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Preface 

Special Issue on Mathability 
 

The concept of mathability was introduced in 2013 as a branch of cognitive 
infocommunications that investigates combinations of artificial and natural 
cognitive capabilities relevant to mathematics, including a wide spectrum of areas 
ranging from low-level arithmetic operations to high-level symbolic reasoning.        
In its definition, it was pointed out that investigations on mathability extend to the 
question of how artificial mathematical capabilities can be quantified. An important 
goal of mathability is to develop a set of methodologies, which can be applied to 
emulate and enhance human mathematical capabilities. 

During the last years, questions connected to this concept have been investigated by 
several scientists. The topics considered and discussed include, among others, 
connections between mathability and computer assisted methods in mathematics, 
the relation of some human factors to mathability, possible quantifications 
associated with mathability, relationships between the mathability of devices and 
human mathematical abilities as well as cognitive and educational aspects of 
mathability (e.g. mathability and cognition, computer assisted education, 
spreadsheet tools, coaching in education, creative problem solving). More than 60 
scientific papers published in prestigious scientific journals or conference volumes 
as well as several chapters or parts of books have been devoted to the presentation 
of these studies. 

This special issue extends and enriches these results with a collection of some recent 
achievements in this field. 
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Abstract: Data Analyst or Data Scientist is one of the most sought-after professions.          

In tertiary education, the most common way for someone to become a Data Analyst is to 

learn Business and, later, if someone has some computational skills they can learn 

Computer Science as well. With the two degrees, they can solve real-life problems in their 

job. But there are a lot of necessary things they had never studied before because the basic 

conceptual methodology and the mindset were not based on any of the two curricula.      

Our aim is to develop a method in introductory business education to lay down the bases of 

the right-thinking towards data sciences for undergraduate students in Economics. If they 

are interested in the topic, they can orient themselves towards data sciences during their 

further studies. In this paper, we present a methodology to help Economics and Business 

Students to understand the main business questions, formalize the questions correctly, find 

computer-based solutions, and discuss/debug the results. Furthermore, students must learn 

basic data transformations and data enrichment methods as well, which is the primary 

feature of high-mathability problem-solving approaches. The tool we use is Microsoft Excel 

which contains OLAP (On-Line Analytical Processes) elements. 

Keywords: OLAP; data science; formalization; management questions; computer problem-

solving; high-mathability teaching approaches; knowledge transfer; spreadsheets 

1 Introduction: Computational Thinking and Data 
Science 

We aimed to develop three critical skills for undergraduate students in economics 
so that, if they are interested in the topic, they could orient themselves towards 
data science during their further studies. The three skills are problem-solving, 
analytical thinking, and system approach. These are all part of computer thinking 
[9]. The term Computational Thinking was first used by Seymour Paper [5], but it 
has become an important research area for IT methodology over the past ten years 
[4]. Many definitions have been created, reinterpreted, and explained, but 
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everyone agrees that computational thinking should not only be a matter for IT 
professionals, but a key competence for everyone. 

Our first and most important skill is problem-solving, without this, the data 
scientist cannot be good in his profession. This skill is not technology-dependent, 
problem solving is developed mainly in mathematics classes in public education. 
Typical tools are mathematical word problems. 

In a previous study [7], we discovered some analogies between mathematical 
problem-solving and the process of computer programming based on Pólya’s 
problem-solving method [6]. We worked out a teaching methodology introducing 
computer programming. We had early developing courses in a primary school, 
and later we created an experiment in a secondary school [7, 10], and we 
presented some cognitive aspects of our experiments and results [26] based on 
Ambrus’s mathematical psychological research [27]. Meanwhile, we start to teach 
Business Informatics for Economics and Business Students. We recognized the 
similarities to word problems and we adapted Pólya’s method to solve business 
questions as domain-specific word problems with OLAP (On-Line Analytical 
Processing) technology. 

Based on Pólya’s problem-solving method [6] a Data Analyst must go through 
some steps: 

● Understanding the problem, 

● Devising a plan, 

● Carrying out the plan, 

● Discussion. 

In this paper, our goal is to show an introductory method and tools to help 
Economics and Business Students to understand usual business questions, 
formalize the questions correctly, solve and discuss/debug the result. The truth is 
that the more serious discussion will be the topic of further courses (i.e. 
Information systems or Risk analysis). 

The second skill to be developed is analytical thinking, while the third is the 
system approach. Developing the right system approach is difficult because 
students think that they have to work with prepared data tables and they only have 
to master the technical processing. We believe that students coming to universities 
should be taught a completely new approach to informatics, instead of teaching 
the office user knowledge that they should have acquired in high school, we can 
base their confident technical knowledge and system approach. Unfortunately, 
high school data processing skills can even cause misconceptions for students. 
There are no large amount of data management tasks in high school informatics 
studies in Hungary, neither in spreadsheet nor database topics. Students need to be 
faced with large datasets as soon as possible to process data that is impossible to 
do manually one by one at the university level. To do this, they need to learn 
effective methods and approaches. 
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2 Mathability in Business Education 

The first time we start the work with students we make it clear that there are two 
types of information systems, the first is transaction-oriented (OLTP) systems, and 
the other is analytics-oriented (OLAP) systems. The difference is the aim and the 
structure of the system. When we want many workers to work in a system 
simultaneously and input data about the operation of an enterprise, we use 
transactional (OLTP) systems. When we want to analyse the formerly recorded 
data we use analytical (OLAP) systems. The structural difference is the topic of a 
further course (Development and Management of System of Information systems), 
in this course we focus on the question of when and why we use the two types. 

Usual problems for beginner Data Analysts are to create the visualization, and 
report based on a dataset (aka. unfolded OLAP cube). Microsoft Excel also 
contains OLAP elements, a fact that has greatly democratized data science, 
allowing anyone to learn the basics of OLAP through one of the most well-known 
application software. To achieve the goal they must learn basic data 
transformation and data enrichment methods, too. 

High-level knowledge of spreadsheets is necessary in the economic field and this 
is more and more the OLAP knowledge [3] when analyzing job advertisements for 
data scientists. We found and adapted an appropriate technique (Sprego) to 
achieve our goals in Maria Chernoch and colleagues' Sprego work [1, 11, 12, 13, 
14]. The essence of the Sprego method is that even though Excel has more than 
600 built-in functions, we use up to a dozen of them regularly [8]. Starting from 
this basic idea, the Sprego method has defined the basic function group that we 
can use to solve many tasks in spreadsheets, using them as building blocks. 

In the sense of CogInfoCom or mathability the other parts of our topics were 
investigated in some studies. We mentioned Csernoch and colleagues' 
spreadsheets research. 

In 2012 Baranyi and Csapó provided the finalized definition of CogInfoCom and 
provided an overview of a number of related fields [15]. In the 2013 CogInfoCom 
Conference, where the concept of Mathability has been defined Gilányi and 
Baranyi declared that important goals of mathability are to investigate how 
artificial mathematical capabilities can be quantified, and to develop a set of 
methodologies using which human mathematical capabilities can be emulated and 
enhanced [16]. Gilányi and colleagues presented the practical usage of the 
mathability concept approach via tertiary education content many times [21, 22, 
23, 24, 25]. Furthermore, there were several experiments in secondary education 
in problem-solving domain emphasizing the strong connection between 
mathematical and computational thinking [28, 29]. 

In Data Science – as we call it nowadays business analyses supported by computer 
programming and artificial intelligence – is a very popular domain in business and 
industry. Tertiary education can hardly follow the requirements of the market, and 
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there are no suitable teaching methodologies to lay down the basics of the right 
conceptions of the topic. It is alarming that there are neither teaching nor 
evaluating methods for selecting the persons who could become really good data 
scientists. 

Further important findings were found regarding constructive learning methods in 
Chmielewska and Gilányi’s papers [17, 18, 19], whose experiments focused on 
computer-assisted self-study, furthermore, Chmielewska and Matuszak developed 
a coaching method as well [20]. 

Obviously, in many areas, it is essential today to lay the foundations for data 
processing and OLAP technology for example in medical, engineering sciences 
[30, 31]. 

3 Teaching Methodology in Introductory Business 

Informatics Courses 

We divided the lessons into five parts: 

1) Introduction to Excel usage, 

2) Introduction to formulas, 

3) Introduction to analysis, 

4) Analytics, 

5) Analysis with Pivot Tables and dynamic charts. 

3.1 Introduction to Excel Usage1 

Our first problems are the technical studies of excel usage. At first sight, it does 
not seem to be a mathematical capability. However, Csernoch [1, 11] investigated 
this problem as well because it can refer to the conscious usage of the spreadsheet 
tool. She declared the trial-error or bricolage level when a user was obviously just 
clicking back and forth without a conscious reason. 

Chmielewska and colleagues pointed out [17, 18, 19], that uncontrolled computer-
assisted self-education can be risky, while a lack of accuracy and sketchy 
solutions are characteristic for the young generation. Furthermore, they showed 
how important it is to reflect on the results obtained while learning by trial and 
error because the lack of feedback can lead to misunderstandings and 
misconceptions. 

                                                           
1  The exercise location: http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx 

Worksheet: ‘Basics’ 

http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx
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We agreed with this, and we begin the course by showing students what their 
former knowledge (including technical management of Excel) is about when we 
started to develop the computational tool consciously. 

We believe the usage could be taught as seriously as a ‘real’ mathematical 
problem because it depends on analytical thinking. Instead of clicking back and 
forth, and instead of guessing what the program might know, the user has to click 
consciously and discover the functionalities of the application software. For that, 
the user has to recognize the same scheme as when they start to discover a 
computer tool. 

In this domain, common problems are manipulations with various excel objects. 
There are no strict differences between the plans in these example areas. So this 
’tool’ is good for introducing the method. 

We have a prepared excel practice worksheet in which we teach the basic 
introductory manipulation examples with. 

The tasks of the first exercise: 

1) Unhide the hidden columns and rows, 

2) Delete the columns with headers ’ab1’, ’acc’, ’bb1’, ’bcc’, 

3) Search the cell which has content ’xxxxxxxxxx’, 

4) Format the columns A, D, E to the same width, 

5) Copy this worksheet and rename it to ’Data’ and delete the columns A-G, 

6) Insert a new (empty) first row, 

7) Insert a new column B and hide it. 

Even in the introduction to excel and formalization, we follow Pólya’s steps. 

In our former research study, we detected some analogies between Pólya’s steps 
and the steps of algorithmization. We used it in novice programming 
environments to teach the basics of computer programming, but as Csernoch and 
colleagues pointed out, the language of spreadsheets are functional programming 
languages [1], so we can transfer our methods into spreadsheets as well in this 
introductory course that we can see in Figure 1. [7] 
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Figure 1 

Analogies between Pólya’s steps, algorithmization, and common spreadsheet technical manipulations 

3.1.1 Pólya’s First Three Steps 

The first step is understanding the problem, followed by detecting necessary data 
and declaring variables. 

In the problems (tasks) described above, we can recognize four types of variables: 
function, object (Excel), condition, and parameter. It can be useful if we form all 
the tasks in a table, like in Table 2: 

Table 1 

The variable recognition in the first exercise 

function object (excel) condition parameter 

unhide column visible = false (hidden) width = … 

hide row content = ’xxxxxxxxxx’ number format = … 

delete cell id = A height = … 

copy worksheet id = 1  

insert workbook name = ’Data’  

select selection header = ’ab1’  

search null   

format    

We have a special object named as selection, which is a conditional object, a 
subset of an excel object, and three special functions: 

● select usually based on a condition, the result is a selection, 

● search is a specialized ‘select’ based on a condition also, the result is a 
special selection, in this case a range of cells, 
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● the format usually has parameters (set an attribute of an object to a value) 
and the result is empty. 

In this domain condition is a selection criterion, it contains an attribute of an 
object, a value, and a relation (usually the equal relation). 

Formerly, in solving mathematical word problems we created a mathematical 
model and made the algorithm and their implementation in the concrete 
programming environment when we taught it as a novice computer programming 
task. Here, when we create the generalized steps (carriable logical plan) to solve 
the domain-specific ’word problems’, similar to database design methodology [2], 
the following three steps are essential in the design of data warehouses and 
executive information systems, which are enhancements of Pólya’s ’Devising a 
plan’ step: 

● Conceptual planning, 

● Logical planning, 

● Physical planning. 

Conceptual planning means that ‘I know what to do with which object and by 
what condition or parameter’: 

1) select an excel object, 

2) apply a function on the selection, 

3) set the possible parameters. 

Logical planning means the formalizing of the concrete tasks one by one and 
translating the logical plans to physical plans. Carrying out the plan in these cases 
gives immediate results as soon as we do the manipulation on the object. 

In the first task, we can see that we must divide the problem into two plans, 
because we realize that we cannot select hidden columns and rows, so we must 
select column and row ranges where the selection borders are visible columns and 
rows. 

1) unhide(select(column, visible=false)) 

2) unhide(select(row, visible=false)) 

When we translate the logical plan to a physical plan we simplify the problems. 

1) unhide(select(column, id ϵ {B,..,F})), 
2) unhide(select(row, id ϵ {5,..,20})). 

Logical plans of the second task: 

1) delete(select(column, search(cell, content=’ab1’))), 
2) delete(select(column, search(cell, content=’acc’))), 
3) delete(select(column, search(cell, content=’bb1’))), 
4) delete(select(column, search(cell, content=’bcc’))). 
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In this case we have A, B, C, D conditions which define four selections that could 
be described with one complex condition E = A or B or C or D = A + B + C + D, 
the result will be the logical plan: 

delete(select(column, search(cell, content=’ab1’ or content=’acc’ or content=’bb1’ 
or content=’bcc’))). 

The physical plans for each logical plan are as follows: 

1) delete(select(column, id=G)), 

2) delete(select(column, id=H)), 

3) delete(select(column, id=I)), 

4) delete(select(column, id=j)). 

or delete(select(column, id ϵ {G,..,J})). 

From tasks 3 to 7 the plans are: 

1) search(worksheet, content = ’xxxxxxxxxx’), 
2) format(select(column, id ϵ {A,D,E}, width=a), where ‘a’ is a parameter 

value, 

3) this is a complex problem again: 

a. copy(worksheet, this), 

b. rename(worksheet, new, name=’Data’), 
c. delete(select(columns, id ϵ {A,..,G})), 

4) insert(row, 1, 1). 

5) another complex problem: 

a. insert(select(column, id=B), 1), 

b. hide(select(column, id=B)). 

3.1.2 Looking Back 

When we discuss all the above, we can create the generalized formal structure: 
(f,o[,c][,p])->o, basically f(o[,c][,p])->o 

object=function(object[,condition][,parameter]). 

We can develop an excel object hierarchy also: cell -> column and row -> 
worksheet -> workbook. 

The Excel object hierarchy is important when we specify an Excel object, every 
definition contains every mother level of an excel object, when we leave any 
hierarchy level ’unspecified’, that means ’actual’ or ’this’ worksheet or workbook 
of the cell, row or column. This object hierarchy is very important when cell 
references occur in later physical plans. 
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We extend the introductory manipulation in several ways, and always refer to the 
discussed introductory formal structures e.g. create function, table, pivot table, 
chart, slicer objects, with the relevant task, problems also, e.g. create a pivot table 
from the dataset, create a column chart based on a pivot table, set pivot table 
connection to a slicer, etc. 

3.2 Introduction to Formulas2 

From this point, we use the fully extended Pólya’s steps of planning. 

The identified variables of formulas as a problem-solving domain are result and 
formula in the following structure: result = formula, where the equal symbol must 
be written directly into the result selection, and formula must be replaced with the 
logically planned solution. 

Basic introductory formula exercises: 

1) Calculate Total Cost and format as Forint (Ft) 

a. hourly cost: 1,000 Ft/h 

b. Nr of hours: {23 h, 34 h, 45 h, 56 h, 78 h} 

2) Fill the multiplication table! 

a. a: {1, 2, 3, …, 10} 

b. b: {1, 2, 3, …, 10} 

3.2.1 Understanding the Problem 

As you can see in the above examples we have constants, arrays, and matrices. 

3.2.2 Devising a Plan 

Conceptual plans: result = formula. 

Logical plans: 

1) There are two possible logical plans: 

a. A natural logical plan: HCTC  , where TC is a Total Cost result array, 
C is the Cost constant, and H is the number of hours array. 

b. An alternative logical plan: 51,  jHCTC jj
, where j is the jth 

element of a related array. 

2) There are two possible logical plans: 

                                                           
2  The exercise location: http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx 

Worksheet: ‘Formulas’ 

http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx
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a. A natural logical plan: baM  , where M is the result multiplication 
matrix, a and b are arrays with n elements. 

b. An alternative logical plan: 10,1,  jibaM jiij
, where i and j are the ith 

and jth elements of a related array and/or related matrix. 

Physical plans: 

In the process of transforming the logical plans to physical plans we define the 
excel reference objects (cell or cells) in both the result and formula parts. 
Generally, in our examples, the alternative logical plans are easier to implement, 
but the natural logical plans are more sophisticated solutions, and the plan will be 
closer to the natural thinking method. 

In our examples the i translated to row identifier (numbers), j translated to column 
identifier (letters). 

1) In this example we translate the logical plans to physical plans in two ways: 

a. Cell range based: HCTC  →B7:F7{=B5*B6:F6} the result 
planned into a cell range, the formula must be accepted with 
[CTRL]+[SHIFT]+[ENTER] key combination. 

b. Cell-based: 
jj HCTC  →B8=$B$5*B$6, (j=1) 

51  j →copy(cell,B8,B8-F8) 

the result panned into a cell, we should fix the row part of the cell 
references, and the column part must remain in relative format, and we 
must copy the cell B8 (formula) from the result cell B8 until the cell F8. 

2) In this example we translate the logical plans in two ways: 

a. Cell range based: baM  →C14:L23{=B14:B23*C13:L13} the result 
planned into a cell range, the formula must be accepted with 
CTRL+SHIFT+ENTER key combination. 

b. Cell-based: 
jiij baM  →C14=$B14*C$13, (i,j=1) 

10,1  ji →copy(copy(cell,C14,C14:L14),C14:L14-C23:L23) 

the result planned into a cell, we must use partly relative formula 
according to the a and b arrays in the logical plan, and we must copy the 
cell (formula) both between the columns and the rows. 

3.2.3 Carrying Out the Plan 

Generally, when we carry out the physical plan, we do the following steps: 

1) select the result object (cell or cell range), green part of the plan, 

2) write the formula, the black part of the plan, starting with =, 

3) accept the formula with ENTER or CTRL+SHIFT+ENTER, 

4) copy the result if you must. 
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We have to emphasize many times that as we have more complex problems, the 
number of logical plans could be increased. There is no single good solution. 
There are many possible ways of thinking and many possible logical plans.        
We must choose from them which one to solve. In the sense of mathability, when 
we examine humans and the computer as a whole system, when we want to 
develop computational thinking we have to highlight points when human thinking 
or decision is essential and cannot be substituted with artificial, emulated skills (or 
at least not at this level). 

3.3 Introduction to Analysis3 

In this domain, we are working with unfolded OLAP cubes (aka datasets), where 
OLAP means the classical On-Line Analytical Processes, and our database are 
organized to serve analytical needs. A dataset contains only two types of data: 
Measure and Attribute. Measures are always numbers with a unit, Attributes are 
everything else. 

3.3.1 Understanding the Problem 

The most basic task is to show a projected attribute or aggregated measure on a 
selected subset of an unfolded OLAP cube. This is the step when we recognize 
relevant data and gather them as variables. 

Table 2 

Analytical variable recognition 

Recognized variable Type of the variable  Relational algebra analogy 

aggregate function result  aggregation 

Attribute 
xor 
Measure 

result  projection 

Condition condition  selection 

We must gather the variable values from the problems, choose a formula and 
substitute the values in the formula. Depending on the students’ knowledge and 
interest we can introduce the basic concepts of relational algebra to lay down the 
foundations for future database management as we can see it in Table 2. 

3.3.2 Devising a Plan 

Conceptual plans in this domain are grouped in two basic structures: 

                                                           
3  The exercise location: http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx 

Worksheet: ‘AnalysisIntro’ 

http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx
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1) Conditional aggregation (1), means an aggregation of a measure where C 
condition is TRUE. 

   MCIFafresult ,  (1) 

2) Conditional select (2), the result is an attribute or measure value, where the 
condition is first time TRUE 

  CMATCH
M

AINDEXresult ,  (2) 

For these two basic structures, we must define the elements: 

● result is the projection of an attribute or an aggregated measure, 

● aggregate function is an element of the set of basic functions {SUM(), 
MIN(), MAX(), AVERAGE(), and COUNT()}. This set can be extended 
with special LARGE() and SMALL() and statistical aggregations too. 
note: COUNT() usually planned and implemented with a SUM() function 
of a measure 1, 

● condition is a three-tuple consisting set (3), an attribute or measure is in a 
relation with a value. 

V
M

ACc








 >,  (3) 

On a logical level, we refer to the cubes’ measures and attributes as a systematic 
arrangement of values, noted by the name of the attribute or the measure. 

When we translate logical plans to physical plans, we must be aware of some 
considerations related to datasets. Every column of a dataset is a measure or an 
attribute. The first row must contain the name of the measures and the attributes, 
and values from the second row to the last. It must not be an empty column and/or 
row in the dataset. Dataset is a set of column-based cell ranges. 

In the process of transforming the logical plans to physical plans, we define the 
excel reference objects (cell or cells) in both the result and formula parts. Usually, 
it must not but should be a good practice to fix the data source references of 
measures and attributes. 

Additionally, we can define named tables with attribute and measure columns 
over a cell range as a column-based dataset. With these additions, our physical 
plans get closer to the logical plan. 

To achieve this, we must follow the plan: 

1) select(cell, A3:I102), 

2) format(selection, table, header=true), 

3) rename(table, name=’dataset’), 
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4) select(cell, L18:N23), 

5) format(selection, table, header=true), 

6) rename(table, name=’BMI’). 

When we plan complex problems, we follow the top-down planning method to 
break down a complex problem into simple sub-problems. 

3.3.3 Carrying Out the Plan 

Generally, when we carry out the physical plan, we build up our solution formulas 
strictly following the bottom-up concept, starting with the formulas related to the 
independent simple sub-problems. 

3.3.4 Basic Introductory Analysis Examples 

What is the pulse of the 51-year-old patient? - we have no defined aggregation in 
the task. In this case we, can use either the conditional aggregation or the selection 
conceptual formulas. 

1) Conditional aggregation, we can use any aggregation from the four basic 
ones, because we get back a one-element-array of Pulse as a result of the 
condition. 

Table 3 
Variable recognition of conditional aggregation 

Understanding the 
problem 

af any from {MIN, MAX, SUM, AVERAGE} 

A/M Pulse 

C Age = 51 

Conceptual plan    MCIFafresult ,  

Logical plan    PulseAgeIFSUMresult ,51  

Physical plan K5={SUM(IF(B4:B105=51,I4:I102))} 

Physical plan based on tables K5{=SUM(IF(dataset[Age]=51,datase[Pulse]))} 

2) Conditional select, where 51 is the value from the condition, Age is the 
attribute part, and the last 0 is the equal relation. 

Table 4 
Variable recognition of conditional search 

Understanding the 
problem 

af - 

A/M Pulse 

C Age = 51 

Conceptual plan   CMATCH
M

AINDEXresult ,  

Logical plan   0,,51, AgeMATCHPulseINDEXresult   

Physical plan K5=INDEX(I4:I102,MATCH(51,B4:B102,0)) 

Physical plan based on tables K5=INDEX(dataset[Pulse],MATCH(51,dataset[Age],0)) 
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3.4 Analytics4 

We are working with OLAP technology, where the data is stored in OLAP cubes 
with one or more fact tables and dimensions. Fact tables contain aggregated or 
raw measures and special attributes as dimension keys, dimensions have unique 
identifiers as dimension keys and dimensional attributes and possible dimension 
hierarchies. The fact tables and dimensions are connected to each other through 
the dimension keys. 

The usual conceptual problems in this domain are: 

● Data enrichment and calculated measures, 

● zero to two-dimensional details of an aggregated measure, 

● unfold dimensional attribute and/or measure into the cube. 

Analysis examples 

1) Data enrichment: 

a. Extend the date with temporal dimension attributes. 

b. Calculate the Quarters or Percentiles of the observation. 

2) Simple answers: 

a. Calculate the sum of the ordered units. 

b. Which is the largest number of units in the orders? 

c. How many representatives got gifts? 

d. How many gifts did Quebec region get? 

3) One dimensional aggregation: 

a. How many orders are there by regions? 

4) Two dimensional aggregation: 

a. How many pieces did the representatives buy per Item? 

b. Compare the Cost (HUF) detailed by regions, by two freely selectable 
values of Item. 

5) Unfold dimensional attribute: 

a. Calculate the Unit Price ($) for every order based on the item’s monthly 
price list. 

b. Calculate the Cost (HUF) based on daily exchange rates. 

c. Specify currency for every region in the orders. 

6) Calculated Measure: 

                                                           
4  The exercise location: http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx 

Worksheets: ‘Orders’, ‘Prices’ and ‘Rates’ 

http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx
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a. Calculate Cost ($) in every order. 

b. Calculate the Delivery time. 

3.4.1 Devising a Plan 

Conceptual plans in this domain are grouped into two basic structures. 

1) Conditional aggregation with zero to n details (4), this means an 
aggregation of a measure where C condition is TRUE. 

        MCIFafAAM n ,,..1   (4) 

2) Unfold dimensional attribute or measure into the fact table (5). 

  
DKfactnni

DKDKfactMATCH
M

AINDEX
factM

factA
i

.,1

0,.dim,.,.dim
.dim



  (5) 

The result is an unfolded attribute or measure value, where the fact table 
dimension key is found in the dimension unique key, based on the many-
select problem. 

Condition is a three-tuple consisting set, an attribute or measure is in a relation 
with a value. 

We use boolean simple logic structures (6), translated to physical plan. 

       babadbabacCdcba  ,,,,,  (6) 

3.4.2 Examples 

1) Simple, introductionary problems 

Table 5 

Variable recognition of simple problems 

Problem 
Calculate the sum of the 

ordered units! 

Which is the largest 
number of units in the 

orders? 

Understanding the 
problem 

af SUM MAX 

A/M Unit Unit 

C - - 

Conceptual plan    MCIFafresult ,  
Logical plan result=SUM(Unit) result=MAX(Unit) 

Physical plan X1=SUM($N$2:$N$53) X6=MAX($N$2:$N$53) 

2) How many representatives got gifts? 
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Table 6 

Variable recognition of a conditional simple problem 

Understanding the 
problem 

af SUM 

A/M 1 

C Gifts<>”” Gifts>0 

Conceptual plan    MCIFafresult ,  

Logical plans 
result{=SUM(IF(Gifts<>””,1))} 
result{=SUM(IF(Gifts>0,1))} 

Physical plans 
X11{=SUM(IF($Q$2:$Q$53<>””,1))} 
X11{=SUM(IF($Q$2:$Q$53>1,1))} 

This question is a bit confusing. How many is a simple sum of 1, but what does 
getting a gift mean? The natural translation should be gift = ‘anything’, where we 
have a value ‘anything’, but this is confusing as a value, we can’t write ‘anything’ 
in a cell. One possible solution could be to double negate the logical expression, 
which means not equal as opposite of equal, and ‘nothing’ as the opposite of 
‘anything’. 

3) How many gifts did Quebec region get? 

Table 7 

Variable recognition of a conditional simple problem 

Understanding the 
problem 

af SUM 

A/M Gifts 

C Region=”Quebec” 

Conceptual plan    MCIFafresult ,  
Logical plans result{=SUM(IF(Region=”Quebec”,Gifts))} 

Physical plans X18{=SUM(IF($J$2:$J$53=”Quebec”,$Q$2:$Q$53))} 

4) How many orders are there by regions? 

Table 8 

Variable recognition of a conditional simple problem 

Understanding the 
problem 

af SUM 

A/M 1 

C Region=actRegion 

Conceptual plan    MCIFafresult ,  

Logical plans 
result{=SUM(IF(Region=actRegion,1))} ,where 
actRegion = Regioni ϵ Region, 1≤i≤n, n=|Region| 

Physical plans 
X18{=SUM(IF($J$2:$J$53=$V18,1))} 

copy(cell,X18,X18-X20) 

5) How many pieces did the representatives buy per Item? 
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Table 9 
Variable recognition of a conditional simple problem 

Understanding 
the problem 

af SUM 

A/M Units 

C 
Representative=actRepresentative 

AND 
Item=actItem 

Conceptual plan    MCIFafresult ,  

Logical plans 

result{=SUM(IF( 
(Representative=actRepresentative)*(Item=actItem), 

Units))},  
where actRepresentative = Representativei ϵ Representative, 

1≤i≤n, n=|Representative|, actItem = Itemj ϵ Item, 1≤j≤m, 
m=|Item| 

Physical plans 

AB24{=SUM(IF( 
($L$2:$L$53=$AA24)*($M$2:$M$53=AB$23), 

$N$2:$N$53))} 
copy(copy(cell,AB24,AB24-AF24),AB24:AF24-AB54:AF54) 

3.5 Analysis with Pivot Tables and Dynamic Charts5 

We are working with OLAP technology, where the data is stored in unfolded 
OLAP cubes with one or more fact columns and dimensional columns. Fact 
columns contain aggregated or raw measures, dimensional columns have only 
dimensional attributes and possible dimension hierarchies. 

We collect and formalize management questions. The question and description are 
defined in a textual and formal way. The ’manager’ is the person for whom the 
system provides information. As a result, she expects to see a data visualization 
report appearing on different dashboards. 

We ’analyse’ the management question based on the following considerations in 
Table 10: 

What is the indicator? In which aggregation? What is the unit? Which 
visualization do we want to see? In Which detail(s) is there a slicer? 

Table 10 
Management question analysis 

Indicator 

  
  uu

afafI
,
,  

the indicator I to be produced with u unit(s) in the 
upper right index and af aggregate function(s) in the 
bottom right index, 

unit(s) 

aggregate 
function(s) 

                                                           
5  The exercise location: http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx 

Worksheet: ‘PivotAndCharts’ 

http://takacs-viktor.hu/pages/excel/Xcelpract2016_TVL.xlsx
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visualization v

s

s
vt


































 
the v visualization with the type vt (table, line diagram, 
bar graph, etc. ...) and optional s slicers (values can be 
D{a} dimensional attribute, D{v} subset of concrete 
values, or a D{a} dimensional attribute in the d detail of 
another I indicator on the same dashboard) 

slicer(s) 

detail(s)  

  
 





























d

a

a

D

D
 d details with D{a}dimensional attribute(s), with 

optional ∑{a} aggregation. d values e.g.: row, column, 
category, y indicator 

Formally (7): 

  
  

  
   

v

uu

afaf

uu

afaf

s

s
vt

I

I
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




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




















,
,

,
,  

  
 





























d

a

a

D

D
 (7) 

Physically we must create a Pivot Table visualization when we only need to create 
the definition, and a Chart if needed with slicers. 

Table 11 

Structure of the physical definition 

Filter 
[Filter] 

Column detail 
[Column detail] 

Row detail 
[Row detail] 

aggregate function(Measure) 
[aggregate function(Measure)] 

Aggregate function and measure are defined before. Filters, Slicers and Details are 
based on Conditions. 

Conclusions 

Summarizing, formerly, with using Blockly Code and our analogy-based 
introductory computer programming teaching method we successfully taught and 
automatized a problem-solving strategy that pupils could store in their long-term 
memory and it can help them to analyse, formalize and generalize the problem 
successfully. In this paper, we presented that this concept could be adopted in 
tertiary education also in a more serious way and higher level. In tertiary business 
education, the aim was to make the problem of solving management questions 
independent from the computational tool we use. In traditional computer science 
teaching (at any level) we show the tool, and we show what it is for. We use 
examples to present the knowledge and the borders of the computational tool we 
teach. But now, we taught problem-solving, and we gave the students a way of 
thinking that could be the successful whatever computational tool we use for 
solving the problem. We gave them structures or schemas for formalizing 
management questions when they just create pivot analyses or even develop them 
into data warehouses. Furthermore, we showed that we can also teach technical 
manipulations as they would be ‘problems’ in a conscious way and we gave 
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students transferable knowledge with it because the model that shows how to 
think about the problem is the same. And this is what we call computational 
thinking. 

As we mentioned above there are neither teaching nor evaluating methods for 
selecting the people who could become really good data scientists. In our future 
research, we plan to create an evaluation system to detect data scientist talents.  
We believe that the presented method could be a very good base for this aim from 
the very beginning of the course. 

Acknowledgement 

Katalin Bubnó was supported by the EFOP-3.6.1-16-2016-00022 project. 

References 

[1] M. Csernoch: Sprego programming. Spreadsheets in Education, 8:3, 2015, 
pp. 1-35 

[2] B. Halassy: Adatmodellezés. 2000 (In Hungarian) 

[3] ICAEW: Spreadsheet Competency Framework. 2016 

[4] R. B. Millwood: Review of literature on computational thinking. 2018 

[5] S. Papert: Mindstorms. Children, computers and powerful ideas. Basic 
Books, 1980 

[6] G. Pólya: How to solve it. 2nd ed., Doubleday, 1957 

[7] K. Takácsné Bubnó and V. Takács: Solving word problems by computer 
programming. Proceedings of Problem Solving in Mathematics Education 
2013 Conference (ProMath), A. Ambrus and É. Vásárhelyi, (eds.), 
Budapest, 2014, pp. 193-208 

[8] J. Walkenbach: Excel 2010 Bible. Indianapolis: Wiley, 2010 

[9] J. M. Wing: Computational thinking. Communications of the ACM, 49:3, 
2006, pp. 33-35 

[10] K. Bubnó and V. Takács: The mathability of word problems as initial 
computer programming exercises. Proceedings of the 8th IEEE International 
Conference on Cognitive Infocommunications (CoginfoCom), IEEE, 2017, 
pp. 39-44 

[11] P. Biró and M. Csernoch: The mathability of spreadsheet tools. 2015 
Proceedings of the 6th IEEE International Conference on Cognitive 
Infocommunications (CogInfoCom), IEEE, 2015, pp. 105-110 

[12] P. Biró and M. Csernoch: Deep and surface structural metacognitive 
abilities of the first year students of Informatics. 2013 IEEE 4th 
International Conference on Cognitive Infocommunications (CogInfoCom), 
IEEE, 2013, pp. 521-526 



V. L. Takács et al. Mathability in Business Education 

 – 28 – 

[13] M. Csernoch, P. Biró, J. Máth and K. Abari: Testing algorithmic skills in 
traditional and non-traditional programming environments. Inf. Educ. 14, 
2015, pp. 175-197 

[14] G. Csapó: Sprego virtual collaboration space. 2017 IEEE 8th International 
Conference on Cognitive Infocommunications (CogInfoCom), IEEE, 2017, 
pp. 137-142 

[15] Baranyi P and Csapo A., Definition and synergies of cognitive 
infocommunication, Acta Polytechnica Hungarica, 9:1, 2012, pp. 67-83 

[16] P. Baranyi and A. Gilányi: Mathability: Emulating and enhancing human 
mathematical capabilities. Proceedings of the 2013 IEEE 4th International 
Conference on Cognitive Infocommunications (CogInfoCom), IEEE, 2013, 
pp. 555-558 

[17] K. Chmielewska, A. Gilányi and A. Łukasiewicz: Mathability and 
mathematical cognition. Proceedings of the 2016 7th IEEE International 
Conference on Cognitive Infocommunications (CogInfoCom), IEEE, 2016, 
pp. 245-250 

[18] K. Chmielewska and A. Gilányi: Mathability and computer aided 
mathematical education. 2015 6th IEEE International Conference on 
Cognitive Infocommunications (CogInfoCom), IEEE, 2015, pp. 473-477 

[19] K. Chmielewska and A. Gilányi: Educational context of mathability. Acta 
Polytechnica Hungarica, 15:5, 2018, pp. 223-237 

[20] K. Chmielewska, D. Matuszak: Mathability and Coaching. 8th IEEE 
Conference on Cognitive Infocommunications (CogInfoCom), IEEE, 2017, 
pp. 427-431 

[21] A. Gilányi, N. Merentes and R. Quintero: Mathability and an animation 
related to a convex-like property. 7th IEEE Conference on Cognitive 
Infocommunications (CogInfoCom), IEEE, 2016, pp. 227-232 

[22] A. Gilányi, N. Merentes and R. Quintero: Presentation of an animation of 
the m-convex hull of sets. 7th IEEE Conference on Cognitive 
Infocommunications (CogInfoCom), IEEE, 2016, pp. 307-308 

[23] G. Gy. Borus and A. Gilányi: On a computer program for solving systems 
of functional equations. 4th IEEE International Conference on Cognitive 
Infocommunications (CogInfoCom), IEEE, 2013, p. 939 

[24] G. Gy. Borus and A. Gilányi: Solving systems of linear functional 
equations with computer. 4th IEEE International Conference on Cognitive 
Infocommunications (CogInfoCom), IEEE, 2013, pp. 559-562 

[25] G. Gy. Borus and A. Gilányi: Computer assisted solution of systems of two 
variable linear functional equations. Aequationes Math. 94, 2020, pp. 723-
736 



Acta Polytechnica Hungarica Vol. 19, No. 1, 2022 

 – 29 – 

[26] K. Bubnó and V. Takács: Cognitive aspects of mathematics-aided computer 
science teaching. Acta Polytechnica Hungarica, 16:6, 2019, pp. 73-93 

[27] A. Ambrus: Some cognitive psychological issues in mathematics education. 
Gradus 2, 2015, pp. 63-73 (In Hungarian) 

[28] A. Kővári and M. Rajcsányi-Molnár: Mathability and creative problem 
solving in the MaTech Math Competition. Acta Polytechnica Hungarica, 
17:2, 2020, pp. 147-161 

[29] A. Kővári: Study of algorithm problem-solving and executive function. 
Acta Polytechnica Hungarica, to appear, 2020 

[30] N. Yusupova, G. Shakhmametova and R. Zulkarneev: Complex analysis of 
medical data with data mining usage. Acta Polytechnica Hungarica, 17:8, 
2020, pp. 75-93 

[31] G. Kulikov, V. Antonov, A. Fahrullina, L. Rodionova, A. Abdulnagimov 
and M. Shilina: Formal method of structural-logical identification of 
functional model of subject area polycubic data matrix. Acta Polytechnica 
Hungarica, 17:8, 2020, pp. 41-59 



Acta Polytechnica Hungarica Vol. 19, No. 1, 2022 

 – 31 – 

Mathability in the Fields of 3D Printing and 

Modeling 

Marianna Zichar 

Faculty of Informatics, University of Debrecen, Egyetem tér 1, 4032 Debrecen, 
Hungary, zichar.marianna@inf.unideb.hu 

Abstract: Each term in the title is relatively new, but all of them emerge more and more 

frequently in various contexts. News regularly introduces some interesting events from the 

world of 3D printing (that is strongly related to 3D modeling) and Mathability also has an 

impact on many scientific research projects. This paper makes an attempt to explore how 

Mathability applies in the field of 3D modeling, by examining the features of Tinkercad. 

The investigation is completed by analyzing assignments submitted by students.                

My objective was to get some impression of the extent, of the students use, of their 

algorithmic skills, in 3D modeling and to explore whether a non-typical programming 

interface encourages or discourages the application of their programming skills.            

The results show that the students who majored in the Computer Science Bachelor 

Program, had a weak affinity, to demonstrate how they could apply tools of higher 

Mathability, in Tinkercad and thus, the unusual framework and the task did not sufficiently 

motivate them. 

Keywords: 3D printing; 3D modeling; Tinkercad; Mathability 

1 Introduction 

The word mathematics may sound frightening for most people although human 
life cannot be imagined without applying mathematical knowledge. Children of a 
very young age start to get to know the world of numbers and this learning curve 
does not terminate at least till the end of their education. The skills related to 
mathematics are applied and developed through many different courses and 
activities, while they are essential to be educated in other fields such as physics, 
and chemistry. 

Human ability and the knowledge of something, differ from each other and have 
always been subjects of research. Some typical questions from this field: in what 
extent can be a skill developed, or are there differences in the measure of possible 
development concerning distinct disciplines [1] [2]? Besides, numerous studies 
examined for example relations between gender and mathematical ability, which 
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have attracted intensive attention because of the well-known stereotypes about the 
possible differences [3] [4]. Some typical examples for stereotypes mentioned 
frequently: women cannot be talented at mathematics, men are better engineers, to 
be a pilot is not for women [5]. Although society is struggling to demolish these 
beliefs, they have impacts on many decisions even if they cause some damage. 

But disciplines have been evolving (which is a must since they have to reflect on 
new achievements) and new terms, aspects, points of view appear making it 
possible to consider new characteristics and starting novel examinations. A similar 
process happened in 2012 when a new field of science called cognitive 

infocommunication (CogInfoCom) was born. According to the authors it “explores 
the link between the research areas of infocommunications and cognitive sciences, 
as well as the various engineering applications which have emerged as a synergic 
combination of these sciences” [6]. The scientific community justified the raison 
d'être and more and more scholars have extended their works with examining 
cognitive aspects of their results as well [7-9]. The interdisciplinary characteristics 
of this special field are demonstrated with a great number of research works 
dealing with rather interesting topics, such as cognitive data visualization [10-14], 
cognitive aspects of human-machine interface systems [15-19], virtual and 
augmented reality [20-22], or even advanced manufacturing technology [23] [24]. 
This increased interest was a good reason for giving birth to a comprehensive 
overview of cognitive infocommunications [25]. 

The concept of traditional Mathability was redefined and extended in the context 
of cognitive infocommunication with the objective of investigating any 
combination of artificial and natural cognitive capabilities relevant to mathematics 
[26]. The vision of the authors is that infocommunication devices will be 
characterized by levels of mathematical capabilities. Thus, not only classical 
physical properties of these devices will be overviewed before selecting the 
appropriate one for a specific purpose, but this newly defined measure will be 
taken into consideration too. We have to notice that some properties (mainly 
related to the hardware) could provide some hints about the mathematical 
capabilities of devices earlier, but this new, more general measurement can be 
used to get much more accurate information about it. A device without a driver or 
software products running on it is nothing else than a pure piece of hardware. 
Thus, Mathability depends also on the software that has the device run. There are 
specific programs designed to solve directly mathematical problems, but some of 
them do not occur isolated but are embedded into a more complex system. 
Examples for the first case are described in [26], while the other interpretations of 
Mathability are discussed in numerous papers presented in the next section.      
The levels of Mathability are different of course, but in each case investigation on 
Mathability provides an added value to get a complex characterization of the 
mathematical capability of the device. 

These days, the world around us changes dynamically and this change influences 
the job market. The news tells us that robots and artificial intelligence applications 
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are going to have an increasingly important role, new job types are being given 
birth while the way of employment is also transforming: more people work from 
home, or take part-time jobs or become freelancers. In this fast-changing world, 
the role of knowledge is appreciated and research works dealing with facilitating 
knowledge transfer are also set in focus. 

This paper first, provides an overview of what we already know about 
Mathability, then, extends the investigation, to the new field of 3D modeling. 3D 
modeling has not yet been analyzed from the point of view of Mathability. Finally, 
results of an experiment are presented, where university students enrolled in a 
course of 3D printing and modeling were involved to provide information on how 
much they are ready to host greater Mathability levels. 

2 Diversity in Research Works Related to 

Mathability 

As mentioned earlier the scientific community has shown a great interest in 
hosting the redefined concept of Mathability, which is proved by the significant 
number of papers touching or focusing on Mathability. This section provides a 
classified overview about a relevant part of published works to understand more 
clearly the state-of-the-art in this field. Classification is based on the main 
objectives of investigations that are all related to mathematics to some extent. 
First, the strictly mathematics-oriented works are presented, then followed by the 
educational aspects of Mathability. 

2.1 Mathematics Measured in Term of Mathability 

Solving mathematical problems is often supported with computer-based 
applications, in which Mathability can be investigated. The complexity of 
mathematical problems may vary on a large scale thus; the capability of 
applications can also be diverse. 

Solving functional equations and inequalities does not belong to the simplest 
problems in mathematics that is why several computer algebra systems provide 
help in dealing with them. A small team of researchers who used Maple for 
solving problems in the above-mentioned field showed examples of how programs 
developed in Maple are capable of computing solutions for some classes of 
functional equations. They demonstrated that the programs increased the level of 
Mathability of the computer algebra system Maple [27]. 

Another research work demonstrates an animation developed in the Wolfram 
Mathematica System to visualize the m-convex hull of sets consisting of finitely 
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many points on the Cartesian plane. The computer-assisted method uses the 
features of the host system, but finally, it is the intellectual product of the authors 
considering that they developed a specific program for the animation that is an 
added value comparing to the original functionality of the system [28]. 

2.2 Education 

Many scholars who are working in educational institutions share their time 
between research and education. Thus, educational aspects of new theories, 
concepts, and procedures are often explored and analyzed too. It is trivial that 
education needs special attention from the scientific community, otherwise we are 
going to lack the new generation of scholars. Several papers have analyzed the 
general relationship between education and Mathability [29-31]. This section 
gives an overview of some distinct fields of education where Mathability has 
already been investigated. 

2.2.1 General Aspects 

Before discussing the different fields in education, where Mathability can be 
interpreted, a more general approach has to be mentioned. Some researchers found 
that mathabililty could be considered general in terms of computer problem-
solving. First, SOLO (Structure of the Observed Learning Outcome) categories of 
understanding were matched to their typology consisting of approaches used to 
solve a problem with a computer. Finally, levels of Mathability were assigned to 
the items of their typology. Although both typologies have 5 categories, matching 
resulted in only four pairs [32]. 

2.2.2 Spreadsheet 

A study put the spreadsheet tools in the focus of Mathability examinations since 
the authors found that spreadsheet programs can be used on any level of 
Mathability [33]. Besides determining the Mathability level of the help surface, 
click-on usage, or course books, the researchers introduced Sprego that is a 
concept- and CAAD-based approach to problem-solving in spreadsheet 
management. Several examples demonstrate in the paper how programming skills 
can be used when following Sprego methodology, and to what extent algorithmic 
skills can be developed. To sum up, the appropriate application of Sprego can 
increase the Mathability level of spreadsheet tools, which finally improves the 
effectiveness of the application. 
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2.2.3 Programming 

Programming and mathematics are in a close relationship. Thus, it is not 
surprising that some scientists made research on solving word problems by 
computer programming. They pointed out that there were certain analogies 
between classical mathematical problem-solving methods and the steps of 
thinking when implementing an algorithm for a specific problem. They not only 
introduce their teaching method but also analyze it from the point of view of 
Mathability [34]. 

2.2.4 Mathematics 

The relationship between Mathability and mathematics is of high interest not only 
at the level of mathematicians but also at the level of teaching mathematics. As it 
was mentioned in the introduction, acquiring knowledge of mathematics is 
essential for everybody. The depth of the necessary amount of knowledge is 
different of course, but looking for effective methodologies is always in the focus. 
Several papers discuss questions related to the quantification of artificial 
mathematical capabilities and education [27] [35]. Authors suggest that an exact 
quantification of Mathability of devices, such as calculators, smartphones would 
be a great help when we have to decide which device is allowed to be used in 
special situations like an exam. In the study [35], some examples demonstrate how 
the application of devices with high-level Mathability can support the work of 
students with difficulties in understanding higher mathematics. 

Another arena of mathematics studies is participating in competitions. There is a 
competition called MaTech where the main goal is to measure the creativity, 
problem-solving skills, efficiency of teamwork, and application of digital 
knowledge while solving real mathematical problems. Authors of paper [36] as 
organizers of this competition present an analysis that identifies the characteristics 
of the mathematical knowledge and the relationship with the skill of creative 
presentation and performance. 

3 Mathability in 3D Design 

Activities in general, including studying, working, traveling, cooking, etc. require 
an effective collaboration of several skills and knowledge we have or should have. 
Our success depends on how we combine our different skills and knowledge to 
find the solution for a problem and to do the necessary steps. Our capabilities are 
not distinct from each other, they interact and help each other via knowledge 
transfer. 
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The SOLO categories of understanding were defined for programming, however 
this typology is more general and can be extended to any computer related-
activities [32]. Three-dimensional modeling is a challenging field of producing 
models that can serve various purposes. Animations, virtualizations, and 
engineering use 3D models intensively, and new emerging technologies such as 
3D printing also need those [37]. The unique properties of 3D printed objects 
attract several scientists to research how these exceptional characteristics could be 
beneficial for their disciplines. But first, an appropriate model has to be designed 
with 3D modeling software, which process can be and should be introduced into 
education at several levels [38]. 

The variegation of a 3D modeling software called Tinkercad motivated me to 
investigate its Mathability. The following sections introduce and analyze its 
several interfaces that are followed by discussing an experiment about the 
willingness of students to adopt higher-level Mathability tools. 

3.1 A Scalable 3D Modeling Software -Tinkercad 

Tinkercad is a popular, easy-to-use 3D CAD design tool from Autodesk.           
The primary goal of designing in Tinkercad is to prepare a 3D model for 3D 
printing. Fortunately, the availability of the simplest, inexpensive desktop FDM 
(Fused Deposition Modeling) 3D printers, has increased significantly, thus the 
challenge of making a design has become more attractive for many people. 
Numerous educational institutions have introduced 3D printing and modeling into 
their teaching programs, although their exact forms can be diverse. At the same 
time, we can find pioneers among educators from almost all disciplines who try to 
benefit from the advantages 3D printing can provide for them [39-42]. 

There are several reasons why the majority of users who want to learn 3D 
modeling, select Tinkercad as the first tool to study, these reasons are: 

 Platform 

As one of the most accessible 3D modeling software around, this online 
CAD tool can be accessed through your browser giving maximum 
flexibility in the field of platforms. Your private cloud stores your 
models that also can be shared easily. 

 Free 
Tinkercad was designed for mainly educational purposes, thus it was 
essential to make it free. Educational institutions and people usually try 
to avoid using proprietary software. 

 Scalability 

Although the first impression after entering your Tinkercad account is 
that mainly the young generation will enjoy it, that is not true. Applying 
the principle of CSM (Constructive Solid Modeling) is just one approach 
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designing is based on. The possibility of coding at different levels is also 
available providing the opportunity of matching the tool to the 
proficiency of the user. 

 Users 
Scalability implies that a wide range of people can use Tinkercad. While 
children will operate with dragging and dropping primitives onto the 
workplane, shape generators already offer the option of sophisticated 
parametrization, and coding provides unlimited possibilities for users 
with enough mathematical knowledge. 

 Community 

A large, vivid, and supportive online community provides help, advice, 
and plenty of educational resources for users. A design can be shared 
easily with other users without the need of downloading the model, since 
models are stored in the cloud. 

At different rankings, Tinkercad has always had a good position. According to the 
last survey of All3DP (leading 3D printing magazine), Tinkercad is the first on the 
Top 10 Free 3D Modeling Software for Beginners published in January 2020 [43]. 
Although this list ranked design software for only beginners, Tinkercad can 
provide an appropriate interface for users from novice till professional and can be 
integrated into the education easily [44-47]. 

3.2 Mathability Levels in Tinkercad 

Mathability of a device or software communicates information about their 
capability related to mathematics. The usage of many software can have two 
different forms. The simplest one relies only on built-in tools, while the other form 
is about to create something new, such as scripts, codes, functions, which finally 
enhance the original capabilities of the system, and demands deeper knowledge, 
and more creativity. Three-dimensional modeling requires many computations, 
thus investigating Mathability of such software is reasonable. 

3.2.1 Built-in Tools 

As Figure 1 shows, the first impression about Tinkercad, is that it supports the 
CSM by providing several predefined primitives that form groups, such as, Basic 
Shapes, Text and numbers, Characters and Connectors. Unfortunately, these 
primitives can be combined by applying only two operations: union and 
difference. To determine the intersection of two primitives (that is a frequently 
used operator) requires following several steps. The simplest design process, 
based on building with primitives and operators, is of a low-Mathability. 
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Figure 1 

General view of Tinkercad’s user interface 

Although even basic shapes can be controlled by some parameters, more complex, 
still built-in tools are available in Tinkercad. They are listed under the group of 
Shape Generator, and typically provide more sophisticated parameters, and an 
interactive interface to change their default appearance. For example, Figure 2 
represents some settings of a circular array, where the shape of the items arranged 
around a circle is determined by a sketch. In this case, four points as knots and 
endpoints of their tangents can be used to influence the shape of items. These tools 
are still embedded, but their conscious usage requires already more mathematical 
knowledge, thus its level of Mathability is greater. 

 

Figure 2 

A shape generator in use 

3.2.2 Codeblocks 

Tinkercad Codeblocks, released in 2018, allows for procedurally generated 
shapes, using visual programming. To design things in Codeblocks, you simply 
snap blocks of code together to form a series of sequential commands or actions. 
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These actions control the shape of your model and result in a 3D design that 
appears in the 3D viewer. Using Codeblocks can save time, especially when 
repeating actions form a model, or when manual shape creation, could take an 
excessive amount of time. 

There are six categories of blocks: 

 Shapes  
Currently, 17 different 3D primitives (such as box, cylinder, sphere, 
cone, text, etc.) are available that have some parameters to control their 
exact shape. Every shape is loaded at the origin point at the center of the 
workspace. 

 Modify  
This set of blocks contains basic transformations (such as move, scale, 
rotate), and also blocks to define an object (an individual item of the 
design identified by a name), to work with an object (such as copy, 
delete, select all), and to make a grouping. 

 Control  

Two loop types are available (repeat and count controlled), and one more 
block for making a pause. 

 Math  

These blocks can be used to define a variable, to set its value, to generate 
random numbers, to specify a coordinate triplet, to use basic 
mathematical functions (such as trigonometrical, logarithmic, rounding, 
etc.) 

 Data  
User-defined local variables are listed in this block in order to make it 
possible to refer them in the blocks. 

 Markup  
It contains only two blocks: making comments and text outputs. 

After having the first impression of the blocks, it is clear that this computational 
design workspace provides a special interface to automate building from 
primitives and can save human effort when building a model consisting of many 
items. Visual programming is attractive for young generations, but people with 
programming skills can have fun with it and create complex models easily (Figure 
3). Designing with Codeblocks can motivate students toward STEAM (Science, 
Technology, Engineering, Art, Math) studies and can definitely improve their 
algorithmic skills, which can be rather beneficial for them, by transferring their 
knowledge to other fields. 
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Figure 3 

A simple design in Codeblocks 

Concerning Mathability of Codeblocks, it has to be noted, that it has already a 
higher level of Mathability, than the classical workspace introduced in the 
previous section. Nevertheless, the opportunity for applying variables also 
contributes to increasing the level of Mathability, since designing with 
computations requires a more complex way of thinking. Usage of parameters in 
the control drawer (that can be expanded or collapsed by clicking the arrow) 
supports minimizing the number of available shapes and introduces a 
generalization in determining the real form. This can be embarrassing if we 
consider that the same shape block can result in significantly different outlines 
depending on the parameter values [48]. Figure 4 represents two pieces of torus 
differing from each other in only one parameter: the number of sides. 

 

Figure 4 

Two different parametrizations of a torus 

3.2.3 JavaScript 

Although Tinkercad provides many generic geometric shapes that can be 
combined in many ways to create more complex models, you may need other 
shapes. The set of shapes can be extended by defining new ones that are created 
on the creative platform of Tinkercad using JavaScript. If there is a series of 
shapes you combine frequently, and you describe them with coding in JavaScript 
then you have created a new shape generator that allows you to automate the 
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creation of the combined model. Already existing shape generators can be 
customized too, with editing, or also a brand new one can be created from scratch 
if you have enough knowledge of mathematics and coding. 

 

Figure 4 

Empty Shape Generator with the pre-populated code lines 

In Tinkercad, this platform has the highest level of Mathability and requires the 
deepest professional skills from the user. At least a basic understanding of 
JavaScript is necessary, while the depth of geometry knowledge influences the 
complexity of a newly developed shape generator. According to the classification 
in paper [26], Mathability provided by a system can be interpreted in two ways 
depending on applying only existed tools of the system or enhancing the original 
set of tools. In the case of writing codes, we face the second approach, while using 
a shape generator created by anybody else, and shared with us is already belongs 
to the first class only. 

3.3 Experiment with Students 

Every semester I have a course called 3D printing and modeling at the University 
of Debrecen, where Tinkercad is the first design software taught in classes.       
The topic of the course is rather attractive for the students and I try to do my best 
to keep the curriculum interesting and up to date [49]. The spring semester of 
2019/20 was the first when I introduced also Codeblocks to the students.           
The power of control structures, the possibility for parametrization with the help 
of defining variables were emphasized since these tools provide the main 
advantages of using Codeblocks. After completing the classes about Codeblocks,  
I asked them to design something for the sake of demonstrating the capability of 
Codeblocks, to practice, and to have some fun. All the students were enrolled in 
Computer Science bachelor degree program, so they were familiar with coding, 
although they were not enrolled in the same year because this course is optional.   
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I was expecting stunning models with high complexity, large diversity in applied 
block types, clear proof of algorithmic skills, and no significant difference 
between the performance of Hungarian and International Students. 

After collecting the URL of models, I have analyzed the codeblocks, and created 
some statistics to answer some questions about the complexity, number of control 
statements, degree of diversity. This section demonstrates the most compelling 
results. 

3.3.1 Complexity 

The instruction for the assignment was simple: demonstrate the capability of 
Codeblocks, consider the visual coding as a game, and use the power of loops. 
Although I thought that the instructions were clear, finally half of the assignments 
had to be discarded. Unfortunately, some of them ignored the task, while others 
either copied a sample code or just made a minor modification in a shared code. 
So, I could examine 15 acceptable assignments. 

The first aspect I was interested in examining is the complexity of their codes. 
Since students are experienced in coding, the tool is not complicated for their 
programming skills, and the course, is optional. I did expect attractive models. 
Just for the sake of curiosity, I counted the number of code lines, loops, and 
shapes generated in loops (Figure 5). It is clear that loops were not preferred, and 
most students did not want to use programming tools of higher Mathability levels. 
Only two of them introduced objects that are separated set of codes that could be 
referenced by their name. 

 

Figure 5 

Number of lines, used loops, and shapes generated in loops (number on the bars) by students 
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3.3.2 Application of their Programming Skills 

Three-dimensional designing makes people think of working in a visual 
environment without writing even one line of code. When introducing the 
possibility of coding for students majored in computer science you may think, that 
this way of making 3D models is more comfortable for them. Although the range 
of classical controlling statements in Codeblocks is limited (two types of loops), 
other tools (such as variables, work with objects) provide the possibility to use 
algorithms when building a model. This was my motivation to compare the 
number of shapes generated in and outside the loops (Figure 6). Concerning the 
number of shapes coming from a loop, there were two outliers describing two 
different code structures. The student with the highest number of generated shapes 
had no shapes outside the loop, while the student in the second place used the 
second largest number of shapes without loops. Unfortunately, students were not 
interested in applying their general programming skills, which was surprising. 

 

Figure 6 

The number of shapes generated in and outside the loops 

3.3.3 Variety of Design 

Currently, the number of the available shapes in Codeblocks is 17 that is quite 
impressive. Nevertheless, the number of visually really different shapes is even 
higher, because the flexible parametrization can result in a significant change in 
the geometry of the shape as you could see in Figure 4. The students used 13 
shapes out of the 17 in their works, but the average number of the different shapes 
per student was only 3.26 (Figure 7). This shows that the variety of shapes did not 
motivate them to use more shapes. 

We can also consider the Figure 5 and 7 together to look for additional findings. 
The students who preferred using different shapes and functions did not insert any 
loops into their codes. The longest codes contained only the average number of 
different functions and shapes. The model with the highest number of shapes 
coming from loops consisted of the smallest number of code lines and used only 
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one type of shape and three different function types. The work of student H1 was 
remarkable, since it was the second longest code, with a high number of shapes 
generated in several loops, however, the number of different functions and shapes 
was average. 

 

Figure 7 

The number of different shapes colored with number of different functions 

Figure 8 shows the total number of students per using different shape types. Three 
shapes (cylinder, box, and text) gave the half portion of the used shapes, which 
demonstrates again that the students were not engaged in diversity. They preferred 
using the already known shapes, with different parametrization. 

 

Figure 8 

The number students selected the different shapes, and their contributions to the whole 

Due to the small number of evaluable codes, I have not analyzed the difference 
between the performance of Hungarian and International students. Nevertheless,   
I have to remark here, at least one phenomenon: International students did not use 
loops or variables at all. 
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Conclusions 

After a thorough Literature Review of the current research related to the concept 
of Mathability, this paper explored the relationship between Mathability and the 
emerging technology of, 3D printing and modeling. The concept and the levels of 
Mathability can also be interpreted in the context of 3D modeling, which was 
proven by examining the scalability of the popular modeling software product, 
Tinkercad. It is clear that the concept interpretation is wide, and several levels can 
be identified. Related to the levels of Mathability, an experiment was carried out, 
where assignments of university students, majoring in computer science, were 
analyzed to check their affinity for applying tools of a higher Mathability in 
Tinkercad. The results showed that my instructions and suggestions were not 
motivating enough as the students preferred keeping the models very simple and 
avoided using their programming skills. It has to be mentioned, that the students 
used the graphical designing interface of Tinkercad, for four weeks, which could 
have a negative impact on their willingness to use coding, even if Codeblock 
generation has a user-friendly interface. At the same time, some of them felt that 
use of Codeblocks was not designed for users with programming skills, which is 
not true. Complex models cannot be designed in Tinkercad by only using the 
traditional interface. 

I plan to repeat the experiment in the upcoming years, with more clear and 
probably, more effective instructions. In the case of a higher number of evaluable 
codes, more aspects should be analyzed. Also, a follow-up questionnaire could 
provide more information concerning the reasons for a students’ activity or 
inactivity in coding. Data visualization could be enhanced by online interactive 
dashboards, that would facilitate the identification of more complex relationships 
among the data. 
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Abstract: It is known that the sum of the squares of the reciprocals, of positive integer 

numbers, is finite. It can be asked… What is the smallest area rectangle into which all the 

squares of sides of length the reciprocals of the positive integers can be packed?                         

In connection with the investigations related to mathability and to applications of computer 

assisted methods, for considering mathematical problems, an improvement for the best 

known 𝜖 is presented, herein. The GNU program, Octave, was used for the calculations. 

Keywords: Mathability; Cognitive Infocommunications; Computer Assisted Methods; 

Packing; Square 

1 Introduction 

Mathability refers to a branch of cognitive infocommunications that investigates 
any combination of artificial and natural cognitive capabilities, relevant to 
mathematics, including a wide spectrum of areas ranging from low-level arithmetic 
operations, to high-level symbolic reasoning. The concept of Cognitive 
Infocommunications (CogInfoCom) was introduced in the paper [1]. Some of its 
further general properties were described in the papers [2] and [3] and in the book 
[4]. The educational aspects of CogInfoCom and mathability were investigated, 
among others, in [5-12] while other CogInfoCom related applications of cognitive 
capabilities are presented in [13-20]. 

Questions related to mathability and to computer based methods for investigations 
of mathematical problems have been studied by several authors in recent years [21-
25]. T work has contributed to these investigations. A computer assisted method for 
a packing of squares, of sides of length 

12 , 13 , 14 , … is presented. 

The paper [26], motivated me to present a computer assisted method for a problem 
of Meir and Moser [27]. The calculation is performed in Octave, available at 
https://www.gnu.org/software/octave/download. 
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2 The Problem 

It is said the squares 𝑆1, 𝑆2, 𝑆3, … can be packed into a rectangle if it is possible to 
apply translations and rotations to the sets 𝑆𝑛 so that the resulting translated and 
rotated squares are contained in the rectangle and have mutually disjoint interiors. 

Meir and Moser [27], in 1968, originally noted that since: ∑ 1𝑖2∞𝑖=2 = π26 − 1 (1) 

it is reasonable to ask whether the set of squares of sides of length 
12 , 13 , 14 , …, which 

is called the reciprocal squares, can be packed into a rectangle of area 
𝜋26 − 1. 

Failing that, find the smallest 𝜖 such that the reciprocal squares can be packed into 

a rectangle 𝑅 of area 
𝜋26 − 1 + 𝜖. This question can be found in e.g. [28]. 

Meir and Moser [27] in 1968 showed that the smallest square containing the 
reciprocal squares is the square of side 

56 which shows that 𝜖 < 1205. Jennings [29] in 

1994 gave a rectangle of dimensions 
4760 × 56  containing the reciprocal squares which 

shows that 𝜖 < 1127  

Ball [30] in 1996 gave a rectangle of dimensions 
6291 000 × 3130 containing the reciprocal 

squares which shows that 𝜖 < 1198 

Paulhus [26] in 1997 gave a rectangle of dimensions: 0.5 × (2 (π26 − 1) + 1.606 553 066 ⋅ 10−9) (2) 

containing the reciprocal squares which shows that: 𝜖 < 11 244 918 662 = 8.032 653 301 … ⋅ 10−10 (3) 

The author [31] in 2018 has found a mistake in the proof of Paulhus. Grzegorek and 
Januszewski [32] in 2019 filled this gap in the proof of Paulhus. In this paper a new 
estimate for 𝜖 is presented. 

3 Construction 

Theorem 1 

The rectangle of dimensions 0.5 × (2 (π26 − 1) + 1.363 813 307 2 ⋅ 10−9) 

contains the reciprocal squares which shows that 𝜖 <  6.819 066 536 ⋅ 10−10 

From the following construction it comes the proof of the theorem. 
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The square of size 
1𝑖  is referred by (the square) 𝑖. In this paper the width of a 

rectangle will always refer to the shorter side and the length will always refer to the 

longer side of the rectangle. Let 𝑅 be the rectangle of dimensions 
12 ×  2 (π26 − 1) in 

which the squares are packed first. It is assumed, that the width of 𝑅 is horizontal. 
Let l0 = 0.000 019 03. Let 𝑅′ be the square of side length 𝑙0. 

Let 𝐴 = 1 622 971 324, 𝐵 = 1 648 721 271, 𝐶 = 2 675 827 341, 𝐷 =2 718 281 828, 𝐸 = 2 761 408 695. The numbers 𝐴, 𝐵, 𝐶, 𝐷 and 𝐸 comes from 
[26]. Let 𝑛0 = 𝐸 + 1, 𝑛𝑖 = ⌊𝑛𝑖−1(1 + 𝑙0)⌋ for 𝑖 ≥  1 where ⌊. ⌋ is the floor function 
and 𝑛18′ = 2 762 386 911. Observe the squares from 𝑛𝑖−1 to 𝑛𝑖 − 1 fit in a row of 𝑅′. Let 𝐴1 = 1 016 225 800, 𝐴2 = 1 000 000 440, 𝐶′ = 2 633 103 139 and 𝐶0 = 2 674 879 766, …, 𝐶18 = 2 675 796 170 so that ∑ 1𝑖𝐶𝑗+1−1𝑖=𝐶𝑗 < 𝑙0 ≤ ∑ 1𝑖𝐶𝑗+1𝑖=𝐶𝑗   for j = 0, … ,18 (4) 

The numbers 𝐶1, … , 𝐶18 are calculated with the help of Octave and Lemma 1. 

Lemma 1. The following is true: 

 (5) 

where 𝑛 and 𝑚 are positive integers and 𝑛 ≠ 1 

Proof of Lemma 1. After using the lower and upper sums of the function 𝑥 ↦ 1𝑥 the estimates are trivial. 

By Lemma 1, it is true: 

 (6) 

 

The numerical estimations based on the Lemma 1. The following two short Octave 
retval functions help the calculations: 

function retval = distU (k,v) 

  retval = log(v/(k-1)); 

endfunction 

function retval = distL (k,v) 

  retval = log((v+1)/k); 

endfunction. 

ln 𝑛 + 𝑚 + 1𝑛 < 1𝑛 + ⋯ + 1𝑛 + 𝑚 < ln 𝑛 + 𝑚𝑛 − 1  

1𝑛 + ⋯ + 1𝑛 + 𝑚 ≈ ln 𝑛 + 𝑚 + 1𝑛 + ln 𝑛 + 𝑚𝑛 − 12  
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By Lemma 1, the function distL(k,v) returns an lower bound of the sum 
1𝑘 + ⋯ + 1𝑣 

and the function distU(k,v) returns an upper bound of the sum 
1𝑘 + ⋯ + 1𝑣. 

The following is used: 

Lemma 2. The squares 𝐶0, 𝐶0 + 1, …, 𝐶, 𝑛18′ ,  𝑛18′ + 1, …, 𝑛100001 − 1, 𝑛100 251, 𝑛100 251 + 1, … can be packed in 𝑅′. 
Proof of Lemma 2. The squares from 𝐶0 to 𝐶 are packed in rows of length no 
greater than 𝑙0 in the square 𝑅′. 
If 1 ≤  𝑖 ≤ 18, then in the 𝑖th row the squares go from 𝐶𝑖−1 to 𝐶𝑖 − 1 (Figure 1). 
Observe, the squares from 𝐶𝑖−1 to 𝐶𝑖−1 fit in the 𝑖th row. 

 

Figure 1 

The 𝑖th row in 𝑅′ (1 ≤  𝑖 ≤ 19) 

By Lemma 1 and Octave, in the 19th row the squares go from 𝐶18 to 𝐶 and from 𝑛18′  to 𝑛19 − 1. If 20 ≤  𝑖 ≤ 100 001, then in the 𝑖th row the squares go from 𝑛𝑖−1 
to 𝑛𝑖 − 1. Observe, the squares from 𝑛𝑖−1 to 𝑛𝑖 − 1 fit in the 𝑖th row. If 100 002 ≤ 𝑖, then in the 𝑖th row the squares go from 𝑛𝑖+249 to 𝑛𝑖+250 − 1 (Figure 2). Observe, 
the squares from 𝑛𝑖+249 to 𝑛𝑖+250 − 1 fit in the 𝑖th row. 
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Figure 2 

The 𝑖th row in 𝑅′ (100 000 ≤  𝑖 ≤ 100 003) 

Now: 

 (7) 

for 𝑖 > 18, Thus: 

∑ 1𝐶𝑖−1 19
𝑖=1 + ∑ 1𝑛𝑖−1 100 001

𝑖=20 + ∑ 1𝑛𝑖+249 ∞
𝑖=100 002  

<  0.000 000 007 101 90 … + ∑ 1𝑛18 (1 + l0 − 1n18)𝑖−19 100 001
𝑖=20   

… + ∑ 1𝑛18 (1 + l0 − 1n18)𝑖+231 ∞
𝑖=100 002  

=  0.000 000 007 101 90 … + 1𝑛18 (1 + l0 − 1n18) ∑ 1(1 + l0 − 1n18)𝑖  99 981
𝑖=0  

𝑛𝑖 = ⌊𝑛𝑖−1(1 + 𝑙0)⌋ > 𝑛𝑖−1 (1 + 𝑙0 − 1𝑛𝑖−1) 

> 𝑛𝑖−2 (1 + 𝑙0 − 1𝑛𝑖−1) (1 + 𝑙0 − 1𝑛𝑖−2) > 𝑛𝑖−2 (1 + 𝑙0 − 1𝑛𝑖−2)2 > ⋯ > 𝑛18 (1 + 𝑙0 − 1𝑛18)𝑖−18
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+ 1𝑛18 (1 + l0 − 1n18)100 233 ∑ 1(1 + l0 − 1n18)𝑖 ∞
𝑖=0  

=  0.000 000 007 101 90 … + 1𝑛18 (1 + l0 − 1n18)
1 − 1(1 + l0 − 1n18)99 982

1 − 11 + l0 − 1n18
 

 (8) 

Octave was used to the numerical calculations. Thus the squares fit in 𝑅′, which is 
the statement of the lemma. 

Proof of Theorem 1. It is assumed that the squares up to 109 are packed in 𝑅 as in 
[26]. By [26], there is a rectangle 𝑅𝐿 of length and width at most 𝑙0, which has no 
common interior point with the squares up to 109. By Lemma 2, it is necessary to 
find a place to pack the squares from 109 + 1 to 𝐶0 − 1, from 𝐶 + 1 to 𝑛18′ − 1 and 
from 𝑛100 001 to 𝑛100 251 − 1. 

Let the squares from 109 + 1 to 𝐶0 − 1 and from 𝐶 + 1 to 𝑛18′ − 1 be packed into 
a rectangle 𝑅𝑁 of length 

12 as in Figure 3. By [26], the squares from 109 + 1 to 𝐵 

and from 𝐶 + 1 to 𝐷 can be arranged as in Figure 3. By Lemma 1, 
1𝐶′ + ⋯ + 1𝐶0−1 <1𝐴 + ⋯ + 1𝐵. 

 

Figure 3 

The squares in 𝑅𝑁 

It is shown that the highest horizontal edge belongs to the square 𝐶′ − 1 thus, the 
width of the rectangle 𝑅_𝑁 is 

1𝐴1 + 1𝐶′−1 =  1.363 813 307 18 … ⋅ 10−9. 

First, it is shown that the highest horizontal edge belongs to the square 𝐶′ − 1 among 
the squares 𝐵 + 1, …, 𝐶′ − 1. The square 𝐶′ − 𝑦 sits on the square 𝐴1 + 𝑥 if the 
relative interior of the bottom side of 𝐶′ − 𝑦 and the relative interior of the upper 
side of 𝐴1 + 𝑥 have a nonempty intersection. Since: 

+ 1𝑛18 (1 + l0 − 1n18)100 233 11 − 11 + l0 − 1n18
< 0.000 019 017 < 𝑙0 
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 (9) 

at most three squares sit on the square 𝐴1 + 𝑥 if 𝑥 is a (small) positive integer. It is 
assumed, that the square 𝐶′ − 𝑦 sits on the square 𝐴1 + 𝑥. Thus 

 (10) 

if 0 < 𝑥 ≤  𝑥1, where 𝑥1 = 350 300 705 (the value of 𝑥1 comes from the Octave). 
By Lemma 1, the square 𝑦1 = 1 958 123 269 sits on the square 𝐴1 + 𝑥1, but 𝑦1 +1 does not sit on 𝐴1 + 𝑥1. Since: 

 (11) 

at most two squares sit on the square 𝐴1 + 𝑥1 + 𝑥 if 𝑥 is a (small) positive integer. 
It is assumed, that the square 𝑦1 − 𝑦 sits on 𝐴1 + 𝑥1 + 𝑥. Thus: 

 (12) 

 (13) 

if 0 < 𝑥 ≤ 𝑥2, where 𝑥2 = 334 746 954 (the value of 𝑥2 comes from the Octave). 
Since 𝐴1 + 𝑥1 + 𝑥2 > 𝐴, the highest horizontal edge belongs to the square 𝐶′ − 1 
among the squares 𝐵 + 1, …, 𝐶′ − 1. 

Similarly: 

 (14) 

if 0 < 𝑥 ≤  𝐴2 − 𝐴1 − 1  

and 

1𝐴11𝐶 ′ − 1 = 2.5 … 

1𝐴1 + 1𝐶′ − 1 > 1𝐴1 + 𝑥 + 1𝐶′ − 1 − 3𝑥 ≥ 1𝐴1 + 𝑥 1𝐶′ − 𝑦 

1𝐴1 + 𝑥1𝑦1 = 1.4 … 

1𝐴1 + 1𝐶′ − 1 > 1𝐴1 + 𝑥1 + 𝑥 + 1𝑦1 − 2𝑥 

≥ 1𝐴1 + 𝑥1 + 𝑥 + 1𝑦1 − 𝑦 

1𝐴2 + 1𝑛18′ − 1 > 1𝐴2 + 𝑥 + 1𝑛18′ − 1 − 3𝑥 
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 (15) 

if 0 < 𝑥 ≤  𝐶0 − 𝐶′ − 2 

The candidates of the width of the rectangle 𝑅𝑁 are 1𝐴2 + 1𝑛18′ − 1 = 1.362 005 3 … ⋅ 10−9 1𝐴1 + 1𝐶′ − 1 = 1.363 813 307 19 … ⋅ 10−9 

 (16) 

Thus the width of the rectangle 𝑅𝑁 is 
1𝐴1 + 1𝐶′−1 = 1.363 813 307 19 … ⋅ 10−9 

It is necessary to find a place to pack the squares 𝑛100 001 to 𝑛100 251 − 1. 

Let: 

 (17) 

Now: 

 (18) 

for 𝑖 = 100 001, … ,100 250 and let: 

 (19) 

The square 𝑦𝑛 = 1 656 583 751 sits on the square 𝑥𝑛 = 1 615 268 375. (Observe, 𝑦𝑛 − 1 does not sit on 𝑥𝑛.) Thus: 

 (20) 

1𝐶′ + 1𝐷′ − 1 > 1𝐶′ + 𝑥 + 1𝐷 − 2𝑥 

1𝐴 + 1𝐶′  + 1𝐷 − 1 = 1.363 813 307 18 … ⋅ 10−9 

𝑏1 = 1𝑛18 (1 + 𝑙0 − 1𝑛18)99 983  = 5.400 354 04 … ⋅  10−11 

1𝑛𝑖 ≤ 1𝑛100 001 < 1𝑛18 (1 + 𝑙0 − 1𝑛18)99 983 = 𝑏1 

𝑏2 = 1𝑛100 001 + 1𝑛100 001 + 1 + ⋯ + 1𝑛100 251 − 1 < 250 ⋅  𝑙0 

∑ 1𝑖  yn−1
i=B+1 < 250 ⋅  l0 < ∑ 1𝑖  yn

i=B+1  
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and 

 (21) 

Let: 

 (22) 

Since the highest horizontal edge belongs to the square 𝑦𝑛 among the squares 𝐵 +1, …, 𝑦𝑛, there is a rectangle 𝑅𝑓 of dimensions 250 ⋅ 𝑙0 × ℎ which has no common 
interior point with the squares up to 𝑛18′ − 1. Since 𝑏1 < ℎ and 𝑏2 < 250 ⋅ 𝑙0, the 
squares from 𝑛100 001 to 𝑛100 251 − 1 fit in 𝑅𝑓. 

Thus the reciprocal squares are contained in a rectangle of dimensions 

 (23) 

which shows that 𝜖 ≤  6.819 066 535 97 … ⋅ 10−10 

Conclusions 

From the above proof, it should be recognised, that performing difficult calculations 
with the help of computers and/or suitable programs, can be an easy task. Without 
a computer, the calculations on a piece of paper, indeed, take a very long time. 

Calculations with Octave and the two short retval functions, is an easy task. The 
numbers 𝐴, 𝐵, 𝐶, 𝐷 and 𝐸 come from [26]. The numbers 𝐴1, 𝐴2, 𝐶′, 𝐶0, 𝐶1, … , 𝐶18 
and the width of the rectangle 𝑅_𝑁 are calculated with the help of Octave. By 
Lemma 1, the control of round-off errors is achieved. 

The packing question in this paper, for 𝜖, was asked back in 1968, and the question 
is still open. In the papers [26] [27] [29] [30] improved estimates for the value of 𝜖 
can be found, but these estimates were not final, as you can see by the evidence of 
this paper. This short work should inspire authors to closely examine long standing 
mathematical questions, with the help of a computer. 
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∑ 1𝑖  A−1
i=xn+1 < 250 ⋅  l0 < ∑ 1𝑖  A−1

i=xn  

ℎ = 1𝐴1 + 1𝐶′ − 1 − 1𝑥𝑛  − 1𝑦𝑛 = 1.410 719 974 85 … ⋅ 10−10 

12 × (2 (𝜋26 − 1) + 1.363 813 307 19 … ⋅ 10−9) 
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Abstract: Mathability refers to a branch of cognitive infocommunications that investigates 

any combination of artificial and natural cognitive capabilities relevant to mathematics, 

including a wide spectrum of areas ranging from low-level arithmetic operations to high-

level symbolic reasoning. In connection with investigations related to mathability and to 

applications of computer-assisted methods for studying mathematical problems, in this 

paper, animation of the planar hyperconvex sets of radius r is presented. This animation 

helps us understand some properties of hyperconvex sets and to see the differences between 

convexity and hyperconvexity. 

Keywords: Mathability; Cognitive Infocommunications; Computer Assisted Methods; 

Animation; Convex set; Hyperconves set of raduis r; Spindle convex set; Ball polyhedron 

1 Introduction 

Mathability refers to a branch of cognitive infocommunications that investigates 
any combination of artificial and natural human cognitive capabilities relevant to 
mathematics, including a wide spectrum of areas ranging from low-level arithmetic 
operations to high-level symbolic reasoning. The concept was introduced in the 
paper [1] related to the 4th IEEE International Conference on Cognitive 
Infocommunications (CogInfoCom) in 2013. Mathability refers to devices with 
high mathematical and logical potential and is defined as human mathematical 
ability [8]. Mathability mainly discusses what new assimilation methods are used 
to process information and how people use this ability to build their knowledge 
using problem-solving and experiences as well as high-level mathematics 
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applications [8]. Its educational aspects were investigated, among others, in [5]-
[13], while [14]-[18] papers focus on human cognitive related aspects of 
CogInfoCom and how people can communicate with machines to possess new 
knowledge. Questions related to mathability and to computer-based methods for 
investigations of mathematical problems have been studied by several authors 
during recent years [19]-[23]. Computer-aided solutions of mathematical problems 
were presented in [22], [26] and some of its further general properties were 
described in the papers [2] and [3] and in the book [4]. In this paper, we also would 
like to contribute to these investigations. We present a computer-assisted method 
for a visualization related to the so-called hyperconvex discs of radius 𝑟. 

Although convexity is one of the oldest concepts in geometry, it is used to 
investigate some modern phenomena in mathematics, i.e. this property is used in 
the qualitative theory of differential equations as well [24], [25]. 

The students meet the convexity several times during the education. In this paper, 
the basics of convexity and some generalizations of convexity will be introduced. 
The paper [26] motivated us to write an animation of hyperconvex discs of radius 𝑟. The animation is developed in GeoGebra available at https://www.geogebra.org/. 

The hyperconvexity is a generalisation of convexity. Such kinds of generalisation 
of convexity shoves us the deeper attributes of convexity. The presented animation 
helps us understand some properties of hyperconvex sets and to see the differences 
between convexity and hyperconvexity. 

2 The Convexity 

The n-dimensional Euclidean space is denoted by ℝ𝑛. The notation ∩ means the 
intersection of sets. The points and vectors are identified in a natural way. In this 
paper, 𝑥𝑦 will also denote the length of the segment 𝑥𝑦. 

In this section we write the basic concepts of convexity. 

In the school of geometry, a figure is called convex if it contains all segments if the 
endpoints of the segments lie in the figure. The next definition is the same. 

Definition 2.1. The set 𝐶 is convex if 𝑥, 𝑦 ∈ 𝐶 implies that for any 𝜆 ∈ [0,1] we 
have 𝜆𝑥 + (1 − 𝜆)𝑦 ∈ 𝐶. (1) 

Definition 2.2. The set 𝑁 is non-convex if it is not convex, i.e. there are at least two 
points 𝑥, 𝑦 ∈ 𝑁, and a 𝜆 number (𝜆 ∈ [0,1]) such that 𝜆𝑥 + (1 − 𝜆)𝑦 ∉ 𝑁. (2) 

https://www.geogebra.org/
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Example 2.1. In Figure 1 we can see a convex set (left) and a non-convex set (right). 
Indeed, the right set is not convex, the midpoint 𝑚 of the segment 𝑝𝑞 does not lie 
in the set. 

 

Figure 1 
A convex set (left) and a non-convex set (right) 

Example 2.2. The empty set is convex. The straight line segment is convex.            
The whole plane is convex. 

The convex combination of the two points 𝑥 and 𝑦 is the set 𝜆𝑥 + (1 − 𝜆)𝑦 for all 𝜆 ∈ [0,1] which is the straight line segment connecting the points 𝑥 and 𝑦.              
The convex combination of finitely many points is the following. 

Definition 2.3. The convex combination of the points 𝑥1, … , 𝑥𝑘 ∈ ℝ𝑛 is the linear 
combination 𝜆1𝑥1 +⋯+ 𝜆𝑘𝑥𝑘 (3) 

for 𝜆1 ≥ 0,… , 𝜆𝑘 ≥ 0  and 𝜆1 +⋯+ 𝜆𝑘 = 1. (4) 

Example 2.3. The set of all convex combinations of two different points is a straight 
line segment. The set of all convex combinations of three non-collinear points is a 
triangle. 

Remark 2.1. The set 𝐶 is convex if and only if all the convex combinations of the 
points 𝑥1, … , 𝑥𝑘 ∈ ℝ𝑛 lie in the set 𝐶. 

Theorem 2.1. The intersection of convex sets is convex. 

This implies the next definition. 

Definition 2.4. The convex hull of the set 𝑆 ∈ ℝ𝑛 is the intersection of all convex 
sets containing 𝑆. 

Remark 2.2. The convex hull of a set is convex. 

Example 2.4. The convex hull of a convex set 𝐶 is 𝐶. 
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Example 2.5. The convex hull of three different non-collinear points 𝑥1, 𝑥2, 𝑥3 is 
the triangle of vertices 𝑥1, 𝑥2, 𝑥3. 

Definition 2.5. The Minkowski sum of the sets 𝑆1, 𝑆2 ∈ ℝ𝑛 is the set {𝑠1 + 𝑠2: 𝑠1 ∈ 𝑆1, 𝑠2 ∈ 𝑆2}. (5) 

Notation: 𝑆1 + 𝑆2. 

Example 2.6. The Minkowski sum of two non-parallel segments is a parallelogram. 

Theorem 2.2. Let 𝐶1 and 𝐶2 be two convex sets in 𝑅𝑛. The translation 𝐶1 + 𝑝 is 
convex. The scaling 𝛼𝐶1 is convex. The orthogonal projection of the set 𝐶1 is 
convex. The Minkowski sum 𝐶1 + 𝐶2 is convex. 

3 Some Generalizations of Convexity 

3.1 The m-convexity 

Toader [27] introduced the m-convexity in the following way. 

Definition 3.1.1. Let 𝑚 ∈ [0,1] be a fixed number. The set 𝐶 ∈ 𝑅𝑛 is m-convex if 𝑡𝑥 + 𝑚(1 − 𝑡)𝑦 ∈ 𝐶 (6) 

for all elements 𝑥, 𝑦 ∈ 𝐶 and for each 𝑡 ∈ [0,1]. 
Example 3.1.1. If 𝑚 = 1, then the definitions convex and m-convex are the same. 

It is a consequence of the definition, that if 𝑚 ≠ 1, then it is necessary to consider 
the origin as well. 

Example 3.1.2. If 𝑚 = 0.5, then the m-convex set containing the points 𝑥 and 𝑦 
contains the point 

𝑚𝑚+1 (𝑥 + 𝑦) as well (see, e.g. [26]) 
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Figure 2 
The line connecting the points 𝑥 and 𝑦 in an m-convex set 

Definition 3.1.2. The m-convex combination of the points 𝑥1, … , 𝑥𝑘 ∈ ℝ𝑛 is the 
linear combination 𝜆1𝑥1 +𝑚(𝜆2𝑥2 +⋯+ 𝜆𝑘𝑥𝑘) (7) 

for 𝜆1 ≥ 0,… , 𝜆𝑘 ≥ 0  and 0 < 𝜆1 +⋯+ 𝜆𝑘 ≤ 1. (8) 

Definition 3.1.3. The m-convex hull of the set 𝑆 ∈ ℝ𝑛 is the intersection of all         
m-convex sets containing 𝑆. 

Theorem 3.1.1 [28] The set 𝑆 is m-convex if and only if 𝑆 is the set of all m-convex 
combinations of points lying in 𝑆. 

Theorem 3.1.2 [28] The m-convex hull of the set 𝑆 is the set of all m-convex 
combinations of points lying in 𝑆. 

Theorem 3.1.3 [28] Let 𝑆 be a set containing the origin 𝑜. The set 𝑆 is m-convex if 

and only if for all 𝑥, 𝑦 ∈ 𝑆 the set 𝑐𝑜𝑛𝑣 (𝑜, 𝑥, 𝑚𝑚+1 (𝑥 + 𝑦)) − {𝑜} is contained in 𝑆. 

Example 3.1.3. The m-convex hull of the two different points 𝑥, 𝑦 and the origin 𝑜 
is the (degenerate) quadrangle 𝑜𝑥 𝑚𝑚+1 (𝑥 + 𝑦)𝑦 (Figure 2). 

In [21] and [25] we can find an animation of m-convex hull of finitely many points 
if m is varied. This paper motivated us to produce a similar animation for 
hyperconvex sets of radius 𝑟. 
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3.2 The Hyperconvex Sets of Radius 𝒓 

Definition 3.2.1. The n-dimensional ball (or shortly n-ball) of radius 𝑟 and center 𝑐 in 𝑅𝑛, denoted by 𝐵(𝑟, 𝑐), is {𝑥 ∈ 𝑅𝑛: 𝑥𝑐 ≤ 𝑟}. If 𝑛 = 2, then the ball is called 
disc. 

Definition 3.2.2. The n-dimensional sphere (or shortly n-sphere) of radius 𝑟 and 
center 𝑐 in 𝑅𝑛 is {𝑥 ∈ 𝑅𝑛: 𝑥𝑐 = 𝑟}. If 𝑛 = 2, then the sphere is called circle. 

Definition 3.2.3. Let 𝑥, 𝑦 ∈ 𝑅𝑛. If 𝑥𝑦 < 2𝑟, then the spindle of radius 𝑟 (or shortly 
spindle) of 𝑥 and 𝑦 is defined as the union of circular arcs with endpoints 𝑥 and 𝑦 
that are of radii at least 𝑟 and shorter than a semicircle of radius 𝑟. If 𝑥𝑦 = 2𝑟, then 
the spindle of 𝑥 and 𝑦 is defined as the disc of radius r and center (𝑥 + 𝑦)/2.              
If 𝑥𝑦 > 2𝑟, then the spindle of 𝑥 and 𝑦 is defined as ∅. 

Remark 3.2.1. The spindle of 𝑥 and 𝑦 is the intersection of the balls of radii  𝑟 and 
containing 𝑥 and 𝑦. 

Example 3.2.1. In Figure 3 can be found a spindle of radius 1 of 𝑥 and 𝑦 on the 
plane if 𝑥𝑦 < 2. 

 

Figure 3 
The spindle of 𝑥 and 𝑦 

Definition 3.2.4. Let 𝐶 be the set such that the diameter of 𝐶 is less than or equal to 2𝑟. The set 𝐶 is spindle convex (of radius 𝑟) if 𝑥, 𝑦 ∈ 𝐶 implies that the spindle of 𝑥 and 𝑦 is a subset of 𝐶. 

Definition 3.2.5. The circumradius, denoted by 𝑐𝑟(𝐶) of a bounded set C in 𝑅𝑛 is 
defined as the radius of the unique smallest ball that contains 𝐶. If 𝐶 is unbounded, 
then 𝑐𝑟(𝐶) = ∞. 
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Definition 3.2.6. A set 𝐶 in 𝑅𝑛 is hyperconvex of radius 𝑟 (or shortly hyperconvex) 
if is the intersection of n-balls of radius 𝑟. 

Remark 3.2.2. Observe if we consider half-spaces as balls of infinite radius, then 
the hyperconvexity of radius 𝑟 and (linear) convexity are the same. 

Definition 3.2.7. Let 𝐶 be a finite set in 𝑅𝑛 such that 𝑐𝑟(𝐶) ≤ 𝑟. The ball-

polyhedron of radius 𝑟 (or shortly ball-polyhedron) (generated by 𝐶) is the 
intersection of the balls for radii 𝑟 and centers of points in 𝐶.  If 𝑛 = 2, then a ball-
polyhedron is called a disk-polygon. 

Observe the ball-polyhedron of radius 𝑟 generated by 𝐶 is 𝑃 = ⋂ 𝐵(𝑟, 𝑐)𝑐∈𝐶 . (9) 

First Mayer [29] considered ball-polyhedra in 1935 and called this property 
“überkonvex”. Mayer’s paper inspired several researchers in the first half of the 20th 
Century e.g. [30]-[36]. 1980’s we can find this property as 𝑟-convex or spindle 
convex of hyperconvex of radius 𝑟 see, e.g. [37]-[47]. 

Definition 3.2.8. If a ball 𝐵 contains a set 𝐶 in 𝑅𝑛 and a point 𝑥 lies on the boundary 
of 𝐵 and the boundary of 𝐶 at the same time, then 𝐵 supports 𝐶 at 𝑥. 

Theorem 3.2.1. Let 𝐶 be a closed convex set in 𝑅𝑛 such that 𝑐𝑟(𝐶) ≤ 𝑟.                   
The following are equivalent. 

1) The set 𝐶 is spindle convex of radius 𝑟. 

2) The set 𝐶 is the intersection of unit balls of radius 𝑟 containing 𝐶. 

3) For every boundary point of 𝐶, there is a ball of radius 𝑟 that supports 𝐶 at 
that point. 

Definition 3.2.9. The hyperconvex hull of radius 𝑟 of the set 𝑆 ∈ ℝ𝑛 is the 
intersection of all hyperconvex sets of radius 𝑟 containing 𝑆. 

4 The Description of Animation 

We use the dynamic free software GeoGebra, which can be downloaded from 
https://www.geogebra.org/. 

To have a GeoGebra file, which can be easily modified, we use scripts under 
buttons. 

The first GeoGebra script under button1 in On Click is the input of points, a list 
which consists of the points, the default value of  𝑟, and a text. In this special case, 
we use six points. 

https://www.geogebra.org/
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1 P1=(20,5); P2=(13,6.5); P3=(17,13); P4=(12,16); P5=(7,17); P6=(0.5,7) 

2 L={P1,P2,P3,P4,P5,P6} 

3 r=1 

4 text1= "The diameter is larger than 2r." 

The JavaScript under button2 in On Click is the drawing of the hyperconvex set of 
radius 𝑟 generated by the points in the list L. The code is the following. 

1 D=ggbApplet.getValue("length(L)"); 

2 ggbApplet.evalCommand("LSegm_{0}={}"); k=1;  

3 for(var i =1;i<D+1;i++) for(var j=i+1;j<D+1;j++) { 

4 ggbApplet.evalCommand("LSegm_{"+k+"}=Append(LSegm_{"+(k-

1)+"},Segment(L("+i+"),L("+j+")))"); 

5 k=k+1; } 

6 ggbApplet.evalCommand("Diam=Max(LSegm_{"+(k-1)+"})"); 

7 ggbApplet.evalCommand("Conv=ConvexHull(L)"); 

8 ggbApplet.evalCommand("ShowLabel(Conv,False)"); 

9 for(var i =1;i<D+1;i++) { 

10 ggbApplet.evalCommand("C_{"+i+"}=Circle[L("+i+"),r]"); 

11 ggbApplet.evalCommand("SetVisibleInView(C_{"+i+"},1,False)"); } 

12 for(var i =1;i<D+1;i++) for(var j =i+1;j<D+1;j++) { 

13 ggbApplet.evalCommand("Center_{"+i+","+j+",1}=Intersect[C_{"+i+"}, C_{"+j+"},1]"); 

14 ggbApplet.evalCommand("SetVisibleInView(Center_{"+i+","+j+",1},1, False)"); 

15 ggbApplet.evalCommand("Center_{"+i+","+j+",2}=Intersect[C_{"+i+"}, C_{"+j+"},2]"); 

16 ggbApplet.evalCommand("SetVisibleInView(Center_{"+i+","+j+",2},1, False)"); 

17 ggbApplet.evalCommand("ineq_{"+i+","+j+",1}=(x-x(Center_{"+i+","+j+",1}))^2+(y-

y(Center_{"+i+","+j+",1}))^2-r^2<=0"); 

18 ggbApplet.evalCommand("SetVisibleInView(ineq_{"+i+","+j+",1},1, False)"); 

19 ggbApplet.evalCommand("ineq_{"+i+","+j+",2}=(x-x(Center_{"+i+","+j+",2}))^2+(y-

y(Center_{"+i+","+j+",2}))^2-r^2<=0"); 

20 ggbApplet.evalCommand("SetVisibleInView(ineq_{"+i+","+j+",2},1, False)"); 

21 ggbApplet.evalCommand("ineq_{"+i+","+j+"}=ineq_{"+i+","+j+",1}&& 

ineq_{"+i+","+j+",2}"); 

22 ggbApplet.evalCommand("SetLineThickness(ineq_{"+i+","+j+"},0)"); 

23 ggbApplet.evalCommand('SetColor(ineq_{'+i+','+j+'},"#000000")'); 

24 ggbApplet.evalCommand("ShowLabel(ineq_{"+i+","+j+"},False)"); 

25 ggbApplet.evalCommand("Delete(eq1)"); 

26 ggbApplet.evalCommand("Delete(eq2)"); }; 

27 ggbApplet.evalCommand("If(Diam>2*r,SetVisibleInView(text1,1, 

True),SetVisibleInView(text1,1,False))"); 

This is a rough algorithm. Our aim was visualization and not effectiveness. The first 
line adds the value of the length of the list L to the JavaScript code. Lines 2-6 
determine the diameter of the point set lying in the list L. Since GeoGebra is a 
dynamic language the modification of the points lying in L implies the modification 
of the diameter calculated by this code in real-time. Lines 7-8 produce the convex 
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hull of the point set lying in the list L. Lines 9-26 define the spindles of the pairs of 
points in the list L. Line 27 hides the text text1 if the diameter of L is less than or 
equal to 2r. The result is the hyperconvex hull of radius 𝑟 generated by the points 
in L. If we let show the object 𝑟 as a slide between 0.01 and 5, then we can vary the 
radius 𝑟 in the hyperconvex set. If we switch on the animation of 𝑟, then in Figures 
4 and 5 we can see a selection of six stages of the hyperconvex hull of radius 𝑟 of 
the list of points given for the values 𝑟 = 1, 1.2, 1.4, 1.6, 1.8 and 5. 

 

Figure 4 

Some stages from the animation 

Conclusion 

The results presented here are connected to the investigations of mathability (cf. [1] 
and [4].) Nowadays hyperconvexity is a popular generalisation of convexity in the 
literature of discrete and convex geometry (see e.g. [43]). 

Convexity is a wide range applicable concept in mathematics. The first step 
considering hyperconvex sets is drawing such a set on a piece of paper.                    
This dynamic animation enables us to draw this figure. In order to imagine a 
hyperconvex set in higher dimensions we have to understand the planar case.      



A. Joós et al. Convexity and Mathability 

‒ 72 ‒ 

Since a generalization of convexity can be challenging to imagine or understand, it 
is important to visualize hyperconvexity. We can find serious theorems in the 
literature considering the difference between linear convexity and a generalization 
of convexity. If we use such simple animations, then we can make conjecture about 
new theorems and about the difference between the two kinds of convexity easier. 

The presented method inspires us to visualize geometric properties of point sets in 
GeoGebra. GeoGebra supports the script commands as we can see in this paper.      
It could be a different opportunity to create a new tool in GepGebra to visualize the 
hyperconvex hull of a finite point set. 
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Abstract: In the teaching/training of programmers, the development of mathematical skills 

is given as much priority as that of IT skills. A complex IT problem solution is inconceivable 

without adequate mathematical background knowledge. In our research, we would like to 

show this connection through the analysis of programming tasks, for which we use the 

automatic solution evaluation system developed by the Faculty of Informatics of the 

University of Debrecen almost a decade ago and the data accumulated during its use.           

We examine the effectiveness of users in solving programming tasks that require 

mathematical and IT knowledge, compare performance in different programming languages, 

and look for topics where improvement is needed. The results show that, contrary to our 

expectations, students perform better on tasks that require both mathematics and informatics 

skills. 

Keywords: ProgCont system; automated evaluation; programming; mathability; computer 

problem solving 

1 Introduction 

At the Faculty of Informatics of the University of Debrecen, teaching mathematics 
and informatics subjects goes hand in hand with the various IT majors (Computer 
Science, Computer Science Engineering, Business Informatics). Knowledge in the 
relevant fields of both disciplines is essential for the successful completion of these 
majors. The two disciplines are also often intertwined within subjects. Subjects 
aimed at acquiring programming skills, from subjects introducing algorithmic 
thinking to subjects describing high-level programming languages, are no exception 
in this respect [12], [20]. In teaching different programming languages, program 
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writing tasks are typically used to measure students’ knowledge. In the case of these 
tasks, both mathematical and IT knowledge are required, albeit to a different extent, 
depending on the type of the task. In our research, we would like to understand the 
relationships and differences between these types of tasks by examining the 
effectiveness of our students in solving tasks [11], [19]. 

One of the basic goals of the ProgCont system developed at the University of 
Debrecen, Faculty of Informatics since 2011, is to develop students’ mathematical 
and IT skills and to promote students’ learning and practice. The system primarily 
assists in the teaching of programming languages by testing and evaluating 
programs submitted in different programming languages [13]-[17]. 

Based on nearly a decade of experience and use, we can say that such a system and 
tool has been developed that also improves students’ mathability skills [4]-[10], 
[18]. The concept of mathability [2] was born under Cognitive Infocommunications 
[1], [3]. 

In this article, we compare student performance measured on tasks requiring 
mathematics and informatics skills over seven years. In our research, we use three 
hypotheses to look for correlations between these abilities. 

2 Research 

2.1 The ProgCont System 

The ProgCont system has been developed and used by the Faculty of Informatics 
from 2011 to the present day for automatic evaluation of programming tasks [13]-
[17]. The software is very similar to the Moodle CodeRunner plugin. It compiles, 
runs, and checks solutions for programming tasks submitted in various source 
languages (C, C++, C#, Java, Pascal, Python), comparing their output with the 
expected correct output. 

The system was developed primarily for programming competitions to objectively 
evaluate competition tasks. However, it soon became clear that it could also be used 
in examinations and preparing for examinations. Over the last decade, the system 
has been growing steadily. More and more different tasks have been formulated, 
and it has become possible to support more and more programming languages.       
Up to now 45 competition problem sets, 241 examination problem sets, 11 practice 
problem sets are available in the system with a total of 1 657 tasks. 

At first glance, the number of practice problem sets may seem remarkably low 
compared to the examination tasks, however, the examination tasks remain 
available for practice after the examination. In addition to the usual programming 
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languages (C, C++, Java, Pascal) in international ACM-style programming 
competitions, support for the C# programming language soon appeared, and the list 
has been recently expanded to include Python. 

Table 1 
Table of all submissions by programming languages until 31/08/2020 

Programming language Submissions Accepted Pass rate 

ANSI C 68 201 19 257 28 % 

C (C99) 118 992 40 925 34 % 

C++ 9 983 2 752 28 % 

C# 19 892 8 703 44 % 

Java 58 258 22 237 38 % 

Pascal 1 366 150 11 % 

Python 418 99 24 % 

Total 277 110 94 123 34 % 

Due to the diverse nature of the use, the range of users is also very wide: 

‒ high school students preparing for, or participating in, competitions; 

‒ participants of extracurricular activities for high school students organized 
by our faculty; 

‒ IT students of our faculty preparing for, or participating in, competitions; 

‒ students preparing for and taking examinations in, certain subjects. 

The ProgCont system has been developed primarily based on non-pedagogical 
aspects, but at the same time it is playing an increasingly important role in 
supporting education, and in the last 10 years so much data has been collected that 
should be analysed with pedagogical methods. 

2.2 Hypotheses 

The present research aims to use the database, which has been growing for almost 
a decade, to examine and compare the IT and mathematical skills of the widest 
possible range of users and the possible connection between them. The following 
hypotheses were defined: 

Hypothesis 1: Users of our system perform better in solving tasks that require only 

IT skills than those where both IT and mathematical competencies are required. 

Hypothesis 2: A set of publicly available tasks in the ProgCont system can be 

identified where users perform poorly (we can suggest types of problems where 

more tasks should be set up to improve user performance). 

Hypothesis 3: There exists a relationship between the type of task and the 

programming language chosen for its solution that can be observed among our 

users. 
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2.2.1 SWOT Analysis 

Strengths 

A database is available that contains a significant number of tasks (1 657) and 
objective (automatically performed) evaluation of a large number (277 108) of the 
submitted solutions. 

Weaknesses 

Task solutions cannot be bound to individuals. We have deliberately kept the 
ProgCont system, especially since the release of GDPR, away from storing 
information that requires the processing of personal data. Thus, for example, the 
student whom a solution submitted for evaluation belongs to during an assessment 
is managed by an external system, and thus, no information is available during the 
research. We can only make statements that are generally valid for ProgCont users. 

Opportunities 

The pandemic has given a huge boost to the development of online education and 
has, in the eyes of many, appreciated the potential that resides in our ProgCont 
software. We can certainly hope that the number of users will increase further 
shortly, which will provide an opportunity to expand the present research in the 
future. Therefore, in the analyses examining the hypotheses discussed in this article, 
we have observed that this can be easily repeated in the future. 

Threats 

By adopting the provisions of GDPR, the change in the legal environment has not 
stopped. We often find that some institutions, including our university, transpose 
regulation into their practice in a stricter way. This requires constant adaptation. 

2.2.2 The Research Sample 

To test the hypotheses on as large a sample as possible, we chose tasks that have 
been available for some time and may have been of interest to a wide range of users. 
Therefore, we chose a collection of nearly 100 tasks that had already been collected 
in 2014 in the ProgCont system as the basis for our research Table 2. 

The advantage of the collection is that the tasks are grouped based on 9 topics 
related to informatics or mathematics. As in ProgCont most of the problem sets 
contain previously published problems, we also examined evaluated solutions 
coming from the time before the collection was compiled. Due to all this, we chose 
seven years for the analysis, from 01/12/2012 to 01/12/2019. For all examined tasks, 
at least one solution was received before 01/12/2012, so all tasks were available to 
users during the examined period. 

Since the aim is to compare the performance of solving tasks requiring IT and 
mathematical skills, we kept only those 3-3 of the 9 topics for which these skills 
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can be well distinguished. We selected 3 informatics and 3 mathematics topics area 
(Table 2). 

Category of mathematics tasks: 

‒ Number theory (7 tasks) 

‒ Geometry (5 tasks) 

‒ Arithmetic and algebra (12 tasks) 

Category of informatics tasks: 

‒ Simulation (10 tasks) 

‒ String operations (12 tasks) 

‒ Sorting and searching (6 tasks) 

Table 2 

The sample and the categories 

Category Submissions Accepted Pass rate 

Simulation 585 91             16 % 

String operations 1 100 191             17 % 

Sorting and searching 703 167             24 % 

Informatics 2 388 449             19 % 

Number theory 1 553 334             22 % 

Geometry 371 83             22 % 

Arithmetic and algebra 1 505 625             42 % 

Mathematics 3 429 1 042             30 % 

Total 5 817 1 491             26 % 

In order not to distort the results, for example, the examination of tasks requiring 
knowledge of graph algorithms was omitted from the processing, as these included 
tasks that could be classified in both the former and the latter category or were 
difficult to classify. Tasks with a remarkably low number of submitted solutions 
(less than 20) were not processed either. 

In the indicated period, a total of 5 817 submissions were received for the selected 
tasks, and 1 491 of them were correct, which means 26% of the total. 

2.2.3 The Programming Task Categories 

Based on Figure 1, it can be seen that the first hypothesis is not satisfied. There is a 
significant difference between the two groups, so the pass rate is higher for 
mathematics tasks than for informatics tasks (Figure 1 and Figure 2). 
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Figure 1 

The acceptance rate in the two disciplines 

 

Figure 2 

The acceptance rate in the selected categories 

Students may be more confident in their knowledge of mathematics during 
programming learning than in their newly acquired IT skills; that is why 
submissions for tasks classified in the mathematics category are more successful. 
Greater emphasis needs to be placed on improving IT skills. To examine this in 
more detail, it is also worth looking at the distribution of submissions by tasks. 
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2.2.4 Error Distribution of Submitted Source Codes 

The ProgCont system can provide six possible outputs when evaluating 
submissions, which can be used to categorize submissions with errors: 

‒ Compile error: the submitted solution contains a syntax error, so the 
source code cannot be compiled. 

‒ Wrong answer: the submitted solution produced incorrect output. 

‒ Presentation error: the submitted solution produced incorrect output, but 
this differs from the expected output only in whitespace characters. 

‒ Runtime error: An error occurred while running the submitted solution. 

‒ Time out: the submitted solution did not run within the specified time limit. 

In the research, we did not address solutions rejected with the compile error 
message, as these cannot be evaluated. The presentation error feedback has been in 
use since May 2017, before which such errors also resulted in wrong-answer 
feedback. Therefore, in our present research, we have merged the two categories 
and included them under the wrong answer tag. 

 

Figure 3 

Distribution of programming errors in each programming task category 

Figure 3 clearly shows that the most common type of error in submissions is the 
wrong answer in each category. It can also be seen from the figure that our users 
perform significantly worse in the case of tasks classified in the “String operations” 
and “Simulation” categories. Therefore, (confirming Hypothesis 2), it is necessary 
to expand the collection of tasks for these topics. 
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Figure 4 

Distribution of programming errors by tasks in arithmetic and algebra 

 

Figure 5 

Distribution of programming errors by tasks in string operations 

The difference between the typical errors in solving mathematical and IT problems 
is well shown by the comparison of task types “Arithmetic and algebra” and “String 
operations” with 12-12 tasks. The tasks were given in descending order of the 
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number of solutions submitted. The four tasks “Tariff Plan”, “LCD Display”, 
“Hamming Distance”, and “Interpreter” are among the tasks that were omitted from 
the previous processing (less than 20 submissions). These are shown here (Figure 4 
and Figure 5) only for the sake of completeness. 

In addition to the overthrow of the first hypothesis, the number of occurrences of 
different error messages also shows surprising results. We thought that the “Time 
out” type of error would be more typical for mathematical problems. This is because 
a “Time out” error can typically be caused by someone trying to solve the problem 
as a simulation rather than using the appropriate solution formula. In light of this, it 
is quite surprising that this error is much more common for string operations than 
for arithmetic problems. It is difficult to distinguish between a wrong answer and a 
runtime error, for example, mistyping a single index variable in an array reference 
can result in either, depending on the specific case. Although we can conclude that 
the programs that correctly implement an incorrect algorithm fall into the wrong 
answer category. As can be seen from Figure 4 and Figure 5 this is more typical of 
mathematical problems. 

 

Figure 6 

Distribution of programming errors by programming languages in tasks related to Informatics 

Figure 6 and Figure 7 show the distribution of programming errors by the 
programming language in the two categories (informatics and mathematics). There 
were only a few submissions in the Python language (23 out of 5817) therefore we 
do not consider them. The comparison shows that students are more successful in 
solving informatics problems in an object-oriented language, while students are 
more successful in solving mathematics problems in C (Figure 6 and Figure 7). 
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Figure 7 

Distribution of programming errors by programming languages in tasks related to Mathematics 

2.2.5 Distribution by Programming Languages 

The ProgCont system can be used to submit source code for solving tasks in 7 
different programming languages. These were divided into 5 categories: 

‒ C: ANSI C (C89) and C (C99) 

‒ CPP: C++, 

‒ JAVA + CS: C# and Java, 

‒ Pascal, 

‒ Python. 

Figure 5 shows the percentage distribution of submissions by language, and we have 
grouped submissions in Java and C# into one category (since IT also typically refers 
to these languages as one). Because there have been very few solutions in Python, 
we will not consider them in subsequent analyses. One reason for this is that Python 
language support did not exist until October 2016, while at least one programming 
language in the other 4 categories was available throughout the period under 
consideration. 

74% of the submitted solutions were in C language, which correlates with the 
distribution of the programming languages taught in the University, because the 
subjects Introduction to Programming and Programming Languages 1 focus on C 
language, and so the students practice more in this language. 

This is especially important to keep in mind when examining the distribution of the 
preferred programming languages for math problems. Typically, the C language is 



Acta Polytechnica Hungarica Vol. 19, No. 1, 2022 

‒ 87 ‒ 

not what we would recommend for solving mathematical tasks. Yet, it is strongly 
over-represented simply because our students only know this when they encounter 
these tasks. 

 

Figure 8 

Distribution of submissions in different programming language 

Figure 9 shows the distribution of programming languages in each of the two 
categories. The data show that our Hypothesis 3, according to which there is a 
programming language specific to the disciplinary field has been confirmed: C and 
Pascal are more common for mathematical tasks, and an object-oriented language 
(C++, Java, or C#) is more common for IT tasks (Figure 9 and Figure 10). This 
supports a recent decision to make students learn Python as their first language. 

 

Figure 9 

Distribution by programming languages in the two disciplines 
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The subject of our present study is only those tasks that could be solved in any 
programming language. Among our students, those who have already mastered an 
object-oriented language should also be able to program in at least one structured 
programming language. In their case, the choice of programming language may be 
more conscious, however, many students have dealt with these tasks who are not 
yet familiar with an object-oriented language, so it is not worth concluding the 
exceptionally high number of submissions in C. (The ratio of submission numbers 
is only interesting in comparing the two types of tasks.) 

 

Figure 10 

Distribution of submitted solutions by programming languages and task categories 

In the left part of Figure 11, we compare the ratio of submitted solutions (outer ring) 
and accepted submissions (inner ring) for mathematical topics and do the same on 
the right for IT topics. It is clear that in both cases the C programming language 
leads in terms of the number of submissions. It is quite striking that in the case of 
tasks that also require mathematical skills, the acceptance rate of solutions in C 
programming language is remarkably high: 0.3689 (912 out of 2 472). In this 
respect, the IT tasks solved in C++ programming language are in second place with 
only 0.25 (107 out of 428). 
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Figure 11 

The ratio of total and successful submissions by programming language 

Conclusions 

In our article, we performed an analysis of a well-defined group of automatically 
evaluated programming tasks using the ProgCont system of the University of 
Debrecen, looking for the relationship between the performance of tasks requiring 
mathematical and IT knowledge. From the more than 277 000 automatically 
evaluated submitted solutions, we have selected the nearly 6 000 that belonged to 
the properly categorized tasks. We had previously set up 3 hypotheses, which were 
tested. 

We found that, contrary to our expectations, users perform better on tasks that 
require proficiency in both disciplines. Therefore, it seems worthwhile to place 
more emphasis on tasks that require math skills in the teaching of programming, 
which also develops students’ mathability skills [1]-[10], [18]. At the same time, it 
is worth rethinking the choice of the first programming language taught (as is 
currently the case in some of our majors). 

As a result of our research, we have identified those task types (within the examined 
task types) where the performance of the users is weaker. At the same time, we set 
the direction for expanding the set of tasks that form the basis of the research. 

We identified our users’ preferences for the choice of programming language for 
the two large categories of the examined tasks. We have seen that the choice is not 
the best right now. This needs to be corrected during education. 
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Abstract: In spite of the fact that teaching programming is obligatory in Hungarian public 

ICT education, the low number of lessons accompanied by the lack of students’ knowledge 
and interest marginalizes the topic. Research and experience show that even when working 

with experienced teachers, students have a hard time mastering imperative and object-

oriented programming languages. These languages usually approach problem-solving from 

a mathematical perspective, with a minimal design IDE (Integrated Development 

Environment) and output screen. As an alternative solution, schools and courses apply 

various visual programming environments that make it possible to create colorful motivating 

games and animations even in one lesson. In our research, we compared two visual 

programming environments: Scratch (control group), developed for education, and 

Construct 3 (experimental group), developed for game and software development.                  

We conducted measurement of the efficacy of the two environments for teaching 

programming in two grade-8 groups. The students learned the topic by solving traditional 

algorithmic tasks but taking advantage of the visual interfaces. The results, in accordance 

with previous findings, show that in developing the students’ algorithmic skills there is no 
difference between these visual programming languages. Furthermore, we found proof that 

the selected teaching methods play a crucial role in the development of said skills of the 

students. 

Keywords: visual programming; algorithmic skills; Bebras; ICT education; programming 

education; Construct 3; Scratch 
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1 Introduction 

The process of developing students’ computational thinking and algorithmic skills 
is restricted to the programming topic of ICT (Information and Communications 
Technology) education, according to the Hungarian Base Curricula [1] and Frame 
Curricula [2]. The low number of lessons, the ambiguous requirements of the Frame 
Curricula [3], and the outdated programming knowledge of ICT teachers 
marginalize the programming topic. This not only means that programming receives 
much less emphasis on the subject than was originally intended, but in several cases 
the topic is completely ignored or the focus is strictly on the tools, such as Scratch 
and robots instead of programming. 

To teach programming in ICT education, several programming approaches and 
environments are widely accepted. The modern object-oriented languages (for 
example C++, C#, Python and Java) are present, but students can also encounter 
procedural languages which are outdated and are rarely used in the industry (like 
Pascal). Learning programming is difficult and challenging for beginners, 
considering both the problem-solving aspect and the syntactical rules of these high-
level programming languages [3] [5] [6]. To make programming education more 
effective and more easily understandable for students, several educational 
programming languages (EPLs) have been introduced and have become widely 
accepted in the meantime. These languages usually take a different approach to 
create the code compared to text-based languages. [7] [8] [9] [10] [11] [12]. 
However, despite these attempts, students at the end of their secondary education 
do not possess the required level of algorithmic skills even for solving simple 
problems [12]. 

2 Visual Programming 

In visual programming, students use pre-defined graphical language elements to 
construct the code of the program. This process emphasizes the building of 
algorithms without the burden of syntactical rules. The widespread use of this 
programming method in the industry is supported by several programming 
environments and game engines alongside the text-based options [14] [15] [16].  
The visual representation of codes and the rapid developmental experience make 
visual programming languages compelling choices for the educational field, as well 
[17] [18]. 

It is worth noting that the various visual languages are not compatible with each 
other: a code created in one environment cannot be transferred directly to other 
environments. Analyzing the visual programming languages present in education 
and industry, we can define four categories based on their concepts [19] [20]: 

– behavior-based, 
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– event-action based, 

– block-based, 

– node-based. 

2.1 Scratch 

The well-known Scratch, block-based visual programming environment is present 
at all levels of ICT education [11] [21]. It is primarily designed for beginner 
programmers, especially for students who could not imagine themselves as 
programmers before working with Scratch [11]. The environment includes several 
components designed for education (for example the ability to share projects or the 
public availability of project source codes). Despite the fact that students find this 
environment easy to use, several studies have encountered problems in terms of its 
effectiveness. Testing grade-5 students in a primary school, Kalelioglu & Gülbahar 
found that focusing on the spatial-visual aspect of Scratch did not increase problem-
solving skills compared to traditional approaches [22]. Students tend to develop and 
follow bad programming habits while working with Scratch. For example, they 
include all blocks in a program code that might be needed or might be connected to 
the problem, without analyzing the original problem and the tools available. 
Additionally, students tend to over-deconstruct problems without logical coherence 
between the elements [23]. It is also important to emphasize that Scratch does not 
reinitialize variables upon re-executing a project. This leads to bad initialization 
habits and makes knowledge-transfer to further programming environments more 
difficult [24]. 

2.2 Construct 3 

Our research group selected the HTML5 based general-purpose Construct 3 
environment [25] which uses an implementation of the event-action-based and 
behavior-based visual programming approaches. With Construct 3, students can 
create simple 2D games and multimedia web applications quickly and easily. 
Consequently, the environment fulfills all the requirements of teaching fundamental 
programming concepts. 

Construct 3 provides a complete graphical interface for creating projects. The users 
work with objects that are placed on layouts representing how the application will 
look visually on screen. These objects are pre-made elements that cover different 
functionalities of a project (like displaying a sprite or playing a sound).                     
The environment includes various pre-programmed behaviors (for example 
different movement algorithms) which can be attached to objects. For creating 
custom logic, the users can use event-sheets to build up the visual code connecting 
actions to events referencing the objects. Further details on the workflow of the 
Construct environment are presented in our previous paper [19]. 
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Construct 3 is well-documented, which aids its integration into classes [26] [27] 
[28] [29] [30]. To further support the education processes, the environment provides 
an option, similarly to Scratch, to publicly share students’ work online. The free 
version of the environment can only be used with limitations. However, the 
capabilities of the free version are sufficient to teach programming in elementary 
and secondary ICT education. 

2.3 Helping Materials and Tasks 

Similar to other topics in ICT education [31] [32] [33], programming is also exposed 
to erroneous tasks, algorithms, and source codes that are built up without deeper 
understanding or logic. In general, low-mathability approaches are applied in the 
teaching-learning process, where the focus is on the tools instead of the problem 
[34]. 

Even the environments designed for educational contexts are burdened with such 
tasks. Figure 1 presents the source code of a Scratch task [34] which writes out the 
numbers divisible by five in the range of 100-150. The source code is based on 
several unusual solutions: for no apparent reason, the program only runs when the 
user presses the “o” character, and it uses an infinite loop (forever command) to 
write out the numbers which is only stopped by a separate if statement. This could 
be interpreted as a do-while loop; however, the task description in [34] includes no 
information on this knowledge item whatsoever. 

 

Figure 1 

An example task in the Scratch environment for writing outnumbers divisible by five in the range 100‒
150 [34] (left) The modified version of the original source code (right) (The source codes are the 

English translation of the original Hungarian version) 

We selected this task to highlight the erroneous problem-solving strategies present 
in ICT education. Note that the task presented and the errors included in it do not 
represent the whole world of ICT, as one can find educational materials and tasks 
of outstanding quality, just as there are ICT teachers who are accurate and 
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professional (expert teachers) Error! Reference source not found. [36]. In 
general, we can conclude that it is time to rethink, correct, and transform ineffective 
practices, and that this is in the interest of all parties involved in education. 

2.4 Our Goals 

In this paper, we present an analysis of the effectiveness of the Scratch and 
Construct 3 environments’ development of students’ algorithmic skills. Our goal 
was to examine how different visual programming approaches affect the 
development of said skills by solving tasks with methods that focus on problem-
solving – high mathability [38] – instead of on the graphical interfaces and visual 
capabilities of the environments – low mathability [34] [38] [39] [41]. 

3 Applied Methods, Tools, and Strategies 

3.1 Research Environment 

We analyzed the effectiveness of the methods used in programming education in 
two grade-8 groups in a local high school (experimental and control groups).          
The students took part in the 6-year training program of the school and during their 
previous education, they had not encountered the programming topic. Both groups 
progressed and learned the knowledge items at the same pace. The experimental 
group used Construct 3, while the control group learned with the Scratch 
environment. During the teaching period, we aimed to minimalize the differences 
between the two environments by developing customized tasks. Therefore, both 
groups followed the same schedule and worked on the same tasks optimized for 
their environment. The experimental group studied the topic for 18 lessons, while 
the control group for 17 lessons, one lesson per week. 

3.2 Applied Methods 

The main roles of the first tasks were that the students could finish simple projects 
and get feedback on their work, and additionally, learn the fundamentals of creating 
projects in their environment. After the groups grasped the essence of the interface, 
and it did not hinder the real problem-solving process, the complexity of the tasks 
was increased. 

To solve the tasks, the students were guided by the coaching method [42], based on 
Pólya’s [42] concept-based problem-solving approach: 

1) Presenting the task. 
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2) Understanding the problem: Analyzing the complete task and 
decomposing it into subtasks. 

3) Setting the goal of the subtasks. Highlighting the input and output values 
of the subtasks. 

4) Building the algorithm. 

5) Precoding in natural language: While following the structure of the visual 
programming language, phrasing the conditions and statements required to 
code. 

6) Coding. 

7) Testing: Running the code and discussing the outputs. 

8) Debugging and correcting the errors. 

9) Combining the subtasks: debugging, discussion, abstraction. 

Note, that designing tasks for visual programming environments involves additional 
factors that teachers must take into consideration. Besides the creation of the project 
and the algorithms included in it, the visual design of the project also plays an 
important role in the success of each task. During our work, besides minimalizing 
the differences originating from the two environments, we also focused on avoiding 
error prone approaches). The teaching of both the experimental and control groups 
was carried out by the same teacher from our research group. 

The problems, the students worked on were presented in visually engaging smaller 
projects. At the beginning of these projects, the teacher presented the complete work 
and started a discussion following the aforementioned approach. The projects were 
then decomposed into smaller subtasks which the groups analyzed further, before 
starting the development process. For example, in one of the projects the groups 
created a game with randomly appearing targets and a sling that could shoot 
projectiles. The students analyzed the problem both from the point of the required 
objects and assets and from the point of the algorithms behind the behavior of these 
elements. During the teaching period, the following projects were created: 

– crossing the street (simple movement, collision detection, handling 
variables, outputting text referencing variables, and random number 
generation), 

– target practice (handling user input, creating advanced logic), 

– UFO attack (exercise task). 

3.3 Data Collection 

We collected data in pre- and post-tests, using paper-based test sheets. The pre-test 
was carried out before the first programming lesson to avoid affecting the prior 
knowledge of the students. The post-test was administered during the lesson 
following the last programming class. 
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Table 1 

The number of students in the experimental and control groups 

 experimental group control group 

number of students 14 14 

pre-test 10 13 

post-test 12 13 

paired tests 7 12 

   

Based on the Frame Curricula and the local curricula of the school, the 
programming topic only appears in grade-8 and grade-10 classes. In the school year 
of the measurement, only one grade-8 class was enrolled, and the class was divided 
into two groups. 

The low number of students in both groups made it possible to ensure a similar 
progression in the topic (Table 1). The fluctuation in the number of students 
(especially considering the paired tests in the experimental group) can be explained 
by the students’ absences and various school activities. 

3.4 Tests 

To measure the algorithmic skills of the students, we composed a test that relies on 
Bebras tasks [44] [45], making it independent of the programming environment.  
We analyzed and selected the Bebras tasks we included to make them cover several 
aspects of the algorithmic skills, requiring differing thinking processes and 
strategies to solve. The selected tasks were not focused directly on the knowledge 
items present in the problems solved. Instead, our goal was to measure the 
algorithmic and problem-solving skills developed during the teaching-learning 
period. It is important to note that we found differences between the original tasks 
[46] and the Hungarian versions we used [44]. However, these differences are 
minimal and have no effect on the skills measured. We changed several multiple-
choice tasks to open-answer tasks so that students did not have predefined options 
from which they could select one randomly if they could not solve the problem. 
Following these conditions, the testing process included these altered tasks 
(Appendix, section 0). 

3.5 Analyzing the Data 

To store the data collected with the tests, we created a database where the tasks were 
decomposed into items. Due to the particularities of the tasks, the student answers 
were on a narrow scale as several tasks required a character or number as the answer, 
despite the open questions. Therefore, the decomposition of the students’ answers 
into items was limited. 
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Figure 2 

The popularity task (2015-CA-01) [45] [46] 

During the analysis of the data, we stored additional information on the students’ 
answers where the tasks justified it. The popularity task is an example of this, where 
a frequently chosen answer was the character who seemingly has the most 
connections (Figure 2). 

In this case, we not only marked the answer incorrect but grouped it into a separate 
category to make it possible to observe the differences in how students applied fast-
thinking [47]. Similarly, in the spherical robot task (Figure 3), we also separated 
those answers which guided the ball into the goal with unnecessary instructions 
from those that completed the task perfectly. 

 

Figure 3 

The spherical robot task (2016-JP-03) [44] [46] 
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4 Analyzing the Effectiveness of Programming Tools 

Table 1 

The results (%) of the pre- and post-tests in the experimental (exp.) and control groups by task, along 

with the p-values of the differences between the groups 

Tasks 
Pre-test 

p 
Post-test 

p 
exp. control exp. control 

rotating puzzle 90.00 69.23 0.226 83.33 84.62 0.934 

popularity 70.00 38.46 0.030 70.83 53.85 0.059 

beaver code 100.00 100.00  100.00 100.00  

party guests 70.00 63.08 0.718 83.33 87.69 0.752 

hierarchy 80.00 84.62 0.784 91.67 100.00 0.339 

spherical robot 50.00 76.92 0.195 91.67 84.62 0.606 

deactivatin 80.00 23.08 0.005 66.67 69.26 0.896 

concurrent directions 80.00 53.85 0.197 91.67 86.92 0.329 

four errands 65.00 84.62 0.254 100.00 86.54 0.047 

kix code 22.50 42.31 0.292 89.58 65.38 0.130 

blossom 46.00 81.54 0.074 91.67 98.46 0.413 

total 59.61 65.97 0.429 88.46 83.13 0.396 

       

To measure the effectiveness of the two programming interfaces (experimental 
group: Construct 3, control group: Scratch) in developing the algorithmic skills of 
students, we analyzed the results of the pre- and post-tests (Table 1). At this step of 
the research, we included the results of all students, regardless of whether they were 
present at both the pre- and the post-tests. For analyzing the data and the difference 
between the groups, we used the SPSS software package [48]. 

Considering the results of the pre-test, both groups provided a high proportion of 
correct answers. This meant that no significant differences could be found between 
the experimental and control groups (p = 0.429), except for two tasks: popularity 

(p = 0.030) and deactivatin (p = 0.005). 

Popularity: The experimental group completed the task more successfully, with 
70%, while the control group achieved 38.46%. A high proportion of students 
marked the incorrect option, i.e. “Gila”, who has the most direct connections.       
This implies that they answered the task by relying on their first impression without 
further analyzing the problem in hyper-attention mode [49] [50] (Figure 2). 

Deactivatin: Students giving incorrect answers mostly marked jars D or E, which 
can be explained by a shallow interpretation of the task, again applying the hyper-
attention mode [49] [50] (Figure 4). 
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Figure 4 

The deactivatin task (2016-HU-06) [44] [46] 

Considering the results of the post-test, the groups completed the test with similar 
rates of success, without significant differences (p = 0.396). Analyzing the tasks, 
only the four errands task shows a significant difference between the experimental 
and control groups (p = 0.047). 

Examining the results of both the pre- and post-tests, both groups show significant 
development in the topic (experimental group: p = 0.002; control group: p = 0.022). 
Furthermore, in the post-test the experimental and control groups showed no 
significant difference in solving the Bebras tasks [44] [46]. This allows us to 
conclude that the development of the students’ algorithmic skills is independent of 
the visual programming environment. 

Conclusion 

In this paper, we presented research on how an algorithm-driven teaching method 
in different visual programming environments and languages develops the students’ 
algorithmic skills, and what differences can be observed between the groups.        
The sample included two grade-8 student groups who studied the programming 
topic at a similar pace. The experimental group studied with Construct 3, while the 
control group with Scratch. Both groups had the same teacher and worked on the 
same programming problems using a concept-based [42], coaching method [42]. 
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The data collection was carried out applying printed test sheets composed of Bebras 
tasks. Considering the analysis of the data (Table 1) both groups completed both 
tests at similar levels, without significant differences. 

Based on the results, the Construct 3 environment created for software production 
does not develop the students’ algorithmic skills more effectively than the Scratch 
environment designed for educational purposes. However, both environments 
develop the algorithmic skills of students significantly when the tasks focus on 
problem-solving, instead of on the graphical, drawing functions of the programs. 
The results show that while the used software environment does not have an effect 
on the development of the students’ algorithmic skills, the method and/or the 
teaching approach applied to Error! Reference source not found.. 
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Appendix 

1.1. The test sheet used for data-collection 
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Abstract: The dissemination of research results might be as crucial as the research itself. 

The widely accepted two major forms of dissemination are written papers and live 

presentations. On the surface, if we see the problem in hyper attention mode, these 

documents are different in nature. However, their preparation requires the same problem-

solving approach, and beyond that, they share the fundamental rules of design since both 

are extended text documents, with varying proportions of text and/or non-text contents and 

static and/or dynamic media types. Closely related to this problem is the phenomenon of 

different types of attention (hyper and deep attention), thinking (fast and slow) modes, and 

problem-solving approaches (high- and low-mathability). In the world of immense and 

various forms of data and information, the role of so-called hyper attention is fundamental 

and inevitable, but the presence of deep attention is essential as well. In the present paper 

the knowledge items involved and shared in the design and the preparation of text-based 

documents are detailed from the view of concept-based problem-solving, the perspective of 

attention and thinking modes, along with samples originated from various sources and 

subject matters. The aims are to discuss the theoretical background of effective and 

efficient document design and preparation and to call attention to the consequences of 

ignoring, neglecting the proper use of attention types and thinking modes. 

Keywords: end-user computing; attention modes; thinking modes; deep and surface 

computer problem-solving approaches; low- and high-mathability 

1  Introduction 

1.1  Who is an End-User and what Problems He/She is Faced 

with? 

One of the most common scenarios is when an end-user is clicking around in 
computer applications suffering, but still claiming that – “I can do it, that’s 
enough.” – “No, that’s not,” – is the short reflection to this frequently repeated and 

mailto:csernoch.maria@inf.unideb.hu
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widely accepted but low-mathability [1] [2] [3] slogan. The long explanation 
should cover all the efficient and effective problem-solving approaches accepted 
and practiced in other sciences, but hardly recognized and applied in end-user 
informatics and problem-solving. 

By definition, “An end-user is the person that a software program or hardware 
device is designed for. The term is based on the idea that the ‘end goal’ of a 
software or hardware product is to be useful to the consumer. To simplify, the 
end-user is the person who uses the software or hardware after it has been fully 
developed, marketed, and installed” [4], in short, “the ultimate consumer of a 
finished product” [5]. 

However, problems arise when the complexity, the requirements, the set-up of a 
product is far beyond the scope of the target population. Further difficulties are 
faced when not one but a whole set of products are required to be handled.        
The figure becomes even more frightening when long forgotten or never learned 
knowledge, skills, abilities, attitudes1 should be brought into these computational 
environments which effectiveness is clearly proved in high-mathability studies [8] 
[9] [14]. In general, when the right proportion of fast and slow thinking [6] should 
be activated for effective and efficient problem-solving, leaving low-mathability 
[3] methods behind. In the context of the attention issue: difficulties arise when 
the end-user needs to switch from hyper to deep attention [7]. 

1.2  The Real End-User 

By experience, an end-user is the person who has never been educated in 
informatics/computer sciences (I/CS) or was taught how to navigate interfaces or 
self-taught or an I/CS professional but neglects or ignores non-professional 
informatics. A person who can be persuaded by software companies that they are 
in continuous need of newer versions and they do not need to know anything for 
using these applications, so they are the perfect ignorant targets. 

This issue goes even further when experts are aware of end-users’ erroneous 
spreadsheet documents causing serious financial losses and search for 
explanations. In his research, Panko concluded that the behavior of end-users can 
be explained by their bad habit of thinking [10]-[12]. However, our research in 
computer problem-solving approaches, attention modes [7] [14], thinking modes 
[6], and mathability reveal that thinking is not bad, but applied in incorrect, non-
suitable situations, primarily focusing on low-mathability approaches in hyper 
attention mode. 

                                                           
1  Closely related to this issue is the topic of digital literacy and competence, because 

not even the new generations are born with digital skills which need to be consciously 
acquired and continuously developed, similar to mother tongue language skills. 
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1.3  The Problem-Solving Approaches of End-Users 

The typology of computer problem-solving approaches [17] [18] and levels of 
understanding [19] [20], built upon traditional sciences with amendments 
matching the peculiarities of computers, was created for classifying computer-
related activities (Figure 1). This typology consists of two hypernyms – deep and 
surface approaches – and five hyponyms, two and three, respectively. 

 

Figure 1 

The typology of computer problem-solving approaches [17] 

Considering the thinking modes – fast and slow [6] –, at Level 3 fast thinking, 
while at the other levels slow thinking work (Figure 1). With the arrows, the 
primary directions of communication between the different levels are indicated. 
There is continuous communication between Levels 5 and 4, where/when the first 
two steps of problem-solving take place. Level 4 is the position where schema-
construction takes place, and these schemata are called/retrieved at Level 3. 
However, we must be aware that any backtracking is possible when errors or 
hiatus are recognized (these arrows are not included in Figure 1). Approaches at 
Levels 2 and 1 can hardly be considered problem-solving since they are strongly 
connected to the surfaces, they are interface navigation in hyper attention mode. 

Considering the different computer problem-solving approaches and the 
documents handled – created and modified – by end-users clearly reveal that the 
experienced description of the end-user (Section 1.2) is more appropriate than the 
definition (Section 1.1). On the one hand, end-users are not able to function, as 
they should according to the definition. On the other hand, their productivity, 
effectiveness is much lower than excepted [10]-[12] [22]. Consequently, they 
perfectly fulfill the good customer image of software companies but lack 
computational thinking skills [21]. 
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In the present paper, the speaking-writing-thinking approach of end-user 
computing is detailed, compared to the widely accepted surface approach, low-
mathability erroneous methods (Figure 1). Furthermore, the essence of the 
concept-based problem-solving [23] – proved high-mathability methods [3] 
supported by the appropriate proportion of attention [6] and thinking modes [13] – 
is drawn, confronted with samples of erroneous practice [18] [22]. 

1.4  The Attention-Phase Perspective of the Typology 

The problem raised in the present paper connects closely with the HY-DE (HYper 
and DEep attention) model at this point. The model was created by Erzsébet Dani 
[7] for the true consumers of the new technologies and applications, for the “bit-
generations” (generations Y and Z). Since the basic unit of computer data is the 
bit, the children of the computer age can be identified with this denomination.   
The world of digital data produces the phenomenon of hyper attention, as 
described by Katherine N. Hayles [13]: “switching focuses rapidly among 
different tasks, preferring multiple information streams, seeking a high level of 
stimulation, and having a low tolerance for boredom”. Based on these 
characteristics, without any proof, Prensky’s concept of digital natives and 
immigrants indicates that there is no need for deep attention-driven activities in 
the digital era [24]. However, the pattern is not that simple  –in contrast to Prensky 
[24] –, Kirschner & De Bruyckere [25] proved that digital native and multitasking 
is only a myth. 

It must be noted, though, that surface or hyper-attention approaches have not only 
negative but also positive aspects. In fact, it is necessary for processing data in the 
world of the information superhighway. However, deep attention is also needed, 
because in this attention phase the focus is on one issue, which leads toward 
deeper, constructive thinking and the resolution of the recognized and understood 
problems [25]. 

The basic concept behind the model is the shifting pattern of the two forms of 
attention: hyper and deep attention. The main goal is to influence and control the 
hyper attention phase consciously in order to keep it in the background and effect 
a shift that activates the needed deep attention. The phase-change is connected by 
a mixed attention section, in which both attention states are present, but with 
reversed intensity (i.e., decreasing hyper attention and increasing deep attention). 

The original theoretical model has two stages in the teaching-learning process: one 
for the instructor and one for the student. The forms of attention tend in opposite 
directions. In the instructor stage, attention-training moves from hyper to deep 
attention, with instructional dominance, while in the independent-student-activity 
seminar-stage the movement is from deep to hyper attention, with decreasing 
teacher activity [7]. 
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The HY-DE philosophy and attention-training strategy have a place in the 
typology and strategic arsenal of computer problem-solving approaches. And, if it 
is there, we have the possibility to influence the shift between the forms of 
attention. 

1.5  Concept-based Problem-Solving: a Dream in Computer 

Problem-Solving 

In 1954 György Pólya published his well-known book entitled “How To Solve It. 
A New Aspect of Mathematical Method.” [23], and has been proved effective and 
efficient in the meantime in various subjects and sciences. In his book, Pólya set 
up four steps of real-world problem-solving, which are summarized as follows: 

– First. Understanding the problem. 

– Second. Devising a plan. Find the connection between data and the 
unknown. You may be obliged to consider auxiliary problems if an 
immediate connection cannot be found. You should obtain eventually a 
plan of the solution. 

– Third. Carrying out the plan. 

– Fourth. Looking back. Examine the solution obtained. (pp. xvi-xvii) 

According to Pólya’s problem-solving approach, the first step is the understanding 
of the problem. In the present frame, this is the phase when the original real-world 
problem must be broken up, and a new, a more abstract structure must be built, 
which is relevant to the interface where the solution is meant to be carried out. 
This is the first, speaking session in the process of problem-solving, where we 
must take notes, draw figures, connections, introduce notations, using as far as 
possible the terminology of both the subject matter and the solution-interface. 

In the second phase, the planning takes place. Primarily, we must consider what 
previously built schemata can be applied and what novel items are involved and 
must be built. After setting up the places and the propositions of old and new 
knowledge items, the execution order of the solution process must be decided. 
This is the design session of problem-solving in our model. 

The third step is the actual solution when the plan is carried out. In end-user 
problem-solving, the content must be presented in a form of a document, and 
following that commands must be carried out according to the plan. This is the 
writing phase of our model: creating and formatting the content, adding visual 
data, creating formulas, etc. 

The fourth step is discussing/debugging. In this phase strictly, but not exclusively, 
the result must be evaluated: we must check whether the solution is correct or not. 
Furthermore, we must take into consideration whether we can find other solutions, 
and finally, the possibility of abstraction. This is the second speaking phase, when 
all the results must be checked, contrasted to our expectations, more effective and 
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generalized solutions must be looked for. This implies more than using a concept; 
it involves the ability to select an appropriate approach from understood 
alternatives [19] [26]. The generalization of end-user solutions plays a crucial role 
in the problem-solving process since these documents are meant to substitute 
hardcoded, paper-based, typed, or handwritten documents. Considering this 
purpose, the major characteristic of the digital documents is changeability, 
modifiability. This intention is well served with the definition of correctly edited 
and formatted spreadsheet [10]-[12] [28] [29] and text documents [18]. 

In general, the concept-based problem-solving approach is a slow thinking process 
that requires both hyper and deep attention modes. At this point, the question 
arises, how a slow thinking method can be integrated into a rapidly changing 
digital world. We argue in Chapter 1.6 that instead of the widely accepted, 
exclusively utilized hyper attention mode, the combination of hyper and deep 
attention modes must be introduced, where fast thinking can come into action with 
a firm knowledge background, built up in slow thinking processes. 

1.6  Concept-based Problem-Solving: the Reality 

Panko, considering spreadsheets, claimed that “thinking is bad” [12]. His paper 
reveals that working on spreadsheet problems, end-users apply slow thinking, in 
other words, they engage surface-approach methods, creating erroneous 
documents of various types [10]-[12] [22]. He claims in order to avoid errors, fast 
thinking (so the presence of schemata [26] are emphasized here) should be 
applied, which is one of the major characteristics of experts [6] [30] [31]. At this 
point, we beg to disagree with Panko’s thoughts to some extent. As mentioned 
above, thinking slow is not bad, when it is applied in the right situation. In fact, 
thinking slowly, that is, working in deep attention phase is essential in the process 
of learning and creating. By carefully reading Panko’s paper, it was revealed that 
he found that only Levels 1 and 2 – surface approach navigation methods – are 
applied in spreadsheet activities (Figure 1). These two approaches are 

– the information based – practiced interface management and 

– the trial-and-error wizard-based – interface browsing. 

They require slow thinking, but are not problem-solving, consequently, do not 
provide reliable solutions and results. When comparing Panko’s finding and the 
four steps of Pólya’s problem-solving, we can conclude that only the third step is 
activated, the others are ignored, which methods lead to surface navigation in 
hyper attention mode. 

Similar patterns can be recognized in text management, in the two major text-
based, end-user-handled document types: 

– text documents – prepared with word processors and 

– presentations [18]. 
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End-users author, modify, disseminate a huge number of erroneous documents, 
without recognizing their mistakes, errors. An analysis of the documents reveals 
that almost exclusively, activities at Levels 1 and 2 – surface approach navigation 
methods – are carried out, strictly in the hyper attention phase. Ben-Ari entitled 
this approach as bricolage [32], which expression clearly demonstrates end-users’ 
incomprehensibility of the matter and their non-existing problem-solving 
strategies. 

In general, it was found that end-user computing lost or never has found or never 
wanted to find the four steps of Pólya’s problem-solving approach. Only, the third 
step exists with all its consequences: 

– High demand on human and computer resources – authors’ time spent on 
problems, the number of agents participating in solving a particular 
problem, reader’s and audience’s difficulty of understanding, not 
allowing space for hyper attention. 

– Erroneous solutions and results causing financial losses [10]-[12] [22] 
[28] [29] not claiming to deep attention. 

– End-users being ignorant of their ignorance – over-confidence and not 
rarely arrogance, proudly disseminating erroneous documents [33] –, 
hyper attention is used in inappropriate situations. 

– The reproductivity of bricolage due to the lack of well-qualified teachers 
[34] and teaching materials [18] [32], due to the myths of the digital 
natives [25], unproved and disseminated statements, based on only hyper 
attention practice [34]. 

2  Presenting Errors 

2.1  Utilizing Erroneous Documents 

As detailed, erroneous documents have flooded both the private and the business 
spheres as a consequence of the shift from a textual universe to the digital world. 
To worsen the case, most of them are uploaded on the Internet, available for 
anyone, presenting samples and allowing their faster reproduction. The question is 
how we can stop and/or reverse this undesired progress. One solution is education, 
where these authentic sources can serve as practicing materials to demonstrate the 
errors and their consequences. The method is borrowed from other sciences and 
teaching programming languages. Especially, in the latter, erroneous programs are 
frequently used in introductory programming classes to lighten the burden of 
novices writing programs and to prepare them for debugging throughout their 
lives. Another possibility of calling attention to the problem is presenting at 
conferences that are open to such challenges. 
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The advantage of using authentic erroneous documents in education is, beyond 
providing inexhaustible sources, their effect on students. The force of authenticity 
plays a crucial role. First, the shock when the original authors are recognized, not 
rarely highly qualified persons, in publicly available materials and later on the 
proudness of “I-can-do-better”. Finally, we cannot leave out the motivating aspect 
of the content. Any subject can be found which students are interested in, matches 
their age, gender, their background knowledge, and the aims of their classes. 

In spite of the numerous advantages of using authentic erroneous documents for 
educational purposes, we can hardly find examples of good practices.                 
As mentioned, in end-user computing and teaching end-user computing, almost 
exclusively low-mathability approaches are present, which focus on tools in hyper 
attention and slow thinking modes, without any thought of preparing and 
presenting real-world problems in classes. Consequently, the didactics of this 
approach is underrepresented either in scientific discussions or in the everyday 
classroom experience. 

2.2  Collecting Erroneous Documents 

2.2.1.  Finding Keywords 

One of the major characteristics of concept-based problem-solving and teaching is 
that authentic or adequate problems must be presented and solved. The major 
source of erroneous documents is the Internet, where millions of documents are 
available with the agreement of the authors by the act of uploading them. 

The first concern of finding erroneous documents on the Internet is how to 
convince browsers to find and present only them. Teaching experience proves that 
quite often students and even parents find this task unsolvable, arguing that they 
typed in the search field “erroneous Word document” and its numerous variations, 
but no matches came along. 

The problem with the “erroneous Word document” or “erroneous presentation” as 
keyword is that this search is not planned. Again, the first two steps of concept-
based problem solving is ignored and end-users mindlessly jumped into the third 
step: “executing”. In this case, the search is carried out in hyper attention mode. 
By analyzing the task – switching to deep attention mode –, it should become 
obvious that the keyword “erroneous” would not provide results. Authors do not 
upload erroneous documents intentionally for at least two reasons: (1) non-
finished works are usually not uploaded, especially not with the title “erroneous”, 
and (2) authors are not aware of their errors, consequently, they cannot express 
explicitly this feature of their documents. 



Acta Polytechnica Hungarica Vol. 19, No. 1, 2022 

 – 121 – 

2.2.2.  Searching for the Suitable File Types 

The second concern of this search is the type of document. Again, teaching 
experience proved, that searching for a specific type is not obvious and practiced, 
in spite of its frequency. In most of the browsers by default, the searching of the 
whole Internet is offered (Figure 2), regardless of file types, and only after 
launching the first search, special search is available. However, these offers are 
rather media-type and not file-type orientated. This setup of browsers leads to the 
misconception – built up again, on hyper attention activities and practice – that 
typing the extension into the search field would provide the desired document 
formats (Figure 3). 

 

Figure 2 

The default search option on launching a browser 

 

 

Figure 3 

A preliminary search in the selected subject (left) and its extended search based on the misconception 

that special file types are available by typing the file extension into the search field (right) 

 

Figure 4 

An extract of the file types offered by Google Advanced search 
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Figure 5 

Searching for old PowerPoint and Word documents, with the extension of ppt and doc, respectively 

  

Figure 6 
Searching for newer PowerPoint and Word documents, with the extension of pptx and docx, 

respectively 

As mentioned, the content – the subject of the search – must be clarified in the 
first step of the problem-solving process (Figure 5, Figure 6), in the present case, 
the error types that we are looking for. Without conscious and meticulous design 
of the content, the search will lead to endless browsing without any result. Being 
aware of the teaching or research goals the task seems feasible. 

After all these technical details and thousands of listed documents, comes the 
discussion phase of problem-solving, considering the content. The discussion 
requires both hyper and deep attention mode, where tens or hundreds of 
documents must be analyzed to find the document(s) which match our 
requirements the best. At this point of the discussion phase, we must realize that 
not finding the exact match is not because there are no errors in the documents, 
but the other way around, they contain so many errors that finding only the 
specified one is challenging (for details on error classification see [18]).               
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In education, the students’ mental development, background knowledge, age, the 
field of interest, the aims of the classes, etc. must be taken into consideration when 
a document search is launched. 

3  Designing Documents 

One of the most demanding subjects of end-user computing is the handling of 
design-based styles (Figure 7, Figure 8). 

3.1  Headings as Built-in Styles 

 

Figure 7 

An incorrect style-combination is applied to a document. The red letter-number combinations indicate 

the header styles. The indented marks indicate those styles which are applied to empty paragraphs2. 

Software companies are rather known for selling their products by understating 
their complexity and advertising the user-friendly approach. Even though these 
programs cannot avoid offering design tools for helping uneducated users, the 
question is how end-users can apply these features, how they make the best of 
these offers. In this paper, not the different styles and their quality are our concern, 
but how end-users can apply effectively the built-in styles, nonetheless their own? 

                                                           
2  na “THE VINEYARD @ ROSSENDALE”. Retrieved February 24, 2019. from 

https://www.rossendale.co.nz/?wpdmact=process&did=MjUuaG90bGluaw==. A4 
SERVED MENU. inc prices jun 2016.doc. 
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Microsoft Word offers several levels of headings guiding and inviting end-users 
for their use. “Headings make text stand out and help people scan your document. 
… The simplest way to add headings is with heading styles. Using heading styles 
means you can also quickly build a table of contents, reorganize your document, 
and reformat its design without having to manually change each heading's text.” 
[36]. 

 

 

 

 

Figure 8 

Incorrect use of costume style that does not allow the creation of an automated Table of Contents3 

In Figure 7 a completely inconstant use of heading styles is presented. First, the 
styles are applied arbitrarily: there is no connection between the applied style and 
the content. Even empty paragraphs earned styles of different levels. On the other 
hand, the formats of the built-in styles are modified: the same levels got different 
formats (e.g. H7 style is applied with different formats for each instance). It is 
obvious that the author of the sample of Figure 7 did not read or did not 
understand the extract from “Add a heading” [36] but used the styles at the hyper-
attention phase.On the contrary, Figure 8 is a sample of using only one custom 
style everywhere in the document, which is another form of hyper attention mode, 

                                                           
3  na “Information on the Hungarian Higher Education System (modified in May 

2015)”. Retrieved February 24, 2019 from https://www.oktatas.hu/pub_bin/dload/ 
kepesitesek_elismertetese/DS_ENG_FINAL_2015_May.docx.  
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the lack of design, deep attention. It is obvious from the extract that this document 
is part of a more complex one, which requires a Table of Contents. With these 
formats creating a Table of Contents of high-operational-use is impossible. 
Furthermore, the document runs with manual numbering (Chapter 3.2), which 
further lowers the level of operational use [18]. Both examples demonstrate that 
without activating the deep-attention phase, only low-operational-use documents 
can be created, with all its consequences. 

3.2  Manual Numbering 

 

 

 

 

Figure 9 

An incorrect use of built-in style which leads to incorrect automated Table of contents.4 

Another form of distraction is, when the heading style is modified, and the Table 
of Contents cannot be created based on the assumed style (Figure 9). We also 

                                                           
4  na “Information on the Hungarian Higher Education System (modified in May 

2015)”. Retrieved February 24, 2019 from https://www.oktatas.hu/pub_bin/dload/ 
kepesitesek_elismertetese/DS_ENG_FINAL_2015_May.docx. 
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must note that all the selected examples consist of manual numbering. As such, 
the numbering is not part of the formatted session and the style, consequently, is 
handled as any other character string of the text. Manual numbering, beyond not 
being part of the style, has the usual consequence of low-operational-use, meaning 
in this case that if any modification is made in the numbering, all the consecutive, 
connected sessions must be renumbered, which is a low-mathability approach to 
the problem. 

3.3  Built-in Presentation Styles 

 

Figure 10 

Various contents using the same Title and Content layout. The comparison of the slides with the Slide 

Master of Title and Content layout (lower right corner) clearly reveals that not only the selection of 

layouts is incorrect but also the use of the layout.5 

Designing a presentation follows the same concept-based problem-solving method 
as detailed above. Analyzing presentations reveals that we are faced with the same 
problem: end-users only apply the third step of problem-solving, without giving a 
thought to design and discussion. All this happens, despite the effort of Microsoft. 
In PowerPoint, similar to Word, they set up layouts for various contents in the 
hope of convincing end-users to apply them. The documents found on the Internet 
clearly reveal that end-users, in general, are so hyper-attention-addicted that they 
do not even recognize when such obvious help is offered. 

One of the most frequently met style errors in presentations is that regardless of 
the content the same layout is applied to the slides (Figure 10). Another form of 
distraction is when a selected style is misused. In the sample of Figure 10 the 
layout is completely ignored. In Figure 12 the background is set up in the Slide 

                                                           
5  M. Haciapsaqlou “Turkish Migrants and Education” Ministry of National Education, 

TURKEY. Retrieved February 24, 2019 from http://www.oecd.org/education/ 
innovation-education/41563670.ppt 
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Master and applied correctly, however the paragraph and character formats of the 
layout are ignored on the slides. All the slides are formatted individually, 
manually, not leaving space for the utilization of styles, this again is a low-
mathability solution. 

 

Figure 11 

Another form of ignoring style is presented in the table (Figure 10, Slide 11). Instead of using a list, a 

table style with a header row is applied, suggesting that the first row is the title. However, analyzing 

the content it is revealed that all the countries listed in the table play the same role, consequently, the 

selection of this style is not correct. 

3.4  Considering the Target Group 

One further aspect of planning presentations is the amount of content. This point 
of view plays a crucial role in any text-based document forms, however, 
presentations are the worst affected. It is a common practice that presentations 
hold the undesired amount of content, not considering the perceptive cognitive 
load of the audience. 

To find a balance between the content and its presentation form requires a 
concept-based problem-solving approach by the author, which can only be carried 
out in deep-attention mode. On the other hand, the essence of the presentation is 
that it requires a hyper-attention mode from the audience. This paradox and the 
difficulty to resolve it can be an explanation to frequently encountered poorly 
designed presentations. 

This paradox – creating in the deep attention phase by the author  perceiving in 
the hyper attention phase by the audience – weights a huge cognitive load on the 
authors, of which they usually are not aware of. 
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Figure 12 

Slides with Title and Content layout seem to use the same formats. The comparison of the formats of 

the slides and the Slide Master of the Title and Content layout (lower right corner) reveals that the 

background is set up in the Slide Master, however, the paragraph and characters formats of the Slide 

Master are completely ignored and all the slides formatted individually.6 

Conclusions 

The present paper details how the different attention and thinking modes are 
connected to high- and low-mathability ‘end-user computer problem-solving 
approaches’. Our investigation applies the HY-DE model framework, with its 
forms on the hyper and deep attention alterations and ratios. According to this 
model, the shift from hyper to deep attention requires necessary, well-designed 
teacher guidance through a mixed-phase of the two attention types. 

– “I can do it, that’s enough.” – was our primary concern. However, the paper 
reveals that we must reformulate the slogan, and ask the question – How we can 
do it well. On the one hand, expressing that there is a difference between doing 
and doing well, on the other, we cannot do it alone, proper guidance from teachers 
are crucial for working effectively and efficiently. 

The discussion is started with the presumed behavior of end-users, fulfilling the 
marketing slogans of software companies, and ends with the products of “real” 
end-users, wasting both human and computer resources, carrying out these outputs 
primarily guided by their ignorance. This ignorance is expressed in at least two 
forms: (1) the creation and modification of erroneous digital documents and (2) 
the dissemination of them. We searched for explanation and resolution to this 
paradox and found that the primary reason for the unexpected behavior of end-
users is the selection of problem-solving methods. They prefer working with low-

                                                           
6  D. Kosicki “European Commission initiatives for financial education” Magyar 

Nemzeti Bank. Conference on Financial Awareness. 2 October 2008, Budapest. 
Retrieved February 24, 2019 from http://www.oecd.org/education/innovation-
education/41563670.ppt. 
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mathability approaches, surfing the interfaces of the programs in hyper attention 
mode without considering the specialties and details of the problems. With this 
tool-centered approach, end-users do not give thoughts to analysis, design, and 
discussion, in short, for deep attention problem-solving methods. One further 
concern of the topic is the selection of thinking modes. In previous works, it was 
found that thinking might be the explanation for this immense number of 
erroneous documents. However, we argue that deep attention mode cannot be left 
out, but should be applied along with hyper attention mode by finding the right 
proportion and situation, leaving also space for high-mathability computer 
problem-solving. 
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Abstract: In this study, we present the items and the results of a complex task in which the 

data management knowledge of students was measured in the 2018 academic year.  

Our results obtained from statistical analyses are in line with previous studies that 

analyzed informatics/computer science coursebooks and concluded that current books 

favour surface-based approaches and consequently, are unsuitable for developing students' 

computional thinking skills. Furthermore, our study found evidence that contrary to 

Prensky's unproven claim, digital children also need teachers’ support in spreadsheet 
environments to learn effective computer problem-solving strategies, avoid common 

spreadsheet errors, and acquire basic algorithmic and programming skills. Our results, 

clearly show that the widely accepted low-mathability approaches should be excluded from 

the teaching-learning process due to their ineffectiveness, and should be replaced by high-

mathability approaches, which support knowledge-transfer, effective end-user computing, 

and introductory studies to “serious” informatics/computer sciences. 

Keywords: Informatics; algorithmic skills; computational thinking; computer problem-

solving; knowledge-transfer 

1 Introduction 

Informatics as a school subject is compulsory in grades 6-10, with one class a 
week. Additional lessons and courses in lower grades are optionally available. 
Previous measurements, classroom experiences, and teacher interviews have 
shown that the current National Base Curriculum and the Hungarian frame 
curricula in informatics contain several vague, difficult-to-understand terms that 
make teachers’ planning difficult. We also found that informatics/computer 
sciences (ICT) education is surface-based since most ICT teachers focus on 
teaching interfaces instead of problem-solving [1] [2] [3]. Within the frame of this 
decontextualized [30] low-mathability approach [1], students carry out erroneous 
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slow thinking [21] activities instead of highmathability [1] concept-based real-
world problem-solving [3] with the right proporsion of fast and slow thinking [21] 
[28]. 

Computational thinking is mentioned as the fourth basic skill in the current 
Hungarian basic educational documents [4]-[15] along with Reading wRiting, and 
aRithmatic [16]. However, it is not clear from these documents how ICT 
education supports the development of an algorithmic approach, or cross-
curricular and intra-ICT knowledge transfer [17]. 

In addition to subjective classroom experiences [18] and tool-centered low-
mathability tests [28], we needed an objective high-mathability, contextualized 
measurement tool to ascertain or disprove students’ behaviors and the presence or 
absence of knowledge elements associated with them, during classes and 
computer problem solving [18]. 

For this reason, we designed a mini-competence test to identify students’ 
knowledge transfer elements and to measure students' computational thinking and 
algorithmic skills in traditional and non-traditional programming environments. 
The purpose of the assignments was to directly measure how students apply the 
knowledge acquired in other subjects and in other areas of informatics in new 
environments and how they recognize algorithms and common knowledge transfer 
elements. 

2 Methodology 

The essence of our mini-competence test is to measure the students' level of 
computational thinking skills which is in complete accordance with our high-
mathability teaching-learning approach [44]. According to our knowledge transfer 
based method, the primitive data types are introduced in spreadsheet management 
accompanied with real world tables, and then this knowledge can be transferred to 
database management and “serious” programming. 

3 Sample 

Elementary and secondary students from the 7-10th grades completed the test all 
over Hungary. A total number of 8880 students from 93 schools returned the 
completed tests [19] [20]. A further 269 tests were returned from the 5-6th and the 
11-12th grades (additional tests) (Table 1). 
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Table 1 

The sample of the mini-competence test, measuring the students’ knowledge-transfer skills 

Grade Sample 

7 1561 

8  1639 

9  3059 

10  2352 

additional tests 269 

total 8880 

4 Hypotheses 

In this study, we analyze students' basic knowledge transfer skills in data 
management and seek answers as to how different ICT topics prepare for data 
management studies. Our primary goal is to demonstrate how knowledge transfer 
tasks support schema construction through reliable, fast-thinking [21][21]. Taking 
all these aims into consideration, we have set up the following hypotheses related 
to the subject of data management: 

[H1] In cases in which students recognize the integer correctly they 
recognize the real data type also correctly in a significantly greater 
extent. 

[H2] In cases in which students recognize the largest number in a vector, 
they also recognize the smallest number also correctly in a 
significantly greater extent. 

[H3] In cases in which students recognize both the integer and the real 
datatypes, they can also recognize the smallest and largest numbers 
in the vector also correctly to a significantly greater extent. 

[H4] The students’ results significantly improve by the end of 10th grade. 

The Description of The Task 

Based on the current Hungarian ICT frame curricula, students can interpret data, 
and recognize different elementary and complex datatypes [5] [6] [7].  
In accordance with the frame curricula, the DigComp 2.1 at Foundation Level 2 
requires the same skills and emphasis as at Levels 3 and 4 (Figure 1). 
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Figure 1 

DigComp 2.1, Competence area 1: Information and data literacy 1.2 Evaluating data, information, and 

digital content. To analyse, compare and critically evaluate the credibility and reliability of sources of 

data, information and digital content. To analyse, interpret and critically evaluate the data, information; 

and digital content. Proficiency Levels 1-4. 

To measure the above-mentioned basic data management skills, our test consists 
of a task considering the datatypes, the number of data records in the table, and the 
minimum and maximum values. 

 

Figure 2 

DigComp-compatible task for detecting the credibility of sources of data, information, and their digitial 

content, performing the analysis, interpreting, and evaluating well-defined data, information, and 

digital content 
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To complete the items of the task, an adapted spreadsheet table was provided, 
converted from the “Top 250 YouTubers Channels in Hungary” webtable [24] 
[24] [22]. In the teaching-learning process, the use of authentic and adapted data 
sources plays a crucial role since tables with real contents have a motivating effect 
on students [25] [25]. On the other hand, it has also been shown that the teaching 
of informatics and spreadsheets is rather interface and tool-oriented, and applies 
decontextualized data [26] [28] [29] [30]. Measuring the effectiveness of these 
contradictory approaches and proving how they support the development of 
students’ computer problem-solving strategies and computational thinking skills 
are the aims of the present paper. 

 

Figure 3 

Top 250 YouTubers Channels in Hungary 

The complexity of this task derives mainly from the semantics of the comma; 
whereas in English the comma functions as a thousand-separator character, in 
Hungarian the comma stands for the decimal character. Although the country on 
the SocialBlade website can be selected, the syntax of the content does not follow 
this selection, nor does it match the rules of the selected language. The Uploads 
column contains the number of uploads and the Video Views the number of 
views, which are integers, considering the semantics of these data. 

Task-Solving with Datatypes 

In Excel and most modern spreadsheet environments, datatypes can easily be 
recognized based on the default alignment settings. According to these 
arrangements, the following default alignments are widely accepted (Table 2). 

Table 2 

The default datatype-alignments in spreadsheet programs 

datatype alignment 

text left 

integer right 

real number right 

logical center 

errors center 

datatype alignment 
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The appearance of graphical interfaces has undoubtedly simplified the use of 
computers for those who do not have advanced IT skills. However, the 
interpretation of these graphic “messages“ requires competencies that can be 
significantly accelerated in well-organized and planned educational environments. 
A further aim of our testing was to investigate whether it is necessary to teach data 
management in spreadsheet environments [30] [32] [22] or it is sufficient to allow 
students to explore and operate alone in the graphic interfaces, bringing their 
native knowledge with them [33] [34]. 

 

Figure 4 

The first item of the task: selecting the datatypes of each column of the presented the table 

Based on the adapted table (Figure 3), the datatypes of Columns A-D are 
presented in Figure 4. Column A is the simplest since it consists of the name of 
the youtubers; consequently, the datatype is text in this column. Considering the 
semantics of Columns C-D, the datatypes should be integers. However, one 
comma turns these integers into real numbers, while two commas are into strings. 
Consequently, Column B has both integers and real numbers, Column C a string 
and real numbers, and Column D strings, exclusively, due to the two commas. 

 

Figure 5 

The items regarding the recognition of the minimum and the maximum values in column B 

There are two other items related to the recognition of datatypes and contents, 
asking the minimum and maximum values in column B (Figure 5). The purpose of 
this open-ended task was to filter out random answers in the previous multiple-
choice item. 

The correct solution to the problem is that the values shown in column B have a 
maximum of 736 and a minimum of 1,062 in Hungarian and European Excel 
(Figure 6) (1.062 in English Excel). 
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Figure 6 

The lowest (red) and highest (green) values in column B 

The next question in the test focuses on the identification of the data records in the 
table. The table has 251 rows, of which the first row contains the field names, so 
the number of data records is 250, of which Rows 10-247 are hidden (Figure 7). 

 

Figure 7 

To identify the data records in the table 

Datatypes as the Knowledge-Transfer Elements of the Task 

One of the most important cross-curricular knowledge-transfer elements of the 
table is the semantics of the comma, a problem that arises in the conversion 
process from webtable to datatable [26] [24] [35] [22]. The concept of datatype 
can also be considered an intra-informatics knowledge-transfer element because if 
students learn datatypes in a spreadsheet environment, this knowledge is 
transferable to further studies in database management and programming since in 
spreadsheet environments, due to their informative graphical interfaces, the 
subject of datatypes can be introduced effectively [26] [36] [37] [38]. It has also 
been proved that the combination of the functional language of spreadsheet 
programs and high-mathability approaches to spreadsheeting would serve as an 
introduction to programming [39] [40] [41]. Programming in spreadsheet 
environments combines the benefits of both the functional languages and the 
graphical interfaces, providing a programming tool for non-professional IT end-
users. 
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A further cross-curricular relationship to mathematics is recognizable, as the set of 
natural numbers are extended to integers in elementary school in the 5th grade, to 
decimal fractions in the 6-7th grades, and to irrational numbers in the 7-8th grades, 
thus introducing the concept of real numbers [42] [43]. 

5 Results 

The number of answers considering the datatypes in Columns A-D is presented in 
Table 2. It was found that 65% of the students marked the datatype correctly in 
column A (5774 students). 3722 and 3374 students answered correctly that there 
are integers and real numbers in column B, respectively. In column C, 3711 and 
1201 students marked correctly the real number and string datatypes. In column 
D, 1159 students answered correctly that the datatype is a string (Table 3). 

Table 3 

The number of responses to the datatypes in each column 

 Integer Real Text Logical Date None 

Column A 642 485 5774 284 138 372 

Column B 3722 3374 860 437 206 259 

Column C 2138 3711 1201 793 311 392 

Column D 2370 2596 1159 1078 290 650 

In the minimum-maximum item, several students wrote 1183 for the largest and 9 
for the smallest number (Table 5). Considering the incorrect answers, we can 
conclude that these students were unaware of the semantics of the comma; they 
recognized the comma as the thousand-separator character and did not realize the 
change in its role. The minimum value in column B was correctly answered by 
865 students, which is 10% of the sample, and the maximum by 963 students, 
11% of the sample. 

Considering the number of data records, 17% of the students answered incorrectly 
that there are 251 data records, while 357 answered 12, 365 answered 13, and 954 
answered 3 or 4 (Table 3). 

The correct number of data records was answered by 822 students, which is only 
9% of the sample (Table 4). We also must call attention to the high number of 
students who skipped this task. 
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Table 4 

The number of responses to the data records 

 Number of records 

Answer 250 251 12 13 3 or 4 ignored 

Marked 822 1500 357 675 959 4567 

% 9 17 4 8 11 51 

Those students who answered 251 realized that there are hidden rows in the table, 
but did not separate the row of field names from the data records. Those who 
answered 12 are aware of the concept of data record and field name but did not 
notice that there are hidden rows in the table. In contrast, those who responded 13, 
neither noticed the hidden rows nor the row of the field name. All they did was 
count the number of rows in the sample table presented. Those who answered 3 or 
4, did not know the definition of either a data record or a field name. 

Table 5 

The number of responses to the lowest and highest values 

 Maximum Minimum 

Answer 736 1183 ignored 1,062 9 ignored 

Marked 963 4908 3009 865 5010 3005 

% 11 55 34 10 56 34 

As presented in Figure 8, there are 933 students who recognized both the integer 
and the real number datatypes in column B, while 815 students found the 
minimum and maximum values correctly. The comparison of the pairs revealed 
that there are only 154 students who recognized both the datatypes and the 
minimum and maximum values. This result shows that only 154 students were 
able to combine all the knowledge elements required to complete the task – 
integer and real datatypes, the syntax and sense of the comma in numbers in 
Hungarian –, which is 1.7% of the sample. 
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Figure 8 

The number of students who correctly recognize the datatypes, the extrema in the datatable 

We performed an independence and homogeneity test to reveal the relationship 
between the recognition of integer and real numbers, and found that they make 
errors symmetrically, which means that if they recognize one datatype, there is no 
guarantee that they also recognize the other (Table 6). Based on this outcome, we 
must reject hypothesis H1. 

In the comparison of the results of the different age groups, we found that there is 
only a minimal improvement by the end of grade 10 (p < 0.001). This result failed 
to validate hypothesis H4. 

Table 6 

Testing independence in SPSS: those who marked the integer also marked the real datatype 

 
B_real 

Total 
not marked marked 

B_real 
not marked 2714 2441 5155 

marked 2788 3374 3721 

Total 5502 3374 8876 

To confirm hypothesis H2, in cases in which students recognize the smallest value 
in Column B, they also recognize the largest. We made an independence test with 
the Chi-square test. Based on the result of the cross-table, we can say with a 
probability of 0.85 that hypothesis H2, due to the asymmetry of the matrix, is 
proved (p <0.001) (Table 7). 
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Table 7 

Chi-square test in SPSS: those students who found the smallest value could find the largest value, too 

 
minimum 

ignored marked 

maximum 
ignored 99.4% 0.6% 

marked 15.4% 84.6% 

We can conclude that students who recognized one of the datatypes did not 
necessarily recognize the other. On the other hand, the analysis proved that if one 
of the extrema is found, so is the other. Based on these findings, hypothesis H1 is 
rejected, while H2 is proved. However, at this phase of the evaluation, it was not 
clear what the connection is between the datatypes and the extrema. 

In hypothesis H3, we assumed that if the students recognize both datatypes, they 
are also able to tell the minimum and maximum values in column B. To prove or 
reject this hypothesis, we performed a Chi-square test. We found that a greater 
proportion of students recognized the extrema in cases in which they recognized 
the datatypes; however, no relation was found between the two variables 
(p<0.001) (Figure 9). 

Figure 9 presents the results of the extremum-item in connection with the 
students’ recognition of datatypes. Students not recognizing any of the datatypes 
have the lowest results in finding the extrema. Of those who recognized one of the 
datatypes, 10.6% recognized the minimum and 11.9% the maximum. Of those 
who recognized both datatypes, reached 18.1% and 19.3% in the minimum- and 
maximum-item, respectively. 

 

Figure 99 

The percentage of students recognizing 0, 1, and 2 datatypes and solving the maximum (blue) and 

minimum (green) items correctly 
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6 Summary 

Based on our testing procedure, we were able to prove that students make errors 
symmetrically in recognizing datatypes. This means that even though they 
recognize one datatype, the other will not necessarily be recognized. With this 
result, hypothesis H1 is rejected, so the recognition of one datatype does not imply 
the recognition of another. 

An independence test was performed with the Chi-square test, which shows that, 
with a probability of 0.85, if students recognize the largest number in a vector, 
they also recognize the smallest number (p<0.001), thus confirming our H2 
hypothesis. 

Only 154 of the 8880 students can recognize both the datatypes and the minimum 
and maximum values, representing only 1.7% of the sample. We performed a Chi-
square test to determine whether there was a relationship between the student's 
recognition of datatypes and extrema. It is not possible to draw a clear conclusion 
from the result, due to the low number of answers, but the tendency shows that 
after recognizing the datatypes, the students could determine correctly the lowest 
and highest values. However, we cannot prove our hypothesis with this test, so 
further measurements are needed for this purpose. 

Conclusions 

In this study, we presented the items of a task and their solutions, from a test 
focusing on the knowledge-transfer skills of 7-10th grade Hungarian students. 

One aspect of the data management knowledge of students was tested in a 
spreadsheet environment since previous studies proved that high-mathability 
spreadsheet approaches would serve to teaching introductory data management 
and programming effectively and efficiently [39] [39] [44]. 

The results of our test, however, proved that low-mathability approaches to and 
self-taught experiences of spreadsheeting do not help students’ understanding of 
datatypes and the problems connected to them [45]. These findings are in 
complete accordance with previous studies which claimed that decontextualized, 
interface- and tool-centered approaches do not help develop computational 
thinking skills, and consequently, effective problem-solving abilities [26] [36] 
[37] [38]. 

Our results, based on the students’ performance in this knowledge-transfer 
focused test, might call attention to the lack of students’ knowledge in end-user 
computing, especially in data management. Furthermore, it is also clearly shown 
that the widely accepted low-mathability approaches should be excluded from the 
teaching-learning process, and should be replaced by high-mathability approaches, 
which support knowledge-transfer, effective end-user computing, and introductory 
studies to “serious” informatics/computer sciences [46] [47]. 
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Abstract: Discussion, evaluation and error recognition, in natural language digital texts, is 

one of the most neglected areas in the digital world, despite the fact that text management is 

the most prevalent computer related activity. Millions of erroneous text-based documents of 

different types are in circulation, without us being aware of how fragile, damaged and 

harmful they are. It is well accepted in programming and even in other end-user activities, 

that error recognition plays a crucial role in teaching, learning and in real-world problem-

solving processes. In the present paper, we introduce the High-mathability Error Recognition 

Model, which consists of the processes used in discussion and concept-based problem-

solving and we also provide examples of the utilization of the model. We argue that error 

recognition and correction, and the assessment of problems in text management are as 

important as in other fields of informatics and computer sciences. In our study experimental 

groups – studying with the Error Recognition Model – and control groups – studying with 

low-mathability tool-centered approaches – were compared. It was found that the Error 

Recognition Model is more effective in digital text management, than for the tool-centered 

methodologies, in two error types: the typographic and layout-breaking error categories and 

a strong compensation effect was found in the syntax error category. 

Keywords: teaching/learning strategies; lifelong learning; improving classroom teaching; 

data science applications in education; information literacy 

1  Introduction 

A well-accepted and effective method in teaching programming is to present 
erroneous source codes for students to detect and correct mistakes and errors [1] [2] 
[3]. This method is used to teach students program-formulation and language-
constructs [4] and to prepare them for searching for errors, either in their own or in 
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others’ programs. However, program codes are not the only source of errors in the 
digital world. Natural language texts are more error-filled [5] [6] [7] [8] [9] [10] 
[11] [12] [13], a problem which has various reasons: the wide variety of languages, 
the grammar of languages – which is more complex than that of artificial languages 
–, and the level of users’ knowledge (none do programming on a daily basis, without 
any background knowledge). Beyond the special features of languages, a text 
should meet several other requirements. The contents of the texts – their creation 
with the attendant typing difficulties or from copying, not to mention any copyright 
issues, and their language settings and spelling and grammar checkers – also raise 
considerable issues. Among these requirements, typographic [14] [15] [16] [17] 
[18] rules play a crucial role, with an emphasis on the various interfaces used to 
display content, and how to make the content the most legible on the selected 
interface. 

However, because word processers are available for all, we are faced with several 
misconceptions regarding end-user text management, which leads to widespread 
‘bricolage’ [5] [6] [7] [8] [9] [10] [11] [12] [13]. The first problem is that end-users 
are untrained or self-trained, and, compared to programmers, most of them are never 
formally taught how to design a text, how to build an algorithm for the text-
management process, and how to format properly [24] [28]. They do not even know 
what the requirements of a properly formatted text are [12] [13]. They are in the 
comfortable state of not knowing what they do not know, the Dunning-Kruger effect 
[19]. 

The second problem is that end-user text management, in most cases is identified 
as interface-navigation – wrapped up in the ‘user-friendly’ slogans of the software 
companies – which leads to low-mathability activities [7] [29] [30] [31]. 
Consequently, nothing is learned, nothing is stored in long term memory, and no 
schemata are constructed, which leads to the intensive use of attention mode 
thinking, which is more prone to produce errors than automatic mode thinking. It is 
not surprising that some researchers find text and spreadsheet management low 
level, boring, routine activities [20] [21], in spite of the warnings that end-user 
computing should be taken seriously [22] [32]. This discrimination against end-user 
computing can also be explained by teachers’ belief in the “fixed” nature of the 
subject and their own low-level efficiency [23]. 

1.1   Text Management – a Problem Solving Approach 

In end-user text management, the most common document types are digital texts 
(texts handled with word processors and text editors), presentations, and web pages. 
Within this framework, the text management process follows the four steps of 
Pólya’s concept-based problem-solving approach [24] [12] [25] [27]. In our context, 
the focus is on the discussion element – i.e. on evaluation, error recognition, 
classification and correction, which is ever-present in natural language text 
management, and which therefore has a great impact on the whole process and the 
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output(s). In the present paper we introduce the Error Recognition Model and detail 
a test to compare the effectiveness of the traditional, surface approach methods and 
the Error Recognition Model. 

The concept-based problem solving approach of Pólya [24], recently recognized as 
a high-mathability problem solving method [29] [30] [31] [33] [34] [35] [36] [37], 
has proved efficient both in maths and programming (and many other subjects); the 
different phases of this approach are recognized as the levels of mastery in the 
digital age [25], and have been found to be adaptable to the other popular end-user 
activity, such as spreadsheet management [38] [39]. 

Pedagogical Content Knowledge (PCK) [40] [41] and/or Technological 
Pedagogical Content Knowledge (TPCK) [39] are required for effective teaching in 
the digital era. Most teachers apply low mathability approaches to computer 
problem solving; teaching their students with a fixed belief in science – IT, ICT, CS 
– and with low self-efficacy. These approaches mainly focus on interface 
navigation, and passing exams, without providing students opportunities to fully 
understand and appreciate science [23] and can lead to erroneous end-user activities 
[5] [6] [7] [8] [9] [10] [11] [12] [14] [13] [22]. As mentioned above, effective end-
user text management requires the cooperation of teachers of different subjects. 
Consequently, teacher education should be changed according to the requirements 
of high mathability problem solving; this would be preferable to teaching how to 
use a software environment in pre- and in-service courses. A similar approach was 
suggested in spreadsheet management by Angeli in 2013 [39], but the idea has not 
reached the wider public, and remains isolated. Crowd sourcing would help us reach 
a wide range of teachers who would understand that end-user text management 
involves lot more than typing, and copying – not infrequently without naming 
sources – and clicking on the buttons of the toolbars offered by the software 
companies [42]. 

Crowd sourcing would also help find IT professionals who at present, mostly ignore 
end-user computing [22] [43] and could recognize that High Mathability End-user 
Computing would be an effective introduction to serious computing. 

1.2   The Error Recognition Model (ERM) 

Due to the extremely high number of possible errors in a digital natural language 
text, it is necessary to classify them. The main classes of errors are constructed on 
the systems of rules which create the major guidelines for a correct natural language 
text. A digital text should fulfill the requirements of the language(s) and the content 
of the text, as well as the rules relating to displaying, breaking or layout, and 
formatting. These are the most common rule systems which should be taken into 
consideration in the process of end-user text management. Violation of these rules 
leads to errors of the following types: syntactic, semantic, typographic, layout or 
breaking, formatting, and style errors [12] [27] [28]. 



K. Sebestyén et al. Error Recognition Model: High-mathability End-user Text Management  

‒  154 ‒ 

2   Hypotheses 

Based on the theoretical background of the high-mathability Error Recognition 
Model in text-management, we launched a research project, whose aim was to prove 
the effectiveness of the approach compared to the interfaces centered, traditional 
methods. Five hypotheses are formulated to see how the error recognition abilities 
of students develop using the traditional and the newly introduced ERM model.      
To complete our study, a testing series was administered in primary and secondary 
schools within the topic of word processing and text-management. 

[H1] In the pre-test there is no difference between grade 9 experiment (9E) 
and control groups (9C). 

[H2] In the pre-test there is a difference between grade 7 and grade 9 students. 

[H3] In the post-test there is a difference between grade 9 experiment (9E) 
and control groups (9C). 

[H4] In the post-test there is a difference between grade 7 experiment (7E) 
and grade 9 experiment groups (9E). 

[H5] In the post-test there is a difference between grade 7 experiment (7E) 
and grade 9 control groups (9C). 

3   Testing 

To quantify and prove the efficiency of the ERM method, we tested experiment 
groups where this novel, high-mathability [28] [29] [30] [31] [33] [34] [35] [37] 
approach was introduced, and compared their results to control groups where the 
traditional, low-mathability, tool-focused methods are used. 

3.1   Sample 

The teaching and testing process took place in the academic year 2017/2018, in one 
of the high schools in Debrecen, Hungary. Students from grade 7 and 9, formed 
both the experimental and control groups (Table 1). Considering the background 
knowledge of the participating students, the selection of groups plays a crucial role, 
because all of the students had learned the basics of word processing – whatever the 
word “basic” means in this context – in primary education. In general, according to 
the Hungarian frame curricula [44] [45], these students are able to construct text 
documents based on a sample provided [45]. The methods with which students were 
taught in primary education are not documented; however, the structure of the frame 
curricula and the structure and content of the textbooks clearly indicate that 
primarily the traditional, tool-focused methods are applied. 
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During our experiment, students were tested in two rounds: in a pre- and a post-test. 
The pre-tests were administered in advance of the teaching-learning process, to 
register what knowledge the students bring with them from their previous studies, 
while the post-tests were completed at the end of the topic, both groups. 

Table 1 

The number of students who participated in both tests 

 Experimental groups Control groups Total 

Grade 7 26 – 26 

Grade 9 66 38 104 

Total 92 38 130 

Considering all groups, 153 students completed the pre-test. 34 and 69 students 
participated in the experiment from grades 7 and 9, respectively. 146 students 
completed the post-test: 102 in the experiment and 44 in the control groups. Pairing 
the students, 130 students completed both the pre- and post-tests, 92 from the 
experiment groups and 38 from the control groups (Table 1). 

3.2   Conducting the Measurements 

The students had 45 minutes to complete the tests in both the pre- and post-tests. 
Both tests consist of three phases: 

(1) Unplugged 

(2) Semi-unplugged error recognition 

(3) Plugged-in error correction (not detailed in this paper) 

During the unplugged phase, the computers were turned off and each student got a 
printed version of the text document and a blue pen. The students’ task was to scan 
the printed document and mark (circle) and name the errors or error types which 
they identify. We did not expect the students to provide the terminologically correct 
name for each error, but to give a short explanation of why they marked that part of 
the document as erroneous. 

In the next phase we collected the blue pens and the students opened the electronic 
version of the document and got a red pen to mark and explain on the paper the 
errors they discover in the digital version of the document. 

The third and last phase of the test was to correct the errors and to save the document 
using a name and folder provided. In the present study the results of the recognition 
of errors and the analyses of these tasks are presented. We also must note that 
recognizing the semantic errors in the documents is beyond the scope of this 
analysis; consequently, any further details are not provided regarding this category 
of errors. 
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The process of testing and the evaluation of the pre- and post-tests are identical. 
However, a larger amount of text and more complex errors were presented in the 
post-test. The length and quality of the document used in the post-test adjusts to the 
acquired level of knowledge in the topic and is matched with the students’ time 
management ability. The differences between the documents selected for the pre- 
and post-tests originated from our partially different goals. In the pre-test we were 
interested in documenting the knowledge the students brought with them from their 
previous studies, while in the post-test, we wanted to register the students’ 
improvement in applying the different approaches in the teaching-learning process. 

3.3   Errors in the Test Documents 

In Table 2, the errors, the error types, and the place of recognition of the pre-test are 
listed. In Table 3 we present the errors of the post-test and also in the Error column 
we mark which errors occur in both tests (PE/PO) or only in the post-test (PO), 
where PE refers to the pre-test and PO to the post-test. 

Table 2 

Errors in the pre-test, categorized by error types 

Error type Error Place 

syntactic – spelling mistakes 
– improper use of parentheses with Space characters 

printed 

typographic – underline 
– whole text italic 

printed 

layout-breaking – empty paragraphs 
– paragraph marks at the end of each line 
– indentation with Space characters 
– alignment with Space characters 
– manual hyphenation 

digital 

Table 3 

Errors in the post-test, categorized by error types. Errors marked PE/PO are present in both the pre-test 

and the post-test, while errors marked PO are only present in the post-test. 

Error type Error Place 

syntactic – spelling mistakes (PE/PO) 
– improper use of parentheses with Space characters 

(PE/PO) 
– missing Space characters (PO) 

printed 

typographic – underline (PE/PO) 
– italic (PE/PO) 
– bold (PO) 
– all capitals (PO) 

printed 
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layout-breaking – empty paragraphs (PE/PO) 
– paragraph marks at the end of each line (PE/PO) 
– indentation with Space characters (PE/PO) 
– alignment with Space characters (PE/PO) 
– manual hyphenation (PE/PO) 
– manual numbering (PO) 
– multiple Space characters (PO) 
– character spacing, expanded (PO) 

digital 

Students got points if they recognized – marked –, named, and categorized the 
errors. In the pre-test, there are 7 syntactic, 2 typographic, and 5 different layout-
breaking errors of varying appearance. In the post-test we can recognize 10 
syntactic, 4 typographic, and 8 layout-breaking errors, where in all three categories 
multiple occurrences are detectable. We must note here that in the case of repeated 
instances of the same errors, on recognizing more than half of the same errors, 
students were awarded additional points. 

4   Methods 

4.1   The Evaluation Process 

Following the administration of the tests, the evaluation process took place.               
In advance of the actual evaluation process an evaluation table was set up in Excel, 
where all the items were listed. 

The items of the tests were decided based on the nature and the frequency of the 
errors (Table 4). The following items of the evaluation table served as the basis for 
the statistical analyses: 

 Primarily the errors were grouped on the basis of the three error categories 
(Table 2 and Table 3): syntactic, typographic, and layout-breaking. 

 Within the categories all the errors, were checked according to the 
previously established smaller items. 

- The errors had to be marked on the paper and the also had to be named 
(markers without any written notes were not accepted as correct 
answers). 

- The color of the markers and/or the notes were also checked to reveal 
the place of recognition. The syntactic and the typographic errors are 
recognizable on the hard copy, while the layout-breaking errors only 
in the digital form of the document. 

- In the case of multiple errors, we also checked and recorded how many 
of the same error were recognized. If more than half of the same errors 
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were marked, an additional point was added to the sum. For example, 
in the pretest, three additional points were available for marking 
multiple space characters, paragraph marks imitating vertical spacing, 
and paragraph marks at the end of lines. 

Table 4 

The items of the three errors types and their relative frequency in the three error categories in the pre- 

and post-tests 

 Pre-test Post-test 

 number of 
items 

rel. frequency number of 
items 

rel. frequency 

syntactic 13 43.33% 37 53.62% 

typographic 4 13.33% 12 17.39% 

layout 13 43.33% 20 28.99% 

TOTAL 30 100.00% 69 100.00% 

We must note here that in the pre-test there is a formatting error, where one of the 
paragraphs is formatted with Keep with next; however, none of the students 
recognized it. Furthermore, this type of error is not included in the post-test; 
consequently, we cannot examine how students developed. In general, this error is 
omitted from the analyses. 

The Statistical Analyses 

Considering our hypotheses, we focused on the following test groups / comparisons: 

 Grade 9 experimental groups (9E) versus grade 9 control groups (9C) 

 Grade 9 experimental groups (9E) versus grade 7 experimental groups (7E) 

 Grade 9 control groups (9C) versus grade 7 experimental groups (7E) 

 Pre-tests versus post-tests 

The statistical analyses were carried out with the following methods. 

First, to check whether the samples follow normal distribution or not, we used the 
1-sample Kolmogorov-Smirnov test. Here the null hypothesis is that the sample is 
drawn from the reference distribution (normal, in our case). 

Because in many cases we found that the samples we want to compare do not follow 
normal distributions, we used the nonparametric Mann-Whitney U test to compare 
the samples. The null hypothesis in this case is that the medians of the two samples 
are the same. We used this test for independent samples. 

However, in some cases the normality assumption of Student’s t-test was satisfied. 
In these situations, we used the latter test to compare the means of independent 
samples. Sometimes we could assume that the variances are equal, sometimes not; 
we checked this condition with Levene’s test. To perform the statistical tests, we 
used SPSS. 
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5   Results 

5.1   Pre-test 

The comparison of the students’ results was based on the three error types – 
syntactic, typographic, and layout-braking categories – and the errors listed in 
section 3.3 (Table 2 and Table 3). In the pre-test, considering the total points, the 
students achieved 20.29%, 31.52%, and 23.67% in the 7E, 9E, and 9C groups, 
respectively (Table 5). Furthermore, we checked for significant differences between 
three groups comparing the three error categories. The grades were compared in all 
the possible variations: 

The Kolmogorov-Smirnov Test proved that the results of the pre-tests in the three 
error categories do not necessarily follow normal distribution. All but one of the 
three error categories and the three groups of students showed a non-normal 
distribution: 

 7E: syntax, typography, layout-breaking 

 9E: syntax, typography, layout-breaking 

 9C: typography, layout-breaking 

Consequently, we used the nonparametric Mann-Whitney U test to compare the 
pretest results. 

In the typographic errors category all students in all three groups scored 0 points; 
therefore, there is no difference, so we only checked the other two error categories. 

According to the Hungarian National Base Curriculum [44] and the frame curricula 
[45], grade 9 students had studied word processing in their previous studies; 
consequently, we assumed that in the pre-test no significant difference would be 
recognized between the two groups [H1]. Considering the total results, in the 
comparison of grade 9 students, no difference was found between the experiment 
and control groups (p=0.103). However, in the layout-breaking category the result 
of the experiment group was significantly higher than the control group (p=0.014). 
Considering the syntactical errors, the 9E groups scored higher, with no significant 
difference between the two groups (p=0.879) (Table 5). This latter result is in 
accordance with the 9E and 9C groups acceptance results for high school, however 
we must emphasis that in the totals there is no significant difference between the 
grade 9 groups [H1]. 

In the comparison of grade 7 and grade 9 students, based on their previous studies 
according to the NAT [44] and the frame curricula [45], we expected significant 
differences between the age groups [H2]. When comparing grade 9E with 7E, in 
accordance with our [H2] hypothesis, we found a significant difference in the total 
results (p=0.003) and in the layout-breaking error category (p=0.000). However, no 
significant difference was found in the syntax category (p=0.482). On the contrary, 
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between the 9C group and the 7E groups, considering their total results, no 
significant difference was found (p=0.401). In the comparison of the two error 
groups, neither the syntax (p=0.505) nor the layout-breaking (0.083) error groups 
showed a significant difference. Based on the results of the pre-test, we can neither 
confirm nor reject our [H2] hypothesis. This leads to the conclusion that previous 
studies in word processing and text-management do not necessarily build up long 
lasting, firm, reliable knowledge. 

Table 5 

The results (%) of the experiment and the control groups in the pre-test regarding the three error 

categories 

 7E 9E 9C 

Syntactic 40.72% 43.59% 41.08% 

Typographic 0.00% 0.00% 0.00% 

Layout-breaking 6.11% 29.14% 13.54% 

TOTAL 20.29% 31.52% 23.67% 

Considering syntactical errors, there is no significant difference between the two 
age groups; therefore, the results are independent of age and the previous 
experiment. In the case of syntactic errors, we can conclude that previous studies 
either in informatics or native language did not help students in recognizing printed 
errors of this type. As mentioned above, in the typographic category all students 
scored 0, which proves that previous studies did not pay attention to the typographic 
rules regarding the printed version of the documents. 

5.2   Post-test 

The comparison of the results of the experiment and control groups in the post-test 
was conducted to reveal the differences between the two teaching-learning 
approaches: the traditional vs. the ERM method. The average scores of the three 
groups of students in the three categories are presented in Table 6. 

Table 6 

The average results (%) of the three groups of students in the post-test 

 7E 9E 9C 

Syntactic 19.01% 26.40% 35.75% 

Typographic 67.53% 60.05% 1.14% 

Layout 41.72% 49.11% 35.68% 

TOTAL 34.03% 38.83% 29.71% 

In the case of the syntactic errors the 9C groups produced better results than both 
the experiment groups. The 7E and 9E groups reached 19.01% and 26.40%, 
respectively, while 9C achieved 35.75%. The difference between the groups are 
significant in all cases (9E vs. 9C p=0.002; 7E vs. 9E p=0.048; 7E vs. 9C p=0.000). 
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Considering typographic errors in the post-test, the experiment groups (9E vs. 9C 
p=0.000; 7E vs. 9E p=0.172; 7E vs 9C p=0.000) proved to be significantly better 
than the control groups (p=0.000). This result clearly demonstrates that the 
typographic problems were not handled in the control groups, while in the 
experiment groups the subject was covered. The results of the post-test clearly 
reveal that students of the experiment groups learned the fundamental typographic 
rules, which play an important role in the presentation of any text-based document. 
In the comparison of the two age groups of the experiment groups, the results of 
grade 7 students (67.53%) were somewhat higher than those of grade 9 students 
(60.05%) (Table 6), but there is no significant difference between the two age 
groups (p=0.172). 

In the layout-breaking error category, it was found that grade 9E groups achieved 
the highest results (49.11%), followed by the 7E groups (41.72%); the 9C groups 
scored the lowest (35.68%) (Table 6). A significant difference was found between 
the 9E and 9C groups (p=0.000). However, between the 7E and 9E groups 
(p=0.450) and the 7E and 9C groups (p=0.145) no significant difference was found. 

Summarizing the results of the post-test, we found that in two error types – 
typographic and layout – the experiment groups, studying with the Error 
Recognition Model, provided better results. In both cases we have found that the 
ERM model applied in the teaching-learning process gives at least a two year-
advantage compared to the traditional, interface-focused, low-mathability 
approaches. 

In the category of syntactic errors, we have revealed a different pattern. Most of the 
items in the syntactic category were grammatical errors, i.e. knowledge which is, 
officially, acquired in native language classes. In the process of handling text-based 
documents knowledge built up in another school subject has to be transferred to the 
digital environment. As mentioned above, there was significant difference between 
the 9E and 9C groups. Considering these results, it seems that the 9C group 
compensates for their lack of knowledge with syntax, in other word, they primarily 
focus on this error category. 

However, at this point we must call attention to the low percentage of students 
recognizing grammatical errors, mainly spelling errors. This knowledge comes 
from native language classes, where students are supposed to write without 
grammatical errors at this age. We can conclude that the knowledge transfer rate 
between of native language and informatics subjects is extremely low. 
Consequently, we must develop a higher level of cooperation between the teachers 
of the two subjects, so that students can apply their grammatical knowledge in 
digital environments. 

These findings prove hypothesis [H3], but we must evaluate the results by error 
categories. In the typographic and layout-breaking errors the ERM model is clearly 
more effective than the traditional method. However, the compensation in the 
syntax category, despite its low scores, resulted in higher scores in group 9C.            
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In general, the ERM group recognize more types of errors, but these new errors 
distract them from the syntactical errors. It seems that the students’ working 
memory is flooded and they need more schemata to be able to handle all the errors 
effectively. 

The comparison of the grade 7 and 9 experiment groups revealed that in typographic 
and layout-breaking categories, the two groups scored similarly, with no significant 
difference between them. Considering the syntactical errors, the older students’ 
results were significantly higher. This proves that the capacity of the working 
memory of the younger students is less than that of the older students, who might 
bring in schemata built up in previous studies, either in informatics or native 
language (Hungarian) classes. Consequently, hypothesis [H4] is rejected when the 
ERM method is used. The results of the pre-test prove that the selection of method 
is crucial, because hypothesis [H2] was only partially accepted. 

In hypothesis [H5], we assumed that there is difference between groups 7E and 9C. 
Our analysis proved that apart from the syntax compensation, the younger students 
scored higher in both typography and layout-breaking errors, with significant and 
no significant differences, respectively. In the comparison of hypotheses [H3] and 
[H5] the ERM is more effective than the traditional method, even overriding the age 
differences. 

5.3   The Comparison of the Results of the Pre- and Post-Tests 

In Table 1 the number of students participating in both tests, and the way their 
numbers are distributed between the experiment and control groups and age groups 
are presented. We worked with, and used for comparison, the results expressed in 
percentage format due to the different number of items in the test (Table 4). 

Table 7 
The comparison of the results of the pre- and post-tests 

 7E 9E 9C 

 Pre-test Post-test Pre-test Post-test Pre-test Post-test 

Syntactic 41.12% 19.75% 44.87% 27.02% 42.11% 36.27% 

Typographic 0.00% 67.95% 0.00% 60.61% 0.00% 0.88% 

Layout 4.14% 41.73% 30.65% 49.32% 12.55% 36.58% 

TOTAL 19.62% 39.68% 32.73% 45.23% 23.68% 34.74% 

In the pre- and post-tests both the experiment and control groups improved in 
recognizing and marking two of the error categories: typographic and layout-
breaking errors (Table 7, Figure 2 and Figure 3). Considering syntactic errors, all 
the groups’ results were lower in the post-test than in the pre-test. However, the 
difference in the 7E (p=0.000) and 9E (p=0.000) groups was significant, while in 
the 9C group it was not (p=0.102). This results also proved that the control group 
focuses only on syntax errors, leaving no place for typography in the unplugged 
phase. 
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Figure 1 

The results in the pre- and post-test, regarding syntax errors 

The comparison of the pre- and post-test proved that the recognition of syntactic 
errors greatly depends on the knowledge built up in native language classes and 
bought into informatics. The short text of the pre-test, with a relative frequency of 
43.33% for syntactical errors, suited 7E students better than the longer text of the 
post-test. One further explanation would be that while in the pre-test the students 
focused primarily on syntactical errors, in the post-test they divided their attention 
between the different error groups. However, this assumption requires further 
research. In general, we can conclude that the time spent on text management in 
informatics classes is not enough to transfer grammatical knowledge from other 
classes. One solution would be that language classes apply digital tools for 
integrating language knowledge into digital texts. 

 

Figure 2 

The results in the pre- and post-test, regarding typographic errors 
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In the typographic error category the experiment groups underwent a strong and 
significant improvement (7E, 9E: p=0.000), while the control group stagnated and 
produced similar results in both tests with no significant difference between the two 
tests (p=0.160) (Figure 2). 

 

Figure 3 

The results in the pre- and post-test, regarding layout-breaking errors 

All three groups show a significant improvement in the layout-breaking error type 
(7E, 9E: p=0.000, 9C: p=0.000). Not only was the development between the pre- 
and post-tests significant, but the rate of improvement between the participating 
groups (experiment and control) was also noteworthy (p=0.000) (Figure 3). In text 
management, recognizing and naming errors all students showed an improvement; 
however, students working with the ERM achieved significantly better results 
compared to the students who learned with traditional approaches. 

5.4   The Rate of Development 

We were interested to see how students improved during this special teaching-
learning period. Considering the syntax error group, it was found that all the groups’ 
results were lower in the post-test than in the pre-test. On the other hand, the 
recognition of the layout-breaking errors improved in all the three groups, as did the 
recognition of the typographic errors in the two experiment groups. It seems that 
simultaneously, with the development of the students, a switch in focus is 
recognizable; while in the pre-test their knowledge was restricted to syntax, in the 
post-test their knowledge space was widened. In the experiment groups the two 
other error categories are taken care of, while in the control group only one category 
is, which explains the relatively better syntax results of the control group. 

In syntax, the greatest drop is seen in the 7E group. There is no significant difference 
between the two experiment groups in terms of this drop (p=0.545), although there 
is a significant difference between the experiment and control groups: groups 7E 
and 9C (p=0.009) and groups 9E and 9C (p=0.016) (Table 7). Figure 3 clearly shows 
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these results with the corresponding parallels for the two experiment groups. Again, 
proof was found for the compensation for the lack of other knowledge in group 9C. 

The development of the three groups in terms of typography showed different 
patterns. In this respect, the development of the 9C group is significantly lower than 
that of the other two groups (p=0.000, p=0.000). However, there is no significant 
difference between the development of the two experiment groups (p=0.264).           
In general, the greatest development was registered in the 7E group. 

The pattern of development of the layout-breaking errors is different from the other 
two error categories. It was found that there was no difference between groups 9E 
and 9C in the development of this error type (p=0.173), while there is significant 
difference between the two experiment groups (p=0.000), and groups 7E and 9C 
(p=0.003). This result is also clearly shown in Figure 4 which shows the parallel 
results for the two grade 9 groups. 

6  Summary 

The results clearly show that either the ERM or the traditional method do not have 
a direct influence on the development of the ability to recognize syntactical errors. 
Furthermore, we have found that the perspective of the experiment groups widens; 
consequently, they can divide their attention between the three error categories, 
while the control group can only handle two of the categories. In this case, the 9C 
group in the unplugged phase compensates for the typographic errors with the 
syntax. The greatest development was recorded in the typographic errors in the 
experiment groups. In the layout-breaking errors, all the groups developed 
significantly. 

 

Figure 4 

The results of the pre- and post-tests in groups 7E, 9E, and 9C 



K. Sebestyén et al. Error Recognition Model: High-mathability End-user Text Management  

‒  166 ‒ 

In general, (Figure 6), the 9E group’s result was the highest, but the 7E group’s 
development was the greatest. Here, based on our results, we can conclude that both 
subjects – recognition of typography and layout-breaking errors – can be taught in 
middle schools as effectively as in high schools. We would suggest starting these 
subjects as soon as possible, as students are ready for, and receptive to, this 
knowledge. 

 

Figure 5 

The total results of the pre- and post-tests in groups 7E, 9E, and 9C 

Conclusions 

In the present research, the effectiveness of two teaching methods, connected to 
word processing and digital text management, were analyzed. The traditional, 
widely accepted and supported surface approach methods, focusing on the features 
of word processors were compared to the newly introduced Error Recognition 
Model (ERM). 

We tested three groups of students – grade 7 experiment (7E), grade 9 experiment 
(9E), and grade 9 control (9C) – with a pre- and a post-test. 

We found that the Error Recognition Model, introduced in the experiment groups 
proved to be more effective in digital text management than the traditional 
methodologies in two error types: the typographic and layout-breaking error 
categories, while a strong compensation effect was found in the syntax error 
category. The compensation in this context means that if students are familiar with 
several error groups, they divide their attention among them. However, the fewer 
error categories they know, the more their primary focus is on syntactical errors. 
This finding was proved twice in our experiment: (1) In the pre-test, when the 
typographic and layout-breaking errors scored low, but the syntactical errors 
relatively high. This result was reversed in the experiment group in the post-test. (2) 
The control group could not improve significantly in the recognition of either the 
typographic or layout-breaking errors, but only in the detection of the syntactical 
errors. 
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In our opinion, this compensation effect is strongly related to the capacity of 
working memory and the schemata built up in previous studies. However, this latter 
finding requires more research and comparison. 

The method based on the Error Recognition Model is a complex, time-consuming 
process, which assumes cooperative work from teachers and periodical assessment 
from both teachers and students, in order to reach a state which fulfills the 
requirements of digital text documents. 
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Abstract: Mathability in its definition, refers to cognitive infocommunication and combines 

machine and the human cognitive capabilities that are essential for mathematics. Through 

the years, the notion evolved and its methods turned to be applicable for self-education and 

constructive learning. In this paper, we would like to investigate how some of the methods 

can be practiced to meet requirements of the contemporary labor market, especially if we 

consider as an aid of ICT. 

Keywords: Mathability; Education; Constructive Learning; Learning of Adults; Soft Skills; 

Activating Methods; Edu-coaching; Activating Educational Method; Life Long Learning; 

Self-improvement 

Introduction 

Contemporary labor market, called Anytime, anywhere, its dynamic changes as well 
as features of the Millennials and the next generation, make personal development 
methods more and more valuable already at an early stage of education. In this 
paper, we present aspects of constructive learning which we inherit from developing 
mathability theory. We will investigate how to apply the methods to achieve 
scientific success (in learning, solving problems, gaining mental abilities, etc.) and 
personal success (discovering talents and potential, changing attitude towards 
problems, communicating, cooperation in a group, management, etc.). 

Taking into consideration young generations’ habits (among others: [2] [18] [21] 
[41] [46]) it is evident that they learn, work, and entertain using ICT. Moreover, 
they build their social life in a virtual world. Current demand of life-long learning 
and self-development is supported by technology. The methods we will discuss 
serve both using the habits as sufficient and effective tools of self-improvement and 
enabling people to meet the employers’ demands. All the facts are strictly related to 
the definition of cognitive infocommunications (CogInfoCom; cf. [1] [3] [4] [5] 
[48]) and contribute to cognitive sciences by matching cognitive process in 
education with infocommunications devices and methods. 
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The paper consists of four parts. First, we present an evolution of the theory of 
mathability. We explain how the notion has broadened its range. In the second part, 
we describe some features of the contemporary labor market, requirements of 
employers and some problems related to that. In the main part, we propose a way 
of solving these problems by adapting constructive methods typical for mathability 
development: in the third part we discuss a notion of Learnability and in the last 
part – we prove applicability of mathability methods. 

1 Evolution of the Concept of Mathability 

By mathability we used to understand human mathematical ability. In 2013 P. 
Baranyi and A. Gilányi introduced a broader idea of the concept (cf. [3] [5]). 
Mathability began to refer to a branch of Cognitive Infocommunications that 
investigates any combination of artificial and natural cognitive capabilities relevant 
to mathematics. The range of the notion varies from low-level arithmetic operations 
to symbolic reasoning of a high-level. 

Among others, there were two main goals considered: 

- To develop a set of methodologies using which human mathematical 
capabilities can be emulated and enhanced. 

- To work out a measure with which artificial mathematical capabilities can 
be quantified. 

1.1 Emulating Human Capabilities 

Since 2014 P. Biró and M. Csernoch have investigated students’ ways of thinking 
while problem solving. Namely, they considered deep and surface metacognitive 
processes in non-traditional programming tasks, computer problem solving 
approaches and mathability of spreadsheet tools (read more in: [6] [7] [8] [27] [28]). 

K. Bubno and V. L. Takács have considered application of word problem solving 
as initial computer programming exercises ([15]). They described usefulness of 
some methods originated from mathematical education to teaching computer 
science (16]). On the other hand, they presented how to solve mathematical 
problems using Blockly ([17]). 

A. Gilányi and M. Merentes have investigated applicability of existing computer 
algebra systems for solving mathematical problems ([11] [12] [13] [33] [34]). They 
presented ways of getting ideas leading to discovering solutions of unsolved 
theoretical problems. In that way, they contributed to ‘experimental mathematics’. 
Among others, they proposed computer aided methods of solving linear functional 
equations, and (together with R. Quintero) presented an animation related to a 
convex-like property ([35] [36]). 
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1.2 Quantification of Artificial Mathematical Capabilities 

While developing the new notion of mathability, a need for introducing a 
quantification of artificial mathematical capabilities appeared (among others: [5] 
[18]). A simple calculator, a graphical calculator, a computer algebra system 
(operating with formal mathematical language) – require different skills from a 
person using the devices. Designating a particular measure of demanded 
mathematical abilities could simplify answers to some important questions, for 
instance such as: 

- What sort of a smart device is allowed to be applied during an examination? 

- Who and in which form should control whether the device does not exceed 
the admissible capabilities? 

- What mathematical skills are required from a candidate for a given position? 

Until now, no formal scale of quantification has been introduced. Nevertheless, we 
can say that a simple calculator has a low mathability level, while a graphical one 
has a higher level. Moreover, we can designate a high mathability level to devices 
on which it is possible to install any mathematical application. Thus, the higher 
mathability level of the application, the higher level of the device. In this sense any 
smartphone is of a high mathability level, since we can easily use an advanced 
application solving computational and formal science problems, for example in 
mathematics, physics, chemistry, statistics, etc. 

As an example we can point out such applications as Photomath or Wolfram Alpha, 
which are popular among students of schools and universities. What is interesting, 
the two high mathability level applications can be successfully applied by users with 
a basic level of knowledge and understanding of the mentioned sciences.  
The applications are frequently overused for finding solutions instead of solving 
problems by the users on their own. It leads easily to unrecognized errors, making 
mistakes in concluding or building mental maps. Having the method of 
quantification of mathability it could be possible to warn users they are expected to 
operate on the appropriate level. Unfortunately, easy access to advanced, 
professional applications and devices causes that they are applied in learning by 
people who are not ready to understand results produced by the equipment. This is 
why the notion of mathability was naturally broadened to the educational aspect. 

1.3 Educational Aspect of Mathability 

Technological revolution brought various devices supporting problem solving such 
as, for instance, statistical inferences, complex calculations, deriving formulas.  
The devices provide also an aid for education, research and personal development. 
Taking into consideration young people’s habits new teaching methods were 
developed and introduced. The aspects were investigated, among others, in [10] 
[19-22] [32] [44-47]. The authors proved meaningful changes in perceptive 
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templates of the young generation. On the other hand, several risks were described 
related to overusing smart technologies and internet sources of knowledge, applied 
with no reflection or when the knowledge is not sufficiently understood.  
An attention was also paid to the changing role of educators (see: [18] [22] [23]). 

All above mentioned investigations show how the notion of mathability evolved 
and how its educational aspect was broadening. Starting with developing teaching 
and learning computer science with mathematical methods, we showed how to 
apply computers in mathematical education. Moreover, it was exemplified how to 
use computer assisted activating methods in teaching sciences and what 
constructive learning means in this context (read more in: [23] [30]). Finally, we 
discussed applicability of the methods for soft-skills training [18]. Currently we can 
talk not only about mathability in the sense of processing data (by programming or 
with human brain), building knowledge with formal algorithms, creating mental 
structure of knowledge but about ability of learning in a general sense, which may 
be called “Learnability”. 

The deep need for possessing Learnability is drawn in the following chapter. 

2 Contemporary Labor Market 

2.1 Cognitive Infocommunications and Skills Demanded by 

the Labor Market 

The technical revolution causes dynamic changeability of habits, lifestyle, and labor 
market. It is difficult to predict what sort of jobs will be offered in the future to 
graduates who are beginning their school education nowadays. Moreover, any 
employees must be aware of the need to change their profession in the future.  
The problem is traditional schools do not keep up with the changes and they require 
an instant adaptation. The generation gap between conservative teachers and 
modern young people results in demotivation for learning with traditional methods. 
What kind of knowledge and abilities ought to be  offered by schools may be 
explained by the requirements of employers. 

By the reports Responsive and responsible leadership (Davos 2017, 2019, 
https://www.weforum.org/focus/responsive-and-responsible-leadership), we can 
call the contemporary labor market as anytime, anywhere. Quite often, a job can 
be performed at a time chosen by an employee in a place in which they currently 
stay. It is observed that “smart” technology facilitates variety of processes and there 
is no company running its business without computers. There are super-structures 
created in organizations and they build new eco-systems of media, where social 
media are the most important ones. The social life and personal soft abilities are as 
important in the real as in the virtual world. 
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This is why employers expect new sorts of their employees’ competences. Among 
others, we can point out: 

- Accepting and being ready for changes 

- Quick self-development 

- Creativity and creative problem solving 

- Critical thinking 

The competences open the list of the most demanded professional skills of the future 
labor market. A short survey done among employers (cooperatives of Institute of 
Mathematics of Kazimierz Wielki University) shows that currently the list may be 
completed with: 

- Effective interpersonal communication, negotiation 

- Goal-oriented time and tasks management 

- Human resources management 

- Building teams and team cooperation 

- Self-assertion and emotional intelligence 

- Concluding and making decisions 

The competences are taught to students of management and related majors, but they 
are demanded from any employees and candidates. It creates a need for a quick 
gaining of new knowledge and skills, popularly called soft skills. They mean a 
combination of interpersonal (human) skills and personal (career) attributes (read 
more in: [50]). It should be mentioned that the employers clearly state that hard 
knowledge of facts, algorithms, connotations, and hard (work related) skills 
currently play smaller role than soft skills. However, schools still put emphasis on 
teaching rather hard competences. Hence, the training of soft skills must be 
organized by the employees on their own, with support of employers, 
simultaneously with developing professional career. 

Taking the above into consideration we can claim that not remembering but: 

- Immediate selection 

- Evaluation 

- Data processing 

- ICT aided making decisions 

will become crucial human abilities aiding a process of quick gaining of knowledge 
and being the foundation of cognitive flexibility and readiness for changes. 
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2.2 Computer-aided Preparing to Professional Life 

Described in the previous chapter, interpersonal skills and career attributes (known 
as soft skills) are the most important competences demanded by employers but not 
sufficiently trained at schools and universities. For example, according to the Polish 
law, a university curriculum must contain social or humanistic subjects providing 
competences, achieving which takes at least 5 ECTS points (i.e. between 125 and 
150 hours of an average student’s workload). It means that the majority of subjects 
are related to the professional knowledge considered by academics to be essential 
for becoming a specialist in the given branch of science. 

The students’ point of view is completely different. The following survey was done 
among 41 students of computer science (1st year) and mathematics (3rd year). 
Students come from 11 distant countries and study at two different universities in 
Bydgoszcz, Poland. Majority of them (95.7%) know clearly what they want to 
achieve in their private and professional life. 57.7% of the students declare they 
choose the major in order to possess skills sufficient to get any good job in their 
future. It means they expect to learn general competences, not necessarily specific 
for their planned profession. In fact, the job they plan to perform is not necessarily 
related to IT or mathematics. All students claim they achieve competences for their 
future job in informal education, attending certified courses or some internet courses 
(not ending with any certificates). Hence, we can conclude that academic education 
is not sufficient to let students prepare for their professions. 

The thesis is also proved by results of a survey done by McKinsey Global Institute 
(MGB) published by J. Manyika in Technology, jobs, and the future of work (for 
details, we refer to https://www.mckinsey.com/featured-insights/employment-and-
growth/technology-jobs-and-the-future-of-work). About 40% of interviewed 
employers (coming from 9 countries) declare that their employees do not possess 
required skills to perform their job well enough. 60% of respondents complain that 
candidates are not ready to deal with their professional obligations. 49% of 
employers observed that the job is not a challenge for their employees.  
An independent research was done in Industrial and Technological Park in 
Bydgoszcz, Poland. The answers given by employees clearly show that 70% of 
them do not have sufficient skills to do their daily routines. On the other hand, they 
feel their talent and personal competences are underutilized. It may mean they are 
employed on an improper position. This is why about 49% of them state that their 
job is not a challenge. Comparative results are presented in Figure 1. Blue bars refer 
to the international survey and the red ones – to the Polish research. 
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Figure 1 

Employers and employee’s opinion on readiness to perform a job 

Now, it is worth investigating how young people get ready to meet the requirements 
of their current or future employers. From the survey done among students 
(mentioned above) we know that about 50% of them search in the internet for 
knowledge and competences deepening their interests but not related to the 
academic requirements, more than 38% of the examined students use internet to 
gain knowledge and skills deepening professional competences related to their 
current or future work. They usually use Google and YouTube to find professional 
advice. If they need a book they prefer pdf files (58.4%) and rarely borrow books 
from a library (15.3%). When browsing webpages, they frequently use positions 
from the very top of the list given by the browser (about 50%) and only 23% declare 
they read webpages advised by an authority. Taking into account that employees 
must deepen knowledge and skills in the process of a fast and adaptive education 
and self-education, the conclusion leads to the requirement of careful and deepened 
training of responsible ICT application in order to use internet and smart devices 
for self-improvement and development. 

We should notice also that: 

- Students finish or break their education at the bachelor level (for example, 
at Kazimierz Wielki University, on average, out of more than 90 graduates 
of computer science only 15 continue their studies) 

- Some competences are taught by employers directly or indirectly by 
organizing proper courses and trainings 

- The employees must learn while doing their duties 

Concluding, future employees will continuously use multimedia devices to acquire 
knowledge, abilities, and even to build new relations. The dispersed and remote 
learning seems to be inevitable. 
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3 Learnability - Mathability for Education 

Changeability and impossibility of predicting the future of the labor market offer as 
well as the requirements of a fast adaptive self-development of employees oblige 
the education system to prepare pupils and students to the responsible, conscious 
and useful life-long learning. It would be valuable to transform the system from 
traditional teaching to the computer aided constructive learning. 

3.1 Cognitive Portrait of the Young Generation 

A simple example presented in [20] (for further explanation, we refer to [41]) shows 
that the process of collecting and processing data is different for people trained in 
reading traditional (printed) texts and those who browse hypertexts. 

Teenagers and university students are very good at essential reading of non-linear 
texts of webpages, searching for keywords and immediate matching, comparing and 
concluding. Unfortunately, solving problems or searching for new knowledge they 
are satisfied with sketchy solutions, they do not pay enough attention to deep 
understanding. They minimally reflect on the obtained result. Moreover, they use 
the easiest accessible sources of data. The most popular ones are Wikipedia and 
YouTube (more than 95% of respondents of the research mentioned above), and 
webpages chosen from the top of a browsing list (50% of respondent). 38% of the 
examined students relay on advised, specialist webpages. Among them professional 
courses on www.udemy.com are one of the most popular. Learners have a choice 
of multiple topics, information and methods. They limit their interests, knowledge 
and abilities to the preferable ones, not necessarily building complex mental 
structures. 

All the above proves young people’s habit of superficiality and rapidly decreasing 
interest in formal education. For instance, our long term observation of students’ 
(aged 13-19) attitude towards learning mathematics showed declining interest in the 
subject, what is observed also at Polish universities (the number of candidates 
significantly decreases every year). Informal education plays more and more 
important role, and diplomas of higher education institutions lose their value. This 
is why the ability of efficient learning, Learnability, becomes more and more 
significant. 

3.2 Foundation of Learnability 

As we discussed above, as far as the education is concerned, teenagers and students 
are critical and lose their motivation for formalized forms of studies. Frequently, 
they do not learn what they are enforced to learn by the system of education, but 
what they need in order to build their consistent career plan. 
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Learners acquire knowledge and competences on the informal basis hence they 
learn what they consider important for them, and what, in their opinion, makes 
sense. Forced to learn what they find uninteresting or useless, they choose 
knowledge partially, incoherently; hence, the material is easily forgotten. Having a 
variety of offers on-line, they choose issues toward which they possess deep, inner 
motivation. They understand education as an investment into their future. 

The described features are well known elements of learning patterns typical for 
adults (for details, we refer to [42] [43]). However, nowadays they are clearly 
observed already among teenagers. They demonstrate their interest in a few subjects 
and ignore other ones (bearing the consequences with bad marks). 

What is a systemic answer to the changing requirements of pupils and students? 
Some solutions have already been proposed. For example, students of high schools 
are given a collection of subjects they can choose to learn on an advanced level 
(moreover, for instance in Polish high schools, not all subjects are obligatory). 
Projects and other activating methods are implemented more frequently to create an 
opportunity for learning a team cooperation, collecting data and applying 
knowledge, etc. Methods of selection, evaluation and ordering information are 
considered to be key competences and included in the school curriculum 
descriptions. Moreover, they are advised to be introduced already on the 
preliminary stage of a cognitive process. To obtain such goals we do need activating 
methods, engaging students, intensifying their motivation. 

The reality seems to be far from those demands. Teachers declare knowledge of 
variety of activating methods. However, they apply them rarely since they are time 
consuming and do not engage the whole group of students (results of surveying 
educators, participants of workshops Coaching in education, conducted by K. 
Chmielewska during: nationwide conference First of All Human. Bridges Instead 

of Walls, Bydgoszcz, Poland 2019). The school curriculum consists of issues 
enabling students to collect (in the final test) a number of points which is sufficient 
to enter a school of the next level. The knowledge of definitions, facts, algorithms 
is still more important than soft and key skills mentioned above. 

Additionally, among the known activating methods the educators did not mention 
Problem Based Learning (PBL) or Inquiry Based Science Education (IBSE) which 
fulfil all the requirements of modern constructive education. 

Majority of the examined teachers declared also training of selection, evaluation, 
and ordering information. However, they were not able to point out such moments 
during their classes, when they regularly train these competences. 

The conclusion seems to be obvious. The school and academic system needs to be 
transformed. It was also stressed in reports from the World Economic Forum 
Annual Meeting Davos 2020 (https://www.weforum.org/events/world-economic-
forum-annual-meeting-2020/themes/society-future-of-work). 
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3.3 Constructive Learning as a Way for Achieving 

Learnability 

To meet both requirements of the future labor market and demands of learners we 
propose a constructive learning method (which was described with details in [20]). 

By constructive education we mean, briefly speaking, building knowledge and 
competences by experience. The idea precursors are J. Dewey ([31]), Gy. Pólya 
([49]), J. Bruner ([14]) and J. Piaget ([48]). According to Dewey, school education 
should present real life problems and students should be given a chance to 
experiment. 

Educational experiments (results of which are presented in [17-20]), and further 
investigation (discussed, among others, in [42] [43-47]) allowed us to observe a 
common cognitive pattern which can be explored as a method of conscious and 
responsible learning. In this method, assimilation of knowledge necessary for 
solving the given problem is represented by: 

- Searching for the knowledge – a definition or broader description of the 
problem, examples illustrating the notions. 

- Understanding notions, methods and examples. 

- Following the way of the analyzed solutions. 

- Finding an own solution of the original problem. 

- Reflection and assessing the obtained result and applied methods. 

Let us compare the method with Bloom’s and Kolb’s theories [9] [42] [43]).  
The method originating from the 50s and 70s, can be considered from a new point 
of view, taking into account the fact that young people learn like adults and, using 
smart devices and distant sources of knowledge, they construct their knowledge. 

 

Figure 2 

Kolb’s experiential learning cycle 
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Students browse knowledge sources, search for information and examples 

The step stands for Bloom’s stage of remembering. In Kolb’s cycle we could 
compare it to the stage of a concrete experience. 

Since information is easily accessible, young people do not feel the need to 
memorize it. Instead of remembering, they find necessary information as often as 
they need it. It seems to be a strong habit of youth. Therefore, it should be trained 
to become a powerful tool of their self-improvement. For that, the next step is even 
more important.  

Students evaluate and select appropriate information fitting the prior 

knowledge system 

Two Bloom’s stages are consistent with this step: analyzing and comprehending.  
It also corresponds to Kolb’s observation and reflection stage. 

It is extremely important to choose information which is understandable and 
credible. Skipping the step brings undesirable effects, for instance, building a false 
foundation for further investigation. Since it is a way of discovering, it is effective 
and has a great impact on durability of the possessed knowledge. Any mistake made 
that way will be hard to eliminate. It explains the fact why the skills of selection 
and evaluation must be trained at school even on the elementary level, since children 
absorb information collected from several sources, among which internet is the most 
common. 

Students assimilate the new knowledge into the prior knowledge system 

The step corresponds to Bloom’s applying and Kolb’s testing the concept. 

Students compare, build analogies, search for relations, and conclude. They can try 
to repeat the new knowledge with other examples of usage. For instance, if they 
learned an algorithm they try their own computation with other input data. The new 
knowledge or skill becomes an applicable tool. 

Students interpret new knowledge, which is adequate to Bloom’s synthesizing 

They have just gained new knowledge or experience. They search for further 
examples of usage. It is valuable to ask questions such as what if: 

- We change one condition, 

- We apply it for other input data. 

Students join pieces of information or part of a method together in order to create 
new meaning, structure or algorithm. 

Students reflect on an overall result, evaluate new knowledge or methods 

It corresponds to Bloom’s evaluating stage. 
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The last two steps are adequate to Kolb’s forming abstract concepts stage. From 
that point the cycle starts again from the beginning since new questions should arise 
and make students search for more information and new methods. Students try to 
find out a new use of the result, broaden its usefulness, find its limitations, etc. 

The described method of constructive learning goes beyond typical computer aided 
education, understood as a usage of internet sources of knowledge or applying 
popular educational applications (e.g., for Mathematics, Cabri, and Geogebra at 
schools, or Wolfram Mathematica, Statistica, MathLab, Mapple at universities). 
This is an applicable method of discovering, building definition, finding relations, 
recognizing properties, based, among others, on pupils’ habit of using smart 
devices. 

  

Figure 3 
Tools aided constructive learning of Science 

4 Applicability of Mathability Methods 

Describing educational aspects of mathability we examined some activating 
methods and elements of constructive learning (see: [16]-[23] and [30] [38] [43]). 
Here we would like to discuss how the methods can be applied to general education, 
also for soft skills training. 

4.1 Common Factors of Activating Methods 

As Benjamin Franklin said: Tell me and I forget, teach me and I may remember, 

involve me and I learn, methods directly involving students into the process of 
education are much more effective and lasting. 

It is worth mentioning some common factors of activating methods. 

A change taking place in the students 

Students, discovering knowledge and learning by experience, become more 
confident. They understand their right to make mistakes, not knowing is considered 
to be a natural state which provokes investigation. Doubts are reasons for asking 
questions and questions are natural tools of examiners. Instead of repeating: I do 

not know since I am too weak, they say I do not know, so I will learn it. Let me try. 
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Stable effects 

As it was mentioned above, discovering and experiencing has a strong impact on 
learners thanks to the great effectiveness of the methods. Students memorize the 
material faster, remember what they have learned for a longer time, and understand 
it deeper. 

Applicability for variety of problem solving 

Among the steps of constructive learning there is broadening of usefulness of the 
created result. As a result, we mean not only what students obtained after a chemical 
experiment or mathematical computation but a way in which they gained their 
experience, as well. Hence, a method they have just applied for patient, diligent, 
dogged finding solutions may be applied for solving their life problems, such as 
planning their future, managing tasks, team co-operation, etc. 

We may ask what the linking element is. The answer appears easy: unconstrained 

engagement following deep and inner motivation, natural interest, and need of 

self-improvement. 

The methods described below are based precisely on the assumption that learners 
are deeply and internally motivated to obtain their goals, they take part in the 
process of education following their true interest and necessity. 

4.2 Edu-Coaching 

Coaching is a personalized and holistic approach, taking into account the fact that 
everyone is different and that our lives and development take place simultaneously 
in many areas. It is based on the relationship between coach and those coached. 

Educational coaching (following a definition presented at 
www.coachingedukacyjny.edu.pl/#czym-jest-coaching) is an educational process 
aimed at developing competences of educators and achieving better learning 
outcomes by understanding children's behavior, skillful work with them and 
effective motivation to learn. 

On the other hand, that is a process focused on improving and strengthening 
learning and development by increasing self-awareness and personal responsibility 
(for more details and examples we refer to [23] [37] [38]). A coach accompanies a 
student by asking questions, listening actively and challenging the student in a 
supportive and motivating way. 

By J. Rogers ([51]) there are six fundamental conditions under which coaching must 
be conducted. We will explain how the conditions are fulfilled in education. 

1) A student owns necessary resources 

Frequently students in a problematic situation resign from finding a solution, 
since they think the problem is too difficult or they are too weak to solve it. 
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The same students, motivated appropriately, reveal knowledge and 
competences sufficient to break their impasse, name the problem and find a 
solution which they can carry out on their own. Working with their coach 
they discover notions, facts, algorithm necessary to obtain their goals.  
A student’s resource can also be the awareness of the right to lack knowledge 
and considering having a problem as a natural state. 

2) A teacher (coach) asks questions so that the student begins to use their 

resources 

By asking questions the teacher (coach) creates a space for the student to 
think out all necessary answers. The questions do not suggest any answer. 
They only encourage and inspire to examine the problem from a different 
point of view or in relation to the student’s previous experience. They may 
lead to a conclusion what is the missing part of knowledge, completing 
which will guarantee a success. 

3) Coaching refers to the past, present and future of the coachee 

The past in the context of education means the prior knowledge and 
experience of the student, his previous habits and talents. The present refers 
to the current abilities and possibilities helpful for obtaining the desired 
objective. The coach accompanies the student while analyzing the sources. 
Moreover, the coach helps to reveal what is a real obstacle in breaking the 
problem. It enables the student to start working on his motivation, patience, 
creativity, and other personal abilities. 

4) The topic is chosen by the student 

The student explains the teacher what the topic of the current work is, what 
the challenge is. The coach cannot insist on choosing another subject. 
Frequently, the student finds out the reason of the problem and decides to 
change the topic, but every time it is the decision of the student. The topic 
may be either a subject-oriented task or a personal ability which the student 
wants to improve. 

5) The student and the teacher are partners 

During the coaching process the student and the teacher play role of partners. 
This is what distinguishes the method from mentoring and tutoring, where 
the teacher is a master, more experienced colleague or an expert. 

6) The goal of the cooperation is solving a problem or a change 

Depending on the topic chosen by the student, the couple coach/coachee 
works on solving the problem or the student’s personal change. 

Solving problems or breaking impasse, in fact is a sort of defining a challenge which 
motivates the student for deepened engagement. In this case we talk about 
transactive coaching. It is a perfect way to support constructive learning in which 
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the student, answering questions, builds knowledge and gains skills. It is also a kind 
of support for learning through ICT aided discovering. The coach will take care to 
make the student avoid risks related to superficiality, lack of reflection and others 
we described above (more about risk of un-guided self-education one can find in 
[17] and [20]). 

The change is related to obtaining and strengthening personal abilities. This is the 
case of transformative coaching. It is significant for strengthening motivation, 
discovering one’s own capabilities, advantages and skills, abandoning limiting 
beliefs, revealing or improving talents, awaking self-confidence, etc. 

Apart from the above application, coaching can be useful to improve interpersonal 
communication between: 

- The teacher and the student 

- The teacher and the student’s parents 

There are only two basic tools necessary to apply coaching in education. One of 
them is asking open and non-suggestive questions. It demands giving the student 
time to response. Even if the student is silent, the coach should not interrupt or 
answer instead of the coachee. Simultaneously, the student should feel free to take 
the time and not to answer immediately. The situation requires a deep trust and 
strong, partnership relation between the coach and coachee. 

The other tool is known as, active listening. It means listening to words, emotions, 
attitudes, and behaviors, which requires the coach to focus totally on the student. 
Questions asked by the coach must follow what was heard from the student.  
The difficulty of the meeting consists in the fact that it cannot be planned and the 
coach must react on the spot to each student’s message. 

Since coaching is strictly formalized (e.g. the coach should not suggest any solution, 
nor give advice) other methods are more popular and more frequently used at 
schools. However, coaching in its pure form, is the most effective method of 
personal development thanks to the fact that the total responsibility belongs to the 
coachee. Other methods, for example tutoring and mentoring, share responsibility 
between the student and the teacher. Thanks to possibility of giving advice they 
might seem to be faster, i.e. the student achieves goals earlier or with less workload, 
but the effect may be less lasting. 

Interesting and valuable results on Edu-coaching methods in 3D VR environments 
can be found in [39]. 

4.3 Tutoring 

Tutoring, similar to coaching, is a holistic approach based on the relationship 
between a tutor with a tutee. The tutor is a facilitator of the development process 
the goal of which is discovering talents and developing the skills of independent 

thinking and creation. 
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The method is based on the principle of “Personalism” where a person is treated 
with awareness that they have their values, past experiences and plans and they need 
to be taken into account when conducting training. The tutor, as an expert in their 
branch, leads their tutee to the success asking inspiring and provoking questions.  
If necessary, the tutor can advise or suggest, can propose literature or directions of 
development. After each meeting the tutee is given a topic of an essay to write, in 
which they present their thoughts and justification of their personal ideas. 

Again, we can distinguish two kinds of methods: focused on discovering and 
developing talents (developmental tutoring) or focused on developing knowledge 
in a chosen area (scientific tutoring). In the second case, the tutor must be an expert 
in the area of training. 

The basic tools and methods applied in coaching are useful for tutoring, as well. 
The master asks open questions following the tutee argumentation, their needs and 
problems. The tutor listens actively to the tutee, reacting immediately to their talk, 
emotions, and behavior, challenges the tutee and proposes steps of their 
development. 

Both coaching and tutoring are applied to the best students, who are ready to accept 
what they may reveal during the process. The methods are awards for the students’ 
prior achievement. The methods described below are appropriate for any students 
and pupils. 

4.4 Soft Skills Training 

As we wrote in chapter 2 (following [50]), soft skills mean a combination of 
interpersonal (human) skills and personal (career) attributes. From own experience 
and interviews with some coaches and business trainers we can claim that among 
the most popular skills chosen by clients to be trained the following ones can be 
listed: 

- Team cooperation 

- Team building 

- Team management 

- Time and task management 

- Emotional intelligence 

- Negotiation 

- Communication 

- Assertiveness 

- Personal and team effectiveness (which are composed of some of the 
above skills on this list) 
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The above skills coincide with all of the needs of the labor market and demands of 
students completing their education before starting their jobs (as described in 
Chapter 2). 

A trainer of soft skills uses coaching methods of asking inspiring and provoking 
question, but at the same time presents the theory necessary for understanding 
processes of management, communications, etc. A great and difficult ability of the 
trainer is to build a training on the spot, following a situation created at the given 
moment or responding to particular trainee’s needs. The trainer must be able to 
manage emotions of the trainee or of the whole group of participants. 

The described method is called a “Consultment” training. It is more efficient than 
any course presenting methods and giving instructions in a stiff way, where 
examples are prepared in advance without examining participants expectation. 
During consultment training, the examples and exercises are being composed at 
once, according to the current need of participants. The method is interactive and 
follows the action of the group and each individual participant. 

Like previously described methods, soft skills training is a holistic, but group 
process, which means that not only a single trainee but the whole group will evolve 
and change during the process. Being aware of the stages of the group process, an 
educator may manage the development of the class as a group or a students’ group 
as a team, simultaneously with teaching them the subject material. 

4.5 Networking 

By networking we mean the exchange of information and ideas among people with 
a common profession or special interest, usually in an informal social setting. 
Objectives of networking include, among others, expanding circles of 
acquaintances of participants, finding out ideas about job opportunities in their 
fields, and increasing their awareness of news and trends in their fields or in the 
greater world. 

It is performed, for instance, as trade shows, seminars, and conferences, which are 
designed to attract a large crowd of like-minded individuals (more details may be 
found at www.investopedia.com). 

Let us present a Polish example of after school extracurricular education, which 
includes also networking as a method of exchanging ideas (details may be found at 
www.kopernik.org.pl/en/projekty-specjalne/). 

The project is coordinated by Copernicus Science Centre in Warsaw, Poland. Up 
till now, it has involved more than 500 Polish schools and universities into an active 
cooperation. Kazimierz Wielki University in Bydgoszcz as a partner in the project 
will examine the effectiveness of the constructive education. 
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Pupils and students are inspired to observe, experiment, ask questions, and seek 
answers in biology, physics, chemistry, mathematics, and other sciences.  
The applied methods change the common teaching to the system of constructive 
learning. Unfortunately, since students choose the topic of each meeting it is hard 
to predict objectives which will be achieved. Because of that the method cannot be 
applied on the regular basis, since the formal education system requires to plan in 
advance a list of learning outcomes. That is not possible in the project. The only 
objectives planned to be achieved are soft skills such as, for instance, asking 
questions, effective communication, team cooperation, self-motivation, adequate 
self-esteem, deepening self-confidence, etc. What students will learn depends on 
their interest, but they definitely will obtain personal abilities useful in their life and 
professional career. 

Conclusions 

Perception and learning practices are strongly influenced by the habits of using 
multimedia, smart devices and the tools of cognitive Infocommunication.  
The system of education needs to be transformed, since modern education should 
take advantage of new habits, in order to help students to be ready for life-long 
learning and to find a satisfying position in a dynamically changing labor market. 
Teachers, in the new formal system, should play the role of facilitators, mentors or 
tutors to assist pupils and students, in gathering information, making conclusions, 
discovering, and solving problems. 

Students may apply high level Mathability devices and applications, as well as, use 
multimedia knowledge sources, however, they must be guided by the facilitators in 
order to avoid risks of superficiality and building inadequate knowledge structures. 
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