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PREFACE

1. In remembrance of Professor József Farkas – A professional life
dedicated to Structural Optimization
(15 December 1927 – 15 September 2016)

Professor Farkas graduated as a civil engineer from the
Technical University of Budapest in 1950 and began
teaching at the University of Miskolc. Between 1950-59
he taught at the Department of Mechanics and from 1959
at the Department of Materials Handling, now Depart-
ment of Materials Handling and Logistics. In the past
more than six decades, he developed courses on Metal
Structures, Welded Structures and achieved an interna-
tional reputation. The international novelty of these
courses is that they are devoted to the design of struc-
tural components of machines and load-carrying struc-
tures. They consider dynamic effects, stiffness and vibra-
tion damping. These features made them suitable for
the modular academic system of the Faculty of Mechanical Engineering and Infor-
matics. The most important features of these courses consist in the application of
mathematics, mechanics, optimization methods and applicability in the engineering
practice. Optimum design provides a wide horizon, which is necessary for engineers.
Based on Professor Farkas’s work, the students of the faculty can obtain a compre-
hensive overview of the design of metal and welded structures.

Professor Farkas was one of the first who realized the importance of the application
of computers in structural optimization. It must be pointed out that economic aspects
are also considered in optimization by means of self-developed cost functions.

The theoretical calculations are complemented in most cases by experimental mea-
surements carried out in laboratories, or in the field.

His complex approach resulting from the structural synthesis has had a great effect
not only on his students, but also on his colleagues at the university and the engineers
practicing in the industry.

In 1996 he retired and since 1998 he has been working as Professor emeritus,
continuing his previous work unrelentingly. He gave lectures week by week, offered the
students advice on their design assignments and guidance on writing theses. Related

c©2017 Miskolc University Press
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to his tutorial activity he published a university textbook entitled Metal Structures
in 1974. The second and revised edition came out in 1983. In 2016 a new textbook
was published with Károly Jármai, entitled Innovative Design of Metal Structures.

About his teaching activity he was involved in the programs of welding engineers as
well as in those offered to foreign students in English since beginnings. He joined the
PhD training at the beginning and was the scientific advisor of several PhD students.

His scientific activity was continuous and undiminished for decades. He obtained
his Ph.D. degree in 1966. His thesis was devoted to the design of stiffened plates. He
obtained the title doctor of the Hungarian Academy of Sciences, i.e., the DSc degree,
which is equivalent to the German habilitation, for a thesis on the optimum design
of metal structures in 1978. After being revised and supplemented, his DSc thesis
was published under the title Optimum Design of Metal Structures by Ellis Horwood,
Chichester, UK and the Hungarian Publishing House Akadémiai Kiadó, Budapest in
1984. The book won a Hungarian Academy award.

His other books Analysis and Optimum Design of Metal Structures, and Economic
Design of Metal Structures, were published by Balkema, and Millpress Science Pub-
lishes in Rotterdam, in 1997 and 2003, respectively. Later, two other books have
been published: Design and Optimization of Metal Structures, by Horwood Publish-
ers in 2008 and Optimum Design of Steel Structures, by Springer Verlag in 2013. His
coauthor was one of his former students, Károly Jármai. Beside the books he has pub-
lished about 250 papers and studies. Half of them were written in a foreign language,
mainly in English. He read articles in five languages: English, German, Russian,
Slovak, Polish. He held lectures also in English, German and Slovak languages.

His expertise was utilized by the industry as well. His main research areas are as
follows: optimum design of metal structures, residual welding distortions and stresses,
tubular structures, stiffened plates, sandwich structures, vibration damping and sta-
bility problems of steel structures.

His nearly seven-decade-long activity in the field of structural optimization should
be especially highlighted. His optimum design methods can be used in other disci-
plines as well. He covered the application of design methods for various materials
handling machines and equipment: cranes, crane runways, silos, bunkers, conveyor
galleries, frames, cellular plates, tubular structures. In the field of machine tools, he
also worked out a course for welded structures, mainly press frames.

His main external activities were in the Welding Division of the Scientific Society
of Mechanical Engineers (GTE), the International Institute of Welding (IIW) and the
International Society for Structural and Multidisciplinary Optimization (ISSMO).
The Scientific Society of Mechanical Engineers awarded him the Pattantyús Medal.
He was also awarded the Apáczai Csere János Award and the Memorial Medal of
the 45-year-old Technical University of Kosice. He became Dr. Honoris Causa of the
University of Miskolc in 2002.

He attended the Annual Assemblies of IIW and the symposia on Tubular Struc-
tures, organized by the Subcommission IIW XV-E for several years.
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His international co-operation ranged from Japan to Canada. He established con-
nections with professors from all over the world, as illustrated by the list of partici-
pants of the international conferences we have organized in the last 20 years.

His role in the Department of Materials Handling and Logistics was crucial. He
was the head of the Division of Metal Structures. He was the scientific supervisor of
several specialists in engineering optimization: Dr. habil. Imre Tímár, Prof. Károly
Jármai, Ferenc Orbán, Sándor Rácz, László Szabó, Ferenc Szabó, György Kovács. He
gave the first initiative for the research work of some professors, including the member
of the Hungarian Academy of Sciences István Páczelt, Dr. habil. Mátyás Matolcsy
and József Cselényi.

He was an excellent lecturer. He had the gift to present highly complicated ideas,
relationships, lines of thoughts in an elegant and simple manner and to make his
audience understand what at first seems to be difficult.

His personal hobby was listening to and playing classical music. He played baroque
and classical music on the electronic organ. He published three books about baroque
music and composers. He made four music CD-s, playing himself on a synthesizer.

All his former colleagues, students and co-workers remember Professor Farkas and
keep him in their minds.

Miskolc, August 24, 2017 Károly Jármai

2. In remembrance of Professor Imre Kozák – A professional life
dedicated to Mechanics of Solid Bodies
(21 August 1930 - 17 November 2016)

Professor Kozák graduated from the University of Miskolc in 1954, was working
for the university since then till his death. He chaired the Department of Mechanics
from 1971 till 1993 and had a very significant influence on the scientific activity of the
department in various ways: as a scientific leader of promising young PhD students
and by starting a separate track in applied mechanics. He was a founder of JCAM
and supported the journal in every possible way, which included reviewing a number
of papers devoted to various problems in mechanics of solid bodies and he also did his
best to find financial support so that we could come out as an open access journal.
Volume 10, Number 2 in 2015 is dedicated to two excellent scientists: one of them is
Professor Imre Kozák, who was 85 years old in that year. The Preface to that issue is
a summary of his scientific carrier – we kindly refer our readers to that issue in which
a detailed scientific biography can be found:

(http://www.mech.uni-miskolc.hu/jcam/).

Miskolc, September 21, 2017 György Szeidl

http://www.mech.uni-miskolc.hu/jcam/
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Abstract. Mechanical characteristics of two kinds of the EN AW–6060 aluminum alloys
were measured in tensile and three-point bending tests. Although there is a standard [20]
that indicates the mechanical properties of the aluminum alloys used to manufacture different
kinds of profiles, the main purpose of this paper is to compare the accuracy of the mechanical
properties of the commercial aluminum alloy EN AW–6060 used to manufacture box profiles
in T4 or T6 heat treatment conditions. It is shown that the maximum values σmax of the
tensile and flexural stresses – these are denoted by σmax – are 41.55% and 75.12% greater
for the EN AW–6060–T6 aluminum alloy than those for the EN AW–6060–T4 aluminum
alloy. There are small differences concerning the modulus of elasticity E recorded: 7.52%
for the case of Young’s modulus E in the tensile test; 5.34% for the modulus of elasticity
in the three-point bending test. Both kinds of aluminum alloys have elastic-plastic behavior
in tensile test. Theoretical concepts regarding the modeling of the nonlinear behavior of
the elastic-plastic materials in the plastic range of the material are considered in order to
simulate the behavior of the aluminum alloys in the tensile tests by using finite element
analysis (FEA). Finally, we should remark that the (σ − ε) stress-strain curves obtained in
the numerical modeling match with those experimentally obtained for each aluminum alloy
we have analyzed. Thus the input parameters for FEA (Young’s modulus E, the true stresses
and strains belonging to the plastic range) for each type of aluminum alloy tested may be
used in the case of any structural element made of such alloys.

Keywords: aluminum alloy, tensile test, bending test, heat treatment

1. Nomenclature

Latin symbols
Ao initial area of the cross-section of the tensile specimen,
A instantaneous area of the cross-section of the tensile specimen at a certain

time of loading in the plastic range
b, h cross-sectional dimensions of the tensile and flexural specimens,

b, t these subscripts indicate that the quantity considered was measured in the
bending or tensile tests,

c©2017 Miskolc University Press
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CV coefficient of variation (or relative standard deviation) which is a standard-
ized measure of dispersion; it is the ratio between Stdev and the average
value of a set of values, expressed in percentage,

l0, l initial active length of the tensile specimen and the length of the specimen
corresponding to the tensile force F ,

E modulus of elasticity (Young’s modulus),
F tensile force in the tensile test / external force in the bending test,
p intensity of the distributed forces acting on the free end of the tensile

specimen in FEA,
Stdev standard deviation of a data set,
T4, T6 heat treatment conditions of the aluminum alloy
V0, V volume of the specimen at the beginning of the tensile test and at time t,
W work done until maximum load is reached.

Greek symbols
∆lmax elongation of the tensile specimen at maximum load,
ε, εlog engineering and logarithmic strains,
εmax maximum strain,
εx strain on the longitudinal axis Ox of the tensile specimen,
σmax maximum stress,
σr true tensile stress,
σx normal stress on the longitudinal axis Ox of the tensile specimen,
(σr−εr) true stress strain curve in tensile loading.

2. Introduction

The effects of the microstructure as well as the effects of heat and ageing treatments on
the mechanical properties of aluminum alloys are presented in references [1–7]. New
aluminum alloys have been developed for automotive applications in the last years.
Aluminum alloys exhibit an excellent combination of strength and ductility [8]. Dif-
ferent homogenizing, annealing and aging processes of various aluminum alloys have
been also investigated [9–11]. Hardness, yield strength and ultimate tensile strength
of the AA6063 aluminum alloy after two-stage solution treatment were significantly
increased, while elongation to failure remained unchanged [12]. Porosity evaluation on
the fracture surfaces of AlSi10MnMg(Fe) secondary alloys was investigated showing
an increasing of the porosity at these surfaces [13]. Fatigue and mechanical behaviors
at high temperatures during welding of different kinds of aluminum alloys are pre-
sented in [14–16]. The influence of the composition of the aluminum alloy and the
heat treatment on their mechanical properties resulted in, for instance, a high rate
change in hardness during quick cooling [17, 18]. The effects of the different treat-
ments on the mechanical properties and the microstructure of Al-Zn-Mg(-Cu) based
aluminum alloys are also discussed in [19].

The main purpose of the present paper is to show the effects of thermal treatment
on the mechanical properties of the EN AW–6060 AlMgSi aluminum alloy using tensile
specimens cut from extruded box profiles. The alloy EN AW–6060 AlMgSi is a widely
used extrusion alloy. It is recommended for applications such as the following: frame
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profiles for windows, doors, curtain walls, fences, railings, stairs, frame systems for
interior accessories, pneumatic equipment, irrigation pipes and pipes for cooling.

Another goal is to define the input parameters for the finite element analysis (FEA)
by using the experimental results in order to model the nonlinear behavior of the alu-
minum alloy for any structure and/or any structural element made of such an alloy.
For this purpose we compare the stresses and strains in the tensile specimens de-
termined by the finite element method with the values experimentally obtained in
the tensile tests. The input material parameters for FEA are: Young’s modulus ex-
perimentally obtained from the tensile tests in order to model the behavior of the
aluminum in the elastic range and the true stress σr and true strain εr value pairs
computed using experimental results in order to properly model the material behav-
ior of the aluminum in the plastic range. A British standard gives the mechanical
properties for the extruded rod/bar, tube and profiles made of aluminum alloys [20].

In order to show the effects of the thermal treatment on the EN AW–6060 AlMgSi
aluminum alloy, two kinds of this alloy were tested: the EN AW–6060-T4–aluminum
alloy in T4 heat treatment condition and the EN AW–6060-T6–aluminum alloy in T6
heat treatment condition. The T4 heat treatment condition corresponds to naturally
aged to a stable condition while T6 heat treatment condition corresponds to solution
heat treated, quenched and artificially aged [21].

3. Theoretical issues

It is known that aluminum has elastic-plastic behavior under mechanical load.
It should, therefore, be taken into account that a decreasing of the cross-section A
takes place in the plastic range of loading as the tensile force F increases. In the
plastic range, it is customary to define a logarithmic strain εlog by the following
relationship [22]:

εlog =

∫ l

l0

dl

l
(1)

where l0 is the initial active length of the tensile specimen and is the length of the
specimen corresponding to the tensile force The logarithmic strain (1) is a nonlin-
ear function of the length l. The following relation follows from (1) between the
logarithmic strain εlog and the engineering strain ε [22]:

εlog = ln
l

l0
= ln

l0 + ∆l

l0
= ln (1 + ε) . (2)

The stress that corresponds to the logarithmic strain εlog is the true tensile stress:

σr = F/A (3)

where A is the instantaneous area of the cross-section in the tensile specimen.

In the case of nonlinear material behavior we shall assume that the volume of the
tensile specimen remains unchanged:

V = V0, ⇒ Al = A0l0 . (4)
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Hence

A =
A0 · l0
l

=
A0

l
l0

=
A0

1 + ε
. (5)

Substituting (5) into (3), we obtain the following relation between the true stress σr
and the engineering stress σ [22]:

σr =
F

A
=
F (1 + ε)

A0
⇒ σr = σ (1 + ε) . (6)

The true stress-strain curve σr − εr can be drawn by using the true values of the
stresses σr and logarithmic strains εlog computed on the basis of relations (2) and (6).

4. Materials and work method

4.1. Materials. In accordance with European Standard SR-EN 573 – 3 / 2010 [24],
EN AW–6060 aluminum alloy belongs to the series 6000 of the aluminum alloys
AlMgSi (aluminum–magnesium–silicon). Chemical composition of the aluminum al-
loy EN AW 6060 is: 0.3-0.6% Si; 0.1-0.3% Fe; 0.10% Cu; 0.35-0.60 % Mg; 0.05 % Cr;
0.15% Zn; 0.10 % Ti; 0.05 % other metallic components so as not to exceed 0.15%; the
difference is covered by the aluminum [24]. According to [25] the EN AW–6060 alu-
minum alloy in T4 or T6 heat treatment condition are encoded as: EN AW–6060-T4
or EN AW–6060-T6, respectively.

a. b. c. d.

Figure 1. Specimens for testing: a, b - Tensile/flexural specimens
made of aluminum alloy EN AW–6060–T4; c, d - Tensile/flexural
specimens made of aluminum alloy EN AW–6060–T6

The tensile specimens shown in Figure 1a and c are manufactured according to Eu-
ropean Standard EN ISO 6892-1: 2002 [26]. Some dimensions of the tensile specimen
are: total length – 150 mm, active length l0 = 60 mm, the width of the active length
is b = 10 mm, the width of end part that is clamped in the tensile machine is B = 20
mm.
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The flexural specimens shown in Figure 1b and d have 120 mm in length and the
width of the rectangular cross-section is 15 mm. The thickness is 3 mm for both kinds
of specimens.

The tensile and flexural specimens are cut from commercial profiles having a box
cross-section and made of EN AW–6060 aluminum alloy which was subjected to two
different heat treatment conditions (T4 and T6).

4.2. Work method.

4.2.1. Experimental methods. For the tensile tests we used a tensile machine man-
ufactured by LLOYD Instruments (West Sussex, United Kingdom). Its maximum
load capacity is ±50 kN. The speed of loading was 3 mm/min in accordance with the
European Standard EN ISO 6892-1: 2002 [26]. An extensometer was used in order
to record the elongation of the specimen. The initial span between the marks of the
tensile specimen that is the initial active length was equal to 50 mm [26].

A LR5K Plus machine manufactured by LLOYD Instruments (West Sussex, United
Kingdom) was used for the three-point bending test. Its maximum load capacity is
±15 kN. The flexural specimen was simply supported at its ends during testing and
the span between the supports was equal to 80 mm. The crosshead speed was 15
mm/min.

4.2.2. Theoretical investigations. Finite element analysis (FEA) was used to simulate
the mechanical behavior of the aluminum tensile specimen in the tensile test. The
main objective of FEA was to compare the stress-strain curve obtained for the element
located at the middle of the specimen with the experimentally obtained stress-strain
curve. Consequently, the graph of the true stress-strain curve (σr − εr) will be the
output result presented in Subsection 5.3 Theoretical versus experimental results. If
the theoretical curve matches with the experimental one, the input parameters of
the material used in FEA can also be used for any structure made of such kinds of
aluminum. Another goal of FEA is to compare the maximum theoretical value of
the tensile stress σmax obtained from the finite element model (FEM) with the value
recorded in the tensile test.

Figure 2. Finite element
model (FEM)

Figure 3. Boundary con-
ditions and load applied

The geometrical model for the finite element analysis of the tensile specimen was
designed in accordance with the dimensions specified in [26] and also used to manu-
facture the tensile specimens. The finite element model (FEM) is shown in Figure 2.
Four-node plane stress finite elements were applied to numerically model the stress
and strain states in the tensile specimen. Figure 3 shows the boundary conditions
applied (one end of the specimen is fixed) and the distributed force p exerted on the
other end of the tensile specimen.
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Two different cases were considered in the finite element analysis concerning the
properties of the material assigned to the models of the tensile specimens: 1) proper-
ties of the EN AW–6060–T4 aluminum alloy; 2) properties of the EN AW–6060–T6
aluminum alloy.

The material input parameters used in FEA are based both on the experimental
results obtained in tensile tests and on the quantities computed by using relations
(2) and (6) in order to model the elastic-plastic behavior of the aluminum alloy in
each case. Therefore, Young’s modulus E experimentally obtained in tensile test
was an input data for the finite element analysis to model the material behavior of
the aluminum in the elastic range of the stress-strain curve (σ − ε). To model the
mechanically behavior in the plastic range of the stress-strain curve (σ − ε), we used
the true stress σr and true strain εr value pairs computed by utilizing relations (2)
and (6), respectively. The average stress-strain curves (σ − ε) calculated from the
experimentally recorded stress strain curves (see Figure 4) were also considered as
input data for each aluminum alloy in order to describe their mechanical behavior in
the plastic range.

The value of the Poisson coefficient ν was set at ν = 0.33 for the EN AW–6060
aluminum alloy according to [27].

The dimensions for the geometrical models of the tensile specimens were the same
as those of tensile specimens in the tensile tests.

In this way we can compare the stress and strain states obtained from the finite
element computations or the experiments for each aluminum alloy.

Finally, the true stress-strain curve (σr − εr) obtained from finite element analysis
FEA analysis, which is based on theoretical concepts presented in Section 2, is com-
pared with the conventional stress-strain curves (σ − ε) recorded in the tensile tests
of each aluminum alloy.

5. Results

5.1. Experimental results. The stress-strain curves (σ−ε) recorded in tensile tests
are shown in Figure 4. Note that after the yield point, the curves (σ−ε) corresponding

 

Figure 4. Stress strain curve (σ − ε) recorded in the tensile test
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to the EN AW–6060–T4 aluminum alloy are located above the stress strain curves of
the EN AW–6060–T6 aluminum alloy. This remark shows that the maximum value
of the tensile stress σmax is greater for the EN AW–6060–T6 aluminum alloy than for
the EN AW–6060–T4 aluminum alloy. But the maximum axial strain εt max recorded
at the maximum force Fmax is less for the EN AW–6060–T6 aluminum alloy than for
the EN AW–6060–T4 aluminum alloy.

Table 1. Mechanical properties for material EN AW–6060–T4 in ten-
sile test

No. of
the

tensile

speci-
men

Width
b

(mm)

Thick-
ness

h

(mm)

Young’s
modulus

E

(MPa)

Maximum
load

(N)

Max.
tensile

stress

σtmax

(MPa)

Elongation
at max.

load

∆lmax

(mm)

Max.
strain

at max.

load
εtmax

Work to
max.

load

Wt

(Nmm)

1 10.03 3.00 64637 3689 123 9.307 0.186 30110

2 10.02 3.00 49239 4253 142 8.576 0.172 32164

3 10.04 2.98 60051 4364 146 7.961 0.159 30701

4 10.03 2.97 69708 4233 142 9.855 0.197 37372

5 10.03 2.97 68511 4196 141 9.321 0.186 34841

6 10.04 3.00 41589 4429 147 8.751 0.175 34608

7 10.02 2.98 69443 4277 143 9.874 0.197 37969

8 10.02 3.00 35984 4308 143 9.940 0.199 38553

9 10.02 2.96 66626 4480 151 8.561 0.171 34147

10 10.03 2.96 57231 4195 141 8.632 0.173 31924

Average

value
10.03 2.98 58302 4242 142 9.078 0.182 34239

Stdev 0.008 0.017 12164 217 7.36 0.68 0.014 3020

CV 0.08% 0.57% 20.86% 5.12% 5.18% 7.49% 7.69% 8.82%

Table 2. Mechanical properties for material EN AW–6060–T6 in ten-
sile test

No. of

the
tensile

speci-
men

Width

b
(mm)

Thick-

ness
h

(mm)

Young’s

modulus
E

(MPa)

Maximum

load
(N)

Max.

tensile
stress

σtmax

(MPa)

Elongation

at max.
load

∆lmax

(mm)

Max.

strain
at max.

load
εtmax

Work

to max.
load

Wt

(Nmm)

1 10.10 3.08 54394 6040 194 3.759 0.075 21198

2 10.12 3.10 50549 6420 205 4.396 0.088 26735

3 10.08 3.06 55699 6443 209 3.842 0.077 23379

4 10.08 3.09 55275 6489 208 4.126 0.083 25376

5 10.08 3.06 52199 6192 201 3.642 0.073 21064

6 10.07 3.07 55148 5988 194 4.650 0.093 26403

7 10.08 3.03 55699 6291 206 4.404 0.088 26244

8 10.04 3.07 58855 6330 205 4.359 0.087 26192

9 10.06 3.09 54329 6028 194 4.280 0.086 24257

10 10.10 3.08 47042 5960 192 4.078 0.083 24365

Average
value

10.08 3.07 53919 6218 201 4.154 0.083 24365

Stdev 0.022 0.020 3267 203 6.65 0.32 0.006 2161

CV 0.22% 0.65% 6.06% 3.26% 3.31% 7.70% 7.23% 8.87%
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The average values of the mechanical properties recorded in tensile test are shown in
Tables 1 and 2 for both tested alloys. The average value of Young’s modulus E, which
is 58302 MPa for the aluminum alloy EN AW–6060–T4, is greater by 8.13% than that
for the aluminum alloy EN AW–6060–T6, which is 5319 MPa. The maximum value
of the tensile stress σtmax is greater by 41.55% for the EN AW–6060–T6 alloy than
for the EN AW–6060–T4 alloy – compare the values 201 MPa and 142 MPa. The
maximum strain εmax = 0.182, which was recorded at the maximum force Fmax, is
greater by 119.28% for EN AW–6060–T4 than for EN AW–6060–T6 since the latter
is 0.083. This is the reason why the work done till we reach the maximum load is
greater by 40.52% for the EN AW–6060–T4 aluminum alloy than the value recorded
for the EN AW–6060–T6 alloy.

Analyzing the coefficients of variation CV corresponding to Young’s modulus, we
got CV=20.86% which shows more variability of the data set of the EN AW 6060 alloy
in T4 heat treatment condition (Table 1). The reason for this is, in all probability, the
slipping of some tensile specimens in the grip elements of the tensile machine. The
coefficient CV=6.06% is, however, closer to 5% in the case of the EN AW–6060-T6
alloy (Table 2).

As regards the maximum tensile stress, the computed coefficients of variation CV
are acceptable because these are equal to 5.18% and 3.31% for the cases of T4 and
T6 heat treatment conditions, respectively. This shows less variability of the data set
– see again Tables 1 and 2.

The stress-strain curves (σ − ε) recorded in the three-point bending test are shown
in Figure 5. The curves are shown graphically for the points located at the bottom of
the critical cross-section of the flexural specimen (cross-section located at midpoint
of the span between supports). The values of the engineering stresses and strains are
computed and recorded in a text file, in real-time, by the LR5K Plus machine used
for the bending test. Engineering stresses σ and strains ε depend both on the initial
dimensions b, h of the flexural specimen and the span between the supports (this is
80 mm) that were entered in the software of the machine before testing.

 

Figure 5. Stress strain curve (σ−ε) recorded in the three point bend-
ing test
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We may observe in Figure 5 that the slopes of the elastic portions of the (σ − ε)
curves are greater in the case of the EN AW–6060–T6 aluminum alloy. The (σ − ε)
curves for the EN AW–6060–T6 alloy are located above the curves that belong to
the other aluminum alloy which is in T4 heat treatment condition. Hence it follows
that the modulus of elasticity E in the bending test and the maximum stress σbmax –
both in the case of EN AWAW–6060–T6 aluminum alloy – are greater than the same
values recorded for the other material, i.e., for the EN AW–6060–T4 aluminum alloy
(the cross section is the same as before).

Table 3. Mechanical properties for the material EN AW–6060–T4
in the three-point bending test

No. of

the
flexural

speci-

men

Width

b
(mm)

Thick-

ness
h

(mm)

Modulus of

elasticity
in bending

test

E (MPa)

Max.

force
Fmax (N)

Max.

stress
at max.

load

σbmax

(MPa)

Max.

strain at
max. load

εb max

Work to

max.
load Wb

(Nmm)

1 14.99 3.03 24195 210 183 0.080 5072

2 14.97 3.01 25094 235 210 0.081 5832

3 14.98 2.98 28726 191 173 0.078 4535

4 14.96 3.02 26324 228 201 0.075 5228

5 14.97 3.03 24380 196 171 0.092 5431

6 14.97 3.00 24003 193 172 0.092 5431

7 15.03 3.01 23939 236 208 0.091 6581

Average

value
14.98 3.01 25237 213 188 0.084 5449

Stdev 0.023 0.018 1751 20 17.55 0.007 640

CV 0.15% 0.60% 6.94% 9.39% 9.34% 8.33% 11.75%

Table 4. Mechanical properties for the material EN AW–6060–T6
in the three-point bending test

No. of
the

flexural
speci-
men

Width
b

(mm)

Thick-
ness

h
(mm)

Modulus of
elasticity

in bending
test

E (MPa)

Max.
force

Fmax (N)

Max.
stress

at max.
load
σbmax

(MPa)

Max.
strain at

max. load
εb max

Work to
max.

load Wb

(Nmm)

1 14.98 3.11 26282 349 289 0.055 5531

2 15.01 3.12 26515 360 296 0.057 5916

3 15.00 3.11 26303 382 316 0.056 6164

4 15.00 3.11 26523 390 323 0.059 6770

5 15.02 3.11 27389 406 336 0.062 7460

6 14.98 3.11 26502 375 311 0.060 5715

7 15.01 3.11 27356 327 270 0.060 5715

8 14.97 3.11 25801 398 330 0.058 6681

Average
value

15.00 3.11 26584 373 309 0.058 6345

Stdev 0.018 0.004 540 27 22.39 0.002 637

CV 0.12% 0.13% 2.03% 7.24% 7.25% 3.45% 10.04%
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5.2. Theoretical results. In the present section it is our aim to determine the stress
and strain states in the tensile specimens for those two cases when the material proper-
ties are different from each other, i.e., for the EN AW–6060–T4 and EN AW–6060–T6
aluminum alloys. The tensile stress σx and axial strain εx distributions for the EN
AW–6060–T4 aluminum alloy are shown in Figure 6a and b as functions of the plane
coordinates of x, y provided that the applied F = 74196 N axial force is the maximum
value of the axial forces experimentally recorded in the case of those tensile specimens
whose (σ − ε) stress-strain curves were considered to determine the behavior of this
kind of alloy in the plastic range. It is worth of mentioning that the maximum tensile
stress σmax = 140.1 MPa (see Figure 6a) obtained from the finite element analysis
is approximately equal to the average value 142 MPa obtained from the experiments
(Table 1).

In the same manner, Figure 7 shows the distributions of the tensile stresses and
strains regarding the case of the other material, i.e., for the EN AW–6060–T6 alu-
minum alloy. The maximum tensile stress (Figure 7a) obtained from the finite element
analysis is again approximately equal to the average value of the experimental results
(Table 2).

In Figures 6 and 7, the plots that depicts the un-deformed and deformed shapes
of the tensile specimen are overlapped in order to highlight the elongation and the
transversal contraction. It has to be noted that the deformation scale factor is equal
to 5 in the case of the plots.

a. b.

Figure 6. FEA results for material properties EN AW–6060–T4 alu-
minum alloy: a. Stress; b. Strain

a. b.

Figure 7. FEA results for material properties EN AW–6060–T6 alu-
minum alloy: a. Stress; b. Strain
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It can be mentioned again that although the axial force F applied to the EN
AW–6060–T6 aluminum specimen is greater by 47.57% than the axial force applied
to EN AW–6060–T4 aluminum specimen, the maximum strain εxmax = 4.631× 10−2

recorded for the EN AW–6060–T6 aluminum specimen is smaller by 40.59% than the
same quantity for the other aluminum alloy.

5.3. Theoretical versus experimental results. In every case we analyzed, the
true stress-strain curve (σr − εr) obtained from the finite element analysis was com-
pared to the stress-strain curve (σ − ε) experimentally determined. The stress-strain
curve (σ − ε) was also used to determine the material behavior in the plastic range.

Figure 8a shows comparisons between the stress-strain curve (σr − εr) of the finite
element model and the experimentally recorded stress-strain curve valid for the EN
AW–6060–T4 aluminum specimen. A similar comparison is made in Figure 8b for the
EN AW–6060–T6 aluminum specimen.

  
a. b.

Figure 8. Comparison of the true and experimental stress-strain
curves recorded in tensile tests for a. EN AW–6060–T4 aluminum
alloy; b. EN AW–6060–T6 aluminum alloy

Figures 8a and 8b show a good fit between both kinds of stress-strain curves. We
may therefore come to the conclusion that the material properties of the two aluminum
alloys are well-determined for the numerical models of the tensile specimens from the
elastic and the plastic point of views as well.

6. Conclusion

We remark that the mechanical properties recorded for the EN AW–6060–T6 alu-
minum alloy are generally greater than the values recorded for the EN AW–6060–T4
aluminum alloy.

The maximum values of the tensile and flexural stresses (σmax) are 41.55% and
75.12% greater in the case of the EN AW–6060–T6 aluminum alloy than in the case
of the EN AW–6060–T4 aluminum alloy. With regard to these strength properties, the
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aluminum EN AW–6060 box profiles in T6 heat treatment condition are recommended
instead of the aluminum EN AW–6060 box profiles that are in T4 heat treatment
condition in order to manufacture structures and/or structural elements for which
high strength is a fundamental requirement.

It is worth of mentioning that the EN AW–6060 aluminum alloy has large plastic
deformations in the three-point bending test independently of the heat treatment it
was subjected to (Figure 5).

A similar remark can be may made for the EN AW–6060–T4 alloy in the case of the
tensile test. The maximum strain εmax recorded at the maximum force Fmax is more
than twice as high (by 119.28%) for the EN AW–6060–T4 alloy (εmax = 0.182) than
for the EN AW–6060–T6 alloy (εmax = 0.083). These remarks lead to the conclusion
that the EN AW–6060-T4 aluminum alloy in T4 heat treatment condition is a ductile
material.

The good fit between the σr − εr stress-strain curve computed using the critical
finite element of the finite element model and the σr− εr stress-strain curve obtained
experimentally let us conclude that the way we used for determining the material
properties is validated for both kinds of aluminum alloys involved in this research.

Moreover, in future research the input parameters determined for FEA (Young’s
modulus E, the true stress σr and true strain εr value pairs to determine the material
behavior in the plastic range) in the case of the EN AW–6060 aluminum alloy in T4
or T6 heat treatment condition can also be used to determine the material properties
for a FEA concerning any mechanical structure and/or structural element made of
such aluminum alloy.
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Abstract. The mass, momentum and heat transfer in unsteady free convention flow along
an infinite porous vertical plate, suddenly set in uniform motion with variable heat and
mass fluxes at the plate, in the presence of uniform transverse magnetic field fixed to the
plate, has been investigated. Similar solutions of energy and concentration boundary layer
equations, for a particular form of suction/injection velocity vw(t), is obtained. For solution
of the momentum boundary layer equation, a series expansion of velocity function in powers
of product of magnetic field parameter and time is assumed. The analytical solutions of
resulting ordinary differential equations have been obtained in terms of repeated integrals of
complementary error functions. Also, the velocity, temperature and concentration profiles
have been drawn and discussed.

Keywords: boundary layer flow, free convection, heat and mass flux, mass transfer, skin
friction coefficient

1. Introduction

Elbashbeshy [1] and Pohlhausen [2] have free convection flow of fluids past a semi-
infinite isothermal vertical plate in presence of magnetic field. Mohsin and Mandal [3],
Dave et al. [4] and Pathak and Tak [5] have studied the unsteady free convection flow
along an accelerated infinite porous plate, in presence of a transverse magnetic field,
fixed relative to fluid. Soundalgekar [6], Tak and Pathak [7] and Tak and Sisodia [8]
studied the same problem for the magnetic field fixed relative to the plate. In the
present problem unsteady mass, momentum and heat transfer are investigated in free
convection flow of binary fluids along a vertical porous plate suddenly set in uniform
motion in its own plane, with variable heat and mass fluxes in presence of transverse
magnetic field fixed to the plate.

c©2017 Miskolc University Press
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2. Mathematical formulation and analysis

Consider an unsteady flow of an incompressible electrically conducting fluid in the
presence of foreign species along an infinite vertical porous non-conducting plate in
presence of uniform transverse magnetic field. At time t′ ≤ 0 the temperature and
foreign species concentration at the plate and the fluid are assumed to be T ′∞ and
c′∞, respectively. For t′ 0, the plate temperature and species concentration at the
plate are instantaneously raised such that there is a variable heat flux q′∞ per unit
area and variable mass flux mw per unit area from the plate moves upwards in its
own plane and is maintained at uniform velocity u′0. The transverse magnetic field
is assumed to be fixed relative to the plate. The axis x′ is taken along the plate
in upward direction upward direction and the axis y′ is normal to it. For a small
concentration level, the Soret-Dufour effects can be neglected in the energy equation.
The electrical conductivity of the fluid is assumed to be small so that the induced
magnetic field can be neglected in comparison of applied magnetic field. Then, under
the usual Boussinesq’s approximations, equations governing the flow in absence of
frictional heating are (Gebhart [9]):

∂v′

∂y′
= 0⇒ v′ = v′ω(t′) , (1)

∂u′

∂t′
+ v′

∂u′

∂y′
= υ

∂2u′

∂y′2
+ gβ(T ′ − T ′∞) + gβ∗(c′ − c′∞)− σB2

0(u′ − u′0)

ρ
, (2)

∂T ′

∂t′
+ v′

∂T ′

∂y′
=

k

ρ cp

∂2T ′

∂y′2
, (3)

∂c′

∂t′
+ v′

∂c′

∂y′
= D

∂2c′

∂y′2
, (4)

where u′ and v′ are longitudinal and normal components of velocity respectively, ν
is the kinematic viscosity, T ′ is the temperature, c′ is the concentration, D is the
coefficient of mass diffusion, g is the gravitational acceleration,β is the coefficient
of thermal expansion, β∗ is the coefficient of species concentration expansion, k the
thermal conductivity, cp is the specific heat at constant pressure, σ is the electrical
conductivity, ρ is the density and B0 is the uniformly applied magnetic field strength.

The initial and boundary conditions are:

t′ ≤ 0 : u′ = 0, T ′ = T ′∞, c
′ = c′∞ ∀ y′

t′ ≤ 0 : u′ = 0, T ′ = T ′∞, c
′ = c′∞ ∀ y′

∂c′

∂y′
= − m′w(t)

D
= − c′∞

2
√
ν t′

at y′ = 0

u′ = u′0 (1 − e−m1 t
′
), T ′ = T ′∞, c

′ = c′∞ as y′ →∞


(5)

where m1 = σB2
0/ρ. The last boundary condition on velocity is obtained by integrat-

ing equation (2) at the boundary layer edge, where

∂u′

∂y′
=
∂2u′

∂y′2
= 0 , T ′ = T ′∞ , c′ = c′∞ .
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Introducing the following non-dimensional quantities:

y =
y′u′0
v
, t =

t′u′20
v

, u =
u′

u′0
, v =

v′

u′0
, vw =

v′w
u′0

, θ =
T ′ − T ′∞
T ′∞

, c =
c′ − c′∞
c′∞

Gr =
υ g β T ′∞
u′30

(Grashof numbers) , m =
σ B2

0υ

ρ u′20
(Magnetic parameter) ,

Gc =
υ g β∗c′∞
u′30

(Modified Grashof number) , P r =
µ cp
κ

(Prandtl number) ,

Sc =
υ

D
(Schmidt number)

and then applying the following transformations:

u =

∞∑
i=0

(mt)ifi(η), θ = θ(η), c = c(η),

η =
y

2
√
t
, vw(t) = − a√

t

 (6)

equations (2) and (4) are reduced to the following set of ordinary linear differential
equations:

θ′′ + 2Pr (a+ η) θ′ = 0 , (7)

c′′ + 2Sc (a+ η ) c′ = 0 , (8)

f ′′0 + 2(a+ η)f ′0 = 0 , (9)

f ′′1 + 2(a+ η)f ′1 − 4f1 − 4f0 +
4Gr θ

m
+

4Gc c

m
+ 4 = 0 , (10)

f ′′i + 2(a+ η)f ′i − 4.i.fi − 4fi−1 = 0, i ≥ 2 , (11)

which are associated with the following initial and boundary conditions:

η = 0 : θ′ = −1, c′ = −1 , f0 = 1, f i = 0 ∀ i ≥ 1

η →∞ : θ = 0, c = 0, f0 = 0, f1 = 1, f2 =
−1

2!
, fi = (−1)i−1

1

i !
, i ≥ 2

 (12)

where a is the suction/injection parameter. It may be noted that for suction a > 0,
for injection a < 0 and for impermeable plate a = 0.

The homogeneous parts of the above system of differential equation admit solutions
in terms of repeated integrals of the complementary error functions (See Abramowitz
and Stegun [10]). For the non-homogeneous part of equation (10) the particular inte-
grals have been obtained by the method of undetermined coefficients. The complete
solutions of equation (7) to (10), satisfying boundary conditions (12) are as follows:

θ (
√
Pr ξ ) =

1√
Pr

i0erfc(
√
Pr ξ)

i−1erfc(
√
Pr a)

, ξ = a+ η , (13)

C =
1√
Sc

i0erfc(
√
Sc ξ)

i−1erfc(
√
Sc a)

, (14)

f0(ξ) =
i0erfc(ξ)

i0erfc(a)
, (15)
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f1(ξ) = A i2erfc(ξ)−
i0erfc(ξ)

i0erfc(a)
− 4Gr i2erfc(

√
Pr ξ)√

Prm(Pr − 1) i−1erfc(
√
Pr a)

−

− 4Gc.i2erfc(
√
Sc ξ)√

Scm(Sc− 1)i−1erfc(
√
Sc a)

+ 1 , (16)

where

A =
4Gr i2erfc(

√
Pr a)

m
√
Pr (Pr − 1) i2erfc(a) i−1erfc(

√
Pr a)

+

+
4Gc i2erfc(

√
Sc a)

m
√
Sc (Sc− 1) i2erfc(a) i−1erfc(

√
Sc a)

(17)

It may be noted that solution of equation (16) is valid when Pr 6= 1 and Sc 6= 1. In
case of Pr = 1 and Sc = 1 by taking the limiting values we get

f1 = C1i
2erfc(ξ) + D1 erfc(ξ ) + 1 (18)

where

C1 = −Gr
m

i0erfc(a)

i−1erfc(a) i2erfc(a)
− Gc

m

i0erfc(a)

i−1erfc(a) i2erfc(a)
,

D1 =
1

i−1erfc(a)

[
Gr +Gc

m

]
− 1

i0erfc(a)
.

 (19)

and the function inerfc(ξ) is the repeated integral of complementary error function
defined as:

inerfc(ξ) =
2√
π

∞∫
ξ

(t− ξ)n

n!
e−t

2

dt, n = 0, 1, 2...... (20)

=

∞∑
K=0

(−1)KξK

2n−KK!Γ
(
1 + n−K

2

) (21)

i−1erfc(ξ) =
2√
π
e−ξ

2

, inerfc(ξ) = erfc ( ξ ) ,

∂

∂ξ
inerfc(ξ) = −in−1erfc(ξ)

 (22)

and the recurrence relation is

in−2erfc(ξ)− 2ξ in−1erfc(ξ)− 2ninerfc(ξ) = 0 . (23)

It is remarked here that the analytical solutions up to first order approximation have
been obtained and higher order terms may be obtained in a similar manner. As the
numerical values of functions like erfc(

√
Pr a) for arbitrary values of Pr, Sc and

parameter a are not readily available, the differential equations (7) to (11), up to
second order with boundary conditions (12) have also been solved numerically on
computer. For the numerical solution of (7) to (11) , the unknown initial values have
been computed by the method suggested by Jain and Menon [11] for linear boundary
value problems. For this purpose, the Runge-Kutta-Gill integration scheme with a
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step size of 0.01 has been adopted . To ensure the accuracy of the numerical results so
obtained , we have compared these results with the results obtained by exact solutions
in some simple cases (a = 0) in which the numerical values of are readily available in
Abramowitz and Stegun [10] and found that the numerical results obtained by both
the methods are in good agreement.

3. Skin friction coefficient

The main physical quantities of interest are skin-friction coefficient

Cf =
µ
(
∂u′

∂y′

)
y′=0

ρu′20 /2
(24)

which, in present case, can be expressed in the following form:

Cf =
1√
t

∞∑
i=0

(mt)if ′i(0) . (25)

Numerical values of functions f ′i , θ(0) and c(0) for i = 0 to 2 obtained by numerical
solution for m = 0.5; Pr = 0.72; a = −0.5, 0, 0.5; Gr = 5.0, 10.0; Gc = 2.0, 4.0 and
Sc = 0.30, 0.60, 2.62 are presented in Table 1.

Table 1. Numerical values of wall shear stress functions f ′i , i = 0, 1, 2,
wall temperature θ(0) function and concentration function c(0) for
m = 0.5 and Pr = 0.72

a Gr Gc Sc Θ(0) c(0) f ′0(0) f ′1(0) f ′2(0)

0.5 5.0 2.0 0.30 0.68585 1.21744 -1.83271 17.2102 -3.78202
0.5 5.0 4.0 0.30 0.68585 1.21744 -1.83271 24.6409 -5.34521
0.5 10.0 2.0 0.30 0.68585 1.21744 -1.83271 25.1569 -5.08443
0.5 5.0 2.0 0.60 0.68585 0.77613 -1.83271 13.6166 -2.88563
0.5 5.0 2.0 2.62 0.68585 0.26603 -1.83271 10.4687 -2.28549
0.0 5.0 2.0 0.30 1.04443 1.61496 -1.12838 23.2893 -4.88736
-0.5 5.0 2.0 0.30 1.81493 2.25838 -0.57795 34.8856 -6.98611

Stokes [12] was the first to find an exact solution to the Navier-stokes equation for
the case of flow past an impulsively started infinite horizontal plate in a viscous
incompressible fluid. The Stokes problems which are of practical interest have been
considered for single fluid. However, in nature, there is present a foreign mass like
water vapor, carbon dioxide, helium etc. Hence we have to consider the flow of binary
fluids. To study the effects of mass transfer on the flow, the value of the Schmidt
number Sc is chosen to be 0.30, 0.60 and 2.62 which represent the diffusing chemical
species of most common interest in air (Pr = 0.72), namely He, H2O and propyl
benzene, respectively (Perry [13]). The value of the magnetic field parameter m is
chosen to be 0.5 in all the cases.

Figure 1 shows that the curve of skin-friction coefficient Cf increases with time and
become asymptotic as t approaches 0.7. It may be observed that Cf increases with
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C

Cf

Figure 1. Variation of skin-friction coefficient with time at fixed val-
ues of m = 0.5 and Pr = 0.72

u

Figure 2. Velocity profile at fixed values of t = 0.5, m = 0.5 and
Pr = 0.72
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Figure 3. Temperature profile at fixed values of t = 0.5, m = 0.5 and
Pr = 0.72



Figure 4. Concentration profile at fixed values of t = 0.5, m = 0.5
and Pr = 0.72
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the Grashof number Gr and modified Grashof number Gc whereas it decreases as the
Schmidt number Sc and the suction/injection parameter a increases. Therefore the
presence of foreign species reduces the skin friction.

In Figure 2, the velocity function u is plotted against η. It is observed from the
figure that the velocity decreases as a or Sc increases whereas the velocity increases
with Gr or Gc for a fixed η. Thus the presence of foreign species decreases the
velocity boundary layer thickness. It may also be noted that for the large value of η,
the velocity u approaches 0.22 when m = 0.5 and t = 0.5 showing that the numerical
solution satisfies the boundary condition 5 as y →∞ the exact value being 0.221199.
This also indicates the accuracy of the numerical solutions.

In Figure 3, the temperature profiles are plotted against the variable η. It is
observed that as a increases, the temperature function θ decreases for a fixed η.

In Figure 4 the concentration profiles are plotted against the variable η. It may be
noted that the concentration decreases as the parameter a or Sc increases for a fixed
η.

4. Conclusions

1. Since the graph of Cf becomes asymptotic for t ≥ 0.7 in all the cases, it may
be concluded that the flow is reduced to steadiness after time t = 0.7.

2. Presence of foreign species reduces the skin friction and velocity.
3. The thermal boundary layer thickness decreases as the suction/injection pa-

rameter a increases.
4. The concentration function decreases as the parameter a increases for a fixed

value of Sc.
5. The velocity boundary layer thickness decreases as a, or increases whereas it

increases with Gr or Gc.
6. While the plate moves upward with the uniform velocity, the fluid near the

plate moves with greater velocity due to convection, Particularly in the case
of injection of the plate.
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Abstract. The main objective of this paper is the determination of the displacement field
and the associated stresses in spherical pressure vessels made of functionally graded ma-
terials which are subjected to axisymmetric thermal and mechanical loadings. The mate-
rial properties are arbitrary functions of the radial coordinate and the temperature field.
A numerical solution of this steady-state thermoelastic problem is presented which is based
on a multilayered approach. The developed method can be used as an analytical solution
for layered composite spherical bodies. The equations of the steady-state heat conduction
and field equations of thermoelasticity are used for the problem, furthermore the original
problem is solved as the superposition of two subproblems with simpler loads. The results
of the developed solution are checked by an analytical solution where the linear thermal
expansion is a specific function of the radial coordinate and the temperature, furthermore
the Young modulus depends on the radial coordinate. The numerical results for functionally
graded spheres under the action of constant pressure and temperature load are compared to
the results of finite element simulation.

Mathematical Subject Classification: 74B05
Keywords: FGM sphere, thermoelastic stresses, temperature-dependent, multilayered.

1. Introduction

In recent decades, laminated or layered composite and functionally graded materi-
als (FGM) have been widely used in numerous engineering applications due to their
excellent material behavior. The concept of FGM was first considered in Japan in
1984 during a hypersonic space plane project. The body of the spaceplane is exposed
to a very high temperature environment (about 2000 K), with a temperature gradient
of approximately 1000 K, between the inside and outside of the spaceplane. At that
time there was no uniform material able to endure such conditions. In a functionally
graded material the composition and structure gradually change, resulting in a corre-
sponding change in the material properties. These advanced materials have improved
thermal resistance and mechanical properties. The smooth transition between the

c©2017 Miskolc University Press
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material properties decreases the chance of cracking and debonding under thermal
and mechanical loads.

In recent years this concept has become more popular; papers and textbooks deal
with the determination of thermal stresses and displacements within simple structural
components (such as cylindrical and spherical vessels, disks) caused by axisymmetric
steady-state temperature field and mechanical loading.

Books by Boley and Weiner [1], Lekhnitskii [2] and Lomakin [3] give solutions
to many linearly elastic problem for non-homogeneous bodies. The analytical solu-
tions for the stresses and displacements in spheres and cylinders made of functionally
graded materials (radially graded) are given by Lutz and Zimmerman [4]. Their paper
considered thick spherical and cylindrical bodies under radial thermal loads where the
composition of the constituent materials was linear. The work by Tutuncu and Oz-
turk [5] derived closed-form analytical solutions for the stresses in functionally graded
cylindrical and spherical bodies, subjected to internal pressure alone. Radially vary-
ing inhomogeneous material properties were considered using material stiffness which
obeys a simple power-law and stress distributions depending on an inhomogeneity
constant.

There are a number of works where multilayered or heterogeneous structural com-
ponents are analysed, for example in [6–9]. The paper of Obata and Noda [10] studied
a one-dimensional steady-state thermal stress problem for functionally graded hollow
circular cylinders and hollow spheres by the use of a perturbation approach to achieve
the effect of the composition on stresses and to design the optimum FGM hollow cir-
cular cylinder and hollow sphere, under different assumptions of temperature distri-
butions. The unsteady-state thermal stress field of FG circular hollow cylinders based
on a multilayered method and Green functions was presented by Kim and Noda [11].

Gönczi and Ecsedi [12] dealt with the steady-state thermoelastic problem of func-
tionally graded disks where the material properties were arbitrary functions of the
radial coordinate. Eslami et al. [13] investigated the thermal and mechanical stresses
in hollow FGM spheres using a direct method to solve the heat conduction and Navier
equations, while the temperature distribution was assumed to be a function of the
radial coordinate.

Nayak et al. [14] developed an analytical solution to obtain the radial, tangential
and effective stresses within thick spherical pressure vessels made of FGMs subjected
to axisymmetric mechanical and thermal loads. The material properties of the vessel
are assumed to be graded in the radial direction based on the power-law function of
the radial coordinate but the Poisson ratio has constant value. A work by Bayat at
al. [15] dealt with the previously presented problem too and investigates the effect
of the power-law index on the stress distribution. However these papers neglect the
temperature dependence of the functionally graded materials.

The FGM concept can be applied to various structural components such as to
pressure vessels. This paper deals with the numerical analysis of FGM spherical pres-
sure vessels. We consider a spherical pressure vessel made of functionally graded
material which is subjected to axisymmetric thermal and mechanical loads on the
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Figure 1. The multilayered model of the functionally graded sphere.

inner and outer boundary surfaces. This hollow functionally graded spherical body
is subjected to unidirectional steady-state heat conduction with stress and thermal
boundary conditions of the first kind on the boundary surfaces.

This paper presents a numerical method which approximates the thermoelastic
problem of functionally graded spherical vessels with a problem of multilayered spher-
ical bodies (Figure 1). The constant pressure is denoted by pouter which acts on the
outer curved boundary surface while the uniformly distributed mechanical loading
exerted on the inner surface is denoted by pinner. The radial stresses, the heat-
flow and the temperature field are all continuous functions of the radial coordinate r;
furthermore the material properties are position- (radial coordinate) and temperature-
dependent.

In our model the layers are made of homogeneous materials and are perfectly
bonded, the material properties are constants within the layers but varying radially
between them. The more layers are considered, the more accurate the computation
will be (by FGMs: n → ∞). Both the boundary conditions and the field equations
[1, 16] are linear; therefore, the superposition principle can be used. This means
that we can add the stresses and displacements caused by mechanical loads to the
thermal stresses and displacements in order to solve this coupled problem. A spherical
coordinate system is used to solve this problem.

2. The functions of the material properties

Within the functionally graded material the volume fraction of the constituent mate-
rials gradually varies in the gradiation direction, thus the effective properties of FGMs
change along this direction. Since functionally graded structures are most commonly
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used in high temperature environment where significant changes in mechanical prop-
erties of the constituent materials are to be expected [17,18], it is essential to take into
consideration this temperature-dependency for accurate prediction of the mechanical
response. Thus, the effective Young’s modulus Ef , the Poisson ratio νf , the linear
thermal expansion coefficient αf and the thermal conductivity λf are assumed to be
temperature dependent.

There are several methods to calculate these effective properties, such as the
Mori–Tanaka scheme [19] for regions of the graded microstructure which have a well-
defined continuous matrix and a discontinuous particulate phase or the self-consistent
method [17], which assumes that each reinforcement inclusion is embedded in a con-
tinuum material and does not distinguish between matrix and reinforcement phases.

In many cases the effective material parameters can be expressed as nonlinear
functions of the temperature field [17,20].

M(T ) = P0(P−1T
−1 + 1 + P1T + P2T

2 + P3T
3) (1)

In equation (1) M(T ) denotes the functions of the considered effective material prop-
erties (E, ν, α and λ), P0, P−1, P1, P2 and P3 are material dependent coefficients
of the absolute temperature (T [K]). Using these results we can present functions for
the temperature- and position-dependent functionally graded material properties of
FGM spherical bodies and plates [17]:

Mf (r, T ) = [M1(T )−M2(T )] [K]
N

+M2(T ) (2a)

where

KSphere(r) =
r − a
b− a

, or KPlate(z) =
2z − h

2h
. (2b)

The indices 1 and 2 denote the constituent materials (mostly metal and ceramic
components), a and b denote the inner and outer radii of the sphere, h is the thickness
of the plate, z is the thickness coordinate and N is the volume fraction of the FGM.

3. Determination of the temperature field

At first we need to deal with the determination of the temperature field when the
thermal conductivity is temperature- and radial coordinate-dependent λ(T, r). We
will approximate the temperature field of the functionally graded sphere for a tem-
perature field of a multilayered spherical body with n quasihomogeneous layers whose
thermal conductivities depend only on temperature. It is recommended to partition
the body according to the function of the material properties.

Rmi =
Ri +Ri+1

2
, λi(T ) = λ(r = Rmi, T ), i = 1... n . (3)

For this case the nonlinear differential equation for the temperature field of the i-th
layer Ti(r) has the following form:

1

r2
d

dr

[
λi(T (r)) · r2 dTi(r)

dr

]
= 0, Ri ≤ r ≤ Ri+1, i = 1, . . . , n . (4)
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Using the Kirchhoff integral transformation, this problem becomes linear

θ =

Ti∫
0

λ(ϑ)dϑ,
1

r2
d

dr

[
r2
dθ

dr

]
= 0 (5)

From the thermal boundary condition of first-kind the solution for the temperature
field within the i-th layer can be derived in the following implicit form:

Ti∫
ti

λi(ϑ)dϑ =

ti+1∫
ti

λi(ϑ)dϑ
Ri+1

Ri −Ri−1

(
Ri
r
− 1

)
, i = 1, . . . , n (6)

We assume that the surface temperatures ti of the adjacent layers are equal and the
radial heatflow q is constant

ti+1 = Ti(Ri+1) = Ti+1(Ri+1), i = 1, . . . , n, (7)[
λi(Ti(r))

dTi(r)

dr

]
r=Ri+1

= qi(Ri+1) = qi+1(Ri+1) =

=

[
λi+1(Ti+1(r))

dTi+1(r)

dr

]
r=Ri+1

, i = 1, ..., n− 1.

(8)

After the manipulation of equations (5–8) the unknown ti(i = 2, ..., n) boundary
temperatures of the layers can be calculated from the following system of equations

const =

ti+1∫
ti

λi(ϑ)dϑ
Ri+1Ri
Ri −Ri−1

→ ti i = 2, ..., n, (9)

moreover t1 and tn + 1 temperatures are given. In the next step, instead of using
equation (6) to compute the function of the temperature we will fit a curve or curves
– for example with the least squares method – to the temperature values ti in order to
make the further calculations easier especially the integrations. The approximation
function has the following form:

Tappr(r) = θ−2r
−2 + θ−1r

−1 + θ0 + θ1r + θ2r
2. (10)

In order to make the approximation more accurate more polynomial curves can be
used to build the approximated temperature function. After the determination of the
temperature field, the temperatures in the middle of the different layers are calculated
for the approximation function of the material parameters.

tmi = Ti(r = Rmi), i = 1, ..., n. (11)

4. Approximation of the material parameters

The second step is the approximation of the material properties E(r, T (r)), α(r, T (r))
and ν(r, T (r)) and the computation of their discrete values for the different homo-
geneous layers of the multilayered spherical model. We assign the following material



114 D. Gönczi

properties for the spherical layers according to the functions of the material parame-
ters M :

Liv =

∣∣∣∣M(a)−M(b)

n

∣∣∣∣ , M(a) + (i− 1)Liv = M(Ri)→ Ri, ı = 1... n+ 1

Ei = E(r = Rmi, T = tmi), νi = ν(r = Rmi, T = tmi),

αi = α(r = Rmi, T = tmi), i = 1... n.

(12)

This means that we will approximate the arbitrary functions of the functionally graded
material parameters with multistepped functions. To build the approximation func-
tion from the n step we can use for example the Heaviside function. Figure 2 indicates
a sketch of the i-th layer for the multilayered spherical body. The constant mechanical
loads exerted on the inner and outer surfaces of the i-th layer are denoted by fi and
fi + 1 respectively. The temperatures on the boundary surfaces are ti and ti + 1.

Figure 2. Sketch of the i-th layer with the mechanical and thermal loads

5. The solution of the thermoelastic problem

In the next step the problem will be calculated in two parts, then the principle of
superposition will be used to solve the problem. In the first case the i-th layer is under
thermal loading (ti, ti+1) and has the previously calculated steady-state temperature
field, the stresses on the boundary surfaces (fi = fi + 1 = 0) of the layers have zero
value. The thermal radial displacement uTi (r) and the thermal stresses σTir(r), σ

T
iϕ(r),
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σTiθ(r) have the following forms [1]:

uTi (r) =
1 + νi
1− νi

αi

[
1

r2

∫ r

R1

r2τi(r)dr +
2(1− 2νi)

1 + νi

r

R3
i+1 −R3

i

∫ R2

R1

r2τi(r)dr+

+
R3
i

R3
i+1 −R3

i

1

r2

∫ R2

R1

r2τi(r)dr

]
,

(13)

σTir(r) =
αiEi
1− νi

 2

r3
r3 −R3

i

R3
i+1 −R3

i

R2∫
R1

r2τi(r)dr −
2

r3

r∫
R1

r2τi(r)dr

 , (14)

σTiφ(r) = σTiϑ(r) =
αiEi
1− νi

 1

r3
2r3 −R3

i

R3
i+1 −R3

i

R2∫
R1

r2τi(r)dr −
1

r3

r∫
R1

r2τi(r)dr − τi(r)

 ,
i = 1, . . . , n,

(15)
where τi(r) is the function of temperature difference of the i-th layer compared to
a tref reference temperature. Because of the approximation of the temperature
field, the integrals of equations (13–15) contain fourth degree polynomials (r2τi(r) =
r2(Tappr − tref )) which can be easily calculated.

6. Solution of the elasticity problem

In the second case it is assumed that the inner and outer boundary surfaces of the
i-th spherical layer is under constant mechanical loading (fi and fi + 1) without the
thermal loads. The differential equation for the radial displacement field uMi (r) can
be derived from the equilibrium equations. The solution of this equation and the
normal stresses have the following forms [1]:

uMi (r) = Air +
Bi
r2
, (16)

σMir (r) = 2Gi

(
1 + νi
1− 2νi

Ai −
2

r3
Bi

)
,

σMiϑ (r) = σMiφ (r) = 2Gi

(
1 + νi
1− 2νi

Ai +
1

r3
Bi

)
, i = 1, ..., n.

(17)

The unknown parameters Ai and Bi can be determined from the equations of the
boundary conditions (σMir (Ri) = fi, σ

M
ir (Ri+1) = fi+1) and we can use them to derive

the expressions of the normal stresses.

Ai =
(1− 2νi)(R

3
i+1fi+1 −R3

i fi)

2Gi(1 + νi)(R3
i+1 −R3

i )
, Bi =

R3
i+1R

3
i (fi+1 − fi)

4Gi(R3
i+1 −R3

i )
, (18)

σMir (r) =
R3
i+1fi+1 −R3

i fi

R3
i+1 −R3

i

−
R3
i+1R

3
i (fi+1 − fi)

R3
i+1 −R3

i

1

r3
, (19)

σMiφ (r) =
R3
i+1fi+1 −R3

i fi

R3
i+1 −R3

i

−
R3
i+1R

3
i (fi − fi+1)

2(R3
i+1 −R3

i )

1

r3
, i = 1, . . . , n. (20)
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7. The superposition of the thermal and mechanical loads

The principle of superposition can be utilized for this problem, because both the
previously used field equations and boundary conditions are linear. This means that
we can add the stresses and displacements caused by mechanical loads (16–20) to
the thermal stresses and displacements (13–15) in order to solve this problem. For
the computation of the radial displacement and radial and tangential stresses the
following equations are used:

ui(r) = uTi (r) + uMi (r), σir(r) = σTir(r) + σMir (r),

σiφ(r) = σTiφ(r) + σMiφ (r), i = 1, ..., n.
(21)

The unknown parameters fi(i = 2, . . . , n) in the equations of uMi (r), σMir (r), σMiϕ(r)
can be calculated from the following equations

ui(Ri+1) = ui+1(Ri+1), i = 1, ..., n− 1, (22)

which ensure the continuity of the radial displacement field and furthermore f1 and
fn+1 are given.

σ1r(R1) = f1 = −p1, σnr(Rn+1) = fn+1 = −pn+1. (23)

The system of equations (20) has the following form:

aifi + bifi+1 + cifi+2 = uTi+1(Ri+1)− uTi (Ri+1), i = 2, ..., n− 1. (24)

where the constants ai, bi and ci are

ai =
3R3

iRi+1

4Gi(R3
i+1 −R3

i )

(1− νi)
(1 + νi)

, (25)

bi = −
Ri+1

2Gi+1

(
R3
i+2 −R3

i+2

) [ (1− 2νi+1)

(1 + νi+1)
R3
i+1 +

R3
i+3

2

]
−

−
Ri+1

2Gi
(
R3
i+1 −R3

i

) [ (1− 2νi)

(1 + νi)
R3
i+1 +

R3
i

2

]
,

(26)

ci =
3R3

i+2Ri+1

4Gi+1(R3
i+2 −R3

i+1)

(1− νi+1)

(1 + νi+1)
, i = 2, . . . , n− 1. (27)

Using the previously determined parameters fi and equation (21) the radial displace-
ment and the normal stresses of the multilayered spherical body can be evaluated.
Due to the multilayered model the curve of the tangential normal stress may contain
significant steps, but the stress values in the middle of each layer have good accuracy.
Thus an approximate curve can be fitted to these points to increase the accuracy and
convergence of the method. The recommended form of the approximate curve when
15 > N > 0.15:

σφ−appr(r) = F−3r
−3 + F−2r

−2 + F−1r
−1 + F0 + F1r + F2r

2. (28)
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8. An analytical solution

An analytical solution is developed for the case when the Poisson ratio is constant, the
distribution of the Young modulus is assumed to be described with a power-law along
the radial coordinate [1], [15] the linear thermal expansion specifically depends on
the temperature and radial coordinate, furthermore the temperature field has special
form:

E(r) = P1

( r
a

)mE
, α(r, T (r)) = (P2 + P3T (r))

( r
a

)mα
, (29)

T (r) = H1 −
H2

r
, if λ = const. :

H1 = tinner − (touter − tinner)
b

a− b
, H2 = (touter − tinner)

ab

a− b
,

(30)

where P1, P2, P3, mE and mα are material parameters. The strain-displacement and
the stress-strain relations for spherical bodies can be expressed as [1], [16]:

εr =
du

dr
, εφ =

u

r
, (31)

σr(r) =
E

(1− 2ν) (1 + ν)
[(1− ν)εr + 2νεφ − α(1 + ν)T ] , (32)

σϑ(r) = σφ(r) =
E

(1− 2ν) (1 + ν)
[νεr + εφ − α(1 + ν)T ] . (33)

In this case the differential equation derived from the equilibrium equation for the
radial displacement is

(1− ν)
d2u

dr2
+ (mE + 2)

(1− ν)

r

du

dr
+ 2 [ν(mE + 1)− 1]

u

r2
=

= A1r
mα−1 +A2r

mα−2 +A1r
mα−3,

(34)

where the constants A1, A2 and A3 are

A1 =
1 + ν

amα
(−mE −mα)H1(P2 + P3H1), (35)

A2 =
1 + ν

amα
(mE +mα − 1)H2(P2 + 2P3H1), (36)

A3 =
1 + ν

amα
(−mE −mα + 2)P3H

2
2 . (37)

The solution of the (34) differential equation:

u(r) = C1r
λ1 + C2r

λ2 +
G1r

mα+1 +G2r
mα +G3r

mα−1

G4
, (38)

where C1 and C2 are unknown constants of integration and

λ1 =
1

2

(
−(mE + 1) +

√
m2
E + 9 + 2mE

1− 6ν + 5ν2

(ν − 1)2

)
, (39)

λ2 =
1

2

(
−(mE + 1)−

√
m2
E + 9 + 2mE

1− 6ν + 5ν2

(ν − 1)2

)
, (40)
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G1 = A1{2ν [ν(mE(3mE + 5) + 2)−mE(mE + 6)− 4] +

+m3
α(ν − 1)2(2mE +mα) + 2(mE + 2) +mα(ν − 1)[mα(mE(1−mE)+

+5 + ν(mE(mE − 5)− 5)−mE(5ν(mE + 1)− 5−mE)]},
(41)

G2 = A2{m3
α(ν − 1)2(mα + 2mE + 2) +mE [mE(2ν − 1)− 2] +

+mEν
2(3mE + 2) +mα(ν − 1)[−4mE(mE + 1) +mα(ν(mE(mE−

−2)− 5)−mE(mE + 2) + 5)]},
(42)

G3 = A3{m3
α(ν − 1)2(mα + 2mE + 4) + 2mE

[
ν2(mE + 1) +mEν − 1

]
+

+mα(ν − 1) · [mα(ν(mE +m2
E + 1)−m2

E − 5mE − 1)−
−(ν(mE + 1)(3mE + 6)−mE +m2

E − 6)]},
(43)

G4 = [mα(ν − 1)(mα +mE + 3)−mE(ν + 1)] [(ν − 1)(mα(mα +mE−
−1)− 2) +mE(1− 3ν)][(ν − 1)(mα(mα +mE + 1)− 2)− 2mEν].

(44)

Then the radial stress has the following form:

σr(r) = C1S1r
λ1+mE−1 + C2S2r

λ2+mE−1 + S0r
mα+mE+

+S−1r
mα+mE−1 + S−2r

mα+mE−2,
(45)

where

S1 = Z [(1− ν)λ1 + 2ν] , S2 = Z [(1− ν)λ2 + 2ν] , Z =
P1

amE (1− 2ν)(1 + ν)
, (46)

S0 = Z

{
G1

G4
[(1− ν)(mα + 1) + 2ν]− H1(1 + ν)(P2 + P3H1)

amα

}
, (47)

S−1 = Z

{
G2

G4
[(1− ν)mα + 2ν] +

H2(1 + ν)(P2 + 2P3H1)

amα

}
, (48)

S−2 = Z

{
G3

G4
[(1− ν)(mα − 1) + 2ν]− H2

2 (1 + ν)P3

amα

}
, (49)

The unknown constants C1, C2 can be obtained from the stress boundary conditions:

σr(a) = −pinner, σr(b) = −pouter, (50)

C1 =
bλ2+mE−1ca − aλ2+mE−1cb

S1 (aλ2+mE−1bλ1+mE−1 − aλ1+mE−1bλ2+mE−1)
,

C2 =
aλ1+mE−1cb − bλ1+mE−1ca

S2 (aλ2+mE−1bλ1+mE−1 − aλ1+mE−1bλ2+mE−1)
,

(51)

ca = amα+mE
(
S0 + S−1a

−1 + S−2a
−2
)

+ pinner,

cb = bmα+mE
(
S0 + S−1b

−1 + S−2b
−2
)

+ pouter.
(52)
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9. Analytical solution for the temperature field

An analytical solution is derived to check the accuracy of the method that calculates
the temperature field (Section 2). The thermal conductivity is temperature- and
coordinate-dependent and has the following special form:

λ(r, T (r)) = P1e
P2T (r)

( r
a

)mλ
, (53)

where P1, P2 and mλ are material constants. After solving equation (4) the temper-
ature field can be calculated and its constants can be evaluated from the first-kind
thermal boundary conditions:

T (r) =
1

P2
ln

(
P2C1

(mλ + 1)

r−mλ−1

a−mλ
− P2C1C2

)
, (54)

C1 =
ab (m+ 1)

(
etouterP2 − etinnerP2

)
P2

(
a
(
b
a

)−mλ − b) , C2 =
betouterP2 − aetinnerP2

(
b
a

)−mλ
a (m+ 1) (etouterP2 − etinnerP2) b

.

(55)

10. Numerical examples

This part of the paper deals with the verification of the developed methods. We
used the equations of the previously presented analytical solutions and finite element
simulation to verify the developed solutions. Furthermore, Maple 15 mathematical
software was used to create the program of the developed method. In the first numer-
ical example the accuracy of the calculation for the temperature field is investigated.
The following data were used for equation (22) to carry out the numerical computa-
tion:

a = 0.04m, b = 0.06m, P1 = 10
W

mK
, P2 = 1.34 · 10−3 1

K
,mλ = 1.9,

tref = 273K, tinner = 303K, touter = 623K

and the approximation function of the temperature field is built from two curves:

Tappr(r) =

[
Heaviside(r − a)−Heaviside

(
r − a+ b

2

)]
Tappr,1

+

[
Heaviside

(
r − a+ b

2

)
−Heaviside (r − b)

]
Tappr,2

where Tappr,1 and Tappr,2 have the forms according to equation (10); furthermore,
three cases with three different layer numbers (n1 = 5, n2 = 9, n3 = 17) are compared
to the analytical solution of Eq. (54-55). Figure 3 shows the temperature function
and the relative errors of the approximations when

eM (%) =

∣∣∣∣Manalytical −Mnumerical

Manalytical

∣∣∣∣ · 100, M(r) = T (r), u(r), σr(r), σφ(r). (56)
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Figure 3. The temperature field and the relative errors of the model

In the second example the developed numerical method is compared to the ana-
lytical method of Section 8. The following numerical data were used to check the
accuracy of the presented method:

a = 0.065m, b = 0.08m, P1 = 200GPa, P2 = 10−8 1

K2
, P3 = 2 · 10−8 1

K
,mα = 1.9,

mE = 2, λ = 58
W

mK
, tinner = 723K, touter = 298K, tref = 273K,

pinner = 20MPa, pouter = 0MPa.

Figure 4. The radial displacement field and the relative errors (n1 =
4: dots, n2 = 8: dash-dot line, n3 = 16: dashed line, n4 = 32: solid
line)

Figures (4–6) illustrate the radial displacement field, radial and tangential normal
stresses, the convergence of the developed method and the relative errors eu(r), eσr(r),
eσϕ(r) of the numerical model compared to the analytical solution. Four different layer
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numbers were used to build up the multilayered models: n1 = 4, n2 = 8, n3 = 16 and
n4 = 32. Figure 6 shows the advantage of the approximation – solid continuous line
– for the tangential stresses over the summarized – discontinuous line – curve.

r

Figure 5. The radial normal stress and the relative errors (n1 = 4:
dots, n2 = 8: dash-dot line, n3 = 16: dashed line, n4 = 32: solid
line)





Figure 6. The tangential stress and the relative errors (n1 = 4: dots,
n2 = 8: dash-dot line, n3 = 16: dashed line, n4 = 32: solid line)

In the next example a functionally graded spherical vessel is considered which is
made from a steel-silicon nitride FGM and the effective material properties can be
calculated by equations (1–2). In this case the results of the multilayered method are
verified by finite element simulation. The finite element model was created using a
commercial FE code, ABAQUS CAE. In the FEM model – due to symmetry – only
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a quarter of the spherical body is created. The variation of the material properties
was implemented by considering 30 layers with temperature-dependent material prop-
erties (Mi = M(r = ri, T (r)), i = 1, . . . , 30). An 8-node temperature-displacement,
quadrilateral element was used to mesh the vessel, the number of elements is 4201.

Figure 7. The finite element model and the displacement field

Figure 7 shows the mesh of the model on the deformed geometry with the displace-
ment field. The material parameters [17], [18] can be found in Table 1, the geometry
and the loads are:

a = 0.5m, b = 0.59m, tinner = 733K, touter = 303K, tref = 273K,

pinner = 90MPa, pouter = 0MPa.

Table 1. Material properties for the numerical example

material metal (stainless steel) ceramic (silicon nitrade)
property Pm0 Pm1(10

−3) Pm2(10
−3) Pm3(10

−3) Pc0 Pc1(10
−3) Pc2(10

−3) Pc3(10
−3)

(P )

λ(W/mK) 15.39 -1.264 20.92 -7.223 12.723 -1.032 5.466 -7.876

α(1/K) 12.33 · 106 0.8086 0 0 3.873 · 106 0.9095 0 0

E(Pa) 2.01 · 1011 0.3079 -6.5340 0 3.484 · 1011 -0.307 2.16 -8.946

ν! 0.3262 -0.1 3.797 0 0.24 0 0 0

Table 2 contains the results of the finite element simulation and the multilayered
method when the volume fraction is N = 3. In these case we note that if the tem-
perature dependency of the material parameters is neglected, the relative errors are
significant (for example if M = M(r, T = 298K) = M(r), then the maximum error is
200MPa).
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Table 2. Results of the developed method (ML) and the FE simula-
tions

N = 3 met- T (r)[K] u(r)[mm] −σr [MPa] −σϕ[MPa]

r(mm) hod n = 30 n = 180 n = 30 n = 180 n = 30 n = 180 n = 30 n = 180

500
ML 733 733 1.09865 1.09869 90 90 -330.17 330.23

FE 733 1.09741 90.1645 -332.17

518.04
ML 611.750 611.751 1.14211 1.14215 93.5435 93.5468 22.0908 22.142

FE 612.041 1.14084 98.8303 19.650

536.07
ML 510.297 510.297 1.16493 1.16497 78.1207 78.1263 233.905 233.923

FE 510.604 1.16352 78.3125 222.61

554.08
ML 426.717 426.718 1.17632 1.17636 54.3166 54.3210 341.202 341.216

FE 420.026 1.17497 54.5826 325.583

572.08
ML 358.392 358.393 1.17974 1.17977 27.7325 27.7378 405.913 405.937

FE 358.703 1.17846 28.0633 389.203

590
ML 303 303 1.17159 1.17161 7.6 · 10−7 4.3 · 10−8 465.324 465.262

FE 303 1.17049 4.8 · 10−4 476.651

In Figures (8–10) the normalized curves of the radial displacement, radial and tan-
gential stresses can be seen by 5 different volume fractions (N = 0.16, 0.3, 1, 3, 6).

Figure 8. The normalized radial displacements by different volume fractions

Figure 9. The normalized radial stresses by different volume fractions
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Figure 10. The normalized tangential stresses by different volume
fractions.

11. Conclusions

The main objective of this paper has been to presents a numerical solution for the
determination of the displacement field and normal stresses in functionally graded hol-
low spheres subjected to spherically symmetric thermal and mechanical loads. The
material properties of the FGM are arbitrary functions of the radial coordinate and
the temperature field. In the developed method the radially graded spherical pressure
vessel has been modeled as a multilayered spherical body, furthermore Fourier’s law of
heat conduction and the equations of thermal stresses with steady-state temperature
field have been used. Analytical solutions have been derived to check the accuracy of
the method and the results have been compared to finite element simulations. The
developed method can be utilized during the designing of the material composition
along the radial coordinate for FGM spherical pressure vessels or as benchmark solu-
tions to verify the accuracy of other numerical methods.
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Abstract. In this work, thermal behavior of convective-radiative porous fin with
temperature-dependent internal heat generation subjected to magnetic field using homo-
topy perturbation method is analyzed. The developed symbolic heat transfer model is used
to investigate the effects of convective, radiative, magnetic parameters on the thermal per-
formance of the porous fin. From the study, it is established that increase in porosity,
convective, radiative and magnetic parameters increase the rate of heat transfer from the
fin and consequently, improve the efficiency of the fin. The homotopy perturbation method
used in the work is validated with the results of a numerical method. The results of the two
methods are in excellent agreement. Therefore, this study provides a platform for compari-
son of results of any other method of analysis of the problem. Also, such an analytical tool
is valuable as a design and optimization approach for finned heat exchangers where each
fin/row is analytically analyzed and where the surrounding fluid is influenced by a magnetic
field.

Mathematical Subject Classification: 05C38, 15A15
Keywords: Thermal analysis, porous fin, convective-radiative fin, magnetic field, homotopy
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1. Introduction

The continuous demands for high performance thermal equipment have been part of
the driving forces behind the present advancements in thermal technology. However,
the production of excess heat is inevitable during the operation of thermal equipment.
If such generated excessive heat levels are not controlled or dissipated, it leads to
thermal-induced failure in the thermal systems. Consequently, the need for fins or
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extended surfaces as heat transfer enhancers in the thermal systems is indispensable.
The applications of the extended surfaces in various systems such as electronic and
microelectronics components, high-power semi-conductor devices, high-power lasers,
light emitting diodes (LEDs), computer cooling, sensitive devices etc. have attracted
various research interests in past decades. Also, the enhancement of heat transfer
from thermal equipment and component through the use of porous fin has been a
subject of research in recent times following the pioneer work of Kiwan and Al-Nimr
[1]. In their analysis, the developed nonlinear model was solved numerically while
Kiwan [2–4] developed a simple method to study the performance of porous fins in a
natural convection environment. Also, Gorla and Bakier [5] used a numerical approach
to study the thermal performance of a convective-radiative rectangular porous fin.
Kundu and Bhanja [6] and Kundu et al. [7] presented an analytical model for the
optimization of porous fins and computation of maximum heat transfer in porous
fins. With the help of a finite difference scheme, Taklifi et al. [8] investigated the
effects of magnetohydrodynamics (MHD) on the performance of a rectangular porous
fin. Bhanja and Kundu [9] and Kundu et al. [10] applied Adomian decomposition
method to analytically investigate thermal analysis of a constructal T-shape porous
fin with radiation effects and to analyze the optimum design of porous fin of various
profiles operating in convection environment, respectively. In another work, Gorla et
al. [11] applied Spectral collocation method (SCM) to study the effects of variable
thermal conductivity on the natural convection and radiation in porous fin. Saedodin
and Shahababaei [12] adopted the homotopoy perturbation method (HPM) to analyze
heat transfer in longitudinal porous fins while Darvishi et al. [13] and Moradi et al. [14]
and Ha et al. [15] utilized homotopy analysis method (HAM) to provide solutions to
the natural convection and radiation in a porous and porous moving fins. Also,
Hoshyar et al. [16] used the homotopy perturbation method and collocation method
(CM) and presented thermal performance analysis of porous fins with temperature-
dependent heat generation. The least square method (LSM) was used by Hatami and
Ganji [17,18] to study the thermal behaviour of convective-radiative in porous fin with
different sections and ceramic materials. Recently, Rostamiyaan et al. [19] applied the
variational iterative method (VIM) to develop analytical solution for heat transfer in
porous fins while Ghasemi et al. [20] used differential transformation method (DTM)
for heat transfer analysis in porous and solid fin.

The previous research works on the thermal analysis of fin have been generally car-
ried out using ADM, HAM, VIM, DTM etc. However, the determination of Adomian
polynomials as carried out in ADM, the need for small perturbation parameter as
required in traditional PMs, and the rigour of the derivations of differential transfor-
mations or recursive relation as carried out in DTM have limited the applications of
these method to wider varieties of applications. Moreover, the lack of rigorous theo-
ries or proper guidance for choosing initial approximation, auxiliary linear operators,
auxiliary functions, auxiliary parameters, and the requirements of conformity of the
solution to the rule of coefficient ergodicity as done in HAM, the search Langrange
multiplier as carried in VIM, and the challenges associated with proper construc-
tion of the approximating functions for arbitrary domains or geometry of interest
as in the Galerkin weighted residual method (GWRM), least square method (LSM)
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and collocation method (CM) are some of the difficulties in the method that are
are not experienced by HPM. Furthermore, in the class of the newly developed ap-
proximate analytical methods, the homotopy perturbation method is considered to
relatively simple with fewer requirements for mathematical rigour or skill. It is a
total approximate analytic method unlike DTM, HAM, ADM, VIM etc. where the
search for a particular value that will satisfy second the boundary condition neces-
sitates use of a numerical method with the use of a software which could result in
additional computational cost in the generation of solution to the problem. Also,
the homotopy perturbation method eliminates the “the small parameter assumption”
as carried in the traditional perturbation methods. It is a powerful method that
gives acceptable analytical results with convenient convergence and stability [21–25].
Therefore, in finding approximate analytical solutions to linear and nonlinear differ-
ential equations, HPM has fast gained ground and it appears in many engineering
and scientific research papers. It is an approximate analytical method that could
solve differential equations, difference equation, differential-difference equations, frac-
tional differential equation, pantograph equation and integro-differential equation. It
solves nonlinear integral and differential equations without linearization, discretiza-
tion, closure, restrictive assumptions, perturbation, approximations, round-off error
and discretization that could result in massive numerical computations. It does not
require small parameters in algebraic or differential equations as done in the other
traditional perturbation methods (regular and singular perturbation). It provides
excellent approximations to the solution of non-linear equation with high accuracy.

To the best of the authors’ knowledge, the analysis of heat transfer in convective-
radiative porous fin with temperature-dependent internal heat generation and sub-
jected to magnetic field using homotopy perturbation method has not been carried
out. Therefore, in this present study, the thermal behavior of convective-radiative
porous fin with temperature-dependent internal heat generation and subjected to
magnetic field is studied using the homotopy perturbation method. The developed
symbolic thermal model is used to investigate the effects of convective, radiative, and
magnetic parameters on the thermal performance of the porous fin.

2. Problem formulation

Consider a straight porous fin of length L and thickness t exposed on both faces to a
convective environment at temperature T∞. The fin is heated internally and subjected
to a uniform magnetic field as shown in Figure 1. Assuming the porous medium is ho-
mogeneous, isotropic and saturated with a single phase fluid. The physical properties
of solid as well as fluid are considered as constant except density variation of liquid,
which may affect the buoyancy term where Boussinesq approximation is employed.
Fluid and porous media are locally in thermodynamic equilibrium in the domain and
surface radiative transfers and non-Darcian effects are negligible, the temperature in-
side the fin varies along the length only and remains constant with time, there is no
thermal contact resistance at the fin base and the fin tip is adiabatic type.
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Figure 1. Schematic of the convective-radiative longitudinal porous
fin with magnetic field

Based on Darcy’s model and following the above assumptions, the thermal energy
balance in the fin could be expressed

qx −
(
qx +

δq

δx
dx

)
+ q (T ) dx = ṁcp(T − Ta) + hP (1− ε̃)(T − Ta)dx+

+ σεP (T 4 − T 4
a )dx+

Jc × Jc

σ
dx, (1)

where

Jc = σe (E + V ×B) . (2)

The mass flow rate of the fluid passing through the porous material can be written as

ṁ = ρu(x)Wdx . (3)

From Darcy’s model

u(x) =
gKβ

v
(T − Ta) . (4)

Therefore, equation (1) becomes

qx −
(
qx +

δq

δx
dx

)
+ q (T ) dx =

ρcpgKβ

v
(T − Ta)2dx+

+ hP (1− ε̃)(T − Ta)dx+ σεP (T 4 − T 4
a )dx+

Jc × Jc

σ
dx . (5)

As dx→ 0, equation (5) reduces

− dq
dx

+q (T ) =
ρcpgKβ

v
(T−Ta)2 +hP (1− ε̃)(T−Ta)+σεP (T 4−T 4

a )+
Jc × Jc

σ
. (6)
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From Fourier’s law of heat conduction, the rate of heat conduction in the fin is given
by

q = −keffAcr
dT

dx
(7)

where

keff = φkf + (1− φ)ks . (8)

Following Rosseland diffusion approximation, the radiation heat transfer rate is

q = −4σAcr

3βR

dT 4

dx
. (9)

Substituting equation (9) into equation (6) we have

d

dx

(
keffAcr

dT

dx
+

4σAcr

3βR

dT 4

dx

)
+ q (T ) =

ρcpgKβ

v
(T − Ta)2+

+ hP (1− ε̃)(T − Ta) + σεP (T 4 − T 4
a ) +

Jc × Jc

σ
. (10)

Further simplification of (10) gives the governing differential equation for the fin as

d2T

dx2
+

4σ

3βRkeff

d

dx

(
dT 4

dx

)
− ρcpgKβ

keff tv
(T − Ta)2 − h(1− ε̃)

keff t
(T − Ta)−

− σε

keff t
(T 4 − T 4

a )− Jc × Jc

σkeffAcr
+

q (T )

keffAcr
= 0 . (11)

The boundary conditions are

x = 0,
dT

dx
= 0,

x = L, T = Tb.
(12)

But
Jc × Jc

σ
= σB2

ou
2 . (13)

After substitution of equation (13) into equation (11),

d2T

dx2
+

4σ

3βRkeff

d

dx

(
dT 4

dx

)
− ρcpgKβ

keff tv
(T − Ta)2 − h(1− ε̃)

keff t
(T − Ta)−

− σεP (T 4 − T 4
a )− σB2

ou
2

keffAcr
(T − Ta) +

q (T )

keff
Acr = 0. (14)

The case considered in this work is a situation where small temperature difference
exists within the material during the heat flow. This actually necessitated the use of
temperature-invariant physical and thermal properties of the fin. Also, it has been
established that under such scenario, the term T 4 can be expressed as a linear function
of temperature. Therefore, we have

T 4 = T 4
∞ + 4T 3

∞ (T − T∞) + 6T 2
∞(T − T∞)

2
+ ... ∼= 4T 3

∞T − 3T 4
∞ . (15)

Also, it is given that

q (T ) = q0 [1 + λ (T − T∞)] .
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On substituting equation (15) into equation (14), we arrive at

d2T

dx2
+

16σ

3βRkeff

d2T

dx2
− ρcpgKβ

keff tv
(T − Ta)2 − h(1− ε̃)

keff t
(T − Ta)− 4σεPT 3

a (T − Ta)−

− σB2
ou

2

keff
Acr(T − Ta) +

qo
keff

Acr [1 + λ (T − T∞)] = 0, (16)

On introducing the following dimensionless parameters in equation (17) into equation
(16),

X =
x

L
, θ =

T − Ta
Tb − Ta

, Ra =
gkβ (Tb − T∞) b

ανkr
,

Nc2 =
pb2h

kefft
, Rd =

4σstT
3
∞

3βRkeff
, Nr =

4σstbT
3
∞

keff
,

H =
σB2

0u
2

keffAb
, Q =

qot

Acrh(Tb − Ta)

(17)

we arrive at the dimensionless form of the governing equation (16) as

(1 + 4Rd)
d2θ

dX2
−Raθ2 −Nc(1− ε̃)θ −Nrθ −Hθ +Nc2Q (1 + γθ) = 0, (18)

or

d2θ

dX2
− Ra

1 + 4Rd
θ2 − Nc(1− ε̃)

1 + 4Rd
θ − Nr

1 + 4Rd
θ−

− H

1 + 4Rd
θ +

Nc2Q

1 + 4Rd
(1 + γθ) = 0, (19)

Equation (19) can be rewritten as

d2θ

dX2
− Shθ

2 −M2
aθ +M2G (1 + γθ) = 0, (20a)

where

Sh =
Ra

(1 + 4Rd)
, M2 = Nc2 , G =

Q

1 + 4Rd
,

M2
a =

Nc(1− ε̃)
1 + 4Rd

+
Nr

1 + 4Rd
+

H

1 + 4Rd
.

(20b)

The dimensionless boundary conditions are as follows:

X = 0,
dθ

dX
= 0

X = 1, θ = 1
(20c)

3. Method of solution by homotopy perturbation method

3.1. Choice of a solution method. It is very difficult to develop a closed-form
solution for the above non-linear equation (19). Therefore, recourse has to be made
to either an approximation analytical method, semi-numerical method or numerical
method of solution. In this work, homotopy perturbation method is used to solve the
equation.
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3.2. The basic idea of the homotopy perturbation method. In order to es-
tablish the basic idea behind homotopy perturbation method, consider a system of
nonlinear differential equations given as

A (U)− f (r) = 0, r ∈ Ω (21)

with the boundary conditions

B

(
u,
∂u

∂η

)
= 0, r ∈ Γ (22)

where A is a general differential operator, B is a boundary operator, f(r) is a known
analytical function and Γ is the boundary of the domain Ω.

The operator A can be divided into two parts, which are L and N , where L is
a linear operator and N is a non-linear operator. Equation (21) can, therefore, be
rewritten as follows:

L (u) +N (u)− f (r) = 0 . (23)

By the homotopy technique, a homotopy U (r, p) : Ω× [0, 1]→ R can be constructed,
which satisfies the equation

H (U, p) = (1− p) [L (U)− L (Uo)] + p [A (U)− f (r)] = 0, p ∈ [0, 1] (24)

or

H (U, p) = L (U)− L (Uo) + pL (Uo) + p [N (U)− f (r)] = 0 . (25)

In equations (24) and (25) p ∈ [0, 1] is an embedding parameter, uo is an initial
approximation for equation (19), which satisfies the boundary conditions

Also, from equations (24) and (25) we will have

H (U, 0) = L (U)− L (Uo) = 0 , (26)

H (U, 0) = A (U)− f (r) = 0 . (27)

The changing process of p from zero to unity is just that of U (r, p) from uo(r) to
u(r). This is referred to homotopy in topology. Using the embedding parameter p
as a small parameter, the solution of equations (24) and (25) can be assumed to be
written as a power series in p as given in (28):

U = Uo + pU1 + p2U2 + · · · . (28)

It should be pointed out that of all the values of p between 0 and p = 1 produces
the best result. Therefore, setting p = 1, results in the approximation solution of
equation (21):

u = lim
p→1

U = Uo + U1 + U2 + · · · . (29)

The basic idea expressed above is a combination of homotopy and perturbation
method. Hence, the method is called homotopy perturbation method (HPM), which
has eliminated the limitations of the traditional perturbation methods. On the other
hand, this technique can have the full advantages of the traditional perturbation
techniques. The series (29) is convergent for most cases.
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3.3. Application of the homotopy perturbation method to the present prob-
lem. According to the homotopy perturbation method (HPM), one can construct an
homotopy for equation (19) as

H (θ, p) = (1− p)
[
d2θ

dX2

]
+ p

[
d2θ

dX2
− Shθ

2 −M2
aθ +M2G (1 + γθ)

]
(30)

where p ∈ [0, 1] is an embedding parameter. For p = 0 and p = 1 we have

θ (X, 0) = θ0 (X) , θ (X, 1) = θ0 (X) (31)

We shall assume that the solution of equation (19) can be given in a series of the form

θ (X) = θ0 (X) + pθ1 (X) + p2θ2 (X) + p3θ2 (X) + · · · =
n∑

i=0

piθi (X) . (32)

On substituting equation (32) and into equation (30) and expanding the equation and
collecting all terms with the same order of together, the resulting equation appears in
form of polynomial in p. On equating each coefficient of the resulting polynomial in
p to zero, we arrive at a set of differential equations and the corresponding boundary
conditions as

p0 :
d2θ0

dX2
(X) = 0, θ0 (0) = 1 , θ′0 (1) = 0 ; (33)

p1 :
d2θ1

dX2
+M2Gγθ0 − Shθ

2
0 −M2

aθ0 +M2G = 0, θ1 (0) = 0 , θ′1 (1) = 0 ; (34)

p2 :
d2θ2

dX2
+M2Gγθ1 − Shθ0θ1 −M2

aθ1 = 0, θ2 (0) = 0 , θ′2 (1) = 0 ; (35)

p3 :
d2θ3

dX2
+M2Gγθ2 − Shθ

2
1 − 2Shθ0θ2 −M2

aθ1 +M2G = 0,

θ3 (0) = 0 , θ′3 (1) = 0 ; (36)

p4 :
d2θ4

dX2
−M2

aθ3 − 2Shθ1θ2 − 2Shθ0θ3 +M2Gγθ3 = 0,

θ4 (0) = 0 , θ′4 (1) = 0 ; (37)

p5 :
d2θ5

dX2
− Shθ1θ3 +M2Gγθ4 −M2

aθ4 − Shθ
2
2 − 2Shθ0θ4 = 0,

θ5 (0) = 0 θ′5 (1) = 0 ; (38)

p6 :
d2θ6

dX2
+M2Gγθ5 − 2Shθ0θ5 − 2Shθ1θ4 −M2

aθ5 − 2Shθ2θ3 = 0,

θ6 (0) = 0 , θ′6 (1) = 0 ; (39)

p7 :
d2θ7

dX2
+M2Gγθ6 − 2Shθ1θ5 − 2Shθ0θ6 −M2

aθ6 − 2Shθ2θ4 = 0 ,

θ7 (0) = 0 , θ′7 (1) = 0 ; (40)

p8 :
d2θ8

dX2
+M2Gγθ7 − 2Shθ3θ4 − 2Shθ1θ6 −M2

aθ7 − 2Shθ0θ7 − 2Shθ2θ5 = 0,

θ8 (0) = 0 , θ′8 (1) = 0 ; (41)
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p9 :
d2θ9

dX2
− 2Shθ0θ8 − 2Shθ2θ6 +M2Gγθ8 − Shθ

2
4 − 2Shθ3θ5−

− 2Shθ1θ7 −M2
aθ8 = 0, θ9 (0) = 0 , θ′9 (1) = 0 . (42)

On solving the above equations (33)-(42) we arrive at

θ0 (X) = 1, (43)

θ1 (X) =
1

2

[
M2

a −M2G (1 + γ) + Sh

] (
X2 − 1

)
, (44)

θ2 (X) =
1

24

[
M2

a−M2G (1+γ)+Sh

] (
M2

a +2Sh−M2Gγ
) (
X4−6X2+5

)
, (45)

θ3 (X) =

{
Sh

4

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
1

24

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X6

30
−

−
{
Sh

2

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
1

4

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X4

12
+

+

{
Sh

4

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
5

24

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X2

2
−

− 11Sh

120

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
61

720

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2
. (46)

In the same manner expressions can be obtained for θ4 (X), θ5 (X), θ6 (X), θ7 (X),
θ8 (X), θ9 (X). However they are too large expressions to be included in this paper.

From the definition, the solution of equation (19) in HPM domain is

θ(X) = θ0(X) + pθ1(X) + p2θ2(X) + p3θ3(X) + p4θ4(X) + p5θ5(X)+

+ p6θ6(X) + p7θ7(X) + p8θ8(X) + p9θ9(X) + · · · (47)

It should be pointed out that of all the values of p between 0 and 1, p = 1 produces
the best result. Therefore, setting p = 1 results in the approximation solution of
equation (19):

θ (X) = lim
p→1

θ(X) = θ0(X) + θ1(X) + θ2(X) + θ3(X) + θ4(X) + θ5(X)+

+ θ6(X) + θ7(X) + θ8(X) + θ9(X) + · · · (48)

After substituting equations (43)-(47) we have
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θ (X) = 1− 1

2

[
M2

a −M2G (1 + γ) + Sh

] (
X2 − 1

)
+

+
1

24

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
) (
X4 − 6X2 + 5

)
+

+

{
Sh

4

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
1

24

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X6

30
−

−
{
Sh

2

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
1

4

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X4

12
+

+

{
Sh

4

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
5

24

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2}X2

2
−

− 11Sh

120

[
M2

a −M2G (1 + γ) + Sh

]2
+

+
61

720

[
M2

a −M2G (1 + γ) + Sh

] (
M2

a + 2Sh −M2Gγ
)2
.

As regards the parameters Sh, Ma, Mand G the reader is referred to equations (20b).

4. Results and Discussion

Figure 2 shows the effects of porous parameter or porosity on the temperature distri-
bution in the porous fin. From the figures, as the porosity parameter increases, the
temperature decreases rapidly and the rate of heat transfer (the convective-radiative
heat transfer) through the fin increases as the temperature in the fin drops faster
(becomes steeper, reflecting high base heat flow rates) as depicted in the figures. The
rapid decrease in fin temperature due to increase in the porosity parameter occurs
because as the porosity parameter, Raleigh number increases, the permeability of the
porous fin increases and therefore the ability of the working fluid to penetrate through
the fin pores increases, the effect of buoyancy force increases and thus the fin convects
more heat, the rate of heat transfer from the fin is enhanced and the thermal perfor-
mance of the fin is increased. Therefore, increase in the porosity of the fin improves
fin efficiency by increasing convection heat transfer.

Figure 3 show the effects of conduction-convection parameter on the temperature
distribution in the fin. The figure depicts that as the conduction-convection parame-
ter increases, the rate of heat transfer through the fin increases as the temperature in
the fin drops faster (becomes steeper, reflecting high base heat flow rates) as depicted
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Figure 2. Dimensionless temperature distribution in the fin param-
eters for varying porous parameter when Rd = 0.5, Nc = 0.6,
Nr = 0.1, ε = 0.8 and Ha = 0.7, Q = 0
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Figure 3. Dimensionless temperature distribution in the fin param-
eters for varying convection-conduction parameters when Rd = 0.5,
Ra = 0.3, Nr = 0.2, ε = 0.7, Q = 0 and Ha = 0.6

in the figures. The profile has the steepest temperature gradient at lower value of the
conduction-convection term, but its much higher value gotten from the lower value
of thermal conductivity than the other values of Nc in the profiles produces a lower
heat-transfer rate. This shows that the thermal performance or efficiency of the fin
is favoured at low values of convective parameter since the aim (high effective use of
the fin) is to minimize the temperature decrease along the fin length, where the best
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Figure 4. Dimensionless temperature distribution in the fin param-
eters for varying radiation-conduction parameter when Rd = 0.8,
Ra = 0.7, Nc = 0.5, ε = 0.2, Q = 0 and Ha = 0.3
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Figure 5. Dimensionless temperature distribution in the fin param-
eters for varying Hartman number (magnetic parameter), when
Rd = 0.6, Ra = 0.5, Nc = 0.1, Q = 0, Nr = 0.7 and ε = 0.4

possible scenario is when T = Tb everywhere. It must be pointed out that a small
value of M corresponds to relatively short and thick fins of poor thermal conductivity
and high value of M implies a long fin or fin with low value of thermal conductivity.
Since the thermal performance or efficiency of the fin is favoured at low values of
convective fin parameter, very long fins are to be avoided in practice.
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Figure 6. Dimensionless temperature distribution in the fin parame-
ters for varying Hartman parameters and surface-ambient radiation
parameters, when Rd = 0.5, Ra = 0.4, Nc = 0.3, Q = 0 and ε = 0.1
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Figure 7. Dimensionless temperature distribution in the fin parame-
ters for varying internal heat generation parameters, when Rd = 0.25,
Ra = 2.0, Nc = 1.0, Nr = 0.8, ã = 0.2, H = 0.4 and ε = 0.2

The effects of conduction-radiation parameter are shown in Figure 4. The figure
shows that with increase in the conduction-radiation parameter, the rate of heat
transfer through the fin increases.

Figure 5 shows effects of the magnetic parameter, Hartman number on the tem-
perature distribution in the porous fin. The figure depicts that the induced magnetic
field in the fin can improve heat transfer through porous fins. This is also depicted
in Figure 6 and it is also shown that conduction-radiation parameter increases the
thermal performance of the fin.
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Figure 8. Dimensionless temperature distribution in the fin parame-
ters for varying internal heat generation parameters, when Rd = 0.25,
Ra = 2.0, Nc = 1.0, Nr = 0.8, ã = 0.4, H = 0.4 and ε = 0.2
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Figure 9. Dimensionless temperature distribution in the fin parame-
ters for varying temperature-dependent internal heat generation pa-
rameters, when Rd = 0.25, Ra = 2.0, Nr = 0.8, Nc = 1.0, H = 0.4,
Q = 0.2 and ε = 0.2

From Figure 2-6 it is shown that increase in porosity, convective, radiative and
magnetic parameters increases the rate of heat transfer from the fin and consequently
improves the efficiency of the fin.

Figures 7 and 8 show the effects of internal heat generation parameter on the
temperature distribution in the porous fin while Figures 9 and 10 depict the effects of
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Figure 10. Dimensionless temperature distribution in the fin param-
eters for varying temperature-dependent internal heat generation pa-
rameters, when Rd = 0.25, Ra = 2.0, Nr = 0.8, Nc = 1.0, H = 0.4,
Q = 0.4 andε = 0.2

Table 1. Comparison of results of NM and HPM for θ(X) and Rd =
0.5, ε = 0.1, Ra = 0.4, Nc = 0.3, Q = 0, Nr = 0.2, H = 0.1

X NM HPM
Absolut
Error

0.00 0.863499231 0.863499664 0.000000433

0.05 0.863828568 0.863829046 0.000000478

0.10 0.864817090 0.864817539 0.000000449

0.15 0.866466182 0.866465743 0.000000439

0.20 0.868776709 0.868776261 0.000000448

0.25 0.871751555 0.871751104 0.000000451

0.30 0.875393859 0.875393404 0.000000455

0.35 0.879707472 0.879707010 0.000000462

0.40 0.884696967 0.884696500 0.000000467

0.45 0.890367650 0.890367181 0.000000469

0.50 0.896725569 0.896725096 0.000000473

0.55 0.903777531 0.903777060 0.000000471

0.60 0.911531120 0.911530658 0.000000462

0.65 0.919994710 0.919994259 0.000000451

0.70 0.929177488 0.929177056 0.000000432

0.75 0.939089476 0.939089079 0.000000397

0.80 0.949741555 0.949741203 0.000000352

0.85 0.961145491 0.961145189 0.000000302

0.90 0.973313964 0.973313764 0.000000200

0.95 0.986260599 0.986260549 0.000000005

1.00 1.000000000 1.000000000 0.000000000
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temperature-dependent internal heat generation parameter on the temperature dis-
tribution in the fin. From the figures, as the internal heat generation parameters
increase the temperature gradient of the fins decreases and consequently, the rate of
heat transfer in the fin decreases. It should be stated that fins with porous material
give superior performance with a significant reduction in weight compared with solid
metal fins because of low thermal conductivity and the large area of the material that
comes in contact with the cooling fluid.

Table 1 shows a comparison of results and the errors in the method used in this
study. It could be inferred from the table that the HPM is highly accurate and agrees
very well with the numerical method.

5. Conclusion

In this work, thermal performance in a porous fin temperature-dependent thermal
properties and internal heat generation has been analyzed using the homotopy per-
turbation method. The developed symbolic heat transfer models were used to inves-
tigate the effects of various parameters on the thermal performance of the porous fin.
Increasing the porosity increases the rate of heat transfer from the base of the fin and
consequently improve the efficiency of the fin. Also, decreasing thermal conductivity
parameter, results in increase in the rate of heat transfer from the base of the fin. The
homotopy perturbation method used in the work was validated with the numerical
method using Runge-Kutta method. The homotopy perturbation method results are
in excellent agreement with results of the numerical method.

6. Nomenclature

Latin symbols
Acr cross sectional area of porous fin surface area, m2,
B magnetic induction (T ),
Bo magnetic field intensity (T ),
cp specific heat capacity, J/(kgK),
Da Darcy number,
E electric field, V/m,
g acceleration due to gravity, m/s2,
h heat transfer coefficient, Wm−2k−1,
hb heat transfer coefficient at the base of the fin, Wm−2k−1,
Jc conduction current intensity (A),
k thermal conductivity of the fin material, Wm−1k−1,
kb thermal conductivity of the fin material at the base of the fin, Wm−1k−1,
keff effective thermal conductivity, Wm−1k−1,
K permeability of the porous fin, m2,
L length of the fin, m,
M dimensionless thermo-geometric parameter,
m mass flow rate of fluid passing through porous fin, kg/s,
Nu Nusselt number,
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Nc convective heat parameter,
Nr radiative heat parameter,
P perimeter of the fin, m,
q internal heat generation, W/m3,
Q dimensionless heat transfer rate per unit area,
qb heat transfer rate per unit area at the base, W/m2

Qb dimensionless heat transfer rate at the base of porous fin,
Qs dimensionless heat transfer rate the base in solid fin,
Rd Radiation–conduction parameter,
Ra Rayleigh number,
Sh porosity parameter,
t thickness of the fin, m,
T fin temperature, K,
Ta ambient temperature, K,
Tb fin base temperature, K,
v average velocity of fluid passing through porous fin, m/s,
V particle’s velocity, m/s,
x axial length measured from fin tip, m,
X dimensionless length of the fin,
W width of the fin, m.

Greek symbols
β thermal conductivity parameter or non-linear parameter,
β′ coefficient of thermal expansion (K−1),
ε̃ pores parameter ,
φ porosity or void ratio,
δ fin thickness at its base, m,
δb fin thickness at its base, m,
λ dimensional internal heat generation parameter,
γ dimensionless internal heat generation parameter,
θ dimensionless temperature,
θb dimensionless temperature at the base of the fin,
η efficiency of the fin,
υ kinematic viscosity, m2/s,
ρ density of the fluid, kg/m3,
σ Stefan-Boltzmann constant,
σe particle charge, C.
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