal polynomials arising from
Jordan blocks, which appeared in 2013, more than 20 years after Losonczi’s
paper. Before doing so, however, we need to present a summary of the main
results of [13] in the following section.

2 A general perturbed tridiagonal Toeplitz matrix

The spectral characterization of an n-dimensional tridiagonal Toeplitz matrix
possessing perturbations of the form

a
d

O oo
"o

Mau(a,b,¢,d) =

o
a oo

c
b nxn

has become the focus of much interest or activity over the past thirty years.
On this issue the interested reader is advised to consult [9], which also provides
an extensive recent list of references to the applications stemming from this
activity.

The first major theoretical study dealing with this type of matrix was Loson-
czi’s 1992 paper [13], which, in turn, was apparently motivated by the Ruther-
ford’s seminal paper [16] (cf. also [6]). From [13, Theorem 2] we find that the
characteristic polynomial of M, is given by

B N x \ (a+b) _x
put0 = e (n (75 = g v (57)

raat (3ve))
cd "*\2ved) )

(1)
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The Chebyshev polynomials of the second kind have been studied exten-
sively, e.g. [3], and are known to satisfy the following three-term recurrence
relation:

2xUn (x) = Upgq(x) + U 1(x), foralln=1,2,..., (2)

with the initial values being Up(x) = 1 and U;(x) = 2x. Arguably, the most
commonly-used form for the Chebyshev polynomials is

sin(n+1)0
un(X):i(. ), 0<0<m,
sin 0
where x = cos 0 and n is a non-negative integer. Other standard representa-
tions are

(X+m>n+]_(x_m)n+]
Un(x) = (3)
" VX2 1
= > (M o (W

k=0
Furthermore, the generating function of Uy (x), i.e., where they appear as the
coefficients of an infinite power series, is given by

d 1
n

nZ_Ou“(X)t 1= 2xt 2 5)
For more details about these polynomials and their properties, the reader is
referred to Chapter 22 of [1]. Note also that Losonczi’s paper applies to more
general matrices than the above tridiagonal Toeplitz matrix. Nevertheless,
there is no loss of generality in computing the eigenvalues of M; and its
characteristic polynomial given by (1) using [13].

As far as the eigenvectors are concerned, if A is an eigenvalue of M, ; assum-
ing that cd # 0, then from Section 3 of [13], the eigenvectors corresponding
to A, which can be represented as w = (ug, Uy, ..., un_1)" with the superscript
denoting the transpose, are given by

(4
ue:c<—\/§) (sin(€+1)9+%sin€6), for (=0,1,...,n—1, (6)

provided A = —2v/cdcos®, 8 # mm, m € Z, and the arbitrary constant,
C # 0. Since it is not required here, we do not present the 8 = mm result.
By presenting the above material, we aim in this note to derive shorter and
thus, more elegant, proofs in the study of singular values of Jordan blocks than
those presented in [2].
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3 Jordan blocks

According to Definition 3.1.1 in [12], a Jordan block J,(r) is a n X n matrix
composed of zeros everywhere except along the diagonal, which consists of a
single number and the superdiagonal, where each entry or element is equal to
unity. Thus, it has the following form:

nxn

The scalar 1 is generally a complex number, while the determinant of a Jordan
block is r™. However, since we are concerned the singular values of J,, (1), i.e.,
the square root of the eigenvalues of their product with their transpose, r
will be treated here mainly as a real number following [6], although some
interesting results will be obtained when 1 = 1.

Capparelli and Maroscia [2] study the product of the transpose of a Jordan
block with itself, which yields

2

T T
o141 1
Jnm)n(r) = o . (7)
.
ro1+4+12

nxn

Their primary aim is to determine the singular values of J;, (1), although bounds
for more general cases, where the entries are less uniform, can be found in [6].
Consequently, they focus on the following matrices:

04 T
r T4+ 7
Tala, 1) = T T : (8)
. - .
r T4+«

nxn
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and
x T
T & T
Un(a, 1) = T (9)
T
T«

nxn

Since the determinant of the transpose of a square matrix is equal to the
determinant of the square matrix, from the above we see that det J,(r) =
(det Tn(r?,1))/2.

In the remainder of this section we shall consider in the next subsection
general results involving o and r for the above tridiagonal matrices, and then
special cases in the following subsection.

3.1 General cases

Our first observation is concerned with the relationship between the deter-
minants of both matrices in addition to the derivation of their generating
functions. These are encapsulated in the following theorem.

Theorem 1 The determinant of the matriz Tn(x,v) is related to the deter-
minant of Un (o, 1) according to

det Tn(o, 1) = detUn (1 + o, 1) — detUn 1 (1 + «, 1), (10)
while their generating functions are given by

1
1 — ot + 122

D det U (o, T)t" (11)
n=0

and
T—t
T—(T+ )t + 72t

idet Tnlo, 1)t" = (12)

n=0

Proof. From Theorem 2 in [13], or specifically, (1) with x =1+ «, a = —1,
b=0, and c =d =r, we arrive at

det Tn(o,7) =171 <rU.n (1;(X> —Ung (1 ;O()> . (13)
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On the other hand, the determinant of U, (&, r) is found using the same values
except that x = o« and a = b = 0. Then we find that
det U (o, 1) = Uy, (%) . (14)
Introducing (14) into (13) yields (10).
If one multiplies (14) by t" and sums from n =0 to oo, then one obtains

D detUp(oT)t" =) Uy <%) (rt)™.
n=0 n=0

The right-hand side of the above result is simply the generating function for
the Chebyshev polynomials of the second kind. Therefore, putting t and x in
(5) equal to rt and o/2r, respectively, yields (11).

Adopting the same procedure to (14) yields

o [e.e]
Z det Tn (o, 1)t" = Z(detblnﬂ + o, 1) —detUpn_1(1 + «, r))t“.
n=0 n=0
The first sum on the right-hand side of the above equation can be replaced by
the right-hand side (rhs) of (11) with « replaced by 1+ «, while in the second
sum n needs to be replaced by n+ 1. Then the second sum is identical to (11)
except « is replaced oo+ 1 and it is multiplied by t. Combining the results for
both sums yields (12). O
The generating function (11) has been derived in Proposition 1.2 of [2], but
as a result of Theorem 2 from [13], which also appears in the previous section,
the derivation here is much more succinct. If (3) is introduced into (14), then
(1.7) in Proposition 1.3 of [2] follows, which is

] &+ Vol —aI\ntl o — /ol — At
{ ) (),

detUn(a, 1) = N > 5
In this instance, however, the condition accompanying the proposition that
o —4r%2 > 0 in [2], becomes redundant. Moreover, by introducing the above
result into (13), one obtains the corresponding form for det 7, (e, ). In ad-
dition, inserting (14) into the recurrence relation given by (2) produces the
following recurrence relation:

ocdetUn (, ) = detUnsi (&, ) + 12 det Un_1 (, T).

Finally, introducing (2) into (10) yields a recurrence relation for det 7, (x, 1),
which is

2(1 4 o) det Ta(a, 7) = det Tnp1(x, 1) + 12 det Trq (o, T).



On tridiagonal matrices associated with Jordan blocks 67

3.2 Special cases

By putting « = 12 in (13), we obtain

_ L L
det T (r3,1) = ™! (rU.n (2 + 2r> — U (2 + 2r>> .

By noting that det 77 (1%, 1) = % and the recurrence relation (2), one can prove
by induction that
det Tn (v%, 1) = 2™

Hence, we find that det J,(r) = r™. Furthermore, if A denotes the eigenvalues
of Tn(v2, 1), then we can modify the above result to obtain the characteristic
equation for the matrix, which is

24+1—A 24+1—A
(T S (PN

The above equation can be solved by using the Solve routine in Mathematica.
For example, when n = 2, one simply types
Solve[(r ChebyshevU[2, (1”2 + 1 - A)/(2 1)] - ChebyshevU[2 - 1, (1”2 + 1 -

A)/(21)]) == 0, A,
which yields

M=00+2r2—=V1+4r2)/2, and A = (142 +1+42)/2.

These results have also been obtained by Capparelli and Maroscia [2].
By following the same procedure for n = 3, we find that

: 213(1 + 612)
A== (2432 20T 518, ),
‘ 3( p(r) ’ )
: , 23 46rt) | s i
b= g (2t - T 2 e ),
and 1/3 ,—in/3 2
B ,  2183e 3(1 4 612) —1/3 ,in/3
?\3—§<2+3r - p(r) #210),
where

1/3
p(r) = (z — 912 4 3v/3y/—4r2 — 1314 — 32r6) :
For n =4, the characteristic polynomial becomes

A — (@2 + 3N + (61" + 617 4+ 3N — (4% + 3 + 2 + TN+ 18 =0,
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while for n =5, it is given by
A — (572 + A 4+ (10r* + 12¢2 +6)?\3 (101° 4 120% + 912 + 4)\?
+ G a3t 2 A0 =0,

Although the above equations can be solved for A using the Solve routine in
Mathematica, the solutions are too cumbersome to display here.

For « = 1 and r = exp(in/2) or i, the right-hand side of (11) becomes
the right-hand side of the generating function for the Fibonacci numbers, Fy,
divided by t. As a consequence, we observe that

det Un_1(1,1) = Fy, (15)

while from (13), we arrive at
Fn =exp(i(n—1)t/2)U, 1 (—i/2). (16)
See also [7]. This result can also be derived from (5) by setting x = —i/2 and

t=1it.
If we put o« = 2x and r = 1, then we obtain

ZdetI/ln(ZX,Ut“—1 2xt+t2 ZthP

n=0

where P;(x) denotes the Legendre polynomial of degree n and is not be con-
fused with Pn(x) in [2] appearing here shortly. By equating like powers of t,
we obtain

det Un (2x, 1) ZP) )P (x). (17)
Now introducing (14) into the above equation yields

D Pi(x)Pnj(x) = Un(x).
j=0

Alternatively, with the aid of (16), we arrive at

i Z Pj (_i/z)lpnfj (—1/2) = Fn,
=0
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which is an interesting relationship between a sum of products of Legendre
polynomials with imaginary arguments and the Fibonacci numbers.
In a similar manner the generating function of det 7, (e, 1) is found to be

- 1—t
det " = :
nZ_O L e e P

(18)

By putting o« = 0 and v = i, we observe that the right-hand side of (12) be-
comes the difference of two forms of the generating function for the Fibonacci
numbers, namely

D det =2 (Fap1—Fa)
n=0 n=0

Equating like powers of t yields
det Tn(0,1) = Fn1,

while from (15), we see that det U,,_1(1,1) = det T,,11(0,1).

If we set a=1—x and r=1 in (18), then we derive the generating function
of the characteristic polynomial of 7, (1, 1), which is denoted by P, (x) in [2].
That is, Pn(x) = det Ta(1 — x,1). Note also for the case of Ty(1,1), which
we discuss in more detail later, the right-hand side of the generating function
reduces to 1/(1 —1t). By expanding this term as the geometric series for [t| < 1
and equating like powers of t on both sides, one finds that det 7,(1,1) = 1.
On the other hand, if we replace « by 1+ o« in (11) and subtract (12) from
the resulting equation, then we find that

t
T—(1+ )t + 122’

D (detUn (1 + o, 1) — det Tn (e, T))t" =
n=0

Consequently, from the preceding material, we arrive at
det Un (1,1) — det T (0,1) = Fy.

Now if we set «=1—x and r=1, then we obtain the generating function of
the other set of polynomials appearing in Section 2 of [2], denoted by Qqn(x)
Thus, we arrrive at

Qn(x) =detUn(2 —x,1) —det To (1 —x,1) = U1 (1 —x/2).
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Alternatively, this may be expressed as Qn(x)+ Pn(x) = detUn(2—x,1) or the
sum of both polynomials with index n yields the characteristic polynomial of
Un(2,1). Then using (17), we can express the sum of the polynomials in terms
of shifted Legendre polynomials as

n
Qu(x) +Pul(x) = > Pj(1 = x)Pnj(1 —x).
j=0
For the case of . =1 =1 1in Tn(, 1) or
1
1 2 1

o
1 2
nxn

we find that the characteristic polynomial reduces to

Pn(x) = un <2;X> _un71 <25X> ) (19)

using (1) (the reader is also referred to [8]). If we set x =1+ 2 into the above
recurrence relation, then with the aid of (16) we find that

"Po(i+2) = Fyq — iFn.
On the other hand, by considering (4) and Pascal’s formula, which is
n+k+1\ /n+k) /n+k
2k +1 2k+1)  \ 2k )’

n

Palx) = Z(—nk(“;;k)xk.

k=0

we find that

This is proved in Theorem 2.5 of [2]. On the other hand, the polynomials
Qn(x), which are presented after Corollary 2.6, are even simpler to evaluate
since we have already observed that they are equal to U,,_1(1 —x/2). Intro-
ducing (4) into this result yields

—1
B 1k Tl+k k
anl(x)— O( ]) (2k+]>x .

=

-~
Il



On tridiagonal matrices associated with Jordan blocks 71

By combining (5) with (19), we obtain the generating function of Pn(x)
appearing in Proposition 2.1 of [2] or

— 1—t
Pn(x)t" = :
2_Pulx) T—(2—x)t+t2

n=0

If we put x=1—x and r=1in (12) and equate like powers of t, then we arrive
at Pn(x) = det Tn(1 —x, 1), which was derived earlier. Furthermore, by setting
x = 2, we find that

u
1 ifn=0,3 (mod4),
—1 ifn=1,2 (mod4).

Hence it can be seen that

B 1 ifn=0,3 (mod4),
det Tn(=1,1) _{ 1 ifn=1,2 (mod4).
With regard to the question posed after Corollary 2.6 in [2] concerning whether
there exists a combinatorial interpretation of the above sequence, the answer
is affirmative. To see this, we refer the reader to [17], where it is not only
stated that Sequence A087960 is given by

but there are also numerous references to applications. In fact, from the site
we observe that Pn(2) represents the coefficient of x™*! in the power series of
(14+x)/(14+%x%) —1 and is given by

n+1

Pn(2) = (_])( ;) — cos(nr[/Z) —sin(nﬂ/Z).

A similar sequence, where each term is shifted by incrementing n by one, also
appears as A057077 in [17], again with numerous applications.

It should also be noted that Capparelli and Maroscia were unaware that the
properties of the P, (x) are well-known in the theory of orthogonal polynomials.
In particular, these polynomials were first studied by Chihara [4], where they
were referred to as co-recursive polynomials. More generally, they are now
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regarded as a particular case of anti-associated polynomials of a certain family
of orthogonal polynomials derived by Ronveaux and van Assche [15].

Finally, we consider the singular values of the Jordan block with r = 1.
As indicated before, the product of the Jordan block with its transpose yields
Tr(12,7) as per (7). Since the transpose has the same characteristic polynomial
as the Jordan block, the characteristic polynomial of 7,(1,1) is the square of
the characteristic polynomial of the Jordan block. From (19), Py, (x) represents
the characteristic polynomial for 7;(1,1), whose eigenvalues are obtained by
setting the right-hand side of (19) to zero. Thus, we require the solutions of

 (57) = (7).

The above equation is solved simply by replacing 1T — x/2 by cos©. After
carrying out a little algebra using (2), one arrives at

cos((n + 1/2)6) sin(G/Z) =0,

whose solutions are

0=02k+1)t/2n+1).
As a consequence, the eigenvalues of T,(1,1) are given by

- (2k + )
)\k = 2 2 cos <2T1—i—]

_ 4sin? ((Zk—i- 1)1

e ) , fork=0,1,...,n—1.

From (6) or Theorem 3 in [13], the eigenvectors of Tn(1,1) denoted by u =
(Uo, U1y . .., Un_1)" are simply given by

w = (=1 )kC(sin(k + 1)+ % sin kd)),

and
B ( ((Zk-l—])ﬂ)_])

¢ = arccos| cos mr1 .
Furthermore, taking the square root of the eigenvalues yields the singular
values of Jn(1). Hence we have arrived at (3.1) in Theorem 3.3 of [2] with little
effort, while Capparelli and Maroscia had to introduce Lemma 3.2. It should
also be mentioned that there was no need to prove this lemma since it is a
well-known result that appears as No. 17.14.4 on p. 250 of Hansen [11] or as
No. I.1.9 on p. 760 of Prudnikov et al. [14], both of which preceded [2] by
several decades.
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4 Conclusion

In this article we have shown how important theory in Losonczi’s article [13]
can be used to uncover the spectral theory of tridiagonal and related matrices.
As an example, we have demonstrated that most of the interesting results in
Capparelli and Maroscia’s work [2] on orthogonal polynomials arising from
Jordan blocks can be obtained in a simple and elegant manner, often requiring
only a few lines. We have achieved this by applying the results in [13] to the
matrix types, Tn(a, 1) and Un (e, 1), given by (8) and (9), respectively. The first
type of matrix is related to the product of a Jordan block and its tranpose,
which also enabled us to derive the spectral theory of these matrices from
[13]. Furthermore, we were able to show that the orthogonal polynomials,
denoted by Pn(x) and Qn(x) in [2], were expressible in terms of the second
kind of Chebyshev polynomials. In carrying out this work, we also answered
the question after Corollary 2.6 in [2] whether there is a natural combinatorial
interpretation of (20) or (2.9) in [2]. This was shown to be minus one raised
to a specific binomial coefficient. Finally, we found that the spectral theory
for imaginary elements/entries in special cases of Un(x, 1) and Tn(x, 1), can
be expressed in terms of the Fibonacci numbers and Legendre polynomials.
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Abstract. This paper studies the existence of periodic solutions of a
third order iterative differential equation. The main tool used here is
Krasnoselskii-Burton’s fixed point theorem dealing with a sum of two
mappings, one is a large contraction and the other is compact.

1 Introduction

Delay or iterative differential equations have attracted considerable attention
in mathematics during recent years since these equations have been showed
to be valuable tools in the modeling of many phenomena in various fields
of science, physics, chemistry and engineering, etc. In particular, periodicity,
positivity and stability of solutions for delay or iterative differential equations
has been studied extensively by many authors, see the references [1, 2, 3, 4,
5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. For example in [9], the
third-order iterative differential equation

X (4) +p (X" (1) + q ()X (1) + 7 (1) x (t) =x(t) )_ e (t)xM (1),
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Key words and phrases: Krasnoselskii-Burton’s fixed point, large contraction, iterative
differential equations, periodic solution, Green’s function
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has been investigated. By using Krasnoselskii’s fixed point theorem and the
contraction mapping principle, Bouakkaz et al. obtained the existence, unique-
ness and continuous dependence of periodic solution. Inspired and motivated
by the references [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20],
we study the existence of periodic solutions for the third order iterative dif-
ferential equation

W +p X" (W +qO)x W) +r(hx(t)=x1) ) a®)x¥ 1), 1)

where xI" (t) = x (1), x? (1) = x (x (1)), ..., x™ (t) = x*" (x (1)), p, q, T and
Ck, k = 1,m are continuous real-valued functions. Our purpose here is to use
Krasnoselskii-Burton’s fixed point theorem to prove the existence of periodic
solutions for (1). To prove the existence of periodic solutions, we transform
(1) into an equivalent integral equation and then use Krasnoselskii-Burton’s
fixed point theorem. The obtained integral equation splits in the sum of two
mappings, one is a large contraction and the other is compact.

2 Preliminaries

For T > 0, let Pt be the set of all continuous scalar functions x, periodic in t
of period T. Then (Pr,||.||) is a Banach space with the supremum norm

[x]| = sup [x(t)| = sup [x(t)l,
teR t€[0,T]

and for N, K > 0, let
Pr(N,K) ={x € P, ||x|| <N, [x(t2) —x(t1)] < K[t —t1],Vts,t2 € R},

be a closed convex and bounded subset of Pr.
Throughout this paper, we assume that

(H1) There exist two differentiable positive T-periodic functions aj, a; and a
positive real constant p such that

ai(t) +p =p(t),
aj(t) + az(t) + par(t) = q(t),
ay(t) + pay(t) = r(t).
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(H2) p,q,r € Pt and
.

.
J p(s)ds>pTandJ q(s)ds > 0.
0 0

Now, we consider the equation
X" () +p (X" () +q ()X (1) +1(t)x(t) =e(t), (2)

where e is a continuous T-periodic function. It is easy to see that by
virtue of (H1) and (H2), the above equation can be transformed into the
following system

{ Yy () +py(t) =
X" (1) +ar ()X () +ax(t)x(t) =y (t).

Lemma 1 ([5]) Ify,e € Py, theny is a solution of the equation

Yy () +ey(t)=e(t),
if and only if

t+T
Y= Giltsesas, 3)
t
where (0(s— 1))
exp (p (s —
Gy (tys) = —F—————. 4
Corollary 1 ([14]) Green’s function Gp satisfies the following property
my < Gy (t,s) < My,
where
S 1 ~exp(pT)
"TexplpT) =10 ' exp(pT) =1
Lemma 2 ([13]) Suppose that (H1), (H2) hold and
R; [exp (J'g aj (v) dv) — 1]
>1, (5)
Qi T
where
t+T s d
R; = max J &P (‘ft a () v) az (s) ds|,
te[0,T]

t  exp (fgm (v) dv) —1
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and
2

"
Q1= (1 + exp (Jo ar (v) dv)> R3.

Then, there are continuous and T-periodic functions a and b such that

.
b(t) > 0, J a(v)dv > 0,
0

and

d —b(t) + a(t)b(t) = ax(t) for allt € R.

alt) +b(t) = ai(t), =

Lemma 3 ([17]) Suppose the conditions of Lemma 2 hold and y € Pt. Then
the equation

dZ

S @ () Sxt) +a(Ox () =y 1),

dt

has a T-periodic solution. Moreover, the periodic solution can be expressed as

T
Xt =] Galts)yle)as, (6)
where
_ jteprt (W) du+ 7 a(u)du] dv
0 (a1 () 7
S8 exp [ft (W du+ [>T af )du} dv
+ . (7)
{exp (fo ) ] {exp (fo b (v) dv) — 1}
Lemma 4 ([18]) Let A = [} aj (v) dv and B = T2 exp( [in (@ ) dv).
! A? > 4B, (8)
then T T
mln{L a(v) dv,L b (v) dv} > % (A— A2—4B) —1,
and
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Corollary 2 ([14]) Green’s function G, satisfies the following properties
m; < Gz (t,s) <My

where ;
Texp (fo aj (v) dv)

(et —1)°

-

my=-—— and M =

1
Lemma 5 ([8]) For any ti,t; € R
t1+T
J 1Ga (t2,5) — Ga (t1, )| ds < wlty — ti],
t
where
w = Telln [nzy (Ze2L + 1) el t 1} :
and
1

[exp (fg a(v) dv) — 1} {exp (fgb (v) dv) — 1] ,
A = max |b(t)], Yy =exp <J’0Tb (v) dv) .

te[0,T]

Lemma 6 ([11]) Suppose the conditions of Lemma 2 hold and e € Py. Then
the equation

X" () +p ()X (1) +q )X (1) +r(t)x(t) =e(t),

has a T-periodic solution. Moreover, the periodic solution can be expressed by

t+T

x(t) = J G (t,s)e(s)ds, (9)

t

where
t+T

G(t,s) = J Gy (t,0) Gy (0, s) do. (10)

t

Corollary 3 ([14]) Green’s function G satisfies the following property
m<G(ts) <M,

where
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Lemma 7 ([20]) For any ¢, € Pr(L,K),

H(pm _

i—1
j=0

Lemma 8 ([19]) It holds
Pt (N>K) :{X € PT) HXH < N) |X (tl) _X(t1)| < K|tz—t1|> Vthtl € [O)T]}

Lemma 9 Suppose (H1), (H2) and (5) hold. The function x € Pt (N,K) is a
solution of (1) if and only if

t+T nooet4T )
x(t):J r(s)H(x(s))G(t,s)ds—l—ZJ ci (s)x(s)x (s) G (t,s) ds,

t i It

(11)
where
H(x) =x —h(x). (12)
Proof. Let x € Pt (N, K) be a solution of (1). Rewrite (1) as
X" () +p (X" (1) + g (t)x (1) + 7 (t)x (1)
=T(OHXM1) +x1) ) e (®)xM ().
k=1
From Lemma 6, we have
T n
x(t) = J G(t,s) [T(s)H(x(s) +x(s) ) cx(s)xM (s)| ds.
t k=1
The proof is completed. O

Definition 1 (Large contraction [10]) Let (M, d) be a metric space and
consider B : M — M. Then B is said to be a large contraction if given ¢, @ € M
with & # @ then d (Bd,Be) < d (b, @) and if for all € > 0, there exists a
5 € (0,1) such that

(b, €M, d(d,¢) > el = d(Bd,Be) <sd(d, o).
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Theorem 1 (Krasnoselskii-Burton [10]) Let M be a closed bounded con-
vex nonempty subset of a Banach space (B, |.||). Suppose that A and B map
M into M such that

(i) x,y € M, implies Ax + By € M,

(ii) A is compact and continuous,

(iii) B is a large contraction mapping.
Then there exists z € M with z = Az + Bz.

We will use this theorem to show the existence of periodic solutions for (1).

Theorem 2 ([1]) Let ||.|| be the supremum norm, M = {@ € Pt : ||@| < N}
where N is a positive constant. Suppose that h is satisfying the following con-
ditions

(I) h:R — R is continuous on [-N,N] and differentiable on (—N,N),

(IT) the function h is strictly increasing on [—N, NJ,

(II) supyenny W' (1) < T.
Then the mapping H define by (12) is a large contraction on the set M.

3 Existence of periodic solutions

To apply the Theorem 1 we need to define a Banach space B, a closed bounded
convex subset M of B and construct two mappings; one is a compact and the
other is a large contraction. So, we let (B, ||.]|) = (Pr, ||.||) and

M = Pt (N, K)

:{(P € PT) ||(pH < N) |(P (tZ) —(P(t1)| < K|t2_t1|) Vthtz € [O)T]})
(13)

with N, K > 0. Define a mapping S : M — Pt by

t+T

(&p)(t)zj r(s)H (0 (s)) G (¢, s) ds

t

nooptHT '
+ZJ;CNQ@M@MMGﬁ&M&
i=1

Therefore, we express the above mapping as

So = Ap + Bo,
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where A, B : M — Py are given by

rt+T

(A) () =D | cils)o(s) oY (s)G(t,s)ds, (14)
i1 Jt

and
Pt T

(Be)(t)=| r(s)H(e(s))G(t,s)ds, (15)

where ¢ in P, 1=1,n.

Remark 1 The compactness of Pt (N, K) results immediately from the appli-
cation of Lemma 8 and Ascoli-Arzela theorem.

We need the next lemma in our next results. This lemma and its proof can
be found in [9].

Lemma 10 For any @, € M,

H(p(pm —pyplt

i—1
SN[1+> ¥ |llo—0l, i=1,2,...
j=0

We will show set of preparatory lemmas to use them in the proof of the
main existence results.

Lemma 11 Suppose that (H1), (H2), (5) hold and c¢; € Pt (N¢,,K¢,), i =1,n.
If

J (WN2 iN) <N, (16)
i=1

and

n
](pMJZ +2M1M2T+2M) N2 Ng <K, (17)

i=1

hold, where ] is a positive constant with | > 3. Then the operator A defined
by (14) is continuous and compact on M.

Proof. Let ¢ € M. For having Ap € M we show that Ap € Pr, ||[Ap| < N
and |(A@) (t2) — (A@) (t1)] < K[t —t4], Vi1, € [0, T]. First it is easy to
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show that (A@)(t+T) = (Ae)(t). That is, if ¢ € Pt then Ag is periodic with
period T. By using Corollary 2 and (16), we obtain

N T .
W=y | lalle el )6 4 s)las
i=1 vt

o N
gTMszN.<—§N.

ci >
o J
So, we get
Al <N.
Second we prove that, for any ¢ € M the function A is K-Lipschitzian.
Let @ € M and t1,t; € [0, T] with t; < ty, we have

((Ae) (t2) — (Ae) (t1)]

n

to+T )
< J ¢i (s) @ (s) 0 (s) G (tz, ) ds

o

|\/]=

t14+T .
j $) 9 (5) G (11, 5) ds

t

1

i

|\/|:

J|c1 Sl ()]0 (5)]16 (12, 5] ds
1

,4
Il

to+T
+

™=

e ()1 ()] [0 ()]G (12,5 ds
t]+T

Il
-

i

t+T
+ J ()19 ()]0 (5)]1G (t2,5) — G (11, )/ ds.

t

™M=

1

It follows from Corollaries 2, 2 and Lemma 5 that

G (t2,8) — G (t1, )]

tz-i-T t1+T

—j Gz(tz,o)GmG,s)do—J G2 (11, 0) G1 (0ys) do
t2 t
t to+T

< J G2 (t2,0)] Gy (c,s)|do+j G2 (t2,0)|[G1 (0y8)] do
to t1+T

’[1+T
+J G (0, 5)/Gz (t2,0) — Ga (11, 0| do.

t
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So
IG (t2,s) — G (t1,s)| < 2ZM 1My + uTMy) [t — t]. (18)

Using Corollary 3 and (18), we get
((Ap) (t2) — (Ag) (t1)]
n n
< 2MN? (Z Nq) [ta — t1] + TN? 2My My + uTM,) <Z Nq) [t2 — ti]

i
n

Nq) Ity — t1]
i

i=1

— N2 (ZM F2TMGM, + uTzl\/h) (

K
< T|tz—t1|§K|tz—t1|-

So, we have
I(Ae) (t2) — (Ag) (1)l < Ktz —t].

which shows A : M — M.
Now, For @, € M, ¢; € Pr(Nc,K¢,), i = 1,n, and from Corollary 3, we
obtain

[(Ae) (t) — (AD) ()]

Nt T . _
<Y | @G [os) 0 (s) — b s) Wi s) ds
i=1
t+T
<MY | o) [0 )0 19— (50 (5)|as
i=1 7t

Using Lemma 10, we get

n i—1
(A@) (t) = (AP) () S NMT Y Ne |1+ K | [[o—]|.
i=1 j=0

This implies the continuity of A. We use Remark 1 and the fact that continuous
operators maps compact sets into compact sets we deduce that A is a compact
operator. ]

The next result proves the relationship between the mappings H and B in
the sense of large contractions. Assume that

OMT < 1, (19)
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J-—1
J

max ([H (=N]|, [H(N)[) <

N, (20)

and
(ZM £ 2TM M, + uTzl\/h) ON < K, (21)

where 6 = max |r (t)].
t€(0,T]

Lemma 12 Let B be defined by (15). Suppose (H1), (H2), ((5)), (19)—(21)
and all conditions of Theorem 2 hold. Then B is a large contraction on M.

Proof. Let B be defined by (15). Obviously, B¢ is continuous and it is easy
to show that (Be)(t+ T) = (Be)(t). For having B € M we will show that
|Bo|| < N and [(Be) (t2) — (Be) (t1)] < Klta —t4], Vt5,t2 € [0, T]. Let @ €
M, by (19) and (20) we get

t+T
|(Be) (t)] SJ IG (t,8)l[r (s)[H (@ (s))l ds

t

< OMT max {(H (—N)|, H (N < L=

N.
j <

Then, for any ¢ € M, we have
Bl <N.
Let t1,t; € [0, T] with t; < t2, for any ¢ € M, we have
[(Be) (t2) — (Be) (t1)]
t1 4T

t+T
J G (tz,s)r(s)H (@ (s))ds —J G (t,s)T(s)H (@ (s))ds

15 t

t
SJ IG (t2, s)lI (s)IH (¢ (s))| ds

t2

<

to+T
+j G (t2, )l r (s)]|H (@ (s))] s
4T

t+T
+J G (t2,8) — G (t1,8)|[r (s)[[H (@ (s))] ds.

t

Using Corollary 3 and (18), we have

[(Be) (t2) — (Be) (t1)]
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J—1)N

N
< 2M60 [t —t11+ 6

U_I]) T(2MiMz + uTMy) [tz — t|

—1)N
- (zM £ 2TMGM, + uTzl\/h) e”J) Ity — t].
From (21), we obtain

U_J”K|tz—t1|

Klt; —t1].

[(Be) (t2) — (Be) (t1)]

IN

IN

Consequently, we have B : Ml — M.
It remains to show that B is a large contraction. By Theorem 2 H is large
contraction on M, then for any @, € M, with ¢ 1 we have

(Be) (t) — (BY) (1)
T
j G (t,5)7(s) [H (¢ (s)) — H (W (s))] ds

t

<OMT [ — V[ < [l — |-

Then [|[Be — BY|| < ||@ —||. Now, let € € (0,1) be given and let @, € M,
with [[@ — || > €, from the proof of Theorem 2, we have found a & € (0, 1),
such that

<

[(He) () — (HY) (DI < 8 |l — .

Thus,
(Be) (t) — (BY) (¢)]
4T
< J G (t,s)7 () [H (¢ (s)) — H (b (s))] ds
t
< OMTS [ — ]| < 5]l — W]
The proof is complete. 0

Theorem 3 Suppose the hypotheses of Lemmas 11, 12 hold. Let M defined by
(13). Then (1) has a T-periodic solution in M.

Proof. By Lemmas 11, A : M — M is continuous and A(M) is contained in
a compact set. Also, from Lemma 12, the mapping B : M — M is a large
contraction. Next, we show that if @, € M, we have ||Ap + BY|| < N and
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[(Ap + BY) (t2) — (Ae + BY) ()] < Ktz =], Viy,t; € [0, T]. Let @, €
M. By (16), (19) and (20), we obtain

A + Bb|| §WNZZNQ+(]_;)N < ];l'f—

J-DN _

j N.

i=1

Now, let @, € M and t1,t; € [0, T]. By (17), (21), we get

(A + BY) (t2) — (A + B) (1)

<|(Ae) (t2) — (A@) (t1)[ + (BY) (t2) — (BY) (1)
K (J-1DK

< T|t2—t1|+ fﬁz—tﬂ

< Kty —tq].

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied.
Thus there exists a fixed point z € M such that z = Az + Bz. By Lemma 9
this fixed point is a solution of (1). Hence (1) has a T-periodic solution. [
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The aim of this article is to establish the existence and multiplicity of weak
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—Agnu + a(§) —— = AFy (&, V) in Q,
(l21*+t2)2

_AH“V_f’b(((—v)% :)\Fv(‘(—ou)v) in Q, (1)
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where Q C H™,n > 1, is an open, bounded subset containing the origin
with smooth boundary. A > 0, a,b € L*°(Q) such that essginfa > 0 and
essoinfb >0, F: QO x R? — R is a function such that F(-, s1,s;) is continuous
in Q, for all (s1,s2) € R? and F(§,-,-) is C' in R? for every & € Q, and Fy, F,
denote the partial derivatives of F, with respect to u, v respectively.

Singular elliptic problems have been intensively studied in the last decades,
in [6, 16] the authors investigated infinitely many solutions for singular elliptic
problems.In [1] and [5] some problems which depend on continuous component
of time like coherent states in quantum optics are probed. These problems
are studied in a space which have a component of time and are known as
Heisenberg group. Important topics where the Heisenberg group reveals itself
as an essential factor are quantum mechanics, ergodic theory, representation
theory of nilpotent Lie group, foundation of abelian harmonic analysis, and
the theory of partial differential equations. We are now interested in the last
one.

Recently the existence of radial solutions of Neumann problem on Heisenberg
group is studied (see [10, 11, 12, 13]).

Here we recall some definitions and results on Heisenberg group (see [2, 8,
9, 15]). The Heisenberg group H™ = (R?**! o ) is the space R with the
noncommutative law of product

(x,y,t) o (X, ', t') = (x + X,y + v, t +t' + 2((y, X') — (x,))),

where x,x’,y,y" € R", t,t' € R and (-,-) denotes the standard inner product
in R™. This operation endows H"™ with the structure of a Lie group. The Lie
algebra of H™" is generated by the left-invariant vector fields

T=E> XiZiJrZUia Yi:i_zxi%>

i i —=1.2.3 ... ..
ot ox; ot v t=123--,n

These generators satisfy the noncommutative formula
Xi, Vil = —464T, [Xy, X1 =[V3, V5] = X4, T = [v;, T] = 0.

Let z = (x,y) € R?" and & = (z,t) € H". The parabolic dilation

81E = (Ax, Ay, A2t), satisfies 8x(E00 &) = Br& o x&o, and [Eln = (|21 + 1) =
(x2 +y?)? + tz)%, is a norm with respect to the parabolic dilation which is
known as Koranyi gauge norm N(z,t). The Heisenberg distance between two
points (z,t) and (Z/,t') is given by p(z,t;2/,t') = |(Z/,t')™ o (z,t)|n. Clearly,
the vector fields Xj, Yi,i =1,2,--- ,n, are homogeneous of degree 1 under the
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norm |.Jgn and T is homogenous of degree 2. The Koranyi ball of center &g
and radius 1 is defined by

B (80, 1) ={&:1&7 0 Eolun < 13,

and it satisfies |Brn (&0,7)| = |Brn(0,1)] = 7#™2|Bgn (0, 1)|. The Heisenberg
gradient and the Kohn-Laplacian (the Heisenberg Laplacian) operator on H™
are given by

n
Vi = (X1, X2+, Xn, Y1, Y2, -+, V) and Agn = Y X7+ Y],
i=1
respectively. We define the associated Sobolev space as following:
H'(Q,H") :={u e 2(Q): Xiu,Yiu e [2(Q),i=1,2,---,n},

and H(])(O_, H") is the closure of C§°(Q)) in H'(Q, H") with respect to the norm

1

2
Il ) = (j (Vanu? + |u|2)da> ,
Q

where u: Q C H" — R. A norm on Hé(Q, H"™) is

]

2
||U||Hg>(Q,Hn) = <JQ |VHnu|zd£> )

which is equivalent to the standard one. The dual space of H(])(Q,]HI) is de-
noted by H™'(Q,H). Here we recall Hardy’s inequality and some results on
the Heisenberg group.

Lemma 1 [7] Forn > 1 and for any u € H(])(Q,H“), we have

huf? <n+]>zj 5
——d& < |[Vynul~déE.
Jo (2l + [¢2)2 n? ) Jo "

For convenience, we write the above inequality by

2
J L S 1J VinuPde,
Q (|z1* + [t)2)2 CnJa

where Cp, = (5)2.
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Lemma 2 [14] Let O C H" be a bounded open set. Then the compact embed-

ding Hg)(_Q, H™) ccC LP(Q) for 1 <p < Q* is satisfied, where Q* = % 18

critical exponent of Q = 2n+ 2, which is homogeneous dimension of H™.

We denote the Sobolev embedding constant of the above compact embedding
by Sp >0, i.e.

IWliiri) < Sp lulliyoms)  for allu € Hy(Q,HY), T<p<Q™.  (2)
In the sequel, X will denote the space Hé(O_, H™) x Hé(Q,H“), which is a
reflexive Banach space endowed with the norm
1, VI = [l ) + VI 0 mm)-

We use the following multiple critical points theorem due to G. Bonanno
3]

Theorem 1 Let X be a reflexive real Banach space, let O,¥ : X — R be
two Gateaux differentiable functionals such that © is strong continuous, se-
quentially weakly lower semi-continuous, coercive and ¥ is sequentially weakly
upper-semi-continuous. For every r > infx @, let

. (Sup\/e(l)—1 (—o0,r) Y(v)) —¥(u)
@(r) = inf ,
ued—1(—oo,1) T—O(u)

v :=liminf @(r), &:= liminf ¢(r).

T—+00 r— (infy @)+

1
(a) If y < 400 then, for each N € (0,;), the following alternative holds:

either
(al) Iy := ® — AV possesses a global minimum, or

(a2) there is a sequence {un} of critical points (local minima) of I such that
limp 00 @ (un) = +o0.

1
(b) If 8 < 400 then, for each A € (O,

8)’ the following alternative holds:

either
(bl) there is a global minimum of © that is a local minimum of Iy, or

(b2) there is a sequence {un} of pairwise distinct critical points (local minima)
of I that weakly converges to a global minimum of © .
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2 Weak solutions

In this section we prove the existence of weak solutions for the system (1). Du
to do this, we the definition of the weak solution.

Definition 1 One says that (u,v) € X is a weak solution to the system (1) if

J anu-anq)duJ ““’]a(a)da—xj Fu(&,u,v)@dE
o o (2 + 12)7 o

+J vww-vqua+J v ]MEME—AJFA&uwNM£:Q
a o (|2t + )3 a
for every (@, ) € X.
Define the functional I : X — R by
I(u,v) = O(u,v) — A¥(u,v),
for all (u,v) € X, where

1 2
O v) = 3l + 3 | o ralE)de
o

T
wmme+2L(]wau,

and ¥(u,v) = [, F(&u,v)dE.

Lemma 1 1mphes

ZHuHHl QH") ZHVH]—U QH™) < (D(LL, )
Cntllalloo C +||bloo
< ( = (g:” ||'LL||H] (Q,H") +( nzgnH HVHHI (Q,H")?

which implies that @ is coercive. Moreover, from the weakly lower semicon-
tinuity of norm, we known that @ is sequentially weakly lower semicontinu-
ous. Notice that functionals @, ¥ are well defined and continuously Géteaux
differentiable functionals whose derivatives at the point (u,v) € X are the
functionals ®’(u,v) and ¥'(u,v) given by

(@ (uv), (0,90 = | Vi Venode+ | P ateae
Ja o (2 + 1)}
r i
+ Vanv - VgnpdéE + J 1 b(i)di,
Jo a (Jz]* +t2)2
<W/(uav)) ((P)q)» = QFu(Ea u)")@da + ,[Q FV(‘i) u,v)tl)dé,
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for all (@, V) € X.
Y . X — X* is a compact operator, indeed, it is enough to show that W' is
strongly continuous on X. For this end, for fixed (u,v) € X, let (w, vk) — (u,v)
weakly in X as k — oo, by the Lemma 2, we deduce that (ug,vi) — (u,v) in
LP(Q) x LP(Q), therefore, (ux(&),vi(&)) — (W(E),v(E)) for a.e & € Q. Since
F(&,-,-) is C! in R™ for every & € Q, so V' (&,w, vi) — V'(&,u,V) strongly as
k — +o0o. Thus we have that ¥ is strongly continuous on X, which implies
that ¥ is a compact operator by Proposition 26.2, [17], it follows that V¥ is
sequentially weakly continuous.

Here is an example to show a function F with the conditions defined in (1)
can exists.

Example 1 [t could be possible to consider the same example given in [4]. Let
Q be a bounded domain in R? containing the origin and with smooth boundary
0Q. Consider the increasing sequence of positive real numbers given by

ap =2, Ani == n!alz1 + 2,

for every n > 1. Define the C'-function F: R? = R as follows

1— 1

F(S1 52) B (an+1 )46 T=MlIs1—any1llpHisa—an1llp] (51,52)EUnZ1B((an+1,an+1),1),

, =
0 otherwise,

where B((Cln+], Qnil), 1) is an open unit ball of center (Ani1, Any1).

Due to study the existence of infinitely many weak solutions, suppose there
exist Rg > 0 such that Ry < dist(0,0Q) and ¢ € (0,1). Set

L R3(1—¢)?
a - -—
8S, (Srglele) (1 — B(1 4 482)wpp REV (1 — (2041) .
Lo R3(1—0)?
b =

8 (S 300l (1 — ) (1 + 41 wan i RIVT (1 — 20+1)

where wy, denotes the volume of the n-dimensional unit ball in R™ and S, is
given by (2).

Theorem 2 Assume that
(11) F(E)S1)52) > 0 fO’f’ every (6)51352) € QO x Ri;
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(ia) There exist Ry > 0 such that Ry < dist(0,0Q) and ¢ € (0,1), given by (3).
Assume A < LB, where

JaSUPYsy im0y +ls2lip oy <oT (£ 815 82)dE

A :=liminf 5 ,
o0—+00 [0}
J F(&,s1,52)dE
B := limsup anH(O'CRZ) 2’ : ,
$1,82—+00 $] + S5

L :=min{Lg, Lp}.

1 1 1
Then for each A € A = ﬁ <LB’A>’ problem (1) has an unbounded se-

quence of weak solutions in X.

Proof. We apply the part (a) of Theorem 1. Certainly, the weak solutions of
the problem (1) are exactly the solutions of the equation Ij(u,v) = 0. The
functional @ and ¥ satisfy the assumptions of Theorem 1. Now we show that
Y < 400. Since X compactly embedded in LP(Q) x LP(Q), and from (2) one
has

[ulle (o) < Spllullyyumny  and  [Vlleio) < SplVlly ,mm)

for all (u,v) € X. Thus

Sl + IR < So (3B ey + 3 ¥Rz )-
So, for each r >0
O] — oo, 7)1 = {(u,v )GX'G)(u, ) <1}
={(u,v) € X: ||u||H1 @un) Tt IIVIIH1 am) <1 (4)

] 1
C{lwy,v) e X: EHU'HLP(Q) + EHVHLP(Q) < Sprh,
and it follows that

sup Y(u,v) < sup J F(&,u,v)déE.
(uyv) €D (J—o0,r]) Q
{(uv)ex:s HuHLP +§HVHLP(Q)<SPT}
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Note that ®(0,0) = 0 and ¥(0,0) > 0. Therefore, for every r > 0,

( Sup(u/’\,/)eq)fl (]—o0,r) ‘P(u’, V/)) — ‘P(u, V)

= inf
@(r) q)(mlf,lv)« r—®(u,v)
SUPQ-1 (|—oco,rl) ¥
- T
1
< sup J F(‘i)ShSZ)dE-
T Q

Slsille @)+ 5 Is2llLp (@) <Spr
2 (Q) 2 (Q)S9p

Let {ox} be a real sequence of positive numbers such that limy_,, o 0x = +00
and

JaSUP sy 15 () llip oy <o (& 515 52)dE
k—+o00 Gi

=A< +oo. (5)

Set T = ﬁ(%)z, from (4), one has

1 1
iuuufp(m + §||v|\{p(m < Spri, for all & € Q.

So,

Iulis < V2Spme and  [Vlisia) < v/ZSpme,

thus, for each k € N large enough

[ullte @) + [VIitr (@) £ V/2SpTk + /2SpTk = 24/2SpTk = 0.

Hence,

SUP{(uv)eXi[|ullLp (o) +HIVIILe (o <Gk}fQ (&u,v)déE

@(ri) < Ep
Bl (6)
IQ SUD|is1Itp () +lIs2llr (@) <ok F(&,51,52)dE
<8S, 5 .
Ok

Hence, from (5) and (6), one has

o sup F(&, s1,82)dE
y < liminf @(r) < 88, lim 2 —tlriortieloo <. 70
k—+o00 k—+o0 0‘k

= 8SpA < +o0.

This implies
1
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1
We conclude that A CJO, ;[. For A € A, we show that the functional I, =

1
@ — AY is unbounded from below. Indeed, since 3 < 85,LB, we can consider

two positive real sequences {ﬂi,k}iz:1 and 0 > 0 such that \/2321 Nik — +oo
as k — oo and

fan+1 (0,CRo) F(E»n],k)nZ,k)dE»
2 2
N7 T N2k

<0 <8S,L , (7)

> =

for k large enough. Suppose ug (&) = (w1 (&), w2k (&)) be a sequence in X defined
by

0 if & € H™ \ B2n+1(0,Ro)

wik (&) = ¢ Mk if & € Bon+1(0, CRo) (8)
nl7’k(Ro — &) if & € Bant1(0,Ro) \ Bant1(0, CRo),
Ro(1—C)

for i = 1,2, where B,,(0, 1) denotes the n-dimensional open ball with center 0
and radius r > 0.

Bearing (3) in mind, we have

a k(& 2
@ (urk, u2k) J [Venun(&)PdE + [ HOOJ gk ()] ae

2 Jo (2 + 1)z
b||co 2

J Vi (€)1 dE + o] J Pz (&)l -d

"2 2 o (2 + 1)z

Cn+lalloo
: < ” H ) Ve (£)2dE
Bant1(0,R0)\B2nt1(0,CRp)

Cn+ HbHoo Vi (£)1dE

n1k

> B2n+1 (0,R0)\B2n+1(0,CRo)

+2
(1-2) (1 + 4t RE (1 — )

(e
<C + Halloo
(2

Cn+ Hblloo n2k
RI(1—¢

~8s, (m i nr_zbk)

t2
L (1 )1+ 4t wn R (1 — M)

(9)
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On the other hand, by assumption that F(&,s7,s2) > 0, we have

W, k) ZJ F(&, wik, up)dé > J F(&,M1 N2,k ) dE. (10)
Q B2n+1(0,CRo)

So, it follows from (7), (9) and (10) that

(9
I (wrk, w2k) = @ (g, upk) — AW (wg, uok)
1

< 33 L(n%,kﬂLﬂ%,k) —AJ F(& 12k dE
P B2n+1(0,CRo)
(1—20)
< W (n%,k + Tl%,k)»
for k large enough, so limy_, o In(Wk, Wx) = —00, and hence, the claim fol-

lows.

The alternative of Theorem 1 case (a) assures the existence of unbounded
sequence {ux = (ugk, wrk)} C X of critical points of the functional I and the
proof of Theorem 2 is complete. O

Theorem 3 Assume that (i1) holds and

(i3) F(&,0,0) =0 for every & € Q.

(i4) There exist Ry > 0 such that Ry < dist(0,0Q) and ¢ € (0,1), given by (3).
Assume A’ < LB’ where

A ol e 32 PPl o szl oy <0 F(E 81, 52) 8
T o0t 0?
B’ = lim sup J‘an+1 (0,CRp) F(E,s1,52)dé
$1,82—0F 512 + S%
L :=min{Lg, Lp}.

)

)

1 1 1
Then for each A € A\ = @ (LB”A’)’ problem (1) admits a sequence of

weak solutions which converges to 0.

Proof. Note that ®(0,0) = 0 and ¥(0,0) = 0. Therefore, for every r > 0, Let
{ow} be a real sequence of positive numbers such that o, — 0" as k — +oo
and

-[Q SUD|s1ltp () +lIs2llr (o) <ok F(&,s1,52)dE

2

=A’ < +c0. (11)
k—+o00 (o
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Put r, = ﬁ(%)z for all k € N, and & := liminf, o+ @(r). Hence, from (6)
and (11), one has

S < liminf @(ry)

k—+o00
S oS p oy +lsa lp (<o F(E5 51,52)dE
<8Sp lim 3
k—+o0 Gk

1
We conclude that A CJ0, 8[' For A € A, we show that the functional I, is

unbounded from below. Indeed, since

1

S < 8S,LB,

we can consider two positive real sequences {m)k}iz:] and 0 > 0 such that

\/21221 Nik — 0 as k — oo and
f32n+1 0,CRo) F(E»)Th,k)nz,k)da

(
<0<8S,L : (12)
? n%,k + n%,k )

> =

for k large enough. Let (uy) be the sequence defined in (8). By combining (9),
(10) and (12), we obtain

I (i, wai) = @ (wgi, upk) — AW (g, uok)

1
< T(m M) — ?\J F(&,M1x,MN2,x)dE
B2n+1(0,CRo)

< 1 —29)
= 78S, L

— 00

(N7 + 730,

for k large enough, so limy_, o Ix(ux, uzx) = —00, and hence, the claim fol-
lows.

The alternative of Theorem 1 case (b) assures the existence of sequence (uy)
of pairwise distinct critical points of I, which weakly converges to 0. This
completes the proof of Theorem 3. 0

Remark 1 We observe that, if F (&,0,0) # 0, then, by Theorem 2 and 3 we
obtain the existence of infinitely many non-trivial weak solutions.
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Corollary 1 Let QO be a bounded open subset of H, f : QO x R — R be
a Carathéodory function. Suppopse F : QO x R — R is defined by F(&,s) =
fg f(&,0)di, for all & € Q and s € R, and satisfying

i) F(&s) > M|s]?,
ii) [F(&s)l < CHSH%P(QV
for some positive constants M and C. Let 2s,C|Q] < LM where
2 R§(1—¢)?
(Cotllalleo) (1- ) +a2)

T

L

then for each A € (L,Mth , 2sp1C|Q\)7 the problem

—Apru+ a(&) —H—— = M(& u) imn Q,
(lz1*+t2)Z (13)
u=0 on 0Q),

has an unbounded sequence of weak solutions in H(])(O_, H").

Proof. We apply Theorem 1 part of (a). The strategy of the proof is similar to
Theorem 2, hence, we omit the details. Let {0y} be a real sequence of positive
numbers such that limy_, o ox = +00. Set 1y = ﬁckz. By (ii) we have

v < liminf @(ry)
k—+o0

IQ SUP|is|| p(a)<ox F(&,s)dE

< 2S, i
=P k—l)I-&I-loo 0‘%
— 25,010 < +oc.

1
This implies y < 25,C|Q| < X Let (ux) be the sequence defined in (8). Then,

Cn + llaflo

(D(uk) < < > J
2C, B2n+1(0,Ro)\B2n+1(0,CRo)
tZ

(Cn + ||0—||00) T]% 5 i .
< ") JE—
-G Rém—azo ) (1 + 4t @an RE (11— )

2 2n+1
_ Miwam1Ry
= K=t

Venw (£)2dE

(14)
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On other hand, by (1), we have

Y(w) = J F(&, ux)dE > J F(&,Mk)dE > MNECP™ o REVT.
Q Bon+1(0,CRo)
(15)

So, it follows from (14) and (15) that

() = O (uy) — AV (uy)

1
< nﬁwznﬂ Rén—‘r] (ﬁ o ?\MCZ“H),
for k large enough, so limy_,, s Ix(ug) = —o0, and hence, the claim follows.

The alternative of Theorem 1 case (a) assures the existence of unbounded
sequence {uy} of critical points of the functional Iy, and the proof is complete. (]
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Abstract. In this paper, we deduce the form of a nonconstant mero-
morphic function f when some power of f shares certain set counting
multiplicities in the weak sense with the k-th derivative of the power.
The results of this paper generalize the results due to Lahiri and Zeng
[Afr. Mat. 27 (2016), 941-947].

1 Introduction, definitions and results

Let f and g be two nonconstant meromorphic functions in the complex plane
and a € C U {oo}. If the zeros of f —a and g — a coincide both in locations
and multiplicities then we say that f and g share the value a CM (counting
multiplicities) and if they coincide only in locations (may or may not have the
same multiplicities) then we say that f and g share the value a IM (ignoring
multiplicities). For a meromorphic function f in the complex plane, we denote
by S(r,f) any quantity satisfying S(r, f) = o{T(r, f)} for all r outside a possible
exceptional set of finite logarithmic measure. Throughout this paper, we adopt
the standard notations of Nevanlinna Theory as described in [1] and [8]. We
now recall the following definitions.

2010 Mathematics Subject Classification: 30D35
Key words and phrases: meromorphic functions, WCM sharing, Nevanlinna theory
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Definition 1 [3] For a € C U {co} we denote by N(r,q;f| = 1) the count-
ing function of simple a-points of f. For a positive integer m we denote by
N(r, a;f] < m) (N(r,q;f] > m)) the counting function of those a-points of f
whose multiplicities are not greater (less) than m where each a-point is counted
according to its multiplicity.

N(r,a;fl <m) (N(r,q;f] > m)) are defined analogously, where in counting
the a-points of f we ignore the multiplicities.

Definition 2 [2] Let a be any value in the extended complex plane, and let
P be an arbitrary nonnegative integer. We denote by Np(r, a;f) the counting
function of a-points of f, where an a-point of multiplicity m is counted m
times if m < p and p times if m > p. Then

Np(r,a;f) =N(r,a;f) + N(r,a;f [>2)+ ... + N(r,q;f [> p).
Clearly Nq(r, a;f) = N(r, a; f).
In 1983, Mues and Steinmetz [7] proved the following result.

Theorem A Let f be a nonconstant meromorphic function and a, b be two
distinct finite complex numbers. If f and f' share a, b CM, then f = ce*, where
C 1S a nonzero constant.

In 2004, Lin and Huang [6] proved the following result considering certain
power of a meromorphic function.

Theorem B Let f be a nonconstant meromorphic function, n(> 8) be an
integer and a be a nonzero complex number. If f™ and (f™)" share the value a
CM, then f = cen, where ¢ is a nonzero constant.

In 2008, Lei, Fang, Yang and Wang [5] improved Theorem B by relaxing the
lower bound of n and proved the result for n > 4.

For a € CU{oo}, let E(a, f) denote the set of all a-points of f where an a-point
is counted according to its multiplicity and E(a, f) denote the set of distinct
a-points of f. If S € C U {oco}, then we define E(S,f) = UqesE(a, ). We say
that f and g share the set S counting multiplicities (CM) if E(S, f) = E(S, g).
Similarly we define E(S, f) = UqesE(a, f).

Let a € CU{oo} and B C C U{co}. We denote by Eg(a;f,g) the set of all
those distinct a-points of f which are b-points of g with same multiplicities
for some b € B and Eg(A;f, g) = UscaEg(a;f,g) for A € CU{oo}.
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For S € CU{oo}, we now put Y = {E(S, f) UE(S, g)\Es(S;f, g). We say that
f and g share the set S counting multiplicities in the weak sense or WCM if
Ny(r, a;f) = S(r, f) and Ny(r, a;g) = S(r, g) for every a € S, where Ny(r, a;f)
denotes the reduced counting function of those a-points of f which lie in the
set Y (see [4]). Intuitively, sharing WCM is little less than sharing CM by an
unimportant error term. We also see that f and g share the set S CM if and
only if Y = ¢. Further, WCM value sharing is same as “CM” value sharing
when S = {a}(p. 226, [8]).

In 2016, using the concept of WCM value sharing of a set, Lahiri and Zeng
[4] proved the following theorems which improve Theorem B.

Theorem C Let f be a nonconstant meromorphic function, m, n(> 4) be
positive integers and S ={ay, az, ..., am} C C\{0} be a set of distinct numbers.
If f* and (f")’ share the set S WCM, then f = ce'n , where c(# 0), w are
constants and w™ = 1. Further f = cew if either Y ity ai #0or mis prime
and S #{az:z™ = 1}, where a is any nonzero number.

Remark 1 [4] If > ™, a; = 0, then w may not be equal to 1. For example,
let S={1,—1,2,—2} and f = ce , where ¢ is a nonzero constant.

Remark 2 [4] If S ={az:z™ =1}, then w may not be equal to 1 even if m is
prime. For, let S ={2,2w,2w?} and f = ce s , where ¢ is a nonzero constant
and W is an imaginary cube root of unity.

Remark 3 [4] If m is not a prime, then w may not be equal to 1 even if
S #{az:z™ = 1}, where a is any nonzero constant. The example in Remark
1 makes it evident.

Theorem D Let f be a nonconstant meromorphic function, m(> 2), n(> 3)
be positive integers and S = {ay, az, ..., am} C C\{0} be a set of distinct numbers
such that 3 %y a; = 0. If f™ and (f™)" share the set S WCM, then f = ce™n,
where c(# 0), w are constants and w™ = 1.

Regarding Theorems C and D, it is natural to ask the following question
which is the motive of this paper.

Question 1 What happens if the function f* share the set S WCM with its
k-th derivative in Theorems C and D?

In this paper, we find possible answer to the above question and prove the
following theorems.
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Theorem 1 Let f be a nonconstant meromorphic function, m, n, k(> 1) be
positive integers satisfyingm > k+1++vVk+2 and S = {a1, a2, ey A} C C\{0}
be a set of distinct complex numbers. If f* and (f*)® share the set S WCM

k
then either f = ce n Y*, where ¢(# 0), w and v are constants with w™ =1
1

1
and V€ = 1 or f* is a linear combination of e“’k\"Z eWkvaz - eWwkVkz
where vi’s are the distinct k-th roots of unity. Further, if either Zl 1a #0

or m is prime and S # {az : z™ = 1}, where a is any nonzero number, then
w=1.

Theorem 2 Let f be a nonconstant meromorphic function, m(> 2), n, k be

positive integers satisfying n > SUetT)+ kZHOkH and S = {ar,az,...,am} C
C\{0} be a set of distinct complex numbers such that ) " a; = 0. If f* and
1

(fY)%) share the set S WCM, then either f = ce%”, where ¢(#£ 0), w and
v are constants with w™ = 1 and V€ = 1 or f™ is a linear combination of

1 1 1

eWkviz ewkvaz - eWKVKZ here vi’s are the distinct k-th Toots of unity.

Remark 4 Theorems C and D can be obtained by putting k =1 in Theorems
1 and 2, as in this case, we obtain v = 1.

2 Lemmas

Let a, aj, az, ..., an be distinct finite complex numbers. We put z; = a— q;
fori = 1,2,..,mand 0p = 1, 07 = Y "2, 02 = Z1§i<j§m7~izd» C
Om = 2122 . . .Zm. We say that a complex number C satisfies the property

(A) if 0;(C' — 1) = 0 and a complex number K satisfies the property (B), if
Kiom i = 010m, i =1,2,3,...,m (see [8], p.482).

Now we state some lemmas which will be needed in the sequel.

Lemma 1 Let f be a nonconstant meromorphic function and S ={a;y, ay, ...,
am} C C be a set of distinct complex numbers. Further suppose that N(r, a;f)+
N(r, a; %)) + N(r, 00;f) = S(r,f) for some a € C\S. If f and f&) share the
set S WCM, then either f%) —a = C(f—a) or (f¥ —a)(f — a) = K, where C
satisfies the property (A) and K satisfies the property (B).

Proof. Clearly N(r, a;f) = N(r, a; f}) = N(r, 00; f) = S(r, f).
If zo is a pole of f of order 1 then zj is a pole of f¢) of order 1+ k. Now,
1+ k < (k+ 1)1, therefore N(r,oc0;f®)) < (k + 1)N(r, 00;f), which implies
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N(r, 00; fK)) = S(r, f). Thus, using Lemma 3.8 of [8] (p.193) we deduce that
6(0-3 f) = 6(Oo)f) = 6(0—) 9) = 6(00) 9) = 1)

where g = k). The rest of the proof can be completed in the line of Theorem
10.26 of [8], (p. 482). O

Lemma 2 [8]|(Theorem 1.24, p.39) Let f be a nonconstant meromorphic func-
tion and k be a positive integer. Then

N(r, 0; f%)) < N(r, 0; f) + kN (r, 00; f) + S(r, ).

Lemma 3 [9] Let f be a nonconstant meromorphic function and p, k be two
positive integers. Then

N, (1, 0; f) < KN(r, 00; ) + Np ik (1, 0; ) + S(, ).

Lemma 4 Let f be a nonconstant meromorphic function, m, k, n(>k+1) be
positive integers and S = {aj, ay, ..., am} be a set of distinct nonzero complex
numbers. If f* and (f*)%) share the set S WCM, then one of the following
holds:

(i) N(r,0;) < ——N(r,00;f) + S(r, f);

(i) (fH® = wf™, where w™ =1,

Proof. Let g = . Put

m 9/ m g(k+1)
= -y = 1
IR W »

i=1

Now we consider the following cases.

Case 1. Let ¢ # 0. Then m(r,d) = S(r,g) = S(r, f). If 2y is a zero of f with
multiplicity 1, then zg is a zero of ¢ with multiplicity at least l(n—k—1). Since
g and g share S WCM, from (1) we get N(r,00;¢p) < N(r,00;f) + S(r, ).
Therefore

1
N(r, 0;f) < mN(T> 0; )
1
<

mﬂﬁd’) +0(1)
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1
= mN(T,OO,¢)+S(T,f)
1 —
< - ; .
< 1 N(r0if) 4 5(n,f)

Case 2. Let & = 0. Then

m g _ m k+1
Integrating,
m m
[T(a—a)=c]](g™ —av), (2)
i=1 i=1

where c is a nonzero constant.

If N(r,0;f) = S(r,f), then (i) holds. So we assume that N(r,0;f) # S(r, f).
If zy is a zero of f with multiplicity 1, then zy is a zero of g and g(k) of
multiplicities nl and nl — k respectively. So from (2) we see that ¢ = 1. Also
we have g™V (zy) # 0. Thus from (2) we obtain

m

g +Z( ai)g™ ! + Z (aiqj)g ...+Z(—1)m4MQ
i=1 1<i<j<m i=1 i
m
= (@)™ + ) (—a)(g™)™ T+ Y (@) (g™)™? (3)
i=1 1<i<j<m
m
Fot Y (- HElm i),

ai

If m =1, then (f")®) = f. Let m > 2. We differentiate (3) nl —k times and
put z = zp to obtain
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Hence from (3) we get

m
g +Z( a)g™ ! + Z (aigj)g +...+Z(—1)m*ZMQ2
i=1 1<i<j<m i=1 aid;
m
=(g")™+ ) (—ad(@")™ T+ ) (@) (g™ (4)
i=1 1<igj<m
m
Foot Y (-2 Rdm g2,

aiqy
Differentiating both sides of (4) 2(nl — k) times and putting z = zy, we get
araz...a
y o aen
1<i<j<m aid;

Proceeding similarly, we get

m

Zai: Z (11(1]':...:0.

i=1 1<i<j<m
Hence from (3) we get g™ = (g™)™ and so (f1)®) = wf™, where w™ = 1.

This proves the lemma. O

Lemma 5 Let f be a nonconstant meromorphic function, m, n(> 2) be pos-
itive integers and S = {ai, az,...,am} be a set of distinct nonzero complex
numbers. If f and (") share the set S WCM, then

K+ 2800 f)+LN(r 00; ) + S(r, 7).

N .
(1, 00;) <~ 1

Proof. Let g = ™. We put
(k+1)

( m
g _mg g
Z g—a g +i_Z] g —a;’

()

Casa 1: Let ¢ # 0. Then m(r, ) = S(r,g) = S(r, f). We can write (5) as

/ m

— 9— oy ,m—1 P :|
d) gl—[?l](g_ai)[i ]( 01)9 + mfZ(g)
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9(“” - (k) 1 (k)
— (—ai)(g")™ " + Pm—2(g'"™) 6
P e PR walg™)
where P,_2(z) is a polynomial of degree at most m—2if m > 2 and P_;(z) = 0.
If zg is a pole of f with multiplicity | then zy is a zero of ¢ with multiplicity
at least (n — 1)L. Since g and g'¥) share the set S WCM, using Lemma 3 we
see that

N(T) 003 (b) = N(T) ;5 (I))

i=1

N(r,0; g )+S(T,f)
kﬁ(r oo; ) + Ny (T‘ 0; fn) S(r,f)
IN(1,0; ) + kN(r, 00; f) + S(r, f).

INIA A
Z|
=

N © O

Hence we obtain

N(T) OO,f) S 7N(T, O»d))
n—

IN
o
€
_|_
w
=
=

= NG00 0)

2
< SEIN,0) + N 00;) 4 S(r, ).

Case 2: Let ¢ = 0. Then integrating (5) we have,

m m

g™ [ J(g" —a) =clg™)™ ] J(g— ), (7)

i=1 i=1

where ¢(# 0) is a constant.

Now (7) can be rewritten in concise form as
)T
[ ( gt E g

i=1
From the above we note that if f has a pole at z = zg, say, then ¢ = 1. Hence
from (7) we get

( - ai> g™ (™)™ + g™ Qm2(g")
- < -2 ai) (9")"g™ "+ (g") " Qm-alg)
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where Qu_2(z) is a polynomial of degree at least m — 2 if m > 2 and
Q.i(z) =

Let ) ", a; # 0. If zg is a pole of f with multiplicity 1, then zy is a pole
of multiplicity 2mnl + mk — nl — k of the left hand side of (8) and a pole of
multiplicity 2mnl+ mk—mnl of the right hand side of the same, which can not
happen. Now we assume ) ."; a; = 0. If zy is a pole of f with multiplicity 1,
then zg is a pole of multiplicity 2mnl + mk — 2k — 2nl of the left hand side of
(8) and a pole of multiplicity 2mnl + mk — 2nl of the right hand side of the
same, which is impossible. Thus f has no pole in both the cases and hence the
lemma. O

Lemma 6 Let f be a nonconstant meromorphic function, m(> 2), n be inte-
gers and S = {aj, ay, ..., am} be a set of distinct nonzero complex numbers with
S Moai =0. If f* and (f*)®) share the set S WCM, then

k+2
n—1 n—1
Proof. The lemma can be proved in a similar way as in Lemma 5 noting that

if zy is a pole of f with multiplicity 1, then it is a zero of ¢ with multiplicity
at least (2n — 1)1. O

N(r, 00;f) < N(r,0;f) + N(r, o0; f) + S(r, f).

3 Proof of theorems

Proof. [Proof of Theorem 1] First, we suppose that (M) £ wf™ for any
constant w satisfying w™ = 1. Then using (i) of Lemma 4 and Lemma 5 we
have

k+2— kK —
N(r, 00;f) < iN(r, 0;f) + 7]N(r, oo;f) + S(r, f)

n—1 n—
k+2 k —
——N(r,0;f) + ——=N(r, 00; f) + S(1, ) (9)
n—1 n—1

1 k+2
n—1l\n—k—1
Since n > k+ 1+ vk+2, from (9) it is clear that N(r,o0;f) = S(r,f),
N(r, 0;f) = S(r, f) and hence N(r,0;f®)) = S(r, ), by Lemma 2.

Now,

IN

+ k)N(r, o0; f) + S(r, f).

T(r, (f)™) = m(r, (f)) + N(r, o0; (f1) )
< m(r, f*) + N(r, 00; ") + kN(r, 00; ) + S(1) (10)
=T(r,f") + S(r),
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and
T(r, ) < T(r, (F)W) + T(r, (f::(k)> +S(r)
< T(r, (fn)(kJ) +N <r, 00; (fni(k)> + S(r)
f (11)

< T(r, ()Y + N(r, 00; (FM) ) + N(r, 0; V) + S(r)

< T(r, (™) + n(k + TN(r, 00; f) +nN(r, 05 ) + S(7)

=T(r, (f)™) +S(v),

(

where S(r) = max{S(r, f), S(r, ™), S(r, (f“)(k))}.
From (10) and (11) we obtain T( ,(f“)(k)) =T(r,f)+S(r) =nT(r,f)+S(r)
and therefore S(r,f) = S(r, ™) = S(T (f”)(k)). Also by Lemma 2 we see that

N(r, 0; f“)+N(T 0; (f)(* )+N(r o0; ™) < 2nN(r; 0; 1)

+kN(1, 00; f) +nN(1, 00; f) = S(, f).
So by Lemma 1, we obtain either (f*)%) = Cf" or (f")®f" = K, where C and
K satisfy properties (A) and (B) respectively as given earlier with a = 0.

As 0 (C™—1) =0 and oy, # 0, we get C = w, where w™ = 1. Therefore,
(f\)®) = wf" where w is a constant satisfying w™ = 1, a contradiction
with our assumption. Therefore (f")}f" = K, where K™ = (o )? # 0. From
this it follows that f is an entire function having no zero. Thus we may put

f* = e% where « is a nonconstant entire function. So from above we get
e?*P(a/, ..., a™) =K, where P(o/, ..., al¥)) is a differential polynomial in
o, «”, ..., a™. Since « is an entire function, we have T(r,all)) = S(r,f)
for j € {1,2, ...k}, and hence T(r,P) = S(r,f) = S(r, e*). Thus, we obtain

2T(T‘, e“) = T(T> P) + 0(1) = S(T) 6“),
a contradiction.
Hence we must have (f*)%) = wf™ for some constant w satisfying w™ = 1.
On solving this k-th order differential equation for f, we obtain either f =
1

wP . . .
ce n %, where c(# 0) and v are constants with v = 1 or f* is a linear
1 1

1 1 1
combination of e® Y1z eWkVvaz  e®WkVkZ where vi’s are the distinct k-th
roots of unity. The rest of the proof can be completed in a similar way as done
in the last part of the proof of Theorem 1.1 in [4]. O

Proof. [Proof of Theorem 2] Using Lemma 6 instead of Lemma 5, this theorem
can be proved in the line of Theorem 1. Here we omit the details. ]
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Abstract. For given unit vectors x1,---,Xx of a real Banach space E,
we define
NA(L(ME)) (1, yxn) ={T € L(ME) : [T(xq, -+, xn)l = || T[] = T},

where £(™E) denotes the Banach space of all continuous n-linear forms
on E endowed with the norm [|T|| = supjx, j=1,1<k<n [T(X1, .-y X0l

In this paper, we classify NA(£(21%))((x1,x2), (y1,Y2)) for unit vec-
tors (x1,x2), (Y1,Y2) € l%, where 1% = R? with the l;-norm.

1 Introduction

Let n € Nyn > 2. We write Sg for the unit sphere of a real Banach space E.
We denote by £(™E) the Banach space of all continuous n-linear forms on E
endowed with the norm || T[] = supy, |=1,1<k<n [T(X1, ..., Xn ). The subspace of
all continuous symmetric n-linear forms on E is denoted by £s("E). A mapping
P:E — R is a continuous n-homogeneous polynomial if there exists T € L(™E)
such that P(x) = T(x,...,x) for every x € E. We denote by P("E) the Banach
space of all continuous n-homogeneous polynomials from E into R endowed

2010 Mathematics Subject Classification: 46A22
Key words and phrases: norm attaining bilinear forms

115
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with the norm |[P|| = supjy = [P(x)|. For more details about the theory of
multilinear mappings and polynomials on a Banach space, we refer to [4].

Elements xi,...,xn € E is called norming points of T € L(™E) if ||x1]| =
coo = ||xn]| = 1 and [T(x1y...,%n)| = ||T||. In this case, T is called a norm
attaining n-linear form at x1,...,xy. Similarly, an element x € E is called a
norming point of P € P("E) if [|x|| = T and |P(x)| = ||P||. In this case, P is called
a morm attaining n-homogeneous polynomial at x. Let X = L(™E) or Ls(™E).
For x,x1,- -+ yxn € Sg, we define

NAX) (X1, -+ yxn) ={T € X [T(x1, -+, xn)| = || T[] =1}

and
NA(P("E))(x) ={P € P("E) : [P(x)| = ||P|| = T}

Notice that

NA(ﬁ(nE))(X], to )Xn) = NA(ﬁ(nE))(ﬂ:X], to a:txn))
NA(ES(nE))(Xh T )Xn) = NA(ES (nE))(iXG(I)) T )ixc(n))
and
NA(P("E))(x) = NA(P)("E))(—x)
for all x,x7,--- ,xn € Sg and for all permutation o on {1,...,n}.

Let us introduce a brief history of norm attaining multilinear forms and
polynomials on Banach spaces. In 1961 Bishop and Phelps [2] initiated and
showed that the set of norm attaining functionals on a Banach space is dense in
the dual space. Shortly after, attention was paid to possible extensions of this
result to more general settings, specially bounded linear operators between
Banach spaces. The problem of denseness of norm attaining functions has
moved to other types of mappings like multilinear forms or polynomials. The
first result about norm attaining multilinear forms appeared in a joint work
of Aron, Finet and Werner [1], where they showed that the Radon-Nikodym
property is sufficient for the denseness of norm attaining multilinear forms.
Choi and Kim [3] showed that the Radon-Nikodym property is also sufficient
for the denseness of norm attaining polynomials. Jimenez-Sevilla and Paya [5]
studied the denseness of norm attaining multilinear forms and polynomials on
preduals of Lorentz sequence spaces.

It seems to be natural and interesting to study about

NA(L(ME)) (x15- - 5 xn)y NA(Lg("E)) (x1, -+, xn) and NA(P("E))(x)
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for x,x1, -+ ,xn € Sg. Kim [6] classified NA(P(ZL%))((m,xz)) for (x1,%2) € S%
and p = 1,2, 00, where l% = R? with the l,-norm.

In this paper, we classify NA(L(*15))((x1,%2), (y1,42)) for (x1,%2), (y1,Y2)
S S'lZ.
1

2 Results

Let T((x1,y1), (x2,Y2)) = axix2 + byryz + cx1yz + dxay1 € L(*13) for some
a,b,c,d € R. For simplicity, we denote T = (a,b,c, d).
Theorem 1 Let T = (a,b,c,d) € L(*13) for some a,b,c,d € R. Then,

| T[] = max{lal, [bl, [c], |d[}.

Proof. Let M := max{|al, [bl,[c|,|d[}. Let (xj,y;) € Sl% for j = 1,2. It follows

that
IT((x1,Y1), (x2,y2))l < lal [xixal + ol lyryal + lel xiyal +1dl [xaysl
< M (axal + lyryal + xiyal + xay1l)
= M(xil+ il (X2l + ly2l) =M
= max{|T(1,0), (1,0),[T(0, 1), (0, )[,[T(1,0), (O, 1],
IT(0, 1), (1,0)[} < || Tl
Therefore, ||T|| = M. O

Notice that if ||T|| =1, then |a| < 1,[b] < 1,lc| < 1 and [d| < 1.

Lemma 1 Let T = (a,b,c,d) € E(zl%) for some a,b,c,d € R. The following
are equivalent: let (x1,Y1), (x2,Y2) € Slf-

(a) T € NA(LC) (0, y1), (x2,92));

(b) T1 = (b) a, d,C) € NA(*C(zl%))((yhX])) (yl)xl));

(C) TZ = (a,b,—c,—d) € NA(ﬁ(zl%))((Xh—Uz), (X2>—Uz));
(d) T3 = (—(1, —b,—C,—d) € NA(ﬁ(zl%))((_Xh_y])) (XZ)UZ));
(e) Ta:= (a,b,d,c) € NA(LEL)((x2,Y2), (x1,41));

(f) Ts := (@, —b, —¢, d) € NA(LL) (%1, Y1), (x2, —y2))-

The following theorem classifies NA(ﬁ(zl%))((xhxz), (y1,y2)) for unit vec-
tors (x1,%2), (y1,y2) € 4.
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Theorem 2 Let (x1,y1), (x2,Y2) € Sl%. Then the following statements holds:
Case 1. xy; # 0 for allj =1, 2.
If x;y; > 0 for all j = 1,2, then
NA(LAW)) (G, 1), (x2,92) = {£(1,1,1, 1)),

If x5y; <0 for all j = 1,2, then

NA(LN) (1, y1), (x2,92)) = {£(1,1,-1,=1)}.
If x1y1 > 0 and xpyy < O, then

NA(LN) (1, y1), (x2,92)) = {£(1, =1, =1, 1)}
If x1y1 < 0 and xpy; > 0, then

NA(LE) ((a,y1), (x2,2)) = {001, =1,1, 1)L
Case 2. x1y; =0 and xyp #0
If x1 =0 and xpyy > 0, then

NA(LC) (1, 1), (x2,92)) = {Fa, T,¢,1) lal < Ty fel < 1)
If x1 =0 and xpyy < 0, then
NA(LC)(x1, 1), (x2,2)) = {(a, T,¢,=1) s lal < T, el < 1),
If y1 =0 and x2yz > 0, then
NA(LC) (x1,y1), (x2,92)) = {£(1,b,1,d) £ [b] < 1, [d] < 11,
If y1 = 0 and x2yz < 0, then
NA(LCD)(x1, 1), (x2,42)) = {=(1,b,~1,d) : [b] < 1,]d] < 11,

Case 3. xpy =0 and x1y; #0
If x =0 and x1y71 > 0, then

NA(LEN ((x1,1), (x2,12)) = {+(a, 1,1,d) : [a] < 1,]d| < T}
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If x =0 and x1y71 < 0, then
NA(LAD) (x1,41), (x2,42)) = {=(a, T,=1,d) : ]a] < 1,[d| < 1.
Ify, =0 and x1y1 > 0, then
NA(LC)) ((x1,91), (x2,92)) = {£(1,b,¢,1) : [b] < 1, ]c| < 1.
If y, = 0 and x1y1 < 0, then
NALA) (x1,41), (x2,12)) = {£(1,b,¢,—1) : [b] < 1, < 1}.
Case 4. x1y1 =%y =0
If x1 =x2 =0, then
NA(LCE) ((xa,y1), (x2,2)) ={*(a, T,¢,d) :al < 1yl < 1,[d] < 1},
If x1 =y2 =0, then
NA(LE) ((x1,11), (x2,42)) = {£(a,b,¢,1) : [al < 1,[b] < 1,]c| < T}
If x; =y1 =0, then
NALA) ((x1,41), (x2,12)) = {£(a,b,1,d) : [a| < 1,[b] < 1,]d| < T}
Ify1 =y =0, then
NA(LC) ((x1,u1), (x2,92)) = {£(1,b,¢,d) : [b] < T,]c| < 1,d] < T}

Proof. Let (th])) (XZ)UZ) € SL% Let T = (a,b,c, d) € NA(ﬁ(zléo))((XhUﬂ»
(x2,y2)) for some a,b,c,d € R. By Theorem 1, |a] < 1,|b] < 1,|c| < 1 and
|d| < 1. By Lemma 1, we may assume that a > 0. We consider four cases.
Case 1. xjy; # 0 for all j = 1, 2.
Suppose that xjy; > 0 for all j =1, 2.

Claim. NA(L(19)((x1,u1), (x2,2)) ={*(1,1,1, 1)}
It is obvious that {£(1,1,1,1)} € NA(L (212))((x1,y1),(x2,y2)). It follows
that

a—y

IT((x1,Y1), (x2,Y2))| = laxixz + by1yz + cx1y2 + dxy1]
a [xix2| + ol [y1yal + lel Ix1yal + [d] xay1l

IN



120 S. G. Kim

IN

Ix1%2| 4 [y1y2l + Ix1y2l + X2yl
= (el + i) (Ixal + ly2l) =1,

which shows that a = |b| = |c|] = |d| = 1. We will show that b = 1. Assume
that b = —1. Then

1 IT((x1,Y1), (x2,Y2))| = Ix1%2 —y1y2 + cx1y2 + dxoyq]
Ix1(x2 + cy2) +yi1(dxa —y2)|
X1l Ix2 + cyal + ly1l [dx2 —yal

X1l + il =1,

<
<

which shows that
Ix2 4+ eyl = [dxa —ya| =1

because [x1| > 0 and [y;| > 0. Since x2y, > 0, ¢ = 1,d = —1. Hence,

1T = [T((x1,91), (x2,Y2))l = [x1x2 — y1y2 + x1Yy2 — X2Y1]
= ki—wl b2 +y2l =i =yl <1,

which is a contradiction. Therefore, b = 1. It follows that

1 = [T((x1,y1), (x2,Y2))| = x1x2 + Yy1y2 + cx1y2 + dxoy1|
< Ixal Ix2 4+ eyal 4yl [dxz +y2
= x|+ yil=T,

which shows that
Ix2 4+ eyl = [dxa +yal =1

because [x1| > 0 and |yi| > 0. Hence, ¢ = d = 1. Therefore, T = (1,1,1,1),
which concludes NA(L(*13))((x1,y1), (x2,b2)) C {£(1,1,1,1)}. Therefore, we
have shown the claim.

Suppose that xjy; < 0 for all j = 1,2. Lemma 1 implies that

T € NA(L(ID) ((ayy1), (x2,b2))
if and only if
Ty = ((1, b) —¢, _d) € NA(E(Zl%))((X] ’ _92)) (XZ) _yZ))
Since x;(—yj) > 0 for all j = 1,2, by the above claim,

NA(‘C(ZI'%))((XU*UZ)) (X2> *UZ)) = {i“) ]) ]) ])}
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Hence,
NA (LT ((x1,92), (x2,92)) = {£(1, 1,1, =1)}.
Suppose that x1y; > 0 and xpy; < 0. Lemma 1 implies that

T e NALC)((x1, 1), (x2,42))
if and only if
Ts == (a,—b,—¢, d) € NA(L(*19))((x1,2), (x2, —y2))-
Since x1y7 > 0 and x2(—y2) > 0, by the above claim,

NA(ﬁ(zl%))((beZ)) (X2> *UZ)) = {:l:(]a ]) ]) 1 )}

Hence,
NALE) (%1, Y2), (x2,12)) = {£(1,—1, =1, 1)},
Suppose that x1y; < 0 and xpy; > 0. Lemma 1 implies that

T € NA(L(A) ((x1,Y1), (x2,Y2))

if and only if
T, := (a,b,—¢,—d) € NA(L(1]))((x1, —y2), (x2,—Y2)).
Since x1(—y1) > 0 and x2(—y2) < 0, by the above claim,

NA(LCW) (a1, —y2), (2, —y2)) = {£(1, =1, =1, 1)},
Hence,
NA(LC) ((x1,y2), (x2,2) = {£(1,=1,1, 1)},
Case 2. xjy; =0 and xpy; # 0
Suppose that x; =0 and xyy; > 0.
Claim. NA(L(P19)((x1,y1), (x2,42)) = {£(a,1,¢,1) s al < 1ylef < 1.

Tt is obvious that {+(a, T,¢,1) : la| < 1,lcl < 1} € NA(LRR))((x1, Y1), (x2, Y2))-
Since x1 =0, |y2| =1 and

1 = [T((x1,v1), (x2,Y2))| = [by1y2 + dxy1]
< |dxz 4+ by,| < 1d] Ix2| + b [yal
< Ixal+ya =1,
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which shows that |dx; + by;z| = 1 = |[b| = |d|. Since x;y2 >0, b=d =1 or
b =d = —1. Hence, T = +(a,1,c,1) for some |a] < 1,|c| < 1. Therefore, we
have shown the claim.

Suppose that x; = 0 and x;y; < 0. Lemma 1 implies that

T € NA(LA)((x1,91), (x2,92))
if and only if
Ty == (a,b,—¢,—d) € NA(L(*19))((x1,—~Y2), (x2,—Y2)).
Since x1(—y7) = 0 and x,(—yz) < 0, by the above claim,
NA(LC)((x1,~y2), (x2,~y2)) = {£(a, 1,¢, 1) s lal <1, Je < 11,
Hence,
NA(LCW)((x1,92), (x2,2)) = {Z(a, T,¢,=1) ]l < 1, ] < ).

Suppose that y; = 0 and x,y; > 0.
Lemma 1 implies that

T € NA(LE) ((x1,y1), (x2,12))
if and only if
Ty = (b, a,d,c) € NA(LC) (y1,%1), (Y2, %2).
By the above claim,
NA(LA) (y1,%1), (Y2, %2)) = {*(a, 1,¢,1) 1 ]al < 1,1e] < 1}

Hence, NA(L(?19))((x1,y1), (x2,42)) ={*(1,b,1,d) : [b] < 1,|d| < 1},
Suppose that y; = 0 and xpy < 0. Lemma 1 implies that

T e NA(LEE) (1, 11), (x2,12))
if and only if
Ty == (a,b,—¢, —d) € NA(L(*11)) (1, —y2), (x2,—Y2)).
Since —y; = 0 and x3(—y32) > 0, by the above claim,

NA(L(A))((x1,—Y2), (x2, —y2)) = {£(1,b,1,d) : [b] < 1,|d| < 1}.
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Hence,

NA (L)) ((x1,Y2), (x2,y2)) = {£(1,b,—1,d) : [b] < 1,]d| < 1}.

Case 3. xpyz =0 and x1y; # 0

Lemma 1 implies that T € NA(L’(Zl%))((xhy]), (x2,y2)) if and only if T; :=
(b,a,d,c) € NA([,(ZI%))((y],x]), (y2,x2)). By Case 2, the assertions of Case
3 hold.

Case 4. x1y; =x2y2 =0
Suppose that x; =x, = 0.
Claim. NA(L(*13))((x1,y1), (x2,12)) ={*(a,1,¢,d) : la] < 1,[c[ < 1,]d] < T}
It is obvious that
{£(a,1,¢,d) :a < 1,lel < 1,]d] < 1} € NALE) (1, 91), (x2,92)).

Since x1 =x2 =0, [y1] = ly2/ =1 and

1 = [T((x1,Y1), (x2,Y2))l = [by1y2| = |b

which shows that |[b|] = 1. Hence, T = %(a,1,c,d) for some |a] < 1,|c| <
1,|d| < 1. Therefore, we have shown the claim.
If x; =y =0, then [yi| =[xz =1 and

1 = [T((x1,91), (x2,Y2)) = [dxoys| = |d|

which shows that |d| = 1. Hence, T = +(a,b,c,1) for some |a] < 1,|b] <
T,lc| < 1. Hence, NA(E(ZL%))((XHUH)(XZaUZ)) = {£(a,b,c,1) : [a] < 1,[b] <
Tlel < Th

If x, =y; =0, then [x1] = |y2| =1 and

1T = [T((x1,91), (x2,Y2)) = lex1y2| = Ic]

which shows that |c| = 1. Hence, T = %(a,b,1,d) for some |a] < 1,|b] <
]>|d| < 1. Hence, NA(E(ZL%))((th]))(XZ)UZ)) = {i(a)b)])d) tal < 1>|b‘ <
1dl < 1%

If y =y =0, then [x1| = [x2] = 1 and

T = [T((x1,91), (x2,Y2))l = laxixz| = a| = a

which shows that a = 1. Hence, T = (1, b, ¢, d) for some |b| < 1,|c| < 1,]d| <
1. Hence, NA(L(*19))((x1,u1), (x2,2)) = {£(1,b,¢,d) : [b] < T,]c] < 1,]d] <
1}. Therefore, we complete the proof. O
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Abstract. This current work is presented to deal with the model of
double diffusive convection in porous material with variable viscosity,
such that the equations for convective fluid motion in a Brinkman type
are analysed when the viscosity varies with temperature quadratically.
Hence, we carefully find a priori bounds when the coefficients depend
only on the geometry of the problem, initial data, and boundary data,
where this shows the continuous dependence of the solution on changes
in the viscosity. A convergence result is also showen when the variable
viscosity is allowed to tend to a constant viscosity.

1 Introduction

Studies in the exploration of double-diffusive convection topic in a fluid-saturated
porous layer have been an active field for a long time making this topic closely
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related to many other research papers. The various ways of getting the heat
and the mass combined to transfer, can be seen in a lot of real life problems.

In fact, the importance of the continuous dependence on changes in the
boundary conditions, initial conditions, coeflicients, or even in the system of
the equations, has been increasingly recognized. This aspect of continuous de-
pendence, or stability, is what we refer to as structural stability, cf. [1], and
in many ways is more important than the classical idea of stability, or contin-
uous dependence on the initial data. Continuous dependence on modeling in
elasticity has been shown to be of considerable importance in a seminal paper,
see [2].

The system of equations which explains the double diffusive convective flow
in a porous medium using a Brinkman model has been proposed in [3].In
addition, [4, 5, 6, 7] have presented nonlinear stability analyses for a model
which does not employ a Brinkman term but instead includes a Forchheimer
term. Moreover, a recent study which includes both Brinkman and Forch-
heimer is suggested in [8]. Brinkman model with a viscosity which depends
linearly on temperature is introduced in [9]. Early studies dealing with struc-
tural stability issues in porous flows (cf. [10], [11]), have recently developed
for porous flow model which has a viscosity depends on concentration [12]. In
this paper we continue the work of Payne et al. [12] who study the continuous
dependence Brinkman and Forchheimer models when the viscosity is linear
function for concentration. However, we study the double diffusive convection
in a Brinkman model when the viscosity is linear function for temperature.

The layout of this paper is constructed as follows. In the next section, we
will present mathematical formulas of the system. In Section 3, we develop
a priori bounds. The goal of Sections 4 and 5 is to demonstrate continuous
dependence on changes in the viscosity coefficients. Finally, the convergence
to the constants viscosity solution will be establish in Sections 6 and 7.

2 Basic equations

The momentum equation for flow in a porous saturated material of Brinkman
type may be taken as
2 op
—Au+ (14 o«T+ BT )ui:—a—X_JrgiTJrIiC, (1)
1
where, « and 3 are constants, and u;, T, C and p are velocity, temperature,
concentration and pressure, respectively. g; and Z; are vectors incorporating
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the gravity field which take |gi| < T and |Z;| < 1. The balance of mass equation

1S
aui

axi

= 0. (2)

Furthermore, the temperature and concentration equations, respectively, have
the following forms

oT oT

— +u=— = AT,

ot 0x; (3)
oc + u~£ =AC

ot 167(1 N )

Let Q be a bounded domain in R3 with boundary 9Q. Thus, Equ. (1)-(3) are
defined on Q x (0,7), for T < oo, and the boundary conditions

u; = fi(x,t), on 0Q x (0,7), (4)
and
T(x,t) = h(x,t), C(x,t) =k(x,t), x on 9Q, te (0,7), (5)

where h and k are prescribed functions and n is the unit outward normal to
0Q), and the initial data for the temperature and concentration is given as

T(X)O) = TO(X)> C(X)O) = CO(X)) X € Q? (6>

where Ty and Cy are prescribed functions.

3 A priori bounds

In this section, we derive bounds for various norms of u;, T and C, in terms
of data. These bounds will be used in the next sections in the continuous
dependence and converges proof. To develop a priori bounds, we introduce
the functions G(x,t), K(x,t), F(x,t) and H(x,t) as solutions to the boundary
value problems

AG(x,t) =0, in Q,

G(x,t) =h(x,t), on 0Q, @

AK(x,t) =0, in Q,
K(x,t) = k(x,t), on 0Q,

AF(x,t) =0, in Q,
F(x,t) = h*"'(x,t), on 0Q,
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and

AH(x,t) = 0, in Q,

10
H(x,t) = k¥ '(x,t), on 0Q, (10
where 1 is a positive integer. We commence with deriving a bound for ||ul|,
and we let bj solve the Stokes flow problem in 3, namely
ob;

— in Q,

0xi (11)

b; = fi, on 0Q),

Abi =P

where p is a pressure term. By the triangle inequality,
[[ufl < flu—=b]| + [b]. (12)
Next, we employ (1) and (11) to derive
IV (u =) + [ (14T + BTt = b ot — by
_ —Lm 4 oT + BT2)(wi — by)adx (13)

+ J giT(u; —by)dx + J Z,C(u; — by)dx.
Q Q

The Cauchy-Schwarz inequality together with the arithmetic-geometric mean
and Sobolev inequalities are used on the right-hand side to find

IV(u=B)E + 5 [ (14 0T+ BT2) (1~ bi) (s — bo)ax
Q

IN

3
J (1+ oT + BT)bybydx + 3 (T + | CJP)
Q

IN

3 3 3
UTIP +1CI%) + S bl + Sl THBIF + 58] T

IA
LW W N W

3 3
(T +1CI%) + 50+ BITIRBIZ + SCal T (b]* + VD] %),

here C is a constant in the Sobolev inequality. As proposed in [14], we can see
that

||b||2 < 6dj€aQ fifidA + 4d2 ,[Q(bi’j — bj,i) (bi,j — bj’i)dx
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< (6d 4 4d%k) \af;

fifidA + 4d%k, f# IVsfI2dA, (15)
00

0Q

where d is the radius of the smallest circumscribed ball for D,k and k; are
a priori constants given in [14] and Vg denotes the tangential derivative. Fur-
thermore, we have that

r

(bij —bji)(byj — bj,i)dXJrJ bijbj,idx
Q Q

r

(bij —bj1) (bij — bji)dx + j£ (biibj — bj,ibi)dA
Q Q)

r

IVb]? =

(16)

N = N = N = N =
[

(bij — byi)(bij — byi)dx + jﬁ n's! (b;Vsb; — b1 Vsb;)dA
00

J

_ 1_ ..
k1§; fifidA + 2k2§§ IVSfIZdA+j£ n's) (f;Vsfi—fiVsf;)dA,
00 00 0Q

<

where s) denotes a tangential vector.

Let us consider the right-hand sides of (3) and (16) by D%(t) and ZD%(t),
respectively. Observe that D; and D, are data terms. Then from (14)-(16),
yields

IV(u=B)E + 5 [ (14 0T+ BT2) (s~ bi) (s — bo)ax
Q

3 3
< SUTI+1ICI®) + 50+ B TI)DT + 3Co| T D3
3 ) 305 3o D)
< ST+ ICID+ 30T+ ICINDs + 5 D3 + 5 BIITID3
3 23 2
< 3(umi+nenos )+ 380+ lepos ) |
where D3 = D if Dy > CocD%, otherwise D3 = CocDg. Then,
[u—b| </3(1+B)(ITI + [|C|)Ds. (18)
Subsequently, from (12)
[ull < /3014 B)(IT|| + [IC[[)D3 + Dy, (19)

and from (19), we conclude

[ul|* < 12(1+ B)(||T||* + [|C[|*)D3 + 2D1. (20)
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Now, adopting the following expressions

t oT oT
T—G)| — i — — AT |dxds =0 21
UQ( )(as Fud ) xds = 0, (21)
and
t oC oC
C—K)[ — i — — AC )dxds =0 22
UQ( )(as Fuds ) xds =0, (22)

where t is some number such that 0 < t < 7. Next, integrating by part in
(21) and employing the boundary condition (7);, to see that

t t
HTH2+2L IVT|2ds < HTO\|2+2(G,T)+2'(GO,TO) +2[ (6 mas

0

t t a t
—l—ZJ J GuiT,-ldxds—i—ZJ i{; h<G> dAds—i—J i; Iflhszds,
0JQ 0J2Q on 0J20

by using Cauchy-Schwarz and arithmetic-geometric mean inequalities in above
inequality, we have

1 t t
TR + L IVT|2ds < 2 Tol? + 21/G[12 + |Go|1? + jo 1G.o|%ds
t t t
+G%1J HquderJ \\T!zds+J jg h?dAds (23)
0 0 0JoQ
tr (3G’ t
+H; <> dAds+h€ [flh*dAds,
0JoQ on 0JaQ
with inserting (20) in (23), yields
t t
ITI? +2 jo IVT|Pds < 4[To||2 + 4|GIP + 2 Go 2 +2L 1G] Ads
t
+z<1 +6GLM 4+ B]Dg) JO IT|2ds

t (24)
4262 L (6[1 +Bl|CIPD2 + D%) ds

t 0G\? ¢
+2“€ <> dAds+zH§ (1 + [f)h2dAds.
0Jao \ 0N 0Jaa
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Next, we return to the Equ. (22) and realize integral by parts with the aid of
the Cauchy-Schwarz and arithmetic-geometric mean inequalities, to find

1 3 t 1 1 t
IO+ 5 | I17CIRds < 1Sl + 5 1Kol + IKIE+ 5 | flciPes
t ] t
+K$HJ ||u||2ds+J§ (1 + [f)k*dAds (25)
0 2 0JoQ

1 (t 1t K\ 2
— | K |[Pds + = — ) dAd
+2L [Ksl S+2JO£Q <5“> >

from (20), we derive (25) into

t
ICI? +3 L IVCI3ds < 4[1Col]2 + 2/[Kol1? +4]K]>

t
+2(1 +12K2[1 + B]Dg) J |C||*ds
’ (26)

t t
+4K$nJ (6[1+[3J|!T||2D§+D%>ds+zjf{; (1 + [f)k2dAds
0 0J0Q)

¢ t oK\?
+2J ||K,5H2ds+zjif <) dAds,
0 0Joo \ON

where G, and Ky, are the maximum value of G and K, respectively, on 0Q x
(0, 7). Next, combining (24) and (26), yields

t t
||T||2+||cu2+2j HVTszs+3J IVC|2ds
0 0
t
< 2<1 + 6G2,[1+ BID3 + 12K2 [1 + ﬁ]D§> J | T||%ds
0

(27)

t

+z(1 +6G2 1+ BID3 + 12K2 1 + B]D%) J |C|[*ds + E(t)
0

t
- <||T||2+ ||cu2)ds+m),
0

where

A= 2(1 +6G2,[1+ BID3 + 12K [1 + B]Dﬁ),
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and E(t) is given by
E(t) = 4|[Toll* + 2[[Goll* + 4[| Col1* + 2|[Koll* + 4/|G|1* + 4//K]|?

t t t
+2<G$H+ZK%1>J D%ds—i—ZJ \|G,S||2ds+zj IK |2ds
0 0 0

t , t , (28)
+2J f# (1 + )k dAds—i—ZJ 3@ (1 +If)k2dAds
0Jao 0Jan
1 2 t 2
oK
+2J + <8G> dAds—i—ZJ % () dAds.
0Jag \ 0N 0Jag \On
For a function ¢, which satisfies [15]
Ab =0, in Q, (29)
b =M, on 0Q),
then one may use a Rellich identity, [13], to denote c¢; and c; such that
2 A 2
IVOI® + e ] A< [VsMIPdA, (30)
a0 \ On 20
where V; refers to the surface gradient over 0Q). Also observe that
200V, V) + [0 < MEA, (31)
where
oy
b= o)
with solving the boundary value problem,
AP =—1, in Q,
W o (32)

$v=0, on dQ.

Thus, (31) and (32) lead to bounds for E(t) in terms of data. In fact, one may
show

E(t) <D(t), (33)
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so that
t
D(t) = 4| Tol|* + 4/|Col” +2(G$n +2K§1) J Di?ds +z¢1§
0 d
+ 2 % k3dA + 4, f]g h2dA + 4 ﬁ; k*dA
20 20 20
ot t
+ 2 iﬁ hzndAdn—irzq)]J § k% dAdn (34)
JoJaa 0Joa ’
t t
+2J (1 + |f))h?dAdn +2J jg (1 + |f))k*dAdn
0Jao 0Jao
2 rt 2 t
422 3§ IV h2dAdn + CZJ jg IV kPdAdn.
€1 Jo Jag €1 Jo Jag
From (28) which leads us to
F'—AF <D(t), (35)
where we have introduced the function F, which is defined by
¢ 2 2
7o) = [ (I + 112 ) as.
Upon assuming
~ t ~
Dy (1) _J D(s)eMt—3)ds, (36)
0
one integrates (35) to show
F(t) < Dy(t). (37)
Furthermore, setting Dy = ADq + D, one uses (3) to find
ITIZ + ITI3 + I CII* < Dae). (38)
Then, (27), (37) and (38) give
t B t ~
| ImPas <Dy, [ fePas <y,
0 0
ITII* < D2, [IC|I* < Dy, (39)

: - -
J [VT|Pds < 2Dy, J IVCJds < 3D,
0 0
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The next step is to derive a bound for supg (o 1) [Tl, from

t oT oT
L JQ(T2T1 —F) < 5 t Ui~ AT) dxds = 0. (40)
l

Integrating by parts, we see that

2r 2(21‘ — ]) b T T 2r
Trax+ =22 VT'VTdxds = | Tg"dx + 2r(T, F) — 2r(To, Fo)
Q T 0Ja Q

t t
—ZT‘J J TF sdxds + ZrJ J TiFuidxds
0JF 0JQ

t
—i—ZrJ f]g h— dAds—J f# fT?"dAds
0Jag On 2Q

1/2
SJ 13" dx+2r JIIF IIZdS IITIIZdS) +2r (I TIHIFI+TolllIFol)
Q

t t 1/2
+ 4rh2] <L [6[1 + BI(||T|I> + |IC|)D3 + D%] ds L HVT|2ds>

t t OF 2 1/2 t
+2r<J jﬁ hszdsJ # [} dAds) +J % [fh*"dAds. (41)
0Ja0 0Jaa LOM 0JaQ

Using arithmetic-geometric mean inequality and (30), (31) with (39), yield

- 1/2
J TZdegJ Tgrdx+2r(\/D2+||T0||)<1b1§> h“”dA)
Q Q 200

. t 2 1/2 t . -
+2r<D11p1J % [hﬁ;‘—‘} dAdn> +rh2] <2J D%dn+24[1+(5]D1+2D2>
0JoQ 0

2 t 1/2 t
+2r <C2J % [Vnh] dAdnJ fi; hszdn> +J § [fh*"dAdn. (42)
€1 Jo Jao 0JaQ 0Jan

Then, from further application for Cauchy-Schwarz, we get

12 1/2 th
(% h‘”—sz) < h2r (% dA) = =V[mQ),  (43)
20 2Q N

t 12 p2r /ot 1/2
(Lforemienan) < g2 ([ g, anan) o
m
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t 2 1/2 hzr t 2 1/2
( J {Q R4 [Vnh} dAdn> < ;“(Jffﬁ [Vnh] dAdn> , (45)
0 Jaa hin \Jo Jaa

where m(0Q)) is the surface measure of 0Q. Employing (43) — (45) in (3), lead
to

2r —
[, Trax< | e T/ By kTl rmGEa]

2r(2r — 1h¥ /- t 172
+ (h)m<D“1”J f# hﬁ]dAdn>
m 0J0Q

2rh2r (

and

(46)
+

t t
L D2dn + 1201 + BID: + D2> +h2 L iﬂ fldAdn

21(2r — 1 th t 2 t 1/2
+W(CZJ fF [Vnh} dAdnJ f]g hszdn> .
hi, ¢1 Jo Joo 0Jao

After taking the power 1/2r of (46), we obtain

5 1/2r
Tl < (nw%i 2 Zvi) , (47)
i=1

m

where y; may be obtained from (46), here

hm = max |hl.
00 x[0,7]

Taking the limit r — oo, yields a priori bound

sup [T] < max{[Tolm, sup hm}, (48)
0x[0,7] 0,71

where
I = max |Ty|.

Finally, we have to find a bound for supq o 77|Cl. Now, form the expression

t oC oC
J J (1 1) ( X AC> dxds = 0. (49)
0Jo 0s aX'l
Following the same manner in (40)-(48), we have that
sup |C| < max{|Co|m, sup km}, (50>
QX[O,ﬂ [037—]

where
C = max |Cy|.
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4  Continuous dependence on «

To investigate continuous dependence on the viscosity coefficient « in (1),
we let (ui, T, C1,p) and (vi,S,Ca,q) be solutions to (1) — (6) for the same
data functions f, h and Ty, but for different viscosity coefficients, «; and «,
respectively. Define the difference solution (wy, 6, ¢, ) by

wi = ui — Vi, GZT—S, ) = —Cz, m=p—(q, &=0X — 3. (51)
Then from (1) — (6), this solution satisfies the boundary-initial-value problem

—Awi+(1 4+ 0S+BSHwi = —a0u; — «Tuw;—B(T + S)0w; — 7t + gi6 + Zid,
wiq =0,
00 0S 00

O w22 %Y AT
ot Wik Mo 4D

o6 9C, 3

°Y ) =¥ _AC
ot Mo, T Max 2

wi=0=¢=0 on 0Q x [0,7],
0(x,0) = d(x,0) =0, xe€Q.

(52)
Next, we multiply Equ. (52); by w; and integrate over Q.
| Vwl? +J (1+ 02S + BS?)wiwidx = —ocJ Tuyw;dx — O(zJ Ou;w;dx
Q Q Q
~ B (T4 S)ouwidx+ gi(@wi) + Tl )
Q (53)

< oTon [[u[[[w]] + (/O] [w| + [ ]| wl]
1/2
+ <0€2+ B[Tm+sm]>HGH<J uiWiU,jodX> s
Q

where, T, and S;,, are the maximum value of T and S, respectively. The last
term in (53) is bounded as the following, [14], i.e.

2
|| wowpwiax < 2 (19wl ifiaa + [Tl vw]
Q s 2Q (54)
2
< vauz@ fifidA + K—‘/ZuquZ),
s Yol

where k is the Poincaré constant for Q.
To employ (53) and (54) we need data bounds for ||u| and ||Vul|, thus, from
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the triangle inequality
IVal| < [[V(u=Db)| +[|Vb],
and then from the inequality before (14) and (16) we find
— 2
|Vul?> < < 6(1+ B)D,D3 + ﬁDz> : (55)
Hence, return to (53) we conclude that

| Vw]? +J (1+ S + BSH)wiwidx
Q

(56)
< T Dal[w|| + [|B[[[w]| + [[®]l[[w] + De|l 6] | VWi,
where
D4 =1/6(1+ B)D2D3 + Dy, Ds=1/6(1+ B)D,D3 + V2D,
and
> 12
D6 = \/><062 + B[Tm + Sm]) (% fifidA + K_]/2D5) .
T Jol
Thus, from (56), we may derive
N 302T2D2 3
[Vw|? + ww]? < == 4+ =—(]|0]* + [|b]|*) + Dg|6]>
P (57)

30°TD; | (3
< 20001 (1 DAl + ol ),

where
0<p* <1+ 0S+BS2.

Moreover, multiplying (52)3 by 6 and (52)4 by ¢, with integrating over Q, we
can see that

d S2
allell2 < w|%, (58)

and
Com 2

d
LI0)? < =2m w2 (59)
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Employing (58) and (59) with integrating the result, yields

1 t
81 + 1] < 3(S% + CE) L w]2ds

1
=M

(60)

t
(s2 + c%m>jo(||w||2 w2 ds,

where Cjyy is the maximum value of C;. Next, substituting (60) in (57), we

have
30czT2 D2

Vw2 + e wl? < +JJ (Iowl? + wwP)ds,  (61)

here

3
(smc%m)(E

J = + D).

2u*
By integration (61), we find

?>oc2T2 D2

t
L(\|Vvvwz+u*|rw||2)ds< Shali e Jj =) (VWP + w2 ds, (62)

thus, from (62) we obtain
t
L(t— (V]2 + w[wlP)ds < o 3(1), (63)

and .
Luwwnz L wiwlR)ds < o2 5(1), (64)
where

372 Dﬁ

t
Jz(t):J T(s)e7 S ds, Fi(t) = t and J(t) = Ji + T
0

Finally, inserting (64) in (60) we also find
1812 + 11911 < 3z eT5(Sh + Ca). (65)

Inequality (65) yields continuous dependence on the viscosity coefficient o and
it is truly a priori such that the coefficients of o> depend only on boundary
and initial conditions.
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5 Continuous dependence on 3

In this section, we study the continuous dependence on the coefficient 3. We
first, let (w, T, C1,p) and (vi, S, Cz, q) be solutions to (1) — (6) for the same
data functions f, h and Ty, but for different viscosity coefficients, 31 and 37,
respectively. Hence, define the difference solution (wy, 8, $, ) as

wi=ui—v, 0=T-5 ¢=C-C, n=p—q, B=p1—Pp2 (66)
Thus, from (1) — (6) this solution satisfies the boundary-initial-value problem

—Awi+(1+ aS+B2S%)wi = —abu; — BS?ui— B (T + S)0w; — 7y + gi6 + Zid,

wii =0,
20 2s 20
b i Y AT
ot T Vi T Mo )
o oC, b
i Mt Y _AC
at Wik, T Yo 2

wi=0=¢=0 on 9Q x [0, 7],
0(x,0) =d(x,0) =0, xe€Q.
(67)
Now, multiply Equ. (67); by w; and integrate over Q, we have

Vw2 +L(1 oS + oS wiwidx = —B JQ STuwidx — B J’Q(T—i—S)Guiwidx

—OCJ Ouiwidx + gi(0, wi) + Zi(dp, wy)
o)
< BSElull[[wl[ + [|0][][w] + & [|w]

1/2
+ <0(+ B][Tm+5m]>||9|]<J uiWiujodX) . (68)
Q
We are now performing a similar manner starting from (54), to obtain

3[328?11D§+ 1

\V4 2 v 2<
9w+ w2 < 2y

3 t .
(StCh)(o+D3) | (19w ],

(69)
where
0<v*<1+aS+p,S?
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7 12
D, = \/7<(X+ [31[Tm+5m]> (% fifidA + K_1/2D5> .
7T 20

By integrating (69), we can find

and

t t
J (1wl + v wl*)ds < BZIC1t+/CzJ (t =) (VW[ +v*|lw[*)ds, (70)
0 0

where

3

354 D32 1
=—n= (Sh+ Cim)(, + D7)

v and K) = v

Thus, from (70) we have

K

t t
L(t — (VWP + v [w]P)ds < BZL Koy te2(t-9) g, (71)

and
t t
J (Vw2 + v* [wlP)ds < B <IC1t+/C2J ICﬁe’CZ(ts)ds). (72)
0 0
Further, (71) leads to

1 t
11 + ll|* < 5 B* (St + Carm) <K1t+K2J ICfce’CZ(t_s)ds). (73)
0

Obviously, (73) demonstrates continuous dependence on the viscosity coeffi-
cient B and it is actually a priori such that the coefficients of 3% depend only
on boundary and initial data

6 Convergence to the constant viscosity «

Let now (wi, T, Cq,p) and (vi, S, Cz, q) be the solutions that satisfy the follow-
ing boundary-initial-value problems:

d
—Au + (14 oT + BT = —% +giT+Z,Cy,
i
uii =0,

oT oT (74)

el A

ot "oy ~ AP

oG G

ot
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in Q x (0,7), with

u; = f(x,t), on 0Q x (0,7),

T(x,t) =h(x,t), Ci(x,t) =k(x,t), x on 0Q, te (0,7), (75)

0
—Avi (14 BSHv = — o 4 giS + TiC,
axi
vii =0,
s  aS (76)
a + Viaixi = AS,
o, o

ot WTXi = ACy,
in Q x (0,7), and

vi = f(x,t), on 0Q x (0,7), (77)
S(x,t) =h(x,t), Ca(x,t) =k(x,t), x on 9Q, te (0,7T].

The variables wy, 0, ¢ and 7 were introduced in (51) which satisfy the boundary-
initial-value problem

—Lwi + (14 BSH)wi = —75 + 60 + Tip — oTw; — B(T + )0,

wii =0,
0 2S00
LAY LR .
ot Mk Mo 4D

o 0G| 0

(78)
ot T Wia, T Wiy, A

1

wi=0=¢=0 on 9Q x (0,7),
0(x,0) = d(x,0) =0, xe€Q.

Next, we start with multiplying (78); by w; and integrating over Q, with

employing the Cauchy-Schwarz and arithmetic-geometric-mean inequalities,
to derive

VW] + LU + BSH)wiwidx < oTon [l ul| + [10]][w] + [l ][wl]

12 (79)
+ B(Tim + Sw) 10| (JQ uiWiujoX> ;

Upon using (54) with data bounds for ||lu|| and ||Vul|, yields

VW% +v*[lw(l* < aTwDalwl| + [[6ll[wl + [ dllIwl + Dslle][Vwll, (80)
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where

2
0<vy*<1+4BS* and Dgz\/iﬁ(Tm-i-Sm)(%
)

1/2

— fifidA + K_]/2D5> .
T Q
Thus, from (80), after employing arithmetic-geometric mean inequality, we
conclude
3v2 T D32 3
=4 (= + DR)le]] + 1) (81)

Y Y
Multiply (78)3 and (78)4 by 6 and ¢, respectively with integrating over Q, to
derive

IV W]l +y*[lwl? <

18112 + [ pl|* <

t
7o S+ Ch) | (19w +vwlPlas. (82

Inserting (82) in (81), gives

34T, D2 1 3 t .
SGalluie SRLINIE RN, S0 WG L(nwnzw w||?)ds.

v 2 2 -
[Vwl|*+[[w[|* < v vy
(83)

Finally, integration (83), yields

6y T2 D exp (z;* (3 + DYk + C%m)t)

t
(VW] +v*[|w[*)ds <
Jo (%-FD@(S%H‘C%]“)

(84)
Evidently, (84) demonstrates a convergence of u; to vi as « — 0, in the
indicated measure. By combining (84) and (83), we also obtain a convergence

of wi in L2(Q) and H'(Q) norms , and from (82) we may obtain a convergence
of 0 and ¢ in the L2(Q) norm.

7 Convergence to the constant viscosity 3

Let (ui, T, C1,p) and (v, S, Cz, q) be solutions that satisfy the following boundary-
initial-value problems:

d
AU+ (14 T + BT = —% T+ .G,
i
uii =0,

oT oT (85)

el A

ot Mgy, ~ AP

oC;  aC,

ot
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in Q x (0,7), with
w; = f(x,t), on 0Q x (0,7),

T(x,t) =h(x,t), Ci(x,t) =k(x,t), x on 0Q, te (0,7), (86)
—Avi+ (1 +aS)v; = _E?)i + giS + Z;Cy,
Vii = 0,
% +viaa>i =AS, (87)
% ~|—viaaii2 = ACy,
in Q x (0,7), with
vi = f(x,t), on 9Q x (0,7), (88)

S(x,t) =h(x,t), Ca(x,t) =k(x,t), x on 9Q, te (0,7).

The variables wy, 0, ¢ and 7 were introduced in (51) which satisfy the boundary-
initial-value problem

—Awi + (T 4+ aS)wi = —m; + 610 + Zid — BT — ouy,

Wii = 0,
00 0S 00
— 4+wi— +u— = AT,
ot 0x; 0xi (89)
db dC, db
22 w2 i = AC,.
at  Miax, Tk 2

wi=0=¢=0 on 0Q x (0,7),
0(x,0) =d(x,0) =0, xeQ.

Now, we multiply (89); by w; and integrate over Q, with the aid of the Cauchy-
Schwarz inequality to obtain

IVw|?* +J (14 aS)wiwidx < BTE [|wl[[[ull + [|0]]][w]|
o)
12 (90)
+ (||l [|wl| + 0] (Jﬂ UiWiUJ'WJ'X> ;

Then, with further employing for (54) and data bounds for ||u|| and || Vul| with
application of the arithmetic-geometric mean inequality to see that

3R%T4 D2 3
BmbDi 3 pyyez 4 ed, (o)

2 * 2
Vv 1) <
VW] + 5% w? < 22-m23 4 (2
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here

7 1/2
0<8"<1+aS and Do = oc\[r@ fifidA + K—‘/2D5> )
00

Since

18112 + [l plI* <

t
< 35 (Sh Ch) | (IVwlP + 8 was. (92

Substituting (92) in (91) we observe that

3R*TEDE 1

t
Vw48 < 2 m2t g (34 D3(Sh +Ch) | (19w ) ds.
0
(93)
Finally, integrating (93), yields
. i ) 65* BT D3 exp < s (& + D3)(S2, + cgm)t>
(IVw]*+8"[[w||7)ds < . (94)
Jo (& +D3)(S% + C3,)

We can see that in (94), the convergence is demonstrated with w; to v; as
3 — 0, in the indicated measure. By combining (93) and (94), we also obtain
a convergence of w; in [2(Q) and H'(Q) norm, and from (91) we may obtain
a convergence of 0 and ¢ in the L2(Q) norm.

8 Conclusions

In this current paper, the problem of double diffusive convection in a Brinkman
model has been considered when the viscosity varies with temperature. Specif-
ically, in this work we presented a priori bounds with coefficients that depend
only on boundary data, initial data and we demonstrated that the solution
depends continuously on changes in the viscosity coefficients « and f3, respec-
tively. Moreover, the convergence result is established on Brinkman model
when the variable viscosity is allowed to approach to a constant viscosity.
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Abstract. In this paper, we define a distance d on the set M of bivariate
means. We show that (M, d) is a bounded complete metric space which
is not compact. Other algebraic and topological properties of (./\/l, d) are
investigated as well.

1 Introduction

A bivariate mean m, as proposed by Cauchy in [5], is a map from (0,00) x
(0, 00) into (0, c0) satisfying the following condition

v,y >0  min(x,y) < m(x,y) < max(x,y). (1)

The two maps (x,y) — min(x,y) and (x,y) — max(x,y), will be denoted by
min and max, are trivial means called the lower mean and the upper mean, re-
spectively. The property in (1) is called by Audenaert in [1], the in-betweenness
property of the mean m. Some other standard examples of means are given in
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Key words and phrases: bivariate means, metric topology
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the following:

X+

A=Alyy) = 5

G:=G(xy)= Xy (2)
2x

Hi=Hioy) = =5

and are known, in the literature, as the arithmetic mean, geometric mean and
harmonic mean, respectively. These three means are included in the following
families of means, with t € [0, 1],

Api=Adx,y) = (1T —t)x + ty,

Gi = Gilx,y) =x"1yS, (3)
-1

He = Hi(x,y) = ((1 —t)x] —|—ty*1) .

These are called weighted arithmetic mean, weighted geometric mean and
weighted harmonic mean, respectively. Another example of classical means is
the Heron mean He; defined by, [8], Hey = tG+(1—t)A with t € [0, 1]. Clearly,
Hep = A and He; = G. For further examples of means, we refer the reader to
[4, 3, 9] for instance and the related references cited therein.

Otherwise, it is not hard to check that the following relationship

(x —y)? )

Ady) —Hioy) = 11 —t)

holds for any x,y > 0 and t € [0, 1].

We define symmetric (resp. homogeneous, monotone) means in the habitual
way. The weighted means (3) are homogeneous, monotone, not symmetric
unless t = 1/2, case for which they coincide with A, G and H, respectively. In
the literature, see [9] for instance, we can find a lot of symmetric, homogeneous
monotone means. For example, the following

Lixy) = X #Y; with L(x,x) =x (5)

X7y
log(x/y
is known as the logarithmic mean of x > 0 and y > 0.
As example of mean which is not monotone, we can mention the contra-
x? + yz
X +

. It is well known

harmonic mean defined for all x,y > 0 by, C(x,y) =
that the following inequalities, [9]

H(x,y) < G(x,y) < L(x,y) < Ax,y) < C(x,y) (6)
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hold for any x,y > 0.

The mean C is a particular case of the so-called Lehmer power mean defined
for p € R by

xP +yP
It is easy to see that L1 = A, Ly = H and [, = C. We can also check that the
equality

Lp(X>U) =

(x—y) (x> —yP )
2(xp~T+yr )

Lp(X)y)_A(X)y) = (7)

holds for any x,y > 0 and p € R.

The set of all (bivariate) means will be denoted by M. We also denote by
M, resp. My, the set of all symmetric means, resp. homogeneous means. As
pointed out in [2], the sets M, M, and My, are convex.

In Section 2 below, we will define a metric d on the set M and we study its
algebraic properties as well as some examples for computations of d(my, m;)
when my, my € M. Afterwards, Section 3 is devoted to investigate some topo-
logical properties of the metric space (M, d).

2 Metric topology on M

Let my,my; € M. From (1), we immediately deduce that, for all x,y > 0, we
have
Imi (x,y) — ma(x,y)| < max(x,y) —min(x,y) = [x —yl. (8)

We can then put the following definition.

Definition 1 Let my,my; € M. For all x,y > 0, we define

m1(x,y)—m2(x,y) ifx;éy
T (m1,ma) (x,y) = A 9)
0 ifx=y

Following (8), T(m1,m2) is a map from (0,00) x (0, 00) into [—1,1], i.e.
Vx,y >0 |T(m1,mz)(x,y)| <1. (10)
Further, if m; and m; are both symmetric and homogenous then we have,

T(m1,m2)(x,y) = T(m1,m2)(y,x) and
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T (ma, my) (tx, ty) = T (M1, m2) (x, ),

for all x,y >0 and t > 0.
Now, we are in a position to state the following definition.

Definition 2 For mi,my; € M, we set

d(my,my) = sup T (M1, m2) (x,y)|. (11)
X,y>

It is clear that if m;, m; € My, then we have
d(my, my) = sup [T (my, my) (x,1)]. (12)
0<x
Proposition 1 (M, d) is a bounded metric space.

Proof. It is easy to check that for all my, m,, m3 € M the next properties are
satisfied:

e d(my,my) = d(my, my).
e d(my,my) =0 &= my =m,.
e d(my,m3) < d(my, my) + d(my, m3).

These confirm that d establishes a distance on M. Otherwise, from inequality
(10), we immediately deduce that (M, d) is bounded. O

Remark 1 i) In the particular case of symmetric means defined on a sym-
metric domain in R, Farhi gave in [7] the following formula

1 1
. _ _ 13
(m1 ) mZ) OS<11<I,)1J (efn11 (%yy) +1 efmz(x,y) +1 ) ( )

where for a mean m € My, fin(x,y) is defined for all 0 < x, y by
x —m(x,y)

fm(x,y) = log <— y—mixy)

fm(x,x) =0

), sorxy (14)

which can be useful in a computational point of view as well as the relation
(12) as we will see later.

ii) If the means my and my are symmetric then the distance d(my, my) can be
also defined by the next formula

d(my,my) = sup |T(my, my)(x,y)|.
0<x<y
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Now we will state some important examples where distances between some
special means are determined with respect to the metric d.

Example 1 Simple computations lead to the following:

(i) d(Ag,Ar) =t — 2], Vi, t2 € [0, 1]. In particular, d(A,A¢) = [t —1/2],
vt e [0,1].

(ii) d(A,H) = d(A,G) = d(A,C) =1/2.
(ifi) d(H,C) = d(min,C) =1, d(G,C) =1.

v e) = t/2 with t € [0,1]. In particular y ) = , since
iv) d(A,Hey) /2 with [0,1]. I lar d(A,AFS 1/4

A+G
He1/2 =

Remark 2 One can check that, if m,m; and m; are three means such that
m<m; <my, (resp. my < my < m), then we have

d(m) TTL]) < d(m) mZ)) (Tesp- d(m> TTL]) > d(m) ml))

This, with the arithmetic-geometric-harmonic mean inequality, namely H <
G < A, yields the following:
e Ifme M is such that m < H then d(m, H)
o I[fme M is such that m > A then d(m,A)

IAIN

d(m,G) < d(m,A).
d(m, G) < d(m,H).

We now state the following proposition which contains more examples giv-
ing the computation of d(mj, m;) when m; and m; are among the previous
standard bivariate means.

Proposition 2 The following equalities hold,
(i) For any m € M we have d(m,A) < 1/2.
i) d(At,He) = max(t,1—1t) for any t € (0,1).
(iii) d(At, Gt) =max(t,1—1) for all t € (0,1).
d(Lp,A) = 1/2 for any real number p # 1.

(v) d(A,L) =1/2.
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Proof. (i) Let m € M and x,y > 0. We have

|m(X,U) _A(Xay” < max (X—A(X>U))U - A(X>U)) = Inax (X 2 y) J 7 X))
(15)
which yields d(m,A) < 1/2.
Since the means At, Gi,H¢,L, and L are homogenous, then it suffices to use
the formulae (12) for establishing the equalities (ii)-(v).

(ii) Let x > 0. According to (4) with y =1, we obtain
1T —x]
T—t4tx

T —x|

T—t+tx
(0,00), we conclude that it decreases on (0, 1] and increases on [1,00). Then

[T (A, H) (x, 1] =t(1—1)

Studying the variations of the function ¢ : x — , defined for x €

we have

sup ¢(x) = max ((I)(O+), lim cl)(x)) = max (1 1 ) .

x€(0,00) X—00 01—t
It follows that

d(At, Ht) = sup ‘T(At, Ht) (x,1 )‘ = max(t, 1 —t).

0<x

(iii) Now, we have for any x € (0,00) with x # 1

(1—t)x+t—x'"t
1—x )

’T(Ata Gt) (X) 1 )‘ =

(1—t)x+t—x'"t

If for x € (0,1) we set ui(x) = then simple computation

1—x
leads to
/(x) = T—(1—t)x t—tx!t _ vi(x)
”t (T—x)? (T—x)2
where

vix)=1—(1—t)x ' —tx"" and v{(x) =t(1 —t)x ‘(x ' —1)>0.

It follows that v¢ is a strictly increasing function on (0,1) and so v¢(x) <
v¢(17) =0 for any x € (0,1). We then deduce that u; is a strictly decreasing
function on (0, 1). Hence,

sup ‘T(At, Gt) (X, 1 )‘ = ut(O) =1t.

0<x<1



Mean-metric topology

153

With similar computations we can prove that,

sup‘T(At, x,])}z]—t.
x>1

So we get d(At, Gt) = max(t,1 —t).

(iv) Let x € (0,00). By virtue of (7) we have

P~ —1|

T(LP)A)(X) ]) = m

The case p = 1 is trivial, since 1 = A and so d(L;,A) = 0. Assume that
p # 1. Setting xP~! = z and using elementary techniques of real analysis, we

find d(L,,A) =1/2.

(v) As previously, with the help of (5) and (6), we have for any x € (0,1)

(after a simple reduction)

(x + 1) log(x) —2(x — 1)

T(L, A) (X> 1 ) = 2|] — x| log(X)

We first show that

(x+ 1) log(x) —2(x—1)

vx € (0,1) 2(1 —x) log(x)

<1/2.

After simple manipulations, (16) is reduced to the following one
vx € (0,1) xlog(x) —x+12>0,

which is so easy to show by similar way as previously.
For x > 1 the inequality,

(x + 1) log(x) — 2(x — 1)

2(x — 1) log(x) s1/2.

is equivalent to
log(x) —x+1<0,

which can be simply confirmed.
The results (16) and (21) enable us to write for all x > 0 that,

(x+ 1) log(x) —2(x— 1)
211 — x| log(x)

<

N =

(16)

(18)
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Now, by I’'Hopital’s rule we can check that

(x +T1)log(x) —2(x—1)

li =1
b (1 —x)log(x)
This, when combined with (18), yields the desired result. O

Remark 3 According to the preceding proposition, the relationship d(Ly, A) =
1/2 shows that the map p — d(Lp, A) is discontinuous at p =1, since L1 = A
and so d(Li,A) =0.

Proposition 3 The distance between two harmonic weighted means Hy, and
Hy, is given by

It1 — t210(t1, t2)
21 —t) (1 —t2) + (41 + t2 — 2t4t2)0(ty, t2)’

d(Hy,, Hy,) =

where we set

tit)

ot 1) = \/(1—‘(1)(1—’(2)-

Proof. We also use (12). For x € (0, 00), simple computation leads to

[t — talx
(1T—t;+tx)(1 =t +tx)°

’T(Htthz)(X)])‘ =

Let us set

X
T—t +tx)(1 =t +tx)°

Vx € (0, 00) g(x) = (

By computing the derivative of g we easily obtain

o =t (1—14)(1 —t)
vx e (0,00)  gx)= (1=t +tx)2(1 — ty + tox)?’

We then deduce that g attains its maximum point at 6(ty,t;). Computing
9(9(t1,t2)) we find the desired result after simple reductions. The proof is
completed. O

Another result of interest is recited in the following.
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Proposition 4 The map (my, my) — d(my, my) is jointly convexr and sep-
arately convex. That is, the two following inequalities

d<(1 —t)my + tmg, (1 — t)my +tm4) < (1—t)d(my, my) + td(ms, ms) (19)
d((] —t)my +tm3,m2) (1 —t)d(my, my) + td(mz, my) (20)
hold for any my, my, m3, my € M and t € [0,1].

Proof. Let my, my, m3, mgy € M and t € [0, 1]. For the sake of simplicity, we
set
5= d((] —t)my 4 tms, (1 —t)my +tm4).

Then we have

5= sup ((1 —t)my +tm3) ( (1—t)my —|—tm4)(x,y)
0<x,y -y
B (1—t) (mi(x,y) — (x,y)) +t(ms(x,y) — malx ,y))‘
= sup
0<x,y XxX—y
< wp |0 —9(mlsy) —maloy) | s t(ms(x,y) —ﬂu(x,y))‘
0<x,y X—y 0<x,y xX—y

= (1 —t)d(my, mp) + td(m3, my)

Every jointly convex map is separately convex. That is, (20) follows from (19)
when we take my = my. The proof is finished. ]

Remark 4 (i) According to Ezxample 1, (iii) the relation d(A,2FS) = 1/4
shows that the convexity of the map (my, my) — d(my, my) is not strict.

(ii) From the preceding proposition we immediately deduce that, every ball
(closed or open) of (M, d) is convez.

Corollary 1 The next inequalities hold
T—A
(i) d(AAA + (T =A)L,) < At—1/2+ 5 for t,A € [0,1] and p € R.

(ii) d(A,AAt+ (1 —A)Hey) < At—1/2|+ M, for t,A, & € [0, 1].
iii) d(A, AL, + (1 —A)Hey) < A + M, for t, A\, € [0,1] and p € R.
P 2 2

Proof. According to (20), with the help of Example 1 and Proposition 2,
we easily obtain the desired inequalities. The details are simple and therefore
omitted here for the reader. O
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3 Topological properties of (M, d)
We preserve the same notations as in the previous sections.

Proposition 5 (M, d) coincides with its closed ball of center A, the arith-
metic mean, and radius 1/2.

Proof. According to (15) we have d(m,A) < 1/2 for any m € M. Inversely,
assume that m is a binary map satisfying (15). This is equivalent to

mixy) — Aby) < XY (21)
and so,
min(x,y) := Hy%b(_y' <m(x,y) < %Ix—yl = max(x, y).
The desired result follows and the proof is finished. ]

Remark 5 In a geometrical point of view, the inequality (21) implies that
every mean m(x,y) lies on the sphere centered at the arithmetic mean and
with radius equal to the half of the euclidian distance between x and y. So,
according to the definition given by Dinh et al [6], every bivariate mean satisfies
the in-sphere property.

An important topological property for (M, d) is quoted in the following the-
orem.

Theorem 1 The metric space (M, d) is complete.

Proof. Let (m;) be a Cauchy sequence in (M, d). Let a,b > 0 with a # b be
fixed. For a given € > 0O there is ne € N such that,

€

P,q = Ne = d(mp, mq) < [a—bl

or equivalently

P, q = Me = sup
0<x,y

We then deduce that

Pyq > ne — ’mp(a’b) _mq(a’b)) < ©
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This latter inequality holds for each a,b > 0 with a # b. It follows that, for
any x,y > 0 there exists an integer N, such that we get

P,q>Ne = |mp(xay) _mq(xyyn <€,

which means that (mp(x,y))p is a Cauchy sequence in R. By completeness of
R, for the standard metric, the sequence (mn(x,y))n is convergent in R and
we put limpre Mp(%,y) = m(x,y) for any x,y > 0.

Since min(x,y) < mu(x,y) < max(x,y) we then deduce, when p T oo, that
min(x,y) < m(x,y) < max(x,y). So we can confirm that m € M and it
remains to prove that (my), converges to m in (M, d).

Since (myp(x,y))p is a Cauchy sequence in R then, for any x,y > 0 with
X #£Y, (mp (x,y)/(x — y))p is also a Cauchy sequence in R. This means that,

Ve>0 dN.eN Vp,g>N. Vx,y>0,x#y <e.

‘mp(xyy) _ mq (X)y)
-y
By letting q to oo in this latter inequality we obtain,

mp(x»y) —m(x,y)
Xx—y

‘ge for all x,y >0, x #y

and so d(myp, m) < e which gives the convergence of (my), to m in (M, d). O

In the aim to give more topological properties for (M, d), we need the
following lemma.

Lemma 1 For every p > 1, we have the following
d(Lp,max) =1.

Proof. The means L, and max are homogenous so we can use the formulae
(12). It is easy to check that
xP~1

\V/X (S (O,]) T(Lp,max) (X)]) = H—T‘ (22)
For p = 1, there is nothing to prove. For p # 1, we set z = xP~! and the
right hand-side of (22) remains a simple homographic function in z which is
so monotone for z € (0,+00). For both cases p > 1 or p < 1, the variable
z describes the interval (0,+00). Passing to the supremum over z in (22) we
obtain the desired result, by simple arguments of real analysis. O

Now, we are in a position to state the following result.
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Theorem 2 The space (M, d) is not compact.

Proof. Since (M, d) is a metric space, it suffices to show that there exists a
sequence which have no convergent subsequence.
Let’s at first recall that if a sequence (my;) converges in (M, d) to a mean m
then we have lim m,(x,y) = m(x,y) for any x,y > 0.

p—too

On one hand, by Lemma 1, we have d(L,, max) =1 for all integer p > 1, and

so the sequence (L,)p>1 does not converge to max in (M, d).

On the other hand, it is not hard to see that 1iIJ£1 L,(a,b) = max(a,b), see
p—+oo

[2] for instance. This shows that we can not extract a convergent subsequence
from the bounded sequence (Lp)p1. The proof of the theorem is completed.[]

Proposition 6 Mg and My, are closed in (M, d).

Proof. We show that M is closed. For this, let (my)n be a sequence of sym-
metric means converging to a mean m in (M, d). As already mentioned before,
for any x,y > 0, the two sequences (mn(x,y))Tl and (mn(y,x))TL converge in
R to m(x,y) and m(y,x), respectively. Since mn(x,y) = mun(y,x) then by
letting n T co we obtain m(x,y) = m(y,x) and so m € M.

In a similar way, we prove the closeness of My,. d

Another topological property of (/\/l, d) is recited in the following result.

Theorem 3 The metric space (M,d) is path-wise connected and so, it is
connected.

Proof. Let m;, m; € M and consider the map f: [0, 1] — M such that,
vte [0,1] f(t)=(1—t)my 4+ tmy.

Since M is convex then f is well defined. We will show that f is a path (i.e.
continuous function) with endpoints m; and m;. Indeed, for all t;,t; € [0, 1]
we have

d(f(t1), f(t2)) = sup

f(ty )(X»U)—f(tz)(xyy)’

0<x,y Yy
— s (t1 —t2) (i (x,y) — mz(x,y))’
0<x,y xX—y

= [t; — t2ld(my, my)
< |ty =t
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We then infer that f is uniformly continuous on [0, 1] and so, it is continuous.
Moreover, f(0) = m; and f(1) = my. In summary, f is a path with endpoints

my and my. The proof is finished. O
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Abstract. We show that certain known or new inequalities for the
logarithm of circular hyperbolic functions imply bounds for exp(£x?)
proved in [1].

1 Introduction

In the recent paper [1], the following sharp bounds for exp(£x?) are proved
(see Theorem 1, resp. Theorem 2 of [1]).
For x € (0,7t/2) one has

-] a b
+ cosx < exp(—x?) < 1+ cosx (1)
2 2
where a =4, b = 7?/41n2 are best possible; and
c d
2+ cosx < exp(—x?) < 2+ cosx ’ (2)
3 3
with ¢ = m2/41n(3/2), d = 6 best possible;
o g
(1 —i—czoshx) < exp(ed) < (1 —i—czoshx) 3)
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where o =4, B = /4 1n[(1 + cosh(mt/2))/2] are best possible;

2+ coshx\° 2+ coshx\”
< +C308 x> <exp(x2)<< +csos x) ()

with 8 =6 and
y = 2/41n[(2 + cosh(n/2))/3]

are best possible.

We first want to point out that relations (1), (2) and (3) are essentially
known (but not stated explicitely), and that (4) can be deduced in a similar
way, using the Jensen integral inequality.

2 Proofs

First remark that, as

1 X X 1 hx X
% = cos’ 5 and —‘_C% = cosh? Z;
by letting 5 = t, where t € (0,7t/4), to prove (1) it is sufficient to show that

the function

fi(1) = et 6

is strictly decreasing. As

t3f{(t) =—t-tant+2In(1/cost),

this follows by the inequality

1 t
n (cost> <3 tant. (6)

This is proved in [2] (see Corollary 3.8, right side of (1)).
Now, relation (1) with best possible a and b follow by

f1(0+) > f1(t) > f1(m/4).
In a similar manner for (3) it is sufficient to prove that the function

() = 2okt @
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is strictly decreasing. As
t3f3(t) =t - tanht — 21n(cosh t),

this follows by the inequality
t
In(cosht) > 5 - tanh t, (8)

proved in [5] and [2] (see Lemma 2.1 in [5] and Corollary 3.8, left side of (2)
in [2]).

For improvements of (8) and related inequalities, see [9].

Now (3), with best possible & and f follow from

f2(0+) > f2(t) > f2(7t/4).

We note that inequalities (6) and (8) are simple consequences of the Jensen
integral inequality ([3]):

b
J F(x)dx < (b—a) [F(a)—sz(b)]

a (>)

(9)

with inequality < when F(x) is strictly convex, and (>), when F(x) is strictly
concave on [a, b]. Inequality (9) is called also as one of the Hermite-Hadamard
inequalities. By letting the convex function Fy(x) = tanx and [a, b] = [0, t], we
get (6). Similarly, by letting F,(x) = tanhx and [a, b] = [0, t], we get relation

(8)-
Now, let
sinh t
Fi(x) = ————
30 2 +cosht’
remarking that
t h 2
J F3(x)dx =1In (COSH_>
0 3
It is immediate that
F/(x) = 14 2coshx
37 (coshx + 2)2

and
F{(x) - (coshx +2) = 2(sinh x) - (1 — coshx) < 0,

we get that F3(x) is strictly concave. Thus, by (9) we get the inequality

<cosht + 2) t sinh t
In|{ ———

3 >§.cosht+2' (10)
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Similarly, by remarking that

b sinx 3
——dx=In{+——
02+ cosx 2+ cosx

and that the function
sinx

Fa(x) = ————
4(x) 2+ cosx

is strictly concave, we can deduce the inequality

| 3 S t sint
no0——— > - - ————.
2+cost 2 cost+2

(11)

This inequality, with another proof, appears also in [8] (see relation (2.2)).
Now, to prove (2), let

cost+2
f3(t) = —[m ( t;H )} :

It is immediate that
sint

3
3¢/ e Y
e = 2+ cost t+2ln <cost+2> >0

by (11). Thus f3(t) is strictly increasing, and (2) with best possible ¢ and d
follow by f3(0+) < f3(t) < f3(7/2).
Finally, inequality (4) follows in the same manner by considering

fu(t) = [m (‘mhswﬂ /2

and applying inequality (10).

Remarks 1) In [1], the L’Hospital’s rule of monotonicity, as well as the fol-
lowing lemma is used:

sinx 1+ 2cosx
2
x 2+ cosx ’ x € (0,m/2) (12)

and

Sinhx +coshx >2, x>0. (13)
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We note that relation (12), with strong improvements, appears in paper [7]
(see relation (4.7) and Theorem 4.2). We point out also, that (13) is weaker
than the Neumann-Sandor inequality [4]:

sinhx 2+ coshx
. 14
< 3 (14)

Indeed, as
X 3

>
sinhx =~ 2+ coshx’

and letting u = chx, one has

3
u+— > 2.
2+u

Indeed, this is equivalent to u? +2u +3 > 4 + 2u, or u > 1, which is true.
Therefore, one has

X 3
hx > ———— hx > 2. 15
sinhx—'—coS x Z—i—coshx—i_coS x (15)
2) Other inequalities for the logarithm of circular and hyperbolic functions
can be found in papers [2, 5, 6, 8, 9]. For various applications in the theory of
means, see [10].
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Abstract. In this paper, semisimple semigroups, duo semigroups, right
(left) zero semigroups, right (left) simple semigroups, semilattice of left
(right) simple semigroups, semilattice of left (right) groups and semilat-
tice of groups are characterized in terms of soft intersection semigroups,
soft intersection ideals of semigroups. Moreover, soft normal semigroups
are defined and some characterizations of semigroups with soft normality
are given.

1 Introduction

In 1999, the concept of soft sets was introduced by Molodtsov [31] for model-
ing vagueness and uncertainty. Many complex problems of social science and
science involve uncertainties. To be able to deal with these uncertainties and
incomplete information, some theories have been proposed such as the theory
of probability, as is well known, the most successful theoretical approaches
are undoubtedly fuzzy set [1] and interval mathematics [2] . Despite all these
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developments, Molodtsov [3] pointed out that each of these theories have in-
herent limitations in insufficient parameterization tools, and he introduced
the soft set theory for modeling vagueness and uncertainty. Since the soft set
theory is very convenient and easy to apply in practice, researches focused on
soft sets that have been growing rapidly, and which has some potential ap-
plications in many different fields; such as extended theories [4], combination
forecast [5], data mining [6], medical diagnosis [7] and decision making [8] .
Meanwhile, many related concepts with soft sets, especially soft set opera-
tions, have recently undergone tremendous studies. Maji et al. [30] presented
some definitions on soft sets and based on the analysis of several operations
on soft sets Ali et al. [12] introduced several operations of soft sets and Sezgin
and Atagiin [36] and Ali et al. [13] studied on soft set operations as well. Soft
set theory have found its wide-ranging applications in the mean of algebraic
structures such as groups [11, 37], semirings [18], rings [9], BCK/BCI-algebras
[24, 25, 26], BL-algebras [42], near-rings [35] and soft substructures and union
soft substructures [14, 38|, hemirings [29, 43] and so on [18, 19, 21].

In [20], Feng et al. applied soft relations to semigroups. In [39], Sezer et
al. made a new approach to the classical semigroup theory via soft set theory
with the concept of soft intersection semigroups. They defined soft intersection
semigroups, soft intersection left (right, two-sided) ideals and bi-ideals and
soft semiprime ideals of semigroups and obtained their basic properties. As
a following study of [39], Sezer et al. [40] defined soft intersection interior
ideals, quasi-ideals, generalized bi-ideals and investigate the interrelations of
them. Moreover, they characterized regular, intra-regular, completely regular,
weakly regular and quasi-regular semigroups by the properties of these ideals
in [39, 40].

In this paper, certain classes of semigroups, such as semisimple semigroups,
duo semigroups, right (left) zero semigroups, right (left) simple semigroups,
semilattice of left (right) simple semigroups, semilattice of left (right) groups
and semilattice of groups in terms of soft intersection ideals, bi-ideals, inte-
rior ideals, quasi-ideals, generalized bi-ideals are characterized. Moreover, soft
normal semigroups are defined and discussed on the relation of this concept
with semigroups.

2 Preliminaries

In this section, some notions relevant to semigroups and soft sets are recalled. A
semigroup S is a nonempty set with an associative binary operation. Through-
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out this paper, S denotes a semigroup. A nonempty subset A of S is called a
right ideal of S if AS C A and is called a left ideal of S if SA C A. By two-
sided ideal (or simply ideal), we mean a subset of S, which is both a left and
right ideal of S. A subsemigroup X of S is called a bi-ideal of S if XSX C X.
A nonempty subset A of S is called an interior ideal of S if SAS C A. A
nonempty subset Q of S is called a quasi-ideal of S if QSN SQ C Q.

We denote by L[a](R[al, J[al, Bla]Qlal,I[a]), the principal left (right, two-
sided, bi-ideal, quasi-ideal, interior ideal) of a semigroup S generated by a € S,
that is,

Lla] = {a}USa,

Rlad = {a}uUadas,

Jlal = {a}uUSauUaSuUSaS
Qlal] = {alu(aSNSa)

Il = {a}U{a?}USaS.

A semigroup S is called regular if for every element a of S, there exists an
element x in S such that a = axa or equivalently a € aSa. An element
a of S is called a completely regular if there exists an element x € S such
that a = axa and ax = xa. A semigroup S is called completely regular if
every element of S is completely regular. A semigroup S is called left (right)
reqgular if for each element a of S, there exists an element x € S such that
a = xa? (a = a’x). A semigroup is called left (right) regular if for each

element a of S, there exists an element x € S such that

(1]

A semilattice is a structure S = (S,.), where is an infix binary operation,
called the semilattice operation, such that “." is associative, commutative and
idempotent. For all undefined concepts and notions about semigroups, see
22, 33].

Definition 1 [15, 31] A soft set fo over U is a set defined by
fa:E— P(U) such thatfa(x) =0 if x € A.

Here fa is also called an approximate function. A soft set over U can be rep-
resented by the set of ordered pairs

fa ={(x,fa(x)) : x € E,fa(x) € P(U)}.

Definition 2 [15] Let fa,fg € S(U). Then, fa is called a soft subset of fg and
denoted by faCfg, if fa(x) C fg(x) for all x € E.
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Definition 3 [15] Let fa, fg € S(U). Union of fa and g, denoted by foUfg,
is defined as faUfg = fagp, where fogp(x) = fa(x) U fp(x) for all x € E.
Intersection of fao and fg, denoted by faNfg, is defined as faNfg = famgs
where faxp(x) = fa(x) Nfp(x) for all x € E.

Definition 4 [39] Let S be a semigroup and fs and gs be soft sets over the
common universe U. Then, soft intersection product fs o gs is defined by

Usyedfs(y) Ngs(z)}, if Jy,z € S such that x = yz,
0, otherwise

(fs0g9)x) = {
for allx € S.

Definition 5 [39] Let X be a subset of S. We denote by Sx the soft charac-
teristic function of X and define as

(U, if xeX,
SX(")_{@, if x ¢ X

Definition 6 [39] Let S be a semigroup and fs be a soft set over U. Then, fs
s called a soft intersection semigroup of S, if

fs(xy) 2 fs(x) N fs(y)
for all x,y € S.

Definition 7 [39] A soft set over U is called a soft intersection left (right)
ideal of S over U if

fs(ab) 2 fs(b) (fs(ab) 2 fs(a))

for all a,b € S. A soft set over U is called a soft intersection two-sided ideal
(soft intersection ideal) of S if it is both soft intersection left and soft inter-
section right ideal of S over U.

Definition 8 [39] A soft intersection semigroup fs over U is called a soft
intersection bi-ideal of S over U if

fs(xyz) 2 fs(x) N fs(z)

for all x,y,z € S.
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Definition 9 [40] A soft set over U is called a soft intersection interior of S
over W if fs(xyz) D fs(y), soft intersection generalized bi-ideal of S over U if
fs(xyz) O fs(x) N fs(z) for all x,y,z € S.

For the sake of brevity, soft intersection semigroup, soft intersection right (left,
two-sided, interior, generalized bi-) ideal are abbreviated by SI-semigroup, SI-
right (left, two-sided, quasi, generalized bi-) ideal, respectively.

It is easy to see that if fg(x) = U for all x € S, then fs is an SI-semigroup
(right ideal, left ideal, ideal, bi-ideal, interior ideal, quasi-ideal, generalized
bi-ideal) of S over U. We denote such a kind of SI-semigroup (right ideal, left
ideal, ideal, bi-ideal) by S [39].

Definition 10 [40] A soft set over U is called a soft intersection quasi-ideal
of S over U if o N
(fs 0 S)N(S o fs)Cfs.

Definition 11 [39] A soft set fs over U is called soft semiprime if for all
aes,
fs(a) 2 fs(?).

Theorem 1 [39, 40] Let X be a nonempty subset of a semigroup S. Then,
X is a subsemigroup (left, right, two-sided ideal, bi-ideal, interior ideal, quasi-
ideal, generalized bi-ideal) of S if and only if Sx is an SI-semigroup (left, right,
two-sided ideal, bi-ideal, interior ideal, quasi-ideal, generalized bi-ideal) of S.

Proposition 1 [39, 40] Let fs be a soft set over U. Then,

i) fs is an SI-semigroup over U if and only if fs o fsCfs.

11

)

i) fs is an SI-left (right) ideal of S over U if and only if§0f5§fs (fs Ogéfg).
iii) fs is an SI-bi-ideal of S over U if and only if fs ofsCfs and fs ogofgifg.
)

)

iv) fs is an Sl-interior ideal of S over U if and only z'fg o fg o SCAs.
v) fs is an SI-generalized bi-ideal of S over U if and only if fs o So fsCfs.

Theorem 2 [39] Every Sl-left (right, two sided) ideal of a semigroup S over
U is an SI-bi-ideal of S over U.

Proposition 2 [40] For a semigroup S, the following conditions are equiva-
lent:
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1) FEvery Sl-ideal of a semigroup S over U is an Sl-interior ideal of S over U.

3

)

2) Every Sl-quasi ideal of S is an SI-semigroup of S.
) Every one-sided Sl-ideal of S is an SI-quasi-ideal of S.
)

4) FEvery Sl-quasi-ideal of S is an SI-bi-ideal of S.
Theorem 3 [39] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) fsogs = fsNgs for every SI-right ideal fs of S over U and SI-left ideal gs
of S over U.

Theorem 4 [39] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) For every Sl-quasi-ideal of S, fs = fs o So fs.

Theorem 5 [40] Let fs be a soft set over U, where S is a reqular semigroup.
Then, the following conditions are equivalent:

1) fs is an Sl-ideal of S over U.

2) fs is an Sl-interior ideal of S over U.

Theorem 6 [39] For a left reqular semigroup S, the following conditions are
equivalent:

1) Ewvery left ideal of S is a two-sided ideal of S.

2) Ewvery SI-left ideal of S is an Sl-ideal of S.

For more on soft intersection semigroups and ideals, we refer [39, 40].

3 Semisimple semigroups

In this section, semisimple semigroups with respect to SI-ideals of semigroups
are characterized. A semigroup S is called semisimple if ]2 = J holds for every
ideal J of S, that is, every ideal of S is idempotent.
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Proposition 3 [41] For a semigroup S, the following conditions are equiva-
lent:

1) S is semisimple.

2) a € (SaS)(SaS) for every element a of S, that is, there exist elements
X,Y,z € S such that a =xayaz.

Proposition 4 Fvery Sl-interior ideal of a semisimple semigroup S is an SI-

ideal of S.

Proof. Let fs be an Sl-interior ideal of S. Let a and b be any elements of S.
Then, since S is semisimple, there exist elements x,y,z € S such that

a =xayaz.
Thus,
fs(ab) = fs((xayaz)b) = fs(xay)a(zb)) 2 fs(a)

Hence, fs is an SI-right ideal of S. Similarly, one can prove that fs is an SI-left
ideal of S. Thus, fs is an Sl-ideal of S. O

Now a characterization of a semisimple semigroup by Sl-ideals is given.
Theorem 7 For a semigroup S, the following conditions are equivalent:

1) S is semisimple.

2) fsofs = fs for every Sl-ideal fs of S. (That is, every SI-ideal is idempotent).

3) fsofs = fs for every Sl-interior fs of S. (That is, every Sl-interior ideal
is idempotent).

fsNgs = fs o gs for every Sl-ideals fs and gs of S.
fsNgs = fs o gs for every Sl-ideal fs and every Sl-interior ideal gs of S.

)
)
6) fsNgs = fs o gs for every Sl-interior ideal fs and every Sl-ideal gs of S.
) fsNgs = fs o gs for every Sl-interior ideals fs and gs of S.

)

The set of all S1-ideals of a semisimple semigroup S is a semilattice under
the soft intersection product, that is, fso(gsohg) = fso(gsohs), fsogs =
gs o fs and fs o fs = fs for all Sl-ideals fs and gs of S.
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9) The set of all SI-interior ideals of a semisimple semigroup S is a semilattice
under the soft intersection product.

Proof. First assume that (1) holds. Let fs and gs be any Sl-interior ideals of
S. Since, S itself is an SI-interior ideal of S and since fs is an Sl-ideal of S by
Proposition 4:

fs 0 gsCfs 0 SCfs and fso gsCS o gsCgs.

Thus, fs o gsifsﬁgs.
Now, let a be any element of S. Since there exist elements x,y,z,w € S such
that
a = (xay)(zaw),

(fs o gs)(a) # 0.

And since fs and gs are Sl-interior ideals of S,

(fsogs)(a) = U (fs(p) N gs(q))
a=pq
fs(xay) N gs(zaw)

fs(a) Ngs(a)
(fsNgs)(a)

I v

and so fg o gsifsﬁgg. Hence,
fs 0 gs = fsNgs.

So, (1) implies (7). (7) implies (6), (6) implies (4), (7) implies (5), (5) implies
(4), (4) implies (2), (7) implies (3), (3) implies (2) and (7) implies (9), (9)
implies (8), (8) implies (2).

Assume that (2) holds. Let a be any element of S. Since the soft character-
istic function S][a] of the principal ideal J[a] of S is an SI-ideal of S,

Sjiajial (@) = (Sja) © Sjia) (@) = Sjg(a) =U
and so,

a € Jlal]la] = {a}uaSuUSauUSaS){aluaSuUSauUSaS) =
{a2}U a?SUaSaUaSaSUaSaUaSaSU aSSa U aSSaS U Sa? U Sa?sS U
SaSaUSaSaSuUSaSauUSaSaSuUSaSSa U SaSSaS C (SaS)(SaS)

Hence, S is semisimple and so, (2) implies (1). O
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4 Regular duo semigroups

In this section, a left (right) duo semigroup in terms of SI-ideals is charach-
terized. A semigroup S is called left (right) duo if every left (right) ideal of S
is a two-sided ideal of S. A semigroup S is duo if it is both left and right duo.

Definition 12 A semigroup S is called soft left (right) duo if every Sl-left
(right) ideal of S is an Sl-ideal of S and is called soft duo, if it is both soft left
and soft right duo.

Theorem 8 For a regular semigroup S, the following conditions are equiva-
lent:

1) S is left (right) duo.
2) S is soft left (right) duo.

Proof. First assume that S is left duo. Let fs be any SI-left ideal of S and a
and b be any elements of S. It is known that Sa is a left-ideal of S. And so,
by hypothesis, it is a two-sided ideal of S. Since S is regular,

ab € (aSa)b C (Sa)S C Sa
This implies that there exists an element x € S such that
ab =xa.
Thus, since fg is an SI-left ideal of S,
fs(ab) = fs(xa) 2 fs(a)

This means that fs is an SI-right ideal of S and so fs is an SI-ideal of S. Thus,
S is soft left duo and (1) implies (2).

Conversely, assume that S is soft left duo. Let A be any left ideal of S. Then,
the soft characteristic function Sa of A is an SI-left ideal of S. By assumption,
Sa is an Sl-ideal of S and so A is a two-sided ideal of S. Thus, S is left duo
and (2) implies (1). The right dual of the proof can be seen similarly. So, the
proof is completed. O

Theorem 9 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is duo.
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2) S is soft duo.

Every Sl-right (left) ideal of S is an SI-bi-ideal of S ([39]). Moreover, we have
the following:

Theorem 10 Let S be a reqular duo semigroup. Then, every SI-bi-ideal of S
1s an Sl-ideal of S.

Proof. Let fs be any SI-bi-ideal of S and a, b be any elements of S. It is known
that Sa is a left ideal of S. Since S is a duo semigroup, Sa is a right ideal of
S. And since S is regular,

ab € (aSa)b C a((Sa)S) € aSa
This implies that there exists an element x € S such that
ab = axa.
Then, since fs is an SI-bi-ideal of S,
fs(ab) = fs(axa) 2 fs(a) N fs(a) = fs(a).

This means that fs is an SI-right ideal of S. It can be seen in a similar way
that fs is an SI-left ideal of S. Therefore, fs is an SI-ideal of S. This completes
the proof. O

Theorem 11 [17, 32] For a semigroup S, the following conditions are equiv-
alent:

1) S is a regular duo semigroup.
2) ANB = AB for every left ideal A and every right ideal B of S.

3) Q2 = Q for every quasi-ideal of S. (That is, every quasi-ideal is idempo-
tent.)

4) EQE=ENQNE for every ideal E and every quasi-ideal Q of S.

Theorem 12 For a semigroup S, the following conditions are equivalent:
1) S is a regular duo semigroup.

2) S is a regular soft duo semigroup.
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3) fsogs = fsNgs for all SI-bi-ideals fs and gs of S.

4) fsogs = fsNgs for all SI-bi-ideal fs and for all SI-quasi-ideal gs of S.

5) fsogs =fsNgs for all SI-bi-ideal fs and and for all SI-right ideal gs of S

6) fsogs = fsNgs for all SI-quasi-ideal fs and for all S1-bi-ideal gs of S.

7) fsogs = fsNgs for all SI-quasi-ideals fs and gs of S.

8) fsogs = fsNgs for all SI-quasi-ideal fs and for all S1-right ideal gs of S.
9) fsogs = fsNgs for all SI-left ideal fs and for all SI-bi-ideal gs of S.

10) fs o gs = fsNgs for all SI-left ideal fs and for all S1-right ideal gs of S.
)

11) fs o gs = fsNgs and hg o ks = hsMks for all SI-right ideals fs and gs of S
and for all SI-left ideal hs and ks of S.

12) Ewvery SI-quasi-ideal of S is idempotent.

Proof. The equivalence of (1) and (2) follows from Theorem 9. Assume that
(2) holds. Let fs and gs be any SI-bi-ideals of S. Then, by Theorem 10, fs
is an Sl-right ideal of S and gs is an SI-left ideal of S. Since S is regular, it
follows by Theorem 3 that

fs o gs = fsMNgs

Thus, (2) implies (3). It is clear that (3) implies (4), (4) implies (5), (5) implies
(8), (8) implies (11), (11) implies (3), (3) implies (6), (6) implies (7), (7) implies
(8) and (6) implies (9), (9) implies (10), (10) implies (11).

Assume that (11) holds. Let A and B be any left ideal and right ideal of S,
respectively. Let a be any element of AN B. Then, a € A and b € B and so,

Sala) =S8g(a) =U.

Since Sp and Sp is an Sl-left ideal and SI-right ideal of S, respectively, by
assumption

Sas(a) = (Sa 0 Sp)(a) = (SaNSp)(a) = Sala) N Sp(a) = U,

so a € AB. Thus, ANB C AB. For the converse inclusion, let a be any element
of AB. Thus,

Sangl(a) = (SaNSg)(a) = (Sa 0 Sg)(a) = Sasla) =U
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This implies that a € AN B and that AB € AN B. Thus, AB =ANB. It
follows by Theorem 11 that S is a regular duo semigroup. Thus (11) implies
(1). It is clear that (7) implies (12) by taking gs = fs.

Conversely, assume that (12) holds. Let Q be any quasi-ideal of S and a be
any element of Q. Then, Sq is an SI-quasi-ideal of S. Then,

SQZ(G) = (SQ OSQ)(CL) = SQ(G) =Uu

Thus, a € Q% and Q C Q?. Since the converse inclusion always holds, Q = Q2.
It follows by Theorem 11 that S is a regular duo semigroup and that (12)
implies (1). This completes the proof. O

Theorem 13 For a semigroup S, the following conditions are equivalent:

1) S is a regular duo semigroup.

2) fsogsofs=fsNgs for every Sl-ideal fs and every SI-bi-ideal gs of S.

3) fsogsofs="fsNgs for every Sl-ideal fs and every SI-quasi-ideal gs of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-bi-ideal and any
Sl-ideal of S, respectively. Then,

fsogsofsC(fsoS)oS =fso(SoS)CfsoSCHs

On the other hand, since S is regular and duo, fs is an SI-ideal of S by Theorem
10. Hence, s . .
fsogsofsC(Sogs)oSCgsoSCys

and so
fs o gs o fsCfsNgs

In order to show the converse inclusion, let a be any element of S. Then, since
S is regular, there exists an element x in S such that

a = axa = (axa)xa
Thus,

(fsogsofs)(a) = [fso(gsofs)l(a)
= U[fs(a)ﬂ(gsofs)(q)]

a=pq
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fs(ax) N (gs o fs)(axa)
fs(ax) N{ U [gs(b) o fs(c)]}

axa=bc

fs(ax) N (gs(a) N fs(xa))
fs(a) N (gs(a) Nfs(a))
fs(a) N gs(a)

= (fsNgs)(a)

U U Il

and so fsogso fsi)fsﬁgg Thus,
fs 0 gs o fs = fsNgs.

Hence, (1) implies (2). It is clear that (2) implies (3).
Assume that (3) holds. Let E and Q any two-sided ideal and quasi-ideal of
S, respectively and a be any element of EN Q. Then,

Se(a) = Sg(a) = U.
Since Sg and Sq is an Sl-ideal and an SI-quasi-ideal of S, respectively,
Seqe(a) = (Se 0 Sq 0 Se)(a) = (SeNSq)(a) = Se(a) NSqla) = U

and so a € EQE. Thus, ENQ C EQE. For the converse inclusion, let a be any
element of EQE. Thus,

Sengla) = (SeNSg)(a) = (Sg 0 Sq 0 Se)(a) = Sggela) = U

and so a € EQE. Thus, EQE C ENQ and so EQE = EN Q. It follows from
Proposition 11 that S is regular duo. Hence, (3) implies (1). This completes
the proof. O

5 Right (left) zero semigroup

In this section, right (left) zero semigroups are charachterized in terms of SI-
ideals of S. A semigroup S is called right (left) zero if xy =y (xy = x) for all
x,y € S.

Proposition 5 For a semigroup S, the following conditions are equivalent:

1) The set of all idempotent elements of S forms a left (right) zero subsemi-
group of S.
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2) For every Sl-left (right) ideal fs of S, fs(e) = fs(f) for all idempotent
elements e and f of S.

Proof. First assume that the set Is of all idempotent elements of S is a left
zero subsemigroup of S. Let e,f € Is and fs be an Sl-left ideal of S. Then,
since

ef=e and fe="f

fs(e) = fs(ef) 2 fs(f) = fs(fe) 2 fs(e)
and so
Thus, (1) implies (2).
Conversely, assume that (2) holds. Since S is regular, it is obvious that

Is # (). Moreover, the soft characteristic function Sy of the left ideal L[f] of
S is an Sl-left ideal of S. Thus, by assumptio,n

Siple) =Syy(f) =U

and so e € L[f] = Sf. (Here note that, if S is a regular semigroup, L[a] = Sa
for every a € S ([17]). Thus, for some x € S,

e = xf = x(ff) = (xf)f = ef

This means that Is is a left zero semigroup. Thus (2) implies (1). The case when
S is right zero, the proof can be seen similarly. This completes the proof. [J
Corollary 1 For an idempotent semigroup S, the following conditions are
equivalent:

1) S is left (right) zero.

2) For every SI-left (right) ideal fs of S, fs(e) = fs(f) for all elements e,f € S.

Proposition 6 Let S be a group. Then, every Sl-bi-ideal of S is a constant
function.

Proof. Let S be a group with identity e and fs be any SI-bi-ideal of S and a
be any element of S. Then,

fs(a) = fs(eae) 2 fs(e) N fs(e) = fs(e) =
fs(a(a'a Na) D fs(a) Nfs(a) = fs(a)
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and so fs(e) = fs(a). This implies that fg is a constant function. O

Proposition 7 For a reqular semigroup S, the following conditions are equiv-
alent:

1) S is a group.

2) For every Sl-bi-ideal fs of S, fs(e) = fs(f) for all idempotent elements
e,f€8S.

Proof. Assume that (1) holds. Let fs be any SI-bi-ideal of S. Then, it follows
from Proposition 6 that fs is a constant function. This implies that

fs(e) = fs(f)

for all idempotent elements e, f € S. Thus (1) implies (2).

Conversely, assume that (2) holds. Let e and f be any idempotent elements
of S. As is well-known, if S is a regular semigroup, B[x], the principal ideal of S
generated by x € S is B[x] = xSx ([17]). Moreover, since the soft characteristic
function Sgy of the bi-ideal B[f] of S is an SI-bi-ideal of S and since f € B[f],

Sgir (e) = Sppy (f) = U

and so e € B[f] = fsf, which means that e = fxf for some x € S. One can
similarly obtain that f = eye for some y € S. Thus,

e = fxf = fx(ff) = (fxf)f = ef = e(eye) = (ee)ye = eye =f

Since S is regular, Is # () and S contains exactly one idempotent. Thus, it
follows from ([17], p.33) that S is a group. Thus (2) implies (1). This completes
the proof. 0

6 Right (left) simple semigroups

In this section, soft simple semigroup is defined and the relation of soft simple
semigroup with simple semigroup is given. A semigroup S is called left (right)
simple if it contains no proper left (right) ideal of S and is called simple if it
contains no proper ideal.

Definition 13 A semigroup S is called soft left (right) simple if every SI-
left (right) ideal of S is a constant function and is called soft simple if every
SI-ideal of S is a constant function.
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Theorem 14 For a semigroup S, the following conditions are equivalent:

1) S is left (right) simple.

2) S is soft left (right) simple.

Proof. First assume that S is left simple. Let fs be any SI-left ideal of S and
a and b be any element of S. Then, it follows from ([17], p. 6) that there exist
elements x,y € S such that b = xa and a = yb. Hence, since S is an SI-left

ideal of S,
fs(a) = fs(yb) 2 fs(b) = fs(xa) 2 fs(a)

and so fs(a) = fg(b). Since a and b be any elements of S, this means that fg
is a constant function. Thus, it is obtained that S is soft left simple and (1)
implies (2).

Conversely, assume that (2) holds. Let A be any left ideal of S. Then, Sa is
an Sl-left ideal of S. By assumption, Sa is a constant function. Let x be any
element of S. Then, since A # (),

SA(X) =u

and so x € A. This implies that S C A, and so S = A. Hence, S is left simple
and (2) implies (1). In the case, when S is soft right simple, the proof follows
similarly. O

Theorem 15 For a semigroup S, the following conditions are equivalent:
1) S is simple.
2) S is soft simple.

As is well-known, a semigroup S is a group if it is left and right simple. From
this, the following theorem:

Proposition 8 For a semigroup S, the following conditions are equivalent:
1) S is a group.

2) S is both soft left and soft right simple.

Proposition 9 Let S be a left simple semigroup. Then, every SI-bi-ideal of S
is an SI-right ideal of S.
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Proof. Let fs be an SI-bi-ideal of S and a and b be any elements of S. Then,
since S is left simple, there exists an element x in S such that

b = xa.
Then, since fs is an SI-bi-ideal of S,
fs(ab) = fs(a(xa)) = fs(a) N fs(a) = fs(a)

which means that fs is an SI-right ideal of S. This completes the proof. O

7 Semilattices of left (right) simple semigroups

In this section, a semigroup that is a semilattice of left (right) simple semi-
groups is characterized by Sl-ideals. A semigroup S is a semilattice of left
simple semigroups if it is the set-theoretical union of the family of left simple
semigroups S; (i € M) such that,

s=Js:

ieM

such that the products S;S; and S;S; are both contained in the same Sy (k €
M).

Theorem 16 [17, 34] For a semigroup S, the following conditions are equiv-
alent:

1) S is a semilattice of left simple semigroups.
2) S is left reqular and every left ideal of S is two-sided.

3) S is left regular and AB = BA for any left ideals A and B of S.

Theorem 17 [39] For a left reqular semigroup S, the following conditions are
equivalent:

1) Every left ideal of S is a two-sided ideal of S.
2) Ewvery SI-left ideal of S is an SI-ideal of S.
Theorem 18 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left simple semigroups.
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2) S is left reqular and every Sl-left ideal of S is an Sl-ideal of S.

4

)

3) fsogs = fsNgs for every Sl-left ideals of S.
) The set of all SI-left ideals of S is a semilattice under the soft int-product.
)

5

The set of all left ideals of S is a semilattice under the multiplication of
subsets.

Proof. The equivalence of (1) and (2) follows from Theorem 16 and Theorem
17. Assume that (2) holds. Let fs and gs be any SI-left ideals of S and a be
any element of S. Then, since S is left regular, there exists an element x € S
such that a = xa?. By assumption, fs is also an SI-right ideal of S. So,

(fsogs)(a) = | (fs(y)ngs(z))

a=yz

2 (fs(xa)ngs(a))

2 (fs(a)ngs(a))
(fsNgs)(a)

Thus, fs o gs ifsﬁgg. On the other hand, by assumption, gs is SI-right ideal
of S, and so

(fsogs)(a) = | (fs(y)ngs(z))

a=yz
c (fs(yz) Ngsyz))
= fs(a)Ngs(a)
= (fsNgs)(a)
Thus, fs o gsCfsMgs. Thus, fs o gs = fsMgs and so (2) implies (3).
(3) implies (4) is clear. Assume that (4) holds. Let A and B be any left

ideals of S and a be any element of BA. Since the soft characteristic function
Sa and Sp are Sl-left ideals of S,

Sagl(a) = (Sa o Sp)(a) = (SgoSa)(a) = Sgala) =U

which implies that a € AB. Thus, BA C AB. Similarly, AB C BA. Thus,
AB = BA.

In order to see that any left ideal A of S is idempotent, let a be any element
of A. Since Sp is an Sl-left ideal of S,

Spz2(a) = (SaoSa)(a) =S =U
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and so a € A2. Thus, A C A and so A = A%. Therefore (4) implies (5).
Finally, assume that (5) holds. Let A be any left ideal of S and a be any
element of S. Then, since S itself is a left ideal, by assumption

AS=SACA

Thus, A is a right ideal of S, and so A is a two-sided ideal of S.
Let a be any element of S. Then, since the left ideal L[a] of S is idempotent
by assumption and since a € L[a],

a € LlalLlal = {a}uSa){alUSa) ={a?}UaSaUSa?USaSa C
{a?} U (aS)aSa U Sa? U SaSa C {a?}U SaSa U Sa? C {a?} U Sa?

which implies that S is left-regular. Thus, it follows by Theorem 16-(2) that
S is a semilattice of left simple groups. That is to say (5) implies (1). This
completes the proof. O

The left-right dual of Theorem 18 reads as follows:

Theorem 19 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right simple semigroups.
2) S is right regular and every SI-right ideal of S is an Sl-ideal of S.
4) The set of all SI-right ideals of S is a semilattice under the soft int-product.

)
)
3) fsogs = fgﬁgg for every SI-right ideals of S.
)
5)

The set of all right ideals of S is a semilattice under the multiplication of
subsets.

Theorem 20 [39] For a semigroup S, the following conditions are equivalent:
1) S is left regular.

2) For every SI-left ideal fs of S, fs(a) = fs(a?) for all a € S.

Theorem 21 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left simple semigroups.

2) For every Sl-left ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,b eSs.
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Proof. Assume that S is a semilattice of left simple semigroups. Let fs be
any SI-left ideal of S. Then, by Theorem 16-(2), S is left regular and fs is an
Sl-ideal of S. Let a be any element of S. Thus, by Theorem 20,

fs(ab) = fs((ab)?) = fs(a(ba)b) 2 fs(ba).
Similarly, fs(ba) D fs(ab). Hence,
fs(ab) = fs(b(l).

Thus, (1) implies (2).

Conversely, assume that (2) holds. Let fs be any SI-ideal of S. Since fs(a) =
fs(a?) for all a € S, it follows from Theorem 20 that S is left regular. Let A
and B be any left ideal of S and ab be any element of AB. Since the soft
characteristic function Sy, of the the left ideal L[ba] is an SI-left ideal of S
and since ba € L[ba],

Sipa(ab) = Sipq(ba) =U
This implies that
ab € L[ba] ={ba}uU Sba C BAUSBA C BA

and so AB C BA. Similarly, it can be seen that the converse inclusion holds.
Thus,
AB = BA

Then, it follows by Theorem 16-(3) that S is a semilattice of left simple semi-
groups. Therefore (3) implies (1). This completes the proof. O

The right dual of Theorem 21 is as following:
Theorem 22 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right simple semigroups.

2) For every Sl-right ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,bes.

8 A semilattice of left (right) groups

In this section, a semigroup that is a semilattice of left (right) simple groups is
characterized by SI-ideals. An element a of S is said to be left (right) cancellable
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if, for any x,y € S ax = ay (xa = ya) implies x = y. A semigroup S is
called left (right) cancellative if every element of S is left (right) cancellative.
A semigroup S is called a left group if it is left simple and right cancellable

([17]), that is, for all a € S, there exists a unique element x € S such that

xa? = a ([33]). Dually, a semigroup S is called a right group if it is right simple

and left cancellable.
Theorem 23 [33] For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of left groups.

2) S is reqular and aS C Sa for every a € S.

Theorem 24 Let S be a semigroup that is a semilattice of left groups. Then,
every S1-(generalized) bi-ideal of S is an SI-right ideal of S.

Proof. Let fs be any SI-bi-ideal of S, and a and b any elements of S. Then,
it follows from Theorem 23 that there exist elements x,y € S such that

a = axa and ab =ya.

Thus,
ab = (axa)b = (ax)(ab) = (ax)(ya) = a(xy)a.

Since fg is an SI-bi-ideal of S,
fs(ab) = fs(a(xy)a) 2 fs(a) Nfs(a) = fs(a).

Hence, fs is an SI-right ideal of S. O

Corollary 2 Let S be a semigroup that is a semilattice of left groups. Then,
every Sl-left ideal of S is an Sl-right ideal of S, that is to say, S is soft left
duo.

Theorem 25 Let S be a semigroup that is a semilattice of left groups. Then,
every Sl-interior ideal of S is an Sl-left ideal of S.

Proof. Let fs be any Sl-interior ideal of S, and a and b any elements of S.
Then, it follows from Theorem 23 that there exist element z € S such that

b = bzb.
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Thus,
ab = (axa)b = (ax)(ab) = (ax)(ya) = a(xy)a.

Since fs is an SI-bi-ideal of S,
fs(ab) = fs(a(bzb)) = fs((a)b(zb)) 2 fs(b).

Hence, fs is an Sl-left ideal of S. O

Theorem 26 [40] For a semigroup S the following conditions are equivalent:
1) S is regular.

2) fsNgs = fs o gs o fs for every Sl-quasi-ideal fs of S and Sl-ideal gs of S
over U.

Theorem 27 For a semigroup S, the following conditions are equivalent:

1

S is a semilattice of left groups.

2) fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-left ideal gs of S.

3) fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-ideal gs of S.

4) fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-interior ideal gs of S.

6) fsNgs = fs o gs for every SI-bi-ideal fs and SI-ideal gs of S.
7) fsNgs = fs o gs for every Sl-bi-ideal fs and Sl-interior ideal gs of S.
8) fsNgs = fs o gs for every Sl-bi-ideal fs and SI-left ideal gs of S.

)
)
)
)
5) fsNgs = fs o gs for every Sl-bi-ideal fs and S1-left ideal gs of S.
)
)
)
9)

fgﬂgs = fs o gs for every Sl-generalized bi-ideal fs and SI-left ideal gs of

10) fsNgs = fs o gs for every Sl-generalized bi-ideal fs and Sl-ideal gs of S.

11) fsNgs = fs o gs for every SI-generalized bi-ideal fs and Sl-interior ideal gs
of S.

12) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-ideal gs of S.

13) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-interior ideal gs of
S.
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14) is regular left duo.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalize bi-ideal
of S and Sl-interior ideal of S, respectively and a be any element of S. Then,
since S is regular by Theorem 23, there exists an element x € S such that

a = axa(= axaxa).

Since gs is an Sl-interior ideal of S, gs((x)a(xa)) 2 gs(a). Thus,

(fsogs)(a) = U (fs(p) N gs(q))
a=pq

fs(a) N gs((x)a(xa))
fs(a) Ngs(a)

= (fsNgs)(a)

v 1y

and so fsogs ifsﬁgs. Moreover, it follows by Theorem 24 that fs is an SI-right
ideal of S. Thus,

(fsogs)(a) = | (fstp)ngs(q))

a=pq

c | (fstpq) ngs(pq))
a=pq

= | (fs(a) ngs(a))
a=pq

= fs(a)Ngs(a)

= (fsNgs)(a)

and so fgo gséfgﬁgs. Therefore, fs o gs = fsMgs and that (1) implies (10). It
is clear that (10) implies (9), (9) implies (8), (8) implies (5), (5) implies (2),
(10) implies (7), (7) implies (6), (6) implies (5), (5) implies (2), (7) implies
(4), (4) implies (3), (3) implies (2) and (4) implies (12), (12) implies (11).
Assume that (2) holds. Then, it follows by Theorem 26 that S is regular.
Let Q be any quasi-ideal of S. Then, the soft characteristic function Sg is an

SI-quasi-ideal of S. Since S itself is an SI-left ideal of S and so by assumption,
SQ = SQﬁg = SQ o g

Thus, Sq is an Sl-right ideal of S, and so Q is a right ideal of S. Thus, any
quasi-ideal of S is a right ideal of S. Let a € S. Then, the quasi-ideal Sa is a
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right ideal of S. Since S is regular,
aS C (aSa)S = ((aS)a)S C (Sa)S C Sa.

Thus, aS C Sa and since S is regular, S is a semilattice of left groups by
Theorem 23. Thus, (2) implies (1).

Assume that (11) holds. Let fs and gs be any Sl-right ideal and any SI-
left ideal of S, respectively. Then, since S itself is an Sl-ideal of S and so by
assumption,

gs = gsNS=gsoS

Thus, gs is an Sl-right ideal of S, that is, gs is an Sl-ideal of S. Thus, by
assumption, fs o gs = fsMgs for every SI-right ideal fs of S over U and SI-left
ideal gs of S over U. It follows by Theorem 3 that S is regular. As is proved in
(2) implies (1), aS C Sa. Thus, S is a semilattice of left groups, so (11) implies
(1).

Assume that (1) holds. Then, it follows by Theorem 23 that S is regular.
Moreover, it follows by Corollary 2 that S is soft left duo and so by Theorem
8, S is left duo. Thus (1) implies (13).

Conversely assume that (13) holds. Then, it follows by Theorem 8 that S
is left duo, that is, every left ideal of S is a right ideal of S. In order to prove
that S is semilattice of left groups, by Theorem 23, it suffices to show that
aS C Sa for all a € S. As is proved in (2) implies (1), aS C Sa. Thus, S is a
semilattice of left groups, so (13) implies (1). This completes the proof. O

The left-right dual of Theorem 27 is as following:
Theorem 28 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

[\

fsNgs = fs o gs for every Sl-quasi-ideal fs and SI-right ideal gs of S.

w

fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-ideal gs of S.

W

fsNgs = fs o gs for every Sl-quasi-ideal fs and Sl-interior ideal gs of S.

[=2 N

fsﬁgs = fg o gs for every SI-bi-ideal fs and SI-ideal gs of S.

N

)

)

)

)

) fsﬁgg = fs o gs for every SI-bi-ideal fs and SI-right ideal gs of S.

)

) fgﬁgs = fg o gs for every Sl-bi-ideal fs and Sl-interior ideal gs of S.
)

8) fsNgs = fs o gs for every SI-bi-ideal fs and SI-right ideal gs of S.
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9) fsNgs = fs o gs for every Sl-generalized bi-ideal fs and SI-right ideal gs of
S.

10) fsﬁgs = fs o gs for every SI-generalized bi-ideal fs and SI-ideal gs of S.

11) fsNgs = fs o gs for every SI-generalized bi-ideal fs and Sl-interior ideal gs
of S.

12) fsﬁgs = fs o gs for every SI-one-sided ideal fs and Sl-ideal gs of S.

13) fsNgs = fs o gs for every Sl-one-sided ideal fs and Sl-interior ideal gs of
S.

14) S is regular right duo.

Theorem 29 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left groups.

2) fsNgs = fs o gs o fs for every SI-quasi-ideal fs and SI-left ideal gs of S.

3) fsNgs = fs o gs o fs for every SI-bi-ideal fs and SI-left ideal gs of S.
)

4) fsNgs = fs o gs o fs for every SI-generalized bi-ideal fs and Sl-left ideal gs
of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalized bi-
ideal of S. Then, N
fsogsofsCfsoSofsCfs

On the other hand, since the SI-left ideal gs is an SI-bi-ideal of S,
fs o gsofsC(Sogs)oSCgs o SCys

Therefore,
fs 0 gs o fsCfsNgs.

Let a be any element of S. Then, it follows by Theorem 23 that there exist
elements x,y € S such that a = axa and ax = ya. Hence,

ax = axaxax = axax(ya) = (axa)(xya).
Thus,

(fsogsofs)(a) = [(fsogs)ofs](a)
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= | UUfs o gs)(p) o fs(q)]

a=pq
D (fsogs)(ax)Nfs(a)

= { | (fs(p) ngs(q)) Nfs(a)
ax=pg
(fs(axa) N gs(xya)) Nfs(a)

(fs(a) N gs(a)) Nfs(a)
= (fsNgs)(a)
and so, fs o gso fsifsﬁgg. Thus, fs o gs o fs = fsNgs and (1) implies (4). It
is clear that (4) implies (3) and (3) implies (2). _
Assume that (2) holds. Let fg be any SI-quasi ideal of S. Then, S is an
SI-left ideal of S and so by assumption,

fs = fsNS = fs 0 S o fg

Thus,it follows by Theorem 4 that S is regular. On the other hand, let gs be
any Sl-left ideal of S. then, by assumption,

gs =SAgs =Sogso§

Thus, gs is an Sl-interior ideal of S. Since S is regular, gs is an Sl-ideal of S
by Theorem 5. Therefore, every SI-left ideal of S is an ideal of S. It follows by
Theorem 6 that every Sl-left ideal of S is an SI-ideal of S. Let a € S. Since S
is regular, the left ideal Sa is an ideal of S. Thus,

aS C (aSa)S € a((Sa)S) € a(Sa) = (aS)a C Sa.

Thus, aS C Sa and since S is regular, S is a semilattice of left groups by
Theorem 23. Thus (2) implies (1). O

The left-right dual of Theorem 29 is as following:
Theorem 30 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

)
2) fsNgs = fs o gs o fs for every Sl-quasi-ideal fs and SI-right ideal gs of S.
3) fsNgs = fs o gs o fs for every SI-bi-ideal fs and SI-right ideal gs of S.

)

4) fsNgs = fs o gs o fs for every Sl-generalized bi-ideal fs and Sl-right ideal
gs Of S.
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Theorem 31 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of left groups.

)
2) fsNgs = fs oSo gs for every Sl-quasi-ideal fs and SI-left ideal gs of S.
3) fsNgs = fs oSo gs for every SI-bi-ideal fs and Sl-left ideal gs of S.

)

4) fsNgs = fs o So gs for every Sl-generalized bi-ideal fs and Sl-left ideal gs
of S.

Proof. First assume that (1) holds. Let fs and gs be any SI-generalized bi-
ideal and SI-left ideal of S, respectively. Then,

fs0Sogs =fso(Sogs)CfsogsCSogsCys.
Moreover, by Theorem 24 that fs is an SI-right ideal of S. Thus,
fsoSogs = (fsoS) o gsCfs o gsCfs o SCfs.

ThllS, fs o g ¢} gséfsﬁgs.
Let a be any element of S. Then, it follows by Theorem 23 that there exist
elements x,y € S such that a = axa and ax = ya. Hence,

ax = axaxax = axax(ya) = (axa)(xya).
Thus,

(fsoSogs)(a) = [(fsoS)ogsl(a)

= [ (fsoS)(p)l o gs(q)

a=pq

D (fsoS)(ax)Ngs(a)

= { U stp)nS(a)ngs(a)
ax=pq
(fs(axa) NS(aya)) N gs(a)
= (fs(a)NU)Ngs(a)
fs(a) N gs(a)
= (fsNgs)(a)

1

and so, fs o So gs2fsMgs. And so, fs o So gs = fsNgs. Thus, (1) implies (4).
It is clear that (4) implies (3) and (3) implies (2).
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Assume that (2) holds. Let fs and gs be any SI-quasi-ideal and SI-left ideal
of S, respectively. Then, by assumption,

fsPgs = fs 0 S0 gs = fs o (S0 gs)Cfs3gs.

Hence, it follows by Theorem 3 that S is regular. Let gs be any SI-left ideal of
S. Then, since gs is an SI-quasi-ideal of S and since S itself is an SI-left ideal
of S, _ o

gs = gsﬁS: gsOSOS.

Let L be any left ideal of S and a € L. Then, the soft characteristic function
St is an Sl-left ideal of S. Thus,

Siss(a) = (SLoSs0Ss)(a) =S(a) =U
which means that a € LSS. Thus, L C LSS. Moreover, let a € LSS. Then,
Si(a) = (SLoSs08s)(a) = Siss(a) =U

and so a € L. Thus, LSS C L, and so LSS = L. Since Sa is a left ideal of S,
(Sa)SS = Sa and so,

aS C (aSa)S = a(Sa)S = a((Sa)SS)S C a((Sa)SS) € a(Sa) = (aS)a C Sa.

It follows by Theorem 23 that S is a semilattice of left groups and so (2) implies

(1). O

The left-right dual of Theorem 31 is as following;:

Theorem 32 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of right groups.

2) fsNgs = fso So gs for every Sl-quasi-ideal fs and Sl-right ideal gs of S.

3) fsNgs = fs oSo gs for every Sl-bi-ideal fs and S1-right ideal gs of S.
)

4) fsNgs = fs oSo gs for every Sl-generalized bi-ideal fs and SI-right ideal gs
of S.

Theorem 33 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of left groups.

2) fsNhsNgs = fs o hg o gs for every SI-quasi-ideal fs, for every Sl-ideal hs
and every Sl-left ideal gs of S.
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3) fsNhsNgs = fs o hs o gs for every Sl-bi-ideal fs, for every Sl-ideal hs and
every Sl-left ideal gs of S.

4) fsNhsNgs = fs o hs o gs for every SI-generalized bi-ideal fs, for every SI-
ideal hs and every SI-left ideal gs of S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal of S,
hs be any Sl-ideal of S and gs be any SI-left ideal of S. Then,

fsohs o0 gsCSo (Sogs)CSogsCys

and
fs o hg 0 gsCS o hg o SChs.

Moreover, by Theorem 24, since SI-generalized bi-ideal fg of S is an SI-right
ideal of S,

fs ohs o gsC(fs oS) o SCfs o SCfs.

Hence,
fsohgo gngsﬁhsﬁgg.

Let a € S. Then, by Theorem 23, a = axa and ax = ya for some x,y € S.
Then,

ax = axaxax = axax(ya) = (axa)(xya).

Hence,

(fsohsogs)(a) = [(fsohs)ogsl(a)
=1 | (fsons)(p)egs(q)

a=pq
(fs o hs)(ax) N gs(a)

{ U (fs(p) Nhs(q))} N gs(a)
ax=pq

(fs(axa) N hs(xya)) N gs(a)
(fs(a) Nhs(a)) Ngs(a)
(fsNhsNgs)(a)

I

v 1y Il

and so, fs o hg o gsDfsMNhsMgs. Thus, fsohg o gs = fsMhsNgs and (1) implies

(4).
It is clear that (4) implies (3) and (3) implies (2).
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Conversely, assume that (2) holds. Let fs be any SI-quasi-ideal and gs be
any Sl-left ideal of S. Then, since S itself is an Sl-ideal of S, by assumption
that

fsNgs = fgﬁgﬁgg =fgso So gs =fso (SV o gs)ifg o gs.

It follows by Theorem 3 that S is regular. As in the above Theorem, one can
easily show that aS C Sa. Thus, S is a semilattice of left groups. Thus, (2)
implies (1). This completes the proof. ([l

The left-right dual of Theorem 33 is as following:
Theorem 34 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of right groups.

2) fsNhsNgs = fs o hg o gs for every SI-quasi-ideal fs, for every Sl-ideal hs
and every SI-right ideal gs of S.

3) fsNhsNgs = fs o hs o gs for every SI-bi-ideal fs, for every Sl-ideal hs and
every SI-right ideal gs of S.

4) fsNhsNgs = fs o hs o gs for every Sl-generalized bi-ideal fs, for every SI-
ideal hs and every SI-right ideal gs of S.

9 A semilattice of groups

Let S be a semigroup. We shall say that S is a semilattice of groups if it is the
set-theoretical union of a family of mutually disjoint subgroups G; (i € M)
such that, for any pair i, j in M, the products G;G; and G;G; are both contained
in the same subgroups Gy (k € M). The following is due to [17, 28, 33].

Proposition 10 [17, 28, 33] For a semigroup S, the following conditions are
equivalent:

1) S is a semilattice of groups.

2) S is regular and aS = Sa for all a € S.

4

)
)
3) LR =L NR for every left ideal L and every right ideal R of S.
) LB =LNB for every left ideal L and every bi-ideal B of S.
)

5) BR =B NR for every bi-ideal B and every right ideal R of S.
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6) S is regular and every one-sided ideal of S is two-sided.

Proposition 11 Let S be a semigroup that is a semilattice of groups. Then,
every SI-(generalized) bi-ideal of S is an Sl-ideal of S.

Proof. Let fs be any SI-bi-ideal of S and a and b be any elements of S. Then,
it follows by Proposition 10 that

ab € (aSa)S = (aS)(aS) = (aS)(Sa) = a(SS)a C aSa
Thus, there exists an element x € S such that ab = axa. Hence,
fs(ab) = fs(axa) 2 fs(a) N fs(a) = fs(a).
Hence, fs is an SI-right ideal of S. Similarly,
ab € S(bSb) = (Sb)(Sb) = (bS)(Sb) = b(SS)b C bSL
Thus, there exists an element x € S such that ab = bxb. Hence,
fs(ab) = fs(bxb) 2 fs(b) N fs(a) = fs(b).

Therefore, fs is an SI-left ideal of S. That is to say, fs is an SI-ideal of S. [

Proposition 12 [28] For a semigroup S, the following conditions are equiva-
lent:

1) S is a semilattice of groups.

2) The set of all (generalized) bi-ideals of S is a semilattice under the multi-
plication of subsets.

Now, see the characterization of a semigroup which s a semilattice of groups
in terms of Sl-ideals of semigroups.

Theorem 35 For a semigroup S, the following conditions are equivalent:

1) S is a semilattice of groups.

)
2) fsogs = fsNgs for every Sl-left ideal fs and every Sl-right ideal gs of S.
3) fsogs = fsNgs for every Sl-left ideal fs and every SI-quasi ideal gs of S.
)

4) fsogs = fsNgs for every SI-left ideal fs and every SI-bi-ideal gs of S.
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5)

6)
7)
8)

9)

10)
11)
12)

13)

14)

15)

16)

17)
18)

19)

20)

21)

fs o gs = fsNgs for every Sl-left ideal fs and every SI-generalized bi-ideal
gs of S.

fsogs = fsNgs for every Sl-quasi-ideal fs and every SI-right ideal gs of S.
fs 0 gs = fsNgs for all SI-quasi-ideals fs and gs of S.
fs o gs = fsNgs for every Sl-quasi-ideal fs and every SI-bi-ideal gs of S.

fsogs = fsNgs for every SI-quasi-ideal fs and every SI-generalized bi-ideal
gs of S.

fs o gs = fsNgs for every Sl-bi-ideal fs and every SI-right ideal gs of S.
fs 0 gs = fsNgs for every Sl-bi-ideal fs and every SI-quasi-ideal gs of S.
fs o gs = fsNgs for all SI-bi-ideals fs and gs of S.

fsogs = fgﬁgs for every SI-bi-ideal fs and every SI-generalized bi-ideal gs
of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-right ideal
gs of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-quasi-ideal
gs of S.

fsogs = fsNgs for every SI-generalized bi-ideal fs and every SI-bi-ideal gs
of S.

fs o gs = fsNgs for all SI-generalized bi-ideals fs and gs of S.
S is reqular and every Sl-one-sided ideal of S is an Sl-ideal of S.

The set of all SI-quasi-ideals of S is a semilattice under the multiplication
of soft int-product.

The set of all SI-bi-ideals of S is a semilattice under the multiplication of
soft int-product.

The set of all SI-generalized-bi-ideals of S is a semilattice under the multi-
plication of soft int-product.
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Proof. First assume that (1) holds. In order to prove that (17) holds, let fs
and gs be any Sl-generalized bi-ideals of S. Then, it follows by Proposition
11 that fs and gs are Sl-ideals of S. Since S is regular by Proposition 10, it
follows from Theorem 3 that fs o gs = fsMgs. Hence, it is obtained that (1)
implies (17). It is clear that (17) implies (16), (16) implies (15), (15) implies
(14), (14) implies (10), (10) implies (6), (6) implies (2), (17) implies (13), (13)
implies (12), (12) implies (11), (11) implies (10), (13) implies (9), (9) implies
(8), (8) implies (7), (7) implies (6) and (9) implies (5), (5) implies (4), (4)
implies (3) and (3) implies (2).

Assume that (2) holds. Let L and R be any left and right ideal of S, re-
spectively. Then, the soft characteristic functions St and Sg are Sl-left and
SI-right ideal of S, respectively. Let a be any element of L N R. Then,

Sir(a) = (St o Sg)(a) = (StNSk)(a) = (Sinr)(a) =U

and so a € LR. Thus, LN R C LR.
Conversely, let a be any element of LR. Then,

(Strr)(a) = (StNSR)(a) = (St o S)(a) = Sir(a) = U,

and so a € LNR. Thus, LR € LNR, hence LR = LNR. It follows by Proposition
10 that S is a semilattice of groups and so (2) implies (1).

Assume that (1) holds. Then, as shown above, (17) holds and (21) holds.
It is obvious that (21) implies (20) and (20) implies (19). Assume that (19)
holds. Then, since every SI-quasi-ideal of S is idempotent, it follows that S is
regular ([40]. Let L and R be any left and right ideal of S, respectively. Then,
since L and R are quasi-ideal of S, soft characteristic functions St and Sk are
SI-quasi-ideal of S. Thus,

Stk = (SL o SR) = Sr 0 S1) = Sgr.
This implies that LR = L N R. Then, since S is regular,
RNL=RL=LR.
It follows by Proposition 12 that S is a semilattice of groups. Thus (19) im-
plies (1).
Now assume that (2) holds. To see that (18) holds, let fs be any Sl-left ideal
of S. Since S is an Sl-right ideal of S,

fs = fsNS = fs 0 S
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Thus, fs is an SI-right ideal of S. One can similarly show that every SI-right
ideal of S is an Sl-left ideal of S. As shown above, S is regular. Thus, (2)
implies (18). Assume that (17) holds. In order to show that (1) holds, let A
and B be any generalized bi-ideals of S and a be any element of AB. Then,
the soft characteristic functions Sa and Sp are Sl-generalized bi-ideals of S.
Thus, by assumption,

(SgoSa)(a) = (SaoSg)(a) =Sag(a) =U

implying that a € BA. Thus, AB C BA. It can be seen in a similar way
that the converse inclusion holds. Thus, AB = BA. Now, let prove that any
generalized bi-ideal of S is idempotent. Let B be any generalized bi-ideal of S
and a € B. Then, since the soft characteristic function Sp is an SI-generalized
bi-ideal of S, by assumption

Spp(a) = (SpoSg)(a) =Spla) =U

implying that a € BB. Thus, B C BB. Similarly, one can show that BB C B.
Hence, B = BB. This means that the set of all generalized bi-ideals of S is a
semilattice under the multiplication of subsets. It follows by Proposition 12
that S is a semilattice of groups. Thus (2) implies (1). This completes the
proof. O

Theorem 36 [39] For a semigroup S the following conditions are equivalent:

1) S is completely reqular.

)

2) Ewvery bi-ideal of S is semiprime.

3) Ewvery SI-bi-ideal of S is soft semiprime.
)

s a®) for every Sl-bi-ideal fs of S and for all a € S.
4) fs( fs(a?) f SI-bi-ideal fs of S and for all a € S

Theorem 37 For a semigroup S, the following conditions are equivalent:
1) S is a semilattice of groups.

2) For every Sl-quasi-ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for
all a,b € S.

3) For every Sl-bi-ideal fs of S, fs(a) = fs(a?) and fs(ab) = fs(ba) for all
a,b eSs.
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4) For every Sl-generalized bi-ideal fs of S, fs(a) = fs(a?) and fs(ab) =
fs(ba) for all a,b € S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal of
S and a and b be any elements of S. Then, since S is regular by Proposition
10, there exists an element x in S such that a = axa = axaxaxa. Since
aS C Sa by Proposition 10, there exist elements y,z € S such that xa = ya
and ax = za. Thus,

a = axa = a(xaxaxa) = a(xa)x(ax)a = a(ya)x(za)a = az(yxz)az.

Hence, since fs is an SI-generalized bi-ideal of S,

fs(a) = fs(a?(yxz)a?) 2 fs(a?) N fs(a?) = )
fs(alax)a) 2 fs(a) N fs(a) = fs(a)

and so fs(a) = fs(a?). Moreover, by Proposition 10,

(ab)* = a(ba)ba(ba)b € (Sba)S(baS) = (baS)S(Sba).
Hence, there exists an element u € S such that (ab)* = bauba. Thus,
fs(ab) = fs((ab)?) = fs((ab)*) = fs((ba)u(ba)) 2 fs(ba) Nfs(ba) = fs(ba).

Similarly, fs(ba) D fs(ab) and so fs(ab) = fs(ba). Thus, (1) implies (4).

It is clear that (4) implies (3) and (3) implies (2).

Conversely, assume that (2) holds. Then, it follows by Theorem 36 that S
is completely regular and so regular. Let a be any element of S. To see that
aS = Sa, let ax be any element of aS. Since the soft characteristic function
Spxq Of the principal bi-ideal B[xa] is an SI-bi-ideal of S, by assumption,

Spixal(ax) = Spq(xa) = U

and so ax € Blxa] = {xa}U (xa)? U (xa)S(xa). If ax = xa, then ax = xa € Sa,
and so aS C Sa. If ax = (xa)?, then ax = (xax)a € Sa. Hence, aS C Sa. If
ax € (xa)S(xa), then

ax € (xa)S(xa) = (xaSx)a € Sa

and so aS C Sa. In any case, aS C Sa. Similarly, Sa C aS. Thus, aS = Sa.
Hence, it follows by Proposition 10 that S is a semilattice of groups. Thus, (2)
implies (1). This completes the proof. O
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Theorem 38 For a semigroup S, the following conditions are equivalent:

)

2)

3)

7)

S is a semilattice of groups.

fsNgs = gs o fs o gs for every SI-quasi-ideal fs of S and for all SI-ideal gs
of S.

fsNgs = gs o fs o gs for every SI-quasi-ideal fs of S and for all SI-interior
ideal gs of S.

fsNgs = gs o fs o gs for every SI-bi-ideal fs of S and for all SI-ideal gs of
S.

fsNgs = gsofsogs for every SI-bi-ideal fs of S and for all SI-interior ideal
gs Of S.

fgﬁgs = gs o fs o gs for every Sl-generalized bi-ideal fs of S and for all
Sl-ideal gs of S.

fsNgs = gs o fs o gs for every Sl-generalized bi-ideal fs of S and for all
Sl-interior ideal gs of S.

Proof. First assume that (1) holds. Let fs be any SI-generalized bi-ideal and
gs be any Sl-interior ideal of S. It follows by Proposition 11 that fs is an
SI-ideal of S. Thus,

gs Ofs o gSigofS Ogéfs.

Moreover, gs o fg o 95§95 o (go 95)§95 o 95§95 o gigg. Therefore,

gs o fs o gsCfsNgs.

Now, let a be any element of S. Since S is regular by Proposition 10, there
exists an element x € S such that a = axa. Hence

(gsofsogs)(a) = I[(gsofs)ogsl(a)

= [|J (gsofs)(p)logs(q)
a=pq
(gs o fs)(a) N gs(xa)

= {{J (gstw)nfs(v))ings(a)

a=uv

(gs(ax) Nfs(a)) N gs(a)
fs(a) Ngs(a)

1

U U
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= (fsNgs)(a)

and so, gs o fgo ggifsﬁgs. Thus, gs o fs o gs = fsNgs, so, (1) implies (7). It is
clear that (7) implies (6), (6) implies (4), (4) implies (2) and (7) implies (5),
(5) implies (3) and (3) implies (2).

Assume that (2) holds. Let Q and | be any quasi-ideal and ideal of S,
respectively. Thus, the soft characteristic function Sq and Sy are SI-quasi-
ideal and Sl-ideal of S, respectively. Hence, by assumption,

Sjoi(a) = (§joSg o §j)a) = (SN Sg)(a) = Sjngla) =U

which implies that a € JQJ. Thus, JN Q C JQJ.
Now, let a be any element of JQJ. Then,

SmQ(a) = (S] mSQ)(Q) = (S] OSQ 08])((1) = S]Q](a) =u

which implies that a € JN Q. Thus, JQJ C JN Q. Therefore, that JQ] =JNQ
for every quasi-ideal Q and ideal ] of S, which implies that S is regular and
(2) implies (1). This completes the proof. O

10 Soft normal semigroups

In this section, the concepts of soft normality in a semigroup is introduced. It
is known that a semigroup S is called normal if aS = Sa for all a € S.

Definition 14 An Sl-quasi-ideal fs of S is called Q — normal if fs(ab) =
fs(ba) for all a,b € S.

Definition 15 An SI-bi-ideal fs of S is called B—normal if fs(ab) = fs(ba)
for all a,b € 8S.

Definition 16 A semigroup S is called soft B¥ — normal if every SI-bi ideal
of S is B—mnormal.

Definition 17 A semigroup S is called soft Q* — normal if every SI-quasi-
ideal of S is Q —mnormal.

Theorem 39 Any soft Q* —normal semigroup is normal.

Proof. Let fs be an Sl-quasi-ideal of a soft Q* —normal semigroup of S. Let
a be any element of S. To see that aS = Sa, let ax be any element of aS.
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Since the soft characteristic function S of the principal bi-ideal Qlxa] is
an Sl-quasi-ideal of S, by assumption,

SQ[xa}(aX) = SQ[xa](Xa) =Uu
which implies that
ax € Qxa] ={xa}U (xaSN Sxa) C Sa

Thus, aS C Sa. Similarly, Sa C a$ holds. Thus, aS = Sa and S is normal.
This completes the proof. ]

The following theorem shows that the converse of Theorem 39 holds for a
regular semigroup.

Theorem 40 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is soft Q* —normal.
2) S is normal.

Proof. It suffices to prove that (2) implies (1). Assume that (2) holds. Let fg
be any SI-quasi-ideal of S and a and b be any elements of S. Since S is regular
and normal,

ab € (aSa)(bSb) = (aS)(ab)(Sb) C (aS)(abSab)(Sb) = (aSa)b(Sa)(bSb) C
(Sb)(Sa)S = (Sb)(aS)S = S(ba)SS = (ba)SSS C ba$S

This implies that there exists an element x € S such that ab = bax. Thus,
since fs is an SI-bi-ideal of S,

(fsoS)(ab) = |J {(fs(p) NS(q)} 2 fs(ba) NS(x) = fs(ba).
ab=pq

One can similarly show that
(So fs)(ab) 2 fs(ba)
Since, fg is an SI-quasi-ideal of S,

fs(ab) 2 ((fs o S)N(So fs))(ab) = (fs 0 S)(ab) N (S o fs)(ab) D
fs(ba) N fg(ba) = fs(ba)
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Similarly, it can be proved that fg(ba) D fs(ab). Thus, fs(ba) = fs(ab), and
so S is soft Q* —normal and that (2) implies (1). This completes the proof. [J

Theorem 41 Any soft B* — normal semigroup is normal.

Proof. Let fs be an Sl-bi-ideal of a soft B* — normal semigroup of S. Let
a be any element of S and ax be any element of aS. Since the soft charac-
teristic function Spyq of the principal bi-ideal B[xa] is an SI-bi-ideal of S, by
assumption,

Sgixq(ax) = Spxq(xa) = U

which implies that
ax € Blxa] = {xa} U {xaxa}U (xa)S(xa) C Sa

Thus, aS C Sa. Similarly, Sa € aS holds. Thus, aS = Sa and S is normal.
This completes the proof. ]

The following theorem shows that the converse of Theorem 41 holds for a
regular semigroup.

Theorem 42 For a reqular semigroup S, the following conditions are equiva-
lent:

1) S is soft B¥ —normal.
2) S is normal.

Proof. It suffices to prove that (2) implies (1). Assume that (2) holds. Let fg
be any SI-bi-ideal of S and a and b be any elements of S. Since S is regular,

ab € (aSa)(bSb) = (aS)(ab)(Sb) C (aS)(abSab)(Sb) = (aSa)b(Sa)(bSb) C
(Sb)(aS)S = S(ba)SS = (ba)SSS C baS = (baSba)S = (baS)(Sba) =
ba(SS)ba C baSba.

This implies that there exists an element x € S such that a = baxba. Thus,
since fg is an SI-bi-ideal of S,

fs(ab) = fs((ba)x(ba)) D fs(ba) Nfs(ba) = fs(ba).

One can similarly show that fs(ba) D fs(ab). Hence fs(ab) = fs(ba) which
implies that S is soft B* —normal and that (2) implies (1). This completes
the proof. 0
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Proposition 13 For an idempotent semigroup S, the following conditions are
equivalent:

1) S is commutative.
2) S is soft Q* —normal.
3) S is soft B¥ —normal.

Proof. (1) implies (3) and (3) implies (2) is obvious. Assume that (2) holds.
Then, S is normal. Let a,b € S. Then, ab € Sb = bS. Thus, there exists an
element x in S such that ab = bx. Similarly, ba = yb for some b € S. Hence,
since S is idempotent,

ab = bx = (bb)x = b(bx) = b(ab) = (ba)b = (yb)b =yb = ba

which implies that S is commutative. Hence (2) implies (1). O

Definition 18 [33] A semigroup S is called Archimedean if for all a,b € S,
there exists a positive integer 1 such that a™ € SbS.

Definition 19 [33] A semigroup S is called weakly commutative if for all
a,b € S, there exists a positive integer n such that (ab)™ € bSa.

Proposition 14 [33] Every weakly commutative semigroup is a semilattice of
archimedean semigroups.

Proposition 15 Any soft B*—normal semigroup is a semilattice of Archime-
dean semigroups.

Proof. Let S be any soft B*—normal semigroup. Let a and b be any elements
of S, and fs be any SI-bi-ideal of S. Since the soft characteristic function Sgp,q)
of the principal bi-ideal B[ba] is an SI-bi-ideal of S, by assumption,

Spiba(ab) = Sppg(ba) =U

and so

ab € B[ba] ={ba}U{baba}U (baSba) C Sa

Thus, (ab)? € baSba C bSa. Therefore, S is weakly commutative. Hence by
Proposition 14, S is a semilattice of Archimedean semigroups. O

One can similarly prove the following proposition.
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Proposition 16 Any soft Q*—mnormal semigroup is a semilattice of Archime-
dean semigroups.

Theorem 43 For a completely regular semigroup S, the following conditions
are equivalent:

1) S is soft Q* —normal.
2) S is soft B —normal.

3) For each elements a and b of S, there exists a positive integer n such that

(ab)™ € baSba.

Proof. It is obvious that (2) implies (1). Assume that (1) holds. Then, S is
normal. Let a and b be any elements of S. Thus,

(ab)® = ababab = a(ba)bab C (Sba)(baS) = (baS)(Sba)
= (ba)SS(ba) C baSba

which shows that (1) implies (3).

Conversely, assume that (3) holds. To see that (2) holds, 1 et fs be any SI-
bi-ideal of S and a and b be any elements of S. Then, by assumption, there
exists a positive integer n such that (ab)™ = baxba. Since S is completely
regular, for this positive integer, there exists an element y € S such that
ab = (ab)™y(ab)™. Then, since fs is an SI-bi-ideal of S,

fs(ab) = fs((ab)™y(ab)™) 2 fs((ab)™) Nfs((ab)™) = fs((ab)™)) =
fs(baxba) D fs(ba) Nfs(ba) = fs(ba).

One can similarly show that fs(ba) O fs(ab). Hence, fs(ab) = fs(ba) which
implies that fs is soft B¥ —normal. Thus, (3) implies (2). O

11 Conclusion

In this paper, certain classes of semigroups are characterized with regards to
different soft intersection ideals of semigroups and soft normal semigroups are
defined and the relation of this concept are studied with semigroups. Based
on these results, some further work can be done on the properties of soft
intersection semigroups and different classes of soft union ideals, which may
be useful to characterize the classical semigroups.
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