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Abstract. Recently a criterion has been given for determining the weakly formal
Weierstrass non-integrability of polynomial differential systems in C2. Here we ex-
tend this criterion for determining the strongly formal Weierstrass non-integrability
which includes the weakly formal Weierstrass non-integrability of polynomial differen-
tial systems in C2. The criterion is based on the solutions of the form y = f(x) with
f(x) € C[[x]] of the differential system whose integrability we are studying. The results
are applied to a differential system that contains the famous force-free Duffing and the
Duffing—Van der Pol oscillators.
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tems.
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1 Introduction and statement of the main result

One of the main problems in the qualitative theory of differential systems is the integrability
problem. For differential systems in C? this problem consists in to determine if the system
has or not an explicit first integral. When this first integral can be expressed as quadratures of
elementary functions we have the so-called Liouville integrability, which is the most studied,
see for instance [16,30,31] and references therein. The Liouville integrability is based on the
cofactors of the invariant algebraic curves and the exponential factors (see definitions below).
Some generalizations of the Liouville integrability theory defining the generalized cofactors
have been obtained, see [7,8,10,11,19,20,30,31].

Some differential systems have an explicit first integral that cannot be expressed as quadra-
tures of elementary functions. Hence these systems are not Liouville integrable. Sometimes
these first integrals can be expressed in terms of special functions, as for instance functions
that are solutions of second order linear differential equations (in [11,19,29] several examples
are given). To determine when a differential system is not Liouville integrable is an open
problem, see [25]. A partial answer to this question has been recently given in [23].
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In this work we present a criterion to detect the strongly formal Weierstrass non-
integrability which is a generalization of the criterion for detecting weakly formal Weierstrass
non-integrability given in [23]. Finally we apply this new criterion to some differential sys-
tems. Puiseux Weierstrass integrability is a generalization of formal Weierstrass integrability
which includes the Liouville integrability and is based on the Puiseux Weierstrass polynomi-
als, see again [23] and below.

First we provide some preliminary definitions and results.

In this paper we consider polynomial differential systems in the plane C? that are given
by

x=Pxy), v=0Q(xy), (1.1)
where the functions P and Q are polynomials in the complex variables x and y. We define by
m = max{deg P, deg Q} the degree of system (1.1) with P(0,0) = Q(0,0) = 0. Along the paper
we also consider the associated differential equation

dy  Q(x,y)
&~ Play) (12)

and the associated vector field X = P(x,y)0/dx + Q(x,y)d/dy.

An invariant algebraic curve of system (1.1) is an invariant curve f = 0 with f € C[x, y], such
that the orbital derivative f = X f = Paf/dx + Qdf/dy vanishes on f = 0. This condition
implies that there exists a polynomial K(x,y) € Clx,y] of degree less than or equal to m — 1
such that

_p0f L A9f _
Xf=Pi +Q5 =Kf. (1.3)

This polynomial K is called the cofactor of the curve f(x,y) = 0.
A function of the form ¢f/8 with f and g polynomials is called an exponential factor if there
is a polynomial L of degree at most m — 1 such that

f/8 f/8
p de +Q de

— Lef/8
e 3y Le/’s,

X(ef/8) =

The polynomial L is called the cofactor of the exponential factor ef/8.

A non-locally constant function H : U C C? — C is a first integral of system (1.1) in the
open set U if this function is constant on each solution (x(f),y(t)) of system (1.1) contained
in U. In fact if H € C}(U) is a first integral of system (1.1) on U if and only if YH =
POH/9x + QOH/dy = 0 on U. A non-constant function M : U C C? — C is an integrating
factor in U if

P%];/I + Qaa]\; = - (21; + 8;5) M = —div(X)M. (1.4)
This integrating factor M is associated to a first integral H when MP = —dH/dy and MQ =
d0H/0x. Moreover V = 1/M is an inverse integrating factor in U \ {M = 0}.

A polynomial differential system (1.1) has a Liouwville first integral H if its associated inte-

grating factor is of the form

M = exp <g> HC;"', (1.5)

where D, E and the C; are polynomials in C[x,y| and «; € C, see [3,17,30,31]. The curves
Ci = 0 and E = 0 are invariant algebraic curves of the differential system (1.1), and the
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exponential exp(D/E) is a product of some exponential factors associated to the multiple
invariant algebraic curves of system (1.1) or to the invariant straight line at infinity, see for
instance [2,4,5,15] or Chapter 8 of [10].

The Liouville integrability is based on the existence of algebraic cofactors for the invariant
algebraic curves and for the exponential factors. The first generalization of this theory is to
consider non-algebraic invariant curves but still with algebraic cofactors, see [11]. In [12] a
method for detecting non-algebraic invariant curves for polynomial differential systems was
given. However there exist non-algebraic invariant curves without an algebraic cofactor, see
[20].

Now we are recall the definition of Puiseux Weierstrass integrability introduced in [23].

Let C((x))) be the set of series in fractionary powers in the variable x with coefficients in
C (these series are called Puiseux series), and Cly] the set of the polynomials in the variable y
with coefficients in the ring C. A function of the form

4
Z x)y' € C((x))[y] (1.6)

is a Puiseux Weierstrass polynomial in y of degree ¢, i.e. a polynomial in the variable y with
coefficients in C((x)). Here we have privileged the variable y but of course we can privileged
the variable x instead of the y.

In the next result we provide the expression of the cofactor of an invariant curve y — g(x) =
0 with g(x) being a Puiseux series, for a proof see [23], see also [13].

Proposition 1.1. Let g(x) € C((x)). An invariant curve of the form y — g(x) = 0 of a polynomial
differential system (1.1) of degree m has a Puiseux Weierstrass polynomial cofactor of the form

K(x,y) = ky1(x)y"™ 1 4+ Ky (x)y + ko(x). (1.7)

A planar autonomous differential system is Puiseux Weierstrass integrable if admits an inte-
grating factor of the form (1.5) where D, E and the C;’s are Puiseux Weierstrass polynomials.
This definition is a generalization of the Weierstrass integrability given in [19] and studied
in [21,22,24,28]. We remark that by definition that all the Liouvillian integrable systems are
particular cases of the Puiseux Weierstrass integrable systems.

Let C[[x, y]] be the set of all formal power series in the variables x and y with coefficients
in C.

Theorem 1.2. If f € C[[x,y]] then it has a unique decomposition of the form

~

f=ux Ty —gi(x), (1.8)

j=1

where gi(x) are Puiseux series and s € Z, s > 0 and u € C[[x,y]] is invertible inside the ring

Cllx, yll-

For a proof of Theorem 1.2 see Corollary 1.5.6 of [1].

We note that a Darboux integrating factor (1.5) is analytic function where it is defined
consequently by Theorem 1.2 it can be written into the form (1.8).

The first aim of this work was to give a necessary condition for detecting the Puiseux
Weierstrass integrability but when g;(x) € C[[x]]] of a polynomial differential system (1.1).
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However this has been impossible using only the formal solutions of the form y = f(x) of the
associated differential equation for the reasons that we will see later on.

We say that a polynomial differential system (1.1) is strongly formal Weierstrass integrable if
it has an integrating factor of the form

4

M(x ) [Ty —grlx (1.9)
k=1

where the functions «a(x), gx(x) € C[[x]] for i = 1,...,k. Note that the definition of strongly
formal Weierstrass integrability is a generalization of the definition of weakly formal Weier-
strass integrability given in [23], where that the functions «(x) is constant equal to one.

In this work we give a criterion for detecting when a polynomial differential system (1.1)
is not strongly formal Weierstrass integrable with a(x), gx(x) € C[[x]]. This criterion is based
on the following result which provides a necessary condition in order that a polynomial dif-
ferential system (1.1) be strongly formal Weierstrass integrable with a(x), gx(x) € Cl[[x]].

Our main result is the following one.

Theorem 1.3. Assume that a polynomial differential system (1.1) is strongly formal Weierstrass in-
tegrable with a(x), gx(x) € C[[x]], and let H(x,y) be a first integral provided by the strongly formal
Weierstrass integrability.

(a) Let h(x) € C[[x]] and y = h(x) be an invariant curve of the system such that H(x,y) is defined
on the curve y = h(x). Then there exists an integrating factor M(x,y) of the form (1.9) such
that M(x,h(x)) = 0.

(b) Assume that the origin of system (1.1) is a singular point, and the first integral H(x,y) and
M(x,y) of statement (a) are well-defined at the origin. Then a linear combination of the formal
Weierstrass polynomial cofactors up to order r of the solutions of the form y = f(x) satisfying
Eq := xdy/dx — y = 0 must be equal to minus the divergence of system (1.1) up to order r.

Theorem 1.3 is proved in Section 2.
Now we apply Theorem 1.3 to a differential system that contains the force-free Duffing
and Duffing—Van der Pol oscillators. Hence we consider the differential system

x=vy, y=—(0x+a)y— (ex®+0x). (1.10)

This system contains the famous force-free Duffing ({ = 0, € # 0) and the Duffing—Van der
Pol (¢ # 0, € # 0) oscillators that appear in several fields of mathematics, physics, biology,
see [18] and references therein. The Liouville integrability of system (1.10) was studied in [9]
where the following results were established.

Theorem 1.4. System (1.10) with { = 0 and € # 0 is Liouvillian integrable if and only if either & = 0,
or o =242 /9.

In the case ¢ # 0 by a suitable rescaling of the variables for the Duffing—Van der Pol system
we can take { = 3 without loss of generality.

Theorem 1.5. System (1.10) with { = 3 and € # 0 is Liouvillian integrable if and only if « = 4¢/3
and o = €2/3.

Applying Theorem 1.3 to system (1.10) we obtain the following result.
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Theorem 1.6. System (1.10) can be strongly formal Weierstrass integrable with a(x), gx(x) € C[[x]]
if, and only if, one of the following cases holds:

(a) o =2a2%/9,

(b) o #2a%/9, 0 # 0and 3ae — 470 =0,

(c) o #2a%/9, 0 # 0and —21ae® + 6a?el + 24efo — 7al’0 = 0,
(d) o #2a%/9, 0 =0and —6e(7e —2al) = 0.

We can see that all the Liouvillian integrable cases given in Theorems 1.4 and 1.5 are
included in Theorem 1.6. In particular the case { = 3 with « = 4¢/3 and ¢ = €2 /3 vanish the
condition —21ae? + 6a%ef + 24efo — 70?0 = 0.

Theorem 1.6 is proved in Section 3.

The following proposition shows that if a polynomial differential system has a Puiseux
Weierstrass first integral of the form (1.5) then it has an integrating factor of the same form.

Proposition 1.7. If system (1.1) has a Puiseux Weierstrass first integral of the form (1.5), then it has
a Puiseux Weierstrass integrating factor of the form (1.5).

The proof is straightforward because M = (0H/dy)/P(x,y) which has the form (1.5). This
proposition was generalized in [17] for non-Liouville integrable systems.

2 Proof of Theorem 1.3

Proof of statement (a) of Theorem 1.3. By assumptions the first integral H(x, y) is defined on the
invariant curve y = h(x). So H(x,h(x)) = ¢ € C, and the first integral H(x,y) = H(x,y) — ¢
satisfies H(x,h(x)) = 0. Now we consider the integrating factor M(x,y) associated to the
first integral H. Perhaps this inverse integrating factor does not vanish at y = h(x), but we
consider the function M = MF(H) being F an arbitrary function of H such that F(0) = 0.
This function M is also an inverse integrating factor of system (1.1) because

X(M) = X(MF(H)) = X(M)F(H) + MX (F(A)) = F(H)X (M)
= —F(A)div(X) M = —div(X) MF(H) = —div(X) M.

Hence we obtain that M(x, h(x)) = 0 because F(0) = 0. O

We can repeat this process to obtain an integrating factor that vanish in a finite number of
the solutions of the form y = h(x) such H(x,h(x)) =c € C.

In the proof of statement (b) of Theorem 1.3 we shall need the following result, for a proof
see for instance Proposition 8.4 of [10].

Proposition 2.1. Assume that f € C[x,y] and let f = f"* ... fi"" be its factorization into irreducible
factors over Clx,y]. Then for a polynomial system (1.1), f = 0 is an invariant algebraic curve with
cofactor Ky if and only if f; = 0 is an invariant algebraic curve for each i = 1,...,r with cofactor K.
Moreover Kf = anfl +...+ ”for-

Proof of statement (b) of Theorem 1.3. We assume that the system is strongly formal Weierstrass
integrable with a(x), gx(x) € C][x]] this means by definition that the system has an integrating
factor of the form (1.9). Hence we know that a first integral H and an integrating factor
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M of the form given in statement (a) can be found. We compute the solutions y = f;(x)
where fi(x) = L% a;x/ with a; arbitrary coefficients that must satisfy the equation Eq :=
xdy/dx —y = 0 up to certain order r. Note that these solutions satisfy that

either M(x, fi(x)) = O(x"), or M(x, fi(x)) =c2+ O(x),

with ¢, # 0, this case appears when the integrating factor (1.8) has s = 0. The first ones
correspond to the f;(x) that approximate the invariant curves y = gi(x) that appear in the
integrating factor (1.9). For such f;(x) we compute the cofactor K; up to certain order r though
the equation

X(y— fi(x)) = Ki(y = fi(x)) + O(x). 2.1)

Hence these cofactors K; of the solutions y — f;(x) are the approximations up to order r of the
cofactors K} of the invariant curves y — gx(x) of the integrating factor (1.9).
The second ones satisfy

4
M(x, fi(x)) = a(x) [ T(fi(x) = ge(x))™ = c2 + O(x"). (22)
k=1
Hence, since ¢; # 0, M(x, fi(x)) = c2 + O(x"), and from (1.9) we have that «(0) # 0. Then up
to order r we have
4

. _ Xp — Ciz r
[T — i)™ = | 75] +00), 23)
where here [-], means up to order r. Consequently y = f;(x) is an approximation up to order

r of the equation
4

[T —ge(x))™ = Ml (2.4)

k=1

We apply the vector field operator to (2.4) and we obtain

d A o\ oa(x) c2
X (H(]/_gk(x)) k) =X <oc(x)> = a(x)2 P = _ermz (2.5)
because X (a(x)) = Ky(x,y)a(x) where K, is a formal Weierstrass polynomial cofactor. This
happens because a(x) = 0 is an invariant algebraic curve of the vector field X. Indeed, a(x)
is a factor of the integrating factor M(x,y) given in (1.9), and M(x,y) = 0 is an invariant
curve because it satisfies (1.4), and the factors of an invariant curve are also invariant curves.
Moreover we have taken into account that X'(a(x)) = «/(x)x = a/(x)P(x,y) and then K, =
& (x)P(x,y)/a(x).

In summary from equations (2.4) and (2.5) we have

¢ ¢

X (H(y - gk(X))”‘k) = —Ke [Ty — ge(x))™ (2.6)
k=1 k=1

Now we apply the vector field operator to (2.3) and we obtain

X (ﬁ(ﬁ(x) - gk<x>>“k> ~x(|:] ) L o), 27)

k=
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where X (O(x")) = O(x"~1) P(x, fi(x)) = O(x"). Taking into account equation (2.5) we define
the new cofactor K, through the equation

* (5l = (&) &

which is equation (2.5) taking the lower terms up to r and where K, is an approximation up
to r of the cofactor K,. Therefore from (2.3), (2.7) and (2.8) we obtain an approximation of the
cofactor of a(x) up to order r computing

X (Tl (%) — ge()™)
Tt (fi(x) — gi(x))

By the definition of integrating factor (1.9) and from the extension of the Darboux theory
to Weierstrass functions, see for instance Theorem 3 of [23], we have that

= —K, +0O(x"). (2.9)

X (M) = —div(X)M. (2.10)

In short the cofactors K; of the solutions y — fi(x) passing through the origin are the
approximations up to order r of the cofactors K; of the solution y = g;(x). By Proposition 2.1
the other solutions y — f;(x) not passing through the origin with cofactor K; give by equation
(2.9) an approximation up to order r of the cofactor K, of a(x), i.e.

Y uiki = —K,. 2.11)
=1

Therefore, from (2.2), (2.10) and (2.11) we obtain that

WK = —div,(X) + O(x ). (2.12)

™

Il
—

5
Z AiKi +
i=1

This proves statement (b) of the theorem. O

In summary, if condition (2.12) is not satisfied then system (1.1) does not admit an inte-
grating factor of the form (1.9) and consequently is not strongly formal Weierstrass integrable.
Hence we have a necessary condition to have strongly formal Weierstrass integrability. Note
that if we have that Y_!_; A;K; 4+ Y5, 1;K; = O(x"*1) system (1.1) satisfies a necessary condi-
tion to have a first integral of the form (1.9), see for more details statement (i) of Theorem 8.7
of [10].

3 Proof of Theorem 1.6

We apply the criterion provided by statement (b) of Theorem 1.3 to detect if system (1.10) can
be strongly formal Weierstrass integrable, that is, if it can has an inverse integrating factor of
the form (1.9). We propose a solution curve of the form

y = f(x) = g 4+ X + apx> + azx® + agx* + asx® + - - -

Substituting this solution in the first ordinary differential equation Eq := xdy/dx —y = 0 we
get an infinite system of equations. First we have studied the case when a4y # 0, and in this
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case it is easy to see that we find two solutions not passing through the origin but we do not
find any possible integrable case. So we consider the case a9 = 0. In order to determine the
first coefficients we fix up to certain order the developments of f(x) and Eg in power series of
the variable x. If we compute the solutions up to order 6 we obtain the following finite system
of equations

a,(3a1 +a) =0, a%—i—ala—i—a:O,

Zﬂ% +4ajas +aza+e+ a0 =0, 7aza4 + 7azas + a4l =0,

5asa3 + 5a1a4 + age + a0 =0,  3a3 + 6aray + 6aras + asa + azd = 0.
From the first equation we have two possibilities a; = 0 or 2y = —a/3. First we take a, = 0.
The obtained system is compatible and we get two solutions. We denote them y; and y, but
we do not write them here due to their long extensions. Now we study the case a1 = —«a/3

with a; # 0. In this case the equation a% + @ + 0 = 0 takes the form o — 2a%2/9 = 0. Hence
we must impose ¢ = 24?/9 in order that the finite system of equations be compatible. Under
this condition we find four more solutions that we denote by vy3, y4, y5 and y¢, but again we do
not write them here due to their big extensions. We recall that all these solutions pass through
the origin, i.e., y;(0) = 0fori =1,...,6. Now we compute their cofactors using equation (2.1),
that we denote by K;. Finally we verify if the equation

6
ZAiKi = —diV6X + (’)(x7),
i=1

has any solution, and since it has a solution statement (a) of the theorem follows.

Now we consider the case o # 2&?/9. In this case the solutions yifori=3,...,6 do not
exist and we only have the solutions y; and y>. We compute their cofactors from equation
(2.1), that we denote by K; and K, and we verify if the equation

MK 4+ MKy = —diveX + O(x7),
is satisfied. This equation gives a system of three equations. The first one is
K(24 A1+ A2) — (A — A) Va2 — 4o = 0. 3.1)
From this condition we can isolate A; if o # 0 (we will consider ¢ = 0 below) and we have

A — (24 Ay) + Ava? — 4o
! —a+VaZz—40 ’

From the second equation we obtain

(—zx +2va% —40+ AV a? — 4(7) (Bae —40) = 0.

Hence we have two possibilities: If 3ne — 4{c = 0 the third equation can vanish choosing the
value of A, and this proves statement (b) of the theorem. If —a +2v/a? — 40+ AyvVa? —40 =0

we isolate the value of A,, i.e.
_a—2Va? 4o
N T
and the third equation provides the condition —21ae? + 6a%el + 24efo — 7a{?c = 0, which
shows statement (c) of the theorem.

A2
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Now we study the case ¢ = 0. In this case condition (3.1) becomes a(1 + Az) = 0. Taking
into account that we are in the case o # 2a?/9, we must take A, = —1. The second condition
is €(3+ A1) = 0. The case ¢ = 0 gives a trivial integrable case. Hence we must consider
A1 = —3. In this case the third condition gives —6¢(7e — 2a{) = 0 which proves statement (d)
of the theorem. Hence this completes the proof of theorem.

4 Examples
Example 4.1. Consider the differential system
X =y+xy+ a2 vy =2y(y + x). (4.1)

This system was studied in [14] where an algorithmic method to determine integrability was
given. Using the method developed in [14] it was shown that system (4.1) has an integrating
factor of the form M(x,y) = ¥/ (2) y~5/2 and the a Liouville first integral

2

% x/~/2y

H(x,y) = & +\f2/ v gy
VY 0

Now we are going to apply the criterion provided by statement (b) of Theorem 1.3 for de-

tecting if system (4.1) can have an inverse integrating factor of the form (1.9). We propose a
solution curve of the form

y=f(x) =ay+ax +ax® + azx® + agx* +asx® + -

Substituting this solution in the first ordinary differential equation Eq := xdy/dx —y = 0 we
get an infinite system of equations. In order to determine the first coefficients we fix up to
certain order the developments of f(x) and Eq in power series in variable x. If we do that up
to order 6 and we solve the finite system of equations we obtain the following solutions.

1) ag=as=a4=a3=a,=a, =0,

2) ag = —1368989—4007/150829 ,_ __ 78143150829 , _ 173—\/150829
6 = 607500 s 45 = 750 s 4= 900 ’
_ 2 497—+/150829 4277\/15082 __ 427—+/150829
a3 = —3, ﬂz—io , a1 = ;0= "5
3) a5 — —1368989-+4007+/150829) 4 781-3+/150829) 4 173++/150829)
6 — 607500 s 45 = 750 s 44 = 900 ’
_ 2 497+\/15082 427+\/15082 427+\/15082
az=—3, M= ~—"—7 M =" 3 40—

The solutions correspond to the solution curves

1) y1 =0+ 0O(x"),

— 427—\/15082 427— \/15082 497—+/150829 2 3.3
) y2 = fa(x) = + x + £y —3x

+ 1737\/ 150829) x4 + 781+3 15082 5 1368989+4007\/15082 X6 + O( )
900 607500

_ 427-1—\/ 150829 427+ \/ 150829 497+ \/ 15082 2 3.3
Y3 = f3(x) = + X+ —3X

+ 173+\/15082 ) x4 + 781 3\/ 150829 5 1368989 — 4007\/ 150829 x6 4 O( )
900 607500
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respectively. The first one corresponds to the invariant algebraic curve y = 0 whose cofactor
is 2x 4+ 2y. However, in general, we can have an approximation of a solution of the form y =
Qk(x) and an approximation of its cofactor. To compute the approximation of the Weierstrass
polynomial cofactor of the solution curve y = 0, since the system is of degree 2, it must be of
the form Ky = ko(x) + k1 (x)y. Hence we have the equation

a(ya_xyl) o a(ya;yl)y = (ko(x) + k1 (2)y) (v = 1) + O(x"),

From here we obtain kg = 2x and k; = 2.
For determining the cofactors of the other two solutions y = fi(x) for i = 2,3 we use
equation (2.7) that in this case are

X (y2(x) = y1(x)) = Ka(2) (2(x) = 31.(x)) + O(x),

X (y3(x) = y1(x)) = Ks(x) (y3(x) = y1(x)) + O(x),
We do not write here the expressions of K, and K3 due to their extension but the reader can
compute them straightforward. Now we study if the cofactors Kj, K and Kj satisfy (2.12), i.e.

/\1K1 + mIZz + ﬂ2K3 = —divgX + (’)(x7),

and this equation has not solution. Hence system (4.1) has not an integrating factor of the
form (1.9), this implies that system (4.1) is not strongly formal Weierstrass integrable.

If we try to see if there is a linear combination that gives zero, then the system has the
unique solution Ay = pp = pu3 = 0. Therefore the system has not a first integral of the form
(1.9).

The conclusion is that system (4.1) is not strongly formal Weierstrass integrable in the
original coordinates (x,y). However we can ask if system (4.1) is strongly formal Weierstrass
integrable after a change of variable. The answer to this question is positive as we will see
below.

System (4.1) after doing the change of variables

VT

takes the form
1= V2u? +2uz, z=1.

First we rename the new variables of the form u := x and z := y. So the equation associated
to this differential system is the Bernoulli equation dx/dy = v/2x? + 2xy, and then its integra-
bility is straightforward. In fact an integrating factor is given by M(x,y) = e ¥’ x2 and a first
integral is

v y
H(x,y) = % + \6/ et dt.
0
Anyway we are going to apply the necessary condition of strongly formal Weierstrass inte-
grability to this system. Attending to the form of the integrating factor in this case the answer

must be positive.
Hence consider the system of the form

x=v2xt+2xy,  y=1 (4.2)
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Now we study if system (4.2) is strongly formal Weierstrass integrable. We propose a solution
curve of the form

y = f(x) = g 4+ mx + apx> + azx® + agx* + asx® + - - -

Substituting this solution in the ordinary differential equation Eq := xdy/dx — 1y = 0 we get
an infinite system of equations without any solution. Therefore privileging the variable y the
system has no solutions curves. Next we propose a solution curve of the form

x = f(y) = a0+ ay + azy® + azy’ + agy* + asy’ + - --

Substituting this solution in the first ordinary differential equation Eq := xdx/dy — x = 0 we
get an infinite system of equations. We determine the first parameters fixing certain order in
the developments of f(y) and Eq in power series of the variable y. If we do that up to order 4
and we solve the finite system of equations we obtain the following solutions.

2) xp = _% [ 225— 15\F + ’1155J:[‘ﬁy 15 zﬁyz o T\/SE(6+ \/ﬁ)]ﬁ
450\/ 2 \/7 (10 +3V15)y* +O( %),

3) x5 = fiy PR 4 BBy 4 /BB 2(6 4+ VIB)y
— 2o/ 55 (10 + 3V/15)y* + O(x9),

4 = iy B - ey 4 BB 6 - V)Y
— o/ 255 (10 - 3VIB)yt + O(x%),

5) x5 =i 1526/75 151;\[fy 15+2\fy %5 26— VI5)y°

oo/ 5515 (10 — 3\F)y4 +O>O).

Next we compute their Weierstrass polynomial cofactor for the solution curve y; through the
equation
ox—x1), d(x—x
B2 2y — )+ k) 0) + 06,

which is K; = v/2x + 2y, and the cofactors of the other solutions through the equations

X (xi(x) = x1(x)) = Ki(x) (x;(x) — x1(x)) + O(x),

fori = 2,3,4,5. We do not write here the expressions of these cofactors due to their extension.
Finally we try to see if there is a linear combination of these cofactors equals to minus the
divergence, that is,

/\1K1 —+ ]Jsz + y3K3 + y4K4 + M5K5 = —divy X + O(XS),

and this system has the solution Ay = =2, yo =5/6 —/5/3, y3 =5/6 —\/5/3, us =5/6 +
V5/3 and pus = 5/6 + /5/3. Hence system (4.2) satisfies the strongly formal Weierstrass
integrability condition and it can have an integrating factor of the form (1.9) as indeed it
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has. Moreover we can also study if the system has a first integral of the form (1.9) using the
equation
MKq + ]/lsz + ]/l3K3 + ]/l4K4 + “1/15K5 = O(XS),

and this system has the only solution Ay = py» = 3z = us = ps = 0. Consequently system (4.2)
has not a first integral of the form (1.9).

Example 4.2. In 1944 Kukles [27] studied the following system
x=y, y=—-x+Q(xy), (4.3)

where Q(x,y) = a1x2 + axy + a3y2 + auxd + a5x2y + a6xy2 + a7y3, giving the conditions in
order that the origin of (4.3) be a center. However some decades later in [6,26] was proved
that the conditions were uncompleted showing that the origin of the following system has
also a center. Consider the system

=y, y:—x+x2—x————2y2+—. (4.4)

System (4.4) has an inverse integrating factor of the form
V(x,y) =e 173 (3v2(1 —x) + x(V2 x +1))?,

and the following first integral

H(x,y) = y2(x +1) +2v2xy(x —2) + 6(3x — 2) +2x% — 1022 13 N /ex(l’%)dx .
(x(y + v2x) +3V2(1 - x))?
The analyticity of this first integral around the origin implies that the origin is a center.
Now we are going to apply the criterion to detect if system (4.1) can have a strongly formal
Weierstrass first integral. We propose a solution curve of the form y = f(x) = ¥;_oa;x' and
substitute this solution into the differential equation Eq := xdy/dx —y = 0 and we get an

infinite system of equations. If we develop up to order 3 and we solve the finite system of
equations we obtain the solutions curves.

1) y1 = ix —ix? + O(x®),

2) yp = —ix +ix? + O(x%),
3) y34 =3V2+ M— (V2++3)x + 1/12(6\6— 6v/3 £ v/3(4 — /6)3/2
F10,/3(4 - V) )22+ O(+*),

4 Y56 = 3V2:E\/3(UF VB) + (—V2+ VE)r +1/12(6v2+ 6v3 % V3(4 -+ VE)2

F101/3(4+ V6) ) 2 + O(x%).

Now we compute the Weierstrass polynomial cofactor of the first two solutions curves.
These cofactors, as the system is of degree 3 must be of the form K = ko(x) + ki(x)y +
kz(x)y?. Applying equation (2.1) to the solution curves y — f(x) = 0 we obtain the Weierstrass
polynomial cofactors up to order 3 in the variable x

1) Ky = —1/6(6i 4+ 4(—=3i + v2)x?) —1/6(12 — v2ix + V2ix*)y + 1/ (3v2)y? + O(x®),
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2) Ko =1/6(6i —4(3i +v/2)x2) — 1/6(12 + /2ix — v/2ix?) )y + 1/ (3vV2)y* + O(x3),

The cofactors of the other solutions must be computed through the equation (2.9) that in this
case are

X (i) =y ) @ix) = 2(0)) ) = Kix) (:(x) = 11(0)) i (x) = 2(x)) ) + O(%),

for i = 3,4,5,6. We do not write here the expressions of these cofactors due to their extension.
From statement (b) of Theorem 1.3 we study if system (4.4) has a strongly formal
Weierstrass first integral using the equation

MKy 4+ AKy + u3Ks + uyKy + sKs + pgKe = O(x°),

and this system has the solution Ay = A, = 0 and

s (6\@+ 5v15 — 61/24 — 6v/6 — 15/4 — \@)
re = 6710 4 5v/15 4+ 61/24 — 61/6 + 151/4 — /6

ﬂs=§[24xﬁo+2o¢ﬁ+4\/m+5\/m
£1291/24 - 6V6 1 316\/4 — V6 814+ V6
364+ v8) ~ 491004+ V6) 401504+ VB) |,

u4=1};52[—6\/ﬁ—4\55+ /60 — 15v/6 + /40 — 10v6

—29\/24—6\@—71\/4—\@+ \/4+xf6+\/6(4+xf6)

+11\/10(4+ V6) +9\/15(4+ \@)]/

where we have Dy = 372 +152/6 -+ 801/60 — 15v/6 -+ 981/40 — 10v/6 and D; = 84 + 34v/6 +
18v/60 — 15v/6 + 221/40 — 10/6.  Consequently system (4.4) can have a strong formal

Weierstrass first integral as indeed it has as we have seen before.
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Abstract. We study the problem of existence of periodic solutions for some generalisa-
tions of the relativistic Liénard equation

d ¥
dt /1 — 2

and the prescribed curvature Liénard equation

+ f(x, )%+ g(x) =0,

d X
dt /14 22

where the damping function depends both on the position and the velocity. In the
associated phase-plane this corresponds to a term of the form f(x,y) instead of the
standard dependence on x alone. By controlling the continuability of the solutions, we
are able to prove the existence of at least a limit cycle in the associated phase-plane
for both cases, moreover we provide results with a prefixed arbitrary number of limit
cycles. Some examples are given to show the applicability of these results.

+ f(x,1)x 4+ g(x) =0,

Keywords: periodic orbits, limit cycles, Liénard relativistic equation, Liénard curvature
equation.

2010 Mathematics Subject Classification: 34C25, 34C07.

1 Introduction

The problem of the existence of periodic solutions for the Liénard differential equations of the
form

¥4 f(x)x+g(x) =0, (1.1)

™ Corresponding author. Email: gabriele.villari@unifi.it
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has been widely investigated in the literature and there is an enormous number of papers
originated from the pioneering work by Liénard [7] in 1928. The interested reader can consult
for instance [5,15,16] and the references quoted therein.

Recently, particular attention has been given to the study of generalisations of Eq. (1.1) of
the form

9(3) + F(x)x +g(x) =0, (12)

where a nonlinear function ¢ is involved. Once we replace the Newton acceleration ¥ in
Eq. (1.2) by the relativistic one, we get the so called relativistic Liénard equation

i X
dt /1 — x2

originally introduced and studied in [9,11]. Similarly, one can study [10] the prescribed curva-
ture equation of Liénard type

+ f(x)x+g(x) =0, (1.3)

d X

dt \/1+ 12

The former models have been studied using a phase-plane analysis. Indeed Eq. (1.3) is
equivalent to the system

+ f(x)x+g(x) =0. (1.4)

" i 05
y = _f(x)\/%l_? _g(X),

while Eq. (1.4) can be rewritten as

.y
RV (1.6)
§= —F0) g,

Let us observe that, at a first glance, Eqgs. (1.3) and (1.4) may look similar each other,
however once we pass to the phase-plane it is clear that system (1.6) is defined only in the
strip |y| < 1, while the former in the whole plane. This geometric feature makes the anal-
ysis completely different; indeed in order to obtain a winding trajectory and then apply the
Poincaré-Bendixson Theorem, it is crucial to control the possible blow-up of trajectories when
ly| — 1. To tackle this issue, Eq. (1.4) was studied in [10] in the particular case

d_ x
dt \/1+ x2

where the real positive parameter A should be taken sufficiently small, exactly to control the
trajectories.

The aim of this paper is to consider the more general case where the term f(x) in Egs. (1.3)
and (1.4) has been replaced by f(x, x). Let us observe that a particular case involving a term
f(x,x), polynomial in %, has been already investigated in [4] in the classical Liénard problem.
The interested reader can found other cases in [3,6,12,17]. The goal of the present paper is
thus to deal with the following equations

+Af(x)x+g(x) =0, (1.7)

4 x
dt /1 — x2

+ f(x, %)%+ g(x) =0, (1.8)
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and
d X

dt 1+

Observe that the first equation can be rewritten in the phase-plane as follows

+ f(x, %)%+ g(x) =0. (1.9)

y=—flxy)—= —3g(x), '

1+y?

with f(x,y) = f(x,y/+/1+ y2). In the following we will impose some conditions on f(x,y)
to guaranteed the existence of a winding orbit (e.g. Lemma 3.5), let us however notice that
the above relation between f(x,y) and f(x, %) allows us to conclude that the assumptions on
f can be very mild, because system (1.10), covers more general cases, as well as the following
system (1.11). The second Eq. (1.9) becomes

XIV%? (1.11)
yZ—ﬂ%wv%?—g@%

using f(x,y) = f(x,y//1—y?2). In particular, the phase portrait of these two systems will
be studied, and the problem of existence, uniqueness and number of limit cycles will be
investigated.

The structure of the paper is the following. In Section 2 some basic properties of the
above systems will be presented, in particular we will develop further the method presented
in [9,10] to deal with a case where the number of limit cycles can be completely determined
studying the curves where f(x,y) = 0. The main results will be presented and proved in
Section 3, while in Section 4 some examples will be presented and discussed.

2 Definitions and basic facts

Throughout the paper, we assume the functions f(x,y) and g(x) to be regular enough to
ensure the existence and uniqueness of the associated Cauchy problem. Moreover we assume
xg(x) > 0 for x # 0. Therefore (0,0) is the unique equilibrium point for both systems (1.10)
and (1.11).

The slope of the trajectories of latter systems is given by the following expressions, where
y’ denotes the derivative of y with respect to x:

2
v(x) = —f(x,y) g(x)vly*y, 2.1)
and
1— yz

2.2
v (2.2)

y'(x) = —f(x,y) — g(x)

Let us consider the phase-plane system equivalent to the classical Liénard system, Eq (1.1)

{x:y (2.3)
y=—f(x)y—gx),
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whose slope is given by

f:—ﬂ@—gﬂ- (2.4)

Then one can remark that the main difference between the classical case and the former ones
(1.10) and (1.11), lies on the fact that trajectories of system (2.3) cannot cannot escape to infinity
(i.e. no vertical asymptote is allowed) in any finite interval « < x < B; this is no longer true
for systems (1.10) and (1.11) due to the presence of the function f(x,y). Another difference, as
already mentioned, is that trajectories of system (1.11) are constrained in the horizontal strip
lyl <1.

Therefore, in the study of Eq. (1.10) in order to avoid the possibility of the existence of
vertical asymptotes some growth restriction on f(x,y) is required, as for instance that in any
finite interval &« < x < B there exist two positive constants L and D such that |f(x,y)| < L|y|
for every x in @« < x < B and |y| > D. This growth restriction will be easily improved in the
Lemma 3.5. On the other hand when dealing with Eq. (1.11) this lemma is not necessary due
to the fact that solutions are constrained in the horizontal strip |y| < 1.

Continuing our analysis of the phase-plane we can compare the slope (2.1) with the one
of system (2.4), this will allow us to use the former ones to drive the trajectories of the second
one. We eventually conclude that if f(x,y) > f(x) in xy > 0, then trajectories of system
(1.10) “enter” trajectories of system (1.5), while in xy < 0 we have the opposite situation.
More precisely we mean that once a trajectory of system (1.10) transversally crosses a given
orbit of system (1.5), then the former will never intersect the latter again and so it will remain
constrained in a region bounded by the second orbit. This property can be used in order to
prove the intersection of the trajectories with the x-axis for |x| large enough, in fact orbits of
the system (1.10) will be guided by the ones of system (1.5), and this will be used for finding
suitable conditions in order to prove that trajectories of system (1.10) turn clockwise.

When f(x,y) is identically to zero, the system (1.10) becomes the relativistic Duffing system,
namely

¥ = Y
{ Vit (2.5)
y: —g(X),

while system (1.11) becomes the prescribed curvature Duffing system, namely

Y
Vi-y? (2.6)
y=—-g(x).

X =

The phase-portraits of systems (2.5) and (2.6) has been previously studied in [9,10], how-
ever we decided to hereby present a short analysis because this will determine a crucial step
in order to study the phase-portrait of systems (1.10) and (1.11).

The first observation is that both systems (2.5) and (2.6) have a Hamiltonian structure for
a suitable function H

{xzﬁﬂ%w

2.7)
y=-Lxy);

for system (2.5) we should use

Hy(x,y) =4/1+y>—1+G(x), (2.8)
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while for system (2.6)

He(x,y) = —\/1—y2+ 1+ G(x), (2.9)

where in both cases G(x) is the integral of g(x), G(x) = [; g(s) ds.

Notice that in the original case of the Liénard system we would have H(x,y) = 3y* + G(x);
despite the difference, all these Hamiltonian functions will play the same role.

Moreover, it is possible to show that the origin is a global centre for both systems (2.5)
and (2.6) if and only if G(x) diverges to infinity for |x| — oo, exactly as in the classical case,
while if G(x) is bounded the origin is a local centre. We observe that H,(x,y) and H.(x,y)
may be viewed as an energy first integral for both the modified Duffing systems (see [5] for a
discussion of the energy function in the classical case).

Taking H,(x,y), respectively H.(x,y), as a Lyapunov function for systems (1.10), respec-
tively (1.11), we obtain, for its time-derivative along the trajectories the relations

dH, _ Y y y Y
W(x,y) = \/Tiyz (‘f(xry)w —g(x)) +8(x)\/T7 = —f(x,y)ﬁyz/ (2.10)
for the system (1.10), while
dH. _ y y y Y
it g (‘f(x/y)m—g(x)> +8(x)\/17_7y2 = f(x/y)l_yzf (2.11)

in the case of system (1.11). Therefore, when f(x,y) is positive the trajectories of systems
(1.10) and (1.11) enter trajectories of systems (2.5) and (2.6) respectively, while when f(x,y)
is negative trajectories of system of systems (1.10) and (1.11) exit trajectories of systems (2.5)
and (2.6). This behaviour will be crucial in the following and as a first result we get that if
£(0,0) < 0 then the origin is a source for both systems (1.10) and (1.11). Let us observe that
the latter result holds true even if f(0,0) = 0 provided that f(x,y) < 0 sufficiently close to the
origin.

3 Main results

At this point we are able to present a first result, holding for both systems (1.10) and (1.11),
which provides examples of a system with a prescribed number of periodic solutions in the
light of the classical Poincaré example (the interested reader can consult the § 3.3 of the
survey [8]), moreover it shows the flexibility given by the fact that f(x,y) depends on two
variables.

Theorem 3.1. Consider system (1.10)
¥ =~
{ V12
Y — Yy
y=—fly) 7 — 8,

let us assume G(x) — oo for |x| — oo, and let for any fixed integer n and positive increasing

sequence Cy
n

fxy) =T](H(xy) —ck). (3.1)

k=1
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Then the system (1.10) exhibits exactly n limit cycles. Moreover their sizes become arbitrarily large as
n increases.
On the other hand if G is bounded, namely G(x) < K, where K < min{G(—o0), G(+00)}, let

n

floy) =[] (He(x,y) — Kdy), (3.2)

k=1

for any positive decreasing sequence di, di < 1, then the system (1.10) admits again exactly n limit
cycles.

Proof. We observe that for unbounded G, once H,(x,y) = ¢, (or Kdy in the case of bounded G),
the system (1.10) reduces to the Duffing one (2.4) and it clearly exhibits closed trajectories. The
rest of the proof follows straightforwardly using the signs discussion previously done. O

Remark 3.2. A similar result holds for system (1.11). Namely if G is unbounded or bounded
by some K’ > 1 and one chooses

n

flry) =1 (H(xy) —er), (33)
k=1

for any positive decreasing sequence ey, e; < 1 then the system has n limit cycles. Conversely

if G <K' <1, with K’ < min{G(—o0), G(+00)}, one can take

n

foy) =[] (He(x,y) — K'eg), (3.4)

k=1

and again the system exhibits 7 limit cycles.

The latter result looks more interesting, in fact it allows to prove the existence of limit
cycles without the need for a small parameter as done in Eq. (1.7) to force the solutions to
remain into the horizontal strip.

At this point in order to get the existence of a limit cycle, it is necessary to create a winding
trajectory, being the origin a source because of the assumptions made above. Therefore we
consider again systems (1.10) and (1.11) and present our main results.

3.1 The relativistic case

Theorem 3.3. Consider system (1.10) and let us assume the reqularities conditions on f(x,y) and
¢(x) given in Section 2. If £(0,0) < 0, G(x) — oo for |x| — oo, and there exist smooth functions
¢$(x) > 0and (x) < 0 such that:

flx¢(x)p(x) > —¢'(x)p(x) = g(x)/1+ [¢(x)]*  Vx<a <O, (3.5)
and

fep(x)p(x) < =9/ (x)p(x) — g(x)\/1+ [p(x)]*  Vx=p>0. (3:6)
There exists a positive function T (x) such that

[f(ey)| < LT(x)|y| Vx € [a, Bl and |y| = D > 0. (3.7)

Assume then f(x,y) > 0 for x > Bandy > 0and x < aw and y < 0.
Then the system (1.10) exhibits at least one stable limit cycle.
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Let us present two preliminary lemmas, upon which the proof of our theorem will be
based. We start with the following lemma which is based on previous results [1,2,13,14].

Lemma 3.4. Let us assume there exist « < 0 and B > 0 and two smooth functions ¢(x) and P(x)
such that
p(x) >0 Vx<wand p(x) <0 Vx> §B.

Assume moreover

flx,9(x)p(x) > —¢'(x)p(x) —g(x)\/1+ [p(x)]*  Vx<a, (38)

and

fp())p(x) < =9 (2)p(x) —g(x) /1 + [p(x)]> Vx> B. (3.9)
Then the orbits enter the regions bounded by y = ¢(x) for x < a and y = P(x) for x > B (see
Fig. 3.1).

Proof. Let us consider the case involving ¢(x) being the one for {(x) similar. The slope of
system (1.10) is given by

L) = ~fly) -~ VL, 610)
and thus evaluated on the graph of the function ¢(x) gives:
Ol = (5, 0) — gl V5 A -
— i | 90) s T+ Lo

where in the rightmost equality we factorised ¢(x).
Recalling the assumption (3.8) and the positiveness of ¢(x) for x < a we get:

d
L ®)lyp <9'(x)  Vx<u,

that is orbits starting on y = ¢(x) will enter the region bounded by such curve if x < a.

Z/‘ﬁﬁ\} Y

e
e e — —

Figure 3.1: The curves y = ¢(x) and y = (x) and their relation with the
trajectories of the system (1.10).
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Let us now emphasise some relevant cases obtained by specialising the functions ¢ and ¢:

e ¢p(x) = ¢(x) = —g(x), then the condition of the lemma becomes

fla,—=g(x)) > ¢'(x) +/1+[g(x)]2  Vx<a<O,
and similarly for x > B > 0.
o ¢(x) = 9(x) = —x, hence
flx,—x)>1+V/1+22  Vx<a,

and similarly for x > B > 0.

o ¢(x) =k >0, ¢p(x) = —k, then

flx, k) > —g(x)V1+k2/k  Vx<a<O,

and

flx,—k) > g(x)V1+k*/k  VYx>p>0.

We are now presenting a lemma allowing us to avoid the presence of vertical asymptotes
for the orbits.

Lemma 3.5. Let us assume there exists a positive continuous function T(x) and two positive constants
L and D such that

foy)| <LT(x)ly|  Vxe[-M M]and|y| = D. (3.12)

Then any orbit starting on the lines x = £M cannot escape to infinity (i.e. no vertical asymptote is
allowed).

Proof. Let us notice that using the bound (3.12) we can show that the orbit can be continued
in the future starting from any xo = —M and yp > D up to x = M. O

We observe that this lemma is necessary once dealing with general f(x,y) as in Eq. (1.10),
on the contrary when such function is actually obtained by f(x,y/+/1+ y?) the lemma is no
longer necessary because the latter function is bounded for |y| — oo.

The last ingredient needed to show that orbits turn clockwise is the following lemmas.

Lemma 3.6. Let us assume G(x) is unbounded and f(x,y) > 0 for x > b, for some b > 0, then any
trajectory starting on the vertical line (b, yy), yp > 0, will intersect the positive x-axis.

Proof. The proof is straightforward; it is based on Eq. (2.10) and the properties of the Duffing
system (2.5) which exhibits a global centre because of the assumption on g(x). See Fig. 3.2 for
a geometrical representation of such result. O

Let us note that assuming f(x,y) > 0 for x < 4, for some a < 0. A similar result can
be used to prove that any trajectory starting from (a,v,), v, < 0, will intersect the negative
x-axis. We can now prove the Theorem 3.3
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G(z)
K>
""""""" Ki| T
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Figure 3.2: The global and local centre cases according to the behaviour of G(x)
for |x| — oo.

Proof. The reader can consult Fig. 3.3 to follow the progress of the proof. Let us consider a
point P(xo,Y0), X0 < a and yp = ¢(xp) > 0, in virtue of Lemma 3.4 the trajectory originating
from this point it is bounded away from the x-axis for negative t and it enters the graph of the
function ¢(x) and therefore it will intercept the line x = «. From this point on, the trajectory
can intersect the x-axis at some point in between (0, ); on the contrary by virtue of Lemma 3.5
the trajectory will reach the line x = 8 at some y; > 0. By Lemma 3.6 the trajectory will be
guided by the trajectories of the Duffing system (2.5) and thus will reach the x-axis at some
point x > B.

Using condition (3.9), again from Lemma 3.4, the trajectory will intersect the line x =
at the point ¢(B) < y2 < 0. As before, such trajectory can intersect either the negative x-
axis in («,0), or it reaches twice the line x = « once for some negative y3 and eventually for
0 < ya < ¢(a). In both cases we produced a winding trajectory, which completes the proof by
recalling that the origin is a source and using the Poincaré-Bendixson Theorem. O

[FA U R

[
_\ i

- —|

_———————e

Figure 3.3: Scheme of the proof of the Theorem 3.3.
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Let us observe that assuming both Eq. (3.5) and (3.6) is perhaps too restrictive. Indeed one
can prove a similar result relaxing one of the above as the following result shows:

Theorem 3.7. Consider system (1.10) and let us assume the reqularities conditions on f(x,y) and
¢(x) given in Section 2. If £(0,0) < 0, G(x) — oo for |x| — oo, and there exists a smooth function
¢(x) such that:

fx¢(x)p(x) > —¢'(X)p(x) —g(x)y/1+ [¢p(x)]*  Vx<ua, (3.13)

moreover there exists a positive function T(x) such that
fy)| < LTyl Vx € o, Bl and |y| > D > 0. (3.14)

Assume then f(x,y) > 0 for x > B and every y. Then the system (1.10) exhibits a least 1 stable limit
cycle

The proof is similar to the previous one and therefore it will be omitted. A similar result
clearly holds if one assume Eq. (3.6) and f(x,y) > 0 for x < a and every y.

3.2 The prescribed curvature case

If we consider system (1.11) a lemma similar to 3.5 can be proved with the additional assump-
tion that the orbit should be constrained in the strip |y| < 1; for the same reason, as previously
mentioned, a result similar to Lemma 3.4 will not be interesting in this contest. However a
result similar to the one provided by Theorem 3.3 holds true.

Theorem 3.8. Consider system (1.11) and let us assume the reqularities conditions on f(x,y) and
g(x) given in Section 2. If f(0,0) < 0, G(x) — Ge > 1 for |x| — oo and there exists a smooth
function ¢(x) such that:

fx9(x)p(x) > —¢'(x)p(x) — g(x)\/1+ [p(x)]* Vx<a, (3.15)

and ¢p(a) < 1. f(x,y) > 0 for x < a and all y. Then the system (1.11) exhibits at least one stable
limit cycle provided f(x,y) is sufficiently small for x > «.

The proof is similar to the one of Theorem 3.7 and thus it will be omitted. A similar result
can be stated using the function ¢ (x) with () > —1. A slight different version of this result
together with its dual version, will require a growth assumption on f(x,y) only in the strip
(a, B) x R and requiring f(x,y) > 0 also for x > B. However this result, even if supported by
numerical evidence similar to the one of Fig. 7 [10], is less appealing for the heavy assumption
on the growth of f(x,y). Moreover, some restrictions on the growth of G(x) seem necessary,
as for instance G(x) < 1 for all x. A detailed discussion on this assumption may be found
in [10].

4 Some examples

The aim of this section is to present some examples of application of the theory developed
so far. The numerical results, in particular the 0-isocline and the orbits, have been realised
using the MATLAB software [18], while the phase-space portraits using the open source Field-
Play [19].
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4.1 Using the 0-isocline for the functions ¢(x)and ¢ (x)

Let us consider f(x,y) = |y|cos?y(x?> — 1) and g(x) = x, then the system (1.10) rewrites

1=
142
j = —Ullcosp?(2) (4.1)
Vit /

whose slope is thus (see Eq. (2.1)) given by

/00 = —llcosy P~ 1~ Y E.

Finally the O-isocline, yo(x), is implicitly given by:

2 [yo®)lwo(x) _  x (4.2)

(cosyg(x)) \/W—_XZ_l'

This function is invariant with respect to the transformation (x,y) — (—x, —y) and thus it
would be enough to study it for y > 0. For a sake of clarity let us define the functions

(x))Z ]yo(x)]yo(x) and B(x) — X

Aly) = (cosyo T+ ()P 21

In the limit x — 0, we have B(x) — 07, hence to satisfy the equation A(y) = B(x) we have
yo — 07 and (cosyp)? — 0, that is yg — 71/2 + k7, for k € N U {0}. On the other hand once
x — 07, we get B(x) — 0~ and thus the only root of A(y) is given by yo — 0~.

We then consider the case of large x. For x — +oc0, B(x) — 0~ and thus the unique zero
of A(y) is yo — 0~. Finally, if x — —oo, B(x) — 07, hence beside the zero yy — 0% we have
also the positive zeros of (cosyy)?, that is yo — 71/2 + k7, for k € N U {0}.

We observe that £(0,0) = 0 but f(x,y) < 0 for 0 < x* < 1 and thus one can prove that
the origin is an unstable equilibrium. The function G(x) = x2/2 and thus it is unbounded
for |x| — oo. Taking L = 1 and T(x) = 1 — x? one can obtain |f(x,y)| < LT(x)|y| for all
x € [-1,1] and y > 0. Finally f(x,y) is positive for |x| > 1. Observe that x > 0 for y > 0 and
thus the O-isocline is traversed from left to right by the orbits, the latter can thus play the role
of the function ¢(x) because it prevents the orbits to grow.

The hypotheses of Theorem 3.3 are met and thus the system will exhibit at least one stable
limit cycle. A numerical integration of (4.1) shows that indeed the limit cycle is unique (see
Fig. 4.1). However we are not able to prove the uniqueness of the limit cycle, and at this stage
this remains a conjecture.

4.2 Using a constant function for ¢(x)and 1 (x)

Let us consider f(x,y) = (k*> + x2/2)(siny — 1/2) + x2, for some k € R, and g(x) = x, then
the system (1.10) rewrites

¥ = Y
Hf 2, 22 : 1 2 (4.3)
y = — 17+y2 |: + 7) (Slny — E) +x i| X
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Figure 4.1: The phase-portrait of the system (1.10) with f(x,y) = |y| cos? y(x? —
1) and g(x) = x. On the left panel [18]: the black curves denote the different
branches of the 0-isocline while the blue and red curves are two generic orbits
of the system which accumulate on the (unique) stable limit cycle as provided
by Theorem 3.3. On the right panel [19]: several orbits are traced to better
appreciate a larger view of the phase-portrait; let us observe that the scales of
the two figures are slightly different, this is the reason why the two limit cycles
look different.

One has £(0,0) = —k?/2 < 0, |f(x,y)| < 3k?*/2 + 7x*/4 and thus Lemma 3.5 holds true, and
finally f(x,y) > 0 for |x| large enough, say x*> > 6k*. Once again G(x) — oo for |x| — co.

Let us finally assume ¢(x) = a and ¢(x) = —a, where a = 7/2, then conditions (3.5)
and (3.6) are satisfied if

f(x,a) > —x

and f(x,—a)>x p

V1+a? V1+a?
a

A direct computation shows that if K2 > %T \ 14 %2, then the previous conditions are satisfied,
indeed

K 5,
f(x,a) = >t
and with the chosen bound on k?> we are sure that such parabola never intersects the line
y=— x\/1+a2
pan

4.3 The curvature case

The last example concerns the prescribed curvature case. We will use that same function
f(x,y) of the first example, that is f(x,y) = |y|(cos3y)?(x> — 1). On the other hand for the
¢(x) function we will use g(x) = pxe ¥, where u < 1, in such a way lim 0 G(x) = p < 1
(see section 6 of [10]). Finally to constraint the orbits into the strip |y| < 1 we multiply f(x,y)
by a sufficiently small parameter A, then the system (1.11) rewrites

¥
Vi-y
_ y vlvl(eos3y)(x*—1)

y= V12 — pxe” ™,

X =

(4.4)
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1/

(

Lo & B L o

Figure 4.2: The phase-portrait of the system (1.10) with f(x,y) = (1+
x2/2)(siny —1/2) + x? and g(x) = x. On the left panel [18]: the dashed black
line denotes the function ¢(x) = 71/2, while the blue and red curves are two
generic orbits of the system which accumulate on the stable limit cycle as pro-
vided by Theorem 3.3. On the right panel [19]: several orbits are traced to better
appreciate a larger view of the phase-portrait.

whose slope is (see Eq. (2.2)):
/1 — 12
x) = —Aly|(cos3 xt—1) — uxe M +——m—. 4.5
v yl(cos3y)?*(x? pxe” 1y / (4.5)

Finally the 0O-isocline, yo(x), is implicitly given by:

(x))z |y0(x)’y0(x) _ _‘uxei‘x‘ (46)

A(cos 3y =L 21

The study of the O-isocline is very similar to the one done in Section 4.1 the main dif-
ferences being now that not all the zeros of (cos3y)? should be taken into account because,
only those falling inside the strip |y| < 1 do matter; secondly the positive-y branch stops at
(x,y) = (—1,1) and the negative one at (x,y) = (1, —1) (see Fig. 4.3 for a numerical example).
One can use again the 0-isocline as function ¢(x) and ¢(x) to apply the Theorem 3.8.

1 ‘ Yy
=

-1 . T

-10 -5 0 5 10

Figure 4.3: The phase-portrait of the system (4.4) with f(x,y) =
lyl(cos(3y))?(x* — 1), g(x) = pxe I, A = 0.01 and = 1/2. On the left
panel [18]: the solid black lines denote the branches of the 0-isocline while
the blue curve a generic orbit of the system which accumulate on the (unique)
stable limit cycle as provided by Theorem 3.8. On the right panel [19]: several
orbits are traced to better appreciate a larger view of the phase-portrait; let us
observe that because of the small parameter A the system is very close to the
Duffing one which exhibits a global centre (in the strip |y| < 1), therefore it is
hard to visualise the limit cycle for the system we are considering.
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Optimal control problem for 3D micropolar
fluid equations
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Abstract. In this paper we study an optimal control problem related to strong solutions
of 3D micropolar fluid equations. We deduce the existence of a global optimal solution
with distributed control and, using a Lagrange multipliers theorem, we derive first-
order optimality conditions for local optimal solutions.

Keywords: micropolar fluid equations, optimal control, optimality conditions.

2010 Mathematics Subject Classification: 49]20, 76D05, 76D55.

1 Introduction

The Navier-Stokes equations are a widely accepted model for the behavior of viscous incom-
pressible fluids in the presence of convection. However, the classical Navier-Stokes theory is
incapable of describing some physical phenomena for a class of fluids which exhibit certain
microscopic effects arising from the local structure and micro-motions of the fluid elements.
A subclass of these fluids is the micropolar fluids, which exhibit micro-rotational effects and
micro-rotational inertia. Animal blood, liquid crystals, and certain polymeric fluids are a few
examples of fluids which may be represented by the mathematical model of micropolar flu-
ids, so that it is interesting to study the behavior of such fluids. The mathematical model that
describes the movement of these fluids has been introduced by Eringen in [7] (see, also [6]).
In this work we consider an optimal control problem restricted by the 3D micropolar fluid
equations in which a distributed control acts on linear momentum as external source on the
domain. Specifically, we consider Q C R? be an open bounded domain with smooth bound-
ary 0Q) and (0,T) a time interval, with T > 0. Then we study an optimal control problem
related to the following system in the space-time domain Q := Q) x (0, T)

du— (v+v,)Au+ (u-V)u+ Vp = 2v,curl w + f,
oW — (cq 4+ cq)Aw + (u- V)w — (co + ¢4 — ¢,) Vdivw + dv,w = 2v,curlu + g, (1.1)

divu =0,

™ Corresponding author. Email: emallea@uta.cl
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where the unknowns are the linear velocity u = u(x,t) € R3, the velocity of rotation of the
particles w = w(x,t) € R® and the pressure p = p(x,t) € R. The functions f and g are given,
and represent external sources of linear and angular momentum of particles, respectively.
The positive real constant v, v;, co, ¢, and c¢; characterize isotropic properties of the fluid; in
particular, v is the usual kinematic viscosity and v,, cg, ¢, and c; are new viscosities related
to the asymmetry of the stress tensor. These constants satisfy co +c¢; > c¢,. For simplicity
we denote v = v+, 2 = ¢; + ¢4 and v3 = ¢o + ¢4 — ¢, Without loss generality we can
assume that density of the fluid is equal to one. The symbols A, V, curl and div denote the
Laplacian, gradient, rotational and divergence operators, respectively; d;u and Jyw stand for
the time derivatives of u and w, respectively. The i-th components of (u-V)u and (u-V)w
are respectively given by

3

: aui Bwi
[(u-V)u]; = ]—21 Mjach and [(u-V)w]; = ]_Zl ujaixj'

When the microrotation viscous effects are not considered, that is, v, = 0, or w = 0, model
(1.1) reduces to the well known incompressible Navier—Stokes system, which have been greatly
studied (see, for instance, the classical text books [17], [18] and [31]).

We complete system (1.1) with initial conditions

u(x,0) =up(x), w(x,0)=wp(x) inQ (1.2)

and boundary conditions
u=0 w=0 onodQx(0,7T). (1.3)

From the mathematical point of view, the initial-value problem (1.1)—(1.3) has been studied
by several authors, and important results on existence of weak solutions and local strong solu-
tions, large time asymptotic behavior, regularity of solutions, and general qualitative analysis,
have been obtained (see [1,8-11,20,26,27,33], for instance).

There is an extensive literature devoted to the study of optimal control problems related
with the classical Navier-Stokes equations (see, for instance, [3-5,14-16,25,32] and references
therein). As far as known, the literature related to optimal control problems for micropolar
fluids is scarce. In [29], an optimal control problem associated with themotion of a micropolar
fluid, with applications in the control of the blood pressure, was studied. In [30], in a two-
dimensional domain, the relation between the microrotation and vorticity of the fluid was
analyzed. Also, a boundary control problem for the stationary case with mixed boundary
conditions, including a Navier slip condition on a part of the boundary for the velocity field,
was studied in [22,23]. In [22], for three-dimensional flows with constant density is considered,
while in [23], the 2D case with variable density is studied.

For two-dimensional flows, an existence and uniqueness theorem for a weak solution of
(1.1)=(1.3) has been known for a long time (see [20]). The study for 3D domains is more
complicated. Here we can distinguish two types of solutions: weak and strong solutions.
Under minimal assumptions in the initial data and external forces f and g the existence of
weak solutions for (1.1)-(1.3) can be proved; however, the uniqueness is an open question
(this is similar to what happens with the 3D Navier-Stokes equations). The existence of
weak solutions is not sufficient to carry out the study of the optimal control problem, due
to the lack of regularity of weak solutions. Indeed, we cannot obtain first-order necessary
optimality conditions. To overcome this, following the ideas of Casas [3] and Casas et al. [4],
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we consider a convenient cost functional. Instead of setting the L?>-norm of u — u, in the
objective functional as usual, we consider the functional

T T T
Jaw £ = 5 [l —ua)edt+ £ [ ) —wato) e+ 7 [P, a0

where &« > 0, 8,7 > 0, and the functions u; and w, to be fixed more precisely later. The
objective is to minimize J(u, w, f) in a certain set, with (u, w, f) satisfying system (1.1)—(1.3).
From Loayza and Rojas-Medar [19] we deduce that, if (u, w) is a weak solution of (1.1)—(1.3)
such that J(u,w, f) < +oo, then the pair (u, w) is a strong solution. With this formulation we
can prove the existence of an optimal solution and obtain first-order optimality conditions.
The paper is organized as follow: in Section 2 we fix the notation, introduce the functional
spaces to be used and give the definition of weak and strong solutions for system (1.1)—(1.3). In
Section 3 we establish the optimal control problem, proving the existence of a global optimal
solution and we derive the first-order optimality conditions using a Lagrange multipliers
theorem in Banach spaces. Finally, we improve the regularity of Lagrange multipliers.

2 Preliminaries

Through this paper, we will use the Lebesgue space L7 (Q}), 1 < p < +o00, with norm denoted
by | - ||rr. In particular, the L?>-norm and its inner product will be denoted by || - || and (-, "),
respectively. We consider the standard Sobolev spaces W™ (Q) = {u € LP(Q) : [[0"u|r <
400, V|a| < m}, with norm denoted by || - ||ym=». When p = 2, we write H"(Q) := W"2(Q)
and we denote the respective norm by || - ||g=. Corresponding functional spaces of vector-
valued functions will be denoted by bold letter; for instance H! (Q), L2(Q)), and so on. We will
use the Hilbert space H}(Q)) = {u € H!(Q)) : u = 0 on 9Q}, which is a Hilbert spaces with
inner-product (u, v)y; := (Vu, Vv). Also, as usual we define V := {ueCP(Q) : divu =0}
and the spaces

H := The closure of V in L*(Q), V := The closure of V in H'(Q).
The spaces H and V are characterized by (see [31]):

H={ucl?Q):divu=0and u-n=0onoQ},
V={ucH)Q) : divu =0},

where n denotes the outward unit normal vector to dQ). If X is a Banach space, we denote
by L?(0,T; X) the space of valued functions in X defined on the interval [0, T| that are inte-
grable in the Bochner sense, and its norm will denoted by || - |[1»(x). For simplicity, we will
denotes LP(Q) := LP(0,T; LF(Q)) for p # oo and its norm by || - [[1»(g)- In the case p = +oo,
L*(Q) := L*(Q2 x (0,T)) and its respective norm will denoted by || - ||~ (g)- Also, we denote
by C([0;T]; X) the space of continuous functions from [0, T] into a Banach space X, and its
norm by || - [|¢(x)- The topological dual space of a Banach space X will be denoted by X', and
the duality for a pair X and X' by (-,-)x or simply by (-,-) unless this leads to ambiguity.
In particular V' is the dual space of V and the space H1(Q) denotes the dual of H}(Q).
Moreover, the letters C, K, Cy, Kj, ..., are positive constants, independent of state (u, w) and
control £, but its value may change from line to line.
Now, we give the concept of weak solutions of system (1.1)—(1.3).
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Definition 2.1 (Weak solutions). Let (f,g) € L?(Q) x L?>(Q) and (up,wy) € H x L2(Q)). A
weak solution of (1.1)-(1.3) is a pair (u, w) such that

uc L®0,T;H)NL*0,T;V), amucL*0,T;V), (2.1)
w € L*(0,T;L?(Q)) N L2(0, T; H(QY)), oyw € L2(0, T; H 1(Q)), (2.2)

and satisfies the following weak formulation
T T T
/ (0, v) + 11 / (Vu, Vv) —l—/ ((u-V)u,v)
0 0 0
T T
— 2y, / (curlw, v) + / (£v) Wy e (0, T;V), (2.3)
0 0

/OT(afw,z>+1/2/0T(VW,VZ)—l—/OT((u-V)w,z)+1/3/0T(divw,divz)+41/r/0T(w,z)

=2 ! 1 ! Yz € L%(0, T; H} (O 24
=2 [(ewluz)+ [ (g2) ¥z L0, T;H)(Q), (2.4)
u(0) =uy, w(0)=wy inQ, (2.5)

u=w=0 ondQx(0,T). (2.6)

Remark 2.2. We consider the usual Stokes operator A := —PA with domain D(A) =H?(Q)NYV,
where P : L?(Q)) — H is the Leray projector, and the strongly elliptic operator L := —1,A —
v3Vdiv with domain D(L) = H?(Q) N H}(Q), then system (1.1)~(1.3) can be rewritten as
follows

oru +vAu+ (u-V)u = 2y,curlw + Pfin Q,
oW + Lw + (u- V)w + 4v,w = 2u,curlu + g in Q,

divu=0in Q, (2.7)
u(x,0) = up(x), w(x,0) =wp(x)in Q,
\ u=0, w=00ndQ x (0,T).

Thus, we have the following equivalent formulation of weak solutions of system (1.1)—(1.3).

Definition 2.3. Let (f,g) € L2(Q) x L?>(Q) and (uo, wp) € H x L?(Q). Find a pair (u, w) such
that

uc L®0,T;H)NL*0,T;V), omu e L2(0,T; V'), (2.8)
w € L2(0, T;L2(Q)) N L2(0, T; HA(QY)), o;w € L2(0, T;H™1(Q))), (2.9)

and satisfies the system

( oru+vAu+ (u-V)u = 2v,curlw + Pfin D(A)/,
ow + Lw + (u - V)w + 4v,w = 2v,curlu + g in D(L)/,
u(x,0) =up(x) € H, (2.10)
w(x,0) = wo(x) in L?(Q)),
L u=0,w=00ndQ x (0,T).

We are interested in studying an optimal control problem related the strong solutions of
system (1.1)—(1.3), the following definition is given in this sense.
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Definition 2.4 (Strong solutions). Let (f,g) € L?(Q) x L?(Q) and (ug, wp) € V x H}(Q). We
say that (u, w) is a strong solution of system (1.1)—(1.3) in (0, T) if

ucXy:={uecl®0,T;,V)NL*0,T;H*(Q)) : 9;u € L*(Q)}, (2.11)
w € Xy := {w € L®(0, T; H}(Q)) N L2(0, T; H*(Q)) : o;w € L*(Q)}, (2.12)

and satisfies
oru+vAu + (u- V)u = 2u,curlw + f in L2(Q),

W + Lw + (u- V)w + 4v,w = 2v,curlu + g in L*(Q),
u(x,0) =up(x) €V, (2.13)
w(x,0) = wo(x) in H}(Q),
u=0 w=00ndQx (0,T).

\

The following result is a criterion of regularity that allows us to obtain a strong solution
of system (1.1)—(1.3), the proof can be consulted in [19].

Theorem 2.5. Let (u, w) be a weak solution of (1.1)—~(1.3). If, in addition, the initial data (ug, wy)
belongs to V x H}(Q)) and
u € L*0,T;L5(Q)), (2.14)

then (u,w) is a strong solution of (1.1)—(1.3).
Moreover, there exists a positive constant K := K(||uo||v, HW()HH%, £l 20)/ 181l 2(q)) such that

[ (u, W) [|x,xx, < K. (2.15)

3 The optimal control problem

In this section we establish the statement of control problem. We formulate the control prob-
lem un such way a that any admissible state is a strong solution of (1.1)=(1.3). Due to the
is no existence result of strong solutions of (1.1)—(1.3), we have to choose a suitable objective
functional.

We suppose that U C L?(Q) is a nonempty, closed and convex set and we consider the
initial data ug € V, wg € H}](Q), and the function f € U describing the distributed control on
the linear momentum equation.

Now, we define the following constrained extremal problem related to PDE system (1.1)-
(1.3):

Find (u,w, f) € Xy X Xy X U such that the functional

T
T(u,w,f) 6/ lu(t) — ug(8)]] 6dt—|—ﬁ/ lw() wd(t)sztJr%/o £ 2t (3.1)

is minimized, subject to (u, w, f) be a strong solution of (1.1)—(1.3).

Here (ug,w;) € L(Q) x L?(Q) represent the desires states (in the proof of Theorem 3.14
below is justified the fact that u; € L'°(Q)) and the real numbers &, f and  measure the cost
of the states and control, respectively. These constants satisfy

x>0 and B,v>0.
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The admissible set for the control problem (3.1) is defined by
Swi = {s = (u,w,f) € Xy X Xy XU : s is a strong solution of (1.1)-(1.3) in (0, T)}.

The functional | defined in (3.1) describes the deviation of the velocity of the fluid u and
the microrotational velocity w from a desired velocity u; and microrotational velocity wy
respectively, plus the control of the control measured in the L?-norm.

Thus, we have the following definition.

Definition 3.1 (Optimal solution). An element$ = (i1, W, f) € S,y will be called global optimal
solution of problem (3.1) if

J(i,W,f) = min J(u,w,f). (3.2)

(uw,f)eS,y

Remark 3.2. Notice that if (u, w) is a weak solution of (1.1)—(1.3) in (0, T) such that J(u, w, f) <
+00, then, in particular u € L%(0, T; L*(Q))); thus by Theorem 2.5 the pair (u, w) is a strong
solution of (1.1)—~(1.3) in (0, T) (in sense of Definition 2.4). Due to there is no existence result
of strong solutions, in what follows, we will assume that

Sut £ . (3.3)

3.1 Existence of global optimal solution

In this subsection we will prove the existence of a global optimal solution of problem (3.1) in
sense of Definition 3.1. Concretely, we will prove the following result.

Theorem 3.3. Let (ug, wo) € V x Hy(Q). We assume that either v > 0 or U is bounded in L*(Q)
and hypothesis (3.3), then the optimal control problem (3.1) has at least one global optimal solution
(@, w,f) € S,

Proof. From (3.3) the admissible set S,; # ©@. Since functional | is nonnegative, then is
bounded below. Hence there exists the infimum over all the admissible elements s := (u, w, f)
belongs to S,y; that is,

0 < inf J(s) < +oo.

sES

Then, by definition of the infimum, there exists a minimizing sequence

{sm}m21 = {(umr Wi, fm)}le

such that
lim J(sy) = inf J(s).

m—+o00 s€Su

From definition of S,4, for each m € IN, s,, is a strong solution of (1.1)—=(1.3), then by definition
of | and the assumption y > 0 or U is bounded in L?(Q) we deduce that

{ (W, fn) }m>1 is bounded in L°(Q) x L2(Q). (34)

Also, from estimate (2.15) (given in Theorem 2.5) there exists a positive constant, independent
of m such that

| (W, W) [ xg xx0 < K- (3.5)

Thus, from (3.4), (3.5), and using the fact that 2/ C L2(Q) is a closed and convex (then is weakly
closed in L*(Q)), we conclude that there exists an element § = (ii, W, f) € Xy x Xy x U such



Optimal control problem for 3D micropolar fluid equations 7

that, for some subsequence of {s,},>1; which, for simplicity, still will denoted by {s }m>1,
the following convergences hold (as m — +00):

w, — i weak in L2(0, T; H*(Q))) and weak* in L®(0, T; V), (3.6)
Wy — W weak in L?(0, T; H*(Q))) and weak* in L®(0, T; H3(Q))), (3.7)
o, — 0@ weak in L2(Q), (3.8)
ow,, — oW  weak in Lz( Q), (3.9)
fn — f weak in L?(Q). (3.10)

Furthermore, from (3.6)—(3.9), the Aubin-Lions lemma (see [18, Théoréme 5.1, p. 58]) and
[28, Corollary 4], we deduce the strong convergences

u, — @ in 30, T;HY(Q))NC([0, T|; L*(Q)), (3.11)
wy, — W in L2(0, T; H(Q)) N C([0, T]; L*(QY)). (3.12)

From (3.11) and (3.12) we have that the pair (u,(0), w;,(0)) converges to (&1, W) in L?(Q)) x

L2(Q), and since u,,(0) = ug and w,,(0) = wo we conclude that (i(0), w(0)) = (ug, wo).

Thus, the limit element § satisfies the initial conditions given in (1.2). The convergences (3.6)—

(3.12), and a standard argument allow us to pass to the limit in system (2.3)—(2.6) written by

(W, Wi, £,), as m goes to +00; consequently we have that § = (i, W, f)isa strong solution of
(1.1)—(1.3), that is, § belongs to admissible set S,;. Therefore
= < J(s

Jim T (sm) = Jnf J(s (s) <J(8). (3.13)

Finally, taking into account that the functional | is weakly lower semicontinuous on S,;, we

have
J(3) < hmmf](sm) (3.14)

m—r—+oo

Therefore, from (3.13) and (3.14) we deduce (3.2), which implies that optimal control problem
(3.1) has at least global optimal solution. ]

3.2 Optimality system

In this subsection we will derive the first-order necessary optimality conditions for a local
optimal solution § = (i1, W, f) of problem (3.1), using a Lagrange multiplier theorem in Ba-
nach spaces. We will base on a generic result given by Zowe et al. [34] (see, also [32, Chap-
ter 6]). This method has been used by Guillén-Gonzélez et al. [12,13] in the context of chemo-
repulsion systems and in [21] for other models. In order to introduce the concepts and results
given in [34] we consider the following extremal problem:

min J(x) subject to R(x) =0, (3.15)
xeM

where | : X — R is a functional, R : X — Y is an operator, X and Y are Banach spaces, and
M C Xis a nonempty, closed and convex set. The admissible set for problem (3.15) is given

by
S={xeM: R(x)=0}.

The so-called Lagrangian functional £ : X x Y — R related to problem (3.15) is given by
L(x,A) :=](x) — (A, R(x))y- (3.16)
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Definition 3.4 (Lagrange multiplier). Let X € S be a local optimal solution of (3.15). Suppose
that | and R are Fréchet differentiable in X, with derivatives denoted by J'(x) and R'(X),
respectively. Then, A € Y’ is called Lagrange multiplier for problem (3.15) at the point X if

{<A Ry =0, o1
L'(%,A)[s] =T (%)[s] = (A, R'(X)[s])y > 0 Vs € C(x), .
where C(x) is the conical hull of X in M, that is, C(X) = {6(x —X) : x€ M, 6 > 0}.

Definition 3.5. Let X € S be a local optimal solution of problem (3.15). We say that X is a
regular point if
Rx)I[C(Kx)] =Y. (3.18)

The following result guarantees the existence of Lagrange multiplier for problem (3.15);
the proof can be found in [34, Theorem 3.1] and [32, Theorem 6.3, p. 330].

Theorem 3.6. Let X € S be a local optimal solution of problem (3.15). Suppose that | is Fréchet
differentiable in X and R is continuously Fréchet differentiable in X. If X is a reqular point, then the set
of Lagrange multipliers for (3.15) at X is nonempty.

Now, we will reformulate the optimal control problem (3.1) in the abstract setting (3.15).
We consider the Banach spaces

X=Xy X Xw X L2(Q),  Y:=L2%(Q) x L%(Q) x V x H}(Q)),
where

Xg:={ueX,:u=00n09Qx (0,T)}, (3.19)
Xw:={ueXy : w=00n30x (0,T)}, (3.20)

and the operator R = (Ry, Rz, R3, R4) : X — Y, where
Ri:X —=IL%(Q), Rx(X)—L*Q), R3:X—=V, Ry:X— H}(Q)

are defined at each point s = (u, w, f) € X by

Ri(s) =dru+vAu+ (u-V)u—2v,curlw — Pf,
Ry(s) = 0w + Lw + (u- V)w + 4v,w — 2v,curlu — g,
(3.21)
Rs(s) = u(0) —uo,
Ry4(s) = w(0) — wy.
Hence, the control problem (3.1) is reformulated as follows
min J(s) subject to R(s) = 0. (3.22)

seM

Notice that M := )A(u X )/ZW x U is a closed convex subset of X and the admissible set is rewritten
as follows
Sui={s=(u,w,f) eM: R(s) =0}. (3.23)

Concerning to differentiability of the functional | and constraint operator R we have the fol-
lowing lemmas.
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Lemma 3.7. The functional | is Fréchet differentiable and the Fréchet derivative of ] in 8 = (4, W, f) €
X in the direction t = (U, W, F) € X is given by

ﬂ(é)[t]:zx/OT/Q]ﬁ—ud]‘L(ﬁ—ud)-U—i—[B/OT/Q(W—wd)-W—k'y/OT/Qf-F. (3.24)

Lemma 3.8. The operator R is continuously-Fréchet differentiable and the Fréchet derivative of R
ins = (a,w,f) € X, in the direction t = (U,W,F) € X, is the linear and bounded operator

RI(8)[t] = (Ry(8)[t], Ry (8)[t], R5(8)[t], R} (8)[t]) defined by

Ri(8)[t| =0, U+ vAU+ (U- V)i + (- V)U — 2v,curl W — PF,

Ry(3)[t) =0W+ LW + (- V)W + (U - V)W + 4v,W — 2v,curl U, (3.25)
R3(8)[t] = U(0), '
Ry(8)[t] = W(0)

Remark 3.9. From Definition 3.5 we conclude that § = (a,Ww,f) € S,y is a regular point if
given (gu, gw, Uo, Wo) € Y there exists t = (U, W, F) € Xy x Xy x C(F) such that

R'(8)[t] = (8u, 8w, Uo, Wo), (3.26)
where C(f) := {6(f —f) : 6 >0, f € U} is the conical hull of f in U.
Lemma 3.10. Let 5 = (i1, W, f) € Sy, then § is a reqular point.

Proof. Due to 0 belongAs to 9 (f); then, given (gu, gw, Uo, Wo) € Y, it is sufficient to show the
existence of (U, W) € Xy x Xy such that
U+ vAU+ (U-V)i+ (@ V)U = 2u,curl W = gy in Q,
OW+ LW+ (i V)W + (U- V)W + 4v,W — 2v,curl U = gy, in Q,
U(0)=U, inQ,
W(0) =W, inQ.

(3.27)

Since system (3.27) is a linear, we argue in a formal manner, proving that any regular enough
solution is bounded in X, x X
Testing in (3.27); by AU we have

VU2 + 11 ||AU||> = — ((U- V)@, AU) — ((@- V)U, AU)
+ 2v,(curl W, AU) + (gu, AU). (3.28)

Zdt’

Now, we will bound the terms of right-side of (3.28). Using the Holder, Poincaré and Young
inequalities, and taking into account the continuous injection H!(Q) < L1(Q) (g € [1,6]) we
have

((U-V)a, AU) < [[U][s]| V]| | AU[| < CJ|UJg [Vl [ AU < C[[ VU] | Val|s [ AU
< e||AU|* + C|| V|| VU2 (3.29)
From the equivalence 2Vl—ﬁHAuH < |Jullgz < C||Au|| (see [24, Lemma 3.1]) and the known
interpolation inequality in 3D domains |[ul/;s < C|lu||'/?||Vu]|!/2, we obtain
(@ V)U, AU)| < [Jallye | VUlis | AU < Cllatllys [ VU2 VU2 AU
< Cllaflwsl| VU2 Ul* | AU| < Cllallye | VU2 AU P2
< el| AU + Cela]l g [ VU (3.30)
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Again using the Holder and Young inequalities, we have

2, (curl W, AU)| < 2v,||curl W] || AU|| < &]| AU + Ce|curl W12
< e AU|? + Ce[[ VW%,
(8w, AU)| < [lgull[[AU|| < €] AU|1? + Ce||gul|*.

Thus, replacing (3.29)—(3.32) in (3.28) and choosing ¢ suitably, we obtain
1d
2dt

Now, testing in (3.27), by —AW we have

1d

EEHVWHZ + 1 || AW||? + v3(Vdiv W, AW) + 4v, || VW||?

<|((@- V)W, AW)| + |((U- V)W, AW)| 4 2v;|(curl U, AW) | + | (gw, AW)]|.
Applying the Holder and Young inequalities, we deduce

(@ VW), AW)| < [l gs | VW |3 AW < Clli[|ys [ VW2 AW ][>/
< €| AW|]> + Cella|| {6 VWP,
[(U- V)W, AW)| < [[U|[s | VW | o[ AW]]
< el| AW[? + Ce|[ VW | {6 [ VU 1%,
2v,|(curl U, AW)| < 2v,|| VU|||AW|| < ]| AW|> + C¢||VU||?,
| (8w, AW)| < e[| AW|]* + Ce||gwlI*.

Then, carrying (3.35)—(3.38) to (3.34) and choosing e suitably, we can obtain

Ld

57 VW + C||AW || 4 v3(Vdiv W, AW) + 4v, | VW ||?

< Cllaflg VW + CIVWiEs + DIIVUJ® + Cligw .
Moreover, since operator L = —1,A — 13V div is strongly elliptic, we have

(LW, —AW) > C;||AW|> — Co||[ VW%,

IVU]? + ClIAU|* < C[[ Vil | VU|1? + Cllallt | VUII? + Cllgull* + Cl VW2

(3.31)
(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
(3.37)
(3.38)

(3.39)

(3.40)

where C; and C; are positive constant which depend only on 1, v3 and 9Q) (see [19], for more

details). Then, estimates (3.39) and (3.40) implies

1d

5 7 I VWIP + CIAW|? 4 dv | VW12 < C([[a]ls + 1) [VW]®

+C(IVW|{s + 1) VU|? + Cllgwl*.
Therefore, from (3.33) and (3.41) we deduce
1d
SPTAL
< (IValigs + lalte + [ VW[[Es + 1) VU] + C(flallgs + 1) [ VW2
+C(llgull® + llgwl®)-

VU2 + [ VW) + ([ AU[? + | AW][?) + dv, || VW2

Then, from (3.42) and Gronwall lemma, we can deduce that (U, W) € )A(u X )A(w.

(3.41)

(3.42)
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Now we are able to prove the existence of Lagrange multipliers.

Theorem 3.11. Let § = (ii, W,f) € S,y be a local optimal solution for the control problem (3.22).
Then, there exist Lagrange multipliers (A1, A2, A3, Ag) € L?2(Q) x L?(Q) x V/ x H™1(Q) such that

T T T
(x//|ﬁ—ud|4(ﬁ—ud)-U+ﬁ//(Vv—wd)-W+’y//f-F
0 Q 0 Q 0 @)
T
—/ /(atU+vAU—|—(U-V)ﬁ+(ﬁ-V)U—ZvrcurIW—PF)-Al
0 (@)

T
—/ / (OW + LW + (it - V)W + (U- V)W + 4, W — 2v,curl U) - A
0 Q

—/ U(0) - As —/ W(0)-As>0, Ve (UWE) eXyxXwxCEH. (343
Q (@)

Proof. From Lemma 3.10 we have that § = (i, W, f) is a regular point. Therefore, from Theorem
3.6 we deduce that there exist Lagrange multipliers satisfying (3.43). O

Theorem 3.11 allows us derive an optimality system for problem (3.22), for this purpose
we consider the following spaces

~ ~ ~

Xoy = {ueXy :u(0) =0}, Xy, = {uecXy:u(0)=0}. (3.44)

Corollary 3.12. Let § = (@1, W, f) € S,y be a local optimal solution of control problem (3.22). Then
the Lagrange multipliers (A1, A2) € L2(Q) x L?(Q) satisfy the system

T
/ / U+ vAU+ (U- V)i + (@ V)U = 2u,curl W) - A4
0 Ja

T
:oc/o /Q|ﬁ—ud|4(ﬁ—ud)-U, (3.45)
/(]T/Q(atw+ LW + (it V)W + 4v,W — 2y,curl U) - A,
T
= ﬁ/o /Q(W_Wd) W, (3.46)

for all (U, W) € Xy, X W, and the optimality condition
T ~ ~
7/ /(f+/\1)-(f—f)20 Ve U. (3.47)
o Ja

Proof. Notice that ‘/AVuO X WWO is a vector space; then, from (3.43), taking (U,F) = (0,0) we
have (3.45). Analogously, taking (W,F) = (0,0) in (3.43), we deduce (3.46). Finally, taking
(U,W) = (0,0) in (3.43) we obtain

,),/OT/QE.F_F/OT/QF-/\lzo VF € C(f). (3.48)

Thus, choosing F = f — f € C(f) in (3.48) we have (3.47). O
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Remark 3.13. Problem (3.45)—(3.46) corresponds to the concept of the very weak solution of
the parabolic linear problem

— A1 —1AA — - VA + (VAT -a+ (V)T -w + Vg

= 2u,curl Ay — afii — uy[* (@ —uy) in Q, (3.49)
—0tAds —1H ALy —13VdivAy; — - VAr + 41,45
= 2vcurl Ay — (W —wy) inQ, (3.50)
divA; =0 inQ, (3.51)
M(T) =0, A(T) =0 inQ, (3.52)
A1=0,A=0 onadQx(0,7T). (3.53)

Now, we will obtain some extra regularity for the Lagrange multipliers (A1, A;) provided
by Theorem 3.11.

Theorem 3.14. Let (i, W, f) € S,4 be a local optimal solution of problem (3.22). Then, the Lagrange
multipliers (A1, Az), provided by Theorem 3.11, satisfy

AL €L®(0,T; V)N L0, T; H3(Q)), A1 € L2(Q), (3.54)
Ar € L®(0, T; HY(Q)) N L?(0, T; H?(QY)), 9:A; € L*(Q). (3.55)

Proof. First we will show that the solution of system (3.49)—(3.53) has regularity (3.54)—(3.55).
In fact, let T := T —t, with t € (0,T), and 71(7) := A1(t), 2(T) := A2(t). Then, system
(3.49)—(3.53) is equivalent to

(01 — v1Ag — - Vi + (V:]l)T -+ (Vi]z)T -w+ Vg
= 2v,curl gy — afii — uy|* (@ —uy) inQ,
Oty — oAy —v3Vdivey — - Vi +4v,p
= 2vpcurly; — (W —wy) inQ, (3.56)
divg; =0 inQ,
1(T)=0,m(T)=0 inQ,
11 =0,71=0 ondQx(0,T).

Following similar arguments that in the proof of Lemma 3.10 we can obtain that the unique
solution (#1,72) of problem (3.56) satisfies

71 € L*(0,T; V)N L*(0, T;H*(Q)), 91 € L*(Q),
712 € L*(0, T; H(Q))) N L2(0, T; H?(Q)), a2 € L*(Q).

Consequently, the unique solution of system (3.49)—(3.53) satisfies the regularity (3.54)—(3.55).
Now, let (A1,A;) the unique solution of (3.49)—(3.53); then, it suffices to identify (A1, 1) with
(A1,A2). For this, we consider the unique solution (U, W) € Xy x Xy, of problem (3.27) (see
the proof of Lemma 3.10 above) for g, := (A1 — A1) € L?(Q) and gw := (A2 — A2) € L2(Q).
Then, written (3.49)-(3.52) for (A1,A;) instead of (A1, A7), and testing the first equation by U
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and the second equation by W, we can obtain
T —
/ / (3U 4+ vAU + (U- V)i + (it~ V)U — 2u,curl W) - A
0 Jo

T
:zx/o /Q|ﬁ—ud]4(ﬁ—ud)-U, (3.57)

T _
/ / (0tW + LW + (@t - V)W + 4v,W — 2v,curl U) - A,
0 Ja

=p /OT /Q(W —wy) - W. (3.58)

Making the difference between (3.45) for and (3.57), and between (3.46) and (3.58), and then
adding the respective equations, we can deduce

T _
/ / U+ vAU+ (U-V)a+ (- V)U = 2v,curl W) - (A1 — Ayq)
0 0O
T _
+ / / (W + LW + (& - V)W + 4, W — 2,curl U) - (A — A3) = 0. (3.59)
0 @)

Therefore, taking into account that (U, W) is the unique solution of (3.27) for (A; — A1) and
(A2 — Ap), from (3.59) we obtain

1A = Al[T2q) + 142 = A2llf2q) =0,
which implies that (A1,A2) = (A1, A2) in L2(Q) x L2(Q). Consequently, the regularity of
(A1,Az) imply that
A € L%(0,T; V)N L2320, T;H2(Q))), a:A1 € L2(Q),
Ar € L(0, T; HY(Q)) N L*(0, T; H*(Q)), 9:Az € L*(Q). O
Finally, we deduce the optimality system of control problem (3.22).

Corollary 3.15. Let (@, W, f) € S,y be a local optimal solution of problem (3.22). Then, the Lagrange
multipliers (A1, Az), with

A € L®(0,T; V)N L2320, T; H2(Q))), 9:A1 € L2(Q),

A2 € L¥(0, T;Hy(Q)) N L*(0, T;H*(QY)), 9:A; € L*(Q).

satisfiy the following optimality system

— A — V1A — G- VA + (VAT a4+ (VA)T - W+ Vg
= 2v,curl Ay — afi —uyl* (@ —uy) in Q,
—0tAdy — 1AAy —13VdivAy — - VAy + 41,4,
= 2vcurl Ay — (W —wy) inQ,
divA; =0 inQ, (3.60)
AM(T) =0, A(T) =0 inQ,
A =0, A=0 ondQx(0,T),

\v/OT/Q(ﬂ/\l)-(f—i)zo vEel.
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Remark 3.16. If v > 0. Then, from (3.60), the fact that the control set I/ is closed and convex,
and [2, Theorem 5.2, p. 132], we can characterizes the optimal control f as the projection of

— % onto U; that is,
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Abstract. We consider a nonlinear boundary value problem driven by the (p,2)-
Laplacian, with a (p — 1)-superlinear reaction and a parametric concave boundary term
(a “concave-convex” problem). Using variational tools (critical point theory) together
with truncation and comparison techniques, we prove a bifurcation type theorem de-
scribing the changes in the set of positive solutions as the parameter A > 0 varies. We
also show that for every admissible parameter A > 0, the problem has a minimal posi-
tive solution 7, and determine the monotonicity and continuity properties of the map
A=,

Keywords: concave boundary term, superlinear reaction, (p,2)-Laplacian, nonlinear
regularity, nonlinear maximum principle, positive solutions.
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1 Introduction

Let O C RN be a bounded domain with a C?>-boundary 9Q). In this paper we study the
following nonlinear parametric (p,2)-equation

—Apu(z) — Au(z) + E(z)u(z)P ' = f(z,u(z)) inQ
a?:,z Vi on 92, (P))

u>0,A>01<7t<2<p<N.
In this problem, A, denotes the p-Laplace differential operator defined by
Apu =div (|Du|P~>Du) forallu € W'¥(Q), 1< p <N.

The potential function ¢ € L®(Q)), {(z) > 0 for a.a. z € ), ¢ # 0. The reaction term f(z, x)
is a Carathéodory function (that is, for all x € R, z — f(z,x) is measurable and for a.a.

™ Corresponding author. Email: scapellato@dmi.unict.it
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z € O, x — f(z,x) is continuous). We assume that f(z,-) is (p — 1)-superlinear satisfying
the Ambrosetti-Rabinowitz condition (the AR-condition for short). In the boundary condition,
a%z denotes the conormal derivative of u corresponding to the (p,2)-Laplace differential op-
erator. This directional derivative of u, is interpreted via the nonlinear Green’s identity (see
Papageorgiou-Radulescu-Repovs [21], pp. 34, 35). If u € C1(Q), then

d

_ p—2 ou
[|Du| +1]an

Ju
ai’lpz

with n(-) being the outward unit normal on 9Q). Also A > 0 is a parameter and T € (1,2).
So, in problem (P,) we have the competing effects of two nonlinearities of different nature.
One is the reaction term which is superlinear (“convex” nonlinearity) and the other is the
parametric boundary term, which is sublinear (“concave” nonlinearity). Therefore, problem
(P,) is a variant of the classical “concave-convex” problem, with the concave term coming
from the boundary condition.

The study of “concave-convex” problems was initiated with the seminal paper of
Ambrosetti-Brezis—Cerami [2] (semilinear Dirichlet equations). Their work was extended to
nonlinear Dirichlet problems driven by the p-Laplacian by Garcia Azorero-Manfredi—Peral
Alonso [7] and Guo-Zhang [9]. In these works the reaction has the special form

x> AxT P4 x™ 1 forallx >0,

with A > 0 (the parameter) and 1 < T < p <r < p¥,

y nb ifp <N,
+oo if N <p.

Recently more general reactions and different boundary conditions were considered by
Papageorgiou-Radulescu—Repovs[18] (semilinear Robin problems), by Leonardi-Papageorgiou
[12], Marano-Marino-Papageorgiou [14] (nonlinear Dirichlet problems) and by Papageorgiou—
Scapellato [23] (nonlinear Robin problems). In these works the competition phenomena occur
in the reaction of the equation, where we have the presence of concave and convex nonlineari-
ties. Problems with parametric concave boundary term were considered by Hu-Papageorgiou
[11] (semilinear equations), Papageorgiou—-Radulescu [16], Papageorgiou—-Radulescu-Repovs
[20], Sabina de Lis-Segura de Leon [25] (nonlinear problems driven by the p-Laplacian). Fi-
nally we mention the recent work of Papageorgiou-Scapellato [22] where in the reaction we
have the combined effects of linear and superlinear terms.

Our work here extends those of Hu-Papageorgiou [11] and of Sabina de Lis-Segura de
Leon [25].

Using variational tools based on the critical point theory, together with truncation and
comparison techniques, we prove a bifurcation-type result describing in a precise way the set
of positive solutions of problem (P,) as the parameter A > 0 varies. Also we show that for
every admissible A > 0, problem (P,) has a smallest positive solution.

We mention that boundary value problems driven by a combination of differential op-
erators of different nature (such as (p,2)-equations), arise in many mathematical models of
physical processes. Among the first such examples we mention the Cahn-Hilliard equation
(see [4]) describing the process of separation of binary alloys. More recently, we mention the
works of Benci-D’Avenia-Fortunato-Pisani [3] (quantum physics) and Cherfils-Il"yasov [5]
(reaction-diffusion systems).
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2 Mathematical background — hypotheses

In the study of problem (P,), we will use the Sobolev space W' (Q)), the Banach space C!(Q)
and the boundary Lebesgue spaces L*(dQ2) (1 <'s < 0).
By || - || we denote the norm of the Sobolev space W7 (Q)), defined by

lull = [llull} + IDu[}}]7  for all u € WH?(cY).
The Banach space C!(Q)) is an ordered Banach space with positive (order) cone
C, = {u e CY@Q) : u(z) >0 forall z eﬁ}.
This cone has a nonempty interior given by
intCy ={ueCy:u(z) >0 forallze Q}.

We will also use another open cone in C!(Q)) given by

_ ou
_ 1 : s
Dy = {u €eC(Q):u(z) >0 forallz € Q, i ‘anmrl(o) < 0}.

On 0Q) we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using o (-),
we can define in the usual way the boundary Lebesgue spaces L*(9Q)) (1 < s < c0). We know
that there exists a unique continuous linear map o : W7 (Q) — L?(9Q)), known as the trace
map, such that

Yo(u) = u‘aﬂ for all u € W'P(Q) N C(Q).
So, the trace map extends the notion of boundary values to all Sobolev functions. This map

is compact into L5(0Q)) for all 1 <s < % when p < N and into L?(Q)) forall 1 <s < o0
when N < p. Moreover, we have

1
imyo = W¥""(0Q2) (1 PR 1> ,
keryg = Wé’p(Q).

In what follows for the sake of notational simplicity we drop the use of the trace map. All
restrictions of Sobolev functions on d() are understood in the sense of traces.
If u,v € W (Q) with u(z) < v(z) for a.a. z € Q, then we define

[u,0] = {h € WP (Q) : u(z) <h(z) <v(z) foraa. z<cQ},
[u) ={h € W (Q) :u(z) < h(z) foraa.zec Q}.
Given g1,82 € L®(Q), we write g1 < g2 if for every K C () compact we can find cx > 0

such that
ck < g2(z) —g1(z) foraa.ze K.

Note that if g1, ¢ € C(Q) and g1(z) < g2(z) for all z € ), then g1 < .

We say that a set S C W'P(Q) is downward directed, if given uj,u, € S, we can find u € S
such that u < uq, u < u,.

Let (-,-) denote the duality brackets for the pair (W'7(Q), W'?(Q)*) and let A, :
WLP(Q) — WIP(Q)* be the nonlinear operator defined by

(A, (1), h) = / \Du|P~2(Du, Dh)gn dz  for all u, i € W"P(Q).
Q
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Proposition 2.1. The operator Ay(-) is bounded (maps bounded sets to bounded sets), continuous,
monotone (hence maximal monotone too) and of type (S), that is,

up = uin W(Q) and limsup(A,(uy),un —u) <0 = u, —u in WP (Q).

1—00
Ifp=2,then Ay = A € L(HY(Q), H(Q)*).
For x € R, we set x* = max{+x,0}. Then, given u € W?(Q)), we define
ut(z) = u(z)* forallz € Q.
We know that
ut e WY(Q), u=u"—u, |ul=u"+u.

Finally, if X is a Banach space and ¢ € C!(X,R), then by K, we denote the critical set of
¢(-), that is,
Ky = {u € W(Q): ¢'(u) = 0}.

Now we introduce our hypotheses on the data of problem (P,).
H(E): ¢ € L*(Q),&(z) > 0foraa.z€ O, #0.
H(f): f:Q xR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € Q) and
(i) 0< f(z,x) <yx"lforaa. zeQ,allx >0, with0 <7, p<r<p’
(i) if F(z,x) = [ f(z,5)ds, then there exist 8 € (p,r) and M > 0 such that
0 < ®F(z,x) < f(z,x)x foraa.ze Q,allx > M,
0< es%infl-"(-,M).

Remark 2.2. Since we are looking for positive solutions and the above hypotheses concern the
positive semiaxis Ry = [0, 400), without any loss of generality we may assume that

f(z,x) =0 foraa.ze O, allx <0. (2.1)

Hypothesis H(f)(i) implies that
lim f(zx)

xo0t xT1

Hypothesis H(f)(ii) is the well known AR-condition (unilateral version due to (2.1)). The
AR-condition implies that

=0 uniformly for a.a. z € Q. (2.2)

cox® < F(z,x) foraa.ze O, allx > M, some ¢y >0
= cx® 1< f(z,x) foraa.zeO,allx > M
= f(z,-)is (p — 1)-superlinear (since & > p).
It is an interesting open problem whether we can replace the AR-condition by a less re-
strictive one as in Papageorgiou—-Radulescu [17].

The following functions satisfy hypotheses H(f). For the sake of simplicity we drop the
z-dependence:

+yr-1 V1) iy <
fl(x):{x) Fin(1+ 0T ifxs1 withp <r<g<oo,p<s<p’,

s—1 ifl<x
fo(x) = (x)"1 withp <r<p*
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In the sequel, by 7, : W (Q)) — R we denote the C'-functional defined by
Yp(u) = HDqu-i-/ z)|ulP dz  for alluEWlp(Q)

On account of hypothesis H({) and Lemma 4.11 of Mugnai-Papageorgiou [15], we have
crl|ull? < yp(u) forallu € WH(Q), some ¢; > 0. (2.3)

3 Positive solutions

We introduce the following sets

£ ={A > 0: problem (P,) admits a positive solution},

Sy = set of positive solutions of (P,).

Proposition 3.1. If hypotheses H(¢), H(f) hold, then £ # @ and Sy C intC, forall A > 0.
Proof. For every A > 0, let ¢, : W?(Q) — R be the C!-functional defined by

¢Aw:;%WHQMMM—APQMUM—QAJWYmTﬁnmueww@)

On account of (2.2) and hypothesis H(f)(i), we see that given € > 0, we can find
c2 = c2(€) > 0 such that

F(z,x) < ex" 4 ca]x|” foraa.ze Q,all x € R.
Then we have
oar(u) > Clequ —cs [ellu||” + ||ul|” + Allu||T]  for some c3 >0, all u € WP(Q).  (3.1)

Here we used (2.3) and the fact that via the trace map the Sobolev space WP(Q) is

embedded continuously (in fact compactly) into L7 (9Q}).

_lap™”
Forp > 0, we let € = 27 o Then we have

1C1

p
=50 (3.2)

C1 p—T ]
— — €C3
{ p P o*
Using (3.2) in (3.1) we obtain
(1) > Cplp” —c3[p" + Ap"] for all u € W'P(Q) with |jul| = p.
Since p < r, we can choose p € (0,1) small such that
1 C1 —
SO g’ > .
2P0 T eP 2T >0
Then we choose Ay > 0 small so that
1
7= Aocsp" = 577 > 0

= 77— Acp" > %ﬁ>0 for all A € (0, Ag]

—_

= ga(u) 257 >0 forallue WP (Q) with |Ju] = p,all 0 < A < Aq. (3.3)
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We introduce the open ball
By ={ue W' (Q): [lul| <p}.

By the Alaoglu and Eberlein-Smulian theorems, we have that B, is sequentially weakly
compact. Also, using the Sobolev embedding theorem and the compactness of the trace map,
we see that ¢,(-) is sequentially weakly lower semicontinuous. Invoking the Weierstrass—
Tonelli theorem, we can find 1y € W7(Q) such that

@a(10) = min [ (u) 1 u € B,| . (3.4)
Since T < 2 < p, we see that
1_
Pa(i0) <0 = a(0) < 57
= up € B, \ {0} (see (3.3)). (3.5)
Then from (3.4) and (3.5) it follows that
@) (o) =0,
= (Ay(uo), B + (A(uo), ) + /Q &(2)|uo|P~2ugh dz

:/ f(x,uar)hdz—k)x/a (uf)™hde  forall h € WY(Q). (3.6)
Q Q

In (3.6) we choose h = —u, € W'P(Q)). Then

Tp(ttg ) + || Dug |3 =0
= cilug ||’ <0 (see (2.3))
= ug >0, ug 7§ 0.

From (3.6) we see that ug € WP(Q) is a positive solution of (P)) and we have

—Apug(z) — Aug(z) + E(2)uo(z)P ! = f(z,up(z)) foraa.ze Q,

% = Au(T)_l on Q).
8np2

3.7)

Proposition 2.10 of Papageorgiou—Radulescu [17] implies that 19 € L*(Q)) and then from
Theorem 2 of Lieberman [13], we have that ug € C; \ {0}. From (3.7) we see that

Aptio(z) + Aug(z) < ||&]|eotto(z)P~! foraa. x € Q
= up € intC; (see Pucci-Serrin [24], pp. 111, 120).

So, we have proved that

(0,A] € Z, thatis, ¥ # &,
S, CintCy forall A > 0. O

Next we show that . is an interval.

Proposition 3.2. If hypotheses H(C), H(f) hold, A € £ and y € (0, ), then y € Z.
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Proof. Since A € £, we can find uy € Sy C intC, (see Proposition 3.1). We introduce the
following truncations of the data of problem (P),):

~ ~Jflzxh) if x <uy(z) .
f(z,x) = {f(z, ir(2)) ifun(2) < x forall (z,x) € QO X R, (3.8)
Cu(t)T it x <up(z)
eu(z,x) = {WM(Z)Tl i 10y(2) < x for all (z,x) € 903 x R. (3.9)

Both are Carathéodory functions. We set

F(z,x) = /Ox f(z,5)ds, Eu(z,x) = /Ox eu(z,5)ds

and consider the C'-functional Py : WP(Q) — R defined by
) = 2o (u) + 1||Du||§—/ Flzu)de— [ Ey(zu)do forallu e WHH(0).
p 2 Q o0
From (2.3), (3.8) and (3.9), we see that ¢, (-) is coercive. Also it is sequentially weakly lower
semicontinuous. Therefore we can find u, € W?(Q) such that

$ulu) = inf |, () u € W (Q)]. (3.10)

Let u € intC, and choose t € (0,1) small (at least so that tu < u,, recall that u, € intCy,).
Then since T < 2 < p, we will have

Pu(tu) <0
= Pu(uy) < 0=, (0) (see (3.10))
= u, #0.
From (3.10) we have
lp;(“ﬁ =0
= (Ap(up), h) + +/ z)|uy P~ uyhdz
= /Qf z,uy)hdz + /BQe z,uy)hdo forallh € Wl’p(Q). (3.11)

In (3.11) first we choose h = —u,, € WLP(Q)). We obtain

Yp (1) + || Du |53 =0
= c1|\u II” <0 (see(2.3))
= uy >0, u, #0.
(14
(u

Next in (3.11) we choose h = - u/\) € WP (Q). We have

(Apy), (= 102) ) + (Al (=) + [ 8@l =)+ dz =
:/fx,uA ” —u;\)+dz+/anyu)\’ (, — )" do (see (3.8), (3.9))
/fzuA —u/\)+dz+/a ATy — 1))t dz (since j < A)

= (Ap(2), (g — ) )+ (A(ua), (u o+ [ el - )z

(since uy € S,)
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= uy <uy (seeProposition 2.1).

So we have proved that
u, € [0,uy] \ {0}. (3.12)

From (3.11), (3.12), (3.8), (3.9) it follows that

= uez. O

An interesting byproduct of the above proof is the following corollary.

Corollary 3.3. If hypotheses H(G), H(f) hold, A € £, uy € Sy C intCy and u € (0,A), then
u € £ and there exists uy, € S, C intC such that u, < u,.

We can improve this corollary, by imposing an additional mild condition on f(z, -). So, the
new hypotheses on the reaction f(z, x) are the following:

H(f): f : QxR — R is a Carathéodory function such that f(z,0) = 0 for aa. z € Q,
hypotheses H(f)'(i), (ii) are the same as the corresponding hypotheses H(f)(i), (ii) and

(i) for every p > 0, there exists (fp > 0 such that for a.a. z € Q) the function
x— f(z,x) + pr’“’l
is nondecreasing on [0, p].

Remark 3.4. The extra condition is a one-sided local Lipschitz condition (recall that p > 2). If
f(z,-) is differentiable for a.a. z € ) and for every p > 0, there exists ¢, > 0 such that

fi(z,x) > —coxP™? foraa.z€Q,allx € 0,p],
then hypothesis H(f)'(i) is satisfied.

Proposition 3.5. If hypotheses H(E), H(f) hold, A € £, uy € Sy C intCy and y € (0,A), then
u € £ and we can find u, € S, C intC, such that

uy —uy € Dy

Proof. From Corollary 3.3 we already know that y € £ and we can find uy € SH C intCy
such that
Uy < u,. (313)

Let a : RN — RN defined by
a(y) = |y|p’2y—|—y forally € RN,

Evidently a € C!(RN,RN) (recall that p > 2) and

Va(y) = [y|"2 1+<p—z>y,j2y +1

= (Va(y)d,0)gy > |8]* forally,d € RN, (3.14)




Positive solutions for (p,2)-equations 9

Observe that
diva(Du) = Ayu+ Au  for all u € WP (Q). (3.15)

From (3.13), (3.14), (3.15) and the tangency principle of Pucci-Serrin [24], p. 35, we have
uu(z) <up(z) forallze Q. (3.16)

Let p = ||ua|lo and let Ep > 0 be as postulated by hypothesis H(f)'(i). Let &, > @A'p. We
have

— Byt — bty + [6(z) + & |
= fau) + Eul "+ [& & b
< fzup) + Eul '+ [Ep - Ep} u? ™! (see (3.13) and hypothesis H(f)'(i))
= Ay — Auy + [g(z) n Ep} ! foraa. z e Q. (3.17)

On account of (3.16), we see that

1

~ ~ pfl ~ ~ p—
[Cp - Cp} Uy = [gp - 59} uy -
Then from (3.17) and Proposition 3.2 of Gasifiski-Papageorgiou [8] we have
uy —uy € Dy O

From Papageorgiou—-Radulescu—Repovs [19] (see the proof of Proposition 7), we know that
S, is downward directed. We will use this fact to show that for every A € .Z problem (P))
has a smallest positive solution u, € S,, thatis, 1y < uforallu € S,.

Proposition 3.6. If hypotheses H(C), H(f) hold and A € £, then problem (P,) admits a smallest
positive solution
EA € int C+.

Proof. Since S, is downward directed, using Lemma 3.10, p. 178, of Hu-Papageorgiou [10],
we can find {u, },>1 C S, decreasing such that

;r;fl Uy, =inf§,.
We have
(Ay (i), 1) + (A(uy), ) +/Qg(z)u,’;‘1hdz - /Qf(z,un)hdz—i—)t/an Wlhde  (3.18)
for all h € W (Q), all n € N.

In (3.18) we choose & = u, € W4P(Q). Since 0 < u, < u; for all n € N, using (2.3) and
hypothesis H(f)(i), we see that

{u,}u>1 € WHP(Q) is bounded.
From Lieberman [13] (Theorem 2), we see that there exist « € (0,1) and ¢4 > 0 such that

u, € C**(Q) and [tnllcram) < ca foralln € N.
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Recall that C*(Q)) < C!(Q) compactly. This fact and the monotonicity of the sequence
{uy }n>1 imply that there exists ), € C'(Q) such that

u, — 1, in C1(Q) as n — co. (3.19)

We need to show that 1, # 0. To this end we consider the following auxiliary boundary
value problem
—Apu(z) — Au(z) + E(z)u(z)P1 =0 inQ

aiuz = At on dQ) . Q)
p

u>0A>01t<2<p

Claim 1. For every A > 0 problem (Q,) admits a unique solution u, € intC,.

First we show the existence of a positive solution for problem (Q,). For this purpose we
introduce the C!-functional 8, : W'?(Q)) — R defined by

BA() = Sy () + 5 | Dull3 -

; A/ (ut)Tdo forall u € WYP(QQ).

T Jao
From (2.3) and since T < 2 < p, we see that
Ba(+) is coercive.
Also the Sobolev embedding theorem and the compactness of the trace map, imply that
Ba(+) is sequentially weakly lower semicontinuous.

So, we can find 1, € W'P(Q) such that
B (i) = min [m(u) ‘u€ W”’(Q)] . (3.20)
Since T < 2 < p, we infer that

Ba(iy) < 0= pBr(0)
= u, #0.

From (3.20) we have
Bi(iiy) =0
> (Ap(n), )+ (A(@), ) + [ S@ImIP iz =2 [ (@) hdo
for all h € WP (Q).
Choosing h = —ii, € W'7(Q) and using (2.3), we infer that
)y >0, uy,#0.

Moreover, as before (see the proof of Proposition 3.1), using the nonlinear regularity theory

of Lieberman [13] (Theorem 2) and the nonlinear maximum principle of Pucci-Serrin [24]
(p. 120), we conclude that

i) € intCs. (3.21)
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Now we show the uniqueness of this positive solution of problem (Q,). To this end, we
consider the integral functional j, : L'(Q)) — R = RU {+oc0} defined by
, HDuz |h+ 1| Duz |3+ 1 [ &(z)urdz, ifu>0,u> € WP(Q)
]A(u) =7 p

400, otherwise.

From Diaz-Saa [6] (Lemma 1), we know that j,(-) is convex.
Let domj, = {u € LY(Q) : jy(u) < oo} (the effective domain of j,(-)). Let 7y be another
positive solution of (Q,). Reasoning as we did for ,, we show that

7y € intCs. (3.22)

Then from (3.21), (3.22) and Proposition 4.1.22, p. 274, of Papageorgiou—-Rddulescu-Repovs
[21], we have 22, 22 € L*(Q). Let t = u5 — 33. For t € [0,1] we have

]
i3 —th € domj, and @ +th € domj.

Then j, (+) is Gateaux differentiable at 713 and at 73 in the direction h. Moreover, using the
nonlinear Green'’s identity, we have

> A

) =5 [ TR - ) do,
g A 2~
K@) =5 [ o728 - o) do.

Since j,(-) is convex, we have that j/ (-) is monotone. Since T < 2 we have

A 1 1 SN
0< = ——— — —— | (5 —0v5)doc <0
=2 an[ﬁi‘T 5%\‘T]<A A do <
= U, =7,.

Therefore the positive solution i, € intC, is unique. This proves Claim 1.
This solution provides a lower bound for the elements of S,.

Claim 2. uy < u forallu € S,.
Let u € Sy C intC,. We introduce the following Carathéodory function

AT if x < u(z)

by(z,x) = for all (x,z) € 002 x R. 3.23
Az ) {Au(z)fl ifu(z) <x or all (x,2) (3:23)

We set B)(z,x) = fox by (z,s) ds and consider the C!-functional 8, : W' (Q)) — R defined
by

1 1
02(1) = S vp() + 51Dl - /aQ Bi(z,u)do forall u € W(Q).

From (3.23) and (2.3) it is clear that 9, (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find i, € W'?(Q)) such that

9. (iiy) = inf [ﬂA(u) ‘U € wer(Q)} . (3.24)
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As before (see Claim 1), since T < 2 < p, we see that

O (iy) <0 =10,(0)

= Uy #0.
From (3.24) we have
83 (i) =0
> (A @)+ (A@) ) + [ @Il Pz = [ hEDkde (29

for all h € WP (Q).

As before (see the proof of Proposition 3.2), if in (3.25) we choose first h = —ii; € WP(Q))
and then h = (i, —u)™ € W'P(Q) and using (3.23), we show that

iy €[0,u]\{0}. (3.26)
From (3.26), (3.23), (3.25) and Claim 1, it follows that
iy = Uy
= Uy <u forallu e S, (see (3.26)).

This proves Claim 2.
From (3.19) and Claim 2, we have

uy <uy
= Uy #0andsou, € S, CintCy, uy =inf§,. O
Proposition 3.7. If hypotheses H(C), H(f) hold and 0 < p < A € Z, then
(@) uy <uy;
(b) uy, < uy.
Proof.

(@) Let u) € intC, be the minimal positive solution of problem (P,) (see Proposition 3.6).
On account of Corollary 3.3, we can find u, € S, € intC, such that

=

A

uy recall that, < uforallu € §,.

uy <
= Uy <

(b) Let e,(z, x) be the Carathéodory function defined by

+\7—-1 ifx<iu
eu(z,x) = V(NX ) ' f_ (2) for all (z,x) € 002 x R. (3.27)
uii) (z)71 ifuy(z) < x

We set E, (z,x) = [; €u(z,5) ds and consider the C!-functional ¢, : W#(Q2) — R defined
by
~ 1 1 ~
Gu) = (0 + o Dulf— [ Bz dz forallu € WH(Q)
0
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Evidently ¢,(-) is coercive (see (3.27) and (2.3)) and sequentially weakly lower semicon-
tinuous. So, we can find I, € W?(Q) such that
¢y (i) = inf [@(u) Tu € Wl'p(Q)} <0=¢u(0) (sinceT <2< p)
= Uy, #0.

We have
<$;4(ﬁﬂ)fh> =0 forallhe WLP(Q)_

Choosing h = —ii,, € WP(Q) and h = (i1, — i)t € W'"P(Q), we obtain

i, €[0,1,], i, #0
= U, =1u, €intCy (see (3.27) and Claim 1 in the proof of Proposition 3.6)

Let0 < p < Aand 5o = % Then 1 < Azp. Motivated by hypothesis H(f)(i), we consider
the following auxiliary boundary value problem

—Apu(z) — Au(z) + E(z)u(z)P 1 = Agou(z)! inQ,

ou _
sz - )\MT 1 on aQ, (R/\)

u>0A>0t<2<p<r.
Reasoning as in the proofs of Propositions 3.1 and 3.6, we obtain the following result.

Proposition 3.8. If hypothesis H(G) holds and A € £, then problem (R)) admits a smallest positive
solution u} € int C and there exists uy € Sy C intCy such that

) <uy < uj.
Let A* = sup .Z.
Proposition 3.9. If hypotheses H(Z), H(f) hold, then A* < co.

Proof. Let u € (0,A) and set 0 < 711, = min i, (recall that i, € intC,). From Propositions 3.8
O

and 3.7(b), we have

We have
A} — D+ E(2) ()P = Ao in
a *
O on 2QY, (3.28)
8np2

A>0,T<2<p<r.
Let a(z) = no(u(z)) 2 and d(z) = u}(z)" 2. Thena € L*(Q) and d € C(Q2). We rewrite
(3.28) using a(-) and d(-). So, we have
—Apuy — Auj + E(2) ()P = Aa(z)u) inQ,
ou}

EY = Ad(z)u} on dQ), (3.29)

A>0.
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Let i - {w € WIP(Q) : k(w) = /Qg(z)wdz—i- /an(Z)ZUdU = 0}.

We have W7 (QQ) = R& VAVP (see Abreu-Madeira [1], Lemma 2.2). Then from (3.29) and
Theorem 1.1 of [1], we have
Ly(w) + 3 Dwl}3
k(w)

0<A§Einf! wGW,,,w;éO]<oo for some ¢ > 0.

This fact combined with Proposition 3.8 implies that we have A* < oo. O

Proposition 3.10. If hypotheses H(¢), H(f) hold and A € (0, A*), then problem (P,) admits at least
two positive solutions:
ug, it € intCy, ug < i, ug # u.

Proof. Let ¢ € (A, A*). Using Proposition 3.5 we can find up € Sy C intCy and uy € Sy C
int C; such that
ug —ug € D4 (3.30)

We introduce the following truncations of the data of (P,)

Az x) = {f (zu0z) Hxsuz) ey eaxR, (3.31)
f(z,x) if up(z) < x
-1
Wy (z,x) = {M‘O(z) ifx< 40(2)  for all (z,x) €9Q x R. (3.32)
AxT1 if up(z) < x

These are Carathéodory functions. We set
~ X e X
M(z,x) = / H(z,s)ds and W,(z,x) = / Wy (z,s)ds
0 0

and consider the Cl-functional d) : W'?(Q)) — R defined by
() = ;yp(u) +;|\Du|\%—/ Wiz, u)dz — [ Wy(z,u)do forall u € WH(Q).
0 90

In addition, we introduce the following truncations of ji(z, -) and of @, (z, -)

fio(z, x) = {f(z'x) Hx<us(z)  forall (zx) €O xR, (3.33)
fi(z,ug(z)) if us(z) < x

@ (z,x) = {?A(Z”‘) ifx< 49(2) forall (z,%) € 80 x R, (3.34)
Wz, up(z)) ifug(z) <x

These are Carathéodory functions. We set
X

Mo(z,x):/o fio(z,s)ds and Wg(z,x):/o @9 (z,8) ds

and consider the C'-functional d L : WP(Q) — R defined by

A%(u) = ;7p(u)+;||Du||%—/ Mo(z,u)dz—/ WO(z,u)do for all u € WP(Q).
(@) Q)
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From (3.31), (3.32), (3.33) and (3.34) it is clear that

7, =40 and d] =Y . 3.35
g ’[o,m A ‘[o,m Mo (%) 0,19 (339
Moreover, we have
K; € [p) NintC4+  (see (3.31), (3.32)) (3.36)
KAAO C [uo, ug] NintCy  (see (3.33), (3.34)). (3.37)

From (3.35) and (3.36) we see that without any loss of generality we may assume that
KdA/\ N [0, uﬁ] = {uo}. (338)

Otherwise we already have a second positive smooth solution of (P,) bigger than u( (see
(3.36)) and so we are done.
From (3.33), (3.34) and (2.3) it is clear that d )?() is coercive. Also it is sequentially weakly
lower semicontinuous. So, we can find iip € WP (Q)) such that
d?(ilp) = min [dAAO(u) ‘u€ wlfr’(Q)}
= g € [ug,up] NintC4 (see (3.37))
= Up€ K3 (see (3.35))

= Ug=ugy (see (3.38)).
From (3.30) and (3.35) it follows that

ug is a local C!(QY)-minimizer of d,
= 1wy is a local W'?(Q))-minimizer of d,

(see Papageorgiou-Radulescu [17], Proposition 2.12).

We assume that K is finite or otherwise on account of (3.36) we already have an infinity
of positive smooth solutlons bigger than 1y and so we are done. Invoking Theorem 5.7.6,
p. 449, of Papageorgiou-Radulescu—-Repovs [21], we can find p € (0,1) small such that

dy(ug) < inf[dy(u) : ||u — uo = p] = 7iy. (3.39)
Moreover, on account of hypothesis H(f)'(ii)=H(f)(ii), we have that
d,(-) satisfies the Palais-Smale condition (3.40)

and if u € intC,, then
dy(tu) — —oo as t — +oo. (3.41)

Then (3.39), (3.40) and (3.41) permit the use of the mountain pass theorem. So, we can find
it € W (Q) such that

iI\EKdAA and Tﬁ/\ Sd/\(b/l\)
= up < u €intC, (see (3.36)), ug # it (see (3.39)), i € S, (see (3.31), (3.32)). O

Proposition 3.11. If hypotheses H(¢), H(f) hold, then A* € Z.
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Proof. Let A, T A* asn — oco. We can find u, € S,, C intC,, n € N, such that

¢r,(un) <0 forall n € IN (see the proof of Proposition 3.2), (342)
¢y (uy) =0 foralln e N. (3.43)

From (3.42), (3.43) and hypothesis H(f)(ii) (the AR-condition) we deduce that
{u,}u>1 € WHP(Q) is bounded.
So, we may assume that
Uy = up- in WP(Q)  and  u, — uy in L'(Q) and in LP(9Q)). (3.44)
From (3.43) we have
(A (i), ) + (A(un), 1) + /Q &)l hdz = /Qf(z, w)hdz + A, /m Whde  (3.45)
forall h € WP (Q).
We choose h = u, — uy- € WP (Q), pass to the limit as n — oo and use (3.44). Then

lim [(Ap(un), 1ty — 1ps) + (A(un), upy — up<)] =0

n—00

= limsup [(Ap(un), tn — up+) + (A(up-), s —up+)] <0 (since A(-) is monotone)
n—-—+oo

= limsup(Ap(uy), un —uy-) <0 (see (3.44))

n—sco
= u, = uy.  in WP(Q) (see Proposition 2.1). (3.46)
Passing to the limit as n — oo in (3.45) and using (3.46), we obtain
(Ay(ur), 1) + (A(up:), 1) + /Q E(2)ul  hdz = /Qf(z, 1y )hdz + A* /aQ Wlhde  (3.47)
for all h € W¥(Q),

uy, <u, (see Claim 2 in the proof of Proposition 3.6 and Proposition 3.7(b)). (3.48)
From (3.47) and (3.48) we infer that

uy- € S+, thatis, A* € Z. O

Therefore we have
Z =(0,A7].

Next we examine the properties of the minimal solution map A — #, from . into C!(Q)).

Proposition 3.12. If hypotheses H(E), H(f)' hold, then the minimal solution map A — 1w, from £
into C1(QQ) is

(a) strictly increasing in the sense that

O<u<AZA = Uy —u,€Dy;

(b) left continuous.
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Proof.

(a) Let 0 < p < A < A*. According to Proposition 3.5, we can find u, € S, C intC, such
that

Uy — Uy S D+
= uy—u, €Dy (sinceu, <uforallues,).

(b) Let Ay, T A € Z. We have u1,, = 1, < uy« € intCy for all n € IN. So, from Theorem 2 of
Lieberman [13], we know that there exist « € (0,1) and ¢5 > 0 such that

u, € C**(Q)) and [tnllcram) < s forallm € N. (3.49)

Exploiting the fact that C*(Q)) — C'(Q) compactly and the monotonicity of {i,},>1
(see part (a)), from (3.49) we have

i, — i, inCY(Q). (3.50)

If i1y # 1), then we can find zy € Q such that %) (zg) < #)(z0). On account of (3.50) we
have
Uy (z0) < un(zp) foralln > ny,

which contradicts part (a). So, we conclude that A — 1, is left continuous. O

The following bifurcation-type theorem describes the dependence on the parameter A > 0
of the set of positive solutions of (P,).

Theorem 3.13. If hypotheses H(G), H(f)' hold, then there exists A* > 0 such that

(a) forall A € (0,A*) problem (P,) admits at least two positive solutions
U, U € intCy, ug < U, up 75 u;
(b) for A = A* problem (P,) has at least one positive solution uy- € intC;

(c) forall A > A* there are no positive solutions;

(d) forall A € £ = (0, A*| problem (P,) has a smallest positive solution
Uy € int C+
and the map A — Uy from & into C1(Q) is

e strictly increasing, that is, 0 < y <A < A* = Uy —uy € Dy;
* left continuous.
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1 Introduction

In [9, p. 190], Henry obtained the following result about weakly singular Gronwall type in-
equality.
Theorem 1.1. Let a,b, «, B be nonnegative constants with « < 1, p < 1. Suppose that u € Ll[O, T]
satisfies
t
u(t) <at "+ b/ (t —s) Pu(s)ds, ae.te (0,T). (1.1)
0

Then there is a constant C(b, B, T) such that

at™«
u(t) <

C(b,B,T), ae.tec(0,T]. (1.2)

One version of a doubly singular case of Henry is the following, cf. [9, p. 189].

Theorem 1.2. Suppose B >0, >0, B+ > landa > 0,b > 0, u is nonnegative and " 1u(t) is
locally integrable on 0 < t < T, and u satisfies

t
u(t) <a+ b/ (t—s)P1s7 lu(s)ds, ae.tc[0,T). (1.3)
0
Then

u(t) < aEp, (br(ﬁ)ﬁfﬁt) , (1.4)

where Eg ., (z) is given by an infinite series related to the two-parameter Mittag-Leffler function.

®Email: zhutaoyzu@sina.cn
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Since fractional integral inequality is a well-known tool in the study of fractional differ-
ential equations and evolution equations, Henry’s work was followed by many scholars (for
example, see [6,12-14,19,21-23]). Recently, by the Holder inequality and a method introduced
by Medved’ [13,14], Zhu [22] considered the following inequality

Theorem 1.3. Let 0 < T < oo, B > 0, a(t), b(t) and I(t) be continuous, nonnegative functions on
[0, T), and u(t) be a continuous, nonnegative function on [0, T) with

u(t) <a(t) + 113((;)) /Ot(t —8)P(s)u(s)ds, (1.5)
then .\
u(t) < <A(t)+B(t)/O L(s)A(s) exp (/ L(T)B(T)d‘t) ds>”, (1.6)
where

p
A(t) = 2P 1aP (1), B(t):2p1< b(t) 1tﬁ—1+3) . L) =1P(b),
I(B)(q(p—1)+1)7

and p,q € (0,00) such that%—kﬁ > 1and%+% =1

By a reduction to the classical Gronwall inequality, Webb [19] studied the following Gron-
wall type inequality with a double singularity.

Theorem 1.4. Let a,b > 0 and ¢ > 0 be constants. Let 0 < a,B,v < 1 with a +7y < 1 and
B+ v < 1. Suppose that u(t)t* € LT[0, T| and u satisfies

u(t) <at™“+b+ C/Ot(t — ) PsTu(s)ds, ae.tec(0,T] (1.7)

Then we have, for a.e. t € (0, T],

u(t) < at™ 4 acByt 1P 4 ac? By Byt~ 4

—B
t (1.8)
+ (b4 ac"B1B, ... Byt 1)) exp _ ey ,
1-p—7
where m is the smallest positive integer such that m(1 —p— ) —a > 0, 11 = %, and for n €

N, B, =B(1-81—a—v+ (n—1)(1—B—1)). In particular, there is an explicit constant
C(b,c,B,7,T) such that u(t) < at *C fora.e. t € (0, T].

In this paper, we study the following fractional integral inequalities

u(t) <a(t)+0b(t) /Ot(t — )P sV (s)u(s)ds, t € [0, +00), (1.9)

where ¥y > 0and B € (0,1), and

u(t) <at=* 4+ bt /Ot(t — )P (s)u(s)ds, t € (0,+00), (1.10)

where a,b > 0,« > 6 > 0and B € (0,1). The special cases b(t) = C or v = 0 of the inequality
(1.9) are proved in Medved’ [13, Theorem 2 and Theorem 3] and Zhu [22, Theorem 2.4 and
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Theorem 2.6]. Medved’ also studied the inequality (1.9) in [13, Theorem 4] and obtained two
different results with exponential functions for different g and . The conclusion of Theorem 4
in [13] has a more complicated appearance. Webb [19] obtained several results of inequality
(1.10) for the special case I(t) = t~7 by reducing the inequality (1.10) to the classical Gronwall
inequality. In this paper, we study the inequality (1.9) under the hypothesis § € (0,1) and
¥ > 0. The proof is more simple than Theorem 4 in [13]. We present a new method to study
a integral inequality which was first studied by Willett [20]. By this integral inequality, we
study the inequality (1.9) for the special cases b(t) = '~ and v = 1 — B. The conclusion and
the method of proof seem to be new in this case. We also obtain some results of the inequality
(1.10) and examples show our results are improvements on [19].

Fractional differential equations (FDEs) have been of great interest in the past three decades.
It is caused both by the intensive development of the theory of fractional calculus itself and
by the applications in various sciences. Recently, many researchers began to investigate the
existence of solutions of nonlinear fractional differential equations (for example, see [4-6,8,11,
12,18,19,21-24] and references therein). In this paper, we continue to investigate the existence
and uniqueness of global solutions of the following initial value problem

DPx(t) = f(t,x(t)  t€(0,4w), pe(01), a1
lim, o+ t17Px(t) = xo, '
where D¥ is the Riemann-Liouville fractional derivative. It should be pointed out that such
global existence results are fundamental in the theory of fractional differential equations and
crucial in stability analysis of fractional differential equations.
The existence and uniqueness of global solutions of the fractional differential equation
(1.11) have been studied by many scholars. For example, under the assumption that f satisfies
an inequality of the form

142

Kou et al. [11] proved the global existence of solutions of fractional differential equation (1.11)
in a special Banach space

£(62)] < p(B)w ( il ) Y

. HPx(1)
E =< x(t)|x(t) € Cl_ﬁ(0,+oo),tgr+noo i 0%,

Trif [18] investigated the global existence of solutions to initial value problems for nonlinear
fractional differential equation (1.11) by constructing a special locally convex space which is
metrizable and complete. Webb [19] proved the existence results of equation (1.11) under
the assumption that nonnegative function f satisfies f(t,x) = t 7g(t,x), where g(t,x) <
M(1+x), M > 0and 0 < 7 < B. Unlike all the previous papers, by new fractional inequality
(1.9) and fixed point theorem, we present the existence and uniqueness results of the fractional
differential equation (1.11). Our result includes the main result of [18, Theorem 4.2]. Finally,
examples are given to illustrate the applicability of our results and can not be solved by
Theorem 4.2 in [18].

2 Preliminaries

In this section, we introduce notations, definitions and preliminary facts which are used
throughout this paper.
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Let B € (0,1), denote Cg(0, T] = {x : (0, T] — R and x(t) = t~Py(t) for some y € C[0, T}}.
Let [|x]|g = supy_;y tP|x(t)|, then C4(0, T] endowed with the norm | - ||4 is a Banach space.
We denote Cg(0, 4+00) = {x : (0,400) — R and x(t) = t Py(t) for some y € C[0,+o0)}.
LY,.[0,+c0) (p > 1) is the space of all real valued functions which are Lebesgue integrable
over every bounded subinterval of [0, +c0).

Definition 2.1. The Riemann-Liouville fractional integral of order f € (0,1) of a function
f € L'[0, T] is defined by

(Iﬁf>(t) = r(lﬁ) /0 (t f(ss))l_ﬁds.

Definition 2.2. The Riemann-Liouville fractional derivative of order g € (0,1) of a function f
where I'~ff is absolutely continuous (AC) is defined by

i 1 d [t f(s)
(fo)(t):%(ll 'Bf)(t): r(l_ﬁ)dt/o (t_s)ﬁd&

Remark 2.3. If f € L]0, T], then the integral (Iff)(t) exists for almost every t € [0,T] and
Iff € L0, T]. If f € ACI[0, T], then fo exists almost everywhere in [0, T]. If f € IF(L!) =
{f:f=1Pg,¢g € L0, T]}, then I'"Ff € ACI0, T]. For more details about fractional calculus,
we refer the reader to the texts [7,10,16,17].

Theorem 2.4 ([3]). Let f(t,x) be a function that is continuous on the set
B={(tx) eR*:0<t<Txel},

where I C R denotes an unbounded interval. Suppose a function x : (0,T] — I is continuous and
that both x(t) and f(t,x(t)) are absolutely integrable on (0, T]. Then x(t) satisfies the initial value
problem (1.11) on (0, T| if and only if it satisfies the Volterra integral equation

x(t) = xotP ™ + I“(l,B) /Ot(t —8)P71f(s,x(s))ds (2.1)

on (0, T].

Remark 2.5. f is absolutely integrable on (0, T] if f is Riemann integrable on every closed in-
terval [57, T], where 17 € (0, T], and lim, o+ [ UT |f(t)|dt exists and is finite. From Proposition 2.1
in [3], if f € L'[0, T] is continuous on (0, T}, then f is absolutely integrable on (0, T].

Lemma 2.6 ([2,17]). Suppose p € L1(0,1]. Then

| (=) p(s)as

is continuous on [0,1], where B € (0,1) and q > %

Theorem 2.7 ([1]). Let E be a Banach space, C a closed, convex subset of Eand 0 € C. Let F : C — C
be a continuous and completely continuous map, and let the set {x € E : x = AFx for some A € (0,1)}
be bounded. Then F has at least one fixed point in E.
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3 Fractional integral inequalities

In this section, we are now to prove some results concerning fractional integral inequalities
(1.9) and (1.10), which can be used to study the global existence of solutions of fractional
differential equation (1.11).

Theorem 3.1. Let B € (0,1) and v > 0, a(t) and b(t) be nonnegative and continuous functions
on [0,+00), I(t) be a nonnegative and continuous function on (0,+oc0) and t=7I1(t) € LT [0, +o0)
(g > %), and u(t) be a continuous, nonnegative function on [0, +o00) with

t

u(t) < a(t) +b(t) / (t — s)P~1s~71(s)u(s)ds. (3.1)

0
Then

u(t) < (A(t) + B(H) /OtL(s)A(s)exp (/tL(T)B(T)dT> ds>q, te[0,+o0), (32
where A(t) = 27-1a1(t), B(t) = M
11 (pB—p+1)7
q

, L(t) = t79719(t) and p € (1, 400) such that %%—

Proof. Since g > % and % + % =1,thenp -1+ % > 0. From the inequality (3.1) and using the
Holder inequality, we have

u(t) <a(t)+b(t) /t(t —5)F s 71(s)u(s)ds

0

< a(t) +b(t) </Ot(t — s)ﬂﬁ—l)ds)’l’ </Ot(s_7l(s)u(s))‘7ds>; (3.3)

b(t)tP s o 7
=a(t)+ ——— s "l(s)u(s))ds | .
O+ ([ eeuere)

Then .
2q—1bq(t)tq5ﬂ1+;
q
(PB—p+1)7
t'iﬁ*fﬁ%

Let w(t) = ul(t), A(t) = 29-1a9(t), B(t) = 22O "7 and L(t) = +-9719(t), then
(pB—p+1)?

w(f) < A(f) + B(#) /Ot L(s)w(s)ds.

By the Gronwall-Beesack inequality [15, p. 356], we obtain

wi(t) < 277af(¢) +

/Ot s~ T19(s)ul(s)ds.

w(t) < A(t) + B(t) /Ot L(s)A(s) exp(/t L(7)B(7)dt)ds.

Thus, we obtain the inequality (3.2) and complete the proof. O

Theorem 3.2. Let a,b >0, > 6 > 0and p € (0,1), [(t) be a nonnegative and continuous function
on (0,+00) and t=*I(t) € LT [0, +c0) (g > %) Suppose that t*u(t) is a continuous, nonnegative

Loc

function on [0, +00) and u(t) satisfies the inequality

u(t) <at™*+bt=° /Ot(t — )P (s)u(s)ds, t € (0,400). (3:4)



6 T. Zhu

Then

u(t) < 1° <2q_1a‘7+2”7_1a°73(t) /O "L(s) exp ( / tL(T)B(T)dT) ds>;, t € (0, +00), (35)

_ og-lpggeadtap—g+h
= 7
(pB—p+1)7

Proof. Let v(t) = t*u(t), so that v(t) satisfies the inequality

where B(t) , L(t) = t79*19(t) and p € (1, 400) such that % + % =1.

t
o(t) <a+ bt“"s/ (t —s)P1s7™(s)v(s)ds, t € [0, +00). (3.6)

0
By Theorem 3.1, we obtain the inequality (3.5) and complete the proof. ]

Lemma 3.3 ([20]). Let 1 < p < oo, a(t) and b(t) be nonnegative continuous on [0,00), I(t) be a non-
negative and continuous function on (0, +o00) and I(t) € L} [0, 400). Suppose u(t) is a nonnegative
continuous function on [0, +00) with

1

u(t) <a(t)+0b(t) </Otl(s)u”(s)ds> ’ , t € [0,00). (3.7)

Then

=

u(t) <a(t) +b(t) (fO Z(S)e(s)a”(S)?ls) ’
1—[1—e(t)]?

where e(t) = exp(— [, 1(s)bP(s)ds).

Theorem 3.4. Let a,b >0, > 5 > 0and B € (0,1), I(t) be a nonnegative and continuous function
on (0,+00) and t~*I(t) € L1 [0,+0c0) (g > %) Suppose that t*u(t) is a continuous, nonnegative

Loc

function on [0, 400) and u(t) satisfies the inequality
t
u(t) < at ™+ bt=° / (t— )P~ UU(s)u(s)ds,  t € (0,+oo). (3.8)
0
Then

fot L(s)e(s)ds
1—[1—e(t)

Q=N
= =

u(t) <at ™ +at "“B(t) ( ,  t€(0,+), (3.9)

bt%ﬂﬁfu% _ ¢

where B(t) = 2——, L(t) = t79*1(t), e(t) = exp(— [, L(s)B(s)ds), and p € (1,4o0) such
(pp=p+1)7

that 5, + ¢ =1.

Proof. Let v(t) = t*u(t) and using the Holder inequality, we have
; I 1
r q
o(t) <a+bt*? (/ (t— s)p(ﬁl)ds) </ (s“l(s)v(s))‘his)
0 0

bta—5+ﬁ71+% ; % (3.10)
(/ sqalq(s)vq(s)ds> .
0

=4+ —7
(pB—p+1)7
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By Lemma 3.3, we get

1
q
v(t) §a+uB(t)( ? ,
1—[1—e(®)]
where B(f) = 2" () — ;=01a(t) and e(t) = exp(— [ L(s)BI(s)ds). Then we obtain
(PB—p+1)7
the inequality (3.9) and complete the proof. O

In [20], Willett studied the inequality (3.7) by using the Minkowski inequality. Now, we
use a new method to study the inequality (3.7).

Lemma 3.5. Let 1 < p < oo, a(t) and b(t) be continuous and nonnegative functions on [0, c0),
nonnegative function I(t) € L} [0, +00), and u(t) be a continuous and nonnegative function with

Loc
u(t) <a(t)+0b(t) </Ot l”(s)u”(s)ds) ! , t € [0,00). (3.11)
Then )
u(t) <a(t)+0b(t) (A(t) exp(/OtL(s)ds)) ' , t € [0,00), (3.12)

where A(t f 2P=11P(s)aP (s)ds and L(t) = 2P~1IP(t)bP(t).

Proof. From (3.11), we know

1

1(Bu(t) < 1(Da(t) +1(£)b(t) (/Ot zv<s)up(s)ds) ’

and
t t s % p
/OlP(s)u”(s)dsg/O (l(s)a(s)—{—l(s)b(s) (/0 ZF’(T)uP(T)dT) ) ds .
< /Otzp_llp(s)ap(s)+2”_1lp(s)b”(s) /OS IP(t)uP (T)dtds.
Letw(t) = [, IP(s)uP(s)ds, A(t) = [y 2P"1IP(s)aP(s)ds and L(t) = 2P~ 1P (£)bP(t), then

t
wt)gA(t)—i—/stsds
0

Since A(t) is a nondecreasing function and using Gronwall integral inequality, thus we obtain

w(t) < A(t) exp </0tL(s)ds> .

Thus, we obtain the inequality (3.12) and complete the proof. O

If we replace b(t) by !~ and by 1 — B in Theorem 3.1, and using Lemma 3.5, we can
obtain the following conclusions under the hypotheses I(t) € L7 [0, +o0).
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Theorem 3.6. Let B € (0,1), a(t) be a nonnegative and continuous function on [0, +o0), I(t) be
a nonnegative and continuous function on (0,+oc0) and I1(t) € L1 [0,4o00)(g > %), and u(t) be a

Loc
continuous, nonnegative function on [0, +o0) with

u(t) < a(t) + P /O (£ = 5)P15P11(s)u(s)ds. (3.14)
Then L
u(t) <a(t)+b(t) <A(t) exp </OtL(s)ds>> " t € [0,00), (3.15)
where b(t) = (Zﬁ“‘”; A(t) = [ 27 19(s)a%(s)ds, L(t) = 29~ 1(6)b9(£) and p € (1, o) such
—p+1)P
mw%+%:f '

Proof. Since g > % and % + % =1,thenl <p< ﬁ From the inequality (3.14) we have

u(t) < a(t) + /Ot (U_ts)s>l_ﬁl(s)u(s)ds

=a(t) + /Ot (tis + 1>1ﬁ I(s)u(s)ds

S

<alh)+ (/ot <tis * 1>p(lﬁ) ds) E (/ot(l(s)”(s))%) % (3.16)
<a(t) + </Ot(f — )PP 4 S’”(ﬁl)dsy </Ot(l(8)u(s))f1ds> %

25 1ty t i
—a(t)+ ———— ([ 1(s)ut(s)ds ).
a<)+(p[3—p+1)ﬁ </0 (s)ul(s) s>

T ]
-
(pB—p+1)?

Corollary 3.7. Let 5 € (0,1) and uy > 0, [(t) be a nonnegative and continuous function on (0, +00)
and 1(t) € L1 [0, +0) (g > %), and nonnegative function u(t) € Cy_g(0, +00) with

Let b(t) = Then by Lemma 3.5, we obtain the inequality (3.15). O
y quality

Loc
1 gt
u(t) <upth' + F(,B)/o (t—s)P1(s)u(s)ds, t € (0, +00). (3.17)
Then L
uG)Suﬁﬁ1+¢51Mﬂ<Aﬁﬁmp<AH(®%>>q, t € (0, +00), (3.18)
where b(t) = 271 ,A(t) = fot 20-1ul19(s)ds, L(t) = 27-19(+)b9(t) and p € (1, +00) such

=

I(B)(pB—p+1)
mw%+%:1

Proof. Since u(t) € C1_g(0, +00), then v(t) = t'"Pu(t) € C[0, +o0) and
t=F
r(B)
By Theorem 3.6, we obtain the inequality (3.18) and complete the proof. O

o(t) <wup+ /Ot(t — )P 1P (s)v(s)ds.
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Remark 3.8. Medved’ studied the inequality (1.9) in [13, Theorem 4] for different g and 7.
If g > % and v > 1 — ﬁ (p > 1), then Medved’ obtained the bound of the inequality (1.9).
If p = %H and v > 1— k17, (m>1,k>1and g = m+ 2), then Medved’ obtained another
bound. In Theorem 3.1, we study the inequality (1.9) under the hypothesis B € (0,1) and
v > 0. The proof of the inequality (1.9) is more simple than Theorem 4 in [13]. Lemma 3.5
and Theorem 3.6 we now discuss seem to be new. For the special b(t) and 7y, the hypothesis
in Theorem 3.6 is weaker than that in Theorem 3.1.

Example 3.9. Suppose that #2u(t) is a continuous, nonnegative function on [0, +-c0) and u(f)
satisfies the inequality

Qi

u(t) <t 14t

t BN
/O(t—s) 3mu(s)ds, t € (0, +00). (3.19)

Let p = g = 2, by Theorem 3.2, then we have

t ;2
u(t) < t_%(2 1215 exp(6arctant) / 117352 exp(—6 arctans)ds)%.
0
We know
t gF oo o2
/0 %exp(—6arctans)ds S/o 117352115
1 /1 -5 - 3.20
:f/ (1—u)?5u71du (3.20)
2 Jo
= 7'[,
where u = —. Then we obtain

1+s2°

-

u(t) < 2 <2+127rexp(37r)t%)i, t € (0, +00).

Example 3.10. Suppose that t%u(t) is a continuous, nonnegative function on [0, +-o0) and u(t)
satisfies the inequality

u(t) <3+ /Ot(t —s) 35 3u(s)ds,  t € (0,+o0). (3.21)

Let v(t) = t3u(t), then
1

t
o(t) <1 —I—t%/ (t—s) 35 5u(s)ds, t €[0,+00).
0

Letp = % and g = %, by Theorem 3.6, we have
5
1 1 8
o(t) < 1+ 185t (752§t17s exp <536§t185>>

5
3 3.22
— 14368 (175> £5 exp (Z%it%) (3:22)

< 147t5 exp(11¢15)
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and : )
u(t) <t3 +7exp(11t1), t € (0, +00).
>

We know t3 ¢ L7 .10, +00) (g > 3). Thus, Theorem 3.2 can not be applied to Example 3.10.

Using Theorem 3.9 in [19], we know
u(t) < 3+ By exp(6Bot%), t € (0,400),

where By = B(3,3) and By = B(3,1) (B(p,q) = fol(l — s)P~1s771ds is the Beta function). Due
to % < %, this indicates that our results are improvements on [19] as t — co. Theorem 3.9 of
[19] can also be applied to the inequality (1.10) when I(f) = 7.

4 Global solutions of fractional differential equations

In this section, we give the existence and uniqueness results of the initial value problem (1.11).

Lemma 4.1. Suppose f : (0,T] x R — R is a continuous function, and there exist nonnegative
functions 1(t), k(t) with tP=11(t) € C(0, TJNL7[0,T] and k(t) € C(0, TINLI[0,T] (g > 4, B €
(0,1)) such that

(& 2)| < 1(E)[x] +k(2)

forall (t,x) € (0,T] x R. Then the following Volterra integral equation

x(t) = xptP 71 + 1“(1[%) /Ot(t —8)P 7 f(s,x(s))ds 4.1)

has at least one solution in C1_g(0, T].

Proof. Let G : C;_4(0, T] — Cy_4(0, T] be the operator defined by

Gx(t) = xotP 1 + 1"(15) /Ot(t — )P f(s,x(s))ds 4.2)

for all x € C;_(0, T].

Step 1: we show that the operator G is continuous. To see this let x, — x in C;_g(0, T| and we
will show that Gx, — Gx in C;_4(0, T]. Now x, — x implies that there exists » > 0 such that
| xnlli—p < rand ||x||;_g < r. For each s € (0, T], we have

f(s,2u(s)) = f(s,x(5))-
Using the assumption of f, we get
(t = 5)P7Hf(s,xu(s)) = f(5,x(s))] < 2(t —5)P 71 (rsPU(s) + k(s)).

Since t#~1(t) € C(0, T]NL1[0,T] and k(t) € C(0, T)N L]0, T], using the Holder inequality,
then we know the function

s — 2r(t —s)P 1P LI(s) 4+ 2(t — s)P1k(s)
is integrable for s € [0, f]. By means of the Lebesgue dominated convergence theorem yields

=P

/Ot(t — )P f(s,x0(s)) — f(s,x(s))]ds| — 0
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as n — +oo. Therefore ' =PGx,(t) — t!7PGx(t) pointwise on [0, T] as n — +o0. If we show
the convergence is uniform then of course G is continuous. Let t,t, € [0,T] with t, < #;.
Then

‘t}’ﬂcx(tl) - ti’ﬁcx(tz)(

}5_1}1/3 ‘/tz )P £ (s, x(5))ds

(4.3)

+ ?ﬁ) ’/otl(h —5)P71f(s,x(s))ds — /Ot2<t2 — )P f (s, x(s))ds| -

Since
[ x(0)] < 1)) + k() < 100 P ()] + k),

from the assumptions of f, we know f(t,x(t)) € L0, T] (g > %) when x(t) € C;_g(0, T].
From Lemma 2.6, we obtain

[ =5 s, x())is

is continuous on [0, T]. As t; — t, the right-hand side of the above inequality (4.3) tends to
zero. Now (4.3) together with the fact that t' P Gux, (t) — t'~PGx(t) pointwise on [0, T] implies
that the convergence is uniform. Consequently G : C;_4(0, T] — C;_g(0, T] is continuous.

Step 2: Next we claim that the operator G is completely continuous. To see this let () €
C1-5(0, T] be bounded and |x|;_g < M for each x € Q, we will show that t!"fG(Q) is
uniformly bounded and equicontinuous on [0, T|. The equicontinuity of t!~#G(Q) on [0, T]
follows essentially the same reasoning as that used to prove (4.3). Also ##G(Q) is uniformly
bounded. Since for t € [0, T], we have

H-

-BGx(8)] < |xo| + ﬂ)/Ot(t—s)ﬁ_lsﬁ_ll(s)sl_ﬂx(s)|ds+lil(l;;/Ot(t—s)ﬁ_lk(s)ds

r(p)

< |xo| + lil(;) </0t(t — s)p(ﬁ_l)ds>’1] (/Ot(Msﬁ_ll(s))qu>;

+ 1{1(—;) (/Ot(t - s)p(ﬁl)d5>; </Otk‘7(s)ds> '

= bl F(ﬁ)(p(l;— ERIE k/ sy yvas) o ( f "q(s)ds)q] ’

==

then

T 13)(p(’3T_; 1) +1) </0T(M5ﬂll(5))qu); + </0T kq(s)d8> ;] .

Consequently G : C;_g(0, T] — C;_p(0, T] is completely continuous.

IGx[l1—p < |20 +

Step 3: If x € C;_p(0, T] is any solution of

x(t) = A (xoifﬁ_1 + F(1,B) /Ot(t - s)ﬁ_lf(s,x(s))ds> , te (0,T]
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for A € (0,1). Let v(t) = #1=Px(t) € C[0, T], then

1-8  ,t
[o(8)] < Jxo + ﬁ(ﬁ) [ =) (5,55 To(s))ds
1 1 (4.5)
tr t . =Bt o
< [xo| + FB(p(B-1) 1 1)% </0 k"(s)ds) + 1"(,8)/0 (t —s)P~ 1P~ (s)|v(s)|ds.

Consequently, by Theorem 3.1, we can get

1

()] < (A(t) + B(b) /OtL(s)A(s)exp </stL(T)B(T)dT> ds)q, teloT],

where

1 ¢ 1\ 9
A(t) =211 (|x |+ dl . ki(s)ds q) ,
U (p(p-1) + 1) (freces)

24—1,5%
B(t) == 7

T(B)(pp —p + 1)
L(t) = t1B=D1a(¢)

and p € (1,+00) such that % + % = 1. Then we get

loll = liel-s < (4(T) + B(T) [ LA exp ( [ Lix)B(ic ) as)’

Finally, by applying fixed point Theorem 2.7, the operator G has a fixed point x(f) €
C1-4(0, T], which is the solution of the integral equation (4.1). O

Lemma 4.2. Let f be as in Lemma 4.1. A function x € Cy_g(0, T| is a solution of fractional differential
equation (1.11) if and only if it is a solution of the Volterra integral equation

x(t) = xotP ™1 + 1“(1[5) /Ot(t — )P f(s,x(s))ds, t € (0,T]. (4.6)
Proof. Since x € C;_(0,T] and

F(&x(0)] < 1O x(0)] + k() = £ EPl()| + k(1)

with tP=1(t) € C(0, T)N LI[0, T] and k(t) € C(0, T] L]0, T}, then we have x € C(0, T) L'[0, T]
and f(t,x(t)) € C(0, T] N L'[0, T]. By virtue of Theorem 2.4, then we complete the proof. [

Theorem 4.3. Suppose f : (0,+00) x R — R is a continuous function, and there exist nonnegative
functions 1(t),k(t) with tP=1I(t) € C(0,+o0) LI [0, +c0) and k(t) € C(0,+c0) N L] [0,+00)
(g > %,ﬁ € (0,1)) such that

|f(& )| < 1(E)|x| + K (2)

forall (t,x) € (0,400) x IR. Then the initial value problem (1.11) has at least one continuous solution
in Cy_p(0, +0o0).
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Proof. From Lemma 4.1 and Lemma 4.2, We know the equation (1.11) has at least one solution
in C;_g(0, T]. Since T can be chosen arbitrarily constant, then the equation (1.11) has at least
one global solution on (0, +c0). Thus, we complete the proof of Theorem 4.3. O

Theorem 4.4. If f : (0,+00) x R — R is a continuous function, and

[f(&x) = f(Ey)| <1(E)]x -yl
for all x,y € Rand t € (0,+00), where tP~1(t) € C(0,+oc0) LI [0,+0c0) and |f(t,0)| €

Loc

L0, +00) (g > ). Then equation (1.11) has a unique solution on (0, +oo).
Proof. We know

f(& )] < [f(8x) = f(£0)| + [ f(£,0)] < I(E)|x[ +[£(¢0)].

By Theorem 4.3, we suppose x1(t), x2(t) are two global solutions of equation (1.11). Then

1(8) =520 = |5 [ 0= 9P sma(9) = (5,36
< £ ) =9 e (s) (o) s @)
= 57 (=P P (s) (o)l
Let u(t) = t'7B|x1(t) — x2(t)], then
ult) < £ [ (=5 P o uls)s
By Theorem 3.1, we can get x; (f) = x2(¢). Thus the proof is complete. 0

Remark 4.5. In [18], Trif proved that the equation (1.11) has a unique solution when continu-
ous function f(t,x) = p(t)x +q(t) for all (t,x) € (0,+) X R, where p € C4(0, +c0) and g €
C1-(0,+00) with 0 < « < B. Then under the above conclusions, Trif presented the existence
result when f(t,x) < p(t)x +q(t), where p € C4(0,+00) and g € C;_4(0, +00) with0 <o < B
and 28 —a > 1. In fact, if p € C4(0,+00) and g € C;_4(0,+00), let 1 +a — B < % < B, then
th=1p(t) € C(0,+00) N LY [0,+c0) and g(t) € C(0,+00) L] [0,+c0). Thus, our result in-

cludes the main result of [18, Theorem 4.2]. Theorem 4.11 of [19] also states a global existence
result of the equation (1.11) but with only a sketch of the proof.

Example 4.6.
{D,?x(t) = (tF +1)/x(0) + 7, ws)
lim,_o+ tix(t) = 1.
We know B B
0+ < )+ tT; LS (4.9)

=1 =1 5 =1 _ 5
Let g = 3, then “E1H) € C(0, +00) N L], [0, +00) and 2+ 4 +7' € C(0, +-00) N L], [0, +00).
From Theorem 4.3, equation (4.8) has at least one global solution on (0, +00).

A global solution is proved in [18] under the following hypothesis f(t,x) < p(t)x + q(t),

where p € Cy(0, +0) and g € C;_4(0, +00) with 0 < a < B and 28 —a > 1. From (4.9), we
B _
know L+t 4 17 ¢ C1(0, 4-00).
4
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Example 4.7.
3 _ 2 _

Dix(t) = 3 55 +£7, (4.10)
lim;_,o+ t%x(t) =1

We know ) )
1+x 1+
T — T < lx -yl
1+x 1+y

where x, y € [0, +00). Since t 7 € C(0, +00) LI [0, +00) and t7 +¢2 € C(0,+o0) LI [0, +o0)

Loc Loc

(g > %), then from Theorem 4.4, equation (4.10) has a unique global solution on (0, +c0).
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Abstract. Consider the following higher order difference equation
x(n+1) = f(n,x(n)) 4+ g(n,x(n —k)) +b(n), n=20,1,...

where f(n,x),g(n,x) : {0,1,...} x [0,00) — [0,00) are continuous functions in x and
periodic functions with period w in n, {b(n)} is a real sequence, and k is a nonnegative
integer. We show that under proper conditions, every nonnegative solution of the equa-
tion is quasi-periodic with period w. Applications to some other difference equations
derived from mathematical biology are also given.
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1 Introduction
Consider the following nonlinear difference equation of order k + 1 with forcing term b(n)
x(n+1) = f(n,x(n)) +g(n,x(n—k)) + b(n), n=20,1,... (1.1)

where f(n,x),g(n,x):{0,1,...} x [0,00) — [0,00) are continuous functions in x and periodic
functions with period w in n, {b(n)} is a real sequence, and k is a nonnegative integer. Our
aim in the paper is to study the quasi-periodicity of solutions of Eq. (1.1) in the sense that

Definition 1.1. We say that a solution {x(n)} of Eq. (1.1) is quasi-periodic with period w
if there exist sequences {p(n)} and {g(n)} such that {p(n)} is periodic with period w and
{q(n)} converges to zero as n — co and x(n) = p(n) +q(n), n=0,1,...

By using, among others, some methods and ideas related to the linear first-order difference
equation, in the next section we show that under proper conditions every solution of Eq. (1.1)

™ Corresponding author. Email: gian@math.msstate.edu
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is quasi-periodic with period w. More specifically, we show that under proper conditions,
every solution {x(n)} of Eq. (1.1) satisfies
lim (x(n) — (n)) = 0

where {ij(n)} is a periodic solution with period w of the following associated difference equa-
tion of Eq. (1.1) without forcing term

y(n+1) = f(n,y(n))+g(n,y(n—k)), n=0,1,... (1.2)

Existence and global attractivity of periodic solutions of Eq. (1.2) and some other forms have
been studied by numerous authors, see for example [1,3,13,15-17,19,20,22,23,31] and the ref-
erences cited therein. While there has been much progress made in the study of the existence
and global attractivity of periodic solutions of Eq. (1.2), the quasi-periodicity of solutions of
Eq. (1.1) is relatively scarce. In order to study this phenomenon, we note the following recent
result from [15] for the existence of a periodic solution 7(f) of Eq. (1.2) (some new results
related to those in [15] have been recently presented in [26]).

Theorem A. Assume that there is a nonnegative periodic sequence {a(n)} with period w such
that

w—1
a=1]Ja() <1 and f(n,y) <a(n)y forn=0,1,...,w—1landy >0
i=0

and that f(n,y) — a(n)y is nonincreasing in y. Suppose also that g(#n,y) is nonincreasing in y
and that there is a positive constant B such that

n+w—-1 [n+w-1
) ( I a(])> [f(i,B) —a(i)B+g(i,B)] >0, n=01,...,w-1 (1.3)

i=n \ j=it1

and

1 n+w—-1 [n+w-—1
— Y | II a))sG0)<B  n=01..w-1 (1.4)

i=n j=i+1
Then Eq. (1.2) has a nonnegative periodic solution {#(n)} with period w.

We will make use of this theorem in the next section to guarantee a periodic solution of
Eq. (1.2), a prerequisite for the existence of quasi-periodic solutions of Eq. (1.1). In Section 3,
we show that our main results may be applied to some difference equations derived from
applications.

2 Main results

For the sake of convenience, we adopt the notation [T" ,, o(i) = 1 and }_}" ,, p(i) = 0 whenever
{p(n)} is a real sequence and m > n in the following discussion.

The following lemma — which is needed in the proof of our main result — is folklore, and
all the ingredients for its proof can be found in some papers dealing with the linear first-
order difference equation (see, for example, [18] and [23] and the related references therein).
Nevertheless, we will give a proof for the sake of completeness.
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Lemma 2.1. Assume that {a(n)} is a nonnegative periodic sequence with period w and {b(n)} is a
real sequence. If
w—1
[TaG) <1 and b(n) =0 asn— oo, (2.1)
i=0

then

i ( ﬁ a(j)) b(i) -0 asn — oo. (2.2)

i=0 \j=i+1

Proof. First we show that there is a positive constant A such that

i ( ﬁ ﬂ(]’)) <A, n=0,1,... (2.3)

i=0 \j=i+1
Observe that for any n > 0, there are nonnegative integers m and / such that

n=mw-+]I, 0<I<w-1

Then
n n mw+1 [ mw+l
E(1100) "L (T1 )
i=0 \j=i+1 i=0 \j=i+1
w=1 [ mw+l 2w—1 [ mw+l mw—1 mw+1
= (Ta0) 5 (Tlo0) -+ T (To0)
i=0 \j=i+1 i=w \j=i+1 i=(m-1)w \j=i+1
mw+l [ mw+l
+ ) (,H a(j))
i=mw \j=i+1
mw-+I1 w—1 [ w—-1 mw-+1 2w—1 [ w—1
= ITe0) X (1‘[ a<f>> +ITa() X (1‘[ a(j))
j=w i=0 \j=i+1 j=2w i=w \j=i+l
mw+1 mw—1 mw—1 1 1
o Tao) T (TT0) + 2 ( 1100)
j=mw i=(m—1)w \j=i+1 i=0 \j=i+1
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w=1 m—1 w—1 m-2
(Ha(i)) +(1j£a(j)> +-+1

1=

(1)

i=0 \j=i+1
1— (T19ta()) " w=1 [ w=1 I I

USRS (H a<f>>+2<n a<]>>
1-T1% a(j) =0 =0 \j=n i=0 \j=i+1

i=0 \j=it1 1_“’1—_1 a(j) =0 \j=it1 i=0 \j=it1
j=0
Let
! ! I
Ai{ = max a(i), A, = max a
R | CURNEEE o o
and

Ay w=1 [ w-1

1-T15 a() = \ 2

Then from (2.4) we see that (2.3) holds. Next, we show that (2.2) holds. Since b(n) — 0 as
n — oo, there is a positive constant C(> A) such that

|b(n)| <C, n>0

and for each € > 0, there is a positive integer N; such that

€

n > Nj.

Hence, by noting (2.3), we see that

i ( ﬁ ﬂ(]’)) b(i)] < i ( ]£[ a(]’)) % < A% <e/2, n>Np.

i=Nij+1 \j=i+1 i=Nij+1 \j=i+1

Since foreacht =1,2,...,N; +1, H}“:t a(j) — 0as n — oo, there is a positive integer N (> Nj)
such that

€

n
) < s e Ny, t=1,2,...,N; + 1

Hence,

Ny n Ny n
y < 1 a(j)> (i) <Y ( T a(j)) C < (N +1)2(Nlj-1)cc —e/2, n>N.

i=0 \j=i+1 i=0 \j=i+1
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Then it follows that

3 ( I1 a(j)) b(i)

i=0 \j=i+1 i=0 \j=i+ i=Ni+1 \j=i+1
Ny n n n
<) a(i) | @1+ 3 | 1 aG) ) 1B()]
i=0 \j=i+1 i=Ni+1 \j=i+1
< E + E =€, n> Np
2
which yields (2.2). The proof is complete. O

Now, consider the linear difference equation
u(n+1) =a(n)u(n) +b(n), n=20,1,..., (2.5)

where {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Assume that {u(n)} is a
solution of Eq. (2.5). It is known that the general solution to the equation is

u(n+1) (Ha )u(O)%—i(ﬁaQ)) b(i), n=20,1,...,
i=0 \j=i+1

which is frequently used in the literature (see, e.g., recent papers [21,23-25], as well as many
related references therein, where some applications to ordinary and partial difference equa-
tions, as well as many historical facts on the equation and related solvable ones can be found).
Clearly, by noting the periodicity of {a(n)} and (2.1), we see that

(Ha ) ) =0 asn — oo.

Hence, the following conclusion comes from Lemma 2.1 immediately.

Corollary 2.2. Assume that {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Then every
solution {u(n)} of Eq. (2.5) converges to zero as n — oo.

The following corollary is about the difference inequality
v(n+1) <a(n)v(n)+b(n), n=0,1,... (2.6)
Assume that {v(n)} is a nonnegative solution of (2.6). Clearly, {v(n)} satisfies
0<o(n)<u(n),n=0,1,---

where {u(n)} is the solution of Eq. (2.5) with u(0) = v(0). Hence, the following conclusion is
a direct consequence of Corollary 2.2.

Corollary 2.3. Assume that {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Then every
nonnegative solution {v(n)} of (2.6) converges to zero as n — oo.

The following lemma is straightforward but will be referenced multiple times in the main
result.
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Lemma 2.4. Suppose f(n,x), g(n, x) are real functions and that {a(n)} is a real sequence, and assume
f(n,x) —a(n)x and g(n, x) are nonincreasing. Then for any y > 0,

fln,x+y) = fn,x) <a(n)y

and
fn,x+y)— f(n,x)+g(n,x+y) —g(n x) < a(n)y.

Proof. Lety > 0. As f(n,x) — a(n)x is nonincreasing we have

fln,x+y) —a(n)(x+y) < f(n,x) —a(n)x.

Thus, f(n, x+y)— f(n,x) <a(n)y. As g(n, x) is nonincreasing, we see that ¢(n, x+y) —g(n, x) <0.
Combining the above inequalities completes the proof. O

The following theorem is our main result.

Theorem 2.5. Consider Eq. (1.1) and assume that f(n, x) is nondecreasing in x. Suppose that {a(n)}
is a nonnegative periodic sequence with period w, and {b(n)} is a real sequence such that {a(n)} and
{b(n)} satisfy (2.1), f(n,x) < a(n)x and f(n,x) —a(n)x is nonincreasing in x. Suppose also that
g(n, x) is nonincreasing in x and there is a positive constant B such that (1.3) and (1.4) are satisfied.
Suppose there is a nonnegative sequence {L(n)} with period w such that

lg(n,x) —g(n,y)| < L(n)|x —y|, n=201...,w—1 (2.7)
and that either
n+k n—+k
a(n) <1and Z(H a(])> L(i) <1, n=0,1...,w-1 (2.8)
i=n \j=i+1

or
n+k+w—1 <n+k+w1

I a(j)) Li)<1, n=01,...,w—1 (2.9)

i=n j=i+1

Then every solution {x(n)} of Eq. (1.1) satisfies

lim (x(n) —§(n)) =0 (2.10)

n—o0

where {ij(n)} is the unique periodic solution of Eq. (1.2) with period w.

Proof. In view of Theorem A, we know that Eq. (1.2) has a unique periodic solution {i(n)}.
Let z(n) = x(n) — §(n). Then {z(n)} satisfies

2(n+ 1)+ §(n+1) = f(n,2(n) + §(n)) + g(n,z(n — k) + §(n —K)) +b(n),  n=0,1,...

Since {#j(n)} is a solution of Eq. (1.2), #(n+1) = f(n,5(n)) + g(n,j(n — k)). Hence, it follows
that

z(n+1) = f(n,z(n) +5(n)) — f(n,§(n))
+g9(n,zin—k)+4(n—k)) —g(n,j(n—k))+b(n), n=0,1,... (2.11)

Clearly, to complete the proof of the theorem and show that (2.10) holds, it suffices to show
that every solution {z(n)} of Eq. (2.11) tends to zero as n — oco. First assume that {z(n)} is
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a nonoscillatory solution of Eq. (2.11). Then {z(n)} is either eventually positive or eventually
negative. We assume that {z(n)} is eventually positive. The proof for the case that {z(n)} is
eventually negative is similar and will be omitted. Hence, there is a positive integer 7y such
that z(n) > 0 for n > ng. Then by noting f(n,x) —a(n)x and g(n, x) are nonincreasing in x, it
follows from Lemma 2.4 and (2.11) that

z(n+1) <a(n)z(n) 4+ b(n), n>mng+k

and so by Corollary 2.3, z(n) — 0 as n — 0.
Next, assume that {z(n)} is an oscillatory solution of Eq. (2.11). Then there is an increasing
sequence {n;} of positive integers such that y(n;) <0and fort=1,2,...,

{y(n) >0 whennyr—1 <n < nyrand (2.12)

y(n) <0 when nyr < n < npryq.
Case 1. Assume that (2.8) holds. Then there is a positive number yu such that
n+k [ n+k
u<1l and Y [ JT a()|LG) <n n=0,1,...
i=n \j=i+1

We show that

()<;4 max {lz(1 \}+Z<H )\b()y,n1<n§n2. (2.13)

—k<I<m j=it1

In fact, from (2.12) we see that z(n1) < 0 and z(n) > 0, n; < n < ny. As f(n,x) —a(n)x is
nonincreasing in x, from Lemma 2.4 we see that f(n,z(n) +7(n)) — f(n,7(n)) < a(n)z(n) and
(2.11) becomes

zin+1) <a(n)z(n)+gn,z(n—k)+g5(n—k)) —gn,j(n —k)) +b(n).

Then by using (2.7), it follows that when n; < n < ny,

n—1 n=1/ n-1
=<f1dﬁ>zmﬂ+2:<IIﬂUQkOZ( k)+7(i— k) —g(ig(i — k) +b(i)]

j:nl i:m j:i+1

n—1 n—1

s):(,Hlao’))|g<i,z<i—k>+y<z‘—k>> 85— k) r+>:<nl >b(i)| 214)
1=nyp \J=I1+ i=ny \j=i+
n—1 n—1

< Z(Ha(i)) L(i)|z(i —k |+2<H >|b()|

i=ny; \j=i+1 j=i+1
Now, consider two cases n; < n; +k+1 and n, > n; +k + 1, respectively. When n, <

n +k+1, forany ny <n <mny, n—k—1<mn; and so (2.14) yields

n—1 n—1 n—=1 [ n-1
z(n) Z](fIMﬁ)MO max HZ\}+Z%<TIMﬂ>W@|

i=m \j=it1 —k<l<n j=it1

IN

IN

T ('ﬁam)w) max {e( r}+2<ﬁa<j>) (i)

i=n— j=i+1 j=it1

n—1 n—1
<umw{Mm+Z<HﬂﬁWW-

ksls i=0 \j=it+1
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Hence, (2.13) holds in this case. Next, consider the case that n, > ny +k+1. Whenn; < n <
n1 + k + 1, as we have shown above, (2.13) holds. In particular,

n1+k n1+k
zm+k+1) <p max {lz(D}+ ), (H )\b()\ (2.15)
" i=0 \j=i+1

When 11 +k+1 < n < nyp, by noting z(n —k — 1) > 0, (2.15) holds and Lemma 2.4, (2.11)
yields

z(n) <an—1)z(n—1)+b(n—-1)

"kl )(n1—|—k+1)—|— ¥ (ﬁa(j>>b<i)

(] n i=nj+k+1 \j=i+1
n—1 m+k [ n+k
< ( ) (H max {lz(]} + L, (H a(f)) \b(i)!)
j=m+ +1 i=0 \j=i+1
n—1 n—1
+ < I1 ﬂ(f)) b(i)
i=ni+k+1 \j=i+l
ni+k 1 n—1 n—1
<p, max {lz(D}+ Z()) <H1 ) (i) + Zk 1 (Hla(j)) b(i)
=0 \j=i+ i=nj+k+1 \j=i+
1

=, max {[z(l) |}+Z<H )Ib()l

—ksi<m j=i+1

and so z(n) satisfies (2.13). Hence for any case, (2.13) holds. Then by a similar argument, we
may show that

n—1 n—1
z(n) > — |p ,, hax {lz(D]} + ZO <,H1a(j)> Ib(i)|], ny <n<mns,
1= J=1t+

and in general,

1

|z(n)| < pB(t) Z(l‘[ )Ib()l np<n < np (2.16)

j=i+1

where
B(t) = max {|z(])|}, t=1,2,...

ntfkglgnt

Since b(n) — 0as n — oo, |[b(n)| — 0 as n — oo. Then it follows from Lemma 2.1,

i(ﬁ ())Ib()|—>0 as 1 — . (2.17)

i=0 \j=i+1

Hence, from (2.16) we see that if B(t) — 0 as t — oo, then z(n) — 0 as n — oo. In the
following, we assume that B(t) /4 0 as t — oco. Then there is a subsequence {B(t;)} of {B(f)}
such that

B(ts) > 1, s=1,2,...

where 7 is a positive constant.
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By noting (2.17) again, we may choose a positive number ¢ such that
p+o6<1
and a subsequence {n;, } of {n; } such that foreachr =1,2,...,
l’l,fserl — Ny, >1+2k
and

y (ﬁ a(z‘)) b@) <nd,  nzn, -1
]

We claim that
B(t) < B(t,) fort>t,, r=12,...

(2.18)

(2.19)

In fact, if n; 1 — k > ny,, we see that when n;_ 1 —k < n < n;_y4, it follows from (2.16) and

(2.18) that
z(n)| < uB(ts,) + 16" < (u+06")B(ts,) < B(ts,).

(2.20)

If ny, 1 — k < ny, we see that (2.20) holds when n;, < n < n;_1q; while when n; 1 —k <

n < ny,, by noting n;, —k < mn;_41 —k, we see that

z(n)[ < max  {[z(])[} = B(t;,).

g, —k<I<ny,

Hence, from the above discussion we see that for any case when n; 1 —k <n < ny 41,

|z(n)| < B(ts,)

and so
B(t;, +1) = max {1z(D)|} < B(ts,).

Mg, +1—k<I<nyg, 11

Then by a similar argument and induction, we may show that for any / > 1,

B(ts, +1) < B(ts,)

that is, (2.19) holds. Then it follows from (2.16) and (2.19) that

n—1 n—1
j2(n)| < pB(t,) + Y (H a(]’)) b, >,

i=0 \j=i+1
Next, we show that
|z(n)| < (u+6)"B(ts,), n>mny, r=12...
When r = 1, from (2.18) and (2.21) we see that

2(n)] < pB(t) + 16 < (u+0)B(t), 0> my,

which satisfies (2.22) with r = 1. Assume that when r = m, (2.22) holds, that is,

z(n)| < (4 +0)"B(ts,),  n>m,.

(2.21)

(2.22)

(2.23)
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Then from (2.21) and (2.23) we see that when n > e, s

n—1 n—1
|z(n)| < uB(ts,..) + ; ( I1 a(i)) |b(1)]

j=i+1
wp +6)"B(ts,) + 1™t
(e +0)" + 8" 1) B(ts,)
(n+0)"1B(ts,),

which satisfies (2.22) with r = m + 1. Hence, by induction, (2.22) holds. Clearly, (2.22) implies
that z(n) — 0 as n — oo.

<
<
<

Case 2. Assume that (2.9) holds. Then there is a positive number v such that

n+k+w—1 <n+k+w1

v<1 and ) I a(j)) L(i) <v, n=0,1,...

i=n j=i+1

We claim that

z(n) <v max {lz(D)|} + 2 ( H ) |b(i)], n < n < np. (2.24)

n—k<I<m+w-1 j=itl

First, from the proof of Case 1, we see that when n; < n < ny, (2.14) holds. Next, consider
two cases n; < n1 +k+ w and ny > ny + k + w, respectively. When n, < n; 4+ k + w, for any
n <n<mny n—k—w <n;and so (2.14) yields

Z(H )L“)m max_ {I2( |}+i<ﬁ >|b<z‘>|

j=i+1 kslsm+w—1 i=0 \j=i+1

n—1

n—1 n—1 —
S <H a(]’)) L@, max = {lz()}+ ZO ( I1 a(]')) bl (@25

1
<v max {]z(1 |}+Z<H >|b()’

n—k<Il<m+w-—1 j=itl

Hence, (2.24) holds in this case. Next, consider the case that n, > n; +k+ w. When ny <n <
n1 + k + w, as we have shown above, (2.24) holds. Hence, we only need to show that (2.24)
holds also when 17 +k+w < n < ny. In fact, by noting that when n1 +k+1 < n < np,
z(n —k —1) > 0, and the result of Lemma 2.4, (2.11) yields

z(n) <an—1)z(n—1)4+bn—-1), n1+k+1<n<ny. (2.26)

Hence, it follows from (2.25) and (2.26) that

ni+k+w m+k+w [ni+k+w
z(n1+k+w+1)§< H a(j))z(n1+k+1)+ Z ( H a(])> 1263]

j=m+k+1 i=ni+k+1 j=i+1
n +k+w m+k [ ni+k
< a(j v max z()|} + a(j) | |b(i
< (}Hk <]>> ( R UL (EL <]>>r <>\>
nm+k+w nm+k+w
+ ) ( I[1 ﬂ(i)) |b(i)]
i=nj+k+1 \ j=i+1
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ni+k [ +k+w
<wv max {lz(D|} + Z ( n )‘b(lﬂ

n—k<I<mj+w-1 =0 =it

m+ktw [n+k+tw
(U ) o

i=m+k+1 \ j=it1

nm+k+w [n+k+w
=v max {lz}+ ), ( I ﬂ(])) |b(7)]

n—k<I<m4+w-1 i=0 j=it1

and similarly,
m+k+w+1 (111 +hk4w+1

zim+ktw+2)<v - max - {z(D)]} + Z [1 a(]’)) |b()]

n1—k<l<nj+w-1 j=i+1

ny—1 [ np—1
z(mp) <v - max ~ {fz(] !HZ(H )\b()\

m—ksl<m+w i=0 \j=it1

Hence for any case, (2.24) holds. Then by a similar argument, we may show that

z(n)z—[v max {]z(1 |}+Z <H >|b()|], ny < n < mns,

ny—k<I<nmpy+w-1 =it

and in general,
n—1 n—1
|z(n)] < uC(t) + ) ( I1 a(f)) b(i)],  m<n<npa
i=0 \j
where

C(t) = max {1z(D}, t=1,2,...

n—k<I<nmj+w-—1

Then by an argument similar to that for Case 1, we may show the following.
If C(t) —» 0as t — oo, then z(n) — 0 as n — oo; If C(t) /4 0 as t — oo, then there is a
subsequence {C(t;)} of {C(f)} such that

C(ts) >, s=1,2,...
where 7 is a positive constant. A positive number ¢ such that
v+ <1
and a subsequence {n;, } of {n; } such that foreachr =1,2,...,

ng —Tltsy 21+2k

Sp4+1
could be chosen such that
n n
Yo IT a@) | b)) <ns’,  n>ny —1
i=0 \j=i+1

and
|z(n)| < (u+6)"Clts,), n>mny, r=12...

Clearly, the above inequalities imply that z(n) — 0 as n — oo. The proof is complete. ]



12 C. Qian and |. Smith

When g(n,x) = p(n)h(x), where {p(n)} is a nonnegative periodic sequence with period
w and h is a nonnegative continuous function, Eq. (1.1) becomes

x(n+1) = f(n,x(n))+ pn)h(x(n —k)) + b(n), n=0,1,... (2.27)
and the following result is a direct consequence of Theorem 2.5.

Corollary 2.6. Consider Eq. (2.27) and assume that f(n, x) is nondecreasing in x. Assume also that
{a(n)} is a nonnegative periodic sequence with period w and {b(n)} is a real sequence such that
{a(n)} and {b(n)} satisfy (2.1), f(n,x) < a(n)x and that f(n,x) — a(n)x is nonincreasing in x.
Suppose that h is nonincreasing and L-Lipschitz and that there is a positive constant B such that

mil(TﬁVm)v@m—ﬂ@B+mmmmzof n=OLw-l @2

i=n \ j=i+1

and

1 n+w—-1 [n+w—-1
— ) ( I a(j)) p(i)h(0)<B, n=0,1,...,w—1. (2.29)

w—1 4
1—TITa) ="
j=0

Suppose also that either

n+k [ n+k
a(n) <1 and LZ(H a(j)) pi)<1, n=01,...,w-1

i=n \j=i+l
or

n+k+w—1 [n+k+w—1
L

a(])> p(i) <1, n=0,1,...,w—1

i=n j=i+1

Then every solution {x(n)} of Eq. (2.27) satisfies

lim (x(n) — §(n)) = 0

n—oo

where {ij(n)} is the unique periodic solution with period w of the equation

y(n+1) = Fny(m) + pmh(y(n k), n=0,1,...
When f(n,x) = a(n)x(n), Eq. (2.27) becomes
x(n+1) =a(n)x(n)+ pn)h(x(n —k)) +b(n), n=0,1,... (2.30)

(2.28) is satisfied for any B > 0 and (2.29) holds for B large enough. Thus the following result
is a direct consequence of Corollary 2.6.

Corollary 2.7. Consider Eq. (2.30) and assume that {a(n)} is a nonnegative periodic sequence with
period w and {b(n)} is a real sequence such that {a(n)} and {b(n)} satisfy (2.1). Suppose also that
h(x) is nonincreasing and L-Lipschitz, and that either

n+k n+k
a(n) <1 and LY ( I a(j)) p(i)<1, n=01,...,w—1 (2.31)

i=n \j=i+l
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or

n+k+w—1 [n+k+w—1
L

a(j)) p(i) <1, n=0,1,...,w—1. (2.32)

i=n j=i+1

Then every solutions {x(n)} of Eq. (2.30) satisfies

lim (x(n) —j(n)) =0

n—00

where {ij(n)} is the unique periodic solution with period w of the equation
y(n+1) =a(n)y(n)+ p(n)h(y(n —k)), n=0,1,...
In particular, when h(x) = 1, Eq. (2.27) reduces to the first order linear equation
x(n+1) =a(n)x(n) + p(n) +b(n), n=20,1,... (2.33)

Since we may choose L = 0, (2.31) and (2.32) hold. Hence, from Corollary 2.7, we have the
following result immediately.

Corollary 2.8. Consider Eq. (2.33) and assume that {a(n)} is a nonnegative periodic sequence with
period w and {b(n)} is a real sequence such that {a(n)} and {b(n)} satisfy (2.1). Then every solution
{x(n)} of Eq. (2.33) satisfies

lim (x(n) — (1)) = 0

n—00

where {ij(n)} is the unique periodic solution with period w of the equation
y(n+1) =an)y(n) + p(n), n=0,1,... (2.34)

Remark 2.9. When a(n) = a and p(n) = p are nonnegative constants, Egs. (2.33) and (2.34)
become

x(n+1) =ax(n) +p+0b(n), n=0,1,... (2.35)

and
yin+1) =ay(n)+p, n=0,1,... (2.36)
respectively. The nonnegative periodic solution {7(n)} of Eq. (2.36) becomes the nonnegative
equilibrium point 7 = ;2. Then by Corollary 2.8, when a < 1, every nonnegative solution

{x(n)} of Eq. (2.35) converges to ij as n — oo. In fact, in this case, the solution of Eq. (2.35) is

1—a" n—1 n—1
x(n):a”x(0)+p1_a +) (1_[ a(j)) b(i), n=12,...

i=0 \j=it+1
By noting (2.1) and Lemma 2.1, we know that } ;" (H;‘:i+1 a(])) b(i) — 0 as n — oo and so

x(n)—)% as n — oo.

Remark 2.10. Clearly, Corollary 2.8 implies that for the equation
x(n+1) =a(n)x(n) +q(n), n=0,1,...

where {a(n)} is nonnegative and periodic with period w, and {q(n)} is nonnegative and
quasi-periodic with period w, if Z?g)l a(j) < 1, then every nonnegative solution of the equa-
tion is quasi-periodic with period w.
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3 Applications

In this section, we apply our results obtained in Section 2 to some equations derived from
mathematical biology. In applications, there are often external factors — known or unknown
— that affect the mathematical model. Two such factors that have been studied in related
models are migration and subsets of populations which become isolated and unchanged by
density-dependent effects, see [11,27] and references cited therein.

Consider the difference equations

a(n)x?(n v(n)p(n)o(n
x(n+1) = (51))+ 5((2) + 1 +(eﬁ()££(n)_k()_i(n) +b(n), n=20,1,..., (3.1)
x(n+1) = a(n)x(n) + p(n)e=W*=k L p(y), n=0,1,... (3.2)
and
x(n+1) =a(n)x(n)+ __ B +b(n), n=20,1,... (3.3)

1+ x7(n—k)
where {a(n)}, {a(n)}, {B(n)}, {v(n)}, {6(n)}, {p(n)}, {c(n)} are nonnegative periodic se-
quences with period w, {b(n)} is a real sequence, v is a positive constant and k is a nonnega-
tive integer. When a(n) =a, a(n) =, f(n) = B, v(n) =v,é(n) =6, p(n) =pand o(n) = o
are nonnegative constants and b(n) = 0, Egs. (3.1), (3.2) and (3.3) reduce to

_ax*(n) Voo B
x(n+1) = x(n)—|—5+ S n=20,1,..., (3.4)
x(n+1) = ax(n) + pe~ k), n=0,1,... (3.5)
and
x(n+1) =ax(n)+ __h_ n=0,1,... (3.6)

14+x7(n—k)’

respectively. Eq. (3.4) is derived from a model of the energy cost for new leaf growth in citrus
crops, see [30]. When b(n) # 0, {b(n)} may represent defoliation that does not occur naturally
or is not considered natural defoliation by the model parameters. A similar equation is given
for the litter mass in perennial grasses, and the results that follow will apply directly to this
model, see [28]. Eq. (3.5) is a discrete version of a model of the survival of red blood cells in
an animal [29], and Eq. (3.6) is a discrete analog of a model that has been used to study blood
cell production [10]. The global attractivity of positive solutions of Egs. (3.5), (3.6) and some
extensions of them has been studied by numerous authors, see for example [4-7,9,12,14] and
references cited therein. When b(n) # 0, {b(n)} may represent the medical replacement of
blood cells or administration of antibodies, see [2,8] and references cited therein.

Suppose {b(n)} is quasi-periodic, that is, there exist real sequences {g(n)} and {r(n)}
such that {q(n)} is periodic with period w, {r(n)} is such that r(n) — 0 as n — oo, and
b(n) = g(n) +r(n). Then Egs. (3.1), (3.2) and (3.3) become

a(n)x*(n) v(m)p(n)o(n)

x(n+1) = () £ 00n) T 1 Pomntn-R)aln) +q(n)+r(n), n=20,1,..., (3.7)
x(n4+1) = a(n)x(n) + B(n)e =K 4 a(n) 4+ r(n), n=0,1,... (3.8)

and
x(n+1) :a(n)x(n)+ﬂ+q(n)+r(n), n=0,1,... (3.9)

1+ x7(n—k)
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respectively.
First, consider Eq. (3.7). It is of the form of Eq. (1.1) with

a(n)x? v(n)o(n)o(n)
) = s 1o+ cm—an) T 900

and g(n,x) =

As
df  a(n)x(x+26(n))
= (xrempe o Y20

we see that f(n, x) is nondecreasing in x. We next note that

—a(n)é(n)x

Fln,x) —a(m)x = — O,

and

d _ —a(n)é*(n)
U0 —atmn) = 2L g

thus f(n,x) < a(n)x and f(n,x) — a(n)x is nonincreasing in x. As

dg eﬂ(”)xfa(n)

= —B(n)v(n)p(n)o(n) (1 + ePma—a(m)2’ x20

and
d?g

i B ny(mp(n)o(m) o L= P )

(1»_% eﬁ(n)x——a(n))S /

d . .
, %‘ achieves a maximum when

x>0,

we see that g(n, x) i

x—% and

dg(n, x)
dx

Thus g(n, x) is L-Lipschitz with L(n) = w. Hence, we have the following conclu-
sion from Theorem 2.5.

Corollary 3.1. Assume that

j=0
Suppose there exists a positive constant B such that

ntktw-1 (ntktw-1 ) v(i)p(i)o (i) Bza(i)é(i) -
Z ( J-LL a(])> [q(1)+1+63;}(1) (i) B+0(i) } >0, n=01...,w—-1

i=n

and

1 L n+k§}_l (Hlﬁu_la(j)) <W —|—q(i)> < B, n=01,...,w—1.

-4 = =it 14 e

Suppose also that either

n+k n+k
a(n) <1and Y ( I1 a(j)) Bl (p()or(i) <4, n=01,.. w1

j=it1
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or
ntk4w—1 <n+k+w—1

I a(])> B(i)v(i)p(i)o(i) < 4, n=0,1,...,w—1

i=n j=it+1

Then every solution {x(n)} of Eq. (3.7) satisfies

lim (x(n) — 7(n)) = 0

n—o0
where {ij(n)} is the unique periodic solution with period w of the following equation

a(m)y*(n) _ y(n)p(n)o(n)

Y+ 1) = S0 oty T 1 cPonR-

()—I—q(n), n=0,1,...

Next consider Eq. (3.8). It is in the form of Eq. (1.1) with

f(n,x) =a(n)x and g(n,x)= ﬁ(n)e"’(”)x +q(n).

(1.3) is satistied for any B > 0 and (1.4) holds for B large enough. Observing

we see that ¢(#, x) is nonincreasing in x and

dg

I < B(n)o(n) forx >0,

which implies that for each n, ¢(n, x) is L-Lipschitz with L(n) = B(n)c(n). Hence, we have
the following conclusion from Theorem 2.5.

Corollary 3.2. Assume that

and that either

n+k [ n+k
a(n) < 1and 2 <H a(j)> B(i)o(i) <1, n=0,1,...,.w—1

j=it1

or
n+k+w—1 <n+k+w—l

I a(])> B(i)o(i) <1, n=01,...,w-1

i=n j=it+1

Then every solution {x(n)} of Eq. (3.8) satisfies

lim (x(n) — §(n)) = 0

n—o0

where {ij(n)} is the unique periodic solution with period w of the following equation

y(n+1) =a(my(n) + p(n)e "0 4 q(n),  n=0,1,...
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Finally, consider Eq. (3.9). It is in the form of (1.1) with
p(n)
1tar 7(n).
gain, (1.3) is satisfied for any B > 0 and (1.4) hold for B large enough. Observing that

f(n,x) =a(n)x and g(n,x)=

g _ yx7 ! g o 1A ((r+ DT — (v 1))
dx = P e and gz = A (+7)
we see that for each n, when v =1,
dg| _ |48
ol < |28 = >
ax| < |ax|._, B(n) forx >0
and when ¢ > 1, %‘ attains its maximum at x* = (%)1/7 and
d D (y 1)
—_ v v
a3 :(7 )" (v+1) B(n), n=20,1,...,w-—1.
ax |, 4y
Hence, g(n, x) is L-Lipschitz with
(1’1), vy=1,
L(n) = fl)”*( )T
T e B(n), y>1

It follows from Theorem 2.5 that the following conclusion holds.

Corollary 3.3. Assume that

Suppose also that when v = 1, either

n+k [ n+k
a(n) <1 and Z(Hu(j))/%(i)<1, n=201...,w-1

i=n \j=i+1

or
n+k+w—1 <n+k+w—1

Z H a(])> B(i) <1, n=01...,w—1;

i=n j=i+1
when v > 1, either

n+k [ n+k 4,)/
a(n) <1 and Z(Ha(j))ﬁ(i)<( — -, n=01,...,w—1
v

i=n \j=i+1

or

n+k4w—1 <n+k+w1

I Mﬁ>m0< et o n=01,...,w—1.

i=n j=i+1

Then every solution {x(n)} of Eq. (3.9) satisfies
lim (x(n) — 7)) = 0

n—oo

where {ij(n)} is the unique periodic solution of with period w of the following equation

B(n)

m+l](ﬂ), 71:0,1,...

y(n+1) =a(n)y(n) +

17
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Abstract. In this paper, we consider the existence of a nontrivial solution for the fol-
lowing Schrodinger equations with a magnetic potential A

—Aqu=K(x)f(Ju*)u, inRN

where N > 3, K is a nonnegative function verifying two kinds of conditions and f is
continuous with subcritical growth. We discuss the above equation with K asymptoti-
cally periodic and K € L.

Keywords: Schrodinger equation, magnetic field, zero mass, periodic condition,
asymptotically periodic condition.
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1 Introduction

In this paper, we consider the existence of a nontrivial solution for the following equation
—Aqu =Kx)f(Ju*)u, inRN, (1.1)

where N >3, K: RN - Risa nonnegative function and f : R — R is continuous with
subcritical growth.
Problem (1.1) is motivated by the following nonlinear Schrodinger equation

2
(39 -40) v =kefQvPy,

where N > 3, h is the Planck constant and A is a magnetic potential of a given magnetic
field B = curl A, and the nonlinear term f is a nonlinear coupling and K is nonnegative.
The function A : RN — RN denotes a magnetic potential and the Schrédinger operator is
defined by

—Aap = —AP + |APPY — 2iAVY — ipdiv A, in RV,

™ Corresponding author. Email: jichao@ecust.edu.cn
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This class of problem with the nonlinearity f verifying the condition f'(0) = 0 is known as
Zero mass.

In recent years, much attention has been paid to the nonlinear Schrodinger equations, we
may refer to [6,13,23,25-29]. In particular, we notice that the existence of solutions for the
problems with zero mass and without magnetic field, namely, A = 0 and f/(0) = 0. In [5],
Alves and Souto investigated the following problem

—Au=K(x)f(u), xRN, (1.2)

where f is a continuous function with quasicritical growth and K is nonnegative function.
Using the variational method and some technical lemmas, the authors gave the existence of
positive solution for problem (1.2).

In [20], Li, Li and Shi considered a nonlinear Kirchhoff type problem

—(a +A/RN Vul?)du = K(x)f(w), xeRY,

where N > 3, a is a positive constant, A > 0 is a parameter and K is a potential function.
The authors used a priori estimate and a Pohozaev type identity in the case with constant
coefficient nonlinearity. And in the problem with the variable-coefficient, a cut-off functional
and Pohozaev type identity were used to find Palais-Smale sequences.

In [1], Alves studied a quasilinear equation given by

—Au+ V(x)u — kA(u*)u = K(x) f(u), x € RV,

where N > 1,k € R, V : RN — R is the potential, and f : R — R and K : RV — R are
continuous. The variational methods were used to establish a Berestycki-Lions type result.
For further results about the elliptic equations with zero mass, we may refer to [4,7,8,19,24].

Inspired by [1,5,20], we would like to consider Schrédinger equations in RN with magnetic
field and zero mass.

Due to the appearance of the magnetic field, the problem cannot be changed into a pure
real-valued problem, hence we should deal with a complex-valued directly, which causes more
new difficulties in employing the methods and some estimates. Thus there are a few results for
the Schrodinger equations with magnetic field than ones for that without the magnetic field.
In [18], Ji and Yin showed the existence of nontrivial solutions for the following Schrodinger
equation

—Aau+V(xX)u = f(Jul)u, inRY,

where N > 3, f has subcritical growth, and the potential V is nonnegative. The solution is
obtained by the variational method combined with penalization technique of del Pino and
Felmer [17] and Moser iteration.

In [15], Chabrowski and Szulkin discussed the semilinear Schrédinger equation

—Aqu+ V(x)u = Q(x)|ul* 2u, ue H}L‘,W(IRN),

where V changes sign. The authors considered the problem by a min-max type argument
based on a topological linking. For the more results involving the magnetic Schrodinger
equations, we see [2,3,9,11,12,16,25] and the references therein.

In this paper, we consider problem (1.1) with the different function K. First of all, we
assume the potential A verifying
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(A) A €% (RN,RN).

loc

In the first case, we propose the following assumptions for function K:

(K1) there exist kg > 0 such that
K(x) > ko, forVx e RN,

(K2) there exist a positive continuous periodic function K, : RN — R
Ky(x+vy) = Ky(x), Vx € RN and vy € ZV,

such that
[K(x) = Kp(x)| =0 as [x] = +oo.

(K3) Kp is defined in (K2) such that
K(x) > Ky(x), VxeRN.

In addition, we assume that function f satisfies:

(f1) there holds
i FO L R0

where 2* = % and N > 3.

(f2) function F is defined by F(t) = fotf(s)ds, and
E(t)

T—>oo ast — +oo,

(f3) function H(t) = tf(t) — F(t) is increasing in t and H(0) = 0.
Now we are in a position to state the first result.

Theorem 1.1. Assume that (A), (K1)-(K3) and (f1)-(f3) hold. Then, problem (1.1) has a nontrivial
solution.

In the second case, we involve that K is positive almost everywhere:
(K4) the Lebesgue measure of {x € RN : K(x) < 0} is zero.
Then, we state the second result as follows.

Theorem 1.2. Assume that K € L®(RN) N L"(RN), for some r > 1, satisfies (K4), and (A), (f1)~(f3)
hold. Then, problem (1.1) has a ground state solution.

Remark 1.3. In fact, we consider the second case under a weaker condition than K € L"(RYN).
We only require to suppose that for all R > 0 and any sequence of Borel sets {E, } of RN such
that |E,| < R, for every n, we have

lim K(x)dx =0, uniformlyinn € IN. (1.3)
R—+c0 JE,NB%(0)

The paper is organized as follows. In the next section, we state the functional setting and
give some preliminary lemmas. In Section 3, when K verifies the periodic condition, we study
problem (1.1) and establish the existence of a ground state solution. In Section 4, we give the
existence of a nontrivial solution for asymptotically periodic problem, proving Theorem 1.1.
In the last section we consider problem (1.1) with condition (K4) and we prove Theorem 1.2.
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2 Preliminaries

In this section, we outline the variational framework for problem (1.1) and give some prelimi-
nary lemmas. We write
Apu:= (V +iA)u

and
Vau:=(V+iA)u.

Let N > 3 and 2* = 2N/(N — 2). We denote Dllq’z(]RN ) the Hilbert space with the scalar
product

(1,0) 4 = Re /R (VutiA(@)u) (Vo + iA(x)o)dz,

and the norm induced by the product (-, -) 4 is

1
— 2.\ 2
fula = ([ 1Vauldz)
1
= (/ Vu+ iA()ufdx)
RN
1
= (/ (|Vul* + \A(x)|2|u]2)dx—2Re/ iA(x)uVudx)z,
RN RN
and CF(RN,C) is dense in D;*(IRN) with respect to the norm [|u| 4. It is easy to know that
DIA(RN) := {u e L¥(RN,C) : Vau € LZ(JRN,C)}.

Furthermore, the following diamagnetic inequality (see [21, Theorem 7.21]) will be used fre-
quently:

|V au(x)| = |V]u(x)||, forVu € D*(RN,C), 2.1)
and it implies that if u(x) € D*(RN,C), the fact that |u(x)| € D*?(RN,R) will holds. There-

fore, by Sobolev embedding [in |V |u| ‘zdx > S( [ |u* dx) 2%‘, the embedding D*(RN,C) —
L% (RN, C) is continuous for N > 3.

3 A periodic problem

In the section, we will discuss the existence of a ground state solution for the following equa-
tion

{‘AAu = Ky()f(|uP)u, inRY, 61

u € DI(RN,C),
where K, : RN — R is a continuous function verifying the following hypotheses

(K5) forall x € RN and y € ZN,
Kp(x +y) = Kp(x),

(K6) there is a positive constant k; > 0 such that

Ky(x) > ki, VYxeRN.

In this section, the main result is the following.



Two classes of Schrodinger equations in RN with magnetic field and zero mass 5

Theorem 3.1. Assume that (A), (K5)—(K6) and (f1)—(f3) hold. Then, problem (3.1) has a nontrivial
solution.

We denote by I : D}LX’Z(IRN ,C) — R the energy functional for the problem (3.1), which is
defined by

1) = gl =5 [ KpF(uf)d 62

with derivative, for Vu,v € D}L{Z(]RN ,0),
I'(4)o = Re / V 4V sodx — Re / K, (x)f (|u]?) uvdx. (3.3)
RN RN

The weak solution for (3.1) are the critical points of I. furthermore, we can use (f1)—(f3)

to check that functional I satisfies the geometry of the mountain pass. There is a sequence
(uy) € DX*(RN,C) such that
I(u,) —c (3.4)

and
(14 Nl ) I ) | = 0, (3.5)

where c is the mountain pass level given by

— inf max I((t
¢ = Inf max (v(8))

with
T = {7 € C([0,1], D}A(RN,C)) : v(0) = 0 and I(y(1)) < 0}.

This sequence is called as Cerami sequence for I at level c, see [14].
Notice that from (f3) one obtains H(s) > 0 for every s € R. Then, we have the next
estimates: by (f1), for Ve > 0, there exist a T = 7(¢) and ¢, > 0 such that

|S2£(s%)| < els|* + cels|Pxq 151501 (5) (3.6)
and, by (f3),
|F(s?)| <els]” + cels|Px 51523 (5) (3.7)

where y is the characteristic function to the set T = {t € RN : |t| > T}.
In the proof of Theorem 3.1, we announce a lemma which resembles a classical result
in [22].

Lemma 3.2. Let (u,) be a bounded sequence in D*(RN,C). Then either

(1) there are R, ;7 > 0 and (y,,) C RY such that / ) lun|® > 5, for all n,
Br Yn
or
(i) /N |i,|7 — 0, where i1, = UnX{|s|>c}r Vg € (2,2*)and T > 0.
R

Proof. 1f (i) does not happen, going if necessary to a subsequence, we have

lim sup lu,|> = 0.
n=+e R JBr(y)
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Let i : C — R be a smooth function such that
0<y(s) <1, ¢(s)=0 forls| < % and ¢(s)=1 forls| >,

it is easy to check that the sequence i, = §(u,)u, belongs to D}L"Z(IRN ,C) and satisfies

lim su i,|>=0.
n—H—ooye]RI?\] BR(y)| n|
Hence, by [22],
lim li,|P =0,  Vge (2,2,

n—+oo JRN

from where it follows that

lim . |1,|P =0, Vg€ (2,2")and T > 0,
R

n—-+00
finishing the proof. O
The next lemma is used to prove that the Cerami sequence is bounded in DZZ(IRN ,C).
Lemma 3.3. There is a positive constant M > 0 such that I(tu,) < M for every t € [0,1] and n € IN.
Proof. Let t, € [0,1] be such that I(t,u,) = max;so I(tu,). If either t, = 0 or t, = 1, we are
done. Thereby, we can assume that t, € (0,1), and so I'(t,u,)tnit, = 0. From this
21(tta) = 20(batt) = Ittt = [ Kp(e) (|t ).

Once that K}, is positive, it follows that (f3)

21(tyuy) < /]RN Ky (x)H(|un|?) = 21(up) — I'(un)ttn = 21 (1) + 0n(1).
Since (I(uy)) converges to c, so I(tu,) is bounded. O
Lemma 3.4. The sequence (uy) is bounded in D*(RYN,C).

Proof. Suppose by contradiction that ||u||4 — oo and set w, = H;:ﬁ Since ||w,||a = 1, there
exists w € D}L{Z(IRN ,C) such that w, — w in D}L{Z(]RN ,C). Next, we will show that w = 0. First
of all, notice that

|wn’2~

o) 1= [, SRORIR) _ [ KRl

H“nHi\ |un |?

By (f2), for each M > 0, there is { > 0 such that

>M, forl|s| >¢,
hence 2
Ky (x)F(|unl*)

on(1)+1>/ P 2 > kl/ w2,
ON{|u,|>8} |t | ON{[un|>¢}

where O = {x € RN : w(x) # 0}. By Fatou’s Lemma

1> Mkl/ lw|2dx.
O
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Therefore |Q| = 0, showing that w = 0.

Notice that for each C > 0, one has =~ ” € [0,1] for n sufficiently large. Thus
c 2
(it > I<HuHA”") — I(Cwy) = 2/ F(C|w,?).

We claim that
lim K, (x)F(C?|w,|?) = 0. (3.8)

n—+oo JRN

We postpone for minutes the proof of (3.8). But if it were true, we would get

2
lim I(t,u,) > %, for every C > 0,

n——+00
which is a contradiction with Lemma 3.3, since (I(t,u,)) < M.
We prove (3.8) by using Lemma 3.2, which gives two alternatives: either

/ |w,|> > n for some 7 > 0and (y,) € ZY,
B (yn)

or
/]RN |,|Pdx — 0, where @, = WX {|un|z7} P € (2,2") and T > 0.

By showing the boundedness of (u,), we will prove that the first alternative does not hold. If
the first alternative occurs, we define ii, = u,(x +y,) and @, = These two sequences
satisfy

Tls”
(@) e (1+]la)[I(@)] -0 and @ —@ £0,

which is a contraction compared to what we have written in the beginning of this proof.
Hence, the second alternative holds and

lim |10, |Pdx = 0.
n—+oo JRN

Then

‘Kp(x)P(C2|wn’2)| < HK;?HOO‘F(CZWH‘Z)‘ < HKPHOO[‘QCZ* wn‘z* +C€Cp|wn|pX{C\wn|>5}}/

from where it follows

[Kp () F(C2[aonl) | < [1KpllooleC a2+ ceCP ).

Consequently

[ K R (CPlaon ) dx < Kyl e [

showing that

z*dx—l—cgcp/ \wn\pdx],
lRN

lim | Ky (x)F(C*wy|?)|dx =0,

n—-+oo JRN

and the proof is finished. O
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Proof of Theorem 3.1. Since (u,) is bounded, by applying Lemma 3.2, we have two alternatives,
either

(1) there are R, 77 > 0 and (y,) C RN such that / " |un|2 >, forall n,
Br Yn

or

(i) /]RN 447 =0, where fl, = iy X{jy>+}, 4 € (2,2°) and T > 0.

Notice that (ii) does not occur. Otherwise, the inequality

V) f G Pl < WKl [e [ el 4 cc [l

leads to
lim sup . | Ky (x) £ (|1t |?) [un 2| = 0,

n——+400

and so

n—+00

The fact that I'(u,)u, = 0,(1) imply that ||u,||4 — 0, constituting a contradiction. Since
alternative (i) is true and K, is periodic, the sequence i, (x) = u,(x +y,) is a Cerami sequence
for I at level ¢, namely,

() — ¢, <1+||ﬁnHA>HI’(un)H—>O and @, — il in DA(RY,C).

A direct computation indicates that I'(#7) = 0, and i is a nontrivial weak solution for problem
(3.1). Then, we will prove that i is a ground state solution for (3.1).we will check that I(if)
accords with the mountain pass level. By Fatou’s Lemma,

2c:1iminf21(ﬁn):liminf<21(ﬁn)—1’(ﬁn)ﬁn>:liminf Kp(x)H(\ﬁn\z)>/NKp(x)H(|ﬁ]2).
R

n——+oo n—-+o0 n—-+oo JRN

Since
21(it) = 2I(i) — I'(i1)il = /}RN K, (x)H(|i|*)dx,

we can conclude that I(#) < c. But then, the condition (f3) leads to
c= inf{I(u) cu € DY2(RN)\{0} and I'(u)u = o}.

It follows that I'(ii) > ¢, and so I'(ii) = c. O

4 The proof of Theorem 1.1

In the section, we will discuss the existence of a nontrivial solution for problem (1.1), thus
showing Theorem 1.1. Therefore, we need to prove Lemmas 4.1 and 4.2 below. Hence, we will
presume that the condition (A), (K1)-(K3) and (f1)-(f3) hold.

We recall that u € D}f(lRN ,C) is a weak solution of problem (1.1), if

Re/ VauV qvdx = Re/ K(x)F(|u|?)uvdx,
RN RN
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forall v € D}L{Z(]RN,C).
The Energy functional associated to (1.1) is

) = gllul - 5 [ K@E(uP)dx,  ¥ue DIERN,C) @1)
with derivative
J'(u)v = Re /]RN VauV qvdx — Re /]RN K(x)f(Jul?)uvdx, Yu,v € D}L"Z(IRN,C). 4.2)

As in the proof of the periodic case, one observes that | satisfying the geometry of the
mountain pass. Therefore, there is a sequence (v,) C D%*(RYN,C) verifying

Joa) = d and (14 [foulla) 7' (on)]| =0, 43)

where d denotes the mountain pass level correlative of J.
Since I(u) = c, by property (K3), one obtains d < c¢. With loss of generality, we can assume
that K # K}, consequently

d < r?fox](tu) = J(tou) < I(tou) < I(u) = c. (4.4)

Lemma 4.1. The sequence (i) is bounded in D';*(RYN,C).
Proof. Let t, € [0,1] be such that J(t,v,) = max;>o J(fv,). If either t, = 0 or ¢, = 1, we are

done. Thereby, we can assume t, € (0,1), and so J'(t,v,)t,vy = 0. From this

2] (tyon) = 2] (t0n) — I/ (o) v = /RN K(x)H (04 ]?).

Since K is a nonnegative function, from (f3),

2] (thvy) < /RN K(x)H (|va]?) = 2] (0n) = J' (04)0n = 2] (vn) + 04(1).
Since (J(vy)) is convergent, so it is bounded.

Suppose by contradiction that ||v,||4 — oo. Proving as in Lemma 3.4, the sequence w, =
anll weakly converges to 0 in D}*(RN,C). Since ||wy||a = 1, by applying Lemma 3.2, we
have two alternatives, either

(1) there are R,7 > 0 and (y,) C RY such that / ) |w,|* =7, for all n,
Br Yn

or

(ii) /}RN |@Wn|T — 0, where @, = WnX{)s/>7}, Vq € (2,27) and T > 0.

If that (i) occurred, we could define the functions 7, (x) = v,(x + y,) and @,(x) =

These two sequences satisfy
J@) = d, (1+118lla) I7'(@)] =0 and @, =@ #0,

which contradicts w, — 0.



10 Z.Yinand C. Ji

Suppose that (ii) is true. As in the proof of Lemma 3.4

. 2 2y _
ngrfoo - K(x)F(C*|wu|*) =0 (4.5)
for each C > 0, and one has m € [0,1] for n sufficiently large. There is a constant M > 0

such that J(tv,) < M for every t € [0,1] and n € N. Thus

C cz o1
J(tavn) > ](mvn> = J(Cwa) = 5 =5 | KEOF(Claal?).

By (4.5), one would get

2

) C
ngrpw](tnvn) > B X

for every C > 0,

which constitutes a contradiction, since (J(t,v4)) is bounded. Consequently, the sequence
(vy) is bounded. O

From the preceding lemma, since the Hilbert space D}L{Z(]RN ,C) is reflexive, there exists v €
DX*(RN,C) and a subsequence of (v,), still denoted by (v,), such that v, — v in D}*(RY,C).

Lemma 4.2. The weak limit v of (vy,) is nontrivial.

Proof. Suppose by contradiction that v = 0. Since
/BR IK(x) — Ky (x)|| E([on]?)|dx < e/BR |K(x) — Ky (x) | [on | dx + /B IK(x) — Ky (x)|[onPdx,
as consequence of v = 0, it follows that
/B IK(x) — Ky (x)| [E(Joa[?) [dx — 0 as n — +co. (4.6)
R

On the other hand, from (K2), given € > 0 there exists R = R(€) such that

|K(x) — Ky(x)| <€, forall x| > R.

Thus
/C K(x) — Ky (x)||[F(|on]?)|dx < eM 4.7)
R
where
li F(|va|?)]dx = M.
msup |F(Joa]?)|dx
From (4.6) and (4.7)
lim |K(x) — Kp(x)]|F(|on|*)|dx = 0, (4.8)

n—+oo JRN
and
|J(vn) — I(vy)] — 0 asn — +oo.

A similar argument shows that

|],(Un)vn - I'(Un)vn] —0 asn — +oo.



Two classes of Schrodinger equations in RN with magnetic field and zero mass 11

Consequently,
I(vy) =d+0,(1) and I'(vn)v, = 04(1). (4.9)

Let s, be positive number verifying
I'(syvn)v, = 0. (4.10)
We claim that (s, ) converges to 1 as n — +o0. We begin proving that

limsups, < 1. (4.11)

n—r—+o00

Suppose by contradiction that, going if necessary to a subsequence, s, > 1+ ¢ for all
n € IN, for some 6 > 0. From (4.9),

loullh = [ Ko () F(ou ) on P +0u (1)
On the other hand, from (4.10),
sullonl = [ Kn(@)f (53 ou ) sulonld.

Consequently
[ Ko@) [F(5Eloal?) = £(lon) | [oaldx = 0,(1),
RN

and from (f3) combined with (K1)—(K3),

/RN [F(5210al?) = F(120[2) | fouPx = 0u(1). (412)
Since (vy) is bounded, by Lemma 3.2 again, we have two alternatives, either
(1) there are R,;7 > 0 and (y,) C RY such that /BR(yn) 0,2 > 7, for all n,
or
(if) /]RN [0n|" — 0, where 9, = vuX{js|>r}, V9 € (2,2%) and T > 0.

In case (ii), we derive

: 2 2 —
nl_lffoo ]RNf(‘vn’ )|va|*dx =0,

which implies v, — 0 in D¥*(IRN, C) that is impossible.
Let (y») be given by (i), and define 7, (x) = v,(x 4+ y,). Since

Oul?dx =1 >0,
/BR(O)I 2dx > 5

there exists 7 # 0 in n D}L{Z(]RN ,C) such that (v,) is weakly convergent to 7 in D}L"Z(]RN ,C).
From (4.12) and (f3), Fatou’s Lemma yields,

0< [ [F+070u2) = F(5a%) |10 =,
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which is impossible. Hence

limsups, < 1.
n—-+oo

From this, (s,) is bounded. Without loss of generality, we can assume that

lim s, =59 < 1.
n—+00

If so < 1, we have that s, < 1 for n large enough. Hence, by Fatou’s Lemma
0< /]RN [f(‘5n|2) _f(s(z,|z7n|2)} 5, |?dx =0, when sy >0,

and
0< /IRNf(|ﬁn|2)]ﬁn|2dx =0, whensy=0,

which are impossible. Therefore,

lim s, =1.
n—-+oo

As a consequence of (4.13),

/RN Ky (x)F (32 |oa]2)dx — /RN Ky (x)F([o42)dx = 04(1)

and

(s = D) lloulli = 0a(1),
leading to

I(syon) — I(vy) = 0,(1).
Then, by(4.9)

c < I(spvn) = (vy) +0,(1) =d + 0,(1).

(4.13)

Taking n — 400, we find ¢ < d, which obtain a contradiction, because, by (4.4), d < c. This

contradiction comes from the assumption that v = 0.

5 The proof of Theorem 1.2

O

In this section, we mean to prove Theorem 1.2. As the proof in the preceding section, we can
prove that the functional I satisfies the geometry of the mountain pass and there is a Cerami
sequence (1,) € DY* (RN, C) satisfying (3.4) and (3.5). Finally, we have proved Lemma 3.3. In
order to check that (u,) is bounded in DZZ(IRN ,C), we should show that the (3.8) holds and

proceed as in the proof of Lemma 3.4.

Let Q), ¢, w, M be defined as in the proof of Lemma 3.4. Notice that ]Q] = 0, since

On(1)+1>/ K(x)F(lunl*)

2
QN fua| >} |un|? |

|wn

impliesthat
1>M/Kx wZ,

and from (K4), we have w = 0.
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Let us prove the limit (3.8). From (f1), for each € > 0, we have § > 0 and C, > 0 such that
|s*f(s?)| < els|? + CeX{js|zsy, foralls € RY, (5.1)

and
|F(s%)] < els|? + CeXyls|zsy, foralls € RV, (5.2)

By Sobolev embedding and (2.1), there exists S > 0 such that

o*
/ )% dx < §(/ |VAU|2dx) 5
RN RN

forall v € D}{Z(IRN,C). Observe that A, = {x € RN : |Cw,(x)| > 6} is such that

[

An

Kl |
BC

R

2 <8,

This implies, besides (5.2), that

/ K(x)F(|Ctw,[?)dx < eC¥ |wn|? dx + Ce K(x)dx,
[x|>R )

B (0)NA,

and from (1.3)

lim K(x)F(|Cwy|?)dx < e5C* ||K||o, uniformly in 7.
R—+00 Jix|>R

On the other hand, for any R > 0, from (f1) and Strauss’ compactness lemma (see [10])

lim K(x)F(|Cwy,[*)dx = 0,

n—+o0 JIx|<R

which shows that (3.8) holds and () is bounded in DY*(RYN, C).
To prove Theorem 1.2, it is important to show that (u,) converges in D%*(RN,C). In this
way we can see that

lim K(x) f(|tn|?) |un|2dx = /]RN K(x) f(|ul?)|ul?dx. (5.3)

n——+o JRN

To verify (5.3), consider E, = {x € RN : |u,(x)| > 6} which satisfies sup, . |En| < 0.
From (5.1)

/ K(x)f(|un|2)|un|2dx<e||K||oo/ |un|2*dx+cg/ K(x)dx
x[>R B}, (0) B (0)

NE,
and from (1.3)
limsup/ K(x) f(|un|?)|un*dx < S||K||co, uniformly in 7.
R—+oo /|x|ZR

Again, from (f1) and Strauss’ compactness lemma

tim [ KGO F () Px = [ K f(uP) s,

n—+e0 Jix|<R |x[<R

for all > 0 fixed, and it shows that (5.3) holds. Since I' (i, )u, — 0, (5.3) implies that

i 20y = 2\ 112 4 >
tim [ (VawnPdx= [ KF(uP)luldx = [ 9auPdx

n—r+o00

finishing the proof of Theorem 1.2.
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Abstract. We establish necessary and sufficient conditions for the existence of peri-
odic solutions to second-order nonlinear difference equations of the form A%x; + Axj +
Af(x;) =e;, i € N, and for a simpler equation with difference-free nonlinearity.

The linear part of the equation has two-dimensional kernel.

Keywords: difference equation, second order, periodic, resonance.

2010 Mathematics Subject Classification: 39A23, 34C25.

1 Introduction

The problem of finding periodic solutions for discrete semilinear systems has been studied
in recent years by many authors, with emphasis in a variety of features and with recourse
to several techniques. Among the extensive literature on this kind of problems, let us men-
tion a selection of papers (see also their references) which display also a variety of methods
used: Lyapunov-Schmidt reduction, Brouwer fixed point theorem [1,11,12], minimax meth-
ods, critical point theory, Morse theory [3, 8,10, 13, 15], upper and lower solutions [2, 4, 5].
See also [14] for the analysis of linear eigenvalue theory.

If one considers, in particular, second order scalar difference equations, it turns out that
an interesting feature of periodic problems is that they provide resonance models that may
involve a linear operator whose kernel has dimension one or two. Both settings have been
considered in some of the above mentioned articles. An illustration of peculiarities of such
problems can found in [11].

Our purpose in this paper is to study a problem where, on one hand, we have to deal
with a two-dimensional kernel and, on the other hand, the nonlinear part involves first order
differences. Our motivation goes back to the paper of A. C. Lazer [9], where the existence of
2m-periodic solutions to the resonant problem

w4+ u+ (F(u)) = e(t) (1.1)

™ Corresponding author. Email: lfrodrigues@fc.ul.pt
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is studied. Here e is continuous, 27t-periodic, and F is ct Necessary and sufficient conditions
for existence are found, in terms of the size of the projection of e onto the kernel of the
linear part: namely, if asint + b cost appears in the Fourier series of e, then the condition for
existence is found to be

7T\ a? + b2 < 2(F(e0) — F(—00)). (1.2)
We propose to consider the difference equation whose structure is reminiscent of (1.1). Specif-

ically, we want to give criteria for the existence of N-periodic solutions to the second-order
nonlinear difference equation

N?x; 4+ Axi + Af(x) = e, ieN, (1.3)
where, considering the jump h = %7, we define the difference operators as

1
Nx; = ﬁ(xiﬂ — 2x; + xi-1)

and

Af(xi) = - (f(xi) — f(xic1))-

=

In addition, f : R — R is a given function, A = N2 gin2

e & is the smallest positive eigenvalue

of —A? with N-periodic conditions (which approaches 1 as N grows larger) and e = (¢;) is a
N-periodic vector.

Therefore, the underlying linear operator in our discrete system has in fact two-dimen-

sional kernel; on the other hand the nonlinear term contains first order differences. However,

because it appears as a by-product of the method, we deal also with the (simpler) version in

which the nonlinearity is difference-free
A*xi+ Axi+ f(x;)) =e;, i€N. (1.4)

It is our purpose to relate the existence of periodic solutions to (1.3) — or (1.4) — to some
relationship between f, e and the kernel of the linear operator A% + A acting on N-periodic
vectors.

We shall proceed by rephrasing the Poincaré-Miranda theorem in appropriate form, so
that it can be used to recover results that correspond to those given by Lazer in [9]. Our
necessary or sufficient conditions for existence are a little more complicated than those in [9]
because the discretization does not allow a sharp statement; they are close to the conditions
in [9] when N is large, but it will be seen that we need to introduce “correcting terms” in the
corresponding inequalities.

Since N-periodic sequences can be identified with vectors in RN, we henceforth identify
the elements of RN with such sequences, that may be indexed in Z. It will be convenient to
consider the following norm and the associated inner product in N-dimensional space:

It is easy to see that the kernel of the operator A? + A is 2-dimensional and is spanned by

s and ¢, with
. i
sj = sin(2N7T]> and ¢ = cos<£]>.
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With the previous definition in mind, we have that s and ¢ are orthogonal and ||s|* =

le|f? = 7.
Another useful observation is that the linear operator A? acting on periodic vectors is
symmetric. That is, we can write it in matrix form as the N x N symmetric matrix

-2 1 0 --- 1 7
5 1 -2 1 --- 0
Nl o 1 2 ... 0
4772 .
| 1 0 0 -2 |
Hence, setting
A=A+,

we have

N
(A%a; 4+ Aaj)b; = (Aa) -b=a- (Ab) = Y a;(Ab; + Aby).
i=1 i=1

1=

From this, it also follows that the kernel and the image of the operator 4 are orthogonal
(Im(A) = Ker(A)1) and any x € RN can be written uniquely as x = as + fc + w, for some
a,p € Rand w € M :=Im(A).

As already stated, we think of e and the solution x as N-periodic vectors, which are iden-
tified with elements of RN. We consider the orthogonal projection of e on Ker(.A), denoted

by

As + Bc
meaning that
N - N ]

T N S e 15

We also set
f(-o0) = Jim f(1),  fleo) = lim f(1
and
m = sup | £(1)]. (16)
teR

Before stating the main results, further notation must be introduced. For § € R consider
the N-periodic vector 0j = 0;(6) = sin (6 + 2—]7\;]) Let x* = max{x, 0}. We introduce the num-

bers an, Bn by

N N
= min & + = h * 1.7
ay = min ]X; o, pn = max ]Z; o, (1.7)
and we also set 5
ay = 2cos% cos Wn (1.8)

It is easily seen that the sequences ay, B and a)y have limit 2 as N — co.
In order to simplify the statements and proofs, we shall take N to be a multiple of 4.
This assumption will not appear in the statements.
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Theorem 1.1. Let {¢;};cn be N-periodic and f : R — R be a continuous function such that f(oo)
and f(—oo) are finite. Then with the notation of (1.5), (1.6) and (1.8):

(i) Suppose that Vx € R, f(—oc0) < f(x) < f(co). Then if the equation (1.3) has a N-periodic
solution, the condition
TV A2+ B2 < 2(f(e0) - f(—e0))
is satisfied.
(i) Assume that -
7t\/A2+B2+4msinN < ay(f(00) — f(—00)). (1.9)
Then equation (1.3) has a N-periodic solution.

Theorem 1.2. Let {e;}ien be N-periodic and f : R — R be a continuous function such that f(oo)
and f(—oo) are finite. With the notation of (1.5), (1.6) and (1.7):

(i) Suppose that Vx € R, f(—oc0) < f(x) < f(c0). Then if the equation (1.4) has a N-periodic
solution, the condition

v A2+ B? < ﬁN(f(oo) —f(—oo)) (1.10)
holds.
(i) Assume that
7/ A2+ B2+ 8mm? /N? < an(f(e0) — f(—o0)). (1.11)

Then equation (1.4) has a N-periodic solution.

Remark 1.3. In the above conditions (1.9), (1.10), (1.11), we must use the approximations ay;,
Bn, «fy, rather than the constant 2 (the integral of sin® over a period) that appears in [9].
Moreover, we add “correcting terms” that behave as O(1/N) and O(1/N?), respectively, and
are not needed when one deals with a differential equation. Our conditions make sense for
large values of N.

2 Auxiliary results

We shall use the following elementary formula for “summing by parts”.

Lemma 2.1. Let a; and b; be two N-periodic vectors. Setting Aa; = a; — a;_q we have:

N
Aaibi = — Z a; Abi+1.
i=1 i=1

™=z

Let us recall the Poincaré—Miranda’s theorem, stated as follows.

Theorem 2.2. Let L; >0, i=1,...,N, Q= {x eRN: |xi| < L, izl,...,N} and f:Q — RN
be continuous satisfying:

fi(-xler/-~~/xi—1/_Li1xi+1/'~~/xN) > 0 fOT’]. < i < N/

fi(x1/x2/~~-/xi71/+Lirxi+1r~--/xN) S 0 forl S l S N.

Then, f(x) = 0 has a solution in Q).
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We need slight variations of this statement, where the vector field is defined on a product
of intervals with a ball. Although such versions may be related to the approach of [7], we
include simple proofs for completeness.

In what follows we shall denote by <y the orthogonal projection of RN = R¥N=2 x R? onto
the second factor IR2.

Proposition 2.3. Let L; (i=1,...,N) and R be positive numbers. Let QO = {x € RN : |x;| < L;,
N-2 —

i=1,...,N—=2, x%\]_l—i—xlz\, ng} = q[—Li,Li] X BR CRN2xR? and f:Q — RN bea
1=

continuous function satisfying:

fi(xl,xz,...,xi_l,—Li,xi+1,...,xN) <0 fOTlSiSN—Z,
fi(x1, %2, ..., xiz1,+Li, Xit1,...,xn) >0 for1 <i< N -2

and N_2
Vx € [ ][—Li Li] x 9Bg, f(x)-yx > 0.
i=1

Then there exists x* € Q such that f(x*) = 0.

Proof. We use a standard compactness argument to show that there exists ¢ > 0 such that the
mapping x — x — ef (x) maps Q) into Q). The conclusion follows from Brouwer’s fixed point
theorem. In fact, if the claim is not true, we find €, | 0 and x, € Q such that x,, — &, f (x,) & Q.
Then, considering subsequences if necessary, either there exists i € {1,...,n — 2} such that,
say
Xni — €nfi(xn) > Li

or

lv2n — enyf (xn) || > R%.
We may suppose that x, — x. In the first case we obtain x; > L;, that is, x; = L;, and then,
by the continuity of f and the assumption on f;, the first inequality gives a contradiction for
large n. In the second case, setting M = max;cq ||f(z)||, we have

||’yxn||2 —2€nyXn - Yf(xn) + Mzefl > R2.

The previous argument then gives ||yx|| = R and, since by the assumptions lim, o Yy -
vf(xn) > 0, again a contradiction for large n is obtained. O

Proposition 2.3 is a very natural generalization of Poincaré-Miranda’s theorem, as the
dot product condition gives a reasonable notion of the vector field “to point outside” of the
domain. Finally, we state a last version of the result, with a variation of the dot product
condition.

Proposition 2.4. Let Q) be as in the preceding proposition and f : O — RN be a continuous function
satisfying:
ﬁ(xl,xz,. ce,Xi—1, —Li, Xigq, - .,XN) <0 fO?’ 1<i<N-2,
fi(x1, %2, ..., xiz1,+Li, Xig1,...,xn) >0 for1 <i< N -2
and
N-2 o
Vx € (H [—L;, Li]> X 0Bg, f(x)-p(yx) >0,
i=1
where p denotes a rotation of angle 7§ in the plane R?.
Then there exists x* € Q such that f(x*) = 0.
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Proof. Define g: Q) — RN by g(x) = f(x — (x),p ' (7(x))). Then g satisfies the conditions
of the previous proposition. The conclusion follows. O

Now let Q,P: RN — RN be the orthogonal projections onto Ker(A) and M = Ker(A)+,
respectively. Let K : M — M be defined by

-1
<= (a,)"

We now write problem (1.3) in operator form as
Ax+G(x) =e

where G : RV — RV is the nonlinear map whose i-th component is %( flx)—f (xi_l)).
Using the orthogonal decomposition x = u + v, with u € Ker(.A) and v € M, we obtain

Ax+G(x)=e <— Av+Gu+v)=e
or equivalently
v — K(—PG(u+v) + Pe) =0, QG(u+v) — Qe=0. (2.1)
We can then define V : M x Ker(A) — M x Ker(A) by:
V(v,u) = (v — K(—=PG(u+v) + Pe), QG(u +v) — Q€>,
and conclude that:

Proposition 2.5. The periodic problem (1.3) has a solution if and only if there is a solution to
V(v,u) =0.

3 Proof of Theorem 1.2

We start with some simple remarks and notation. Recall the meaning of the expression

0; = 0;(t) = sin t+2—m
T — Vi - N
and set
St={i:0;>0,i=1,...,N}, S ={i:0;<0,i=1,...,N}.

Since N is even, there is at most an index ix € ST such that 0 < ¢;, < sin %+ In such case,
there exists a (unique) j* € S~ with [0j.| = 07, < sin §. In fact it is easy to see that, assuming
without loss of generality that —37 < t < 0, we have i*x = 1 or i* = & Let us then define

STk = ST\ ix, STk = ST\ jx.
Otherwise, if 0; > sin §; for all i € S*, put

St = ST, Sx=5".
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We are now ready to present the proof for the case of a difference-free nonlinearity.
The abstract approach is very similar to the one described above, where we replace G with
F : RN — RN which is defined component-wise as Fj(x) = f(x;). Hence we consider the
operator problem

Ax + F(x) =e.

As before, finding a periodic solution to (1.2) is equivalent to solving
W(o,u) = (v — K(—PF(u+v) + Pe), QF (u+v) — Qe) =0.
Proof. (i) Let x be a solution of (1.4) and consider the orthogonal splitting of e,
e=As+ Bc+w,
where A, B € R and w € M. The inner product of equation (1.4) with z = As + Bc yields
F(x)-z=e-z=|z|*= n(A> + B?).

On the other hand N

F(x)-z=h)_ f(xi)z

i=1

and there exists ¢ € R such that z; = VA% + B?sin(¢ + %) Hence summing separately over
the sets of indices where the z; are positive and where the z; are negative and using the
definition of By and the assumption of (i) we obtain

(A2 + B?) < PV A2 + B2 (f(00) — f(—e0)).

(ii) We have to prove that W(v,u) = 0 has a solution, using the analogue of Proposi-
tion 2.5. Suppose that (1.11) holds.
First, we want to show that there exists an L > 0 such that

(x) Ifv; =L, then W;(v,u) > 0 (respectively if v; = —L, then W;(v,u) < 0),for1 <i < N—-2.
Here of course the v; are coordinates with respect to some basis of M.

To this purpose it suffices to prove that K(—PF (u + v) 4 Pe) is bounded.
Since K is linear there is a constant C such that:

IKx|| <Cllx|l,  VxeRN.
Since f is bounded, so is F and we have
| = F(u+0)+e|| <C*" forsomeC* € R.
Since P is an orthogonal projection, it follows then that

|K(=PF(u+0v)+e)|| < C||P(=F(u+0)+e)
< CC*.

Therefore we can pick up a positive number L with the property (x).
Now fix € such that

T/ A2 + B2 + 8mm®/N* < an(f(o0) — f(—o0) — 2¢).
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Consider a ball in Ker(.A) with radius R. Let u be on the boundary of the ball, with
u = as + Pc. There exists t € R so that we can write

i
u=/a>+p?o, U'i:Sin<Z7\7—|—t>.

In particular R = /7t(a? + B2). Let v € M with |v;| < L. Then, with the notation introduced
in the beginning of this section

Q(F(u+v)—e)-u=F(u+v)-u—e-u
N

> h) f(ui+vi)u; — mV/ A2+ B2 /a2 + B2

i=1
R R R
=h ( O‘—G-U)(T'—i-h (0-*+U'*)a-*
IGXS;r*f \/} 1 1 \/E 1 f \/E 1 1 \/E 1
R R R
+ h f( a—i—v)a'—khf(a‘*%—v'*)a‘*
&S\ GR ) M Gm ) m
— VAT B \Ju2 + B
where the summands that contain & f ( i +vi.) and hf ( =0}, + vj.) appear only if ix and

J* exist.
Let R be so large that

where T is such that
f(x) > f(+o0) —e Vx>T, f(x) < f(—o0) +e Vx<-—T.

Hence, using symmetry, in any case the above expression is greater than

\Rf<(f(+oo)—s)h Y oi— (f(— )+£h2|m|—2hm—7t\/A2+B2>
T i€Stx i€S™*
> \Rf ((f(+oo)—f(— ) —2¢e)h Y o — mz—nvAz—kBZ)
Tt ieStx
T 2
> \j% ((f(+oo) — f(—o0) — 2¢) (oq\,—hN>—4mN2 - 7T\/A2+Bz>
R
NG

((7040) — f-00) ~ 26) a7y = /715 ) > 0

N

By Proposition 2.3, it follows that there is a solution to W(v,u) = 0 and, consequently,
a solution to the periodic problem (1.2). O
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4 Proof of the main result
First we list some elementary facts to be used in the sequel.

Lemma 4.1. If 0;(t) > sin 3, then o1 (t +5) < oi(t + 5). If 0 < 0y (t) < sin gy then

Uk+1<t+7zr> —Uk<t+72r)‘ §25in%.

Proof. It suffices to remark that o1 (f + Z) —0;(t+ %) = —2 sin & sin(&E + T + #). O

N
Lemma 4.2. Y (071 (t) — 03(t)) " < 2.
i=1

T 7\ 271 T
L 4.3. i({t+ ) —olt+ = >2 -— T
emma ieg* ((Tl+1< + 2) 0‘1< + 2)) > 2 cos N cosN

Proof. Suppose first that i exists, and to fix ideas ix=1. Then we may take ST+*={2, ..., N/2}
and —%% <t < —Z (so that in fact 0 < 2% +t < Z). Then, writing N = 4p and using the el-
ementary formula for sin x — siny,

), (aiﬂ <t+72T> —m<t+;>>_:%[sin<w+t> —sin<27T(iZ\;Lp)+t>

ieStx i=2

_ sin<2”(2 +p) t> B Sin(zn(fzV Pl t)

N N
= Sin<4ﬂ }Zﬂp + t) - sin(Nﬂ + 2;]1 2y + t)

= 2cos 3—7T+t cosE
o N N’

Since % +te [%, %”], the inequality follows.

Now suppose that S7+ = S*. Then either ST+ = {1,...,N/2} with t = — or ST =
{1,...,N/2 =1} with t = 0. In the first case the sum is 2 — 2(1 — cos %) =2cos 3. In the
second case the sum is equal to 2 — (1 — cos &%) = 1+ cos 2. In both cases the result is greater

271 T
than 2 cos N €Os 3 O

Remark 4.4. The fact that N is a multiple of 4 yields a simple formulation and proof of the
above lemma.

We now prove Theorem 1.1.
Proof. (i) Let x be a solution to (1.1) and consider again the orthogonal splitting of e,
e = As+ Bc+w,
where A, B € R and w € M. The inner product of equation (1.3) with z = As + Bc yields

G(x)-z=e-z=|z||* = n(A® + B?).
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On the other hand, by Lemma 2.1,

G(0y5 - f HE G =2)

There exists ¢ € R such that z; = VA% + B?sin(¢ + %) Hence splitting the sum into

N

N
- Zf(xi) (ziy1 —zi) "+ ;f(xi) (zig1 —zi)~

i=1

and using the assumptions and Lemma 4.2 we obtain
(A + B) < 2V A? + B2 (f(x0) = f(~0)).

(ii) By Proposition 2.5, we only need to prove that V(v,u) = 0 has a solution, which we
do using Proposition 2.4. Suppose that (1.9) holds.

First, we want to show that there exists an L such that if v; = L, then V;(v,u) >0
(respectively if v; = —L, then V;(v,u) <0), for 1 <i < N — 2. It suffices then to prove that
K(—PG(u + v) + Pe) is bounded, and this is done the same way as given in the proof of
Theorem 2.2 (note that G is bounded as well).

Let ¢ > 0 be such that

(ﬂ+wy—ﬂ—w)—2@&&—4mﬁn%f—nMA2+Bz>0
and fix T > 0 such that
f(x) > f(+o0) —e Vx>T, f(x) < f(—o0) +¢ Vx<-—T.

Consider now a ball in Ker(A? + A) with radius R so that % sinf —L>T. Let u be

on the boundary of the ball, with u = as + B¢, meaning that R = /7t(a?> + ). Consider the
rotation p of angle 71/2 in this two-dimensional subspace, given by

p(u) = —ps +ac.
It is easily seen that, if u; = % sin(&¢ +t), then p(u); = % sin(%% + ¢ + Z). Then we com-
pute, with |v;| < L:

Q(G(u+v) —e)-p(u) = Gu+0) p(u) —e-p(u)
hﬁAf(uiJrUi)P(u)i - N\/m\/m
i=1

N

=2 fui+ i) (p(w)iva — p(u)i) — TV A% + B2y Ja? + p2.

i=1

v

Noticing that the 0; and the differences p(u);+1 — p(u); have opposite signs (as they lie in
sine graphs misaligned by a translation of 7) we may write

N
— Y fui+0i) (p(u)iza — p(u);)
i=1
= ¥ f( o) (i —p0)" = T £ Tzt o) (i - p(w)"

ieSt ieS—
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Hence

Q(G(u+0v) —e) - p(u)
> ) f(\Rf ) (e(W)it1 —p(w)i) — Y, f<\j% o + Ui) (o(u)is1 — p(u))) "

zeS** €57
— m(p(w)ier —p(w)i) —m(p(w)jier — p(w)) " — mV/A2+ B2\ a2 + 2.

By Lemmas 4.1 and 4.3 and the definition of a}\, we obtain

R
Q(G(u+v)—e) p(u) > — ((f(+oo) — f(—o0) —2¢€)ay — 4msin * — v A2+Bz> > 0.
& N
We then conclude that there exists a solution to V(v,u) = 0 and therefore there exists a
periodic solution to (1.3). O

A final remark is in order. The estimates for L and R obtained in the proof of Theorem 1.1
depend on N. However under natural assumptions we can show that norms of the solutions
are kept below some constant. This is so because there exist a priori bounds for the solutions
of (1.3) which do not depend on N. To see this, suppose that e = ey is defined for all N and
that

E :=sup |len]| < oo.
N

Keeping the notation introduced in section 2, consider a solution x = v 4 u. Let us decom-
pose v into
v={(cc,...,c)+w

where ¢ € R and w is orthogonal to (1,1,...,1) (and, of course, to s and ¢ as well). The inner
product of (1.3) with (c,c,...,c) yields

Ale| < E.
The next step consists in proving that w is bounded. In fact the inner product of (1.3) with w

gives

N
(wiprw; — 2w? + wi_qw;) = Aljwl|* + Y flui +v;) (witr — wi) — e - w+ 27 Acl|w]|.
i=1

M=

1
x

Il
=

Hence

N N ) ) N
N5 s = w0 < Al + Cllwl 1| N Y- (i1 -
i=1 i=1

1

where C is a constant independent of N. Recall that A = Ay stays close to 1 for large N.
Now we claim that for all w orthogonal to (1,1,...,1), s and ¢ we have

u 2 . 9 27 Al 2
g(wiﬂ —w;)” > 4sin N lel 4.1)
1= 1=

Combining this with the previous inequality we conclude that the quantity

N
Z w1 — wj
i=1
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is bounded independently of N and therefore (using the fact that w has components with both
signs) it follows that there is a constant L such that, for all N,

lw;| <L, Vi=1,...,N.

Finally we consider the boundedness of the component u. Assume in addition that there
exists § > 0 such that

TV A2+ B2 46 < 2(f(e0) — f(—00))

for all sufficiently large N (recall that A = Ax and B = By although we omit the subscript).
If the components of u are u; = Rsin(t + %), we consider # with #; = Rsin(t + Z + Z%). The
inner product of the second equation in (2.1) with i gives

N
Zﬂ”i + ;) (i1 — ;) = Qe - il
i=1
or equivalently
N o .~ N .
; (Rsin(t—i— 17\?) +0i |2 sin% sin<l7\;Z + % + t) - hge,‘sin(t—i— g n 17\']cz>,
which implies

2 Y 27t 27t
ENWH Zf(R sin(t—i—;\?) +vi> sin<m+”+t> < /A2 1 B

= N N
where ¢y — 1 as N — oo. Given the boundedness of the v; it is not difficult to see that,

for all large N and R sufficiently large, the left-hand side becomes arbitrarily close to
2(f(o0) — f(—00)), a contradiction with the assumption.

For completeness, we provide a

Proof of (4.1). We compute the minimum of the quadratic form YN, (w;,; — w;)? in the unit
sphere (for the standard norm of RYN) of the subspace M’ consisting of vectors orthogonal to
(1,1,...,1), s and c. Since in the unit sphere

N

N
Y (wip1 —wi)* =2-2) " (wi1w;)
i=1 i=1

we have only to compute the maximum of 2N | (w;w;) in the sphere. Now the matrix of
this quadratic form

0 1 0 0 17
101 0 0
010 0 0
100 -~ 1 0|

is symmetric and circulant, hence it shares the same eigenvectors of the matrix for A2,
By elementary properties of circulant matrices (see e.g. [6]), the eigenvalues corresponding
to eigenvectors in M’ are the numbers 2 cos%r, j=4,..., 5 — 1. The greatest of them is

2 cos % =2 — 4 sin? ZW” This completes the proof. O



Difference equations involving a two dimensional kernel 13

Acknowledgements

The first author is supported by Fundagdo Calouste Gulbenkian, Novos Talentos em Matema-
tica 2018. The second author is supported by National Funding from FCT — Fundacao para a
Ciéncia e a Tecnologia, under the project: UIDB/04561/2020.

References

[1] Z. ABERNATHY, ]. RODRIGUEZ, Existence of periodic solutions to nonlinear difference equa-
tions at full resonance, Commun. Math. Anal. 17(2014), No. 1, 47-56. MRR3285878;

[2] F. M. ATtict, A. CaBaDA, V. OTERO-ESPINAR, Criteria for existence and nonexistence of
positive solutions to a discrete periodic boundary value problem, J. Difference Equ. Appl.
9(2003), No. 9, 765-775. https://doi.org/10.1080/1023619021000053566; MR1995217;

[3] H. H. BiN, J. S. Yu, Z. M. Guo, Nontrivial periodic solutions for asymptotically linear
resonant difference problem, J. Math. Anal. Appl. 322(2006), No. 1, 477-488. https://doi.
org/10.1016/j. jmaa.2006.01.028; MR2239253;

[4] C. BEreaNy, ]. MawHIN, Existence and multiplicity results for periodic solutions of
nonlinear difference equations, . Difference Equ. Appl. 12(2006), No. 7, 677-695. https:
//doi.org/10.1080/10236190600654689; MR2243830;

[5] A. CaBapa, The method of lower and upper solutions for periodic and anti-periodic
difference equations, Electron. Trans. Numer. Anal. 27(2007), 13-25. MR2346145;

[6] P.]. Davis, Circulant matrices, A. M. S. Chelsea Publishing, Vol. 338, 1994. MR0543191;

[7] A. Fonpa, P. Giponi, Generalizing the Poincaré-Miranda theorem: the avoiding cones
condition, Ann. Mat. Pura Appl. 195(2016), No. 4, 1347-1371. https://doi.org/10.1007/
$10231-015-0519-6; MR3522350;

[8] Z. M. Guo, ]. S. Yu, The existence of periodic and subharmonic solutions of subquadratic
second order difference equations, J. London Math. Soc. 68(2003), No. 2, 419-430. https:
//doi.org/10.1112/50024610703004563; MR1994691;

[9] A. C. LazEr, A second look at the first result of Landesman-Lazer type, in: Proceedings
of the Conference on Nonlinear Differential Equations (Coral Gables, FL, 1999), Electron. ]J.
Differ. Equ. Conf., Vol. 5, Southwest Texas State Univ., San Marcos, TX, 2000, pp. 113-
119. MR1799049;

[10] R. Ma, H. Ma, Unbounded perturbations of nonlinear discrete periodic problem at reso-
nance, Nonlinear Anal. 70(2009), No. 7, 2602-2613. https://doi.org/10.1016/j.na.2008.
03.047; MR2499727;

[11] D. MARoNCELLI, J. RoDRIGUEZ, Periodic behaviour of nonlinear, second-order discrete
dynamical systems, J. Difference Equ. Applications 22(2016), No. 2, 280-294. https://doi.
org/10.1080/10236198.2015.1083016; MR3474982;

[12] J. RopriGcuEz, D. L. ETHERIDGE, Periodic solutions of nonlinear second-order difference
equations, Adv. Difference Equ. 2005, Article no. 718682, 173-192. https://doi.org/10.
1155/ADE. 2005.173; MR2197131;



14 L. Ferreira and L. Sanchez

[13] J. VoLEk, Landesman-Lazer conditions for difference equations involving sublinear per-
turbations, |. Difference Equ. Appl. 22(2016), No. 11, 1698-1719. https://doi.org/10.
1080/10236198.2016.1234617; MR3590409;

[14] Y. WANG, Y. M. SHi, Eigenvalues of second-order difference equations with periodic and
antiperiodic boundary conditions, J. Math. Anal. Appl. 309(2005), No. 1, 56-69. https:
//doi.org/10.1016/j.jmaa.2004.12.010; MR2154027;

[15] J. ZuANG, S. WANG, ]. L1u, Y. CHENG, Multiple periodic solutions for resonant differ-
ence equations, Adv. Difference Equ. 2014, 2014:236, 14 pp. https://doi.org/10.1186/
1687-1847-2014-236; MR3350447;



2

/c

Electronic Journal of Qualitative Theory of Differential Equations
2020, No. 9, 1-23; https://doi.org/10.14232/ejqtde.2020.1.9 www.math.u-szeged.hu/ejqtde/

7R~

<

X K\
NAN

A
N\

N

Ya

N

(

>

Infinitely many homoclinic solutions
for perturbed second-order Hamiltonian systems
with subquadratic potentials

Liang Zhang™, Guanwei Chen

School of Mathematical Sciences, University of Jinan, Jinan, Shandong 250022, P.R. China

Received 27 January 2019, appeared 29 January 2020

Communicated by Gabriele Bonanno

Abstract. In this paper, we consider the following perturbed second-order Hamiltonian
system
—1i(t) + L(t)u = VW(t,u(t)) + VG(t, u(t)), VteR,

where W(t,u) is subquadratic near origin with respect to u; the perturbation term
G(t,u) is only locally defined near the origin and may not be even in u. By using the
variant Rabinowitz’s perturbation method, we establish a new criterion for guarantee-
ing that this perturbed second-order Hamiltonian system has infinitely many homo-
clinic solutions under broken symmetry situations. Our result improves some related
results in the literature.

Keywords: broken symmetry, Hamiltonian system, homoclinic solutions, subquadratic
potential, Rabinowitz’s perturbation method.
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1 Introduction
Consider the following second-order Hamiltonian system
—ii(t) + L(H)u(t) = VW(t,u(t)) + VG(tu(t)), VteR, (1.1)

where u = (uq,uy,...,uy) € RN and L € C(R,RN*VN) is a symmetric matrix-valued function.
As usual, a solution u of problem (1.1) is homoclinic (to 0), if |u(t)] — 0 as || — 4o0. In
addition, if u # 0 then u is called a nontrivial homoclinic solution.

When G = 0, (1.1) reduces to the second-order Hamiltonian system
—ii(t) + L(H)u(t) = VW(t,u(t)), ViteR. (1.2)

In the past twenty years, the existence and multiplicity of homoclinic solutions for problem
(1.2) have been extensively investigated by variational methods. Next we recall some results in

™ Corresponding author. Email: mathspaper2012@163.com
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this aspect. For problem (1.2), under the assumption that L(f) and W(t, x) are T-periodic in f,
Rabinowitz [16] proved the existence of homoclinic orbits as a limit of 2kT-periodic solutions
of problem (1.2). Then this trick has been developed to study the existence and multiplicity of
homoclinic solutions for more general Hamiltonian systems (see, e.g., [8,21,28]).

When L(t) and W(t, x) are not periodic in ¢, the problem of existence of homoclinic solu-
tions for (1.2) is quite different from the one just described, since the Sobolev embedding is
no longer compact. To overcome this difficulty, Rabinowitz and Tanaka [17] introduced the
following coercive condition:

(Lo) L € C(R,RN*N) is a positive definite symmetric matrix for all + € R and there is a
continuous function / : R — R such that [(t) > 0 for all t € R and (L(t)u, u) > I(t)|u|?,
Vu e RNandI(t) — +oo as |t| — +oo.

The condition (Lo) implies that the self-adjoint operator of —d?/dt? + L(t) in L*(R,RN) has a
sequence of eigenvalues A, (counted with multiplicity) and

D<M <A< - <Ay <o — 00, (1.3)

Under this assumption on L, they obtained the existence of a nontrivial homoclinic solution
for problem (1.2) by using a variant of the Mountain Pass Theorem without the Palais-Smale
condition. Subsequently, Omana and Willem [13] showed that the Palais-Smale condition is
satisfied under the coercive condition (Lp), and they used the usual Mountain Pass Theorem
to prove the same result as in [17]. Since then, the coercive condition (L¢) and its variants have
been used in a number of papers, and we refer the readers to [10,23,25-27] and the references
therein.

Assume that W(t, x) is of subquadratic growth as |x| — 0 for all t € R, Ding [6] considered
this case and presented the following condition

(Lp) there is a constant & < 2 such that

I()[t]*2 = +oo as [t| — Foo,

where [(f) is given in (Lg). The main purpose of (L;) is to guarantee some better properties of
Sobolev embedding in the subquadratic case. If W(t, x) is even in x, Ding proved a sequence
of homoclinic solutions for problem (1.2). After the work of Ding [6], there are many papers
concerning the existence of infinitely many homoclinic solutions in the subquadratic case (see,
e.g., [20,22,34,35]). It is worth pointing out that most of these mentioned papers assumed that
W(t, x) is even with respect to x. Actually, the approaches used in these works depend on
the notion of genus for symmetric sets. Therefore, the condition that W(t, x) is even with
respect to x is crucial in the application of these methods. When W(t, x) is not even in x,
the symmetry of the corresponding functional for problem (1.2) is broken. It is natural to ask
whether an infinite number of homoclinic solutions can be maintained in broken symmetry
case, and such a problem is often called perturbation from symmetry problem.

Since 1980s, many scholars have developed different methods to study the perturbation
from symmetry problem for elliptic equations and Hamiltonian systems (see, e.g., [1,3,9,
11,18,19,24,31-33]. If G(t,x) is not even in x, problem (1.1) loses its symmetry under the
assumption that W(t,x) is even in x, and the authors [30] studied the perturbation from
symmetry problem for (1.1). Specifically speaking, when W(t, x) is locally superquadratic as
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|x| — 400, we obtained an unbounded sequence of homoclinic solutions by means of Bolle’s
perturbation method introduced in [3].

If W(t,x) is subquadratic near origin with respect to x, i.e., lim,_,o W(t,x)/|x]*> = +oo
for all t € R, an interesting question is whether the infinite number of homoclinic solutions
persists under symmetry breaking situations. To the best of our knowledge, there are very
few results on this topic. The main purpose of this paper is to give a positive answer to this
question. To be precise, if the non-even perturbation term G is locally defined and satisfies
some growth conditions near the origin, the existence of infinitely many homoclinic solutions
for (1.1) can be preserved. Our tool is a variant of the perturbation method developed by
Rabinowitz in [14]. The main idea of our proof is to introduce a modified functional by subtle
truncation of the original functional, then the nonsymmetric part of this modified functional
can be estimated. Then we can prove that the modified functional has almost the same small
critical values as the original functional. Next we state the main result of this paper.

Theorem 1.1. Let the condition (Ly) hold. Moreover, assume that the following condition hold:

(Hy) W(t,x) = Wyi(t,x) +Wa(t,x), Wi, Wy € CH(R x RN, R) and there exist a constant 1 < p < 2
such that
VWi (t,x)| <a(t)x]P~!,  V(tx) e RxRV, (1.4)

2

where a : R — RY is a continuous function such that a € L7 (R);
(Hz) W1(t,0) = 0 and there exist constants C; >0, 1 < p < 2 and aq > 2 such that

— Cp|x|™ < (VWi (t,x),x) —uWi(t,x) <0, V¥ (tx) € RxRY; (1.5)

(H3) there exist constants C; > 0,1 < ap < 2 and az > 2 such that
Wi(t,x) > b(t)|x|2 — Co|x|®®, ¥V (t,x) e Rx RV, (1.6)
where b : R — R* is a continuous function such that b € L7 (R);
(Hy) Ws(t,0) = 0 and there exist constants C3 > 0 and ay > 2 such that
VW, (8, x)| < Ga|x[%™,  V (tx) € RxRY, (1.7)
(Hs) Wi(t,x) = Wi(t,—x),i=1,2, V (t,x) € R x RY;
(G1) G € CY(R x B, (0),R), G(t,0) = 0 and there exist constants C4 > 0 and ¢ > 2 such that
IVG(t,x)| < Calx|”!, V¥ (tx) € Rx By(0), (1.8)
where By,(0) denotes the open ball in RN centred at 0 with radius ro;

(Go) there exist constants Cs > 0, B >
eigenvalues A, are given in (1.3).

;EZ:’;) and ng € N such that A, > CsnP, n > ng, where the

0-2)

Then problem (1.1) has a sequence of homoclinic solutions {u,} such that maxier |u,(t)| — 0 as
n — oo.

Notation. Throughout the paper, we denote by C,, various positive constants which may vary
from line to line and are not essential to the proof.
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2 Variational setting and preliminaries

Let
E= {u € HY(R,RN) : /]R [ (t) > + (L(t)u(t), u(t))]dt < +oo}

endowed with the inner product

(,0) = /R [(1(5),8(1)) + (L(Du(t), u()) |t

Then E is a Hilbert space with this inner product and we denote by || - || the induced norm.
As usual, for 1 < v < 400, let

ul]y = (/R |u(t>|th)1/”, i€ LY(R,RV).

It is evident that E is continuously embedded into H'(IR,IRY), so E is continuously embedded
into LV(R, RN) for any v € [2,00], i.e., there exists 7, > 0 such that

Jully < lJul], VuekE. (2.1)

Moreover, E is compactly embedded into LY. (R, RN) for all v € [1, o]

loc
Next we introduce a useful result proved in Lemma 2.3 of [21] by Tang and Xiao.

Lemma 2.1. For any u € E, the following inequalities hold:

o 1/2
u(t)] < { t wl(is)[m(s)yu (L(s)u(s),u(s))]ds} ,  teR, 2.2)
and
; 1 1/2
u(t)] < {/wm[m(s)m (L(s)u(s),u(s))]ds} ., teR (2.3)

In view of condition (G;) in Theorem 1.1, the perturbation term G is only locally defined,
so we can’t apply the variational methods directly. To overcome this difficulty, we use cut-off
method to modify G(t,x) for x outside a neighbourhood of the origin. In detail, we have the
following lemma.

Lemma 2.2. Suppose that (Gy) is satisfied. Then there exists a new function G possessing the following
properties:

(i) G € C(R x RN,R), G(t,0) = 0 and

IVG(t,x)| <16C4|x|7!, VY (tx) e RxRY; (2.4)

(ii) there exists a positive constant r1 < min{ry/2,1/2} such that

G(t,x) = G(tx), VY (tx)€R x By, (0); (2.5)

where B,,(0) denotes the open ball in RN centred at 0 with radius r1.
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Proof. Since G(t,0) = 0, by (1.8) and direct computation we have
|G(t,x)| < Calx|?, V (t,x) € R x By, (0). (2.6)

Choose a constant r; = min{ro/2,1/2} and define a cut-off function 1 € C!(R,R) such that
h(t) =1fort <1,h(t)=0fort>2and —2 <h'(t) <0forl <t < 2. Set

G(t,x) = h(|x*/r})G(t,x), V (t,x) €RxB 4, (0), 27
G(t,x) =0, V (t,x) € R x (RN\B 5, (0)). '
In view of (2.7), fori =1,2,..., N, we have
oG 2x; , [ |x? |x[* \2 oG
= <V% Gx)+h () 5 Yen eRxBg, 0, @8

and 9G/dx; = 0, V(t,x) € R x (RM\B 4, (0)). By (27) and (28), G € C'(R x RV, R),
G(t,0) = 0 and G(t,x) = G(t,x), ¥ (t,x) € R x By, (0). Moreover, it is easy to verify (2.4) by
(1.8), (2.6) and (2.8). 0

Next we introduce the following modified Hamiltonian system
—ii(t) + L(Hu(t) = VW(tu(t)) + VG(tu(t)), VteR (2.9)
Let I : E — R be defined by
() = 2flul? - [ Wit = [ Wae,mde— [ Gty (2.10)
2 R R R
Under assumptions (Lg), (H1), (Ha), (Hy) and (G;), I € C}(E,R) and
(I'(1),0) = (u,0) — / VWi (t u)odt — / VW (t, u)odt — / VG (t u)odt 2.11)
R R R

for all u,v € E. The critical points of I in E are solutions of (2.9). Moreover, by the coercivity
of [, (2.2) and (2.3), these solutions are homoclinic to 0.

Next we introduce a cut-off function ,, € C®(RR,R) satisfying

<
0 Qy ) te (A/2,A/4), 2.12)
Cu(t) =0, t e [A/4,00),
()] < —8A71, teR,
where A := (4u) 1 (u — 2) < 0. Setting Ty := min{Ty, T», T3, 1/2}, where
—
T, = 2= p , (2.13)
8 (CrTi + 10C3 7t + 16(10 — 32A-1)Cy1?)

2
=2
1 A |77
I = ay+d o+12 and T3 = { 718 } ’ (2.14)
12(277 Camat — 277 CutgAY) 27 Gy
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a := min{a, a4,0} and 7,,, T, and T, are embedding constants given in (2.1). By the defini-
tion of Ty, Tp is a fixed positive constant.

With the help of Ty and the cut-off function / introduced in Lemma 2.2, define

[Ei§

kTO()_h( ) VueL. (2.15)
Tp

Lemma 2.3. The functional kr, defined by (2.15) is of C1(E,R) and
|k, (1), u)| <8, VuceE.

Proof. By (2.15) and direct calculation we have
2
(K (u),0) = 21’ <”;ﬂl| ) (”TOU) Vu,veL. (2.16)

Assume that u, — u¢ in E. In view of (2.16), for any v € E, we obtain

K0y (1) — Ky (10,
o (M) )y (Ll 10
(L) i, — o (L) — (L0 g,

which implies that [|k7, (un) — K7, (40)||= — 0, n = co. So kg, € C'(E,R). By the definition of
h and (2.16), we get [(ky (u),u)| <8,V u € E. O

=2

szn-wvn[

With the help of this functional k7,, we define a new functional Ir, on E by
Ir, (1) = fHuHZ / Wit u)dt — kr (u </ Wi (t, u dt+/ (t, 1) dt> VueE (217)
By (2.16), I, € C!(E,R) and one can easily check that
(It (), v) = (u,0) / VWi (t, u)vdt — kr, (u (/ VW, (t,u vdt+/ VG(t, u)vdt>

) (/IR Wo(t, u)dt + /]R G(t,u)dt) , Vu,veE. (2.18)

We will give some prior bounds for critical points of I, based on the corresponding critical
values in the following lemma, which is useful to introduce a modified functional.

Lemma 2.4. Assume that (Hy), (Hy) and (Gy) are satisfied, if u is a critical point of Ir,, then

- -2
I () < Fp =l (2.19)

Proof. When u is a critical point of Ir, and |[u||?> > 2Ty, by (2.16) and (2.17), kr,(u) = 0 and
k7 (1) = 0. In view of (2.18) and (2.19), we conclude that

Try () = ;HuHZ—/]Rwl(t,u)dt, (I (w),u) = ul® = [ (FWa(tu),wdr. (@220)
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By (1.5) and (2.20), we get
I () = Iy (1) = ™ 0 ), )
= I 0 [ (T ), ) — oW )

H— 2
<EE P @21)

If u is a critical point of Iy, with ||u||?> < 2Ty, by Lemma 2.2, Lemma 2.3, (1.5), (1.7), (2.17) and
(2.18) we have

Iy (u) = Iy (u) — p =" (T, (), )
2
SV \\M\!2+C1 ™+ 10(Cayg [[uf|** +16Ca 7 [|u]|7). (2.22)

By the definition of Ty and (2.13), we get
-
Clr"” ||u||** 4+ 10C5 Ty ||u|\"‘4 +16(10 — 32A~ )C4T(‘,7||u||‘7 < 4:]/1M||u||2 (2.23)

In both cases, it follows from (2.21)—(2.23) that (2.19) holds. O

By the cut-off function {,, and I_TO, define a functional as follows

Lu(u) = éy(’|“”72TTO(”))I Vu € E\{0}. (2.24)

By direct computation, for any u € E\{0} and any v € E,

(L (), 0) = CL(GTU(M))I\MH*LL(HM|\2<T%O(M)IU> - 21—%(“)(”,0))/ (2.25)
where 07, (1) := |lu| ~2I5,(u), ¥ u € E\{0}. Under assumptions of Theorem 1.1, it is easy to

check that I, is continuously differentiable at any u € E\{0}.

By these functionals k7, and [, we can introduce a modified functional ], as follows:

1
Jro() = 5 ] - /]Rwl(t,u)dt kg, (1) /sz(t,u)dt —y(u), Vuck, (2.26)
where
k ) E
IP(M) — { To(u) ]l(u) Q(u)l uc \{O}/ (227)
0, u=0,
and Q(u flR (t,u)dt, ¥V u € E. It follows from (2.1) and (2.4) that
/ G(t,u)|dt < 16Cs7||u||”, VY ueE. (2.28)
R
Moreover, it is easy to check that Q € C}(E,R) and
(Q'(u),0) = / VG(tu)odt,  Vu,veE. (2.29)
R

Next we give a bound on |(¢'(u),u)|, V u € E, which is used to obtain the estimate of
|J1,(u) — Jr,(—u)|, YV u € E. Then we show that ], has no critical point with positive critical
value on E.
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Lemma 2.5. Assume that (Ly), (Hy), (H>), (Hy), (Hs) and (Gy) holds. Then
(i) the functional  defined by (2.27) is of class C'(E,R) and

(g (1), u)| < 16(9 — 32A"1)Cyt0||ull?, VueE (2.30)

(ii) J1, € C1(E,R) and there exists a constant Cs > 0 independent of u such that

|7y () = J1(—u)| < Ce|Jr, ()2, VuekE (2.31)

(iii) J1, has no critical point with positive critical value on E and Ky = {0}, where Ky := {u € E:

Jr, (1) = 0, ]'To(u) =0}.
Proof. For u = 0 and any v € E, by (2.4), (2.15), (2.24) and (2.27) we have

9'(0),0)] = [1im LA =ON <6, 1im 1171 [ o) e = o,

so ¢’ (0) = 0. Combining (2.16), (2.25), (2.27) and (2.29), for u € E\ {0} and v € E, we obtain
(@' (u),0) = (kg (), ) () Q1) + ke () (I, (u), v) Q(u) + kery () (u)(Q' (w), v).  (2.32)

Next we prove ¢’ € C'(E,R). Suppose that 1, — g in E. We consider two possible cases.
Case 1. uy # 0. In view of Lemma 2.3, (2.25), (2.29) and (2.32), ¢/ (u,) — ¢'(ug), n — oo.

Case 2. ug = 0. Without loss of generality, we can assume ||u,||?> < Tp. It follows from (2.15)
and (2.16) that k7, (uy) = 0 and kr, (4,) = 1. Then (2.32) reduces to

(@' (un),v) = (1, (n), 0) Q(un) + Ly (un)(Q'(un),v), ~ Vo€E. (2.33)
By (2.25), we can divide (I}, (ux),v) Q(uy) into two parts as follows
(I, (), 0) Q(un) = Q1(tn, v) — Qa(ttn, v), (2.34)
where
Q1 (tn, 0) = &3 (07, (1)) | unl| (I, (1), 0)Q(utn) V0 E€E, (2.35)
and

Qa(ttn,0) = 28;,(07, (tn)) |1t ||~ Iy (1) (14, ©) Q14 )
= 20,,(07, (1tn)) 0, () |4 || 72 (10, 0) Q1) V0 € E. (2.36)

In view of (2.12), (2.28), (2.35) and (2.36), we deduce that
|Q1 (1, 0)| < Gl T (1) [ - |1t | 72 [0, (2.37)

and
Q2 (14, 0)| < Csllun || |0 (2.38)

Since k7, (un) = 0, k1, (un) =1 and u, — 0, by (1.4), (1.7), (2.4), (2.18) and (2.29),

||T§~0(1/ln)||1-j* —0 and ||Q (un)|le- — 0, n — oo. (2.39)
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In combination with (2.24)-(2.25), (2.33), (2.34), (2.37)-(2.39), we have

[ (un) = 9" (O)[[p- = sup |1 (un), 0)Q(un) + L (un)(Q'(un), 0)| =0, 1 — co,

[[ol|<1

which implies the continuity of ¢’ at 0. So we have ¢ € C!(E,R).

If |[u]|> > 2Ty or u = 0, by (2.15), (2.16) and (2.26), it is easy to see that (¢'(u),u) = 0.
Otherwise, ||u||*> < 2Ty and u # 0. Arguing similarly as in (2.22), we obtain

[ Iy (1) — = (I, (), ) | < 2| Al |l + Crrg |+ 10(Catgf ]| +16Ca77 [[u|7).  (2.40)
Since ||u||? < 2T, by (2.13), (2.23) and (2.40) we get
(T, (), u)| < u B A[Jul® + Iy (u)]). (241)

In combination with (2.12) and (2.25), if 0r,(u) ¢ [A/2, A/4], we have [, (1) = 0. Otherwise,
A/2 < 0r,(u) < A/4, then the definition of 67, imply that

| Iy (u)| < | Al[fu] % (2.42)
When ||u||?> < 2Ty and u # 0, it follows from (2.25), (2.28), (2.41)—(2.42) that

ey (1) (15, (1), ) Q(ut) | < —=16A Jual| 72 (| Ty ()] + [ (T, (), ) [) | Q(u) |
< —512A71Cyt7||ull°. (2.43)

In view of Lemma 2.3, (2.4), (2.12), (2.15), (2.24), (2.28) and (2.29), we have
| (K, (1), 1)1 () Q (1) + ey (1)1 (u)(Q' (w), )| < 144Cy 7] |Jull”,  Vu € EN{0}.  (244)

It follows from (2.32), (2.43) and (2.44) that (2.30) holds.

Next we prove (ii). By (1.4), (1.7), Lemma 2.3 and (i) in Lemma 2.5, we deduce that
J1, € CY(E,R) and

(T (1), 0) = (1,0) — /]R VWi, u)odt — kg, (1) /IR Y Walt, u)odt
—{ ’To(u),v>/IRWz(t,u)dt— (¢'(u),v), Vu, veeE. (2.45)

When ||u||?> > 2Ty or 05,(u) > A/4, by (2.15) or (2.24) and (2.27) we have ¥, (1) = 0. Then
(2.31) holds by (Hs) and (2.26). If 67, (1) < A/4, then the definition of 07, imply that

- A
()] 2 A2 .46

When ||u]|? < 2Ty and 07, (u) < A/4, by (2.13), (2.17), (2.26), (2.28) and (2.46) we get

_ A A
)] = [ ()] ~21QG0)| = Al — sl > Djue. @47
In view of (Hs), (2.15), (2.24), (2.26)—(2.28), we obtain that
UTO(M) _]To(_u)’ < 32C4TgHMHU, VueeE. (2.48)

So (2.31) holds by (2.47) and (2.48).
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Next we prove (iii) by contradiction. If ug is a critical point of J1, with Jz,(ug) > 0, by (Hp),
(Hy), (2.26) and (2.27) we have uy # 0. Without loss of generality, we assume ||u]|> < 2Tp.
Otherwise, (2.15)~(2.16) and (2.32) imply that kr,(u9) = 0, k7, (4o) = 0 and ¢'(up) = 0. By
(2.26), (2.27) and (2.45), we get

(o) = 310l = [ Wa(t, uo)d, (249)

and
U (o), o) = ol = [ (VW (t,0), o)l 250)

In combination with (1.5), (2.49) and (2.50), it is easy to verify that
0 < Jr,(u0) = Jr, (1) — P‘71<]'To(uo),uo>
= 24wl + it [ ((TWa(t,uo),u0) — uWa (1) )t
< 2A|ug* <0,

which is a contradiction, so [|ugl|? < 2T.
It follows from Lemma 2.3, (2.26)—(2.28), (2.30) and (2.45) that

1
Jry (u0) < = luol|* — /]R Wi (t, ug)dt + Catyd||ug||** + 16C477 [[uol|”,

and

(1, (10), o) > [luol® — /R(le(f/ o), uo)dt — 9CsT [[ug||* — 16(9 — 32A™)Cat] |Juo]|”.

Since ||ug||*> < 2Ty, by (1.5), (2.13) and two inequalities above, we have

0 < Jr,(uo) = Jry(uo) — ]"71<H“0(“0)/u0>
< 2Al|uoll* + Crg} [[uol|* + 10CsTg4]uol|™ + 16(10 — 32A7") Caty || u0]|”
< AHM()HZ <0,

which is also a contradiction. Moreover, by a similar proof, we have Ky = {0}. O

3 Proofs of main results

Lemma 3.1. Suppose that (L), (H1), (Hy) and (Gq) are satisfied. Then the functional ], satisfies the
Palais—Smale condition.

Proof. First we prove that |7, is bounded from below. From Holder’s inequality, (1.4), (2.15),
(2.26) and (2.27), if ||u||?> > 2Ty,

1
Jro(u) > S ull* = Colfu]. (3.1)

Since 1 < p < 2, (3.1) implies that Jr, (1) — 400 as ||u]| — +oo.

Next we show that ], satisfies the Palais-Smale condition. Let {u, },en C E be a Palais—
Smale sequence, i.e., {Jr,(un)}nen is bounded and J; (uy) — 0 as n — +oo. Since Jr, is
coercive, {u,} is bounded in E. Then there is a positive constant A such that [ju,| < A,
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n € N, passing to subsequence, also denoted by {u,}, it can be assumed that u,
n — oo for some uy € E.

2
Since a € L>7 (R), for any given number ¢ > 0, we can choose T, > 0 such that

(2-p)/2
< / la(t) > <2P>dt> <e
|¢[>Te

By (1.4) and the Holder inequality, we have

Te T: 172
[ 19w () a6~ w00t < (22 alye gy [ = o)

By Sobolev embedding theorem, we also get
u, = uy inL? (R,RY), n— oo.

loc

Consequently, in view of (3.3) and (3.4),

/TT VWi (F, 1t (E)) |1 (8) — 1o ()] dE — 0, 11— co.

On the other hand, it follows from (1.4), (3.2) and the Holder inequality that

< [ O (0] + (o))

<2 [ Ja®I (O + luo(H)]?)dt
[t]>Te
_ (2-p)/2
<o ([ e EPar) " (unl? + uoll”)
[t|>Te

<2t (AP + ||luo||P)e, n € NN.
Note that ¢ is arbitrary, combining (3.5) with (3.6),
/R VWi (b 10 (1)) |10 () — up(B)|dt — 0, 1 — oo.
Since [ is coercive, for any given number ¢ > 0, there exists T, > 0 such that
el(t) > 1, |t| > TL.

It follows from (1.7), (3.4) and the Holder inequality that
Ti
/ (VWi (¢, 1t (1)) |1 () — uo(£)|dE — 0, 1 — co.
_TE/

Since E is continuously embedded into L® (R, RN) and ||u,|| < A, we get

|ttn]|oo < TooA, n € IN.

11

— Uy,

(3.3)

(3.4)

(3.5)

(3.6)

(3.8)

(3.10)
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By (Lo), (1.7), (3.8) and (3.10), we have
o 17 Wt ()] 0 (6) — o (0)
< G [ (0] (n (1) + o)t
< 2C3(TA)" % /Mé L) (|t (D)2 + o (£)[2) dt
<20 (mod) e [ (L)1), 10(8) + (L (E), o(0)) [
< 2C3(TewA) 2 (A2 + |luol|?)e, n e NN.
Since ¢ is arbitrary, it follows from (3.9) and (3.11) that
/]R (VW (4, 1t (1)) |1 () — o (£)|dE — 0, 11 — co.
By a similar proof as (3.9) and (3.11), we also have
/R VGt 1 ()| (1) — uo(£)|dE — 0, 1 — oo,

Next we consider the following two possible cases.

(3.11)

(3.12)

(3.13)

Case 1. ||uy||?> > 2Ty or u, = 0. From (2.15), (2.16) and (2.32), kr,(u,) = O, kt,(un) = 0 and

¢’ (u,) = 0. Therefore, by (2.45), we have
| (T ()t — 1i0)] > [t — o ||* + (uto, . — o) — /]R | VWi (t, un)||un — uoldt.

Case 2. ||uy||? < 2Ty and u, # 0. In combination with (2.16) and (2.28), we get

12\ (U, uy — u
K0y (1), 10— ) Q1) < szcﬂ:;h/(” ;0” e

12
2% C4T‘7T (Hun — ug||® + (uo, tty — up)).

In view of (2.12) and (2.24), |I(u,)| < 1. Arguing as in (3.15), we also have

[k (), 10— 1)1 (1) Q1)
It follows from (1.7) and (2.10) that

-2
<29 CytITy % (J|un — uol® + (0, ttn — up)).

un |2\ (uy, 14y — ut
'( ’To(un),un—u0>/]RW2(t,un)dt‘ §2C3T£‘fh/<’| ;OH )( n ;O O)HHHHM

wg—2

wg+4 84 <
< 24TC3T§‘fTo 2 (lun — uol|? + (uo, 1y — up)).

y (2.16) and (2.34), we have
‘kTO un l (un)/un - MQ>Q(L£”)| < ‘Ql(un/un - MO)‘ + ‘QZ(unzun - Llo)‘.
In view of (2.12), (2.28) and (2.35), we obtain

| Q1 (ttn, 1n — w0) | = 12,0, (1)) || 1tul| =2 [(Tr, (), 4 — 10) | 1Q (1t )|

o412 o2 _
2 ATICTI T, (T (), n — o))

< =272

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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It follows from (2.18), (3.7), (3.12), (3.13), (3.15) and (3.17) that

(I, (), un — o) | < [Jun — uol|? + ‘(k’TO(un),un — 1) /RWZ(t, un)dt‘

o |kt () 0 = 100} Q1) | + (1)
< (Cro + 1)1 — uo]|? + 0, (1). (3.20)
« -2 - =2
where Cjg = 227 CoT, 7 — 2552 A-1C, 10T, .
By (3.19) and (3.20), we obtain
| Q1 (ttn, 1 — 10) | < Ca1l|un — uo||* + 0n(1), (3.21)

o412 ”T*Z

where Cj; = —272° A71C4td T,

(C10+1). In view of (2.12), (2.28) and (2.36),

| Q2 (14, 1t — )| < 213, (O, (1)) 1107, (20) 10| > Q 1t (i, 1t — 1)

o+12

=2
<272 Gl Ty? (|Jun — uol|* + (1o, un — ug)). (3.22)

In combination with (3.18), (3.21) and (3.22), we have
ez, (1)1 (), 10 — 10) Q1) | < (C11 4 Cao) || — uio|* + 04 (1). (3.23)
By (2.15), (2.24) and (2.29), we conclude that
[k (10 )1 (10 )(Q' (1), 1t — o) | < /R VGt un ()] |10 (£) — uo(#) |d2. (3.24)
It follows from (2.32), (3.7), (3.16), (3.23) and (3.24) that
(@' (), 10 — 110} | < (C11 +2Ca0) ||t — 110 |* + 0w (1). (3.25)

In view of (2.45), (3.7), (3.12), (3.13), (3.17) and (3.25), we get

3 0) = )] 2 it = 0 = (K ) = ) [ W)

- }<¢I(”n)r”n - ”0>‘ +0a(1)

> (1 —Cn1 —3C10)Hun —M()H2—|—On(1). (3.26)
By (2.14) and (3.26), we have
|, (1), 1 = w10) | = 27 — wo||* + 04 (1). (3.27)

In both cases, from (3.14) and (3.27), we get u, — ug, n — oo. Thus Jr, satisfies Palais-Smale
condition. O]

In view of (Lg), the self-adjoint operator of —d?/dt?> + L(t) in L*(R,IRN) has a sequence
of eigenvalues A,, — co. Moreover, the corresponding system of normalized eigenfunctions
{ex : n € N} forms an orthogonal basis in E. Hereafter, set E, = span{ey,...,e,} and E;- be
the orthogonal complement of E,; in E. With the help of the normalized orthogonal sequence
{en}5"_,, define some subspaces as follows:

By={u€Ey u| <1}, S"={u€ckEy |ul|=1}
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and
Sttt ={u=w+sen; [ull =1, we B, 0<s <1}

By these subspaces, we can introduce some continuous maps and minimax sequences of | as
follows

Ap = {7 € C(S"E); 7 is odd}, T, = {7 € C(S"™E); ylsr € An}, (3.28)
and
by = inf max Jp,(y(u)),  cn= inf max, Jry (7 (1)) (3.29)
For any 6 > 0, set
[a(0) = {7 € T I (Y(w)) S by +6, w € 8"}, (330)
cn(6) = inf max Jg,(y(u)). (3.31)

Y€l (9) MESEjl

By (3.28)—(3.31), it is obvious that b, < ¢, < ¢,(6), n € IN. Next we give some useful estimates
for minimax values b, and ¢, (9).

Lemma 3.2. Let (Ly), (H1), (H3), (Hy) and (Gy) be satisfied. Then for any n € IN, b,, < 0.

Proof. By (1.6), for any u € E, we have

/ Wit u)dt > / b(£)[u]2dt — Cs / |t (3.32)
R R R

By standard arguments as in [20], for any u € E, \ {0}, there exists ¢; > 0 depending on E,
such that
meas{t eR: b(t)|u|™ > 81||u||"‘2} > g1 (3.33)

By (1.7), (2.1), (2.15), (2.24), (2.28), (3.32)—(3.33), for any u € E, \ {0}, we get

1
() = gl = [ Wit u)dt = kry(u) [ Wat,u)dt = ()
< Jul® + Crallu]|* + Cusllul|* + Craflue]|” — &f[|ul|. (3.34)

In view of (3.34), there exist €(n) > 0 and x(n) > 0 such that Jr,(xu) < —e, u € S". Then we
set y(u) = xu, u € S". By (3.29), we obtain b, < 0. O

Lemma 3.3. Assume that (Ly), (H1), (Hp), (H3), (Hy) and (Gy) hold. Then for any n € IN and any
5>0,c,(6) <O.

Proof. From (3.30) and (3.31), for fixed n € IN, if 0 < § < &', we have I',(6) C T',(¢') and
cn(8) > ¢n(8"). So we only need to prove c,(6) < 0 for any 6 € (0, |b,|). For any 6 € (0, |b,]),
by (3.29), there exists 9 € A, such that max,egr J1, (70(1)) < by + 5. By the fact that o(S")
is a compact set in E, there exists a positive integer mg such that
max 1, (P, © 70)10) < b +9, (3.35)
where P, denotes the orthogonal projective operator from E to E,,.
For any ¢ € R, let J; = {u € E : J,(u) < c}. Choose & = —(b, +6)/2 > 0. By
a similar proof as in Lemma 3.2, there exists py,+1 > 0 such that if u € B(0,00) N Epy+1,
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J1,(1) < 0, where B(xg,p) denotes the open ball of radius p centred at xo in E, and B(xo, p)
denotes the closure of B(xo, ) in E. Since J1, € C'(E,R) and J1,(0) = 0, dist (0, J7%) > 0. Set
Py = min {po, dist (0, ]fo ?) }, then pf, > 0. By Deformation Theorem (see Theorem A.4 in [15]),
there exists ¢ € (0,€) and a continuous map 1 € C([0,1] x E, E) such that

n(Lu) =u, ifJ,(u) & [-£8, (3.36)
and
(1, T, \B(0,0p)) C Iz, (3.37)

where B(0, o) is a neighbourhood of K, defined by (iii) in Lemma 2.5.
By (3.28), Py, 0 vo € C(S",Ep,). Since E, ;1 is a metric space with the norm || - || and S”

e~ —

is a closed subset in E, 1, there exists an extension Py, 0 Yo : Ey41 — Em, Of (Py, © 0) by
Dugundji extension theorem (see Theorem 4.1 in [7]); furthermore,

P

((Pyg © 70)Ens1) C co((Py ©70)S"), (3.38)

where the symbol co denotes the convex hull. Since (P, © 70)S" is a compact set in E,,,, by
the definition of convex hull, co((Pm0 o 'yo)S”) is a bounded set in E,;,. Then there exists a
constant v such that Jr,(u) < v, u € CO((PmO o 'yO)S”). It follows from (3.38) that

]TO((PmO © ')/0)1/[) <v, Vue ETZ+1' (339)
Next we distinguish two cases.

Case 1. v < ¢. Since meo\;m € C(Ey41, Emy), by (3.39) we have

(Puy ©v0) U € J7ymyr ¥V 1 € Enya, (3.40)

where |7 . :={u € Em, : J1,(u) < e}. Define a map x as follows:

u, u & B(0,0))NE
) = ” 2\1/2 -( P?) a (341)
u+ (pg — [ull”) " “emy+1, u € B(0,05) N Emy.
It is clear that x € C(Ey,, Emy+1) and
(x © (Pmo©70))u € B(0,pp), Vu€E . (3.42)
If u € E,rqand || (meo\o/'yo)uH > pp, in view of (3.40) and (3.41), we get
(x © (Puyov0))tt = (Puy 0 Y0)th € [y, (3.43)

—_—

Otherwise, when u € E, ;1 and ||(P;O_\;y0)u|\ < pp, by (341) ||(x © (P © 70))u|| = pj. By the
definition of p{, and (3.43), we deduce that

(X 0 (P, © ’yo))u € Jr,, VuéeckE;. (3.44)

Define a map Hy : E,+1 — E as follows:

—_—~—

Ho(-) = 11, (x © (P ©70)) ())- (3.45)
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Next we need to prove Hy € I',(d) and max,, g1 Jr,(Ho(u)) < 0. First, it is obvious that
Hy € C(8"1, E). Next we prove Hy|s: € A,. By Dugundji extension theorem, we obtain
(P 0 70)tt = (P 0 y0)u, YV u € S". (3.46)
From (3.35), (P, ©70) u € ], %y € S". The definition of p}) and I1, % I, ¢ imply that
1(Pwg 0 v0) ull = po,  VueSs" (3.47)

It follows from (3.41), (3.46) and (3.47) that

(x0 (Puy 070)) 6 =x 0 (Pugoy0) 1) = (Pmpoy0) u, ¥ ue S (3.48)

Since (P, 0 y0) U € ]T_Ozg, YV u € §", in view of (3.35)—(3.36), (3.45) and (3.48)

—_—

Ho(u) = 11(1, (x° (Puy970)) 1) = (Pugoyo) u,  ¥ues" (3.49)

which implies that Hp|s» € A,. Moreover, from (3.30), (3.35) and (3.49), we have Hy €
[,(6). Since S"™1 C E, i1, by (3.42) and (3.44), we have (x o (Py,©70))u & B(0,0)), V u €

§"*1 and (x o (P;O\;yo))u € Jn, Vu e S"*t1. From (3.37) and (3.45), we deduce that
max,, g1 J1,(Ho(u)) < —& < 0, which implies that cn(6) < 0 by (3.31).

Case 2. v > e. Let Jp[g,, denote the restriction of |y, on Ey,. By a similar proof as in
Lemma 2.5 and Lemma 3.1, we can prove that Jr,|g, € C'(En,, R) and satisfies Palais-Smale
condition. Moreover, ]TO|EmO has no critical point with positive critical values on E,,. By
Noncritical interval theorem (see Theorem 5.1.6 in [5]), ]ETo,mo is a strong deformation retraction
of Jf, ., So there exists a map ¢ such that ¢ € C(Jr, ., JT, m,) @and ¢(u) = u, if u € J3 ..
Define a map from E,y; — E as follows:

Ao(-) = (L (xo (s (Puy 0 70) ) ()

By a similar proof as in Case 1, we also obtain Hy € I',(6) and max, g1 Jr,(Ho(u)) < —e <0,
which leads to ¢, (6) < 0 by (3.31). O

Lemma 3.4. Suppose that (Lo), (H1), (Hy) and (Gy) are satisfied. Then there exists a positive constant
Ci5 independent of n such that for all n large enough

—Pr
2

b, > —Cisnzr. (350)

Proof. For any v € A, (n > 2), when 0 ¢ (S"), the genus IT((S")) is well defined and
I1(y(S")) > II(S") = n. From Proposition 7.8 in [15], we have 7(S") N E;+ ; # @. Otherwise,
if 0 € y(S"), then 0 € y(S") NE; ;. So for any v € Ay, (n > 2), y(S") NE;- | # @. Therefore,
for any v € A, (n > 2), we get

max Jr,(y(u)) > inf J1,(u). (3.51)

n
ues ueEr |

It follows from Holder inequality, (1.4), (1.7), (2.13), (2.15) and (2.26) that

1
J,(u) > 1““”2 — Crelull5, VuekE. (3.52)
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Ifu € E- |, Ayllull3 < |lul|®>. When u € E;- |, by (3.52) we obtain

1 _r
Jro () = S llufl® = CioAn [|ull? (3.53)
By (3.29), (3.51) and (3.53), for n > 2, we conclude that

bn 2 inf {itz — C16)\;gtp}

>0
—P
= —Ciyhy (3.54)

where Cj7 is a positive constant independent of n and A,. From (G;) in Theorem 1.1 and
(3.54), it is easy to verify that (3.50) holds. O

Lemma 3.5. Suppose that ¢, = b, for n > ng, where ny € IN. Then there exists a positive integer n;
such that
2
by| > Cign?e,  n>mny, (3.55)

where Cyg is a positive constant independent of n.

Proof. For any n > ny and any ¢ € (0, |b,|), by (3.29) there exists a map 1 € I', such that

max Jr,(y1(u)) <cn+e=0b,+¢€<0. (3.56)

n+1
uesy

In view of "1 = STl U (—S'fl), 71 can be continuously extended to S"*1 as an odd function,
also denoted by 71, then y; € A, 41. From (3.29), we have

bur < max Jn,(11(u)) = J1 (71 (o)) (3.57)

for some ug € S"t!. When uy € Siﬂ, in combination with (3.56) and (3.57), b,11 <
J1,(71(10)) < by + €. We have

bus1 < by + e+ Colburil?, (3.58)
where Cq is given in (2.31). Otherwise, ug € —Sf‘ﬁl. It follows from (2.31) and (3.56) that

T (71(0)) < Jry(71(—110)) + ColJ1y (71 (10)) |2
< by + &+ Co| I, (71 (10)) |- (3.59)

Next we consider two possible cases.

Case 1. J1,(71(u0)) < |bpy1]. By (3.57) and (3.59), we get

bus1 < by + €+ Colbura 2. (3.60)
Case 2. J1,(71(140)) > |by1|- From (3.56), there exists uy € S such that

J1o(v1(u1)) < by +e < 0. (3.61)

In view of Jr,(71(0)) > |b+1] and Jr,(1(u1)) < 0. Since (Jg, 0 y1) € C(5"*!,R) and §"* is
a connected space with the norm || - ||, by the Intermediate Value Theorem (see Theorem 24.3
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in [12]), there exists 1y € S"*! such that J1,(71(12)) = |bys1|/2. By (3.56), uy € —STl. From
(2.31) and (3.56), we obtain

T (71(12)) < Jry (71 (—12)) + ColJ1y (71 (112)) |2
< by + e+ ColJ1, (11(12)) 2,

which implies that
bpi1 < by + €+ Colbysa]?. (3.62)

By Lemma 3.2, b, < 0 for any n € IN. It follows from (3.58), (3.60) and (3.62) that
bu| < |bui1| + Celbusa|z, 1 >mny. (3.63)

Next we show that (3.63) implies (3.55). The proof will be done by induction. First, we
introduce a useful inequality as follows:

1+ =145, xe o), (3.64)

where &, § are positive constants and 6 depends on ag. Set ag = 2(c —2) 1. In view of (3.64),
there exists 7ip € IN such that

1\ 72 1
@+E)2>1+—t—ﬁ n > . (3.65)

Set
. 2 1 =
C18 = min {1’11 4732 |bn1 ‘, (m) ’ } ’ (366)

where n; := max{ny, 7ip}. We claim (3.55) holds. By (3.66), it is obvious that |b,, | > Clgnlﬁ.
Assume that (3.55) holds for j > n7. Then we only need to prove (3.55) also holds for j + 1. If
not, we have

|bj1] < Cig(j +1)77. (3.67)
Since (3.55) holds for j, by (2.31), (3.63) and (3.67), we have

L

Ci8j7 < |bj| < |bjy1| + Colbjia|? < Cis(j+1)77 +C6C1s(]+1) (3.68)

When we divide (3.68) by Cis(j + 1) on both sides, in view of (3.66) we get
1\ 7z o2 ]

1+-)7 <14GC <14+CeCyg - <1 )

(1+5) +618]+1 T ST )

which contradicts (3.65). So (3.55) holds. O

H
—_

By the fact that b, < 0, (Gp), (3.50) and (3.55), it is impossible that ¢, = b, for all large n.
Next we can construct critical values of |z, as follows.

Lemma 3.6. Suppose that ¢, > b,. Then for any 6 € (0,c, — by), cu(5) given by (3.31) is a critical
value of |t,.
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Proof. We prove this lemma by contradiction. For any § € (0,¢, — by), if ¢,(d) is not a crit-
ical value of Jr,, define & = (¢, — b, — J)/2, by Deformation Theorem, there exist a positive
constant € € (0,¢) and 7 € C([0,1] x E, E) such that

n(Lu)=u, if Jy(u) & [cn(6) — & cn(6) + €, (3.69)
and
n (1207 c o (3.70)

By (3.31), there exists v, € I',(d) such that

msax J1,(72(1)) < cn(0) +e. (3.71)
uegn+1
Define

To(u) = 1(1, 72(u)), ue s, (3.72)

It is evident that 9, € C(S"", E). Since 72 € T'4(6), by (3.30) we have
J1,(7v2(1)) < by 40 = ¢y — 28 < ¢, () — 28, uesS". (3.73)
By (3.69), (3.72) and (3.73), we have 42 (u) = y2(u), u € S", which yields
Yals, € A and  Jr,(72(u)) = J1,(72(1)) < by +9, ueS" (3.74)

In view of (3.74), we obtain ¥, € T,(d). It follows from (3.70), (3.71) and (3.72) that

max Jr,(72(u)) = max Jr, (7(1,72(1))) < ca() — ¢,

uesntl ues'’t
which contradicts (3.31). So ¢, (d) given by (3.31) is a critical value of Jr,. O

Proof of Theorem 1.1. Since it is impossible that ¢, = b, for all large n, we can choose a sub-
sequence {n]-} C NN such that Cny > bn].. In combination with Lemma 3.3, Lemma 3.4 and
Lemma 3.6, there exists a sequence of critical points {”n,}}il of | such that

pp

where ; € (0,cy; — by;). In view of (Hp), (Ha), (2.5), (2.26) and (2.27), un; # 0, j € IN. Next we
consider the following two possible cases.

Case 1. ||un].|\2 > 2Tp. Combining (2.15), (2.16) and (2.32), we have kg, (un;) = 0, k7, (un;) = 0
and ¢’ (up;) = 0. It follows from (2.17) and (2.45) that

_ 1
Iy (i) = 3l P = [ Waltn)dt, (o), ) = NP = [ (TWa(t 1), )
By (1.5) and two equalities above, we get
TTo(””j) = TTo(unj) - ]’[71 <]5"0(un]‘)/uﬂj>
= 2Auy |2+ ! /]R (VWi (t ), tn)) — pWi(t ) )dt
< Alluy % (3.76)
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Case 2. ||un, |> < 2Tp. It follows from Lemma 2.3, (2.17), (2.26)—(2.28) and (2.45) that

TTO(un].) < %||u0||2 - /]R Wi (t, up, )dt + Cay [[un | + 16Ca7g [|un ||,
and
(I, (g ), i) > o || — /IR(le(f, )ty )t — 9C3 T a || — 16(9 — B2A7H) Ca] || ||
By (1.5), (2.13), and two equalities above, we obtain

ITO(””/‘) = I_TO (ui’lj> - l’lil <]§"0 (unj)/unj>
< ZAHunsz +C17y) HunjH"‘1 + 10C3T§‘f|\unj|]“4 +16(10 — 32A_1)C4Tg||unj||‘7
< Al % (3.77)

In both cases, by (2.12), (2.24), (3.76) or (3.77), we get I, (un;) = 1 and I}, (u,;) = 0. Moreover,
it follows from (2.26) and (2.27) that Jr,(un,) = Ir,(tn;) < Afluy||* < 0, which implies that
;]| — 0, j — oo by (3.75). So there exists jo € N such that Hun].HZ < Ty, j > jo- By (2.15)-
(2.16), we have kr, (1) = 1 and ky (uy,) = 0 for all j > jo, which leads to {uy, } are also critical
points of I for all j > jo by (2.5) and (2.11).

Since E is continuously embedded into L*(R,RY) and [uy]| — 0 as j — oo, then
maxieR |un;(t)] — 0 as j — oo. Thus, there exists j; € N such that maxer |un, ()| < 71
for all j > j1. Set j» = max{jo,j1}. By (2.5) and (2.11), uy, are also homoclinic solutions of
problem (1.1) for each j > j,. This completes the proof. ]

4 Examples

In this section, we give an example to illustrate our result.
Example 4.1. In problem (1.1), let L(t) = >+ 1 and W(t,x) = a(t)In(1 + |x[3/2), (t,x) €
R x R, where 2 : R — R™ is a continuous function such that a(t) € L*(R). Moreover, the
perturbation term G is given by

G(t,x) = b(t)]|x|"x, (t,x) € R X (—=1p,12),

where b is a bounded continuous function on R and ¢ > 8/3. Let Wy(t, x) = a(t)|x|*/? and
Wa(t,x) = a(t) (In(1 + |x|3/2) — |x|*/2). Then we choose p = y = 3/2 and

0612063:[)(4:3, a2:3/2, N=1.

Since —d?/dt? + L(t) has eigenvalues A, = 2n + 2 with multiplicity 1 (see [2]), we can choose
B = 1. By Theorem 1.1, problem (1.1) has infinitely many homoclinic solutions. Since the
perturbation term G breaks the symmetry of the energy functional, the results in [20,22,34,35]
cannot be applied to this example.
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