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The discrete Fourier transform of r-even

functions
Laszlé Téth Pentti Haukkanen
University of Pécs, Department of Department of Mathematics and
Mathematics Statistics, FI-33014 University of
Ifjusag u. 6, H-7624 Pécs, Hungary Tampere, Finland
email: 1toth@gamma.ttk.pte.hu email: pentti.haukkanen@uta.fi

Abstract. We give a detailed study of the discrete Fourier transform
(DFT) of r-even arithmetic functions, which form a subspace of the space
of r-periodic arithmetic functions. We consider the DFT of sequences
of r-even functions, their mean values and Dirichlet series. Our results
generalize properties of the Ramanujan sum. We show that some known
properties of r-even functions and of the Ramanujan sum can be obtained
in a simple manner via the DFT.

1 Introduction

The discrete Fourier transform (DFT) of periodic functions is an important
tool in various branches of pure and applied mathematics. For instance, in
number theory, the DFT of a Dirichlet character x (mod 1) is the Gauss sum
(character sum) given by

Ghon)= Y x(k)exp(2mikn/7), (1)
k (mod )

and if x = xo is the principal character (mod ), then (1) reduces to the
Ramanujan sum c(n).

2010 Mathematics Subject Classification: 11A25, 11103, 11N37
Key words and phrases: periodic function, multiplicative function, r-even function, dis-
crete Fourier transform, Cauchy convolution, Ramanujan sum, mean value, Dirichlet series
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6 L. Toth, P. Haukkanen

For the history, properties and various applications, including signal and
image processing, of the DFT see for example the books of Briggs and Henson
[6], Broughton and Bryan [7], Sundararajan [25], Terras [26]. For recent number
theoretical papers concerning the DFT see [4, 13, 21].

It is the aim of the present paper to give a detailed study of the DFT of
r-even arithmetic functions, to be defined in Section 2, which form a subspace
of the space of r-periodic arithmetic functions.

Some aspects of the DFT of r-even functions were given by Haukkanen [13],
Lucht [15] and were considered also by Samadi, Ahmad and Swamy [20] in the
context of signal processing methods. Schramm [21] investigated the DFT of
certain special r-even functions, without referring to this notion.

Our results generalize and complete those of [13, 15, 20, 21]. Note that the
Ramanujan sum c,(n) is r-even and it is the DFT of xo, which is also r-even.
Therefore, our results generalize properties of the Ramanujan sum.

The paper is organized as follows. Section 2 presents an overview of the basic
notions and properties needed throughout the paper. In Section 3 we give a
new simple characterization of r-even functions. Section 4 contains properties
of the DFT of r-even functions, while in Sections 5 and 6 we consider sequences
of r-even functions and their DF'T, respectively. Mean values and Dirichlet
series of the DFT of r-even functions and their sequences are investigated in
Sections 7 and 8.

We also show that some known properties of r-even functions and of the
Ramanujan sum can be obtained in a simple manner via the DFT.

2 Preliminaries

In this section we recall some known properties of arithmetic functions, peri-
odic arithmetic functions, even functions, Ramanujan sums and the DFT. We
also fix the notations, most of them being those used in the book by Schwarz
and Spilker [22].

2.1 Arithmetic functions

Consider the C-linear space F of arithmetic functions f: N ={1,2,...} —» C
with the usual linear operations. It is well known that with the Dirichlet
convolution defined by

(fxg)(n Zf g(n/d) (2)

dn
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the space F forms a unital commutative C-algebra. The unity is the function
¢ given by ¢(1) =1 and ¢(n) =0 for n > 1. The group of invertible functions
is F* ={f € F:1(1) # 0}. The Mobius function u is defined as the inverse of
the function 1 € F* (constant 1 function). The divisor function is T =1 %1,
Euler’s function is @ = u*id and ¢ = 1 xid is the sum-of-divisors function,
where id(n) =n (n € N). A function f € F is called multiplicative if f(1) =1
and f(mn) = f(m)f(n) for any m,n € N such that gcd(m,n) = 1. The set M
of multiplicative functions is a subgroup of F* with respect to the Dirichlet
convolution. Note that 1,id,u,T,0,¢@ € M. For an f € F we will use the
notation f’ = pwx* f.

2.2 Periodic functions

A function f € F is called r-periodic if f(n+ 1) = f(n) for every n € N, where
r € N is a fixed number (this periodicity extends f to a function defined on
Z). The set Dy of r-periodic functions forms an r-dimensional subspace of F.
A function f € F is called periodic if f € (J e Dr. The functions &y with
1 < k < rgiven by dk(n) =1 for n = k (mod 1) and dx(n) =0 for n # k
(mod 1) form a basis of D, (standard basis).

The functions ey with 1 < k < r defined by ex(n) = exp(2rwikn/r) (additive
characters) form another basis of the space Dy. Therefore, every r-periodic
function f has a Fourier expansion of the form

fn)= )  g(Kexp(2nikn/r)  (n€N), (3)
k (mod )

where the Fourier coefficients g(k) are uniquely determined and are given by

g(n):1 > f(k)exp(—2nikn/t)  (neN) (4)

T
k (mod )

and the function g is also r-periodic.
For a function f € Dy its discrete (finite) Fourier transform (DFT) is the
function f € F defined by

fln) = Z f(k) exp(—2mikn/r) (n e N), (5)
k (mod T)

where by (5) and (4) one has f = rg.
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For any v € N the DFT is an automorphism of D, satisfying f = rf. The
inverse discrete Fourier transform (IDFT) is given by

f(n)zl > flk)exp(2mikn/r)  (neN). (6)

If f € Dy, then

T T
D lfmP=r) [fm) (7)
n=1 n=1
which is a version of Parseval’s formula.
Let f,h € D;. The Cauchy convolution of f and h is given by

(feh)m)= )Y flah(n—a) (neN), (8)
a (mod )

where (D;, ®) is a unital commutative semigroup, the unity being the function
e given by er(n) =1 for v | n and e.(n) = 0 otherwise. Also, @L =fhand
f ® h = rfh.

For the proofs of the above statements and for further properties of r-
periodic functions and the DFT we refer to the books by Apostol [3, Ch.
8], Montgomery and Vaughan [17, Ch. 4], Schwarz and Spilker [22].

2.3 Even functions

A function f € F is said to be an r-even function if f(ged(n,r)) = f(n) for
all n € N, where r € N is fixed. The set B; of r-even functions forms a Tt(r)
dimensional subspace of D,, where T(r) is the number of positive divisors of
. A function f € F is called even if f € (J,cy Br. The functions gq with d | r
given by gq(n) = 1 if ged(n,r) = d and ggq(n) = 0 if ged(n,r) # d form a
basis of By. This basis can be replaced by the following one. The functions cq
with q | v form a basis of the subspace B;, where cq are the Ramanujan sums,
quoted in the Introduction, defined explicitly by

cgn)= > exp(2mikn/q)  (n,q€N). (9)
k (mod q)
ged(k,q)=1

Consequently, every r-even function f has a (Ramanujan-)Fourier expansion
of the form
fn)= ¥ h(d)cam)  (neN), (10)
dlr
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where the (Ramanujan-)Fourier coefficients h(d) are uniquely determined and
are given by
h(d) =~ 3 fleeyelr/d)  (d]7) 1
T r/e\T T ( )
elr
and the function h is also r-even. Notation: h(d) = a¢(d) (d | r). Note that
(By, ®) is a subsemigroup of (Dy,®) and afgh(d) = rag(d)an(d) (d | 7), cf.
Application 4.

Recall the following properties of Ramanujan sums c.(n). They can be rep-
resented as

c(n)= ) du(r/d) (n,reN), (12)
dlged(n,r)
and as
emy = MW o pdmy ), (mreN),  (13)
@(m)

where (13) is Holder’s identity. It follows that c(n) = @(r) for r | n and
cr(n) = u(r) for ged(n,r) =1.

Let n+(n) = rif r | n and ny(n) = 0 otherwise. For any fixed n € N,
c.m) =pux*xn.(n) and v — c(n) is a multiplicative function. On the other
hand, n — c.(n) is multiplicative if and only if u(r) = 1.

As it was already mentioned, c,(.) is the DFT of the principal character
(mod 1) to be denoted in what follows by py and given explicitly by pr(n) =1
if ged(n,r) =1 and p-(n) = 0 otherwise. Note that p, = g1 with the notation
of above (for r fixed). Thus

a‘r =Cr, E:\'r = TPr. (14)

The concept of m-even functions originates from Cohen [8] and was further
studied by Cohen in subsequent papers [9, 10, 11]. General accounts of r-even
functions and of Ramanujan sums can be found in the books by McCarthy [16],
Schwarz and Spilker [22], Sivaramakrishnan [23], Montgomery and Vaughan
[17, Ch. 4]. See also the papers [12, 24, 27].

3 Characterization of r-even functions

For an r € N let B, ={f € F:f(n) =0 for any n{r}. We have

Proposition 1 Let f € F and f' = wx* f. Then the following assertions are
equivalent:
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i) f € By,

ZZ) f(n) - Zd\gcd(n,r) f/(d) (Tl & N),
iii) f' € BL.

Proof. If f' € B/, then for any n € N,

=Y fld)= ) = )

dn dn,dr dlged (n,T)

= (f'x 1)(ged(n, 7)) = f(ged(n, 1)).

This shows that iii) = ii) = i).

Now we show that i) = iii). Assume that f € B, and f' & B}, i.e., f'(n) #0
for some n € N with n { r. Consider the minimal n € N with this property.
Then all proper divisors d of n with f’(d) # 0 divide r so that

= ()= > f(d)+f(n)=flgedn, 1)) +f'(n) # fged(n, 7)),

dn dlged(n,r)
which gives f & B;. (|
Remark 1 Let f € B;. Assume that f(n) = Zd‘gcd(n)r) g(d) (n € N) for a

function g € F. Then f = ge, (r) * 1 and f = f’ x 1, by Proposition 1. Hence
ge.(r) = f’ and obtain that g(n) = f’(n) for any n | r.

For f = ¢, (Ramanujan sum) we have by (12), Proposition 1 and Remark 1
the next identity, which can be shown also directly.

Application 1 For any n,vr € N,

3 crld)uin/d) = {nu(r/n), nir, (15)

am 0, nifr.

4 The DFT of r-even functions

We investigate in this section general properties of the DEF'T of r-even functions.

Proposition 2 For each v € N the DFT is an automorphism of By. For any
febB,,

=Y f(d)c,/aln (n € N) (16)

djr
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and the IDFT is given by

= | —

fn) == fld)e,aln)  (MeN). (17)
dir

Proof. By the definition of r-even functions and grouping the terms according
to the values d = ged(k, 1),

:Zf(d) Z exp(—2mijn/(r/d)) Zf Jersaln

djr 1<i<r/d djr
ged(j,r/d)=1

giving (16) and also that € B,. Now applying (16) for f (instead of f) and

using that f = rf we have (17). O

Proposition 2 is given by Lucht [15, Th. 4]. Formulas (16) and (17) are
implicitly given by Haukkanen [13, Th. 3.2 and Eq. (9)], Samadi, Ahmad and
Swamy [20, Eq. (18)] for r-even functions, and by Schramm [21] for functions
n — F(ged(n,r)), where F € F is arbitrary, without referring to the notion of
even functions.

Remark 2 By Proposition 2, for a function f € Dy one has f € By if and
only if f € B,. This can be used to show that a given function is r-even, cf.
Application 4. Furthermore, it follows that the Fourier coefficients a¢(d) of
f € By can be represented as

1~
(@) = —Fr/a) (@), (18)
Corollary 1 Let f € By.. Then

=) f(der/d)  (r|n), (19)

dlr

=Y f(dulr/d)  (ged(n,71) =1). (20)

dlr

Corollary 2 If f is a real (integer) valued r-even function, then f is also real
(integer) valued.

Proof. Use that c.(n) € Z for any n,r € N. O
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Corollary 3 Let f be an r-even function. Then

Y df'(r/d)  (neN), (21)
d|ged(n,r)

and (f)'(n) =nf'(r/n) for any n|r and (f)'(n) = 0 otherwise.

Proof. Recall that ¢, (n) = pxn, (n), see (12). We obtain F(n) = (fxc, (n))(r)
=(fxu*xn,(n))(r) = (" xn.Mm))(r), and apply Remark 1. O

Note that by (21) the DFT of any f € B, can be written in the following
forms:

f(n) = (f' n. (n)(v), (22)
and
f=hx1, (23)

where h(n) = nf’(r/n) for n| r and h(n) = 0 otherwise.
Proposition 3 Let f be an r-even function. Then

Y fld)= Y df'(r/d)t(n/d)  (neN). (24)

dn dlged(n,r)

Proof. Using (23),

Zf = (fx1)m) = (hx1x1)(n) = (h*1)( =Y h(d)t(n/d)

dn dn

> df'(r/d)t(n/d).
dlged(n,r)
m

In the special case f = p, we reobtain (cf. [2, Th. 1] — where o should be
replaced by T, [16, p. 91)),

Yedd)= Y du(r/drn/d)  (meN). (25)

dn d|ged(n,r)

The DFT can be used to obtain short direct proofs of certain known pro-
perties for Ramanujan sums and special r-even functions. We give the following
examples.
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Application 2 By py = ¢, cf. (14), we obtain py = Tpr. Therefore, by Propo-
sition 2,

> crr/d)ealn) = (26)

ar 0, otherwise,

{T, ged(n,r) =1,

see [16, p. 94].

Application 3 Let f(n) = (—1)™, which is r-even for any even number r. Its
DFT is

T T

fln) =) (=1 exp(—2mikn/r) = ) (—exp(—2min/7))*,  (27)

k=1 k=1

which is r for n = r/2+mr (m € Z) and 0 otherwise. Using Proposition 2 we
obtain for any even number T,

Z(*”dcr/d(“) _ {T, n=r/2 (mod ), (28)

ar 0, otherwise,

cf. [18, Th. IV], [16, p. 90].

Application 4 Let f,h € B;. We show that their Cauchy product f ® h € B;
and the Fourier coefficients of f ® h are given by asgn(d) = rag(d)an(d) for
any d | r, cf. Section 2.3.

~ o~

To obtain this use that (@)(n) = f(n)h(n) (n € N), valid for functions
f,h € D,, cf. Section 2.2. Hence for any n € N,

— ~ ~ ~ —_

(f @ h)(ged(n, 1)) = f(ged(n, 1) h(ged(n, 1)) = f(n)h(n) = (F@ h)(n),
showing that @1 is m-even. It follows that f ® h is also r-even. Furthermore,
by (18), for every d | r,

aron(d) = LS R(r/d) = Lr/AR(/d) = ro(@aun( ).

T

Application 5 Let Ny(n,k) denote the number of (incongruent) solutions
(mod 1) of the congruence x1 + ...+ xx = n (mod r) with ged(xq,7) = ... =
ged(xg, ) = 1. Then it is immediate from the definitions that

Nr(-»k):pr®"'®pr- (29)
k
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Therefore, lil\r(.,k) = (py)* = (cr)*. Now the IDFT formula (17) gives at
once

NetnK) = 1Y ((erlr/d)ealn)  (neN), (30)

dfr
formula which goes back to the work of H. Rademacher (1925) and A. Brauer
(1926) and has been recovered several times. See [16, Ch. 3], [22, p. 41], [24].

Application 6 We give a new proof of the following inversion formula of
Cohen [9, Th. 3]: If f and g are r-even functions and if f is defined by

n) = Z g(d)ca(n) (n € N), (31)
dlr
then
= % Z f(r/d)ca(n), m=r/ged(n,r), (n € N). (32)

djr

To show this consider the function G(n) = g(r/ged(n,r)) which is also
T-even. By Proposition 2,

G(n) =Y G(r/d)ca(m) = Y gld)ca(n) = f(n). (33)
dr djr
Hence ~ N
rg(m) =rG(n) =G(n) =f(n f(r/d)ca(n (34)

Application 7 Anderson and Apostol [1] and Apostol [2] investigated prop-
erties of r-even functions Sy given by

Senm) = Y g(dh(r/d)  (neN), (35)

dlged(n,r)

where g,h € F are arbitrary functions.
For f = Sqn we have according to (21) and Remark 1, f'(n) = g(n)h(r/n)
(n|r) and obtain at once

= ) dff(/d)= >  dg(r/d)h(d), (36)

dlged (n,r) dlged (n,r)

which is proved in [1, Th. 4] by other arguments.
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Application 8 If f is any r-even function, then

T

2=1) [f(d)Pe(r/d). (37)

n:1 djr

This follows by the Parseval formula (7) and grouping the terms of the right
hand side according to the values gcd(n, ). For f = p, we reobtain the familiar

formula
-

Y ()P =re(r)  (reN). (38)

n=1

5 Sequences of r-even functions

In this section we consider sequences of functions (fy)yen such that f,. € By for
any T € N. Note that the sequence (f;)rcy can be viewed also as a function of
two variables: f: N2 — C, f(n,r) = f.(n).

We recall here the following concept: A function f: N2 — C of two variables
is said to be multiplicative if f(mn,rs) = f(m, r)f(n, s) for every m,n,r,s € N
such that ged(mr,ns) = 1. For example, the Ramanujan sum c(n,r) = c(n)
is multiplicative, viewed as a function of two variables.

The next result includes a generalization of this property of the Ramanujan
sum.

Proposition 4 Let (fy)ren be a sequence of functions. Assume that

i) freBr (reN),

it) v — fr(n) is multiplicative (n € N).

Then

1) the function f: N> — C, f(n,r) = f.(n) is multiplicative as a function of
two variables,

2) fr(m)fr(n) = f.(1)f(mn) holds for any m,n,r € N with gcd(m,n) =1,

3) 1 fr(n) is multiplicative if and only if f+(1) = 1.

Proof. 1) For any m,n,r,s € N such that gcd(mr,ns) =1 we have by i) and
ii),
frs(mn) = fr(mn)fs(mn) = fr(ged(mn, 1))fs(ged(mn), s)
= fr(ged(m,7))fs(ged(n, s)) = fr(m)fs(n).
2) By the definition of multiplicative functions of two variables f: N> — C it

is immediate that f(n,r) ]_[ f(p?,p®) for n = pra, T = prb, and the
given quasi-multiplicative property is a direct consequence of this equality.
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3) Follows by 2). O

Part 1) of Proposition 4 is given also in [14] and for parts 2) and 3) cf. [23,
Th. 80, 81].

We say that the sequence (fy)ren of functions is completely even if there
exists a function F € F of a single variable such that f.(n) = F(ged(n,r)) for
any n,r € N. This concept originates from Cohen [9] (for a function of two
integer variables f(n,r) satisfying f(n,r) = F(ged(n,r)) for any n,r € N he
used the term completely r-even function, which is ambiguous).

If the sequence (f;)rey is completely even, then f. € B, for any r € N, but
the converse is not true. For example, the Ramanujan sums c(n) do not form
a completely even sequence. To see this, assume the contrary and let p be any
prime. Then for n =1 = p, F(p) = cp(p) =p — 1 and for n = p,r = P2,
F(p) = cp2(p) = —p, a contradiction.

If (f;)ren is completely even, then f.(n) = F(ged(n, 1)) = Zd‘gcd(n‘ﬂ F/(d)
(n,v € N) and by Remark 1 we have f.(n) =
F/ =ux*F.

F/(n) for any n | r, where

6 The DFT of sequences of r-even functions

First we consider multiplicative properties of the DFT of sequences of r-even
functions.

Proposition 5 Let (fy)ren be a sequence of functions. Assume that

i) fre By (reN),

it) v — fr(n) is multiplicative (n € N).

Then R

1) the function v — f(n) is multiplicative (m € N),

2) the function fi N2 C, %\(n,r) = ﬂ(n) is multiplicative as a function of
two variables,

3) ﬂ(m)j\r(n) = fi(r)ﬂ(mn) holds for any m,n,r € N with gcd(m,n) =1,

4) n— fr(n) is multiplicative if and only if f.(r) =1.

Proof. 1) Let r,s € N, ged(r,s) = 1. Then, for any fixed n € N, by Proposition
2 and using that c(n) is multiplicative in T,

Frs(n) = Z frs(d)crs/d(n) = Z ffs(ab)c(r/a)(s/b)(n)
dlrs alr
bls
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- Z f Cr/a Cs/b Z f Cr/a Z f s/b

alr alr bls
bls

= fr(n)fs(n).

2), 3), 4) If fy € By, then f. € B, (r € N) and by 1) we know that the
function r — fy(n) is multiplicative (n € N). Now apply Proposition 4 for the
sequence (fy)yen and use that f(1) = f1(r). O

Proposition 6 Let (fy)ren be a sequence of functions such that . € By (r €
N). Then

Y fam)= > dfi(r/d)  (mreEN), (39)

djr dlged(n,7)
which is also r-even (v € N). Furthermore,

> Y feld= Y dfir/d)tn/d)  (n,rEN). (40)

dn elr dlged(n,r)

Proof. Similar to the proof of Proposition 3. O

In the special case f,. = p; we reobtain the following known identities for
the Ramanujan sum:

Y caln) = {O rim (41)

dlr rfna
Z Z co(d) = rt(n/r), r|n, (42)
dn elr : 0, T‘*’TL,

(41) being a familiar one and for (42) see [16, p. 91].

Consider in what follows the DFT of completely even sequences, defined in
Section 5. Note that formulae (16) and (17) for the DFT and IDFT, respec-
tively of such sequences (that is, functions with values F(ged(n,r))) were given
by Schramm [21]. He considered also special cases of F.

Corollary 4 Let (fr)ren be a sequence of functions. Assume that
i) (fr)ren is completely even with f+(n) = F(ged(n,r)) (m,r € N),
it) F is multiplicative.

Then
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1) the function f: N2 — C, f(n,r) = f.(n) is multiplicative in both vari-
ables, with the other variable fized, and is multiplicative as a function of two

variables,
2) the function T — fr(n) is multiplicative (m € N),
3) the function fi N2 5 C, A( T) = f, (n) is multiplicative as a function of
two variables.

4)n— ﬂ(n) is multiplicative if and only if F'(r) = 1.

Proof. Follows from the definitions and from Proposition 5. (I

The results of Section 4 can be applied for completely even sequences.

Corollary 5 Let (fy)ren be a completely even sequence with f+(n) = F(ged(n, 1))
(n,r € N). Then

> dF(/d)  (mTeN), (43)
dlged(n,r)
Z ?r/d(d) = Z eF(k) (r e N). (44)
dlr e2k=r

Proof. Here (43) follows at once by Corollary 3, while (44) is a simple conse-
quence of it. O

In particular, for f, = py (44) gives

Z ¢usald) = {\/?, T is a square, (45)

ar 0, otherwise,

see [16, p. 91].

It follows from (43) that the DFT of a completely even sequence of functions
is a special case of the functions Sy 1, defined by (35), investigated by Anderson
and Apostol [1], Apostol [2].

The example of ¢.(n) shows that the DFT sequence of a completely even
sequence is, in general, not completely even (cy(n) = py(n), where p(n) =
é(ged(n, T))).

Consider now the completely even sequence f(n) = t(ged(n, r)). Then using
(43),

/\

= ) dux7/d)= > d=o(ged(n,r)) (46)
dlged(n,r) dlged(n,r)
is completely even.

Next we characterize the completely even sequences such that their DFT is
also a completely even sequence.
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Proposition 7 Let (f:)reny be a completely even sequence of functions with
fr(n) = F(ged(n,r)). Then the DFT sequence (f+)ren is completely even if and
only if F = ct, where ¢ € C. In this case f-(n) = co(ged(n,r)).

Proof. Assume that there is a function G € F such that

fn)= Y  dF(r/d) = G(ged(n,1)).
dlged(n,r)

Then for any n =1 € N, G(1) = fx(r) = ¥4, dF'(r/d) = (id+F')(r), hence
G has to be G = id*F’. Now for n = 1 and any r € N, G(1) = f,(1) = F/(v).
Denoting G(1) = ¢ we obtain that F’ is the constant function c. Therefore,
F=clxl=ct. R

Conversely, for F = ctwehave F/ = pxct =cland f.(n) =c¢ Zd‘gcd(n‘r) d=
co(ged(n,1)).

We now give a Holder-type identity, see (13), for the DFT of completely even
sequences, which is a special case of [1, Th. 2], adopted to our case. We recall
that a function F € F is said to be strongly multiplicative if F is multiplicative
and F(p®) = F(p) for every prime p and every a € N.

Proposition 8 Let (f)ren be a completely even sequence with fr(n) = F(ged
(n, 7)) (m,r € N). Suppose that

i) F is strongly multiplicative,

i) F(p) #1—1p for any prime p.

Then

fin) = (Fx w)(m)(F * @)(r)
! (Fx@)(m)

m=r/ged(n,r), (n,r € N). (47)

Furthermore, for every prime power p® (a € N),

- P p+Fp)—1), peln,
fpa(n) =< p*(F(p) — 1), pe ! In, (48)
0, P in.

Proof. Here for any prime p, (F* w)(p) = F(p) — 1, (Fx n)(p®) = 0 for any
a>2and (Fx@)(p?) = P N (F(p) +p —1) for any a > 1. The function F is

multiplicative, thus f:(n) is multiplicative in v, cf. Corollary 4. Therefore, it
is sufficient to verify the given identity for r = p®, a prime power. Consider
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three cases: Case 1) p® | n, where ged(n,p?®) = p9; Case 2) p® || n, where
ged(n, p®) = p&'; Case 3) p | n, where ged(n, p®) =p® with 6 <a—2. O

Recall that a function f € F is said to be semi-multiplicative if f(m)f(n) =
f(ged(m, n))f(lem[m,n]) for any m,n € N. For example, v — c(n) is semi-
multiplicative for any n € N. As a generalization of this property we have:

Corollary 6 Let (f)ren be a completely even sequence with f.(n) = F(ged
Ln,r)) (m,r € N) satisfying conditions i) and i) of Proposition 8. Then r —
fr(n) is semi-multiplicative for any n € N.

Proof. If g € F is multiplicative, then it is known that for any constant C
and any v € N, the function n — Cg(r/ged(n,r)) is semi-multiplicative, cf.
[19], and apply (47). O

7 Mean values of the DFT of r-even functions

The mean value of a function f € F is m(f) = limy %Zn<x f(n) if this
limit exists. It is known that ) . c¢(n) = O(1) for any r > 1. It follows
from (10) that the mean value of any T-even function f exists and is given
by m(f) = os(1) = %f(r) = %(f* @)(r), using (18), (19) (see also [27, Prop.

1]). Therefore, if f is r-even, then the mean value of f exists and is given by

m(f) = %fA(r) = f(r). This follows also by Proposition 2. More exactly, we have

Proposition 9 Let f € B, (with v € N fized).
i) If x € N and r | x, then

> fin) =f(r)x. (49)
n=1
i1) For any real x > 1,
S ) = frx+ Telx), bl < Y diF(/d)l. (50)
n<x dir

ii1) The mean value of the DF'T function fis f(r).
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Proof. For any x > 1, by Corollary 3,
Y fm)y= > df'(r/a)=) df'(r/d)x/dl =) df'(r/d)(x/d—{x/d})

nex nex dir dlr
dlged (n,r)
=x) f'(r/d) =) df'(r/d){x/d} = xf(r) + Te(x),
dr dir

where T¢(x) is identically zero for x € N, r | x. Furthermore, T¢(x) = O(1) for
X — 00. [l

Now we generalize Ramanujan’s formula

where A is the von Mangoldt function.

Proposition 10 Let f be an r-even function (r € N).
z') Then uniformly for x and ,

Z T f(r) (log x4+ C)— (f+A) (1) +O ( “TV¢(x) ) =Y dlf'(r/a),
n<x dir

(52)
where C is Fuler’s constant.

ii) If f(r) =0, then
2w

n=1

Proof. i) By Corollary 3,

Z Z > df'(r/d) = Zfr/dzl

"‘)

(n) A)(r). (53)

n<x n<x d|(m,7) dr gx/d
= f'(r/d)(log(x/d) + C + O(d/x))
dlr
=(logx+C) Y f'(r/d)—> f'(r/d)logd+O <x—‘ > dIf’(r/d)I)
dlr djr djr

= (logx + C)f(r) — (f % plog)(r) + O <x—‘ > dlf’(r/d)|> .

djr
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ii) Part ii) follows from i) with x — oo. O

Remark 3 There is no simple general formula for ngxﬂ(n), where n € N
is fixed and (fy)yen is a sequence of r-even functions (for example, ¢,(0) =
@(r) and cr(1) = p(r) have different asymptotic behaviors). For asymptotic
formulae concerning special functions of type Y ¢_; F(ged(k,n)) see the recent
papers [5, 28].

8 Dirichlet series of the DFT of sequences of r-even
functions

We consider the Dirichlet series of the DFT of sequences (f+)ren such that
fr € By for any v € N. By fr(n) = (n.(n) * pu* fy)(r), cf. (22), we have
formally,

— Fr - T — fr* s—
y Moy iy el el zrsz 59

=1 =1 r=1 r=1 kl=r
0s1(n) o Kk) o fie(0)

= ns—1 stz gs

=1

where oy(n) =) dmn d¥. This can be written in a simpler form by considering
the DFT of completely even sequences of functions.

Proposition 11 Let (fy)ren be a completely even sequence of functions with
fr(n) = F(ged(n,r)) and let ap denote the absolute convergence abscissa of the
Dirichlet series of F. Then

o fr(n) _ oga(n) o F(r)
Z rs T'LS_]C(S) Z T8 (55)
=1 r=1
for any n € N, absolutely convergent for Res > max{1, ag},
= fi(n
SN sy Fepr o) (56)
n
n=1

for anyr € N, absolutely convergent for Res > 1, where ¢y (r Zdlr d*u(r/d)
is a generalized Euler functzon

+t—1 = F(
ZZ TLsTt = el Z1 nT’: (57)

n=1r=1
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absolutely convergent for Res > 1, Ret > max{]1, af}.

Proof. Apply (22) and (23). O

For F = ¢ we reobtain the known formulae for the Ramanujan sum.
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Abstract. In the paper we study the question of possible cardinality of
a family of almost disjoint subsets of positive integers each being large
with respect to a given criterion. For example, it is shown that there
are continuum many almost disjoint subsets of N where each set is large
in both the sense of (R)-density and in the sense of the upper weighted
density. On the other hand, when considering sets with positive lower
weighted density, the result is completely different.

1 Introduction

There is a simple standard fact that any family of disjoint subsets of a given
countable set, e.g. the set of all positive integers, can be at most countable.
On the other hand, slightly relaxing the condition of disjointness so that any
pair of sets in the considered family can overlap in a finite set, the possible
cardinality of such a family is that of continuum. In this paper we will study
the question of maximal possible cardinality of almost disjoint families of sets
of integers, so that each set in the family is large with respect to some criterion.

Denote by N, Q, R, the sets of all positive integers, rational numbers and
real numbers, respectively. Two subsets of N are said to be almost disjoint if
their intersection is finite. A family of subsets of N is said to be an almost
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disjoint family if it consists of pairwise almost disjoint sets. It is well known
that there are almost disjoint families having cardinality of continuum. An
easy way how to construct such a family may be described as follows.

e Map the set N by a one to one mapping b on the set Q.

e For each real number r choose a sequence {s(r)} of rational numbers
converging to .

Then the family {{b~"(s(r))}}rer consists of ¢ almost disjoint sets. Here
¢ = 2% stands for the cardinality of continuum.

In fact, in this example the almost disjoint family is constructed on the set
of rationals and all sets in the family are very small from the natural point of
view the topological density, all they are nowhere dense sets.

A natural question arises: can such a large almost disjoint family consist of
sets which are ”large in some sense” as subsets of N7

In this paper any family F of subsets of N satisfying the condition

If A¢F and ACB then BeF.

will be called a family of large sets in N.
The purpose of this paper is to investigate the largest possible cardinality
of almost disjoint families consisting of sets large in some natural sense.

2 Families of (R)-dense sets

Denote by R(A) = {%; ac€A be A} the ratio set of A and say that a set

A is (R)-dense if R(A) is (topologically) dense in the set (0, 00). It is manifest
that the class D of all (R)-dense sets forms a family of large sets in N.

Theorem 1 There exists an almost disjoint family of ¢ many (R)-dense sets.

Proof. Let {Jn}%? ; be a family of open subintervals of the interval (0,0c0)
forming a base for the ordinary topology on (0, 00). First, we will construct
by induction a family {M,}5°_; of disjoint subsets of N such that each M,, is
(R)-dense set. As a general rule used in the each step of the construction is
the following:

Each element in the choice is different from all elements previously chosen.
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Step 1. Choose p11 € N and q17 € N such that m € Js.

an

Step 2. Choose p12 € N and g2 € N such that % € J,. Then choose
12

successively p21 € N and 21 € N such that ZA € J1 and pp; € N and
21

gd22 € N such that P22 € J.

q22

Step n. Choose for 1 = 1,2,3,...n — 1 successively pin € N and qin € N
such that pﬁ € Jn. Then choose for j = 1,2,3,...n successively pnj € N

q'LTL .
and qnj € N such that @ €J;.

L)

For each n € N set My = {pn1, dni, Pn2, 4n2, Pn3, dn3, - .- ;- Then, by con-
struction, all sets My, n=1,2,... are pairwise disjoint (R)-dense sets.

Now let D be any fixed almost disjoint family with cardinality of continuum.
Let D={dy <dy< d3s< ...} €D. Define

@(D) ={Pa;1,94,1, P2, 94,2, Pds3) dd33» - - - J-

We will show that for each D € D the set (D) is (R)-dense. Let U be an open
set of real numbers. Then there exists a positive integer m such that J,,, C U

Pdnm € J;m C U. Thus @(D) is an (R)-dense set.

and, by Step n,
dmm
Nowlet D={d1<dy<d3<...}]and E={e; <ex<e3z<...}betwo sets

in D and suppose that k € @(D) N @(E). Then there are positive integers m
and n such that

K =Pd,m = Penn (or k =dd,m = de.n),

consequently, by the above construction, we have d;, = eyn. As the sets D
and E are almost disjoint, there are only finitely many such numbers d,, =
en, dim € D, e, € E. Thus we have shown that {@(D)}pep is almost disjoint,
S0 it is a required family. O
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3 Families of sets with large densities

For the rest of the paper let f: N — (0, 00). Denote by xa the characteristic
function of a set A. For A C N define

¥ f(ixald) 3 f(ixali)
de(A) = 1imXiLl£O lgxzif(i), d¢(A) = limxsl)qo)o %
i<x i<x
i;Xf(i)XA(i)
di(A) = lim = i)

the weighted lower f-density, weighted upper f-density, and weighted f-density
(if defined), respectively.
In this paper we will consider only functions f satisfying the condition

D f(n) =oo. (D)

n=1

Remark 1 The most important special cases of weighted densities are those
forf(i) =1, so called asymptotic density and for f(i) = %, so called logarithmic
density. Also notice that the condition (D) guarantees that sets differing in a
finite number of elements have the same upper and lower f-densities.

Let r 67(0, 1]. Then the classes L¢(r) = {A C N; d¢(A) > r} and Ug(r) =
{A C N; d¢(A) > r} form families of large subsets in N.

3.1 Sets with large lower f-densities

We will denote by [x] the integer part of x, i.e. the largest integer less than or
equal to x.

Theorem 2 Let f fulfils the condition (D) and let S be an almost disjoint

family. Then > d¢(A) <1 for every f: N — (0, 00).
A€eS

Proof. Suppose there exists an almost disjoint subfamily S of LL¢(r) such that

> d¢(A) > 1. Then it contains a finite subfamily F = {Fy, Fa,...,Fn} with
AEeS

n
> d¢(Fj) = s > 1. Since F is finite and almost disjoint, there is an integer
j=1
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ko such that for every pair of distinct integers i € [1,n], j € [1,n] we have
FiﬂFj N (1, ko = 0. Let

G; =F;N(ko,00) foreachj=12...n
Then the sets {Gj}}‘:1 are pairwise disjoint and
d¢(G;) =d¢(F;) foreachj=1,2,...n

Choose a positive number ¢ such that s —ne > 1. Then there exists a positive
integer mgo such that for every m > mg and every j =1,2,...,1 we have

3 flixg (V)
S G

i<m
n
Denote by G = |J Gj and calculate
j=1
<Z f(i)xc(i) n <Z f(i n
]Zlm— Zlm >Z J—¢e)=s—ne>1,
j=1

1<m 1<m

a contradiction. O

The following statement is a straightforward corollary to the previous the-
orem.

Corollary 1 Let v € (0,1]. Then every almost disjoint subfamily of L¢(r)

1
consists of at most L] sets.

Theorem 3 Fvery almost disjoint family consisting of subsets of N with pos-

itive lower f-densities is at most countable.

Proof. Let S be an almost disjoint family of subsets of N and let d¢(S) > 0

for every S € §S. Then § = U (S N ]Lf( )) By Corollary 1 every set in the
=1

union on the right side is ﬁmte so S is at most countable. O

Remark 2 It is easy to find a countable disjoint family of subsets with pos-
itive lower f-densities. Thus in the class of sets with positive lower f-density
the maximum cardinality of disjoint families is the same as the maximum
cardinality of almost disjoint families.
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3.2 Sets with large upper f-densities

In the case of the upper f-density our considerations will substantially differ
from those in the case of the lower f-density.

Theorem 4 Let f satisfy the condition (D). Then there exists an almost
disjoint family of ¢ many sets each of which has the upper f-density equal
to 1.

Proof. First notice that due to the condition (D) for every p € N and for every

q
3 )
€ > 0 there exists q € N such that % > 1 — ¢. Choose by induction a

; f(i)

sequence {kn}%°_; of positive integers as follows

Step 1. Put k; =1.

Step n. Suppose that positive integers k1 < kp < --- < kn_1 have already
been chosen. Let ky, be the smallest positive integer

such that e > 11— m (I)

Now for each n € N put I;, = [kn—1 + 1,k N N. Let D be any almost
disjoint family with cardinality of continuum. For every D € D define (D) =

U Ig. To see that F = {{(D)}pep is an almost disjoint family notice that
deD
the intersection of each pair of sets in F consists of union of finitely many

finite intervals in N, consequently it is finite. Let D ={d1 < d> < ...} € D
and calculate

n Kan
2 TUxymo) (1) 2 Xy (i)
d¢(Pp(D)) = limsup L=l = > lim sup =l o >
P S

i=1
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Kan
f(i)

. i=kg,—1+1

limsup——— =1,

n—oo Kay, .
> f(i)
i=1

thus F is a required family. O

Remark 3 Putting r =1 in Corollary 1 for lower f-densities and comparing
its statement to that of Theorem / for upper f-densities shows a huge differ-
ence between the lower and upper f-densities relative to the question in our
1nvestigation.

Remark 4 In [1] it is proved that every subset of N with the upper asymp-
totic density equal to 1 is necessary (R)-dense. By this result, Theorem 1 is a
corollary to Theorem 4, even we can say more.

Theorem 5 Let a function f fulfil the condition (D). Then there exists an
almost disjoint family of ¢ many sets each of which is (R)-dense and at the
same time it has the upper f-density equal to 1.

Proof. In the proof of this theorem we will follow the same idea as in the
previous one. The only difference is in the induction step where the condition
(I) should be changed to the stronger one: Let ky be the smallest positive
integer
kn
f(i)
i=kn_1+1

2 f(i)

i=1

]
greater than n(k,_1 + 1) such that >1— m (I1)

Using the previous proof, we need only to prove that each set in the family
F ={¥(D)}pep is (R)-dense. Let D ={d;,dy,...} € Dandlet 1 <a<b
be given real numbers. Choose an integer dy € D so that

1
b<d; and —<b—a. (1)
d

Condition (II) guarantees kq, > di(kq,—1 + 1), consequently

kgq,
—— >d; >b. 2
e L] (2)



Large families of almost disjoint large subsets of N 33

Clearly kq, , + 1> dy, thus we also have

1 1

—_— < 3
kg 1+1 7 4t )

As I, = [kq—1+ 1, kq ] NN C (D), by (1), (2) and (3) the set

kd[—1 +1 kdl—1 +2 kdl —1 kdl }
<< < C R(Y(D
{kdl—1 +1 kg 1+1 kg 1+1  kg-1+]1 (b(D))
intersects (a,b), thus P(D) is (R)-dense. O

(ee]

Remark 5 In the case when ) f(n) < oo the statement corresponding to
n=1

that in Theorem 4 does not hold. In this case the statement corresponding to

that in Theorem 3 for lower f-densities takes place.
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Abstract. An oriented k-partite graph(multipartite graph) is the result
of assigning a direction to each edge of a simple k-partite graph. Let
D(V1,V2,--+, Vi) be an oriented k-partite graph, and let dJ, and dj,
be respectively the outdegree and indegree of a vertex vij in Vi. Define
by,; (or simply bi; as byj = djﬁ —d,,, as the imbalance of the vertex vy;.
In this paper, we characterize the imbalances of oriented k-partite graphs
and give a constructive and existence criteria for sequences of integers to
be the imbalances of some oriented k-partite graph. Also, we show the
existence of an oriented k-partite graph with the given imbalance set.

1 Introduction

A digraph without loops and without multi-arcs is called a simple digraph.
Mubayi et al. [1] defined the imbalance of a vertex vi in a digraph as by,
(or simply b;) = d\“,: —d,,, where d;: and d,, are respectively the outdegree
and indegree of v;. The imbalance sequence of a simple digraph is formed by
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listing the vertex imbalances in non-increasing order. A sequence of integers
F=1[f1,f2,- - ,fal with f1 > fy > ... > f,, is feasible if it has sum zero and
satisfies Zlle fi<k(n—X%), for 1 <k<n.

The following result [1] provides a necessary and sufficient condition for a
sequence of integers to be the imbalance sequence of a simple digraph.

Theorem 1 A sequence is realizable as an imbalance sequence if and only if
it 1s feasible.

The above result is equivalent to saying that a sequence of integers B =
[by,by,--- ,bn] with by > by > - .- > by, is an imbalance sequence of a simple
digraph if and only if for T <k <n

k
i=1

with equality when k = n.
On arranging the imbalance sequence in non-decreasing order, we have the
following observation.

Theorem 2 A sequence of integers B = [b1,by, -+ ,bn] withby; <b, < ... <
bn is an imbalance sequence of a simple digraph if and only if for 1 <k <mn

k
D bi>k(n—k),
i=1

with equality when k =n.

Various results for imbalances in digraphs and oriented graphs can be found
in [2, 3, 4, 5].

2 Imbalance sequences in oriented multipartite
graphs

An oriented multipartite (k-partite) graph is the result of assigning a direction
to each edge of a simple multipartite (k-partite) graph, k > 2. Throughout this
paper we denote an oriented k-partite graph by k-OG, unless otherwise stated.
Let Vi = {vi1,vi2, - ,Vin.}, 1 <1 <Kk, be k parts of k-OG D(Vy,Va, -+, Vi),
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and let djﬁ and d;i],, 1 <j < mny, be respectively the outdegree and indegree of
a vertex vy in Vi. Define by (or simply by; as by = dji - d;i , as the imbalance

of the vertex vij. The sequences Bi = [bi1,bi, -+ ,bin], T <1 <k, in non-
decreasing order are called the imbalance sequences of D(V7, Vs, -+, Vi).
The k sequences of integers By = [bi1, bi2, - ,bin,], 1 <1 <k, in nonde-

creasing order are said to be realizable if there exists an k-OG with imbalance
sequences By, T <1 < k. Various criterions for imbalance sequences in k-OG
can be found in [2].

For any two vertices vi; in Vi and vy in Vi 1 # 1, 1 <1 <1<k, 1<
j<ng, T<m<ny) of k-OG D(Vq, Vs, -+, Vi), we have one of the following
possibilities.

(). An arc directed from vij to Vim, denoted by vij(1 — 0)vim.

(ii). An arc directed from vy, to vjij, denoted by vi;(0 — 1)vim.

(iii). There is no arc from vjj to vim and there is no arc from viy to vi; and
this is denoted by vi;(0 — 0)vim.

A triple in k-OG is an induced suboriented graph of three vertices with
exactly one vertex from each part. For any three vertices vij, vim and vpq in
k-OG D, the triples of the form vij(1 — 0)vyun(1 — O)qu(] — 0)\)1]‘, or Vij(] —
0)vim(1—0)vpq(0—0)vy; are said to be oriented intransitive, while as the triples
of the form Vij(] —0)vym(1 —O)qu(o— 1 )\)1]', or Vij(] —0)vim(0—1 )qu(O—O)Vij,
or Vij“ — O)vlm(O — O)qu(O — 1)\)1]', or Vij(] — O)vlm(O — O)qu(O — O)Vij, or
Vi5(0 = 0)vim (0 — 0)vpq(0 — 0)vyj are said to be oriented transitive. An k-OG is
said to be oriented transitive if all its triples are oriented transitive, otherwise
oriented intransitive.

We have the following observation.

Theorem 3 Let D and D’be two k-OG with the same imbalance sequences.
Then D can be transformed to D’ by successively transforming appropriate
triples in one of the following ways. Fither (a) by changing a cyclic triple
Vii(T=0)vim(1—=0)vpq(1—=0)vyj to an oriented transitive triple vi;(0—0)vim(0—
0)vpq(0 — 0)vij which has the same imbalance sequences, or vice versa, or (b)
by changing an oriented intransitive triple vij(1 — 0)vim(1 — 0)vpq(0 — 0)vy;
to an oriented transitive triple vi;(0 — 0)vim (0 — 0)vpq(0 — 1)vi; which has the
same imbalance sequences, or vice versa.

Proof. Let B; be the imbalance sequences of k-OG D whose parts are Vi,
1 <1i< kand [Vil = ny. Let D’ be k-OG with parts Vi, 1 < i < k. To
prove the result, it is sufficent to show that D’ can be obtained from D by
successively transforming triples in any one of the ways as given in (a), or (b).
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We fix ni, 2 < i < k and use induction on ni. For n; = 1, the result is
obvious. Assume that the result holds when there are fewer than ny vertices
in the first part. Let j2,j3, - ,jx be such that for 1, > jo, 13 >j3, -+, Lk > jx,
1<jo<lh<nyl<jz<ls<ng -1 <jr < lx < ny, the corresponding
arcs have the same orientations in D and D’. For j;,j3,--- ,jrand 2 < i,p,q <
k, p # g, we have three cases to consider.

(i) Vin, (1 = 0)vyj, (1 — 0)vyj, and vi, (0 — O)v’ﬁp (0 — 0)\/ijq7 (ii). vin, (0 —
O)Vijp (0—1 )Vijq and vllm (1 —O)Vlﬁp (O—O)V/i]-q and (iii). Viny (] —OJVijp (O—O)Vijq

/ / /
and Vin, (0— 0)\)ijp (0— 1)vﬁq .

Case (i). Since vin, and v’]n] have equal imbalances, we have vin, (0—T)vyj,,
and V/m] (O—O)\/ﬁq, oI Vin, (0—0)vyj, and v’1m (1 —O)v’ijq. Thus there is a triple
Ving (1 = 0)vy, (1 = 0)vij, (1 = 0)vin,, or vin, (1 = 0)vyj, (1 — 0)vyj, (0 — O)vin,
in D, and corresponding to these v} (0 — O)V/iip (0 — O)vf-q-q (0 = 0)v),,, or
Vi, (0— O)v’ijp (0— O)V/i]-q (0 — 1)V}, respectively is a triple in D.

Case (ii). Since viy, and V/hu have equal imbalances, we have vin, (1-0)vyj,
and vy, (0— 0)\/1).q . Thus there is a triple vin, (0 —0)vij, (0— 1)y, (0 —T)vip,
in D and corresponding to this vi,, (1 — 0)\/ijlg (0— O)v’ijcl (0—0)vq,,, is a triple
in D'

Case (iii). Since vipn, and v’]m have equal imbalances, therefore we have
Vin, (0 —T)vy, and Vllm (0— O)v’ﬁq. Thus vin, (1 —0)vyj, (0 —0)vij, (T —0)vin,
is a triple in D, and corresponding to this v’m] (0— O)v%p (0—1 )v%q (0— O)V’m]
is a triple in D’.

Therefore from (i), (ii) and (iii) it follows that there is an k-OG that can
be obtained from D by any one of the transformations (a) or (b) with the
imbalances remaining unchanged. Hence the result follows by induction. [

Corollary 1 Among all k-OG with given imbalance sequences, those with the
fewest arcs are oriented transitive.

A transmitter is a vertex with indegree zero. In a transitive oriented k-OG
with imbalance sequences By = [bi1,bi2,--- ,binJ, 1 < i < k, any of the
vertices with imbalances bin,, can act as a transmitter.

The next result provides a useful recursive test of checking whether the
sequences of integers are the imbalance sequences of k-OG.

Theorem 4 Let Bi = [by1, biz, -+ ,bin,], 1 <1 <K, bek sequences of integers
in non-decreasing order with bin, > 0 and bjn, < Z]::]‘T# Ny, for all j,
2 < i< k. Let B} be obtained from By by deleting one entry bin,, and let
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B, BS, .-+ By, be obtained from By, Bs,---, By by increasing bin, smallest
entries of By,B3z,--- Bk by one each. Then Bi are imbalance sequences of
some k-OG if and only if B} are imbalance sequences.

Proof. Suppose B/ be the imbalance sequences of some k-OG D’ with parts
VI, 1 <i<k. Then k-OG D with imbalance sequences B; can be obtained by
adding a vertex vin, in Vj such that vin, (1 —0)vy; for those vertices vi; in VI,
i # 1 whose imbalances are increased by one in going from Bj to Bi.
Conversely, let B; be the imbalance sequences of k-OG D with parts V;
1 < i < k. By Corollary 4, any of the vertices vin, in Vi with imbalances
bin,, 1 < i < k can be a transmitter. Assume that the vertex vin, in Vi

with imbalance bin, be a transmitter. Clearly, dj]n] > 0 and d\;n] =0 so
_ k _
that bin, = dj]n] —d,,, > 0. Also, djjnj < 2 ro1yp T and dvmj > 0 for
. _ k
2 <i<kso that bjn, = d\“fjn. — dvmj <> g Tl

Let U be the set of viy, vertices of smallest imbalances in Vj, 2 <1 < k and
let W=V,UV3U---UVi— U Now construct D such that vi,, (1 —0)u for
all win U. Clearly D — {vin, } realizes V{, 1 <i<k. O

Theorem 5 provides an algorithm for determining whether or not the se-
quences Bi, 1 <1 < k of integers in non-decreasing order are the imbalance
sequences and for constructing a corresponding k-OG.

Suppose Bi = [bi1, bi2,- -+, bin,], 1 <1 <k, be imbalance sequences of k-OG
with parts Vi = {vi1,viz, -+, Vin,}, where b1, > 0 and b]-nj. < ZE:] g
2 <1i < k. Deleting by, and increasing by, smallest entries of By, B3, -+, By

by 1 each to form B, Bj,--- B}. Then arcs are defined by vin, (1 — 0)vy,
for which b(,ij = by,; + 1, where i # 1. If at least one of the conditions

bin, >0, or bjy, < Zle g does not hold, then we delete bi,, for that
i for which the conditions get satisfied and the same argument is used for
defining arcs. If this method is applied recursively, then (i) it tests whether B;
are the imbalance sequences, and if B are the imbalance sequences (ii) k-OG
A(Bi) with imbalance sequences Bj is constructed.

We illustrate this reduction and resulting construction as follows.

Consider the four sequences B; = [1,3,4], B, =[-3,2,2], B3 = [-4,—3] and
B4 =[-3,1].

(i) 1,3,4], [-3,2,2], [-4,-3], [-3,1]

(ii) 11,31, [=2,2,2], [-3, 2], [=2, 1], v13(1=0)v21, v13(1-0)v31, vi3(1-0)v32,
v13(1 —0)va

(iii) [1], [=1,2,2], [=2, =11, [=2,1], vi2(1 = 0)v21, vi2(1 = 0)v3y, vi2(1 —0)v3z

(iv) 0, [-1,2,2], [-2,-1], [=2,1], vi1(1 — 0)v3;
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V) @, O —]], [—] , ”, \)23(] —O)V31 , \123(1 —O)V4] or, (Z), [—],2], [—] y O]7
1]
vi)0, [=11, [0,01, [0, 1], vo2(1 — 0)v3z, v22(1 — O)vay

(vu)(l), [0], [0>0], [0,0], va2(T — 0)vzy.

Clearly 4-OG with parts V7 = vi1,viz,vizl, V2 = {va1,va2,v23}, V3 =
{v31,v32} and V4 = {v41,v42} in which vq3(1 — 0)vz1, vi3(1 — 0)vzy, vi3(1 —
0)v32, v13(1 = 0)var, vi2(1 — 0)va1, vi2(1 = 0)vzy, viz2(1 — 0)vzz, vi1(T — O)vay,
v23(1 = 0)v31, v23(1T —0)var, vaa(1 —0)vzz, v22(1 —0)vay, vaz(1 —0)vzy are arcs
has imbalance sequences [1, 3,4], [-3,2,2], [-4,—3] and [-3,—1].

The next result gives a combinatorial criterion for determining whether k
sequences of integers are realizable as imbalances.

(
(-1
(

Theorem 5 Let Bi = [bi1,biz, -+ ,bin], 1 <1 <Kk, bek sequences of integers
in non-decreasing order. Then By are the imbalance sequences of some k-OG
if and only if

—1

k my
ZZbU>ZZ Zmlm) anZm] meu (1

i=1 j=1 i=1 j=i+1 i=1 j=1

~—

for all sets of k integers mi, 0 < my < ny with equality when my = n;.

Proof. The necessity of the condition follows from the fact that the k-OG
mduced by m; vertices for 1 <1 <k, 1 < my < n; has a sum of imbalances
2y S Y iy = e g my — Y man

For suﬂimency, assume that By = [bi1,bi2, -+ ,binJ, T < 1 < k be the
sequences of integers in non-decreasing order satisfying conditions (1) but are
not the imbalance sequences of any k-OG. Let these sequences be chosen in
such a way that ny, 1 <1i < k are the smallest possible and b7 is the least for
the choice of ni. We consider the following two cases.

Case (i). Suppose equality in (1) holds for some mj; < nj, 1 <i < k-1,
my < Ny, so that

k my
IR NP IEED 1 ;D st
i=1 j=1 i=1 j=i+1 i=1
By the minimality of ni, 1 < 1 < k the sequences B! = [bi1,biz, -, bim,]
are the imbalance sequences of some k-OG D’(V}, V5,--- Vi ).

Define B” = [b (my+1) b'(mi—b—Z),"' abi[ni)]v 1 S i<k.
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Consider the sum

k f k mi+f; k my
D D bimun=) > by—) > by
i=1 j=1 i=1 j=1 i=1 j=1
k-1 k k k
> 2Z Z (mi + f)(my + f5) — ZniZ(mj + ;)
i=1 j=i+1 =1 j=1
k k
Z(ml—l—f —ZZ Z mim; + ansz mel
i=1 i= 1]—1+1 j=
k-1 k k— k
:2Z Zmimj —i-ZZ Z (mifj —I—fimj +fifj) — Zniij
i=1 j=i+1 i=1 j—i—H i=1 =1
— me1 Z fing—2 Z Z mym; + Z ny Zm]
i= 1)_1+1
k
—I—ZmJHZZZfo_znlzfl_zfm“
i=1 j=i+1 i=1

for T < f; < ny — my, with equality when f; = ny —my for all i, 1 <1 < k.
So by the minimality of ni, 1 <1i < k, the sequences B! form the imbalance
sequence of some k-OG D”(V{, V4 ... V).

Construct a new k-OG D(Vy,Va,--- Vi) as follows. Let Vi = V] U
VI, Vo = VLU VY, - Ve = VL UV with V[NV = 0 and the arc set con-

taining those arcs which are among Vj,V5,--- Vi and among V{, VY, .- V.
Then D(V7,Va,---, Vi) has imbalance sequences Bi, 1 < i < k, which is a
contradiction.

Case (ii). Assume that the strict inequality holds in (1) for some m; # ny,
1 <1i<k. Let B1 [b17 — 1,b1z,---,b1m_1,b1m]and let Bg:[bj],bjz,-“,
bjn,] for all j, 2 <j < k. Clearly the sequences B!, 1 <1 < k satisfy conditions
(1). Therefore, by the minimality of bqy, the sequences B}, 1 <1 < k are the
imbalance sequences of some k-OG D’(V},V},--- V). Let by,, =by1—1 and
bvm] = bin, + 1. Since b\,]n] > by,, +1, there exists a vertex vy; either in Vj,
1 <1<k, 1 <j <ny, such that vin, (0 —0)vi(1 —0)vi1, or vin, (1 —0)vy(0 —
0)\21], Or Vin, (] —O)Vij(] —O)Vn, Or Vin, (O—O)Vij(O—O)Vn in D,(Va , Vé, s ,V],(),
and if these are changed to vin, (0—1)vi;(0—0)v11, or vin, (0—0)vi(0—T)v1y,
Or Vin, (0—0)vi;(0—0)v11, or vin, (0—T1)vi;(0 —1)vyy respectively, the result is
k-OG with imbalance sequences Bi, which is a contradiction. This completes
the proof. O
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3 Imbalance sets in oriented multipartite graphs

The set of distinct imbalances of the vertices in k-OG is called its imbalance
set. Now we give the existence of k-OG with a given imbalance set.

Theorem 6 Let S = {sq,82,-+,sn} and T = {—t1,—ty,---,—tn}, where
$1,82, " ,Sn, t1,t2, -+ ,tn are positive integers with s1 < sp < --+ < sp and
t1 <ty <--- < tn. Then there exists k-OG with imbalance set SUT.

Proof. First assume that k > 2 is even. Construct k-OG D(V7, Vo, -+, Vi) as
follows. Let

Vi=VnuUVipU---UViy,

Vo=V UV U-- UV,

Vi=ViiUVioU - U Vip,

with Vijﬂvlm = @, |Vij| =tiforalloddi, 1 <1 <k—-—1,1<j<nand
[Vi| = sq for all even i, 2 <1 <k, T <j <n. Let there be an arc from each
vertex of Vj; to every vertex of Vi pyj forallodd i, 1 <i<k—-1,1<j<n
so that we obtain k-OG with imbalance of vertices as follows.

Foroddi, 1T<i<k—Tand1<j<n

by, = Vgl — 0 = sy,
for all vi; € Vij; and foreven i, 2<i<kand 1<j<n
by, =0 — Vil = —ti,
for all vij € Vi
Therefore imbalance set of D(V7,V2,---, Vi) is SUT.
Now assume k > 3 is odd. Construct k-OG D(V7,Va,---, Vi) as below. Let
Vi=Vn UVh UV12UV€2U...UV1TLUV€“,

Vo =Vo1UVanU...U Vi,

Vi1 = Ve U Vg U U Vi,
Vi=Vi, UV, U...UVi,,
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with V5N Vi = 0, V{jﬁV{m =, VﬁﬁV{m =, \Vij\ =tiforalli, 1 <i<k-2,
1<j<n |Vijl=siforalleveni, 2 <i<k-—1,1<j<n, IV{jlztifor
all j, 1 <j <n and \V{q-l = s; for all j, 1 <j < n. Let there be an arc from
each vertex of Vj; to every vertex of V() foralli, T<i<k—-2,1<j<n
and let there be an arc from each vertex of V{j to every vertex of Vi for all j,
1 <j < mn, so that we obtain k-OG with imbalance set S U T, as above. O

References

[1] D. Mubayi, T. G. Will, D. B. West, Realizing degree imbalances in directed
graphs, Discrete Math., 239 (2001), 147-153.

[2] S. Pirzada, On imbalances in digraphs, Kragujevac J. Math., 31 (2008),
143-146.

[3] S. Pirzada, T. A. Naikoo, U. Samee, A. Ivdnyi, Imbalances in multidi-
graphs, Acta Univ. Sapientiae, Math., 2 (2010), 137-146.

[4] S. Pirzada, T. A. Naikoo, N. A. Shah, Imbalances in oriented tripartite
graphs, Acta Math. Sinica, 27 (2011), 927-932.

[5] U. Samee, T. A. Cahisti, On imbalances in oriented bipartite graphs,
Eurasian Math. J., 1 (2010), 136-141.

Received: October 20, 2010



ActA UNIV. SAPIENTIAE, MATHEMATICA, 3, 1 (2011) 43-59

&

On generalized Hurwitz—Lerch Zeta
distributions occuring in statistical

inference
Ram K. Saxena Tibor K. Pogany
Department of Mathematics, Jai Narain Faculty od Maritime Studies, University
Vyas University, Jodhpur—342005, India of Rijeka, 51000 Rijeka, Croatia
email: ram.saxena@yahoo.com email: poganj@pfri.hr
Ravi Saxena Dragana Jankov
Faculty of Engineering, Jai Narain Vyas Department of Mathematics, University
University, Jodhpur—342005, India of Osijek, 31000 Osijek, Croatia
email: saxravi@yahoo.co.in email: djankov@mathos.hr

Abstract. The object of the present paper is to define certain new in-
complete generalized Hurwitz—Lerch Zeta functions and incomplete gen-
eralized Gamma functions. Further, we introduce two new statistical dis-
tributions named as, generalized Hurwitz—Lerch Zeta Beta prime dis-
tribution and generalized Hurwitz—Lerch Zeta Gamma distribution and
investigate their statistical functions, such as moments, distribution and
survivor function, characteristic function, the hazard rate function and
the mean residue life functions. Finally, Moment Method parameter es-
timators are given by means of a statistical sample of size n. The results
obtained provide an elegant extension of the work reported earlier by
Garg et al. [3] and others.

2010 Mathematics Subject Classification: 11M35, 33C05, 60E05, 60E10

Key words and phrases: Riemann zeta function, Lerch zeta function, Hurwitz—Lerch
Zeta function, hazard function, mean residual life function, characteristic function, Planck
distribution, generalized Beta prime distribution, moment method parameter estimation

43



44 R. K. Saxena, T. K. Pogany, R. Saxena, D. Jankov

1 Introduction and preliminaries

A generalized Hurwitz—Lerch Zeta function ®@(z,s, a) is defined [1, p. 27, Eq.
1.11.1] as the power series

(D(Z>Saa) = LS) (1)
nZ—o (m+a)

where a € C\Z,; R{s} > 1 when |z| =1 and s € C when |z| < 1 and continues
meromorphically to the complex s—plane, except for the simple pole at s =1,
with its residue equal to 1.

The function @(z,s,a) has many special cases such as Riemann Zeta [1],
Hurwitz—Zeta [23] and Lerch Zeta function [27, p. 280, Example 8]. Some
other special cases involve the polylogarithm (or Jongiere’s function) and the
generalized Zeta function [27, p. 280, Example 8], [23, p. 122, Eq. 2.5] discussed
for the first time by Lipschitz and Lerch.

Lin and Srivastava investigated [12, p. 727, Eq. 8] the Hurwitz—Lerch Zeta
function in the following form

e (u) z"
(D(S,t\c/ﬂ(z>sa Cl) = Z a pni) (2)

2 W)on (n+ )?

where p € C;a,v € C\Z; ;p,0 € Ry;p < o for s,z € C; p = o for z €
C,p=o0,seCforl|zl <T;p=0Rs—u+v} > 1for |z| = 1. Here
(0)kn = T(0 4+ kn)/T'(0) denotes the generalized Pochhammer symbol, with
the convention (0)g = 1.

Recently, Srivastava et al. [24] studied a new family of the Hurwitz—Lerch
Zeta function

3)

where A, p € C; a,v € C\Z;; p,0,k > 0; for z] < 1 and R{s +v —A—p} > 1
for |z] = 1. Function (3) is a generalization of Hurwitz—Lerch Zeta function

Oy uv(z,s,a) = @;;l (z,s,a) which has been studied by Garg et al. [2].
Special attention will be given to the special case of (3) (studied earlier by

Goyal and Laddha [4, p. 100, Eq. (1.5)])

(o)
N 1,1,1)
i (z,s,a) ::(D(LM (z,s,q) Z n+a E (4)
=1
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Another case of the Hurwitz—Lerch Zeta function (3), which differs in the
choice of parameters, have been considered in [24] as well. Moreover, the article
[24] contains the integral representation

(p,0,K) 1 * s—1_—at *
@ s,a)=— | t Y
Ay (29,0) r'(s) Jo © o

(v, k)

(?\,p),(u,c)lze—t]dt (5)

valid for all a,s € C,R{a} > 0,R{s} > 0, when |z] <1, z # 1; and R{s} > 1 for
z = 1. Here

*
p\yq

= T (aj)am zn
((g,g\))p ‘Z] =2 Hlﬁ (b]-) T (©)
’ q j=1\Yj/Bjm Tt
stands for the unified variant of the Fox—Wright generalized hypergeometric
function with p upper and q lower parameters; (a, A), denotes the parameter
p-tuple (ay,A1),---,(ap,Ap) and a5 € C, by € C\ Z;, Ay, Bj > 0 for all
j=1,p,i=1,(q, while the series converges for suitably bounded values of |z|
when

P

q
A=14) Bj—) A;j>0.

j=1 j=1

In the case A = 0, the converegence holds in the open disc |z| < 3 = qu:] B?" .

PoATA

i Ay
Remark 1 Let us point out that the original definition of the Fox—Wright
function p¥qlzl (consult monographs [1, 11, 15]) contains Gamma functions
instead of the here used generalized Pochhammer symbols. However, these two
functions differ only up to constant multiplying factor, that is

v [ (a,A)yp ‘ ] _ T Ty - [ (a,A)yp ’Z]
ptq (b,B)q ]9:] r(bj) Pltq (b,B)q
The unification’s motivation is clear - for Ay =---=Ap, =By =---=Bg =1,
p¥qlzl one reduces exactly to the generalized hypergeometric function ,Fqlzl,

see recent articles [12, 24].

Finally, we recall the integral expression for function (3), derived by Srivas-
tava et al. [24]:

q)(p)G>K)

2o (2,5,a) =

I'(v) % A (o,k—p) ztP
J o,K p( K,s,a)dt, (7)

o (T+t)v w2 \(1+1)
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where R{v} > R{A} >0,k >p>0,0>0,scC.
Now, we study generalized incomplete functions and the associated statis-
tical distributions based mainly on integral expressions (5) and (7).

2 Families of incomplete ¢ and & functions

By virtue of integral (7), we define the lower incomplete generalized Hurwitz—
Lerch Zeta function as

(0,0,K) rv) J" T owep) (2P
prm— (D S —
Onpv (2500 = 1a0m0 3 Jo 1y Pun <(1+t)K’S’“)dt (®)

and the upper (complementary) generalized Hurwitz—Lerch Zeta function in
the form

—(p,0,K) F(v) JOO A1 (o,k—p) ztP
= () .
(p}\,p.,v (Z,S,Cl|X) F(}\)F(v—?\) N (1 -f—t)v Hv—A ((1 _I_t)K,S) a)dt (9)

In both cases one requires R(v),R(A) >0,k >p>0;,0>0,seC.
From (8) and (9) readily follows that

(D;i’;’f)(z,s,a) hm (pAp;H’/ )(z,s,alx) = hr(r)l (p)\uv)(z s, alx), (10)
00z 5,0) = 000z 5, ab) + BN (z,5,ak),  x€Ry (1)

In view of the integral expression (5), the lower incomplete generalized Gamma
function and the upper (complementary) incomplete generalized Gamma func-
tion are defined respectively by

S

X
(p,0,K) o —1 —at * ((X) p)»(}‘L)G) —bt
Ex v (z,s,a,blx) = ms) L t57 e @ 2‘1’1[ (v k) ’ze }dt (12)
and
(p,0,K);x,00 o b*® © —1 —at y* (“)p),(H)U) —bt
‘E?\uv (z,s8,a,b|x) = ms) L t57 e az‘iﬁ[ (v ) ’ze ]dt,

(13)
where R{a},R{s} > 0, when [z|] < 1(z # 1) and R{s} > 1, when z = 1,
provided that each side exists. By virtue of (12) and (13) we easily conclude
the properties:

»Oy . 7( »O, )
d);\pfvp)(z,s, a) = hm E,AQHGVK (z,s,a,blx) = 13& af;j (z,s,a,blx), (14)

07 (z,5,a/b) = E07 (2,5, 0, bx) + ENin (z,5,a,blx),  x € Ry
(15)
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3 Generalized Hurwitz—Lerch Zeta Beta prime
distribution

Special functions and integral transforms are useful in the development of the
theory of probability density functions (PDF). In this connection, one can
refer to the books e.g. by Mathai and Saxena [14, 15] or by Johnson and Kotz
[8, 9]. Hurwitz—Lerch Zeta distributions are studied by many mathematicians
such as Dash, Garg, Gupta, Kalla, Saxena, Srivastava etc. (see e.g. [2, 3, 6,
7, 18, 19, 20, 21, 25]). Due to usefulness and popularity of Hurwitz—Lerch
Zeta distribution in reliability theory, statistical inference etc. the authors
are motivated to define a generalized Hurwitz—Lerch Zeta distribution and to
investigate its important properties.

Let the random variable X be defined on some fixed standard probability
space (Q,§,P). The r.v. X such that possesses PDF

(o,K—p)< zxP )
I'(v)xM1 RRTVR\ (1—|—x)'<’s’a

) = A TN =N+ 0Pz 5 a) (16)

0 x <0,

we call generalized Hurwitz—Lerch Zeta Beta prime and write X ~ HLZB'. Here
u, A are shape parameters, and z stands for the scale parameter which satisfy
RV} >RA >0,seC,k>p>0,0>0.

The behaviour of the PDF f(x) at x = 0 depends on A in the manner that
f(0) =0 for A > 1, while lim,_,o; f(x) = oo for all 0 <A < 1.

Now, let us mention some interesting special cases of PDF (16).

(i) For 0 = p =k =1 we get the following Hurwitz—Lerch Zeta Beta prime
distribution discussed by Garg et al. [3]:

I'(v) xM1 zZX
OF )y >O)
f1(x) =< TANT(v =A) @y y~v(z,8,a) (T+x)Y ”(1 +x S a) x
0 elsewhere

where a € Zy, R{v} > R{A} > 0,x € R;s € C when |z] < 1 and
R{s —u} > 0, when [z[ = 1. Here @} (-, s, a) stands for the Goyal-Laddha
type generalized Hurwitz—Lerch Zeta function described in (4).

(ii) If we set 0 = p = k = A = 1 it gives a new probability distribution
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function, defined by

’V*] X
o* 0
folx) =< (1T+x)Y D@7 ,~(2,5,0a) ”(1 —|—x’s’ a) x>0

0 x <0,

(17)

where a & Zy, KA} > 0,x € R, s € C when [z| < 1 and R{s — u} > 0,

when |z| = 1.
(iii) When 0 =p =k =1 and v =y, from (16) it follows

A1

Mw) X L[ ZX
f3(x) = { TT(L—A)®5(z, s, a) (1+x)uq’”(1+x’s’a) x>0

0 x <0,

(18)

with a ¢ Zy, R{u} > R{A} >0, x € R, s € C when |z| < T and R{s—pu} >
0, when |z| = 1.

(iv) For 0 = p =k =1 and u =0, we obtain the Beta prime distribution (or
the Beta distribution of the second kind).

(v) For Fischer’s F—distribution, which is a Beta prime distribution, we set
0 =p =k =1 and replace x = mx/n, A = m/2, v=(m+mn)/2, where
m and n are positive integers.

4 Statistical functions for the HLZB’ distribution

In this section we would introduce some classical statistical functions for the
HLZB’ distributed random variable having the PDF given with (16). These
characteristics are moments of positive, fractional order m,,r € R, being the
Mellin transform of order v + 1 of the PDF; the generating function Gx(t)
which equals to the Laplace transform and the characteristic function (CHF)
¢ x(t) which coincides with the Fourier transform of the PDF (16).

We point out that all three highly important characteristics of the proba-
bility distributions can be uniquely expressed via the operator of the mathe-
matical expectation E. However, it is well-known that for any Borel function
1 there holds

E(X) = JRw(x)f(x) dx. (19)
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To obtain explicitely m;, Gx(t), ¢px(t) we also need in the sequel the unified
Hurwitz-Lerch Zeta function, recently introduced by Srivastava et al. [24].
According to [24] we consider nonnegative integer parameters p,q € No =
0,,2,--- 1 Ay € C, u € C\ Zg; o05,px > 0, = 1,p, k = 1,q. Then the
Unified Hurwitz—Lerch Zeta Function with p 4+ q upper and p + q + 2 lower
parameters, reads as follows

0 n
(p;0) (m,- P30T 5 np; z
0] (z,8,a) =@ v (z,s,a) E
A, y 9 A }\ y 9y )
H ety n—O (H))ncfj (n+a)sn!

(20)
where s, R{a} > 0 and the empty product is taken to be unity. The series (20)
converges

1. forallze C\{0}if ¥ > —1;
2. in the open disc |z| < V if ¥ = —1;
3. on the circle |z| =V, for ¥ = -1, R{O} > 1/2,

where
q P

q p q p
V::HG? Hp;pj, Y::ZG]-—ij-f—s, @::Zuj—Z)\j_f_%.
=1 =1 =1 =1 j=1 j=1

Theorem 1 Let X ~ HLZB' be a r.v. defined on a standard probability space
(Q,F,P) and let r € Ry. Then the rth fractional order moment of X reads as
follows

. (0,p,k—p; K,k—p)
(A)r sinmt(v —A) o u‘7\+r,v7}\7rw,vf7\(z’ s, a) (21)

(1—v+A);sina(v—A—1) q)(;,i’:)(z s, q)

m, =

Proof. The fractional moment m, of the r.v. X ~ HLZB' is given by
Ar(,v) o0 X?\-’-T‘*] (O' Kfp) pr
(b <7) ) ) d R )
F()\)F(VMJ (T+x)c wv A [Ty @) TER
where A is the related normalizing constant.

Expressing the Hurwitz—Lerch Zeta function in initial power series form,
and interchanging the order of summation and integration, we find that:

m, =EX" =

_ AT) (W) on " 00y Adripn—T
e = F(?\)F(v )\) 'r;) (’V )\)(K omn ( ) n! JO (] _|_X)v+|<n dx

n

AF(?\—i—r (v—A—1) (W) on 7\+r (’V_}\_T)(Kfp]n z
—N Z '
T

FO\) 0 (V - )\)(Kfp)n (TL + a)s nl
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By the Euler’s reflection formula we get

r =

AMN):T(1 —v +A)sinzt(v —A) i WonA+T)on(v—=A=1)(xpmz
FA=v+A+r)sinn(v—A—1) &= (Ven(v=A)(xpm (n+a)n!

- A(A)r sin7t(v —A) i u)o*n A+T)on(v—A— T‘) (k—p)n Z
(1 =v+A)ysinm(v—A—r1) = (ValV =N pnn+a)snl ’
which is same as (21). O

We point out that for the integer r € N, the moment (21) it reduces to

(_1)1‘()\)T ) (UapyK—P;K.»K—p) (z,s,a)

WAFT, V—A—T7V, V—A
My = . (22)
' (T—=v+A), Q)({)’:"\lf)(z’s’a)

Theorem 2 The generating function Gx(t) and the CHF ¢x(t), t € R for
the r.v. X ~HLZB’ are represented in the form

Gx(t) = EeftX _ - KJ] > 1 (A)r tT(Dg\‘:_)'_f:)v(Z’ s, a), (23)
o0 (2,s,0) 75 (T HA =Y
| - Ay (=it)7 (po‘K)
dx(t) = Ee™ = O (2,8, a).
O o S5 THA T 1
(24)

Proof. Setting P(X) = e X in (19) respectively, then expanding the Laplace
kernel into Maclaurin series, by legitimate interchange the order of summation
and integration we obtain the generating function Gx(t) in terms of (22).
Because ¢px(t) = Gx(—it), t € R, the proof is completed. O

The second set of important statistical functions concers the reliability ap-
plications of the newly introduced generalized Hurwitz—Lech Zeta Beta prime
distribution. The functions associated with r.v. X are the cumulative distribu-
tion function (CDF) F, the survivor function S = 1—F, the hazard rate function
h = {f/(1—F), and the mean residual life function K(x) = E(X—x|X > x). Their
explicit formulee are given in terms of lower and upper incomplete (comple-
mentary) @—functions.
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Theorem 3 Let r.v. X ~HLZB'. Then we have:

(0,k—p) zxP
hix) = fix)  T(v) AT T vA <(1 +x)< a) (25)
S(x)  TAT(v—=A) (1+x)¥ @;&S{,K)(Z» s,ax)
K(x) = () - (1)) on z"
hel S(Po) (v—A) (m+a)sn!
F'AT(v—A)@ bty (z,s,alx) 17— (k—p)n :
X Byt (V=A=T4 (k—p)n, A+ 1+ pn) —x, (26)
where

B.(a,b) = Eta—‘m —t)°71dt,  min (R{a},R{b}) >0, 2| <1

represents the incomplete Beta—function.

Proof. The CDF and the survivor functions of the r.v. X are

(p,0,K) —(p,0,K)

@5y (z,8,alx) P (2,8, alx)
F(x) = =30 C S = s x>0,
Q)\J’lﬂ,/ (Z) S, (1) (D?\,}‘,L,’;/ (Z’v S, (1)

and vanishes elsewhere. Therefore, being h(x) = f(x)/S(x), (25) is proved.
It is well-known that for the mean residual life function there holds [5]

K(x) = S(]x) ro tf(t)dt — x.

The integral will be

Jm AT(v) fi(mm4n+«nﬂznjm hen

tf(t)dt = dt
v V=N gl Jx (Tevmm

I=1, FF v — )

n=0

where the innermost t—integral reduces to the incomplete Beta function in the
following way:

00 t‘p—] (T4x)~! : :
J m dt — JO tqipi tpi dt — B(]+X]—] (p, q —p) .
X

Therefore we conlude

AT(v) i (Won(m+a) Sz

J = TAT(v —A) (V=N (epm !

B(14x)-1 (V=A=T+(k—p)n, A+1+pn) .

n=0

After some simplification it leads to the stated formula (26). g
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5 Generalized Hurwitz—Lerch Zeta Gamma
distribution

Gamma-—type distributions, associated with certain special functions of science
and engineering, are studied by several researchers, such as Stacy [26]. In this
section a new probability density function is introduced, which extends both
the well-known Gamma distribution [21, 28] and Planck distribution [9].

Consider the r.v. X defined on a standard probability space (Q,F,P) , de-
fined by the PDF

. (APl (W, 0) ’ze*bX}

b Teex L (v,k)
f(x) = . —— x>0, (27)
S q)%,im‘/ (z,s,a/b)
0, x <0;

where a, b are scale parameters and s is shape parameter. Further R{a}, R{s} >
0 when |z] < 1(z # 1) and R{s} > 1 when z = 1. Such distribution we call
by convention generalized Hurwitz—Lerch Zeta Gamma distribution and write
X ~ HLZG. Notice that behavior of f(x) near to the origin depends on s in the
manner that f(0) =0 for s > 1, and for s = 1 we have

A
b Y3 [ ( "()\)/:(KL)L'G) ‘z]

fl0) = (p,0,K)
®*7(z,1,a/b)

and limy_,o. f(x) = co when 0 <s < 1.
Now, we list some important special cases of the HLZG distribution.

(a) For 0 = p = k = 1 we obtain the following PDF discussed by Garg et
al. [3]:
)\’ 22 —bx
bsxsf1efax 2F1 [ Vv ‘Ze :|
F(S) (D}\,u,‘v(z)s)a/b) ,
where R{a}, R{b},R{s} >0 and |z] < 1 or |z| =1 with R{v — A — u} > 0.

fi1(x) = (28)

(b) If weset c=p=xk=1,b=a, A=0, then (27) reduces to the Gamma
distribution [9, p. 32] and

(¢) foroc=p=k=1, u=-~v,A=1it reduces to the generalized Planck dis-
tribution defined by Nadarajah and Kotz [16], which is a generalization
of the Planck distribution [9, p. 273].
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6 Statistical functions for the HLZG distribution
In this section we will derive the statistical functions for the r.v. X ~ HLZG

distribution associated with PDF (27). For the moments m,. of fractional order
T € Ry we derive by definition

P (2 s £ 1, a/b)

© (S)T‘ NTIRY
my = | x'f(x)dx = ——2 . (29)
" Jo b ®£\‘?£L(T;,K)(z,s,a/b)

Next we present the Laplace and the Fourier transforms of the probability
density function (27), that is the generating function Gy(t) and the related
CHF ¢v(t):

" (z,s, (a+1)/b)

Gx(t) = EetY — Apv (30)
(Dg\‘?;lf;/K)(z, s,a/b)
(p)o-)K] :
. O] (z,s, (a—1it)/b)
Px(t) = Gy(—it) = EeltY = Dbt . teR.  (31)

d)()\p)i:)(z,s,a/b)

The second set of the statistical functions include the hazard function h and
the mean residual life function K.

Theorem 4 Let X ~ HLZG. Then we have:

S Np) (o) |
bsxsf]efax 211]1 [ (V ‘Ze bx

, K)
h(x) = - 32
s) £ (z,5,a/b,blx) 32
K(X) — 1 - (A)pn(U)O‘n F(S-H,(a—i-bn)x) i_
br(s)zg\?}f—’;ﬁ)(z’s)a/b,b|X) n=0 (V)Kn (TL—I— a/b)S—I—] nl
(33)
Here

Mp,z) = J e tdt,  Mp) >0,

z

stands for the upper incomplete Gamma function.
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Proof. From the hazard function formula a simple calculation gives:

K(X) = b° JOO tSe*a‘tz\yT[ ()\v p)) (H, G) ’ze*bt} dt — x
M(s)Ea (2,5, a/b, blx) (v, k)
— b® i (}\)pn(FL)O'n i JOO tse—(aern)tdt_X‘
I(s )Efff)(z,s, a/b,blx) = Ve b i

Further simplification leads to the asserted formula (33). O

7 Statistical parameter estimation in HLZB’'
and HLZG distribution models

The statistical parameter estimation becomes one of the main tools in random
model identification procedures. In the study of HLZB' and HLZG distribu-
tions the PDF's (16) and (27) are built by higher transcendental functions such

as generalized Hurwitz—Lerch Zeta function (D; S : )(z,s, a) and Fox—Wright
generalized hypergeometric function ,¥j[z]. The power series definitions of
these functions does not enable the successful implementation of the popular
and efficient Maximum Likelihood (ML) parameter estimation, only the nu-
merical system solving can reach any result for HLZB’, while ML cannot be
used for HLZG distribution case, being the extrema of the likelihood function
out of the parameter space.

Therefore, we consider the Moment Method estimators, such that are weakly
consistent (by the Khinchin’s Law of Large Numbers), also strongly consistent

(by the Kolmogorov LLN) and asymptotically unbiased.

7.1 Parameter estimation in HLZB’ model

Assume that the considered statistical population possesses HLZB’ distribu-
tion, that is the r.v. X ~ f(x), (16) generates n independent, identically dis-
tributed replicae = = (Xj)]. Tn which forms a statistical sample of the size n.
We are now interested in estimating the 9-dimensional parameter

09 = (a,0,k,p, A, 1,V,2,58)
or some of its coordinates by means of the sample =.
First we consider the PDF (16) for small z — 0. For such values we get
asymptotics
M(v)x 1
FAT(v=A)(14+x)V

f(x) ~ x >0, (34)
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which is the familiar Beta distribution of the second kind (or Beta prime)
B’(A,v). The moment method estimators for the remaining parameters A >
0,v > 2 read:

X% X2 XZ %,
A:ij*‘), =St 1) g, (35)
Sh S
where
%= 13 X, S-L1Y (6%
n—n; i n_n;( ) TL)
)= )=

expressing the sample mean and the sample variance respectively. Let us men-
tion that for v < 2, the variance of a r.v. X ~ B’(A,v) does not exists, so for
these range of parameters MM is senseless.

The case of full range parameter estimation is highly complicated. The mo-
ment method estimator can be reached by virtue of the positive integer order
moments formula (22) substituting

1 &
x;:EZx;Hmr,
=1

where X, is the rth sample moment. Thus, numerical solution of the system

) (o,p,k—p; K,Kk—p)

p,L,)\JrTN—)\—‘rw,v—?\(Z’ S, Cl)

(DA =X, r=19 (36)
=vENe ofizs,a) "

which results in the vectorial moment estimator 0o = (a, &, K, 5,7\, 0,Yv,z,8).

7.2 Parameter estimation in HLZG distribution

To achieve Gamma distribution’s PDF from the density function (27) of HLZG
in a way different then (b) in Section 6, it is enough to consider the PDF (27)
for a = b and small z — 0. Indeed, we have

bsxsf1efbx
lim f(x) = r(s)
z—0 0, x<0:

>0
b (37)

It is well known that the moment method estimators for parameters b, s are

X o (X
b= > S = — .
Sn Sn
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The general case includes the vectorial parameter
610 = (avb) 337\, p,,0,v, K)Z) .

First we show a kind of recurrence relation for the fractional order moments
between distant neighbours.

Theorem 5 Let 0 <t < 1 be nonnegative real numbers, and m, denotes the
fractional positive rth order moment of a r.v. X ~ HLZG. Then it holds true

my = My - My, (38)
Proof. It is not difficult to prove
(s)y "z s+ a/b)

My = bT }\,L(L;;\,/O',K)
CD)\’HN (z,s,a/b)
_ T(s+7) d)g\‘?:;’v'()(z, s+71,a/b) N(s+1) (D;\‘?;ﬂf)(z, s+t,a/b)
b (s +1) @ P09z, 5 4+ t,a/b) PT(S) P79z 5, a/b)
which is equivalent to the assertion of the Theorem. O

Remark 2 Taking the integer order moments (29), that is my, v € Ny, the
recurrence relation (38) becomes a contiguous relation for distant neighbours:
(s + D Pay (25 + ¢ a/b)

07 oz sk, a/b)

My = My_x - My = M (39)

for all0 <k <{, k,{ € Np.
Choosing a system of 10 suitable different equations like (38) in which m,
is substituted with XJ, — m,;, we get

(s + ) Q2,5+ 1,0/b)  XT,

brt (I);F"}ff)(z,s—l—t,a/b) Xi}i

(40)

However, the at least complicated case of (38) occurs at the contiguous (39)
with k = 0,£ = 1,10, that is, by virtue of (40) we deduce the system in
unknown 01¢:

() @7 (z s +0,a/b) = b0 (z,5,a/b) XL ¢ =T,10. (41)

)\,LL,’V }\,}L,’V

The numerical solution of system (41) with respect to unknown parameter
vector 019 we call moment method estimator 01.
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Abstract. A novel power series representation of the generalized Mar-
cum Q-function of positive order involving generalized Laguerre poly-
nomials is presented. The absolute convergence of the proposed power
series expansion is showed, together with a convergence speed analysis
by means of truncation error. A brief review of related studies and some
numerical results are also provided.

1 Introduction

For v real number let I, be denotes the modified Bessel function [49, p. 77| of
the first kind of order v, defined by

B (t/z)ZnJrv
MY =2 ity 1) W
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and let b — Q- (a,b) be the generalized Marcum Q-function, defined by

Qv(avb) =

© v 2442
tvem 2z I,_j(at)dt, (2)

—1
aV b

where b > 0 and a,v > 0. Here I" stands for the well-known Euler gamma
function. When v = 1, the function

*© t2+a2

b— Qi(a,b) = L te” 2z Ip(at)dt

is known in literature as the (first order) Marcum Q-function. The Marcum
Q-function and its generalization are frequently used in the detection theories
for radar systems [27] and wireless communications [12, 13], and have im-
portant applications in error performance analysis of digital communication
problems dealing with partially coherent, differentially coherent, and non—
coherent detections [38, 40]. Since, the precise computations of the Marcum
Q-function and generalized Marcum Q-function are quite difficult, in the last
few decades several authors worked on precise and stable numerical calcula-
tion algorithms for the functions. See the papers of Dillard [14], Cantrell [7],
Cantrell and Ojha [8], Shnidman [34], Helstrom [17], Temme [46] and the refer-
ences therein. Moreover, many tight lower and upper bounds for the Marcum
Q-function and generalized Marcum Q-function were proposed as simpler al-
ternative evaluating methods or intermediate results for further integrations.
See, for example, the papers of Simon [35], Chiani [10], Simon and Alouini
[37], Annamalai and Tellambura [1], Corazza and Ferrari [11], Li and Kam
[22], Baricz [4], Baricz and Sun [5, 6], Kapinas et al. [19], Sun et al. [41], Li
et al. [23] and the references therein. In this field, the order v is usually the
number of independent samples of the output of a square-law detector, and
hence in most of the papers the authors deduce lower and upper bounds for
the generalized Marcum Q-function with order v integer. On the other hand,
based on the papers [8, 27, 34] there are introduced in the Matlab 6.5 soft-
ware the Marcum Q-function and positive integer order generalized Marcum
Q-function': marcumq(a,b) computes the value of the first order Marcum Q-
function Qq(a,b) and marcumq(a,b,m) computes the value of the mth order
generalized Marcum Q-function Qm(a,b), defined by (2), where m is a pos-
itive integer. However, in some important applications, the order v > 0 of
the generalized Marcum Q-function is not necessarily an integer number. The

'See http://wuw.mathworks.com/access/helpdesk/help/toolbox/signal/marcumg.html
for more details.
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generalized Marcum Q-function is the complementary cumulative distribution
function or reliability function of the non—central chi distribution with 2v
degrees of freedom [18, 39, 41]. Moreover, real order generalized Marcum Q-
function has been used to characterize small-scale channel fading distributions
with line-of-sight channel components [24, 50] or cross—channel correlations
(2, 3, 19, 20, 38, 44, 45].

In this paper, we present a novel generalized Laguerre polynomial series
representation of the generalized Marcum Q-function, which extends the result
of the first order Marcum Q-function in Pent’s paper [32] to the case of the
generalized Marcum Q-function with real order v > 0. We further show the
absolute convergence of the proposed power series expansion, together with
a convergence speed analysis by means of truncation error. A brief review of
related studies in the literature is provided, which may assist the readers to
get a more complete vision of this area. Finally, some numerical results are
provided as a complementary of these theoretical analysis.

2 The generalized Marcum Q-function via Laguerre
polynomials

2.1 Novel series representation of the generalized Marcum Q-
function

We start with the following well-known formula [43, p. 102]
L((X) n

L?“JEZ;;:” o+ 1)e*(xz) 2 Jul2v/x2), (3)
n>0 -n ’

where x,z € R and o > —1. Here J stands for the Bessel function of the first
kind of order «, L;‘X) is the generalized Laguerre polynomial of degree n and
order «, defined explicitly as

MMm+oa+1) (—x)k

L(CX)(X) — € Xi‘x (e—x n+oc
Fk+oa+t)Mn—k+1) K

n!

=0

Changing in (3) z with —z and taking into account I, (x) =i7](ix) we obtain
that [26]

= (x4 e ?(xz) "2 [4(2v/xz). (4)
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Now, if we use
MM+oa+1)

Mo+ 1) (n+1)°

and replace x with a and & with v — 1, respectively, (4) can be rewritten as

Li(0) =

= Ly ()

z 2 —z—a _ p,—a n
(3) 7 e Ve = et Y s

a
n>0

Zn+\/71 ’ ( 5)

which holds for all a,v > 0 and z > 0.
Now, consider the following formula [46, 47]

av Tv+mn,b)a®
Qv(m, @) =€ WF

n>0
_ J“’ (Z)Z] e =91, 1 (2y/az)dz, (6)

where a,v > 0 and b > 0. We note that the function b — Q. (v/a,vb),
defined by

(0.¢]

y—1
(g) et I,_1(v/az)dz,

is in fact the survival function (or the complementary of the cumulative distri-
bution function with respect to unity) of the non—central chi-square distribu-
tion with 2v degrees of freedom and non—centrality parameter a. With other
words, for all a,v >0 and b > 0 we have

Qv(va,vb) =1— ]J: (Z)VZ] e 'L, 4 (Vaz)dz. (7)

1
Quva, Vo) =5 |

b

2 a
See [39] for more details. Combining (5) with (7) we obtain

Qv(vV2a,v2b) =1 — J: (3) T erar, (2vandz

a

b (v—1)
=1 —J e ¢ Z(—] )“71_“ (a)znﬁ’qdz

0 >0 r('V + TL)
(v—T)
ey g
=0 F(V + Tl) 0

1
oy e B
rMv+n+1) ’



64 Sz. Andras, A. Baricz, Y. Sun

where in (a) the integration and summation can be interchanged, because the
series on the right-hand side of (5) is uniformly convergent for 0 < z < b.
For more details see the last paragraph of Section 2.2. After some simple
manipulation, we obtain a new formula of the generalized Marcum Q-function,

a2 Lg_” (L;) b2 n+v
Qv(a»b):]_Z(_” e ? l"(v—l—n—l—])(Z) ) (8)

n>0
valid for all a,v >0 and b > 0.

In order to simplify the numerical evaluation of the series (8), we consider
the expression

i.e.,

(v—1)
b"L
Pynla,b) = nim),
’ Fv+n+1)
which satisfies the recurrence relation
2n+~v—a)b
Py ,b) = P b
,n+1(a ) M+ Dv+n+1) v‘n(a )
(n+v—1)b?

a (n+1)(V+n)(y+n+])PV,n—l(a,b)

forall a,v>0,b>0and n €{1,2,3,...}, with the initial conditions

1 (v—a)b

Pv,o(Chb) = m and P\,J(a,b) = m

Here, the recurrence relation for P n(a,b) were obtained from the recurrence
relation [43, p. 101]

4+ DL (x) = @n+at 1L (x) — (n+ L™, (x)

n+1 n—
and the initial conditions from

L¥x) =1 and L{¥(x)=—x+oa+1.
With the help of the expression Py n(a,b), (8) can be easily rewritten as

2 2\Y 2 2
Qulabl=1-Y e % (5] Pun (575 ) )

n>0
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2.2 Convergence analysis of the new series representation

We note that for a > 0, v > 1 and b > 0 the absolute convergence of the
series in (8) or (9) can be shown easily by using the following inequalities

(v—1) [
Z(—n“e‘fw (%) o2\
FMv+n+1) \ 2

_ e,§ 1 bﬁz n+v L(y_” iz
- Tv+n+1)\ 2 " 2

o2 1 b2\ r(v+n) o
P b? o
e ) i (z) nriv) <

o

or

. 1
P
=e s ;)F(v—l—n—l—ﬂ

a2 (262\Y T/ 2
—e 4 ? ez —1] ,

which contain the known inequalities of Szegé [43] for generalized Laguerre
polynomials

< Ma+n+1)
— nllMa+1)

x
ez2

LR ()]
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and of Love [25]
MNMa+n+1) (X)*“ x
- @ | = ez
n! 2 '

where in both of the inequalities « > 0, x >0 and n € {0,1,2,...}.

Moreover, for a > 0,0 <v <1 and b > 0 the absolute convergence of the
series in (8) or (9) can be shown in a similar manner by using the following
inequality

ILa(x)l <

> (—hre s ()

bz n+v
Tventn (2)
g2 bz n+v 1 az
se er+n+1 <2> <2>’
p2\ " Fv4+mn)\ o
<2> ( n!l(v) )e
7& ] ] bz n+v
¢ Zv—l—n(F(v—l—n) n!F(v)><2>
,i 2 bz n+v
< Lal3)

which contains the classical inequality of Szeg6 [43] for generalized Laguerre

polynomials
Ma+n+1) x
L% <|2—— =
| ““”-( S CES)) ) :

where —1 < a <0, x >0 and n € {0,1,2,...}. In addition here we used the
fact that for all fixed n € {1,2,3,...} the function

1 2 1
v v+n (F(v+n) n!F(v))’

which maps 0 into 2/n!, is decreasing on (0, 1] and consequently for all n €
{0,1,2,...} and 0 < v <1 we have

1 2 _ 1 <£
v+n \l'(v+n) nll'(v)) — nl
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We note that other uniform bounds for generalized Laguerre polynomials can
be found in the papers of Love [25], Lewandowski and Szynal [21], Michalska
and Szynal [28], Pogdny and Srivastava [33]. See also the references therein.

Finally, note that by using the above uniform bounds for the generalized
Laguerre polynomials the uniform convergence of the series on the right-hand
side of (5) can be shown easily for 0 < z < b. This is important because in
order to obtain (8) we have used tacitly that the series on the right-hand side
of (5) is uniformly convergent and then we can interchange the integration
with summation. For example, if we use the above Szeg6’s uniform bound,
then for alln €{0,1,2,...},a>0,v>1and 0 <z <b we have

(v—1) s B1n
‘(— e @) ) < 2 00,
vV+n) I'(v) n!

By the ratio test the series e? = Y >0 b™/nlis convergent and thus in view
of the Weierstrass M—test the original series on the right—hand side of (5)
converges uniformly for all 0 <z <'b.

2.3 Truncation error analysis

For practical evaluations of our power series expansion, we need to approxi-
mate the generalized Marcum Q-function Q~(a,b) by the first ng €{1,2,3,...}
terms of (8), i.e.,

o ZLV] a” 2\ NV
Qlab)=1-) (1" v+n<j1>)(b2> ~

We note that the absolute value of the truncation error

]_(Vfl)(aiz) 2\ N+v
_ _0 _ eyt \2) (b
Et—Qv(aab) Qv(a»b)— Z ( ]) +€ F(v+n—|—1)<2>

n>ngy+1

can be upper bounded by using the upper bounds for the generalized Laguerre
polynomials as in subsection 2.2. More precisely, by using the same argument
as in subsection 2.2 and Sewell’s inequality [29, p. 266]

n
ZL L’ TLG{],Z,3),_.},XZO,
k=0 k! n
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we can deduce the following: if a > 0, b > 0 and v > 1, then

2 2 ~
leg] < e_aTz ! b—z . e% —nOZ—H l b—z ) < ebT_T 71 b—z
t= Mv) \ 2 = n \ 2 T no+1T(v)\ 2
or
led] < e*CETZ Zibz v e% _“§1 l biz " < e%i%z biz LbZ -
o= a2 —nl\2 ~no+1 2 \ a2 ‘

Similarly, it can be shown that if a > 0, b > 0 and 0 < v < 1, then the
absolute value of the truncation error is upper bounded as follows

o] < 2e—5 A S e b2“<ze§—‘% LA
ful = € 2 ) |€ _;)nz 2) | = e 2 '

Observe that the above upper bounds of the absolute value of the truncation
error converge to zero at a speed of 1/ng. In practice, we can use these upper
bounds to decide the number of terms, i.e. ng, for achieving a pre—determined
accuracy.

2.4 A brief review of related studies

As far as we know the formula (8), or its equivalent form (9), is new. However,
if we choose v =1 in (9), then we reobtain the main result of Pent [32]

b? X: a’ b?
Q](a>b) =I—= e_TPT‘L <>_> y
2 =0 2 2
where L, ()

which for alla > 0,b>0and n €{1,2,3,...} satisfies the recurrence relation

_ 2
2n+1—a)b P..(ab) nb

Prii(a,b) = m+1)n+2) T m+1)2n+2)

Pn71 (aa b)

with the initial conditions

(1—a)b

Po(a,b) =1 and Py(a,b)= 5
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Here L, = LE? ) is the classical Laguerre polynomial of degree n.

It should be mentioned here that another type of Laguerre expansions for
the Marcum Q-function was proposed in 1977 by Gideon and Gurland [16],
which involves the lower incomplete gamma function. This type of Laguerre
expansions requires to use a complementary result of (4), i.e.

(o) 1 ynun
F WCI e, o
n>0 -n :

Now by some simple manipulation we obtain

v—1
Z

() 7 e L a@vaz) =2 *ern @),

a

which is equivalent to Tiku’s result [48], available also as equation (29.11) in
the book [18]. By integrating (11) in z and by using the differentiation formula
26

= z"‘He_ZLEf:ﬁ])(z)} =nz% 2L\ (2),
where n €{1,2,3,...}, « > —1 and z € R, we can obtain another generalized
Laguerre polynomial series expansion of the generalized Marcum Q-function

. 1 n 7bbvl"(r:/—)1(b) n
v(m,@)—1—mv(v,b)—2(—ne Torm

n>1

which in turn implies that

1 b2 n b2 (b L o’
Qv(a,b)1—wv<v,2)—z(—” e (z) an+n <2>

n>1
1 bz N bz ’VL Lo a n
wr(v»z%g—”e (3 S (5)
. n. b b2 VL (%) a?\"

where y(-,-) is the lower incomplete gamma function, defined by

X
v(a,x) :J t Tetdt.
0
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Here we used that
Ma,x) =T(a) —v(a,x), (13)

and

lim Q+(a,b) = LI“ <v bz)
a—0 ’ F(v) 2 )

Some other Laguerre expansions for the Marcum Q-function are provided
in Gideon and Gurland’s paper [16], available also as equation (29.13) of
[18]. Moreover, a new unified Laguerre polynomial-series—based distribution
of small-scale fading envelope and power was proposed recently by Chai and
Tjhung [9], which covers a wide range of small-scale fading distributions
in wireless communications. Many known Laguerre polynomial-series—based
probability density functions and cumulative distribution functions of small—
scale fading distributions are provided, which include the multiple-waves—
plus—diffuse—power fading, non—central chi and chi-square, Nakagami—-m, Ri-
cian (Nakagami-n), Nakagami—q (Hoyt), Rayleigh, Weibull, Stacy, gamma,
Erlang and exponential distributions as special cases. See also [42], which con-
tains some corrections of formulas deduced in [9]. In particular, (12) is a special
case of the unified cumulative distribution function given in corrected form in
[42]. We note that the expression of (12) and the unified cumulative distribu-
tion function in [42] are quite different from our main result (8) or (9). This is
because they are based on two different Laguerre polynomial expansions of the
modified Bessel function of the first kind Iy given in (4) and (10). Therefore,
these Laguerre polynomial expansions are expanded over different variables of
the generalized Marcum Q-function. Finally, we note that since Nakagami’s
work [30] the Laguerre polynomial series expansions of various probability
density functions have been derived. We refer to the papers of Esposito and
Wilson [15], Yu et al. [51], Chai and Tjhung [9] and to the references therein.

Finally, by using the infinite series representation of the modified Bessel
function of the first kind (1) and the formula

00 2 B 2

J tMe~Tdt =277 (mH “) ,

« 2 2

where I'(-,-) is the upper incomplete gamma function, defined by
o

Ia,x) :J ta le tdt,

X



The generalized Marcum Q-function 71

we easily obtain that

QV(aab) = dt

B

o2 aZn 0 .2
-4 — 5 2n+2v—1
—e 2 ezt dt
22ntv=InIl (v +n) Jy,

a2 1 <a2)“r(v—|—n,bzz)

I'v+mn)

2
o2 2\ vy w/—l—n,b—
1Y % <a> (2> (14)

2 nir(v+mn)

We note that (14) is usually called the canonical representation of the vth
order generalized Marcum Q-function. Recently, Annamalai and Tellambura
[2] (see also [3]) claimed that the series representation (14) is new, however it
appears already in 1993 in the paper of Temme [46]. See also Temme’s book
[47] and Patnaik’s [31] result from 1949, which can be found also as equation
(29.2) in the book [18]. Interestingly, our novel series representation (9) for the
generalized Marcum Q-function resembles to the series representation (14).

2.5 Numerical results

We now consider some numerical aspects of our generalized Laguerre poly-
nomial expansions (8) or (9). In practice, we usually need to compute the
detection probability for different values of b with fixed a to decide a proper
detection threshold. Since the generalized Laguerre polynomial in (8) is de-
termined by only a, we can save computation time by storing the values of
the generalized Laguerre polynomials for computing the generalized Marcum
Q-function with different values of b.

The next tables contain some values of the generalized Marcum Q-function
calculated using (9) and using the Matlab marcumq function. For the consid-
ered choices of a and b, the numerical value of (9) is exactly the same with
that of the Matlab marcumq function, if v € {1,5} is integer. When v = 7.7,
the Matlab marcumq function does not work, and the numerical value of (9) is
provided in the tables. Finally, we note that more accurate intermediate terms
are required for larger a and b.
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a=0.2,b=0.6 v=1 v=>5 v=77
9) 0.838249985438908  0.999998670306184  0.999999999927717
marcumgq 0.838249985438908  0.999998670306184 —
a=12b=1.6 v=1 v=>5 v=77
(9) 0.501536568390858  0.994346394491553  0.999944937223540
marcumq 0.501536568390858  0.994346394491553 —
a=22b=26 v =1 v=>5 v=77
9) 0.426794627821735  0.929671935077756  0.993735633182201
marcumq 0.426794627821735  0.929671935077756 —
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Abstract. The nonnegative biquadratics discussed comes from the
Bottcher-Wenzel inequality. It is for some matrices a sum of squares of
polynomials (SOS), in other cases not, depending on the nonzero pattern
of the matrices at issue. Our aim was to draw a line between them. To
prove the ‘not a SOS’ case we solve a semidefinite programming (SDP)
problem. Subsequently a two-parameter version will be investigated.

1 Introduction

The Béttcher-Wenzel inequality (see [2], [7], [3], [1], [9], [5], [4], [10]) states (in
its stronger form) that for real square matrices X,Y of the same order n

FX,Y) = 2| X|PIY]2 — 2trace®(XTY) — XY ~YX|2 >0, (1)

where the norm used is the Frobenius norm. Since all our attempts to obtain a
representation for f as a sum of polynomial squares (in short: SOS) failed for
n = 3, distinguishing between the ‘good’ and ‘bad’ cases became to a natural
problem.

In case of n = 2 we have for X = (xl x3> , Y = (yl y3> and with
T2 T4 Y2 Y4

variables z; ; = x;y; — yiwj, 1 <i<j <4, that
FIXY) =228, + (212 = 224)° + (213 — 234)°

is a sum of squares of quadratics.

2010 Mathematics Subject Classification: 90C22, 15A45, 65F15
Key words and phrases: sum of squares, semidefinite programming, biquadratics
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Our main result is that the nonnegative form (1) is SOS for good matrices
X, Y, whereas it isn’t SOS for general bad matrices, where a matrix of order
n will be called good, if nonzero elements occur only in row 1 and column n,
while it is called bad, if, moreover, nonzero elements occur also in the main
diagonal, as shown e.g. forn =4 :

good : bad :

S O O ¥
o O O ¥
S O O ¥
* ¥ X ¥
S O O ¥
O O *x ¥
S *x O ¥
* K X ¥

Remark 1 For convenience we re-cite the SOS representation [8] for the
good cases in section 2. Section 3 contains the main result: the non-possibility
of an SOS-representation for the bad cases via SDP, while in section 4 we
provide the function f with two parameters and decompose the unit square
into regions with different properties.

2 SOS decomposition for good matrices

Let X,Y be good real n-th order matrices with m = 2n — 1 possible nonzero
elements:

x1 Tp—1 Tn Y1 Yn—1 Yn
¥ = 0 0 Tn+1 ’ v — 0 0 Yn+1 ’
0o ... 0 T 0o ... 0 Um

and define an m—th order matrix Z by help of vectors x = (z;){"* and y = (v;)1"
as

T T m
Z=zy —yr = (2ij)i=1, Zij = Ti¥Yj — YiT;-

The SOS representation for these good matrices is the following.
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Theorem 1 (Theorem 1, [8])

-1

—_

n 9 =
2 2 2
1212 = (Y ziitn-1) = D= D (2)
i=1 =2 i=n+1
n—1 m n—2 n—1 2n—3 2n-—2
2 2
P IPIEEDIDIE LI DRI
=1 j=n+ =2 j=i+1 i=n+1j=i+1
n—1 n n—1 n
2 2
g Zz,j _Zi+n—1,j+n—1) + g E (Zi,j+n—1 _Zj,i—i-n—l) .
1=1 j=1 =1 j=i+1

Remark 2 Indeed, (1) and (2) are identical. In particular,
12117 = 2 |IX[]*|Y]]* — 2 trace®(XTY),

and
2n—1

<Zzzz+n 1) +Zzlz+ Z z = XY =Y X|]?

i=n+1
holds, where the first is Lagrange s identity, the second is straightforward.

3 SOS decomposition impossible for bad matrices

It suffices to prove this negative result for third order matrices. Let

Tl X2 X3 Yy Y2 Y3
X=10 x z4], Y=10 vy va
0 0 x5 0 0 wys

It turns out that the presence of g and yg causes the impossibility of an SOS
representation for (1). Since

0 2z12+226 213+ 224+ 235
Xy-vx=[0o o0 s — e |
0 0 0

the nonnegative form (1) to be discussed assumes the form

2 Z (21,3 + 224 + 23 5) —(z12+ 2’2,6)2 — (245 — z216)°  (3)
1<i<j<6

with z; ; = zy; — x5y, 1 <1< j <6.
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Theorem 2 The biquadratic form (3), nonnegative for any real (z;)%, (v:)$,
is not a sum of squares of any quadratics!

We will need a lemma before proving the theorem.

Lemma 1 An sos-representation of f is necessarily a sum of squares of the
zij’s. Furthermore, for the variables z; ; the basic identities

Zij Rkl T Zil %k — Zik 2§l = 0, 1<i<j<k<lI<L6 (4)
hold, and there are no more (quadratic) relations between them.

Proof. Note that in addition to nonnegativity: f(X,Y) > 0, we have symme-
try: f(X,Y) = f(Y, X), and also zero property: f(X,X) = 0.

By virtue of the last property, the coefficients of 1y and y; 22 are opposite
in all terms of the representation

f(X)Y) = Z(aimyg + By + ... )%,

)

i.e. B; = —qy for all 7. Hence

f(X,Y) = Z(Oéizm + vix1y3 + O;y1x3 + . .. )2

(2

and the procedure can be continued.

As for the relations between the z; ;-s, assume that there holds a nontrivial
quadratic identity g(Z) = 0 containing the term ziQ. Then also z2y2 is present,
however, this latter can only occur in z%g, therefore a term —2%72 is needed
to cancel it, which contradicts the non-triviality. In a similar way we see that
there is no term of type 21 2 21,3 occurring in a non-trivial identity.

Finally, assume we have a non-trivial identity containing the term z; 2 23 4.
(Its coefficient can be supposed to be unity.) Then z1y2x3y4 is a part of the
(expanded) identity. In contrast to the above cases, this occurs in two ad-
ditional terms: in 214 223 and in 213224 to produce the non-trivial identity
212234+ 214223 — 21,3224 = 0.

Since x1y2x3y4 occurs only in the expansion of the three above terms, there
are no more non-trivial identities containing it. (I

Before proving the theorem, we formulate the standard primal and dual
semidefinite programs:

min {CeX: X>0, A;jeX =0b;, 1<i<m} (Primal)
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m
max {bly: S=C— ZyiAi >0} (Dual)

i=1
where all matrices are n-th order real symmetric, m is the number of con-
straints, C' and (A;)]" are given, vector b of length m is also given, while
the primal matrix X and the dual matrix S (the so-called ‘slack’ matrix -
sometimes denoted by Z) together with the m-vector y are the output of the
program, e denotes the standard scalar product A e B = trace(AB) for sym-
metric matrices and > stands for the Loewner ordering: A > B iff A — B is
positive semidefinite, in short: psd.

Turning to our case, denote by (A;)1% the constraint matrices corresponding
to the basic identities (4) mentioned in the Lemma. Since these are homoge-
neous equations, the b;-s are zero. In an interesting way, both the order n = (g)
and the number of constraints m = (2) equals 15.

Nevertheless we will need also the identity I as a constraint matrix to get a
sum of squares decomposition, and — to emphasize its speciality — we associate
it with index zero, i.e. we write Ag = I and get the concrete primal-dual pair
of SDP programs:

min {CeX: X>0,trX=1, A;eX =0, 1 <i<15} (Primal)
15
max {yo: §=C—yol =Y y:4; >0} (Dual)
i=1

After this preparation we can prove our theorem.

Proof. To prove Theorem 2, we specify in detail the data for the SDP above
and explain the results obtained. Considering the band-width of matrices C, X
and S, a good order of the z; ;’s is

(22,5723,4,21,2722,6, 21,4y 22,35 24,55 24,65 21,35 23,55 22,4 21,5721,6,23,6725,6)-

Then, denoting by z the corresponding column vector, it holds that f(X,Y) =
2I'Cz for C appropriately defined. To this, we describe the common block-
structure of the matrices C, .S, X. All these matrices are block-diagonal with
two 4 x 4 blocks and a 3 x 3 block, while the remaining 4 x 4 block is diagonal.
In case of C' e.g. these blocks will be denoted by Cy, C}, C5 and Cy. Here, C}
is diagonally similar to C4 through diag(1,1,1, —1), hence the eigenvalues of
C), and Cy coincide. The whole matrix is

0204@04/1@03@62[,



82 L. Laszlo

and the same direct sum representation holds for the optimal primal and dual
matrices X and S. As regards C, we have

1 -1 -1
L Cs=1-1 1 -—1], cy=2I.
-1 -1 1

O O O N
O O N O
—_
|
[

Now we can explain the output of our program. The optimal value of the
objective is negative: yy = —%, indicating that (1) is not a SOS, but the
modified quartics

21 || X|P|IY][? — 2 trace*(XTY) — || XY — Y X||?
is a sum of squares, 2% being the smallest number with this property. The only
nonzero y-s are y; = y2 = 5/7, they correspond to the basic relations (4) with

indices (1,2,3,4) and (2,3,4,5).
For the optimal matrix S we have S = Sy @ S} ® S3 @ Sy with

15 -5 0 0

8§ -7 -2
11-5 15 -5 0 1 15
S I S ) 1 D el R

0o 0 -7 8

which yields the wanted sum of squares decomposition. The optimal primal
matrix is X = Xy ® X ® X3 ® Xy, where

1 3 8 7
4 4 2
2 |3 9 24 21 9
X4_ﬁ8246456’X3_%;1;1§’
7 21 56 49

and X, is the fourth order zero matrix. Using the block-structure, the positive
semidefiniteness of X and S and the complementarity condition XS = 0 can
easily be checked (cf. the Karush-Kuhn-Tucker necessary conditions). Also,
strict complementarity holds, in particular rank(X) = def(S) = 3. O

Notice that in general — unlike linear programming — rational data for a
SDP problem does not necessarily result in rational solution!
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4 On a parametric version

To get more insight into the problem, we insert two parameters a and (3 to
investigate the SOS representability of the biquadratics

2 Z a(z13+ 224+ 235)° — B(z12 + 226)° — Blza5 — 246)°.  (5)
1<i<j<6

(The reason for the two ’s is that these terms behave similarly.) It turns out
that only the first two constraints A; ¢ X = 0 and A; ¢ X = 0 will be active
with y1 = 4o, and y; = 0, ¢ > 3, as in the above special case of @« = 8 = 1.
This means that our problem reduces to finding the optimal yg, y1 for a given
pair (a, 3) € [0,1]? such that

(2—vo)fo—afi —Bfe —yp1F1 —y2F2 > 0 (6)

and yp is maximum, where we use the abbreviations

fo=Y 25 fi=(z13+224+25)% fo= (2124 226)" + (245 — 216)",
i<j
Fi =2(z12234+ 214223 —213%24), Fo =2(203 245 + 225 234 — 22,4 235)

in connection with the notations
P =2—yo, q=y1 =1y, and F=F+F
to write (6) in the simpler form

pfo—aft — Bfa —qF.

Observation. Assume that for some (a,3) € [0,1]? we know the optimal
values of yg,y1, i.e. the optimal p and ¢. Then by multiplying through the
coefficient vector (o, 3,p,q) by 2/p we get (/, 5,9, ¢") with

2a
0/277 /6/:7) p :27 qg =—
p p p
showing that for this new (o/, ") we have y{, = 0.

Ezample. Let us calculate the largest o = 3 for which (5) is SOS' (Theorem
2 tells us that this @ < 1.) For « = 8 = 1 we know that yo = —1 thusp= 13,
and g =y = % The transformed variables are o/ = 3 = 3= and qd =y =
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Table 1: The unit square: optimal values

H region ‘ name ‘ p=2—1y ‘ q=1 ‘ def(S) ‘ rank(X) H

8=0 2« « 1 1

0 <0.8a Ry 2« «@ 1 1

0 =08« 2« Q 3 1

G e (08a,1.5a) | Rs ) ) 3 3
3=1ha 23 0 3 2
3>15a Ro 23 0 2 2
a=0 20 0 2 2

Consequently the polynomial 2fy — %( f1 + f2) is not only nonnegative but
also SOS (and the point (o, 3) = (12, 17) lies on the border of the ‘good’ and
‘bad’ cases).

In the next theorem we summarize the results obtained for parameters (a, 3)
from the unit square.

Theorem 3 Table 1 gives the optimal values for the parametrized problem
(6).

The optimal p and q for the middle sector Rs are

20+ 98 + /(8a — 93)2 + 1532 .
402 — 12a8 + (32 (™)

p=—af

B(p(60a? — 4a8 — 952) + 15a8(8 — 6a) .
4(4a? — 12a8 + 52)(38 — 2p) (8)

In addition to this “radial” characterization, the level lines also can be de-
scribed: these are curves, along which the optimal yy is constant. The case
yo = 0, i.e. p = 2 can be seen on the figure, cf. also (10). (For another in-
stance, the dotted line starting at « = 0, 8 = 0.5 and ending at a« = 0.5, =10
belongs to p = 1.) The indices of region names correspond to the defects of the
optimal dual matriz S. The right upper darkened region within Rs refers to
points (o, ) for which (5), i.e. 2fo — afi — Bfa is not a sum of squares.

q:

Proof. The block-structure of the special case « = 3 = 1 keeps on holding,
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The unit square o3
1 T T

0.9
0.8 4/5
R2 R3

0.7
0.6

051

beta

0.4r

0.3 R1

0.2

0.1r

alpha

and the blocks at issue depend just on one of the parameters o and (3 :
— 0 0
p—a —a ¢—« p G

- — 0
Sa)=| —a p-a g-al,s@=|F L T T
g—a g—a p—« “p
0 0 -8 p-p

as it easily follows by considering the polynomial (6).

Let us begin with the case 3 = 0. Then Sy (and also S4’) is psd, and our
‘work matrix’ is S3. Its (1,1) entry, p — @ > 0, and the nonnegativity of the
left upper 2-minor implies |[p — «| > |a]. Since both sides are nonnegative, it
follows that p > 2. On the other hand, the determinant of S3 equals

|S5] = det(S3) = p {p* — 24> — a(3p — 49},
which must vanish at the optimal variables, therefore

3 \2 2 1 4
- = =2(q— —a”.
(p—30)" =2(¢—0a) + 0
From this we get |p — 3a| > |4, and, since this holds without absolute value
as well, we conclude that the optimal variables are ¢ = 0 and p = 2« (note
that maximizing yo is equivalent to minimizing p = 2 — yp).
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All this holds for Ry, i.e. for 8 “small” — until we arrive at |S4(5)| = 0.
Before that moment we still have p = 2, ¢ = o and

1 -1 0
Ss=al|l-1 1 0],
0 0 1

giving one rank decrease. As regards Sy, for § < (4/5) a we have

P  —« 0 0 10 -5 0 O
—a p - 0 al-5 10 -5 0

> [
51 0 —a p—:za —%a 510 -5 6 —4
0 0 —%a p-ia 0 0 4 6

in the sense of the semidefinite (Loewner) ordering, which easily follows by
(6). Matrix Sy becomes active, if equality is attained: S = (4/5)a. Then Sy
becomes a psd matrix with rank 3, therefore Sy and S yield two further
rank losses. (The situation on the border of R; and R3 can be understood by
thinking of the continuity of the roots depending on the parameters.)

The cases « = 0 and 8 > 1.5 « are similar, hence we give only the necessary
formulas. The determinant of Sy is

1S4] = p{p*(p — 28) — ¢*(2p — 3p3)}.

Inequality p > 273 follows similarly to the case p > 2a. On the other hand,
|S4] = 0 can be rewritten as

p(p — B)* +3¢°8 = p(2¢° + 5°),

whence we conclude (p — 3)% < 2¢% + 32, i.e. p(p — 283) < 2¢?, and it follows
that the optimal values (p — min!) are ¢ = 0 and p = 23. The matrix

Sy =p

O O O N
O O N O

is psd with defect one, giving (together with S;’) rank loss=2 for the whole
matrix S. As regards Ss, for (o, 3) € Ry it equals

S3(a) = plz — aeel = o213 - ee’), e=(1,1,1,1)7,
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which is positive definite for p/a > 3, i.e. for § > (3/2) «r, and psd (with
rank=2) if equality holds:

2 -1 -1
S3=a-1 2 -1
-1 -1 2

In this latter case, i.e. if 8 = (3/2) «, the defect of S becomes 3, since not only
Sy and S}, but also S5 yields a rank loss.

The middle region R3 can be characterized by that the SDP program an-
nihilates both determinants. The equations |S3(a)| = 0 and [S4(B)| = 0 are
equivalent to

p°—2¢° =a(3p—4q) and p(»* —2¢°) = B(2p* — 3¢°), (9)

from which we can express p and ¢ by means of a and [ to get (7) and (8),
and also 8 by help of a and p :

op(ar) = %p — %(p2 +9ap — 1202 + 6a\/2(p —a)(p —2a) )_1

In the important special case p = 2 we have the function ¢ : [%, 1] — [5,1]
defined by

-1

cp(a)Ecpg(a)zg—%(2+9a—6a2—l—6a 1-0)2-a) (10)

The critical values of ¢ are:

P2 =1, P(2)=0, (1) = &, (1) = —.

The set of points in the unit square, for which (5) is a SOS are delimited by
the o and 3 axes, the horizontal line segment (0, 1) to (%, 1), the graph of ¢
and the vertical line segment (1,0) to (1,%). All other curves with different p
(e.g. that with p = 1 dotted on the figure) are proportional to this one, since
equations (9) are homogeneous. O

Remark 3 Consider the ellipse with center in (3, ) and vertices (1, 3), (3,1),
the right upper quarter of which is close to the graph of . The elementary

equality (12 — %)%+ (1—2)? = (1—2)? shows that the projection of the ‘border
point’ ({5, 1¢) onto the longer axis of the ellipse is just its focus (%, %)! As for
their measures, the approximate area of the ‘bad’ (shadowed) region is 0.0121,

while that above the ellipse amounts to 1—15 — 5o ~ 0.0143.
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Remark 4 For the interested reader we give some ‘nice’ rational solutions:

in addition to the known quadruples (o, B,p,q) = (1,1,15 2) and (32,12 2 2)

) ) 157 157 <>
34 172 17 6861 7317124555 5 3

we have e.g. (o, 3,p,q) = ( 357 19° ) (31’237 ), 0 (16’50’ )

Considering the derlvatlves also is of interest: the slope of ¢, for p = 21
at @ = 1 equals — , which can be used to define a new problem with the
same solution! Replace to this the identity A9 = I by two matrices A1 and
Aq7 associated with the quadratic forms f; and fo, and set the corresponding
coordinates of b equal to 3 and 4 (coming from the numerator and denominator
of the ratio —% above). The result will coincide with that of Theorem 2.

Remark 5 In [6] the authors write: “Unfortunately, the nature of a para-
metric SDP is far more complicated [than LP] due to regions of nonlinearity
of ¢(vy).” (The function ¢(y) = C(y) ® X(y) is the primal objective depending
on the parameter.) In light of this, present problem seems to be a refreshing
exception: the nonlinearity (cf. the functions ¢,) can be handled by means of
elementary functions.
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Abstract. In this paper we prove some results on multiplying balancing
and cobalancing numbers and (k, 1)-power numerical centers.

1 Introduction

The sequence R = {Ri}{°y = R(A,B,Rp,Ry) is called a second order linear
recurrence sequence if the recurrence relation

Ri=AR{ 1 +BRy 2 (i>2)

holds, where A, B # 0, Rp, Ry are fixed rational integers and |Ro| + |Rq| > 0. A
positive integer n is called a balancing number (see [3] and [5]) if

T+ dm—T)=m+1)+-+n+7)

holds for some positive integer r. The sequence of balancing numbers is denoted
by B, (m=1,2,...). As one can easily check, we have By = 6 and B, = 35.
Note that by a result of Behera and Panda [3], we have

Bm+1 = 6Bm - Bm—1 (m > ])

In that paper they proved that, there are infinitely many balancing numbers.
In [7] K. Liptai searched for those balancing numbers which are Fibonacci
numbers, too. Using the results of A. Baker and G. Wiistholz [2] he proved
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that there are no Fibonacci balancing numbers. Similarly in [8] he proved that
there are no Lucas balancing numbers. Using an other method L. Szalay [12]
got the same result.

In [9] Liptai, Luca, Pintér and Szalay generalized the concept of balancing
numbers in the following way. Let y, k, 1 be fixed positive integers with y > 4.
A positive integer x with x <y — 2 is called a (k,1)-power numerical center
for y if

b x=Df=x+D +- -+ -1t

In [9] several effective and ineffective finiteness results were proved for (k,1)-
power numerical centers.

Later G.K. Panda and P.K. Ray (see [10]) slightly modified the definition
of balancing number and introduced the notion of cobalancing number. A
positive integer n is called a cobalancing number if

1T+24+--+ =T +n=Mm+1)+M+2)+ -+ (n+K)

for some K € N. In this case K is called the cobalancer of n.
They also proved that the cobalancing numbers fulfill the following recur-
rence relation
bn—H =6bp—bp1+2 (Tl > ”»

where bg = 1 and by = 6. Moreover they found that every balancer is a
cobalancing number and every cobalancer is a balancing number.

In [11] G. K. Panda gave another possible generalization of balancing num-
bers. Let {am]%_, be a sequence of real numbers. We call an element a, of
this sequence a sequence-balancing number if

artazt--tan g =0an1tAnp2t+ o+ Ang

for some k € N. Similarly, one can define the notion of sequence cobalancing
numbers. In [11] it was proved that there does not exist any sequence balancing
number in the Fibonacci sequence.

As a generalization of the notion of a balancing number A. Bérczes, K. Liptai
and I. Pink call a binary recurrence R = R(A, B, Rg, R1) a balancing sequence
if

Ri+Rx+...+R1=Rpp1 + R+ ... + Rppgx

holds for some k > 1 and n > 2.
In [4] they proved that that any sequence R = R(A, B,0,R;) with the con-
dition D = A244B > 0, (A,B) # (0, 1) is not a balancing sequence.
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T. Kovacs, K. Liptai and P. Olajos in [6] extended the concept of balancing
numbers to arithmetic progressions. Let a > 0 and b > 0 be coprime integers.
If for some positive integers n and r we have

(a+b)+---+(amn—=1)4+b)=(a(n+1)+b)+---+ (a(n+71)+b)

then we say that an + b is an (a, b)-balancing number. They proved several
effective finiteness and explicit results about them. In the proofs they combined
the Baker’s method, the modular method developed by Wiles and others, the
Chabauty method and the theory of elliptic curves.

In this paper we study a further generalization of balancing numbers. The
idea is due to A. Behera and G. K. Panda. A positive integer n is called a
multiplying balancing number if

1-2.--n=1)=Mn+1)n+2)---(n+7) (1)

for some positive integer r. The number r is called the balancer corresponding
to the multiplying balancing number n. The cobalancing numbers have a sim-
ilar definition. A positive integer n is called a multiplying cobalancing number
if

1-2.--n=In=n+1)n+2)---(n+7) (2)
for some positive integer r. The number r is called the cobalancer corresponding
to the multiplying cobalancing number n.

Using the concept of K. Liptai, F. Luca, . Pintér and L. Szalay ([9] we can
get further generalization. Let m, k, 1 be fixed positive integers with m > 4. A
positive integer n with n < m—2 is called a (k, 1)-power multiplying balancing
number for m if

. m-1*=mn+D" (m-1h (3)

2 The results

Throughout the paper let p the greatest odd prime, which is less than the
multiplying balancing number n, where n > 4. In the first theorem we prove
that only one multiplying balancing number exists.

Theorem 1 The only multiplying balancing number is n = 7 with the balancer
T=3.

In the proof we use 4 lemmas.
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Lemma 1 There is no prime among the factors of the right side of the equa-
tion

1-2.--m=T)=n+1)Nn+2)---(n+71)
Proof. Suppose that z is a prime among the factors of the right side. It is

clear that z is not in the prime decomposition of the left side of the equation
(1). Hence the prime decomposition of the right side is not the same as the

left’s. Thus the lemma is proved. O
Let us use the function az: N — N, a(x) := Eozgf X [zlk], where x > 2 and
2(x) shows the index of the prime 2 in x!.
Lemma 2 x —log,x —2 < ap(x) < x
Proof.
X X X X X X X X
aale) = 7| + ) + ]+t [ st
1 1 1 1
=X 271+?++ﬁ =X 1—ﬁ SX—1<X
X X X
wal) > (37 =1)+ (= 1)+ (1) =
llog; x]

1 X
=X <1 —2k> — [log; x] =X op - [log, x] > x —log,x —2
(I

Lemma 3 Ifn is multiplying balancing number and v is the balancer, further-

more 1. > 64 then
3(n+1)

<n-+r.
3 +

Proof. From (1) it follows, that
Mm—1!-m)!=mn+r).

If (1) is true then
omn—1)4+o0x(n) =00 (n+r)

Using Lemma 2 we get
n—2log,n—-5<r
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We can replace log, n with g if n > 64, that is

2
2n—?n—5<n+r

If n > 64 we get
3n+1) 3n+1) 2n
2 ST 2 %

—65<n—+r.

0

Proof.[Proof of Theorem 1] Using a results of M. El Bachraoui ([1]) we get
that, if n > 2 then exists a p prime satisfying the inequality

3n+1)
—

Hence the right side of (1) contains a prime if n > 64. But Lemma 1 says
there is no prime on the right side of the equation. The conclusion is that, if
n > 64 there is no multiplying balancing numbers. It can be checked easily if
n = 2,...,64 then there is only one number satisfying the equation (1). We
get n =7, that is the theorem is proved. O

n<p<

Theorem 2 There is no multiplying cobalancing number.

In the proof we use the following lemma.

Lemma 4 Using our notation the following inequalities are true
p<n<2p<n+r<3p.

Proof. Suppose that n > 2p. The interval [p, 2p] always contains a prime, so
there is a prime greater than p and lower than n which is impossible because of
the definition of p. Hence n < 2p. On the left side of the equation (1) the index
of p is 1, consequently on the right side the index of p is also 1 in the prime
decomposition. So we can write the following inequalities 2p < n 41 < 3p. I

Proof. [Proof of Theorem 2| Using a result of Csebisev we get that there is
a prime z between p and 2p. Because of Lemma 4 we have to analyse three
cases z =", z > n and z < n. If z > n then the prime decomposition of the
left and right side is not the same. Now let z < n.This situation contradicts
the fact that p is the greatest odd prime which is less than n. The last case is
z =n. Hence n + r > 2z because of the prime factor z. Thus the left side of
the equation (2) has as many factor as the right side has which is obviously
impossible. First and last there is no cobalancing numbers. ([

The following theorem deals with the (k,1)-power numerical centers.
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Theorem 3 If n > 4 then there is only one (k,1)-power numerical centers.
The only solution isn=7, m=11 and k = 1.

Proof. First we prove that if n is a (k, 1)-power numerical center for m then
k = 1. Using Lemma 4 the index of p in the equation (3) is k on the left side
and 1 on the right side in the prime decomposition. The index of p have to be
equal on the left and right side. So k = 1.

So we get that n satisfies (1) if and only if n satisfies (3). So if n > 4 there
is only one (k,l)-power numerical center. It isn=7, m=1land l=k. O

Remark 1 Ifp =2 and n =3 we get the equation
1.2k =41
In this case n = 3 (k,1)-power numerical center for m — 5 and there are

infinitely many (k,1) pairs with k = 21.
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Abstract. In the present paper we introduce some sequence spaces com-
bining lacunary sequence, invariant means in 2-normed spaces defined by
Musielak-Orlicz function M = (My). We study some topological prop-
erties and also prove some inclusion results between these spaces.

1 Introduction and preliminaries

The concept of 2-normed space was initially introduced by Gahler [2] as an
interesting linear generalization of a normed linear space which was subse-
quently studied by many others see ([3], [9]). Recently a lot of activities have
started to study sumability, sequence spaces and related topics in these linear
spaces see ([4], [10]).

Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm
on X is a function ||.,.|] : X x X — R which satisfies

(i
(ii

(iii

IIx,y|| =0 if and only if x and y are linearly dependent

[yl = lly, x|l
lloox, yl| = led|[x, yll, x € R

~— — ~— ~—

(iv) %y +z|| < |[|x,yll + [|x, z|| for all x,y,z € X.

2010 Mathematics Subject Classification: 40A05, 40A30
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The pair (X, ||.,.]|) is then called a 2-normed space see [3]. For example, we
may take X = R? equipped with the 2-norm defined as ||x,y|| = the area of the
parallelogram spanned by the vectors x and y which may be given explicitly
by the formula )

Then, clearly (X, ||.,.||) is a 2-normed space. Recall that (X, ||.,.]|) is a 2-Banach
space if every cauchy sequence in X is convergent to some x in X.

Let o be the mapping of the set of positive integers into itself. A continuous
linear functional @ on ly,is said to be an invariant mean or o-mean if and

X111 X12

Ix1,x2l[g = abs
' X21 X22

only if

(i) @(x) > 0 when the sequence x = (xx) has x > 0 for all k,
(ii) @(e) =1, where e =(1,1,1,...) and
(iii) @(xgk)) = @(x) for all x € 1oy

If x = (xn), write Tx = Txn, = (Xg(n))- It can be shown in [11] that
Vs = {x € le | lilr(ntkn(x) =1, uniformly in n, l=0— limx},

where
Xn+ Xgln + oo + Xgkn

k41

In the case o is the translation mapping n — n + 1, o-mean is often called
a Banach limit and Vg, the set of bounded sequences all of whose invariant
means are equal, is the set of almost convergent sequences see [6].

By a lacunary sequence 8 = (k;) where kg = 0, we shall mean an increasing
sequence of non-negative integers with k. —k,_1 — 00 as r — oco. The intervals
determined by 0 will be denoted by I, = (k. 1,k]. We write h, = k; —
ky_1. The ratio kkT

T—1
convergent sequence was defined in [1].

Let X be a linear metric space. A function p : X — R is called paranorm, if

tkn(x) =

will be denoted by q,. The space of lacunary strongly

(i) p(x) >0, for all x € X

(ii) p p(x), for all x € X

(iii) p x—l—y <p( )+ p(y), for all x,y € X

(iv) if (om) is a sequence of scalars with o, — 0 as n — oo and (xy) is a

sequence of vectors with p(x,,—x) — 0 as n — oo, then p(onxn—0ox) —
0 asn — oo.
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A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and
the pair (X,p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [12],
Theorem 10.4.2, P-183).

An orlicz function M : [0, 00) — [0, 00) is a continuous, non-decreasing and
convex function such that M(0) =0, M(x) > 0 for x > 0 and M(x) — oo as
X — 00.

Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences

x = (xy), then
— Xk|>
IM=<(xeEw| M< < 00

which is called a Orlicz sequence space. Also 1y is a Banach space with the

norm
o
Hx||:inf{p>0|ZM(|X:> g]}.

k=1

Also, it was shown in [5] that every Orlicz sequence space lpm contains
a subspace isomorphic to ly(p > 1). The A;— condition is equivalent to
M(Lx) < LM(x), for all L with 0 < L < 1. An Orlicz function M can al-
ways be represented in the following integral form

where 11 is known as the kernel of M, is right differentiable for t > 0,n(0) =
0,n(t) > 0, n is non-decreasing and 1n(t) — oo as t — oo.

A sequence M = (My) of Orlicz function is called a Musielak-Orlicz function
see ([7], [8]). A sequence N' = (Ny) is called a complementary function of a
Musielak-Orlicz function M

Ni(v) =sup {vlu—My [u>0}, k=1,2,...

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space
ta and its subspace h are defined as follows

tvy = {XEW\IM(CX)<00, for some c>0},

hyvy = {XGW\IM(CX)<00, for all c>0},
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where [ is a convex modular defined by

0]

Tm(x) = ) Milxad,x = (xi) € tar.
P

We consider tp equipped with the Luxemburg norm
] :inf{k>o | L (E) < 1}

or equipped with the Orlicz norm

IIx||° = inf{]l (14 In(kx)) | k > o}.

Let M = (My) be a Musielak-Orlicz function, (X,]l.,.|]) be a 2-normed space
and p = (Px) be any sequence of strictly positive real numbers. By S(2 — X)
we denote the space of all sequences defined over (X, ||.,.||). We now define the

following sequence spaces:
t Pk
kn(x) ZH)} _o,
p

tkn(x - 1)
—_—,Z
p

W M, I, -l {xe 1211 fim -3 | (

T—00 T kel
T

p > 0, uniformly in n},

welM,p, I = {x €S(2-X)| m =3 [w(

T kel

p > 0, uniformly in n}, and

)] <
p b

1
Wi M, Mg = {x €S2—X)[sup— 3 [Mk (’

rn Ny kel

for some p > 0}.

When M(x) = x for all k, the spaces W%[M,p,ll.,.ll}e, WU[M’p’H"'H]e

and W [Mk,p, Il., .H]e reduces to the spaces Wg[p, Il., .||]e, wg[,p, Il., .||]9 and
w® [p, Il., .H] o Tespectively.

If pp = 1 for all k, the spaces wg[./\/l,p,\l.,.\l]e, wc[/\/l,p,ll.,.ll]e and
w [M,p,\l.,.ll]e reduces to wg[M,II.,.Iﬂe, WU[M,H.,.H]G and

w® (M., [l] o respectively.
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The following inequality will be used throughout the paper. If 0 < py <
suppx = H, K = max(1,2""7) then

|lax + bilP* < K{lay/P* + [by[P*} (1)

for all k and ay, by € C. Also |a|Px < max(1,|a/") for all a € C.
In the present paper we study some topological properties of the above
sequence spaces.

2 Main results

Theorem 1 Let M = (My) be Musielak-Orlicz function, p = (px) be a boun-
ded sequence of positive real numbers, then the classes of sequences
WO M, P, [l ] g Wo M,y 1, ] g and Wi [M, p,.,.I]] are tincar spaces over
the field of complex numbers.

Proof. Let x,y € wg[/\/l,p, Il., .H]e and «, p € C. In order to prove the result
we need to find some p3 such that

1 t
lim 72 |:Mk<’ kn(O(X—I— BU),
r—oo hy = P3

Px
z ')] = 0, uniformly in n.

Since x,y € wg[/\/l,p, Il., .||]e, there exist positive p1, p2 such that

] B t Pk
lim — Z Mk< k“(x),z D] =0, uniformly in n

T—00 Ny Ker L p]
v

and

1 r t Pk
lim — Z Mk< (V) ,Z )] =0, uniformly in n.
T—00 hT‘ keL L pz

Define p3 = max(2|a|p1,2|Blp2). Since (My) is non-decreasing and convex

1 ten (e By) [\ _ tin (BY)
w2 e () = 2 e o)

kel,
< —] |:Mk ( 7tk ( ),ZH):|
T kel P2

r

< K {Mk ( L“(X),ZH)] +
h, ! P1
el

x5

T kel
— 0 as r — oo, uniformly in n.

tkn (O‘X)
P3

,zH—i—

tkn (X)
p1 '

2| +
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So that ax + By € wg[/\/l,p, Il., 'H]e' This completes the proof. Similarly, we
can prove that WG[M,D, Il., .II]e and W% [M,p, Il., .H] o are linear spaces. [

Theorem 2 Let M = (My) be Musielak-Orlicz function, p = (px) be a
bounded sequence of positive real numbers. Then wg[/\/l,p,ll., .||]9 is a topo-
logical linear spaces paranormed by

1
. pr 1 tin (x) Pry M
g(x):mf{pH <hr E |:Mk( o ,ZH)} <Ir=1,2,..., n=12,... 5,

kel
where H = max(1, supy px < 00).

Proof. Clearly g(x) > 0 for x = (x) € w [./\/l ., II]G. Since My (0) = 0, we
get g(0) =0.

Conversely, suppose that g(x) = 0, then

br 1 P %
inf ¢ pH : Z[qu ZD] <l r>1, n>1; =0.
rkEIr

This implies that for a given € > 0, there exists some pc(0 < pe < €) such

that ]
1 P\ H
S X
kel

Thus

(o =] ) s (5 (2] ) <

for each r and n. Suppose that x, # 0 for each k € N. This implies that
tin(x) # 0, for each k,n € N. Let € — 0, then tk“ H — 0. It follows that

()Y

tkn(x)

b

tkn(x)

Pe

tkn(x)
Pe

tkn(x)

)

b

tkn(x)
€

ix

T kel

which is a contradiction.
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Therefore, tin(x) = 0 for each k and thus xi = 0 for each k € N. Let p7; > 0
and p > 0 be such that

Il=

L2 ()
— M ,Z <1
(hrlgh K P1

and
(% Z [ (52 A)] ") =
hrkelr P2 N

for each r . Let p = py + p2. Then, we have

ten(x + ) ZD}”)'L

)

(2 [

o

1

1 tkn +tkn(y) Pk "
< (i 2 [ (it )]
(1 { (‘tkn()’z‘% p2 Mk(\tkn(y)’zﬂp“)“
rkIT P1 P1 p1+p2 P2
(o) (& 2 ()Y
 Z
P1
P2 1 tin (y) b\
+(P1+pz> (hr%[MkQ P2 ’ZD] ) =t

(by Minkowski’s inequality)
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Since p’s are non-negative, so we have

g(x+y) =

o1 (2 e
rkEIr

1

P\ H
ZD] <lr>1In>1

tin(x) + tin(y)

b

Y
%
e ] t Pk
<inf{ pf" | Z[Mk<kn(x),z)] <l,r>1,n>15%+
hrkelr o1
W
pr 1 Pk
+inf ¢ p) | Z[qu t““(x),z‘)] <1, r>1,n>1
hrkelr P2

Therefore,
glx+y) <glx) +gly).

Finally, we prove that the scalar multiplication is continuous. Let A be any
complex number. By definition,

1
e P H
g(Ax)=inf { p' | —Z |:Mk< WZD] <l r>I,n>1
h, 4 p
el,
Then
W
: e 1] tin(x) P
g(?\x):mf (P\|t)H | (h.TZ |:Mk <‘t>z‘ §1)T21»n21
kel

where t = ‘% Since [A[Pr < max(1,|A*"PPr), we have

g(Ax) < max(T,[AP"PPT)

o1 (5, 2 e

T kel

tkn(x)
t )

P\ W
ZD] <l r>1,n>1

So, the fact that scalar multiplication is continuous follows from the above

inequality.
This completes the proof of the theorem. (Il
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Theorem 3 Let M = (My) be Musielak-Orlicz function. If

sup [Mk(t)]pk < oo forallt >0,
k

then
WO‘ [M)p) ||) ||]e - W(c)yo [Mvpv H) H]e .

Proof. Let x € WG[M,p, Il., .II]G. By using inequality (1), we have

w2 ()] =R g e (5D
kely kel
K 1 Px
2 (5]

T kel

Since supy [Mk(t)]pk < 00, we can take that supy [Mk(t)]pk = T. Hence we

get x € w¥ [M,p,1I., [l] 4 O

Theorem 4 Let M = (My) be Musielak-Orlicz function which satisfies Aj-
condition for all k, then

WO‘ [pa H) H]e C WO‘ [Map» ||> H]e .

Proof. Let x € wqs [p, ||, ./llg- Then we have
1

T = — Z [[tin(x—1),z||P* = 00 as 1 — oo uniformly in n, for some L.
T kel

Let € > 0 and choose 6 with 0 < 6 < 1 such that My(t) < € for 0 <t < 4 for
all k. So that

1
o (5] = (=5 4)]
R FO{ EEXCE R S PV (KSR
hrkelr P e kel, P
[[tgn(x = V)z] <8
tkn(x_u

)

DI

For the first summation in the right hand side of the above equation, we have
1

Z < e by using continuity of My for all k. For the second summation, we
write

2
1
D M (A
kelr
[txn(x =1z <&

tkn(x - l—)

tien(x = 1), 2l < T+ [——

2l
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Since My is non-decreasing and convex for all k, it follows that

|)

tkn(x - l)
)

tkn(x _ L)

Mi(l[tim(x = 1), zl]) < My (1 + ‘ 5

yZ

1 1
< EMk(Z) + EMk ((2) ‘

).

Since My satisfies Aj-condition for all k, we can write

T [ tkn(x —1 T |[tn(x—1
M= V,21) < 31 2% 2 a1 2200
S
So we write
tkn L)

bl

Pr
z m < e+ [max(1, LM (2))8] "7,

w2 e

Letting 1 — oo, it follows that x € WG[M,p, Il., 'Me'
This completes the proof. O

Theorem 5 Let M = (My) be Musielak-Orlicz function. Then the following
statements are equivalent:

(1) w2 [l -l g € WIIM, P, ] 60
(i) wa[p, I, Iy C WM, p, I, Il 5

1 Pk
(iii) sgp ™ keZI [Mk(t)] < oo for allt > 0.

Proof. (i) = (ii) We have only to show that wg[p, ., .||]e cwy [p, Il., .||]9.

Let x € wg[p, Il., .H] o- Then there exists T > 1o, for € > 0, such that
t Px
— Z kn(x <e.
T kel,

Hence there exists H > 0 such that

P
<H
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for all n and r. So we get x € Wi [p, [I., [l] -
(ii) = (iii) Suppose that (iii) does not hold. Then for some t > 0

sup - 3 IMi(t)1™ = o0

and therefore we can find a subinterval I, of the set of interval I, such that

Px
Z My (— ] >m, m=1,2, (2)
Per(m ) kel

Let us define x = (xy) as follows, xi = nll if k € Lim) and x = 0 if k &

L(m)- Then x € wg[p,|l., .| ; but by eqn. (2), x & W [M,p, |, .ll] 5. which

contradicts (ii). Hence (iii) must hold. (iii) = (i) Suppose (i) not holds, then
for x € w® [p, l., /] 5, we have

1 tkn(x) D:|pk

sup — M —,Z = 3

w2 (5 @

Let t = tk“ H for each k and fixed n, so that eqn. (3) becomes
sup - 3 Myt = o0
T hrk
€l
which contradicts (iii). Hence (i) must hold. O

Theorem 6 Let M = (My) be Musielak-Orlicz function. Then the following
statements are equivalent:

() WM, 1] g € WP, Iyl .
(i) WM,y Mg € W2 [0, 11 ] o

. Px
(iii) H%fkeZI [Mi(t)]"* > 0 for all t > 0.

Proof. (i) = (ii) : It is easy to prove.
(ii) = (iii) Suppose that (iii) does not hold. Then

1
: P _
113f s kEEI My (t)]P* =0 for some t >0,
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and we can find a subinterval L) of the set of interval I; such that

1 1
o > Mm)Pe < — om=12... (4)
kGIr(m)
Let us define i = m if k € L) and xic = 0 if k & I, (). Thus by eqn.(4),

X € wg[/\/l,p, Il., .IHO but x ¢ w [p, ll., .II]e which contradicts (ii). Hence (iii)
must hold.

(iii) = (i) It is obvious. O

Theorem 7 Let M = (My) be Musielak-Orlicz function. Then w¥ [M,p,
1oy € WP, 1 Il g if and only if

Jim oo 5 M) = oo 5)

kel

Proof. Let wg [M,p, Il., .H]e C Wg[p, Il., .H]e. Suppose that eqn. (5) does not
hold. Therefore there is a subinterval L.(m) of the set of interval I, and a

tkn

number t, > 0, where t, =

1

> IMite)* <M <oo, m=1,2,... (6)
M) el

Let us define xi = to if k € I (1) and x = 0 if k & I, ;). Then, by eqn. (6),
x € w¥ My, p, I, [llg. But x ¢w [p, I, .lllg- Hence eqn. (5) must hold.

Conversely, suppose that eqn. (5) hold and that x € w® [My, p, ., ./[lg. Then
for each r and n

t Pk
Z{ ( kn ),zm <M < 0. (7)
T xel,
Now suppose that x € wg [p,|l.,.|[l. Then for some number € > 0 and for a

subinterval I,; of the set of interval I, there is ko such that |[tin(x), zl[Px > €
for k > k. From the properties of sequence of Orlicz functions, we obtain

P ()] = e ()]

p b
which contradicts eqn.(6), by using eqn. (7). This completes the proof. O
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