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Asymptotic behavior of the solution of
quasilinear parametric variational
inequalities in a beam with a thin neck

[uliana Marchis
Babes-Bolyai University
Faculty of Psychology and Educational Sciences
Str. Kogalniceanu, Nr. 4
400084 Cluj-Napoca, Romania
email: krokuszOgmail.com

Abstract. In this paper we study the asymptotic behavior of the solu-
tion of quasilinear parametric variational inequalities posed in a cylinder
with a thin neck, and we obtain the limit problem.

1 Introduction

The aim of the paper is to study the asymptotic behavior of the solution of
quasilinear variational inequalities in a beam with a thin neck. Mathemati-
cally, this notched beam is given by

Qe ={(x1,x") eR3: =1 <x1 < 1,|x/| < € if |xq] > te, x| < ere if [x1] < tel,

where €, T, and te are positive parameters such that < — 0.

Previous work on domains of this type was done by Hale & Vegas [7], Jimbo
8, 9], Cabib, Freddi, Morassi, & Percivale [2], Rubinstein, Schatzman & Stern-
berg [13], Casado-Diaz, Luna-Laynez & Murat [3, 4] and Kohn & Slastikov
[10].

2010 Mathematics Subject Classification: 35B40, 35B45
Key words and phrases: asymptotic behavior, quasilinear parametric variational inequal-
ity
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6 1. Marchis

The most recent results are of Casado-Diaz, Luna-Laynez & Murat [4]. They
studied the asymptotic behavior of the solution of a diffusion equation in the
notched beam (. and obtained at the limit a one-dimensional model.

In the present article the geometrical setting is the same as in [4], but
we consider quasilinear variational inequalities instead of linear variational
equalities.

The paper is organized as follows. In Section 2 the geometrical setting is
described, the studied problem is given, and the assumptions for our results
are formulated. In Section 3 the asymptotic behavior of the solution is stud-
ied. Some results from [11] are recalled which, unfortunately, don’t provide
information about what happening near to the notch. Thus we need to prove
some auxiliary results. In Section 4 the limit problem is obtained. To prove
the results in this section, we combine the ideas from [5] with the adaptation
to variational inequalities of the method used in [4].

2 Setting the problem

Let € > 0 be a parameter, r¢ (e > 0) and te (te > 0) be two sequences of
real numbers, with

e — 0, te 4 0, when e — 0.

We assume that

t €
—S , ——v, with0<pu<+4oo, 0<v <400, whene—0.
T2 Te

Let S C R? be a bounded domain such that 0 € S, which is sufficiently smooth
to apply the Poincaré-Wirtinger inequality.
Define the following subsets of R3:

O—; - (_1a_t€) X (€S), Q(e) - [_tE)te] X (€T€S), Q: - (te, ]) X (€S),
Qc.=0,u0%uQf, and Q.=0_UQ¢.
Q¢ is a notched beam, the main part of the beam is O_l: and the notched part
Q0% A point of Q€ is denoted by x = (x7,x’) = (x1,%2,%3).
Denote by
o ={-1}x (eS) and TS ={1} x (eS)
the two bases of the beam, and let

le=T_UTS
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be the union of the two bases.
Denote

Ve ={VeH'(Q), V=0onT..

We consider the following problem:
Find U¢ € M¢ such that, for all Ve € M,

J AcDe(x, Ue, B)VUe, V(Ve — Ue)] dx >0 (1)

with A¢, Be, and @, given functions, M, a closed, convex, nonempty cone in
Ve.

This problem has applications in Physics. Bruno [1] observed that when
a ferromagnet has a thin neck, this will be preferred location for the domain
wall. He also noticed that if the geometry of the neck varies rapidly enough,
it can influence and even dominate the structure of the wall.

Consider problem (1). We impose the following assumptions:

(A1) The matrix A has the following form

Aclx) =Xal (x)A (Xh Xl) + Xqo (x)A° <X1 x! > )

€ te ere

where AT, A% € L®((—1,1) x §)3%3.

(A2) The matrix B¢ has the following form

!/

Belx) = xa (08 (0. ) 4 xop 80 (21, 2.

te €Te
where B! B® € L®((—1,1) x §)3*3.
(A3) The functions @ : Q¢ x R — R3*3 and ¥ : Q. x R — R3 are
Carathéodory mappings having the following form:
/

1 X o(x1 X
q)e(X)n) :X_O_1 (X)(De X1, —,M +XQO(X)®5 y y 13
€ € € te €Te

for a.e. x € Q, for all n € R;
for all Ue € L?(Q¢), We € L2(Q¢)3, @L(, Ue(-))We(), @O+, Ue(-))We() €
LZ((—U) X 8)3.
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(A4) Coercivity condition
There exist Cq,Ca > 0 and kg € L®(Q¢) such that for all £ e R3, n e R

[Ac(x)Dc(x,M)Be(x)E, & > C1||EI7 4+ CamlT —kq(x) ae. x€ Qe (2)

for some 1 < q1 < 2, for each € > 0.

(A5) Growth condition
There exist C > 0 and o € L*(Q.) such that for all £ e R3, n e R

[Ac(x)De(x,m)E|l < ClIE|l + Cnl + «(x) ae. x € Q, (3)
for each ¢ > 0.

(A6) Monotonicity condition
For all {, T € R™, 1 e R,

[Ac(x)De(x,Mm)Be(x)E — Ac(x)Dc(x,m)Be(x)T,E =711 >0, a. e x€ Qe
for each € > 0.
(A7) If ue — u and we — w in L2(Y'), then
DL, ue(-))w() = ©'(-,u(-))w(-) strongly in L*(Y").
If ue —» u and we — w in L4(Z), then

OY(-, ue(-))w(-) = @, u(-))w(:) strongly in L*(Z).

3 Asymptotic behavior of the solution

To study the asymptotic behavior we use the change of variables y = ye(x)
given by

= = — 4
Yyr=x1 Yy - (4)

which transforms the beam (except the notch) in a cylinder of fixed diameter.
This change of variable is classical in the study of asymptotic behavior of
variational equalities in thin cylinders or beams (see [6], [12], [14]). We denote
by Yo, YO, YI, Y, and Y2 the images of QZ, Q% QF, Q, and QF by the
change of variables y = y(x), i.e.

Yo = (—1,—te) xS, YO =[—te, ted X (1eS), Y& = (te,1) xS,
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Yo=Y UYoUuYs Yl=vouYl
Denote by Y~, Y+, and Y the ”limits” of YZ, Yt and Y(]:, ie.
Y =(-1,0) xS, Y'=(0,1)xS, Y =Y Uy

Note that Y! is contained in its limit Y.
The two bases of the beam ' and I') are transformed to A~ and AT,
respectively, where

A" ={-1}xS and AT ={1}xS.

e transforms to A = A~ UAT.
Let Ue € M be the solution of the variational inequality (1). Define
ue € Ke by
Ue(y) = Ue(yc'(y)) ae ye Ve (5)

Ke being the image of M. K¢ is a closed, convex, nonempty cone in D, with
De={veH'(Ye)|v=0on A}. We need the following two assumptions:

(A8) There exists a nonempty, convex cone K in H'(Y') such that
(i) KNHI((—=1,0) U (0, 1)) £ 0;
(ii) €1 — 0, Ue, € Ky, w€ HI((—=1,0)U (0,1)), ue, — u (weakly) in
H'(Y'") imply u € K.

(A9) There exists a nonempty, convex cone L in L2((—=1,1); H'(S)) such
that
€i = 0, we, €K, we L2((—1,1); H'(S)), We, — W (weakly) in
L2((—1,1);HY(S)) imply w € L.

By change of variables y = y¢(x) the operator V transforms to

ve. — (a- 129 ”")
dy1 e€dy €dysz/

In the following we recall some results from [11, 4].

Lemma 1 ([11]) Let Ue € Mc be the solution of the inequality (1) and ue €
Ke given by (5). If assumptions (A1) - (A6) are verified then the sequence Ue
satisfies

1
Ue € Mg, |QJ [VUc[%dx < C. (6)
€ €
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Theorem 1 ([11]) Let U be the solution of the variational inequality (1)
and ue € K¢ defined by

Ue(y) = Uelyc'(y) ae y€ Ve

If assumptions (A1)-(A6) and (A8)-(A9) are verified, then there exist three
functions u, w, and o' with

we H'((=1,00U(0,1)NK, u(—1)=u(1)=0,

wel, o el?Y"3

such that up to extraction of a subsequence

Xylle — U in L2(Y");

OUe ou | 2
- — — in L[5(Y7);
Xv: v U (Y7)
OlUe ou . 2
— — in LAY");
Xve dyr 0y

XY;gvy,ue — Vyw in LA(Yh)%
and

Xygo_e — O_«I

in LH(Y')3
Theorem 2 ([11]) Let U be the solution of the variational inequality (1)
and uw € H'((=1,0) U (0,1)) N K given in Theorem 1. If assumptions (A1)-

(AG) and (A8) are verified, then there exists a subsequence of solutions U,
also denoted by Ue, such that

1
lim

_ 24 _
tim 1|, o) — ) e =0 (7

Unfortunately, this change of variables doesn’t provide information about
what happening near the notch. Thus we use another change of variables,
which was given in [4]. Consider the case, when

u<+oo and v < -4oo.
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The change of variables z = z¢(x) is defined as follows

ele (x1+te) — %, if —1<x <t
5 T te<xg <te, ifp=0,

21 = eie(xl_te)‘f‘:gy if te<x1 <1, Z,:L,.
LLE (x1+te) —p, if —1<x <t €Te
%X], if —te <x7 <t if u>0,
fea—te w0 te<xp <1

(8)
This change of variables transforms the notch in a cylinder of fixed diameter
and length, but transforms the rest of the beam in a very large domain. But
it allows to describe the behavior of the solution U, of inequality (1) when xq
is close to zero.

We denote by Z, Z9, Zt, Z., and Z! the images of Q_, Q% Qf, Q, and
Q! by the change of variables z = z.(x), i.e.

_ 1_te te te 1 0 te te
77 = [— L == —S Zi=|—=,=]| xS
te 1—1t t 1
d z&i=(= S+ —S
a € <r£’ €Te +_r§ “\re
if u=20, and
11—t 1
Z. = (—M — u,—p) X (S> , 22 =[—p,p] xS,
ete Te

1—t 1
ete Te

if u>0. We set
Ze=2z.uz%uzt zl=7_uUZz!.

We denote by Z~, Z*+, and Z° the "limits” of Z¢, Z£, and Z9, i.e.
VANES (_OO)_H) X Rz) Z+ = (H, +OO) X Rz) ZO = [_H) H] X S)

and define
z=7z"uz%uz* zZ'=7z"uUzZ".
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Remark 1 ([4]) In (8) there are two definitions of ze corresponding to the
cases 0 = 0 and w > 0. Actually when w > 0, we could define z. by the
definition given for @ =0 because

te ure 1 w1

~—, and — ~ .

)
T2’ ete  ere te 12

The definition (8) which distinguishes the cases @ = 0 and w > 0 has the
advantage that the image Ze of Q¢ by the change of variables z = zc(x) is
contained in its "limit” Z for every € > 0 and Z9 is fized for u > 0; then a
function defined in Z has a restriction to Ze.

Theorem 3 ([4]) Let (Ue)e be a sequence which satisfies (6). Define Qie €
H1(Ze) by
Qe(z) = Ue(zZ ' (2)), a.e z€ Ze. (9)

Then there exists a function {i, with
e H  (Z2), A—u07)el®Z), a—u(0h) eL®zh), ViLe L*(2)3,

(where w is defined in Corollary 1), such that for every R > 0, up to extraction
of a subsequence,

XzerBs (0.R) e = XBs (o0 in LA(Z) strongly,

xz.Vlle = VL in 12(2)3 weakly,

where B3(0,R) denotes the 3-dimensional ball with center (0, 0, 0) and diam-
eter R. Moreover, if w =0, then QL only depends on z1 and satisfies

U=u(07) inZ, 4=u(0h) inZ"

Ifv=u=0, then u(0~) =u(0™).
Ifv=0 and pu > 0, then there exists a function W € L2((—u, n); H'(S)) such
that up to extraction of a subsequence,

%szﬁe —~ VW in L3(Z%)? weakly.

Let Ke be the image of M. by the change of variables z = z¢(x). Re
is a closed, convex, nonempty cone in H'(Z.). We need the following two
assumptions:

(A10) There exists a nonempty subset R of HfOC(Z) such that
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€ — O, R > 0, ﬁei S KQ? e HiIOC(Z)7

Xz.nBs (0.R) ey = XB;(0R)L (strongly) in L(Z),

and
Xz, Ve, = V@ (weakly) in (L*(Z))?,

imply 1 € K.

(A11) There exists a nonempty, convex cone £ in L2((—p, n);H'(S)) such
that
ei — 0, We, € Ky, W€ L2((—p, w); H(S)), We, — W (weakly) in
L2((—p, p); H'(S)) imply % € L.
Theorem 4 Let U € M be the solution of the variational inequality (1),
u € H'((=1,0) U (0,1)) N K defined in Theorem 1, and {ic € Re given by

(9). If assumptions (A1)-(A6) and (A8)-(A11) are verified, then there exists
a function U € R, with

@—u(07) e L®Z7), 4 —u(0") e L8Z"), Vi e L*(2)3, (10)
such that for every R > 0, up to extraction of a subsequence,
Xz.nBs(0,R)de = XBs (o)L in L3(Z) strongly,
Xz.Vile = VO in L3(Z)3 weakly.
Moreover, if w =0, then Qi only depends on z1 and satisfies
A=u(07) inZ, t=u(0") inZ"

If v=u=0, then u(0~) = u(0").
If v.= 0 and n > 0, then there exists a function W € L such that up to
extraction of a subsequence,

%szﬁe — VoW in L2(Z°)? weakly. (11)

Proof. From Lemma 1 it follows that there exists a subsequence of solutions
Ue, also denoted by Ue, such that (6) is satisfied. Thus by Theorem 3 we
get that there exists a function i € HI]OC(Z) such that the statement of the
theorem is true. By assumption (A10) we get that {i € K.

If v.=0and pu > 0 then, by Theorem 3, there exists a function W €
L2((—u, u);H'(S)) such that up to extraction of a subsequence, (11) holds.
Then by assumption (A11) we get that w € L. [ |
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Lemma 2 Let U be one solution of the variational inequality (1), ie defined
by (8). Assume that (A1)-(A3) and (A5) hold. Then

)2
w m m

Proof Taking the square of the first growth condition from (A5), multiplying
by - =z, and integrating on Q0 we obtain

12(20)

is bounded.

5 IAR Ul B VU0 <

1 2 | 2
< — \V4 +

Q‘é
Applying the change of variable ze and taking out > from Veile, we get

[ (Bre)or(eada ) o0 (Z‘,z’) Vile(z)
70 88 [ag [

2
dz <

ot o o z
< CJ e(z))ri e(z),ri e(2) dz—i—r‘e‘CJ Qe(z)* dz + &.
70 621 € 622 € aZ3 70
By Theorem 3, ||[V{e|[12(z0)s and |[Qle[|{2(z0) are bounded, thus the statement
of the lemma holds. [

Corollary 1 Suppose that the assumptions of Lemma 2 are verified. Then
there exists 0° € L%(Z°) such that

A° <> @0 <',.,a€(-)) B° () Vie(-) — o° in L3(Z°).
H H H

4 The limit variational inequality

In this section we obtain the limit problem in two cases: when 0 < u < 400
and v = 0 respectively when u =400 and 0 < v < +00. In these cases

€Te € rz

=—. £

v
2o,
te Te te [

thus the beam has a thin neck.
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4.1 The case 0 <p<oo and v=0

Theorem 5 Let 0 < u < oo andv =0.
Assume that (A1)-(A11) are verified and the following four conditions are
satisfied:

(C1) ¢ € K implies Xv1 @ € Ke;
(C2) ¥ € L implies xy1 b € Ke;
(C3) ¢ € R implies Xz ® € Re;
(Ca) P e T implies ng{l\) e Re.
Then the following three statements hold:

1) There exists a subsequence of the sequence Ue of solutions of (1), also
denoted by Ue, and a function uw € H'((=1,0) U (0,1)) N K such that (7) is
satisfied.

2) Let u and w be as given in Theorem 1 and 4. and W as in Theorem 4.
Then (u,w,{i, W) solves the limit variational problem:
find w € H'((=1,0) U (0,1) NK, u(=1) =u(1) =0, w € L, and 4 € K,
U(—p) = u(07), A(pn) = w(0t), W e L such that for all v € H'((—1,0) U
1%0, ])t) NK, v(=1)=v(1) =0, h € L, and 9 € R, 9(—p) = v(07), 9(p) = v(0"),
S

JY] AT Y) @ (y, u(y1))B'(Y)V' (1, w)(y), V/(v, ) (y) = V'(u,w)(y)]  (12)
+J [AO (Z‘,z’) ®° (Z‘,z',a(z)> BO (Z‘,z’) V/(4,W)(2),

70 H H H
V'(9,R)(z) — V'(1,W)(z)] dz > 0.

3) Let o' be as given in Theorem 1, o° as given in Corollary 1. Then

o'(y) =AMy (y,u(y))B' )V (w,w)(y) forae yeY,

0%(z) = A° <7“,z'> @° (“,z',ﬁ(z)> B <7“,z'> v/ <ﬁ, 1{1)
i i i v

for a.e. z € Z°.

Proof. Statement 1) follows from Theorem 2.
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2) Since v = 0, from Theorem 4 it follows that I € 14 only depends on zq
with
A=u(0") inZ, A4=u(0") in ZT,
and there exists a function W € £ such that up to extraction of a subsequence,

%szﬁe — VW in L%(Z°%)? weakly.

Let @ € H'([-1,0]) and ¢+ € H'([0,1]) and define ¢ € H'((—1,0) U
(0,1)) N K such that

(X )_ (P_(X]), if X1 € (_170)
PR ot x), i x1 € (0,1),

Let €L, ¢ € K and 1]) e f. For € small enough, the sequence V. defined
by

Vel =xor () (00xn) +e (1,5 ) ) +
#xoe (0 (52) 4S9 (B 2)) ae xea

belongs to M.
Putting n = Ue(x), & = VU¢(x) and

T=Te(x) = X1 () (V' (@, ) + A1) (yelx))+

1 N
+X00 (¥) 5 (V/(@,0) + M2) (ze[x), ae. x €

in the monotonicity condition, we get
1

0< 2 JQ [Aec(x)De(x, Ue(x))Be(x)VUe(x) — Ae(x)Delx, Ue(x))Be(x)Te(x),

VUe(x) — Te(x)] dx =
_ j Ac(x)c(x, Ue(x))Belx)VUc(x), VUe(x)] dx—
Qe

L A0l Ue())Be(x) VU (), Te()] doet
JQe

L 1At Uetx))Belx)te(x), VUe(x)] dr
JQe

+ L] A ®e(x, Uex)) Bl Telx), Telx)] dx =
€ Jo.

=TF—T5 —T5 +T5.
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In the following we study each term separately. The first term

e - ;Q [Ac(x)®e(x, Ue(x))Bo(x)VUe[x), VU (x)] dx <
i
€? Ja.
- e]%pa; (AL e @ (yelx), Uelx) By el VL (x),
<d<p(xu+€aw(ye(x)) (ye(x)) aw(yax)))] s

dx; ox; ~ 9Oxp = 0x3

[Ac(x)De(x, Ue(x))Be(x)VUe(x), VVe(x)] dx

*LJ [Ag(ze(x)@‘é(ze(x%Ue(x))B‘é(ze(xnvue(x),
€ Q(e)

0x1 Tete  Ox7 T2 Oxa 12 Ox3

(tua@(*?i‘) L e 3(zeb) 1 0(zelx) 1a$(ze(x)))] -

(using the change of variable y = y¢(x) in the integral over Q! and the change
of variables z = z¢(x) in the integral over Qg)

:Jw [A1(U)®l(y,u6(y))81(y)Veue(g),

(d@(y1)+€6¢(y) 0(y) aw(y))]
dy; dyr ' dyy ' dus

+ 1’%1%[ [AO <Z],z'> ®° (m,z’,ﬁ(2)> B° <Z],z’> .
TR P2 m m m
. (u ofic(z) 1 olie(z) 1 aﬁe(z))

te 0z7 ' €re 0zp ' ere 0z3

(u dp(z1) , e 0P(z) 12P(z) 1a$<z)>] N

te dzq rete 027 )T'(Z,: 022 )T(Z,: 0z3

Taking the limit, we get

i | o' Vo] du |

z

0°@, (9, $)(2)] dz
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The second term

5= L[ Ad®e(x, Ue(x)Belx) VU(x), Te(x)] dx —
€2 o)

| o W e )] ay

+ JZO |:0‘0(Z)v (V’((p\),ﬂ\)) + Afz)(z)} dz,

when € tends to zero.
The third term

when € tends to zero.
The last term

Te= L[ AC0®ci Ud)Bex)melx), Telx] dx —
e? o)

HJY] (A1 (y,w(y))B (W) (V' (0,) + Af1)(y),
(V'(@, %) +Afy)(y)] dy+

+J[ ( ) ( 'a) (Z‘,z')(v'(@,$)+xfz)(2),
70 l’L }‘L

(V'(§,B) + Af2)(2)]

when € tends to zero.
Adding the limits of T{, T5, T5, and Tf, we get

—j (0" (), A1 (v)] dy —J 10%(2), Afa(2)] dz+ (13)
Y! 70

+L1 AT (Y@ (y, u(y1))B W) (V (@, ) + Af1)(y), V' (e, b)(y)—
— V'(u,w)(y) + M3 (y)+
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+J [AO (“,z) ° <“,z’,a(z)) BO (Z‘,z’> (V'(6,$) +M2)(2),
20 m m m

V'(¢,0)(2) = V'(Q,W)(2) + Ma(z),] dz >0.

Setting
p—u=0v—-u), p—w=0h—w), ¢ =09, and P =0R,

where 0 > 0, dividing by 0, then letting 0 — 0, we get the limit variational
inequality.
Putting
(¢,w) = (h,w) and (9,1) = (h, W),

dividing by A, and letting A — 0, we get

L] [o'(y) — AT (y)@ ' (y, uly1))B (y) V' (u,w)(y), f1(y)] dy+

+J [co(z)—A"( )@0 < 2z )) ("‘Rz’) V' (W) (2),
20 w' w’ m

fa(z)] dz >0, Vf; e H'(Y"),Vf, e H'(Z).
Then 3) follows. [ |

4.2 The case p=+o00 and 0 <v < +00
Theorem 6 Let @ = 400 and 0 < v < 400. Assume that (A1)-(A9) are

verified and the following two conditions are satisfied:
(C1) ¢ € K implies xy1 ¢ € Ke;
(C2) ¥ € L implies xy1 ¥ € Ke.
Then the following three statements hold:
1) There exists a subsequence of the sequence Uc of solutions of (1), also

denoted by Ue, and a function uw € H'((—1,0) U (0,1)) N K such that (7) is
satisfied.

2) Let uw and w be given as in Theorem 1. Then (u,w) solves the limit
variational problem:
findu e H'((—=1,00U (0,1)NK, u(=1)

w(1) =0 and w € L such that for
allvEH]((—l,O)U(O,U]ﬁK,v( 1) )

v(l)=0andh el

Jw AT ()@ (y, w(y1))B' (Y) V' (uw, W) (y), V' (v, h)(y) — V' (11, w)(y)] > 0.
(14)
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3) Let o' given in Theorem 1. Then

o' (y)

A0 (y, uly))B' W)V (u,w)(y) for ae yeY'

Proof. Statement 1) follows from Theorem 2.
To prove statement 2), let @~ € H'([—1,0]) and @ € H'([0,1]) and define
@ € H'((=1,0) U (0,1)) N K such that
(X ) o (pi(x'l)) lf X1 € (_1)0)
P et it xie o).
Let P € L and v°: [0, +00) — R defined by

O(T)— T, f0<t<1
L PR

and

_ o [ Ix1l x/
Ve(x) = @(x1)y ? + e [ %1, z , a.e € Qg,
€

which belongs to M.

For € small enough, by a simple calculation we obtain

d ' 1
VVe — (P(X1)e1 —Vyd (th)’ dX—I_ZJ [VVel dx <
dxq € €% Jao

T‘Z
<C (ez + e)
te

which tends to zero since p = +o0.
Putting n = Uc(x), & = VUc(x) and

{

T

Te(x)

(V'(@, %) +Af1)(ye(x), if xe€Ql
0,

if xeQ?
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in the monotonicity condition, we get

0< é J [Ac(x)Pe(x, Ue(x))Be(x)VUe(x) — Ac(x)De(x, Ue(x))Be(x)Te(x),
VUe(x) = Te(x)] dx =

_ ]J Ac(x)c(x, Ue(x))Belx) VUc(x), VUe(x)] dx—
Q¢

U 0@ (%, Ue(x)Bel) TU (), Te(x)] dx—
€ Jo.

L[ Rt Uex) Belx e, VU] et
JQe

[Aec(x)Pe(x, Ue(x))Be(x)Te(x), Te(x)] dx =

€2u_Q€
— TP TS TS+ TS

In the following we study each term separately. The first term

TE= 5 | @l Uek))Beb) VUe(x), VUcl] dx <
JQe

< L[ Ad®eix Ue(x))Be(x)VU(x), VVe(x)] dx =

JQe

= L[ A ®elx, Ue(x)Be(x)VUe(x), VVe(x)] dxt

JO!

€

+‘2J Ac(x)® (%, Ue(x))Be(x) VU (x), VVe(x)] dx,
€ 0o

where the second term tends to zero. We use the change of variables y = ye(x)
in the first term:

i < | A0l uely)B ) Veuely)

(d@(y1)+€all)(y) 0p(y) alb(y))] dy+0, =

dys dy1 ' Oyp ' dy3
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ZL] {N(y)CDl(y,ue(y))B‘(y)veue(y),

de(yr) | oP(y) ob(y) oP(y)
( dy; e dyr ~ Oyp ' du3 ﬂ dy +Oe.

Taking the limit of both sides, we get

fim T < | [, Vo)) .

e—0

The third term

_ '
-

= | [A el @elye), el B (el (7 (0,10) -+ A el

VU,(x)] dx,

TS J Ac(x)@c(x, Ue(x))Belx)Telx), VUe(x)] dx =

as the integral on Q9 is equal with zero because T = 0 on Q9. Using the
change of variable y = y¢(x) we get

TS = L] AT W)@y, ue(u))B' W) (V' (0,1) + My(y), Veue(y)| dy =

= || [A 0ty B )V (0,0 + A1) ), Vesely)] dy + O

Taking the limit when € — 0, we get

Tf%J'

L A ) B IV (0,9 + M), T w)y)| dy.

Similarly

75 o | [0 (w4 AR )] dy

Y1
and

Tf—>J

§ [A1(y)<D(y,u(y1))B1(y)(V’(cp,lb)+?\f1)(y),

(V'(9, ) +Af1)(y)] dy,
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when € — 0.
Adding the limits of T{, T;, T5, and T, we get

Jw AT(Y)O (y, u(y1))B (W) (V' (@, ) + A1) (y), V(e b)(y)—  (15)

— V' w)ly) ARy dz = | 0! (w) M (y)] dy >0,

Setting
—u=60(v—u), and Pp—w=0(h—w),

where 8 > 0, dividing by 0, then letting 8 — 0, we get the limit variational
inequality.
3) Putting

(o, u) = (b, w),
dividing by A, and letting A — 0, we get

Jw (o' (y) — AT (y) @' (y, w(y1))B (y) V' (u,w)(y), f1(y)] dy >0

v e HY(Y").

Then 3) follows. u
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Abstract. In this paper, we investigate the relationship between solu-
tions and their derivatives of the differential equation f*) + A (z) f =0,
k > 2, where A (z) £ 0 is an analytic function with finite iterated p-
order and analytic functions of finite iterated p-order in the unit disc
A ={z € C: |zl < 1}. Instead of looking at the zeros of fU)(z) — z
(j =0,..,k), we proceed to a slight generalization by considering zeros of
f0)(z) —@ (z) (j =0,.., k), where @ is a small analytic function relative
to f such that @* 7 (z) £ 0 (j =0,..., k), while the solution f is of in-
finite iterated p-order. This paper improves some very recent results of
T. B. Cao and G. Zhang, A. Chen.

1 Introduction and statement of results

In this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s theory on the complex
plane and in the unit disc A ={z € C: |z| < 1} (see [13,21,23,25,26]). Many
authors have investigated the growth and oscillation of the solutions of complex
linear differential equations in C (see [2,3,4,6,9,12,16,17,18, 20, 24]). In the
unit disc, there already exist many results [7,8,10,11,14,15,19,22 28], but the

2010 Mathematics Subject Classification: 34M10, 30D35
Key words and phrases: linear differential equations, fixed points, analytic solutions,
unit disc

25
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study is more difficult than that in the complex plane, because the efficient
tool of Wiman-Valiron theory which doesn’t hold in the unit disc.

We need to give some definitions and discussions. Firstly, let us give two
definitions about the degree of small growth order of functions in A as poly-
nomials on the complex plane C. There are many types of definitions of small
growth order of functions in A (i.e., see [10,11]).

Definition 1 Let f be a meromorphic function in A, and

D(f) = I — 1)

r—1-—log (1—r7) ="

If b < oo, we say that f is of finite b degree (or is non-admissible); if b = oo,
we say that f is of infinite degree (or is admissible), both defined by character-
istic function T(r ).

Definition 2 Let f be an analytic function in A, and

— log"™M(r, f
Dm(f) = lim Og—(T’):a<c>o (or a=o00),
r=1- —log (1—7)
then we say that f is a function of finite a degree (or of infinite degree) defined
by mazximum modulus function M (v, f) = Iln‘ax If (z)|. Moreover, forF C [0,1),
Z|I=Tr

the upper and lower densities of F are defined by

—— _  —m(Fno,7) _ oo m(FN0T)
denSAF*Tgﬁmy %AF*T%W

respectively, where m (G) —J it for G C [0,1).
cl1—

Now we give the definitions of iterated order and growth index to classify
generally the functions of fast growth in A as those in C (see [5,16,17]). Let
us define inductively, for r € [0,1), exp; T := e and exp,, T = exp (expp r) ,
p € N. We also define for all r sufficiently large in (0,1), log; 1 := logr and
log,, 17 :=log (logp T) , P € N. Moreover, we denote by expy1:=71, loggT =1,
log_j7:=exp;T and exp_;71:=log;T.

Definition 3 (see [7,8,15]) Let f be a meromorphic function in A. Then the
iterated p-order of f is defined by

— loggT (r, f)

pp (f) = lim

>1 int
Ty (1=1) (p>1 is an integer),
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where log] x = log™ x = max{logx, 0}, loggﬂ x = log™ logg x. Forp =1, this
notation is called order and for p = 2 hyper-order [14,19].

Remark 1 If f is analytic in A, then the iterated p-order of f is defined by

. loggHM(r, f)

pm,p (f) = lim

>13 it .
R e o ey (p > 1 is an integer)

Remark 2 [t follows by M. Tsuji [23, p. 205] that if f is an analytic function
mn A, then we have the inequalities

p1(f) <pm1(f) <p1(f)+1,

which are the best possible in the sense that there are analytic functions g and
h such that pm,1(g) = p1(g) and pam,1 (h) = p1 (h) + 1, see [11]. However, it
follows by Proposition 2.2.2 in [17] that pmyp (f) = pp (f) forp > 2.

Definition 4 ([8]) The growth index of the iterated order of a meromorphic
function f(z) in A is defined by

0, if f is non-admissible,
i(f) = ¢ min{j € N:p;(f) < +oo}, if f is admissible,
+00, if pj(f) = +oo for all j € N.

For an analytic function f in A, we also define

0, if f is non-admissible,
im(f) =< min,{j € N:pm;(f) < +oo}, if fis admissible,
+00, if pm;(f) = +oo for all j € N.

Remark 3 If pp(f) < oo or i(f) < p, then we say that f is of finite iterated
p-order; if pp(f) = oo or i(f) > p, then we say that f is of infinite iterated
p-order. In particular, we say that f is of finite order if p(f) < oo ori(f) < 1;
f is of infinite order if p(f) = oo or i(f) > 1.

Definition 5 ([7, 28]) Let f be a meromorphic function in A. Then the it-
erated exponent of convergence of the sequence of zeros of f(z) is defined by
g N (r 1)

Ap (f) = qulim, (p>1 is an integer),



28 B. Belaidi

where N (r, %) is the counting function of zeros of f(z) in {lz| < r}. Forp =1,
this notation is called exponent of convergence of the sequence of zeros and for
p = 2 hyper-exponent of convergence of the sequence of zeros.

Stmilarly, the iterated exponent of convergence of the sequence of distinct
zeros of f(z) is defined by

_ _ logtN(r, 1
X, (f) = Tm —op ()

A g (=) (p > 1 is an integer) ,

where N (T, %) 18 the counting function of distinct zeros of f(z) in {|z| < }.
For p =1, this notation is called exponent of convergence of the sequence of
distinct zeros and for p = 2 hyper-exponent of convergence of the sequence of
distinct zeros.

Definition 6 ([7, 28]) Let f be a meromorphic function in A. Then the iter-
ated exponent of convergence of the sequence of fixed points of f(z) is defined
by
_ logIN (v, -2
Tp (f) =Ap (f —2z) = lim M (p > 1 is an integer) .
For p =1, this notation is called exponent of convergence of the sequence of
fixed points and for p = 2 hyper-exponent of convergence of the sequence of
fized points. Similarly, the iterated exponent of convergence of the sequence of
distinct fized points of f(z) is defined by
_ __logt N (r, -
T (f) = Ap (F—2) = Tim —op D72/ (n =)

>1 i int .
A o (T—7) (p > 1 s an integer)

For p = 1, this notation is called exponent of convergence of the sequence
of distinct fized points and for p = 2 hyper-exponent of convergence of the
sequence of distinct fized points. Thus Ty (f) = A, (f —z) is an indication of
oscillation of distinct fixed points of f(z).

For k > 2, we consider the linear differential equation
L A(z)f=0, (1)

where A (z) # 0 is an analytic function in the unit disc of finite iterated
p-order. Many important results have been obtained on the fixed points of
general transcendental meromorphic functions for almost four decades, see
[27]. However, there are few studies on the fixed points of solutions of differ-
ential equations, specially in the unit disc. In [9], Z.-X. Chen firstly studied
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the problem on the fixed points and hyper-order of solutions of second order
linear differential equations with entire coefficients. After that, there were
some results which improve those of Z.-X. Chen, see [3,4,18,20,24]. In [7],
T. B. Cao firstly investigated the fixed points of solutions of linear complex
differential equations in the unit disc. Very recently in [28], G. Zhang and A.
Chen extended some results of [7] to the case of higher order linear differential
equations with analytic coefficients and have obtained the following results.

Theorem 1 ([28]) Let H be a set of complex numbers satisfying densaf|z| :
z€ HCA} >0, and let A(z) £ 0 be an analytic function in A such that
Pmp (A) = 0 < +oo and for real number « > 0, we have for all ¢ > 0

sufficiently small,
] o0—¢&
A (z)| > exp,, {(X <]_|Z|) } (2)

as |z| = 17 for z € H. Then every solution f £ 0 of equation (1) satisfies

- (f(ﬂ> =7, (f(ﬂ) = pp (f) =+00 (j=0,...,Kk), (3)

Toi1 (fm) =T (fm) =ppr1(f)=pmp(A) =0 (j=0,...,k). (4

Theorem 2 ([28]) Let H be a set of complex numbers satisfying densaflz| :
z€ HC A} >0, and let A(z) £ 0 be an analytic function in A such that
Pp (A) = 0 < +o00 and for real number x > 0, we have for all € > 0 sufficiently

small,
T(r,A(z)) > exp,_4 {‘X (1—1|z|> } (5)

as |z| = 17 for z € H. Then every solution f # 0 of equation (1) satisfies

- (f(ﬂ) =7, (fm> = pp (f) =400 (j=0,...,%), (6)

pa (A) = Tpir () = Fpi1 () = ppar () 2 0 (1=0,...,k).  (7)

In the present paper, we continue to study the oscillation of solutions of
equation (1) in the unit disc. The main purpose of this paper is to study the
relation between solutions and their derivatives of the differential equation (1)
and analytic functions of finite iterated p-order. We obtain an extension of
Theorems 1-2. In fact, we prove the following results:
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Theorem 3 Assume that the assumptions of Theorem 1 hold. If @(z) is an
analytic function in A such that @ ¥ (2) £0 (j =0, ..., k) with finite iterated
p- order pp (@) < 400, then every solution f(z) # 0 of (1), satisfies

Ap (fm—(p> =% (f(j)—(p) —pp(f) =400 (=0,....k),  (8)

>\p+‘| (f(]) — (p) = Xp+] (f()) - (P> - pp+1 (f) = pM,p (A) =0 (] = O, ce »k) .

Theorem 4 Assume that the assumptions of Theorem 2 hold. If ¢(z) is an
analytic function in A such that @ ¥ (2) 20 (j =0,. .., k) with finite iterated
p- order pp (@) < +00, then every solution f(z) # 0 of (1), satisfies

Ap (f(i)—q;) = (f<i>—<p) = pp(f) =+00 (j=0,....k),  (10)

pap (A) = Apir (7 = 0) =Rpir (17 =) = ppi1 (] 2 0 (=0,....K.
()

2 Auxiliary lemmas

We need the following lemmas in the proofs of our theorems.

Lemma 1 ([8]) If f and g are meromorphic functions in A, p > 1 is an
integer, then we have

(i) pp (f) = pp (1/1), pp (a.f) = pp (f) (a € C—{0});

(“) Pp (f) = Pp <f/) >

(iii) max{py (f + g), pp (fg)} < max{py, (f), pp (g)};

(i) if pp (f) < pp (9), then pp (f+9g) = pp (9), pp (fg) = pp (9).

Lemma 2 ([14]) Let f be a meromorphic function in the unit disc A, and let
k > 1 be an integer. Then

£(K)
m (T, f> =S(r,f), (12)
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where S(T fil=0 (longT(r f)) + log ]]r) possibly outside a set E C [0,1)
with fE - < +oo. If fis of finite order (namely, finite iterated 1-order) of

growth, then
£k 1

Lemma 3 Let f be a meromorphic function in the unit disc A for whichi(f) =
p>1 and pp (f) =B < 400, and let k > 1 be an integer. Then for any e > 0,

(k) B+e
m <T, ff> =0 (exppz {]1_1«} > (14)

holds for all v outside a set E C [0,1) with IE 1 < Foo.

Proof. First for k = 1. Since p;, (f) = 3 < +00, we have for all r — 17

1 B+e
T(r,f) <exp,_4 {1—r} : (15)

By Lemma 2, we have

m(nh ) =0 (w e L) (1)

holds for all r outside a set E C [0, 1) with IE 17—y < too. Hence, we have

f/ 1 P+e
m<1‘,f) =O<expp2{1_r} ), T ¢ E. (17)

Next, we assume that we have

£k) 1 Pte
m T, =0 exppz{]r} , T¢E (18)

for some integer k > 1. Since N (r,f ) < (k4 1)N (v, f), it holds that

T (r,f(k)> = m(r,f(k)) + N r,f[k)) <

m(r,) +m(r,f)+ (k+1)N(r,f)

/N

IN
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1 B+e 1 Bte
SO(expp_z{]_T} >+(k+1)T(T,f)=O(expp_1{]_r} )

(19)

By (16) and (19) we again obtain

f[k-H) 1 B+e
myr, f(k) =0 epriz {]—T} , T g E (20)

and hence,

3
N
=

—
I
~
IN
3
N
s
L=
z T
~
+
3
N
=
—
- =®
~
I

Lemma 4 ([1]) Letg:(0,1) = R and h: (0,1) — R be monotone increasing
functions such that g (r) < h(r) holds outside of an exceptional set E C [0,1)
of finite logarithmic measure. Then there exists a d € (0,1) such if s(r) =
1—d(1—r1), then g(r) <h(s(r)) for all T €[0,1).

Lemma 5 Let Ay, Aq,..., Ax_1, F # 0 be finite iterated p- order analytic
Junctions in the unit disc A. If f is a solution with pp (f) = +o00 and pp41 (f) =
p < 4oo of the

f9 4 Ay £ 4 A A =T, (22)
then Ay (f) = Ap (f) = pp (f) = +00 and X‘p—i—] (f) = Aps1 (f) = pp41 (f) = p.

Proof. Since Ag, Aq,..., Ax_1, F # 0 are analytic in A, then all solutions of
(22) are analytic in A (see [14]). By (22), we can write

11 [ flk=1) f
- = <+Ak_1 +...+A1=+As ). (23)

foF\ f f f
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If f has a zero at zp € A of order v (> k), then F must have a zero at zo of
order at least y — k. Hence,

N<r,l> gkN(r,l)—l—N(r,;). (24)

By (23), we have

( ) Zm< ()>+kimrA)+m< ]1:)—1-0(]). (25)

Applying the Lemma 3, we have

£0) 1 p+e )
m T,T =0 epr71 {]T} ():],...,k), (26)

where pp41 (f) = p < 400, holds for all r outside a set E C [0, 1) with IE - <
+00. By (24), (25) and (26) we get

k—1
Tl = T(ng) + 00 <IN (ng )+ X T0A) + TP+

=0
17"
+0 (expp_1 {1—1‘} ) (lzl =7 ¢ E). (27)

u=max{pp (A;) (j=0,....,k—=1),pp (F)}.

Then for r — 17, we have

Set

pt-e
T(rAg)+...+T(r, A1)+ T(r,F) < (k+1)exp,_, {114} . (28)

Thus, by (27) and (28), we have for r — 1~

- 1 ] ute
T(r,f) < kN{(r-)+(k+1)exp,_ 13 +— +
f P 1—7r

1 pte
+0 (expp_] {1—1‘} ):
- kN 1 9] 1 h = E 2
= (r,f)—l- (expp1{]r} ), (lzZl =7 ¢ E). (9)
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where 11 < +oc0. Hence for any f with py, (f) = 400 and pp41 (f) = p, by
Lemma 4 and (29), we have

Ap () = Ap () > pp (f) = 400
and Ap g1 (f) > Apyr (f) > ppyr (f). Since Apyq (f) < Apyr () < ppyr (f), we
have Ap 11 (f) = Apq1 (f) = pp1 (f) = L

Lemma 6 ([7]) Let H be a set of complex numbers satisfying densa{lz| :
z€ HC A} >0, and let A(z) £ 0 be an analytic function in A such that
Pmp (A) = 0 < +oo and for real number o« > 0, we have for all ¢ > 0

sufficiently small,
1 0—¢&
Al2) = exp, {oc (=) } , (30)

as |z| — 17 for z € H. Then every solution f # 0 of equation (1) satisfies
Pp (f) = +o0 and Pp+1 (f) = PM,p (A)=o0.

Lemma 7 ([7]) Let H be a set of complex numbers satisfying densa{lz| : z €
H C A} >0, and let A (z) # 0 be an analytic function in A such that pp (A) =
0 < 400 and for real number o« > 0, we have for all € > 0 sufficiently small,

-] 0—E
T(r,A(z)) = expp,_; {oc <]_|Z|) } , (31)

as |z| — 17 for z € H. Then every solution f # 0 of equation (1) satisfies
Pp (f) = +oo and pmp (A) > ppia (f) > 0.

3 Proof of Theorem 3

Suppose that f (z) Z 0 is a solution of equation (1). The_n by Lemma 6, we have
Pp (f) = +oo and ppy1 (f) = pmp (A) = 0. Set wj =fl—¢p (j=0,1,... k).

Since pp (@) < +oo, then by Lemma 1, we have Pp (w)) pp (f) = +oo
Pp+1 (W]) = Pp+1 (f) = pMp(A) = 0, 7\ (w ) = 7\ (f (P) ) .}\p( )
Ap (f (p) (3 =0,1,...,k). Differentiating both sides of w; = f0) — ¢ and

replacing f® with f¢) = —Af, we obtain

Wk —_Af— k) (=0,1,...,k). (32)
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Then, we have

wik) + k=)

f=—- 33
i (3)
Substituting (33) into equation (1), we get
A\ (k)
(k—j) A\ ()
W . (k—j)
j (k=) _ % (k—j)
A +w,m = ( A ) + @ . (34)
By (34), we can write
W)Qk_j) + CDZk,j,]W)Qk_j_” +...+ (Dk,ngk_j)
. (k) .
(k—j) (k—=j)
P 1%
=-A A , 35
( A ) : ( A ) .
where @y (z),...,Po—j—1(z) (j =0,1,...,k) are analytic functions with

PMp ((Dkf]) < Oy,...,PMp (q)Zkfjf]) <o () :Ov1»"'ak)'
9%) < foo. Thus, by A # 0 ™) %0, (j =

0,...,k) and Lemma 6, we obtain

N\ (k) :
(k—j) (k—j)
P P
—A A .
< A > + < A ) Z0 (36)

Hence, by Lemma 5, we have A, (W;) = Ap (Wj) = pp (Wj) = +oo and Ap 11 (wj) =

Ap+1(W5) = ppi1 (Wj) = pmp (A) =0 (j=0,1,...,k). Thus

By Lemma 1 we have p,

qQ

Mo (1= @) =Ry (19— @) =pp (1) = +00 (1=0,1,...,K),
Moi1 (F9 = @) =Rpir (f7 = @) = ppir (1) = pmp (A) =0 (1=0,1,...,K).

4 Proof of Theorem 4

Suppose that f(z) # 0 is a solution of equation (1). Then by Lemma 7, we
have py, (f) = 400 and pmp (A) > pp41 (f) > 0. By using similar reasoning as
in the proof of Theorem 3, we obtain Theorem 4.
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Global dynamics of a HIV transmission
model
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Abstract. In this paper a simple mathematical model will be consid-
ered describing transmission dynamics of the human immunodeficiency
virus in a special situation. A unique interior equilibrium is found and
its stability is investigated. Results are verified by computer simulation.

1 Introduction

Acquired immunodeficiency syndrome (AIDS) was firstly recognized in 1981
among men who have sex with men (MSM) in the United States of Amer-
ica (USA), and shortly thereafter in populations such as injective drug users
(IDU), hemophiliacs and blood transfusion recipients and infants of women
with AIDS (cf. [12]). By 1983 the viral cause of AIDS, the human immun-
odeficiency virus (HIV) had been discovered and the basic models of trans-
mission established: sexual transmission, parenteral explosure to blood and
blood products, and perinatal transmission (cf. [7], pp. 3-17). Because HIV
is primarily a sexual transmitted disease (STD), its spread reflects the social
patterning of human sexual relationships. The understanding of the long-time
behaviour of STD-s will help to find whether this epidemics will die out or
stay in the population and to design strategies of fighting them. Various ap-
proaches for studying epidemiology of STD have been developed from time
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to time. Since the famous Kermack-McKendrick model for a spread of dis-
ease (cf. [9]), differential equations have been widely used to study a disease
transmission, to evaluate the spread of epidemics, and more importantly, to
understand the mechanisms of epidemics in order to prevent them or minimise
the transmission of this disease (cf. [1, 3, 5, 8]).

AIDS is a major public health problem in the USA. The epidemic in Europe
has shown similar trends to those in the USA. Transmission has been the
greatest among MSM and IDUs. More new cases of AIDS are reported each
year among MSM than for any other group. The majority of MSM practice
anal intercourse (cf. [10]) and this activity occurs within a community with
a considerable prevalence of HIV infection (cf. [10, 14]). Within the MSM
community there are high risk sexual zones (such as bathhouses) where MSM
congregate for sexual activity (cf. [15]). Bathhouses are a feature of most
major North American and European metropolitan areas, e.g. in New York
City (NYC), Los Angeles.

Several models have been proposed in this area, e.g. one for treating IDUs
and perinatal transmission in NYC (cf. [2]) and recently one for those with
HIV transmission among MSM in a bathhouse (cf. [4]):

S = f(S,I,E)::n—ﬁ%—uS
1= .c;(s,I,E):zpwlsI , (1)
E = h(S,I,E)::G—HSN—uE

where the dot means differentiation with respect to time t. The total number
of visitors in the bathhouse at any time, N(t), is subdivided into three parts:
susceptibles (i.e., the uninfecteds), S(t), the HIV-infecteds, I(t), and the HIV-
exposeds E(t). The biological meaning of the parameters in (1) is the following;:
1 >0,p >0 and 0 > 0 are the inflow rates of susceptibles, infecteds and
exposeds, respectively; the average time spent by individuals in the bathhouse
is 1/u with u > 0. The transfer mechanism from the class of susceptibles to
the class of exposeds is guided by the fraction BI/N, where the

B =ciBi(I—mD) (1 =m0 +crBr (T —P7) (1T —m™P™)

denotes the probability of HIV transmission. For the detailed meaning of the
parameters in 3 we refer to the Table 1 in [4]. We note that from the section
explaining the dependence on the parameters, 3 seems to be I-independent,
while in its definition the I-dependence is present. The scalar 3 would essen-
tially simplify the system while the linear I-dependence can be considered as



HIV transmission model 41

the fact that the probability of HIV transmission is (linearly) proportional to
the size of the infected population. Thus the scalar case can be considered as
a specialization of this extended version.

The aim of our study is to show that the above (extended) model is well
posed and it has a unique equilibrium which is globally asymptotically stable.

2 Equilibria and their stability

We shall present some results, including the positivity and boundedness of
solutions, furthermore the existence and stability of possible equilibria.

First of all, Picard—Lindel6f’s Theorem guarantees that solutions of the
initial value problem for system (1) exist locally and are unique.

Clearly, the interior of the positive octant of the phase space [S, I, E], denoted
by Ri, is an invariant region. Indeed, f(0,I,E) = m, ¢g(S,0,E) = p and
h(S,1,0) = o+ BS/(S + 1), thus the time derivatives of S, I and E are positive
at the boundary — provided as the inflow rates p, o are positive — which implies
nonnegativity. Hence, for the rest of the paper we only focus on system (1)
restricted to Ri.

Setting the right hand sides of the three differential equations of (1) equal
to zero, we find that system (1) has only one equilibrium which lies in the
interior of the positive octant of the phase space [S, I, E]:

. nu(m+ p + o)
© KeibpFkip?+pi(m+p+0)’

P

ro= - 2
m (2)

« . 0O TP(Kril + Kip)

B = =4 2 2 3 ’
B Kplop + Kipps + p(m+ p + 0)

where Ky = cfr (1 =15 (1 —m™pM) — ciBMUV§(1 — n™p™) and

Ki = cifi (1 —n™pM).
Theorem 1 (S*,1*,E*) is a locally asymptotically stable equilibrium of system
(1).

Proof. If we linearize the system at this equilibrium then the characteristic
polynomial turns out to be

P(A) == A+ @A + @A + ao, (3)
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where

. 2, P ke + Kip)
do = u<p'+ n+p+o )’

2 ) )
a; = 3112 i P (Krilt + Kip)
m+p+0
P (Krikt + Kip)
mrm+p+o)’
which is stable by Routh-Hurwitz criterion, because it has only positive coef-
ficients and

a; = 3pu+

war—ap = 2[Kkupp+ Kip? + pi(m+ p + 0)]

meu+Km2+Mﬁm+p+0)

>0,
w(rm+p+0)?

which proves the local stability. |

Calculating the second additive compound matrix (see e.g. [13]) of the
Jacobian of the right hand side of (1), we have

—2u—a 0 —b
][2](S,I,E) = c —2u—a—"> —C ,
—a 0 —2u—"=

where the parameters a, b, ¢ are defined for arbitrary (S,I,E) € Ri as follows:

[(kpi + ¢D)(I+ E)

a = a(S,LE) = ST1:E)2 >0,
S(kpi(S + E) + kiI(2S + 1+ 2E))
b = b(S,IE) = 0
(5,LE) (S+I1+E)? e
¢ = ¢S LE) = Skt

(S+1+E)? '

The stability modulus of JIZ(S, I, E) is negative: s (][ZJ(S, I, E)) = —2u. Hence,
due to a result in [11] system (1) has no Hopf bifurcation from the equilibrium
point.

Now, we are going to extend our local result about stability of the unique
equilibrium point to a global one. For this first we examine the boundedness
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of the system. Clearly, the positive octant of the [S,I, E] space is positively
invariant for system (1). Therefore we have to show that all solutions with
positive initial conditions stay bounded in t € [0, +0c0) and there is no periodic
orbit in the positive octant.

Lemma 1 System (1) is dissipative, i.e. all solutions are bounded.
Proof. We define the function
V(S,I,E) =S+ 1+E.

The time derivative along a solution of (1) is

V(S,LE) = S+I4+E=m+p+0—uS+I1+E)
(4)
= m+p+0—puV(S,LE).

Thus, for each € € (0, n) the sum V + €V is bounded from above, i.e. there
is a k > 0 such that V 4+ €V < k. Solving this Gronwall-type inequality, we
obtain the following estimate

0. V(S,1E) < & +V(S(0), 1(0), E(0)) - exp(—et) < & + V(5(0), 1(0), E(0)),

k
which holds for all t > 0. Hence, as t — +o0o we have 0 < V(S,[,E) < < + K

for any k > 0. Therefore all the trajectories initiated in Ri enter the region

QF{GmmeRi

k
V(S,I,E)SE-FK, for any K>0}.
This completes the proof. |

Lemma 2 System (1) has no nontrivial periodic solutions.

Proof. From (4) we have

V(S,LE) = —p (V(s, LE) - ““’”) ,

w

which has the consequence that the simplex

M= {(S,I,E) €R3: V(S,LE) = ”“’*“}

u
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is positively invariant and all solutions approach to I' with an exponential rate.
Moreover, it suffices to study the dynamics of (1) on the simplex I'. Hence,
system (1) can be reduced to a planar system

: u
S f(S,1):=m n+p+65 (il + ki) — S,

by dropping the third equation and making the substitution
E=(n+p+o0)/u—S—1

in the remaining two equations. Due to the Bendixon’s Negative Criterion
(see e.g. [6]) this reduced system has no nontrivial periodic solutions, because
for F := (f, g)

(divF)(S,1) = (0:f)(S, 1)+ (929) (S,1)

i
= 2u— — I (ki i 0 (S>0,1>0
[ T[—i—p—i—G(Kl +Kei) < (§>0,1>0)

holds. [ |

Thus, we can summarize our results as follows:

Theorem 2 System (1) has only one steady state (2) which lies in the interior
of the positive octant of the phase space [S,1,E] and is globally asymptotically
stable.

Remark 1 In [}] the situation p = 0 = 0 (when there are no infected en-
trants) is also mentioned. In this case one has only the disease-free equilib-
rium (So, lo, Eo) = (7t/W,0,0) which is because of the stability of the Jacobian
matric

—H K 0
J(So,Io,Eo)=| 0 —p O
0 Kri —H

locally asymptotically stable. Its global asymptotical stability can be justified in
the similar way as before.
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Example 1 Set m = 50.10, u = 0.50, p = 0.30 resp. p =0, o = 0.20 resp.
0 =0, ki = 0.10 and ky = 0.11. A Mathematica 3D plot shows (cf. Figure
1) that the trajectories of (1) converge to the unique positive resp. boundary
equilibrium (S*,T*, E*) = (100,0.6,0.6) resp. (So, Io, Eo) = (100.2,0,0).

Figure 1: The unique equilibria showing their asymptotic stability.
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Abstract. Let a, b (b > a) and n (n > 2) be nonnegative integers
and let 7 (a,b,n) be the set of such generalised tournaments, in which
every pair of distinct players is connected at most with b, and at least
with a arcs. In [40] we gave a necessary and sufficient condition to decide
whether a given sequence of nonnegative integers D = (dq,d2,...,dn)
can be realized as the out-degree sequence of a T € 7 (a, b, n). Extending
the results of [40] we show that for any sequence of nonnegative integers
D there exist f and g such that some element T € 7 (g,f,n) has D as
its out-degree sequence, and for any (a,b,n)-tournament T’ with the
same out-degree sequence D hold a < g and b > f. We propose a O(n)
algorithm to determine f and g and an O(d,n?) algorithm to construct
a corresponding tournament T.

1 Introduction

Let a, b (b > a) and n (n > 2) be nonnegative integers and let 7 (a,b,n)
be the set of such generalised tournaments, in which every pair of distinct
players is connected at most with b, and at least with a arcs. The elements of
T (a,b,n) are called (a,b,n)-tournaments. The vector D = (dq,dy,...,dn)
of the out-degrees of T € 7 (a,b,n) is called the score vector of T. If the
elements of D are in nondecreasing order, then D is called the score sequence
of T.

2010 Mathematics Subject Classification: 05C20, 68C25
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An arbitrary vector D = (dj,dy,...,dn) of nonnegative integers is called
graphical vector, iff there exists a loopless multigraph whose degree vector is
D, and D is called digraphical vector (or score vector) iff there exists a loopless
directed multigraph whose out-degree vector is D.

A nondecreasingly ordered graphical vector is called graphical sequence, and
a nondecreasingly ordered digraphical vector is called digraphical sequence (or
score sequence).

The number of arcs of T going from player P; to player Pj is denoted by
my (1 <1,j <n), and the matrix M = [1. .n, 1. ] is called point matriz or
tournament matriz of T.

In the last sixty years many efforts were devoted to the study of both types
of vectors, resp. sequences. E.g. in the papers [8, 16, 18, 19, 20, 21, 26, 30, 32,
34, 36, 45, 68, 84, 85, 88, 90, 98] the graphical sequences, while in the papers
1, 2,3, 7,8, 11, 17, 27, 28, 29, 31, 33, 37, 49, 48, 50, 55, 58, 57, 60, 61, 62,
64, 65, 66, 69, 78, 79, 82, 94, 86, 87, 97, 100, 101] the score sequences were
discussed.

Even in the last two years many authors investigated the conditions, when
D is graphical (e.g. [4, 9, 12, 13, 22, 23, 24, 25, 38, 39, 43, 47, 51, 52, 59, 75,
81, 92, 93, 95, 96, 104]) or digraphical (e.g. [5, 35, 40, 46, 54, 56, 63, 67, 70,
71,72, 73, 74, 83, 87, 89, 102]).

In this paper we deal only with directed graphs and usually follow the ter-
minology used by K. B. Reid [79, 80]. If in the given context a, b and n
are fixed or non important, then we speak simply on tournaments instead of
generalised or (a,b,n)-tournaments.

We consider the loopless directed multigraphs as generalised tournaments, in
which the number of arcs from vertex/player P; to vertex/player Pj is denoted
by my;, where mi; means the number of points won by player P; in the match
with player Pj.

The first question: how one can characterise the set of the score sequences
of the (a, b, n)-tournaments. Or, with another words, for which sequences D
of nonnegative integers does exist an (a,b,n)-tournament whose out-degree
sequence is D. The answer is given in Section 2.

If T is an (a,b,n)-tournament with point matrix M = [1. .n,1. .n], then
let E(T), F(T) and G(T) be defined as follows: E(T) = maxi<jj<n My, F(T) =
max1§i<j§n(mi]- —l—mﬁ), and g(T) = min1§i<i§n(mﬁ —I—mji). Let A(D) denote
the set of all tournaments having D as out-degree sequence, and let e(D), f(D)
and g(D) be defined as follows: e(D) = {min E(T) | T € A(D)}, f(D) =
{min F(T) | T € A(D)}, and ¢g(D) ={max G(T) | T € A(D)}. In the sequel we
use the short notations E, F, G, e, f, g, and A.
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Hulett et al. [39, 99], Kapoor et al. [44], and Tripathi et al. [91, 92] inves-
tigated the construction problem of a minimal size graph having a prescribed
degree set [77, 103]. In a similar way we follow a mini-max approach formu-
lating the following questions: given a sequence D of nonnegative integers,

e How to compute e and how to construct a tournament T € A charac-
terised by e? In Section 3 a formula to compute e, and an algorithm to
construct a corresponding tournament are presented.

e How to compute f and g? In Section 4 an algorithm to compute f and
g is described.

e How to construct a tournament T € A characterised by f and g7 In
Section 5 an algorithm to construct a corresponding tournament is pre-
sented and analysed.

We describe the proposed algorithms in words, by examples and by the
pseudocode used in [14].

Researchers of these problems often mention different applications, e.g. in
biology [55], chemistry Hakimi [32], and Kim et al. in networks [47].

2 Existence of a tournament with arbitrary degree
sequence

Since the numbers of points my; are not limited, it is easy to construct a
(0, dn, n)-tournament for any D.

Lemma 1 If n > 2, then for any vector of nonnegative integers D = (d;,
dy,...,dn) there exists a loopless directed multigraph T with out-degree vector
D so, that E < di,.

Proof. Let mny; = dn, and myi41 = dy for i = 1,2,...,n —1, and let the
remaining my; values be equal to zero. |

Using weighted graphs it would be easy to extend the definition of the
(a,b,n)-tournaments to allow arbitrary real values of a, b, and D. The fol-
lowing algorithm NAIVE-CONSTRUCT works without changes also for input
consisting of real numbers.

We remark that Ore in 1956 [66] gave the necessary and sufficient conditions
of the existence of a tournament with prescribed in-degree and out-degree
vectors. Further Ford and Fulkerson [17, Theoreml1l1.1] published in 1962
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necessary and sufficient conditions of the existence of a tournament having
prescribed lower and upper bounds for the in-degree and out-degree of the
vertices. They results also can serve as basis of the existence of a tournament
having arbitrary out-degree sequence.

2.1 Definition of a naive reconstructing algorithm

Sorting of the elements of D is not necessary.
Input. n: the number of players (n > 2);
D =(dy,dy,...,dn): arbitrary sequence of nonnegative integer numbers.
Output. M = [1. n,1. n]: the point matrix of the reconstructed tourna-
ment.
Working variables. i, j: cycle variables.

NAIVE-CONSTRUCT(n, D)

0Ol fori+—Tton

02 forj—1ton
03 do myj < 0
04 Mnp1 — dn
0bfori—1ton—1
06 do mi i1 & di
07 return M

The running time of this algorithm is @(n?) in worst case (in best case too).
Since the point matrix M has n? elements, this algorithm is asymptotically
optimal.

3 Computation of e

This is also an easy question. From here we suppose that D is a nondecreasing
sequence of nonnegative integers, that is 0 < dy < dp < ... < dn. Let
h=[d./(n—1)].

Since A(D) is a finite set for any finite score vector D, e(D) = min{E(T)|T €
A(D)} exists.

Lemma 2 If n > 2, then for any sequence D = (dq,d>,...,dn) there exists
a (0,b,n)-tournament T such that

E<h and b < 2h, (1)
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and h is the smallest upper bound for e, and 2h is the smallest possible upper
bound for b.

Proof. If all players gather their points in a uniform as possible manner, that
is
max myj— min my <1 fori=1,2 ..., n (2)
1<i<n 1<5<n, i#
then we get E < h, that is the bound is valid. Since player P,, has to gather
dn, points, the pigeonhole principle [6, 15, 42] implies E > h, that is the bound
is not improvable. E < h implies maxj<icj<nmi; + Mji < 2h. The score
sequence D = (dq,dp,...,dn) = (2n(n—1),2n(n—1),...,2n(n — 1)) shows,
that the upper bound b < 2h is not improvable. |

Corollary 1 If n > 2, then for any sequence D = (dq,d>,...,dn) holds
e(D) =[dn/(n—1)].

Proof. According to Lemma 2 h = [dyn/(n—1)] is the smallest upper bound
for e. |

3.1 Definition of a construction algorithm

The following algorithm constructs a (0,2h,n)-tournament T having E < h
for any D.
Input. n: the number of players (n > 2);
D = (di,dy,...,dn): arbitrary sequence of nonnegative integer numbers.
Output. M =[1. m,1. n]: the point matrix of the tournament.
Working variables. i, j, l: cycle variables;
k: the number of the ”larger parts” in the uniform distribution of the points.

PI1GEONHOLE-CONSTRUCT (1, D)
0Ol fori+—Tton

02 domﬁHO

03 k<—di—(n—1)Ldi/(n—1)J
04 forj«— 1tok

05 do l+ i+4j (mod n)

06 my «— [dn/(n— ]ﬂ

07 forj—k+1ton—1

08 dol+1i+4j (mod n)

09 my — [dn/(n—1)]

10 return M
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The running time of PIGEONHOLE-CONSTRUCT is ©(n?) in worst case (in
best case too). Since the point matrix M has n? elements, this algorithm is
asymptotically optimal.

4 Computation of f and ¢

Let S (1 =1, 2, ..., n) be the sum of the first i elements of D, B; (i =
1, 2, ..., n) be the binomial coefficient n(n—1)/2. Then the players together
can have S, points only if fB,, > S;,. Since the score of player P, is dy, the
pigeonhole principle implies f > [dyn/(n—1)].

These observations result the following lower bound for f:

o ([3]i4)

If every player gathers his points in a uniform as possible manner then

fgz[ d"]w. (4)

n—

These observations imply a useful characterisation of f.

Lemma 3 If n > 2, then for arbitrary sequence D = (dj,dy,...,dn) there
exists a (g, f,n)-tournament having D as its out-degree sequence and the fol-
lowing bounds for f and g:

(el ]

0<g<Hf. (6)

Proof. (5) follows from (3) and (4), (6) follows from the definition of f. W

It is worth to remark, that if d,,/(n—1) is integer and the scores are identical,
then the lower and upper bounds in (5) coincide and so Lemma 3 gives the
exact value of F.

In connection with this lemma we consider three examples. If d; = d,, =
2cn—1)(¢>0,1=1,2, ..., n—1), then dy,/(n—1) = 2c and S;,/B =,
that is S1,/Bn is twice larger than d,/(n—1). In the other extremal case, when
di=0({1=1 2 ...,n—1)and dy =cn(n—1) >0, then dn/(n—1) = cn,
Sn/Bn =2c, 80 dn/(n— 1) is n/2 times larger, than S;/Bn,.
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Player/Player | P; | P2 | P3 | P4 | Ps | P5 | Score
P — ]l 0|0 0]0]O 0
P, oO|—|O0|O0]O0]|O 0
P3 ojlo|—|0]O0]|O 0
P4 101010, —1]5 1|5 40
Ps 10(10105|—1|5 40
Ps 100(101105 |5 |—| 40

Figure 1: Point matrix of a (0,10, 6)-tournament with f = 10 for D =
(0,0,0,40,40,40).

If D = (0,0,0,40,40,40), then Lemma 3 gives the bounds 8 < f < 16.
Elementary calculations show that Figure 1 contains the solution with minimal
f, where f = 10.

In [40] we proved the following assertion.

Theorem 1 For n > 2 a nondecreasing sequence D = (di,d>,...,dn) of
nonnegative integers is the score sequence of some (a,b,n)-tournament if and
only if
k
@B <) di<bBp—L—(n—Kd (1<k<n), (7)
i=1

where

k
Lo=0, and Ly = max (Lkl, ka—Zdi> (1<k<mn). (8)

i=1

The theorem proved by Moon [61], and later by Kemnitz and Dolff [46] for
(a, a,n)-tournaments is the special case a = b of Theorem 1. Theorem 3.1.4
of [22] is the special case a = b = 2. The theorem of Landau [55] is the special
case a = b =1 of Theorem 1.

4.1 Definition of a testing algorithm

The following algorithm INTERVAL-TEST decides whether a given D is a score
sequence of an (a, b, n)-tournament or not. This algorithm is based on Theo-
rem 1 and returns W = TRUE if D is a score sequence, and returns W = FALSE
otherwise.
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Input. a: minimal number of points divided after each match;
b: maximal number of points divided after each match.

Output. W: logical variable (W = TRUE shows that D is an (a,b,n)-
tournament.

Local working variables. i: cycle variable;

L =(Lo,Ly,...,Ln): the sequence of the values of the loss function.
Global working variables. n: the number of players (n > 2);

D = (dy,d>,...,dn): a nondecreasing sequence of nonnegative integers;

B = (By, B1,...,Bn): the sequence of the binomial coefficients;

S =(So,S1,...,Sn): the sequence of the sums of the i smallest scores.

INTERVAL-TEST(a, b)

0l fori—1ton
02 do I_i — maX(Liq, an — Si — (TL — i)di)

03 if S; < aB;

04 then W « FALSE

05 return W

06 if S >bBy—Li—(n—1)d;
07 then W « FALSE

08 return W

09 return W

In worst case INTERVAL-TEST runs in ©(n) time even in the general case
0 < a < b (n the best case the running time of INTERVAL-TEST is ©(n)). It is
worth to mention, that the often referenced Havel-Hakimi algorithm [32, 36]
even in the special case a = b = 1 decides in @(n?) time whether a sequence
D is digraphical or not.

4.2 Definition of an algorithm computing f and ¢

The following algorithm is based on the bounds of f and g given by Lemma
3 and the logarithmic search algorithm described by D. E. Knuth [53, page
410].

Input. No special input (global working variables serve as input).
Output. b: f (the minimal F);

a: g (the maximal G).
Local working variables. i: cycle variable;

L: lower bound of the interval of the possible values of F;

u: upper bound of the interval of the possible values of F.
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Global working variables. n: the number of players (n > 2);

D = (dy,dy,...,dn): a nondecreasing sequence of nonnegative integers;
B = (Bp, B1,...,Bn): the sequence of the binomial coefficients;
S =(So,S1,...,Sn): the sequence of the sums of the i smallest scores;

W: logical variable (its value is TRUE, when the investigated D is a score
sequence).

MINF-MAXG

01 Bo— Sp— Lo« 0 > Initialisation
02fori«—Tton

03 doBi«—Bi1+1—1

04 Si—Si1+4d;

05 1 max([Sn/Bn], [dn/(n —1)])

06w 2[dn/(Nn—1)]

07 W « TRUE > Computation of f
08 INTERVAL-TEST(0, 1)

09 if W = TRUE

10 thenb 1

11 go to 21

12b « [(1+u)/2]

13 INTERVAL-TEST(0, f)

14 if W = TRUE

15 then go to 17

16l«Db

17ifu=1+1

18 thenb+u

19 go to 21

20 go to 14

2110 > Computation of g
22uf

23 INTERVAL-TEST(b, b)
24 if W = TRUE

25 then a«+ f

26 go to 37

27 a « [(1+u)/2]

28 INTERVAL-TEST(0, a)
29 if W = TRUE

30 thenl« a

31 go to 33
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32uéea
3Bifu=1+1

34 thena«1

35 go to 37
36 go to 27

37 return a,b

MINF-MAXG determines f and g.

Lemma 4 Algorithm MING-MAXG computes the values f and g for arbitrary
sequence D = (dy,da,...,dn) in O(nlog(dn/(n)) time.

Proof. According to Lemma 3 F is an element of the interval [[dn/(n —
1)1, [2dn/(n—1)]] and g is an element of the interval [0, f]. Using Theorem B of
[53, page 412] we get that O(log(dn/n)) calls of INTERVAL-TEST is sufficient,
so the O(n) run time of INTERVAL-TEST implies the required running time of
MINF-MAXG. |

4.3 Computing of f and g in linear time

Analysing Theorem 1 and the work of algorithm MINF-MAXG one can observe
that the maximal value of G and the minimal value of F can be computed
independently by LINEAR-MINF-MAXG.

Input. No special input (global working variables serve as input).
Output. b: f (the minimal F).
a: g (the maximal G).
Local working variables. i: cycle variable.
Global working variables. n: the number of players (n > 2);
D = (dy,d>,...,dn): a nondecreasing sequence of nonnegative integers;
B = (By, B1,...,Bn): the sequence of the binomial coefficients;
S =(So,S1,...,Sn): the sequence of the sums of the i smallest scores.

LINEAR-MINF-MaAXG

0Ll Bo— Spo— Lo« 0 > Initialisation
02fori—1ton

03 doB;i«—Bi1+1i—1

04 Si — 51_1 + di

05a+0

06 b« min2[dn/(mn—1)]

07fori+—T1ton > Computation of g
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08  do aj« [2Si/(n?—n)]

09 if ai > a

10 then a «+ a;

llfori+—1ton > Computation of f
12 do Li — maX(Li,],an— Si— (Tl—i)di)

13 bi « (Si+ (n—1)dy + Ly)/B;

14 if by<b

15 then b « b;

16 return a,b

Lemma 5 Algorithm LINEAR-MING-MAXG computes the values f and g for
arbitrary sequence D = (dy,da,...,dn) in O(n) time.

Proof. Lines 01-03, 07, and 18 require only constant time, lines 04—06, 09-12,
and 13-17 require ©(n) time, so the total running time is A(n). |

5 Tournament with f and ¢

The following reconstruction algorithm SCORE-SLICING2 is based on balancing
between additional points (they are similar to ,,excess”, introduced by Brauer
et al. [10]) and missing points introduced in [40]. The greediness of the
algorithm Havel-Hakimi [32, 36] also characterises this algorithm.

This algorithm is an extended version of the algorithm SCORE-SLICING pro-
posed in [40].

5.1 Definition of the minimax reconstruction algorithm

The work of the slicing program is managed by the following program MINI-
MaX.

Input. No special input (global working variables serve as input).

Output. M = [1 .. n,1 .. n]: the point matrix of the reconstructed
tournament.

Local working variables. i, j: cycle variables.

Global working variables. n: the number of players (n > 2);

D = (dy,dy,...,dn): a nondecreasing sequence of nonnegative integers;
p = (po, P1,--.,Pn): pProvisional score sequence;
P = (Pg, P1,...,Pn): the partial sums of the provisional scores;

M1 ..n,1..n]: matrix of the provisional points.

MINI-MAX
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01 MiINF-MAXG > Initialisation
02 po« 0

03fori«+— 1ton

04 doforj«—1toi—1

05 do M[i,jl « b

06 forj—iton

07 do M[i,jl + 0

08 Pi— di

09if n>3 > Score slicing for n > 3 players
10  then for k + n downto 3

11 do SCORE-SLICING2(k, px, M)

12ifn=2 > Score slicing for 2 players
13 then mj) « pq

14 my 1 P2

15 return M

5.2 Definition of the score slicing algorithm

The key part of the reconstruction is the following algorithm SCORE-SLICING2
[40].

During the reconstruction process we have to take into account the following
bounds:

a<my+m;;<b (1<i<j<n) (9)
modified scores have to satisfy (7); (10)
mij <pi (1 <4, § <n,i#j) (11)
the monotonicity p; < p2 < ... <py has to besaved (1 <k<n) (12)
my=0 (1<i<n). (13)

Input. k: the number of the actually investigated players (k > 2);
Px = (po,P1,P2,.-.,Px) (k =3, 4, ---, n): prefix of the provisional score

sequence p;
M1 ..n,1..n]: matrix of provisional points.

Output. M[1 ..n,1..n]: matrix of provisional points;
Px = (po,P1,P2,..-,pPx) (k=2, 3, 4, ---, n—1): prefix of the provisional
score sequence p.

Local working variables. A = (A1,A2,...,An): the number of the addi-
tional points;
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M: missing points (the difference of the number of actual points and the num-
ber of maximal possible points of Py);
d: difference of the maximal decreasable score and the following largest score;
Y: minimal number of sliced points per player;
f: frequency of the number of maximal values among the scores py, P2,
<oy P13
i, j: cycle variables;
m: maximal amount of sliceable points;
P = (Pg, P1,...,Pn): the sums of the provisional scores;
x: the maximal index i with 1 < k and mix < b.
Global working variables. n: the number of players (n > 2);
B = (By,B1,By,...,Bn): the sequence of the binomial coefficients;
a: minimal number of points divided after each match;
b: maximal number of points divided after each match.

SCORE-SLICING2(k, px, M)

01 Py« 0 > Initialisation

02 fori+«— 1Ttok—1

03 do Py — Pi_ 1+ 7y

04 Ai — Pi — aBi

05 M« (k—1)b—px

06 while M > 0 and Ax_1 >0 > There are missing and additional points
07 dox+— k—1

08 while r, 1 =b

09 dox—x—1

10 fe1

11 while pyx 11 =Px—f

12 do f=f+1

13 d — Px—fr1 — Px—f

14 m « min(b, d, [A/f], [M/f])

15 for i + f downto 1

16 do y ¢ min(b — My 1%, M, M, Axi14, Pxt1-i)
17 Myt1—ik ¢ Myx+1—ik T Y

18 Px+1-i ¢ Px+1-i — Y

19 M x+H1—i 6 Mxt1—4 — Mxp1—ik
20 M—M-—y

21 for j «— 1 downto 1

22 Axtl-i — Axp1-4i— Y

23 while M > 0 and Ay_1 =0 > No additional points
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24 do for i +— k — 1 downto 1

25 ymin(myi, M, My ivm; —a)
26 Myi < Mii— Y

27 M—~M-—y

28 return py, M

Let’s consider an example. Figure 2 shows the point table of a (2,10, 6)-
tournament T.

Player/Player | Py | P2 | P3 | P4 | P5s | Pg | Score
P, — |1 b} 1 1 1 9
P, 1| — 1| 4 2 0 2 9
P3 3 3 | — | 5 4 4 19
Py 8 2 5 | — | 2 3 20
Ps 9 9 5 7T — | 2 32
Pe¢ 8| 7|15 |6 |8 |—| 34

Figure 2: The point table of a (2,10, 6)-tournament T.

The score sequence of T is D = (9,9,19,20,32,34). In [40] the algorithm
SCORE-SLICING2 resulted the point table represented in Figure 3.

Player/Player | P; | P2 | P3 | P4 | Ps | Pg | Score
P, — | 1 1 6 1 0 9
P, 1] (16 |1]0] 9
P3 1] 1|—]61|8]3 19
Py 313 |3 |—|8]3 20
Ps 9 9 2 2 | — |10 32
Pg 1010 | 7 7 0| — 34

Figure 3: The point table of T reconstructed by SCORE-SLICING2.

The algorithm MINI-MAX starts with the computation of f. MINF-MAXG
called in line 01 begins with initialisation, including provisional setting of the
elements of M so, that my; = b, if i > j, and my; = 0 otherwise. Then
MINF-MAXG sets the lower bound 1 = max(9,7) = 9 of f in line 05 and tests
it in line 08 by INTERVAL-TEST. The test shows that 1 = 9 is large enough so
MINI-MAX sets b = 9 in line 12 and jumps to line 21 and begins to compute
g. INTERVAL-TEST called in line 23 shows that a = 9 is too large, therefore
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MINF-MAXG continues with the test of a = 5 in line 27. The result is positive,
therefore comes the test of a = 7, then the test of a =8. Nowu=1+1in
line 33, so a = 8 is fixed, and the control returns to line 02 of MINI-MAX.

Lines 02-08 contain initialisation, and MINI-MAX begins the reconstruction
of a (8,9,6)-tournament in line 9. The basic idea is that MINI-MAX succes-
sively determines the won and lost points of Pg, P5, P4 and P3 by repeated
calls of SCORE-SLICING2 in line 11, and finally it computes directly the result
of the match between P> and P in lines 12-14.

At first MINI-MAX computes the results of Pg calling SCORE-SLICING2 with
parameter k = 6. The number of additional points of the first five players is
A5 =89—8-10 = 9 according to line 04, the number of missing points of Pg is
M =5-9—34 =11 according to line 05. Then SCORE-SLICING2 determines
the number of maximal numbers among the provisional scores p1, p2, ..., Ps
(f =1 according to lines 10-12) and computes the difference between ps and
pa (d = 12 according to line 13). In line 14 we get, that m = 9 points are
sliceable, and P5 gets these points in the match with Pg in line 17, so the
number of missing points of Pg decreases to M = 11 — 9 = 2 (line 20) and
the number of additional point decreases to A5 = 9 — 9 = 0. Therefore the
computation continues in lines 23-28 and mgg and mg3 will be decreased by
1 resulting mgg = 8 and mgz = 8 as the seventh line and seventh column of
Figure 4 show. The returned score sequence is ps = (9,9, 19, 20,23).

Player/Player | P; | P2 | P3 | P4 | P5 | Pg | Score
P, — | 4 4 1 0 0 9
P, 4 4 1 0 0 9
Ps 4 4 | — | 7 4 0 19
Py 7 7 1| — 1] 95 0 20
Ps 8 8 4 31— 1|9 32
Pe 9 9 8 8 0| — 34

Figure 4: The point table of T reconstructed by MINI-MAX.

Second time MINI-MAX calls SCORE-SLICING2 with parameter k = 5, and
get Ay =9 and M = 13. At first P4 gets 1 point, then P3 and P4 get both 4
points, reducing M to 4 and A4 to 0. The computation continues in line 23
and results the further decrease of ms4, ms3, M52, and ms; by 1, resulting
msq = 3, Ms3 =4, msy = 8, and ms; = 8 as the sixth row of Figure 4 shows.
The returned score sequence is pg = (9,9,15,15)



62 A. Ivanyi

Third time MINI-MAX calls SCORE-SLICING2 with parameter k = 4, and
get A3 =11 and M = 11. At first P3 gets 6 points, then P3 further 1 point,
and P, and Py also both get 1 point, resulting mz4 = 7, my3z = 2, Mgz = §,
my4 =1, myy =1 and myy = §, further A3 =0 and M = 2. The computation
continues in lines 23-28 and results a decrease of my3 by 1 point resulting
my3 =1, myy =7, and myy = 7, as the fifth row and fifth column of Figure 4
show. The returned score sequence is p3 = (8, 8, 8).

Fourth time MINI-MAX calls SCORE-SLICING2 with parameter k = 3, and
gets Ay =8 and M = 10. At first P; and P, get 4 points, resulting mi3 = 4,
and my3 =4, and M = 2, and Ay = 0. Then MINI-MAX sets in lines 23-26
m31 =4 and m3> = 4. The returned score sequence is py = (4,4).

Finally MINI-MAX sets m1, =4 and my; =4 in lines 14-15 and returns the
point matrix represented in Figure 4.

The comparison of Figures 3 and 4 shows a large difference between the
simple reconstruction of SCORE-SLICING2 and the minimax reconstruction of
MIiNI-MAX: while in the first case the maximal value of my; + my; is 10 and
the minimal value is 2, in the second case the maximum equals to 9 and the
minimum equals to 8, that is the result is more balanced (the given D does
not allow to build a perfectly balanced (k, k,n)-tournament).

5.3 Analysis of the minimax reconstruction algorithm

The main result of this paper is the following assertion.

Theorem 2 Ifn > 2 is a positive integer and D = (dq,d2,...,dn) is a non-
decreasing sequence of nonnegative integers, then there exist positive integers
f and g, and a (g, f,n)-tournament T with point matriz M such, that

f = min(my; + my;) < b, (14)

g = maxmyj + mji > a (15)

for any (a,b,n)-tournament, and algorithm LINEAR-MINF-MAXG computes
f and g in O(n) time, and algorithm MINI-MAX generates a suitable T in

O(d.n?) time.

Proof. The correctness of the algorithms SCORE-SLICING2, MINF-MAXG
implies the correctness of MINI-MAX.

Lines 1-46 of MINI-MAX require O(log(dn/n)) uses of MING-MAXF, and
one search needs O(n) steps for the testing, so the computation of f and g can
be executed in O(nlog(dn/n)) times.
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The reconstruction part (lines 47-55) uses algorithm SCORE-SLICING2, which
runs in O(bn3) time [40]. MINI-MAX calls SCORE-SLICING2 n. — 2 times with
f < 2[dn/n], so n3d,,/n = dn? finishes the proof. |

The property of the tournament reconstruction problem that the extremal
values of f and g can be determined independently and so there exists a tourna-
ment T having both extremal features is called linking property. This concept
was introduced by Ford and Fulkerson in 1962 [17] and later extended by A.
Frank in [22].

6 Summary

A nondecreasing sequence of nonnegative integers D = (dj,da,...,dn) is a
score sequence of a (1,1,1)-tournament, iff the sum of the elements of D
equals to By, and the sum of the first i (i=1, 2, ..., n—1) elements of D is

at least By [55].

D is a score sequence of a (k, k,n)-tournament, iff the sum of the elements
of D equals to kBy,, and the sum of the first i elements of D is at least kB;
[46, 60].

D is a score sequence of an (a, b, n)-tournament, iff (7) holds [40].

In all 3 cases the decision whether D is digraphical requires only linear time.

In this paper the results of [40] are extended proving that for any D there
exists an optimal minimax realization T, that is a tournament having D as its
out-degree sequence, and maximal G, and minimal F in the set of all realiza-
tions of D.

In a continuation [41] of this paper we construct balanced as possible tour-
naments in a similar way if not only the out-degree sequence but the in-degree
sequence is also given.
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Abstract. In this paper we collected problems, which was either
proposed or follow directly from results in our papers.

1 Introduction

In this paper, which is based on a talk delivered at the Winter School on Ex-
plicit Methods in Number Theory, Debrecen, January 29, 2009 we collected
problems, which we proposed and/or tried to solve. The problems are dealing
with perfect powers in linear recursive sequences, solutions of parametrized
families of Thue equations, patterns in the set of solutions of norm form equa-
tions and generalized radix representations.

In each case we give a short description of the background information, cite
some relevant paper, especially papers, where the problem appeared at the
first time. Sometime we present our feeling about the hardness of the problem
and how one could solve it. The collection is subjective.

2 Powers in linear recursive sequences

To find perfect powers and polynomial values in linear recursive sequences is
one of my favorite topics. A long standing problem was to prove that 0,1,8
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and 144 are the only powers in the Fibonacci sequence. This was proved finally
by Bugeaud, Mignotte and Siksek in 2006 [9].

In 1996 at The Seventh International Research Conference on Fibonacci
Numbers and Their Applications I proposed the following [17]

Problem 1 The sequence of tribonacci numbers is defined by Top = T; =
0,T, =1 and Thyz = Thao + Tagr + T for n > 0. Are the only squares
To=T1 =0T, =T3 =1,T5 =4, Tjo = 81, Tig = 3136 = 56> and Tig =
10609 = 1032 among the numbers T ?

By using the sieve method from [16] with the moduli 3,7,11,13,29,41,43,53,
79,101,103,131,239, 97,421,911,1021 and 1123 one can show that this is true
for n < 2-10°, but known methods do not seem to be applicable for its solution.

The problem is still unsolved, although in the edited version of the second
part of that talk [18] combining results of Shorey and Stewart [23] with that
of Corvaja and Zannier [10] I proved

Theorem 1 Let Gy, be a third order LRS. For the roots ay,i =1,2,3 of the
characteristic polynomial of Gy, assume that || > |a| > |as| and non of them
s a root of unity. Then there are only finitely many perfect powers in Gp.

As the characteristic polynomial of the tribonacci sequence x3 —x2—x —1 is

irreducible with one dominating real root ~ 1.839286755 it follows that there
exist finitely many perfect powers in it. Unfortunately the proof of Theorem 1
is only partially effective. We have an effective bound for the exponent of the
possible perfect powers, but no effective bound for the size of a fixed power,
e.g., for squares.

I think that Theorem 1 can be generalized at least in the following form:

Problem 2 Let Gy, be an LRS such that its characteristic polynomial is ir-
reducible and has a dominating root, then there is only finitely many perfect
powers in it.

By a result of Shorey and Stewart [23] the exponent of perfect powers can
be bounded effectively. The problem is to handle the powers with bounded
exponent. Combining this with the result of Corvaja and Zannier [10] and
with the combinatorics of the roots, like in Pethé [18], one can probably settle
this conjecture.

Like the Fibonacci sequence, we can continue the tribonacci sequence in
"negative direction”, and get T, = —T_;141 — T_n42 + T_,43 with initial
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terms Top = 0,T_; = 1,T_» = —1. We call this sequence n-tribonacci. One
can ask again, which are the perfect powers in this sequence. After a simple
search we find: To=T 3=T_15=0T 1 =T g=-T,=1T ,;=22T 3=
(—2)3,1—,]3 = 32,T,29 = 34,T,32 = 562,1;33 = 1032 and T,62 = 68]52. It is
interesting to observe that T1gp = T_39, T1g = T_32 and Tyg = T_33.

Problem 3 Are all perfect powers of the n-tribonacci sequence listed above?
Are there only finitely many perfect powers in the n-tribonacci sequence?

The answer seems to be very difficult, because the characteristic polynomial
of the n-tribonacci sequence has two conjugate complex roots of the same
absolute value and its real root is less than one. Thus the result of Shorey and
Stewart is not applicable.

Let a,b € Z and & € {1,—1} such that a? — 4(b — 25) # 0, 5 # 2 and if
5 =1 then b # 2a — 2. Let further the sequence G, = G ( ,0), 1 >0
defined by the initial terms Gop =0, G1 =1, G, =a, G3 = b 5 and by

the recursion
Gnia = aGny3 —bGri2 +08aGr1 — G, n2>0. (1)

I proved in [19] that these are divisibility sequences, i.e., Gn|Gm, whenever
n|m. More precisely, the roots of the characteristic polynomial of G,, can be
numbered so that they are 1, %,19, % and

n”—ﬁ“]_(n%>n

5
n—1=u 1—11—8

Gn:

Here we ask again to prove
Problem 4 For fized a,b there are only finitely many perfect powers in Gp.

We can again bound the exponent by the result of Shorey and Stewart [23],
but can not treat the equation Gy, = x4 for fixed q > 1. Especially complicated
seems the case q = 2, because the greatest common divisor of the algebraic

nt—o" ]_(n%>n
n—o

and

numbers can be arbitrary large.
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3 Thue equations

After the work of E. Thomas [24] several paper appeared about the solutions of
parametrized families of Thue equations. With Halter-Koch, Lettl and Tichy
we proved [13] the following:

Theorem 2 Letn >3, a;=0,ay,...,an_1 be distinct integers and a, = a
an integral parameter. Let x = a(a) be a zero of P(x) = [[i;(x—ai) —d with
d = £1 and suppose that the indezx 1 of (x—ay,...,x—an_1) in Up, the group
of units of O, is bounded by a constant ] =J(ay,...,an_1,M) for every a from
some subset Q C Z. Assume further that the Lang- Waldschmidt conjecture is

true. Then for all but finitely many values a € Q the diophantine equation

n

[ [(x—aw) —dy™ = +1 (2)

i=1

only has trivial solutions, except when n =3 and |az] =1, or whenn =4 and
(az,a3) € {(1,—1), (£1,£2)}, in which cases (2) has exactly one more general
solution.

The assumption on the index I is technical, the essential assumption is the
Lang-Waldschmidt conjecture. In the cited paper we formulated:

Problem 5 The last theorem is true for all large enough parameter value
without further assumptions.

A weaker version of this conjecture was formulated by E. Thomas [25]. He
assumed that a; = pi(a),1=2,...,n—1and 0 < degps < --- < degpn_1,
where p; denotes monic polynomial with integer coefficients. This weaker
conjecture was proved by C. Heuberger [14] under some technical conditions
on the degree of the polynomials.

4 Progressions in the set of solutions of norm form
equations

Let K be an algebraic number field of degree k, and let «,..., &, be linearly
independent elements of Zg over Q. Let m be a non-zero integer and consider
the norm form equation

Ng (X101 + ... +xpatn) =m (3)
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in integer vectors (x1,...,xn). Let H denote the solution set of (3) and [H]
the size of H. Note that if the Z-module generated by «1, ..., x, contains a
submodule, which is a full module in a subfield of Q(«, ..., «n) different from
the imaginary quadratic fields and Q, then equation (3) can have infinitely
many solutions (see e.g. Schmidt [22]).

Arranging the elements of H in an |H| x n array H, one may ask at least two
natural questions about arithmetical progressions appearing in H. The ”hori-
zontal” one: do there exist infinitely many rows of H, which form arithmetic
progressions; and the ”vertical” one: do there exist arbitrary long arithmetic
progressions in some column of H? Note that the first question is meaningful
only if n > 2.

We are now presenting an example. Let K := Q(o) with o® = 3. Then

Ni/g(x1 +x20+ -+ +xs0t) = 9x3 + 81x2 + %7 + 27x3 + 3x3 — 135x2xax1 +
+45x5x3x3 + 135x2x5x2 — 45x,x3 %1 + 45%xEx3xT — 45%2x53x4 +
+135%35x2x4 4 45x1x3x3 — 45x4X3x5 + 45%x5xX5%3 + 45x3x1%5 —

—15x4%3x3 + 15%4x3x3 + 15%2%x35%% + 45x5%3%3 — 15x5%3%2 —

7135X5X3Xi — 135)(2)(%)(3 — 45xsx§x1 — 15x3X3x1 — 45%X5X5%X3X4X1 .

The next table contains a finite portion of the set of solutions of the equation

Nk /p(x1 +x2004 -+ xs50t) = 1.

X1 X2 X3 X4 X5
4 -5 4 1 -2 0
1 2 -1 ] -1 0
4 2 0 0 1
1 1 0 1 0
1 ) 1 2 2
-17 1 -6 3 8
7 6 5 4 3
-2 -1 1 1 0
-11 -5 ) 6 0
-2 0 1 -1 1
-8 -8 1 6 2
28 16 4 3 8
10 12 12 | 4 9
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The bold face numbers form a five term horizontal AP and a seven terms
vertical AP. The ”horizontal” problem was treated by Bérczes and Pethé [7] by
proving that if &y = =7 (i =1,...,n) then in general H contains only finitely
many effectively computable ”horizontal” AP’s and they were able to localize
the possible exceptional cases. The following question remains unanswered:

Problem 6 Does there exist infinitely many quartic algebraic integers o such

4 : . .
that % — 227 18 a quadratic algebraic number.

We were able to found only one example with defining polynomial x*+2x3+
5x%% + 4x + 2 such that the corresponding element is a real quadratic number.
It is a root of x? —4x+2. Allowing however « not to be integral we can obtain
a lot of examples.

The investigation of the ”vertical” AP’s is much more difficult. In this
direction Bérczes, Hajdu and Pethd [6] proved

Theorem 3 Let (xgj), . ,xﬁ)) (j=1,...,t) be a sequence of distinct elements

i H such that x?) is a non-zero arithmetic progression for somei € {1,...,n}.
Then we have t < c¢1, where c1 = cq(k, m) is an explicitly computable constant.

It is interesting to note that ¢ depends only on the degree of the norm form
and not on its coefficients. One can probably strengthen this result such that
the upper bound for the length of the AP’s depend not on m, but only on the
number of its prime divisors. It is even possible that the bound depends only
on k.

Earlier Peth6 and Ziegler [21] as well as Dujella, Pethé and Tadi¢ [11] inves-
tigated the AP’s on Pell equations, which are quadratic norm form equations.
We proved that for all but one non-constant AP of integers of length four
Y1,Y2,Y3, Y4 there exist infinitely many integers d, m for which Xiz — dyiz =
m,i=1,2,3,4 with some integers x; = xi(d, m,y1,...,y4),i1 = 1,2,3,4. In
contrast, five term AP’s are lying on only finitely many Pell equations.

Problem 7 Prove analogous result for norm form equations over cubic num-
ber fields. More specifically: lety™ i=1,....5 an AP of integers. Then there
exist infinitely many m € Z and Q-independent algebraic integers oy, o2, 3
such that K = Q(o2, «3) has degree three and (3) holds for (xgl),xg),y(i)),i =

1,...,5 with some xgi),xg) € Z. Can 5 be replaced with a larger number?
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In the above mentioned papers we worked out a systematic method to find
Pell equations having long AP’s. For example the AP —7,—5,—3,—1,1,3,5,7
is lying on the equation x2—570570y? = 4406791 and —461,—295, —129,37, 203,
369,535 on x? + 1245y? = 375701326.

Problem 8 Find a systematic method to construct cubic norm form equations
with long AP. Do the same for higher degree norm form equations.

Problem 9 Prove analogous results for geometric progressions.

5 Polynomials

Problem 10 Let K be a algebraically closed field of characteristic zero. Char-
acterize oll P(X) € K[X],Q(Y) € K[Y],R(X,Y) € K[X,Y] such that the set of
zeroes of P(X) and Q(Y) coincide, provided R(X,Y) = 0.

The case R(X,Y) = Y — A(X) was solved completely by Fuchs, Pethé and
Tichy [12]. They proved

Theorem 4 Assume that P(X) has k different zeroes. Then there exist a,b,c €
K, a,c # 0 such that:
if k=1 then

P(X) = a(X_b)degP and A(X) — C(X—b)degA—i—b;
if k > 2 then either A(X) = X or A(X) = aX+b,a#1 and in this case

s 1T {1 ;
P(X) = <X—|—> HH( axlba__:),

i=1 j=0

where X1, ...,Xy are all different and £ is the multiplicative order of a.

6 Shift radix systems

For (r7,...,7q) = r € RY and a = (aj,...,aq) € Z9 let
T.(a) = (ay,...,aq,—|ra])7, where ra denotes the scalar product. This
nearly linear mapping was introduced by Akiyama, Borbély, Brunotte,
Thuswaldner and myself [1]. We proved that it can be considered as a common
generalization of canonical number systems (CNS) and (-expansions.
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We also defined the sets

Da = {r: {Tf(a)}iozo is bounded for all a € 24},
DY = {r: {tMa)}, is ultimately zero for all a e Z%}

and &g, which is the set of real monic polynomials, whose roots lie in the
closed unit disc. We proved in the same paper that if r € Dy then R(X) =
X4 1gXd T4 41X 4717 € g and if R(X) is lying in the interior of £4 then
r € Dgy.

We called T, a shift radix system (SRS), if r € Dg and gave an algorithm,
which decides whether r € Q9 is a SRS. However this algorithm is exponential,
moreover we are not able to give a polynomial time verification for r ¢ Dgﬂ@d.
We found points r € Q2 such that r ¢ Dg, but the cycles proving this can
be arbitrary long. Computational experiments, see e.g. [1, 15] support the
following :

Problem 11 Prove that the SRS problem can not be solved by a polynomial
time algorithm. Stronger statement is that it does not belong to the NP com-
plexity class.

The structure of Dg, especially near to its boundary, is very complicated, see
[2] for d = 2. On the other hand we know [1], that the closure of Dg is £4. How-
ever the investigation of the boundary points of £4 leads to interesting and hard
problems. The case d = 2 was studied by Akiyama et al. in [2]. They proved
that D5 is equal to the closed triangle with vertices (—1,0), (1,—2),(1,2), but
without the points (1,—2),(1,2), the line segment {(x,—x —1) : 0 < x < 1}
and, possibly, some points of the line segment {(1,A) : —2 < A < 2}. Write
in the last case A = 2cosa and w = cos ox + isin . It is easy to see, that if
A=0,%+1 (i.e., « = 0,%7/2) then (1,A) belongs to D, and we conjectured in
[2] that this is true for all points of this line segment. In [4] the conjecture
was proved for the golden mean, i.e., for A = Lz\/g and in [5] for those w,
which are quadratic algebraic numbers. The conjecture has the following nice
arithmetical form:

Problem 12 Let |A] < 2 be a real number. If the sequence of integers {an}
satisfies the relation

0<an1+Aan+any <1

then it is periodic.
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If w, defined above, is a root of unity then the problem may be easier as in

the general case. On the other hand from the point of view of arithmetic the

cases, when A is a rational number, e.g., A = % seems simpler.

If the point r belongs to the boundary of £4 then either r € Dy or r ¢ Dg.
With other words this means that the sequence {Tt.(a)} is ultimately periodic
for all a € Z9 as well as there exists a € Z9 for which {t.(a)} is divergent.
However we do not know any general method to distinguish between these
cases. Recently I gave an algorithm [20] in the special case, when +1,+i is a
simple root of X4 4 1gXd= T+ ... 41X 4+ 71.

Problem 13 Is it algorithmically decidable for r € £4N Q% whether r € Dg?

I am not sure that the answer is affirmative. The problem is open even for
d = 2. In this case, by the results of [2], the status only points of the line
segment {(1,y) : —2 <y < 2} is questionable. If the answer to Problem 9 is
affirmative, which I strongly believe, then d = 2 would be completely solved.
A related, probably easier problem is:

Problem 14 Prove that there are no elements of Dg on the boundary of £q.
This is true for d = 2 [2], but open for d > 3.
For each d € N, d > 1 define the set
Ba={(b1,...,bq) € Z% : X4—b ;X4 T—...—bgq is a Pisot or Salem polynomial}.
Further for M € N set
Ba(M) = {(bz, b €297 (M, by, .., by) € Bd} . (4)

It is clear that B4(M) is a finite set. In [3] we proved
Theorem 5 Let d > 2. We have

Ba(M)|

M Aa-1(Da-1)| = O(M /471, (5)

where Ag—1 denotes the (d —1)-dimensional Lebesque measure.

To fix the coefficient of the term X9~ of a d-th degree monic polynomial is
unusual. Generally the height, i.e., the maximum of the absolute values of its
coefficients is used to measure polynomials. Having this in mind we define

BalM) = {(01,b2,...,ba) € 41 By : max([bil, o, .., Joal} < M}

and propose our last problem.
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Problem 15 Does there exist a constant c, such that

L Ba(M)

P~
M— oo Md
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Abstract. We offer a new, unitary proof of some generalizations of
results from paper [2]. Our method leads to similar results for other
special means, too.

1 Introduction

A function f : (0,00) — R is said to be completely monotonic (c.m. for short),
if f has derivatives of all orders and satisfies

(=)™ fM™W(x)>0forall x >0and n=0,1,2,.... (1)

J. Dubourdieu [3] pointed out that, if a non-constant function f is c.m., then
strict inequality holds in (1). It is known (and called as Bernstein theorem)
that f is c.m. iff f can be represented as

o0
flx) = | e au(v), @)
0
where u is a nonnegative measure on [0, 00) such that the integral converges
for all x > 0 (see [11]).
Completely monotonic functions appear naturally in many fields, like, for
example, probability theory and potential theory. The main properties of
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these functions are given in [11]. We also refer to [4, 1, 2], where detailed lists
of references can be found.

Let a,b > 0 be two positive real numbers. The power mean of order k €
R\ {0} of a and b is defined by

ak—l—bk>1/k

Ak:Ak(a)b): < 2

a+b

2
Vv ab the arithmetic, resp. geometric means of a and b.
The identric, resp. logarithmic means of a and b are defined by

Denote A = Aq(a,b) =

» G =Gla,b) = Ao(a,b) = lim Ax(a,b) =

1 1/(b—a)
[=1(a,b) = - (bb/a“> “ for a #b; I(a,a) =q;
and
b—a
L=L(a,b)=—+——Tfora#b; L(a,a)=a.
logb —loga

Consider also the weighted geometric mean S of a and b, the weights being
a/(a+b)and b/(a+Db):

S — S(a,b) _ aa/(a+b] . bb/(a+b).
As one has the identity (see [6])

I(a?,b?)

S(a,b) = W)

the mean S is connected with the identric mean I.
Other means which occur in this paper are

2ab a?+ b2
m) Q_Q(a)b)_AZ(a)b)_ 2 y

H=H(a,b) =A_4(a,b) =

as well as Seiffert’s mean (see [10], [9])

a—>b

) . a—D>b
arcsin at b

In the paper [2] C.—P. Chen and F. Qi have considered the ratios

P =P(a,b) = fora#b, P(a,a)=a.
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A A A
a) T(X,X—i—”, b) E(X,X—I-]), c) ﬁ(x,x—l—l),
O Soxt1, O atoxt D)D) oxt),
G H H
A
g) I(X,X"i']),
Alx,x+1)

A
where T(X’X +1) = etc., and proved that the logarithms of the

I(x,x+1)
ratios a) — f) are c.m., while the ratio from g) is c.m.

In [2] the authors call a function f as logarithmically completely monotonic
(L.c.m. for short) if the function g = log f is c.m. They notice that they proved
earlier (in 2004) that if f is l.c.m., then it is also c.m. We note that this result
has been proved already in paper [4]:

Lemma 1 Iff is l.c.m, then it is also c.m.

The following basic property is well-known (see e.g. [4]):

Lemma 2 If a > 0 and f is c.m., then a-f is c.m., too. The sum and the
product of two c.m. functions is c.m., too.

Corollary 1 If k is a positive integer and f is c.m., then the function f* is
c.m., too.

Indeed, it follows by induction from Lemma 2 that, the product of a finite
number of c.m. functions is c.m., too.

Particularly, when there are k equal functions, Corollary 1 follows.

The aim of this note is to offer new proofs for more general results than in
[2], and involving also the means S, P, Q.

2 Main results

First we note that, as one has the identity

2
WG
A
we get immediately
A_AT G A
H G2 H G
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so that as

1 A—Zl A d 1 G—I A
Ogﬁ_ Oga an Ogﬁ_ Oga,

by Lemma 2 the ratios c) and f) may be reduced to the ratio a).

Similarly, as
I A I

HG G
the study of ratio e) follows (based again on Lemma 2) from the ratios b) and
d).

As one has
A_AL
G I G’
it will be sufficient to consider the ratios a) and d).

A
Therefore, in Theorem 1 of [2] we should prove only that T(X’X + 1) and

A
E(X,X + 1) are l.c.m., and f(x,x + 1) is c.m.

A more general result is contained in the following:

Theorem 1 For any a > 0 (fized), the ratios

A I
T(x,x—i— a) and E(X,X-f— a)

are l.c.m., and the ratio
A (x,x+ a)
L )

1§ c.m. function.

Proof. The following series representations are well-known (see e.g. [6, 9]):

A i 1 y—x 2k
log ~x,y) = () 3
G = 2k \y+x
I > 1 y—x 2k
log =(x,y) = ZZk+1'<y+x> . (4)
k=1
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where —(x,y) = Al y) etc
G Y TGy T
By letting y = x + a in (4), we get that
I 1 \*
log G (xx +a) ZZk+1 <2x—|—a> ' (6)
1 2k
As xra is c.m., by Corollary 1, g(x) = <2X+ ) will be c.m., too.

This means that

(—1)"g™(x) > 0 for any x > 0, n > 0,

I
so by n times differentiation of the series from (6), we get that log E(X, x+a)
is c.m., thus a(x,x + a) is Lc.m.

A
The similar proof for T(X’ x + a) follows from the series representation (5).
Finally, by the known identity (see e.g. [6], [9])

I A
log = = == 1 7
BE =T (7)

we get the last part of Theorem 1. |

I

Remark 1 It follows from the above that I

G

ﬁ(x,x + a) are all l.c.m. functions.

A A
—(x,x+a), ﬁ(x,x+ a), —(x,x+a),

G

Theorem 2 For any a > 0, the ratios

V2A2 + G2 (x4 a) V2A2 + G2
I\/g ) ) G\/g

are l.c.m. functions.

9(x,x+ a)

d
(x,x+ a) an G

Proof. In paper [8] it is proved that

\/2A2—|—G > 1 y—x\*
log ~—————— Z - (=) (8)
2k 2k+1 3 y+x
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while in [9] that

RS (8) (55)

y+x

9)

Letting y = x + a, by the method of proof of Theorem 1, the first part of
Theorem 2 follows. Finally, the identity

00 x 4k—2
1 10
Og =) Zk (y + x> (10)
k=1
appears in [9]. This leads also to the proof of l.c.m. monotonicity of the ratio
g(x, x+a). |

Theorem 3 For any a > 0, the ratios
L
G

are c.m. functions.

H A
(x,x+ a), —f(x,x—l— a) and F(x,x—l— a)

Proof. In [5] (see also [9] for a new proof) it is shown that

L( )= = 1 logx —logy 2k 1
G Y _Z(2k+1)z'< 2 ) ‘ (11)

k=0

Letting y = x + a and remarking that the function f(x) = log(x + a) —logx
is c.m., by Corollary 1, and by differentiation of the series from (11), we get

L
that —(x,x 4+ a) is c.m.

The identity

S H

appears in [9]. Since we have the series representations (see [7], [9])

log Z Zk— 1 (y n §)Zk (13)

and

| S _OO 1 y—x 2k 14
OgA(X’”)_ZZk(zkl)'<y+x) ! (14)
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S
by using relation (4), we get log e log c

2k
y—x
1 1
Og Z4k2—1 <y—|—x> ’ (15)

= log T SO

S H
thus T(X’X + a) is L.e.m., which by (12) implies that the ratio T is L.c.m.

function.
Finally, Seiffert’s identity (see [10], [9])

> 2k y—x 2k
log Z 2k+1 <k>'<y+x> ’ (16)

implies the last part of the theorem. |

S S
Remark 2 By (13), (14) and (15) we get also that E(X’X+ a), X(X’X+ a)

and —(x,x + a) are l.c.m. functions.

I
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Abstract. It is known that we can prescribe the lower and upper

asymptotic and logarithmic density of a set of positive integers. The only
limitation is the inequality between asymptotic and logarithmic density.
We generalize this result.

1 Introduction

Denote by N the set of all positive integers, let A C N and let f: N — (0, 00)
be a weight function. For A C N and n € N denote

Se(A,n) =) fla), Sen)=) f(a)
asn asn
acA

and define
S¢(A - S¢(A
d¢(A) = liminf M and d¢(A) = limsup M
n—0 Sf(n) n—oo Sf(n)

the lower and upper f-densities of A, respectively. In the case when d¢(A) =
d¢(A) we say that A possesses f-density d¢(A).
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Notice that the well-known asymptotic density corresponds to f(n) = 1 and
the logarithmic density corresponds to f(n) = Tll The concept of weighted
densities was introduced in [7] and [1]. The continuity of densities given by
the weight function n%, & > —1, was studied in [3]. Inequalities between upper
and lower weighted densities for different weight functions were proved in [2].

The independence (within admissible bounds) of the asymptotic and log-
arithmic densities was proved in [6] and [5] showing that for any given real
numbers 0 < o < 3 <y < 8 < 1 there exists a set A C N such that

d) =« g%(A):B, H%(A):y, di(A) =5.

We generalize this result. We prove that under some assumptions on the
weighted densities an analogous result holds. In [4], generalized asymptotic
and logarithmic densities over an arithmetical semigroup were considered.

We call a weight function f regular if the corresponding weighted density
fulfills the condition that for arbitrary positive integers a, b we have

1
d¢(aN +b) = —
a

(f-density of the terms of arbitrary infinite arithmetical progression with the
same difference are equal). Note that from this condition follows that

i f(n) = oo, lim f(n)
n=1

Jim o5 =0. (1)

2 Results

The following lemma will be useful

Lemma 1 Let f, g be regular weight functions. Let B be a subset of positive
integers such that

d¢(B) =0, d¢(B)=1 and d4(B)=0.

Then for any 0 < o < B < v < 6 < 1, rational numbers there exists a set
E C N such that

do(E) = dy(E) =y and df(E) =5
and a set H C N with the property
dg(H) =d¢(H) =B and d¢(H) = .
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Proof. Write v and & as fractions with a common denominator, let vy = %

and 6 = % Define

E:§1(tN+i)u(Bm( g (tN+i)>).

i i=p+1

As dg(B) = 0, therefore

Analogously we get d¢(E) = % =.

Clearly d¢(E) < & = % The case d¢(E) < % yields a contradiction because

1= BN =d( 8 BN+ +a( O (B(N+i) <
< &(E)+ (U, ) < T o

In analogous way we can prove the existence of the set H with the prescribed
3
properties. For o = T and 3 = n let

H= 0N+~ (BN ( O (tN+1)).
i=1 i=r+1
Note, from the construction of the sets E, H follows H C E. |

Theorem 1 Let f, g be reqular weight functions. Let B be a subset of positive
integers such that

d¢(B)=0, d¢(B)=1 and dy(B)=0.

Let 0 < ax < B <v <6 <1 be given real numbers. Then there exists a set
A C N such that

d(A) =, dg(A) =B, dg(A)=v, de(A)=5.

Proof. On the contrary, we suppose that there exist rational numbers 0 < a <
B <v<bd<1and e >0 such that at least one of the following inequalities
does not hold.

[de(A) —of <&, [dg(A)—Bl<e, |dg(A)—vl<e, [de(A)—8l<e

¢}
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Using the sets H, E defined in the previous lemma we construct a set A such
that
HCACE.

Then clearly

de(A) > de(H), dg(A) > dy(H)

9

and _ _ _ B
df(A) < d¢(E), dg(A) < dg(E).

Define the set A by “intertwinning” the sets E and H
o0
A=H Y ok, 2kl N E,
where ny = 1 and for k = 1,2,... let ni be sufficiently large, such that for

some 1i, j between ny_1 and ny the
’Sf(A» i)
S¢(1)

inequalities hold. Analogously, sufficiently large nyx 1 guarantees the inequal-
ities

- oc) <e and ’Sg(/?j’)j) - B’ <e (2)

Sg

S¢(A,m) So(A, 1)

—_—— 6‘ <e¢ and ‘ o ‘ 3

Ny So(l) ®)
for some m, 1. From this we can deduce that (2) and (3) hold for infinitely
many 1i, j, m, 1 what is a contradiction to our assumption. |

Roughly speaking, the proved theorem says that under some conditions
to prove the existence of a set A with prescribed upper and lower weighted
densities it is sufficient to consider only one, the “worst” case.

Lemma 2 If the function f: N — (0,00) satisfies the conditions

(e ¢]

Y f(n) = oo, (4)
n=1
fn)
ey - % (5)
then for the function g defined as
o(n) = (6)
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we have -
> gn)=o0 (7)
n=1
and )
. gn)
A Sy(n) = ¥

Proof. We prove only (7), using the fact limn_,o g(n) = 0 together with (7)
it follows immediately (8).
For arbitrary positive integers m > n we have

& f(k) 2w flk)
2 oll=2 S k() SR N

k=n k=n

The proof is completed by showing that for given n and sufficiently large m
ik 1
k) > =.
2ok >3
k=m

From (4) we see that > f(i) = oo, therefore for arbitrary n € N

i=1

m

m > f(k)
. . k=n .
i, ) olk) = Jim S5 =1
k=n > (i)
i=1
and the lemma follows. [ |

Theorem 2 Let the functions f,g : N — (0,00) satisfy the assumptions (4)-
(6). Then there exists a set B C N such that

d¢(B) =0, d¢(B) =1 and dy(B)=0.

Proof. Consider -
B=U M2k, N2kl

Let ny = 1. Assume ny,ny,..., Ny are given. We are looking for nyy such

that fn) |
n
for arbit >
F)+F2) - ) kg1 or A=z )
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(1) +£(2) + - + f(nax1) 1
M+ 2+ fng) ~ (10

9(1) +9(2) + -+ g(na1) 1
o1 +9@) - Fomm) K ()
g +92)+--+gnu) > k% (12)

Moreover, let nyky1 satisfy the inequalities
k—1 f(na) +flnax+ 1)+ - + f(nax) k

kil S f) 1) -+ fnaer) kAT (13)

Inequalities (10)—(13) follow from the prescribed conditions on the functions

f and g.
By (10) we have d¢(B) = 0, by (11) we have d (B) = 0 and taking into

account (13) we get d¢(B) = 0.
We proceed to show that dg(B) = 0. In virtue of [2], Lemma 2.1 it is

sufficient to consider only the values Sg(? ) We have

Sg(B,n2k41)
Sg(nZk—H)

g(1)+9g(2) +---+gmnau—1) + gna) +gnax +1) +--- + g(naks1) -
g(1) +9g(2) + -+ gnaxsr)

f(nai )+ +1)++f(nok41)
T gny) +gnox+1)+---+gnoxyr) 1 F()HF2) T+ T2k 1)

—+ < -+ .
k g(1) +9g(2) + -+ g(na) k= g(1)+9g(2) +--+ g(nau)
Using (13) we can show the inequality
fnow) +f(max +1) + - - + f(nay1) <k
f(1) +1(2)+ -+ f(no_1) )
Using this together with (12) we have

Sg(B, k1) 1+ k 2
Sg(nak41) kTR Tk

and hence dg(B) =0 and d4(B) = 0 follows. |

It is not hard to show that if a monotone function f satisfies (4)—(5), then
it is regular (see, e.g. [2], Example 2.1). If the function g defined by (6) is
monotonely decreasing, then it is regular, too. We have
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Corollary 1 Let the monotone function f and monotone decreasing function
g satisfy the assumptions (4)—(6). Let 0 < a < B <y <8 < 1 be given real
numbers. Then there exists a set A C N such that

de(A) =, dy(A) =B, dg(A)=7v, de(A)=05.
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An elementary proof that almost all real
numbers are normal
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Abstract. A real number is called normal if every block of digits in its
expansion occurs with the same frequency. A famous result of Borel is
that almost every number is normal. Our paper presents an elementary
proof of that fact using properties of a special class of functions.

1 Introduction

The concept of normal number was introduced by Borel. A number is called
normal if in its base b expansion every block of digits occurs with the same
frequency. More exact definition is

Definition 1 A real number x € (0,1) is called simply normal to base b > 2
if its base b expansion is 0.cicac3... and
#mn<Nlcp=a} 1

li - ..., b—1}.
Jim N o for every ae{0,...,b—1}
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A number is called normal to base b if for every block of digits ay...ap, L > 1

lim #{nSN*L‘Cn_H:a],...,Cn+]_:aL}:l
N— oo N bL'

A number is called absolutely normal if it is normal to every base b > 2.
A famous result of Borel [1] is
Theorem 1 Almost every real number is absolutely normal.

This theorem can be proved in many ways. Some proofs use uniform dis-
tribution [5], combinatorics [7], probability [8] or ergodic theory [2]. There
are also some elementary proofs almost avoiding higher mathematics. Kac [3]
proves the theorem for simply normal numbers to base 2 using Rademacher
functions and Beppo Levi’s Theorem. Nillsen [6] also considers binary case.
He uses series of integrals of step functions and avoids usage of measure theory
in the proof by defining a null set in a different way. Khoshnevisan [4] makes
a survey about known results on normal numbers and their consequences in
diverse areas in mathematics and computer science.

This paper presents another elementary proof of Theorem 1. Our proof is
based on the fact that a bounded monotone function has finite derivative in
almost all points. We also use the fact that a countable union of null sets is a
null set.

Here is a sketch of the proof. We introduce a special class of functions.
In Section 2 we prove elementary properties of the functions F. We prove
boundedness and monotonicity and assuming that the derivative F’(x) exists
in point x we prove that the product (5) has finite value. We deduce that the
product (5) has finite value for almost every x. In Section 3 we prove that every
non-normal number belongs to some set P. We take a particular function F.
We finish the proof by showing that for elements of P the product (5) does
not have finite value.

For the proof of Theorem 1 it is obviously sufficient to consider only numbers
in the interval (0,1).

Definition 2 Let b = {by}¥°; be a sequence of integers by > 2. Let w =
{2 be a sequence of divisions of the interval [0, 1],

wi = {fe(e)%y,  f(0) =0, filc) <filc+1), frlby) =1,

Put
Ax(c) :=fr(c+ 1) —Tx(c).
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Function Fp : [0,1] — [0,00) corresponding to b and w is defined as follows.
Forx €10,1), let

n; [T 1bk W

be its {by )y i-Cantor series. Then

|V|8

n—1
Fo, w ! fnlc H (k).
n=1 k=1
We define Fp (1) =1.
The reason for defining Fp (1) = 1 is that the actual range of Fy  is

C [0,1]. This is proved in Lemma 2.

2 Properties of the function F

In this section we derive some basic properties of a general function Fy (.
Lemma 1 allows us to express a particular value F(x) in terms of values of
some other function F.

For N € N define b™ := (b1 @™ = (w1 and {ATV), by
N
b = bayn,  WR = ONgny AR = Angn.

Cr

Moreover, for x = Y 1, o € (0,1) define

o0
(N) . CN+n
xN =3 T

n=1 Hk:l bk

Lemma 1 (Shift property) We have

N n—1 N
Fowx) =) fulen) [ Axler) + [ [ Arlcr) - Fom g (M)
n=1 k=1 k=1

Proof. An easy computation yields
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N n—1
= fulen) [ [ Axlcr)
n=1 k=1
N 00 n—1
+]]Ake) ) fninlenin) [ Anslensi)
k=1 n=1 k=1
N n—1 N
=2 fulen) [T Ale) + [ T Axlew) - Fyonr i (xMN)
n=1 k=1 k=1

Lemma 2 (Range) For x € [0,1] the value Fp (x) € [0, 1].

N
Cn

p— [T b

Proof. First we prove that for every b, w and every x =

fb“’(ZHku) Zf an e < 1. 2)

We will proceed by induction on N.
ForN—1wehave]:bw( )—f1(c1)§1.
For N + 1 we use Lemma 1 By the induction assumption we have

fbu)’wm)(x(])) <1.
Hence

Fo,w(x) = fi(c1) +A1(C1)fbmywm(xm) <filcr) +Aq(cr) =fi(cr+1) < 1.

Now we use (2) and pass to the limit N — oco. For x =

ZHk 1bk

have

n—1
fb w = hm Z f Cn H Ak(ck) <
n=I1 k=1

Lemma 3 (Monotonicity) The function Fy « is nondecreasing.
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Proof. Let 0 < x <y < 1 be two numbers with

We prove that Fp (%) < Fow(Y).

Let N be the integer such that ¢, = d,, for n <N —1 and ¢y < dn. Then
Lemmas 1 and 2 imply

N -1 N
Fowx) =) fulen) [ Arler) + [ Axler) - Fomy i (xMN)
n=I1 1 k=1
N n—1 N
<Y falen) [T Axle) + H Ax(cy)
n—1 k=1
N—1 n—1 N—1
= fulcn) HAkck +fnlen+ 1) HAk
n—1 k=1 k=1
N-1 n-1 N-1
< Y fuldn) [ [ A(di) + fnldn) ] Al
n=1 k=1 k=1
oo n—
<Y fuldn) [ [ Ax(di) = Fowl(y). n
n=1 =1

For k € Nand ¢ € [0,...,by} define fi(c) := 1 — fi(bx — ¢). Put @ :=
(e

Lemma 4 (Symmetry) For every x = Z l_[ b we have
k=1 "k

Fo,w(l—%x) =1—Fpw(x). (3)

Proof. We have

Ax(c) :¥k(C+ 1) —?k(c) =Ax(bx—c—1).

Now we will proceed by induction.
For N =1 we have

- c
Fo,w(l—x) =f1(b1—c1) =1—"f1(c1) =1 —fb,w<*]

b1) =1—-Fowlx).
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Now suppose that (3) holds for N,

fbw( Z Hk—] bk) ~Tow (Z [T bk>

for every possible sequence {en}% ;. Then using Lemma 1 we obtain for x =
N+1

that
Z Hk 1bk
Fb,w(] —x)
bi—ci—1 . 1 (& busi—cns1— 1, bine 1)+1—C(N 1)+1

(g (gt )

® by by 'r; HE:] bk+1 Hk 1 bk+1
= fi(br—c1 = 1)+ Ar(by —c1 = DFyn) g (1—=x)
:f1(b1—01—1)+A1(b1—01—1)(1—7:1,(1)@(11(7((”))

=1—filer+ 1) +A1(e) (T = Fyor o (x1))
=1- Gﬂc]) +K](C1)‘7:b“),w“)(xm)) =1—-Fowlx).

o0
Remark 1 One can prove that if ] Jnax ]Ak(c) =0 then Fyp o 15 con-
k=1 c=0,..., K —
tinuous on the interval [0,1]. One can then extend Lemma 4 for every x €
[0, 1].
Lemma 5 (Difference) For every N € N

N—1

Cn en + 1 ) < ) B N
Fo.w = Foowo _ A '4
b, <; [ [x=1 bx + HE:1 by b, Z Hk b E klcw) . (4)

Proof. Denote the left-hand side of (4) by LHS. Then if cn < by — 2 then

N—-1

LHS = | [ Axlcx) - (fww,wW—U (C]\ll,: 1) ~ o @i (;:))
k=1

—HAka fN (en+ 1) — Il CN HAka
3
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In the case cy = by — 1 we apply the first case on the function Fyp .,

= (1-7ou 2 )

1
1-Fow
(- )
:HZk(bn—cn—l):HAk(Ck)-
k=1

In the following text we will use the symbol

Ok(c) == brAx(c).

Lemma 6 (Derivative) Let x = nCin € (0,1). Suppose that the
Hk:1 by
n=1
derivative F{, (x) exists and is finite. Then
o0
Fowx) =] [Oxlci). (5)
k=1

In particular, this product has a finite value.

Proof. We have

~7'_b,w<NZ1 Cn N cn + 1 )_]__b,w(g cin)

lim no T b [T b no 1 ey b (6)
N— o0 <NZ] Cn i cn+ 1 ) _ (E Cin)
o T b TR, b =TT b
NZ_] Cn en+ 1 B
— fim | [Tt bx HE:] by
N—oo 1

N
Hk:l by
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N-1 c CN +1
Fowl| 2 = — Fo,w(x)
o [l b TR, by
N cn N cn
x= ) = Fowlx) - fb,w( 2 nib)
+ n=1 Hk:] ko n=1 Hk:1 k (9)
1 § e
- . _Cn
HE:] by n=1 H2:1 by
1
b
= FY o(x) lim Hk 17X = Flox).

Hk:] by

Existence of 7, ,,(x) implies that limits of (8) and of the second fraction in (9)

are equal to F7, «w(x). Hence the limit (6) exists and is equal to Fy, ,(x). In
N

the case that x = Z H b we obtain that (6) = Fy, ,,(x) immediately.
k=1 Yk '

On the other hand Lemma 5 implies that

N
[T Ak(ex)

(6) = lim 75— =[] &x(cy)
[Tio, b .

|
Corollary 1 For almost every x € [0, 1] the derivative ]:{) w(X) exists and is
finite. In particular, for almost everyx = Z 1_[ b the product [ 137, Ok(ck)
k=1 "k

exists and is finite (possibly zero).

Proof. The function Fy  is bounded and nondecreasing, hence in almost all
points it has a finite derivative. According to Lemma 6 we obtain that the
product (5) is finite. [ |

3 Main result

Our main result is a proof of Theorem 1.
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Proof. A number x € (0,1) is not absolutely normal if there exist b > 2,

LeNand aj,...,a; €10,...,b— 1} such that ifx:Z%then

n=1
. #{TISN—I_|Cn+i:ai,i:1,...,l_} 1
hnrril(gf N <ﬁ'
Then there exists s € {0,...,L — 1} such that
— #M<N-Ln=s(modl)|cpyy=qa,i=1,...,1} - 1
n—oo N Lbl"

Hence for some rational < LbL

iming P SN—Ln=s (modl) [enpi=ayi=1,...,1}

n—0c0 N

<B. (10

o
Denote by Ry 1 a,s,p the set of all x = Z % satisfying (10). The result of

n=1
the previous paragraph is that the set of not absolutely normal numbers is a

subset of
UJuU U U U Recass.

b=21=1aqy,..., ap =0 s=0 Be(0 ’LbI— NQ

It is sufficient to prove that every set Ry [ as,p has zero measure. Then the
set of not absolutely normal numbers is a subset of a countable union of null
sets, hence it is a null set.

Let b >2, L €N, ay,...,ar € {0,...,b—1}, s € {0,...,L—1} and p €
(0, o). Put A = a1bL T4 asz 24 ...+ ar. Let

o0

an Z S+n€RbLasB

n=1 n=

Then obviously,
#{N<N-Ln=s(modl) | cnyy=a;i=1,...,L}
:#{s<n§ [NL_S} )dnzA}.

Hence

] [dn=A}

liminf#{s<n§M|dn:A}:hm {S<n<[NL
M— 00 M N~>oo [ L_S]
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o N #{n<N-Ln=s(modl)|cnyi=a;,i=1,...,L}
= liminf —

N—oo [ Ls} N
< LB.

From this we obtain that Ry 1 asp € P, where

s 00
dn 1 ds+n .. #{S<HSN|dn:A}
P {X 1; b 1 b T; pin | lninf N = LB}

Thus it is sufficient to prove that the set P has zero measure.
Let o € (LB, r). For t € [0,1] define

bL—t>10¢.

Palt) = tcx(bL—l

The function @« is continuous with @«(0) = 0, @«(1) = 1 and @.(1) =
oabl —1

LT < 0. Hence there is T € (0,1) with @«(T) =1. For u € (0,1) put

bLT>‘u.

b(w) = ou(T) = T

The function 1 is continuous and decreasing with () = 1.
Consider the function Fy ¢ corresponding to b = {by} ; with

by — b, ifk<s,
“TL itk s,

and w = {wy )P ; with

s if k <s,
Ax(d) =< o1, ifk>sandd=A,
%, if k> s and d £ A.
We have
1, ifk<s,
Or(d) =< T, ifk>sand d=A,

VT ifk>sand d #A.
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S

dn 1 «— d
Now Corollary 1 implies that for almost every x = E b—z + bs E ants the
n=1 n=1

following product exists and is finite

HG)n(dn) — Jlim T#{s<n<Nidn=A}

N—oo

bl — T\ N—#{s<n<N|dn=A}
(or=7)

n=1

_ lim (w(#{s<n§N | dn:A}>>N.

N (11)

N—oo

Now suppose that x € P. Then

(#{s <n§]l]\l \ dn:A}) :w(lknlio%f #s <n§]l]\l | dn:A})

> P(LP) > () =1,

lim sup

N—oo

hence

: #s <n <N [dn=A}HN

hmsup(tl)( )) = 00,

N—oo N
contradicting finiteness of (11). Thus the set P has zero measure. [ |
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Abstract. In this work, first, we give some characterizations of helices
and ccr curves in the Euclidean 4-space. Thereafter, relations among
Frenet-Serret invariants of Bertrand curve of a helix are presented. More-
over, in the same space, some new characterizations of involute of a helix
are presented.

1 Introduction

In the local differential geometry, we think of curves as a geometric set of
points, or locus. Intuitively, we are thinking of a curve as the path traced out
by a particle moving in E%. So, investigating position vectors of the curves is
a classical aim to determine behavior of the particle (curve).

Natural scientists have long held a fascination, sometimes bordering on mys-
tical obsession for helical structures in nature. Helices arise in nanosprings,
carbon nanotubes, acx—helices, DNA double and collagen triple helix, the dou-
ble helix shape is commonly associated with DNA, since the double helix is
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curves, helix, involute-evolute curve couples, ccr curves.
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structure of DNA [3]. This fact was published for the first time by Watson
and Crick in 1953 [25]. They constructed a molecular model of DNA in which
there were two complementary, antiparallel (side-by-side in opposite direc-
tions) strands of the bases guanine, adenine, thymine and cytosine, covalently
linked through phosphodiesterase bonds. Each strand forms a helix and two
helices are held together through hydrogen bonds, ionic forces, hydrophobic
interactions and van der Waals fores forming a double helix, lipid bilayers,
bacterial flagella in Salmonella and E. coli, aerial hyphae in actinomycete,
bacterial shape in spirochetes, horns, tendrils, vines, screws, springs, helical
staircases and sea shells (helico-spiral structures) [4, 5].

Helix is one of the most fascinating curves in science and nature. Also we
can see the helix curve or helical structures in fractal geometry, for instance
hyperhelices [23]. In the field of computer aided design and computer graphics,
helices can be used for the tool path description, the simulation of kinematic
motion or the design of highways, etc. [26]. From the view of differential
geometry, a helix is a geometric curve with non-vanishing constant curvature
k and non-vanishing constant torsion T [2]. The helix may be called a circular
heliz or W-curve [12, 17].

It is known that straight line (k(s) = 0) and circle (T(s) = 0) are degenerate-
helix examples [13]. In fact, circular helix is the simplest three-dimensional
spirals. One of the most interesting spiral examples are k-Fibonacci spi-
rals. These curves appear naturally from studying the k-Fibonacci numbers
{Fin)3 and the related hyperbolic k-Fibonacci function. Fibonacci numbers
and the related Golden Mean or Golden section appear very often in theoret-
ical physics and physics of the high energy particles [7, 8]. Three-dimensional
k-Fibonacci spirals was studied from a geometric point of view in [9].

Indeed, in Euclidean 3-space E3, a helix is a special case of the general heliz.
A curve of constant slope or general helix in Euclidean 3-space is defined by
the property that the tangent makes a constant angle with a fixed straight line
called the axis of the general helix. A classical result stated by Lancret in 1802
and first proved by de Saint Venant in 1845 (see [22] for details) says that: A
necessary and sufficient condition that a curve be a general helix is that the
ratio = is constant along the curve, where x and T denote the curvature and
the torsion, respectively.

The notation of a generalized helix in E3 can be generalized to higher di-
mensions in the same definition is proposed but in E™, i.e., a generalized helix
as a curve  : R — E™ such that its tangent vector forms a constant angle
with a given direction U in E™ [20].

Two curves which, at any point, have a common principal normal vector
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are called Bertrand curves. The notion of Bertrand curves was discovered
by J. Bertrand in 1850. Bertrand curves have been investigated in E™ and
many characterizations are given in [10]. Thereafter, by theory of relativity,
investigators extend some of classical differential geometry topics to Lorentzian
manifolds. For instance, one can see, Bertrand curves in EI [6], in E3 for null
curves [1], and in Ef for space-like curves [27]. In the fourth section of this
paper, we follow the same procedure as in [27].

In this work, first, we aim to give some new characterizations of helices and
ccr curves in terms of recently obtained theorems. Thereafter, we investigate
relations among Frenet-Serret invariants of Bertrand curve couples, when one
of is helix, in the Euclidean 4-space. Moreover, we observe that Bertrand
curve of a helix is also a helix; and cannot be a spherical curve, a general helix
and a 3-type slant helix, respectively. We also express some characterizations
of involute of a helix. We hope these results will be helpful to mathematicians
who are specialized on mathematical modeling.

2 Preliminaries

To meet the requirements in the next sections, here, the basic elements of
the theory of curves in the space E* are briefly presented (A more complete
elementary treatment can be found in [11]).

Let oc: I € R — E* be an arbitrary curve in the Euclidean space E4. Recall
that the curve « is said to be of unit speed (or parameterized by arclength
function s) if (&/(s),a/(s)) = 1, where (.,.) is the standard scalar (inner)
product of E4 given by

(&,0) = &E1C1 + E200 + E303 + Eala,

for each & = (&1,&2,£3,84), ¢ = ((1,02,(3,04) € EY. In particular, the norm
of a vector & € E* is given by

1€l = V(& &)

Let {T(s),N(s),B(s), E(s)} be the moving frame along the unit speed curve «.
Then the Frenet-Serret formulas are given by [10, 21]

T 0 K 0O O T
N’ —x 0 T 0 N
B | 0 —1 0 o B 1)
E’/ 0 0 —o O E
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Here T)N, B and E are called, respectively, the tangent, the normal, the binor-
mal and the trinormal vector fields of the curve and the functions k(s),t(s)
and o(s) are called, respectively, the first, the second and the third curvature
of a curve in E*. Also, the functions Hy = ;'; and Hy = H% are called Har-
monic Curvatures of the curves in E4, where k # 0,7 # 0 and o # 0. Let
«: 1 C R — E*be a regular curve. If tangent vector field T of « forms a
constant angle with unit vector U, this curve is called an inclined curve or a
general helix in E*. Recall that, A curve { = (s) is called a 3-type slant helix
if the trinormal lines of « make a constant angle with a fixed direction in E*
[24]. Recall that if a regular curve has constant Frenet curvatures ratios, (i.e.,
© and 7 are constants), then it is called a ccr-curve [16]. It is worth noting
that: the W-curve, in Euclidean 4-space E#, is a special case of a ccr-curve.

Let «(s) and «*(s) be regular curves in E* «(s) and «*(s) are called
Bertrand Curves if for each sp, the principal normal vector to « at s = sg is
the same as the principal normal vector to a*(s) at s = sg. We say that a*(s)
is a Bertrand mate for o(s) if «(s) and o*(s) are Bertrand Curves.

In [14] Magden defined in the same space, a vector product and gave a
method to establish the Frenet-Serret frame for an arbitrary curve by the fol-
lowing definition and theorem:

Definition 1 Let a = (a7, az, a3, a4), b = (bq,bo, b3, bs) and c = (cq,c2,¢3,¢4)
be vectors in E4. The vector product in E* is defined by the determinant

€1 €2 €3 €4
a a a a
1 2 3 4 ) (2)
b; by by by
Ci1 C2 C3 Csg

aAbAc=

where eq, ez, e3 and e4 are mutually orthogonal vectors (coordinate direction
vectors) satisfying equations

61/\62/\63264, 62/\63/\64261, 63/\64/\61 = ey, 64/\61/\62263.

Theorem 1 Let x = «(t) be an arbitrary reqular curve in the Euclidean space
E* with above Frenet-Serret equations. The Frenet apparatus of o can be

written as follows:

OC,

s
2 A Jnd AN ]
)
e — oy
o N2 At Al A\ At
)
et eer = (o, eer)
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B=uEATAN,
TANA "

| STEALCA L
HITANA o]

[llec e — (o "y o

4
o]
[TANA | [l

H H(X/HZ ol — (O(’, (X”> o

)

)

and
()

[TANA o o]’
where W is taken —1 or +1 to make +1 the determinant of [T, N, B, E] matriz.

o =

3 Some new results of helices and ccr curves
In this section we state some related theorems and some important results
about helices and cer curves:

Theorem 2 Let x = «(s) be a reqular curve in E* parameterized by arclength
with curvatures k,T and . Then o = «(s) lies on the hypersphere of center
m and radius v € RY in E* if and only if

1dp\? 1 d /1dp\]°
2 el b et e _ 2
P +<Tds> . [pT+ds <Tds>] T 3)

where p = 1K [16].

Theorem 3 Let o = «(s) be a reqular curve in E* parameterized by arclength
with curvatures k, T and 0. Then « is a generalized helix if and only if

H, 4+ oH; =0, (4)

where Hy = = and Hy = %Hé are the Harmonic Curvatures of o [15].

Theorem 4 Let x = «(s) be a reqular curve in E* parameterized by arclength
with curvatures K, T and 0. Then « is a type 3-slant heliz (its second binormal
vector E makes a constant angle with a fized diretion U) if and only if

Hé-i—O'}:l] =0, (5)

where 1:11 = % and l:lz = l:l{ are the Anti-Harmonic Curvatures of o [18].

1
K
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With the aid of the above theorems, one can easily obtain the following im-
portant results:

Theorem 5 Let o = «(s) be a heliz in E* with non-zero curvatures.
1. « can not be a generalized helix
2. « can not be a 3-type slant heliz

3. If o lies on the hypersphere S3, then, the sphere’s radius is equal to
VT2+é{

KO

Theorem 6 Let x = «(s) be a ccr curve in E* with non-zero curvatures k(s),
T(s) = ak(s) and o(s) =bk(s). Then

1. « can not be a generalized helix

2. o can not be a 3-type slant helix

3. If o lies on the hypersphere S3, then, if and only if, the following equation
18 satisfied:

.lr:/Z

f 2 2 2
4(12 +m(2a +fﬂ) =717, (6)

where the function f = f(s) = p2(s) = —

K2(s)”

2+

4 Bertrand curve of a helix

In this section we investigate relations among Frenet-Serret invariants of Bertrand
curve of a helix in the space E*.

Theorem 7 Let & = 8(s) be a heliz in E*. Moreover, & be Bertrand mate of
d. Frenet-Serret apparatus of &, {Tg,Ng, Bg, Eg, kg, Te, 02}, can be formed by
Frenet apparatus of & {T,N, B, E, k, T, 0}.

Proof. Let us consider a helix (W-curve, i.e.) & = 8(s). We may express
E=0+AN. (7)
We know that A = ¢ = constant (cf. [11]). By this way, we can write that

d§ ng ng
——=Tg—==(1-Ak)T+ATB.
dsg ds s ( KT+ At

So, one can have

(1—Ax)T +ATB
TE:: ) (8)

\/(1 —Ak)2 4 (A1)2
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and d
S
TE= el =1 - a0+ 2 (9)
In order to determine relations, we differentiate:
g =[k—Ax?+ 1) N+ (ATO)E,
£ =k [Mx? + %) — k] T+ tlk — A(k? + T2 + 02)]B, (10)

VI =N+ 1L, E

where
L =k3Ak—1) +AT?(2k% + 12 + 02),

and
L, = tolk — A(k? + 1% + ¢?)].

Using the above equations, we can form

H‘E/HZ E/, B <£/‘£//> a/ _ Kz [[K _}\(K2+Tz)]N + (?\TO‘)E] ’

where

K= \/(1 — k)% + (A1)

Therefore, we obtain the principal normal and the first curvature, respectively,

Ne=1 [l A2+ 2N + (A o)E]

and
L

Ka:ﬁ,

where

L= \/[K A2+ 122+ (AT o)

Now, we can compute the vector form Tg ANg A E” as the following:

T N B E

11 T—2Ak 0 At 0

TeANgAE" = KL 0 Kk—AKk?4+12) 0 Ao
1 0 L 0

=-—M [AtoN—[k—Ax?+T2)E],

where
M=r [A(Kz + 1% 4 ¢?) — k(1 —|—7\202)} .

(11)

(12)
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Since, we have

1
Be=—1 AtoN — [k —A(k? + T2)E] . (13)
By this way, we have the third curvature as follows:

M

Te = o1 (14)
Besides, considering last equation of Theorem 1, one can calculate
0 = KTG . (15)
Now, to determine the third vector field of Frenet frame, we write
T N B E
Ea/\Ta/\Naz_é 1_07\,( N(;G )Sr }\(K2+0T2)K
0 kK—AK2+T2) 0 ATO
So we obtain:
Bgz—%[mnm—ms]. (16)
It is worth to note that p=1. |

Considering obtained equations, we get:

Theorem 8 Let & = &(s) be a heliz in E*. Moreover, let & be a Bertrand
mate of . Then

1. & is also a heliz.

2. & can not be a generalized heliz.

3. & can not be a 3-type slant helix.

4. If & lies on the hypersphere S3, then, the sphere’s radius is equal to

\/T§+oé /(AR o?

Kg O¢ KO

5 Involute-evolute curve of a helix

In this section, first we correct the computations in the paper [19] and then
we obtain new results:
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Theorem 9 Let & = &(s) be involute of 5. Let & be a heliz in E*. The Frenet
apparatus of &, {Tg,Ng, Bg, Eg, kg, Te, 0c), can be formed by Frenet apparatus
of 8 {T,N, B, E, k, T, 0} and take the following form.

—kT+7TB TT+«B
T :N’ N = T B :_E) E e e 17
3 £ g b £ Jara (17)
and
VK2 + 12 TO o
Ke=—7T—7» Tg = y 0g = — ) (18)
Klc— s KVKZ 4+ T2|c — s VK2 +12|c — s
where q
Sg,
— =K|c—s|. 19
ds e —s| (19)
Proof. The proof of the above theorem is similar as the proof of the previous
theorem. |

Theorem 10 Let & and & be unit speed reqular curves in E*. & be involute of
5. Then

1. & cannot be a helix.

2. & 1s a cer-curve.

3. & cannot be a generalized heliz.

4. & cannot be a 3-type slant helix.

5. & cannot be lies on the hypersphere S3.

Proof. The proof of points 1, 2, 3 and 4 are obviously. In the following we
will proof the point 5:
Integrating the equation (19), we have

2s
|c_s|:\/i,
K

which leads to

A Al Az
Kg=——, Tg=-—=, 0p=——, (20)
where
A — k2 + 12 To A ov/K .

P N 22+ 1)
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Then if the evolute & lies in the hypersphere the equation (6) must be satisfied.
Substituting f = ;—‘%, Ke =L By =% and B, = 2% in the equation (6), we

Ve K, £

have
SE. (B% + B%) 1 . TZ
2p2 2p2
A{B3 4A1B1

which is contradiction because the radius r of the sphere must be constant
and the coefficient of s¢ can not be equal zero. The proof is completed. |
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