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Abstract. Hadarics et. al. gave a Mathematical Model for Distributed
Vulnerability Assessment. In this model the extent of vulnerability of a
specific company IT infrastructure is measured by the probability of at
least one successful malware attack when the users behaviour is also in-
corporated into the model. The different attacks are taken as independent
random experiments and the probability is calculated accordingly. The
model uses some input probabilities related to the characteristics of the
different threats, protections and user behaviours which are estimated by
the corresponding relative frequencies. In this paper this model is further
detailed, improved and a numerical example is also presented.

1 Introduction

In recent decades information and infocommunication devices have become
widely used. Besides their advantages previously unknown threats and mali-
cious codes [8], [9] appeared. Traditionally measuring cyber risk usually consist
of testing malicious activity [3] and penetration testing [10], [1]. Information
can be obtained from the traffic of the network hence interactive metrics can
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204 L. Bognar et al.

be evolved [5],[2], [7]. The behaviour of the users is usually regarded as a
factor of secondary importance which can result in a model not adequately
representing real life situations.

In an adequate model for assessing vulnerability of a specific business all
three factors should be considered:

1. Malicious activity from the outher world threatening the I'T network of
the business.

2. Not properly protected elements of the I'T network at the business.

3. Dangerous behaviours of users inside the business.

2 The model

Most of the notation of [4] will be used. For completeness these notations are
to be reviewed.

Let L{ly,..., L} be the set of all available threat landscapes. In what follows
a specific landscape will be used denoted by 1. Let Ty, be the set of all possible
malware. Let T = {ty,...,tx} be the set of all possible malware inside 1. Let
U = {uy,...,u;} be the set of all users. Let D = {d;,...,dn} be the set of
all possible devices inside 1. Let P = {p1,...,pn} be the set of all available
protections inside 1. Let UT = {uty,...,ut;} be the set of all possible user
tricks used by any malware inside L.

An integrated measure of vulnerability accounting for all three sources (at-
tacker ingenuity, infrastructure weakness and adverse user behaviour) can be
constructed.

For any given threat or class of threats for which the requisite I'T infrastruc-
ture vulnerability and user facilitation is known, we can obtain a best estimate
of:

1. The probability that an attacker will use a particular threat or class of
threats against the enterprise (pprev)-

The probability pprev is estimated by

number of computers infected by t inside 1

t,1) =
Pprev(t, 1) number of all computers inside 1

for t € T. Note, that pprey can be based on a measurement or estimation and
must be related to a time interval. Let

‘ t 19] v T
P ‘ pprev(tl) pprev(tl) cee pprev(tk)

Pprev =
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be a vector. This means if we examine a particular attack, then the probability
that this attack is in the form of the threat t1 is pprev(t1), etc.

2. The probability that the enterprise’s IT infrastructure will allow the at-
tack to be carried out successfully (pgevice)-
To elaborate the estimation of pgevice first some auxiliary probabilities are de-
fined and estimated.
The probability pprot(t,p) is introduced

number of successful attempts of t through the protection p

t,p) =
Pprot(t, P) number of all attempts of t through the protection p

for any t € T and p € P. Let

P1 P2 e Pn

t Pprot (t y P1 ) pprot(t1 y Pz) cee pprot(t1 y pn)

Pprot = b Pprot (tZ) P]) pprot(tZ) pZ) oo pprot(tZ) pn)
ti pprot(tb P1 ) pprot(tka Pz) e pprot(tk) pn)

be a k x n matrix. This means that the probability of a successful attempt of
ty through the protection p7 is pprot(t1,p1), ete.
The value Zgevice_etements(d, t) is introduced

1 if t can work on d
Zdevicefelements(dat) = 0 if t can not work on d

(or shortly zgey—ctem(d, t)) for any t € T and d € D. Let

Zdevicefelements

t 19] v tk
d1 | Zdev—elem(d1,t1)  Zgev—elem(di,t2) ... Zdev—etem(d1, ti)
= d—2 Zdevfelem(dZ) t ) Zdevfelem(dZ) tZ) oo Zdevfelem(dZ) tk)
dm | Zdev—ctem(dmyt1)  Zdev—etem(dm,t2) ... Zdev—etem(dm, tk)

be an m x k matrix.
The value zgevice—prot—install(d, p) is introduced

1 if d does not have the protection p
Zdevice—prot—instau(d, P) = 0 if d has the protection p
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(or shortly zq_p—3) for any d € D and p € P. Let

Zdevicefprotfinstall

P P2 " Pn

di | zap-ildi,p1)  zap-ildi,p2) ... za—p-ildi,pn)

— d2 | zap-ild2,p1)  zap-ild2,p2) ... zap-ild2,pn)
dm | za—p-i(dm,P1) za—p-ildm,P2) ... zap—ildm,Pn)

be an m X n matrix. Let

Pdevice—prot—install—dj

P1 P2 e Pn
t1 | Pa—p—i—a;(t1,P1) Pa—p—i—q;(t1,P2) .-+ Pa—p-i—a;(ti,Pn)
= t| Pa—p-i—q(t2,P1) Pa—p-i—q(t2,P2) ... Pa—p-i-q;(t2,pn)
te | Pa—p—i—q; (Lo P1) Pa—p—i—g;(tioP2) -+ Pa—p-i—q;(tk, Pn)

be a k X n matrix where

Pd—p—i—d; (tx, Py ) = maX{pprot (tx, Py ), depfi(dj y Py )}

forany j € {1,...,m}, x € {1,...,k} and y € {1,...,n}. This means that if the
threat t; can work on dj, then the probability of a successful attempts of the
threat t; through the protection p; on the device dj is pa—p—i—q;(t1,p1), ete.
The probability pgevice—prot—d; (t) is introduced

min pprot(ta P)

pd ice— t—d'(t) =
evice—prot—d; for all p protecting d;

for any t € T. Let

P
4 Pdevice—prot—d; (t1 )
t Pdevice—prot—d; (t2)

Pdevice—prot—dj =

t Pdevice—prot—d; (tx)
be the column vector where

P device—prot—d; (tx)
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= min{pd—p—i—dj (tx P1 )y Pd—p—i—g; (tx, pZ)) «+ oy Pd—p—i—d; (tx, pn)}

for any j € {1,...,m} and x € {1,...,k}. This means that if the threat t;
can work on dj, then the probability of a successful attempts of the threat t;
through any protection protecting the device dj is Pdevice—prot—a; (t1), etc.
The probability pgevice—prot(d,t) is introduced

pdevice—prot(d»t) = min . pp‘rot(t»p)
for all p protecting d

forany t € T and d € D. Let

Pdevice—prot

tH t) cen tx
d] pdevice—prot(d1 y b ) pdevice—prot(d1 ) tZ) v pdevice—prot(dl ) tk)
= dz pdevicefprot(dZa t1) pdevicefprot(dZa t2) ... pdevicefprot(db tk)
dm pdevice—prot(dma t1) pdevice—prot(dm» t2) ... pdevice—prot(dm) 29

be an m X k matrix where

Pdevice—prot (dy, ty) = Pdevice—prot—dx (ty)

for any x € {1,...,m}and y € {1,...,k}.
The probability pgevice(d, t) is introduced

pdevice(d) t) = Zdecive—elements (d> t) ’ pdevicefprot(dq t)

forany t € T and d € D. Let

tH t, ... tx
d; pdevice(dl yt1) pdevice(dl yt2) ... Pdevice(dr, tk)
Pdevice = dZ pdevice(dZ) t]) pdevice(dZ) tZ) e pdevice(dl) tk)
dm pdevice(dm> t1) pdevice(drm t2) ... pdevice(dm> )

be an m X k matrix where

Pdevice ( dx> ty ) = Zdev—elem ( dX) ty ) * Pdevice—prot ( dx> ty )

for any x € {1,...,m} and y € {1,...,k}. This means that the probability of
a successful attempts of the threat t; through any protection protecting the
device dj is Pgevice(d1, t1), etc.
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3. The probability that users of the enterprise’s I'T infrastructure will provide
sufficient facilitation for the attack to succeed (pyser)-
The pysertrick (t, ut) probability is introduced

number of attempts of t where t used ut

ick(t,ut) =
Pusertrick(t, ut) number of all attempts of t

for any t € T and ut € UT. Let

Pus ertrick
uty ut, ces uty
t pusertrick(t1 yuty) pusertrick(tl yuty) ... pusertrick(tl yuti)
= b Pusertrick (tZ) uty ) Pusertrick (tZ) utZ) <+« Pusertrick (tl) uti)
tr Pusertrick (tk ) uty ) Pusertrick (tk) ut) ) «++ Pusertrick (tk> ut; )

be a k x 1 matrix. This means that the probability that the threat t; uses
usertrick uty is pysertrick (t1, Ut), etc.
The pyser—usertrick (U, ut) probability is introduced

number of successful attempts of ut on u

_ icklu,ut) =
Puser-usertrick (1, 1t) number of all attempts of ut on u

(or shortly py—utrick(u, ut)) for any u € U and ut € UT. Let

Pus er—usertrick

uty uty . uty
W | Pu—utrick (U, uty)  pu—utrick (W, utz) oo Puutriek (W, uty)
= W2 | Pu—utrick (uZ) uty ) Pu—utrick (uZ) utZ) <o+ Pu—utrick (u2> uti)
Wr | Pu—utrick (ur) uty ) Pu—utrick (ur) ut; ) -+« Pu-—utrick (ur) uti)

be an r x 1 matrix. This means that the probability that the user u; uses
usertrick uty is py_utrick (W1, uty), ete.

From the probabilities pysertrick and Puser—usertrick We can calculate the prob-
ability puser(u,t) which is the probability that the threat t infects using at
least one usertrick through the user u. This is

puser(u» t)
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=1- H (1 - pusertrick(t> U.t) : puserfusertrick(u—) ut))
for all ut used by t

foranyue U, t €T and ut € UT. Let

t t e tx
U1 | Puser (LL] , T ) Puser (U«1 ) tZ) oo puser(u1 y tk)
Puser = Y2 | Puser (uZ) t1) Puser (uZ) tZ) ce puser(ub tk)
Uy puser(ura ty ) Puser (ura tZ) oo puser(ura tk)
be an r x k matrix where
puser(u1 y 4 )

=1- (1 - pusertrick(t1 ) ut]) : pu—utrick(uhut] ))
(1 - pusertrick(t1 ) UtZ) : pu—utrick(u1 ) utZ)) Teee
(1 - pusertrick(t1>Uti) : pu—utrick(uhuti))a

etc. This means that the probability that the threat t; infects using at least
one usertrick through the user wy is pyser(u1, t1), ete.

2.1 The probability of infection

These three probabilities (Pprev, Pdevice, Puser) can be combined to obtain an
overall probability of malicious success, (provided each relevant combination
of attack, user, and component of IT infrastructure is accounted for) [6]. The
(ppre\,, Pdevices Puser) values are related to a given threat, a given user and
a given device. The aggregated vulnerability would be an index of the whole
organization related to all of the users, all of the devices and all of the possible
threats. The probability of the infection is ps which is the probability that the
investigated landscape will be infected by at least one malware. This can be
calculated in the following form

Ps = 1— H (1 _puser(t) U.) : pdevice(t> d) : pprev(t) l))
for all t,u and a

foranyue U, teTand d e D.
The followings were assumed:

1. the attacker usage of the given threat, the IT infrastructure allowance
and the user acceptance are different from each other,
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2. all of the attack attempts are independent from each other,

3. the computer usage behaviours of all users are the same and equal to

the average usage in the organization.

Observe the calculated ps value is related to the same time interval as the

original pprev Was related to.

3 A numerical example

Let T = {t1,...,t4} be the set of malware. Let U = {uy,...,us} be the set of
all users. Let D ={d, d;, d3} be the set of all devices. Let P ={p1,...,ps} be
the set of all protections. Let UT = {uty,...,utg} be the set of all user tricks

used by any malware in T. Let

4 t t3

ty

Porev = 535025 025 0.25

and

\ Pr P2 P33 P4 Ps5
t; 1 0.01 0.02 0.03 0.04 0.02
Pprot = t2 | 0.1T 0.12 0.13 0.14 0.15.
t310.21 0.22 0.23 0.24 0.25
t4 1031 032 0.33 0.34 0.35

This means that the probability of a successful attempt of t; through the

protection py is 0.01, etc.

Let
‘ t1 6 t3 4u©
7. o dy |1 0 0 O
device_elements — d, 0 1 1 0"
d|0 1 0 1
This means that t; can work on dj, t, can not work on d;, etc.
Let
\ P1 P2 P3 P4 P
Zaow ' _ d|1 0 1 0 1
evice_prot_install dz 0 1 1 0 1
da|1 0 0 1 1

This means that d; does not have the protection py, d; has the protection p;,

etc.
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Thus
\ P1 P2 P3 P4 Ps
ty 1 0.02 1 0.04 1
Pprot,install,m =t|1 012 1 014 1
t3 ] 1 022 1 024 1
t4 | 1 032 1 034 1
Observe

Pd—p—i—d; (t1>p1) = max{pprot(t1 y P1 )) depfi(dhpl )} = max{0.01, 1} = 1,
Pd—p—i—d; (thpZ) = max{pprot(t1 > pZ)) depfi(dhpl)} = max{0.02, 0} = 0.02,

etc. This means that the probability of a successful attempts of the threat t;
through the protection p; on the device dy is pg—p—i—q, (t1, 1), etc. Similarly

P1 P2 P3 P4 P5
t 10.01 1 1 0.04

Pprot,intall,dz = t; | 0.11 1 1 014 1 y
1021 1 1 024 1
t4 1031 1 1 034 1
P1 P2 P3 P4 Ps
ty| 1T 0.02 003 1 1
Porotintattd; = t2 | 1 012 013 1 1
t3 1 022 023 1 1
t4| 1 032 033 1 1
Furthermore
Pdevice,prot,D] — ‘tz 0.12 .
t3 ] 0.22
tq | 0.32
Observe

Pdevice—prot—d; (t1)
= min{pa—p—i—da, (t1,P1)y Pa—p—i—a, (t1,P2)y - - -y Pa—p—i—a, (t1,Pn)}
min{1,0.02,0.03, 1,1} = 0.02.

This means that if the threat t; can work on d;, then the probability of a
successful attempts of the threat t; through any protection protecting the



212 L. Bognar et al.

device d; is 0.02, etc. Similarly

P
4] 0.0
Pdevice—prot—dz = t,|0.17,
t3 | 0.21
ts4 | 0.31
P
“ty [ 0.02
Pdevice—prot—d3 = t,[0.12.
t3 | 0.22
t4 | 0.32
Thus
t 1 13 ts
P _d;|0.02 0.12 0.22 0.32
devicemprot = 4, 10.01 0.11 0.21 0.31°
d; [ 0.02 0.12 0.22 0.32
Observe

pdevicefprot(d1 y b ) = Pdevice—prot—d; (ty ))
pdevicefprot(d1 ) tZ) = Pdevice—prot—d; (tZ))

etc. This means that if the threat t; can work on dj, then the probability of
a successful attempts of the threat t; through any protection protecting the
device d; is 0.02, etc. Furthermore

‘ t 1) t3 t4

b _ di[002 0 0 0
device = g, | 0 0.11 0.21 0
d;| 0 012 0 032

Observe

Pdevice(d1,t1) = Zdaev—etem (d1, t1) - pdevice—prot(dl ,t1) =0.02-1=0.02,
Pdevice(d1, t2) = Zaev—etem(d1, t2) - pdevicefprot(dl yt2) =0.12.0 =0,

etc. This means that the probability of a successful attempts of the threat t;
through any protection protecting the device d; is 0.02. Since t; can not work
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on d;, the probability of a successful attempts of the threat t; through any
protection protecting the device d; is 0, etc. Let

‘ uty ut, uts uty uts utg
t; | 0.141 0.142 0.143 0.144 0.145 0.146
Pusertrick = t2 | 0.151 0.152 0.153 0.154 0.155 0.156 .
t3 | 0.161 0.162 0.163 0.164 0.165 0.166
t4 | 0.171 0.172 0.173 0.174 0.175 0.176

This means that the probability that the threat t; uses usertrick ut; is 0.141,
etc. Observe the sum of the probabilities in any row is not greater than 1. Let

uty utp uts uty uts utg
u [ 0.031 0.032 0.033 0.034 0.035 0.036
uy [ 0.041 0.042 0.043 0.044 0.045 0.046

p - _ uz [0.051 0.052 0.053 0.054 0.055 0.056

user-usertrick = ug | 0.061 0.062 0.063 0.064 0.065 0.066 °
us | 0.071 0.072 0.073 0.074 0.075 0.076
ug | 0.081 0.082 0.083 0.084 0.085 0.086
uy [ 0.091 0.092 0.093 0.094 0.095 0.096

This means that the probability that the user u; uses usertrick ut; is 0.031,
etc. Thus

t1 19) t3 t4

u; | 0.028516 0.030477 0.032434 0.034388
uy | 0.036891 0.039418 0.0419392 0.044455
uz | 0.045206 0.048290 0.051366 0.054434
uy | 0.053460 0.057094 0.060716 0.064326 °
us | 0.061655 0.065830 0.069989 0.074132
ug | 0.069791 0.074498 0.079185 0.083852
uy | 0.077868 0.083099 0.088305 0.093487

Puser -

Observe

Puser(uht]) =1—(1 _pusertrick(tlyUtl) 'pufutrick(uhuh))
(1 — Ppusertrick (t1, ut2) - Pu—utrick (w1, utz))
oo (1= Pusertrick (t1, uti) - Pu—utrick (w1, uti))
=1—(1-0.141-0.031) - (1 —0.142-0.032) - ...- (1 — 0.146 - 0.036)
=0.028516,
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etc. Therefore,

Ps = 1 — (1 — Puser(t1, 1) - Paevice(t1, d1) 'pprev(t1))
(1= puser(tth) : pdevice(th di) - pprev(tl )
oo (1= Ppuser(ta, u7) - Pdevice(ts, d3) - pprev(t4))
=1—(1-0.028516-0.02-0.25) - (1 —0.036891 - 0.02 - 0.25)
<.+ (1—0.093487 - 0.32 - 0.25) = 0.079774.

This means that the probability of the infection of the investigated company
with users uy,...,uy, devices dy, dy, d3, protections p1,...,ps and matrices as
above is 0.079774. Thus we get that the probability of an infection by at least
one malware is 0.079774.

4 Simulations

In this section results of simulation studies are presented. Businesses with
different sizes (different number of devices and users) are modelled and the ps
probabilities are calculated when certain number of threats are present. The
results are summarized in Table 1 and Table 2.

The Micro (Small, Medium, Big, resp.) business is a company (or depart-
ment) with 10 (50, 100, 1000, resp.) devices and 10 (50, 100, 1000, resp.)
users. In real life the probabilities pprev, Pprot, Pusertrick and Puser—usertrick
can be estimated by relative frequencies but in the simulations these were
estimated by random uniform probabilities. In the Table 1 the probabilities
Pprev (pprota Pusertricks Puser—usertrick, resp.) are in the interval [0.9, 1] ([O> 0.1],
[0,0.1], [0,0.1], resp.). The results in the Table 1 correspond to the case when
the number of protections is 5 and the number of usertrick is 5.

The probability 0.25 in the cell of the third row of the second column in
Table 1 means that the approximate probability of ps is 0.25 if there are 10
devices, 10 users in the company, the number of threats is 10, the number
of protections is 5, the number of usertricks is 5, the random elements of the
vector Pprey lie on the interval [0.9, 1], the random elements of the matrix Pprot
lie on the interval [0, 0.1], the random elements of the matrix Pysertrick lie on the
interval [0,0.1] and the random elements of the matrix Pygser_usertrick li€ on the
interval [0,0.1]. Of course the matrices Zgeyice—elements a0d Zgevice—prot—install
are random matrices with elements 0 or 1.

Observe that if the number of the devices (or users) or the number of the
threats is large, then the probability is close to 1.
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Table 1: The values of pg probabilities in case of different business sizes

Micro Small Medium Big
threats devices=10 devices=50 devices=100 devices=1000
users=10 users=50 users=100 users=1000
10 0.25 0.999935 1 1
91999547
50 0.75 0.999999 1 1
99996973
100 0.85 1 1 1
1000 0.999999 1 1 1
99715744

The probabilities in Table 1 can be regarded as overestimates of the real
Ps probabilities since the sum of the elements in the random vector Ppre, is
greater than 1.

In the Table 2 the prObabﬂities Pprev (ppro‘u Pusertricks Puser—usertricks resp.)
are in the interval [0,0.1] ([0,0.1], [0,0.1], [0,0.1], resp.). The results in the
Table 2 correspond to the case when the number of protections is 5 and the
number of usertrick is 5.

Table 2: The values of ps probabilities in case of different business sizes

Micro Small Medium Big
threats devices=10 devices=50 devices=100 devices=1000
users=10 users=50 users=100 users=1000
10 0.02 0.25 75 1
50 0.07 0.85 0.9986016 1
7849174
100 0.15 0.996973 0.999999 1
10258718 99963790
1000 0.7 0.999999 1 1
99998364

The difference between the Table 1 and Table 2 is the input random data
Pprev-
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5 Conclusions

From the simulation studies it can be seen that the model presented can be
used for defining an index number reflecting the state of vulnerability of a cer-
tain company against cyber attacks. However these simulations also show that
this model has constraints of applicability because if the size of the company
is big enough, then the probability ps is very close to 1 and no distinction can
be made between the vulnerability of different companies. To overcome these
constrains of the applicability it can be used either only to a smaller part of a
large network or to a randomly selected smaller sample of users and devices.

This index can be a good measuring tool of comparing the vulnerability
of different parts of a company or comparing the state of vulnerability of a
company at different time instances.

Comparing different user behaviours can give valuable pieces of informa-
tion for the company managements about the needs of improving employees
awareness against cyber attacks.
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1 Introduction

Queueing models with vacations have a great impact in many real life situ-
ations, such models occur naturally in different fields such as computer and
communication systems, flexible manufacturing systems, telephone services,
production line systems, machine operating systems, post offices, etc. Over
the past few decades, vacation queueing systems have paid attention of many
researchers, excellent surveys on queueing systems with vacations can be found
in Doshi [9] and Takagi [16] and in the monographs of Tian [17] and Ke [11].
In recent years, there has been gowning interest in the study of queueing sys-
tems with impatient customers (balking and reneging). For related literature,
interested readers may refer to Shin and Choo [15], El-Paoumy and Nabwey
[10], Kumar et al. [12], Kumar and Sharma [13], Bouchentouf et al. [7], Baek
et al. [6], Bouchentouf and Messabihi [8] and references therein.

The studies of queueing models with impatient customers were ranked de-
pending on the causes of the impatience behavior. In queueing literature, mod-
els where customers may be impatient because of server vacations have been
extensively analyzed. Yue [20] presented the optimal performance analysis of
an M/M/1/N queueing system with balking, reneging and server vacation.
Altman and Yechiali [2] gave the analysis of some queueing models such as
M/M/1;, M/G/T and M/M/c queues with server vacations and customer
impatience, both single and multiple vacation cases were studied. Further,
Altman and Yechiali [3] investigated the infinite server queue with vacations
and impatient customers. They obtained the probability generating function of
the number of customers in the model and derived the performance measures
of the system. Queueing systems with vacations and synchronized reneging
have been done by Adan et al. [1]. Wu and Ke [19] presented computational
algorithm and parameter optimization for a multi-server system with unreli-
able servers and impatient customers. Later, the model given in Altman and
Yechiali [2] were extended by Yue et al. [21] by considering a variant of the
multiple vacation policy which includes both single vacation and multiple va-
cations. In Padmavathy et al. [14], authors studied the steady state behavior
of the vacation queues with impatient customers and a waiting server. Fur-
ther, the transient solution of a M/M/1 multiple vacation queueing model
with impatient customers has been investigated by Ammar [4]. Then, a study
of single server Markovian queueing system with vacations and impatience
timers which depend of the state of the server was presented in Yue et al.
[22]. Recently, in Ammar [5], author established the transient solution of an
M/M/1 vacation queue with a waiting server and impatient customers.
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The main objective of this article is to study an M/M/1 vacation queue-
ing system with Bernoulli feedback, waiting server, reneging, and retention
of reneged customers. It is supposed that whenever the busy period ended
the server waits a random duration of time before beginning on a vacation.
Moreover, we assume that the impatience timers of customers depend on the
server’s states. We obtain the steady-state solution of the queueing model,
using the probability generating function (PGF). Further, we give explicit ex-
pressions of useful measures of effectiveness and formulate a cost model. Then,
we present a sensitive numerical experiments to illuminate the interests of our
theoretical results and to show the impact of the diverse parameters on the
behavior of the system. Finally, an appropriate economic analysis is carried
out numerically.

The model analyzed in this paper has a number of applications in practice.
In most studies cited earlier, authors considered that the server leaves the
system once the system is empty, but in many practical life situations the
server waits a certain period of time before he leaves the system even if there
is no customers, especially when we deal with a human behavior, examples
can be found in post offices, banks, hospitals, etc.

Further, our study has another great scope, in most studies mentioned in
the above literature, the basis of the research is the supposition that customers
may be impatient because of server vacations. However, there are many situ-
ations where the customer can become impatient due to the long wait in the
queue even if the server is present in the system, another example when the
customer may leave the system during busy period is when he cannot see the
server state, these situations can be found in telecommunication systems, call
centers and production inventory systems.

The rest of the paper is organized in the following manner. In Section 2, we
describe the model. In Section 3, we present the stationary analysis for the
queueing model. In Section 4, we obtain different performance measures and
formulate a cost model. Section 5 presents numerical results in the form of
Tables and Figures. Finally, in Section 6 we conclude the paper.

2 System model

Consider a M/M/1 vacation queueing model with Bernoulli feedback, waiting
server, reneging and retention of reneged customers. The model studied in this
paper is based on following assumptions:

x Customers arrive into the system according to a Poisson process with
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arrival rate A, the service time is assumed to be exponentially distributed with
parameter p. The service discipline is FCFS and there is infinite space for
customers to wait.

* When the busy period is finished the server waits a random duration of
time before beginning on a vacation. This waiting duration is exponentially
distributed with parameter 7.

* If the server comes back from a vacation to an empty system he waits pas-
sively the first arrival, then he begins service. Otherwise, if there are customers
waiting in the queue at the end of a vacation, the server starts immediately
a busy period. That is single vacation policy. The period of vacation has an
exponential distribution with parameter 7.

x Whenever a customer arrives at the system and finds the server on vacation
(respectively. busy), he activates an impatience timer Ty (respectively. Ty),
which is exponentially distributed with parameter & (respectively. &;). If the
customer’s service has not been completed before the impatience timer expires,
the customer may abandon the queue. We suppose that the customers timers
are independent and identically distributed random variables and independent
of the number of waiting customers.

* Each reneged customer may leave the system without getting service with
probability « and may be retained in the system with probability o’ = (1—«).

x After completion of each service, the customer can either leave the system
definitively with probability 3 or return to the system and join the end of the
queue with probability B’, where p +p’ = 1.

3 Stationary analysis

In this section, we use the probability generating function (PGF) to obtain
the steady-state solution of the queueing system.

Let L(t) be the number of customers in the system at time t, and J(t)
denotes the state of the server at time t such that

J(t) = 1, when the server is in a busy period;
1 0, otherwise.

Clearly, the process {(L(t);]J(t));t > 0} is a continuous-time Markov process
with state space
Q={(,n):j=0,1, n=0,1,...1
Let P)’,n = T}LH;OPU(JC) = j)I—(t) = Tl}, ) = O,],Tl = O)])"-) (j)n) € -O-)

denote the system state probabilities.
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Then, the steady-state balance equations of our model are given as follows:

(A +7v)Poo = a&oPo1 +1P1, (1)
(A+v +na&)Pon =APon_1 + (n+ 1akoPons1, n2>1T, (2)
(A+n)P1o =vPoo + (Bu+ «x&1)P1 1, (3)

(A+Bu+mna&i) Prn =AP1nq +vPon + (B + (n+ 1)a&1)Pyni,
(4)

n>1,

Theorem 1 If we have a single server Bernoulli feedback queueing system

with single vacation, waiting server, server’s states-dependent reneging and
retention of reneged customers, then

1. The steady-state probability Py is given by

yogo + 81Ko(1)(1 —v))
Py = Po,o- 5
o, = (YT ¥ )
2. The steady-state probability Py is given by
e (Y (Be o v
Py =ext <A+ﬂ <o€&1 Ky (1) + o Kz(”) o, K3 (1)
(6)
Bu+a&r [ Pu n o&o — 81Ko(T)
L= <OLE1K1(”+0651K2(1)>( 02Ko (1) ))PO'O)
where
8102Ko(1) + 82(0xéo — 01Ko(1)) A [/ Bu n >
Poo = wo | 2R (1) 4+ Ky (1
o0 { ¥5:Ko(1) e [(o«& 1D+ g kel
Y Bu+ ok ((ako —81Ko(1) v -
(7\+n+( A1 < 5,Ko(1) ))) ""{”Kw@} ’
(7)
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and

Proof. Let
Gj(z) =) Pjaz", j=0,1.
n=0

Then, multiplying Equation (2) by z", using Equations (1) and (3) and sum-
ming all possible values of n, we get

a&o(1—2)Gy(z) — (M1 —z) +v)Go(z) = —{81Poo + 82P11}, (8)
with ( )
(¥ _ (n(Bp+ x&;
o= (7\+n> and 02 = ( A+n )

where G{(z) = %Go(z).
In the same manner, from Equations (3) and (4) we obtain
a&1z(1-2)Gy(z)—(Az—B ) (1-2)G1(z) = —vzGo(z)+(Br(1—2)+nz)P1o. (9)

Next, let T' = 81Pgo + 82P11. Then, for z # 1, Equation (8) can be rewritten

as follows
A I
Gilz) - (

’Y —_—
aky * oo (T Z)>GO(Z)  ao(1—2) (10

A v
Multiplying both sides of Equation (10) by e*%o (1 —z)*é, then integrating
from 0 to z, we obtain

Golz) = ea*(1 —2) {GO(O) = OCI;OKO(Z)}, (11)

with 5
Ko(z) :J (1— s)%&)"e’o%osds. (12)

0
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[e¢]

Since Go(1) = Z Pon > 0 and z = 1 is the root of the denominator of the
n=0

right hand side of Equation (11), so z =1 must be the root of the numerator

of the right hand side of Equation (11).

Thus, we get
r
Poo = Go(0) = —Kp(1). 13
0,0 0(0) xE o(T) (13)
This implies
62Ko(1)
Pog=—=2" _p... 14
20T gy — 81Kp(1) ! 19
Consequently
& — 81Ko(1)
Pii=—2 9 p.,. 15
R 52Ko(1) O° (15)

Next, substituting Equation (13) into (11), we obtain

Go(z) :ev«%"'(] ) % {1 — EZE?;}PO,O. (16)

For z # 1 and z # 0, Equation (9) can be rewritten as follows

Gl(z) — <7‘ _ b ) Gi(z)

x&  a&iz
Pu n Y (1)
= + Plo— —F——Go(z).
(ocaz o 1 —z)) T g (1) o
_A, Br
Then, we multiply both sides of Equation (17) by e &1z at , we get
4 < ‘cfh"zfa‘?&(z))
{<6u+ n >P Y G()}gzﬁ; (18)
= —————Go(z) pe *&17zx41,
abiz abi(1=2)) " afi1—2)°
Integrating from 0 to z, we have
A, _Be
Gi(z) = e’z = { (B“m (2) + ”Kﬂz)) Pio
o o1 (19)

Y z 1 Br  _ As
— — | (1 —s) 'sx1e «&1Gy(s)ds ¢,
&1 Jo
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where

Z 1 Br  _ As z 4 B As
K;(z) :J s 'satre ot ds, Ky(z) :J (1—s) 'sxt1e «&1ds, (20)
0 0

Using Equation (14) and substituting Equation (16) into (19), we get

Az Bu
Gi(z) = e™rz =t {(EE“ K (z) + O;KZ(Z)> Pro— Oj&Kg(z)Po,O}, (21)

z K B (x A AN
Ks(z) = Jo <1 — KZE%) ng] (1—75s) <““~o+])e(“"—o “‘21) ds. (22)

Next, putting z =1 in Equation (8), we get the probability that the server
o0

is on vacation, (Po,. =Gy(1) = Z PO,n>>
n=0

Po. = <6‘P°)0$52R»1) ) (23)

And, putting z = 1 in Equation (21), we find the probability that the server
(o]

is in busy period, (PL- =Gi(1) = Z P1,n))
n=;

_eny J( B o Y
Py =e~t {(cx&] K1(1)+(x£]Kz(1)> P1o aale(UPo,o}- (24)

From Equation (3), it yields

Y Br+ &
Pro=(1—|Poo+ [ 5250 py . 25
0 (Hn> o0 ( . ) . (25)

Substituting Equation (25) into (24), we have

_ s (Y (Bm n Y
Py, =ex* {(AJFT] ((X&K (1) + o KzU)) E; Ks(U) Po,o

P Bu + o
+<£]K1( +7K )( At )P]y]}.
) i

o (23), we get (5). Then, substituting

(26)

Next, substituting Equation (15

into
Equation (15) into (26), we obtain (6).
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Finally, using the normalizing condition

00 00
ZPO,n+ZP1,n = ]a
n=0 n=0

which is equivalent to
Po. +P1.=1. (27)

And substituting Equations (15), (23) and (26) into (27), we find (7) O

4 Performance measures and cost model

4.1 Performance measures

In this subpart useful performance measures are presented.
* The probability that the server is in a busy period (Pg).

P(Busy period) = Pg = Py ..

x The probability that the server is on vacation (Py).

P(Vacation period) = Py = 1 — P(Busy period).

x The probability that the server is idle during busy period (Py).

Py = Pip.

* The average number of customers in the system when the server is taking
vacation (E(Lp)).
From Equation (8), using L’Hopital rule, we have

, APy +VE(L
E(Lo) = lim Gj(z) = 0’—0&1 (Lo,

This implies

A
E(Ly) = Po...
= (5 ) 7o

* The average number of customers in the system when the server is in busy

period (E(L;)).
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From Equation (9), using L’Hopital rule, we get

E(L;) = lim G (z) = (A - B”) P+ L (L)

& &y
Bu (Br+ &) (ko — 81Kp(1))
& (A+1) (Y - 5,Ko(1) > Poo

* The average number of customers in the system (E(L)).
E(L) =E(Ly) + E(Ly).

* The average number of customers in the queue (E(Lg)).
+o0 +o0
E(Lg) =) nPon+) (n—1)Pi,
n=0 n=1

=E(L) — (Py,. — P1).

* The mean waiting time of a customer in the system (Ws).

_ E(Lo) +E(Ly) _ E(L)
W, = 3 =

* The expected number of customers served per unit of time (Ecs).
Ecs = Bu(Pq,. — Pro).

x The average rates of reneging and retention of impatient customers during
vacation period.

Rreno = a&oE(Ly), Rreto = (1 —o)EE(Ly).

* The average rates of reneging and retention of impatient customers during
busy period.
Rrem = “£1E(L1)) Rre‘q = (] - (X)&E(I—ﬂ-

Thus,
x The average rate of abandonment of a customer due to impatience (Ryen).

Rren = Rreno + Rrem .
x The average rate of retention of impatient customers (Ryet).

Rret = Rreto + Rreh .
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4.2 Cost model

This subpart is devoted to develop a model for the costs incurred in the queue-
ing system using the following symbols:

e C;: Cost per unit time when the server is working during busy period.
e C,: Cost per unit time when the server is idle during busy period.
e C3: Cost per unit time when the server is on vacation.

e C4 : Cost per unit time when a customer joins the queue and waits for
service.

e Cs: Cost per service per unit time.
e C;4: Cost per unit time when a customer reneges.
e C7: Cost per unit time when a customer is retained.

e Cg : Cost per unit time when a customer returns to the system as a
feedback customer.

Let
* R be the revenue earned by providing service to a customer.
x ' be the total expected cost per unit time of the system.

= CiPg + C,P1 + C3Py + C4E(Lg) + CeRren + C7Rret + 1(Cs + B'Cg).
* A be the total expected revenue per unit time of the system.
A = Rp(1 — Py —Pio).
* © be the total expected profit per unit time of the system.

O=A—-T

5 Numerical analysis

5.1 Impact of system parameters on performance measures

Different performance measures of interest computed under different scenarios
are given. These measures are obtained by using a MATLAB program coded
by the authors. To illustrate the system numerically, the values for default
parameters are considered using the following cases
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e Table 1: A = 1.00: 0.05 : 1.45, p = 2.00, 1 = 0.10, y = 0.10, & = 0.50,
& =0.85, p = 0.50, and o = 0.50.

e Table 2: A = 1.50, p = 2.00 : 0.40 : 5.60, 1 = 0.10, y = 0.10, & = 0.50,
£ = 0.85, B = 0.50, and o = 0.50.

e Table 3: A = 1.50, p = 2.00, n = 0.10, v = 0.10, & = 0.50 : 0.05 : 0.95,
£ =0.85, B = 0.50, and o = 0.50.

o Table 4: A = 1.50, i = 2.00, 1 = 0.10, y = 0.10, & = 0.50, & = 0.85 :
0.05:1.30, B = 0.50, and o = 0.50.

e Table 5: A = 1.50, p = 2.00, 1 = 0.10, vy = 0.10 : 0.05 : 0.55, & = 0.50,
£ =0.85, p = 0.50, and o = 0.50.

e Table 6: A = 1.50, p = 2.00, 1 = 0.10: 0.05 : 0.55, y = 0.10, & = 0.50,
£ = 0.85, p = 0.50, and o = 0.50.

e Table 7: A = 1.50, p = 2.00, n = 0.10, v = 0.10, & = 0.50, & = 0.85,
B =0.10:0.10: 1.00, and & = 0.50.

e Table 8: A = 1.50, p = 2.00, 1 = 0.10, y = 0.10, & = 0.50, &; = 0.85,
B = 0.50, and o = 0.10: 0.10 : 1.00.

5.2 General comments

* From Table 1 it is clearly seen that with the increases of the arrival rate A,
Poo and Py decrease, while Pg increases. Thus, the mean number of customers
in the system during the busy period E(L;) increases significatively, which
leads to an increase in the number of customers served E.s. Moreover, E(Lg)
is not monotone with A, while W; increases as the arrival rate increases, this
implies an increases in the average reneging and retention rates Ryen and Riyet.

x According to Table 2 we see that along the increases of the service rate
i, Poo, Pv, E(Lo) and Es increase, whereas Pg and E(L;) both decrease, as it
should be expected. Moreover, with the increase in p, the mean waiting time
of a customer in the system W deceases, this leads to a decrease in Ryen, and
Ryet. Obviously, the higher the service rate, the smaller the average rate of
abandonment and the larger the number of customers served.

* From Table 3 we remark that when the reneging rate during vacation
period &y increases, Pg, W;, E(Ly) and E(L;) decrease, while Py, Pv, Rren
and Ryt increase. Consequently, E.s decreases. As intuitively expected, the
bigger the rate of reneging, the smaller the number of customers served.
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Table 1: Performance measures vs. A

Po,o

PB PV E(LO) E“—” Ws Rren RTet Ecs

1.00
1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40
1.45

0.0272
0.0248
0.0227
0.0208
0.0191
0.0176
0.0161
0.0148
0.0137
0.0126

0.7720 0.2280 0.6840 0.7883 1.4022 0.5060 0.5060 0.5440
0.7795 0.2205 0.6931 0.8654 1.4169 0.5411 0.5411 0.5589
0.7869 0.2131 0.7002 0.9439 1.4296 0.5762 0.5762 0.5738
0.7943 0.2057 0.7052 1.0237 1.4407 0.6114 0.6114 0.5886
0.8017 0.1983 0.7083 1.1049 1.4505 0.6466 0.6466 0.6034
0.8090 0.1910 0.7094 1.1874 1.4591 0.6820 0.6820 0.6180
0.8163 0.1837 0.7087 1.2713 1.4667 0.7175 0.7175 0.6325
0.8234 0.1766 0.7063 1.3566 1.4735 0.7531 0.7531 0.6469
0.8305 0.1695 0.7021 1.4434 1.4797 0.7890 0.7890 0.6610
0.8375 0.1625 0.6964 1.5315 1.4853 0.8250 0.8250 0.6750

Table 2: Performance measures vs. u

L

Poo

PB PV E(LO) E(I—l) Ws Rren Rret Ecs

2.00
2.40
2.80
3.20
3.60
4.00
4.40
4.80
5.20
5.60

0.0144
0.0160
0.0174
0.0186
0.0197
0.0207
0.0216
0.0224
0.0231
0.0238

0.8143 0.1857 0.7959 1.2864 1.3882 0.7457 0.7457 0.7543
0.7938 0.2062 0.8839 1.0741 1.3053 0.6775 0.6775 0.8225
0.7757 0.2243 0.9614 0.8883 1.2331 0.6179 0.6179 0.8821
0.7597 0.2403 1.0300 0.7240 1.1694 0.5652 0.5652 0.9348
0.7455 0.2545 1.0909 0.5775 1.1123 0.5182 0.5182 0.9818
0.7328 0.2672 1.1453 0.4459 1.0607 0.4758 0.4758 1.0242
0.7214 0.2786 1.1941 0.3268 1.0140 0.4374 0.4374 1.0626
0.7111 0.2889 1.2383 0.2187 0.9713 0.4025 0.4025 1.0975
0.7017 0.2983 1.2786 0.1201 0.9325 0.3707 0.3707 1.1293
0.6931 0.3069 1.3154 0.0300 0.8970 0.3416 0.3416 1.1584

* According to Table 4, we observe that along the increases of the reneging
rate during busy period &;, Pg, E(L;) and W; decrease, this leads to a decrease
in Ecs. Further, as expected, the increasing of &; implies an increase in Py,
Py, E(Lo), Rren and Ryet.

x Table b illustrates that Pg increases with increasing values of the vacation
rate v, while Py is not monotonic with y. Further, Py, W;, E(Ly) and E(L;)
decrease with the increase of vy, this implies an increase in E;s. On the other
hand, Ryen and Ryt decrease significantly as the vacation rate increases, which
agrees with the intuitive expectation; the higher the rate of vacation, the bigger
the probability of busy period and the greater the number of customers served.
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Table 3: Performance measures vs. &g

E,o P0,0 Pg PV E(I—O) E(I—l) Ws Rren Ryet Ecs

0.50 0.0130 0.8374 0.1626 0.6506 1.5209 1.4477 0.8253 0.8253 0.6747
0.55 0.0134 0.8372 0.1628 0.6106 1.5117 1.4148 0.8256 0.8256 0.6744
0.60 0.0139 0.8370 0.1630 0.5752 1.5036 1.3859 0.8260 0.8260 0.6740
0.65 0.0143 0.8369 0.1631 0.5438 1.4964 1.3601 0.8263 0.8263 0.6737
0.70 0.0148 0.8367 0.1633 0.5157 1.4899 1.3371 0.8266 0.8266 0.6734
0.75 0.0153 0.8365 0.1635 0.4904 1.4842 1.3164 0.8269 0.8269 0.6731
0.80 0.0158 0.8364 0.1636 0.4675 1.4790 1.2976 0.8272 0.8272 0.6728
0.85 0.0163 0.8362 0.1638 0.4466 1.4742 1.2806 0.8275 0.8275 0.6725
0.90 0.0167 0.8361 0.1639 0.4276 1.4699 1.2650 0.8278 0.8278 0.6722
0.95 0.0172 0.8360 0.1640 0.4101 1.4659 1.2507 0.8281 0.8281 0.6719

Table 4: Performance measures vs. &;

EJ PO,O PB PV E(LO) EU—]) Ws Rren Rret F—cs

0.85 0.0131 0.8310 0.1690 0.7242 1.4598 1.4560 0.8380 0.8380 0.6620
0.90 0.0136 0.8248 0.1752 0.7508 1.3951 1.4306 0.8504 0.8504 0.6496
0.95 0.0140 0.8189 0.1811 0.7763 1.3364 1.4084 0.8623 0.8623 0.6377
1.00 0.0145 0.8132 0.1868 0.8007 1.2828 1.3890 0.8737 0.8737 0.6263
1.05 0.0149 0.8077 0.1923 0.8241 1.2338 1.3719 0.8846 0.8846 0.6154
1.10 0.0153 0.8024 0.1976 0.8467 1.1886 1.3568 0.8951 0.8951 0.6049
1.15 0.0157 0.7974 0.2026 0.8683 1.1469 1.3435 0.9052 0.9052 0.5948
1.20 0.0161 0.7925 0.2075 0.8892 1.1083 1.3317 0.9150 0.9150 0.5850
1.25 0.0164 0.7878 0.2122 0.9093 1.0723 1.3211 0.9244 0.9244 0.5756
1.30 0.0168 0.7833 0.2167 0.9288 1.0389 1.3117 0.9334 0.9334 0.5666

x According to Table 6, it is clearly observed that with the increase in the
waiting server rate 1, the probability of busy period Pg decreases which leads
to a decrease in the mean number of customers served Eg; this is because Wy,
Py and E(Ly) increase with 1, which implies an increase in Rren, Ryer and Py .
On the other hand the number of customers in the system during busy period
E(L;) increases; the reason is that the size of the system during vacation period
becomes large with 1.
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Table 5: Performance measures vs. y

Poo

PB PV ]E(LO) EU—]) Ws Rren Rret Ecs

0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55

0.0284
0.0290
0.0290
0.0286
0.0281
0.0276
0.0270
0.0264
0.0258
0.0252

0.7420 0.2580 0.9674 2.1932 2.1071 1.1740 1.1740 0.6646
0.7933 0.2067 0.6890 1.9385 1.7517 0.9961 0.9961 0.7106
0.8276 0.1724 0.5172 1.7849 1.5348 0.8879 0.8879 0.7414
0.8522 0.1478 0.4032 1.6856 1.3925 0.8172 0.8172 0.7635
0.8706 0.1294 0.3234 1.6179 1.2942 0.7685 0.7685 0.7801
0.8850 0.1150 0.2654 1.5699 1.2235 0.7336 0.7336 0.7930
0.8965 0.1035 0.2218 1.5348 1.1711 0.7077 0.7077 0.8033
0.9059 0.0941 0.1882 1.5085 1.1311 0.6882 0.6882 0.8118
0.9138 0.0862 0.1617 1.4884 1.1001 0.6730 0.6730 0.8189
0.9204 0.0796 0.1404 1.4728 1.0755 0.6610 0.6610 0.8249

Table 6: Performance measures vs. n

il

Poo

PB PV E(LO) E(Ll) Ws Rren Rret Ecs

0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55

0.0161
0.0187
0.0208
0.0224
0.0237
0.0248
0.0258
0.0266
0.0272
0.0278

0.7919 0.2081 0.8919 1.5729 1.6432 0.8914 0.8914 0.6532
0.7579 0.2421 1.0375 1.6647 1.8015 0.9669 0.9669 0.6369
0.7316 0.2684 1.1502 1.7899 1.9601 1.0483 1.0483 0.6243
0.7107 0.2893 1.2400 1.9383 2.1189 1.1338 1.1338 0.6142
0.6936 0.3064 1.3132 2.1034 2.2778 1.2223 1.2223 0.6060
0.6794 0.3206 1.3741 2.2811 2.4368 1.3130 1.3130 0.5992
0.6674 0.3326 1.4254 2.4684 2.5959 1.4054 1.4054 0.5935
0.6571 0.3429 1.4694 2.6632 2.7550 1.4992 1.4992 0.5886
0.6483 0.3517 1.5074 2.8639 2.9142 1.5940 1.5940 0.5843
0.6405 0.3595 1.5407 3.0696 3.0735 1.6897 1.6897 0.5806

x The effect of non-feedback probability 3 is presented in Table 7, we see
that Pg and W both decrease with increasing values of . Further, as ex-
pected, Poo, Py and E(Ly) increase as 3 increases, whereas E(L;) decreases
with increasing values of 3; this is because the mean system size during vaca-
tion period increases with 3. Further, it is well shown that Ryen and Ryet both
decrease along the increasing of non-feedback probability 3, which results in
the increase of E..
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Table 7: Performance measures vs. 3

Poo

Pg

Py

E(Lo)

E(Ly)

W

RTGTL Rret ECS

0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

0.0020
0.0038
0.0060
0.0083
0.0104
0.0123
0.0140
0.0155
0.0169
0.0181

0.9741
0.9503
0.9221
0.8932
0.8658
0.8410
0.8189
0.7995
0.7822
0.7669

0.0259
0.0497
0.0779
0.1068
0.1342
0.1590
0.1811
0.2005
0.2178
0.2331

0.1109
0.2128
0.3336
0.4578
0.5752
0.6815
0.7760
0.8594
0.9333
0.9991

4.3719
3.6255
2.9646
2.3968
1.9133
1.4995
1.1416
0.8282
0.5510
0.3038

2.9885
2.5589
2.1988
1.9031
1.6590
1.4541
1.2784
1.1251
0.9895
0.8686

1.1207 1.1207 0.3793
0.9596 0.9596 0.5404
0.8246 0.8246 0.6754
0.7137 0.7137 0.7863
0.6221 0.6221 0.8779
0.5453 0.5453 0.9547
0.4794 0.4794 1.0206
0.4219 0.4219 1.0781
0.3711 0.3711 1.1289
0.3257 0.3257 1.1743

Table 8: Performance measures vs. &

x

Poo

Pg

Py

E(Ly)

E(Ly)

W

Rren Rret F—cs

0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

0.0019
0.0049
0.0076
0.0101
0.0126
0.0151
0.0178
0.0205
0.0231
0.0258

0.9710
0.9273
0.8916
0.8623
0.8375
0.8162
0.7976
0.7813
0.7667
0.7537

0.0290
0.0727
0.1084
0.1377
0.1625
0.1838
0.2024
0.2187
0.2333
0.2463

0.2900
0.5454
0.6502
0.6886
0.6964
0.6892
0.6746
0.6562
0.6362
0.6157

6.3941
3.4759
2.4282
1.8756
1.5315
1.2957
1.1238
0.9926
0.8892
0.8056

4.4560
2.6808
2.0523
1.7095
1.4853
1.3233
1.1989
1.0992
1.0170
0.9475

0.5580 5.0220 0.9420
0.6454 2.5817 0.8546
0.7167 1.6724 0.7833
0.7754 1.1631 0.7246
0.8250 0.8250 0.6750
0.8676 0.5784 0.6324
0.9048 0.3878 0.5952
0.9375 0.2344 0.5625
0.9666 0.1074 0.5334
0.9926 0.0000 0.5074

* The impact of non-retention probability « is shown in Table 8. As in-
tuitively expected, along the increase of «, Py and E(L;) decrease, while Py
increases as « increases. Further, E(Ly) is not monotonic with the probability
of non-retention. Moreover, W, and Rt both decrease with increasing of «
whereas Ren, increases with the probability «, this leads to a decrease of Es.
This is quite reasonable; the smaller the probability of retaining impatient
customers, the larger the average rate of reneged customers and the smaller
the number of customers served.
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5.3 Economic analysis

In this subpart, a sensitive economic analysis of the model is performed nu-
merically and the results are discussed appropriately.

We present the variation in total expected cost, total expected revenue and
total expected profit with the change in different parameters of the system.
For the whole numerical study we fix the costs at C; =5, C; = 3, C3 =5,
C4=3,C5=4,C4=3,C;=2,Cg =2, and R=50.

Impact of arrival rate A

We examine the impact of A by keeping all other variables fixed, to this end we
take A =1.00:0.05:1.45, u=2.00,n =0.10, y = 0.10, & = 0.50, &; = 0.85,
fp = 0.50, and o = 0.50. Results of the analysis are summarized in Table 9
and Figure 1.

Table 9: I} A and © for different values of A

A 1.00 1.05 1.10 1.15 120 1.25 130 135 140 145
" 22.63 23.04 23.45 23.86 24.26 24.67 25.07 25.48 25.88 26.29
A 54.39 55.89 57.38 58.86 60.33 61.80 63.25 64.68 66.10 67.50
© 31.76 32.84 33.92 35.00 36.06 37.12 38.17 39.20 40.21 41.20

70
I
120
I

—r —a—o0

—

—r —a—o0

60
L
100
I

r,A and ©
r,A and ©

|
\

30
L
40

Figure 1: I A and © vs. A Figure 2: I, A and © vs. n

Following the obtained results we observe that I} A, and © all increase
with the increasing of the arrival rate A. This result agrees with our intuition;
the number of the customers in the system increases with the increasing of
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A, therefore a large number of customers is served. Consequently, the total
expected profit increases.
Impact of service rate p

To check the impact of service rate p, the values of the parameters are chosen
as follows: A = 1.50, u = 2.00 : 0.40 : 5.60, n = 0.10, v = 0.10, & = 0.50,
&1 =0.85, p =0.50, and « = 0.50.

Table 10: T} A and O for different values of p

n 200 240 280 320 360 4.00 440 480 520 5.60
" 2753 28.88 30.31 31.80 33.35 34.95 36.58 38.25 39.94 41.66
A 7543 82.25 88.21 93.48 98.18 1024 106.2 109.7 112.9 115.8
O 47.89 53.37 57.90 61.67 64.82 67.46 69.67 71.49 72.98 74.17

According to Table 10 and Figure 2 we see that I' and A increase with
increasing values of p, this generates an increase in ®. This result makes
perfect sense, the higher the service rate, the greater the total expected profit
of the system.

Impact of reneging rates &, and &;

Let’s study the effect of reneging rates in vacation and busy periods &y and
&1, to this end we consider the following cases

e Table 11: A = 1.50, p = 2.00, = 0.10, v = 1.00, & = 2.00 : 0.50 : 6.50,
£ =0.85, p = 0.50, and o = 0.50.

e Table 12: A = 1.50, u = 2.00, 1 = 0.10, v = 0.10, & = 0.50, &; = 0.85 :
0.05: 1.30, B = 0.50, and « = 0.50.

Table 11: T, A and © for different values of &y

& 2.00 250 3.00 3.50 4.00 450 5.00 550 6.00 6.50
' 23.97 23.99 24.01 24.02 24.03 24.04 24.05 24.05 24.05 24.06
A 7859 7847 7837 7828 78121 7815 7810 78.06 78.03 78.01
O 54.62 54.48 54.36 54.26 54.18 54.11 54.06 54.01 53.97 53.95

From Tables 11 and 12 and Figures 3 and 4 we observe that
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Table 12: T A and O for different values of &;

& 0.8 090 095 1.00 1.056 110 1.15 120 1.25 1.30
' 26.24 26.21 26.19 26.17 26.17 26.17 26.18 26.19 26.20 26.22
A 66.20 64.96 63.77 62.63 61.54 60.48 59.47 58.50 57.56 56.65
O 39.95 38.74 37.58 36.45 35.36 34.31 33.29 32.31 31.36 30.43

— F — A — o0 R —r —a—o0

60
L
50
I

r,Aand ©
r,A and ©

50
L

40
Il
40

30
L
30

Figure 3: I A and © vs. & Figure 4: T, A and O vs. &;

x As expected, along the increasing of &g, I' increases while © and A decrease
with &y, this is because the average rate of reneged customers increases with
&o. Therefore the number of customers served decreases, which results in the
decrease of the total expected profit.

+* With the increase of &7, A decreases, while I" is not monotonic with the
parameter &;. Further, ©® decreases with the increasing values of the impa-
tience rate, this is because the number of customers in the system decreases
with &;, this implies a decrease in Pg which results in the decrease of Es.

Impact of vacation rate y

To examine the impact of the vacation rate y on the total expected profit, we
take A = 1.50, u =2.00, n = 0.10, y = 0.10: 0.05 : 0.55, &, = 0.50, &; = 0.85,
3 = 0.50, and o = 0.50.



Vacation queueing model with waiting server and customers’ impatience 237

From Table 13 and Figure 5 it is easily seen that the increases of the vacation
rate v implies a decrease in ' and a considerable increase in A and ©. This is
quite explicable; as vy increases the vacation duration decreases and the server
switches to busy period during which customers are served. This leads to a
significant increase in the total expected profit.

Table 13: T, A and O for different values of y

0.10 0.15 020 025 030 035 040 045 050 0.55

30.58 28.11 26.61 25.61 24.93 24.45 24.09 23.81 23.60 23.43
66.46 71.06 74.13 76.34 78.00 79.29 &80.33 81.18 81.89 82.49
35.87 4294 47.53 50.72 53.06 54.85 56.24 57.37 58.29 59.06

© > =
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—r —a—o
\
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60
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Figure 5: I A and © vs. y Figure 6: T, A and © vs. 1

Impact of waiting rate of a server n

Here, we examine the sensitivity of the total expected profit versus the waiting
server rate 1. For this case, we put A = 1.50, u = 2.00, 1 = 0.10: 0.05 : 0.55,
vy =0.10, & = 0.50, &; = 0.85, p = 0.50, and o« = 0.50. The numerical results
are presented in Table 14 and Figure 6.

From the obtained results we remark that with the increase in m, total
expected cost T' increases, while A and ©® monotonically decease with the
parameter 1. This is due to the fact that the probability of busy period during
which service is provided decreases with the parameter 1. Therefore, the total
expected profit decreases considerably.
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Table 14: I A and © for different values of 1

n 010 015 020 025 030 035 040 045 0.50 0.55
I 27.26 28.30 29.38 30.49 31.62 32.77 33.93 35.09 36.27 37.45
A 6531 63.68 62.42 61.42 60.60 59.92 59.34 58.85 58.43 58.06
© 38.04 35.38 33.04 30.92 2898 27.15 2542 23.75 22.15 20.60

Impact of non-retention probability o

To study the impact of & on the total expect profit, we choose the parameters
values as follows: A = 1.50, u = 2.00, 1 = 0.10, vy = 0.10, &y = 0.50, &; = 0.85,
3 =0.50, and o« =0.10:0.10: 1.00.

Table 15: T} A and O for different values of o

« 0.10 020 0.3 0.40 0.50 060 0.70 0.80 0.90 1.00
I" 46.85 34.38 30.05 27.75 26.29 25.26 24.49 23.88 23.39 22.98
A 9420 8545 7832 7245 67.50 63.24 59.52 56.25 53.34 50.74
© 47.34 51.07 48.27 44.69 41.20 37.97 35.03 32.36 29.95 27.76

—r —a—o
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Figure 7: I A and © vs. « Figure 8: T, A and O vs. 3

According to Table 15 and Figure 7 we observe that the increases of non-
retention probability o implies a decrease in I A and ©. A slight increase
is observed in © when the parameter « is below a certain value, (¢ = 0.2).
Therefore, we can see that the probability of retaining reneged customers
o’ has a noticeable effect on the total expected profit of the system. This
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is because the number of customers served increases with the parameter o’.
Thus, it is quite clear that the probability of retention has a positive impact
in the economy.

Impact of non-feedback probability (3

Here, we put A = 1.50, 0 = 2.00, n = 0.10, v = 0.10, & = 0.50, & = 0.85,
f =0.10:0.10: 1.00, and & = 0.50. The numerical results obtained for this
situation are given in Table 16 and Figure 8.

Table 16: IJ A and O for different values of 3

f 010 0.20 030 040 050 0.60 0.70 0.80 0.90 1.00
I 3532 3226 29.65 27.45 25.57 23.94 2249 21.17 19.96 18.83
A 9481 90.07 84.42 7863 T73.15 68.19 63.78 59.89 56.44 53.37
© 59.49 57.80 54.77 51.18 47.57 44.24 4129 38.72 36.48 34.54

From the obtained results, it is clearly shown that I} A and ® monotonically
decrease as non-feedback probability (3 increases. The reason is that the num-
ber of the customers in the system decreases with the increasing of (3, which
leads to a decrease in the total expected profit.

6 Conclusion

In this paper we studied an M/M/1 Bernoulli feedback queueing system with
single exponential vacation, waiting server, reneging and retention of reneged
customers, wherein the impatience timers of customers depend on the states
of the server. The explicit expressions of the steady-state probabilities are
obtained, using probability generating functions (PGFs).

Useful measures of effectiveness of the queueing system are presented and
a cost model is developed. Finally, an extensive numerical study is presented.
Our system can be considered as a generalized version of the existing queueing
models given by Yue et al.[22] and Ammar [5] associated with several practical
situations.

The model considered in this paper can be extended to multiserver queueing
system with delayed state-dependent service times, breakdowns and repairs.



240

A. A. Bouchentouf, A. Guendouzi and A. Kandouci

References

1]

2]

3]

I. Adan, A. Economou, S. Kapodistria, Synchronized reneging in queueing
systems with vacations, Queueing Syst, 62 (1-2) (2009), 1-33.

E. Altman, U. Yechiali, Analysis of customers’ impatience in queues with
server vacation, Queueing Syst, 52 (4) (2006), 261-279.

E. Altman, U. Yechiali, Infinite server queues with systems’ additional
task and impatient customers, Probab. Eng. Inf. Sci, 22 (4) (2008), 477—
493.

S. I. Ammar, Transient analysis of an M/M/1 queue with impatient
behavior and multiple vacations, Appl. Math. Comput, 260 (C) (2015),
97-105.

S. I. Ammar, Transient solution of an M/M/1 vacation queue with a
waiting server and impatient customers, Journal of the Egyptian Mathe-
matical Society, 25 (3) (2017), 337-342.

J. Baek, O. Dudina, C. Kim, A queueing system with heterogeneous im-
patient customers and consumable additional items, Int. J. Appl. Math.
Comput. Sci., 27 (2) (2017), 367-384.

A. A. Bouchentouf, M. Kadi, A. Rabhi, Analysis of two heterogeneous
server queueing model with balking, reneging and feedback, Math. Sci.
Appl. E Notes, 2 (2) (2014), 10-21.

A. A. Bouchentouf, A. Messabihi, Heterogeneous two-server queueing sys-
tem with reverse balking and reneging, OPSEARCH, 55 (2) (2018), 251—
267.

B. T. Doshi, Queueing systems with vacations-A survey Queueing Syst,
1 (1) (1986), 29-66.

M. S. El-Paoumy, H. A. Nabwey, The Poissonian Queue with Balking
Function, Reneging and two Heterogeneous Servers, International Journal
of Basic and Applied Sciences, 11 (6) (2011), 149-152.

J. C. Ke, C. H. Wu, Z. G. Zhang, Recent development in vacation queue-
ing models: a short survey, Int. J. Oper. Res., 7 (4) (2010), 3-8.



Vacation queueing model with waiting server and customers’ impatience 241

[12]

R. Kumar, N. K. Jain, B. K. Som, Optimization of an M/M/1/N feed-
back queue with retention of reneged customers, Operations research and
decisions, 24 (3) (2014), 45-58.

R. Kumar, S. K. Sharma, A Multi-Server Markovian Feedback Queue with
Balking Reneging and Retention of Reneged Customers, A MO-Advanced
Modeling and Optimization, 16 (2) (2014), 395-406.

R. Padmavathy, K. Kalidass, K. Ramanath, Vacation queues with impa-
tient customers and a waiting server, Int. Jour. of Latest Trends in Soft.
Eng., 1 (1) (2011), 10-19.

Y. W. Shin, T. S. Choo, M/M/s queue with impatient customers and
retrials, Applied Mathematical Modelling, 33 (6) (2009), 2596-2606.

H. Takagi, Queueing Analysis: A Foundation of Performance Evaluation,
Volume 1: Vacation and Priority System, Elsevier, Amsterdam, (1991).

N. Tian, Z. Zhang, Vacation Queueing Models- Theory and Applications,
Springer-Verlag, New York, (2006).

K. H. Wang, Y. C. Chang, Cost analysis of a finite M/M/R queueing sys-
tem with balking, reneging and server breakdowns, Mathematical Methods
of OR, 56 (2) (2002), 169-180.

C. H. Wu, J. C. Ke, Computational algorithm and parameter optimization
for a multi-server system with unreliable servers and impatient customers,

J. Comput. Appl. Math., 235 (2010), 547-562.

D. Yue, Y. Zhang, W. Yue, Optimal performance analysis of an
M/M/T/N queue system with balking, reneging and server vacation,
International Journal of Pure and Applied Mathematics, 28 (1) (2006),
101-115.

D. Yue, W. Yue, Z. Saffer, X. Chen, Analysis of an M/M/1 queueing
system with impatient customers and a variant of multiple vacation policy,
Journal of Industrial & Management Optimization, 10 (1) (2014), 89-112.

D. Yue, W. Yue, G. Zhao, Analysis of an M/M/1 queue with vacations
and impatience timers which depend on the server’s states, Journal of
Industrial and Management Optimization, 12 (2) (2016), 653-666.

Received: July 21, 2017



AN
M» AcTtA UNIV. SAPIENTIAE, MATHEMATICA, 10, 2 (2018) 242-248

DOI: 10.2478 /ausm-2018-0019

On real valued w-continuous functions

C. Carpintero N. Rajesh
Department of Mathematics, Department of Mathematics,
Universidad De Oriente, Venezuela Rajah Serfoji Govt. College, India
email: carpintero.carlos@gmail.com email: nrajesh_topology@yahoo.co.in
E. Rosas

Department of Mathematics,
Universidad De Oriente, Venezuela

Department of Natural Sciences and Exact,
Universidad de la Costa, Colombia
email: ennisrafael@gmail.com, erosas@cuc.edu.co

Abstract. The aim of this paper is to introduce and study upper and
lower w-continuous functions. Some characterizations and several proper-
ties concerning upper (resp. lower) w-continuous functions are obtained.

1 Introduction

Generalized open sets play a very important role in General Topology and they
are now the research topics of many topologist worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified
forms of continuity, separation axioms etc. by utilizing generalized open sets.
Recently, as generalization of closed sets, the notion of w-closed sets were
introduced and studied by Hdeib [4]. Several characterizations and properties
of w-closed sets were provided in [1, 2, 3, 4, 5]. Various types of functions play
a significant role in the theory of classical point set topology. A great number
of papers dealing with such functions have appeared, and a good many of them
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have been extended to the setting of multifunction. The purpose of this paper is
to define upper and lower w-continuous functions. Also, some characterizations
and several properties concerning upper (lower) w-continuous functions are
obtained.

2 Preliminaries

Throughout this paper, spaces (X,T) and (Y,0) (or simply X and Y) always
mean topological spaces in which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a space X. For a subset A of (X,T),
Cl(A) and Int(A) denote the closure of A with respect to T and the interior of
A with respect to T, respectively. A point x € X is called a condensation point
of A if for each U € T with x € U, the set UN A is uncountable. A is said
to be w-closed [4] if it contains all its condensation points. The complement
of an w-closed set is said to be an w-open set. It is well known that a subset
W of a space (X,T) is w-open if and only if for each x € W, there exists
U € 7 such that x € U and U\W is countable. The intersection (resp. union)
of all w-closed (resp. w-open) set containing (resp. contained in) A C X is
called the w-closure (resp. w-interior) of A and is denoted by w CI(A) (resp.
w Int(A)). The family of all w-open, w-closed sets of (X, T) is, respectively
denoted by wO(X), wC(X). We set wO(X,x) ={A: A € wO(X) and x € A}
and wC(X,x) ={A: A € wC(X) and x € A}. The w-6-closure [3] of A, denoted
by w Clg(A), is defined to be the set of all x € X such that A N w Cl(U) # @
for every U € wO(X,x). A subset A is called w-6-closed [3] if and only if A =
w Clg(A). The complement of w-6-closed set is called w-0-open. A subset A is
called w-regular if and only if it is w-0-open and w-0-closed. The family of all
w-regular sets of (X, T) is denoted by wR(X). We set wR(x) ={A : A € wR(X)
and x € A}. A topological space X is said to be w-closed if every cover of X by
w-open sets has a finite subcover whose w-closures cover X. Finally we recall
that a function f: (X,t) — (Y, 0) is w-continuous at the point x € X if for each
open set V of Y containing f(x) there exists an w-open set U in X containing
x such that f(U) C V. If f has the property at each point x € X, then it is said
to be w-continuous [5].

3 On upper and lower w-continuous functions

Definition 1 A function f: X — R is said to be:

(i) lower (resp. upper) w-continuous at x1 if to each & > 0, there exists an
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w-open set Uy, such that f(x) > f(x1) — « (resp. f(x) < f(x1) + ) for
all x € Uy, ;

(ii) lower (resp. upper) w-continuous if it is respectively so at each point of

X.

Example 1 Consider X = R with topology T = {0, R}, then t, = {0, R,R\
QIU{(R\ Q)UA : where A is a subset of Q}. Define f: X — R as follows:
f=xr\@- T is lower w-continuous but is not upper w-continuous. In the same
form if we define g: X — R as follows: g = Xq, g is upper w-continuous but
s not lower w-continuous.

Theorem 1 A function f: X — R is lower w-continuous if and only if for
each @ € R, the set {x € X: f(x) < o} is w-closed.

Proof. Since the family of sets T = {R, 0} U{(x, 00) : & € R} forms a topol-
ogy on R, f is lower w-continuous if and only if f is w-continuous from X
into the topological space (R, T). But (—oo, ] is a closed set in (R, T) and
hence f~'((—o0, &) is w-closed in X. But f~1((—oo, ) = {x € X: f(x) < «}.
Therefore, {x € X: f(x) < o} is w-closed. O

Corollary 1 A subset A of X is w-open if and only if the characteristic func-
tion XA s lower w-continuous.

Similarly for upper w-continuity, we have the following characterization.

Theorem 2 A function f: X — R is upper w-continuous if and only if for
each o« € R, the set {x € X: f(x) > o} is w-closed.

Corollary 2 A subset A of X is w-closed if and only if the characteristic
function xa is upper w-continuous.

Theorem 3 Let {f, : &« € A} be a family of lower w-continuous functions
from X into R, then the function M(x) = supgeafa(X) (if it exists) is lower
w-continuous.

Proof. Let A € R and M(x) < A. Then fy(x) < A, for all &« € A. Now

x e X:M(x) <A = N {x € X: fg(x) < AL But each fy being lower w-
xeA
continuous, by Theorem 1, each set {x € X : fy(x) < A} is w-closed in X. Since

any intersection of w-closed sets is w-closed, M is lower w-continuous. O
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Theorem 4 Let A be a finite index set and {fy : & € A} be a family of lower
w-continuous functions from X into R, then the function m(x) = mingea{fa(x)}
(if it exists) is lower w-continuous.

Proof. It is enough to prove the case, when m(x) = min{f;(x), f2(x)}. Let
A € R and x9 € X, since fq,f; are lower w-continuous from X into R, there
exists w-open sets Uj(xp) (resp. Uz(xp)) such that fi(x) > fi(xp) + A for all
x € Uj(xo) (resp. fa(x) > fa(xo) + A for all x € Uy(xp) ). It follows that
for all x € Uj(xp) N Uz(xp), we obtain that m(x) > m(xg) + A for all x €
U (x0) NUz(x0). In consequence, the result follows. O

Remark 1 If A be an infinite index set and {fy : o« € A} be a family of lower
w-continuous functions from X into R. Then the function m(x) = infyep
{fa(x)} (if it exists) may not be lower w-continuous.

Example 2 For each natural numbern, define f, = X(—1 1) then m(x) = X0},
s not lower w-continuous.

Theorem 5 Let {fy : « € A} be a family of upper w-continuous function
from X into R, then the function g(x) = infaca{fa(x)} (if it exists) is upper

w-continuous.

Proof. Similar to the proof of Theorem 3. O

Theorem 6 Let A be a finite index set and {fy : &« € A} be a family of upper
w-continuous functions from X into R, then the function M(x) = maxgea{fe(x)}
(if it exists) is upper w-continuous.

Proof. Similar to the proof of Theorem 4. O

Remark 2 If A be an infinite index set and {fy : « € A} be a family of upper
w-continuous functions from X into R. Then the function m(x) = supgen
{fa(x)} (if it exists) may not be upper w-continuous.

Example 3 Similar to Fxample 2.

Theorem 7 Let X be an w-closed space and let f : X — R be a lower w-
continuous function. Then f assumes the value m = infyx{f(x)}.
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Proof. Let @ € R be such that &« > m. Then f being the lower w-continuous,
the set Ty ={x € X: f(x) < «} is a nonempty (by the property of infimum) w-
closed set in X. The family {Ty : « € R and &« > m} is a collection of nonempty
w-closed sets with finite intersection property in the w-closed space X; hence
it has nonempty intersection. Let x* € [ Ty. Then f(x*) = m. O

o>m

Theorem 8 If X is w-closed, then any upper w-continuous function f: X —
R attains the value M = supxex{f(x)}.

Proof. Similar to Theorem 7. O

Remark 3 If a real valued function f : X — R from an w-closed space is lower
w-continuous as well as upper w-continuous, then it is bounded and attains
its bounds.

Definition 2 Let f: X = Y be a function, where X is a topological space and
Y is a poset. Then

(i) f is said to be lower (resp. upper) w-continuous if ' ({y € Y:y < yo})
(resp. T ({y € Y:y >yo})) is w-closed in X for each yg € Y.

(ii) a partial order relation < on a topological space X is said to be lower
(resp. upper) compatible if the set {x € X :x < xo} (resp. {x € X:x > x¢})
18 w-closed for each xg € X.

Theorem 9 A topological space X is w-closed if and only if X has a maximal
element with respect to each upper compatible partial order on X.

Proof. Suppose that X is not w-closed. Then there exists a net {x) : A € A}
which has no w-accumulation point, where A is a well-ordered index set. We
define the set Ay = X\w Clg({xp : B > «}). We claim that for each x € X,
x € Ay for some o. In fact, x is contained in some w-regular set R such that
RN{xpg: B > A} =0 for some B. Consider R ={R € wR(X): RN{xg: B > A} =
() for some PB}. Let Ag be the smallest index such that RN{xpg : B > Ag} = 0; let
Ax be the smallest element of M = {Ag : R € R}. We define the relation < on X
as follows: x <y if and only if Ay, C Ay, that is, if and only if X\w Cl({xp :
B >AJ) C X\wCl({xg : B > Ay}), that is, if and only if w Cl({xg : B > Ay})
C wCl({xg : B > Ay}), that is, if and only if Ay < Ay. Clearly < is a partial
order relation on X. We claim that Ay is the first element of M for which
X € A In fact if 0 < A and x € Ag, then x € wCl({xg : B > «}). Then
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there exists R € wR(X) such that RN{xp : B > «} = 0, a contradiction. It
is obvious that for the corresponding A there exists an Ry, € R such that
Rax N{xg : B > A} = 0 and for any o« < Ay, Ryx N{xg = B > AJ # 0.
Also, Rax N{xg : B > A} = 0. Then Ryx Nw Cl({xpg : B > A}) = 0, that is
Ry, € X\w Cl({xp : B > A}) = Axx and this happens for every x € X. To show
< is upper compatible, it is sufficient to show that {x € X : x > x¢o}is w-closed
for every xo € X. If possible, for some xo € X, {x € X : x > x¢} is not w-closed,
that is, there exists y € wCl({x € X : x > x¢}) such that y < xp, Ry, is an
w-regular set containing y such that x € Ry, with x >y, that is, Ax > Ay, that
is x € X\w Cl({xg : B > Ay}) = Ajy. But Ay is the first index such that x € A,
and thus we arrive at a contradiction. Hence, < is upper compatible. Further,
(X, <) has no maximal element; in fact, if there be any, say xo, then for some
fixed w, wCl({xpg : B > A}) C wCl({xp : B > «}) for every « € M, that is,
x\n € wCl({xpg : B > «}), for all « € M, a contradiction. Conversely, let S be a
linearly ordered subset of the topological upper compatible poset X. We denote
by Sy the set {y € X :y > x}. As the partial order on X is upper compatible,
each Sy is w-closed. Since S is a linearly ordered subset of X, {Sy : x € X} has

finite intersection property. Then () Sy # 0. Let x* € () Sx. Then x* > x, for
X€ES X€S
all x € S. Therefore, by Zorn’s lemma X has a maximal element. O

Theorem 10 A topological space X is w-closed if and only if X has a maximal
element with respect to each lower compatible partial order on X.

Proof. Similar to Theorem 9. OJ

Theorem 11 A topological space X is w-closed if and only if each upper w-
continuous function from X into a poset assumes a maximal value.

Proof. Suppose that X is not w-closed, then there exists a net {x) : A € M}
with no w-accumulation point, where M is a well-ordered set. We assumes
that the topology on M is the order topology. Now, for each B € M, Ag =
w Cl({xx : A > B}). We define a function f : X — M as follows: f(x) = B, where
Bx is the first element of the 3’s for which x ¢ Ag. This is well defined because
from the fact that M is well-ordered, obviously, f(x) has no maximal element.
We define the relation < on X as follows: x < y if and only if f(x) < f(y).
Clearly, < is a partial order relation on X. Now, for each x € X, Sy = f1({z €
Y:z>1f(x)}) ={y € X:y > x}. As f is w-continuous, each Sy is w-closed and
hence < is an upper compatible partial order relation on X. Then X being an
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w-closed space, by Theorem 9 it has a maximal element x*. Therefore, f(x*)
is the maximal element of f(X). O

Theorem 12 A topological space X is w-closed if and only if each lower w-
continuous function from X into a poset assumes a minimum value.

Proof. Similar to Theorem 11. OJ
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Abstract. Let A = (a,,qa,,...,a,) be a degree sequence of a simple
bipartite graph. We present an algorithm that takes A as input, and
outputs a simple bipartite realization of A, without stalling. The running
time of the algorithm is ©(n,n,), where n, is the number of vertices in
the part 1 of the bipartite graph. Then we couple the generation algorithm
with a rejection sampling scheme to generate a simple realization of A
uniformly at random. The best algorithm we know is the implicit one due
to Bayati, Kim and Saberi (2010) that has a running time of O(ma,___ ),
where m = % Z:; a, and a,_ .  is the maximum of the degrees, but does
not sample uniformly. Similarly, the algorithm presented by Chen et al.
(2005) does not sample uniformly, but nearly uniformly. The realization
of A output by our algorithm may be a start point for the edge-swapping
Markov Chains pioneered by Brualdi (1980) and Kannan et al.(1999).

2010 Mathematics Subject Classification: 05C07, 65C05
Key words and phrases: degree sequence, contraction of a degree sequence, degree se-
quence bipartition, contraction of a graph, deletion of a graph, ecological occurrence matrix

249



250 K. K. Kayibi, U. Samee, S. Pirzada, M. A. Khan

1 Introduction

A graph G(V(G), E(G)) is said to be bipartite if its vertex set V(G) can be par-
titioned into two different sets V,(G) and V,(G) with V(G) =V, (G) U V,(G)
such that uv € Eifu € V7 and v € V;. The graphs considered can have possible
parallel edges and loops unless otherwise stated. The Degree Sequence Problem
is to find some or all graphs with a given degree sequence [30, 34]. More de-
tailed analysis of the Degree Sequence Problem and its relevance can be found
n [29]. It is much researched upon for its relevance in network modelling in
Ecology, Social Sciences, chemical compounds and biochemical networks in
the cell. Especially, ecological occurrence matrices, such as the Darwin finches
tables, are (0,1) matrices whose rows are indexed by species of animals and
columns are islands, and the (i,j) entry is 1 if animal i lives in island j, and is
0 otherwise. Moreover the row sums and columns sums are fixed by field ob-
servation of these islands. These occurrence matrices are thus bipartite graphs
G with a fixed degree sequence in which V, (G) is the set of animals and V, (G)
is the set of islands. Researchers in Ecology [8, 9, 15, 31] are highly interested
in sampling easily and uniformly ecological occurrence tables, so that by using
Monte Carlo methods, they can approximate test statistics to prove or disprove
some null hypothesis about competitions amongst animals. Several algorithms
are known to sample random realizations of degree sequences, and each one of
them has its strengths and limitations. Most of these use Monte Carlo Markov
chain methods based on edge-swapping [6, 9, 10, 11, 12, 13, 18, 22, 21, 24].
Since to start a Markov chain still requires to have a realisation of the degree
sequence A, many algorithms are proposed that generate such a realisation
[1, 3, 5, 2, 36]. Most of these algorithms are based on random matching meth-
ods. In particular, algorithms proposed in [1, 3, 8] are based on inserting edges
sequentially according to some probability scheme. The basic ideas of the al-
gorithm presented in the present paper can be seen as implementing a ”dual
sequential method”, as it inserts sequentially vertices instead of edges.

In the theory of the Tutte polynomial, there are two operations, deletion
and contraction, that are dual to each other, see [7] for more details on this
topic. Let G be a graph having n vertices and m edges. In G, the operation
of deleting an edge e = (v,,V,) means removing the edge e and the graph thus
obtained, denoted by G\e, is a graph on n vertices and m—1 edges where both
the degrees of vertices v, and v, decrease by 1. The operation of contracting
the graph G by e = (v,,V,) consists of deleting the edge e and identifying the
vertices v, and v;. The graph thus obtained, denoted by G/e, is a graph on
n — 1 vertices and m — 1 edges where the new vertex obtained by identifying
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v, and v; has degree a, + a; — 2. Deletion is said to be the dual of contraction
as the incidence matrix of G\e is orthogonal to the incidence matrix of G*/e,
where G* is the dual of G if G is planar.

If A is a degree sequence having n entries, it can easily be shown that random
matching methods used in [1, 2, 3, 5, 36] are equivalent to starting from a
known realization G of A, delete all the edges one by one, and keeping track of
the degrees of vertices after each deletion, until one reaches the empty graph
having n vertices. Then, reconstructing a random realization of A consists of
taking the reverse of the deletion. That is, starting from the empty graph on n
vertices, re-insert edges one by one by choosing which edge to insert according
to the degrees of the vertices and some probability scheme depending on the
stage of the algorithm, and subject to not getting double edges if one would
like to get simple graphs or not linking two vertices on the same part if one
wants to get bipartite graphs. The algorithm presented in this paper is based
on the dual operation of contraction that has been slightly modified to suit
our purpose. It is equivalent to starting from a known realization G of A,
contract all the edges one by one, and keeping track of the vertices after
each contraction, until one reaches the graph with one vertex and %Z? a,
loops. Then, reconstructing a random realization of A consists of reversing
the process of contraction. That is, starting from a graph with one vertex
and %Z? a, loops, the algorithm re-inserts vertices one by one by choosing
the vertices to be joined according to the degrees of the vertices and some
probability that depends on the stage of the algorithm. But, to construct a
bipartite realization, we force the algorithm to insert first all the vertices in
V,(G) and then all the vertices in V, (G).

While algorithms that are based on reversing the deletion operation [1, 3]
are easy to implement, our algorithm seems more complex as one has to satisfy
not only the degree conditions on the vertices, but also some added graphical
structures imposed by the contraction. But this is more of a bonus than an
inconvenience, as, apart from the fact that the running time is even better,
the extra structure allows an easier analysis of the algorithm. Moreover, the
internal structure imposed by the contraction operation allows the algorithm
to avoid most of the shortcomings of the previous algorithms. In fact, not
only the algorithm never restarts, but the algorithm also allows to sample
all bipartite realizations with equal probabilities, making their approximate
counting much easier than by the importance sampling used in [1, 3]. Better
still, this technique can be extended to construct k-partite realizations of a
k-partite degree sequence A, for k > 3, where a k-partite degree sequence is
defined in a natural way extending the definition of a bipartite degree sequence.
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The present paper uses the following notations and terminology. Two edges
e and f in E(G) are said to be multiple edges if they have the same end vertices
(in Matroid Theory, multiple edges are said to be parallel). A simple bipartite
graph is without multiple edges and contains no loops. The degree a; of a
vertex v, is the number of edges incident to v, with a loop contributing twice
to the degree of v,. The degree sequence of a graph G is formed by listing the
degrees of vertices of G. If A = (a,,a,,...,a,) is a sequence of integers and
G is a bipartite graph that has A as its degree sequence, we say that G is
a realization of A, and such a sequence of integers is called a bipartite degree
sequence. Thus entries of A can be partitioned as A, and A,, where A, denotes
the degree sequence of the part V,(G). We write V, and |A,| to denote the set
of vertices with degrees in A, and the sum of entries in A, respectively . In
the sequel, we denote a bipartite degree sequence A as (A, : A,) and the pair
(A, 1 A,) is called a bipartition of A.

Remark 1 If A = (A, : A,) is a bipartite degree sequence having n entries,
and A, and A, have respectively n, and m, entries, then the following are
true.

I.n,+n,=n

2. 1A= 1A,

3. The mazimal entry of A, is less or equal to n, and vice versa.

Conversely, any partition of entries of A into two sets B, and B, satisfying
Observation 1 is a bipartition of A.

In the sequel, we make use of Rejection Sampling to sample all realizations of
the degree sequence with equal probability. Indeed, let S = S,, ..., S, be a set of
structures, where S, is obtained with probability 7(S, ) such that Zi n(S,)=1.

i

That is, the set of 7t(S,) is a probability distribution function. Let min(7m) be

the minimal probability amongst all 7t(S,). The Rejection Sampling scheme
min(m)
n(S;)

consists of generating S., then accept it with probability or reject it

with probability 1 — n;:g(?) It is easy to see that every structure would then

be sample with the same probability min(m).

This paper is organized as follows. We first define what is called a recursion
chain of a degree sequence, then we present routines for constructing all bipar-
tite realizations. The next section presents criteria and routines to generate
simple bipartite realizations only. Then these basic routines are coupled with
a rejection sampling routine to get a uniform distribution on the set of all
simple bipartite realizations.
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2 Construction all bipartite realizations of given de-
grees

2.1 Recursion chain of degree sequences

Let G be a graph with n vertices and m edges. Throughout we assume that
the vertices and edges of G are labelled v,,v,,---,v. . Let A = (a,,---,a,)
be the degree sequence of G, where a, is the degree of the vertex v,. Define an
arithmetic operation on A, called contraction, as follows. For an ordered pair
(a,,q,) of entries a; and a; of A with i # j, the operation of contraction by
(a, a;) means changing a, to a,+a; and deleting the entry a; from A. We write
A/(i,j) to denote the new sequence thus obtained. We call the sequence A/(1,j)
the (i,j)-minor or simply a minor of A. The following example illustrates this
operation for a bipartite degree sequence.

Example 1 Let A = (4,3,3 : 3,3,2,2), where

and a, = 3,a, = 3,a, = 2,a, = 2. We have A/
A/(4a2) = (4>3>6>3)2>2)'

a, =4, a, =3, a, =3
(1,2) = (7,3,3,3,2,2) and

Let A be the sequence of integers. A is said to be graphic if there is a
graph G, not necessarily bipartite, such that G has A as its degree sequence.
Moreover, it is trivial to observe that a sequence of integers is graphic if and
only if the sum of its entries is even.

Theorem 1 A sequence A is graphic if and only if all its minors are graphic.

Proof. Obviously, if A is graphic, then A/(a,,q,) is graphic, as the sum of
its entries is even, by definition of contraction. Now suppose that A/(a, a;) is
graphic and G" is a realization of A/(a,, a;). To prove that A is also graphic,
we present an algorithm, much used in the sequel, that constructs a realization
of A, denoted by G, from G”.

Algorithm AddVertex()
Step 1. To G” add an isolated vertex labelled v; (as in Figure 1).
Step 2 If the degree of v, is a, stop, output G. Else
Step 3. Amongst the a_l’ edges incident to v,, counting loops twice, choose one
edge
e = (v,,v,) with probability m(e) and connect e to v, so that e becomes
(v;, V). Go to Step 2.

Now, in G the degree of v; is a; by Step 2 of algorithm AddVertex(). More-
over, by the definition of contraction the degree of v, is equal to a; + a; in
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G”. Since AddVertex() takes a; edges away from v,, the degree of v, is a; in
G. Moreover all other vertices are left unchanged by AddVertex(). Thus G is
a realization of A. O

G G
Figure 1: Construction of a graph G from its contract-minor G”

To help the intuition, observe that if G” is a realization of A/(a,,a;) and
G is a realization of A constructed by AddVertex(), then G” is obtained from
G by contraction of the edge (v,,v,). Now, mimicking the process of recursive
contraction of matroid as used in the theory of the Tutte polynomial, we define
a process of recursive contraction for a degree sequence. A recursion chain of
a degree sequence A is a unary tree rooted at A where nodes are integer
sequences and every node, except for the root, is a minor of the preceding one.
The recursive procedure of contraction is carried on from the root A until a
node with a single entry is reached. See Figure 2 for an illustration.

As for the Tutte polynomial, the amazing fact, which is then used to con-
struct all the realizations of A is that the order of contraction is immaterial.
Despite this basic fact, we still impose a particular order to ease many proofs
in the sequel.

Notes on notations. For the sake of convenience, we denote by AW the
node of a recursion chain of a degree sequence A, where i is the number of
entries in the node. Thus we denote the root A by AM™ the next node by
A1 “and so on until the last node AV, Similarly, we denote by G the
realization of A, The n entries of A are labelled from 1 to n. To keep tract
of the vertices, we preserve the labelling of entries of A into its minors so
that when a contraction by the pair (a;, a;) is performed, the new vertex is
labelled a,, the label a; is deleted, and all other entries keep the labelling they
have before the contraction. In this paper, we consider the recursion chain,
called the accumulating recursion chain, constructed as follows. Let A = (A, :
A,). We order A = (a,,qa,,...,a,) as (b,,b,,... bn] 1 CyChyeeny Cp ), where
A, =(b,,b,, .., n]) and A, = (¢,,C,, .., C,, ) such that b, > b, > .>b,
and ¢, > ¢, > ..>¢ 2 and n,+n, =n. Below is the pseudocode for the

—_ Tl



Rejection sampling of bipartite graphs with given degree sequence 255

recursive construction of the accumulating recursion chain of a bipartite degree
sequence.

(4333322
(3.2,

Y
(6,33, 332

(3.3)
\
(833,33
(a,.%)
\
(11,33,3)
(a.3,)
\
(14,33
(2, %)
\
(17,3)
(3,3,
Y
(20)

Figure 2: The recursion chain of the bipartition (4,3,3 : 3,3,2,2). Nodes of
the chain are labelled from A7) = A to A(Y). Notice that we only perform

contractions (v,,v,,,)-

Algorithm ConstructBipartiteRecursionChain()

Given a bipartite degree sequence A = (a,,a,,...,a,) = (b],bz,...,bn]
c],cz,...,cnz) with b, > b, > ... > bn1 andc, >¢c, >..> Cr,- Let i =mn.
Step 1 If i =1, stop, return {A(”,A(z), ...,A[n]}. Else
Step 2 Let AT = Am/ﬂ,i). That is, get the (i — 1)™ recursive minor of A
by contracting the (i)'" recursive minor by its first entry and the last entry.
Step 3 Decrement i by 1 and go back to Step 1.

The accumulation recursion chain of A is denoted by W = (A1), AR . A,

The following algorithm generates all the bipartite realizations of A. The
graph constructed is not necessarily simple. Loosely speaking, this algorithm
consists of reversing the recursive process of contraction as implemented by
ConstructBipartiteRecursionChain(). This algorithm starts from G'" the sole
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realization of Am, and by calling AddVertex() recursively it constructs G[Z),

then Gm, and so on until G™' that is a realization of A™ = A. The only

conditions imposed on the choice of edges is that up to the nfh iteration, only

edges (v,,v;), with j <mn,, are constructed. That is, we insert vertices of V;.

After the n’]‘h iteration, only edges (v,,v,), with k >n, and j <mn,, are con-
2)

structed. That is, we insert vertices of V,. We call the graphs Gm, G yeees
G™ the partial realizations of A.

Algorithm ConstructBipartiteRealization()

Given W = (AW A@) | AM) the bipartite accumulating recursion chain
of A, do the following.
Step 1. Let i = 1 and build the realization of the node A", denoted by GV,
which is the graph consisting of one vertex and m loops, where m = % Z?:] a,.

Step 2. Let G = G If G has n vertices, stop, return G. Else,

Step 3. Using G and AG+1) as input, Call Algorithm AddVertex() to con-
struct GO+Y as a realization of AT, If i < m,, AddVertex() only concedes
loops. If 1 > n, Addvertex() concedes only edges (v,,v;) with T <j < m,.
Increment i by 1, go back to Step 2.

See Figure 3 for an illustration of Algorithm ConstructBipartiteRealiza-
tion().

The following definitions are needed in the sequel. In the process of con-
traction implemented by the accumulating recursion chain, we observe that
the degrees are accumulating on a,. If we think of recursive contractions of a
graph, this is equivalent to saying that the edges are accumulating on v, as
v, seems to swallow the other vertices one by one. Hence when reversing the
contraction operation in ConstructBipartiteRealization(), vertex v, plays the
role of the 'mother that spawns’ all the other vertices one by one and concedes
some edges to them according to their degrees. Thus AddVertex() can attach
an edge e to a new vertex v, only if e is incident to v,. This observation
prompts the following formal definitions. Let A = (A, : A,) be a bipartite
degree sequence, where A, and A, have respectively n, and n, entries such
that n, +n, =n. Up to the n:h iteration of ConstructBipartiteRealization(),
an edge is available if it is a loop incident to v,. An edge e is lost otherwise.
From the (n, + 1)th iteration of ConstructBipartiteRealization() onwards, an
edge is available if it is incident to v, and a vertex v, with 1 <j <m,. An edge
e is lost otherwise. In the obvious way, we say that a vertex is available if it is
incident to some available edge. Let V_ , E_, and Evj respectively denote the

av?
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set of all available vertices, the set of all available edges and the set of available
edges that are incident to the vertex v;, for j < m,. An edge e = (v,,v;) is
conceded if AddVertex() disconnects it from v, so that e becomes e = (vj,vk)
for some vertex v, # v,. We then say that v, (or sometimes E, or just v,)
concedes the edge e. A vertex v, having degree a, is fully inserted if a, edges
are conceded to it. A graph G is said to be (re)constructed if it is an output
of ConstructBipartiteRealization().

(6) .
A (31:2,1,2) .

A (4120) L/I '42 % G
)‘ 2 (4)
A(4) (572‘ 1) ?‘g/l } .vz G
'
A® 6,1,1) ?é I # c®

(2)
A® ) 8., ©

Qéo (1)
A @ (8) o G

Figure 3: Random reconstruction tree of (3,1 :2,1,1). Graphs drawn on the same
height as the degree sequence AV corresponds to all the graphs having AV as their

degree sequence. Notice that only realizations of A are bipartite.
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The next observation is an obvious consequence of the definition of the algo-
rithm ConstructBipartiteRealization(). We single it out for the sake of clarity
as it is used in the sequel.

Remark 2 From the (n, + 1) iteration of ConstructBipartiteRealization(),
the number of available edges is equal to the number of edges left to be inserted
until ConstructBipartiteRealization() terminates.

It is because the number of available edges at the end of (n, )t iteration is
equal to half the sum of degrees a, € A,, and by the definition of the bipartite
degree sequence, this number is equal to half the sum of degrees a; € A,.

Theorem 2 Let A = (a,,a,,---,a,) = (A, : A,) be a bipartite degree se-

quence having n entries where A, and A, respectively have n, and n, en-

tries, such that n, +n, = n. Let W be the bipartite recursion chain of A.

Then Algorithm ConstructBipartiteRealization() constructs in time linear on
_ e ta,+etay . . . .

m = ——2—=" q bipartite graph G having n vertices and m edges such

that G is a realization of A. Moreover, every bipartite realization of A can be

constructed in this way.

Proof. By Algorithm AddVertex(), the graph G™ output by Algorithm Con-
structBipartiteRealization() is assured to be a realization of A. We need only
to prove that G™ is bipartite. Now, since up to the nfh iteration of Construct-
BipartiteRealization(), the routine AddVertex() always chooses loops incident
to v,, vertices inserted from the second iteration up to the nfh iteration of
ConstructBipartiteRealization() (i.e., vertices in V,) can never be adjacent to
each other. Moreover, from the (n, + )™ to the n'™ iteration, AddVertex()
never chooses an edge (v,,v;) with j >n,. Thus all the vertices inserted from
the (n, + 1) iteration onwards (i.e., vertices in V,) are never adjacent to
each other. Thus, we only have to show that (in Gn), v, is not adjacent to
any vertex inserted before the nfh iteration of AddVertex(). So, suppose that
G" contains an edge e = (v;,v;) with j < n,. But, at the beginning of the
(m, +1 )t iteration, the number of all edges incident to v, is equal to the sum
of the degrees of the vertices left to insert until the end of the Algorithm. Thus
one vertex v; with j > n, is not fully inserted. This is a contradiction.

It remains to prove that any bipartite realization G of A can be constructed
in this way. So, let G be a realization of A and let e = (v,,v,), where v, € V,
and v; € V,, be any edge of G such that vertex v, has degree a, and vertex v,
has degree a;. Also suppose that vertex v, and v, respectively were inserted at
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the i" and j*" iteration of ConstructBipartiteRealization(), with i < n, and
j > n,. We need to show that at the j*"* iteration, there is a positive probability
to have an edge e that is incident to v, and e is available. Assume to the
contrary, that is, at the j'™" iteration all the edges incident to v, must be lost.
Now all the edges incident to v, are lost before that j'* iteration only if at some
stage of the running of Algorithm ConstructBipartiteRealization(), there are
only the edges that are available and these are exhausted before reaching the
jt" iteration. Thus, at the j*" iteration there are no more available edges. That

is, there is no edge incident to v, . But this means that Aty o teta 2
m, contradicting Observation 2.

As for the running time, Algorithm ConstructBipartiteRealization() calls
Algorithm AddVertex() once for every new vertex v, to be inserted. If v,
has degree a,_, Algorithm AddVertex() has to go through a, iterations to
insert the a, edges of v, . Hence the total number of iterations to terminate

ConstructBipartiteRealization() is a, + a, + ... +a, = 2m. O

3 Construction of simple bipartite graphs

Till now, ConstructBipartiteRealization() generates any bipartite realization
of the bipartite degree sequence A. But, it is easy to modify AddVertex() so
that the output of ConstructBipartiteRealization() is always a simple graph.
One obvious condition can be stated as follows.

(a) If the Algorithm is inserting the j'" edge of vertex v, ( with j > 1 and
v, € V,) and v, (v, € V,) is already adjacent to v, then no more available
edge incident to v, should be chosen. This would prevent ConstructBipartite-
Realization() from outputting graphs with multiple edges (v,,v, ). Thus this
condition is necessary, but it is not sufficient. Indeed, it is easy to see that the
following must also apply.

(b) While inserting vertex v, and avoiding choosing edges incident to v,
so as not to construct multiple edges (v, v, ), ConstructBipartiteRealization()
may fall into a stage where there are more edges incident to v, than there are
vertices left to insert, and G, the graph output by ConstructBipartiteRealiza-
tion() would then have a multiple edge (v,,v, ).

(c) Let A, and A, be (separatly) ordered in non decreasing order, where a,
is the largest entry of A, and a is the largest entry of A,. Let M, be the

set of the last k entries of A, and let max(k) = Ay et Let there be an entry

ny +1

a, in A, satisfying the following.
(f1). s —n, > max(k), (i.e., the number of entries of A, preceding a, is
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greater or equal to the maximal entry in M, )
(f2). a, > n, —k, (i.e., inserting v, would require more neighbours than
there are vertices in V,\M, ) and,

£(3).
s—1 ny k—1
Z a, > Zai —i—Zmax(O,ai —n+s).
j=ng+1 i=k i=1

(that is, the number of edges required to insert vertices of V, prior to v,
exceeds the number of edges available on vertices in M, plus the minimum
number of edges that a vertex v, (with v, € V,\M, ) has to concede prior to
the s iteration to prevent v, from having more edges than there are vertices
left to be inserted from the s'" iteration onwards.)

If a, € A, satisfies (f1), (f2) and (f3), then a, is said to be k-fat. Let F,
denote the set of all the entries that are k-fat. See an illustration in Figure 4.

seesecee
eccee

Figure 4: A=(7,6,5,4,3,2,2,1,1 : 6,5,4,4,4,4,3,1), where A, = (7,6,5,4,3,2,2,1,1) and
A, = (6,5,4,4,4,4,3,1). Entries are labelled so that the leftmost entry of A, is a,
and the rightmost entry of A, is a,,. The entries a,, and a,, are 6-fat while a,, and
a,, are 7-fat.

XY X
2 2 1 1

16

Now, if (a) is to be respected and ConstructBipartiteRealization() chose
every vertex in M, to concede an edge to every one of the s —mn, vertices pre-
ceding v, then ConstructBipartiteRealization() would get stuck at the stage
of inserting vertex v . This is because by (f1) and (f3), no vertex in M, would
have any edge to concede to v, and so there would be a maximum of n, —k
available vertices. But by (f2), vertex v, needs more adjacent neighbors than
the only n, —k available vertices. Hence, ConstructBipartiteRealization() must
take some precautionary measures by not exhausting all the edges incident to
vertices in M, prior to the insertion of v_.
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Figure 5 illustrates how the Algorithm would get stuck at its s iteration.

Figure 5: This is a choice of edges that may exhaust all the edges incident to vertices
in M prior to the 14" iteration. In this choice, vertex v,,v, and v, must concede 3,2

172
and 1 edges respectively lest they would have too many edges after the 13" iteration.

Still, vertex v,, would not get inserted fully and the Algorithm would stall.

Although (a), (b) and (c¢) seem to contradict each other, this section defines
all these conditions in a formal settings and proves that they can be satisfied
simultaneously. Although the analysis seems lengthy, this set of conditions are
just inequalities involving the number of edges and vertices already inserted
and the number of edges and vertices left to be inserted at each stage of the
Algorithm. Moreover, checking these conditions at each iteration of AddVer-
tex() requires checking O(n?) inequalities altogether. Thus it does not add to
the running time.

Let A = (A, : A,) be a bipartite degree sequence of a simple graph, where
A, and A, have respectively n, and n, entries such that n, +n, = n. We
recall that E_ represents the set of available edges. That is, edges that are
incident to v, and vertices inserted before the n’]‘h iteration of ConstructBi-
partiteRealization(), that is, the vertices of V,. For v, € V,, we recall that Evj
is the set of available edges incident to v,. That is, the set of parallel edges

connecting v, and v,. Obviously E, C E, for all j. In particular, Ev1 is the
)
set of loops incident to v,.

Some of the Algorithms given in the literature, such as in [1], have the
disadvantage that it has to restart. The algorithm given here allows to choose
only edges such that it never has to restart. In order to be able to do that, the
choice of edges at every stage must be such that no vertex is incident to too
many edges of the 'wrong type’.

If at its s" iteration, Algorithm ConstructBipartiteRealization() is inserting
the vertex v, that has degree a_, then ConstructBipartiteRealization() has to
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call the routine AddVertex() that has to go through a, iterations. We recall
that the (s, t)'" stage of ConstructBipartiteRealization() is the iteration where
AddVertex() inserts the t™ edge of the s vertex. Let X_, and |X|,, denote
respectively a set and its cardinality at the (s,t)™ stage of ConstructBipar-
titeRealization().

To help the reader, we first introduce the motivation for the definitions. At
each stage of constructing a simple graph, every vertex v;, where v, € V,, must
be connected by at most one edge to any other v, , where v, € V,. So, if some
vertex v, has more available edges than the vertices left to be inserted after its
st iteration, ConstructBipartiteRealization() would never be able to get rid
of all these multiple edges, which would then appear in the final graph. This
prompts the following definitions. The vertex v, where j <n, (ie., v, € V;)
is due if

|Evj |5t =n—(s—1), (1)

that is, E, has as many edges as there are vertices left to be inserted. The
vertex v; is ())verdue if

Bl >n—(s—1), 2)

that is, there are too many available edges incident to v; and whatever are

the future choices, the Algorithm would never output a simple graph. The

vertex v, is undue if it is neither due nor overdue. Obviously, a stage is due,

undue, overdue if there is a vertex that is due, undue or overdue,respectively.

Let M, be the set of the last k entries of A,. An entry a, in A, is k-fat
if conditions (f1), (f2) and (f3) are satisfied. We let F_ to denote the set of
vertices that are k-fat. A bipartite degree sequence A is fat if it contains a
k-fat entry for some integer k > 0.

Let v, = a, —n, +k, where k is the largest integer such that a, is k-fat. The
(s,t)™ stage is ruined if there is an entry a, with i > s (that is, the vertex
v, is not inserted yet) that is fat and the number of vertices in M, that are
available is less than . It is not ruined otherwise.

The next lemma indicates that once ConstructBipartiteRealization() has
taken a ‘wrong path’, it is impossible to mend the situation.

Lemma 1 Suppose ConstructBipartiteRealization() is inserting the vertex v,
such that s >n,, (i.e., inserting v, into V,). Then the following hold.

(a) If the vertex v, is due, it is due or overdue at the next stage. If it is
overdue, it is overdue at any future stage.
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(b) If the (s, t)™ stage is overdue, then the previous stage (the stage inserting
the previous edge) is either due or overdue.
(c) If the (s,t)" stage is ruined, then the next stage is also ruined.

Proof.
(a) Suppose v; is due and Addvertex() does not choose an edge from E, .

)
Since no edge of E, is chosen, the left side of Equation 1 remains same while
)

the right hand side either goes down by one if ConstructBipartiteRealization()
moves to a new vertex v_ , or stays the same if ConstructBipartiteRealiza-
tion() moves to another edge t+ 1 of the same vertex v,. Hence the next stage
is due or overdue. On the other hand, if Addvertex() chooses an edge from
E, , the left hand side goes down by 1 and the right one stays the same. But

)
if E, concedes only one edge to v, (as we shall see shortly), E, is still due

at tﬁe insertion of vertex v_,. Similar arithmetical arguments as above show
that if v, is overdue, it stays overdue.

(b) Suppose v, is overdue at the (s, t)t" stage but is undue at the stage insert-
ing the previous edge. Then at the previous stage, we have

B, l<n—(s—1). (3)

Now, either the last edge inserted is chosen from E, or not. Moreover, in

either case, Algorithm ConstructBipau"titeRealization()J moves to a new vertex
or not. If it stays on the same vertex and the chosen edge is not from E, , the
right and the left hand sides of Equation 3 are both unchanged. Hence] v, is
undue at the (s,t)™ stage, which is a contradiction. If it stays on the same
vertex and the chosen edge is from E, , the left hand side of Equation 3 goes
down by 1 while the right hand side i)s unchanged. Hence v, is also undue at
the (s,t)™ stage and this is again is a contradiction.

Suppose ConstructBipartiteRealization() moves to a new vertex. If the chosen
edge is not from EVJ_ , the right hand side of Equation 3 goes down by 1 while

the right hand side is unchanged. Hence v, is due at the (s,t)" stage, a
contradiction. If the chosen edge is from E, , both left hand and right hand
)

sides of Equation 3 go down by 1. Hence v; is normal at the (s,t)" stage, a
contradiction.

(c) Assume that the (s,t)™ stage is ruined. That is, there is a fat vertex v,
that is not inserted yet, but the number of vertices in M, which are available
is less than r,. But, at the next stage, this number can never increase. Thus
it would also be ruined. O
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While Lemma 1 says that once ConstructBipartiteRealization() takes a
wrong path, it is impossible to mend it, the next routine gives preventive
measures to avoid getting into that wrong path in the first place.

ChooseCorrectEdge()
Let A be not fat and ConstructBipartiteRealization() is at its (s, t)™" stage
with s > n, (that is, inserting vertex v, into V,). Then,

(1) for each vertex v; € V;, do not choose an edge in E, if there is already
)

an edge (v,,v;).

(2) if the vertex v; is due, pick an edge from E, . If many vertices are due,
pick an edge uniformly at random from the vertices that are due.

Now assume that A is fat and for some integer k > 0, F_ is not empty. Then,

for every entry a, € F_ choose at random 1, = a, —n, + k different entries
in M, . The only condition imposed on the choice is that an entry a; can be
chosen at most once for each fat vertex and at most a; times for all the fat
vertices combined. If a, is k-fat, let R, called the reserve pool of a., be the
set of vertices in M, chosen for a,. Let R;;, the reserve matriz, be an n, by
n, matrix whose columns are indexed from 1 to n, (indices of entries of A, ),
and rows are indexed from n, +1 to n (indices of entries of A,), and R;; =1
if the entry a; € R;, and zero otherwise. Obviously, the sum of entries in row
iis equal to v, and the sum of entries of column j must be less or equal to
a;. At the (s, 1) stage, a vertex v; € V, is ezhausted if the sum of row j plus
the number of vertices adjacent to v; equals a;. (that is, the number of edges
already conceded by v; and the number of edges of v, in the reserve pools
equals a;).
(3) If ConstructBipartiteRealization() is at its (s,t)™ stage with s > n, and
a, is not fat, then apply (1) and (2) subject to not choosing a vertex v; if v,
is exhausted. If a, is fat, first choose all the vertices in R_, then apply (1) and
(2) if necessary.

Complexity Issues

Before proving that the conditions set in routine ChooseCorrectEdge() are nec-
essary and sufficient to sample a simple bipartite graph at random, we observe
that, if A = (a,,a,,...,a,) = (A, : A,) where A, and A, have respectively n,
and n, entries such that n, +n, =nand 3 " a, = 2m, ChooseCorrectEdge()
runs altogether in O(n,n,) steps. Indeed, at the s'" iteration of ConstructBi-
partiteRealization(), ChooseCorrectEdge() has to check Equation 1 only once
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for every vertex v, € V,. But there are n, iterations and n, vertices v, with
j <mn,. This takes O(n,n,) steps. Constructing the Reserve Matrix R requires
O(n,n,) steps as one has to check Conditions (f1), (f2) and (f3) for each of
the n, entries of A, and writing the n,n, entries of the matrix R.

Theorem 3 Algorithm ConstructBipartite Realization() reconstructs a simple
graph if and only if AddVertex() calls the routine ChooseCorrectEdge(). In
other words, ConstructBipartiteRealization() outputs a simple graph if and
only if the choice of edges satisfies Conditions (1), (2) and (3).

Proof. Assume to the contrary that Conditions (1) and (2) hold but Con-
structBipartiteRealization() outputs a bipartite graph G with multiple edges
or loops. By Condition (1) there can not be a multiple edge connecting two
vertices v; and v, such that j <n, and k > n,. Moreover, by the definition of
the routine ConstructBipartiteRealization(), there can not be a double edge
(v,.,Vv,) where k,1 > n,. Hence if G fails to be a simple graph, it must have
either a loop or a multiple edge incident to v, and v, such that j <mn,.

So, in G, let the vertex v, is incident to either a loop e or a multiple edge
(vy,V;) such that j <mn,. But, by the definition of the bipartition, the number
of edges incident to v, at the end of the n’]‘h iteration of ConstructBipartite-
Realization() equals the number of edges left to be inserted until Construct-
BipartiteRealization() terminates. Hence, some vertex v, such that k > n, is
not fully inserted. This is a contradiction.

Conversely, let the condition (1) or (2) be not satisfied and let G be the
realization output by ConstructBipartiteRealization(). If condition (1) is not
satisfied at the (s,t)'™ stage, this would create a double edge (v;,v,) with
j <n, and s > n,. Now, since Algorithm Addvertex() can not concede the
double edge (v;,v,) anymore as they are lost, the double edge (v;,v,) would
appear in G. Hence G would not be simple. Assume that the condition (2)
is not satisfied. That is, there is a vertex v, with j < n, that is due at the
(s,t)™ stage, where s > n,, but Algorithm Addvertex() does not pick any
of the elements of E, for all the remaining edges conceded to v,. Then v, is

overdue at the inserti)on of vertex v_, ,, and by Lemma 1(b) it remains overdue
until the end of Algorihm 2. Hence G is not simple as it must have a multiple
edge (v,V;). If condition (3) is not satisfied, Algorithm ConstructBipartite-
Realization() may stall. O

Let a correct edge and vertexr be an edge chosen by Algorithm ChooseCor-
rectEidge and a vertex incident to a correct edge, respectively. So if Construct-
BipartiteRealization() terminates, we have shown that it always outputs a
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simple graph. It remains to show that it always terminates by showing that
there is always a correct edge so that conditions (1) and (2) can be satisfied
at every stage of ConstructBipartiteRealization().

Theorem 4 Algorithm ConstructBipartiteRealization() always terminates.
That is, Conditions (1) and (2) are always satisfied at every stage of Con-
structBipartite Realization().

Proof. Suppose A does not contain any fat entry. That is, as long as an edge
e = (v,,v;) is a correct vertex, it can be chosen. Obviously, Condition (1) can
always be forced on AddVertex(). But, while trying hard to satisfy Condition
(1), the algorithm may let a vertex v; of V;, to become overdue. If at the (s, t)th
stage the vertex v, is due, we prove that it is always possible to concede an
edge from E, tov,_.

So assumejto the contrary that v; is due but Addvertex() can not pick an
edge from E, . This is possible only if there are too many vertices that are due.
That is, a, <] n; <n,, where n/ is the number of vertices that are due at the
(s,t)t" stage. But we also have a, > a,, = .. > a,. Moreover, as all these n]’
vertices are due, each of them is incident to n — s available edges. Hence we
have a, +a , , +---+a, < n]’ (n—s). That is, there are more available edges
than there are edges left to be inserted until ConstructBipartiteRealization()
terminates. This contradicts Observation 2.

Let the entry a, be k-fat. If all the correct edges e = (v,,v;) such that
v, € M, are conceded prior to the insertion of the vertex v;, then by definition
of fat entry, Algorithm ConstructBipartiteRealization() would stall as there
would not be enough edges to connect tov,. But, we assume that the Algorithm
reserved T, edges to concede to v,. Hence v, can always be inserted. So, we
only need to check (c1), whether putting some edges in reserve would prevent
some non-fat vertex v, from being inserted for lack of correct edges and, (c¢2),
whether it is always possible to construct the reserve matrix R;;.

(c1) Assume that s < i. That is, v, precedes v,. Let all vertices preceding v,
have been inserted but there are not enough correct edges to insert v,. This
is possible if reserving edges for vertices in F, and inserting vertices preceding
v, exhausts q vertices of V|, and a;, > n, — q. Without loss of generality, we
may assume that the last q vertices of V| are exhausted. So, let the available
vertices be vertices v,,...,v, .. If the number of available edges is less than
a,, then A, < A,. This is a contradiction. So, let the number of available edges
be greater or equal to a,. Thus the number of available vertices is less than
a,, so that Condition (1) prevents a, edges from being connected to v_. Let H
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be the graph obtained after the insertion of v, | by ’fully’ connecting all the
vertices in V,\v,, making sure to connect vertices in F, with edges that are
reserved for them in R;. Then, by the definition of r,, it is easy to check that
every vertex in F,_ is adjacent to every vertex in V,\M, . Also, since all the
vertices in M, are exhausted after the insertion of v _,, one can check that
none of the vertices in M, \M, is adjacent to a vertex in V,\(F, UV_,), where
V., denotes the set of vertices fromv, ., up tov,. (ie., V,\(F,UV_,) is the set
of vertices between v and F, ). Thus, only the vertices in V,\M, are adjacent
to vertices in V,\(F, U V__). Since all the vertices, except for v are properly
connected and |A | = |A2T, the number of available edges is a, but the number
of available vertices is less than a,. Therefore, by the pigeonhole principle,
there is an available vertex having at least two available edges. Without loss
of generality, we may consider v, to be the culprit.

Now, since only the vertices in V,\M, are adjacent to the vertices in V,\(F, U
V_,), either v, is adjacent to all the vertices in V,\(F,_UV_ ) or it is not. If it
is, then v, was due during an iteration prior to or during the insertion of v,
and the algorithm did not select it to concede an edge. This is a contradiction.
Suppose that it is not adjacent to some vertex v, € V,\(F, UV_ ). Then a, <
n, — g, since v, is fully connected. But, by the non decreasing ordering of A,
we also have a, > a,. Moreover, since a, € F_, we have a, > n, —k. Hence we
have a, > n, —k >n, —q > a,. This is also a contradiction. Therefore vertex
v, can be fully inserted. See Figure 6 which helps to understand notations in
part (cl).

+1

Figure 6:

Finally, let a, be k-fat, a, be not k-fat and s > i. (that is, v, is to be
inserted after v,). If there are not enough correct edges to connect to v, then
|A,| <|A,|. This is a contradiction.

(¢2) Suppose that it is not possible to built the reserve matrix. But, since
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a, <n, for all entries in F,_, this would imply either ZFk a, > Zv1\Mk a, +
2. @ =IA ], or a; >n, for some entry a, € F,. This is a contradiction. [
k

It still remains to show that the algorithm constructs all the simple realiza-
tions of A.

Lemma 2 Let Gn1 " be the n,,m,- complete bipartite graph. That is, the bi-
partite graph where one part contains n, vertices each having degree n, and
the second part contains n, vertices each of degree n,. Then ConstructBipar-
titeRealization() satisfying Conditions (1) and (2) can reconstruct G, n, Gs0

realization of A = (A, : A,) where A, has n, entries a, =n, and A, has n,
entries a; =m,.

Proof. At the beginning of the (n, + 1) iteration, E, =mn, for each of the
)

n, vertices already inserted. Hence each such vertex is due. Now, the vertex
v has degree a,_ ,, =n, by the definition of A. Hence, by Condition (2),
AddVertex() chooses one edge from each of the n, vertices v; with j <n, and

n,+1

inserts Vi

iteration. Again, by Condition (2), AddVertex() chooses one edge from each of
the n, vertices v, with j <n, and inserts v completely. And so on, until the

completely. By Lemma 1, each v, is still due at the (n, + 2)th

ng+2
insertion of vertex v, , and Algorithm ConstructBipartiteRealization() outputs
the graph Gn1 B g

2

Let G be a graph, a delete-minor of G’ = G\e is the graph obtained from
G by deleting the edge e. If A = (A, : A,) is a bipartite degree sequence, let
A’ be the degree sequence obtained from A by subtracting 1 from two of its
entries a; and a;, where a; € A, and a; € A,. Thus, if A is the degree sequence
of a bipartite graph G, then A’ is the degree sequence of some delete-minor
of G.

Lemma 3 If ConstructBipartiteRealization() satisfying Conditions (1) and
(2) can reconstruct G as a realization of A, then it can reconstruct all the
delete-minors of G that are realizations of A'.

Proof. Let G be a bipartite graph output by Algorithm ConstructBipartite-
Realization() and let G\e be a delete-minor of G. In the graph G, let the edge
e be incident to vertices v; and v, having respectively degrees a; and a,, where
j <mn, and k > n,. Thus in G\e, vertices v, and v, have degrees a; — 1 and
a, — 1. Let f be any edge of G\e. Since G is output by ConstructBipartite-
Realization(), there is a series of choices of correct edges such that f can be



Rejection sampling of bipartite graphs with given degree sequence 269

inserted. In that series of choices either e is inserted before or after f. If e is
inserted after f, the same series of choices would insert f in G\e. If e is inserted
before f, the same series of choices, minus the insertion of e, would also lead
to the insertion of f in G\e, since Algorithm ConstructBipartiteRealization()
does not need to insert any edge incident to v; and v, as their degrees are
down by 1. O

Corollary 1 Let G be a simple bipartite realization of a degree sequence A =
(A, 1 A,) where A, and A, have n, and 1, entries respectively. Then there
s a positive probability that G is output by Algorithm ConstructBipartiteReal-
ization() if Conditions (1) and (2) are satisfied.

Proof. Every simple bipartite graph having one part of n, vertices and another
of n, vertices can be obtained from Gn]‘ , by a series of deletions. U

n

3.1 Sampling all bipartite realizations uniformly

Although Theorem 2 shows that the routine ConstructBipartiteRealization()
can construct a realization of A in time linear on the number of edges of its
realizations, we need the next result to show that it can construct any bipartite
realization of A with equal probability, provided we define the probability
i(e) with which AddVertex() has to insert the edge e. If at its k'™ iteration
ConstructBipartiteRealization() is to insert the vertex v, that has degree a,,
then ConstructBipartiteRealization() has to call AddVertex() that has to go
through a, iterations. Let the (s, t)™" stage of ConstructBipartiteRealization()
be the iteration where AddVertex() inserts the t'" edge of the s™ vertex and let
G"™" denote the graph obtained at that (s,t)" stage. With this notation, let
G" be the graph G, The random reconstruction tree, denoted by T, is a
directed rooted tree where the root is the sole realization of the degree sequence
A and the (s,t)™ level contains all those possible graphs obtainable after
inserting the t™ edge of the s' vertex, and there is an arc from a graph H at
level 1 to the graph G at level i + 1 if it is possible to move from H to G by
the concession of a single available edge. Realizations of A are thus the leaves
of the tree 7. With this formalism, sampling a random bipartite realization
of the degree sequence A is equivalent to performing a random walk from the
root until a leaf is reached, and every step of the random walk consists of
walking along a random arc of 7. See Figure 7 for an illustration.
Rejection sampling
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Let G be a realization of A. That is, G is a leaf of the tree 7. Obviously,
there are many paths of 7 leading to G. Let p be such a path and let 7,(G)
denote the probability to reach G along the path p. Now 7,(G) can easily be
computed on the fly since 71, (G) = HeeE(G) 7t(e), where E(G) denotes the set of
edges of G and 7t(e) is the probability to choose the edge e. Now 7t(e) = WﬁI,
where V.o is the set of all correct vertices at the insertion of e. The only
problem is that G can be reached from many paths. The next result proves

that all these paths have equal probability.

Lemma 4 Let G be a realization of A that can be reached through the paths
p and q of T. Then 1,(G) = mq4(G).

Proof. Let E(G) denote the set of edges of G. Then, p can be seen as a re-
ordering of a subset of edges chosen along q. Now, since the vertices are added
in the same order along q as along p, we may only consider the case where p
and q differ on a single vertex and edges e and f are interchanged in p and q.
Let Veor(€e) and Veor(f) denote the sets of correct vertices at the insertion of
e and f, respectively. If the Algorithm can choose either the edge e or f, then
Veor(€) = Veor(f) and the probability to choose either must be the same. [

Lemma 4 allows to compute 7t(G) on the fly. For any path p leading to G,

we have
- 1_I7T H \%

ecG ecG CO”

where V,  (e) is the set of vertices in V, that are incident to some correct
edge. Hence, to get 7(G) on the fly, one set m(G) = 7T(Gn1 ) = 1 For every
partial realization G from (G'') to G multiply 7t(G) by Vg Finally
output 71(G) with G. Now let min(7t) be a lower bound of the probablhtles to
reach of the realizations of A. This lower bound can be calculated using only
parameters of A. Indeed, if [V, (e)| stands for the number of vertices in V,
that are adjacent to v, at the insertion of edge e, then we have the inequality

1 1 .
Vool < Voo < m(e) and, for any realization G, we have

1
Ewm(eﬂ < 16_!7'[(@) < n(G).

Finally, since IVv1 (e)] <n, and every realization of A has m edges, we get

1
? H|V |_H7c ) < n(G

ecG
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(433:3322)

(3.2,)

(633,332

(a.a;)

(833,393

() |
Y

(11,33, 3)
(a.3,) |
v
(14,33)
(@) |
\]

17,3
(a.3,)

Figure 7: Random reconstruction tree of (4,3,3 : 3,3,2,2). The level of 7 on the same
height as the degree sequence AM corresponds to all the graphs having A™ as their degree
sequence. The arrows that are crossed denote the edges that would not lead to a simple
realization.
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Algorithm RejectionSampling()
Input: Bipartite degree sequence A = (A, : A, ), where A, and A, have n,
and n, entries respectively such that n, +n, =n and an integers r,.
Output: A sequence of r, bipartite simple realizations of A where every
realization has equal probability.
Step 1 Put A, and A, in non decreasing order.
Step 2 Construct the recursion chain of A by calling the routine ConstructBi-
partiteRecursionChain().
Step 3 Call ConstructBipartiteRealization() to construct the realization G.
Let 7t(G) be the probability computed on the fly and get u, a random number

in (0,1). If u < n;:FG(;I), accept G and go back to Step 3 until one gets 1,
realizations. Else, reject G and go back to Step 3 until one gets r, realizations.
Obviously, Algorithm RejectionSampling() samples every realization of A
with the same probability equal to min(7m). Now, it is known that Step 1
takes log(n,) +log(n,) iterations and, as shown earlier, Step 2 takes n, +n,
iterations. In Step 3, ChooseCorrectEdge() does O(n,n,) inequality checks
altogether while AddVertex() needs 2m iterations to insert all the vertices.
Thus, the overall running time to get the minimum probability is given by

log(n,)+log(n,)+r,(n,n,+2m) = O(r,(n,n, +2m)) < O(3r,m) < O(m).

Finally, T, the running time of generating a realization of A uniformly, is a

geometric random variable with expected running time given by ﬁ where

acc

m(acc) is the acceptance probability for the realization G with the highest
probability of being output by ConstructBipartiteRealization(). So

ace) = min(m) min(m)

(G Lo Ve (el

Now if n, — oo, then |V (e)] — n% on average. Therefore,

corr

1

in(m) nr 1
n(acc)—>n(uzn): :(%)m:ﬁ'

i

Hence T — 2™. For the typical Darwin tables m is about 40 edges. Thus 2™
is a manageable running time.
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Abstract. Making use of a meromorphic analogue of the Cho-Kwon-
Srivastava operator for normalized analytic functions, we introduce below
a new class of meromorphic multivalent function in the punctured unit
disk and obtain certain sufficient conditions for functions to belong to
this class. Some consequences of the main result are also mentioned.

1 Introduction and motivation

Let 3 denote the class of functions of the form:

fle) = 5+ ) e (peN=(1,2,3,) )
k=1

which are analytic in the punctured unit disk:

U :={z:2€ C,0< |z] <1} =T\ {0},
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having the only pole of order p at origin. In particular for p = 1, we write

2= 2
For functions f € }_, given by (1) and g € 3, given by

[—— ~ .
9(z) :Zp‘l‘;bkpzk Po(zeUY), (2)
we define f % g by
ZPf(z) * ZPg(z 1 i _ .
(frg)le)i= TTEZIE - Loy by P = (g 0@ (2 1)
k=1

(3)
where * denotes the usual Hadamard product( or convolution) of analytic
functions.

Let Z;(oc), Z]; (o) and Z;(oc) be the subclasses of the class 3~ consists
of meromorphic multivalent functions which are respectively starlike, convex
and close-to-convex funcions of order ¢ (0 < & < p).

Analytically, a function f € Zp is said to be in the class Z;(cx) if and only

if
zf'(z)
4 [_ (z)

Similarly, a function f € Zp is said to be in the class Z]];(oc) if and only if

] >o (zeU). (4)

R [—1 — Z:,/EZ)} >a (zeU"). (5)

Furthermore, a function f € Z;(oc) if and only if f is of the form (1) and
satisfies

/
R [_Zf_iz_)]} >a (zeU"). (6)
We observe that Y j(a) = ¥ *(a), Y }(a) == ¥ (o), Y§(a) = ¥ (a)
where ) (o), > () and ) (ex) are subclasses of ) consisting of meromor-
phic univalent functions which are respectively starlike, convex and close-to-
convex of order &« (0 < « < 1). For recent expository work on meromorphic
functions see([5, 7, 11, 14, 16]).

For the purpose of defining transform, Liu and Srivastava [7] studies mero-
morphic analogue of the Carlson-Shaffer operator [1] by introducing the func-
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tion ¢p(a,c;z) given by

b

2F1((1,1,C Z) 1 i ((l)k k—p
—Z

bpla,cz) i="———"—""— = — +
P — (c)x

zP zP (7)
(zeU%5aeC,ceC\Zy,Zy :={0,1,2,---})

where »F; (a, 1; ¢;z) is the Gauss hypergeometric series and (A)y, is the Pochham-
mer symbol (or shifted factorial) given by

M= T TV AA+ Db 1) (neN).

(A +n) {1 (n=0)
Recently, Mishra et al. [9] (also see [10]) defined the function cI)I,(a, c;z), the
generalized multiplicative inverse of ¢p(a,c;z) given by the relation

1

W (a,CEC\Za,A>—p,Z€U*). (8)

dpla, ¢;z) * bl (a,c;2) =

If A\ = —p+ 1, then cl);r)(a,c;z) is the inverse of ¢p(a,c;z) with respect to
the Hadamard product . Using this function ¢p(a,c;z), they considered an
operator E}‘ (a,e): 3, — 2, as follows:

2Fi(A+p,c;a;2)
zP

(A
Z —|—p ak_pzk*p (z e U").
k=

Ly(a,0)f(z) : = ¢L(a> c;z)  f(z) =

(9)

The holomorphic version of the function d)I,(a, c;z) is given by the relation:

zP

A= (@ E€CNZyA> —pizel),

25F1(a, T562) * b (a, ¢ 2) =

and the associated transform L’%(a, c)f(z) = cl)g(a;c;z) x f(z) were studied by
Cho et al. [2]. The transform Ei‘,(a, c) is popularly known as the Cho-Kwon-
Srivastava operator in literature (see, for details [4, 12, 15]).

Recently, Prajapat [13] (also see [3]) introduced a class of analytic and mul-
tivalent function B(p,n, i, o) and investigated some sufficient conditions for
this class. Furthermore, Goyal and Prajapat [5] introduced the class 7, (A, 1, «)
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by making use of an extended derivative operator of Ruscheweyh type and in-
vestigated some sufficient conditions for a certain function to belong to this
class.

Motivated by the aforementioned work, in this paper the authors introduce a
new class ’7;)""‘( L, a, c) by making use of a meromorphic analogue of Cho-Kwon-
Srivastava operator L’%(a,c) for normalized multivalent analytic function as
follows:

Definition 1 A function f € Zp is said to be in the class ’7;}""‘(p., a,c) if it
satisfies the following condition:
1(pA !
Pt (Lp(a,c)f(z))
(zpﬁé(a,c)f(z))LH
(zeUS peN,A>—p, u>0,0<a<p, a, cc C\Z,)

+pl<p—«

(10)

The condition (10) implies that

T1(pA /
5 _ZP+ (ﬁp(a,c)f(z)i1 - (11)
(zpﬁé(a,c)f(z))u

It is clear from the above definition that

To P2, 0,0) = Eo(a) and Tp P0(1,a,0) = Y (o).
In the present paper, we obtain certain sufficient conditions for functions f
to be in the class 7?""(;1, a,c).

We need the following lemma for our investigation.

Lemma 1 (see [6, 8]) Let the function w(z) be non-constant and regular in U
such that w(0) = 0. If lw(z)| attains its maximum value on the circle |z| =1 < 1
at a point zo € U, then

zow'(z0) = kw(zo),

where X s real and k > 1.
2 Main results

Unless otherwise stated, we mention throughout the sequel that

peN, u>0, A>—p, a, ccC\Z;, 0 < ax<p.
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Theorem 1 Iff € Zp given by (1) satisfies anyone of the following inequal-
ities:

"

‘_ZPH (ﬁg(a,c)f(z))’ [1 ips Z(ﬁg(a,c)f(z))

(2P L (a,0)f(2)" (L3 (a, c)f(z)) 12
-1 p+z(£{;(a,c)f(z))/ S
L3 (a,c)f(z) ’
2(£3(a,0)f(2))” 2(£A(a,0)f(2)
1+ + Doy — (-1 {p t o P—o "
. zp+1 (ﬁ%\)(a,c)f(z))/ < (Zp — 06)2) ( )
(zpﬁé(a,c)f(z))ui]
2(£A(a,0)f(2))” 2(£A(a,0)f(2)
1+ + Doy — (-1 {p t " Baor 1
/ < ) (14>
_ zp+1 ([){;(a,c)f(z)) 2]9 —
(29 L3 (a,0)f(2) "
and
z(LA(a,c)f(z))“ Z(LA(a,c)f(z))/
P (L) (a,0)f(2) T+p+ (£§(a,c)f(z))’ —=1 (p + £§[a,c)f(z) ) ]
<1,
(7 L} (a,0)f(2)" =t (£} (ae)f(z)’
(ZPLé(a‘c)f(z))u7]
(15)
then f € 73"“(% a,c).
Proof. Let f(z) € Zp be given by (1). Define the function w(z) by
2P (LM a, ¢)f(z))
— (Lo, )1 =p+(p—oJw(z). (16)

(zpl%(a,c)f(z))“*

Clearly w(z) is analytic in U with w(0) = 0. Taking logarithmic differentiation
on both sides of (16) with respect to z, we obtain

Lips (£)a,0)f(2))" z (cg(a,c)f(z))’} _ (p-a)aw(z)

(Ly(a, cIF(2)) _(”_”{“ £)a,c)f(2)
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From (16) and (17), we have

Y (LMa,0)f(2))] z (L), 0)f(z)"
Y = o ne ot ))”“ PTG
Naes) (18)
z
*(H’*1) {P+ ﬁ)\ Cl C Z) } /(Z))
z(ﬁg( ©)f(z) p ,Cfl))/
i) 14+ + o )f(z {p+ L3(ac)fle) }
2\2) = +1( LA (a,0)f(z
(M‘ac )3)] (19)
__(p= o)zw'(z)
[p+ (p — )w(z)]?
2(£3(a,0)f(2)” (£} (a,0)f(2)’
ouia 1+p+w—(u—1){P+W}
3lz) = '
2P 1 (L) (a,0)f(2))
B [(zpﬁg(a,c)f(zn”] —|—p] 20

and
A " A /
24 (L)(a,e)f(z)) TP ehtesta — (=) {p o e
bt = (2P L) (a, c)f(2))* [zp“ (£ a0)f(z) ]
(L) (a,0)f(z))"
_ zw’(z). o
w(z)

Now we claim that |[w(z)| < 1 in U. For otherwise there exists a point zy € U
such that
max [w(z)| = [w(zg)| = 1. (22)

|zl <|zo|
Then from Lemma 1 we find that
zoW'(zo) = kw(zo) (k> 1). (23)

Therefore, letting w(zo) = €'® in each of the equation (18) to (21), we obtain

b1 (z0)l = |(p — )zow (z0)| = |(p — )ke®®| > (p — ), (24)
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] (p—x)zow'(z0) | I(p — x)ke®?| (p—«

e = | | = s Zgewr > e

|p3(zo)l = ’ 2w (z0) ’

w(zo)[p + (p — x)w(zo)]
y 1 (26)

= ‘[pﬂp—oc)eie] SPTETY
mmﬂmnzm{mwﬁm}zkz1, (27)
w(zo)

which contradicts our assumption (12) to (15), respectively. Therefore, [w(z)| <
1 holds true for all z € U. Then (16) we have

ZP T (Eé(a, c)f(z))
(ZT’[,%‘,(G, c)f(z))”ﬁl

which implies that

+p| =llp—Jw(z)l < (p—«)

fe 7;,)""‘(p, a,c).

3 Consequences of main result

Putting a=c¢, A=—p+ 1, u =1 in Theorem 1, we get the following result:

Corollary 1 Let the function f(z) defined by (1) belong to the class Zp. If
f(z) satisfies any one of the following inequalities:

f'(z) zf" (z)
‘_ZP‘ (1 +p+ 2) ) <Pp-—«,

zf" (z)
1+ P+ (2) P—

HER NPT

_prfl

T+p+ Zf:E(Z) 1

f/(z) <
f/ _ )
_7;1(:7)1 —p 2p — «

_ @ (1 n Zf”(Z))
p— p + 7
m{zp e }<L

and

f/
_Zf]ng]] —Pp

then f(z) € Z;(oc).
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Letting p = 1 in Corollary 1 we obtain the following result.

Corollary 2 If f(z) € Y_ satisfies any one of the following inequalities:

f'(z) zf" (z)
— 2 <1-—
‘ 22 ( T %
f‘//
2 + Zf/(iz]) 1 — X

7@ | S 2=

z—2

Zf” )

2+ 5 _ 1
e g T 2—o]
=
and
zf" (z)
wd T (2T E |,
— ! )
22\ -
then f(z) € ) («

Further in the special case when o« = 0, Corollary 2 reduces to Corllary 3
stated below:

Corollary 3 If f(z) € Y_ satisfies anyone of the following inequalities:

‘zzf’(z) <2 + Z:,/;(Z))> <1,

f” )

72+ ) <1

2% (z) 4’
f//

2+ % ))) 1

CZ2f(z)+1| 2

zf" (z) 22f'(z)
R<(2 1
{( ") > 20z +1f ="
then f(z) € 3 . (= .(0)).
Letting a =c¢, A=—p + 1,0 =2 in Theorem 12, we obtain the following:

and
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Corollary 4 Iff € 3 given by (1) satisfies anyone of the following inequal-
ities:

zf'(z) zf"(z)  zf'(z)
_ 1 _ _
‘ (z) < T T )| TP
f 11 / .
_ f(z) ]+zf(z)_zf(z) __ P« )
zf!(z) '(z) f(z2) (2p — )2
zf"(z)  zf'(z) 1
/(z) f(z)
1+ <
f'(z) —x’
_Zf(j —p 2p —«
and (2) f'(2)
2f(2) (14 55 — T
R 2 ) <1,
z Tz TP

then f(z) € 3 J(«).

By putting p =1 in Corollary 4, we have

Corollary 5 If f € ) satisfies anyone of the following inequalities:

zf'(z) zf"(z)  zf'(z)
(+ % o)

<1—«,

(1 N zf"(z) _ zf’(z)) - 11—«
zf/(z) f'(z)  f(z) (2 —a)?’

(
zf/ (z) 1 22—’

and (2) f'(z)
z z z z
% zf'(z) 1+ lz) — flz) <1
f(z) zf!(z) +1 )
f(z)

then f(z) € 3" (o).
On further setting o = 0 in Corollary 5, we get:
Corollary 6 If f(z) € Y_ satisfies any one of the following inequalities:

zf'(z) zf"(z)  zf'(z)
’_ (z) (” ) fz) )'“’
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f(z) zf"(z)  zf'(z) 1
_oE (2 <,
zf!(z) '(z) f(z) 4
(2) f'(2)
1 Zf’(z? o Zf(:j 1
_zf'(z) 1 < E’
f(z)
f‘// f/
zf'(z) [ 1+ Zf'(;(j) - Zf(g)
R ) ) <1,
then f(z) € Y_*.
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1 Introduction

For ¢ € C and k € N, define the k x k tridiagonal matrix My(c) by

c 100 0 00
1 ¢c 10 0 00
01 ¢ 1 000
Mile)=1|: ¢ ot
0000 - c 10
0000 - 1c¢
0000 -~ 01c¢

kxk

and denote the determinant |My(c)| of the k x k tridiagonal matrix My(c) by
Dy(c). In [7, Remark 4.4], the explicit expression

D 6—1 3 NS ¢
6= g 21 (elo)

was derived from some results in [7, Theorem 1.2] for the Cauchy products
of central Delannoy numbers, where (?) =0 for ¢ > p > 0. For information
on central Delannoy numbers, please refer to the papers [6, 7] and plenty of
references cited therein. In [7, Remar 4.4], the authors guessed that the explicit
formula

k k
Dulc) = (—1)¥ 1 eCZ(ak( ¢ > _ 1 mck2m(k_m) 1
o) = (=YD ( D) = 2 )
should be valid for all ¢ € C and k € N and claimed that the equality (1) can
be verified by induction on k € N straightforwardly.

In the paper [6], the authors discovered a generating function of the sequence
Dy (c), provided an analytic proof of the explicit formula (1), established a sim-
ple formula for computing the tridiagonal determinant Dy (c), found a determi-
nantal expression for Dy(c), presented the inverse of the symmetric tridiagonal
matrix My/(c), connected Dy/(c) with the Chebyshev polynomials [6, 9, 11] and
the Fibonacci numbers and polynomials [1, 6, 8], reviewed computation of gen-
eral diagonal determinants, supplied two new formulas for computing general
diagonal determinants, generalized central Delannoy numbers [6, 7], and rep-
resented the Cauchy product of the generalized central Delannoy numbers [6]
in terms of Dy(c).

In this paper, we pay our attention on the following four conclusions.
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Theorem 1 ([6, Theorem 2.2]) For k > 0 and ¢ € C, the formula (1) is
valid.

Theorem 2 ([6, Theorem 3.1]) Forc € C, o = % = &hved V§2_4, and k > 0,
the tridiagonal determinant Dy (c) can be computed by

1 1
Dile) =444, =2 )
(—D*k+1), c=-2.

Theorem 3 ([6, Theorem 5.1]) For k € N, the inverse of the symmetric
tridiagonal matriz My (c) can be computed by ME] (c) = (Rij)kxk’ where

()\i _ ui) ()\k—j—H _ Hk—j+1)

TR e ey 7
Ri = ¢ ( 1yirjlk—j+1) _5
ij (1(])< . k])+1 , c
k—)+
_ A~ T -2
k+1 ¢

fori<j, Ry =Rj; fori>7j, and A and u are defined by
)s Ry j )

A=lo 2 =

o VZ-4d-c¢ B

Theorem 4 ([6, Section 8]) Forn € N and a,b,c € C, we have

b 0 --- 0 0
c ab -~ 00
0O ca --- 0 0
Dn: .
0 0 0 --- a b
0O 0 0 --- ¢ a
nxn
(a+Va? —4bc)n+] —(a—Va? —4bc)n+]
= , a? #4bc;
_ o2V ar —4be (3)

(Tl‘H)(;) y a? = 4bc.
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In Section 2 of this paper, we will supply two alternative proofs of Theo-
rem 1. In Section 3, we will provide three alternative proofs of Theorem 2. In
Section 4, we will present a detailed proof of Theorem 3. In Section 5, we will
provide a proof of Theorem 4. In the last section of this paper, we will list
several remarks.

2 Two alternative proofs of Theorem 1

Now we are in a position to supply two alternative proofs of Theorem 1.
Proof. [First alternative proof of Theorem 1] Let Dy(c) = 1. Theorem 2.1
in [6] states that the sequence Dy(c) for k > 0 can be generated by

—ct+1 ZD“ ' (4)

By the formula for the sum of a geometric progression, the generating function
Fc(t) can be expanded as

Fc(t) =

=0 {=0 m=0
for |t2 — ct’ < 1. Hence, it follows for that
oo !
A
Fe() = Y D-”’“(m) b (gtem)
(=0 m=0
oo !
4
_1\ym {—mq: +my (k)
=3 > (-1 <m>c lim (£°7)
(=0 m=0
- ¢
_ Ky e 20k
(=1 (=1 <k—€)c
(=0
for |t —ct| < 1 and as t — 0. The formula (1) is thus proved. O

Proof. [Second alternative proof of Theorem 1] Taking k = £+ m in (5) leads

to
[e%S) k
=33 (! e |- S v

k=0 L¢=0
for ’tz — Ct’ < 1. The formula (1) is proved again. The proof of Theorem 1 is
complete. 0
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3 Three alternative proofs of Theorem 2

We now start out to provide three alternative proofs of Theorem 2.

Proof. [First alternative proof of Theorem 2| It is clear that the generating
function F¢(t) in (4) can be rewritten as F¢(t) = t1(xt 5 By virtue of the
Leibniz theorem for the product of two functions, we have

| : (k) k K 1 (0) 1 (k—¢)
S =
[Fc(t)] _<t—06t—f5> _é<€><t_(x) <t_[5>

- DU (== 0 & 7K\ (=D (=) — o)
=2 ( > O (t— B)kf€+1 -2 (g) (Co)l T (—p)e o

=0 =0
_ Kt K1 ke
Kl Z _ Z 11— (B/w) — ! x B
OCEH Bk €+1 Bk Bk 1—B/x x— B
as t — O. The formula (2) is thus proved. O

Proof. [Second alternative proof of Theorem 2] The generating function F(t)
can also be rewritten as

1 1 1
i) = =5 (2~ 2 ) )

Then a straightforward computation reveals

1 [ (—1)kkK! (—1)kk! ]
(

[Fc(t)](k) = 7 (X)kH (t _ B)kH

K1 ak+l
IRV <] _ ] ):k!“ B

o — B kaH BkH o — [3

as t — 0. The proof of Theorem 2 is complete. O

ox—fp -

Proof. [Third alternative proof of Theorem 2] The formula for the sum of a
geometric progression yields
00 k 0o
tii(x - ﬁ and Z [_z,k+1
k=0
for [t| < min{]al, |B[}. Thus, in view of «ff =1 and (6 ), we obtain
- k+1 [?)k+1

& ] ot <
Fl) =33 Z(Bm — )tk =) g YT L Duat
k=0 k=0

k=0

for [t| < min{]al, |B]}. The formula (2) is thus proved. The proof of Theorem 2
is complete. O
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4 A detailed proof of Theorem 3

We now present a detailed proof of Theorem 3.

In the paper [2], the inverse of the symmetric tridiagonal matrix My (c) was
discussed. We denote the inverse matrix of My (c) by M, Te) = (Rij)kxk. Then,
basing on discussions in [2, Eq. (9)], one can see without difficulty that the
elements Ry; can be represented as

Di_1(c)Dy_j(c)

Rij = (1 )1+] Dk(C) )

1<i<j<k

and Ry = Rj; for 1 <j <1 < k. Making use of the formula (2) yields

o THT T kT gt

. (=1)H o — B(XkH - Bkﬂ(x_ B ) ¢ 42
U )= ) |
e EDTT A= T D (DT (k=41 _
(—=1)+5 e s
(ot = BY) (kT — g
[l
(—U”%ﬂ)iﬂw’ -
(=)t = (=B [(=e) T — (=)< TH]
(o) __(_f’)][(—oc)kH (=R c#+2
: (_‘1(1):+jW’ c=2
1K —) B
kT .
AL — b)) (AT ke
_( (A_l)lg(N‘H_ukH) )a c#+£2
= k=i +1) )
T
1 —) -
k1 c=-—2

for 1 <1i < j < k. The proof of Theorem 3 is complete.
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5 A proof of Theorem 4

The determinant D,, satisfies the recurrence relation D, = aD,,_; — becDy_s.
Solving the equation x* — ax + bc = 0 reaches to two roots « = +tvar—dbe ”“22_4bc

and pf = &Y —0¢ VC‘ZL%C. These two roots satisfy a4+ 3 = a and «f3 = bc. Then by
the above recurrence relation one can write
Dy —aDng = B[anl - O(anZ] = Bz[anZ - “Dn73] = -
=" 2D, — aDy] = B %[(a’ — be) — aa] = B

Similarly, one can deduce that Dy — D1 = «™. Accordingly, when o # f3,
that is, a # 4bc, one finds (« — B)Dyp = a™! — B that is,

O _ ol _BnH B (Q+M)n+1 _(G_M)nﬂ
n- ox—P - m+1y/aZ — 4bc )

When « = f, that is, a> = 4bc, we have

Dpn=a"+aDp1=a"+ (™ +aDp3) == (n—1)a™+ o™ Dy
n
=(n—1)oc“+oc“—‘(2oc)=(n+1)o«“=(n+1)<§> .

The formula (3) is thus proved. The proof of Theorem 4 is complete.

6 Several remarks

Finally, we list several remarks on tridiagonal determinants.

Remark 1 The identities

—c 1 0 0 0 0

2 —2c¢ 1 0 0 0

0 6 —3c - 0 0 0
Dy(c) £ :

0 0 o0 —(k—2)c 1 0

0 0 0 (k=1(k—2) —(k—1)c 1

0 0 o0 0 Kk—1) —ke
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c 1.0 0 - 0 00
1 ¢ 0 0 00
01 c 1 0 00
7( 1)kk! .
0000 - c 0
0000 - 1 ¢ 1
0000 - 0 1 ¢l
ARHT et
ok . K! A_ﬁ , c#£2
—_ €20
T c %( e (k—e> (=D*k+1) c=2
- (k+ 1)1 c=-2
are neither trivial nor obvious, where A = lu = \/C2734—c = —q =

determinant Dy(c) satisfies
Do(c) =1, Difc)=—c, Dilc) =2(c*—1),

and
Dy (c ):_kCDk 1(c) = k(k—=1)Dy2(c), k=>2.

Then, if letting Fe(t) = Y 1o, Di(c)t*, we have

R[=

ZDk(c)tk:—thka () teT tZZk — DDy _a(c)tv 2,
k=2

ZDk —Do(c) = Di(c)t = —ct ) (k+ 1)Dy(c)t"
k=1
—t2 ) (k+2)(k+ 1)D()t",
k=0

e’} 2 e’}
Ful) =14 ct=—ct [Z Dk(c)tk“] e [Z Dk(c)tk+2] ,

dt dt?
k=1 k=0
Folt)—Thet=—ct L tiD | 2L tzip (c)t*
c at| =" ae |- =7 ’

2
CSRE) — 1) - 2 [RA],

t)—1 t=—ct
Fe(t) +c Cdt

. The

F (1) + (At + ) FL(t) + (22 + et + 1) Fe(t) — 1 =0.
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This means that the generating function of the sequence Dy(c) = (—1)*k!Dy(c)
1s the solution of the second order linear ordinary differential equation

() + (4t + o) (1) + 28 + et +1)F(t) =1 =0

with initial values f(0) = 1 and '(0) = —c. This differential equation is solv-
able, but its solution is not elementary.

Remark 2 The method used in the proof of [6, Theorem 3.1] can not be applied
to the sequence Dy(c), since its recurrence relation (7) is not a homogeneous
linear recurrence relation with constant coefficients.

Remark 3 The central Delannoy numbers D (k) were generalized in [10] as

1 (b 1 1
Da,b(k)zj —7dt, k>0, b>a>0
e /(t—a)(b—1t) thF

and, by [7, Lemma 2.4], we find that Dqy(k) can be generated by

] o0
=Y Dgp(k)x~.
NCETOES) kZ_O plix

By virtue of conclusions in [4, Section 2.4] and [3, Remark 4.1], the generalized
central Delannoy numbers Doy (k) for k > 0 can be computed by

1 1 b
Da’b(k):ak+]2F]<k+],2,],]—a>, 2a>b>a>0, kZO,

where 2Fq is the classical hypergeometric function which is a special case of the
generalized hypergeometric series

— (aQ1)n ... (ap)nz"
Fqlary...,ap;b1,...,bq;2) = _
pFala P o a:2) Z(b1)n...(bq)nn!

n=0

for complex numbers a; € C and by € C\{0,—1,—2,...}, for positive integers

p,q €N, and for
-1
(x+k), €>1
(x)e = kljo ’
1, =0

which is called the rising factorial of x € R.

Remark 4 This paper and [6] are extracted from different parts of the preprint
[5]-
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Abstract. For a commutative ring R with 1 # 0, a compressed zero-
divisor graph of a ring R is the undirected graph Tg(R) with vertex set
Z(Re) \ {01} = Re \{[0], [1]} defined by Re = {[x] : x € R}, where [x] =
{y € R: ann(x) = ann(y)} and the two distinct vertices [x] and [y] of
Z(Rg) are adjacent if and only if [x][y] = [xy] = [0], that is, if and only if
xy = 0. In this paper, we study the metric dimension of the compressed
zero divisor graph T'e(R), the relationship of metric dimension between
e (R) and T'(R), classify the rings with same or different metric dimension
and obtain the bounds for the metric dimension of T'e(R). We provide
a formula for the number of vertices of the family of graphs given by
I'e (RxTF). Further, we discuss the relationship between metric dimension,
girth and diameter of I'e (R).

1 Introduction

Beck [7] first introduced the notion of a zero divisor graph of a ring R and his
interest was mainly in coloring of zero divisor graphs. Anderson and Livingston
[3] studied zero divisor graph of non-zero zero divisors of a commutative ring
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R. For a commutative ring R with 1 # 0, let Z*(R) = Z(R) \ {0} be the set
of non-zero zero divisors of R. A zero divisor graph T'(R) is the undirected
graph with vertex set Z*(R) and the two vertices x and y are adjacent if and
only if xy = 0. This zero divisor graph has been studied extensively and even
more the idea has been extended to the ideal based zero divisor graphs in
[15, 23] and modules in [20]. Inspired by ideas from Mulay [16], we study the
zero divisor graph of equivalence classes of zero divisors of a ring R. Anderson
and LaGrange [4] studied this under the term compressed zero divisor graph
Ie(R) with vertex set Z(Rg) \ {[0]} = Re \ {[0], [1]}, constructed by taking the
vertices to be equivalence classes [x] = {y € R | ann(x) = ann(y)}, for every
x € R\ ([0] U [1]) and each pair of distinct classes [x] and [y] is joined by an
edge if and only if [x][y] = 0, that is, if and only if xy = 0. If x and y are
distinct adjacent vertices in I'(R), we note that [x] and [y] are adjacent in 't (R)
if and only if [x] # [y]. It is clear that [0] = {0} and [1] = R\ Z(R) and that
[x] € Z(R) \ {0}, for each x € R\ ([0] U [1]). Some results on the compressed
zero divisor graph can be seen in [5].

For example, consider R = Zj;. Here, Z*(R) =1{2, 3,4, 6, 8,9, 10} is the vertex
set of I'(R), see Fig 1(a). For the vertex set of I't(R), we have
ann(2) = {6}, ann(3) = {4,8}, ann(4) = {3,6,9}, ann(6) = {2,4,6, 8,10},
ann(8) ={3, 6,9}, ann(?) ={4, 8}, ann(10) = {6}.

So, Z(Rg) ={[2], 3], [4], [6]} is the vertex set of T£(R), see Fig 1(b).

2 4
[2 (6] [4] [3]
3 . s + +
10 6
8 Fig1(b)
Figl(a)

Figure 1: T'(Z1;) and T(Z13)

We note that the vertices of the graph I'e(R) correspond to annihilator ideals
in the ring and hence prime ideals if R is a Noetherian ring in which case
Z(Rg) is called as the spectrum of a ring. Clearly Tg(R) is connected and
diam(Te(R)) < 3. Also diam(Tg(R)) < diam(T'(R)). Anderson and LaGrange
[5] showed that gr(l(R)) < 3 if Tg(R) contains a cycle and determined the
structure of I'e(R) when it is acyclic and the monoids Rg when Tg(R) is a star
graph. In [4], they also show that I't(R) = Tg(S) for a Noetherian or finite
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commutative ring S.

The compressed zero-divisor graph has some advantages over the earlier
studied zero divisor graph I'(R) as seen in [1, 2, 3] or subsequent zero divisor
graph determined by ideal of R as seen in [15, 23|. For example, Spiroff and
Wickham [[27], Proposition 1.10] showed that there are no finite regular graphs
I'e(R) for any ring R with more than two vertices. Further, they showed that
R is a local ring (a ring R is said to be a local ring if it has a unique maximal
ideal) if Tg(R) is a star graph with at least four vertices.

Another important aspect of studying graphs of equivalence classes is the
connection to associated primes of the ring. In general, all the associated
primes of a ring R correspond to distinct vertices in I't(R). Through out, R
will denote a commutative ring with unity, U(R) its set of units. We will de-
note a finite field on ¢ elements by Fg, ring of integers modulo n by Z;, and
all graphs are simple graphs in the sense that there are no loops. For basic
definitions from graph theory we refer to [11, 17], and for commutative ring
theory we refer to [6, 13].

A graph G is connected if there exists a path between every pair of vertices
in G. The distance between two vertices u and v in G, denoted by d(u,v), is
the length of the shortest uw — v path in G. If such a path does not exist, we
define d(u,v) to be infinite. The diameter of a graph is the maximum distance
between any two vertices of G. The diameter is O if the graph consists of a
single vertex. Also, the girth of a graph G, denoted by gr(G), is the length of
a smallest cycle in G. Slater [25] introduced the concept of a resolving set for
a connected graph G under the term locating set. He referred to a minimum
resolving set as a reference set for G and called the cardinality of a minimum
resolving set (reference set) the location number of G. Independently, Harary
and Melter [12] discovered these concepts as well but used the term metric
dimension, rather than location number. The concept of metric dimension has
appeared in various applications of graph theory, as diverse as, pharmaceutical
chemistry [8, 9], robot navigation [14], combinatorial optimization [24], sonar
and coast guard Loran [26]. We adopt the terminology of Harary and Melter.

In this paper, we study the notion of metric dimension of I't (R). We explore
the relationship between metric dimension of I'g(R) and I't(R). We obtain the
metric dimension of g (R) whenever it exists. We also classify the rings having
the same or different metric dimension and obtain bounds for the metric di-
mension of It (R). We also provide relationship between the metric dimension,
girth and diameter of Tg(R).
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2 Metric dimension of some graphs I (R)

Let G be a connected graph with n > 2 vertices. For an ordered subset W =
{wi,wa, ..., wi}of V(G), we refer to the k-vector as the metric representation
(locating code) of v with respect to W as

T(V|W) = (d(\/, wi )) d(\), WZ)) RS d(\), Wk))

The set W is a resolving set of G if distinct vertices have distinct metric
representations (codes) and a resolving set containing the minimum number
of vertices is called a metric basis for G and the metric dimension, denoted by
dim(G), of G is the cardinality of a metric basis. If W is a finite metric basis,
we say that r(v|W) are the metric coordinates of vertex v with respect to W.
The only vertex of G whose metric coordinate with respect to W has 0 in its
ith coordinate of T(vIW) is {wi}. So the vertices of W necessarily have distinct
metric representations. Since only those vertices of G that are not in W have
coordinates all of which are positive, it is only these vertices that need to be
examined to determine if their representations are distinct. This implies that
the metric dimension of G is at most n — 1. In fact for every connected graph
G of order n > 2, we have 1 < dim(G) <n —1.

For example, consider the graph G given in Figure 2. Take Wy = {vy,vs}.
So, rviWh) = (0, 1), T(v2lW1) = (1,1), r(v3lW1) = (1,0), r(valW1) = (1,1),
r(vs|W1q) = (2,1). Notice, T(v2|W;) = (1,1) = r(v4|W;), therefore Wj is not
a resolving set. However, if we take Wr = {vq,v,}, then r(vijW,) = (0,1),
T(v2[W2) = (1,0), r(v3lW,) = (1,1), r(valW2) = (1,2), r(vs|W2) = (2,1). Since
distinct vertices have distinct metric representations, W5 is a minimum resolv-
ing set and thus this graph has metric dimension 2.

Figure 2: dim(G) =2
Now, we have the following observation.

Lemma 1 A connected graph G of order n has metric dimension 1 if and
only if G = Py, where Py, denotes a path on n vertices of length n — 1.
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Proof. Suppose G = P,,. Let x; —x2 — - — X, be a path on n vertices of G.
Since d(xi,x1) =1—1for 1 <i < mn, it follows {x;} is a minimum resolving set
and therefore metric basis for Tg(R). So dim(P,) = 1.

Conversely, let G be not a path. Then either G is a cycle or it contains a
vertex v whose degree is at least 3. But, G can not be a cycle as dim(G) =
2, see ([18], Lemma 2.3). Let uy, uy, ..., u, be the vertices adjacent to v.
Since dim(G) = 1 and if W = {w} is a metric basis for G, then the metric
representation of every vertex has a single coordinate. If d is the length of the
shortest path from v to w, the coordinates of each u; with respect to W is
one of {d —1,d,d + 1}, but d(u;,w) = d can not occur for all i (1 <1 < k).
Therefore, it follows that at least two adjacent vertices of v have the same
metric coordinates, which is a contradiction. Hence G is a path. O

A graph G(V,E) in which each pair of distinct vertices is joined by an edge
is called a complete graph. A complete graph of n vertices is denoted by K.
A graph G is said to be bipartite if its vertex set V can be partitioned into two
sets V7 and V; such that every edge of G has one end in V7 and another in V;.
A bipartite graph is complete if each vertex of one partite set is joined to every
vertex of the other partite set. We denote the complete bipartite graph with
partite sets of order m and n by Ky, . More generally, a graph is complete
r-partite if the vertices can be partitioned into r distinct subsets, but no two
elements of the same subset are adjacent. Based on the above definitions, we
have the following observations.

Proposition 1 The metric dimension of the compressed zero divisor graph
le(R) is O if and only if the zero divisor graph T'(R) of R (R 2 Zy X Z,) is a
complete graph.

Proof. If T(R) = Ky, then either R = 7Z; x Z; or xy = 0 for all x,y € Z*(R).
Let v1,vy,...,Vvn be the zero divisors of T'(R), then [vi] = [vy], - - - = [v,,] implies
that all the vertices of I'(R) would collapse to a single vertex in I't(R) and we
know the metric dimension of a single vertex graph is 0.

Conversely, assume that I'(R) is not isomorphic to K;,. Then I'(R) contains
at least one vertex not adjacent to all the other vertices. Thus [Tg(R)| > 2, so
that dim(Tg(R)) > 1. 0

We can also obtain the converse part by letting dim(Ig(R)) = 0. Then
Ie(R) ={[a]} for some a € Z*(R), that is, e(R) is a graph on a single vertex,
which then implies I'(R) is either isomorphic to a single vertex or a complete
graph Ky, for all n > 1. If G is a connected graph of order n > 2, we say
two distinct vertices u and v are distance similar, if d(u,a) = d(v, a) for all
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a € V(G) —{u,v}. Tt can be seen that the distance similar relation (~) is an
equivalence relation on V(G) and two distinct vertices are distance similar if
either uv € E(G) and N(u) = N(v), or uv € E(G) and N[u] = N[v]. Further
we can find several results on metric dimension for zero divisor graphs of rings
in [18, 19, 21].

Proposition 2 The metric dimension of Te(R) is 1 if T'(R) is isomorphic to
a complete bipartite graph Ky n, with m or n > 2.

Proof. Let T'(R) be isomorphic to a complete bipartite graph Ky n with two

distance similar classes V; and V5. Let Vi = {uj,uy,--- ,um} and Vo, =
{v1,v2,- -+ ,vn} such that ujv; = 0 for all i # j. Clearly, each of Vi and V;
is an independent set. We see that [w] = [uy] = -+ = [wy] and [vi] = [v2] =

- = [vn], so that V; and V; each represents a single vertex in I'g(R). Since
the graph is connected, It (R) is isomorphic to Kj 1, a path on two vertices.
Therefore by Lemma 1, we have dim(Tg(R)) = 1. O

Remark 1 Note that the converse of this result need not be true, the graph
tllustrated in Fig.1 being a counter example. However, if R = Zj X Z,, then
e (R) = Ky 1 with metric dimension 1 and T'(R) = TE(R).

One of the important differences between I'(R) and Tt(R) is that the later
can not be complete with at least three vertices, as seen in ([27], Proposition
1.5). However, if Ig(R) is complete r-partite, then v = 2 and Te(R) = Ky 1,
for some n > 1, see ([27], Proposition 1.7). A second look at the above result
allows us to deduce some facts about star graphs. A complete bipartite graph
of the form Ky 1,m € NU{oo} is called a star graph. If n = oo, we say the
graph is an infinite star graph.

Corollary 1 If R is a ring such that Tg(R) is a star graph Ky with n > 2,
then dim(Tg(R)) =n—1.

Proof. First we identify a centre vertex of K, adjacent to n vertices. Then
partition the vertex set V of order n+1 into two distance similar classes, with
centre vertex in one class V; and the remaining n vertices in another class V>
which is clearly an independent set. Choose a subset of vertices W of V and
u ~v. Then r(WW) = r(v]W) whenever both u,v ¢ W. Hence the metric basis
contains all except at most two vertices one from each class Vi, 1 < i < 2.
Therefore, dim(Kn 1) = [V(IE(R))| =2 =n+1-2=n—-1. O

For example the metric dimension of K; 3 is 2, see Figure 3.
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Figure 3: dim(K; 3 = 2)

Corollary 2 If R is a commutative ring such that Tg(R) has at least n > 3
vertices, then Aim(Tg(R)) #n—1.

Proof. Suppose dim(It(R)) =n—1, (n > 3). Then, by [18, Lemma 2.2], It (R)
is a complete graph on n vertices which is a contradiction to the argument
prior to Corollary 1. Therefore dim(TIe(R)) #n — 1. d

Remark 2 [t is not known whether for each positive integer n, the star graph
Kn,1 can be realized as Te(R) for some ring R. However, there is a ring R =
Z[x,y,2)/(x*,y?) whose Te(R) is a star graph with infinitely many ends, that
18, Te(R) is an infinite star graph. This ring also shows that the Noetherian con-
dition is not enough to force Tg(R) to be finite, see [27]. For n =3, if the local
ring R is isomorphic to Zs[x]/(x?) or Zax,yl/(x*,y?) or Zalx,yl/(x*, y?, xy —
2,2x,2y), then Tg(R) = Ky,3 and therefore dim(Te(R)) = 2. For n =4, if the
local ring R is isomorphic to Zglx,yl/(x*,y?,4x,4y,2xy), then T(R) = Ki4
and therefore Aim(Te(R)) = 3. For n = 5, if R = Zy[x,vy,zl/(x%,y?, 2%, xy),
then Te(R) = Ks 1 and therefore dim(Tg(R)) = 4. This star graph Ky 5 is the
smallest star graph that can be realized as Tg(R), but not as a zero divisor
graph.

By definition of the compressed zero divisor graph 't (R) of a ring R, it is clear
that each vertex in Ig(R) is a representative of a distinct class of zero divisor
activity in R. Thus, dim(T&(R)) < dim(T'(R)). However, the strict inequality
holds if Tg(R) has at least 3 vertices.

Example 1 In the rings R = Loboyl R — Zalxl p Zig, R = szizd it s

(x*xy,2x) ’

easy to find that dim(Te(R)) < dim(T'(R)).

It will be interesting to see the family of rings in which the equality dim(Te(R) =
dim(T'(R) occurs.
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A ring R is called a Boolean ring if a> = a for every a € R. Clearly a
Boolean ring R is commutative with char(R) = 2, where char(R) denotes the
characteristic of a ring R. More generally, a commutative ring is von Neu-
mann regular ring if for every a € R, there exists b € R such that a = a?b,
or equivalently, R is a reduced zero dimensional ring, see [13, Theorem 3.1].
A Boolean ring is clearly a von Neumann regular, but not conversely. For
example, let {Fi}ic; be a family of fields, then [[F; is always von Neumann

iel

regular, but it is Boolean if and only if F; = Z; for all i € . Also the set
B(R) ={a € R| a? = a} of idempotents of a commutative ring R becomes
a Boolean ring with multiplication defined in the same way as in R, and ad-
dition defined by the mapping (a,b) — a + b — 2ab. In [13, Lemma 3.1], if
r,s € I'(R), the conditions N(r) = N(s) and [r] = [s] are equivalent if R is a
reduced ring, and these are equivalent to the condition TR = sR if R is a von
Neumann regular ring. Furthermore, if R is a von Neumann regular ring and
B(R) is the set of idempotent elements of R, the mapping defined by e — [e]
is isomorphism from the subgraph of I'(R) induced by B(R) ~.{0, 1} onto Tg(R)
[13, Proposition 4.5]. In particular, if R is a Boolean ring (i.e., R = B(R)), then
Ie(R) = I'(R). From this discussion, we have the following characterization.

Proposition 3 Let R be a reduced commutative ring with unity. Then, metric
dimension of the zero divisor graph T(R) equals to metric dimension of its
corresponding compressed zero divisor graph if R is a Boolean ring.

Note that the converse of this result is not true in general. For example, the
graphs in Figure 4 being a counter example, where dim(T'(Zg)) = dim(Te(Z¢)),
but R is not a Boolean ring.

oo o o ¢

Figure 4: dim(I'(Zg)) = dim(Ie(Zg)) = 1

Corollary 3 LetR and S be commutative reduced rings with unity 1. If T(R) =
I'(S), then dim(Tg(R)) = dim(Te(S)).

Remark 3 As seen in [21, Theorem 2|, for the graph T'(TT},7Z;) of a finite
Boolean ring

Em(T(M,Z,)) < n,  dim(P(T Z,)) <n—1
forn=2,3,4 and dim(T'(TT{,Z,)) =n forn = 5. This is also true for Tg(R),

follows by Proposition 3. The case n > 5 is still open.
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3 Bounds for the metric dimension of I¢(R)

In this section, we investigate the role of metric dimension in the study of
the structure of the graph Tg(R). We also obtain metric dimension of some
special type of rings that exhibit I't(R). Pirzada et al [18] characterized those
graphs T'(R) for which the metric dimension is finite and for which the metric
dimension is undefined [18, Theorem 3.1]. The analogous of this result is as
follows.

Theorem 1 Let R be a commutative ring. Then

(i) dim(Te(R)) is finite if and only if R is finite.

(ii) dim(Te(R)) is undefined if and only if R is an integral domain.
However, dim(Tt(R)) may be finite if R is infinite. For example,

R = Z[x,yl/(x*,xy) has TE(R)) = Ky 3 + e (or paw graph), see Figure 5, and
therefore has dim = 2.

Figure 5:

The following lemma will be used to find the metric dimension of finite local
rings.

Lemma 2 If R is a finite local ring, then [R| = p™, for some prime p and
some positive integer M.

Now, we have the following results.

Proposition 4 IfR is a local ring with |R| = p* andp = 2,3, 5, then dim(Tg(R))
is either 0 or undefined.

Proof. Consider all local rings of order p? with p a prime. According to [10,

F
p. 687] local rings of order p? are precisely Fo2, (pg’;]’ and Z,.. If Ris a
X
field of order p?, ie., R = Fp2, then Tg(R) is an empty graph, which implies

F
dim(Tg(R)) is undefined. If R is not a field and |R| = p?, i.e., R =
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Zypa then Tg(R) is a single vertex, when p = 2, 3 or 5 which then immediately
gives that dim(Tg(R)) = 0. d
From the above result, we also observe that dim(I'(R)) = dim(Tg(R)), if

R = Zs, Zo X1/ (%), Zalx] /(2x,x* — 2).

Proposition 5 If R is a local ring (not a field) of order

(i) p* with p = 2 or 3, then dAim(Ie(R)) is 0, and dim(Tg(R)) = 1 only
Zf R = ZZ[X}/(Xs); Z87 Z4[X]/(2X) Xz - 2)7 ZS[X]/(X3)7 Z‘;[X]/(SX, Xz - 3);
Zolx]/(3%,%* — 6) or Loy

(ii) p* with p = 2, then dim(Te(R)) is 0, 1 or 2.
Proof. (i) The following is the list of all the local rings of order p>.

Folx,yl Fplxl  Zp?[X] Zp*X]

]F‘ 9 ) 9 )
P a2 (3) T (o xd) (pd —p)

Case(a). When p = 2, the equivalence classes of the zero divisors in the lo-
cal rings Z[x,yl/(x,y)? and Z4[x]/(2x,%x?) are same and is given by [a] =
{x,y,x + y} for any zero divisor a of the first ring and [b] = {2,x,x + 2} for
any zero divisor b of the second ring, that is, they get collapsed to a single
vertex. Therefore dim(Tg(R)) = 0. However, It (R) of the rings Z,[x]/(x3), Zg
and Z4[x]/(2x,x* — 2) is isomorphic to the graph Kj,1, which then, by Lemma
1, gives dimg(R) = 1.
Case(b). When p = 3 in the above list of local rings, we find that the com-
pressed zero divisor graph structure of the rings Z3[x]/(x3), Zo[x]/(3x,x* —3),
Zolx]/(3x,x* —6) and Z,7 is same and is isomorzphic to Kq,7. Then, by Lemma
1, we have dimg(R) = 1. Also, in the rings Zs ] and Zsbx, ], the equiva-
(3%,%%) (x,y)?
lence classes of all the zero divisors is same and is given by [a] = {3, 6, x, 2x, x+
3,x + 6,2x + 3,2x + 6} for any non-zero zero divisor a of the first ring and
[b] ={x, 2x,y, 2y, x + Yy, 2x +y, x + 2y, 2x + 2y} for any non-zero zero divisor b
of the later ring. Thus, 't (R) for both rings is a graph on a single vertex and
follows that dim(Tg(R) = 0.
(ii) Consider the local rings of order p?, when p = 2. Corbas and Williams
[10] conclude that there are 21 non-isomorphic commutative local rings with
identity of order 16. The rings with dim(Tt(R)) = 0 are F4[x]/(x?), Zz[x,y,z]/
(x,y,2)? and Z4[x]/(x* +x+1). The rings with dim(T(R)) = 1 are Z,[x]/(x*),
Zol%, 41/ (8, 9, ¥2), ZalxX)/ (2%, 8 — 2), ZalX)/ (62 — 2), ZglxX)/(2%,52), Zg, ZaX]
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/(% = 2x = 2), Zsx]/ (2%, %% = 2), Zalx¥]/ (6 = 2x), Za[X]/(x") and Zp[x/ (x*).
Further the rings with dim(T&(R)) = 2 are Z4[x]/(x?), Z2[x,yl/(x?,y?)
and Z[x,yl/(x* —y?,xy). O

Now, we find the metric dimension of Tg(Z,).

Proposition 6 Let p be a prime number.
(i) If n =2p and p > 2, then dim(Te(Z,)) = 1.
(ii) If n = p?, then dim(Te(Z,)) = 0.

Proof. (i) If p = 2, since It(Z4) is a graph with single vertex. So, dim(Ig(Zs4)
=0.

If p > 2, the zero divisor set of Z, is {2,2.2,2.3,...,2.(p — 1), p}. Since,
char(Z,) = 2p, it follows that p is adjacent to all other vertices. Thus the
equivalence classes of these zero divisors are given by
Pl =12,2.2,23,...,2.(p— 1)}, @) = 2.0 = --- = 2.(p — 1)] = {p}.

So, the vertex set of I't(Zy) is Z(Rg) = {[pl, [2x]} for any positive integer
x=1,2,...,p— 1. Thus I£(Zy) is a path P, which then, by Lemma 1, gives
dim(Ig(Zn) = 1.

(ii) If n = p? and p > 2, the zero divisor set of Zy is {p,p.2,p.3,...,p(p—1)}.
Since char(Z,) = p?, it follows that the equivalence class of all these zero
divisors is same and is {p,p.2,p.3,...,p.(p — 1)}. Thus, Tt(R) in this case is a
graph on a single vertex and therefore dim(Tg(R) = 0. O

From the above result, we have the following observations.

Corollary 4 Let p be a prime number

(i) If n =2p and p > 2, then |Te(Zy)| = 2.

(ii) If n = p?, then Te(Zq)| = 1.

(iii) If n =p*, k>3 and p > 2, then [Te(Zn)| =k — 1.

Proof. (i) and (ii) follow from Proposition 6.

(iii) When n = p*, k > 3 and p > 2, the zero divisors of Z, are

Z(Zn) = {up‘fu € U(Zyn)}, for i = 1,2,...,k — 1. Now the equivalence classes
of zero divisors are [up] = {up*'}, [up?l = {up® " up*2}, ..., up*'] =
{fup* T up*2,. .., up?, up).

In this way, we get k— 1 distinct equivalence classes. Thus, [I£(Zn)| =k—1.0

Corollary 5 dim(T:(Zy)) < 2k — 2, where n = p¥, for any prime p > 2 and
k > 3.
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Proof. By [18, Theorem 2.1]. If G is a connected graph with G partitioned
into m distance similar classes that consist of a single vertex, then dim(G) <
[V(G)| + m.

Using part (iii) of Corollary 4, the result follows. O

The following important lemma, which is used later in the proof of several
results, provides a combinatorial formula for the number of vertices of the
compressed zero divisor graph I'e(R x Fq).

Lemma 3 Let R be a finite commutative local ring with unity 1 and |R| = p*

and let Fq be a finite prime field. Then |Z*((R x Fq)g)l = 2k or 2(1 +[Z*(Rg)|.

Proof. Let R be a finite commutative local ring with unity and |R| = p*, k > 1.
We consider the following three cases.

Case 1. R = [F},, for some prime p. Then the zero divisor set of Z*(Fp, xFq) =

{(a,0)},{(0,x)}}, for every a € U(R) and 0 # x € Fq. Now, to find the equiv-
alence classes of these zero divisors, the set {(a,0)} and {(0,x)} respectively
correspond to vertices [(a,0)] and [(0,x)] in Te(R x Fy), for any a € U(R) and
for any x € Fq. Therefore, |Z*(R x Fq)g| = 2k, where k = 1.
Case 2. R = Z]S, (k > 2). The equivalence class of each element (a,0), for
every a € U(R) is same, since [(a,0)] = {(0,x)}, for all x € Fy. In this way,
we get one vertex of It (R x Fy). Also, the equivalence classes of each element
(0,x), for every 0 # x € Fq is same, since [(0,x)] = {(a,0)}. So, this gives
another vertex of It (R x Fq). Moreover, for any unit u in R, we get two zero
divisor sets of equivalence classes given by

Z] = {[(up) O)]a [(UPZ) 0”) ceey [(upk_] ) O)]}
ZZ = {[(LL]:), ])]) [(upzv )]) ceey [(upkiu 1)]}

We note that there is no other possible equivalence class. Claim [(up*~',1)] =
[(upk_],xi], forall 1 <i<q—21If [(upk_], 1] # [(upk_1,xi], there exists
some zero divisor in R x [y, say (a7,0) adjacent to (up*', 1) but not adjacent
to (up*',x;), which is a contradiction.

The total number of zero divisors is [Z*((R x F)g)| = 2 + |Z1| + |Z2] =
24+k—1+k—1=2kor 2+ 2|Z*(Rg)| = 2(1 + |Z*(Re)|).
Case 3. Ris a local ring other than Fy and Zx. So, we consider all local rings
R with |R| = p¥, especially k = 2, 3 or 5 and the rings of order p?, p3 or p*
are mentioned in proof of Proposition 4 and 5. Then the set of zero divisors
of equivalence classes include

[(a,0)], a € U(R)
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[(0,xi)], for any i, 1 <1< q—2
Z] :{[(01,0)], [(GZ)O)])"')[(GT)O)]}
Z; ={l(ar, D], [(az, DI, ..., [(ar, )]}

where aj, a,...,a, are the non-zero zero divisors of the set Z(Rg).

There is no other possible equivalence class as a zero divisor. Claim [(ai, 1)] =
[(ai, )], T<i<rand 1 <j<q—2 Forif, [(a;,1)] # [(ai,%)], there exists
some zero divisor (ay,0) adjacent to one of [(ai, 1)] or [(aj,%;j)], but not to the
other, which is a contradiction.

Thus, [Z*((R x Fq)g)l = 2+ 2|Z*(Rg)| = 2(T + |Z*(Re)|. O

Example 2 Consider the ring Zg x Z3, Here, R = Zy3, k = 3, and U(R) =
{1,3,5,7}. For the zero divisors of equivalence classes, we have
[(1,0)] ={(0,1),(0,2)}, [(3,0)] ={(0,1),(0,2)}, [(5,0)] ={(0,1),(0,2)},

{(OJ) (0,2)}.

( ) = )

AZSO (23 ” = {(O) ])) (032)) (43 O)) (4) 1 )) (4)2)}

[(4,0)] ={(0,1),(0,2),(2,0),(2,1),(2,2), (4,0), (4, 1), (4,2), (6,0), (6, 1), (6,2)}
[(6,0)] ={(0,1),(0,2), (4,0), (4, 1), (4,2)}.

Moreover, [(0,1)] ={(1,0), (2,0), (3,0), (4,0), (5,0, (6,0), (7,0},

[(0,2)] ={(1,0),(2,0),(3,0), (4,0), (5,0), (6,0), (7,0)}, [(2, 1)] ={(4,0)},
[(4,2)] ={(2,0), (4,0), (6,0}, [(4,1)] ={(2,0), (4,0), (6,0)}, [(2,2)] ={(4,0)},
[(6,1)] ={(4,0)}, [(6,2)] ={(4,0)}

Thus, |Te(Zs x Z3)| ={[(0, 1], [(1,0)],[(2,0)], [(4,0)I, [(2, 1)], [(4, )]}
Using Lemma 3, we can directly have, [Tg(Zg x Z3)| =2 x 3 = 6.

Remark 4 Lemma 3 holds if we replace Fq by any finite field F. More gener-
ally, let R be any finite commutative ring with unity 1. We know R = Ry X Ry,
where each Ry, 1 <1< 2, is a local ring. If either Ry or Ry is a field, the num-
ber of vertices is always given by the formula 2(1+|Z*(R1e)| or 2(14|Z*(Rae)l,
since the equivalence classes of zero divisors of Tg(Ry X Ry) are always of the
form {[(0,1)], [(1,0)}, [(a, 0)], [(0, b)], [(a, D], [(1,b)], [(a, b)], where a and b are
the non-zero zero divisors and Z*(Rig), Z*(Rog) denote the number of zero di-
visor equivalence classes of Ry and Ry respectively. The result holds trivially if

both Ry and Ry are fields.

Theorem 2 Let R be a finite commutative local ring with unity 1 and finite

field Fq. Then, dim(Te(R x Fq)) =1 or at most 4k or 4t where k > 2 and t
are integers, t =1+ |Z*(Rg)|.

Proof. Let R be a finite commutative local ring with unity 1. We consider the
following three cases.
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Case 1. Ris a field. Then, by Case 1 of Lemma 3, I£(R x Fy) is a path on two
vertices. Therefore, by Lemma 2.1, dim(Tg(R x Fy)) = 1.

Case 2. R = Zpx, k > 2. In this case, we partition the vertices into distance
similar classes in g (R) given by

}, for any a € U(R)

a,0)
x)]}, for any x € Fq

(
(0,x)
(
(

]
]

[
[
[(up, 01}, Z3 = {[(up?, 0)]}, - .., Zy—y = {[(up*",0)]}

[(up, DI} Wa = {[(up?, D]} ..., Wiy = {[(up* ", 1)]}

Vi ={
Vy ={
Zy ={
Wy ={

Then, dim(Tg(RxFq) < [Z*((RxFg)g)+m where m is the number of distance
similar classes that consist of a single vertex. Hence by case 2 of Lemma 3, we
have

dim(Te(R x Fy) < 2k +2(k — 1) + 2 = 4k.

Case 3. R is a local ring other than Z]g and F]];(k > 1). Then, by Case 3 of
Lemma 3, dim(Ig(RxFq)) < 2(14+[Z*(Re)[+2[Z*(Re)[+2 = 4(1+|Z*(Re)|) = 4t
where t is any integer given by t = 1+ |Z*(Rg)]. O

We say that a graph G has a bounded degree if there exists a positive integer
M such that the degree of every vertex is at most M. In the next theorems, we
obtain an upper bound for the number of zero divisors in a finite commutative
ring R with unity 1 with finite metric dimension. The analogous of these results
holds in case of Tg(R).

Proposition 7 IfT'(R) is a zero divisor graph with finite metric dimension k,
then |Z*(R)] < 3% + k.

Proof. Let T'(R) be a zero divisor graph with metric dimension k. We choose
two vertices, say wi and wj, from the metric basis W. Since the diameter
of T(R) is at most 3, each coordinate of metric representation is an integer
between 0 and 3 and only the vertices of a metric basis have one coordinate O.
The remaining vertices must get a unique code from one of the 3% possibilities.
Therefore, |Z*(R)| < 3% + k. O

Proposition 8 Let R be a commutative ring and Tg(R) be a corresponding
compressed zero divisor graph with |Z*(R)| > 2. Then dim(Te(R)) < |Z*(Rg)|—
d, where d is the diameter of Tg(R).
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Proof. By [21, Theorem 5.2], if R is a commutative ring and T'(R) is the
corresponding zero divisor graph of R such that |Z*(R)| > 2, then dim(T'(R)) <
|Z*(R)| — d’ where d’ is the diameter of I'(R). Since

dim(Te(R)) < dim(F(R)) and [Z"(Re) < [Z*(R]],

therefore
dim(Tle(R)) < [Z*(Rg)| —d,

where d is the diameter of Tg(R). O

Proposition 9 If I'(R) is a finite graph with metric dimension K, then every
vertex of this graph has degree at most 3% —1.

Proof. Let W = {w,wy,...,wy} be a metric basis of I'(R) with cardinality
k. Consider a vertex v with metric representation

(d(V,W]), d(VaWZ)) AR} d(V,Wk)).

If u is adjacent to v, then r(VIW) # r(u|W) and |d(v,w;) — d(u,w;)| < 1 for
all wi e W, 1 <1i < k. If dis distance from v to wj, then the distance of u
from wj is one of the numbers {d,d — 1, d + 1}. Thus, there are three possible
numbers for each of the k coordinates of r(u/W), but d(u,w;) # d(v,w;) for
all 1 <1 < k. This implies that there are at most 3% — 1 different possibilities
for r(u/W). Since all vertices must have distinct metric coordinates, the degree
of v is at most 3% — 1. O

A graph G is realizable as Tg(R) if G = Tg(R) for some ring R. There are

many results which imply that most graphs are not realizable as Tg(R), like
I'e(R) is not a cycle graph, nor a complete graph with at least three vertices.

Proposition 10 The metric dimension of realizable graphs Tg(R) with 3 ver-
tices is 1.

Proof. Spiroff et al. proved that the only one realizable graph TI't(R) with
exactly three vertices as a graph of equivalence classes of zero divisors for
some ring R is P3, see Figure 6. Clearly, its metric dimension is 1. U

[2] [4] [8]
*r———o—o

Figure 6: Z1¢
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Proposition 11 The metric dimension of realizable graphs Te(R) with 4 ver-
tices is either 1 or 2.

Proof. All the realizable graphs I'e(R) on 4 vertices are shown in Figure 7. Tt
is easy to see their metric dimension is either 1 or 2. O

N N

Figure 7: (Z4 x Fs4)  Z4[x]/(x?) Zlxyl

(x3,xy)

Proposition 12 The metric dimension of realizable graphs T'e(R) with 5 ver-
tices is either 2 or 3.

Proof. The only realizable graphs of equivalence classes of zero divisors of a
ring R with 5 vertices are shown in Figure 8. It is easy to see the metric dimen-
sion of the first three graphs is 2 and for the star graph is 3 (by Corollary 1).

AL A

Figure 8: (Z9[X]/(X2), ZG4> Zg[X,y]/(Xy,X3,y3,X2 - yz)a ZS[X)U]/(Xzayzy
4x, 4y, 2xy)

4 Relationship between metric dimension, girth and
diameter of I£(R)

In this section, we examine the relationship between girth, diameter and met-
ric dimension of Tg(R). Since gr(Te(R)) € {3, 00}, it is worth to mention that,
for a reduced commutative ring R with 1 # 0, gr(Te(R)) = 3 if and only
if gr(T'(R)) = 3 and that gr(Te(R)) = oo if and only if gr(I'(R)) € {4, 00}
However, if R is not reduced, then we may have gr(T'(R)) = 3 and either
gr(le(R)) = 3 or oo. The following result gives the metric dimension of It (R)
in terms of the girth of I't(R) of a ring R.
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Theorem 3 Let R be a finite commutative ring with gr(T'g(R)) = oco.
(i) If R is a reduced ring, then dim(Tg(R)) =1.

(i) IfR = Ze, Zs, Zalx)/(x3) or Zalx]/(2x,x2—2), then dim(Tg (R)) = |Z*(Re)|—
1.

(iii) If R = Zg4, Zo, Za[x]/(x?), then dim(I:(R)) = 0.
(iv) dim(Te(R)) =0 or 1 if and only if gr(I'(R)) € {4, co}.

Proof. If R is a reduced ring and R 2 Z, X Z;, then we know R = Z; x A for
some finite field A. Therefore, by Remark 4, R has two equivalence classes of
zero divisors [(0, 1)] and [(1, 0)], adjacent to each other. Hence, dim (T (R)) = 1.
Also, if R = Z; x Zj, then R being a Boolean ring, implies T'(R) = Tg(R).
Therefore, by Case 1 of Lemma 3, the result follows. In part (ii), these rings
are non reduced and Ig(R) are isomorphic to Kj ;. Rings listed in part (iii)

represents [t (R) on a single vertex, part (iv) follows from the above comments.
O

We can also prove the Part (i) by using the fact that if R is reduced and
R % Z) x Z,, then R = Z, x A for some finite field A. Thus I'(R) is a complete
bipartite and the result follows from Proposition 2. Now, if R = Z, x Z;, then
I'(R) = Ky,1, whose metric dimension is 1. Since, Z; x Z, is a Boolean ring,
therefore by Proposition 3, we have dim(Ig(R)) = 1.

If R is a reduced ring with non-trivial zero divisor graph, then R = Fy x F; x
-+ X [Fy for some integer k > 2 and for finite fields Fy,Fy,...,Fy. If Ris not a
reduced ring, then either R is local or R = Ry X Ry x - - - X Ry, for some integer
t > 2 and local rings Ry, Ry, ..., R, where at least one R; is not a field. Now,
we have the following observations for the finite commutative rings whose zero
divisor graphs can be seen in [22].

Corollary 6 If R is a finite commutative ring with unity 1 and gr(Te(R)) =
00, then the compressed zero divisor graph of the reduced rings R x F where
F is a finite field, is isomorphic to the compressed zero divisor graph of the
following local rings with metric dimension 1, R being any local ring.

Zs, TalX)/(x3), Zalx) /(2% %% — 2), Zalx, yl/ (6, xy, y2), Zsx/ (2%, %2),
Zalxl/ (%, 25, 2x), LX)/ (3%, %* — 6), Zolx]/(3x,x* = 3), Z3[x)/ (), Zo7.

Proof. The reduced rings R x F with gr(I'g(R)) = oo, all have compressed
zero divisor graph isomorphic to Ky 1, by Case 2 of Lemma 3. Also, the local
rings listed above have the same compressed zero divisor graph isomorphic to
Ki. O
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Proposition 13 Let R be a finite commutative ring with 1 and gr(le(R)) =
00. The following are the non reduced rings with dim(I'g(R)) =1

Zz X Z4, Z3 X Z4, Z4 X IF4, Zz X Zg, Z5 X Z4, Zg X Zg, Zz[x]/(xz) X F4,
ZaxZy[X)/ (62), Z3x Ly / (6F), Zax Z3[X)/ (X2), Zsx Z3[X)/ (x2), Zsx Zalx]/ (xP),
Zy % Zalx,yl/(x,y)?, Zy x Z4[x]/(2,%)?.

Proof. If R is not a local ring, we can write R = Ry X Ry X - - - X Ry, where k > 2
and each R; is a local ring. In case of above rings R = Ry x Ry, where either R;
or R, is a field. Therefore, using Remark 4, we have |Ig(R)| =4 and it is easy
to see that It (R) isomorphic to a path on 3 vertices. Thus, gr(It(R)) = co and
dim(Tg(R)) =1. O

If R = F; x F x 3, then it is easy to see that the three vertices [(1,0,0)],
[(0,1,0)] and [(0, 0, 1)] are adjacent with ends [(0, 1, 1)], [(1,0,1)], and [(1,1,0)]
respectively and thus |[Ig(R)| = 6.

Proposition 14 Let R be a reduced commutative ring and R = Fy; x Fy x F3.
Then, gr(Te(R)) =3 and dim(Ig(R)) = 2.

We now proceed to study the relationship between diameter and metric
dimension of compressed zero divisor graphs. Since diam(Tg(R)) < 3, if Tg(R)
contains a cycle. We have the following results.

Theorem 4 Let R be commutative ring and Tg(R) be its corresponding com-
pressed zero divisor graph.

(i) dim(Te(R)) =0 if and only if diam(Te(R)) = 0.
(i1) dim(Te(R)) =0 if and only if diam(I'(R)) =0 or 1, R 2 Z; x Z;.

(iii) dim(Tg(R)) = diam(Tg(R)) = 1 if R = F; x F,, where Fy and F, are
fields.

(iv) dim(Ig(R)) =1 and diam(TE(R)) = 3, if R is non reduced ring isomor-
phic to the rings given in Proposition 13.

(v) dim(Te(R)) =0 if Z(R)> = 0 and |Z(R)| > 2.
Proof.

(i) dim(Te(R)) = 0 if and only if T¢(R) is a single vertex graph if and only
if diam(Tg(R)) =0.
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(ii) Let dim(Tg(R)) = 0. Then I'(R) is complete and thus diam(I'(R)) = 0
or 1. Conversely, let diam(T'(R)) = 0 or 1, then I'(R) is complete, thus
dim(Tg(R)) = 0 unless R & Z; x Z;.

(iii) Let R =Ty x [F,, then by Case 1 of Lemma 3, [Tg(R)| = 2, since the only

~

equivalence classes of zero divisors are [(0,1)] and [(1,0)]. So, Tg(R) =
Kq1. Thus, dim(I&(R)) = diam(TE(R)) = 1.

(iv) Rings listed in this case correspond to a path of length 3.

(v) Let |Z(R)| > 2 and (Z(R))? = 0. Hence ann(a) = ann(b), for each a,b €
Z(R)*, which implies that diam(Tg(R)) = 0. Therefore, dim(It(R)) = 0.

O
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Abstract. In this article, we want to study and investigate if it is
possible to use the notions of weak structures to develop a new theory
of 0 - modifications in weak spaces and study their properties, finally we
study some forms of weak continuity using this modifications.

1 Introduction

In [5], Csaszar and Makai Jr. introduced and studied the notions of 8, ,,-open
sets and Oy, ,-open sets defined by two generalized topologies puy and p, on a
nonempty set X and they proved that: d,,,, and 0,,,, are generalized topolo-
gieson X and Oy, ,, € 8,1, € w1 The notions of (64,w,, 04,0, )-continuous was
introduced and characterized by W. K. Min in [6], also introduced and char-
acterized the notions of (dw,w,, d¢,0,)-continuous on generalized topological
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spaces and (8, w,, Ov;v, )-continuous. W. K. Min in [7], introduced the notions
of mixed weak (W, vyVv;)-continuity between a generalized topology w and two
generalized topologies v1, vy, also he introduced and characterized continuity
in terms of mixed generalized (vi,Vv;)-semiopen sets, (v1,Vy)-preopen sets,
(v1,v2)-preopen sets [4] ,(v1,Vv2)-p-open sets and 0(vq,vz)-open sets [5] .
Ugur Sengul in [12], using the & and 8-modifications in bigeneralized topolo-
gies, introduced the notion of (dy,,,, 6,0, )-continuity between two Bi-GTSS.
Also he characterized such continuity in terms of mixed generalized open sets:
O, u,-open sets, 0y, ,-open sets. In this article, we want to study if it is pos-
sible, using weak structures to make a new theory related to 8 -modifications
of weak spaces and study some weak forms of continuity.

2 Preliminaries

Definition 1 [9] Let X be a nonempty set. A subfamily wx of the power set
P(X) is called a weak structure on X if it satisfies the following:

1. 0 € wx and X € wy.
2. For Uy, U; € wx, Uy NlU, € wy

The pair (X, wx) is called a w-space on X. An element U € wy is called w-open
set and the complement of a w-open set is a w-closed set

Definition 2 [9] Let (X,wx) be a w-space. For a subset A of X,
1. The w-closure of A is defined as wC(A) =[{{F: A C KX\ F € wy}.
2. The w-interior of A is defined as wI(A) = J{U: U C AU € wy].

Theorem 1 [9] Let (X,wx) be a w-space on X and A, B subsets of X. Then
the following hold:

1. If A C B, then wI(A) C wI(B) and wC(A) C wC(B).

2. wI(wI(A)) = wI(A) and wC(wC(A)) = wC(A).

3. wC(X\ A) = X\ WI(A) and wI(X\ A) = X\ wC(A).

4. x € WC(A) if and only if UNA # 0, for all U € wx with x € U.

5. x € wWI(A) if and only if there exists U € wx with x € U, such that
UcCaA.
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6. If A is w-closed (resp. w-open), then wC(A) = A (resp. wI(A) = A).

Theorem 2 [11] Let (X,wx) be a w-space on X and A, B subsets of X. Then
the following hold:

1. wI(ANB) =wI(A) NwI(B).
2. wC(AUB) =wC(A) UwC(B).

Theorem 3 Let (X,wx) be a w-space on X and A,B subsets of X. Then the
following hold:

1. wI(A)UwI(B) C wi(AUB).

2. wC(ANB) CwC(A)NwC(B).

3 Modification on weak structures

Throughout this paper if wi, w; are two weak structures on a nonempty set X.
Then (X, w1, w;) is called a biweak space. Recall that Csaszar, A. [3], showed
that the & and 0-modifications of topological spaces can be generalized for the
case when the topology is replaced by the generalized topologies , i in the
sense of [1]. W. K. Min [6], gave a characterization for (8, ,, 0¢,s,)-continuity
and introduce the concepts of (8, ,, 85,0, )-continuity on generalized topolog-
ical spaces and investigate the relationship between (d,,,,0q,,)-continuity,
(01125 000, )-continuity and (8, d¢,0,)-continuity. In our case, we want
to study what happen when the generalized topologies are replaced by weak
structures.

Definition 3 Let (X,wi,w,) be a biweak space. A subset A of X is said to be
Yvyw, -open (resp. Yoy, w, -closed) if A = wiI(waC(A)) (resp. A = w1 C(w;yI(A))).

Example 1 Let (X,wq,wy) be a biweak space, where X = {a,b,c}, wy; =
{@) X, {a}> {b}} and wy = {Q)) X, {CL}, {c}.

Observe that the set A = {b} is Yy, w,-0pen, the set B ={c} is Yy,,w, -open and
the set C ={a, b} is not Yy,w, -open set.

Definition 4 Let (X, wq,w;) be a biweak space.

1. A € Ow,w, if and only if for each x € A, there exists an U € wy such
that x € U Cw,C(U) C A.
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2. A € dwyw, if and only if A C X and if x € A, there exists a w;-closed
set F such that x € wiI(F) C A.

Example 2 In Example 1:
L. Oww, = {0, X,{b},{a, b},
2. dwiw, = {0, X,{bl{a, b}},
3. By ={0,X,{c}{a,c}},

4, 6wzw] - {Q) Xa {(l_, C}> {C}}

Example 3 Let (X,wi,w3) be a biweak space, where X = {a,b,c}, w; =
{0, X,{a}, {b}} and wy = {0, X,{a},{a, b}, {c}}.
Observe that:

L. O, =1{0,X,{b},{a, b}},
2. dwywy =10, X,{a, b}, {b}},
3. Owyw, =10, X,{c}{a,c}},
4. Sy, =1{0,X,{a,c}{c}.

Example 4 Let (X,wi,w;) be a biweak space, where X = {a,b,c}, w; =
{0, X, {a},{b},{c}} and wy = {0, X,{a},{a,b},{c}}. Observe that:

L Owyw, = {0, X, {b},{c},{b,c},{a, b},

2. dwyw, =1{0,X,{c}{a, b}, {b, c}},

3. Ow,w, = {0, X, {a},{b},{c},{a, b}, {a,c},{b,c}},
4. dyw, =10,X,{a, b}, {c}}.

Example 5 Let X = {a, b, c} with weak structures wi = {0, X,{b}} and w, =
{0, X,{a}}. Observe that:

1. SW]WZ - {Q)) X}i
2. SW1W2 - {@) X) {b}}7
3. 9W2w1 - {@) X}7
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4. Sww, =10, X,{a}}.

Remark 1 According with Example 4, Sy,w, 5 not necessary a weak struc-
tures on X, then first of all, we have an answer. We can not doing similarly
modification as [5], if we replace generalized topology by weak structure.

Theorem 4 Let (X,wi,w2) be a biweak space. The collection 0y,w, is a
strong generalized topology on X.

Proof. It is easy to see that: () and X belong to 6,y,w,. Now consider {U; : 1 € I}
a collection of elements of 0,,,, and x € ;e Ui, then for some i € I, x € U;
and then there is Vi € wy, such that x € Uy € wyC(Vi) € Uy C Jijep Ui Tt
follows that (J;c; Ui € Owyw,- O

Theorem 5 Let (X, wi,W;) be a biweak space. The collection 0y, w, is a weak
structure on X.

Proof. It is easy to see that: ) and X belong to Ow,w,. Now consider Uy, U,
two elements of 0,,,w, and x € U; NUy, then x € U; for i = 1,2. Then there
exists Vi € w; for i = 1,2, such that x € Vi and w,C(V;) C U;. It follows
that x € ViN'Vy and woC(Vi) NnwyC(V2) C Ui NnUy. But VinV; € wy and
VinV, Cw,C(ViNnVa) Cw,C(Vi)NwyC(V) C Uy NU,. Hence Uy NU, €
ew1wz- O

Remark 2 Observe that if (X,w1,w2) is a biweak space, 0y, w, is a topology
on X.

Theorem 6 Let (X,wi,w;) be a biweak space. The collection &,,w, s a
strong generalized topology on X.

Proof. It is easy to see that: () and X belong to &,,w,. Consider {V; : i € I}
a collection of elements of 8y,w, and x € (Jic; Vi, then for someic I, x € V;
and then there is w-closed set F such that x € wiI(F) C V; and hence,
x € wiI(F) € Vi C Ui Vi- In consequence, | Jic; Vi € Swqw,- O

Remark 3 According with Example 3, 0y,,w, & W1 and by Example 4, Ow,w, &
dwiw, and dyw,w, & Wi

Remark 4 Let (X,wi,W,) be a biweak space. There are no relation between
Ovwiw, and dw,w,, see Examples 4 and 5.
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Remark 5 If we start with a biweak space (X,wi,w;). We obtain that 0y,,w,
s a topology on X, see Remark 2. dy,w, 15 a strong generalized topology on
X, see Theorem 6 and there are no relation between Oy,w, and dw,w,, see
Ezamples 4 and 5.

Definition 5 A € 0,,,., s called 0,,,w,-open set and its complement is called
Oy, w, -closed.

According with Definition 5, we define the 0,,,,-closure of a subset A of X,
as follows:

Definition 6 Let (X, wi,w;) be a biweak space.

1. The Ow,w,-closure of A is defined as:
COwyw, (A) = HF: A CKF is 0y,w,-closed set in X}.

2. The Oy, w,-interior of A is defined as:
10y,w, (A) = J{U: U C AU is Oyy,w,-0pen set in X}.

3. VOwywy (A) ={x € X:wo,C(U)NA #£0, for every U € wy
containing x}.

Example 6 In Ezample 2. The COyy,w, (0) = 0, COy w, (X) =X, COy,w,({a}) =
{a, c}, COwyw, ({b}) = X, COwymw, ({c}) = {c}, COwyw, ({a,b}) = X, COyw, {a,c}) =
{a,c}, COwyw, ({b,c}) = X.

Theorem 7 Let (X,wq,w;) and (X,vq,v2) be two biweak space and A C X.
If wi C vy and wy Cva. Then Oy,w, C Oy,

Proof. Let A € 0,,,w, and x € A, then there exists an U € wy such that
x € U CwyC(U) C A. Since w; C vy, U € vy and v,C(U) Cw,C(U) CA. O

Theorem 8 Let (X, wi,W,) be a biweak space and A C X. The following are
true:

2. A is Oy, w, -closed if and only if A =Y6yw,w,(A).

3. x € I0y,w,(A) if and only if there exists a wi-open set U containing x
such that x € U C wo,C(U) C A.

4. if A is wp-open, then wiC(A) =v0y,w,(A).
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Proof. 1. Since 0,,,,, is a weak space, the result follows.

2. If A is 0y, w,-closed, then A = C0,,,w,(A), Now using 1, the result follows.
3. Is a consequence of Definition 6.

4. Let x € wiC(A) and U any wi-open set containing x, then U N A # (),
follows that w,C(U) N A # () and then wiC(A) C v6y,w,(A). Now consider
X € YOw,w, (A), then for each wi-open set U containing x, w,C(U) N A # 0,
and then there exists an element z € w,C(U) N A, since A is wy-open, z € A,
therefore x € wiC(A). O

4 Modification on weak continuous functions

Definition 7 Let (X,wy,w3) and (Y,v1,v2) be two biweak spaces. A function
f: X =Y is said to be (Ow,w,, Oy,v,)-continuous if for every ©,,,-open set
V, f71(V) is Ow,w, -0pen.

Observe that if (X, w1, wz) and (Y,v1,Vv2) are two biweak spaces, ©,w, and
©y,v, are topologies, then the notion of (Oy,w,,Oy,v,)-continuous functions is
similar to the well known concept of continuous functions.

Example 7 In Example 4. Observe that:
1. ew1w2 = {(Z)) X) {b}) {C}) {b) C}) {Cl, b}}?
2. 9wzw1 = {(Z)) X) {a}> {b}7 {C}) {(1, b}) {(1, C}{b> C}}7

The identity function f : X — X is (Ow,w;,Ow,w,)-continuous but is not
(®W1W2) ®w2w1 )-Continuous.

Theorem 9 Let (X, wq,w3) and (Y,v1,Vv2) be two biweak spaces; let T: X =Y.
Then the following are equivalent:

1. f is (Ow,w,y Ovyv, )-continuous,

2. For each x € X and each O,,,-open set V containing f(x), there exists
a Oy, w,-open set U containing xsuch that f(U) C V.

3. For each x € X and each Oy,,,-open set V containing f(x), there exists
a wi-open set U containing x such that f(w,C(U) C V.

Proof. The proof follows applying definition. U
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Definition 8 Let (X,w1) be a weak space and (Y,v1,v2) be a biweak space. A
function f: (X;w1) = (Yyv1,Vv2) is said to be faintly (w1, ©y,y,)-continuous if
for every ©,,y,-open set U, f=1(U) is wy-open.

Example 8 Let (X,wq,w3) and (Y,v1,Vv2) be a biweak spaces, where X =Y =
{Cl, b) C}; wy = {(Z)) X,{Cl}, {b}) {C}}7 Wy = {wa X>{a}>{a) b}> {C}}; V1 = {(Z)) Y,{Cl}, {b}}
and vy = {0, Y,{a},{c}}.

Observe that:

1. GW]WZ == {@, X,{b}){a) b}}y

2. esz1 - {@, X) {C}) {Cl, C}}7
3. 9\,]\,2 - {@, X, {b}) {aa b}}}
4. By, = {0, X,{c}{a,c}}.

Consider a function T : (X,w3) — (Y,v1,v2) defined as f(a) = b, f(b) = a,
f(c) = c. Then f is faintly (Wa, ©y,y, ) -continuous but is neither (O, w,, Ovv, )-
continuous nor (Ow,w, , Oy,v, )-continuous

Example 9 The function defined in Example 4 is not faintly (Wi, Ow,w,)-
continuous

Remark 6 If (X, wi,w3), (Y,v1,Vv2) are two biweak spaces and f : (X, w1, wy) —
(Y,v1,v2) is a function. The concepts of (Ow,w,, Ov,v,)-continuous and faintly
(w1, By, )-continuous are independent.

Theorem 10 Let (X, w1,wW2) and (Y,v1,v2) be two biweak spaces. If f : (X, wr,
wa) = (Y, v1,V2) is (Ow,w,, Ov,v, )-continuous, then for every ©y,y,-closed set
F, f1(F) is a Ow,w,-closed set.

Proof. It follows by duality. O

Definition 9 Let (X,w;) be a weak space and (Y,vq,v2) be a biweak space.
A function f : (X;wi) — (Y,v1,Vv2) is said to be mized weakly (wy,viva)-
continuous at x € X if for every vi-open set V, containing f(x), there exists a
wi-open set U containing x such that f(U) Cvy;C(V). Then f is mized weakly
(w1, v1v2)-continuous if it is mized weakly (W1, Vv1v;)-continuous at every point
x € X.
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Example 10 Let (X,w7) be a weak space and (Y,v1,Vv2) be a biweak space,
where X = Y = {a,b,c} and weak structures: wy = {0, X,{a},{b}}, vi =
{0, X,{b}} and v, = {0, X,{a}}. Consider f : (X,wq) — (Y,v1,v2), defined as
f(a) =b, f(b) =c, f(c) = a. Then T is mized weakly (W1, v1v2)-continuous.

Remark 7 Let (X,w) be a weak space and (Y,vi,v3) be a biweak space. If
V1 =V, then the notion of mized weakly (W, Vv1vy)-continuous function is just
the notion of weak weakly (w,v1)-continuous functions, that is, for any vi-open
set 'V, there exists a wy-open set U such that f(U) C viC(V).

Theorem 11 Letf: X — Y be a function, wi a weak structure on a nonempty
set X, and vi,vy be two weak structures on a nonempty set Y. Then:

1. Iff is mized weakly (W1, vivy2)-continuous, then f(wiC(A)) C vy, (f(A))
for every subset A of X.

Ov,v, (f(A)) for every subset A of X, then wiC(f!

2. If fwiC(A)) C v
=1 (v C(V)) for every vy-open set V of Y.

(v21(G)) €

Proof. 1. Consider A C X, x € wiC(A) and V any vi-open set containing
f(x). By hypothesis f is mixed weakly (w17, viv2)-continuous, then there exists
a wi-open set U containing x such that f(U) C v,C(V). Since x € wiC(A)
and U is a wy-open set U containing x, A N U # (. In consequence, () #
f(A) N f(U) € v,C(V) N f(A). Follows that f(x) € vy6y,,(f(A)) and hence,
F(w1C(A)) € v8y, (F(A)),

2. Clear. O
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Abstract. Using the notion of weighted sharing of sets, we study the
uniqueness problem of meromorphic functions sharing two finite sets. Our
results are inspired from an article due to J. F. Chen (Open Math., 15
(2017), 1244-1250).

1 Introduction, Definitions and Main results

In this paper, a meromorphic function means a function which is meromorphic
in the entire complex plane C. Throughout the paper, we adopt the standard
notations of Nevanlinna value distribution theory as explained in [6] and [12].
We denote by M(C) the class of all meromorphic functions defined in C and by
M;(C) the class of meromorphic functions which have finitely many poles in
C. For convenience, we denote any set of positive real numbers of finite linear
measure by E, not necessarily the same at each occurrence. For a nonconstant
meromorphic function h, we denote by S(r, h) any quantity satisfying S(r,h) =
o{T(r,h)} for r — oo, € E. The order A(f) of f € M(C) is defined as

log T(r, f
A(f) = lim sup L(r’).
r—0  logT
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For a meromorphic function f and a set S € CU{oo}, we define E¢(S) (E¢(S))
to be the set of all a-points of f, where a € S, together with their multiplicities
(ignoring their multiplicities). We say that two functions f and g share the set
S CM (IM) if E¢(S) = E4(S) (E¢(S) = E4(S)).

The development of research works related to set sharing problems was
broadly initiated due to the following question which was raised by F. Gross [5].

Question 1 Can one find two finite sets Si(i = 1,2) of C U {oo} such that
any two nonconstant entire functions f and g satisfying E¢(Si) = E¢(Si) for
i=1,2 must be identical?

In 1994, H. X. Yi [14] proved the following theorem which gives an affirmative
answer to Gross’s question.

Theorem A Let S; ={w | w™—1 =0} and Sy ={a}, wheren > 5 is an integer,
a#0 and a®™ # 1. If f and g are entire functions such that E¢(S;) = E4(S;)
forj=1,2, then f = g.

In [5], F. Gross also pointed that if the answer of Question 1 is affirmative,
then it would be interesting to know how large the sets can be.

In 1998, H. X. Yi [15] proved the following theorem which deals with the
above comment.

Theorem B Let S ={0} and S; = {w | w?(w+a)—b = 0}, where a and b are
two nonzero constants such that the algebraic equation w?(w+a)—b =0 has
no multiple roots. If f and g are two entire functions satisfying E¢(S;) = E4(S;)
forj=1,2, then f = g.

In this direction, a lot of research works have been devoted during the last
two decades (see [4], [9], [10], [13]).
We recall the following recent result due to J. F. Chen [2].

Theorem C Let k be a positive integer and let S1 = {1, x2y..., 04}, So =
{B1, B2}, where &1, xzy ..., 0k, B1, P2 are k+2 distinct finite complex numbers
satisfying

(B1— o) (B1 — o) -+ (Br — ou)? # (B2 — o) (B2 — x2) -+ (B2 — o)™

If two nonconstant meromorphic functions f and g in M;(C) share S; CM,
Sy IM, and if the order of f is neither an integer nor infinite, then f = g.

In the same paper, the author also proved another result concerning unique
range sets. Before stating the result, we present the definition of unique range
sets.
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Definition 1 For a family of functions G, the subsets S1, Sa,..., Sq of CU{oo}
such that for any f,g € G, f and g share S; CM forj =1,2,...,q imply f = g,
are called unique range sets (URS, in brief) for the functions in G.

Theorem D Let k be a positive integer and let S1 = {01, &y ..., k), So =
{B1, B2}, where &1, xzy..., &k, B1, P2 are k+2 distinct finite complex numbers
satisfying

(B1—o1)?(B1 — o2)? -+ (B1 — aw)® # (B2 — 1) * (B2 — x2)* -+ (B2 — o).

If the order of f is neither an integer nor infinite, then the sets S1 and Sy are
the URS of meromorphic functions in M;(C).

The condition (B1—)*(B1—az)?... (B1—ou)? # (Br—o1)*(B2—x2)* ... (B2—
ot )? in Theorems C and D can not be dropped as shown by the following ex-
ample.

Example 1 [2] For a positive integer k, let f(z) = Y -2, %’ g(z) = —f(z),
Si={-1,1, =2, 2,..., =k, k}, and S; ={—(k+ 1), k+ 1}. Then using the
result of [3, p. 288] we deduce
1 nlogn 1
Af) = — =i neen _
(f) ~ . logn3 it logn 3
lim inf
n—oo nlogn

Clearly f(z), g(z) € M;(C), f(z) and g(z) share S1, S; CM. But f(z) # g(z).

The assumption “nonconstant meromorphic functions f and g in M;(C)” in
Theorems C and D cannot be relaxed to “nonconstant meromorphic functions
f and g in M(C)” as shown by the following example.

Example 2 [2] For a positive integer k, let f(z) = Y 7, rfTT:” g(z) = %1)7
S1 = {2, %, 3, %,..., Kk, %}, S; = {k+1, k%”} From Ezample 1 we note

that A(f) = % and, therefore, using the result of [3, p. 293] we see that g(z) has
infinitely many poles in C. Moreover, f(z) and g(z) share the sets Sy, Sy CM.

But f(z) # g(z).

The following example given in [2] shows the necessity of the assumption in
Theorems C and D that the order of f is neither an integer nor infinite.
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Example 3 For a positive integer k, let f(z) = e* (resp. f(z) =€), g(z) =
ﬁ, S; = {2, %, 3, %,..., Kk, lk}, Sy = {k+1, klﬁ} Then by Lemma 8 in
section 2 we see that A(f) =1 (resp. A(f) = 00). Though all other conditions
of Theorems C and D are satisfied, f(z) # g(z).

However, the research on set sharing problem gained a new dimension when
the idea of weighted sharing, introduced by I. Lahiri in 2001 (see [7], [8]), was
incorporated. The necessary definitions are as follows:

Definition 2 Let k be a nonnegative integer or infinity. For a € C U {oco} we
denote by Ex(a;f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k+1 times if m > k. If Ex(a;f) = Ex(qa; g),
we say that f and g share the value a with weight k.

We write f and g share (a,k) to mean that f and g share the value a with
weight k. Clearly if f, g share (a,k) then f, g share (a,p) for any integer p
where 0 < p < k. In particular, f and g share a CM (IM) if and only if f and
g share (a,00) ((a,0)).

Definition 3 Let S be a set of distinct elements of C U{oo} and k be a non-
negative integer or infinity. We denote by E¢(S,k) the set UgesEx(a;f). We
say that f and g share the set S with weight k, or simply f and g share (S,k)
if E¢(S,k) = Eg4(S, k).

Definition 4 Let k be a positive integer and Sy = {ay, &2, ..., &}, where &;’s
are monzero complex constants. Suppose that

_ 2 — (S o)+ L+ (=D Qg Kiyeee &y )Z

P
() (=) oy 0., 00

) (1)

where oy € S fori=1,2,...,k. Let my be the number of simple zeros of P(z)
and my be the number of multiple zeros of P(z). Then we define I'1 :== m;+my
and Ty == my + 2m,.

Regarding Theorem C, one may ask the following question:

Question 2 Is the conclusion of Theorem C still true if f and g share (S1,2)
and Sy IM instead of sharing S CM and Sy IM?

In this paper, we try to find possible answers to the above question and prove
the following theorems:



Weighted sharing of two sets 333

Theorem 1 Let f, g € M (C) and S1 = {01, x2,...,x}, S2 ={B1, B2}, where
K1y O2yeveyQiy P1y, P2 are k42 distinct nonzero complex constants satisfying

k > 2I5. If f, g share (S1,2) and Sy IM, then f = g, provided
(B1— o) (B1 — &2)? -+ (B1 — au)® # (B2 — ) (B2 — &2) -+ (B2 — ou)?

and f is of non-integer finite order.

Theorem 2 Let S; and S be stated as in Theorem 1 with k > 2T5. If M3(C)
denote the subclass of meromorphic functions of mon-integer finite order in
Mi(C), then the sets S1 and Sy are the URS of meromorphic functions in
M;,(C), provided

(B1— 0a)?(Br — a2)? - (B1 — ow)® # (B2 — 1)* (B2 — x2)? -+ (B2 — o),
We now state some more definitions (see [7], [8]).

Definition 5 For a € C U {oo}, we denote by N(r,a;f| = k) the reduced
counting function of the a-points of f whose multiplicities are exactly k. In
particular, N(r,a;f| = 1) or N(r,a;f| = 1) is the counting function of the
simple a-points of f.

Definition 6 For a positive integer m we denote by N(r, a;f| < m) (N(r, a;f| >
m)) the counting function of those a-points of f whose multiplicities are not

greater (less) than m, where each a-point is counted according to its multiplic-

ity. N(r, a;f| < m) and N(r, a;f| > m) are the corresponding reduced counting

functions.

Definition 7 We denote by N(r, a;f) the sum N(r,a;f) + N(r, a; f| > 2).

Definition 8 Let f and g be two nonconstant meromorphic functions such
that f and g share (a,2) for a € C U {oo}. Let zo be an a-point of f with
multiplicity p and an a-point of g with multiplicity q. We denote by N (r, a; f)
(NL(rya;g)) the reduced counting function of those a-points of f and g where
P>q>3(q>p>3). Also we denote by N(Es(r, a; ) the counting function of
those a-points of f and g where p = q > 3. Clearly N(ES(T, a;f) = Ng(r, a;g).

Definition 9 Let f, g share the value a IM. We denote by N, (r, a;f,g) the
reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g.

Clearly N..(r, a;, g) = N.(r, a; g, ) and N, (r, &;f, g) = Ny (r, a; )+ N 1, 65 9).
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2 Lemmas

In this section, we present some lemmas which will be needed in the sequel.
We denote by H the following function:

F7 2F G”  2G’
H:<F’_F—1>_<G’_G—1>’

where F and G are two meromorphic functions in M;(C).

Lemma 1 [7] If F, G share (1,1) and H # 0, then
N(r, 1;F|=1) < N(r,00;H) + S(,F) + S(r, G).
Lemma 2 Let F;,G € M (C). IfF, G share (1,0) and H # 0, then

N(r,o0,H) < N(r,0;F > 2) + N(r,0; G| > 2) + N, (1, 1;F, G)
+No(r,0;F) + No(r,0; G’) + S(r,F) + S(r, G),

where No(1,0;F') is the reduced counting function of those zeros of F' which
are not the zeros of F(F—1). No(r,0;G’) is defined similarly.

Proof. Noting that N, (r,00;F, G) = S(r, F)+S(r, G), this lemma can be proved
in a similar manner as in Lemma 4 of [9]. O

Lemma 3 [1] Let F and G be two nonconstant meromorphic functions sharing
(1,2). Then

N1 (1, 1;F) + 3N (1, 1;G) + 2NP (v, 1;F) + N(r, T, F = 2)
<N(r,1;G) —N(1, 1;G).

Lemma 4 [11] Let f be a nonconstant meromorphic function and P(f) = ap+
arf+ afi+...+ anf™, where ag, ai, az,...,an are constants and a, #* 0.
Then T(r,P(f)) =nT(r,f) + O(1).

Lemma 5 [15] If H=0, then T(r,G) =T(r,F) + O(1). If, in addition,

. N(r,0;F) + N(r,00; F) + N(r,0; G) + N(r, 00; G)
lim sup
r—o0,r¢ZE T(r)

<1,

where T(r) = max{T(r,F), T(r, G)} then either F =G or EG=1.
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Remark 1 We observe that the above lemma holds for F,G € M(C). As
our discussion is restricted in Mi(C), we may drop the terms N(r,00;F) and
N(r, 00;G) while using this result.

Lemma 6 Let F,G € M;(C). If F and G share (1,2) and H Z£ 0, then

(1) T(T, F) < Nz(T‘,O;F)—l—Nz(T,O;G)—m(T‘,];G)—Ng)(T,kF)—N]_(T,];G)—F
S(r,F) + S(r, G);

(11) T(TaG) < NZ(T,O;G)+N2(T,O;F)—m(T,];F)—Nés(T,];G)—NL(T,];F)—I—
S(ryF) 4+ S(r, G).

Proof. The proof of this lemma flows in the line of the proof of Lemma 2.13
in [1]. As we are dealing with functions of class M;(C), we insist in presenting
the proof for the sake of completeness.

From the second fundamental theorem of Nevanlinna , we have

T(T>F) < N(n O,F) JFN(T) OO,F) JFN(T) ],F) - NO(T) O;F/) + S(T) F),
that is,
T(r,F) < N(r,0;F) + N(r, 1;F) — No(r,0; F') + S(r, F). (2)
Similarly,
T(r,G) < N(1,0;G) + N(,1;G) — No(7,0; G") + S(r, G). (3)
Combining (2) and (3), we obtain
Tr,F)+T(r,G) < N(0;F)+N(r,0;G) +N(r,1;F) + N(r, 1;G)
—No(r,0;F') = No(r,0;G) + S(r,F) + S(r,G). (4)
We also see that
N F) +N(m1:G) < Ny LFH =1)+ N 1F =2) + No(r, 15 F)
+Ni (1, 1;F) + N (1, 1;G) + N(r, 1; G). (5)
Using Lemma 1 and Lemma 2 in (5), we obtain that
N(r, 1;F)+N(r,1;G) < N(r,0;F| > 2) + N(r,0; G| > 2) + 2N (r, I; F)
2N (1, 1;G) + N(r, 1;F| = 2) + NP (r, 1; F)
—{—No('l‘, O»F,) +N0(T> O; G/) +N(T» 1»G)
+S(r,F) + S(r, G).
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Substituting the value of N(r,1;G) from Lemma 3, we obtain

N(r, 1;F) +N(r,1;G) < N(r,0;F >2)+N(r,0;G| > 2) + 2N (1, 1;F)
F2NL (1, 1;G) + N(r, 1 F = 2) + NE(r, 1;F)
+No(r,0;F) + No(1,0;G") + N(r, 1; G)

N (1, 1;F) — 3NL(1,1:G) — 2NE (1, 15 F)
—N(r,1;F| = 2) + S(r,F) + S(r, G)

N(r,0;F > 2) +N(r,0;G| > 2) — N (1, 1;G)
NP (1, 1) + T(r, G) — m(r, 1;G) + No(r, 0;F/)
+No(r,0;G’') + S(,F) + S(r, G). (6)

IN

Noting the fact that N (v, a;f) = N(r, a;f) +N(r, a; f| > 2), the lemma follows
from (4) and (6). O

Lemma 7 Let f, g € M (C). If f, g share the set {1, B2} IM, then A(f) =
Alg).

Proof. Proof of this lemma can be extracted from the first part of the proof
of Theorem 1.3 in [2] (see p. 1247). O

Lemma 8 (sce [12, p. 65]) Let h be an entire function and f(z) = eM?). Then
(i) if h(z) is a polynomial of degh, then A(f) = degh;
(i1) if h(z) is a transcendental entire function, then A(f) = co.

Lemma 9 (see [12, p. 115]) Let a1, ay and a3 be three distinct complex num-
bers in CU{oo}. If two nonconstant meromorphic functions f and g share ay,
a; and az CM, and if the order of f and g is neither an integer nor infinity,
then f = g.

3 Proof of the Theorems

Proof. [Proof of Theorem 1] Let F = P(f) and G = P(g) where P(z) is defined
as in (1). Clearly F, G share (1,2) as f, g share (S1,2). From Lemma 4, we
obtain

T(TaF) = kT(T) f) + S(T> f)» (7)
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T(r,G) =XkT(r,g) +S(r, 9g). (8)
Let H # 0. By Lemma 6, we have

T(r,F) < Njy(r,0;F) + Ny(r,0;G) + S(r,F) + S(r, G)
N2 (7, 0; P(f)) + N2 (1, 0; P(g)) + S(r,f) + S(r, g)

< DN(r,0;f) + N(r,0; g) 4 S(r, ) + S(r, g)
< DT(r, f) +T(r,g)} + S(r,f) + S(r, g). 9)
Similarly,
T(r, G) < IRAT(r,f) +T(r,g)} + S(r,f) + S(r, g). (10)

From (7)-(10), we obtain
K{T(r, ) + T(r, g)} < 20AT(r, ) + T(r, g)} + S(r, f) + S(r, 9),

which is a contradiction as k > 2I;. Hence H = 0.
Let T(r) = max{T(r,F), T(r, G)}. Now,
N(r,0;F) +N(r,0;G) MN(r, 0;f) + IN(T, 0; g)
H{T(r,f) + T(r,g)} + S(r, ) + S(r, g)
I’
Ty F) 4 (1, G+ S(r,F) + (1, G)

Z%T(r) + ofT(7)}. (11)

<
<

IA

As k > 2T, > 2I7, from Lemma 5 and (11), we obtain either F= G or F.G = 1.

If possible, let .G = 1. Then P(f).P(g) = 1. As g € M;(C), we have
P(g) € M;(C). Hence P(f) has at most finitely many zeros. Therefore P(f) =
11 (2)e®®) | where p(z) is a rational function and ¢(z) is an entire function,
which is a contradiction by Lemma 8 as the order of f is neither an integer
not infinity. Similarly if we consider the case when P(g) has at most finitely
many zeros, we arrive at a contradiction as A(g) = A(f), by Lemma 7. Hence
the case F.G = 1 can not occur.

If F = G, we have P(f) = P(g), which gives

(f(z) — o) (f(z) —o2) . .. (f(2) — o)
(g9(z) —x1)(g(z) — x2) . .. (g(z) — o)

1. (12)

From (12) and the assumption

(B1— o) (B1 — o2)? -+ (B1 — aw)® # (B2 — 1) * (B2 — «2)? -+ (B2 — o),
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we obtain that f(z) = P if and only if g(z) = 1 since f and g share S; IM.
Similarly, we see that f(z) = B, if and only if g(z) = B,. Consequently, we
have f and g share 37 and 3, IM. Again, from (12) we see that f and g share
31, B2 and co CM. Noting that the order of f is neither an integer nor infinity,
the conclusion follows from Lemma 7 and Lemma 9. O

Proof. [Proof of Theorem 2] If f, g share S; and Sy CM, then f, g certainly
share (S1,2) and Sy IM, which satisfies the conditions of Theorem 1 and hence
the conclusion follows. Here we omit the details. O
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Abstract. A generalization of Mallat’s classic theory of multiresolution
analysis based on the theory of spectral pairs was considered by Gabardo
and Nashed [4] for which the translation set A = {0, r/N}+2Z is no longer
a discrete subgroup of R but a spectrum associated with a certain one-
dimensional spectral pair. In this short communication, we characterize
the scaling functions associated with such a nonuniform multiresolution
analysis by means of some fundamental equations in the Fourier domain.

1 Introduction

Multiresolution analysis (MRA) is an important mathematical tool since it
provides a natural framework for understanding and constructing discrete
wavelet systems. The concept of an MRA structure has been extended in
various setups in recent years. More precisely, they have been generalized to
different dimensionalities, to lattices different from Z4, allowing the subspaces
of MRA to be generated by Riesz basis instead of orthonormal basis, admit-
ting a finite number of scaling functions, replacing the dilation factor 2 by an
integer M > 2 or by an expansive matrix A € GLg(R) as long as A ¢ AZ¢
(see [1]). All these concepts were developed on regular lattices, that is the
translation set is always a group. Recently, Gabardo and Nashed [3, 4] con-
sidered a generalization of Mallat’s classical MRA [6] based on the theory of
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Key words and phrases: nonuniform multiresolution analysis, scaling function, spectrum,
Fourier transform
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spectral pairs, in which the translation set A ={0,1/N}+ 2Z, where N > 1 is
an integer, 1 <r < 2N —1,r is an odd integer relatively prime to N, acting on
the scaling function related with an MRA to generate the core subspace Vj is
no longer a group, but a union of two lattices, which is associated with a fa-
mous open conjecture of Fuglede on spectral pairs [2]. They call it nonuniform
multiresolution analysis (NUMRA). By an NUMRA, we mean a sequence of
embedded closed subspaces {Vj : j € Z} of the Hilbert space L%(R) that satisfies
the following conditions:

(a) Vj C Vjq for allj € Z;
(b) Ujez Vj is dense in L%(R);
ﬂ]EZ = {O}
) € Vj if and only if f(2Nx) € Vj 4 for all j € Z;

)
(c)
(d) f
(e) there exists a function ¢ € Vj such that {¢(x — A)}, .5 is an orthonormal
basis for Vj.

It is worth noticing that, when N = 1, one recovers the standard definition
of one dimensional MRA with dyadic dilation 2. When, N > 1, the dilation
factor of 2N ensures that 2NA C Z C A.

If ¢ is a scaling function of an NUMRA, then by condition (e) we can express
this function in terms of the orthonormal basis {¢(x —A) : A € A} as

=Y md(2Nx—A7). (1)

AEA

where the convergence is in L?(R) and {hahen € 12. Refinement equation (1)
can be rewritten in the Fourier domain as

b0 =mo (35) % () )

where mg is the low pass filter associated with the scaling function ¢ and is
of the form
mo(&) = mg(&) + e ™ Nmg(g). (3)

One of the fundamental problems in the study of wavelet theory is to find
conditions on the scaling functions so that they can generate an MRA for
[%(R). Our main purpose in this short communication is to characterize those
functions that are scaling functions for an NUMRA of L%(R).

To achieve our goal, we need the following technical results obtained in
[4, 5, 7] that will be used in sequel.
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Theorem 1 [4] Let {Vj:j € Z} be a sequence of closed subspaces of LZ(R)
satisfying conditions (a), (d) and (e). Then, m)eZ ={0}.

Theorem 2 [5] Let {Vj:j € Z} be a sequence of closed subspaces of L*(R)
satisfying conditions (a), (d) and (e). Assume that the function ¢ of condition
(e) is such that & is continuous at & = 0. Then the following two conditions
are equivalent:

i) lim )43 ((2N)z) ) —1 ae £€R:
j—o0
(i) Uiez Vs = LP(R).
Proposition 1 [7] Let N be a positive integer, and v € {1,3,...,2N — 1} be
an odd integer. Let ¢ € L*(R) with Hd)Hz =1. Then,

(i) For each fized odd v, the family {d)(x —A):AE /\} is an orthonormal
system in L*(R) if and only if

S |6 (e+ 2 g e

pEZ‘¢(£+2>‘ 2, forae &R and (4)
—imrp/N | P 2: .. .

pEEZe P ’¢<£+2>‘ 0, forae £€R (5)

(ii) The collection {c])(x —A): A€ /\} is an orthonormal system for every
odd integer v € {1,3,...,2N — 1} if and only if

S [$e—p)° =1, for ac. E€R, (6)
[LISAN

where I[N ={nN+j/2:ne€Z, j=0,1,2,...,N—1}

2 Characterization of scaling functions on the spec-
trum

In this section we will characterize those functions that are scaling functions
for an NUMRA of L?(R) by means of some basic equations in the Fourier
domain.

Before formulating our main result, let us clarify what we mean when we
say that a function is a scaling function for an NUMRA. Given a function
¢ € L?(R), we define the closed subspaces {Vj:j € Z}of L2(R) as follows:

Vo =span{p(x — A): A € A}, and V; = {f: £(2N)7Tx) € Vo }, j € Z\(0).
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We say that ¢ € L2(R) is a scaling function for an NUMRA of L*(R) if the
sequence of closed subspaces {V; : j € Z} as defined above forms an NUMRA
for L2(R).

Theorem 3 A function ¢ € L*(R) is a scaling function for an NUMRA of
L2(R) if and only if

Y 16(E—B) =1, texta.e (7)
el
lim [$((2N)Te)| =1 ae £eR (8)
j—o0

and there exists a periodic function mg of the form (3) such that

(&) = myo <2i]> o (;\J , a.e. &eR. (9)

Proof. Suppose ¢ is a scaling function for an NUMRA. Then, {¢(x —A) : A € A}
forms an orthonormal system in L?(R) which is equivalent to equation (7) by
Proposition 1. Equality (9) follows from equations (2) and (3). Since {V; : j € Z}
is an NUMRA for L?(R), we have Uj ez Vi = L2(R). Therefore, from Theorem
2, we infer that

& <(2N)‘j£>‘2d£: 1.

lim J
J—00 rN

Since mgy(&) is of the form (3), so it is easy to compute the following two

conditions in terms of the 1/2-periodic functions mg), m(z) as

> (e 2 m (e 2O =1 e o
ZFTil:fl X ,

e—imrp/N {‘mg) (E-i- %)‘ + ‘m(z) (E—F %)‘ } =0. (11)
p=0

If we take My(§) = ’mé(&)f + ‘m%(é)’z, then clearly Mg (E—F }1) = My (&)
and

_ Imo (&+N/2)F + fmo (E)F°

My (&) >

(12)
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Subsequently, Eqgs. (10) and (11) takes the form

2N-1 2N-1

ZMO<5+—):1, and Y e m"P/NMo(a+%) 0.

p=0

Hence, My(&) < 1, a.e. & € R, which together with (12) implies [mg(&)] < 1
a.e. & € R. This inequality along with equality (9) shows that !(/f)((ZN g )‘ is
non-decreasing for a.e. £ € R as j — oo. Let

®(&) = lim ‘q; ((2N) Ja)‘ (13)

]—)OO

Since ’(/1\)(5)| < 1 a.e, therefore, Lebesgue’s dominated convergence theorem
implies that

JFN D(g)dE =1.

We now prove the converse. Assume that (7), (8) and (9) are satisfied.
The orthonormality of the system {$p(x — A) : A € A} follows immediately from
(7). This fact alongwith the definition of V, gives us (e) of the definition of
an NUMRA. Moreover, the definition of the subspaces V;j also shows that
f(x) € Vj holds if and only if f(ZNx) € Vj41 which is (d) of the definition of
an NUMRA. Thus, we say that if (2N)7/2f((2N)7/x) € V,, then there exists
a sequence {hyfxea satisfying ) ., ha < oo such that

£(@N)Tx) = @NJ2 3 hd(x — A). (14)
AEA

Taking Fourier transform on both sides of (14), we obtain

/N

P(2NVE) = w(E)$(2) (15)

where Wj(&) = 3 5cn hae 2™ Since A = {0,1/N} + 27, we can rewrite (&)
as

() = ! (&) + e 2N 2 ) (16)

where p.]] and ujz are locally L2, 1/2-periodic functions. Now, for each j € Z,
we claim that

V; = {f : ?((ZN)jE) = uj(é)(/f)(i) for some periodic function pj(é)} . (17)
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To prove the inclusion V; C Vjq, it is enough to show that Vo C Vj.
Assume that f € Vp, then by equation (17), it follows that there exists a

locally L? function say o such that f(£) = pno(£)$(&), where po(&) = Mo (&) +
e 2mEr/NP2(2). Using (9), we obtain

fZNE) = o 2NE)P(2NE) = 1o(2NE)mo (£)H(E).
Moreover, po(2N&)mgy(£&) can be further expressed in the form

n1(&) + e 2™/ N, (),

where

(&) = {i}(2NE) + e MEd(NE) | mi(e)
ma(8) = {Wh(2NE) + e (aNE) | m(e).

Using the fact that |mgy(&)| < 1 for a.e. & € Iy, we have
J o (2NE) [P |mo()[*dE < J |0 (2NE) |2 dE < oo,
I'Nn 'N

which implies that f € V;. We have already seen that separation property (c)
of an NUMRA follows from (a), (d) and (e). Now it remains to prove density
property (b) of an NUMRA, that is; [?(R) = UjezVj. To prove this, we assume
that P; be the orthogonal projection onto the closed subspace Vj of L2(R), then
it suffices to show that

[Pjf — sz 1£113 — (P;(£),f), = 0 as j — oo.

Since {(ZN)j/Zd) ((ZN)jx — 7\) }}\e/\ is an orthonormal basis for Vj. Therefore,
for any compactly supported function f, we have

(P, £), J BN Ja) £(8)] de. (18)

Implementing condition (8), it follows that the right hand side of (18) con-
verges to ||f H% as j — oo. This completes the proof of Theorem 3. O
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Abstract. The connection between polylogarithmic functions and Eu-
ler sums is well known. In this paper we explore the representation and
many connections between integrals of products of polylogarithmic func-
tions and Euler sums. We shall consider mainly, polylogarithmic functions
with negative arguments, thereby producing new results and extending
the work of Freitas. Many examples of integrals of products of polylog-
arithmic functions in terms of Riemann zeta values and Dirichlet values
will be given.

1 Introduction and preliminaries

It is well known that integrals of products of polylogarithmic functions can be
associated with Euler sums, see [16]. In this paper we investigate the repre-
sentations of integrals of the type

1
Jxm Li; (—x) Lig (—x) dx,
0

for m > —2, and for integers q and t. For m = —2,—1,0 we give explicit
representations of the integral in terms of Kuler sums and for m > 0 we give a
recurrence relation for the integral in question. We also mention two specific
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integrals with a different argument in the polylogarithm. Some examples are
highlighted, almost none of which are amenable to a computer mathematical
package. This work extends the results given by [16], who examined a simi-
lar integral with positive arguments of the polylogarithm. Devoto and Duke
[14] also list many identities of lower order polylogarithmic integrals and their
relations to Euler sums. Some other important sources of information on poly-
logarithm functions are the works of [19] and [20]. In [3] and [12] the authors
explore the algorithmic and analytic properties of generalized harmonic Eu-
ler sums systematically, in order to compute the massive Feynman integrals
which arise in quantum field theories and in certain combinatorial problems.
Identities involving harmonic sums can arise from their quasi-shuffle algebra
or from other properties, such as relations to the Mellin transform

1
MIF2)I(N) = sz N (2),
0

where the basic functions f(z) typically involve polylogarithms and harmonic
sums of lower weight. Applying the latter type of relations, the author in
[6], expresses all harmonic sums of the above type with weight w = 6, in
terms of Mellin transforms and combinations of functions and constants of
lower weight. In another interesting and related paper [17], the authors prove
several identities containing infinite sums of values of the Roger’s dilogarithm
function. defined on x € [0.1], by

Lip (x) + yInxIn (1T —x); 0 <x < 1
Lr (x) = 0 o x=0
¢(2) 5 x=1

The Lerch transcendent,

Zm

(m+a)t

Mg

D (z,t,a) =
m=0

is defined for |z| < 1 and R (a) > 0 and satisfies the recurrence
O (z,t,a) =z D (z,t,a+1)+a "

The Lerch transcendent generalizes the Hurwitz zeta function at z =1,
— 1
@ (1,t,a) =

m=0

(m+a)t
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and the polylogarithm, or de-Jonquiere’s function, when a = 1,

[e.o]

m
):Z%>t€CWhen Izl <T1; R (t) > 1 when [z] =1.
m
m=1
Let
T1.1 1 _n o o
n ;T JO 11t V‘i‘lp(n"i‘) );](]—i—n)’ 0

be the nth harmonic number, where vy denotes the Euler-Mascheroni constant,
H;m) =y, Tim is the m'™" order harmonic number and \(z) is the digamma
(or psi) function defined by

M) nd w(1 +2) = b(z) + 1,
I'(z) z

— 1
Y+HZ<TL—|—1 n—i—z)'

More generally a non-linear Euler sum may be expressed as,

5 (;:D)“ ll[ <Ht(locj)>qi llI ( 1(fk))mk

n>1 j=1 k=1

P(2) = - {logT(2) =

moreover,

where p > 2, t, 7, gj, &, My, Pi are positive integers and

() = (3 1) ) (3

=1 =1

If, for a positive integer

then we call it a A-order Euler sum. The polygamma function

dk
VM(z) = b)) = — (1) k'Z P
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and has the recurrence

(—1)* k!

P+ 1) =M (2) +

The connection of the polygamma function with harmonic numbers is,

HE = C(a+1) + (_;!)“w(“)(er]),275{—1,—2>—3>---}- (1)

and the multiplication formula is

1 p—1 .
Wp2) = Bmolnp+ i 5 Wiz ;) (2)

j=0

for p a positive integer and &,y is the Kronecker delta. We define the alter-
nating zeta function (or Dirichlet eta function) n(z) as

00 n—H
=y F _(1-27) (3)
n=I1
where 1 (1) =In2. If we put
S(p,q):= Z1 Y

in the case where p and q are both positive integers and p 4+ q is an odd
integer, Flajolet and Salvy [15] gave the identity:

25(p,q) = (1= DN eE@+ 2107 ¥ (P ) e n@

i+2k=q P

npra-2 Y (0T eniasn n@a, @

j+2k=p q9- 1

where 1 (0) = %, n(1) =In2, (1) =0, and ¢(0) = —12 in accordance with
the analytic continuation of the Riemann zeta function. We also know, from
the work of [11] that for odd weight (p + q) we have

Pl 2i—1 L
Bwipal =Y =Y (PFITY T Y apra-2ee
n=1 j=1

()
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3 .
+;(1H_”pH)C(p)C(qH(—UP;<p+2_21]]>C(p+q—2j)é(2j)
C(P+q)( i <p+q—1> pt <p+q—1>>
t— T+(=1) . + (=1) q ,

where [z] is the integer part of z. It appears that some isolated cases of
BW (p.q), for even weight (p 4+ q), can be expressed in zeta terms, but in
general, almost certainly, for even weight (p + q), no general closed form ex-
pression exits for BW (p.q) . (at least at the time of writing this paper). Two
examples with even weight are

= HY 1 © {13
D =B -5, Y i =55008).
n=I n=I1

The work in this paper extends the results of [16] and later [25], in which they
gave identities of products of polylogarithmic functions with positive argument
in terms of zeta functions. Other works including, [1], [4], [8], [10], [13], [18],
[22], [23], [24], cite many identities of polylogarithmic integrals and Euler sums,
but none of these examine the negative argument case. The following result
was obtained by Freitas, [16].

Lemma 1 For q and t positive integers

1 ) . q—1
dexz (T Ct+) cla—+ D)+ (DI EU(t + q)

0 j=1

where EU (m) is Euler’s identity given in the next lemma.

The following lemma will be useful in the development of the main theorem.

Lemma 2 The following identities hold: for m € N. Euler’s identity states

Z% (m+2)C(m+1) Zc G+1). (6)
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For p a positive even integer,

p) =)

n=

NS

Ty = 5 (CP NP +1) — (C(p) +n(p) In2

-1 (7)
(Clp+1=2j)+n(p+1-2))(C(2)+n(2)).

—

rors

| —

_2‘
j=1

For p a positive odd integer,

hotp =3 ; an1 =B+ p+1) = (Cp)+n(p)) 2
11+ (= en +1 +1
() (05 () ®

b
—>) =2+ -2)(C2j+1)+n(2i+1)
ji=1

N\—*

p—1
where 1 (z) is the Dirichlet eta function, b = []34;]} — (W) and [z] is

the greatest integer less than z. For p and t positive integers we have

n=1
P
_ p+rt—r—1
—;(—np( S ) )
t
X D (P e,
— 1 e (Pt
6p =Y = ( : )
P
p+t—r—1
DNE) (P2 e (10)
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and

[es} Hn o
HG(p,t):Zm:(—an < p;ri1 2 > C(2)

n=I1
P

+Z(_1)p—r<P+;:i—1 )Eu(r) (11)
r=2

+§j&np<p+Ijj‘1)muwy—as+nL
s=2

Proof. The identity (6) is the Euler relation and by manipulation we arrive
at (7) and (8). The results (7) and (8) are closely related to those given by
Nakamura and Tasaka [21]. For the proof of (9) we notice that

therefore, summing over the integers n,

n—H P
gy [ PEE—T—1 >
Z n+1 Z]( ! ( p—T nr)

n:l T=
t
+t—s—1
+Z}4P(pt_s )0-n)
and hence (9) follows. Consider,

1 (=1t p+t p+t—r—1) 1
nP(n+1)t_Tl(Tl+1)< >+Z < p—T >nr
t
p+t—s—1 1
+SZ_2(_”p< t—s >(n+1)5’

and summing over the integers n produces the result (10). The proof of (11) fol-

lows by summing > 7, m in partial fraction form. An example, from (8)

2 961 9 11
w207 o5 - 273 -2

oo Hn B
2 a1y 204810 T 7024 512 25g¢ 172
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and from (7),

<  Hy 511 il
,; 2n+ 18 5 - 2565( )C(2) = 550 (6)C(3)
465 255

e u(5) L)~ 2 ()2

2  Summation identity
We now prove the following theorems.

Theorem 1 For positive integers q and t, the integral of the product of two
polylogarithmic functions with negative arguments

1 0
Jth —x) Lig (—x) dx = JLit (x) Lig (x) dx
-1
(12)

_A

0
q—

1V (q—i+1)F(4j)
):1

+ (=D (F(t,q+1) = (F(t,q) = G (t,q)) In2) + (=1)¥Wx (q, 1)

where the sum

1 1 1
ZH ( ) (2n+ 1) t(n+1)“+(zn+1)t(zn+z)q>
(13)
is obtained from (6), (7), (8) and the terms F(-,-), G(-,-) are obtained from
(9) and (10) respectively.

Proof. By the definition of the polylogarithmic function we have
)Tl+T

1 [ RS
Io(%t)ZJLit( x) Lig (= :Zzntrq m+r+1)
0

n=1r=1

R =R Dl (1) L (=
=2 ) ((n+r+1)(n+1)q+;(n+1)1rqj+1)

)=
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00 n+T ( ])qH 1 1 g (—Uﬁlﬂ(q*J*U
HZ_ ((n+]) (zH"I]_zH?>+.Z (n+1)

—_

q—1 ] 00 ( ])Tl+1 00 ( ])Tl+1
J+ q
—j+1 (—1)
]:] nZ_nt(n—H)J ;nt(nm)q“
e e 1
_1\ =y (1L LY. —
+(-1) Znt(n+1)q SHus — SHy —In2).

n=I
Now we utilize the double argument identity (2) together with (9) we obtain
-1

Ligt)=Y 1V"n(q—j+DF(tj) + (=1)F(t,q+1)
j=1

=}

n—H
q —
+ Znt n+1 7 (Hn—Hy —21m2),

we can use the alternating harmonic number sum identity (4) to simplify the
last sum, however we shall simplify further as follows.

q-1 .
L(g,t) =Y (1" n(q—j+1)F(t,j) + (=) F(t,q+1)
j=1
+1

+ (=) Z — n; (( lias (H[%] —Hn> — (14 (—1)“)1n2)

where [z] is the integer part of z. Now

q—1
=Y (="M n(g—j+)F(L)) + (-NIF(t,q+1)
j=1
— (=1 (F(t,q) — G (t,q) In2 + (=) Wy (q, 1)

where

1 1 1
ZH ( t2an+1)d t(n+1)q+(2n+1)t(2n+2)q>

and the infinite positive harmonic number sums are easily obtainable from (6),
(7), (8), hence the identity (12) is achieved. O

The next theorem investigates the integral of the product of polylogarithmic
functions divided by a linear function.
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Theorem 2 Let (t,q) be positive integers, then for t + q an odd integer

1 0
L (t,q) = J Lt (=x) Lig (=) dx = — J Li(x) Lig (x) dx
X X
0 —1
q—1 _
=Y T nt+ing—j+ ) (14)
j=1
+ (=) (C(t+q) +n(t+q))n2
F (DT 2T EU(g ) + (-1D)TTHO (q + ).
For t+ q an even integer
q—1
Lit,q) =) (=1 t+iml@—j+1)+ (=1t +q)
=1 (15)
Ft+q) 2+ (=19 (279 1) EU(q + 1)
+ (=N HE (g +1).
Proof. Consider
[ Lic (%) Lig (—x) =" |
[ Lig (—x) Liq (—x B — el -
L (t,q)_J ” 9 dX—Z - Jx Lig (—x) dx,
0 n>1 0
and successively integrating by parts leads to
) q—1 n+q+1 !
L (t,q) :Z nt+) Zn —j+1) —i—Z t+q — e an] Lij (—x) dx.
n>1 n>1 0

Evaluating the inner integral,

1

1

1
an1 Lij (—x)dx = — an1 In(1+x)dx =
0

—Hn — =Hn1 —an) ,
2 2

Si=
7 N\
N —
N

0
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so that

Z n”l q—j+1)

n>1 =
+;nt+q My gty ~n2
n=>

=Y ) n(g—j+Dn(t+]))

+ Z an <2H3 — 5Ha —ln2> :

n>1

N

If we now utilize the multiplication formula (2) we can write

q—1 , n+1
Ltg) =Y V" n@—j+Dn(t+i+ q*‘Z ]

(Hn—H%> :
= n>1

nt-‘r

Now consider the harmonic number sum
_1 B (1—(=1)")In2
Zi( ) (Hn_HE) 227( ) 1
e 2 ne ey (H[ = Hn)

n
n>1 n>1 2

(_1)n+1 n H ]‘l.[1
:Z ntta (1= )1HZ+Z<2t+‘4_1)n”q+ZZn—H)Hq

(_1)n+1 n+]
=y o |- M2+ (- Z

n>1

n>1 n21 n>]
1 Hp Hn
_ In2 - (2n+ 1
(C(t+q)+n(t+q))ln +T;(zt+q 1) nt+q+§(zn+1)t+q

where [z] is the integer part of z. Hence
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q—1 ,
Litg) =Y *n@=j+Dnt+i)+ =D (C(t+q) +n(t+q))n2

=1

1 H H,
]qHZ ( 1)“+ qHZ
) = 2t+q n’[+q n>] 2n+1)t+q
q—1
W (q—i+nt+§) + (=D (C(t+q) +n(t+q))n2

):1
1
+(=1)! <2t+q - 1> EU (q+1)

] HO (q +t), for t+ q odd
(—19*

)

+ —
HE (q +1t), for t+ q even

hence (14) and (15) follow.

Remark 1 It is interesting to note that, for m € R,

X m
0 0
The next theorem investigates the integral of the product of polylogarithmic

functions divided by a quadratic factor.

X

j’ Lig (—™) Lig (—x™) dx — 1 j Lig (—x) Lig (—x) dx

Theorem 3 For positive integers q and t, the integral of the product of two
polylogarithmic functions with negative arguments

(4 q) = J L) Lo J Lix) Liglx) 4
0 —1
q—1 )
=n(q+1+) n@—i+1F([

j=1
+ (N9 (F(q,t) + G (q,t)) In2 + (1) W (t, q)

where the sum,

Yo (ba) :;Hn ((Zn)q 2na D' mine Dt 2nt 1) (Zn—i-Z)t)
(17)
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is obtained from (6), (7), (8) and the terms F(-,-), G(:,-) are obtained from

(9) and (10) respectively.

Proof. Following the same process as in Theorem 2, we have,
1

1
Lit (—x) Lig (—x —1)" o
Iz(t»GI)_J L )Xz al )dX_Z(nt)Janqu(_x)d"
0 n>1 0
1 n 1
— J -1 Liq (—x) dx + Z anz Liq (—x) dx,

0 n>2 0

and re ordering the summation index n, produces

n+1 !

L(t,g)=n(q+1) —|—Z tJn1Liq(—x)dx.
n>1 0
Integrating by parts, we have,
q ji+1)
n—H Z
L(t,q)=n(q+1) +Z .
=1 +ET [xn T Lip (—x) dx
0
q—T1 ) (_1 )TL-H
=n(q+1+Y nla—j+DY ————
= ; wn+1)*
(-1t 1 1
——————— [ zHn —=Hn1 —In2 ).
+an(n+1)t 27t e

n>1
Using the multiplication Theorem (2) and following the same steps as in

Theorem 2, we have
q—1 _
L(tq)=n(g+1)+> (1nlg—j+1F(jt)
j=1
+(_) ( (qat)+G(qat))ln2+(_1)qwn(taq)a

and the proof of Theorem 3 is finalized. O

The following recurrence relation holds for the reduction of the integral
of the product of polylogarithmic functions multiplied by the power of its

argument.
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Lemma 3 For (q,t) € N and m > 0, let
1 0
J(m,q,t) = Jxm Lig (—x) Lig (—x) dx = (=1)™ J x™ Li (x) Lig (x) dx
0 .

then

(m+1)](m)q)t) ZT](GI)H(’E)—](m>%t—1)—](m>q—1>t)-
Forq=1,

(m+])l(m31)t) :n(t)+ml(m_]a]at)+](m_])])t_])_](m>])t_])
—mK(m,t) —K(m,t—1)

where
1

K(m,t) = Jxm Liy (—x) dx.
0
Proof. The proof of the lemma follows in a straight forward manner after
integration by parts. O

We list some examples of the results of the integrals in Theorems 1, 2 and 3.

Example 1

1
I (3,3) = J(Lis () dx= 2 () + 20— L)L)
0
+(3¢(3)—6C(2) —40)In2 + 4 (2) + 121n% 2 + 20.
1
Io (3,4) Jng (—x) Lis (—x) dx = %‘ (4)+2(3)20(5) — gc (6) — %cz 3)
0

+ 26(3) — 175C(2) + (10& (2) —6C(3) + 25(4) +7o> In2
3 17 3 5
— 56(4) —EC(S) + Ec(z) {(3) —201n*2 — 35.

Li — Li — 1
om (—x) Xsz+1( X)dX: Enz (2m+1)

L2m,2m+1) = J
0
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] .
nia7) = | g )n ) - 3029
0
1
Lig, (—X) Li4 (—X) 49 23 9
LG4 = [ e - 20(5) - a6+ FLl) - 22 03)
0

+10C(3) — (10&(2) +6¢(3)+ ZC(4)> In2

$100(2)~ 302 €(3) - 20122~ D3 L),

[y 2
e = [(FEh) e few- Lesen

X
+6¢(2) — ZC(z) C(3)—(6C(2)+3¢(3))In2—121n?2.

These results build on the work of [16] and [25] where they explored integrals
of polylogarithmic functions with positive arguments only. Freitas gives many

1. .
particular examples of identities for Ide, but no explicit identity

0
of the form (16) is given. Therefore in the interest of presenting a complete
record we list the following theorem.

Theorem 4 For positive integers q and t, the integral of the product of two
polylogarithmic functions with positive arguments,

1

P(q,t) = J

0

de — (_])q HG (q,t)
X
q-1 .
+) (=Tt +9) 66,1,
j=1
where G (+,-) and HG (+,-) are given by (10) and (11) respectively.

Proof. The proof follows the same technique as that used in Theorem 3. [J
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Example 2
1
p5) = [ LI Mgy - 700 2) - 3508) - L) - 10005
0
—LAILB) - 26 - 2 (3) - 5(2)£(3) - 3B L)
—L)E(5) ~ LL(8) L 3)C(5),

It is interesting to note the degenerate case, that is when t = 0, of theorems
1, 2 and 3. The following results are noted.

Remark 2 Fort=0, Liy(—x) = hence

1+x’

1
o (,0) = JLz'q (-x) Lig(—x)dx = (-1 (1~ (q+ 1))
oq_] |
+Y V@i + 0 -106) — (=12 —-¢(q) —n(q))In2
j=1
1 HO (q), for qodd
FEe <2q1>(EU(q)C(q+1))+(1)q{ .
HE (q), for q even
1
. . q—
R Z (g =i+ 1n0)
) —

0 (5 —1) EU(q) + (~1)"" (C(q) + 1 (q)) n2

q+1{ HO (q), forqodd
+ (=T1)

HE (q), forqeven



Integrals of polylogarithmic 363

1Li (—x) Liy (— i
Iz(Q>0)=J |

0

2 :] q—j+1)n()

—.

24
HO(q), forqodd
+ (=14

n(q+1)+(—1)q<]—1> U(q) + (=1 (¢ (q) +n(q)) n2

HE(q), forqgeven
Here we notice that
[(q,0) =n(q+1)—1(q,0).

There are some special cases of polylogarithmic integrals which are worthy
of a mention and we list two in the following corollary.

Corollary 1 Let q,t € N then,

Loy g 4
3 (q,t)—JLq( D I g S g
0 1
+

j
(q+t+1)+Mm(g+t)+C(q+1t))In2 (18)

+
{ HE (q+1t), forq+ teven

HO(q+t), forq+todd

dx=C(2)C(q+1)—BW(2,q+1), (19)

where BW (2,q + 1) is given by (5).

Proof. If we follow the same procedure as in theorem 2, we obtain

[ 1 . q—1
s1 (q,t):Jqu( X)XL“( Vo= nig—j+Dnt+)tnlq+te)

0 j=1
1

+Z n“:: (H _H%)

n>1
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simplifying as in Theorem 2, we arrive at the identity (18).
From Euler’s reflection formula we now that

Li; (1 —x) +Liz (x) +Inx1In (1 —x) = C(2)

so that

(—=Liz (x) =InxIn (1 —x) 4+ ¢(2)) Liq (x)
X

dx.

SZ(q)zj
0

Integrating term by term as in theorem 2, we obtain (19) O

Example 3 Some examples of the corollary follow.

1
T, (] s
s1(2,5) = | M2l X)XLIS( Vax =250 (8) - n3)m5),
]
T, 1 .
S1(qq) = | 229 (_")Xqu ) 4 = qe 29+ 1),
;
]Li9 (—l) Li5(—X)
S1(9,5) = ) dx = 7¢(15) =1 (6)1(9) =1 (7)1 (8).
;
1
s2(3) = [ M2l _’;) Bl = Dege) -2 )
0
1
sa(s) = [ 01 =3) Lin(0)

0
=27C(11) —8C(2) ¢ (9) —6C(4) ¢ (7) —4C(6) C(5) —2C(8) ¢ (3).

Summary In this paper we have developed new Euler sum identities (7)
and (8) of general weight p + 1 for p € N. Moreover, we have developed the
new identities (16) and (18). In a series of papers [2], [5], [6], the authors
explore linear combinations of associated harmonic polylogarithms and nested
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harmonic numbers. The multiple zeta value data mine, computed by Blumlein
et. al. [7], is an invaluable tool for the evaluation of harmonic numbers. Values
with weights of twelve, for alternating sums and weights above twenty for
non-alternating sums are presented.
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Abstract. In this note, an extensive result consisting of several relations
between certain inequalities and normalized analytic functions is first
stated and some consequences of the result together with some examples
are next presented. For the proof of the presented result, some of the
assertions indicated in [5], [8] and [11] along with the results in [3] and
[4] are also considered.

1 Introduction, definitions and motivation

Firstly, here and throughout this investigation, let C be the complex plane, U
be the unit open disc, i.e., {z € C : |z] < 1} and also let H denote the class
of all analytic functions in U. Moreover, a function f(z) € H is said to be
a convex function (in U) if f(U) is a conver domain. In this respect, let A
be the subclass of all functions H such that f(0) = f/(0) — 1 = 0, that is,
f(z) € A is of the form f(z) =z + ajz+ az? + -, where z € U and a; € C
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for all i =1,2,3,--- . In general, the subclass of A consisting of all univalent
functions is denoted by S. At the same time, f(z) € A is convex function iff
Re{l + zf"(z)/f'(z)} > 0 for all z € U. Furthermore, f(z) € H is said to be
starlike if f(z) is univalent and f(U) is a starlike domain (with respect to z = 0).
It is well-known that f(z) € A is starlike iff Re{zf'(z)/f(z)} > 0 for all z € U.
The classes K and §* denote the normalized functions’ class of the functions
f(z) in S, when f(U) is convexr and f(U) is starlike, respectively. The class
S*(a) denotes the class of all starlike functions f(z) of order o (0 < ax < 1) if
f(z) € A and Re{zf'(z)/f(z)} > o for all z € U. Besides, the class K(o) denotes
the class of all sconvex functions f(z) of order o« (0 < a < 1) if f(z) € A and
Re{l + zf'(z)/f(z)} > « for all z € U. Namely, K(«) is the class of all convex
functions f(z) € A satisfying the condition Re{l + zf"(z)/f'(z)} > « for all
z € U and for some « (0 < a < 1). In addition, let §* := §*(0) and K := K(0),
which are the subclasses of starlike and convexr functions with respect to the
origin (z = 0) in U, respectively. (See, for the details of the related definitions
(and also information), [1], [2], and see also (for novel examples) [3], [4], [6],
[71.)

The literature presents us several works including important or interesting
results between certain inequalities and certain classes of the functions which
are analytic and univalent in the disc U. For those, one may look over the
earlier results presented in [3], [8], [9], [10] and [11]. In particularly, in [8],
the problem of finding A > 0 such that the condition [f”(z)|, where f(z) € A
and z € U, implies f(z) € S§*, was firstly considered by P. T. Mocanu for
A = 2/3. Later, in [9], S. Ponnusamy and V. Singh considered the problem for
A = 2/+/3. Afterwards, in [10], M. Obradovié¢ focused on the problem for A = 1
by proving that his result is sharp. In [11], N. Tuneski also obtained certain
results dealing with the same problems, which are also generalizations of the
results of M. Obradovi¢ in [10].

In this investigation, by using a different technique, developed by S. S. Miller
and P. T. Mocanu in [5], certain results determined by the functions f(z) € A
relating to both condition [f”(z)| < A for some values of A > 0 and the classes
S*(a) and K(a) are restated and then their certain consequences which will be
important for (analytic and) geometric function theory are given. In addition,
only for the proofs of these consequences of our main results derived in the
Section 2 of this paper, both the assertion of S. S. Miller and P. T. Mocanu
given in [3] and the results of N. Tuneski given in [11] are also used.

The following two assertions (Lemma 1 in [3] and Lemma 2 in [11] below)
will be required to prove the main results.
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Lemma 1 Letf(z) € A, z€ U and 0 < o < 1. Then,
2—a)|f"(z)] <2001 —a) = f(z) € S*(x).
The result is sharp.
Lemma 2 Letf(z) € A, z€ U and 0 < o < 1. Then,
2-a)|f"(z)| <1T—ax = f(z) € K(a).
The result is sharp.

The following important assertion (see, for its details and also example, [3]
(p. 33-34 and a = 0)) will be required to prove the main results.

Lemma 3 Let Q C C and suppose that the function P : C> x U — C
satisfies lb(Meie,Keie;z) ¢ Q forall K>Mn,0€eR, andz € U. If the
function p(z) is in the class:

H[O,n] = {p(z) eH : pz)=anz +anz" N +.... (z € U)}

and
¥(p(z),2p'(2);2) € Q,

then [p(z)] < M, where for some M > 0 and for all z € U.

2 The main results, implications and examples

By making use of Lemma 3, we shall firstly give and then prove the main
result, which is given by

Theorem 1 Let f(z) =z+aiz+ @z + a3z +--- € A, zeU, 0< 5 < M,
and let f"(z) # 2a; — b. Then,

zf" (z) M (M —9)
e (5—2az + 17 (2)> = 52+ (5 + M)?

= | (2)| < M+2layl.

Proof. Let us define p(z) by

p(z) =f"(z) —2a,,
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where f(z) = z+ ajz+ az* + a3z’ +--- € A and z € U. Clearly, p(z) is in the
class H[0, 1] (when, of course, az # 0). Then, it immediately follows that

zp'(z) zf" (z)
5+p(z) 6—2ay+f"(z)

(f"(z) # 20, — 8; z€ U).

Let

and

Q::{w : weC and iﬁe{w}<M(M_6)}.

82 + (8 + M)?

Then we have

cQ

ll)(P(Z)>ZPI(Z);z) = ( zp'(2) :> zf" (z)

d+7p(z) d—2ay; + " (z2)

for all z in U. Furthermore, for any 6 € R, K > nM > M, and z € U, we
obviously obtain that

o Kei M (M — )
i0 i0. — . >
Re{h(Me®, Ke®z) } = Re <6+Me19) T (M2

i.e.,

P (Me?, Ke'%z) £ Q .

Therefore, in respect of the Lemma 3, the definition of p(z) easily yields
that
p(2)| =|f"(z) —2a2/ <M (M >0;z€U),

which completes the desired proof. ]

Proposition 1 Let f(z) =z+ aiz+ a2 +a328 +--- € A,z€ U, 0< 5 < 1,
and let t"(z) # 2a; — . Then,

zf" (z) .
e <62az+f” (z)> <@(x8,0) = flz) €5 (),

where

(1T —a)=22—0o)]azl] 2(1 — &) — (2= o) (2]az| + 0)] '

D (a,8,a) = 2— a)z Z+[(2—0)(d—2az])+2(1— 06)]2




372 M. San, H. Irmak

Proof. If we take

)

201 —
M + 2|ay] ::(2]7 0<a<T)

in Theorem 1 and just then use Lemma 1, we easily get the proof. O

By letting o := 0 in Proposition 1, we first obtain the following corollary.

Corollary 1 Let f(z) =z+ aiz4+ @z + a3z’ +--- € A, zeU,0<86< 1,
and let t"(z) # 2a; — . Then,

i 1-2 1—2ay| —
S%e< zf (z)// ><( |aal) ( zIazl 8)
6 —2a; + " (2) (1—=2las[ +8)"+ &2

= f(z)eS*.

By taking & := 2|ay| in Corollary 1, we next have the following corollary.

Corollary 2 Let f(z) =z4+ajz+ @22+ a3z +--- € A, ze U, 0< 2]ay| < 1,
and let f"(z) # 0. Then,

zf" (z)) 1—2]ay|
Re < = f(z) eS*.
<f” (z) 144 ) (=)

For this result (i.e., for Corollary 2), the following example can be easily
given.

Example 1 Toke f(z) =z + %Zz + azz® and let |az] < ]1—8. Since

1 1T 1 1
> 5 —6lagl > 5 —3=2>0,

2 3

[t”(z)] = '; +6asz

we arrive at f”(z) # 0. Besides, it is obvious that |ay| = % < % At the same

time, clearly,

zf" (z) 1 1—2ay] 2
m — ] - 9:{ = — .
e( 7 (2) > € <1 +12a32> STFala,) 5

In that case, as a result of Corollary 2, it is clear that f(z) € S*. We also
indicate that, since ‘f” (z)‘ = H + 6(132} < 1, Lemma 1 immediately implies
that the function f(z) is starlike in U.
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Proposition 2 Let f(z) =z+ a1z+ a2 + w32 +--- € A4, 2€U, 0< 6 < %,
and let " (z) # 2a; — 8. Then,

zf" (z)
e (5 i) < S @l = ) K,

where
(1—a) =2(2—0a)]az] [(1 — &) — (2 — o) (2]az| + )] .

@ (&, 8, az) == (2—a)?82+[(2—a) (8 —2laz]) + (1 —)]?

Proof. If we put

—
2—a
in Theorem 1 and just then use Lemma 2, we easily arrive at the desired result
in Proposition 2. O

M + 2|ay| := 0<a<T)

By putting o« = 0 in Proposition 2, we then get the following result.

Corollary 3 Let f(z) =z+ aiz+ w22+ w2+ € A, zeU,0< 6 < %,
and let f"(z) # 2a; — d. Then,

zf" (z) (1 —4]azl) (1 —4|az| — 23)
Re ” < >
6 —2a; + 1" (z) (1 —4|ay| + 28)" + 462

By setting & := 2|a,| in Corollary 3, we also get the following corollary.

= f(z)ek.

Corollary 4 Let f(z) =z4+aiz4+az?+a3z22+--- € A, z€ U, 0 < 2]ay| < %,
and let t"(z) # 0. Then,

zf" (z)> 1 —4]ay
Re < = f(z)ek.
( (z) ) " 1+44]a,f g

The following can be also given to exemplify the result given above.

Example 2 Take f(z) =z + %zz + a3z’ and let |az| < M]—ﬂ. Since
1 1 1
> 1 —6lasl > 1 — ——
T NG
we obtain f"(z) # 0. Furthermore, it is clear that |ay| = }1 < % At the same
time, obviously,

zf" (z) 1 1 —4]ay| 8
R =1—R =—.
e( 7 (2) ) ¢ <1 +24agz> ST dwP 17
In this case, as a result of Corollary 4, it is clear that f(z) € K. Then, since

‘f”(z)‘ = |}1 + 6a3’ < 1, Lemma?2 immediately implies that function f(z) is
convez in U.

>0,

‘f”(z)‘ = ‘l +6a3
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Abstract. In this note we describe the finite groups G having |G| — 2
cyclic subgroups. This partially solves the open problem in the end of [3].

Let G be a finite group and C(G) be the poset of cyclic subgroups of G. The
connections between |C(G)| and |G| lead to characterizations of certain finite
groups G. For example, a basic result of group theory states that |C(G)| = |G|
if and only if G is an elementary abelian 2-group. Recall also the main theorem
of [3], which states that |C(G)| = |G|—1 if and only if G is one of the following
groups: Z3, Z4, S3 or Dg.

In what follows we shall continue this study by describing the finite groups
G for which

IC(G) =G| -2 (%)

First, we observe that certain finite groups of small orders, such as Zg, Z; X Z4,
D12 and Z; x Dg, have this property. Our main theorem proves that in fact
these groups exhaust all finite groups G satisfying (x).

Theorem 1 Let G be a finite group. Then |C(G)| = |G| — 2 if and only if G
is one of the following groups: Z¢, Zy X Z4, D12 or Zy x Dg.

2010 Mathematics Subject Classification: Primary 20D99; Secondary 20E34
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Proof. We will use the same technique as in the proof of Theorem 2 in [3].
Assume that G satisfies (x), let n = |G| and denote by d; = 1,dy,..., dx the
positive divisors of n. If ny = {H € C(G) | [H| =di}|, 1=1,2,...,k, then

K
> nid(di) =n.
i=1
Since |C(G)| = Zlf:] n;{ = n — 2, one obtains

K
D nild(di) —1) =2,
[

which implies that we have the following possibilities:

Case 1. There exists ip € {1,2,...,k} such that ni (d(di,) —1) = 2 and
ni(p(di) —1) =0,Vi# 1.

Since the image of the Euler’s totient function does not contain odd integers
> 1, we infer that ny, =2 and ¢(d;,) = 2, i.e. di, € {3,4,6}. We remark that
d;, cannot be equal to 6 because in this case G would also have a cyclic
subgroup of order 3, a contradiction. Also, we cannot have d;, = 3 because in
this case G would contain two cyclic subgroups of order 3, contradicting the
fact that the number of subgroups of a prime order p in G is = 1 (mod p) (see
e.g. the note after Problem 1C.8 in [1]). Therefore di, =4, i.e. G is a 2-group
containing exactly two cyclic subgroups of order 4. Let n = 2™ with m > 3. If
m = 3 we can easily check that the unique group G satisfying (*) is Zy X Zj.
If m > 4 by Proposition 1.4 and Theorems 5.1 and 5.2 of [2] we infer that G
is isomorphic to one of the following groups:

- Mam;

- Ly X Lym-1;

om—2 om—3

:bsz]’ab:a_])a :b4>,Wherem25;

(a,bla
- Zz X D2m71;

2 4 s
(a,bla?™ " =b?=1,a> =a " ¢, =[c,b] =1, a¢ = o),
where m > 5.
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All these groups have cyclic subgroups of order 8 for m > 5 and thus they do
not satisfy (x). Consequently, m = 4 and the unique group with the desired
property is Z; x Dg.

Case 2. There exist 11,1, € {1,2,...,k}, i1 # iz, such that n;, (p(di,)—1) =
ni, (¢(di,) = 1) =1 and ni(d(di) — 1) = 0,Vi # iy, 1.

Then ni, =ny, =1 and ¢(di,) = d(di,) =2, ie. di,, di, € {3,4,6}. Assume
that di, < di,. If di, = 4, then d;, = 3, that is G contains normal cyclic
subgroups of orders 3 and 4. We infer that G also contains a cyclic subgroup
of order 12, a contradiction. If d;, = 6, then we necessarily must have d;, = 3.
Since G has a unique subgroup of order 3, it follows that a Sylow 3-subgroup of
G must be cyclic and therefore of order 3. Let n = 3-2™, where m > 1. Denote
by n, the number of Sylow 2-subgroups of G and let H be such a subgroup.
Then H is elementary abelian because G does not have cyclic subgroups of
order 2! with i > 2. By Sylow’s Theorems,

ny|3 and n; = 1 (mod 2),

implying that either n; = T orny; = 3. If n; = 1, then G = Z' X Z3, a
group that satisfies (x) if and only if m = 1, i.e. G = Zg. If n; = 3, then
|Coreg(H)| = 2™ ! because G/Coreg(H) can be embedded in S3. It follows
that G contains a subgroup isomorphic with ZE“_1 X Zz. If m > 3 this has
more than one cyclic subgroup of order 6, contradicting our assumption. Hence
either m =1 or m = 2. For m = 1 one obtains G = S3, a group that does not
have cyclic subgroups of order 6, a contradiction, while for m = 2 one obtains
G = Dy, a group that satisfies (). This completes the proof. O
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Abstract. Contractions represents the foundation stone of nonlinear
analysis. That is the reason why we propose to unify two different type
of contractions: almost contractions, introduced by V. Berinde in [2] and
local contractions (Martins da Rocha and Filipe Vailakis in [7]). These
two types of contractions operate in different space settings: in metric
spaces (almost contractions) and semimetric spaces (for local contrac-
tions). That new type of contraction was built up in a new space setting,
which is the pseudometric space. The main results of this paper represent
the extension for various type of operators on pseudometric spaces, such
as: generalized ALC, Ciric’—type ALC, quasi ALC, Ciri¢-Reich-Rus type
ALC. We propose to study the existence and uniqueness of their fixed
points, and also the continuity in their fixed points, with a large number
of examples for ALC-s.

1 Introduction

First, we present the concept of almost contraction, following V. Berinde in
[2].

Definition 1 (see [2]) Let (X, d) be a metric space. T : X — X is called almost
contraction or (8,L)- contraction if there exist a constant & € (0,1) and some
L > 0 such that

d(TX)TU) Sf)d(X)U)—i‘Ld(y,TX)»VX)U eX. (1)
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Remark 1 The term of almost contraction is equivalent to weak contraction,
and it was first introduced by V. Berinde in [2].

Because of the simmetry of the distance, the almost contraction condition
(1) includes the following dual one:

d(TX»TU) Sf)d(X)U)—i‘Ld(X,TU)»VX)U GX) (2)

obtained from (1) by replacing d(Tx, Ty) by d(Ty, Tx) and d(x,y) by d(y,x).
Obviously, to prove the almost contactiveness of T, it is necessary to check

both (1) and (2).

A strict contraction satisfies (1), with & = a and L = 0, therefore it is an

almost contraction with a unique fixed point.

Many examples of almost contractions are given in [1]-[3]. Weak contractions
represent a generous concept, due to various mappings satisfying the condition
(1). Such examples of weak contraction was given by V. Berinde in [2].

Definition 2 [5] Let (X,d) be a metric space. Any mapping T : X — X is
called Cirié-Reich-Rus contraction if it is satisfied the condition:

d(Tx, Ty) < - d(x,y) + B - [d(x, Tx) + d(y, Ty)l, Vx,y € X, (3)
where o, p € Ry and o+ 2 < 1.

Proposition 1 (see [8]) Let (X,d) be a metric space. Any Cirié-Reich-Rus
contraction,i.e., any mapping T : X — X satisfying the condition (3), represent
an almost contraction.

Theorem 1 A mapping satisfying the contractive condition:
there exists 0 < h < % such that

d(Tx, Ty) < h-max{d(x,y),d(x, Tx), d(y, Ty), d(x, Ty),d(y, ™x)}, (4)

for all x,y € X, is a weak contraction.

An operator satisfying (4) with 0 < h <1 is called quasi-contraction.
Remark 2 Theorem 1 prove that quasi-contractions with 0 < h < % are
always weak contractions. However, there exists quasi-contractions with h > 1,
presented in Example 1 by V. Berinde in [2], as it follows:
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Example 1 Let T : [0,1] — [0,1] a mapping given by Tx = % for x € [0,1),
and T1 = 0. Then T has the following properties:
1) T satisfies (4) with h € [%, 1), i.e., T is quasi-contraction;

2) T satisfies (1), with & > % and L > 6, i.e., T is also weak contraction;

: : _2
3) T has a unique fived point, x* = 5.

Since we were familiarized with the class of almost contractions, we intro-
duce the concept of local contractions, another interesting type of operators
with unexpected applications. The concept of local contraction was presented
by Martins da Rocha and Filipe Vailakis in [7].

Definition 3 (see [7]) Let F be a set and let D = (d;)jey be a family of semidis-
tances defined on F. We let o be the weak topology on F defined by the family
D. A sequence (fn)nen+ is said to be 0 — Cauchy if it is dj-Cauchy, Vj € J. A
subset A of F is said to be sequencially o-complete if every o-Cauchy sequence
i A converges in A for the o-topology. A subset A C F is said to be o-bounded
if diam;(A) = sup{d;(f, g) : f, g € A} is finite for everyj € J.

Let r be a function from ] to ]. An operator T : F — F is called local contraction
with respect (D,1) if, for every j, there exists B; € [0,1) such that

\V/f> gc F) dj(Tf) Tg) < Bjdr(j)(f) 9)

Definition 4 The mapping d(x,y) : X x X — R, is said to be
a pseudometric if:

1. d(x,y) = d(y>X);'
2. d(x,y) < d(x,z) +d(z,y);

3. x =y implies d(x,y) =0
(instead of x =y & d(x,y) = 0 in the metric case).

Definition 5 (see [11])

Let v be a function from | to J. An operator T : F — F is an almost local
contraction (ALC) with respect (D,v) or (8,L)- contraction, if there exist a
constant & € (0,1) and some L > 0 such that

d;(Tf, Tg) < o6 -d;(f,g) + L d (g, Tf),Vf,g € F. (5)

Theorem 2 [11] Assume that the space F is 0- Hausdorff, which means: for
each pair f,g € F, f # g, there ewists j € ] such that d;(f,g) > 0.
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If A is a nonempty subset of F, then for each h in F, we let

dj(h,A) ={dj(h,g): g € A}.

Consider a functionv:] — ] and let T: F — F be an almost local contraction
with respect to (D,r). Consider a nonempty, o- bounded, sequentially o- com-
plete, and T- invariant subset A C F.

(E) If the condition

Vjel, nh_}n;)lo BJBT(]) s Brn(j)dianlrn+1 (])(A) =0 (6)

1s satisfied, then the operator T admits a fixed point f* in A.
(S) Moreover, if h € F satisfies

Vie], lm BBy Prngdmer(hyA) =0, (7)
then the sequence (T™h)nen 48 0- convergent to f*.
Example 2 Let X =[0,n] x [O,n] CRZn e N*, T:X =X,

(%Y if (xy) #(1,0)
T(x,y) = { (é,oz) if (x,y) = (1,0)

The diameter of the subset X = [0,n] x [0,n] C R? is given by the diagonal
line of the square whose four sides have length n .
We shall use the pseudometric:

dj ((x1,91), (x2,92)) =Ix1 —x2 - €7,V €], (8)

where | is a subset of N. This is a pseudometric, but not a metric, take for
example:
d;((1,4),(1,3)) =[1-1]- e =0, however (1,4) # (1,3)
In this case, we shall use the function r(j) = % By applying the inequality (5)
to our mapping T, we get for all x = (x1,yY1),y = (x2,Y2) € X

X1 X2

‘7—7 'e_jSe'|x]_X2|'e%j+L'|X2_%"e%j)

for allj € ], which can be write as the equivalent form
i —xal €7 <20 [xi —xa +L- 2% —xl,

The last inequality became true if we take 0 = % € (0,1),L=4>0. Hence T
s an almost local contraction, with the unique fized point (0,0).
T is continuous in the fized point, at (0,0) € Fix(T), but is not continuous at

(1,0) ¢ Fix(T).
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Example 3 With the assumptions from the previous example and the pseu-
dometric defined by (8) where j € ], and v(j) = §, we get another example for
almost local contractions. Considering T : X — X,

o o—y) i oy) £ (L)
”"’y)‘{ 0,00 if (xy) = (1,1)

[N

T is not a contraction because the contractive condition:
dj(Tx, Ty) < 0 - dj(x,y), 9)
is not valid ¥ x,y € X, and for any 0 € (0,1). Indeed, (9) is equivalent with:
| X1 —xal - €7 <0 [x; —xg| - €7,V €.

The last inequality leads us to 1 < 0, which is obviously false, considering
0 €[0,1). However, T becomes an almost local contraction if:

i —xal-e7 <01 —x-e? +L-Pa—xi]-e?

which is equivalent to : eZ <0+L. For0= % €l0,1),L=2>0andj €],
the last inequality becomes true, i.e. T is an almost local contraction with many
fixed points:

FixT ={(x,0) : x € R}.

In this case, we have:

] n+1
VjeT, n113010e““cﬁamrm(.)(A) = lim <3) (n=1)?=0

) n—oo

This way, the existence of the fized point is assured, according to condition (E)
from Theorem 2. The continuity of T in (0,0) € Fix(T) is valid, but we have
discontinuity in (1,1), which is not a fized point of T.

Example 4 Let X be the set of positive functions:
X = {ﬂf . [O) OO) — [O) OO)})
which is a subset of the real functions F ={f: R — R}.

Let dj(f,g) = If(0) — g(0)| - e, Vf,g € X,7(j) = 4, Vj € J. Indeed, d; is a
pseudometric, but not a metric, take for evample d;(x, x?) = 0, but x # x%.
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Considering the mapping Tf = [f|, Vf € X, and using the inequality (1) from
the definition of almost local contractions:

[£(0) — g(0)] - e < 8- [£(0) — g(0)] - €2 +L-|g(0) — f(0)] - e 7

which is equivalent to: e/ < @+ L. This inequality becames true ifj > 0, 0 =
% € (0,1), L=3>0. Hence, T is an ALC. However, T is not a contraction,
because the contractive condition (9) leads us again to the false assumption:
1 < 0. The mapping T has infinite number of fized points: FixT = {f € X} = X,
by taking:

[f(x)] = f(x),Vf e X,x € [0,00)

2 Main results

The main results of this paper represent the extension for various type of
operators on pseudometric spaces, such as: generalized ALC, Cirié-type ALC,
quasi ALC, Ciri¢-Reich-Rus type ALC.

a) Generalized ALC

Definition 6 Let v be a function from ] to J. Let A C F be a t-bounded
sequencially T-complete and T- invariant subset of F. A mapping T: A — A is
called generalized almost local contraction if there exist a constant © € (0,1)
and some L > 0 such that Vx,y € X,Vj € ] we have:

dj(TXa Ty) <0 dr(j)(x>y)

. (10)
+L- mln{dr(j) (X) TX)) dr(j)(y) Ty)) dr(j] (X) Ty)) dr(j) (ya TX)}

Remark 3 It is obvious that any generalized almost local contraction is an
almost contraction, i.e., it does satisfy inequality (1).

Theorem 3 Let T: A — A be a generalized almost local contraction, i.e., a
mapping satisfying (10), and also verifying the condition (7) for the unicity
of fized point. Let Fix(T) ={f}. Then T is continuous at f.

Proof. Since T is a generalized almost local contraction, there exist a constant
0 € (0,1) and some L > 0 such that (10) is satisfied. We know by Theorem 7
that T has a unique fixed point, say f.

Let {yn}s2, be any sequence in X converging to f. Then by taking

Y:i=Yn, x:=f
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in the generalized almost local contraction condition (10), we get
d](Tf)Tyn) < 0- dr(])(f)yn))nzo>1>2) (11)
since f is a fixed point for T, we have

min{dr(j) (X) TX)) dr(j) (y) Ty)) dr(j)(x7 Ty)» dr(j) (y) TX)} = dr(j) (f> Tf) =0.

Now, by letting n — oo in (11), we get Tyn — Tf, which shows that T is
continuous at f. 0

b) Cirié-type almost local contraction

Definition 7 (see Berinde, [4]) Let (X,d) be a complete metric space.
The mapping T : X — X is called Ciri¢ almost contraction if there exist a
constant o € [0,1) and some L > 0 such that

d(Tx, Ty) < a- M(x,y) + L-d(y, ), for all z,y € X, (12)
where
M(X>U) = mﬂX{d(X»y% d(X, TX), d(U» Ty)) d(X, TU), d(U» TX)}

From the above definition the following question arises: it is possible to expand
it to the case of almost local contractions? The answer is affirmative and is
given by the next definition. But first we need to remind the Lemma of Ciri¢
([6]), which will be essential in proving our main results.

Lemma 1 Let T be a quasi-contraction on X and let 1 be any positive integer.
Then, for each x € X, and all positive integers i,j, where i,j € {1,2,---n}
implies o

d(T', Tx) < h-3[0(x,n)],
where we denoted 5(A) = sup{d(a,b) : a,b € A} for a subset A C X.

Remark 4 Observe that, by means of Lemma 1, for each n, there exist k <n
such that
d(x, T*x) = 5[0(x, n)].

Lemma 2 (see [6]) Let T be a quasi-contraction on X.
Then the inequality

5[0(x,m)] < ﬁd(x, T*x)

holds for all x € X.
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Definition 8 Under the assumptions of definition 5, the operator T: A — A
is called Cirié-type almost local contraction with respect (Dyr) if, for every
j €], there exist the constants © € [0,1) and L > 0 such that

d](Tfa Tg) < 0- Mr())(f) 9) +L- dr())(gaTﬂ) fOT all f;g € Aa (13)
where
Mr(j)(f> 9) = max {dr()) (f) 9)) dr()] (f> Tf)) dr(]] (9) T9)> d'r()) (f) Tg)) d‘r(]') (9) Tf)}

Remark 5 Although this class is more wide than the one of almost local con-
tractions, similar conclusions can be stated as in the case of almost local con-
tractions, as it follows:

Theorem 4 Consider a function v : ] — ], let a nonempty, T- bounded, se-
quentially T- complete, and T- invariant subset A C X and let T : A — A be
Cirié- type almost local contraction with respect to (D,r). Then

1. T has a fized point,i.e., Fix(T) ={x € X: Tx =x} # ¢;
2. For any xo = x € A, the Picard iteration {z,};°, converges to x* € Fix(T);

3. The following a priori estimate is available:
en
(1-0)?

dj(xn, x*) < dj(x, T™x), n=1,2.. (14)

Proof. For the conclusion of the Theorem, we have to prove that T has at
least a fixed point in the subset A C X. To this end, let x € A be arbitrary,
and let {xn}3°, be the Picard iteration defined by xni1 = Txn, m € N with
X0 = X.

Take x :=xn_1,Y := X, in (13) to obtain

dj (Xn, Xn41) = dj(TanhTXn) <0- Mr(j)(xnfhxn))

since dj(xn, Txn—1) = dj(Txn—1, Txn—1) = 0. Continuing in this manner, for
n > 1, by Lemma 1 we have

dj(T%, T x) = 4;(TT™ %, T2 T %) < 0 8[0(T™ "X, 2)1.

By using Remark 4, we can easily conclude: there exist a positive integer
ki € {1, 2} such that

SIO(T 1%, 2)] = @j(T™ 'x, T T 'x)
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and therefore
0y xni1) < 0 45T THT ),

By using once again Lemma 1, we obtain, for n > 2,

& (T 1, T T 1) = (T 2%, TR T 2x) <
<0-5[0(T" 2%,k +1)] < 0-5[0(T"%x,3)

—_

Continuing in this manner, we get
dj(T™%, T 'x) < 0 - 8[0(TV 'x,2)] < 0% - 5[0(T™*x, 3)].
By applying repeatedly the last inequality, we get
dj(Thx, T %) < 0-8[0(T" "%, 2)] < --- <O™-8[0(x,n+1).  (15)

At this point, by Lemma 2, we obtain

d[O(x,n+1)] <8[0O(x,00)] < %dj(x,Tx),

which by (15) yields

n

0
d;(T™x, T™X) < 1

edj (x, Tx). (16)
The last inequality and the triangle inequality can be merged to obtain the
following estimate:

e  1-—07
1-0 1-06

dj(T™x, T"Px) < dj(x, Tx). (17)

Let us remind the fact that 0 < 0 < 1, then, by using (17), we can conclude
that {x,}7°, is a Cauchy sequence. The subset A is assumed to be sequentially
T-complete, there exists x* in A such that {x,} is T- convergent to x*. After
simple computations involving the triangular inequality and the Definition
(13), we get

dj(x*, Xn41) + dj(xnp1, TXF)
= (T %, x*) + dj(T™x, Tx*)
< d(T™ %, x*) + 0 max{d; (T™x, w), d;(T™x, T"'x), dj (x*, Tx*),
& (T, Tx), &5 (T %, X" )4 + L - dj(x*, Txn)

Ny
—
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Continuing in this manner, we obtain
dj(x*, Tx*) < dj(T 1%, x™) + 0 - [dj(T™x,w) + dj (T, T )
+ dj(x, ) + & (T T x*)] + L - dj(xF, Txn).

These relations leads us to the following inequalities:

dj(x*, Tx*) < [(140)d; (T %, x*)

1—0
(0 4 L)d;(x*, Txn) + 0d;(T™x, T 'x)].

Letting n — oo in (18) we obtain

d;(x*, Tx*) =0,

which means that x* is a fixed point of T. The estimate (14) can be obtained
from (16) by letting p — oo.
This completes the proof. O

Remark 6 1) Theorem 4 represent a very important extension of Banach’s
fized point theorem, Kannan’s fized point theorem, Chatterjea’s fixed point the-
orem, Zamfirescu’s fized point theorem, as well as of many other related results
obtained on the base of similar contractive conditions. These fized point theo-
rems mentioned before ensures the uniqueness of the fixed point, but the Cirié
type almost local contraction need not have a unique fized point.

2) Let us remind (see Rus [9], [10]) that an operator T : X — X is said to be
a weakly Picard operator (WPO) if the sequence {T™xo} , converges for all
xo € X and the limits are fized point of T. The main merit of Theorem / is
the very large class of Weakly Picard operators assured by using it.

The uniqueness of the fixed point of a Ciri¢ type almost local contraction can
be assured by imposing an additional contractive condition, quite similar to
(13), according to the next theorem.

Theorem 5 With the assumptions of Theorem 4, let T : A — A be a Cirié
type almost local contraction with the additional inequality, which actually
means the monotonicity of the pseudometric:

dy)(f, 9) < dj(f,9),Vf, g€ A, Vje]. (19)

If the mapping T satisfies the supplementary condition: there exist the con-
stants © € [0,1) and some L1 > 0 such that

d)’(Tf) Tg) <0- dr(j)(f) 9) + L] : dr(j)(f) Tf)) f07’ all f;g € A,Vj € J) (20)
then
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1) T has a unique fized point, i.e., Fix(T) = {f*};

2) The Picard iteration {z,}7° 5 given by Xni1 = Txn, M € N converges to f*,
for any xo € A;

3) The a priori error estimate (14) holds;

4) The rate of the convergence of the Picard iteration is given by

dj(xn)f*) ge'dr(j)(xnfhf*)) TLZ],Z,...,Vj E] (21>

Proof. 1) Suppose, by contradiction, there are two distinct fixed points f*
and g* of T. Then, by using (20), and condition (19) for every fixed j € J with
f:=1* g:=g* we get:

dj(f*,g") < 0-d.;(f,g") <0-d;(f",g") & (1-0)-d;(f,g") <0,

which is obviously a contradiction with d;(f*, g*) > 0. So, we prove the unique-
ness of the fixed point.

The proof for 2) and 3) is quite similar to the proof from the Theorem 4.

4) At this point, letting g := xy, f := f* in (20), it results the rate of conver-
gence given by (21). The proof is complete. O

The contractive conditions (13) and (20) can be merged to maintain the
unicity of the fixed point, stated by the next theorem.

Theorem 6 Under the assumptions of definition 8, let T: A — A be a map-
ping for which there exist the constants © € [0,1) and some L > 0 such that
forallf,ge A andVj €]

d;(Tf, Tg) <6 - M5 (f, g)

. (22)
+L- mln{dr(j) (f) Tf)) dr()) (93 Tg)) dr(]) (f) Tg)a dr(j) (g) Tf)})

where

M, (f, g) = max{d,;(f, g), d;5) (f, Tf), dr5) (g, Tg), dy5) (f, Tg), vy (g, TF)}
Then
1. T has a unique fized point,i.e., Fix(T) = {f*};

2. The Picard iteration {zn}3° § given by xni1 = Txn, n € N converges to f*,
for any xo € A;
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3. The a priori error estimate (14) holds.
Particular case

1. The famous Ciri¢’ s fixed point theorem for single valued mappings given
in [6] can be obtain from Theorems 4, 6, 5 by taking L = L[ = 0 and
considering r the identity mapping: r(j) = j. The Ciri¢’ s contractive con-
dition represent one of the most general metrical condition that provide a
unique fixed point by means of Picard iteration. Despite this observation,
the contractive condition given for Cirié—type almost local contraction (in
(13)) possess a very high level of generalisation. Note that the fixed point
could be approximated by means of Picard iteration, just like in the case
of Ciri¢’ s fixed point theorem, although the uniqueness of the fixed point
is not ensured by using (13).

2. If the maximum from Theorem 6 becomes:

max {dr(j) (ﬁ g)) dr(]’) (f) Tf)) dr(]’) (g» Tg)) dr(j) (f> Tg)) dr(j) (9) Tf)} = dj (f> 9)7

for all f,g € A, then we can easily obtain Theorem 2 (E) from Theorem 4.
Also, by Theorem 5 we obtain Theorem 2 (U) (see Zakany,[11]).

In the light of the above informations about the Cirié—type ALC-s, it is
natural to extend it to the Ciri¢-type strict almost local contractions.

Definition 9 Let X be a set and let D = (dj)jej be a family of pseudometrics
defined on X. In order to underline the local character of these type of contrac-
tions, we let A C X a subset of X. We let T be the weak topology on X defined
by the family D. Let v be a function from ] to ]J. The operator T : A — A
1s called C’z’m’é—type strict almost local contraction with respect (D,r) if it si-
multaneously satisfies conditions (Ci — ALC) and (ALC — U), with some real
constants O¢c € [0,1), Lc > 0 and 6, € [0,1), Ly > 0, respectively.

(Ci—ALC) dj(Tf,Tg) < O¢c - My(;)(f, g) + Lc - dy) (g, TF), for all f,g € A,
for every j € ], where

Mr(j)(f) 9) = max {dr(j) (f) 9)) dr(j) (f7 Tf)) dr(j) (9) Tg)) dr(j) (f) Tg)) dr(j) (9) Tf)}

(ALC —U) dj(TF,Tg) < Oy-dy(j)(f, g)+Lu-dyy (f, TF), for all fg € A,Vj €,

We end with a few examples that have an illustrative role. They presents
Ciri¢’ type almost local contractions, without having unique fixed point.
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Example 5 Let A be the set of positive functions A = {f|f : [0,00) — [0, 00)},
which is the subset of all real functions X ={f: R — R}, A C X.
We shall use the pseudometric:

dj(f,g) =If(0) —g(0)I-j, Vj € ;] CN, Vf,g € A.

Indeed, d; is a pseudometric, but not a metric, take for example d; (x3,x%) =0,
but x> # x%. Considering the mapping Tf = |fl, Vf € A, r(j) = j + 1. Note
that the restrictive condition (19) is also verified. By using condition (5) for
almost local contractions:

If(0) —g(0)[-j <0 -[f(0) —g(0)]- (j+ 1)+ L-Ig(0) = f(0)]- (j + 1)

which is equivalent to: j < (0 + L)(j + 1). This inequality becames true if

i>1, 0= % € (0,1), L=3>0, and ]1—1 € (1,2). Hence, T is an almost local

contraction. However, T is not a contraction, because the contractive condition
d(TX7 Ty) S 0- d(x,y)

leads us to the false assumption: 1 < 0.
The map T is Cirié-type almost local contraction, because

M, (f, g) = [f(0) — g(0)[- (j — 1),
and from (13) we have the equivalent form
70) — g(0)]-§ < B-1£(0) — g(0)|- (5 — 1) + L I£(0) — F(O)] - (— 1.
Again, we get the inequality j < (0 + L)(j — 1). The mapping T has infinite
number of fized points: FixT ={f € A} = A, by taking:
[f(x)] = f(x),Vfe A, xe€l0,o0).

In fact, the uniqueness condition (20) is not valid, having in view the equivalent
form:

f(0) —g(0)]-j < 0-f(0) =g(0)- G —1) + Ly - [f(0) = £(0)| - (j — 1),

which leads us to the contradiction j < 0(j —1), i.e. the mapping T not satisfy
the uniqueness condition (20).
In fact, not even (22) is satisfied, by computing M. (f, g) = [f(0)—g(0)]-(j—1)
and min{dr(‘)(f> Tf), dr(j)(gaTg)) dr(j)(f) Tg)a dr(j)(g>Tﬂ} = [f(0) — 9(0)| : (] -1)
(since j > 1). By replacing these values in (22), we get

If(0) —g(0)]-j <6 -1f(0) —g(0)[- (j —1) + L-If(0) —f(O)- (j — 1),

which also lead to the previous contradiction.
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Example 6 By taking the mapping from Ezxample 4, with a small modifica-
tion, which is: let X be the set of positive functions

X={f] f:[0,00) — [0,00)},

which is a subset of the real functions F ={f: R — R}.
Let dj(f, g) = If(x0) — g(x0)l - &, Vf,geX,v(j) =3, Vj€Z.

We can conclude in the same manner that T is also a Cirié type almost local
contraction, i.e., it satisfy the contractive condition (13).
Indeed, we have M. (f, g) = [f(x0) — g(x0)| - eZ. This way, the condition (13)
became the contractive condition for almost local contractions (5).

By considering L = 0 in the definition 8 of Cirié-type almost local contraction,
we get a new type of ALC, that is the quasi-almost local contraction.

¢) Quasi-almost local contractions

Definition 10 Under the assumptions of definition 5, the operator

T:A — A is called quasi-almost local contraction with respect (D,r) if, for
every j € ], there exist the constant © € [0,1) such that

d](Tf> Tg) < 0- Mr(j)(f> 9)) fOT’ all f;g € A) (23)
where
Mr()’) (f> g) = max{dr(j) (f> g)) dr(j) (f) Tf)) dr(j) (9) Tg)) dr(j) (f> Tg)) dr(j) (9) Tf)}

Theorem 7 Consider a function r: ] — ], let a nonempty, T- bounded, se-
quentially T- complete, and T- invariant subset A C X and let T : A — A be
quasi-almost local contraction with respect to (D, 7).

Then

1. T has a fized point,i.e., Fix(T) ={x € X: Tx =x} # ¢;

o0

o0 o converges to x* € Fix(T);

2. For any xo = x € A, the Picard iteration {z,}

3. The following a priori estimate is available:

n

dj(xn,x*) < mdj(x,Tx), n=12... (24)
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Proof. Obviously, we have to follow the steps from the proof of Theorem
4, with the only difference that the constant L = 0, as in the case of quasi
ALC-s. ]

The uniqueness of the fixed point is also assured by imposing an additional
condition, just like in the class of Cirié-type almost local contraction, as it
follows.

Theorem 8 With the assumptions of Theorem 4, let T : A — A be a quasi-
almost local contraction with the additional inequality:

dT(i)(f’ 9) < dj(f> 9))Vf7 ge A,Vj S ] (25)

If the mapping T satisfies the supplementary condition: there exist the con-
stants © € [0,1) such that

dj(Tf, Tg) <0- dr(j)(f, g) +L- dr(j)(f, Tf), for all f,g € A,Vj € J, (26)
then
1. T has a unique fized point,i.e., Fix(T) = {f*};

2. The Picard iteration {zn}3° § given by xni1 = Txn, mn € N converges to f*,
for any xo € A;

3. The a priori error estimate (14) holds;
4. The rate of the convergence of the Picard iteration is given by

dj(Xn)f*) <06 dr(j)(xnfhf*)) n= 1)2) ,V) € ] (27)

d) Ciri¢-Reich-Rus type almost local contraction

Definition 11 Under the assumptions of definition 5, the operator
T:A — A is called Ciri¢-Reich-Rus type almost local contraction with respect
(D, ) if the mapping T : A — A satisfying the condition

dj(Tf7 Tg) < o dr(j)(f) 9) +L- [dr(]’)(f) Tf) + dr(j)(g)Tg)]) (28>
for all f,g in A, where S,L € Ry and 6 +2L < 1

Theorem 9 If the pseudometric d satisfy the condition:

d,(f,g9) < dj(f,g),vj € ], Vf,g € A, then any Cirié- Reich- Rus type
almost local contraction, i.e. any mapping T : A — A satisfying the condition
(28) with L # 1 is an almost local contraction.
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Proof. Using condition (28) and the triangle rule, we get
dj(Tf) Tg) < 5 - dr(j)(f) g) +L- [dr(j)(f) Tf) + dr(j)(g>T9)]
<&-dy(f,g) + L I[dv (g, TF)

The condition for the pseudometric leads us to:

dj(f) 9) > dr(j)(f) 9))
dj(Tf) Tg) > dr(j)(Tf7 Tg)»
d](g>Tf) > dr())(gan)

From this point, we get after simple computations:
(1—0)-dj(Tf, Tg) < (6+L) - dj(f,g) +2L- dm-)(g,Tf) (29)

and which implies

S+L 2t
-1 -1

Considering 6,L € R4 and & 4+ 2L < 1, the inequality (28) holds, with

% € (0,1) and ]ZTLL > 0. Therefore, any Ciri¢-Reich-Rus type almost local
contraction with the condition for the pseudometric, is an almost local con-
traction. O
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Abstract. In the present work, we define new type slant helices called
(k,m)-type and we conclude that there are no (1,k) type (1 < k < 4)
slant helices. Also we obtain conditions for different type slant helices.

1 Introduction

The curve theory has been one of the most studied subject because of hav-
ing many application area from geometry to the various branch of science.
Especially the characterizations on the curvature and torsion play important
role to define special curve types such as so-called helices. The curves of this
type have drawn great attention from mathematics to natural sciences and en-
gineering. Helices appear naturally in structures of DNA, nanosprings. They
are also widely used in engineering and architecture.The concept of slant helix
defined by Izumiya and Takeuchi [6] based on the property that the principal
normal lines of an « curve(with non-vanishing curvature) make constant angle
with a fixed direction of the ambient space. After this lightening work many
researcher have characterized this type of curves in various spaces. For instance
in [1] authors extended slant helix concept to E™ and conclude that there are
no slant helices with non-zero constant curvatures in the space E*. The slant
helix subject are also considered in 3-, 4-, and n- dimensional Eucliedan spaces,
respectively in [7, 10, 12] different dimensions. Moreover different properties
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of helices are also discussed in [4, 8, 11, 13] . On the other hand in A.T Ali, R.
Lopez and M. Turgut extended this study to the k-type slant helix in IE?. In
this study they called o curve as k-type slant helix if there exists on (non-zero)
constant vector field U € Ef such that (Vi,1,U) = const, for 0 < k < 3. Here
Vi1 shows the Frenet vectors of this curve [2].

One may easily conclude that O-type slant helices are general helices and
1-type slant helices correspond just slant helices. They consider k-type slant
helices for partially null and pseudo null curves, and in hyperbolic space.

In accordance with above studies, in this work we define (k, m)-type slant
helices in E* and we show that there are no (1, m) type slant helices in E*.

2 Preliminaries

In this section we will present on brief basic tools for the space curves in E*.
A detailed information can be found in [5].

Let x : 1 C R— E* be an arbitrary curve in Euclidean space E*. The
standard scalar product in E* given by

4
<X) U> = inyi
i=1

where x,y € E*(1 <1<4), Then the curve « is said to be of unit speed
(or parametrized by arclength) if it satisfies <oc/ (s), o (s)> = 1. In addition

the norm of an arbitrary vector x in E* is given by
Ix]l = v/ (x,%)
Let {T,N, By, B} be the moving frame along the unit speed curve o, where

T, N,B; and B, denote, the tangent, the principal normal, binormal and tri-
normal vector fields, respectively. Then the Frenet formulas are given by [3]

T 0 k 0 O[T

Nl |-k 0 k 0] [N )
Byl | 0 -k 0 k3| [Bi|”

B/2 0 0 —k3 0 By

Hence k1, k; and kzare called, the first, the second and the third curvature
of . If k3 # 0 for each s € I C R, the curve lies fully in E*.
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3 (k,m)-type slant helices in E*

In this section, we will define (k, m) type slant helices in E*.

Definition 1 Let & be a regular unit speed curve in E* with Frenet frame
{V1, Vo, V3, Va}. We call « is a (k,m) type slant heliz if there exists a non-
zero constant vector field U € E* satisfies (Vi,U) = m (m constant) for
1 <k <4k # m. The constant vector U is on axis of (k, m)-type slant
heliz. We decompose U with respect to Frenet frame {T,N,B1,Bz} as U =
w T+ wN +u3By +wyBy, where uy = uy (s) are differentiable functions of s.
Here we denote Vi = T, Vo = N, V3 = By, V4 = By. From now on, in sake of
easinesss, we will use these notations and assume that k; # 0, (1 <i<3).

Theorem 1 There are no (1,2) type slant helices in E.

Proof. Assume that « is a (1,2) type slant helix. Then for a constant vector
field U. (T,U) = a is const and (N,U) = b is constant. Differentiating this
equation and using Frenet equations, we obtain k; (N, U) = 0 means that U
is orthogonal to N. O

Theorem 2 There are no (1,3) type slant helices in E*.

Proof. Assume that « is a (1,3) type slant helix. Then we may write (T, U) =
const = a (B,U) = const = b. Also taking account Theorem 1 we decompose
U as follows

U=al+bB; +wB; (2)

Differentiating constant vector U, we get

a (kiN) 4+ b (—kaN + k3B3) + uyBy 4+ 1y (—k3By) =0

ak1N — bkz =0 (3)
—uzkg =0 (4)
U, 4 bkz = 0. (5)

From (4) we get u; = 0 and hence b = 0, which means that there are no
(1,3) type slant helices in E*. O

Theorem 3 There are no (1,4) type slant heliz in E*.
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Proof. Assume that « is a (1,4) type slant helix. Then we may write
U=aT +u;B; +bB;
We know that U is constant then we get

a (kN) +uiBy + 1wy (kN + k3B;) + b (—k3By) =0

ak1 — kz =0 (6)
u; —bk3 =0 (7)
wk; =0 (8)

means that u; = 0 and from (7) we get b = 0, hence there are no (1,4) type
slant helix in E*. O

Corollary 1 There are no (1,k) type slant heliz in E*.

Theorem 4 If « is a (2,3) type slant heliz in E* < there exist a constant
such that

Proof. Assume that o is a (2,3) type slant helix in E*. Then we may write
U=1uT+ aN +bB; + wB,.
Differentiating constant vector U, one may get

u; (kiN) +u;T+ a(—kT+k;Bq)
+b (—kaN + k3B,) + LLIZBZ +uw (—k3By) =0

U —ak; =0 9)
LL]k] — bkz =0 (10)
aky; — k3 =0 (11)
bk +uy =0 (12)
Using (9) and (12)
S
up = ajlq (t) dt (13)
0
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and

S
W = —ka3 (t) dt (14)
0
From (10) we get u; = b%. Taking into account this result in (13) we get

cjlq (t) dt = b2 — ngq (t) dt. (15)
0 0

We assume a and b are constants so we can denote % = const.

Using this fact in (15) we conclude that

ka(t) Jk‘ (t) dt = 0.
0

This completes the proof. O

Theorem 5 There are no (2,4) type slant heliz in E*.

Proof. Assume that o is a (2,4) type slant helix in E*. Then we may write
U=1uT+ aN +u;B; + bB,.
Recall that U is a constant vector, we obtain

u;T+u1 (k]N) + a(—le +sz1)
+15B7 + uy (—koN + k3B;) + b (—k3B1) =0

u;—ak; =0 (16)

wk; —uwk, =0 (17)
aky + U, — bk = 0 (18)
wks =0 (19)

From (19) we get uy = 0. Using this in (17) we get u; = 0 and finally we get
a = b = 0 which means that there are no (2,4) type slant helix in E*. O

Theorem 6 There are no (3,4) type slant heliz in E*.
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Proof. Assume that « is a (3,4) type slant helix in E*. Then we may write

U=uyT+wN+aB;+bB;

Taking into account of the constant vector U we get

(U./] —u2k1)T + (U.]k] +u/2 — Clkz)N
+ (uzkz — bk3) By + (ak3) B, =0
LLI] —Lsz] =0

uikq +u,2—akz =0

uzkz — bk3 =0
(lk3 =0
= a = 0 so there is no (3,4) type slant helix in E*. O
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Abstract. Let R be a ring, M a module, S a monoid, w : S — End(R)
a monoid homomorphism and R * S a skew monoid ring. Then MI[S] =
{migi + -+ mpgnIn > 1, my € Mandg; € Sforeachl < i < n}
is a module over R % S. A module My is Baer (resp. quasi-Baer) if the
annihilator of every subset (resp. submodule) of M is generated by an
idempotent of R. In this paper we impose S-compatibility assumption on
the module My and prove: (1) Mg is quasi-Baer if and only if M[s]g.s
is quasi-Baer, (2) Mg is Baer (resp. p.p) if and only if M[S]r.s is Baer
(resp. p.p), where My is S-skew Armendariz, (3) My satisfies the ascend-
ing chain condition on annihilator of submodules if and only if so does
M[S]r«s, where Mg is S-skew quasi-Armendariz.
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1 Introduction and preliminaries

Throughout this paper R denotes an associative ring with identity and My is
a right R-module. According to [16] a ring R is Baer if the right annihilator of
every nonempty subset of R is generated by an idempotent. Quasi-Baer rings
were initially introduced by Clark [10]. A ring R is quasi-Baer if the right
annihilator of every right ideal of R generated by an idempotent. Another
generalization of Baer rings is p.p.-rings. Recall that a ring R is called right
(resp. left) p.p if right (left) annihilator of every element of R is generated by an
idempotent. Birkenmeier et al. in [7] introduced principally quasi-Baer rings.
A ring R is called right principally quasi-Baer (or p.q.-Baer for short) if the
right annihilator of a principal right ideal of R is generated by an idempotent.

In [1] Armendariz studied the behaver of a polynomial ring over Baer ring.
He proved for a reduced ring R, R[x] is Baer if and only if R is Baer [1, Theorem
BJ. Also, he provid an example to show that the “Armendariz” condition is
not superfluous. Birkenmeier and park [9] extended this result to monoid ring.

We now introduce the definitions and notions used in this paper. If A and
B are non-empty subsets of a monoid S, then an element so € AB ={ab:a €
A,b € B} is said to be a unique product element (u.p. element for short) in the
product of AB if it is uniquely presented in the form of s = ab where a € A
and b € B.

Recall that a monoid S is called unique product monoid (u.p. monoid for
short) if for any two non-empty finite subsets A;B C S there exist a € A
and b € B such that ab is u.p. element in the product of AB. The class
of u.p. monoids are quite large. For example this class includes the right or
left ordered monoid and torsion free nilpotent groups. Every u.p. monoid S is
cancellative [9, Lemma 1.1] and has no non-unit element of finite order.

Assume that R is a ring, S a monoid and w : S — End(R) a monoid homo-
morphism. For each g € S we denote the image of g by wgq (i.e., w(g) = wy).
Then all finite formal combinations ) ' ; a;igi, with point-wise addition and
multiplication induced by (ag)(bh) = (awgy(b))gh form a ring that is called
skew monoid ring and it is denoted by R*S. The construction of skew monoid
ring generalizes some classical ring construction such as skew polynomial rings,
skew Laurent polynomial rings and monoid rings. Hence any result on skew
monoid ring has its counterpart in each of the subclasses.

As a generalization of monoid rings, we introduce the notion of modules over
skew monoid rings. For a module Mg, let M[S] = {m;g; + - + mpgn|n >
1, my € Mand g; € Sfor each1 <1i < n}. Then M[S] is a right module over Rx
S under the following scaler product operation: for m(s) = myg;+---+mugn €
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MIS] and f(s) = ahy +--- + amhm € R% S, m(s)f(s) := Zi’j miwg (aj)gih;.

For a nonempty subset X of Mg, let anng(X) = {r € R|Xr = 0}.

The notion of reduced, Armendariz, Baer, p.p and quasi-Baer module in-
troduced in [18] by Lee and Zhou. A module My is called reduced if for any
m € M and a € R, ma = 0 implies mR N Ma = 0. A module My is called
Baer if, for any nonempty subset X of M, anng(X) = eR where ¢ = e € R.
A module My is called p.p if for any element m € M, anng(m) = eR where
e? = e € R. A module My is called quasi-Baer if, for any right R-submodule X
of M, anng(X) = eR where e? = e € R. Clearly, R is reduced (resp. Baer, right
p.p, quasi-Baer) if and only if Ry is reduced (resp. Baer, right p.p, quasi-Baer).
Lee and Zhou [18] proved that Mg is reduced if and only if M[x]g}, is reduced.
Various results of reduced rings were extended to modules in [18, 2].

Recall that from [6] an idempotent e € R is left (resp. right) semicentral
in R if exe = xe (resp. exe = ex) for all x € R. Equivalently, e = ¢ € R is
left (resp. right) semicentral if eR (resp. Re) is an ideal of R. Since the right
annihilator of a right R-module is an ideal, then the right annihilator of a
right R-module is generated by a left semicemtral idempotent in a quasi-Baer
module. We denote the set of all left (resp. right) semiccentral idempotents of
R with S¢(R) (resp. Sy(R)).

A module My, is called principally quasi-Baer (or p.q.-Baer for short) if, for
any m € M, anng(mR) = eR where e? = e € R. Clearly R is a right p.q.-Baer
if and only if Rg is p.q.-Baer module.

In this paper we introduce and study the concept of S-skew Armendariz
modules as a generalization of S-Armendariz rings [19]. For a u.p. monoid S
and monoid homomorphism w : S — End(R) we show that reduced module
My is S-skew Armendariz. We investigate the quasi-Baer and related con-
ditions on right R * S-module M([S] for a u.p. monoid S and monoid homo-
morphism w : S — Aut(R). We impose S-compatibility assumption on the
module Mg and prove: (1) My is quasi-Baer if and only if M[s]g.s is quasi-
Baer, (2) Mg is Baer (resp. p.p) if and only if M[S]r.s is Baer (resp. p.p),
when My is S-skew Armendariz, (3) Mg satisfies the ascending chain condi-
tion on annihilator of submodules if and only if so does M[S]r4s, when Mg
is S-skew quasi-Armendariz. Our results extend Armendariz [1, Theorem B],
Groenewald [11, Theorem 2], Birkenmeier, Kim and Park [8, Theorem 1.2],
Birkenmeier and Park [9, Theorem 1.2, Corollary 1.3].
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2 S-skew Armendariz modules

Let R be a ring with an endomorphism o. According to [4] for a module My
and an endomorphism o : R — R, we say that My is o-compatible if for each
m € M and r € R, we have mr = 0 if and only if mo(r) = 0. For more details
on o-compatible rings refer to [13, 14].

Definition 1 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. We say that a module Mg is S-compatible if Mg is wg-
compatible for each g € S.

Notic that R is S-compatible if and only if Rg is S-compatible. Now we give
some examples of S-compatible modules.

Example 1 [4, Example 4.4] Let Ry be a domain of characteristic zero, and
R = Ro[t]. Define olg, = idgr, and o(t) = —t. Let Mg := Ry ® Ry @ Ry @

-+, where t € R acts on My as follows: for (mgy, myj,my,...) € M, we set
(mg, my, my,...).t := (0, moko, mykyi, maky,...) where the ki(i € N) are fixed
nonzero integers. We show that M is o-compatible. For this, it suffices to show
that ann(m) = 0 whenever 0 #= m € M. Suppose that (ap, aj, az,---)(byt" +
by t™ ! + “higher terms”) = 0, where ai, b; € Ry for every i € N and b, # 0.
First applying t™ to (ap, aj, az,...) gives

(0,0,---,0,a0kok - - - ke—1y arkiky - - - kry . . ) (br+brp1t+ « higher terms”) = 0.

Upon computing this expression, we deduce that apkoki...k._1br = 0. Since
the characteristic is zero, R is a domain, and koki...k._1b;y # 0, we deduce
that ap = 0. Now, we may proceed inductively to show that all a; = 0. From
this calculation, we deduce that My is o-compatible.

Example 2 [14, Example 1.1] Let Ry be a ring, D a domain and R = T, (Ry)®
Dlyl, where T,(Ry) is upper n x n triangular matriz ring over Ry. Let « :
Dly] — Dlyl] be a monomorphism which is not surjective. We define an
endomorphism & : R — R of R by ®(A & f(y)) = A & «lf(y)) for each
A € Ta(Ry) and f(y) € Dlyl. In [14, Example 1.1] it is shown that R is an
o-compatible.

Example 3 Let R be a ring and oy an endomorphism of R such that R be a o-
compatible for each 1 <1< n. Let S be a monoid generated by {x1,_x2, ceeyXn)
and w : S — End(R) a monoid homomorphism such that w; = (T]i. One can

show that R is S-compatible and R x S = R[X1,X2y...yXn; 01,02, ...,0n].
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According to Lee and Zhou [18] a module My is Armendariz if, for elements
m(x) = mo+myx+---+mpx™ € M[x] and f(x) = ap+a;x+- - -+amx™ € R[x],
m(x)f(x) = 0 implies mya; = 0 foreach 1 < i < n, 1 < j < m. In [21]
Zhang and Chen, introduced the concept of a o-skew Armendariz module and
studied its properties. A module My is called o-skew Armendariz module, if,
whenever m(x)f(x) = 0 where m(x) = mp + nmyx + - - - + mux™ € M[x] and
f(x) = ap+arx+- - -+amx™ € R[x; 0], we have m;o*(b;) = 0 for each 0 < i < m,
0 <j < m. In [19], Liu introduced the concept of a S-Armendariz ring and
studied its properties. In the following we introduce the concept of S-skew
Armendariz module as a generalization of S-Armendariz rings.

Definition 2 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. We say that a module My is S-skew Armendariz module if, for
elements m(s) = mygi+- - -+mngn € M[S] and f(s) = ajh;+- - -+aghy € RxS,
m(s)f(s) =0 implies mywg, (a;) =0 for each 1 <1< n, 1 <j <t. In the case
of w is identity homomorphism, we say Mg is S-Armendariz module.

Notice that for a ring R and monid S with monoid homomorphism w : S —
End(R), R is S-skew Armendariz (resp. S-Armendariz) if and only if Ry is
S-skew Armendariz (resp. S-Armendariz).

Theorem 1 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. Then My is S-skew Armendariz if and only if for every ele-
ments m(s) = mygy+- - +mpgn € M[S] and f(s) = ajhy+---+athy € RxS,
m(s)f(s) =0 implies my, Wy, (aj) =0 for each 1 <j <t and some 1 <1y < t.

Proof. The forward direction is clear. For the converse, suppose that m(s) =
migi+---+mngn € MI[S] and f(s) = ajhy+- - -+ athy € RxS with m(s)f(s)
0. Then there exists T < 1; < n such that mi, W, (a;) = 0 for each 1
j < t. Without loss of generality we can assume that iy = 1. Thus 0
m(s)f(s) = (mag2+---+mugn)f(s). Then by induction on n we can conclude
that mjwg, (a;) = 0 for each 1 < i <mand 1 <j < t. Hence Mg is S-skew
Armendariz. O

Al

If S is a monoid generated by {x} and w : S — End(R) such that w,: = o'
for an endomorphism o of R, then the skew monoid ring R* S is isomorphic to
skew polynomial ring R[x; o] and M[S] is isomorphic to M[x]. Thus we have
the following equivalent condition for a module to be o-skew Armendariz.

Corollary 1 Let My be a module and o an endomorphism of R. Then My is
o-skew Armendariz if and only if for every polynomials m(x) = my + myx +
o max™ € Mx] and f(x) = ap + arx + -+ - + axt € Rlx; 0], m(x)f(x) =0
implies my, ol (qj) =0 for each 0 <j <t and some 0 < 1i; < n.
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Corollary 2 Let R be a ring and o an endomorphism of R. Then R is o-skew
Armendariz if and only if for every polynomials f(x) = ap+ arx + - - + anx™,
g(x) =bo+bix+ -+ bnpx™ € RIx; 0], f(x)g(x) = 0 implies aiocrio(bj) =0
for each 0 <j <m and some 0 < iy < n.

Recall that a module My is reduced if, for any m € M and a € R, ma =0
implies mR N Ma = 0.

Lemma 1 The following are equivalent for a module Mg.
(i) Mg is reduced and S-compatible.
(ii) The following conditions hold for any m € M,a € R and g € S,

(a) ma =0 implies mRa = 0.
(b) ma =0 if and only if mwg(a) = 0.

(c) ma? =0 implies ma = 0.

Proof. The proof is straightforward. g

For an element f(s) = ajg; + -+ + angn € R xS with a; # 0 for each i, we
say that length (f(s)) = n and denote it by {(f(s)). Similarly, we can define
€(m(s)) =t for an element m(s) = mihy +--- + m¢hy € MJ[S].

Proposition 1 Let R be a ring, S a u.p. monoid and w : S — End(R)
a monoid homomorphism. Then S-compatible reduced module My is S-skew
Armendariz.

Proof. Assume that m(s) = myg; + -+ + mugn € MIS] and f(s) = ajhy +
-+ 4+ athy € R+ S with m(s)f(s) = 0. We proceed by induction on £(m(s)) +
0f(s)) = n+t. If £(m(s)) = 1 or £(f(s)) = 1, then the result is clear
Since u.p. monoids are cancellative by [6, Lemma 1.1]. From m(s)f(s) = 0
there exist 1 < 1 < n,1 < j < t such that gih; is u.p. element in the

product of two subsets {gi,...,gn} and {hi,...,h} of S. Without loss of
generality we can assume that i = j = 1. Thus mywg,(a;) = 0 and so
mya; = 0 since My is S-compatible. Therefore 0 = m(s)f(s)a; = (myg7 +

<o+ Mmpgn)(aiwy, (ar)hy + - -+ + arwp, (ar)ht). By using of Lemma 1, from
mia; = 0 we have mjwyg, (ajwhj(cu)) =0 for each 1 <j <t since My is re-
duced and S-Compatible. Thus 0 = m(s)f(s)a; = (mag2+- - -+mngn)f(s)a; =
m/(s)(f(s)ar). Since £(m/(s))+L(f(s)a;) < n+t satisfying m’(s)f(s)a; = 0, by
induction hypothesise miwgi(ajwhj (ar)) = 0 which implies that miaja; =0
for each 2 <1 < n,1T <j < t, since Mg is S-compatible. Thus mia% =90
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and so mya; = 0 for each 2 < i < n, by Lemma 1. Hence 0 = m(s)f(s) =
m(s)(azhy +-- -+ atht). Then by induction mijwg, (a;) =0 for each 1 <i<n
and 1 <j <t. Therefore My is S-skew Armendariz. O

If w is identity homomorphism (i.e. wy = idg the identity homomorphism of
R for each g € S) we deduce the following corollary.

Corollary 3 Let Mg be a reduced and S a u.p. monoid. Then Mg is S-
Armendariz.

Corollary 4 [2, Theorem 2.19] Every reduced module is Armendariz.

Corollary 5 Let R be a reduced ring, S a u.p. monoid and w : S — End(R)
a monoid homomorphism. Then R is S-skew Armendariz.

Proposition 2 Let S be a monoid and Mg a S-skew Armendariz module. If
m(s) =mygs + -+ Mugn € MIS] and fi(s) = ajh] + -+ aj hy € R*S for
1 <1i <X are such that m(s)fi(s)---fi(s) =0, then

1 2 K
ming(ah)wgiwhg] (a,)- Bt Thed EEE e i (a;) =0

foreach T <j<mnand1 <i, <t,1<r<k.

Proof. Suppose m(s)fi(s)---fx(s) = 0. Then from m(s)(fi(s)---fx(s)) =
0 we have mngj(a) = 0 for each 1 < j < n and each coefficient a of
f1(s)f2(s) - - - fi(s), since Mg is S-skew Armendariz and S-compatible. Thus
(mjgjfi(s))fa(s)--- fk(s) = Oforeach 1 <j <m.Thus mjwy, (al1 Jwg; Wy (a’) =
i
0 for each T <j <mn, 1 <1 <ty and each coefficient a’ of f3(s)---fi(s). By
continuing this manner, we see that mngj(ag])ng W1 (aizz) T Wg Wy .
U 1
W k-1 (afk):Oforeach]gjgnandlgirgti,lgrgk. O
k-1
As a consequence of Propositions 1 and 2 we have the following result.

Corollary 6 Let R be a ring, S a u.p. monoid and w : S — End(R) a
monoid homomorphism. Let Mg be a S-compatible reduced module. If m(s) =
migr + -+ Mngn € MIS] and fi(s) = alhl + - +a} €R*S for1<i<k
are such that m(s)fy(s)---f(s) =0, then

1 2 K
ming(%)ngwh;] (af,)- W Pl "‘wh‘f]:] (aj) =0

foreach1 <j<mnand1 <i, <t,1<r<k.
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It is proved in [18, Theorem 1.6] My is reduced if and only if Mx]gy is
reduced. In the following we extend this result to M[S]g.s.

Proposition 3 Let R be a ring, S a u.p. monoid and w : S — End(R) a
monotid homomorphism. Then module My is reduced and S-compatible if and
only if M[Slgrss is reduced.

f(s) = athy + - -- + athy € R% S with m(s)f(s) = 0. Let g(s) = biky + - --
bnkm € R+ S and k(s) = nysy + --- +npsp, € M[S] such that m(s)g(s)
k(s)f(s) € m(s)(R*S) N MI[S]f(s). From m(s)f(s) = 0 we have miwy, (a;) =
0 = myaq; for each 1 <1 <n,1 <j <t, by Proposition 1 and S-compatibility
assumption on Mg. Then by Lemma 1 we have m;ra; = 0 for each v € R
which implies that 0 = m(s)g(s)f(s) = k(s)f(s). Therefore niaja; = 0 for
each T < i <pand 1 <j,f <t by Proposition 2. Thus nia? = 0 and so
nia; = 0 for each 1 <i <pand 1 <j <t by Lemma 1. Therefore k(s)f(s) =0
which implies that m(s)(R * S) N M[S]f(s) = 0 and hence M[S]gs is reduced.
Conversely, assume that M[S]g.s is reduced and m € M, r € R with mr =
0. Also assume that n € M;a € R such that ma = nr € Mr N mR. Put
m(s) = mg and k(s) = nh for some g,h € S. Thus m(s)a = k(s)r € M[S]rN
m(s)(R xS). Since M[S]g4s is reduced M[S]r N m(s)(R * S) = 0 which implies
that ma = nr = 0. Hence My is reduced. Now, assume that mr = 0 for some
m € M and r € R. For each g € S we have mgr = mwg(r)g € M[S][rnm(RxS).
Since M([S]rss is reduced, M[S]rNm(R*S) = 0. Thus mwgy(r) = 0. Clearly, if
mwg(r) = 0 for each g € S we have mr = 0. Therefore My is S-compatible. []

Proof. Assume that My is reduced and m(s) = mygy + - - - + mugn € MIS],
+

Corollary 7 Let R be a ring and o an endomorphism of R. Then My is
reduced and o-compatible if and only if MIx|gy.q 5 reduced.

Corollary 8 Let R be a ring and o an endomorphism of R. Then R is reduced
and o-compatible if and only if R[x; 0] is reduced.

3 Extensions of Baer and quasi-Baer modules

In this section we study on the relationship between the Baerness and p.p-
property of a module Mg and right R * S-module M([S].

According to [5] a module My is called quasi-Armendariz if whenever m(x)
R[X]f(x) = 0 for m(x) = mo+myx+---+mux" € M[x] and f(x) = ap+ ajx+
-+ apx™ € R[x], then mijRa; =0 forall 1 <i<mnand1<j<m. LetS be
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a monoid. According to [12] a ring R is called S-quasi Armendariz if for each
two elements &« = ajgy + -+ + angn, B = bihy + --- + byhiy € RIS] satisfy
aR[s]3 = 0, implies that a;jRb; =0 foreach 1 <i<mand 1 <j <m.

Definition 3 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. A module My is called S-skew quasi-Armendariz, if for any
m(s) =mygy+---+mngn € MIS] and f(s) = athy +-- -+ athy € R*S satisfy
m(s)(RxS)f(s) = 0 implies that migiRgajh; =0 for each 1 <i<n, 1 <j <t
and g € S.

Clearly a ring R is S-skew quasi-Armendariz if and only if Rg is S-skew quasi-
Armendariz.

Birkenmeier and Park in [9, Theorem 1.2] proved that for a u.p. monoid S
the monoid ring R[S] is quasi-Baer (resp. right p.q.-Baer) if and only if R is
quasi-Baer (resp. right p.q.-Baer). In the following we extend these results to
MIS] as a right R * S-module.

Theorem 2 Let R be a ring, S a w.p. monoid, w : S — Aut(R) a monoid
homomorphism. If My is S-compatible, then we have the following:

(i) Mg is right p.q.-Baer if and only if M[S]rs«s is right p.q.-Baer.
(ii) Mg is quasi-Baer if and only if M[Slr«s is quasi-Baer.
In this case, My is S-skew quasi-Armendariz.

Proof. (i) Assume that R is right p.q.-Baer. Let m(s) = myg;+---+mugn €
MIS]. There exists e; € S¢(R) such that anng(m;R) = eR for 1 < 1 < n.
Then e = ejez---en € S¢(R) and eR = (L, anng(m;R). Since every com-
patible automorphism is idempotent stabilizing by [3, Theorem 2.14] we have
e(Rx*S) C anngss(m(s)RxS). Note that anng.s(m(s)R*S) C anng.s(m(s)R).
Now we show that anng,s(m(s)R) C e(R*S). Let g(s) =bih;+---+bnhnm €
anngss(m(s)R). Then m(s)Rg(s) = 0. We proceed by induction on n to show
that g(s) € e(R*S). Let n = 1. Then mygi;R(bjh; + --- 4+ bthy) = 0. Thus
migi1Rbjh; = 0 for each 1 <j < t, since S is cancellative, by [9, Lemma 1.1].
Since wy, is automorphism mjRwyg, (b;) = 0 and so wg, (b;) € anng(mR) =
e1R for each 1 < j < t. Thus wg,(bj) = ejwg,(b;) and so b; = ejb; for
each T < j < t, since wy, is a compatible automorphism of R. Therefore
b; € e1R = eR. Hence g(s) = eg(s) € e(R x§), as desired. Now assume that

(%) (mygr + -+ -+ mngn)R(byhy +--- +bthy) = 0.
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Since S is u.p. monoid there exist 1 < i < n,1 < j < t such that gih;j is
u.p. element in the product of two subsets {g1,...,gn} and {hq,..., ¢} of S.
Without loss of generality we can assume that i = n,j = t. Thus m,;gnRbih; =
0. That is wyg, (bt) € anng(mpR) = exR and wy, (by) = enwy, (by). Since wg,
is a compatible automorphism of R, by = e, by and by € e,R. Replacing R by
Re, in the equation (x) we have (myg; + -+ + muy_1gn_1)R(enbihy + -+ +
enbithy) = 0. By induction on n we have enbj € RN eRN---Ney R
for each 1T < j < t. In particular, by € ejRN --- N ey_1R. Therefore by =
enbt € e RN---Ne,R =¢eR = ﬂ}; anng(myR). Since wg, is a compatible
automorphism of R for each T <1 < n we have

(%) (mygr + -+ mngn)R(b1hy +--- +by_1h1) =0.

Since S is u.p. monoid there exist 1 <1 < n,1 <j < t—1 such that gih;

is uw.p. element in the product of two subsets {g1,...,gn} and {hy,...,h_1}
of S. Without loss of generality we can assume that i = n,j = t — 1. Thus
MngnRb_1h1 = 0 which implies that wg, (by) € ann(m,R) = exR and

Wy, (bi—1) = enwg, (br_1). Therefore by_1 = enbi_1, since wy, is an idempo-
tent stabilizing automorphism of R. Replacing R by Re;, in the equation (x*) we
have (myg1+- - -+mMn_1gn—1)Ren(brhy+---+by_1ht_1) = 0. Then by induction
on n we can conclude that e bj € anng(m;R) N --- N anng(m,—1R) for each
1 <j <t—1and hence b1 = eybi—1 € NI ;anng(myR) = eR. Therefore from
the equation (#x) we have 0 = (mygy + -+ + mngn)R(b1hy + -+ - + brrh2).
By continuing this process we can conclude that b; € Ni*;anng(m;R) = eR
for each 1 < j < t which implies that g(s) = eg(s). Thus anng(m(s)R) C
e(R*S). So we have anng,s(m(s)(R*S)) C anng(m(s)R) C e(R % S). Hence
anngss(m(s)R* S) = e(R % S). Therefore M[S]g4s is p.q.-Baer.

Conversely assume that M[S]gss is p.q.-Baer. Take m € M. Then anngss
(m(R*S)) = e(s)(Rx*S) for some idempotent e(s) = ejs;+---+ensy in R*S.
Let a € anng(mR). Since My is S-compatible, anng(mR) C anng,s(m(R *
S)) = e(s)(R x S). Therefore a = e(s)a = (e1g1 + - - + engn)a. Thus there
exist 1 < ip < n such that a = eiowgio(a) and so anng(mR) C e;,R. Since
e(s) € anngys(m(R * S)) then 0 = mRe(s) = mR(eys71 + --- + engn). Since
S is cancellative mRe; = 0 for each 1 < 1 < n. Thus e;; € anng(mR) and
hence anng(mR) = e, R. Also, e;, is idempotent, since e;, € anng(mR),a =
eiowgio(a) for each a € anng(mR) and W, s idempotent stabilizing, we
have e;, = e, Wg;, (ey,) = eizo. Therefore R is p.q.-Baer.

(ii) Assume that My is quasi-Baer. First we show that My is S-skew quasi-
Armendariz. Suppose that m(s) = myg; + -+ + mugn € M[S] and f(s) =
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arhy 4+ -+ -+ athy € R% S such that m(s)(R x S)f(s) = 0. Thus m(s)rgf(s) =0
for each r € R, g € S. We proceed by induction on £(m(s)) + €(f(s)) =n+t.
If {(m(s)) = 1, then mygirg(aihy + - - + athy) = 0. Since S is cancellative
migirgajh; = 0, as desired. Also if {(f(s)) = 1 the result is clear. From

(%) (myg1 + -+ mngn)rglathy + -+ + athy) =0

there exist 1 <1 < n,1 <j <t such that gihj is u.p. element in the prod-
uct of two subsets {g1,...,gn} and {hy,...,h} of S. Without loss of gen-
erality we can assume that i = n,j = t. Then mpgnrgathy = 0 and so
MpWg, (Twg, wg(ay) =0 =mur'wg, wg(ay). Thus wg, wg(ai) € anng(myR)
eR such that e? = e € R and so Wy, wyl(ay) = ewg, wg(at). Replacing rg by
Teg in the equation () we have

(mig1 + -+ mMp_1gn_1)reglathy +--- +athy) =0

since wy is idempotent stabilizing by [3, Theorem 2.14]. Then by induction
we can conclude that mijgiregajh; = 0 for 1 <i <n—1,1 <j < t. Thus
migiregathy = 0 and so migirewg(ag)ghy = 0 for each 1 < i < n —1.
Since wg, wgy(ay) = ewg, wy(at) and wgy, is a compatible automorphism of
R, wg(ay) = ewg(ay). Thus 0 = mygirewq(as)ghy = migirwg(a¢)gh for each
1 <1< n—1.On the other hand m,gnregaihy = 0 and hence migirgathy =0
for each T < i < mn. Thus 0 = m(s)rgf(s) = (Mg + -+ + Mngn)rg(aihy +
-+-+a¢_1h¢_1). Then by induction hypothesis m;igirgajh; = 0 for each 1 <1 <
n, 1 <j <t—1. Therefore m;giRgajh; = 0 foreach 1 <1 <n,1 <j < t. Hence
Mg is S-skew quasi-Armendariz. Let V be a submodule of M[S]. Let U be a
right R-submodule of M generated by all coefficients of elements of V. Since Mg
is quasi-Baer anng(U) = eR for some e? = e € R. Thus e(R*S) C anng.s(V),
since ws is compatible automorphism for each s € S. Suppose that g(s) =
bihy+- - -+ bitht € anng.s(V). Thus for each m(s) = mygi+---+mugn €V,
m(s)(R * S)g(s) = 0 and hence migiRgbjh; =0 foreach 1 <i<n, 1 <j<t
since My is S-skew quasi-Armendariz. Therefore wg,wgy(bj) € anng(U) = eR
which implies that wg,wgy(bj) = ewg,wy(b;) for each 1 <1 <n, 1 <j <t
Since ws is compatible automorphism of R for each s € §, b; = eb; for each
1 <j <t Thatis g(s) € e(RxS) and so anng.s(V) C e(RxS). Hence M[S]rss
is quasi-Baer.

Conversely, assume that M[S]g.s is quasi-Bear and U is a right R-submodule
of Mg. Then as in the proof of the sufficiently of (i), one can show that
anng(U) is generated as a right R-submodule, by an idempotent of R.Therefore
M is quasi-Baer. O

Now we obtain the following results as a corollary of Theorem 2.
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Corollary 9 Let R be a ring, S a u.p. monoid, w : S — Aut(R) a monoid
homomorphism and Mg is a S-compatible module. Then we have the following:

(i) Mg is a reduced p.p.- module if and only if M[Slrss is a reduced p.p.-
module.

(ii) Mg is a reduced Baer module if and only if M[Slr«s is a reduced Baer
module.

Proof. (i) Clearly reduced p.p.- modules are p.q.-Baer. Then the result follows
from Theorem 2 and Proposition 3.

(ii) The result follows from Theorem 2 and the fact that a reduced quasi-
Baer module is Baer. g

Corollary 10 Let R be a ring and S a u.p. monoid. Then we have the follow-
mng:

(i) [6, Theorem 1.2] R is quasi-Baer (resp. right p.q.-Baer) if and only if
R[S] is quasi-Baer (resp. right p.q.-Baer).

(ii) [6, Corollary 1.3] R is reduced Baer (resp. p.p.- ring) if and only if R[S]
is a reduced Baer (resp. p.p.- ring).

Corollary 11 Let My be a module. Then the following are equivalent:
(i) Mg is quasi-Baer (resp. p.q.-Baer).

(ii) Mxlgp ts quasi-Baer (resp. p.q.-Baer).

(iii) MIx, X_]]R[x,x—‘] is quasi-Baer (resp. p.q.-Baer).

Corollary 12 Let R be a o-compatible ring for an automorphism o of R. Then
the following are equivalent:

(i) R is quasi-Baer (resp. p.q.-Baer).
(ii) R
(i)
)
)

[x; 0] is quasi-Baer (resp. p.q.-Baer).

R[x,x ;0] is quasi-Baer (resp. p.q.-Baer).
(iv) R[x] is quasi-Baer (resp. p.q.-Baer).
Rlx

(v

is quasi-Baer (resp. p.q.-Baer).
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Birkenmeier et al. [6, Example 1.5] showed that the “u.p. monoid” condition
on S in Theorem 2 is not superfluous.

The next example shows that the “S-compatibility” assumption on Rg in
Theorem 2 is not superfluous.

Example 4 [15, Example 2| Let K be a field, A = K[s,t] a commutative
polynomial ring, and consider the ring R = A/(st). Then R is reduced. Let
S=s+ (st) and t =t + (st) in R = A/(st). Define an automorphism o of R
by 0(s) =t and o(t) =5. Hirano in [15] showed that R[x; 0] is quasi-Baer but
R is not quasi-Baer. Since o(s5t) = 0 but 50(t) =52 # 0 (since R is reduced),
hence o is not compatible. Therefore the “compatibility” assumption on o is
not superfluous.

Theorem 3 Let R be a ring, S a u.p. monoid and w : S — Aut(R) a monoid
homomorphism. If My is a S-compatible and S-skew Armendariz module, then
Mg is Baer if and only if M[S]r«s is Baer.

Proof. The proof is similar to that of Theorem 2. O

Corollary 13 Let R be a ring, S a u.p. monoid and w : S — Aut(R) a
monoid homomorphism. Let Mg is S-compatible reduced module. Then Mg 1is
Baer if and only if M[Slr«s is Baer.

Proof. This follows from Proposition 1 and Theorem 3. g

Corollary 14 Let R be a o-compatible ring for an automorphism o of R. If R
is o-skew Armendariz, then the following are equivalent:

Theorem 4 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. If My is S-compatible and S-skew quasi-Armendariz, then Mg

satisfies the ascending chain condition on annihilator of submodules if and only
if so does M[S]gss.
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Proof. Assume that My satisfies the ascending chain condition on annihilator
of submodules. Let V; C V, C ... be a chain of annihilator of submodules of
M[S]gr«s. Then there exist submodules K; of M[S]g.s such that anng.s(K;) =
Vi and K; D Ki g for each i > 1. Let U; be a submodule of M generated by
all coefficients of elements of K;. Clearly Uy D Uy D ---. Then anng(U;) C
anng(U;) C --- is a chain of annihilator of submodules of Mg. Since Mg
satisfies the ascending chain condition on annihilator of submodules there
exists 1 > 1 such that anng(U,) = anng(U;) for all i > n. We show that
anngss(Kn) = anng.s(K;) for all i > n. Let f(s) = ajhy + aoho +-- -+ athy €
anng.s(Ki). For each m(s) = myg; + - -+ + mugn € Ky, m(s)(R x S)f(s) =
0. Therefore m;giRgaph, = 0 for each 1 < j < n,T < p < t since M[S]
is S-skew quasi-Armendariz. Thus mjRwg wg(ay) = 0 and so mjRa, = 0,
since Mg is S-compatible. Therefore a, € ann(U;) = ann(U,) for each 1 <
p < t and hence f(s) € anng,s(K;y). Thus anng.s(Ky) = anng.s(Ki). Now
assume that M[S]g.s satisfies the ascending chain condition on annihilator of
submodules. Let U; € Uy C --- be a chain of annihilator of submodules of
Mg. Then there exist submodules M; of M such that anng(M;) = U;. Thus
M; D M; D ---. Hence My[S] is a submodule of M[S]gss, Mi[S] D M; 1[S]
and anng.s(M;i[S]) € annges(Mi1[S]) for all i > 1. Thus anng.s(M;[S]) C
anng.s(M;[S]) C --- is a chain of annihilator of submodules of M[S] and so
there exists n > 1 such that anng.s(Mn[S]) = anng.s(M;[S]). We show that
anng(M,) = anng(M,;) for 1 > n. Assume that r € anng(M;). Since M is
S-compatible, T € anng.s(M;[S]) = anng.s(Mnu[S]) for all i > n. For each
m(s) € Mu[S] and v € R, m(s)(R * S)r = 0 which implies that m,g,Rgr =
0 for each T < p < t,g € S, since My is S-skew quasi-Armendariz. Thus
mpRwg wy(r) = 0= myRr, since Mg is S-compatible, and so r € anng(M,).
Therefore anng(M;) = anng(M,,). O

Corollary 15 Let My be a module and o a compatible automorphism of R.
The following are equivalent:

(i) Mg satisfies the ascending chain condition on annihilator of submodules.

(ii) Mxlgpo) satisfies the ascending chain condition on annihilator of sub-

)

modules.

(iii) M[x, X’I]R[nyq;g] satisfies the ascending chain condition on annihilator
of submodules.
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