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Metric on the hyper-octahedral group: the
minimal deviation

Janos Gonda
Eo6tvos Lorand University
Department of Computer Algebra
Budapest, Hungary
email: andog@inf.elte.hu

Abstract. The n-dimensional hyper-octahedral group is the group of
the distance-preserving transformations of the n-dimensional cube. This
group, denoted by Ty, is the semi-direct product of S} and S, where for
any positive integer k, Sy is the symmetric group of degree k. On this
group a metric can be defined in the following way. Let us consider the
set of the distances between the images under the two transformations
of every vertex of the hypercube. Then the distance between the two
transformations is the maximum of this set. If we consider the vertices
of the cube as the points of the n-dimensional Boolean space, that is,
if we represent the vertices of the n-dimensional cube by the elements
of the set of {0,1}", then a particular element of T, can be given in the
form of (7, &), where & € {0,1}"", and 7 is a permutation of the set of
{k € Nk < n}(N denotes the set of the non-negative integers, and the
elements of {0, 1}"* are indexed from 0). By this representation the metric
defined on T, can be determined by an inner manner, that is, the distance
of two transformations is determined by « and the decomposition of 7
into disjoint cycles (see for instance in [2]).

This metric involves a norm on the group, the norm of a transfor-
mation being its distance from the identity of the group. This norm is a
maximum, being the maximum of the set of distances between a vertex
and its transformed image, for every vertex of the hypercube. However,
sometimes the minimum of these distances can be interesting. In this
paper we deal with this value.
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1 Introduction

Let B,, denote the set of the n-dimensional Boolean vectors. B, is a metric
space with the Hamming-distance, that is, with d(l, H) = Z?;o] (xi ® yi)
[1] where x € By, y € By, x; and y; are the i-th coordinates of x and vy,
respectively, and @ denotes the modulo 2 sum. By, is a representation of the
abstract notion of the n-dimensional cube. The cardinality of B, is equal
to 2™, this being the number of the vertices of an n-dimensional cube. Two
vertices of the n-dimensional cube are neighbouring if and only if they are
connected by an edge of the cube. We can define a similar relation, the relation
of neighbourhood, between the elements of the n-dimensional Boolean vectors
as follows. Let two Boolean vectors be neighbouring if and only if they differ
from each other in exactly one component, that is, if and only if the Hamming-
distance of the two Boolean vectors is 1. A vertex of an n-dimensional cube has
n neighbouring vertices, and this is the number of the Boolean vectors having
a Hamming-distance of 1 from a fixed Boolean vector. If we define the distance
of two vertices of an n-dimensional cube as the minimum number of edges we
have to pass from one to the other, then it is easy to see that this rule defines
a distance function. There are 2™n! distance-preserving bijections between the
the vertices of the n-dimensional cube and the vectors of the n-dimensional
Boolean space. Indeed, let us fix an arbitrary vertex of the n-dimensional
cube, denoted by vg. We have 2™ different choices for a corresponding Boolean
vector. Every Boolean vector has n neighbouring vectors in the same way as
every vertex of the cube has n neighbouring vertices. There are altogether n!
one to one mappings between these two sets of n elements, so we have a total
of 2"n! different bijections between n + 1 elements of the corresponding sets.
Till now we have given the image of an arbitrarily chosen vertex, together with
its neighbours. Let us denote this mapping by ¢ and let A be the set of these
n+ 1 vertices. Then it can be proved that there is exactly one extension 1\ of
@ such that d ({p (V'), @ (v)) = d(V/,v) for all pairs of vertices v/ of the cube
and v € A (see for instance [1]).

From the previously mentioned facts follows that we can study the effects
of the n-dimensional hyper-octahedral group on B;,. Let T, denote the group
of the congruences of the n-dimensional cube acting on By. In this case T,, =
{(m, &) | € Sp and « € {0,1}""}, where S,, is the symmetric group of degree n
acting on the set of the non-negative integers less than n. If x = (x¢,...xn_1) €

Bn,u=(ma) €T, and o = (xp,...,0n_1), then x* = (xzﬁo),...,ng_‘”) SO

that x* = o @ x. Among all transformations on By, only the elements of T,
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preserve the distances between the elements of By, so this group is the isometric
group of By,. Ty, is the wreath product of S, and Sy, that is, T,, = $71S;,, where
Sn is the symmetric group of degree n [5], [6], [7], [8].

In [2] we have dealt with an inner characterization of the metric and the
norm of the hyper-octahedral group. In the following we shortly summarize
the results of that article, and then, in the next section, we deal with the
minimal value of the effect of a transformation of the hyper-octahedral group.

Definition 1 Letn € N, u e T, v € T.. Then d (u,v) = max{d (x*,x")}.

XEBn

d defines a metric on T, (see for instance in [9]).
d is left and right invariant on Ty, that is, for any uw € T,, v € T, and
w € Ty,
d (uw,vw) = d (u,v) (1)
and
d (wu,wv) = d (u,v). (2)

d can be determined in an inner manner. Let w = (7, ) € T, be an arbitrary

element, let
s—1

ﬁ:Hct (3)

t=0
be the disjoint cycle decomposition of the permutation 7. Further, let ¢, =
(cko, ey Ckmk_]> be the k-th member of the product in (3), where 0 < k < s,
my is the length of the k-th cycle of the previous product for 0 < k < s, and
o= (X, ...y &n_1) €1{0,1)", furthermore let t — (mk 4y e occki> mod 2
and T (W) = 15;10 .

Theorem 1 Let u and v be two arbitrary elements from T,. Then d (u,v) =
n—rt (uv_] ) .

Using the metric studied above, one can define the norm of the elements of
Tn [2].

Definition 2 Let T,, be the isometric group of the n-dimensional Boolean
space. Then |[u| = d (e,u) is the norm of u € Ty.

From this definition immediately follows that

1. ||lul]| =0 if and only if u = e;
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2. |lu|| = Hu*] H for every u € Ty;
3. d(u,v) = |[[uv7!|| for every (u,v) € TZ.
Theorem 2 Let @ :u— ||u]|. ThenIm (@) =N, ={k e Nlk<n}.

In Theorem 2 N denotes the set of the non-negative integers.

2 New results

In the previous section we characterized an element of the hyper-octahedral
group by its maximal effect regarded as the distance between a vector of the
Boolean space and its transformed image. But sometimes the expectation is
the opposite, that is, we wish that the effect of the transformation be as little
as possible. This expectation leads to the following notion.

Definition 3 Let T, be the isometric group of the n-dimensional Boolean
space and let w € Ty. Then ((u)) = m}ign {d (x,x")}.
XEbn

((u)) shows the minimal effect of u € T,,. By the definition it seems, that
({(u)) depends not only on u, but on the elements of the Boolean space. How-
ever, the next statement proves that ((u)) can be given in a form depending
only on u.

Theorem 3 Let u = (m,&) € T, where m € Sy and « € {0,1}". If m1 =
Hi;g) ct s the disjoint cycle decomposition of the permutation T, for 0 <k <'s

Cx = (cko, ceey Ckmkﬁ) is the k-th member of the previous product, then

s—1
(W) =)t (4)
k=0

where tl/( denotes the remainder of Z?;'B_] Xy, by modulo 2.

Before the precise verification of the theorem we would like to highlight the
idea of the proof.

For the sake of the simplicity let us suppose that 7w in u = (m,x) € T, is
a cycle, for instance the cycle of the first k elements of the indices, that is,
mw=(0,1,...,k—1), wheren >k € N,and forn >1>k,i € N, o =0. In
this case for an arbitrary element x of By,

X _ X0 X1 eee Xk—2 Xk—1 Xk oo Xn—1
x4 X0 xy! X xS Xk eee X1 )
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Now the number of the positions where the original and the transformed
vectors differ from each other can be calculated as follows. If n > 1 > k,i € N,
then x; = X;’T‘Ei) = (x");, so in that part of the vector there is no position where
the two vectors differ, the number of the different positions of that domain is
equal to 0. Now let us consider the first part of the vectors, that is, the first k
positions. We try to get as few different positions as possible. The best result
is, if x; = x;f =X for every k > i € N. Then

(1) (i+1) mod k
X0 = X0
o= = ) = g
_ k3B Bxo Qx—2\ k3D Do o2 Doty 3D Do
X0 = X = (Xk—1 ) = X
and finally
k2D 3B Do 1) Kk—2B Do o1 Do 2P DX
X0 = X = (%) = X

(& denotes the modulo 2 sum).
All but the last conditions can be easily satisfied. As a® = a @ b, so
xo = chkq@kafz@'"@“o
= XD 1D Xk2D - D Xp.

This last equality is true if and only if o 1 B o2 P -+ P xp = 0, that is,
if and only if o1 4+ otx_2 + -+ - + &9 is an even number. In this case the two
vectors are identical, there is no differences, the distance of the two vectors is
equal to 0. In the other case, that is, if the sum of the exponents is an odd
number, then there is exactly one position where the two vectors differ, so, the
distance of the two vectors, and then ((u)) is equal to 1. That means that the
minimal number of the differences, in another words, the minimal deviation
caused by this transform is either 0 or 1, depending on the parity of the sum
of the exponents.
Now we prove exactly the statement.

(Xck
Proof. Let Xey, = xckoo = Xeyy D Ky - Then

ey

Cky = Xn(cko) - XTC(CkO)

= (Xcko & occko> B Xy, = Xey,y - (5)

(Xu) & CXCkO = Xck] D O(Cko
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For every 1 <1 < my we have that

Then we get that

mk—z
Xckmk7] = Xcko @ JGZBO ackj . (7)

04
Ckmkfl

:CC

k ?
i m 1
(Ck Yk ]) K

The equality (x“), = X¢,,, holds if and only if x
my—

kmk71

or, in another way, if and only if

mk—z
XCkO @ “Ckmk—1 = Xckmk—1 = XCkO @ EB 0(ij ’ (8)

From the equation above we get that

mk71
& o, =0. (9)
j=0 )
If this condition is fulfilled then all of the components of x and x“ belonging
to the k-th cycle of the decomposition of 7t are the same. In the opposite case
they differ exactly in one position, and then

mkfl
D o =1 (10)
j=0 )
These results mean that if we construct a vector x, taking into consideration
the above-mentioned conditions, then the number of the different coordinates
of the vectors x; and xj is exactly Z]S;]O (EBJ@B*] Oey ), and this is the minimal
value of the Hamming-distances between the elements of the Boolean space
and their transformed images under u, according to the statement of the

theorem. O

The range of the values of the function u — ((u)), where u € Ty, is as
follows.

Theorem 4 The set of the values of the function u— ((u)), defined on Ty,
is equal to A ={k € Nk <n}.
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Proof. It is obvious that the set of the values of the function is a subset of the
set of A ={k € N |k < n}. We have to show that for every element of that set
there is at least one element in Ty, so, that ((u)) is equal to the given integer.
Let us consider the following transformation:

u=\|e¢11,...,1,0,...,0 , (11)
k n—k
where ¢ is the identity of S,. Then for any x = (x¢,...,Xn_1) € Bn we have
that
X" = (X0y v vy Xn1)"
= (X0y+ + oy Xk—Ty Xiy + oy Xn1) - (12)
As d((X0y e ey Xk—1yXky« oy Xn—1)y (X0y - ooy Xk 1y Xky - - -y Xn—1)) = Kk, that is,
d (x,x") =k for every x € By, so ((u)) = m%}n {d(x,x")} = k. O
XEbn

3 Conclusion

Considering two Boolean functions of the same variables, they are not essen-
tially different if they differ only in the ordering of the variables and in assign-
ing the 0 and 1 to the variables that is in the case when f3 (xg,...,Xn_1) =

f1 (X;‘E’O], ... ,xf{‘&j]» , where 7t is a permutation of the indices of the variables,

® €{0,1} and x* = ax®dx = z :i z;(])
that we want to describe the statement
“Now it is either raining or the sky is blue, and yesterday MU won again”

by the help of mathematical formalism. Then we can denote the first part of
the sentence by A (A = “it is raining”), the second part of the sentence by
B (B = “the sky is blue”) and the third part of it by C (C = “Yesterday
MU won again”). By these notations our statement is F = (A V B) A C, if
V denotes the disjunction and A denotes the conjunction. But the meaning
of BA(—A V C) is the same as the meaning of the previous form, if now B
denotes the sentence “yesterday MU won again”, C denotes “the sky is blue”
and A stands for “Now it is not raining”. As this simple example shows, the
two forms of (AV B)/AB and BA(—AV C) do not differ essentially, they differ

only in the assignment of the variables to the original statements.

. For instance, let us suppose
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This fact explains, why the hyper-octahedral group is so important when
we investigate the Boolean functions. And if it is so, then it is understandable
that it is important to know, what is the maximal and the minimal impact
of an element of the group on the Boolean functions. In another article [2] we
examined the maximal effect, and now the minimal effect of the transforma-
tions, and stated, that this effect depends only on the transformation given,
and that every possible value can be achieved by a transformation chosen in
an appropriate way.
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Abstract. In the present paper we introduce some multiplier sequence
spaces defined by a sequence of modulus functions F = (f ). We also make
an effort to study some topological properties and inclusion relations
between these spaces.

1 Introduction and preliminaries

A modulus function is a function f: [0, 00) — [0, 00) such that

1. f(x) =0 if and only if x =0,

2. f(x+y) <f(x)+f(y) forall x >0,y >0,
3. f is increasing,
4

. f is continuous from right at 0.

2010 Mathematics Subject Classification: 40A05, 40C05, 46A45
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It follows that f must be continuous everywhere on [0,00). The modulus
function may be bounded or unbounded. For example, if we take f(x) = o
then f(x) is bounded. If f(x) = xP, 0 < p < 1, then the modulus f(x) is
unbounded. Subsequently, modulus function has been discussed in [1], [2], [3],
[4], [5], [20], [22], [23], [24], [26] and references therein.

Let X be a linear metric space. A function p : X — R is called paranorm, if

1. p(x) >0, for all x € X,
2. p(—x) =p(x), for all x € X,
3. plx+y) <plx)+ply), for all x,y € X,

4. if (An) is a sequence of scalars with Ay, = A as 1 — oo and (xn) is a
sequence of vectors with p(x,—x) — 0 asn — oo, then p(Anxn —Ax) —
0 asm — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and
the pair (X,p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [29],
Theorem 10.4.2, P.183).

Let w denote the set of all real sequences x = (x,,). By {s and ¢, we denote
respectively the Banach space of bounded and the Banach space of convergent
sequences X = (Xn), both normed by ||x|| = supy, [xn|. A linear functional £ on
o is said to be a Banach limit (see [6]) if it has the properties :

1. £(x) >0ifx >0 (i.e. xn > 0 for all n),
2. L(e) =1, where e = (1,1,---),
3. L(Dx) = L(x),

where the shift operator D is defined by (Dxn) = (xni1)-

Let 9B be the set of all Banach limits on {y. A sequence x is said to be almost
convergent to a number L if £(x) = L for all £ € B. Lorentz [17] has shown
that x is almost convergent to L if and only if

Xm + Xm41 + -+ Xk
tiem = tiem (X) = = m+k+1 uss

— L as k — oo, uniformly in m.

Let € denote the set of all almost convergent sequences. Maddox [18] and
(independently) Freedman et al. [13] have defined x to be strongly almost
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convergent to a number L if

L
k+1 4

k
[xizm — LI — 0 as k — oo, uniformly in m.
i=0

Let [¢] denote the set of all strongly almost convergent sequences. It is easy
to see that [¢] C € C €. Das and Sahoo [11] defined the sequence space

n

w(p)] = {x EwW: L Z [tem (x — L)|P* — 0 as n — oo, uniformly in m.}

n+1 =
and investigated some of its properties.
The space of lacunary strong convergence have been introduced by Freedman
et al. [13]. A sequence of positive integers 8 = (k;) is called ”lacunary” if
ko = 0,0 < ky < kyy1 and hy = ky — k1 — 00, as v — oo. The intervals
determined by 0 are denoted by I, = (k,_1,k;] and the ratio k]:; will be
denoted by ;. The space of lacunary strongly convergent sequences Ng is
defined by Freedman et al. [13] as follows:

oo
Ng = {x = (xq) rliglof Z [xi —s| =0, for some s}.

T iel,

Lacunary sequence spaces were studied by many authors (see [7], [8], [9]) and
references therein.

Let F = (fx) be a sequence of modulus functions, p = (px) be a bounded
sequence of positive real numbers, u = (uy) be any sequence of strictly posi-
tive real numbers and X be a seminormed space over the field C of complex
numbers with the seminorm q. By w(X) we denote the space of all sequences
x = (xi) for all k. In the present paper we define the following classes of se-
quences:

(w,0,Fu,p,q) = {x = (xx) € w(X): lim hl Z Uy [fk(q(tkm(X—L)))rk _o,

T—00
T kel

uniformly in m, for some L},

(w,0,Fu,p, qlo = {x = (x) € wiX) : lim = 3 we[flaltim)] ™ =0,
T kel

uniformly in m}
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and

(w,0, Fu,py oo = {x = (x1) € w00 :sup - 3 we[fulqltin(x))] ™ < o0}

T,m h,
If we take f(x) = x, we have

(w,0,1,p,q) = {x = () € wiX) ¢ lim - 3 we[(qltm(x — )] =0,
" kel

uniformly in m, for some L},
Px
(W»G;U»P»Q)OZ {X: (X ) _}l}rgoizuk[ tkm ):| =0,

uniformly in m}

and

(9,0, 1,y ) = {x = (1) € w00 s 5up - 3 e [lten ()] ™ < oo
T,m ke IT

If we take p = (px) = 1 for all k € N, we have

(w,0,Fu,q) = {x = [xi) € w00 lim - 5 e [felqltin(x —1))] =0,

T kel

uniformly in m, for some L},
1
(w,0,Fw, q)o = {x = (xa) € wiX) : lim o 1; we filqlten (x)))] =0,
cly
uniformly in m}

and

(w,0,F 1, @) = L= () € wOX) - 5up o 3 v [ful@(tin ()] < 00}
T,m T kel,

If we take f(x) =x and uw = (uy) =1 for all k € N, we have

(W»e)p) q) = {X = (Xk) € W(X) : lim l Z [(q(tkm(x—]_)))]pk — 0)

T—00 r kel
T
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uniformly in m, for some L},

(w,0,p,q)o = {x = (xx) € w(X) : lim i > [(q(tkm(x)))rk =0,

T—00 r
kel

uniformly in m}

and

(9,0, 4)oo = {x = (1) € W(X) 3up - 3 [(attm)]” < oo}

If we take 6 = (2"), then the spaces (w,0,Fu,p,q), (w,0,Fu,p,q)o and
(Wa e) F) u,Pp, q)oo reduces to (Wa F) u, p, (U, (Wa Fa u, p, Q)O and (Wa F) u, p, q)oo
Throughout the paper Z will denote the 0,1 or co. The following inequality
will be used throughout the paper. If 0 < h = infpy < px < suppx = H,
D = max(1,2""7) then

lax + biP* < D{lax[P* + [by[P*} (1)

for all k and ay, by € C. Also |a/P* < max(1,|alt!) for all a € C.

In this paper we study some topological properties and prove some inclusion
relations between above defined classes of sequences.

2 Main results

Theorem 1 Let F = (fy) be a sequence of modulus functions, uw = (uy) be any
sequence of strictly positive real numbers and p = (px) be a bounded sequence
of positive real numbers. Then (w, 0, Fu,p,q)z are linear spaces over the field
of complex numbers C.

Proof. We shall prove the result for Z = 0. Let x = (xx),y = (yx) €
(w,0,Fu,p,q)o and «,3 € C. Then there exist integers My and Ng such
that |a] < My and [B| < Ng. By using inequality (1.1) and the properties of
modulus function, we have

— Z uk[fi(q(tiam (0xic + By ))IP* - < = Z i [fic(qoctiemxic + Btimyi))IP*
" kel keIT

A
U
e
7\‘
Z
-—h
z
0
-
=~
3
pad
D
=
=
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1
+ Di Z uk[N[sfk(q(tkm(Uk)))]pk
T kel

< DM —Zuk fie(q(tiem (xx)))IP*
T el

+ Z Wi [fie(q (tiem (Yi)))IP*
T kel

— 0, uniformly in m.

This proves that (w,0,Fu,p,q)o is a linear space. Similarly, we can prove
that (w,0,Fu,p,q) and (w,0,Fu,p, q)e are linear spaces. O

Theorem 2 Let F = (fy) be a sequence of modulus functions. Then we have
(W) e) Fa u,p, q)() - (W) ea F) w,p, (U - (W) 9, F) u,p, q)oo

Proof. The inclusion (w,0,Fu,p,q)o C (w,0,Fu,p,q) is obvious. Now, let

x = (xx) € (w,0,Fu,p,q) then

. Z Wie[fic(q(tim (x1)))IP* — 0, uniformly in m.

Now by using (1.1) and the properties of modulus function, we have

SHP*Zuk fie(q(tim () ))IPE = Sup*Zuk fie(q(tiem (i — L+ L)))IP*
" kel rm fr keI

D sup — Z Uk [fic(q (tiem (i — L)))1P*

nm T kel

+ Dswp- Y wlf(q(L)P:

nm T kel

IN

IN

Dsup - 3 fulq(tun (o — D)IP*

nm T kel
+ D max{fi(q(L)" fi(q(L)"}

< oQ.
Hence x = (x¢) € (W, 0, F,u,p, q)oo- This proves that

(W) e’F’ u)p) q) C (W’ e) F) u’p’ q)OO
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Theorem 3 Let p = (px) be a bounded sequence of positive real numbers.

Then the space (w,0,Fu,p,q)o is a paranormed space with the paranorm
defined by

) = s (i X wididaltintx))™) ™,
T kel

where M = max(1, supy px)-

Proof. Clearly g(—x) = g(x). It is trivial that tymxx = 0 for x = 0. Hence we
get g(0) = 0. Since £x <1 and M > 1, using the Minkowski’s inequality and
definition of modulus function, for each x, we have

1

< > wlfi(q(tiom Xk+yk)))]pk)m

kel
< (o 3 welflaltin () + ful@(tun yi) )

T kel

! &
< (mmzluk[fk(q(tkm(xk)) D (L 3wl Altiom()) 7).

Now it follows that g is subadditive. Finally, to check the continuity of scalar
multiplication, let us take any complex number A. By definition of modulus
function F, we have

1

o) = sup (o 3 welfilalton(x0)P) ™
T,m el

< Kﬂg(X),

where K =1+ [JA]] ([Al]l denotes the integer part of A). Since F is a sequence
of modulus functions, we have x — 0 implies g(Ax) — 0. Similarly x — 0
and A — 0 implies g(Ax) — 0. Finally, we have for fixed x and A — 0 implies
g(Ax) — 0. O

Theorem 4 Let F' and F” be any two sequences of modulus functions. For
any bounded sequences p = (px) and t = (tx) of strictly positive real numbers
and for any two sequences of seminorms qi and qz, we have

(Z) (W) e) F/)u)p) q)Z C (W) e) FIOF//) u) p) q)Z;

(Z.Z.) (W) e) F/,U.,p, q)Z N (W> 6) F//)u)p) q)Z - (W) e) F'+ F//)u)p) q)Z;
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(Z'Z'Z') (W> e)F) w,p, q1)Z N (W> G,F, u,p, qZ)Z C (W) G,F,u,p, qi + qZ)Z;

(Z.’U) If q1 is stronger than q2 then (W»G)Eu)p) q])Z C (W)9>F>u>p> qZ)Z;
(v) If q1 equivalent to q; then (w,0,Fu,p,q1)z = (w,0,Fu,p,q2)z;
(’UZ) (W) e)Fa u,p, q)Z N (Wa 67F>u) t, Q)Z 7& (I)

Proof. It is easy to prove so we omit the details. (]
Corollary 2.5. Let F = (fy) be a sequence of modulus functions. Then

(Wa Q,LL, CI)Z - (W> ea F) u, q)Z

Proof. Let x = (x¢) € (W, 0,u,q)z and € > 0. We can choose 0 < 6 < 1 such

that fi(t) < € for every t € [0,00) with 0 < t < 6. Then, we can write

) wlfiq(tm (ac— 1))

kel

1

= LY wldqltm— )]
" kel tiom (ac—1)<8
|

+ - > uk[fi(q(tm (i — L)))]
T k€L, tgm (xxk—L)>d

< max {fele), fule)}

foma L5 wdfa(tomba— D))

T kE€lr b (X —L)>5

Therefore x = (x) € (w, 0, F,u, q)z. This completes the proof of the theorem.
Similarly, we can prove the other cases. O

Theorem 5 Let F = (fy) be a sequence of modulus functions, if lim¢_, o Ltt) =

B >0, then (w,0,u,q)z = (W,0,Fu,q)z.
Proof. By Corollary 2.5, we need only to show that (w, 0,Fu,q)z C (w,0,u,q)z.

Let 3 > 0 and x € (w,0,Fu, q)z. Since 3 > 0, we have f(t) > pt for all t > 0.
Hence

3 wlfilgltn (s~ D)= £ 5 welgltin(x— L))

Therefore, x € (w,0,u,q)z. 0
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Theorem 6 Let 0 < px < tyx and ( ) be bounded. Then
(W> e) F» u,t, q)Z C (W) 9, F» u,p, q)Z

Proof. Let x = (xx) € (w,0,Fu,t,q)z. Let ¢ = w[fi(q(tkmxx — L))]* and
Ak = (}t’—:) for all k € N so that 0 < A < Ax < 1. Define the sequences (uy) and
(v¢) as follows:

For vy > 1, let ux = ¢ and vy = 0 and for 1 < 1, let ux = 0 and v = 1y.
Then clearly for all k € N, we have 1, = wy +vy, rﬁ = ukk +v uﬁk <u <71
and vk —vk Therefore

ﬁkg— T+ [ vl
h,

T xelr kel, T xelr

Hence x = (x¢) € (w,0,Fu,p,q)z. Thus (w,0,Fu,t,q)z C (w,0,Fu,p,q)z.
O

Theorem 7 Let © = (k) be a lacunary sequence. If 1 < liminf, ¢, < lim
sup, gr < oo then for any modulus function F, we have (W,Fu,p,qlo =
(Wa 9, F) u, p, q)O

Proof. Suppose liminf, g, > 1 then there exist & > 0 such that q, = (k]:i] ) >
1+ 8 for all r > 1. Then for x = (x¢) € (w, Fu,p, q)o, we write

A ) welfi(qtm (x)))P

kel

W[ (g (tiem (x)))1Px

( Zukfk (tiem (x )))]pk)-

Since h; = k; — k;_1, we have E—T < ]%5 and k{l—*‘ < ]3. The terms
T T

Ky Zukfk (tiem (x)))IP*
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krfl

and (k* Z Wi [fie(q(trem (x )))]pk> both converge to zero, uniformly in m

and it follows that

*Zuk fie(q(tm (x)))]P* — 0,

kelr

as r — oo uniformly in m, that is, x € (w, 0, F,u,p, q)o.

If limsup, qr < oo, there exists B > 0 such that n, < B for all v > 1. Let
x € (w,0,Fu,p,q)o and € > 0 be given. Then there exists R > 0 such that
for every j > R and all m.

Zukfk (tam (X)))IP* <e.

h kel

We can also find K > 0 such that A; <K for all j =1,2,--- . Now let t be any
integer with k, 1 <t < k;, where r > R. Then

tq Z;i:] uk[fk(q (tkm(x) ) )]pk

< k. Zuk fic(q(tiem (x)))]P*
= Z ki (q (tiem ()))IPE + K, Z Wi [fie(q(tiem (x)))IPx

kEI] kel
+ . Z wie[fie (q(tem(x)))]P*
kel
_ 1 Z ki (q (tiem (x)))]P¥ + k2 — k‘ Z Wi [ (q(tem (x
krfl
= kel,
kR — kr—1 1 P
+ _|_k7(kR—kR_]) Z uk[fk(q(tkm(x)))]
T—1 kelg
kr - kr—] —1 Px
R e L ) D welfi(qtim (x)))]
T—1 kel
k1 ky — kg kg — kg1
_ Ma Ayt oot RR
ke ke Kr §
ke —k ky — ke
+ MAR-H +...+T7T]AT

kr—]

x)))IPx
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k kr —k
< (supAj) R + (sup Aj) R
j>1 r—1  j>R K1
kg
< K + €B.
o Ky g

Since K,_; — oo as t — oo, it follows that t~! Z;i:] Wi [fi(q(tem(x)))IPx — 0
uniformly in m and consequently x € (w, F,u,p, q)o. OJ

3 Statistical convergence

The notion of statistical convergence was introduced by Fast [12] and Schoen-
berg [28] independently. Over the years and under different names, statistical
convergence has been discussed in the theory of Fourier analysis, ergodic the-
ory and number theory. Later on, it was further investigated from the sequence
space point of view and linked with summability theory by Fridy [14], Connor
[10], Salat [25], Murasaleen [21], Isik [15], Savas [27], Malkosky and Savas [20],
Kolk [16], Maddox [18, 19] and many others. In recent years, generalizations of
statistical convergence have appeared in the study of strong integral summa-
bility and the structure of ideals of bounded continuous functions on locally
compact spaces. Statistical convergence and its generalizations are also con-
nected with subsets of the Stone-Cech compactification of natural numbers.
Moreover, statistical convergence is closely related to the concept of conver-
gence in probability. The notion depends on the density of subsets of the set
N of natural numbers.

A subset E of N is said to have the natural density 6(E) if the following limit
exists: 8(E) = limn—o0 % ZE:] Xk (k), where x is the characteristic function of
E. It is clear that any finite subset of N has zero natural density and &(E€) =
1—5(E).

Let © be a lacunary sequence, then the sequence x = (xy) is said to be
g-lacunary almost statistically convergent to the number L provided that for
every € > 0,

1
lim —|{k € I, : q(tkm(x — L)) > €}| = 0, uniformly in m.
r—oo h;

In this case we write [Sglq —limx = L or x, — L([Selq) and we define

(Selq = {x € w(X) : [Selq —limx = L, for some L}.

In the case 0 = (27), we shall write [S]4 instead of [Se]q.
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Theorem 8 Let F = (fy) be a sequence of modulus functions and 0 < h =
infy pr < px < supy, px = H < oco. Then (w,0,Fu,p,q) C [Selq-

Proof. Let x € (w,0,Fu,p,q) and € > 0 be given. Then

— Z i [fie(q (tm (x — L)))IP*
kEIr

> LY gt — D)

" kelr,qltim (x—1))>e

1
> h Z w[fi (e)]Px

k€lr,q(tkm (x—L))>e€
> LY minwdlfle) wlfi(e)

T Kely,qltim (x—1))>e

> ik L qlton(x— 1)) > o)l min(uylfe), wdfi(e)")
Hence x € [Sglg- O

Theorem 9 Let F = (fy) be a bounded sequence of modulus functions and
0 <h =infy px < px < sup, px = H < oo. Then [Sglq C (W, 0, Fu,p,q).

Proof. Suppose that F = fy is bounded. Then there exists an integer K such
that fi(t) < K, for all t > 0. Then

Y wdflgltnx - LI = Y wdfdg(tn(c— L)
T kel, T kel qtim (x—L))>e
LY wlfgltx— D)

R,
k€lr,q(tem (x—L))<e

1
— Z max(K", KM)

" K€l qltim (x—L))>e

1
+ o Z wi[fic(e)]Px

T kel q(tim (x—L))<e

IN

IN

max (K", KH)hll{k € I q(tim(x — L)) > €}

+  max(u[fi(e)]™, we[fi(e)]M).
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Hence x € (w,0,F,u,p, q). O

Theorem 10 [Sglq = (W, 0,Fu,p, q) if and only if F = (fy) is bounded.

Proof. Let F = (fx) be bounded. By the Theorem 3.1 and Theorem 3.2, we
have

[SG]q = (W> 0, F u,p, q)

Conversely, suppose that F is unbounded. Then there exists a positive sequence
(tn) with f(tn) =n?,n=1,2,---.
If we choose
tn, k:nz,n:LZ,---,
Xk = . .
0, otherwise

Then we have

s

1 n
—Hk<n:ixl>ell < — —=0,n— 0.
n n

Hence xx — 0([Selq) for tom(x) = xm,0 = (27) and q(x) = |x|, but x ¢
(w, 0, F,u,p, q). This contradicts to [Selq = (W,0,Fu,p, q). O
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Abstract. The intent of this paper is to establish a common fixed
point theorem for two pairs of occasionally weakly compatible single
and set-valued maps satisfying a strict contractive condition in a non-
Archimedean fuzzy metric space.

1 Introduction

The concept of fuzzy sets was first coined by Zadeh [9] in 1965 to describe
the situation in which data are imprecise or vague or uncertain. Consequently,
the last three decades remained productive for various authors [1, 11, 13]
etc. and they have extensively developed the theory of fuzzy sets due to a
wide range of application in the field of population dynamics, chaos control,
computer programming, medicine, etc. Kramosil and Michalek [10] introduced
the concept of fuzzy metric spaces (briefly, FM-spaces) in 1975, which opened
a new avenue for further development of analysis in such spaces. Later on the
concept of FM-space is modified and a few concepts of mathematical analysis
have been developed in fuzzy metric space by George and Veeramani [1, 2]. In
fact, the concept of fixed point theorem have been developed in fuzzy metric
space in the paper [12].

2010 Mathematics Subject Classification: 03E72, 47H10, 54H25
Key words and phrases: occasionally weakly compatible maps, implicit relation, common
fixed point theorems, strict contractive condition, fuzzy metric space
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In recent years several fixed point theorems for single and set valued maps
were proved and have numerous applications and by now there exists a con-
siderable rich literature in this domain [4, 7].

Various authors [3, 7, 8] have discussed and studied extensively various
results on coincidence, existence and uniqueness of fixed and common fixed
points by using the concept of weak commutativity, compatibility, non-
compatibility and weak compatibility for single and set valued maps satis-
fying certain contractive conditions in different spaces and they have been
applied to diverse problems.

The intent of this paper is to establish a common fixed point theorem for two
pairs of occasionally weakly compatible single and set-valued maps satisfying
a strict contractive condition in a non-Archimedean fuzzy metric space.

2 Preliminaries

We quote some definitions and a few theorems which will be needed in the
sequel.

Definition 1 [5] A binary operation * : [0,1] x [0,1] — [0,1] is continuous
t-norm if it satisfies the following conditions:

(i) * is commutative and associative,

axl=a Va € [0,1],

i)
(i) * is continuous,
(iii)

)

(iv) a*xb <c*d whenever a <c, b <d and a,b,c,d € [0,1].

Result 1 [6] (a) For any v1,72 € (0,1) with v1 > 12, there exist r3 € (0,1)
such that T1 %13 > T2,
(b) For any rs € (0,1), there exist r¢ € (0,1) such that v * 16 > T5.

Definition 2 [1] The 3-tuple (X, u,*) is called a fuzzy metric space if X is
an arbitrary non-empty set, x is a continuous t-norm and W is a fuzzy set in
X2 x (0, 00) satisfying the following conditions:

(i) mix,y,t) >0
(iii) u(x,y, t) = H(% X, t);
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(iv) u(x,y,s) * 1y, z,t) < plx,z,s +t);

(v) w(xyy,-): (0,00) = (0,1] is continuous;
for all z,y,z € X and t,s > 0.

Note that w(x,y,t) can be thought as the degree of nearness between x and y
with respect to t.

Example 1 Let X = [0,00),a *b = ab for every a,b € [0,1] and d be the

(x,y)
usual metric defined on X. Define w(x,y,t) = e for all x,y,t € X. Then
clearly (X, W, *) is a fuzzy metric space.

Example 2 Let (X, d) be a metric space and let axb = ab or axb = min{a, b}
for all a,b € [0,1]. Let u(x,y,t) = deg for all x,y € X and t > 0. Then
(X, W, %) is a fuzzy metric space and this fuzzy metric w induced by d is called
the standard fuzzy metric [1].

Note 1 George and Veeramani [1] proved that every fuzzy metric space is a
metrizable topological space. In this paper, they also have proved, if (X, d) is
a metric space, then the topology generated by d coincides with the topology
generated by the fuzzy metric w of Example 2. As a result, we can say that an
ordinary metric space is a special case of a fuzzy metric space.

Note 2 Consider the following condition:

(V) 1%y, s) % 1Y, 2, ) < plx, 2, maxs, £).

If the condition (iv) in Definition 2 is replaced by the condition (iV'), the
fuzzy metric space (X, W, ) is said to be a non-Archimedean fuzzy metric space.

Remark 1 In fuzzy metric space X, for allx,y € X, w(x,y, -) is non-decreasing
with respect to the variable t. In fact, in a non-Archimedean fuzzy metric space,
iy, t) > uix, z,t) * ulz,y,t) for x,y,z € X, t > 0.
Every non-Archimedean fuzzy metric space is also a fuzzy metric space.

Throughout the paper X will represent the non-Archimedean fuzzy metric
space (X, u,*) and CB(X), the set of all non-empty closed and bounded sub-
set of X. We recall these usual notations: for x € X; A C X and for every
t >0,

ix, A, t) = max{p(x,y,t) : y € A}
and let H be the associated Hausdorfl fuzzy metric on CB(X): for every A, B
in CB(X),

H(A, B,t) = min {min u(x, B, t), min u(A,y,t)} .
XEA yeB
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Definition 3 [}] A sequence {An} of subsets of X is said to be convergent to
a subset A of X if

(i) given a € A, there is a sequence {an} in X such that an € Ay for
n=12---, and {a,} converges to a.

(ii) given € > 0, there exists a positive integer N such that Ay, C Ae for
n > N, where A¢ is the union of all open spheres with centers in A and
radius €.

Definition 4 A point x € X is called a coincidence point (resp. fized point)
of A: X — X, B: X — CB(X) if Ax € Bx (resp. x = Ax € Bx).

Definition 5 Maps A : X — X and B : X — CB(X) are said to be compati-
ble if ABx € CB(X) for all x € X and

lim H(ABxpn, BAxn,t) =1

n—oo

whenever {xn} is a sequence in X such that Bx,, — M € CB(X) and Ax, —
x € M.

Definition 6 Maps A : X — Xand B : X — CB(X) are said to be weakly
compatible if they commute at coincidence points ie., if ABx = BAx whenever
Ax € Bx.

Definition 7 Maps A : X — X and B : X — CB(X) are said to be occa-
sionally weakly compatible (owe) if there exists some point x € X such that
Ax € Bx and ABx C BAx.

Example 3 Let X = [1,00[ with the usual metric. Define f : X — X and
F: X — CB(X), for all x € X by

fx=x+1,Fx=[1,x+ 1],
fx=x4+1¢€Fx and fFx = [2,x + 2] C Ffx = [1,x + 2].
Hence, f and F are occasionally weakly compatible but not weakly compatible.

Definition 8 Let F : X — 2X be a set-valued map on X. x € X is a fized
point of F if x € Fx and is a strict fixed point of F if Fx = {x}.

Property 1 Let A and B € CB(X), then for any a € A, we have
i(a,B,t) > qH(A, B, ).
Proof. Obvious. O
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3 A strict fixed point theorem

Theorem 1 Let f,g : X — X be mappings and F,G : X — CB(X) be set-
valued mappings such that the pairs {f,F} and {g, G} are owc. Let ¢ : R® — R
be a real valued map satisfying the following conditions

(@1) : @ is increasing invariables ty, ts and tg;
(02) s @(u(t),u(t), 1, T,u(t),u(t)) >1  Vu(t) € [0,1).

If for all x and y € X for which
(x)  @(H(Fx, Gy, t), u(fx, gy, t), u(fx, Fx, t), nlgy, Gy, t),

u(fx, Gy, t), ulgy, Fx,t)) < 1

then f,g,F and G have a unique fixed point which is a strict fized point for F
and G.

Proof. (i) We begin to show the existence of a common fixed point. Since
the pairs {f,F} and {g, G} are owc, there exist u,v in X such that fu € Fu,
gv € Gv, fFu C Ffu and gGv C Ggv. Also, using the triangle inequality and
Property 1, we obtain

n(fu, gv,t) > H(Fu, Gv, t) (1)

and
u(fi, gv,t) > H(Ffu, Gv, t). (2)

First we show that gv = fu. The condition (%) implies that
@ (H(Fu, Gv, 1), u(fu, gv, t), pu(fu, Fu, t), u(gv, Gv, t),
w(fu, Gv, t), u(gv, Fu,t)) <1
= @(H(Fu, Gv, 1), u(fu, gv, t), 1, 1, u(fu, Gv, t), u(gv, Fu,t)) < 1.
By (¢@1) we have
o (H(Fu, Gv, t), H(Fu, Gv, t), 1, 1, H(Fu, Gv, t), H(Fu, Gv, t)) < 1

which from (¢;) gives H(Fu, Gv, t) = 1.
So Fu = Gv and by (1), fu = gv. Again by (2), we have

w(f2u, fu, t) > H(Ffu, Gv, t).
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Next, we claim that f>u = fu. The condition (%) implies that
@ (H(Ffu, Gv, t), u(f?u, gv, t), u(f?u, Ffu, t), u(gv, Gv, t),
w(f2u, Gv, t), u(gv, Ffu, t)) < 1
— @(H(Ffu, Gv, t), u(f2u, fu, t), 1, 1, u(f2u, Gv, t), u(fu, Ffu, t)) < 1.
By (¢@1) we have
= @(H(Ffu, Gv, t), H(Ffu, Gv,t), 1, 1, H(Ffu, Gv, t), H(Ffu, Gv, t)) < 1

which, from (¢@3), gives H(Ffu, Gv,t) = 1.
By (2), we obtain f*u = fu. Since (f,F) and (g, G) have the same role, we
have gv = g?v. Therefore,

ffu = fu = gv = ggv = gfu

and
fu = f2u € ffu C Ffu

So fu € Ffu and fu = gfu € Gfu. Then fu is common fixed point of f,g,F
and G.

(i) Now, we show uniqueness of the common fixed point.

Put fu = w and let w' be another common fixed point of the four maps,
then we have

nw, W' t) = u(fw, gw’, t) > H(Fw, Gw', 1) (3)
by (%) , we get
@ (H(Fw, GW', 1), u(fw, gw’ t), u(fw, Fw, t), u(gw’, Gw', t),
w(fw, Gw’ t), u(gw’, Fw,t)) < 1
= @(H(Fw, GW', 1), u(fw, gw’, t), 1, 1, u(fw, Gw', t),
wigw’,Fw,t)) < 1
By (1) we get
@ (H(Fw, Gw', t), H(Fw, Gw’,t), 1,1, H(Fw, Gw', t), H(Fw, Gw’, 1)) < 1

So, by (®2), H(Fw,Gw’;t) =1 and from (3), we have

H(fW) 9Wl>t) = U(W)W/)t) =l=w =w'.
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(iii) Let w € Ffu. Using the triangle inequality and Property (1), we have
w(fu, w, t) > u(fu, Ffu,t) « H(Ffu, Gv, t) * u(w, Gv, t).
Since fu € Ffu and H(Ffu, Gv,t) =1,
u(w, fu,t) > w(w, Gv,t) > H(Ffu, Gv,t) = 1.

So w = fu and Ffu = {fu} = {gv} = Ggv.
This completes the proof. O

4 A Gregus type fixed point theorem

Theorem 2 Let f,g : X — X be mappings and F,G : X — CB(X) be
set-valued mappings such that that the pairs {f,F} and {g, G} are owec. Let
P : R — R be a non-decreasing map such that, for every 0 <1< 1, (1) >1
and satisfies the following condition:

(x)  HP(Fx,Gy,t) > [apP(fx, gy, t) + (1 — a)u? (gy, Fx, t)u? (fx, Gy, )

for allx andy € X, where 0 <a <1 andp > 1.

Then f,g,F and G have a unique fized point which is a strict fived point for
F and G.

Proof. Since {f,F} and {g, G} are owc, as in proof of Theorem 1, there exist
u,v € X such that fu € Fu, gv € Gv, ffu C Ffu, gGv C Ggv and (1), (2)
holds.

(i) As in proof of Theorem 1, we begin to show the existence of a common
fixed point. We have,

P
2

HP(Fu, Gv, 1) > ¥ |awP (fu, gv, 1) + (1 — a)u2 (gv, Fu, t)u? (fu, Gy, 1)
and by (1) and Property 1,
HP (Fu, Gv, t) > 1 [aHP (Fu, Gv,t) + (1 — a)HP(Gv, Fu, t)]

= 1|) (HP(FLL, Gvyt))
So, if 0 < H(Fu, Gv,t) < 1, P(1) > 1 for 0 < 1 < 1, we obtain

HP (Fu, Gv, t) > P[HP(Fu, Gv, t)] > HP(Fu, Gv, t)
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which is a contradiction, thus we have H(Fu, Gv,t) = 1 and hence fu = gv.
Again, if 0 < H(Ffu, Gv,t) < 1 then by (2) and (%), we have

P P
2 2

HP (Ffu, Gv, t) YlapP (fPu, gv, t) + (1 — a)pz (gv, Ffu, t)u2 (fAu, Gv, t)]
PlaHP (Ffu, Gv, t) + (1 — a)HP (Ffu, Gv, t)]

= Y(HP(Ffu, Gv, 1))

>
>

If 0 < H(Ffu, Gv,t) < 1, we obtain
HP (Ffu, Gv, t) > P [HP(Ffu, Gv, t)] > HP(Ffu, Gv, t)
which is a contradiction, thus we have H(Ffu, Gv,t) =1,
— Ffu = Gv = fPu =fu

Similarly, we can prove that g?v = gv.

Let fu = w then fw =w = gw, w € Fw and w € Gw, this completes the
proof of the existence.

(i1) For the uniqueness, let w' be a second common fixed point of f, g, F and
G. Then

plw, w'st) = p(fw, gw’, t) > H(Fw, Gw', t)

and by assumption (%), we obtain

HP (Fw, Gw/, t) > ¥ |apP (fw, gw’, t) + (1 — a)p? (fw, Gw',t)u%(gw’,Fw,t)]

¥
> P (HP (Fw, Gw', t)) > HP(Fw, Gw/, t)if0
< H(Fw, Gw',t) < 1

which is a contradiction. So, Fw = Gw’. Since w and w’ are common fixed
point of f, g, F and G, we have

w(fw, gw’,t) > p(fw, Fw, t) * H(Fw, Gw' t) * u(gw’, Gw', t) > H(Fw, Gw/', t)

So, w = fw = gw’ = w’ and there exists a unique common fixed point of
f,g,F and G.

(ii1) The proof that the fixed point of F and G is a strict fixed point is identical
of that of theorem (1). O
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Theorem 3 Letf,g: X — X and F,G : X — CB(X) be single and set-valued
maps respectively such that the pairs {f,F} and {g, G} are owc and satisfy
inequality

(x)  HP(Fx,Gy,t) > al(u(fx, gy,t))min{u(fx, gy, t)uP~" (fx, Fx,t),
u(fx, gy, )P (gy, Gy, t), n(fx, Fx, t)uP
(gy, Gy, t), wP~ ' (fx, Gy, t) gy, Fx, t)]]

for allx,y € X, wherep > 2 and a : [0,1] — [0, 00) is decreasing and satisfies
the condition

alt)>1 V0<t<l and a(t)=1 iff-t=1

Then f,g,F and G have a unique fixed point which is a strict fived point for F
and G.

Proof. Since the pairs {f, F} and {g, G} are owc, then there exist two elements
u and v in X such that fu € Fu, fFu C Ffu and gv € Gv, gGv C Ggv.

First we prove that fu = gv. By property (1) and the triangle inequality we
have p(fu, gv,t) > H(Fu, Gv, t), u(fu, Gv,t) > H(Fu, Gv,t) and p(Fu, gv,t) >
H(Fu, Gv, t).

Suppose that H(Fu, Gv,t) < 1. Then by inequality (x) we get

()  HP(Fu,Gv,t) > a(u(fu, gv,t))min{u(fu, gv, t)uP " (fu, Fu, t),
n(fu, gv, )P (gv, Gv, t), u(fu, Fu, t)uP " (gv, Gv, t),
uP T (fu, Gv, t)u(gv, Fu, t)}]
= a(p(fu, gv,t))[min{p(fu, gv, t), u(fu, gv, t), 1,
(P (fu, Gv, t) w(gv, Fu, t)}]
> a(H(Fu, Gv, t))[min{H(Fu, Gv, t), 1, HP (Fu, Gv, t)}]
> HP(Fu, Gv,t)

which is a contradiction. Hence H(Fu, Gv,t) = 1 which implies that fu = gv.
Again by property (1) and the triangle inequality we have

w(ffu, fu, t) = p(fiu, gv,t) > H(Ffu, Gv, 1)
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We prove that f2u = fu. Suppose H(Ffu, Gv,t) < 1 and by (x), property (1)
we obtain
HP(Ffu, Gv,t) > qa(p(fu, gv, t)) min{u(fu, gv, )P~ (Fu, Ffu, t),
w(f2u, gv, )P~ (gv, Gv, t), u(fu, Fiu, )P~ (gv, Gv, t),
WP (£, Gv, t)u(gv, Fu, t))]
= G(H(f2u> gv, t))[min{u(fzu) gv, t)) U-(fzu) gv, t)) 17
WP (P, Gv, t)u(gv, Fiu, 1))
> qa(H(Ffu, Gv, t))[min{H(Ffu, Gv, t), HP (Ffu, Gv, t)}]
> HP(Ffu, Gv, t)
which is a contradiction. Hence H(Ffu, Gv,t) = 1 which implies that f2u =
gv = fu.
Similarly, we can prove that g?v = gv. Putting fu = gv = z, then fz = gz = z,
z € Fz and z € Gz. Therefore z is a common fixed point of maps f, g,F and G.

Now, suppose that f,g,F and G have another common fixed point z’ # qz.
Then, by property (1) and the triangle inequality we have

n(z,z',t) = ulfz, gz',t) > H(Fz, Gz, 1)
Assume that H(Fz, Gz’,t) < 1. Then the use of inequality (x) gives
HP(Fz,Gz/,t) > qa(u(fz, gz',1))min{u(fz, gz', t)uP ' (fz, Fz, 1), u(fz, gz’, t)
W' (gz',Gz', 1), u(fz, Fz, t)uP (g2, G2/, 1),
WPl (fz, G2/, (g2’ Fz, 1))
= a(u(fz, 92/, 1)) min{u(fz, gz', 1), u(f’z, g2/, 1), 1,
WP (f2z, G2/, ) u(gz’, Ffz, )]
> qa(H(Fz,Gz',t))[min{H(Fz, Gz', t), HP (Fz, Gz’ t)}]
> HP(Fz,Gz/,t)

which is a contradiction. Hence H(Fz, Gz’,t) = 1 which implies that z’ = z.

(ii1) The proof that the fixed point of F and G is a strict fixed point is identical
of that of theorem (1) O
5 Another type fixed point theorem

Theorem 4 Let f,g : X — X be mappings and F,G : X — CB(X) be set-
valued maps and ¢ be non-decreasing function of [0,1] into itself such that
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o(t)=14ff t =1 and for all t € [0,1),  satisfies the following inequality
(x)  &(H(Fx, Gy,t)) > alu(fx, gy, t))d(k(fx, gy, t))
+ b(r(fx, gy, t)) min{ (u(fx, Gy, t)), d(ulgy, Fx, 1))}
for all x andy in X, where a,b : [0,1] — [0, 1] are satisfying the conditions
a(t) +b(t) > 1 vt >0

and
a(t) +b(t) =1 ifft=1

If the pairs {f,F} and {g, G} are owe, then f,g,F and G have a unique common
fized point in X which is a strict fized point for F and G.

Proof. Since {f,F} and {g, G} are owc, as in proof of theorem(1), there exist
u,v in X such that fu € Fu, gv € Gv, fFu C Ffu, gGv C Ggv,

w(fu, gv, t) > H(Fu, Gv, t) (1)
and
w(ffu, gv, t) > H(Ffu, Gv, t) (2)

(1) First we prove that fu = gv. Suppose H(Fu, Gv,t) < 1. By (%), Property
(1), we have

¢(H(Fu, Gv,t)) > alu(fu, gv, t))d(u(fu, gv,t))
+ b(u(fu, gv, t)) min{d (u(fu, Gv, t)), ¢(u(gv, Fu, t))}
> la(u(fu, gv, 1)) + b(p(fu, gv, t)]d(H(Fu, Gv, t))

> ¢(H(Fu, Gv,t))

—

which is a contradiction. Hence H(Fu, Gv,t) = 1 and thus fu = gv. Now we
prove that f2u = fu. Suppose H(Ffu, Gv,t) < 1. By (x) and Property 1, we
have

G(H(Ffu, Gv, 1)) > qa(p(fi, gv, 1) (u(fu, gv, t))

+b(p(fu, gv, t)) min{d (u(f*u, Gv, 1)), b(p(gv, Ffu, t))}
[a(p(fPu, fu, t)) + b(p(f?u, fu, t)]d(H(Ffu, Gv, 1))

>  ¢(H(Ffu, Gv,t))

v
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which is a contradiction. Hence H(Ffu, Gv,t) = 1 and this implies that f>u =
fu. Similarly, we can prove that g?v = gv. So, if w = fu = gv then fw =w =
gw, w € Fw and w € Gw. Existence of a common fixed point is proved.

(i1) Assume that there exists a second common fixed point w’ of f,g,F and
G. We see that

uw,w’, t) = u(fw, gw’,t) > H(Fw, Gw', 1)
If H(Fw, Gw’,t) < 1, by inequality (x) we obtain

d(H(Fw, Gw', 1)) > a(p(fw, gw’, 1)) (u(fw, gw', t))
+ b(u(fw, gw’, t)) min{d (u(fw, Gw’, 1)), d(u(gw’, Fw, 1))}
> la(u(w,w', 1)) + b((w,w', t)]d(H(Fw, Gw/', 1))
> ¢(H(Fw, Gw/', 1))

this contradiction implies that H(Fw, Gw’,t) = 1, hence w' =w

(ii1) This part of the proof is analogous of that of Theorem 1. O
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Abstract. Recently a trigonometric inequality by N. Cusa and C. Huy-
gens (see e.g. [1], [6]) has been discussed extensively in mathematical
literature (see e.g. [4], [6, 7] ). By using a unified method based on mono-
tonicity or convexity of certain functions, we shall obtain new Cusa-
Huygens type inequalities. Hyperbolic versions will be pointed out, too.

1 Introduction

In recent years the trigonometric inequality

sinx  cosx +2 s
< , 0<x< = (1)
X 3 2

among with other inequalities, has attracted attention of several researchers.
This inequality is due to N. Cusa and C. Huygens (see [6] for more details
regarding this result).

Recently, E. Neuman and J. Sdndor [4] have shown that inequality (1) im-
plies a result due to S. Wu and H. Srivastava [10], namely

2
(,X ) +X 52 0<x<Z 2)
sin x tan x 2
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called as “the second Wilker inequality”. Relation (2) implies in turn the
classical and famous Wilker inequality (see [9]):

sinx 2 tanx
( ) + > 2. (3)

X X

For many papers, and refinements of (2) and (3), see [4] and the references
therein.
A hyperbolic counterpart of (1) has been obtained in [4]:

sinhx  coshx +2
< )
X 3
We will call (4) as the hyperbolic Cusa-Huygens inequality, and remark that
if (4) is true, then holds clearly also for x < 0.
In what follows, we will obtain new proofs of (1) and (4), as well as new
inequalities or counterparts of these relations.

> 0. (4)

2 Main results

2
Theorem 1 Let f(x) = w
sin x

ing function. Particularly, one has

s
,0<x < 5 Then f is a strictly increas-

2+cosx sinx 2-+cosx T
< < , O0<x< = (5)
T X 3 2

X <T[ + cos x> -
Theorem 2 Let g(x) = ——, 0 < x < 5 Then g is a strictly

decreasing function. Particularly, one has

4 4
1+ cosx %—i-cosx sin x %—i-cosx
—+1
’s

Proof. We shall give a common proofs of Theorems 1 and 2. Let us define the

application
x(a+ cosx Tt
fal) = Xatcosy) -y T
sin x 2

Then, easy computations yield that

sin? x - f/(x) = asinx + sinx cos x — ax cos x — x = h(x). (7)
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Tt

The function h is defined on [O, >

}. We get

h'(x) = (sinx)(ax — 2sinx).

Therefore, one obtains that
(i) If

sinx a
< z,

X

then h/(x) > 0. Thus by (7) one has h(x) > h(0) = 0, implying f/(x) > 0, i.e.
fq is strictly increasing.
(i) If

sinx

52
X 2’
then h'/(x) < 0, implying as above that f, is strictly decreasing.
Select now a = 2 in (i). Then fq(x) = f(x), and the function f in Theorem
4
1 will be strictly increasing. Selecting a = — in (ii), by the famous Jordan
inequality (see e.g. [3], [7], [8], [2])

sinx 2

> =, (8)

X us

so fq(x) = g(x) of Theorem 2 will be strictly decreasing.

Now remarking that f(0) < f(x) < f (g) and g(0) > g(x) > g (§>’ after

some elementary transformations, we obtain relations (5) and (6). O

Remarks. 1. The right side of (5) is the Cusa-Huygens inequality (1), while
the left side seems to be new.

2. The first inequality of (6) follows by an easy computation, based on
0 < cosx < 1. The inequality

14+ cosx sinx

> < (9)

appeared in paper [5], and rediscovered by other authors (see e.g. [2]).

3. It is easy to see that inequalities (5) and (6) are not comparable, i.e. none
of these inequalities implies the other one for all 0 < x < 7t/2.

Before turning to the hyperbolic case, the following auxiliary result will be
proved:
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Lemma 1 For all x > 0 one has the inequalities
cosxcoshx < 1 (10)

and
sinx sinhx < x2. (11)

Proof. Let m(x) = cosxcoshx — 1, x > 0. Then
m’(x) = —sinx cosh x + cosh x sinh x,

m”(x) = —2sinxsinhx < 0.

Thus m/(x) < m/(0) = 0 and m(x) < m(0) =0 for x > 0, implying (10), with
equality only for x = 0.
For the proof of (11), let

n(x) = x> — sinx sinh x.
Then
n’(x) = 2x — cos x sinh x — sin x cosh x,
n”(x) =2(1 —cosxcoshx) < 0
by (10), for x > 0. This easily implies (11). O

Theorem 3 Let
~ x(2+ coshx)

F(x) = , x>0.

sinh x
Then F is a strictly increasing function. Particularly, one has inequality (4).
On the other hand,

2+4+coshx sinhx 24 coshx T
< < , 0<x<= (12)
k* X 3 2
where K* = %[(2 + cosh7t/2)/ sinh(7t/2).
Theorem 4 Let n

sinh x
Then G is a strictly decreasing function for 0 < x < m/2. Particularly, one

has )
mt+coshx sinhx 74 coshx

T+ 1 < < k ’
(7t + cosh7t/2)/ sinh(7t/2).

T
O<X<§ (13)

where k =

N1 A
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Proof. We shall deduce common proofs to Theorem 3 and 4. Put

x(a + coshx)

Falx) = sinh x

, x>0.

An easy computation gives
(sinh x)?F/ (x) = ga(x) = asinh x + cosh x sinhx — ax coshx — x.
The function g4 is defined for x > 0. As
gl (x) = (sinhx)(2sinhx — ax),

we get that:
(i) If
sinhx a
x 2
then g/(x) > 0. This in turn will imply F/(x) > 0 for x > 0.
(ii) If

sinh x < a
x 2’

then F/(x) < 0 for x > 0.
By letting a = 2, by the known inequality sinhx > X, we obtain the mono-
tonicity if Fo(x) = F(x) of Theorem 3. Since F(0) = 1ir(r)1 F(x) = 3, inequality
x—0+
(4), and the right side of (12) follows. Now, the left side of (12) follows by
F(x) < F(mt/2) for x < 7t/2.

By letting a = 7t in (ii) we can deduce the results of Theorem 4. Indeed, by
sinh x

relation (11) of the Lemma 1 one can write and by Jordan’s

X sinx

inh
inequality (8), we get SIX g thus a = 7t may be selected. Remarking that
g(0) >g(x) >g (g), inequalities (13) will follow. O

Remark. By combining (12) and (13), we can deduce that:
3<k'<k<m+1. (14)

Now, the following convexity result will be used:

1 1
Lemma 2 Let k(x) = — —, x > 0. Then k is a strictly increasing,
tanhx  x

concave function.
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Proof. Simple computations give

1 1

K(x) = x2  (sinhx)2

>0

and
2[x3 cosh x — (sinh x)3]

" o
kx) = x3(sinh x)3

<0,

since by a result of I. Lazarevié¢ (see e.g. [3], [4]) one has

inh
S X > (coshx)'/3.

X

This proves Lemma 2. O

Theorem 5 Let the function k(x) be defined as in Lemma 2. Then one has

14—%2-m
T

cosh x ~ sinhx

forany 0 <x<r (16)

and
X T+ k(r)x+ kK (r)x(x —71)

sinhx — cosh x

for any 0 < x,. (17)
In both inequalities (16) and (17) there is equality only for x =r.

Proof. Remark that k(0+) = lim k(x) = 0, and that by the concavity of k,

x—0+

the graph of function k is above the line segment joining the points A(0,0)

k
and B(r,k(r)). Thus k(x) > Q -x for any x € (0,7]. By multiplying with x

this inequality, after some transformations, we obtain (16).

For the proof of (17), write the tangent line to the graph of function k at the
point B(r,k(r)). Since the equation of this line is y = k(r) + k/(r)(x — 1) and
writing that y < k(x) for any x > 0, r > 0, after elementary transformations,
we get relation (17).

O

For example, when v = 1 we get:

2
X +1| /coshx < —— forall 0 < x < 1 (18)
e —1 sinh x
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and

X 2 et —6el +1
= 21 VI -1 h 19
i = |1 () 2 (G garr ) s v oo )
for any x > 0.

In both inequalities (18) and (19) there is equality only for x = 1.
In what follows a convexity result will be proved:

Lemma 3 Let j(x) = 3x — 2sinhx — sinhxcosx, 0 < x < %[ Then j is a

strictly convex function.

Proof. Since j”(x) = 2(cosh xsinx — sinh x) > 0 is equivalent to

sinx > tanhx, 0<x< 72—T (20)

T
we will show that inequality (20) holds true for any x € (O, E) We note that

in [2] it is shown that (20) holds for x € (0, 1), but here we shall prove with
another method the stronger result (20).
Inequality (20) may be written also as

p(x) = (e +e *)sinx — (e*—e ™) > 0.

Since p”(x) = (e¥ — e *)(2cosx — 1) and e¥ — e * > 0, the sign of p”(x)

depends on the sign of 2cosx — 1. Let xo € (O, g) be the unique number such

1
that 2cosxp — 1 = 0. Here xo = arccos (2> ~ 1.0471. Thus, cosx being a

decreasing function, for all x < xo one has cosx > =, i.e. p”(x) > 0 in (0,%o).

2
This implies p’(x) > p’(0) = 0, where

p(x) = (e —e ™) sinx + (e* + e *)cosx — (e* + e ™).

This in turn gives p(x) > p(0) = 0.
Let now xg < x < 7/2. Then, as p’(xo) > 0 and p’ (g) < 0 and p’ being
continuous and decreasing, there exists a single xo < x; < 7/2 such that

p’(x1) = 0. Then p’ will be positive on (xg,x7) and negative on (X], 72—T) Thus
p will be strictly decreasing on (x1, g), ie. p(x) >p (g) > 0. This means

that, for any x € (O, T—[) one has p(x) > 0, completing the proof of (20).

2
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O

Now, via inequality (1), the following improvement of relation (11) will be
proved:

Theorem 6 For any x € (O, g) one has
sinx  cosx+2 X
. 21
X 3 sinh x (21)

Proof. The first inequality of (21) is the Cusa-Huygens inequality (1). The
second inequality of (21) may be written as j(x) > 0, where j is the function
defined in Lemma 3. As j’(0) = 0 and j’(x) is strictly increasing, j’(x) > 0,
implying j(x) > j(0) = 0. This finishes the proof of (21).

U

Finally, we will prove a counterpart of inequality (20):

Theorem 7 For any x € (O, g) one has

(sinx) (1 +cosx) (x-+sinxcosx)
<
2 2
Proof. The first two inequalities are consequences of 0 < cosx < 1 and 0 <

sinx < x, respectively. The last relation is inequality (20), so we have to prove
the third inequality. For this purpose, consider the application

sinx cosx < < tanhx < sinx.  (22)

(x + sinx cos x)
2 )

u(x) = tanhx —

where x € [O, g} An easy computation implies (coshx)z.(u’(x)) =1

(cosx coshx)? < 0 by relation (10) of Lemma 1. Therefore, since u(0) = 0,
and u(x) < u(0), the inequality follows.
Ol

Remark. As a corollary, we get the following nontrivial relations: For all

X € (O, g), we have:

X +sinxcosx < 2sinx (23)

and

sinx cosx < tanhx < sinx. (24)



On Cusa-Huygens type trigonometric and hyperbolic inequalities 153

References

[1] C. Huygens, Oecuvres completes 1888-1940, Société Hollondaise des Sci-
ences, Haga.

[2] R. Klén, M. Visuri, M. Vuorinen, On Jordan type inequalities for hyper-
bolic functions, J. Ineq. Appl. vol. 2010, art. ID 362548, 14 pages.

[3] D. S. Mitrinovi¢, Analytic inequalities, Springer Verlag, Berlin, 1970.

[4] E. Neuman, J. Sdndor, Inequalities involving trigonometric and hyperbolic
functions, Math. Ineq. Appl., 13, 4 (2010), 715-723.

[5] J. Sédndor, Certain trigonometric inequalities, Octogon Math. Mag., 9, 1
(2001), 331-336.

[6] J. Sdndor, M. Bencze, On Huygens’ trigonometric inequality, RGMIA Res.
Rep. Collection, 8, 3 (2005), art. 14.

[7] J. Sdndor, A note on certain Jordan type inequalities, RGMIA Res. Rep.
Collection, 10, 1 (2007), art. 1.

[8] J. Sandor, Selected chapters of geometry, Analysis and number theory:
Classical topics in new perspectives, Lambert Acad. Publ., 2008.

[9] J. B. Wilker, Problem E3306, Amer. Math. Monthly, 96 (1989), 55.

[10] S. -H. Wu, H. M. Srivastava, A weighted and exponential generalization
of Wilker’s inequality and its applications, Integral Trans. Spec. Funct.,
18, 8 (2007), 525-535.

Received: February 19, 2012



ActA UNIV. SAPIENTIAE, MATHEMATICA, 4, 2 (2012) 154-167

&

Spaces of entire functions represented by
vector valued Dirichlet series of slow
growth

G. S. Srivastava Archna Sharma
Indian Institute of Technology Roorkee Indian Institute of Technology Roorkee
Department of Mathematics Department of Mathematics
Roorkee, India Roorkee, India
email: girssfma@iitr.ernet.in email: gs91490@gmail . com

Abstract. Spaces of all entire functions f represented by vector val-
ued Dirichlet series and having slow growth have been considered. These
are endowed with a certain topology under which they become a Frechet
space. On this space the form of linear continuous transformations is char-
acterized. Proper bases have also been characterized in terms of growth
parameters.

1 Introduction

Let

o0
f(s) = Z ane’™, s =0+ it (o,t are real variables), (1)
n=1
where {an} is a sequence of complex numbers and the sequence {A,} satisfies
the conditions 0 <A1 <Ay < A3...<Ap..., Ay = 00 as n — oo and

) n
nh—>Holo sup N D < oo, (2)
lim sup(Any1 —An) =h >0, (3)
n—oo
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and
log lan| _

—00. (4)

By giving different topologies on the set of entire functions represented by the
Dirichlet series, Kamthan and Hussain [2] have studied various properties of
this space.

Now let a, € E;n = 1,2,..., where (E, || - ||) is a complex Banach space
and (4) is replaced by the condition

lim sup
n—oo n

i loglan|l
im sup ——— =
n—oo An

—00. (5)

Then the series in (1) is called a vector valued Dirichlet series and represents
an entire function f (s). In what follows, the series in (1) will represent a Vector
valued entire Dirichlet series.

Let for entire functions defined as above by (1) and satisfying (2), (3) and
(5),

M(o,f) = M(o)= sup [if (o+it)]l
—oo<t<oo

Then M (o) is called the maximum modulus of f(s). The order p of f(s) is
defined as [1]

loglogM
o= lim sup 2&leM@ 5 ()
0—00 (0)

Also, for 0 < p < oo the type T of f (s) is defined by [1]

T = lim sup 710g M(o)

0—00 eop

, 0<T< .

It was proved by Srivastava [1] that if f (s) is of order p (0 < p < 00) and (2)
holds then f (s) is of type T if and only if

A
T= lim sup —2|an|/®/*.
This implies
. 1
lim sup Ay llan|l'/M = (Tpe)'/. (7)
n—oo

We now denote by X the set of all vector valued entire functions f (s) given by
(1) and satisfying (2), (3) and (5) for which

: log M (o)
lim sup —=

0—00 eop

<T< oo, 0<p< oo
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Then from (7), we have
lim sup A °[lan]|"/M < (Tpe)'/? . (8)
n—oo

From (8), for arbitrary ¢ > 0 and all n > ng (),

An/p
An } <1.

ol | =
Hence, if we put
}\n 7\n/ P
fllq = SN, — > 1
Il E;WMHLT+qweJ az1,

then [[f||q is well defined and for g7 < qg, [[fllq, < [[fllq,. This norm induces a
metric topology on X. We define

It =gl
Mg =) 5o i
2529 T+~ gll

We denote the space X with the above metric A by X,. Various properties of
bases of the space X, using the growth properties of the entire vector valued
Dirichlet series have been obtained in [3]. These results obviously do not hold if
the order p of the entire function f (s) is zero. In this paper we have introduced
a metric on the space of entire function of zero order represented by vector
valued Dirichlet series thereby obtaining various properties of this space.

2 Main results

The vector valued entire function f (s) represented by (1), for which order p
defined by (6) is equal to zero, we define the logarithmic order p* by

, 1 <p* <oo.

For 1 < p* < oo the logarithmic type T* is defined by

log M
T = lim supOgT*(U), 0<T < .

0—00
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In [4] the authors have established that f(s) is of logarithmic order p*, 1 <
p* < 00, and logarithmic type T*, 0 < T* < oo, if and only if

i And(An) _ p*
im sup

— ) 1/(p*=1) 9
W SUP Tl T (o = P ©)

where ¢ (t)is the unique solution of the equation t = o —1. The above formula
can be proved on the same lines as for ordinary Dirichlet series in [5]. Let Y
denote the set of all entire functions f (s) given by (1) and satisfying (2), (3)
and (5), for which

log M (o)

lim sup <T*" < oo, 0<p* < oco.

0—00

Then from (9) we have

MO _ o’

*T* 1/(p*—1) 10
W SUP f Tl = = P T (10)

where ¢(An) = 7\31/9*7]. From (10), for arbitrary € > 0 and all n > ng (¢),

(11)

lanll < exp [— M (An) ] ,

(K- p*(T* + 8)}1/(9*—1)

where K = {p*/(p* — 1)}(9*7” be a constant. For each f € Y, we define the
norm

And(A
Il = Y llanllexp L e
n>1 {K-p*(T* + o 1)} /P

then [|f||« is well defined and for o1 < &, [[flle, < [Ifll«,. This norm induces a
metric topology on Y defined by

v ] 1T — gll«
d(f)g)_;z(x]_i_nf_gna

We denote the space Y with the above metric d by Y4. Now we prove

Theorem 1 The space Yq is a Frechet space.



158 G. S. Srivastava, A. Sharma

Proof. Here, Y4 is a normed linear metric space. For showing that Yq is a
Frechet space, we need to show that Yq is complete. Hence, let {f,} be a
Cauchy sequence in Yq. Therefore, for any given € > 0 there exists an integer
ny = ng (&) such that

d(fy,fq) < €V p,qg>no.

Hence [[f, —fglla <€ ¥V Pp,q>mnp, x> 1T.
Denoting by fp (s) = 3 o, agf)es'xn, fqls) =212, a%q)es““, we have therefore

o0
> lla? — a? - exp - e | <€ (12)
- (K- p*(Tr 4+ o)} /P
for all p,q > mno, « > 1. Since A, — 0o as n — oo, therefore we have
Ha%p] —a%q)ll <eVp,q>npg,andn=1,2,..., ie. for each fixedn=1,2,...,
aT(f )} is a Cauchy sequence in the Banach space E.
Hence there exists a sequence {a,} C E such that

pli_)rgoag) =da,, n=>1.

Now letting ¢ — oo in (12), we have for p > ny,

3l — agl - exp [ M@ ) ] <e (13)
n=1

(K (T 4 a7

Taking p = nyp, we get for a fixed « in (12)

lanl exp 2n'2n)
" (K- p*(T* + a—])}V(P**U

Ha(no)H exp And(An) T
" (K- p*(T* + (x—l)}V(P**U

Now (o) = 570, aMoesAn ¢ Y4, hence the condition (11) is satisfied. For

And(An)
{K-p*(Tr4p—1)}/(P" 1

arbitrary o < 3, we have, ||a$1n°)|| < exp [ ]] for arbitrarily

large n. Hence we have,

And(An) ]

llan|l exp .
n {K . p*(T* + (x—])}]/(p =1

eXp[ 7\n¢57\n171 { j]] 1) 7111 - H +e
(K- o)/ =1 | (T* 4 o)1/ le*=1)  (T* 4 p—1)1/(p*—1)
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Since ¢ > 0 is arbitrary and the first term on the right hand side — 0 as
n — oo, we find that the sequence {a,} satisfies (11) and therefore f(s)
=3, anes™ belongs to Y4. Using (13) again, we have for a=1, 2...,

Ifp — flle < .

Hence

— 1 lifp —flla e« |
d(fy,fl=) ——°> < — <.
(00 = 2 2Ty — 1l = Te 2525

Since the above inequality holds for allp > ng, we finally get f, — fasp — oo
with respect to the metric d, where f € Y. Hence Yy is complete. This proves
Theorem 1. (Il

Next we prove

Theorem 2 A continuous linear transformation \ : Yq — E is of the form

if and only if

A A
Cnl <A-exp nb(n) ) foralln>1,0>1, (14)
{K-p*(T* 4+ o)} /°
where A is a finite, positive number, f = f(s) = Y 27, anes™ and A\ is

sufficiently large.

Proof. Let 1 : Y4 — E be a continuous linear transformation then for any
sequence {f} C Yq such that f,;, — f, we have { (fn) — P (f)as m — oo.
Now, let f(s) = 3 22, anes™ where a/;s € E satisfy (11). Then f € Y4. Also,
let fx (s) = Z];:1 an e, Then fi € Yq for k = 1,2.... Let o be any fixed
positive integer and let 0 < ¢ < «~'. From (11) we can find an integer m such
that

—An¢(An)
{K . p* (T* + 8)}1/(9*_])

[lan|l < exp , Vn>m.
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Then

m
f— Z anes
n=1 o4

=Y el exp [ M) ]

(K (T 4 a7

[e.e]
§ anes?\n

n=m+1

x

n=m-+1
— A (An) o | —Iy=1/(p*—1) x o =1/(p*=1)
< ZHeXp |:(]<p*)1/(p*_]){(-r + ) _(T +€) } <€)
n=m

for sufficiently large values of m.
Hence

— 1 IIf—flla 3
= — <
A ;Z“HHf—mea T

ie. fn — fas m — oo in Yy4. Since 1 is continuous, we have

lim 1 (fin) = (f).

m—o0

Let us denote by C,, =V (e”‘“) . Then

W (fm) = i anlh (e“n) — i anCh.
n=1 n=1

Also |Ch] = U (657‘“) |. Since 1 is continuous on Yy it is continuous on Y
for each o« = 1,2,3.... Hence there exists a positive constant A independent
of o such that

p (es.w — |Cnl <Allplley  a>1

$-An

where p (s) = e, Now using the definition of the norm for p (s), we get

A (An)

[Cnl < Aexp -
i (K- p*(T 4 a1/

], n>1, o>1.

Hence we get P (f) = Y 24 anCrn, where the sequence {Cy} satisfies (14).
Conversely, suppose that ¥ (f) = Y 2, anCn and C; s satisfy (14). Then for
ox>1,

W1 < AY llanlexp [ A(An) ]
n=1

(Ko (T o T}
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ie. W(f)] < Allfllo & > 1.
Now, since d (f,g) = Z(Xz] 2% . %, therefore 1 is continuous. This
completes the proof of Theorem 2. O

3 Linear continuous transformations and proper
bases

Following Kamthan and Hussain [2] we give some more definitions. A subspace
Xo of X is said to be spanned by a sequence {o,} C X if Xy consists of all linear
combinations ) 7 ; cn&n such that ) 07, cnotn converges in X. A sequence
{oen} € X which is linearly independent and spans a subspace Xo of X is said
to be a base in Xg. In particular, if e, € X, en (s) = e™, n > 1, then {e,} is
a base in X. A sequence {a,} C X will be called a ‘proper base’ if it is a base
and it satisfies the condition:

“for all sequences {an} C E, convergence of ) -, |lan|l &, in X implies the

[e.o]

convergence of ) ~°, anen in X”. As defined above, for f € Y, we put [|f, T* +

An@(An)
(Kp*(T=8)}!/tP"=1)

Ol = 2 y>1 llanllexp } . We now prove

Theorem 3 A necessary and sufficient condition that there exists a contin-

wous linear transformation F:Y — Y with F(en) = an, 1 = 1,2,..., where
on €Y, is that for each & >0
1 T+ 8|[V/An *—1 .
lim sup 08 llon + 2l < (p ) (p*T*)*]/p -1, (15)
n—oco (p(}\n) *

Proof. Let F be a continuous linear transformation from Y into Y with F (en) =
oan, N =1,2,... Then for any given & > 0, there exists a 61 > 0 and a constant
K =K' (5) depending on & only, such that

IF(en); T + 8l < K'llen; T* + 8111 = llotn; T + 8|
<K,exp{ (p*];)*l)])\n@()\n*) - }
(T* + &7) ((p¥)e*/e*=1)

= log [|og; T* + 5| V/*

e(An)(p*—1)
(T +8) P71 ((pr)er/e=1)’
log flo; T* + 8 (p* —1)

¢ (An) = p*(prTH)1/e 1"

<o(1)+

= lim sup
n—oo



162 G. S. Srivastava, A. Sharma

Conversely, let the sequence {xy,} satisfy (15) and let « = ) °; anen. Then
we have

i s A @) p*(p )P
woe” P logllanl T = (p* 1)
Hence, given 11 > 0, there exists Ny = Ng (n), such that

*

@ (An) <P
log [|an|[=1/A = (p*—1)

Further, for a given 17 > 1, from (15), we can find Ny = Ny (117) such that for
n> N]

(P (T*+m)} /"1 vn > N,.

log ||atn; T* 4 8||1/An A et
gllon I S(o : >{p (T )} /D,
¢(An) P

Choose n > max(Ng, N7). Then

logH(xn;T*_'_&H]/?\n <T* +1 >1/(9*—])
log [lag |72 = \T* +m

S llanl llown; T* 4811 < Hlanl=T /T 0P g 18 (say)
where B =1— (T*+1/T* +11)/P" 7D > 0. Now from (5) we can easily show
that for any arbitrary large number K > 0, ||an|| < e .
Hence we have for all large values of n, ||an||||oa; T* + 0|l < e
Consequently the series Y °; lanl| [Jon; T* 4+ 8|| converges for each & > 0.
Therefore ) o2, |lan|lon converges to an element of Y. For each « € Y, We
define F(a) = Y 77 an &y . ThenF(en) = an. Now, given & > 0, 387 > 0 such
that

“KpAn

log [Jotn; T* + 8||1/An 1\ L, e
g llocn [ < (p - > {p*(T* +11)} 1/(p*=1)
©(An) p

for all n > N = N(5, 57). Hence

/ —1)A A
= o T* 48] < Kexp{ Lt L 2400 }

p* {p* (T* 4 87)}/7"

where K’ = K'(8) and the inequality is true for all n > 0. Now

IF(0); T+ 8I1 < Y llanlllom; T* + 3

n=1

| *— DAne(A ,
<K Znannexp{ e~ 1) ““’(1791_]}4 s T* -+ 8l
5 o {p" (T +81))
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Hence F is continuous. This proves Theorem 3. U

We now give some results characterizing the proper bases.

Lemma 1 In the space Yq, the following three conditions are equivalent:

log [lotn s T* 45|/ An p*—1 —1/(p*—1
o0 §<p* (p*T*) ~1/lo"=1),

(ii) For any sequence {an} in E, the convergence of >_
that lim ||an|lotn =0 in Y.
n—oo

(i) For each 6 >0, lim sup
n—oo

o0

ne1 Qneén n Y implies

(iii) For any sequence{an} in E, the convergence of 3 7, anen in 'Y implies
the convergence of 3 o2 1 |lanllotn in Y.
Proof. First suppose that (ii) holds. Then for any sequence {an} > 77 ; anen
converges in Y implies that ) 17 ; [|lan|l & converges in Y which in turn implies
that ||an|lon — 0 as 1 — oo. Hence (ii) = (iii).

Now we assume that (iii) is true but (i) is false. Hence for some & > 0, there
exists a sequence {ny} of positive integers such that Vny,, k=1,2,...,

log oty T + 81"/ (p* —1> { 1\ 1)
> P (T ) p e,
(p(}\nk) * k

Define a sequence {a,} as follows:

o T+ 87T, n=n
ol = 4 Iom T4 O, = (16)
0; n # ng
Then, we have for all large values of k,
A A * 1 N
(p( nk])/)\ _ (p( le) 1/}\ < < *p 1) {p*(T*+k)} 1/(p 71)'
log [lan, |77/ "™ log [lotn,; T* + 8/ ™" o=

Hence,

Jim g O < (S ) o
log [[an, [/

Thus {a,} defined by (16) satisfies the condition

. ¢ (An) p* 1/(p*—1)
nvoo P Tog [ag] [/ (p*—l) (PT")

which in view of Theorem 1 above is equivalent to the condition that ) anen

converges in Y. Hence by (iii), lim ||lan|lan = 0. However
n—oo

[Nlanllom,; T 4+ 8[| = [lan, |l - llon; T + 8[| =1,
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Hence lim [lan|lon # 0in Y(p*, T, ). This is a contradiction. Hence (iii)=(i).
n—oo

In the course of proof of Theorem 3 above, we have already proved that

(i)=(ii). Thus the proof of Lemma 1 is complete. O

Next we prove

Lemma 2 The following three properties are equivalent:

(a) For all sequences{an} in E, nh—)ngo anon =0 in Y implies that ) ;- ; Gnen
converges in Y.

(b) For all sequences {an} in E, the convergence of y_
the convergence of Y 21 Gnen.

(C) hm{ lim infw} > (%) (p*T*)—V(D*_])'

5§50 ln=o0 ®(An

[e.9]

o llanllon in Y implies

Proof. Obviously (a)= (b). We now prove that (b)= (c). To prove this, we
suppose that (b) holds but (c) does not hold. Hence

1 T 4 51/An * 1 .
lim { lim inf 281 T+l < (® (p*T*) /"),
50 | n—oo @(An) *

Since log ||an; T + 8|| increases as & decreases, this implies that for each & > 0,

1 ;T 4 8|/ * 1 .
{hm o log [la; T+ 8| }< (pp* >(p*T*)1/<p =

n—oo ©(An)

Hence, if 1 > 0 be a fixed small positive number, then for each r > 0, we can
find a positive number n, such that Vr, we have n, ;1 > n, and

ol T4 et
n—oo @(An)

lim inf = ) {p*(T* 7)) /"D (17)

Now we choose a positive number 17 < 1, and define a sequence {a,} as

A
T\ _ (] An@(An) _
llanll = ( T ) eXp{ ( " ) [or (T4m) /7D } e

0, n#n,

Then, for any & > 0

S lanl - llow; T 481 = 3 llan, Il - llotn,; T* + 81l (18)

n=1 =1
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For any given & > 0, we omit from the above series those finite number of
terms, which correspond to those number n, for which 1/r is greater than 9.
The remainder of the series in (18) is dominated by > 22, [lan,[|-|lotn,; T 1.
Now by (17) and (18), we find that

(o]
S llan |1 flow,; T* 4771

=1
s . An, @ (A T Anr
< Z {exp{— <p - ) n, @ T:r/)( *_])} ( *‘|‘T11> }
- P*J {o*(T*+m) )/ T +m
*_ 1 0 * Any
cond (75) e < 5 (F)
P {p*(T*+n)} =1 +n
Since 17 < 1, therefore the above series on the right hand side is convergent.
For this sequence {an}, Y 77 llanll &y converges in Y (p*, T*,8) foreach & >0

and hence converges in Y.
But we have,

lim sup

n—oo " log [|an|[~1/An

©(An) _< p*
= (5

) f" (T )/

which contradicts (10). This proves (b) =(c).

Now we prove that (c)=(a). We assume (c) is true but (a) is not true. Then
there exists a sequences {a,} of complex numbers for which ||an|locn, — 0in Y,
but Y 2 anen does not converge in Y. This implies that

. @ (An) p* 1/(p*=1)
1 > *T)1/(p
ntoo T Jog lan 1/ <p*—1> PT")

Hence there exists a positive number ¢ and a sequence {ny} of positive integers
such that

eAn) (P
log lan[[=1/An p*—1

) (T + e/, ¥n=m

We choose another positive number n < ¢/2 . By assumption we can find a
positive number b i.e. 8 = 6 (1) such that

lim inf

log [lotn, T* + 8||V/A= (p*—1
n—oo @ (An)

= ) for (T )/,
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Hence there exists N = N (1), such that

log [|otn, T + §|[1/An - <p* —1
(P(An) -

ES

) T L2/ v s N,

Therefore
max || lanlloon; T* + 8|| = max {/lan| - llon; T + 811}

> max {||an,[| - [lotm, ; T* + I}

> exp —An @ (A ) (P* — 1)
= o {p*(T* + ¢) }1/(9*4)

A A * 1
y exp{ * n:@(* n ) (P 1/(9*)1)} o
p*{p*(T* +2n) }

for iy > N as ¢ > 2n.

Thus {||an]] on} does not tend to zero in Y (p*, T*, 8) for the & chosen above.
Hence {|lan|| on} does not tend to 0 in Y and this is a contradiction. Thus
(¢c)=(a) is proved. This proves Lemma 2. O

Lastly we prove:

Theorem 4 A base {on} in a closed subspace Yy of Y is proper if and only if
the conditions (i) and (c) stated above are satisfied.

Proof. Let {«,} be a proper base in a closed subspace Yy of Y. Hence for
any sequence of complex number {an} the convergence of ) 7, |lan|l &, in
Yo implies the convergence of } 7, anen in Yy. Therefore (b) and hence (c)

is satisfied. Further the convergence of ) 7 anen in Yy is equivalent to the
condition
. ©(An) p* 1/(p*—1
lim su = *T)1/le7=1)
s o = () 0T

Now let & = ) 7, anen. Then proceeding as in second part of the proof of
Theorem 1, we can prove that > -, |lan|l oy converges to an element of Yy
and thus (ii) is satisfied. But (ii) is equivalent to (i). Hence necessary part of
the theorem is proved.

Conversely, suppose that conditions (i) and (c¢) are satisfied, with {&,} being
a base in a closed subspace Yy of Y. Then by Lemma 2, we find that for any
sequence {an} in E, convergence of 7, |lan|| &n in Yy implies the convergence
of 3 27, anen in Yy. Therefore {otn} is a proper base of Yp. This concludes the
proof. O
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Abstract. In this note, we investigate that a ring R is a right zip ring if
and only if skew monoid ring R+ G (induced by a monoid homomorphism
A: G — Aut(R)) is a right zip ring when R is a right (G, A)-McCoy ring,
where G be a u.p.-monoid. Moreover, we study the relationship between
right zip property of a ring R and skew generalized power series ring
R[[G, w]] (induced by a monoid homomorphism w : G — End(R)) over
R when R is (G, w)-Armendariz and G-compatible, where G is a strictly
ordered monoid, which provides a unified solution to the questions raised
by Faith [9].

1 Introduction

Throughout this article, R and G denote an associative ring with identity
and monoid, respectively. For any subset X of a ring R, rg(X) denotes the
right annihilator of X in R. Faith [8] called a ring R right zip provided that
if the right annihilator rg(X) of a subset X of R is zero, then there exists a
finite subset Y C X such that rgr(Y) = 0; equivalently, for left ideal L of R
with rg(L) = 0, there exists a finitely generated left ideal Ly C L such that
rR(L7) = 0. R is zip if it is both right and left zip. The concept of zip rings was
initiated by Zelmanowitz [31] and appeared in various papers [3, 4, 7, 8, 9] and
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Key words and phrases: zip ring, (G,A)-Armendariz ring, right (G,A)-McCoy ring, S-
compatible ring, (G, w)-Armendariz ring, skew monoid ring, skew generalized power series
ring
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references therein. Zelmanowitz stated that any ring satisfying the descending
chain conditions on right annihilators is a right zip ring, but the converse does
not hold. Beachy and Blair [3] studied rings that satisfy the condition that
every faithful right ideal I of a ring R (a right ideal I of a ring R is faithful if
TR(I) = 0) is cofaithful (a right ideal I of a ring R is cofaithful if there exists a
finite subset Iy C I such that rg(I;) = 0). Right zip rings have this property
and conversely for commutative ring R.

Extensions of zip rings were studied by several authors. Beachy and Blair
[3] showed that if R is a commutative zip ring, then polynomial ring R[x] over
R is a zip ring. Afterwards, Cedo [4] proved that if R is a commutative zip
ring, then the n x n full matrix ring Mat,(R) over R is zip; moreover, he
settled negatively the following questions which were posed by Faith [8]: Does
R being a right zip ring imply R[x] being right zip?; Does R being a right zip
imply Maty, (R) being right zip?; Does R being a right zip ring imply R[G] being
right zip when G is a finite group? Based on the preceding results, Faith [9]
again raised the following questions: When does R being a right zip ring imply
R[x] being right zip?; Characterize a ring R such that Mat,(R) is right zip;
When does R being a right zip ring imply R[G] being right zip when G is a
finite group? Also he proved that if R is a commutative ring and G is a finite
Abelian group, then the group ring R[G] of G over R is zip.

In [14], Hong et al. studied above questions and proved that R is a right zip
ring if and only if R[x] is a right zip ring when R is an Armendariz ring. They
also showed that if R is a commutative ring and G a u.p.-monoid that contains
an infinite cyclic submonoid, then R is a zip ring if and only if R[G] is a zip ring.
Further, Cortes [7] studied the relationship between right (left) zip property of
R and skew polynomial extensions over R by using skew versions of Armendariz
rings and generalized the results of Hong et al. [14]. Later, Hashemi [10] showed
that R is a right zip ring if and only if R[G] is a right zip ring when R be a
reversible ring and G a strictly totally ordered monoid. In this paper, we
prove the above mentioned results to skew monoid ring R * G (induced by a
monoid homomorphism A : G — Aut(R)) and skew generalized power series
ring R[[G, w]] (induced by a monoid homomorphism w : G — End(R)).

This paper is organized as follows. In Section 2, we introduce the concept
of right (G,A)-McCoy ring and extend the above mentioned results proved
by Hong et al. [14], Cortes [7] and Hashemi [10] to skew monoid ring R * G
(induced by a monoid homomorphism A : G — Aut(R)). In Section 3, we
discuss a unification of the above extensions and prove that if R is (G, w)-
Armendariz ring and G-compatible, then skew generalized power series ring
R[[G, w]] (induced by a monoid homomorphism w : G — End(R)) is right zip
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if and only if R is right zip. This provides a unified generalization of the results
due to Hong et al. [14] and Cortes [7].

2 Right zip skew monoid rings

In this section, we study the fundamental concept of a skew monoid ring
and give the definition of right (G, A)-McCoy ring which is a generalization of
right G-McCoy ring. Moreover, we investigate a relationship between right zip
property of a ring R and skew monoid ring R * G over R, and we also extend
some results of [7, 10, 14].

Definition 2.1 A monoid G is called a unique product monoid (or a u.p.-
monoid) if for any two nonempty finite subsets A,B C G there exist a € A
and b € B such that ab # a’b’ for every (a’,b’) € AxB\{(a,b)}; the element
ab is called a u.p.-element of AB={cd:c € A,d € B}.

The class of u.p.-monoids includes the right and left totally ordered monoids,
submonoids of a free group, and torsion-free nilpotent groups (for details see
[23, 24] ).

From [15, 22], let R be a ring and G a u.p.-monoid. Assume that there exists

a monoid homomorphism A : G — Aut(R). We denote by A9(r) the image of

r € Runder g € G. Then we can form a skew monoid ring R * G (induced

by the monoid homomorphism A : G — Aut(R)) by taking its elements to
n

be finite formal combinations ) aigi, where a; € R, gi,€ G for all i, with

i=1
multiplication rule defined by gr = A9(r)g.

It is well known that if R is a commutative ring and f(x) is a zero divisor
in R[x], there is a nonzero element r € R with f(x)r = 0, as proved by McCoy
[26, Theorem 2|. Based on this result, Nielsen [28] called a ring R right McCoy
if for each pair of nonzero polynomials f(x),g(x) € R[x] with f(x)g(x) = 0
there exists a nonzero element r € R with f(x)r = 0. Left McCoy ring can
be defined similarly. A ring R is McCoy if it is both right and left McCoy.
Thus every commutative ring is McCoy. Further, Hashemi [10] generalized the
concept of McCoy ring to monoid ring and called a ring R right G-McCoy ring
(right McCoy ring relative to monoid) if whenever 0 # o« = ajg1+axga+-- -+
angn,0 # B = byhy + byhy + -+ + byhy € RIG], with ai,bj € R, gi,hj e G
satisfy «ff = 0 implies oor = 0 for some nonzero r € R. The left G-McCoy
ring can be defined similarly. If R is both right and left G-McCoy, then R is
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G-McCoy. Here, we extend the concept of McCoy ring to skew monoid ring
R* G (induced by a monoid homomorphism A : G — Aut(R)) with the help of
a construction of skew monoid rings R * G.

Definition 2.2 Let R be a ring, G a u.p.-monoid and A : G — Aut(R) a

monoid homomorphism. A ring R is called right (G,\)-McCoy if whenever
n m

X = Z aigi, p = ijhj € R G, with ai,b]‘ € R, gi,hj € G satisfy a3 =0,
iz =1

then or =0 or A" 9% (ai)r = 0 for some nonzero v € R. The left (G,A)-McCoy

ring is defined similarly. If R is both right and left (G,\)-McCoy, then R is

(G,A)-McCoy.

Example 2.3 We give some special cases of right (G,A)-McCoy rings.

(1) Suppose G be trivial order monoid and A = 1 : G — Aut(R) a monoid
homomorphism. Then R is right (G, A)-McCoy if and only if R is right G-
McCoy. Thus right G-McCoy [10] is special case of right (G,\)-McCoy.

(2) Suppose G = (NU{0},+) and A =1:G — Aut(R). Then R is right (G,A)-
McCoy if and only if R is right McCoy. Thus right McCoy [28] is special
case of right (G,\)-McCoy.

In the following theorem, we extend the results of Hong et al. [14, Theo-
rem 11, Corollary 13, Proposition 14, Theorem 16 and Corollary 17 ], Cortes [7,
Theorem 2.8(i)] and Hashemi [10, Theorem 1.25 and Corollary 1.26] to skew
monoid ring R * G (induced by a monoid homomorphism A : G — Aut(R))
using right (G, A)-McCoy ring, and also provides a generalized solution to the
questions posed by Faith [9] for noncommutative zip rings.

Theorem 2.4 Let G be a u.p.-monoid and A : G — Aut(R) a monoid homo-
morphism. If R is a right (G,A)-McCoy ring, then R is right zip if and only if
R G is right zip.

Proof. Suppose R is right zip and Y a nonempty subset of R * G such that

TR+g(Y) = 0. Let V be the set of all coefficients of elements of Y and de-

fined by V = Cy = |J Cq such that C4 = {A7%(q;) : 1 < i < n}, where
xeY

n
o = ) aigi € Rx G. Take any a € rR(V) then a € rr(|J Cq) which im-

i=1 xeY
plies a € 1R(Cy) for all « € Y. Thus a € Treg(ax) = 0 for all x € Y.

Therefore 1g(V) = 0. Since R is right zip, there exists a nonempty subset
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= (A% (ai,),A %2 (ay,),...,A 9 (ay, )} such that Tg(Vy) = 0. For each
7\ 91 (al) € Vi, there exists aj; € Y such that some of the coefficients of
oy, are aj for each 1 < j < m. So we have Yo = (&), Xiyy ooy i, be a
nonempty subset of Y whose some of the coefficients are aj; foreach T <j <mn.
Suppose Vy be a set of all the coefficients of Yy. Then V7 C V, which im-
plies Tr(Vo) C 1r(V7) = 0. Now we will show that rr.g(Yy) = 0. Consider
TReG(Yo) # 0, 50 0 #£ B € TRec(Yp) which gives aiy,p = 0 for all oty € Yo.
Since R is right (G,A)-McCoy, there exists a nonzero element r; € R with
a1 = 0 for all o, € Yo. Thus A% (aij)n =0 for each 1 < j < n, it fol-
lows that r1 € rr(V;) = 0. Therefore 1 = 0, which is a contradiction and so
TR+G(Yo) = 0. Hence R % G is a right zip ring.
Conversely, suppose RxG is right zip and V a nonempty subset of R such that
TR(V) = 0. Then 1g.g(V) = 0. Since Rx* G is right zip, there exists a nonempty
subset V7 of V such that rg.g(V7) = 0. Thus 1g(V71) = 1r+g (V1) N R = 0. Hence

R is right zip. ([l

In 1974, Armendariz 2] proved that aib; = 0 for every i and j whenever

polynomials f(x Z aixt, g(x Z bjx) € Rix] over a reduced ring R (a
i=0

ring R with no nonzero nilpotent elements) satisfy f(x)g(x) = 0, where x is
an indeterminate over R, following which, Rege and Chhawchharia [29] called
such a ring (not necessarily reduced) an Armendariz ring.

Recall for a ring R and a ring automorphism o : R — R, the skew polynomial
ring R[x; o] (skew Laurent polynomial ring R[x,x~; 0]) consists of polynomials

m .
in the form f(x Z aix' (f(x) = Y bjx)), where the addition is defined as
]'_

usual and multlphcatlon defined by the rule xa = o(a)x (x 'a = o7 '(a)x)
for any a € R. In [13], Hong et al. extended Armendariz property to skew
polynomial ring R[x; o] and defined that a ring R With an endomorphism o is

o-skew Armendariz if whenever polynomials f(x Z aixt, g(x Z by €

R[x; 0] satisfy f(x)g(x) = 0 which implies a;o (b]) = 0 for every i and j.
Further, Liu [21] introduced the concept of Armendariz ring relative to monoid
as is a generalization of Armendariz ring and called a ring R G-Armendariz
ring (Armendariz ring relative to monoid), if whenever elements o = a;gy +
ag2+...+angn, B =brhi+brho+...+bnhy € RIG] satisfy o« = 0 implies
aib; = 0 for each 1 and j, where aj, b; € R, gi,hj € G and G is a monoid. Now
we define Armendariz ring to skew monoid ring R * G.

Definition 2.5 Let R be a ring, G a u.p.-monoid and A : G — Aut(R) a
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monoid homomorphism A ring R is called (G, A)-Armendariz if whenever o =

Zalgl, B—th € R+ G, with ai,b; € R, gi,hj € G satisfy «p =0, then
al?\gl( i) =0 for all i,j.

Notice that all the above mentioned classes of Armendariz rings are special
cases of (G, A)-Armendariz, whereas (G, A)-Armendariz ring is a special case of
(G, w)-Armendariz ring which was investigated by Marks et al. [24] (for details
see section 3). It is also clear from the definition 2.1 and definition 2.4 that
every (G,A)-Armendariz ring is a right (G,A)-McCoy ring. In the following
example, we show that converse need not be true.

Given a ring R and a bimodule gMp, the trivial extension of R by M
is the ring T(R,M) = R@P M with usual addition and the multiplication
(ry, mq)(r2, my) = (172, 71 My + My72), where 172 € R and mym, € M.

Example 2.6 There exists a right (G,\)-McCoy ring which is not (G,A)-
Armendariz.

Proof. Let Zg be a ring of integers of modulo 8 then its trivial extension is
T(Zs,Zsg). Suppose A : G — Aut(T) defined by A9(a,b) = (b, a), for any g € G
and (a,b) € T(Zg,Zg), where G be a u.p.-monoid. It is easy to check that A is a
monoid homomorphism. Assume e, g € G with e # g and « = (4,0)e+(4,1)g,
B = (0,4)e + (1,4)g € R+ G. Then «ff = 0, while (4,0)A9(1,4) # 0. Thus
T is not (G,A)-Armendariz. Consider a nonzero element t = (4,0) € T, so
at = ((4,0)e+ (4,1)g)(4,0) = 0. Therefore R is a right (G,A)-McCoy ring. [J

Now, we get the following corollary.

Corollary 2.7 Let G be a u.p.-monoid and A : G — Aut(R) a monoid homo-
morphism. If R is (G, A)-Armendariz then R is right zip if and only if R+ G is
right zip.

Proof. Since R is a (G, A)-Armendariz ring so R is a right (G,A)-McCoy ring.
Thus by Theorem 2.4, R is right zip if and only if R x G is right zip. U
We also deduce some important results as corollaries of above theorem.
Recall that a ring R is called reversible if ab = 0 implies ba = 0 for all
a,b € R. Let (G, <) be an ordered monoid. If for any g,g’,h € G,g < ¢’
implies that gh < g’h and hg < hg’, then (G, <) is called strictly ordered
monoid.
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Corollary 2.8 (Hashemi [10, Theorem 1.25]) Let R be a reversible ring
and G a strictly totally ordered monoid. Then R is right zip if and only if R[G]
is Tight zip.

Proof. Since R is reversible ring and G a strictly totally ordered monoid, by
[10, Corollary 1.5], R is a G-McCoy ring. Suppose A = 1 : G — Aut(R) a
monoid homomorphism then R is right (G, A)-McCoy ring if and only if R is a
right G-McCoy ring. Thus by Theorem 2.4, R is right zip if and only if R[G] is
right zip. O

Definition 2.9 A ring R is called right duo if all right ideals are two sided
ideals. Left duo rings are defined similarly, and a ring is called duo if it is both
right and left duo.

Corollary 2.10 Let R be a right duo ring and G a strictly totally ordered
monoid. Then R is right zip if and only if R[G] is right zip.

Proof. Since R be a right duo ring and G a strictly totally ordered monoid,
by [10, Theorem 1.8], R is a right G-McCoy ring. Suppose A =1: G — Aut(R)
a monoid homomorphism then R is a right (G, A)-McCoy ring if and only if R
is a right G-McCoy ring. Thus by Theorem 2.4, R is right zip if and only if
R[G] is right zip. O

The following definition is taken from [7].
Definition 2.11 (1) A ring R satisfies SA1 if for f(x Z aix' and g(x) =

m .

2 b in R[x; 0], f(x)g(x) = 0 implies that a;o (bj) =0 for all i and j,
j=0

where o be an endomorphism of R.

(2) A ring R satisfies SA3" if for f(x Z aix' and g(x Z bix) in
=p i=q
Rix,x~'; 0], f(x)g(x) = 0 implies that aicri(bj) =0 for all i and j, where o
be an automorphism of R.

Corollary 2.12 (Cortes [7, Theorem 2.8(i)]) Let 0 be an automorphism
of R and satisfies SA1’. The following conditions are equivalent:

(1) R is right zip;

(2) RIx; ol is right zip;
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(3) Rlx,x7"; 0] is right zip.

Proof. (1) & (2) Given o be an automorphism of R and satisfies SAT/(R is a
o-skew Armendariz ring). Suppose G = (NU{0},+) and A(1) = 0. Then R is
a o-skew Armendariz ring if and only if R is a (G,A)-Armendariz ring. Thus
by Corollary 2.7, R is right zip if and only if R[x, o] is right zip.

(1) & (3) Given 0 be an automorphism of R and satisfies SA3’ then by [7,
Lemma 2.3] R satisfies SA1/(R is a o-skew Armendariz ring). Suppose G =
(ZU{0},+) and A(1) = 0. Then R is a o-skew Armendariz ring if and only if R
is a (G,A)-Armendariz ring. Thus by Corollary 2.7, R is right zip if and only
if R[x, xq;cr] is right zip. |

Corollary 2.13 (Hong et al. [14, Theorem 11]) Let R be an Armendariz
ring. Then R is a right zip ring if and only if R[x] is a right zip ring.

Proof. Since Armendariz ring is a special case of (G,A)-Armendariz when
G =(NU{0},+) and A =1: G — Aut(R). Thus by Corollary 2.7, R is a right
zip ring if and only if R[x] is a right zip ring. O

Corollary 2.14 (Hong et al. [14, Propsition 2]) Let R be a reduced ring
and G a u.p.-monoid. Then R is right zip if and only if R[G] is right zip.

Proof. Since R be a reduced ring and G a u.p.-monoid, by [21, Proposition 1.1]
R is G-Armendariz. Suppose A = 1: G — Aut(R) a monoid homomorphism
then R is a (G,A)-Armendariz ring if and only if R is a G-Armendariz ring.
Thus by Corollary 2.7, R is right zip if and only if R[G] is right zip. O

Corollary 2.15 (Hong et al. [14, Theorem 16]) Suppose that R is a com-
mutative ring and G a u.p.-monoid that contains an infinite cyclic submonoid.
Then R is a zip ring if and only if R[G] is a zip ring.

3 Skew generalized power series rings

In this section, we study the concept of skew generalized power series rings,
(G, w)-Armendariz rings and G-compatible rings which were introduced by
Mazurek et al. [25]. Moreover, we investigate a relationship between right zip
property of a ring R and skew generalized power series ring R[[G, w]] over R.
This relationship generalizes some of the results of [7, 14].
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Recall from [24, 25] that for a construction of skew generalized power se-
ries ring, we need some definitions. Let (G, <) be a partially ordered set.
Then (G, <) is called artinian if every strictly decreasing sequence of elements
of G is finite, and (G, <) is called narrow if every subset of pairwise order-
incomparable elements of G is finite. Thus, (G, <) is artinian and narrow if
and only if every nonempty subset of G has at least one but only a finite
number of minimal elements.

An ordered monoid is a pair (G, <) consisting of a monoid G and an order
< on G such that for all a,b,c € G, a < b implies ca < cb and ac < bec.
An ordered monoid (G, <) is said to be strictly ordered if for all a,b,c € G,
a < b implies ca < cb and ac < be.

Let R be a ring, (G, <) a strictly ordered monoid and w : G — End(R) a
monoid homomorphism. For s € G, let ws denote the image of s under w,
that is, ws = w(s). Let A be the set of all functions « : G — R such that the
supp(a) ={s € G : a(s) # 0} is artinian and narrow. Then for any s € G and
o, B € A the set

Xs(et, B) ={(x,y) € supp(a) x supp(p) : s = xy}

is finite. Thus one can define the product «f3 : G — R of &, € A as follows:

(@B)(s) = D alx)- wdBly)).

(xy)€Xs(o,B)

With pointwise addition and multiplication as defined above, A becomes a
ring, called the ring of skew generalized power series with coefficients in R and
exponents in G (see [25]), denoted by R[[G, w, <]] (or by [[G, w]]). The skew
generalized power series ring R[[G, w]] is a compact generalization of (skew)
polynomial rings, (skew) Laurent polynomial rings, (skew) power series rings,
(skew) group rings, (skew) monoid rings, Mal'cev Neumann Laurent series
rings and generalized power series rings.

The symbol 1 denote the identity elements of the multiplicative monoid G,
the ring R, and the ring R[[S, w]], as well as the trivial monoid homomor-
phism w = 1: G — End(R) that sends every element of G to the identity
endomorphism.

To each r € R and s € G, we associate elements c,, es € R[[G, w]] defined by

r if x=1 1 if x=s
Cr(x) = { . ) es(x) = { .
0 if xe G\ {1} 0 if xe G\ {sh
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It is clear that r — ¢, is a ring embedding of R into R[[G, w]] and s — es is
a monoid embedding of G into a multiplicative monoid of ring R[[S, w]], and
esCr = Cy, (r)€s- Moreover, for each nonempty subset X of R we put X[[G, w]] =
{oc € RIG, w]] : «(s) € XU {0} for every s € G} denotes a subset of R[[G, w]],
and for each nonempty subset Y of R[[G, w]] we put Cy ={B(t) : B € Y,t € G}
denotes a subset of R.

In [18], Kim et al. studied a stronger condition than Armendariz and defined
a ring R is called powerserieswise Armendariz if whenever power series f(x) =
o0
5 aixt and g(x) = Z]?io bjx) in R[[x]] satisfy f(x)g(x) = 0 then aib; = 0 for
i
alf i and j. Further, Liu [20] generalized the definition of the powerserieswise
Armendariz to (untwisted) generalized power series ring [[RE=]] (particular
case of Skew generalized power series ring R[[G, w]]) and defined as follows: if R
is a ring and (G, <) is a commutative strictly ordered monoid, then R is called
G-Armendariz if whenever generalized power series o, 3 € R[[G,1]] satisfy
o =0 then x(s)(p(t)) =0 for all s,t € S. With the help of a construction of
skew generalized power series ring R[[G, w]], Marks et al. [24] introduced the
concept of Armendariz property to skew generalized power series ring R[[G, w]]
and gave a unified approach to all classes of Armendariz property.

Definition 3.1 Let R be a ring, (G,<) a strictly ordered monoid and w :
G — End(R) a monoid homomorphism. A ring R is called (G, w)-Armendariz
if whenever o« = 0 for o, € RIG,w]], then «(s).ws(B(t)) = 0 for all
s,t € G. If G ={1} then every ring is (G, w)-Armendariz

We recall the definition of compatible endomorphism from [24, Definition 2.3].

Definition 3.2 An endomorphism o of a ring R is compatible if for all a,b €
R, ab=0 & ao(b) =0.

Definition 3.3 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. Then R is G-compatible if ws is compatible
for every s € G.

To prove the main result of this section, we need Lemma 3.4 and Lemma 3.5
which were proved by Marks et al. [24]. Here we quote only the statements.

Lemma 3.4 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. The following conditions are equivalent:



178 A. B. Singh, V. N. Dixit

(1) R is G-compatible;
(2) for any a € R and any nonempty subset Y C R[[G, w]],
ae annf(Cy) &S cq € ananG’w”(Y).
Proof. See [24, Lemma 3.1]. O

Lemma 3.5 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. If R is G-compatible, then for any nonempty

subset X C R, ann¥(X)[[G, w]] = annrR[[G’wH(X[[G, wl]).

Proof. See [24, Lemma 3.2]. O

Now, we are able to prove the main theorem of this section. The following
theorem generalizes Corollary 2.7 (Section 2), Hong et al. [14, Theorem 11,
Corollary 13 and Proposition 14 |, Cortes [7, Theorem 2.8] and propose a
unified solution to the questions raised by Faith [9].

Theorem 3.6 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. IfR is (G, w)-Armendariz and G-compatible
then R[[G, w]] is right zip if and only if R is right zip.

Proof. Suppose that R[[G, w]] is a right zip ring. We show that R is a right
zip ring. For this consider Y C R with rg(Y) = 0. Since Y C R, so we put
YI[G,w]] = {x : afs) € Rand s € G} C R[G,w]]. Let any B € Tgig,w]
(YI[G, w]]). Then «f = 0 which implies «(s)B(t) =0 for all s,t € G since R is
G-compatible and (G, w)-Armendariz. Thus f(t) € rr((s)) = 0 for all x(s) €
R which implies 3 = 0 for all B € R[[G, w]]. It follows that Tgg oy (YIIG, w]])
= 0. Since R[[G, w]] is a right zip ring, there exists a subset V C Y[[G, w]]
such that TG« (V) = 0. Then we put Cy ={y(u):u € S and y € V}is a
subset of Y. By Lemma 3.4, for any a € mr(Cv) & cq € Trig,w)(V) since R is
G-compatible. Thus we have rgr(Cy) = 0. Hence R is a right zip ring.
Conversely, suppose R is a right zip ring and a subset U C R[[G, w]] with
TRiG,w) (W) = 0. We put Cy = {B(t) : p € U and t € G} which is nonempty
subset of R. By Lemma 3.4, for any p € mr(Cu) & ¢p € TRy ey (U) since R
is G-compatible. Thus rgr(Cy) = 0. Since R is a right zip ring, there exists a
nonempty subset X C Cy such that rg(X) = 0. So we put X[[G,w]] = {«x €
RI[G, w]] : «(s) € XU{0} and s € G}. Thus by Lemma 3.5, Tg(g, o) (X[[G, w]]) =
R(X)[[G, w]] = 0 since R is G-compatible. Therefore R[[G, w]] is right zip. O

Now, we get following result as corollary which was proved by Cortes [7].
To get Corollary 3.8, we need the following definition.
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Definition 3.7 ([7, Definition 2.2(ii)]) A ring R satisfies SA2' if for f(x) =

'Zo aixt and g(x) = Y 2 byx in Rl[x, ol], f(x)g(x) = 0 implies that a;o*(bj) =
1=
0 for all i and j, where o be an endomorphism of R.

Corollary 3.8 (Cortes [7, Theorem 2.8(ii)]) Let o be an automorphism
of R and R satisfies SA2’. The following conditions are equivalent:

(1) R is right zip;
(2) Rllx, oll is right zip.

Proof. Suppose G = (NU{0},+) and w(1) = 0. Then R satisfies SA2’ if and
only if R is (G, w)-Armendariz. Thus by Theorem 3.6, R is right zip if and
only if R[x, o] is right zip. O
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Abstract. In this paper, we study the differential geometry of con-
tact CR-submanifolds of a Kenmotsu manifold. Necessary and sufficient
conditions are given for a submanifold to be a contact CR-submanifold
in Kenmotsu manifolds. Finally, the induced structures on submanifolds
are investigated, these structures are categorized and we discuss these
results.

1 Introduction

In [4], K. Kenmotsu defined and studied a new class of almost contact
manifolds called Kenmotsu manifolds. The study of the differential geome-
try of a contact CR-submanifolds, as a generalization of invariant and anti-
invariant submanifolds, of an almost contact metric manifold was initiated by
A. Bejancu [3] and was followed by several geometers. Several authors studied
contact CR-submanifolds of different classes of almost contact metric mani-
folds given in the references of this paper.

The contact CR-submanifolds are rich and interesting subject. Therefore we
continue to work in this subject matter.
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Key words and phrases: Kenmotsu manifold, CR-submanifold and contact CR-
submanifold
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The purpose of this paper is to study the differential geometric theory of
submanifolds immersed in Kenmotsu manifold. We obtain the new integrabil-
ity conditions of the distributions of contact CR-submanifolds and prove some
characterizations for the induced structure to be parallel.

2 Preliminaries

In this section, we give some notations used throughout this paper. We recall
some necessary facts and formulas from the Kenmotsu manifolds. A (2m+1)-
dimensional Riemannian manifold (M, g) is said to be a Kenmotsu manifold
if there exist on M a (1, 1) tensor field @, a vector field &(called the structure
vector field) and 1-form 1 such that

e’ =-1+n®E nE) =1, e&=0, nop =0, (1)

gleX,eY) =g(X,Y) —n(Xn(Y), n(X) =g(X,&)
and B B
(Vx@)Y = g(@X, V)& —n(Y)@X, Vx&=X-—-n(X)E, (2)

for any X,Y € I'(TM), where V is a Levi-Civita connection on M and I'(TM)
denotes the set of all differentiable vectors on M [5].

A plane section 7t in TyM is called a @-section if it is spanned by X and ¢@X,
where X is a unit tangent vector orthogonal to &. The sectional curvature of a
@-section is called a @-holomorphic sectional curvature. A Kenmotsu manifold
with constant ¢-holomorphic sectional curvature c is said to be a Kenmotsu
space form and it is denoted by M(c). The curvature tensor R of a M(c) is
also given by

) tetnzx—ox,2m+ (S5 ) mixn(z)y
— n(YMZ)X+n(V)g(X,2)E —n(X)g(Y, Z2)E + g(X, eZ) @Y
— gV, 0Z)X +2g9(X, @Y)@Z}, (3)

for any X,Y,Z € T(TM) [1].

Now, let M be an isometrically immersed submanifold in M. In the rest of
this paper, we assume the submanifold M of M is tangent to the structure
vector field &. Then the formulas of Gauss and Weingarten for M in M are
given, respectively, by

R(X,Y)Z = (

VxY = VxY + h(X,Y) (4)
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and
VxV = —AyX + VxV (5)

for any X,Y € T(TM) and V € I'(T+*M), where V and V denote the Rieman-

nian connections on M and M, respectively, h is the second fundamental form,
V- is the normal connection on the normal bundle T*M and Ay is the shape
operator of M in M. It is well known that the second fundamental form and
the shape operator are related by formulae

9(AvX,Y) = g((h(X,Y), V), (6)

where, g denotes the Riemannian metric on M as well as M. For any subman-
ifold M of a Riemannian manifold M, the equation of Gauss is given by

RIX,Y)Z = R(X,Y)Z+ Anxz)Y — Anyzy X + (Vxh)(Y, Z)
(Vyh)(X, Z), (7)

for any X,Y,Z € T'(TM), where R and R denote the Riemannian curvature
tensors of M and M, respectively. The covariant derivative Vh of h is defined
by

(Vxh)(¥,Z) = Vxh(Y, Z) = h(VxY, Z) = h(VxZ,Y), (8)

and the covariant derivative VA is defined by
(VXAWY = Vx(AVY) = AgiyY — AvVxY, )

for any X,Y,Z € I(TM) and V € T(T*M).
The normal component of (7) is said to be the Codazzi equation and it is
given by
(RX,V)Z)* = (VxR)(Y,Z) = (Vyh)(X, Z), (10)

where (R(X,Y)Z)T denotes the normal part of R(X,Y)Z. If (R(X,Y)Z)*+ =0,
then M is said to be curvature-invariant submanifold of M.
The Ricci equation is given by

g(R(X,Y)V,U) = g(RH(X, V)V, U) + g([Au, AvIX, Y), (11)

for any X,Y € I'(TM) and U,V € I'(T-M), where R+ denotes the Riemannian
curvature tensor of the normal vector bundle T*M and if R+=0, then the
normal connection of M is called flat [6].
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Taking into account (3) and (11), we have
c+1

gRE XYV U) — ( ){g(x,cpvm(u,cpv)g(v,@vm((px,u)

+ 29(X, 9Y)g(eV,U) + g([Av, AulX, Y)}, (12)

for any X,Y € I(TM) and U,V € I'(T+M).
By using (3) and (7), the Riemannian curvature tensor R of an immersed
submanifold M of a Kenmotsu space form M(c) is given by

RIX,YIZ = <C;3>{9(Y,Z)X—g(x,zw}+(‘T){n(xm(zw
— n(Ym(Z)X+n(Y)g(X, 2)& =n(X)g(Y, 2)& + g(X, Z)PY

— gV, @Z)PX+2g(X, @Y)PZ} + Apyv )X — Anx,z2) Y- (13)

From (3) and (10), for a submanifold, the Codazzi equation is given by

T2 - (Oxz) = (S5 90 o2y - gl 2P

+ 29(X,@Y)FZ}. (14)

3 Contact CR-submanifolds of a Kenmotsu mani-
fold

Now, let M be an isometrically immersed submanifold of a Kenmotsu manifold

M. For any vector X tangent to M, we set
X = PX+ FX, (15)

where PX and FX denote the tangent and normal parts of @X, respectively.
Then P is an endomorphism of the TM and F is a normal-bundle valued 1-form
of TM..

The covariant derivatives of P and F are, respectively, defined by

(VxP)Y = VxPY — PUxY (16)
and
(VxF)Y = VxFY — FUxY. (17)

In the same way, for any vector field V normal to M, @V can be written in

the following way;
@V =BV +CV, (18)
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where BV and CV denote the tangent and normal parts of @V, respectively.
Also, B is an endomorphism of the normal bundle T*M of TM and C is an
endomorphism of the subbundle of the normal bundle T-M.

The covariant derivatives of B and C are also, respectively, defined by

(VxB)V = VxBV — BVxV (19)

and
(VxC)V = VxCV — CVx V. (20)
Furthermore, for any X,Y € I'(TM), we have g(PX,Y) = —g(X,PY) and
U,V € I'(T+M), we get g(U,CV) = —g(CU, V). These show that P and C
are also skew-symmetric tensor fields. Moreover, for any X € I'(TM) and V €
I'(T+M) we have

which gives the relation between F and B.

Definition 1 Let M be an isometrically immersed submanifold of a Kenmotsu
manifold M. Then M is called a contact CR-submanifold of M if there is a
differentiable distribution D : p — Dy C T,(M) on M satisfying the following
conditions:

i) £ €D,

i) D is invariant with respect to @, i.e., @Dy C T,(M) for each p € M,

and

i) the orthogonal complementary distribution D+ : p — Df; C T,(M)
satisfies (pDé - TPLM for each p € M.

For a contact CR-submanifold M of a Kenmotsu manifold, for the structure
vector field & € T(D) C I'(TM), from (1), we have

@£:P£+FE:0>

which is equivalent to
PE =FE =0. (22)

Furthermore, applying ¢ to (15), by using (1), (18), we conclude that
P24+ BF=-1+n®§&and FP + CF = 0. (23)
Similarly, applying ¢ to (18), making use of (1), (15), we have

C?4+FB = —I and PB+BC =0. (24)
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Proposition 1 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. Then the invariant distribution D has an almost contact metric structure
(P, &,m,9) and so dim (Dp) = odd for each p € M.

Now, we denote the orthogonal distribution of @(D=) in T*M by v. Then we
have the direct decomposition

T*M = ¢(D') @ v and (D) Lv. (25)

Here we note that v is an invariant subbundle with respect to ¢ and so
dim(v) = even.

Theorem 1 Let M be an isometrically immersed submanifold of a Kenmotsu

manifold M. Then M is a contact CR-submanifold if and only if FP = 0.

Proof_. We assume that M is a contact CR-submanifold of a Kenmotsu man-
ifold M. We denote the orthogonal projections on D and D+ by R and S,
respectively. Then we have

R+S=1I R*’=R, $*=Sand RS=SR=0. (26)
For any X € I'(TM), we can write
X =RX+ SX and X = @RX + @SX = PRX + FRX + PSX + FSX. (27)
Since D is invariant distribution, it is clear that
FR =0 and SPR =0. (28)
On the other hand, we can easily verify that
RP =P =PR.
From the second side of (23), we reach
FPR + CFR =0. (29)

Since FR =0, (29) reduces to
FP =0. (30)

By virtue of (23) and (30), we arrive at

CF =0. (31)
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Conversely, let M be a submanifold of a Kenmotsu manifold M such that
(30) is satisfied. For any X € T'(TM) and V € I'(T+M), by direct calculations,
we have

g(X,9?V) = g(e’X,V)
g(X,BV) = g(@FX,V),
g(X,PBV) = ¢(CFX,V)=0.

Thus we get
PB =0. (32)

Making use of the equations (23), (24) and (32), we have P> + P = 0 and
C3 + C = 0 which show that P and C are f-structures on TM and T+M,
respectively. Here if we put R=—P?4+n® & and S =1+ P? —n ® &, then we
can easily see that

R+S=1 R =R, S>=Sand RS=SR=0, (33)

that is, R and S are orthogonal projections and they define orthogonal comple-
mentary distributions such as D and D*. Since R = —P24n®¢& and P>4+P = 0,
we get PR = P and PS = 0. Taking account of P being skew-symmetric and S
being symmetric, we have

g(SPX,Y) = g(PX,SY)

= —g(X,PSY) =0,
for any X,Y € I'(TM). Thus we have
SP =0.
It implies that
SPR =0.

Since R = —P2 + 1 ® &, P& = FE = 0 and from (30), it is clear that
FR =0. (34)

(33) and (34) tell us that D and D+ are invariant and anti-invariant distri-
butions on M, respectively. Furthermore, from the definitions of R and S, we
have

RE = & and SE =0,
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that is, the distribution D contains &. On the other hand, setting
R=-P? and S=1+P?

we can easily see that projections R and S define orthogonal distributions such
as D and D™, respectively. Thus we have

PR=P, SP=0, FR=0 and PS =0,
that is, D is an invariant distribution, D is an anti-invariant distribution and
RE =0 and S&=E.

This tell us that & belongs to D+. Hence the proof is complete. O
Now, let M be a contact CR-submanifold of a Kenmotsu manifold M. Then

for any X,Y € I'(TM), by using (2), (4), (5), (15) and (18), we have
(Vx@)Y = VxoY—o@VxY
gleX,Y)E =n(Y)eX = VxPY+ VxFY — @VxY — ¢h(X,Y).
From the tangent and normal components of this last equations, respectively,

we have
(VxP)Y = ApyX + Bh(X,Y) + g(@X, Y)E —n(Y)PX (35)

and
(VxF)Y = Ch(X,Y) — h(X,PY) —n(Y)FX. (36)

In the same way, for any X € I'(TM) and V € I'(T+-M), we have
(Vx@)V = VxeV—@VxV
gleX,V)§ = (VxB)V+ (VxC)V+h(X,BV)—AcyX+ PAyX
+ FAVX. (37)

From the normal and tangent components of (37), respectively, we have
(VxC)V = —h(X,BV) — FAVX, (38)
and
(VxB)V = g(FX, V)& + AcyX — PAyX. (39)

On the other hand, since M is tangent to &, making use of (2) and (6) we
obtain
AvE = h(X,£) =0 (40)
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for all V € T(T*M) and X € I'(TM). It is well-known that Bh = 0 plays an
important role in the geometry of submanifolds. This means that the induced
structure P is a Kenmotsu structure on M. Then (35) reduces to

(VxP)Y = g(PX, Y)& —n(Y)PX, (41)

for any X,Y € T'(D). This means that the induced structure P is a Kenmotsu
structure on M. Moreover, for any Z,W € I'(D+) and U € I'(TM), also by
using (2) and (6), we have

g(ArzW — ApwZ,U) = g(h(W,U),FZ) —g(h(Z,U),FW)
= g(VuW, 0Z) — g(VuZ, oW)
= g(eVuzZ,W)—g(VueZ,W) =—g((Vue)Z,W)
= gleZ,Un(W) —gleW,Un(Z) = 0.

It follows that
ApzW = ApwZ, (42)
for any Z, W € T'(D%1).

Hence we have the following theorem.

Theorem 2 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. Then the anti-invariant distribution D+ is completely integrable and its
maximal integral submanifold is an anti-invariant submanifold of M.

Proof. For any Z,W € I'(D+) and X € I'(D), by using (2) and (42) we have

g([Z,W,X) = g¢g(VW,;X) —g(VwZ,X)
= g(VwX, Z) —g(VzX, W) = g(oVwX, 9Z) — g(@VzX, pW)

(

(Vw

(VweX — (Vwe)X, 9Z) — g(VzoX — (Vz9)X, 9W)
(

(

(A

Il
o)

= g(h(eX, W) ©Z) —g(h(eX,Z), eW) — g(g(eW, X)§
— nX)eW, 0Z) + g(g(eZ,X)& —n(X)9Z, W)
=49 (pZW AchZa ®X) =0.

Thus [Z,W] € (D) for any Z,W € I'(D%1), that is, D+ is integrable. Thus
the proof is complete. ([l

Theorem 3 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. Then the invariant distribution D is completely integrable and its mazximal
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integral submanifold is an invariant submanifold of M if and only if the shape
operator Ay of M satisfies

AvP + PAy =0, (43)
for any V € T(TtM).

Proof. In [1], it was proved that D is integrable if and only if the second
fundamental form h of M satisfies the condition h(X, PY) = h(PX,Y), for any
X,Y € T(D). We can easily verify that this condition is equivalent to (43). So
we omit the proof. (Il

Theorem 4 Let M be a contact CR-submanifold of a Kenmotsu manifold M.
If the invariant distribution D is integrable, then M is D-minimal submanifold
in M.

Proof. Let {e1,e,...,ep, per, @ey,...,@ep, &} be an orthonormal frame of
I'(D) and we denote the second fundamental form of M in M by h. Then the
mean curvature tensor H of M can be written as

1
C 2p+1

P
{Z{h(ei, ei) + h(pei, pei)} + h(E, &)} - (44)
i=1

By using (2) we mean that h(&, &) = 0. Since D is integrable, we have

1 i 5
H = m {;{h(ei)ei) +h(P ei>ei)}

P
— 1 {Z{h(ei,ei) + h(—e; +1n(e;)E, ei)}

2p+1 —
1 { i
= {h(ei, ei) —h(ei, 61)} =0.
2p+1 =
This proves our assertion. [l

Theorem 5 Let M be a contact CR-submanifold of a Kenmotsu manifold M.
If the second fundamental form of the contact CR-submanifold M is parallel,
then M is a totally geodesic submanifold.
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Proof. If the second fundamental form h of M is parallel, then by using (8),
we have

Vih(Y, Z) — h(VxY, Z) —h(VxZ,Y) =0,

for any X, Y, Z € T(TM). Here, choosing Y = & and taking into account (2) and
(40), we conclude that h(X, Z) = 0. This proves our assertion. O

Theorem 6 Let M be a submanifold of a Kenmotsu manifold M. Then M
is a contact CR-submanifold if and only if the endomorphism C defines an
f-structure on v, that is, C2 4+ C =0.

Proof. If M is a contact CR-submanifold, then from Theorem 1, we know
that C is an f-structure on v.

Conversely, if C is an f-structure on v, from (24) we can derive CFB = 0.
So for any V € I'(T1M), by using (21), we have

g(BCV,BCV) = g(9CV,BCV)=—g(CV,FBCV)
— g(V,CFBCV) = 0.

This implies that BC = 0 which is equivalent to PB = 0. Also, from Theorem
3.1 we conclude that M is a contact CR-submanifold. O

Theorem 7 Let M be a submanifold of a Kenmotsu manifold M. If the en-
domorphism P on M 1is parallel, then M is anti-invariant submanifold in M.

Proof. If P is parallel, from (35) and (40), we have

0 = g(eX,Y)+g(ArX, &)+ g(Bh(X,Y), &)
= g9(eX,Y) +g(h(X, &), FY)
= g(eX,Y),
for any X, Y € I'(TM). This implies that M is anti-invariant submanifold. [

Theorem 8 Let M be a submanifold of a Kenmotsu manifold M. If the en-
domorphism F is parallel, then M is invariant submanifold in M.

Proof. If F is parallel, then from (36), we have
Ch(X,Y) — h(X, PY) — n(Y)FX =0,

for any X,Y € T'(TM). Here, choosing Y = ¢ and taking into account that
h(X, &) =0, we conclude that FX = 0. This proves our assertion. O
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Theorem 9 Let M be a submanifold of a Kenmotsu manifold M. Then the
structure F is parallel if and only if the structure B is parallel.

Proof. Making use of (36) and (39), we have
g((VxF)Y, V) = g(Ch(X,Y),V) —g(h(X,PY),V) —n(Y)g(FX, V)
= —g(h(X,Y),CV) — g(AvX, PY] — g(FX, V)n(Y)
= —g(AcvY, X) + g(PAVX,Y) — g(FX, VIn(Y)
= —g((VxB)VY),
for any X,Y € T(TM) and V € T(T+M). This proves our assertion. O
From Theorem 8 and Theorem 9, we have the following corollary.

Corollary 1 Let M be a submanifold of a Kenmotsu manifold M. If the struc-
ture B is parallel, then M is invariant submanifold.

For a contact CR-submanifold M, if the invariant distribution D and anti-
invariant distribution D+ are totally geodesic in M, then M is called con-
tact CR-product. The following theorems characterize contact CR-products
in Kenmotsu manifolds.

Theorem 10 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. Then M is a contact CR-product if and only if the shape operator A of M
satisfies the condition

Apw@X + X)W =0, (45)
for all X € T(D) and W € (D).

Proof. Let us assume that M is a contact CR-submanifold of M. Then by
using (2) and (4), we obtain

g AeweX+n(XIW,Y) = g(h(eX,Y), eW) = g(VyeX, ¢W)

(
= g((Vy@)X+ oVyX, pW)
= g(g(eY, X)E—n(X)@Y, eW) + g(VyX, W)
= g(VyX,W)

and

g AeweX +n(X)W, Z) = gh(ch>Z),<oW)+n(X)9(Z,W)

I
(]

<]\
'6

v><
©

S
+
=
=]
N
S

( )X+(vaX) (pW)
gle ZX)E n(X)eZ, eW) + g(VzX, W)
+ n(X)g(Z, W) = —g(VzW, X),

«Q
—_ o~ —~ o~ —
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for all X,Y € (D) and Z,W € I'(D%+). So VxY € I'(D) and VW € I'(D*) if
and only if (45) is satisfied. This proves our assertion. O

Theorem 11 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. Then M is contact CR-product if and only if

Bh(X,U) = 0, (46)
for all U e T(TM) and X € T(D).

Proof. For a contact CR-product M in [1], it was proved that AowX =0, for
all X € T(D) and W € (D). This condition implies (46).
Conversely, we suppose that (46) is satisfied. Then we have

g(Vx, W) = g(eVxY, W) = g(VxeY, W) — g((Vx9)Y, W)
= g(h(X,PY),@W) —g(g(eX,Y)E —n(Y)@X, oW)

and
g(VzW, 0X) = —g(VzoX,W) = —g((Vzo)X+ @VzX,W)
= —9(9(¢Z,X)E =n(X)9Z, W) + g(VzX, ¢W)
for all X,Y € (D) and Z,W € I'(D+). This proves our assertion O

Theorem 12 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. The structure C is parallel if and only if the shape operator Ay of M
satisfies the condition

AvBU = AyBY, (47)
for all U,V € T(T+M).
Proof. From (21) and (38), we have

g((VxC)Uu) = —g(h(X,BV),U) — g(FAvX,U) = —g(AuBV) + g(AvX, BU)
= g(AvBU—AyBV,X),

for all X € T(TM). The proof is complete. O
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Theorem 13 Let M be a contact CR-submanifold of a Kenmotsu manifold
M. If C is parallel, then M is totally geodesic submanifold of M.

Proof. If C is parallel, from (38), we have
eAvX +h(X,BV) =0, (48)

for any X € T(TM) and V € T(T+M). Applying ¢ to (48) and taking into
account (2) and (40), we obtain

“AvX + Bh(X,BV) = 0. (49)
On the other hand, also by using (24) and (47), we conclude that
g(BR(X, BV), Z) = —g(R(X,BV), FZ) = —g(ArzBV,X) = —g(AVBFZ,X) =0,

for all Z € T(D1). So arrive at Ay = 0, that is, M is totally geodesic in M. O

4 Contact CR-submanifolds in Kenmotsu space
forms

Theorem 14 Let M be a contact CR-submanifold of a Kenmotsu space form
M(c) such that ¢ # —1. If M is a curvature-invariant contact CR-submanifold,
then M is invariant or anti-invariant submanifold.

Proof. We suppose that M_is a curvature-invariant contact CR-submanifold
of a Kenmotsu space form M(c) such that ¢ # —1. Then from (14) we have

g(X,PZ)FY — g(Y,PZ)FX + 2g(X, PY)FZ = 0, (50)
for any X,Y,Z € T(TM). Taking Z = X in equation (50), we have
3g(PY, X)FX =0.

This implies that F = 0 or P = 0, that is, M is invariant or anti-invariant
submanifold. Thus the proof is complete. O

Thus we have the following corollary.

Corollary 2 There isn’t any curvature-invariant proper contact CR- subman-
ifold of a Kenmotsu space form M(c) such that ¢ # —1.
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Theorem 15 Let M be a contact CR-submanifold of a Kenmotsu space form
M(c) with flat normal connection such that ¢ # —1. If PAy = AyP for any
vector V normal to M, then M is an anti-invariant or generic submanifold of

M(c).
Proof. If the normal connection of M is flat, then from (12) we have

allAw A Y) = (S5) 60 eVIgleXi )~ g% oV)gleX, L)

+ 29(X, @Y)g(eV, W)},

for any X,Y € I'(TM) and U,V € I'(T+-M). Here, choosing X = PY and V =
CU, by direct calculations, we conclude that

c+1

5 Mg(P?Y, V)g(CU, CW)}.

g(AuAcuPY — AcuAuPY,Y) = (

If PAy = AyP, then we can easily see that (c 4+ 1)Tr(P?)g(CU, CU) = 0. This
tells us that P = 0 (that is, M is anti-invariant submanifold) or CU = O(that
is, M is generic submanifold). (]

Theorem 16 Let M be a proper contact CR-submanifold of a Kenmotsu space
form M(c). If the invariant distribution D is integrable, then ¢ < —1.

Proof. If the invariant distribution D is integrable, the from (43), we have
PAVY + AyPY = 0. (51)
It follows that
g(AvPY,BU) =0, (52)

for any Y € T'(TM) and W,V € F(TL_M). By differentiating the covariant
derivative in the direction of X € T'(TM) of (52), and by using (9), (19), we
get

0 = g(?xAvPY, BU) + g(AvPY, ?xBU)
= 9((VxA)VPY + AV%VPY + A\/(V)(PY), BU)
+ g((VxB)U + BVxU, AyPY).
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Again, by using (35), (39) and taking into account (51), we obtain
—((VxA)VPY,BU) = —g((Vxh)(PY,BU),V)
= g(Av{AryX+ Bh(X,Y) 4+ g(9X,Y)E —n(Y)PX}, BU)
g(g(FX, W& + AcuX — PAyX, AyPY)
g(AvAryX + AyBh(X,Y),BU) + g(AcuX, AyPY)
(
(

_l’_

_l’_

g AuPX, A\/PY)
g(AryX, AvBU) + g(AvBU, Bh(X,Y))

—g((Vxh)(PY, BU), V)
+g(AcuX, AyPY)
+ g(AuPX,AyPY).
Here, if PX is taken instead of X in this last equation, we have
—g((Vexn)(PY,BU), V) = g(AryPX,AvBU) + g(AyBU, Bh(PX,Y))
+  g(AcuPX, AvPY) + g(AyP?X, AyPY).

Also, by using (51) and taking into account that M is a contact CR~-submanifold
in M(c), by direct calculations we have

g((Veyh)(PX,BU) — (Vpxh)(PY,BU),V) = g(AcuAvPY,PX)
—  g(AcuAvPX,PY) — g(AuP3X, AvY)
— g(AuY,AvP’X)
= g(AuPX,AvY) + g(AuY, AyPX)
+ g(AcuPX,AvPY) — g(AcuPY,AvPX).  (53)

Also, from (14), we get

(C?)g(wx)g(Bu»BV) — g((Vevh)(PX, BU)

— (Vexh)(PY,BU), V). (54)
Substituting (53) into (54), we obtain

c+1
(S57) sIPYX)g(BUBY) = g(AUPX,AVY) + g(ALY AVPX)

+  g(AcuPX, AuPY) — g(AcuPY, AvPX),
which implies that

<° ; 1) 9(PY, PY)g(U, U) = —g(AuPY, AuPY).

This proves our assertion. ([l
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Abstract. We prove sharp versions of several inequalities dealing with
univalent functions. We use differential subordination theory and Her-
glotz representations in our proofs.

1 Introduction

Let U={z e C: ‘z‘ < 1} be the unit disk in the complex plane. Let A, be the
class of analytic functions of the form

f(z) =z + anp1 2™+ anpoz™ P+ - -

which are defined in the unit disk U, and let A; = A. Evidently A, 1 C Aj.
The subclass of A, consisting of functions f for which the domain f(U) is
starlike with respect to 0, is denoted by S*. It is well-known that f € §* &
Rei(/g’) >0, z € U. A function f € A for which the domain f(U) is convex, is
called convex function. The class of convex functions is denoted by K. We have

feK&e Re(]—i—z]f/lz(;)) >0, z€ U. Let u € [0, 1). If for some function f € A we
have Re S) >pu, ze U, Re<1 —1—2://;(5) Zi(/g) <uf, zel,

then we say that the function f is starlike of order p, convex of order p, and
strongly starlike of order u, respectively. We introduce the notations:

zF'(z2)\"
Flz) > ’

zf!
f(

>>u,Z€U, ‘arg

VA y; fl(z) = < (1)

2010 Mathematics Subject Classification: 30C45
Key words and phrases: convex functions, starlike functions, differential subordination
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WA Y fl(2) = y 22 (ZF(Z)) )

Fl(z) \ Flz)

where
Fz) = (1 =A)f(z) +Azf'(z), z€ U, yeC* Ac0,1], fc A,.
The authors proved in a recent paper [3] the following results:

Theorem 1 [fO0< B <1, fe A, then
IWINY; fl(z)] < B, z€ U,= |arg VIA, v; fl(2)| < %[[3, zeU.

Theorem 2 IfM>1, ze U, neN, fe A,, then

Re{WI\,v;fl(z)} < ,zeU= }V[)\,y; f](z)‘ <M, zeU.

n
1+nM
Theorem 3 If0<u<l1,zeUneN,fe Ay, then

ReWAv; fl(2)} > An(p), z€ U= ReVIAv;fl(z) > n, z€ T,

where
gy if Vel ]
Alp) = )
%, if veE [%,1).
The goal of this paper is to prove the sharp version of Theorem 1 and also the
sharp version of Theorem 2 and Theorem 3 in case of n = 1. To do this we
need some preliminary results which will be exposed in the following section.

2 Preliminaries

Lemma 1 [2, p.24] Let f and g be two analytic functions in U such that
f(0) = g(0), and g is univalent. If f A g then there are two points, zy € U and
(o € 0U, and a real number m € [1,00) such that:

1. f(z0) =9g(C), 2. zof'(z0) = mlog’(Co)-

Lemma 2 [1, p.27] If p is an analytic function in U, with p(0) = 1 and
Rep(z) > 0, z € U, then there is a probability measure v on the interval
[0,271], such that f(z) = [ 2L v (t).

T—ze—it
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Lemma 3 If x € [1,2), then the following inequality holds: |(1 +z)% — 1| <
2%—1, zel.

Proof. According to the maximum modulus principle for analytic functions,
we have to prove the inequality only in case if z = e, 8 € [—m, n]. The
inequality ‘(1 +e¥f)x — 1‘ <2%—1, 0€l-mn, «e€ll,2)is equivalent to

2%71(1 — cos?® g) —1 —i—cos"‘gcos%e >0, 0¢[-mmn, acll2). (3)

Let f : [—m, 7] — R be the function defined by f(8) = 2%~ (1 — cos* %) -1+

. (at1)8
cos*® % cos "‘79. We have: f/(0) = acos®! %sin% 201 cos“% — %Smsiné
Let ¢ € (1,2), and 0 € [O,O(Z—EI) be two fixed real numbers. We define the
. (x+1)6
functions g1,9, : [0,a] = R by g1(x) = (2cos %)X> ga(x) = Slnsiné

It is simple to prove that g; is a convex and g; is a concave function. Thus
the graphs of the two functions have at most two common points . Since
g1(0) = g2(0) and g1(1) = g2(1), it follows that the two graphs have exactly
two common points, and g2(x) > gi(x), x € (0,1), and g;1(x) > g2(x), x €
(1, «f. Thus we have gj(x) > g2(«) in case of o € (1,2), and 0 € [O,“z—f]).
The inequality gi() > g2(a) holds in case of « € (1,2) and 0 € [of—f],ﬂ]
too, because in this case we have: gj(ax) > 0 > gz(«). This means that the
inequality g7 (o) > ga2(o) holds for & € (1,2) and 6 € [0, 7. It is easily seen that
the inequality g7(a) > g2(a) can be extended to « € (1,2) and 0 € [—m, 7.

sin (x+1)6
Consequently, 241 cos® % —% S 2 >0, (V)ae(1,2), (V)0 e[—mmn;
Ilz
f'(0) <0, 6 € (—m,0) and f'(0) >0, 0 € (0,7).
Thus it follows that minge[ rf(0) = f(0) = 0, and the inequality (3) is

proved. [l

3 Main result

The following theorem is the sharp version of Theorem 1.

Theorem 4 [f0 < p <1, fe A then we have:

}W[?\,y;f](z)‘ <B,zelU= ‘argV[A,y;f](z)’ <pB, zeU.
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Proof. Let p(z) = VIA,v;fl(z). We have Zg(lg) = WIA,v;fl(z), and conse-

quently ‘Zg(/g) | < B, z € U. This inequality is equivalent to
zp'(z)
< h(z) =Pz, ze U. 4
p(Z) B ) ( )

We prove the subordination p(z) < q(z) = eP?, z € U. If this subordination
does not hold, then according to Lemma 1, there are two points zy € U,
(o € 0U and a real number m € [1, 00}, such that p(zo) = q({p), and zop’(z9) =

m&oq(Go). Thus Zo&;%()) = mcoq(c(o] = mh(Go) ¢ h(U).
This contradicts (4) and the contradiction implies p(z) < q(z), z € U. The
proved subordination implies ‘ argp(z)‘ < max,cplarg(eP?)} =B, z€ U, and

the proof is done. O

We present in the followings the sharp version of Theorem 2 and Theorem
3in case of n =1.

Theorem 5 I[fM > 1, z€ U,, f € A, then

Re(W, v;l(2)} < ,zeU= [V y;fl(z)] < 297 —1, z€ U,

M
1T+M
Proof. The condition of the theorem can be rewritten in the following way

'Re{] — %W[?\,y; f] (Z)} > 0, z € U. The Herglotz formula implies that

there is a probability measure v on [0, 271] such that 1 — %W[)\,y; fl(z) =

(2)“ }fze = dv(t). This is equivalent to W, y;fl(z) = —MAH (2)” fff;:t v(t).

On the other hand, if we denote 1+ p(z) = VIA,y;fl(z), we get 2 2 _

. T+p(z)
WA, v: fl(2) and (2B = — M [272¢ 2 dv(t). This implies

27t
log(1+7p(z)) = L log (1 — ze ")dv(t).

M +1
It is easily seen that g(z) = log(1+4z) € K. Thus it follows fén log (1 —ze M) dv(t) €
g(U), Vz e U, and this leads to the subordination f(z)ﬂ log (1 —ze M) dv(t) <
g(z), z € U. Consequently we have p(z) < exp {% log(1 + z)} -1 =
(1+ Z)% — 1, z € U. This subordination implies

lp(z)] < max|(1 —i—z)MiM—H, z e U.
zeU
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Now from Lemma 3 we obtain the inequality ‘p(z)‘ < M — 1, z € U. This
inequality is equivalent to ‘V[?\,y; f] (z)‘ < M — 1, z € U. It is easy to show

2M
that if M > 1, then 2M+7T — 1 < M, so the proved result is an improvement
of Theorem 2 in case n = 1. Moreover the proof shows that this is the best
possible result in this particular case. O

Theorem 6 Let0<u<1,zeU, fe A Then:
Re(WIA\,v;fl(z)} > A(p), ze U= ReVI\vy;fl(z) >22M, 2z e U,

where

7 FL,])) if ue [O, %]
Lt el

Proof. We rewrite the condition Re{W[A,v;fl(z)} > A(u), z € U in the
following form: Re%ﬁw > 0, z € U. We use the Herglotz formula

again and we get:

. 27t —i
Aln) — WIA,v; fl(z) :J 1+ ze tdv(t),

Alu) o T—ze™

where v is a probability measure on [0, 27t]. If we denote p(z) = VIA,vy;fl(z)

then: 1 = WA, y; l(z) and BE = —A(w) [}7 12w dv(t).

This leads to: p(z) = exp {2A(n) (2)" log(1 —ze )dv(t)}.
Since g(z) = log(1 + z) € K, it follows the inclusion: fé” log(1 —ze M)dv(t) €
g(U), z € U, and this implies the subordination:

éﬂ log (1 —ze ")dv(t) < g(z), z € U. Thus we obtain: p(z) < q(z) = (1 +
2)?2W) |z € U, and consequently: Rep(z) > Re(1 +z)22M0 | z € U. According
to the definition of A(u), we have —2A(u) € (0,1). This implies q € K. The
equivalency f(z) € R & z € R, and the fact that the domain q(U) is convex
and symmetric with respect to the real axis, imply the inequality: Req(z) >
min{q(—1), q(1)} = 2220 z € T. Thus it follows:

Rep(z) > 222 2 T.

It is easily seen that 22208 > 1 for every 0 < p < 1, and 2?4 is the biggest
value, for which the inequality

ReVIA,y;fl(z) > 2220 €T
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holds. According to the minimum principle, inside the unit disk we have the
strict inequality: ReV[A,y; fl(z) > 2240 2z e U. O

By choosing suitable values of the parameters, we obtain sharp results con-
cerning starlikeness. Theorem 4 implies in case of Yy = 1, A = 0 the following
result:

Corollary 1 If p € (0,1], f € A, then:

f(z)  f'(z)
(282 <, eus

zf'(z)
f(z)

arg

‘<f5.

The result is sharp, the extremal function is: f(z) = zexp (fg eﬁf:] dt).

If we take y =1, M =« + 1, A =0 then Theorem 2 implies:
Corollary 2 If « € [0,1), f € A, then:
f'(z) f'(z2) —1
— U
Re[z(f,(z) ) < w12’ zelU=
and the result is sharp. The extremal function is:

202
f(z) = zexp(fé%dt). Since 25 — 1 < 1, it follows that f is a
starlike function.

zf'(z)
f(z)

2042
<255 21, ze U,

Finally, for y = A =1 Theorem 6 implies:

Corollary 3 If u e [0,1), f € A, then:

zf"(z)

2
2] ) > 220z e UL

Re{z[(zf’(zn” (zf'(2))’

(2F(2)  zf(2) H > Aw) =1 = Re(1+

The result is sharp. The extremal function is:

z v 2A(n) _
f(z) = Jo exp (J Wdt) dv.

0
Since 222 > 1, we [0,1), it follows that  is a convex function of order w.
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