
Acta Vol.10., No.2., pp. 84–98, 2017

Technica DOI: 10.14513/actatechjaur.v10.n2.426

Jaurinensis Available online at acta.sze.hu

Modeling and Identification of Supply Chains on
Subspace Basis
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Abstract: Logistical processes play crucial role in many systems where the resources

as well as tasks related to them are to be organized or scheduled in order to

increase the throughput of the system, thus the rate of servicing demands. In

this paper let us focus on loading systems and supply chains which represent

a specific type of logistical processes. In order to increase the throughput of a

loading system, delays caused by its certain subsystems are to be minimized.

In our previous studies we have already shown how loading systems can

be identified on subspace basis and how the relation between its certain

parameters can be characterized. In contrast this paper is aimed to show

through examples how system delays affect the efficiency of subspace based

identification applied on loading systems.
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1. Introduction

Supply chains as a specific category in logistics might be represented as a network of nodes

representing facilities that perform some actions related first of all to manufacturing, trans-

portation and distribution of products. Depending on the participant of the supply chain

such a network may consist of many interconnected nodes, with specific characteristics [1].

Thus, the behavior of a complex supply chain may depend on many factors. The topology

of the network may change as well especially when a facility becomes unable to fulfill its

function due to some reasons. The authors in [2] for example deal with so called integrated

supply chain optimization problems where the locations of facilities, customer allocations,

etc. are considered as well when facilities are subject to disruption risks.

In order to identify these factors as well as their impact on the whole chain, modeling

and identification of the system has to be performed. As in many fields also in logistics

modeling and identification approaches play significant role especially when accurate

models of complex logistical processes (LP) have to be designed. Authors in [3] consider
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queuing models to compute the response time for the delivery of items. Proper supply chain

models may be helpful to predict various features related to the modeled system, such as

the response time or in case of supply chains the delivery cycle time, customer order path

(related to time spent in different channels), etc. In addition a good model may be helpful

also to identify critical nodes in the chain and help to improve its reliability by changing

the topology of the supply chain network. In case when the inner structure of the system is

unknown (for instance the concrete service strategy and other internal mechanisms) the

modeling and identification can be performed only based on the available measurement

input-output data, which means only black box like modeling and identification methods

are utilized. In the literature many models (as for instance scheduling, transportation

planning, flow-shop sequencing problem) related to logistic systems are based on the fuzzy

set and fuzzy control theory, statistics or their combination [4][5][6][7][8][9].

During our previous studies we have investigated state space models together with

subspace based identification to model and identify supply chains or loading systems and

characterize the dependency between its certain factors [10]. A framework to promote

the better understanding of supply chain performance measurement and metrics can be

followed for example in [11]. In this paper let us focus on the impact of delays on

the accuracy of the identified model by considering state space models and subspace

identification techniques.

Many times it is difficult to find a proper mathematical model which would suitable

approximate the behavior of the observed logistical process even if the identification of

the system is considered locally. However subspace identification techniques combined

with tensor product transformation seem to be promising to model complex logistical

processes based on input-output data. In this case there is no need for an explicit model

parametrization, which is a rather complicated matter for multi-output linear systems [12].

Based on given input-output pairs (which provide useful information about the unknown

system) the discrete time, linear, time-invariant state space model of a logistical system

(see later in section 3) will be identified by using subspace techniques.

Depending on the knowledge about the modeled system a broad range of solutions

can be utilized. Since complex logistical systems are non-linear MIMO systems and are

influenced by many parameters their modeling is not a trivial task. Many methods have

been proposed to deal with multi-input, multi-output systems in the literature. Perhaps

the most popular tool in this topic is the linear parameter varying (LPV) structure by

which non-linear systems can be modeled and controlled on the basis of linear control

theories. Furthermore, the most recent results of the numerical algebra, such as the higher

order singular value decomposition and the related tensor product transformation (making

connection between LPV models and higher order tensors) offer promising tools to bridge

heuristic and analytic approaches. In such a joint framework besides analytic description

of the system the expert knowledge can be considered, as well. This may further improve

the effectiveness and extend the applicability of the related methods [13]-[16].
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T. Vadvári and P. Várlaki – Acta Technica Jaurinensis, Vol.10., No.2., pp. 84–98, 2017

The paper is organized as follows: Section 2 gives a brief overview of subspace iden-

tification for deterministic case. In Section 3.1 and 3.2 examples are reported showing

the effect of delays in supply chains on the accuracy of the identified model. Finally

conclusions are reported.

2. Overview on Subspace Identification of LTI Systems

Before turning the focus onto modeling loading systems and related delays, let us give a

brief description on how subspace identification techniques may be used to identify linear

time invariant (LTI) vertex models in the parameter space. Let us assume that the local

behavior of the logistical system is deterministic, thus it can be described in the well known

state space form as follows:

xk+1 = Axk + Buk (1)

yk = Cxk + Duk, (2)

where xk ∈ R
n stands for the state vector, uk and yk represent the input and output

vector respectively at time kT , where T stands for the sampling time. The goal is to find

the model matrices A, B, C and D based on input-output pairs. As described in [17] let us

first arrange the input-output pairs into so called Hankel matrices (reflecting the history of

our input-output data):

U1|i =




u1 u2 . . . uj

u2 u3 . . . uj−1

...
... . . .

...

ui ui+1 . . . uj+i−1


 , (3)

Y1|i =




y1 y2 . . . yj

y2 y3 . . . yj−1

...
... . . .

...

yi yi+1 . . . yj+i−1


 , (4)

where, i stands for the number of block rows (should be selected to be larger than the

maximum order n of the system) and j denotes the number of columns, which in case of

using all data samples is equal to N − i, where N represents the number of all input-output

samples. Furthermore, let the history of states (unknown) to be estimated encode as

follows:

Xi =
[
xi xi+1 . . . xi+j−1

]
. (5)
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It can be recognized from (2) that all row vectors in Y1|i are in the vector space

determined by the union of row space of Xi and U1|i. Let us assume that the intersection

of row space of Xi and U1|i is empty. The most simple alternative for estimating Xi (up to

a constant multiple C) is to project the row space of Yi onto orthogonal complement of

the row space of U1|i. The elements of Yi can be expressed with the help of the extended

observability matrix Γi and lower block triangular Toeplitz matrix Hi form as follows [17]:

Y1|i = ΓiX1 + HiU1|i, (6)

where

Γi =
[
C CA . . . CAi−1

]⊤
(7)

and

Hi =




D 0 0 . . . 0
CB D 0 . . . 0

CAB CB D . . . 0

CAi−2B CAi−3B . . . CB D


 . (8)

By substituting recursively into (1) we can express the state sequence Xi+1 as follows:

Xi+1 = Ai
X1 +∆iU1|i, (9)

where

∆i =
[
Ai−1B Ai−2B . . . AB B

]
(10)

stands for the reversed extended controllability matrix [17]. From (6) the state sequence

X1 can be expressed as:

X1 = Γ
∗
iY1|i − Γ

∗
iHiU1|i, (11)

where ∗ denotes conjugate transpose of the matrix. By substituting (11) into (9) we obtain:

Xi+1 = Ai
Γ
∗
iY1|i − Ai

Γ
∗
iHiU1|i +∆iU1|i. (12)

Let us express Xi+1 as the sum of two matrices, where one of the matrices contains only

the input-output values, i.e.

Xi+1 = LiW1|i, (13)

where

Li =
[
∆i − Ai

Γ
∗
iHi Ai

Γ
∗
i

]
(14)

and

W1|i =
[
U1|i Y1|i

]⊤
. (15)

Since based on (6)

Yi+1|2i = ΓiXi+1 + HiUi+1|2i = ΓiLiW1|i + HiUi+1|2i. (16)

Let us now project Yi+1|2i onto orthogonal complement of Ui+1|2i. Since the projection

of HiUi+1|2i onto its orthogonal complement is empty subspace we obtain [17]:
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Yi+1,2i/U⊥
i+1,2i = ΓiLiW1|i/U⊥

i+1,2i (17)

(Yi+1,2i/U⊥
i+1,2i)(W1|i/U⊥

i+1,2i)
−1 = ΓiLi, (18)

(Yi+1,2i/U⊥
i+1,2i)(W1|i/U⊥

i+1,2i)
−1W1|i︸ ︷︷ ︸

Oi+1

= Γi LiW1|i︸ ︷︷ ︸
Xi+1

, (19)

Oi+1 = ΓiXi+1 (20)

where U⊥ denotes the orthogonal complement of the row space of U. Let us investigate

the structure of Oi+1. Based on (7) and (5) it can be expressed as:

Oi+1 =
[
C CA . . . CAi−1

]⊤ [
xi+1 xi+2 . . . xi+j

]
. (21)

Based on (21) the rank of Oi+1 equals to the rank of the state sequence matrix Xi+1.

Equivalently, the dimensionality of the state vector x equals to the dimensionality of

Oi+1. The rank of Oi+1 can be determined by singular value decomposition (SVD) as

follows[17]:

Oi+1 = U1S1V1 (22)

ΓiXi+1 = U1S
1/2
1 TT−1S

1/2
1 V1, (23)

where T is an arbitrary invertible square matrix representing a similarity transformation.

Xi+1 = T−1S
1/2
1 V1 (24)

X̃i+1 = S
1/2
1 V1 (25)

The system matrix can be estimated in the least squares sense from the following set of

equations: [
X̃i+2

Yi+1

]
=

[
Ã B̃

C̃ D̃

] [
X̃i+1

Ui+1

]
, (26)

where Ui+1 and Yi+1 are input and output block Hankel matrices, respectively having one

block row.

3. Modeling Supply Chains on Subspace Basis

In this section let us show through examples how supply chains can be modeled and

identified on subspace bases. Furthermore let us also show through examples how the

response times in the supply chain influence the identified model. The simulations have

been performed by sampling interval T = 1[sec].
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3.1. Example 1

In this example transporting vehicles are loaded according to incoming demands in order

to transport goods from warehouse located at A to a given destination B. To service a

demand a free vehicle is needed to transport goods, loading machines are required to load

the vehicle at A and unload it after its arrival at B. If the unloading process is completed

the vehicle may return to the warehouse and wait for new incoming demands. The block

diagram of the system used to generate simulation data can be seen in Fig. 1 while the

parameters together with their actual values can be followed in Table 1.

Figure 1. The architecture of the system designed to generate simulation data

Let us consider input-output pairs represented by the average waiting time of demands in

the queue of demands as input u1 and the average service time of demands as output y1. Let

us identify the deterministic state space model describing the relationship between these

two mentioned system parameters by using the above described subspace identification

technique (see 2 for more details about subspace identification).

The input u1 can be followed in Fig. 2 while the corresponding simulated output

(representing the measured data) together with the output of the estimated model are

depicted in Fig. 3. The model estimation was performed based on 800 input-output data

pairs. During the verification 1600 data pairs have been considered. The matrices of the

identified state space model are as follows: The estimated system matrix:
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T. Vadvári and P. Várlaki – Acta Technica Jaurinensis, Vol.10., No.2., pp. 84–98, 2017

Table 1. Setup of system parameters to generate simulation data

Parameter Value

Number of loading machines 10

Number of vehicles 10

Number of unloading machines 3

Queue length of loading machines 40

Queue length of unloading machines 40

Queue length of vehicles waiting for loading 40

Queue length of incoming demands 50

Queue length of arrived vehicles 40

Loading time Exponential distribution with mean 10

Unloading time Exponential distribution with mean 10

Transport time Exponential distribution with mean 10

Return time of vehicles Exponential distribution with mean 10

Incoming rate of demands Exponential distribution with mean 1

A =



















0.65029 −0.1937 0.28359 0.17257 −0.17277 −0.0097291 0.078612

−0.3566 0.68973 0.29488 0.36481 −0.2482 −0.064809 0.098057

−0.36349 −0.39037 −0.27047 0.34423 0.22771 −0.17696 0.055399

0.038496 −0.11669 −0.57838 −0.13653 −0.8574 −0.42366 −0.21459

0.15813 0.31372 −0.25643 0.21981 0.28052 −0.52284 −0.11093

0.094546 −0.23733 0.00031895 0.43292 0.068304 −0.35473 −0.5905

−0.082549 −0.0076265 0.29503 −0.21588 0.042108 −0.28678 −0.61157



















The estimated input matrix:

B =
[
−0.17348 −0.33904 −1.1252 2.1473 0.78504 2.2637 4.2016

]T

The estimated output matrix:

C =
[
39.62 −9.8396 2.9335 1.5995 −3.1529 3.2417 −0.16641

]

The initial state of the estimated system:

X(0) =
[
12.427 23.417 82.997 −155.83 −74.708 −170.02 −361.04

]T
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Figure 2. Input: average waiting time of demands in the queue of demands

Figure 3. Output of the estimated model. Among 1600 input-output pairs 800 were used

for model estimation.
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Figure 4. Validation of the estimated model. 1600 input-output pairs were used for

validation.

Figure 5. Bode plot of the identified model.

The response of the identified model clearly follows the required characteristics (see
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Fig. 3). The verification of the estimated model has been performed by using 1600 data

pairs among which the first 800 has been used for model estimation. The model clearly

follows the measured output (see Fig. 4). The frequency response of the system can

be followed in Fig. 5. As shown in the next example, the efficiency of identification of

queuing systems on subspace basis is strongly influenced by delays present in the system.

3.2. Example 2

This example is aimed to show the influence of response time on the accuracy of the

identified model. The architecture of the system used in this example is the same as in

Example 1. However in contrast to the previous example here the transport time of goods

have been doubled, while the number of transportation vehicles was significantly decreased

in order to cause longer response times in the system (see Table 2).

The input represented by the average waiting time of demands in the queue of incoming

demands can be followed in Fig. 6. The output represented by the average response time

together with the response of the estimated model can be followed in Fig. 7. Finally the

verification of the model is shown by Fig. 8. Compared to the previous example here the

identification yielded a less accurate model (the cause is related to longer waiting times

in the system). Although oscillations can be observed, the main characteristics of the

measurement is clearly followed by the response of the estimated model. The matrices of

the identified state space model are as follows: The estimated system matrix is:

A =























0.84984 0.10055 0.20797 −0.1294 0.17411 −0.0036611 0.022475 −0.21601
−0.38785 0.2428 −0.018592 −0.35352 0.63397 0.001635 −0.056575 −0.50946

0.1157 0.24374 0.21441 0.1744 0.66165 0.27477 −0.52125 0.2711
0.031104 1.0741 −0.085068 0.032735 −0.7941 0.14308 0.12814 0.18568
0.20192 0.079581 −0.67947 −0.1361 0.35766 −0.11025 0.18476 0.54493

−0.042457 −0.38714 0.10683 −0.092881 −0.14477 0.69397 −0.11695 0.16482
−0.013259 0.072086 0.11943 0.046148 0.1385 0.41882 0.77311 0.076762

0.13265 0.092821 −0.26987 −0.31781 −0.15004 0.095917 0.012899 −0.24774























The estimated input matrix is:

B =
[

−0.075538 −0.02332 0.3248 −0.49781 −0.023601 −0.1238 0.037839 0.12997
]T

The estimated output matrix:

C =
[

43.295 −11.965 21.147 −0.91197 5.812 36.454 19.316 7.3207
]

The initial state of the estimated system:

X(0) =
[
−2.2054 27.437 27.061 −70.7 −22.441 −17.067 1.1072 70.364

]T
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Table 2. Setup of system parameters to generate simulation data

Parameter Value

Number of loading machines 10

Number of vehicles 2

Number of unloading machines 3

Queue length of loading machines 40

Queue length of unloading machines 40

Queue length of vehicles waiting for loading 40

Queue length of incoming demands 50

Queue length of arrived vehicles 40

Loading time Exponential distribution with mean 10

Unloading time Exponential distribution with mean 10

Transport time Exponential distribution with mean 20

Return time of vehicles Exponential distribution with mean 10

Incoming rate of demands Exponential distribution with mean 1

Figure 6. Input: average waiting time of demands in the queue of demands
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Figure 7. Output of the estimated model. Among 1600 input-output pairs 800 were used

for model estimation.

Figure 8. Validation of the estimated model. 1600 input-output pairs were used for

validation.

95
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Figure 9. Bode plot of the identified model.

It can be recognized that the accuracy of the identified model is negatively affected by

longer response times (compared to the previous example) in the queuing system. This

inaccuracy appears in form of oscillations along the main characteristics of the system

response (see Fig. 7). However the main characteristic of the model response are kept close

to the measured one, thus crucial delays in the system may be detected even by evaluating

the response of the identified model. The verification of the estimated model has been

performed by using 1600 data pairs among which the first 800 has been used for model

estimation. The main characteristics of the model clearly follows the measured output (see

Fig. 8). The frequency response of the system can be followed in Fig. 9.

4. Conclusions

During our previous studies we have investigated state space models and subspace identifi-

cation to model and identify supply chains or loading systems as well as to characterize

the dependency between its certain factors. In this paper we have turned the focus on the

impact of delays on the accuracy of the identified model. Through simulations it was shown

that increasing the delays in the system causes oscillations along the main characteristics

of the estimated response. The loading systems have been modeled by discrete time, linear,

time-invariant state space models and identified on subspace basis. The input-output data

used for identification have been generated by a simulated loading system implemented in

Matlab Simulink framework.
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Abstract: This paper intends to show that despite limited data availability it is still 

possible to elaborate semi-sophisticated LUTI models which can be a 

stepping stone for countries that are less developed in terms of transport 

modelling practice but eager to improve. It provides an outline of the model 

and of the calibrating process which was based on data from the city of 

Budapest. Based on the results it is undeniable that excluding land-use 

effects of transport in modelling could cause a serious distortion even in a 

shorter time period. It seems that such land-use effects and feedbacks can no 

longer be disregarded as it is not in accordance with the desire of improving 

transport modelling practice. From this aspect, the proposed approach is 

practical and can overcome general obstacles of time, cost and data 

availability issues. The next step should be to carry out tests for the 

estimation of real transport investments and compare the results with other 

models. 

Keywords: land-use and transport interaction, modelling, urban transport, calibration 

1. Introduction 

Urban transport planning was mainly dominated by supply generative interventions in 

the second part of the last century and for most of the time car users were the beneficiaries. 

Approaching the turn of the millennium transport planning principles were about to 

change and the so-called principle of ‘predict and provide’ has been continuously 
replaced by ‘aim and manage’. Nowadays urban transport planning is about to find the 

balance and the optimal solution in providing space and possibilities for different 

transport modes. Naturally and due to the “heritage” of the previous era, it involves the 
conflicting action to break the dominance of private cars besides the provision and 

promotion of different alternatives. In doing so it is going to be more and more crucial 

for policy- and decision makers to be able to recognize and assess all possible effects, 

consequences and scenarios. That is not only to increase transparency, public acceptance 

and to ensure accountability, but it comes with the responsibility to impose different 

“game-changing” acts upon travellers or to spend significant amounts of investment on 
infrastructure which could shape city structure and influence several aspects of life. [1-5] 
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Technical advances make it possible to create more and more accurate models of social 

and economic systems. With the emergence of these models, transport interactions, 

policies and strategies can be tested before implementation. That can aid the decision-

making process in order to choose the best possible option, fine-tune solutions and also 

to prevent or minimalize undesirable side-effects. Such analyses can crucial as some 

interventions (e.g. the calming of road traffic) implemented in an inappropriate way may 

hinder economic competitiveness or lead to mass residential migration away. For 

instance, in the case of the city of Budapest three major traffic calming schemes have 

been abandoned in the last couple of years due to the significant amount of uncertainty 

and risk which were not possible to be adequately analysed in the absence of data and 

proper modelling tools [6]. [7-9] 

The main set of issues with the prevailing practice in transport appraisal is that benefits 

arising from long-term impacts on land-use and economic activities are often ignored or 

remain hidden [10]. A role model that addressed those issues is the ULTrA (Unified Land-

use/Transport Appraisal) approach from the UK which was developed based on the case 

of London and combined LUTI (Land-Use and Transport Interaction) modelling and 

transport appraisal methods. Based on this role model and its preliminaries (e.g. the 

DELTA LUTI modelling package), previous parts of this research also set up an 

assessment framework with a LUTI model in the centre of it (for details see: [6]). 

The objective of this paper is to show that despite limited data availability it is still 

possible to elaborate semi-sophisticated LUTI models which can be a stepping stone for 

countries that are less developed in terms of transport modelling practice but eager to 

improve. The paper provides an outline of the model and of the calibrating process which 

was based on data from Budapest. It also intends to discuss the results obtained and the 

limitations of the model. It also summarizes the lessons learnt and draft further work. 

2.  Overview of the model 

The prototype of the LUTI model for Budapest was developed in 2015. The key 

intention and challenge in creating it was the simultaneous requirement to provide a 

certain level of quality compared to state-of-the-practice models and to lean on a 

reasonably limited set of data. The underlying concept was that leading models need a 

serious amount of data which is not available for cities in most countries and this fact 

restrains the practical application of them. Therefore it was intended to bypass this issue 

by model design. Another important aspect was that the model should be used within the 

previously mentioned assessment framework which means that its inputs and outputs 

should be compatible with those in the framework. [6] 

The model was elaborated by the combination, modification and amendment of three 

previous models, namely the DELTA model from the UK [11], MARS model from 

Austria [12] and the TIGRIS XL model from the Netherlands [13]. It consists of three 

dynamically interconnected parts: a transport decision model, a land-use decision model 

and a population model. The first one estimates travel-related choices (number of trips 

per modes and routes) and their consequences (travel times and costs); the second model 

forecasts real-estate developments (number of houses to be built) and location choices of 

residents and businesses; while the third deals with ageing. The essential links between 

the transport and the land-use model are that travel times (and costs) estimated by the 
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transport model (as a result of the interaction between transport demand and supply) are 

used in the land-use model embedded in the endogenous variables of accessibility to 

influence land-use changes, while these changes are used in the transport model to 

generate transport demand [14]. In order to represent time lags and the evolution of the 

changes the model uses time steps of one year. So impacts of changes are emerging 

gradually over a number of years. Further details on the elaboration process, the 

origination and the concept of design can be found in [6]. 

This paper focuses on the description of model elements (modules) to provide 

background for the calibration process. The structure and main relationships of the 

modules in one time period are illustrated by Fig. 1. Note that the study area is represented 

by zones as it is common in transport modelling. The model always simulates a base year 

and forecasts changes on that platform. One can also note that there are some changes in 

the scope and workings of the model compared to the prototype. These were all inevitable 

due to data availability during the calibration and will be described and discussed later on 

it the paper. 
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Figure 1: The overview of the LUTI model 
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Trip-generation 

Each year starts with the trip generation module which calculates the number of trips 

induced within the modelling area. Two types of trips are considered in the model: work-

related (WR) and non-work-related (NWR) trips. Daily outbound (production) and 

inbound (attraction) trips for each zone are calculated based on the following equations 

(1)-(7): 

 𝑃𝑟𝑜𝑑𝑖 = 𝑎𝑅𝑖 + 𝑏𝑊𝑖 + 𝑐𝑆𝑖 + 𝑐𝑒𝑆𝑃𝑖 + (7𝑎 + 𝑏𝑑)𝑊𝑃𝑆𝑖 + 𝑏𝑑𝑊𝑃𝑃𝑖  (1) 

 𝐴𝑡𝑡𝑟𝑖 = 𝑎𝑅𝑖 + 𝑏𝑑𝑊𝑖 + 𝑐𝑒𝑆𝑖 + 𝑐𝑆𝑃𝑖 + (7𝑎 + 𝑏)𝑊𝑃𝑆𝑖 + 𝑏𝑊𝑃𝑃𝑖  (2) 

 𝑃𝑟𝑜𝑑𝑊𝑅,𝑖 = 𝑏𝑊𝑖 + 𝑐𝑆𝑖 + 𝑐𝑒𝑆𝑃𝑖 + 𝑏𝑑(𝑊𝑃𝑆𝑖 + 𝑊𝑃𝑃𝑖) (3) 

 𝐴𝑡𝑡𝑟𝑊𝑅,𝑖 = 𝑏𝑑𝑊𝑖 + 𝑐𝑒𝑆𝑖 + 𝑐𝑆𝑃𝑖 + 𝑏(𝑊𝑃𝑆𝑖 + 𝑊𝑃𝑃𝑖) (4) 

 𝑃𝑟𝑜𝑑𝑁𝑊𝑅,𝑖 = 𝑃𝑟𝑜𝑑𝑖 − 𝑃𝑟𝑜𝑑𝑊𝑅,𝑖 (5) 

 𝐴𝑡𝑡𝑟𝑁𝑊𝑅,𝑖 = 𝐴𝑡𝑡𝑟𝑖 − 𝐴𝑡𝑡𝑟𝑊𝑅,𝑖 (6) 

 𝑎 = 𝑇𝑇𝐵 𝑅𝑡−𝑇𝑊𝑅𝑡−1𝐴𝑇𝑇𝑊𝑅𝑡−1𝐴𝑇𝑇𝑁𝑊𝑅𝑡−1 (𝑅𝑡+7𝑊𝑃𝑆𝑡) (7) 

where: 

 ProdWR,i and AttrNWR,i are the work-related production and non-work-

related attraction respectively for zone i 

 R, W, S, SP, WPS and WPP are the number of residents, workers, 

students, school places, workplaces for services and workplaces for 

production respectively 

 TTB is the travel time budget for an average resident (in mins) 

 TWR
t-1 is the number of total work-related trips in the previous year 

(time period t-1) 

 ATT is the average travel time (in mins) 

 b, c, d and e are constant parameters to be calibrated (a is also a 

parameter, but can be calculated) 

Please note that the attraction values need a correction in order to ensure that its sum 

equals to the sum of production. 

Trip-distribution 

Then the trip distribution module distributes the generated trips to origin-destination 

pairs using a doubly-constrained gravity method (for details see chapter 5.3 in [15]). The 

deterrence function of the model is disaggregated into travel time bins (ranges). The 

number of bins can be adjusted during calibration. Trip distribution equations are the 

following (8)-(10): 

 𝑇𝑖𝑗 = 𝐴𝑖𝑃𝑟𝑜𝑑𝑖𝐵𝑗𝐴𝑡𝑡𝑟𝑗𝑓(𝑊𝑇𝑇𝑖𝑗) (8) 

 𝑓(𝑊𝑇𝑇𝑖𝑗) = ∑ 𝑒𝑥𝑝(𝛽𝑘𝑊𝑇𝑇𝑖𝑗)𝑘 𝛿𝑖𝑗𝑘  (9) 

 𝑊𝑇𝑇𝑖𝑗 = ∑ 𝑤𝑖𝑗,𝑚𝑡𝑡𝑖𝑗,𝑚𝑚  (10) 
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where: 

 Tij is the total number of trips between the origin-destination pair of 

zone i and j 

 Ai and Bj are balancing factors in the iterative part of the doubly-

constrained gravity model (for details see chapter 5.3 in [15]) 

 f(WTTij) is the deterrence function 

 WTTij is the weighted travel time between the origin-destination pair 

of zone i and j (in mins) 

 wij,m is the ratio of trips made by mode m between the origin-destination 

pair of zone i and j 

 ttij,m is the travel time of mode m between the origin-destination pair of 

zone i and j (in mins) 

 βk is a constant parameter for travel time bin k to be calibrated 

 δk equals to 1 if the travel time between zone i and j falls in the travel 

time bin k and equals to 0 otherwise 

Mode-choice 

Then in the mode-choice module the distributed trips are divided between modes. Three 

transport modes (private car, public transport and bicycle) are considered in the module. 

The probability that a trip is about to occur by a certain mode is based on a multinomial 

logit model taking into account the car availability of travellers according to the following 

method (equation (11)-(17)): 

 𝑇𝑐,𝑖𝑗,𝑝𝑐 = ∑ 𝑇𝑐,𝑖𝑗𝐶𝐴𝑖 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑝𝑐∑ 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑚𝑚𝑐    𝑓𝑜𝑟 𝑚 = {𝑝𝑐𝑝𝑡𝑏𝑖  (11) 

 𝐶𝐴𝑖 = 𝐶𝑂𝑤𝑖𝐶𝑂𝑐𝑐 (12) 

 𝑇𝑐,𝑖𝑗,𝑝𝑡 = ∑ 𝑇𝑐,𝑖𝑗 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑝𝑡∑ 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑚𝑚𝑐     𝑓𝑜𝑟 𝑚 =  {𝑝𝑡𝑏𝑖  (13) 

 𝑇𝑖𝑗,𝑏𝑖 = ∑ 𝑇𝑐,𝑖𝑗 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑏𝑖∑ 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑚𝑚𝑐     𝑓𝑜𝑟 𝑚 =  {𝑝𝑡𝑏𝑖  (14) 

 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑝𝑐 = exp (𝑎𝑝𝑐,𝑐 + 𝑏𝑝𝑐,𝑐𝑡𝑡𝑖𝑗,𝑝𝑐 + 𝑐𝑝𝑐,𝑐𝑝𝑡𝑖𝑗 + 𝑑𝑝𝑐,𝑐 𝑟𝑐𝑖𝑗𝑉𝑂𝑇𝑐 + 𝑒𝑝𝑐,𝑐 𝑉𝑂𝐶𝑖𝑗𝑉𝑂𝑇𝑐 ) (15) 

 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑝𝑡 = exp (𝑎𝑝𝑡,𝑐 + 𝑏𝑝𝑡,𝑐𝑖𝑣𝑡𝑖𝑗 + 𝑐𝑝𝑡,𝑐𝑐ℎ𝑡𝑖𝑗 + 𝑑𝑝𝑡,𝑐𝑤𝑡𝑖𝑗,𝑐𝑎𝑟 + 𝑒𝑝𝑡,𝑐 𝑃𝑇𝐹𝑖𝑗𝑉𝑂𝑇𝑐 ) (16) 

 𝐼𝑚𝑝𝑐,𝑖𝑗,𝑏𝑖 = exp (𝑎𝑏𝑖,𝑐 + 𝑏𝑏𝑖,𝑐𝑡𝑡𝑖𝑗,𝑏𝑖)𝑔𝑒𝑜𝑖𝑗  (17) 

where: 

 Tc,ij,m is the number of trips between zone i and j by mode m (modes: 

pc – privace car, pt – public transport, bi – bicycle) for WR and NWR 

trips (the latter is indicated by subscript ‘c’) 
 Impc,ij,m is the impedance of a trip between zone i and j by mode m for 

WR and NWR trips 

 CA, COw, COcc is the car availability, car ownership (number of cars 

/ 1000 residents) and car occupancy respectively 
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 ttij,pc and ttij,bi is the (congested) travel time between zone i and j by cars 

and bicycles respectively (in mins) 

 pt, rc, VOC is the parking time, road charge (including parking fees) 

and vehicle operating cost respectively for private car trips (in mins and 

EUR) 

 ivt, cht, wt and PTF is the in-vehicle time, transfer time, origin waiting 

time and fare respectively for public transport trips (in mins and EUR) 

 geo is a geographical factor for bicycle trips (adopted from the official 

transport model for Budapest, see chapter 6 in [16]) 

 a, b, c, d, e for different modes are constant parameters to be calibrated 

Note that both trip distribution and mode choice models use the prevailing travel time 

values of the actual time period. It means that these modules have an iterative process to 

ensure that actual travel times are taken into account. 

For freight transport there is a separated and simplified trip generation and distribution 

step. The former is generating traffic based on the number of workplaces for each 

category (services and production); while the latter is simply distribute the production 

based on the relative attractivity of the zone compared to the sum of attractions. 

Traffic assignment 

As a result of the aforementioned modules daily origin-destination matrices for each 

transport mode can be produced. Then these matrices are assigned to the transport 

network. In this case it is also done based on the official transport model for Budapest, 

which uses standard equilibrium assignment for private modes and headway-based 

assignment for public transport. Details about the assignment method and the parameters 

of the impedance function can be found in [16] (chapter 7.1). 

Intermediate calculations 

Based on the results of the transport model (mainly “congested” travel times) the 
endogenous variable of accessibility can be calculated. Other endogenous variables can 

also be calculated based on the results of the land-use model from the previous time 

period. These calculations are the following (equation (18)-(21)): 

 𝐴𝑐𝑐𝑖 = ∑ [(𝑅𝑗+𝑊𝑃𝑆𝑗+𝑊𝑃𝑃𝑗) 𝑎 𝑊𝑇𝑇𝑖𝑗]𝑗 ∑ (𝑅𝑗+𝑊𝑃𝑆𝑗+𝑊𝑃𝑃𝑗)𝑗  (18) 

 𝑅𝑇𝑖𝑡 = 𝑅𝑇𝑖𝑡−1(1 + 𝑏𝐷𝐹𝑖𝑡−1𝑐) (19) 

 𝐿𝑃𝑖𝑡 = 𝐿𝑃𝑖𝑡−1(1 + 𝑑𝐷𝐹𝑖𝑡−1𝑒) (20) 

 𝐶𝐵𝑖 = 𝐿𝑃𝑖 + 100𝐴𝐵𝐶 (21) 

where: 

 Acci is the accessibility of zone i 

 RT is a virtual rent rate which represents the value of a housing unit in 

EUR/m2/month 
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 DF is the demand factor for each zone from the housing market module 

(which is described later on) 

 LP and CB is the land price and the cost of building respectively in 

EUR/100m2 

 ABC is the average building cost of a m2 in EUR 

 a, b, c, d, e are constant scaling and elasticity parameters to be calibrated 

Real-estate market 

Following the previous steps, based on some exogenous variables and the accessibility, 

changes in the land-use system are calculated. At first, the real-estate market module 

forecasts the number of new housing units to be built by zones. Initially, the unconstrained 

demand for building is calculated based on the expected weighted profitability. 

Profitability of a zone is the difference between the market value and the building cost of 

a residential m2. Weighting is done based on the value of existing residential floorspace. 

Then this demand is constrained as developers seek to retain a “development stock” [9]. 

The extent of actual development depends on the size of the demand relative to the total 

available space for building. Then the constrained demand is allocated to zones on the 

basis of relative expected profitability. The developed floorspace is then converted into 

number of housing units. If there is more demand for building than the available space in 

a certain zone, then that overflowing demand is not taken into consideration (it is a latent 

demand). The equations of the module are the following (22)-(24): 

 𝑈𝑛𝑐𝐷𝐵𝑡 = 𝑎 ∑ 𝐹𝑅𝑖𝑡−1𝑖 (∑ (𝑅𝑇𝑖𝑡−𝐶𝐵𝑖𝑡)𝐹𝑅𝑖𝑡−1𝑖 ∑ 𝐹𝑅𝑖𝑡−1𝑖 )𝑏
 (22) 

 𝐶𝑜𝑛𝑠𝑡𝐷𝐵𝑡 = 𝑐 ( 𝑈𝑛𝑐𝐷𝐵𝑡∑ 𝐴𝐹𝑅𝑖𝑡−1𝑖 )𝑑
 (23) 

 𝑁𝐻𝑈𝑖𝑡 = 𝐶𝑜𝑛𝑠𝑡𝐷𝐵𝑡 (𝑅𝑇𝑖𝑡−𝐶𝐵𝑖𝑡)𝐹𝑅𝑖𝑡−1∑ (𝑅𝑇𝑖𝑡−𝐶𝐵𝑖𝑡)𝐹𝑅𝑖𝑡−1𝑖𝐴𝐻𝐻𝑆  (24) 

where: 

 UncDB and ConstDB are the unconstrained and constrained demand 

for building in m2 

 FR is the existing floorspace of residential buildings in m2 

 AFR is the available floorspace for residential buildings in m2 

 NHU is the number of new housing units to be built 

 AHHS is the average household size in m2 

 a, b, c, d are constant scaling and elasticity parameters to be calibrated 

Housing market 

Next, in the housing market module location choices of residents (grouped to 

households) are estimated. At first, a “moving-out” equation calculates the number of 
households that are leaving their actual location based on an average time-span for living 

in the same place. As a result of the moving-out process there will be empty housing units 

above those which are already empty. These empty ones plus the new housing units 
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calculated by the real-estate market module give the total housing unit supply in a time 

period. Consequently the demand for housing units is the sum of the households that 

moved out and those who are moving into the study area from a longer-distance. The 

latter is calculated by a so-called “long-distance migration” factor. Please note that in the 
model every household lives in one housing unit. A “moving-in” equation distributes the 
constrained demand between zones based on zonal utility. Five factors are influencing 

the choices: housing quality, ratio of public green spaces, institutional environment, 

accessibility and the virtual rent rate. Within the utility function there is a correction factor 

for zone size as the number of out-movers depends on the size so the utility for in-movers 

also needs correction for that. The demand is constrained by the total number of available 

housing units. If there is an overflowing demand in a zone then it is re-distributed to the 

second best alternatives with available space. One can note that a household can move 

out from a certain zone and then move in again which would not mean a change in the 

number of households in that zone. The module consists of the following equations (25)-

(31): 

 𝐻𝐻𝑚𝑜𝑖𝑡 = 𝐻𝐻𝑖𝑡−1𝐴𝑇𝑆𝐿  (25) 

 𝐻𝑆𝑖𝑡 = 𝑁𝐻𝑈𝑖𝑡 + 𝐻𝐻𝑚𝑜𝑖𝑡 + (𝐻𝑆𝑖𝑡−1 − 𝐻𝐻𝑚𝑖𝑖𝑡−1) (26) 

 𝐻𝐷𝑡 = ∑ 𝐻𝐻𝑚𝑜𝑖𝑡𝑖 + 𝑅𝑡−1𝐿𝐷𝑀𝑡  (27) 

 𝐻𝐻𝑚𝑖𝑖 = 𝐻𝐷 𝑅𝑈𝑖∑ 𝑅𝑈𝑖𝑖  (28) 

 𝑅𝑈𝑖 = exp(𝑎𝐴𝑐𝑐𝑖 + 𝑏𝐻𝑄𝑖 + 𝑐𝐺𝑆𝑖 + 𝑑𝐼𝑁𝑆𝑖 + 𝑒𝑅𝑇𝑖 + 𝑓𝑈𝐶𝐹𝐻𝑖) (29) 

 𝑈𝐶𝐹𝐻𝑖 = 𝐻𝐻𝑖𝐻𝐻𝑖̅̅ ̅̅ ̅̅  (30) 

 𝐷𝐹𝑖 = 𝐻𝐻𝑚𝑖𝑖𝐻𝑆𝑖  (31) 

where: 

 HHmo and HHmi is the number of households moving-out and moving-

in, respectively 

 HS and HD are the housing supply and demand respectively 

 ATSL is the average time-span for living in the same place (in years) 

 LDM is a long-distance migration factor in % (positive if the number 

of residents is increasing in the study area) 

 RU is the utility for residents 

 HQ, GS, INS are the variables representing the housing quality, the 

ratio of public green spaces and the institutional environment (values 

between 0-10) 

 UCFH is the utility correction factor for zone size 

 a, b, c, d, e and f are constant parameters to be calibrated 

Labour market 

The following is the labour market module which forecasts the location choices of 

businesses (represented by number of workplaces). The module considers two types of 
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business activities: services and production. It works similarly to the housing market 

module. First of all there is also a moving-out process based on the average life-span of 

businesses which means that a business is either moving to another location (outside the 

study area) or it is closing. As a result of the moving-out process some business floorspace 

will become unoccupied. The next step is to exogenously define the number of in-moving 

businesses which represents re-locating or newly developed ones. The zonal allocation of 

these workplaces is done based on a utility function which considers the cost of building 

(land prices), accessibility and an area-based external factor. The latter represents those 

utility aspects that are not included in the model. Similarly to the real-estate market 

module there is also a constrained development by available floorspace and just like in 

the housing market module, a correction factor for zone size is included. The equations 

of the module are the following (32)-(38): 

 𝑊𝑃𝑚𝑜𝑖,𝑐𝑡 = 𝑊𝑃𝑖,𝑐𝑡−1𝐴𝐿𝑆𝐵  (32) 

 𝑊𝑃𝐷𝑐𝑡 = 𝑊𝑃𝑐𝑡−1 ∙ 𝐵𝐺𝑅𝑡  (33) 

 𝑊𝑃𝑚𝑖𝑖,𝑐 = 𝑊𝑃𝐷𝑐 ∙ 𝐵𝑈𝑖,𝑐∑ 𝐵𝑈𝑖,𝑐𝑖  (34) 

 𝐵𝑈𝑖,𝑐 = exp(𝑎𝑐 ∙ 𝐴𝑐𝑐𝑖 + 𝑏𝑐 ∙ 𝐶𝐵𝑖 + 𝑐𝑐 ∙ 𝑈𝐶𝐹𝐵𝑖,𝑐 + 𝐸𝐿𝑀𝐹𝑖,𝑐) (35) 

 𝑈𝐶𝐹𝐵𝑖,𝑐 = 𝑊𝑃𝑖,𝑐𝑊𝑃𝑖,𝑐̅̅ ̅̅ ̅̅ ̅̅  (36) 

 𝑊𝑃𝑆𝑖 = 𝑊𝑃𝑖,𝑐     𝑖𝑓 𝑐 = 1 (𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑠) (37) 

 𝑊𝑃𝑃𝑖 = 𝑊𝑃𝑖,𝑐     𝑖𝑓 𝑐 = 2 (𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛) (38) 

where: 

 WPmo and WPmi is the number of businesses (workplaces) moving-out and 

moving-in respectively for service and production sector (the latter is indicated by 

subscript ‘c’) 

 WPD is the total number of workplaces “moving-in” (total demand) 

 ALSB is the average life-span of businesses (in years) 

 BGR is the business growth rate in % 

 BU is the utility for businesses 

 UCFB is the utility correction factor for zone size 

 ELMF is the external factor for utility components that are not involved 

 a, b, c are constant parameters to be calibrated for each category 

Demographic changes and feedback loops 

Finally, the population module deals with demographic changes. It is modelling the 

ageing of the society using the following Markovian transition model of probabilities 

(Table 1). 
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Table 1: Probabilities of the Markovian transition model for demographic changes 

States 

Potential 

mother 

0-15 year 

group 

16-65 year 

group 65+ group Deceased 

Potential 

mother 1-a a 0 0 0 

0-15 year 

group 0 1-(b+c) b 0 c 

16-65 year 

group 0 0 1-(d+e) d e 

65+ group 0 0 0 1-f f 

Deceased 0 0 0 0 1 

The conversion between the number of residents and households is done by an average 

household size. There is another conversion between spaces and housing units and 

workplaces based on average sizes. 

As a result of the population model, the number of residents, workers and students can 

be calculated based on ratios from previous years or on external changes. These values 

along with the number of workplaces, school places and average travel times provide 

input for the transport model to run another year (cyclic phase). 

3.  Calibration process 

Previously, in the paper describing the structure of the model, there was a 

demonstration case to verify and check the operation of the model on a hypothetical 

scenario [6]. In this paper the objective is to calibrate model parameters on a real case. 

For that reason all relevant and available data were collected for the city of Budapest. An 

ideal calibration of the whole model would require actual (observed) data on transport 

and land-use decisions and disaggregate data on a large sample of travellers and 

households revealing the explanatory factors of their decisions. Data should be 

sufficiently precise to allocate them spatially (to zones) and to person or household 

groups. In spite of the fact that such stated- and revealed-preference data would be highly 

desirable, this researched faced many challenges to obtain the most needed parts of the 

dataset. It was previously highlighted that model design was also intended to handle some 

of these “lack of data” and “lack of disaggregation” problems to be able to provide a semi-
sophisticated structure. However, these issues still affected the calibration process. 

Due to the limitations of available data and constrains of this research on assembling 

new data, much of the calibration of the model has been based on existing, observable 

changes of dependent and explanatory variables. Unfortunately it led to some further 

simplification of the model, which also suggests handling the results with care. From that 

point the main objective was to calibrate each sub-system (module) separately for a time 

period for which all relevant data is available or there is a way to reliably replace or 

estimated them. Some data manipulation was also needed as for some variables either the 

aggregation level was not adequate or annual changes of values was not available. 

First of all, as a starting point and a reference case, the official transport model of 

Budapest has been selected. That model was available for the year 2015 with a transport 
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demand part which was well-supplemented by household surveys. Relevant statistical 

data for Budapest (e.g. number of residents) was available between 2007 and 2014 from 

the Hungarian Central Statistical Office. Then, the time period from 2007 to 2013 has 

been chosen for the calibration of the land-use model in which changes usually require a 

longer time-span to evolve. It was also an influencing factor that the metro line M4 was 

opened in 2014 and it was intended to avoid its short-run disturbing effects. Therefore 

2014 was used to calibrate the transport model based on the official one. 

Secondly, the spatial system for the model had to be decided. It was evident that annual 

land-use data is only available for the district level (for 23 districts in Budapest). 

However, a proper transport model needed a higher resolution than that, so the sub-district 

level has been chosen as the zonal basis of the transport model (with 162 zones for the 

sub-districts). In order to model suburban areas in the region of Budapest, another 30 

zones were set up as cordon zones. In the land-use model these were aggregated into 5 

agglomeration zones. For an illustration see Fig. 2. 

 

Figure 2: Zone system of the model (grey: transport zones – sub-districts, red: land-use 

zones - districts) 

During the calibration of the transport model, the official network model of 2015 (with 

around 1200 zones) was used as a basis. This model was modified to represent the year 

of 2014 (there were some minor changes in the network and in public transport services). 
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Then transport zones were aggregated and their connectors were adjusted to create the 

modified model with 192 zones. Then it was needed to replicate the demand model in a 

synthetic way. It is important to note that the official model uses direct demand modelling 

and its matrices for the base year are originated that way. However, in its matrix 

forecasting method, the official model also uses a synthetic demand model combined with 

pivoting. In this research this synthetic demand model was replaced to be compatible with 

the land-use model. The calibration has been done for 2014 in each module. Trip 

generation module was calibrated in a way that its results (i.e. the sums of outbound and 

inbound trips for zones) approximate the sums of the direct matrices of the official model. 

Trip distribution module approximates the values of each cell, while mode-choice module 

tries the same for the direct matrices of each transport mode. 

Since land-use model calculations require transport-related data (e.g. travel times) for 

each year between 2007 and 2013, transport models were needed to be produced for these 

years. Network models for these earlier years were created by stepping backwards from 

2014. Considering the demand side, it was done by the calibrated transport-related 

modules based on the network states of each year. Matrices were calculated by using the 

pivoting method as quite naturally direct demand matrices cannot be properly 

approximated by synthetic models [15]. As a result transport-related values were 

calculated for the mentioned seven years. 

Based on travel time values the explanatory variable of accessibility was calculated for 

the land-use model from 2007 to 2013. Values of other explanatory variables such as rents 

or housing quality indicators were available or calculated. The modules of the land-use 

model were calibrated in order to approximate the changes in the number of households, 

workplaces and new housing units. For the real-estate, housing and the labour market 

module the calibration was done for the entire time period taking into consideration the 

total change of the dependent variable. This issue comes from the nature of the real-estate 

and the housing market where there are hectic changes, while for the number of 

workplaces there was not data for exact annual changes. Endogenous variables of land 

prices and rents were calibrated normally for changes per annum (i.e. 6 years as the land-

use changes of 2007 are not included). For real-estate market the agglomeration area has 

not been taken into account. 

During the calibration of the location choice (housing and labour market) modules there 

was a technical challenge as only the changes in the number of households and 

workplaces were known from the available data. There was not a sample of “from-to” 
moves. Therefore the observed changes were artificially recreated in a moving-out and 

moving-in structure which is in line with the model design. Then the main focus was to 

explain the moving-in process with a multinomial logit model and calibrate its 

parameters. Technically the calibration was done on an amended dataset in which each 

household/workplace represented in the demand function chooses a location based on the 

artificial choice-set. It means that if a household/workplace select the first district as its 

new location (regardless of the previous one), it also means that all other alternative 

locations are rejected. Based on these choices coefficients can be estimated for the 

independent variables and for the utility correction factor. 

Finally, the population model was also calibrated for the annual changes of the size of 

the given age groups, the number of births and deaths. 
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Due to the aforementioned calibration issues, compared to the original LUTI model 

there were a few changes: 

 walking as a transport mode is neglected; 

 trip distribution and mode choice is modelled separately; 

 greenfield and brownfield developments within the real-estate market module 

are not differentiated due to a lack of data; 

 there is an external variable for the labour market module as conventional 

changes of the explanatory variables have not described the phenomena well 

enough (meanwhile the variable of available floorspace is not included in the 

model as it happened to be insignificant); 

 households are not differentiated based on income as there was not reliable data 

on actual income of residents; 

 there is an extra variable for institutional environment within the housing market 

module which adds to the explanatory power of the model; 

 motorization became an external variable as available data (GDP, fuel prices, 

travel times, accessibility, etc.), as it was not enough to give an adequate 

prediction. 

4.  Results 

Table 2 shows the calibration dimension and the goodness of fit for each module. It is 

important to note that in this chapter modelled values are compared to observed values 

which mean that the values of the saturated model would equal to the observed ones 

(y=x). Observed values are really observed in terms of land-use data (e.g. the changes of 

the number of households), while these are original values in case of the transport-related 

values (e.g. the cell values of the direct demand matrices of the official transport model 

for Budapest). 

Land-use and demographic modules provided a quite good fit to actual data. Transport-

related modules are worse in that sense, but one should take into consideration that these 

modules are mostly consecutive and small errors in the first module (trip generation) 

might be multiplied in latter stages. However, coefficient values of determination 

calculated for the cells of the matrices suggest that these matrices should not be applied 

directly in the transport model. Pivoting the changes of these synthetic matrices to the 

direct ones can bridge the gap and still provide reliable modelling results. It is also 

important to take into consideration that it was not intended in this research to replicate 

the more comprehensive and detailed official transport model of Budapest. The purpose 

was to provide a less detailed, but still reliable transport modelling background in order 

to be able to carry out the calibration of the land-use modules. Fig. 3 illustrates the 

differences between the travel time distributions of the model and the official one, while 

Figure 4, 5, 6 and 7 show the differences between the modelled and observed changes of 

the number of new housing units, households, workplaces in service and production 

sector respectively. All of these differences can be considered acceptable and hint that the 

model works reliably.  
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Table 2: Results of the model calibration 

Module 

Calibration Calculated 

R2: 

(SST-SSE) 

/SST 

Comment spatial 

dimension 

time 

dimension 

Trip generation 

192 zones 

(sub-district 

level: 

162+30 

suburban) 

2014 

0.93 

R2 is calculated 

for the 

production 

Trip distribution 0.80 

R2 is calculated 

for the cells of 

the matrices 

Mode-

choice 

Private car 0.51 

Public 

transport 
0.63 

Bicycle 0.22 

Freight modelling 0.18 

Rent and land price 

28 zones 

(districts 

level: 23+5 

suburban) 

2007-2013 

per annum 
0.98  

Real-estate market 

2007-2013 

as a whole 

0.71 

The suburban 

areas are not 

included in the 

module 

Housing market 0.87  

Labour 

market 

Services 0.82  

Production 0.77  

Population - 
2007-2013 

per annum 
0.99  
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Figure 3: Travel time distributions of the LUTI model and the official transport model 

for Budapest 

 

Figure 4: Differences between modelled and observed changes of the number of new 

housing units 
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Figure 5: Differences between modelled and observed changes of the number of 

households 

 

Figure 6: Differences between modelled and observed changes of the number of 

workplaces in service sector 
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Figure 7: Differences between modelled and observed changes of the number of 

workplaces in production sector 

Table 3, 4 and 5 show the calibrated values of model coefficient and parameters. It is 

encouraging that the coefficients of the land-use modules were of the correct 

(theoretically expected) sign and significant at the 85-95% level. This chapter is focusing 

on the interpretation of these results. 

Table 3: Calibrated model parameters and coefficients 

Module a b c d e f 
Trip 

generation 

NWR trip 

component 

(calculated) 

workers 

going to 

work 

students 

going to 

school 

workers 

returning-

home rate 

students 

returning-

home rate 

 

0.243 0.8 0.4 0.71 0.8  

Mode-

choice 

constant travel time parking 

time 

road 

charges 

vehicle 

operating 

cost 

 

Private car 0 -0.18 -0.36 -0.25 -0.03  

Public 

transport 

constant in-vehicle 

time 

transfer 

time 

origin 

waiting 

time 

fare  

-3.25 -0.18 -0.36 -0.27 -0.18  

Bicycle constant travel time     

WR -4.3 -1.08     

NWR -3.4 -0.85     

Inter-

mediate 

calcula-

tions 

Access-

ibility 

scaling 

RT-DF 

scaling 

RT-DF 

elasticity 

LP-DF 

scaling 

LP-DF 

elasticity 

 

-1 -0.038 -0.112 -0.003 -0.509  
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Real-estate 

market 

UncDB 

scaling 

UncDB 

elasticity 

ConstDB 

scaling 

ConstDB 

elasticity 

  

50 1.6 0.000025 1.6   

Housing 

market 

Access-

ibility 

(normalized 

min) 

Housing 

quality 

Green 

spaces 

Institu-

tional 

environ-

ment 

Rent rate 

(for a 

month) 

Utility 

corr. 

factor 

0.015 0.169 0.382 0.101 -0.125 0,775 

Labour 

market 

Access-

ibility 

(normalized 

min) 

Cost of 

building 

Utility 

corr. 

factor 

   

Services 0.032 -0.057 1.22    

Production 0.040 -0.024 1.25    

Population Pot. → 0-15 0-15 → 
16-65 

0-15 → D 16-65 → 
65+ 

16-65 → 
D 

65+ → 
D 

0.072 0.0715 0.001 0.0166 0.005 0.054 

Table 4: Calibrated parameters for the trip distribution model (for travel time bins) 

k 1 2 3 4 5 6 7 8 

Travel 

time 

range 

10- 10-20 20-30 30-40 40-50 50-60 60-75 75+ 

βk 0.04 0.07 0.065 0.06 0.055 0.05 0.045 0.035 

 

Table 5: Other parameters of the model 

Other parameters Value 

Travel time budget 58 mins 

Average household size 67 m2 

Average workplace size 12 m2 

Average time-span for living in the same place 25 years 

Average life-span for businesses 20 years 

Value of time (work-related) 0.1 EUR/min 

Value of time (non-work-related) 0.07 EUR/min 

Average building cost 530 EUR/m2 

At first, the real-estate market module was able to predict the overall demand for 

building new housing units and the average zonal profitability seemed to be a good 

indicator for the location choice of the development. The estimated parameters are much 

more different than those of the DELTA model from where the method is originated, but 

the Hungarian construction sector is also different (both in its scale and also in terms of 

the elasticity to profitability) from the British. 

In the housing market module the explanatory variables combined with the correction 

factor for size described the changes in the number of households quite well. Fig. 8 shows 

the deviation of calculated utility for each district from the average utility (which is the 

basis of the applied multinomial logit model) compared to the actual changes in the 

households. 
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Figure 8: Deviation of the calculated utility from the average utility for each district 

(top) compared to the actual changes in the number of households (bottom) 

According to Table 3, the coefficient of accessibility is around 0.015. The variable of 

accessibility describes a normalized weighted value (in minutes) for every potential trip 

purposes. The magnitude of the coefficient is in line with values from other researches in 

the UK (0.01-0.07 mins/trip, [17]). It is also reassuring that if value of time (VOT) is 

derived from the coefficients (i.e. the ratio of the accessibility coefficient to that on rent) 

it is also somewhere of the expected magnitude. As rent rate is calculated for a month, 

accessibility coefficient needs an adjustment with the average monthly trips rate (division 

by the estimated value of 45). The mentioned ratio of utility per minute to utility per 

money implies a VOT of about 0.16 EUR/hour. This is quite low compared with the value 

used in the transport model (4.2 and 6 EUR/hour for non-work-related and work-related 

trips respectively). A potential explanation for the difference could be the way in which 

accessibility and rent rates are measured. In addition to that there are also differences in 

the way of how accessibility is built into the housing market module to how travel time 

is perceived in travel choices in which standard values of time are estimated. Very similar 

results were found by [17] on the same issue. It also seems to be logical that VOT in a 

location choice aspect could be lower than in a transport sense. 

In the labour market module only the variables of accessibility and cost of building 

have been found to be significant. Other variables previously suggested by other models 
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(e.g. the available floorspace from the MARS model) were not included for this reason. 

An external variable was also calibrated with the intention to control areas with different 

characteristics which seemed to be relevant for business location choice. The values of 

these external factors are shown in Fig. 9. 

  

Figure 9: Values of the external utility factors in the labour market module for services 

(left) and production sector (right) 

In terms of the other, complementary parameters there are also some interesting results. 

First of all the travel time budget calculated from the base year (2014) model is around 

58 mins/day. This is slightly lower than those international values reported by Schafer 

and Victor [18] (spread from 60 to 80) and values for Budapest by Fleischer and Tir [19] 

(around 75). An obvious explanation can be that walking as a transport mode is not 

included. In addition to this, suburban areas are also not fully covered. Within the model 

only those residents are included who make a trip to or through Budapest. The number of 

these residents is also taken into consideration in the calculation of the travel time budget. 

However, those trips are excluded that these people have towards other destinations which 

are not affect the capital city. The mentioned two factors can reduce the travel time budget 

by around 20-25%. Secondly, the values of average time-span of living in the same place 

(ATSL) and life-span of businesses (ALSB) were also calibrated. There was not any 

official or strongly reliable data on these values, however, during the calibration 25 and 

20 years were found to be fit to the observed changes. It provides some background to 

ATSL that according to some national statistics on the housing market an average resident 

moves 3.4 times during a lifetime [20], which implies a value around 22-25 years. In 

terms of ALSB the only relevant data based on private business information systems 

(Opten statistics) that the fluctuation is nearly 50% among companies in every 5 years. 

That would imply a value below 10 years. However, the ALSB value is much more 

complicated and it is also common that there is a fluctuation in terms of companies but 

the workplace and its location remains in its previous state. 

Table 6 provides some details on the coefficients of the land-use modules. All of the 

variables found to be significant at the 95% level apart from the rent rate in the housing 

module which is significant at the 85% level. 
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Table 6: Details of the calibration results for the land-use modules 

Explanatory 

variable 
Coefficient Exp(Coeff.) 

Standard 

Error 
Significance 

Housing market module 

Accessibility 0.015 1.015 0.007 0.045 

Housing 

quality 

0.382 1.466 0.061 ~ 0.0 

Green spaces 0.169 1.184 0.037 ~ 0.0 

Institutional 

environment 

0.101 1.106 0.049 0.038 

Rent -0.125 0.883 0.081 0.121 

Utility corr. 

(size) 

0.775 2.171 0.124 ~ 0.0 

Labour market module - Services 

Accessibility 0.032 1.033 0.006 ~ 0.0 

Cost of 

building 

-0.057 0.944 0.014 ~ 0.0 

Utility corr. 

(size) 

1.22 3.387 0.075 ~ 0.0 

Labour market module - Production 

Accessibility 0.040 1.040 0.04 ~ 0.0 

Cost of 

building 

-0.024 0.976 0.12 0.008 

Utility corr. 

(size) 

1.25 3.490 0.068 ~ 0.0 

Finally, a test running of the model has been carried out in order to demonstrate what 

LUTI modelling can bring in terms of differences in traffic volumes. Starting from 2007 

as a base year the whole model run until 2013 and predicted the changes in the land-use 

and transport system annually. Another scenario was to give a prediction from 2007 up 

until 2013 without any change in the land-use system (that is what traditional transport 

modelling does). Then these modelling results were compared to that of the actual model 

for 2013 (used as a reference). Fig. 10 shows the differences in private (left side) and 

public transport (right side). On the top is the difference between the actual 2013 model 

and the model for 2013 derived from 2007 with the full LUTI model, while in the bottom 

it is the difference between the actual 2013 model and the model for 2013 derived from 

2007 without land-use changes. 
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Figure 10: Differences in private (left side) and public transport (right side) traffic 

volumes between “model 2013” and the model for 2013 derived from 2007 with the full 
LUTI model (top), plus between “model 2013” and the model for 2013 derived from 

2007 without land-use changes (bottom) 

5.  Conclusions 

Based on the results of this paper it is undeniable that excluding land-use effects of 

transport in modelling such schemes could cause a serious distortion even in a shorter 

time period (e.g. in 7 years). It is not the quantifiable indicators (total travel time, total 

distance covered or vehicle operating cost) that can have a considerable change, but the 

spatial differences can be significant, especially if the impacts of a certain project are 

under estimation. It seems that such land-use effects and feedbacks can no longer be 

disregarded as it is not in accordance with the desire of improving transport modelling 

practice. Moreover, it makes no sense to constantly develop better and better transport 

models or modelling parts (e.g. traffic assignment methods) while the gain with the 

improvement is far less then losses coming from neglecting land-use effect. From this 

point of view, an ideal solution might be to establish a modelling framework which takes 

into account every important aspect and then improve its parts in a way which ensures a 

sustained integrity. Otherwise there is an imminent risk that isolated best-practices are to 

be created which could be hardly integrated with each other. 
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This paper suggests that land-use effects can be included and semi-sophisticated (but 

still reliable) LUTI models could be created even if available data are narrow. This 

approach is also practical and can overcome general obstacles of time, cost and data 

availability issues. Besides if such a LUTI model is created and constantly used it can be 

a platform of further development and may also influence data collection which can aid 

further model development going forward. 

Ultimately, further steps of this research are drafted. The next step should be to carry 

out case studies (tests) for the estimation of real transport investments (to see whether the 

model performs as expected) and compare the results with conventional and international 

ones. For the city of Budapest these case studies could be a following: impact of the 

recently implemented metro line M4, the planned traffic calming of the city centre (which 

may include congestion charging) and a scenario for a rapid fuel price increase. 
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Abstract: The paper presents a brief review of the movement modelling methods of elec-

tric machines and the two most common used torque calculation techniques.

After the classification of single-layer moving band methods, a low compu-

tation cost and an easily realisable new variant of this movement modelling

technique is proposed. To study the accuracy of proposed moving band tech-

nique equipped with Arkkio’s method and Maxwell’s stress tensor method

for torque calculation an international benchmark problem used. Further,

to check the applicability, the proposed method has been used to analyse a

three-phase switched reluctance motor. The results of proposed method have

been compared to analytical and numerical results.

Keywords: Rotational motion modelling, Finite element method, Torque calculation,

Electric machine

1. Introduction

The numerical design and simulation of electromechanical actuators, and within that

rotating electric machines are one of the main focus points of many researchers and

research groups nowadays due to the hybrid and electric vehicles [1–4]. The aim of a

numerical field calculation is to explore the overall behaviour of the analysing device,

including all possible physical side effects simultaneously. To understand the behaviour of

electric machines and to be able to intensify it, the accurate knowledge of the parameters

governing physical effects must be known. The so-called coupled problem can distinguish

between the single effects and may help to better understand the effects and their mode of

operation [5–7].
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A variety of numerical methods exists, but the most popular technique is finite element

method (FEM) [8–10] among researchers in low-frequency electromagnetic applications.

The mathematical description of the electromagnetic field can be derived from Maxwell’s

equations with appropriate boundary and interface conditions [8, 11]. However, Maxwell’s

equations based formulations itself is only enough to time independent or steady-state

simulations of rotating machines, it is not suitable for dynamic analysis.

The coupling plays an important role in the dynamic analysis of machine performance.

The acceleration and mechanical transient of driving electric motor, so the propulsion

performance is significant properties in the automotive industry. Consequently, it is

important to take into consideration rotor movement in simulation via coupling [10–12].

There are many possibilities for stator-rotor connection and movement modelling, but most

of them are computationally intensive or the implementation is difficult.

This article describes a brief stagger around the field of movement modelling in finite

element method for electric machines. Moreover, I propose a simple and computationally

efficient technique for modelling the rotational motion of the rotor. The torque calculation

is also an important part of the dynamic simulation, therefore the paper briefly reviews

the two most widely used methods. The applicability and performance of the proposed

technique are analysed using an international benchmark problem and a three-phase

switched reluctance motor. The combinations of presented torque calculation methods

with movement modelling methods are also analysed via the simulation results.

2. Rotational Motion Modelling Methods

In this paper, the stator (fixed part) – rotor (mobile part) coupling classifies to the nature of

the geometrical decomposition of the machine model. The field equation is applied to both

parts, and the relative motion is taken into account in the air-gap, an ideal place to do it

since it is non-ferromagnetic, non-conductive and without source. Based on it, one can

distinguish between air-gap interface and sliding surface methods [10, 12].

2.1. Methods with Air-Gap Interface

In methods of the air-gap interface, the air-gap or a part of it is considered as a separate

domain with interfaces both to fixed and mobile part. The popularity of methods’ group

well shows the variants of air-gap discretisation technique as the macro-element method

[10, 13], the moving band [10, 14, 15, 17, 18], the boundary integral method [19] and the

discontinuous Galerkin technique [20]. In the following, the macros-element and moving

band method will be reviewed briefly.

First, the so-called macro- or air-gap element technique [10, 12, 13] used to create

the continuity between interfaces of stator and rotor meshed domains with an unmeshed

air-gap region. This method is used analytical solution of ∇×
(

∇× ~A
)

= ~0 equation in
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Figure 1. Single-layer moving band with triangular discretisation.

polar coordinate system which takes into account rotation of mobile part. The analytical

solution is based on a truncated Fourier-series expansion of the ~A magnetic vector potential,

where 100 to 200 harmonic terms give good accuracy [10]. Together with a high harmonic

number, this technique introduces a dense part in the sparse finite element system of the

equation which is also a drawback. An advantage of the air-gap element technique is that

the results can be very accurate because of the high order of the field representation in the

air-gap region.

However, to avoid the dense matrix block, and to use the long standing FEM solvers,

proposed the moving band method (MB) [10,14–16] which is much more popular technique

nowadays. In this method, the coupling between interfaces is commonly made by finite

element placed in the air-gap, as it can be seen in Fig. 1. The simplest version of it, when

each time step re-mesh the air-gap, however, this is not so computationally efficient. A

more sophisticated way is to change the connectivity matrix between fixed and mobile

part, while considered the element distortion.

2.2. Methods with Sliding-Surface

In sliding-surface techniques (SS), the rotational movement of the rotor is modelled at

a common interface somewhere in the air-gap. The simplest variant of this group is the

locked-step approach [21], where equidistant discretisation is applied, and the rotor rotates

with an integer number of an angle between two adjacent nodes in each step. This is the

conform version of sliding surface when the stator and rotor nodes are connected in each

step, so the continuity maintains between the fixed and mobile parts. It is suitable for

analysing the steady state of the machine but too severe for technical machine models. The

dynamic modelling with the locked-step approach is computationally intensive because
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Figure 2. Sliding surface with nonconform mesh.

every time steps varies the length of time steps, namely the system matrix.

In general, the sliding surface techniques allow non-matching grids as you can see in

Fig. 2. Therefore ensure the continuity of vector potential across the sliding surface an

addition constraint. The most common techniques which are applied to enforce the conti-

nuity the polynomial (first or second order) interpolation [22], trigonometric interpolation

[18, 23], Lagrange-multipliers [24, 25] and mortar projection [26, 27]. The common in all

methods is one of the parts is the slave and the other one is the master surface, and the

unknown variables of slave surface are described by master surface variables.

2.3. Single-Layer Moving Band

Based on the literature, the single-layer moving band (later moving band) is a widely used

technique, but only in [10, 14, 16, 17] are mentioned or described the implementation of it.

According to the descriptions, the following three types can be distinguished.

(1) Basic moving band [14]: This variant is the origin of the technique. This version is

not dealing with the distortion of finite elements in the moving band. The operation

of the technique, when the displacement is larger than the angle between two adjacent

elements, than modified the connectivity matrix of moving band elements.

(2) Moving band with quadrilateral mesh [10, 16]: In this case, quadrilateral finite

elements are used in the band, which are divided four triangular elements by the

diagonals. The usage of triangles depends on the quality of elements and the angular

displacement. To determine the quality of elements using a special formula which is

based on the length of edges.
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(3) Moving band with trigonometric interpolation [17]: In this case, contrast to pre-

vious methods, the appropriate elements of system matrix will vary depending on

the displacement. The number of finite elements decreases because of the use of

trigonometric interpolation, however, the solution of the equation system is needed

an iterative solver which incorporating Fast Fourier Transformation [18].

2.3.1. Proposed Method

The discretisation of proposed single-layer moving band boundaries in 2-D is equidistant

with the same node and edge number. In this case also the connectivity matrix modified

as variants (1) and (2). The base of this technique also the quadrilateral element as in (2),

which is divided into two triangles depends on the α angle, as a measure of the distortion.

Figure 3. Proposed single-layer moving band method.
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This can be seen in Fig. 3. To determine all band elements quality is enough to examine

only one element by the following equation

Quality factor =

{

good : if α ≤ 90◦

bad : if α > 90◦
, (1)

because all elements have the same shape.

The proposed method takes into account the element distortion, unlike the (1) version.

The computation cost of elements quality is less in this case than in (2). Further, the

implementation of it is much easier than the (3), and does not require special solver. The

accuracy of the proposed method is not so high with the coarse mesh, however the usage

of dense finite element mesh required for accurate torque calculation in the air-gap region,

so the accuracy of this technique appropriate. This is supported by the used examples.

3. Torque Calculation Methods

The torque calculation also a cornerstone of rotational motion modelling as the before

mentioned methods. In the followings, the two most common used torque calculation

methods, Maxwell’s stress tensor method (MST) [11, 16, 25, 28] and method proposed by

Arkkio (AM) [28, 29] are briefly reviewed.

3.1. Maxwell’s stress tensor method

The electromagnetic torque acting on the rotor of an electric machine may be calculated

by integrating the Maxwell’s stress tensor d~F along a line Γ placing in the air-gap in

two-dimensional case:

~Te = l

∫

Γ

(

~r × d~F
)

dΓ = l

∫

Γ

(

~r ×
[

µ0

(

~H · ~n
)

~H −
µ0

2
H2~n

])

dΓ, (2)

where l is a depth of the domain in the z-direction, ~r is the position vector linking the

rotating axis to the elements dΓ, Γ is a surface, which is placed around the air-gap, µ0 is

the air magnetic permeability, ~H is the magnetic field strength, H = | ~H| is the absolute

value of the magnetic field strength and ~n is the normal unit vector to the surface.

3.2. The Method Proposed by Arkkio

This method is a variant of the Maxwell’s stress tensor method and consists in integrating

the torque given by equation (2) in the whole surface (in 2-D) of the air-gap comprises

between the radii rR and rS . The torque is computed with the following equation:

Te =
l

µ0 (rS − rR)

∫

S

rBrBΘ dS, (3)
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where S is the region between the radii rR and rS . Br and BΘ are the radial and tangential

component of magnetic flux density, r is the distance between the origin and the midpoint

of the integration segment.

4. Examples

To check the validity of presented and proposed methods, an international benchmark

problem of COMPUMAG Society, the T.E.A.M. 30a three-phase induction motor [11, 30]

has been solved and compared the known analytic solution. This test problem used to

analyse the combination of torque calculation methods with moving band and sliding

surface technique. Further, to present the applicability of proposed method, here a three-

phase (6 stator and 4 rotor poles) switched reluctance motor [31] (SRM) has been solved

and compared the simulation results.

4.1. Problem T.E.A.M. 30a - Induction Motor

As a test problem, a 2-D eddy current field analysis of three-phase test induction motor

used. The detailed description of it including geometry and material parameters and the

analytic solution can be found in [30]. A numerical solution of this problem a small

above the synchronous speed can be seen in Fig. 4. This figure shows the magnetic vector

potential distribution and the equipotential lines into the machine.

Figure 4. Field distribution in the T.E.A.M. 30a three-phase test motor at 400 rad/s.
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Figure 5. Calculated torque - angular velocity curves.

Fig. 5 shows the results of torque calculation. The analytic solution is given with

200 rad/s step within the range of analysis (0, . . . , 1200 rad/s), wherein the numerical

results are plotted with 50 rad/s step. The calculated numerical results show good agreement

with the given analytic calculation. The biggest difference between analytic and numerical

results is at 400 rad/s. The reason for this big difference is the closure of synchronous

speed (≈377 rad/s), where the torque–speed curve of the induction machine is steep. A

small speed difference leads significant torque difference in this speed range.

Figure 6. Bar plot of torque calculation error.

131



D. Marcsa – Acta Technica Jaurinensis, Vol.10., No.2., pp. 124–136, 2017

The above statements also supported by the next figure, Fig. 6, where the torque

calculation errors are summarised in a bar plot. The results of combined methods are

approximately same, except the moving band with Arkkio’s method above 600 rad/s

angular velocity. Based on the results, the proposed moving band with Arkkio’s method

and sliding surface with Maxwell’s stress tensor method have the best torque calculation

performance, which agree with the literature [16, 25, 28].

4.2. Switched Reluctance Motor

After the benchmarking, a 6 stator pole and 4 rotor pole switched reluctance motor has been

analysed by FEM. The geometry and material parameters of this application example are

from examples of Agros2D free finite element software [31]. Fig 7 shows the shape and

results of the three-phase switched reluctance motor after the switching instance of winding

excitation. The figure shows the absolute value of magnetic flux density distribution and

equipotential lines.

Fig. 8 shows the calculated results, the torque in the function of mechanical angle. In this

case, only the results of two combinations, the proposed moving band with AM and sliding

surface with MST are analysed. The sliding surface results are used as the validation

of implemented finite element code. The solution of Agros2D is the reference solution,

which is based on the co-energy variation torque calculation method [10, 28] with adaptive

Figure 7. Field distribution in 6/4 switched reluctance motor.
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Figure 8. Torque curves in the function of mechanical angle of rotor.

mesh refinement technique. The results of presented methods show good agreement with

the calculated torque from Agros2D, but the result with proposed method shows better

relation.

5. Conclusion and Future Works

The paper has discussed rotational motion modelling and two most common used torque

calculation techniques of electric machines. The available single-layer moving band

methods have been classified based on the implementation and proposed a low computation

cost and an easily realisable new variant of movement modelling technique. The accuracy

and applicability of proposed single-layer moving band method are checked via two

rotating machine examples.

It can be concluded that the accuracy of the proposed method is appropriate for electric

machine modelling and almost the same than the sliding surface method. These conclusions

also supported by simulated results, where the comparisons show good agreement.

The aim of the further research is to find a way to solve three-dimensional multiphysics

problems including motional voltage-fed eddy-current field problems with the proposed

movement modelling technique.
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ods for the Simulation of Rotating Electrical Machines, COMPEL - The international

journal for computation and mathematics in electrical and electronic engineering,

Vol. 20, No. 2, pp. 448—462, 2001

DOI: 10.1108/03321640110383320

135



D. Marcsa – Acta Technica Jaurinensis, Vol.10., No.2., pp. 124–136, 2017

[21] Preston, T. W., Reece, A. B. J., Sangha, P. S.: Induction Motor Analysis by Time-

Stepping Technique, IEEE Transactions on Magnetics, Vol. 24, No. 1, pp. 471—474,

1988

DOI: 10.1109/20.43959

[22] Perrin-Bit, R., Coulomb, J. L.: A Three Dimensional Finite Element Mesh Connection

for Problems Involving Movement, IEEE Transactions on Magnetics, Vol. 31, No. 3,

pp. 1920—1923, 1995

DOI: 10.1109/20.376415

[23] De Gersem, H., Weiland, T.: Harmonic Weighting Functions at the Sliding Interface

of a Finite-Element Machine Model Incorporating Angular Displacement, IEEE

Transactions on Magnetics, Vol. 40, No. 2, pp. 545—548, 2004

DOI: 10.1109/TMAG.2004.824616

[24] Rodger, D., Lai H. C., Leonard, P. J.: Coupled Elements for Problems Involving

Movement, IEEE Transactions on Magnetics, Vol. 26, No. 2, pp. 548—550, 1990

DOI: 10.1109/20.106375

[25] Antunes, O. J., Bastos, J. P. A., Sadowski, N.: Comparison Between Torque Calcula-

tion Methods in a Non-Conforming Movement Interface, COMPEL-The International

Journal for Computation and Mathematics in Electrical and Electronic Engineering,

Vol. 27, No. 1, pp. 27—36, 2008

DOI: 10.1108/03321640810836609

[26] Rodger, D., Lai, H. C., Leonard, P. J.: Coupled Elements for Problems Involving

Movement, IEEE Transactions on Magnetics, Vol. 26, No. 2, pp. 548—550, 1990

DOI: 10.1109/20.106375

[27] Buffa, A., Maday, Y., Rapetti, F.: Calculation of Eddy Currents in Moving Structures

by a Sliding Mesh-Finite Element Method, IEEE Transactions on Magnetics, Vol. 36,

No. 4, pp. 1356—1359, 2000

DOI: 10.1109/20.877690

[28] Henrotte, F.: Handbook for the Computation of Electromagnetic Forces in a Continu-

ous Medium, International Compumag Society Newsletter, Vol. 11, No. 2, pp. 2—8,

2004

[29] Arkkio, A.: Analysis of Induction Motor Based on the Numerical Solution of the

Magnetic Field and Circuit Equations, PhD thesis, Helsinki University of Technology,

1987

[30] Davey, K. R.: Induction Motor Analysis—International TEAM Workshop Problem 30

[Online]. Available: http://www.compumag.co.uk

[31] Agros2D - free finite element software [Online]. Available: https://www.agros2d.org/

136



 

Acta 

Technica 

Jaurinensis 

Vol. 10, No. 2, pp. 137-147, 2017 

DOI: 10.14513/actatechjaur.vX.nY.444 

Available online at acta.sze.hu 
 

137 

Consideration on road transport vibration 
simulation techniques for packaging testing 

purposes  
R. Pidl 

Department of Applied Mechanics, Faculty of Mechanical Engineering 

Information Technology and Electrical Engineering 

Széchenyi István University 

9026 Győr 1 Egyetem tér, Hungary 

pidlre@sze.hu 

Abstract: Transportation is essential for many logistics systems and vibration is one of 

the most critic physical circumstances on road causing numerous possible 

damage sources. One of the primary sources of these damages is often the 

broadband random vibration. This effect cannot be handled with formal 

mechanical models; therefore, vibration test simulation is essential for 

packaging testing. The current vibration systems use Power Spectral Density 

(PSD) functions to control the intensity of random signal in laboratory based 

on Fast Fourier Transformation (FFT). Naturally, the PSD frequency does 

not contain time series data making it hard to determine how long a given 

simulation should be performed. In this paper, mathematical and probability 

methods are presented that can be used for representing real vibration 

circumstances. 

Keywords: packaging, vibration, acceleration, PSD, simulation 

1. Introduction 

The movement of vehicle platform during traveling is a very complex phenomenon and 

depends significantly on the current state of the track-vehicle system. The product-

packaging system has to be designed for vibration environment in order to avoid transport 

damages. For the time being, this is not completely resolved. For example, in Germany 

the amount of transport damages is between 200 and 250 million EUR based on insurance 

data [1]. Majority of these are caused by the not properly designed product-packaging-

cargo systems and their protecting functions, or during transport an extra effect hits the 

cargo on the platform, that could not be considered. 

A non-adequate packaging could be a global problem causing millions of dollars of 

cargo damage, not counting the environmental effects. This way two separated options 

can be drawn. The first one is when the packaging is underestimated. The packaging 

cannot withstand the stress and the cargo is damaged, or even worse, when the non-

adequate packaging causes accidents (also based on German insurance data: 12 death 
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yearly are caused by non-adequate packaging design and cargo securing). This topic 

contains also transport safety issue. The other possibility is the overprotecting of the 

product. It is expensive, the vehicles are not utilized optimally, causing thereby more 

traffic and economic impact – not only from traffic but also from the waste of the 

additional and unnecessary packaging. The task of the engineer is therefore to optimize 

the protection of the product to prevent and avoid damages and to minimize the cost and 

the amount of packaging materials together. 

Shocks, vibrations from the track-vehicle system can be one of the primer causes of 

damages. This is why it is of utmost importance to simulate these stresses before 

transportation as exactly as possible. For the time being no totally perfect solution is 

available for this issue [2]. Over the last 50 years, the vehicle vibration simulations 

developed from simple mechanic instruments to state-of-the-art computer controlled 

vibration tables [3]. But even the most advanced model considers the vehicle cargo 

platform as a fix body, where the fact is that those platforms can bend for prolonged time, 

also behave as a flexible body. It also increases to the complexity of the problem that -

besides the broadband frequency of movement- additional effects are present, namely 

prolonged and low frequency movements caused by braking, accelerating, etc. This effect 

is affected by the construction and is so complex that it cannot be fully modelled. The 

theoretic calculations, especially those without the use of computer, can have two degrees 

of freedom vibration system, whereas the platform is a vibration system with six degrees 

of freedom. Therefore, besides the theoretical calculations – that is simplified – laboratory 

simulations are also required for cargo planning [4]. The simulation of dynamic stress 

proposes many problems. It handles the platform as a fix body and cannot represent the 

movement correctly. With the use of the superposition principle, the real motion cannot 

be represented together with its longitudinal, vertical and lateral components [5]. The 

problem to be solved is what to choose as a relevant stress to be used for the protecting 

function design of the cargo [6].  

2. Currently used vibration simulation methods  

2.1 Techniques 

Besides the standard procedures, a variety of alternative simulation methods also exist. 

In literature, 5 types of these methods can be identified [6] as follows:  

 Time-based playback of recorded sign history 

 Generating random vibration signal by normal distribution (Gauss simulation) 

 Non-Gaussian distribution simulation: 

o non-stationarity simulation methods 

o transient event simulation 

o harmonic simulation 

2.2 Standard procedures 

The first equipment of transport simulation was quite simple: a table is moved with 

eccentric teeth, simulating large shocks, where the table and the teeth are not in constraint 

connection. The upper dead point is maximized. This means practically the current U.S. 
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standard listed as ASTM D999-08 [7]. Repeating large shocks can be reproduced, but no 

real vibration effects could be simulated with it. 

A better solution is the ASTM D3580 [8] and the corresponding ISO/IEC 60068-2-6 

[9] standard vibration equipment with clean sinus acceleration signs. This equipment has 

hydraulic power transmission and the sinus vibration is performed in the frequency range 

of 1-100 Hz. The hydraulic actuator holds acceleration between 0.5 - 1g in the whole 

frequency range with decreasing trajectory amplitude with the rising of frequency. These 

apparatuses are controlled with trajectory steering. No computer aided control is required; 

inner electronics can handle it simply. The rate of frequency change (sweep) can be 

controlled separately in octave/min according to the standard. Also, according to the 

standard, the sweeping speed is 0.5-5 octave/min. The test has to be performed with 

upwards sweeping and after reaching the upper frequency limit, with downwards 

sweeping as well. Unfortunately, this standard is rarely used for the time being, despite 

the fact that the critic resonance stripes could be well determined with them. If random 

acceleration-time functions are considered on vehicle cargo platforms, it can be seen that 

they always contain harmonic sinus components. These components are coming from the 

not balanceable driven wheels and the actual rev of the engine. These harmonic 

components can cover a very broad frequency range, because they depend on the actual 

speed, the motor rev depending on accelerating and braking and the gear position, 

respectively. It must be noted here that diesel engine upper rev is much lower than Otto 

engines’ upper rev, thus the 100 Hz upper frequency limit at diesel engines is excessive. 
If real transport environment were considered, the sinus sweeping should be parted to 

frequency ranges to simulate first gear, accelerating from 0-10 km/h, then second gear, 

speeding from neutral rev again, and so on, of course with the necessary deceleration and 

gear shift backs. This could be simulated with sine sweep with sweeping to a low upper 

frequency, then back to neutral rev and so on. In the packaging testing laboratory of the 

Széchenyi István University two types of electrodynamic vibration test machines are 
installed: MTS (Fig. 1.) and TIRA (Fig. 2.), where mentioned standards’ tests above can 

be performed.   
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Figure 1. Servo-hydraulic vibration system 

 

Figure 2. Electro-dynamic vibration system 

It is obvious that the behaviour of the tested cargo is different in the frequency ranges 

during upward or downward sweeping. The explanation and reason for this phenomenon 

could be the late reaction of the test subject to various frequency changes, and in this 

instant the cargo moves away in reaction to the motion of the table and starts to bounce 

on the table. However, it must be stated here that the deterministic mechanical models 

typify the partly parallel, partly serial connected swinging parts built from springs and 
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absorbers as a swing system connected to each other. The functions are created for the 

theoretical excitation excluding the fact that separation could occur both in the road-wheel 

and in the platform-cargo connection in the frequency ranges. At the moment of 

separation, the force-excited swing system starts to vibrate in its own frequency – that 

frequency differs from the original exciting frequency. That continues until the separated 

cargo hits the vibration table again. At this moment the two separate, independently 

vibrating swing systems meet and neither their amplitude nor their frequency and phase 

are the same. This is critic, hence the hits could damage the packed product too. The other 

critical part of the sinus sweeping is where the exciting frequency meets the frequency of 

the cargo. This is called resonance and here 6-8 times the exciting acceleration amplitude 

affects the test subject. It is very complicated to determine however, whether this 

frequency exists in a given transport vehicle, and if it exists, how often. This harmonic 

sinus vibration test should be performed for sure, but in my opinion the test procedure 

should be changed.  

Many standards exist for broadband, random excited vibration tests (ASTM D4169-16, 

MIL-STD-810F, ISO 13375:2003) [11-13]. For the time being these broadband, random 

excited vibration tests are the most widespread. These could be performed with both 

electrohydraulic and electrodynamic vibration tables, with computer calculated PSD-

frequency functions from Fast Fourier Transformation where the upper and lower 

frequency limits and the PSD and RMS values in the various frequency ranges are 

determined. These functions were created after many measurements on transport vehicles 

and recorded for various times of the acceleration-time function and determined the PSD-

frequency function with FFT and after many measurements a statistically representative 

sample was created where normal distribution of the PSD values were presumed [14]. 

The standard PSD characteristics must be added per frequency range to the control 

computer of these equipment and this computer creates random transitional situations, 

but during the full run time all such situations are created. These equipment are very 

complex and expensive, because they have to manage the current swing trajectory and 

current acceleration furthermore the control unit has to determine the actual PSD value 

simultaneously. A further question is the required duration of the simulation depending 

on the transportation distance. This is a very important practical question, because -

especially in case of large distance transports- simulating the whole length is impossible 

and the PSD function will not excite real values but it will compress all the unique 

vibrations in the whole frequency range and the small bandwidth vibrations also [15]. It 

can be said that with the transforming of vibrations to frequency ranges the possibility of 

measuring in time range will be lost. Many testing laboratories realized this and the 

development of this method is in research focus for the time being. For the required test 

duration Basquin is suggesting the following model [6]: 
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where: tj is the current transport duration, 

 tk is the test duration, 

 at is the test intensity, 
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 aj is the transport intensity, 

 k can be freely chosen between 2-5. 

The simulation problems erecting from the PSD frequency functions can be analysed 

with understanding the FFT, that is, the complex problematic of transiting from timelines 

to frequency lines (Fig. 3.). 

 

Figure 3. Field measured PSD frequency function compared to ASTM D4169-16 

vibration standard method 

2.3 Non- standard procedures 

2.3.1 Simple playback of real recorded acceleration-time function  

Computer controlled vibration machines offer the possibility to digitally record the 

acceleration-time function on a vehicle transporting a given cargo, then after input to the 

computer the machine can repeat it. The problem with this method that it is valid only for 

the given situation, other cargo or vehicle or driver or weather conditions could result in 

a completely different acceleration-time function. Furthermore, the test duration has to be 

the same as the transport duration. Because of these constrains, this method is not too 

widespread, but it has some advantages, for example, the transients during transport (road 

errors, railroad crossing, etc.) can also be recorded and used. Furthermore, the various 

transport environments (urban roads, motorways, industry roads) can be repeated 

according to the correct order. 

2.3.2 Non-stationary and transients to FFT simulation, Gaussian distribution 

simulation 

The FFT is one of the greatest inventions of mathematics from the last century [17]. It 

lowers the necessary operation time compared to discrete Fourier transformation, so this 

advantage should be used. But the Gaussian distribution used in FFT excludes the values 

outside the normal distribution at vibration tests. A method has to be found that includes 
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the values outside the standard deviation thus bias the normal (Gaussian) distribution 

function according to our aim. 

Obviously, it is possible to adjust the probability density function of normal distribution 

with various probability calculation or mathematic statistic methods in order to avoid the 

loss of high intensity signs (even losing one is a problem), and still maintaining the test 

simulation intensity at normal level. One possible solution is to bias the Gaussian curve 

with the kurtosis calculation method, shown in Fig. 4. It can be proven analytically that 

in normal distribution the kurtosis value is 3, and if the kurtosis > 3 it is called leptokurtic, 

if its equal to 3, mesokurtic and if kurtosis < 3 it is called platykurtic, respectively. Hence 

normal distribution in the above case can be regarded as standard, the kurtosis values 

should be transformed by subtracting 3 from its value and measuring the excess kurtosis. 

This makes the kurtosis of normal distribution to zero, and all cases are either negative or 

positive.  

 

 

Figure 4. The effect of various kurtosis values on the Gaussian curve 

A debate is going on that which kurtosis value recreates the most exactly the original 

acceleration-time function for various transport solutions. Even the with kurtosis adjusted 

normal distribution-like distribution does not contain the non-stationers of the transport 

processes. This non-stationarity comes from road surface quality – even the slightest 

change results in a completely different acceleration-time function. Also, a cause is the 

constant change in vehicle speed. Other speed ranges are used on motorways, urban roads, 

-4 -3 -2 -1 0 1 2 3 4
 

 

normal

kurtosis = 2

kurtosis = 4

  4

0

1 T a t
Kurtosis dt

T 
 

  
 





R. Pidl. – Acta Technica Jaurinensis, Vol. 10, No. 2, pp. 137-147, 2017 

144 

suburban roads, and all that affect the vibration during transport. Fig. 5/a. shows a field 

measured acceleration-time history in 40 seconds with the kurtosis value of 7, while Fig. 

5/b. shows an acceleration-time history using by vibration systems’ random generator 
with value of 3.  

 

Figure 5. Acceleration-time history, a) field measured signal displaying road surface 

errors, b) random signal using by vibration controllers in laboratory 

One possible solution to simulate road surface quality changes is to use leptokurtosis. 

Another possible solution for simulation non-stationarity could be the spectrum splitting, 

split the normal distribution to sequences, the Wavelet transformation and the use of 

Bayesian detection [19].  

The major problem of the standard methods is that these exclude the transient events 

from the vibration profile, even though in practice the majority of cargo damages could 

be traced back to this unique, hard hit-type stresses [20]. The aim of the authors’ doctoral 

thesis is a method for simulating these transient events on vibration equipment, and what 

type of acceleration-time functions those have in case of a railroad crossing or road 

surface damages. It has to be determined how many times these occur during a given 

transport and whether it should be included in the beginning or at the end of the simulation 

process. This leads to the packaging padding size decisions. It is without doubt that the 

viscoelastic characteristics of cushioning foams made from various polymer types are 

different, thus it has to be decided what the greater cargo damage causes: the big hit at 

the start of the test that annuls the elasticity of the foam letting the product vibrate freely 

or when the foam exhausted from the long vibration gets compacted and harder and hits 

the product with more excessive force than the not exhausted foam.  

 

3. Analytical model for testing the effects of random non-Gaussian 

vibrations  
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Obviously, the vibration tests’ purpose is to protect the goods after vibration stress. In 

the model we presume that the product is a solid body protected on its eight corners with 

cushioning material (usually a polymer foam), held together with a box. It may not be 

considered as the material of the box. This system is applied to the vibration machine 

table. If the product is a solid body it can be characterized with its weight and geometric 

dimensions. The cushioning material will be replaced with parallel connected k spring 

constant and with c damping ratio. For the analysis of the system, the spring and damping 

characteristics should be known. In first iteration the k and c are presumed to be linear, 

that is not true in practice of course, but it can be used to determine the own frequency of 

the system with a vertical shock.  

The motion equation will be the following [20]: 

 
  0m u z cu ku     (2) 

where:  m [kg] is the product weight, 

 k [N/mm] is the spring constant, 

 c [N/mm] is the damping ratio, 

 z [mm] is the total swing length of the vibration table (input), 

 u = x – z [mm] is the motion of the product relative to the vibration table. 

 

Parameter u can be calculated from the equation if m c k and z are known and then x 

can be calculated as x u z  . 

If such a system is dropped from a pre-defined height we can determine the peak 

acceleration with an accelerometer as the following: 
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where: 
 

is the damping ratio, 

 v  is the vertical collision speed, 

   is the natural angular frequency. 

If this test is performed on an actual package and the parameters are defined, the 

behaviour to vibration effects can be determined with numeric simulation. A possible 

simulation model is the MapleSim (Waterloo, Maple, Inc., Canada) software. This 

software is also capable of adjusting the Gaussian distribution PSD with kurtosis values 

3, 5 and 7 [13].  

With transporting test of the actual package, during which the vibration acceleration 

values were measured on the product itself, performing an FFT on the resulting 

acceleration-time function it was clear that the numeric simulation could determine the 

effecting acceleration of the product with good iteration by using a kurtosis value of 7.2. 
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That also means that by choosing 7.0 kurtosis value on the vibration table the original 

acceleration-time function can be reproduced.  

4. Summary 

During logistics processes, various external physical events affect the packed products. 

The product may tolerate these effects but excess external effects have to be handled by 

the protecting function of the sustainable packaging. From among these various external 

effects, this paper dealt with the random vibration occurred during transport and loading. 

In this paper first a review was performed about the currently used testing and calculation 

methodologies that are imperfect from many aspects. The formal models exclude even 

relevant effecting factors and laboratory testing cannot reproduce real world effects 

either. Of course, it has to be mentioned that real world effects also contain numerous 

random elements – question is when to consider something normal or above normal 

vibration effect. After many laboratory-testing methods had been chosen that could be 

regarded significant based on statistics analysis and after considering some safety factors, 

the real circumstances can be iterated well. The Gaussian distribution used for vibration 

testing simulation has to be altered. The best solution at hand is the use of Gaussian 

distribution with altered kurtosis. With altering kurtosis values a probability density 

function can be created that could reproduce the measured real function during laboratory 

testing quite well. This study also mentioned that the currently neglected harmonic 

excited vibration tests should be introduced in an altered form. With this method, the 

determination of the natural own frequency of the product-package system could be 

compared with the affecting vibration frequencies of transport and material handling – 

and if these do not match, then additional protection is no needed. On the other hand, if 

in some frequency bands the functions match, either with the change of product 

construction or packaging damping system adjustment the damaging vibration effects 

could be minimized. At the end of the paper a possible calculation method was presented, 

that based on the above experiences could give a starting value for the characteristics of 

the cushioning material that could shorten the iteration time of the cushioning design 

process.  
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Abstract: Corrugated board is one of the most important and most popular packaging 

materials worldwide for transporting goods. Due to its hygroscopic behavior, 

it has a tendency to creep when subjected to stress under a constant load, 

which can ultimately result in loss of strength, with possible damage to 

products. The creep behavior of corrugated board is still a largely under-

researched area. This paper attempts to examine the long-term behavior of 

corrugated board during use more precisely than before, and presents the 

first step and results of the research process. For the measurement, a compact 

and high-precision individual test rig was developed and used, in order to 

reduce the side effect of coupled systems, that is, to avoid their mutual 

influence. This paper successfully presents results reproducible with the 

described test rig apparatus for determining the creep behavior of corrugated 

board. It will be continued to publish further results of the research in the 

near future. 

Keywords: corrugated board, creep behaviour, packaging material 

1. Introduction 

For the EU-28, in 2013, 40 % of main packaging materials were paper-based packaging, 

including corrugated board as the most popular and well-known transport packaging [1]. 

Thanks to the special construction of corrugated board relatively high strength features 

can be achieved, coupled with low weight. The only Achilles tendon or disadvantage of 

corrugated board is its hygroscopic behavior. If corrugated board packaging encounter 

with high relative humidity (RH), it loses up to 50 % of its strength [2-5]. 
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Various international standards (FEFCO, ISO, ASTM, TAPPI) use testing practices to 

measure the mechanical characteristics of paperboard, but these are mostly limited to 

short-term measurements aimed at assessing compression strength [6-9]. Historically, the 

corrugated board industry has established the nature and scope of compression strength 

measurements. Experts and researchers believe that measurement results derived from 

box compression test (BCT) allow them to evaluate the compressive behavior of boxes. 

However, it needs to be noted here that compression strength measurements were 

developed primarily for quality control purposes. Furthermore, large production volumes 

do not allow any of the test methods to be applied for a relatively long duration. 

The current standards and guidelines do not include a quality standard that would take 

this type of long-term load into account. Furthermore, it is difficult to give an appropriate 

estimate of the ability of corrugated board to cope with in-transit stress. In practice, 

therefore, safety factors are used to take stresses such as high RH and transport loads into 

account. This can lead to significant overpacking, and consequently a waste of resources. 

However, if the product-package system is under designed, that can result in packaging 

failure with a possible risk of product damage [10-11]. T. Trost and J. Alfthan published 

in 2016 the current state of the scientific knowledge about the standards for optimizing 

corrugated board packaging for exporting industry. There they illustrate the lack of 

information in the areas of the effects of creep and varying climate conditions [12]. 

Although previous studies have been done on the mechanical behaviors of these 

packaging structures under static compression [13-16], they mainly focused on the 

mechanical behaviors of a corrugated board box itself. Other papers presented results and 

brief reviews of designing and modeling the stackability of cardboard boxes using a finite 

element method (FEM) [17-18]. The results of these tests can be applied as input data for 

decision support models and processes aimed at selecting the right protective packaging 

system [19]. However, it is well known that the long-term distribution environment and 

storage can affect the real strength of packaging, especially in the case of corrugated paper 

packaging [20]. 

The aim of this paper is to develop a new test rig for the examination of creep behavior 

of corrugated board on edge crush test (ECT) specimens for laboratory use to better 

exploit the material’s potential. The long-term strategy of the experimental research is to 

create a guideline for packaging producers and engineers of corrugated board, firstly to 

prevent overdesigning and secondly to avoid product damage due to failure of the 

paperboard packaging. 

2. Background and Methods 

In 1963, McKee established a connection between the ECT value, bending stiffness 

(BS) and BCT value of corrugated board [21]. The result of this research led to the McKee 

formula. Recently, this formula is widely used to calculate the BCT value of packaging 

made of single-walled corrugated board from its ECT value and BS [21-23]. Based on 

the assumptions of McKee, research into a possible correlation between long-term ECT 

and long-term BCT values was carried out at the Institute for BFSV at the Hamburg 

University of Applied Sciences. 
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As a result of the research project, called “Development of Test Standards relating to 
the creep Behavior of heavy-duty Corrugated Board for determining the Performance of 

Boxes manufactured therefrom” (DLR project no. 01FS10018), a creep test rig was 
designed to determine creep rates in specimens for edge crush resistance (ECT specimen: 

25x100 mm). Figure 1 shows the schematic representation of the creep test rig with 

dimensions of 1060x400x400 mm. 

To observe the edge crush resistance and creep behavior of corrugated board the test 

rig was designed with full consideration of the requirements of ISO standards such as ISO 

3037:2013 and ISO 204:2009. These standards specify methods for uninterrupted and 

interrupted creep tests of metallic materials and the unwaxed edge method for 

determining the edgewise crush resistance of corrugated board. The basic frame 1 

includes four test units 2-5, for simultaneously testing four ECT specimens; this can be 

seen in Figure 1. The test unit consists of a mounting plate 6 and a specimen plate 7. The 

test specimens 8 sit on the specimen plates during testing. The weights 9 required for the 

test are arranged on the mounting plates. Digital measuring sensors 10 are mounted on 

each test unit for measuring displacement. The lift station 11 and the motor 12 move the 

test units up and down. 

 

Figure 1. Stacked test rig 

 

Advantages and disadvantages became clear when using the test rig. The cascade-like 

construction of the test rig makes it possible to test four specimens at a time. However, 

due to the combined weights of individual test units it is seldom possible to use the first 

and fourth level. The construction and size of the test unit severely restrict the dimension 

1) basic frame 

2-5) test units 

6) mounting plate 

7) specimen plate 

8) specimen 

9) weights 

10) measuring sensor 

11) lift station 

12) motos 
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of test specimen. In addition, no more than two displacement transducers can be attached 

per test level. It is also impossible to rule out an influence exerted by the failure of a 

specimen and transmission of any vibrations associated with this to the other specimens. 

3. Requirements of a new test rig 

When developing the individual test rig for laboratory use, two areas should be 

concentrated on: the construction of the test rig and its operating principle. The aim of 

this research is to ensure the accuracy and reproducibility of the test. The individual test 

rig has been designed for laboratory use. Small dimensions and a low net weight are 

essential for ensuring that the rig can be handled manually by one person. At the same 

time, it is necessary to adhere to the required load range: the minimum load on the 

specimen is 10 kg, and the maximum is 120 kg. The individual test rig must enable highly 

accurate measurements. Due to its construction and the high positioning accuracy 

required the test rig must be designed in such a way that the specimen is loaded in parallel. 

It is essential that the weights be mounted on the individual test rig rigidly and without 

any play to prevent uneven loading. 

3.1. Individual test rig 

Figure 2 illustrates the schematic representation of the individual test rig, without 

additional weights. The weight and dimensions of the individual test rig are 40 kg and 

315x315x680 mm. The test setup essentially consists of two plates precisely parallel in 

their planes, which can be moved toward each other by means of four guide columns. The 

four guide columns, which are supported on linear ball bushing bearings, allow the 

weights to be mounted rigidly and without play. They also ensure the parallel loading of 

the specimen.  

 

Figure 2. Individual test rig 

When starting the test, the upper plates, known as the mounting plates 1, are raised and 

fixed in place by means of the corresponding clamping lever 6. The ECT specimen is 

placed centrally in the test chamber between the base plate 2 and the mounting plate. 

After carefully releasing the clamping lever, the mounting plate is slowly lowered onto 

the specimen. The weights can be mounted on the adapter plate 3 via a column 4. The 

special setup ensures the safe and stable placement of the weights. Digital measuring 

1) mounting plates 

2) base plate 

3) adapter plate 

4) column 

5) measuring sensor 

6) clamping lever 
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sensors 5 are mounted on all four sides of the test rig to record the changes in distance 

during the measurement. All parts of the individual test rig are made of stainless steel to 

prevent corrosion. 

3.2. Commissioning 

Commissioning of the individual test rig involves the following three areas: 

 Measurement of parallelism, 

 Determination of the dead load, 

 Comparative tests. 

The parallelism of the test plates is of extreme importance for accurately measuring 

creep rates in ECT specimens. It is essential to check parallelism, especially when the aim 

is to develop a new test method for generating comparable and reproducible creep rates 

in ECT specimens. Gauge blocks were used to determine the parallelism of the test plates 

at eight measuring points. The results of the parallelism measurement showed that the 

displacement on all points is 20.01 millimeters. Thus, there is no difference in the 

parallelism of the test plates. 

Determining the dead load of the specimen is essential for designing the test loads 

correctly. In this case, a previously calibrated load cell was placed between the two test 

plates. The load cell then recorded the arising load. The result of the measurement 

revealed that the dead load of the specimen was 20 kg; twice the required minimum load 

of 10 kg. 

4. Tests and results 

Comparative tests were conducted to assess the accuracy of the test rig. Creep tests 

were performed on ECT specimens using both test rigs. The subject of the observation 

was wet-strength, triple-wall corrugated board (DIN 55468-1:2015-06 2.96 heavy-duty 

board). The examinations were carried out in a climate chamber, simulating an eight-hour 

cyclical climate with a constant temperature of 23±2 °C and RH rise and fall cycle stages 
to 50±5 and 90±5 % every three hours (Figure 3 blue graph). Figure 3 illustrates the result 
of a creep measurement of the individual test rig. The long-term ECT values diagrammed 

as a function of time and the creep deformation rate. 

The red graph forms the creep deformation of the sample. Due to the superposition of 

the swelling behavior and the creep caused by the pressure load, creep deformation 

increases in the drying phase and decreases in the penetration phase [24]. The mean creep 

rate (0.006 mm/h) represents creep deformation (height reduction) as a function of time 

in the secondary phase of the creep process. At the time of its failure (134 h), the specimen 

suffered a significant loss of strength and practically collapsed. The criterion for specimen 

failure was a height reduction of more than 0.5 mm in 30 seconds. The experimental 

results of all measurements are shown in Figure 4. 
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Figure 3. ECT long-term measurement tested with the individual frame 

 

 

Figure 4. Results of the comparative measurements 

Observing the results, it is noticeable that the creep rates and lifetimes generated by the 

two test rigs differ, considering the variances of the results. Although the average creep 

rates of both test rigs - stacked frame 0.0088 ± 0.001 mm/h; individual frame 0.0071 ± 
0.0014 - seem to be similar, the deviation between the time to failure results of both test 

rigs - stacked frame 89.5 ± 17.04 h; individual frame 120.3 ± 28.05 h - is significant high. 

To what extent the deviation can follow from the natural fluctuation of the properties of 
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corrugated board is currently unknown. Additionally, due to the novelty of the 

measurement it is not possible to assess measurement errors based on the new type of 

measurement method for creep rates on ECT specimens. Further tests are intended to 

examine the extent to which external factors influence the values measured. 

Considering the results of both test rigs together despite the deviation a linear 

relationship between the creep rate and the time to failure can be established (Figure 5). 

The coefficient of determination confirms the assumption. The higher the creep rate, the 

lower the time to failure. 

 

Figure 5. Results of both test rigs 

5. Limitations 

The individual test rig enables the examination of creep rates in ECT specimens in 

laboratories and can be controlled by one person due to its compact design and simple 

handling and operation. The special setup enables the examination of specimens of 

different heights and geometries. A disadvantage, however, is that due to the 

superstructures the minimum load on the specimen is 20 kg. Also, only one specimen can 

be tested at a time. The digital measuring sensor enables the recording of measured values 

up to 5 µm. The creep rate was unknown when the test rig was designed. While a creep 
rate of 8 µm can be mapped with the digital measuring sensor, it is not possible to assess 
the measurement error which may arise thus. In further tests, it will be necessary to 

examine the measurement error and the possible impact of external factors on the result. 

Readers of this paper, therefore, are advised to exercise caution when making direct 

comparisons with results from other research. 

6. Conclusion and outlook 

Based on the results of this study the following conclusions can be drawn. Using the 

newly developed, high-precision individual test rig reproducible results can be obtained. 

Comparison with the stacked test rig gave different creep rates and lifetimes, considering 
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the variances of the results. This variance should be investigated in more detail during 

further tests. In addition, as a next step, our research will focus on those factors, which 

can directly influence the measurement. 

A new research project deals with the calculation of climate-dependent creep behavior 

with speed-dependent short-term tests. Thereby, various long-term tests concerning the 

BCT, BS and ECT will be performed. The results will be transmitted to a computer-aided 

calculation model under finite elements method (FEM). Subsequently the results of the 

FEM will be verified by short- and long-term test. Finally, it should become possible to 

use time- and money-saving short-term tests to estimate the long-term behavior of 

corrugated board. Hence, in the future, we might be able to utilize the potential of this 

packaging material better, prevent transport damage and protect the environment. 
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Abstract: Today, in the field of packaging technologies there is an increasing amount of 

one-way polymer materials. Such materials after their short lifecycle are 

disposed, and such pose a serious environmental impact. However, PET is a 

good quality technical plastic; the recycled use must be provided. In our 

research, we have examined the recycled material of mineral water bottles. 

Chemical foaming of recycled polyethylene terephthalate (rPET) was applied 

for quality increased reusability. Significant results were achieved in terms of 

mechanical properties at specific mixtures of chain extender and impact 

resistance enhancer, at the foaming state of the injection moulding. 

Keywords: rPET; recycling; chemical foaming; chain extender; polymer foam 

1. Introduction 

In the 1950’s the consumption of fossil based raw materials rapidly grown along with 

the use of energy carriers. This attracted the rapid growth of the plastics industry. In 1970 

the polyethylene terephthalate (PET) has been released and soon began to dominate the 

market for liquid foods packaging; consumer habits have changed. Due to low production 

costs, low weight, good optical properties and gas tightness PET has outperformed glass. 

Due to the widespread use, PET waste will be projected to reach 29 million tonnes a 

year by 2018. As an effect of its mechanical and chemical properties, its resistance to 

chemicals and radiations is outstanding. At the same time this results in the natural 

decomposition of more than 450 years [1].  

In this research work, technical properties of the PET will be presented that have 

become waste, in order to expand the possibility of secondary utilization. PET that has 

been discarded is still a good quality technical plastic; that can prove to be a major player 

in the future of raw materials. 

During the production of the bottles, the preforms are placed in a stretching blower that 

warms them in a formable state in seconds. They are stretched longitudinally with a rod, 

and at the same time air is blown at high pressure, pushing the plastic to the bottle-shaped 
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metal mould wall. After the cooling, the shaping process is carried out. When the bottles 

are recycled, the chain structure of the PET is broken. The primary goal is to reverse the 

process, to improve the mechanical and physical properties of the recycled substance [2]. 

Various natural and synthetic raw materials were examined as to how effective they can 

be applied as chain extenders. During this work, the chosen manufacturing technology is 

injection moulding; by the change of the technological parameters of the moulding the 

change on the internal structure of the product is examined. The goal is to produce a low 

density material with specific mechanical properties. An examination for the automotive 

utilization of the raw material created, taking into account the wreckage directive (ELV 

Directive 2000/53 / EC). The aim of the research is partly environmental protection and 

partly the innovative technical raw material production [3].  

1.1.  Polyethylene terephthalate 

Polyethylene terephthalate is a poly-condensation product of terephthalic acid and 

ethylene glycol (Fig. 1). It is currently considered the largest raw material for fibre 

manufacturing. Under nitrogen atmosphere, in the presence of Zn, Co, Mn acetate, 

dimethyldiphthalene with ethylene glycol is trans-esterified. During the reaction, the 

formation of the polymer is mainly due to gradual depletion. 

 

Figure 1. Equation of the production reaction of PET [4] 

PET has high mechanical strength and high heat resistance, which is why crystalline 

technical plastics are typically used for fiber forming. Its resistance is very high; it is oil, 

grease, petrol and chemical resistant. Its radiation resistance and weather resistance are 

also good. Its negative property is to dissolve the alkali, phenol, cresol and its derivatives 

and destroy the structure of the oxidizing acids [4]. 

1.2. Manufacture of PET re-granulate 

The main purpose of selective waste collection is to recycle. Only low-pollutant PET 

waste can be used for recycling. The recovery of the right raw material for recycling 

begins with selective waste collection. 

Recycling of uncleaned and dry bottles is expensive. It would be an important 

expectation that we teach children what bottles can be collected at a young age. For 

example, in the acidic medium, the PET molecules cannot be degraded. Bases are catalyse 

the degradation of PET molecules. Thus, the acetic and hydrochloric acid bottles in the 

waste bin will also prevent recycling of other bottles that come into contact with it. One 

of the regeneration steps of PET mills is cleansing and washing with water. The amount 

of water can be reduced by appropriate drying, and most be reduced because the presence 

of water reduces the average molecular weight of the polymer due to hydrolytic reactions. 
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PET mills process material in chemical and mechanical methods. Chemically, partial 

or complete depolymerisation is performed by the addition of water, ethylene glycol and 

methanol. 

- PET mills + water → ethylene glycol and terephthalic acid 

- PET mills + ethylene glycol → bis (hydroxyethyl) terephthalate 

- PET mills + methanol → dimethyl terephthalate - is formed. 

For mechanical processing, the regrind is cleaned, dried and then processed as a 

thermoplastic, in a melted state [5]. 

The injection moulding of high quality components from recycled PET is complicated 

by several factors. During recycling, thermal and shear stresses cause significant 

degradation, this can be further enhanced by possible contaminants and moisture content. 

Process-ability is a function of moisture content and should therefore be kept below 

0.004%. 

As a consequence of recycling, it is a serious problem that its mechanical properties are 

deteriorating [6,7]. 

This research is focused on the development of secondary raw materials with recycled 

PET foaming. 

1.3. Foaming 

Under the term polymer foam, we mean a biphasic system in which statistical 

distributions of variable gas bubbles are embedded in a polymer matrix. Almost all 

thermoplastic polymers are suitable for making a foamed product. The foaming processes 

can be classified into three main groups: mechanical, physical and chemical.  

During chemical foaming, the foaming agent forms a gas that foams the plastic 

structure. Foaming is started after mechanical stirring of the blowing agent. The process 

is supported by heat transfer. The formation of the foam structure is followed by forming 

and solidification. During the chemical reaction, various decomposition products are 

formed (eg. CO2, ammonia, water) [6].  

Chemical blowing agents are organic or inorganic solids that decompose in a high 

temperature melt. Their solid decomposition products act as nucleus. In addition, large 

quantities of gas are generated. The gas bubbles formed at the nucleus in the coolant melt 

and form cells. 

In the experiment, we combined the traditional injection moulding technology with the 

breathing- mould technique. The injection moulding cycle of the foamed specimens is as 

follows: 

1. The mould closes. 

2. The injection unit closes, connects to the injection-side of the mould. 

3. The melted polymers is injected to the mould. 

4. Holding pressure is maintained for 3 seconds. 
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5. Plastification of the materials for the next cycle.  

6. The injection unit opens. 

7. Mould breathing (the mould opens until 0.3 mm). 

8. Cooling for 20 seconds. 

9. The mould opens. 

10. Ejection of the specimen. 

1.4. PET foaming 

During PET foaming attention must be paid to the material drying, as due to hydrolysis 

the internal viscosity of the melt decreases; as a direct result the proper pressure at the 

nozzle is not formed. Foam stability is worsened, the distribution and size of the bubbles 

will not be adequate Cells cannot hold their spherical shape; larger diameters are torn off, 

causing poor surface quality. This phenomenon is also present in the recycling of rPET, 

which is a serious problem as the raw material and the quality of the finished product also 

deteriorate. 

In the case of the study, PET re-granulate was dried for 12 hours at 140 ° C. This is due 

to the humidity of the raw material; it has to be less than 0,004% for injection moulding. 

Chain extensions to the base material are added in addition to the chemical foaming agent. 

This process connects chains and improves mechanical properties and increases viscosity 

[8] (Fig. 2). 

 

Figure 2. The principle and actual operation of the chain extension additive [6]  

1.5. Injection moulding 

One of the most productive processing technologies is injection moulding; this process 

typically produces thin-walled products ranging from a few millimetres to several meters 

in length [8].  

In the case of chemical foaming moulding, structural foam is produced because the 

shell of the product which is in contact with the wall of the tempered tool is generally 

solid [9]. Towards the core the foamed proportion increases. As to the size of cells, it can 

be observed that the cell diameters are larger in the middle of the product. During the 

chemically-foamed injection moulding process, self-closing nozzles must be used and 

greater compression pressure to prevent the material from foaming during plasticization. 
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1.6. Breathing-mould technique 

In order to achieve the appropriate foam level, the pressure differences can be 

influenced by the mould opening or breathing tool technique. During this process, the 

polymer mixed with the blowing agent is injected into the mould cavity where the 

compact surface layer of the piece is formed during the cooling. Then, with the minimal 

opening of the tool the space increases and the pressure decreases, so that the still molten 

material is foaming. The tool opening depends on the setting of the tool cavity and the 

injection moulding machine. In the experiments, a 0.3 mm opening of the mould was used 

to produce the test specimens [10] (Fig. 3). 

1.7. Aims and objectives 

At the start of our research, the goal was to create a foam structure for recycled 

polyethylene terephthalate. In addition to the appropriate injection moulding parameters, 

the available crystallized blue bottle re-granulate with 4% foaming agent is suitable for 

forming a closed cell foam structure. 

After this our objective was improving the manufactured specimens to achieve the goal: 

lower density and better mechanical properties. In the comparisons no plain rPET 

specimens are included, as the current objective is to create better and better foamed 

samples. 

 

Figure 3. Breathing-mould technique [11] 

2. Used materials and methods 

During the experiments, commercially available blue crystallized PET re-granulate 

(rPET) was used. The chemical blowing agent was Tracell IM 7200. During injection 

moulding, 500g of rPET was mixed with 4wt% of chemical blowing agent (CBA). 

According to the literature research and testing the 4wt% blowing agent produces the best 

results. The CESA Extend NCA0025531-ZA chain extender was mixed with the 

substance at 2wt% ratio. Impact modifier used in the testing has been from DuPont at the 

substance mixture of 10wt%. 

During the injection moulding, a dumbbell specimen and a type of thermoplastic 

polymer material was produced. The Arburg ALLROUNDER 420C Golden Edition 

injection moulding machine was used to produce the specimens (Table 1). The traditional 

moulding technology was combined with the breathing tool technology. To achieve the 
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right tool temperature the samples were tested at 25°C, 35°C and 45°C. The foam 
structure of the manufactured specimens was examined by YXLON Y.CT Modular 

Industrial CT. The impact resistance was measured on CEAST 65-45,000 impactors 

according to MSZ EN ISO 179 standard. The tensile tests were carried out on the 

INSTRON 5582 universal testing machine according to MSZ EN ISO 527. 

Table 1. Injection moulding parameters 

Description Unit Value 

Clamp force kN 150 

Nozzle Temperature °C 260 

Injection Pressure bar 650 

Injection Speed cm3/s 30 

Holding Pressure 1 bar 150 

Holding Pressure 2 bar 50 

Holding Time 1 sec 2 

Holding Pressure 3 bar 20 

Holding Time 2 sec 1 

Residual Cooling sec 0 

Intermediate Mould Gap mm 0.3 

Mould Open Delay sec 20 

Mould Temperature °C 35 

2.1. Evaluation of results 

In our laboratory research, the foam structure, the density and the mechanical properties 

of the specimens were tested. 

2.2. Weight, volume and density measurement 

In our laboratory research, the extent to which the temperature of the tool temperature 

is influenced by the density of the undeclared rPET had been tested. 

The results showed that the tool temperature, if only to a small degree, had an impact 

on the density of the specimen. The average 35°C injection moulded specimens were 

3.8% higher at 25°C and 3.1% higher in 45°C. Thus, to achieve optimum cell formation, 
it is advisable to temper the tool to 35°C. (Fig. 4). By means of the foaming and breathing 

technology, the material fills the tool cavity, but there is some degradation and a decrease 

in surface quality. The degradations are visible to the naked eye. The reason we used the 

35°C tool temperature is as, this proved to be the most effective in terms of cell forming; 
this is where the most cells have formed and solidified. 
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Figure 4. The effect of tool temperature on density in case of rPET 

One of the beneficial effects of foaming is the decrease in weight. Because of the 

established cell structure, the density of the test samples decreases. On average, the 

density of foamed rPET is 14.82% lower. The density of the rPET expanded with the 

chain extender was 12.37% less than the non-foamed rPET. 

 
Figure 5. The effect of foamed blend composition on density 

I compared the density of the foamed rPET containing the impact modifier and chain-

extending agent against only the chain-extended ones. It is apparent from the results that 

the impact resistance modifier further reduced the mass along with the density (Fig. 5). 

Concerning cell formation, it can be stated that a better structured cell layout is obtained 

with increased impact resistance. For density measures the pre-tested specimen has 

provided data; height, width, length and weight have been measured, from this density 

can be calculated as follows (1): 

 ρ = 𝑚𝑉 , (1) 

where  [g/cm3] is density, m [g] is weight of the specimen, V [cm3] is the volume of 

specimen. 

2.3. Foam structure 

After the examination of the foam structure on the specimens with a CT device; Figure 

6 shows a 3D image of a 3mm section of rPET specimen with 4wt% chemical blowing 

agent. The average porosity of the product is 15.05%. The average wall thickness of the 
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shell wall is 0.526 mm. The cell density of the test samples is 12.67 pcs / mm3 on average. 

The average cell diameter is 283μm. 

 

Figure 6. CT images of rPET4CBA 

Figure 7 shows the 3D image of a 3mm section of rPET with 4wt% foaming agent and 

2wt% chain extender. When calculating the average porosity, a lower value than the test 

of the no-load test specimens was measured, this value was 12.42%. This is due to the 

fact that in case of full hollow volume testing, we also received lower values, both cell 

number and cell density decreased with the chain enhancer. With respect to cell density, 

1.116 pcs / mm3 is the rate of decline. Not only cell numbers but cell diameters are 

smaller. In the product mixed with the chain extender, the cells have an average diameter 

of 273 μm. However, the standard deviation of the average cell diameter is relatively high, 
which is because the core layer has unevenly spread throughout the process. 

 

Figure 7. CT images of rPET2CE4CBA 

2.4. Mechanical testing 

We have investigated the effect of the chain extender on the mechanical properties. The 

results are summarized in Figure 8. As it did not produce the desired results, the 

mechanical properties with a 10wt% of impact modifier (IM) were compared. 

The value of the Young modulus calculated from tensile test results was 47.8% greater 

than the average of the measured results. After the linearity of tension and deformation 

ceases, the rPET probes become instable before the formation of the neck. The 

deformation would continue in less rigid way, more disorganized structure, but the 

material that became instable due to the cells suddenly crashed before the steady flow 

stage began. Because of the disorderly cell formation, the blend-blown impact exhibits 
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lower tensile strength. No real elongation was observed in the foamed rPET examination 

because of the rapid fracture. It can be concluded from the results that although there was 

a slight increase, but due to the uneven cell formation due to the chain extender, there was 

a lower elongation. However, the impact resistance increased the elongation value more 

than twice. Using the impact modifier, a more stable cell structure can be achieved. 

In the Charpy impact test, I did not make any notches on the foamed rPET specimens 

because of the crystal structure and the cellular structure, without the brittle fracture. It 

can be noticed that the resistance to impact of the 2wt% chain extending agent is greater 

than that of the foam. The impact modified specimens have three times bigger resistance 

against dynamical stress as chain extended specimen and seven times greater as pure foam 

specimen. Thus, it can be stated that the practical use of the impact resistance extender 

has shown a positive result. 

 

 

Figure 8. The mechanical properties of foamed rPET 

3. Conclusion 

The aim of the research was to increase the quality of recycled PET with chemical 

foaming. During our laboratory experiments, we examined the effect of the tool 

temperature on the injected un-foamed rPET properties. Previous tests have shown that 

the modification of temperature, changes the mechanical properties of rPET; even if only 

marginally. By reducing the temperature of the tool, it is more apparent, while the 

temperature increases resulted tougher plastic. Before processing, the raw material, it 
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must be dried sufficiently to achieve the appropriate rheological properties. Negative 

effect that there is some degradation and there is a decline in surface quality, but the 

increase in density and material utilization as well as a positive effect on weight can be 

achieved. The use of chain extenders did not produce the desired result. However, the 

combined application of the impact resistance modifier and the chain extender showed as 

a positive change in all measured mechanical properties. The new blend showed a seven 

times better resistance to the initial rPET foam in Charpy's impact test. In the present 

phase of the research, the test specimens are partly in line with expectations, due to the 

formation of the cell structure, the result is decreased density. As they are under 

development in morphological tests positive results were obtained when testing new 

mixtures. With new chemical blowing agents to test the mixture further mechanical tests 

are needed. Our further intent is to optimize mechanical properties. 

We are confident that after completing the full research, we will define the precise 

composition and production steps of a substance, which will be a milestone not only for 

innovative industrial developments but also for environmental protection. 
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