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Abstract. Recently Chaurasia and Gill [7], Chaurasia and Kumar [§]
have solved the one-dimensional integral equation of Fredholm type in-
volving the product of special functions. We solve an integral equation
involving the product of a class of multivariable polynomials, the mul-
tivariable H-function defined by Srivastava and Panda [29, 30] and the
multivariable I-function defined by Prasad [21] by the application of frac-
tional calculus theory. The results obtained here are general in nature and
capable of yielding a large number of results (known and new) scattered
in the literature.

1 Introduction and preliminaries

Fractional calculus is a field of applied mathematics that deals with derivatives
and integrals of any arbitrary real or complex order. The widely investigated
subject of fractional calculus has gained importance and popularity during
the past four decades or so, chiefly due to its demonstrated applications in
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numerous seemingly diverse fields of science and engineering including turbu-
lence and fluid dynamics, stochastic dynamical system, plasma physics and
controlled thermonuclear fusion, nonlinear control theory, image processing,
nonlinear biological systems, astrophysics (see, for details, [6, 5, 15, 26, 31]
and for recent works, see also [18, 19]). Under various fractional calculus oper-
ators, the computations of image formulas for special functions of one or more
variables are important from the point of view the solution of differential and
integral equations (see, [1, 2, 3, 13, 12, 15, 22, 23, 24, 25]). In this paper, we use
the fractional calculus, more precisely the Weyl fractional operator to resolve
the one-dimensional integral equation of Fredholm type involving the product
of special functions. The integral equations occur in many fields of physics,
mechanics and applied mathematics. In the last several years a large number
of Fredholm type integral equations involving various polynomials or special
functions as kernels have been studied by many authors notably Chaurasia et
al. [7, 8], Buchman [4], Higgins [10], Love [16, 17], Prabhakar and Kashyap [20]
and others. In the present paper, we obtain the solutions of following Fredholm
integral equation.
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The multivariable I-function defined by Prasad [21] is an extension of the
multivariable H-function defined by Srivastava and Panda [29, 30]. It is defined



Fredholm type integral equation with special functions 7

in term of multiple Mellin-Barnes type integral:
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the existence and convergence conditions for the defined integral (2), see
Prasad [21].

The condition for absolute convergence of multiple Mellin-Barnes type con-
tour (1) can be obtained by extension of the corresponding conditions for

multivariable H-function:

1
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where i = 1,--- ;1. The complex numbers z; are not zero. We establish the

asymptotic expansion in the following convenient form:

I(z1, 2] =0 (lz1*" -+ 1zl* ), max (|zif, -+, lzl) = 0

I(z1, - ,2;) =0 (Iz11P" -y 1zelPr), min (21, -, |z4]) — o0
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b!*)
where k =1,--- ,1; & = min [ER <(5]“<’>] =1, ,mk;
j

(%) _
and B = max [SR <al(k]])] =1, ,nlk,
o

)
The generalized class of multivariable polynomials defined by Srivastava [28],

is given as
(Ni/Mq] INs/Mg]
N] M K (_Ns)
SMh-Ms _ 1Ky M;sKs
S UTREER N Z Z K n
A[NMK];'”; S)Ks]y]f]"'ysKS?

where My, - -+ , Mg are arbitrary positive integers and the coefficients A[N7, K;
-3 Ns, Kg] are arbitrary constants, real or complex.
The generalized polynomials of one variable defined by Srivastava [27], is
given in the following manner:

IN/M]

N0 = Y M AN KK, 5)
K=0 )

where the coefficientsA [N, K] are arbitrary constants real or complex.
The series representation of the multivariable H-function defined by Srivastava
and Panda [29, 30] is given by Chaurasia and Olka [9] as

"o B )3T,
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and
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Let J denote the space of all functions f which are defined on R and satisfy
(i) f € C>® (RT)
(ii) limy—00 [XYfT(x)] = O for all non-negative integersy and r.
(iii) f(x) =0(1) as x — 0.
For correspondence to the space of good functions defined on the whole real
line (—oo0, c0).

The Riemann-Liouville fractional integral (of order u) is defined by

D Mf(x)} = oD *{f(x)}
x 10
:F(L)L x—w)* ! f(w)dw (R(n) >0,feT), (10)

where D*{f(x)} = ¢(x) is understood to mean that ¢ is a locally integrable
solution of f(x) = D™™{¢(x)}, implying that D" is the inverse of the fractional
operator D™H,

The Weyl fractional (of order h) is defined by Laurent [14] as following:

1 o0 _
WRHX)} = DR} = i J (£ — )" £(E)dE, (1)

where R(h) > 0 and f € 7.
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2 Solution of the Fredholm integral equation (1)

For convenience, we shall use these following notations:
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We have the following formula:

Lemma 1

t t
_ _ . X X
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where 1, i and as are defined respectively by (7), (8) and (18). Also, provided
that
(a) R() > R(B), . .
b.l
o) m{mpzl s (%) ez o (9] >0,
(c) largzi| < _Q nt, where Q; is defined by (4),
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Proof. To prove the lemma first we use the definition of Weyl fractional inte-
gral given by (11), express the class of multivariable polynomials SM]“ ' Ii‘vsl *[]in
series with the help of (4), the multivariable H-function in series with the help
of (6) and the multivariable I-function defined by Prasad [21] in Mellin-Barnes
type contour integral. Now we interchange the order of summation and inte-
grations (which is permissible under the conditions stated), we evaluate the
t-integral and reinterpreting the resulting Mellin-Barnes contour integral as
terms of the multivariable I-function, we obtain the desired result. ]

Theorem 1

[N1/M1] NS/MS Oc(i]
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(23)
under the same conditions and notations that (22).

Proof. Let E denote the first member of the equation (23). Then using the 1
and applying (11), we have

E:ro f(y) (£ — )BT g gMi M |y <X>t oy <X>t
0 r(o(_ﬁ) N1, ,Ng 1 E ) y Us E
p P q q
< (§) o (B) il (B) oo (7) ] oen
oo t t P %
e () e ()| () (3)]
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A /ST (R
O

The change the order of integration is assumed to be permissible just as in the
proof of the lemma 1. Now by applying to definition (11) and (24), it gives

o) (b ) o
x 1[7,1 (’g)q, 2z (’g)q] {Dﬁ—“{f(y)} dy} de. (25)

We obtain the desired result where f € J andx > 0, under the same conditions
that (22).

* M M
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3 Particular cases
We obtain the similar formula with the class of polynomials of one variable
defined by Srivastava [27]. We have

Corollary 1
IN/M] o) /

[Tioq b )21 (—N)
JBZZZ¢1&H. N

K=0 mi=0n/=0 1* m; T

AN, K] (X
y
2 )q
] T
]*B*tKipZi:1ui;q)"' )q)7A
B
Zr

K % IVT 0,nr+1;Xs

u Uripr+1,qr+T;Wy

) tKtp iy W

(=3P

(. ‘A;(
‘x q B;“_(x_tK_pZiT:1ui;q)”')q))
(g (26)

2 ()"
1 15 N
e B x DP*[f(x)] dy,
() v
Yy

under the same conditions and notations that (22).

If the multivariable I-function reduces to the multivariable H-function defined
by Srivastava and Panda [29, 30], we obtain the following result:
Corollary 2

’

Ne/Mal INg/Ms] oV o0

(I)\) ) i= 1ni
[ X z.zz&“”‘ -
=0 my On =0 1 1
tZi:1 Ki+p 21:1 U;
X
(%) el W
Z1 x
(y> ]_ _tzl ]K ZI:] ulaq) )q))A f(y)dy
1—“—’521:1‘( pZiT:1ui;q)"')q))B
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> M, M x) ' A\ oau
:JO y*(X NJ;..:NSS wg <y> y oy Us <y> HA‘/,é’;V . ) :
x D
()
q
o [ ]2
< H G, o |l D [f(x)] dy,
= (3)
(27)

under the same conditions and notations that (22) with U, =V, = A =B =0.

4 Conclusion

The equation (1) is of general character. By suitably specializing the various
parameters of the multivariable I-function, the multivariable H-function and
the class of multivariable polynomials, our results can be reduce to a large
number of integral equations involving various polynomials or special functions
of one and several variables occur in many fields of physics, mechanics and
applied mathematics.
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Abstract. The main aim of this paper is to obtain Maia type fixed
point results for Ciri¢-Presi¢ contraction condition, following Ciri¢ L. B.
and Presi¢ S. B. result proved in [Cirié L. B.; Presi¢ S. B. On Presié type
generalization of the Banach contraction mapping principle, Acta Math.
Univ. Comenian. (N.S.), 2007, v 76, no. 2, 143-147] and Luong N. V.
and Thuan N. X. result in [Luong, N. V., Thuan, N. X., Some fixed point
theorems of Presié¢-Ciri¢ type, Acta Univ. Apulensis Math. Inform., No.
30, (2012), 237-249]. We unified these theorems with Maia’s fixed point
theorem proved in [Maia, Maria Grazia. Un’osservazione sulle contrazioni
metriche. (Italian) Rend. Sem. Mat. Univ. Padova 40 1968 139-143] and
the obtained results are proved is the present paper. An example is also
provided.

1 Introduction and preliminaries

Presi¢ S. B. [11] extended the famous Banach contraction principle [2] to the
case of product spaces in 1965. Recently, in 2007, Ciri¢ and Presi¢ [10], gen-
eralized the Presi¢’s theorem introducing Ciri¢-Presi¢ contraction condition.
Other important Presié¢ fixed point theorem generalizations and some related
results can be found in Pacurar’s papers [7], [8].

The following result was given by M. G. Maia [4] in 1968 and is also a gener-
alization of Banach contraction mapping principle for sets endowed with two

2010 Mathematics Subject Classification: Primary 54H25; Secondary 47H10
Key words and phrases: fixed point, Maia, Ciri¢-Presi¢, two metrics
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comparable metrics. Maia type fixed point results for singlevalued or multi-
valued operators have been studied in [9], [12], [13], [14].

Theorem 1 [14], [4]
Let X be a nonempty set, d and p two metrics on X and f : X — X an
operator. We suppose that:
(i) dix,y) < p(x,y) for allx,y € X;
(ii) (X, d) is a complete metric space;
(iii) f: (X,d) — (X, d) is continuous;
(X

(iv) f ,p) — (X, p) is an x-contraction.
Then:

(a) Ff = {X*},

(b) ™ %X as N — oo, for all x € X;

(c) ™ —>x asn—)oo,forallxex

(d) p ) < —p(x, f(x)), for each x € X.

In 2007, Ciri¢ L. B. and Presi¢ S. B. generalized the Presi¢’s theorem in-
troducing Cirié-Presi¢ contraction condition. Their fixed point result can be
stated as follows:

Theorem 2 [10] Let (X,d) be a complete metric space, kK a positive integer
and T : X* — X a mapping satisfying the following contractive type condition:

d(T(X1>X2) .. ')xk))T(XZ)X3) .. ')Xk-H)) < )\maX{d(Xin—‘r]) i1 < i < k}) (1>

where A € (0,1) is constant and X1,...,Xx+1 € X.
Then there exists a point x* € X such that T(x*,...,x*) = x*. Moreover, if
X1,X2,X3y -« -y Xkt1 aT€ arbitrary points in X and forn € N,

Xtk = T(Xny Xni1y .oy Xnik—1)s
then the sequence {xn}s° is convergent and
limx, = T(lim xn, lim xp, ..., limxy).
If, in addition, we suppose that on diagonal A C XX,
d(T(uy...,uw), T(vy...,v)) < d(u,v) (2)

holds for all u,v € X, with u # v, then x* is the unique fired point of T in X
with T(x*, ..., x*) = x*.
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Remark 1 [10] Theorem 2 is a generalization of Presi¢ fized point theorem
(see [11]), as the Presié’s contraction condition implies the conditions 1 and 2.

A(T(x1y X2y e ey Xk)y T(X2, X3y 0o vy Xkt 1)) <

< oqd(xr,x2) + oad(x2,x3) + -+ - + oed (xi, Xkp1) <

< (o + o+ - -+ oq) max{d(x1,x2), d(x2,%3), . . ., d(Xy Xk 1)} <
< Amax{d(xi,xi41): 1 <1<k}

and

d(T(u,u,...,u), T(v,v,...,v)) <

< d(T(uwyuy..oyu), T(uy.ooyuyv)) + d(T(u, ..., wyv), T(uy ..o yu, vy v) )+
+ -4+ d(T(uyvy ey v), T(vyvy .oy v)) <

< ogd(u,v) + o 1d(uw,v) + - - - + ord(u, v) =

= (o + o1 + -+ + 1) d(u, v) < d(u,v).

Following the above result, the next lemma is a generalization of the Presi¢’s
lemma in [11].

Lemma 1 Letk € Nyk # 0 and A € (0,1). If {Antn>1 15 a sequence of positive
numbers satisfying

An+k <A maX{Ana An-‘rh ceey ATH—k—] }) n> 1) (3)
then there exist L >0 and 0 € (0,1) such that
An <L-0% foralln>1. (4)

Proof. Similarly with the proof of the result [10], we have:
Let A1, Ay, ..., Ax be k positive elements of the sequence {An},>1 satisfying

(3)-

Denoting L = max{Ay, Ay,..., Ay}, we obtain
Ak < ?\maX{A1,A2,. ..,Ak} = AL

We assume that (4) holds for n,n+1,...,n+k—1 and we prove that it takes
place for n + k.
A <10, i=nn+1,...,n+k—1
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1 A A A
where @ = Ak, L = max{%", 5%,-.., gt -

Anx < Amax{An, Anyty ..oy Angkt}
< Amax{LO™ Lo™' ... L")

= LAmax{o™, 0™, ... ont T,
As 8 € (0,1), 0™ < 8", we have

Ani <IAO" (0< B0 < 1)
Angr < LA™K,

O

Remark 2 [12] For any operator f : Xk = X, k a positive integer, we can
define its associate operator F: X — X by

F(x) = f(x,...,x), x € X.

x € X is a fized point of f: X* — X if and only if x is a fized point of its
associate operator F.

Remark 3 Particular cases:

1. From Maia’s fixed point theorem when d = p, we get Banach’s fixed point
theorem.

2. A Maia type fixed point theorem for Presié-Kannan operators has been ob-
tained by Balazs M. [1].

Starting from these results, the aim of this paper is to extend Theorem 2 and
Theorem 2.2, Theorem 2.5 from [5], to the case of a set endowed with two
comparable metrics.

2 The main results

Theorem 3 Let X be a nonempty set, d and p two metrics on X, k a positive
integer, A € (0,1) a constant and f : X* — X a mapping satisfying the following
condition:

P(f(x1, X2y« vy Xxi), T(X2, X3y« oy Xig1)) < Amax{p(xi,xiy1) : 1 <1<k} (5)

for any x1,%2, ...y XK1 € X.
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We suppose that:

(i) d(x,y) < p(x,y) for all x,y € X;
(ii) (X, d zs a complete metric space;
(iii) f: (X*,d) — (X, d) is continuous;
(iv) on dzagonal A c Xk

d(f(x,%,...,x), f(y,y,...,y)) < d(x,y) (6)
holds for all x,y € X, with x # y.
Then:
(a) f has a unique fized point x*, Fr = {x*}, f(x*,x*,...,x*) = x*,
(b) the sequence {xnjn>1 with x1,%2,...,xx € X, and
Xntk = f(xn) Xn41y e+ oy Xndk—1 )) n>1

converges to x* w.r.t. d.

Proof. Let {Xnin>1, Xntk = f(Xn, Xnt1y« ooy Xngk—1), > 1, with x7,%2, ..., %k
arbitrary elements in X.

P (Xnsks Xnak+1) = POy Xng1y ooy Xngk—1)y F(Xng 1y Xng2y o oy Xngk))

< Amax{p(Xn, Xnt+1)y P(Xna1y Xnt2)y« + oy P(Xnpk—1y Xnsk )}

Denoting p(Xn, Xn41) = An we have
Ank S Amax{An, Anyty .oy A1, n2>1

The conditions in Lemma 1 are fulfilled and there exist L > 0 and 0 € (0,1)
such that
An < Len, n>1
0 (X Xnskr1) < Amax{LO™ LO™ ... L™+
< ALO™

From [10], A = 6%, 50 p(Xnik, Xnikr1) < LO™TE.
For n,p € N* with p > n, we have

p(Xn>Xn+p) = P(Xny Xnt1) + P(Xng1y Xni2) + -+ p(xn+pf1yxn+p) <
<LOM 4+ LO™T ... LM =

=LO"(1+0+---+0°") =

or
9>T121>P21-

]_
— Lo
61
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Since 0 € (0, 1), it follows that {xn}n>1 is a Cauchy sequence in (X, p). From (i)
it follows that {Xn Jn>1 is a Cauchy sequence in the complete metric space (X, d),
S0 {XnJn>1 is also convergent: there exists x* € X such that limn 0 d(Xntk, X*)
=0.

By the continuity of f and the associate operator F : X — X, F(x) =
f(x,%,...,x), for any x € X, we have:

d(F(X*))X*) = d(f(X*)---)X*)’X*) =

=d(f( im xp,..., lim xpx_1),x") =
n—oo n—oo
= lim (d(f(Xn, coe )XnJrkf])))X*) = lim d(xn+k)X*) =0.
n—oo n—oo

Therefore x* = f(x*,...,x*) = F(x*) is a fixed point of f.
We suppose there exists another fixed point of f, y* = f(y*,...,y*),

d(X*)y*) = d(f(X*> oo )X*))f(y*> RN )U*))

from (iv) we have

d(x*,y") < d(x*,y")

which is a contradiction. The uniqueness of the fixed point is proved. O

Remark 4 We have the following important particular cases of Theorem 3:
1. If k=1, by Theorem 3 we get Maia fixed point theorem.
2. If d = p, by Theorem 3 we get Ciri¢ and Presi¢ fixed point theorem [10].

Following the results in [3], we extend them to the case of a set endowed with
two comparable metrics.

Remark 5 [3]
Let @ denote all functions @ : [0,00) — [0, 00) satisfying
(i) @ is continuous and non-decreasing;
(i) Y2 @'(t) < oo, for all t € (0,00).

Lemma 2 [5] Suppose that ¢ : [0,00) — [0,00) is non-decreasing. Then for
every t > 0, limy_ oo @™(t) = 0, implies @(t) < t.

Remark 6 [3]
Property (ii) from Remark 5 implies limn_,00 @™(t) = O for every t > 0.
Therefore, by Lemma 2, if @ € @ then @(t) < t, for every t > 0.
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Theorem 4 Let X be a nonempty set, d and p two metrics on X, k a positive
integer, @ € @ and f: X* = X a mapping satisfying the following condition:

P(f(x1y%2, .oy Xi), F(X2, X3y . oy Xiq1)) < @(max{p(xi,xix1) : 1 <1<k} (7)

for any x1,%2, ...y XK1 € X.
We suppose that:
(i) d(x,y) < p(x,y) for all x,y € X;
(ii) (X, d zs a complete metric space;
(iii) f: (X*,d) — (X, d) is continuous;
(iv) on dmgonal A c Xk

d(f(x, %, ...,x), f(y,y,...,y)) < d(x,y) (8)

holds for all x,y € X, with x #y.
Then:
(a) f has a unique fized point x*, Fr = {x*}, f(x*,x*,...,x*) = x%;
(b) the sequence {xnin>1 with x1,x2,...,xx € X, and

Xn+tk = f(xn, Xn41y .y Xntk—1 )y n>1
converges to x* w.r.t. d.

Proof. Let {xnJn>1, Xntk = f(Xny Xn41y .+« oy Xngk—1), 0 > T, with x1,X2,..., Xk €
X. For simplicity, we set

0 = max{p(x1,x2), p(x2,%3), - - -, P(XK, Xkc11)}-

Ifx1 =xp =+ =xxp1 = x*, then x* is a fixed point of f, therefore we assume
they are not all equal, i.e., 8 > 0.
We have

P(Xks1y Xkr2) = P(F(X1, X2y v oy Xa)y F(X2y X3y 0oy Xig 1)) <
< @(max{p(x1,%2), P(X2,X3)y -+ oy P(Xxy Xk 11}) <
< @(0)<0.

P(Xk42, Xk43) = P(F(X2, X3y« vy Xar 1)y F(X3, X4y + oy Xi42)) <
< @(max{p(x2,x3), p(x3,Xa)y - - -y P(Xict1, Xk42}) <
< @(max{0, ¢(0)}) = ¢(0) < 0.

P(x2k, Xok41) = P(F(Xay Xac 1y« + oy X2k )y F (Ko 1y Xie2y + - -y X2k)) <
(max{p (X, Xi1)y P(Xit 1y Xir2)y + oy P(X2K—1y X2k }) <

<
< @(max{6, ¢(6),...,¢(6)}) = ¢(0) <.

2
2
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P(X2k+1y X2k+2) = PF(Xka1y Xk 2y - - oy X2k )y T Xk 2y Xic 3y -+ oy X2k 1)) <
< @(max{p(Xit1y Xk+2)y P(Xik42y Xi43)y - + o, P(X2ky X2k41}) <
< @(max{@(0), 9(0),...,0(0)}) = 9*(0) < ¢(0).

By induction, we get

p(xnk-&-lvxnk-i-Z) < (Pn(e)» n> 1

or
o(xnsn xniz) < @l2(0), n > k.

By property (ii) from Remark 5, we have

lim p(Xn41yXn42) =0 9)
n—oo

For n,p € N, n > k, we have

p(Xn>Xn+p) < P(Xny Xng1) + P(Xng 1y Xng2) + -+ p(XnerthTH—p) <

n— n e (10)
<ol o+ oLt @)+ 4+ 0" (0)
Denoting 1 = [“—?] and m = [%ﬂ], 1<m.
From inequality 10, we have
P (X, Xnip) < ©1(0) + @'(0) + - - + @'(0) +
k times
+ (ler](e) + (pl+1 (e) NI (ler](e) +
k times
+9"(0)+™(0)+ -+ ™(0)
k times
and that is
m
p(Xn>Xn+p) < kZ ©'(0) (11)
i=l
By property (ii)
m
i _
3 000



26 M. E. Balazs

So we have that p(xn,Xnsp) — 0, when n — oco. The sequence {xn}n>1
is a Cauchy sequence in (X, p). From (i) it follows that {xn}n>1 is a Cauchy
sequence in the complete metric space (X, d), so {xnJn>1 is also convergent:
there exists x* € X such that d(xnik,x*) =0.

By the continuity of f and the associate operator F : X — X, F(x) =

f(x,%,...,x), for any x € X, we have
d(F(x*),x*) = d(f(x*,...,x"),x*) =
=d(f( im xp,..., lim xpx_1),x%) =
n—oo n—oo
= lim (d(f(xn,..- )Xn-‘rk—])))X*) = lim d(xn-‘rk)X*) =0.
n—oo n—oo

Therefore x* = f(x*,...,x*) = F(x*) is a fixed point of f.
We suppose there exists another fixed point of f, y* = f(y*,...,y*), x* # y*,

d(X*)y*) = d(f(X*) oo aX*)) f(9*> see ay*))
from (iv) we have
d(x*,y*) = d(f(x*, ..., x"), fy",...,y")) < d(x*,y")
which is a contradiction. The uniqueness of the fixed point is proved. O
Remark 7 We have the following particular cases of Theorem 4:
1. If (t) = At, for all t € [0,00) and A € (0,1), by Theorem 4 we get

Theorem 3.
2. If d = p, by Theorem 4 we get Theorem 2.2 in [3].

The next theorem is an extension of Theorem 4 to monotone nondecreasing
mappings in ordered metric spaces. First we recall some useful notions [3]:

Let (X, =) be a partially ordered set and we consider the following partial
order on X¥

for x,y € Xk’ X = (X1,X2y ++ oy Xk, Y= (U])UZ)“ -)yk)

xCyYye&xi 2yYnxa 2Yz, .oy Xk = Yk

Definition 1 [3] Let (X, <) be a partially ordered set and f : Xk = X a map-

ping.
f is said to be monotone non-decreasing if for all x,y € XX,

xEy = f(x) = fy),

where X = (X1,X2,...,Xk) and Yy = (Y1,Y2y.. ., Yi)-
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Theorem 5 Let X be a nonempty set, (X, =) a partially ordered set, d and
p two metrics on X, k a positive integer, @ € ® and f: X* — X a mapping
satisfying the following condition:

P(f(x1y X2y« vy Xi), T(X2, X3y ooy Xig1)) < @(max{p(xi,xi41) 1 1 <1< k}) (12)

for any x1,%2, ...y Xkr1 € X and X1 X2 = -0 = X .

We suppose that:

(i) dlx,y) < plx,y) for all x,y € X;

(ii) (X, d) is a complete metric space;

(iii) f: (X*,d) — (X, d) is continuous

or

X has the property: if {xnin>1 is @ monotone non-decreasing sequence, Xn —
X then xn <X, for anyn > 1;

(iv) there exists k elements x1,X2,...,Xx € X such that

X1 Xxp <X 2xgand xg < f(xg, X2, .00 XK );

(v) on diagonal A C X¥

d(f(x, %, ..., x), f(y,y,...,y)) < d(x,y) (13)
holds for all x,y € X, with x # y.
Then:
(a) f has a unique fized point x*, Fr = {x*}, f(x*,x*,...,x*) = x%;
(b) the sequence {xnin>1 with X1,x2,...,xx € X, and
Xn4k :f(xn)XnJr])"')XnJrkf])) n = ]) X1 23xX% X2 X 2l

converges to x* w.r.t. d.

Proof. From (iv), if we denote xy11 = f(x1,X2y. .., Xk) = Xk, Xk42 = f(x2, X3,
.+ oy Xk41) = Xk41 and so on, we obtain the sequence {Xnn>1,

Xnak = F(Xny Xnaty oo oy Xnak—1), 2T, X1 2% 2 - Zxp X

The alternative assumption (iii) is usual in fixed point theory in ordered
metric spaces. The first paper that first considered this assumption is due to
Nieto, Juan J.; Rodriguez-Lépez, Rosana. Existence and uniqueness results for
fuzzy differential equations subject to boundary value conditions. Mathemat-
ical models in engineering, biology and medicine, 264-273, AIP Conf. Proc.,
1124, Amer. Inst. Phys., Melville, NY, 2009.

For the next part of the proof, see the proof of Theorem 4. O
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Corollary 1 Let X be a nonempty set, (X, =) a partially ordered set, d and p
two metrics on X, k a positive integer, A € (0,1) a constant and f: X* = X a
mapping satisfying the following condition:

P(f(x1,%2, .oy Xi), F(X2, X3y ooy Xig1)) < Amax{p(xi, xi41) : 1 <1<k} (14)

for any x1,%x2, ...y xXkr1 € X and x1 X2 2 -0 X Xy -

We suppose that:

(i) dlx,y) < plx,y) for all x,y € X;

(i) (X,d) is a complete metric space;

(iii) f: (X*,d) — (X, d) is continuous

or

X has the property: if {Xnin>1 is a monotone non-decreasing sequence, Xn —
X then xn, < x, for anyn > 1;

(iv) there exists k elements x1,X2,...,xx € X such that

X1 2% 2o 2xand xg = f(x1,X2, .00 Xk)5
(v) on diagonal A C X*
d(f(x,xy...,x), f(y,y,...,y)) < d(x,y) (15)

holds for all x,y € X, with x # y.
Then:
(a) f has a unique fized point x*, Fr = {x*}, f(x*,x*,...,x*) = x%;
(b) the sequence {xnin>1 with x1,x2,...,xx € X, and

Xnak = F(Xny Xnity ooy Xnake1)y, 2> 1, x1 2xp 20 2xp 2
converges to x* w.r.t. d.

Remark 8 We have the following particular cases of Theorem 5:

1. If o(t) = At, for all t € [0,00) and A € (0,1), by Theorem 5 we get
Theorem 3 for ordered metric space, see Corollary 1.

2. If d = p, by Theorem 5 we get Theorem 2.5 in [3].

The following example, adapted after Example 1 in [10], illustrates the result
in this paper.

Example 1 Let d be the euclidean distance and p be the sum-distance, metrics
on X =1[0,11U[2,3]. Fork=2, let f: X2 5 X bea mapping defined by
%’ (X1)X2) S [O>” X [O)”
fx1,x2) = ¢ M2 (% %)) € [2,3] x 2, 3]
M2 (xq,%) € 10,11 % 2,3] ot (x,y) € 12,3] x [0, 1].
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satisfying the condition 14.

d(f(x1,%2), f(x2,%x3)) \/ f(x1,%2) — f(x2,%3))% = |f(x1,x2) — f(x2,%3)|
= p(f(x1,x2), f(x2,%3))

f: (X%, d) = (X,d) is continuous. Hence, the conditions (i) — (iv) from Theo-
rem & are satisfied.

Let {xn}n>1, defined by xni2 = f(xny Xn11).

Forn =1, we have x3 = T(x1,x2).

Then,

for any x1,x2 € [0,1] we have f(x1,x2) = x3 € [0,1], and

for any x1,x2 € [2,3] we have f(x7,x2) = x3 € [2,3].

For x1,x3 € [0,1] or x1,%xy € [2,3] we have

p(f(XhXZ))f(XZ’X3)) = ’)q ZXZ - XZIX3| = ‘X] 4 =2 + = 4 X3| <

< ’X] 4 X2| |X2 4 Xs‘ < % : max{p(x1,x2), p(XZ)X3)}-

For (x1,x2) € [0,1] x [2,3] or (x1,%x2) € [2,3] x [0,1] we have f(x1,x2) =x3 €
[0, 1].

Therefore,

if xo € 2,3], then

X1 +X%x2 X2+%x3
p(f(x1)X2))f(X2)X3)) = | 4 - 4 | <

-max{p(x1,x2), p(x2,x3)}.

B—=

if x2 € [0,1], then

x1+x2—2 x3+x X1 —X T x—x
p(f(x1,%2), flx2,%3)) = |~ 42 - 24 | =] ]4 2_2 24 *| <

X1 —X2 1 X2 —X3 X1 —X2 X2 —X3
<| — 51+ | <] |+ | | <
4 2 4 4 4

1
< 1 max{p(x1,%2), p(x2,%3)}

So f is a Ciric-Presi¢ operator, with A = % e (0,1).

Since A = % € (0,1), it follows that {xnJn>1 is a Cauchy sequence in (X, p).
From (1) we have that {xnJn>1 s a Cauchy sequence in (X, d), which in the
complete metric space (X, d), is also convergent. So there exists x* € [0,1] U
(2,3] such that

: * * * *
lim x, =x*, x* =f(x*,x").
n—oo
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d(X3,0) = d(f(XhXZ))f(O)O)) = \/(f(XhXZ) - f(O)O))Z = ‘f(XhXZ)_f(O)O” =0

d(x3,2) = d(F(x1,%2), £(2,2)) =/ (F(x1,x2) — (2, 2))2 = [f(x1,%2) ~F(2,2)| = 0
From the continuity of f in (X, d), we have

lim f(XhXZ) = f(0,0),

n—oo

and
lim f(X] ) x2) = f(z) 2)3
n—oo

so (0,0) =0 and f(2,2) =2, Fr ={0;2}.
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Abstract. The main object of the present paper is to introduce and
study the generalized Laguerre matrix polynomials for a matrix that
satisfies an appropriate spectral property. We prove that these matrix
polynomials are characterized by the generalized hypergeometric matrix
function. An explicit representation, integral expression and some re-
currence relations in particular the three terms recurrence relation are
obtained here. Moreover, these matrix polynomials appear as solution of
a differential equation.

1 Introduction

Laguerre, Hermite, Gegenbauer and Chebyshev matrix polynomials sequences
have appeared in connection with the study of matrix differential equations
[8, 7, 2, 4]. In [13], the Laguerre and Hermite matrix polynomials were intro-
duced as examples of right orthogonal matrix polynomial sequences for appro-
priate right matrix moment functionals of integral type. The Laguerre matrix
polynomials were introduced and studied in [11, 7, 7, ?]. In [?], it is shown
that these matrix polynomials are orthogonal with respect to a non-diagonal
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Sobolev-Laguerre matrix polynomials matrix moment functional. Recently, the
numerical inversion of Laplace transforms using Laguerre matrix polynomials
has been given in [?]. A generalized form of the Gegenbauer matrix polyno-
mials is presented in [2]. Moreover, two generalizations of the Hermite matrix
polynomials have been given in [1, ?].

The main aim of this paper is to consider a new generalization of the La-
guerre matrix polynomials. The structure of this paper is the following. After
a section introducing the notation and preliminary results, we characterize, in
Section 3, the definition of the generalized Laguerre matrix polynomials and
an explicit representation and integral expression are given. Finally, Section
4 deals with some recurrence relations in particular the three terms recur-
rence relation for these matrix polynomials. Furthermore, we prove that the
generalized Laguerre matrix polynomials satisfy a matrix differential equation.

2 Preliminaries

Throughout this paper, for a matrix A in CN*N its spectrum o(A) denotes the
set of all eigenvalues of A. We say that a matrix A is a positive stable if Re(p)>
0 for every eigenvalue p € o(A). If f(z) and g(z) are holomorphic functions of
the complex variable z, which are defined in an open set Q of the complex plane
and A is a matrix in CN*N with o(A) C Q, then from the properties of the
matrix functional calculus [5, p. 558], it follows that f(A)g(A) = g(A)f(A). The
reciprocal gamma function denoted by I''(z) = 1/T'(z) is an entire function of
the complex variable z. Then, for any matrix A in CN*N | the image of I''(z)
acting on A, denoted by I '(A) is a well-defined matrix. Furthermore, if

A + nl is invertible for every integern > 0, (1)

where I is the identity matrix in CN*N| then T'(A) is invertible, its inverse
coincides with T"'(A) and it follows that [6, p. 253]

Al =AA+D..A+M-1I); n>1, (2)

with (A)y =L
For any non-negative integers m and n, from (2), one easily obtains

(A)ngem = (A)n(A +nl)m, (3)

and

(Amn =m™ [ | <111(A+(s—1)1)> : (4)

n
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(CN XN

Let P and Q be commuting matrices in such that for all integer n > 0

one satisfies the condition
P+nl, Q+nl, and P+ Q+mnl are invertible. (5)
Then by [10, Theorem 2| one gets
B(P,Q) =T(P)r(Q)r'(P+Q), (6)

where the gamma matrix function, I'(A), and the beta matrix function, B(P, Q),
are defined respectively [9] by

I'A) = ro exp(—t)tA1dt, (7)
0
and :
B(P,Q) = J "1 — 1) lat. (8)
0

In view of (7), we have [10, p. 206]
(A)n =T(A+nDIr(A); n>o. (9)

If A is a complex number with Re(A) > 0 and A is a matrix in CN*N with
A + nl invertible for every integer n > 1, then the n-th Laguerre matrix
polynomials L%A’M (x) is defined by [8, p. 58]

n k)\k
Z o (A +Dnl(A+ D] "%, (10)
k=0
and the generating function of these matrix polynomials is given [8] by
—Axt
G(x, t,\,A) = (1 —t) At Dexp <X> =5 LMo, (11)

1—-t e

According to [8], Laguerre matrix polynomials satisfy the three-term recur-
rence relation

(n+ LAY () + A= (A + 2n+ DL (%)
+ (A—i—nI)Ln;])(x) =0; n>0,

(12)

with L(_}}’M (x) =0 and L(()A’M(X) = I where 0 is the zero matrix in CN*N,
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Definition 1 [2] Let p and q be two non-negative integers. The generalized
hypergeometric matriz function is defined in the form:

Fq(A1, ..., Ap; By ...,Bq;z)
—Z A1l Jal(By)ul ™ . [(Bg)n) ' =, (13)

n!

where Ay and B; are matrices in CN*N such that the matrices Bj;1 <j<q
satisfy the condition (1).

With p =1 and q = 0 in (13), one gets the following relation due to [11, p.
213]

11—z *=) %(A)nzn, 2l < 1. (14)
n>0

The following lemma provides results about double matrix series. The proof
are analogous to the corresponding for the scalar case c.f [?, p. 56] and [?, p
101].

Lemma 1 [2, 3, ?] If A(k,n) and B(k,n) are matrices in CN*N for n > 0
and k > 0, then it follows that:

> D Akn)=) > Alkn-—k), (15)

n>0 k>0 n>0 k=0
[n/m]
> Y Alkn)=) > Alkn+mk), (16)
n>0 k=0 n>0 k>0
and
[n/m]
ZZBkn Z Z B(k,n—mk) ;n>m, (17)
n>0 k>0 n>0 k=0

where |a] is the standard floor function which maps a real number a to its
next smallest integer.
It is obviously desirable, by (2), to have the following:
1 (7] )mk

[ =
(n — mk)! n!

—1)mk m —n—1
-2 mmkn(r’;I); 0<mk<n.
! o y

(_nl)mk
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3 Definition of generalized Laguerre matrix polyno-
mials

Let A be a matrix in CN*N satisfying the spectral condition (1) and let A be
a complex number with Re(A) > 0. For a positive integer m, we can define the
generalized Laguerre matrix polynomials [GLMPs] by

F(x,t,?\,A):(1—t)_(A+Uexp< Amem) ZL (19)

By (14) one gets

— (_])k)\k k n+mk
> ) XA+ T4 mK)y timk — ZL

which by using (17) and (3) and equating the coefficients of t", yields an
explicit representation for the GLMPs in the form:

[n/m]

kak
LAY (x Z M(A+I) [(A + )i 'x™ (20)

It should be observed that when m = n, the explicit representation (20)
becomes

A+l
LIAN (x) = AFDn 5
’ n!
If m > n, then from (20) one gets
A+1
L () = At D
nl

Moreover, it is evident that

(A+1Dn

~ and LV (x) = LA (Amx).

Liw (0) =
Note that the expression (20) coincides with (10) for the case m = 1.
In view of (4) and (18), we can rewrite the formula (20) in the form

Ln/m (m+1 k}\k

(A+1) o p—n—1
R M e I (e S
p=1
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i| —1
Therefore, in view of (13), the hypergeometric matrix representation of GLMPs
is given in the form:

m

><|:H (T:l(A—I—sI>

s=1 k

Linw) (x) =
(A+1) - (—n4+m—1)_ A+1 A +ml
Tanm 71)"' ) m I; m y Ty m ;(_])m+1}\xm .

(22)

We give a generating matrix function of GLMPs. This result is contained
in the following.

Theorem 1 Let A be a matriz in CN*N satisfying (1) and let A be a complex
number with Re(A) > 0. Then

3 A+ D L 0t = et oF <— AvL ,A+m1;—>\(xt)m>. (23)
>0 m m m

Proof. By virtue of (20) and applying (16), we have

(AN) n__ ﬁ (— ])k}‘k 1, mkymk
D IA+DITLE 0 = 3 — | D (A + Dad ™™ ),

n>0 n>0 k>0

which, by using (4) and (13), reduces to (23). O
It is clear that

A+1 A+ ml xyt\™
etOFm<_; y Ty a_7\<y> )Z
m m m

— A+l A+ml xyt
el y)tetyopm<_; T 7‘(31) )

Thus, by using (23) and applying (15), it follows that

nkk

D (A+T)a => Z [(A+ DT LAY e,

n>0 n>0 k=0
By equating the coefficients of t", in the last series, one gets

nkk
Lo (xy) = (A +1) nZ [(A+ DL ().
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Let B be a matrix in CN*N satisfying (1). From (3), (4), (14) and (16) and
taking into account (20) we have

> (B)nl(A + Dl Lig ()™
n>0

gy & n, B)mnl(A + D ]‘(&) .

n>0

By using (4) and (13), the equation (24) gives the following generating function
of GLMPs:

Y (Blal(A+ Dl LG ()t = (1 - 1)

n>0

B B+ (m—1I A+1 A+ ml xt \™
mFm Ty 5 y Ty ;_7\ .
m m m m 1—t

(25)

Clearly, (25) reduces to (19) when B=A + L.
We now proceed to give an integral expression of GLMPs. For this purpose,
we state the following result.

Theorem 2 Let A and B be positive stable matrices in CN*N such that AB =
BA. Then

LBV %) =TA+B+ (n+ DD BN (A + (n+ 1)

1 (26)
x J A1 — )BT (xt)at.
0

Proof. According to (8) and (20), we can write

1
Y= J tA(1— )BT (xt)at

0
[n/m] ( ])k}\k (27)
= Z am—migi A+ Dn [(A + Dy 'X™B(A + (mk + 1)1, B),

and since the summation in the right-hand side of the above equality is finite,
then the series and the integral can be permuted. Hence by (6) and (9) it
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follows that

[n/m]
Y=T(A+Mm+1)rB) >
k=0

=T(A+m+DDIB)II " (A+B+ (n+1)]) (28)
[n/m]

(_1 )k)\kxmk

i (A B+ (mk+ D))

(_] )k}\kxmk

m(A + B+ Dnl(A+B+ Dl .

k=0

From (20), (27) and (28), the expression (26) holds. O
We conclude this section giving an integral form of GLMPs.

Theorem 3 For GLMPs the following holds

o I I
J XALEéﬁi\)(X)eide: (A+(n+1)])
0 n!
-n —n+m-—1 (29)
G T,
m m
Proof. From (7), (9) and (20), it follows that
0 [n/m] kyk
ALAN) gy — (=1*A
JO X Ln’m (X)e dx = é m
(A + Dal(A+ Did "'T(A + (mk +1)D)
[n/m] Kk k
_ (=1"A
=TA+Mn+11) ) A=l
k=0
Using (18) and taking into account (13) we arrive at (29). O

4 Recurrence relations

In addition to the three terms recurrence relation, some differential recurrence
relations of GLMPs are obtained here.
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Theorem 4 The generalized Laguerre matriz polynomials satisfy the follow-

ing relations:

am 2 AN nt 2 1 AN
D (MEN M+ T =L, ) b3 (" EANCY
=0
o I (30)
1 A?\
_mAXmZ TL T)m+1m mAXmZ m n T)mm(x)>
and
m
> (M0 DLMYL () = —Amx™ LY (x). (31)
=0

Proof. Differentiating (19) with respect to t yields

(1—t*™ Y LAY )t = (A +1)(1 — )2 > LA )t
n>1 n>0
—Amx™t (1 =)™ Y LAY ot - A (1 - o™ Y LY ot
n>0 n>0

With the help of the binomial theorem, it follows that

ZZ Zm Tl+ ])Ln-H m( )tn+r

n>0 r=0
2m—1 5 :
— AN
=A+DY > " eoe
n>0 r=0
m
— ™| m Z r n ni+]m( )tn+r
n>m—1 r=0
m— 1
A)\
+ n nim( )tn+r]‘
n>m T:0

Hence, by equating the coefficients of t", equation (30) holds.
Now, by differentiating (19) with respect to x one gets

(AN (g —ATX™TET P i
DL, th=—F——(1—1t —_—

n>0
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Thus, it follows that

Z Z nAi\)m( = —Amx™ 1 Z Ln mm

n>m r=0 n>m

which, by equating the coefficients of t", gives (31). O

It is worthy to mention that (30) reduces to (12) for m = 1. Also, for
the case m = 1, the expression (31) gives the result for the Laguerre matrix
polynomials in the form

DL (x) = DLMY (x) = ALY (%),

n—

Differentiating (19) with respect to x again we obtains

Z DL%AT’T}{) ()t = —Amx™ ™ (1 — t)*(AHmH)Uexp AL
’ (1—t)m
n>0
(A+mIL\)
= amx™ YT LA (x
n>m
Hence, by equating the coefficients of t™, we readily obtain
DL (x) = —Amx™ LA (), (32)

It may be noted that the formula (32) reduces to the result of [12, p. 16] for

Laguerre matrix polynomials, when m = 1, in the form
DL (x) = —ALM Y ().

Using the fact that

—Axmtm —Axmt™m
1—t —(A+1) —(1—t)™(1 -1t —(A+(m+1)I)
(1= M ep( G55 ) =0 0™ -0 (T gm
and (19), one gets
m
Y et =Y S (ML o
n>0 n>r r=0
Hence, we obtain that
- [ (A+mIA
=Y (MELERY ).

r=0
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Let B be a matrix in CN*N satisfying (1) with AB = BA. Note that

_}\thm _)\xmtm
1 — )~ (A+D AT )Y (1) A-B ) (B+D _
(T—1) exp 0o (1—1) (1—1) exp o

Using (14), (15) and (19) , it follows that
A (A — B
Yo=Y Z LY (ot
n>0 n>0 k=0
Identifying the coefficients of t", in the last series, gives
n
(A =Bk B
k=0

By reversing the order of summation in (33), we obtain that

Z (A - B In- L Lo (x). (34)
=0

And finally, we prove the following result.

Theorem 5 The GLMPs is a solution of the following differential equation

@H< O—NI+— ] (A+sl)> + (=) ™Amx™

1 (35)
n
x H ( ©+ pm>1] Lin (x) = 6,
where © = de
Proof. It is clear that 2 LOx™ = kx™*. According to (22) we can write
— 1. A+41 A I
W= mFm<—“1,...,—“ mt A +m;(—1)m+‘>\xm>
m m m
[n/m] -1

(_1)(m+1)k7\k Lmk
k!
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It follows after replacing k by k + 1 and using (3) that

m

1 1
m@H( ©—1) I+m(A+sI)>W

[n/m] m p—n—1 m
E0eL e
k=0 p=1 k+1 — k

(—1 )(m+1)(k+1)}\k+1 xmierl)

k!

ln/m] m n—1 Uy - x™k
— (—1)MH K™ Z H (P > H((A—i—sl) (_1)(m+1)k7\k7'
k=0 p=1 k+1 [5=1 m k k!
m
(™A T <1@+ P—n—1>w
o m m

Therefore, W is a solution of the following differential equation

m

@H( @11+ (A+sl)> m)\me< o+ W)]W:e.

Since W =nl![(A +1),]~ 11_ (AA) ( ), then (35) follows immediately. d
It is worth noticing that takmg m =1 1in (35) gives the following [8]

d? d
[ 22 T AT (=MD +Anl AN ) =o.
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Abstract. Let (G,+) be a locally compact abelian Hausdorff group,
K is a finite automorphism group of G, k = cardK and let p be a
regular compactly supported complex-valued Borel measure on G such
that pu(G) = 1; We find the continuous solutions f,g : G — C of the

functional equation

Z Z L flx+k-y+A-s)du(s) = gly) + «f(x), x,y € G,

ke Aek

in terms of k-additive mappings. This equations provides a common gen-
eralization of many functional equations (quadratic, Jensen’s, Cauchy

equations).
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1 Introduction

Throughout this paper, Let (G,+) be a locally compact abelian Hausdroff
group, K be a finite automorphism group of G, k := cardK, n be a regular
compactly supported complex-valued Borel measure on G such that p(G) =
fG du(t) = lK, Mc(G) be the space of all regular compactly supported complexe-
valued Borel measures on G. By C(G) we mean the algebra of all continuous
functions from G into C. All terminology in this paper concerning harmonic
analysis according to the monograph in [4].

The following generalization of Cauchy and quadratic functional equation is

z

—1
f(x + w'y) = Nf(x) + g(y) ,x,y € C, (1)
0

3
Il

where N € {2,3,...} and w is a primitive N** root of unity, f,g : C — C are
continuous, was solved by Stetkaer [7]. Lukasik [6] derived an explicit formula
solutions of the following functional equation

Zf(x+k-y):Kf(x)+h(y) %Y € G, (2)
kel
where k := cardK. such that g(y) — g(0) = h(y).
The purpose of this paper is to derive an explicit solutions of the following
integral-functional equation

>3 | ferkey A s)auts) = gly) +xflx) vy €6 (3)

ke Aek

This equation is a generalization of (1) and (2). In fact, Eq. (2) results from
(3) by taking u = lKZSa, where 8, denotes the Dirac measure concentrated at
a. Furthermore, using our main result Theorem 2, we find the solutions of the
following functional equations:
A/
f(x +y+a) +f(x+o(y) + a) =2f(x) + g(y) ,x,y € G,

when we take p = %6(1, K ={I, 0} where o is an automorphism of the abelian
group G such that o? =1idg,f,g: G — C where investigated by Stetkaer [7].
B/

n
Zf x+y+ ax) =nf(x) +ng(y) ,x,y € G,
k=1
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when we take u = %,K ={I} and ay,...,a, € G.
C/
fix+y+a)="F(x)+9(y),xyeG
when we take p = 84, K = {I}.
Furthermore, we find the continuous solutions of some functional equations by
using our main result.

2 Notations and preliminary results

In this section, we need to introduce some notions and notations which we will
need in the sequel.

A function A : G — C is said to be additive provided if A(x +y) = A(x) +
A(y) for all x,y € G. In this case, it is easily seen that A(rx) = rA(x) for all
x € G and all r € Z.

Let k € N and Ay : G¥ — C be a function, then we say that Ay is k-additive
if it is additive in each variable. In addition, we say that A is symmetric if

A(XUU)aXG(Z)) oo )Xc(k)) = A(X1)X2> oo )Xk)

whenever x1,Xx2,...,Xx € G and o is a permutation of {1,2,...,k}.

Let Ay : G* — C be symmetric and k-additive and let Ay (x) = A(x,X,...,X)
for x € G and note that Ayx(rx) = ™Ay (x) whenever x € G and r € Z.

In this way a function Ay : G¥ — C which satisfies for all v € Z and x € G,
Ay (rx) = ™Ay will be called a Z-homogeneous form of degree k, (assuming
Ax #0).

A function p : G — C is called a generalized polynomial of degree at most
N € N if there exist ap € G and Z-homogeneous forms Ay : G — C (for
1 <k < N) of degree k, such that

N
p(x) =ap+ ZAk(x), x € G.
k=1

The following theorem were proved by Lukasik in [6].

Theorem 1 Let (G,+) be an abelian topological group. The functions f,h €
G — C satisfy the functional equation (2) if and only if there exist symmetric
k—additive mappings Ay : G* — C, k € {1,....,k} and Ay, Bg € C such that

f(x) =Ao+A1(x)+...+Ac(xy...,%), X €G,
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h(x) = Bo+ZA]7\X —i—ZA Ax,...,A-x), x € G,
Aek AeK
<]i>ZAj(x,...x,?\-y,...,?\-y):O, »yeGI<i<j—1,2<j<k.
(A
AEK

3 Main results

In this section, we describe the solutions of Eq.(3).

Theorem 2 Let (G,+) be a locally compact abelian Hausdorff group and let
n € Mc(G) such that u(G) = lK The functions f,g € C(G) satisfy the func-
tional equation (3) if and only if there exist symmetric k—additive mappings
Ax € C(G), k € {1,....,k} such that

f(x) =1(0) +P(x) =f(0) + A1(x) + ...+ Ac(Xy...,X),x € G,

0)+ Y AA-X)+...+ > AcA-%..., A x),x € G,

Aek Aek
where
—KZJ P(A-s)du(s),
AEK
<1> ZAj(x,...x,A-y,...,A~y):0, »yegGIl<i<j—1,2<j<«k.
—_—
Aek

i

Proof. Assume that the functions f,g € C(G) satisfy the functional equation
(3). It is easy to check that if we put y =0 in (3), we get

ZZJ (x +A-s)du(s) = g(0) + «f(x).

ke Ae
Therefore,
KZJ (x +A-s)du(s) = g(0) + «f(x), (4)

Ak

for all x € G. Replacing x by x +k -y in (4), we obtain

ZLf(x—i—k-y +A-s)du(s) = ]Eg(O) +flx +k-y),
AEK
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from which we infer that
ZZJ (x+k-y+A-s)du(s) fo+k y) + g(0). (5)
keK AeK kek

By using (3) and (5), we observe that

D flx+k-y) = gly) +«f(x) — g(0). (6)
ke
Putting g(y) — g(0) = h(y) in (6), we obtain
Z f(x +k-y) = kf(x) + h(y),

kel

which means that the functions f, h € C(G) satisfy the equation (2). According
to Theorem (1), there exist symmetric k—additive mappings Ax € C(G), k €
{1, ...., k} such that

f(x) =1(0) +P(x) =F(0) + A1(x) + ...+ Ac(Xy...,%x),x € G,

0)+ Y AA-X)+...+ > AA-%..., A x),x € G,
AEK AEK

We compute the left hand side of (3) to be

ZZJ (x+k-y+A-s)du(s)

kek Aek
+ZZJ (x+k-y+A-s)du(s)

ke AeX
= «kf(0) + kP(x )+9(y)
= kf(0) + kP(x) + g(0) + > _P(A-y).

AEK
In put x =y =0, we get
KZJ P(A-s)du(s) = 2kP(0) + g(0)
AeK

Hence

—KZJ (A-s)du(s)

AEK
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Conversely, assume that there exist symmetric k-additive mappings Ay €
C(G), k €{1,...., x} such that

f(x) =1(0) +P(x)=F0) + A1(x) +...+ Ac(x,...,x),x € G,

where
= Aulx)
k=1
0)+ Y AA-X)+...+ > AcA-%..., A x),x € G,
Aek Aek
where
—KZJ P(A-s)du(s),
Aek

(i) E Ailxy oo XAy, A y) =0, x,y € G1<i<j—1,2<j <k
| 4
AeK Y

Then f,g € C(G) and a small computation shows that

ZPx—l—ky—KP —|—ZPky =0. (7)
kel kel

using (7) at the second equality (3) is given as follows

ZZJ (x+k-y+A-s)du(s)

keK AeK
_ZJ S [F(0) + P(x+k-y+A-s)du(s)]
kek ” 6 aek
+ZPx+ky+ZZJ (A-s)du(s)
kek keK AeK
= kf(0) + kP(x —i—ZPky—i—KZJ (A-s)du(s)
kek AeK

= kf(x) + g(y).

Hence, the functions f,g € C(G) satisfy the functional equation (3). O



52 H. Dimou, Y. Aribou, A. Chahbi, S. Kabbaj

4  Applications

Corollary 1 Let (G,+) be a locally compact abelian Hausdorff group. The
function f € C(G) satisfies the functional equation

Zf(x+k~y) = kf(x)

kel

if and only if there exist symmetric k—additive mappings A, € C(G*),k €
{0, ...., k — 1} such that

fx) =f0)+A1(x)+... + A q(x,...,x), x € G.

<Ji>ZAj(x,...x,A-y,...,Ny):0, »yegl1<i<j2<j<k—1.
—_—

Aek Y

Proof. By putting u = 570 and g =0 in Theorem 2 and from [[6], Theorem 5]
we get the desired result. ([l

Corollary 2 Let (G,4) be a locally compact abelian Hausdorff group, and
choose an arbitrarily element a € G. The functions f,g € C(G) satisfy the
functional equation

fix+y+a)="f(x)+9g(y)
if and only if there exists a mapping A € C(G), such that
f(x) =f(0) + A(x), x € G

g(x) =g(0) + A(x), x € G.

Proof. By similar the method, we put = 84, K = {I} in Theorem 2 and by
a simple calculation we get g(0) = P(a). Hence we get the desired result.
]

Corollary 3 Let (G,+) be a locally compact abelian Hausdorff group, and
choose an arbitrarily element a € G. The functions f,g € C(G) satisfy the
functional equation

fix+y+a)+fix+o(y)+a) =2f(x) + gly)
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if and only if there exists a symmetric bi-additive mapping Ay € C(G*),k €
{1, 2} such that
f(x) =1(0) + A1(x) + Azx(x,x), x € G

g9(x) = g(0) + A1 (x) + Ar(0(x)) + Az(x,x) + Az(0(x), 0(x)), x € G
A2, y) + Az(x, 0(y)) =0, g(0) = 2P(a).

Proof. Using Theorem 2, by a simple calculation we get the desired result by

putting p = 57“, K={I,0}.
]

Corollary 4 Let (G,+) be a locally compact abelian Hausdorff group, n €
Mc(G) and choose arbitrarily elements aj,...,an € G.
The functions f,g € C(G) satisfy the functional equation

n
fo+y+ak =nf(x) +ng(y)
k=1

if and only if there exists a symmetric additive mapping A € C(G) such that

f(x) = f(0) + A(x), x € G,
g(x) =9(0) + A(x), x € G,

n

Proof. It easy to prove the result by tacking p = @ and K = {I} in
Theorem 2. ]

Corollary 5 Let (G,+) be a locally compact abelian Hausdorff group, let u €
Mc(G) and choose arbitrarily element a € G. The functions f,g € C(G)
satisfy the functional equation

D flx+k-y+a)=«f(x) +gly).
kel

if and only if there exists a symmetric k-additive mapping A € C(G) such that

f(x) =1(0) + A1(x) + ...+ Ac(x,...,x), x € G,
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g(x):g(O)JrZA]()\-x)+...+ZAK(7\-X,...,?\-X),XGG

AEK AEK
g(0) = kP(a)
j .. .
Ai(xy...x, A y,...,A-y) =0 G,1<i<j,2<ji<k—1.
<1>Z ](X’ Xy A Y, ') U) yXyeg,ls15),25)<K

AeK Y

Proof. By similar method, we get the result by putting u = 57‘1 in Theorem 2.
O

Corollary 6 Let (G,+) be a locally compact abelian Hausdorff group, and let
€ Mc(G). The functions f,g € C(G) satisfy the functional equation

JG f(x +y+t)du(t) =f(x) + gly)

if and only if there exists a symmetric additive mapping A : G — C A €
C(G) such that
f(x) =f(0) + A(x) ,x € G,

Q(X) = 9(0) +A(X) yX € G)
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Abstract. We introduce Presi¢-Kannan nonexpansive mappings on the
product spaces and show that they have a unique fixed point in uniformly
convex metric spaces. Moreover, we approximate this fixed point by Mann
iterations. Our results are new in the literature and are valid in Hilbert
spaces, CAT(0) spaces and Banach spaces simultaneously.

1 Introduction and preliminaries

Let (X,d) be a metric space and F : X — X be a mapping. Then F is called
nonexpansive if

d(Fx, Fy) < d(x,y) (1)
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for all x,y € X.
F is said to be Kannan nonexpansive provided that

[d(x, Fx) + d(y, Fy)] (2)

N —

d(Fx, Fy) <

for all x,y € X.

Nonexpansive mappings are always continuous but Kannan nonexpansive
mappings are discontinuous in general, see [10]. Therefore, conditions (1) and
(2) are independent, that is, there exists a nonexpansive mapping which is not
Kannan nonexpansive and a Kannan nonexpansive which is not nonexpansive.
So, we cannot compare both the mappings directly. It is well known that
nonexpansive and Kannan nonexpansive mappings on a nonempty, compact
and convex subset C of a Banach space X, have a fixed point [13]. For a
weakly compact and convex subset C of a Banach space X, the existence of
fixed points for nonexpansive and Kannan nonexpansive mappings cannot be
obtained. This fact was studied by Alspach[l] who showed that there is a
weakly compact and convex subset C of ! [0,1] such that F: C —» Cis a
nonexpansive mapping without a fixed point.

In 1973, Kannan [9] proved that if X is a reflexive Banach space and for
any convex F-invariant subset H of C — nonempty bounded, closed and convex
subset of X — which has more than one point and

sup ||y — Fy|| < diam (H),
yeH

then the Kannan nonexpansive mapping F : C — C has a fixed point. After
that Soardi [24] proved the existence of a fixed point for the Kannan non-
expansive mapping F : C — C by using the notion of normal structure and
obtained a similar result to Kirk’s fixed point theorem for Kannan nonexpan-
sive mappings.

For two related but distinct concepts of nonexpansive bivariate mappings,
see [3].

A convex structure [25] in a metric space X is a mapping W : X2 x1— X
satisfying:

d(U>W(X,U> O()) < ocd(u,x) + (] - “)d(u)y)

for all u,x,y € X and « € I = [0, 1]. In general, W is not continuous but in
this paper we shall assume that W is continuous. Hadamard manifolds [5] and
geodesic spaces [4] are the nonlinear examples of a convex metric space, while
Hilbert spaces and Banach spaces are the linear ones.



58 H. Fukhar-ud-din, V. Berinde

A convex metric space X is uniformly convex [23] if for any ¢ > 0, there
exists & (¢) > 0 such that d (z, W (x,y,3)) <1(1—=58(¢)) <1 for all r > 0 and
X, Y,z € X with d (z,x) <1,d(z,y) <rand d(x,y) > re.

Uniformly convex Banach spaces and CAT(0) spaces are nice examples of a
uniformly convex metric space[11].

A convex metric space X satisfy Property(C) if

W(X)U)A) = W(U>X)] - 7\)
and Property(H) if

d(W(Xay)}\) )W(X)Z)A)) S (] _}\) d(y)z)

for all x,y,z € X and A € (0,1).

It is shown in [19] that Property(C) and (H) together imply continuity of
W and Property(C) holds in uniformly convex metric spaces.

Recently, Fukhar et. al [7] has proved the following result:

Theorem 1 Let C be a nonempty, closed, conver and bounded subset of a
complete and uniformly convexr metric space X satisfying Property (H). If F :
C — C is a continuous mapping satisfying

d (FX> Fy) < a1d (X>y) + (l_zd(FX, X) + a3d(Fy)y) + a4d(FX)y) + a5d(Fy,x)

5
for all x,y € C, where a; >0 and )_a; <1, then F has a fized point in C.

i=1

An interesting generalization of Banach contraction principle has been ob-
tained by Presi¢ [20]:

Theorem 2 Let (X,d) be a complete metric space, k a positive integer,
X1y 0y X3y oeey 0 € Ry 25:1 o =< 1 and f: X* = X a mapping satisfying

K
A (F (X0, X1y oy X1co1) 5 £ (X1, X2, ey Xi)) € D 0 (X521, 1)

i=1

for all xp,x1, ..., xx € X. Then f has a unique fized point x*, that is, there exists
a unique x* € X such that f (x*,x*,...,x*) =x* and the sequence defined by

Xntl =T (Xn_ki1yeyXn), Mm=k—T1,kk+1,..

converges to X* for any X, X1, ..., Xk—1 € X.
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Some generalizations of Theorem 2 have been obtained in [6, 21] (see also
[15, 16, 17, 18]).

Recall the definition of a Presi¢ nonexpansive mapping, first introduced in
[2].

A mapping f : X¥ — X is a Presi¢ nonexpansive if

K
A (F (X0, X1, eony Xim1) 5 F (X1, %X2, ey X)) < Y 0 (%41, %)

i=1

for all xg,X1,...,Xx € X, where k is a positive integer, and o, &2, X3y ..., X €
Ry, +a < 1.

Since in the definition of Presi¢ nonexpansive mapping, the constant o < 1,
therefore this class of mappings includes the class of Presi¢ contractions ap-
pearing in Theorem 2. In the case k = 1, the Presi¢ nonexpansiveness condition
reduces to Banach contractive condition if & < 1 and to the nonexpansiveness
condition if x = 1.

A fixed point result about Presi¢ nonexpansive mappings in a nonlinear
domain, namely, CAT(0) spaces has been obtained in [8] in the form of the
following result:

Theorem 3 Let C be a bounded, closed and convexr subset of a complete
CAT(0) space X, k a positive integer, and let f : X* — X be a Presi¢ non-
expansive mapping. Then f has a fized point, that is, there exists x* € X such
that T (x*,x*,...,x*) = x*.

We note that for k = 1, Theorem 3 becomes Kirk fixed point theorem in
[12].

These and similar facts have motivated us to study the generalization of
Kannan nonexpansive mappings in product metric spaces and product convex
metric spaces.

A mapping f : X¥ — X is a Presi¢ Kannan nonexpansive if

k
d(f (XO)Xb °")ka1) af(XhXZa ey X )) =X k+ ] g d XU Xl)xi) "'>Xi))

for all X, X1, ..., Xk € X.
For k =1, it reduces to the classical Kannan nonexpansive mapping.

Example 1 Let I = [0,1] be the unit interval with the usual Fuclidean norm
and let £: 1> = 1 be given by
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1if 3 I
_ g1 X<4,y€
oY) { J—Sifxzi,yel.

Then f is a Presi¢ Kannan nonexpansive but not Presi¢ nonexpansive.

Proof. In this particular case, Presi¢ kannan nonexpansive condition becomes:

< Ixo — f (%0, x0)| + [x1 — f (x71,%1) ) (3)

f(xoyx1) —f(x1,%2)| < =
If (x0,x1) — f (x1,%2)| +Ixa — T (x2,%2)]

6

for any xg,%x7,%2 € L.
The way of defining f, we write 1> = U‘fﬂ I; where

}

I = {(XU) 3<XU<1}»I4={(X»U)10§X§i,i§U§1}-

-mw

3 3
L = {(x,y):ng,y§4},Iz—{(x,y) 4_x<10<y<

Now we discuss five cases.

Case I: (x0,%x1) € Tjor (x0,%1) € I3 and xy € L.Then f (xg,%x1) = f (x1,%2) .

Consequently, inequality(3) holds for any xo,x1,%; in the specified domain
of f.

Case II: (xo,%1) € Ih,x2 < ?T‘ Then f (xp,%0) = ]1—5 = f(x0,x1),f(x1,%1) =
f(x1,%2) =f(x2,%2) =

1
go
Thus the condition(3) becomes:
1 < 1 N 1 +lx 1 +lx 1
10-6\° 15|76 | )
but 3 < xo < 1 implies 6—] < x0— ] < ]5 implies !xo—%‘ > ‘6‘(1),0 <x < %
imphes —% < x1 —% <5 mphes }X1 —*‘ > ],0 < x; < 3 implies —% <
X1 — 6 < ]2 implies ‘x1 %‘ > ]g.
It follows that 15 < (%ﬁ% t (|Jxo— 5]+ [x1 = &| + [x2 — ¢|) holds.
Case III: (XQ,X1) € Iz,Xz . Then f(Xo,Xo) = f(X(),)q) = f(Xz,Xz) =
7o, (x1,%1) = f (x1,%2) = ¢.
Thus the condition(3) becomes:
1 < 1 1 N 1 N 1
—<=||x— == X1—=|+|x2——=|].
106\ 15/ |7 6l | 15
But }Xo 15‘ > %; X1 — %‘ > %;% <x2 <1 implies g 4 < X1 —1]—5 < % implies
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uﬂmmmumtogg(%+g) S (xo— 15|+ [x1 — \+h,—ﬁ)mms

Case TV: (x0,x1) € Igyxy < % and Case V: (xo,x1) € Iy,xp > 3 3 follow
similarly.

Now we show that f is not Presi¢ nonexpansive. For the above defined f,
the PreSi¢ nonexpansive condition becomes:

If (x0,%1) — f (x1,%2)| < &1 [xg — x1| + 1 [x1 — %3] (4)

where 01,00 € R, 000 +0p < 1.
Set xo = %,m = % =x2, T(x0,%1) = l5 f(x1,x2) = % in (4), we get
1 1
— <

10 = %20

!

ZS(X]S],

a contradiction. O

2 Main results

Kannan [9] proved the following result:

Theorem 4 Let X be a compact metric space and let F : X — X be a con-
tinuous Kannan nonexpansive mapping satisfying the property that for every
closed subset C of X which contains more than one point in C and F maps
C into itself. If there exists x € C such that d (x,F(x)) < supyec d(y,F(y)),
then F has a unique fized point in X.

We extend Theorem 4 for Presi¢-Kannan nonexpansive mappings on the
product of compact metric spaces.

Theorem 5 Let (X,d) be a compact metric space and let f: X* — X be a
continuous Presi¢ Kannan nonerpansive mapping satisfying the property that
for every closed subset C of X which contains more than one point in C and
f(C*) C C, there exists x € C such that d(x,f(x,X,...,x)) < supyec d(y,
f(Y,Yy...,y)) . Then f has a unique fized point x* in X, that is, f (x*,x*, ..., x*) =

x*.

Proof. Define F: C — C by

F(z) =f(z,z,...,2), z€C.
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For any x,y € C, we have

d(F(x),F(y)) =d(f(x%...x),f(Yy,y,..., y))
f(x,

< d (f (% Xy ey X) ,y))+d(f(x,---,x,y),f(x,---,x>y,y))
+ o+ d(f(x >y,---,y), (y,y,---,y))

_ 1 [ d (%, (X, %y eeey X)) + .. + d (x, T (%X, ..., X)) (k times)
T k(k+1) +d (Y, T (Y, Yy ey y))

[ d (%, F (X, X, eeey X)) 4 oo + d (%, T (%, %, ooy X)) (k-1 times)
k(k+1) +d(y,f(y,yy-y)) +d(y,f(y,y,...,y)) (2 times)

1 d (%, f (%, %, .0y X))
T k(k—|— ]) + d(y)f(y)y) )y)) +..+ d(y)f(y)y) )y)) (k‘l times)

1 A FE) (Rt +2+1)
TR+ 1) | Ay F) (1424 .+ k)

B 1 k(k+1)
— T 2 [d(x,F(x))+d(y,F(y))]

:%mufun+dwfwm.

This shows that F is a Kannan nonexpansive mapping and the conclusion
follows immediately from Theorem 4. ([l

Theorem 6 If, in addition to the hypotheses of Theorem 5, we have
d(f (X1)X2) )Xk < Z cxl XU

for all x1,x2y ...y Xk € X and xq, 42, &3, ..., X € Ry with xi # x* (a unique fized
point of f) and Z]-f:1 o < 1.Then, for every x € X, f™ (x, X, ..., x) — x*.

Proof. Define F: X — X by

F(z) =f(z,z,...,2), z€C.
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For any x € X such that x # x* = F(x*), we have
d(F(x),x") = d(f(x,%,.yx),x")
< d (% Xy eeey X) (X eeey X, X¥))
A (F (X ey Xy X))y T (Xy ey Xy X5, X¥))
Foo A (f (%, X" 0y X™) y x¥)
oged (%, x*) + oge_1d (%, X*) + ... + o1 d (x,x)

k
= Z od (x,x%)
i=1

= oad(x,x")
< d(x,x").

IN

That is,
d(F(x),x") <d(x,x"). (5)
Since X is compact, there exists a subsequence {F™ (x)} of {F™ (x)} such that
Fri(x) = ze X
Note that

d(F* (x),x") = d(F"(x),F(x"))
< %{ a (P (), P ))+d(x*,F(x*))}
= (P ), )
< %{ (FT” *)+d(F“(x),x*)}.

That is,
d(F*(x),x*) <d <F“71 (x) ,x*> .

Thus {d (F™ (x),x*)} is a nonincreasing sequence and is therefore convergent.
Since F™ (x) — z, we have {d (F™ (x),x*)} — d (z,x*) and

d (F“i“ (x) ,x*) <d <F“i+‘ (x),F (z)> £ d(F(z),x").

We claim that z = x*. If not, then by the continuity of F and F™ (x) — z, we
have

d(z,x*) = lim d(F" (x),x*) = lim d(F"*(x),x")

i—00 n—oo

— limd (Fm“ (x) ,x*) < d(F(z),x),

i—00
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a contradiction to (5).

Hence
lim d(F"(x),x*) = lim d (F™ (x),x*) = lim d (F" (x),z) = 0.
n—oo 1—00 1—00
This completes the proof. O

Next we give our convergence result for a Presi¢-Kannan nonexpansive map-
ping on the product of convex metric spaces.

Theorem 7 Let X be a convex metric space with continuous convex structure
W and C be a nonempty bounded closed and convex subset of X. Let f: C* —
C be a continuous Presi¢ Kannan monexrpansive mapping with o fized point
X*, that is, f(x*,x*, ..., x*) = x*. Set Fp (x) = W (x, f (x,X,....,x),A) for some
A€ (0,1) and let d(Fy(x),x*) < d(x,x*) for x # x*. Generate {xn} by:
X1 € Cyxng1 = Fa (xn) D Fa (Xn,) = xn41 = 2. Then z =x* and xn — x*.

Proof. Note that x* is a fixed point of Fj as Fy, (x*) = W (x*, f (x*, x*, ..., x*) ,A) =
W (x*,x*,A) = x*.
Define F: C — C by

F(z) =f(z,2z,....,2) forall ze C.

As calculated in Theorem 5, F is a Kannan nonexpansive mapping.
Since

AF (xa),x") = d(Fxa), F(6))
< 2o, F b))+ A (6 FOx)))
= %d(xn,F(xn))
< 20 G+ A (F () X,
we get
d (F (xn),x") < d(xn,x")
Therefore

d (xn41,x") = d(Fx(xa),x")
= d(W (xn,F(xn),A),x")
Ad (xn, x*) 4+ (1 = A) d (F (xn) ,x")
Ad (xn, X*) + (1 —A) d (xn, )
d (xn, x*).

IA A
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This gives that {d (xn,x*)} is a nonincreasing sequence and is therefore con-
vergent.

Also
d (xng+1, %) < d (Xn41, Fa (2)) +d (Fa (2),x7) .

Since F, is continuous and xn, 11 — z,

lim d (xn,41,%%) < d(Fa (2),x°) .

i—o0
Hence
d(z,x*) = lim d (xn41,%") < d (F (2),%x7).
1—00
By the given fact that d (Fy (x),x*) < d (x,x*) for x # x*, we conclude that
z = x*. This completes the proof. ]

Next, we approximate fixed point of a Presi¢-Kannan nonexpansive mapping
by using Mann iterations [14] in the product of uniformly convex metric spaces.
The following lemma is crucial to prove our next theorem.

Lemma 1 [22] Let X be a uniformly convex metric space satisfying Property(H).
Then for € >0 and v > 0, there exists o (€) > 0 such that

d(W(x,y,¢),z) <7 (1 —2min{c, 1 —c}x(e))
for all x,y,z € X,;d (x,z) <7,d(y,z) <r,d(x,y) >71e and c € [0,1].

Theorem 8 Let C be a nonempty, bounded, closed and convex subset of a
complete uniformly convex metric space X satisfying Property(H). If {cn} is
a sequence in (0,1) such that liminf, oo cn (1 —cn) > 0 and T is a continu-
ous Presi¢ Kannan nonexpansive mapping from C* onto a compact subset of
C, then the sequence {xn} defined by:

X1 € Cyxna1 = W (Xny T (Xny Xy weey Xn) s Cr)
converges to a unique fized point x* of f.
Proof. As shown in Theorem 5, the mapping F: C — C defined by
F(z) =f(z,z,...,2) forallze C

is Kannan nonexpansive. Further choosing o1 = a4 = o5 = 0, xp = % = a3 in
Theorem 1, we see that F has a unique fixed point x* € C. As calculated in
Theorem 7, T satisfy the inequality

d(Fxn, X*) < d(xm X*)-
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Therefore

d(xn-‘th*) = d (W (Xn» F (Xn) ) Cn) )X*)

< cnd(xXn,x*) + cnd(F (xn),x")
= cnd(Xxn,x") 4+ cnd(F (xn),x")
< d(xn,x").

This gives that {d (xn,x*)} is a nonincreasing sequence and is therefore conver-
gent. Let limy_,00 d(xn,x*) = ¢ (say). Since {d (xn, Fxn)} is bounded, therefore
infr>1 d (xn, Fxn) exists. We claim that infy>7 d (xn, Fxn) = 0.Assume that
infn>1 d (xn, Txn) = 0 > 0. Then

o) o

d Txn) =d Noe——>d ).
(Xﬂ) XTL) (XTL)X ) d(Xn)X*) - (X'Tl)x ) d(X1,X*)

Hence by Lemma 1, there exists o (%) > 0 such that

X7,X* )

d(xn-H ) X*) = d (W (Xn) T (Xn) )Cn) )X*)
< Al xY) <1 ~ 2min{en, T —cn)a (d(xcx)» :
1y

That is
o

2¢c, (1 —cn)oc<d(

mx)) < dlxn 1, %) = A, X7). (6)

By liminf, o on both sides in (6), we get that

o . _
o4 (d() liminfcn (1 —cn) =0.

X1, X* ) n—00

7) = 0, a contradiction.
1,X )

But liminf,, o cn (1 —cn) > 0 implies that « <d(x0
Therefore infn>1 d (xn, Txn) = 0. Then there exists a subsequence {x,,} such
that limi_,c d (Xni, F (Xn,)) = 0. Since F maps C into a compact subset of C,
this implies that there exists a subsequence {ij } of {xn} such that {F(ij )}

converges to a point u in C as j — oco. Since limj_, d(xni_,F(xni.)) =0
) )
we obtain that limj_, Xy = U= limjﬂooF(xni]_). But F is continuous, so

u = F(u). Since
d(u,x*) =d(F(u),F(x")) < %{d (u, F(w) +d(x*F(x"))} =0,

lim; 00 Xng = Uy limy, 00 d(xn, x*) exists, therefore x,, — x*.
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Abstract. In this paper, we introduce and investigate new subclasses
of bi-univalent functions related to shell-like curves connected with Fi-
bonacci numbers. Furthermore, we find estimates of first two coefficients
of functions in these classes. Also, we determine Fekete-Szegd inequalities
for these function classes.

1 Introduction

Let U = {z:|z| < 1} denote the unit disc on the complex plane. The class of
all analytic functions of the form

f(z) =z+ i anz" (1)
n=2
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in the open unit disc U with normalization f(0) = f’(0) — 1 = 0 is denoted by
A and the class § C A is the class which consists of univalent functions in U.

The Koebe one quarter theorem [3] ensures that the image of U under every
univalent function f € A contains a disk of radius }1. Thus every univalent
function f € A has an inverse f~! satisfying

F1(f(z) =z, (z € U) and F(£ (w)) =w<|w| < rolf), To(f) = l)

A function f € A is said to be bi-univalent in U if both f and f~' are univalent
in U. Let X denote the class of bi-univalent functions defined in the unit disk
U. Since f € £ has the Maclaurian series given by (1), a computation shows
that its inverse g = f~! has the expansion

Q(W) qu(w) :W—a2W2+(2a%—a3)w3+... . (2)

One can see a short history and examples of functions in the class X in [12].
Several authors have introduced and investigated subclasses of bi-univalent
functions and obtained bounds for the initial coefficients (see [1, 2, 8, 12, 13,
14)).

An analytic function f is subordinate to an analytic function F in U, written
as f < F (z € U), provided there is an analytic function w defined on U with
w(0) = 0 and |w(z)|] < 1 satisfying f(z) = F(w(z)). It follows from Schwarz
Lemma that

f(z) <F(z) <= f(0)=F(0) and f(U)CFU),zeU

(for details see [3], [7]). We recall important subclasses of S in geometric
function theory such that if f € A and

zf"(z)
/(z)

<p(z) and 1+ < pl(z)

where p(z) = }%ﬁ, then we say that f is starlike and convex, respectively. These
functions form known classes denoted by &* and C, respectively. Recently,in
[11], Sokdét introduced the class SL of shell-like functions as the set of functions
f € A which is described in the following definition:

Definition 1 The function f € A belongs to the class SL if it satisfies the
condition that
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with
14
1 =1z — 122’

p(z)
where T = (1—+/5)/2 ~ —0.618.

It should be observed SL is a subclass of the starlike functions S*.

Later, Dziok et al. in [4] and [5] defined and introduced the class KXSL
and SLM, of convex and a—convex functions related to a shell-like curve
connected with Fibonacci numbers, respectively. These classes can be given in
the following definitions.

Definition 2 The function f € A belongs to the class KSL of convex shell-like
functions if it satisfies the condition that

zf"(z) . 1+ 1222

T+ f/(z) <p(z) = 1 — 1z — 1222’

where T = (1 —+/5)/2 ~ —0.618.

Definition 3 The function f € A belongs to the class SLMy, (0 < o« < 1) if
it satisfies the condition that

zf"(z) zf'(z) . 1+ 1222
oc<1+ f,(Z)>+(1—oc) <p(z):m,

where T = (1 —+/5)/2 ~ —0.618.

The class SLM is related to the class KSL only through the function p
and SLMy # KSL for all o« #£ 1. It is easy to see that KSL = SLM;.

Besides, let’s define the class SLG, of so-called gamma-starlike functions
related to a shell-like curve connected with Fibonacci numbers as follows.

Definition 4 The function f € A belongs to the class SLGy, (v > 0), if it
satisfies the condition that

<zf/(z)>y (] N zf”(z)>]Y <) 14 1222

f(z) f/(z) T 1tz 12

where T = (1—+/5)/2 ~ —0.618.
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The function p is not univalent in U, but it is univalent in the disc |z| <
(3 —+/5)/2 ~ 0.38. For example, p(0) = p(—1/21) = 1 and p(eFiarccos(1/4)) =
v/5/5, and it may also be noticed that

1 IT]

Kl 1=

which shows that the number |t| divides [0, 1] such that it fulfils the golden
section. The image of the unit circle |z| = 1 under p is a curve described by
the equation given by

(10x — \/g)yz = (\/g— Zx) (\/gx — 1)2,

which is translated and revolved trisectrix of Maclaurin. The curve p(re't) is
a closed curve without any loops for 0 < v < 19 = (3 —/5)/2 ~ 0.38. For
To < v < 1, it has a loop, and for r = 1, it has a vertical asymptote. Since
T satisfies the equation T = 1 + T, this expression can be used to obtain
higher powers T" as a linear function of lower powers, which in turn can be
decomposed all the way down to a linear combination of T and 1. The resulting
recurrence relationships yield Fibonacci numbers w,:

T = UnT+ Up_1.

In [10], taking Tz = t, Raina and Sokét showed that
N 1+ 1222 1 t

= —-— t —_ e —

Pz 1 — 1z — 1222 ( +t>1—t—t2

A ] ]
_\@< +t> <1—(1—T)t1—’tt)
=g -"

oo o8}
t+ > D unt™ =14 (unog+ung) T2,

n=I1 n=1

where

(—or—t ] -5
V5o 2

This shows that the relevant connection of p with the sequence of Fibonacci

numbers Uy, such that up =0, w1 =1, Upns2 = Un +Upyg forn=0,1,2,---.

U, =

m=1,2,...). (4)
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And they got

plz) =1+ Zf)nzn =1+ (up +u2)tz + (g + uz)t’z?

n=1

o0
+ ) (Un3+Un2 + Ung + U )T"2"
n=3

=142+ 302 +4°3 + 72 + 11022 + - .

Let P(B), 0 < B < 1, denote the class of analytic functions p in U with
p(0) =1 and Re{p(z)} > B. Especially, we will use P instead of P(0).

Theorem 1 [5] The function p(z) = % belongs to the class P(pB) with
B =+/5/10 ~ 0.2236.

Now we give the following lemma which will use in proving.
Lemma 1 [9] Let p € P with p(z) =1+ c1z+ c222 + -+, then
lcn] < 2, for n>1. (6)

In this present work, we introduce two subclasses of X associated with shell-
like functions connected with Fibonacci numbers and obtain the initial Taylor
coefficients |ay| and |az| for these function classes. Also, we give bounds for the
Fekete-Szego functional |az — ua%I for each subclass.

2 Bi-univalent function class SLM z(p(z))

In this section, we introduce a new subclass of X associated with shell-like
functions connected with Fibonacci numbers and obtain the initial Taylor
coefficients |a;| and |as| for the function class by subordination.

Firstly, let p(z) = 14+ p1z +p2z2 +---, and p < p. Then there exists an
analytic function u such that [u(z)| < 1 in U and p(z) = p(u(z)). Therefore,

the function
T+ u(z)

C1—u(z2)
is in the class P(0). It follows that

2\ 2 3\ 3
_ Gz _4a)\ =z _ Sy\E
u(z) = > —i—<cz 2> 2 +<C3 cico + 4> > + (8)

h(z) =T+cizt+cz?+... (7)
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ci1z ct\ 22 c
74— C— = | = c3—cCi1cy +
f)]C]Z 1 C% - C%N 2
:] — —_— —
+ 7 —l—{z(Cz )p1+4p2 z

+ 1 _ _’_ﬁ ol +1 _(j M +§~ 3_|_
P C3 —C1C2 4 P1 2C1 C2 P P2 8P3 z

And similarly, there exists an analytic function v such that [v(w)| < 1 in U
and p(w) = p(v(w)). Therefore, the function

14+ v(w)

N

k(W) = ——— =T+ dw+dw? +... (10)
1 —v(w)
is in the class P(0). It follows that
dyw a3\ w? a3\ w?
and
. prdiw (1 azy . o di.
plviw)) =1+ P1EY 2‘ <d2_21> P +4‘pz}w2

2
1 ds a2 d3
+{2< d]dz+4> + = d1 <d2—2>p2+ 8p3}w + -

Definition 5 For 0 < o < 1,a function f € L of the form (1) is said to be in
the class SLMy 5 (p(z)) if the following subordination hold:

x <1 + Zf”m) +(1— o) <Zf/(z)) <pla= TR )

f'(z) f(z) 1 — 1z —122?
and
wg" (w) wg’(w) . 1 w?
“(1 T gw) >+“ _‘X)< g(w) > SPWl =g (14

where T = (1—+/5)/2 ~ —0.618 where z,w € U and g is given by (2).
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Specializing the parameter « = 0 and o« = 1 we have the following, respec-
tively:

Definition 6 A function f € X of the form (1) is said to be in the class
SLs(p(z)) if the following subordination hold:

zf'(z) 1+ w222
f(z) <plz) = 1 — 1z — 1222 (15)
and
wg’'(w) 1+ 2w?
- - 1
gw) <p(w) 1 — 1w —1t2w? (16)

where T = (1 —1/5)/2 ~ —0.618 where z,2w € U and g is given by (2).

Definition 7 A function f € X of the form (1) is said to be in the class
KLs(p(z)) if the following subordination hold:

zf"(z) . 1+ 1222
T f'(z) <p(z) = 1 — 1z — 1222 (17)
and //( ) 1 2..,2
wg”(w N + T°w
— - 1
[ O R L\ g (18)

where T = (1 —1/5)/2 ~ —0.618 where zyw € U and g is given by (2).

In the following theorem we determine the initial Taylor coefficients |a;| and
las| for the function class SLMy s (p(z)). Later we will reduce these bounds
to other classes for special cases.

Theorem 2 Let f given by (1) be in the class SCMys(p(z)). Then

||

N T T EECE 1)
and
Il [(1 4 a)? — (30 + Yo + 4)7]
&3l < S 2 T 0 T = 2 3004 (20)

Proof. Let f € SLMy5(p(z)) and g = f~1. Considering (13) and (14), we

have () f(2)
zf"(z zf'(z -
o <1 + 2] ) + (1 — ) ( ) > =p(u(z)) (21)




Subclasses of bi-univalent functions related to shell-like curves 77

and

wg” (w) wg'(w)\
(14 ) 0= () =pvom) 22)

where T = (1 —v/5)/2 ~ —0.618 where z,w € U and g is given by (2). Since
f// f/
oc<1+Z (Z)>+(1—oc) (Z (Z)> =14+ T+ &)azz+ (2(1+2x)as

'(z) f(z)
— (143x)a3)z? + - --

(x<] +Wg//(W)> L (- <wg/(w)> — 11 +oc)a2w+((3+5cx)a%

2

—2(1 4+ 2x)az)w” + - -

Thus we have

1+ (1 + «)azz+ (2(1 +20)a3 — (1 + 3x)a3)z? + AAA
o ez [V a\. L c-]
=1+ > +|:2<C2 2)P1+4p2 z (23)

+ l _ _|_(j o _|_1 _ﬁ o +ﬁ” 3_|_
3 C3—Ci1C2 2 P1 261 C2 ) P2 81932

and
T— (1 4+ a)aaw+ (34 50)a3 — 2(1 4 20)az)w? + AAA,

ymdoe 1Ay d

=1+ > +[2 <d2 bl P1+ 4p2 w (24)
1 CEAN. a3\, d&_.1 3

+[2<d3—d1d2+4>p1+2d](d2—2>p2+8])3]1/\) + e

It follows from (23) and (24) that

(1+a)az = T, (25)
2] ¢ i,
2(1 4+ 2a)az — (1 —|—3oc)a2:§ -5 )T+ Z?)T , (26)
and
0+ e =TT, (27)

2 1 di di, 5
(3"‘50()0.2—2(] +20€)a3:§ d2—7 T+ Z3T . (28)
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From (25) and (27), we have

C1 = _dh (29)
and . .
(e +df)
2 2 — 1 1 2
Q=40 (30)

Now, by summing (26) and (28), we obtain
1 1 3
2(1 4+ «)a3 = 5(ca+ da)T— Z(c% +dh+ Z‘(c% + dhH (31)
By putting (30) in (31), we have

20+ o) [(—2—-3x)T+ (1 + ) al = 1(cz + dy) T (32)
2

Therefore, using Lemma (1) we obtain

ool < i .
VI +a)2—(1+a)2+ 30T

Now, so as to find the bound on |as], let’s subtract from (26) and (28). So, we
find

(33)

:
4(1420)a3 —4(1 4+ 20)a5 = 5 (c; —dy) T (34)

Hence, we get
4(1 + 20)|az] < 2/t +4(1 + 2a)|azl?. (35)

Then, in view of (33), we obtain

ol < It [(1+ )2 — (30 + 9o + 4) 7]
S 0 200+ )10 + %) — 2+ 3001

. (36)

0

If we can take the parameter « = 0 and o« = 1 in the above theorem, we
have the following the initial Taylor coefficients |ay| and |as| for the function
classes SLy(p(z)) and KSLs(p(z)), respectively.

Corollary 1 Let f given by (1) be in the class SLx(p(z)). Then

g

ay <
lazl < 1—27

(37)

and
ITl(1 —41)

< ——
sl < 52y

(38)
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Corollary 2 Let f given by (1) be in the class KSLz(p(z)). Then

Tl
las| < \/ﬁ (39)
i (1 —40)
T — 47T
laz| < m (40>

3 Bi-univalent function class SLG, s (p(z))

In this section, we define a new class SLG, x(p(z)) of y— bi-starlike functions
associated with Shell-like domain.

Definition 8 For y > 0, we let a function f € £ given by (1) is said to be in
the class SLG, x(p(z)), if the following conditions are satisfied:

'\ (" @\ 7 . 1+7
< f(z) ) (1 T ) =Pl =1 (41)
and ]
wg' (W \ (L owg" (W)Y T Tw
( g(w) ) (1+ g'(w) ) SPW =g (42)

where T = (1 —/5)/2 ~ —0.618 where z,w € U and g is given by (2).

Remark 1 Takingy =1, we get SLG15(p(z)) = SLs(p(z)) the class as given
in Definition 5 satisfying the conditions given in (15) and (16).

Remark 2 Taking y = 0, we get SLGo 5 (P(z)) = KLs(p(z))the class as given
in Definition 6 satisfying the conditions given in (17) and (18).

Theorem 3 Let f given by (1) be in the class SLG, z(p(z)). Then

o] < V21|
T V22—v)?—(5y2 21y +20)t

and

o] < Il [2(2 —v)? — (5v* — 29y + 32)1]
B3 22—y = 5y — 21y + 2001
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Proof. Let f € SLGy 5 (P(z)) and g = f~! given by (2) Considering (41) and
(42), we have

zf'(z)\ Y (2"
() (+55) <o e
and y 1y
wg' W)\ (1, wa"w\'
(5r) (1) <o) o

where T = (1 — v/5)/2 ~ —0.618 where z,w € U and g is given by (2). Since,

/ 11 1—
<Zf (Z)>Y <1 + =t (Z)> i =1+ (2—v)azz

f(z) '(z) (45)
+ (2(3 —2y)a3 + %[(v —2)2 34— 3vna%) 22+ < plufz)
and
/ " 1—
(Wg (W)>y <1+W9 (W)> 1 2—y)aw
g(w) g'(w) (46)

+ ([8(1 )+ ovly 4 5)ad - 203 —ZY)C13> W4 o < Bvw)).

Equating the coefficients in(45) and (46), with (9) and (12) respectively we
get,

1T

(2 - Y)QZ = 7) (47)
| 2 2] cf .o
2B3—-2y)az + sy —2)"—-34—-3y)las == |ca— = )T+ =315, (48)
2 2 2 4
and
dit
~(2-y)a ==, (49)
| 2] i di, >
—23—-2y)az +8(1—v)+ zv(y+5)]as==(d2— = ) t+ —37". (50)
2 2 2 4
From (47) and (49), we have
- at dit (51)
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which implies
C1 = *d] (52)

and

2 (¢} +dh)t?

a; = YRV
8(2—v)

Now, by summing (48) and (50), we obtain

1 1 3
(Y* =3y +4)aj = 5(c2+da)r— Z(c% +dht+ Z(c% +dhHrt. (54)

Proceeding similarly as in the earlier proof of Theorem 2, using Lemma (1)
we obtain
V2|
laa| < .
V2(2—7v)2— (5y2 =21y +20)T

Now, so as to find the bound on |as], let’s subtract from (48) and (50). So, we
find

(55)

1
4(3 —2y)az —4(3 —2y)a3 = 5 (e2—da). (56)
Hence, we get
41+ 2y)las| < 2t/ +4(1 + 2y)|azl”. (57)

Then, in view of (55), we obtain

Il [2(2 —v)? — (5v* — 29y + 32)1]
laz| < 5 5 .
2(3 —2y) [2(2 —v)* — (5v* — 21y + 20)1]

Remark 3 By taking y = 1 and vy = 0 in the above theorem, we have the
initial Taylor coefficients |ay| and |a3| for the function classes SLs(p(z)) and
KSLs(p(z)), as stated in Corollary 1 and Corollary 2 respectively.

4 Fekete-Szego inequalities for the function classes

SLMyz(P(2)) and SLGy 1 (p(z))

Fekete and Szegd [6] introduced the generalized functional |az — ua%l, where
w is some real number. Due to Zaprawa [15], in the following theorem we
determine the Fekete-Szego functional for f € SLM 5 (p(z)).
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Theorem 4 Let f given by (1) be in the class SCLMy s (p(z)) and p € R.
Then we have

|| (1+o)[(1+x)—(24+3x)1]
125" =11 < = raam
a3 — paj| <
11— pje2 1] > UHele)-(243a)
T+t —2t3007 M =z 2(1H2a)[]
Proof. From (32) and (34)we obtain
s — pad = (1 — ) (2 + dy) 4 ez —do)
3T 40+0)[(T+o)— 243000 8(1+2x)
(1—pt? T
= 59
<4(1 Tl 10— 213010 801200 ) (59)
< (1— wr? T )
+ — dy.
4014+ ) [(T4+ ) — (24 3a)T]  8(1 +2x)

So we have

a3 — naj = (h(u) o E'Z“J &+ (h(u) i 'fz“)) & (60)

where

(1—p)t?
h(p) = . 61
W = 0+ o) = 24301 (61)
Then, by taking modulus of (60), we conclude that
g |
a3 — padl < { 22 0 < [h(w)] SM 8(T+20)
Al R0 > g
Taking u = 1, we have the following corollary.
Corollary 3 If f € SLMy5(p(z)), then
ST | 62
laz —a3| < 207+ 200 (62)

If we can take the parameter « = 0 and o« = 1 in the above theorem, we have
the following the Fekete-Szego inequalities for the function classes SLx(p(z))
and KSLyz(p(z)), respectively.
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Corollary 4 Let f given by (1) be in the class SLCs(p(z)) and u € R. Then
we have

| 1-2

2 %) |H— ” S 2|T‘T

las —papl < oy 1> =2t
=y 1> 2]

Corollary 5 Let f given by (1) be in the class KSLx(p(z)) and u € R. Then
we have

Il 2-5
| B 2| < 6 |H_ ” S 3‘T‘T
43— HAGI= Y e 25t
T

pipis oK Sl | s o

In the following theorem, we find the Fekete-Szego functional for f € SLG, 5 (p(z)).

Theorem 5 Let f given by (1) be in the class SLGy 5 (p(z)) and p € R. Then
we have

It 2(2—y)?+(=5y*+21y=20)t
, B =1l < 13—y
laz — paj| <
21 —p7? w—1]> 2(2—y)?+(—5y24+21y—20)T
p] )RR Ve sy Ty o R = B2y

Taking 1 =1, we have the following corollary.

Corollary 6 Iff e SLG,s(p(z)), then

||
laz — a3l <

<337 (63)

By taking y = 1 and 'y = 0 in the above theorem, we have the Fekete-Szego
inequality for the function classes SLx(p(z)) and KSLs(p(z)), as stated in
Corollary 4 and Corollary 5, respectively.
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Abstract. In this paper we correct an inaccuracy that appears in the
proof of Theorem 1. in Czerwik [1].

1 Introduction

It is well known that on certain function spaces the natural “norm” does not
satisfy the triangle inequality (for example, on L,(R™) when p € (0,1) the
functional that is usually called the “p-norm” has this property). In view of
this observation, Czerwik in [1] proposed a generalisation of metric spaces by
relaxing the triangle inequality in a way that allows the extension of fixed point
theory to cover also these badly behaved function spaces. The resulting notion
of b-metric spaces created a new direction in which fixed point theory could be
developed and Czerwik was the first to generalise Banach’s fixed point theorem
for this case. Since then many authors contributed to this development and
nowadays the field occupies a considerable position in fixed point theory.
The aim of our paper is to correct an inaccuracy that appears in the proof
of Czerwik’s theorem mentioned above. This occurs in the proof of Theorem
1 in [1] (and also in the essentially same proof of Theorem 12.2 in [2]) at the
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step of proving that (xy)ken is a Cauchy sequence: the definition of (xy)ken
depends on the choice of €. However, in our proof we show that this inaccuracy
can be corrected, and thus the conclusion of Czerwik’s theorem remains true.

2 Main result

In this section we recall the notion of b-metric spaces, the statement of The-
orem 1 in [1] and we present our corrected proof.

Definition 1 We say that (X, d) is a b-metric space with constant s > 1 if
d: X x X = [0,00) satisfies the following conditions for every x,y,z € X:

(i) d(x,y) =0 if and only if x =y;
(ii) d(x,y) = d(y,x);
(i) d(x,y) < s(d(x,z) +d(z,y)).

Theorem 1 Let (X, d) be a complete b-metric space with constant s > 1 and
suppose that T: X — X satisfies

d(Tx, Ty) < e(d(x,y)) (1)
for all x,y € X, where @: [0,00) — [0,00) is increasing and

lim @"(t) =0

n—oo

for eacht > 0. Then T has a unique fized point x* € X and limp_,oo T™(x) = x*
for each x € X.

Proof. Let x € X and define x; = T*x for every k € N. Since for every
m,n € N we can apply mn times (1) to get

AT %mny Xmn) < @™ (d(xn,x0)),
it follows that

lim d(T™"Xmn,Xmn) =0, VneN. (2)

m—oo

In the next step for any € > 0 we construct an n and m such that

T(B(xmm €)) € B, €), (3)
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where B(xmq,€) = {u € X | d(u,xz7) < ¢} First we choose n € N such that
@™(e) < 55. By (2), for ¢ and n we can choose an m € N such that

d(TﬁXmﬁ,Xmﬁ) < 2—2, ¥Ym > m.

The inclusion given in (3) holds for these indices since for any u € B(x#sx, €)
both inequalities

— ~ ~ €
AT, Txma) < @™ (d(u,xma)) < @™(e) < 75

and ~

(T, Xma) < 5
are satisfied, hence we can use the relaxed triangle inequality to obtain

AT, xq7) < s(d(T™, T%qq) + AT %5, Xaw))
€ €
<SS (g + g) = E&.
As a consequence of (3), we can conclude
d(xmﬁaxﬁlﬁ) <, (4)

for all m > m.

We observe that (2) also implies that there exists an my € N such that
d(Xmﬁ)Xmﬁ+p)<£) VmZmo»VPE{OJw--)ﬁ—]}- (5)
Indeed, since (2) holds for n = 1, there exists ko € N such that
€
d(xieen, ) < ==,
ns

for all k > ko. Let mp be such that mon > ko. We can apply p — 1 times the
relaxed triangle inequality to obtain

~ =,

P n—1
i+1 n
d(xmﬁ)Xmﬁ+p) < Z N d(xmﬁ+bxmﬁ+i+1) < Z S = =
i=0

€
i=0 S

for all m > my and p € {0,...,n—1}.
We have prepared all the necessary technicalities to prove that (xy)ken is a
Cauchy sequence. For any ¢ > 0 first construct n, m such that (3) holds and
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then my such that (5) is also satisfied. Let m = max{m, mo} and k;,k, € N

such that ki, k; > mn. We can write k; = myn + py, ko = myn + p2, where

pr1,p2 €{0,...,n—1}and m;, m, > . The construction of these indices implies
d (i Xm,7) < € and d(Xm,m, Xk,) < & by (5);

d(Xm 7 Xma) < € and d(xms, Xmy7) < €& by (4).
Therefore we can use the relaxed triangle inequality to obtain

d(xxy, Xiy) < A%y, Xony70) + 87 A (X, 7 Xist)
+ s3d(xmz, Xm,i) + S3d(Xm2ﬁ, Xk, )
< se +szs —I—s3s + s’
< 4s3¢.

Thus we proved that (xy)xen is a Cauchy sequence. Since (X, d) is complete,
there exists an x* € X such that xx — x*. Then

s7ld(x*, Tx*) < liminf d(xyp, TX*)
k—o0

< limsup d(xg41, Tx")
k—o0

= lim sup d(Txy, Tx™)

k—oo

< limsup d(xx, x*) =0,

k—o0

hence Tx* = x*.
It remains to prove that T has no other fixed point besides of x*. Suppose
that y* is also a fixed point of T. Hence

0< d(X*)y*) = d(TX*)Ty*) < (P(d(X*)y*)))
and since @ is increasing we have
0 <d(x%y") <e™dx%y")), VneN.

If we let n — oo, the last inequality implies d(x*,y*) = 0.
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Abstract. This paper is devoted to the study of a nonlinear Euler-
Bernoulli Beam type equation involving both left and right Caputo frac-
tional derivatives. Differently from the approaches of the other papers
where they established the existence of solution for the linear Euler-
Bernoulli Beam type equation numerically, we use the lower and upper
solutions method with some new results on the monotonicity of the right
Caputo derivative. Furthermore, we give the explicit expression of the
upper and lower solutions. A numerical example is given to illustrate the
obtained results.

1 Introduction

Fractional differential equations containing a composition of left and right
fractional derivatives occur in the fractional theoretical mechanics and may
arise naturally in the study of variational problems such as the fractional
Euler-Lagrange equations, see [1-5,8,12]. The presence of both left and right
fractional derivatives in the nonlinear differential equation poses many com-
plications when trying to apply the existing methods, for this reason, most
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studies focus on the linear cases and use numerical analysis, we refer the reader
o [1,5,12].

In [12] the authors discussed a linear fractional differential equation in-
volving the right Caputo derivative and the left Riemann-Liouville fractional
derivative and describing the height of granular material decreasing over time
in a silo:

‘DED&u(t) +bu(t) =0,0<t<L0<a<].

Recently in [5], the author solved analytically and numerically a linear frac-
tional Euler—Bernoulli beam equation containing left and right fractional Ca-
puto derivatives:

‘DXDEu(t) = f
u0) = u

that is derived by using a variational approach.

In [8] the authors proved existence of solutions for a nonlinear fractional
oscillator equation containing both left Riemann—Liouville and right Caputo
fractional derivatives

—DEDLu(t) +wlult) = f(tul(t),
0 < t<Tly,weRw#0,0<,p <1
w(0) = 0,D5u(1)=0.

The main tools for this study was the upper and lower solutions method.
Nonlinear fractional differential equations has been studied by different
methods such fixed point theorems, upper and lower solutions method, suc-
cessive approximations,... see [1-10, 13, 14].
In this paper we focus on a nonlinear Euler-Bernoulli Beam equation in-
volving both left and right Caputo fractional derivatives

CDICDE w(t) = f(t,u(t),0<t <1, (1)

with the boundary conditions

w(0) = (0) =u(1) =D§Mu (1) =0, (2)

Where 1T < &, 3 < 2, CD?‘_ and CD([; denote respectively the right and the

left sides Caputo derivatives and Dgir ! denotes the left Riemann-Liouville
fractional derivative. Denote by (P1) the problem (1)-(2).
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Note that the presence of both left and right fractional derivatives leads
to great difficulties. To solve problem (P1) we apply the lower and upper so-
lutions method and a new result on the monotonicity for the right Caputo
derivative. To succeed with such approach, we transform the problem (P1) to
a right Caputo fractional boundary value problem of lower order. After con-
structing the explicit expressions of the lower and upper solutions, we define a
sequence of modified problems that we solve by Schauder fixed point theorem.
An example is presented to illustrate the main theorem.

2 Preliminaries

In this section, we recall necessary definitions of fractional operators and their
properties [11,15,16].

The left and right Caputo derivatives of order n—1 < p < n are respectively
defined as

DRgt) = (1§:PD"g) (1),
D g(t) = —(17PD"g) (1),
and the Riemann -Liouville fractional derivative is defined as
D}, g(t) = D" (13:g) (1),

where D™ is the the classical derivative operator of order n and the operators
Ig+ and Iﬁ’, are respectively the left and right fractional Riemann—Liouville
integrals of order p > 0 defined by

P _ 1 ¢ g(s)
Boolt) = o | ds,

o (t—s)-p
1 gls)
Ta) = ],

The composition rules of the fractional operators (for n —1 < p < n) are:
C —1 g0
- 55DF g () = g (t) — X155 ¢ kfk)[tf.
C —1 (-1 ®)(1
2- DY g (1) = g (1) — X35 g2 (1 - 1)
1
3-“DP.Dg(t) =D g(t).
4- DDJ. g (t) =Df g (1).
Next we give some results on the Caputo derivative of monotone functions.
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Theorem 1 [8] Assume that g € C'[0,1] is such that CD}Cg(t) > 0 for
all t € [0,1] and all vy € (p,1) with some p € (0,1). Then g is monotone
decreasing. Similarly, if CD}/_g (t) <0 for all t and vy mentioned above, then
g s monotone increasing.

3 Main results

To reduce the problem (P1) to an equivalent right Caputo fractional boundary
value problem of lower order, we use the following Lemma

Lemma 1 If a function g satisfies g (0) = g’ (0), then we have
— 1
‘DDE. g (1) = —“DF'DE g (1) .
where Dgir1 denotes the Riemann -Liouville fractional derivative.

Proof. The proof is based on the composition rules of the fractional operators.
O

From Lemma 2, equation (1) can be written as
—DDE M () = f(t,u(t),0 <t <1,
Denote by (P2) the auxiliary problem:

DPFFlu(t)=v(t),0<t<1
(PZ){ L(L)(O):U./(O):U. ) =0.

(1
In the next lemma, we give the solution of (P2).
Lemma 2 If1 < < 2, then problem (P2) has a unique solution given by
w(t) =18y (1) —tPIBF v (1).

Let E denotes the Banach space C ([0,1],R) equipped with the uniform
norm |[ul| = rrl{ég}}(} [u(t)|. Define the operator T on E by
te

)

Tv(t) =I5 v (1) — P15 v (1)t e [0,1],

thus
ut)=Tv(t),tel0,1].
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From the boundary condition Dgf ]u(1) = 0, we show that the problem

(P1) is equivalent to the following right Caputo boundary value problem of
order 0<a—1<1:

(P3) { —DEv (1) ?E‘]()t,_T\Z)Ft)) 0<t<l

Let us make the following hypotheses:
(H1) There exists a constant A > 0 such that

fltx) > —— (1,

“T2—u)

for 0 <t <1, forally€[a—1,1) and & <x <o.

(H2) There exists a constant B < 0 such that A > |B| and

flt,x) < ——2 1y,

“T2—«)

for0<t<T1 forallye[a—1,1)and 0 <x < —;ﬁgggp.
To use Theorem 1, we have to adapt the definition of the lower and upper
solutions for problem (P1) as follows:

Definition 1 The functions o, & € AC*[0,1] are called lower and upper so-
lutions of problem (P1) respectively, if

a) —CDY Do (t) > f(t,a (1), for all t € [0,1] and for all y € [ —1,1)
and

c(0)>0, 0’ (0)>0, c(1) >0 and D8 (1) > 0.
b) —CDY DEM'G (t) < f(t,5 (1)), for all t € [0,1] and for all y € [a—1,1)
and
5(0) <0, (0)<0,5(1) <0 and D55 (1) <.
Where

ACH[0,1] = {u e C3[0,11,u® absolutely continuous function on [0, 1]}.

Functions ¢ and G are lower and upper solutions in reverse order if o(t) >
G(t),0<t<1.

Lemma 3 Under the hypotheses (H1) and (H2), the problem (P1) has a lower
and an upper solutions.
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Proof. Define ¢ (t) = A (1 —t), then we get

0 > To(t) =T o (t)—t*15 o (1)

_ AP 2 —A(B+1)
= m(—t —i—t(ﬁ—i—Z)—(B—i-])) > TGRLp)
By computation we obtain for y € [ —1,1)
DL (1) = g (1-0' 7

Now, we show that ¢ (t) = Te (t) is an upper solution of problem (P1). By
the help of hypothesis (H1), we have for all t € [0,1] and for all y € [« —1,1)
_ —A _
< f(t,To(t) =f(t,0(t))

in addition ¢ (0) < 0, ¢ (0) < 0,6(1) < 0 and Dgf]ﬁ(]) < 0, consequently
0 (t) = T (t) is an upper solution of problem (P1).

Similarly, setting 1 (t) = B (1 — t) and taking hypothesis (H2) into account,
we show that o (t) = T (t) is a lower solution of problem (P1). Finally we
write the explicit expressions of the upper and lower solutions as

B

Sl = Te(t)= tyigr (EHBT—(B+1) <0,
B

olt) = Tw(t):r(im(—t2+t(f5+2)—(r5+1))20,

and then o and © are lower and upper solutions in reverse order, i.e
o(t)<o(t),0<t< .

The proof is completed. 0
Let us introduce the following sequence of modified problems ((P4)y> , for
Y € [lax—1,1):

DY v(t)=Fv(t),0<t <1
((P4),) { "V =o,

where the operator F: E — E, is defined by

Fv(t) = f(t, T (min (¢, max (v,)))),0 <t < 1.
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The relation between the solution of the sequence of modified problem <(P4)y>

and the solution of problem (P1) is given in the following lemma:

Lemma 4 Ifv is a solution of problem ((P4)(x71) , then w ="Tv is a solution
of problem (P1) satisfying

Gt)<ult)<o(t),0<t<T. (3)

Proof. Let v, be a solution of problem ((P4)Y> for y € [ —1,1), we shall

prove that
W) <y () < (t),0<t< T, (4)

For this purpose, set € (t) = vy (t)—@ (t) . It’s clear that € (1) = 0. Suppose the
contrary, i.e. there exists t; € (0, 1] such that € (t;) > 0, since € is continuous,
then there exist a € [0,t;] and b € (ty, 1] such that € (b) = 0 and € (t) > 0,
for all t € [a,b]. By taking the right Caputo derivative of €, it yields

‘Dl e(t) = DY v, (t)-“D o(t)
—f (t,T (min [, (max vy, ))])) = D}~ o (t)
= —f(t,Te (1)) =" D] @ (t).

Taking in to account that @ = Te (t) is an upper solution, we conclude that
CD}/_e (t) < 0, t € [a,b], therefore, € is increasing on [a,b] by Theorem 1.
Since € (b) = 0, then e(t) < 0, for all t € [a,b] and thus v, (t) < @ (t),
t € [a, b] that leads to a contradiction. Proceeding by the same way, we prove
that P (t) < vy (1), t € [0,1].

Now, let v be a solution of problem ((P4),_1), then thanks to inequalities
(4) we have

—D V() =Fv (t) = f(t, Tv (1)),

hence v is a solution of (P3) and consequently u = Tv is a solution of (P1).
Let us rewrite the operator T as

1 1
Tv(t) = FU‘HS)L G (t,s)v(s)ds

where the Green function G given by

B (t—s)B—tﬁU—s)ﬁ,sSt
G(t7s)_{ —tB(1—S)B,SZt
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is negative for 0 < s,t < 1, consequently, by applying the operator T to (4) it
yields

To(t) <TV(t) <TP(1),0<t <1,
thus (3) holds. This achieves the proof. O

Now we are ready to prove our main results for problem (P1):

Theorem 2 Under the hypotheses (H1) and (H2), the problem (P1) has at
least one solution w satisfying

o(t)<u(t)<o(t),0<t<1.
Proof. Define the operator R on E, by
Rv(t) = —I'Fv(t)
= —I7'f (4, T (min (@, max (v,1)))),0 < t < 1.
Let us remark that if R has a fixed point v then u = Tv is a solution of (P1).

Set

M
0 ={ve o, vl < ot

where

M = max{[f(t,x)],0(t) <x < a(t),0 <t < 1}.
Let us prove that R (Q) is uniformly bounded, equicontinuous and R (Q) C Q.
Let v e Q, then ¢ (t) < T (min (¢, max (v,1))) (t) < o (t) we get

Rv(t) < I§7MF (4 T (min (@, max (v, ) (t))]

[T om0 5
IMloe—1) Ji (S—t)zf(x
M
<
= F(CX))

therefore R (Q) is uniformly bounded and R(Q) € Q. Let 0 < t; < t; <1, for
simplicity we denote g(t) = f (t, T (min (¢, max (v,))) (t)), we have

Rv(t) —Rv(t)l < [57"g(t) —15"g ()

1 )
F(oc—UJ (s—t1)* "lg(s)lds+

t

1
F(oc]—UL ((s =t = (s— )% ) g (s)] ds

< r?/l“) ((1 —t)* (1 —tz)“_]> —0,t1 — ty,
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hence, R (Q) is equicontinuous. By Arzela-Ascoli Theorem we conclude that
R is completely continuous. Finally an application of Schauder fixed point
theorem implies that R has a fixed point v € Q, and so u = Tv is a solution
of (P1) satisfying from Lemma 7, o (t) < u(t) <o (t), 0 <t < 1. The proof
is completed. ]

Next, we present an example to illustrate the obtained results.

Example 1 Consider the problem (P1) with o« = %, B = % and
9
2r (3)
1
r()
If we choose A =1 and B = —1, then Hypotheses (H1) and (H2) are satisfied,
in fact for fory € [%,1),0 <t <1, <x <0, we have

f(t,x) = x(1—1)3,0<t<1,x€eR.

r(3)
2r (3 (3
f) = 20 qopb 22y
5T (3) 5T (3)
> —1 (1 —t)F% > —1 ( —t)]fy
E) T
and if y € [§,1),0 S £ < 1,0 < x < 5oy it yields
2
2r (3 r (3
fn) = agoys =20y
5T (3) 5T (1)
1 1-2 1 —
~ (1 t) 3§ (] t) y.
r) r)
The expressions of lower and upper solutions are
3
- = —tPHst—32) <
T = Tl = (-e+3-3) <o
3
= — . f.92 > .
at) = () a6 ( £ 5t 2> >0
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Abstract. In this paper we will present abstract versions of fundamen-
tal theorem of calculus (FTC) in the setting of Kurzweil - Henstock inte-
gral for functions taking values in an infinite dimensional locally convex
space. The result will also be dealt with weaker forms of primitives in a
widespread setting of integration theories generalising Riemann integral.

1 Introduction and preliminaries

The (FTC) theorem is one of the celeberated results of classical analysis. The
result establishes a relation between the notions of integral and derivative of a
function. In its origional form FTC asserts that: if for the function F : [a,b] —
R, F/(t) exists and F/(t) = f(t) and if f(t) if integrable then

Jb f(t)dt = F(b) — F(a).

a

Let us recall that a (tagged) partition of the interval [a,b] is a finite set of
non-overlapping subintervals P = {[xi_1, xil, ti}{ ;, where a =xp <x1 < --- <
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Key words and phrases: Fundamental theorem of calculus, Kurzweil - Henstock intgeral,
Bochner integral, Frechet space
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xn = b and t;’s are the tags attached to each subinterval [x;_1,%;]. The norm
or the mesh of the partition is define to be
|P| = max (t; — ti_1).
1<i<n
Definition 1 A (bounded) function f : [a,b] — R is said to be Riemann

integrable if: 3 x € R such that V € > 0 3 & > 0 such that for each (tagged)
partition P = {[x;_1,xil, ti}{; of [a, b] with [P| <&

IS(f,P) — x| < ¢,

where S(f,P) = > ', f(ti)(xi — xi_1) is the Riemann sum of f corrsponding
to the partition P: The (unique) vector x, to be denoted by fz f(t)dt shall be
called the Riemann integral of f over [a, b].

Theorem 1 If f : [a,b] — R is differentiable on [a,b] and f'(t) is (Rie-
mann) integrable then

b

J f'(t)dt = f(b) — f(a).

a
In the preceeding therem the assumption of the integrability of the derivative
f/(t) is unavoidable. Below we give an explicate of FTC in the setting of
Kurzweil — Henstock integral, where the integrability of the derivative comes
for free.
Recalling that a gauge is a positive function 0 : [a, b] — (0, c0) and a partition
P ={lxi1,xi), tq ?:] is said to be d-fine if [x;_1,xi] C (t;—08(ty), ti+0(t;)) V1 <
i<n.

Definition 2 [2], [5] A function f : [0,1] — R is said to be Kurzweil —
Henstock integrable if there exists x € R such that the following is true: for
any € > 0, there exists a gauge d(t) > 0 on [a, b] such that if {[xi_1,xi], ti}]"
is any O-fine (tagged) partition of [a, b] then

IS(f,P) —x[ <,

where x is the integral of f and S(f,P) Z f(t;)(xi — xi—1) is the Riemann

sum, symbolically we write f € KH([0, 1]).

The (KH-integral) integral is defined in almost the same way as Riemann
integral through Riemann sums. The only difference is in defining the 6 here it
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is assumed to be a positive function instead of a constant. The only technicality
to be taken care of and the definition to make sense is that we must have a
d-fine partition for every gauge. Pierre Cousin [3] gives the existence of such a
partition for every gauge (t) in the form of so called Cousin’s lemma. Before
proceeding further, we would like to show that the KH — integral sub- sumes
Riemann integral properly through the famous Dirchlet’s function f : [0, 1] —
R

f(x) = 1, x is rational
| 0, xis irrational.
We know that f is not Riemann integrable. Here we will show that f is KH —
integrable. Let € > 0 be given and set

1, x is irrational
d(x) = . .
20FT) X =(iy1 > 1

where q; is the enumeration of rationals in [0, 1]. Now let P = {[xi_1, xi], ti}*;
be a 6-fine partition of [0, 1]. If t; is not rational, the term f(t;)(x; — xi_1) in
the Riemann sum of f with respect to P is 0. If t; is rational and t; = gj for
some j, the term f(t;)(x;{—xi—1) in the Riemann sum is less than 28(q;) = 557.

2
Thus we have
= ¢
<2) sy=e
j=1

which shows that f € KH([0,1]). This is the most common example of a
bounded function which is not Riemann integrable. But it turns out to be KH —
integrable and furnishes a comparison between the two theories of integration.

n—1
D ) —xi1)
0

Theorem 2 Iff:[a,b] — R is differentiable on [a, b] then f'(t) is (Kurzweil
— Henstock) integrable and

b
J f'(t)dt = f(b) — f(a).
a

A slight modification in the definition of & makes an immense impact and if
we take it to be a constant we get the Riemann integral. It is quite remark-
able that the simple idea of replacing & by a positive function 5(t) leads to a
powerfull generalization of Riemann integral. The convergence theorems of the
Lebesgue integral hold true in the setting of KH — integral and more impor-
tantly FTC holds in its full generality without the assumption of integrability
of the derivative [1].
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Definition 3 [2] Let F,f: [a,b] — R, we say that:

(i) F is primitive of f on [a, b] if F/(x) exists and F/(x) = f(x) for all x € [a, b].
(ii) F is a-primitive of f on [a, b] if F is continuous, F’(x) exists and F'(x) = f(x)
outside a null set E C [a, b].

(iii) F is c-primitive of f on [a, b] if F is continuous, F/(x) exists and F’(x) = f(x)
outside a countable set E C [a, b].

(iv) F is f-primitive of f on [a, b] if F is continuous, F/(x) exists and F/(x) = f(x)
outside a finite set E C [a, b].

In the following example we show that the proof of Theorem 2 can be re-
designed to permit one point of non-differentiability.

Example 1 Define f:[0,1] — R by

fx) = %, x € (0,1]
0, x=0

f is not bounded on [0, 1]. If we take F(x) = 2x for x € [0, 1] then F is continuous
on [0,1] and F/(x) = f(x) for all x € (0, 1] but F/(0) does not exist. Hence F is
an f-primitive of f on [0, 1] with the exceptional set E ={0}. Now, if t € (0, 1]
and € > 0 we can choose §(t) in such a way that the conclusion of FTC holds
true for F. To tackle with the point of exception 0 we choose 6(0) = "';Tz so that
if 0 <v < 5(0), then F(v) —F(0) =2\/v < e.

Now let P = {[xi_1,xi, ti}{ ; be a tagged partition of [0, 1] that is d-fine. If all
of the tags belong to (0, 1] the proof of Theorem 2 applies without any change.
However, if the first tag t; = 0 then the first term in the Riemann sum S(f,P)
is equal to f(0)(x; —xo) = 0. Also we have

[F(x1) = F(x0) = f(0)(x1 — xo)| = [F(x1)] = 2/x7 < e.

We now apply the argument given in Theorem 2 to the remaining terms to
obtain

n
D Flxa) = Flxia) — f(t) (xi —xi)| < e.
i=2
Therefore on adding these terms we have
[F(1) = F(0) = S(f,P)| < e + e =2¢

Since € is arbitrary we conclude that f € KH([0, 1]) and that
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The argument of the above theorem can easily be carried over to any excep-
tional set of finitely many points and the conclusion of the theorem is sought
for an f — primitive.

As a significant extension below we present a version of FTC where the con-
clusion holds true for a countably infinite (exceptional) set.

Theorem 3 Iff:[a,b] — R has a ¢ — primitive F on [a, b] then f € KH[a, b]
and

b
J f(t)dt = F(b) — F(a)

In the preceeding theorem the conclusion holds true for a ¢ — primitive that
is if the exceptional set is taken to be a countably infinite set. We know that
every countable set is a null set. So, it is natural to ask whether the gap
between countable and the null set can be bridged. More precisely, can we
replace above theorem by the assertion: if F is continuous function on [a, b]
and there exists a null set E such that F/(x) = f(x) for all x € [a,b] — E then
f € KH([0,1]) and

Jb f(t)dt = F(b) — F(a).

a
On this account it becomes inevitable to discuss the the so-called Cantor-

Lebesgue function on [0, 1] the construction of the function is given as:
Define

A:[0,1] —R

by
A(x) = lim An(x)

n——m:aoo

where A, (x) is taken to be 2% on the left out intervals of [0, 1] while construct-
ing the Cantor set, A(0) =0 and An(1) =1.

It is easy to see that A is a continuous non-decreasing function and its deriva-
tive A’(x) = 0 for all points of [0, 1] outside the Cantor set.

Now comming back to the question raised above we see that A’(x) exists and
A’(x) = A(x) outside a (Cantor) null set. But

1
J A =0#1=A(1)—A0)
0
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2 FTC — for functions taking values in a Frechet
space

We begin this section by giving a formal definition of the Kurzweil — Henstock

integral also known as gauge integral or generalized Riemann integral for func-

tions taking values in a complete metrizable locally convex space known as

Frechet space [7]. In this section X will denote a Frechet space, p(X) a family
of seminorms on X.

Definition 4 A function f : [0,1] — X is said to be Kurzweil — Henstock
integrable if there exists x € X for which the following is true: for any € > 0,
and a seminorm p € p(X) there exists a gauge dep > 0 on [a, b] such that if
P ={lxi—1,xi], ti}]; is any ¢ p-fine (tagged) partition of [a, b] then

1% (S(f,'P) _X) S €,

n
where x is the integral of f and S(f,P) = > f(ti)(xi — Xi—1) is the Riemann
i=1

sum, symbolically we write f € KH([0, 1], X).

Lemma 1 Let F: [a,b] — X be differentiable at a point t € [a,b], then given
€ > 0 there ewists dep(t) > 0 such that if u,v € [a,b] satisfy

t_ée,p(t) fust<v< t+6e,p(t)

then
p (Fv) — Fw) = F'()(v —u)) < e(v—u)

Proof. By definition of the derivative at t € [0, 1], we have, given € > 0 there
exists d¢p(t) > 0, such that

(F(Z) —F(t)
p (2T

— —F’(t)) <€, for|z—1t] < dcp(t),z € [a,b]

P (F(Z) —F(t) — F’(t)(z—t)) < €|z —t| for all z € [a, b]

with
|z —t] < Oepl(t).



Fundamental theorem of calculus under weaker forms of primitive 107

In particular, if we pick u < t and v > t in this interval around t and note
that v—t >0 and t —u > 0, then we have

p(FOV) = Flw) = F'(t)(v—w)) =p ((Fv) = F(t) = F'(t)(v - 1))
—(F(w) = F(t) = F()(t —u)))
<p (F(v) —Ft) = F(t)(v—u))
(

which implies,

p(FV) —Fu) —F(t)(v—u)) < elv—u).

Now we will present the Frechet space analogue of FTC.

Theorem 4 Let X be a Frechet space. If f: [a,b] — X has a primitive F i,e.,
F: [a,b] — X is differentiable at every point of [a,b] and F' = f on [a,b] then
f € KH([a, b], X) and

b
J f(t)dt = F(b) — F(a).

a

Proof. Since F/(t) exists for every t € [a,b] and F/(t) = f(t), given € > 0
there exists d¢p(t) > 0 such that

p (TS ) <

z—t

for
lz—1t] < 8ep(t),z € [a,b]

which implies,
p (F(z) = F(t) = F'(t)(z— 1)) < elz—t| for all z € [a,b].
Therefore by Lemma 1, if a <u<t<v<band 0 <v—u<d(t), then

p(F(v) = F(u) = f(t)(v —u)) < elv—ul.
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If P = {Ixi—1,xi], ti}i; is a O¢p-fine partition of [a, b] then the telescoping sum
F(b) — F(a) = Y {F(xi) — F(xi_1)} satisfies the approximation

p (S(f,P) — (F(b) —F(a))) =p <Z(Xi —xi—1)f(t;) — (F(xi) — Fxi )))
i

< Zp( —xi1)f(t) = (FO) = Flxin)))

<Z€ —X11
:e(b—a)

Since € > 0 is arbitrary letting € — 0, we get f € HK([a, b], X) and

Jb f(t)dt = F(b) — F(a).

a

O

Theorem 5 Iff:[a,b] — X has a c-primitive F on [a, b] the f € KH([a, b], X)
and

Proof. Let E = {ck}32; be the exceptional set for the c-primitive. Since E is
countable, it is a null set and without loss of generality we may suppose that
f(cx) = 0. We shall define a gauge dep on [a,b]. Given € > 0 if t € [a,b] —
we take d¢p as in Lemma 1. For t € E,t = ¢y for some k € N. Since F is
continuous on [a, b] we can choose 6€,p(ck) > 0 such that

p(F(z) — Flex)) < 2k+2 Vz € [a,b]

that satisfy
|z —cil < 6e,p(ck)-

Thus a gauge is defined on [a, b].

Now let P = {[xi_1,xil,ti}]*; be a 8 p-fine partition of [a,b]. If none of the
tags belong to E, then the proof given in the Theorem 4 applies without any
change. However if ¢y € E is the tag of some subinterval then,

P(F(Xi) —F(xi_1) — flex) (% — xi— 1))
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< p(F(xi) — Flex)) 4+ p(Flex) — F(xiz1)) + p(flew) (xg — xi-1))
< st e

€
= 5o

Now each point of E can be the tag of at most two subintervals in P therefore
for each t; € E we have the following inequality satisfied

> p(Fix) —Flsn) — it —xe) < 3 5 =

ticE =

Also for t; € E, we have from Lemma 1

> p(Flxi) = Flxag) = f(t)(xi —xi-1)) <€ ) (i —xi1) < e(b—a).

ti ¢k t; ¢E

Now P is &¢ p-fine, therefore we have
[F(b) —F(a) — S(f,P)| < e(b—a)

Letting € — 0, we conclude that f € KH([0, 1], X) with integral F(b) — F(a)
which proves the theorem. ]

3 FTC — some interesting situations in vector inte-
gration

As pointed out in the Section 1 conclusion of the above theorem does not hold
true even for a real valued function if the exceptional set E is taken to be a
null set. But the problem has been dealt with and the conclusion sought, in
the setting of Bochner integral by C. Volintiru [6] with the assumption that
the Hausdorff measure of the image of E under F is 0.

Let (M, d) be a metric space and A C M. Let C; be a covering of A with
diam(C;) < 8 V 1. Let C(A,d) be the collection of all such coverings of A.
Now for o > 0, define

hy(A) =inf <Z(dmmq)“ (G € C(A,5)> :
Then

ha(A) = Jim hG(A) = sup i (A)
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gives an outer measure on the power set of M which is countably additive on
the o-field of Borel subsets of M. This measure is known as Hausdorff measure.

Definition 5 A measurable function f: Q — X (X a Banach space) is said
to be Bochner integrable if there exists a sequence of simple function (f;,) such
that

limJ ||fn — fl|[du =0
noJa

In this case, IE fdp is defined for each E € }_ by

J fdu = limJ fndu
E nJe
where [ fy is defined in the ususal way.

Theorem 6 A measurable function f: Q — X is Bochner integrable if and
only if

NGRS

Q

Theorem 7 If F is the a-primitive of the function f : [a,b] — X such that
hy (F(E)) = 0 (E being the exceptional set). Then f is measurable and if we
assume the integrability of f, then

b
J f(t)dt = F(b) — F(a)

Here we would like to pose following questions which appear to be open!

Problem 1 Does the conclusion of FTC hold true in the setting of KH —
integral for the exceptional set E to be a null set with the assumption that
Hausdorff measure of F(E) is taken to be zero.

Problem 2 Can we have an analogue of Theorem 7 in the setting of a more
general class of integral (which subsumes KH—integral and Bochner integral)
known as Pettis integral [4].

There are two aspects of FTC to ponder upon. One about integrating the
derivatives (what we have discussed) other differentiating the indefinite inte-
grals. A lot of work has been done with regard to this aspect of FTC in the
setting of KH-integral [2]. Below we state a result of paramount importance
on diferentiating integrals and then conclude with a problem which appears
to be open.
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Theorem 8 If f € KH([a,b]) then any indefinite integral F is continuous on
la,b] and an a-primitive of f that is F'(t) = f(t) V t € [a,b] — E, where E is
a null set.

Problem 3 If f : [a,b] — X is Pettis integrable. Does the conclusion of
above theorem hold true?
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Abstract. The object of the present paper is to study of two certain
subclass of analytic functions related with Booth lemniscate which we
denote by BS(«) and BK(«). Some properties of these subclasses are
considered.

1 Introduction

Let A be the open unit disk in the complex plane C and A be the class of
normalized and analytic functions. Easily seen that any f € A has the following
form:

flz) =z4+ @z + a3z +- - (zeA). (1)

Further, by S we will denote the class of all functions in .4 which are univalent
in A. The set of all functions f € A that are starlike univalent in A will be
denote by &* and the set of all functions f € A that are convex univalent in

2010 Mathematics Subject Classification: 30C45
Key words and phrases: univalent, starlike, convex, strongly starlike, logarithmic coeffi-
cients, subordination
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A will be denote by K. Analytically, the function f € A is a starlike univalent

function, if and only if
f/
Re 4 2 ) >0 (z€eA).
f(z)

Also, f € A belongs to the class I, if and only if

zf"(z)
%e{]—k 2] }>0 (zeA).

For more details about this functions, the reader may refer to the book of
Duren [2]. Define by B the class of analytic functions w(z) in A with w(0) =0
and (w(z)| < 1, (z € A). Let f and g be two functions in A. Then we say that f
is subordinate to g, written f(z) < g(z), if there exists a function w € B such
that f(z) = g(w(z)) for all z € A. Furthermore, if the function g is univalent
in A, then we have the following equivalence:

f(z) < g(z) & (f(0) = g(0) and f(A) C g(A)).

Recently, the authors [10, 11], (see also [5]) have studied the function

Fal(z) == Zoc“‘z“‘ (zeA 0<a<1). (2)

1 —ocz2

We remark that the function F4(z) is a starlike univalent function when 0 <
a« < 1. In addition F4(A) =D(«x) (0 < a < 1), where

2 2 2
D(oc):{x+iy eC: <x2+yz) T foc)z_ (130()2 <O}

and

F1(A) = C\{(—o00,—1/2] U [i/2, 00)}.

For f € A we denote by Areaf(A), the area of the multi-sheeted image of
the disk Ay ={z € C: |z < 7} (0 < r < 1) under f. Thus, in terms of the
coefficients of f, f'(z) = Y o, nanz™"' one gets with the help of the classical
Parseval-Gutzmer formula (see [2]) the relation

Areaf(A) = J J [/(2)]Pdxdy = 7 ) nlan/*r™", (3)

T n=1
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which is called the Dirichlet integral of f. Computing this area is known as the
area problem for the functions of type f. Thus, a function has a finite Dirichlet
integral exactly when its image has finite area (counting multiplicities). All
polynomials and, more generally, all functions f € A for which f’ is bounded
on A are Dirichlet finite. Now by (2), (3) and since ) 7, nrZ=1 = 1/(1—12)2
we get:

Corollary 1 Let 0 < o< 1. Then

7T

Area{Fy(A)} = T

Let BS(«) be the subclass of A which satisfy the condition

zf'(z)
—1 F A). 4
() =1) <Fulal e ()
The function class BS(«) was studied extensively by Kargar et al. [5]. The
function 1
_ 1 /=
flz) =z 1+zya : (5)
11—z«

is extremal function for several problems in the class BS(«). We note that the
image of the function Fy(z) (0 < & < 1) is the Booth lemniscate. We remark
that a curve described by

(xz + yz)z — <n4 + Zmz) X — (n4 — Zmz) yz =0 (x,y) # (0,0),

(is a special case of Persian curve) was studied by Booth and is called the
Booth lemniscate [1]. The Booth lemniscate is called elliptic if n* > 2m?
while, for n* < 2m?, it is termed hyperbolic. Thus it is clear that the curve

2 2

2 2\? x Y _
(X +y> _(]—(X)Z_(]—I—OC)Z =0 (x,y);é(0,0),

is the Booth lemniscate of elliptic type. Thus the class BS(«) is related to the
Booth lemniscate.

In the present paper some properties of the class BS(«) including, the or-
der of strongly satarlikeness, upper and lower bound for PRef(z), distortion
and grow theorems and some sharp inequalities and logarithmic coefficients
inequalities are considered. Also at the end, we introduce a certain subclass of
convex functions.
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2 Main results

Our first result is contained in the following. Further we recall that (see [12])
the function f is strongly starlike of order vy and type [ in the disc A, if it
satisfies the following inequality:

f/

Theorem 1 Let 0 < a <1 and 0 < @ < 2m. If f € BS(«), then T is strongly
starlike function of order y(x, @) and type 1 where

2 1
v(a, @) := — arctan <+(x|tan (p|> .
s 1—«

Proof. Let z =1e'®(r < 1) and ¢ € (0,27). Then we have

. ip 2,2
Folre) = TS0 1oare
1 — are?ie’ 1 — arie—2ie
_ (1 —ar?) cos @ +ir(1 + ar?) sin @
1 —2ar?cos2¢ + or?
Hence
Jm{Fe(re'®)}|  |(1+ard)sing| 1+ ar?
o | = = ¢ 0,2m)).
Re(Fo(re®)]| ~ | (1= o) cos @ Tl tanel (@€ (0,2m). (7)

For such r the curve Fy(re!®) is univalent in A, = {z : |z| < r}. Therefore

KZI(S) _1> < Falz), z€ Ar] & [(Z:(Z,) _1> € FalAr), z€ AT} . (8)

Then by (7) and (8), we have

(e _]H st Jm[(zf’(z)/f(z))—ﬂ‘
T\ Tz T Rel(27(2)/1(2)) — 1]
< |arctan jm(Fa(re.i‘P))
- Re(Fy(ret®))
1
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and letting v — 17, the proof of the theorem is completed. O
In the sequel we define an analytic function £(z) by

£(z) = exp J T+ Fa(t)

R dt  (0<a<3—2V2,t#£0), (9)

where Fy is given by (2). Since the function Fy is convex univalent for 0 <
o < 3 —2v/2, thus as result of (cf. [9]), the function £(z) is convex univalent
function in A.

Theorem 2 Let 0 < o <3 —2V2. If f € BS(«), then
L(—r) <Re{f(2)} < L(v)  (lzl =7 <1T),
where L(.) defined by (9).
Proof. Suppose that f € BS(«). Then by Lindel6f’s principle of subordination
[4], we get
inf Re{L(z)} < ‘i‘ngfr Re{f(z)} < sup Re{f(z)}

lzl<r lzI<r

< sup Re{[f(z)[} < sup Re{L(z)}.

|z|<r |z|<r

(10)

Because F4 is a convex univalent function for 0 < o < 3 — 2v/2 and has real
coefficients, hence Fy(A) is a convex domain with respect to real axis. Moreover

we have
supRe{L(z)} = sup L(z) = L(r)
lz|<r —1<z<r
and
inf Re{L(z)} = inf L(z)=L(-T).
|z|<r —r<z<r
The proof of Theorem 2 is thus completed. O

Theorem 3 Let f € BS(a), 0 < o <3 —2v/2, 7(a) = Y1 <0.8703,

Fo(rs(a)) = max [Fu(z)| and Fu(—7s()) = min [Fe(z)].
|z|=7s () <1 |zl=rs (o) <1
Then we have
1 1

W(th’s((x)) —1<If'(z) < g

g Felrs(@) +1) (1)

and

R Ey (1) 1T [ E)
dt — arct <If < =1 _— 2 dt (12
[, el actan (o) < izl < Og(]—rs(a)>+Jo [ dt (12)
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Proof. Let f € BS(«). Then by definition of subordination we have

zf'(z)
f(z)

=14 Fa(w(z2), (13)

where w(z) is an analytic function w(0) = 0 and [w(z)| < 1. From [6, Corollary
2.1], if f € BS(«), then f is starlike univalent function in |z| < r¢(a), where
rs(o) = @*1. Thus if we define q(z) : A, (o) — C by the equation q(z) :=
f(z), where A, (y) = {z : |z| < 1s()}, then q(z) is starlike univalent function
in A, («) and therefore

Ts(o) (o) -
Wﬁ'q(zﬂﬁm (2l = re(a) < T).
Now by (13), we have

zf'(z) = q(z)(Falz) + 1) 2] = 75() < 1.

Since W(A, (o)) C Ay (o and by the maximum principle for harmonic func-
tions, we get

12 = Lotz +1
1
< g (Fawiz) + 1)
1
< m (lzrilr%?oc) [Fa(W(2))| + 1)
1
< %(Fa(rs(oc)) +1).

With the same proof we obtain

1

|f/(z)| > W

(Fa(rs(e)) —T).

Since the function f is a univalent function, the inequality for |[f(z)| follows from
the corresponding inequalities for |[f/(z)] by Privalov’s Theorem [4, Theorem
7, p. 67]. O
Theorem 4 Let Fy(z) be given by (2). Then we have

7§|Fa(z)|§7(x (zeA—{0L0< <) (14)
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Proof. It is sufficient that to consider |Fy(z)| on the boundary
OF(A) = {Fa(eie) 0o, zn]}.

A simple check gives us

B 0] (1—o)cosO
x—D‘ie{Fa(e )} 1+ 0% —20cos20 (15)
and 0 sin @
: + o) sin
=Jm<Fu(e?)f = : 1
Y Jm{ «(e )} 1+ o? —20ccos 20 (16)
Therefore, we have
2 1
F 16 — 1
«(e )‘ 1+ o2 — 2xcos 20 (17)
1
=: H(t) (t = cos ). (18)

T 1t o 2022 1)

Since 0 < t < 1, it is easy to see that H/(t) < 0 when —1 < t < 0 and
H/(t) >0if 0 <t < 1. Thus

1 1

—— < H@{) < -1<t<0
Groap SMsg—gr  (F1st<0)
and : :
—— < H{t) < ———— 0<t<).
Gro MU=z ©O<t=sl
This completes the proof. ]
A simple consequence of Theorem 4 as follows.
Theorem 5 If f € BS(x) (0 < a < 1), then
1 zf'(z) 1
< -1 < A).
T+a = | f(z) “1—0( (z€4)

The inequalities are sharp for the function  defined by (5).

Proof. By definition of subordination, and by using of Theorem 4, the proof is
obvious. For the sharpness of inequalities consider the function f which defined
by (5). It is easy to see that

zf'(2) g

= |Fq
) [Fa(2)]

B z
1 — az?
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and concluding the proof. O
The logarithmic coefficients y,, of f(z) are defined by

log {f(zz)} = Z 2ynz" (z e A). (19)
n=1

This coefficients play an important role for various estimates in the theory of
univalent functions. For example, consider the Koebe function

2
(1 —uz)?
Easily seen that the above function k(z) has logarithmic coefficients yn (k) =
w*/n where |u| =1 and n > 1. Also for f € S we have

k(z) = (L eR).

_@ IO
Yi=5 and Yz—2<as 2)

and the sharp estimates

1
lyil<1 and Iyzlgz(1+2e_2)z0.635...,

hold. Also, sharp inequalities are known for sums involving logarithmic coef-
ficients. For instance, the logarithmic coefficients v, of every function f € S
satisfy the sharp inequality

0 2

7T
z ynl* < 3 (20)
n=1

and the equality is attained for the Koebe function (see [3, Theorem 4]).
The following lemma will be useful for the next result.

Lemma 1 (see [5, Theorem 2.1]) Let f € A and 0 < o« < 1. If f € BS(«),

fhen fz) | [FPalt) =1
log " =< L . dt (zeA), (21)
h
where , | i,
and N “p (4] — 1
Py(z) = L fdt (ze A), (23)

are convexr univalent in A.
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We remark that an analytic function P, g : A — C by

1—2z

meu
Puplz) = LB ”ﬂog (HH> y (p<1<B) (24)

is a convex univalent function in A, and has the form:

[e¢]
z) =1+ Z Bnz",
n=1

where

— . 177“
B, — Bmul (1 _ ez*”"ﬁ—») . (n=1,2,...). (25)

The above function P, g(z) was introduced by Kuroki and Owa [7] and they
proved that P, g maps A onto a convex domain

Pup(A) ={w e C:p < Refw} < B}, (26)

conformally. Note that if we take p = 1/(a—1) and = 1/(1 — «) in (24),
then we have the function P, which defined by (22). Now we have the following
result about logarithmic coefficients.

Theorem 6 Let f € A belongs to the class BS(a) and 0 < o« < 1. Then the
logarithmic coefficients of f satisfy the inequality

5 < -t [ e (s () s )]

where Liy is as following

I_l4 i

n=1

‘ N

dt. (28)

~

J log?(1/t) log(1 — tz)
t

The inequality is sharp.
Proof. If f € BS(a), then by using Lemma 1 and with a simple calculation
we get

o

f(Z) 2 . m(2—o)i) n
log . —<Z7TTL2(]—O()I<]_€ (2 ))z (z € A). (29)
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Now, by putting (19) into the last relation we have

oo oo
1 .
n . _omm(2—o)i n
ng_] 2ynz™ < né T 0()1 (1 e ) z (z e A). (30)

Again, by Rogosinski’s theorem [2, 6.2], we obtain

o) oo 5
E h/n|2 < E ‘Tmz(]]_(x)l <] — eTm(Z—cx)i)
n=I n=1

B 2 = 1 = cosT(2 — o)n
(1 —«)? (;n‘l_z n# )

n=1
It is a simple exercise to verify that ) 7, % = /90 and
o0
Z cos 75(24— on 1 {Li4 (efi(zfoc)n> i (ei(zfoc)rc)}
— n 2

and thus the desired inequality (27) follows. For the sharpness of the inequality,
consider _
F(z) = zexp P(z). (31)

It is easy to see that the function F(z) belongs to the class BS(«). Also, a
simple check gives us

1 .
F — . (1 o 7m(27(x)1) .
Therefore the proof of this theorem is completed. O

Theorem 7 Let f € BS(«). Then the logarithmic coefficients of f satisfy
1
|Yn| < 7 (Tl > 1)
n
Proof. If f € BS(«), then by definition BS(«), we have

Z]f(S) 1=z (log {f(;)}) < Folz).

o0 o0
Z 2nynz" < Z oM
n=1 n=1

Applying the Rogosinski theorem [8], we get the inequality 2n|y,| < 1. This
completes the proof. O

Thus
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3 The class BK(«x)

In this section we introduce a new class. Our principal definition is the follow-
ing.

Definition 1 Let 0 < « < 1 and Fy be defined by (2). Then f € A belongs to
the class BK(x) if f satisfies the following:

zf"(z)
f'(z)

< Fulz) (z € A). (32)

Remark 1 By Alexander’s lemma f € BK(), if and only if zf'(z) € BS(«).
Thus, if f € A belongs to the class BK (), then

o zf" (z) 2—
1 A).
‘X_1<9%e{ +f,(z)}<1_a (zeA)

The following theorem provides us a method of finding the members of the

class BK(a).

Theorem 8 A function f € A belongs to the class BK(x) if and only if there
exists a analytic function q, q(z) < Fx(z) such that

z C
f(z) = Jo <epr qE:)> dc. (33)

0
Proof. First, we let f € BK(«). Then from (32) and by definition of subordi-
nation there exists a function w € B such that
zf"(z)
f'(z)

= Fy(w(z)) (zeA). (34)

Now we define q(z) = Fy(w(z)) and so q(z) < Fx(z). The equation (34) readily
gives

flog (2))' = 1%

f'(z) = exp <JC cht)dt> ,

0

and moreover

which upon integration yields (33). Conversely, by simple calculations we see
that if f satisfies (33), then f € BK(«) and therefore we omit the details. [
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If we apply Theorem 8 with q(z) = Fx(z), then (33) with some easy calcu-
lations becomes

fulz) = +é+13+l L DS LY L P (35)
x\Z) =z ) 62 12 0.4 7 z 60 0.4 7 z .

Theorem 9 If a function f(z) defined by (1) belongs to the class BIC(x), then

1 1
laz| < 3 and a3/ < g

The equality occurs for T given in (35).
Proof. Assume that f € BIC(a«). Then from (32) we have

zf"(z)  w(z)
f'(z)  1—oaw?(z)’ (36)

where w € B and has the form w(z) = bz + byz? + b3z® + ---. It is fairly
well-known that if |w(z)] = [b1z +byz2 + b3z’ +---| < 1 (z € A), then for all
k € N={1,2,3,...} we have [by| < 1. Comparing the initial coefficients in (36)
gives

2a;=b; and 6a3—4a3=b,. (37)
Thus |az| < 1/2 and 6a3 = b%+b2. Since [b[2+|b,| < 1, therefore the assertion
is obtained. O

Corollary 2 It is well known that for w(z) = biz+byz2 +b3z22 +--- € B
for all @ € C, we have by — ubﬂ < max{1,|u}. Therefore the Fekete-Szego
inequality i.e. estimates of |az — pa3| for the class BK(a) is equal to

1 3
Iag—pa%|§6max{1,'2u—1'} (Le).
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Abstract. In the paper, the authors find the sum of the Lah num-
bers and make sure that the Kummer confluent hypergeometric function
1F1(n+ 1;2;z) has only n — 1 real and negative zeros.

1 Notation and main results

In combinatorics, the Bell numbers, usually denoted by B, for n € {0} UN,
count the number of ways a set with n elements can be partitioned into disjoint
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and nonempty subsets. These numbers have been studied by mathematicians
since the 19th century, and their roots go back to medieval Japan, but they
are named after Eric Temple Bell, who wrote about them in the 1930s. Every
Bell number B,, can be generated by

ee"—] Bk k
kl
k=0
or, equivalently, by
e L Z(*1 )kBkE'
k=0

In combinatorics, the Stirling numbers arise in a variety of combinatorics
problems. They are introduced in the eighteen century by James Stirling.
There are two kinds of the Stirling numbers: the Stirling numbers of the first
and second kinds. Every Stirling number of the second kind, usually denoted
by S(n,k), is the number of ways of partitioning a set of n elements into k
nonempty subsets, can be computed by

Sinyk) = g (10 () oo

and can be generated by
(ex=1)° —1 x
E S(n, k) o k € {0}UN.

In combinatorics, the Lah numbers, discovered by Ivo Lah in 1955 and
usually denoted by L(n, k), count the number of ways a set of n elements can
be partitioned into k nonempty linearly ordered subsets and have an explicit

formula
n—1\n!
L(n,k) = (k— 1>k'

The Lah numbers L(n,k) can also be interpreted as coefficients expressing
rising factorials (x)y in terms of falling factorials (x),, where

x(x+1)x+2)...(x+n—1), n>1,
(X)n:{1 _
) n=0
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and
(X)n = x(x=1x—=2)...(x—n+1), n>1,
o 1, n=0.

In combinatorics and the theory of polynomials, the partial Bell polynomials
Bnk(x1,X2, ..y Xn—k41) for n >k > 0 can be defined by

n! n—k+1 i b
. 1 1
Bn,k(XhXZ)---»ankJrﬂ = . Z m H (F)
1<i<n,t;€{0juN 1 1i=1 1 i=]
Z?:] :Lg'l:‘ll
in:1 6=k
and satisfy
Bui(11,2);...,(n—k+1)!) = L(n, k). (1)

The complete Bell polynomials Yy (x1,X2,...,Xn) are defined [3, p. 134] by

n
Yn(X1,X2y .00y Xn) = Z Brk(X1,%2, + oy Xn—k+1) (2)
k=1
and
Yo(x1,%X2, .00y Xn) =T (3)

In the theory of special functions, the generalized hypergeometric series

. . o (a1)n"' (ap)n z"
PFq(ah--->ap»b1»--->bq)1) :T;)Mm

is defined for complex numbers a; € C and b; € C\{0,—1,—2,...} and for pos-
itive integers p,q € N. The generalized hypergeometric series pFq(ar, ..., ap;
by, ..., bg;z) converges absolutely for all z € Cifp < q, for |z| < Tif p = q+1,
and for [z] = Tif p = q+1 and R[by +---+bg—(aj+---+ap)] > 0. Specially,

the series
o0

(a) 2"
ihilabiz) = ) ===
é (b)x k!

is called the Kummer confluent hypergeometric function and it is analytic for
all z € C. See [4, pp. 3-5].

In [5] and [7], two explicit formulas for the Bell numbers B, in terms of
the Stirling numbers of the second kind S(n,k) together with the Kummer
confluent hypergeometric function 1Fy(k+1;2;1) and the Lah numbers L(n, k)
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respectively were established as follows. For n € N, the Bell numbers B, can
be expressed as

—_—

== (1) MFi(k+ 152 1DKIS(n, k) (4)
k=1

o

and .
Bp=) (—1)"* [Z L(k, e)] S(n, k). (5)
k=1 (=1

Comparing the formulas (4) with (5) motivates us to conjecture that
—1F1k+121 ZLk(Z k € N. (6)

With the help of the famous software MATHEMATICA 9, we can verify that
the equality (6) holds true for 1 < k < 9 and they equal the following values
respectively:

. ée Ee Ee Ee 40516 376336 438176 45‘76553e
27 67 247 407 720 7 5040 7 4480 T 362880

This hints us that the above conjecture is true.
The aim of this paper is to prove a more general conclusions than the above
conjecture. This general conclusion can be restated as the following theorems.

Theorem 1 Forz € C and n € N, the formula
= e !
2Lk = iR+ 1252) (7)
k=1

is true. Specially, for n € N, the Lah number L(n,k) and the complete Bell
polynomials Yn(X1,X2, ..., Xn) Satisfy

n
|
Y Lk = SR+ 12) (8)
k=1 €
and
n!
Ya(14,2, .ol = iR+ 1520) (9)

respectively.
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Theorem 2 The Kummer confluent hypergeometric function 1F1(n + 1;2;2z)
has only n — 1 real and negative zeros.

Remark 1 The equations in (4) can be rewritten as

n
D> (=" *axS(n, k) =By,
k=1

where ay is sequence A000262 in the Online Encyclopedia of Integer Sequences.
Such a sequence ax has a mice combinatorial interpretation: it counts “the
sets of lists, or the number of partitions of {1,2...,k} into any number of
lists, where a list means an ordered subset.” This reveals the combinatorial
interpretation of the special sequence k!1Fi(k+1;2;1) and the total sum Ly =
Z]g:] L(k,£) of the Lah numbers L(k,£).

2 Proofs of theorems

We now start out to prove Theorems 1 and 2.
Proof. [Proof of Theorem 1] It is easy to see that the equality (9) follows
from substituting (1) into (8) and making use of (2) and (3). Hence, in what
follows, we pay our attention to the proof of the formula (7).

In [6, p. 79, Theorem 2.1], we obtained

XTL

n —Xx 00
> Ll k)x* = ¢ J L(2vt)t 1 2e Y dt (10)
0

for n € N and x > 0, where the modified Bessel function of the first kind I (z)
can be defined by

o] 1 z 2k+v
=Y () -

for v.€ R and z € C. See [1, p. 375, 9.6.10]. Substituting (11) for v = 1


http://oeis.org/A000262
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into (10) and straightforward computing arrive at

n “x oo 00
e 1
L k k — 7tn+k 7t/th
; (X" = =3 Jo %k!(kJﬂ)! ¢

— (o.¢]
eX

‘l o0
- - s tn+k —t/xdt
XN ékz(kﬂ)zjo ¢

—x o0 .I

_ ¢ k41
= w%k!(kﬂ)lxn Tm+k+1)

e MR g
=€ Zokz(k+1)z"

e (A4 1)k
=nlxe Xzi—
= (2 K

=nlxe “Fi(n+ 1;2;x).

Therefore, it follows that
D Lk = e—x‘m (n+1;2;%)
k=1

for x >0 and n € N.
Since the functions

n
|
Y LK and iR+ 122)
k=1

(12)

are entire functions, that is, they are analytic on the whole complex plane
C, by the uniqueness theorem of analytic functions in the theory of complex
functions, see [17, p. 210, Corollary|, and by the formula (12), we easily derive
the formula (7) for z € C and n € N. The proof of Theorem 1 is complete. [

Proof. [Proof of Theorem 2] In [2, Lemmal, the authors stated that if

m
Pm,k(x) = Z Lk(m) n)xn)
n=1

then the m roots of Py (x) are real, distinct, and non-positive for all m € N,

where the associated Lah numbers Ly (m,n) for k > 0 can be defined by

B Er ()

r=1
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and Ly(m,n) = 0 for n > m. Since L1(m,n) = L(m,n), see [2, p. 158, Eq. (4)],
when k = 1, the polynomial P, (x) becomes

L(m,n)x™.

M=

Pm,1 (x) =
1

3
Il

Pm

The formula (7) implies that the integer polynomial ;(X) have the same
zeros as the Kummer confluent hypergeometric function 1Fj(n+ 1;2;z). Since
the Kummer confluent hypergeometric function 1F;(n+ 1;2;z) has no positive
zero, the zeros of P, 1(x) are non-positive, and then the Kummer confluent
hypergeometric function 1F;(n+1;2;z) has only n— 1 real and negative zeros.
The proof of Theorem 2 is complete. O

Remark 2 The formula (5) has been generalized by R. B. Corcinoy, J. T.
Malusay, J. A. Cillar, G. J. Rama, O. V. Silang, and I. M. Tacoloy in Philip-
pines. There are more new results in [12] and [13, Section 5] for the Bell
numbers By,.

Remark 3 There are some new and closely related results published in [9, 10,
11, 14, 15, 16, 18] and references cited therein.

Remark 4 This paper is a revised version of the preprint [8].
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Abstract. In this paper, the nonlinear Thomas-Fermi equation for neu-
tral atoms by using the fractional order of rational Chebyshev functions
of the second kind (FRC2), FU%(t, L), on an unbounded domain is solved,
where L is an arbitrary parameter. Boyd ( Chebyshev and Fourier Spectral
Methods, 2ed, 2000) has presented a method for calculating the optimal
approximate amount of L and we have used the same method for cal-
culating the amount of L. With the aid of quasilinearization and FRC2
collocation methods, the equation is converted to a sequence of linear
algebraic equations. An excellent approximation solution of y(t), y’(t),
and y’(0) is obtained.

Introduction

In this section, the introduction of numerical methods used for solving equa-
tions in unbounded domains is expressed. Furthermore, the mathematical
model of Thomas-Fermi equation is introduced.

2010 Mathematics Subject Classification: 34B16, 34B40, 65N35
Key words and phrases: Thomas-Fermi equation, fractional order of rational Chebyshev
functions, quasilinearization method, collocation method, unbounded domain
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1.1 The problems on unbounded domains

There are several numerical methods for solving differential equations on un-
bounded domains, such as:

1. Finite difference method (FDM): One of the oldest and the simplest
methods for solving differential equations is using the FDM approxi-

mations for derivatives. The FDMs are in a class of the discretization
methods [2].

2. Finite element method (FEM): One of the important methods used for
solving the boundary value problems for partial differential equations is
the finite element method [2].

3. Meshfree methods: Meshfree methods are those that do not require a
connection between nodes of the simulation domain, i.e. a mesh, but
are rather based on the interaction of each node with all its neighbors
[3]. The use of Radial Basis Functions (RBFs) in meshless methods is
very common in solving differential equations [4, 5]. This approach has
recently received a great deal of attention from researchers [6, 7].

4. Spectral methods: Several approaches in Spectral methods have been
proposed for solving the problems on unbounded domains:

(a) Using functions such as Hermite, Sinc, Laguerre, and Bessel func-
tions that are defined on the unbounded domains. This approach
investigated by Parand et al. [8, 9], Funaro & Kavian [10], and Guo
& Shen [11].

(b) Mapping an unbounded equation to a bounded equation. Authors
of [12, 13] have applied this approach in their works.

(c) Replacing unbounded domains with [—B, B] or [0, B] by choosing B
sufficiently large. This method is named domain truncation [14, 15].

(d) Mapping the bounded basic functions to the unbounded basic func-
tions. In this approach, the basic functions on a bounded domain
convert to the functions on an unbounded domain. For example,
Boyd [16] introduced a new spectral basis, called rational Cheby-
shev functions, on the unbounded domain by mapping on the Cheby-
shev polynomials, and also in Refs. [17, 18, 19]. There are three
important mappings for this approach:
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(A) Algebraic mapping: basic functions on a bounded domain t €
[a, b] by using the transformation of t = % convert to func-
tions on an unbounded domain x € [0, 00), where L is an arbi-

trary parameter [21].

(B) Exponential mapping: basic functions on a bounded domain
t € [a,b] by using the transformation of t = b+ (a — b)e™ T
convert to functions on an unbounded domain x € [0, c0) [20].

(C) Logarithmic mapping: basic functions on a bounded domain
t € [a, b] by using the transformation of t = a+(b—a) tanh(2{)

convert to functions on an unbounded domain x € [0, o).

In this paper, a Spectral method is introduced to solve unbounded problems
by using the fractional order of rational Chebyshev orthogonal functions of the
second kind.

1.2 The Thomas-Fermi equation

The Thomas-Fermi equation is an important nonlinear singular differential
equation which is defined on semi-infinite domain [22, 23]:

d*y(t)

T s
dt2 - \ﬁyz(t) =0, te [O»OO)> (1)

The nonlinear Thomas-Fermi equation appears in the problem of determin-
ing the effective nuclear charge in heavy atoms, therefore, many great scholars
were considered it, such as Fermi [24], Feynman (physics) [25], and Slater
(chemistry) [26].

The initial slope y’(0) is difficult for computing by any means and plays
an important role in determining many properties of the physical of Thomas-
Fermi atom [27]. It determines the energy of a neutral atom in Thomas-Fermi

approximation:
2
6 (4m\3 _z ,
E—7<3> Z5y'(0), (2)

where Z is the nuclear charge.

For these reasons, the problem has been studied by many researchers and
has been solved by different techniques where a number of them are listed in
Table 1, in this table, the calculated value of y’(0) by researchers is shown.
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The rest of the paper is constructed as follows: the FRC2s and their prop-
erties are expressed in section 2. The methodology is explained in section 3.
In section 4, results and discussions of the method are shown. Finally, a con-
clusion is provided.

2 Fractional order of rational Chebyshev functions
of the second kind

In this section, the definition of the fractional order of rational Chebyshev
functions of the second kind (FRC2s) and some theorems for them is provided.

2.1 The FRC2s definition

Using some transformations, some researchers have generalized the Cheby-
shev polynomials to semi-infinite or infinite domains, for example the rational
Chebyshev functions on the semi-infinite domain [28], the rational Chebyshev
functions on an infinite domain [1], and the generalized fractional order of the
Chebyshev functions (GFCF) on finite interval [0,7n] [29, 30, 31] are introduced
by using transformations x = L x = ——— and x = 1 — 2(%)"‘ respectively.

(=g Vil

In the proposed work, by new transformation x = t"‘ +L> L > 0 on the Cheby-
shev polynomials of the second kind, the fractional order of rational Chebyshev
functions of the second kind on domain [0, co) is introduced, which is denoted
by FU%(t, L) = Uy,/(% = +L) where L is a numerical parameter.

The FUX(t,L) can be calculated by using the following relation:

FUS(t,L) =1 FUS(t, L) ot ot
0 — D 1T1h - t“—l—L’
o t*—L o o«
FUy 1 (t,L) :zt“—i—L FUX(t,L) — FUY_;(t,L), n=1,2,---, (3)

and we can also calculate:
FUR(t, L) = Zﬁnkt +1)” (4)

where
(m+k+1)!
(n—%)!(2k+1)!

Bnx = (—4L)" and  Box = 1.
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2.2 Approximation of functions

Any function of continuous and differentiable y(t), t € [0, 00), can be expanded
as follows:

U(t) = Z an Fu%“) L))
n=0

where the coefficients a,, can be obtained by:

an

_ 8al: J°°

- FUS(t, L) y(t) w(t)dt, n=0,1,2,--.

0

In the numerical methods, we have to use first (m + 1)-terms FRC2s and
approximate y(t):

y(t) ®ym(t) = ) an FUL(t, L), (5)

n=0

Theorem 1 The FRC2, FUX(t,L), has precisely n real simple zeros on the
interval (0,00) in the form

1

1 )\ *
tk=<L+COS(';j;j)>, K=1,2,...,n

1—cos(n—+1)

Proof. Chebyshev polynomial of the second kind Uy, (x) has n real simple

zeros [1]: .
7T
Xk = COS <T\_—|—1>) k:1,2,...,n.

Therefore U, (x) can be written as
U (x) = (x —x7)(x —x2).e.(x — %xn).

Using transformation x = % yields to

- (570 -+)(E7-)-(G50 )

1
so, the real zeros of FU%(t,L) are ty = (I—ka) *. u

]—Xk
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Theorem 2 The FRC2s are orthogonal on domain [0,00) for all L > 0 with

étx71
positive weight function w(t) = (}cj‘Tﬁ as follows:

J FUX(t, L) FUS (t, L) w(t) dt = — " Smun, (6)
0 8l 2

where dmn 18 the Kronecker delta.

Proof. The Chebyshev polynomials of the second kind U, (x) are orthogonal

as [1]:
1
s
J Un(x) Un(x) V1 —x2 dx = Eémn'
-1
Now, by using transformation x = %, L > 0 on the integral, the theorem
can be proved. O

3 The methodology

The quasi-linearization method (QLM) based on the Newton-Raphson method
has introduced by Bellman and Kalaba [32, 33]. Some researchers have used
this method in their works [34, 35, 36, 37].

Occasionally the linear ordinary differential equation that gets from the
QLM at each iteration does not solve analytically. Hence we can use the Spec-
tral methods to approximate the solution.

The QLM for Thomas-Fermi equation (1) is as follows:

2
: EE] - zf/{(yn(t))”zyw (t) = —;/{(yn(t))m, (7)
Yn1(0) =T, Ynii(o0) =0, (8)

where n =0,1,2,3,---.

The QLM iteration requires an initialization or ”initial guess” yo(t). We
assume that yo(t) = 1, i.e. the initial guess satisfies in the boundary condition
at zero. Mandelzweig and Tabakin in Ref. [38] have shown that if the initial
function is true in one of the conditions of (8) then the QLM is convergent.

Baker has shown that the solution of Eq. (1) is generated by the powers of

t2 as follows [39]:
4 2 1 2
y(t) =1+ Bt+ T4 4 SB2 + o3+ ith% + ZBtt
3 5 3 70 15 )

IR
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for this reason, in Eq. (3), we assume that o = %

We apply the FRC2s collocation method to solve the linear ordinary differ-
ential equations at each iteration Eq. (7) with boundary conditions (8).

Approximation of functions yn41(t) by using Eq. (5) is shown by ymn41(t).
Now, for applying the collocation method, we construct the residual function
for the Thomas-Fermi equation by substituting Ymmn1(t) for y(t) in Eq. (1):

m d? 1
RESn (t) = @ (Um,n+1 (t)) - ﬁ (ym,n+1 (t))

N

(10)

In this study, the roots of the FRC2s in the semi-infinite domain [0, co)
(Theorem 1) have been used as collocation points. Also, consider that all of
the computations have been done by Maple 2015.

Boyd in Ref. [1] has provided the method of the experimental trial-and-error
for calculating the approximation of the optimal value of L:

“The experimental trial-and-error method (Optimizing infinite Inter-
val Map Parameter) (Page 377 in Ref. [1]):

Plot the coefficients a; versus degree on a log-linear plot. If the graph abruptly
flattens at some m, then this implies that L is TOO SMALL for the given m,
and one should increase L until the flattening is postponed to i =m.”

It must be noted that the optimal value of L is dependent on m.

Fig. 1 presents the graph of the coefficients of log(|a;|) for different values of
L, m = 200 and n = 50, according to the above experimental trial-and-error
method, the approximation optimal amount of L is about 21.

T T T T T T T T - T d
20 40 60 80 100 120 140 160 180 200
[ =12 ——1L=15—-— 1=20 — L=21]

Figure 1: Graph of logarithm of coefficients |a;| with m = 200, n = 50, and
different values of L, for calculating an approximation optimal value of L
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Bellman & Kalaba [32] and Mandelzweig & Tabakin [38] proved the con-
vergence of the QLM. Let dyn.1(t) = yne1(t) — yn(t), then it can show that
|| 8yns1 ||< k || dyn ||? where k is a positive real constant [38]. Therefore,
the convergence rate is of the order of 2, i.e. O(h?). We can also obtain for
(n + 1)-th iteration:

I 8ynsr 1< (k[ Sy1 D* /k. (11)

Furthermore, it can be hoped that even if the initial guess is not appropriate,
then after a while the solution converges [32].

4 Results and discussion

Calculating the amount of y’(0) of Thomas-Fermi potential is very important
for determining many physical properties of Thomas-Fermi atom.

Comparison of methods: Zaitsev et al. [40] showed that the Adams-Bashforth
and Runge-Kutta methods to solve this equation on unbounded domains are
ill-conditioned, hence, researchers have used the methods of numerical and
semi-analytical for solving the equation, and some researchers can calculate
very good solutions. For example, authors of [55, 57, 58, 59, 60, 61, 64, 68, 70]
used the analytical methods for solving the equation and Amore et al. [68] were
able to calculate the best solution using Pade-Hankel method, correct to 26
decimal places. Authors of [54, 56, 62, 63, 65, 66, 67] used the numerical meth-
ods for solving the equation and Parand & Delkhosh [73] were able to calculate
the best solution using the combination of the quasilinearization method and
the fractional order of rational Chebyshev collocation method, correct to 37
decimal places. In numerical methods, there is usually a numerical arbitrary
parameter which selected by authors. Such as, in [54] the parameter is chosen
0.258497 to accuracy 107°, in [56] is chosen 0.93799968 to accuracy 1078, in
[63] is chosen 0.62969503 to accuracy 107°, in [65] is chosen 0.0958885 to ac-
curacy 1077, and in [67] is chosen 1.588071 to accuracy 10~7. Here we choose
L =21 to accuracy 10737,

Table 1 presents some of the calculated values of y’(0) of Thomas-Fermi
potential by some researchers. It is clear that some researchers were able to
calculate good solution and accuracy. The last three rows present the best
solution obtained by the present method for different values of m.



142 Parand et al.

Table 1: Comparison of the obtained values of y’(0) by researchers, inaccurate
digits are bold.

Author/Authors Obtained value of y’(0)

Fermi (1928) [24] -1.58

Baker (1930) [39] -1.588558

Bush and Caldwell (1931) [41] -1.589

Miranda (1934) [42] -1.5880464

Slater and Krutter (1935) [26] -1.58808

Feynman et al. (1949) [25] -1.58875

Kobayashi et al. (1955) [43] -1.588070972

Mason (1964) [44] -1.5880710

Laurenzi (1990) [45] -1.588588

MacLeod (1992) [46] -1.5880710226

Wazwaz (1999) [47) ~1.588076779

Epele et al. (1999) [48] -1.588102

Esposito (2002) [49] -1.588

Liao (2003) [50] -1.58712

Khan and Xu (2007) [51] -1.586494973

El-Nahhas (2008) [52] -1.55167

Yao (2008) [53] -1.588004950

Parand and Shahini (2009) [54] -1.5880702966

Marinca and Herianu (2011) [55] -1.5880659888

Oulne (2011) [56] -1.588071034

Abbasbandy and Bervillier (2011) [57] -1.5880710226113753127189
Fernandez (2011) [58] -1.588071022611375313

Zhu et al. (2012) [59] -1.58807411

Turkylmazoglu (2012) [60] -1.58801

Zhao et al. (2012) [61] -1.5880710226

Boyd (2013) [62] -1.5880710226113753127186845
Parand et al. (2013) [63] -1.588070339

Marinca and Ene (2014) [64] -1.5880719992

Kilicman et al. (2014) [65] -1.588071347

Jovanovic et al. (2014) [66] -1.588071022811
Bayatbabolghani & Parand(2014)[67] -1.588071

Amore et al. (2014) [68] -1.588071022611375312718684508
Fatoorehchi & Abolghasemi(2014)[69]  -1.588076818

Liu and Zhu (2015) [70] -1.588072

Parand et al. (2016) [71] -1.588071022611375312718684509
Parand et al. (2016) [72] -1.588071022611375312718684509423
Parand and Delkhosh (2017) [73] -1.5880710226113753127186845094239501095
Parand and Delkhosh (2017) [74] -1.588071022611375312718684509
This paper [m=200] -1.5880710226113753127186845094239501093
? 7 [m=100] -1.5880710226113753127186845094239
7 [m=50] -1.588071022611375312728

Table 2 presents the absolute errors in the calculation of y’(0) for different
values of m and the obtained results are compared with the best solution
calculated in Ref. [73].
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Table 2: Absolute errors of y'(0) for different values of m and iterations

m Lopt 10th Iter. 20th Iter. 30th Iter. 40th Iter. 50th Iter.
25 0.5  3.970e-08 3.939e-08 3.939¢-08 3.939e-08  3.939e¢-08
75 5 6.667e-13  3.926e-18  5.878e-24  4.065e-30  4.646e-30
100 7 6.524e-13  5.656e-20 4.026e-24 8.314e-31  1.976e-33
175 19 6.524e-13  1.065e-25  1.349e-27  4.240e-31  1.908e-34
200 21 6.524e-13  3.477e-25 6.072e-29 9.237e-32  1.974e-37

Table 3: Obtained values of y(t) by the present method for different values t

t

y(t)

y(t)

It

y(t)

0.25  0.7552014653133312 || 5 7.880777925136990e-2 125 5.423519678389911e-5
0.50 0.6069863833559799 || 6 5.942294925042258e-2 150 3.263396444625690e-5
0.75  0.5023468464123686 || 7 4.609781860449858e-2 175 2.115958647941346e-5
1.00  0.4240080520807056 | 8 3.658725526467680e-2 || 200 1.450180349694576e-5
1.25  0.3632014144595141 | 9 2.959093527054687e-2 || 300 4.548571953616680e-5
1.50 0.3147774637004581 10 2.431429298868086e-2 || 400 1.979732628112504e-5
1.75  0.2754513279960917 || 15 1.080535875582389¢-2 || 500 1.034077168199939e-5
2.00 0.2430085071611195 || 20 5.784941191566940e-3 1000 1.351274773541057e-7
2.25  0.2158946265761301 25 3.473754416765632e-3 || 2000 1.733984751613821e-8
2.50  0.1929841234580007 || 50 6.322547829849047e-4 || 3000 5.189408334513832¢-9
3.00 0.1566326732164958 || 75 2.182104320497469e-4 || 5000 1.130926706343084e-9
4.00  0.1084042569189077 || 100  1.002425681394073e-4 || 10000  1.42450045099559e-10

Tables 3 and 4 present the obtained results of y(t) and y’(t) by the present
method for different values of t.

Table 4: Obtained values of y’(t) by the present method for different values t

t y’(t) |t y’(t) | t y’(t)

0.25 -0.7223069849102349 5 -2.356007495470051e-2 125 -1.202665391336449e-6
0.50 -0.4894116125745380 6 -1.586754953340707e-2 150 -6.091399478608917e-7
0.75 -0.3583068801675136 7 -1.114253181486708e-2 175 -3.410947673774533e-7
1.00 -0.2739890515933062 8 -8.088602969645474e-3 200 -2.057532316475268e-7
1.25 -0.2157941303007336 9 -6.033074714457392e-3 300 -4.365949618530290e-8
1.50 -0.1737387990139451 10 -4.602881871269254¢e-3 400 -1.436682305996181e-8
1.75  -0.1423209371968936 15 -1.515323082023606e-3 500 -6.034363442475256e-9
2.00 -0.1182431916254876 20 -6.472543327776920e-4 1000 -3.98801070822799e-10
2.25  -0.0994093212014470 25 -3.240429977697511e-4 2000 -2.57608536992070e-11
2.50 -0.0844261867988090 50 -3.249890204825881e-5 3000 -5.15300117644723e-12
3.00 -0.0624571308541209 75 -7.777974714283007e-6 5000 -6.75339712163883e-13
4.00 -0.0369437578241234 100 -2.739351068678330e-6 10000 -4.26161647550093e-14
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Fig. 2 presents the graphs of the residual errors of REST' of Eq. (10) with
m = 50, 75,100, 150,200 and n = 50, and the logarithm of coefficients |a;| with
m = 200 and n = 50, for showing the convergence of the method. It can see
that the residual errors are very small value, about 10737,
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Figure 2: Graphs of the residual errors for different values of m and the loga-
rithm of coefficients |ai|, for showing the convergence of the method.

5 Conclusion

In this paper, the combination of the methods of the quasilinearization and the
FRC2s collocation is used for constructing an approximation of the solution
of the nonlinear singular Thomas-Fermi equation on unbounded domain. The
present method has several advantages. For example, for the first time, the
fractional order of rational Chebyshev functions of the second kind (FRC2s)
has been introduced as a new basic for Spectral methods. The fractional basis
were used to solve an ordinary differential equation and this provides an in-
sight into an important issue. The roots of the FRC2s are used on unbounded
domain [0,00) as collocation points for solving Thomas-Fermi equation and
the problem does not convert to a bounded domain. Some researchers solved
the equation by changing the variables in this equation [58, 62] or domain
truncation [38] but we solved the problem without any changing on variables
or domain in this equation. An approximate optimal value of L is calculated.
The convergence of the obtained results is shown. The accurate solutions for
y(t), y’(t) and y'(0) by 200 collocation points are obtained. This article pro-
vided a good history of solving Thomas-Fermi equation by other researchers
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and the numerical methods to solve equations in unbounded domains.
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Abstract. In this paper, we consider the tangent bundle of a Rie-
mannian manifold (M, g) with g-natural metrics and among all of these
metrics, we specify those with respect to which the unit tangent sphere
bundle with induced g-natural metric is totally geodesic. Also, we equip
the unit tangent sphere bundle TyM with g-natural contact (paracon-
tact) metric structures, and we show that such structures are totally
geodesic K-contact (K-paracontact) submanifolds of TM, if and only if
the base manifold (M, g) has positive (negative) constant sectional cur-
vature. Moreover, we establish a condition for g-natural almost contact
B-metric structures on Ty M such that these structures be totally geodesic
submanifolds of TM.

1 Introduction

One of the classical research fields rising in both mathematics and physics
is the notion of totally geodesic submanifold. This geometric motif has still
remained a topic of debate in some various branches of physics such as string
theory and cosmology as well as in differential geometry. In recent years, many
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mathematicians and physicists have placed this notion in the center of atten-
tion and have obtained some important results (see for example [9, 4]).

On the other hand the motif of lifted metric on the tangent bundle of Rie-
mannian manifolds is widely considered as an interesting field by many math-
ematicians. This notion was first introduced by Sasaki and in recent years his
works have generated strong motivation for other mathematicians to study
and develop this concept on the tangent bundles of Riemannian manifolds. In
[3], the authors introduced the notion of g-natural metrics on the tangent bun-
dle of a Riemannian manifold (M, g). In the framework of g-natural metrics
on the tangent bundle and tangent sphere bundle of a Riemannian manifold
(M, g), Abbassi, et al. have made significant contributions (see for example
2, 3)).

The other fundamental motif in differential geometry of manifolds, given by
Sasaki in [8], is the notion of the almost contact structure. As a counterpart
of the almost contact metric structure, the notion of the almost contact B-
metric structure has been an interesting research field for many geometrists in
differential geometry of manifolds and geometric properties of such structures
have been studied frequently (see for example [6]).

The aim of this paper is to specify all of g-natural metrics on the tangent
bundle of a Riemannian manifold (M, g), such that with respect to them the
unit tangent sphere bundle with induced g-natural metric is totally geodesic.
The work is organized in the following way. In Section 2, we begin with a
study on the concept of g-natural metrics on the tangent bundle and unit
tangent sphere bundle of a Riemannian manifold (M, g) and we provide some
necessary information about the mentioned spaces. We proceed in Section
3, to describe and study the totally geodesic property of the unit tangent
sphere bundle and then we present the main theorem of the paper. In other
words, we determine some conditions for the g-natural metric G on the tangent
bundle TM, such that the unit tangent sphere bundle TyM with the induced
g-natural metric G from G is totally geodesic. In the next two sections, we
equip the unit tangent sphere bundle T{M with g-natural contact metric and
paracontact metric structures, and we show that there is a direct correlation
between sectional curvature of M and K-contact and K-paracontact totally
geodesic property of T{M. Also, we obtain a condition for a g-natural almost
contact B-metric structure on TyM such that this structure be totally geodesic
submanifold of TM.
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2 g-natural metric on sphere bundle

We provide some necessary information on g-natural metrics on the tangent
bundle and unit tangent sphere bundle in this section.

2.1 g-natural metrics on the tangent bundle

We consider the (n+1)-dimensional Riemannian manifold (M, g) and denoting
by V its Levi-Civita connection, the tangent space TM(y ) of the tangent
bundle TM at a point (x,u) splits as

(TM)(x,u) = /H(x,u) 2] V(x,u))

where H and )V are the horizontal and vertical spaces with respect to V. The
horizontal lift of X € My to (x,u) € TM is a unique vector X" € H(xu) such
that m,X" = X, where m : TM — M is the natural projection. Moreover,
for X € My, the vertical lift of vector X is a vector XV € V(. such that
XV(df) = Xf, for all functions f on M. Needless to say, 1-forms df on M
are considered as functions on TM (i.e., (df)(x,u) = uf). The map X — X"
is an isomorphism between the vector spaces My and H(yy,). Similarly, the
map X — XV is an isomorphism between My and V.. As a result of this
explanation, one can write each tangent vector Z € (TM)(y,,) in the form
Z = X" +YY, where X,Y € My, are uniquely determined vectors. Also, the
geodesic flow vector field on TM is uniquely determined by u&’ j=u (a?& )&’u),
for any point x € M and u € TM,, with respect to the local coordinates
{%} on M. In [2], the authors bring up a discussion on g-natural metrics on
tangent bundle TM of a Riemannian manifold (M, g), including the following
characterization.

Proposition 1 [2] Let (M,qg) be a Riemannian manifold and G be the g-
natural metric on TM.. Then there are sixz smooth functions «, Bi : Rt — R,
i=1,2,3, such that for every u,X,Y € My, we have

Gy (XM Y™ = (o1 + a3) (P)g(X, Y) + (B1 + B3) (17 g (X, wg (Y, w),
G ) (X YY) = Gy (X¥, YM) = a2 (12)g(X, Y) + B2(1%)g ( ug(Yu), (1)
G (X% YY) = oq (1) g (X, Y) + B1 (1) g (X, u)g (Y, w),

)

where 1* = g(u,u).

As a prime example of Riemannian g-natural metrics on the tangent bundle,
we express the Sasaki metric obtained from Proposition 1 with

x(t) =1,  ont)=as3(t) = Bi(t) = P2(t) = B3(t) =
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2.2 g-natural metric on the unit tangent sphere bundle

Let (M, g) be a Riemannian manifold. The hyperspace
M ={(x,u) € TM|gx(u,u) =1},

in TM, is called the unit tangent sphere bundle over the Riemannian manifold
(M, g). Denoting by (TyM)y.), the tangent space of TiM at a point (x,u) €
TiM, we have

(THM) ) = X+ YYIX € My, Y € {ult € My

A g-natural metric on TyM, is any metric g, induced on T{M by a g-natural
metric G on TM. Using [5], we know that G is completely determined by the
values of four real constants, namely

a=o(l), b=ow(l), c = ag(1), d=B(1)=(B1+B3)(1).
Let (M,g) be a (2n + 1)-dimensional Riemannian manifold. Considering an
orthogonal basis {Xg = u,Xy,...,Xn} on x € M, we define XS‘ = ul. The
metric G on T{M is completely determined by

)

~(x,u)(X?)X}1) = (a+c)gx(Xi, Xj) + dgx(Xi»u)gx(Xbu))
g(x,u)(x?)Yjv) = ng(Xi) Yj)) (2)
G(x,u] (Yf> Y]V) = agx(Yi) Y]))

at any point (x,u) € TiM, for all X;,Y; € My, with Y; orthogonal to u [5].

Taking into account ¢ = a(a+ ¢+ d) — b?, using the Schmidt’s orthogonal-
ization process and some standard calculations, it can be shown that whenever
® # 0, the following vector field on TM is normal to TyM and is unitary at
any point of T{M for all (x,u) € TM

1

G _ h
Now = Tagerae v Tletetdwl

Moreover, for a vector X € My at (x,u) € TTM, the tangential lift X'¢ with
respect to G is defined as the tangential projection of the vertical lift of X to
(x,u) with respect to N€, in other words

¢
XtG = Xv - mG(XyU—) (XV) N(nyu))N(GXvu) - Xv o

¢l

G
mgx(x» u)N(x,u)' (3)
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Also, if X € My is orthogonal to u, then X'¢ = XV. Assuming that b = 0, the
tangential lift X'¢ and the classical tangential lift X! defined for the case of
the Sasaki metric coincide. In the most general case, we have

Xte = Xt + (X, uw)uM.

a+c+d9

Remark 1 [5] The tangential lift u'¢ to (x,u) € 1M of the vector u is given
by utc = a+lc’+duh, that is, u'c is a horizontal vector. Therefore, the tangent
space (TIM) () of TIM at (x,u) is spanned by vectors of the form X" and Yte

as follows,

(Tq M)(x,u) = {Xh +Y'e Xe My,Y e {u}J_ C My, (4)

hence, the operation of tangential lift from My to a point (x,u) € TTM will
always be applied only to those vectors of My which are orthogonal to .

Taking into account Remark 1, the Riemannian metric G on TyM, induced
from G, is completely determined by the following identities.

G(XT X}) = (a+¢)gx(X1,Xz) + dgx (X1, ) gx (X, ),
G(XE, Yi0) = bgu (X1, V1),
G(Y1%,Y3%) = agy(Y, Y2),

where Xi,Y; € My, for i = 1,2 with Y; orthogonal to u. It should be noted
that by the above equations, horizontal and vertical lifts are orthogonal with
respect to G, if and only if b = 0. Further details about g-natural metrics
on the tangent bundle can be found in [5]. Here, we present the following
propositions.

Proposition 2 [1] Let (M, g) be a Riemannian manifold, V its Levi-Civita
connection and R its curvature tensor. Let G be the g-natural metric on TM
given by (1) with a > 0, . = a(a+c) —b2 >0, and d(t) = ala+c+tp(t)) —
b2 > 0, for all t € [0,00). Then the Levi-Civita connection V of (TM, G) is
characterized by

1.
(thYh)(qu) == {(VXY)X - %[R(XX)u)YX + R(YX, U—)XX]
bp(1) b,
5 X0 WY+ g(Ya, wXd + @[a B(1g(R(Xx, u) Yy, 1)

h 2
1 (1)~ aB(1)glXs, ulglWsywlu b+ { 2ROG WY,
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ala+c) (a+c)B(1)
- 2o (Xxy Y )u — 2u

+ o:d)[—abzﬁmgm(xx,u)vx,u) 4 (—alatct BM)F(M

[9(Y, W)Xy + g(Xxy u) Yy

+bzrszung(vx,u)g(xx,unu} ,

2
(ﬁxhw) (xyu) = { - %R(Ymu)xx + O‘Eg)g(xxyu)Yx

+ﬂ[a B( ) (R (XX)U)YxaU-)+“B(])9(XXaYX)+(2“B/(])

h
_ap m)g(xx,u)g(vx,unu} ; {(vxv)x ;

bR(1
_g(()c)g(Xx’u)Y 2 q) o3 (1 ) (XX>YX)_azf-))“)g(R(Xx,u)Yx)u)

— (2aB'(1) —aB m)g(xx,u)gm,unu} ,

ab

S5 R Vo WXy

— a? ap(1
(vaYh)(X’u) = { — RR(XX)u)YX + E((X )Q(YX)u)XX

+ 30 CBNGROG WY, ) + aB(1)g(Xe, V) + (2 (1)

h
~ aB(1)g0 ulglswi -+ { SR wY ~ 25 gv X,
+ 2o - B90X, Vo) = @ B(TIGROX:, w)¥ey ) — (20 (1)

—ap m)g(xx,u)g(vx,unu} ,

(VX"YV) (xyu) — 0,

for all vector fields X,Y on M and (x,u) € TM, where g«(u,u) = 1.
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Proposition 3 [1] At (x,u) € TIM, the Levi-Civita connection V on TiM is
given by

1.

(6Xth)(x,u) = {(VXY)X - %[R(Xmu)Yx + R(YX)U')XX] + %[Q(XX)LL)YX
2
+ Q(Ymu)xx] + m[(ad +b )Q(R(XMU—)YX»U)

h b2
—d(a+c+ d)g(XX,u)g(Yx,u)]u} + {(XR(XX,U)YX

ala+c
- (Z)R(XMYX)U'_
0.6

(a+c)d

T [Q(Yx>u)xx + Q(Xx»u)Yx]

te
L (ROG, WY )+ dlat c)g(vx,u)g(xx,u)]u} ,

a?

=~ ad
(VXhYtG)(x,u] = { - ER(YX»U*)XX + ﬂg(xx»u)Yx

1 : h
T ata s or @y al@d + DGR WY u) + ocdg(xx,vxnu}

b bd b
+ {(vxv)x + 2RV W)Xy — e g(Xey W)V — o

tg
20( 20( z(xg(R(XX)u)YX)u)u} )

= a? ad
(Tl = { = 3ROV + Sagl¥e X,

1 5 h
+ m[a(ad +b )Q(R(Xx,u)Yx)u) + (ng(xxa Yx”u}

b bd b
+ {GR(XMu)YX - 79(Yx»u)xx - %

tg
Z(X 20( Q(R(XX,U)YX,u)u} y

(extG yte )(x,u) = O)

for all (x,u) € TM and X, Y on M satisfying (4).
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3 Totally geodesic property of the sphere bundle

We consider a submanifold M of a (pseudo) Riemannian manifold (M,g).
The (pseudo) Riemannian metric g induces a (pseudo) Riemannian metric
g on the submanifold M. Then (M, g) is also called a (pseudo) Riemannian
submanifold of (M,g). A submanifold M of a (pseudo) Riemannian manifold
(M, g) is called totally geodesic if any geodesic on the submanifold M with
its induced (pseudo) Riemannian metric g is also a geodesic on (M, g). Let V
and V be the Levi-Civita connections on (M, g) and (M, g) respectively. The
shape tensor or second fundamental form tensor II is a symmetric tensor field

which can be defined as follows
II(X,Y) = VxY — VxY,

for all vector fields X,Y on M. The (pseudo) Riemannian submanifold M is
totally geodesic provided its shape tensor vanishes, i.e. II = 0 [7]. Here, we
provide the main theorem of this paper.

Theorem 1 The unit tangent sphere bundle (T; M,é) is a totally geodesic
submanifold of (TM, G) if and only if G is a g-natural metric on TM with
b =0 and p'(1) =0.

Proof. First, notice that (4) yields that the tangent space of TTM at (x,u)
can be written as

(TtM) () = span(u™) & {(X"X L u} @ {Y[Y Luk (5)

Now, we compute the coefficients of the fundamental tensor II as follows.
Taking into account Proposition 2 and Proposition 3 and (3) we get

H(x,u)(xh)Yh) = (thYh)(x,u) - (ﬁthh)(x,u]
_ [ba?B(1)  blad+b?)

N [ «dp  alat+c+d)

ab?p(1) b2

* {— Tabd

] g(R(Xx, 1) Yy, w)u"

]Q(R(XX)u)Ymu)u\)»

3 1 2
T (XY, Y1) = [azf;g)) N 22((2(113 21)] 9 (R(Xe, )Yy, i
1 2 1
_ b;(ofi(;) )Q(Xx>Yx)u" + |:— baz(fdg) + gz] Q(R(XX,UJYX,LL)LLV,
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/ 2
Htx,u)(uh»uh) = oleb (])cxcl) e + bo?]uh

n [(CX(G+C+ B(1))B'(1) +b2{32(1))]uv
xd ’

H(x,u)(XV)YV) = H(x,u)(uh) Yh) = H(x,u)(XV)uh) =0,

for all X, Y satisfying (5) where & = a(a+¢c) —b% ¢ = a(a+c+d) —b? and
B(1) = d. Therefore, the second fundamental form II vanishes if and only if
the following system of equations

ba?B(1)  blad+b%)  ab?p(1) b2 A3p(1) a(ad + b?)

ad  alat+c+d)’ ad o« 2ad 2a(a+c+d)’

baB(1)
20

ba?B(1) _ab  bap'(1)—ap(1)) _bd

2 — T3 y (6)
od 20 ad x

—a(a+c+B(1)R'(1) +b2p*(1)
o

Satisfies. Standard calculations show that this system of equations satisfies

if and only if b = 0 and B/(1) = 0. Hence, (T1M,é) is a totally geodesic

submanifold of (TM, G) if and only if G is a g-natural metric on TM with

b=0and p'(1) =0. O

As immediate consequences of this theorem, we have the following corollaries.

=0,

Corollary 1 The Sasaki metric obtained from (1) for

x(t) =1, oat)=as(t) =B1(t) = P2(t) = B3(t) =0,
satisfies the conditions b = 0 and B'(1) = (B1 + B3)' (1) = 0. Therefore, the
unit tangent sphere bundle T{M s a totally geodesic submanifold of (TM, gs).

Corollary 2 The Cheeger-Gromoll metric gcg, as a classical example of g-
natural metrics on the tangent bundle, is obtained for

) =) =Bl =11 ) =B0)=0, ()=

So we have b = o2(1) = 0 and B'(1) = (B1 + B3)'(1) = 0. Hence, TTM with
induced g-natural metric is a totally geodesic submanifold of (TM, gcg)-
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Corollary 3 Metrics of Cheeger-Gromoll type hm, are obtained from (1)
when
x(t) = ——— az(t) =T1—ou(t),
T
ax(t) = Balt) =0, Bi(t) = —B3(t) =

where m € R and v > 0. Obviously, these metrics satisfy b =0 and B'(1) = 0.
Hence, the unit tangent sphere bundle TiM with induced g-natural metric is a
totally geodesic submanifold of (TM,hm ).

Corollary 4 Kaluza-Klein metrics, are obtained from (1) for
% =Pp2=PB1+p3=0.

Thus, Kaluza-Klein metrics satisfy b = 0 and B'(1) = (B1 + B3)'(1) = 0 and
therefore, TiM with induced g-natural metric is a totally geodesic submanifold
of TM with Kaluza-Klein metrics.

4 g-natural contact and paracontact metric struc-
tures on tangent sphere bundle

In this section, we equip the unit tangent sphere bundle TiM with g-natural
contact metric and paracontact metric structures, and we show that there
is a direct correlation between sectional curvature of M and K-contact and
K-paracontact totally geodesic property of Ty M.

A (2n+ 1)-dimensional manifold M is called a contact manifold if it admits
a global 1 form n such that n /A (dn)™ # 0 everywhere on M and a unique
vector field & such that (&) = 1 and dn(é&,.) = 0. In addition, a Riemannian
metric g is said to be an associated metric if there exists a tensor @, of type
(1,1), such that

n=g9(.), dn=g(&.), @*=-1+neL

Moreover, a Riemannian metric g is said to be compatible with the contact
structure if

gleX, @Y) = g(X,Y) —n(Xn(Y),

for all vector fields X,Y on M.
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Now, (1,g,&, @) is called a contact metric structure and (M,n,g,&, @) a
contact metric manifold.

The following proposition determines the g-natural contact metric structure
on unit tangent sphere bundle.

Proposition 4 [1] Let (M, g) be a Riemannian manifold and TyM be its unit
tangent sphere bundle. Let G bea g-natural metric on TTM given by (2). The
set (é,n, @, &) described by (7)-(10) is a family of contact metric structures
over TiM.

E»:uh) (7)
n(X") = g(X,u), n(X'¢) = bg(X,u), (8)
hy = pxh g, od h
o(X") = z(x[ bX" + (a +c)X'e + a+c+d9(x>u)u 1,
] o 9)
tg) — [ h tg h
@(Xte) = 2“[ aX" + bX +7a+c+dg(X,u)u 1
doa=a+c+d=1. (10)

A K-contact manifold is a contact metric manifold (M, g,1n, @, &) such that
the characteristic vector field & is a Killing vector field with respect to g. We
refer to [1] for more information on K-contact manifolds. Now, we provide the
following statement.

Theorem 2 Let G be a Riemannian g-natural metric on TiM and (Ti M, é)
be a totally geodesic submanifold of (TM, G). The contact metric manifold
(TiM, é,n, @, &) is K-contact if and only if the base manifold (M, g) has pos-
itive constant sectional curvature a?“

Proof. (TiM, G , M, ©, &) is K-contact manifold if and only if the characteristic
vector field & is a Killing vector field with respect to G and according to Theo-
rem 2 in [1], & is Killing vector field if and only if b = 0 and (M, g) has constant

atc

sectional curvature = > 0. Using Theorem 1, the unit tangent sphere bundle

(TiM, G) is a totally geodesic submanifold of (TM, G) if and only if b = 0
and B’(1) = 0. Consequently, totally geodesic submanifold (TyM, G,n, @, &)
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of (TM, G) is K-contact if and only if the base manifold (M, g) has positive
constant sectional curvature 4 > 0. O

Analogous to the contact cases, a (2n + 1)-dimensional manifold (M, g) is
called a paracontact manifold if it admits a (1, 1)-tensor field ¢, a vector field
& and a 1-form 1 satisfying

n=g(&.), dn=g(§.), @’ =1-nwE
Also, a pseudo-Riemannian metric g is said to be compatible with the para-
contact structure if
g(eX, @Y) = —g(X,Y) +n(XIn(Y),
for all X,Y vector fields on M.

Now we report the following statement from [5].

Proposition 5 [5] Let (M, g) be a Riemannian manifold and T1M be its unit
tangent sphere bundle. Let G be a g-natural metric on TyM given by (2).
The set (G,m, @, &) described by (11)-(14) is a family of paracontact metric
structures over TiM.

Ey:uh) (11)
T](Xh) = g(X)u)) T](XtG) = bQ(X> u)) (12)
e(X") = l[—th + (a+c)Xte + LQ(X w)ul]
2a at+c+d”" ’
(13)
1 ¢
tg - [ h tg . h
@(Xte) Zoc[ aX™ 4+ bX'e + a+c+dg(X,u)u 1,
—4a=a+c+d=1. (14)

A paracontact metric structure (@, g,n,§) is said to be K-paracontact if & is
a Killing vector filed.

Remark 2 According to [5], in order to construct a paracontact metric struc-
ture with an associated g-natural metric on the unit tangent sphere bundle
TiM, it requires to a+c+d > 0 and o < 0. It deduces from « < O that the
induced g-natural metric G on TTIM is a non-degenerate pseudo-Riemannian
metric. It can be shown that for o« < 0 and & > 0, Proposition 2 and Proposi-
tion 3 and consequently Theorem 1 remain true.
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Here, we have the following.

Theorem 3 Let G be a pseudo-Riemannian g-natural metric on T{M and
(1M, G) be a totally geodesic submanifold of (TM, G). The paracontact metric
manifold (T1M, G,n, @, &) is K-paracontact manifold if and only if the base
manifold (M, g) has negative constant sectional curvature “TJ’C < 0.

Proof. The paracontact metric manifold (T; M, G , M, @, &) is K-paracontact if
and only if & is a Killing vector field with respect to pseudo-Riemannian metric
G. It concludes from Theorem 3 of [5] that & is Killing vector field if and only
if b =0 and M has negative sectional curvature C‘T“ Moreover, by Theorem
1, (M, é) is a totally geodesic submanifold of (TM, G) if and only if b = 0
and B'(1) = 0. Consequently, totally geodesic submanifold (T;M, G, 1, @, &) of
(TM, G) is K-paracontact if and only if the base manifold (M, g) has negative
constant sectional curvature ‘%C < 0. g

5 g-natural almost contact b-metric structures on
unit tangent sphere bundle

In this section, we establish a condition for a g-natural almost contact B-metric
structure on TyM such that this structure be a totally geodesic submanifold
of TM.

A (2n+1)-dimensional manifold M has an almost contact B-metric structure
if it admits a tensor field ¢ of type (1,1), a vector field &, and a 1-form n
satisfying

(pZZ—I‘i‘T]@Ev) ﬂ(i)z]» P& =0,
noe =0, g(ex,ey)=—glxy)+nxmnly).

Now we consider the unit tangent sphere bundle of a Riemannian manifold
(M, g) with g-natural metric, and we equip it with an almost contact B-metric
structure denoted briefly by (TiM, ¢@,&,1, G), and also a basis {X", X'c &}
such that X", Xt¢ 1 & | with respect to G , where & = uM. An almost contact
structure on TyM is defined by

n(XM =n(X'€) =0, nE) =1, X" =X's, @(X'¢)=-X", @& =0.

In order to construct an almost contact B-metric structure with an associated
g-natural metric on the unit tangent sphere bundle T{M, it requires to a +



Totally geodesic property of the unit tangent sphere bundle 165

c+d>0and a < 0. It deduces from a < 0 that the induced g-natural metric
G on TiM is a non-degenerate pseudo-Riemannian metric. It can be shown
that for « < 0 and ¢ > 0, Proposition 2 and Proposition 3 and consequently
Theorem 1 still remain true. Also, pseudo-Riemannian metric G must be of
signature (n,n + 1) or (n + 1, 1), therefore, it requires to b = 0. Hence, the
adapted g-natural metric on the unit tangent sphere bundle TyM with almost
contact B-metric structure is of following form

G ) (X XP) = (@ 4+ €)x (X, X)) + dga(Xi, W g (X, 1),

G (XT, %) = 0, (15)
G(x,u) (YltG ) Y)tG) = a9X(Yi7 Yj)»

for all vector fields X, Y on M with Y L u. Also, we have following relations
GloX, oX[) = —G(X, X1, GeX(S, 0X¢) = —=G(X{%,X9),

which give that G is a B-metric. As a result of these relations we have a+c¢ =
—a. Notice that using b = 0 and a+c = —a, we conclude that G is of signature
(ny,n+1)or (n+1,1). Now we provide the following statement.

Theorem 4 The unit tangent sphere bundle (T{M, é, ©,M, &) equipped with a
g-natural almost contact B-metric structure is a totally geodesic submanifold
of (TM, G) if and only if G is a g-natural metric on TM with B'(1) = 0.

Proof. Taking into the account Theorem 1, the unit tangent sphere bundle
(TiM, G) is a totally geodesic submanifold of (TM, G) if and only if G is a
g-natural metric on TM with b = 0 and p’(1) = 0. Also, using (15) for a
g-natural almost contact B-metric G we have b = 0. Hence, (TiM, G, @,n, &)
is a totally geodesic submanifold of (TM, G) if and only if G is a g-natural

metric on TM with p/(1) = 0. O
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Abstract. The («, 3)-metrics are the most studied Finsler metrics in
Finsler geometry with Randers, Kropina and Matsumoto metrics being
the most explored metrics in modern Finsler geometry. The £-dual of
Randers, Kropina and Matsumoto space have been introduced in [3, 4, 5],
also in recent the £-dual of a Finsler space with special («, 3)-metric and
generalized Matsumoto spaces have been introduced in [16, 17] . In this
paper, we find the £-dual of a Finsler space with an exponential metric
oeP/* where « is Riemannian metric and f is a non-zero one form.

1 Introduction

The concept of L£-duality between Lagrange and Finsler spaces was introduced
by R. Miron [8] in 1987. Since then it has been studied intensively by many
Finsler geometers [3, 4, 5]. The £-duals of a Finsler spaces with some special
(o, B)-metrics have been obtained in [14, 15]. The concept of Finslerian and
Lagrangian structures were introduced in the papers [9, 13] and the theory
of higher order Lagrange and Hamilton spaces were discussed in [10, 11, 12].
Further, the geometry of higher order Finsler spaces have been studied in
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[1, 7, 11].

The importance of £L-duality is not limited to computing only the dual of some
Finsler fundamental functions but many other geometrical problems have been
solved by taking the £-duals of Finsler spaces. In fact, duality has been used to
solve the complex Zermelo nevigation problem of classifying Randers metrics
of constant flag curvature [2] and it has been also used to study the geometry
of a Cartan space [4]. In general, duality can be used to solve the geometrical
problems of (&, ) metrics. Here, we study the £-dual of the Finsler space
associated with the exponential metric xeP/®, where « is Riemannian metric
and 3 is a non-zero one form.

2 The Legendre transformation

A Finsler space F' = (M, F(x,y)) is said to have an («, 3)-metric if F is
a positively homogeneous function of degree one in two variables o« and f3,
where o? = a(y‘,y) = ayy'y, yiy‘%lx € TyM, « is Riemannian metric,
and B = bi(x)y' is a 1-form on TM = TM \ {0}. A Finsler space with the

fundamental function:

F(X»U) = OC(X»U) + B(X»U)

is called a Randers space [6].
A Finsler space having the fundamental function:

2
x”(x,y)
F(X’ ) =
YT By
is called a Kropina space and one with
o (%, y)

Fou) = Sy = B y)

is called a Matsumoto space.
A Finsler space with the fundamental function:

F(X»‘J) = (xeﬁ/‘x (1)
is called a Finsler space with exponential metric.

Definition 1 A Cartan space C™ is a pair (M,H) which consists of a real n-
dimensional C*-manifold M and a Hamiltonian function H: T*M \ {0} — R,
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where (T*M, ", M) is the cotangent bundle of M such that H(x,p) has the
following properties:
1. It is two homogeneous with respect to p; (i=1,2,...,n).

2. The tensor field g¥(x,p) = %agj&{aj is nondegenerate.

Let C™ = (M, K) be an n-dimensional Cartan space having the fundamen-
tal function K(x,p). We can also consider Cartan spaces having the metric
functions of the following forms

K(x,p) = y/al (x)pipj + b'(x)p;

aVpip;

b (x)pi

and we will again call these spaces Randers and Kropina spaces respectively
on the cotangent bundle T*M.

or

K(Xap) =

Definition 2 A reqular Lagrangian L(x,y) on a domain D C TM is a real
smooth function L : D — R and a regular Hamiltonian H(x,p) on a domain
D* C T*M is a real smooth function H: D* — R such that the matrices with
entries

Jab(X%,y) = éaabL(X»y) and

g*ab(x)p) = aaébH(x>p)

are everywhere nondegenerate on D and D* respectively.

Examples. (a) Every Finsler space F* = (M, F(x,y)) is a Lagrange manifold

with L = JF. )
(b) Every Cartan space C" = (M, F(x,p)) is a Hamilton manifold with
H=1F. (Here F is positively 1-homogeneous in p; and the tensor

gab 15 aébFZ is nondegenerate).

2
(c)_ %M, L) and (M, H) with

L(xy) = Jag(xly’y’ + bilx)y' + (o

and

1

H(x,p) = Edij (x)pip; + bi(x)pi +¢(x), where €=Db;b'—c,
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are Lagrange and Hamilton manifolds respectively (Here ajj(x),a’ are the
fundamental tensors of Riemannian manifold, b; are components of covector
field, b! are the components of a vector field, C and C are the smooth functions
on M).

Let L(x,y) be a regular Lagrangian on a domain D C TM and let H(x,p)
be a regular Hamiltonian on a domain D* C T*M. If L € F(D) is a differential
map, we can consider the fiber derivative of L, locally given by the diffeomor-
phism between the open set U C D and U* C D*

II)(X)U) = (Xi) 6a]—(x)y))a

which will be called the Legendre transformation.

It is easily seen that L is a regular Lagrangian if and only if 1V is a local
diffeomorphism.

In the same manner if H € F(D*) the fiber derivative is given locally by

(P(X»y) = (Xi> aaH(X)U)))

which is a local diffeomorphism if and only if H is regular.
Let us consider a regular Lagrangian L. Then 1 is a diffeomorphism between
the open sets U € D and U* € D*. We can define in this case the function:

H:U* = R, H(x,p) = pay® — L(x,y), (2)

where y = (y®) is the solution of the equations pq = dL(x,y).
Also, if H is a regular Hamiltonian on M, ¢ is a diffeomorphism between
same open sets U* C D* and U C D, we can consider the function

L:U— R, L(x,y) =pay® — H(x, p), (3)

where y = (pq) is the solution of the equations

y® = 0°H(x, p).

The Hamiltonian H(x,p) given by (2) is the Legendre transformation of the
Lagrangian L and the Lagrangian given by (3) is called the Legendre transfor-
mation of the Hamiltonian H.

If (M,K) is a Cartan space, then (M,H) is a Hamilton manifold [10, 13],
where H(x,p) = %Kz(x,p) is 2-homogenous on a domain of T*M. So we get
the following transformation of H on U:

L(x,y) = pay”® — H(x,p) = H(x, p). (4)
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Theorem 1 The scalar field L(x,y) given by (4) is a positively 2-homogeneous
regular Lagrangian on U.
Therefore, we get Finsler metric F of U, so that

12
L=-F.
2

Thus for the Cartan space (M,K) we always can locally associate a Finsler
space (M, F) which will be called the L-dual of a Cartan space (M, Cyy») vice
versa, we can associate, locally, a Cartan space to every Finsler space which
will be called the L -dual of a Finsler space (M, Fy).

3 The L-dual of a Finsler space with exponential

metric
In this case we put o = yiy!, b' = a¥b;, B = biyl, p* = bip;, P =
yiph, p' = a¥pj, a2 =pip' = aUpipj. we have F = aeP/* and

19 d
— - “pP_r F
PiT o5yt oyt
=F (“beﬁ/“ T chy>
Yi
. obi — 3
| Yighrx (xeﬁ/rx% (5)
0.6 0.6

. 2H. — Bus
~F (y;F T S By‘)
0% %
F? B
=—<(1T==]y; bi ¢ .
G
Contracting (5) with p* and b* respectively, we get
F2 ) )
o = 2 { (1 - i)yipl + Oébipl}
FZ
= — {(1 —‘3>F2+oc[3*}.
o o
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and

L {(-Epee)

In [18], for a Finsler («, 3)-metric F on a Manifold M, one constructs a positive
function ¢ = ¢(s) on (—bg;bo) with ¢(0) =1 and F = ad(s), s = & | where

x ?

o =+/ayyy and B = biyt with ||B|lx < bo, ¥x € M. The function ¢ satisfies
d(s) —sd'(s) + (b2 —s2)d" (s) > 0, (Is| < bo).
This mertic is a (, p)-metric with ¢ = e®.

Using Shen’s notation [18], put s = % and ¢(s) = g =e%in (6) and (7), we
get

FZ FZ
o202}
o o) o (8)
=Fe®*{(1 —s)Fe’ + B}
and
B*:Fes{(l —s)s—i—bz} (9)
Now, we have the following two theorems under two different cases:

Theorem 2 Let (M,F) be a special Finsler space, where F is given by the
equation (1). If b? = a-ljbibj =1, then the L-dual of (M,F) is the space on
T*M having the fundamental function H(x,p) given by the equations (16).

Proof. From the equation (9), we get
[3*

S [ P (10
and substituting F from the equation (10) in (8), we get
2 B* B B*
S (g Pory UL g s vy s R
(11)

which implies that
(T+s—s)?—58(2—-s%)=0
or st =283 4 (—148)s?+2s+1—-25=0, (12)
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where
*2
6 - [372.
a*
Using Mathematica for solving the above equation (12), we get
s=00=xvi)/2, i=1,2 (13)
where
my = (1-13)/3,
m, = 25 — 265 + &7,
ms = 125 — 1958 + 6982 + &°,
My = 51/25 — 485 + 2182 + 283,
1/3
ms :m3+3\@m4 / y
mg = 12
6 — 3TTL5’
m
my; = \/2—6—m1 +m7+?5,
86
mg=4/3—06+m —ms+mg+ —,
my
Y1 =my + mg,
and vy; = my —mg.
From (10) and (13), we get
B*
F= . (14)
e(H:%)/Z{] . 1 iZYi B (1 izYi)z}

As we know that H(x,p) = 1F? | therefore, by using the equation (14), we get

[5*2

H(x,p) = 20
e(1iyi){] + ! i _ (1 iYi)Z}

2 2

(15)
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putting p* = bjpj7 in equation (15), we get

jamy.)2
H(x,p) = (bp;) : (16)
P Tty 1Ly 2
(1£y4) LI 12
e {1 + 3 ( 3 ) }
O

Theorem 3 Let (M, F) be a special Finsler space, where F is given by the
equation (1). If b2 = a-ljbibj % 1, then the L-dual of (M,F) is the space on
T*M having the fundamental function H(x,p) given by the equations (23).

Proof. From (9), we get

_ B
F= es{(1 —s)s + b2}’ (17)

Substituting F from the equation (17) in (8), we get

B*
{(1 —s)s +b?}

ot = S [(T—s)

{(1 —s)s + b} + Bl

which implies that

(b2 +5s—52)? —5(1 +b>—s%) =0
or s*—2s> 4 (1 —2b% 4 6)s® +2b%s 4+ b* — (1 +b?)5 = 0, (19)

where

*2
6_ B

- ok2”

Using Mathematica for solving the above equation (19), we get

s=(1£7)/2, i=1.2 (20)
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where

n = (1—2b%+15)/3,
ny =1—106 + & + 8(1 — 25)b? + 16b*,
n3 = 2(1 — 156 4 396% 4 &%) + (24 — 1686 + 606%)b?
+ (96 — 1928)b? + 128b°,
Ny = 4326%(—1 475 4 6%) +432(1 — 195 + 6% + 5%)6%b?
+432(8 — 285 — §%)5°b* + 69128%b°,
ns = 8(1 — 2b% — 3ny),
213n,
3(n3 +yng)’
nzy = \/m»

ng:1+2b2—5—n7,

Nng =ng +

ns
ng = ——

41’17’
Yi=n7+vng—mno

and ¥, =ny —+/ng — No.
From (17) and (20), we get

[5*
F= — — . (21)
2702 [y, L 1EV  (T£Vi),
2 2
As we know that H(x,p) = 3F2 | therefore by using (21), we get
B*Z
H(X)p) = 29 (22)
_ 1+7, 1+7,
(ESAVE i i)2
e { + > ( > ) }
putting p* = bjp]-7 in equation (22), we get
bip;)?
Hx,p) = ](;) e (23)
0£v1)1 i iy2
e { + > ( > ) }
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Abstract. In this paper, the concept of fractional g- calculus and gener-
alized Al-Oboudi differential operator defining certain classes of analytic
functions in the open disc are used. The results investigated for these
classes of functions include the coefficient estimates, inclusion relations,
extreme points and some more properties.

1 Introduction

Let A denote the class of all analytic functions of the form
o0
f(z) :z—i—Zakzk (1)
k=2

defined in the unit disc U ={z:|z| < 1}.

Let T denote the subclass of A in U, consisting of analytic functions whose
non-zero coefficients from the second onwards are negative. That is, an analytic
function f € T if it has a Taylor expansion of the form

f(z) :z—Zakzk (ax > 0) (2)
k=2
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which are analytic in the open disc U.
The g-shifted factorial is defined for «, q € C as a product of n factors by

1, n=0;
(‘Xaq)n:{ (1—0()(]—06q)"‘(]_0‘qn_])> n €N, 3)

and in terms of the basic analogue of the gamma function

_ Fgloe+n)(1T—q)"

(X; n , (N> 0 y 4
(4% q) e (n>0) (4)
where the g-gamma functions [4, 5] is defined by
) [ele] 1 - 1=
r(x) =GPl Za 78 (o gy (5)

(9% d)oo
Note that, if |q] < 1, the g-shifted factorial (3) remains meaningful for n = co
as a convergent infinite product
o0
(0 q)oo = [ [ (1 — aq™).
m=0

Now recall the following g-analogue definitions given by Gasper and Rah-
man [4]. The recurrence relation for g-gamma function is given by
_ _(1=qY)
Tq(x 4+ 1) = [xlqTq(x), where, [x]q = 0—q’ (6)

and called g-analogue of x.
Jackson’s g-derivative and g-integral of a function f defined on a subset of
C are, respectively, given by (see Gasper and Rahman [4])

Daflz) = "o o (20, 4.20) @
[, f0qit) =201—2) 3 artzq™. (®)
m=0
In view of the relation (4% q)
. a59n _
g )

we observe that the g-shifted fractional (2) reduces to the familiar Pochham-
mer symbol («)n, where (&)n = (o + 1)+ (x+n+1).

Now recall the definition of the fractional g-calculus operators of a complex-
valued function f(z), which were recently studied by Purohit and Raina [7].
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Definition 1 (fractional q-integral operator). The fractional q-integral oper-

ator Ig , of a function f(z) of order & (& > 0) is defined by

_ T (*
Ig,z = qu;f(Z) = W ,[0 (Z - tq)lféf(t)dqt) (10)

where (z) is a analytic in a simply connected region in the z-plane containing
the origin. Here, the term (z —1tq)s—1 is a q-binomial function defined by

(z—tq)s s =2 H [ (1— (?)qm ] "

Z)q +m-—1

B tq®
= 2% 1o [q 5“;—;%2] -

According to Gasper and Rahman [4], the series 1$ol0;—;q,z] is single-
valued when |arg(z)| < m. Therefore, the function (z—tq)s—1 in (11) is single-
valued when Iarg(%ﬁl <, Itqgl <1, and |larg(z)| < 7.

Definition 2 (fractional q-derivative operator). The fractional q-derivative
operator D _ of a f(z) of order §(0 < & < 1) is defined by

1
Te(1—23)

q,z

Z
D} f(z) = Dg.I} 2 f(z) = J (z—tq)_sf(t)dqt, (12)
where f(z) is suitably constrained and the multiplicity of (z—1tq)_s is removed
as in Definition 1 above.

Definition 3 (extended fractional q-derivative operator). Under the hypothe-
ses of Definition 2, the fractional q-derivative for the function f(z) of order d
s defined by

D} .f(z) = D} It *f(z), (13)

where, n—1 <6< n,n € Ny.
The fractional q-defferintegral operator is defined by szzf(z) for the func-
tion f(z) of the form (1),

Tq(k+ g2 —3)
Q0 f(z) =T4(2—8)2°D} f al al . 14
of(z) = Tq(2 = 8)z +§ Rhriog < (9

where Dz , in (14), represents, respectively, a fractional q-integral of f(z) of
order & when —00 < & < 0 and a fractional q-derivative of f(z) of order &
when 0 < 6 < 2.



Fractional q-calculus operator 181

A linear multiplier fractional g-differintegral operator is defined as

(z) = (1 = N)Q5f(2) + AzDq(Q5f(2)),
Dg>§\f(z) = Dg:}\(Dé' 1f(z))

DgRf(2) = D (D r ™ 1(2)- (15)
We note that if f € A is given by (1), then by (15), we have
DYRf(z) =z+ ) B(k, 8, A,n, q)arz", (16)
k=2

where

T2 —8)Ty(k+1)
Ty(k+1—95)

B(k, 5, A, 1, q) :< [([k]q—1)7\+1])n- (17)

It can be seen that, by specializing the parameters, the operator Dg: A reduces
tomany known and new integral and differential operators. In particular, when
6 =0, and q — 17 the operator Dg: % reduces to the operator introduced by
AL-Oboudi [1] and if § =0, A =1 and ¢ — 17 and it reduces to the operator
introduced by Salagean [9)].

Now using above differential operator, we define the following subclass of
T.

Let 74*(et, 3,8,A) be the subclass of T consisting of functions which satisfy
the conditions

DA 2Dq(Dg 1) (18)
: >
BzDq(DyRf) + (1 — B)DY R f ’

for some o, B(0O<o,p<1),8<2,A>0 and n € Ny.

In particular, if 8 = 0, and q¢ — 1~ we get the classes studided by Ravikumar,
Dileep and Latha [8] and if § = 0, and q — 17 and different parametric of
values n we get the classes studied by Mostafa [6], Altintas and Owa [2].
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2 Main results

Theorem 1 A function f(z) defined by (2) is in the class Tg*(e, B,8,A) if
and only if

> Bk, 8, An, Qal(1 — ap)lklg + P —of < T« (19)
where, B(k, &, A,n, q) is defined in (17), &, B (0 < o, B < 1), A > 0 and
n € Np.

Proof. Suppose f € Tg*(«,3,8,A). Then

0 zD (Dg}}f)
BzD (DS NF) + (1 B)DS > &

o0

zZ— Z B(k) 6) )\) n, q)[k]qakzk
k=2

z _Z B(k, 5,A,m, q)[k]qakzk] + (1 =Bz _ZB(k)&)\)n) q)akzk}
k=2

> «,

[e.o]

zZ— ZB(k> 6a A)“a q)[k}qakzk
R k=2 > a.
z— > Bk 8 An, q)az[B(lklqg—1) +1]

k=2
Letting z — 1, we get,

1= _B(k, 8 A\, q)klqax > a{1 =D Bk & An, q)alB([klg—1)+ 1]}.
=2

k=2

Equivalenty we have,

> B(k, 5, An, q)klqa— a{ZB (k, & A, q)ak[B([klq —1)+1]} < (1-a)
k=2

which implies

ZB(k, &, Ay, q)agl(1 — o)kl + o —of < (1 — ).
k=2
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Conversely, assume that (2.1) is be true. We have to show that (6) is satisfied
or equivalently

2D (D5 3f)
H BzDg (D) + (1 — B)DHNf —l<lme
But
z— Y B[k 5, An, q)klqaz*
k=2 1
z— ) B(k, & \n, q)az“[B([klg—1) + 1]
k=2
B(k, 5, A,n, q)ax([klqg— (B —1)2*
_ k=2
z— > B(k 8 An, q)arlB(lklq —1) + 1)z*
k=2

ZB(k> 5) A)“a q)ak([k}q - ])(B - ])|Zk|
< k=2
21— Y B(k, 8, A,n, q)ax[B([klg —1) + 11"
k=2
ZB(k) 53 }\,Tl, q)ak([k}q - ])(B - ])
< k=2 :
1— ZB(k7 6) )\,TL, q)ak[ﬁ([k]q - 1) + 1]
k=2

The last expression is bounded above by 1 — o if

ZB(ka 6) }\,Tl, q)ak([k]q - ])(B - ])

k=2
<(1—a)(1=) Bk, & Amn, q)alB(lklg — 1) +1])
k=2
or o

ZB(k, 5, A, q)agl(1 —oP)klq + o —of <1 —«
k=2
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which is true by hypothesis. This completes the assertion of Theorem 1. [

Corollary 2 If f € T§'(«, B,5,A), then

11—«
~ Bk, §, A, q)[(1— o) klq + P — o

lay| <

Theorem 3 Let 0<a<l1l, 0<B1<PB2<1, neNy then
7:;1(0‘) B]véy}\) - 731(0() BZ)éy}\)'

Proof. For f(z) € 7" («, f2,8,A). We have,

B(k, 6, A, m, q)ak[(] - “BZ)[k}q +afsy — o

T8

I\’I8N

B(k, &, A,n, q)ax[(1 — «PB1)lklg + a1 —a <1 —«a.

Hence f(z) € 7;”(oc, B1,8,A). O

Theorem 4 Let f(z) € T{*(«, B,8,A). Define fi1(z) =z and

]_(X k = ...
B(k) &, A, Q)[(] —O(B)[k]q —I—O(B_(X]Z y k=23, )

for some o, (0 < B < 1)yn € Nop, A > 0 and z € Z/I Then f(z) €

fk(Z) =z-+

T4+ (o, By 8,A) if and only if f(z) can be expressed as f(z Z W fr(z) where

e >0 and Zukzl.
k=1

Proof. If f(z Z we e (z) with Z we =1, w >0, then

(e}

Bk, 8 A\, a)[(1 — B Klg + oo — odhu
; B(k, 5, A1, q)[(T — aB)lklg + B — o ZF‘U—“

q)
=(1-wl-a) <(1—-a.
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Hence f(z) € 7;]“(oc, B,5,A)

o0

Conversely, let f(z) =z — Z a .z € T4 (o, By 8, A), define
k=2
e = B(k, &, A,n, q) [(1 — «P)[klq + P — o Iakl, k=23
(1— o)
and define p; =1 —Z tx. From Theorem (1), Z e < 1 and hence py > 0.
k=2 k=2
Since pfi(z) = wef(z) + arz®, Z wefe(z) =z — Z az® = f(z). O
k=1 k=2

Theorem 5 The class ’Tq“(oc, B,8,A) is closed under convex linear combina-
tion.

Proof. Let f(z), g(z) € ﬁ“(oc, B,8,A) and let

o0 o0
f(z) :z—Z a,z, g(z) :z—Zbkzk.
k=2 k=2

For n such that 0 <n <1, it suffices to show that the function defined by
h(z) = (1 —m)f(z) +ng(z), z €U belongs to T*(«, B,8,A). Now

(o)

h(z) =z— ) [(1—mn)ax +nbylz".
k=2

Applying Theorem 1, to f(z), g(z) € 7'q“(oc, B,d,A), we have

> Bk, 8, An, @)1 — ap)lklg + «B — o [(1 =)y + by

k=2
= (1=m) )_B(k & An, q)[(1 — aB)[klq + op — o ax
k=2

+n) Bk & An, @)1 — aB)klg + op — ofbi
k=2

<= =) +n(1—0) = (1T —.
This implies that h(z) € 7:1“(oc, B, 05, A). O
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Corollary 6 If fi(z), f2(z) are in 7}“(0(,[3,6,?\) then the function defined

by g(z) = %[ﬁ (z) + f2(2)] is also in T, B, 8,A).

Theorem 7 Let for j =1,2,---,%, fj(z) =z— Y arjz* € T, B, 5, )

k=2
k

and 0 < By < 1 such that Z[Sj = 1, then the function F(z) defined by
j=1

k
F(z) = ) Bfj(z) is also in TM(et, B, 8, ).
j=1
Proof. For each j €{1,2,3,--- ,k} we obtain
ZB(k> 6) A)“) q)[(] - o‘ﬁ)[k]q + (xﬁ - “]|ak| < (1 - (X)-
k=2

o) [e's) k
F(Z,) = Z B) <Z— Z (lk)jz,k> =Z— Z (Z Bjak,j>sz
j k=2

=1 k=2 =1

2

(es) k
- > Bk 8 A, q)[(1 — «B)[klq + op — o {Z ﬁjak,j}
k=

j=1

k 0o
=) B [Z B(k, & Aym, q)[(1— aB)[klg + B — ch]

k=2

k
<) Bill—a) < (1—a).

Therefore F(z) € T4 (e, B, 8, A). O
Bernardi Libera’s integral operator is defined as
Y+1 r -1
L, f(z) = () dt,
2% (z) 2 (t)

which was studied by Bernardi in [3].
Theorem 8 Let f(z) € Ti*(«,B,5,A). The g-analogous Bernardi’s integral
] Z
operator defined by Ly f(z) = M‘J tyqf(t)dqt then Lqyf(z) € T (e, B,
0

zY
5,A).
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Proof. We have

h/ +

Loyf(z) = z2(1—-q) ) d(zq))" 'f(zq))
j=0

o9}

=y + 1400 —a) )_ 4" f(zq))
) =0

=y +14(01—q) Zq”Zq”‘akz,

= [y + 14 ZZ“ _ q)q] V+k)akzk

j=0 k=1
o ly + ]q k
=z— Z axz
—2 ly + k]q
Since f € T'(x, B,8,A) and since M < 1, we have
q ) y+ h/"_k}q )
iB(k &, A,y @)1 — o)kl —|—oc[5—oc]h/+”qak<(1—oc). O
— y Yy IhH il q h/ + k]q
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Abstract. Let T(M;x,y) =3 T,,x'y denote the Tutte polynomial of
the matroid M. If T, is a corner of T(M;x,y), then T,; counts the sets

i

of corank i and nullity j and each such set is a cyclic flat of M. The main
result of this article consists of extending the definition of cyclic flats to
a pair of matroids and proving that the corners of the linking polynomial
give the lower bound of the number of the cyclic flats of the matroid pair.

1 Introduction

Let A and B be two sets. We denote by A \ B the set difference between A
and B. We write A \ e for A \ {e}. Similarly, we write A U f instead of A U{f}.
A matroid M defined on a finite nonempty set E consists of the set E and a
collection Z of subsets of E, satisfying the following axioms:

I1: 0eZ
I2:ifI, €Zand I, CI,, then I, €7
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Key words and phrases: matroid, cyclic flat, Tutte polynomial, linking polynomial
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I3: if I, and I, € Z and, |I,| < [L|, then there exists e € I, \ Ij such that
[,ueel.

Elements of Z are the independent sets of the matroid M. A circuit of M is
a subset C that is not independent but X \ e is independent for every e € X.
That is, a circuit is a minimal non-inependent set. A basis of M is a maximal
independent set. The dual matroid of M, denoted by M, is the matroid whose
bases are the complements of bases of M.

Let 2F denotes the set of all the subsets of E and let A7~ denotes the set of
non-negative integers. The rank function of M, denoted by 7, is a function from
28 to N, where, for X C E, v(X) is the cardinality of the largest independent
set I contained in X. The dual matroid of M, denoted by M", is the matroid
whose bases are the complements of the bases of M.

For a matroid M defined on E, the Tutte polynomial of M, denoted by
T(M;x,y), is a two-variable polynomial defined as follows.

T(E)—=7(A) [A]=T(A)

T(M;X)U):Z(X_U (U_]) y

ACE

where 1 is the rank function of M. This polynomial is much researched on
since it encodes much information about the matroidal properties of combina-
torial structures and is found useful in counting combinatorial invariants. For
instance, let G = (V, E) be a graph whose vertex set is V and edge set is E. Let
M, be the matroid defined on E, where the set of independent sets of M, is
the set of subsets X C E that do not contain a closed path. It can be proved
that for A C E, r(A) = |V| — c(A), where c(A) is the number of connected
components of the graph (V;A). Thus, T(M;1 —A,0) is proportional to the
number of coloring of G using A colors. See [3, 5, 6, 4, 17] for an extensive
exposition to this topic.

Let M and N be two matroids defined on the set E with rank function r and
s respectively. We call the pair (M, N) a matroid pair. The dual matroid pair
is the pair (M, N") where M" and N” denote the dual matroids of M and N
respectively. The linking polynomial of (M, N), denoted Q(M, N;x,y,u,v) is
defined in [24] as follows.

P(E)=r(X)_ IXI=r(X)_ s(E)=s(X)_ IX|=s(X)
Q(M»NW,U)U»V):ZX Yy u v .
XCE
The linking polynomial contains, as a specialisation the Tutte polynomial of

a matroid and it also partially contains the Tutte invariant of 2-polymatroids
defined by Oxley and Whittle in [14, 15].
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There is a weak map from a matroid M to another matroid N if every
independent set in N is also independent in M, whereas a weak map is a
strong map if every closed set of N is closed in M. A strong map is a matroid
perspective if M and N are defined on the same set.

The linking polynomial is equivalent to the Tutte polynomial of a matroid
perspective, the polynomial T(P;x,y,z), defined and studied by the late Las
Vergnas [9, 19, 20, 21, 22, 23] and in [10]. One of its most interesting evalua-
tions is T(P;0,0,1). An oriented matroid is a matroid where an orientation is
assigned to every element e. One of the simplest examples of oriented matroids
is the cycle matroid of a graph G whose edges are oriented. If P is a perspec-
tive from an oriented matroid M to the oriented matroid N, then T(P;0,0,1)
counts the number of subsets A such that A is acyclic in M and totally cyclic
in N [22]. An obvious application is when there is a strong map from a cycle
matroid of a graph G to a cycle matroid of a graph G’ and one defines an ori-
entation on the edges of G. This orientation is carried to the edges of G’ in an
obvious way. Then, T(P;0,0,1) counts the number of subsets A of edges, such
that A is acyclic in G and totally cyclic in G’. This evaluation is paramount
as it generalizes results on bounded regions of real hyperplane arrangements
[25], non Radon partitions of real spaces [3]. More of such applications can be
found in [19].

Moreover, the bond matroid of a graph G is the matroid whose independent
sets are the subsets of edges of G that do not contain cutsets. Suppose that
G and G* are dually imbedded on a surface. Then there is a matroid per-
spective from the bond matroid of G* to the cycle matroid of G. For the case
of 4-valent graphs imbedded in the projective plane or a torus, Las Vergnas
in [23] relates the Tutte polynomial of matroid perspective to Eulerian tours
and cycles decompositions of G. This result sparks a renewed interest in the
Tutte polynomial of matroid perspective because of its connection with the
Bollobas-Riordan polynomial and Krushkal polynomial, which find many ap-
plications in the theory of graphs embedding on surfaces [8]. A generalization
of matroid perspectives to a sequence of perspectives in [1] finds applications
in electrical network theory. More applications of strong maps in engineering
and in the theory of rigidity matroids can be seen in [2, 18]. Thanks to these
many applications, the Tutte polynomial of matroid perspective deserves to be
more studied algebraically and the Linking polynomial seems one of the best
ways to investgate this algebraic structure. This paper looks at the corners of
the linking polynomial and gives the lower bound of the number of the cyclic
flats of the matroid pair.

For a matroid M defined on E, we write M|X to denote the matroid M
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restricted to the subset X C E. For a matroid M defined on E with rank
function r, a subset X is a flat if for all e € E\ X we have r(XUe) =r(X) + 1.

A cyclic flat of M is a subset X C E such that X is a flat of M and X is
a union of circuits of M. In other words, X is a cyclic flat of M if X is a flat
of M and there is no element f € X such that f is a coloop in M|X. A third
equivalent definition is that X is a cyclic flat of a matroid M defined on E with
rank function r if X is a flat of M and r(X\ e) = r(X), for all e € X.

2 Main results

We extend the above definitions to matroid pairs as follows. Let (M, N) be a
matroid pair defined on E with rank funtions r and s for M and N respectively.
We define a subset X C E to be a flat of (M, N) if for all f € E\ X

T(XUTF)+s(XUT) >r(X)+s(X)+1.

Further, a subset X C E to be a cyclic flat of (M, N) if X is a flat of (M, N)
and there is no element e € X such that e is a coloop in both M|X and N|X. In
other words, we say that X is a cyclic flat of the matroid pair (M, N) defined
on E with rank functions v and s respectively if X is a flat of (M, N) and for
all e € X,

r(X\e)+s(X\e)>rX)+s(X)—2.

A classic result in Matroid Theory is as follows. X is a cyclic flat of a matroid
M if and only if E \ X is a cyclic flat of M. See [16] for an introduction to
Matroid Theory. The next result extends this property to matroid pairs. If
P = (M, N) is a matroid pair, we denote by P~ the matroid pair (M",N").

Theorem 1 Let P be a matroid pair. Then X is a cyclic flat of P if and only
if E\ X is a cyclic flat of P".

Proof. First recall that if M is a matroid defined on E with rank function T,
and 1~ denotes the rank function of the dual matroid M", then for all X C E,
we have

" (X) = IX] + r(E\ X) — r(E). (1)

Suppose that X is a cyclic flat of P but E\ X is not a cyclic flat of P". Then,
either E\ X is not a flat of (M",N") or E \ X contains an element f which is a
coloop in both M"|(E \ X) and N'|(E \ X).
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Assume that Y = E \ X is not a flat of (M",N"). Then, for some element
g € X, we have

T(YUQ)+s (YUg) <1 (Y)+s (Y)+1.
Therefore, by equation (1), we get
r(X\ g)+s(X\g) <r(X)+s(X)—1.

Equivalently,
r(X\ g)+s(X\g)=r(X)+s(X)—2.
Thus the element g is a coloop in both M|X and N|X. Therefore X is not a
cyclic flat of P, a contradiction.
If Y = E\ X contains an element f which is coloop of Y in both M~ and N~
then v (Y\ f) =1 (Y)—1.
By equation (1), we get

IYAf[+r(EN(YN) —r(E) = [Y[+r(ENY) —r(E) — 1.

Thus r(X U f) = r(X). Similarly s(X U f) = s(X).
Hence

T(XUT)+s(XUTF) =1(X) +s(X) <r(X)+s(X)+1.

Therefore, X is not a flat of P, a contradiction. To prove the converse one
only needs to swap the roles of X and E \ X. O

In the sequel, we write (ijkl) < (j'kK'U') if i <1’ and j <j’ and k < kK’ and
1 < U, and we write (ijkl) = ({jk'U')ifi=1 andj=j and k=K' and L ="
We say that (ijkl) and (i'j’k’l) are incomparable if some indices in (ijkl) are
strictly superior to the corresponding indices in (1'j’k/l") and some other indices
in (ijkl) are strictly inferior to the corresponding indices in (i'j’k’l"). For all
X C E let cor,,(X) denote the integer r(E) —r(X), nul,, (X) denote [X| —1(X),
cor, (X) denote the integer s(E) — s(X) and nul,(X) denote |X| — s(X). Let
&, denote the family of subsets X C E such that cor,, (X) =1, nul,, (X) =],
cory (X) =k, nul (X) =1

The next result, proved in [11], is instrumental in the proof of Theorem 2.4.

Lemma 1 Let (M,N) be a matroid pair defined on E. If Ein
then q.,,., 15 positive and

. s not empty

ijkl

Qo = Il + Z <Cor,\{l(Y)> (nulgA(Y)> <COTE(Y)> <nulll\, (Y)>

YZEi11

where the sum is only over the subsets Y such that ('j'k'U) > (ijkl).
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A corner of T(M;x,y) is a coefficient T, such that T,; > 0 and there is no
other positive coeflicient Ti/j, with (i'j') > (ij). Corners of a Tutte polynomial
T(M;x,y) convey much information about the matroid M. In [5], Brylawski
proved that if T;; is a corner of T(M;x,y), then T,; counts the sets of corank i
and nullity j and each such set is a cyclic flat of M. This result is strengthened
in [13] as follows.

Theorem 2 [13, Theorem 4.11] Suppose that T, > 0 for a matroid M. Then
the following are equivalent.

(i) T, is a corner of T(M;x,y).

(ii) Every set of corank i and nullity j is a cyclic flat.

(iii) T, counts the sets of corank i and nullity j.

We extend Theorem 2 to matroid pairs as follows. A coefficient ¢, is called
a corner in Q(M, N;x,y,u,v) if

(1) qijkl ;é O

(i) gy = 0 for all (ij'kV') such that (1'j'k'l') > (ijkl).

Theorem 3 Let (M, N) be a matroid pair defined on E. If q,;,, is a corner of
Q(M,N;x,y,u,v) then every X € &,,, is a cyclic flat of (M, N).
Proof. Suppose that ¢, is a corner of Q(M,N) and X € £,,. Suppose that
X is not a cyclic flat of (M, N). Then, either X is not a flat of (M, N) or X
contains an element e which is a coloop of X in both M and N.

Suppose that X is not a flat of (M, N). Then there is an element e € E \ X
such that

r(XUe)+r(XUe) <r(X)+s(X)+1.

Equivalently
r(XuUe)+r(XUe)=r(X)+ s(X).

Thus r(X U e) = r(X) and s(X U e) = s(X). Now, consider X U e.
cor,, (XUe) =cor,, (X), cory(XUe)=cory(X)

nul,, (XUe) =nul,(X)+1, nul (XUe)=nul (X)+1.

Thus, if X € £, then £, , where j’ =j+ 1,1 =141 is not empty. Hence
by Lemma 1, Aoy # 0. Thus q,;, is not a corner as (ij'’kl’) > (ijkl).

Contradiction.
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Suppose that X has an element e which is a coloop in both M and N.
Consider the subset X\ e. Then,

cor,, (X\e)=cor, (X)+1, cor (X\e)=cor (X)+1
nul,, (X\ e) =nul,, (X), nul (X\e)=nul (X).

Thus, if X € &, then gi’jk’l where i/ =1+ 1,k = k + 1 is not empty. Hence

by Lemma 1, q, , , # 0. Hence q;;,, not a corner. O

Theorem 2, which is a strengthening of the result of Brylawski can not be
generalised to matroid pairs. Indeed, Theorem 2 says, among other things,
that if X is a cyclic flat of M of corank i and nullity j, then T,; is not a corner
if and only if there exists a subset Y such that cor(Y) =1 and nul(Y) =j but
Y is not a cyclic flat. But we have an example of a matroid pair (M, N) where
all X € &;,, are cyclic flats of (M, N) but q,, is not a corner of Q(M,N).
Indeed, consider the matroid pair given in Figure 1.

a b

oo
o

c C

M N

Figure 1: Example where X € &, are cyclic flats of (M, N) but q,;,, is not a
corner of Q(M,N).

The subset {a,b} € £,,,, is a cyclic flat of (M, N). The subset {c,d} € &,,,,,
thus &,,,, is not empty. The subset {c, d} is also a cyclic flat of (M, N). Since
(2111) > (1011), then q,,,, is not a corner of Q(M, N;x,y,u,v).

Suppose there is a subset X € £,,, such that X is not a cyclic flat of (M, N).
Since cor,, (X) = cor(X) = nul(X) = 1 and nul,,(X) = 0, such an X can
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be only {a,b} or {e,f}. But they are both cyclic flats of N. Hence they are
cyclic flats of (M, N). Contradiction. Therefore (M, N) does not contain such
a subset X.
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